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Abstract 

In this paper, a double time-relaxation kinetic model (DtrKM) is proposed for com-
pressible turbulence modeling on unresolved grids. Within the double time-relaxation 
framework, DtrKM is extended in the form of generalized Bhatnagar-Gross-Krook 
model. Based on the first-order Chapman-Enskog expansion, DtrKM connects 
with the six-variable macroscopic governing equations. The first five governing equa-
tions correspond to the conservative laws in mass, momentum and total energy, 
while the sixth equation governs the evolution of unresolved turbulence kinetic energy 
Kutke . The unknowns in DtrKM, including turbulent relaxation time and source term, are 
modeled via gradient-type assumption and standard dynamic modeling approach. 
The current kinetic model on unresolved grids correspondingly offers a mesoscopic 
understanding for one-equation subgrid-scale turbulence kinetic energy Ksgs model 
for compressible large eddy simulation. To solve DtrKM accurately and robustly, a high-
accuracy gas-kinetic scheme is developed, which inherits the advantages of well-
established gas-kinetic scheme for simulating macroscopic governing equations. 
Three-dimensional decaying compressible isotropic turbulence and temporal com-
pressible plane mixing layer on unresolved grids are simulated to evaluate the general-
ized kinetic model. The performance of key turbulent quantities up to second-order 
statistics confirms that DtrKM is comparable with the widely-used dynamic Smagor-
insky model. The DtrKM provides a workable approach for compressible turbulence 
modeling and simulation on unresolved grids.

Keywords:  Kinetic model, Double relaxation, Compressible turbulence modeling, 
High-accuracy gas-kinetic scheme

1  Introduction
Turbulence modeling on unresolved grids is a challenging issue in turbulence commu-
nity for decades [1]. With the rapid increasing of computational power, the large eddy 
simulation (LES) [2, 3] gradually becomes the tractable workhorse for high-fidelity tur-
bulence simulation. To simulate turbulent flows on unresolved grids, LES solves the 
filtered Navier-Stokes (NS) equations with resolvable large-scale turbulent structures 
explicitly, while the unresolved structures are modeled through subgrid-scale (SGS) 
models [4, 5]. The widely-used eddy-viscosity LES models in physical space mainly 
include zero-equation Smagorinsky-class models and one-equation SGS turbulence 
kinetic energy models [6, 7].
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Smagorinsky model (SM) proposed by Manabe et  al. [2] belongs to zero-equation 
eddy-viscosity model. SM models unresolved turbulent structures through gradient-type 
assumption between the SGS stress and the resolved velocity gradient. In practice, SM 
requires to adjust empirical coefficients according to the flow types, and suffers the over-
dissipative performance near the wall. Additionally, SGS effect of SM does not disappear 
in the laminar flow region [8]. To deal with those flaws of the SM, dynamic Smagorinsky 
model (DSM) [9–12] has been proposed and developed for incompressible and com-
pressible turbulence modeling. DSM allows the modeling coefficients to be computed 
locally at each time step on the basis of dynamic approaches, namely, the coefficient cal-
culated based upon two filterings of the flow variables.

Another branch to model the unresolved turbulent structures is deriving and mod-
eling SGS turbulence kinetic energy (TKE). Schumann, Yoshizawa and Horiuti [6, 7] 
have pioneered one-equation SGS turbulence kinetic energy model to incorporate his-
torical and non-local effects via transport equation of SGS turbulence kinetic energy 
Ksgs . The one-equation SGS turbulence kinetic energy model can be analogous to the 
one-equation Reynolds averaged Navier-Stokes eddy-viscosity model [13]. As the grid 
filter width is taken as the characteristic modeling length scale, only the SGS turbulence 
kinetic energy equation is required to determine the eddy viscosity. One-equation SGS 
turbulence kinetic energy models have been extensively applied in incompressible LES 
[14, 15]. Compared with the well-established research on compressibility correction for 
the unresolved TKE equation in the RANS simulation [13, 16], there only exists lim-
ited work on one-equation SGS turbulence kinetic energy models for compressible LES 
[17–20]. Considering that the compressibility effects can be modeled in the evolution 
of TKE, it is reasonable to explore the benefits of one-equation SGS turbulence kinetic 
energy model.

In the past decades, the gas-kinetic scheme (GKS) and the high-order gas-kinetic 
scheme (HGKS) based on the Bhatnagar-Gross-Krook (BGK) model [21, 22] have been 
developed systematically for the computations from low speed flows to hypersonic ones 
[23, 24]. GKS presents a gas evolution process from kinetic scale to hydrodynamic scale, 
where both inviscid and viscous fluxes are recovered from a time-dependent and gen-
uinely multi-dimensional gas distribution function at a cell interface. In discontinuous 
shock region, the kinetic scale particle transport physics takes effect to construct a crisp 
and stable shock transition. In smooth flow region, the accurate Navier-Stokes solution 
can be obtained once the flow structure is well resolved. For HGKS, to achieve the high-
order spatial accuracy and the robustness, the classical WENO reconstruction [25] is 
adopted. For the temporal discretization, the two-stage fourth-order method is used, as 
fourth-order temporal accuracy can be achieved within two-stages, and the efficiency 
can be also improved.

Within the kinetic framework, Hou et al. and Chen et al. [26, 27] pioneered the tur-
bulent relaxation time τt for BGK-type models in turbulence modeling. Following the 
concept of turbulent relaxation time, second-order GKS and HGKS have been imple-
mented in simulating turbulent flows, especially in the compressible regime. For practi-
cal high-Reynolds number turbulent flows, the second-order GKS/HGKS coupled with 
k − ω SST model [28–30], S-A model [31], and the hybrid RANS-LES method [32] have 
been performed in simulating high-Reynolds number turbulence. These high-Reynolds 



Page 3 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 	

number practical simulations have confirmed the accuracy and robustness of second-
order GKS/HGKS coupled with traditional eddy-viscosity model. Recently, the kinetic 
Fokker–Planck equation [33] and the multi-scale wave-particle model [34] have been 
proposed for turbulence, which pave the workable approaches for the kinetic turbulence 
modeling.

In terms of low-Reynolds number turbulent flows, the second-order GKS/HGKS have 
been directly used as a direct numerical simulation (DNS) or LES tool in simulating the 
canonical benchmarks [35–39], such as compressible mixing layer, compressible homo-
geneous turbulence, turbulent channel flows, etc. HGKS shows unique advantages in the 
supersonic turbulence due to its accuracy and super robustness [20]. Within the time-relax-
ation framework, to construct one-equation SGS turbulence kinetic energy model which 
preserves the non-local and historical effects for compressible LES, Cao et al. [20, 39] have 
systematically studied the high-fidelity DNS and implemented delicate a  priori coarse-
graining analysis on decaying compressible isotropic turbulence.

This paper aims to complete the compressible one-equation Ksgs model for LES under 
the time-relaxation kinetic framework, and to assess its effectiveness via the a posteriori 
performance. Firstly, double time-relaxation kinetic model (DtrKM) is extended in the 
form of modified BGK model. DtrKM can offer a mesoscopic understanding for trans-
port equation of the compressible SGS turbulence kinetic energy. To inherit the accurate 
and robust numerical performance of HGKS, a finite volume high-accuracy gas-kinetic 
scheme for DtrKM is designed, where the WENO reconstruction and the two-step 
fourth-order time discretization are used to improve the spatial-temporal accuracy 
when solving DtrKM. Comparable with the widely-used eddy-viscosity DSM, the decay-
ing compressible isotropic turbulence (DCIT) [39, 40] and temporal compressible plane 
mixing layer (TCPML) [41–43] are simulated to evaluate the current generalized kinetic 
model and the corresponding high-accuracy gas-kinetic scheme.

The organization of this paper is as follows. In Section 2, DtrKM for compressible tur-
bulence modeling is presented. Section  3 constructs the  finite volume high-accuracy 
gas-kinetic scheme for DtrKM. A posteriori numerical tests on DCIT and TCPML are 
conducted in Section 4. Conclusion and discussion are presented in Section 5.

2 � Double time‑relaxation kinetic model for compressible turbulence modeling
In this section, we firstly present DtrKM on unresolved grids. The first-order Chap-
man-Enskog expansion bridges the DtrKM and corresponding macroscopic governing 
equations with six macroscopic variables. Phenomenologically, the unknown turbulent 
relaxation time and source term are modeled through the gradient-type assumption and 
dynamic modeling approach, which are well defined in the NS framework.

2.1 � Bhatnagar‑Gross‑Krook time‑relaxation kinetic model

For molecular transport and collision, the simplification of Boltzmann equation without 
external force is given by the BGK model [21],

(1)
∂f

∂t
+ ui

∂f

∂xi
= g − f

τ
,
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where f (x, t,u, ξ) is the number density of molecules at position x = (x1, x2, x3)
T and 

molecular velocity u = (u1,u2,u3)
T at time t with internal degrees of freedom ξ . The 

relation between distribution function f (x, t,u, ξ) and macroscopic variables, such as 
mass, momentum and total energy, can be obtained by taking moments in molecular 
velocity of f (x, t,u, ξ) [23, 24]. The left hand side of BGK model denotes the free trans-
port process, and the right hand side is the time-relaxation collision term. The collision 
term in BGK model shows simple relaxation process from f (x, t,u, ξ) to a local equilib-
rium state g, with a molecular relaxation time τ which is related to the molecular viscos-
ity µ and the heat conduction coefficient κ (see Appendix 2 [24]). The local equilibrium 
state g is a Maxwellian distribution,

where ρ is the density, � = mo/(2kBT ) as mo is the molecular mass, kB the Boltzmann 
constant and T the temperature, and Ui denotes the macroscopic velocity in the xi direc-
tion. For three-dimensional equilibrium diatomic gas, the total number of degrees of 
freedom in ξ is N = 2 , accounting for the two rotational modes ξ2 = ξ21 + ξ22  . The spe-
cific heat ratio γ is determined by γ = (N + 5)/(N + 3) . Zeroth-order Chapman-Enskog 
expansion [22] with f = g offers the Euler equations. NS equations can be derived with 
first-order truncation of Chapman-Enskog expansion,

For Euler and NS equations, the second-order and high-order GKS based on BGK 
model (see Eq. (1)) has been systematically developed [23, 44]. The well-established 
second-order GKS/HGKS presents its accurate and robust numerical performance 
from low speed flows to hypersonic ones [24].

2.2 � Double time‑relaxation kinetic model

Numerically, the resolved state or unresolved state on a numerical cell depends on the 
ratio of spatial-temporal resolution of numerical simulation to the local characteris-
tic scale of flow field. DNS resolves full scales above Kolmogorov scale, eliminating 
turbulence models entirely. Unresolved grids definitely lead to the loss of turbulent 
information due to the  inevitable space and time averaging process when updat-
ing the macroscopic variables (similar to the averaging process in the  finite volume 
scheme [24]). The key point for turbulence modeling is to model the unresolved tur-
bulence structure through additional non-trivial quantities on unresolved grids, i.e., 
non-trivial turbulent frequency governed by the stochastic differential equation [1]. 
The trivial quantities are mass, momentum and total energy, which are governed by 
the conservative laws, without contributing non-trivial information to the unresolved 
turbulent structures. Subsequently, on unresolved grids, the non-trivial unresolved 
turbulence kinetic energy Kutke and its quantitative dynamic evolution will be pro-
posed for modeling the unresolved turbulence.

(2)g = ρ
�

π

N+3
2

e−�[(ui−Ui)
2+ξ2],

(3)f = g − τ

(
∂g

∂t
+ ui

∂g

∂xi

)
.
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To model turbulence on unresolved grids, the double time-relaxation kinetic model 
is proposed in the form of modified BGK model,

where f (x, t,u, ξ , ku) is the generalized number density of molecules on unresolved 
grids, ku the sample-space variable corresponding to unresolved TKE Kutke , τt the turbu-
lent relaxation time, τ∗ the newly-defined relaxation time from f eq to g, and Qs the sec-
ondary relaxation term. Turbulence equilibrium state f eq is introduced with Maxwellian 
distribution g for resolved flow variables and Gamma distribution gku for unresolved 
TKE as

where · denotes the multiplication. We assume gku(ku) is the Gamma distribution, with 
non-negative shape parameter α , mean Mean(ku) = Kutke , variance Var(ku) = K 2

utke/α , 
where Kutke is the total unresolved TKE on unresolved grids. Thence, the double-relaxa-
tion process is named as double time-relaxation kinetic model, as the unresolved turbu-
lence information Kutke participates in the double relaxation process.

In Jayesh-Pope model [1], Gamma distribution is the stationary distribution of 
turbulence frequency for statistically stationary isotropic turbulence. In DtrKM, the 
distribution of Kutke on unresolved grids is chosen as Gamma distribution (see Eq. 
(5)), intuitively. Validity of Gamma distribution on Kutke is conducted through the fol-
lowing coarse-graining process. Based on the previous DNS study on 3843 grids [20], 
the distribution of Kutke through coarsening DNS solution is presented in Fig. 1. Kutke 
is normalized as 1 in Fig. 1. Gamma distribution with the parameter α = 0.50 is the 
canonical distribution. Gamma distribution equipped with the parameter α = 0.39 
fits well with sample-space ku from coarsening DNS data. In thick-tail region of Fig. 1, 
there exists apparent deviation between the fitted Gamma distribution and coarsen-
ing DNS data. This deviation implies that the intense events in the compressible iso-
tropic turbulence [45] are hard to be modeled by Gamma distribution.

The optimal choice of distribution for Kutke on unresolved grids still requires to be 
investigated. However, the form of gku does not affect the evolution of Kutke with the 
subsequent finite volume high-accuracy gas-kinetic scheme. Since high-accuracy gas-
kinetic scheme acts as a hydrodynamic solver, only the total Kutke gets involved in 
the updating process instead of ku in Eq. (5). By contrast, when the kinetic solver is 
applied in updating the distribution function f (x, t,u, ξ , ku) directly on unresolved 
grids, i.e., unified gas-kinetic scheme (UGKS) [46], the form of gku will contribute to 
the evolution of f (x, t,u, ξ , ku) . If DtrKM is solved by kinetic solver, the distribution 
of Kutke requires to be modeled much carefully. As a starter, turbulence equilibrium 
state f eq (see Eq. (5)) has been proposed for constructing the non-trivial quantity on 
unresolved grid, namely, depicting the ku for unresolved “turbulent eddies”.

(4)
∂f

∂t
+ ui

∂f

∂xi
= f eq − f

τ + τt
+ g − f eq

τ∗
≡ f eq − f

τ + τt
+ Qs,

(5)f eq = g · gku = ρ

(
�

π

)N+3
2

e−�[(ui−Ui)
2+ξ2]
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Ŵ(α)

(
α

Kutke
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u e

− αku
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The relation between macroscopic variables, such  as mass ρ , momentum 
(ρU1, ρU2, ρU3) , total energy ρE , and unresolved turbulence kinetic energy ρKutke 
with the generalized distribution function f (x, t,u, ξ , ku) on unresolved grids is given 
by

where ψ =
(
1,u1,u2,u3,

1
2

(
u21 + u22 + u23 + ξ2

)
+ ku, ku

)T
 and d� = du1du2du3dξdku . 

As the Kutke is introduced to model unresolved turbulent process quantitatively, one 
more constraint has to be imposed on the current DtrKM to self-consistently determine 
all unknowns. This additional constraint is the Kutke relaxation. Since only mass, momen-
tum and total energy are conserved during collisions, the compatibility condition for the 
collision term becomes

Unknown source term St in Eq. (7) can be modeled through relaxation model. This 
relaxation process is analogous to the well-established non-equilibrium kinetic model 
for multi-temperature flows [48] as

(6)Q =
∫

ψ f d� = (ρ, ρU1, ρU2, ρU3, ρE, ρKutke)
T ,

(7)S =
∫

ψ

(
f eq − f

τ + τt
+ Qs

)
d� = (0, 0, 0, 0, 0, St)

T .

Fig. 1  gku(ku) from coarsening DNS [20] at t/τto = 0.5 . 83 resolved grids are coarsened to 1 unresolved grid 
with a Box filter [47]. τto is the large-eddy-turnover time
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Conceptually, the equilibrium unresolved TKE Keq
utke and relaxation time τ∗ in Eq. 

(8) can be modeled on unresolved grids. However, these two unknowns require pro-
found a priori knowledge and physical understanding of turbulence within the double 
time-relaxation framework. As far as the authors know, modeling Keq

utke and τ∗ in Eq. 
(8) directly is pretty challenging for current stage of turbulence studies. To overcome 
this barrier, a comparison between the ρKutke equation derived from the first-order 
Chapman-Enskog expansion on DtrKM and the compressible Ksgs equation from the 
compressible LES [20] will be conducted. Consequently, source term St can be mod-
eled in an alternative standard paradigm. After modeling St , the dynamic evolution of 
non-trivial quantity Kutke can be determined by Eqs. (4) and (7) quantitatively.

The double time-relaxation kinetic model for turbulence modeling on unresolved grids 
can be compared to the multiple temperature kinetic model for non-equilibrium flow 
computations [37, 48]. In contrast to the BGK model (1), the right-hand-side collision 
operator in DtrKM Eq. (4) contains two terms corresponding to two-level collisions on 
unresolved grids. The relaxation process has been extended as f → f eq → g , and the 
process from f eq → g may take a much longer time τ∗ than that of the  process from 
f → f eq by (τ + τt) . On unresolved grids, for the first collision process, the information 
of unresolved Kutke is memorized by the intermediate turbulence equilibrium distribution 
f eq ; for the second collision process, Kutke is released into resolved kinetic energy and 
internal energy by τ∗ . The total energy assignment in the two-level collision process can be 
classified as intermediate turbulence equilibrium state ρE = ρU2/2+ ρe + ρKutke , and 
Maxwellian equilibrium state ρE = ρU2/2+ ρe . U = (U1,U2,U3)

T is the resolved mac-
roscopic velocity vector with the definition of U2 = U2

1 +U2
2 +U2

3  . e = (N + 3)RT/2 
is the internal energy, where R is the gas constant. As the unresolved grids approach 
resolved ones, the unresolved turbulent information tends to disappear, so the non-trivial 
modeling information on unresolved turbulence structures will be eliminated automati-
cally. This limit implies Kutke → 0 , turbulent relaxation time τt → 0 , turbulence equi-
librium state f eq → g , and τ∗ → τ . Therefore, this limit leads the DtrKM in Eq. (4) to 
be consistent with the BGK model in Eq. (1) on resolved grids, without considering the 
subsequent modeling and numerical discretization errors. This asymptotic process also 
indicates that the turbulent relaxation time τt depends on grid resolution and unresolved 
Kutke , which sheds light on the modeling of the unknown turbulent relaxation time τt.

2.3 � Chapman‑Enskog expansion of DtrKM

To overcome the barrier of modeling the turbulent relaxation time τt and source term 
St directly in kinetic model, the corresponding macroscopic governing equations from 
the DtrKM will be derived by Chapman-Enskog expansion. DtrKM to macroscopic 
equations can be regarded as a projection, which essentially bridges the unknowns in 
DtrKM with the particular terms in macroscopic governing equations.

Using the turbulence equilibrium state denoted in Eq. (5), with the frozen Kutke 
exchange assumption, the first-order Chapman-Enskog expansion gives

(8)St =
ρ
(
K

eq
utke − Kutke

)

τ∗
.
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From which the corresponding macroscopic governing equations in three dimensions 
have been derived for the first time, as shown in Appendix 1, namely

where p is pressure related to the resolved temperature p = ρRT = ρ/(2�) , the total 
energy ρE = ρ(U2 + 3RT + NRT )/2+ ρKutke , and δij is the Kronecker symbol. The vis-
cous stress term in Eq. (11) is denoted by

with

where molecular viscosity µ = τp , turbulent eddy viscosity µt = τtp , turbulent bulk vis-
cosity ηt = 2N (µ+ µt)/[3(N + 3)] , and the last term τst results from the source term 
St . Typically, beyond the filtered compressible momentum equation in NS equations 
[19], the generalized viscous stress τij on unresolved grids in Eq. (14) contains additional 
terms. These terms are turbulent bulk viscosity term and term related to the energy 
interaction from source term St . Unresolved turbulence structure contributes to the 
generalized viscous stress so that τij on unresolved grids deviates from the linear consti-
tutive relation in Eq. (14). The heat conduction term in Eq. (12) reads

where molecular thermal conductivity is κ = (N + 5)τpR/2 , and  turbulent thermal 
conductivity κt = (N + 5)τtpR/2 . Appendix 1 shows that Prandtl number Pr = 1 , and 
turbulent Prandtl number Prt = 1 . When recovering the realistic laminar and turbulent 
Prandtl number, a similar modification in the energy transport [23] should be imple-
mented. The modification will be presented briefly in Section 3. As presented in Eq. (13), 
the term qkj is related to the governing equation of Kutke as

In summary, the first five governing equations in Eqs. (10)-(12) correspond to the con-
servative laws in mass, momentum and total energy with generalized constitutive rela-
tionship of stress in Eqs. (14)-(15) and heat conduction term in Eqs. (16)-(17). While the 
sixth Eq. (13) governs the evolution of Kutke . So far, the unclosed terms in DtrKM are the 

(9)f = f eq − (τ + τt)

(
∂f eq

∂t
+ ui

∂f eq

∂xi

)
.

(10)ρ,t + (ρUj),j = 0,

(11)(ρUi),t + (ρUiUj + pδij),j = (τij),j ,

(12)(ρE),t + ((ρE + p)Uj),j = (Uiτij + qj),j ,

(13)(ρKutke),t + (ρKutkeUj),j = (Ujτst + qkj),j + St ,

(14)τij = (µ+ µt)

(
Ui,j +Uj,i −

2

3
Uk ,kδij

)
+ ηtUk ,kδij −

2

N + 3
τstδij ,

(15)τst = (τ + τt)St ,

(16)qj = (κ + κt)T,j + qkj ,

(17)qkj = (µ+ µt)(Kutke),j .
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turbulent relaxation time τt , and the source term St . In the following part, τt and St will 
be modeled through the comparison among Eqs. (10)-(13) and transport equations of 
the compressible SGS turbulence kinetic energy Ksgs.

2.4 � Models for turbulent relaxation time τt and source term St
With the Favre filtering process (i.e., Ũi denotes Favre average of Ui ), the compressible 
ρKsgs transport equation [20] for compressible LES has been derived as

where Psgs is the production term, Dsgs the total dissipation term, �sgs the pressure-
dilation transfer, and the  last term Tsgs the sum of SGS diffusion terms. In Eq. (18), 
SGS turbulence kinetic energy ρKsgs = τ

sgs
kk /2 = ρ(ŨkUk − ŨkŨk)/2 , SGS stress 

τ
sgs
ij = ρ(ŨiUj − ŨiŨj) , S̃ij = (Ũi,j + Ũj,i)/2 , and σij = µ

(
Ui,j +Uj,i − 2Uk ,kδij/3

)
 . The 

total SGS dissipation rate Dsgs can be decomposed into two parts, namely, SGS solenoi-
dal dissipation rate εsgss  and SGS dilational dissipation rate εsgsd  as

where ωi = ǫijkUk ,j is the vorticity and ω̃i = ǫijk Ũk ,j the filtered one with the permuta-
tion symbol ǫijk . Comparing the governing equation of ρKutke in Eq. (13) with the exact 
ρKsgs equation in Eq. (18), it is seen that the source term St in Eq. (13) is the net effect of 
SGS production term, SGS dissipation term and the SGS pressure-dilation transfer as

Consequently, the current DtrKM in Eq. (4) provides an mesoscopic understanding in 
transport equation of the compressible SGS turbulence kinetic energy Ksgs in Eq. (18). 
The non-trivial quantity Kutke is proposed for modeling the unresolved turbulence struc-
tures, and the governing equation of Kutke is responsible for the evolution of unresolved 
turbulent process. This macroscopic description is consistent with the projection of 
DtrKM, namely, the double-relaxation kinetic model can be regarded as the mesoscopic 
understanding of one-equation SGS Ksgs model. We stress that the Kutke on unresolved 
grids will be regarded by default as SGS turbulence kinetic energy Ksgs on filtered grids. 
Especially, in the following modeling and simulations, the grid filter width is adopted as 
the effective grid length of control volume (see Sections 4.1 and 4.2) in the finite-volume 
numerical scheme, so Ksgs can be treated as Kutke by default. Similarly, the SGS variables 
are treated equivalently as unresolved variables without special statement.

(18)





�
ρKsgs),t + (ρKsgs

�Uj

�
,j
= Psgs − Dsgs +�sgs + Tsgs,

Psgs = −τ
sgs
ij

�Sij ,
Dsgs = σijUi,j − σ ij

�Ui,j ,

�sgs = pUk ,k − p�Uk ,k ,

Tsgs =
�
− 1

2ρ

�
ŨiUiUj − ŨiUiŨj

�
+ τ

sgs
ij

�Ui

+(σijUi − σ ij
�Ui)− ρR

�
�TUj − T̃ �Uj

��
,j
,

(19)





Dsgs = ǫ
sgs
s + ǫ

sgs
d ,

ε
sgs
s = µ

�
�ωiωi − ω̃iω̃i

�
,

ε
sgs
d = 4

3µ

��U2
k ,k − �U2

k ,k

�
,

(20)St ≡ Psgs − Dsgs +�sgs.
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As presented in Eq. (14), the connection between eddy viscosity µt and turbulent 
relaxation time τt is given by τt = µt/p . τt can be explained as the relaxation time 
for the turbulent eddies [27]. The larger turbulent relaxation time originates from 
the unresolved turbulence process, i.e., eddies transport and collision on unresolved 
grids. Following the seminal modeling strategy [17, 19], turbulent relaxation time τt 
and SGS stress τ sgsij  can be modeled as

where Cs is the model coefficient, � the grid filter width, S̃∗ij = S̃ij − S̃kkδij/3 the traceless 
tensor of S̃ij . When correcting the total energy transport to recover the realistic turbu-
lent Prandtl number Prt , the dynamic Prandtl number Prt can be modeled as

As shown in Eq. (21), with the aid of essential gradient-type assumption, turbulent 
relaxation time τt has been closed in DtrKM. After modeling the SGS stress τ sgsij  , the 
SGS production term in source term in Eq. (20) is modeled correspondingly. For the 
left unknowns in source term St , the models of SGS dissipation rate and SGS pres-
sure-dilation transfer read [19]

where Ma2k = 2Kutke/(γRT ) is the unresolved TKE Mach number. In terms of deter-
mining the unknown model coefficients, the  current paper follows the standard 
dynamic approach [9, 10, 19]. In Eqs. (21) - (26), model coefficients Cs , C� and Prt can 
be dynamically computed through Germano identity [9, 10]. Additionally, Cǫs and Cǫd 
can be obtained by analogy with the relationship between the grid-filter-level SGS stress 
and the resolved stress across the test filter level [19, 49]. The detailed derivation of all 
dynamic model coefficients and necessary remarks are presented in Appendix 2.

The SGS concept from NS framework is highly appreciated, which provides the 
closure of the unknown terms among Eqs. (10)-(13) through the comparison with 
Eq. (18). Turbulent relaxation time τt and source term St have been modeled on the 
basis of Eqs. (20)-(26) with essential gradient-type assumption and standard dynamic 
approaches. In the subsequent section, instead of solving Eqs. (10)-(13) with the 

(21)τt =
Cs�ρK

1
2

utke

p
,

(22)τ
sgs
ij = −2Cs�ρK

1
2

utkeS̃
∗
ij +

2

3
ρKutkeδij ,

(23)qj = −Cs�ρK
1
2

utkeT̃,j/Prt .

(24)ǫ
sgs
s =

CǫsρK
3
2

utke

�
,

(25)ǫ
sgs
d =

CǫdρMa2kK
3
2

utke

�
,

(26)�sgs = C��
2
p,j(Ũk)j,k ,
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traditional finite-volume hydrodynamic solver, the DtrKM in Eq. (4) is solved directly 
with the flux function provided by the time-dependent integral solution in the spirit 
of well-established gas-kinetic scheme [23, 24].

3 � High‑accuracy gas‑kinetic scheme for DtrKM
For compressible turbulence modeling and simulation, besides constructing the physical 
models, the accurate and robust numerical scheme also plays the key role in handling 
the discontinuities and resolving the multi-scale structures on unresolved grids. In this 
section, to maintain the accurate and robust numerical performance of HGKS [44, 50, 
51], the finite volume high-accuracy gas-kinetic scheme is proposed to solve DtrKM.

For finite volume method, the key procedure is updating the macroscopic flow vari-
ables inside each control volume through the numerical fluxes. Taking moments of the 
DtrKM in Eq. (4) and integrating with respect to control volume on unresolved grids, 
the finite volume scheme can be expressed as

where Qijk is the cell averaged macroscopic variables in Eq. (6), Sijk is the cell averaged 
source term in Eq. (7) with St modeled through Eqs. (20)-(26). The control volume 
�ijk = [(x1)i −�x1/2, (x1)i +�x1/2] · [(x2)j −�x2/2, (x2)j +�x2/2] · [(x3)k −�x3/2, (x3)k +�x3/2] , |�ijk | 
is the volume of �ijk and Fs(t) is the time-dependent numerical flux across the cell inter-
face �s . The numerical flux Fs(t)|x1 in the x1 direction (at cell interface (x1)i+1/2 ) is given 
as an example.

where n is the outer normal direction. The Gaussian quadrature is used 
over the cell interface for Eq. (28), where ωmn is the quadrature weight, 
xi+1/2,jm,kn = [(x1)i+1/2, (x2)jm , (x3)kn ]T , and [(x2)jm , (x3)kn ] is the quadrature point of 
cell interface [(x2)j −�x2/2, (x2)j +�x2/2] · [(x3)k −�x3/2, (x3)k +�x3/2] . When 
constructing the numerical fluxes, the secondary relaxation term Qs in Eq. (4) is not con-
sidered, and the effect of Qs is taken into account as the source term in Eq. (27). The gas 
distribution function f (xi+1/2,jm,kn , t,u, ξ , ku) in the local coordinate can be obtained by 
the integral solution of Eq. (4) as

where x′ = xi+1/2,jm,kn − u(t − t ′) is the trajectory of molecules on unresolved grids, f0 
the initial gas distribution function, and f eq the corresponding turbulence equilibrium 
state in the form of Eq. (5). Along the line of GKS [23, 50], for the multi-dimensional 
kinetic solver, f eq and f0 can be constructed as

(27)
d(Qijk)

dt
= − 1

|�ijk |

6∑

s=1

Fs(t)+ Sijk ,

(28)

Fs(t)|x1 =

∫ ∫

�s |x1

F (Q) · ndσ

=

2∑

m,n=1

ωmn

∫
ψu1f (xi+1/2,jm ,kn , t,u, ξ , ku)d��x2�x3,

(29)
f (xi+1/2,jm,kn , t,u, ξ , ku) =

1

(τ + τt)

∫ t

0

f eq(x′, t ′,u, ξ , ku)e
−(t−t ′)/(τ+τt )dt ′

+ e−t/(τ+τt )f0(−ut, ξ , ku),
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and

where f eql  and f eqr  are the initial gas distribution functions on both sides of a cell inter-
face �s . f

eq
0  is the initial turbulence equilibrium state located at the cell interface, which 

can be determined through the compatibility condition,

Substituting f eq (see Eq. (30)) and f0 (see Eq. (31)) into Eq. (29), the time-dependent 
gas distribution function at the Gaussian point is evaluated as

With the relation of macroscopic variables and turbulence equilibrium distribution 
function f eq , the spatial mesoscopic coefficients a1 , al1 , · · · , al3 , ar3 and temporal meso-
scopic coefficients A , Al , Ar in Eq. (33) can be determined and details are presented in 
Appendix 3. Equation (33) provides a gas evolution process from kinetic scale to hydro-
dynamic scale on unresolved grids, where both inviscid and viscous fluxes are recovered 
from a time-dependent and multi-dimensional gas distribution function at a cell inter-
face. This flux function couples the inviscid and all dissipative terms [23, 50], and has 
advantages in comparison with traditional hydrodynamic solver in which the Riemann 
solver and central difference are used for the inviscid and viscous terms. For Prandtl num-
ber fix, both the laminar Prandtl number Pr and turbulent Prandtl number Prt should 
be taken into consideration. Total energy flux F (ρE) in Eq. (28) should be modified as 
Fnew(ρE) = F (ρE)+ {(µPrt + µtPr)/[PrPrt(µ+ µt)] − 1}q , where the time-depend-
ent heat flux can be evaluated precisely by q =

∫
(u−U){[(ui −Ui)

2 + ξ2]/2+ ku}fd�.
The second-order accuracy in time can be achieved by one step integration, with the 

time-dependent kinetic flux in Eq. (33). To achieve high-order accuracy in space and time, 
the fifth-order WENO-Z spatial reconstruction [25] and two-stage fourth-order time 
discretization [44, 52] are implemented. The characteristic reconstruction is applied to 
improve the robustness for compressible flows with strong discontinuities (i.e., DCIT) [53]. 
The characteristic variables are defined as Qc = R−1Q , where R is the right eigenmatrix of 
Jacobian matrix at Gaussian quadrature point and details are given in Appendix 4. When 
dealing with compressible flows without strong discontinuities, such as TCPML, the linear 
WENO spatial reconstruction based on conservative variables is adopted. For source term 
in Eq. (27), the one-step forward Euler method is applied in two-stage updating process to 

(30)f eq = f
eq
0 (1+ a1x1 + a2x2 + a3x3 + At),

(31)

f0 =
{

f
eq
l

[
1+

(
al1x1 + al2x2 + al3x3

)
− (τ + τt)

(
al1u1 + al2u2 + al3u3 + Al

)]
, x ≤ 0,

f
eq
r

[
1+

(
ar1x1 + ar2x2 + ar3x3

)
− (τ + τt)

(
ar1u1 + ar2u2 + ar3u3 + Ar

)]
, x > 0,

(32)
∫

ψ f
eq
0 d� =

∫

u1>0

ψ f
eq
l d�+

∫

u1≤0

ψ f eqr d�.

(33)

f (xi+1/2,jm,kn , t,u, ξ , ku) = (1− e−t/(τ+τt ))f
eq
0

+
[
(t + τ + τt)e

−tτ − τ
]
(a1u1 + a2u2 + a3u3)f

eq
0

+
[
t − (τ + τt)+ (τ + τt)e

−t(τ+τt )
]
Af

eq
0

+e−t/(τ+τt )f
eq
l

[
1− (τ + τt + t)

(
al1u1 + al2u2 + al3u3

)
− (τ + τt)Al

]
H(u1)

+e−t/(τ+τt )f
eq
r

[
1− (τ + τt + t)

(
ar1u1 + ar2u2 + ar3u3

)
− (τ + τt)Ar

]
(1−H(u1)).
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guarantee the robustness. Therefore, the finite volume high-accuracy gas-kinetic scheme 
has been constructed with the second-order kinetic flux, fifth-order WENO-Z reconstruc-
tion, two-stage fourth-order time discretization and one-step forward Euler method for 
source term. The current high-accuracy gas-kinetic scheme has been well implemented 
in the in-house platform for turbulence simulation [51], and the a posteriori tests on com-
pressible turbulent flows will be presented in the following section.

4 � A posteriori numerical tests
In this section, the decaying compressible isotropic turbulence [39, 40] and temporal com-
pressible plane mixing layer [41–43] are regarded as cornerstones to assess DtrKM.

4.1 � Decaying compressible isotropic turbulence

This section presents the numerical setup and the DtrKM for decaying compressible iso-
tropic turbulence.

4.1.1 � Numerical setup for DCIT

Decaying compressible isotropic turbulence [40] is the building-block case to demonstrate 
the performance of modeling on compressible turbulence. For the flow with discontinuities, 
we have

where p is the pressure at the cell interface, pl and pr the pressure on the left and right 
sides of the cell interface. dt is the time step, and a fixed Cnum = 2.5 . The reason for 
including artificial dissipation through the additional term in the molecular relaxation 
time τ and the turbulent relaxation time τt is to improve the numerical stability with 
larger numerical dissipation. As the earlier remark states, the grid filter width is adopted 
as the grid length of control volume for DCIT, i.e., � = �x1 = �x2 = �x3 on equivalent 
spaced grids. Additionally, test filter width �̂ is set to twice the grid filter width � when 
determining the dynamic model coefficients, namely �̂ = 2� . DNS for DCIT has been 
well studied using HGKS systematically [20, 39]. In this section, following previous DNS 
set-up, LES on unresolved grids will be conducted directly.

In the computation, the initial Taylor microscale Reynolds number is Re�0 = 72 and the 
initial turbulent Mach number is fixed at Mat0 = 0.6 . The detailed initial conditions are set 
as in previous work [39], and the periodic boundary condition for six macroscopic variables 
is used. A three-dimensional solenoidal random initial velocity field can be generated by a 
specified spectrum as

with the fixed A0 = 0.00013 and κ0 = 8 . After generating the initial velocity field on 5123 
resolved grids, the filtered velocity fields can be obtained on unresolved grids, i.e., fil-
tered flow fields on 1283 grids. When filtering velocity field, the positive definite kernel 
of Box filter is adopted to guarantee the positive unresolved TKE [47]; thus the initial 
pointwise Kutke0 on unresolved grids can be obtained as the initial condition for Eq. 

(34)τ + τt =
µ+ µt

p
+ Cnum

∣∣∣∣
pl − pr

pl + pr

∣∣∣∣dt,

(35)E(κ) = A0κ
4 exp

(
−2κ2/κ20

)
,



Page 14 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 

(13). Table 1 shows the numerical parameters for DCIT of DNS and R1 , where κmax is 
the maximum resolved wave number and η0 is the Kolmogorov length scale. 〈K0〉 is the 
initial ensemble resolved TKE in which �·� denotes the spatial average on the whole com-
putational domain. Turbulence intensity I0 denotes the ratio of initial ensemble unre-
solved 〈Kutke0〉 to the initial ensemble resolved TKE as I0 = �Kutke0�/�K0� . Table 1 shows 
that the grid resolution meets the DNS criterion κmaxη0 ≥ 2.71 for DCIT [39]. Obvi-
ously, the grid resolution of R1 is not adequate for DNS, which is regarded as compress-
ible LES on unresolved grids.

The representative key statistical quantities as the resolved turbulence kinetic energy 
K, is given by

The ensemble budget of resolved K is computed, which can be described approxi-
mately by [16]

where εs = µωiωi is the resolved solenoidal dissipation rate, εd = 4µU2
k ,k/3 the resolved 

dilational dissipation rate without considering bulk viscosity, and  pUk ,k the resolved 
pressure-dilation transfer.

4.1.2 � DtrKM for DCIT

Figure  2 shows the time history of dynamic coefficient Cs as  in Eq. (21) for turbulent 
relaxation time τt and normalized ensemble 〈Kutke〉/〈Kutke0〉 . τcit = t/τto is the normal-
ized time and τto is the large-eddy-turnover time [39]. Firstly, model coefficient Cs is pre-
sented to validate the implementation of dynamic modeling approach in Appendix 2.2. 
The empirical model coefficient Cs is recommended as a fixed value 0.05 [7]. Figure 2a 
shows that the dynamic coefficient Cs in DtrKM fluctuates between [0.06, 0.12] for case 
R1 . The current dynamic approach shows that Cs reasonably depends on the grid resolu-
tion and the evolution of flow fields. In Fig.  2b, the normalized ensemble unresolved 
〈Kutke〉/〈Kutke0〉 increases approximately within τcit ≤ 1.5 and decreases consecutively, 
which behaves similarly to previous literature [19]. In Eq. (18), the SGS production 
term represents the inter-scale transfer associated with the interaction of resolved and 
unresolved scales. The SGS dissipation terms act as the sink of Kutke in source term St . 
The evolution of 〈Kutke〉/〈Kutke0〉 implies that the ensemble forward resolved energy cas-
cade dominates at the early stage, and then the SGS dissipation terms dominate. Fig-
ure 2b indicates that the intrinsic equilibrium assumption on Kutke , such as �St� ≈ 0 for 

(36)K = 1

2
ρU2.

(37)
d�K �
dt

= −�ε� +
〈
pUk ,k

〉
,

(38)ε = εs + εd ,

Table 1  Numerical parameters for DCIT

Case Grid size K0 I0 κmaxη0

DNS 512
3 0.5055 0 3.6

R1 128
3 0.4931 0.0151 0.90
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zero-equation eddy-viscosity LES models [3, 9, 10], is not valid, which confirms that the 
evolution of Kutke on unresolved grids is crucial for compressible LES modeling [7, 19].

Figure  3 shows the contours of unresolved Kutke and source term St at τcit = 0.5 for 
case R1 . Figure 3a illustrates the contour of unresolved Kutke , and Fig. 3b confirms the 
ensemble positive source term St , which accounts for the increase of unresolved Kutke in 
Fig. 2b.

Figure 4 shows the key resolved statistical quantities in Eqs. (36)-(38) for case R1 . It is 
observed that the key statistical quantities of DtrKM are comparable with those from 
the widely-used DSM [10]. DSM is dealt with the equilibrium time-relaxation frame-
work [30], which is also implemented in the in-house DNS code [51] with modifying 
the τ to τ + τt on unresolved grids. Among these three compressible LES models, the 
heat flux is not modified, namely, Pr = 1 and Prt = 1 are treated fairly on all simulations. 
For density-weighted DSM, the eddy viscosity is determined as µt = Cdsm�

2
ρ|S̃| , and 

the dynamic coefficient Cdsm is computed through the dynamic technique presented in 
Appendix 2.1. The dynamic coefficient Cdsm in density-weighted DSM evolves between 
[0.016,  0.025] for case R1 . In conclusion, the performance of key statistical turbulent 
quantities shows that the current DtrKM is comparable with the widely-used DSM.

Fig. 2  Time history of a dynamic coefficient Cs and b normalized ensemble unresolved 〈Kutke〉/〈Kutke0〉 for 
case R1 with DtrKM

Fig. 3  Three-dimensional contours of a unresolved Kutke and b source term St at τcit = 0.5 for case R1 with 
DtrKM



Page 16 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 

4.2 � Temporal compressible plane mixing layer

This section first presents the numerical setup. The DNS is implemented to provide the 
coarse-grained initial flow fields for the subsequent DtrKM for a temporally compress-
ible plane mixing layer.

4.2.1 � Numerical setup for TCPML

For temporal compressible plane mixing layer [41–43], practical simulations on unre-
solved grids are conducted to further assess the performance of DtrKM and the high-
accuracy gas-kinetic scheme (see Section 3). For the flow without strong discontinuities, 
the collision time is given by

For TCPML, the grid filter width is adopted as the effective grid length of control vol-
ume, i.e., � = (�x1 ×�x2 ×�x3)

1/3 . Test filter width �̂ still keeps to twice the grid 
filter width � in determining the dynamic model coefficients, namely �̂ = 2� . In this 
section, DNS in TCPML will be validated firstly. Then, LES studies restart from the fil-
tered DNS solution on unresolved grids.

TCPML is initialized by a hyperbolic tangent profile for the streamwise velocity [54] as

where �U = Ulo − Uup , and initial momentum thickness δθ0 = 1 is adopted. As Eq. (40) 
presents, two equal and opposite streamwise velocities are simulated as −Uup = Ulo = 1 . 
With the unity Prandtl number, the Crocco-Busemann relation [55] gives the initial tem-
perature profile as

(39)τ + τt =
µ+ µt

p
.

(40)





U1 = 1
2�U tanh

�
−x2
2δθ0

�
,

U2 = 0,
U3 = 0,

(41)
T

T∞
= 1+Ma2c

γ − 1

2

(
1−U2

1

)
.

Fig. 4  Time history of a normalized ensemble resolved turbulence kinetic energy 〈K〉/〈K0〉 and b ensemble 
resolved dilational dissipation rate 〈εd〉 for case R1
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The initial density is set to a uniform value ρ∞ . The convective Mach number 
Mac = 0.75 and initial vorticity thickness-based Reynolds number Reω0 = 640 are simu-
lated as

where µ∞ is the reference viscosity corresponding to reference temperature T∞ , and vis-
cosity is determined by power law as µ(T ) = µ∞(T/T∞)0.67 [41]. With the uniform ini-
tial density, initial vorticity thickness can be estimated as δω0 = �U/|∂U1/∂x2|max , in 
which the maximum of denominator is reached in the centre plane. | · | represents the 
absolute value. The momentum thickness δθ is defined as

where �•� represents the plane average along the streamwise and spanwise directions, 
and δω0 ≈ 4δθ0 is obtained in the finite transverse domain [−L1/2, L1/2] . For TCPML, 
the turbulent stress tensor Rij and anisotropy stress tensor bij read

where U ′
i = Ui − �ρUi�/�ρ� , KR the so-called resolved turbulence kinetic energy as 

KR = Rii/2 . Anisotropy stress tensor bij is an important characteristic of turbulence, 
especially for advanced turbulence closures [43]. In the  following statistical process, 
Rij is integrated across mixing layer within [−δω(τml), δω(τml)] , while bij is integrated 
within [−4δθ (τml), 4δθ (τml)] with normalized time τml = �Ut/δθ0 . To accelerate the 
transition process, the initial condition is specified by adding a random number to 
density, temperature, transverse and spanwise velocities at each mesh point [41], i.e., 
ρp = ρ∞ + As1rde

−x2/(2δθ0)
2 . rd is a random number uniformly distributed between 

[−0.5, 0.5] and the amplitude As1 = 0.2 . In terms of streamwise velocity, besides the ran-
dom number, the artificial sinusoidal-type perturbation has been added as

where As2 = 0.6 , γs1 = 0.25 , and Bs1 = As3[cos(γs2x1)+ cos(2γs2x1)+ cos(4γs2x1)] , 
Bs2 = As4[cos(γs2x1) cos(γs2x3)+cos(2γs2x1) cos(2γs2x3)+cos(4γs2x1) cos(4γs2x3) with  
As3 = 0.2 , As4 = 0.4 and γs2 = 0.235 . The initial condition for primitive variables 
(ρp,U1p,U2p,U3p,Tp)

T can be obtained for DNS. The computational domain is  
discretized uniformly in three directions. Boundary conditions in the homogeneous 

(42)Mac =
�U

2
√
γRT∞

,

(43)Reω0 =
ρ∞�Uδω0

µ∞
,

(44)δθ = 1

ρ∞(�U)2

∫ ∞

−∞
[�ρU1(x2)� − �ρUlo�][

〈
ρUup

〉
− �ρU1(x2)�]dx2,

(45)bij =
Rij − 2

3KRδij

2KR
,

(46)Rij =

〈
ρU

′
i U

′
j

〉

�ρ� ,

(47)U1p = U1 +U1[As1 + As2 sin(γs1x2)(Bs1 + Bs2)]rde−x2/(2δθ0)
2
,
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streamwise and spanwise directions are periodic. In the transverse direction, the non-
reflective boundary condition of conservative variables is given according to one-
dimensional Riemann invariants [56], whereas the outlet boundaries are used for the 
unresolved Kutke (see Eq. (13)).

4.2.2 � DNS for TCPML

Table 2 shows the numerical parameters for TCPML. Ref1 was simulated by high-order 
finite difference method [43] with a smaller Mac = 0.70 and Ref2 was simulated by 
WENO-enhanced GKS [54]. The size effect of computational domain and grid conver-
gence have been well studied in Ref2 . Compared with the WENO-enhanced GKS [38], 
the current in-house code is equipped with the genuine spatial-temporal HGKS [44, 51]. 
Table 2 shows that the same computational domain and much finer grids are used by 
the current HGKS, which definitely guarantee the resolution of DNS. Figure 5 shows the 
contours of the magnitude of vorticity �ωmg� =

√
2ωiωi at τml = 400 and τml = 1400 . 

Against the performance of ‖ωmg‖ at transitional stage ( τml = 400 , see Fig. 5a), the mag-
nitude of vorticity not only enlarges thicker but also behaves more intermittently at the 
self-similarity stage ( τml = 1400 , see Fig. 5b).

In Table  3, the normalized growth rate δ̇θ /δ̇inc = 0.589 agrees well with that in Ref2 
[54], and is  reasonably smaller than that of Ref1 (smaller Mac = 0.70 corresponding 
to larger normalized momentum thickness) [43]. It is well known that compressibil-
ity suppresses the mixing layer growth rate δ̇θ = dδθ/dτml . Incompressible growth rate 
δ̇inc = 0.016 is chosen for the hyperbolic tangent profile in Eq. (40). Growth rate in this 
paper is computed by the least-square method within τml ∈ [1000, 1300] as shown in 
Fig. 6a. Table 3 also presents the vorticity thickness-based Reynolds number Reω and the 

Table 2  Numerical parameters for TCPML

Case L1 × L2 × L3 N1 × N2 × N3 Mac Reω0

Ref1 172δθ0 × 129δθ0 × 86δθ0 256× 192× 128 0.70 640

Ref2 314δθ0 × 157δθ0 × 78.5δθ0 512× 256× 128 0.75 640

DNS 314δθ0 × 157δθ0 × 78.5δθ0 576× 384× 192 0.75 640

M1 314δθ0 × 157δθ0 × 78.5δθ0 144× 96× 48 0.75 640

Fig. 5  Contours in magnitude of vorticity at a τml = 400 and b τml = 1400 for DNS
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turbulent Mach number Mat at τml = 1400 . Here, turbulent Mach number is defined as 
Ma2t = 2KR/(γRT∞) . Table 3 shows that Reω and Mat at the center plane are in good 
agreement for all cases. (In Ref1 and Ref2 , the ending of the simulation may be τml = 600 ). 
Figure 6b shows the time history of anisotropy stress tensor bij in Eq. (45). We observe the 
well-matched quasi-stationary profiles during the self-similarity stage. Table 3 shows the 
components of anisotropy stress tensor (b11, b12, b22) at τml = 1400 . The large deviation 
in b22 can be attributed to the differences in setting up the initial perturbation field [54]. 
Overall, the current DNS results agree well with refereed numerical simulations.

4.2.3 � DtrKM for TCPML

With the high-fidelity flow fields from DNS, M 1 with DtrKM and DSM is conducted on unre-
solved grids. Figure  7a shows the initial pointwise unresolved TKE. The initial unresolved 

Table 3  Key quantities for DNS in TCPML at τml = 1400

Case δ̇θ /δ̇inc Reω Mat (b11, b12, b22)

Ref1 0.675 7790 - (0.15, 0.15, −0.10)

Ref2 0.589 8160 0.30 (0.13, 0.13, −0.12)

DNS 0.588 8052 0.28 (0.14, 0.16, −0.07)

Fig. 6  Time history of a normalized momentum thickness δθ /δθ0 and b evolution of anisotropy stress tensor 
bij for DNS

Fig. 7  Contours of unresolved Kutke at a τml = 400 and b τml = 1400 for case M 1 with DtrKM
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Kutke is in a small magnitude and restricted in a narrow region. From transitional stage to 
self-similarity stage (at τml = 1400 ), Fig.  7b shows that the magnitude of unresolved Kutke 
increases obviously, and entrains to a much wider region similar to that in Fig. 5b. Again, the 
intrinsic equilibrium assumption on Kutke , such as �St� ≈ 0 for zero-equation eddy-viscosity 
LES models [3, 9, 10], may not hold. Box filter is used to generate the initial (restarted) six-var-
iable flow field (see Eqs. (10)-(13)) from the DNS solution at τml = 400 , i.e., 43 resolved grids 
are coarsen to 1 unresolved grid. Table 2 shows that M 1 with DtrKM and DSM is conducted 
on unresolved uniform grids 144 × 96× 48 . The same computational domain and boundary 
conditions are applied as in the DNS. When implementing DtrKM, the minimum unresolved 
TKE is set as 〈Kutke0〉/10000 , where the initial ensemble unresolved �Kutke0� = 0.00058.

Figure  8a shows the time history of ensemble unresolved 〈Kutke〉 from DtrKM and 
ensemble resolved kinetic energy 〈K 〉 . The ensemble unresolved TKE from DtrKM 
increases, while the ensemble resolved kinetic energy 〈K 〉 decreases in the dissipa-
tive system. Figure  8b also shows the evolution of normalized momentum thickness 
δθ/δθ0 . Figure 8 shows that the performance of statistical quantities from DtrKM agrees 
well with that from DSM. In Table 4, the normalized growth rate δ̇θ /δ̇inc = 0.611 from 
DtrKM agrees well with that from DSM, slightly larger than that of DNS.

Table 4 shows the vorticity thickness-based Reynolds number Reω , and the turbulent 
Mach number Mat from LES at τml = 1400 at the center plane. The vorticity thickness-
based Reynolds numbers Reω based on two LES models are larger than that of DNS, 
where the turbulent Mach number Mat from LES agrees well with that of DNS. Compo-
nents of anisotropy stress tensor at τml = 1400 agree well with each other in b11 and b12 
(see Eq. (45)). Figure 9 presents the profiles of normalized turbulent stress (R11)

1/2/�U , 
(R22)

1/2/�U , (R33)
1/2/�U , and (R12)

1/2/�U (see Eq. (46)). The normalized turbulent 
stress from two LES models shows quite small deviations. In TCPML, the performance 

Fig. 8  Time history of a ensemble unresolved 〈Kutke〉 (only from DtrKM) and ensemble resolved kinetic 
energy 〈K〉 , and b normalized momentum thickness δθ /δθ0 for case M 1

Table 4  Key quantities for LES in TCPML at τml = 1400

Case M 1 δ̇θ /δ̇inc Reω Mat (b11, b12, b22)

DtrKM 0.611 11912 0.27 (0.13, 0.16, −0.08)

DSM 0.619 11814 0.30 (0.15, 0.15, −0.08)
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of key turbulent quantities up to second-order statistics confirms that the  current 
DtrKM is comparable with the widely-used DSM.

5 � Conclusion and discussion
We propose the double time-relaxation kinetic model for compressible turbulence mod-
eling for the first time. The key idea is to construct the non-trivial turbulent quantities 
and their corresponding dynamic evolution quantitatively on unresolved grids. Within 
the double time-relaxation framework, DtrKM is constructed in the form of a modified 
BGK model on unresolved grids. Based on the first-order Chapman-Enskog expansion, 
DtrKM connects with the six-variable macroscopic governing equations. Phenomeno-
logically, the unknown turbulent relaxation time and source term in DtrKM are deter-
mined by gradient-type assumption and dynamic modeling approach. Therefore, the 
double time-relaxation kinetic model provides a profound mesoscopic understanding 
for transport equation of the compressible SGS turbulence kinetic energy. To solve the 
DtrKM accurately and robustly, a  finite volume high-accuracy gas-kinetic scheme is 
developed in the spirit of the well-established gas-kinetic scheme. DCIT and TCPML are 
simulated as benchmarks to evaluate the current double time-relaxation kinetic model 
and high-accuracy gas-kinetic scheme. The performance of key statistical turbulent 
quantities up to second-order statistics confirms that the current DtrKM is comparable 

Fig. 9  Profiles of normalized turbulent stress a (R11)1/2/�U , b (R22)1/2/�U , c (R33)1/2/�U and d 
(R12)

1/2/�U for case M 1
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with the widely-used DSM. The present work not only points to an alternative way for 
compressible turbulence modeling on unresolved grids, but also opens great possibilities 
to simulate multi-scale flow physics within the double time-relaxation framework.

In terms of the current high-accuracy gas-kinetic scheme for DtrKM, it is natural to 
inherit the numerical strength from the well-developed HGKS, i.e., the robust perfor-
mance from the subsonic to hypersonic viscous heat conducting flows [50]. To explore 
the benefits, DtrKM will be further implemented for more practical highly compressible 
turbulent flows, such as compressible wall-bounded turbulent flows and shock-bound-
ary layer interaction [57, 58]. Compared with incompressible turbulence, compressible 
turbulent flows are more complex due to the non-linear coupling of velocity, density, 
and pressure fields. Consequently, compressible LES models are much more difficult to 
construct than the incompressible ones. Being of scientific interest, the optimal physical 
distribution of Kutke and the direct modeling of the source term in Eq. (8) on unresolved 
grids, still require continuous effort in understanding the unresolved properties of tur-
bulence. To that extent, a complete time-relaxation compressible turbulence modeling 
without any ad-hoc technique from macroscopic turbulence models may be achieved. 
The turbulent relaxation time τt can be far larger than the molecular relaxation time τ 
on unresolved grids. The formal first-order Chapman-Enskog expansion in Appendix 1 
may not be such solid. If DtrKM can be solved by a multi-scale kinetic solver, such as 
UGKS [46], the multi-scale fluxes can improve its performance and overcome the limita-
tion of Chapman-Enskog expansion correspondingly. These challenging topics deserve 
to be explored in subsequent studies. Additionally, detailed comparisons on accuracy, 
efficiency, and robustness between the  current DtrKM and classical SGS models with 
solving NS equations are supposed to be studied in the future.

Appendix 1 Connection between double time‑relaxation kinetic model 
and macro governing equations
This appendix provides the details for the derivation of corresponding macroscopic 
governing equations on unresolved grids based on the DtrKM. Derivation of the Euler 
equations and the NS equations from the BGK model can be found in Appendix 2 [23]. 
Similar to molecular relaxation time τ = ǫτ̂ in refereed derivation, the turbulent relaxa-
tion time is rewritten as τt = ǫτ̂t , in which ǫ is a small dimensionless quantity. Suppose 
that f eq has a Taylor series expansion about point ( x , t). Since τ and τt depend on the 
local thermodynamic variables and unresolved Kutke , and these depend on the moments 
of f eq , we may assume that τ and τt are consequently τ̂ and τ̂t , and can be expanded about 
the point ( x , t). Now, consider the formal solution of the DtrKM for f (x, t,u, ξ , ku) , sup-
posing that f eq is known, it can be shown that f (x, t,u, ξ , ku) has an expansion in pow-
ers of ǫ.

We derive the terms in this expansion from the formal solution of f (x, t,u, ξ , ku) , 
by putting the power expansion f = f0 + ǫf1 + ǫ2f2 + · · · , and (τ + τt) = ǫ(τ̂ + τ̂t) 
into the DtrKM directly. Let Du = ∂/∂t + ui∂/∂xi , and write the DtrKM as 
ǫ(τ̂ + τ̂t)Duf + f − f eq = 0 , with handling the source term Qs in Eq. (4) separately. An 
expansion of this equation in powers of ǫ yields



Page 23 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 	

According to the compatibility condition, after dividing by ǫ(τ̂ + τ̂t) , we obtain

where ψ =
(
1,u1,u2,u3,

1
2

(
u21 + u22 + u23 + ξ2

)
+ ku, ku

)T
 , and d� = du1du2du3dξdku . 

The integral on the left-hand-side Lα and the right-hand-side Rα of Eq. (49) can be 
defined as

which shows that Lα is at least O(ǫ) , obviously. Therefore, in reducing the Rα on the 
right side of Eq. (50), which is already O(ǫ) , we can drop O(ǫ) quantities and their deriv-
atives. To simplify the notation, let

where �ψα(·)� denotes the moments of f eq on ψα , and ψα is the component of ψ . There-
fore, Lα and Rα are rewritten as

where k and l are subscripts of molecular velocity, taking from 1 to 3 for three-dimen-
sion derivation. The macroscopic governing equations in Euler-type and NS-type can be 
obtained by truncating Eq. (50) up to the order of O(1) and O(ǫ) , respectively. The Euler-
type macroscopic equations can be derived straightforwardly by the Chapman-Enskog 
expansion up to zeroth order, which are used to simplify the derivation of NS-type equa-
tions. This appendix focuses on the NS-type macroscopic equations by the Chapman-
Enskog expansion up to first order truncation of τ + τt.

1.1 Continuity equation

Continuity equation is derived straightforwardly as

which can be used to simplify the momentum equations, the total energy equations, and 
the unresolved TKE equation.

1.2 Momentum equation

To simplify the time derivative of pressure in the momentum equations, we introduce 
the following procedure firstly. For total energy equation, the left side L5 of Eq. (50) can 
be grouped as

(48)f = g − ǫ(τ̂ + τ̂t)Duf
eq + ǫ2(τ̂ + τ̂t)Du((τ̂ + τ̂t)Duf

eq)+ · · · .

(49)
∫

ψDuf
eqd� = ǫ

∫
ψDu[(τ̂ + τ̂t)Duf

eq]d�+O(ǫ2),

(50)Lα = ǫRα +O(ǫ2),

(51)�ψα(·)� ≡
∫

ψα f
eqd�, α = 1, 2, 3, 4, 5, 6,

(52)
Lα =�ψα�,t + �ψαul�,l ,
Rα ={(τ̂ + τ̂t)[�ψαuk�,t + �ψαukul�,l]},k +O(ǫ),

(53)ρ,t + (ρUk),k = 0,
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where N is the total number of degrees of freedom in ξ . The first term is U2
nL1/2 , which 

is O(ǫ2) , and the next three are UnLn , and are therefore O(ǫ) . Then L5 can be rewritten 
as

Based on the Chapman-Enskog expansion up to zeroth order, unresolved TKE equa-
tion L6 in Euler-type can be written as

which can be used to simplify the time derivative of (ρKutke),t in the following derivation. 
Combining Eqs. (55) and (56), we get

which can be used to simplify the time derivative of pressure p,t in the following 
derivation.

For the right hand sides of the momentum equations in Eq. (50), considering 
Rj = [(τ̂ + τ̂t)Fjk ],k , we get

where the fact that all odd moments in wk vanish has been used. Here wk = uk − Uk is 
the peculiar velocity. The term in square brackets multiplying Uj is Lk , i.e., it is O(ǫ) , and 
can therefore be ignored. Then, after gathering terms with coefficients Uk and p, we have

The coefficient of Uk can be simplified by the following equation,

where Eq. (60) is derived by multiplying the continuity equation by Ui and subtracting 
the result from Li ( i = 2, 3, 4 ). To eliminate p,t from the last term we use Eq. (57) for 
L5 . Finally, decompose the tensor Uk ,j into its dilation and shear parts in the usual way, 
which gives

(54)
L5 =

1

2
U2
n [ρ,t + (ρUk),k ] + ρUnUn,t + ρUkUnUn,k + Ukp,k

+ N + 3

2
[p,t +Ukp,k ] +

N + 5

2
pUk ,k + (ρKutke),t + (ρKutkeUk),k ,

(55)
L5 =

N + 3

2
[p,t +Ukp,k ] +

N + 5

2
pUk ,k + UnLn

+ (ρKutke),t + (ρKutkeUk),k +O(ǫ2).

(56)L6 = (ρKutke),t + (ρKutkeUk),k − St +O(ǫ),

(57)p,t +Ukp,k = −N + 5

N + 3
pUk ,k −

2St

N + 3
+O(ǫ),

(58)

Fjk =�ujuk�,t + �ujukul�,l
=Uj[(ρUk),t + [(ρUkUl)+ pδkl],l] + ρUkUj,t + (pδjk),t

+ (ρUkUl + pδkl)Uj,l + (Ulpδjk +Ukpδjl),l ,

(59)
Fjk = Uk [ρUj,t + ρUlUj,l + p,j] + p[Uk ,j +Uj,k +Ul,lδjk ] + δjk [p,t +Ulp,l] +O(ǫ).

(60)Li = ρUi,t + ρUkUi,k + p,i +O(ǫ2),
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The second term is due to bulk viscosity involving energy sharing between transla-
tional and internal degrees of freedom of the molecules [24, 59], and the last term results 
from the energy interaction between the resolved kinetic energy and the unresolved 
TKE.

1.3 Total energy equation

In analogy with the derivation of the NS total energy equation, we write 
R5 = {(τ̂ + τ̂t)Nk},k with

where the ku is the sample-space variable corresponding to unresolved Kutke . Nk can be 
decomposed into Nk = N

(1)
k + N

(2)
k  , where

and

For N (1)
k  , we have

The coefficient of Uk in the equation above is L5 , and therefore can be dropped, and 
the remaining terms can be rewritten as

After replacing Uk ,t according to Eq. (60), we get

For N (2)
k  , remembering that odd moments in wk vanish, we have

(61)Fjk = p

[
Uk ,j +Uj,k −

2

3
Ul,lδjk

]
+ 2

3

N

(N + 3)
pUl,lδjk −

2St

N + 3
δjk +O(ǫ).

(62)Nk =
〈
uk

(
u2n + ξ2

2
+ ku

)〉

,t

+ �ukul
(
u2n + ξ2

2
+ ku

)
�,l ,

(63)N
(1)
k =

[
Uk

(
u2n + ξ2

2
+ ku

)]

,t

+
[
Uk

〈
ul

(
u2n + ξ2

2
+ ku

)〉]

,l

,

(64)N
(2)
k =

〈
wk

(
u2n + ξ2

2
+ ku

)〉

,t

+
〈
wkul

(
u2n + ξ2

2
+ ku

)〉

,l

.

(65)

N
(1)
k =Uk

[〈
u2n + ξ2

2
+ ku

〉

,t

+
〈
ul

(
u2n + ξ2

2
+ ku

)〉

,l

]

+
[
1

2
ρU2

n + N + 3

2
p+ ρKutke

]
Uk ,t +

[
Ul

(
1

2
ρU2

n + N + 5

2
p+ ρKutke

)]
Uk ,l .

(66)N
(1)
k =

[
1

2
ρU2

n + N + 3

2
p+ ρKutke

][
Uk ,t +UlUk ,l

]
+ pUlUk ,l +O(ǫ).

(67)N
(1)
k = −

[
1

2
U2
n + N + 3

2

p

ρ
+ Kutke

]
p,k + pUlUk ,l +O(ǫ).



Page 26 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 

N
(2)
k  can be rewritten as

The p,t and Uk ,t can be replaced by Eqs. (57) and (60), respectively. Hence

Finally, Nk can be obtained by summing N (1)
k  and N (2)

k  up

1.4 Unresolved turbulence kinetic energy equation

For unresolved Kutke equation, we write R6 = {(τ̂ + τ̂t)Z},k , where

The term in square brackets is Lk , i.e., O(ǫ) , and can be dropped. Equation (56) sub-
tracts the multiplication of the continuity equation (53) by Kutke , and we obtain

Gathering terms with coefficients Uk and p, and replacing Kutke,t through Eq. (73), we 
have

All time derivatives have now been removed from Rα , and the remaining steps in 
deriving corresponding macroscopic governing equations for DtrKM may be summa-
rized briefly as

(68)

N
(2)
k =�Unwnwk�,t + �UlUnwnwk�,l

+ 1

2

〈
U2
nwkwl

〉
,l
+

〈
wkwl

(
w2
n + ξ2

2
+ ku

)〉

,l

=(pUk),t + (pUkUl),l +
1

2
(U2

np),k +
N + 5

2

(
p2

ρ

)

,k

+ (pKutke),k .

(69)
N

(2)
k =p

[
Uk ,t +UlUk ,l + UkUl,l +UlUl,k

]

+ Uk

(
p,t +Ulp,l

)
+ 1

2
U2
np,k +

N + 5

2

(
p2

ρ

)

,k

+ (pKutke),k .

(70)
N

(2)
k =p

[
−p,k

ρ
+UkUl,l + UlUl,k

]
+Uk

[
−N + 5

N + 3
pUl,l −

2St

N + 3

]

+ 1

2
U2
np,k +

N + 5

2

(
p2

ρ

)

,k

+ (pKutke),k +O(ǫ).

(71)
Nk =p

[
Ul(Uk ,l + Ul,k)−

2

N + 3
UkUl,l

]
−Uk

2St

N + 3

+ N + 5

2
p

(
p

ρ

)

,k

+ (pKutke),k +O(ǫ).

(72)
Z =�kuk�,t + �kukul�,l
=Kutke[(ρUk),t + (ρUkUl + pδkl),l] + ρUkKutke,t + Kutke,l[ρUkUl + pδkl].

(73)L6 = ρKutke,t + ρUlKutke,l − St +O(ǫ2).

(74)Z = UkSt + pKutke,k +O(ǫ).



Page 27 of 33Cao et al. Advances in Aerodynamics            (2025) 7:19 	

•	 Drop O(ǫ2) in Eq. (50),
•	 Combine ǫ and τ̂ + τ̂t to recover τ + τt = ǫ(τ̂ + τ̂t),
•	 Define the molecular dynamic viscosity as µ = τp , and the turbulent eddy viscosity is 

recovered by µt = τtp,
•	 Define the molecular thermal conductivity κ = (N + 5)τp/2 , and the turbulent ther-

mal conductivity κt = (N + 5)τtp/2.

Finally, corresponding macroscopic governing equations for DtrKM can be rewritten as 
Eqs. (10)-(13) in Section 2.4.

Appendix 2 Dynamic approach to determine model coefficients
Model coefficients Cs , Prt , and C� can be dynamically computed through Germano identity 
[9, 11], which assumes the similarity of SGS quantities between the grid filter width � and 
the test filter width �̂ . In finite volume framework, explicit filter is not used, while the grid 
length of control volume itself acts as the grid filter width, and the projection process when 
updating the macroscopic variables can be regarded as the filtering process. For any term 
φ = β1β2 − β1β2 on grid filter level, assuming that � = β̂1β2 − β̂1β̂2 still holds on test 
filter level. Then, the resolved tensor (or vector/scalar) is defined as L = �− φ̂ . Assume 
φ is modeled by the linear constitutive relationship φ = Cm , where m is a function of the 
resolved quantities. At the test filter level, � = CM , M takes a similar form to m but is a 
function of the test-filtered quantities. Plugging the linear model for � and φ , the Germano 
identity reads

To avoid computational instability, C can be optimized by the least-square method [11].

2.1 Dynamic coefficient for density‑weighted Smagorinsky model

For density-weighted DSM [10], the model coefficient Cdsm is determined by

where Lij = ̂ρUi ρUj/ρ − ρ̂Ui ρ̂Uj/ρ̂ , L∗ij = Lij − Lkkδij/3 , S̃∗ij = S̃ij − S̃kkδij , and 
S̃ij = (Ũi,j + Ũj,i)/2 , |S̃| = (2S̃ij S̃ij)

1
2 , and |̂̃S| = (2

̂̃
Sij

̂̃
Sij)

1
2.

2.2 Dynamic coefficient for double time‑relaxation kinetic model

In DtrKM, τ sgsij  is modeled by the gradient-type eddy viscosity model in Eq. (22), and the 
coefficient Cs is determined by

(75)L = β̂1β2 − β̂1β̂2 = C(M − m̂).

(76)





L∗ij = −2CdsmMij ,

Mij = ��
2�ρ|��S|��S

∗
ij −�

2 ̂
ρ|�S|�S∗ij ,

Cdsm = − L∗ijMij

2MijMij
,

(77)





L∗ij = −2CsMij ,

Mij = ���ρ �K
1
2

utke
��S
∗
ij −�

̂
ρK

1
2

utke
�S∗ij ,

Cs = − L∗ijMij

2MijMij
,
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where Lij = ̂ρUi ρUj/ρ − ρ̂Ui ρ̂Uj/ρ̂ , L∗ij = Lij − Lkkδij/3 , and K̂ utke = K̂utke+

(
̂̃
UkŨk − ̂̃

Uk

̂̃
Uk)/2 . When modifying the intrinsic turbulent Prandtl number Prt = 1 in 

DtrKM, the realistic turbulent Prandtl number can be computed dynamically as

where Lj = R( ̂ρT ρUj/ρ − ρ̂T ρ̂Uj/ρ̂) . To model the pressure-dilation transfer, follow-
ing the series expansion [19], C� reads

where L� = ̂p(ρUk/ρ),k − p̂(ρ̂Uk/ρ̂),k.
The coefficients Cǫs and Cǫd are obtained by the analogy between the grid-filter-level 

SGS stress and the resolved stress across the test filter level [50], where L = CM instead 
of L = C(M − m̂) . To model the solenoidal dissipation rate, Cǫs reads

To model the dilational dissipation rate, Cǫd reads

Remark 1

For DCIT, the global dynamic coefficient is obtained through the ensemble average in 
the whole computational domain. In terms of TCPML, the local dynamic coefficient is 
obtained through the plane averaging in the streamwise and spanwise directions.

Remark 2
When modeling SGS pressure-dilation transfer, the dynamic denominator in C� may 
approach a pretty tiny value, which causes a large value for model coefficient C� . To 
smoothen the spurious behavior of C� , the C� is limited in a bound [−0.1, 0.1] to guaran-
tee the numerical robustness. When C� goes beyond the bound, it would be modified as 
C� = Clim

� · sign(C�) , where Clim
� = 0.05 and sign(·) is the sign function. Both for DCIT 

(78)





Lj = −CsMj/Prt ,

Mj = ���ρ �K
1
2

utke
��T ,j −�

̂
ρK

1
2

utke
�T,j ,

Prt = −CsMjMj

LjMj
,

(79)





L� = C�M�,

M� = ��
2�p,j(�ρUk/�ρ)j,k −�

2 ̂
p,j(

�Uk)j,k ,

C� = L�
M�

,

(80)





Lǫs = µ̂�wi�wi − �µ��wi
��wi,

Mǫs = �ρ �K
3
2

utke/
��,

Cǫs = Lǫs/Mǫs.

(81)





Lǫd = 4

�
̂
µ�U2

k ,k − �µ��U
2

k ,k

�
/3,

Mǫd = �ρ2�K
5
2

utke/(γ
�p ��),

Cǫd = Lǫd/Mǫd .
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and TCPML, numerical tests indicate that the key statistical quantities are not sensitive 
to the Clim

�
 , as long as the numerical simulations are stable.

Remark 3
For macroscopic variable β , the filtered macroscopic variable and Favre-filtered variable 
are denoted as β and β̃ in Eqs. (18) - (26) and Appendix 2, respectively. By default, mac-
roscopic variable β in the rest part of this paper, such as the derivation of macroscopic 
governing equations from DtrKM in Appendix 1, represents resolved value without addi-
tional filtering symbols. Since resolved conservative variables on unresolved grids can be 
regarded as the filtered conservative variables, the corresponding Favre-filtered primitive 
variables also can be obtained. In summary, the resolved variables in the current paper 
can be treated as the customary filtered variables equivalently.

Appendix 3 Connection between macroscopic variables and mesoscopic 
coefficients
The connection between the spatial derivatives of macroscopic flow variables and the 
expansion of turbulence equilibrium distribution function f eq reads

where a denotes the spatial mesoscopic coefficients in Eq. (33) as

Equation (82) can be rewritten into the following linear system,

Each component of (a1, ..., a6)T in Eq. (84) can be determined uniquely,

where

(82)
∂Q

∂xi
=

∫
∂f eq

∂xi
ψd� ≡

∫
af eqψd�,

(83)

a = aTψ = a1 + a2u1 + a3u2 + a4u3 + a5

[
1

2

(
u21 + u22 + u23 + ξ2

)
+ ku

]
+ a6ku.

(84)
1

ρ

∂Q

∂xi
=

(
1

ρ

∫
ψ ⊗ ψT f eqd�

)
a � Ma.

(85)





a6 = 4

ρK 2
utke

B5 − a5,

a5 = 8�2

ρ(N+3) (B4 − U1B1 − U2B2 − U3B3 − B5),

a4 = 2�
ρ
B3 − U3a5,

a3 = 2�
ρ
B2 −U2a5,

a2 = 2�
ρ
B1 −U1a5,

a1 = 1
ρ

∂ρ
∂xi

−U1a2 −U2a3 −U3a4 − Ea5 − Kutkea6,
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For the temporal mesoscopic coefficient in Eq. (33), the relation between temporal deriv-
atives of macroscopic variables and turbulence equilibrium distribution can be written as

where

The temporal derivatives of macroscopic variables can be given according to the compat-
ibility condition as

In a similar way, the above components (A1, ...,A6)
T in Eq. (87) can be determined uniquely.

Appendix 4 Eigenstructure for characteristic reconstruction
The Jacobian matrix J  for the flux F (Q) of the hyperbolic part in Eqs. (10)-(13) is given by

where H = U2/2+ c2/(γ − 1) , and γ̂ = γ − 1 . The eigenvalues of the quasi one-dimen-
sional system are

where c is the local sound speed. The matrix of the corresponding right eigenmatrix is

and the inverse matrix of R is given by

(86)





B1 = ∂(ρU1)
∂xi

− U1
∂ρ
∂xi

,

B2 = ∂(ρU2)
∂xi

− U2
∂ρ
∂xi

,

B3 = ∂(ρU3)
∂xi

− U3
∂ρ
∂xi

,

B4 = ∂(ρE)
∂xi

− E ∂ρ
∂xi

,

B5 = ∂(ρKutke)
∂xi

− Kutke
∂ρ
∂xi

.

(87)
∂Q

∂t
=

∫
∂f eq

∂t
ψd� ≡

∫
Af eqψd�,

(88)

A = ATψ = A1 + A2u1 + A3u2 + A4u3 + A5

[
1

2

(
u21 + u22 + u23 + ξ2

)
+ ku

]
+ A6ku.

(89)
∫ (

∂f eq

∂t
+ ui

∂f eq

∂xi

)
ψd� = 0.

(90)

J =




0 1 0 0 0 0
γ̂
2U

2 − U2
1 (3− γ )U1 −γ̂U2 −γ̂U3 γ̂ −γ̂

−U1U2 U2 U1 0 0 0
−U1U3 U3 0 U1 0 0

U1

�
γ−2
2 U2 − c2

γ−1 − Kutke

�
H − γ̂U2

1 + Kutke −γ̂U1U2 −γ̂U1U3 γU1 −γ̂U1

−U1Kutke Kutke 0 0 0 U1



,

(91)�1 = U1 − c, �2 = U1, �3 = U1, �4 = U1, �5 = U1, �6 = U1 + c,

(92)R =




1 1 0 0 0 1
U1 − c U1 0 0 0 U1 + c
U2 U2 1 0 0 U2

U3 U3 0 1 0 U3

H − U1c + Kutke
1
2U

2 U2 U3 1 H + U1c + Kutke

Kutke 0 0 0 1 Kutke



,
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