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Abstract

Many problems in applied mathematics and physics are formulated most nat-
urally in terms of matrices, and can be solved by computing functions of these
matrices. For example, in quantum mechanics, the coherent dynamics of physical
systems is described by the matrix exponential of their Hamiltonian. In state of the
art experiments, one can now observe such unitary evolution of many-body systems,
which is of fundamental interest in the study of many-body quantum phenomena.
On the other hand the theoretical simulation of such non-equilibrium many-body
dynamics is very challenging. In this thesis, we develop a symbolic approach to
matrix functions and quantum dynamics based on a novel algebraic structure we
identify for sets of walks on graphs.

We begin by establishing the graph theoretic equivalent to the fundamental theo-
rem of arithmetic: all the walks on any finite digraph uniquely factorise into products
of prime elements. These are the simple paths and simple cycles, walks forbidden
from visiting any vertex more than once. We give an algorithm that efficiently fac-
torises individual walks and obtain a recursive formula to factorise sets of walks.
This yields a universal continued fraction representation for the formal series of all
walks on digraphs. It only involves simple paths and simple cycles and is thus called
a path-sum.

In the second part, we recast matrix functions into path-sums. We present
explicit results for a matrix raised to a complex power, the matrix exponential,
matrix inverse, and matrix logarithm. We introduce generalised matrix powers
which extend desirable properties of the Drazin inverse to all powers of a matrix.

In the third part, we derive an intermediary form of path-sum, called walk-sum,
relying solely on physical considerations. Walk-sum describes the dynamics of a
quantum system as resulting from the coherent superposition of its histories, a dis-
crete analogue to the Feynman path-integrals. Using walk-sum we simulate the
dynamics of quantum random walks and of Rydberg-excited Mott insulators. Us-
ing path-sum, we demonstrate many-body Anderson localisation in an interacting
disordered spin system. We give two observable signatures of this phenomenon: lo-
calisation of the system magnetisation and of the linear magnetic response function.

Lastly we return to the study of sets of walks. We show that one can construct
as many representations of series of walks as there are ways to define a walk product
such that the factorisation of a walk always exist and is unique. Illustrating this
result we briefly present three further methods to evaluate functions of matrices.
Regardless of the method used, we show that graphs are uniquely characterised, up
to an isomorphism, by the prime walks they sustain.
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CHAPTER 1
INTRODUCTION

The underlying physical laws necessary for the mathematical theory of a
large part of physics and the whole of chemistry are completely known,
and the difficulty is only that the exact application of these laws leads to
equations much too complicated to be soluble. P. A M. Dirac

This thesis is concerned with the development of a novel technique to evaluate
matrix functions and its applications to the simulation of quantum dynamics. In
this chapter we present the motivations and origins of our approach and present an
outline of the thesis.

1.1 Simulating quantum systems

The quality of control over atomic systems in state of the art experiments is such that
one can now address and observe quantum evolutions of individual atoms in optical-
lattices [1I, 2], 13| 4]. Additionally, coherent inter-atomic and light-matter interactions
can be made strong enough to occur on short time-scales compared to incoherent
processes. This reveals the system’s unitary evolution at the individual constituent
level which is of fundamental interest in the study of quantum many-body phenom-
ena. Several applications like quantum simulation and quantum computing schemes
also rely on this information [5]. On the other hand, the theoretical simulation on a
classical computer of such non-equilibrium many-body dynamics is very challenging,
mainly due to the exponentially large number of relevant degrees of freedom.
Indeed, consider a “simple” quantum many-body systems comprising N motion-
less particles, each with 2 energy levels. Then a full description of the system wave-
function 1 requires 2V complex numbers. This means that a direct exact solution
of Schrodinger’s equation, which describes the coherent dynamics of non-relativistic
quantum systems, is not accessible above N 2 20. Even worse, for N 2 250, this
number exceeds the number of atoms in the observable universe so even storing v on
a computer memory is impossible. For these reasons the problem of simulating the
time evolution of quantum many-body systems is believed to be intractable. Pon-
dering on this difficulty, R. Feynman proposed the idea of using quantum systems
to simulate other quantum systems, thereby turning the exponential scaling of 1 to
our advantage [6]. The validity of this idea was firmly established by S. Lloyd some
14 years later when he showed that universal quantum computation was possible [7].
This means that it is in principle possible to simulate any quantum system relying
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on a few universal quantum operations. The same year A. Steane presented the first
quantum error correcting code [§], demonstrating that quantum computation was
not fundamentally impaired by decoherence. Finally the recognition that quantum
computers could efficiently solve problems beyond the scope of classical comput-
ers [9, [10] initiated a strong research effort toward physical realisation of quantum
computers.

In the mean time, nothing precludes in principle the existence of a small set
of parameters, whose cardinality scales polynomially with N, and from which one
could construct a good description of . This observation in conjunction with the
recent experimental advances has led to the rise of an active area of research focused
on the development of theoretical methods to approximate the coherent dynamics of
quantum systems. Among the most well known techniques are the Density Matrix
Renormalisation Group method [11], related Tensor Network approaches [12] and
the Time-Evolving Block Decimation method [13]. These techniques have proven
very successful in their respective domains of applicability (e.g. [14] 15} 16]), i.e.
mostly 1D systems with nearest neighbour interactions. On the contrary, and in
spite of extensive work in the field, very few techniques exist in 2D and 3D [17, [1§]
and for systems exhibiting long-range interactions.

As part of this ongoing effort, we develop in this thesis a new technique which
aims at simulating the coherent time dynamics of quantum systems, termed path-
sum, and which is not limited by the system geometry. This technique is based on
novel results concerning the algebraic structure of sets of walks on graphs. Below,
we explain the origins of this approach.

1.2 Of graphs and matrices

The “most basic result of algebraic graph theory” [19] states that the powers of the
adjacency matrix of a graph generate all the walks on this graph [20]. This extends
to weighted graphs, with matrix powers giving the sum of the weights of the walks
on the graph [19]. To clarify these notions, consider the following example:

A= (all al?) — (A®)11 = a}; + apapan 4+ apanan +  a;apasn

Q21 A22 N — —_—— —_—
20

3" L o o
Each term contributing to (A3);; can be seen as the weight of a walk whose trajectory
we read off the subscripts. For example, a11a12a97 is the weight of the walk w : 1 —
2 — 1 — 1, which is illustrated above. Note how the ordering of the walk (left-to-
right) differs from the ordering of the weights (right-to-left). In this representation,
individual entries of the matrix A represent the weight of an edge of the graph, e.g.

a1o is the weight of the edge from vertex 2 to vertex 1. The weight of a walk is then
the product of the weights of the edges it traverses.
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The fundamental equivalence between walks on graphs and matrix powering
illustrated above, bore many fruits over the years, in particular in combinatorics
[19, 21, 22] and probability theory [23, 24]. In quantum mechanics, it manifests
itself most simply through Schrodinger’s equation. This equation is

I (1)) = i (1)

where h is the reduced Planck constant, |¢(t)) is a vector describing the instan-
taneous state of the system at time ¢ written here in Dirac notation and H is the
Hamiltonian matrix, a representation of the system energy, which we shall always
consider to be finite and discrete. The Schrédinger equation is formally solved by
the matrix exponential U(t) = exp(—iHt/h) and [¢(t)) = U(¢)|¢(0)). The matrix
exponential U(t) has a power series representation which naturally involves powers
of the Hamiltonian H", n > 0. By virtue of the equivalence between walks and
matrix powers, the matrix exponential U(¢) is thus seen to be equivalent to a series
of walks.

The observation underlying this thesis is that if sets of walks can be endowed
with an algebraic structure such that there exists a small set of objects generating all
the walks, then one might accelerate the convergence of a walk series by expressing
it using these generators. By the equivalence between walks and matrix powers, this
would in turn imply novel representations for functions of matrices, and in particular
for the matrix exponential U(¢) which describes the dynamics of quantum systems.
This is what we achieve in the thesis.

1.3 Thesis overview

The thesis is organised as follows. We begin in Chapter 2| by constructing an al-
gebraic structure for sets of walks on arbitrary finite graphs. In particular, we
demonstrate that all the walks factorise uniquely into nesting products of prime
walks. Nesting is a product operation between walks which we introduce. It follows
that these primes are the generators of all walks. By factoring sets of walks into
products of sets of primes, we obtain a recursive formula which describes the set of
all walks using only the prime generators. Thanks to this result we derive a universal
continued fraction representation for the formal series of all walks between any two
vertices of a graph. We give illustrating examples and applications for these results.

In Chapter [3| we present the main application of the prime factorisation of walks:
the method of path-sums. By relying on the correspondence between matrix multi-
plications and walks on graphs, we show that any primary matrix function f(M) of
a finite matrix M can be expressed solely in terms of the prime walks sustained by
a graph G describing the sparsity structure of M. We give explicit formulae for the
matrix raised to a complex power, the matrix exponential, the inverse and the ma-
trix logarithm. We then provide examples and mathematical applications of these
results in the realm of matrix computations.
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In Chapter ] we present a largely self-contained approach to the dynamics of
quantum systems, called walk-sum. Walk-sum is equivalent to an intermediate result
obtained in the derivation of the path-sum expression for the matrix exponential.
In this chapter however it is derived using solely physical arguments. These provide
a physical meaning to the methods of walk-sums and path-sums. We illustrate
walk-sum by determining analytically the dynamics of continuous time quantum
random walks. Our results remain valid for non-Abelian walks, where the internal
and external dynamics of the ‘walking’ particle are coupled. Finally, we investigate
the dynamics of systems of strongly interacting Rydberg-excited Mott insulators
using walk-sums.

In Chapter [5| we use the method of path-sums to demonstrate Anderson lo-
calisation in a strongly interacting quantum many-body system. We present two
observable manifestations of many-body localisation over the real-lattice: i) locali-
sation of the number of up-spins present at any time on certain finite sets of sites in
the lattice; and ii) localisation of the correlations between the spins at these sites.

In Chapter [6] we construct the meta theory which encompasses the results of
Chapter 2] More precisely, we demonstrate that as long as the factorisation of
walks into irreducible walks always exists and is unique, then one is free to design
new, arbitrary, walk products which lead to novel representations of functions of
matrices. We obtain three further methods to evaluate formal series of walks and
matrix functions using prime factorisations: the primitive series, the edge-sums and
the language equations for matrix functions. Using the connection between walks
on graphs and words of formal languages underpinning the language equations, we
conclude the chapter by showing that the prime walks sustained by a graph uniquely
characterise it.

Finally, in Chapter [7] we summarise the results of the present thesis and discuss
their potential future applications.

Reading guide

The present thesis covers and connects three different fields of research: graph theory,
linear algebra and quantum physics. We therefore give a brief guide of the thesis
for the reader to access his or her chapters of interest.

» The reader interested in the graph theoretic aspects of the thesis can read Chapters
and [0] for an exposition of the prime factorisation of walks.

» The reader interested in the computation of matrix functions and the applications
of the prime factorisation of walks in linear algebra can directly read Chapter [3|upon
accepting Theorem [2.3.4] p. [17}

» The reader interested in the dynamics of quantum systems will read Chapters
and B In particular, Chapter [ is largely self-contained and gives physical meanings
to the various mathematical expressions appearing in our approach. In contrast,
Chapter [5| which is devoted to many-body localisation in interacting quantum sys-
tems, make strong use of the results of Chapters[2] [3and [4 and cannot be understood
without the concepts introduced in these chapters.






CHAPTER 2
PRIME FACTORISATION ON (GRAPHS

FEveryone engaged in research must have had the experience of working
with feverish and prolonged intensity to write a paper which no one else
will read or to solve a problem which no one else thinks tmportant and
which will bring no concewwable reward — which may only confirm a gen-
eral opinion that the researcher is wasting his time on irrelevancies.

N. Chomsky

In this chapter we show that the formal series of all walks between any two
vertices of any finite digraph or weighted digraph G is given by a universal continued
fraction of finite depth involving the simple paths and simple cycles of G. A simple
path is a walk forbidden to visit any vertex more than once, a simple cycle is a
cycle whose internal vertices are all distinct and different from the initial vertex.
We obtain an explicit formula giving this continued fraction. Our results are based
on an equivalent to the fundamental theorem of arithmetic: we demonstrate that
arbitrary walks on G uniquely factorise into nesting products of simple paths and
simple cycles. Nesting is a walk product which we define. We show that the simple
paths and simple cycles are the prime elements of the set of all walks on G equipped
with the nesting product. We give an algorithm producing the prime factorisation of
individual walks. We obtain a recursive formula producing the prime factorisation
of sets of walks.

The work in this chapter forms the basis of an article that is currently under
review for publication in Forum of mathematics Sigma, Cambridge University Press.

2.1 Introduction

Walks on graphs are pervasive mathematical objects that appear in a wide range
of fields from mathematics and physics to engineering, biology and social sciences
[22, 19, 25, 26, 27, 28, 29]. Walks are perhaps most extensively studied in the
context of random walks on lattices [30], e.g. because they model physical processes
[31]. At the same time, it is difficult to find general ‘context-free’ results concerning
walks and their sets. Indeed, properties obeyed by walks are almost always strongly
dependent on the graph on which the walks take place. For this reason, many
results concerning walks on graphs are dependent on the specific context in which
they appear.
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In this chapter, we study walks and their sets on digraphs and weighted digraphs
as separate mathematical entities and with minimal context. We demonstrate that
they obey non-trivial properties that are largely independent of the digraph on
which the walks take place. Foremost amongst these properties is the existence and
uniqueness of the factorisation of walks into products of primes, which we show are
the simple paths and simple cycles of the digraph, also known as self-avoiding walks
and self-avoiding polygons, respectively. Another such property is the existence of a
universal form for the formal series of all walks between any two vertices of any finite
(weighted) digraph: it is a continued fraction of finite depth, which we provide. This
universal continued fraction has already found applications in the fields of matrix
functions and quantum dynamics, which we present in Chapters [3| [ and 5] We
believe that the unique factorisation property will also find applications in the field
of graph characterisation as we show in Chapter [6] Indeed, a digraph is, up to an
isomorphism, uniquely determined by the set of all walks on it [32]. The prime
factorisation of walk sets which we provide will reduce the difficulty of comparing
walk sets to comparing sets of primes, of which there is only a finite number on any
finite digraph.

Usually, the product operation on the set Wy of all walks on a digraph G is
the concatenation. It is a very liberal operation: the concatenation a o b of two
walks is non-zero whenever the final vertex of a is the same as the initial vertex of
b. This implies that both the irreducible and the prime elements of the set of all
walks equipped with the concatenation product, denoted (Wg, o), are the walks of
length 1, i.e. the edges of G. Consequently, the factorisation of a walk w on G into
concatenations of prime walks is somewhat trivial. For this reason, we abandon the
operation of concatenation and introduce instead the nesting product, symbol ®,
as the product operation between walks on G. Nesting is a much more restrictive
operation than concatenation, in that the nesting of two walks is non-zero only if
the walks satisfy certain constraints. As a result of these constraints, the irreducible
and prime elements of (Wg, ®), obtained upon replacing the concatenation with the
nesting product, are the simple paths and simple cycles of G, rather than its edges.
The rich structure that is consequently induced on walk sets is at the origin of the
universal continued fraction formula for formal series of walks.

This chapter is organised as follows. In §2.2] we present the notation and ter-
minology used throughout the chapter. In particular we define the nesting product
and establish its properties in §2.2.2] In we give the main results of the present
chapter: (i) existence and uniqueness of the factorisation of any walk into nesting
products of primes, the simple paths and simple cycles; (ii) an algorithm produc-
ing the prime factorisation of individual walks; (iii) a recursive formula factorising
walk sets into nested sets of primes; (iv) a universal continued fraction representing
factorised formal series of walks on digraphs and weighted digraphs; and (v) identi-
fication of the depth of this continued fraction with the length of the longest prime.
The results of this section are proven in sections [2.5.2] 2.5.3| and 2.5.4 Finally, in
we present examples illustrating our results.
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2.2 Required Concepts

2.2.1 Notation and terminology

A directed graph or digraph is a set of vertices connected by directed edges also known
as arrows. An arrow e starts at vertex s(e) and terminates at vertex ¢(e), which we
write e : s(e) — t(e) or (s(e)t(e)). Throughout this thesis, we let G = (V(G),E(G))
be a finite digraph with V(G) its vertex set and £(G) its edge set. This digraph may
contain self-loops but not multiple edges, i.e. we restrict ourselves to at most one
directed edge from a € V(G) to w € V(G). The latter restriction is solely for the
purpose of notational clarity, and all of our results can be straightforwardly extended
to cases where G contains multiple edges. We denote the vertices of G by numbers
or Greek letters a, 3, . ... The digraph obtained by deleting vertices «, 3, ... and all
edges incident on these vertices from G is written G\{a, 3, ...}.

A walk w of length ¢(w) =n > 1 from pg to p, on G is a left-to-right sequence
(topr ) (o) - -+ (n—1p1n) of m contiguous directed edges. This walk starts at po and
terminates at p,, We describe w by its vertex string (1o f1 f2 -+ i) OF by its vertex-
edge sequence (o) (o) (1) =+ (fn—1ptn) (pin)- If pig = pin, w is termed a cycle or
closed walk; otherwise, w is an open walk. When necessary, the initial vertex of w
will be denoted by h(w), and the final vertex by ¢(w). The set of all walks on G is
denoted by Wy, and the set of all walks from vertex g to vertex pu, on G is denoted
by Wa. o pun-

A simple path is an open walk whose vertices are all distinct. The set of all the
simple paths on G is denoted by IIg. The set of simple paths from a to w is denoted
by Ilg. ow. On any finite digraph G, these sets are finite.

A simple cycle is a cycle whose internal vertices are all distinct and different
from the initial vertex. The set of all the simple cycles on G is denoted by I'g, while
the set of simple cycles off a specific vertex a is denoted by I'g.,. On any finite
digraph G, these sets are finite.

A trivial walk is a walk of length 0 off any vertex pu € V(G), denoted by (u).
A trivial walk is both a simple path and a simple cycle. Note, trivial walks are
different from the empty walk, denoted 0, whose length is undefined.

The concatenation is a non-commutative product operation between walks. Let
wy = (a1---ayp) € Wg and wy = (81 -+ fBr) € Wg. Then the concatenation of w;
with wsy is defined as

| (2.1)
0, otherwise.

{(041 cag By Br), if o = By,
Wy © W =

The empty walk is absorbing for the concatenation, i.e. Vw € Wg, wo0 = 0ow = 0.
Remark 2.2.1 (Concatenating sets). Let A and B be two sets of walks on G. Then

we write A o B for the set obtained by concatenating every element of B into every
element of A.
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Let U = {V} be a collection of vector spaces, each of arbitrary finite dimension,
such that 2 is in one to one correspondence with the vertex set V(G) of a finite
directed graph G. For simplicity we designate by V,, € U the vector space associated
to vertex p € V(G). Let § = {¢u—v : V), = V., } be a collection of linear mappings
in one to one correspondence with the edge set £(G) of G. We associate the linear
mapping ¢,., € § to the directed edge from p to v. Then & = (U, §) is a
representation of the directed graph G, which in this context is also called a quiver
[33, 34]. The representation of a walk w = (ajas - - - ) € Wy is the linear mapping
v Obtained from the composition of the linear mappings representing the successive
edges traversed by the walk ¢, = @a,a, 10" "OPasas°Pas—a,- Lhe representation
of a trivial walk (u) is the identity map 1, on V,, and the representation of the empty
walk 0 is the 0 map.

Remark 2.2.2. The utility of the quiver as a representation of a digraph is explained
in Remark p.

A weighted digraph (G, W) is a digraph G paired with a weight function W that
assigns a weight W/e| to each directed edge e of G. We let the weight of a directed
edge from p to v, denoted w,,, = W[(uv)], be a d,-by-d,, complex matrix representing
the linear mapping ¢,.,. Furthermore, we impose that W[0] = 0 and W[(x)] = 1,,,
the identity matrix of dimension d,. For two directed edges e; and ey such that
e10ey £ 0, we let

Wilep 0 e5] = Wlea|Wley]. (2.2)

Note that the ordering of the weights when two edges are concatenated is suitable for
the multiplication of their weights to be carried out. The weight of a walk w € Wy,
denoted Ww], is the right-to-left product of the weights of the edges it traverses.
Since walks are in one to one correspondence with linear mappings, for any two
walks w, w’ satisfying h(w) = h(w') and t(w) = t(w') we define the sum w + w’ as
the object whose representation is the linear mapping which is sum of the two linear
maps representing w and w’, Q1w = @ + @ur. It follows that

Wlw+w'] = Wlw] + W[w']. (2.3)

We require the empty walk to be the neutral element of the addition operation +,
ie. w+0=wand W[w+ 0] = Ww).
The characteristic series of Wg. o, is the formal series [35]

Sgiaw = Y. W (2.4)

weWg: aw

In other words, the coefficient of w in Xg. 4, denoted (Xg. o, w), is 1 if w € W, o0
and 0 otherwise. If it exists, the weighted characteristic series W[Xg. o,] is the series
of all walk weights.

Remark 2.2.3 (More general weights). It is possible to generalise the definitions
of quiver and of weighted digraph to the case where the weight of an edge from u
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Figure 2.1: An example of nesting: the walk w = ajasaszasasagaragagaray is
obtained upon inserting the simple cycle ¢o = aragagar into ¢ = agasagaray and
then into the simple path p = ajasasay, that is w =p © (cl ® cz).

to v is any morphism ¢,., : V, — V,, in an additive category C from an object V,,,
associated with the vertex p, to an object V,, associated with the vertex v. Then
all the results of this chapter hold upon requiring that the matrix of morphisms
(M), = ¢, be invertible. This remark is based on an observation of [36].

2.2.2 The nesting product

We now turn to the definition and properties of the nesting product. Nesting is
more restrictive than concatenation; in particular, the nesting of two walks will be
non-zero only if they obey the following property:

Definition 2.2.1 (Canonical property). Consider (a,b) € W§ with b= 33, --- 8,8
acycleoff 3,and a = ay g --- - -+ oy a walk that visits 3 at least once. Let o; = 3
be the last appearance of 3 in a. Then the couple (a,b) is canonical if and only if
one of the following conditions holds:

(i) a and b are cycles off the same vertex [3; or

(ii) {@i<; # B} Nb=0; that is, no vertex other than § that is visited by a before
o is also visited by b.

Definition 2.2.2 (Nesting product). Let (wy, ws) € W3. If the couple (wq, ws)
is not canonical, we define the nesting product to be w; ® wy = 0. Otherwise, let
wy = (Mmna---B---ng) be awalk of length ¢1 and let wy = (B kg - - - Ky, B) be a cycle
of length /5 off 3. Then the operation of nesting is defined by

®: Wg X Wg — Wg, (25&)
(w1, w2) — wi@wy= (Mmump--LBho ke, B ney)- (2.5b)
The walk w; ®wy of length ¢1 + /5 is said to consist of ws nested into wy. The vertex

sequence of wy ® wy is formed by replacing the last appearance of § in w; by the
entire vertex sequence of ws.

» Nesting is non-commutative and non-associative: for example, 11 ® 131 = 1131,
while 131 ® 11 = 1311, and (12 ® 242) ® 11 = 11242, while 12 (242 ® 11) = 0.
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» Nesting coincides with concatenation for cycles off the same vertex. Let (¢1,¢s) €
Wg2; aas then ¢; ® cg = ¢; 0 co. Consequently nesting is associative over the cycles,
(1 Oc) Ocg=10c10(c2®c3) =1 ©ca® ez where ¢3 € Wg. nq. This in turn implies
power-associativity over the cycles and we simply write ¢? for the nesting of a cycle
c with itself p times, e.g. 1212121 = 121 ® 121 ® 121 = 1213. We interpret ¢ as the
trivial walk off h(c).

» Let u € V(G). Consider the trivial walk (1) and observe that for any cycle w € Wg
visiting p we have () ©w = w ® (u) = w. Therefore we say that a trivial walk is a
local identity element on the cycles. For any open walk w’ € Wy visiting p, we have
w' ® (u) = w' and we say that a trivial walk is a local right-identity element on the
open walks.

Remark 2.2.4 (Nesting sets). Let A and B be two sets of walks on G. Then we
write A ® B for the set obtained by nesting every element of B into every element
of A.

Definition 2.2.3 (Kleene star and nesting Kleene star). Let o € V(G) and let
E, € Wg.aa- Set E2 = {(a)} and E!{ = Ei' o E, for i > 1. Then the Kleene
star of E,, denoted EY, is the set of walks formed by concatenating any number of
elements of E,, that is EX = |2, E, [B7]. The nesting Kleene star of E,, denoted
E%* is the equivalent of the Kleene star with the concatenation replaced by the
nesting product: E2* = |, B where E2° = {(a)} and EY' = ES“™V @ E, for
¢ > 1. Since nesting coincides with concatenation for cycles off the same vertex, the
nesting Kleene star coincide with the usual Kleene star EY* = E*. Thus, from now

on we do not distinguish between the two.

Finally, with the nesting product comes a notion of divisibility. This notion plays
a fundamental role in the identification of irreducible and prime walks:

Definition 2.2.4 (Divisibility). Let (w,w’) € W§. We say that w’ divides w, and
write w’|w, if and only if 3 (a,b) € W§ such that either w = (a ® w') ® b or
w=a0® (W Ob).

2.2.3 The nesting near-algebra

Having established the properties of the nesting product, we now turn to determining
the structure it induces on the sets of walks and their characteristic series. In order
for the latter to be defined, we need to equip walk sets with an addition. To this
end, and in the spirit of the path algebra KG [38], we want to construct a K-algebra
with the set of walks Wy as basis but equipped with the nesting product instead of
the concatenation. However left-distributivity of the nesting product with respect
to addition does not hold (§2.5.1). Therefore, we define instead a near K-algebra
equipped with the nesting product.

Definition 2.2.5 (Near K-algebra [38]). Let K be an algebraic closed field and A a
set. Let + and e be an addition and a product operation defined between elements
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Layer 1 Layer 2 Layer 3
Near-algebra KGg Quiver U Matrix space C"*™
Walk w Mapping ¢y, Matrix M,
W42 = Wy + Wo Pwipe = Pun + Pwy Pwiig M‘Pwl + M‘»”WQ
Concatenation Composition Multiplication
w102 = wl ° /LUQ (prOQ = Spw2 o ngl M‘Pwlog = Mﬂawg : M‘Pwl
Formal inverse Composition inverse Matrix inverse
_ -1 _
wt Q-1 = 4,01(1; ) Mcpw,1 = Mgoi

Table 2.1: Correspondences between the three layers of representation used in this
thesis.

of A, respectively. Then we say that (A, +, e) forms a near K-algebra if and only if
(A, +) is an abelian group, the e product is compatible with the elements of K and
right distributive with respect to +.

Definition 2.2.6 (Nesting near-algebra). Let K be an algebraically closed field.
The nesting near-algebra KG, = (Wg, +, ©) is a near K-algebra. Its support set is
the set of walks on G and with the product of two walks w, w’ given by the nesting
product w ® w'.

Remark 2.2.5 (Three layers of representation). While we have defined an addition
and a product operation between walks on digraphs, these operations can give rise
to rather abstract objects. For example, let w; and ws be two walks with identical
end points. Then, the object w; 2 = w; + wo exists but seems rather difficult to
comprehend. To resolve this difficulty, we use the notion of quiver, introduced in
§2.2.1|and which facilitates the rigorous manipulation of sums and products of walks.
For example, it is easier to understand w; o as the object whose representation on
the quiver U is the linear map ¢y, , = Puw, +Puw,. In turn, the linear mappings of the
quiver have representations in terms of matrices, which allow direct manipulation
of sums, products and inverse of mappings. In the present study we therefore use
these three layers: i) the basic layer is the near K-algebra KGs and comprises the
walks, their sums, products and we will see, their formal inverses; ii) these objects
are then represented by linear mappings on the quiver, which constitutes our second
layer; and finally iii) the third layer comprises the matrix representations of these
mappings. Correspondences between these layers are given on Table [2.1]
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2.2.4 Irreducible and prime walks

We are now ready to identify the irreducible and prime elements of (Wg, ®). Follow-
ing standard definitions [39, 40], a walk w € Wy is irreducible if, whenever 3a € Wy
with a | w, then either a is trivial, or a = w up to nesting with trivial walks (i.e. local
identities). In the opposite situation, we say that w is reducible. A walk w € Wy is
prime with respect to nesting if and only if for all (a,b) € Wg such that w|a ® b
then w|a or w|b. The irreducible and prime elements of (Wg, ®) are identified by
the following result:

Proposition 2.2.1. The set of irreducible walks is exactly Illg Ul'g. The irreducible
walks are the prime elements of (Wg, ®).

Remark 2.2.6 (Identifying the simple paths and simple cycles). The simple paths
and simple cycles of the digraph G can be systematically obtained via the powers
of its nilpotent adjacency matrix [41, 42]. The nilpotent adjacency matrix Ag is
constructed by weighting the adjacency matrix A of G with formal variables (., one
for each directed edge e and such that: i) [, (»] = 0 for any two edges (e, €’) € £(G);
and ii) ¢? = 0 for all edges e € £(G). From this last property, it follows that only
the simple paths and simple cycles a non-zero coefficient in powers of Ag.

We defer the proof of Proposition 2.2.1] to §2.5.2, Having established the def-
inition and properties of the nesting product as well as the irreducible and prime
elements it induces in (Wg, ®), we turn to the factorisation of individual walks and
walk sets.

2.3 Prime Factorisation on Digraphs

In this section, we present the main results of this chapter. First, we present the
equivalent to the fundamental theorem of arithmetic on digraphs and we give an
algorithm factoring walks into nesting products of primes. Second, we give a formula
for factoring the set of walks Wg. o, between any two vertices of G into nesting
products of sets of primes. Third, we give a universal form for the prime factorisation
of the characteristic series of all walks between any two vertices of any finite digraphs.
Fourth, we give an equivalent relation for weighted digraphs. As we will see, these
two universal forms are continued fractions of finite depth over the simple paths and
simple cycles of the digraph. Finally, we relate the depth of the continued fractions
with the length of the longest simple path. All the results of this section are proven

in §2.5.2) and examples illustrating their use are provided in §2.4]

2.3.1 The fundamental theorem of arithmetic on digraphs

The fundamental theorem of arithmetic is arguably the most important result in
the field of number theory [43]. It establishes the central role played by the prime
numbers and has many profound consequences on the properties of integers. We
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now present its analogue for individual walks on arbitrary digraphs. We begin by
stating the conditions under which two factorisations of a walk into nesting products
of shorter walks are equivalent.

Definition 2.3.1 (Factorisation of a walk). Let w € Wg. A factorisation of the
walk w, denoted f(w), is a way of writing w using nesting products of at least two
walks, called the factors.

Definition 2.3.2 (Equivalent factorisations). Let w € Wg. We say that two fac-
torisations f;(w) and fa(w) of a walk w are equivalent, denoted f;(w) = fo(w), if and
only if one can be obtained from the other through the reordering of parentheses
and factors, and up to nesting with trivial walks, without modifying w. Equivalent
factorisations have the same non-trivial factors.

Definition 2.3.3 (Prime factorisation). A prime factorisation f(w) of a walk w €
W is a factorisation of w into nesting products of simple paths and simple cycles.

The relation = between factorisations of Definition[2.3.2]is clearly an equivalence
relation. Thus, for each walk w on G, it defines an equivalence class on the set of all
prime factorisations of this walk, F,, = {f(w)}. It is a central result of this chapter
that all prime factorisations of w belong to the same equivalence class [Fg(w)] =
{f(w) € F,, f(w) = Fo(w)} and the set of irreducible factors of w is uniquely
determined by w:

Theorem 2.3.1 (Fundamental theorem of arithmetic on digraphs). Any walk on
G factorises uniquely, up to equivalence, into nesting products of primes, the simple
paths and simple cycles on G.

From now on we shall thus speak of the prime factorisation F(w) of a walk w.
Below we give an algorithm that produces F (w) for an arbitrary walk.

An algorithm to factorise individual walks

Let w € Wg and F(f(w)) be the set of reducible factors appearing in a factorisation
f(w) of w.

Algorithm [I presented on p. picks an arbitrary reducible factor of a €
F(f(w)) (initially we let f(w) = w) and factorises a into nesting products of strictly
shorter walks, yielding f(a). The algorithm then updates f(w), replacing a with
its factorisation in f(w), denoted f(w) — f(w)/{a — f(a)}. At this point, the
above procedure starts again, with the algorithm picking an arbitrary reducible
factor appearing in the updated factorisation f(w). At each round, reducible factors
are decomposed into nesting products of shorter walks. The algorithm stops when
F(f(w)) is the empty set &, at which point f(w) is the prime factorisation F,(w) of
w. We demonstrate the validity of the algorithm in

» A detailed example of the use of Algorithm [I}is provided in §2.4.1}
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Input : A walk w € Wy
Output : The prime factorisation Fg (w)

fw) = w;
while F(f(w)) #+ & do
Choose any a € F(f(w));
if h(a) =t(a) = p and a visits vertex p a total of k > 2 times then
Let cg,- -+ ,cx be the k+ 1 cycles off i identified by splitting the
vertex string of a at each internal appearance of pu.
flw) = f(w) /{a = (co© - O )}
% Replace a with (¢ ® -+ ®¢) in f(w)

else

wy = a; fola) = w;
J=0;

while w; ¢ Hg U Fg do
Traverse w; from start to finish
if w; is open then

| Start the traversal on h(w;)

else
| Start the traversal on the first internal vertex of w;
end
Upon arriving at the earliest vertex n that w; visits at least twice,
define :
Sj+1 = (nﬁrst te 771ast>;
% Cycle from the first to the last occurrence of 7 in
wj
Wi = w; /{841 — (M}
% Replace s;41 with (1) in w;
fiv1(a) = fj(a) /{w; = (wjt1 © sj1) };
% Replace U)j with ijrl @SjJrl in fj
J=J+L
end
Let m = j and r = w,, € IIg UT'g. Observe that

fm(a) = ( ((r ® sm) © Spm1) @) ® s1.

fw) = f(w) /{a = fm(a)};
i Replace a with f,(a) in f(w)

end
end

Fo(w) = f(w);

% All the factors appearing in f(w) are now irreducible

Algorithm 1: Prime factorisation of individual walks
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2.3.2 Prime factorisation of walk sets

In this section we present the prime factorisation of walk sets. More precisely, we
obtain the set of walks between any two vertices of G from nested sets of simple
paths and simple cycles.

Theorem 2.3.2 (Factorisation of walk sets). The prime factorisation of Wg, is
achieved by the following recursive relations:

Wo;vow, = (( (Hgi00, © AG\ (v, 1}i) @+ O AZ\{w}w) © AZ;VO) , (26a)

where (Vo vy - - Vp—1 V) € llg, g, and

Agip. = (( ( Lgpe © AZ\{M&ML"'7,“672}”1671) ©--0 AZ\{Hc,Ml}Hﬂ) © AZ\{MC};/“)’
(2.6b)

with (pe i+ pre—1 fte) € D'gy -

Note that if 1y = v, then Ig, ., = (vo) and W, ., = Ag.,, with Ag,,, given by
Eq. . This gives the factorisation for sets of cycles on G.

The set Ag; . is defined recursively through Eq. (2.6b]). Indeed Ag; . is expressed
in terms of Ag\{uc, u1, -, uj_1); p; Which is in turn defined through Eq. but on the
subgraph G\{ft, ..., pj—1} of G. The recursion stops when vertex j; has no neigh-
bour on this subgraph, in which case Ag\(u., w1, 0510 = LU\ e pnrojorying =
{(ujps)} if the loop (pjp;) exists and A\ e, uy o wy_1}in; = () otherwise. The
maximum depth at which this recursion stops is discussed in

2.3.3 Prime factorisation of characteristic series of walks

An essential consequence of the existence and uniqueness of the prime factorisation
of walks, Theorem [2.3.1], is that additive arithmetic functions of walks are completely
determined by their values on the primes, the simple paths and simple cycles of G.
Here we exploit this property to express the characteristic series Xg. o, of all the
walks w € W, o solely in terms of prime walks.

Specifically, by using the fact that every open walk can be factorised into a simple
path and a collection of nested cycles, we rewrite the characteristic series of Wy, a0
as a series over simple paths by modifying each path in the series to include all
collections of cycles that can be nested off the vertices it visits. We implement this

/

modification by replacing each vertex o in a simple path by a ‘dressed vertex’ (a)g
representing the characteristic series of all cycles nested off @ on G:

(= Y e (2.7)

ceEWg: aa

In turn, we rewrite the characteristic series above as a series over simple cycles
v € I'g,o upon replacing each vertex p traversed by a simple cycle v by a dressed
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vertex representing the characteristic series of all the cycles that can be nested off
it on the appropriate subgraph of G. Using the vertex-edge notation of walks, the
dressed vertex is therefore

(Oé)lg = Z Z (a)(&/ﬁz)(lﬁz)/g\{a} c (Nm)fc;\{a,m,...,um_l}(ﬂma)(a) )

peN (QHQ'“Hma)EFQ;a

=S (X ) (28)

peN  v€lg; o

where the sums over p € N account for cycles made of a single repeated simple cycle,
e.g. 7P, and v is a notation for a simple cycle v with dressed vertices. Finally, we
show in §2.5.4] that the linear mapping representing a dressed vertex on the quiver
is the inverse mapping ¢(a)y, = (]-a - Zwng;a 907/)71 and from now on we represent
dressed vertices using the inverse notation.

Theorem 2.3.3 (Path-sum). Let ¥¢. ., denote the characteristic series of all walks
from o tow on G. Then Xg, ., 5 given in vertez-edge notation by

Xgiaw = Z (a)/g (avs) (VQ)IQ\{a} - (pw) (W)/g\{a,w,...,up} ) (2.9a)

g aw

where p is the length of the simple path (ows - - vyw) € g, aw, and (a)g denotes the
dressed vertex o on G, given by

-1

(a)/g = | (o) — Z () (apa) (H2)/g\{a} (Hoptz) - (Nm)/g\{a,m,...,um,l} (kma) (@) )
Lg;a
(2.9b)
where m is the length of the simple cycle (ay - -+ pimer) € g, 4.

The dressed vertex (a)g is defined recursively through Eq. since it is
expressed in terms of dressed vertices (uj)’g\{a’%m’w_l}. These are in turn de-
fined through Eq. but on the subgraph G\{co, po,..., -1} of G. The re-
cursion stops when vertex p; has no neighbour on this subgraph, in which case
(Nj)/g\{a,m,,,,,uj,l} = [(Nj)_Wij)]fl if the loop (p;4;) exists and (Nj)/g\{a,m,,,,,uj,l} =
(p;) otherwise.

The recursive definition of dressed vertices implies that the formula of Theorem
for Xg. o, yields a formal continued fraction. On finite digraphs, the depth
of this continued fraction is finite, see §2.3.4 The formal factorisation of Xg; .,
achieved by Theorem yields a factorised form for series of walks on weighted
digraphs. This directly leads to applications in the field of matrix computations, as
shown in the next chapter.
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Theorem 2.3.4 (Weighted path-sum). Let M be an invertible matriz defined through
(M), = wy,. Then as long as all of the required inverses exist, the weight of the
sum of all walks from « to w on the weighted digraph (G, W) is given by

W[E6a0] = Y Fovfarphio Wor, - Fo\(a}svn Wosa Fgia (2.10a)
g aw
where p is the length of the simple path, w,, = W[(uv)| is the weight of the edge
(uv), and

-1
Fg.a = W[(O‘)Ig} = [lu - Z Wi FG\{on o pim—1}: pim Witmpm—1 " FG\{a}; p2 Wiza |
Fg;a

(2.10D)

with m the length of the simple cycle and |, the d, x d,, identity matriz. Fg,, is the
effective weight of the vertex o on G once it is dressed by all the cycles off it.

The expression of W [Eg; aw} is a continued fraction of finite depth, which results
from the recursive definition of the Fg.,. Theorem thus expresses the sum of
the weights of all walks from a to w on any finite digraph as a finite matriz-valued
continued fraction over the simple paths and simple cycles of G. As we will see
with the examples, this allows direct verifications using matrix computations of the
results of Theorem [2.3.3] and [2.3.4] which look otherwise very abstract. But before
we give examples illustrating the Theorems above, we determine the depth at which
the continued fraction terminates.

2.3.4 Complexity of the prime factorisation

The prime factorisation of a walk set W, o, reduces this set to nested sets of prime
walks. Since these primes — the simple cycles and simple paths of G — are difficult
to identify, we expect the factorised form of W, to be difficult to construct. For
example, if the digraph is Hamiltonian, the Hamiltonian cycle or path must appear
in the factorisation of at least one walk set. Consequently, we expect that factoring
all the walk sets requires determining the existence of such a cycle or path, a problem
which is known to be NP-complete.

In order to formalise this observation, we now determine the star-height of the
prime factorisation, as given by Theorem [2.3.2} of any set Wg,q.,. The star-height
h(€&) of a regular expression € was introduced by Eggan [44] as the number of nested
Kleene stars in €. This quantity characterises the structural complexity of formal
expressions. As we will see in the examples of prime factorisations of walk
sets typically have a non-zero star-height. Furthermore, the proofs of Theorems
2.3.3] and 2.3.4] in §2.5.4) demonstrate that the star-height of Wy, ., is equal to the
depth of the continued fraction generated by Theorems [2.3.3 and 2.3.4] In
we obtain an exact recursive expression for h(Wg. o). The following result says
that the problem of evaluating h(Wg, 4 ) is nonetheless NP-complete on undirected
connected graphs:
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Theorem 2.3.5. Let G be a finite undirected connected graph, possibly with self-
loops. Let (a,w) € V(G)? and let Lllg.,, be the set of longest simple paths starting
at o, with {, their length. Then

lo+1, if 3(avy---vy,) € Lllg. o such that there
h(Wg;aw) = h(Wg;w) = is a self-loop on vertex vy, ,
L, otherwise.
(2.11)

The problem of determining h(Wg. aw) and h(Wg.aa) is equivalent to determining
the existence of a Hamiltonian path starting at «. It is therefore NP-complete.

Theorem [2.3.5] means that just determining the complexity of prime factori-
sations on ordinary graphs is already quite hard. This result may be considered
unsurprising in view of the fact that prime factorisations are known to be difficult
to obtain, e.g. in the case of integers. Here, however, the origin of the difficulty is
different from that in the case of integer factorisation: it resides in factoring all the
sets of all the walks between any two vertices of a connected graph or in computing
the star-heights of the factorised forms. At the opposite, factoring an individual
walk using Algorithm [1} is surprisingly easy: we can show that the time complex-
ity of the algorithm scales quadratically with the length ¢(w) of the walk w being
factorised in the worst case scenario, and only linearly with ¢(w) in the typical case
scenario.

2.4 Illustrative Examples

The main application of the results presented in this chapter concerns the calculation
of matrix functions and, by extension, the simulation of quantum systems. This is
presented in details in details in Chapters[3} [4land [5] Two further applications of the
prime factorisation of walks that are being developed are: i) a probabilistic algorithm
for finding all the shortest paths between all pairs of vertices on random graphs; and
ii) solving the graph isomorphism problem using prime walks, this is briefly discussed
in Chapter [f] Here we provide simple examples illustrating Algorithm [T, Theorems
2.3.2] [2.3.3] and [2.3.4]

2.4.1 Short examples

Example 2.4.1 (The prime factorisation of a walk). In this example we give a
detailed step-by-step example illustrating Algorithm 1l Let G be the complete undi-
rected graph on 4 vertices with vertex labels {1,2,3,4}, and consider the factorising
the walk w = (133112343442333).

Initially, the walk factorisation is simply f(w) = w and its set of irreducible
factors is therefore F(f(w)) = w. Since w is the only factor in f(w), we let a = w.
The algorithm runs as follows:
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(1) Walk a is open, define wy = a and fo(a) = wy. Traversing wy from its first
vertex onwards, vertex 1 is the earliest vertex visited at least twice by wy.
Then s; = 13311, wy = 12343442333 and f;(a) = w; ® $1.

(la) wy ¢ IIgUT'g and wy is open. Traversing w, from its first vertex onwards,
vertex 2 is the earliest vertex visited at least twice by w;. Then s, =
2343442, wy = 12333 and fs(a) = (wy ® $2) ® s7.

(1b) wy ¢ IIgUT'g and wy is open. Traversing wq from its first vertex onwards,
vertex 3 is the earliest vertex visited at least twice by ws. Then s3 = 333,
w3 =123 and f3(a) = (w3 ® s3) © 52) O s1.

(lc) ws € TIg UTg, we exit the while loop, and update f(w), replacing a by
f3(a). We obtain,

f(w) = ((w3 © 53) © 52) © s = ((123 ©333) 0 2343442) © 13311,

(2) Now F(f(w)) = {333, 2343442,13311}. We choose a = 333. This walk is a
cycle off 3 and visits vertex 3 one further time. Define ¢y = 33, ¢; = 33 and
update f(w), replacing 333 by 33 ® 33 = 332, that is,

f(w) = ((123 ©33%) © 2343442) © 13311.

(3) F(f(w)) = {2343442,13311}. We choose a = 13311, a is a cycle off 1 and
visits vertex 1 one further time. Define ¢y = 1331 and ¢; = 11, and update
f(w), replacing a with ¢y ® ¢,

f(w) = ((123 ©33%) 2343442) © (1331 @ 11).

(4) F(f(w)) = {2343442,1331}. Choosing a = 1331, a is a cycle off 1 but does
not have 1 as internal vertex. Then s; = 33, w; = 131 and fi(a) = w; ©® s;.

(4a) wy € Tlg UTg, we exit the while loop, and update f(w), replacing a with
f1(a). We obtain

f(w) = (12333 © 2343442) © (131 ©33) © 11).

(5) F(f(w)) = {2343442}, then a = 2343442. Walk a is a cycle off 2 but does not
have 2 as internal vertex. Then s; = 343, w; = 23442 and f;(a) = w; © $1.

(5a) wy ¢ Ilg UTg, w;y is a cycle off 2 but does not have 2 as internal vertex.
Then sy = 44, wy = 2342 and fy(a) = (wy © $2) @ $1.
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(5b) wy € TIg UTg, we exit the while loop and update f(w), replacing a with
fa(a). We obtain

Huw) = <(123@332) o ((2312044) @343)) o(B1e33)o11). (2.12)

At this point F(f(w)) = @. Eq. (2.12) is therefore the prime factorisation F,(w) of
w into nesting products of prime walks. A pictorial representation of the operations
performed by the algorithm is given below:

133112343442333
13311=1331011
33
131

12343442333

2343442

343
12333 )
TF333=33033 23%%% 123 33 //gk\\ 131 33

44
12
3 2342 2342 44

For illustrative purposes, we show on the right a tree T, representing the prime
factorisation of w. Each node corresponds to a nesting product, the leaves are the
irreducible factors of w, and the root is the walk w itself. The tree T,, is in fact a
subgraph of the Hasse diagram of the set of walks partially ordered by the divisibility
relation of Definition [2.2.4] This observation lies at the heart of a “number theory”
of prime walks, which we cannot report here due to length concerns.

Example 2.4.2 (Prime factorisation of all the walks of a digraph). In this example
we produce the prime factorisation of an set of walks thanks to Theorem We
consider the complete ordinary graph on three vertices 1, 2 and 3 with a self-loop
on each vertex, denoted by LK3. We are interested in factorising Wex,.11.

This is an set of cycles and Eq. (2.6a)) thus yields Wrx,, 11 = Afx,.11- To factorise
Ale,.11, we note that gy = {1, 11,121,131, 1231, 1321}, Thus Eq. (2.6b) gives

WL}C:,); 11 — {11, 121 @ AI”Cg\{l};Q?’ 131 @ Az’c;;\{l};?ﬁ’ (213)

(12310 Az ,21:8) © Alca\pipzer (13210 Al ugy22) © Af:/cs\{l};?ﬁ} :

We now factor all Ay sets by using Eq. (2.6b) once more. Since I'zic,\ (13,2 =
{2,22,232} and T'zi,\ 1,332 = {2,22}, we have

Ca\{1h22 = 122,232 0 Az i3zt and  Apespe = {2217, (2.14)

and the analogous expressions produced by exchanging the labels 2 and 3. Inserting
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these expressions into Eq. (2.13]), we arrive at

Weg 11 = {11, 121 & {22, 232 © {33}*}*, 131 {33, 3230 {22}*} (2.15)

*

(1231 ® {33}") ® {22, 232 {33}*}*, (1321 {22}") © {33, 323 & {22}*}*} .

This set contains the prime factorisation of any cycle off 1 on LK3. The star height
of the prime factorisation of Wpi,;11 is 3, as predicted by Theorem [2.3.5]

Example 2.4.3 (Summing walks on /C3). To illustrate Theorem we produce
the prime factorisation of ¥,.11, the characteristic series of all the walks from vertex
1 to itself on the complete ordinary graph on three vertices with no self-loops,
denoted by Ks.

Since the only simple path from a vertex to itself is the trivial path, Eq.
simply gives Xx,;11 = (1)k,. According to Eq. the dressed vertex is given by

Dy =| (1) = (12) (k113 (21) = (13) By 1y (31)—

(12)(2)je, 113 (23)(3)jcy\ (1,2 (31) — (13)(3);@\{1}(32)(2);63\{1,3}(21)} 71,
(2.16)

which follows from the observation that the only non-trivial simple cycles off vertex
1 on K3 are the two backtracks (121) and (131) and the two triangles (1231) and
(1321). Now we use Eq. again to evaluate the required dressed vertices. We
observe that there are no non-trivial simple cycles off vertex 2 on K3\{1,3}, and no
non-trivial simple cycles off vertex 3 on K3\{1,2}. Thus (2),\; 3 is just the trivial
walk (2), and (3),\ 12y = (3). Furthermore, since the only non-trivial simple cycle
off vertex 2 on KC3\{1} is (232), we obtain

@iy = [(2) = (23) By 0262)] = [(2) - (232)]

Similarly we have (3)j\ ) = [(3) — (323)]_1. Inserting these results in Eq. (2.16
yields

(2.17)

Sia = (1) = (12)[(2) - (232)] '(21) - (13)[(3) - (323)] 7' (31)

— (12)[(2) — (232)] 7'(231) — (13)[(3) — (323)}‘1(321)] o
(2.18)

This result may alternatively be obtained from the prime factorisation of Wi, 11

Wiy 11 = {121 ® {232)*, 131 © {323}", 1231 & {232)*, 1321 ® {323}*} . (2.19)
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Figure 2.2: The digraph G of Example [2.4.4]

by following the procedure described in the proof of Theorem [2.3.3; we sum the
clements of the factorised form of Wi, 11, with the sums over the Kleene stars
yielding formal inverses.

The best way to convince oneself of the correctness of the prime factorisation of
a characteristic series such as Eq. is to give weights to the graph edges. In
this situation, and if the factorisation is correct, the weight of the continued fraction
representing the prime factorisation of the characteristic series is directly identifiable
with a matrix inverse. This inverse can often be calculated through direct matrix
computations, allowing a direct verification of the factorisation. This is what we
show in the next example.

Example 2.4.4 (Walk generating function). Consider the digraph G illustrated on
Fig. 2.2 and let A be its adjacency matrix. Let gg,11(z) = Yoo’ 2"(A")11 be the
walk generating function for all the walks on G from vertex 1 back to itself [20]. This
can be computed by noting that gi1(z) is the sum of the weights of all the walks
w € Wg.11 on a weighted version of G, which has an edge weight of z assigned to

every edge.
Theorem yields ¥g.11, the sum of all walks on the unweighted digraph G, as

Sgn = [(1) = (1) — (122, 231)] (2.20n)
2)g\gy = [(2) - (24)(4>/g\{1,2}(42)] _1, (oo = [(4) — (44) — (4564)] _1,
(2.20b)

which corresponds to summing over the factorised form

Won = {11, 1231 © {242 ® {44, 4564}*}*} . (2.21)
According to Theorem [2.3.4] the sum over the walks of the weighted digraph is
obtained upon replacing each edge by its weight in Eq. (2.20]). This yields

1 B+ +z-1
[Zo:n] 1—2— 2——7—2° 264224 — 23 —-22+41 (222)
_Zlfz7z3z

We can verify that W[Eg;n} is equal to gg.11(2) = ([I — zA]71Y)qy, where | is the
6 x 6 identity matrix, provided |z| < p(A)~! with p(A) the spectral radius of A, as
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expected [20]. This shows that all the walks off 1 on G are indeed present in the
factorised form of the walk set Eq. and that the prime factorisation of the
characteristic series Eq. is correct.

Sometimes, the required matrix inverse is too complicated to be calculated, e.g.
because the matrix is too large or very ill-behaved such as nearly singular. In these
situations, the continued fraction representing the factorised characteristic series of

weighted walks is a reliable way of obtaining the matrix inverse. This observation
forms the basis of Chapter

2.4.2 Walks on finite graphs

In this section we give a further example of application of Theorem [2.3.4} we obtain
the walk generating functions of finite Cayley trees. To this end, we first determine
the walk generating functions of finite path-graphs and Cycle—graphﬂ.

Walks on finite path-graphs and cycle graphs

Let P,, and C,, be the n-vertices undirected path-graph and cycle graph, respectively.
We are interested in their walk generating functions

gg;aw(z> = Z |Wg;aw;n|zn7 (223)

n

where |Wg. awn| is the number of walks of length n from vertex a to vertex w on G.

For convenience, we label the vertices of P,, from left to right, from 0 to n — 1.
Let a be a vertex of P, if @ # 0, n — 1, then the only simple cycles off « on P,
are the two back-tracks (aa 4 1 ) with weight 22 and, if « = 0 or n — 1, then only
one back-track exists. According to Theorem the path-sum for gg.,q(2) thus

reads
1

T 1- 22F,(2) — 22F,_q_1(2)’

where F}, is the continued fraction of depth v — 1 which represents the weight of the
dressed neighbour of «,

9;aa(2) (2.24)

1 _ ro—l(z)
1-—=%  Qal?)

Fo(z) = W[(a=1)p (] = (2.25)

with Q. (u) = o F} (% — 5, =5 —; 4u2) the Gauss hypergeometric function. Then,

_ Qn—a—1 (Z>Qa(z)

IPusaalz) = 0.0 , (2.26)

!Contrary to the generating functions of finite Cayley trees, those of finite path-graphs and
cycle-graphs are already known thanks to direct diagonalisation. We derive them again to illustrate
our results.
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which follows from the identity Q,(z) = Qn_a-1(2)Qua(2) — 2°Qn_a_2(2)Qu(2) —
22Qn-a-1(2)Qa_1(2). Now let w be another vertex of P,. The graph is symmetric
and we may assume without loss of generality that d = @ — w > 0. Since there is
only one simple path from « to w, Theorem [2.3.4] yields

IPasaw(?) = ng'PadeOO *t GPac1:00(2) 9P, aa(2)- (2.27)
With the result Eq. (2.26) we find

_ Zd Qn—a—l (Z>Qoz—d(z)
) Q)

(2.28)

This gives all the walk generating functions on all finite path-graphs.

We now derive the walk generating functions of cycle graphs. For convenience,
we label the vertices of C,, clockwise from 0 to n — 1. We begin with the walk
generating function gc,.00(2) for all the cycles off vertex 0. This is the sum of all
cycle weights on a weighted version of C, where all edges have weight z. The only
simple cycles off 0 are the two backtracks to its neighbours, with weight 22, and the
two simple cycles of length n (the two directions count as different simple cycles),
with weight 2. Then

1

C1-2229p, ;00(2) — 22" 9py;00(2) + 9Po_s:00(2) 9Py 00(2)
_ Qn—l(z)
Qn-1(2) —222Q,,_2(2) — 227

To obtain Eq. 1} we first used the symmetry of C,,, noting that W [(1)23”\{0}} =

ge,;00(2) , (2.29a)

(2.29D)

W[(n)’cn\{o}] etc. Second, we remarked that C,\{0} = P,_; and similarly, C,\{0, 1, - -

Pr_j—1, 0 < j <n—1. Then Eq. (2.29b)) follows from Eq. (2.26). Now we turn

to the walk generating function ge,.oq4(2) for all walks from 0 to a vertex located at
distance d, which we assume without loss of generality to be positive 0 < d < |n/2].
There are two simple paths from 0 to d: one of length d and one of length n — d.
Thanks to Theorem [2.3.4| we get

gens0a(2) = 2" gpi00(2) -+ gp._1;00(2) e, 00(2) (2.30a)
+ 2%p, 1300(2) * gPo_1500(2)gcn;00(2),
Qi (2)2" 4 2"Qn g1 (2)
C Qno1(2) = 222Qn_o(2) — 227

(2.30b)

Walks on finite Cayley trees

A finite Cayley tree 7» is an undirected rooted tree where every vertex within
distance d < A from the root 0 is connected to n other vertices, while vertices at
distance A from the root have n — 1 neighbours, see Fig. [2.3] The quantities A and
n are called the radius and bulk connectivity of 72, respectively. Finite Cayley trees

L J) =
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Figure 2.3: Illustration of three finite Cayley trees with, from left to right, 73, 7}
and 7. The corresponding Bethe lattices are infinite in the radial direction.

and their infinite counterparts, the Bethe lattices B,, = 7,°°, have found widespread
applications in mathematics, physics and even in biology [45, 146, 47, 48].

Even though the finite Cayley tree appears at least as often as the infinite Bethe
lattice in applications, the former is usually approximated by the latter which is
easier to handle. Indeed, the walk generating functions of the Bethe lattices satisfy
easily solvable relationsE|

an;oo(Z) = (1 —nz? 9B, \{0}; 11(2))_1 ) (2.31a)
gapn(z) = (1= —1)22gs0pu(2) (2.31b)

where 0 and 1 designate any vertex and any vertex neighbouring 0, respectively.
These equations are not fulfilled by finite Cayley trees, which exhibit finite size
effects that are often neglected for the sake of simplicity. Yet these effects are
generally important due to the large fraction of vertices on the outer-rim of the tree.
In this section we obtain the exact walk generating functions on any finite Cayley
tree.

We begin with the walk generating function gza, g for the cycles off the root of
the tree. There are n backtracks off the root of the tree with weight 22 and therefore
1
A ax = )
9T 1 —nz2Fx (z\/n - 1)
with Fa the finite continued fraction of depth A defined in Eq. (2.25)). Indeed, since

there are n — 1 backtracks off the neighbours of the roots on Z,2\{0}, Fa fulfills the
recursion relation

(2.32)

1
Fa(zvn—1) = QTR PV R (2.33)

with solution Fa (Z\/n — 1) =Qar_1 (z\/n — 1)/QA (z\/n — 1). The walk generating

2Called self-consistency relations in the physics literature.
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function is therefore

Qa

. 2.34
AT nZZQA—l ( )

978,00 = 0

where the functions (), are to be evaluated at zv/n — 1. We are now in position to
obtain the walk generating function gza,oq for the walks from the root to a vertex
located at distance d from it, 0 < d < A. Since there is only one simple path from
0 to d, we have

972804 = ngTnA\{o,L---dq};dd T 97,A\{0};11972;00- (2.35)

This simplifies upon noting that the graphs Z2\{0,1---j—1} are truncated Cayley
trees of radius A+ 1— 7 and with the root connected to only n — 1 neighbours. Thus
the walk generating functions gza\o1....j_1;;; are easily found to be Fay1-j(zvn — 1)
and it follows that

FLOYN Qa1

91A.0d = < .
" Qr Qa1 —nz2Qa_s

Again, the functions @), of the above expression are to be evaluated at zv/n — 1. In
the limit A — oo, we recover the known results of the Bethe lattice:

(2.36)

2141 (n — 1) 24 (T = A(n— )22 +1)
lim gra.gq =
Ao IT0d = n\/1—4n—1)22—|—n—2

= an;Oda (237)

in particular setting d = 0, we see that lima . g7a,00 fulfills Egs. , as ex-
pected.

On T2 there are a total of (A;{g) — 1 different walk generating functions and
we will consequently not derive them all explicitly here. Any one is nonetheless
accessible thanks to Theorem [2.3.4], For example, consider the walk generating
function gza,qq for a vertex located at distance d, 0 < d < A, of the root. We

obtain gra,4q as the continued fraction of depth d

_ L . al - (2.38)
It = T (0 — 1)Fag 1= 22(n — 2)Fa—a1) '
22| 22|
1= 22(n—2)Fa a2  |1—22(n—2)Fa 1 — 22Fas1
where all functions F), are to be evaluated at z+/n — 1. In this expression we used
the notation of Pringsheim for continued fractions, i.e. ag + o al 4 T‘;‘ = o + g

2.5 Proofs for the Prime Factorisation on Graphs

In this section we prove the results presented in the preceding sections without proof.
We begin by proving that (Wg, +, ®) forms a noncommutative nonassociative near-
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algebra. We then prove the results of on the prime factorisation of walks.

2.5.1 The nesting near-algebra

For (Wg,+,®) to form a noncommutative nonassociative near K-algebra, we must
verify that (Wg, +) is an abelian group, shown in [38], and that the nesting product
is compatible with the scalars and right distributive.

Compatibility with the scalars: let (ki, ko) € K?, a € Wg.aw and b € W, .
We show that (ki a) ® (k2b) = kika(a ©® ). If a © b = 0 the property is trivially
true. Otherwise, according to Definition 2.2.2] 3'a; € Wy, oy, Ias € W, 0 with
a®b=ajoboay. Then (kja)® (kob) = kyay o (kab) o as. Since concatenation is
bilinear, kia; o (k2b) 0 ag = k1ks (a3 obo as) = kiko(a ® b) and nesting is compatible
with the scalars.

Right-distributivity : let (a,b) € WQQ; o and ¢ € We o, We show that ¢ © (a +
b) = c®a+c®b. Walks a and b being cycles off the same vertex p (otherwise
a+ b =0 and the property is trivially true), it follows that c©a =0 < cOb=
0 < c¢®(a+b) =0 and the property is true as soon as ¢ ® a or b = 0.
Otherwise, definition implies that 3le¢; € Wg, 4, and ey € W, 4, such that
cOa=coaocand c®b = c obocy. Since concatenation is bilinear we have
cOa+cOb=cioaocyt+ciobocyg=cio(a+b)ocy=c®(a+b) and nesting is
right distributive.

Failure of left-distributivity : let (a,b) € W§.,, and ¢ € Wg.,,. We show that
in general (a +b0) ® ¢ # a ® ¢+ b ® c. Suppose that both a and b visit u. Then
by Definition [2.2.2] 3la; € Wg.q, and Ilay € Wy, with a © ¢ = a5 o c o as.
Similarly, b© ¢ # 0 = 3lb; € Wg, o, and 31by € Wy, 0, with b© ¢ = by 0 co by. Now
a®ct+bOc=ajocoas+bocoby# (a1 +b)oco(ag+by)=(a+b)Oc.

The nesting product is therefore compatible with the scalars and right-distributive
with respect to + but not left-distributive. It follows that KG, = (Wg,+,®) is a
noncommutative nonassociative near K-algebra.

2.5.2 Existence and uniqueness of the prime factorisation

We begin by showing that the factorisation of a walk into nesting products of sim-
ple paths and simple cycles always exists and is unique in the sense of Definition
2.3.2] We then demonstrate Proposition [2.2.1] i.e. that the simple paths and simple
cycles are the prime elements of (Wg, ®), thereby establishing Theorem as an
equivalent to the fundamental theorem of arithmetic.

Let P(n) be the following proposition: Yw € Wy of length ¢(w) < n, there exists
a unique factorisation, up to equivalence, of w into nesting products of irreducible

walks, i.e. A F(w) € F,/ =.

We demonstrate that P(n) holds for all n > 1 by induction on the walk length .
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Firstly, we demonstrate that P (1) is true. Consider w € Wy such that ¢(w) = 1.
Then w is either of the form (aa) or (aw), for some vertices o and w, and is then
irreducible. Furthermore, the factorised form of w is w itself and is clearly unique
in the sense of Definition [2.3.2] so P(1) holds.

Secondly, we show that Vj <mn, P(j) holds = P(n+1) holds. Consider w € Wy
such that ¢(w) = n + 1. If w is irreducible, then its factorisation into nesting
product(s) of irreducible walk(s) exists and is unique: F(w) = w. If w is not
irreducible, then 3 (a, b) non-trivial such that w = a®b. Necessarily 1 < {(a), ¢(b) <
n and, supposing Vj < n, P(j) holds, 3! F'(a) and 3! F(b). Then f,(w) = F(a)®F(b)
is a valid prime factorisation of w. Now suppose that there exists a second prime
factorisation fy(w) of w, with f;(w) # f2(w). Since fa(w) exists, 3 (¢, d) a couple of
non-trivial walks with w =c® d, 1 < {(c), ¢(d) < n, and fr(w) = F(c) © F(d).

If a = ¢ and b = d then by the induction hypothesis ¢(a) = l(c) <n = I F(a) =
F(c) and £(b) = 4(d) < n = AN F() = F(d). Thus f;(w) = f2(w) and P(n + 1)
holds. Now consider the case (a,b) # (¢,d). Since w = a ® b = ¢ ® d, the position
of the cycle d in the vertex sequence of w must fall into one of the following three
cases:

i) d C a. Let e = aNc be the vertex sequence common to a and ¢, see schematic
representation below. Note that (a,b) canonical = (e, b) canonical, and (¢, d)
canonical = (e,d) canonical and ¢ = e ® b and a = e ® d. It follows that
fi(w) = (F(e) ® F(d)) ® F(b) and fa(w) = (F(e) ® F(b)) ® F(d). Now since
1 < {(e),4(b),4(d) < n and since P(j) holds Vj < n, 3! F(e), 3 F(d), and
Al F(b). Consequently f;(w) = fa(w) = P(n + 1) holds.

Schematic representation of the vertex sequence of w in the case d C a.

ii) d Cb. Let e = bNec. By construction, e is a cycle, (a,b) canonical = (a,e€)
canonical and (¢, d) canonical = (e, d) canonical. Thus b =e®d and c = a®e
and then f; (w) = F(a)® (F(e)©F(d)) and f»(w) = (F(a)®F(e)) ©F(d). Now
since 1 < £(a),{(e),¢(d) < n and since P(j) holds Vj < n, 3! F(e), I F(d),
and 3! F'(a). Consequently f;(w) = fo(w) = P(n + 1) holds.

—oa —b ¢ —=—=d wme

Case d C b.
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iii) d straddles a and b. Given that c®d # 0 and a ® b # 0 by assumption, d and
b must be cycles off vertices d and (3, respectively. Since d straddles over a
and b, then ¢ is visited by both a and b, and £ is visited by both ¢ and d.

Case d straddles over a and b.

We first examine the situation 8 # §, distinguishing two cases: 1) a € Wy, gs.
Then c¢ visits § before §, but [ is also visited by d. Thus the couple (c,d) is
non-canonical, which is a contradiction. 2) a € Wg. .3, or § appears only as an
internal vertex of a. In either situation, a visits ¢ before the final appearance
of 3, but ¢ is also visited by b. Then the couple (a,b) is non-canonical, which
is a contradiction.

Secondly, consider the case of 5 = d. Then the last appearance of 3 in ¢ must
be the last vertex of b (since a ® b nests b into a off the final appearance of
B3). However, d straddles a and b, which implies that i) ¢ visits 3 after the last
vertex of d, and ii) d is not nested into ¢ off the last appearance of 5. This is
a contradiction.

Therefore, in any of the above cases, we found it to be impossible that w =
a ®b=c®d with d straddling a and b.

We have demonstrated that P(1) is true, and upon supposing that P(j) holds for all
J < n, we have shown that P(n + 1) holds. Consequently P(n) holds Vn € N\{0}.
The prime factorisation of a walk thus always exists and is unique in the sense of
Definition 2.3.2] O

We now establish Proposition [2.2.1] in two steps. First we determine the irre-
ducible walks and then the prime walks.

Proposition 2.5.1. Let w € Wg. Then w is irreducible if and only if w € llgUTg.

Proof. Clearly w € Ilg UT'g = w irreducible. Now consider an irreducible walk w,
and suppose that w ¢ IIg UT'g. Since w is neither a simple path nor a simple cycle,
there exists an earliest vertex p visited at least twice by w (if w is a cycle, then
consider the earliest internal vertex visited at least twice by w). Now let s, C w
be the vertex sequence joining the first appearance of p to its final appearance in
w, and let w,, be the vertex sequence obtained from w by replacing s, by (1) in w.
Then (w,, s,) is a canonical couple of non-trivial walks and w = w,, ® s,,, which is
a contradiction. O

Proposition 2.5.2. Let w € Wg. Then w is prime if and only if w € IIg UTg.

Proof. Firstly, we demonstrate w € Ilg UT'¢ = w prime. Consider (a,b) € Wg2 such
that w|a ® b. Since w € Ilg UT'g then w is an irreducible factor appearing in the
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prime factorisation Fu(a ® b). By uniqueness of this factorisation, w must either
be an irreducible factor of F(a), implying w |a; or an irreducible factor of F (b),
implying w | b; or both. It follows that w is prime. Secondly, we show that w prime
= w € llg UTg. Suppose that 3w € Wy prime with w ¢ IIg UT'g. Then observe
that since w ¢ TIg UT'g, w is not irreducible, and there exists at least one canonical
couple of non-trivial walks (a,b) € W3 such that w = a ®b. Clearly w|a®b, and a
and b are strictly shorter than w. Therefore w does not divide a, w { a and similarly
w 1 b, which is a contradiction. O

Propositions [2.5.1| and [2.5.2] yield Proposition [2.2.1] Together with the proof of
existence and uniqueness of the prime factorisation, this establishes Theorem [2.3.1]

2.5.3 Validity of the walk factorisation algorithm

We demonstrate the validity of Algorithm [I} first by verifying the correctness of the
factorisations it performs and second by showing that for any finite-length walk, the
algorithm stops and yields the prime factorisation. Let f(w) be any factorisation of
a walk w € Wy of finite length ¢ and let a € F(f(w)).

If a € Wg,,,, and p appears k > 0 times as internal vertex of a, then the algo-
rithm splits the vertex string of a at each internal appearance of u, thus producing
k + 1 cycles co<j<i off p. Clearly, by construction, a = ¢y o --- o ¢;. Since nesting
coincides with concatenation over the cycles, we have c¢; o ¢j11 = ¢; © ¢j41 and

a=cy®- O c, (2.39)

as claimed in the algorithm. Note that the co<j<j cycles are strictly shorter that a
and, by construction, do not have p as internal vertex.

Else, let (a; as - - a,) be the vertex sequence of a. Consider the earliest vertex
n of a visited at least twice by a (the earliest internal vertex, if a is a cycle). Let
i be the position of the earliest occurrence of 7 in a (thus a; = 1) and let s; be
the associated sequence, as per the algorithm. Let w; be the walk obtained from
a by deleting s; from a. Then the couple (wy, s1) is canonical, since all vertices
Qi< are visited precisely once by w and therefore cannot be visited by s;. Then, by
construction of s; and wy, we have f;(a) = w; ® s1. By applying the same reasoning
as above for the earliest vertex A visited at least twice by w; (the earliest internal
vertex, if w; is a cycle), we construct a canonical couple (wsq, s9) With w; = we ® s9
and thus fa(a) = (we @ $2) ® s1. Proceeding similarly with w, and all the subsequent
non-irreducible walks w; thus yields

fm(a) = ( ((r© sm) © Sm-1) @---) ® s1, (2.40)

where and r = w,, is irreducible, as claimed in the algorithm.

In both cases a is factorised into nesting products of strictly shorter walks. These
are either irreducible, or they will in turn be factorised into nesting products of
strictly shorter walks by the algorithm. Thus, if the initial length of the walk
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is ¢, after at most ¢ — 1 recursive factorisations, all factors obtained are either
irreducible or of length 1. Since all walks of length 1 are irreducible, it follows that
the algorithm factors finite-length walks into nesting products of irreducible walks
in a finite number of steps.

2.5.4 Prime factorisations of Wg.,, and Xg.

» We first prove Theorem [2.3.2]

Proof. Let (v, v,) € V(G)?, and consider w € Wg,,,,. For convenience, we define

Bg;ugyp - (( (Hg;yoyp © CS\{V()y"'pr—l};Vp) (OEERNO) Cé\{lfo}%'/l) © CE;Vo)’ (241)

where Cg\(vp,... v;_1};v, 15 the set of cycles off v; on G\{ry,---,v;_1} that do not
have v; as internal vertex. We demonstrate that Bg. ..., = Wg, .., by showing that
Wo,vor, € Bg,vow, and Bg, o, € Wg.1,. In a second time, we show that Cg.,,
identifies with the set Ag,,. defined in the Theorem.

By Eq. , w can be expressed as a simple path r € Ilg,,,,, with cycles s;
nested into it, that is f(w) = ( ((r © sm) ® Sp-1) © -+ ) @ s1. By construction, the
s; are non-trivial cycles nested off different vertices of the simple path r. For all
the vertices v, of r, we define s,, = () if no s; is nested off v and s,, = s; if
h(sj) = vg. Then let

f(w) = ( (r®s,)®s,,) - - ) © Suys (2.42)

and note that f(w) = f(w). By the canonical property, s,, cannot visit any of the
Y, -+ ,vj—1 vertices and must therefore belong to W q... wi1 v BY Eq. @[},
any cycle of Wa\{vo, wj_1};vv; Can be decomposed into nesting products of shorter
cycles ¢; off v; that do not have v; as internal vertex. Therefore s,, € C’é\ (Yo, w1},
and consequently w € Bg; o, = Wg,v, € Bg;v,. Furthermore, any element of
Bg. vy, 1s @ walk on G from vy to v, and Bg; .., € Wa, v, = Bg:vew, = Wa:vow,-

It remains to show that Cg,,, is the set Ag,,. of the Theorem. Let ¢ € Cg,,,.
Applying the same reasoning as above, ¢ factorises as in Eq. (2.42) but with r €
I'g. .. Then c is an element of the set :

(( (Fg?#c © Cé\{”mﬁ"lv'”7ﬂc72}§/—’4671> OO Cg\{uc,m};;m) © Cé\{uc};m)‘ (2'43)

Furthermore any element of the above set is a cycle off u. that does not have pu,. as
internal vertex. Therefore Cyg,,, identifies with the set of Eq. . Clearly if .
has no neighbour on G, Cg,,. = (pctte) if the loop (pcpie) exists and Cg, . = (i)
otherwise. It follows that Cg,,. = Ag, . since both fulfill the same recursive relation
and value on vertices with no neighbour. This establishes Eq. and, together
with Bg, e, = W, vov,, Eq. (2.6a)). O
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» We prove Theorem [2.3.3

Proof. The theorem follows from Theorem 2.3.2] Consider W, ., be the set of walks
from o to w. We first decompose Wy, ., using Eq. , identifying « with v and
w with v, for convenience, then sum over the elements of the sets on both sides of
the equality. This yields, in vertex-edge notation,

N6 0w = > > ao | (am) S w | ) (2.44)

(o1 vp_1w)€llg; aw uoeA*;a a1€A5\{a}W1

- (Upo) S wl.

upEAg\{O‘a’/lﬂ"‘ Wpfl}iw

which we obtain upon nesting the sets Ag. ,, A a}:0p0 - - - into the simple paths of
I1g. o, at the appropriate positions. Equation ([2.44) shows that the sums over these
sets can be seen as effective vertices produced by dressing each vertex of the simple
paths by all the cycles that visit these vertices on progressively smaller digraphs
G, G\{a},.... For example, we define a dressed vertex (a)g representing the series
of all the cycles off o on G as

(a)g = Z do. (2.45)

uOEA*;a

It follows that Eq. yields Eq. , with dressed vertices representing the
characteristic series of the Ag\ {awrv;1}iv; sets. These series are proper [49]: their
constant term is a trivial walk, e.g. (a) in Eq. (2.45)), which is different from the
empty walk 0. Thus the series represents the inverse (a)g = [(@) = X .cu,, !

[50].
We can verify this explicitly on the quiver: define r, , the mapping representing
the finite series > 7. By linearity, this is simply or,, , = Zvng-a ¢~. Define

Py, = Zp . gp(rpg)_a, where go(Fpg)ﬂ is the p-th composition of ¢r, , with itself, go(rogla

being the local identity map 1,. Then observe that Pla)y © Plg,a = Prg,q © Pla), =

ZpeN <p1(f’g +i) = Pla); — 14. Consequently, P(a), is the compositional inverse

v€lg; o

Qp(a)’g = (1a - @Fg;a)(_l)a (246)

which is the quiver representation of the formal inverse (a)g = [(@) = >  c 4., o=t
By the same token, the matrix representation of Play, 1 the matrix inverse of the
matrix representation of 1, — ¢r.,

By combining this result with Eq. (2.6b)), the dressed vertices are thus seen to
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be of the form
1

(@)g = | (@) = >_(a) (@) (12)g\(ay (H2bts) -+~ (me) | (2.47)

Igia

where m is the length of the simple cycle (aps - - - umw) € I'g. and () is the local
identity common to all walks of Wg.aq, in particular Vc € T'g.,, we have ¢ = (a). In
this expression, the dressed vertices again represent sums over the Kleene stars that

appear when Ag., is decomposed using Eq. (2.6b)). This establishes Eq. (2.9b). O

» We prove Theorem [2.3.4

Proof. This theorem follows from Theorem together with the properties of the
weight function. m

2.5.5 The star-height of factorised walk sets

We begin by establishing an exact recursive relation yielding the star-height of the
prime factorisation of a walk-set. This relation will be necessary to prove Theorem

2.3.5

Proposition 2.5.3 (Star-height). Let (pe, vo,v,) € V(G)2. Then, the star-height
h(Wg;ucuc) of the factorised expression for the set of cycles Wg, ... is given by the
recursive relation

0 if Ugpe = {(pe) }s

14+ max max  h(Wa\ (o ur i 1) Otherwise,
g, pe 1<i<ce—1

h(WQ;ucuc) =
(2.48)

where (fepir -« - fre—1pte) € Ug; . The star-height h(Wg;VO,/p) of the factorised expres-
sion for the set of open walks Wg, ,,, is

h(Wg;VOVp) = Hmax max h(Wg\{VO,Vl,'",Vi—l};l/il/i)7 (249>

g; vovp OS"SP

where (vovy - - - vp_11p) € g, o, -

Proof. These results follow from Eqgs. (2.6a) [2.6b). We have Wg., .. = Ag. .
and thus if Ag.,. = I'g. .. = {(e)} is trivial, then h(Wg. ,...) = 0. Otherwise,

h(Wg. yon.) = 1+ h(Ag, ..). Now by Eq. (2.6b]) we have
h(Ag;y.) = max max (A (uc, w1, pis i puns) (2.50)

Tg. ., 1<i<c—1

and since Wor (e, iy w1 b = AG\ (e pr oo i1 y: popnsr £ (2.48) follows. By similar
reasoning, FEq. (2.49)) is obtained from Eq. (2.6al); we omit the details. O
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Remark 2.5.1 (Cycle rank). The cycle rank r(G) of a graph G [44] quantifies the
minimum number of vertices that must be removed from G in order for its largest
strongly connected component to be acyclic. Contrary to what one might expect, the
star-heights h(Wg.,0,) and h(Wg, ,,.,..) are not equal to the cycle rank r(G). This
is because of an essential difference between Proposition [2.5.3] and the definition
of r(G): when calculating the star-height of a prime factorisation, the removal of
vertices takes place along simple paths and simple cycles of G. Conversely, the
definition of r(G) allows the removal of non-neighbouring vertices throughout the
graph. By this argument we see that the cycle rank is only a lower bound on the star-

height of factorised forms of walk sets: h(Wg, ) > 7(G) and h(Wg, 4.p.) > 7(G).
» We now prove Theorem [2.3.5]

Proof. We begin by proving the result for A(Wg. 0a). Let po = (avs---1vy,) € Lllg. 4.
Consider the cycle w, off a produced by traversing p, from start to finish, then
traversing the loop (v 1y,) if it exists, then returning to a along p,. The proof
consists of showing that w, comprises the longest possible chain of recursively nested
simple cycles on G.

To this end, consider the factorisation of w,. Let L, be equal to (v, vy, ), if this
loop exists, or (v, ), otherwise. Then observe that

Wa = bo ® <b1 © O (o1 © (by, © LQ))...> , (2.51)

where bo<;<¢,—1 is the back-track b; = (v;v411;) € L'\ {a,vsv;_1};v;» Where we have
identified « with 14y for convenience. Equation shows that w, is a chain of
Uy, (or £y + 1, if the loop (v, 14,) exists) recursively nested non-trivial simple cycles,
and Wg. oo must involve at least this many nested Kleene stars.

To see that this chain is the longest, suppose that there exists a walk w’ involving
n >, (or n > l,+1, if the loop (v, ve,) exists) non-trivial recursively nested simple
cycles ¢q, -+, ¢,; that is, ¢; ® ( ©® (eho1 © cn)) C w'. Then, by the canonical
property, the vertex sequence s C w’ joining the first vertex of ¢; to the last internal
vertex of ¢, defines a simple path p’ of length ¢(p’) > n > ¢,. This is in contradiction
to the definition of ¢,, and thus w" does not exist. Consequently, h(Wg.qa) = lo +1
if the loop (v, vy, ) exists, or £,, if there is no self-loop on vy, .

We now turn to determining h(Wg, 4,,). Combining Eq. with the result for
h(Wg, aa) obtained above yields

h(Wg.aw) = max max
’ HQ;VOUPOS'L'SP

0,,(G\{a,...,vi_1}) + 1 if there is a self-loop on vertex
6, (G\{e, ..., vi1}) otherwise,

(2.52)

where ¢, (G\{«,...,v;_1}) is the length of the longest simple path p,, off vertex v;

on G\{a,...,vi1}, and v, is the last vertex of p,,. Finally, we note that p, is the

longest of all the simple paths p,.: since G is undirected and connected, it is strongly

Vi,
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connected, and since G\{«, ..., v;_1} is a subgraph of G strictly smaller than G, then
py, must be shorter than p,. Therefore Eq. yields h(Wg. aw) = (W5, aa)-

It follows from these results that in order to determine the star-height of the
factorised form of any walk set on an undirected connected G, one must determine
the existence of a Hamiltonian path on G. Consequently, the problem of determining
h(Wg;aw> and h(Wg;w) is NP-complete. O

2.6 Summary and Outlook

In this chapter we established that walks on any finite digraph G factorise uniquely
into nesting products of prime walks, which are the simple paths and simple cycles on
G. We used this result to factorise sets of walks, as well as the characteristic series of
all walks between any two vertices of any finite digraph or weighted digraph, thereby
obtaining a universal continued fraction expression for these series.

As mentioned in the text, our results can be recast so as to hold for digraphs with
multiple directed edges. Less evident, and more interesting, is the extension of the
results presented here to other species of graphs, such as hypergraphs and continuous
(weighted) graphs. In the latter case, we have already obtained preliminary results
which could not report here due to length concerns. We believe that research in this
direction will find applications in solving fractional differential equations and might
prove useful for quantum field theories, where the evolution of quantum systems can
be described as the integral of all the walks on a continuous graph.

The factorisation of walks into products of simple paths and simple cycles is
certainly not the only possible construction of this type on digraphs. In particular,
the important points in obtaining resummed expressions for series of walks are the
existence and uniqueness of the factorisation of walks into primes. Indeed, pro-
vided both properties are verified, there is a unique way to group walks into families
generated by their prime factors. Furthermore, we are free to construct different
walk factorisations based on different definitions for the walk product, e.g. inducing
different prime walks. Consequently, as long as the existence and uniqueness prop-
erties hold, we can construct as many representations of walk sets and walk series
as there are ways to define a walk product. We formalise these observations in the
last chapter of the present thesis.






CHAPTER 3
THE METHOD OF PATH-SUMS

I regard as quite useless the reading of large treatises of pure analysis:
too large a number of methods pass at once before the eyes. It is in the
works of applications that one must study them; one judges their ability
there and one apprises the manner of making use of them.

J. L. Lagrange

We introduce the method of path-sums which is a tool for analytically evaluating
a primary function of a finite square discrete matrix, based on the closed-form re-
summation of infinite families of terms in the corresponding Taylor series. Provided
the required inverse transforms are available, our approach yields the exact result in
a finite number of steps. We achieve this by combining a mapping between matrix
powers and walks on a weighted directed graph with a universal graph-theoretic
result on the structure of such walks. We present path-sum expressions for a ma-
trix raised to a complex power, the matrix exponential, matrix inverse, and matrix
logarithm. We present examples of the application of the path-sum method.

The work in this chapter was carried out in collaboration with Simon Thwaite
and forms the basis of an article that has been published in the SIAM Journal on
Matriz Analysis and Applications 34(2), 445-469, 2013.

3.1 Introduction

Many problems in applied mathematics, physics, computer science, and engineering
are formulated most naturally in terms of matrices, and can be solved by computing
functions of these matrices. Two well-known examples are the use of the matrix
inverse in the solution of systems of linear equations, and the application of the
matrix exponential to the solution of systems of linear ordinary differential equations
with constant coefficients. These applications, among many others, have led to the
rise of an active area of research in applied mathematics and numerical analysis
focusing on the development of methods for the computation of functions of matrices
over R or C (see e.g. [51]).

As part of this ongoing effort, we introduce in this chapter a novel symbolic
method for evaluating primary matrix functions f analytically and in closed form.
The method — which we term the method of path-sums — is valid for finite square
discrete matrices, and exploits connections between matrix multiplication and graph
theory. It is based on the following three central concepts: (i) we describe a method

38
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of partitioning a matrix M into submatrices and associate these with a weighted
directed graph G; (ii) we show that the problem of evaluating any submatrix of
f(M) is equivalent to summing the weights of all the walks that join a particular
pair of vertices in this directed graph; (iii) we use a universal result about the
structure of walks on graphs to exactly resum the weights of families of walks to
infinite order. This reduces the sum over weighted walks to a sum over weighted
simple paths, a simple path being forbidden to visit any vertex more than once. For
any finite size matrix, the graph G is finite and so is the number of simple paths.
We apply the method of path-sums to four common matrix functions: a matrix
raised to an arbitrary complex power, the matrix inverse, the matrix exponential,
and the matrix logarithm. In each case, we obtain an exact closed-form expression
that allows the corresponding function f (I\/I) to be analytically evaluated in a finite
number of operations, provided the required inverse transform is available.

This chapter is organised as follows. In §3.2| we present the foundational ma-
terial required by the method of path-sums: in we describe the partition of
a matrix into submatrices; in we construct the graph corresponding to this
partition, and describe the mapping between matrix multiplication and walks on the
corresponding graph. In §3.3] we present path-sum expressions for a matrix raised
to a complex power, the matrix inverse, the matrix exponential, and the matrix
logarithm. These results are proved in §3.5 In §3.4 we provide examples of the
application of our results. We summarise our results in and briefly discuss the
effect of truncations on path-sums expressions.

3.2 Required Concepts

In this section we present the three main concepts that underpin the method of path-
sums. We begin by outlining the partition of an arbitrary matrix M into a collection
of sub-arrays, and show how this partition leads naturally to the definition of a
weighted directed graph G that encodes the structure of M. We then show that
computing any power of M is equivalent to evaluating the weights of a family of
walks on G. We conclude by presenting a universal result on the structure of walks
on graphs that forms the basis for a closed-form summation of classes of walks on

g.

3.2.1 Matrix partitions

A partition of a matrix M is a regrouping of the elements of M into smaller arrays
which interpolate between the usual matrix elements of M and M itself. In this
section we show how these arrays can be used to compute any function that can be
expressed as a power series in M.

Definition 3.2.1 (General matrix partitions). Let M be a D x D matrix over the
complex field C. Let V be a D-dimensional vector space over C with orthonormal
basis {v;} (1 < i < D). Consider a family of vector spaces V,...,V, such that
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VieVa®- @V, = V. Let V; have dimension d; and basis {v;,, }, with 1 < k < d; and
1 <i;, < D, and let €; be the orthogonal projector onto Vj, i.e. €; = szﬂ Vi s vgjyk
where 1 designates the conjugate transposition. These projectors satisfy e;6; =
0;j€i, and the closure relation Z?Zl e; = 1 with Z the identity operator on V.
Consider the restriction-operator R, € C%*P | such that RLRM = ¢,. A general

partition of the matrix M is then defined to be the ensemble of matrices {M,, }
(1< (1,v) < n), where

M,, = R,MRI, (3.1)

is a d, x d, matrix that defines a linear map ¢,, : V,, — V. For p # v, we call
M, a flip, while for p = v, we call M,, = M, a stati(ﬂ. The projectors ¢, are
called projector-lattices. In general there is no relationship between M,, and M,,,.
However if M is Hermitian then M,,, = MLV and M, = MI. Similar relations can be
derived for the case where M is symmetric or antisymmetric.

Remark 3.2.1 (Block matrix representation). For any general partition of M, there
exists an invertible matrix P such that all M, are contiguous blocks in PMP~!. In
other terms, there exists an invertible matrix P and n blocks B,, of subsequent indices
such that M, = (<PMP_1)jk>jeB#,keBy' If the {v;} basis vectors are the canonical

ones, then the projector lattices are diagonal and P is a permutation matrix.

Example 3.2.1 (General partition of a matrix). To illustrate a general partition,
consider the 4 x4 matrix M with elements (M);; = m;;, which can be interpreted as a
linear map on the vector space V' = span (vl, Vg, U3, 1)4) with v; = (1, 0,0, O)T with T
the transposition, v, = (0, 1,0, O)T, etc. Choosing vector spaces Vi = span(vl, V3, 114)
and V5 = span(vg) such that V} @ V5, =V, yields the following partition of M

mi1 M1z Mg mia
My = | ms1 mss mas |, Mia=maz |, Moy =(ma1 mas mas), Mag=(ma2).(3.2)
My 143 Mayyg My2

Remark 3.2.2 (Number of general partitions). The partition of a matrix M into
flips and statics is not unique — any family of vector spaces such that @?:1 Vi=V
produces a valid partition of M. Consequently, a D x D matrix admits, up to a
change of basis, S(D,n) different partitions on n such vector spaces, where S(D,n)
is the Stirling number of the second kind. It follows that the total number of general
partitions of M is, up to a change of basis, the D™ Bell number Bp = > S(D,n).
Included in this number are the partitions of M into the usual matrix elements
(i.e. My, = (my,)) obtained by choosing {V,,} to be D subspaces of dimension one,
and the partition of M into a single static M; = M, obtained by choosing V} = V. In
between these extremes, the subarrays M, interpolate between the normal matrix

!These terms originate from quantum many-body physics, see Chapter
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Figure 3.1: The B, = 15 possible partitions of a 4 x 4 matrix by diagonal projector
lattices, see Remark [3.2.1} Solid and bicolor squares represent the matrix elements
of statics and flips, respectively. The three tensor product partitions are framed.
The trivial partition is in the upper-left corner, while the partition into the usual
matrix elements is in the lower-right corner.

elements of M and the matrix M itself. Figure illustrates the whole collection of
possible repartitions of a 4 x 4 matrix into submatrices.

Definition 3.2.2 (Tensor product partitions). An important subclass of matrix
partitions are those that correspond to projector-lattices of tensor product form.
This subclass of partitions will be referred to as tensor product partitions, and
arises when the vector space V' is decomposed as the tensor product (instead of the
direct sum) of a collection of subspaces. Let V' be a D-dimensional vector space
over the complex field C, and consider a family of vector spaces Vi,...,Vy such
that V, ® --- @ Vn = V. Let V; have dimension d; (2 < d; < D) and orthonormal
basis {i;} (1 < p < d;), and let P/sz — g} be the orthogonal projector onto the
subspace of V; spanned by p;. Then a pl”OJGCtOI" lattice of tensor product form is

5—1
e =R PV eI¥e ® Py (3.3)
=1 i=S+1
where Z%) is the identity operator on Vs and jt = (g1, ..., jhs—1, 511, - - -, () iS an
(N —1)-dimensional multi-index denoting which orthogonal projectors are present in

625). The projector-lattice EELS) acts as a projector on each V; (7 # S) while applying

the identity operator to Vs. For fixed S there are D/dg distinct projector-lattices,
corresponding to the different choices of the %Z)FOJeCtOI" indices p;. For any D x D

matrix M and pair of projector-lattices au , €y there exists a dg X dg matrix M,(i)

such that
®TM M) @ @ T, (3.4)
i=S+1
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where T,E:)VL = mu} is a transition operator from v; to u; in V;. The matrix M,([,g,

defines a linear map on Vs. The ensemble of (D/ds)? matrices {M,([?,)} will be
referred to as a tensor product partition of M on V,. The three possible tensor
product partitions of M are illustrated by the framed images in Figure [3.1]

Remark 3.2.3 (Number of tensor product partitions). To count the number of pos-
sible tensor product partitions of a D x D matrix, we note that every factorisation
of D into k integers d; > 2 contributes k partitions to the total. The total number
of tensor product partitions is therefore equal to the total number of elements in all
factorisations of D. For D = 2,3,4,5,6,7,8,... this is equal to 1,1,3,1,3,1,6,...
(sequence A066637 in [52]). A special case arises when D has the form dV, with d
prime. Then the factorisations of D into k parts are in one-to-one correspondence
with the additive partitions of N into k parts, and the number of tensor product
partitions is equal to the total number of elements in all partitions of N. For exam-
ple, matrices of dimension D = 2,4,8,16,32,... admit 1,3,6,12,20,... (sequence
A006128 in [52]) tensor product partitions.

3.2.2 The partition of matrix powers and functions

Since the matrix elements of M¥ (k € N* = N\{0}) are generated from those of
M through the rules of matrix multiplication, the partition of a matrix power can
be expressed in terms of the partition of the original matrix. Here we present this
relationship for the case of a general partition of M; the case of a tensor product
partition is identical. The proof of these results is deferred to §3.5 The partition of
MF is given in terms of the partition of M by (M¥) = > e Mg - My My,
where @ = 1y, w = My1, and each of the sums runs over the n values that index
the vector spaces of the general partition. It follows that the partition of a matrix
function f(M) with power series expansion f(M) = 377 fi, M* is

f(M)wa - Z J Z Mo, - Mygns Mya. (3.5)
k=0

Nky--T12

This equation provides a method of computing individual submatrices of f (M) with-
out evaluating the full result. In the next section, we map the infinite sum of Eq.
into a sum over the contributions of walks on a weighted graph, thus allowing exact
resummations of families of terms of Eq. by applying results from graph theory.

3.2.3 The graph of a matrix partition

Given an arbitrary partition of a matrix M, we construct a weighted directed graph
G that encodes the structure of this partition. Terms that contribute to the matrix
power M* are then in one-to-one correspondence with walks of length k on G. The
infinite sum over walks on G involved in the evaluation of f(M) is then reduced into
a sum over simple paths on G.
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(b)

Figure 3.2: (a) The graph of the general partition of the 4 x 4 matrix in Eq. (3.6))
onto the vector spaces Vi, V5, V3 defined in the text. Each edge in the graph is
labelled by its weight. (b) Two walks of length 4 from vertex 2 to vertex 1 in
thick red (left) and blue (right) lines. Their contributions ¢,eq = Mi3M3;M3My and
Chlue = MMy (M2)2 form two of the eight terms that sum up to (M%)y,.

Definition 3.2.3 (Graph of a matrix partition). Let {M,,} be the partition of
M formed by a particular set of n projector-lattices {€,}. Then the graph of this
matrix partition is defined to be the weighted directed graph G = (V, &, w), where
V = {v,} is a set of m < n vertices with the same labels as the projector-lattices,
€ ={(vpn) : M, # 0} is a set of directed edges among these vertices, and w is an
edge-weight function that assigns the submatrix M, to the loop (pu) and M, to
the link (vp). From now on, G\{«, (3,...} denotes the graph obtained by deleting
vertices «, (3, ... from G; and G, represents the graph obtained by deleting all loops
from G.

Remark 3.2.4 (Graph minors). The various graphs that correspond to the different
ways of partitioning a matrix M into an ensemble of submatrices are minors of the
graph obtained by partitioning M into its usual matrix elements. Note, this implies
that the number of minors obtained by merging Verticeﬂ on a graph with D vertices
is at most Bp, with this bound being reached by the complete graph.

Example 3.2.2 (Graph of a matrix partition). Consider decomposing the 4 x 4
matrix

mi1 Myz2 M3 My
Mma1 Mo Moz Mog

M = 0 0 may 1y (3.6)
My MMy 0 0
onto vector spaces Vi = Span(vl,vg), Vo = span(vg), Vi = span(m) with v, =

2We allow vertex merging regardless of whether vertices share an edge or not.
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(1,0,0, O)T, vy = (0, 1,0, O)T, etc. The corresponding partition of M is

M, = (mn m12) 7 My, = (m13) : My = (m14) (3.7a)
Mo1 M2 ma3 moyg
M, = (m33) ) Myz = (m34) ) M3, = (m41 m42) ) (3.7b)

and My; = M3y, = M3 = 0. Figure illustrates G, together with two walks of
length 4 from vertex 2 to vertex 1 that contribute to (M4)12.

The graph G provides a useful representation of a matrix partition: each ver-
tex represents a vector space in the partition, while each edge represents a linear
mapping between vector spaces. The graph G is thus a quiver and the set of vector
spaces {V,} together with the set of linear maps {¢,,} is a representation of this
quiver. Further, the pattern of edges in G encodes the structure of M: each loop
(up) represents a non-zero static, while each link (vu) represents a non-zero flip.
The matrix M can therefore be said to be a G-structured matrix. Every walk on
G, eg. w=(n)(mn2) - (Mek—1m%)(Mk), is now in one-to-one correspondence with a
product Ww] = M,, . , -+ Mp,p, M, of submatrices |20, 19]. This matrix product
is termed the contribution of the walk w and, being a product of matrices, is written
right-to-left. This correspondence allows a matrix power to be expressed as a sum
over contributions of walks on G. Equation becomes

FM) =D Y W(w), (3.8)

where W1 is the set of all walks of length k from o to w on G. We do not know
if such a formulation of f(M) would be possible for a nonprimary matrix function
and thus we only consider primary matrix functions in this thesis.

Thanks to Theorem we reduce a sum of walk contributions, such as the
one of Eq. , into a sum of weighted simple paths and simple cycles. If G is a
finite graph, there is only a finite number of simple paths and simple cycles and the
resulting representation of f (M) presents finitely many terms.

3.3 Path-Sum Expressions for Common Matrix
Functions

In we showed that projector-lattices can be used to evaluate the partition of a
matrix function f (M), and further, that the resulting expression can be interpreted
as a sum over walks on a directed graph G (Eq. (3.§)). This mapping enables
results from graph theory to be applied to the evaluation of matrix power series.
In this section we exploit this connection by using Theorem to resum, in
closed form, certain families of terms in the power series for the partition of some
common matrix functions. For each function we resum all terms in the power series
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that correspond to closed walks on G, and thereby obtain a closed-form expression
for the submatrices f(M),,. Since this expression takes the form of a finite sum
over simple paths on G, we refer to it as a path-sum result. The existence of a
form involving finitely many terms and giving exactly a matrix function may seem
unsurprising in view of the existence of the Cayley-Hamilton Theorem (CHT) [51].
Indeed the Theorem entails that any analytical function f of a matrix M is given
by a polynomial in M. The CHT is limited to matrices over a commutative ring
however, while the graph-theoretic origin of the path-sum result means that it is
not. As a consequence, the CHT does not have an immediate generalisation that
holds for arbitrary matrix partitions. For these reasons, if there exists a relation
between the CHT and the path-sum representation of matrix functions, it must be
that the CHT follows from the path-sum formula when all walks weights commute.
More precisely, the determinant of a matrix M has a unique expansion in terms of
simple cycles on the graph whose adjacency matrix has the same structure than
M [I75]. However, this expansion, which arises from the cycle representation of
permutations, is (precisely for this reason) invariant under cyclic permutations of the
vertices visited by the simple cycles, e.g. (1231) and (2312) represent the same term.
Evidently, this holds for weighted walks if and only if all walk weights commute,
which is only true for matrices over commutative rings. This explains why there
is no block formula for the determinant and thus why the CHT fails for matrices
with non-commuting elements. One could insist on constructing a non-commutative
determinant by removing the invariance under cyclic permutations, which requires
to make the determinant entry-specific. In fact, this new object also has a path-sum
representation: it is the quasideterminant, see §3.4.5

Below we present path-sum results for a matrix raised to a general complex
power, the matrix inverse, matrix exponential, and matrix logarithm. The results
are proved in §3.5 and examples illustrating their use are provided in

3.3.1 A matrix raised to a complex power

Theorem 3.3.1 (Path-sum result for a matrix raised to a complex power).
Let M € CP*P be a non-nilpotent matriz, {M,,} be an arbitrary partition of M and
q € C. Then the partition of MY is given by

(Mo = =25 D Forfonwny[wW] Muw, -+ Foy(ay[va] Mo Fgla] plnl| , (3.9a)

Hgo;au n:—q—l

where G is the graph of {(M —1),,}, € is the length of the simple path, and

-1

Fola] = {127 = Ma = > May,. Forta, g 3 [tm] - - Forgap [1oIMpa |, (3.9D)

Fgo;a
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with m the length of the simple cycle.

Here Z;'{g(2)}[n] denotes the inverse unilateral Z-transform of g(z) [53]. The
quantity Fgla] is defined recursively through Eq. (3.9D)). Indeed Fgla] is expressed
in terms of Fg\(a,...u,_,}[#;] Which is in turn defined through Eq. but on the
subgraph G\{«, ..., u;—1} of G. The recursion stops when vertex p; has no neighbour
on this subgraph, in which case Fg\(q,... ., 1} [1;] = (1271 = M)~ if the loop ()
exists and Fg\(a,...,_1}[14;] = |z otherwise. Fgla] is thus a matrix continued fraction
which terminates at a finite depth. It is an effective weight associated to vertex «
resulting from the dressing of a by all the closed walks off & on G.

Remark 3.3.1 (Matrix p't-roots). When analytically computing the p'-root, p €
N*, of a matrix M using Theorem one can obtain all the primary p**-roots of
that matrix. Indeed remark first that whenever a number \ = |\|e?? appears raised
to the power ¢ = 1/p in the analytical result, one is free to choose any one of its
p-roots X?|,_1/, = |A[M/Pe?/Pe?nm/ € 0,1, ,p—1}. Second, A is necessarily
an eigenvalue of M since, by the Jordan decomposition, M? = PJ?P~! and thus any
number raised to the power ¢ in M? is one that appears on the diagonal of J. It
follows that all the primary p'"-roots of M are indeed obtained from Theorem 3.1
upon choosing different p*t-roots for the numbers /7 [51].

3.3.2 The matrix inverse

Theorem 3.3.2 (Path-sum result for the matrix inverse). Let M € CP*P pe
an invertible matriz, and {M,,} be an arbitrary partition of M. Then as long as all
of the required inverses exist, the partition of M~t is given by the path-sum

(M) = > (=1 Fajar[w]Maw, - - Fa(ay[va] M, Fgla], (3.10a)

Hg; o

where G is the graph of {(M —1),,}, £ is the length of the simple path, and
-1

Fola] = [Ma = > (=1)" M Forfar i3 i) -+ Forfay [2]Mya |, (3.10D)

with m the length of the simple cycle.

If @ has no neighbours in G then Fg[a] = M_! counts the contributions of all loops
on .

Remark 3.3.2 (Known inversion formulae). Two known matrix inversion results
can be straightforwardly recovered as special cases of Theorem [3.3.2] Firstly, by
considering the complete directed graph on two vertices, we obtain the well-known
block inversion formula

A B\ (A—BD7IC)"" -A"'B(D-CA'B)""
<C D) - (_D—lc (A o BD_1C)_1 (D . CA_IB)_l ) . (311)
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Secondly, by applying Theorem to the path-graph on NV < D vertices (denoted
here Py ), we obtain known continued fraction formulae for the inverse of a D x D
block tridiagonal matrix [54) 55, 56 [57]. This follows from the observation that a
Pn-structured matrix is a block tridiagonal matrix. We provide a general formula
for the exponential and inverse of arbitrary Py-structured matrices in §3.4.3|

Remark 3.3.3 (Path-sum results via the Cauchy integral formula). A path-sum
expression can be derived for any matrix function upon using Theorem together
with the Cauchy integral formula

F(M) = %y{f(z) (21 — M)~ dz, (3.12)

where i = —1, f is an holomorphic function on an open subset U of C and T

is a closed contour completely contained in U that encloses the eigenvalues of M.
However, for certain matrix functions (including all four we consider in this section)
a path-sum expression can be derived independently of the Cauchy integral formula
by using Theorem directly on the power series for the function. This method
is the one we use to prove the results of this section (see and can be extended
to matrices over division rings.

Remark 3.3.4 (Schur decomposition). Let M € CP*P M = UTU™! be its Schur
decomposition, i.e. T is upper triangular, and let {M,,} a partition of M. The
difficulty of evaluating f(M) if M is full can be alleviated upon using the Schur
decomposition of M in conjunction with the method of path-sums. Indeed observe

that
(F(M) o = D Ve (F(T)),, (Ua), (3.13)

where we have used U~! = UT and (U"),, = (U,,)". Thus the problem of evaluating
any (f(M)),a is reduced to that of evaluating f(T). Now remark that regardless of
the partition {T,,} considered, the graph G of that partition has no simple cycle
of length m > 1. Thus the path-sum formula for any matrix function f(T) is
especially simple. For example consider obtaining f(T) via the Cauchy integral
formula Eq. (3.12). Then the resolvent matrix Ry(z) = (21 — T)™! of T is given by
the path-sum

(RT(Z)),W - Z (Zl - Tu)_l MMW e M7I2V (ZI - T,/)_l, (3.14&)
(Rr(2)), = (sl =T, (3.14b)

where G is the graph of {T,,} and ¢ is the length of the simple path.

3.3.3 The matrix exponential
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Theorem 3.3.3 (Path-sum result for the matrix exponential). Let M € CP*P
and {M,, } be an arbitrary partition of M, with G the corresponding graph. Then for
7 € C the partition of exp(TM) is given by the path-sum

exp(TM)ua = £ ¢ Y Fovfarn} (€M, - - Foy oy [v2] Mua Fola] ¢ ()] (3.15a)

Hgo;aw t=r

where { is the length of the simple path and
-1

Folo] = |8l = Mo = > Mau,Fov(arm i} [Hm] - - Foviay [H2]Mpa | . (3.15D)

Fgo;a

with m the length of the simple cycle.

Here s is the Laplace variable conjugate to ¢, and £ '{g(s)}(¢) denotes the inverse
Laplace transform of g(s). The quantity Fgla] is a matrix continued fraction which
terminates at a finite depth. It is an effective weight associated to vertex a resulting
from the dressing of a by all the closed walks off & on G. If a has no neighbours in
G then Fgla] = [sl — M,]™! counts the contributions of all loops off a.

Lemma 3.3.1 (Walk-sum result for the matrix exponential). Let M € CP*P and
{M,,} be an arbitrary partition of M, with G the corresponding graph. Then for
7 € C the partition of exp(TM) is given by the walk-sum

T to
exp(TM)ya = ) | / dtm---/ dty exp [(t — t)My] Moy, - -
0 0

Wgo;au

---exp [(ta — t1)My, [ M0 exp [1My]. (3.16)

This result corresponds to dressing the vertices only by loops, instead of by all closed
walks. An infinite sum over all walks from a to w on the loopless graph G, therefore
remains to be carried out.

3.3.4 The matrix logarithm

Theorem 3.3.4 (Path-sum result for the principal logarithm). Let M €
CP*P be a matriz with no eigenvalues on the negative real axis, and {M,,} be a
partition of M. Then as long as all of the required inverses exist, the partition of the
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principal matriz logarithm of M is given by the path-sum

(logM) = (3.17a)

/01 dr 27! (I - Fgla]), w=aq,

S [ e o P oM Foy o] Mo Folal, 0 7
Mggs0uw
where G is the graph of {(I — M)}, £ the length of the simple path and
Fola] = (3.17h)

-1

I —z(l — M) _Z (=2)" Mapn, Fo\ (a1 [Bm] - MugpaFavar [2]Mpsa |

Fgo;a
with m the length of the simple cycle.

The quantity Fgla] is a matrix continued fraction which terminates at a finite depth.
It is an effective weight associated to vertex « resulting from the dressing of «
by all the closed walks off @ on G. If o has no neighbours in G then Fgla] =
[l — (I — My)]~" counts the contributions of all loops off a.

Remark 3.3.5 (Richter relation). The path-sum expression of Theorem is
essentially the well-known integral relation for the matrix logarithm [58, [59] [51]

log M = /I(M —[z(M 1) +1]dz, (3.18)

with a path-sum expression of the integrand. However, the proof of Theorem (3.3.4
that we present in does not make explicit use of Eq. (3.18]).

3.4 Applications

In this section we present some examples of the application of the path-sum method.
In the first part we provide numerical examples for a matrix raised to a complex
power, the matrix inverse, exponential, and logarithm. In the second part, we
provide exact results for the matrix exponential and matrix inverse of block tridi-
agonal matrices and evaluate the computational cost of path-sum on arbitrary tree-
structured matrices.

3.4.1 Short examples

Example 3.4.1 (Singular and defective matrix raised to an arbitrary complex
power). To illustrate the result of Theorem [3.3.1] we consider raising the matrix
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-4 0 -1 0 -1
-2 -2 6 -2 4
M=]6 2 1 -2 3|, (3.19)
o 0 -1 —4 -1
-6 -2 -5 2 =7
to an arbitrary complex power ¢g. Note that M has a spectral radius p(M) = 4 and
is both singular and defective; i.e. non-diagonalisable. We partition M onto vector
space V] = Span(vl,vg) and V, = span(vg,v4,v5) with v; = (1,0,0, O)T etc., such
that V, @V, = V. The corresponding graph G is the complete graph on two vertices,
denoted KCy. Following Theorem [3.3.1], the elements of MY are given by,

(M?);; = —Z, ' {Fi,[i] }[n]| and (M%);; = —Z, " {Fi,\[i]MiaFic, [} [n]| . (3.20)

where (Za.]) = 1727 { 7£ ja F’Cz[z] = [Iz_l - Ml - MUFKQ\Z[]]MJZ] - and FICz\z[]] =
-1 — Mj]‘l. We thus find in the Z-domain

2z2(4z —1) 822+ 62+1 % —22(4z + 1) SGZBISﬁZHZ
23 Z Z 23 2243,
22( 4z +3)  22(dp 1) BEEMEEISl_9p(yppq) 2022
0 —Z 4z + 1 —2z
—2z( 42 +3) —2z(4z+1) _% 2:(42 + 1) 756z3226j_21+5z+1

and finally M% = — Z-{M(2)}[n]|n=—q_1, Which is

8 0 2q 0 2q
(—4) 8¢—4 4 ql¢g—2)—-11 4 q¢g—2)—7
MI= o= | =8¢—4 —4 —qg—2)=3 4 —q(¢—2)-T|. (3.22)
0 0 2q 8 2q

8q¢+4 4 q¢g—2)+11 —4 ql¢g—2)+15

This expression is valid for any ¢ € C and fulfills M99 = MIM?, V(q,q') € C2.
Setting ¢ = 1/2, we obtain

32 0 4 0 4
|0 16 —47 16 31
|\/|1/2:1—6 -32 —16 -9 16 -25|, (3.23)
0o 0 4 32 4
32 16 41 —16 57
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with i = —1, for which it is easily verified that (M'/2)2 = M. Any p™® root of M,
with p € N*, can also be calculated and verified. Further, we note that although M
is not invertible, setting ¢ = —1 in Eq. yields the Drazin inverse M* of M [60],
while setting ¢ = 0 yields a left and right identity M” on M

4 0 1 0 1 8§ 0 0 0 0
L6 2 4 2 2 44 -1 4 T
Mi=—|-2 2 3 —2 5|, M==-|-4 -4 -3 4 -7
6o o0 1 -4 1 8510 o o 8 o0
2 -2 -7 2 -9 4 4 11 -4 15

(3.24)

The above Drazin inverse satisfies indeed MMM = M, M!MM? = M# and M!M? =
MIM! = M9t We also have M: M’M? = MIM® = M? for any ¢ € C and finally
MIM = MM? = M as expected of the Drazin inverse. These properties imply that
M’ is the projector onto im(M), the image of M. We demonstrate in that
Theorem always produces the Drazin inverse.

In addition to the examples with ¢ = —1, 0, and 1/p with p € N* presented here,
the formula of Eq. also holds for any complex value of ¢ and is well behaved.
For example, we verify analytically using Theorem to calculate (M*)? that
(ME)F = M. Finally, it is noteworthy that numerical methods implemented by
standard softwares such as MATLAB and Mathematica suffer from serious stability
problems for the matrix considered here and return incorrect results, as can be seen
for the case of ¢ = 1/2.

Example 3.4.2 (Matrix inverse). To illustrate the application of Theorem we
compute the inverse of

-1 0 0 0 -1/2
0 2 572 2 -1
M=|-4 0 0o o -1]. (3.25)
0 -1 0 -2 7/4
0o 1 2 0 1

The characteristic polynomial of M is x(z) = 2% — 2 — 1, whose Galois group is

the symmetric group S5 and is thus non-solvable. The spectral radius of M is
p(M) ~ 1.16. We partition M onto vector spaces V; = span(vl), Vo = span(vg,v5)
and V3 = span(vg, 1)4), giving

My = (-1), My= (g _11) , My= (_21 _22) : (3.26)
M= (0 —1/2), My = (_04), My — ((1) 8) My, — (562 7_/1) (3.27)

and M3 = M3, = 0. The corresponding graph is thus the path-graph on three
vertices, denoted by Ps. By Theorem [3.3.2] the diagonal elements of M~! are given
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by
(M), =Fe[l, (M), =Fgl2, (M), =Fs[3), (3.28a)

while the off-diagonal elements are

(M), = —Fop2IMay Fe [l (M7Y) ) = —Fr o[ My Fry[2],  (3.28b)
(M™Y., = —FronBIMsa Fry 2], (M7Y) 0 = —Fryysy[2] Mas Fry[3], (3.28¢)
(M™1),; = Fea1,23[3] Maz Fpy 13 2] Moy Fiy [1, (3.284)
(M™1) 15 = Fraa.23[1] Mz Fry\ g3y 2] Mas Fry [3]. (3.28¢)

The matrices Fg|a] are evaluated according to the recursive definition in Eq. (3.10bj);
for example

1

Fr[1]=[M; — M12F53\{1}[2]M21}_1= My — Mi2[My — MosF 1 (1,23 [3]M32] "My
= [My — My5[My — MagMy " Mas) "My ]~ (3.29)

Evaluating the flips and statics and reassembling them into matrix form gives

8 0 -4 0 0

64 —32 —16 —32 40
Mt=-]-16 16 4 16 -16], (3.30)
-60 16 15 12 —20
-32 0 8 0 0

which is readily verified to be the inverse of M.

Example 3.4.3 (Matrix exponential). As an example of the application of Theorem
B.3.3] and Lemma [3.3.T] we consider the matrix exponential of

1—-i 0 —i 0

o 2—i —1/3 0

e P S (3.31)
3 —7/2 1 -1

We use a tensor product partition

1—i 0 —i 0 —i 0 i 0
Ml_(o 2—1)"\/'2_(1 —1)’M12_(—1/3 >’M21_<3 —7/2)‘

Since every element of this matrix partition is non-zero, the corresponding graph is
KCo. Let us focus on the element exp(M);;, which forms the top-left corner of the
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full matrix exp(M). By Theorem the exact result for exp(tM);; is given by

L[(eM), ] = F,[1] = [sl = My — Mys[sl — My]*May ], (3.32a)
s+1 0
B s2—(1-2i)s—(2+1)
—i 1
3s% — (9 — 0i)s — (6 + 18i)s + 15 s — (2 — 1)
(3.32b)

The inverse Laplace transform can be carried out analytically; setting ¢t = 1 in the
result gives

e(1-20)/2 3 (5 cosh ¥ + +/5sinh ﬁ) 0
("), = ’ ? . (3.33)
15 —i (563/2 — 5cosh ‘/75 — 3v/5sinh \/75> 15¢3/2
N 2.05220 — 3.196111 0 (3 33b)
~\ —0.442190 — 0.2839271 3.99232 — 6.21768i ) ° ’

Alternatively, we can evaluate this element by using a walk-sum, as presented in

Lemma [3.3.1}
1 to
(M), =M+ / / el ML My, el2 =Mz My, 1ML ity dty (3.34)
0o Jo

1 t
+/- . / 2e(l_t‘*)'\/lll\/hz elta—ts)M2 Moy, elts=t2)M Mo elt2—t1)M2 My, eltMi dty---dty +---

o Jo
Evaluating the first three terms yields

2.05083 — 3.193981 0
(eM)11 ~ ( ) : (3.35)

—0.441354 — 0.2833901 3.99232 — 6.217681

Although this result has been obtained by evaluating only the first three terms
of an infinite series, it is already an excellent approximation to the exact answer:
the maximum absolute elementwise error is ~ 2.5 x 1073, This rapid convergence
results from the exact resummation of the terms in the original Taylor series that
correspond to walks on the graph Iy that contain loops.

Example 3.4.4 (Matrix logarithm of a defective matrix). We compute the principal
logarithm of the matrix

1421 —=142i 1 2—-21 -2+2i

—1  —142 1-2i 1 —2+472i
M = 0 1 2i 0 1|, (3.36)
-1 142 1 2 —2+2i
0 1 142 0 2



54 The Method of Path-Sums

This matrix has only two eigenvectors associated respectively to the three-fold de-
generate eigenvalue 2i and to the two-fold degenerate eigenvalue 1. We choose to par-
tition M onto vector spaces V; = span (vl, v4), Vo = span(vg, v3) and V3 = span (U5).
The corresponding graph G is the complete directed graph on three vertices with
the edge (13) missing since M3, = (0 0). Following Theorem we have

Fg[l] = [ll — I‘(ll — M1> — $2M12Fg\1[2]|v|21 + $3M13Fg\172[3]M32Fg\1[Q]Mgl] _,1 (337&)
Fg [3] == [|3 - .l’(lg - Mg) - $2M32Fg\3[2]M23 + $3M32Fg\1’3[2]M21 Fg\g[l]Mlﬂ _,1 (337b)
Fg[?] = [lg — .l’(lg - MQ) - .%'2 Mgng\Q[l]Mlg - ZE2 M23Fg\2[3]M32

-%it3“ﬂleg\zs[l]“413Fg\2Fﬂ“A32]41, (3.37¢c)

with I; the identity matrix of appropriate dimension and
Fouli] = I — 2(1 = M;) — 22 MyFgy (kMg ] ™' i # 2, (3.382)
Foelil = Fovulil = [1 = 2(1 = Mp)] ™ (3.38b)

with 7,5,k = (1,2,3), i # j # k. Then the matrix elements of the principal
logarithm of M are given by

1
(logM), = / 21 — Fgli]) da, (3.392)
0
1
(logM),, = / 2 Foua[3IMasFou [2Mar Fo[1] da, (3.39D)
0
1
(logM) , — / FouliIMyFolil de, i.j = (1,2) or (2,3) (3.39)
0
and for 7,7 = (2,1), (3,1) or (3,2):
1
(logM) ;= / FoulilM;iFgli] — = Fgvik[iMjiFai[kIMiiFgli] da. (3.39d)
0

Reassembling them in a matrix, we obtain

A+1 A 2 —=A—-1 A-=2
R B e P
logM:§ T ) i

: , (3.40
1 A 2 —1 A—2
- :

IS

where \ = 2log 2 + ir.

Example 3.4.5 (Matrix exponential of a quaternionic matrix). Consider any func-
tion f(z) =), a,2" with a,, € R for all n € N. Then the graph-theoretic nature of
Theorem allows the method of path-sums to be extended to matrices over non-
commutative division rings ID. In particular, Theorems hold for quater-
nionic matrices M € HP*? as well. For example, consider calculating exp(7M) with
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M the quaternionic matrix

M = (11: i) , (3.41)

where i, j, and k are the quaternions, which satisfy i = j> = k> = ijk = —1.
Following Theorem [3.3.3] we find for example the matrix element My; to be in the
Laplace domain

Llexp(M)] = (s —i—j(s—1)"'k)~" (3.42)

Calculating the other matrix elements, inverting the Laplace transforms and setting
t = m, we obtain

~ 14e€ (i+tanh (%) i—k

3.4.2 Generalised matrix powers

The matrix roots are among the most studied matrix functions [51] with numerous
applications from finance to healthcare [61]. It is well known that a matrix may fail
to have a p'® -root [51]. For example, a matrix M has a square root, defined by the

relation (\/M )2 = M, if and only if the ascent sequence dy, ds - -+ defined by
d; = dim (ker(M")) — dim (ker(M 1)), (3.44)

does not comprise the same odd integer twice or more [62]. Just as a matrix may
fail to have a square root, it can fail to have an inverse, yet it always has generalised
inverses. Similarly, we show in this section that a matrix always has generalised
powers, which we obtain with the method of path-sums.

Definition 3.4.1 (Generalised matrix powers). Let M € CP*P and let M|yer(m) and
Mlimv)y be the restrictions of M to its kernel and image, respectively. Then the
generalised powers of M are defined as

M2, = (Mimaw)) - (3.45)

gen

We will see that the Drazin inverse of M is recovered as the generalised power Mg_eln

and thus also call M?,, the Drazin powers of M. We obtain the generalised matrix

powers using the method of path-sums as follows:

Proposition 3.4.1. Let M(z) be the matriz defined by the path-sums on the right
hand side of Egs. . Then the ordinary powers MY , = (I\/||ker(|v|))q +

O

(M\im(M))q and generalised powers M1, == (M]im(M))q of M are given by

gen

M, = — 2, (M)} (3.46)

o

M, =2, {M(2)} 1]

n=—q-1 n=—q—-1

Here Z,'{.}[n] and Z,;'[.] denote respectively the bilateral and unilateral inverse
Z-transforms.
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Proof. Let M € CP*P with dim(ker(M)) = kq and non-zero eigenvalues {\; }1<i<p_k, -
Consider the matrix |\7|(z) obtained in the Z-domain by the path-sum formula, The-
orem [3.3.1] Let M = PJP~! be the Jordan decomposition of M. Observe that since
M4 = PJ9P~1 M(z) = P[z~' — J]"'P~" and the entries of M(z) are of the form

(M(Z>)zj - Cule) 2] (3.47)

IO YEEE

with @Q;;(2) a polynomial in z. A partial fraction decomposition of the matrix entries
separate terms with exclusively positive powers of z from those involving fractions
of z. Thus, we can write

D-1
- Z a,zf + D ijw (2) (3.48)
p=1 ()\ZZ — 1)

where Pj;(z) is a polynomial in z and o, € C are the coefficients of the decom-
position. Terms with strictly positive powers of z arise because of the 2% factor
in Eq. and thus correspond to the kernel of the matrix. These terms are
discarded by the unilateral inverse Z-transform, and

(Mgen)f_zgl{ P(z) )>}[n]

3.49
D ko()\lz -1 ( )

n=—q—1

represents (M|im(M))q, the powers of M restricted to its image. On the contrary,
a bilateral inverse Z-transform conserves the terms associated with the kernel and
yields ordinary powers

ko
M) = —Z—l{ Q(2) 2 } n . 3.50
The two agree when M is not singular. Finally, remark that since M geln = (M ]im(M)) -
we have M~} = M* as claimed. O

gen

The method of path-sums, in conjunction with the appropriate inverse Z-transform,
gives generalised as well as ordinary powers of a matrix. The generalised matrix pow-
ers always exist. We call them Drazin powers because they share the properties of
the Drazin inverse: they coincide with the ordinary powers for non-singular matrices
and [M?, M] = 0, MIM? = M9+¢' M~ = Mf, M® = M® = MM, MY/2M1/2 = MP etc.
All of these properties are stra1ghtf0rward consequences of Ml = (M|lm ) .

Example 3.4.6 (Generalised and ordinary powers of a singular defective matrix).
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To illustrate the generalised and ordinary powers, consider

-1 1 -1 —%
-1 -2 2 0
M — 1 9 o 1 (3.51)
3
2 -2 2 1

This matrix has a 2 x 2 Jordan block with eigenvalue 0 and has consequently no
primary square—rootﬂ. Nonetheless, M has a Drazin square-root, which we obtain
with the method of path-sums. In the Z-domain, Theorem [3.3.1| gives

22343223z 23—322 —234322 22
322-3 322-3 322-3 3z—3
~ 22—223 —23432%—2 25—222 —z3
_ z—1 z—1 z—1 z—1
M <Z> - —622—5254322  —32%45234622 324—223-622—3z —323—22 ’ (352)
322-3 322-3 322-3 3z—3
—222 222 —222 —z
z2—1 z2—1 z2—1 z—1

and the Drazin and ordinary powers of M are given by

—142(=1)"1 1-2(=1)"7 —1+42(-1)"7 -1

1 3 -3 3 3
q — _
Mgen = 3 4 + (_1)—q 4 — (_1>—q 4 + (_1>_q 4 ) (353&)
3-3(-1)" —3+3(-1)¢ 3-3(-1)7 3
M2, = MY, + (3.53b)

200 4 00,4 —00,q d0,q
11 =3(00q +2014) 6d0g— 3014 3(014 —dog) —3(doq+ 1)
3 —5(5(]’q - 651761 5(50,(1 — 3(517(] 351,q — 250,q —4(507(] — 351’(] ’
0 0 0 0

where d,; is the Kronecker delta. We observe that M% , = | and M} , = M while
MO =M’ and M! = M|im(m), as expected. The Drazin square-root M;éi is obtain

gen gen

upon setting ¢ = 1/2 in Eq. (3.53a)), it fulfills M;éil\/l;é,% = Mlim(m)-

3.4.3 DMatrix exponential of block tridiagonal matrices

Let {My x} be a partition of a matrix M such that My 541, = 0. If this partition
consists of N2 pieces, the corresponding graph is the finite path-graph on N vertices
Pr, and M can therefore be said to be a Py-structured matrix. As mentioned in
remarks [3.2.1] and [3.3.2] such a matrix is essentially a block tridiagonal matrix since
there exists a permutation matrix P such that PMP~! is block tridiagonal. For
these matrices, the path-sum expression for the matrix exponential and inverse can
be written in a particularly compact form. For k =1,..., N, we set My = sl — My,

3Tts ascent sequence is 1,1,0,0,. ..
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and define the finite continued fractions

~ ~ ~ -1 ~ ~ ~ -1
X = (M= MgriXeaMine] o Ye= M= MieaYeaMeae] o (354)

with Xy = M7! and Y; = M. Note that the inversion height of X, (Y;) is N4+1—k
(k). Let U = Llexp(t M)] be the Laplace transform of the matrix exponential of M;
then the partition of U is given by

~ ~ ~ - -1

Uy = [x,;l +Y - Mk} , (3.55a)

Uewer = [ XMjy—1) Uenrs Uppsi = ] (YsMyjs1) Upw,  (3.55b)
j=k'+1 j=k-1

where H;.lzl @; = QpQp_1---agaq is a left product. Provided the required inverse
Laplace-transforms are analytically available, Eq.(3.54H3.55b]) yields the exact ma-
trix exponential of M. Similar formulae for the inverse of arbitrary Py-structured
matrices are obtained upon replacing sl by | in each of the My.

3.4.4 Computational cost on tree-structured matrices

The number of simple paths in any finite graph is finite. Thus, as soon as a matrix
M has a finite size, the path-sum expressions of Theorems [3.3.1 evaluate any
function f(M) exactly in a finite number p of operations, up to the integral trans-
forms. In this final example we calculate p in the case of matrices M whose partition
is an arbitrary tree, denoted by 7y .

First, we consider the computational cost of evaluating a static f(M)aq. Since a
tree contains no simple cycles of length greater than 2, the vertex a requires dressing
only by loops and edge cycles on 7y. Consequently, the sequence of operations
involved in dressing « fall into two categories: nesting (adding an edge cycle which
dresses the internal vertex of a previous edge cycle) or branching (including an
extra edge cycle at constant dressing depth). These two operations have the same
computational cost, as each requires one inversion, two multiplications and one
subtraction of d X d matrices. Due to this symmetry between branching and nesting,
the computational costs of dressing a vertex on the path-graph on N vertices Py
(which involves nesting only) and the star graph on N vertices Sy (which involves
branching only) are identical: each requires N inversions, 2(/N — 1) multiplications
and N — 1 additions to fully dress any vertex. Since any tree can be decomposed as
a set of path-graphs (the branches) and star graphs (the nodes), the computational
cost of evaluating f(M),, when M is tree-structured depends only on the number
of vertices of the tree: the cost is independent of the detailed structure of 7y.
The number of floating point operations required to evaluate the diagonal element
f(M)aq, denoted by pry.a, scales as 3Nd?, while the computational density (the
number of operations per usual matrix-element evaluated) is ~ 3Nd.

We now consider the cost of calculating an off-diagonal element f(M),,. Let
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(avg - - - vw) be the unique simple path leading from « to w on 7y, and pr,,., be the
cost of fully dressing the vertex o on 7y. Then the total cost of evaluating f(M),,
is

/+1
2"+ Y o1y (3.56)

i=1

where the first term accounts for the cost of evaluating the matrix multiplications
along the simple path. Note that this cost depends on the structure of 7y, since
the number of vertices in each tree in the sequence 7y\{c,...,v;_1} depends on
whether any of the previously-visited vertices are nodes of 7. Nevertheless, we can
place an upper bound on the cost by considering the case where the tree 7y is the
path-graph Py. Then Py\{«,...,v;_1} contains N + 1 — i vertices, and the total
cost of evaluating the contribution of a simple path of length ¢ is ~ (d*(3N + 2).
Finally, we note that in the course of evaluating the contribution of a certain simple
path p, we simultaneously evaluate the contributions of all subpaths of p. The
operations counted by Eq. therefore generate (/+1)d? elements of the partition
of f (M) This improves the computational density of the path-sum method for tree-
structured matrices to ~ 3Nd. Therefore, we conclude that evaluating any element
of a partition of a matrix function of a tree-structured matrix using path-sums is
efficient: i.e. the cost is linear in the number of vertices in the tree.

3.4.5 Quasideterminants

The determinant is a concept of central importance in commutative linear algebra.
Initially, interest in the determinant lay in its equation-solving properties. Similarly,
noncommutative analogues to the determinants were investigated in the context of
systems of equations involving quaternions from the end of 19*" century onwards[63,
64]. The concept of quasideterminant first arose in the late 1920s [65], 66}, 67]. More
recently, research on quasideterminants was revived by a series of papers by Gel’fand
and coworkers [68, [69, [70] who discovered that they share some equation solving
properties of the usual determinant, see [36]. Consequently, quasideterminants found
many applications in mathematics |71} [72, [73], [74] and mathematical-physics [75], [76],
77, [78]. We begin by defining the quasideterminants following [36].

Definition 3.4.2 (Quasideterminants [36]). Let X be a D x D matrix with formal
entries x;;. Then X is invertible over the free division ring D(X') generated by
X = {xi;h<i<pi<j<p and let Y = X1 = (y;;). The (i, j)th quasideterminant of X
is the element of D(X') defined by

X[ = (ys0) ™" (3.57)

The quasideterminants are therefore inverses of the elements of the transpose of
the matrix inverse of a matrix over a division ring. The reason for this seemingly
complicated definition is that quasideterminants obey a simple heredity principle.
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Proposition 3.4.2 (Heredity principle [36]). Let X € DP*P. [f D = 1, then
IX|11 = z11. Otherwise, for D > 2, let XY be the (D — 1) x (D — 1) matriz obtained
from X upon deleting row the ith row and jth column. Then

X|ij = iy — ] [XI|71 5, (3.58)
where M~ designates the entry-wise (Hadamard) inverse of M, 7 € D=1 qnd
C;" e DP=DX1 gre respectively the ith row and the jth column of X with xi; removed.

As we shall see, the heredity principle above is recovered by the path-sum result
in the case of the Ky graphﬂ We begin with a definition necessary to state the
path-sum result on quasideterminants in full generality.

Definition 3.4.3 (Quasideterminantal matrices). Let X € DP*P and {|X|..} be a
partition of X. The elements |X|,, of this partition are called quasideterminantal
matrices.

Theorem 3.4.1 (Generalised heredity principle for quasideterminantal ma-
trices). Consider X € DP*P | let X,,, be a general partition of X and let G be the
graph of {I — X}aw. Then, as long as all of the required inverses ezist, the quaside-
terminantal matrices |X‘wa are given by the path-sum

|X‘—10 B Z (_1)ep (X(a,...,ugp))—l wap . (x(a))_l Xopa X5 1, (3.59a)

wa ww 12
Ig; aw

where £, is the length of the simple path and

|X‘flo _ [Xa _ Z (_1)Ecxawc (X(oz7--.7,uec_1)>*1 .. (X(Oé))fl Xma] 71, (359b)

e} Hee e 22
FQQ; a

with ¢, the length of the bare cycle. In these expressions M™1® designates the entry-
wise inverse of M.

Proof. We start with Proposition 1.2.8 of [36], where the authors remark that
quasideterminants can be written as a sum of weighted walks on a weighted di-
graphﬂ With our notation, their result reads

N=Xlg=1— > W, [I-X;'= Y Wu. (3.60)

weWg, i weWg; ji

This is just the representation of the power-series for the matrix inverse as a walk
series (see more generally Eq. (3.5]) of §3.2.2) in the case where the matrix is par-
titioned into its usual matrix elements. This extends straightforwardly to general

4Complete graph on 2 vertices.
5The authors use the term path for our walk, simple path from i to i for our cycle off vertex i,
and word to designate the weight of a walk.
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partitions

=Xloa=1— Y W], I-Xt= Y W, (3.61)

wEWg;aa wEWg;wa

and the generalised heredity principle for quasideterminantal matrices follows di-
rectly from the weighted path-sum Theorem [2.3.4] ]

Remark 3.4.1 (Standard heredity principle). The standard heredity principle for
the quasideterminants of a matrix with formal entries follows directly from Theorem
in the case where X is partitioned onto Ky, the complete undirected graph
on two vertices. To see this, let P be a permutation matrix such that z;; is a
diagonal element of (PXPT). The partition of PXPT into four blocks (PXPT) =y,
(PXPT) = XY and thus X,, = s , Xaw = 17 is a valid general partition of PXPT
and hence of X. Then Eq. (3.59b) reads

X[at* = [Xa = Xaw X5 Xoa] = Xy = gy — ] X710, (3.62)

which is the standard heredity principle.

3.5 Proofs of Path-Sum Expressions for Common
Matrix Functions

In this section we prove the path-sum results presented earlier without proof. We
begin by proving the results of relating the partitions of M* and f(M) to the
partition of M. We then prove the path-sum results for a matrix raised to a complex
power (§3.5.2), the matrix inverse (§3.5.3)), the matrix exponential (§3.5.4), and the
matrix logarithm (§3.5.5)).

3.5.1 Partitions of matrix powers and functions

Consider an element R,M*RT of a general partition of M¥. On inserting the identity
in the form of the closure relation over projector-lattices between each appearance
of M in the product and using ¢,, = RERH, we obtain [20, [19]

= > RMRIR, - MRIR,MRY = Y My, - Myy,My,a,  (3.63)

M s-++572 Mk s-++5712

with « = n; and w = ;1. This expression describes matrix multiplication in
terms of the partition of M and provides an explicit description of which pieces of M
contribute to a given piece of M*. It follows that the partition of a matrix function
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f(M) with power series f(l\/l) = > e, fx MF is given by

Z fk Z MWIk o 773772 ana- (364)

Mk s-++5712

This equation relates the partition of f(M) to that of M.

3.5.2 A matrix raised to a complex power

Proof. We consider a matrix M € CP*P_ To prove Theorem we start from the
power series

M? = i (z) (M — I)¥, (3.65)

k=0

where ¢ € C and (Z) = ¢%/k! is a binomial coefficient, with ¢& the falling factorial.
Note that although the sum only converges when the spectral radius p(M — 1) < 1
the result of Theorem [3.3.1] is valid for matrices of arbitrary spectral radius by
analytic continuation, as will be shown at the end of this section. For the moment,
we require that p(M—1) < |[M—I|| < 1, where ||.|| is any induced norm. By applying
the result of Eq. to Eq. we find that an element of a partition of M? is

given by
q — — _
(Mq)wa - Z (k) Z M“”?k o Mn3772 Mmav (3'66>
k=0 Wg;aw;k
where we have introduced the auxiliary matrix M = M — | and G is the graph of

the partition of M. We shall now recast this expression so as to make the loops of
the walk (a)(ame) - - (mew)(w) appear explicitly. To this end, we remark that when
a loop off a vertex u occurs p € N consecutive times in a walk, the contribution of
the walk comprises a factor of (M,)?. Thus

(M), =Z()Z S ST (MM (M) My (M) (3,67

m= OWQO aw;m {pitFk—m

In this expression any two consecutive vertices py and gy are now distinct and
the sum ngo;am;m runs thus over the walks of the loopless graph G,. Each integer
p; € N, called a loop number, represents the number of consecutive times a loop is
undergone off a certain vertex. The notation {p;} F k—m on the final sum therefore
indicates that the final sum runs over all possible configurations of the p; numbers,
that is all configurations of kK —m loops on m + 1 vertices, subject to the restriction
that the loop number p; on any loopless vertex is fixed to zero. This implies that
Z;ntl p; = k—m and the p; are thus said to form a weak composition of £k —m. We
now remark that for any such weak composition and ¢ € C, the following relation
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holds:
(i) -% >y F (P (0= 1) = )
km km—1=0 k1=0 T'
(Pl b g (P, (309
where the first sum is an indefinite sum to be evaluated at k,, = —¢ — 1. From now

on we will denote this by Z,;z;é. Equation (3.68)), which is independent of the value
of each individual p;, is proved by induction on m. Upon substituting this relation
into Eq. (3.65) and rearranging the order of the summations we obtain

o0 oo  —q—1  knm
RSB S S D Y NP
m=0 Wgo,aw m{pz} 0 km=0km_1=0 k1=
(=M )72 (R — K+ Pz)@Mma(Ma)pl(/ﬁ +p)”, (3.69)
where the sum ZC{’;}:O =D =0 2pusr=o Tuns over all the loop numbers, subject

to the restriction that the loop number p; on any loopless vertex is fixed to zero. We
now evaluate the contributions from the infinite loop sums in closed form by noting
that

oo

o s (K — ki1 + i) ki ki )
D (=M, : ) = (M,,)~(Rimhi-) =1 (3.70)
— pi:
where we have used the fact that p( L) < M= M, =1 < IM =1 < 1.

Introducing Eq. ( into Eq. and setting kg = 0 by definition yields the

expression

oo —q—1  kn
YT DD D SR 3 R I
m=0 Waosawim km=0 km_1=0 k1=0
s (M) "R IM 0 (M) (3.71)

This expression is an m-fold nested discrete convolution. In order to convert the
discrete convolution to a product, we take the unilateral Z-transform of the above
expression with respect to n = —q — 1. We obtain

Y £

m=0Wgq:aw;m

o [ V1 e ¥ O | o Ma}‘l} [n]

. (372

n=—q—1

where z € C is the Z-domain variable. Now the content of the inverse1 Z-transform is
a sum of walk contributions. Indeed we can see We = [Iz‘1 — Ma]  as an effective
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weight associated to vertex a. This effective weight results from the dressing of «
by all the loops off @ which is performed by Eq. (3.70). Then upon remarking that
e.g. My,a = W, is the weight associated to edge (apg) from o to e, Eq. (3.72)) is

(M) = =2 3 W wa - Wilwo Wl | (3.73)
Gosaw
This is now in a form suitable to the use of Theorem 2.3.4. We obtain
(M) = =2, Z Fovia,.vt W] Muy, -+ Fo(ay[re] Musa Fgla] o [n]| -, (3.74)
Hgo;aw n=—q—1
where G is the graph of {(M —1),,}, £ is the length of the simple path, and
-1
Fola] = |1 =" My Fororosn - il -+ Foray Moo | - (3.75)

Fg;a

with m the length of the simple cycle. The quantity Fg[a] can itself be seen as an
effective weight associated to vertex a resulting from the dressing of a by all the
closed walks off o in G. Since a loop is a simple cycle, the dressing of the vertices
by their loops is included in Fgla] as well. This is obvious if one considers a graph
G that is reduced to a unique vertex a presenting a loop. In that case Eq.
yields Fola] = [lz71 = M,]7! = WeE. For convenience we can make the loop dressing
completely explicit in Eq. by separating the loops from the other simple cycles

-1
Fola) = [1:7" = Ma = >~ Mg, For i ] -+ Fora 1aMpne | (376)

Fgo;a

and note that now the sum runs over the simple cycles of the loopless graph G.
Together with Eq. the above Eq. constitute the expressions presented
in Theorem B.3.11

Now we prove that Egs. , yield M? for any matrix by analytic continu-
ation. First, for any finite-size matrix Fgs. , present only a finite number
of terms and must therefore converge, regardless of p(M —1). Second, Egs. ,
agree with the power-series Eq. when it exists, i.e. when p(M —1) < 1.
Third, the function M? and the expressions Eqs. , are analytic. It follows
that Eqgs. , constitute the unique analytic continuation of the power-series
of M?. This proves Theorem [3.3.1] O]

3.5.3 The matrix inverse

Proof. We consider an invertible matrix M € C”*P. To prove Theorem we
write the matrix inverse as M~ = 3> (I — M)". Note that the sum only converges
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when the spectral radius p(M — 1) < 1; nevertheless, the result of Theorem is
valid for matrices of arbitrary spectral radius by analytic continuation, see
above, we omit the details. Introducing an auxiliary matrix M = | — M, we apply
the result of Eq. to the power series to obtain

Z Z ) 7)3712 M’?QQ‘ (377>

n= OWgawn

where G is the graph of the partition of M. We follow the same procedure as in
33.5.2l above and we omit the details; the result is

= i S =M M, 1= M) T My, [T=M,] T (3.78)

n=0 Wg:aw;n

:i D (DM Moy, - M M, MG (3.78b)

n=0 ng;aw;n

where we have used M, = | — M, and M, = —M,,. Eq. (3.78b) is a sum of
walk contributions with effective vertex weights WZH = M;l resulting from the loop
dressing of ;¢ which occurs when M,, # 0. We now use Theorem and obtain

M) o= D (D Fofaun WM, - - Fo\(ay [va] Mya Fgla, (3.79a)
Tgyau
where G is the graph of {(M —1),,}, £ is the length of the simple path, and
-1

Fgla] = [Ma_ > (1" Moy, Foya.. um_l}[um]-“Fg\{a}[uz]'\/'ma] . (3.79b)

FGo;&

with m the length of the simple cycle. Similarly to §3.5.2, we have separated the
contribution of the loops from that of the other simple cycles. This proves Theorem
0.5.2) O

3.5.4 The matrix exponential

Proof. We consider a matrix M € CP*P_ To prove Theorem and Lemma m,
we start from the power series expression exp(tM) = > > t"M"/nl. By applying
the result of Eq. (3.5 to this series we find that the partition of exp(t M) is given
by

exp(t M), an > Muy, -+ My, My (3.80)

n=0 Wgawn
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with G the graph of the partition of M. Following the same procedure as in §3.5.2]
we make the loop of the walks appear explicitly

exp(t M), Z | Z Z Z @) Moy, (Mg ) Myga (Ma)”; (3.81)

m=0 Wg;awsm {pi}rn—m

where the again loop numbers satisfy Z 1 'p; = n — m, with the restriction that
the loop numbers on any loopless vertices are fixed to zero. Such a sequence is said
to form a weak composition of n —m. We now note that for any weak composition
of n — m, the following identity holds:

n

1 t t2 t
dtm---/ Aty (t =ttt oo (ty — )20 = — 3.82
p1!p2!"'pm+1!/g 0 i ) (£ )P n! ( )

This result — which does not depend on the value of each individual p; — is straight-
forwardly proved by induction on m. By substituting this identity into Eq. (3.81)
and rearranging the order of summations we obtain

P (M), (3.83a)

Pm+1 o P2 ”

5 5 [ [l M )
pm-i—l p2! p1!

m= OWQ() jowsm {pl} 0

= Z > /dt / dty elttmMap el M\ etiMe - (3.83D)

m=0 Wg:aw;m

This intermediate result proves Lemma [3.3.1, In order to continue, we note that
this expression is an m-fold nested convolution. To convert the convolution to a
product we take the Laplace transform of both sides:

E[exp tM wa Z Z [, fw wum e ‘C[fm(t)} Mma ['[foc(t)]: (3-84)

m= OWgoawm

=3 S M M- M M - MU (385)

m=0 Wgo;aw;m
where the second line follows on noting the result £[exp(tM,)] = [s| — M,,] ' As
in the previous sections, we remark that Eq. (3.85]) is a sum of walk contributions
with an effective vertex weight of We = [sl — M,]~'. On using Theorem to
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turn Eq. (3.85)) into a path-sum, we obtain

émax
Llexp(tM)_ 1= D" Fofarwn}[w] Muw, - Far(ap v Muye Fgla],  (3.86a)
=0 TG, :au;e
-1
Fg[Oé] = [SI Z Ma,umFg\{a ..... Lo — 1}[:um] T FQ\{a} [N2]Mu2a ) (386b>
Tgyia

where ¢ and m are the length of the simple path and of the simple cycle, respectively.
In this expression, the contribution from the loops is explicitly separated from that
of the other simple cycles. O]

3.5.5 The matrix logarithm

Proof. In this section, we consider a matrix M € CP*P with no eigenvalue on
the negative real axis. To prove Theorem [3.3.4] we write the matrix logarithm as
logM = =3 (I = M)"/n. This series only converges when the spectral radius
p(M — 1) < 1; nevertheless, the result of Theorem is valid for matrices of
arbitrary spectral radius by analytic continuation. We introduce the auxiliary matrix
M = | — M and rewrite the power series as

(logM),, :_Z ST M, My, My, (3.87a)

n=1 Wgo awin

[e.9]

:_Z:LZ Z Z M M Moy, - (Mm)mmma('\_/la)pl’ (3.87b)

= m=0 Wg:awim {pi}rn—m

with G the graph of the partition of M. The second equality is obtained by making
the loops explicit through the same procedure as in §3.5.2 Just as in the previ-
ous sections, the loop numbers form a weak composition of n — m. For any such
composition, the following identity holds:

1 1
— = / g™t PP L gPr (3.88)
n 0

This identity allows the contributions from the infinite loop sums in Eq. (3.87b)) to
be evaluated in closed form. By restructuring the double summation we obtain

-1

(log M) M = —(im/ [1—2M,]  dz (3.89)

> / T N B v B v B v B

m=1Wg:awm
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where we have written [I — acl\_/lﬂ}_1 for Z;O:O(xl\_/lu)p and ¢, is a Kronecker delta.
Note that the first part of this expression — which represents contributions from
walks consisting entirely of loops — has a slightly different structure than the second
part, owing to the absence of the term with zero loops when w = a. Just as for
the previously obtained matrix functions, the integrand of Eq. (3.89)) is a sum of

walk contributions with effective vertex weights WZH = [I —zM u} . On using the
path-sum formula, Theorem Eq. (3.89) transforms to
(logM) = (3.90a)
1
/ dr 27! (I - Fgla]), w=q,
0

1
- Z dz 2" Fo\far v} [WIMu, -+ Fo\(ay [V2) Musa Fgla],  w # a,
Tggs0w

where ¢ the length of the simple path and
_ _ _ _ -1
Fg[a] = [l —zM, _Z " Maum FQ\{a,...,um_l}[/Jm] T Muauz Fg\{a} [N2]Mu2a] )

Fgo:a

(3.90b)

with m the length of the simple cycle. Note that we have again explicitly separated
the contribution of the loops from that of the other simple cycles. Theorem [3.3.4]is
now directly obtained upon replacing M by | — M. O

3.6 Summary and Outlook

The method of path-sums is based on three main concepts: firstly, the partitioning
of a discrete matrix M into an ensemble of submatrices whose dimensionalities can
be freely chosen; secondly, the mapping between multiplication of M and walks on
a graph G whose edge pattern encodes the structure of M; and thirdly, the exact
closed-form resummation of certain classes of walks on G through the dressing of
vertices by cycles. By combining these concepts, any partition of a function of a
finite matrix f(M) — whose entries do not necessarily have to commute with one
another — can be exactly evaluated in a finite number of steps, provided the required
inverse transforms are analytically available.

Using a directed graph to encode the structure of a matrix allows any structure
and symmetries that the matrix possesses to be easily recognized and exploited.
We thus expect the method of path-sums to have widespread applications in, for
example, the study of Markov chains and quantum many-body physics, where the
relevant matrix — the many-body Hamiltonian — is both sparse and highly structured.
In Chapters [4] and [5] we present applications of the method to the study of quantum
dynamics.

A major issue which we have not addressed so far is that of the truncation of
a path-sum. On highly connected graphs the number of simple paths and simple
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Figure 3.3: Graph used to illustrate path-sum truncations.

cycles can be very large, so that an exact evaluation of the flips and statics of f (M)
may have a prohibitive computational cost. Additionally, for most applications
requiring the computation of a function of a matrix, an inexact but accurate result
is sufficient, in particular if the matrix M itself is known only with a finite precision.
In such cases, it is desirable to truncate the exact expressions given in the Theorems
of §3.3 e.g. by dressing vertices to a depth smaller than their exact dressing depth
or by neglecting certain simple paths. This may also be motivated by considerations
external to the method: in quantum mechanics, simple paths and cycles on the graph
of the Hamiltonian represent physical processes (similarly to Feynman diagrams, see
Chapter [4)) some of which might be negligible. The accuracy of truncated numerical
approximations to the path-sum will thus be of paramount importance in many
applications. Consequently, we discuss below a few preliminary results we have
established on this subject.

The first step in understanding truncated path-sums is to clarify what we mean
by truncation. Indeed, as indicated above, there are many ways one can truncate a
path-sum. We begin by showing that there exists 3 non-equivalent types of trunca-
tions.

Truncation types

Consider a path-sum expression for a common matrix function, e.g. the walk-
generating function off vertex 1 on the graph depicted on Fig. (3.3)),

1
9g;11(2) = 2 22 23 . (3.91)

1—2 1_p2_ 25

= 112 2)

Truncating this expression by removing one or more terms can be done in a large
number of ways, each of which yields a different approximation to gg.11(z). Let
9G.11(2) be one such truncation of gg.11(2). We define £ and E the sets of all edges
traversed by the simple paths and simple cycles contributing to gg.11(2) and ggT; 11(2),
respectively. Finally we define the symmetric difference £5 = €& © 5 which is the
set of edges that have been removed from & by the truncation. Then the truncation
96.11(2) falls into one of three categories:

i) EsNEz = 0, that is the simple paths/cycles neglected from g1(z) in the trun-
cation traverse edges that are not traversed by any of the simple paths/cycles
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retained in the truncation. This is for example the case of the truncation

1

2

z
1 1—22— 2
1

—z

95;11(3) = ) (3.92)

which is the exact walk generating function of the graph:

Truncation of type i.

Truncations of this type simply correspond to removing edges from the graph.
This can cause the graph to become disconnected, in which case the truncated
walk generating functions correspond to a graph with less vertices than are
present in the initial graph. Consequently g5 (z) will be a ratio of polynomials
of smaller degree than those entering gg(z).

ii) £&x N Es = &g, that is all the edges traversed by the simple paths/cycles ne-
glected in the truncation are also traversed by simple paths/cycles that have
been retained in the truncation. To clarify this, consider the following exam-

ple:
1
ggT;ll(Z) = = 22 >3 : (393)

=2 1222 (1-0x2) (1-22- 2

which corresponds to neglecting the loop off vertex 2 when dressing vertex 2 in
the triangle (1321) while taking it into account when dressing vertex 2 in the
back-track (121). The truncated gg.,,(z) is the exact walk-generating function
of the graph:

Truncation of type ii.

On this graph the loop off vertex 2 is indeed only present when going through
the back-track (12,1) and not the triangle (132,1). In the general case such
truncations correspond to graphs with more vertices than are present in the
initial graph. This has a surprising consequence: the approximation gg(z) will
be of higher degree than the rational function gg(z) it approximates.
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iii) ExNEx # 0 and Ex N Ex # Ex, i.e. the truncation is a mixture of the above
two types of truncations. The degree gg(z) can be higher or lower than that

of gg(2).

This brief analysis applies generally to any truncation of a path-sum and thus shows
that truncating path-sums is not simple: in particular it does not necessarily cor-
responds to zeroing out elements of the matrix M whose function f(M) is being
calculated.

Remark 3.6.1 (Simulating non-Markovian dynamics). Truncations of type ii) could
perhaps be used to simulate non-Markovian behaviors in physical systems. Indeed,
such truncations correspond to neglecting edges depending on their context (i.e.
inside of which simple path/cycle is a vertex being dressed). In Chapter 4| we
show that in the context of quantum dynamics, each edge of the graph representing
the configurations available to a physical system correspond to a physical process
provoking a change in the state of the system. Then walks, simple paths and simple
cycles represent succession of physical processes occurring in the system, i.e. its
histories. In this picture, truncations of type ii) are equivalent to certain physical
processes taking place or not depending on the previous history of the system,
something characteristically non-Markovian.

Behavior of truncated path-sums

The question of the quality of the approximation obtained by truncating a path-sum
remains largely open. A naive approach to this question based on evaluating the
number of walks taken into account in a truncated path-sum encounters a variety
of problems: i) the number of walks taken into account and neglected are both
typically infinite; and ii) the weights of the walks might play a dominant role.

A more promising alternative consists of constraining the weight of fully dressed
simple paths and simple cycles based on their length. In the region of convergence of
the power-series representation of f(M) this is straightforward. To see this, consider
the power-series expansion f(z) = > f,2" with convergence radius ps. Let M €
CP*P {M,,} a partition of M with graph G and define m = max,, |Ma.||. Clearly
the weight W(p] of a fully dressed prime p € Ilg U I'g of length ¢(p) and with end
points u, v in the path-sum expression of f(M) is upper bounded by the total weight
carried by all the walks with end points p, v and of length greater than or equal to

l(p), i.e.

Wil < 37 Wol(n) fum™, (3.94)
)

n>€(p

where we assumed existence of the power-series. This holds as long as m x b < py
with b the maximum eigenvalue of the largest connected component of G containing
vertices p and v.

The result of Eq. works well for entire functions, predicting for example a
super exponential decay of Wp| as a function of ¢(p) for f(z) = e* on path-graphs
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ﬂ This approach fails however for many functions of interest, e.g. log(z), 27 etc.,
for which the region of convergence of the power-series representation of f(M) is
finite. In such situations it may be possible to establish the decay of fully dressed
primes from more general arguments. Recent research [80, 8] 82, [83] showed that
the entries f (M)ij of certain matrix functions decay exponentially with the length of
the shortest simple path between the vertices that correspond to entries M;; and M;;.
Furthermore, Prof. Benzi and coworkers have recently extended these results to the
norm of the statics and flips of any tensor-partition of f(M) [84]. We are convinced
that these results are related with the weight of individual prime walks, such as is
the case for entire functions. For matrices which are deterministically known, the
demonstration of such a link has resisted our attempts so far. For random matrices
however, the results of Chapter |5 establish that on average the weight of a fully
dressed simple path decays exponentially with its length. In turn this implies that
on average, matrix functions are exponentially localised.

6This result is closely related to the decay away from the diagonal of exp(M) with M tridiagonal,
established by [79].






CHAPTER 4
QUANTUM DYNAMICS

With application to quantum mechanics, path integrals suffer most grievously
from a serious defect. They do not permit a discussion of spin operators
or other such operators in a simple and lucid way.

R. P. Feynman

In this chapter we study the real-time dynamics of quantum systems using the
method of walk-sums, a weaker form of path-sum and which is equivalent to the walk-
sum Lemma for the matrix exponential. In this chapter however, we derive
the method of walk-sums relying solely on physical arguments. As we shall see,
these draw a picture of quantum dynamics that is very similar to that underpinning
Feynman’s path integral approach.

This chapter is organised as follows. In section[d.I] we present two physically mo-
tivated derivations of Lemma [3.3.1] In particular we demonstrate that the Lemma
describes the dynamic of quantum systems via a sum over histories, a discrete ana-
logue to Feynman path-integrals. We give explicit formulas to calculate physical
quantities of interest in the walk-sum formalism, such as expectation values and
conditional expectation values. In sectiond.2] we illustrate walk-sum by determining
analytically the dynamics of continuous time quantum random walks. Our results
remain valid for non-Abelian walks, where the internal and external dynamics of the
‘walking’ particle are coupled. Finally, in section[d.3] we investigate the dynamics of
systems of strongly interacting Rydberg-excited Mott insulators using the method
of walk-sums. The work in this chapter forms the basis of two articles that are
currently under revision.

4.1 Walk-sum: a physical derivation

We consider a quantum many-body system S to be comprised of two parts S and 5.
The physical approach to the walk-sum Lemma is based on the following observation:
If S" is a large set of constituents whose dynamics is frozen, then all interactions
between S and S’ can be evaluated exactly and the evolution of S is described by
a small effective Hamiltonian. Walk-sum expresses the true many-body dynamics
in terms of such simple situations with a frozen S’ and a few evolving constituents
S. This approach might seem similar in essence to mean field theory where an
atom of interest interacts with a field resulting from the mean behaviour of all other
particles. The difference is that here we make the mapping from many-body to
few-body dynamics exact, that is we make S interact with all possible fields it could
be subjected to depending on the configuration of S’.

74
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In practice, the walk-sum method divides the matrix representing the time evolu-
tion operator of a finite-dimensional quantum system into small pieces. These pieces
are called conditional evolution operators and are introduced in section [4.1.1} where
we describe the general approach of the method. In section we derive an equa-
tion that allows one to calculate any conditional evolution operator and therefore
any desired piece of the full evolution operator. We then show in section that
the generation of conditional evolution operators can be represented by walks on a
graph. This facilitates the evaluation of the walk-sum expression. In section [4.1.4
we give the expression of the conditional evolution operators in the Laplace domain.
Finally, we demonstrate how the method allows one to evaluate expectation values
and conditional expectation values in §4.1.5

4.1.1 Model system and general approach

We consider a quantum many-body system S that is described by a time-independent
Hamiltonian H and comprised of N physical constituents. The state space of the
kth constituent is spanned by dj. internal levels, where d; can be different for every
k. Let {|ix)} be an orthonormal basis of length dj associated with constituent £,
and Py; = |ig)(ix| be the projector onto state |ix). Next we split the system S
into two parts S and S’. Here constituent s is taken to be S, and all remaining
constituents are grouped in S’. Note that constituent s can be comprised of one or
several physical particles. We define so-called projector-lattices

Acts on S/ Acts on S

— =~
En = @kesPrs, @ ls= |m){p| @ I (4.1)

that are projection operators in the state space of the full system S. The index p
is a short-hand notation for the configuration onto which S is projected and Iy is
the identity operator on S. There is a total of Hi\;s dy, different projector-lattices
corresponding to all possible combinations of projectors Py ;, . Projector-lattices are
themselves orthogonal projectors and the ensemble of all possible projector-lattices
is closed,

EvEpy = 51/,u Evy Zey = |> (42)

where | is the identity operator on the state-space of the whole many-body system
S. Next we partition the time evolution operator U = exp[—iHt] (from now on we
set i = 1) into submatrices with projector lattices,

UM = Bres Thipes, @ Upa®) = )] © Uyt (43)
——
Acts on S’ Acts on S

Here Ty ;—; = |ix)(ji| denotes a transition operator in subsystem k, and U, () is
a so-called conditional evolution operator that is represented by a (small) dy x d
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matrix. U,.,(t) generates the time evolution of subsystem S provided that (i) the
remaining many-body system S’ was initially in configuration |u), and (ii) the state
of S at time ¢ is given by |v). The closure relation in Eq. implies that the full
time evolution operator U(t) can be represented in terms of conditional evolution

operators,
Ui =3 { W) (il @ Uy () } (4.4)
" N~ ——
" Actson S’ Acts on S

In the language of Chapter , the ensemble {U,.,,(t)} forms a tensor product parti-
tion of U(¢). The method of walk-sums allows one to compute conditional evolution
operators efficiently, i.e. in a number of operations scaling polynomially in the
number of involved particles, and independently of one another. If in a particular
physical problem only a small subset of all possible configurations of S’ is relevant,
then our approach allows one to approximate the full time evolution with a moderate
computational effort.

4.1.2 Derivation of the conditional evolution operators

In this section we derive an explicit expression for conditional evolution operators
using two different approaches: the first emphasises their interpretations in terms
of histories of the system and the second, simpler, relies on existing results from
perturbation theory.

Conditional evolution operators as superpositions of histories

We begin with writing the time evolution operator U(t) of the complete system S
as a succession of infinitesimal time evolutions

M
U(t) = exp[—iH¢] —}gﬂ)néU —}gglt)ll{zazaaéU}, (4.5)
where dU = | — iHdt is the infinitesimal evolution operator from (n — 1)dt to ndt
and M = t/§t. In the last step in Eq. we inserted the closure relation for
projector lattices [see Eq. ] In the following, we derive explicit expressions
for the conditional time evolution operators U,.,(t) by a re-summation of terms
arising in €,U(t)e,. Let us first focus on ¢,U(t)e,, and in particular the term where
all intermediate projector lattices ¢, in Eq. are all equal to ¢,

M
UZEO) =g, H{gl, 5U}51, =¢e,0Ug,0U...g,0U¢e,. (4.6)

n=1

The physical meaning of this term is the following. First S’ is projected into config-
uration v, then dU evolves the full system S from 0 to é¢. Then ¢, projects S’ onto
configuration v, followed by a time evolution of S for 6¢, and so on. In the limit
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ot — 0, S’ is frozen by continuous (Zeno) measurements of |v)(r| and S evolves
freely under the influence of S” in configuration v. We find

M
. 0 _ 1 . _
(sltlglou,, 61151310 li[l(al, ie,He,ot) = u,(t,0), (4.7)
where
u,(t, 1) = g, e tevHert=t) (4.8)

is a so-called Zeno evolution operator that evolves S between times t and ¢’ while .S’
is frozen in configuration |v). Zeno-evolution operators obey the following relations

uu,=0 ifv#p eu, =ue =u, and ulu, = uul = ¢, (4.9)

Next we discuss the projection €,U(t)e, for i # v and focus on those terms that are
of the form

ul) = e,0Ue6U...6,6Us, U £,6Ue,0U...c,6U¢, (4.10a)
= —iététl, oUe, 0U...g,0U &y e He, €,0Ue,0U. . .¢,0U¢,, (4.10b)
=X (M*]\;[,' times 6U) =Y (M’—Ttimes oU)

where we employed ¢, 0Ue, = —idte,He,. Now let t = Mét and ¢’ = M'st. The

term Z/{,E,l) can be interpreted as follows. Initially S’ is projected into state |u) and
we observe that limgs o) = w,(t,0). This is the Zeno evolution operator for S
that keeps S’ static in state |u) between 0 and #'. Then the subsystem S’ makes
a jump from configuration |u) to configuration |v) [term e,He,], followed by the
evolution of S between ¢’ and ¢ with S’ frozen in state |v) [term X in Eq.
fulfils limgs;—o X = w,(¢,t')]. Note that the limit ¢ — 0 cannot be taken directly in

L{,EL), since there are M — oo (6t — 0) similar terms appearing in ,U(t)e, that
differ from L{V(}) only in the position of the jump operator ¢,He,, i.e. the time ¢’ at
which S” makes the transition g — v. Summing over all these terms and taking the
limit ¢ — 0 yields

M t
altiinm —i6t X (t, q6t) H Y(qdt — 6t,0) = —i/ u, (¢, ") Hu,(t',0)dt’, (4.11)
q=1 0
and the integral is thus a continuous sum over the time for the jump pu — v to
occur. The full expansion of €,U(t)e, also contains terms with an arbitrary number
of intermediary configurations 7, between the initial and final configurations p and
v, respectively. For each of these configurations, the jump 1, — 74+1 can occur at
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any time t, between 0 and the next jump at time ¢,4,. Thus

JU(t)e, = uy(t,0)5,, + (4.12)
Z —"Z // / (t, tw)Huy, (tn, tn 1) H .Uy, (2, t1)Hu, (1, 0)dty . . . dt,

where the sum over n counts the number of jumps between different intermediate
configurations 7,. While S evolves smoothly in time, Eq. describes S’ as
evolving stroboscopically in its state-space: e.g. S’ is static in configuration p from
0 to time ¢, then jumps instantaneously to another configuration v where its stays
static until ¢5, and so on. Each succession of configurations adopted by S’ from 0 to
time ¢ is a possible history of S’. The dynamics of S as obtained by Eq. then
appears as the superposition of the effects on S of all the possible histories of 5.

The expression for £,U(t)e, in Eq. simplifies greatly on using the mixed-
product property of the tensor product (A ® B)(C ® D) = AC ® BD. Indeed,
this implies that for any two projector-lattices ¢, and ¢, there exist small d, x d;
matrices H,, H,, and U,._,(t) such that

Actson S’ Actson S
——

~ =
6,/H€V = ®keS’Pk,ik (29 HV = |I/> <I/| (029 HV s (413&)
Uy(t) = ®k€g/|3k,ik X €_iH”t = ‘I/><I/‘ X GiiHut, (413b)
e Hey = Qres Thipej, @ Huey = ) (p| ® Hoey. (4.13c¢)

The H, matrices are called statics because they physically correspond to small ef-
fective Hamiltonians driving S when S’ is static in |v), i.e. frozen in configuration
v. Similarly, the H,._, matrices are called flips and represent how a jump of S’ from
i to v affects the dynamics of S. Together they form a tensor-product partition of
the Hamiltonian. The H, are Hermitian and (HW_M)T = H,—,. Using these matrices
and the mixed-product property we can completely separate the evolution of S from
the evolution of S’. It follows that Eq. is equivalent to

Uy () = e M5, + Z - (4.14)
« Z // / —iH, (t— tn Iﬂ;nnelenn(tn to— 1)H77n‘*77n .. 71H tldt d
Ms--TNn

Note that this expression for U,.,(t) only comprises ds x ds matrices. With Eq.
we achieved to transform the complications associated with the real-time dynamics
of a quantum many-body system into the sum over the intermediary configurations
M, ..M, of S’ In the following section [4.1.3] we will show that each contribution to
the sum in Eq. can be represented as a walk on a graph. This visualisation not
only clearly brings out all the physical processes contributing to U,.,, and facilitates
the evaluation of Eq. , but most importantly it gives the physical meaning of



4.1.3 Representing the time evolution on a graph 79

walks, simple paths and simple cycles as system histories.

Perturbation theory

We now provide a simpler and shorter alternative derivation of the conditional evo-
lution operators from a perturbative expansion of the time evolution operator in
the transitions undergone by S’. We start with the well-known expression (see, e.g.,
Complement AI2 in [85]), called Dyson series for the evolution operator. In time-
dependent perturbation theory, it is used to describe the dynamics of a system with
Hamiltonian Hy in the presence of a perturbation V

U(t,0) = exp[—l (Ho + V)t] = exp[—iHot]+ (4.15)

Z " / / / Tt g iMolintn) oMol gy,

In order to establish Eq. (4.12)) via Eq. (4.15]), we expand the Hamiltonian H in terms
of the complete set of projector-lattices in Eq. (4.2) and obtain H = Hy 4+ V, where

Ho—Z&/H&,, V= Zestﬂ (4.16)

VEN

If these expressions are introduced in Eq. (4.15)), the orthogonality of the projector
lattices directly yields the result in Eq. . From this, the mixed product prop-
erty of the tensor-product gives Eq. . This indicates another interpretation for
the result of Eq. : the transitions undergone by S’ can be seen as perturbations
affecting the evolution of S.

4.1.3 Representing the time evolution on a graph

The sum over the intermediary configurations 7, in Eq. can be interpreted as
a sum over the histories of S’; a history being a succession of configurations adopted
by S’ from 0 to time ¢. To visualise the histories, we construct a graph G as follows:
i) For each configuration v available to S’, draw a vertex v,.

ii) For each non-zero flip, i.e. when S’ is allowed to make a transition between two
specific configurations p and v, draw an edge between v, and v,.

Because of i), we call G the configuration graph of the system. Now we can see
that a multiplication by e~ "7 in Eq. represents the evolution of S while S’
is stationary at vertex v, during time 7. A multiplication by H,._, in Eq.
corresponds to an instantaneous move of S” along the edge v, — v,. Consequently,
the histories of S’ appear as walks on G and their superposition is obtained as the
sum over all the walks, in complete analogy with the Feynman path-integrals. If
the system had continuous degrees of freedom, the sum over histories, that is the
sum over the walks, would become an integral over histories which corresponds to
an integral over the walks, i.e. a Feynman path-integral. An equivalent to the
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Figure 4.1: (a) A square, the graph G of all configurations available to S’, here an
ensemble of two spin-1/2 particles labelled 1 and 3. Each edge represents a transition
allowed by the Hamiltonian in Eq. . Highlighted in solid-red and dashed-blue
are two walks of S on G, i.e. two possible histories of S’ between time 0 and time
t. (b) The histories of S’ represented by the solid-red and dashed-blue walks in (a)
where t1, t9, t] and ¢, are the jumping times. This representation of the histories
can also be thought of as the discrete equivalent of Feynman diagrams, the physical
processes being the spin flips caused by the Hamiltonian.

Feynman diagrams also exists in our situation: this is the succession of physical
processes underwent by S’ during a history. Finally, from a practical point of view,
the graph itself facilitates the visualisation of the histories of S’ contributing to a
given conditional evolution operator. To clarify these notions, we now construct the
configuration graph of a small physical system.

Example 4.1.1. Consider a 1D chain of three spin-1/2 particles, and choose S to
be the central spin, labelled 2. S’ is thus comprised of the other two spins 1 and 3.
Suppose that the Hamiltonian of the system is

3 2
H= Z Aot + Z Joloth (4.17)
i=1 i=1

where o0, , are Pauli matrices and A and J are two real parameters. There are 22 =4
orthogonal configurations available to S’ and G has 4 vertices. Indeed, choosing the
configurations to be those specifying the direction of the spins along the z-axig| the

projector-lattices are eq,1, = [T1T3)(T1 T3], €115 = [Tala)(T1lsls €1y = [L1T3) (L1 T3]
and €, 1, = | l1l3)(l1l3]. We find that the flips and statics are given by

Hi 1, =2J0; + Aoy, Hy, = —2Jo. + Ao, (4.18a)
Hl1T3 = HT113 = Ao, Hw—,u =A Is; (418b)

x?

where v and p are two configurations of S’ that differ by exactly one spin flip.
The graph G has therefore 4 edges and is the square. The graph G as well as two

1One could equally well choose to specify the spins along another axis.



4.1.4 Evaluation of conditional evolution operators 81

examples for histories of S’, two walks and the equivalents of Feynman diagrams are

all represented in Fig. [4.1]

In order to make the superposition of histories manifest in the expression for
U, (%), we relabel the sum over intermediary configurations into a sum over all the
walks on G. If the initial and final configurations of S” appearing in Eq. are
respectively p and v, then the relevant walks all start on vertex v, and terminate
on the vertex v,. The conditional evolution operator U,., is therefore

Uyelt) = ‘“vtamz > (4.19)

Wg vpin

/ / / —iH, (t— tn u%nne —iHy, (tn—tn— I)Hnann e 71H tldt d

where Wg.,,.., is the ensemble of walks of length n on G from v, to v,. Eq. (4.19) is
the walk-sum Lemma applied to the matrix exponential exp[—iH¢].

4.1.4 Evaluation of conditional evolution operators

Conditional evolution operators are most conveniently evaluated in the Laplace do-
main, because this transformation turns the nested convolutions in Eq. into
a product of matrices. Let M, (s) = L(exp[—iH,t]) = (sl +iH,)™" be the element-
wise Laplace transform of exp[—iH,t] with s the Laplace domain variable. It follows
that the Laplace transform of a conditional evolution operator is given by

Uy (5) = My(8)0 + > D i7" My(8) Huyy, - Hypoy Mu(s). (4.20)

n=1 Wg.uun

This is the expression we use in computations. It only involves multiplications and
additions of dg; x dy matrices. Considering the case where all the Mu(s) can be
obtained analytically, we remark that the matrix elements of the M .(s) are ratios
of polynomials in s. The roots of the denominator polynomial are —i), with ), an
eigenvalue of H,. This is therefore also true for any element of the sum in Eq.
and performing the inverse transform into the time-domain can be done according
to the formula

Uppu( ZRes [0, (), =i\, (4.21)

where Res[f(s), A] denotes the residue of f(s) at A. In all practical situations the
infinite sum in Eq. is truncated at some order K. With this approximation
only walks of length n < K are taken into account. It is important to establish the
convergence properties of such truncated walk-sums.
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Convergence

Consider the contribution to U,.,(t) of the walks of length exactly K, denoted
Ul[,[ﬂ#(t). A naive bound for the norm of this quantity is
Q)"

e (4.22)

HUL[ﬁu(t)H < |WG;VM;K’
with Q@ = max,{H,, .} and |Wg,,.x| is the number of walks of length K on
G between vertices v, and v,. It is noteworthy that |Wg,,.kx| is bounded by a
polynomial in the number N of particles of the system, see below. The bound
demonstrates that provided S comprises a finite number of particles, the series of
Eq. is absolutely and uniformly convergent for any finite time.

Computational cost: polynomial scaling in N

In this section we show that the number of floating point operations required to
approximate a conditional evolution operator to order K scales polynomially in the
number of particles N of the system. For simplicity and without loss of generality,
we assume that all particles have d internal levels and that S contains p particles,
and thus dy = dP. The evaluation of a single walk of length K to a conditional
evolution operator requires 2K + 1 multiplications of dy X ds matrices (K statics and
K +1 flips), i.e. ~2Kd? operations. Then all the walk contributions must be added
together. This represents an additional |Wg,,,,.x|d? operations. The total number
Nk of operations required to obtain U,., at order K is therefore

Nk = 2K + d2)|\Wg.:x - (4.23)

The remaining task is to derive an upper bound for |Wg.,,.x|.

Suppose that the flips of the Hamiltonian H of S [see Eq. ] are only non-zero
for those configurations p and v of S” where at most ¢ particles change their state
in a transition from p to v. For example, the expressions for the flips in Eqs.
and demonstrate that the Hamiltonians in Egs. and have ¢ = 1.
In fact, most of the common Hamiltonians have ¢ = 1, 2. With p particles in S there
are N — p particles in S’ and thus there are (N P ) ways to choose which ¢ particles
among N — p undergo a transition. Furthermore, for each particle that changes a
state there are at most d — 1 possible basis states available for the transition. In
total, there are thus at most V' < (N;p )(d — 1)7 configurations directly accessible
to S’ from any given one. By construction of G, this is also an upper-bound on the
number of vertices that share an edge with any given vertex on G. It follows that
there are at most VX walks of length K attached to any vertex of G, and thus we
find

|Wg;VM;K| < (N;p)K(d - 1)qK7 (424)

which scales polynomially in N — p for small q.

Remark 4.1.1 (Spin-1/2 systems). The upper-bound Eq. (4.24)) is very loose and
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we only use it to demonstrate that |Wg,,.k| is always bounded by a polynomial
in N. For example, for a system with N + 1 spin-1/2 particles, one particle in S
(p = 1) and a Hamiltonian with ¢ = 1, the graph G is the N-hypercube, denoted
‘Hy. In this case, we have found that the number of walks of length ¢ = d 4 2k > 0,
ke N 0<d< N, between two vertices 4 and v separated by a distance d idﬂ

5 172 N2 g p |
(Wt s avan] = 5 D> @i py)tF Y (L )(,)(—1)], (4.25)

i=0 =0 =i\

where py = N mod 2 and |-] is the floor function. This is substantially smaller
than the N4*2% of the bound Eq. (4.24), indeed for N > 1, N > /{, we have
|WHN;uu;d+2k| ~ 27k(N—d/2—1)k(d—|-2k‘)!/k‘! < N2k and for ¢ >> N, |WHN;/M/; d+2k|
2—N+1 Nd+2k < Nd+2k.

The observation that the number of walks of length K on G is always bounded by
a polynomial in N is a direct consequence of the sparsity of quantum Hamiltonians:
there are not so many configurations accessible to S’ through K jumps. Together

with Eq. (4.23)), Eq. (4.24) yields the following upper bound for the number of
operations required to obtain U,., at order K

Nic < Kd +d?) (V77" (@ — 1)K, (4.26)

It follows that when ¢ < N, the computational cost for the evaluation up to order
K of a single conditional evolution operator scales polynomially with the number of
particles V.

At the opposite, the progression of the accuracy with K as well as it scaling with
N at fixed K are open questions. In any case, to approximate well the entire wave-
function of the system |¢)), it is necessary that the number of conditional evolution
operators responsible for most of the norm of |¢) scales polynomially with N. This
means the system is well confined to a part of its Hilbert-space whose size also grows
polynomially with N. We note that an increase in time requires to include higher
order terms in Eq. . Finally, we remark that conditional expectation values
converge much faster than ordinary expectation values because the former quantities
are insensitive to the norm of the overall state vector. In the next section we discuss
how expectation values and conditional expectation values can be calculated via
conditional evolution operators.

4.1.5 Expectation values and conditional expectation values

Here we demonstrate how conditional evolution operators can be employed for the
evaluation of expectation values and conditional expectation values. For simplicity
we assume that the initial state of the full system is given by [¢(0)) = |u) ® |1(0)),

2We prove this by induction on N.
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where |1)4(0)) is the initial state of S. Note, all the relations of this sections are easily
extended to more general initial pure states  c,[p) @ [15(0)) upon introducing a
sum over y as appropriate. The state vector of the full system can then be obtained

via Eq. (4.4) and is given by

9 (1) = UOI(0) = 3 {19 @ [ahn ) (4.27)

v

where |94())y—, = Uy (t)|15(0)) is a piece of the wavefunction of the full system.
Any mean value of an observable O can be calculated via Eq. (4.27). With the
definition €,,O¢, = |[V/){v| ® O, we find

|Z Ul Ou Uy [104(0)). (4.28)

In this expression UL_W, = (UV:H!L)T. It follows that any expectation value of an
observable O can be computed directly from conditional evolution operators if O is
expanded in the projector lattice basis ¢,,.

Next we investigate in more detail the meaning of the piece [1)5(t)),—, = U, (t)[105(0))
of the full state vector. To this end, we write the projection of |¢)(¢)) onto the range
of ¢, as

e [9(t) = v) @ [s () Zaelué (4.29)

where the probability amplitudes «; of state |v{;) (S’ in configuration v, S in state
|(s)) are determined by U,.,(t). This shows that U,._,(t) directly evolves the pro-
jection of the full state vector |1 (t)) onto a ds-dimensional subspace corresponding
to S’ in configuration v, as shown in Fig. 4.2l We emphasise that conditional evo-
lution operators are submatrices of U [see Eq. ] and therefore not necessarily
unitary. It follows that U,._,(t) does not generally conserve the norm of |¢4(0)).
Indeed, Eq. implies that the norm of [¢);(¢)),., is given by the probability of
finding S’ in configuration v at time ¢, knowing that it was initially in configuration

I,
(0 (0)| U, (£) Uy u(t) [¢5(0)) = (£0)s- (4.30)

We now turn to conditional expectation values and show that some of them can
be computed directly via a single conditional evolution operator. To this end, we
note that the expectation value of an arbitrary operator O, acting on S with respect

to |¥s(t)) vy is given by
(s(0)] Ul (1) Os Uy (1) [#5(0)) = (Ose0)e, (4.31)

where (Ose,); is the expectation value of Oge, at time t. Egs. (4.30} 4.31)) directly
yield the conditional expectation value (O;/v) of Oy, knowing that S’, initially in
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¥(0))

Figure 4.2: The conditional evolution operator U,.,(t) evolves only the projection
of the full evolution U(%)[¢(0)) onto the subspace of the full state-space that cor-
responds to S’ being in configuration v. Note that in this picture, S’ is initially in
configuration .

configuration u, is in configuration v at time t,E|

(O (Ws(0)] U], () Os Uy () [¢5(0))
(ev) (¥5(0) Ulimn () Uy (£) 105 (0))

Finally, Egs. and imply that the full set of conditional probabilities allows
one to compute the mean value of an operator acting on S, > (O,/v)(e,) = (Os).
We use the preceding results in sections and §4.3] where we apply the walk-sum
method to study continuous-time coined quantum random walks and the dynamics
of strongly interacting Rydberg-excited Mott insulators. But first, we give a very
simple example to illustrate the method.

(Os/v) = (4.32)

Example 4.1.2 (Dynamics of 3 spins). Consider a small 1D chain with 3 spin-1/2
particles evolving according to the Hamiltonian in Eq. . Suppose that initially
all three spins are up along z, i.e. [(0)) = | T:1T2T3) and suppose that we are
interested in the time evolution of the conditional expectation value (Ta / T173).
This is the probability for spin 2 to be up along z knowing the other 2 spins are up
along z. To implement walk-sum, we take S to be the spin 2 and S’ comprises spins
1 and 3. Similarly to the example of section [4.1.3] we choose the configurations of
S’ to specify the direction of these spins along the z-axis and obtain the flips and
statics of Eq. . The graph G is the square represented in Fig. . According

3The fact that (Ose,)/(e,) is indeed the conditional expectation value follows from [Og,e,] = 0
and 2 = ¢, [86].
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Figure 4.3: Top figure: evolution of (T / 1173) evaluated by walk-sum at order 2
(solid blue line) compared to the exact solution (dashed red line). Bottom figure:
evolution of (T2 / 1173) evaluated by walk-sum at order 4 (solid black line) compared
to the exact solution (dashed red line). Note that order 4 is the next non-zero order
after order 2. Parameters: J/A = 4.

to Eq. (4.32), the quantity (T2 / T113) is given by

<w5<0) ‘ UJTr1T3—>T1T3 PT2 UTlTS‘*TlTS |w8(0)>
<’l/}5<0) ‘ U¥1T3—>T1T3 UTITS‘*TITS ’w3(0)>

where Py, = |T2)(T2| and |¢5(0)) = | T2) is the initial state of subsystem S. Con-
sidering the closed walks off vertex vy,1; on G and keeping only walks of length 2 or
less, the conditional evolution operator in the Laplace domain Uy, 1,1,1, is given by

(T2 / T113) = : (4.33)

Walk of length 0 Two walks of length 2
~ — 9= = N -~ O
UT1T3<—T1T3<S) = MT1T3 + (_IA) MT1T3(M11T3 + MT1L3)MT1T3 ) (434)

where the factor (—iA)? comes from the flips. The two walks of length two taken
into account here are those highlighted by solid-red and dashed-blue lines in Fig. 1.1}
In Fig. |4.3| we compare the walk-sum result for the time evolution of (T / 1173) to
the exact result. For short times Jt < 3w, the agreement between the walk-sum
estimation of (To / T173) at order 2 and the exact result is excellent. Differences
appear for Jt 2 31 and grow larger with time. At order 4, which is the next non-zero
order, the difference between the walk-sum estimation and the exact result does not
exceed 5 x 1073 for ¢t up to Jt ~ 7m, which represents a relative error of less than
0.5%. As a comparison, the method of path-sums yields Uy 1,1,1,(s) exactly as

UT1T3<—T1T3(8) = [Sl — Ao, —2Jo, (4.35)

1

— 2A2[sl — Ao, — A’B]™! — 2A*ABsl — Ao, — A%B|Y|
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where A = [s| — Ao,]™! and B = [sl — Ao, + 2J0, — A*A]7L.

4.1.6 Two state vector formalism

To conclude the discussion devoted to the physical interpretation of the conditional
evolution operators, we demonstrate that the Aharonov-Bergmann-Lebowitz rule of
the T'wo State Vector Formalism [87, [88] can be naturally expressed with conditional
evolution operators. This formalism was developed by Aharonov and coworkers to
answer the following question. A quantum system initially in state [¢g) at to is
measured at a later time ¢y in state |¢p;). What is the probability to find this
system in state [¢,) at any time ¢ € [ty,tf]? The conditional probability of finding
|1,) at t knowing the system starts in |¢g) and ends up in |¢;) noted Pr(0;q; f / 0; f)
was shown by the authors to be [87]

(P[P W) [(DIP,|W)[”
Pr(0;q; f/0; f) = = : (4.36)
(QW)[2 (P22 Py [ D)2
where P, = [¢,)(¢,| and {P,} is an ensemble of orthonormal projectors with

> Py =1, P, e {P,}. This result is known as the Aharonov-Bergmann-Lebowitz
(ABL) rule and |¥) = Utyy) and (®| = (¢;|UT are known as the forward and

backward evolving states, respectively.

Now we derive the ABL rule using the conditional evolution operators. For sim-
plicity we assume that |)g), [¢f) and |¢,) are either identical or orthogonal. When
considering quantum evolutions as sums of walks, i.e. superpositions of histories,
the information about the initial, intermediary and final states is encoded in the
vertices of the graph G through which S" must pass. More precisely, the probability
Pr(0;¢; f) that S’ evolves along any of the of walks from vy to vy passing through
vg at t1s

Pr(0;q; f) = [(0¢|UL_, (. £)Ugeo(t, 0) [tho)|*- (4.37)

This follows from Eq. (4.31)). Additionally, the probability that S’ be found on vy
at t; knowing that it started on vy at t = 0 is, according again to Eq. (4.31)),

Pr(0; ) = [(¢4|Ug—o(ts, 0)|o0) |*. (4.38)

Thus the probability of finding the system in state |¢,) at ¢ knowing that it was
initially in |¢)9) and is to be found in [¢;) at ¢ is, as dictated by Eq. (4.32),

(7 |UT . Ugeoltbo)
[(¥¢|Usoltbo) |2

This is the the expression derived by Aharonov and coworkers. Indeed, upon in-
troduction of the closure relation on projector-lattices at ¢ in the denominator of

Pr(0;¢; f /0 f) = (4.39)
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Eq. (4.39), [(s|Upeolvo)* = 32, [(@rlUsq,(ts, )Ug—0(t, 0)|tbo}|* and thus

|51V} Ugeolto)
20, (WU peq, (. ) Ug,o(£, 0)|h0) >

Several remarks are now in order. First, if S has more than one internal level d, > 1
then Eq. is really a generalised form of the ABL rule. Indeed in our derivation
of Eq. , we took the measurements at ¢, ¢, and ¢y to concern only S” and to be
thus generalised measurements. The usual form of the ABL rule is recovered through
additional constrains on the internal state of .S, i.e. by introducing projectors Py ;.
Second, in the derivation of Eq. , we conveniently supposed that [¢), |¢,)
and |¢y) directly correspond to vertices vy, v, and vy on a graph G. This is possible
only if the states are either orthogonal or identical, i.e. that they form part of an
orthonormal basis of the configuration space of S’. If this is not possible, the state(s)
that are not part of the chosen basis whose states are in correspondence with the
vertices of G, must be decomposed onto that basis. Formally they then correspond
to several vertices that the walks must visit.

The equivalence between Eq. and the ABL rule Eq. demonstrates
the idea that post-selection can indeed be seen as a constraint on the walks or, in
Feynman’s terminology, the paths, accessible to a quantum system. The walk-sum
and path-sum methods are thus naturally suited to study post-selection in quantum
systems.

Pr(0;q; f /0; f) = (4.40)

4.2 Quantum random walks

For the things we have to learn before we can do, we learn by doing.
Aristotle

Since quantum mechanics was first devised, the superposition and uncertainty
principles have proven to be permanent sources of rich and counterintuitive behaviors
in physical systems. Perhaps the most striking consequence of these principles is the
fundamental capacity of quantum systems to perform some computations with an
efficiency simply beyond that of the classical realm. Among the numerous schemes
proposed to implement quantum computations, one of the most surprising is the one
based on quantum random walks (QW). These were introduced by Aharonov and
coworkers [89] as the quantum equivalent of a classical random walk. Surprisingly,
the authors showed that a quantum particle moving freely on a lattice could undergo
very long distance jumps, thus behaving very differently from its classical counter-
part. Subsequent studies on QW uncovered a large array of unexpected properties,
such as much faster mixing and hitting times on certain lattices than their classical
equivalents [90, 91]. In the mean time, it was shown that QW could be used to solve
decision problems [92], perform quantum computations [93] and as a tool in quantum
algorithm design [94]. As a consequence QW are now a very active field of research
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[95, 96, 97]. One of the latest development of the field concerns the experimental
simulation of bosonic to fermionic through exotic statistics using 1D QW of photons
on arrays of waveguides [98] 99] [100, 101], 102]. Future experiments in this domain
will undoubtedly implement similar schemes on different 2D and 3D lattices and
might include polarisation dependent jumping amplitudes. These would enable an
exploration of dynamical behaviors and correlations in non-Abelian lattices, which
are paramount to simulations of lattice field theories [103, [104], 105] and topolog-
ical insulators [106, 107]. It is thus important to dispose of a single efficient and
easy to implement theoretical method to compute the dynamics of non-interacting
particles in any QW. In this context, we solve exactly all continuous-time quantum
random-walks performed by non-interacting particles on any lattice, including finite
sized and faulty lattices and including the non-Abelian case with coupling between
internal and external dynamics. We achieve this using the method of walk-sums.

We consider an ensemble of non-interacting particles each with m internal levels
living on a D-dimensional lattice £ with N sites, possibly infinite. Since the parti-
cles are non-interacting, the Hilbert space is factorable as a tensor product of the
state-spaces associated to each particle and we shall thus consider only one particle
without loss of generality. Initially located on a single site denoted 0, the particle
can jump to other sites along each direction d with a probability amplitude B;. This
quantity can be a matrix describing any possible dependencies of the jumping am-
plitude on internal degrees of freedom. In the general case, the jumping amplitudes
along different directions may not commute: [By, By| # 0. In this situation we say
that the walk is non-Abelian. When located on a single site «, the energy of the
particle is described by another matrix A which does not necessarily commute with
any of the B;. The Hamiltonian governing the evolution of the particle is

H=A®l+ Y BioA, (4.41)
d

where | = )" |o)(c] is the identity on the spatial degree of freedom, |a)(a| being
the projector onto site a. For latter convenience we also introduce |, the identity
on the internal degree of freedom of the particle. The A, operators act on the
spatial degree of freedom and are responsible for the particle jumps. For example,
on a 1D lattice where jumps are allowed only between neighbouring sites, A, =
Yoz +1) (x| +|z)(x+1]}. In lattice field theories, the Ay operators are commonly
the discretised momentum operators pg and are therefore tridiagonal for 1D lattices.

We compute the dynamics of the particle driven by the Hamiltonian of Eq.([4.41))
using walk-sum and path-sum. In particular, we will see that the walk-sums involved
in a conditional evolution operator U,. ¢(t), which transfers the particle from site 0
to site a, can be evaluated exactly as soon as the number of walks of a given length
on the lattice is known, even when [A By] # 0. Firstly, we consider the isotropic
case where B = B, is identical along all dimensions. Secondly, we tackle the general
non-isotropic case with arbitrary jump operators. We give examples of isotropic and
non-isotropic quantum random walks.
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4.2.1 Isotropic case

In the isotropic case we consider a particle with m internal levels which evolves
according to the Hamiltonian

H:A®I£+B®2Ad7 (4.42)
4

where Ay are the jump operators on the lattice along dimension d. Jumps between
non-nearest neighbours are accounted for by adding edges to the lattice, linking
pairs of sites between which jumps are allowed. The lattice so obtained is denoted
L and its adjacency matrix is simply >, A4. The matrices A and B are arbitrary
possibly non-commuting k£ x k matrices that act on the internal degree of freedom
of the particle.

Following the terminology of §4.1.1] the statics represent the action of the Hamil-
tonian on the particle when it is static on a lattice site @. When calculating
U = exp[—iHt], the static is thus —iA. Similarly, the flips represent the action
of the Hamiltonian on the particle when it jumps from a site to another, here this
is —iB. Let «a be a site of the lattice and 0 the site on which the particle is ini-
tially located. Then the conditional evolution operator U, () is a k X k matrix
acting on the internal degree of freedom of the particle and which specifies only
the initial and final sites of the particle. We evaluate U,. ((t) in the Laplace do-
main, see §4.1.4] Noting that the Hamiltonian is isotropic, we find the contribution
Wiwg] = (sl, +iA)~'[ — iB(sl, + iA)_l}(Z of any walk of length ¢ to be identical.
Therefore the walk-sum expression for l~Ja(_0(s), Eq , simplifies to

Uao(s) = (sl +1A)~ Z|W£W| — iB(sl, +iA) '], (4.43)

where [We.aox| = #We.aoe is the number of walks of length ¢ from site 0 to site
« on L. This quantity is analytically known for various lattices among which, the
infinite path-, square and cubic lattices, the infinite triangular, honeycomb and dice
lattices and finite path-, circular-, complete and hypercubic lattices. Therefore,
when the number of walks is known, the sum of Eq. is analytically available.
Otherwise, the number of walks can be found numerically in O(N?) operations
by computing powers of the adjacency matrix of the lattice [20]. The result of
Eq. solves continuous time isotropic quantum random walk over any lattice
with arbitrary coupling between internal and external dynamics, and remains valid

when [A, B] # 0.

Remark 4.2.1 (Isotropic commuting case). In the case A and B commute, we can
evaluate the conditional evolution operator directly in the time domain

_ o
Unco(t) = e |W£;a0;g|a(—18)é. (4.44)
: !
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In this situation, the conditional evolution operator is the exponential generating
function of {Wg.40.4}o<e evaluated at —iBt.

Example 4.2.1 (Isotropic commuting quantum random walk on square lattices).
As a simple example of isotropic quantum random-walk, consider a spin one particle
living on a square lattice £. The Hamiltonian we consider is

H=6l,® I+ JJ, @ Ag, (4.45)

with 6 and J real parameters, |, and |, respectively the identity operator on the
internal and external degrees of freedom. The operator A, is responsible for the
particle jumps on the lattice, its matrix representation is provided by the adjacency
matrix of £. Finally, J, is the spin-1 matrix along x. The term J, ® A, therefore
connects the internal and external dynamics of the particle. The walk is nonetheless
isotropic and, since [l,, J;] = 0, we can use Eq. to evaluate U(t).

First, we consider the case where the lattice is infinite, i.e. £ = Z2. On this
lattice, the number of walks of length 2¢ + |z| + |y| between the initial site 0 and
a site with lattice coordinates (x,y) is |We; ()05 20+ (2|+]yl| = (2€+|92I+|y\) (Ze”x;";'yl).
Supposing J > 0 without loss of generality we easily evaluate Eq.(4.44) and find the

evolution operator to be

(x,y|U(t)]|0) = 6_1&(5%0(5%0(' — Ji)—i— (4.46)
e (=) 0 (278) 311 (28) (Slaf4151,0dd o + Olafy)Even I3

where J,(x) is the Bessel-J function with parameter a and ¢ is the Kronecker delta
function. The Bessel-J function is a signature of the ballistic spread of the wave
packet throughout the lattice [98]. Finally, we observe that if the particle is initially
in the internal state [¢(0)) with (¢(0)|J;|¥)(0)) = 0, then the evolution operator
creates a kind of antiferromagnet: the spin configuration of sites located at an odd
Manhattan distance from the initial site is orthogonal to that of the sites located at
an even distance.

We now turn to the finite lattice case. Let N, be the number of sites in the z
direction and N, the number of sites in the y direction. We label the sites of the
lattice with their coordinates, the initial site being (xg,y9). The number of walks
of any length from the initial site to any site (xg,y0) — (z,y) is found either via
direct diagonalisation of the adjacency matrix A, or via the inverse Z-transform of
the lattice walk-generating functions. Both approaches yield

2€+2 Nz Ny j Ik 7le i
We. z,y)—(x A =
’ E:( 7y) ( Ovyo)!e| (Nx + Zl ,Zl P 0( ) COS N + 1) cos (Ny + 1)

L TT N o Loy e YT Yo
XSm(ijLl)Sm(N;—i-1)Sm(Ny—i—1)Sm(NZ+1)' (4.47)
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The evolution operator then follows from Eq. (4.44):

Nz Ny

(, y[U(O)|z0,50) = €7D > Surag (1) Sy (5') % (4.48)

=1 j'=1

1= il sin (2Cot +2Cyt) = 20250 (Cut + Gyt) |,

with C, = cos(+%5), C, = cos( ' )y Szz0(J) = sin( L7 )sin (M) and Sy, (7') =

Not1 Nyi1 Not1 Not1
: yﬂj') : (yoﬂj')
Sln(Nerl S AN, 11/

Example 4.2.2 (Isotropic non-commuting quantum random walk on the triangular
lattice). Consider a spin-1/2 particle living on an infinite triangular lattice, located
initially on site (0,0). The particle is subjected to the following Hamiltonian

H=Jo,®l;+0,T (4.49)

where J is a real number, o, , are Pauli matrices, T is the matrix representation
of the nearest neighbour jump operator on the triangular lattice, i.e. the adjacency
matrix of the lattice. The interest of the walk considered here lies in that the
contribution of odd and even length walks is proportional to o, and |, respectively.
Therefore, we expect that the propagation of a particle initially localised on a single
site will depend strongly on its spin state. We shall see that this is indeed the case.

The Hamiltonian of Eq. describes an isotropic quantum random walk, but

since [0, 0, # 0, we must use Eq. (4.43) rather than Eq. (4.44]). We find

ut) = £ [Z[sla n iaz]_1< ~iau[sly + iaz]_1>n ® T”]t, (4.50a)

=L [(slg —i0)® (14 )+ T —i0, @ T((1 + )l + TQ)*I] , (4.50D)
t
= l, ® cos(Et) — iJo, @ sin(Et)E™! —io, ® Tsin(Et)E™, (4.50¢)

with E? = J?I; 4+ T2. It will not be necessary to determine whether J?l; + T? has
a square root and, if so, which square root one should use for E. Indeed power
series expansions of cos(Et) and sin(Et)E™! only involves even powers of E and the
square-root really never appears in the calculations. The operators on the spatial
degree of freedom are given by

(2, y| cos(E)|0,0) — Z@;fl!"cn(x,y), (4.51a)
(z,y|isin(Et)ETY0,0) = Z%%(x,y), (4.51D)
(2, y|iT sin(Et)E70,0) = Z%Cn(x,y), (4.51c)
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0 002 004 0.05 0.07

Figure 4.4: Probabilities Pr[7,] (left) and Pr[|.] (right) after a time ¢/J = 37 /2.
The lattice is infinite, but only those sites with (x,y) € [—6, 6] are represented. The
initial site (0,0) is the central site of the figures. For clarity we have truncated the
colorscheme at 0.07 and Pr[],] goes up to 0.12 on the central site 0, and Pr[].] goes
up to 0.3 on the neighbours of 0.

with ¢, (z,y) the number of walks of length n from vertex (0, 0) to vertex (z,y) on a
lattice whose weighted adjacency matrix is J2l, + T? and C,,(z,y) = c,(z + 1,y) +
cn(r—1y) +ep(r,y+ 1) +cp(r,y—1)+cp(lx — 1,y — 1)+ co(z+ 1,y + 1). These
quantities are known analytically, e.g.

i) =3 (Z) R E (21? ) > (];) (j L y) (j ! as) (452)

q=0 k=0 j=0

In spite of this, the power series of Eqs. (4.51)) have no known closed form. They
can nonetheless be computed to very high accuracy.

On Fig. we show the probabilities Pr[7,] and Pr[].] that a particle, initially
located on site 0 with its spin up along z, be found to have spin up along z and down
along z, respectively. We observe that the particle propagation through the lattice
strongly depends on its spin state. For example, the probability that the particle
be found up along z on the neighbours of the initial site 0 is ~ 1.5 x 107 after
t/J = 3m/2. This is because most of the walks from 0 to its neighbours have an odd
length, forcing the particle to flip its spin. Consequently, an up spin particle cannot
propagate from site to site, rather it must tunnel to the second nearest neighbours
of a site. For this reason, Pr[1,] on site 0 decays slowly, while Pr[].] is found to be
sizable far from the initial site. If the particle spin is initially up along x, then both
odd and even length walks leave the spin unchanged and one could expect a ballistic
propagation of the unimpeded spin. However, the statics of the Hamiltonian are
Jo, and the particle evolves rapidly into a superposition of up and down spin along
x, see Fig. (4.5)).
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Figure 4.5: Probability Pr[f,] that a particle, initially located on the central site 0
with spin up along x, be found to have its spin up along z after times ¢t/J = /2
(left) and t/J = 37 /2 (right).

4.2.2 Non-isotropic case

We now turn to non-isotropic quantum random walks. In this situation the con-
tributions of all walks of a given length ¢ are not identical anymore. Rather, they
depend on the length of the walk along each dimension since B; # By . Additionally,
when [By, By] # 0, the contribution of a walk also depends on the particular order
with which jumps along each direction occur. For these reasons, the procedure we
used in the isotropic case does not extend to the non-isotropic one. Instead we par-
tition the Hamiltonian as a matrix of operators acting only on the external degree
of freedom of the particle

Hij = ai;lc + Z basij A, (4.53)
d

where A = (a;;) and By = (b4;;) are the matrix representation of the operators A
and By, respectively. Since the above representation of the Hamiltonian separates
the internal (i.e. spin) degree of freedom from the external one, we call it a spin-
partition of the Hamiltonian. If the flips and statics of the spin-partition are pairwise
commuting, i.e. if all [Ay, Ay] = 0, then the evolution operator is directly obtained
as U(t) = exp[—iH¢] and will depend on functions f(A,) of the Ay operators. In the
situation where [Ag4, Ay] # 0 the matrix-exponential of the Hamiltonian is evaluated
using path-sum, see . The functions f(A,) are available analytically, at least
as power-series, thanks to the highly structured nature of the jump operators A,.
In many cases, these series do not have known elegant closed forms but can be
evaluated to high accuracy with little computational effort. Taken together these
three steps yield the k& x k conditional evolution operators U,. () analytically. In
the following, we give examples of non-isotropic quantum random walks.
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4.2.3 Double jump quantum walk

For our first example, we consider a spin-1/2 particle living on an infinite 1D lattice.
The particle, initially located on site 0 is subjected to the following Hamiltonian:

Hi,j,k =Joo, @1, + 0; ® A, + Jo 0k®A(<x>>7 (4.54)

with (i,7,k) € [z,y, 2] arbitrary, |, the identity operator on the spatial degree of
freedom, A, the nearest neighbour jump operator and A,y = > |z + 2)(x| +
|z) (x 4 2| the second nearest neighbour jump operator. We shall consider here only
the 24 interesting non-trivial cases where at least two of i, j, k are different. We
obtain the solution via two different partitions of the Hamiltonian.

Spin-partition

We first use a spin-partition of the Hamiltonian to solve for the dynamics of the
particle. This partition is obtained from the projector-lattices

1. = 1T (Tl @1z, and g, =[].){]:|®I, (4.55)

where |, = Y _|z)(z| is identity operator on the spatial degree of freedom along
direction x. These projector-lattices correspond to a tensor-product partition of the
Hamiltonian. Choosing the spin quantisation axis to be z, we find the following flips
and statics of the partition to be

Hy o = Jo(T:loullz) + Ji(Telog]L=) Ae + Jo(T:lon| L) Ay, (4.56)

and similarly for H; 1, H; | and H; ;. Once again, the flips and statics are all pairwise
commuting and we can exponentiate H; ;; directly in the time domain. The exact
evolution operator is therefore

Ui jx(t) = cos(E; jxt)ls — i[JOUi + Ji0; A, + J2UkA<<:c>>} Sin(Ei,j,kt)Ei_,jl,kv

(4.57)

with E; ;, an operator acting on the spatial degree of freedom and which depends
on (1,7, k):

EZp = Jole+ TAL+ 3Ny, iAjFk (4.584)
E?, ;= Jole + (Jid, + J2A<<:c>>)2 , i (4.58b)
ES.; = JPAL + (Jole + J2A<<:c>>)2 , i #j (4.58¢)
B2, = J30% 0, + (Dole + 1iAL), i (4.584)
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Functions of the above operators are known analytically through power series, even
though these do not have elegant closed forms. For example,

= (it)* .
(x| cos(E; ;x1)]0) = Z %cy’k(n), (4.59a)
n=0 ’

o)
lt 2n+1

(z|isin(E; ;kt) E”,JO Z(

n=

oo
lt 2n+1

(x]iA, sin(E; ; 4t)E Uk Z (2n +1

n=

( QR ) R C 0

o (1t>2n+l

(2iA (ay) sin(Es st E1410) = (

(7 G 4.59d
o (A +tim). (@s0a)
are obtalned smﬁlarly, we omit the details. Noting that [A,, A,y] = 0 and that A,
and Ay are both P-structured matrices, we find the following analytical closed
forms for the quantities ¢49*(n), ¢49J(n) etc.

2 T
Ci’j’k(n) ( ) (n— p17P2){]2p1 JQPQ% l( 2p1 ) ( 2p2 ) (4.60&)
v D1, D2 b pr— 2 \py — i)

1,p2=0 q=0 2
p1.p q/2 even
|z|—gq even

p 2q
(n— _ 2p—q q
’“ E J0 ?) (q)pr 73 E <p—ﬂ— |I_q,)( - ,>, (4.60b)

q=0 q'=—2q
q—q’ /2 even
q—|z|+q’ even

o “~ (Y 2(n-p) 2 2 2n = 2p
ng’m (n) — ( ) Jl p Z JopquQq Z ( o |$|_q,)
0 \P 9=0 !

q'=0
q—q’/2 even
|z|—q’ even

cj,j,i _ - n J2(n—p) 2 2]7 Jgp,qt]q 24 2n — 2p
x (n) - P 2 Z q 0 1 Z n_ B |z|—q’

q=0 q'=0
q—q’ even

|z|/2—q’ /2 even

where (m"m) is a multinomial coefficient.

The diffusion of the particle through the lattice is here again strongly spin-
dependent. Consider for example the 7, 7, j case, where the onsite and second nearest-
neighbour jump amplitude matrices o; are the same while the first nearest neighbour
jump amplitude matrix o; is different. In this situation, the contribution of odd and
even length walks to U;; ;(t) is respectively proportional to o; and o;. Since sites
located at odd distances from the initial site 0 can be reached only via odd length
walks, a particle whose spin is initially up along ¢ on 0 will be found to have its
spin down along 7 on all odd-distance sites, see Fig. . A system comprising
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Figure 4.6: Probabilities that a particle, initially located on site 0 with its spin up
along j and undergoing the double jump quantum walk, be found up along j (blue
circles) or down along j (red squares). The up and down spin components of the
wavepackets are completely separated over the lattice. Parameters Jy = Jo = J,
J1 = QJ, t/J:ﬂ'.

N particles undergoing the j,i,j double-jump dynamically evolves into a kind of
antiferromagnet, in the absence of interactions !

Neighbour-partition

Alternatively, we may solve this quantum random walk with path-sum, partitioning
the Hamiltonian into blocks grouping two neighbouring sites. In this case the statics

are all
. J()O'Z' J10'j
HS = <J10'j Joai) y (461&)
and the flips are
. Jzak 0
Hr = <J10j J20k> . (4.61b)

The Hamiltonian is therefore a tridiagonal block matrix and the graph of the parti-
tion is a weighted infinite path-graph with loops on all vertices. These have weights
Hs while edges from left to right and from right to left have weight Hrp and H},
respectively. Let 0 be any vertex of the graph. We label vertices of the graph from 0
onwards with a € Z, a < 0 being on the left of 0. Since the graph has the structure
of the infinite path-graph, the Green’s functions are given by

G(s;0,0) = [sI—HS—HFQTH}—H}QHF _1, (4.62a)
G(s;0,|a]) = (QHp) G(s;0,0), (4.62D)
G(s;0,—[a]) = (Q'H})" G(s;0,0), (4.62¢)

where Q is a solution of the quadratic matrix equation (sl — Hg)Q — H}QH Q=1
[108]. Noting that the Hamiltonian is an infinite block circulant matrix, we obtain
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Figure 4.7: Probabilities Pr[1., 0](f) and Pr[f,, 1](¢) as a function of time, parame-
ters in the text.

G(s;0, ) from the results of [109] as

—1)* . _
G(s;0,c0) = (2—> fza_l (sl —Hs+ 2z "Hpe 2™ + zH}) Yz, (4.63)
i
where the contour is the unit circle |z| = 1. Computing the Green’s functions

G(s; 0, a) for specified 4, j and k is easily performed with Eq. (4.63). The conditional
evolution operators then follow according to §3.3.3t Ua—o(t) = £L71(G(s;0,a)) _,,.
When working out examples we found that performing the inverse Laplace transform
before the contour integration leads to faster and more stable computations than
evaluating the contour integral first.

As an example, consider the case where Jy = J; = o =Jand i = z, j = z,
k =y. A spin-1/2 particle is initially localised on a lattice site 0 and with spin up
along z. Suppose that we are interested in the time-evolution of the probabilities
that the spin be found up along z on the same site, denoted Pr[T,, 0](¢), and that it
be found up along x on a neighbouring site, denoted Pr[T,, 1](¢). We calculate these
quantities from Ug_o(t) and U;._o(¢). The full solution is obtained analytically, but
is cumbersome and will not be reproduced here. The dynamics of Pr[f., 0](#) and
Pr(1,, 1](¢) is shown on Fig. [1.7

Remark 4.2.2 (Finite lattice). The finite lattice case can also be tackled with a
neighbour-partition and using path-sums. In this case however, G(s; 0, «) is obtained
as a matrix-valued continued fraction of finite depth, for which we do not know any
elegant form. Imposing periodic boundary conditions however, the Hamiltonian is
seen to be a finite block circulant matrix and G(s;0, ) is obtained again from the
results of [109].

4.2.4 Dirac dynamics on a lattice

In this last example, we apply the techniques developed so far to solve the 1D lattice
Dirac equation. The relativistic electron obeying this equation lives on a quantised
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space and cannot be localised to within less than a non-zero length dz. As we shall
see, this leads to interesting connections between the maximum speed of quantum
evolution and the speed of light, and Zitterbewegung and spin.

Solution to the 1D Dirac equation

The 1D lattice Dirac equation with no potential reads in Hamiltonian formﬂ

B ) 0 o0.d, l,moc? 0 .
Hy = {—1ﬁc (dex 0 > + ( 0 —|Um002> } WY = ih 0. (4.64)

where d, = 0, !(|z)(x + 1| — |z)(z — 1]) is the discretised derivative and ¢, the
minimum localisation length. We recognize that the Dirac Hamiltonian is a quantum
random walk Hamiltonian, the walk being performed by a physical entity with 4
internal levels: the electron-positron pair. Since [l,, 0,] = 0, the evolution operator
is obtained directly from a spin-partition as Upjuc(t) = e M/, This is

UDirac(t) -
cos(£Eip) lo —imoc sin(%ElD)El’S l, —ip,sin(£Eip)Ep 0n
—ip,sin(£Eip)Elp 04 cos(£Eip) lo +imgc sin(%ElD)EfS l, /)’
(4.65)

where Eip = c\/ (moc)?lip + p2 is the 1D relativistic kinetic energy operator and
p. = —ihd, is the discretised momentum operator along x.

Remark 4.2.3 (Relativistic kinetic energy operator). Asin example only even
powers of the relativistic kinetic energy operator are required to obtain Upiuc(t).
However, this operator is of intrinsic interest and simple to obtain using path-sum
or walk-sum. Thus we now derive its matrix elements. Using the path-sum result
for the matrix powers , and noting that (mgc)?lip + p2 is an infinite block
tridiagonal matrix we find

a2
2\/mal

with o = x/d, the distance in units of J§,, A = h/(20xmgc) and oF) is the Gauss
hypergeometric function. Alternatively, we may obtain this operator as a walk-
series. Indeed

2 00 2n
—1)" 2n p
Eip = moc?y /1 Pe ) = mge? E _(=D" — ] . 4.
1D = 1oc +(moc) ¢ (1 —-2n)4" \ n moc (4.67)

n=0

1 1
2F1(——+Oé,—+04;1+205; _4A2)7 (466)

2a|E1p|0) = 2 A2
(2alE1p|0) = moc B 9

The elements of (p,/moc)”" are simply the number of walks between any two ver-

4Tn this section we let i appear explicitly to facilitate dimensional analyses and physical inter-
pretations.
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tices of the infinite path-graph with loops and edges weighting 2if/(mgcd,) and
—ih/(mocd,), respectively. Thus,

(20 (n';’oc)zn 0y = (25;206)% (—1)"° (TLQ_”O&) . (4.68)

Inserting this result in Eq. yields Eq. . Interestingly, the series of
Eq. converges only when |A| < 1/2, that is dx > h/mgc = A, the electron
Compton wavelength. We remark that the maximum speed of quantum evolution,
derived from purely geometrical considerations on the structure of the Hilbert space
[T10, [IT1], imposes that a particle which cannot be localised to within less than 4,
cannot propagate faster than | — ii/dzmg|. This is precisely the speed of light ¢ if
0, = ¢ is the Compton wavelength. In other terms, if massive particles cannot be
localised to within less than their Compton wavelength, then the structure of the
quantum Hilbert space bars them from propagating faster than light.

Eq. is the exact analytical expression of the matrix elements of the fully
relativistic kinetic energy operator. The formula fits perfectly numerical calculation
for E;jp on a quantised space. We also check that it fulfills the basic properties
expected of Eyp. First, consider a particle at rest, that is 1)) = > v¥]a) is a
constant throughout space. Then, using Eq., we observe that p2*|¢) = 0 as
expected. Thus it follows that Eiplt)) = mgc?|h), a result which we also obtain
directly from Eq.. For a particle with non-zero momentum, it is also easy to
verify that Eq. yields the correct kinetic energy in the non-relativistic limit

2
Euole) = mac (16) — 52} +.). (4.69)

Finally, the calculations presented here extend straightforwardly to finite lattices on

using the results of 2.4.2]

We now return to the calculation of the Dirac evolution operator. We expand
the sine and cosine functions appearing in Eq. (4.65]) in terms of powers of p,. Using

Eq. (4.68), we find

(2al cos(%ElD)|o> - %Z(—S)”%(Z) Quln), (4.708)
alsinGERERD) = o Y9G (M um. o)

with Qu(n) = 2Fi(3( —n),2(1 4+ o — n); 1 + a;4g—z), Q = —h?/(202*) and S =
m2c? +h*/dx?. The series of Egs. are very badly behaved, difficult to evaluate
for large enough n and bear little resemblance to anything physical. For these reasons
we recast these series into series of Bessel functions of the first kind J,(x), which
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demonstrate the ballistic spread of the wavepacket

et (ct|Q] /2h/ )2+ t
(2a|COS( E1p)|0) =S4/ %Z ’k’/ P ) J2k+a_%(\/§ﬁ), (4.71a)
, Tt = (ct| 2h\/_ 2k+a ¢
(2a|sm(ﬁE1D) Dloy=—5"14/ %Z | k‘,/ . ) JQHM%(\/E%). (4.71D)

The derivation of the above results, starting from Eqgs. , is extremely involved
and very difficult so it is not reproduced hereE|. The same derivation shows that
the Dirac propagator matrix elements accept the following approximations when
V/S(ct/h) > 1, i.e. the particle has spread over a region much larger than dz,

L2}
S

(20| cos(%ElD)\O) ~ Ja ( > cos(\/gz s (4.72a)

(20 sm(%ElD>Elg|o> ~ %:M (ﬂf> sin(vSL — o), (4.72b)

(20 + 1|p, sm(%Em)El—g\m ~ i\/W {‘5 (?lh) sm(\a\g - \/5%) (4.72¢)
~Tlat1] (%ﬁ) sin(|or + 1\% - ﬁ%)} .

These results demonstrate not only the ballistic spread of the wavepacket, but also
the existence of Zitterbewegung even in the absence of interference between electron
and positron degrees of freedom. Indeed the Bessel-J function represents the bal-
listically spreading envelop while the sine and cosine functions correspond to fast
oscillations of the particle with frequency w=cVS S/h. To understand what this
frequency is, remember that S = m2c® + h?/dx*: V'S is therefore the relativistic
momentum of an electron-positron pair localised to within dx. In particular, if the
pair cannot be localised to within less than an electron Compton-wavelength, i.e. if
8z = Ao, We obtain w = v/2mgc? /h. This is just a factor of v/2 under the known fre-
quency for Zitterbewegung obtained from the usual Dirac equation on a continuous
space 90, = 0. This discrepancy disappears in the presence of interferences between
the negative and positive energy components in the same wavepacket, interferences
required for the appearance of Zitterbewegung in the usual Dirac equation. In other
terms, we found the interferences to beat at 2mgc?/h. Furthermore, in the limit
0x — 0, we found that only the oscillations present in the interfering terms survive,
which explains why interference is required for Zitterbewegung in the absence of
minimum localisation length, and why the frequency associated to Zitterbewegung
is usually 2moc?/h.

Originally, the existence of Zitterbewegung led Schrodinger to remark that an
electron moving at the speed of light in a circular motion of radius \./2 has exactly

51 would be more than happy to provide it if required.
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the Zitterbewegung frequency and an angular momentum of mgc?/w = k/2, which
he interpreted as the electron spin. The problem with this argument was that, in
the absence of minimum localisation length, Zitterbewegung exists only when both
positive and negative energy components are present in the same wavepacket. Thus
Schrodinger’s idea fails to explain why spin, if originating from Zitterbewegung, ex-
ists and is important in non-relativistic quantum theory where positron components
are negligible in electron wavepackets. For this reason the idea was abandoned.
However, we demonstrated here that as soon as electrons cannot be localised to
within less than a non-zero minimum length dx, then Zitterbewegung always ex-
ists, in particular in the non-relativistic limit, and Schrodinger’s heuristic argument
meets no contradiction.

Solutions to the 2D and 3D Dirac equations with non-zero minimum
localisation length

Proceeding exactly as for the 1D Dirac equation, we find the dynamics of the rela-
tivistic particle on a 2D space to be

Ubirac(t) =
<COS(%E2D)|O— —imgc sin(%EgD)EQ_SL7 —1i sin(%EgD)EQ_S (P20 + Pyoy) >
] sin(%EzD)EQ_]% (P20 + Pyoy) cos(%EgD)Ig +imgc Sin(%EQD)EQ]%lO_ )

with Esp = C\/(mOC)QIQD + p2 + p2, and the solution to the 3D Dirac equation reads

3D

UDirac(t) -

< cos(%EgD)ICr —1imgc sin(%EgD)Egﬁlg —i sin(%EgD)Egg (Pz0z + pyoy + pzaz)>
—i sin(%Egp)Egﬁ (peOz + Pyoy + p202) cos(%EgD)Ig +imge sin(%EgD)E?:SIU ’

with Esp = c\/ (moc)?l3p + p2 + p2 + p2. These propagators present no further diffi-

culty than the 1D Dirac equation since functions of Esp and Esp are given by power
series similar to that of Eqs. (4.71]). Note, the values for the parameters 2 and S
change to

2.2 h2 _hQ
SQD = myC + W’ Q2D = W’ (473&)
3n? —3h?
SgD — mgCQ + W, Q3D — KQQ, (473b)

with dq¢ = dx = dy = dz, is the minimum localisation length along each dimensions
of our quantised space.
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4.3 Dynamics of Rydberg-excited Mott-insulators

Physicists like to think that all you have to do is say, these are the con-
ditions, now what happens next?
R. P. Feynman

In this final section we investigate the dynamics of systems of strongly interacting
Rydberg-excited Mott insulators using the method of walk-sums. We are interested
in determining the existence of crystalline dispositions of the Rydberg excitations
as well as coherent crystalline dispositions of the excitations, known as supersolids.
This new phase of matter, characterised by the simultaneous existence of both di-
agonal and off-diagonal long-range order, was first suggested to exist in Helium
[112, 113, 114], 115]. Recent studies have shown that supersolid phases might be ob-
tainable in optical-lattices [116} 117, T18]. In contrast to these results, the possible
dynamical creation of supersolids remains largely unexplored [119]. A system ideally
suited to study this question is that of Rydberg-excited atoms from a Mott insulator
in an optical lattice. These are formed by laser driving in the presence of strong
long-range dipole-dipole interaction. The interaction causes the excitation proba-
bility of an atom to either be inhibited (blockade) or be enhanced (antiblockade)
depending on the presence of a nearby Rydberg-excited atom. Previously quan-
tum computation and simulation schemes using similar effects have been proposed
[120, 1211, 122 123, 124]. Subsequent studies have shown that crystalline disposi-
tions of the Rydberg excitations could form the ground states of certain 1D and 2D
lattices [125], 126], 127, 128] and could also be created dynamically [129] 130, 131].
Yet these studies have not found supersolidity and have been confined to specific
parameter regimes.

In this section we explore both non coherent transient crystal phases in 1D and
3D and highly correlated supersolids in 2D lattices. In particular we show that the
lowest order of walk-sums provides simple analytical insights into small time dynam-
ics while higher orders allow us to simulate the system in strongly interacting, highly
correlated situations. In the first sub-section below, we detail the physical model
employed for the description of Rydberg excitation in Mott-insulators. We then im-
plement the method of walk-sums to calculate the mean number of Rydberg-excited
atoms throughout the lattice and their correlations. Second, we derive simple low-
order walk-sum results for these quantities and demonstrate that Rydberg-excited
1D and 3D Mott insulators evolve over short times into crystalline dispositions of the
Rydberg excitations. The third sub-section confirms these results using a walk-sum
based mean-field like approximation of the dynamics. In particular, we show that
some of the crystals can be selectively favored through the laser detuning. Finally,
relying exclusively on walk-sums, we show that a 2D Mott insulator with 6600 atoms
evolves over longer times into far from equilibrium transient supersolid states. We
characterise these states by calculating their pressure, and first, second and fourth
order correlation-functions.



104 Quantum Dynamics

4.3.1 Model system and implementation of walk-sum

We consider an ensemble of atoms that are prepared in the Mott-insulating phase
with unit filling via a strong optical lattice comprising N sites. For simplicity, we
consider the lattice to be isotropic with lattice spacing L. A laser, illuminating this
lattice from the direction d = (cos ¢ sin#)x + (sin ¢ sinf)y + (cos )z where e.g. x
is the unit length vector in the x direction, drives the atoms from their ground state
lg) to a highly-excited Rydberg state |r) with principal quantum number n. We
assume that atomic transitions to other internal levels are negligible such that the
atoms are well described by two-level systems. Two Rydberg atoms at lattice sites ¢
and j interact via the long-range dipole-dipole interaction that is of the form [120]

Aij = (47T€0R§j)_1 [[_lﬂ,,p,] - 3RZ_]2([J,1,R,J)([J,JRW)}, (474)

with R;; the relative distance between atoms ¢ and j and p; the dipole moment
of atom 7. We take all the dipoles to be parallel to the laser beam orientation d,
ie. p; = p;d with pu; = ||p;]|. Furthermore, the dipole moments of all atoms are
identical y; = p; = p and equal to g = (3/2)n(n — 1)eay [132], with e the electron
charge and ag the Bohr radius. The laser and dipole-dipole interactions we consider
are in the MHz-GHz range and induce dynamics fast compared to incoherent pro-
cesses and the motion of the atoms. These will limit the lifetime of Rydberg-excited
quantum states created by fast laser pulses to several us but can safely be neglected
on the much shorter time scales considered here [133]. In this limit and with the
rotating-wave approximation the atoms are described by the Hamiltonian [120]

with A the laser detuning, Q the Rabi-frequency, o, the Pauli matrix, P’ = |r;)(r;|
and, for later convenience G' = I' — P* = |g;)(g;|, the projectors onto the Rydberg
and ground states of atom 7, respectively. For later convenience we also introduce
the Rydberg-radius ag as the distance between two excited atoms along direction d
such that |A(ag)| = Q. For linear, square and cubic lattices with a lattice spacing
L, the ratio ar/L characterises the strongly and weakly interacting regimes with
ar/L 2 1 and ar/L < 1, respectively.

We are interested in the real time dynamics of the system governed by the Hamil-
tonian of Eq. and in particular in the number of and correlations between Ryd-
berg excitations throughout the lattice. Thus we will concentrate our computational
efforts on calculating the Rydberg-fraction fr = _.(P;)/N and two-excitation cor-
relation function gs(4,5) = (P*P7)/(P*)(P’), also known as density-density correla-
tion function. On an infinite lattice these quantities can be expressed simply in terms
of two conditional expectation values: (r;/r;) and (r;/g;), the probabilities that atom
¢ be excited knowing atom j is excited and knowing that it is in its ground-state, re-
spectively. Indeed, translational symmetry implies that any atom has the same prob-
ability to be excited (P?) = (P?), and therefore fr = (P") = (r;/r;)(P7)+ (r;i/g;)(G).
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Since all atoms are equivalent, in particular ¢ = j, the Rydberg-fraction becomes

_ (ri/g;) a
I T ) e

Given that the two-excitation correlation function is go(i, j) = (r;/r;) fr", it follows

that /)
G2(i,J) = m(l - <7“i/7‘j> + <7“i/9j>)- (4.76D)

The conditional expectation values (r;/r;) and (r;/g;) are now obtained directly
using walk-sum.

For the implementation of walk-sum, we choose S to be any one atom of an
infinite lattice and assume that all atoms are initially in their ground state |g). We
choose the projector-lattices to be tensor products of projectors P* and G on S,

Eiyonin = ®ik€S/\{i1...in}Gik Qiefiy...in}CS’ P @I, (4.77)

The projector lattice g, ;, projects S’ in a state where all atoms at positions 7 . . . i,
are excited, and all other atoms of S’ are in their ground state. With this definition,
we find that the flips are given by

1
Hip iy iy, = —5 Ql,, and 0 otherwise, (4.78)

that is H,—, # 0 if and only if v differs from g by exactly one spin flip. The
evaluation of the statics yields

Hil...in_<nA+% Z Aipz'l> s (A-l- Z As”> ——Qa (4.79)

ip#i i1€{i1...in}
(ipsip)€{in-.in} "

The conditional expectation values (r;/r;) and (rs/g;) are calculated according to

Fas. (£25) and (133,

<T5Tj> - gs| Z Ug —>7](] PS Uﬂ(j)<—gs

9s)s (4.80a)
<T_7> = gs Z Ugs—>77(] n(j)<—gs‘gs>> (480b)

where the sums run over all configurations n(j) of S” where atom j is excited. We
compute the conditional evolution operators U,)—,, in the Laplace domain via
Eq. . For example, the conditional evolutlon operator UJHQS with only atom
J exc1ted in the final configuration 7(j) of S” and for walks of length ¢ < 3 is given
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by
- i)~ - i0\? - ~ ~ .
Ujo(s) =~ 5 MiMo +{ o Y M;(Mg + My,) (M, + M) Mo, (4.81)
p=1
PF£J, pFS

where subscript 0 denotes the configuration with no excited atom. In this expression,
the factors iQ2/2 and (i€2/2)? come from the flips and |\~/|“1n(s) = L[exp[—iHilmintH )
The sum over p in Eq. accounts for an up-spin in an intermediate configuration
of S’ that is not present in the initial and final configurations. Note that interme-
diate atomic-excitations are similar to virtual particles appearing in the Feynman
diagrams of QED. In the following section we discuss the results we obtain for fr

and ga(s, ).

4.3.2 Lowest order results

The procedure presented in the preceding section allows us to simulate the dynamics
of the system resulting from the full Hamiltonian. In order to study the dynamics
over long times ¢t 2 7/ and deeply in the strongly interacting regime L < ag, we
find it necessary to take into account all walks up to length 6. Such evolution times
are required to study the development of long-range correlations in 2D lattices and
the apparition of transient supersolid states which we discuss in §4.3.4] Nevertheless,
it is also useful to dispose of low order approximations of the dynamics that are valid
over short times ¢ < 7/€) and which can be obtained at little computational cost.
Therefore in this section we explore the lowest order walk-sum approximations for
the Rydberg fraction and density-density correlation function.

At the lowest order of walk-sum only those histories of S’ that have the minimum
possible number of jumps between the initial and final configurations are considered.

First, for (rs/g;) we find according to Eqgs. (4.80))

2

(rs/g;) = %sin (Kt>2, (4.82)

with x? = A% + Q? the generalised Rabi frequency. This result can be understood
using one-body physics. Indeed, in the case of (r;/g;), the history of S” with the
smallest number of jump starts and ends on |gg...¢) and has no jumps at all, i.e.
S’ is frozen from 0 to ¢ in |gg...g). During this history, atom S evolves as an
isolated 2-level atom whose transition is driven by a laser with detuning A and Rabi
frequency €, hence Eq. (4.82)). Second, in the case of (r,/r;) one must consider those
final configurations of S” where j is excited. Since all the atoms of S” are initially in
their ground state, at least j needs to undergo the transition |g) — |r) for the final
configuration of S’ to comprise j in its Rydberg state. Thus the lowest non-zero
order is the first order, i.e. the shortest history of S” connecting the initial and final
configurations has one jump |gg...g;...9) — |gg...7;...g) and the lowest order
approximation of (rg/r;) is



4.3.2 Lowest order results 107

gaii+1)

2.0 25
L fax L /ax

Figure 4.8: Density-density correlation function between nearest neighbours g, (i, i+
1) on an infinite 1D lattice as a function of the lattice spacing in units of the Rydberg
radius L/ag, evaluated at the 1st order of walk-sum Egs. (4.76b} [4.80}}4.83b]) (solid
blue lines), and using the Q-expansion (dashed black lines). The time is t = 7/4Q
(left figure) and ¢t = w/2Q) (right figure). The transition between the strongly and
weakly interacting regimes clearly occurs around L ~ ap as expected. Parameters
d =z, n =40 and ) = 30MHz, which yields ag ~ 13um.

<gs | Ug)ﬂj PsUj<—0 |gs>
<98|U(Jf[)—>juj<—0|gs> ’

(rs/rs) = (4.83a)

t
U1<_0(t> = —1/ 6_1H1(t_t1)H1<_06_1H0t1dt1. (48313)
0

Evaluating these expressions present no difficulty and yields the first order result
for (rs/r;). This result is cumbersome and will not be reproduced here. Together
with Eqgs. and , this provides the first order approximation to fr and
g2(s,7). We will discuss the result for fr in the following section and for now
we concentrate on the density-density correlation function go(s,7). We show this
quantity on Fig. [1.8 where we compare it to the prediction of the Q-expansion
[134], denoted g¢o(s,j)q, which is a perturbative expansion of the density-density
correlation function in 2. The differences between the two grow with time and with
the laser detuning. Indeed, for t 2 7/Q and/or |A| 2 €, the Q-expansion yields
unrealistically large values for the density-density correlation function, typically in
the 10 — 10* range. This behavior is due to the Q-expansion being valid only in
the weakly interacting regime L 2 ag. Indeed we find that when ¢ < 7/Q, the
Q-expansion follows very closely

{rs/r5)

)

(4.84)

From Eq., we see that this estimation is correct only in the weakly interacting
regime where 1 — (rs/r;) + (rs/g;) ~ 1, that is (rs/r;) — (r5/g;) ~ 0. In particular
this fails for L < ag and large laser detunings |A| 2 Q because of strong blockade
or antiblockade effects [135] 136, [130].

The interest of the density-density correlation function lies in that it qualifies
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Figure 4.9: Conditional expectation value (ry/r;) after a laser pulse of duration
t = 7/§ as a function of the laser detuning A and of the distance Ry; between
atoms s and j in units of the Rydberg radius agr. The oscillating behavior of (r,/r;)
with R,; is a signature of crystalline dispositions of Rydberg excitations in which
both atoms s and j participate. Parameters: laser orientation d = z, n = 40 and
2 = 10MHz.

the nature (liquid, crystal) of the disposition of Rydberg-excitations throughout the
lattice. Indeed in the presence of a crystalline disposition of the excitations, the
probability (rs/r;) for atom S to be excited knowing atom j is excited should be
enhanced for sites j that participate in the crystal with S and depressed otherwise.
Consequently, (rs/r;) should present peaks and valleys whose periodicity matches
that of the crystalline dispositions of the excitations. We show on Fig[l.9] the first
order result for (ry/r;) as a function of the detuning A and of the distance Ry,
between atoms s and j. To verify the existence of transient crystalline dispositions
of the Rydberg excitations as well as further explore their properties, we use a
walk-sum based mean-field-like approach to the system dynamics. Before we do
so however, we show that simple closed form expressions for fr and gs(s,j) are
available from pseudo 0" order walk-sum results.

Remark 4.3.1 (Pseudo 0™ order results). Consider the result for (ry/r;) in the
limit where one approximates the integral of Eq.(4.83b)) by the sole point ¢t; = 0. In
that case Eq.(4.83b)) goes to the definite limit

2

() = s () (455)

5]

where x2; = (A + Ay;)* 4 Q? is an effective generalised Rabi frequency with effective
detuning A + A,;. Eq. describes (rs/r;) as if S’ had been static from 0 to ¢
in the configuration |gg...7;...g) and atom S had evolved accordingly, i.e. as an
isolated atom whose transition is driven by a laser with effective detuning A 4 Aj;
and Rabi frequency (2. Eq. is thus indeed a kind of 0'® order approximation of
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Figure 4.10: Two-body correlation-function gy(s,j) between the central atom S
(white) and any other atom j in a N ~ 1700 atoms square lattice, one atom / pixel.
Left figure : lowest order Eq. , right figure : converged 3rd order result,
the two results are in good agreement. Parameters § = 7/2, ¢ = 0, L = 2um,
A = =30MHz and t = 7/29.

(rs/rj). Egs. (4.76) then give very simple expressions for the Rydberg fraction and
two-excitations correlation function

02/x?)sin (5t)°
frm _ ( /iij)s;n(é) —, (4.862)
1— 7 sin (Tt> + Sz sin (525)
_ X’sin (%t)Q 2 ez 2 X
92(s,7) = & sin (%t)Q [1 — X—g] sin ( 5 )"+ ") sin (§t) } : (4.86b)

We find Eq.(4.86b) to work well for small times ¢ < 7/ and in the weakly inter-
acting regime or in strongly blockaded situations, where the probability of finding
more than one excitation in the vicinity of S and 7 is small. This condition is easily
fulfilled in 1D systems where we find indeed Eq. to yield similar results to
the Q-expansion [134] provided |A| < ©Q with A < 0. Positive detunings in the
strongly interacting regime L < ag lead to antiblockade effects which are largely
missed by the zeroth order. The zeroth order result can be a good approximation
for short times in higher dimensions as well, as shown on Fig. where we com-
pare Eq. to a converged 3rd order result over a 2D square lattice. We find
however that the time spans over which zeroth order results are valid vary widely
depending on the geometry and regime considered, e.g. in 3D antiblockade effects
are inevitable and very important deep in the strongly interacting regime L < ag,
where the 0" order result fails even for very short times. Finally, we remark that
in spite of its simplicity, Eq. predicts a 2°¢ order quantum phase transition
with critical point A = 2 = 0, where g, is non-analytic. Additionally, the minimum
distance separating two uncorrelated atoms, i.e. the correlation length, diverges
as one approaches the critical point, another signature of phase transition. This
transition was predicted in random clouds of atoms in [I125] and corresponds to a
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change of ground state, from a crystal of excitations in the positive detuning region
to state |gg...g) for negative detunings. At the opposite of Eq.(4.86b), we consis-
tently find Eq. to be a poor approximation of fr as given by higher orders
or by the mean-field-like approach of . This is because the pseudo 0" order
result Eq. depends explicitly on R,; although, by translational symmetry of
the infinite lattice, it should not. That is, Eq. breaks an important symmetry

of the exact Eq.(4.764)).

4.3.3 Crystals of Rydberg excitations

We have seen the signature of crystals of Rydberg excitations through g¢o(s,7) at
order 1. To confirm the apparition of these crystals, we perform a mean-field-like
approximation of the exact Hamiltonian. This consists of simplifying the form of
the interaction with [125]

AgPPI 2 A (P fr+ P/ fr — f2) g2(s, ). (4.87)

Introducing this in the Hamiltonian of Eq. (4.75)), we obtain a block diagonal mean-
field Hamiltonian, each block being

1 S
Hi(t) = AP, — SQ02 + D (rofri)AgP, (4.88)

j>s

where we used frg2(s,j) = (rs/r;). Using walk-sum results for (ry/r;) the mean-
field-like Hamiltonian above is completely determined. We solve the resulting time-
dependent Schrodinger equation numerically and, by translational symmetry of the
infinite lattice, we obtain the Rydberg fraction as fr = (P®). We observe that for
t < m/Qand L 2 ag, the mean-field-like Rydberg fraction is nearly indistinguishable
from the first-order walk-sum result for fr. The two differ however in the strongly
interacting regime where higher orders are required to obtain similar fz from walk-
sum.

We investigate the existence of crystalline disposition of Rydberg excitations
from the mean-field-like approach by calculating fz as a function of the laser de-
tuning in the strongly interacting regime L < ag. Indeed, due to the inter-atomic
interactions, we expect atoms participating in a crystal £, where Rydberg excita-
tions are located every k sites to perceive this crystal with an effective detuning
of Aeg = A + Z(j,k:)ezﬁ Aji. When the laser detuning is such that A = 0, the
crystal is antiblockaded and the excitation probability of any atom participating in
the crystal is enhanced. Therefore if the crystal £, is populated, fr(A) should peak
at A=—3", . As. Weshow such a behavior of fr(A) on Fig. in the case
of an infinite cubic lattice.
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Figure 4.11: Rydberg fraction fr as a function of the laser detuning A after a t =
7/Q on an infinite cubic lattice. The left and central peaks correspond to multiple
excitations of competing crystals, one of which is illustrated. At the opposite, the
right peak represents the excitation of a unique crystal. Note the different z-axes
in the two illustrations. Ground state and Rydberg excited atoms are represented
as black dots and large red disks, respectively. Parameters: n = 40, § = 0, ¢ = 0,
2 =30MHz, L = 8um, L/ar ~ 0.62.

4.3.4 Dynamical supersolids?

We now turn to the study of the long time dynamics ¢ 2 7/ in the strongly
interacting regime L < ar and demonstrate the apparition of transient supersolids
over large 2D square lattices. Because we need to look at long times over a large
square lattice, we calculate the system evolution operator U(t) using backtrack-less

walk-sum, an intermediary method between walk-sum and path-sum.

We have seen in that ordinary matrix power-series are equivalent to sums
of walks. Furthermore, we have shown in that walk-sum stems from the exact
resummation of all self-loops on the graph of a matrix partition. Consequently
walk-sum is a power-series on the loop-less graph G, with effective vertex weights
representing loop sums. Similarly, path-sum stems from the exact resummation of
all cycles on the graph and can be seen as a cycle-less power-series with effective
vertex-weights representing cycle-sums. In this picture, walk-sum is an intermediary
method between power-series and path-sum. Clearly, other intermediary methods
exist, for example that obtained by resumming exactly self-loops and backtracks.
We call this method backtrack-less walk-sum. This method differs from walk-sum in
two aspects: 1) walks contributing to conditional evolution operators are backtrack-
less; and ii) the loop sums vertex-weights M x appearing in walk-sum are replaced
by effective vertex-weights representing the sum of all loops and backtracks over an
edge adjacent to pu. For example, consider again the conditional evolution operator
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Uj_,. of Eq. (4.81). Tts backtrack-less walk-sum expression at order 3 is

: 10 JA Y o G
UJ<_0(S ~ ?M]‘MO |:| + ZM]MO:| + (489)
i0\? - 02 . - 9-1. - 02 . . 7-1
(7) Z M, M, |+Z|v|j|v|o} MpMD[H—ZMpMO} +
p#ﬁ'jp#s
S 02 . . -1/ . . 02 . - 9-1 . . 02 . . -1
Mij,p[wZMij,p} (MjMO[WZMjMO} +MpM0[I+IMpMO] )}

where the inverses result from summations over the backtracks, e.g.
i) ~ - 02 -l i) ~ i)~ \7
SRV [I + I|\/|j|v|0} = (Q/2)7Y <l—|v| -1—|v|0> . (4.90)

2 72
n>1

The advantage of backtrack-less walk-sum and other intermediary methods is that
they converge faster than walk-sum. The drawback is that they are not monotonously
convergent: a calculation may seem to have converged e.g. at order 6 of backtrack-
less walk-sum so that orders 7, 8 and 9 yield indistinguishable results when order 10
provokes a large jump of the solution. This problem is also known in path-integral
approaches to many-body physics, where the resummation of families of diagrams
can suddenly jump to another solution as a new family is included in the calcu-
lation. This difficulty may be circumvented by sampling randomly over families
of diagrams, a method known as diagrammatic Monte-Carlo. We suspect that a
similar procedure would work for backtrack-less walk-sum and other intermediary
methods but we have not implemented such an approach. Thus, in this section we
use pure backtrack-less walk-sum and assume that the convergence we observe is
genuine. We must signal that recent simulations of strongly interacting 1D lattices
have cast serious doubts on this assumption.

Using backtrack-less walk-sum, we obtained all conditional evolution operators
whose final configuration of S’ presents up to 6 simultaneous Rydberg excitations.
This is justified here by the strong dipole-dipole interaction which creates large gaps
between configurations with different excitation numbers when L < ag. In other
words, deep in the strongly interacting regime, Rydberg excitations are dilute and
typically less than six of them are expected to live simultaneously on the lattice
due to strong blockade effects. There is a total of (N 6 1) ~ N such conditional
evolution operators. Consequently, when N 2 100 we limit our calculations to
three simultaneous excitations plus randomly chosen subsets of configurations with
4 < ¢ < 6 excitations. There is also an approximation on each of the conditional
evolution operators we calculate due to us keeping only those histories of S’ that
present strictly less than 7 jumps in backtrack-less walk-sum. We verify the va-
lidity of our approximations through convergence of the correlation functions with
increasing number of simultaneous excitations and by varying the randomly chosen
samples of configurations with 4 < ¢ < 6. We typically obtain convergence for 2D
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lattices with NV ~ 6600 for arbitrary sets of parameters in the Hamiltonian with
moderate computational effort: calculations require 18Gbytes of memory but only
take up to 5 hours on 4 CPU cores at 2.2GHz.

We found that the system dynamically evolves into a supersolid of Rydberg
excitations when there exists couples of atoms which do not interact directly, i.e.
when

1—-3(r;.d)* =0, (4.91)

with rj; = R;j/R;;. This condition is independent of the lattice spacing L in the
case of a 2D square lattice considered here. Because the lattice arranges the atoms
in a discrete fashion, only certain couples of atoms fall exactly onto the line that
fulfills Eq. where their dipole-dipole interaction is zero. From now on a pair
of Rydberg excitations at sites ¢ and j which fulfills Eq. will be called a free
pair. When A = 0, all the configurations of the system where Rydberg excitations
populate exclusively free pairs have the same mean energy (H) = 0, which is also the
case of the initial state |gg...g). In the same time the dipole-dipole interaction cre-
ates an energy gap between configurations were the excitations occur exclusively in
free pairs and those were they do not. In the strongly interacting regime, this gap is
typically larger than the Rabi frequency €2. We therefore expect the system to evolve
mostly into a superposition of configurations with Rydberg atoms forming free pairs
and thus exhibiting long-range correlations. Indeed, in the presence of free pairs
we observe states with non-zero order-parameter (T;) and, as shown in Fig. [4.12]
they also display a density-density correlation go(s,j) which substantially differs
from 1 throughout the lattice. This indicates the presence of long-range diagonal
order. In Fig. we also represent g;(s,j) = <T5T; +TIT,;) — (T + TINT, + Tj)
and g{(s,j) = (TITh+ T, T;) — (T, + TH(T; + TI), where T; = |g;)(r;|. These
correlation-functions characterise quantum coherence, i.e. off diagonal order, in
blockaded and antiblockaded situations, respectively. We observe that g;(s,j) and
g1(s,7) are markedly different from 0 throughout the lattice. This indicates the
presence off-diagonal long-range order. Additionally we remark that go(s,j) and
g1(s,7) are correlated while both of them are anticorrelated to g;(s,7). Further-
more, all three correlation-functions peak precisely where S and j form a free pair
and we find (P;) = >_.(PsP;), within our numerical accuracy. This indicates that
excitations occur at least in pairs. Furthermore, we find the sum ) _;(P;P;) to be
dominated by a 99% contribution from free pairs, which shows that excitations occur
almost exclusively in free pairs. Finally, we remark that by tuning the laser beam
orientation d one can choose which pairs of atoms are free through Eq. and
hence the structure of the correlations.

To further determine the nature of the observed states we compute their pressure
pap = —(OE/DA)7 Ny, where E and A = N L? are the energy and area of the system,
respectively. The derivative is taken at constant temperature 7' = 0 and number of
excitations N fr. To obtain pop we turn off the laser at time ¢y and calculate the
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Figure 4.12: Backtrack-less walk-sum obtained correlation-functions multiplied by
the number of pairs a) ¢;(s,j), b) ¢i1(s,j) and c) g¢a(s,j) over a square lattice
with N =& 6600 atoms. There is one atom/pixel, S is the central one. In c),
g2(s,7) =~ 0 except at the few sites where S and j form a free pair. d) Locations
of the dominant peaks of g4 = (PsP;PiP:)/(Ps)(P;)(Px)(P:) (black squares) and
gy = (GsP;PiP;1)/(Gs)(P;)(Pi)(Pi) (red disks) for all j, k forming free pairs with
S. Convergence indicates a precision ~ 107%. Parameters : square lattice in the
xy-plane, lattice spacing L = 1.5um, Rydberg state principal number n = 40,
2 = 30MHz, A =0, t = 87/1, laser angles 6 ~ 0.437 and ¢ = 7/2. The system is
deeply in the strongly interacting regime ar/L ~ 9.

effect of a time-dependent contraction of the lattice spacing L(t) on the system. The
resulting Hamiltonian H'(#) commutes with itself at any time as well as with any
of the P;P; thus leaving fr unchanged while E(t) = >_, ; Ai;(#)(¥(to)|PiP;1¥(t0))
changes only through L(t). This yields pop = (3/2)E/A. As discussed above the
sum over (P;,P;) in E(t) is dominated by free pairs for which A;; = 0. We thus
find these states to have a very small pressure. Physically this is because Eq.
is independent of the lattice spacing L. Consequently, during a contraction, atoms
forming free pairs never interact directly and the system keeps a nearly vanishing
potential energy E. We expect the small pressure to increase the lifetime of the
observed states 7 o p;]; compared to states containing interacting excitations.
Indeed, in the latter case, interactions between the excitations induce center of
mass motions of the Rydberg atoms that destroy the states.

The presence of both diagonal and off-diagonal long-range order together with
a nearly vanishing quantum pressure qualifies the observed states as supersolids
[137, 138]. Their translational symmetry become apparent from 4-body correlation-
functions as shown in Fig. d). It is important to note that these supersolid
states are far from equilibrium and do not appear in the phase diagram of the
Hamiltonian, rather they are dynamically created by the laser. The behavior of the
supersolids over very long evolution times ¢ > /) remains an open question. Dur-
ing the evolution times we can simulate with walk-sum, i.e. ¢ < 107/€2, we observe
a gradual increase in the long-range correlations. This could indicate an absence of
thermalisation but the question cannot be immediately settled. Additionally, a re-
alistic simulation of the very long time dynamics of large 2D Rydberg-excited Mott
insulators will have to take into account decoherence effects, which are beyond the
scope of this work.
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4.4 Summary

In this chapter, we derived the walk-sum Lemma for the matrix-exponential using
physical arguments. We have shown how this Lemma gives rise to a description of
the dynamics of quantum system with discrete degrees of freedom as a sum of histo-
ries. The resulting method, termed the method of walk-sums, can approximate any
desired piece of an evolution operator independently of any other. Furthermore, the
number of operations involved in approximating any such piece at order K scales
polynomially with the system size. This result holds independently of the system
geometry and the nature of its interactions. However, the computation of the entire
evolution operator remains intractable in the general case, as it involves an exponen-
tially large number of conditional evolution operators. There are nonetheless many
situations for which only a few conditional evolution operators are relevant to the
dynamic of the whole system. For example, this is true in the case of strongly in-
teracting Rydberg-excited Mott insulators, where blockade effects limit the number
of final excitations in the lattice.

Finally, it is worth noting that the deep origin of the computational speed-
up achieved by the method of walk-sums resides in exact summations of infinite
families of terms performed at the graph-theoretic level by Eq. , . These
resummations make walk-sums fundamentally different from power series and are
explicitly apparent in the full graph theoretic treatment provided in Chapters [2| and
Bl






CHAPTER 5
DYNAMICAL LOCALISATION IN A

MANY-BODY SYSTEM

Physics is mathematical not because we know so much about the physical
world, but because we know so little; it is only its mathematical properties

that we can discover.
B. Russell

In this chapter, we characterise and study dynamical localisation of a finite
interacting quantum many-body system. We present explicit bounds on the disorder
strength required for the onset of localisation of the dynamics of arbitrary ensemble
of sites of the XYZ spin-1/2 model. We obtain these results using a novel form
of the fractional moment criterion, which we establish, together with the path-sum
representation of the system resolvent. These techniques are not specific to the XYZ
model and hold in a much more general setting. We further present detailed bounds
constraining two observable quantities in the localised regime: the magnetisation of
any sublattice of the system as well as the linear magnetic response function of the
system. We confirm our results through numerical simulations.

The work of this chapter forms the basis of an article that is currently under
review for publication in Communications in Mathematical Physics and was carried
out in collaboration with Mark Mitchison and Juan Jose Mendoza-Arenas for the
TEBD simulations and with Zheng Choo for Lemma [5.6.1]

5.1 Introduction

The mathematical and physical understanding of Anderson localisation for a single
particle in a lattice with random on-site potentials has greatly progressed since it
was first recognised in 1958 [139] 140l 141]. In contrast, the theory of many-body
localisation is still in its infancy, despite the large amount of recent research focusing
on localisation in disordered many-particle systems (for example Refs. [142] 143,
144] [145] 146, 147, 148, 149, 150, 151, 152, 153]). In particular, there is still no
clear consensus on the precise definition of the many-body localised phase, with a
number of different definitions having been proposed in the recent literature (e.g.
Refs. [143], 145, 154] [149] 153, [155]). Consequently, a global picture of many-body
localisation is still lacking.

An important advance towards the conceptual understanding of the problem
was the introduction of the notion of localisation in the quantum configuration or
Fock space [156], which has emerged as a powerful framework for understanding
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many-body localisation [142] 143, [149] 155]. Configuration-space localisation has
also proved useful in understanding the absence of thermalisation in integrable sys-
tems [I57] and glassy dynamics in strongly interacting systems [158]. Following
these developments, we treat the evolution of the many-body quantum state as that
of a single fictitious particle moving in an exponentially large configuration space.
This viewpoint leads us quite naturally to define many-body dynamical localisa-
tion as Anderson localisation of this effective one-particle problem. Furthermore, it
facilitates a non-perturbative, mathematically rigorous treatment.

Rigorous mathematical results concerning localisation in interacting many-body
systems have been established in [I54] and [I59]. However, the critical disorder in-
ducing a many-body localisation transition as predicted by these studies is difficult
to ascertain and the physical consequences of the localisation remain, in part, unex-
plored.The contribution of the present work to the study of many-body localisation
is thus three-fold. First we provide an explicit bound for the critical amount of
disorder necessary for localisation to occur. Second, we make concrete predictions
of experimental signatures of the localisation by providing bounds for two physically
observable quantities in the localised regime: the magnetisation of any finite ensem-
ble of sites immersed in the system as well as the linear magnetic response function.
We confirm our predictions with Time Evolving Block Decimation (TEBD) simula-
tions of a 1D system. Third, our approach to many-body localisation differs from
existing approaches [I54] and [159]. While we do use a form of fractional moment
criterion as a mathematical signature of localisation, we rely on the path-sums rep-
resentation of the Green’s functions associated to any sublattice of the full system
to prove that this criterion is met for a finite amount of disorder. The path-sums
approach employed here facilitates the manipulation and systematic representation
of matrix resolvents and Green’s functions. Thus, we hope that it will ultimately
contribute to the proof of localisation in infinite interacting many-body systems,
which remains elusive.

The chapter is organised as follows. In §5.2] we present the model system and
general mathematical strategy we employ. For the sake of concreteness we focus
on the particular case of a finite, interacting Spin-% system described by the XYZ-
Hamiltonian. This section culminates in a criterion characterising the localised
regime. In §5.3] we begin with bounds for the onset of dynamical localisation in
one-body systems as well as bounds for the onset of localisation of functions of
random matrices. In we give similar results in the many-body setting. We
then provide precise constraints for the magnetisation of arbitrary sublattices of
the system as well as the correlations between spins at sites of the sublattice in
the localised regime. The bound on the latter quantity is shown to imply a bound
on the linear magnetic response function to magnetic perturbations, which we find
to be vanishingly small deep in the localised regime. The proofs of all technical
results are given in section Section contains the proof of the main
result concerning the onset of localisation and a brief presentation of the path-sums
approach. In we gather the proofs of technical lemmas necessary to the proof
presented in §5.5 Finally, in and we derive the results concerning the
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magnetisation and correlations in the localised regime.

5.2 Model system and approach

5.2.1 Model system
The XYZ-Hamiltonian

We consider a lattice £ of N spin-1/2 particles governed by the XYZ-Hamiltonian,
which represents one of the simplest models of strongly-interacting many-body sys-
tems. The Hamiltonian reads

H=Y Bioi +Y {0707 + Jyolo! + Aofo?}, (5.1)
i (i)

where J,, J, and A are real and parametrise the spin-spin interactions, and ) i)
denotes a sum over nearest neighbours. The {B;};c;1,n) variables are local magnetic
fields which we assume to be independent and identically distributed (iid) random
variables taken from a Gaussian distribution with standard deviation op. For con-
venience, we choose the basis states of the Hilbert space to be configurations of
spins along the direction of the magnetic fields, e.g. for a two spin-1/2 system this
is {10, [TD), [I1), [L])}, where T and | designate the situations where the spin is
aligned and antialigned with the magnetic fields, respectively.

For J, # J,, the XYZ-Hamiltonian does not conserve the total number of up and
down spins present at any time in the system. Since we can add the sum of all the
random magnetic fields ). B; to the Hamiltonian without affecting the dynamics,
an up spin is effectively equivalent to a particle seeing a random onsite potential
2B, at site i, while a down spin always sees 0 onsite potential, being effectively
equivalent to the absence of a particle. In this sense, the XYZ Hamiltonian does
not conserve the number of particles present in the system. At the opposite, when
Je = Jy, the number of up- and down-spins present in the system is conserved by
H. We call this specific situation the XXZ regime.

Mathematical description

We consider the total system described by the XYZ Hamiltonian (5.1]), denoted by
S, as comprising two parts S and S’. We shall use a partial basis of the configu-
ration space of S that specifies only the state of S’. From hereon we designate the
configurations available to S and S’ by Roman and Greek letters, respectively.
Mathematically this procedure corresponds to working with a tensor product
partition of the Hamiltonian into smaller matrices, see Chapter |3l Recall that these
small matrices, denoted H,._,, are submatrices of H of size 2/% x 2/ with |S| the
number of sites in .S and fulfill the characteristic relation of tensor product partitions

(o] @ Hoca = (Pu®1s) H. (P @ 1s), (5.2a)
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or equivalently

Hoco = ((w| ® |S) .H. (|Oé> (%9 |S>, (52b)

with g the identity matrix on the spins of S and P, = |a)(«a| the projector onto
configuration a of S’. The matrix H, = H,_, is a small effective Hamiltonian
governing the evolution of S when S’ is static in configuration «. For this reason
the H, matrices are called statics. Similarly, the matrix H,._, represents the impact
on S of a transition of S’ from configuration « to w and for this reason is called a flip.
For the choice S = (), S" = S the statics and flips of the Hamiltonian identify with
its matrix elements H,. o = (H)ua. For the opposite choice S =S, S’ = (), there is
no flip and only one static, which is the Hamiltonian itself H, = H. In general, the
statics and flips can be thought of as generalised matrix elements, which interpolate
between the entries of H and H itself. Thanks to Eq. (5.2b]), we find the statics of a
tensor product partition of the XYZ Hamiltonian, Eq. @D, to be

ZBO‘ +ZZ (Jeoiof + Jyolo! + Aojos)

€S 1€S jE(q)
JES
+3 0 AoT(1-20),.0) + > Bi(1—26),.0)ls
1€S jE(i) €S’
jes’!
+AD S (1= 201,100 — 207,1,,0)ls, (5.3)
1€8’ je(i)
jGS’

where, |a| is the number of up-spins at sites of S” when it is in configuration «,
and, for example, d|, o is 1 if the spin at site j is down in configuration a and 0
otherwise. For latter convenience, we define Y, = ..o Bi(1 — 20}, o) a random
variable representing the disorder due solely to S’ in the static H,. The static is
thus conveniently separated into two pieces as

Ha = Ya lS + Hom (54>

where H, depends deterministically on o and comprises the random B-fields at sites
of S but does not depend on any of the random B-fields at sites of S’. The flips of
the Hamiltonian are

(

(Ho—a)ji = Jo + Jy, if (i) and (wj) differ by the flips of two
neighbouring spins as follows T]|«—|T,
Hocoa = § (Hoca)ji = Jo — Jy, if (ad) and (wy) differ by the flips of two  (5.5)

neighbouring spins as follows [T«—]|

W otherwise,

with for example («i) the configuration of S where S’ and S are in configuration
« and 1, respectively. In the following we will only need the two-norm of the flips,
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which is bounded as follows [[Hy—q|| < ng(J2+J2)Y? := neJ, with ng the maximum
number of neighbours that any site of S’ has on the lattice £. On Euclidean lattices
L =74 this is 2%

5.2.2 Dynamics of the system equivalent particle

Our goal is to establish dynamical localisation of S’ regardless of the state of S. In
many-body situations, it is useful to consider localisation of the system directly in
its configuration space rather than on the physical lattice [143, 149, 154]. As long as
the system is finite, the configuration space associated to any partition S = S U S’
of the system is a discrete graph Gg ¢/, which we construct as follows:

i) For each configuration « available to S’, we draw a vertex v,.
i) If H,, # 0, we draw an edge (aw) from vertex v, to vertex v,,.

iii) To each edge (aw), we associate the weight H,._.

Finally, we define d(«,w) the distance between two configurations of the system as
the length of the shortest walk on Gg ¢ from vertex v, to vertex v,,.

The configuration graph gives an alternative picture of the system dynamics. For
the choice S = (), S’ = S the statics and flips are the matrix entries of the Hamilto-
nian H,. , = (H),, and the dynamics in real space is equivalent to that of a single
particle in the configuration space, which we call the System Equivalent Particle
(SEP), undergoing a continuous time quantum random walk on Gyps. Furthermore,
in the XXZ regime where J, = J,, if there is initially single up-spin in a sea of
down-spins (or the opposite), the configuration graph Gyg is simply the real-space
lattice and the SEP represents this single up-spin.

For general partitions S = SUS’, S can be interpreted as the internal degree of
freedom of the SEP, while its trajectory on the graph Gg ¢ represents the evolution
of S”. When S’ is in configuration «, the SEP is on site v, and feels the random
potential Y,, which we then call the configuration potential at «. Depending on the
amount of disorder present in the various configuration potentials, the SEP may be
dynamically localised, which corresponds to many-body localisation of S’ regardless
of the state of S.

5.2.3 Criterion for many-body localisation

In analogy with the case of a single particle on a lattice [141], the natural signature
of SEP dynamical localisation is simply the absence of diffusion of the SEP on Gg ¢'.
This is expressed rigorously using the same tensor product partition that we used
for the Hamiltonian but this time for the evolution operator P;(H)e~*H! where P; is
the projector onto the eigensubspace of H with energy in bounded interval I. The
elements of this partition fulfill the characteristic relation

W) (o] (PI(H)e—Z‘Ht) = (P, ®ls) .Py(H)e™ (P, @1s), (5.62)

w—ao
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or equivalently

(PI(H>e—th) = ((w| ®15) . Pr(H)e ™ (ja) @ 15). (5.6b)

w—a

For convenience, we say that (P;(H)e~®H"),_, is a flip of the evolution operator when
w # « and, otherwise, a static of the evolution operator. In this formalism, localisa-
tion of the SEP on the configuration graph Gg s is characterised by an exponential

bound on the norm of the flips of the evolution operator (h = 1)

E[sup (PI(H)e*in) } < Cedaw)/s (5.7)
teR w—ao
or equivalently
E [sup | (@l @15)Pr(H)e ™ (Ja) 2 15) N < Oem ek, (5.7b)
teR

In these expressions E[.] is the expectation with respect to all the random variables,
sup,cg is the supremum over time, C' < oo, ¢ > 0 and ||| is the 2-norm. Note, for
the choice S =0, S" =S, Eq. (5.7)) reduces to an exponential bound on off-diagonal

matrix elements of the evolution operator.

By construction, the criterion of Egs. is a natural extension of the criterion
for dynamical localisation of isolated particles. Furthermore, we show below that
the criterion is met for a finite amount of disorder in a finite interacting many-
body system described by the XYZ-Hamiltonian of Eq. and that once verified,
Eqgs. lead to constraints on the magnetisation of S’; the correlations between
its sites and the linear magnetic response function.

Before we progress, three remarks are in order. First, for technical reasons,
we only consider finite energy intervals I. We note however that for any realistic
finite system this is not constraining since there must be a finite energy interval
containing all possible spectra of the random XYZ mode]E|. Second, from now on
we restrict ourselves to sublattices S’ comprising only non-adjacent sites. This is
not a fundamental requirement of our approach, but it facilitates the mathematical
proofs. The case of adjacent sites is discussed in Remark [5.3.9] p. below. Third,
since we consider a finite system with exclusively discrete degrees of freedom, the
spectrum of H is discrete.

By construction, the criterion of Eq. is a natural extension of the crite-
rion for dynamical localisation of isolated particles. Furthermore, we show below
that the criterion is met for a finite amount of disorder in a finite interacting many-
body system described by the XXZ-Hamiltonian of Eq. and that once verified,
Eq. leads to strong constraints on the magnetisation of S’ and on the corre-
lations between its sites.

'We do not assume nor use this in the mathematical proofs.
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5.3 Dynamical localisation

In this section we present the main results of the present chapter. For the sake of
clarity, we only sketch here the outline of the proofs and defer all the proofs to
and §5.5 In §5.3.0] we begin with bounds for the onset of dynamical localisation
in one-body systems as well as bounds for the onset of localisation of functions of
random matrices. In we give bounds for the onset of dynamical localisation
in a many-body system and in we describe observable signatures of this

localisation.

5.3.1 Omne-body localisation and localisation of matrix func-
tions

We begin by studying the simplest situation: that of single up-spin in a sea of down-
spins (or the opposite), in the XXZ regime. In this case, the problem is effectively
one-body since in the XXZ regime, the Hamiltonian conserves the total number
of up- and down-spins present in the system at any time. One-body dynamical
localisation is now a well understood phenomenon and Theorem |5.3.1| presented in
this section is already known [160, [161], [141]. For the sake of completeness and since
its derivation uses a simple form of path-sum, we include it in this chapter.

Theorem 5.3.1 (One-body dynamical localisation). Consider a single particle evolv-
ing on Z° according to the Hamiltonian of Eq. . Let I be an interval of energy
with finite Lebesgque measure |I|. Let a and b be two points of Z° and d the distance
between them. Then for all 0 < s < 1,

]E[sup ‘(a|P1671Ht|b>” < C’e*ﬁ, (5.8a)
teR
where
4 [l—s opV2omy\s 20 — 1\ /5 2|J|
¢ _ln[25—1( 2] )] >0 for JB><1—3> Nors (5.8)
s ||p||oo 25 1
C= (2|I|) $925 — 6_1/<7 (58(3)

with ||pllee = 1/(ocpV2m).

The path-sum based proof of this proposition is presented in We also obtain
a more general mathematical result concerning the average exponential decay of
uniformly bounded functions of certain finite random matrices:

Theorem 5.3.2 (Localisation of matrix functions). . Let {Y,} be an ensemble of
independent random variables with probability distributions p, Holder continuous of
order 1 and define ||p|loc = max, ||pa|| Let M € C™™ be a normal matriz, R its
spectral radius and Ry (z) = (z21—M) ™! its resolvent. If there exists a partition {M,,, }
of M such that all statics are of the form My, = Yol + Maa with Maa a deterministic
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matriz, then for all 0 < s < 1 and any bounded function f(z) analytic on a region
containing all the possible spectra Sp(M), we have

S Qﬁfw sl+s
E||(Ru)oll] £ 30 Mosl(O =5 Clolle) ™ (5.92)
£>d(a,w)
where G is the graph of the partition, Qu, = mMax,. |[Maw| and E[.] represents

the expectation with respect to all random variables. Furthermore, if Q3 < (1 —
5)(2]|plles) 1, then the expected weight of a fully dressed prime walk decays exponen-
tially with its length. In this situation,

s ollse 2 _ d(ow)
B[ (Ru(2),, 1] < 12 -t 5.95)
1 Ll 2 e
B sup |f(M)oo|] < 517l @RIZA= 2B (g
where
Y e (5.9d)
Ag 1pl1582%.,

with \g the largest eigenvalue of G.

Remark 5.3.1 (Structure of the random matrices). The theorem is to be under-
stood as a statement regarding random matrices with fized structure. In other words,
the emplacement of the zero entries of M does not vary and only the non-zero entries
are allowed to be random. This fixes the graph G and the distance d(«,w) between
any two vertices is well defined.

Remark 5.3.2 (Sparsity of M). Although the theorem holds even when M is full,
in this situation the theorem becomes trivial since max, ,{d(o,w)} = 1.

Remark 5.3.3 (Off-diagonal disorder). The theorem still holds if each flip is also
a function of a random variable. In this situation, let Y, be the random variable
upon which M, depends. Then, if for all flips the expectation Ey. [H MWM exists,
the theorem remains valid upon replacing Qg by maxa Ey,_ [[[Mawl]-

Remark 5.3.4 (Correlated random variables). Let (aime---a;---ay) be a prime

walk on G. Then the Theorem holds in the situation where the Y, are correlated
. ¢ Y4 . . .

upon replacing [[pl[5 by [T, [[pa;(lloc; Where [|pa,llo is the infinity norm of the

conditional probability distribution of Y, knowing Y, , Yo,

j+17...

5.3.2 Many-body localisation

A major difficulty in the study of many-body localisation as compared to one-body
localisation lies in that the effective amount of disorder present in the system grows
only logarithmically with the size of the relevant space Gg . Indeed, since there
are only |S’| random B-fields affecting the sites of S’, there are only |S’| linearly
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independent configuration potentials. In the same time S’ can adopt up to 2/’ con-
figurations. Thus, the total amount of disorder affecting the SEP is very small as
compared to the size of the space on which it evolves. Furthermore, this disorder is
also highly correlated, as the configuration potentials are linearly dependent. These
observations explain why the proof of localisation for many-body systems is much
more involved than its one-body counterpart and leads to much larger bounds on
the minimum amount of disorder required for localisation to happen.

Outline of our approach:

We obtain a bound on the disorder strength required for the many-body localisation
criterion Eq. ((5.7al) to be met as follows:

1) We relate Eq. to a novel form of fractional moment criterion. More
precisely, we consider generalised Green’s functions which evolve the SEP on its
configuration space. These are matrices dictating the evolution of S’ regardless
of that of S. They arise from a tensor product partition of the system resolvent
(21—H)~!. We show that if fractional powers of the 2-norm of these generalised
Green’s functions are exponentially bounded, then Eq. is satisfied.

2) We express generalised Green’s functions non-perturbatively using the method
of path-sums, which represents the generalised Green’s functions as a super-
position of simple paths undergone by the SEP on its configuration space.
Simple paths are walks forbidden from visiting any vertex more than once.
On Euclidean lattices they are known as self-avoiding walks.

3) Using path-sums representations, we directly obtain an upper-bound on the
required fractional norms. No induction on the number of particles is required,
in contrast to Refs. [I54] and [159].

These steps finally yield the main theorem of the present chapter (see for de-
tails):

Theorem 5.3.3 (Many-body dynamical localisation in an interacting system). Con-
sider an ensemble of particles evolving on a finite lattice L comprising N sites ac-
cording to the XYZ-Hamiltonian of Eq. . Let S" an ensemble of non-adjacent
lattice sites and I be an interval of energy with finite Lebesque measure |I|. Then
for any 0 < s <1 and any 27191 < 5y < 1,

< Clw,a) e =107~ (5.10a)

w—o

E [sup H <P1(H)e*th)

] (s1-5) d(aw)
teR
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where
1 a1 s 2718k ps
Clw,a) = —(2|I|)*=c|sy]|st ——x 5.10b
( ) 27T( | |) [1] (O'B\/%)S ( )
1 B B S:‘lSIS
<W®(e Ve 1, dlo,w)+1—s 1)) ,
27
1 ( o5 ) 5.10
= ston (5 ) (5100
where C is the localisation length and
¢>0 ifand only if op > op™ = Dn,JI|S'|V*/V2r. (5.10d)

In these expressions, J = (J§+J§)1/2, ne s the mazimum number of neighbours that
any site of S" has on L, D = 2V | ¢[s;] = 4'751k*1 /(1—s1) where k is a finite universal
constant and ® is the Hurwitz-Lerch zeta-function, which decays algebraically with
d(a,w) when d(a,w) > s~ —1.

Remark 5.3.5 (Meaning of the bound). Because we partition the system into two
subsystems S and S’, we emphasise that the meaning of the above bound is dif-
ferent from what is usually understood from such bounds. If Eq. holds for
some disorder op and sublattice S’ comprising |S’| non-adjacent sites, then the dy-
namic of any and hence all sublattices comprising |S’| non-adjacent sites is localised,
regardless of the dynamics of the rest of the system.

Remark 5.3.6 (Dependency on the system size). The bound we obtain on the
critical amount of disorder required for the onset of localisation scales exponentially
with the system size N. This is unsurprising in view of the fact that the XYZ
Hamiltonian does not conserve the number of particles in the system. For this
reason, adding a single site to the lattice doubles the number of configurations
available to the system.

Remark 5.3.7 (Dependency on the system partition). In the situation where the
Hamiltonian is partitioned into its matrix elements, i.e. the flips and statics are
the entries of the Hamiltonian H,_, = (H),a, we have S = ), S’ = S and thus
|S’| = |S| = N. This degrades both the bound on the critical disorder %™ and the
localisation length ( linearly with the system size. It is therefore beneficial to use
partitions with small |S’| values.

Remark 5.3.8 (Dependency on the interaction strength along z). The bound ob-
tained above for the critical amount of disorder does not depend on the interaction
parameter A, but rather holds for any A. This is because of a crucial step of our
proof, where we determine a bound for the norm of a generalised Green’s functions
independently of the details of the self-energy. By the same token, we lose infor-
mation about any influence the interaction strength A might have on the onset of
localisation. Thus, our approach does not permit us to study the influence of A.
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We could partially circumvent this problem by treating the deterministic interaction
term in configuration « as a realisation of a random variable A, whose probability
distribution can be evaluated from the Hamiltonian. Then one would take expecta-
tions with respect to a new random configuration potential ffa =Y, + Aa and the

strength A of the interaction would play a role similar to the variance of the random
B-fields.

Remark 5.3.9 (Dependency on the lattice). The theorem holds regardless of the
dimension and details of the physical lattice. This is because we require S’ to
comprise only non-adjacent sites. In this situation, the configuration graph Gg ¢
must be an |.S’|-hypercube H,g/| or a subgraph of it, regardless of the physical lattice.
Indeed, Hg/ connects all configurations of S’ differing by one spin flip. Thus if
the configuration graph is not Hg/| or a subgraph of it, then there is at least one
transition allowed between two configurations of S’ differing by two spin flips. This
corresponds to two non-adjacent spins flipping at the same time, which is not allowed
by the Hamiltonian. This approach leads to simpler results when deriving observable
signatures of the localised regime, see and Appendices[5.7and[5.8] Our
results can nonetheless be extended so as to hold in situations where S’ comprises
adjacent sites. For example, if the physical lattice is Z%, d > 1, then the bound on
the critical disorder becomes o™ = D27 d'/*|S'|}/* /(21/27).

Remark 5.3.10 (Extension to other Hamiltonians). While we present Theorem
explicitly in the case of the XYZ-Hamiltonian, we do so for the sake of con-
creteness. The arguments developed in the proof of the theorem do not make use of
the specifics of the XYZ-Hamiltonian, so that the theorem can easily be extended
other Hamiltonians and other probability distributions p for the random magnetic
fields’] as considered in Ref. [I54].

Remark 5.3.11 (Use of the 2-norm). Theorem is stated in terms of the 2-norm
which might seem to obscure the physical meaning of the bound Eq. . Indeed
physical quantities of interest such as the system magnetisation and correlations
functions are most naturally expressed in terms of the Frobenius norm. Nonetheless
we show explicitly in the next section that Theorem [5.3.3| implies constraints on
such physical quantities, as would be expected if the theorem involved the Frobenius
norm.

5.3.3 Localisation of sublattice magnetisation

In this section and the next we discuss observable consequences of the criterion for
many-body localisation Eq. . Although the bound for the onset of many-body
localisation presented in Theorem holds for any finite ensemble of non-adjacent
sites S, there is a particular choice of sites for S’ that leads to a simple structured
configuration graph, allowing for easier interpretations of the consequences of SEP
dynamical localisation.

2So long as p remains Holder continuous.
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Suppose that S’ consists of a set of sites that are well separated in real space.
In this case, the surrounding sites belonging to S effectively act as a spin bath
with which the sites of S’ can freely exchange spin excitations. Clearly, S will act
more effectively as a bath in higher dimensions, when each site of the lattice has
more nearest neighbours. A key consequence of this choice is that the number of
up-spins in S” can vary, even in the XXZ regime J, = J, where the total number
of up spins in the entire system is conserved. Thus, in this situation and regardless
of the values of J, and J,, every one of the 218l configurations available to S’ is
accessible. Furthermore, each configuration of S’ is connected to exactly |S’| other
configurations, because each spin within S’ is free to flip its state when J, # J,, or, in
the XXZ regime, by virtue of its contact with the spins of S. These considerations
uniquely specify the configuration graph of S’ as the |S’|-hypercube. Then the
dynamics of the SEP is that of a particle undergoing a continuous-time quantum
random walk on the hypercube, perceiving highly correlated random potentials at
the various sites.

Now an important consequence of the structure of the hypercube is that the
distance d(a, w) between any two configurations o and w available to S’ is at least
equal to the difference between the number of up-spins in the two configurations
d(a, w) > |ng —nyl|, with n, the number of up-spins in .S” when it is in configuration
«. Thus SEP dynamical localisation as per our criterion Eq. immediately
implies localisation in the number of up-spins in the sublattice

e sup (a0 ™), ] < ceri (5110
teR
or equivalently

E [ sup |((n'] @ 1) Pr(H)e ™ (In)  15)]] < Ce 1/, (5.11)

teR

where |n) and |n’) represent any superposition of configurations of S" with exactly
n and n’ up-spins, respectively.

This yields an observable signature of the many-body localisation of the system:
the magnetisation of any sublattice is constrained within an interval centered on its
value at time t = 0. More precisely, let N, (t) and N{,(t) be the number of up-
and down-spins in the sublattice S’ at time ¢, respectively. We define the disorder-
averaged normalised magnetisation as M (t) = E [N;, (t)— Né, ()] /15|, with E[.] the
expectation with respect to all random magnetic fields. In Appendix we show
that this quantity is bounded at any time as follows

L—n(Q) < M(t) <n'(0) -1, (5.12)

with n'(¢) and n'(¢) two time-independent quantities depending on the localisation
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Figure 5.1: Data points: disorder-averaged normalised magnetisation M (t) of var-
ious sublattices of a 1D lattice with N = 60 sites. Each error bar represents one
standard deviation around the disorder average. Initially, spins located at even and
odd sites are up and down, respectively. The sublattices S’ shown here comprise: a)
sites 5 - 13 - 21 - 29 - 37 - 45 - 53, initial magnetisation M (0) = 1; b) sites 13 - 21 -
28 - 40 - 45 - 57, initial magnetisation M (0) = 1/3; c) sites 5- 11 - 17-23 - 29 - 35
- 41 - 47 - 53 - 59, initial magnetisation My = 1; d) sites 9 - 19 - 29 - 39 - 49 - 59,
initial magnetisation M (0) = 1. Each data point represents 300 TEBD simulations
of S which is initially populated by 30 up-spins and 30 down-spins. Simulations
parameters: XXZ regime J, = J, = 1, A = 1/2, evolution time: ¢ = 5J ', longer
evolution times did not yield significantly different results. In shaded is the region
of allowed magnetisation M (t) as per Eq. as a function of In(og/|S’|)~* o .
Constants C' and ¢ where used as free parameters to fit all results.

length ¢ and constant C' of Eq. (5.7a)):

5| ||

2m , _
nT(C) = 02 Z |S/| ZN('S |7n07m7d)€ Qd/C’ (513&)
m=0 d=0
[S7] om [S7]
nQ) = C* 3 g DN (SIS = o, m, d)e (5.13b)
m=0 d=0

with ng = IV, ;, (0) the initial number of up-spins in S” and

no |S'|—no .
N(|S'],no,m,d) = {(d/ o tng—m)/2) (/2 (ngmyj2)» 4+ 10 —m even,

‘ (5.14)
0, otherwise.
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Figure 5.2: Same simulations as in Figure , but here fitting the values of C' and
¢ independently for each figure. The TEBD results are consistent with localisation
of the system in its configuration space.

In the strongly localised regime, the bound Eq. ((5.12)) becomes

lim 1 —nt(¢) = limn'(¢) — 1 = M(0), (5.15)

¢—0 ¢—0

that is the sublattice magnetisation is constrained around its initial value, as ex-
pected. On Figures (5.1]) and we compare the bounds of Eq. with TEBD
simulations of a half-filled 1D lattice of 60 sites in the XXZ regime. Our implemen-
tation of the TEBD algorithm is based on the open-source Tensor Network Theory
(TNT) library [162]. We use C' and ( as free parameters to fit the simulation results
with our theoretical predictions. This means that we do not use their values as pre-
dicted by Theorem [5.3.3] This is because we could only simulate disorder strengths
op which are below the bound ¢4 obtained in the theorem. In Fig. we deter-
mine the values of C' and ( so as to fit the magnetisations of all observed sublattices
at once. Our result are in good agreement with the simulated magnetisations, which
demonstrates that the behaviour of this physical quantity is well captured by our
bound Eq. . In particular, the simulations show that the sublattice magneti-
sation is strongly constrained around its initial value deep in the localised regime, as
predicted by our theoretical bounds. In Fig. the values of C' and ( are fitted for
each sublattice separately. The excellent agreement between theory and simulation
here shows that the overall dependency of the simulated magnetisation with the
disorder is very well captured by our bounds.

These results demonstrate the validity of our criterion, which quantitatively pre-
dicts a physically observable signature of many-body localisation.
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Figure 5.3: Bounds on the disorder-averaged magnetic linear response iy; ;(t) in the
localised regime, as a function of the localisation length (. The shaded region is the
region allowed by the bound Eq. We consider here a sublattice S’ comprising
|S’| = 10 sites. Initially, the sublattice is in a configuration a with |a| = 3 up spins
and 7 and j are up and down in «, respectively. In inset: bound on the disorder
averaged correlation function 7; ;(¢), initially 7, ;(0) = —1. The shaded region is the
region allowed by the bounds Egs. .

5.3.4 Localisation of sublattice correlations and magnetic
susceptibility

Similarly to the sublattice magnetisation presented above, we prove in Appendix [5.8
that once the criterion for many-body dynamical localisation Eq. is fulfilled,
then the correlations between any two sites of the sublattice S’ will be localised
around their initial value. The correlations at time ¢ between two sites 7 and j of S’
that we consider are given by

7i3(t) = E[Tr[Pr(H) o%(t) P1(H) o ps]] (5.16)
where E[.] is the expectation with respect to all random magnetic fields, ps is the
initial density matrix of the entire system S and o'(t) = eole~™. The quan-
tity 7(4,j) is of interest because it relates to the disorder-averaged linear magnetic
response function y; ;(¢). More precisely we have

Xij(t) = =i E[([o%(t),o2(0)])] = —i(7i;(t) — 75.4(=1)), (5.17)

which determines the response of the magnetisation at site ¢ to a time-dependent
magnetic field applied at site j [163].

In the situation where S’ is initially in a single configuration « and is dynamically
localised as per our criterion Eq. , we obtain the following bounds for the
sublattice correlations
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OSSR L gmwne
7;,;(t) > =2K(|S"], |a]) +1, jis down in a,

and simultaneously
7;,;(t) > =209(|S"], |af) + 1, ] ?s up in ?4, (5.18b)
7,;(t) <29(15), la]) =1,  jis down in «,

where |a| is the number of up-spins in S” when it is in configuration o and K and
Q are given by

K5, o) =
C2ZIS\ lzls\ WS =1, o] —1,m—1,d)e 2, iisupin a,
s |5\ ; - . (5.19a)
C2Y TS NS = 1 fal,m = 1,d — 1) e72¥¢) i is down in a,
(15, |Oé|) =
C2Y ST IN(S = 1 Jalm = 1,d — 1) e7/¢, s up in a, (5.19b)
C2Z|Sl‘ 12"9‘ '"W(S| -1, ]al —1,m—1,d) e 2%, iis down in . '

Now let 7,5(¢) and 7,5(¢) designate the bounds of Eqs. (5.18) obtained above for
Tij (t), that is

7.5(0) < 7i(t) < 75(C). (5.20)
Then a bound on the disorder-averaged magnetic response function follows straight-
forwardly,

70 = 7,;(Q) < ixag(t) < 75(0) = 75,(0)- (5.21)
In particular, in the strong disorder limit, we find analytically that

= (Y — T () — _

%li% 750 = %12% 7€) = %IE% 73,4 () = 73,3(0), (5.22)

and similarly lime o 7;,(—t) = 7;,(0). In other terms, the correlations are con-
strained around their initial value, as expected. Since furthermore 7; ;(0) = 7;,(0),
Eqs., prove that in the strongly localised regime the disorder-averaged
magnetic response function vanishes

éin% ixij(t) = 0. (5.23)

This implies that the disorder-averaged magnetic susceptibility X; ;j(w), defined as
the temporal Fourier transform of y; ;(t), decreases in magnitude as the disorder
strength increases, and vanishes in the strongly localised regime. Therefore, in this
regime the system displays a negligibly small induced magnetisation in response to
a magnetic perturbation applied to a distant region of the lattice. Examples of the

bounds Egs. (5.18) and Eq. (5.21)) as a function of ¢ are shown in Fig. (5.3). Here
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again, our criterion for many-body dynamical localisation implies strong constraints
on an observable physical quantity.

5.4 Proofs of the one-body results

Consider the situation where a single up-spin lives in a sea of down-spins (or the
opposite) in the XXZ regime. In this situation we choose the most natural (and only
physically meaningful) partition S = (), S’ = S. Mathematically, this corresponds to
partitioning the Hamiltonian into its usual matrix elements. Choosing this partition,
the configuration graph is identifiable to the physical lattice and a configuration of S’
simply specifies the position of the unique up-spin. Consequently, the configuration
potentials Y, are of the form 2B, — B with B, the random magnetic field felt by the
up-spin at site @ and B the total sum of all random magnetic fields. This quantity
is an overall energy shift to the Hamiltonian and can be removed without affecting
the result{’] Finally, we note that the generalised Green’s functions reduce to the
usual Green’s functions.

Consider two points a and b of Z% and let d be their distance. The starting
point of the proof of one-body localisation in é-dimensions is the following criterion,
discovered by Aizenman and Molchanov [164],

{30<oo,<>o,o<s<1with {30/<oo,g'>0with (524

]E“G(CL, b; z)|8] < Ce ¢, E[supt@R }(a!PIe_inb)H < Clem ¢

_1
where we may use €’ = % (2]]|) 2=+ (', as we prove in a more general setting in §5.6.1|
Relying on this criterion, we prove in this section that the fractional moments of
the system Green’s functions |G’(a, b; z)}s are, on average, exponentially bounded.

5.4.1 One-dimensional chain

We first consider a 1D chain of down-spins, denoted L. Initially, a single up-spin is
present on site a. Let b be another site of £ located at a distance d from a. Since
there is always only a single simple path between any two points of £, the path-sum
representation of the system Green’s function G(a, b; z) yields

d
E[|G(a,b; )] = 121 || T] Ges (0,05 2)

S
)
L j=0

[ d
<2J|%E [ 1Gw(aj, a5 2)18] , (5.25)

Lj=0

3Calculations with and without B yield the same bound for the onset of localisation.
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with ag = a, ag = b, L7 = L\{ao, -+ ,a;_1}, E[.] the expectation with respect to the
random magnetic fields and we used H,;, o, = 2J. We progress by transforming
the expectation of Eq. (5.25)) into nested conditional expectations:

E[|G(a,b; 2)[°] =|2J|% (5.26)

- Ep {EBao[ﬁmm(aj,aj; z)!s]] ” .

Jj=0

Eispap |Eb.,,|

In this expression, ]EBaj\H is a short hand notation for the conditional expectation
with respect to the magnetic field B,; at site a; knowing B, ,,, -+, B,, and all
magnetic fields affecting sites outside of the interval [a,b]. Finally, E{gy\(q4[-] is the
expectation with respect to the magnetic fields affecting sites outside of the interval
[a, b].

At this point it is essential to recall that the product over Green’s functions rep-
resents a simple path. Thus the magnetic field B,, appearing in G i< (aj<k, aj<k; 2)
cannot appear in any of the subsequent Green’s functions G i (aj>k, aj>k; 2) since
once traversed by the simple path, site a; has been removed form the lattice £. In
particular, the only Green’s function that can depend on B, is Gz (ag, ag; z). Then,

d d
Egp,| [H ‘ch(aj,aj; Z)ﬂ = H ‘ch(aj,aj; z)|SEBaO| [‘Gg(ao,ao; z)‘s], (5.27)
j=1

Jj=0

Furthermore, the dependency of G (ag, ap; z) on By, is very simple: indeed by virtue
of the path-sum representation of matrix inverses, we have

Gr(ag, ap; z) = [z — 2B,y — Hey — EO}_l, (5.28)

with H,, is the deterministic part of the potential felt by the spin at site ag and ¥
the sum of all cycles off ag on £°. In this context however, it is known as the self-
energy. It is noteworthy that the self-energy being a sum of cycles on £° = £\{ao},
it does not depend on B,, and, by construction, neither does z — H,,. Therefore,
the dependency of |G (ag, ag; z)|* on B, is of the form |2B,, + M|~*, with M € C.
Thanks to these observations and using the result of Proposition m (see p. |141)),
the conditional expectation of Eq. is upper bounded by

]EB%\DG&(GO,CLO; Z)ﬂ < qpﬂ"; (5.29)

where ||p|loc = 1/(0pV27) is the infinity-norm of the probability distribution p of
the random magnetic fields, with op its variance.

We then repeat the above procedure for all the subsequent conditional expec-
tations, always observing that |G;(a;, a;; 2)|° is of the form |B,, + M|~* for some
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M € C which does not depend on B,;. Thus we obtain

1 d+1
EUG(U/, b7 Z)’s} S |2J’d5 E{B}\[a,b] [((1 _ S)(O’B\/%)S) ] ’

_ el @™ 1
R el cu ey ot (5.30)

This exhibits exponential decay with d as soon as op > 2[.J|/(V2r(1 — 5)'/*) for
some 0 < s < 1.

5.4.2 ¢ > 1 dimensional lattices

The only difference between the § > 1 and the 6 = 1 dimensional cases is that when
the physical lattice is more than one dimensional, there exists more than one simple
path of length ¢ > d between any two vertices of the lattice located at distance d
from each other. The path-sum representation of the Green’s function is then

Z Z QJZHGLJ aj,a;; z

(>d T,

S

E[|G(a,b; 2)|°] = : (5.31)

with IIzs. 4. o the ensemble of simple-paths of length ¢ from a to b on £?. Remarking
that for any ensemble of complex numbers {c;} and 0 <s <1, |3 ¢;[* < > [es]?,
the above becomes

E|G(a.b; )] <> Y [2J|"E

£>d 11

H |G ri(ay, a5 zW] . (5.32)
£5; ab; £ J=0

Each element of the sum can now be treated with the technique presented in the 1
dimensional case. Since furthermore on £(§) = Z° the number of simple paths of
length ¢ > 0 is clearly upper bounded by 26(20 — 1)*~!, we obtain

S = 20(20 — 1)1 (21T
E[|GL(5)(a,b; z)|5} < lplla ( ) (2]J])

ST om0
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The above series converges when op > ((26 — 1)/(1 — s))l/S x 2|J|/v/2m, in which
case

R p— -
N 1—s ropV2m\s 26 — 1\ /s 2|J|
I 0 ()2
S e L G TN Ll s s o

1 el 251
= (o)1) 7 1Pl . :
¢ 27r(||) 1—520—11—e1/¢ (5:35)

This establishes Proposition [5.3.1]
» We prove Theorem [5.3.2

Proof. The demonstration of the theorem is entirely identical to the proof of one-
body localisation on 6 > 1 lattices, with the exception that the constant C’ of

1

Eq. 1) has an additional || f||« factor, i.e. C" = 5=(2[I])* || f||«C as can be seen
from the derivation of Proposition below. We omit the details. O

5.5 Proofs of the many-body results

5.5.1 A generalised fractional moment criterion

As we have seen in §5.2.2] and §5.2.3] localisation of the many-body dynamics is
equivalent to the dynamical localisation of the SEP on its configuration space. This
observation led to the following signature of many-body localisation Eq. (5.7D))

E[sup | ((w] ®1s)Pr(H)e ™ (|a) @ I5) H] < Cemdaw)/S, (5.36)

teR

In order to demonstrate that there exists a finite value of the variance o of the
random magnetic fields such that Eq. is satisfied, we use a generalisation of
the fractional moment criterion originally developed by Aizenman and Molchanov
in the one-body setting [164], [165]. This criterion can be summarised as follows. Let
a and b be two points of a lattice, then

JC < o0, (>0, 0<s <1 with 3C" < oo, ¢’ > 0 such that
E[\G(a,b; z)!s] < Ce, E[supteR ](a\PIe‘th]b>]] < Clet/¢

where G(a,b; z) is the Green’s function evaluated between points a and b. For
our purpose it is necessary to extend this criterion to arbitrary system partitions
S = SUS’. In particular, one must extend the notion of Green’s function between two
points of a lattice to that of Green’s functions between two configurations accessible
to S'.

This is easily achieved using a tensor-product partition of the system resolvent
Ru(z) = (zl — H)_l. In continuity with existing conventions regarding the Green’s
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functions, we denote the elements of this partition
Gy (w,a;2) = (RH(Z))M_Q, (5.37)

and call them generalised Green’s functions. These are 21°! x 2/5 submatrices of the
system resolvent Ry(2). As required of a tensor-product partition of the resolvent,
the generalised Green’s functions fulfill the characteristic relation

jwi(al ® Gg, o, (W, a;2) = (Po ®1s) .Ru(2). (Pa®]ls), (5.38a)
with P, = |a)(al|. Equivalently,
Ggg o (W, a;2) = (W ®1s) .Ru(2). (Ja)y @ s). (5.38Db)

Using generalised Green’s functions, Aizenman’s fractional moment criterion can be
extended to arbitrary system partitions:

Lemma 5.5.1 (Fractional moment criterion for arbitrary system partitions). Let
S = SUS be a system partition, Gs g the graph associated to it and d(c, w) the
distance between vertices v, and v, on Gg g. If there exists C < oo and ( < oo such
that, for 0 < s <1,

E[”Ggs,s/ (w,a; z)HS} < Qe Haww)/c (5.39)

then

W

E [sup H (PI(H)e_th>

teR

1 1 d(a,w)
< —(2]1])? Ce @=s) 5.40
} < 5 (21)) 7 Cem e, (5.40)

where |I| is the Lebesque measure of 1.

To preserve the flow of the argument, we defer the proof of this result to Appendix
[(.6.1] Thanks to Lemmal5.5.1]above, we may focus our efforts on bounding fractional
norms of the generalised Green’s functions. We achieve this using their path-sums
representation.

5.5.2 Bounding the norms of generalised Green’s functions

Following the result of Lemma [5.5.1, we are left with the task of proving that there
exists an amount of disorder o such that the fractional norms of generalised Green’s
functions are exponentially bounded, i.e.

E [[Gay (v :2)|['] < Gl (5.41)
with s € (0,1), C < oo and most importantly 0 < ¢ < 0.

In the spirit of the proof for the one-body situation [141], we bound the expec-
tation of the fractional moments of the generalised Green’s functions using their
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path-sums representation

E |:HGgS,S’ (w, q; Z)Hs}

-1
<E[ Y 1Gg: _ (ar o I T] IHeyima, Gy (0055 2],
7=0

Hg aw

Ly
< Y g, yaul(0) (ned ) E [HHGQJ (a5 9] Ga2)

£>d(o,w)

In these expressions we use |[Ho,, ;| < neJ for all flips of the Hamiltonian.
The quantity |Ilg, ,a0|(f) is the number of simple paths of length ¢ on Gs s from
« to w and L, is the length of the longest simple path on Ggg. As long as |5’
is finite, L, is finite. In most cases, the number of simple paths is unknown and
we may simply upper bound it by the total number of walks of length ¢ on Gg ¢
from o to w, denoted |Wgs’ oiaw|(£), or if this is also unknown by powers of the
largest eigenvalue )\gsﬁ o of Gsg. In order to progress, it is necessary to identify
explicitly the configuration graph Ggg¢. In fact, if S’ comprises only non-adjacent
sites, then Ggg must be the |S'|-hypercube Hg/. To understand why, remark
that the |S’|-hypercube connects all configurations of S” differing by one spin flip.
For example, the configuration graph Hs is shown on
Fig. . Thus, if Gg ¢ is neither the |S’|-hypercube nor
a subgraph of it, then there is at least one transition
allowed between two configurations of the S’ differing by
two spin flips, e.g. TT——]|. This corresponds to two
non-adjacent spins flipping at the same time, which is
not allowed by the XYZ Hamiltonian. Thus, from now
on we shall consider that the configuration space is the
|S’|-hypercube Ggg = H|gs|, this being the case least
favorable to localisationﬁ The number of simple paths  Figure 5.4: Graph H,
of length £ on H,g/| is bounded by the number of walks of
length ¢ on H|g,. This is analytically known for any two vertices of any hypercube.
For the sake of simplicity however, we use the larger bound [Ilg, ,.aw|(£) <[5 .
As noted in §5.3.2 a major difficulty in the study of many-body localisation as
compared to one-body localisation lies in that even when walking along a simple path
on Gg g, the SEP encounters configuration potentials that are linearly dependent
on the ones it previously encountered. Indeed, since there are only |S’| random B-
fields affecting the sites of S’, there are only |S’| linearly independent configuration
potentials. By contrast, the configuration graph Gg ¢ has 215’1 vertices. A negative
consequence of this is that all the self-energies entering all the generalised Green’s
functions depend on all configurations potentials. Thus, contrary to the one-body

4The |S’|-hypercube being the largest and most connected configuration graph allowed by the
Hamiltonian, it has the largest number of simple paths and simple cycles. By Eq. (5.42), this is
the least favorable case for localisation .
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case, the generalised Green’s functions have a complicated dependency on the con-
figuration potentials. This dependency is analytically accessible for sufficiently small
S’ e.g. |S'| =1— 6, yet analytical calculations of the required expectations remain
very difficult as we shall see below.

Another consequence of the linear dependency between the configuration po-
tentials is that we cannot distribute the conditional expectations in the product
of generalised Green’s functions as is possible in the one-body case. This fur-
ther complicates the calculation of the required expectation along a simple path

E[Hﬁzo HGgg . (aj, a3 Z)HS} . In order to recover simpler expressions, we note that

the expectation above involves the product measure dop; Vs H‘f;'l deaj, with OYa,
the cumulative distribution function of Y, . Therefore, we can upper bound the
expectation of a product of norms of generalised Green’s functions by a product of
expectations on using the generalised Holder inequality [166]. This leads to

¢ ¢ N\ Vg
. S ) . a5
E[HO |Gy (asnasi 2)[] < Ho (E[IGe; (@saz 2 ]) 70 (5.43)
with Zﬁzo qj_1 = 1. We will see below that the above can only be bounded if g;s < 1
for all j. Using ¢; = £+ 1 for all j we thus need s < 1/(¢ + 1) to guarantee the
existence of the above expectations. Since the graph Gg g is a subgraph of Hg/|,
the longest simple path has length at most ¢ = L, < 215l and s < 1/(21'1 4 1)
is sufficient to guarantee existence of all expectations. We will see later that this
requirement on s can be waived using a technical result from Ref. [154].

We now turn to bounding expectations of individual generalised Green’s func-
tions. Using conditional expectations we have

]E|:||Gg§S/(Oéj,Oéj; Z)”Sj] :]E{Bj}jgzsh{yai}i;éj |:Eyaj||:HGgé’S/<Oéj,Oéj; Z)Hsji|:|’ (544)

with s; = ¢;s and Eyaj‘[.] is the expectation with respect to Yy, knowing the value
of |S’| — 1 linearly independent configuration potentials affecting S’, here denoted
{Y,, }izj, as well as all magnetic fields affecting sites outside of the sublattice S’

As noted earlier, thanks to path-sum, for sufficiently small |S’| (typically less
than 6) the exact dependency of a generalised Green’s functions on a certain config-
uration potential is explicitly accessible. Yet, this dependency is still too complicated
to be used to bound the expectation of the Green’s function with respect to this
configuration potential. To see this, let us consider again the simple example where
S’ comprises only two sites, denoted 1 and 2. In this situation the configuration
graph of |9'| is the square Hs and the configurations available to S” are 17, T/, |1
and | |, see Fig. . The corresponding configuration potentials are Yy = By + By,
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Figure 5.5: Left: configuration graph H, of a sublattice S’ comprising 4 sites. The
red arrows represent a simple path along which S’ successively encounters the ran-
dom configuration potentials Y; — Y5 — Y3 — Y. In thick blue are the configura-
tions of S” whose random potential is linearly dependent on Y;. Right: configuration
graph of the sublattice after collapsing all configurations whose random potential is
linearly dependent on Y] into a single vertex. Note: for clarity the self-loops are not
represented on these graphs.

YVH = Bl — Bz, leT = —YVTL = —Bl —|—BQ and }/11 = —YVTT = —Bl — Bz. Then

G, (11, 115 2) = [Zl —Ypl = Hyp — 47254 (Yyy) — 472 5 15(Yyy)
—16J' Sy T (Y1) S (V)

—16J4 T Ty (Vi) ZlT<YTT>} : (5.45)

where Sy (Vi) = [z =Yyl = Fy = S (¥i)] 7, 2] (V) = [+ Yyl = Hy =]
and similarly for ¥ ;(Y}) and Zﬁ(YTT) The quantities EH and EH are analytically
available and do not depend on Y3y. The generalised Green’s function Gy, (11, 171; 2)
is therefore an exactly known matrix-valued rational function of Y;;. For this later
reason, it is very difficult to find an analytical upper bound for Ey,, [||GH2(TT, il
: z)Hs], in particular a bound which is independent of largely unknown quantities
such as the spectrum of the Hamiltonian.

Thus, instead of attempting to bound the expectation of a generalised Green’s
functions G (ay , aj; 2), we remark that it is a submatrix of a larger matrix whose
S,s’

dependency on Y,, is much simpler. To see this, consider merging all the vertices

of gg s Whose configuration potentials are linearly dependent on Y,,. We call this

operation an Y, -collapse and the so created vertex, the collapsed vertex, which we

denote vy, . An illustration of this procedure in shown on Fig. 1) The Y, -
o J

collapse gives rise to a new graph, denoted gé ¢(Ya,), from which we immediately
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obtain the generalised Green’s function of the collapsed vertex as

-1

G )(Uyaj SO z) = |2l =Y, 1 - ZYUQJ- , (5.46)

95 5 (Ya

where Y, is the self-energy associated to the ensemble of configurations which are
J

linearly dependent on Yy, i.e. it is the sum of all cycles off vy, = on Gl o (Yo, )\ {ov.,, }-
Since all vertices whose configuration potential is linearly dependent on Y, have
been merged to form vy, , none of the remaining vertices of G5 (Ya, )\{vy,, } depend

on Y,,. Consequently, Evyaj is independent of Y,,,. Furthermore, Ggg Sl(aj,aj; 2)

is a submatrix of Ggé » (Yaj)@Yaj?UYaj; z): more precisely it is the submatrix cor-

responding to S’ being in configuration c;. From these observations we deduce

| N
HGgé,s/(a”O‘j; )7 < HGQQS,(Y%)(“Y%,UY%; 2|7, (5.47)

and therefore

EY |[||GQSS/(aj’aja )HS]] < IEY |[HG (Yaj)<UY<¥j’UYaj; Z)”Sj]. (548)

SS’

The right hand side of the above is bounded thanks to the following lemma, whose
proof we defer to Appendix [5.6.2}

Lemma 5.5.2. Let Y be a normally distributed random variable with density func-
tion p. Let A € C™" be a normal matrixz. Then the following bound holds for any

0<s<1,
(2n)*

Ey |[|Y1+A7 ] < 3= lells (5.49)

where ||.|| is the 2-norm and ||.||e the infinity norm.

Using the lemma and on assuming that s; < 1, we obtain

(2D;)* )

)(UY%’UY%; Z)HSJ] - 1-

Ev,, |G o

SS’

||p A% (5.50)

The quantity D; is the dimension of G,

e
is the rank of the perturbation associated Wlth modifications of Y,;. We bound Dj

on noting that: i) each vertex of Gg ¢ is associated with a vector space of dlmensmn
2151; ii) at most half of the vertices of Gg g are linearly dependent on any given
configuration potential. From these observations it follows that D; < 25/ x 2/51/2 :=
D/2. Finally, Yl is the probability distribution of configuration potential Y,

)<Uyaj,1}y&j; z) or, in other terms, D;

knowing the value of |S’| — 1 linearly independent configuration potentials affecting
S’ as well as all magnetic fields affecting sites outside of the sublattice S’. We
show in that this distribution is normal and its variance is at least op. Taken
together, Eqgs. and thus yield the following bound concerning individual
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Green’s functions

(2D,)"

J S
" v, 2 (551)

Ev,, (1G5, . (a5 a5 2)|7] < 2=
J

Using the result of Eq. (5.51) in conjunction with Eqs. (5.42} [5.43} [5.44]), we
finally arrive at the desired bound for the disorder-averaged fractional norm of any
generalized Green’s function

Lp ¢ 1/q;
]E[HGgS’S,(w,oz; z)||s] < Z g oiawl(€) ZSH( : aj”f,g) .(5.52)

£>d(o,w) 7=0

We establish in Appendix |5.6.4| that prw| loe < [12lloe = (057 /2_7)—1_ Furthermore
Mg gr100|(£) < |S"), D; < D/2 and

¢

(1 ! S)l/qj _ HO <W1+1>5>1/(£+1) _ %’ (553)

J]=

T

upon choosing ¢; = ¢ + 1, which is allowed by the sole requirement on the g;,
Zﬁ:o ¢;" = 1. Now define r := (DnzJ||pll=) |5, then the above observations
lead to

X Ly s}
E[||Go o (w,05 9)]] <187 e
H s,s (w, e Z)H < |5 Z 1—(0+1)s
£>d(o,w)
/1—1 - TZ—H
< |57 ‘ —‘ 5.54
SIS 2 s (559
£>d(o,w)

When r < 1, the series of Eq. ((5.54) converges, and we obtain the bound

1/s
IE[”GQS S 2] <1817 By (dle,w) +1-5710), (5.55)
: s
with B, ( =[5 t*"1(1 —t)’~'dt is the incomplete Euler Beta function. To make

the bound of Eq. ( - easier to understand, we note that for 0 < s <1,0< 2 < 1
and a € R,
24B.(a,0) < 2P (21, a), (5.56)

with ® the Hurwitz-Lerch zeta-function and ® (z,1,a) decays algebraically with a
for a > 0. Thus we find

1 1 _dla,w)
[HGgss,(u} a; 2)||” ] S|S/|CI)<€ é,l,d(oz,w)%—l—s_l)e <. (5.57a)




5.5.2 Bounding the norms of generalised Green’s functions 143

In this expression, we have defined

V2
1=l (‘”B—) 5.57b
¢ S 1og Dn[;j|5’]1/5 ) ( )
i.e. 7 = e /<. In particular we have,
r>1 <= (>0 <= o> DnJ|S|"*/V2r. (5.57c)

At this point, the requirement s < 1/(21%1 +1) < 2715l which we used in the proof,
clearly seems to heavily degrade the condition on op for the onset of localisation:
indeed s < 27151 = g > |9'|'/5 > |S’|2‘S,| is extremely large, even for moderate
|S”|. We circumvent this difficulty by adapting a result of Ref. [154] to our situation:

Lemma 5.5.3 (Based on Aizenman and Warzel [154]). If there exists Spar < 1 such
that for all s, 0 < s < Spaz,

E[|[Goy o (w05 2)||'] < Cemtiewe, (5.58)

then for all s € (0,1) we have

s e 2 moe (ns) diaw)
E[HGQS,SI(%&; 2 ] < c[s1] 1(0— %)SC e cu (5.59)
B

With Spmaz < 51 < 1 and c[s1] = 41751k%1 /(1 — s1) with k a finite universal constant.

We call this result the extension lemma. For the sake of clarity we defer its proof
to Appendix [5.6.3] Using the extension lemma, we may extend the exponential
bound from 0 < s < 1/(2/%1 +1) to 0 < s < 1. We obtain, for all 0 < s < 1,

E|[|Goy o (w, 05 2)[|'] < els] 2D (5.60)
Sw,a; z < c|sq|*1 .
Is.s ! (O'B 27’(‘)5
1 Sls;S _(s1—3) d(,w)
(W(I)(e_l/c, 1, d(OZ,CU) + 1-— 8_1)) (& il < 5
where we used 251 = D x 27191 and the Hurwitz-Lerch zeta-function decays al-

gebraically with d(a,w) when d(a,w) > s7' — 1. The results of Eqgs. (5.57] [5.60)
together with Lemma establish Theorem [5.3.3]

Remark 5.5.1 (Wegner estimate and dissipative operators). Instead of using Lemma

5.5.2/to upper bound Ey, | [Hng v, )(Uy&_,vya‘; z)HSJ] as we did in Eq. (5.50)), we
J S,8/\ "5 J 7

may use two alternative arguments:

1) First, we may use the celebrated Wegner estimate for multi-particle systems
[167]. The Wegner estimate provides the spectral density of H which in turn
relates to the spectral density of Xy, . This permits an alternative calculation

J
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of an upper bound for the expectation and the end result in only a factor of 2
larger than that obtained by Lemma [5.5.2

2) The second approach consist in noting that for z € C*, ¥y, being Hermitian,
zI — Xy, is dissipative [168, [169]. This allows to bound the expectation
J

using arguments from [I54] [170]. The bound is then extended to the entire
complex plane (using conjugation and analytic continuation) and leads to a
result similar to that obtained from Lemma [5.5.2]

These observations indicate that there is not much room for improvement of the

bound on Ey,_ | [Hng (Vo) Uya VYo || ] Rather, work aiming at improving the
J s,5/\ o

overall bound for the onset of localisation should focus on bounding the expectation

of an individual generalised Green’s function from its explicit form as in Eq. ((5.45)),
without recurring to Y-collapses.

5.6 Technical results

In this section we regroup four technical results: 1) we prove Lemma re-
lating exponential bounds on fractional norms of generalised Green’s functions to
dynamical localisation; 2) we prove Lemma , which provides an upper bound
on expectations of the form Ey [||Y1+A[*]; 3) we prove the extension Lemma m,
and 4) we study the marginal and joint distributions of the configuration potentials.

5.6.1 Generalised fractional moment criterion

In this section we establish Lemma [5.5.1] which we restate here for convenience.

Lemma|[5.5.1. Let S = SUS’ be a system partition, Gs s the graph associated to it
and d(a, w) the distance between vertices v, and v, on Gggr. If there exists C' < 0o
and ¢ < oo such that

E[HGQS‘S, (w, a; Z)HS} < Qe d@w)/¢ (5.61)
then for 0 < s <1,
1
E[sup (@] @ 1s)Pr(H)e= ™ (Ja) ® 'S)M 2—(2|1|)2 FCe R, (5.62)
teR

where |I| is the Lebesgue measure of I.

Proof. To prove the lemma, we first use Cauchy’s integral relation for the matrix
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exponential [51] to relate the exponential of the Hamiltonian with its resolvent

((w] @ 15)Pr(H)e ™ (|ay @ 1s) = ((w| ® 1) 2%” ]{e_m Ru(2)dz (|o) @ 1s), (5.63)

I

with 77 a contour enclosing all the eigenvalues A € Sp(H)N 1, with Sp(H) the discrete
spectrum of H, and only these. Using a line integral along the contour ~; yields the
upper bound

up (e @ 15)Pe(H)e ™ () @ 15)]| < o= / |Gz o (@, :7u(@)) || dyr,  (5.64)

teR

where dy; = ~;(z)dr and we used ||e7**||o, = 1 for = € R[] More generally, for
uniformly bounded functions f(z) we would have ||f||o. In order for the fractional
moments to appear, we use Holder’s inequality with 1 = sa+2(1—a),a =1/(2—5)
and s € (0,1) [I61]. This gives

/IHGgSﬁS’ (w7a571(55)) H dyr < (/1 ||Ggs,s’ (%04;71(:5)) HQdW)la X
(/1 [reeme (w,a;w(a:))Hsdfy,)a. (5.65)

Now we show that the first term of the right hand side is upper bounded by 1.
To this end, we note that Sp(H) is discrete and the eigenvalues have almost surely
multiplicity one [I61], I71]. Furthermore, H is Hermitian and thus if the domain is
finite, the spectral theorem indicates that for all A € Sp(H),

hﬁ)l —1i€ RH()\ + 16) = F))\7 (566)

with Py = |pa){(pa| the projector onto the eigenstate corresponding to eigenvalue \.
Therefore,

/I [Goso (@ asm@)Fdur = 32 wlPala)?

AESp(H)NI
= Y lwIPxla)alPslw)ll,
AESp(H)NI
= > lwlea(@la)alp){palw)ll.  (5.67)
A€Sp(H)NI
where we used |[M||?2 = [MMT|| and |o) and |w) are short hand notations for |a) ® lg

and |w) ® lg, respectively. Now we remark that (p,|a)(a|e,) is a positive real
number which we denote |(px|a)|?, and similarly (w|ox){(pr|lw) = [{prlw)* € RT.

5We need only consider z € R as all the poles of the resolvent are on the real line so that the
contour can be brought arbitrarily close to it.
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Thus

Y lwleateala)ale el < > Kealw)l? > Kexla)P,

AESp(H)NI AESp(H)NI NE€Sp(H)NT
<1. (5.68)

Inserting this result in Eq. (5.65) and then in Eq. (5.64)) yields the bound

sup [lPsH)e e < o ([ 6oyl ) 609

The remaining steps are entirely similar to those exposed in [161] and [I71]. Taking
the expectation values on both sides, we note that 1/(2 — s) < 1 and Holder’s

inequality yields E[|f|V/*9] < (E [|f|})1/ %) Now Fubini’s theorem gives

™

E[Stlelﬂg H<w|P1(H)6_th|a>|” < 2i (/I [HGQSS/ (w, a3 (x )H } d%)le- (5.70)

To progress further, we recall the M-L inequality, also called estimation lemma:

Proposition 5.6.1 (M-L inequality [172]). Let f be a complex valued function,
continuous on a contour vy and such that |f(z)| is bounded for all z € ~y. Then we
have

| [ e < o) max| o). (5.71)
.
where ((7) is the length of the contour ~y.
Returning to our proof, we note that if the fractional moments of the Green’s
function are bounded by an exponential, e.g. Ce=%)/< the M-L inequality implies

. (a,w)
E[sup ||<w\PI(H)e’1Ht|a>H] < CrCe @R, (5.72)
teR

where C; = (2m) 7' (2|1]) = gince 2|7] is the length of the smallest contour enclosing
all poles within I, where |I| the Lebesgue measure of I. This result extends the
fractional moment criterion of Aizenman and Molchanov to arbitrary partitions of
the system. O

5.6.2 Bounding the expectation of a fractional norm

In this section we establish Lemma [5.5.2] which we restate here for convenience.

Lemma 2. Let Y be a normally distributed random variable with distribution func-
tion p. Let A € C™" be a normal matrixz. Then the following bound holds for any



5.6.2 Bounding the expectation of a fractional norm 147

0<s <1,

2n)®
ol (5.73)

_ |

EY[H[YI +A]—1||5] <
where ||.|| is the 2-norm.

Proof. The lemma follows from the layer-cake integral for the expectation [154].
Since A is normal and finite, there exist a unitary matrix U and diagonal matrix D
such that Y1+ A = U(Y1+D)U". Now let Sp(A) be the spectrum of A and suppose
Y is fixed. Then

YT+ A = max |Y+)\| Y
AESP(

:< min |Y+)\|> 1. (5.74)

AESP(A

Let 1[z] be the indicator function, which equals 1 if assertion z is true and 0 other-
wise. Then the expectation is upper bounded as follows

Ey|[Iv1+A]7 ] = /: Y1+ A do,

o lYIHAIT
:/ / 1dt dp,
—o00 J0
= / / L[+ A > t]atdo, (5.75)
—o00 J0

where p is the cumulative distribution function. By Fubini’s theorem and on using

Eq. (5.74) this is

IEY[H[YIJFA]’ln / / in Y + A <t” 1/5]dgdt
€Sp(A

:/ min (1,/ 1[ min |Y+)\| <t 1/S]dg> dt.  (5.76)
0 —c0 )\ESp

Now let Z; = [a;,a;+1], 0 <@ < n — 1 be n intervals such that minyegpa) [Y + Al =
Y + \;| for all Y € Z;. Then

o @41
1[ Y )\<t1/sd— / (1Y + A < t7/5]d
/_Oo min [V X QZ 1|V + A < t714]do,
< Z/ LY + Ai| < t7*]do,

i=0 Y~

=> oY + x| <t77%),
=0

< 2n||p|loct ™", (5.77)
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where, by virtue of the fact that p is Holder continuousﬂ for any interval [a, 0],
o([a, b]) < |a — b K with K = sup, , o([a, b])/|a — b < 2|[p|lcc. The last step of
Eq. is a rather crude upper bound which may be refined if more is known
about the spectrum of M. Inserting this result in Eq. gives

Ey [H[Yl + A]_IHS] < /000 min (1,2n||p||oot_1/s> dt,

:/ 1dt+2anHoo/ Vs,
0 m

nS
= 2% pl| .- 5.78
2ol (579)

We obtain the last line on choosing the m that minimises the bound. O]

5.6.3 Proof of the extension lemma

In this section we prove the extension Lemma [5.5.3, which we restate here for con-
venience.

Lemma [5.5.3, (Extension lemma, based on Aizenman and Warzel [154])
If there exists Spax < 1 such that for all s, 0 < s < Spmaz,

E|:||Ggs,s, (w, a; z)HS} < CemMaw)/¢ (5.79)

then for all T € (0,1) we have

s1—7  _ (s1—m)d(w)

E (|G, o (w, 05 2)7] < clsi] 25 pl|. 07 e RS, (5.80)

With Spmer < $1 < 1.

Proof. Let 0 < s3 < Smax < 7 < 81 < 1. Then since 7 = s1(7 — $2)/(s1 — $2) +
So(s1 — 7) /(81 — s2), it follows that

E||Ggq g (w;a; z)ld (5.81)

T—89 s1—T
= E |Gy o (w, 05 2)II" 75 | Gay o (w, 05 2)||"*575 |

We use Holder’s inequality to separate the above expectation into a product involv-
ing two expectations. Let ¢; = (s1 — $2)/(7 — s2) and g2 = (51 — $2)/(s1 — 7) and

SWe consider only on the case where p is Holder continuous of order 1, which is the case of
the normal distribution. The proof extends well to Holder continuous distributions of higher order
[161].
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remark that ¢;* +¢;* = 1. Thus

1/

T—32
E |G, o (w, 05 2)I7] < E[IGg, o (w,a5 2|55 | x

81 —T 1/(]2
E [HGQS s (w, a; Z) ||q282511_52]

Y

T—59

= E[|Ggy o (w,05 2) ] " x

S1—T

E["Ggs,s/((ﬂ;@é; Z)”82:| 81_32- (582)

Now E[||Gg, ., (w, o; 2)||*2] < Ce ¥@«)/¢ js exponentially bounded since s» < Spax.

Furthermore, E[||Gg sor (W5 Q5 2) 1] is bounded as well. This follows from Theorem
2.1 of Ref. [I54], based on results of Ref. [170]. These results give

1Gg o (w, s 2) [ < c[s1] (2°) " [lolI2 (5.83)
with ¢[s;] = 4'751k*1 /(1 — 1) and k a finite universal constant. Then,

_ (s1—m)d(a,w)

E[[Ga, o (w0 2)I7| < (clsi]2 o) " P onTae W (5.89)

Since we may choose sy to be arbitrarily small, we obtain for all 0 < 7 < 1,

s1=7  _ (sy=m)d(aw)

E[Goy o (w05 )] < clon 2oL 2 (s.s5)

This establishes the lemma. O

5.6.4 Conditional distribution of the configuration poten-
tials

In this section we study the marginal and joint distribution of the configuration
potentials.
We begin our study by determining the covariance between any two configuration

potentials. To this end, we first introduce some notation. Let B = (By,--- , Bjg/|) be
the vector of the random B-fields at the sites comprised in S’. The {B;}ics are iid
normal random variables with variance Var(B;) = 0%. Let v, = (0\*, v{® -+ | vfg,)|)

be the vector of coefficients al(-a) = =£1 such that

El
Yo=v..B=) B, (5.86)
=1
(o)

ie. v;”’ = 1 when the spin at site ¢ is up along z in the configuration « of S’
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and 'Uga) = —1 otherwise. Because they are sums of the same random B-fields, the
configuration potentials are strongly dependent. The following proposition quantifies
the covariance between the configuration potentials.

Proposition 5.6.2. LetY, = v,.B, Y3 = v3.B and D, 3 be the Hamming distance
between v, and vz. Then the covariance Cov(Y,,Ys) is

Cov(Yy,Ys) = (|S'| — 2Dy 5)0%. (5.87)

Proof. We prove the proposition by expanding the configuration potentials in the
definition of the covariance,

Cov(Ya, Vs) = E[YaYs] — E[V.JE[Y3), (5.58)
—E {(Z B+ 3 o) (3 B+ Y vgmBi)} —E[Y.JE[YS]
v(a>iv(m v@);v@ vga)ivgm vgco;vw)
Since the vz-(a’ﬁ ) coefficients are +1, the expectation of the product is of the form

E[(a + b)(a — b)] and simplifies to

Cov(Ya, Ys) :E{( Z v§“>Bi)2} _ER Z vE“’Biﬂ — E[Y.JE[Ys],

v =) o 20
(18"l = ja — o + 2lap)on + (IS = ja — J5)° 1
— (Jo + Js — 2ap)on — (o — 4)°1° — (15'] = 2ja) (|| — 23a) 1,
= (18| = 2Du )%, (5.89)

where j, = #{0 : v/ < 0}1<i<;g| is the number of negative entries in v,, and
log = #{vga) : vga) < 0, via) — v’}ies is the number of negative entries v
such that v\ = 0", Finally, we observe that Cov(Y,, Ys) # 0 and Y, and Yj are
dependent, unless |S'] is even and D, g = |S’|/2. In this special case and if both Y,
and Y} are normally distributed, then they are independent. O]

Lemma 5.6.1 (Conditional distributions of the configuration potentials). Let S =
SU S be a partition of the system and Y = {Yo, = > .o Bi(1 — 25i¢,aj)}1§j§2\s’|
the ensemble of random configuration potentials affecting S’. For a configuration
potential Y, € Y, let E, C Y be an ensemble of |S'| — 1 configuration potentials, ex-
cluding Y. Then the configuration potentials of {Ys }UE, are marginally and jointly
normal. Furthermore, the variance of the conditional distribution of Y, knowing all
configuration potentials of E, is at least op.

Proof. In the situation of interest, all magnetic fields affecting S’, {B;}ics are iid
normal and are thus also jointly normal. Consequently, the configuration potentials,
being linear superpositions of magnetic fields, are marginally and jointly normal.
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Therefore, they form a multi-variate normal distribution (MVN) [I73], denoted
Y = C.B ~ MVN(C.E[B],C.Cov(B).C), (5.90)

with B the random vector of the magnetic fields, Y the random vector of con-
figuration potentials Y, and C = (Val, e ,VQZ)T is the coefficient matrix. This
establishes that Y, | E, is normal. Thanks to the results of Proposition the
covariance matriy’| ¥ of {Y,} U E,, is known

Y5, = (S| —2Ds, 0%, Ys, Y, € {Y,} UE,, (5.91)

and the variance Var(Y,| E,) = a§a| g, of Yo knowing F,, follows as

0V B = ((El)a,a)_l. (5.92)

A direct calculation shows that this is at least 0%, which is the variance of a single
magnetic field. This establishes the lemma. O]

5.7 Localisation of sublattice magnetisation

Consider the situation where the SEP is dynamically localised on Ggs/. As we have
seen, a finite amount of disorder is always sufficient for this to occur on finite sys-
tems. Furthermore, in the situation where sites of S’ are well separated throughout
the physical lattice £, Gg ¢ is the |S’|-hypercube and otherwise, Ggg C Hs. In
this section we show that SEP dynamical localisation implies localisation of the
magnetisation of the sublattice S’. This is because, on the hypercube, the distance
between two configurations is always greater than or equal to the difference between
their number of up-spins. Thus, if the SEP is constrained to stay within a cer-
tain distance of its initial configuration, the number of up-spins is also constrained
around its initial value.

5.7.1 Localisation of the magnetisation: simple arguments

To formalise these observations, let [n) = Y- ca,lan), ca, € C, 3, [ca, > = 1,
be an arbitrary superposition of configurations a,, of S’ with exactly n up-spins.
Similarly let |m) be an arbitrary superposition of configurations of S’ with exactly

"Unfortunately, conventions require that we denote both the self-energy and the covariance
matrix using a sigma. To differentiate the two, we use a bold sigma for the covariance matrix.
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m up-spins. Then

E[sgp”(n[Pm‘iHﬂm}”} = Z czncamE[sgpH(ozn|PIe_th|ozm)||]. (5.93)

Qn, Am

In the localised regime sup, ||(c,|Pre="|ay,)|| < Ce~#@nam)/C and since on the
hypercube d(a,, o) > |n —m|, we have

E[sup |y<nyp,e*th\m>||} < OleInmml/¢ (5.94)
t

where

o' = ‘O S Gcan| <C. (5.95)

This simple approach indicates that the fraction of up-spins present at any time in
the sublattice S’ is localised. Below we derive precise upper and lower bounds for
the sublattice magnetisation as a function of the localisation length of S’

5.7.2 Precise bounds on the magnetisation

In this section we derive bounds for the expected magnetisation M; of S at time
t. To do so we find a lower bound for the disorder-averaged expected fraction of
up-spins present in S’ at time ¢, which is E[NT(t)] = E[Tr[P;N(¢)P; ps]], with
ps the density matrix of the system. For simplicity we take it to be of the form
ps = Vs @ ps1) (g @ ps|. The up-spin fraction operator on S’ is

|57

N(t) = e (Z Am|m)(m| ® IS) e~ (5.96)

where \,, = 2m/[S’| and |m) = > |ay) with a,, any configuration of S” with
exactly m up-spins. Using cyclicality of the trace, the expected fraction of up-spins
at t is therefore of the form

E [N+(t)] = E |: Z )\mTI“R@/JS/ ® g05/|P[eth|m) (m|6_thP1|@/)S/ & QOS’>}:| . (597)

Noting that <w5’ & (ps/‘PIeth\m> = (<m’€_thP[‘wsl X SOS’>)T7 we have

E[N* ()] = 3 A E[|[imle™™Prls © 053] (5.98)

with [|A[|%2 = Tr[AAT] the Frobenius norm. Since for any matrix A € C"™*" we have



5.7.2 Precise bounds on the magnetisation 153

|All2 < ||Al|#, it follows that

E[N*(#)] > 3 AE [H(mye*i'*tplws, ® s) 2] , (5.99)
and using Jensen’s inequality
. 2
E[N*(t)] > Z)\mE[H(mk‘lHtlesl ® o) } . (5.100)

Now the simplest initial state to consider for S’ is [1)g/) = |av,), where S’ is in a single
configuration a with exactly n up-spins. Then, expanding |m) on the configuration
basis we obtain

B[N (6] > 3 A ZE[||(am\Pleth|an)H]2. (5.101)

In the localised phase, we know that for any two configurations «, w and at any time
E[|(w]Pre~™a)||] < Cemd®«)/% for some positive (. To progress, we assume that
there exists a localisation length ¢ and time 7" such that for any ¢ > 7', the system
saturates the localisation bounds on average, i.e. for any two configurations «, w
and t > T, we have E[[[(w|Pre~™|a)||] = Ce=# )/, Then we have

]]1:[H<ozm|Pfe—“”|ozn>H}2 = (% 2dam )/ (5.102)
It follows that
E[NT(t)] > C?Y Ay, Y e 2eman/C (5.103)

Now let N (]|S’|,n,m,d) be the number of configurations with m up-spins located
at distance d from any configuration with n up-spins on the |S’|-hypercube. A
combinatorial analysis of the hypercube shows that this is

n |S'|—n
N(|S,|, n,m, d) — {(d/2+(n—m)/2) (d/2—(n—m)/2

0, otherwise.

), d+n — m even,

(5.104)

This leads to the following bounds on the disorder-averaged fraction of up-spins

15|
B[N (0] > n*(€) = O30 An DN (IS, m,m d)e %,
m d=0

= F(|S'|,n), (5.105)

where we defined F(|S’|,n) for latter convenience. We could not find an elegant
form for this quantity, although it is straightforward to calculate for given values of
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|S’|. In the strong localisation regime ¢ — 0 we remark that

}if(l)?”ﬁ(é) =n/|5], (5.106)

so that lime_o E[N*(t)] = NT(0), as expected of a strongly localised system. The
bound on E[N +(t)] gives a lower bound on the disorder-averaged magnetization
M (t) since M(t) = E[NT(¢)] — 1. Now up-spins and down-spins can be exchanged
in the entire analysis presented here. Exchanging up-spins with down-spins thus
leads to a lower bound on the expected number of down-spins IE[N - (t)}, which is

E[N(5)] 2 n(¢) = F(S'], 8] — n). (5.107)
Thus, the magnetization is bounded by
1—n"(Q) = M(t) <n™(¢) — 1, (5.108)

and in particular, on using Eq. (5.106]), we have lim;_q M (t) = M(0).

The above demonstration extends straightforwardly to arbitrary incoherent su-
perposition of configurations available to S’, i.e. ps = > |cal?|)(a| ® |@s)(ps],
ca € Cand Y |ca|> = 1. As per Eq. , the disorder-averaged fraction of
up-spins is thus bounded by

0] = Y el S A Z]E[H(am]PIeth\a)Hr, (5.109)

where «, is any configuration of S” with m up-spins. Using our previous results for
all configurations «,, with exactly n up-spins gives

) 2
S A ZE[H(ozm|PIe_ZHt|an>M > F(|S'],n). (5.110)
Therefore the disorder-averaged fraction of up-spins is bounded as follows

E[N ()] > n*(Q) = Y leaPF (S, Jal). (5.111)

where || is the number of up-spins in S” when it is in configuration «. Similarly,
the disorder-averaged fraction of down-spins is bounded by

EIN(0] = n () = 3 eal?F (IS, |5'] ~ la]), (5.112)

and 1 —n~(¢) < M(t) <n*(¢) — 1. Most importantly, using Eq. (5.106]), we obtain

lim ' Z lal? ";‘/' N*(0), (5.113)
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and similarly for E[N - (t)} These results thus show that for any € > 0, there exists
a localisation length (y such that for all { < (j, the magnetisation M; of S’ is closer
to its initial value than e, [M(t) — M(0)| <.

5.8 Localisation of sublattice correlations

In this section we calculate the realisation average of the two time correlation func-
tion for any two sites ¢ and j of S’ with I a bounded interval of energy

7i(t) =E [Tr[Pm (t)Prod pg]} (5.114)

where ps is the density matrix of the system. For the sake of clarity, from now on
we let |w) denote |w) ® lg and similarly for |«). First, we remark that

7;.(t) = E[Tr[PIeth(li +0')e ZHtPIJJpS” Tr[o? pg], (5.115)

with I” the identity matrix on site i and Tr[o?ps] is the initial expectation of o7,
which is known. Now we consider the situation where ps = |a)(a| ® |¢g){ps|. Then

E[Tr[Pleth(li + ot)e P ajpgﬂ

—2(-1)%= Y E [Tr[<ayp,eth\w><w|e*thP,ya>” ,

w: Ty

— 2 (1) Z]E[H(w]e’thPl\a)HZF}, (5.116)

w: Ty

where the sum runs over configurations w with an up-spin at site ¢ and 9, o = 1if j
is down in o and 0 otherwise. Then, [|A||2 < ||A||r together with Jensen’s inequality
gives

S E[lwle ™ Prla) 2] = SE[lwle  Prla] (5.117)
w: Ty w: Ty
Now, in the localised phase, we know that for any two configurations «, w and at any
time E [||(w|Pre=™|a)||] < Ce~U®«)/% for some positive (5. To progress, we assume
that there exists a localisation length ¢ and time T such that for any ¢ > T, the
system saturates the localisation bounds on average, i.e. for any two configurations
o, w and ¢t > T, we have E[|(w|P;e™|a)||] = Ce~¥®«)/¢ Then we have

SE|wle ™ Plajll}] = 7 C2e /e = K(|S'), Jal). (5.118)

w: Ty wi Ty
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where we have introduced K for later convenience. This quantity is explicitly given

by

|9 ]-1]5"]-1

K(IS'], le]) = C%61,0 > ZN|S’\—1 la] —1,m —1,d)e24/¢
m=1

|s'|—1\s'|—1
+C*(1 = 64,.0) N(S'| =1, |al,m —1,d — 1)e2¥¢, (5.119)

m=1 d=1

with d;, o = 1 if @ has an up-spin at site ¢ and 0 otherwise and |« is the number of
up-spins in S’ when it is in configurations a. We obtain this expression using the
results of the previous section. Indeed, recall that N (|S’|,n, m,d) is the number of
configurations with m up-spins at distance d from a configuration with n up-spins
on the |S’|-hypercube, see Eq. . Then the number of configurations with m
up-spins that have an up-spin at site ¢ at distance d from a configuration with n
up-spins with an up-spin at site i is N'(|S’|—1,n—1,m—1, d). Similarly, the number
of configurations with m up-spins that have an up-spin at site ¢ at distance d from a
configuration with n up-spins with a down-spin at site 7 is N (|S'| — 1,n,m — 1,d —
1). We could not obtain an elegant form for the quantity K(|S’|, |«|) although it
is straightforward to evaluate for a given value of |S’| and fixed configuration a.
Finally, since K(]|S’|, |@|) > 0 and for small ¢, K(|.S’], |o]) < 1, inserting Eq.

into Eq. (5.115]) gives

7,.;(t) < 2K(|S'], |o|) — 1, if spin at site j is up in a,
7;,;(t) > =2K(|5"], |a]) +1, otherwise.

These bounds can be completed by another set of bounds obtained on repeating the
procedure presented above but starting with

(5.120)

73(t) = Tr[olps] — E[Tr[Pfeth(li —ol)e ZHtPIU]pS]] (5.121)
We obtain
7,.5(t) > =29(|S’|, |a|) + 1, if spin at site j is up in «, (5.122)
Ti,j(t) < 29(5, |af) — 1, otherwise, :
with
1S7|—1 8|1
QIS al) = C2(1=b,0) 3 SN 1. Jal = Lm— 1aje
m=1 d=0
157|—1 87| ~1
+ %10 ) Z N1 =1, ]al,m — e ¢ (5.123)

m=1
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Taken together Eqgs. ((5.120]) and (5.122]) guarantee that once our criterion for many-
body dynamical localisation holds for a sublattice comprising |S’| sites, then the

correlation between any two spins of any such sublattice is localised in an interval
centered on its initial value.

5.9 Summary

We have established a natural criterion characterising dynamical localisation in in-
teracting many-body systems. Focusing on the XYZ Hamiltonian, which effectively
does not conserve the number of particles in the system, we have shown explicitly
that this criterion is fulfilled for a finite amount of disorder which scales at most
exponentially with the system size. Furthermore, once fulfilled, the criterion leads to
observable signatures of the localisation. In particular, we have bounded the mag-
netisation of any sublattice of a dynamically localised system and confirmed our
predictions with TEBD simulations. Similarly, we have shown that the correlations
between spins at the sites of the sublattice as well as the disorder-averaged magnetic
linear response function are constrained in the localised regime.

Our proof relies on the path-sums representation of the system generalised Green’s
functions. As we have seen in Chapters [2] and [3] this representation is independent
of the system Hamiltonian or system partition. For this reason, the proofs and
results presented here in the specific case of the XYZ-Hamiltonian hold in a much
more general setting. We hope that the path-sums representation, which allows the
systematic manipulation of system Green’s functions and generalised Green’s func-
tions, will contribute to the proof of localisation in infinite interacting many-body
systems.

The bound for o5 we obtain in Theorem remains well above the critical
disorder observed in simulations, in particular in the XXZ regime where J, = J,,.
To tighten the bound further will certainly require the explicit use of characteristic
features of the Hamiltonian. Similarly it may not be possible to prove dynamical
localisation of infinite interacting many-body systems without using specific prop-
erties that only some Hamiltonians exhibit. In particular, we believe that systems
whose spectrum exhibits persisting gaps in the thermodynamic limit are well suited
to proofs of dynamical localisation. Indeed in these situations, the moduli of the
entries of the evolution operators are expected to deterministically exhibit an expo-
nential decay as a function of distance on the configuration-space, i.e. even in the
absence of disorder [81), 182, [80]. While this effect is too weak to cause localisation by
itself, it might help control the divergences that appear when bounding the disorder
required for the onset dynamical localisation. Interestingly, recent results establish
deterministic exponential decay of functions of matrices over C*-algebra [84]. This
implies deterministic bounds for the norms of the generalised Green’s functions,
which are required to work with non-trivial system partitions S # (0.






CHAPTER 6
THE METHOD (GENERATING THEOREM

Mathematicians do not study objects, but relations between objects. Thus,
they are free to replace some objects by others so long as the relations re-

main unchanged.
H. Poincaré

6.1 Introduction

Reconsider the results of Chapters|2land |3 We have demonstrated that all the walks
on a (di)graph G uniquely factorise into nesting products of simple paths and simple
cycles, which we have shown are the prime elements of a near-algebra associated
with G. Then, we grouped walks that have common prime factors into families and
summed over the members of each family. Because these members share a common
structure — e.g. they could be of the form a* ® b' with a, b two prime walks and k, [
two arbitrary integers — this sum is evaluated exactly, yielding a continued fraction
of finite depth; e.g. >, a* © 0 = (1 —a(l — b)_l)_l. Consequently, the sum of
weighted walks which corresponds to the desired matrix function f (M) is found to
be equivalent to the sum of a few continued fractions, one for each family of walks
generated by a simple path.

The factorisation of walks into products of primes that underpins the method
of path-sums is not the only possible construction of this type on graphs. In par-
ticular, the important points in obtaining resummed expressions for series of walks
are the existence and uniqueness of the factorisation of walks into primes. Indeed,
provided both properties are verified, there is a unique way to group walks into
families generated by the primes. Furthermore, we are free to construct different
walk factorisations based on different definitions for the walk product, e.g. inducing
different prime walks. Consequently, as long as the existence and uniqueness proper-
ties hold, we can construct as many representations of a matrix function as there are
ways to define a walk product. In this chapter, we formalise the above observations
with the Method Generating Theorem (MGT) and present three further methods
to evaluate matrix functions. For the sake of conciseness we only discuss the case
of the resolvent function Ry(s) = (sl — M)~!. Finally, we show in the last section
that regardless of the type of primes one chooses to work with, a graph G is, up to
an isomorphism, uniquely characterised by the primes it sustains.

159
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Method Walk product Primes Form of Yy, a0
Power-series | Concatenation o Edges Infinite sum
fel;i;:}lsitive Self-concatenation ¢ | Primitive orbits | Infinite sum of fractions
Edge-sums | Dual-nesting ® Edge-primes Finite continued fraction

Simple paths &

Path-sums Nesting ® Finite continued fraction

cycles
Langl'lage Incomplete nesting O Simple paths & Elnlte system of equa-
equations cycles tions

Table 6.1: Techniques for evaluating matrix functions stemming from the Method
Generating Theorem.

6.2 The method generating theorem

Theorem 6.2.1 (Method Generating Theorem). Let o be a walk product and W{[.] a
weight function. Let Sg be a subset of Wg such that any walk of (Sg, ®) uniquely fac-
torises into products of prime walks and let Fo(w) be the unique prime factorisation
of walk w. Then for any subset sg C Sg,

dw=Y Fu(w). (6.1a)

Ru(s) = s7"W[ Y s~ F, (w)], (6.1Db)

with £(w) the length of walk w.

Proof. The theorem follows from a walk counting argument. By hypothesis the fac-
torisation a walks into products of prime walks always exists and is unique, there-
fore Wg = {Fe(w); w € Wg}. Then Xgaw = D pcwyn W = Dwemwg.,, Fo(W),

which is Eq. (6.1a). Supposing that W[Xg, ] exists, by virtue of Eq. (3.78b),
any partition of the resolvent function is given by a sum over weighted walks,

Rm(s) = 5_1W[ZWQ'W s~{®qy)]. Thus, weighting Eq. (6.1a)) gives Eq. (6.1D)). O

In spite of the apparent simplicity of the theorem, the MGT generates a rich
variety of methods, see Table For example, consider applying the MGT with
the concatenation product: in this situation the prime elements of (Wg, o) are the
graph edges (length 1 walks). Obviously F,(w) always exist and is unique since it is
just w in edge notation and Eq. is the ordinary power-series expression of the
resolvent. The method of path-sums is another example of method that stems from
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the MGT, in this case with the walk product being the nesting product. As seen in
Chapters [2| and |3 Eq. now takes on the form of a continued fraction which
always exists on any finite graph. The nature (series, fractions, etc.) as well as the
convergence properties of the method so generated strongly depend on the extent to
which the series of factorised forms W[y, Fo(w)] lends itself to resummations.
In the next three sections, we present three further methods for evaluating series of
walks and matrix functions which stem from the MGT: primitive series, edge-sums
and language equations which generate matrix functions through series of fractions,
continued fractions and systems of equations, respectively.

6.3 Primitive series

A primitive orbit p’ (also called prime path and prime walk [174]) is a cycle which
is not a multiple of a shorter cycle, i.e. p’ is primitive if and only if there exists no
other cycle p such that p’ = p*. We denote the set of all primitive orbits off vertex a
on G by Fg.,. If G has at least two cycles with at least one vertex in common, then
Pg. o is countably infinite. Primitive orbits are best known through their relations
with matrix determinants [I75] and the Ihara zeta function [174]. Here we show
that primitive orbits are the prime elements induced by the self-concatenation walk
product which we define. Then, by the MGT, we recast the statics of any partition
of a resolvent as series of primitive orbits. We begin with the definition of a novel
walk-product: the self-concatenation.

6.3.1 The self-concatenation product

Definition 6.3.1 (Self-concatenation product). Let w = (ans - - - ) be a cycle of
length ¢ off a. Then the operation of self-concatenation is defined by

o : Wg X Wg — Wg, (6.2&)

(w,w") — wow' = {

wow ifw:‘w’, (6.2D)
0 otherwise.

The walk w o w of length 2¢ consists of w concatenated with itself.

In the spirit of the path-algebra, the self-concatenation product induces an alge-
braic structure on cycle sets, the self-concatenation algebra:

Definition 6.3.2. The self-concatenation algebra KGs = (U,epg) Wasaas +, 8) is
a noncommutative K-algebra whose support set is the set of cycles on G and with
the product of two cycles w, w’ given by the self-concatenation product w éw’.

Proposition 6.3.1. The primitive orbits are the irreducible and prime elements of
KGs. Furthermore, every cycle w on G factorises uniquely as

Fs(w) = p, (6.3)
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where p is a primitive orbit and k € N.

Proof. Irreducibility: let p € Pg and suppose p is reducible. Then, since wow’ =
W28y, there exists p’ € Pg and k € N with p = (p/)¥ = p ¢ Pg, a contradiction.
Eristence: suppose that there exists a cycle w such that #p € Py with w = p*,
k € N. Then w is a primitive orbit and Fs(w) = w. Thus Fs(w) always exists.
Uniqueness: suppose that there exists a cycle w, two primitive orbits p; and p, and
two integers k; and ks such that w = p’fl = p;”. Then, since wow # 0, we have
P1OP1 O --- 0P OPy0 -+ 0pg # 0 and therefore p; opy # 0 = p; = po and ky = k.
Thus Fs (w) is unique. Primality: let w and w’ be two cycles with wow’ # 0 and
let Fs(wow') = (p')k, p' € Pg. If plwdw', then p|(p')¥ and by the uniqueness of
the factorisation p = p/. Since wow' # 0, w = w’ and we have plw. Thus p is
prime. 0

6.3.2 Primitive series for the resolvent

Having established the existence and uniqueness of the factorisation of cycles into
primitive orbits, we recast the resolvent into a primitive series using the MGT.

Theorem 6.3.1 (Primitive series for the resolvent). Let M € CP*P such that
p(M) < s and {M,,} be an arbitrary partition of M. Then the statics of the partition
of the resolvent Ry (s) are given by the primitive series

(Ru()), = ~[1+ 32 Wil (51— Wia)) ). (6.4)

S

with € the length of the primitive orbit p.

Proof. On KGs, the factorised form of any cycle is Fs(w) = p*, Eq. (6.3). Then,
according to the MGT, when the series for the resolvent exists, i.e. p(M) < s we
have

(Ru(s)), =s""W[(@) + Y s ™pf=s"" [l + 3 Wpl(s1 = W[p]) ], (6.5)

Pg;a k>0 Pg;a

where («) is the trivial walk off a. Convergence of the original power-series for
Rm(s) is guaranteed when p(M) < s and so is the convergence of the primitive
series. Additionally, if G has at least two cycles with at least one vertex in common,
then the primitive series above has a countably infinite number of terms. Therefore,
when p(M) > s, convergence of the primitive series cannot be guaranteed. O

6.3.3 Prime counting on graphs

A consequence of the existence of primitive series is the “graph-theory prime number
theorem”, which counts the primitive orbits of a graph and is usually proven via the
Thara zeta-function [174].
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Proposition 6.3.2 (Counting the primitive orbits of a graph). Let G be a digraph,
A is adjacency matriz and o a vertexr of G. Then, the number m,(¢) of primitive
orbits of length £ > 0 off « on G is

mal0) = S nltfn) (A),.. (6:6)

nlé

with p(x) the Mébius function, defined as

1, if n 1s a square-free positive integer with an even number of prime factors,
p(n) =< —1, if n is a square-free positive integer with an odd number of prime factors,

0, otherwise.

(6.7)

Remark 6.3.1. Usually, backtracks are omitted from the primitive orbits and one
counts unrooted primitive orbits rather than rooted ones, i.e. {~'m,(¢). The simple
proof provided here extends to this situation upon replacing A with Hashimoto’s
edge adjacency operator Hyashimoto [L74].

Proof. First, we express the walk generating function gg,aa(2) =, 2"(A")aa s a
primitive series. Since (Rw(s)). =5 gg;aa(s™"), Theorem m yields

ZZ zz
Jgiaa(z) =14+ Y — :1+Z7ra(f)m, (6.8)
14

pEPg; -

where / is the length of the primitive orbit. Equating powers of z in the above
expression with those of gg;aa(2) = =, 2" (A")aq, We obtain (A")aa = >, Ta(f).
Then the M&bius inversion formula [I76] gives the Proposition. O

n

As noted by A. Terras in her book on zeta functions of graphs [174], the graph-
theory prime number theorem is much easier to obtain than its number theory
counterpart. This is because primitive orbits are not a good analogue to prime
numbers: by Proposition|6.3.1|every cycle w is either a primitive orbit or the multiple
of a unique primitive orbit. At the opposite, integers are generally divisible by more
than one prime. Then, counting primitive orbits is really equivalent to counting
integers that are not powers of other integers, n # p™, p, m € N* a task much
easier than counting primes. A good graph theoretic analogue to prime numbers are
the simple cycles, since cycles are typically divisible by more than one simple cycle.
We observe that counting the simple cycles is indeed very hard: it is in fact a long
standing open problem [I77], even on such simple graphs as Z2.

6.4 Edge-sums

We have seen that the the prime walks appearing in the path-sums are walks forbid-
den from visiting any vertex more than once. Edge-sums is the edge-equivalent of
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Directed
edge—dua

Figure 6.1: A digraph (left) and its directed edge-dual (right).

path-sums: it relies on prime walks that are forbidden from traversing any directed
edge more than once. We call these walks, edge-primes.

The validity of edge-sums follows directly from that of path-sums thanks to the
notion of directed edge-dual G of a graph G. The directed edge-dual is constructed
as follows: i) for each directed edge of G draw a vertex in G: and ii) place an edge
between two vertices of G if the directed edges of G corresponding to these two
vertices follow one another in G. An example of graph and its directed edge-dual is
represented in Figure[6.1. This construction implies that a walk on the directed edge-
dual w € Wg is the directed edge-dual of a unique non-trivial walk on G. Thanks to
this relation, we define the dual-nesting product directly from the nesting product.

Definition 6.4.1 (Dual-nesting). Let (wy,ws) € Wg and (w, we) € Wy their
directed edge-duals. Then the dual-nesting of w; with ws,, denoted w;® ws, is the
walk whose directed edge-dual is wy ® ws.

The directed edge-duals of the primes induced by ® are simple paths and simple
cycles on G. Since a simple path/cycle does not visit any vertex of G more than
once, the primes induced by ® do not visit any directed edge more than once: there
are the edge-primes. Furthermore, since for any w € W, the factorisation F (w)
always exists and is unique, so is Fg(w) for any w € Wg. These observations
establish that edge-sums on G is path-sums on the directed edge-dual graph G.
Consequently, the edge-sum representation of the resolvent function is a continued
fraction of finite depth over the edge-primes, we omit the details. If G is a loopless
ordinary undirected connected graph, then the depth of this continued fraction is
equal to the length of the longest simple path on G. This is necessarily larger than
or equal to the length of the longest simple path on G, which reflects the fact that
there exists edge-primes which are not simple paths.

6.5 Language equations of matrix functions

Let ¥ be a set of symbols, called an alphabet. Then a language L over Y is any
subset of the Kleene star of 3, denoted >*. The ensemble of rules satisfied by the
words of L is the grammar of L [32]. Words of L are generated by this grammar
through a set of equations, called the language equations [I78, [179]. In this section
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we obtain the language equations for the formal languages whose words are the
walks on a graph. We do so by factoring walks into incomplete-nesting products of
simple cycle and simple paths, incomplete-nesting being a walk-product we define.
The connections between language theory and the theory of walk-sets are further

explored in §6.6]

6.5.1 The incomplete-nesting product

Just as in the case of the nesting product, incomplete-nesting is more restrictive than
concatenation; in particular, the incomplete-nesting of two walks will be non-zero
only if they obey the following property:

Definition 6.5.1 (Almost canonical couple). Consider (a,b) € W3 withb = 33, --- 8,3
acycleoff 3, and a = aj ay --- 3+ -+ oy, a walk that visits § at least once. Let a;; = 3

be the last appearance of # in a. Then the couple (a,b) is almost canonical if and
only if {a1<;<; # S} Nb = 0; that is, no vertex other than 3 or a; that is visited by

a before «; is also visited by b.

Definition 6.5.2 (Incomplete nesting product). Let wy = (any---w---ng,a) be a
cycle of length ¢ off v and wy = (w kg - - - ke, w) be a cycle of length £5 off w such that
the couple (wq,ws) is almost canonical. Then the operation of incomplete nesting
is defined by

O:WgXWg — Wg, 698‘)

(wy, wg) — wOwe = (Mg WKy " Kgy W1 Q). (6.9b)

The incomplete nesting of a couple (w, w') that is not almost canonical is defined
to be wOw' = 0.

An almost canonical couple (a,b) differs from a canonical one in that the walk
b is allowed to visit the first vertex of walk a. This changes the factorisation of
walks, e.g. (121,212) is almost canonical and 12121 = 121 O 212; while (121, 121) is
canonical and 12121 = 121 ® 121. Because the first vertex a: of @ may be present in
b, a set of cycles such as Wy, 4o Will be factored into incomplete-nesting products of
sets of walks that are allowed to visit «. These sets, in turn, depend on the set of
cycles off a thereby constructing an equation giving Wg. o, in terms of itself: it is
the language equation for Wg. 4q.

Definition 6.5.3. The incomplete-nesting algebra KG~ = (Wg, +, O) is a noncom-
mutative near K-algebra whose support set is the set of walks on ¢ and with the
product of two cycles w, w’ given by the incomplete-nesting product w O w'.

Proposition 6.5.1. The set of irreducible and prime elements of KGq is eractly
[Ig UTg. Every walk w on G factorises uniquely into incomplete-nesting products of
simple paths and simple cycles.
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Proof. The proofs that KGq is a near K-algebra and Proposition are entirely
similar to those given in and §2.5.2] we omit the details. Note, the algorithm
that factorises walks into incomplete-nesting products of primes is nearly identical
to Algorithm [T The only difference is that the new algorithm does not distinguish
cycles visiting their first vertex more than once from cycles that do not. m

6.5.2 Language equations

Since all walks factorise uniquely into incomplete-nesting products of primes, the
MGT gives a novel factorised forms for walk-sets and sums of walks: the language
equations.

Theorem 6.5.1 (Language equations). The prime factorisation of Wg into incomplete-
nesting products of sets of simple paths and simple cycles is achieved by the following
relations:

Wg; zxoyp: (( ( Hg;yol,po Wg\{VO,"-,l/p_l}; l/p) O e O Wé\{m}; 1/1> O Wé: 1/0> y (610&)
Wa:pen= << (Fg:p.O WS\{/—le"'vﬂcfl}Zﬂc) O--0 W5\{ﬂ1}§#2> oW, m) , (6.10b)

where (Vo1 -+~ Vp-1 V) € g, and (pe i1+ -+ pe—1 pic) € Lg;p..

Evaluating the incomplete-nesting products explicitly, we see that these equa-
tions involve the union U, the Kleene star * and two-sided concatenations. The
weighted equivalent to Theorem produces a set of equations fulfilled by the
desired matrix function. For the sake of conciseness, we present only the case of the
resolvent function.

Theorem 6.5.2 (Language equations for the resolvent). Let M € CP*P {M},, be
a partition of M and let G be the graph of this partition. Then the statics of the
partition of the resolvent Ry (s) fulfill the equations

(Ru()) 0 = D (Rt n(5)) Mon -+ (Ru(s)),, Moo (Ru(s)) ., (6.112)

Hg;aw

(RM (S))a = Z (RM;Q\{W,-“7ne}(3))aMOéW T Mn2773 (RM (S))WMTDC‘# (6'11b)

Tgia

Remark 6.5.1 (Schiitzenberger methodology). The process of weighting the lan-
guage equations of Theorem to obtain Theorem is analogous to the
Schiitzenberger methodology [I78]. This methodology was devised to count the
number of words in a language L defined through a formal grammar. It consists of
weighting the letters of an alphabet by a variable z and the words of L by x* with ¢
their length. Introducing these weights into the language equations for L and solving
them yields the generating function for the language. Clearly, this generating func-
tion is just the walk generating function on any graph G such that there exists two
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vertices a and w and a bijective map © with ©(Wg.o,) = L and is consequently the
special case of Theorem corresponding to z7'Ra(z7!), with A the adjacency
matrix of G.

Example 6.5.1 (Language equations on P3). Consider the path-graph on three
vertices with a loop on each vertex, denoted P3;. We label the vertices of the graph
1, 2 and 3. Using Theorem we obtain the language equations for Wp,. 11, Wp,. 2
and Wp,.12 as follows:

W7>3;11 - {(1>} U {(11) O W’;g;ll} U {((121> O ngg;m) O ng\{2};11}7 (6-123)
W22 = {(2)} U{(22) O Wi, 00} U {(212) OWj, 11} U {(232) O Wi, 5}, (6:12D)
Wpy12 = {((12) O W7§3\{1};22) O W’;g;ll}' (6.12c)

Remark how Wp,. 11 and Wp,. 99 are given in terms of their Kleene stars. This is also
true for Wp,, 33 whose language equation is not shown here. The language equations
for the resolvent are obtained upon weighting Egs. (6.12). Theorem m gives

R'p3 (8)1 =1+ W11R7)3<8)1 + R'ps\{z} (8)1 W12Rp3 (S)Q Wo1, (613&)
Rp,(5)2 = 1+ waaRpg, (5)1 + Rpy\(13(5)2 WaiRp, (5)1 wio (6.13b)
+ Rp,\ (31 (5)2 WasRp, (5)3 Wz,

where w,,, = W[(uv)] is the weight of edge (uv). Here again the statics of the
resolvent are given in terms of themselves and other resolvent statics.

6.6 Unique characterisation of graphs

Graphs are pervasive mathematical objects and an essential tool in the study of
large systems. Examples of applications abound where the analysis of complex
networks is paramount, ranging from understanding the structure of social relations
to evaluating the effects of medications on chains of protein reactions. Yet some basic
tasks such as distinguishing or quantifying the similarities between two networks
remain very difficult to perform and are the subject of active research in computer
science.

A remarkable result of automata theory asserts that a network is, up to an iso-
morphism, uniquely determined by the set of all walks on it [32]. Thus, in principle,
we can perfectly distinguish any two networks by comparing the walks they sustain.
This result is seldom used however, for there are infinitely many walks on typical
networks of interest. This difficulty is overcome by the fundamental result under-
lying the MGT and demonstrated in the thesis: there exists walk products such all
the walks on any graph factorize uniquely into products of prime walks. This obser-
vation reduces the difficulty of comparing the infinitely many walks of two networks
to comparing only their primes, of which there may be only a finite number, e.g.
the simple paths and simple cycles.
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To establish this result rigorously, it is first necessary to describe graphs and
walks within the framework of language theory. Note, in this section we consider
only undirected, i.e. ordinary, graphs. For clarity, we defer all the proofs to §6.6.1|

Definition 6.6.1 (Alphabet on a graph). Let ¥ be an alphabet and G a finite graph.
We say that X is an alphabet on G if and only if there exists a map © : £(G) — X
assigning labels to edges. We call © the labeling function.

Definition 6.6.2 (Automaton). An automaton A = (Q, X, 6,4, T) is a machine
with set of states (), alphabet ¥, transition function 9, initial state ¢ and final state
T. This automaton recognizes a language L if for all words w € L, one can reach T’
from ¢ following transitions allowed by ¢ and labeled by letters of X.

Definition 6.6.3 (Minimal automaton). The minimal automaton A recognising a
language L is the automaton with the least number of states which recognises L.

Proposition 6.6.1 (Graphs as automata). Let G be a finite connected graph and o
and w two vertices of G. Let X be an alphabet on G and © the corresponding labeling
function. Then the finite non-deterministic automaton

A(Q) o = (V(g), 5, £(G), a, w), (6.14)

recognizes the language L = @(Wg;aw). Furthermore, if © is bijective, then A(G)aw
18 the minimal automaton recognizing L.

Proposition means that if we regard a walk-set Wg. o, as a formal language
L, i.e. if we regard walks on G as words of L, then the graph G is the skeleton
(the structure) of a finite state machine, A(G),., which indicates whether a word
w belongs to L. Equivalently A(G),., determines whether a walk w can be made
on G. Now a remarkable result from automata theory dictates that the minimal
automaton recognizing a language is unique up to an isomorphism [32]. This implies
an important result linking graphs and their walk-sets: the skeleton of the minimal
machine recognizing a language is uniquely determined by the walks on it.

Proposition 6.6.2 (Characterisation of graphs). Let G be a finite connected graph.
Then G is, up to an isomorphism, the unique graph with walk-sets {Wg, aw }awev(g)-
In other terms, G is uniquely determined by its walk-sets.

Using this result to determine whether two graphs are isomorphic is hardly prac-
tical: it would entail comparing all the walks on the two graphs. But there are
typically infinitely many possible walks on graphs of interest. To resolve this diffi-
culty one needs to characterise uniquely the infinite set of all walks by finitely many
objects. This is precisely what we achieve using prime factorisations.

Theorem 6.6.1 (Prime characterisation of graphs). Let G be a finite connected
graph, e a walk product and Pg the set of all primes induced by e. If the factorisation
Fo(w) of a walk w € Wg into e-products of primes always exists and is unique, then
G is uniquely determined, up to an isomorphism, by the primes it sustains.
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Figure 6.2: Non deterministic finite automaton A of Example .

We have seen that for the nesting, dual-nesting and incomplete nesting products,
the number of primes on any finite graph is finite. Therefore, in principle it is possible
to perfectly distinguish graphs by comparing finitely many prime walks.

Example 6.6.1 (Walk-sets as languages). Let Ag be the automaton Ag = (@, {a,b,c,d}, §, 1, 4)
of Fig. with G = (Q,9) its skeleton. We first determine the grammar of

L = ©(Wg,14) through its language equations. To find these, we first obtain the

unlabeled language equations for Wg.14. Following Theorem these are

Woi1a = {((12340Wg,,) O Waay 2) O Wg\{1,2};33}v (6.15a)
Woor = {1} U {(1231 0 W5, a1,5) O Weiao (6.15)
Wai22 = {2} U {2320 W5 53} U {23120 W, 4}, (6.15¢)
Wa.s3 = {3} U {330 W5, 43} U{3230 W5 o, }U (6.15d)

{(31230W5,11) O W5\ (1,22}

The labeling function is ©(12) = ©(31) = a, O(23) = O©(33) = ¢, ©(34) = d and
O(z) = A with (x) any trivial walk. Consequently, the labeled language equations
are, written from right to left,

L =dc*(bc")* a Ey, (6.16a)
E, = AUact Eya, Ey = AUbE3cUaaFEsc, (6.16b)
Es=AUcE3UcTExbUct(bet) aka, (6.16¢)

with the languages F, = O(Wg..,) and ¢© = c*c. Egs. characterise the
grammar of L, i.e. they represent the production rules for the words of L. The
solutions of these language equations are provided by the unique factorisation of
walk-sets into nesting-products of simple paths and cycles. Using Theorem [2.3.2 we

find

L = dc*(be™)*a(act (be™)*a), (6.17a)
Ey = (act(bet)*a)”, Eo= (bc"Udch)*, Es3=(cUcbUca®)" (6.17b)

Since the edge ordering for any walk is preserved by Theorem [2.3.2] Egs. (6.17)
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remains valid for non-commuting letters.

6.6.1 Proofs for the unique characterisation of graphs
» We first prove Proposition [6.6.1]

Proof. A(G)aw recognizes ©(Wg,ao): let Q@ =V(G), § = £(G), and the initial state
i and final state 1" be respectively a and w. Any walk w € Wg. oy, starts on ¢
and finishes on 7. Furthermore, w only traverses edges e € £(G), i.e. transitions
allowed by ¢ with label ©(e) € ¥, assuming © exists as in the proposition. The
walk w only visits vertices of V(G), i.e. states of the set () of states available to the
automaton. Thus any word O(w) € @(Wg;aw) is accepted by A(G)aw and @(Wg; OM)
is recognized by A(G)qw.

A(G)aw 1s minimal for L = @(Wg;aw) if © is bijective: an automaton A is the
minimal automaton recognizing a language if there exists no automaton B recogniz-
ing L with fewer states than A [32]. Suppose that there exists such an automaton B
with Gg its skeleton and suppose first that Gg is a subgraph of G. Then there exists
n € V(G)\V(Gg). Since G is connected and undirected the set of walks Wg.q—y—
from o to w visiting n is non-empty and since O is bijective, there exists no walk
w' € Wg\ (n}.aw such that ©(w’) = ©(w). Thus the automaton B does not recognize
any word of @(Wg;a_m_m,) C L and, consequently, does not recognize L, a contra-
diction. Now suppose that Gg is not a subgraph of G. Since by hypothesis both
B(Gg) and A(G),.. recognize L and since B(Gg) is the minimal automaton for L,
it is isomorphic to a reduction of A(G)..w, i.e. Gp is isomorphic to a subgraph of G.
As seen before, this leads to a contradiction. O

» We now prove Proposition [6.6.2] and Theorem [6.6.1]

Proof. According to [32], the minimal automaton of a language is unique, up to an
isomorphism. Furthermore, by Proposition , A(G)aw is the minimal automaton
recognizing @(Wg;aw> for any bijective labeling function ©. This means that A
is uniquely determined by O(Wj. ,.) and since ©(.) is bijective, it is also uniquely
determined by Wg. .. Thus the skeleton G of A is uniquely determined by the
walks it sustains. This proves Proposition [6.6.2] Finally, in the situation where
Vw e Wg, 3F,(w), Theorem follows upon noting that any walk w € Wy has
a unique factorisation into products of primes, i.e. the set of all walks between any
two vertices of the graph is uniquely factorable into products of sets of primes. [J

6.7 Summary

In this chapter we have demonstrated the Method Generating Theorem, which as-
serts that if there exists a walk product operation e such that the prime factorisation
Fo(w) of any walk w always exists and is unique, then there exists a universal rep-
resentation of formal walk series and matrix functions that only involves the primes
induced by the e product. Illustrating this result, we have presented three novel
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representations that also give rise to methods for evaluating matrix functions: the
primitive series, the edge-sums and the language equations. Finally, we have shown
that regardless of the walk product, a graph is uniquely characterised by the primes
it sustains.

The MGT offers remarkable freedom in the definition of walk products in spite of
the stringent constraints it imposes on the structure of walk-sets. It is already sur-
prising that walks on any digraph are uniquely factorable into prime elements, but
it is striking that this can be achieved in several ways, all simultaneously valid. Ad-
ditionally, the MGT shows that very little algebraic structure is required of (Wg, e)
in order to design new representations of formal walk series and matrix functions.
Indeed, only the unique factorisation property is necessary. The weakness of this
requirement is truly remarkable, e.g. in the case of the nesting product, unique fac-
torisation holds at the individual walk level in spite of the product lacking a global
identity element and being neither commutative nor associative nor even distributive
with respect to addition. This stands in sharp contrast with the situation encoun-
tered in number theory where the uniqueness property is seemingly very fragile; a
fact that was fully recognized during the 19th century with the first examples of
number fields where uniqueness does not hold. This observation gave rise to the
notion of ideal, a concept of paramount importance in ring theory and abstract al-
gebra [39]. More recently, the study of unique factorisation and ideals was extended
to rings with zero divisors [I80] [I&81], some noncommutative rings [182], 183, 40] and
nonassociative rings and algebras [184] [I85]. So far, ideals of walks have not proven
necessary since the uniqueness is so much more robust for walks than for numbers.
Why this is so remains unclear. We propose that it is related to an intrinsic structure
that walks possess and numbers do not.






CHAPTER 7
SUMMARY & FUTURE DIRECTIONS

Our minds are finite, and yet even in those circumstances of finitude,
we are surrounded by possibilities that are infinite, and the purpose of
human life is to grasp as much as we can out of that infinitude.

A. N. Whitehead

We now summarise the work presented in this thesis, and indicate future direc-
tions in which each of the topics broached in the thesis could be further researched.

7.1 Prime factorisation on graphs and the MGT

Summary

In Chapter 2l we demonstrated that walks on digraphs factorise uniquely into nesting
products of prime walks. We identified these primes with the simple paths and
simple cycles of the digraph. We gave an algorithm factoring individual walks and
obtained a recursive formula to factorise walk sets. Using these results we presented
an universal continued fraction representation for characteristic series of walks on
digraphs and weighted digraphs.

In Chapter [0] we presented the Method Generating Theorem. This Theorem as-
serts that if there exists a walk product operation e such that the prime factorisation
Fo(w) of any walk w always exists and is unique, then there exists a universal rep-
resentation of formal walk series and matrix functions that only involves the primes
induced by the e product. The method of path-sums is thus seen to be a member of
wider family of methods for calculating matrix functions and which rely on differ-
ent walk products. We illustrate the Method Generating Theorem with three novel
methods for the computation of matrix functions: primitive-series, edge-sums and
the language equations of matrix functions. Finally, we demonstrate that regard-
less of the walk product, if F,(w) always exists and is unique then any digraph is
uniquely characterised, up to an isomorphism, by the primes it sustains.

Future directions

The prime factorisation of walks has found two potential applications beyond those
in the realm of matrix computations: i) finding shortest paths between any two
vertices of a graph; and ii) distinguishing and characterising graphs.

173
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The first application relies on the observation that if a walk w passes through
all the edges of the shortest path between two vertices o and w on a graph G, then
this shortest path can be efficiently read off the prime factorisation of w. Most
importantly, this remains true regardless of the order in which the edges of the
shortest path are passed through by the walk. Thus, if we dispose of a sufficiently
long random walk on G so as to guarantee with high probability that w traverses all
the edges of G, then we can recover the shortest path between any two vertices of G.
We must therefore elucidate the probability that a random walk of length ¢ misses
an edge of the shortest path between two randomly chosen vertices. This question
is currently under investigation in collaboration with researchers of the Statistics
Department at the University of Oxford.

The second application consists of designing an algorithm characterising and
distinguishing graphs based on the primes they sustain. Since the primes can be
efficiently generated from random walks, we could compare graphs using a sample of
primes extracted from long random walks. How large must this sample be in order
to distinguish graphs with high probability and how long must the random walks
be to recover a prime sample of fixed size are widely open questions.

7.2 The method of path-sums

Summary

In Chapter [3] we introduced the method of path-sums which expresses functions of
matrices as continued fractions of finite depth. We presented explicit results for
a matrix raised to a complex power, the matrix exponential, matrix inverse, and
matrix logarithm. We introduced the generalised matrix powers which extend de-
sirable properties of the Drazin inverse to all powers of a matrix. We presented
specific formulas for the inverse and exponential of block tridiagonal matrices and
evaluated the computational cost of path-sums for functions of tree-structured ma-
trices. Finally, we demonstrated that our approach remains valid for a matrix with
non-commuting matrix elements and obtained a generalised heredity principle for
the quasideterminants of matrices with non-commuting entries.

Future directions

The accessibility and visibility of the method of path-sums would be greatly en-
hanced by the development and numerical analysis of an optimized, user-friendly,
computer program implementing the method for arbitrary matrix functions. At the
core of this program would be an algorithm producing the simple paths and simple
cycles of a graph. This algorithm could be a probabilistic one based on factoring
long random walks, as discussed in Section [7.1]

A better understanding of the error associated with truncated path-sums expres-
sions is paramount, in particular for applications in physics. The relation between
the speed of convergence of path-sums and the exponential decay of matrix func-
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tions must be clarified by future research. In this respect, the results of Chapter
represent a breakthrough. Indeed, the demonstration of Anderson localisation es-
tablishes that for “sufficiently random” matrices M: i) the weight of a fully dressed
simple path decays exponentially with its length, on average; and ii) this provokes
the exponential localisation of functions of M, on average. In their current form,
the arguments yielding these results do not extend to the deterministic case. They
point however to a remarkable competition taking place in infinite matrices between
the decay of simple path weights as a function of their length ¢ and the increase
of the number of simple paths of length ¢ as ¢ grows. When the decay dominates,
f(M) is exponentially localised around the sparsity pattern of M. In the opposite
situation, f(M) is non-negligible everywhere and everywhere difficult to calculate.
Physically, this would mean that the system approaches a phase transition, such as
from insulator to conductor, or more generally any quantum phase transition [186].

Finally, we mention the extension of the method of path-sums to the calculation
of functions of operators. In particular, we have developed a path-sum approach
for solving fractional differential equations which we could not report here due to
length concerns.

7.3 Quantum dynamics and many-body Ander-
son localisation

Summary

In the first part of Chapter [d we derived the walk-sum lemma for the matrix-
exponential relying solely on physical arguments. We considered a quantum system
S to comprise two subsystems S and S’ and described the dynamics of S as a
superposition of walks undergone by S” on a graph G. This graph is the discrete state
space of S’: vertices represent configurations of S’ while edges represent physical
processes allowed by the Hamiltonian and which cause changes in the instantaneous
configuration of S’. A walk of S on G thus represents a succession of configurations of
S’, i.e. a walk is an history of S’. The weight of this walk carries information about
the coupling between S and S’ or equivalently, the influence on S of the history of
S’. The method of walk-sums is thus the discrete equivalent to Feynman’s path-
integrals: the dynamics of S results from the superposition of all histories available
to S’. This gives a physical interpretation for path-sums in the context of quantum
dynamics: dressing vertices by cycles represents the dressing of .S by virtual physical
processes undergone by S’. Just as in quantum field theory, these processes give rise
to a non-zero self-energy, which in the path-sum description is simply a sum over
dressed simple cycles. In the second part of Chapter |4, we illustrated the method of
walk-sums by solving single particle continuous time quantum random walks. We
also investigated the dynamics of Rydberg-excited Mott insulators. In particular, we
demonstrated the existence of transient crystals formed by the Rydberg-excitations.

In Chapter [5| we demonstrated dynamical localisation of a strongly interacting
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many-body quantum spin system using the method of path-sums. First, we estab-
lished a criterion describing many-body dynamical localisation. This criterion relies
on the results of Chapter [4} considering the system as comprising two ensembles of
sites S and S’, the dynamics of S is equivalent to that of a single particle, the SEP,
undergoing a quantum random walk on the configuration graph of S’. When applied
to the SEP, the well known signature of one-body Anderson localisation yields the
desired many-body criterion. Second, we showed that there always exists a finite
amount of disorder such that this criterion is satisfied. To do so, we used results
from Chapters [2| and [3| to describe the dynamics of the SEP with path-sums and
identify certain technical properties of these path-sums. We also obtained bounds
on the disorder required for the onset of one-body Anderson localisation. Finally,
we demonstrated that our criterion for many-body dynamical localisation, when
satisfied, yields several experimentally observable consequences. In particular, we
demonstrated that the magnetisation of any finite ensemble of lattice sites is lo-
calised around its initial value and we obtained a similar result for the correlations
between the particles at these sites.

Future directions

A major issue affecting the use of path-sums in physics is the lack of a sound,
physically meaningful, criterion to decide a priori if the dynamics of a quantum
system can effectively be simulated with the method. This is a key ingredient in the
design of successful mathematical techniques for physics. For example, the existence
of such a criterion for Time Evolving Block Decimation (TEBD) explains in part its
widespread use in physics. Such a criterion must necessarily be related to factors
determining the speed of convergence of truncated path-sum expressions, thereby
providing yet another incentive to work on this subject. In this regard, the results
of Chapter [5| are promising in the way they relate the weight of fully dressed simple
paths with localisation of matrix functions.

Concerning the physics of Anderson localisation, the tools used in Chapter
permit an analytical exploration of the effects of decoherence and of statistical cor-
relations between the random magnetic fields on the onset of localisation. This
would contribute to the study of the interplay between disorder, decoherence and
interactions in one-body and many-body systems. A largely unexplored territory.
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