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Abstract — The familiar example of Taylor dispersion of molecular solutes is extended to describe
colloidal suspensions, where the fluctuations that contribute to dispersion arise from hydrodynamic
interactions. The generic scheme is illustrated for a suspension of particles in a pressure-driven
pipe flow, with a concentration-dependent diffusivity that captures both the shear-induced and
Brownian contributions. Analytic and numerical solutions are presented that highlight the effect
of the concentration dependence of this nonlinear hydrodynamic mechanism, and the results are
contrasted with the classical thermally driven Taylor dispersion.

Colloidal suspensions are ubiquitous in everyday life, as
they occur in many applications of soft materials [1], drug
delivery systems [2], environmental science (e.g., filtration
and water purification), and the flow of physiological
fluids such as blood. The subject has been given
renewed emphasis owing to the control offered by mi-
crofluidic devices for manipulating the flow of complex
liquids [3]. In many cases, one suspension is injected
into another, either in a continuous fashion or as a lo-
calized bolus. For example, the effective flow properties
are needed to describe the pressure-driven flow of such
suspensions [4]. In addition, the transport features of the
suspension, such as the spreading of the injected pulse
along the flow direction, are of interest. Traditionally,
such dispersion problems are analysed assuming thermal
fluctuations are the driving force for sampling the veloc-
ity distribution. For sufficiently strong shear rates in the
flow, hydrodynamic effects will always dominate thermal
effects, and so here we analyse the influence of hydrody-
namic interactions on such dispersion problems.

It is well known that in a thin channel axial spread-
ing of a molecular solute occurs as a consequence of a
non-uniform velocity distribution in the direction trans-
verse to the mean flow [13,14]. Taylor dispersion refers to
the common case where thermal diffusion is the source of
the fluctuations that lead to sampling of the streamlines
and dictates the magnitude of axial dispersion. The usual
approach to axial-dispersion problems is to seek a descrip-

tion in terms of a one-dimensional convective-diffusion
equation, with the goal being to determine the effective
diffusivity. In particular, for a circular channel of radius
R, or a rectangular channel of height R much less than
the width, the mechanical contribution to the spreading
has the order of magnitude O (@*R?/D,,), where U rep-
resents the average flow velocity and D,, is the molecular
diffusion coeflicient. For typical flow conditions, this me-
chanical spreading dominates the molecular diffusion and
is the principal contributor to the axial spread of the so-
lute. To accurately model the distribution of finite-sized
particulates in a similar geometry requires a theory that
captures the influence of hydrodynamic interactions on
dispersion. In this case, determining the functional de-
pendence of the axial dispersion coefficient on colloidal
concentration is key.

For colloidal suspensions, shear-enhanced diffusion,
which is a consequence of hydrodynamic interactions be-
tween particles and is dependent on the concentration of
particles, dominates over thermal fluctuations (Brownian
motion). Shear-enhanced diffusion is responsible for many
hydrodynamic features, such as the stratification of par-
ticles in a thin film flow [16]. While there are many vari-
ants of the Taylor-dispersion problem (e.g., [15]), almost
all consider only problems that assume the stochastic ele-
ment driving solutes across streamlines, transverse to the
flow direction, is Brownian motion. In this letter we ad-
dress the effect of shear-enhanced diffusion upon the ob-
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served dispersion. This description leads to a nonlinear
convection-diffusion equation, with an explicit expression
for the diffusivity dependence on particle concentration.
We solve a simplified model analytically for low particle
concentrations and numerically for higher concentrations.

In order to address the transport properties of a col-
loidal suspension, two main approaches have been taken:
(1) models for the effective shear-enhanced diffusion coeffi-
cient [17-19], and (ii) a particle transport-based approach
using suspension stresses, which accounts for axial and
transverse spreading of the particles [4]. The latter model
reproduces the basic features introduced originally as a
shear-enhanced diffusion of colloidal objects, whereby an
effective diffusivity, linear in the local shear rate, charac-
terizes the effective flux of particles relative to the trans-
port with the local mean velocity [17-19].

In a unidirectional flow, the characteristic shear-
enhanced diffusivity for spherical particles is proportional
to the local shear rate, 4, the square of the particle ra-
dius, a, and a proportionality factor that is a function of
the volume fraction of particles, which itself is related to
the colloidal mass concentration, ¢ [17,19]. Due to the
linearity and time reversibility of the Stokes flow, a purely
hydrodynamic collision between two smooth non-colloidal
spheres is symmetrical: the particles return to their origi-
nal streamlines after the passing encounter. Thus, at least
three spheres must interact to have a net displacement
and, consequently, the shear-induced component of diffu-
sivity is expected to scale as ¢? for low concentrations [18].
Non-hydrodynamic interactions such as repulsive forces,
particle roughness or symmetry breaking, as in the case of
non-spherical particles, leads to a diffusivity that is linear
in ¢ in the dilute limit [20,21].

The coupling between Brownian and hydrodynamic
forces due to shearing motion is non-trivial. Here we as-
sume that the effects are additive, so that the diffusivity
is represented as

D(c) = D + a?[7|f(c), (1)

where f(c) is a dimensionless function of colloidal con-
centration. For spherical particles, D,, is given by the
Stokes—Einstein relation, D,, = kT /6mua, where kg is
the Boltzmann constant, 7" is the temperature and p is the
viscosity of the fluid in which the colloids are suspended.
Eq. (1) displays the correct asymptotic behaviour in the
limit of large and small colloidal sizes and shear rates. We
emphasize that the steps in our analysis hold for more
complex expressions for the diffusivity that capture the
coupling between molecular and shear-induced diffusion.

We consider the effect of a shear-induced diffusivity on
the dispersion of a colloidal suspension when placed in a
steady pressure-driven pipe flow. We suppose that the
pipe has radius R and length L and use an axisymmetric
cylindrical coordinate system (r,z) to describe the flow,
with z directed along the length of the pipe, as depicted
in fig. 1.
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Fig. 1: Schematic diagram for pressure-driven pipe flow of a
colloidal suspension.
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For low colloidal
pressure-driven  axial

concentrations, the
velocity profile is

u(r) = 2T (1 - (r/R>2) , (2)

where @ is the radially averaged velocity, defined by

2 R
U= ﬁ/o u(r) rdr,

and the corresponding shear rate 4 = du/Or = —4ur/R>.
The axisymmetric colloidal mass concentration, ¢(r, z,t),
is then governed by the advection-diffusion equation,

Oc dc 10 Oc 0 Oc
where D(c) is given by (1). Following the approach of
Taylor [13], we work in terms of deviations from cross-
sectionally averaged quantities, defined in (3), writing
¢ = ¢(z,t) + (r,z,t) and u="1u(z,t) + v (r,2,t). Sub-
stituting into (4) gives

@+a_cl+—@+ ’@_F—a_cl_'_ ,8_6'
ot "ot e e e T a2

10 oc 0 oc 0 oc
Eq. 5 is averaged over the tube cross-section to provide
oc 0 (=0¢ 0 oc!
[ .= _ -
R <D8z>+8z (D82>7 (©6)
which may be subtracted from (5) to give
o 10 oc
2z 22 =
“or " ror <TD or )

oc 0 oc
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We are interested in the long-time behaviour of cross-
stream diffusion, that is, L > uR?/D, and we suppose
that |¢/|/¢ < 1 so that deviations in concentration from
the mean are small, under which assumptions egs. (6) and
(7) simplify to

Jc oc 0 Jc
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and
10
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respectively. Eq. (8) corresponds to the generalization
for a spatially dependent diffusivity of the usual Taylor-
dispersion result. As usual, the mechanical contribution
to the effective diffusion of the colloids arises from the
‘fluctuation’-generated flux u/9¢’/0z; the influence of the
shear-enhanced diffusivity enters through the functional
form of this term, which is determined from (9).

Since u/(r) =u (1 — 2(r/R)?), the solution of (9) satis-
fying ¢’ /Or =0 onr=0,R is

/ _ U OCfens_ pe T
¢(r21) = GEp 82{63 (1-F%) (1+ RF)
+ Fr [6(F2 — 1)R? 4 3FrR — 2F*?] } +(0,2,1),

(10)

where F(¢) = Peyf(¢) (with f defined in (1)) and
Pe, = |¥]a?/D,, is the particle-scale Péclet number based
on the average shear rate. Thus, with «' and ¢’ known,
the mechanical contribution of the flux in (8),

oc’ ulR? 0 oe
127 - -\ 7
Y 0z D,, 0z (D(c) 82) ’

(11)

where the dispersion coefficient D(¢) is defined by

D= ! 1 5,03 4 1
¢ T2FT  4FS  6F5  8F*  15F3  12F?
4 In1+F) In(1+F) In(l1+F)
— = (12
+105F 2F8 + FS 2F4 (12)

We note that, since «/ = 0, the term (0, 2,t) in (10)
does not contribute. In the limit when F' < 1, the shear-
enhanced component of diffusion is negligible and we re-
cover the usual Taylor-dispersion result for the effective
diffusivity, D ~ 1/48. However, when F >> 1 and the dif-
fusion is dominated by the shear-induced contribution, we
obtain the leading-order result

4 4
105F(¢)  105Pe, f(c)’

D(c) (13)
We remark that the coefficient 4/105 is reminiscent of the
coefficient obtained for Taylor dispersion in a unidirec-
tional parabolic channel flow between two parallel plates,
though this appears only coincidentally.

Converting to a dimensionless coordinate frame that

convects with the mean fluid velocity, Ls = z — ut, and
letting t = D,,, L7 /u®>R? and ¢ = MC/nR?L, where

M:7TR2/ cdz

— 00

(14)

is the total number of colloids in the flow, from (8) we
arrive at the non-dimensional equation for the colloidal

concentration,

oC 0 1 oC

5 = D8 (<P62 (1+ F(O)) +D(C)) 83) . (15)
where Pe = uR/D,, is the Péclet number based on the
tube radius.

In table 1 we list typical parameters for a long mi-
crofluidic device. For all particle sizes of interest, Pe > 1,
so we henceforth focus on the limit in which the domi-
nant contribution to the diffusivity in (15) arises from the
fluctuation-generated term, D. We note that the molec-
ular and shear-enhanced radial diffusion are respectively
O(1/Pe?) and O(Pes/Pe?) weaker than the axial diffu-
sion so our assumption that the concentration variations
in the radial direction are small is justified.

a R L
2 pm 200 pm 50 cm
u Pe, Pe
Imms™! | ~900 | ~2x10°

Table 1: Typical operating parameters for CaCQO3s particles
in water and at room temperature (; = 8.9 x 107*Pas and
T =298K) [21,22].

For dilute systems, the shear-enhanced diffusivity for
perfectly smooth spherical colloids scales as C?, while
symmetry breaking or surface roughness leads to diffu-
sivities that are linear in C [20]. We therefore begin by
examining the resulting shear-enhanced dispersion in the
dilute limit when f(¢) = AC™ for an arbitrary n, where
A is a constant. Provided C' does not become too small
(order 1/Pey), so that F remains large, we may use the
simplified expression (13) for the diffusivity. The colloidal
concentration is then governed by

oC 8(180)

ar  9s \C" 9s

(16)

(where we have absorbed the constant 1/(105APes) into
the time variable 7), which we recognize as a version of
the porous medium equation.

For an instantaneous pulse of particles injected into the
flow at s = 0 and 7 = 0, the solution to (16) that conserves
the total number of particles takes the form

F1/(=n)’ (17)

where &, = s/7/2=)_ for 0 < n < 2. This solution form
may be substituted into (16) and integrated twice to give

0(6) = (55 (o +«si>)_1/n, (1)

where we have used the symmetry boundary condition
¥'(0) = 0. Here, a,, is a constant that may be determined
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by conservation of mass,

/ Cds:/ Wwdé, =1,

o <4_n2n) - (ﬁril(/l:? 1/2>>“ '

Thus the concentration is given by

n jom 2\
)= [y (e )]

for 0 < n < 2.

We can compare (21) with the solution for diffusion of
a pulse with constant (unit) diffusivity, which is familiar
in Taylor dispersion of molecular solutes,

which gives

(21)

6752/47'
2/mT

In both cases, the spread advances in space as the square
root of time, through the term s2/7. However, in (21) the
spreading occurs algebraically with the height of the peak
decaying as 7—'/(2=") while (22) displays an exponential
spreading, with the height of the peak decaying as 7—1/2.

The time evolution of the solution to (16) when n =1,
given by (21), is compared in fig. 2(a) with the solution
for diffusion of a pulse with unit diffusivity, when n = 0,
given by (22). As a result of the stronger diffusivity in
the former, the concentration distribution is smoothed out
much more quickly, with the height of the peaks obeying
771 and 771/2 decay laws, respectively.

The solution (21) clearly breaks down for n = 2,
which corresponds to the shear-enhanced diffusion of per-
fectly spherical particles at low concentrations lacking
non-hydrodynamic interactions. In this case, the similar-
ity solution takes the form [23,24]

Cls,7) = e “T (&2),

—WwT

C(s,7) = (22)

(23)
and w is an, as yet, undeter-

Substituting (23) into (16) provides

(&) = (ozg —|—w§§)_1/2, where a5y is a constant of in-
tegration, and so

where & = se
mined constant.

72w7') —-1/2 )

C(s, 1) = exp (—wr) (s + ws’e (24)

However, the total mass associated with this solution (and
(21) for n > 2) is unbounded. This feature arises as a re-
sult of our simplified expression for D, which is no longer
valid when C' becomes small and F' becomes order one. In
such regions, all terms in (12) are important, and ensure
that the diffusivity remains bounded as C' — 0. We thus
conclude that the respective solutions (21) for n > 2 and
(24) for n = 2 provide the behaviour in regions where the
concentration is suitably larger than O(1/Pes), but the
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Fig. 2: (a) Comg)arison between the diffusior(l of a pulse of
particles given by (21) when n = 1 (solid) with the solu-
tion for regular diffusion, C' = 6752/47/(2\/7?) (dashed) at
7 =0.025,0.05,0.1; (b) Concentration distribution, C, versus
s given by (15) with (25) at 7 = 5, 10, 20, 40, 80 with A = 8 = 1
and Pes =1, (¢) Pes = 10, (d) Pes = 100. In all cases the ar-
rows indicate the direction of increasing 7.

behaviour in the tail regions of the profile, where C' be-
comes small, is determined by using the full expression for
the diffusivity, eq. (12). The constants w and «as in (24)
are then, in principle, determined by matching together
the solutions in these two regions, and enforcing conser-
vation of mass. Nevertheless, we observe that when n = 2
particles now diffuse with an exponential rather than an
algebraic spread with time in regions where the colloidal
concentration is not too small.

While the shear-enhanced component of diffusivity de-
pends typically linearly or quadratically on concentration
for low concentrations, as we increase the colloidal con-
centration, the diffusivity saturates [19]. Thus, we now
consider a model with the more general functional form,

_AC
14 pC”

The solution of (15) with (25) may be determined nu-
merically. For computational simplicity, we approximate
the initial pulse of colloidal particles as a Gaussian distri-
bution of the form C(¢,0) = 6_82/70/ﬂ, where 79 < 1.
In fig. 2(b)—(d) we illustrate the time evolution of a pulse
of colloidal particles with 7o = 10™%, when A = =1 and
Pes; = 1,10,100. While these results illustrate the be-
haviour, this model may be improved by including the de-
pendence of viscosity upon concentration, which will enter
through a modification in f(c).

In summary, the results reported here demonstrate that
the hydrodynamic interactions which drive fluctuations in
the concentration of a colloidal suspension yield a non-

A, 8 = constant.

f (25)
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linear transport process. The behaviour depends on the
explicit features characterizing the functional relation be-
tween shear-induced diffusivity and colloidal concentra-
tion. The approach presented may be used to refine the
standard dispersion methods used to determine the dif-
fusion coeflicients for colloids and nanoparticles (see, for
example, [25,26]). Furthermore, the ideas here may be
useful for other problems involving transport properties
of colloidal suspensions, such as sedimentation and mem-
brane filtration [27,28], as well as cases where adsorption
and desorption can be significant. We hope that the ideas
presented here will inspire new experiments of these kinds
of dispersion problems for colloidal suspensions.
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