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Abstract

So-called ‘latency’ refers to the various small but significant time delays that occur in the
course of the communications between a trader and a market. Such delays happen between the
time an exchange streams market data to a trader, the time at which the trader processes the
information and decides to trade, and the time at which the exchange receives and processes
the order from the trader. Latency is a challenge faced by all traders and is of great importance
in modern financial markets. In the present work, we develop mathematical models to solve a
variety of problems faced by liquidity takers regarding uncertainty in executions.

Firstly, we devise a model for computing the price that traders are willing to pay to reduce
their latency. This latency-optimal strategy balances the tradeoff, over a period of time, between
the costs of walking the limit order book and the percentage of orders filled. This work may lead
to social benefits, since it offers a way to stop the arms race to being faster in the marketplace.

Secondly, we develop a latency-optimal trading strategy that improves the marksmanship
of liquidity takers. We make use of the techniques of variational analysis to obtain the optimal
price limit of each marketable limit order (MLO) that the trader sends. The price limit of each
MLO is characterized as the solution to a new class of forward-backward stochastic differential
equations (FBSDEs) driven by random measures. We prove the existence and uniqueness of
the FBSDE solution and solve the FBSDE numerically to illustrate the performance of the
strategies.

Finally, we show how traders can optimally liquidate a position over a trading window when
there is latency in the marketplace. We frame our model as an impulse control problem with
stochastic delay — this work contributes to the stochastic control literature by allowing one to
have random delays before the impulses take place. We show that impatient liquidity takers
submit MLOs that may walk the book (capped by the limit price) to increase the probability
of filling the trades. Patient traders who are fast do not use their speed to hit the quotes they
observe, nor to finish the execution programme early: they use speed to complete the execution
with as many speculative MLOs as possible. We use foreign exchange data to implement the
random-latency-optimal strategy and to compare it with various benchmarks. We find that for
patient traders, the random-latency optimal strategy outperforms the bechmarks that do not
account for latency by a quantity that is greater than the transaction costs paid by liquidity
takers. Around news announcements, the value of the outperformance significantly increases.
The superiority of the latency-optimal strategies is due to both the speculative MLOs that are
filled and the price protection of the MLOs.
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Chapter 1

Introduction

With the advent of computerized trading, the speed at which agents operate in electronic
markets is down to milliseconds or even microseconds. Speed to process information and make
decisions is essential to the success of trading strategies and being faster than one’s peers
provides a valuable competitive edge. Traders require time to execute strategies and their
instructions take time to arrive and to be processed by the exchange. This time delay, known
as latency, affects the efficacy of trading strategies because, in the meantime, the exchange
processes other instructions that update the LOB with information not known by the trader at
the time the trader executed the strategy.

In that which follows, we construct three optimal trading policies that aim (i) to quantify
the cost of latency, (ii) to work out how latency affects the marksmanship of liquidity takers,
and (iii) to determine how best to liquidate a position when there are random execution delays.

There are many papers in the mathematical finance literature that develop optimal trading
policies. The seminal paper of Merton (1971) uses stochastic control techniques to find an
optimal consumption rate and investment weights that maximize a given performance criterion.
A second example is that of Black and Scholes (1973), in which a dynamic trading strategy (the
delta-hedging strategy) replicates the payoff of a European option. A third example is Almgren
and Chriss (2000), where the authors find the optimal trading strategy required to liquidate a
large block of shares minimizing execution costs.

In this thesis we build on stochastic control theory and its applications to solve a number of
mathematical problems that relate to latency and uncertainty in executions. Along with other
methods we make use of (a) continuous-time stochastic control with ambiguity aversion, (b)
Gateaux derivatives, (c) forward-backward stochastic differential equations (FBSDEs) to char-
acterize optimal strategies, and (d) impulse control theory. In Chapters 4 and 5, we contribute
to the literature of stochastic analysis and applications (i) by presenting a new type of FBSDE
and proving its existence and uniqueness, and (ii) by introducing a new type of impulse control
problem where the times between the decisions to impulse the system, and the impulses taking
place, are random.

The material is organized as follows. In Chapter 2 we introduce the concepts we use through-

out the thesis. In particular, in Section 2.2 we define the type of order we use throughout this



investigation, that is, marketable limit orders (MLOs). MLOs are liquidity taking orders that
specify a price limit and are for immediate execution only; however, if the price limit of the
MLO precludes it from being filled, the exchange rejects the trade.! We show the importance
that these type of orders have in the market, and how relevant they are for liquidity takers.
This is the first time in the algorithmic trading literature where MLOs are shown to play such
a key role in addressing the latency problem that liquidity takers face in financial markets.
Then we present the work of the following three papers Cartea and Sanchez-Betancourt
(2021Db), Cartea et al. (2019a), and Cartea and Sanchez-Betancourt (2021a). More specifically:
Chapter 3 constructs a model to compute the price that liquidity takers would be willing
to pay to reduce their latency in the marketplace. To this end, we derive a latency-optimal
strategy that specifies the limit price of liquidity taking orders to increase the chances of filling
orders if, due to latency, prices or quantities in the LOB have worsened. The latency-optimal
strategy balances the tradeoff between the costs of walking the LOB and targeting a desired
percentage of filled orders over a period of time. We employ the cost of improving fills with the
latency-optimal strategy to compute the shadow price of latency. Finally, we use a proprietary
data set of foreign exchange (FX) to compute the maximum price that an FX trader would be
willing to pay for co-location and hardware to reduce their latency in the marketplace.
Chapter 4 develops a latency-optimal trading strategy that improves the marksmanship of
liquidity takers. We model the interaction between the LOB and MLOs as a marked point
process. Each MLO specifies a price limit so the order can receive worse prices and quantities
than those the liquidity taker targets if the updates in the LOB are against the interest of the
trader. In this model, the liquidity taker balances the tradeoff between the costs of missing
trades and the costs of walking the book. We employ techniques of variational analysis to
obtain the optimal price limit of each MLO the agent sends. The price limit of an MLO is
characterized as part of the solution to an FBSDE. As far as we know, this random-measure
driven FBSDE has not been covered in the literature to date. This may be on account of (i)
the particular non-standard representation of the FBSDE, (ii) the fact that the forward part
is adapted and the backward part needs to be predictable, and (iii) the discontinuity of the
driver in the forward part of the FBSDE. We prove the existence and uniqueness of the solution
to the FBSDE using standard tools, and as with the treatment of other FBSDESs, we require
a short time horizon. We numerically solve the FBSDE to illustrate the performance of the
latency-optimal strategies.
Chapter 5 shows how traders use MLOs to liquidate a position over a trading window when
there is latency in the marketplace. We frame our model as an impulse control problem with
stochastic latency where the trader controls the times and the price limits of the MLOs sent

to the exchange. We show that impatient liquidity takers submit MLOs that may walk the

'MLOs are similar to standard market orders, but differ in that MLOs have a limit price whereas market
orders do not. Thus, a buy MLO never pays more than the limit price, and a sell MLO never receives less than
the limit price.



book (capped by the limit price) to increase the probability of filling the trades. On the other
hand, patient liquidity takers use speculative MLOs that are only filled if there has been an
advantageous move in prices over the latency period. Patient traders who are fast do not use
their speed to hit the quotes they observe, nor to finish the execution programme early; they use
speed to complete the execution programme with as many speculative MLOs as possible. We
use foreign exchange data to implement the random-latency-optimal strategy and to compare
it with four benchmarks: execution with deterministic latency, execution with zero latency,
time-weighted average price, and execution of the entire order at the best quote in the LOB
at the beginning of the trading window. We find that the performances of the random-latency
and the deterministic-latency strategies are similar. For patient traders, these two strategies
outperform the other three benchmarks by an amount that is greater than the transaction costs
paid by liquidity takers in foreign exchange markets. Around news announcements, the value
of the outperformance is between two and ten times the value of the transaction costs. The
superiority of the latency-optimal strategies is due to both the speculative MLOs that are filled
and the price protection of the MLOs.

We present concluding remarks in Chapter 6. Each of the chapters introduces acronyms
separately and the reader is reminded of the main definitions. For the reader’s convenience, we
include a glossary with acronyms and technical terms, and a mathematical notation page after

the references. Finally, we collect various proofs and robustness checks in the appendices.



Chapter 2

Background material

In this section we introduce concepts at the core of any order-driven market. Examples of this
include the limit order book (LOB), market orders (MOs), limit orders (LOs), and marketable
limit orders (MLOs).

The interested reader can consult the following manuscripts for a detailed introduction to
the subject; these include Cartea et al. (2015), Guéant (2016), Lehalle and Laruelle (2018), and
more recently Bouchaud et al. (2018).!

An exchange is a marketplace where securities, commodities, derivatives and other finan-
cial instruments are traded. The core function of an exchange is to ensure fair and orderly
trading and the efficient dissemination of price information for any securities trading on that
exchange. Exchanges give companies, governments, and other groups a platform from which to

sell securities to the investing public.

2.1 Limit order books

Exchanges accommodate a compendium of market participants, each of which acts in their
own best interest, subject to certain marketplace rules. These market participants have, in the
simplest description, two ways to intervene in the market for a security:? (i) they post buy LOs
(resp. sell LOs) when they have a price and quantity in mind that they want to buy (resp. sell),
and they are willing to wait until matched against a counterpart with opposite interest, or (ii)
they send MOs when they have a quantity they want to buy (resp. sell) no matter the price they
pay (resp. receive). We define the LOB of a given security or instrument to be the collection of
limit orders waiting to be matched. We refer to the different layers of liquidity in the ask side
(resp. the bid side), as all the different price levels at which liquidity providers have buy LOs
(resp. sell LOs) waiting to be matched. Similarly, we say that an order sent by a trader ‘walks
the book’, when the size of the order is such that the trader consumes more than one layer of

liquidity to fill the trade.

!See Gould et al. (2013) for a detailed exposition of LOBs.
2In the next subsection, we introduce other order types that play a crucial role in this thesis. For now, in the
interest of a clear exposition, we only mention MOs and LOs.



Most financial contracts, financial instruments, and financial securities are traded in LOBs.
For example, equity, spot FX, futures, and options are often traded in venues with a central
LOB.? All models that we discuss are applicable to any venue with a central LOB. In this thesis,
all data experiments, motivations, and illustrations are for spot FX trading. We employ data
provided by LMAX — an electronic multilateral trading facility in the FX market (www.lmax.

com).

2.2 Order types

Electronic exchanges have a set of orders that market participants can use. The range of order
types is disclosed to all participants who then specify which type they wish to use with every
order they send to the exchange. There are order types that are common in some markets and
uncommon in others. For example, pegged orders are common in equity markets but they do
not exist in spot FX markets. In what follows, we describe the main order types that market
participants can use. The order types that we list and explain can be used in equity markets
(e.g., Nasdaq and LSE), spot FX markets (e.g., LMAX and EBS), and futures markets (e.g.,
CME).

There are two tags associated with any given order sent to the exchange. These are the type
of quote and the time-in-force. We describe the type of quote first, following ‘Guide to trading

system’ on the website of the London Stock Exchange.*

Type of quote ‘ Definition

Limit order An anonymous priced order that is fully displayed when persistent in an order book
and may execute at prices equal to or better than its limit price.

Market order Un-priced, and therefore not price forming, but has price priority over all priced orders.
Market Orders cannot persist on the order book during regular trading.

Stop Limit Orders | A Limit Order that will remain unelected (will not be entered into order book) until the
stop price is reached. Once elected, a Stop Limit Order will be treated as a regular Limit Order.

Stop Orders A Market Order that will remain unelected (will not be entered into order book) until the
stop price is reached. Once elected, it will be treated similar to a regular Market Order.

Table 2.1: Definition of the type of quote.

There are other types of quotes such as ‘hidden limit orders’, ‘midprice pegged orders’,
‘iceberg orders’, and so on, that we do not mention because they are not used to trade in many
exchanges.

Next, we describe the second tag of any given order: the “time-in-force” of the order.

3Spot FX is mostly traded over-the-counter, nonetheless, there are a large number of exchanges with a central
LOB trading spot FX; see Figure 3.3 in Donnelly (2019) for an overview of the market structure in FX.
4See www.londonstockexchange.com/resources.
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Time-in-force Definition

Good for day (DAY) Expires at the end of the trading day on which it was entered or when cancelled.
Good until time (GTT) Expires at the specified time/date or when cancelled.
Immediate or Cancel (IoC) | Executed on entry, with any remaining unexecuted volume expired.

Fill or Kill (FoK) Executed in full on entry or immediately expired.

Table 2.2: Definition of time-in-force.

Order types are created with one tag from Table 2.1 and one from Table 2.2. There are
some combinations that are not allowed, and when the second tag (time-in-force) is missing,

there are default values for it.

Time-in-force

| DAY GTT IoC FoK |

Limit order
Market order
Stop limit order
Stop order

XX NN
X XN

Order type
LA XS
ANENPIEN

Table 2.3: Possible combinations of order type and time-in-force. We use ‘v’ for a combination
that can be used, and ‘X’ for one that can not be used or that is redundant.

Table 2.2 shows the combinations that are allowed with a ‘v’ and those that are not with
an ‘X’. If the time-in-force tag is missing, the default value for a limit order is DAY, the default
value for a market order is IoC, the default value for a stop limit order is DAY, and the default
value for a stop order is DAY — this can vary from exchange to exchange.

From this point forward we refer to the combinations (i) LO and IoC, and (ii) LO and FoK,
as marketable limit orders (MLOs). Similarly, we refer to the combinations (i) MO and FoK,
and (ii) MO and IoC, as market orders (MOs), and we refer to the rest of the combinations as

“other order types”. This is summarized in the following table.

C ]

Time-in-force ‘

| DAY GTT IoC FoK |

&, | Limit order Other Other MLOs MLOs
*? Market order X X MOs MOs
& | Stop limit order | Other Other X X

& | Stop order Other Other X X




2.3 Definition of latency

Latency is the sum of the time delays that occur in the course of the communications between
a trader and a market. Such delays happen between the time an exchange streams market data
to a trader, the time at which the trader processes the information and decides to trade, and
the time at which the exchange receives and processes the order from the trader.

Next, we discuss the one-to-one correspondence between the clock in the exchange and
the trader’s clock. Figure 2.1 depicts how latency affects the flow of information between the
exchange and the trader. We map the time of the events in the exchange to the time of the
events for a trader who experiences latency in the marketplace. At time ey = ¢y the exchange
sends data to the trader, the trader receives the data at time t; = ey, where t; —tg = e1 — €
is the observational latency. From t; = e; to t5 = es, the trader processes market information
and decides to trade. At time ty = es the trader sends an instruction to the exchange and
the exchange receives the instruction at e3 = t3. Between e3 = t3 and e4 = t4 the exchange
processes the trade attempt and at time ey = ¢, the exchange notifies the agent of the outcome

of the trade attempt. The trader receives the notification at t¢5.

60 €1 €2 €3 64 €5

‘ / \ Exchange clock
Trader clock

to t s ts tr ty

Figure 2.1: Diagram of the various layers of latency.

The latency ey to e4 in the exchange (ty to t4 for the trader) maps to the latency ¢; to
t5 in the trader’s clock (e; to es in the exchange). In this thesis, the models we develop are
in the timeline of the trader (blue arrow), where the relevant delays are those from ¢ to ts,
which, due to the one-to-map correspondence, accounts for the latency period of each trade
attempt, including the observational delay. For the convenience of the reader, we repeat some
of the material in this subsection in Chapter 5. In particular, we include an expanded version

of Figure 2.1 to draw attention to the specific modelling assumptions of that chapter.

2.4 Incentives to use MLOs

In this section we discuss the incentives that liquidity takers have to send MLOs instead of
MOs. Latency is at the core of these incentives. Traders need to protect their orders from
adverse price movements over the latency period. If latency were to be zero, MLOs would have
no reason to exist, and traders would only use MOs. On the other hand, when latency is greater
than zero, MLOs offer price protection, preserving the immediacy of MOs. Given that there are
no traders with zero latency, this suggests that MLOs are not redundant, but the competitive

edge of the MLOs over the MOs is yet to be understood.



To gain some insight into the advantage of using MLOs over MOs we present Toy model
1 and Toy model 2. Then we present Toy model 3, which, by use of an ad hoc quadratic
penalty, achieves a behaviour similar to that which we observe in Toy models 1 and 2. The ad
hoc quadratic penalty in Toy model 3 is similar to penalising the slack of the MLO once it is
processed by the exchange; if the slack is less than zero then the trader was not generous enough
and misses the trade; alternatively, if slack is greater than zero, the trader was more generous
than what was necessary, and their assessment of the execution price was not as accurate as it
could had been. Thus, the trader penalises having a slack different than zero.> We remark that
the other terms in the performance criterion reward high sell prices more than low sell prices.

In all models there are three points in time that are of particular interest. At time ¢t = 0
the trader decides the price limit [ of the sell MLO to be sent to the exchange — note that a sell
MO is the same as a sell MLO with price limit [ = 0. The trade attempt is for one unit of an
asset. Time A is when the trade transacts, and time T is when the trader performs a valuation
of the position. The fundamental price is Sy = So + o W4, where ¢ > 0 and (W});>0 a standard
Brownian motion.® The initial inventory is Qg, and the trader controls the price limit of the
sell MLO. In all models, the performance criterion has three components: (i) the cash received
from the trade if the order is filled, (ii) the mark-to-market value of the outstanding position,
and (iii) a penalty for walking the book at 7. The penalty parameter for walking the book is
a > 0.” Note that this penalty gives MOs an advantage over MLOs.

Toy model 1. The investor has a view on the value of the asset at time 7', which is equal
to S € R*. See Ho et al. (1985) for a similar construction. The investor chooses the price limit
I € R to attach to the sell MLO to maximize the money value of the position. This is given by

the following performance criterion:

Vi(l) = E [Sa1g<say + (Qo — 1g<say) (S—a (Qo—1p<syy))] -

Here, the quantity 1;;<g,y is one if the order is filled, and zero if the order is not filled. If
the order is filled, the cash increases by Sa.

Toy model 2. The execution price is subject to an independent random shock over the
uncertainty window from (0, A). This can be due to other traders consuming the liquidity that
the trader was aiming to consume, spoofers providing phantom liquidity, or, more generally, it

can be thought of as microstructure noise.® Particularly, we assume that the execution price is

5The slack of a sell MLO is the limit price minus the execution price.

5Note that for the parameters we use below, namely Sp = 1.1, and o = 2x 10~°, the probability that (St)tefo,1]
goes negative can be computed explicitly using the reflection principle of the Brownian motion. The probability
is equal to 1 — 2®°(So/(cv/T)), where ® is the cumulative distribution function of a standard normal random
variable and ®¢ = 1 — ®. Using the values of the parameters just mentioned, one finds that the probability that
the price goes negative is zero to the first 32 digits of precision offered by Matlab.

"This penalty models the well-studied market friction that the more quantity one wishes to sell, the lower the
average price one receives from the sell. A trade ‘walks the book’ when it consumes liquidity from more than one
price level.

8The truth is that the execution price is uncertain in any firm-liquidity venue. This is an immediate conse-
quence of traders not having zero latency.



SA + P where P ~ N (u,5?) is independent of (W;);>o. We consider the following performance

criterion:

Va(l) = E [(Sa + P) Lpcsy+py + (Qo — Lucsarry) (S7—a (Qo—lucs,ipy))] -

Toy model 3. The trader penalizes the use of more than the necessary price limit to fill the
trade and incorporates a penalty ¢ > 0 to the squared deviation of the execution price Sa and

the price limit used [ € R. Explicitly we have:

V() =E [SA Liu<say + (Qo — 1ussay) (St —a (Qo—1p<s,y)) —¢ (- SA)Z] :
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Figure 2.2: Plots for the functions Vi, Vs, V3 : RT — R. We use the following parameters:
a=2x10° S =11,Q=2,0=6=2x10° A=05T=1,8=11+1x10"°,
p=—3x10"° and ¢ = 102

Figure 2.2 shows the functions Vi, V5, and V3 for a range of values of the limit price [ € R.
We observe that MOs are suboptimal in the three toy models.” Toy models 1 and 2 show
incentives for traders to use MLOs over MOs: namely, when (i) traders have differing beliefs
on the price, or when (ii) traders seek price protection against random shocks over a period of
uncertain execution. Another feature of the three toy models is that the optimal price to sell is
below the current price Sp = 1.1. In Chapter 5, when we study optimal liquidation with delay,
we observe that for a portion of the trading horizon traders find that it is optimal to send sell
MLOs above the current price.

We observe that Toy model 3 can replicate both the sub-optimality of MOs over MLOs, and
the optimality of the maximum being to the left of Sy. Both features are achieved by means of
the ad hoc quadratic penalty ¢ (I — Sa)2.

Chapter 3 touches on stylized features of Toy model 3, namely, a quadratic penalty on what
we call ‘discretion’, which is a proxy for the quantity [ — Sa. Chapter 4 and Chapter 5 leverage
on the core incentives described through Toy model 1 and Toy model 2. In particular, Chapter
5 shows empirical evidence of what we define as ‘flickers’, which play a similar role to that of
the shock P in Toy model 2.

9Recall that a sell MO is a sell MLO with limit price equal to zero.



2.5 Previous work on latency

A number of authors have looked at the problem of latency in electronic markets. Moallemi
and Saglam (2013) look at the cost of latency in high-frequency trading. The authors employ
market data to quantify the costs of latency in equity markets and show that the latency costs
are of the same order of magnitude as other trading costs, such as commissions and exchange
fees. Their data are publicly available from the NYSE and do not contain trader identification.
Thus, the authors do not analyze latency for individual market participants. We return to the
work of Moallemi and Saglam (2013) in the chapters that follow.

The work of Stoikov and Waeber (2016) shows how to execute a large order in electronic
markets by employing the volume imbalance of the LOB to predict price changes and to study
the effect of latency on the efficacy of the execution strategy. The authors backtest their strategy
on publicly available data for US Treasury bonds and show that the advantage of observing the
LOB to compute volume imbalance dissipates quickly as latency increases. Lehalle and Mounjid
(2017) employ data from Nasdag-Omx and also find that as latency increases the informational
content in the volumes of the LOB diminishes.

On latency arbitrage, Cohen and Szpruch (2012) develop a model where two investors have
different speeds to interact with the market of a given security; they derive the fast trader’s
optimal strategy when there is distributional knowledge of the slow trader’s actions. They
show that taxation can lead to the elimination of profits from front-running strategies, possibly
leading to an increase in market efficiency.

The work of Hautsch et al. (2018) provides a general theory on latency-induced limits to
arbitrage. They show that having stochastic latency imposes limits to arbitrage and that they
are increasing with respect to the expected latency (among other factors). Their work shares
similarities with Chapter 5 where we study stochastic delays.

In market making, Gao and Wang (2020) show how an agent provides liquidity to the LOB
of large-tick stocks when latency is deterministic and fixed during the trading horizon. In their
model, the market maker may at each discrete time step (i) cancel past orders, (ii) update the
limit prices of current orders, or (iii) do nothing. The authors find that as latency increases,
the profits from making markets decrease because adverse selection costs increase.

Recent literature on high-frequency trading and algorithmic trading discusses various char-
acteristics of trading and how traders use speed to obtain informational advantages; see Lehalle
and Laruelle (2018). Other strands of the literature discuss the relationship of market quality,
the speed of market participants, and stochastic liquidity; see for example Almgren (2012) and
Bayraktar and Ludkovski (2010).

In the material that follows, we devise latency-optimal trading strategies. We do not study
risk preferences over potential price improvements —although it is certainly an interesting topic
for future research. We believe that the models we develop may lead to social benefits, since they

offer a way to stop the arms race to being faster in the marketplace. Finally, our assumptions
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are non-restrictive. For example, in all of the models that we present, we account for the cases

where latency is random or deterministic.
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Chapter 3

The shadow price of latency

In foreign exchange (FX) markets, the supply of spot currency pairs displayed in the LOB might
undergo thousands of updates over very short periods of time, see Gould et al. (2016). When
the best bid and best ask prices in the LOB are changing very rapidly, liquidity takers face a
moving target problem as a consequence of their latency in the marketplace. Liquidity takers
send MLOs that aim at a price and quantity they have observed in the LOB, but by the time
their order is processed by the exchange, prices or quantities may have worsened, so the order
cannot be filled; alternatively, prices or quantities may have improved, so the order is filled at
better prices.

In this chapter, we show how to compute the price that a liquidity taker is willing to pay to
reduce their latency in the marketplace. We summarize the steps we take. One, we develop a
latency-optimal strategy to improve the chances that liquidity taking orders are filled. Two, we
compute the costs borne by the strategy. These costs consist of the slippage received to ensure
that the order is filled, which is negative if prices or quantities worsen, or is positive if prices
or quantities improve. Three, we build a function that links latency, fill ratios, and costs borne
by the latency-optimal strategy. With this function, we compute the shadow price of latency
that a trader would be willing to pay for co-location and hardware to reduce their latency in
the marketplace.

Specifically, in our approach we show how the FX trader chooses the price limit of the MLO
in an optimal way to improve fill ratios over a period of time (days, weeks, months), while
keeping orders exposed to receiving a price improvement. Traders can buffer the adverse effects
of missing a trade by specifying a price limit in their market orders to increase the probability
of filling the order when it is processed by the exchange. This price limit consists of the best
price seen by the trader in the LOB, plus a discretionary buffer that determines the number of
ticks the order can walk the LOB. This buffer does not preclude the order from being filled at
better prices if the LOB is updated with more favourable prices or quantities.'

Increasing fill ratios is costly. Everything else being equal, the chances of filling an MLO
increase if the order can walk the LOB. Thus, there is a tradeoff between ensuring high fill ratios

and the execution costs borne by the trading strategy. In our model, the problem solved by the

!The model we develop can be used in continuous time, regardless of whether there are pending orders or not.
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trader balances this tradeoff by optimizing the price limit specified in the MLO, while targeting
a fill ratio over a trading horizon. The trader’s optimal strategy specifies the discretion for each
transaction depending on the proportion of orders that have been filled, how far the strategy is
from the target fill ratio, the cost of walking the LOB, and the volatility of the exchange rate.

We employ a proprietary data set of FX trades to analyze the performance of the optimal
strategy developed here. The data are provided by LMAX. We use transaction data for two FX
traders, trader 1 (T1) and trader 2 (T2), to compare the fill ratios they have achieved to those
attainable with the optimal strategy derived in this chapter. Both traders employ MLOs with
every trade attempt. T1 employs MLOs of FoK type, and T2 uses MLOs of IoC type. The data
spans a set of dates from December 2016 to March 2017. During this period both traders filled
between approximately 80% and 90% of their liquidity taking orders in the currency pair US
dollar and Japanese yen, which we refer to as the USD/JPY pair. Latency causes T1 and T2
to miss trades because by the time the exchange processes their orders, the best bid and best
ask prices in the LOB are updated. The effect of latency on trade fills is exacerbated during
times of heightened volatility in the exchange rate. When volatility is arranged in quartiles, we
find that 36.5% (resp. 40.0%) of T1’s (resp. T2’s) unfilled trades occur in the top quartile of
volatility.

Clearly, due to latency, trades are not filled because the market moves away from the prices
and quantities that T1 and T2 are attempting to achieve. If T1 and T2 were to return to the
market to complete unfilled trades, the prices they would receive are highly likely worse than
those at which they attempted in the original trade. We compare the costs of the latency-
optimal strategy to the mark-to-market costs of orders that walk the LOB until filled. We
assume these orders are sent 20 ms or 100 ms after the exchange receives the instruction to
execute the orders that could not be filled. We find that the average mark-to-market cost for
T1’s missed trades is 2.33 and 2.88 ticks and for T2 is 3.18 and 3.06 ticks, 20 ms and 100 ms
later, respectively (in the currency pair USD/JPY one tick is 1073 JPY).%3

We employ the optimal strategy developed here to show the tradeoff between increasing fill
ratios and the costs incurred by the strategy. For example, for a particular choice of model
parameters, we show that T1 and T2 can increase the percentage of filled trades, during the
period 5 December 2016 to 31 March 2017, to 99% for both traders. The increase in the fill
ratios is due to the discretion included in the liquidity taking orders to walk the book, which
come at a cost. In this example, the average cost incurred by T1 to fill missed trades is 1.76
ticks and for T2 is 1.24 ticks. On the other hand, the mark-to-market average cost of filling the
missed trades (which were filled by the optimal strategy) with market orders 20 ms and 100 ms
later is 2.01 and 2.58 ticks respectively for T1, and 2.82 and 2.75 ticks respectively for T2.

2The average mark-to-market cost is calculated by taking the difference between the cost of filling all the
volume missed in the order and the cost that the trader initially attempted to pay to fill the order, and dividing
by the missed volume of the order. This quantity is multiplied by 10 to express it in ticks.

3From February 2018, the tick size for the pair USD/JPY is 10~* JPY in LMAX Exchange Tokyo.
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The performance of the optimal strategy is more remarkable during times of heightened
volatility of the exchange rate. In the top quartile of volatility, the average cost of filling missed
trades is 1.88 ticks when T1 employs the optimal strategy, while the mark-to-market average
cost of filling these missed trades with market orders 100 ms later is 3.04 ticks. Similarly, for
T2 the average cost of filling missed trades with the optimal strategy is 1.86 ticks, while the
mark-to-market average cost of filling the missed trades with a market order 100 ms later is
3.31 ticks.

Finally, we use the proprietary data to map various levels of latency to the corresponding
percentage of filled orders. We use this mapping to calculate the shadow price of latency that T1
would be willing to pay to reduce latency in the marketplace. We show that T1 would be better
off employing the latency-optimal strategy developed here, instead of investing in hardware and
co-location services to reduce latency.* The latency-optimal strategy is superior because it not
only achieves the same fill ratios as those obtained with better hardware and co-location, but it
scoops price improvements that stem from orders arriving with latency at the exchange. Note
that if latency is reduced with hardware and co-location, T1’s liquidity taking strategy would
be less affected by the moving target problem, so fill ratios are high, but would benefit little
from changes in the LOB that, due to latency, provide price improvements.

Our work is the first to employ proprietary data to analyze the effect of latency on the fill
rates of liquidity taking strategies in FX markets and to compute the shadow price of latency
for particular traders. Latency is specific to each market participant, and the effects of latency
depend on the type of strategy employed by each trader. Access to proprietary data of FX
transactions allows us to quantify the effects of latency on the efficacy of trading strategies and
to develop and test latency-optimal strategies to compute the shadow price of latency for types
of market participants.

The remainder of the chapter is organized as follows. In Section 3.1 we define latency
and propose various ways to measure the fill ratios of MLOs. In Section 3.2 we describe the
proprietary data set that we employ and we present empirical evidence of the relationship
between fill ratios and the volatility of the exchange rate. In Section 3.3 we present the model
of fill ratios and solve the trader’s dynamic optimization problem, where we also assume that
the trader makes her model of fill ratios robust to misspecification. In Section 3.4 we show
how we estimate model parameters, and in Section 3.5 we show the performance of the trading
strategy. Section 3.6 discusses the tradeoff between latency and fill ratios and computes the

shadow price of latency for T1 and Section 4.5 concludes.

4To conclude this, it is necessary to know the cost of investing in hardware and co-location.
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3.1 Latency and fill ratios

3.1.1 Latency

Latency is usually defined as the time “delay between sending a message to the market and it
being received and processed by the exchange. Sometimes the time it takes for the exchange
to acknowledge receipt is also accounted for”, see Cartea et al. (2015). This concept is useful
if traders are only interested in measuring how long it takes a message to reach the exchange
once it has been sent. However, this definition is ‘narrow’ because it only takes into account
hardware capacity and co-location to measure latency and does not account for other factors
that affect how quickly the trader can process and react to market information before sending
an instruction to the exchange.

In this chapter we employ a broader definition of latency. To the time delay considered
in the narrow definition of latency we add the time it takes the trader to execute the trading
strategy. Thus, latency consists of four layers of time delay associated to these events: (i) The
exchange streams LOB data to the trader. (ii) The trader receives the data from the exchange
and processes this and other relevant information to make a decision. (iii) Once a decision is
made, the trader sends a message to the exchange. (iv) The exchange receives and processes
the order. The decision of the trader could be to trade using limit orders or MLOs, or to amend
or cancel a limit order already resting in the LOB, see Moallemi and Saglam (2013) and Stoikov
and Waeber (2016) who employ a similar definition of latency.

As we indicated in Chapter 2.2, MLOs consist of two types of orders: Immediate-or-Cancel
(IoC) or Fill-or-Kill (FoK). IoC and FoK are orders in which the trader specifies the maximum
(minimum) price they are willing to pay (receive) when buying (selling) currency pairs. IoC is
an order to buy or sell currency pairs which must be executed immediately, obeying the price
limit, and any portion of the volume of the order that cannot be filled at the desired price limit
is cancelled. FoK is an order to buy or sell currency pairs which must be executed immediately
in full or cancelled.

We provide an example of the steps in the life of a FoK order to illustrate the effect of
latency on the fill of the trade.

Assume the exchange streams a quote to a trader at time ty. The trader receives the quote
at time t1 > ty and at time to > t; the trader sends a buy FoK order for 100 lots of the currency
pair USD/JPY. The limit price of the FoK order is the best ask streamed by the exchange at
time tp. Finally, the exchange receives the order at time ¢3 > to, and processes the order at
time t4 > t3, thus our measure of latency is t4 — tg. The order will be filled in full if at time
t4 the best ask in the book is equal to or lower than (i.e., price improvement) the best ask at
time tg and there are at least 100 lots posted at that price, otherwise the order is not filled. In

either case, the exchange sends a message to the trader notifying the outcome of the trade.
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The effect of latency on the outcome of strategies depends on a number of factors that affect
the supply and demand of liquidity in the FX market, including: magnitude of latency, type of
order sent by trader, volatility of the mid-exchange rate, and trend in the mid-exchange rate.

On the supply side of liquidity, the number of updates in the LOB will determine if the trade
will be filled at the price, or a better price, than that specified in the FoK order, or if the order
is not filled because prices have worsened. Changes in the best quotes of the LOB are difficult
to predict and depend on many factors such as news announcements and other idiosyncratic
needs of the liquidity providers who send, update, and amend their limit orders in the LOB.

On the demand side of liquidity, the effect of latency will depend on the type of strategy
employed by the trader. For example, for informed trading strategies, i.e., buy before rates
increase or sell before rates decrease, latency will increase the chances of missing trades and

decrease the chances of obtaining price improvements.

3.1.2 Fill ratios and post-trade analysis

Fill ratios of orders sent by a trader to an exchange can be computed in a number of ways. A
trader who only sends FoK orders will receive fills of all volume or nothing, as opposed to 1oC
orders, which can be partially filled.

A measure of fill ratio is important because it summarizes how effective an agent’s strategy
is in completing trades. Here, we define three measures of fill ratio and show how to extend
these measures to include relevant post-trade information such as (i) orders that were filled
at better prices (i.e., price improvement), and (ii) orders that were not filled, but could have
been filled at worse prices. Below we provide more details about the post-trade information we
include in the measures of fill ratio. Next, we describe the variables and notation we employ.

We denote by n the number of MLOs employed to compute the trader’s fill ratio. Let

T1, T2, .., Tn, be the times at which the trader sends liquidity taking orders to the exchange
and denote by {1, lo, ..., £, the times at which the orders are processed by the exchange,
b > 15

MLOs specify an average limit price per unit, denoted by L;, which is the maximum (min-
imum) average price the trader is willing to pay (receive) per unit of bought (sold) of the
currency pair.” When the exchange processes the trader’s message, the order is filled if there is
enough liquidity posted in the LOB at prices and volumes that obey the average price limit L;.
An MLO buy (sell) with limit price L; = oo (L; = 0) will walk all levels of the LOB until the
order is filled in full, in which case we denote by B; the average price per unit of currency pair
obtained by the order that is filled in full.

The quantity L; — B; (which can be computed only after the exchange receives and processes

the order) is important because it gives post-trade information about different outcomes such

5In practice, exchanges and over-the-counter facilities have their own rules regarding price limits. Some employ
marginal prices as price limit (that is, the price limit applies to the last unit bought or sold), and others employ
average prices of the order as we assume here. Our model works in both cases.

16



as: (i) by how much did prices move to cause the liquidity taking order to miss its target, which
we refer to as potential slippage, or (ii) by how much did the execution price improve, which we
refer to as price improvement. For example, when the trader sends a buy order with an average
price limit of L; per unit of currency pair, there is a price improvement if L; — B; > 0. On the
other hand, if the average price required to fill the order is higher than average limit price the
trader is willing to pay per unit of currency pair, then the potential slippage is L; — B; < 0 —
note that in this second case the trader does not incur the potential slippage because the order
is not filled in full due to the limit price.

Moreover, the variable I; € {—1, 1} is used to indicate the direction of the liquidity taking
order, where 1 denotes a buy order and —1 denotes a sell order. Finally, V; denotes the volume of
currency pair lots the trader attempts to fill, and Vif denotes the filled volume, clearly Vif < V.

We define three ways to compute a fill measure of n consecutive trades. These measures are

based on: (1) number of trades, (2) average volume of trades, and (3) volume of trades.

1.
1 n
F, = - ; Y5, 0,>1,B} 5 (3.1)
2. ;
1 -V
NV ==-)" L :
1=1
3. ;
o (33)
o Vi

where 1 is the indicator function and the superscript V in FX stands for volume and the
superscript AV in F;;W stands for average volume.

One can enhance the three measures above by incorporating more information on the LOB,
so strategies that monitor the fill ratio can also trade off price improvement and slippage.

Specifically, one can add to the measures above the component
1 n
F(n) = ¢ 2;1 (Li = By) . (3.4)
1=

where ( is a non-negative parameter. Note that F(n) € R. The units of ¢ are such that the
measure F(n) is unitless. Specifically, the units of ¢ are 1/¢, where ¢ is the unit of currency
B in the pair A/B. For example, for the USD/JPY pair, ¢ denotes ¥. For simplicity, in our
analysis below we employ the fill measures in (3.1) and (3.2), although we aim to describe the

general case when one adds F(n) to measures (3.1) and (3.2).
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3.2 Empirical analysis

3.2.1 Data

We employ a set of proprietary data of transactions for T1 and T2 during the period 2 December
2016 to 31 March 2017 in the currency pair USD/JPY. Both traders are liquidity takers, i.e.,
they do not send limit orders to provide liquidity in the LOB, during the period we study. We
have the following information: side of order (buy or sell), time-stamp of when the exchange
processed the order, volume, currency pair, type of order (FoK, IoC), limit price L;, and whether
the order was filled and at what price(s). Finally, we have the LOB for the pair USD/JPY at

millisecond intervals. A summary of the main variables is given in Table 3.1.

Number of Successful Successful Avg. vol. Avg. Order
attempts filled trades filled trades attempted filled vol. type Fn FI"\‘}V FI‘\{
N (incl. partial) (only full) x10% USD x10° USD
T1 116,912 106, 878 106, 878 4.5 4.1 FoK 90.78% 90.78% 90.54%
T2 68,129 61, 440 59, 303 1.2 1.0 IoC 87.04% 88.62% 79.00%

Table 3.1: Proprietary data and measures of fill ratios for period 2 December 2016 to 31 March
2017. Here, ‘vol.” stands for volume.

From 2 December 2016 to 31 March 2017 the best prices and quantities were updated over
63 million times, i.e., a mean of 746,871 of daily updates with standard deviation of 218,298.
During this period, both traders send orders that aim at the best bid or best ask price that was
streamed to them by the exchange. T1 sent FoK orders with zero discretion and T2 sent 1oC
orders with zero discretion. For a buy MLO we define ‘discretion’ as the difference between the
price limit and the best offer seen by the trader when she devised the strategy. Similarly, for a
sell MLO we define discretion as the difference between the best bid and the price limit of the
MLO.

3.2.2 Fill ratios and volatility

The liquidity provided in the LOB is constantly being updated as a result of news, changes
in the willingness to trade of liquidity providers, and the arrival of liquidity taking orders, see
for example Almgren (2012) for a discussion of trading with stochastic liquidity. Most of the
updates of limit orders (cancellations, amendments, and arrival of new limit orders) take place
in the best quotes and ticks closest to the prevailing mid-exchange rate. Traders with non-zero
latency face a moving target problem when they attempt to hit bids and lift offers in the LOB.
This problem is exacerbated during periods of high volatility of the exchange rate.

The top figure in the left-hand panel of Figure 3.1 shows the evolution of the fill ratio of T1’s
trade attempts, using measure (3.1) with n = 50, during 26 January 2017. The first observation
in the figure is computed when the trader has attempted the 50th trade and the fill ratio is

updated every time there is a new attempt.
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The bottom figure in the left-hand panel shows the volatility of the mid-exchange rate over
the same period. Throughout this chapter volatility is computed as the standard deviation of
the log-returns of the micro-exchange rate (sampled every 500 milliseconds) over a 10-minute
rolling window.% The micro-exchange rate at time ¢ is denoted by m; and given by
o PEQEE QY

Qf + Q¢

where @ and Qi’ are the quantities available at the best ask price (denoted by Pf) and the

(3.5)

)

best bid price (denoted by PP), respectively.

From Figure 3.1, left-hand panel, we observe the negative correlation between volatility and
the fill ratios achieved by T1’s strategy, which always aims at the best bid or best offer price
she observed before sending the MLO. Clearly, volatility is high when the micro-exchange rate
undergoes many changes and updates — this explains why the number of unfilled MLOs (with
zero discretion to walk the book) is higher when volatility is high.

The right-hand panel of Figure 3.1 shows a scatter plot of fill ratio and volatility. The solid
line in the figure is obtained by performing an Ordinary Least Squares (OLS) regression of fill

ratio on volatility.
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Figure 3.1: Left-hand top panel: fill ratio using measure (3.1) with n = 50. Left-hand bottom
panel: volatility of micro-exchange rate. Right-hand panel: Scatter plot and OLS regression of
volatility and fill ratio. Data are from 26 January 2017.

3.3 Model

In this section we describe the model of fill ratios and the dynamic optimization problem solved
by the trader. We develop the model of fills in three steps. First, we present a model for the
dynamics of volatility of the micro-exchange rate. Second, we propose a model of fill ratios that
includes the effect of volatility of the micro-exchange rate on fills. Third, we specify how MLOs
with discretion to walk the LOB affect the dynamics of fill ratios.

SWe chose the number of observations n to calculate the measure of fill ratio and the time-window to calculate
the volatility of the mid-exchange rate as follows. For each day of the sample, we compute the correlation between
the measure of fill ratio and the volatility of the mid-exchange rate for various values of n and various values of
the time window. When n = 50 and the volatility window is ten minutes, the average of the daily correlations is
smallest (i.e., is closest to —1).
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Volatility of micro-exchange rate

We denote the volatility of the micro-exchange rate, see (3.5), by v = (vt);g<4<7} and assume

it satisfies the stochastic differential equation (SDE)
dvy = K (0 — ve) dt + o v AW, (3.6)

where k > 0 is the exponential speed at which volatility reverts to its long-term level, denoted
by v > 0, 0, > 0 is a dispersion parameter (i.e., volatility of volatility), and W? = (th){ogth}
is a standard Brownian motion.

In our analysis we consider other models for volatility of the micro-exchange rate. In A.2.3,

we show results when volatility follows the Ornstein-Uhlenbeck process
dvPV = xOV (TOV — oPY) dt + oQV AWy, (3.7)

and
doft = g1 (0% — i) dt + o\ fodWy, (3.8)

see Heston (1993). We assume that the parameters x!, o1, agl satisfy the Feller condition, so

that the process (U?){OStST} is strictly positive. However, the value of the volatility process in
model (3.7) is not necessarily positive. In A.2 we prove that the performance of the latency-

optimal strategy is robust to the choice of the volatility model for the micro-exchange rate.

Fill ratio: orders with no discretion to walk the LOB

The fill ratio of MLOs (buy and sell) with no discretion to walk the LOB is denoted by F =
(Ft)jo<t<r} and satisfies the SDE

dF, = (A (F = F) —b(v; —v)) dt + op dW} . (3.9)

Here, the parameter b determines the effect of the volatility of the micro-exchange rate on the

fill ratio of the trader’s strategy. The parameter A > 0 is the exponential speed at which the

fill rate reverts to the level F € R, the dispersion parameter o is a non-negative constant,
F _ F

and W = (Wt ){Ogth}

propose three ways to compute fill ratios, see (3.1), (3.2), (3.3), so here F' refers to one of those

is a standard Brownian motion uncorrelated to Wv.7 Recall that we

choices. We note that equations (3.1), (3.2), and (3.3) give values between zero and one, while

(3.9) asserts that F} € R. As stated before, we can add (3.4) to any of the three ways to compute

"Here we assume that the Brownian motions W¥ and W are independent because the impact of volatility
v¢ on the dynamics of the fill ratio is included in the drift of the fill ratio dynamics in (3.9). However, note
that when the Brownian motions W¥ and W@ are correlated, one can derive the latency-optimal strategy in
closed-form when the volatility of the mid-exchange rate is as in (3.6) or (3.7) — but not for the specification of
volatility in (3.8). To show this, observe that when W and W" are correlated with parameter p, the PDE in
(3.17) would include an extra term, which for model (3.6) is o o, pv Vy,, for model (3.7) is o 0y p Vys, and for
model (3.8) is o oy p /v Vy. The ansatz we proposed in (3.18) works for the volatility models (3.6) and (3.7).
Specifically, for model (3.6), the term or oy pv hs(t) collects in the ODE for hs which can be solved analytically.
For model (3.7), the term or oy p hs(t) collects in the ODE for ho which can be solved analytically. Finally, for
model (3.8), the ansatz in (3.18) is not suitable and we cannot obtain a closed-form solution.

20



fill ratios, in which case the fill ratios are not bound to be in [0, 1] anymore. Nonetheless, even
if we do not include the component in (3.4) as part of the measure for fill ratios, the model still
proves useful. In particular, with the parameters we estimate in Section 3.4, we observe that
the probability of (Ftd*)te[O,T] being above one or below zero is small.®

The parameters \, F, o', and the function h(v) are specific to each trader in the FX market.
Latency and type of liquidity taking strategy are the key characteristics that make the fill ratio
dynamics specific to each trader. For example, the dynamics of the fill ratio for a trader with
zero latency are as in (3.9) with parameters o =0, A >0, F =1, and b = 0.

The term of dWF represents the combined effect of two sources of uncertainty in the dynam-
ics of the fill ratio, both of which depend on latency. One, the volatility of the micro-exchange
rate will affect fill ratios via the term —b(v; — ©) in the drift of (3.9), and we observe noise
around this effect. Two, between the time the trader is streamed LOB data and the time
the exchange receives the trader’s MLO, the LOB will have processed instructions from other
market participants, hence the fill of the order is uncertain.

Figure 3.2 shows F5p (top panels) and the volatility of the micro-exchange rate (bottom
panels) using data from 4 January 2017 (left panels) and 5 January 2017 (right panels). Visual
inspection lends strong support to the mean reverting feature we propose. The dotted lines are

estimated values for the mean reversion levels F' (see equation (3.9)) and ¥ (see equation (3.6)).
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Figure 3.2: Top panel: fill ratio using measure (3.1) with n = 50. Bottom panel: volatility
of micro-exchange rate. Left-hand panels: Data are from 4 January 2017. Right-hand panels:
Data are from 5 January 2017.

Fill ratio: orders with discretion to walk the LOB

Liquidity takers acknowledge that however fast their computers are, or efficient their software
is, or whether their hardware is co-located, the time to reach the market and execute orders is
not zero.

One alternative to compensate for not reaching the market in time is to specify a maximum

(minimum) price the trader is willing to pay (receive) when sending an MLO. As discussed

8For example, with the parameters we estimate in Section 3.4, only less than 0.5% of simulated paths are
outside [0, 1].
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above, the price limit consists of the best offer (resp. bid) price observed by the trader plus
(resp. minus) the discretion §. This discretion is the additional slippage she is willing to incur
to fill the trade — the discretion to walk the LOB does not preclude the strategy from benefiting
from price improvements. For example, if the trader sees the bid (ask) exchange rate at 1.000,
then an immediate-execution limit sell (buy) order with discretion § = 0.001 will be filled by the
exchange with limit buy (sell) orders resting in the LOB down (up) to a minimum (maximum)
bid (offer) price of 0.999 (1.001).

When the trader includes positive discretion in her MLOs she will exert upward pressure
on the fill ratio of her strategy because the order can walk the LOB. Thus, we assume that the

trader’s fill ratio, denoted by the controlled process F°® = (Ft‘s) (0<t<T} follows the SDE

dF) = ()\ (F . Ff) +ad —blv — 17)) dt + op dW[ (3.10)

with @ and b non-negative constants; when a = 0 we obtain (3.9). Note that according to (3.10)
the permanent effect of §; on Ff (when a > 0) is counteracted by the mean-revering component
A (F — Ft‘s). This is a desirable feature of the model for fill ratios, because when one exerts an
upward pressure on the fill ratio, this effect will last for as long as we consider these trades in
the construction of the fill ratio process; see (3.1), (3.2), (3.3).

As usual, we work on a completed filtered probability space (Q,F, (F;)¢>0,P), with F; the
natural filtration generated by the 2—dimensional Brownian motion W = (W¥ W?), and we

refer to P as the trader’s reference measure.

3.3.1 Model uncertainty

The trader acknowledges that the model of fill ratios (3.10) may be misspecified, so she considers
alternative dynamics of the fill ratio to make the model robust to misspecification, see Cartea
et al. (2017).Y This ambiguity about model choice, or model uncertainty, affects the optimal
strategy, i.e., affects the discretion of the orders she sends to the exchange. We incorporate the
trader’s ambiguity about model choice in two steps. First, we characterize alternative measures
that describe the fill ratio dynamics considered by the trader, and then we determine how the
trader chooses the reference measure P or one of the alternative measures.

The trader considers candidate measures Q(zf') that are equivalent to IP and characterized

by the Radon-Nikodym derivative
d@(xF)‘ 1/t F\2 /t F F
=\ /) - —= du — dW*, ¢, 3.11
=P Ty ), () dus ) (3.11)

is an F;-adapted process such that (d@(xF)/dIP)‘ ) is a martingale.
t

F
where (:L’t ) o<ier

{0<t<T}
Thus, we denote by Q the class of alternative measures

F
Q= {@(:BF) | " is F — adapted and <dQ(x)‘ > is a martingale} .
dP It 0<t<T

9Classical references for model uncertainty are in Hansen and Sargent (2001) and Hansen and Sargent (2011).
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Next, the trader penalizes deviations from the reference measure using the relative entropy
from ¢ to T', which is given by

1 dQ/dP|r

Here the parameter ¢ is a non-negative constant that represents the trader’s degree of
ambiguity aversion. If the trader is confident about the reference measure P, then the ambiguity
aversion parameter ¢ is small and any deviation from the reference model of fill dynamics is
very costly. In the extreme ¢ — 0, the trader is very confident about the reference measure,
so she chooses P because the penalty that results from rejecting the reference measure is too
high. On the other hand, if the trader is very ambiguous about the reference model, considering
alternative models results in a very small penalty. In the extreme ¢ — 0o, deviations from the

reference model are costless, so the trader considers the worst case scenario.'”

3.3.2 Value function

The trader’s performance criterion under measure Q is given by

EQ[—¢5 /OT <5S—3>2d3—¢p /OT (FE—F)stJrHQT(QHP’)},

and the trader’s value function is

V(t, f,v)= sup inf ng’v[—% /tT<6s—5>2ds—¢p /tT<Ff—F)2ds+Ht,T(QHP’)],

5€At,T QEQ
(3.13)

where E' denotes the target fill ratio and 5 is a constant that denotes a fixed discretion to
target. Here, the penalty parameters ¢s and ¢p are non-negative constants. As the value of
the parameter ¢s increases, the trader submits orders with discretion closer to the target 5.1
Similarly, as the value of the parameter ¢y increases, the discretion to walk the book increases
to ensure that the fill ratio hits the target F. The last term on the right-hand side of the
value function is the penalty in (3.12). Straightforward choices for the values of the parameters
F and ¢ are one and zero, respectively. In practice, under these choices for the values of the
parameters F and 5, one is always below the target fill ratio, in which case we only penalise
being away from one. The performance criterion we use, taken together with the dynamics for
the fill ratios and volatility, allows us to transform the problem to a standard linear-quadratic

stochastic control problem.!?

10T here are other choices we could consider to account for uncertainty. We choose to work with this entropy
penalty for tractability and to obtain closed-form solutions.

11y LMAX Exchange there are many traders who employ a fixed discretion (for all orders) to walk the book.
For example, there are traders who for long periods of time, send all orders with a discretion of five ticks to walk
the book. This is a simple strategy that decreases, due to latency, the chances of missing trades. In our setup,
this fixed discretion for all trades is given by the parameter 5 in the performance criterion.

12Deriving a performance criterion from first principles rapidly becomes intractable.
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Recall that the control variable & denotes the discretion of the order to walk the LOB,
which is measured from the best quote observed by the trader when receiving the quotes from
the exchange.

Finally, recall that @ represents all the measures equivalent to the reference measure P, and

the set of admissible strategies is

Aor = {5 = (0t)go<t<ry | 0 =1t (t, F?, vt> , for p € Mo,T} , (3.14)

MOT:{u:[O,T]xRxR+»—>R|EIKERs.t. Yy, z € R xRT and t € [0, T

o)~ (e, 2) < Ky = 2| and lu(e ) < K2 (14197) }. (319

We require the set of admissible strategies to satisfy the condition appearing in (3.14), so
that the change of measure specified by (3.11) is valid.

By standard results, the Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation associated to
problem (3.13) is given by

Vt+sgp igf(()\(F—f) +ad—b(v—10)—opx) Vf+;a%fo—|—21¢x2
1

+f£(17—v)VU+2

v? 62 Vi — o5 (5—5)2—¢F (f—F)2> 0, (3.16)

with terminal condition V(T f, v) = 0. Here, subscripts in the function V' represent partial

derivatives, for example, V; = 9V/0t .

Proposition 1. The supremum and infimum in HJBI (3.16) are achieved (in feedback form)

at
aVy

5 =6+ ,
2¢5

and zt =q@opVy,
respectively.

Proof. Apply first order conditions to the supremum and infimum terms in (3.16), and check

second order conditions to verify that these are the maximizer and minimizer, respectively. 1

Substituting ¢* and z* in (3.16), the HIBI becomes

a’V?

_ 1 1 .
Vi+ (MF—f)=b(v—0)) Vf+§a%vff+475;—§govﬁa%+aavf
_ 1 5 5 N\ 2
+I€(U—U)%+§U o5 Vow — OrF (f—F) =0, (3.17)

V(T, f,v)=0.
By inspection of the PDE (3.17) and its terminal condition, we propose the ansatz

V(t, f,v) = ho(t) + ha(t) f + ha(t) f* + hsa(t) v + ha(t) v* + hs(t) f o, (3.18)
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which we substitute in equation (3.17) and obtain a coupled system of ordinary differential
equations (ODEs). The system of ODEs can be solved explicitly to obtain closed-form solutions

for the deterministic functions hg, h1, hsa, hs, ha, hs, see A.1.1.

Theorem 1. (Verification) Define the time-dependent deterministic functions

91, 92, 93 : [0, T] — R as
gi(t) = ha(t) + 2F ho(t) +0hs(t),  g2(t) = —2ha(t),  ga(t) = hs(t).
and let the ambiguity aversion parameter obey the bound
p<a’/20% ¢5, "

which guarantees that we find a solution for ho. Then, the optimal discretion to walk the LOB
18
a

=6+
! 2 ¢s

(2O +9:0) (F=F") +g5(t) (v = 9)) , (3.19)
and
v = poy (hl(t) 2 ho(t) FP + hs(t) vt) . (3.20)

The controls in (3.19) and (3.20) are admissible and equation (3.18) is the trader’s value func-

tion in (3.13).
Proof. For the proof see A.1.2. 11

We explain the intuition of the terms appearing in the optimal discretion (3.19). The first
term on the right-hand side of (3.19) is the target discretion §. For example, if the trader imposes
an arbitrarily large penalty on deviations from this discretion target, i.e., penalty parameter
¢s — 00, then the optimal discretion d; — 5.

The second term, g;(t), is the time-dependent baseline level of discretion the trader posts
when her fill ratio is close to the target F and volatility is around its long-term level .

The third term, go(t) (F — Ff), adjusts the strategy if the fill ratio is not on target. The
function go(t) is positive for ¢ < T, so when the fill ratio is below (above) its target F' the
discretion to walk the LOB is increased (decreased).

The last term of the optimal strategy shows how the optimal discretion depends on the
volatility of the micro-exchange rate. The function g3(t) is positive for ¢ < T', so when volatility
is higher (lower) than its long-term level, the strategy increases (decreases) the discretion of the
MLOs.™

Throughout this chapter we assume that the volatility of the micro-exchange rate follows
(3.6). In A.2.2 we derive the optimal strategy when volatility follows (3.7) and (3.8). Further-
more, as a robustness check, in Section 3.5 we analyze the performance of the latency-optimal

strategy for these two alternative volatility models.

3 This bound is to fix the solution of the Riccati ODE satisfied by ha. See A.1.1 for the other cases.
141n Section 3.5, when we implement the strategy, we note that (3.19) does not go negative for either T1 or
T2, in any of the scenarios we study.
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3.3.2.1 Infinite-horizon latency-optimal strategy

We also derive the latency-optimal strategy when T — 00.'® In A.2.1 we present the infinite-

horizon value function of the trader, where the optimal control is

5 =6+ 2;;(5 (cl +c2 (13' — Ft5*> +e3 (v — 17)) , (3.21)

with ¢; = k1 + 2Fk2, co = —2ko, and c3 = ks, and the constants kq, ks, ks are

2
22+B8—/ (22 +8)*+8 a1 ifa; >0,

4 o

ko = ¢ — 525+ if ap =0,
2>\+ﬁ+\/(24>\(;|—lﬂ)2+8a1qbp if ay <0,
Dbk 200 P+ (2004 2AF +248) ky + kv ky
k5:2k20¢1—)\—/€—5’ kl: )\—i—ﬁ—kaal ’

where ay = % — o2, B> 0is a discount factor (see (A.20)), and

1 [(a® @A+B)
“Oéza%p(m* for )

When the above bound holds, the solutions to the quadratic equation satisfied by ko are
real; the other cases remain to be studied. It is straightforward to check that co and c3 are
positive, and ks is continuous in «. At the end of Section 3.5 we discuss the performance of the

infinite-horizon strategy.

3.4 Estimation of model parameters

In this section we show how to estimate the parameters of the models of volatility and fill ratio.

Volatility parameters. We discretize the continuous-time volatility model (3.6) and write

O = 0ic1 + & (00— 0i_1) A+ 0y o1 VA€, (3.22)
where i € {1,2,.,.N—-1},0=t1 <te < .. <ty =T,T =1,t;, =iT/N, ¢ iid. random
variables, and A =T /N.

Assume {0;};cr 5 y_1} are positive and divide (3.22) by 01, so that

Vi

1
— — 1= —-kA+ KA —+0,VA¢g,
Vi—1 Vi—1

which we write as the OLS problem
y=pl+pis+e. (3.23)

Here y is a (N — 1)—dimensional vector containing the dependent variables with entries y; =

0;/i—1 — 1, 1 is an (N — 1)—dimensional vector of ones, fy and f; are scalar parameters, s

15The main purpose of studying this case is to prove that our results are robust to the time horizon 7.
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is an (N — 1)—dimensional vector containing the regressors s; = 1/9;_1, and € is the vector of
residuals with i.i.d. entries.

To obtain parameter estimates for 8y and 81 we employ the volatility of the micro-exchange
rate at 500 millisecond intervals (see subsection 3.2.2) and use a standard OLS routine to
compute the parameter estimates Bg and Bl. Now, because ) = —kA and B = KU A, we

obtain the estimates
f=—Po/A, v=-PF1/By, and G, =0/VA, (3.24)

where o, is the standard deviation of the residuals in (3.23).

Fill ratio parameters. We discretize the continuous-time fill ratio model (3.10) and write
Fi — Fifl = )\FA—Faéi,lA — )\Aﬁjifl —b (272;1 — ’L_)) A—i-Up \/Km, (3.25)
where, as above, i € {1,2,.... N -1}, 0 =t; <te < .. <ty =T,T =1,t =iT/N, n
ii.d. random variables, and A = T'/N.

We write (3.25) as the OLS problem

z=yl4+mu+ryrw+yr+n, (3.26)

where the vector z contains the dependent variables, vg, 71, 72, and 3 are scalar parameters,
the vectors u, w,  are regressors, and 7 is the vector of residuals with i.i.d. entries.

To estimate the impact parameter a in (3.10) we compute the effect of the discretion ¢ on
fill ratios for the set of values d; = 0, 1, 2, 3, 4, 5, as follows. Throughout the day we assume
that all FoK trades sent by T1 included a fixed discretion of § = 0 to walk the LOB, and then
repeat the analysis assuming 6 = 1, and § = 2, and so on. Thus, we have six scenarios with fixed
discretion for the whole trading day. We employ LOB data to determine if the orders would
have been filled and create six (N — 1)—dimensional vectors zo, z1, 22, 23, 24, 25, where each
vector corresponds to each scenario with fixed discretion. Next, we pool all the data so that the
dependent variable on the left-hand side of the regression and the regressors on the right-hand
side are 6 x (N — 1)—dimensional vectors. We run a standard OLS routine to compute the

parameter estimates 4g, 1, Y2, and 43. Then, the parameters of the fill ratio dynamics are
A=—3/A,  F=-A/m, b=-%/A, a=4/A, r=o0y/VA, (327)

where o, is the standard deviation of the errors in (3.26). To estimate model parameters for
T2 we proceed in the same way and use the definition of fill ratio (3.2) because T2 sends IoC
orders to the exchange.

Table 3.2 shows parameter estimates for T1 for the trading day starting at 22:05 JST of 3
January 2017 and ending at 22:00 JST on 4 January 2017, which for simplicity we refer to as
the trading day of 4 January 2017.
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Parameter v R O A F oF a b

Estimate 0.0073 12.3887 1.3894 58.7206 0.9331 0.1944 1.0027 527.44

Table 3.2: Parameter estimates for T1’s model, 4 January 2017. All parameters are statistically
significant.

Daily estimation of the parameters (&, &, V), (}%, b, 6p, \) and (a, b) takes on average 1.5
seconds, 0.5 seconds, and 0.3 seconds, respectively. The estimation is carried out offline with

data from the previous day; thus, estimation times do not pose any challenges.

3.5 Performance of strategy

In this section we show the performance of the optimal discretion strategy developed above. In
subsection 3.5.1 we employ two days of trading data for T1 to discuss features of the strategy.
In subsection 3.5.2 we employ data during the period December 2016 to March 2017 to study
the performance of the strategy for T1 and T2 and in subsection 3.5.3 we discuss the results
of the infinite-horizon case and present robustness checks. Finally, in Section 3.6 we use trade
data to infer the latency of T1 and calculate the shadow price of latency that T1 would be

willing to pay to reduce her latency in the marketplace.

3.5.1 Stylized features of latency-optimal strategy

We showcase features of the strategy for T1. We employ parameter estimates for 4 January
2017 to compute the optimal discretion for the trading day 5 January 2017. During 5 January
2017, T1 sent 3,043 FoK orders (1,601 buys and 1,442 sells) to the exchange. All orders were
sent with a discretion of 6 = 0, and due to latency, T1 missed 279 trades, thus the fill ratio for
the whole day was F3403 = 90.83%.

Had T1 employed the strategy developed here, the optimal discretion in the MLOs would
have been as depicted in the top panel of Figure 3.3 and would have attained a fill ratio of
F§543 = 99.17%, i.e., miss 25 out of the 3,043 trade attempts.'® Compared to the fill ratio of
the suboptimal strategy 6 = 0, which we refer to as the naive strategy, the latency-optimal
strategy would have filled 254 more trades at an average cost of 1.74 ticks — recall that one tick
in the USD/JPY pair is 1073 JPY and that the naive and latency-optimal strategies receive the
same price improvements. The average cost is calculated as the cost of filling the 254 trades,
in JPY, divided by the total volume of currency pairs of the 254 trades, and then multiplied
by 102 to express it in ticks. The bottom panel of the same figure shows the volatility of the
micro-exchange rate. In the next subsection we analyze in more detail the costs incurred by the

optimal strategy to fill missed trades.

16Here, the fill measure Fg* denotes the measure F), controlled by the optimal discretion §*. Recall that we
have the liquidity available in the LOB at all times; thus, we can compute the fill ratio of strategy ™.
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The left-hand panel of Figure 3.4 shows a heatmap of the fill ratio F3§543 (i.e., 5 January
2017) for a range of parameters ¢r and ¢s5. We observe that when the penalty parameter ¢s
is low, the strategy obtains the highest fill ratios because the trader is more willing to bear
the costs of walking the LOB, i.e., incur more slippage. In the heatmap we also show, with a
star, the pair (¢s, ¢r) = (2.5 x 107°, 5), which are the parameters we use in the analysis of
subsection 3.5.2.

The right-hand panel of the figure shows a heatmap of the average cost of the fill ratios
attainable by the optimal strategy. The cost reported is the slippage of the order relative to

T1’s naive strategy.

%10

N
Average Tick Cost

Figure 3.4: Fill ratio F§543 for 5 January 2017. Parameters are ¢ = 1073, 6 =0, F =100%,
T =5 days, and other model parameters are in Table 3.2.

Finally, Figure 3.5 shows the fill ratio FJ,5 for the range ¢ € [0, a%/¢s 0%) of the ambiguity
aversion parameter when the trader employs the optimal discretion strategy. Recall that the
higher ¢ is, the less confident the trader is about the dynamics of F®. When ¢ — a? /b5 O'%
the trader has very little confidence in her model of fill ratios, so the optimal strategy is to
send orders with higher discretion to the exchange — the ambiguity averse trader is more willing
to bear slippage costs to ensure high fill ratios. In A.1.1 we discuss the optimal control when
0 =a*/2¢s0% and a?/2 ¢s 0% < .

In the interest of space we only report results for T1 because those for T2 are similar. The
computation time to implement the strategy is under 0.03 milliseconds per trade, which includes

computing the volatility of the mid-exchange rate and the fill ratio.
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3.5.2 Performance of strategy for traders T1 and T2

We employ trade data for T1 and T2 between 5 December 2016 and 31 March 2017 to analyze
the performance of the latency-optimal strategy. For each trading day we use the parameter
estimates from the previous day and volatility of the exchange rate to compute the optimal
discretion (3.19) in Proposition 1; recall that the volatility is calculated over a ten-minute
window. We use LOB information to determine if the orders sent with the optimal discretion
d* would have been filled, and if so, at what price(s).

In Table 3.1 we reported a number of 116,912 trade attempts for T1 and 68,129 trade
attempts for T2. However, in the study that follows, we do not use all of these attempts. For
each day we employ the first 10 minutes of the trading day (22:05 to 22:15) to compute the first
observation of volatility of the micro-exchange rate. The first fill ratio observation (F5g for T1
and FZY for T2) is computed the first time there are 50 trades after 22:15. Throughout the
period we study we do not use 4,115 trades of T1 and 4,089 of T2 because each trading day we
need to compute the first observations of volatility and fill ratio. Furthermore, to estimate the
parameters of the model for the first day we employ 2,339 trades for T1 and 772 for T2. Thus,
the number of trade attempts we employ to analyze the performance of the strategy is reduced

to 110,458 for T'1 and 63,268 for T2.

3.5.2.1 Performance of latency-optimal strategy for T1

Tables 3.3 and 3.4 provide information of the costs that T1 would have incurred had she em-
ployed the latency-optimal strategy and shows the mark-to-market costs of going back to the
exchange to complete missed trades using market orders that walk the LOB until the order is
filled in full.

During the period 5 December to 31 March 2017, T1 attempted 110,458 trades, all with
discretion 0 = 0, and, due to latency, missed 9,483 trades, and received 3,938,559 JPY in price
improvements. Had T1 employed market orders with infinite discretion, the cost of filling the
9,483 trades would have been 8,914,046 JPY, see row (a) in Table 3.3.17 The last two columns

of the same row show the mark-to-market cost of market orders that walk the LOB 20 ms and

17 A market order with infinite discretion walks the LOB until it is filled in full, that is, there is no price limit.
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100 ms later to fill the 9,483 trades missed by the naive strategy — time is measured from the
time-stamp recorded by the exchange when T1’s order was received. For example, if T1 were to
return to the market (20 ms and 100 ms later) to retry the missed trade using a market order
that can walk the LOB until filled in full, then the costs to fill the 9,483 missed trades would
have been 9,841,755 JPY and 12,158,945 JPY, respectively.

In rows (b) to (e) we show the performance of the latency-optimal strategy for discretion
targets 6 € {0, 1, 2, 3}, respectively. For example, row (b) shows that a strategy with target
discretion & = 0 would have filled 8,318 more trades than the naive strategy. The cost of filling
the 8,318 trades is 6,528,965 JPY and the mark-to-market costs to fill these trades, with market
orders 20 ms and 100 ms later, are 7,459,198 JPY and 9,601,222 JPY, respectively.

Table 3.4 presents the average costs of filling missed trades in ticks (1072 JPY). Column 3 in
row (a) shows that the average mark-to-market cost of market orders with no price limit to fill
the 9,483 trades missed by the naive strategy is 2.11 ticks (i.e., 2.11 = 8,914,046/4, 222 x 103).
Row (b) shows that the average cost of filling 8,318 trades missed by the naive strategy, which
were filled by the optimal strategy with discretion target 6= 0, would have been 1.76 ticks, and
the mark-to-market cost to fill the 8,318 trades with market orders that walk the book until
filled, submitted 20 ms or 100 ms later, is 2.01 or 2.58 ticks.

The last two columns in Table 3.4 show the ‘excess cost’ (in percentage terms relative to
optimal strategy’s attainable cost) of returning to the market, 20 ms and 100 ms later, to
complete unfilled trades with market orders that walk the book until filled in full. For example,
the costs of filling missed trades with market orders 20 ms (100 ms) later are between 13% and
14% (44% and 47%) more than the cost of filling them with the optimal strategy.

The costs of returning to the market to fill missed trades employing market orders with
infinite discretion is, on average, greater than the costs of completing the trades, on the first
attempt, employing the latency-optimal strategy. Thus, not only does the optimal strategy
attain a very high fill ratio, it does it at a cost which is lower than the mark-to-market value
of completing the trades on a second attempt. These savings justify the extra cost of optimally
walking the LOB in the first trade attempt to achieve higher fill ratios than the fill ratios
achieved by the naive strategy. Note that we are not imputing other costs that the trader may
incur if a trade is not filled. For example, some trades could be one leg of a trade, which if not

completed, will affect other trades or strategies, see Cartea et al. (2019Db).
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Missed by naive, filled by alternative strategies

Extra Extra Cost Cost Cost
fills volume %108 in JPY 20 ms later 100 ms later
in JPY in JPY
(a) 8¢ = ooVt 9,483 4,222 8,914,046 9,841,755 12,158,945
0* (St = ooVt Et = ooVt
Target
(b) 5=0 8,318 3,718 6,528,965 7,459,198 9,601,222
(c) 5=1 8,603 3,839 6,807,416 7,770,984 9,959,191
(d) 5=2 8,758 3,906 6,999,804 7,950,543 10,185,240
(e) 5=3 8,938 3,982 7,232,545 8,181,285 10,447,450

Table 3.3: Performance of optimal strategy for T1. The total number of trade attempts is
110,458. Cost-related quantities are in JPY. Parameters: ¢s = 2.5 x 1075, ¢p = 5, ¢ = 1073,
F =100%, and T =5 days. Period is from 5 December 2016 to 31 March 2017, currency pair
USD/JPY. Computation times are under 10 seconds for each day.

Missed by naive, filled by alternative strategies

Extra Avg. Avg. cost Avg. cost Cost increase Cost increase
fills cost 20 ms later 100 ms later 20 ms later 100 ms later
in ticks in ticks in ticks % %
(a) dt = ooVt 9,483 2.11 2.33 2.88 10% 36%
6* 6i = oth 61 = oth
Target
(b) 5=0 8,318 1.76 2.01 2.58 14% 47%
(c) 5=1 8,603 1.77 2.02 2.59 14% 46%
(d) 5=2 8,758 1.79 2.04 2.61 14% 46%
(e) 5=3 8,938 1.82 2.05 2.62 13% 44%

Table 3.4: Performance of optimal strategy for T1. The total number of trade attempts is
110,458. Cost-related quantities are weighted by volume and expressed in ticks, 1073 JPY. The
metrics in column 6 (resp. 7) are the proportional increase of the values in columns 5 and 6
(resp. 5 and 7) in Table 3.3. Parameters: ¢s = 2.5 x 107°, ¢p = 5, p = 1073, F = 100%,
and T = 5 days. Period is from 5 December 2016 to 31 March 2017, currency pair USD/JPY.

Computation times are under 10 seconds for each day.

Table 3.5 shows the results of the optimal strategy arranged in volatility quartiles when
the discretion target is 5 = 0. As discussed above, when the micro-exchange rate is more
volatile, the chances of missing trades are greater than when volatility is low because the LOB
is undergoing many more updates. The optimal strategy developed here counterbalances the
adverse effects of high volatility on fill ratios, so that in periods of high volatility, everything
else being equal, the trader sends orders with more discretion to walk the book. The table
shows that as volatility increases, the strategy maintains a stable level of fills, while T1’s naive
strategy misses more trades as volatility increases.

The last three columns in Table 3.5 show the cost of filling trades missed by T1’s naive
strategy that are filled by the optimal strategy with 6 = 0. The first of the last three columns

shows the cost incurred by the optimal strategy to execute missed trades for each volatility
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quartile. The penultimate and last columns of the table show the cost of returning to the
market to fill the missed trades with market orders that walk the LOB until they are filled. As
discussed earlier, the cost incurred by the latency-optimal strategy to fill trades missed by the
naive strategy are lower than the costs of returning to the market 20 ms and 100 ms later. The
gap between the costs of returning to the market 20 ms and 100 ms later and the costs incurred

by the optimal strategy widens as volatility increases.

Missed by naive, filled by ¢* with 5=0
Volatility Trades Fills % Fills % Avg. Avg. cost Avg. cost
Quartiles sent to 6t =0,Vt 07,0=0 cost 20 ms later 100 ms later
% Exchange in ticks in ticks in ticks
0-25 27,615 26,151  94.7% | 27,274 98.8% 1.61 1.77 2.02
25-50 27,614 25,588  92.7% | 27,303 98.9% 1.73 1.92 2.20
50 —75 27,615 25,086  90.8% | 27,339  99.0% 1.67 1.91 2.49
75 —100 27,614 24,150  87.5% | 27,377  99.1% 1.88 2.19 3.04

Table 3.5: Performance of strategy in volatility quartiles for T1. Parameters: ¢5 = 2.5 x 1072,
oF =5, =10"3, F = 100%, and T = 5 days. Ticks are 1072 JPY. Period is from 5 December
2016 to 31 March 2017, currency pair USD/JPY.

3.5.2.2 Performance of optimal strategy: T2

We repeat the analysis of the performance of the strategy using T2’s trades. Tables 3.6 and 3.7
are presented in the same format as Tables 3.3 and 3.4 respectively.

During the period 5 December 2016 to 31 March 2017, T2 attempted 63,268 IoC trades, all
with discretion o = 0, and, due to latency, missed 7,038 trades, including partial misses. The
cost of achieving better fill ratios using the optimal strategy (for various discretion targets 5)
is justified by the cost of returning to the exchange to fill missed trades 20 ms or 100 ms later
with market orders with infinite discretion to walk the book. For example, had T2 employed
the optimal strategy with discretion target §=0, only 755 trades would have been missed, as
opposed to the 7,038 misses by the naive strategy. The average cost of filling the 6,283 trades
missed by the naive strategy is 1.24 ticks, as opposed to 2.82 and 2.75 ticks, which are the

mark-to-market costs of returning to the market 20 ms and 100 ms later.
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Missed by naive, filled by alternative strategies

Extra Extra Extra Cost Cost Cost
Fills Fills Volume %109 in JPY 20 ms later 100 ms later
(incl. partial)  (only full) in JPY in JPY in JPY
(a) 6 =o00,Vt 7,038 7,038 ‘ 1,455 2,294,999 4,628,993 4,455,516
0* 6t = oo, Vit 6t = oo, Vit
Target
(b) 5=0 6,283 6,238 1,320 1,634,888 3,727,171 3,631,491
(c) b=1 6,446 6,411 1,340 1,665,638 3,742,734 3,649,011
(d) 5=2 6,548 6,517 1,354 1,667,995 3,801,813 3,690,360
(e) 5=3 6,648 6,627 1,373 1,733,090 3,903,934 3,795,341

Table 3.6: Performance of optimal strategy for T2. The total number of trade attempts is
63,268. Cost-related quantities in ticks (1073 JPY). Parameters: ¢5 = 2.5 x 107, ¢p = 5,
0 = 1073, F =100%, and T = 5 days. Period is from 5 December 2016 to 31 March 2017,
currency pair USD/JPY.

Missed by naive, filled by alternative strategies

Extra Avg. Avg. cost Avg. cost Growth Growth
Fills cost 20 ms later 100 ms later 20 ms later 100 ms later
(incl. partial) | in ticks in ticks in ticks % %
(a) b6 =o00,Vt \ 7,038 \ 1.58 3.18 3.06 102% 94%
o* 6t = 00, Vit 6t = oo, Vit
Target
(b) 5=0 6,283 1.24 2.82 2.75 128% 122%
(c) 5=1 6,446 1.24 2.79 2.72 125% 119%
(d) 5=2 6,548 1.23 2.81 2.73 128% 121%
(e) 5=3 6,648 1.26 2.84 2.76 125% 119%

Table 3.7: Performance of optimal strategy for T2. The total number of trade attempts is
63,268. Cost-related quantities are weighted by volume and expressed in ticks (10=2 JPY). The
metrics in column 6 (resp. 7) are the growth of the values in columns 5 and 6 (resp. 5 and 7) in
Table 3.3. Parameters: ¢5 = 2.5 x 1072, ¢pp =5, ¢ = 1073, F= 100%, and T = 5 days. Period
is from 5 December 2016 to 31 March 2017, currency pair USD/JPY.

Table 3.8 shows the results of the optimal strategy arranged in volatility quartiles when the

discretion target is § = 0. The interpretation is the same as that of Table 3.5 for T1. The cost

incurred by the latency-optimal strategy to fill the trades missed by the naive strategy is lower

than the costs of returning to the market 20 ms and 100 ms later. The gap between the costs of

returning to the market 20 ms and 100 ms later and the costs incurred by the optimal strategy

widen as volatility increases.
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Missed by naive, filled by ¢* with 5=0
Volatility Trades Fills % Fills % Avg. Avg. cost Avg. cost
Quartiles sent to 6t =0,Vt 07,0=0 cost 20 ms later 100 ms later
% exchange (incl. partial) (incl. partial) in ticks in ticks in ticks

0%—-25% 15,817 14,950 94.5% | 15,658  99.0% 0.94 1.90 1.87
25%-50% 15,817 14,545 92.0% | 15,631 98.8% 1.12 2.72 2.68
50%—-75% 15,817 14,226  89.9% | 15,629 98.8% 1.25 2.75 2.92
75%-100% 15,817 13,329 84.3% | 15,610 98.7% 1.86 3.51 3.31

Table 3.8: Performagce of strategy in volatility quartiles for T2. Parameters: ¢5 = 2.5 x 1072,
éF =5, o =103, ' = 100%, and T = 5 days. Period is from 5 December 2016 to 31 March
2017, currency pair USD/JPY.

3.5.3 Infinite-horizon strategy and robustness checks

Infinite-horizon. Tables A.1 and A.2, which are the analogues of Tables 3.3 and 3.4, in
A.2.1 show the results of the latency-optimal strategy for the infinite-horizon case discussed
in Subsection 3.3.2.1. The results are broadly the same as those obtained for T1’s strategy
discussed above, where we assume T = 5 days — in the interest of space we do not report the
results for T2.

Robustness to volatility parameter estimates. In our set-up the investor makes her
model of fill ratios robust to model misspecification. We also check the robustness of the
performance of the latency-optimal to: (i) parameter uncertainty of the volatility model (3.6),
and (ii) different models of the volatility of the micro-exchange rate.

To check robustness to parameter uncertainty in (3.6), we look at eight scenarios that result
from shocking the parameter estimates &, ¥, 6,. The shocked parameters are: A% = 1.2&,
i = 08k, v* = 129, v¢ = 1.29, 6% = 1.246,, and 6¢ = 0.85,, where &, 0, &, are the
estimates we obtain with the methodology outlined in Section 3.4. Next, we compute the
optimal strategy ¢6* with the eight triplets of parameters resulting from all combinations of
(%, v, 0y) € {&4, ik} x {v4,0%} x {d,%,6,"}. In A.2.4.1 we report the results for 6 =0. We
find that the fill ratios lie in the range 98.5% to 99% and the average tick cost is approximately
1.76 ticks in all cases.

Finally, we assume that the volatility of the micro-exchange rate follows (3.7) and (3.8) and
compute the performance of the latency-optimal strategy, see A.2.3. We find that the results

are broadly the same as those discussed above when volatility follows (3.6).

3.6 The cost of latency

One approach to mitigate the effects of latency on the efficacy of trading strategies is to invest
on hardware and co-location services to reduce the time delays associated to the different com-
ponents of the life cycle of a trade, see definition of latency in Section 3.1. As latency shortens,

traders that aim at the best prices they observe in the LOB will be on target more often. This
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improvement in the marksmanship of the trader increases the fill ratio of the strategy, but also
reduces the chances of receiving price improvements.

Another approach is to devise latency-optimal strategies that lessen the adverse effects of
time delays, e.g., failing to complete trades. Although these strategies do not reduce time delays
in the life cycle of trade, they are a substitute for cutting down latency when the objective is
to increase the percentage of MLOs that are filled.

Neither approach is free. The first approach requires the trader to pay fixed costs to operate
in the marketplace with lower latency, which increases the efficacy of the MLOs but reduces
opportunities of obtaining price improvements. In the second approach, costs accrue to the
strategy when MLOs walk the LOB, while benefits accrue because the latency-optimal approach
scoops price improvements when the market, due to latency, moves in the trader’s interest.

In this section we compute the shadow price that T1 would be willing to pay to reduce
her latency in the marketplace. We proceed as follows. i) Consider hypothetical traders who
employ the same naive strategy (i.e., zero discretion to walk LOB) as that of T1, but each
trader acts in the market with a different fixed latency — for simplicity we assume latency is
not stochastic. ii) Compute the fill ratio achieved by each hypothetical trader’s naive strategy.
iii) Map levels of latency to fill ratios. iv) Find the hypothetical trader whose fill ratio is the
same as that achieved by T1’s latency-optimal strategy developed above, and compute the price
improvements of the hypothetical trader’s strategy. v) Compute the difference of the latency-
optimal costs of walking the LOB and its price improvements. Thus, the difference between the
costs in (iv) and (v) is the shadow price of latency that T1 would be willing to pay to employ
a naive strategy (no discretion to walk LOB), which obtains the same fill ratio as that of the

latency-optimal strategy.

3.6.1 Latency and fill ratios

Recall that the attributes we have for each order include: type of trade, volume of the trade,
price limit, and direction (buy or sell) of the trade. We also have the time-stamp of when the
order is processed by the exchange (this time is denoted by t3 in our discussion of latency in
Section 3.1 above). However, we do not know the time it took the trader to process information
and make a decision before instructing the exchange, or the time when the trader sent the orders
to the exchange — all of which affect the latency of the trader in the marketplace.

To map latency to fill ratios we devise fifty hypothetical traders who are clones of T1. The
only difference between T1 and the hypothetical traders is that each clone has a different latency
in the market. We denote each hypothetical trader by T; with j =0, 1, 2, ---, 50, and assume
that the latency of T; is j ms, i.e. t3 —to = j ms. Note that although impossible for a trader
to operate in the marketplace with a latency of 0 ms, we include it in our list of hypothetical
traders for comparison purposes.

In our approach we assume that the clones employ the same strategy as T1 regardless of

their latency. However, this may not be the case because if T1’s latency was lower than her
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actual latency, her trading strategy could be different from the one she employed during the
period we analyze. For example, T'1 may not be attempting potentially profitable trades because
she acknowledges that her latency is too long to successfully complete trades that require more
speed.

We use Ty to illustrate how we map a latency of 10 ms to a measure of fill ratio — the fill
ratio of the other hypothetical traders is calculated in the same way. The fill ratio is computed
as the percentage of filled orders in one trading day — this coincides with definition F},, provided
in (3.1), where n is the number of trades in the day. We assume that Tjo replaces T1 in the
market. Thus, Ty sends orders that have the same direction, volume, type (i.e., FoK), and
discretion to walk the LOB, as those of T1, and assume the orders from Tiy reach the LOB
an instant before T1’s trade was filled (for which we have a time-stamp), so the hypothetical
trader and T1 face the same market conditions. Therefore, orders sent by Tig and T1 only
differ in that T1¢ attempts to fill the trade at the best quote streamed by the exchange 10 ms
before the exchange receives the order.

For example, to compute the fill ratio that Ty would have obtained on 5 January 2017, we
employ the time-stamps (when the exchange processes the order) of the 3,043 orders sent by T1
on that day and compute the fill ratio that T19 would have achieved. We repeat this approach
for each hypothetical trader on the same day and depict the results in the left-hand panel of
Figure 3.6. As expected, there is a (monotonic) decreasing relationship between latency and fill
ratio. In one extreme, when latency is zero, Ty would have obtained a fill ratio of 100%. At the
other extreme Txo’s fill ratio is 89%.

In the figure, the square marker shows the point where latency of 27 ms is mapped to 90%,
which is the fill ratio obtained by T1’s naive strategy. The diamond marker in the upper-
left corner of the figure shows the latency of a hypothetical trader who achieved a fill ratio
of 99%. Note that this fill ratio corresponds (approximately) to the fill ratio T1 would have
obtained (Fy,;3 = 98.73%) had she employed the latency-optimal strategy with targets 5=0
and F' = 100%. Thus, we say that, on 5 January 2017, T1’s implied latency is 27 ms and the
implied latency of the optimal strategy is 3 ms.

We repeat the analysis for each day between 5 December 2016 and 31 March 2017. The right
panel of Figure 3.6 shows the implied latencies of T1’s naive strategy (solid line) and that of
the latency-optimal strategy with target 6=0 (dotted line). The variations in ‘implied’ latency
are due to a number of factors, including the volatility of the best quotes which, as discussed
above, has a considerable effect on fill ratios.'® For ease of presentation the y—axis is capped

at 50 ms — there were two days when T1’s implied latency was over 50 ms.

1811 late February 2017 there is one day where the implied latency is above 10ms. On this day, there was
a combination of factors that led to this spike, mainly, a considerable number of trade attempts around news
announcements.
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Figure 3.6: Left: Map of latency to fill ratio employing T1’s trade time-stamps and LOB
information on 5 January 2017. Square marker is T1’s implied latency. Diamond marker is the
implied latency of the optimal strategy. Right: implied latency for T1 and implied latency for
latency-optimal strategy employing T1’s trade time-stamps and LOB information during the
period 5 December 2016 to 31 March 2017.

Table 3.9 summarizes the results. The top panel of the table shows the mean, standard
deviation, and median of the latency implied by the naive strategy and by the latency-optimal
strategies with various discretion targets 5. The bottom panel provides summary statistics of
the daily fill ratio obtained by the strategies. Here, the fill ratio Fiy refers to the percentage of
orders that were filled each day, and the table shows the mean, standard deviation, and median
of the daily percentage of fills. For the latency-optimal strategy the mean fill is between 98.9%
and 99.5% and for T1’s naive strategy the mean fill is 91.0%. We observe that the standard
deviation of the fill ratio of the optimal strategy is also considerably lower than that of the naive
strategy. Therefore, the optimal strategy achieves much higher fill ratios than the naive strategy,
and produces more stable results because the optimal strategy depends on the volatility of the

micro-exchange rate.

Naive Optimal Strategy 6* §¢ = 0o
strategy Target vt
6=0 46=1 6=2 46=3

Latency
mean 20.02 2.34 2.01 1.70 1.53 0
std 11.31 1.72 1.57 0.89 0.80 0
median 18.00 2.00 2.00 1.00 1.00 0
Fn
mean 91.9% 98.9% 99.2% 99.3% 99.5% 100%
std 2.9% 0.4% 0.4% 0.4% 0.3% 0%

median 92.2% 98.9% 99.2% 99.4%  99.5% 100%

Table 3.9: Implied latency for T1. Period is 5 December 2016 to 31 March 2017, currency pair
USD/JPY.

38



3.6.2 Shadow price of latency

The shadow price of latency is the price that T1 would be willing to pay to reduce her latency,
so a naive and the latency-optimal strategies obtain the same fill ratio.'” To compute this
price we need: Latency-optimal cost of walking the LOB and price improvements, (ii) price
improvements received by the hypothetical trader with latency equal to that implied by the
latency-optimal strategy.

For example, on 5 January 2017, the latency-optimal strategy incurs 92,771 JPY in costs
from walking the LOB and receives 69,305 JPY in price improvements. On the other hand,
the naive strategy of the hypothetical trader with latency 3 ms, receives 7,592 JPY in price
improvements. Thus, on 5 January 2017, T1 would be willing to pay 31,058 JPY to reduce her
latency from 22 ms to 3 ms. We repeat the analysis for all trading days between 5 December
2016 and 31 March 2017 and compute T1’s shadow price of latency for each day. Table 3.10
contains summary statistics of the results.

The table shows that T1 would be willing to pay approximately 3 - 10® JPY (around 30,000
USD) to reduce her latency from 20.02 ms to 2.34 ms. The upper bound of approximately 5-10°
JPY (around 50,000 USD) for the shadow price of latency is given by the last column and last
row of the table, where we show the costs of always employing market orders. These shadow
prices are, according to market participants, lower than co-location, hardware, and other costs

that traders would have to incur to reduce latency in the life cycle of a trade.

Naive Optimal Strategy 6* 0 = oo

strategy Target vt

§=0 §=1 =2 §=3

Implied Latency (ms) | 2002 | 234 2.01 1.70 1.53 | 0
Walk LOB Cost 0 6,528,965 6,807,416 6,999,804 7,232,545 | 8,914,046
Price Improvement 3,938,559 | 3,938,559 3,938,559 3,938,559 3,938,559 | 3,938,559

Price Improvement

with Reduced Latency 3,938,559 384,035 291,070 179,875 135,744 0

Shadow Price to Reduce Latency ‘ 0 ‘ 2,974,441 3,159,927 3,241,120 3,429,730 ‘ 4,975,487

Table 3.10: Shadow price to reduce latency reported in JPY. Period is 5 December 2016 to 31
March 2017, currency pair USD/JPY.

3.7 Conclusions

In this chapter, we showed how to compute the price that FX traders are willing to pay to reduce
their latency in the marketplace. To achieve this we developed a latency-optimal strategy to

map the costs of the strategy to a reduction in latency.

19Shadow prices are a well-known concept in economics. A shadow price is the estimated price of a good /service
for which there is no market. See Kallsen and Muhle-Karbe (2010) for an example of shadow price processes
being used in the context of the Merton problem.

39



In particular, we employed a set of proprietary data of FX transactions to show how latency
affects the percentage of liquidity taking orders filled by a trader’s strategy. We analyzed the
trades of two liquidity takers over a four-month period and showed that approximately 10% of
their orders were not filled due to latency.

To calculate the shadow price of latency of traders we derived a strategy that specifies the
limit price of the market orders sent to the exchange. The price limit for each liquidity taking
order balances the tradeoff between the costs from walking the LOB and how far is the fill ratio
from the trader’s desired target. The trader’s optimal strategy specifies the price limit for each
transaction depending on the proportion of orders that have been filled, how far is the strategy
from the target fill ratio, the cost of walking the LOB, and the volatility of the exchange rate.
For example, everything else being equal, the optimal price limit to walk the LOB is higher
(resp. lower) when the volatility of the exchange rate is above (resp. below) its long-term level.

We showed the performance of the latency-optimal strategy using trade data for two FX
traders. We computed the costs incurred by the latency-optimal strategy to increase fill ratios
and showed that the costs of the strategy are lower than the costs of returning to the market 20
ms or 100 ms later to fill a missed trade. Moreover, we showed that the latency-optimal strategy
obtains similar fill ratios for different levels of volatility. This is in contrast to the performance
of the naive strategy where the majority of the missed trades occur when the volatility of the
exchange rate is high.

Finally, we employed the proprietary data set to build a function that maps latency of traders
to fill ratios. We used this mapping to compute the shadow price of latency that traders are
willing to pay to reduce latency in the marketplace. We computed the shadow price a particular
trader is willing to pay to reduce her latency by investing in hardware, co-location, and other
services. Our results showed how to compute the threshold at which traders would be better
off employing the latency-optimal strategy developed here, instead of investing in hardware and

co-location services to reduce latency.
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Chapter 4

Tradeoff between costs and misses

Having speed to make decisions and to access the market is a key element in the success of
trading strategies in electronic markets. Liquidity providers monitor and update their limit
orders (LOs) resting in the limit order book (LOB), and liquidity takers send orders that target
LOs. The efficacy of the strategies of the makers and takers of liquidity depends on their latency
in the marketplace. As defined before, latency is the time delay between an exchange streaming
market data to a trader, the trader processing information and making a decision, and the
exchange receiving and processing the instruction from the trader. Thus, due to latency, there
is no guarantee that liquidity providers can place a LO in a desired queue position in the book
or withdraw a stale quote before it is picked off by another trader.

Furthermore, there are no assurances that marketable limit orders (MLOs) from liquidity
takers, which aim at a quantity and price they observed in the LOB, hit the desired target. An
MLO is a liquidity taking order for immediate execution against the LOs resting in the book,
and each MLO specifies the quantity of the security (e.g., equity, currency pairs, futures, etc.)
and a price limit to execute against LOs. An MLO and a market order differ in that the MLO
walks the LOB until it reaches the limit price specified by the trader, while a market order
walks the LOB until it is filled in full. Due to latency, by the time the exchange processes an
MLO, prices and quantities could have improved, so the order is filled at a better price, or prices
and quantities could have worsened, so the order is filled if the limit price allows, otherwise the
order is rejected.

In this chapter, we focus on how latency affects the marksmanship of liquidity takers and we
develop a latency-optimal trading strategy that accounts for the time delays in the marketplace.
We frame the interaction between the LOB and MLOs as a marked point process (MPP). In our
model, the agent sends buy/sell MLOs at random times to partly camouflage her order flow,
and before the order reaches the exchange, the LOB undergoes quantity and price updates. We
assume the agent sends fill-or-kill (FoK) MLOs, that is, the orders are either filled in full or
rejected.! The price limit of the MLO consists of the best quote the agent observes at the time

1This is in contrast to an immediate-or-cancel order, which has the property that the order can be partially
filled if there is liquidity in the LOB that meets the requirements of the MLO. The unfilled portion of the order
is rejected.
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she decides to trade and a discretion to walk the LOB.

The LOB is a moving target, so liquidity takers hit or miss the LOs they are attempting to
execute. Everything else being the same, the chances of filling an MLO increase if the agent is
willing to receive prices for FoK that are worse than those of the best quotes the agent observes
in the LOB when she decides to trade. If the discretion to walk the book is unlimited, the
MLO will be filled, but potentially at much worse prices than those of the best quotes the agent
observed — i.e., the MLO becomes a market order. On the other hand, if the updates in the
LOB are in the interest of the agent, the MLO will be filled at better prices than those of the
LOs that the agent targeted.

In our model, the agent chooses the optimal discretion of the MLOs to minimize the cost
of multiple trades over a fixed time horizon (e.g., minutes, hours, days, etc.). The costs are
those that arise from walking the LOB and from missed trades. We employ techniques of
variational analysis to obtain the optimal discretion for each MLO the agent sends, which we
characterize as the solution to a forward-backward stochastic differential equation (FBSDE).
We show existence and uniqueness of the solution to the forward and backward parts of the
FBSDE and show existence and uniqueness of the solution to the full FBSDE. To the best of
our knowledge, uniqueness and existence of the resulting random-measure driven FBSDE is not
covered in the extant literature, and the particular form itself appears to be new.? The tools we
use to prove existence and uniqueness are standard and similar to the results in the literature,
we have a short time horizon restriction.

We obtain the optimal strategy in closed-form when the cost for missing trades is linear in
the number of missed trades (the latency-optimal strategy consists of sending all MLOs with
a fixed discretion), and when the cost is quadratic in the number of missed trades, we solve
the FBSDE numerically.? We illustrate the performance of the latency-optimal strategies for a
range of model parameters and examine the tradeoff between costs from walking the book and
costs from missed trades. Finally, we discuss strategies that are cost-neutral to the agent. That
is, the latency-optimal strategy is devised so the expected costs from walking the book to fill
MLOs when the LOB moves against the agent’s interests is the same as the expected benefits
(i.e., negative costs) from executing trades at better prices than the ones the agent targets.

In the extant literature, there are lines of research that focus on various aspects of latency
in electronic markets. In Moallemi and Saglam (2013), henceforth M-S, the objective is to
quantify the cost of latency on transaction costs, while our work develops a latency-optimal
trading strategy that improves the marksmanship of liquidity takers. Our work differs from
that in M-S in four important aspects. First, in M-S, the trader employs a limit order (which

may be cancelled and re-posted) that is pegged to the midprice of the asset to execute one

*We believe this to be case because of (i) the particular non-standard representation of the FBSDE, (ii) the
fact that the forward part is adapted and the backward part needs to be predictable, and (iii) a discontinuous
driver in the forward part of the FBSDE.

30ur framework is general; thus, under mild restrictions of the compensator of the MPP, these results hold.
In particular, our results hold (i) for any bounded and and predictable intenstity process at which trades arrive,
and (ii) for when the dynamics of the shocks exhibit stochastic volatility.
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trade — if the limit order is not filled by the end of a fixed time horizon, the trader sends a
market order. In our model, the trader is frequently trading and always employs liquidity taking
orders, i.e., we do not focus on one trade alone. For each order, the trader specifies a price
limit because of their latency in the marketplace. Thus, in the M-S model the trader controls
the depth of one limit order, while in our model the trader controls by how much each liquidity
taking order can walk the limit order book.

Second, in M-S, there is no dynamic optimisation for a trader who must complete a sequence
of orders over a trading horizon, while our model is dynamically optimal. Third, the M-S model
assumes that latency is fixed and known by the trader. In our model we assume that each
trader experiences different levels of latency and that latency is random, which is indeed the
case in electronic markets.

Finally, M-S focuses on equity order-driven markets and their model relies on the availability
of limit orders pegged to the midprice. Pegged orders are common in equity exchanges, but are
not available in some exchanges of other asset classes. For example, in many currency exchanges
such as EBS, Reuters, and LMAX there are no pegged orders to the mid-exchange rate. We
note that our model works in all asset classes in which market participants trade in an order
book.

The remainder of the chapter proceeds as follows. Section 4.1 proposes the agent’s per-
formance criterion and characterizes the latency-optimal strategy as the solution to a FBSDE.
Section 4.2 shows existence and uniqueness of the solution of the forward and backward part
of the FBSDE, and existence and uniqueness of the solution to the full FBSDE. Section 4.3
shows that the candidate control we find is the global optimum and Section 4.4 discusses the
performance of the strategy for various scenarios. We conclude in Section 4.5 and collect some

proofs in the Appendix.

4.1 Optimal discretion to walk the book

4.1.1 MLOs: revealed preferences

Most electronic exchanges have order types that are designed to protect liquidity takers and
liquidity makers against the frictions that stem from latency. MLOs protect liquidity takers
from adverse price movements that occur between the time the trader makes a decision to trade
and the time the exchange matches the order with a limit order in the book (if possible). If
latency were zero for all liquidity takers, MLOs would not be as useful because traders would
take liquidity at the price and quantity they observe in the book.

There are, however, no traders with zero latency in the marketplace. Indeed, each market
participant is exposed to their own levels of latency, which are random.* There are two compo-
nents that affect the latency of traders: (i) the idiosyncrasy of each trader (hardware, software,

co-location) is a key determinant of the baseline latency that each trader experiences in the

4See Figure 3.6 in Chapter 3 for empirical evidence of random implied latencies; see also Hautsch et al. (2018).

43



market; and (ii) the matching engine becomes overcrowded at random times (the capacity of
the exchanges to process messages is limited), and the level of quality and the speed of commu-
nication between traders and the exchange are also random. Therefore, the time it takes traders
to process information and the time it takes the exchange to process instructions are stochastic
and constitute additional layers of random delays that affect the latency of each trader in the
marketplace.

Traders reveal their preferences when they choose a type of liquidity taking order for a trade
or a sequence of trades whose outcome is contingent on latency. These choices demonstrate that
traders balance the cost of completing a trade and the costs of price protection. A trader who
must complete a trade without delay will choose a market order to guarantee execution in full —
and expose the trade to price movements over the latency period. On the other hand, a trader
who can afford to miss the trade if the price is ‘not right’ will choose an MLO; thus, in exchange
for price protection, the trader concedes that the trade might not get filled.

Everything else being equal, the higher (lower) is the value of the discretion of the MLO to
walk the book, the lower (higher) is the probability that the trade is missed and the order is less
(more) protected against adverse price moves. Therefore, the price limit of an MLO determines
how a trader balances the costs of missing a trade and the potential adverse move in prices to
complete the trade. Missing a trade is costly for a number of reasons: i) The trade may be a
leg of a trading strategy with multiple executions, so its success depends on the completion of
all or most legs of the trading strategy. ii) A trader (e.g., a broker) needs to hedge a position or
internalise it. There is a tradeoff between hedging and unwinding the position at an acceptable
price or keeping the position in their own books and unwind it at a later date. iii) If a missed
trade is ‘quickly’ tried again, its eventual execution price is likely to be worse than the original
target price — a trade is missed because the price moved against the interest of the trader — see
Tables 3.3 to 3.8 in Chapter 3, where we compute the recovery cost of missed trades in foreign
exchange.

In asset classes such as equity, fixed income, foreign exchange, and commodities, the MLOs
we describe in this chapter are available in exchanges that trade in a limit order book.> Each
exchange has its own rules, but all acknowledge that liquidity takers seek to protect their trades
from the risks that arise from latency, so they offer order types where the liquidity taker specifies
the price limit and the time-in-force of the order.® The time-in-force refers to how long the order
is active in the market. The shortest time-in-force is immediate execution and the longest time-
in-force is typically for the rest of the trading day — the time-in-force for the MLOs we consider

in this chapter is immediate execution.

SFor example, MLOs are available in Cboe, LSE, LMAX Exchange, CME, and Nasdaq. Note that FoK, ToC
orders have immediate execution in the time-in-force qualifier of the order.

5Tn this thesis we work in a framework with a central LOB with firm quotes; see Phillips et al. (2017) and
Cartea et al. (2019b) for a comparison between last-look and firm liquidity venues.
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Therefore, the mere existence and the widespread use of MLOs in exchanges shows that
liquidity takers balance the costs of missing trades and the costs of walking the book to complete

trades.

4.1.1.1 Empirical evidence: price limits

Here, we employ foreign exchange data to examine the strategy of traders who employ MLOs
to take liquidity in LMAX and who trade very frequently. We analyse the trading patterns
of various market participants and find that over long periods of times (days, weeks, months),
traders do not change the value of the discretion to walk the LOB they specify in their MLOs.
In the interest of space, below we discuss the activity of one such trader who sent MLOs with
a estimated discretion of 10 ticks for a period of four months, and an estimated discretion of 5
ticks for a period of three months.”

Our data set contains a number of features of the trading activity in the LOB of the exchange,
including: the time-stamp of when the order was processed by the exchange, the direction of the
trade (i.e., buy or sell), and the maximum rate willing to pay for a buy order or the minimum
rate willing to receive for a sell order. Our data set does not contain the time-stamp of when the
trader sent the MLO to the exchange, nor does it point to the best quote the trader observed
when she decided to trade; hence, we cannot compute the discretion specified by the trader
in the MLO to walk the book. Instead, we use the slack of the MLO as an estimate of the
discretion specified by the trader. Here, the slack of a buy MLO is the difference between the
limit rate specified in the MLO and the average rate the order would have payed if the order
was filled in full. Similarly, the slack of a sell MLO is the difference between the average rate the
order would have received if filled in full and the limit sell rate specified in the MLO. Therefore,
if slack is non-negative, the MLO was filled in full, and if slack is negative, the order was either
fully or partially rejected by the exchange.

Figure 4.1 shows the liquidity taking activity of the trader in the currency pair USD/JPY
between 5 September 2016 and 30 June 2017. During this period, the trader sent 81,641 buy
MLOs and 78,086 sell MLOs, of which 491 buys and 463 sells were fully or partially rejected by
the exchange because the best quotes had moved beyond the acceptable limit rate specified in
the MLO.

In the figure, the unit of slack is ticks (one tick in the pair USD/JPY is 1072 JPY), and
the circles represent the slack of each MLO. The left-hand panel shows the slack of each order
in our sample and the solid line represents a moving average of the slack of the last 500 MLOs.
Observe that between December 2016 and March 2017 the moving average of slacks strongly
suggests that the trader sent MLOs with discretion of 10 ticks. Similarly, from April 2017 to
June 2017, the moving average of slacks strongly suggests that the discretion to walk the LOB

"This raises the questions: To what extent is this strategy optimal? Are traders optimising the value of the
constant discretion? Assuming traders prefer to miss few trades; is sending MLOs with a constant discretion
optimal? Should the value of the discretion in the MLOs depend on time-of-day, activity, and volatility?
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was 5 ticks. Thus, for extended periods of times, and for a large number of liquidity taking
orders, the data strongly suggest that the trader sent all MLOs with a constant discretion to
walk the book, i.e., 10 ticks during approximately four months and 5 ticks during approximately
three months.

The middle panel shows the slack of the MLOs sent by the trader on 18 June 2017. During
this day, all MLOs sent by the trader (353 buys and 297 sells) were filled in full. We observe
that there are three clusters of trades (buys and sells) in which the slacks of the MLOs are more
volatile than in the other periods. In the right-hand panel of the figure we focus on one of these
clusters and show the best ask rate and the MLOs sent by the trader between 15:59:50 and
16:00:30 — during this time window, all orders were buy MLOs and all were filled. The squares
in the panel show the limit rate the trader is willing to accept, i.e., the price they observed
when deciding to send the buy MLO plus the discretion to walk the LOB.

Clearly, slack is a noisy estimate of the discretion specified in the MLO because during the
latency period the best quote in the LOB might change. For example, at time 15:59:56.590
the exchange processed an MLO with slack of 18 ticks, which is the result of an advantageous
(for the trader) drop in the rate and of the discretion of the MLO. We note that during the
30 milliseconds before the buy MLO was processed, the USD/JPY exchange rate dropped by
approximately 8 ticks. This drop in the rate plus the discretion of 10 ticks, which is our estimate

of the discretion of the MLO, accounts for the 18 ticks of slack we observe.®
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Figure 4.1: MLOs for a trader in the USD/JPY currency pair. Period: 5 September 2016 to
30 June 2017. The blue circles denote slack of MLOs. The continuous line in left-hand panel
is moving average of slack over last 500 trades. The squares in the right-hand panel denote the
price limit of the buy MLO and the line denotes the best ask rate in the LOB of the exchange.

4.1.2 LOB: moving target

Liquidity takers in electronic markets face a moving target problem. Traders send orders that
target a price and quantity they observe in the LOB, but due to latency, when the order arrives
in the exchange, the target could have moved. If prices and quantities worsen, the agent’s order

is rejected, and if prices and quantities improve or do not worsen, the order is filled.

8In Chapter 3, we analysed in detail one foreign exchange trader and found that their mean latency in the
market place is approximately 20.02 milliseconds with 11.31 milliseconds of standard deviation.
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We frame the moving target problem as a finite activity MPP N = {(Ty, Zn)}(>1) in
the probability space (2, F, P). Here, (7,) is an increasing sequence of random points in
(0, T)U{oo}, which represent the times when the agent sends MLOs to the exchange, and (Z,,)
is a sequence of marks in R, which represent the shock to the average price per share due to
changes in prices, quantities, and temporary price impact.

We assume that each order is for one unit of the security or for a lot of securities, where the
lots have a fixed size throughout the trading horizon. When the volume of the MLO is in lots
of the security, the mark Z represents a shock to the LOB commensurate with the volume of
the MLO.?

Let T € (0,00) denote a fixed time horizon. The filtration (F3); is generated by N and is
the smallest filtration such that for each n, the point 7, is a stopping time and the mark 7, is
Fr,-measurable.

The random measure associated with N is

p(dz,dt) =Y Dz, 7,)(dz,dt),

n>1

where © denotes the Dirac measure, and we assume that

E[p® 0.1)7] <o and E [/OT/RM p(dz,dt)} < o0, (4.1)

We denote by p the predictable compensator of the random measure p, which admits the
decomposition
ﬁ(dz, dt) = <I>t(dz) dAt y (42)

see Theorem 22.22 in Kallenberg (1997) for existence of the predictable compensator and Theo-
rem 13.3.7 in Cohen and Elliott (2015) for the decomposition property. Here, the compensator
has the property that for q := p — p, the stochastic integral (H xq), = f(f Jr Hsq(dz,ds) is a
martingale for any predictable and sufficiently integrable process H. In (4.2), the predictable
process (Ay)iex, where ¥ := [0,7], is the compensator of the counting process of the MLOs,
which we denote by N; := p(R x [0, ¢]).

We make the following three assumptions throughout the analysis.

Assumption 1. The process A admits a bounded stochastic intensity so that we may write
A = f(f Audu for a predictable process (\)iex and 3 X € R, such that ¥ (t,w) € [0,T] x €,
0< )\t((ﬂ) S 5\

9Note that modelling these shocks is much more effective than modelling the best bid/ask prices and volumes.
If one models the latter, then, the framework gets more involved and we do not gain any further insights. Let
us consider this point in a little more detail. Suppose that a trader makes a decision to buy (sell) at 7, and the
average price of the transaction at time 7 is a- (b-), after hypothetically walking the LOB if necessary. Let 7 > 7
be the time at which the trade attempt is processed by the exchange, and az (bz) be the average price of the
transaction at time 7 if it were to be executed in full. In our model, the shock Z is az — a, for a sell attempt
(br — bz for a buy attempt). Note that Z encodes information of how prices and volumes improved/deteriorated
from 7 to 7 without modeling the best quotes and volumes. This helps to keep the framework tractable, and to
treat buy and sell attempts in a unified manner.
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Assumption 2. The density function ¢ of the marks has support in R and is bounded; thus, its
cumulative distribution function ®y is uniformly Lipschitz in [0,T] x Q with Lipschitz constant
k.

Assumption 3. The function

re(z) = / "Ly (dz)

—00

is Lipschitz in x, uniformly on [0,T] x Q, with Lipschitz constant k.

Let (d¢),cq be a predictable process that specifies the cash per unit of the security (or lots of
the security) the agent is willing to walk the LOB to increase the chances of filling her liquidity
taking order, i.e., § is the discretion of the MLO. For example, in equity markets, if the agent
sends a buy order to consume the liquidity at the best ask a;, the discretionary amount J; is
the extra cash per share the order may walk the book, i.e., a; + d¢ is the highest price the agent
is willing to pay for one share of equity. Similarly, if the agent sends a sell order to consume
the liquidity at the best bid b;, the amount ¢; is the cash discount per share the order may walk
the book, i.e., by — &; is the lowest price the agent is willing to accept to sell one share of equity.

In the examples above, the best bid and best ask prices (b; and a;) refer to those the agent
‘observes’ when she decides to trade, but due to latency, these prices could be stale. In addition,
by the time the exchange processes the order of the agent, prices and quantities in the LOB
could have borne further updates. Price changes could be against or in favour of the agent’s
interest. When the price per unit of the security moves against the interest of the agent, the
order is filled only if the discretion § of the MLO is enough to cover the adverse change in price
and quantity; we refer to this as a price deterioration.! On the other hand, if the price per
unit of the security moves in favour of the agent’s trade interest, the order is filled at a better

price; we refer to this as a price improvement.

4.1.3 Tradeoff: cost of walking the LOB and cost of missed trades
4.1.3.1 Cost I: discretion to walk the book

Here, we discuss the extra costs incurred by the trader when the MLOs walk the book. We
assume that the volume of each MLO is equal to one unit of the security — the costs for MLOs
where volume is in lots of the security are computed in a similar way.!! For buy orders, the
extra cost of the strategy is the cash the agent pays for the security minus the price on the offer
side of the LOB that the agent targets. Similarly, for sell orders, extra cost of the strategy is
the target price in the bid side of the LOB minus the cash received for the security. That is,

for a purchase (sell) order, the extra cost of the strategy is the cash paid (not received) to walk

0By ‘price per unit’ we mean the average price that the trade attempt would receive/pay if filled in full against
the liquidity in the bid/ask side of the LOB.

'1We leave the joint optimisation of the discretion and volume of the orders for later investigations. For now,
volume is taken to be fixed, which for simplicity we take to be one unit.
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the LOB, which is zero if the order is not executed. We denote the controlled cost process that

arises from walking the book by C% = (C?),cg, which is given by

c? :/Ot/Rzé(és—z)p(dz,ds). (4.3)

For a FoK, the function G(z) is the step function: G(x) =1 if 2 > 0 and G(z) = 0 otherwise.
For an IoC, the function G (z) is a smooth version of the step function. From this point forward,
we assume that the MLOs are FoK orders.

The walk-the-book cost for each filled trade is z G(ds — z), which can be negative (price
improvement), positive (price deterioration), or zero. This cost is negative when the shock to
the LOB is negative (z < 0), in which case the order is filled at a better price than that targeted
by the agent — the price improvement is |z|. On the other hand, this cost is positive when the
shock to the LOB is positive (z > 0), in which case the order is filled (because § > z) at a worse
price than that targeted by the agent — the price deterioration is z. Finally, when the shock to

the LOB is zero (2 = 0) or the trade is missed, the cost is zero.!?

4.1.3.2 Cost II: missed trades

We denote by D% = (D?);es the controlled number of missed trades, which is given by

6 — t — Z z S
Dt—/o/RG@s ) p(dz,ds). (4.4)

~

and where G(z) = 1 — G(z). Recall that the MLO is for one unit of the security or for lots
of the security, which are of fixed size throughout the trading horizon. In the latter case, the
number of misses is in lots of the security.

The cost of missing Df trades is given by the quadratic cost function:
5 5)?

where o > 0 and v > 0 are cost parameters that are specific to each trader.!?

In our framework, we can employ any cost function that is increasing, differentiable, and
convex in the number of missed trades. However, these alternative cost functions would make
the control problem less tractable and we would not gain further insights into the trader’s

strategy.

12Trading with a fixed volume does not preclude orders from walking the book. For example, in the next
chapter (Chapter 5) we observe that in LMAX London, a frequent amount of liquidity available in the best
quotes of the EUR/USD currency pair is €500,000. As a consequence, a trade for €600,000 is likely to walk the
LOB to be filled in full. Thus, a trader that sends trade attempts for €600,000 with each order will (in most
cases) walk the LOB to fill the orders in full.

13Recall that agents assume that missing a trade is costly. This function penalises deviations from zero of the
number of misses D?.
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4.1.4 Performance criterion

The agent’s performance criterion is
5 5 5\?
J(0)=E {C’T—i-aDT—&-’y (DT) } ) (4.6)

where T is the terminal date of the trading horizon and the set of admissible strategies is the

reflexive Banach space
. . T /o2
A= {5 = (0t) e ‘ J is F-predictable & E [fo (0¢) dt} < oo} ) (4.7)
equipped with the norm
T
o) =B fy" (3)* at] -

Throughout the chapter, all spaces are vector spaces because we employ the quotient space with
respect to the kernel of the given norm.
The agent wishes to find a control 0* € A that minimizes the performance criterion (4.6),

that is, the agent solves the problem

0% = argmin J(9).
ocA

Note that J(J) < oo because G < 1 and (4.1) holds. We choose the units of the cost parameters
a, 7, so that the performance criterion has the same units as those of the costs C.

In the performance criterion, everything else being equal, an increase in the value of the
cost parameters makes the strategy post orders with higher discretion to walk the LOB. In the
extreme case where one of the cost parameters is arbitrarily large, the optimal strategy is to
post orders with discretion to walk the LOB as deep as necessary to fill the trades, i.e., the

MLO with infinite discretion is a market order.

4.1.5 Variational analysis approach

We employ techniques of variational analysis to obtain the optimal discretion strategy. For ease

of presentation, we write
J(8) = JO0) + a J*F(8) + v X (), (4.8)
where JC(5) = E [C2], JWP(5) = E [D3], and JP(5) = E [(Dﬁ})Q] .
Proposition 1. The following equation holds
T . T .
JC0) = E [ / / 2 G(6, — z)p(dz,ds)} _E [ / / 2 G(6) — 2) By(d2) dAt] C 49)
0o JR 0o JR

Proof. Follows from the definition of the predictable compensator. N

The next proposition provides expressions for JF'(§) and J@F(6).
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Proposition 2. The following equations hold
T
JEP(5) =E [ / / G(0; — 2) ®y(d2) dAt} : and (4.10)

JP(5) U / 2D5 5t—z)+G(5t—z)> By(dz) dAt] . (4.11)

Proof. Equation (4.10) follows from the predictability of the integrand. Next, we show (4.11).
The number of missed trades D{ satisfy the SDE

dD? = / G(6; — z) p(dz, dt).
R
Let h(x) = 2% and use an integration formula (see Jeanblanc et al. (2009)) to write
5y _ § _ _ 5
dh(DF) = /R (h (Dt, +G (6, z)) h (Dt,» p(dz, dt).
Then,
2
a(pg) = / (207 G(6 — 2) + G253, — 2)) p(dz, o)
R
= / (2 DY G (5 — 2) + G(6; — z)) p(dz, dt),
R

where the second equality holds because G? = G. Integrate from zero to T, take expectations,

and because the integrand 2.D?_ G(6; — z) + G(6; — z) is predictable, obtain

E[ ] [/ / 2D<S 5t—z)+G(6t—z)) p(dz,dt)]
_ [/ / (20) @ 6t—z)+G(5t—z))ﬁ(dz,dt)].

4.1.5.1 Optimal discretion to walk the LOB

We employ Gateaux derivatives to obtain the latency-optimal strategy that minimizes the per-
formance criterion of the agent. Let w,d € A. The directional derivative of J at § in the

direction of w is given by

(DJ(6),w) = 113%5 [J(§ +ew) — J(8)], (4.12)
when the limit exists.
Lemma 1. The Gateaux derivative at § € A in the direction w € A of the:

(a) cost functional J© is

T
¢ w) = wt ¢t(0t) Ot t| s
0%0)0) =2 [ wanld)saa
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(b) linear cost functional J*¥ is
T
(DI (6),w) = —F [/ Wt ¢t(5t)dAt] ;
0
(c) quadratic cost functional J9F is

(D JOFP(6),w) = -2 UOth 0+(5¢) By UtT/RG(as — 2 p(d, ds)] dAt]
—2FE UOthqbt(at)Df_ dAt] ~E [/Othgbt(ét)dAt] :

where E;— s the conditional expectation with respect to the predictable o-algebra at time t.

Proof. See B.111

The next theorem provides the Gateaux derivative of the performance criterion of the agent

and provides a characterization of the optimal discretion to walk the LOB.

Theorem 2. The Gdateaux derivative of the functional J at 6 € A in the direction of w € A is

(DJ(5),w) =E UOth 51(6) (@ 99 Df —y—a—24E, [/tT/RG@s ~ B, ds>]> dAt} ,
and vanishes in every direction w € A if and only if there is a process §* € A such that

5 = 27K, [D%*} tyta, (4.13)
almost everywhere in T x €.

Proof. By Lemma 1 and the performance criterion (4.8), the Gateaux derivative of J vanishes

at
- *
i =295 | [ [ ;- par, a9) 420 (D2 +3) +a
LSt R
o *
= 29E,- / /0(5; — 2 p(d?, ds)] +2y (Df_ + %) +a
LSt R

=2+E, |DY —Dfi} +2y (Dfi +%) +a

—24E, Dﬂ tryta. (4.14)

Now we show that if the Gateaux derivative at § vanishes in every direction w, the control § sat-
isfies (4.14). We proceed by contradiction. Suppose there exists § € Asuch that (D J(g), w) =0
for all w € A and there is (T, ©) € B(T) x Fr with L(T)P(O) > 0 such that & (w) # 0*(w) for
t €T, and w € O, where L(T) denote the Lebesgue measure of T € B(%), and B(T) is the Borel
o-algebra of €. Thus, on T x O we have

bi(w) = 29E,- [D}] (@) =7 —a 0.

Hence, wy = &; — 27 E,- [Di}] — 74 — «a is predictable and E[sup,ez(w:)?] < co. Furthermore,
the Gateaux derivative of 4 in the direction of w satisfies the inequality (D .J(8),w) > 0, which
is a contradiction. Therefore, there is no (T, O) € B(T) x F with L(T)P(D) > 0 such that

i(w) # 0f(w) for t e Tand w € O. B
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If the value of the quadratic cost parameter + is zero, the candidate optimal control in (4.13)

has the simple closed-form expression
0f = a, (4.15)

which is independent of the number of missed trades.

In our framework, the trading pattern of the trader we analysed in subsection 4.1.1.1 would
correspond to a performance criterion as that in (4.6) with cost parameters v = 0 and o = 10
between December 2016 and March 2017, and with cost parameters v = 0 and o = 5 between
April 2017 and June 2017.

One expects, everything else being equal, that the discretion to walk the book is increasing
in the number of missed trades. This is true when the value of the cost parameter ~ is greater
than zero because the marginal cost of missing a trade is positive. Although intuitive, this
result is not trivial to show because to determine the optimal discretion one requires fixed point
arguments. Note that the expected number of missed trades appears on the right-hand side of
(4.13), which affects the optimal discretion, i.e., determines the left-hand side of (4.13), which
in turn affects the expected number of missed trades that appears on the right-hand side of
(4.13), and so on. In Section 4.4 we return to this point when we illustrate the performance of
the strategy.

When, however, the cost of missing trades is linear (i.e., ¥ = 0 and a > 0) the optimal
discretion is independent of the number of missed trades, as shown in (4.15). This corresponds
to the behaviour of traders described in the empirical analysis of subsection 4.1.1.1. Finally, as
discussed above, the value of the cost parameters oo and ~ is specified by each trader. One can
estimate these values from the discretion included in MLOs sent by the trader to the exchange.
When traders send MLOs with a fixed discretion to walk the book it is straightforward to

estimate the cost parameter a.

4.2 Existence and uniqueness of the FBSDE

To the best of our knowledge, the FBSDE

t
= [ [Go.~2pazds.  Df-0,
0 JR
6 =27E- [D}|+9+a, or=2yD} +7+a,

has no existence and uniqueness results in the extant literature. By simple inspection we
observe that its representation is non-standard — see Ma and Yong (2007); Carmona (2016) for
an introduction to the topic. We also note that our FBSDE is driven by random measures,
with the forward part being adapted and the backward part being predictable.'* Finally, the

function G(x) —which is one if x < 0 or zero otherwise, is not Lipschitz and it is not continuous.

!4Note that the conditional expectation is with respect to F,—.
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Furthermore, although the terminal condition for ¢ is square integrable, we remark that it is
not an input to the FBSDE because the terminal condition is controlled. Hence, we cannot
employ the results in Tang and Li (1994) or those in Quenez and Sulem (2013) to study the
FBSDE that we derive in this chapter. The mathematical tools we use are different to those
in their paper. For example, Theorem 2.3 (existence and uniqueness) in Quenez and Sulem
(2013) is proved in Tang and Li (1994). Their proof follows from a Martingale representation
— see Lemma 2.3 in Tang and Li (1994), whereas our proof follows from fixed point arguments
in Banach spaces. Recall that, as stated in Peng and Wu (1999), there are two known methods
to study FBSDEs: (i) The probabilistic approach that uses contraction mappings, and (ii) the
four-step scheme by Ma et al. (1994) that relies on partial differential equations and stochastic
optimal control. Here, we employ the first approach. Similar to the literature on the existence
of FBSDEs using fixed point arguments, we have restrictions on the time horizon T.'5 In this
section we prove existence and uniqueness of the solution of the FBSDE. For FBSDEs in a
semimartingale setting see Antonelli (1993), whose work was inspired by Duffie and Epstein
(1992) and Jeanblanc-Picque and Pontier (1990). In Duffie and Epstein (1992) the authors
construct a stochastic utility function to find optimal portfolios. The BSDE they study shares
similarities with the one we analyze in this chapter.'® For fully coupled FBSDEs in the Brownian
motion case see Peng and Wu (1999). For an account of Brownian motion and Poisson processes
in FBSDEs, see Zhen (1999). Xia (2000), Confortola and Fuhrman (2013), Confortola et al.
(2016), and Bandini (2016) study the framework of BSDEs and MPPs. Finally, for the study of
FBSDEs that arise within the mathematical finance literature, see Kohlmann and Tang (2002),
Bank et al. (2017), Belak et al. (2018), Casgrain and Jaimungal (2018, 2020), and Herdegen
et al. (2021).17

To streamline the results in this section, we define the spaces we use to prove existence and
uniqueness of the solution to the FBSDE (4.13).

Define

cl:= {U = (Up)tex ’U is F-adapted and E [fOT |Uy| dt} < oo} ,

e = {U = Wkes

U is F-adapted and E [sup|Ut|] < oo} ,
te®

then, the spaces (C*, |-||..), and (C',||||;) are Banach spaces, where

T
61 = [suplal] el = | [ 16l
teT 0

This is direct consequence of classical results such as: (i) the LP spaces defined on a mea-

surable spaces are Banach spaces for 1 < p < oo, see Volume III and IV of Stein and Shakarchi

15The applicability of the FBSDE we study for large values of T remains to be studied.

161n B.2 we return to the paper by Duffie and Epstein (1992) when we prove the existence and uniqueness of
the BSDE part of the FBSDE we study.

"The work of Herdegen et al. (2021) differs from the others in that they study non-linear FBSDEs under
certain conditions of the non-linearity.
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(2003), (ii) the space (2 x [0,T], Fr ® B([0,T]), P x L) is a measurable space, where B([0,T7])
is the Borel o-algebra of [0,7] and L is the Lebesgue measure, see Chapter 1 in Cohen and
Elliott (2015), and (iii) any left (or right) continuous process is progressively measurable, see
page 42 in Revuz and Yor (2013). We remark that Duffie and Epstein (1992) use the Banach
space (C*,||-||,,) in Appendix A to prove existence and uniqueness of a BSDE via the Banach
fixed point theorem.

An immediate consequence of the previous statement is that the space C' x C! with norm
IO V)llercer = 1N + 11V

is a Banach space, see Chapter XI-7 in Banach (1955).
Next, we transform the FBSDE in (4.13), and then we proceed to prove the three uniqueness
and existence results of this section. By the change of variable §; = 5}7, we assert that a solution

to
5 =27 E, [Dﬂ Fyta, (4.16)
¢
D! :/ /G(és—z)p(dz,ds), Dy =0,
0 JR
with & being F-predictable and D° being F-adapted, exists and is unique, if a solution to
5 =24, [Dﬂ tyta, (4.17)

. ¢ X
i = [ [ GG ~2pzds),  Di=o.
0 JR

exists and is unique, with 5 and D? F-adapted. Finally, by a further change of variables,

O = 0p — 27D§, a solution to (4.16) exists and is unique if a solution to
- T _ .
or = 2vE; [/ /G(58+27Dg —z)p(dz,ds)| + v+ a, (4.18)
t R
- t . .
Df—/ /G(55+2fyD§—z)p(dz,ds), D=0,
0 JR

exists and is unique, with ¢ and D? adapted.
To analyse solutions to the FBSDE (4.18), we study the fixed points of the functional

_(HOVYY _ (20E [ftTfRG(Uus;—z)p(dz,ds>}+7+a>
Y (U, V), (I(U,V))t) ( [ oGy 27V, — 2)p(dz,ds) . (4.19)

and, for completeness, prove existence and uniqueness of the solution of: (i) the backward part
of the FBSDE; (ii) the forward part of the FBSDE; and (iii) the full FBSDE — a result which
we derive independently from the existence of the backward and forward parts of the FBSDE.
For the proofs of (i) and (ii) we refer the reader to B.2.

The next theorem shows the existence and uniqueness of the solution to the FBSDE (4.18).
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Theorem 3. Assumptions 1 and 2 hold. Then, if the parameters k, X\, T, v are such that
ET X (max{1,2~v})? < 1, (4.20)

there exists a unique solution to the FBSDE

T .
o =2vE; [/ / G(d,- + 2’yDg_ —z)p(dz,ds)| + v+ «, (4.21a)
t R

- t ~ -
D) = / / G(0y +2y D’ — 2)p(dz,ds), Dy=0. (4.21b)
0 JR

Proof. Consider the functional Y : C' x C!' — C! x C! defined in (4.19). We know C! x C! is a

Banach space when equipped with the norm
T V)llerer = IHWU, V), + WU, V), , - where  |[U]; =E [/OT !Us!dS] :
Let (U, V) and (X,Y) be in C! x C! and write
TWV) = TO6 Y o =B [ [ 1@V~ 106 Yy

+E [ /0 ' 11U, V), — I(X,Y )| dt] . (4.22)

The first term on the right-hand side of (4.22) satisfies the bound
T
B[ [ 1H@.v) - B Yo
0
T T
<E [/ 2~vE, [/ |P(Us- +279V,_) — O(Xs- +27Y,) dAS} dt}
0 t

T T
§2lm)\/ E[/ |US—+2'yVS_—XS_—2nyS_|d5] dt.
0 t

The second term on the right-hand side of (4.22) satisfies the bound
T
0

T t

g/ E U / (GU, +27V, —2) - G(X, +27Y._ —2)]| ﬁ(dz,ds)} i
0 0o JR
T t

= / E [/ | P(Us- +29V,) = O(Xg- +27Y,) | Asds] dt
0 0

T t
gk?\/ IE[/|U5—+2’st_—XS——2*yY;,_|ds] dt,
0 0

where the last step follows from the Lipschitz property of ® and the bound of (A¢);>0. Now, let
k1 = kX max{2+, 1} and ks = k; max{2+~, 1}, and write

T T
HT(va)_T(va)Hclxcl Skl/ E[/ ’Us*+27vs* _Xs* _27}/3‘dsj| dt
0 0
T
gleE[/ |Ut+2fyv;—Xt—2nyt\dt}
0

T T
SszIE[/ Ut—Xt|dt}+k2TIE[/ \Vt—Y;|dt}
0 0

<O, V) = (X, Y)erxer -
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Thus, Y is a contraction mapping in the Banach space C' x C!, so there exists a unique pair of
processes U* and V* such that Y(U*,V*) = (U*,V*). 1

At the core of the previous proof is that the cumulative distribution function ®; is uniformly
Lipschitz in [0, 7] x €, and that the intensity process (A\¢)i>0 is bounded. As stated before, the
parameter constraint in (4.20) restricts the time horizon of the problem, which also arises in
similar studies such as that of Antonelli (1993). Note that the inequality in (4.20) involves
the upper bound A (see Assumption 2) and the jump-size parameter k. Then, for a given cost
parameter ~, there are two degrees of freedom to choose the units of A and of k, so that the
inequality is satisfied.

In all, we have shown that the candidate optimal control in (4.13) exists and is unique, this
was proved in Theorem 3. It is straightforward to see that 6* € A. By definition, the control
0* is predictable. A short calculation shows

E UOT@;‘)? dt] <TE| sup (27E,- [N7]+7+ a)?

0<t<T

2

T
sup 2(27)? <Nt + E;- {/ )\sds}> +2(v+ a)?
o<t<T t

<16T~*E [N%] + 1692 XT3 +2T (v + a)? < oo,

=TE

where the last inequality follows from (4.1). Therefore the control §* that satisfies (4.13) is an
element of A. Finally, uniqueness is given in the sense of the norm |-||;, meaning that if we

have two processes ¢*,0* € A satisfying (4.16), then [|6* — §*|; = 0.

4.3 Optimality

In this section we show that the discretion 6* in (4.13) is the global minimizer of the agent’s
performance criterion J(4). First, Lemma 2 shows that it is suboptimal to send MLOs with
negative discretion. Then, after two auxiliary lemmas, Theorem 5 demonstrates that if the
infimum is attained in A, it coincides with 4*. Finally, we introduce a collection of coercive
functionals to prove that ¢* is indeed the global minimizer of the performance criterion.

The next lemma shows that it is not optimal to send MLOs with negative discretion; i.e.,
it is suboptimal to send an MLO that bets on a price improvement relative to the best quote
observed by the agent.'® An agent who sends an MLO with negative discretion is worse off
than one who sends an MLO with zero discretion because: (i) an MLO with negative discretion
precludes the agent from scooping price improvements that an MLO with zero discretion would
receive, and (ii) a trade attempt with negative discretion has more chances of being rejected by

the exchange than a trade attempt with zero discretion.

18We remark that this result is for a trader that directly penalises misses; see (4.6). In Chapter 5 we show that
if we do not penalise misses, it can be optimal to send negative discretion.
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Lemma 2. Let A= ={U € A | (t,w) € [0,T] x Q such that Us(w) < 0}, and AT = A\ A~
then, for each U € A=, 3V € A" such that J(V) < J(U).

Proof. Let U € A~ and define V = max(0,U) € A". As Uy(w) < 0 while U(w) < Vi(w) <0
for all (t,w) € [0,T] x Q, we have CY > C} and DY > D} for all ¢ € [0, T], which implies that
JU)>JV). 1

Theorem 4. The control 6* in (4.13) is a local minimizer of the agent’s performance criterion

J(9).

Proof. Recall that the Gateaux derivative (D J(0*),w) vanishes in every direction w € A. The

second Gateaux derivative'” at 6* € A in the directions v,v € A is
2
(D% J(5%), v, v) =E [fOT 6 (57) dA } [(fOT Ve de(67) dAS) ] . (4.23a)
This Gateaux derivative is non-negative. Therefore, §* is a local minimum. B

The next lemma shows that the functional J is Lipschitz continuous.

Lemma 3. Assumptions 1, 2, and 8 hold. Then, the functional J : A — R is Lipschitz
continuous, i.e., there is 7 > 0 such that for all w,0 € A, we have that |J(§) — J(w)| <
1 [0 —wl.

Proof. Let w, § € A and take
n=VTX(k+ak+~vk)+2vkAVT (2XT+¢§ IE[N%]+(5\T)2> >0. (4.24)

Recall that k is the Lipschitz constant of ri(x) = f z ¢4(dz) from Assumption 3. Write
J=JC +aJ 44 J9F and observe that

17(8) — J(w)| < [T9(8) — T (w)| + a | JEP(6) — TEP (w)| +~ [ J9F(6) — T (w)] .
Next, we bound each term on the right-hand side of the inequality. First,
17°(6) — I (w ‘_‘ [/ / G5 — 2) — Glun — 2)) Bu(d) /\tdt”
(Assump.3) S kE |:/ |6t wt‘ dAt:|
0
. T
(Assump.1) S k)\E |:/ |6t - wt’ dt:| .
0
Second,
T
‘JLP<6) _ JLP(w)‘ <E |:/ ’(I)((St) — CI)(wt)] dAt:|
0

T
(Assump.1 & 2) S j\kE |:/ ‘515 — wt| dt:| .
0

19Gee B.3 for details of the second Gateaux derivative.
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Finally,

T T
| J9P(5) — J9F (w)] gm5’w+m[/ lét—wt|dAt] gm5’w+km[/ |6 — wyl dt], (4.25)
0 0

where

QoW . —

E [/OT/R (2 G(6; — 2) DY — 2G(w; — 2) D;’i) ®,(d2) dAt}

The first inequality follows from Assumption 2 and the second from Assumption 3.

Next, we bound the first term on the right-hand side of the inequality in (4.25):
T
AW < ‘E [/ / 2G(6 — z) (Df, — D];‘i) D, (dz) dAt}
0 JR
T
+ ‘E |:/ / 2D;U7 (G((St — Z) - G(wt - Z)) q)t(dZ) dAt:|
0 JR

T T
(G(2) <1 & Assump. 102) < 2AE [/ ‘Df_ —D;‘L‘dt] +2kAE [/ |6 — wy D;"_dt]
0 0

[ dt]
+2k:5\IE[NT/O |5twt|dt]
gzx/OTE[/Ot/R\G(as—z)—a(ws—z)y 64(d2) dA,

+2kA (\/Var(NT) Var (/OT|5t—wt| dt> +E[Nr] E UOT|5t—wt| dtD

- T t=
§2)\k/ E / |0s — ws| Asds
0 0

+2kAV2T\/E[N2] + (AT)? ||6 — w]|

<2)\E

/Ot /RG(‘SS —2) — G(ws — 2) p(dz, ds)
T

dt

T
At +2X2kTE U 16; — w| dt}
0

<4NETE UOT\ét — wy dt] +2kAV2T \/E[NZ] + (AT)2 ||6 — w]| .
Hence,
|J9P () — TP (w)| < (kXA +4X2kT) E [/OT\& — wy dt] +2kAV2T /E[NZ] + (AT)2 ||6 —w]|,
and by the Cauchy—Schwarz inequality we have that
E UOT 16 — wi| dt] <VT |5 —w|, (4.26)
and we conclude that
[7(0) = J(w)| < [J@) = T (w)[ + o [T (8) = T (w)| + 7 [J7(8) = 97 (w)]

< <\/T5\(15+ak+7k)+27k5\\/f <2XT+\/§ IE[N%H—(/_\T)Q)) 16 — wl|

=716 —wl,
where the last equality follows from the choice of 1 in (4.24), which completes the proof. I
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Before proving the main result of this section, which shows that our candidate control is the

global minimum of the performance criterion J(d), we state the following well-known lemma.

Lemma 4. If the functional J(J) has a global minimum 6 € A, then
(DJG),w)>0, YweA. (4.27)

Theorem 5. Uniqueness of global optimality. If J has a global minimum at 6 € A, then
6 =0 a.e. inT x Q, with 6* as in (4.13).

Proof. The proof is by contradiction. Suppose the global minimum 5 € A, but it is not true
that § = 6* a.e. in T x €, with 0* solving (4.13), i.e., there exists (T, O) € B(T) x Fr with
L(T) P(9) > 0 such that 6 # 6* on T x O. First, by Lemma 4

(DJ(),w) >0, YweA, (4.28)

and because § # 0* on T x O, there exists @ € A such that (DJ(4),w) > 0. Now, take
w=—w € A, then

(DJ(5), @) = [/OTﬁ)t b1(0r) (St — 2y E- [Dﬁ —a-— 7) dAt]

[ [ vt 25 [ph]-a-2) 0]

= —(D J(6), %)

<0,

which contradicts Lemma 4. Therefore, if there is a global minimum at 6 € A, then § = §* a.e.
in¥TxQ 1

Thus, we have shown: (i) ¢* is a local minimum for J, (ii) the functional J : A — R is
Lipschitz continuous, (iii) if the infimum for J : A — R is attained in .4, then the infimum is
attained at 0* € A. Next, we show that if J is weakly lower semicontinuous, then §* is the global
minimizer of J over A. To this end, we introduce a collection of functionals that are coercive
and weakly lower semicontinuous in the reflexive Banach space (A, ||-||), which guarantees the
existence of the infimum in the space A, we use this to show that J attains the infimum in
A. For completeness we show how to proceed if J is weakly lower semicontinuous (which we
assume from this point forward). If J is not weakly lower semicontinuous then the result of
local optimality is the best we can show.

Consider the functional J¥ : A — R defined as

2
70) = [Ch+ Db+ (DF)] + 4w lol?
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where ¢ > 0 is a constant; this new functional can be regarded as a Tikhonov regularisation
of the original functional in (4.6).2° It follows that for any & € A, J¥(§) is continuous in 1; in

particular we have that

lim JY(8) = J(6). (4.29)
»—0
Moreover, for every ¢ > 0, J¥ is a coercive functional in the reflexive Banach space (A, ||||),
ie.,
lim JY(§) = oco.
[[6]]—00

Given that for every ¥ > 0, J¥ is a coercive and a wekly lower semicontinuous functional,
it follows that the infimum is attained in A (see Theorem 9.6.6 in Juhubi (2003)). Take the

Gateaux derivative of J¥ and observe that it vanishes in all directions if

N (67Y .
oY = ( *>w (MEt, [D‘ST “’} oyt a) . vtelo,T]. (4.30)
Y+ A @y (515 )
For every v > 0, the function (@)
At G (
x—
P+ A p(x)

is Lipschitz because assumptions 1, and 2 hold, and using the same arguments in the proof of
Lemma 3, the FBSDE (4.30) has a unique solution. Furthermore, Theorem 5 applies to J¥
and 6*¥, and for each ¢ > 0, the global minimizer exists (by Theorem 9.6.6 in Suhubi (2003)).
Hence, for every ¢ > 0, 6%? is the global minimizer of J¥.

Theorem 6. Let {{,}n>1 be a sub-sequence of {1/n}n>1 from Lemma 8. Then

lim JY»(6*¥") = J(6%). (4.31)

n—oo

Proof. The proof follows immediately from the inequality

‘JW (6% %) — J(5%)

< ‘ﬂn@wn) _ J¥n (%)

+ ]an(a*) — J(5Y)

9

from ’J%(é*w") - Jw"(é*)’ — 0 asn — oo (as aresult of Lemma 8), and from }Jw"(é*) - J(5*)| —
0 as n — oo from (4.29). I

We use the above result to prove that §* is indeed a global minimizer of J.
Theorem 7. Global minimizer. For all v € A we have that J(5*) < J(v).

Proof. We prove the theorem by contradiction. Assume there is v* € A such that e = J(§*) —
J(v*) > 0. Then, by (4.29) and (4.31) there exists 7 > 0 such that for ¢ = 1/n

and  [J(0%) — JY(6*Y)| <

)

Wl ™

which implies that
TPty < TV (),

and contradicts that §*¥ is the infimum of J¥. Thus, 0* is the global minimizer of J. 11

20The goal here is to have a coercive functional in a reflexive Banach space.
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In general, adding a regularisation does not necessarily help to find optimality. This is
because as the regularising term goes to zero, the solution typically misbehaves. However,
in our framework, it turned out to be helpful to study the regularising sequence of optimal

solutions because they help to identify the global optimality of the original problem.

4.4 Performance of strategy

The expectation that appears in (4.13) is conditional on the information F;-. Here, we study
a slight variation of the FBSDE in (4.13) and derive a partial-integro differential equation for
the optimal control.

To this end, fix the optimal control 6* € A and define the process (gt)terg, where
5 = 2+, [D%*} tyta.

Observe that ¢* in (4.13) is the caglad (LCRL) version of the cadlag (RCLL) process 6, and

6 = 0,~. Define the dynamics of the missed trades D" as a function of the process :

DS = //G p(dz,ds) + //G q(dz,ds),

and recall that ¢ = p — p is the compensated random measure of N .
Assumption 4. The stochastic intensity (\;),cz has the Markov property.

By Assumption 4, we derive the Markov property of 4, which we use to write &; = h(t, Df y At)

for a differentiable function h with respect to the first argument. Then the process DS is given

by
DS = //G h(s, DS A\-) — 2)p(dz,ds) + //G h(s, D3 A-) — 2)q(dz,ds)

and because ¢ is a martingale, the function A is the solution of a PIDE that we characterize in

the following theorem.

Theorem 8. Let 6, = h(t,DfE,/\t). When assumption J and (4.1) hold, and h is once dif-
ferentiable in the first argument and twice differentiable in the third argument, the function h

satisfies the PIDE

o

0= dh(t, D, ) + L)(t, D, A) + (/ A e(2) dz) (h(t,D +1,\) — h(t,D,))), (4.32)
h

(¢t,D,N)

with boundary and terminal conditions
lim h(t,D,\) = oo and hT,D,\)=2yD+~v+ .
D—oo

Here, L)h(t, D, \) is the infinitesimal generator of the arrival intensity process \ acting on the

function h.
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Proof. Apply 1t6’s formula to 6; = h(t, D,‘E , A¢t) and note that the drift term (i.e., the d¢-term)

vanishes because ¢ is a martingale.?'

The above result provides us with 4 and hence é. To obtain 6*, note that A is continuous in

time by the following observation
T
h(t,D,\) = 27D+’y+oz+/ E[(1 — ®(h(u, Dy, \y))) | Dy = D, Ay = A] du.
t
Recall 67 = §,—, hence, from continuity in time, we have §; = h(t, Df,, Ap-)-

4.4.1 Poisson arrival of trades

We solve the PIDE in (4.32) numerically to illustrate the performance of the latency-optimal
strategy. We assume the agent sends MLOs according to a homogeneous Poisson process with
intensity A = 100, the linear cost parameter is a = 0, the quadratic cost parameter v takes
values in {0.01, 0.05, 0.15}, the marks Z,, ~ N(u,0?) (price and quantity shocks to the LOB)
are independent and identically distributed normal with parameters p and 02, n = 1,2, ..., and
the trading horizon is 7' = 1 day.??

We employ a subset of the data in subsection 4.1.1.1 to estimate the parameters of the
distribution of the marks in the MPP. We focus on the period when the trader sends MLOs
with 10 ticks of discretion to walk the LO; i.e., from December 2016 to March 2017. The mean
and the standard deviation of slacks are —0.099 and 0.977, respectively — below, in the numerical
studies, we assume that the mean value of the shock p = 0.1, and the standard deviation of the
shock o =1, i.e., we assume that Z, ~ N(0.1,1). In Section 4.4.1.1 we explore the results for
other values of the cost parameters a and ~.

Figure 4.2 shows the optimal discretion 6* as a function of the number of missed trades. The
left panel shows three surfaces, one for each value of the quadratic cost parameter . The higher
the value of the quadratic cost parameter for missing trades, the higher is the optimal discretion
employed in the strategy. The right panel shows the optimal discretion when the number of
missed trades is D% € {4, 8, 12}, and the quadratic cost parameter is v € {0.01,0.05,0.15}.
Blue denotes cases with v = 0.01, green for v = 0.05, and red for v = 0.15. Solid lines are
for D® = 4, dashed lines are for D" = 8, and dash-dotted lines are for D®" = 12. Observe
that, everything else being equal, as time approaches T', the optimal discretion to walk the LOB
decreases because the conditional expectation of the number of misses Dy decreases as there is
less time left for new trade attempts.

We perform 100,000 simulations of the agent’s trading activity and Figure 4.3 shows three
sample paths. The top panel shows the optimal discretion of the agent’s orders and the cumula-

tive costs accrued from walking the book and from receiving price improvements. The bottom

2INote that the martingale property of (d;)iex follows from its definition and a straightforward calculation
to prove the integrability condition — the number of misses under any strategy can always be bounded by the
number of trade attempts that we know to be integrable.

22We employ a homogeneous Poisson process for simplicity. Self-exiting intensities and arrivals that reflect the
diurnal patterns observed in FX markets remain to be studied.
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Figure 4.2: Left panel: Optimal strategy 6* as a function of time and the number of missed
trades for v = 0.01 (bottom surface), v = 0.05 (middle surface), and v = 0.15 (top surface).
The remaining parameters are: A = 100, o« = 0, and Z,, ~ N(0.1,1) for every n. Right panel:
Optimal strategy for various values of missed trades; blue curves are for D = 4, green curves
are for D = 8, and red curves are for D = 12.

panel shows the number of missed trades and the number of trade attempts. Clearly, as the
number of missed trades increases (decreases), the optimal strategy is to increase (decrease) the
discretion of the MLOs to walk the LOB.

15

*ml: * Wmlﬁpﬁm%

Time Time

Time Time

Figure 4.3: Sample paths for the optimal discretion §* (top left panel), number of missed trades
D% (lower left panel), cost of strategy C° (top right panel), and number of trade attempts N
(lower right panel) for three simulations of the MPP. Parameters: a = 0, v = 0.1, A = 100,
T=1.

Figure 4.4 reports various cost metrics of the optimal strategy for three values of the
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quadratic cost parameter v. The top panel shows histograms of the cost incurred by the
strategy to fill trades, i.e., C’%*, and the average cost of walking the LOB to fill trades, i.e.,
C% /(N7 — D). Recall that the cost is negative (positive) when the trade is executed with
price improvement (deterioration). The Figure shows that as the value of the quadratic cost
parameter increases: (i) the average cost of walking the book to fill trades increases, the total
cost increases, and the average number of misses decreases, see bottom panels; (ii) the costs of
walking the LOB increase because the strategy fills more orders (i.e., misses fewer trades), see
the bottom-left panel. The bottom-right panel shows that the average ratio of missed trades to

trade attempts decreases when the cost for missing trades increases.
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Figure 4.4: Top left panel: Histogram of the cost C%* of the strategy. Top right panel: Histogram
of the extra cost per filled trade C2 /(N — DY ). Bottom left panel: Histogram of the number
of misses Dgf. Bottom right panel: Histogram of percentage of misses Dgf /Nr.

The tradeoff between higher fill ratios and costs of walking the book are clear. An agent who
seeks very high fill ratios, i.e., high values of (N7 — D3 )/Nr, employs very high values of the cost
parameters in the performance criterion. Other agents may prefer to swap price improvements
for price deteriorations in their overall trading strategy. For example, in the 100,000 simulations
we discuss, when 7 =2 0.1801 the average cost of filled trades, C9. /(Ny — D3.), is zero and the
average rate of missed trades, DJ /Nr is 0.0471.

Finally, a naive strategy employed by liquidity takers is to send MLOs with no discretion to
walk the LOB, see Chapter 3. Here, the expected ratio of missed trades to number of attempts

and the expected cost of the strategy for an agent who sends all MLOs with no discretion to
walk the LOB is E[DY/N7| = 0.5404 and E[C3] = —33.45, respectively. The expected cost is
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negative because the strategy does not accrue costs from walking the book, but may receive

price improvements.

4.4.1.1 Variable-discretion vs fixed-discretion to walk the LOB

Here, we compare the performance of cost-neutral latency-optimal strategies 6* that send MLOs
with fixed discretion (i.e., 7 = 0, so that 0* = «) or with variable discretion (i.e., v > 0, a > 0)
to walk the limit order book — a cost-neutral strategy 0* is one for which E [C%*] =0.

For each cost-neutral strategy 6* we use simulations to estimate two quantities that are used
by the agent to assess the performance of the strategy. Specifically, the agent estimates: (i)
the expected final number of misses E [Dgf], and (ii) the probability that the final number of
misses Dé‘,f is less than a percentage of the trade attempts Np — i.e., estimate }P’[Dﬁ}* < 7 Nr],
where the parameter 7 € [0, 1] denotes the agent’s tolerance level to missed trades.

Before discussing the results of the various simulation exercises, we prove a lemma. The
lemma shows that the expected number of misses of a cost-neutral fized-discretion strategy is

lower than the expected number of misses of a cost-neutral variable-discretion strategy.

Lemma 5. Let 5 € A be a positive cost-neutral fized-discretion strategy, that is, E[Cfsp] =0 and
Y(t,w) € T x Q we have that d;(w) = & € RT. Then V6 € A such that E[CZ] = 0 we have that
E[D}] < E[D}).

A~

Proof. Let § be a positive cost-neutral fixed-discretion strategy with 6 =a e RY. Suppose
that there 35 € A with E[CS] = 0 and E[DS] > E[D3). Then, JC(&) = JC(5) = 0 and
JEP(5) < JEP(6). Fix o = & and v = 0, then J(8) < J(4), which is a contradiction, because
the global minimizer is § — see (4.15). N

Lemma 5 pinpoints one of the insights of the strategy we develop in this chapter. For
traders who seek cost-neutral strategies and also wish to temper their exposure to the number
of missed trades over a trading horizon, it is optimal to employ cost-neutral strategies with
fixed discretion. This could explain the strategies of the foreign exchange traders discussed in
subsection 4.1.1.1.

We proceed with the analysis of various cost-neutral strategies that employ fixed and variable
discretion in their MLOs.

The top panels in Figure 4.5 show the probability that the number of missed trades is less
than 7 = 10% of trade attempts, i.e., ]P’[Di}* < 0.1 N7], and show the expected cost of the
strategy, i.e., E[C%*], when the agent sends orders with a fixed discretion to walk the LOB, i.e.,
v =0 and « € [0, 2.5]. Similarly, the bottom panels show the probability that the number of
missed trades is less than 10% of trade attempts, i.e., }P’[D%* < 0.1 N7] and the expected cost
of the strategy, i.e., E[C2] for v € [0.02, 0.2] and a = 0. The orange dot in each picture shows
the strategy for which E [C%*] =0.
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We study two cost-neutral strategies in detail: (i) fixed discretion: v = 0 and o* = 1.79
(orange dot in the top panels), and (ii) variable discretion: o = 0 and ~* = 0.18 (orange
dot in the bottom panels); i.e., the discretion of the MLOs is variable because it depends on
the number of missed trades. When the agent uses the cost-neutral fixed-discretion strategy,
the expected number of misses is E [D%*] = 4.32, and when the agent uses the cost-neutral
variable-discretion strategy, the expected number of misses is E [D%*] = 4.41. Therefore, an
agent who employs cost-neutral strategies and who also wishes to bear a low expected number
of misses, will prefer MLOs with the discretion of the cost-neutral strategy in (i) than that
cost-neutral strategy in (ii). Note that for each a € [0, a*], there exists v* € [0,~7*] such that
the latency-optimal strategy in (4.13) with parameters o and y“ is cost-neutral.

With the cost-neutral strategy in (i), the agent misses more than 10% of her trade attempts
in 1,294 out of 100,000 simulations; i.e., P[DJ < 0.1 N7| = 98.706%. Similarly, with the cost-
neutral strategy in (ii), the agent misses more than 10% of her trade attempts in 3 out of 100,000
simulations; i.e., P[D} < 0.1 Ny] = 99.997%.

Thus, for the specific choice of parameters in this example, an agent who employs cost-
neutral strategies and who also expects to fill more than 90% of the trades for each trading day,
will prefer to send MLOs with the discretion of the cost-neutral strategy in (ii) than those of

the cost-neutral strategy in (i).

a (y=0) Ca (=0

0 }
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
7y (a=0) 7 (a=0)

Figure 4.5: Top panel shows P(DJ. < 0.1 Nr) and E[CJ'] when y = 0 and for a € [0,2.5], recall
that §* = a when vy = 0, see (4.15). Similarly, bottom panel shows P(DJ. < 0.1 Nr) and E[CS ]
when a = 0 and 7 € [0.02,0.2]. In all pictures, the orange dot marks the lowest value of E [C7]
when P (D7 < 0.1 N7) > 0.99. Other model parameters: A = 100, & = 0, and Z ~ N(0.1, 1) for
all trades.

In general, the expected number of misses and the probability that the final number of misses
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is less than a percentage of the trade attempts depend on the value of the model parameters.
For example, if the shock to the average price per share due to changes in prices is distributed
as Zn ~ N(u, 1) with p € [0.01,0.185], we observe that: (a) the expected number of misses of
the cost-neutral fixed-discretion strategy is lower than the expected number of misses of the
cost-neutral variable-discretion strategy, and (b) the probability that the agent misses less than
10% of her trades is larger for the cost-neutral variable-discretion strategy. However, if the
value of the parameter p > 0.185, then (a) holds, but (b) does not.

The results also depend on the agent’s tolerance to missed trades. For example, if the value
of the tolerance level parameter 7 is greater than 0.05, the probability that the agent misses less
than 100 7% of her trades is larger for the cost-neutral variable-discretion strategy. However, if
7 € (0,0.05], the probability that the agent misses less than 1007% of her trades is larger for

the cost-neutral fixed-discretion strategy.

4.4.2 Pinned arrival rates

In this section, we assume the arrival intensity of the agent’s MLOs is

- m , (4.33)
where M > 0 is a positive integer, ¢ > 0 and recall that N; denotes the number of trade
attempts. The intensity A} is bounded by A = M/e, which is a condition we require in the
latency-optimal strategy we derived above, and if € = 0, the intensity guarantees that Np = M,
see Conforti (2016) and Hoyle (2010).

Now, use the Markov property of 6* to write §* = h(t, D;~, N;-), where the function h

satisfies the PIDE

0 = dyh(t, D, N) + / M=N ) ds | (W, D+1,N + 1) — h(t, D, N))
nepN) LT —t+e

h(t,D,N) M—N
. ( [ AN dz> (h(t, D, N + 1) — h(t, D, N) .

with
h(t, D,M)=2vD +~v+ « and MT,D,N)=2vD+~y+a.

Figure 4.6 shows the optimal discretion to walk the LOB for various values of missed trades

and target number of trades M = 100. The interpretation is similar to that of Figure 4.2.

68



—-D=4 -D=4 L
Hl—bD=8 Hl—D=s | 77T
|--D=12 —e-D =12
0si—N =30ES o051 —N =30
H—N=60Lz —N =60
B—N =090 —N =90
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1
Time Time Time

Figure 4.6: Optimal strategy 6* for various values of 7, number of misses, and number of
attempts. From left to right, cost parameter is v = 0.01, v = 0.05, and v = 0.15. Dotted line
Ny = 30, solid line Ny = 60, and dot-dash line N; = 90. Blue lines D{" = 4, green lines D) = 8,
red lines D,‘f* = 12. The remaining parameters are: M = 100, « =0, e = 0.1, Z ~ N(0.1,1).

We perform 100,000 simulations with the same parameters as above and use the arrival rate
of the MLOs as in (4.33) with € = 0.1. Figures 4.7 and 4.8 report the results, which have a

similar interpretation to that of Figures 4.3 and 4.4, respectively.
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Figure 4.7: Sample paths for the optimal discretion §* (top left panel), number of missed trades
D" (lower left panel), cost of strategy C°° (top right panel), and number of trade attempts
N (lower right panel) for three simulations of the MPP. Parameters: « = 0, v = 0.1, ¢ = 0.1,
M =100,T = 1.
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Figure 4.8: Top left panel: Histogram of the cost Cgf of the strategy. Top right panel: Histogram
of the extra cost per filled trade C2 /(N — DY ). Bottom left panel: Histogram of the number
of misses ng. Bottom right panel: Histogram of percentage of misses D%* /Nrp.

4.5 Conclusions

With few exceptions, the literature on algorithmic trading assumes that latency in the mar-
ketplace is zero. This is not accurate, and the effects of latency on the efficacy of liquidity
making and taking strategies are economically significant. In this chapter we proposed a model
to improve the marksmanship of the orders sent by liquidity takers when, due to latency, the
limit order book is a moving target.

We showed how a liquidity taker chooses the price limit of marketable orders when there
is latency in the marketplace. The optimal strategy balances the tradeoff between the costs
of walking the book and the number of missed trades over a trading horizon. We modelled
the effects of latency as a marked point process that captures the interaction between liquidity
taking orders and the limit orders resting in the book. We characterized the optimal price limit
of marketable orders as a solution to a FBSDE, which, to the best of our knowledge, is new
and, as the extant literature does not have uniqueness and existence results, we prove both.

The strategy developed here may be implemented as another layer of any liquidity taking
strategy (especially those that follow a stochastic trading schedule) that incorrectly assumes
zero latency. Our framework can be applied in other contexts too. In its most general form,
we solve a problem in which the agent decides how much she is willing to pay to absorb a
stochastic shock to achieve an objective or complete a task. For example, (i) market makers in
foreign exchange markets with ‘last look’ can employ the framework developed in this chapter.

The last look feature allows liquidity makers to reject trades, so they are not picked off by
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ultra-fast traders, see Oomen (2017) and Cartea et al. (2019b). Specifically, a foreign exchange
market maker can use our framework to derive the optimal threshold (to reject/accept trades)
that maximizes the number of incoming marketable orders she is willing to fill while minimizing
losses to the ultra-fast traders who snipe her stale quotes in the LOB. (ii) Firm liquidity venues
in all asset classes can use our framework to design a cost-neutral strategy for liquidity takers
who wish to improve the fill ratio of their trades. The venue uses the price improvements that
the trader would have received to pay for the costs that stem from walking the LOB to increase
fills, i.e., the exchange chooses a pair of values of the cost parameters a and v such that the

expected cost of the strategy is zero.
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Chapter 5

Optimal trading with delay

As we have seen so far, in electronic trading, agents are exposed to the risks that stem from
latency in the marketplace. Latency is the aggregate of the time lags associated with the various
stages of a trade. These stages, which occur in succession and are separated in time by random
delays, include: the exchange sends quotes to an agent, the agent receives the quotes, the agent
processes information and sends an instruction to the exchange, the exchange receives and
handles the instruction, and finally, the outcome is notified to the agent. During the latency
period, it is likely that the exchange will process other instructions that modify the limit order
book (LOB) and possibly affect the outcome of the agent’s instructions. In particular, liquidity
takers face the risk that the prices they target are not available by the time the exchange
processes their order because the best quotes they observed were stale and therefore updated
during the latency period.! If the market moves against the trader’s interest, the order will not
be filled or will be filled at worse prices — the outcome depends on the type of liquidity taking
order sent by the trader.

At high frequencies (milliseconds, microseconds), the best quotes in the LOB tend to flicker.
Flickers are unpredictable short-lived deviations of a few ticks from the best quotes, and are the
result of very frequent occurrences of rapid sequences of post-and-cancel activity in the LOB,
and the less frequent arrival of aggressive orders that consume liquidity that is immediately
replenished. Thus, over the latency period, the main source of risk faced by liquidity takers is
from flickers in the book, and, to a lesser extent, the risk that stems from unexpected changes
in the fundamental best quotes by the time their orders are processed. If latency were zero,
traders would not face these risks because they would always take liquidity at the prices and
quantities they observe in the LOB; however, all market participants face latency and latency is
random. Indeed, the latency faced by each market participant consists of an idiosyncratic and
a common component. A trader’s software, hardware, and co-location are pivotal ingredients
that regulate their speed in the marketplace, while the speed of all traders is affected by the

exchange’s capability to process messages and by the quality of the communication network.

1 The risks faced by liquidity providers are different. In particular, their limit orders may be adversely selected
by a taker.
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In this chapter, we show how a trader can execute a large position in a financial instrument
when the trader faces random latency in the marketplace. The dynamics of the best bid price
in the LOB consist of the ‘fundamental’ best quote of the instrument and the flickers (similarly
for the best ask price). Innovations in the fundamental best quote are driven by a stochastic
process, and the size and arrival times of flickers in the quotes are represented by a marked
point process. The trader employs marketable limit orders (MLOs) to execute the position
over a time window; MLOs are liquidity taking orders that specify a price limit and are for
immediate execution only. Filled MLOs have permanent price impact: a filled buy (sell) MLO
exerts upward (downward) pressure on the fundamental value of the instrument. However, if
the price limit of the MLO precludes it from being filled, the exchange cancels the order and
there is no price impact because other market participants cannot observe rejected trades.

In our model, the trader controls the price limit of the MLO and controls when to submit
it to the exchange, both of which largely depend on the trader’s degree of urgency to execute
the position.? An impatient liquidity taker will send sell (buy) MLOs with price limits that are
below (above) the best bid (ask) price they observed in the LOB. This strategy increases the
probability that the MLO is filled when processed by the exchange and caps how far the MLO is
allowed to walk the LOB when there are adverse price changes over the latency period. On the
other hand, we show that patient liquidity takers use MLOs predominantly to send speculative
trades. Speculative MLOs seek a price improvement relative to the price observed by the trader
when sending the order to the exchange. Patient liquidity takers do not use their speed to
finalise their execution programme ahead of time, nor to hit the best quotes they observe in the
LOB, they use speed mainly to send as many speculative MLOs as possible during the trading
horizon — fast traders have many opportunities to retry rejected orders before reaching the end
of the trading window.

We employ proprietary foreign exchange data from LMAX Exchange (henceforth LMAX)
between September 2019 and February 2020 for ten currency pairs to study the order types
that liquidity takers use in the foreign exchange market and to analyse the effect of latency
on the efficacy (i.e., hit and miss) of liquidity taking orders.> In all pairs, MLOs trade more
volume than any other type of liquidity taking order; in particular, more than market orders
(MOs), which are for immediate execution and walk the LOB until filled in full. Though MLOs
offer protection against adverse price moves, traders concede that the order may be cancelled
by the exchange because clearing prices would breach the price limit instructed in the MLO.
For example, in the EUR/USD pair, 41.0% of the MLOs were filled in full, 1.9% were partially

20ur model differs from the well-known Almgren-Chriss framework in a number of modeling assumptions,
namely, (i) we employ MLOs as opposed to MOs (i.e., we can miss trade attempts), (ii) stochastic and deter-
ministic latency can both be accommodated in the framework, and (iii) we introduce the concept of ‘flickers’ and
the key role of price protection over the latency period. Our models are similar in that (i) we both search for
the optimal strategy to liquidate a position under the presence of transaction costs and price impact, and (ii) the
liquidity taker does not employ LOs to execute the position. In an Almgren-Chriss framework with execution
delays, the trader would not choose the optimal times to send the liquidity taking orders.

3See www.1lmax. com.
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filled, and 57.1% were rejected.* The MLOs that were partially or fully filled represent 56.9% of
the volume traded in the pair, while MOs represent 13.5% of the total volume. The limit rates
of rejected MLOs were, on average, three ticks away from the best quote in the LOB when they
were processed by the exchange.

We use the LMAX data to implement and to benchmark the performance of the trader’s
random-latency-optimal execution strategy against four strategies: (i) send MOs over a trading
window and assume latency is zero, (ii) send MLOs over a trading window and assume that
latency is deterministic, (iii) employ a discrete time-weighted average price (TWAP) strategy
that sends MOs at equally spaced time intervals over the execution window, (iv) send one MO
to execute the entire order at the beginning of the trading window, where, unrealistically, we
assume that there is enough liquidity at the best bid in the LOB to fill the entire order.

Estimates of model parameters for the EUR/USD currency pair are obtained with data
between 1 August 2019 and 31 August 2019, and trading strategies are implemented with
data between 1 September 2019 and 29 February 2020. We show that the performance of
the random-latency-optimal strategy and that of the deterministic-latency-optimal strategy
are statistically the same.” When the trader is patient, both strategies outperform the other
benchmarks by a cash amount that is greater than the transaction costs paid by liquidity
takers in foreign exchange markets. And around news events, the value of the outperformance
increases to between two and ten times the value of the transaction costs. The source of the
better performance of the latency-optimal strategies stem from the speculative MLOs that are
filled during the trading horizon, and the price protection of the MLOs against adverse price
moves. In the EUR/USD pair, the number and the value of filled speculative MLOs increase
when market activity increases because the probability and the size of observing positive flickers
in the best bid rate increase during heightened market activity — this explains the considerable
outperformance of the latency-optimal strategies around news events. Finally, we show that the
value of the outperformance decreases as the degree of impatience of the trader increases because
the strategy sends fewer speculative MLOs — very impatient traders do not send speculative
MLOs, all their MLOs are for price protection.

As far as we are aware, this is the first work to appear in the literature that shows how
to optimally execute a position in an asset when the trader faces random latency. Closest
to our work, are those by Oksendal and Sulem (2008) and Bruder and Pham (2009), where
the authors investigate general impulse control problems with deterministic delay, while ours

assumes stochastic delay. Oksendal and Sulem (2008) study an infinite horizon control problem

4Note that these percentages are describing all market participants. While brokers tend to care about not
missing trade attempts, there are many other market participants that send speculative ML.Os that aim to find
hidden liquidity; later in the chapter we see that these practices constitute the majority of the misses we observe
here. Thus, these rejections should not be thought of as trader indifference to misses.

5As stated above, latency is random; thus, assuming a deterministic latency is a simplification. However,
our results suggest that as long as the trader knows the expected latency, the performance of both the random-
latency-optimal strategies and the deterministic-latency-optimal strategies is similar. The difference between
random-latency-optimal strategies and deterministic-latency-optimal strategies needs to be studied further in
other financial markets/instruments.
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with deterministic delay and arbitrary number of pending orders, while Bruder and Pham (2009)
investigate a finite horizon stochastic control problem with any finite number of pending orders
—these two works differ in the assumptions on the impulse operator and general dynamics of
the system. Here, our notation and framework is closer to that in Bruder and Pham (2009).
The key mathematical novelty that distinguishes our work is that delays are stochastic. From
a modelling perspective, this requires an explicit definition of the sigma algebra of the trader
and, compared to the literature, our proofs require a careful study of the new terms that arise
as a consequence of stochastic delays.

Although our model focuses on an optimal execution problem with stochastic latency, our
framework is general and can be applied to control problems in which the outcomes of the
controlled actions are observed with stochastic delay. In financial applications, our model may
be implemented in all asset classes that trade in electronic LOBs with liquidity taking orders that
consider price limits and immediate time-in-force of the liquidity taking orders.® In contrast,
all models of optimal execution in the extant literature assume that the trader operates in the
marketplace with zero latency and employ only MOs to take liquidity.”

In the next section, we employ high-frequency foreign exchange data to show that MLOs
protect orders from adverse price moves and also receive price improvements when prices move
in the trader’s interest over the latency period. Section 5.2 introduces the trader’s optimal
execution problem with random latency and characterises the random-latency-optimal strategy
as the solution of a Hamilton-Jacobi-Bellman quasi-variational inequality (HJIBQVI). Section
5.3 develops two benchmarks where the investor faces deterministic latency or faces no latency.
Section 5.4 compares the performance of the trader’s random-latency-optimal strategy with that

of the benchmarks. Section 5.5 concludes and we collect some proofs in the Appendices.

5.1 Order types and data

5.1.1 Orders and revealed preferences

In order-driven electronic markets, the basic building blocks to trade are orders that provide
liquidity and orders that take liquidity. When a trader sends an order to the exchange, the order
contains two specific instructions: quote type and time-in-force.® The quote type specifies the
main feature of the order: price limit (i.e., LO), no price limit (i.e., MO), a trigger (i.e., stop
orders), among others. The time-in-force refers to how long the order is active in the market.

The shortest time-in-force is immediate execution and the longest time-in-force is typically for

SMajor equity exchanges and foreign exchange venues that offer MLOs include LMAX, LSE, Chi-X, Cboe,
Nasdaq, CME, and NYSE.

"For example, see Almgren and Chriss (2000), Almgren (2003), Bayraktar and Ludkovski (2010), Alfonsi et al.
(2010), Guéant et al. (2012), Guilbaud and Pham (2013), Cartea et al. (2014), Cartea and Jaimungal (2015),
Guéant (2015), Cartea and Jaimungal (2016), Barger and Lorig (2019), and the monographs Cartea et al. (2015)
and Guéant (2016).

8See Section 2.2.
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the rest of the trading day.” Two prominent liquidity taking order types that have an immediate
execution time-in-force are immediate-or-cancel (IoC) and fill-or-kill (FoK). IoC is an order to
buy or to sell assets that must be executed immediately, in full or in part, while obeying the
order’s price limit, and any portion of the volume of the order that cannot be filled at the
desired price limit is cancelled. FoK is an order to buy or to sell assets that must be executed
immediately in full or it is cancelled.

Combinations of the various features constitute the type of order that market participants
send to the exchange. Here, we focus on the types of liquidity taking order that are designed to
protect traders against the frictions that stem from latency. MLOs are liquidity taking orders
that have a price limit and the time-in-force is IoC or FoK.' MLOs protect liquidity takers
from adverse price movements that occur between the time the trader makes a decision to trade
(on a possibly stale quote) and the time the exchange matches the order with a limit order
resting in the book (when possible). If latency were zero for all liquidity takers, MLOs would
be redundant because traders would take liquidity at the price and quantity, they observe in
the book; i.e., trades would not need price protection.'!

There are, however, no traders with zero latency in the marketplace. Indeed, each market
participant is exposed to their own random latency, which depends on two components: (i)
Idiosyncratic component: hardware, software, and co-location of each trader are key determi-
nants of the baseline latency that they experience in the market. (ii) Common component: all
traders are exposed to the random delays in the matching engine when it becomes overcrowded
(the capacity of exchanges to process messages is limited), and are exposed to the variability
in the quality and speed of the communication channels between traders and the exchange.
Therefore, the time it takes traders to receive and to process information, and the time it takes
the exchange to process instructions, are stochastic and constitute additional layers of random
delays that affect the latency of each trader (and of each trade) in the marketplace; see Chapter
3 for empirical evidence in foreign exchange markets.

Traders reveal their preferences when they choose a type of liquidity taking order for a trade
or a sequence of trades whose outcome is contingent on latency. Their choices demonstrate that
traders balance the cost of completing a trade and the costs of price protection. A trader who
must complete a trade without delay will choose an MO to guarantee execution in full — and
expose the trade to price movements over the latency period. On the other hand, a trader who
can afford to miss the trade if the price is ‘not right” will choose an MLO. Thus, in exchange
for price protection against adverse price movements, the trader concedes that the trade might

not get filled. On the other hand, if prices move in a favourable direction, the trader receives a

9Venues such as LSE allow long time-in-force. For example, LSE has the option of sending orders that can be
active for up to 89 days.

0An MO is an MLO without price limit; here the MLOs we consider have a finite price limit and are for
immediate execution.

1 An advantage of trading with MLOs, as opposed to trading with LOs (without ToC/FoK time-in-force), is
that attempts to trade using MLOs are not revealed to other market participants unless a trade happens, whereas
all LOs that rest in the LOB are disclosed to other market participants.
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price improvement; i.e., the MLO is executed at a better price than the trader’s decision price.
Indeed, MLOs are also used by traders to complete a trade only if the price improves over the
latency period. In the next section we provide summary statistics of the use of MLOs in foreign
exchange markets.

In asset classes such as equity, fixed income, foreign exchange, and commodities, MLOs are
available in exchanges that trade in a limit order book.!? Each exchange has its own rules, but
all acknowledge that liquidity takers seek to protect their trades from the risks that arise from
latency. Thus, exchanges provide market participants with order types where they can specify

the price limit and time-in-force of their liquidity taking orders.

5.1.2 Data

We present descriptive statistics for ten currency pairs in the foreign exchange spot market at
LMAX. The data are stamped at a microsecond frequency and the range is from 1 September
2019 to 29 February 2020 — in Section 5.4 we use data from August 2019 to estimate model
parameters. For each currency pair we have: the aggregate volume of the limit sell orders posted
at the best ask rate; the aggregate volume of the limit buy orders posted at the best bid rate;
liquidity taking orders sent to the LOB, including the type of order and trader identification;
rate limits of MLOs; full fills, partial fills, and rejected liquidity taking trades. Finally, our data
set does not contain the liquidity posted at the LOB beyond the best bid and best ask rates,
but does contain the average rate paid or received for all liquidity taking orders, including those
that walked the LOB beyond the best quotes.

Table 5.1 shows the percentage of the total number of trades that are MLOs, MOs, and
others, and also shows the percentages by traded volume. Recall that the MLOs we consider
are [oC and FoK with an immediate time-in-force. In practice, the exchange processes the order
as soon as it arrives and matches it (if possible). This processing time usually takes under 80
microseconds and it is followed by a message from the exchange to the trader to notify the
outcome.

The category ‘others’ includes the remaining order types that take liquidity, for example,
marketable: (i) limit orders that are good-until-cancel and good-for-day, (ii) stop orders good-

for-day and good-until-cancel, and (iii) dark limit orders good-for-day and good-until-cancel.

12F g., see order types in https://markets.cboe.com/, https://www.londonstockexchange.com/, www.lmax.
com/, www.cmegroup. com, www.nasdaq.com. Note that FoK, IoC are the time-in-force qualifier of MLOs.
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Number of trades Volume traded

‘ MLOs MOs Other MLOs MOs Other

EUR/USD 36.7% 32.1% 31.2% | 56.9% 13.5% 29.6%
USD/JPY 41.4% 6.9% 51.7% | 55.8% 31%  41.1%
EUR/GBP 38.3% 8.0% 53.7% | 73.0% 52% 21.8%
GBP/USD | 53.6% 21.9% 24.5% | 72.8% 7.1%  20.2%
USD/MXN | 44.7% 24.6% 30.7% | 52.0% 26.3% 21.7%
USD/CAD | 62.2% 10.9% 26.9% | 71.2% 2.6% 26.1%
GBP/JPY 49.1% 19.4% 31.5% | 61.2% 8.5%  30.3%
EUR/JPY 33.0% 7.3% 59.8% | 65.0% 4.3%  30.8%
AUD/USD | 66.7% 10.6% 22.7% | 71.0% 4.4%  24.6%
AUD/JPY 52.8% 11.7% 35.5% | 59.9% 6.1%  34.0%

Table 5.1: Percentage of liquidity taking by order type. Period: 1 September 2019 to 29
February 2020. For each currency pair, we use bold to highlight the highest percentage by
number of trades and by volume traded.

By volume, MLOs are employed more than any other type of liquidity taking order in all
currency pairs. In highly liquid currency pairs such as EUR/USD, USD/JPY, EUR/GBP,
GBP/USD, the volume traded with MLOs is between 55% and 73%, which is between four and
fourteen times higher than the volume traded with MOs.

The information in Table 5.1 shows that traders in LMAX have a strong preference for
MLOs over any other type of order to consume liquidity. As discussed above, these revealed
preferences show that traders balance the tradeoff between the costs of missing a trade as a
result of latency in the marketplace and both the costs of price protection and the benefits of
speculative trades. A trader who must complete a trade will choose an MO. A trader who can

afford not to complete a trade, if the price is ‘not right’, will choose an MLO.

5.1.3 Flickering of best rates in the LOB

Figure 5.1 shows snippets of the evolution of best quotes and liquidity taking activity for the
currency pair EUR/USD on 3 September 2019 at around 2.00pm British summer time — the
data are timestamped to the microsecond. Solid circles denote filled sell MLOs, squares denote
filled sell MOs, and empty circles denote sell MLOs that were not filled because the limit sell
rate in the order was higher than the best bid rate in the LOB when the exchange processed
the order.

The left and centre panels of the figure show the best bid rate and sell liquidity taking orders
between 2.00.00pm and 2.01.00pm (i.e., one minute) and between 2.00.08pm and 2.00.14pm
(i.e., six seconds), respectively. It is clear that the best bid rate goes through unpredictable
flickers, which are extremely short-lived deviations of a significant number of ticks from the
‘fundamental’ or ‘true’ value of the best bid rate. These flickers are the result of: cancellations
and arrivals of limit orders at the best bid rates, and liquidity that is consumed by aggressive
orders and immediately replenished by the arrival of limit orders.

The panel on the right-hand side shows a one-second snippet, between 2.00.12pm and
2.00.13pm, of the best bid rate and the best ask rate and the liquidity taking orders, all of
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which were buy MOs. In most cases, flickers on either side of the LOB cause a short-lived
widening of the quoted spread of the LOB.

From visual inspection, flickers in the best bid (best ask) rate are more often negative
(positive) than positive (negative). This is a prevalent feature in the dynamics of the best
quotes in the LOB. We return to this in Section 5.4 when we estimate model parameters and

discuss the distribution of the flickers in the performance of the execution strategies.
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Figure 5.1: Best bid rate (blue line), best ask rate (red line), missed MLOs (empty circles),
filled MLOs (full circles), filled MOs (squares). Left panel: 2.00pm to 2.01pm (60 seconds).
Centre panel: 2.00.08pm to 2.00.14pm (6 seconds). Right panel: 2.00.12pm to 2.00.13pm (1
second). Microsecond data of EUR/USD pair, 3 September 2019.

5.1.4 Distribution of flickers: hit and miss

We proceed to discuss the limit rates employed by traders who send MLOs to buy and to sell
the EUR/USD currency pair.!> We employ the same data as that in Table 5.1 — the results for
the remaining currency pairs are similar. To analyse both the hit and miss performance of the
MLOs and the distribution of the flickers in the best quotes, we compute the slippage-price-
improvement (SPI) measure

SPI, = (L; — M) I;. (5.1)

Here, L; denotes the exchange rate limit of the order, i.e., the maximum (minimum) rate that
the trader is willing to pay (receive) per unit that she wishes to buy (sell); M; is the exchange
rate that the order would pay (receive) per unit bought (sold) if the order is filled in full. The
indicator I; determines the direction of the order: I; takes the value +1 when the trader sends
a buy MLO and takes the value —1 when the trader sends a sell MLO, and ¢ =1, - -+ , n, where
n is the total number of MLOs. Thus, when SPI; is positive, the order was filled (relative to
the limit rate L;) with a slack of SPI; ticks; which we refer to as price improvement. Similarly,
when SPI; is negative, the order missed (fully or in part) by SPI; ticks (relative to the limit
rate L;); which we refer to as slippage.

For each MLO, the quantity in (5.1) could understate or overstate slippage and price im-
provement relative to the trader’s decision rate; note that we compute SPI relative to the limit

rate instructed in the order. Our data set does not contain the time-stamps of when the trader

13We choose to work with EUR/USD because it is the most traded currency pair in LMAX. The results and
insights we obtain are the same for the other currency pairs.
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submitted the MLO to the exchange, nor does it contain the rate observed by the trader when
the trader decided to trade (i.e., the decision rate). We have the time-stamp of when the order is
processed by the exchange. Thus, we do not know the best bid and best ask rates and quantities
posted in the LOB when the trader decided to send the order.

The trader may find it optimal to send a buy MLO with a limit rate that is below the
observed best ask rate or to send a sell MLO with a limit rate that is above the observed best
bid rate. In other words, traders may send speculative MLOs that are filled only if there is a
price improvement relative to the quotes they observe when deciding to trade — in Section 5.3
below we return to this point and show that it is optimal to send MLOs that target a price

improvement.

Count

i I
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Figure 5.2: Histograms of SPI between -25 ticks and 25 ticks in log-scale for the EUR/USD
currency pair, 1 September 2019 to 29 February 2020. One tick in EUR/USD is 107> USD.
Left panel: all MLOs. Right panel: MLOs with limit rate equal to trader’s decision rate.

Figure 5.2 shows histograms in log-scale of SPI for the MLOs in the EUR/USD currency
pair, where the z-axes in both panels are truncated to lie between —25 and 25 ticks. To gain
insights into the limit rates of the MLOs and into the distribution of the flickers, the left panel
of the figure shows the histogram of SPI with all the MLOs sent to the exchange, and the right
panel shows a histogram of SPI with the ML.Os that aimed at the best quote, i.e., the trader’s
decision rate and the limit rate she instructed in the MLO are the same. We consider that
the limit rate of an MLO is equal to the decision rate of the trader if at any point within the
previous 150 ms of the processing time of the MLO there was a best quote in the LOB equal
to the limit rate of the MLO.'* The histograms are for both IoCs and FoKs. We do not show a
histogram for ToCs and one for FoKs because their shapes are similar to those of the histograms
shown here.

In both panels, the histograms are skewed to the left. The skewness may be due to informed
traders in the market and due to the distribution of the flickers. Informed traders send buy
(sell) MLOs in anticipation of an increase (decrease) in the exchange rate. Thus, all else being
equal, their trading strategies skew the distribution of SPI to the left because it is more likely
that a buy (sell) MLO misses the trade when the exchange rate drifts up (down). Informed

MLOs are included in the left panel. In addition, the skew in the histogram also results from

4We obtain similar results when we assume that the look-back window is 100 ms.
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asymmetry in the distribution of the size of the flickers — this is better represented in the right
panel where the limit rate of the MLO is equal to the trader’s decision rate; see also right-hand
panel of Figure 5.1, where most flickers on the best bid (ask) rate are negative (positive). Below
we show that flickers in the best bid rate are negatively skewed and flickers in the best ask rate
are positively skewed.

The histograms provide a consolidated view of the distribution of SPI for all traders. How-
ever, the distribution of SPI faced by each individual trader depends on their liquidity taking
strategy and, more importantly, on their latency. We return to this point below when we imple-
ment execution strategies and show how a trader uses LOB data to determine the distribution
of SPI they face.

5.1.5 Liquidity: make and take

In this subsection, we report various statistics of the volume posted at the best quotes in the
LOB and the volume of the filled liquidity taking orders of the ten currency pairs we study.
The key message is that liquidity taking orders hardly ever consume all the liquidity available
at the best quotes in the LOB.

Table 5.2 reports statistics of the liquidity taking and the liquidity provision activity during
the period 1 September 2019 to 29 February 2020 between 9.00am and 4.00pm British summer
time. Columns two to four describe the liquidity taking activity. The mean, median, and
standard deviation are in 10,000 units of the base currency. For example, the mean value of the
traded quantity in the pair EUR/USD is 20.94, which, in the base currency EUR, is a mean of
209,400 EUR.

The last four columns of the table summarise statistics of the spread and of the best quotes
in the LOB: the time-weighted spread for each currency pair, the time-weighted quantity, the

median quantity available at the best quotes, and the mode quantity at the best quotes.

‘ Volume of liquidity taking trades Liquidity provision
Pair Mean Std Median | TWS TWQ ask/bid Median Q ask/bid Mode Q ask/bid
EUR/USD 20.94 26.64 4.00 | 3.94x1075 160 / 159 100 / 100 50 / 50
USD/JPY 26.81 23.78 27.00 | 4.20x1073 110 / 109 100 / 100 50 / 50
EUR/GBP 12.93 21.50 0.60 | 9.30x10° 94 / 94 80 / 82 50 / 50
GBP/USD 20.65 21.97 14.40 | 9.83x107° 91 /91 75 / 66 50 / 50
USD/MXN 37.09 23.55 50.00 | 4.67x10~3 80 / 80 50 / 50 50 / 50
USD/CAD 31.30 27.42 30.00 | 8.34x107° 101 / 104 100 / 100 50 / 50
GBP/JPY 20.03 16.35 30.00 | 1.55x1072 71/ 71 50 / 50 50 / 50
EUR/JPY 14.44 22.33 0.60 | 8.77x1073 100 / 100 100 / 100 50 / 50
AUD/USD 32.77 28.23 32.10 | 5.65x107° 113 / 114 100 / 100 50 / 50
AUD/JPY 31.08 23.27 40.00 | 8.62x10~3 88 / 90 94 /99 50 / 50

Table 5.2: TWS: time-weighted spread. TWQ: time-weighted quantity available at best quotes.
Period: 1 September 2019 to 29 February 2020 between 9.00am and 4.00pm Each unit of
quantity is a lot of 10,000 units of the base currency.

Table 5.3 shows the percentage of occurrences when the traded quantity is greater than:

the time-weighted quantity at the best quotes; the median quantity at the best quotes; and the
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mode of the quantity at the best quotes. Note that the information in columns 1, 3, 5 is the

same as that in the last three columns of Table 5.2.

Currency pair  TWQ ask/bid TQ > TWQ  Median Q ask/bid TQ > MQ Mode Q ask/bid TQ > MoQ

EUR/USD 160 / 159 0.1% 100 / 100 0.2% 50 / 50 4.6%
USD/JPY 110 / 109 0.1% 100 / 100 0.1% 50 / 50 2.6%
EUR/GBP 94 / 94 1.2% 80 / 82 1.4% 50 / 50 1.9%
GBP/USD 91 /91 1.2% 75 / 66 1.5% 50 / 50 2.3%
USD/MXN 80 / 80 4.6% 50 / 50 5.9% 50 / 50 5.9%
USD/CAD 101 / 104 0.2% 100 / 100 0.2% 50 / 50 7.6%
GBP/JPY 71/ 71 0.7% 50 / 50 0.9% 50 / 50 0.9%
EUR/JPY 100 / 100 1.8% 100 / 100 0.2% 50 / 50 2.8%
AUD,/USD 113 / 114 0.1% 100 / 100 0.1% 50 / 50 8.8%
AUD/JPY 88 / 90 1.5% 94 / 99 1.4% 50 / 50 0.1%

Table 5.3: TWQ: time-weighted quantity available at best quotes. TQ: traded quantity. Q
ask/bid: quantity posted at best ask rate and best bid rate. Period: 1 September 2019 to 29
February 2020 between 9.00am and 4.00pm. Each unit of quantity is for 10,000 units of the
base currency.

We observe that in all currency pairs, the proportion of trades that cannot be filled with
the liquidity available at the best quotes is between 0.1% and 8.8%. In the model that follows,
we assume that the volume of the MLOs sent by the trader to the exchange is such that the
orders will not walk the LOB.

5.2 Optimal execution with random latency

We present a model of optimal execution with random latency. We focus on the execution of
a large order that is divided in child orders that are sent to the market over a finite trading
horizon. However, we remark that our model is useful to decide the optimal strategy to execute
as little as one order over a trading horizon.

Our discussion is framed within foreign exchange markets; however, our model is general and
applicable in all asset classes in which instruments are traded in an visible electronic LOB. Also,
our framework may be applied in general stochastic control problems in which the outcomes
of the agent’s actions are known at a random future date. The remainder of this subsection
proceeds as follows. Subsection 5.2.1 discusses the correspondence between the clock of the
exchange and the clock of the trader. Subsection 5.2.2 presents a model of the best bid rate
and in subsection 5.2.3 we discuss the modelling framework to determine fills or misses of
trade attempts. Subsection 5.2.4 characterizes the set of admissible strategies of the trader,
and subsection 5.2.5 presents the system dynamics of the control problem faced by the trader.
Finally, we define the value function of the trader and discuss stylised features of the random-

latency-optimal strategy.
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5.2.1 Trader’s clock

As discussed above, traders observe data that could be stale because it takes time for the
information sent by the exchange to reach the trader. In this subsection, we discuss the one-
to-one correspondence between the clock in the exchange and the trader’s clock. Due to this
correspondence, it suffices to model all processes and derive the random-latency-optimal strategy
in the trader’s clock.

Figure 5.3 depicts how latency affects the flow of information between the exchange and the
trader; the left (right) panel assumes that latency is deterministic (stochastic). In both panels
of the figure, we map the time of the events in the exchange to the time of the events for a trader
who experiences latency in the marketplace. At time eg = tg the exchange sends data to the
trader, the trader receives the data at time t; = e, where ¢ — tg = e; — eg is the observational
latency. From t7 = ey to t9 = e9, the trader processes market information and decides to trade.
At time t5 = es the trader sends an instruction to the exchange and the exchange receives the
instruction at e3 = t3. Between ez = t3 and ey = t4 the exchange processes the trade attempt
and at time e4 = t4 the exchange notifies the agent the outcome of the trade attempt. The

trader receives the notification at ts.

€ €1 €2 €3 €4 €5 €0 €1€2 €3€4¢€5

‘ / \ »  Exchange clock \ / \ »  Exchange clock
»  Trader clock : — >  Trader clock

to t1 ty t3 tg ts to  tity tstats

Figure 5.3: Diagram of the various layers of latency. Left panel: deterministic latency. Right
panel: random latency.

In both cases depicted in the figure, the latency ey to e4 in the exchange maps to the
latency t; to t5 in the trader’s clock. Thus, our model is developed in the timeline of the
trader (blue arrow), where the relevant delays are those from ¢; to t5, which, due to the one-
to-map correspondence, accounts for the latency period of each trade attempt, including the

observational delay.

5.2.2 Exchange rate dynamics and execution of MLOs

The left-hand side of Figure 5.4 shows a simulated path of the best bid rate, which we depict
as: the fundamental best bid rate (continuous line) plus short-lived flickers (dash line). In the
figure, to denotes the time when the trader sends a sell MLO to the exchange, and o denotes the
time when the trader receives the notification of the outcome of the MLO. For clarity, we say
that flickers happen at ‘processing times’ and the trader learns about it at ‘notification times’ —
see Figure 5.3, where the flicker that potentially affects the trade outcome happens at time ey,
but it is learned by the trader at the notification time ¢5; note that the pair (¢o,t) corresponds

to the pair (¢1,t5) in Figure 5.3.
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As discussed above, flickers are short-lived deviations, so here we assume that only the flicker
that occurs at the processing time tg is relevant when the exchange processes the trader’s sell

MLO. Therefore, the trader models the best bid rate S = (S);>0 as
gt =S+ F, (52)

where S = (S¢)1>0 denotes the fundamental best bid rate, and F' = (F})>0 denotes the flickers
that affect the bid rate only at processing times of MLOs.!> Model (5.2) does not include flickers
that occur between processing times of the MLOs sent by the trader — it models paths that are
relevant for the trader; see e.g., right-hand side of Figure 5.4. In the sequel, we refer to S, as
the observed best bid rate and in Section 5.4 we show how the trader employs the data of the
LOB to obtain the fundamental best bid rate S;.!6
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Figure 5.4: Left panel: best bid rate in LOB, which consists of fundamental best bid and all
the flickers. Right panel: best bid rate observed by the trader Sy = S; + Fi.

Formally, the notification time of the order and the size of the flicker are modelled by the
background marked point process (MPP) N = (T}, Zy,),,», with random measure is p(dz, dt).
The background MPP dictates the stopping time when the outcome of each order is notified
to the trader and dictates the flicker that affects the fundamental bid rate when each order is
processed.!” That is, the trader sends a sell MLO to the exchange at time ¢ and the exchange
notifies the outcome of the order at time ¢, where £ is the next stopping time (after ¢) when a
mark (i.e., flicker) of the MPP arrives. More precisely, let n > 1 such that T,,—; <t < T), so
the notification time ¢ is 7}, and the flicker F;is Z,. Note that the value of the flicker Fj at the

notification time is independent of the trader’s information at time ¢.

Y5 Equation (5.2) is key to include the flickers in our model. This approach differs from the Almgren-Chriss
framework in that we do not model the best bid plus a temporary price impact. Recall that unlike the Almgren-
Chriss framework, we do not optimise over the quantity of each trade attempt; in our model the quantity is fixed
and is for an amount that can be filled with the liquidity available at the best quotes. The Almgren-Chriss model
helps to find the optimal quantity to trade at each time step to minimise executions costs, while our framework
helps to find the optimal limit rates to attach to the MLOs in a liquidation programme.

16The model for the best ask rate is similar. Below we focus on a liquidation problem, so only the best bid
rate is relevant.

"Tn the next sections we see that the background MPP helps to keep the framework tractable. In particular,
having exponential waiting times simplifies the state space because of the memoryless property of exponential
random variables.
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The background process N is non-explosive and the interarrival times (7; — Tj—_1);>1 are
independent and identically distributed exponential random variables with parameter A > 0
and Ty = 0. The flickers (Z,,),>1 that affect the fundamental best bid rate at processing times

take values in R and are i.i.d. with law:

v(dz) = podyoy(de) +prny e 1o oyde+p_n-_e’ "1y dz, (5.3)

price improvement slippage

where 00y (dz) is the Dirac measure centered at zero, 74,1 € (0,00), and po, p+,p— € Rt with
po+py +p-=1"%
Let T € (0,00). It is straightforward to see that

E[p® 0.7)] <o amd E UOT/R|Z| p(dz,dt)} < o0, (5.4)

The law in (5.3) is a modelling choice; the framework we develop here is valid for any law v(dz)
that satisfies the two conditions in (5.4).

Finally, one could specify other models for the flickers of the best bid rates (similarly for the
best ask rates). For example, one could assume that all flickers that affect the best bid quotes in
the LOB follow a fast-mean-reverting to zero Ornstein—Uhlenbeck process. Another alternative
is to include a further MPP in (5.2) to model ‘all’ the flickers in the best quote, in addition
to those that affect the MLO when it is processed by the exchange. However, although these
alternatives include desirable properties of the observed best bid price, they would increase the
complexity of the problem without adding further insights; these alternatives are very likely
to produce the same qualitative results we find below when we implement the latency-optimal

strategies.

5.2.3 Outcome of trade attempts: miss or fill

The information flow that the trader observes is encoded in the filtration F = (F;);>0, defined
by
Fr=0(Ws, p(4,[0,5]), A € BR), s <t) .

Let 7 be an F-stopping time, and set N; = p(R, (0,¢]) for t € (0,7] and Ny = 0, where IV,
denotes the total number of marks of the background process NV up to time t. We define the

notification time 7 of a trade attempt by
T=inf{t>7 | AN, >0},

where A N, = Ny — Ny—. Thus, 7 denotes the time when the exchange notifies the outcome of
the trade attempt sent at time 7 < 7. Henceforth, we put a tilde * on stopping times to denote

that they are notification times.

18Tn Figure 5.4 we assume that S; is a standard Brownian motion and the flickers arrive at exponential times
with law
v(dz) = 0.76 570y (dz) + 0.08 x 2e > 1,50y dz +0.16 x 2€** 1,0y dz.
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The following lemma shows that: (i) the notification times are stopping times, (ii) the times

between trade attempts and notification times are i.i.d. with exponential distribution.

Lemma 6. Let (7;);cy be a sequence of F-stopping times where the index i denotes the ith trade
attempt, and let (7;);c be the sequence of notification times of the outcome of each trade attempt.
Let (73);en and (%);ey satisfy 7; < Tip1 for all i € N, then: (i) (%);cy are F-stopping times,
and (i) (7; — 7i);en constitute a collection of independent and identically distributed random

variables that are exponentially distributed with parameter A > 0.

Proof. (i) Let j € N and ¢t > 0. Then
{7:]' <t} = {Tj <t} Nn{N; > Nt/\‘rj} eF

because {7; <t} € Fy and {N; > Niar, } € Fy.
(ii) For « € N and t > 0 we have

P(7; — 7 >t)=P(inf{s > 0| ANgy,, >0} > 1)
=P (inf{s > 0| AN, > 0} >t) = e

because (N, +s—N,

(3

)s>0 is a Poisson process with parameter A. Finally, the collection (7; — 7;),c

has the independence property because [r;, 7;);cn are over non-overlapping intervals. 1

Next, we define the auxiliary process F = (F;):>0, which we employ to determine the outcome
of the trade attempts. The value of F; is the most recent mark up to time t. Thus, the process

F satisfies
dF, = / (z —F4-) p(dz,dt),
R

with Fp = 0, and recall that p(dz,dt) is the random measure of the background process N .
When the trader sends a trade at time 7, and the notification time is 7, then the value of the
flicker F: is Fx.

At the notification time 7, if the sell MLO is an FoK with limit rate [, it will be filled in full
if [ < S:- + Fz; otherwise the MLO misses the trade and it is cancelled by the exchange. To
formally define a miss and a fill of a trade attempt, we proceed as follows. Let H () = 1z<0 be a
step function. The outcome of the sell MLO is determined by the step function H (I=S;- —F3),
which takes the value of one when the trader receives the notification of a fill or takes the value
of zero when the notification is of a miss.!® Next, approximate H with a C* function f¢, where

the parameter ¢ controls the convergence of f¢ to H as ¢ N\ 0. For example, here we employ

ff@) = ———2, (5.5)

19The MPP helps to define trade executions in a dynamically consistent manner. We remark that when the
value of the flicker is positive and the MLO is filled, the liquidity providers that were offering liquidity at the
best quote are likely to be adversely selected.
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instead of H to determine the fill or miss outcome of a trade attempt. We work with an
approximation to the step function H to preserve the continuity of the impulse operator in the
trader’s optimal execution problem.? To simplify notation, we drop the superscript € and refer

to the approximation in (5.5) as f.2!

5.2.4 Admissible strategies

The trader controls when to send MLOs and controls the limit rate of the MLOs; this is
summarised in the execution strategy a = (7, ;);>1. The limit rates (I;);>1 of the MLOs are
Fr,-measurable and take values in a non-empty compact set L C R. We assume that the trader
does not attempt a trade until the outcome of the previous MLO is known. Thus, we require
that the F-stopping times in the sequence (7;);>1 satisfy 7,41 > 7; > 7; for i € N. Specifically,

the trader’s set of admissible strategies is
A= {a = (7, ;)i>1 | For each ¢ > 1, 7; is an F-stopping time,
Tie1 > T > T, € L,and[;is ]-"Ti—measurable} .

If at the terminal time 7T there is an outstanding MLO in the exchange, the order is cancelled.
The trader keeps track of pending orders in the exchange with the process ki(a), which returns
the value one if the trader is waiting to be notified the outcome of a trade attempt or returns

the value zero if there is no pending order waiting to be processed by the exchange. Thus,
ki(a) =card{i e N: 7, <t, 7, >t} € {0, 1},

which is adapted to F because for a fixed ¢ € [0,7] and ¢ € N, we have that 7, and 7; are
F-stopping times. Thus {r; <t} N {7 >t} € F.

5.2.5 System dynamics

In general, the lifetime of the impact that liquidity taking orders have on the price of a traded
instrument determines if the impact is considered permanent or temporary; see e.g., Bertsimas
and Lo (1998), Obizhaeva and Wang (2013), Cartea et al. (2015), and Guéant (2016). Permanent
impact refers to the long-lived price effect that an aggressive order (i.e., consumes liquidity) has
on the fundamental value of the traded instrument. On the other hand, temporary price impact
refers to short-lived deviations from the value of the traded instrument. These deviations are

caused by the aggressive orders that consume various levels of the LOB, after which new limit

29The equations we derive in this chapter are yet to be studied when ¢ — 0. We remark that the continuity
of f¢ is used in the the viscosity solutions proofs we collect in the appendix — see the supersolution property in
Theorem 13.

21Below, we focus on MLOs of FoK type, so we assume a small value of the parameter e. The intuition is as
follows: (i) when ¢ = 0, the function f¢ is, for practical purposes, either zero or one, which perfectly describes
MLOs of FoK type, where one has orders filled in full or rejections only; (ii) when € > 0, then f([ — S-— — F3)
takes values in (0,1) with non-negligible probability, allowing one to account for partial fills. The results we
develop work for any choice € > 0.
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orders arrive and replenish the LOB back to the price levels before the arrival of the aggressive
order.

In our framework, MLOs have permanent price impact when the order is filled. Note that
if the MLO is not filled, the trader is the only market participant who knows that the trade
attempt was not successful; thus, missed MLOs do not have price impact. If market participants
had access to the information on missed trades, they would learn about buy and sell pressure
in the market and would adjust their liquidity provision and liquidity taking strategies.

All trade attempts are of size one unit, which we refer to as child orders. The size of the
parent order is 9 > 0 child orders, which is the initial inventory the trader seeks to liquidate.
If the limit rate of the sell MLO to execute a child order is less than or equal to the best bid
rate, we assume that there is enough liquidity to fill the MLO without walking the book, in
which case the trader is indifferent between sending an IoC or an FoK to the exchange. Thus,
we assume that trades do not have temporary price impact; it is straightforward to include this
price impact in the price dynamics of our model — for example, we can include it in the flicker.
In Table 5.3 we see that the majority of liquidity taking orders do not walk the LOB. Traders
specify quantities that can be filled with the volumes displayed at the best bid and best ask
rates in the market.??

For an execution strategy o = (7, [;)i>1 € A, the trader monitors the system
X)ta:(Sto‘7Qz‘,ozﬂcg)v

where (Sf*)>0 is the fundamental best bid rate process, (Qf):>0 is the inventory of the agent,

and (Cf)¢>o is the cash process. The dynamics of the fundamental best bid rate process are

t t
S& = Sy +/ b(S%) du +/ o(SE) AW, — k3 f(l; — 5% —Fx), (5.6)
0 0 4

T <t

and the cash and the inventory process satisfy, respectively,

Cf=D fli—S2 —Fz)(S2 +Fz) and  QF =M-) f(i—SZ —Fz).
Ti<t 7 <t
In the fundamental bid rate in (5.6), the functions b,0 : R — R are Lipschitz continuous.
The function b is the drift of the fundamental bid price and ¢ is the volatility of the innovations.
The last term on the right-hand side represents the permanent price impact that filled MLOs
have on the fundamental best bid rate, where x > 0 is the permanent impact parameter of the

bid rate.?® Recall that f is the C> approximation of the step function that flags when a trade

22This assumption is motivated by Table 5.3. There we see that the probability that a liqudity taking order
consumes liquidity beyond the best quotes is around 0.1%. Accounting for quantity in the optimisation is still
an open problem in our framework.

23In our framework we may assume that the parameter  is stochastic or that it is a function of the best bid
rate dynamics before an MLO is sent to the exchange. Either choice would increase the complexity of the model
without necessarily providing additional insights into the latency-optimal strategies we develop. The fundamental
bid rate dynamics can be taken to be driven by random measures; we do not take this approach for tractability
but the advantages of having point processes as opposed to diffusive dynamics is yet to be understood in the
current framework.
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is filled or missed and recall that all MLOs sent by the trader are of size one. We assume that
the affected fundamental best bid (S§'):>o rate is bounded by the unaffected fundamental best
bid rate (S;);>o as follows, for any execution strategy a € A we have that supy<;<p [Sf] <
supg<i<r |St| + K Np.2

The trader intervenes the system at time 7; (i.e., sends a sell MLO), and, due to latency,
the outcome is known at the notification time 7; > 7, when the system evolves from X 9‘, to

X& =T(X7_, Fz, ;). Here, the function I : R3 x R x L — R3 is the impulse operator

k3

I (s,q,cf )= (s—mf(l—s—f), q—f(l—s—f),c—i—(s—i—f)f(l—s—f)), (5.7)

which describes how the system (i.e., best bid rate, inventory, cash) changes at notification times.
If the MLO sell order is filled: the first argument on the right-hand side of (5.7) shows that
the fundamental bid rate decreases by one tick; the second argument shows that the inventory
decreases by one unit; and the last argument shows that the amount of cash increases by the
fundamental bid rate plus the flicker. If the sell MLO is not filled, the fundamental bid rate is
not affected, and the cash and inventory positions do not change.

The operator I' is a continuous function and it satisfies

sup Ity Dl < 00 (5.8)

(wherixr 1+ |yl ’
where || - || is the Euclidean norm.
The initial state of the system is Xy = (Sp,9,0). Here, Sy is the initial value of the
fundamental bid rate, recall that 9t is the number of child orders (lots of equal size) that the
trader wishes to liquidate, and the initial value of the cash account is zero. The controlled

system X is the solution to the SDE

t t
Xy :X0+/ b(ij‘)dqu/ o(X) AWy + > (F(X;’_‘,,Fﬁ.,[i) —Xg,) , (5.9)
0 0 ?th K] K
where b, and o : R? — R3 are given by b(z1,72,23) = (b(21),0,0) and o(x1,z2,73) =

(0(21),0,0), respectively, and both functions are Lipschitz continuous. We now fix a finite

horizon T' < oo and an execution strategy o € A. It follows that

E

sup HX?!!2] < 00 (5.10)
0<s<T

a result we employ below to show that the value function of the trader is well-defined.

24This assumption is non-restrictive. If the affected fundamental best bid rate is assumed to be always positive,
then, S < Sy for ¢t € [0,T] implies that supg<,<r |ST| < supg<,<r |St| < supg<;<r |St| + £ Nr. Alternatively,
if b, o are constant functions, then the assumption is also satisfied. In the numerical experiments below, we set
b, o to be constant functions.
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5.2.6 Liquidity taking with stochastic delay

For all t € [0,T), the agent has either one or no pending order in the exchange; thus, we define
two sets of admissible strategies: (i) admissible strategies with one pending order, and (ii)
admissible strategies with no pending order.?® If at time ¢ € [0,7) there is one pending order

with price limit [ € L, then the set of admissible strategies is
Ay ={a=(r,L)is1€e A=t L =1},
and if there is no pending order, the set of admissible strategies is
Ar={a=(1,L)i>1 € A : 1 >t} .

For any (t,z,f) € [0,T] x R x (—o0, M] x R x R with & = (s, ¢, ¢), and for a pending order
with limit price [ € L, and o € A, we denote by Xt@hbe the solution to (5.9) for t < s < T,
with initial data X; = @, and F; = f. One can drop the dependence on f in X»®h® because for
any fi,f, € R, we have that F?™ = FL™. That is, write

X = x4 / T B(XL) du + / (XL AW, + > (F(X;’f’l’o‘, Fo¥, ) — X;’f’l’o‘> :
t t t<7i<s ‘ ‘
Similarly, when there is no pending order at time ¢, we denote by X»®% the solution to (5.9)
for t < s < T, with initial data X; = @, and for any (t,x) € [0,7] x R x (—oc0, M] x R.
Fix (t,x) € [0,T] x R x (=00, M| xR, l € L, oy € Ay, and ag € A;. It follows from
equation (5.8), Gronwall’s lemma, the Burkholder-Davis—Gundy inequality, and equation (5.4),
that there exists a constant C' > 0 such that

tx,l,on
E | sup HXS

t<s<T

2] <C <1+Hw||2) and E

2 2
sup || xteeo|| ] <C (1 + ||| ) .
t<s<T
The trader evaluates the performance of the execution strategy a with the function

T
o) = g(X5) + [ MXD)ds+ 3 €(X, Frl), (5.11)
#<T

where g : R? 5 R, h: R? 5 R, ¢ : R* - R are

9(5,4,¢) = c+q (s+C—a(g-1)(1=c), h(s,4,0) = —6a®, €(s,q,0,f,1) = —¢ (s-f) f(I—5—F).
(5.12)

The function g consists of three terms. These are (i) ¢, the cash accumulated by the strategy,

(ii) ¢ (s+¢), the mark-to-market value of the inventory (net of fees), which includes the expected
value of the flicker ¢ = [, zv(dz), and (iii) a q (¢ —1), the costs of walking the LOB (net of fees)
when terminal inventory is greater than one child order, where a > 0 is the terminal inventory

penalty parameter.

25This is a significant simplification of the strategy space. Otherwise, we would need to provide an execution
framework that allows a finite number of pending orders.
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The function h represents the urgency of the agent to complete the execution programme.
Everything else being equal, the higher the value of the running inventory penalty parameter
¢ > 0, the quicker the trader will liquidate inventory at the beginning of the trading horizon.
Each trader decides the urgency of their trade or set of trades. For example, the value of the
urgency parameter is arbitrarily high for a trader who requires immediate execution. On the
other hand, a patient liquidity taker who has time to retry missed trades will set the value of ¢
close to or at zero. We return to this point in subsection 5.2.7, where we discuss stylised facts
of the strategy for various values of ¢, and in Section 5.4 when we discuss the performance of
the latency-optimal strategies.

The function € represents transaction costs per unit of inventory traded. These costs are
based on the notional traded, which is (s +f) f(I—s—f) per one unit of inventory and ¢ € (0, 1)
is the transaction cost parameter.

The controlled processes (Cf*)g<;<7, (S£*)o<s<7> and (QfF)g< ;<7 obey the bounds, which do

not depend on the strategy a or t € [0, 7],

Nt
G| <D | Zil+Nr sup Su+kNi, [SF < sup |Sul+KNp, [QF <M+ Np. (5.13)
— 0<u<T 0<u<T

Furthermore, we see that

sup lg(x)| + [h(z)| + |&(x, f, 1)

{ - (5.14)
(2,f,) ER3XRx L 1+ [f] + |||

which ensures that the value functions that we present below is well defined, i.e., the value
functions are finite as a consequence of the inequality above and of the expressions in (5.10)
and (5.13).

When there is one pending order in the exchange, the trader’s performance criterion and

value function are, respectively,

T
Nt l,a) =E |g(XE=he) 4+ / WXLy ds + > e(xXE2he R ) |

t 7<T

and

vi(t,z,l) = sup Ji(t,z,l, ), (5.15)
ocG.At’l

respectively, for (t,x) € [0,7] x R x (—oo, M| xR, l € L, o € Ay.

Similarly, when the trader does not have an order pending in the exchange, we have

T
Jo(t,z, @) = E | g(XE™) + / MXPP*)ds+ Y | S(XITFL )|
t #<T ‘

for (t,x) € [0,T] x R x (—o0, M] x R, a € A, with the corresponding value function

vo(t,x) = sup Jo(t,x, ). (5.16)
acA;
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In C.1.1 we show that the trader’s value functions satisfy the dynamic programming prin-
ciple,? in C.1.2 we derive the HIBQVI satisfied by the value functions, and in C.1.3 we study

the viscosity properties of the value functions.?”

5.2.7 Latency-optimal strategy: price protection and speculation

Below, in Section 5.4, we discuss in detail the performance of the random-latency-optimal
strategy against various benchmarks. We implement the random-latency-optimal strategy using
a finite-difference scheme.?®

The success of the latency-optimal strategy relies on the use of MLOs to limit exposure to
adverse price moves and the use of speculative ML.Os, which are orders that target better rates
than those observed by the trader in the LOB. Speculative MLOs are the key driver in the
superior performance of the strategy and a prominent feature of strategies that employ MLOs
when the trader can retry rejected orders over a trading window.

Figure 5.5 shows the limit rates of MLOs for various levels of inventory when: the target is
to exchange 2 = 10 lots of currency pairs over a trading horizon of T' = 6 seconds; expected
latency is 30 ms; the fundamental best bid rate follows an arithmetic Brownian motion with
volatility o = 2 x 107%, and throughout the trading window the rate is fixed at S; = 1.1; the
permanent rate impact parameter is £ = 0; the parameters of the distribution of the flickers
that affect the MLO are: p* = 0.05, p~ = 0.08, 1/n, = 1.87 x 1077, 1/n_ = 2.66 x 1075;
the terminal liquidation penalty parameter is a = 1.80 x 107°, and the urgency parameter is
¢ € {0,1x107%, 1 x 1074}. In the left, centre, and right panels, the value of the running
inventory penalty parameter is ¢ =0, ¢ = 1 x 107°, and ¢ = 1 x 1074, respectively. Recall that
¢ is interpreted as an urgency parameter: as the value of ¢ increases, the trader becomes more
impatient, so the rate of execution increases at the beginning of the trading window.

In the left panel, when there is no urgency to liquidate early, all sell MLOs are speculative
during approximately the first three quarters of the trading window. Only near expiry, does the
strategy send MLOs that may walk the LOB to increase the probability of a fill and to complete
the liquidation programme on time. On the other hand, when there is urgency to liquidate early,
the right panel shows that the limit rates of the sell MLOs are below the fundamental best bid
rate when inventory is greater than one lot, so the orders may walk the LOB (if necessary) to
increase the probability of a fill.

In the three panels, when the trader is near the end of the trading horizon, the strategy sends
sell MLOs that are willing to receive rates below the fundamental best bid rate to increase the

probability of a fill. The limit sell rates are not zero, in which case the MLO would be equivalent

26The part of the proof that deals with measurable selection arguments is omitted. See Bouchard and Touzi
(2011) for the derivation of the dynamic programming equation in the sense of viscosity solutions.

2"Future work includes the proof of higher regularity of the value functions.

28We remark that if one were to extend the current framework to accommodate more than one pending order,
then we would need to follow an algorithm like than in Section 5 of Bruder and Pham (2009). The convergence
of these algorithms in our current framework remains to be studied. For penalty schemes of viscosity solutions to
HJBQVIs (with enough regularity, e.g., Lipschitz continuity or semiconvexity) see Reisinger and Zhang (2020).
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to a sell MO, because at time 7" the strategy liquidates terminal inventory with an MO that
pays the expected value of the flicker ¢ and pays the penalty ga (¢ — 1)), which provides a
lower bound for the limit rate of the sell MLO; see the discussion below (5.12).
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Figure 5.5: Expected latency is 30 ms. LR denotes the limit rate of the MLO. The black dash
line is at S; = 1.1 and the terminal inventory penalty parameter a = 1.80 x 10~°. Left panel
¢ =0, centre panel ¢ =1 x 107°, right panel ¢ =1 x 1074

5.3 Benchmarks

In this section, we develop two strategies to benchmark the performance of the random-latency-
optimal trading strategy derived above. Throughout, most of the notation is the same as that
employed in the previous sections. In Sections 5.3.1 and 5.3.2, we derive optimal execution
strategies when latency is zero in the marketplace, and when latency is greater than zero and
deterministic, respectively. In both cases, the trader solves an impulse control problem: in the
first model the strategy determines the optimal times to send MOs to the exchange; and in the
second model the strategy determines the timing and the limit rate of each MLO. We remark
that most approaches in the execution literature assume that agents send MOs at a continuous
rate. Although agents cannot continuously trade in the market, this assumption is convenient
because in some cases one finds strategies in closed-form, see Cartea et al. (2015) and Guéant
(2016). One notable exception is the paper Cartea and Jaimungal (2015), where the authors
solve an impulse control problem in which the trader employs both MOs and limit orders to

execute a large position in an financial instrument when there is zero latency in the marketplace.

5.3.1 Optimal execution with zero latency

Assume there is no latency in the marketplace.?? The trader controls the times at which she
sends sell MOs to the exchange. The size of all MOs is one and the filled trades have permanent
price impact as in the model of Section 5.2.

Let 7 = (7;);>1 denote an increasing sequence of stopping times when the trader sends sell

MOs to the exchange. Observe that if latency is zero, a sell MO of size one at time 7; is the

29This is the case that most of the literature in algorithmic trading has studied. It is well-known that if we
employ continuous trading, many of the optimal strategies are of the form TWAP plus adjustments; see Cartea
et al. (2015). Here, we use impulses with zero latency to have a framework that is similar those presented above.
In any case, we use TWAP as one of the benchmarks in the study that follows.
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same as a sell MLO for a unit size with a limit price S:_ because the trader observes and acts

with no delay in the marketplace and the exchange processes the order with no delay. The

dynamics of the best bid price process, denoted by S™ = (S )>0, follow

¢ t
ST = So+/ b(S;)dqu/ o(ST)dWy —k Y 1,
0 0 >
7 <t
where the functions b,0 : R — R are Lipschitz continuous and « is the permanent bid rate
impact parameter. The cash process C7 = (Cf ):>0 and the inventory process Q7 = (Q7 )t>0

are given by

Cr=> 5L, and Qf=9M-) 1.

T <t T, <t

For each execution strategy 7T over the trading window [0, 7], the trader computes

TI(7) = g(X7) +/0T MXT)ds+ > ¢ (X;_) ,

k3

7. <T
where g, h: R3 — R are as in (5.12), and the function €(s, q,c) = —c s represents a transaction
cost every time a trade of unit size is executed.
The trader solves the control problem
sup E [TI(7)] , Ar={r=(1)i>1 € A: 1 >t}.

TEA

For any (t,z) € [0,T] x RT x (=00, 9] x RT, and 7 € Ay, the system X“®7 is given by

X0eT = g 4 / b(XL®T) du + / o(XLWT) AW, + Y (P(X(t;”j)f ) - X057 ) . (5.17)
¢ ¢ t<1;<s
where I' (s,q,¢) = (s — Kk, ¢ — 1, ¢+ s).

The trader’s performance criterion and value function are

T
J(t,z,7)=FE g(X%m’T) +/ h(XE®TYds + Z ¢ <XT__) and wv(t,x) = sup J(t,x, 7).
t <T v TEAL

5.3.2 Optimal execution with deterministic latency

The trader employs MLOs and operates in the market with a fixed and known latency. The
execution strategy has at most one pending order at any one time — we can easily extend this
framework so the agent can have up to m € N pending orders. Our approach is based on the
work of Bruder and Pham (2009), who develop a general framework for impulse control with
deterministic delay.

Let A > 0 be the fixed and known delay of the trader in the marketplace and let (Z,)nen
be a collection of i.i.d. random variables with law as in (5.3), such that for i € N, Z; is F-
measurable for t > i A. As in Section 5.2, we use the sequence of marks (Z,)nen to model the

flickers that affect the trader’s MLO when the exchange processes the order.
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The agent’s execution strategy is 8 = (7;,l;)i>1, where (7;) is an increasing sequence of
stopping times when the agent sends MLOs with limit price ;.
We require that 7,11 — 73 > A a.s., for all values of i, because the trader can have at most

one pending order in the exchange. The set of admissible strategies is
A={B=(1,l)i>1 : Vi>1 741 —7 > A as. and [; is Fr,-measurable} . (5.18)

Interventions in the system Xtﬁ = (Stﬁ , Qtﬁ , C{tg ) are at time 7;, but processed by the ex-
change and notified to the trader at 7, + A, so the system evolves from X ([i A)- to X7 (ri+A) =
B
F(X(Ti+A)_’
of j = |(t + A)/A] is the index of the random variable Z;, which is measurable at time
JA € (t,t+ Al

Let B8 = (7, l;)i>1 € A. The fundamental best bid price process is

SE—So+/b du+/0 o(SH) AWy =k Y f( _ZL(T¢+A)/AJ>’

T+ A<t

Z|(r,40)/A)5 ki), where T' is as in (5.7), and |-]| is the floor function. The value

where f is as in (5.5). The cash process satisfies
1<
=D f ( St a)- Zunm)/AJ) (S(n—f—A)* +ZL<n+A>/AJ> )
Ti+ALt
and the inventory is

=m- > f ( Sty ZL(n+A>/AJ>-
Ti+ALt

For Xy = (Sp, 91, 0), the controlled system XtB is the solution to the SDE

t
X7 = X0+/ b(X )d“+/ Hawut Y (DX a0 Zirayapt) = X0 8 ) -
0 0 Ti+ALt
(5.19)
where b, o : R? — R3 are given by b(z1, 29, 23) = (b(21),0,0) and o (z1, 2, 23) = (0(21),0,0),
and b, o are Lipschitz continuous. Finally, I' : R* x L — R3 is as in (5.7).
Now, fix a finite horizon T' < co and assume that 7' — A > 0 to avoid trivialities. One may

check that
] .

H(ﬂ)zg(X?H/o Oyds+ ) ( (ri+A)- ZL<n+A>/AJ»[i)a

T +ALT

s<T

and as above, the agent maximises

where g,h : R® — R and € : R* x L — R is as in (5.12). Thus, the agent solves the control

problem

sup E[T1(8)] -
BeA
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The system in (5.19) is non-Markovian.>* Given an impulse, the future of X# is influenced
by a possible pending order attempted between ¢t — A and ¢. For any ¢t € [0,T], k = 0,1, we let
P,(0) = () and

P(1)={p=(t1,h) € [0,T —A]x L : t — A <ty <t}
denote whether there is a pending order in the exchange.

For any p = (t1,01) € Pi(1), t € [0,T], the set of admissible strategies at time ¢ with pending
order p is

.At,p = {ﬂ = (Ti, [i)i21 cA: (7’1, [1) = (tl,ll) and To > t1 + A} .

Similarly, if there is no pending order in the exchange,
Aig=Ar={B=(1,li)is>1 € A : 7 >t} .

For any (¢t,z) € [0,T] x R3, p € P,(k) for k= 0,1, and B € A;,, we denote by X**»B the

solution to
S S
Xz,z,p,ﬁ — +/ b(ijw’p’ﬁ)du +/ U(XZ"”’p"G) dw,
t

t
t? 77ﬁ t7 7713
Y (DS Zyrayan ) - X ) -
t<T;+A<s
(5.20)

Next, consider the performance criterion

T
Je(t,z,p,B) =E |g(Xp""P) +/ h(XL™PPyds+ ) (‘:(Xfffgﬂ 2| (r+0)/A]> [i) :
t T+ ALT

for (t,z) € [0,T] x R3, p € P(k), k=0,1, B € A, and the corresponding value functions
vp(t,x,p) = sup Ji(t,x,p,B), k=0,1 and (¢t,z,p) € Dy,
ﬂeAt,p
where
Dy = {(t,z.p) : (t,x) €[0,T) xR*, pe P(k)} .
Recall that for k = 0, P;(0) = (), therefore we write vo(t, ) = vo(t, x,0), Dy = [0,T) x R3.
Finally, the proof of the dynamic programming principle and the PDE system viscosity

characterisation of the value functions are in C.2.

5.4 Performance of execution strategy

We employ ultra-high frequency data for the currency pair EUR/USD to compare the per-
formance of the random-latency-optimal strategy (RLOS) developed in Section 5.2 with four
benchmarks (of which the first two were derived above): (i) deterministic-latency optimal strat-
egy (DLOS), (ii) zero latency-optimal strategy (ZLOS), (iii) TWAP, and (iv) ENOW.3! TWAP

3%In the analysis that follows we increase the state space to produce a Markovian system.
31The strategies RLOS, DLOS, and ZLOS are computed using finite differences. Convergence results for these
algorithms remain to be studied.
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sends MOs of equal size and at equally spaced time intervals over the trading window. ENOW
is a hypothetical benchmark that assumes there is enough liquidity at the best bid rate in the
LOB to execute all the inventory with one MO, with zero latency, at the beginning of the
trading window.

Recall that the fundamental bid rate S; is an input to RLOS, DLOS, ZLOS. However, market
participants observe the best bid rate posted on the LOB of the exchange; a rate that consists
of the fundamental bid rate S; and short-lived deviations. Here, we employ LOB observations
of the best bid rates and of the quoted spreads in the LOB of the exchange to estimate the
fundamental bid rate S;. Above, the right-hand panel of Figure 5.1 depicted the evolution of
the best rates in the LOB of the EUR/USD currency pair, where we saw that most flickers
cause short-lived widening of the quoted spread: most flickers in the best bid rate are positive
and most flickers in the best ask rate are negative. Thus, here we assume that at time ¢, the
fundamental best bid rate S; is the bid rate in the LOB for v <t when the spread in the LOB
was less than v ticks, i.e., u = argmax{s <t: D; < v}, where (D;):>0 is the quoted spread.
Throughout, we assume that v = 11 ticks, and in subsection 5.4.6 we show that our results are
robust to various choices of the value of v.

The trader’s execution horizon is 7' = 6 seconds and the inventory to liquidate is 99t = 10
lots, where each lot is €500,000, so the objective is to exchange €5,000,000 into USD.?? The
execution value of ENOW in a frictionless market is the value of 91 lots exchanged at the best
bid rate in the LOB at the start of the trading horizon. For TWAP and DLOS, the MO for each
lot is processed with the liquidity posted at the best bid rate in the LOB of the exchange, and
if necessary, the order will walk down until filled in full. Similarly, if the limit rate of the MLO
allows it, RLOS and DLOS will also walk down the LOB if the liquidity in the best quotes is
not enough — we do so, despite the strategies derived above assumed that orders of size one do
not walk the LOB.

To compute RLOS, DLOS, ZLOS we assume that the fundamental best bid rate satisfies

St = SO +0o Wt 5 (521)

where o is the volatility parameter. However, we remark that when we implement the liquidation
strategies, we do not simulate the fundamental best bid rate, and do not simulate the flickers
that affect the MLO when it is processed by the exchange. Instead, we use the best bid rate in
the LOB of LMAX.

We employ data from 1 August 2019 to 31 August 2019 to estimate the parameters of the
model, and data between 1 September 2019 and 29 February 2020 to implement and to compute
the performance of RLOS and the benchmark strategies.

320ur results are robust to the quantity of each lot as long as it is between €1,000 and €500,000 because there
is enough liquidity in the best quotes to fill such an order; see Table 5.2. The average daily traded quantity in
the EUR/USD currency pair in LMAX London is €1.5 billion. Thus, €5,000,000 is about 0.3% of the average
daily traded volume. It is plausible to observe such a quantity being traded over a six second window. Below we
show that trading activity varies according to the time-of-day; see Figure 5.6.
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Each day, we implement the liquidation strategy over three ten-minute windows. We use
the data in the ten minutes starting at 9.00am, at 2.00pm, and at 7.00pm for each trading
day between 1 September 2019 and 29 February 2020.33 At 9.00am and 2.00pm the foreign
exchange activity tends to be very high because by 9.00am many financial markets in London
are open and very active, and many financial markets in the US open at around 2.00pm. Later
in the afternoon, foreign exchange activity decreases, and by 7.00pm many markets world-wide
are outside the hours of their main trading activity.

Figure 5.6 shows foreign exchange market activity in the EUR/USD currency pair from 1
September 2019 to 29 February 2020; the data are in 15-minute bins. The left-hand panel shows
the number of updates in the best quotes (changes in rates or in volumes), and the right-hand
panel shows the number of fully and partially filled liquidity taking trades. Clearly, periods of
very high activity in the EUR/USD currency pair are around 9.00am and 2.00pm, while there
is little activity at 7.00pm.

5 x10° 35210

4
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Figure 5.6: Left panel: number of updates in the best quotes (changes in rates or in volumes).
Right panel: number of filled and partially filled trades. EUR/USD currency pair, 1 September
2019 to 29 February 2020.

5.4.1 Model parameters

We employ data from August 2019 to estimate the parameters of the model as follows:

(i) Volatility of fundamental best bid rate dynamics. We compute the quadratic variation
of the fundamental best bid rate to estimate the volatility parameter ¢ in (5.21). The estimates
over the three ten-minute windows are: (9.00am to 9.10am) Ggam = 2.1 x 107%; (2.00pm to
2.10pm) Gopm = 2.9 x 1074 (7.00pm to 7.10pm) 67pm = 1.7 X 10~%. And the estimate of
volatility from 9.00am to 8.00pm is & = 1.9 x 10™%; we use this parameter estimate in subsection
5.4.4 when trading around news events.

(ii) Distribution of the size of the flicker that affects the MLOs at processing times. Recall
that the law of the flickers is

v(dz) = podpoy(dz) + prnr e 1m0y dz+p-n-e” "1 g1 dz.

Vv VvV
price improvement slippage

33 All times in this chapter are in BST.
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Agents use their trade activity to estimate their expected latency in the marketplace; here,
we assume that their estimate is one of the following: 10, 30, 60, 90 ms. Next, for a given
expected latency, and for a value of v to obtain the fundamental best bid rate, agents estimate
the parameters of the distribution of flickers as follows: employ LOB data to study the hit
and miss of MLOs with limit rates equal to the fundamental best bid rate when latency is
exponentially distributed; use ten minutes of LOB data (beginning at 9.00am, 2.00pm, and
7.00pm) of each trading day in August to simulate over one million MLOs; compute the SPIs of
the MLOs; and finally, obtain maximum likelihood estimates of the parameters pg, p+, p—, N4, 17—
for each ten-minute trading horizon and for each expected latency.

(iii) Terminal penalty. We employ the liquidity taking trades that walk the LOB to compute
the terminal penalty parameter a. For each order, we look at the excess traded quantity above
the liquidity posted at the best quotes, and perform a linear regression where the explanatory
variable is the excess traded quantity, bought or sold, and the dependent variable is the excess
rate paid or received in the quote currency for walking the book. The slope of the regression for
data in August 2019 is @ = 1.80 x 1075 (which we use to compute the optimal strategies), and
from September 2019 to February 2020 is @ = 1.61 x 1075 (which we use to compute execution
costs when orders walk the book).

We assume that the value of the permanent price impact parameter x is zero because we
use LOB data to run the simulations, so we cannot include the permanent impact that the
trader’s orders would have had on the market.?* The central scenarios we study assume that
the liquidity trader is patient, so we set the value of the urgency parameter ¢ to zero. Finally,
the transaction cost parameter is ¢ = 3 x 107%; i.e., 3 USD per million USD traded, which
are the fees paid by active traders in the foreign exchange market. Table 5.4 summarises the
model parameters for RLOS, DLOS, ZLOS to trade between 9.00am and 9.10am when expected
latency is 30 ms. In the interest of space, we do not report the parameters for the other scenarios

we study.

G9am Dy P N4, H— a Expected latency ¢ & c

2.1x107* 0.05 0.08 {1.87,2.66} x 107> 1.80 x 1075 30 ms 0 0 3x1076

Table 5.4: Model parameters for trading window 9.00am to 9.10am. Fundamental best bid rate
is obtained with spread filter of v = 11 ticks.

5.4.2 Simulations and performance measure

There are 128 days of market data in the period from 1 September 2019 to 29 February 2020.
For each day, we split the ten-minute window into 100 intervals of six seconds. For each interval

of six seconds, we combine the one market run of the best bid rate posted on the LOB with

34Recall that in the implementations the MLOs walk the book if necessary (while obeying the price limit), and
the strategies incorporate the fees paid to the exchange. Thus, we account for all trading frictions except the
friction arising from the permanent price impact.
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100 simulated runs of the random latency that the trader would face in each trade attempt.
Thus, the total number of runs for each ten-minute window (9.00am to 9.10am, 2.00pm to
2.10pm, 7.00pm to 7.10pm) is 128 x 100 x 100 = 1,280, 000. In each run, the strategy exchanges
5,000,000 EUR into USD, which is 10 times the volume that one normally observes posted at
the best bid rate in the exchange; i.e., 9t = 10 lots of 500,000 EUR each.

For RLOS, DLOS, ZLOS we recall that the cost of liquidating terminal inventory with
one MO at the terminal time T is as follows: if Q- = 1 lot, the order does not walk the
LOB. However, if Qr > 2, the first lot does not walk the book, and the remaining Q7 — 1
lots walk the LOB, so that the USD received from exchanging the final position in EUR is
Qr- (S7+¢—a(Qr- — 1)) (1 —¢) — see (5.12).

The measure of performance is

E[TCr(RLOS)| — E[TCp(B)]
Vo

x 10%, (5.22)

where T'C'r is the terminal cash in USD obtained by the strategy, Vy is the value of the position
to exchange at the beginning of the trading window, and B represents one of the four benchmark
strategies. The numerator of (5.22) is in USD and the denominator is in EUR, so the units of
the performance measure are $/€M, i.e., USD per million of EUR exchanged. Finally, when the
benchmark is ENOW, the performance measure is ‘implementation shortfall’, which is a widely
used benchmark to assess implicit costs and the liquidity of markets, but it is very seldom
achieved because there is not enough liquidity at the best quotes of the LOB to fill a large
order; see Almgren (2010) and Cartea et al. (2015).3°

5.4.3 Results: performance of RLOS and benchmarks

In this subsection, we present the results of the execution strategy for the three ten-minute
trading windows that start at 9.00am, 2.00pm, and 7.00pm for various levels of the trader’s
expected latency in the marketplace. Later, in subsection 5.4.4, we examine the performance of
the strategies around news announcements. The main finding we report is the superior perfor-
mance of the latency-optimal strategies RLOS and DLOS. The cash value of the outperformance
is approximately the same as the fees paid by traders in foreign exchange markets; the value
of the outperformance considerably increases during news events. The outperformance stems
from the speculative MLOs sent by RLOS and DLOS, which are more valuable when the market
is more active. There are two key insights. First, the performance of MLOs depends on the
distribution of the flickers. When activity in the markets increase, the value of MLOs increases
because both the probability of receiving a price improvement and the size of the improvements
increase — the value of MLOs is highest during news events. On the other hand, an increase in
the size and the probability of slippage during times of heightened activity has little effect on

the performance of latency-optimal strategies because the rate limits in the sell MLOs prevent

35Generally, one computes implementation shortfall with the midprice. Here we use the best bid rate for a
liquidation problem.
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orders from walking down the LOB. This is in contrast with strategies that send MOs (e.g.,
TWAP and ZLOS) because these orders are exposed to adverse changes in the rates.

Second, traders use speed to complete the execution programme with as many MLOs as
possible because they can retry rejected speculative ML Os before reaching the end of the trading
horizon. Thus, the lower the latency of the trader, the more opportunities the trader will have
to fill speculative MLOs, so the better the performance of latency-optimal strategies that use
MLOs over strategies that employ MOs.

In Chapter 3 we estimate the range of the stochastic latency of an active trader in the
foreign exchange market to be between 10 ms and 50 ms. Table 5.5 reports the results of the
performance measure (5.22) over the window 9.00am to 9.10am for a patient trader with 10,
30, 60, 90 ms of expected latency. RLOS receives approximately between 5.14 and 2.65 USD
more than TWAP for every million EUR exchanged into USD, and RLOS receives between 4.56
and 2.34 USD more than ZLOS per million EUR exchanged, and RLOS outperforms ENOW
by between 1.42 and 3.91 USD per million EUR exchanged. Finally, the average USD amount
that RLOS receives is statistically the same as that received by DLOS, so the table does not
report the results for DLOS. Here, two means are statistically the same if the Student’s t-test

does not reject the hypothesis that the two means are the same with 95% confidence. 36

‘ Performance 9.00am-9.10am

‘ Expected latency in ms

| 10 30 60 90
ZLOS | 4.56 3.40 2.74 2.34
TWAP | 5.14 3.80 3.09 2.65
ENOW | 3.91 2.57 1.86 1.42

Table 5.5: Values of performance measure (5.22) from 9.00am to 9.10am, 7" = 6 seconds, ¢ = 0.
The revenue from RLOS and the revenue of DLOS (not shown) are statistically the same.

The results in Table 5.5 show that the value of the outperformance of RLOS (and DLOS)
decreases as the value of the expected latency increases — we provide two stylised facts of the
strategies to explain the results in the table. First, as expected latency increases, it is more
likely that at the end of the trading horizon all strategies will fall short of liquidating the target
inventory. In the extreme case where expected latency is arbitrarily large, it is very likely that
by the terminal time 7" most of the target inventory will remain in Euros; i.e., not exchanged
into USD. Thus, at time 7', the remaining lots of currency pairs will be liquidated with one MO,
where the trader pays the costs of walking the book; the costs are the same for all strategies
(except for ENOW).

36 All the outperformances we report below are statistically different from zero, for example, in Table 5.5, the
outperformance of RLOS over TWAP when the expected latency is 30ms is $3.80/€M. Here, we reject the null
hypothesis that the two means are the same with a p-value of 2.15 x 107°.
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Second, for a fixed trading window and for a fixed liquidation target, faster traders (i.e.,
lower expected latency) have, on average, more opportunities than slow traders to send MLOs
to the exchange (recall that in our model the trader cannot send another trade if her previous
order is pending in the exchange). Therefore, compared with slow traders, faster traders send
more (and fill more) MLOs that seek a rate improvement, which explains the results we report
in the table — we return to this point below. In an extreme case, a patient trader with nearly
zero latency will use her superior speed advantage to send a large amount of MLOs that seek
price improvements, and due to the flickers in the best bid rate in the LOB, the trader will
exchange a large proportion of the initial inventory in Euros into USD with these speculative
MLOs. A very fast and very patient trader will not employ her speed in the marketplace to
liquidate the target inventory quickly and ahead of time, the trader will use her low latency to
fill as many speculative trades as possible to complete the execution target.

Our results show that the slower is the trader, the less she benefits from latency-optimal
strategies. However, on the other hand, an implication of our findings is that slow traders may
profit from investing in co-location, software, and other services to increase their speed in the
marketplace if the improvement in the performance of the execution strategies outweighs the
costs to reduce their latency, which largely depends on the volumes traded. Below, in subsection
5.4.5, we discuss the economic significance of our results and provide summary statistics of
traded volumes in the spot foreign exchange market to assess the potential gains that liquidity
takers could receive if they were to employ latency-optimal strategies.

To gain further insights, we report summary statistics of the behaviour of the strategies
from 9.00am to 9.10am when expected latency is 30 ms. Table 5.6 reports: the average number
of trade attempts (there are 200 periods of 30 ms in an execution horizon of six seconds); the
average number of filled orders; the proportion of runs for which the strategy sends an MO at
time T to liquidate terminal inventory and pays extra costs from walking the LOB (i.e., average
number of runs for which Q7- > 2); the proportion of the number of attempts for which the
limit rate (LR) of the MLO is lower than the fundamental best bid rate S; (the trader is willing
to walk the LOB to complete the trade); the average number of attempts for which LR = S,
and the average number of attempts where LR > S}, which is the proportion of speculative

trades that target a price improvement.
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‘ Expected latency is 30 ms, start time 9.00am

| MLO Attempts MLO Fills Qp- >2 LR<S; LR=S LR>S;

RLOS ‘ 195.07 9.95 0.00 1.00 5.71 188.35
DLOS ‘ 197.44 9.64 0.07 1.26 5.01 191.17
ZLOS ‘ 10.00 10.00 0.00 10.00 - -
TWAP ‘ 10.00 10.00 0.00 10.00 - -
ENOW ‘ 1.00 1.00 0.00 - 1.00 -

Table 5.6: Expected latency is 30 ms, 7" = 6 seconds, so expected number of attempts is 200,
and ¢ = 0. LR: limit rate of MLO. S;: fundamental best bid rate when the trader decides to
send the MLO.

On average, RLOS and DLOS employ a similar number of MLO attempts, of which RLOS
fills 9.95 and DLOS fills 9.65 (these figures exclude the MOs sent, if necessary, at time 7T').
Approximately 97% of the attempted MLOs by both strategies are speculative, of which 2.4%
(2.3%) sent by RLOS (DLOS) were filled. As discussed above, filled speculative MLOs are
the main source of the superior performance of latency-optimal strategies. Within the trading
window, the limit rates of the speculative MLOs become less ambitious if the inventory is not
on target and the terminal date approaches; see also subsection 5.2.7. However, the latency-
optimal strategies cannot guarantee that at time 71" the inventory in EUR is drawn to Qp- < 2.
The table shows that in approximately 0.3% (6.9%) of the runs, RLOS (DLOS) arrives at the
end of the trading horizon with two or more lots that are liquidated with one MO. Finally, the
percentage of runs where RLOS performs better than: DLOS is 57%, ZLOS is 61%, TWAP is
67%, and ENOW is 55%.

As Table 5.6 reports, when the value of the urgency parameter ¢ is zero, RLOS and DLOS
miss approximately 95% of attempts with MLOs — the majority of the MLOs seek a price
improvement that does not materialise. To examine the role of the urgency parameter, we
implement the execution strategies described above for a range of values of ¢ and report a
summary of the findings for ¢ = 5 x 107 and ¢ = 1 x 1073, These two choices represent
impatient liquidity takers who have more urgency to liquidate the position than the patient
trader with ¢ = 0.

When ¢ = 1 x 1074, RLOS misses 85% of the MLOs and outperforms TWAP by 1.68 USD
per million Euro exchanged. Similarly, when ¢ = 1 x 1073, RLOS misses 2% of the MLOs and
outperforms TWAP by 0.79 USD per million Euro exchanged. The performance of latency-
optimal strategies is similar to that of TWAP because the urgency with which RLOS must
liquidate inventory precludes the strategy from sending speculative trades, and because the
limit rates of the MLOs are set low to increase the probability of a fill at the expense of price
protection. In Table 5.7, we observe that RLOS sends nearly all MLOs with a limit rate below

the fundamental best bid rate to ensure a prompt liquidation and does not send speculative
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MLOs — due to the trader’s impatience, in 99.97% of the simulations the strategy completes the
liquidation early. These results are in stark contrast with those reported in Table 5.6, where
the trader was patient and used the entire window to complete the execution programme with
as many speculative MLOs as possible, and where the majority of orders sent are retries of
rejected speculative MLOs.

When we amalgamate the MLOs of all traders in our data set between 1 September 2019
and 29 February 2020 in the EUR/USD currency pair, we find that 57.1% of MLOs sent by all
traders were rejected by the exchange. On the other hand, when we look at the MLOs sent by
each trader, we find that approximately 35% of the traders miss up to 25% of their MLOs, and
approximately 6% of traders miss between 75% and 100% of their MLOs — these traders also
send other types of orders to the exchange (e.g., MOs, ); see Table 5.1. Finally, one cannot tell
from the data which trades are part of an execution programme (i.e., child orders) or which
trades are a single execution that is not part of a larger order. However, as discussed above,
our model is designed to execute one stand-alone order or to execute a large parent order that

is split into child orders.

‘ Expected latency is 30 ms, start time 9.00am, ¢ = 10~3
\ MLO Attempts MLO Fills Qp- >2 LR<S: LR=S; LR>S;

RLOS | 10.20 10.00 0.00 10.20 - -
DLOS | 10.21 10.00 0.00 10.21 - -
ZLOS | 10.00 10.00 0.00 10.00 - -
TWAP | 10.00 10.00 0.00 10.00 - -
ENOW | 1.00 1.00 0.00 - 1.00 -

Table 5.7: Expected latency is 30 ms, T" = 6 seconds, so expected number of attempts is 200,
and ¢ = 1073, LR: limit rate of MLO. S;: fundamental best bid rate when the trader decides
to send the MLO.

In the remainder of this subsection, we focus on a trader with 30 ms of expected latency.
Table 5.8 reports the performance measure when the ten-minute execution windows start at
9.00am, 2.00pm, and 7.00pm. We find that the outperformance of RLOS over ZLOS, TWAP,
ENOW is worse when the start time is 7.00pm, which is the less active period we study and
one for which the probability of positive flickers in the best bid rate is lowest, so MLOs are less

valuable.
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| Performance measure (5.22)

‘ 9.00am to 9.10am  2.00pm to 2.10pm  7.00pm to 7.10pm

ZLOS | 3.40 3.36 1.93
TWAP | 3.80 3.51 2.25
ENOW | 2.57 2.84 1.17

Table 5.8: Values of performance measure (5.22) from 9.00am to 9.10am (first column), from
2.00pm to 2.10pm (second column), and from 7.00pm to 7.10pm (third column), T' = 6 seconds,
and expected latency is 30 ms.

Next, we study the performance of RLOS when a the trader estimates 30 ms of expected
latency in the market, but her latency is: 20 ms (underestimated speed in marketplace), 30 ms
(correct speed estimate), 40 ms (overestimated speed in marketplace). The results, reported in
Table 5.9, show that the value of the outperformance of the RLOS and DLOS over the other
strategies is slightly higher (lower) when the agent underestimates (overestimates) expected
latency. Recall that over the trading window, the lower (higher) is the value of the expected

latency, the trader has more (fewer) attempts, on average, to execute her inventory.

‘ Trader assumes expected latency of 30 ms

‘ True expected latency in marketplace is:

‘ 20 ms 30 ms 40 ms
ZLOS | 3.73 3.39 3.14
TWAP | 4.20 3.79 3.50
ENOW | 2.97 2.55 2.27

Table 5.9: Values of performance measure (5.22) starting at 9.00am, 7' = 6 seconds, and ¢ = 0.
Expected latency in marketplace: 20 ms, 30 ms, 40 ms.

5.4.4 Trading around news events

Throughout the calendar year, many pieces of news are released according to a schedule. Market
participants know the timing of the release, but do not know the content — they may have a
view on how the news will affect exchange rates and trade accordingly. In general, trade activity
and volatility of the exchange rates tend to increase around the time of the news release. Here,
we employ the EUR/USD news event information provided by FXStreet between 1 September
2019 and 29 February 2020.3” During this period, there are 117 news events marked as high
impact for EUR and for USD and the future time of the release of each event is timestamped

with minute precision.

3"https://www.fxstreet.com/economic-calendar.
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We use the estimate & = 1.9 x 10~%, which is the volatility of the fundamental best bid
between 9.00am to 8.00pm (see subsection 5.4.1), to compute the trading strategies around
the time of the arrival of the scheduled news.>® The execution horizon is 7' = 6 seconds
and the agent trades during 1, 3, 5, 7, and 10 minutes around the news event. For example,
the ISM manufacturing index was scheduled to be released at 2.00pm on 3 September 2019,
so for the one-minute window, we employ market data from 1.59.30pm to 1.59.36pm for the
first simulation, data from 1.59.36pm to 1.59.42pm for the second simulation, and so on, until
the tenth simulation from 2.00.24pm to 2.00.30pm. For each six-second execution horizon we
perform 100 simulations of the random latency that the trader faces. Thus, for the one-minute
window, the news event study consists of 117 x 10 x 100 = 117,000 simulations. Table 5.10

reports the results of the performance measure in (5.22).

News events: Performance measure (5.22)
Expected latency is 30 ms

‘ Minutes around news announcements:

1 min 3 mins 5 mins 7 mins 10 mins
ZLOS | 36.31 15.16 10.62 8.66 7.21
TWAP | 29.45 13.35 9.62 8.12 6.92
ENOW | 23.86 10.23 7.28 6.06 5.15

Table 5.10: Performance measure around news events, T’ = 6 seconds, ¢ = 0, and expected
latency is 30 ms.

The value of the outperformance of RLOS over ZLOS and TWAP is approximately between
two and ten times the value reported in Table 5.5. This significant improvement in the per-
formance of RLOS follows from an increase in the number of speculative MLOs that are filled.
Table 5.11 shows the ex-post parameters of the distribution of flickers faced by the trader with
30 ms of expected latency. It is clear that during news announcements, the value of speculative
MLOs is higher because the probability of a price improvement (resp. slippage) and the size of
the positive (resp. negative) flickers are greater than those of the distribution of flickers for the

ten-minute trading windows that start at 9.00am, 2.00pm, and 7.00pm.

38The results are robust to employing volatility estimates computed with the data around news events in
August 2019.
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| Parameters of the distribution of flickers (ex-post)

Insights from market data

P Po P+ 1/9- /94

‘ slippage on target  price improvement slippage  price improvement

9am | 0.057 0.901 0.042 2.68x107° 1.92x1075
2pm | 0.064 0.889 0.047 2.66x107° 2.04x1075
7Tpm | 0.054 0.923 0.023 2.81x10~° 2.00x10~°
News (1 min) | 0.229 0.715 0.056 1.62x1074 2.52x107°
News (3 mins) | 0.158 0.792 0.050 1.08x1074 2.25x107°
News (5 mins) | 0.131 0.821 0.047 8.92x1075 2.18x107®
News (7 mins) | 0.118 0.835 0.047 7.94x107° 2.14x107°
News (10 mins) | 0.107 0.844 0.049 6.89x10~5 2.12x107°

Table 5.11: Period: 1 September 2019 to 29 February 2020. Expected latency is 30ms.

5.4.5 Economic significance

In our study, when expected latency is 30 ms, latency-optimal strategies perform better than
TWAP by $3.80 per million of EUR exchanged during the trading window 9.00am to 9.10am;
see Table 5.5. The value of the outperformance of the latency-optimal strategies are of the
same order of magnitude as liquidity taking fees, which are between $2 and $5 per million of
Euros exchanged. The most active traders in the exchanges tend to pay fees on the lower end
of this range.? In addition, we showed that the value of the outperformance of RLOS and
DLOS increases to $6.92 per million of EUR exchanged when trading around news events for
ten minutes (the outperformance is considerably better for shorter trading windows); see Table
5.10.

To further highlight the economic significance of the performance of RLOS and DLOS, Table
5.12 reports various statistics of the activity of traders in the currency pair EUR/USD during
the period 1 September 2019 to 29 February 2020. For example, the trader who consumed
the most liquidity in the six months of our sample, traded approximately €35 billion in the
EUR/USD currency pair, and the median trader approximately €2 billion. Thus, if we assume
that the median trader does not employ latency-optimal strategies, the trader could have saved
up to 140,000 USD in six months had she employed RLOS or DLOS — we use as reference
$3.80/€M traded; see Table 5.5 when expected latency is 30 ms.

Savings that stem from RLOS and DLOS could be substantial for traders who are very active
in the market across many currency pairs, and who are very likely to operate in more than one

electronic exchange. Note, however, that these potential savings are an upper bound on the

39Transaction fees are not the same for all market participants; fees are negotiated between the exchange and
the trader on a bilateral basis.
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savings a trader could make in one currency pair, and similarly, in other currency pairs. If all
liquidity takers were to implement latency-optimal strategies, one expects liquidity providers to
adjust their strategies. Savings that accrue to liquidity takers due to latency optimal strategies,
is revenue lost by liquidity makers. Thus, liquidity makers will adjust their quotes to recover

the drop in revenue.

‘ Values by trader, over six months

‘ Traded quantity in € How much is $ 3.80/€M in $7

Maximum | €35,740,466,000 $ 135,813.77
75% quantile | €2,909,457,000 $ 11,055.94
Median \ €462,418,000 $1,757.19
25% quantile | €67,130,000 $ 255.09
Minimum | €2,000 $ 0.01
Mean | €3,016,943,016 $ 11,464.38
Standard deviation ‘ €6,097,287,418 $ 23,169.69

Table 5.12: Statistics of volumes traded by trader. Period: 1 September 2019 to 29 February
2020.

5.4.6 Robustness checks

In the results we showed above, the fundamental best bid rate was the current or most recent
observed best bid rate when the spread was less than v = 11 ticks; recall that one tick is 107>
USD. Table 5.13 shows that the outperformance of RLOS over the benchmarks is robust for
v € {7,9,11,13,00} ticks, where expected latency is 30 ms. Note that when v = oo ticks, the
fundamental best bid rate is the observed bid rate, i.e., S, = 8S,.

‘ Filter with v ticks to obtain fundamental price

| 7 9 11 13 S
ZLOS | 3.03 3.45 3.61 3.55 3.34
TWAP |  3.29 3.71 3.87 3.81 3.60
ENOW |  1.89 2.31 2.47 2.41 2.20

Table 5.13: Performance measure from 9.00am to 9.10am, 7' = 6 seconds, and expected latency
30 ms.

The value of the outperformance of RLOS and DLOS over other benchmarks peaks when
v = 11 ticks. In addition, we note that for the outperformance of RLOS over TWAP, any two
consecutive results are statistically the same. For example, the outperformance of RLOS over

TWAP for v =9 and v = 11 are statistically the same.
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Finally, the performances of RLOS and DLOS are robust to misspecifications of the volatility
parameter of the fundamental best rate. We ran simulations with volatility estimates: o =
{1, 2, 3} x 10~* and expected latency 30 ms. The performance measure are as those reported
above plus minus $ 0.4/€M.

5.5 Conclusions

We have solved a general stochastic impulse control problem in which there is a stochastic delay
between the action and its outcome. As an application, an investor executes a large position in
a financial instrument when there is latency in the marketplace. We have derived the optimal
strategies for stochastic and for deterministic latencies, and compared their performance with
that of three benchmarks, including TWAP.

During normal trading hours, we have found that the latency-optimal strategies outperform
the benchmarks by an amount similar to that of the fees paid by traders in the foreign exchange
market. Around news events, the value of the outperformance increases to between two and
ten times the value of the fees. The superior performance of the latency-optimal strategies
stems from both the speculative MLOs sent by the trader and the rate protection provided by
the MLOs. We have shown that fast and patient traders use their superior speed to execute
the target inventory with as many speculative MLOs as possible; they do not use their speed
advantage to finish the execution programme early, nor to hit the best quotes they observe in
the LOB.

In financial applications, interesting research problems include a study of the effect that
latency has on the financial performance of electronic trading strategies, e.g., market making,
pairs trading and other statistical arbitrage strategies. In particular, extend the recent works of
Kalsi et al. (2020) and Cartea et al. (2020) to account for latency. In these works, the authors
use techniques from rough path theory to solve relevant algorithmic trading problems, where it
is assumed that there is no delay between trade attempts and executions. A starting point is
to compute the signature of the market with deterministic delay.

Finally, from a mathematical point of view, a challenging problem is to extend the current
framework to include other distributions of the delay in the marketplace, and extend the model,

so that there can be more than one pending order in the system when latency is stochastic.
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Chapter 6

Concluding remarks

In this thesis we studied the effects of latency on liquidity takers. We presented three pieces
of work that aim to (i) quantify the cost of latency, (ii) improve the marksmanship of liqudiity
taking orders, and (iii) incorporate latency into the optimal trading framework.

We employed marketable limit orders (MLOs) to show how to optimally account for latency.
Recall that if latency is zero, then MLOs would be redundant. However, as shown in the
empirical analysis in Chater 5, in all currency pairs we study, MLOs are the type of orders
with which most of the volume is traded. This thesis is, to the best of our knowledge, the first
time in the literature where MLOs are used to offer solutions to the latency problem faced by
liquidity takers.

There are various directions in which the works in this thesis can be extended. Arguably,
the most relevant would be to leverage on tools and methods from model-based reinforcement
learning (RL) to derive the results in Chapter 3, Chapter 4, and Chapter 5. Recently, the
works of Leal et al. (2020), Guéant and Manziuk (2019), and Cartea et al. (2021) have shown
the potential advantages that these techniques can bring over traditional stochastic control
techniques. Certainly, many of the insights we draw from the models in this thesis could be
replicated with RL approaches, others, such as (i) the insights derived from the closed-form
solutions, or (ii) semi-analytic characterisations of the optimal strategies, will not be possible,
but ultimately, it is likely that new insights can be drawn from studying the strategies ‘learned’
by these methods.

Another natural way to extend our work is to incorporate signals. The studies in Cartea
and Jaimungal (2016) and Cartea et al. (2017) are examples of the improvements that trading
strategies have when the filtration of the trader is enhanced with order flow and volume im-
balance —see also Lehalle and Neuman (2019) and Forde et al. (2020) for recent advances on
this front. It is relevant to compare the savings of the optimal use of MLOs against those that
the incorporation of signals would offer. For example, in Chapter 5 we showed that if traders
(i) acknowledge latency, and (ii) use MLOs optimally, the performance of trading strategies
improve (over strategies that ignore latency and employ MOs) by a quantity that is in the same
order of magnitude as transaction costs. Then, one would like to know by how much more can

this outperformance increase if we incorporate signals.
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Glossary

Here we provide a brief glossary of common acronyms and terms used throughout the thesis.

Acronyms

a.e. : almost everywhere

a.s. : almost surely

BSDE : backward stochastic differential equation

FBSDE : forward-backward stochastic differential equation
FoK : fill-or-kill

FX : foreign exchange

DAY : good for day

DPP : dynamic programming principle

GTT : good until time

HJBI : Hamilton-Jacobi-Bellman-Isaacs

HJBQVI : Hamilton-Jacobi-Bellman quasi-variational inequality
IoC : immediate-or-cancel

LO : limit order

LOB : limit order book

LR : limit rate

LMAX : LMAX Exchange, London

LSE : London Stock Exchange

MLO : marketable limit order

MO : market order
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MPP : marked point process

ms : millisecond

ODE : ordinary differential equation

PDE : partial differential equation

PIDE : partial integro-differential equation
SDE : stochastic differential equation

SPI : slippage-price-improvement

RL : reinforcement learning

Currencies

AUD : Australian dollar

CAD : Canadian dollar

EUR : Euro

GBP : British pound sterling

JPY : Japanese yen

MXN : Mexican peso

USD : United States of America dollar
Trading strategies

DLOS : deterministic-latency optimal strategy

RLOS : random-latency optimal strategy

TWAP : time-weighted average price

ZLOS : zero-latency optimal strategy

Technical terms

cadlag : right continuous with left limits

caglad : left continuous with right limits
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discretion : we use the term ‘discretion’ to refer to: (i) the difference between the limit price
and the best bid price for a sell MLO, or (ii) the difference between the best ask price and the
limit price for a buy MLO

flicker : unpredictable short-lived deviations of a few ticks from the best quotes. Flickers are
the result of very frequent occurrences of rapid sequences of post-and-cancel activity in the
limit order book, and the less frequent arrival of aggressive orders that consume liquidity that

is immediately replenished

FoK : the time-in-force ‘fill-or-kill’ denotes an execution upon entry (i.e., it does not rest in the
limit order book), and executes either (i) all the volume of the order, or (ii) it gets cancelled

entirely

IoC : the time-in-force ‘immediate-or-cancel” denotes an execution upon entry (i.e., it does not
rest in the limit order book), and executes as much volume as possible, the unfilled part of the

order is cancelled

MLO : a marketable limit order is a limit order that has one of the following time-in-force

qualifiers: (i) fill-or-kill, or (ii) immediate-or-cancel

LOB : at a given point in time, the limit order book is the collection of limit orders waiting to

be matched
shadow price : an estimated price for an asset or service for when there is no active market

time-in-force : period of time (and other relevant factors) determining when an order is active

in the market

walk the book: when a trade consumes liquidity from more than one price level
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Notation

Sa Integral over a set A

1p Indicator function over statement B

A A set of admissible strategies

(D J(6),w) Gateaux derivative of the functional J centered at ¢ in the direction of w
(D2 J(8), w,v) Second Gateaux derivative of the functional J centered at ¢ in the directions of w and v
E:[-] Conditional expectation given the information up to time ¢

L- Infinitesimal generator

p(dz,dt) Random measure associated with a marked point process

p(dz, dt) Compensator of the random measure p(dz, dt)

q(dz,dt) Compensated random measure ¢ :=p — p

$x /€M 2 USD per million EUR traded

$z /$M z USD per million USD traded

w(n)(U) For a functional ¥ : C — C, we let ¥(1) = ¥, and ¥ (U) = ¥ (¥~ (U))
Ve Vaa Ve refers to OV/0z and Vi, refers to 82V /9x? when V : R — R

w(t, @), w(t,x) lower-semicontinuous envelope and upper-semicontinuous envelope of w(t, x)
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Appendix A

Appendix for Chapter 3

A.1 Proofs and further results

A.1.1 System of ODEs satisfied by ansatz (3.18)

Here, we substitute the ansatz (3.18) in the PDE (3.17) to obtain a system of ODEs that we solve
explicitly — we use these solutions in Theorem 1. Insert ansatz (3.18) into HIBI (3.17) and collect terms
to obtain the following coupled system of six ODEs:

hy(t) + (b0 4+ ad + NF)hy(t) + 0% ho(t) + k0 hs(t) + = (a2 —goa%) (M) —dr F2 =0, (A1)

2 \2¢;
Ry(t) + (260 +2AF 4 2a6) ho(t) — Nhi(t) + k0 hs(t) + 2 (2“;5 —W%> hy(t) ha(t) +2¢r F =0,
(A.2)
(0~ 23 ha(0)+ 2 (55— o} ) (a0 — 6 =0, (A3)
Ry (t) — bhy(t) + (b0 + ad + ANF) hs(t) + 250 ha(t) — K hs(t) + 2(; —goa%) hi(t) hs(t) =0, (A.4)
Ry(t) — bhs(t) + (02 — 2 k) ha(t) + % <2“;6 - W%) (hs(t))* =0, (A.5)
hi(t) —2bho(t) — (A + k) hs(t) + 2 <2‘1;6 w%) ha(t) hs(t) =0, (A.6)

with terminal conditions
ho(T) =0, hi(T) =0, ha(T) =0, h3(T) =0, ha(T) =0, h5(T) =0.

Here the notation h'(t) is short-hand for dh(t)/d¢. Next we provide solutions for hs, hs, and h;, which
are the functions required to write the optimal control in closed-form.

Explicit solution for hs.

The function hs satisfies the Riccati ODE in (A.3) with terminal condition ho(T) = 0 and its solution
depends on the sign of the coefficient ¢ 0% — a?/2 ¢s. Therefore:
Case 1: ¢ < a?/20% ¢s, then
ha(t) = c1 tanh (cat 4 c3) + cq,
with
2

A A
o1 “ pok, o = co = —2a1 ¢ + N2, %za‘canh(—)—i—T\/204lgzﬁp—|—)\27 C4 = —
C2

T 245 T2y 20,

The inequality 2 a3 ¢ + A? > 0 follows from ¢ < a?/2 0% ¢5, thus, ¢z is well defined.
Case 2: p = a?/20% ¢s, then
br ( —2X(T—t) )
== -1).
h2 (t) I\ €

121



Case 3: a?/20% ¢5 < ¢, then
hg(t) = tan(ég t+ 53) + ¢4,
with

2 ~

A A
dlztpa%—;%, 51:202 s 52:—\/2@1¢F—)\2, 53:—atan(—@)—i—T\/le(bF—)\Q, 64:

o 20

when (\2/¢r + a®/¢5)/2¢% > ¢. We do not solve for hy when (A?/¢r + a?/¢ps)/20% > ¢ > a®/20% ¢s
— throughout Chapter 3 we employ the solution of the ODE discussed in Case 1.
We use the integrating-factor technique to write

T
h5(t) _ 7eftT(2 aq ho(u)—Kk—2X)du / Qbhg(s) e~ fST(Qal ho(u)—k—X) du dS,
t

and similarly we write

T
hl(t) — eftT(Qal ha(u)—X) du / (/@5 h5($) ey hg(s) + 62) e~ ST (2001 ha(u)—\) du ds,

t
where e = 265+ 2 F +2aé and eg = 2¢FF.

From now on we focus on Case 1 to obtain closed-form formulae for hs and hy; Cases 2 and 3 are
similar.

Explicit solution for hs. Function hs can be explicitly written as

e~k (T—t)

hs(t) = ~cosh (tcg + c3)

dz(Tft)erg _ ,ds dy (T*t)*dg _ ,—d3
x| & S ) b(er )+ (& ‘ blca—c1)l,
da dy

where the constants dy = kK + ¢g, do = Kk — ¢o, and d3 = c3 + T co.
Explicit solution for h;. Function h; can be solved explicitly to obtain
—KU
cosh(cat + c3)
[b (c1 +cq)es <e"‘(T_t) —1 et _ 1)
X —

hi(t)

d2 K Co
b _ —d3 co (T—t) _ 1 -k (T—t) _ 1
N (cs—c1)e (e N e ) }
dy C2 K
€1 C1

sh(co T — cosh(ca t
o3 cosh(ca t T c3) (cosh(ca T + ¢3) — cosh(ea t + ¢3))

e1¢4+ ez
o cosh(cat + c3)

(sinh(co T + ¢3) — sinh(ca t + ¢3)) .

Finally, the functions hy and hs are obtained explicitly in a similar way using an integrating factor
technique. Note that to obtain the optimal controls explicitly we only require hy, hs, hs.

A.1.2 Proof of Theorem 1.

Here we provide a class of controls that produces strong solutions for F° and v, see Lemma 7. We employ
Lemma 7 to prove the admissibility of the control 6* (see Corollary 1). Then we prove that the control
x* is also admissible and conclude this section with the verification of the value function.

Lemma 7. Let §; = p(t, Fy,ve) with w € Mor. Then, for allt € [0, T| there exist strong solutions
to the SDEs of F° and v.

Proof. Let 6, = p(t, Fy, vy), for p € Mo . Thus, there exists K € R such that for all ¢ € [0,77,
y,z € R?

lut,y) —ut,z)| <K |y -z, and |u(t,y)’ < K? (1+ Iy\z) : (A7)
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Let Z) = (F?, v;)T, thus
dZ} = (A(t) + B(t) Z) + p(t, Z7)) dt + C, AW,

with A(t), B(t), Ct, and p given by

A(t):{)\ﬁﬁ-bv]’ B(t):[—)\ —b]’ Ct:{ap 0 ] u(tvzf):{au(t,zf)].

KV 0 -k 0 o,v

Define the functions ¢ : [0, T] x R? — R?, and o : [0, T] x R? — R?*2_ which are given by

0 Oy Ut

o(t,Z) = (A(t) + B(t) Z + u(t, Z)) , ot Z) = {UF 0 ] .

Now, let t € [0,T], Z1, Z2 € R% We first verify the Lipschitz condition on the function c,

le(t, Z1) —c(t, Z2)| = ) (Z1 — Z2) + pu(t, Z1) — p(t, Z2)|

| B(t

<|B)| |21 — Za| + |u(t, Z1) — p(t, Z2|

<B|Zy—Z2|+K |Z1— Zs| =K |Z1 — Zs| ,

for K=K + B, and B = max; ¢ [o,7] B(t), which is clearly attained. For the function o, we have
|0(t, Zl) - O'(t, Z2)| S Oy |Z1 — Z2| .

We test the linear growth condition on the function c. We use triangle inequalities and simple bounds
to obtain

le(t, Z1)” = |A(t) + B(t) Z1 + plt, Z1)|* < (|A@t)| + |B(t) Za| + |u(t, Z1)])
<BAW +3 B[ |Z1)* +3 |ult, Z1) [
<341 3B2|Z, +3K? (1 + |Z1|2)
< D*+D?|Z, > +3K? (1 + |Z1|2)
= (D*+3K?) (1+]2.) .

for A = max, ¢ (0,71 A(t), which is clearly attained. Finally, we take D? = max {A?, B?}.
On the other hand, for o, we have

lo(t, Z1)|° < 20% +202 |24
< B2 (1+|z:°) ,

for E = max {0%,02}. Lipschitz and linear growth conditions follow by choosing

K:maX{E, D? +3K2, O’v,f(}<00.

Thus the Lipschitz and linear growth conditions are satisfied, therefore, for all t € [0, T], there exits
a strong solution to the SDE satisfied by Z?, and subsequently F° and v;.

Corollary 1. Let § € A;r. Then, for allt € [0, T] there exist strong solutions to the SDEs of F° and
.

This shows that as long as the control § is admissible, F® and v have strong solutions.

Proof. Let 6 € A;r, thus there exist 4 € Mo such that 6, = u(t, F;, v;). By Lemma 7, for all
t € [0, T] there exist strong solutions to the SDEs of F° and v. I
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Proof. The control 0* is admissible.
Recall that §* is given by

a

6 =0+
¢ 2¢s

(hl(t) F2ha(t) B+ hs(t) vt) .

Define f: [0, T] x Rx R+ R as

s a a ha(t) a hs(t)
f(t,x,y)—(s'i‘mhl(t)'i_ d)ﬁ -+ 2¢6 Y,

so 0f = f(t, Fy,vt), and, since f is linear in = and y, and a continuous function of ¢, then f € Mg p.
The control §* is F-adapted, because it is a continuous function of two F-adapted processes. Then, we

only need to prove that
T
/ (6%)? ds} < 00.
0

Based on Young’s inequality we find the following bound for the optimal control:

E

(L2

263

2 2
A a 2a 9 «\ 2

52 < 2 (64 =2 hy(t 20 (holt (F‘S)
6 < 2 (4 g m)) + 2 (ae)? (R7)

and because hi, hy and hs are continuous functions in the closed interval [0, T, they are bounded. Let

U be an upper bound for |hy], |hz2|, and |hs| on [0, T7.

As 6f = f (¢, Fy,v) for f € Mo, by Lemma 7, we have that F% and v have strong solutions for all
t € [0, T, thus

(hs(£)* (v)”

E[ sup (Ff*)z] <o  and E[ sup (vt)ﬂ < . (A.8)

0<t<T 0<t<T

Finally, using the upper bound U and the inequalities in (A.8), we conclude that

T
EVO (57) ds] <E

E

2

/ " (5 +oo m@))z + 2% (ha(t)? (F) + 55 (o) (vn?]

2 2 2
A a 2a «\ 2 a 9
2T 5+U) +2Y 0 sup (F5) T2 U sup (v
( 2 ¢s P2 o<ter \° 243 ogth( t)

IN

Proof. The control xz* is admissible.
This proof is similar to that of Theorem 1 in Cheridito et al. (2007). Let § € Ay 7, then 3 € My p,
such that 0; = p (¢, F;,v;). Recall that the optimal control z* is given by

z; = pop (hi(t) +2ha(t) F) + hs(t) v;)
== n(ta Fta Ut) 9

which is adapted because it is a continuous function of adapted processes. Therefore, it remains to show

that
1t ) t
Zt:exp{—/ () du—/ deWf},
2 Jo 0

is a martingale. As the control z* is a well-defined continuous process, Z is a well-defined local martingale
with respect to P, and subsequently, because Z is non-negative, it follows that it is a super-martingale,
and for it to be a martingale, we only need to prove that

EF [Z7] =1.
Consider the function u@ given by

g
MQ(ta Ftvvt) = :u’(tth’vt) - 7F n(tthvvt)v
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and because the term 7(t, F}, v;) is continuous in time and linear in F' and v, it belongs to M, r, therefore
MQ € M;r.
Given that u, u@ € M, r, by Lemma 7, we know there is a strong solution for the SDEs given by

dF, = (A (F = F) +ap(t, F,v) = b (v, — 0)) dt + op AW/, (A.9)
dF, = (A (F = F) +ap(t, Fiov) = b (o —0)) dt +opdW/ (A.10)
Now define
i =gpop (hl(t) + 2hy(t) FY + hs(t) vt) (A.11)
= n(t, Fy,vp). (A.12)

For n € N, consider the stopping times 7,, and 7,
=inf{t>0]|a; >n} AT and 7, =inf{t>0]zf >n} AT, (A.13)
and because z* and Z* are P-a.s. finite, then

lim P(r, =T) = lim P(7, =T) =1. (A.14)

n—o0 n—oo

Define for each n € N the process
(n) _  «
vy = xp lg<r,y,

which satisfies the Novikov’s condition

B oo {3 47 (a1 au}] < e { "0} < .

Then it follows that
d@( (n) 1t 2 t
— _Z (n) — (n) P
i ‘ exp{ > /0 (xu ) du /0 xy, " dW, }
- 2",

defines an equivalent measure to P, and by Girsanov’s theorem, W* = W} + fg mé’” ds is a Brownian
motion under the measure Q (x(”)), abbreviated as Q™. Finally,

B (2r) = B Jim Zr1(r, -]
=EF { lim Z7 1, —T}]

n— 00

= lim E [Z% 1{7—":T}]

n—oo
= Jim E% [14;, ]
= lim Q" (r, =T),
n—oo

where the first two equalities hold because the control 2* is P-a.s. finite, and definition (A.13). The third
equality follows from the monotone convergence theorem. The fourth equality is the change of measure
imposed by Z7.

Finally, starting at Fj, the stopped process Fir., under Q" is given by

tATy tATh
Fomy =Rt [ (NP =F) +ants v —oral ~b(o—0) ds+ [ opaws
0 0
tATy, N tATy,
:F0+/ (A (F = Fy) +au(s, Fs,vs) —opxl —b(vs — 1)) ds+/ op dW
0 0

tATy tATn
:F0+/ ()\(Fng)JrauQ(s,Eg,vs)fb(vsfl_/)) ds+/ opdW |
0 0
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and similarly, the stopped process ﬁ‘t/\;n, under P is given by
R tATr, L ~ tATy,
Fops. = Fo+ / </\ (F - F) +ap@(s, Fy,vg) — b (vs — 75)) ds + / opdWF.
0 0

Therefore (1*:’ } /\%n> .
thus

, and (Fiar,)g<i<p have the same distribution under Q™ and P respectively,
<t<T ==

lim Q" (r, =T) = lim P(7,=T) =1,

n—oo n—oo
and
EF [Z7] = lim Q" (r, =T) = lim P(7, =T) =1,

n—oo n— 00

which concludes the proof.
|

Finally, we present the proof of Theorem 1, i.e., we show that (3.18) is the trader’s value function
given in (3.13).

Proof. V is the value function of the trader’s control problem in (3.13).
Let Q* = Q*(8) be the measure inferred by z;(8) = @or (hi(t) +2ha(t) FY + hs(t)v¢), in other

words,
1 (T T
= exp —f/ az*;sc;du—/ x, dW, ¢, (A.15)
T 2 Jo 0

where xf = (x}, 0). Clearly x}(d) represents the infimum measure of (3.13) for an admissible ¢.
The dynamics of v under Q* do not change, but the dynamics of F*?" do change. Specifically

dQ*
dP

AR Y = (/\F — (AN 2002 ha(t)) FO¥Y +ad +b0— (b+ 0ok hs(t) v — por hl(t)) dt+op dWH @
As V € Ch?2 apply 1t6’s Lemma under Q*, and consider 6 € A, 7, hence
T * T * T *
V(T, F2,vr) = V(t, f,v) +/ OV + LY Vds +/ DpV oy vs dWPQ +/ oV opdWh @
t t t
(A.16)

where WI* and W2* are standard Q*-Brownian motions. The function V is a solution of (3.16), and &

is an arbitrary control, thus

* A\ 2 A\ 2 1
Q < _ _ T (%2
OV + LYV <65 (3-8) +or (F-F) — 556
Now, take expectations on both sides of (A.16) to obtain
0=EY,, [V(T.F},vr)] ,
[ ,T
=V(t fv) +EZ;, / OV + L2 Vds|
t
o T 2 2 T N2 1 (T
< Q _ o - *\2
< Vo f) + B |0 [ (=) aswon [ (= F) as— 5 [ wias|
. i T N2 T N2 1 T 1 T *
- EZ s — F—F ——/ 52 —/ AW e
V(t, fv) +EZ, _%/t (6, - 9) ds+¢F/t (F0-F) as 5 | @ds+ o [ ataw ]

therefore

o[ (oo [ (5 [Tt L [ vane

EY,
t,fv 20 J, )

126



or alternatively,

T 2 T 5 T
tfv (bé/ (55_(5) dS_QSF‘/t (‘F:;S 8_7/ d _7‘/15 {,C:dWS SV(t,f,’U)7
T N2 T N2
W[ o [ (5.-9) ds—¢>F/ (P8~ F) ds+Ho 7 @IB)| < V(1. f.0),
t
and because V (¢, f,v) is a bound for any § € A, 7 , we have that
T N2 T N2
sup EY —¢5/ (55—5) ds—¢>F/ (Fj—F) ds + He. 7 (Q* | P)| < V(t, f,0)
d€AL T t t

sup inf tf”[ ¢5/T<5SS)stqbp/tT(Fs‘sF)stJrHt,T(QHP’) <V(t f,v), (A.17)

seA,r Q€L

which completes the first part of the proof.
Now, fix the strategy §*, then for any Q € Q, because V is a solution of (3.16), and because the inf
and sup can be interchanged in (3.16) (z and § are decoupled in (3.16)), we have the inequality

OV + LV > (5*—8)2+¢F (f—F)Q——(a:)Z, (A.18)

and, following the same steps as before together with (A.18), we have, under the measure Q,

T N2 T N
EY,., [ o5 [ (5:=8) as=or [ (P =F) ds+ o @IP)| 2 V(0. S0).
and because this is true for all Q € Q, we write
T 2 T, a2
dngEtﬁ —¢5/t (63—5) ds—qu/t (F —F) ds + He. 7 (Q|P)| > V(t, f,0)
T N2 T A2
sup  inf EZ, —¢5/ (55—5) ds—(bp/ (Ff—F) ds+Ho 1 (QP)| >V, fiv), (A.19)
scA,r QEQ bf t t ’

which completes the second part of the proof.
Combine (A.17) and (A.19) to obtain the desired result.
|

A.2 Further robustness checks

A.2.1 Infinite-horizon value function

We solve the infinite-horizon problem for the trader, which is the analogue to (3.13) with 7' — oo and
here we include an exponential discount factor 5 > 0, so the problem is well defined. Thus, the trader’s
value function is

H(f,v)= sup  inf Ej, [ — /OO e B <¢6 (63 - S)st + ¢ (F‘“F - F)Q) ds + HP (xF)] ,
0

56A0,o¢ wFEXOvDC
(A.20)

where we now define the penalty as

W (o) = L 1og (exp (_; /0 e (xf)2d5>) .

Similar to Bouchard et al. (2018) we define the set of admissible strategies Ag o and Xy o to be

Ap,oo = {5 = (6){o<t<oo} | zf is F — adapted, E [/ e P75 (5,)? ds] < oo} , (A.21)
= 0

/OTeﬁs (xf)st] < oo} : (A.22)

X000 = {JCF = (xtF){OSt<oo} | I is F — adapted, E
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st 8,at
and F** = (F, ){ogth}’ follows the SDE

aFP™ = (A (F = ")+ a8 — b~ 0) — opaf ) At + op dWF (A.23)

As above, the value function satisfies the HJBI

—B H + sup inf(()\(F—f)+a5—b(v—v)—apa:) Hf—i—%U%Hff—i—Qix?
s * ¥

+/<;(17—U)HU+%@203HW7¢5 (575)2f¢p (fF)Q) =0, (A.24)

which, after substituting the feedback controls, reduces to
F b 1 a? Vf2 1 2 2 2
—BH+ (A(F—f)—b(v—20)) Hf + = o—FHff+ 10, —swHjor+adH;

1 N2
+/€(6—U)H1,+§v2cr,2}Hw—¢F (f—F) =0.
We use a similar ansatz to that in (3.18)
H(f,v) =ko+ki [+ke f>+ksv+kao’ +ksfo, (A.25)

where ko, k1, ko, k3, k4, ks are constants. Substitute the ansatz in the HJBI and collect terms to obtain
the system of equations:

2
2¢s
— Bk + (2b0+2XF +2a8) ko — Nky + k0 ks + 2 <

1 .
—Bko+ (bO+ad+ANF)ki+ 02 ke +riks + = < @a%) (k1) —¢pp F2 =0,

a2

mwg) kiko+2¢p F =0,

6k22/\k2+2( (pO’%) (k2)2*¢F:Oa

265

a2
6k3bk1+(bv+a5+)\F)k5+2/<;vk4ﬁk3+<

205
_ﬂk4—bk5+(0 —2:‘{)1644—1 <2¢ (,00'%) (k5)2:07

QDUF) k1k5—0

—ﬂk5—2bk2—()\+:‘<&)k5+2(2¢ QDU%) k2k5:0.

In Tables A.1 and A.2, which are the analogues of Tables 3.3 and 3.4, we compare the performance
of the strategy in the finite- and infinite-horizon cases. The results are broadly the same — recall that in
the finite-horizon case we assume that every day the latency-optimal strategy assumes T = 5.

Missed by naive, filled by alternative strategies

Extra Extra Cost Cost Cost
Fills  Volume X10® in JPY 20ms later 100ms later
in JPY in JPY
(a) 0t = oo, Vit 9,483 4,222 8,914,046 9,841,755 12,158,945
5*,6=0 5¢ = oo, Vi 8¢ = oo, Vi
Value function
(b) Finite-horizon 8,318 3,718 6,528,965 7,459,198 9,601,222
(c) Infinite-horizon 8,317 3,718 6,527,965 7,458,198 9,600,222

Table A.1: Performance of optimal strategy for T1 for finite and infinite horizon cases. The total number
of trade attempts is 110,458. Cost-related quantities are in JPY. Parameters: ¢5 = 2.5 x 107°, ¢ = 5,
0 =103, F= 100%, 8 = 0.01, and T' = 5 days in the finite-horizon case. Period is from 5 December
2016 to 31 March 2017, currency pair USD/JPY.
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Missed by naive, filled by alternative strategies

Extra Avg. Avg. cost Avg. cost Cost increase Cost increase
Fills cost 20ms later 100ms later 20ms later 100ms later
in ticks in ticks in ticks % %
(a) 6t = 00, Vit 9,483 2.11 2.33 2.88 10% 36%
5*,6=0 8¢ = oo, Vi 5; = oo, Vt
Value function
(b) Finite-horizon 8,318 1.76 2.01 2.58 14% 47%
(c) Infinite-horizon 8,317 1.76 2.01 2.58 14% 47%

Table A.2: Performance of optimal strategy for T1 for finite and infinite horizon cases. The total number
of trade attempts is 110,458. Cost-related quantities are weighted by volume and expressed in ticks, 1073
JPY. The metrics in column 6 (resp. 7) are the proportional increase of the values in columns 5 and 6
(resp. 5 and 7) in Table 3.3. Parameters: ¢5 = 2.5 x 107°, ¢p =5, o = 1073, F =100%, 8 = 0.01, and
T = 5 days in the finite-horizon case. Period is from 5 December 2016 to 31 March 2017, currency pair
USD/JPY.

A.2.2 Alternative models for volatility

If we model the volatility of the micro-exchange rate with the Ornstein-Uhlenbeck process (3.7), then
the trader’s value function satisfies the HJBI
L o

_ 1
Vi + sup inf(()\(Ff)+aéb(v60U)an) vf+§aivff+ﬁx
S5 xT

4 xOU (@OU_U)VU—F%UQ (GSU)z Vo — @5 (6—5)2—¢5F (f—ﬁ)2> =0. (A.26)

ou 5OU _OU
9 v )

This HJBI is similar to (3.16), where the three parameters «, U, ¢, in (3.16) become & o

respectively, and the term %vz 03 V., becomes % (agU)2 Vo

Clearly, the optimal controls that result from (A.26) have the same functional form as those we
derived above in Proposition 1. To solve (A.26) we employ ansatz (3.18) and derive a system of ODEs
similar to the one shown in A.1.1.

When we employ Heston’s volatility model (3.8), the trader’s value function satisfies the HJBI

_ 1 1
Vi + sup inf(()\(Ff)+a5b(v17H)apx) Vf+§U%fo+ﬁx2
6 x

R )V + %UQ (0%)? Vi — 65 (5—8)2 . (f—F)2> —0.  (A27)
As before, this HJBI is similar to (3.16), where the three parameters &, ¥, o, are now s, o, oI,
and the term %1)2 03 Vyw, is now % (05)2 v Vo
The optimal controls that result from (A.27) have the same functional form as those we derived
above in Proposition 1. In A.2.3 we discuss the performance of the strategy for these two additional
models of volatility.

A.2.3 Performance of the optimal strategy for alternative models of volatility

Table A.3 presents the performance of the optimal strategy for three volatility models of the micro-
exchange rate. We observe small differences with respect to the baseline model in row (b). Finally, Table
A .4 summarizes the results of Table A.3 using average figures.
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Missed by naive, filled by alternative strategies

Extra Extra Cost Cost Cost
Fills Volume %108 in JPY 20ms later 100ms later
in JPY in JPY
(a) 0t = 00, Vit 9,483 4,222 8,914,046 9,841,755 12,158,945
5*,6=0 8 = oo, Vit 5; = 0o, Vit
Volatility model
(b) Equation (3.6) 8,318 3,718 6,528,965 7,459,198 9,601,222
(c) Equation (3.7) 8,434 3,792 6,711,593 7,663,781 9,868,183
(d) Equation (3.8) 8,434 3,713 6,529,054 7,465,914 9,593,287

Table A.3: Performance of optimal strategy for T1 for three volatility models of the micro-exchange
rate. The total number of trade attempts is 110,458. Cost-related quantities are in JPY. Parameters:
65 =25x107° ¢pp =5, ¢ =1073, F= 100%, and T = 5 days. Period is from 5 December 2016 to 31
March 2017, currency pair USD/JPY.

Missed by naive, filled by alternative strategies

Extra Avg. Avg. cost Avg. cost Cost increase Cost increase

Fills cost 20ms later 100ms later 20ms later 100ms later
in ticks in ticks in ticks % %
(a) 6t = 00, Vit 9,483 2.11 2.33 2.88 10% 36%

5*,6=0 8¢ = oo, Vi 5; = 0o, Vit
Parameters

(b)  Equation (3.6) 8,318 1.76 2.01 2.58 14% 47%
(¢)  Equation (3.7) 8,395 1.77 2.02 2.60 14% 47%
(d) Equation (3.8) 8,307 1.76 2.01 2.58 14% 47%

Table A.4: Performance of optimal strategy for T1 under different models for the volatility of the micro-
exchange rate. The total number of trade attempts is 110,458. Cost-related quantities are weighted by
volume and expressed in ticks, 1073 JPY. The metrics in column 6 (resp. 7) are the proportional increase
of the values in columns 5 and 6 (resp. 5 and 7) in Table 3.3. Parameters: ¢s = 2.5 x 107°, ¢p = 5,
©=1073, F= 100%, and T = 5 days. Period is from 5 December 2016 to 31 March 2017, currency pair
USD/JPY.

A.2.4 Parameter estimates and sensitivity analysis

Recall that we estimate daily parameters of the model for volatility during the period from December
2016 to March 2017, i.e., 83 trading days. In total, we employ around 170,000 observations of the micro-
exchange rate because we sample prices every 500 milliseconds, and around 2,800 observations for the fill
ratio because we sample fills and misses every 30 seconds. Here, we use measure F,, for T1, and measure
FAV for T2. In our analysis, the OLS regressions are not restricted to obtain non-negative parameter
estimates. In Tables A.5 and A.6 we report the number of occurrences when a parameter estimate is
negative. In these few cases, to run the strategy, we replace the set of parameters with those of the
previous day.

Volatility model (3.6): #,0,6, (3.7): RPY,59U, ,0U

(3.8): /RH, 51 5,1

Days with at least one estimated negative parameter 1 7 7

Table A.5: Number of days with at least one negative parameter estimate (out of 83 days).

Table A.6 shows the number of days in which the parameter estimates of the dynamics of fill ratio
dynamics are negative.
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Days with at least one estimated negative parameter 1 12 1 1 1

Table A.6: Number of days with at least one negative parameter estimate (out of 83 days)

A.2.4.1 Sensitivity to parameter estimates

In Tables A.7 and A.8 we show the performance of the optimal strategy J* when we stress the parameter
estimates of the volatility model (3.6). For each day, we estimate the parameters &, v, and &, as described
in Section 3.4 and analyze eight scenarios, where we shock each parameter by multiplying it by 1.2 and
0.80, See subsection 3.5.3. Next, we compute the optimal strategy 6* with the eight triplets of parameters
resulting from all the different combinations of (&, v, &,) € {&¢, A"} x {v9,0"} x {0, o,

Tables A.7 and A.8 are the analogue of Tables 3.3 and 3.4.

Missed by naive, filled by alternative strategies

Extra Extra Cost Cost Cost
Fills Volume X108 in JPY 20ms later 100ms later
in JPY in JPY
(a) 6t = 00, Vit 9,483 4,222 8,914,046 9,841,755 12,158,945
5*,6=0 8¢ = oo, Vi 8¢ = 0o, Vt
Parameters
(b) i, D, oy 8,318 3,718 6,528,965 7,459,198 9,601,222
(b.1) &4, 54, op? 8,434 3,765 6,633,578 7,579,730 9,741,145
(b.2) Rd, 7, &, @ 8,434 3,765 6,633,578 7,579,730 9,741,145
(b.3) Rd o, 5,9 8,225 3,688 6,507,051 7,421,755 9,541,736
(b.4) Rd B, 6,9 8,225 3,688 6,507,051 7,421,755 9,541,736
(b.5) RY, 51, 6,9 8,041 3,757 6,621,327 7,563,658 9,722,004
(b.6) RY, 54, 5,94 8,041 3,757 6,621,327 7,563,658 9,722,004
(b.7) &Y, oY, A 7,839 3,683 6,494,442 7,408,846 9,527,502
(b.8) RY, 5Y, oy ® 7,839 3,683 6,494,442 7,408,846 9,527,502

Table A.7: Sensitivity analysis (volatility parameters) of the performance of optimal strategy for T1.
The total number of trade attempts is 110,458. Cost-related quantities are in JPY. Parameters: ¢5 =
25x1075, ¢p =5, p = 1073, F= 100%, and T' = 5 days. Period is from 5 December 2016 to 31 March
2017, currency pair USD/JPY.
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Missed by naive, filled by alternative strategies

Extra Avg. Avg. cost Avg. cost Cost increase Cost increase
Fills cost 20ms later 100ms later 20ms later 100ms later
in ticks in ticks in ticks % %
(a) 0t = o0, Vit 9,483 2.11 2.33 2.88 10% 36%
§*,6=0 8¢ = oo, Vi 8¢ = oo, Vi
Parameters
(b) R, D, oy 8,318 1.76 2.01 2.58 14% 47%
(b.1) &4, 9, 5p? 8,434 1.76 2.01 2.59 14% 47%
(b.2) &4, 5%, &p? 8,434 1.76 2.01 2.59 14% 47%
(b.3) R4, DY, &y 8,225 1.76 2.01 2.59 14% 47%
(b.4) A%, TY, &p? 8,225 1.76 2.01 2.59 14% 47%
(b.5) &Y, 59, F? 8,041 1.76 2.01 2.59 14% 47%
(b.6) &%, 0%, 5% 8,041 1.76 2.01 2.59 14% 47%
(b.7) &Y, 5%, & 7,839 1.76 2.01 2.59 14% 47%
(b.8) R, Y, op® 7,839 1.76 2.01 2.59 14% 47%

Table A.8: Sensitivity analysis (of volatility parameter) of the performance of optimal strategy for T1.
The total number of trade attempts is 110,458. Cost-related quantities are weighted by volume and
expressed in ticks, 1072 JPY. The metrics in column 6 (resp. 7) are the proportional increase of the
values in columns 5 and 6 (resp. 5 and 7) in Table 3.3. Parameters: ¢5 = 2.5 x 107°, ¢p =5, p = 1073,
F= 100%, and T' = 5 days. Period is from 5 December 2016 to 31 March 2017, currency pair USD/JPY.
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Appendix B

Appendix for Chapter 4

B.1 Proof of Lemma 1

We prove the lemma in three parts. First we work out the Gateaux derivative of the cost function. We
use (4.9) to write

1

. {E [C’%Jrew] _E[ % { l/ / G(6; + ew, — z) — G(6, — z)) ¢¢(dz) d A,

{L/AM”>QMd&}
_E V:i {/(:Hrswtz(bt(dz)} dA,

Then, by the dominated convergence theorem and the fundamental theorem of calculus, we have

mM—l

(D JO(6), w) = lim JO(6 +ew) — JC(6)

e—0 €

— lim 1 {E[CStev] —E[C)]} =E

e—0 €

T
/ O wy ¢t(5t) dA;
0

Next we work out the Gateaux derivative of the linear penalty. Note that

S {E[DF] -E[D}]} =+ {JE [ [ @6+ w26 =) pia= dt)”

/0 T% { /5 i qbt(dz)} a4,

=K

)

therefore, we have

lim 1 {IE [DiFev] —E [D§] } =-E

e—0 €

T
/ Wy ¢t(5t) dA;
0

Finally, we work out the Gateaux derivative of the quadratic penalty. We write

{]E (D)’ —E[(P1)] }_ { [/ /D””’Gé +ewy — 2) p(dz, dt)]
| [ [ ot co - e, ) |
+1{IE M /RG(dt+ewt—z)—G(ét—z)ﬁ(dz, dt)] }
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Subtract and add

2 {E l / ' / DI G(8, — =) B(dz, dt)] }

to the right-hand side of the equation above and write
1 S+ew\ 2 2
el =[]
_2 { l/ / D‘HE“}G (0 +ewy — z) — foEwG(ét —2)) p(dz, dt)]
€

+E / / (DI G(8; — 2) — DY~ G(8; — z)) p(dz, dt)] }

1{ U]/ (0 + ewy — 2) — (6t_z))ﬁ(dzvdt)]}

—9 {E D‘Sf“” G0 + ewy _:) — G = Z>> p(dz, dt)] (QP1)
D5+ew
+E / / ( - G5, - z)) A(dz, dt)] } (QP2)
G +ews —z)— G0 — 2)\ -
=\ [/ : ) e, ) (v

Next, take the limit of QP1, QP2, and QP3 as e approaches zero. The limit of QP1 is given by

lim QP1 = hm E

e—0

T p— p— —
/ RDH“U G(6: +ewr — z) — G(0r — 2) B(dz, dt)
0

i €

T 1 Ot
Dtew = / bi(dz) pdA,
0 € S¢t€wy

T
/ Df— Wt ¢t(5t) dA,
0

=-E

The last equality follows from the dominated convergence theorem and because lim._,q D‘H'““ Df,

almost surely.
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The limit of QP2 is given by
lim QP2
e—0

i E / [ D= DL G, — 2 plae, dt)]

e—0

- lmE /0 /RG(cSt—z) (/O /RG(68+€ws_i/)_G(a‘g_z,)p(dz’, ds)> B(dz, dt)]
~ lin B :ATAG(5t+th‘:)‘G(5t‘Z) (/tT/RG(ds—z’)ﬁ(dz’, ds)> p(dz, dt)]

~ lin B :ATAG(5t+6wt_:)_G(5f_Z) E,- /tT/RG(cSS—z’)ﬁ(dz’, ds)] p(dz, dt)]
= lim & /T/ G(5t+6wt_:)_G(5t_z) E,- /T/RG(és—z’)ﬁ(dz’, ds)] p(dz, dt)]
/ /G ds — 2')p(d2’, ds)

1
=limE / / +(dz) Eq-
e—0 5t+€wt
/ wy e (0¢) B l/ / G(ds — 2")p(d2’, ds)
0

Finally, the limit of QP3 is given by

// (5t+6wt_z) GO =2) 5a,, dt)]

T
5t+€’wt

/ wy 60(8,) dA,

0

dA,

=-E dA;

hm QP3 = hm E

=limE

e—0

=-E

bl

which concludes the proof.

B.2 Existence and uniqueness of forward and backward parts
of the FBSDE

Following Antonelli (1993) and for mathematical interest, we study the forward and backward parts of
the FBSDE separately. Thus, the following proofs are not related to the existence and uniqueness result
of the full FBSDE and can be regarded as separate problems.

The following theorem shows the existence and uniqueness of the solution to the backward part of
the FBSDE (4.18).

Theorem 9. Fiz V € C*®°. Assumptions 1 and 2 hold. Then, the functional ¥ : C>* — C*° given by

T
U)=2vE; / /G(Usf +24V,_ —2)p(dz,ds)
t Jr

+7+a, Vec™,

has a unique fized point.

Proof. We proceed as in Proposition Al in Duffie and Epstein (1992). Define Z = sup,c | X — Y3 for
any X and Y in C®. Let ) = ¥ and U™ = ¢(¥(»=1) Then

(W(X)e = U (Y )| =27 |Eq

/T(<I>(Y +29Vi-) = ®(Xs- + 279V, )))\sds]

<2v9kE,

T
/ X, - stds] <2ykXM(T—1E,[Z].
t
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Use Fubini’s theorem for conditional expectations to write

T T
V(X)) — 0B (Y)| <279k AE / [W(X,) = W(Y;)| ds| <27kAE, / 27k (T — ) E, [Z] ds
t t
T 2
< (27kN)? E, / (T — )y [Z] ds| < (2vkN)? %Et (7],
. !
which after n iterations becomes
v, — v vy < 2yrn)” T
n.

Finally,

E {Sup ‘qﬂ") (X); — \IJ(")(Y)t” < W E {sup E, [Z]}

te¥ te¥
27 kAT)"
_4(7)E[sup |Xth|] .
n! texT

Therefore, for n sufficiently large, the function ¥(™® is a contraction mapping in the Banach space C>
equipped with the supremum norm (C*, ||-|| ). Thus, there exists a unique' process U € C* such that
U™ (U) = U and because U™ (¥(U)) = ¥ (™ ((U))) = ¥(U) and by uniqueness of the fixed point,
we have ¥(U) = U, which proves the existence of the fixed point for ¥. Uniqueness of this fixed point
for ¥ follows from uniqueness of the fixed point in W™ which concludes the proof. il

The next theorem shows the existence and uniqueness of the solution to the forward part of the
FBSDE (4.18).

Theorem 10. Fiz U € C*°. Assumptions 1 and 2 hold. Then, the functional © : C*° — C> given by

t
e(v)t - / / G(Us* + 2’7‘/3— - Z)p(dzvds)v Ue COO7
0 JR

has a unique fized point.

Proof. First we prove that © is a functional from C* to C*°. Let U, V € C*. By definition, the function
O(V) is adapted and because G < 1 we have

E [suplo(V)l| < Blp(® 0.7)] < .
teT
Thus, ©(V) € C*®. Next, denote O" = (0" 1) with ©° = ©(0) and define h,, : [0,T] — R as

J.

@gn+1) . @gn)

ha(t) = E { sup

0<s<t

We find an upper bound for h,(t) as follows:

=E | swp /O/R (G (qu +270™ —z) —G(qu +270" —z)) p(dz, du)

sE :/Ot/R ’G (Uu_ +27@5ﬁ) - Z) -G (Uu— + 2’}’@2",71) — z)‘ ﬁ(dz,du)]

hn(t) =E| sup
L0<s<t

@gn+1) _ @gn)

|

r rt
_E / ’(I)(Uu—+2797€")>—<I>(Uu—+2v61€"_1))’)\tdt]
LJ O
_ t
§2’yk/\E[/ ol — e dt}
0

¢
§2’yk/_\/ hn(s)ds.
0

!Unique in the sense of indistinguishability.
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The above inequality, together with the observation that ho(T) = M < oo, implies

M (29kN)" T"

0 < ho(T) < -

and use Markov’s inequality to obtain the bound:

M (2vkX)" T 220,

-] 0.

P <sup ‘ng+1) — @En)
texT

> 2”) <

By Borel-Cantelli arguments, there is © C € such that for all w € O the functions ¢ — @,E”)(w) form
a Cauchy sequence in the supremum norm of C> with probability one. Thus, Vw € £ there is a
function O (w) such that @§”)(w) converges uniformly to O} (w) in . Furthermore, there is an adapted
modification of ©* in €.

Thus, the process ©* is a fixed point of the mapping defined by O, and therefore satisfies the forward
part of the FBSDE. i

B.3 Second Gateaux derivative

The first Gateaux derivative of the functional J is given by

T T
/0 wy ¢1(dt) <5t —2y (/t /RG(68 —2')p(dz, ds)) —29D) — (v+ 04)) dA4;

/0 wi 60(81) (5, — 2vEr- [D3] — (7 + ) dA,

(D J(6),w) =E

=FE

Let 6, w, v € A. The second Géateaux derivative of J(9) in the directions w and v, is defined as

(D2 J(6), w,) = lim 2T+ V), w) = (DJ(9), w)

e—0 €

which converges to

T
(D?J(6),w,v) = E / wy vy 94(0;) (6 — 27 E,- [D‘%]f'y—oz) dA;
0

T T
/ wy 64(8,) (w‘m&t l/ 64(62) v, dA,
0 0

+E

) dA,

B.4 Further results

Lemma 8. There is a sub-sequence {1y }n>1 of {1/n}n>1 such that

lim [|§*¥" —6*|| =0.

n—oo

Proof. Let ¢ > 0, the processes §*¥ and §* are bounded below by zero and above by B = (By)i>0,
By = 2y Ny + 29T + v+ . By Assumption 4.1, we have |B|| < oo and ||B||; < co. Let b =
| B]|, then {||6*¥ — &*| }. o, is a sequence of real numbers in [0, 2b], hence there is a convergent sub-

sequence {¢0},>1 of {1},,>1. By Cauchy-Schwarz (see (4.26)), furthermore, the sequence of real numbers
{’ 5 — ¥ } is in [0, 2b+/T'], and hence there is a sub-sequence {1, }n>1 of {1/%},>1 such that
1/ n>1 - -

both ||5*¢" — 6*”; and Hé*d’" — 6*” converge.
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As {tn}n>1 is sub-sequence of {1},>1, 1, — 0 as n — co. Next, by the dominated convergence

theorem we have that

lim [|6*%n — 5*||°

n—0o0

2

T *Py
. At ¢t(5t ) §*¥n 5*
=E / lim ” 2~vE;- |D +v+a)—(2vE;- | D7 | +v+ )| dE
i | oy (B [DET [y - (0B [DF ]+ v +0)
T *Pn 2
<2E / lim {442 |90 )w - [ %*w"] _E, {D%*]
g N Y 4+ X 0 (677)
2
+|(v+ ) ¥n o dt
Y + A pe(6,7)
T sth 2
= 8"/2]E / lim Av (0 *)1/) E,- [ %*W} —E;- [ng] dt
0 "Ry 4+ A (677)
B T . 2 2
<1642E / lim Av 640 )w - [ gron —D%*] + ¥n N [Dg] dt
0 "o | | Yn + A e(07) U + A pe(6,7)
- " )
—16+%E / lim |20 )w E, [ g D%*] dt
0 0 [y + A (07 )

Next, writing the counting processes in terms of the random measures, we have

lim [|5*%n — 5*|”

n—oo
T »
<164°E / lim ‘Etf [D% "
0 n—oo
T
§1672]E/ lim
0 n—oo
<16~%TE | lim
n—oo
B T
<1672TAE lim/ B (67) — @4(87)
n—oo 0

(Lispchitz cont.) S 16 72 T 5\ k lim E

n—oo

5 - b

I

=16+*T Ak lim ||0* — 6%, .
n—oo
Following similar techniques, we further have

lim ||§*¥" — 6%,

n—oo

=l
;

<2yATk lim E

n—oo

A (6,%7)
Yn + A ¢t(5:w")

Aede(6,) {
wn+)\t¢t(5:wn) t

[l =il

=2yATk lim [|§*¥" — &, .
n—oo

lim
n— o0

5 n 5*
T - DT :|

<2~E lim
n—oo

50 — 5¢
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~of[al
/T/ |G(05% — 2) = G(6% — 2)[ p(dz, ds) dt]
0 R

T
/0 /R’G((S;W’n —z) =G/ _Z)‘¢t(dZ)Atdt‘|

:
04

:
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As consequence of (4.20), 2y AT k < 1, hence,

lim 6" —6*||, =0,

n—oo

and using this in the previous limit, we have
lim |6 —§*||* <1672 T Ak lim [[5*¥
n—oo n—oo

which concludes the proof. }
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Appendix C

Appendix for Chapter 5

C.1 Random latency

The set L describes the set of pending orders — if any. In the interest of a more compact notation, we
let Lo = () and L1 = L, and we drop the argument of a mathematical object if it is the empty set. For
example, we write A; instead of A; g, or we write X*® instead of Xt®0.a ote. Finally, when the
index of a function is the empty set, the function returns the empty set.!

For k € {0,1}, the domains of the value functions vy, are

Dy ={(t,x,l) : (t,) € [0,T) x R x (—o0, M| x Rand | € Ly} . (C.1)

C.1.1 Dynamic programming principle

Here, we prove the dynamic programming principle satisfied by the value functions vy (¢, x,1), k € {0, 1},
t € [0,T], and I € L. Before proceeding, we introduce the function ¢(t, &), which returns the index of
the pending order (if any) at time ¢ and strategy «. That is,
¢ if there is a pending order, i.e., i s.t. 7; <t and 7; > ¢,
t,a) = .
() otherwise.
Theorem 11. Dynamic programming principle. The value functions in (5.15) and (5.16) satisfy the

dynamic programming principle. That is, for k € {0, 1}, (¢,2,1) € Dy, (see (C.1)), and 6 € T, r — where
Ti.r is the set of stopping times valued in [t,T], and viyg,a)(0,...) Borel measurable, we have:

0
vg(t,2,l) = sup E / h(X;f’“”’l’o‘)ds + Z (’:(Xffc’l’a, Ft;’_o, L)+ vk(gva)(H,Xé’w’l’a, Lio,0)) |
acAy t <6 T i

where ly is 0. In other words, for k € {0, 1}, (t,z,1) € Dg:
(a) DPP1. For all o € Ay, we have

0
vp(t,z, 1) < sup E / h(XE™h)ds + > (X I FL0 1) + vpg,00 (0, X5, Lg.a)
t [3

C!EAt,l t 7.<0

for all stopping times 0 valued in [t,T).
(b) DPP2. For all ¢ > 0, there exists o € Ay, such that for all stopping times 6 valued in [t,T],

6
vp(t,x, 1) > sup E / h(XE™he)ds + ) (X0 FLO6) + vg,00 (0, X5 ™% o) | — €
acA t <6 i ¢

'Recall that in our construction we enhanced the state space to work with a Markovian system. As a
consequence of the memoryless property of the exponential random variable, we do not need to keep track of the
times at which a pending order was sent, but we do need to know the limit price of the order that was sent (if

any).
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Before proceeding to the proof, we remark that from the dynamics of the controlled system X< in
(5.9), the independence of the marks, and the memoryless property of the exponential distribution of
latency, we have the following properties:

1. Markov property of (Xa, k(- a), [L(.Q)). For any a € A, we have that

E W(Xoaz”}—m] =E [Q/J(X(%H(Xgl ) k(917 0/,), [L(QQ,Q))] ; (C2)
for any bounded measurable function v, and stopping times 6; < 5 a.s..

2. Causality of the control. For any a = (7, ;);>1 € A, and 0 a stopping time,

o’ S .A97[ and [L(O,a) S Lk(g’a) s (03)

L(0,a)

where a = (Ti-‘rb(e,a)a [i+L(0,a))i21~

3. Pathwise uniqueness of the state process:
Xt,m,l,a _ XO,X;’m’l’a,[L(gya),ae (04)

on [0,T1], for any (t,z,l) € Dy, k=0,1, @ € Ay, and 6 € Ty 7.
Proof. DPP1: Fix (t,x,l) € Dy, k € {0,1} and take an arbitrary control o € A;;. By the law of
iterated conditional expectations we have

0
Je(t, @, 1, a) = E[/ h(XEmbeyds + ) (X Emhe FL0 1)
t 7<6 ’

T
+E[ / h(XE™heyds+ Y XL FLO ) + g(Xphe)
0 pime<r

A

and because of the joint Markov property of (X > k(- a), [L(.,a)), the causality of the control, and the
pathwise uniqueness of X%®5a (see (C.2), (C.3), (C.4)), we have

6
Ju(t, 2,0, ) =E [ / MXET) ds + Y @(XES FLY ) 4 Jyo,a (Q,X};’w’l"", [ (0.00), a9> ]
t i

7<0

0
< E[/ h(XE™h*) ds + Z Q:(X;Lw’l’a, F2% 1) + vio,00 (Q,Xé’m’l’a, [L(e,a))} :
t i )

7 <0

Take supremum over o € A;; on both sides of the inequality above to obtain the desired result.
DPP2: Fix (t,x,l) € Dy, k = 0,1, and take an arbitrary control @ € A;;. By the definition of

vg, for any € > 0 and w € (, there exists a., € A9(w),h<e<w>,a<w)>v which is an e-optimal control for

Uk(6(w),a(w)) at the point (O(w), X;’(z’)l’a, L(6(w),a(w)))- Next, by a measurable selection argument,? one

can show that there is a@. € Ay, ., such that a(w) = o (w) for almost all w € Q, so that

Vi(0,c0) (9, xXpohe [L(e,a)) — € < Ji0,a) (97 X0 0.0, O_te) : (C.5)

Next, concatenate the controls o and a; that is, take & to be « for the impulses that are before (or
include) time 6, and take &, for the impulses that are strictly after time §. By construction & € A, so
Vu € [t,0] Xp®he = XE®ha k0, a) = k(0, @), L9,a) = L(0,a), and &’ = a.. Therefore, following the
same steps as in the proof of DPP1, we have

0 _ _
Je(t, @, 1, &) = E{/ h(XL®h%)ds+ ) C(X;’f’l"’, FL00) + Jro,a (0, X5™0% 10 a), ae)} ,
t 7

7: <6

2See Chapter 7 in Bertsekas and Shreve (1978). As mentioned before, we do not present the proof of this step.
One could also follow the weak dynamic programming principle for viscosity solutions by Bouchard and Touzi
(2011).
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which together with (C.5) yields

0
Tu(t, 2,1, &) > E[/ RXEP0%) ds + 3 (XIS FL 1) 4 oo (9, xiehe [L(e’a))} e,
t 7<0 ’
where & can be replaced by a because & is less than or equal to 6. Take supremum on both sides of the
inequality above to conclude that

Uk(taxal)z sSup E

%
pi / h(X?mJ’a) ds + Z Q:(X;fJ’aa Fi‘-;oa [1) + 'Uk(e,a) (07 X;7w7l’a7 [L(Q,a)) :| — €,
acAg t i

7: <0

which completes the proof because € is arbitrary. i

We characterize the value functions with the following two corollaries, which are stated without
proof (they follow from Theorem 11). In what follows, Z is a random variable with law v(dz) as in
(5.3), independent of the Brownian motion W and of the exponentially distributed delays between trade
attempts and notifications.

Corollary 2. For k=1, (t,x,l) € D1, pe R and 0 € Ty r, we have

Ul(t7mal):E -0

ONE
/ R(X5®)ds + (UO(E,F(X;;m,Fgo,l)) +e¢(xh® FLo 1)) Licy +v1(0, X%, 1) 1t~>9]
t

=E i

ONE
/ WXE®)ds + (vo(E,T(X™, Z,1) + &(X2%, Z,1)) 1i<p +v1(0, X5, 1) 1t~>9] .
. <
In particular, when 8 =T characterize vy in terms of vy:

’Ul(t,.’ll, l) =E

TAE
/ WXE®)ds + (vo(6LT(X", Z,1) + €( X", Z,1)) Ljeq + vo(T, X57) 15>T1 ,
t
(C.6)
and v1(T,z,l) =vo(T,x) =c+q (s+(—a(qg—1))(1—¢), Vi€ L.
Corollary 3. For (t,z) € Dy, and 6 € Ty r, we have the following relationship between vy and v, :
ONT
vo(t,x) = sup E l/ h(XE®)ds +vo (0, X)) lo<r +v1 (7, X271 1T<9] , (C.7)
(Tvl)EIt t

where Iy is the set of pairs (1,1), and where T is a stopping time, t <7 < T, or T =00 a.s., and [ is an
Fr-measurable random variable in L.

The following two corollaries are crucial to prove the subsolution property of the value function —
see Theorem 13.

Corollary 4. For (t,z) € Dy and 6 € Ty v, we have the following relationship between vy and vy :

vo(t,x) = sup E
(r,0)EeT,

ONT
/ h(XE®)ds +vo(0, Xy™) Lo<r +v1(0, Xp®, 1) 1r<ger +vo (7,1 (X5, Z,1)) 1T<;<9] :
t

Corollary 5. For (t,z) € Dy and 6 € Ty 1, we have

0
vo(t,x) = sup E[(/ h(Xﬁ’w)ds—l—vo(G?Xg’m)) lo<r
¢

(r,1)eL;
OnF
+ / h(XE®)ds + (vo(F,D(XLT, Z,0) + €(X17, Z,1)) Li<o + 01(0, X5®) 1isg 1r<0} ;
t

as a result of property (C.4) and Corollaries 2, 5.
In particular, for 8 =T we have

T
vo(t,z) = sup IE[ / R(XE®)ds 4+ vo(T, X2%) | 1p<r
(r,)ETL, t

TNAT
+ ( / RXE®)ds + (vo(7, T(XL%, Z,1) + €(XL%, Z,1)) Li<r + vo(T, X77) 1;>T> 1T§T] .
t
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C.1.2 PDE system viscosity characterization

In Corollaries 2 and 3 we send 6 to t to obtain the following characterization of the value functions vg
and vy:

Theorem 12. Dynamic programming equation. The value functions satisfy:

min {—881;0(&:6) — Lug(t, ) — h(x), vo(t,x) —supv1(t, x, l))} =0, onDy, (C.8)
leL
and
%(t, x,l) 4+ Lo (t,x, 1)+ h(x) — Avi(t, 2, 1) + AE|vg (¢, T(x, Z,1)) + €(x, Z, Z)} =0, onDy, (C9)

where L is the infinitesimal generator

0- 1 02
L= p(s) o= + 5‘72(5) FER

the random variable Z has law v(dz) as in (5.3), and the terminal conditions are
v (T, z,l) =vo(T,x)=c+q(s+{—alg—1))(1—r¢), Vie L. (C.10)

The intuition for the result in the theorem above is as follows. With no pending orders, the trader
will submit an order with limit rate [* when it is better to have one order pending in the exchange than
none; this decision is determined by the QVI in (C.8). The crucial tradeoff is that once the agent sends an
order, she must wait until it is processed by the exchange before sending another order; thus, a pending
order precludes the trader from taking advantage of any opportunities that arise while a pending order
is being processed during the period of latency. Finally, the trader’s value function satisfies the dynamic
programming equation in (C.9) when there is an order pending in the exchange.

A priori, in equation C.8, it is not clear that the candidate optimal control is well defined. If
v1(t, x,1) is continuous in I, then, given that L is compact, we can define the candidate optimal control
as I* = argmax;vi(t,z,l), whenever vo(t,x) = vi(t,z,l*). On the other hand, if vi(¢,2,1) is not
continuous in [, we can take the set L to be a finite collection of points in R. Recall that L is the set
of possible limit rates, and limit rates in EUR/USD can take values with a precision of (at most) five
decimals. Thus, we can define L to be all limit rates with five decimals of precision between zero and a
fixed [ — in practice, any number that is twice the current level of the exchange rate suffices.’

We use equation (C.6) to make a key simplification to the system in (C.8) and (C.9). We plug
equation (C.6) in equation (C.8) to obtain a HIBQVI that characterizes the value function vy. We
remark that once we know vy we compute v; by means of (C.6). Equation (C.8) becomes

min{ - %(L x) — Lug(t,x) — h(x) , vo(t, ) (C.11)
TAE _
—supE / hXE®)ds + (vo(LT(X7", Z,0) + €( X", Z,1)) Lier + vo(T, X77) 1,;>T] } =0,
leL t -

on Dy, with terminal condition vo(T,x) =c+q (s+{—a(g—1)) (1 — ¢), which is equivalent to

min{ - %(t, x) — Lug(t, x) — h(x) ,

vo(t, @) + ¢ {q‘f (1=e?T ) ta(g-1) e”“)} —qe M TR [SE] —ce AT

—sup E[(vo(t,T(X7", Z,1)) — ¢ (Sp° + Z) f(1 = S2° = Z)) 1<) } =0.

3Note that all financial instruments trade in a discretised grid according to the tick size.
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We propose the ansatz vo(t, s,q,¢) = ¢+ ho(t, s,q) to reduce the system (C.11) to

h
min{ - %(t,s,q) — Lho(t,s,q) +oq* ,

ho(t, s, q) +q {qf (1 _ efk(Tft)) ta (q _ 1) eA(Tt)} _ qefk(Tft) E [S;lg]

—supE | (1) (S} +2) (1= 57" = 2) + ho (LE(S}", Z,0.1)) ) Vi } =0,

with terminal condition ho(T,s,q) = (¢s+q{—aq(¢g—1)) (1 —¢), and

(s, Z,q,))=(s—kfll—s—2),q—fl—5—2)) . (C.12)

C.1.3 Viscosity properties of the value function vy

The value functions vy and v; do not need to be smooth a priori. We focus on the viscosity properties of
the HIBQVI satisfied by vy because we fully characterized v; in terms of vy (see Corollary 2). In Bruder
and Pham (2009), the authors use backward and forward iterations on the domains and value functions
because they have more than two coupled value functions. In our case, a more ‘standard’ approach
suffices because of the reduction in (C.11). For classical references on the subject of viscosity solutions
we refer the reader to Crandall et al. (1992), Fleming and Soner (2006), Bardi and Capuzzo-Dolcetta
(2008), and Touzi (2012).
For a locally bounded function w on Dy, we denote by w (resp. w) the lower-semicontinuous

(resp. upper-semicontinuous) envelope of w, given by

w(tv :I}) = (t,,l;:rlr)l_lfg,w) w(tlv :13/) )

w(t,z) = limsup w(t',z'), (t,x)e€ Dy.

(t" ") —(t,)

For any locally bounded function u on Dy, define the locally bounded function Hu on Dy by

Hu(t,z) =supE

TAE
/ MXE®)ds + (u(l,T(X]", 2,1) + €(X7", 1)) Licp +u(T, X757) Ly
leL t -

Lemma 9. Let w be a locally bounded function on Dy. Then, HW is upper-semicontinuous, and Hw <
Huw.

Proof. First, we prove that Hw is upper-semicontinuous. Let (t,x) € Dy, and let (tn,Tn)n>1 be a
sequence in Dy converging to (¢,x) as n — oo. There exists a sequence (I, )nen valued in L, such that

HW(ty, )

=E

NS
/ R(X L) ds 4 (W0, DX, Z,02) + €X ™ Z,00) ) 1, <p + (T, X0 lmT]
t ; ; <

n

for n > 1 because w is upper-semicontinuous and because L is compact.
By Bolzano-Weierstrass, the sequence (I,),en converges (up to a subsequence) to an element [ € L,
thus

Hw(t, x)

>E

TAE
/ h(X?w)ds + (E(EaF(X;LmaZ7V[)) + Q:(X;Lw7Za V[)) 1i?<T +E(T’ X’?m) 15>T]
" hS

> limsupE

n— 00

TNty
/ h(szwn) ds + (E({rm F(X;f;mn7z7 [n)) =+ Q:(X;zamn’ Z, [n)> 1t~n<T + @(/1'77 X;:Lymn) 1t~n>T
t n n -

n

= hm sup Hw(tn’ mn) 3
n—oo
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where the first inequality follows because | € L. The second inequality follows because: @ is upper-
semicontinuous, I' is continuous, and Fatou’s lemma. Finally, the last equality follows by definition.
Hence, Hw is upper-semicontinuous as required.

Next, to prove that Hw < Hw, fix (t,z) € Dy, and let (t,,®,),>1 be a sequence in Dy converging
to (t,x) as n — oo such that Hw(t,,x,) — Hw(t,z). Then, by the properties of the sequence and the
upper-semicontinuity of w, we have that

Hw(t,z) = lim Hw(t,, z,) < limsup Hw(t,, z,) < Hw(t,z),

n—0o0 n—00

where the last inequality follows from the upper-semicontinuity of Hw. Thus, Hw < Hw. 1

Definition 1. A locally bounded function w on Dy is:

(a) A wiscosity supersolution of (C.11) on Dy, if for all (to,To,) € Do x C*>(Dy) such that w —
attains a minimum at (tg, o), we have that
T/\EU
/ h(Xt0®0) ds

to

min{ - %f(to, xo) — LY (to, o) — h(xo) , w(to, zo) — E

_ ?gEE {(M(EO,F(X%%’ Z)Z)) + Q(X;OE@U,Z’ l)) 150§T +M(T, X;J,wo) 1£0>T:| } >0.

(b) A wiscosity subsolution of (C.11) on Dy, if for all (to, zo,1) € Do x C*(Dy) such that w—1) attains
a mazimum at (tg, o), we have that

T/\g(]
min { — %(tg, CC()) — Ed)(to, mo) — h(mo) R m(to,.’llo) —E [/ h,(X;O’mo) d5‘|
to

— supE [(E(EO,F(X?@“,Z,Z)) X, Z,l)) 1; o + (T, X10%0) 1;0>T} } <0.
leL 0 0 -

Finally, we say that w is a viscosity solution of (C.11) on Dy, if it is a viscosity supersolution and
a viscosity subsolution of (C.11) on Dy.

Theorem 13. The value function vy is a viscosity solution of the HIBQVI in (C.11) on Dy, with
terminal condition vo(T,z) =c+q (s+{—a(qg—1)) (1 —¢).

Proof. Local boundedness: Let (¢, ) € Dy. Use Jensen’s inequality and the bounds in (5.13) to write

t<u<

T
lvo(t, )| < E[/ / |z| p(dz, du) + Nt ( sup |Sf;s’ + HNT) + (M + Np) ( sup }SZ’S‘ + Kk Np + |C>
¢t Jr t<u<T T

t<u<T

T
+a (M4 Np+1)°+¢T (M+ Np)2 4+ cNp  sup |SL%| + ek Np +¢ / / |z|p(dz,du)] .
t Jr
From equation (5.4) we know that

T
r=E (1+c)/ /\z|p(dz,du)+HN%+(9JT+NT)(HNT+|C|)
o Jr

+a (9ﬁ+NT+1)2+¢>T(9ﬁ+NT)2+U@NT] < 00,
ro i =E[M+ 2Ny + ¢ Np] < 00,

and r and o do not depend on (¢, x). Therefore, we have that

lvg(t, )| <711+ 712 E [ sup |st@
t<u<T

<1ty (7”3+7"4(T—t)6”(T_t) 82+T482) :

<ritrs (ratra (T =0 T af* 414 J2l))
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for some constants r3 and r4 that do not depend on (¢, x). Thus, the value function vy is locally bounded.
Supersolution property: Let (t, zo, 1) € Dy xC*(Dy), such that vg—1) attains a minimum at (¢, z),
with vg(to, o) = ¥(to, o). By the definition of vy, there is a sequence (t,,®,),>1 € Dy such that

’Uo(tn, iBn) — @(t(], CB()) with (tn, xn) — (t07 CC()) . (C].?))

Let I € L and (¢t,x) € Dy. Use equation (C.7) and Corollary 2 with an immediate impulse and price
limit {4, (i.e., 7=1¢, 0 =T, and [ = l;) to write

vo(t, ) > vi(t, x, lr)

TAE
-E l/ WXE®)ds + (vo(6,T(X;®, Z, 1)) + &(X®, Z,11)) Liep + vo(T, X57) 1t~>T‘| )
t

Thus,

lim inf vo(ty,, @)
n— oo

> liminf E

n—oo

T ALy,
/ h(szmn)ds—i_ (’Uo(t»,“F(X;"’wn,Z,ll)) +Q:(X§:“wnaz7ll)) 1t~n<T +UO(T7 X;Zlawn) 1£n>T] .
t n n =

Next, use Fatou’s lemma, the continuity of I', and the definition of v, to obtain
o z t t t
vo(to, xo) > E / h(X1®)ds + (@(tO,F(Xg;w, Z, 1)) + Q(Xf;, Z, ll)) 1 cr +0o(T, X7%) 15 o p |
to

Therefore,

vo(to, o) > supE
T leL

T/\{()
[ ey as (ol DOXLT 2.0) + ©XE Z0) Liep + (T X 150>T]

to

because the price limit [y is arbitrary.

Finally, to complete the viscosity supersolution property, use Corollary 3 with 7 = oo, Ito’s formula
for 1 € C%(Dy), the property that v, — ¢ attains a minimum at (to, zo) with v, (to, o) = ¥(to, o), and
let 8 — t¢ to obtain

_%(tova) — LY(to, o) — h(wo) >0,
see Pham (2005).

We base the next part of the proof on Bruder and Pham (2009). Subsolution property: Let
(to, o, ) € Dy x C*(Dy), such that vy — 1) attains a maximum at (to, xo), ¥(to, To) = Vo(to, To), and
¥ > vg on Dy.

If 5 (to, o) < HUg(to, xo), the desired inequality follows and the proof is complete. On the other
hand, if Tg(tg, o) > HTo(to, o), we proceed by contradiction, i.e., we assume there is 7 > 0 such that

n= —%—i}(to,mo) = Lp(to, wo) — h(wo) > 0.

By the definition of vy and the continuity of 1, there exists € > 0 and a sequence

(tn,wn)n21 C ((to — €ty + €) X B(%o,g)) N Dy,

such that
0o(tn, ) = To(to, o) with (tn, n) = (to, xo), (C.14)
and
o n . N ~
_E_/:w_h> 3 on ((to — €,to + €) x B(xo,€)) N Dy, (C.15)
and
W—¢<Z on  ((to—&to+ &) x B(zo, &) N Dy.
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Here B(xo, €) is the open ball with centre in @y and radius € under the Euclidean metric. By continuity
of 1 and (C.14), we also have that

Yo = 00(tn, Tpn) — Y(tn,xn) = 0asn — oco. (C.16)

By Corollary 4 we have that, for each n > 1, there is a control (7,,1,) € Z;, such that

00 (tns Tn) — gen (C.17)

O AT
<E / h(XL®)ds + vo(On, Xy®) 19, <7,
t

+ vl(gang;,wa [n) 1'rn§0n<‘?n + vo (’T—nar (X;Lmy Z; [n>) 17n<%n<0n] .

Choose 0, = (t, + €5) A9y A by, with
Uy =inf {s > t, : XI"™ ¢ B(w,€/2), s <t,+¢/2, s<T} e T, 1

and (e, )nen a strictly positive sequence that satisfies

In

€n

€, — 0, —0, as n — 00.

After simple inspection of (C.17), and that £, is the first time there is a jump in N after ¢, write
n o
Vo (tn, Tn) = €n <E / hXE®)ds + vo(0n, Xg®) 1o, <r, +01(0n, Xg® 1) 1r <o, | - (C.18)
t

Use Lemma 9 to write
Hoo(to, o) < Huo(to, o) < To(to, o) = P¥(to, To) s

and given that Huvy is upper semi-continuous, 1 is continuous, and Huvg (tg, o) < ¥ (to, To), the inequality
Huvg < 1 holds in a neighbourhood of (tg, ). Thus, for n sufficiently large and because vy (t,, @y, [;) <
Hvo(tn, ), we write

1 (O, X" 1) e <o, < (00, X "") 1r, <o, - (C.19)

Equation (C.18), together with (C.16) and (C.19), yields

23
Y(tn, Tn) + Y0 — Zen <E /t h(XIm®n) ds + w(ﬂn,Xéz*m”)] :

Use Ito’s formula between t¢,, and 6,,, divide by ¢,,, and use the bound in (C.15) to obtain

€n €n

n

9" J—
In Z < E l/ (O + L+ h) (s, Xﬁ””m")ds} < —gE [9” t”] :
t €n

Let n — oo, so that

1S

S_

(VRS

)

which is a contradiction. Thus, the subsolution property follows. 1

C.2 Deterministic latency

Here, we show the dynamic programming principle and a verification theorem when the trader executes
orders with deterministic latency.*

“In general, a deterministic delay can be regarded as a stochastic delay where the stochasticity converges to a
point mass. In our framework, the stochasticity is modelled with an exponential random variable with parameter
A > 0; thus, we cannot recover the deterministic latency results from the random latency case.
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C.2.1 Dynamic programming principle

We state the dynamic programming principle that holds for the deterministic latency execution problem.
Let t € [0,T], B € A, with 8 = (7;,1;);>1. Denote the number of executed orders by (¢, 3), the number
of pending orders at time ¢ by k;(3) (which is zero or one), and the pending order p(¢, 3) (which is the
empty set if there is no pending order):

(t,B)=inf{i >1:7,>t—A} -1 € NU{oo},
k(B)=card{i >1:t—A <7 <t} € {0,1},
p(t, B) = (Titu(t.8) litu(t.8) )1<i<h,(8) € Pr(ke(B)) .

Theorem 14. Dynamic programming principle. The value functions satisfy the dynamic programming
principle: for k € {0,1}, (t,2,p) € Dy,

(%
Vk (ta ﬂf,p) = Ssup E / h(Xz)m’p}ﬁ) ds + Z ¢ (X(t::;:l-pyAﬁ)f’ ZI.(Ti‘f‘A)/AJ ’ [2) + vk(eva)(ev X;’mvpyﬁ,p(97 /6)) ’
BEA:Lp ¢ t<Ti+A<0

where 0 is any stopping time valued in [t,T], possibly depending on 3.

The following Corollary is consequence of the dynamic programming principle. For all ¢ € [0, T], we
denote by Z; the set of pairs (7,[) where 7 is a stopping time, t <7 <T — A, or 7 = 00 a.s. and [ is an
Fr-measurable random variable in L.

Corollary 6. Let (t,xz) € [0,T) x R%. (1) For any stopping time 0 valued in [t,t; + A) and for
p=(t1,l1) € P(1), we have

Ul(tvmap) =E

0
/ h(X?%O)ds+v1<o,X;’m*°,p>] .
t
(2) For any stopping time 0 valued in [t,t + A):

Uo(t7ill,®): sup E

0
/ h(X§7w7O) ds + vo (97 Xé7m707 ®)19<‘r + Ul(ev Xg’m)ou (7-7 [))19>T‘| .
(r,D€EL t

The proof is a straightforward modification of Theorem 3.1 and Corollary 3.2 in Bruder and Pham (2009).

C.2.1.1 PDE system viscosity characterization
Define D,i’Q for k = 0,1 as follows:
Dy=(T—-AT)xR® Di=[0,T—-A]xR* D;j=D;, Di=0.

Theorem 15. Dynamic programming equation. For k € {0,1}, (t,z,p) € Di’z, the value functions
satisfy

min {—%?(t,az,p) — Lo (t,z,p) — h(x), vi(t, x,p) — sup vg41(t, 2, (t,l)))} =0, onDiLk=0
leL
(C.20)

and
81)k

—a—t’(t,m,p) — Log(t,z,p) —h(x) =0 on Di, k=0,1. (C.21)

From the system of equations (C.20) and (C.21), we have the following Feynman-Kac representation:

vl(t,w,(tl,ll)) =E )

/ttlﬂ h(X®) ds € (X, a0 20n) o0 (01 + AT (Xl 2001))
(C.22)
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for all (t1,0;) € [0,T — A] x L, t € [t;,t1 + A) x R3, and Z is an independent random variable with law
as in (5.3). We substitute (C.22) in (C.20) to obtain the variational inequality satisfied by wvg:

) v
O:mln{—ato—ﬁvo—h7

vg —supE

s [ as e (Xt 2 ) (4 A (X174, 20)

2

on [0,T — A] x R?, with
T
vo(t,x) =E [/ h(X0®)ds+g (X{;“’)] on (T — A, T) x R®.
t

Thus, we transformed the original problem into a non-delay impulse control problem for vy, and we
related v; to vg. In our formulation, h(z) = —¢ ¢, and

ot (1) = 6% (1 + A — ) + [vo (t1 +AT (ngﬂ)_,z,zl)) te (Xt,m 72,11)} ,

(t1+A)~
(C.23)
for all (t1,11) € [0,T — A] x L, t € [t1,t1 + A) x R? because the inventory does not change during the
latency period. Substitute (C.22) in (C.20) to obtain the variational inequality satisfied by vg:

. Ov
O:mln{—ato—ﬁvo—h, (C.24)

v+ b A ~supE [@0 (t+A7F (X(tt’frA),,Z,l» —¢ (X(tt’frA),,Z,l)] }

on [0,T — A] x R3, with
volt,z) = —¢¢* (T —t) +E[g(X5%)] on (T —A,T] xR3. (C.25)
By inspection of (C.24) and (C.25), we make the following ansatz for vg:
vo(t, &) = vo(t, s,q,¢) = c+ ho(t,s,q);
thus

Ozmin{—aahto—ﬁho—l-d)qz, ho +¢q* A

- supE [ho (t4+ AT (86180 2:0) ) + (=) (Siia)y +2) F(1-Sia) —2)) } :

on [0,T — A] x R3, T'is as in (C.12), and the terminal condition is
ho(t,s,q) =—0q* (T —t)+ (¢E[S°] +qC—aq(g—1))(1—¢) on (T—AT]xR*.  (C27)

C.3 Zero latency

Standard results in optimal stopping and impulse control theory yield the following theorem.

Theorem 16. Dynamic programming equation. For all (t,x) € D, the value function satisfies:
0
min {—(;tj(t7 x) — Lo(t,x) — h(x), v(t,z) —v(t,T(x)) + cs} =0, (C.28)

where D = [0, T] x RT x (—oo,M] x RY, L is an infinitesimal generator given by

a- 18%.

and the terminal condition is

v(Txg)=c+q(s+(—a(g—1))(1—0), vieL. (C.30)
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Next, employ the ansatz v(t, s, q,c) = ¢+ h(t, s,q) and write

( on on 1, 9% ,
win { = S20,50) =~ 9) G 0.500) = 3 *(9) S5 0.500) + 642,
h(t,s,q)sh(t,sm,ql)Jrcs}O (C.31)

on [0,T] x R* x (—oo, M|, with terminal condition h(T,s,q) =q (s +¢ —a(g—1)) (1 —¢).
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