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Abstract

Needle domains are thin, lamellar domains that can appear as fine lines or stripes

in a ferroelectric crystal. They affect the poling, switching, and other properties

of ferroelectrics. A model is established to study the stress and electric fields

caused by needle domains and their interaction. Considering the electrical and

mechanical compatibility conditions at the tip of a needle domain, the fields are

represented using equivalent edge dislocations and line charges. Accordingly,

the dislocation fields derived by Barnett and Lothe for anisotropic piezoelectric

media are employed. A modified Peach-Koehler force and calculations of the

total energy due to the needle domains are used to study the formation, interac-

tion and stability of needle patterns, taking full account of the strong anisotropy

and electromechanical coupling present.

The interaction of pairs of needle domains in an infinite piezoelectric with

properties of barium titanate is found to be dominated by the electrostatic

terms. This makes comb-like arrays of needle domains unstable if perfectly in-

sulating properties are assumed. By considering redistribution of charge, stable

equilibrium states for arrays of needle domains are found; these agree well with

experimental observations. The model explains the stability of various observed

needle patterns and also how unstable patterns evolve.
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1. Introduction

Ferroelectric crystals commonly contain thin, lamellar domains that termi-

nate within the crystal. Such domains appear as fine lines, or “needles” that can

change in length when the crystal is subjected to stress or electrical loading. The

resulting arrangements of needle domains are significant for determining the pol-5

ing, switching and piezoelectric behaviour of the crystals [1]. The appearance

and rearrangement of needle domains is also associated with crack propaga-

tion [2] and can influence material toughness [3, 4]. BaTiO3 single crystals,

as lead-free ferroelectric materials, have been widely used to investigate ferro-

electric behaviour [5, 6, 7, 8]. One reason is that they are advantageous in10

theoretical work, due to the relative simplicity of their crystal structure, when

compared to other ferroelectrics. The material also offers the practical advan-

tages of providing high polarization and ferroelectric strain, along with excellent

electromechanical properties. Perfect single crystals with an ideal single domain

structure are hard to manufacture and instead needle-shaped domains are com-15

monly found in the crystals [6, 9]. Therefore, an understanding of the interaction

and evolution of needle domain structures is desirable.

Several researchers have investigated the behaviour of needle-shaped do-

mains through theoretical and experimental methods [6, 10, 11, 12, 13]. In

early work, Forsbergh [6] observed 90◦ a-c and a-a needle domains in tetragonal20

BaTiO3 single crystals. Bornarel et al. [11, 12, 13] investigated the interaction

and evolution of needle domains in ferroelectric KH2PO4 theoretically and ex-

perimentally. Evidence was found for the existence of long-range interactions,

up to 200µm between the domains, and a model of the needle domain tip as an

assembly of edge dislocations was developed. Accordingly, the fields due to a25

classical edge dislocation in an isotropic elastic solid were used for interpretation

of experimental observations.

Salje and Bueble et al. [14, 15, 16, 10, 17] researched needle domains in
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LaAlO3 and SrTiO3, which are analogs of the (Me, Fe)SiO3 perovskite thought

to be a major component of the Earth’s lower mantle. They argued that nearby30

domain wall corners are attracted together, forming needle domains with sharp

tips. Little [18] studied needle domains with typical widths of 10-30µm in

tetragonal BaTiO3 , finding that they nucleated at the crystal boundaries at a

critical field value. After that, the needle domains lengthened without broaden-

ing to cross the crystal. When the electric field was removed, residual stresses35

forced the needles back out of the crystal. Bornarel et al. [19] reported that the

switching process in ferroelectric crystals is related to the twinning dislocations

which are created at the tips of needle domains. Zhang et al. and Duan et al.

observed 90◦ a-a needle domains using transmission electron microscopy (TEM)

when they investigated the switching mechanism of multi-domains in BaTiO340

single crystal [20, 21, 22].

Comb-like patterns comprising many parallel needle domains terminating

along the same line are commonly observed. Figure 1 shows such a comb

pattern, with the needles terminating along a line approximately 45◦ to the

crystallographic axes. This patterning has long been understood as an analogue45

of the formation of low angle boundaries from a set of dislocations; in this case

each needle-tip is loosely analogous to a dislocation with a slip-plane parallel

to the needle. Such a set of dislocations in an isotropic elastic solid tend to

relax into a low energy configuration producing an array of dislocations lying

in a plane normal to their slip planes. However, application of this analogy to50

BaTiO3 produces a puzzle: Firstly, the material is strongly anisotropic, and

electromechanically coupled, so the equilibrium positions of dislocations should

not be expected to correspond to those of an isotropic elastic medium. Secondly,

there is a jump in polarization between the needle and its surroundings; the

resulting depolarization fields strongly affect the configuration and stability of55

domain needles [23]. Yet, in observations, the needle-tips commonly line up as

if they behaved like dislocations in an isotropic elastic medium. To the authors’

knowledge, this phenomenon has not been explained adequately up to now.

Phase field or Ginzburg Landau models indicate that needle domains and arrays
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Figure 1: Comb-like needle domains in a BaTiO3 crystal, observed by optical microscopy.

The crystallographic [100] and [010] directions lie parallel to the edges of the image. The

needles are each a few µm across and their tips align at about 45◦ to the crystallographic

axes.

of needles in ferreoelectrics are typically unstable unless some special conditions60

such as compositional gradients or stabilizing constraints are present [24, 4, 25,

26]. Thus there is a need to reassess the dislocation model in order to account

for the observed patterning of needle domains.

In this paper, we focus on 90◦ a-a needle domains and build a model to

simulate the interaction and evolution of needle domains in BaTiO3 single65

crystals, including the properties of crystalline anisotropy and electromechanical

coupling. The fields of dislocations and line charges are used to represent the

effect of a needle domain on the surrounding material. The Barnett and Lothe

theory of a dislocation with a line charge is used and a modified Peach-Koehler

force on needle domains is proposed to describe and explain their interaction.70

2. Modelling of needle domains

At room temperature, BaTiO3 single crystals exhibit tetragonal symmetry

(4mm), with lattice parameters c and a differing by 1.1%. Typical configuration

parameters and anisotropic material constants of tetragonal BaTiO3 single
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crystals with polarization direction [0 1 0] at room temperature are given in75

table 1.

Table 1: Material constants of BaTiO3 in tetragonal phase with polarization direction of [0

1 0] [8, 27, 28]

BaTiO3 single crystal

Structure Tetragonal (4mm)

Lattice parameter, a (Å) 3.992

Lattice parameter ratio, c/a 1.011

Curie temperature, Tc (◦C) 120

Spontaneous polarization, p0 (C/m2) 0.26

Spontaneous strain, ε0 = 2(c− a)/3a 0.0073

Elastic stiffness, C (GPa) 211(C11), 114(C12), 107(C13),160(C22),

56.2(C44), 127(C55)

Piezoelectric coefficients, e (C/m2) 32.6(e16), -3.88(e21),5.48(e22)

Dielectric constants, κ 1980(κ11/ κ0),48(κ22/ κ0),

κ0 = 8.854× 10−12 (F/m)

2.1. Fields of dislocations and charges

The formation of 90◦ a-a type needle domains results from 90◦ ferroelectric

switching. Figure 2 illustrates the tip of one needle domain in a plane per-

pendicular to the x3 axis. Here, the spontaneous polarization vectors of the80

parent domain and needle domain are P1 = [0 1 0]T p0 and P2 = [−1 0 0]T p0,

respectively. The two sidewalls of this needle domain are 90◦ domain walls, and

satisfy the electrical and mechanical compatibility requirements for a stress-

free and charge-free domain wall. However, the abrupt jumps in spontaneous

polarization and spontaneous strain near the needle domain tip do not satisfy85

compatibility conditions. Therefore one of two situations must occur: either

some combination of dislocations and charges must be present to allow the mis-

match in strain and polarization, or there must be equivalent fields (stress and
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Figure 2: Distribution of effective dislocations and charge spread over the needle-tip due to

the jump in spontaneous strain and electrical polarization.

electric fields) that modify the total strain and electric displacement away from

the spontaneous strain and polarization state, enabling the compatibility condi-90

tions to be satisfied. Since BaTiO3 is a ceramic material and an insulator, there

is little mobility of dislocations and charges. Thus it is likely that equivalent

fields (stress and electric fields) are present in the vicinity of any microstructural

features that entail abrupt jumps in spontaneous polarization and spontaneous

strain.95

An example of this is near the tip of a needle domain. The domain wall

cannot adopt the prefectly compatible orientation based on the spontaneous

polarization and strain alone; additional strain and electric displacement due

to stresses and electric fields are required. The resulting distortion can be

represented by a fictitious dislocation field. As shown in figure 3, each step in100

the 90◦ domain wall produces a displacement b0 parallel to the wall. The needle-

tip strain fields can thus be approximated by those of an equivalent assembly of

dislocations. Each equivalent dislocation has the Burgers vector b0, given by

b0 =

∫
c0

du (1)

where, c0 is a Burgers circuit surrounding the step in the wall, and du represents

the increment in displacement field resulting from the step in the domain wall.105

Considering the thin width of needle domains, the concept of an ‘effective
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Figure 3: Schematic representation of the needle domain, (a) Needle-tip as an assembly

of equivalent dislocations modified from Bornarel [12], (b) An equivalent dislocation in the

BaTiO3 crystal lattice, (c) Geometry of unit cells used for calculating Burgers vector b0.

dislocation’ with Burgers vector b can be adopted in order to estimate the field

produced by all the equivalent dislocations assembled at the needle-tip. The

far field around one needle domain tip can be approximated as that resulting

from a single effective dislocation b, with magnitude equal to the sum of all step110

dislocations b0 through the whole width of needle domain:

|b| = w |b0|
w0

≈ 3ε0w (2)

where, w is the width of the needle domain, and ε0 is the spontaneous strain

of the crystal lattice relative to the cubic state. The lateral step size w0 can be

expressed using the lattice parameters given in table 1, and hence is related to

ε0.115

As shown in figure 3(b), the crystal lattice on either side of the domain

wall represents parent domain and needle domain. The corresponding polariza-

tion directions are approximately perpendicular to each other. In figure 3(c),

triangle-AFE shows the lattice position before switching, while triangle-ACD

shows lattice position after 90◦ switching. Due to 90◦ domain switching, a slip120

displacement b0 (EC) is created. Using the geometry in figure 3(c), the slip

displacement b0 and the lateral step size are given by
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w0 =
ac√
c2 + a2

(3a)

|b0| =
c2 − a2√
c2 + a2

(3b)

where, a and c are the lattice parameters of the BaTiO3 single crystal in the

tetragonal phase. The lines AF and AC are equal to c, and the lines AE and

CD are equal to a.125

The representation of the needle-tip fields by those of a single effective dis-

location is an approximation that neglects the inhomogeneity produced by the

needle itself, and ignores the shape of the needle-tip. These approximations

are reasonable for estimating the asymptotic fields of thin needles with blunt

tips. It is found that the effective Burgers vector of one needle domain is a130

function of spontaneous strain and the width of needle domain. From the clas-

sical theory of dislocations, the energy of the dislocation is proportional to b2

and consequently the needle energy is proportional w2. Widely separated fine

needles thus represent a lower energy state than a single coarse needle of the

same total width, provided the domain wall energy itself is negligible. Barium135

titanate crystals commonly form arrays of fine needles with a needle width that

balances domain wall energy with the strain energy and dielectric energy due

to the needle-tips.

Dislocations in a piezoelectric crystal are a source of both elastic strain and

electrical polarization, due to coupling effects [29, 30]. In the needle domain, the140

abrupt change of polarization state near the needle-tip produces an electrical

incompatibility, and each needle-tip is thus a local source of electric field which

can be modelled as the field due to a distribution of equivalent charge spread over

the needle-tip, as illustrated in figure 2. For a thin, blunt needle of polarization

P2 in a parent domain of polarization P1, the field may be approximated using145

a single effective line charge, q, given by

q =

∫
(P2 −P1) · n dl (4)
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where, n is the outward normal vector of the domain wall at points on the

the needle-tip. The integral in equation 4 is conducted along the domain wall,

around the needle-tip. For the 90◦ a-a needle, the resulting magnitude of effec-

tive line charge produced by the electrical incompatibility at the needle domain150

tip is
√

2p0w per unit depth where p0 is the spontaneous polarization magni-

tude. The direction of the Burgers vector and sign of line charge are determined

by the relation of the polarization directions between parent domain and needle

domain.

Thus, the fields due to the presence of needle domains terminating within a155

ferroelectric crystal may be approximated by the fields of an effective dislocation

and line charge. It is important to recognize that these ‘effective’ crystal defects

are fictitious: while they provide a model of the fields present, movement of the

needle-tip (for example by the needle growing or retracting) does not entail the

motion of dislocations or the conduction of free charges. Instead there is a re-160

distribution of strain and electric displacement fields which is equivalent to that

arising from moving dislocations and charges. Nevertheless, the representation

by effective dislocations and line charges provides a convenient model through

which to study the equilibrium, interaction, and evolution of domain patterns.

2.2. Modified Peach-Koehler force and needle-tip motion165

In this section, the plane problem of a general dislocation with line charge in

an anisotropic piezoelectric material is reviewed. The dislocation fields derived

by Barnett and Lothe for anisotropic piezoelectric media are utilized to analyse

the stress and electric fields around needle domains [31].

The constitutive equations describing the relationship of mechanical stress170

σij and electrical displacement Di with the displacement gradients uk,m and the

electric potential gradients ϕ,m are

σij = Cijkmuk,m + emijϕ,m (5)

Di = eikmuk,m − κimϕ,m (6)

where C, e and κ are the elastic, piezoelectric and dielectric moduli, respectively.
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Additionally, the equilibrium equations, in the absence of body forces and free

charge are given by175

σij,i = 0 (7)

Di,i = 0 (8)

Barnett and Lothe [31] derived the electromechanical fields and energy of an

infinite straight dislocation with generalized Burgers vector b and generalized

force vector q. The four elements of the generalized Burgers vector consist of

the conventional Burgers vector (three elements) plus one element representing

jump in electric potential at the dislocation path cut, which in the present180

work will always be zero. Similarly, the generalized force vector includes three

elements of a conventional body force vector plus one element to represent a line

charge density uniformly distributed over the dislocation. In the present work,

the body force will be zero, but the line charge is used to produce electric fields

equivalent to those caused by the polarization discontinuity at the needle-tip.185

The generalized displacement gradient at point x is then provided by [31]

uI,m = (2π |x|)−1 {−mm(SISbS +QISqS) + nm(nn)−1

IJ

[(4πBJS + (nm)JKSKS)bS + (SSJ + (nm)JKQKS)qS]} (9)

where lower-case indices run from 1 to 3 while upper-case indices run from 1

to 4, such that uI(I = 1 . . . 3) is the displacement vector and u4 is the electric

potential. The 4× 4 matrices S, Q and B are related to the material constants,

see Appendix A. Plane basis vectors m and n are defined such that m ·x = |x|190

and n · x = 0. For later use, define an out-of plane unit vector k = m×n. The

components of the 4× 4 matrices (nn) and (nm) are defined by

(ab)JK = aiEiJKmbm (10)

for any vectors a and b. The coefficients EiJKm are formed from the material
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constants as follows:

EiJKm = CiJKm(J,K = 1, 2, 3)

= emiJ(J = 1, 2, 3;K = 4) (11)

= eiKm(J = 4;K = 1, 2, 3)

= −κim(J = K = 4)

Having computed strain and electric field using equation (9), the corresponding195

stress and electric displacement fields are directly obtained from the constitutive

equations (5,6).

The total internal energy, Utot, due to the dislocation with a line charge is

calculated by summing the strain and dielectric energies over the crystal volume:

200

Utot =
1

2

∫
V

(σijui,j −Diϕ,i)dV (12)

Defining a core region of radius r0, the energy outside the core, in a cylindrical

region of outer radius R is given by [31]

U =
1

4π
(4πbJBJSbS + 2qJSJSbS + qJQJSqS) ln(

R

r0
) (13)

The Peach-Koehler force is defined to describe the mechanical force experi-

enced by interacting dislocations. In this work, a modified Peach-Koehler force

is used to quantify the interaction force on needle domains, noting that the tips205

of the needle domains are modelled as the combination of an effective edge dislo-

cation coupled with an effective line charge. The modified Peach-Koehler force

between two needles Ni and Nj comprises a mechanical force and an electrical

force and is given by

Fi→j =
(
bj · σi

)
× k + qjEi (14)

where, Fi→j represents the force acting on Nj due to Ni. The needle domain Nj210

is modelled as an edge dislocation bj coupled with a line charge qj . Accordingly,

the stress σi and electric Ei fields are those due to the presence of needle domain

Ni in an otherwise perfect parent domain. Based on the formulation of Lubarda
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et al. [32], the existence of each needle domain produces stresses and electric

fields that can be added by superposition. Thus the resultant force acting on215

each needle-tip is the superposition of the interaction forces due to the effect of

all other needles excluding itself.

Typically, the motion of needle domains interacting with each other or re-

sponding to external loads is by extension or retraction along their length, with-

out sideways motion or broadening. This is loosely analagous to dislocations220

gliding on a slip-plane without climb or change of Burgers vector. Thus the

extension force,Fe, resolved along the longitudinal direction of a given needle,

is:

Fe = F · ntip (15)

where, ntip is the unit vector in the extension direction. A positive extension

force acts to lengthen the needle domain, and a negative extension force acts to225

shorten the needle domain.

For analysis of the motion of interacting needle domains, a simple linear

viscous model has been adopted, whereby the tip velocity is proportional to the

driving force for extension. Such simple kinetics are not intended to represent

accurately the temporal evolution of a domain pattern, but rather to assist230

computationally in relaxing the state towards equilibrium. Similar methods are

commonly used for simulating dislocation dynamics [33]. The velocity vi of the

ith needle domain tip is then

vi =
1

η

∑
j

Fj→i · ntip (16)

where, η is a positive, viscosity-like drag coefficient. It is then of interest to

study the local stability of patterns of needle domains and their evolution to-235

wards equilibrium by extension or retraction. In the present work, only exten-

sion or retraction of an existing family of needle domains is considered. Further

rules would be needed to account for broadening of needles, nucleation of new

needles, or annihilation, in situations where these phenomena occur. The in-

teraction between moving needle-tips and static domain walls or free surfaces is240
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also neglected: thus the domains are taken to be embedded in a crystal plate

of sufficient size that edge effects do not influence the domains and where nee-

dle domain crossings do not occur. These conditions may appear at first sight

very restrictive, but they are consistent with some commonly observed configu-

rations, such as sparsely distributed needle domains terminating well within a245

crytal plate, or combs of parallel needle domains.

3. Interaction of needle domains

3.1. Parallel domain needles with identical tips

A configuration of two similar, parallel needle domains, labelled N1 and N2,

is illustrated in figure 4(a). The width of each needle domain was taken to250

be w = 10 µm for the purpose of calculation. The polarization vectors of the

parent domain and needle domains are P1 = [0 1 0]p0 and PN1 = PN2 =[-

1 0 0]p0, respectively. Each needle can be represented by a dislocation with

generalized Burgers vector b along [1 1 0 0] and a positive line charge q. The

needle domain N1 is oriented at 45◦ to the x1 positive direction, with its tip255

fixed at the origin of the x1-x2 co-ordinate system. The similar needle domain

N2 is introduced at position (x1, x2) into the field of N1. The interaction force

on N2 can be calculated using equations 14 and 15. A contour map of the

extension force Fe(x1, x2) on the needle N2 is shown in figure 4(b), normalized

by σ0w. From this figure, note that there is a line of positions at which Fe = 0;260

this line lies close to the x1 axis, on a line -0.03 (rad) to the positive direction

of x1 axis. When the N2 needle-tip is located above this line, the extension

force on the N2 needle is negative but when the N2 needle-tip is below the line,

the extension force becomes positive. Thus the N2 needle-tip is driven away

from the equilibrium positions near the x1 axis, and the line Fe = 0 shows265

positions of unstable equilibrium. It is of interest that there appear to be no

stable equilibrium positions for the pair of parallel needles.

From an energetic point of view, the absence of a stable equilibrium is il-

lustrated using a configuration of two parallel needle domains (N1&N2) with
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Figure 4: (a) Model configuration: a region of crystal containing two parallel needle domains

with identical tips. (b) Contour map of extension force on the N2 domain needle-tip.

spacing s = 10w along the x1 axis, similar to figure 4(a). The N1 needle domain270

tip is fixed at the origin of the x1-x2 co-ordinate system, while the N2 needle-tip

can be located anywhere along the line in which the needle domain lies, keeping

spacing s along the x1 axis. Figure 5 show the normalized energy U/U1 as a

function of the normalized extension distance d/w from the crossing point of the

needle domain N2 and the x1 axis. Here U is the total internal energy due to the275

two needle domains, and U1 represents the energy produced by a single needle
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Figure 5: Normalized energy for two parallel domains with identical tips.

domain alone. The energies were computed approximately using the integral of

equation 12 over a square region of side 800w. A square core region (2w × 2w)

around each needle-tip was excluded from the calculation. From Figure 5, it is

evident that the equilibrium position represents an unstable (maximum energy)280

state. Effectively, the energetic interaction is dominated by the similarly signed

line charges which produce electric fields around each needle-tip such that they

repel one another.

The presence of similarly signed effective line charges is based on the assump-

tion of insulating behaviour: relaxing this assumption would allow the formation285

of a space charge distribution to partially screen the electric field component of

the needle-tip fields. Since comb-like arrays of parallel needle domains are in

practice observed in barium titanate [34, 35], the absence of stable equilibrium

positions for parallel needle domains in an insulating medium leads us to explore

the hypothesis that the effect of the polarization jump at the needle-tip may be290

partially offset by a redistribution of charge around the needle-tip.

3.2. Stability of needle domain pairs with reduced effective line charge

Since BaTiO3 is a semiconductor, the strong electric fields near a domain

needle-tip are expected to promote local conduction, leading to a redistribution

of charge, and partially screening the effect of the polarization jump. This295

15



charge screening provides an essential contribution to the local fields [36, 23].

The effective line charge can be reduced by this process and this may give rise to

a stable equilibrium. Forsbergh [6] observed that a surface polarization charge

existing at a needle domain tip could be neutralized by electrical conduction.

To study the interaction of needle domains with a reduced line charge, the300

configuration of figure 4 was simulated and the line charge was varied in the

range Q = 0 to Q = q =
√

2p0w. All other conditions were kept the same

as in section 3.1. The results show that the existence and position of stable

equilibrium states are very sensitive to changes in the quantity of effective line

charge. Figure 6 presents selected contour maps of the extension force on needle305

N2 with reduced effective line charge. For the two cases of full charge Q = q

and Q = 0.8q, there is no stable equilibrium position for the pair of needle

domains with identical tips: the electrostatic force is strong enough to prevent

the needle-tips attracting each other. When the charge is reduced to 0.73q,

a stable equilibrium position appears. In figure 6, lines of stable equilibrium310

positions are marked “s” where present. The angle θ between the line of stable

equilibria and the x1 axis varies between 44.5◦ and 58.6◦.

Based on the above analysis of the sensitivity of the equilibrium configuration

to effective line charge, the total energy of two parallel needle domains in an

equilibrium state was calculated, as a function of the effective line charge. The315

internal energies U are estimated by integrating over a square region of side

200w without the core region (2w × 2w) around each needle-tip. The needle

domain N1 is fixed at the center of this region, while the similar needle domain

N2 is spaced 10w away from N1 along the x1 axis, with its x2 co-ordinate chosen

to provide an equilibrium configuration. The results, shown in figure 7(a) give320

the total internal energy, normalized by the reference energy U1 due to a single

needle domain with the full line charge q. Figure 7(b) shows the corresponding

angle θ between the line of equilibrium positions and the x1 axis.

Figure 7 indicates that the energy due to two interacting needle domains

with reduced line charge can be greater than twice the energy of an individ-325

ual needle domain with full polarization charge. The internal energy shows a
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Figure 6: Contour maps of extension force on domain needle-tip N2 for two parallel domains

with identical tips, and varying line charge density from 0 to
√
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Figure 7: (a) Variation of the total internal energy due to a pair of parallel needles in an

equilibrium configuration, with change in the effective line charge Q. (b) Variation of the

stable equilibrium position (angle θ relative to the x1 axis) with change in the effective line

charge Q.

minimum when the equivalent line charge is about 0.48q. It is expected that

this configuration is most stable: redistrbution of charge around the needle-tips

would lead to an increase in energy, as would any relative movement of the

needle-tips. Remarkably, the most stable state appears to correspond to align-330

ment of the needle-tips on a line very close to 45◦ to the crystallogoraphic [100]

and [010] axes, a configuration observed experimentally, seen figure 1. This

appears to explain the geometry of the commonly seen comb arrangement of

needle domains occurring despite anisotropy, electromechanical coupling and

the presence of an effective line charge. In all subsequent modelling, an effective335
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Figure 8: A herringbone array of needle domains observed by optical microscopy in a BaTiO3

crystal plate with thickness of 1 mm.

line charge of 0.48q is assumed.

4. Herringbone pattern of needle domains

Another characteristic pattern of needle domains is shown in figure 8. Here

the needles run perpendicular to each other, in two arrays terminating close to a

line aligned with the [100] crystallographic axis. The sample thickness was 1mm340

and the spacing of the needles is approximately 50µm. Similar observations

were reported by Matsumoto et al. [37] using TEM in a BaTiO3 thin film;

in that case the needle spacing was approximately 300 nm. Consider first the

interaction of a pair of perpendicular needle domains as shown in figure 9(a).

The N1 needle-tip is again located at the origin of the x1-x2 co-ordinate system,345

while the needle N2 needle-tip is located at position (x1, x2). The parent domain

has polarization P1 = [0 1 0]
T
p0 and needle N1 has polarization PN1 =[-1 0

0]T p0. Meanwhile, needle N2 has an opposite polarization PN2 = [1 0 0]
T
p0

and consequently its effective line charge has opposite sign to that of N1.

Figure 9(b) shows a contour map of the extension force on the N2 needle-tip.350

Three lines marked as S1S1, S2S2, and S3S3 show equilibrium positions for the

N2 needle-tip. One of these lines, S2S2, represents stable equilibrium and is

oriented at 45◦ to the x1 axis. As this 45◦ angle corresponds to the orientation
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Figure 9: (a) Schematic of two perpendicular needle domains. (b) Contour map of extension

force on N2 due to the needle N1, assuming an effective line charge of 0.48q.

of the N2 needle domain, it follows that if the N1 needle-tip lies anywhere

on the line of the N2 needle, the pair are in equilibrium. This configuration355

is commonly seen, wherein one needle domain appears to terminate just as it

reaches another needle domain. Many such terminations can be seen in figure 8.

Considering the other two lines of equilibrium positions, it is found that the S3S3

line, along the x2 axis represents a set of unstable equilibria. If the N2 needle-

tip is on this line, any perturbation causing the needle N2 to extend or shorten360

results in a force driving it away from the line. By contrast, the line S1S1 which

lies on the x1 axis represents stable equilibrium positions. To illustrate this,

a configuration of two perpendicular needle domains with spacing s = 10w, as
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shown in figure 10(a), was used. Let the needle N2 changes its length so that its

tip co-ordinates can vary between (−20w, 10w) and (10w, − 20w), while the365

needle N1 remains fixed at the origin. During this variation process, the needle

N2 passes through the two equilibrium lines S1S1 and S3S3. The extension

force acting on each needle domain is presented in figure 10(b). The equilibrium

position E1 is labelled; this corresponds to the state where the N2 needle-tip

is situated at the stable equilibrium line S1S1. Similarly point E2 corresponds370

to the unstable equilibrium with the N2 needle-tip on line S3S3. The extension

forces on needle-tip N1 are also shown. The existence of a line of equilibria

along the x1 axis appears consistent with the observation in figure 8 where the

needle-tips line up approximately along the [1 0 0] crystallographic axis. Locally,

individual needle-tips deviate off this axis a little, drawn to terminate on the375

surface of other nearby needles. But globally, the needle-tips align along a [1 0 0]

direction which defines a narrow band of low energy sites. Thus the dislocation

and reduced effective charge model appears to explain well the general form of

this herringbone-type array of needle domains.

Based on the above consideration of the interaction between two perpendic-380

ular needle domains, the configuration shown in figure 11(a) was modelled to

give some further insight into the stability of arrays of perpendicular needles.

The parent domain is again polarized along [0 1 0]. Here, needle domains 1 &

2 are modelled using the same effective dislocation with a positive line charge,

and spaced a distance s = 10w along the x1 axis direction. The needle domains385

3 & 4 have the same spacing (s = 10w), are perpendicular to domains 1 & 2,

and have negative effective line charge. The spacing sm between needles 1 and

3 is half of the spacing s along the x1 axis direction.

The stability of this pattern of domains was studied by computing the varia-

tion in internal energy resulting from changing the length of each needle domain390

independently by an amount d from the equilibrium position. As shown in figure

11(b), each needle-tip is positioned in an energy well and the configuration is

thus in a stable equilibrium. It is interesting to note, however, that the needles

can be pulled out of a stable configuration with relatively small extensions or
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Figure 10: Interaction between two perpendicular needle domains (a) Schematic of two per-

pendicular needle domains with the spacing s = 10w; (b) The extension force acting on each

needle-tip as needle N2 extends or retracts.

retractions, on the order of a few times the needle width. The energy barrier395

to the escape of needle 1 by extension, or needle 4 by retraction is small (less

than 1% of the total internal energy), and a displacement of less than 20w can

remove these needles from the stable configuration. Similar calculations on a

longer pattern with 30 needles indicated that there is a low energy barrier to

the escape of needles towards the end of a herringbone array. Additionally, it is400

found that the energy well in which each needle-tip is located becomes deeper

and wider when the herringbone pattern comprises an increased number of nee-
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Figure 11: (a) Schematic of a short section of the herringbone pattern of needle domains; (b)

Total energy variation due to an independent change in length of each needle domain.

dle domains. This means that a herringbone pattern of more needles should be

more stable to perturbation, from an energetic point of view. The calculations

again appear consistent with the observed herringbone-type patterns found in405

BaTiO3 single crystals.

5. A needle domain detached from a comb

What happens if a needle domain tip becomes detached from the line of

needle-tips at the front of a stable comb of parallel needles? Based on the con-
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showing the geometry of local interactions.

tour map of interaction force between two parallel needle domains with effective410

line charge Q = 0.48q, shown in figure 6, there are multiple lines of equilibrium

positions around each needle-tip in a fixed comb. These are shown in figure

12(a). The line l0 which is oriented at 45◦ to the x1 axis provides a set of stable

equilibrium positions. However, the other two lines l1 and l2 located on the x1

axis and at 33◦ (angle β) to the line l0 represent unstable equilibrium positions.415

In addition, the line l2′ is obtained by the reflection of the line l2 in line l0; this

will be used to explain the interaction of the detached needle domain with other

nearby needles.
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of 51 parallel needles. The detached needle is at the centre of the comb in each case, and

negative changes in its x1 co-ordinate represent extensions of the needle.

A comb-like configuration consisting of five identical needle domains is used

to analyse the behaviour of a detached needle domain N0, see figure 12(b).420

Firstly, consider the interaction between the neighboring needle domains N0

and N1, with needle N1 fixed. If needle N0 extends away from the original

equilibrium position (marked ‘0’), the interaction energy of N0 and N1 will

increase until the position marked ‘1’ is reached, and decrease thereafter. Line

l12 marks a line of equilibrium positions for needle N0 in the fields of N1. A425

similar interaction occurs with the needle marked N−1. The critical position is

now on the line l−12′ . Now, the same argument applies to needles N2 and N−2,

but the interaction energy is smaller, because of their increased distance from

N0, and the position of peak interaction energy (marked ‘2’) is further from

the line of needle-tips. In this short comb of 5 needles, the position of N0 for430

maximum internal energy lies between ‘1’ and ‘2’. By analogy, a longer comb

has a larger range between the original position ‘0’ and the position of maximum

energy for the tip of a detached needle. Figure 13 illustrates this by comparing
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the extension force on a detached needle for a short comb (5 parallel needles) and

a longer comb (51 parallel needles). This figure shows the extension force of the435

detached needle N0 under the effect of the whole of the rest of the comb which

comprises 4 or 50 needles, respectively. For the comb of 5 needles, which is the

same as the comb shown in Figure 12(b), the critical position C (an unstable

equilibrium) marked in figure 13 is between positions ‘1’ and ‘2’, as expected.

If the detached needle domain tip passes position C, a positive extension force440

provided by the whole comb acts to push it further away from the line of tip

fronts of the comb. The restoring force provided by a longer comb acting on

a detached needle is greater than that of a short comb and acts over a longer

range.

6. Evolution of a perturbed comb of needle domains445

A regular comb-like array comprising 21 needle domains was studied. Their

tips were initially located on a line orientated at 45◦ to the x1 axis, with spacing

of 10w along the x1 direction; the effective line charge at each needle-tip was

set equal to 0.48q. What happens when this comb-like needle domain array

experiences a perturbation? In the simulation, a random extension was given to450

each needle along its longitude direction, in the range (−10w/
√

2, +10w/
√

2).

This moves each needle-tip less far than position ‘2’ of figure 12(b) from its

original location. The total extension force on each needle was then obtained

by superposition of the interaction forces due to all other needles. The velocity

of each needle-tip was computed using equation 16 and each tip position was455

incremented according to the distance moved in a small, fixed time step. This

process was repeated until the interaction force became zero for every needle

at which point the simulation stopped in an equilibrium state. During the

evolution, a sufficiently large drag coefficient η (or equivalently, a sufficently

small time step δt ) is required to avoid convergence problems. To balance the460

practical requirements of computing time with the requirement for convergence,

the quotient δt/η was set to 7× 104/σ0. Simulations were terminated when no
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Figure 14: The evolution of the detached needle-tips under small perturbation

position increment had magnitude greater than 10−4w.

Figure 14 portrays the evolution of the perturbed array of 21 needles. A

dotted line is located at x2 = −x1, marking the initial positions before the465

perturbation was applied. The needle positions after 1, 20, and 125 increments,

at which point equilibrium was reached, are shown. The perturbed comb relaxes

towards an equilibrium state where the needle-tips again align on a line at 45◦

to the x1 axis. The simulation was repeated 20 times with different random

starting states, and returned to an aligned equilibrium position each time. Note470

that the final needle-tip positions may not coincide exactly with the initial

(unperturbed) state. This can arise because the perturbations were random, so

there may be a small net offset.

If the comb-like needle domains experience a larger perturbation, it may be

expected that some needle-tips will escape: what will happen to them? Calcu-475

lations were conducted with the same comb of 21 needles, but with perturbed

initial needle lengths in the range [−20w/
√

2, +20w/
√

2]. Figure 15 shows the

evolution of a typical array of needle domains with this larger perturbation.

In this case, it is found that the needle-tips appear to rearrange into two in-

terspersed groups, with each group aligned along a line at 45◦ to the x1 axis.480

Some needles shorten and some extend, with the two groups appearing to repel

each other. As displayed in figure 15, after 150 simulation steps the two groups

have formed rather straight combs and are separated by a distance � w. They
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Figure 15: The evolution of the detached needle-tips under strong perturbation

have not yet reached equilibrium but now influence each other very weakly. In

practice, if there is a small amount of lattice friction, this could pin such an ar-485

rangement in place. This appears consistent with experimental observations by

Potnis and Huber [34] where a fine comb of needles is seen, with some detached

needles loosely aligned in a coarser array, see also figure 16.

7. Domain bundle boundaries

This section concerns a domain pattern consisting of 90◦ a-a needle domains,490

in which parallel needles with opposite polarization states interact. First, con-

sider the interaction between two parallel needle domains with opposite tips,

as shown in figure 17. The polarization direction of the two needle domains

(N1&N2), which are 90◦ a-a needle domains, is along [1 0 0] and [-1 0 0],

respectively. Here, the surrounding material forms two domains with opposite495

polarization. The polarization directions of the parent domains (P1&P2), whose

junction forms a 180◦ domain wall, is [0 -1 0] and [0 1 0], respectively. A portion

of the 180◦ domain wall is shown as a dashed line in figure 17. The tip of the

N1 needle is located at the origin, and the needle N2 can move relative to N1.

Both needles lie at 45◦ to the x1 axis. The field of the needle N1 in domain P1 is500

equivalent to that of an effective edge dislocation b1 = (3
√

2ε0w/2)[1 1 0 0] with

a negative line charge q1 = −
√

2p0w[0 0 0 1]. Correspondingly, the needle N2

in domain P2 is approximated by an edge dislocation b2 = 3
√

2ε0w/2[-1 -1 0 0]
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20µm

Figure 16: Optical micrograph of a BaTiO3 crystal plate showing a sparse group of needles

separated from a dense comb of needle domains.

with q2 = −
√

2p0w[0 0 0 1]. Note that, as the surrounding material comprises

two domains, the material properties are not uniform in the region surround-505

ing each needle. This difference causes a change in the material constants for

the parent domains, dependent on the polarization direction. However, the

oppositely polarized domains in BaTiO3 have identical elastic and dielectric

moduli; only the piezoelectric coupling differs. Therefore the dislocation fields

based on a uniform domain will not be accurate, but may still provide a crude510

approximation to the fields generated by these needle domains. As before, the

line charge is reduced to Q = 0.48q representing the minimum energy charge

configuration.

After introducing the needle N2 to the field generated by the needle N1,

interaction between of them was calculated using equations 14 and 15. A region515

of 100w×100w was simulated, and the corresponding contour map of extension
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Figure 17: A pair of parallel needle domains with opposite tips.

force on N2 is presented in figure 18(a). Three equilibrium lines a,b and c are

found in this figure. The lines a and c are the loci of stable equilibrium states

for needle N2. Taking an example of two needle domains with spacing 20w

along the x1 direction, the extension force on the moving needle N2 along its520

longitude direction is presented in figure 18(b) as a function of the x1 coordinate

of the tip of N2. The position range of needle-tip N2 varies from (−30w,−50w)

to (30w, 10w). In figure 18(b), three zero-crossover points are marked by A, B,

and C on the x1 axis. The points A and C (which correspond to the stable

equilibrium lines a and c respectively) are stable equilibrium points. However,525

location B is an unstable equilibrium position.

Next consider what will happen to a domain bundle composed of combs

of needle domains with opposite tips in oppositely polarized parent domains.

Can such an arrangement be in equilibrium? A group of six needle domains

N1- N6 was simulated to search for a stable equilibrium pattern. The initial530

arrangement is shown schematically in figure 19. In this pattern, two comb-like

patterns with opposite tips are staggered, keeping the same spacing 5w along

the x1 direction between each successive needle. The tips of needles N1, N2, N3

are on the line x2 = −x1, while the tips of needles N4, N5, N6 are on the line

x2 = −x1 − 5w. As before, linear kinetics with a constant viscosity resisting535
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needle-tip motion was used. Interaction forces on each needle-tip were computed

by summing the contributions from the other 5 needles. The final equilibrium

pattern obtained is close to the initial arrangement, as shown in figure 19(b),

with only small displacements (of order w) of each needle-tip. The needle-tips

align in a stable zig-zag pattern.540

Experimental observations of domain bundle boundaries in BaTiO3 single

crystals were made by McGilly [38] using both piezoresponse force microscopy

(PFM) and scanning TEM. They found that needle domains with the opposite

tips can exist in such a staggered pattern in a BaTiO3 single crystal. Addi-
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Figure 18: (a) Contour map of extension force on needle N2; (b) extension force acting on

needle N2 moving along the line x2 = x1 − 20w.
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Figure 19: (a) Staggered arrangement of needle domains with opposite tips; (b) The equilib-

rium pattern of needle domains obtained using the dislocation model.

tionally, the zig-zag bundle boundary composed of local 180◦ domain walls was545

found in their work. This observed result appears consistent with the simula-

tion result of figure 19(b). Topological information from scanning TEM shows

that domain bundle boundaries can support chains of dipole flux closure and

quadrupole nanostructures. While this kind of boundary can exist in a single

crystal, it is comparatively rare. In the simulation, when a small perturbation550

(order w) disturbs one needle-tip away from equilibrium, we find that the equi-

librium arrangement is restored, hence it is stable. However, strong perturbation
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(order > 10w) will cause needle-tips to escape and grow continually as they are

then repelled by the other needles in the bundle. In this case, part of the nee-

dle bundle extends, while another part will shorten, resulting in the needle-tips555

leaving their initial positions. The dislocation and line charge model based on a

uniform parent domain is a crude approximation in this case, because it neglects

the variations in piezoelectric moduli in the surrounding region. Nevertheless,

it appears to produce results somewhat consistent with observations of needle

domain bundles.560

8. Conclusion

The electromechanical fields produced by 90◦ a-a needle domains in BaTiO3

single crystal plates have been modelled using the fields of an effective edge

dislocation and an effective line charge. These ‘fictitious’ crystal defects provide

a convenient means by which to study the equilibrium, interaction and evolution565

of needle domain patterns. Due to material anisotropy and electromechanical

coupling, the interaction of needle domains differs significantly from classical

results for the interaction of dislocations in isotropic media. For pairs of identical

parallel needle domains in BaTiO3 , no stable equilibrium configuration was

found unless the effect of a screening charge distribution in reducing the effective570

line charge was considered.

Through studying the interaction between two needle domains with identi-

cal tips, the existence and position of stable equilibrium states were found to

be sensitive to the quantity of effective line charge. When the effective line

charge is reduced sufficiently, stable arrangements appeared. Remarkably, the575

minimum energy configuration appears to match closely to an arrangement of

dislocations that is well-known in isotropic elastic media. This also appears to

correspond well to experimental observations, where needle-tips align on a plane

perpendicular to their longitudinal direction. Additionally, based on the study

of arrays of needle domains in a BaTiO3 single crystal, the model of needle do-580

mains works well to explain and analyse the stability and interaction of various
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configurations that are observed in experimental studies. This gives some con-

fidence that the model, while approximate, may be of use in the interpretation

and prediction of domain patterning in ferroelectric materials.
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Appendix A. Material matrices in the Barnett and Lothe integral590

formalism

Barnett and Lothe [31] provided a convenient integral formalism using the

material matrices QKS , SKS and BKS where

QKS = − 1

2π

∫ 2π

0

(nn)−1SKdθ (A.1)

SKS = − 1

2π

∫ 2π

0

(nn)−1KJ(nm)JSdθ (A.2)

BKS =
1

8π2

∫ 2π

0

(
(mm)KS − (mn)KJ(nn)−1JR(nm)RS

)
dθ (A.3)

with (ab) defined by equation 10 and

m(θ) = i cos θ + j sin θ (A.4)

n(θ) = −i sin θ + j cos θ (A.5)

using plane othogonal basis (i, j).595
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