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Abstract

In this thesis a set, ,4?, of cardinality tt K and a group acting on /?, with 

orbits on the power set of 12, is found for every infinite cardinal # K . 

Let u; K denote the initial ordinal of cardinality ft K . Define

N := {a\a2 . . . a n 0 < n < w, OLJ 6 u; K for j = 1, . . .,ra,

a n a successor ordinal) 

# := {x G TV length(x) = 1 mod 2}

and let these sets be ordered lexicographically.

The order types of N and R are JC-types (countable unions of scattered types) 

which have cardinality ft K and do not embed uj*. Each interval in N or R embeds 

every ordinal of cardinality K K and every countable converse ordinal. TV and R 

then embed every /C-type of cardinality H K with no uncountable descending 

chains. Hence any such order type can be written as a countable union of well- 

ordered types, each of order type smaller than LJ". In particular, if a is an 

ordinal between u^. and u> K -f-i, and A is a set of order type a then

A= |J An

where each An has order type a> .

If X is a subset of N with X and N   X dense in TV, then X is order- 

isomorphic to R, whence any dense subset of R has the same order type as R. If 

Y is any subset of R then R is (finitely) piece- wise order-preserving isomorphic 

(PWOP) to R U Y. Thus there is only one PWOP equivalence class of H K -dense 

/C-types which have cardinality N K , and which do not embed a;*. There are 

# K +i PWOP equivalence classes of ordinals of cardinality N K . Hence the PWOP 

automorphisms of R have K«+i orbits on P(R). The countably piece- wise order- 

preserving automorphisms of R have ^ 0 orbits on J? if /c is smaller than u>! and 

AC if it is not smaller.
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Background, Introduction, Preliminaries

and Notation

The primary aim of this work is to provide an answer to the following question 

in infinite group theory.

Suppose K* is an infinite cardinal, # K +i is its successor cardinal and J? is a set 

of size N*. Does there exist a group G ^ Sym(/2) such that G has # K +i orbits 

on the power set of 12?

This is trivial unless ^ K+i < 2 N * so the generalised continuum hypothesis will 

not be assumed.

Background to the Problem

The question above is just one part of the following group-theoretic problem.

Suppose # K and #,\ are infinite cardinals with #. K ^ #.\ ^ 2 K * and Q is a set of 

size K K . Does tjhere exist a group G ^ Sym(i?) such that G has KA orbits on the 

power set of Q?

The special case of this question when K K = KQ is Problem 9.39 in the 1986 

edition of the Kourovka Notebook, which has already received two answers. 

The first of them is in the paper that was the starting point for the work in 

this thesis - "On Linearly Ordered Sets and Permutation Groups of Countable 

Degree" by Hans Lauchli and Peter Neumann [5]. Here it is shown that there 

exists a group acting on a countable set, with HI orbits on the power set of the 

set.

This of course only answers a very small part of either of the questions above, 

since it just deals with the successor cardinal to K 0 . A pre-print of [5] interested 

Shelah and Thomas in the problem. They solved it completely in the case when 

K K = KQ in "Implausible subgroups of infinite symmetric groups" [12]. In this 

paper Martin's axiom was needed, whereas the original work was done assuming 

only the normal axioms of Zermelo-Fraenkel set theory with the axiom of choice 

and proving that a "natural" subgroup of Sym(i?) had the correct number of



orbits on 'P(fl). In [12] it is suggested (I believe correctly) that there are no 

naturally occurring groups acting on countable sets which have #\ orbits on the 

power set, for cardinals KA which are larger than HI. However, in [5] a belief is 

expressed that the same (or a similar) construction as the one that is used there 

would generalise the result proved and give a group acting on a set of cardinality 

KK. > ft 0 5 and having K K +i orbits on the power set.

Introduction

One group which acts on a countable set and has HI orbits on the power 

set of this set, is the group of piece-wise order preserving permutations (PWOP 

permutations for short) of Q, the rational numbers with their usual ordering 

[5]. These, as the name suggests, are elements of Sym(Q) for which we can find 

a finite partition of Q such that the permutation is order preserving on each 

member of the partition. (This is a construction due to Stoller [15].)

In [5] it is shown that there are KI non-PWOP equivalent countable ordinals 

(which immediately implies that Q has HI non-PWOP isomorphic subsets). To 

show that there are no more than KI non-PWOP isomorphic subsets of Q, Lauchli 

and Neumann use some results concerning the embeddability of order types into 

one another from "On Frai'sse's Order-type Conjecture" by Laver [7]. Their work 

only requires results about scattered order types (an order type is called scattered 

if we cannot embed the order type of the rational numbers in it). However [7] 

also contains other interesting and elegant results about order types which are 

a countable union of scattered order types. My own work relies heavily upon 

these. All but one of the lemmas from [7] needed in this thesis can be proved 

using a very restricted version of Laver 's hypothesis (namely, replacing a general 

better-quasi-ordered set Q with a one element set). Therefore to make this 

work as self-contained as possible all the results from [7] that are needed are 

stated and proved in this chapter, apart from the proof where a general set is 

needed. Laver's work also relies on a deep combinatorial theorem from [9] which 

is beyond the scope of this thesis. For a clear proofs of both these theorems see 

Chapter 10 on Frai'sse's conjectures in [11].



In looking for an answer to the initial question the construction of a group 

is then suggested in [5], namely the PWOP permutations. Therefore, the search 

is for a linearly ordered set X whose PWOP automorphism group will give the 

correct number of orbits on the power set of X. The properties that X requires 

are, of course, that it has N*+i subsets that are not PWOP isomorphic, but no 

more than this. It is also immediately suggested thatthe set X should retain 

some of the properties of Q in higher cardinalities. These properties (not neces­ 

sary but sufficient for this purpose) are that the set X will embed every ordinal 

of cardinality K K while itself only having cardinality K K , is isomorphic to any 

dense subset of itself, and has no more than N K+i PWOP isomorphism classes of 

subsets that are neither dense in it nor well-ordered.

It soon becomes clear that subsets of the real line properly containing the 

rational numbers will not lend themselves very easily to this approach. Since 

u>i is not embeddable into the real line a- different set of K^+i non-PWOP iso- 

morphic subsets from the well-ordered ones of cardinality K K , would have to be 

found. Even a brief survey of the literature shows other difficulties. The two 

papers "Martin's axiom does not imply that every two KI-dense sets of reals are 

isomorphic" [l] and "All NI -dense sets of reals can be isomorphic" [2], suggest 

that finding a set with the second property would involve work in areas where 

the results are independent of the normal axioms of Zermelo-Fraenkel set theory 

with the axiom of choice. Finally a strong result of Sierpinski [14], namely that 

there exists a strictly descending sequence (<^) M <2«o of order types which are 

the order types of subsets of the real line (where strictly descending means that 

fj, > v implies <^ M is embeddable into $ v but does not take an embedding of ^> I/ ), 

suggested that the last property could be as difficult to find in subsets of the 

real line as the first two.

However there are two immediate candidates for the set required in other work 

in the literature (on linearly ordered sets rather than permutation groups). One 

is a set constructed in Fraisse's book [3] in the following way. Let u> K be the initial 

ordinal of cardinality H*. Let u} K x Q be the product of UJ K copies of the rational 

numbers, ordered lexicographically. Let Q be the set of words of finite length



of elements in UJ K x Q. Order Q lexicographically. Then Q takes embeddings 

of all the ordinals of cardinality K*, while itself having cardinality # K . Whether 

the other properties hold is not so clear, however. Another candidate is the 

set L of all finite words with elements in U K x u;* (ordered lexicographically) 

with a lexicographic ordering on it. This set has order type rju>liUii+l , which 

is first defined in [7]. Again this set has cardinality K K , all its intervals have 

cardinality K* and it takes embeddings of all ordinals of cardinality # K . However, 

its structure is significantly simpler than that of Q and so answering questions 

about the number of non-PWOP isomorphic order types it embeds should be 

easier.

It is immediately obvious that, since words of any particular, or bounded, 

length in L form a scattered set, its denseness properties come from its ordering 

and the different lengths of words allowed. The simplest ordered set with the 

same sort of structure, called M in what follows, is made up simply of finite 

words of elements in u;*, ordered lexicographically. This set also embeds all 

ordinals of cardinality K K , leading to the surprising result that all such ordinals 

are the union of countably many order types smaller than u>£. This is quite 

striking even in the case when u; K = a;, saying for example, that a set of order
u/

type uu can be written as the union of sets of order type u>,u; 2 ,u; 3 ,..., with 

none of the sets bigger than U7 W. The set M also satisfies conditions which Laver 

[7] shows are enough to ensure that it takes an embedding of every set which is 

a countable union of scattered sets. Hence the order types of all such sets can 

be given a decomposition into such relatively small, well-ordered sets.

Although the set M has very nice properties when considered simply as a 

linearly ordered set, the subset of it which consists simply of the elements which 

have cofinality u;* in M, is easier to deal with in a group-theoretical way, since 

its automorphism group is order 2-transitive. This set, which will be denoted 

by TV, is dense in M so all its elements have cofinality UJ K in TV. In fact TV has 

order type 77tt, 1)U, K+1 so L and TV are order-isomorphic. Since both of the sets M 

and TV take embeddings of all the ordinals of cardinality K K , they both have the 

first property sought.



When we consider the second property (being isomorphic to any dense subset) 

we see that any bounded u>A-sequence in M has a least upper bound, for all 

regular u>\ with u> < u>\ < UJ K , Thus M is not isomorphic to the subset of it 

that we gain when we remove any point with cofinality greater than u; and less 

than u;*, if u;* is singular. When u^ is regular, every bounded u^-sequence N 

has a least upper bound. Then since all elements of N have cofinality equal 

to the cofinality of w w , if one element is removed from TV the set that remains 

has a bounded o^-sequence with no least upper bound, and is dense in TV. This 

means both M (in every case) and TV (in the regular case) do not have the second 

property required.

For the third property, work in [5] using results from [7] to find the number of 

isomorphism classes of scattered subsets of Q generalises immediately to isomor­ 

phism classes of scattered sets of higher cardinalities. Moreover, Laver's results 

in [7] give an inductive definition of all order types which are a countable union 

of scattered types and, therefore, a characterisation of all types which occur as 

the order type of a subset of M or TV. The elements at the smallest level of 

Laver's hierarchy are initial ordinals, converse initial ordinals and H K -dense sets. 

The higher levels are order types of sets constructed by replacing points in a set 

whose order type is in a lower level by more sets with order types from the lower 

levels (these constructions satisfying other embeddability conditions). Having 

proved that there are no more than N K+i non-PWOP isomorphic order types in 

the first level of the hierarchy, it is easy to prove that K^+i is also an upper 

bound for the number of non-PWOP isomorphic types in the higher levels. To 

prove this upper bound holds for the H K -dense sets in question is more difficult, 

at least in the regular case.

To give the first stage of the induction it is sufficient to find a set which 

is isomorphic to all subsets which are dense in it - a set with the property 

we sought above, in fact. This suggests constucting a set and using a "back 

and forth" argument similar to that often used in proofs of Cantor's Theorem. 

However, when working just in cardinality HI this argument requires sets which 

are complete (where every u;-sequence has a limit) and such sets embed the order



type of the real line, which brings back in the difficulties outlined above. Even 

so, it is possible to use the fact that sets which can be written as a countable 

union of scattered sets can also be written as a countable union of well-ordered 

sets (if they do not embed u>j) to give an inductive definition of an isomorphism 

between any two dense subsets of N with dense complements in TV. In the case 

when U K is singular a stronger result can be proved in a similar way, namely 

that any subset of TV which is dense in TV is isomorphic to TV. It is also possible 

to find an isomorphism between any subset which is dense in Q and Q itself.

Once the existence of one permutation group with K K+1 orbits on the power 

set of a set of size K* has been proved then it is easy to find 2 K * non-isomorphic 

sets which can be embedded into the original set and which also have PWOP 

permutation groups with this property. A few of these have nice structures and 

some of their properties are demonstrated in what follows. Finally a chapter is 

included on piece-wise order preserving permutation groups, where the number 

of pieces is allowed to be finite, countable or larger. It is shown that in the 

countable case, these groups have a very small number of orbits on the ordinals 

of any particular uncountable cardinality.

Notation and Definitions

I will generally use 0", V, Jf, Y and Z to denote (linearly ordered) sets and 

u,v,w,x,y and z for their elements. Order types will be denoted by small greek 

letters, with </> and ifr being general order types, a,/3 and 7 being well-ordered 

(or occasionally conversely well-ordered) ones and v and p being elements of 

index sets (mostly well-ordered ones). I will use A,B,C and W for well-ordered 

sets and f,g and h for mappings. The symbol Q will be used for the rational 

numbers with their usual ordering and the order type of the rational numbers 

with their usual ordering. In addition to this I will normally adhere to the 

convention that i,j, fc,/,m,n and p £ Z and that <?,r, s and t £ Q. If X is a set 

then P(X) denotes the power set (set of subsets) of X. I will use Sym(X) for 

the symmetric group on X, that is, the group of all bijective mappings from X 

to itself.



I will call a one-to-one function between two linearly ordered sets which is onto 

and preserves order an order-isomorphism (or simply an isomorphism) and a one- 

to-one and onto function that reverses order, an anti-isomorphism. I will denote 

the subgroup of Sym(J^) consisting of all order-isomorphisms by Aut(X). I will 

say an ordered set X is order 2-transitive if Aut(X) acts order 2-transitively on 

X, that is, for every set of elements £1,2252/152/2 £ X with x\ < £2 and y\ < 3/2 

we can find / £ Aut(Jf) with f(xi) = y\ and f(x^) = j/2- Two sets U and V 

will be called order isomorphic if there is an order-isomorphism between them 

and I will be write this

U 2± V.

I will use \X\ or \</>\ to mean the cardinality of a set X or an order-type <f>.

The converse of a set X will be used to mean the set which is anti-isomorphic 

to X. If (j) is the order type of X then the converse of <fi means the order type of 

the converse of X, written 4>*. The notation (^C 1 ,^2 ) will mean a Dedekind cut 

of X. For any element x of X the interval (x, oo)x will mean all the elements of 

X which are greater than x and (   oo, x}x all the elements which are smaller than 

x. If £,y 6 X with x < y then (x,y)x is (   °o,x)x H (y,+oo}x- The notation 

[x,oo)x will mean (x, oo)x U{x} and similarly for (  oc,x]jr, (X,T/]X, [z,y);r and 

[x,2/]jf. I will omit X if the set under consideration is clear from the context. If 

Y C X then the ordering on Y will always be the restriction of ^ to Y. Let the 

convex closure of Y in X denote the set

{x £ X there exist j/, z £ Y such that y ^ x ^ z}.

I will say that Y is dense in X if for all X,T/ £ X with x < y there exists z £Y 

with x < z < y. Then X is <ferue if it is dense in itself. I will say X is scattered 

if no subset of JC is dense. A scattered order type is the order type of a scattered 

set and S is the class of all scattered order types. I will use ^^-dense to describe 

a set X where for every pair of elements x and y G X with x < y we have that 

= K«. Thus dense is the same as Ko



If X C Y and x is an element of Y define

*~- » x )x '• — { v   Y v < x and if u £ X with u < x then u < v}.

This definition implies that (*  ,z)x = 0 if we can find a sequence in X which 

has supremum x when the sequence is considered as a sequence in Y. Dually, 

define

(x, —*}x : = {v G y v > x and if ti 6 X with u > x then u > v}.

Again, this implies that (x, —+)x = 0 if we can find a sequence in X which has 

infimum x when the sequence is considered as a sequence in Y. The base set 

being considered will not be specified since this will always be clear from the 

context. The set (<  ,x]x is (<  ,x)x U {%}•

For any ordinal a an a- sequence will mean a strictly increasing sequence in­ 

dexed by a and an a*-sequence is a strictly descending sequence indexed by a. 

For any ordinals a and /3 with j3 ^ a I will use a   /? to mean the unique ordinal 

7 such that /? + 7 = a. If a is a limit and c*o is the smallest ordinal for which a 

is the supremum of an ao-sequence then OLQ is called the cofinality of a, which 

I shall write as cof(a). If a is a successor ordinal then cof(a) is 1. If /3 is a 

converse ordinal I will call the converse ordinal ex. such that cof(/?*) = a* the 

coinitiality of (3. If x G X then the cofinality of x in X will be the smallest 

limit ordinal a such that x is the supremum of an a-sequence in X or 1 if x has 

a predecessor in X. This will be written as cof^(x) with X omitted if the set 

concerned is clear from the context. Dually, the coinitiality of x in X will be 

the cofinality of x in the converse of X, A set Y C X is co final in X if there is 

no upper bound for Y in X. It is coinitial if there is no lower bound for Y in 

X and coterminal if it is both coinitial and cofinal. The set Y is defined to be 

closed in X if for every ascending or descending sequence (y M )^<=/3 in Y such that 

supx (y IJL ) or inf x(y^} exists we have that supx (y^) or 'mix(y^) is an element of 

Y. The set Y" is defined to be uj\-clostd in X if for every non-cofinal u^-sequence 

in Y we have that sup^(x M ) exists and is an element of Y.

8



I will use + for the ordered sum of any finite number of order types and Y] 

for infinite (ordered) sums. I will use </> x ip for the product of ^ and i}>, meaning 

<j> copies of i/>, rather than as is usual, i£> copies of </>. I will say that an order

type ?/ ' is a </>-sum if we can write $ — Y^ ^x for some family (yx )x£4> of order
*e0 

types. For any ordinal we can find a unique decomposition

a = mi x u> Ql + m 2 x a; 2 + . . . + rnr x u; r

where ai,Q2,... , a: r is a strictly decreasing finite sequence of ordinal numbers 

and mi,m2,... ,mr are positive integers (see [13]). If (3 is another ordinal we 

can decompose ft in the same way but now allowing integers equal to zero (and 

possibly adding some zero terms into our decomposition of a) to get

ft = 71! xuai +n2 x u a2 + . . . + n s X u a > . 

Then we can define the Hessenberg sum of a and /?, written © by

a 0 ft :— (mi + HI) X a; ai + (m2 + n 2 ) x u; Q2 + . . . + (m, + n s ) x u as .

Obviously this ordinal is well-defined by a and ft and the operation 0 is asso­ 

ciative and commutative. For more details about order types and operations on 

them see [11] or [13].

Let ^ denote the pre-order (transitive, reflexive, binary relation) of embed- 

dability between order types (in the case of ordinals this is just the usual ordering 

and I will normally use <). So if ^,-0 are the order types of U,V respectively 

then 4> =<; -0 means there is an order preserving injective map U — > V. I will 

write 4> = -0 if 4> ^ i/> and -0 =^ 0 and write ^> -< T/> if <$> ^ i/7 and ^ ^ <£.

A map f :U —* V between linearly ordered sets 17, V is said to be (finitely) 

piece-wise order preserving (PWOP for short), if there is a finite covering U — 

Ui U . . . U Z7n , such that the restrictions of / to the subsets Uj, for all j ^ n, 

are order preserving maps. A composite of two PWOP maps is itself PWOP. If 

/ : U — » V is a PWOP bijection then f~l : V   >  U is also PWOP. Thus linearly 

ordered sets with PWOP maps form a category.



If U is a linearly ordered set with order type -0 and we can write

= Z71 U...U Un

where ipi is the order type of Ui for i = 1, . . . , n then I will write

. • • U

(so U can be thought of as the symbol for an piecewise sum of order types). I will 

say that order types 0,0 are PWOP equivalent, writing this <j> ~ 0 when there 

exist order types 0i ,       > V'm such that -0 ~ 0j U . . . U 0m and 0 ~ 0i U . . . U ipm • 

Since linearly ordered sets and PWOP maps form a category ~ is an equivalence 

relation on order types and, in fact, ordertype(J7) ~ ordertype(V) if and only if 

U and V are PWOP isomorphic.

Suppose ft* is any infinite cardinal. The successor cardinal to K K is K^-i^. Let 

U K and 0;*+! denote the initial ordinals of cardinality K K and # K +i respectively. 

Let S K be the cofinality of U K . A map / : U — >  V between linearly ordered sets 

UjV is said to be K^ -piece -wise order preserving ( ^ K -PWOP for short), if there 

is a covering U = (J C/M , where a — K* and such that the restrictions of /
IL<CL

to the subsets V M are order preserving maps. Again linearly ordered sets with 

KK-PWOP maps form a category.

If U is a linearly ordered set with order type -0 and we can write

where 0 M is the order type of U^ for fj, < a. and a = K K then as above I will 

write

1J

I will say that order types ^,0 are K K -PWOP equivalent, writing this <j> 

when there exist order types -0 M , for fx < a such that

and

10



As above ~* is an equivalence relation on order types and ordertype(fr) ~ K 

ordertype(y) if and only if U and V are N^-PWOP isomorphic.

If U is a set of order types and /? is an initial ordinal, or the converse of an 

initial ordinal, let a (U,0)- unbounded sum be an order type of the form V ^Q ,
a /3

where U. = {i/>a a £ 0} and for all a £ /?, the set {7 ^Q =<: 7/?7 } has cardinality

Let X be a linearly ordered set which is a countable union of scattered sets, 

of cardinality K^, such that X has no uncountable descending chains. Suppose 

that all intervals of X embed a* and (3 for all a < u>i , /3 < U K+I. If 4> is the 

order type of X, then $ will be called an 77^,0^ +l -universal. Notice that the 

only ?;a,1?u;i -universals are the order types of open, half-open or closed intervals 

of Q.

Let U be a set of order types. An order type of the form ^ <j> x is denned to
x£X

be a (Z//, rj Uli(JJti+l )- universal if

(1) X is a set with order type an ry^^^ -universal,

(2) <t> x e U for all x E X,

(3) given any sum ^ -0y» with y any other set with order type a 77 Wl>u,K+1 -
y£Y

universal and (ijj y ) y£Y a- family of order types such that -0y G U U {0} 

for all y G y , there is an order preserving function g : Y — * X such that 

i^ y =^ 4>g(y} for all y in Y. (This notation follows that in [7].)

This definition is consistent with that of an T;u, 1)W(. 4. l -universal, in the sense that 

an Tluj l ,u> ti+l - universal is a (Z//,77WljU,K+1 )-universal where U = {0,1}, since for any 

such universal £, Theorem 3.3 of [7] (the second corollary to Theorem 0.6 in this 

chapter) states that £ = ordertype(JC).

Now I will define a class of order types, /C := |J /C^, where

= {<£> (j) is a (ZY,u;*)-unbounded sum or a (Z/^u;*)- unbounded sum

or a (W,7yWltU;(. +1 )-universal, for some U C M
6</3 

some initial ordinal

11



Preliminary Lemmas and Theorems 

Lemma 0.1. Suppose X is a dense subset of a. linearly ordered set Y. Then if

x £ X we have that cofjr(z)   cofy(x), and that the coinitiality of any element 

is the same in both sets.

Proof. Obviously cofy(x) ^ co{x( x )- Let (y7 ) 7 <,5 be a sequence in Y with 

x = supY (y~t)' Since X is dense there exists x 7 £ (y7 ,j/7+1 ) and then (z7 ) 7<<$ 

is a sequence in X with x = sup_x(x7 ). Hence cofx-(x) ^ cofy(x). Considering 

the converses of X and Y shows the coinitiality part of the lemma is true.

Lemma 0.2. Suppose X is a dense subset of a linearly ordered set Y and 

x = supy(x M ) for some sequence (X M ) contained in Y. Then if X C Y — {x} and 

M ) C X then (Z M ) has no least upper bound in X .

Proof. If y = sup(x M ) in Y — {x} then y must be the successor of x in Y. 

However Y is dense so none of its elements have a successor.

Lemma 0.3 (Lauchli and Neumann [5]). Suppose a is an ordinal and /3 ~ a. 

Tien {3 is an ordinal and j3 < a; x a.

Proof. Suppose B is a linearly ordered set of order type (3. Since j3 is PWOP 

equivalent to a we can write B as the disjoint union of finitely many well-ordered 

sets, BI, £?2,       ? Bn . If A is any non-empty subset of B then A fl Bi are non­ 

empty for some of the i and we may assume it is the first m of them. If d{ is 

defined to be the least element of A fl Bi for i = 1, . . . , m then {aj. , a^ , . . . , am } 

is a finite linearly ordered set. Therefore it has a least element which must also 

be the least element of A, whence B is well-ordered and (3 is an ordinal.

If a ~ OLi U . . . Uan we can obviously find an embedding of a into &i 0 . . . © an 

so a < ai © . . . 0 an . Consequently, if /3 ~ a then

as stated.

Lemma 0.4 (Milner and Rado [8]). Suppose u^ is a regular initial ordinal and 

ordertype(A) = u;£ x (3 for some set A, some ordinal (3 and some integer n > 1.

12



If
A=\jA

where 8 < U K then u?£ x (3 ^ ordertype(^4 M ) for some [j, < S.

Proof. Induction on the order type of A will be used to prove the lemma. 

Assume that it is true for A 1 if ordertype(^i') < ordertype(A). We have that

and also, since n ^ 1 that

where each Bv has order type u;£ : x j3. Now let

For each v < U K ordertype( JB 1/ ) = u™~ 1 x (3 < ordertype(A) and Bv = (J Bv^.
n<& 

Thus the inductive hypothesis implies that for each v < U K there exists (j,,, < 8

such that Bv^v has order type u;^" 1 x /3. Since 8 < U K this implies that there 

is at least one fj,' such that Bv ^> has order type w^" 1 x j3 for U K many v. Then 

WJ x & ^ ordertype(AM') = ^ ^I/,M' an<^ ^e lemma is true.

Theorem 0.5 (Hausdorff [4]). Remember that <S is the class of all scattered 

order types. Then

5= (J 5a , 
a€Ord

wiiere

SQ := {0,1} and if (3 > 0 then

(j> is a well-ordered or conversely well-ordered sum of

order types from H 57 }.

Theorem 0.6 (Laver [7]). Suppose $ is an r]Ul ^ii+l -universal and that U is a 

Hnearly ordered set of cardinality H K which satisfies

(1) U is a countable union of scattered sets;

(2) wj ^ ordertype(Z7).

13



Then ordertype(Z7) =^ 4>.

Proof. Let V be a linearly ordered set of order type <f). Notice that every 

interval of V also has its order type an 77Wl ,w K + 1 -universal. For any scattered set 

UQ we can find an embedding / of UQ into V such that for any Dedekind cut 

(UQ , UQ} of UQ there is an interval (x,y) of V such that

z G (z,y), ti   UQ, v G Z/o implies /(u) < z < /(v).

The proof is by induction on 5. Assume by Theorem 0.5 that ordertype(C/o) 

is the <5-sum of smaller order types for which the lemma holds, with 8 < 

ordertype(£7o). Then 8 can be mapped into V in a way which satisfies the 

Dedekind cut condition, and then the inductive hypothesis shows that the smaller 

order types can be mapped into V in an appropriate manner to establish the 

claim.

Now to embed U into V, write U as a countable union of scattered sets 

U — (J Un . Embed UQ into V so that the Dedekind cut condition holds,
n<ui

then extend this to map UQ U U\ into V satisfying the Dedekind cut condition 

(remember every interval of V has an 77 Wl ,wK+1 -universal as its order type) and 

so on to get ordertype({7) ^ ^ as required.

Corollary l(Laver [7]). If <j> and -0 are both r)UJljUti+l -universals then $ = -0.

Corollary 2. Let U = {0,1} and suppose <^> is an 77^^^-universal. Then -0 is 

an (K, T] U>I ^K+I }-universal if and only if <£> = ip.

Proof. First assume that ^ is an (Z^,77Wl)tL, K+1 )-universal. Suppose -0 has order 

type ^ ij) x where each tj> x is either 0 or 1. Suppose Y is a set of order type (j>.
x€X

Then we can consider <f> as a sum <f> = J] 4> y where </> y is 1, for all y 6 Y. Then,
y V 

by the definition of (^r/^^^J-universals we can find a mapping g : Y  »  X

such that <t> y ^ ^g(y)- The definition of an (Z/^T/^^^J-universal imphes then 

that il>g(y) = 1 for all y E Y and so g is simply an order preserving injective 

map from Y into X whence $ =<; T/>. Since by the first corollary ordertype(.Y) = 

ordertype(y) there is an order preserving injection / : X —* Y. Then if we

14



remove the points of X labelled with 0 we get a set of order type ip and the 

restriction of / to this set is still an order preserving injection.

Now suppose (j> = i^ and X is a set of order type ifr. Again ^ = Yl ^z with
x£X

q> x = 1 for all x £ X. Suppose p = Y] /?- where ordertype(Z) is an ^Wi^+i^
ze-Z

universal and p z = 0 or 1 for all z G Z. Then ordertype(Z) =<: <p ^ V; and if 

f : Z -+ X is the mapping that witnesses this then / also satisfies p z =^ 

since p z = 0 or 1 =<; 1 = ^/z) whence /? =<: V>-

Laver's Order Type ^liU, K+1 (Laver [7]). Define 77^^^ to be the order type 

of the set X , where X := (J <X"n with Xn defined as follows.
n<u;

(1) J\To is a set of order type U K x a;*;

(2) JCn+i is obtained from Xn by inserting into each empty interval of Xn a 

set with order type U K x w* .

Lemma 0.7 (Laver [7]). The order type ^Ul ,uti+l is a-n 77 WliU;K+1 -unjVersaJ.

Proof. Obviously u^u^+i ^. u> K x U*. Thus u;^,u; K+ i ^ ordertype(Xo ) and 

wJ,wK+ i ^ ordertypefJ^n) implies w^uj^+i ^ ordertype(JTn+i). Since X is a 

countable union of the sets Xn we have u^ , u; K+1 ^ ordertype(JT) and the first 

condition for an 77^^^ +1 -universal is satisfied. Also by induction Xn is scattered 

for each n so X is a countable union of scattered sets.

Suppose 0 < U K+I and 8 can be embedded into every interval of X for all 

8 < (3. If x,y G X with x < y then x,y   -X"m for some TTI < u. Since -X"m+i 

is obtained from Xm by inserting a set of order type a;* x u>* in each empty 

interval of J\Tm we know u> K ^ ordertype(a;,2/) n Xm+ i. Therefore cof(/3) ^ 

ordertype(z,2/). If cof(/3) < /3 then we can write f3 as the sum of cof(/3) smaller 

ordinals and use the inductive hypothesis to embed these into the appropriate 

sub-intervals of (x,y). This also shows X is dense, so all its intervals embed 

every countable reverse ordinal whence the lemma is true.

Theorem 0.8 (Laver [7]). De^ne V := {4> 4> ^ f? Wl , W(t+l }. Then 

(1) ififi£'D then a ifr-sum of order types in V is in V;
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(2) V = U 2\ where

is an u;*-sum or a /3-sum or an 77^/3 -sum, for some /? <

of elements of (I

Proof.

(1) Theorem 0.6, together with Lemma 0.7, implies that ^1)a, K+1 = ^WLW^+I- 

Therefore if V> = ordertype(y) -< ^wi.uu+i and T/JJ, X 77 U, 1)U, K+1 for all y 6 Y" 

then ^ if^y ^ r)UltUit+l . H *7Wll u;w+1 ^ £ V>y then either T; WIIU;W+I =$
y€Y y£Y

ordertype(y) or some interval of 77 WltU;>. +1 is ^ fj> y for some y. But since 

^Wi.w^+i can be embedded in all its intervals this would imply r]Ul ^ti+1 ^

 0 y . Therefore ^ ^y ^ ^wi.w.+i an^ so is in ^« 
yer

(2) Let C := (J "P-y. Since a -< ex;* implies a   T> and /? -< w^+i implies
7<uK +l

(3 and 77Wl ,/3   'D (if /? = u; i+ i for some initial ordinal u> t ) part (1) of this 

theorem shows C C D. Suppose that C C 32 and <^> E T>—C. If Y is a. set 

of order type <^> and x,?/ G Y with x < y then define

x ~c y if ordertype((x,y)y ) £ C.

Let y ~c £ if £ ~c y to make ~c an equivalence relation, moreover, one 

which partitions Y into intervals. Suppose X C y is an equivalence class. 

Then we can pick a coterminal subset of X of order type a* + (3 (with 

a ^ a; and /3 < u> K+i) and write ordertype(Ji") as an (a* + /3)-sum of 

order types from C. Since a* + (3 6 C this implies ordertype(JT) £ C.

Now let YC be a subset of Y obtained by picking one member out 

of each equivalence class. Each interval (u,v)yc of YC must have order 

type T£> U in D — C since otherwise ( /u,v)x would be an t/> u sum of ele­ 

ments that the preceding paragraph tells us are in C, which implies that 

ordertype(u,-u)y 6 C and so u ~c v, contrary to the way we chose YC.
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Obviously YC has a dense order type, otherwise it would be in C. Since 

ordertype(y"c) £ T> there must be some interval (z,y)yc of YC which fails 

to embed some /3 < u> K+i, otherwise U K +I ^ ordertype(y<;). Assume that 

every interval of YC embeds 7 for all 7 < (3. Since ordertype((z, y)yc ) E 

£>  C this interval must be dense and therefore embed every countable re­ 

verse ordinal. However Theorem 0.6 then shows that ordertype((z, y)yc )   

TjUlt /3 whence ordertype((z, y)yc ) £ C. This contradiction gives the theo­ 

rem.

Remember that K, :— (J /C/3, where
0 On

/C 0 :={o,i};

fop := {4> 4> is a (Z//,u;*)-unbounded sum or a (ZY,o;^)-unbounded sum

or a (W,77WltW|l+1 )-uiiiversal, for some U C [J
<5</3

some initial ordinal

Let tye// quasi- ordered describe a class of order types for which there are no 

infinite descending chains, (with respect to the quasi-order ^:) and no infinite 

sequences of order types (4>i}i< u such that <^>; ^ <f>j and <j>j ^ (^ for all i,j < u; 

with i j^ j.

Theorem 0.9 (Laver [7] and Nash- Williams [9]). The class /C is well quasi- 

ordered.

Theorem 0.10 (Laver [7]). If U is a countable union of scattered sets with 

no uncountable descending chains then ordertype(£7) is a ^nite sum of elements 

from 1C.

Proof. Suppose \U\ = # K and let <£ = ordertype(Z7). Assume the theorem holds 

for all sets which satisfy the hypotheses and have cardinality smaller than K K . 

By Theorem 0.6 we know 0 ^ »7 Wl1 w w+1 . Suppose first of all that <$> -< r; tl, l!fa, ii+l so 

4>   V. The theorem obviously holds if <£ £ £>o; assume that 7 ^ 1, 6 £ Vy and 

the theorem holds for all 8 < 7. Then Theorem 0.8 implies that </> is either an 

u;*-sum or a /?-sum or an 77^^ -sum for some Q < o;^ +1 , of elements of (J
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Case 1. Suppose $ is a /3-sum and the theorem fails for <p. Then there exists a 

least ordinal A such that for some 0 6 £\ we can write 9 — y) # M where each
M<A

# M is a finite sum of elements in 1C but 0 cannot be written as such a finite sum. 

We can write 9 as ]T # M where each order type # M is the sum of less than A
H< cof(A)

of the dn.. Since A was minimal this implies that cof(A) = A, that is A is regular.

Now since each 6^ was a finite sum of elements in 1C we have that 9 = 

where each 0'^ 6 1C. Then

(1) there is ^o G A such that, for all i, v G A, if u,§ ^ L -^ v then we can find 

a- G A with v^o- and 0[ =<: B'0 .

This follows because, if there is no such JJLQ then for all L £ A we can find v 6 A 

such that t < i/ and if (7   A and v ^ a then 0[ ^ ^- ^ut tnen we can 

find an infinite sequence of order types (0i}i< u such that i < j implies 9\ ^ Oj 

contradicting Theorem 0.9. Hence J^ 9'^ is a (£/, A)-unbounded sum (with
Ai >/A o

U = {9'^ IJLQ < fj,}) and so is in /C. The minimality of A implies ]T} 9'^ is a
n^ij.0

finite sum of elements in /C and so 9 is a finite sum of elements in /C. 

Case 2. The case when <f> is an u>*-sum is similar to Case 1.

Case 3. Suppose </> is an 77^^ -sum of finite sums of elements in /C. Since

77^ ^ = 77^^^ we can write (f> = ^ ^ M where ^ = 77Wlt0 and ^ M G /C. But then,
M6^

by the original inductive hypothesis 0 is a finite sum of elements of 1C.

Suppose then that <f> = 7/a, 1)U, K+1 . By the second corollary to Theorem 0.6 this 

implies that (j> is an (Z^,77a, ltU;>t+1 )-universal, where U = {0,1}. Hence <^> G /C, so 

<^> is obviously a finite sum of elements in 1C and the theorem is true.

Theorem 0.11 (Laver [7]). The number of non-= -equivalent order types in 1C 

of cardinality H w is
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Chapter One

Some Dense Sets and Their Properties

Fix U K . Remember that 6 K was defined to be the cofinality of u; K . The 

following linearly ordered sets L, M, TV, P, Q and P^ for all regular u\ < u^, 

will be defined by specifying that in each case the base set is given a lexicographic 

ordering. In other words, if x — OL\OL^ ... o. n and y = fiifa . . . (3m then x < y if 

there exists j ^ n with Q.J < j3j and a; = /3; for i < j or a; = /?; for i < n and 

n ^ 77i. 

The first set to be defined is

L := {aiii . ..an in 0 < n < -a;, <*_,   a;*, ij   u>* for j = l,...,n, ij ^ 0,

if; < n}.

This set was chosen to give a concrete presentation of the order type 

defined by Laver in [6] (see the preliminary lemmas and theorems). The proof 

that this set has the required order type is given later in this chapter. This is 

not as obvious as it may seem. If, for instance, we define L' to be the set of all 

finite words of elements in U K x u>*, where all converse ordinals in the word (not 

just the last one) are allowed to take the value zero then we have a set which 

seems to have been constructed as Laver specified. Indeed it seems that we can 

define XQ to be the words consisting of a single element of U K x u>* only and Xn 

to be the words containing ^ n elements. Obviously L' = |J Xn and it seems
n<u>

as if Xn+i is Xn with a copy of UJ K x LO* put into each interval in Xn . In fact we 

are also putting sets of order type U K x uj* into Dedekind cuts of Xn and thus L' 

does not have order type r)Ul ^ Uti+l . Although we will see that L does have order 

type TjUJl<UJii + l actually there is a much simpler presentation of this order type, 

namely N given below.

The set L is dense although it is a countable union of scattered sets. A simpler 

construction that retains all the important properties of L is

M := {aiQ;2       &n 0 < n < a;, a ;   a; K for j = 1, . . .,n, a n ^ 0}.
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This is of course a set which is a countable union of well-ordered sets which is 

dense (in fact H^-dense). Laver's theorems on K K -dense sets show that

ordertype(M) = ordertype(L)

but M contains elements of cofinality j3 for every regular ordinal (3 < W K (whereas 

all the elements of L have cofinality 8 K ). Obviously then M cannot be order 2- 

transitive. However it has a subset which is dense in it which is, namely

TV := {aicx.2 • • • Oi. n 0 < n < u>, a.j (E U K f°r J' = 1?      ? n , an a successor

ordinal}.

This set has several very nice properties - as mentioned above, it is in some ways 

the simplest presentation of T/WI,O; K+I . All its elements have cofmality SK . When 

U} K is regular this says that all the elements of N are the least upper bound for an 

u^-sequence in TV. Conversely, when U K is regular, every bounded u^-sequence 

in N has a least upper bound. TV is also order 2-transitive and any of its subsets 

have their order type determined if they are dense in TV with dense complement 

in TV. One such subset, which will be used to give a concrete presentation of the 

order type of a subset dense in TV, with dense complement in TV is R, defined as 

follows.

R := {z 6 TV length(x) = 1 mod 2}.

Let £ := ordertype(-R). All the elements of R have cofinality 8K . However its most 

useful property is that, rather than every bounded u^-sequence having a least 

upper bound, in every interval we can find an u^-sequence with no supremum. 

In this way R imitates a characteristic of Q in higher cardinalities which is 

sufficient for R to also share with Q the characteristic of being order-isomorphic 

to all subsets which are dense in it.
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The sets whose definitions follow are formed of the elements that remain in

M-N.

. . . a n \ 0 < n < w, Oij £ U K for j = 1, . . ., n, a n an

ordinal} 

(where o;0 ^ u;^ < w« and u\ is regular).

P:= (J
u> A <u>,e

These sets then contain all the elements of M with cofinality smaller than UJ K and 

show how some of the properties of N depend on the cofinality of the elements 

- for instance if a; A > u then every a;A-sequence in P^ ' (or in P) has a least 

upper bound. Notice that

M = N U P.

Finally, the following is a set due to Frai'sse, defined in [3];

Q := {aiqi . . . a n qn \ 0 < n < w, OLJ 6 W K , gj 6 Q for j = l,...,n}.

Frai'sse's purpose of defining this set was to prove that there exists an N^-dense 

set of cardinality ^ K , for all infinite cardinals. In fact the sets above all provide 

much simpler examples of such a set. Q is also a countable union of scattered 

sets with no uncountable descending chains but it does not immediately provide 

the insights into other sets of this form that the sets above give.
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Now let u = a\ii .. . a n z n £ L,v = fiifii . . . /3m 6 M, w = 7^1 ... 7/5; G Q and 

define

length(ii) := n,

length(v) := m,

length(-u;) := Z, 

first (it) := ait'i, last (it) := an in ,

first (v) := /?i, last (v) := 

first (it?) := 7i3 l5 last (10) :=

Let j < w and X be any of the sets above and define

length(z) = j}.

If it, i? £ -X" and the letters of it tagged 1, . . .,n are the same as the letters of v 

tagged 1, ... , n but the (n + l)th letters are not the same then cis(it,v) is the 

word consisting of the letters numbered 1, ... ,n, (that is, their common initial 

segment) and the empty word if their first elements are different.

The first half of this chapter is an examination of the order-types of £, M , TV, P, 

-R, Q and P^ for u\ < UJ K . The properties of these sets to notice in particular 

are the cofinalities of elements and the form (with or without a supremum) that 

bounded u>\ or u;^- sequences take, for any regular u\ < u?«. We will also look at 

the denseness of the sets in each other and whether simple denseness in each of 

these sets is enough to determine order type. The main results are as follows.

Theorem 1.1. For all u\ < u*

(1) If u: K = (jj then all the sets L, M, TV, P, p( A\ Q and R are isomorphic to

(2) Ifu K > u; then the sets M , TV, P, P^ A) and Q all have different order types, 

and L and TV both have order type r)UltUti+l . Hv K is regular then R has 

a different order type from any of these sets. If^ K is singular then N and 

R are isomorphic.
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(3) If u> K > u then there exist subsets of M, P and P which are dense 

in M, P and P^ x ' respectively, but are not isomorphic to them. If U K is 

uncountable and regular the same is true of N.

(4) Every subset of R which is dense in R is isomorphic to R.

The assertion in (2) about R and N when u;* is singular is included for com­ 

pleteness but proved in Chapter Two.

The second half of this chapter is concerned with the proof that each of these 

sets - apart from M - is order 2-transitive. It will also be shown that the 

automorphism group of M is as transitive as possible, in that for any two ordered 

pairs (£1,2:2) and (yi,y2) with cof(x,-) = cof(y,-) for z = 1,2 there is an element 

/ of Aut(M) such that /(^i) = yi and /(£2) = y2-

If X is any of L, M, TV, P, R, Q or P(A) for u\ < U K then X has cofinality 

6K (the cofinality of u> K ) since the words of length 1 form a cofinal set of order 

type LJ K for N, M, P, R and P^ A ^ and the words of length 1 with second element 

0 form a cofinal set of order type UJ K in the remaining cases. It is also true that 

X has coinitiality LJ*. Indeed the set {(0)(z) | i £ u;*} is coinitial in Q and L 

and if we define

M' := { 0...0 1 | n < u} and P' := {Q . ..Qu\ \ n<u, u\ <UK }
2n+l zeros n zeros

then M' is coinitial in TV, M and R and P' is coinitial in P and

Lemma 1.2. The set L has has order type rjUliUit+l .

Proof. Let Xn := |J L m . Obviously X0 has order type UJ K x LJ* . Assume
m^n + l

inductively that the set Xn has been formed from Xn -i by putting a set with 

order type UJ K xu;* into each interval of Xn -\ , so Ln — Xn—Xn -\ consists of these 

sets. Thus if x, y £ Xn and y is the successor of x then the inductive assumption 

implies that £,y 6 Xn — -X"n _i, in fact that length(x) = length(y) = n. Since y 

is the successor of x it must also be true that last(:r) ^ /90 for any (3 6 u; K , for 

words in L n whose last element has this form do not have a successor in L n .
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Now define Ix , y := {xai a. E w*, i € u;*}. Then JXiy has order type U K xu;* and 

all its elements are between x and y. Moreover Xn+i = Xn U L n+i and Z n+i is 

the union of the sets 7Z)J, for all pairs z, y £ £n such that y is the successor to x 

in ZT,.. So Xn+i is formed from Xn by putting a set of order type u;* x u>* into 

each interval of Xn , whence L = \J Xn has order type rjUltl4)K + l .
n<u>

Lemma 1.3. The sets TV, #, P and P are dense in M for all u>\ < U K and R 

is also dense in N and P^ x ^ in P.

Proof. Suppose that u,v E M with u < v and u = 0:10:2 . . . ct n: v = fiiPt . . ./3m . 

If n > 77i we must have ctiQ.2 . ..an l € (ii,v)M an<^ if TI < m we must have 

Pi02 • • -ftm-iiPm — 1)1 € ("u,v)Af- Therefore there exists z £ (U,V)M with 

length(-r) > length(u), length(v). Suppose z = 7172 • • . 7P . Then 7172 • . -7^1 £ 

(u, V)M n TV and 7^2 . . . fpux € (u, V)M H P(A) and 7172 ... ~fpux E (u, V)M H P. 

If p = 1 (mod 2) then 7172 ...7^-1(7^ + 1) 6 (u,v)M HP and if p = 0 (mod 2) 

then 7172 . . -7p l € (U,V)M H R. If x < y £. N then x,y G M and the elements 

just used to demonstrate the denseness of R in M do the same for R in TV. The 

proof that p( A ) is dense in P is exactly the same.

Lemma 1.4.

(1) All elements of L have cofinality 8K .

(2) There are elements of M of cofinality u\ for all regular initial ordinals

(3) All elements of N have cofinality 8K in N and all elements of R have 

cofinality 8K in R.

(4) All elements of P( A ) liave cofinality u\.

(5) All elements of Q have cofinality u>.

Proof. Let (j)~r<6K De a cofinal sequence of successors in U K . 

(1) Suppose u = ot-iii . . . ct n i n E L. For each 7 < 8* define
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Then the lemma is demonstrated by the sequence (t'7 )-y<5 K . Obviously u 

is an upper bound for this ^-sequence. Suppose 0iji . . .ftmjm is ^so an 

upper bound for the sequence. Then

01 jl - • -0mjm ^ 0=1*1 • • • a=n-l*n-lO:n(*n ~

Suppose that

.. mm < #1*1 . . . ann

Then

0iji • • -finjn = 0=1*1 • • • an_iin_ian (in - 1).

and we must have m > n but then if (3n+i = A we would have

vx+i 

which is a contradiction. Hence

Therefore u is the supremum of this £x -sequence, so u has cofinality SK . 

(2) Suppose u 6 M for some w = &1&2 • • • an- If o: n is a successor define

. . . a n_i(an - 1)7.

Then 11 is an upper bound for the ^^.-sequence (v-y)7<5)4 . Suppose that 

we have another upper bound 0i0z . . -0m - Suppose that

• • • 0m

in the lexicographic order (for, possibly, 0.10.2 . . . an _i(an — 1) ^ M). 

Then

= ai<*2 ...an-i(an -

and we must have ra > n. But then if /3n+i = A we would have

> aiQ 2 . ..Q n _i(a n - 1)(A +
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which is a contradiction. Hence

0102 "-0m

Therefore u is the suprernum of this (^-sequence, so if the last element of 

u is a successor then u has cofinality 8 K .

If OL U is an u;.\-limit ordinal of, say, the sequence of ordinals (£Ai) M < u>A , 

where u\ is regular then we can define

Ufj, := Ot.iOi.2 • • • <*n-l^/i

and u is the suprernum of (ti M ) M < WA . Without question u is an upper 

bound for this sequence. Suppose v = PiTi • "0m rm is also an upper 

bound. If there exists I ^ n — 1 with o.{ — (3i for i = 1, ... , / — 1 and 

(3 1 > o-i then v ^ u. Suppose not so we have

0102 . • • 0n-l = QI CK2 • • • <*n-l

and m ^ n. If 0n < an then since an is the limit of (^At ) M < a; A there exists 

8fj. < u\ such that 0n < 8 p. Then v < u^ which is a contradiction. Hence 

0n ^ &n and so v ^ u which means u is the suprernum of this sequence, 

whence it has cofinality u>\.

(3) and (4) follow from (2), since TV and P( X ^ were denned to be the subsets 

of M containing words whose last element is a successor and those whose 

last element is an a; A -limit respectively and by (2) these elements have the 

stated cofinalities in M. This together with Lemma 1.3 which shows that 

N and p( A ) are dense in M and Lemma 0.1 which shows that cofx(z) = 

cofy(x) if z € Y and Y is dense in X gives the required result for N and 

p( A ) and since R is dense in TV Lemma 0.1 also implies the result for R.

(5) Let u = otiqi ... ot- n qn be any element of Q. Let (tk)k<uj be a sequence of 

elements of Q with supremum qn . Then if we define

26



the sequence (uk)k<w has supremum u. Once again, u is obviously an 

upper bound for this sequence. Suppose v — ft\r\ . . . /3m rm is also an 

upper bound for the sequence. If

• -ct n qn 

in the lexicographic ordering we have

and rn < qn . Since qn was the limit of the sequence (tk)k<w we must have 

tk > rn for some k. But then Uk > v which is a contradiction. Hence 

P\ r \ • •'• flm rm ^ &iqi • • • o: n qn = u. Therefore u is the supremum of this 

uj-sequence, so u has connality u;.

Lemma 1.5. Suppose 8K > uj and u\ is a regular initial ordinal with u> < 

U K . Then no U K -sequence or U>A -sequence in Q has a least upper bound. Every 

bounded u>\-sequence in P or P^ has a least upper bound but no bounded UJ K - 

sequence does. Every bounded U K or u> \-sequence in M has a least upper bound 

and no bounded uj\-sequence in N or R does unless u}\ = 8 K . In any interval of R 

there are both bounded u^-sequences with suprema and ones without. Suppose 

<JJ K is regular and uncountable. Then any bounded U K -sequence in L or N has a 

least upper bound.

Proof. Assume that u;* > u? and that u> < u>\ < UJ K . Since all elements in Q 

have connality u there cannot be any u> K or a;A-sequences with suprema in Q, 

for if x = sup(z M ) M < U; K then x has connality U K . For the same reason there can 

be no u^-sequences with suprema in P^ x\ and none in P. All elements of N 

and R have connality 8K so there are no u;A-sequences with a least upper bound 

unless w\ = 8K .

Suppose that UJ K is regular. Let X be jC,M or N. Suppose that (z M ) M < W(4 

is a bounded o; K -sequence in X. Let Si be the set of initial segments (not 

necessarily proper) of length 2, of words in {Z M \JL < u*}. Since u;^ is regular 

and uncountable and {X M /i < u>^} C \J 5t there exists an integer i such



that ordertype(S{) = u> K . Let n be the greatest integer such that 5n has order 

type smaller than UJ K . Since the sequence is bounded ordertype(5i) must be 

smaller than u;* so n > 0 and thus Sn ^ 0. Now Sn+i has order type UJ K and 

since ordertype(5n ) < U K the regularity of U K implies that there is an element 

of Sn which is an initial segment of every element of a subset A of 5n+i, with 

ordertype(A) = u> K . In fact this initial segment, x say, must be the greatest 

element of Sn otherwise the sequence we specified as an u^-sequence would have 

order type CJ K + a where a is some non-zero ordinal.

The paragraph above describes what happens for each of L,M and N. The 

nature of the element x decides whether the bounded u^-sequence has a least 

upper bound or not.

If {x^ fj. < u;*} C M (or N) then x = aia2 ...an with a A. € U K for 

k — 1, . . .,n. Then v := a^a2 • . . a n _i(o! n + 1) E M (or N) and this must be the 

supremum for the given sequence, by the same argument as used in the proof of 

part (2) of Lemma 1.4.

Suppose we have the situation described above, in L so x — ot.iii . . . o. n i n with 

in 7^ 0, since x is an initial segment of a word in L. The supremum of the 

sequence is then a\ii . . . a n_iin _ian (iu + 1) and even if i n + 1 =0 this is an 

element of L. To see that this is the supremum suppose that y = faji . . .fimjm € 

L is any upper bound for the sequence. We must have y > aiz'i ...a.n i n . So 

suppose

OLiii . . . anin <y < a^i . . . an_ 1 in_ 1 an (in + 1).

Then y = aiii . . . anin{3n+ ijn+ i . . .@mjm for some /?n+1 6 W K . But there is an 

element z of A whose (n + l)th letter is greater that ^n+i since ordertype(A) = 

W K . Then if X M is an element of the sequence with z as an initial segment we 

have X M > y, which is a contradiction. Hence y ^ x.

Now let (x M ) At < WA be a bounded ^-sequence in M. Since u\ is regular when 

we define 5; to be the set of initial segments of words in {x^ y, < WA} and let 

j be the greatest integer for which ordertype(Sj) < u\ then the same reasoning 

as above shows that there is a word x — $\fii . . . /?j which is an initial segment
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to every element of a subset A of Sj+\ with order type u\. Now, however, 

we may have j = 0 in which case x will be the empty word. If we consider 

AQ := {c*j+i | ot\ot2 • • • OijOij+i G A} then A0 is a set of ordinals of order type 

so supOrd (Ao) = 0 for some WA-limit ordinal j3. It is easy to see that unless 

/?i/?2 •••^j/3 is an upper bound for (X M ) the sequence would have order type 

larger than u\. In fact /3i/?2 . . • Pjj3 must be the least upper bound by the same 

argument as used in (2) of the previous lemma.

If the sequence (X AI ) M<U;A is also in P^ A ^ then, since /?i/?o • • -fij/3 has cofinality 

uj\ in M it is in P^ x\ and thus is s\ipp (x fj_).

Since all elements in R have cofinality £* there are some uv- sequences in R 

with a least upper bound. Define R1 := TV — R. Now suppose u,v € -R. Then 

UjV € TV and there exists x £ R1 with -U < x < v. If x = 7172 • .-7n with, 

necessarily, 7n a successor we can define ZA : = 7i72---Tn(7n — 1)^ for any 

successor A (E u; K . Then x = SUPN( X M)M<W K by the same proof as in Lemma 1.4 

so there is v < U K with X M £ (^?v) for all /z > z/. Since z E J?' we know that 

length(x) = n = 0 (mod 2) so it must be true that length(x M ) = n + 1 = 1 

(mod 2) whence x^ £ R for all /i. Hence (X M )I/< M < WK is a sequence contained in 

(u, v) fl ^ which has no supremum in .R by Lemma 0.2.

Lemma 1.6. The set N has order type 77a, 1)W(&+1 (so L and N are order-isomorphic).

Proof. To prove this it must be shown that N is the union of sets Xm for m < u; 

where JC0 has order type u; K x c*;* and, for all m > 0, the set Xm is formed from 

Xm-i by putting a set of order type U K x u>* into each interval of Xm-i.

To show this we will prove it is enough to find a subset ^"o of N that has order 

type u: K x a;*, such that TVi C XQ and JY"o is coinitial and cofinal in TV and for 

all m > 0 to find subsets Xm such that;

(1) if y is the successor of x in Xm-i then

ordertype(^m n (x,y)) = u; x x w*, 

this set is coterminal in the interval and (x,y) n TVm+1 C
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(2) x 6 Xm-Xm-i implies (x,-+)xm = (z,2/) for some y

(*,-)*,„ =0;
(3) if x — a.io.2 . . . ap G ^"m — -X"m-i then 2 = aia? . . . ap 

and ( — ,x) Xm = (~,x).

Define

or

-i(a? — 1)1 • m

: = NI U{a0...01 a u; }.
zeros

Notice that

a := {(a + 1)} U {a 0 . . . 0 1 i < u>} ~ u?

zeros

for all a < U K so

x a;*.

Since TVj C -STo this set contains all words of length 1 and is cofinal in N (since 

NI is cofinal in N). The sequence (yi) where y± := 0 . . . 0 1 is coinitial in TV. If
i zeros

x £ NI then (x, — >)x0 = 0 since in this case x = (a. + 1) for some a 6 u; K and 

then (x{)i <a, where 2^ := (a -r 1) 0 . . . 0 1 is a sequence in XQ with infimum x in
z zeros

TV. The immediate predecessor of x in XQ is z := al so (<— ,x)x0 = (^z)- ^ 

x G XQ — TVj then x = a 0 ... 0 1. If i = 0 then y := (a + 1) is the successor of x

in XQ and if i > 0 then
zeros

y := a 0...0 1
i — 1 zeros

is the successor of x in A"o, so (x, both cases

z :=a 0...0 1
i+l zeros

is the predecessor of x in JL"Q s°

Now assume that n > 0 and that the inductive hypothesis is true when m = 

n — 1. If j ^ n — 2 then (x,j/) fl Xj is coterminal in (x,y) for all elements X,T/ E 

JTj_i such that ?/ is the successor of x in Xj_i. This implies that (x,— +)xn _ l = 0 

and that (<— ,3/)jcn -i = 0 for all z,y 6 ^n-2- Suppose u,v are in J^n _! with v 

the successor of u in Xn _i — -X"n -2- Then if v — o.\o.^ . . .ap we know we must
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have it = aiQ2 . . . ap-i(ap - 1)1 by the third part of the inductive hypothesis. 

Define

Uv := {ai&2 ...ap-i(ap — l)/3 (3 £ u;*, (3 a successor }

U {aie* 2 • • • ap -i(ap - l)/3 0 ... 0 1 0 < /? < w*, i <

(a)

(b)
zeros

The set labelled (a) contains all the words of length p + l'm (u,v) and is cofinal 

in (u,v}. Also

:= {a l a 2 ...ap - 1 (ap -l)(P+l)}\j{a 1 a2...ap-i(ap -l)0Q...Ql i < u;} ~ a;
zeros

for all (3 with 0 < j3 < UJ K so since Uv = 1J -B/s we have

~ U X U.

The set labelled (b) contains the sequence (ui) defined by

Ui := QIC*2 ... ap_i(ap — 1)1 0 ... 0 1
zeros

which is coinitial in (11,^). So if we define

Xn := Xn^ U

\

U
/

this set satisfies part (1) of the inductive hypothesis. If x 6 Xn — Xn-i then 

there are two possibilities for x. If x £ Xn-i then by the inductive hypothesis 

(z> —O^n-i = 0 or x has a successor y' in Xn-i. In the second case we must have 

Uy i C Xn whence the coinitiality of Uy > in (x,r/') implies that (x,—*}xn = 0- 

Also x has a predecessor z' in Xn -i and so C/x is defined and is cofinal in 

(z',x) whence (<— ,x)xn = 0- Suppose then that x £ Xn — JTn _i, whence 

x € C/"v for some r 6 -X"n -i- Then there are two cases to be considered. Suppose 

x = /3i/?2 • • ./?r w^h /3r = 7 + 1 for some 7 > 0 (so x is one of the elements in 

the set tagged (a) above). Then

... /3P _! (7 - 1) 0.. .0 1 i<u}cU,cXn
i zeros
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and this set has infimum x in TV so (a:,—*)jru = 0. Also x has predecessor 

z — /?i/?2 .../3r-i7l in Xn . The other case is that x is in the set labelled (b) 

above. Then

X = CtiCt-y ... Q B 0 ... 0 1

z zeros

for some i < u>. If i = 0 then x has successor aiao • • • &p-i(&p + 1) in

if i > 0 then x has y = ot.iot.1 . . . ap 0 ... 0 1 as successor in Xn . In either case
i — l zeros

the predecessor of x in Xn is z = 0.10.2 • • • &p-i(°-p — 1)1-

Finally it must be shown that the inductive hypothesis means that x € N 

implies x 6 1J Xm . Suppose, on the contrary, that y = 7172 . . . 7n is a word
m<u;

in TV which is not in the second set and that there are no shorter elements of 

TV not in (J Xm . The first part of the proof shows that n > 1. There exists
m<u>

m < uj such that z := 7:72 . . . 7n _ 2 (7n _! + 1) € Xm but z £ Xm-i (if m > 0). 

However part (3) of the inductive hypothesis then implies that y 6 Xm (in fact 

that y is the predecessor of z in Xm }. Thus TV = [J Xm and the lemma is 

true.

Lemma 1.7. Suppose U K > u>. There is a subset of P of order type u>i wnici 

is uj-closed in P^ 0 ' . There is no u> -closed connaJ wi -sequence in Q.

Proof. Remember that a subset X was defined to be ^-closed in P 0 if for 

every non-cofinal c^A-sequence (xi]i <u)^ in X we have that supp( 0 )(xi) exists and 

is an element of X. Consider the initial segment A of P: of order type u^. 

Suppose (xi]i <(jj is an w-sequence in A. If we consider this sequence of one 

element words as a sequence of ordinals then it is one of the defining properties 

of ordinals that they must have a least upper bound, an ordinal a. But obviously 

a is a limit ordinal of cofinality u. Then the one element word x := a is the 

supremum of the sequence in A and must be an element of A so A is unclosed 
in P<°>.

Let (2/M ) M < Wl be an u>i-sequence in Q, If Si := {x x is an initial segment 

of length z of a word in (yM )} then as in the proof of Lemma 1.5 we have 

. . . a n qn as a (possibly empty) initial segment to every element of a subset
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A of <3 n+1 of order type LJ I . Define rj(y) as the (n 4- l)th ordinal element of y

A of Q n+i of order type u^ . Define rj(y) as the (n -f l)th ordinal element of y 

for y E A. Then

{77(77) yGA}^!.

If we pick (afc)jk <u, a sub-sequence of this set of order type u; then it has a least 

upper bound a. Then if for each k we have that y^ is a word in (yM ) with ajt 

as last element then any upper bound is > Q.\qi . . . a n qn a in the lexicographic 

ordering. Thus if z = ct\qi . . . a n qn ar is an upper bound for (yk)k<u then 

o.\q\ . . . a n qn a(r — 1) is a lower upper bound. Hence there is no supremum in Q 

for (yk}k<uj- Therefore Q has no u>-closed sequences of order type <jj\.

Lemma 1.8. Ifu K = u; then all the sets defined are isomorphic to Q, (of course 

there are no initiaJ ordinals smaller than u; so we cannot have P^ in this casej. If 

u> K is uncountable then M, TV, P, p( A ), Q and /? are pair- wise juon-isomorphic, 

for a/1 O>A < <^« witli tne possible exception of N and R when u^ is singular.

Proof. Comparison of the cofinalities of elements of M, N, P, P and Q shows 

that these sets are pair- wise non-isomorphic, for any particular values of /c and 

A, with the possible exception of the pairs P^ and Q and N and R. Lemma 

1.7 shows P^ 0 ) ;£ Q and Lemma 1.5 shows N ^ R if UJ K is regular.

Lemma 1.9. There is a subset of M which is dense in M and is not isomorphic 

to M.

Proof. Lemma 1.3 shows that N is dense in M, and Lemma 1.8 shows these 

two sets are not isomorphic.

Lemma 1.10. Zfu;* is regular and uncountable there is a subset of N which is 

dense in N and is not isomorphic to N .

Proof. If we consider the set TV — {2} (where 2 signifies the one element word 

whose only element is 2) then this is obviously dense in TV. It contains a bounded 

u^-sequence without a least upper bound, namely (1 /x) M<w>i , so it is not iso­ 

morphic to TV.

Lemma 1.11. There are subsets of P(A) and P which are dense in P^ A ^ and P 

respectively but are not isomorphic to P( X > and P respectively.

33



A of Q n+i of order type u^. Define rj(y) as the (n -f l)th ordinal element of y 

for y 6 A. Then

{77(77)

If we pick (ak)k<u & sub-sequence of this set of order type u; then it has a least 

upper bound a. Then if for each k we have that y^ is a word in (j/M ) with a^ 

as last element then any upper bound is > otiqi . . . an gn a in the lexicographic 

ordering. Thus if z = ai<?i . . . a n <?n o:r is an upper bound for (yk)k<u then 

a i9i • • • &nqn&(r — 1) is a lower upper bound. Hence there is no supremurn in Q 

for (yk)k<uj' Therefore Q has no ^-closed sequences of order type

Lemma 1.8. HUJ K — u then all the sets defined are isomorphic to Q, (of course 

there are no initial ordinals smaller than u so we cannot have P^^ in this case). If 

UJ K is uncountable then M, TV, P, P^ x\ Q and R are pair-wise non-isomorphic, 

for all u\ < U K with the possible exception of N and R when UJ K is singular.

Proof. Comparison of the cofinalities of elements of M, TV, P, P A and Q shows 

that these sets are pair- wise non-isomorphic, for any particular values of K, and 

A, with the possible exception of the pairs P^ and Q and N and R. Lemma 

1.7 shows P^ 0 ) ^L Q and Lemma 1.5 shows N ^ R if UJ K is regular.

Lemma 1.9. There is a subset of M which is dense in M and is not isomorphic 

to M.

Proof. Lemma 1.3 shows that TV is dense in M, and Lemma 1.8 shows these 

two sets are not isomorphic.

Lemma 1.10. IfuK is regular and uncountable there is a subset of N which is 

dense in N and is not isomorphic to N .

Proof. If we consider the set TV — {2} (where 2 signifies the one element word 

whose only element is 2) then this is obviously dense in TV. It contains a bounded 

u^-sequence without a least upper bound, namely (1 /x) /1 < a, K , so it is not iso­ 

morphic to TV.

Lemma 1.11. There are subsets of P and P which are dense in P( A ) and P 

respectively but are not isomorphic to P( X > and P respectively.
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Proof. By Lemma 1.3 P^ x ^ is dense in P but is not isomorphic to P. The set 

p( A ) — {u>\} is dense in P^ x ^ (where u\ signifies the word in P^ with this as its 

only element). However it contains an ^-sequence with no supremum, namely 

(^ijj\)^ <UJx , so it cannot have the same order type as P^ .

Theorem 2.12. Let Nx ,NY be convex subsets of N , both with cofinahty 6 K 

and coinitiality w*. Let X,Y be subsets of TV*,TV y , with X and X' := Nx -X 

dense in Nx and Y and Y' := NY — Y dense in NY. Then there exists an 

order isomorphism f : Nx — > NY such that the restriction to X is an order 

isomorphism between X and Y.

Corollary. If X and X 1 := N-X are both dense in N then X ~ X' .

This follows since we can define Y := X' and apply the theorem.

The proof of this theorem is rather long and uses some technical lemmas, 

which will be given in the next chapter. Here one interesting consequence of it 

will be shown.

Remember the set R was defined in the following way.

R := {x e N length(x) = 1 mod 2}.

It is obvious that this set is dense in TV with dense complement in TV. 

Lemma 1.12. Every subset which is dense in R is isomorphic to R.

Proof. Let X be a dense subset of R. Then N-R C N-X = X' so X' is dense 

in TV. Obviously X is also a dense subset of TV. Since X and X' are both dense 

in TV the corollary above shows X ~ R.

Now the automorphism groups of M, TV, P, P x Q and R will be examined, 

with the aim of proving that they are all order 2-transitive. In the cases of M 

and P we have to add the condition that cof(x;) = cof (j/t-) to be able to find an 

element of Aut(M) or Aut(P) mapping the pair (z!,x 2 ) to (3/1,3/2)-
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Lemma 1.13. Suppose (tii, . . . , nn ), (i>i, . . . , vn ) G Mn for some n < uj and 

Ui < u l+ i and Vi < v,-+i for i = l,...,n — 1. If also cof(u{) = cof(v;) for 

i = l,... ,n then there exists g £ Aut(M) such that g(ui) = V{ for i = 1, . . .,n.

Proof. It is enough to show that if ti 1 ,it 2 , fi, t>2 £ -^ with tii < 1^2 and i^ < i' 2 

and cof(ti2) = cof^o) then (^1,^2) — (^1,^2) and ( — 00,^2) — ( — 00,^2) and 

(ti2,oo) c± (^2,00). The proof will be in four parts and all intervals will be 
intervals in M.

(1) Assume first of all that the last elements of u^ and V2 are both u\. Then

2 ...an ,w/3i/32 ...

That is, any interval (u, t?), where cis( iu, v) = w and length(x) > length(iy), 

is isomorphic to the interval bounded by the one element word 1 and the 

one element word u>,\- 

Define an ascending sequence of ordinals AI , . . . , A m by

A! :=/?! -(ai+1)

At := Aj-i + fa for i = 1, . . . ,m — 1.

Now we can define

7"n _i := {a 1 o: 2 ... an -i(an- i+1 + /*) 0 < ^u <

Vi:=

0 <//<&}

for i = 1,... , n — 1,

for i = 2,... , 77i —

F* := {/?!#> ...

and also

for i = 1,... , n — 1,

Ai_i < \L < A,} for 2 = 2,... ,m-1,

A m _i

(n + 1) < M <
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Then we have isomorphisms

gT :Xn-i -+ Un -i for i = 1,... ,n - 1,

i : Xl for i = 1 , . . . , m,

Notice that i < j and x E Im(^j), y E Im(g;-) implies x < y and similarly 

for x E Im(/») and j/ E Im(/j). Also x E Im(<7;) or Im(/i) and z E Im(/*) 

implies x < z.

Now suppose x = 7172 -—Jk £ (!,U;A)- If 71 ^ n then either 71 = 1 

and k > 1 or for some i = 1,... , n — 1 we have 71 = i + 1 and fc = 1 

or 71 =i + l and 72 = 0 and k > 2 or 7172 E Xn -i. These are all the 

possibilities for x so if we define

/(x) :=

WQ>iOt2 

WdiOi2

wai&2
WO.iQ.2

1)073 .

(7l72)73 ..-Tfc

71 = 1, A: > 1 
71 = i + 1, fc

7fc 7i72 = 
7i72 6

= 1

then / is defined on all x E (!,U>A) with first(x) < n. Now suppose 

x = 7172 ... 7fc E (!,U>A) and 71 = n + 1. Then fc = 1 or 72 = 0 and k > 2 

or for some i = 1,... ,m we have 7!72 E Y"i or i < m and 72 = A; and 

& = 2 or 7273 = A{0 and k > 3. Thus (remembering 71 = n + 1) we can

define

/(x) :=

w(o.i + 1)073 . 

.(7i72)73 ..
7*

72)73-

72 = 0, fc > 3

71 72 G yi
7fc 7i72 G l^t, 1 < z ^ 

72 = Ai, fc = 2 
7273 = A t O, fc > 3

m

and / is defined on all elements x of (!,^A) such that first (z) = n + 1 

Finally if first (r) > n + 1 then first(x) = 7! E Y" so defining

/(x) := (71)72 -..
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defines / on all elements remaining in

This mapping is onto (it, v) since x E (u, v) implies x = 1177172 • • -7* 

one of the following is true. If 71 = cti then we must have 7172 • • • 7n = 

0:10:2 ... a n and fc > n or for some i = 1, ... , n — 1 that 7172 ••• 7n-f £ 

Z7n _; or 7172 ...7n-i = aiO-2 . . . a n _i_i(o: n _i + 1) and A: = n - i or 

7i72 • ••7n-t-i7n-t7n-t+i = ^1^2 • • • On-i-i ("n-i + 1)0 and & > n-z + 1. 

All such elements are in Im(/).

If ai < 71 < 0i then 71 = QJ + 1 and k — 1 or 7172 = (a.\ + 1)0 and 

fc > 2 or 71 € Vi. Thus x E Im(/).

If 71 = (3i then for some i = 2,... , m we have 7i72 ..-7i G Vi or 

7i72---7i = 0102 --Pi and fc = i or 71 72- -.7^-1 = 0i02>-0iQ and 

k > i -f 1 or 7172 . . -7m E V"*. Again all such elements are in Im(/).

It only remains to prove that / is order-preserving. Suppose then 

that X,T/ E (l,u>x) with x < y. We must have x = 2:7172 .. -7fc and 

y = z8i8<2 . . .81 where 71 < <!>i (and z may be the empty word). Suppose 

z is the empty word and 71, 8^ are both in Xn -i for some i. Then

/(x) = -u;o: 1 Q:2 . . . a n_^i(7i)72 ...7*.

...8k = f(y)

since gi is order-preserving. The cases when z = 1 or z = (n + 1) or z is 

the empty word and 7172, ^1^2 are both in Yi or 71, 81 are both in Y* are 

similar. If x = (i + 1) then /(x) = tuo:ia2 . . . an_;_i(an _; + 1) < /(y) if 

y E Xn -i+j for some j ^ 1 and similarly when x or y is (i + 1)673 . . . 7^ 

or (n + l)Aj or (n -f l)At-074 . . ,jk-

If length(z) ^ 1 and 71,^1 are not both in one of J£i, Yi or Y* then / 

is order-preserving by the remarks about Im(<7{), Im(/{) and Im(/*). If 

length(z) > 1 then

/(x) = 

Thus / is an order-isomorphism between (l,u>x) and (u,v).



(2) Now it will be shown that the above result holds, whatever the last ele 

ment of U2 and v 2 is, as long as cof(u 2 ) = cof(r2 ). Suppose then that

ui — xai^i .. . ai.m, u 2 = £0=2,1 •••a2,n2 5 with ai t i < 0:2,1, 

2/i = v/3i,i . ../?i,mi , t; 2 = 2//?2 ,i . ../?2 ,m 2> with £1,1 < /32 ,i •

This imphes cis(-Ui,ZA 2 ) = x and cis(ui,i>2 ) = y- We wish to prove that

,i ...a 2 , n2 ) ~

Suppose that cof(a2)n2 ) = cof(/?2)7n2 ) = u> L 

u? t -sequences of ordinals (7M ) and

K . Then we can find 

UJi such that

Then for 1 ^ IJL < a; t define

and

Notice that

and 1^ c± JM for all fj, < u t by case (1). Thus

ai ini ,za2 ,i

^ U
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(3) Now we will see that an interval U = (w,w0ifa • • .ftn) where the first 

word is a proper initial segment of the second word, is isomorphic to 

some convenient interval where the first word is not an initial segment 

of the second word. What was proved above then shows U is isomorphic 

to every interval of this form. The interval we will use is ((0)(1), ftn) 

that is the interval bounded by the two element word (0)(1) and the one 

element word j3m (= last(iyftft • • •&«))• Define V2 , ... , Vm and V* as 

in (1). Define AI := ft and Ai+1 := A, + ft+i for i = 1,... ,m - 2 and

•\ : ={(0)(l)/i Ai_i <LL< Ai} fort = 2,... ,m-

Ym := Am_i

0

Then, as above, we have order isomorphisms

i for i = l,... ,77i,

Notice that again i < j and x £ Im(/ij), j/ E Im(/ij) implies x < y and 

x £ Im(/i{) and z £ Im(/i*) implies z < z.

Now suppose x = 7172-. -7* € ((0)(l),/3n ) and first (a;) = 0. Then 

7i727s = (0)(1)(0) and k > 3 or 7^273 = (0)(1)(1) and k = 3 or 

7! 72... 74 = (0)(1)(1)(0) and k > 4 or for some i = 2,... ,m we have 

7i7273 € Vi 01717273 = (0)(l)A»_i and/: = 3 or 71 72 ...74 = (0)(l)A;_iO 

and Jb > 4. Thus if we define

h(x) :=

wl

)7

...ft 075... 7*

7273 = (1)(0), fc> 3 

7273 = (1)(1), k = 3 

727374 = (1)(1)(0), 

717273 € y» 
73 = Ai, fc = 3 
7374 = A Z 0, fc > 4
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then h is defined on all elements x of ((0)(l),/3n ) with first(ar) = 0. If 

first(z) > 0 then first (z) = 71 £ Y* so denning

h(x) := wp1 (32 • • • /3m -i fc*(7i )72 • • • 7*

defines /i on all elements remaining in ((0)(l),/?n ).

This mapping is onto (tt,v) since z 6 (w,wj3ij32 . ../3n ) implies x = 

^7i72 • • • 7fe and one of the following is true. If 71 < /?i then 71 = 0 and 

k > 1 or 71 = 1 and fc = 1 or 71 € V1 . Thus x € Im(/i).

If 71 = /?! then for some i = 2, . . . , m we have 7i72-.-7i € V; or 

7i72 • . . 7t = A A • • •& and fc = i or 7172 . . -7»+i = /#i/32 • • -&0 and 

& > i 4- 1 or 7! 72 . . -7m E ^* and again x € Im(/i).

The proof that h is order-preserving is similar to that in part (1). 

(4) For any two words u and v in M we can define an isomorphism between 

(u,oo) and (u,oo) by finding cofinal sequences ( 1u M ) M < a, (t and (^ Ai ) M < WK in 

the intervals, such that u — UQ and v = VQ and cof(u M ) = cof(u M ) for all 

// > 0. Then, by (2) and (3) we can map (UQ,UI] to (VQ, vi) and [u^jU^+i) 

to [U M ,V M+I) for all /^ > 0, and the union of these mappings will be an 

isomorphism between the two intervals.

In exactly the same way, if cof(ii) = cof(v) = U L then we can find 

sets of words (u^] (JJ '^^<(JJi and (v Ai) u,«^ /t<Wt which are coinitial in M, 

have suprema u and v respectively, and whose elements have the same 

cofinalities as each other. Then the union of the isomorphisms between 

these intervals is an isomorphism between ( — oo,u) and ( — 00,1;).

Lemma 1.14. P and N are both order 2- transitive.

Proof. For any isomorphism / it is true that cof(x) = cof(/(z)). Therefore 

if / € Aut(M) the restriction of / to P(A) is in Aut(P^)). By Lemma 1.13 

{/|p<*) / € Aut(M)} is an order 2-transitive subgroup of Aut(P( x )). It follows 

immediately that Aut(P( A ^) is 2-transitive.
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Similarly {/\N f G Aut(TW)} is an order 2-transitive subgroup of Aut(TV).

Lemma 1.15. Suppose (x a ,. . . , x n )j(2/i> • • • ?2/n) € Pn for some n < u; and 

it < x;+1 and m < yi+ i for i = l,...,n - 1. If also co{(x z ) = cof(yl ) for 

i = 1, . . . , n then there exists g E Aut(P) such that g(xi, . . . , x n ) = (2/1, ... , 2/n)-

Proof. As above the elements of Aut(M) form a subgroup of Aut(P) which is 

transitive on pairs (215X2)5(2/1,2/2) in P2 with cof(x;) = cof(?/;) for i = 1,2 and 

a?i < x 2 and 2/1 < 2/2-

Lemma 1.16. The automorpnism group of R acts order 2-transitively on R.

Proof. By Theorem 2.12, we know that (XI,XZ)R ~ (2/1, 2/2 )H for all xi, x 2 , y1} 

2/2 E A7" with Xi < X2 and 2/1 < 2/2? and that

Hence the automorphism group of this set is 2-transitive. Notice that we can use 

Theorem 2.12 in exactly the same way to prove the lemma for the automorphism 

group of JV.

Lemma 1.17. [Aut(7V):Aut(M)] =-2*«.

Proof. Let Y := {xi x £ 7V: , i E w}. Suppose now that X C NI and X 7^ 0. 

Define /x : N — >• TV by specifying that for i E u;

if x € ^

XI if X ^ JC

and for all j/ £ ^ defining fx to be the isomorphism between (•<— ,2/)y and 

(<—,/x(2/))/x(y) whi0^ exists by Lemma 1.14.

This gives an automorphism of TV. Obviously two different subsets of NI will 

give me two different isomorphisms, and none of these could be the restriction 

of a mapping in Aut(M), since they are sending sequences with a least upper
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bound in M to sequences with no least upper bound. Since N\ — U>K the result 

follows.

Lemma 1.18. If u> A > u then [Aut(P< A) ):Aut(M)] = 2 K *.

Proof. This proof is exactly the same as the preceding one.

Let Y := {xiux x E P(X\ i < w}. Suppose X C P(X) and X ^ 0. Define

fx'Y — > P(A) by specifying that, for i £ u

if x 6 X

if X X.

Notice that, if i 6 u> and j/ = lia;^ 6 Y" then x(i — I)O;A is the predecessor of y 

in Y and (<-,3/)y = (x(i - l)u>x,y) if i > 0 and (<~,/x(y))/ is the interval 

— l)o;x,3/) if x ^ X and the interval

many (i+1) many

if z € X. If i = 0 then

if x has a predecessor x 0 €

JT and

fx(y))/x (y) =

0<i<u;

and in this case (*—ifx(y))fx (Y) ig ^ne same if

U

Thus in both these cases Lemma 1.14 shows there is an isomorphism gx, y map­ 

ping (<—,y)y onto (+-,fx(y))fx (Y)' The case when x has no predecessor in P\ 

is similar. Thus the union of the map fx and the maps gx, y is an automorphism 

hx of
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This prescription gives 2 N " different automorphisms hx of P^ A ^ none of which 
could be the restriction of a mapping in Aut(M), since again they are mapping 
an w-sequence which has a least upper bound in M onto one that does not.

Lemma 1.19. Suppose U K is regular. Then every element of Aut(R) extends 
to a unique element of Aut(TV), but if H is the subgroup of Aut(TV) formed in 
this way then [Aut(TV) : H] = 2 K «.

Proof. Suppose x £ TV - R and / £ Aut(R). By the proof of Lemma 1.5 
there is an (^-sequence (i M ) M < W(t contained in R which has supremum x. Then 
(/(SM ))**<«"* is a bounded u; K -sequence in TV which must have a supremum yx 
by Lemma 1.5. If we define

y, iixeN-R

then /! is an automorphism of TV that extends /. This is obviously the only way 
an extension of / which is order-preserving can be defined.

On the other hand, suppose X is any non-empty subset of #1. Define Y := 
(xQv \x £ RI , v a successor in OJ K }. Define an automorphism fx in the following 
way, letting v range over all the successors in u> K .

if* ex
if x X .

For all y G Y define fx to be the isomorphism between (<— , y)y and the interval 
(*—•> fx(y}}fx (Y)i which exists by Theorem 2.12. This gives an automorphism of 
TV. Obviously two different subsets of R\ will give me two different isomorphisms, 
and none of these could be the extension of a mapping in Aut(#), since they 
are sending ov -sequences with a least upper bound in R to u^-sequences with 
no least upper bound.

Lemma 1.20. The automorphism group of Q acts order 2-transitively on Q.

Proof. In this proof ordinal multiplication and the formation of words in Q will 
be denoted by the juxtaposition of elements. A one element word 7^! where 
7i £ a;, for example 11, will usually be written (7i)($i) (so it would be
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This prescription gives 2 H " different automorphisms hx of P(A ' none of which 

could be the restriction of a mapping in Aut(M), since again they are mapping 

an u;-sequence which has a least upper bound in M onto one that does not.

Lemma 1.19. Suppose UJ K is regular. Then every element of Aut(R) extends 

to a unique element of Aut(TV), but if H is the subgroup of Aut(TV) formed in 

this way then [Aut(TV) : H] = 2 K *.

Proof. Suppose x 6 TV — R and / £ Aut(J^). By the proof of Lemma 1.5 

there is an u^-sequence (x At ) M < w>t contained in R which has supremum x. Then 

(/(Z/*))M<'<>* is a bounded u^-sequence in TV which must have a supremum yx 

by Lemma 1.5. If we define

yx if x £ TV - R 
f(x) ilx^R

then /i is an automorphism of TV that extends /. This is obviously the only way 

an extension of / which is order-preserving can be defined.

On the other hand, suppose X is any non-empty subset of RI. Define Y := 

{zOf | x G RI , v a successor in u}K }. Define an automorphism fx in the following 

way, letting v range over all the successors in u> K .

11 X X.

For all y £ Y define fx to be the isomorphism between («— , y)y and the interval 

(*—,fx(y))fx (Y)i which exists by Theorem 2.12. This gives an automorphism of 

TV. Obviously two different subsets of RI will give me two different isomorphisms, 

and none of these could be the extension of a mapping in Aut(.R), since they 

are sending u;*- sequences with a least upper bound in R to u^-sequences with 

no least upper bound.

Lemma 1.20. TJie autornorpjiism group of Q acts order 2-transitively on Q.

Proof. In this proof ordinal multiplication and the formation of words in Q will 

be denoted by the juxtaposition of elements. A one element word 71^1 where 

7! € u;, for example 11, will usually be written (7i)(si) (so it would be
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(1)(1) in this case) to avoid confusion. Let u,v £ Q with u = otiqi ...an qn ,v =

/?l r l • • ./?m rm.

An isomorphism will be given to show that

Let us define

:= (0)(0),

:= (0)(0)/z(0) if 0

:= (0)(0)/*(0) if u

and X := {X M | p < u> K }. Then

for aU /A > 0 ^ := (^-,x M]^nQ2 ^ Q -r 1, 

and JT ^(^

Notice also that, for any A < u> K , we have

*A:= U ~u;. x

The isomorphism between (— oo,(0)(l)] and (— oo,v] will be defined by finding 

a set V = {VP IJL < A} of order type A where A < u;*, and integers (nM ) M<a;jt 

such that (<— , v M )y fl Q n/i has order type Q for all ^i < A, and a set yA of 

order type u;* x Q. These sets will be such that every element of Q which is 

smaller than v has an initial segment in (<— , v M )y fl Q n^ for some ^ or in VA 

or in (•<— , V)VA (we will see later that the sets above satisfy this condition for 

elements of (-00, (0)(1)]).

Define ordinals Ai,A 2 ,... ,Am inductively by

-= 1-1 '" if
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Now we can use these ordinals to define the set V of order type U K that we 

require. Define, V M := fir^ for all y, ^ /?i. Notice that

if ^ is a successor and

n<2i =
u

- o + i

U Q,

if /^ is not a successor, for all /i < /3i. Let n M := 1 for all 

2 i = 1 , . . . , 77i — 2 define

if 0

if

if 0

Tn - 1) if u; 

fj, < Am } and for i = 1, ... , m— '1 let nM :=

j3\. For

Let V := 

to give

for all j, ^ Am . Now we can define

x =

if A» <

:={x

C

~u;* x y.

, 7-s 6 ^ x Q}

Notice that

Q, rm }
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Thus we have an isomorphism

•:JT-> V

We also have an order isomorphism

for each p ^ A m . Finally we have an isomorphism 

m :^Am -^yAm where J£ Am = (J

Notice that (j, < i/ and x 6 Im(/M ), y G Im(/v ) implies that x < y. Also u? £ 

Im(/A-), z € Im(/*) implies x,y < w < z.

Now we can define an isomorphism between the two intervals in Q as follows. 

Suppose x G Q and x ^ (0)(1). We must have x = 0^172^2 • ••TfeSfc. Moreover 

either

(1) si < 0 so 06i € XQ -

(2) si = 0 and 72 < Am so 0672^2 € X72 if $2 < 0 or 0072^2 € Xy2 +i if 

5 2 > 0;

(3) 5! = 0 and 72 > A m so 0072 s 2 € J£Am ;

(4) 0 < 5! ^ 1 so O^! in X*.

Thus if we define / on all elements of Q with initial segments in X^ for some 

fj, ^ Am or in J^" Am or in X* then / will be defined on all of ( — oo,(0)(l)]. So 

(with x = 072-52 . . . 7fe-Sfc) define

/72 (0072^2)73-53 ...7fc 5 fc if 0072^2 G 
/72 + i(0072-s ; 
yrA m (007262

By the comment above the definition it is defined on the whole of ( — 00, (0)(l)j 

Suppose x £ ( — 00,17] and x = £1^1 ... £/t/. Then one of the following holds;

(1) ^i^i < /3in so ^5: € V'0 or K^ -or V6 1 + 1 ;
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(2) for some i with 1 < i < m — 2 we have Siti ...6iti = far1 . ../?jrj 

and 8l+ iti+i < (3iiril so 8 . • • £;+i^+i 6 VA- * if 

or Siti ...

(3) Mi ...<?m _ 1 t m _ 1 = ftn ...^-i^.! and Sm t m < 0m (rm -I) which 

implies $i*i...£m * m € VAm _ 1+ «jm if tm ^'(rm - 1) 01: 6^1 ...6m tm € 

yA m _x+$m +i if tm > (rm - 1);

(4) Siti ...6m tm = far i .../?m _ 1 rm _ 1 /3m (rm - 1) so 81 t l ...6m+itm+i € V*;

(5) Siti ...Sm-itm-i = fari ...j3m-irm -i and rm - 1 < tm < rm which 

implies 8^1 . . . Sm tm 6 "^Am .

Since we have mappings onto all the elements in these sets, we have a mapping 

onto every word in (— oo,v].

It only remains to show that / is order preserving. Suppose then that x,y £ 

( — oo,(0)(l)) with x < y. Then we must have some (possibly empty) word w 

such that x = w~fiSi . . .~fk$k and y = w8iti . . . Siti. We then have the following 

possibilities for x and y.

(1) Suppose w is the empty word or (0)(0) and wji^i and wSiti are both in 

J£ for some i. Then

f(x) =

since /M is an order isomorphism.

(2) Suppose w is the empty word or (0)(0) and 1^71 $1 and wS^ti are both 

in J*L~ Am or w~fisi and ty^iii are both in X* '. As in (1) we then have 

/(x) < /(t/) because /Am and /* were order isomorphisms.

(3) Suppose u; is the empty word or (0)(0) and wjiSi € X^. If wSii\ E ^^ 

for v > fji QT XA"m or A"* then by the comment above about Im(/M ) and 

Im(/Am ) and Im(/*) we have f(x) < f(y). The same thing is true if 

w~fiSi € X^m and wSit\ 6 X* .

(4) Suppose w is not an initial segment of (0)(0). Then

f(x) = f(w)jisi ...7fc5 fc < f(w)Sl ti ...Siti = f(y).
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Thus / is an order isomorphism and any two intervals of Q with a least upper 

bound and no lower bound are isomorphic.

Pick an element 8iti in U K x Q which is smaller than fi\r\.

Assume firstly that either m > 1 or that m — 1 and S\ti < P\(T\ — I). Then 

since we have v^ = /J.TI for all /j. < J3\ we must have (now considering Siti as a 

one element word of Q) that (8iti,VvQ )r\Qi ~ Q for some I/Q ^ AI. Consider the 

sequence (v M )i/0 ^ M ^A m - We can re-index this to get (vJJ^A for some A < A m 

and we can re-index the sequence ( Ti^)i/0 ^/i<A m in the same way to get (TI^ 

such that if Z := {v 1 0 < JJL < U K } we have that

n + 1 for all with 0 ^ A.

Remember

n Q + 1. (a)

Thus we can find an isomorphism

gQ : XQ -+ {75 75 < UQ, ^i < 7 or 7 = ^i and 5 >

since the set on the right is the set (a) above. Also we have isomorphisms 

between X^ and Z^ for all IJL with 0 < p ^ A. Again

and so we have 

isomorphism

:= (J

FAm . We can use the <? M and gA and /* to define an

g:{x € Q x ^v and £1$ ^ z for all 5 € Q with ti < q} -* (-oo,(0)(l))

in exactly the same way as above (since every element in this set has an initial 

segment in exactly one of Z^ for some fj. with 0 < p. ^ A or in V* or in
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If m = 1 and &I(TI — \) < 8\t\ < &\TI then we can do the same thing by 

defining

; t> :: -rt l

V -.= {xeQ x = for some 75 € w^ x Q}and 

and

and then finding an isomorphism between XQ a^d (<— j^ol-fMi} ^ Qii an isonior- 

phism between X Q and V° and an isomorphism between X* and F* and then 

proceeding as above. Thus

{x e Q x < v and 8l q ^ x for all q 6 Q with ti < q} ~ (-00, (0)(1)]

for all Siti <

Now we shall see that li u — a\q\ . . . cx. n <ln € Q then

(t£,oo)-((0)(0),oo). 

Notice that for i = 0, 1, . . . , n — 2

and 75 € U K x Q} ~ o;« x

and rn _! := {(n - l)s \ s 6 Q, s > 0}

U {75 7<s € c*; K x Q, 7 ^ n} ~ w« x Q.

Similarly for i = 0, . . . , n — 2 we have

-is \ s € Q, gn -t

~ Q-rl 

andV: :=

U

iS s € ,5 > qn -i

7 € u;*, 7 > a n _i, 5 6 Q}

~ u; K X Q

and s G Q, 5 > 91} U {75 7 > a l5 5 G Q}

x Q.
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We can then find isomorphisms gi : X{ — > Ui for i = 0, 1, . . . , n - 1 and hi : Yi — > 

for i = 0, 1, . . . ,n — 1. Notice that x G Im(£i) a^d y € Im(/i;) implies x < y. 

Similarly x € Im(<7i)U Im(fo») and y G Im(^; )U Im(/i; ) for some z < j implies 

x < y.

We can use these isomorphisms to define an order isomorphism between the 

intervals ((0)(0),oo) and (ti,oo) as follows.

Suppose x G ((0)(0),oo) and that x = 7^1 ...7^. Then if 7^1 > (n - 1)0 

then we have 7^1 G Y"n -i- If not and 71 — n — I and si = 0 then if k = I we 

have 7iSj 6 Xn -2 and if k = 2 we have x G 1^-2- Assume then that 71 = i for 

some i G {0, ... , n — 2}. If si = 0 and length(x) > 1 then 71^172-52 G Yt and if 

Si < 0 or s = 0 and length(x) = 1 then 71 $1 G Xi.

As in the case of intervals unbounded below this implies that if we define a 

mapping on all elements with first element in these sets it will be defined on all 

of ((0)(0),oo). So, taking x = 7^1 . . .7^ define

# 7i*i £ Xi-{(j + 1)0 | 0 < j < n} 
£i(7i*i) if 7i3i = (i + l)0, 0 < i <n 
^1(71*1)72*2 ...7fc*fc if 7i*i72-s2 € Yi.

By the comment before the definition g is defined on every element of ((0)(0), oo). 

Suppose y G (ii,oo) with y — 6iti...8iti. Then if S^ti > aiqi we have 

^1^1 € Vm . If not, then we must have that for some i G {0,... , n — 1} we 

have <$i^i ...£n _^n _i = 7^ ...7n _{5 n _i and <?n -i+i = <*n-i+i and 5n-{-M < 

tn _ i+1 ^ ?n-t+i + 1 which implies that Srfi . . . 8n-itn -i5n-i+itn-i+i G I7» or

or 8n -i+i > an _{+i so 5iti . . .^n_ :-in _ :-^n _ij_ii n _i-fi G V{. 

Since we have isomorphisms onto all of the Ui and V; we know g is onto (n, oo). 

Now we need to show that g is order preserving. Suppose then that x,y G 

((0)(0),oo) with x < y. Then we must have some (possibly empty) word w
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such that x = w^iSi . . .7*5* and y = w8it\ . • . &iti. We then have the following 

possibilities for x and j/.

(1) Suppose w is the empty word and both 71 s\ and Srfi are in Xi for some 

z < n - 1. Then

0( z ) =^1(71^1)72^2 ...7fc*fc < 9i(titi)$2t2"-6iti =g(y).

since <? t- is an order isomorphism.

(2) Suppose w is (i -f 1)(0) for some { < n so both w-jiSi and w8it\ are in 

Yi for some i $C n. As in (1) we then have g(x) < g(y) because hi is an 

order isomorphism.

(3) Suppose w is the empty word and 1071-51 £ Xi U Yi. If w$iti £ -X";- U Y} 

for j > z then by the comment above about Im(^i)U Im(/ii) and Im(^;- 

Im(/ij) we have g(x) < g(y).

(4) Suppose w is not the empty word or ({ -f 1)(0) for some i < n. Then

Thus ^ is an order isomorphism and any two intervals (iii,oo) and (1*2 5°°) are 

isomorphic to ((0)(0),oo) and thus to each other. 

Suppose 8iti € UK x Q and Sit\ > Q.iq\. Then

Un-i:={is aiqi < 75 < £1*1} (a) 

U {x € Q x > u, x < 8l q for all q 6 Q with ^ < q} n Q 2 (b)

~ UJ K x

To see this, consider the sequence (X^)^ <UK where X M is denned by X M := 5i* 

for all fj. < U K . This is cofinal and contained in Un . Moreover we have that

^ + l and

{x € Q x > u, x < 8±q for all q £ Q with ^ <
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so every element of this set has an initial segment in (a) or (b) above. Now we 

can find g n an order isomorphism between Un -\ and Yn-i- If we replace h n 

with g n in the definition of g above then we have

{x € Q | x > u, x < Siq for all q € Q with ti < q} ^ ((0)(0),oo). 

Suppose now that u,r £ Q with u < v. Then we must have

u — w&iqi ...ctn qn and v - W$\T\ . . ./3m rm

with QI^I < /?irj for some w € Q U { empty word }. Pick &it\ G ^K x Q with 

< ^1*1 < &\ T \' Define ui = a.\qi . ..a n gn and ui = /3\ri .. .^m r m . Then

= {^ E Q | x >tii,x < 5jg for all 5 E Q with ti < q} 

U {x €. Q | a: < r>i , z ^ $1 g for all g € Q with <i < 

c,((0)(0),oo)u(-oo,(0)(l))

by the work we have already done. Obviously

(u,v) 22 (U!,T;I

so

for any tt,v € Q with u < v and Q is order 2-transitive.
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so every element of this set has an initial segment in (a) or (b) above. Now we 

can find gn an order isomorphism between Un -i and Yn -\. If we replace hn 

with gn in the definition of g above then we have

{x € Q x > u, x < 6iq for all q £ Q with ti < q} ~ ((0)(0),oo). 

Suppose now that u,v G Q with u < v. Then we must have

u = waiql ...an qn and v = w/3ir : . . ./3m rm

with otiqi < Piri for some w 6 Q U { empty word }. Pick Srfi £ u; K x Q with 

< Siti < fari. Define Ui = ctiqi ...an qn and vi = j3ir l .../3m rm . Then

= {x £ Q | x >ui,x < Siq for all 5 E Q with ti < 

U {x 6 Q x < ^j , x ^ 8iq for all 5 € Q with t : <

by the work we have already done. Obviously

(u,v) c± (ui,vi

so

for any u,v 6 (? with -u < v and (J is order 2-transitive.
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Chapter Two

Universals and Order Types Determined 

by Denseness Conditions

In the first chapter some fairly elementary facts about the order-types of L, 

M, N , P, P( x\ Q and R were demonstrated, including that these sets are non- 

isomorphic, except for L and N and possibly R and N. Now we shall see that 

all of these sets are —equivalent, that is they embed and can be embedded into 

each other, and that there are, in fact, 2 K>i =-equivalent, non-isomorphic sets.

This chapter also includes proofs that denseness in Q determines order type, 

and when U K is singular denseness in N determines order type and that, in all 

cases, denseness in N together with denseness of the complement in N deter­ 

mines order type.

To show that all the sets mentioned are =-equivalent it will be proved that 

they are all 77 Wl)U)(. +1 -universals. Since L c± TV and we have already seen that 

TV, P, p( A ) and R are dense in M and obviously M is dense in itself, it is enough 

to show that denseness in M implies rjUltUii+l -universality, except of course in 

the case of Q which will be dealt with separately. Firstly notice the following 

facts about words of a particular length in the sets given.

Lemma 2.1. For any n < u we have

Mn ^ Nn - Pn

Rn c± u" if n = 1 mod 2 and Rn = 0 if n = 0 mod 2,

Qn 2± (W(e x Q) n .

Proof. If n = 0 mod 2 then the assertion of the lemma about Rn is just the 

definition of R. In each of the other cases an inductive argument shows the 

lemma to be true. Let X be any of the sets above except R. Let 5: be the set of 

initial segments (not necessarily proper) of length { of words in X . We wish to 

prove 5t ~ (u-v x Q) 1 if 5 is Q and 5{ ~ u;^ otherwise. The assertion is obviously
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true for Si, so we are trying to show that Sn ~ (Si) n , for all n < u. Suppose it 

is true when j = n. Then

Sn+1 = T Yx YI ^S1 for all z G 5n

which proves the assertion. Now if X is Q then Qn = Sn so the lemma is true. 

Otherwise

Sn — {0:10:2 • • . cx-n n < uj, a.i €. U K , an a successor }

U {aia2 • • • ct n n < w, cx.i £ <*>*, an a limit }

U {0:10:2 • • • an n < u;, a; e w«, an = 0}.

Since both the first two sets are moieties of 5n with order type o>£ and they are 

also Nn and Pn the result follows for TV, P and M. It is then immediate for R. 

Similarly

an anPn= ^U

U>A regular

- JJ
u\ regular

and these are moieties of Pn , each with order type u>".

Lemma 2.2. Every interval of M embeds every ordinal < o; K+1 and every 

countable reverse ordinal.

Proof. Assume that 7 is an ordinal which is less than W K+I and that all intervals 

of M embed 77 for all ordinals 77 < 7. Suppose u, v G M with ii < v, and

U = aiQ!2 • " an an^ V = /3i/?2 •••j3Tn -

If n > m we have

7 < ^*} C (u,v)
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and if n ^ m we have

u; K - {/?!#> . . . /3m _i(/?m - 1)7 0 < 7 < u; J C

so (u, v) embeds u; K . Hence it embeds cof(7) so we may assume that cof(7) < 7. 

Then we can write 7 as the sum of cof(7) smaller ordinals and by embedding 

them in the appropriate intervals of (ti,v) we can construct an embedding of 7 

into

This also shows that M is dense, and it therefore embeds every countable 

reverse ordinal.

Lemma 2.3. If X is a subset of M which is dense in M and 0:10:2 . . . o n €. M 

then there is a -word in X which has 0:10:2 ... an as an initial segment. Therefore 

every interval of X embeds every countable reverse ordinal and every ordinal 

less than

Proof. Let QI 0:2 .. .o: n 6 M. Then 0:10:2 ... o:n _i(o:n + l) is also in M. Any ele­ 

ment of X between 0:10:2 ... ct n and a 1 02 . . . an_i(an -j-l) must have 0102 . . . ct n 

as an initial segment.

Let 7 be a countable reverse ordinal or an ordinal less than o; K+1 and let g be 

an embedding of 7 into M. If a G 7 then let x a be a word in X which has g(ct) 

as an initial segment. The set {x a 067} has order type 7.

Lemma 2.4. If X is a subset which is dense in M then ordertype(X) is an 

Tlu l ,W K+ I -universal - in particular the ordertype of M is an 77^ jW(t+1 -universal

Proof. Since Mn - wj by Lemma 2.1 and M = (J Mn we know that M is
n<u>

a countable union of scattered sets. Obviously this also shows that \M — N K . 

Since wj ^ Mn , for any n and since M is the union of only countably many sets 

Mn we know u^ ^ M. The same facts must be true for any subset X of M. If X 

is also dense in M then Lemma 2.3 shows that all intervals of X embed a* and 

(3 for all o < u>i and (3 < u^+i, whence ordertype(JC) is an T7 Wl ,w K+1 -universal.

Corollary. The order types of N, R, P and P(A) for all u> A < ^ K , are all TjUltUii + l - 

universals.

55



Proof. By Lemma 1.3 these sets are all dense in M so the result follows. 

Lemma 2.5. The order type of Q is an r]UJliUti+l -universal.

Proof. By Lemma 2.1 we know that Q is a countable union of scattered sets. 

Indeed the words of any particular length are a countable union of scattered sets 

and the whole set is the (countable) union of the subsets each consisting of the 

words of a particular length. It also follows immediately from Lemma 2.1 that 

u^ ^ Qj for any j < u and hence u^ ^ Q and that Q has cardinality N^.

Assume that (3 is an ordinal of cardinality (X) K K and that all intervals of 

Q embed 7 for all ordinals 7 < /?. Suppose u,v 6 Q with u < v. If n = 

max(length(tt), length(v)) then it, v E Qi U... U Q n . We can pick x 6 (u,v) D Qn 

and then

U K x Q ~ {xaq aq € U K x Q} C (ti,v).

Then since cof(/3) ^ u;* and (u, v} embeds UJ K it embeds cof(/?) so we may assume 

that cof(/3) < /?. Then we can write j3 as the sum of cof(/3) smaller ordinals and 

by embedding them in the appropriate intervals of (ii,v) we can construct an 

embedding of (3 into (u,v).

Corollary (to Lemmas 2.4 and 2.5). If X is any of M,N,P,P(X\ R or Q and 
x G X then the coinitiality of x in X is u*.

Proof. All these sets have order types which are 77Wlia;(t+1 -universals whence the 

set are dense and have no uncountable descending chains. The corollary follows 

immediately.

Lemma 2.6. If X and Y are any two of M,7V,P, Q,R and P(A) , for any u\ 

then ordertype(JC) = ordertypefF).

Proof. This is implied by the corollary to Theorem 0.6, since by Lemma 2.5 

and the corollary to Lemma 2.4 the order types of all these sets are T] U;I)WK+I - 

universals.

It is self-evident that we can form a new r;u, 1)U, K+1 -universal with cofinality <X>A 

by forming the product u\ x X, for any regular u\ with u; ^ uj\ < u^ where X 

is any of M, Ar , P, P(A) , <? or #.
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Lemma 2.7. There are 2 K * non-isomorphic subsets of M which are = -equivalent 

t° 77w 1 ,u; K+1 . Hence there are 2 K * different order types which are (W,r7u, 1 , U; l4+1 )- 

u.mversaJs, with U = {0,1}.

Proof. Let W := {a € U K a has a finite tail which is odd }. Note that 

ordertype(T^) = U K . Let X be a subset of W. Now define

MX := n < w, a\ £ W, a n ^ 0, an a successor if a :

U {z = a + 1 a <E W}.

Notice that if a E Vr then (a + 1, a + 2)Mx = 0 for aU Ar .

Suppose that X, y C W and that / : MX —> My is an isomorphism. We can 

write

ordertype(M^) = 1 + <ft Q + 1

ordertype(My) = N, 1 + V',

where 4> a = ordertype(Af) il a £ X and <£> a = ordertype(TV) if a E -X" and 

similarly for i^Q . It is then easy to see that each one element word x = (a + 1) 

where a € W must be mapped to itself by / because these words are the only 

elements of MX or My which have successors and they form a well-ordered 

subset of MX or My. Then / must be an isomorphism between sets of order 

type 1 4- 4>a and 1 + i^a for all a £ W. Since TV ^ M this implies a £ X if and 

only if a € Y so X ~ 7.

This means there are at least 2 N " subsets MX of M which are all pair-wise 

non-isomorphic. Obviously then ordertype(M^) ^ ordertype(M) and since (in 

the notation above) <^ a = ordertype(M) if a ^ X we have ordertype(M) =$ 

ordertype(Mx)- By the second corollary to Lemma 0.6 MX is an (^,T?WI ,WK+I )- 

universal with U = {0, 1}. This completes the proof of the lemma.

Now we will see that, if u; K is regular, then a subset which is dense in A7", with 

dense complement, has its order type completely determined. If U K is singular 

then denseness in N alone is enough to determine order type.
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Before a proof that denseness with dense complement determines the order 

type of a subset of N (in fact it determines the order type of a subset of any 

interval of N with cofinality 6 K ) some more technical lemmas are needed. To 

prove the assertion an automorphism of N which restricts to an isomorphism 

between two subsets X and Y satisfying the denseness conditions will be defined, 

using induction on the length of words. This is facilitated by the fact that 

NI U . . . U Nn is well-ordered for any n < w. The isomorphism will be defined at 

each stage on a subset of X containing X fl (Ni U . . . U Nn ) and a subset of Y 

containing Y fl (Ni U . . . U Nn ) and similar sets containing all the words of length 

^ n in the complements of X or Y. To ensure that the isomorphism constructed 

can be extended to an order-isomorphism on longer words it is necessary to 

ensure that sequences in X with a supremum in X are being mapped onto the 

same thing in y, and similarly for sequences in X without a supremum in X . 

The first chapter showed that all the elements of X or Y have cofinality 8K = 

coi(u K } so the only sequences which may cause a problem are (^-sequences.

The first of the following lemmas shows that, in TV, a sequence with supremum 

x essentially consists of elements which are longer than x (so if the mapping is 

defined on all elements shorter than n then the supremum of a sequence is not 

going to be added in at a later stage). Obviously, however, the set X could 

contain all the elements of length say 2, while Y has none of these. So at the 

second stage of the induction elements of length 2 in X may be mapped to much 

longer elements of y. Thus the point of Lemmas 2.9, 2.10 and 2.11 is to show 

that we can find subsets of Y with the correct order type and whose <$ K -sequences 

have a least upper bound in Y or not depending on whether the sequences which 

are mapping to them have one in X . In Lemmas and Theorems 2.8 to 2.15 an 

interval (x,y) will always be an interval in N.

Lemma 2. 8. Hx — supN (x fM ) fJ, < s t. then there exists n < <5* such that length(z) < 

length(z M ).

Proof. Suppose that if x = 0i02 .../3m andlet y := fafe . . ./?m _ 1 (/3m -l). Note 

that (/3m -1) exists since x 6 AT but that y need not be in N. Nevertheless, since
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x = sup(z M ) we must have some /ZQ such that y < X M < x in the lexicographic 
order, for all fi ^ ^o- But this implies that

ZM = Pl02 "-0m-l(0m ~ 1)7172 • "Ti,,

for some / M > 1. Thus length(z) < length^) for all /z > ^o-

Consider the set M and let .AT be a convex subset of M. Let m be the 
smallest integer such that Mm D X is not empty. Suppose x = 0.10.2 ••. a m 6 X. 
Then all the elements of X must have o.\ct.2 . . . ccm-i as an initial segment. 
Otherwise if we have say QJQ^ . . . a m _2/? with /? > <^m-i occurring as an initial 

segment of something in X, then the convexity of X implies aia2 . - • a m -2/3 € 
.X", contradicting the fact that m is the length of the shortest element in X . 
Obviously then ordertype(X D MTO ) ^ &*. In TV all this is still true but it needs 
more proof since (3 could be a limit ordinal, in which case 0.10.2... am _2/# $: N.

Lemma 2.9. Remember that 8K is the cofinality ofuK . Let X be a non-empty 
convex subset of N. Let m be the smallest integer such that X n Nm j^ 0. TJien

(1) no 6K -sequence in X n Nm has a least upper bound in X;
(2) ordertype(X fl Nm ) ^ U K and if we have equality then X n Nm is cofinal 

in X.

Proof.

(1) Let y € N . By Lemma 2.8 if y is the supremum of a (^-sequence in
X n Nm then length(y) < m so y f X. 

(2) Let x = Pifa ...0m £Xr\ Nm . Define

5 := {0i02 • • • 0m-i ̂  ^ € U K <, A a successor ordinal} ~ o; K .

Then we wish to prove that X n JVm C 5.

Suppose that v 6 X n ATm , that v < x and that for some a; < 0i we 

have v = 0i02 - • • 0i-i<*i • • • <*m- If v < y for all y € 5 then we must have 
/ < m. We can then define u := fii/32 . . . 0i-i(ai + 1) and v < u < x so 
u E X and length(u) < m which is a contradiction. Hence there are no 

elements of X n Nm which are smaller than all the elements of 5.
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Let y := flifa . . ./?m _ 2 (/?m-i + 1) and suppose there exists z £ X with 

z > v for all v G 5. Since y = supN (S) it follows that x < y ^ z and so 

y € X. This is a contradiction since length(j/) < m. Thus 5 is cofinal in 

X . This, together with the paragraph above shows there are no elements 

of X n Nm which are greater than or smaller than all the elements of 5 

and so 5 C Nm implies X 0 Nm C S. Obviously ordertype(X n Nm ) < 

ordertype(S) = w* and if we have equality X ft Nm is cofinal in 5 and 

hence also in X.

Lemma 2.10. Let X be a subset which is dense in N. Let x,y £ X with x < y 

and let /3 be any ordinal < U K . Then there exists B C (x,y) H X such that 

ordertype(£) = fi and

(1) all 8 K -sequences contained in B have no supremum in N.

Proof. Suppose that cis(x,y) = 0.10.2... ct m so x = ot-icti . . . am am+i . . . a n 

and y = Q>io>2 ... am/?m+i . . . (3m with am+i < @m+i °r length(z) = m. Since X 

is dense and X fl Nm is well-ordered for any m < o>, there can be no bound on 

the length of elements in any interval of X so let z G (z, y) with length(z) = p >
A.

n, 77i. So z = aia2 . . . ct m7m+i • • • 7y Then there exists j with m < j ^ p such 

that a{ = 7i for i = m + 1, • • • , J ' — 1 and ctj < 7;- or j < p and length(z) = j. 

Also there exists k ^ m such that 7; = /?» for i = m + 1, . . . , k — 1 and 7^ < /3fc. 

Then if we define CQ := {z\ A a successor in u;^} we have that

Co ^

By Lemma 2.3 for every v £ Co there exists v' £ X which has v as an initial 

segment. Define C := {v 1 v € Co}. Then

— w /c

and moreover every element of C is determined by its (p + l)th letter. Also if 

u € C then u = 0:10:2 . • • ^mTm+i • • • 7p 77p-r i 7?p-f2 • • .rjr . We already know there 

exists j with m < j ^ p such that QJ = 7» for i = m + 1,... , j - 1 and OLJ < 7; 

or j < p and length(x) = j and also there exists k ^ m such that 7, = /3 t for

60



i = m + l,...,fc — 1 and 7^ < /3k- Hence x < u < y so u £ (z, y) and since u 

was an arbitrary element of C we have C C (z,2/)-

Now if /3 < UJ K then we can find an initial segment B of C of order type /?. 

Notice that if u;* is regular so £ K = W K then 5 has no ^-sequences contained 

in it and (1) is vacuously true. Assume then that 8K < U K . Let (x M ) M<(5 K be a 

^-sequence in B. Then

{ap+i ap+1 is the (p + l)th letter of Z M for some p < 6*,} — 5*

so the supremum of this set of ordinals is a limit ordinal, say 7. Suppose v = 

6162 ...83 is any upper bound of the sequence in N. Then, since 8S must be a 

successor, we know 8S ^ 7 so 8182 • ••83 -i(8s — 1)1 is a lower upper bound for 

the sequence. This shows that B satisfies (1).

Lemma 2.11. Let X be any subset of N which has cofinality 8 K and is dense 

in its convex closure in N. Let UQ be a subset of X which has order type ^ U K , 

with UQ cofinal in X if equality holds. Suppose UQ satisfies the condition

(1) all 8 K -sequences contained in it have no supremum in X.

Then there exists a cofinal subset U of X, with order type u> K and with UQ C U, 

which also satisfies (1).

Proof. Suppose first that a?* is a regular initial ordinal. Then choose U to be 

any cofinal set in X which contains UQ and has order type w«, (as guaranteed 

by Lemma 2.3). Since 8K = u;* we know U must satisfy (1) as there are no 

(^-sequences in U which are bounded in X and hence no £K -sequences with a 

least upper bound in X .

Suppose then that u> K is singular so 8 K < UJ K . We can write u> K as a ^ K -sum of 

ordinals UJ K = Y^ TM where 7^ < U K for all /x, and use this to find U.
M<<5*

If ordertype(£/0 ) = w* then we simply take U := U0 . If ordertype(Z70 ) < ^« 

then let UQ be any cofinal subset of X with ordertype({7o) = £*• We can write 

UQ = (u v ) v< 6 K - Since ordertype(^70 ) < ^* there exists i/0 < <$* such that -y v < 

ordertype(?7o) for all v > VQ so certainly 01 deitype^u^^u,,^^ n UQ) < jv , for all
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^ > VQ. Hence Lemma 2.10 (together with its proof) shows we can find a set Uv 

with order type 7^ such that

n UQ c u» c (u vi u v+i) nx

and such that no ^-sequences in Uv have a supremum in TV, and therefore there 

are definitely no ^-sequences in Uv with a supremum in X so Uv satisfies (1). 

Now define

U :=UQf0 u| |J uv \

Then any bounded (^-sequence in U has a terminal segment in Uv for some v 

or is contained in [70 , and so has no supremum in X. Any ^-sequence cofinal 

in U is cofinal in X and therefore has no supremum in X. Thus U satisfies (1). 

Moreover UQ C U and ordertype(£7) = UJ K so the lemma is true.

Remember that for X C y and an element x of y we defined

(<— , x)x := {v £ Y v < x and if n € -X" with u < x then u < v}.

Remember also that (if Y is dense) this definition implies that (<— , x)x — 0 if and 

only if we can find a sequence in X which has supremum x when the sequence is 

considered as a sequence in Y. Since 6K was defined to be the cofinality of u; K , in 

the case of N we would have to have a ^-sequence in X C N, with supremum 

x in N if we are to have (<— , x)x = 0.

Note 1. If X is a convex subset of N with cofinality 5* and £7, V are subsets of 

X which are cofinal in X, both with order type u;*, then U" U V ~ u; K .

Note 2. If U C Ni for some i < u; then (<-,u)c; ^ 0 for all u € U. Indeed, if

u = aio.2 . • .an then aia2 . . . a n_i(an - 1)1 G (<— ,u)t/.

Note 3. Suppose £7 C A7" 17 , where Nu is a convex subset of N with coinitiality 

u. If all ^-sequences in Z7 have no suprema then (<— , u}u^\Nu •£ 0 for all u 6 £7. 

Otherwise, of course, we would have to have u the supremum of a ^-sequence 

contained in U or u the least element of N u.
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Theorem 2.12. Let Nx ,NY be convex subsets of N ', both with cofinality 6* 

and coinitiality u>*. Let X,Y be subsets ofNx ,NY , with X and X' := Nx -X 

dense in Nx and Y and Y' := NY - Y dense in NY. Then there exists an 

order isomorphism f : Nx —> NY such that the restriction to X is an order 

isomorphism between X and Y.

Proof. It is enough to prove that for all m ^ 1 there are cofinal sets Xm C Nx 

and ym C NY with order type wj1 , and an order isomorphism fm : Xm — »• Ym 

such that

(1) (N! U . . . U Nm ) n Nx C Xm and (Ni U . . . U Nm ) fl NY C Ym ;

(2) if 1 ^ i < m then X{ C Xm , Y, C Fm and /< = fm *..;

(3) if u € Z n Xm then /m (u) G F 0 Ym and if it € X 1 n Xm then /m (u) € 
y n y •1 ! ! •* raj

(4) for all (^-sequences (^x )x<^« contained in JL m such that there exists w = 

supNx(vx ) x< s t, we have that w £ Jfm and for all ^-sequences (vx ) x < (j >. 

contained in Y"m such that there exists w = sup^y (rx ) x<(5 K we have that

W GYml

(5) for all x € ^Tm we have (<-,z)xm n 7V^ = 0 if and only if (<-,/m(s))yTO H

7Vr =0.

Then, since each /m is an extension of the others by (2), the map (J fm will be
m^l

an isomorphism between TV^ and NY which restricts by (3) to an isomorphism 

between X and Y.

If m = 1 let j be the smallest integer such that ordertype(7V* n Nj) ^ 0, 

and let I be the smallest integer such that ordertype(7Vy n NI) ^ 0. Lemma 

2.9 shows ordertype(Jf n Nj) ^ u;* and ordertype(y n NI) ^ u* and that these 

sets are cofinal in Nx and NY respectively if we have equality. It also shows 

that no 6K -sequences in Nx fl Nj have a supremum in Nx and no ^-sequences 

in NY H NI have a supremum in NY . Hence Lemma 2.11 shows that we can 

find cofinal subsets U of X and V of Y, of order type U K with X C\Nj CU and 

y n TV/ C V where all (^-sequences have no least upper bound in Nx or N Y 

respectively. Note 3 shows (*-,u)u r 0 and (<-,v)y ^ 0 for all u € C7, v £ F.
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Since U and V have the same order type let g be the order isomorphism between 

them. Now let u € U and consider the order type of

and (<-,$W)v n Y' C\ Nt . (f)

They must both be less than o; K since they are bounded subsets of N H Nj and 

f| NI respectively, which both have order type ^ u> K . If

*-,tt)c; n A" n TV; - (+-,g(u))v n r' n TV,

let gu be the order isomorphism between the two sets and define

If the two sets in (f) are not isomorphic assume that we have

ordertype((*-,u)c7 H X' D Nj) < ordertype((^-,#(u))v n Y' n NI).

We know (<—,u)u n 7V X ^ 0. The denseness of X' in Nx then implies that 

(«— ,u)u PI X' 7^ 0. By Lemma 2.9 no ^^-sequences in X' fl TVj have a supremum 

in Nx , and since (-s— ,u)t7nX' D7V;- is bounded in Nx no ^^-sequences in it have 

a supremum in N (for y = sup^-(x 7 ) 7< ^ K and y ^ TV"-^ implies (x7 ) is cofinal 

in Nx ). Similarly there are no ^-sequences in (*—,g(u))v C\ Y' C\ NI with a 

supremum in TV. Therefore by Lemma 2.10 we can find Uu with

r\x' r\Nj cuu c (+-,u

where Uu has the same order type as (*—,#(u))v n Y' n NI and no (^-sequences 

in Uu have a supremum in TV. Let gu be the isomorphism between Uu and

A similar argument shows that if

ordertype((<-,u)i/ HA" 0 7V; ) > ordertype((--,^(n))v H y' n
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we can define Uu := ( —,u)<y H X' D TV; and find gu : Uu -> ( — ,g(u)) v H Y' 

such that (<—,g(u))v r\Y' C\ NI C gu (Uu ), and no ^-sequences in gu (Uu ) have a 

supremum in TV. Now define

X1 := U U ( (J C/ 
\u€t7

if T; <= tf
u(^) if v € £7-u for some u £

Then by Note 1, J£i has order type UJ K and by construction fi is an isomorphism 

(so YI also has order type u> K ). We constructed C/" to contain all Q{ Xr\Nj. Since 

JY" and y are dense in Nx and 7V y respectively they are cofinal in the latter 

sets whence U and V are also. If v £ X' D TVj then the cofinality of C7 in 7V X 

ensures that there is an element of U which is greater than v. If x is the least 

such element of U then v € (<— , z)y. Then

so the fact that v was an arbitrary element of X' Pi TVj shows that

x'r\Nj c \J ux .

Similarly we constructed V to contain Y fl NI and by the same type of argument 

as above

c \J 9x (Ux ).

Since Nx n Nj = (X r\ Nj) U (X' n N3 ) and 7Vy n TV/ = (y n TV/) U (Y 1 n TV;) 

we have that TV* n TV;- C Xi and TV y n TV/ C ylt Obviously j, / ^ 1 whence 

TV* n NI C Xi and TV y n NI C YI so part (1) of the inductive hypothesis is 

satisfied. Part (2) is not applicable when m = 1. Since g is an isomorphism 

between a subset of X and a subset of Y and the map (J <; u is an isomorphism
u£U

between a subset of X' and a subset of y we know that f\ : Xi —> YI satisfies 

part (3) of the inductive hypothesis. Part (4) is true since, by construction,
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no ^-sequence in X\ has a supremum in Nx and no (^-sequence in Y\ has 

a supremum in NY . Note 3 shows that this implies (T-,U)XI f~l Nx ^ 0 for 

all u 6 Xi and (<-,V) YI H 7V y ^ 0 for all r € Yi so part (5) of the inductive 

hypothesis holds.

Suppose the inductive hypothesis holds when m = n. So Xn has order type 

u;£ and we know that Yn = fn (Xn ) and (^ U ... U Nn ) C] Nx C Xn and 

(#1 U . . . U 7Vn ) H NY C yn . Suppose x € J^n - Assume that ( — ,z)Xn ^ 0. Then 

part (5) of the inductive hypothesis shows that (<— , /n(z))yn 7^ 0-

Then since cofAr(y) = £* for all y E ./V by Lemma 1.4 we know (•*— jx)^ and 

(•f— , /n (z))yn are both convex subsets of N with cofinality ^^ and coinitiality J*. 

We are assuming that all words of length ^ n are contained in Xn and Yn . So 

when we define jsi lz to be the least integers such that («— ,x)xn H 7VJx ^ 0 and 

(•«—, /n(x))yn H 7Vj x ^ 0 we must then have j x ,/x ^ n + 1. The case m = 1 shows 

that we can find sets Ux and Vx of order type W K which are cofinal in (<— ,z)xn 

and (<— , /n(^))yn and an isomorphism fz :Uz —+ Vx . such that

, n ^z C Ut C (-,x)Xn and (-,/n (x))yn 0 Nlx C Vx C

(3)* y£XC\Ux i{ and only if

(4)* no (^-sequences in («— ,z)xn have a supremum in (*- ,x)xn and no 

^-sequences in (*-,/n(«))yn have a supremum in (<— ,/n(z))yn 5

(5)* (^-,K)C/X 7^ 0 and (<-,/x(u))v, ^ 0 for aU u G ?7x. 

Therefore, we can define

Xn+i:=Xn U{ |J

Yn+1 :=Yn U

j x (w) it it; G c^x tor some x G A n .

For each x 6 -X" we have I7X ~ u; K . Since J\Tn had order type u;£ and the sets 

above are between the elements of Xn the order type of Xn +i is u;^' 1 . Since
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^"i Q Xi and YI C Y{ for all i ^ n + 1 and X\ and YI are cofinal in Nx and

A7' 1' respectively we know that X{ and YT are also cofinal for all i < n -f 1. By

construction /n+i is an isomorphism (so Fn+1 also has order type w

Since

. HNJ9 C tfz and («-,/n(*))yn n ty, C 

for all x £ J£n , we know

C |J (,-,^0^ c (J

and

c vx .

Since j x , l x ^ n + 1 and JTn ,yn are cofinal in Nx ,NY this shows that part (1) of 

the inductive hypothesis is satisfied. Part (2) of the inductive hypothesis holds 

since -X"n+i is defined as a superset of Xn and /n+i is defined as fn on Xn . Part 

(3) holds since fn satisfies (3) and fx satisfies (3)* for all x G Xn .

We are assuming that the fourth part of the inductive hypothesis holds on 

Xn and Yn . Therefore the only ^-sequences we have to consider are those with 

a terminal segment in Ux or Vx for some x 6 Xn . The fact that Ux and Vx 

satisfy (4)* show that any 5 K -sequences bounded in them have no supremum in 

TV and therefore satisfy (4). Since we picked Ux and Vx to be cofinal in (<—ix)xn 

and (<— , fn (x))yn respectively, any cofinal sequences have x or fn (x) as their 

supremum. Obviously these elements are in Xn+ i or Yn +i so all 5^-sequences 

cofinal in them also satisfy (4).

Part (5) holds since Ut and Vx are cofinal in (^-,x)xn+1 and (*-,/n+i(z))yn+1 

and so (<—,x)xn+l = 0 an^ (^~>/n+i(a:))yn+1 = 0 for all x £ Xn and by con­ 

struction (<-,z)jfn+l 7^ 0 and (4-,/n+1 (x))yn+1 ^ 0 for aU x € Xn+l -Xn . This 

completes the proof of the theorem.

In fact a stronger theorem is true if U K is singular, for in this case denseness in 

N alone is enough to determine the order type of a subset. Obviously Theorem



2.12 is a special case of this result, when u> K is singular. Thus it is only necessary 

to prove Theorem 2.12 in the regular case. However, it is interesting to see 

that the same techniques can be used in the singular case, even though extra 

arguments are needed at some points. Lemmas 2.10 and 2.11, whose proofs are 

much simpler in the regular case, are also needed in the proof of Theorem 2.15. 

Assume then that U K is singular. If X is a dense subset of N then for each 

m < u> we wish to construct a mapping between (<—, z)jvm ^ Nm+i and the set 

(<-~i x )xin H X n -ATm+i, for some subset Xm of X. Lemma 2.9 shows that the 

first of these sets has order type UJ K and is cofinal in (<—, x)^m . The next lemma 

shows what conditions are needed on Xm to ensure that (<—,z);cm fl Nm+i does 

not have order type larger than u;* and that an u K -sequence in this set is cofinal 

in («—,3)x TO - ^n wna^ follows X' is defined to be N — X for any subset X of N.

Lemma 2.13. Let m be a positive integer. Let X C N and let Xm C X 

satisfying

(1) x € NI U.. . U-/VTTI-I implies there exists a 8 K -sequence (x^) M <5 K contained 

in Xm with x = supN (z M );

(2) x e X 0 Nm implies x E Xm ;

(3) x € X' C\Nm implies there exists a 6K -sequence (x fJ,) IJi< s ti contained in X^

With. X = SUpjy(^X^J.

Then for any y E Xm we have that ordertype((<— ,y)xm H Arm+ i) < uv and 

(<-,y)xm H Nm+i is cofinal in (<-,y)xm if we have equality.

Proof. Let y E Xm - By (1) if length(y) < m then (<— ,y)xm = 0- So assume 

length(y) ^ m, so y = ft\$-> .. ./9n . If n = m define

S := {/5i/?2 • • •/?m-i(/5m — 1)A A a successor in u;

Then we will prove that we have (<—,y)xm n ^"m-t-i C S.

Suppose, seeking a contradiction, that there exists v £ (<— ,y)xm H A* 

with r smaller than all the elements of 5 so t; = /?i/?2 • • -&1-1&1 - - • <^m+ii where 

/ < m and a/ < /3i or / = m and a m < /?m — 1. Define -u := /?i#> • • -^-il^/ -r !)• 

If u € -X"m then v < u < y implies v £ ( t~ty)xm - If ^ ^ Xm then since
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length(u) ^ m we can find a £ K -sequence (x M ) M <<5 K which is contained in Xm 

with u = supN (xp). But then there exists i/ < £ K such that v < x v < u < y 

and again v £ («— ,y)xm - This contradiction shows that there are no elements 

of («— ,y)xm H 7Vm +i which are smaller than all the elements of S. 

If n > m then we can define

S \- {/3i/?2 •••/5m A A a successor in a;*, A < /?m+i} 2± /?m+1 + 1.

If there exists v £ (<— ,t/)xTO n 7Vm+1 which is smaller than all the elements of S 

then t; = /5i/?2 • • -fti-iai • • . am+i, where ai < /3i and / ^ m. Thus we can define 

u : = fiifa • • -/3i-i(oLi + 1) and v < u < y and length(ii) ^ m. As above we can 

use u to show v (£ (<— ,y)xm - This contradiction shows there are no elements of 

(*— ->y}xm smaller than all the elements of S. Obviously there are no elements 

of (<— <,y}xm H Nm+i which are greater than all the elements of S in either case. 

Thus S C Nm+ i implies (4— ,y)xm H Nm+i C S. This implies that

ordertype(S) ^ U K .

If we have

ordertype((<-,7/):rm H 7Vm+ i) = u; K

then rn = n, so S is cofinal in (<— , T/)xm • In this case (<— , 3/)xTn ^ ^Tm+i is cofinal 

in 5 and hence also in (<— ,2/)xm -

Notice also that if (u M ) M <5 K is contained in (<— ,y}xm n^Vm+i an(i is n°^ cofinal 

then if we define a^ :— the (m + l)th letter of v^ then (o: M ) M<<5 t. is a ^-sequence of 

ordinals, with a least upper bound 7 (a limit ordinal). If u = 8182 ...8r is an 

upper bound for (v M ) Al <5K then 8r ^ 7 since ^r must be a successor. Hence 

8182 ... £r- i(^r — 1)1 is a smaller upper bound. So no bounded (^-sequence in 

(*-,y}xm ^ Nm+i has a least upper bound.

The conditions on Xm in the last lemma were chosen to facilitate the proof. 

The next lemma shows that these conditions can be formulated differently so 

that they are more convenient to use when proving the theorem.
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Lemma 2.14. Let X be a subset of N and Xm a subset of X . Suppose (Ni U 

. . . U Nm ) D X C Xm and for every element u E X' D TV; for i ^ m there is a 

8* -sequence in Xm with supremum u in N. Then x E Ari U . . . U Nm -i implies 
there is a 6 K -sequence in Xm with supremum x.

Proof. If x E (Ni U . . . U Nm-i ) H X' then the assertion is one of the conditions 

stated. Suppose then that x = a a a 2 . . . an E (7V: U . . .U TVm _i)nZ. Let 

be a cofinal sequence of successors in u> K . For each u. < U K define

Z M := a 1 a 2 • . .a n -i(an -

Notice that length(x M ) = n + 1 ^ m for all /x. Now if there is a cofinal subse­ 

quence of (X M ) M<(^, say (Z M ')M'<<$* with x^ E (TV]. U ... U TVm ) n X then since 

(TVx U . . . U Nm} H A" C JCm , again the assertion of the lemma is true. Otherwise, 

there exists U.Q < 6K with X M E (TV} U . . . U TVm ) fl JT' for all IJL > U.Q. Then, for all 

IJL > fiQ we can find (y£)i/<£K contained in Xm with supAr (j/^) = X M . But then 

inductively, for each /x > JJ,Q we can pick i^ such that j/^ > y^ for all % < JJL.
/* ^C

Then (y^ )/i<5K is contained in Xm and has supremum x in N. Thus the lemma 

is true.

Theorem 2.15. Suppose u> K is singular. Let X be a subset of N, which is dense 
in N. Then X ~ TV.

Proof. It is enough to prove that for all m ^ 1 there are cofinal sets Xm C X 

and Ym C N with order type u>™, and an order isomorphism fm : Xm — * Ym 

such that

(1) (Ni U . . . U Nm} n JT C JCm and TV! U . . . U Nm C ym ;

(2) if 1 ^ i < m then XiCXm ,YiC Ym and /{ = fm x . •

(3) if u € X' H 7Vm then there is a ^-sequence in Xm with supremum u in

TV;
(4) for all (^-sequences (vx ) x< 6 K contained in Xm such that there exists w =

we ave a w

contained in ym such that there exists w = supN (i' x ) x<(5>; we have that

(5) for all x E -Ym we have (<-,z)*m = 0 if and only if ( — ,/m (x))ym = 0.
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Then, since by (2) each /m is an extension of the others, the map (J fm will
m^l

be an isomorphism between X and N.

Let (TJ V ) V <S II be a sequence of ordinals of order type S K which forms a proper 

initial segment of U K and all of whose elements are successor ordinals. Let 

(°'v)v<6 K. be a cofinal subset of u K1 of order type 6K , again all of whose elements 

are successor ordinals.

To show that there exist subsets Xi and Y\ satisfying the inductive hypothesis 

consider ordertypef^CnTV"!) and ordertype(TV!). Obviously ordertype(X fl N\ ) < 

a;*, if we have equality it is cofinal in X, and by Lemma 2.8 no ^-sequences 

contained in this set have a least upper bound in N. Then by Lemma 2.11, we 

can find U a cofinal subset of Jf, with order type u; K , which contains X fl NI and 

has no 5^-sequences with a supremum in TV. Let / be the isomorphism from U 

onto TVi. Now let u 6 U so f(u] = 7 for some one element word consisting of 

the successor ordinal 7. Consider (<—, u)u fl X' fl NI . This must have order type 

< (JL> K . If y £ (*— ,u)u r\X' r\ NI then y is a one element word a, where a is some 

successor ordinal. For each two element word (a — \}av by Lemma 1.3 there is 

a word in X with initial segment (a — l)a-v . For each v pick one such word yv . 

Now define

Uu := [yv ye (^,u)ur\X' r\N±,

Notice that by the proof of Lemma 2.3 we have that (yv ) is a ^-sequence in X 

with supremum y in TV, and (since y f X) no supremum in X, and that again by 

the proof of Lemma 1.3 that (fu (yv)) is a (^-sequence in TV with no supremum 

in TV. Also yv € (*-,tt)jvl njf and fu (yv } € (*—,/(^))N! and we have yv < Z M 

and fu (yv ) < fu( z^} iiy < z. Now define

Xl :=U\J

:= TV: U ( |J fu (Uu )} 
\uec7 /

fu (v) if v £ Uu for some u 6 

71



Then since 6* < U K by Note 1, X\ ~ YI ~ u;* and both were picked to be 

cofinal in TV. By construction X\ and YI contain all the words of length 1 so they 

satisfy part (1) of the inductive hypothesis, and part (2) is not applicable when 

m = 1. For each y G NI n X' we have y = sup(yv ) v <.6 H. and {yv v < 6 K } C Xi 

so Xi satisfies part (3) of the inductive hypotheses. No ^-sequences in N± or 

U have a supremum in N and the elements of Uu and fu (Uu ) were chosen so 

that this is also true of them so part (4) holds. This implies, by Note 3, that 

(*~i x )xi i=- 0 and (<—?/I(Z))YI 7^ 0 for all x € Xi, whence part (5) holds. So we 

can find Xi,Yi and fi which satisfy the inductive hypotheses.

Suppose the inductive hypotheses hold when m — n. So Xn has order type u™ 

and we know that Yn = fn (Xn ) and (^U.. .UNn )r\X C Xn and TVj U.. .UTVn C 

Yn . Suppose x £ Xn . Assume that (^-,x)jcn ^ 0- Then part (5) of the inductive 

hypothesis shows that (<— ,/n ( 2; ))yn 7^ 0-

Lemmas 2.13 and 2.14 show that the inductive hypothesis implies

n HTVn+1 ) ^ W K (a) 

and ordertype((+-, /n («))yn ) H TVn+1 ) < w^ (b)

and that we have equality in (a) only if length(x) = n and equality in (b) 

only if length(/n (x)) = n and then the set on the left is cofinal in each case. 

Also Lemma 2.8, together with the inductive hypothesis, shows there are no 

^-sequences in (<— ,x)xn H TVn+1 with a supremum in (<— , z)xn and similarly 

for (<— ,/n(^))yn HTVn+1 . So Lemma 2.11 shows that we can find cofinal subsets 

Ux of (*-, x}xn H X and Vt of (*-, fn (x)) Yn , of order type u^ with

and

cvt

Furthermore it shows that we can pick Ux and Vx so that no <5 K -sequences in 

them have a supremum in (<— ,x)xn and (^— , /n (x))yn respectively. Let ^ z be 

the order isomorphism between Ux and Vx . Now let u £ Ux . Suppose that we



have ordertype((^-,u)j7x H Nn +i H Z') = 7. This must be less than u> K since we 

are considering a bounded subset of (+—.x)xn ^ -^"n-fi which has order type at 

most (JJ K . Then (<— ,u)t/x H7Vn+1 r\X' = {y^ fj. < 7} where ?/ M = afaj • • - Q n+i» 

with a n+i some successor ordinal. If we define

for all v

then y^ = supN (v£) so there exists i/0 < £« such that V|/0 e (^-,^)t/x (notice that 

/x > 0 implies vf > T/ O so vf e (^-,^)L/X )• By Lemma 1.3 we can pick a word y£ 

in X with initial segment v£ for each fj. > 0. Pick each j/J to have initial segment 

/ . Then y M = sup(yJ) J/< ^ it for all fj. and yf G (^-,^)j^Tl and //i < ^ 2 implies

Now by Lemma 2.10 we can pick C C (<— )<7sW)vs such that C has no ^K - 

sequences with a supremum in TV and C has order type 7 so C = {Z M ^ < 7}. 

If C has a greatest element z7_i pick z7 E (z7 _ l5 /n (x)). If, for each /x

then define, for fj, < 7

Notice that (-^^)^<5K has no supremum for any p and that z^ G (2^,2^+1) so

ZJI € 

define

n TVm+1 n A", i/ <
:= (zf).

Since ^i < ^2 implies y^ 1 < y^,2 and z^ < z^J the union of the maps g xfl 

is an order-preserving isomorphism between a subset of X and a subset of N.
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Therefore, we can define

\
(J U

Yn+1 :=Yn \j( |J gx (Ux )] U 
\xexn J

/ \

U
fn (w) if w £ A"n

if w £ £7Z for some z £ AT 
if u; £ #zu for some x £

By Note 1 since 8* < u« if x € X then

(t)

So since J£"n had order type a;" and the sets (f) above are between the elements 

of Xn the order type of Xn+l is w^+1 . The facts that Xi C Xl and Y1 C y{ 

for all i ^ n + 1 and that ATi and Yj were both cofinal in TV show that all these 

sets are also cofinal. By construction /n+i is an isomorphism (so Y"n+i also has 

order type w^+1 ).

To show part (1) of the inductive hypothesis holds let v G Nn+i> Since Xn 

was cofinal in TV there is x 6 Xn with v ^ x. Let tu be the least element in 

Xn with v ^ ty, (whose existence is ensured by the well-orderedness of Xn ). If 

v = w then v € Xn and if not then v £ (<— ,iy)xn -

This shows that if v £ TVn+1 n X then v £ Xn or v £ (<-, u;)^ n 7Vn+1 n AT C 

Uw . Since v was an arbitrary element of TVn+i ft X it follows that

A similar argument shows that TVn4-i C yn+1 so part (1) of the inductive hy­ 

pothesis is satisfied.

Part (2) of the inductive hypothesis holds since Xn+ l is defined as a superset 

of Xn and /n+i is defined as fn on Xn . Now suppose that v £ TVn^i n X'. By
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the paragraph showing (1) holds when m = n + 1 there exists w G Xn with 

v 6 (<— ,u>)xn - Then the set f/w has been denned. Again since Uw was defined 

to be cofinal in (<— ,w)xn we can find an element of Uw which is greater than v 

and if u is the least such element then

Then the set Uwu was defined to contain a sequence (vv } v<<JJli with supremum u 

in N. Thus part (3) of the inductive hypothesis holds.

We are assuming that the fourth part of the inductive hypothesis holds on Xn 

and Yn . Therefore the only <!> K -sequences we have to consider are those with a 

terminal segment in Ux or Vx for some x € Xn . Any bounded sequences in Ux 

and Vx have no supremum in AT, so they satisfy (4). Since we picked Ux and Vx to 

be cofinal in (<— , x)xn and («— , /n (^))yn respectively, any cofinal sequences have 

x or fn (x) as their supremum. Obviously these elements are in -X"n+i or Yn+i 

so all cofinal £K -sequences also satisfy (4). No ^-sequences in Uxu or gxu (Uxu ) 

have a supremum in X and N respectively - this follows for Uxu because the 

same thing is true about («— , x)xn H JVn+i H A"' and each sequence (yJJ) and for 

gxu (Uxu ) because it is true for C and for the (z£).

Part (5) holds since Ux and Vx are cofinal in (<— , x)xn+1 and (<— , /n+i(^))yn+1 

and so (<— ,z)xn+1 = 0 an^ ( f~ 5 /n+i(^))yn+1 = 0 for all x e Xn and by con­ 

struction (<-,x)Xn+1 ^ 0 and (<-,/n+i(z))yn+1 ^ 0 for all x <E Xn+1 -Xn . This 

completes the proof of the theorem.

I had hoped to show here that Q is isomorphic to any subset dense in it. 

However, although this may be true ( I have been unable to find a counter­ 

example) I have not been able to perform the inductive construction needed. I 

include for interest some lemmas showing the structure of a dense subset of Q, 

and the properties it shares with Q.

If X is a set which is dense in Q and we are trying to construct an order 

isomorphism / between X and Q, defining / at each stage between a subset of 

X containing Xr\(Q\ U . . . U Q n ) and Q l U . . . U Q n then we must ensure that 

both descending and ascending countable sequences with suprema and infima
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in Q are mapped to the correct kind of sequences with suprema and infima in 
X , and similarly for sequences without suprema and infima. For the rest of this 
chapter (x, y) is an interval in Q.

The first lemma shows that a sequence with infimum x essentially consists 
of elements longer than x (in fact from some point onwards all the elements in 
the sequence must have x as an initial segment) and the second lemma that an 
ascending sequence with x as supremum, after some point consists of elements 
of length at least that of x. Remember that (x,-),- 6w* is a strictly descending 
sequence indexed by w, so if z' 0 G u; then [xj | j > z' 0 } — cj*.

Lemma 2.16. Let X be a dense subset of Q. Suppose x = otiqi . . , oc n qn £ X 
and x = infx(z t')iew- Suppose that x, = /?Jr{ ...(3 lm .r lm .. Then there exists 
io € o>* such that for all j > IQ

...<xn qn

and P 3n+1 = 0 and (rjn+1 )j>i0 is coinitial in Q.

Proof. Let y := &iqi . . . a n qn (Q)(Q). Then for some z' 0 G a;* we must have 
Xj 6 (x, y)nX for all j > z'o- This implies ai^i . . . an qn (Q) is an initial segment 
of Xj for all j > IQ .

Suppose that (r^+1 )j>i0 has a lower bound, say s in Q. Then it follows that 
t;, an element of X with initial segment 0:151 ... a n qn (Q}(s — 1) is strictly smaller 
than all the elements of (xi)jgw * which is a contradiction, since x < v. Thus 
(rn+i);>io is coinitial in Q.

Lemma 2.17. Let X be a dense subset of Q. Suppose x = ^r\ . . . /3m rm = 
supx(xi)i<uj, where Xi = a\q\ . . . a^.q^.. Then there exists IQ < u such that for 
all i > io

i — i Mm

and supQ(g^)i>i0 = rm- 

Proof. If y is defined by

y :=
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then there exists i 0 such that for all i > IQ we have x l G (y.x). This proves the 

first part of the lemma. For the second part obviously we have q*m < rm for all 

i. If there is s £ Q with q lm < s < rm for all i then any element v of X with 

initial segment jB^i .. .(3m-irm -i(3m$ will be an upper bound for the elements 

Xj, which is a contradiction since v < x.

For any integer n > 0 and any x £ Qni the interval (z,->)<?„ has cofinality 

£*. In fact

and this set is cofinal in (x,— + )g n . Suppose then that /n is an isomorphism 

between some subset Xn of X and Q n - If we are to find a subset Xn+i of J\T 

containing all the words in X of length n + 1 and such that fn can be extended 

to an isomorphism /n+i :-X"n-ri — *• Qi U . . . U Q n+i then we want that

ordertype((x,-^) Xn n X D Q n+i) ^ U K x Q

for all x € Xn . The next lemma shows the conditions that Xn must satisfy for 

this to hold.

Lemma 2.18. Let n be a positive integer. Let JT be a subset of Q and let Y 

be a subset of X satisfying

(1) x 6 X n Q n _i implies x € F;

(2) x £ -X"' H Qn-i implies there exists an u*-sequence (yM ) M ew contained in 

Y with x = infg(yM );

(3) x 6 QiU. . .UQn-2 implies there exists an u* -sequence (y^) M e w - contained 

in y with x = infg(j/M ).

Then for any y € y we have that ordertype((7/, — >) y n Q n ) ^ u;^ x Q and that 

is connaJ in (t/, -*)y if U K ^ ordertype((t/,

Proof. Let y € y. By assumption (3), if length(y) < n - 1 then (y, — >)y = 0. 

So assume length(y) ^ n - 1, so y = fai . . . (3m rm with m^ n -I. Define

5 := {/Vi • • ./?n-irn _i/3r /? € w^, r e Q} 2r u; K x
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Then we need to prove that (y, -»)y H Q n C 5-

Suppose that there exists v € (y»-*)y which is larger than all the elements 

°f S. Then z; = /^n .. . /3/-i^_ia^ . . . ajgj, where aj# > /3/rj and / ^ n - 1. 

Let 73 6 u;^ x Q with /3/rj < 75 < a/gj. Define n := ^rl . . . fii-iri-ijs. If 

u e X n Qn-i then u eY and y < w < v implies v g (y, ->)y . If u G X' fl <3 n _i 

or length(z) < n — 1 then we can find an u>*-sequence (lijigu,- which is contained 

in y with u = infg(xi). But then there exists j € w* such that y < u < Xj < v 

and again v £ (j^—^y. This contradiction shows that there are no elements of 

(y> — >)y which are greater than all the elements of 5, so 5 is cofinal in (y, -+)y .

Obviously there are no elements of (y, — »)y fl Q n which are smaller than all 

the elements of 5 and so 5 C Qn implies (y, — »)y n Qn C S. Then

ordertype((y,-^)y n Qn ) ^ ordertype(5) ^ U K x Q.

This shows that the first part of the assertion of Lemma 2.18 holds. 

To prove the second part assume we have

U K ^ ordertype((y,->)y n Qn ).

Then since a; K ^ 7 where 7 is the order type of any proper initial segment of 

U K x Q we know that (y,— >)y fl Qn is cofinal in 5 and hence also in (y, — »)y. 

Hence the second part of the assertion of Lemma 2.18 is true.

Suppose U} K is regular and (X l ,X 2 ) is a Dedekind cut of a dense subset X 

of Q, with X 1 having cofinality 8 K (= U K }. Then we can find a cofinal set 

A = {x^ fj, < UJ K } of X 1 of order type UJ K such that for some integer m 

the rath, element of x^ is //O for each /LI. If U K is singular then some Dedekind 

cuts of X have a cofinal sequence of this type. These sequences are used to 

divide an interval (x,—*)xn into a cofinal u^-sequence of intervals (*— , x^)^ 

where (<— ,X M )A H Qm — Q. This then facilitates the definition of a isomorphism 

between (x,—>)xn and (y, — >)Q TI where y is any element of Q n for the following 

reason. When we define ya by yQ := yaO and Y := {ya a. < u^} we have

(<-,ya )y and («-, y«)r n Q n+l ~
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Lemma 2.19. Suppose X is dense in Q and (A" 1 , A" 2 ) is a Dedekind cut of 

X, where X 1 has cofinality 6 K . Let (x M ) M <<5 K be a cofinal sequence in X 1 and 

(s/i)i6w be a coinitial sequence in X 2 . Then there are two possibilities for (X M ) 

and (j/;).

(1) There exists ^0 < 6 KJ some IQ <E w* and some word ctiqi ... a n qn such 

that if Xn — afgf ... a£ a* then for all u. >
• ^ •*• J. 77*. ti •*• ~ft (• IL

ot.*q^ ... ct^q^ = ctiqi • • • oi. n qn 

and the sequence of ordinals (a{J+1 ) M <$ K is cofinal in W K . Also if yT =

L —1 "-n

and infQ(r^) i€a; . = qn . 

(2) Tne above statement does not hold (in which case U K = u or S K < U K ).

Notice that in case (1), if 5 K < U K we can find an element za of X which has 

qi . . . a. n qn aQ as an initial segment, for all a < U K with a ^ ( a n+-\.}n<6* • Then

a < W K a

is an w^-sequence wnicJi is cofinal in X 1 .

Proof. Assume first of all that U K is regular and uncountable, so 8K = o;^ > u>. 

Let

Si := {z 2 is an initial segment of length i of some X

Since (X M ) M <O; K C \J Si and u; K is uncountable and regular there exists a
i<w

greatest integer n such that u> K ^ ordertype(5n ). Since (Z M ) is bounded in Q we 

must have n ^ 1. Since u; K is regular we must have an element ai^i ... a n qn G 5n 

which is an initial segment to a subset A of Sn-j-i of order type UJ K . If (X M ) is 

not to have order type greater than u; K we must then have some /J,Q < u; K with 

&iqi . . . a n qn as an initial segment of X M for all JJL > (J,Q and the first part of (1) 

follows since ordertype(A) = u; K . It is obvious that there exists i Q such that 

yi has a.iqi . . . an _ign _ 1 Q n as an initial segment. If for some r £ Q we have
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qn < T < q ln for all i then QI^I . . . a n _i<?n _ia n r is smaller than all the y l and 

larger than all the I M , which is a contradiction.

Now if <$K < u?* or u;* = u; and o.\qi ... a n <?n is an arbitrary element of Q we 

can pick an element x a of X with initial segment &iqi . . . a n <j n a for all a < U K . 

Then (z a )a<wK is an u^-sequence in X and we can use it to define a Dedekind 

cut (X l ,X 2 ) of X in the following way. Let X 2 := {x G X x > x a for all 

a < UJ K }. Let A" 1 := X— X 2 . If £«, < UJ K and (a M ) M<(5 K is a cofinal subsequence in 

a?* then (xa M )^<<5 K will define the same Dedekind cut of X as (z a )a<u; K • Thus 

(1) can also hold in the singular case.

If y € Y for some Y C X and (y, -+)y has cofmality S K call (y, — »)y pooJ if 

the Dedekind cut defined in the way described in the preceeding paragraph is 

of the type labelled (1) in Lemma 2.19. Similarly if (X l ,X 2 ) determined by a 

coinitial sequence in (<—,y)y is of type (1) then (•*— , y)y is good. I may also call 

Dedekind cuts of type (1) good.

From now on we shall define QQ to be the empty set. Notice that, for 

any n < u>, if aiqi ...an -i<Jn-i G Q U { empty word } and we define i a : = 

. . . an _ign _iaO for all a. < U K and define

then

q £ Q, g < 0} ~ Q

if a is not a successor and

Q, 9

U

if a is a successor. In each of these cases, («—,£ Q )>i fl Q n is cofinal in (•>—,x 

If and only if a is not a successor we have that (^-,x Q ) A r\Q n is coinitial in (*—, 

Also Lemma 2.17 shows that (<— ,IO)A n Qn is closed upwards in ( — .X Q }A and
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that every element of (-— ,za )>i H Qn is the supremum of an ascending sequence 

in the set (•*— ,X Q )A H Q n - Lemma 2.16 shows that no descending sequences in 

,xa )A f~! Qn have infima in (<— , x a )A- Finally, it is also true that the interval 

,— +)g 7i has cofinality 8 K for all x G Qn- These facts provide the motivation 

for the next two lemmas.

Lemma 2.20. Let X be a dense subset of Q and Y a subset of X satisfying 

the conditions of Lemma 2.18, with y £ Y. Suppose (y, — >)y has cofinality 

S K and is good. Then there exists a sequence A — (X^)^ <UK C (y,— *)Y H X 

which is cofinaJ in (y,— »)y. Moreover for all /x there exists n^ ^ n such that 

(<— , X^]A nQ n/i — Q. Also if IJL is a successor then (<--,£ M ).AnQ n is not coinitial 
in (<— ,Z M )A and (<— , ZV)A is good

Warning: If n^ > n for any i/ then there are a finite number of elements x^ in 

A such that fi is a successor and («— , x M )y 0 Qn^ is coinitial in (*— ,z At )y. Tien 

a^M = /?i7-i • ../?n M 7-n M and {^T! . . ./3nM -i7-n M -i/?nA 9 ? € Q, -1 < q < 0} fulfills 

tie requirements on («— ,z M )y fl Qn M - Tie reader must make this substitution.

K

Proof. Notice that nv > n implies (<— ,ZI/)A H Qn = 0-

By Lemma 2.18 ordertype((t/, — ̂ )y fl Q n ) ^ u;^ x Q. If we have that UJ 

ordertype((y, — >-)y n Q n ] then, again by Lemma 2.18, the set (j/,— >-)y fl Qn is 

cofinal in (y, — >-)y and if y = cti^i . . . a m gm it is of the form

x Q, (,ug > a n gn if m > n -

In this case Lemma 2.3 shows we can pick an element x^ in X with initial 

segment ot\qi ... an _i^n _iyuO for all /z < U K (with /z > an if m ^ n). Then if we 

define A := {z an+ i+ M /x € u?«} the set A is cofinal in (t/,— »-)y. Also

C {a l5l . . .an-^n-i/xg g E Q,g < 0}
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for all ordinals x which are not successors and

q G Q,tf < 0} 

U {aiqi ...an -iqn -i(fjL - l)q q G Q, 0 < q]

for all successor ordinals //,, which implies (<—,Z M )A is good, if // is a successor. 

By Lemma 2.16 (<—,X M )A D Q n is not coinitial in (<—,Z M )A if // is a successor 

since in this case (<—, Z M )^ = (z^-1,2^) and Z M _I has length > n.

Suppose u; K -fi ordertype((y, —*)Y H Q n )- Since (y, —>)y is good we know from 

Lemma 2.19 that we can find a sequence B = (- M ) M < WR in X with some word 

/5i r i • • • /3m-i rm-i € Q which is an initial segment of z^ for all fj, and the mth 

ordinal element of Z M being JJL and the mth rational element of Z M being 0, for 

each IL < u> K . Then

H Qm = {Piri .../?m _ 1 rm _ 1 ^5 q £ Q, 0 < q}

if / is a limit and

U {/Jin .. .flm-irrn^fiq q £ Q, g < 0}

if /x is a successor, which implies (•*— , Z^]B is good. \i a\qi ... an_i^n _i is not an 

initial segment of fiiri . . ./5m_irrn _ 1 then we would have (by the same reasoning 

as in Lemma 2.18) that

U K x Q X ordertype((y, ->)y n Q n ) 

contradicting Lemma 2.18. Define ordinals A n ,An+lj ... , A m _i inductively by

! := A, -f. 
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Now we can use these ordinals to define a sequence as follows. If m > n -f 1, 

then for each i € {0,... , m — n — 2} let VA,I+I + M be an element of X such that 

V A W+I- + M has initial segment (3 l r l . . ./3n+ ,-r n+iAiO, for JJL such that 0 < /* < /?n+i+i- 

If /z = A n+; let Vp be an element of X with initial segment ^in .. .(3n+ irn+l . 

Notice that

0

if A n+; < and is not a successor and

U

q € Q, ? > 0} 

q € Q, ? < 0}

if A n+; < fj, ^ A n+^i and yu is a successor and fi ^ A n+i + 1, which implies 

(<— , VH)A is good, if /z is a successor and /x ^ A n+; + 1. For z = 0, . . . , m — 2 let 

n M := n + i + 1 for all /z such that An+; < p ^ A n+»+i- Let n M := n if )u 

and let n ̂  := m if fj. > A m _i. Now define

?/ • —
U U t "~ '

if 
if 
if 0

j3n

If 77i = n + 1 define

_

if =

and n^ := n if /z < (3n and n M := m if /z > /3n - Then the sequence C = 

is cofinal in (T/, -^)y and by the arguments above (<-,2/,/) 

that i/ is a

2± Q. Suppose 

successor and v ^ A n +{ + 1 for some i. Then (<— ,yv }c H Q Uv is not
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coinitial in (<-,i/ tf ) c by Lemma 2.16 since then (*-,y,,)c = (l/^-i , !/„) and 7/,,_i 

has length ^ n v . If i/ = A n+i + 1 then if $/„=: & r a . . ./^-i^-i^MO) we have

g G Q} 

g G Q, g < 0}

and this is coinitial in («— ,l/i/)c- However

{0iri.»Pnv -irnv -ilq g€ Q, -1 < g < 0} ~Q

and is not coinitial in («— ,yv )c and a Dedekind cut determined by a coinitial 

sequence in this set is good. Thus the lemma is true.

Notice that this lemma implies (y,— »)y O Q n C \J (4— ,y,4 ] c .

Lemma 2.21. Suppose that JC is dense in Q and tjiat A is a subset of X . 

Suppose also that u £ A and (<— ,n)^ fl Q n ~ Q and length(x) > n for all 

x ^ ('— ,u)yi . T-hen tiiere is a subset V of ^ D (*—,U}A such that

(i) (-,u)A nQn nxcy ;
(2) for all x G (-1— 5 w)>i H Q n H X' there is an u;* -sequence (xi)^^^- in V with 

x =

(3) V is cofinal in (•*— ,U)A aij d if (•*— ,U)A = (v,u) we can pick V to be 

coinitial in (v,u] if we wisJi;

(4) for all x G V' t.here is an u;-sequence (xi){^ w in V with x = sup^(x{),-

(5) V - Q;

(6) V is closed upwards in (^~,U)A;

(7) no u>* -sequence in V has an inn'mum in X;

(8) if x € V' and x = mfv(xi)i eu,- then the interval (z,— *)v has cotfnality <5 K 

and (x,— »)v is good.

Proof. First notice that, since V" ^ Q for all x € V we must have some sequence 

(xi) in V such that x = infv(xj). The extra condition that x is the innmum of 

an a;* -sequence is added to facilitate the inductive arguments used in the proof.
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coinitial in (*-,yv }c by Lemma 2.16 since then (<-,yi/)c = (j/i/-i,yi/) and y^_i 

length ^ n,,. If i/ = A n +i + 1 then if yv = (3l r l . . ./?„„ .jr^.^lJfO) we have

?e Q}

and this is coinitial in ( <~ 5 y^)c- However

n ...0nv -irnv -ilq q G Q, -1 < 9 < 0} ~ Q

and is not coinitial in (<— , yj/)c and a Dedekind cut determined by a coinitial 

sequence in this set is good. Thus the lemma is true.

Notice that this lemma implies (y, — >)y fl Q n C (J (<— ,j/

Lemma 2.21. Suppose that X is dense in Q and that A is a subset of X. 

Suppose also that u 6 A and (<—,U)A fl Qn — Q and length(x) > n for all 

x 6 (<—,II)A • Then there is a subset V of X fl (<— , U)A such that

(i) (^,u)An<?n n^cv;
(2) for all x £ (<—,U)A fl Q n fl X' there is an u>*-sequence (x;);^* in V with 

x =

(3) V is cofinal in (<—,U)A and if («— , U)A — (v,u) we can pick V to be 

coinitial in (v,u) if we wish;

(4) for all x G V there is an u-sequence (xi)i£ U in V with x = sup_x-(x{);

(5) F~Q;

(6) V is closed upwards in (*—,U)A>

(7) no w*-sequence in V has an infimum in X;

(8) if x € V and x = infy(xi) i€u; . then the interval (x, —»)y has cofinality 8 K 

and (x, —>)y is good.

Proof. First notice that, since I7 2± Q for all x 6 V we must have some sequence 

(x{) in V such that x = infv(x;). The extra condition that x is the innmum of 

an u>*-sequence is added to facilitate the inductive arguments used in the proof.
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If = (v,u) and v = f31 r l .../3p rp define

Z :={(3l r l ...(3p rp Qq q

(we may have p + 1 = n). For each z £ Z fl X 1 pick 

z = inf(z{) and Z{ has initial segment zO for all i. Define

in -X" such that

If (<— ,ti)A Pi Qn is cofinal in (<— ,u) A define Y := 0 and 7* = 0. If not put 

U — 7i 5 i • • • TfcSfc and define

For each y € Y" fl X' pick (2/i)iew in ^T such that y — mi(yi] and j/{ has initial 

segment yO for all i. Define

Y*:={yi yeYnx1 , ie**}.

For each x in the set (+—,U)A C\Q n HX' pick an u>*-sequence (x;)i€w* in X with 

x = inf Q(X{) and xO an initial segment of X{ for all i. Let £7 be defined by

u := n ^n n X) u (Y n x) u

if we do not care if V is not coinitial. Otherwise define

U := ((<-,u) A r\Q n r\x)u(Yr\x)\jY
x

z*.

Notice that any superset of U satisfies (1), (2) and (3). 

Let U° := U.
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For m ^ 0 assume U m is defined and define U m+1 inductively in the following 

way. For each y = a 1 q 1 ...a k qk £ Um with (<-,y)u°u...uU™ r 0 Pick an a'' 

sequence (yl ) ie ^ in (<—j^t/ou. , ,rr™ C] X with v = sup y (?/i), such that for each 

i £ (jj

with r > m, fc and sup Q (g*) = g fc (Lemma 2.3 shows we can do this). 

Then let

:= fo y £ tfm , i 6 u;}. 

Now define y by

Also notice

(*)(*) if the Dedekind cut determined by a coinitial sequence in (*— ,u) A C\ Qn 

is good and we do not add Z and Z* then the Dedekind cut determined by a 

coinitial sequence in V is good.

We claim that V satisfies (1) - (8). Since U C V we know V satisfies (1) - (3). 

The way U m+1 was defined from Um ensures that V satisfies (4).

Since every element of V has cofinality u> we know that V is dense. V is cofinal 

in (<— ,U)A so it nas n° greatest element. We know U Q has no least element and 

so if for some ra we have u a least element of £7° U ... U ?7 m we know u cannot 

be the least element of U°. This implies

and so U mJrl contains an element smaller than u. Thus u is not the least element 

of V and since this is true for any element of V we know V has no least element. 

U° is countable and by induction U m countable implies that JJ rn+l is countable. 

Thus V = 1J U m is countable. Hence, by Cantor's Theorem, V ~ Q.
m<w

The rest of this proof (and the real content of this lemma) is concerned with 

showing that V is closed upwards in (*— , u)^, that u;*-sequences in V have no 

infima in X and (x, — »)y has cofinality 6 K and is good for all x £ V . These things
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will be proved in two parts, the first dealing with sequences wholly contained in 

U U ... U U m for some m < u and the second with sequences which are not.

Notice that if (x z ) l€w . is any descending sequence and yl 6 (x l _ 1 .z z ) for all 

^ then (yt ) has an infimum if and only if (x z ) does. Similarly if (x z ) z€u; is an 

ascending sequence and yx G (zi,z»+i) for aU i then sup(x,) = sup(^). 

Case 1. For all sequences wholly contained in U° U ... U U m

(6) If x 6 (<-,u)xr\X andx = supx (z,) for some (x;) CU°\J...(JUm then 

x E U° U . ..UZ7 m .

(7) There are no descending sequences in U° U ... U U m with infima in the 

set (*-,u)A C\X.

(8) If x £ U° U ... U U m and x = inf u°(j...\jUm ( x i)i€u* tnen ( x ? -+)u°\j...uum 

has cofinality 8* and is good.

The proof is by induction on m.

(6) Any w-sequence in with a terminal segment of elements each with an 

initial segment in (•*—, <U)A fl Q n must have its supremum x in this set by 

Lemma 2.17 ( or x = u). Thus x g (<-,u) A H X or x 6 ^7°. The proof 

for sequences whose elements have initial segments in Z or Y is similar.

(7) It is obvious that there are no u;*-sequences in Y C\X or Zf~]X with infima 

in (*—,u) A . By Lemma 2.16 there are no u;*-sequences in (<— ,u} A r\Q n r\X 

with infima in (<—,11)^ since length(x) ^ n — 1 for all x € («—, U)A an(i 

similarly for Z fl JY" and F n X. The sequences (2/{)i€w* were picked to 

have no infimum in X. Suppose then that for some (zi)i£ U - we have Z{ 6 

(y])j€u* for each i. Then Z{ has initial segment y;0 for some T/{ € Q n fl JT' 

and the assertion follows since (<—,U)A has no elements of length n — 1. 

The proof for Y* and Z* is similar.

(8) Suppose that x € U°. If x G (j/i)t€w f°r some descending sequence (y;) 

with infimum in X' fl Qn or some descending sequence in Y'' or Z* then 

unless x = 7/0 we know x has a predecessor in U° and x is not the infimum 

of a descending sequence in U°.

Now assume x is the infimum in U° of an u;*-sequence in U Q and that 

x = a^qi ... ctkQk for some k ^ n and x ^ Z D Ar or Z* or Y H Ar or Yr '.
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Consider the sequence (x I ) l€u,- denned by x t := aiqi . .. an _ign _ia 

-). Notice that any lower bounds for this sequence which are greater 

than x must have a^qi .. . a n qn O as an initial segment. However if x G 

( — ,u) A H Q n then x is the only element of 17° with aiqi ... a n qn as an 

initial segment even and if x = yQ as in the paragraph above then x is 

the greatest element in U° with a^ ... an qn ti as an initial segment.

Thus if there exists a subsequence (x^)^- of order type w* such that 

z'i £ (*-,ti)c/o for all i then (z,-+)c/o is bounded above by (xj) and (8) 

is true. If there exists j such that a^ G (*—,iOt/° H X' for all z > j then 

we can pick yi £ (it_i,Zj) n /7° for each i > j to get a sequence which 

defines the same Dedekind cut as (xj). In either case the sequence (z^) 

picked so that z^ has initial segment x(/z)(0) is cofinal in the interval and 

the Dedekind cut (z^) determines is of the type labelled (1) in 2.19 so the 

interval is good.

The argument for elements x of Z fl X or Z* is just the same except 

we need to consider the (p + l)th element of z. Similarly for x G Y H X 

or Y* and its &th element.

Thus U° satisfies all three parts of the inductive hypothesis. 

Suppose 77i ^ 0.

(6) Let (xt)i€w C Urn+l . If there exists z 0 G a; such that (xt)»0 <j is contained 

in (<— ,ic)L/0 u...ut/m f°r some x € Um then x = sup(xi) and the proof is 

complete. If not then we have a subsequence (x't ) t€u, of (xj) such that 

for each i we have that x; € (<— ,2/i)t/°u...uC/ m f°r some T/{ E ?7 m . Then 

sup(xi) = sup(^i) which is in ?7° U ... U t/ m by the inductive hypothesis.

(7) Assume there are no sequences in U°\J.. .UU™ with infimain (*— ,U}A^\X. 

Let (xi)ieu/- be a descending sequence in U" m+1 . If there exists i 0 such 

that, for all i > io
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for some y € U° U . . . U U m then u>* =<: u; which is not true. Thus we must 

have a subsequence (x'Jigu,- of (xj) with

xj € (<— ,2/i)t7°u...uC/m

for distinct elements ^ e ?7° U . . . U U m . Then (yi)i£ U - is an o> "-sequence 

with no innmumin (<— ,IA)A H ^T by the inductive hypothesis whence (xj) 

and thus (xj) have no innmumin (<— ,14)4 C\X.

(8) Suppose x G tf° U . . . U U m+1 and x = inft7o u ... uC7« + i(x i )i 6w . for (x z ) C 

U m+l . As in the paragraph above we must have a subsequence (x^) l g u,« 

with x\ E (3/i_i,2/») for some sequence (3/1 )»€„,• C Z7° U . . . U U m . The 

Dedekind cut determined by (yi)i£ U * must have cofinality S K and be good 

by the inductive hypothesis and then the fact that (z;)ig w - determines 

the same Dedekind cut shows the third part of the inductive hypothesis 

holds.

Thus (6), (7) and (8) are all true for all sequences in U° U . . . U U m for 

any m < u>.

Case 2. Here we are concerned with sequences in V but not contained in the 

set U Q U . . . U U m for any integer m. If such an ascending sequence (zj) contains 

a cofinal sequence (xj) which is contained in U° U . . . U Um for some m then (xj) 

has a supremum in V by Case 1. Similarly, if (y;) is a descending sequence with 

a coinitial sequence (y\) in U° U . . . U Um then by Case (1) there is no inflmum 

in X for (yj) and if y is the innmum of this sequence in U° U . . . U U m then 

— >-)c70 u . < . u i/m is good. Thus it is enough to prove the following.

(6) If x 6 (*—,u)A nX and x = supx (xi) t€u, for some (x») C V with x : G £7 l 

for all t < u then x 6 V.

(7) If (xi)t6 W - i s a sequence with x» G &" for all i then (ij) has no innmum 

in X.

(8) If (xi)iew- is a sequence with x, € U 1 for all z and for some x € V" we 

have x = infv(zr)z€u;* then (x,-+)v has cofinality 6K and is good.
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For each of tbe three parts essentially the same technique will be used in 

the proof. We will show that for any sequence contained in V and any integer 

m we can find / (dependant on m) such that all the elements of the sequence 

share an initial segment of length m with something in U° U . . . U U l . Thus any 

statements about sequences in V can be reduced to statements about sequences 

mo U . . . U U for some I < w, which are then covered by Case 1.

(6) Suppose that (x z ) l€w C V and that x l £ U { for each i £ a;. Let / < u>. 

Then if we consider Xj for any j > / + 2 we can find yj £ U l+l with

such that P[r{ . . ./?/+1 rJ+1 is an initial segment of both yj and Xj. But 

then if all the elements Xi for i ^ / + 2 have ctigi ... aiqicti+i as an initial 

segment and their (I + l)th rational elements form an ascending sequence 

with supremum q in Q then the same is true of all the elements y;. In this 

case sup(yj) = sup(x { ). By Case 1 we then know sup(z;) 6 V. Since this 

is true for all / < u; and Lemma 2.17 shows that we must have some such 

initial segment common to all the Xi after some point, if the sequence is 

to have an supremum we know the sequence (z;) has its supremum in V, 

if it has one in X.

(7) Suppose that (z;);^- C V and that x l £ U l for each i £ u;*. Let I < u. 

Then if we consider Xj for any j ^ I + 2 we can find yj £ t/ i+1 with

such that /^rj . . •/?f+1 ''f+1 is an initial segment of both yj and Xj. But 

then if all the elements X{ for i ^ / + 2 have ai^i ... a;5;0 as an initial 

segment and their (I + l)th rational elements form a coinitial sequence 

in Q then the same is true of all the elements yx . In this case if v = 

aiqi ...aiqi £ (<— ,U)A fl A" then v = infx(yi) which Case 1 shows is 

impossible. Thus v £ (<—,u) A n A". Since this is true for all I < uj and

Lemma 2.16 shows that we must have some such initial segment common

90



to all the Xi after some point, if the sequence is to have an infimum we 

know the sequence (x,-) can have no infimum in (<— , U}A H -Y. 

(8) Suppose x = mfy(xi)i£U * where (x,) is the descending sequence in the 

preceding paragraph. If x ^ U° U . . . U U l+1 then we must have z 6 

U° U . . . U U m for some m > / + 1 with z > x and z < t/ t for all z which 

is a contradiction since x = inf ;/(*/,). Thus x 6 U° U . . . U U 1 and so 

x = inff/ou ...ui/'(y»)- Then the assertion about (x,— >)v holds, by Case 1.

Ideally, we would now perform an inductive construction to show that a dense 

subset X of Q is isomorphic to Q. At the first stage we would need to find a 

cofinal u; K -sequence A = (x /i ) /i<u, K in X, where (*-,XH)A fl Qi ~ Q for all /u. 

Lemma 2.21 to find VJ, satisfying (1) - (8) above. We would then map V^ to

This last set has order type Q. However V^ lacks an important property that 

Up has. If a gapiu X is a Dedekind cut(X 1 , X2 ) where X 1 has no greatest, and 

X 2 no least element then every gap in U^ defines a gap in Q. Indeed the only 

gaps in Up (when // is a successor) are

q € Q, 0 < q < r, r G R-Q} 

and = {(A* - l)g | 9 e Q, r < g, } U {/Kg | g 6 Q, 9 < 0}

or

- l)q | 9 € Q, q> 0} and ^ - {fiq \q 6 Q, g < 0}.

The same is not true of Vp and X. For example, a set which is cofinal in 

(<_ 5 x t ) A n Qi and a set coinitial in (Y fl X) U F* will define a gap of V^, but 

only an interval in X, if length(x^) > 1.
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Proof. If a is an ordinal and (3 ~ a then, by Lemma 0.3 we know (3 is an ordinal 

and 8 < u x a. Hence every PWOP equivalence class of ordinals of cardinality 

# K has size at most NO-^K — N/e- There are N K+i ordinals of cardinality # K and 

so we can find N^+i non-PWOP equivalent ordinals. By the corollary to Lemma 

2.4 each of these is isomorphic to a subset of R. Therefore R has at least 

non-PWOP isomorphic subsets.

Lemma 3.3. If f =3 ( then f

Proof. Define

RQ := {x G N | length(x) = 1 mod 4}

Then .Ro and R—Ro are dense in R so by Lemma 1.12

ordertype(jRo) = ordertype(,R — RQ) = £.

Then if £ ^ C we can find XQ C 7?0 where ordertype(Xo) = ^. If RI := R — X$ 

then R — Ro C J^j which implies 7?i is dense in .R so ordertype(.Ri ) = (", again 

by Lemma 1.12. Then the decomposition

R = X0 \JR1 

shows that

C - £uc

Lemma 3.4. If £ = C then f ~ (• -ffence if 0 ^ f then ^ ~ ^U^.

Proof. Since f =3; f it must be true that f = (U/9 for some order type p. Then 

implies that /? =^ C ( an<^ ^ =^ C tf ^ =^ 0 so ^y Lemma 3.3 it follows that 

. So ~ • If 0 ^ ^ tnen ^ ^ C so

93



and the lemma is true.

This important lemma is needed in the first stage of the induction performed 

on Laver's classification of all order types which are the union of a countable 

number of scattered types. Of course, in the singular case, since ordertype(TV) 

is also an rjUltUit+l -universal and is isomorphic to any dense subset of itself we 

could have used ordertype(N) in place of f to prove Lemma 3.3.

To prove Theorem 3.1 I need to show that G has no more than N K+i orbits 

on 'P(R). All order types of sets which can be written as the union of countably 

many scattered type and which do not embed w$ or u;K+ i can occur as the order 

types of subsets of R. Remember that 1C := |J /C/?, where

(j> is a (£/,o;*)-unbounded sum or a (£/,u;,\)-unbounded sum 

or a (ZY,77u/1)U;A+1 )-universal, for some 1A C M
6<P

some initial ordinal u\]

and that, by Theorem 0.10, every order type which is a countable union of 

scattered sets and does not embed u;* is a finite sum of elements of 1C. Theorem 

0.11 shows that there are only fr^+i non-=-equivalent order types in 1C. Thus 

it is enough to show that —equivalence implies ^-equivalence, in 1C. To do this 

we will perform transfinite induction on ht(0) defined by

ht(</>) := mm{(3 G On | 0 € /C/?}.

Lemma 3.5. Suppose that <j> E 1C — {!}. If if> is any order type with ij> ^ <f> 
then

Proof. Suppose, first of all, that </> is an unbounded sum ^ ^> a where u\ is
ot<u\

an initial ordinal and ht(^0 ) < ht(</>) for all a < u\. This part of the proof

follows almost exactly the proof of Lemma 3 in [5]. As inductive hypothesis we 

may suppose that for each a the assumption of the lemma holds if 4> a is infinite 

or 0. Let t/> be an order type =<: 0. If all the summands are finite (that is 0 or
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1) then either 0 = 0 and (f> ~ 0U0 or, since <f> ^ 1, we know R\ many of the 

summands are 1, so (f> = u\ and certainly $ ~ 0U0.

Suppose then that at least one of the types (j> a is infinite. From a particular 

embedding of a set of order type 0 into one of type </> we get a decomposition 

V> = X) 0a where 0a ^ <£<» for all a. We define a function f : u\ -> ux
<*<u\

recursively as follows. Assuming that /(a) is already defined for all a < 0, we 

define /(/?) by the following rules: 

if 00 is finite then

/(/?) := min{7 I /(<*) < 7 for all ce < ft and <^ 7 is infinite } 

if 00 is infinite then

/(a) < 7 for all a < j3 and

The existence of such numbers 7 < u;.x is guaranteed by the definition of un­ 

bounded sums. The point of the definition is that the function / is strictly 

increasing, <£/(/?) is infinite and 00 ^ </>/(0) for all /3. By our inductive hypoth­ 

esis we have 0/(0) ~ 00U<^/(0) for all /? < CJA- If a < 0;^ a^id J\TQ is a linearly 

ordered set of type </> a then we have partitions XQ = XaQ\JXa i where

if a ^ im(/) then Xao — 0 and Xa i = Xa ',

if a = /(7) then XQ o has type 07 and XQ i ~ JCa . 

Then, if X := ^ x* we have x = E ^oU £ *Ql and so ^ ~ 0U</>. A

very similar argument deals with the case when (f> is a (ZY,a;*)-unbounded sum. 

Now suppose that </> is a universal, so 0 = J^ ^a w^h ht(^a ) < ht(<^>) , where
a€V

Y is some set whose order type is an 77U/1(WA+1 -universal.

Suppose that U C {0, 1}. Since 0^1,^ = 0, which is covered above or by the 

second corollary to Theorem 0.6 we know $> = (,. Then by Lemma 3.4, <f> 

for any 0 =^ 0.
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So suppose that <£ T is infinite for some 7 € Y. Then by the definition of 
universal

where <j>'Q = <£ 7 for all a 6 F. So we must have Y0 C Y, with ordertype( Y0 ) = 

ordertype(y ) and <£7 infinite for all 7 G r0 (and finite for all 7 € Y-Y0 ). Let 

" : Y — YQ — > y0 be an injective, order preserving function (there must be one 

since ordertype(F) ^ ordertype(F0 ))- Now if X is a set of order type (f> and XQ , 
Xi are sets of order type £} <^a, and £ ^« respectively then X = X0 \JXi 

and so

where x« := </> a if a £ Im(/i), and Xa := </> 7 U0a if a =

But Xa = <j>~fU(j) a ~ 0a by the inductive hypothesis, (since <^> 7 is finite and (j) a
is infinite, automatically we have <^ 7 ^ ^a ). Then ^ ~ £] ^a where every 0a

a6Y?
is infinite. Then if ^ =^ ^5>, again from a particular embedding of a set of order 

type ip into one of type $ we get a decomposition t/> = ]T ^a where i^a =^ 0a 

for all a. But then

(j) = 2_^ </>a 

a€Y0

a€Y0

(again using the inductive hypothesis, which is now possible since 0 Q / 1). 

Theorem 3.1. The group of PWOP automorphisms of R has # K+ i orbits on

Proof. If Xi, Xi are subsets of R then there exists a PWOP permutation of R 

mapping one to the other if and only if the ordered pairs (X\ , R—X\], ( A'o , R—X-2 )
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- — __ ._:_... i,,,,* TV,^Tv»fr»rp the number of orbits of the group G is equal to

are PWOP equivalent. Therefore the number of orbits of the group G is equal to 

the number of non-PWOP isomorphic subsets of R, and by Lemma 3.2 we have 

at least N K+1 of these. If X C R then Theorem 0.10 shows that if f is the order 

type of X then £ is a finite sum of types from tC. Theorem 0.11 says there are 

are K K+1 =-equi valence classes of order types of cardinality K K in tC so if we 

can prove that =-equivalence implies ~-equivalence then the theorem is true. 

However this is an immediate corollary of the last lemma. For if 0 = ^ then 

(f> so </> ~ <f>\Jtl> but also </> =^ ^ so i/> ~ ifrUfi which means t/> ~ (/>.

Theorem 3.6. The group of PWOP automorphisms of X has K K+1 orbits on 

P(X} for any set X with order type an (U, rfUliUjK+l )- universal, with U = {0, 1}.

Proof. If $ = ordertype(JC) then ^ = £ by the second corollary to Lemma 0.7 

so if Y is any subset of X we have ordertype(y) =<: £. Thus T/> ^ <^> implies 

and is implied by T/> =^ C. Therefore the number of non-~-equivalent order types 

embeddable into (" and <j> is the same, namely #. K +i whence there are NK+I subsets 

of X which are not PWOP isomorphic.

This completes the proof of the theorem, and the section of this chapter con­ 

cerning PWOP automorphisms. We will now see how the set M together with 

the theorems of [7] show that being a countable union of scattered sets with 

no uncountable descending chains is equivalent to being a countable union of 

well-ordered sets. First we will see how the work in this thesis alone gives a 

similar fact for well-ordered sets.

Theorem 3.7. Suppose a is an ordinal of cardinality N K . IfW is a set of order 

type a then W is a countable union of sets (Wi)i<u where for each i the order 

type of Wi is ^ u\.

Proof. Since Lemma 2.1 shows

M = (J Mi
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are PWOP equivalent. Therefore the number of orbits of the group G is equal to 
the number of non-PWOP isomorphic subsets of .R, and by Lemma 3.2 we have 

at least ^«+i of these. If X C R then Theorem 0.10 shows that if £ is the order 
type of X then £ is a finite sum of types from fC. Theorem 0.11 says there are 

are N K+i =-equi valence classes of order types of cardinality K K in 1C so if we 

can prove that =-equivalence implies ^-equivalence then the theorem is true. 

However this is an immediate corollary of the last lemma. For if ^ = <j> then 

so (j> ~ </>Ui/> but also 0 ^ ^ so t/j ~ i/>U<?i> which means ?/>

Theorem 3.6. The group of PWOP automorphisms of X has N K+i orbits on 
P(X) for any set X with order type an (ZY, rjUliUjK+l )-uni versa], with U — {0, 1}.

Proof. If <j) = ordertype(X) then ^ = ( by the second corollary to Lemma 0.7 

so if Y is any subset of X we have ordertype(l/r ) =^ £. Thus ^ ^ <^ implies 

and is implied by i/> =^ (, Therefore the number of non-~-equivalent order types 
embeddable into £ and 0 is the same, namely # K+i whence there are N K+i subsets 
of X which are not PWOP isomorphic.

This completes the proof of the theorem, and the section of this chapter con­ 
cerning PWOP automorphisms. We will now see how the set M together with 
the theorems of [7] show that being a countable union of scattered sets with 
no uncountable descending chains is equivalent to being a countable union of 
well-ordered sets. First we will see how the work in this thesis alone gives a 

similar fact for well-ordered sets.

Theorem 3.7. Suppose a. is an ordinal of cardinality # K . If W is a set of order 
type a then W is a countable union of sets (Wt-)i<w where for each i the order 

type of Wi is ^ LJ IK .

Proof. Since Lemma 2.1 shows

M = Mi
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where the order type of Mi is wj and since Lemma 2.2 shows a < ordertype(M) 

the result follows.

Theorem 3.8(Lauchli [6]). Conversely, this is the best result possible in the 

following sense. Suppose a is an ordinal, of cardinality N K , with # K regular 

and greater than &o> znd that a ^ uj". If we write a set of order type a as a 

countable union of well-ordered sets, (J Ai where the order type of Ai is on, 

then sup a; .

Proof. By Lemma 0.4, if ulK ^ a where i < LJ and LJ K > LJ and we write a set 

of order type a as a countable union of sets then u\. is embeddable in at least 

one of the sets. Since this is true for every i < LJ if a ^ LJ" the result follows.

Theorem 3.7 above is surprising, but using Lemma 2.4 and a theorem from 

[7], we can get an even stronger result.

Theorem 3.9. If U is a linearly ordered set of cardinality K« which is a count­ 

able union of scattered sets then we can write

u=\Jui

where ordertype(Ui) ^LJ*K .

Proof. By Theorem 0.6 we know that ordertype({7) =^ </> if $ is any 

universal. By Lemma 2.4 we know ordertype(M) is an rjUltUK+l -universal. Lemma 

2.1 shows that M has such a decomposition, whence U does also.

Theorem 3.10. Any scattered set U which does not embed LJ* or LJ K+ I and 

such that LJ" s$ ordertype(£7) can be written as a countable union of well-ordered 

sets Ui where ordertype(Ui} = LJ IK .

Proof. This is equivalent to the theorem above. Obviously a countable union 

of countable unions of well-ordered sets is still a countable union of well-ordered 

sets.
Conversely any scattered set is of course a countable union of scattered sets 

so if U is scattered then

U =
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where ordertype(Z7,-) < u*K . Obviously for all i < u

u*K ^ u;£ ^ ordertype(17)

so there is no bound on i < uj such that UJ IK < ordertype(t/). This implies that 

for each i < LJ we can find U- with order type uj\ such that Ui-( (J Z7j) C U-.

Theorem 3.6 is a special case of either 3.9 or 3.10 since well-ordered sets are 

scattered and have no descending chains that are even countable. If X is a 

countable union of scattered sets and X has no uncountable descending chains 

then Theorem 3.9 gives us the number of orbits of the group of K K -PWOP 

automorphisms of X on P(X) as the following two lemmas show.

Lemma 3.11. Suppose X is a countable union of scattered sets, that \X\ = K* 

and that u% < ordertype(X) and w* ^ ordertype(A'). Then ordertype(X) ~0

Proof. By Theorem 3.10

where ordertype(A"z-) = ulK . By definition, if W is a set of order type u;£ then

W = V Wi

where ordertype(W,-) = LJ\. Hence ordertype(^C) -~o ordertype(V^).

Corollary. A]] ordinals between u" anduK+ i are ^Q-PWOP-isomorphic to each 

other.

Lemma 3.12. Suppose that fori = 1, . . . , j we have that a,- is an initial ordinal 

with UJ K < ai < «2 < • • • < &j and ni, . . . , HJ are non-zero integers. Then

.<+> x a" 1 x ... x an- j ^y < x a 1 x . . . x. . . -

implies

uj" x a" 1 x ... x a"] ~0 7-
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Proof. First notice that, if a is infinite and a, /? < 7 then /3 + (a x 7) ~ a x 7. 

This is true because a ~ 1 + a. Thus

=^ 7 + a x 7 

~ a x 7.

Therefore, since these are well-ordered sets /3 -f (a x 7) ~ a x 7. Suppose 

u£ x a" 1 x . . . x a?7' < 7 < u^+i x a" 1 x . . . x a™' .

Then 7 = a x a" 1 x . . . x a?' + (3 where u;£ < a < uK+1 and j3 < a" 1 x . . . x a"' 

Then

7 = a x a" 1 x ... x a?' -f /? 

+ a x a" 1 x ... x aj'

~ a x a" 1 x ... x

The corollary to Lemma 3.11 shows that a ~0 u>% so let f : A -+ W be an N 0 - 

PWOP isomorphism, where A and W are sets of order type a and LJ% respectively. 

Then let B be a well-ordered set of type a" 1 x . . . x aj; and order A x B 

and W x B lexicographically, creating sets of order type a x a" 1 x . . . x aj; 

and uj% x a" 1 x . . . x a n- J respectively. The natural extension of / witnesses 

A x B ~0 W x B, whence

nj " " 1a x a" 1 x . . . x a- j ~0 u" x a" 1 x . . . x a 

Since we showed above that

7 ~ a x a" 1 x ... x a"

we have that

7 ~0 ^K x a" 1 x ... x
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We can use the lemma just proved to see what ^-equivalence classes of or­ 

dinals look like, for any cardinal #\. Firstly we will prove that -^-equivalence 

classes of ordinals are convex. The lemma above tells us about one set of 

~A~equivalence classes (because, as mentioned at the start of the chapter, ~Q- 

equivalence implies ~A-equivalence). Bearing in mind the convexity lemma the 

two lemmas following it show which of the ordinals which are not covered by 

Lemma 3.12 are ~A-equivalent.

Lemma 3.13. Any ~ ̂ -equivalence class of ordinals is convex.

Proof. Suppose a,/? and 7 are ordinals with a ~A 0 and a < 7 < j3. We can 

assume without loss of generality that all three are limit ordinals since if a is 

any limit ordinal and n is a finite order type then a~n + a~a + n. Then, 

since a is a limit ordinal we know that

a ~ & U ex.

and similarly for (3 and 7.

Let A and B be sets of order type a and (3 and C a subset of B of order type 

7. Notice that there exists C\ C A with C\ ~A C and A — C\ ~A B — C. Indeed 

if A - lj Af, and / : A -* B witness A ~ A B then B = (j f(An)- Let 

1 C. Then

Ci := Cu
II

Then

C ~A (C-A) U A U (A-Ci) U 

-C) U (C-A) U C U A
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Hence C ~A B and so 7 ~A /?•

Notice that, if |a < NA then axp~\/3xafor any ordinal /3.

Lemma 3.14. Suppose #\ is an infinite cardinal and for i — 1, . . . ,j we have 

that Oii is an initial ordinal, that HI is an integer (possibly 0), that n,- is a 

non-zero integer if i > 1 and u;A+1 = on < a2 < . . . < QJ. Then

a? 1 x . . . x a?'' - 

if and on]y if a" 1 x . . . x a"; ^ j3 < ux+i x a" 1 x . . . x

Proof. Suppose (seeking a contradiction) that in the situation defined above 

we have

a" 1 x ... x ajj ~ A ^A+i x a" 1 x ... x ajj . (f)

Let (3 := aj 2 x . . . x aj; . Then (f) implies that we can write sets A and B of 

order type w"i x @ an<^ ^Ai 1 x ^ respectively as

A= A and

where A^ ~ B^. We know that KA+I is a regular cardinal, and obviously uj\ < 

U?A+I. Thus by Lemma 0.4 we have ^"Vi 1 x @ ^ ordertype(5At ) for some ^, 

whence wJ+J 1 x ^ ^ ordertype(AM ) and soo;"^ 1 x/3 ^ ordertype(A) =

This is absurd so we cannot have a" 1 x . . . x a- 3 ~A ^A+I x 

Now suppose that

x . . . x

a 1 x . . . x a < / < CJA+I x a x . . . x a - } ' . 

Then j3 = a x a" 1 x . . . x a"J + 7 where a < u\+i so a ^ KA, and 7 <

x ... x a- 3 . Then

= a x a" 1 x ... x aj; + 7 

~ 7 + a x a" 1 x ... x a"; 

~ a x a" 1 x ... x a"; (1)
ni n, ~AQ; 1 X...XQ: Xa

n. i n.
rs^ /-V l V ^ r\j J_ a 1 x ... x a ;- . 
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(The statement (1) is true because of the comment at the beginning of the proof 

of Lemma 3.12.)

Theorem 3.15. Suppose U A is any infinite cardinal and #\ < N K . Then there 

are countably many ~ \-equivalence classes of ordinals of cardinality < N K if 

K < ui and \K\ many if K

Proof. The preceding four lemmas show that the ~A-equivalence classes of 

ordinals of cardinality < N K are of the form

{7 € On | |7| = N 4 for some cardinal N t 

or

{7 £ On a" 1 x ... x a™} ^ 7 < u\+ i x a" 1 x . . . x a"J , for z = 1, ... , j 

0 ^ Hi < a;, a,- an initial ordinal with u\+i < #1 < . . . < dj ^ UJ 

or

{7 € On | !JL>X + I x <*i l x . . . x aj; < 7 < o;A+2 x <*i l x . . . x a"J , for z = 1, ... , j 

Q < rii < u;, a,- an initial ordinal with u\+i < ot\ < . . . < OLJ

Suppose K < LL>I. Then the first two sets are countable and the third set has 

size K 0 - Hence the number of ^^-equivalence classes is N 0 - If « ^ wi then the 

first two sets have size |AC| and again the third one has size NO so the lemma 

holds.

Theorem 3.16. The group of N 0 -PWOP automorphisms of R has K 0 orbits on 

P(R) if K < ui and \K\ if K > ui.

Proof. This follows from Theorem 3.15 together with its proof, since by Lemma 

3.11 we know that ordertype(-R) ~0 <*>« • Then, if A is a (proper) subset of a set 

W of order type u" it must be true that A has order type a for some ordinal 

a < u". Thus the number of orbits of the N 0 -PWOP automorphisms on P(W) 

is the same as the number of non K 0 -P WOP- isomorphic ordinals.
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Conclusion

The question of whether there exist sets of cardinality N K with permutation 

groups acting on them, with NA orbits on the power set, has been fully answered 

in this thesis, in the case when NA = N K+i- However it is still open for NA bigger 

than N K .f i if K K is larger than N 0 - Since answering this question, in the case when 

N K is countable requires Martin's Axiom (see [1]), it is probable that solving the 

problem when HA is larger than N K .f i will require more than the normal axioms 

of Zermelo-Praenkel set theory with the axiom of choice.

We also do not know, at present, whether the set Q, consisting of all finite 

words in CU K x Q, with a lexicographic ordering, is order-isomorphic to all its 

dense subsets, but this is a question that should be amenable to the techniques 

already used in this work.
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