Denise Ramsay, Trinity Term, 1990
The Queen’s College, Oxford.

On Linearly Ordered Sets

and
Permutation Groups

of Uncountable Degree

Submitted in partial fulfilment of the requirements for the degree of D.Phil. in
Mathematics at Oxford University.



For my parents and Simon



Acknowledgements

I would like to thank the lecturing staff in the Mathematics Department at
Reading University, for their friendliness and enthusiasm during my time as an
undergraduate there. I would also like to thank Prof. Hans Lauchli for the
critical attention he gave to my work last summer. Finally I must acknowledge
the great gratitude I feel towards my supervisor, Peter Neumann, who suggested
the question answered in what follows, and who has been unfailingly generous
with time, help and encouragement during the whole period of my work with
him.



On Linearly Ordered Sets and Permutation Groups of Uncountable Degree

Denise Ramsay, The Queen’s College, Oxford.
D.Phil., Oxford University, Trinity Term, 1990.

Abstract
In this thesis a set, {2, of cardinality R, and a group acting on {2, with R,y

orbits on the power set of {2, is found for every infinite cardinal R.

Let w, denote the initial ordinal of cardinality R.. Define

N ={aaz...an| 0<n<w, aj Ews for j =1,...,n,
a,, a successor ordinal}

R := {z € N | length(z) = 1 mod 2}

and let these sets be ordered lexicographically.

The order types of N and R are K-types (countable unions of scattered types)
which have cardinality R, and do not embed w}. Each interval in N or R embeds
every ordinal of cardinality 8, and every countable converse ordinal. N and R
then embed every K-type of cardinality 8, with no uncountable descending
chains. Hence any such order type can be written as a countable union of well-
ordered types, each of order type smaller than w¥. In particular, if a i1s an

ordinal between w* and wy41, and A is a set of order type a then

A:UAn

nw

where each A, has order type wr.

If X is a subset of N with X and NV —X dense in N, then X 1s order-
isomorphic to R, whence any dense subset of R has the same order type as R. If
Y is any subset of R then R is (finitely) piece-wise order-preserving isomorphic
(PwoP) to R U Y. Thus there is only one PWOP equivalence class of R, -dense
K-types which have cardinality R,, and which do not embed w]. There are
N.i1 PWOP equivalence classes of ordinals of cardinality .. Hence the pwoP
automorphisms of R have X, orbits on P(R). The countably piece-wise order-
preserving automorphisms of R have Ry orbits on R if || 1s smaller than w; and

|| if it 1s not smaller.
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Background, Introduction, Preliminaries

and Notation

The primary aim of this work is to provide an answer to the following question

in infinite group theory.

Suppose N, is an infinite cardinal, R, Is its successor cardinal and {2 is a set
of size X. Does there exist a group G < Sym({2) such that G has N.1; orbits

on the power set of {27

This is trivial unless R.1; < 2%* so the generalised continuum hypothesis will

not be assumed.
Background to the Problem
The question above is just one part of the following group-theoretic problem.

Suppose R, and R, are infinite cardinals with X, < R < 2% and 2 is a set of
size R,.. Does there exist a group G < Sym({2) such that G has X orbits on the

power set of 27

The special case of this question when X, = Ry is Problem 9.39 in the 1986
edition of the Kourovka Notebook, which has already received two answers.
The first of them is in the paper that was the starting point for the work in
this thesis — “On Linearly Ordered Sets and Permutation Groups of Countable
Degree” by Hans Lauchli and Peter Neumann [5]. Here it is shown that there
exists a group acting on a countable set, with N; orbits on the power set of the
set.

This of course only answers a very small part of either of the questions above,
since it just deals with the successor cardinal to Ry. A pre-print of [5] interested
Shelah and Thomas in the problem. They solved it completely in the case when
R = Rg in “Implausible subgroups of infinite symmetric groups” [12]. In this
paper Martin’s axiom was needed, whereas the original work was done assuming
only the normal axioms of Zermelo-Fraenkel set theory with the axiom of choice

and proving that a “natural” subgroup of Sym({?) had the correct number of



orbits on P(42). In [12] it is suggested (I believe correctly) that there are no
naturally occurring groups acting on countable sets which have X, orbits on the
power set, for cardinals X, which are larger than X;. However, in [5] a belief is
expressed that the same (or a similar) construction as the one that is used there
would generalise the result proved and give a group acting on a set of cardinality

N« > Ng, and having N4+, orbits on the power set.

Introduction

One group which acts on a countable set and has R; orbits on the power
set of this set, is the group of piece-wise order preserving permutations (PWOP
permutations for short) of Q, the rational numbers with their usual ordering
[5]. These, as the name suggests, are elements of Sym(Q) for which we can find
a finite partition of @ such that the permutation is order preserving on each
member of the partition. (This is a construction due to Stoller [15].)

In [5] it is shown that there are X; non-PWOP equivalent countable ordinals
(which immediately implies that Q has X; non-PWOP isomorphic subsets). To
show that there are no more than X; non-PWOP isomorphic subsets of Q, Lauchli
and Neumann use some results concerning the embeddability of order types into
one another from “On Fraissé’s Order-type Conjecture” by Laver [7]. Their work
only requires results about scattered order types (an order type is called scattered
if we cannot embed the order type of the rational numbers in it). However [7]
also contains other interesting and elegant results about order types which are
a countable union of scattered order types. My own work relies heavily upon
these. All but one of the lemmas from [7] needed in this thesis can be proved
using a very restricted version of Laver’s hypothesis (namely, replacing a general
better-quasi-ordered set @) with a one element set). Therefore to make this
work as self-contained as possible all the results from {7] that are needed are
stated and proved in this chapter, apart from the proof where a general set is
needed. Laver’s work also relies on a deep combinatorial theorem from [9] which
is beyond the scope of this thesis. For a clear proofs of both these theorems see

Chapter 10 on Fraissé’s conjectures in [11].



In looking for an answer to the initial question the construction of a group
1s then suggested in [5], namely the PWOP permutations. Therefore, the search
1s for a linearly ordered set X whose PWOP automorphism group will give the
correct number of orbits on the power set of X. The properties that X requires
are, of course, that it has R.,; subsets that are not PWOP isomorphic, but no
more than this. It is also immediately suggested thatthe set X should retain
some of the properties of Q in higher cardinalities. These properties (not neces-
sary but sufficient for this purpose) are that the set X will embed every ordinal
of cardinality R, while itself only having cardinality R, is isomorphic to any
dense subset of itself, and has no more than N,.; PWOP isomorphism classes of
subsets that are neither dense in it nor well-ordered.

It soon becomes clear that subsets of the real line properly containing the
rational numbers will not lend themselves very easily to this approach. Since
w; 1s not embeddable into the real line a:different set of R.i1; non-PWOP iso-
morphic subsets from the well-ordered ones of cardinality R, would have to be
found. Even a brief survey of the literature shows other difficulties. The two
papers “Martin’s axiom does not imply that every two R;-dense sets of reals are
isomorphic” [1] and “All R;-dense sets of reals can be isomorphic” [2], suggest
that finding a set with the second property would involve work in areas where
the results are independent of the normal axioms of Zermelo-Fraenkel set theory
with the axiom of choice. Finally a strong result of Sierpinski [14], namely that
there exists a strictly descending sequence (¢,),<ax, of order types which are
the order types of subsets of the real line (where strictly descending means that
p > v implies ¢, is embeddable into ¢, but does not take an embedding of ¢,),
suggested that the last property could be as difficult to find in subsets of the
real line as the first two.

However there are two immediate candidates for the set required in other work
in the literature (on linearly ordered sets rather than permutation groups). One
is a set constructed in Fraissé’s book [3] in the following way. Let w, be the initial
ordinal of cardinality N.. Let wx X Q be the product of w,. copies of the rational

numbers, ordered lexicographically. Let @ be the set of words of finite length



of elements in w, x Q. Order Q lexicographically. Then @ takes embeddings
of all the ordinals of cardinality R,, while itself having cardinality X,. Whether
the other properties hold is not so clear, however. Another candidate 1s the
set L of all finite words with elements in w, X w* (ordered lexicographically)
with a lexicographic ordering on it. This set has  order type 7w, w,.,,, Which
is first defined in [7]. Again this set has cardinality R, all its intervals have
cardinality X, and it takes embeddings of all ordinals of cardinality R,. However,
its structure is significantly simpler than that of () and so answering questions
about the number of non-PWOP isomorphic order types it embeds should be
easler.

It is immediately obvious that, since words of any particular, or bounded,
length in L form a scattered set, its denseness properties come from its ordering
and the different lengths of words allowed. The simplest ordered set with the
same sort of structure, called M in what follows, is made up simply of finite
words of elements in w,, ordered lexicographically. This set also embeds all
ordinals of cardinality X., leading to the surprising result that all such ordinals
are the union of countably many order types smaller than w?. This 1s quite
striking even in the case when w, = w, saying for example, that a set of order
type w“’wwcan be written as the union of sets of order type w,w?,w3,..., with
none of the sets bigger than w*. The set M also satisfies conditions which Laver
[7] shows are enough to ensure that it takes an embedding of every set which is
a countable union of scattered sets. Hence the order types of all such sets can
be given a decomposition into such relatively small, well-ordered sets.

Although the set M has very nice properties when considered simply as a
linearly ordered set, the subset of it which consists simply of the elements which
have cofinality w, iIn M, is easier to deal with in a group-theoretical way, since
its automorphism group is order 2-transitive. This set, which will be denoted
by N, is dense in M so all its elements have cofinality w. in N. In fact N has
order type 7., w,.., 50 L and N are order-isomorphic. Since both of the sets M
and N take embeddings of all the ordinals of cardinality X, they both have the

first property sought.



When we consider the second property (being isomorphic to any dense subset)
we see that any bounded wj-sequence in M has a least upper bound, for all
regular wy) with w < w) < w.. Thus M is not isomorphic to the subset of it
that we gain when we remove any point with cofinality greater than w and less
than w,, if w, is singular. When w, is regular, every bounded w,-sequence N
has a least upper bound. Then since all elements of N have cofinality equal
to the cofinality of w,, if one element is removed from N the set that remains
has a bounded w,-sequence with no least upper bound, and is dense in V. This
means both M (in every case) and N (in the regular case) do not have the second
property required.

For the third property, work in [5] using results from [7] to find the number of
isomorphism classes of scattered subsets of Q generalises immediately to isomor-
phism classes of scattered sets of higher cardinalities. Moreover, Laver’s results
in [7] give an inductive definition of all order types which are a countable union
of scattered types and, therefore, a characterisation of all types which occur as
the order type of a subset of M or N. The elements at the smallest level of
Laver’s hierarchy are initial ordinals, converse initial ordinals and R.-dense sets.
The higher levels are order types of sets constructed by replacing points in a set
whose order type is in a lower level by more sets with order types from the lower
levels (these constructions satisfying other embeddability conditions). Having
proved that there are no more than Nc4+; non-PWOP isomorphic order types in
the first level of the hierarchy, it is easy to prove that N.41 is also an upper
bound for the number of non-PWOP isomorphic types in the higher levels. To
prove this upper bound holds for the R.-dense sets in question is more difficult,
at least in the regular case.

To give the first stage of the induction it is sufficient to find a set which
is isomorphic to all subsets which are dense in it — a set with the property
we sought above, in fact. This suggests constucting a set and using a “back
and forth” argument similar to that often used in proofs of Cantor’s Theorem.
However, when working just in cardinality N; this argument requires sets which

are complete (where every w-sequence has a limit) and such sets embed the order



type of the real line, which brings back in the difficulties outlined above. Even
so, 1t 1s possible to use the fact that sets which can be written as a countable
union of scattered sets can also be written as a countable union of well-ordered
sets (if they do not embed w]) to give an inductive definition of an isomorphism
between any two dense subsets of N with dense complements in N. In the case
when w, is singular a stronger result can be proved in a similar way, namely
that any subset of N which is dense in V is isomorphic to N. It is also possible
to find an isomorphism between any subset which is dense in @ and Q itself.
Once the existence of one permutation group with X..; orbits on the power
set of a set of size R, has been proved then it is easy to find 2%~ non-isomorphic
sets which can be embedded into the original set and which also have PWOP
permutation groups with this property. A few of these have nice structures and
some of their properties are demonstrated in what follows. Finally a chapter is
included on piece-wise order preserving permutation groups, where the number
of pieces is allowed to be finite, countable or larger. It is shown that in the
countable case, these groups have a very small number of orbits on the ordinals

of any particular uncountable cardinality.

Notation and Definitions

I will generally use U,V,X,Y and Z to denote (linearly ordered) sets and
u,v,w,z,y and z for their elements. Order types will be denoted by small greek
letters, with ¢ and v being general order types, a,3 and v being well-ordered
(or occasionally conversely well-ordered) ones and v and p being elements of
index sets (mostly well-ordered ones). I will use 4, B,C and W for well-ordered
sets and f,g and h for mappings. The symbol Q@ will be used for the rational
numbers with their usual ordering and the order type of the rational numbers
with their usual ordering. In addition to this I will normally adhere to the
convention that :,7,k,!,m,n and p € Z and that ¢q,7,s and t € Q. If X is a set
then P(X) denotes the power set (set of subsets) of X. I will use Sym(X) for
the symmetric group on X, that is, the group of all bijective mappings from X

to itself.



I will call a one-to-one function between two linearly ordered sets which is onto
and preserves order an order-isomorphism (or simply an isomorphism) and a one-
to-one and onto function that reverses order, an anti-isomorphism. I will denote
the subgroup of Sym(X) consisting of all order-isomorphisms by Aut(X). I will
say an ordered set X is order 2-transitive if Aut(X) acts order 2-transitively on
X, that is, for every set of elements z1,z5,y;1,y2 € X with z; < z5 and y; < ¥
we can find f € Aut(X) with f(z;) = y; and f(z2) = y2. Two sets U and V
will be called order tsomorphic if there is an order-isomorphism between them
and I will be write this

U~V

I will use |X| or |¢| to mean the cardinality of a set X or an order-type ¢.

The converse of a set X will be used to mean the set which is anti-isomorphic
to X. If ¢ is the order type of X then the converse of ¢ means the order type of
the converse of X, written ¢*. The notation (X!, X?) will mean a Dedekind cut
of X. For any element z of X the interval (z,00)x will mean all the elements of
X which are greater than z and (— oo, z)x all the elements which are smaller than
z. If z,y € X with z < y then (z,y)x is (—o0,z)x N (y,+o0)x. The notation
[z,00)x will mean (z,00)x U{z} and similarly for (—0, z]x, (z,¥]x,[z,y)x and
[z,y]x. I will omit X if the set under consideration is clear from the context. If
Y C X then the ordering on Y will always be the restriction of € to Y. Let the

convez closure of Y in X denote the set
{z € X | thereexist y,z € Y such that y < z < z}.

I will say that Y is dense in X if for all z,y € X with £ < y there exists z € Y
with £ < z < y. Then X is dense if it is dense in itself. I will say X is scattered
if no subset of X is dense. A scattered order type is the order type of a scattered
set and S is the class of all scattered order types. I will use R -dense to describe
a set X where for every pair of elements z and y € X with z < y we have that

I(z,y)| = Rs. Thus dense is the same as Ry-dense.



If X CY and z is an element of Y define
(—,z)x :'={vEY|v<:candiquXwithu<z:thenu<v}.

This definition implies that («—,z)x = 0 if we can find a sequence in X which

has supremum z when the sequence is considered as a sequence in Y. Dually,

define
(z,—)x ={veE€Y |v>zandif u € X with v > z then u > v}.

Again, this implies that (z,—)x = 0 if we can find a sequence in X which has
infimum z when the sequence is considered as a sequence in Y. The base set
being considered Wi]l‘not be specified since this will always be clear from the
context. The set («—,z]x is («—,z)x U {z}.

For any ordinal a an a-sequence will mean a strictly increasing sequence in-
dexed by a and an a*-sequence is a strictly descending sequence indexed by «.
For any ordinals o and 8 with 8 < a I will use @ — 8 to mean the unique ordinal
~ such that 8+ = a. If @ is a limit and «g is the smallest ordinal for which «
is the supremum of an ag-sequence then «g is called the cofinality of a, which
I shall write as cof(a). If o is a successor ordinal then cof(a) is 1. If B is a
converse ordinal I will call the converse ordinal a such that cof(8*) = a* the
cotnitiality of 8. If ¢ € X then the cofinality of z in X will be the smallest
limit ordinal a such that z is the supremum of an a-sequence in X or 1 if z has
a predecessor in X. This will be written as cofx(z) with X omitted if the set
concerned is clear from the context. Dually, the coinitiality of z in X will be
the cofinality of z in the converse of X. A set Y C X is cofinal in X if there is
no upper bound for Y in X. It is coinitial if there is no lower bound for Y in
X and coterminal if it is both coinitial and cofinal. The set Y is defined to be
closed in X if for every ascending or descending sequence (y,),eg in Y such that
sup x (v, ) or inf x(y, ) exists we have that supy(y,) or inf x(y,) is an element of
Y. The set Y is defined to be wy-closed :n X if for every non-cofinal wy-sequence

(2,)u<w, In Y we have that supx(z,) exists and i1s an element of Y.



I will use + for the ordered sum of any finite number of order types and »_
for infinite (ordered) sums. I will use ¢ x ¢ for the product of ¢ and ¥, meaning
¢ copies of v, rather than as is usual, ¥ copies of ¢. I will say'that an order
type ¥ is a ¢-sum if we can write ¥ = > 9, for some family (¥;)zcq of order

€
types. For any ordinal we can find a unique decomposition

a=m; X w¥ +my X w*? + ...+ m, X 0¥

where a3, as,... ,a, is a strictly decreasing finite sequence of ordinal numbers
and my,ms,... ,m, are positive integers (see [13]). If B is another ordinal we
can decompose § in the same way but now allowing integers equal to zero (and

possibly adding some zero terms into our decomposition of &) to get
B=n; Xw* +ny Xxw* +...+n, X0,
Then we can define the Hessenberg sum of a and (3, written @ by
a® B :=(my+n) Xw+(me+n2) Xw* +...+(ms +ny) X w*.

Obviously this ordinal is well-defined by « and 3 and the operation & is asso-
ciative and commutative. For more details about order types and operations on
them see [11] or [13].

Let < denote the pre-order (transitive, reflexive, binary relation) of embed-
dability between order types (in the case of ordinals this is just the usual ordering
and I will normally use <). So if @,% are the order types of U,V respectively
then ¢ < v means there is an order preserving injective map U — V. I will
write ¢ = 1 if ¢ < and ¥ < ¢ and write ¢ < ¥ if § < ¥ and ¥ £ ¢.

A map f:U — V between linearly ordered sets U,V is said to be (finitely)
piece-wise order preserving (PWOP for short), if there is a finite covering U =
Uy U...U Uy, such that the restrictions of f to the subsets Uj, for all j < n,
are order preserving maps. A composite of two PWOP maps is itself pwop. If
f:U — V is a PWOP bijection then f:V — U is also PwoP. Thus linearly

ordered sets with PWOP maps form a category.



If U is a linearly ordered set with order type ¥ and we can write
U=U,U...0U,
where v; is the order type of U; for 1 = 1,... ,n then I will write

¢’N'¢1U...O ¢n

(so U can be thought of as the symbol for an piecewise sum of order types). I will
say that order types ¥, ¢ are PWOP equivalent, writing this ¢ ~ 1 when there
exist order types ¥1,... ,%¥m such that ¢ ~ ¥;U...U ¥y and ¢ ~ P1U... U Y.
Since linearly ordered sets and PWOP maps form a category ~ is an equivalence
relation on order types and, in fact, ordertype(U) ~ ordertype(V') if and only if
U and V are PWOP isomorphic.

Suppose X, is any infinite cardinal. The successor cardinal to R, is Nc4;. Let
wx and wxi; denote the initial ordinals of cardinality R, and R.4; respectively.
Let . be the cofinality of wx. A map f:U — V between linearly ordered sets
U,V is said to be N.-piece-wise order preserving ( RX,-PWOP for short), if there
is a covering U = |J U,, where |a| = R, and such that the restrictions of f
to the subsets U, :rfeaorder preserving maps. Again linearly ordered sets with
N,-PWOP maps form a category.

If U is a linearly ordered set with order type % and we can write

=)o,

p<a

where 1, is the order type of U, for 4 < « and |a| = R, then as above I will

write

d’NK U ¢/J.°

u<a
I will say that order types v, ¢ are N,-PWOP equivalent, writing this ¢ ~, ¥

when there exist order types v, for p < a such that

d’ ~k U ¢u and ¢"‘n U d’y-

u<a p<la

10



As above ~, is an equivalence relation on order types and ordertype(U) ~
ordertype(V) if and only if U and V are X.-PWOP isomorphic.
If U is a set of order types and 3 is an initial ordinal, or the converse of an

initial ordinal, let a (U, 3)-unbounded sum be an order type of the form Y g,
a€Ef

where U = {¢o | @ € B} and for all o € 8, the set {7 | ¥« < ¥~} has cardinality
81

Let X be a linearly ordered set which is a countable union of scattered sets,
of cardinality N., such that X has no uncountable descending chains. Suppose
that all intervals of X embed a* and B for all @ < w;, B < wey1. If @ is the
order type of X, then ¢ will be called an 7., o, ,,-universal. Notice that the
only 7., «,-universals are the order types of open, half-open or closed intervals
of Q.

Let U be a set of order types. An order type of the form > ¢, is defined to

zeX
be a (U, Nw, w0, ., )-universal if

(1) X is a set with order type an 7, 4, ,,-universal,
(2) po €U forall z € X,
)

(3) given any sum ) ¥, with ¥ any other set with order type a 1y, . ,,-
yeY
universal and (¥y)yey a family of order types such that ¥, € ¢ U {0}

for all y € Y, there is an order preserving function ¢:Y — X such that
Yy X Pg(y) for all ¥ in Y. (This notation follows that in [7].)

This definition is consistent with that of an 7., 4, ,,-universal, in the sense that
an Ny, ,w, 4.~ universal is a (U, 7w, w, ., )-universal where &/ = {0,1}, since for any
such universal £, Theorem 3.3 of [7] (the second corollary to Theorem 0.6 in this
chapter) states that { = ordertype(X).

Now I will define a class of order types, K := [J Kz, where
BEON

}Co = {0,1},
Kg:={¢| ¢isa (U,w")-unbounded sum or a (Uf,w,)-unbounded sum

or a (U, Nuw, w,,, )-universal, for some U C U Ks
6<B

some initial ordinal w}.

11



Preliminary Lemmas and Theorems

Lemma 0.1. Suppose X is a dense subset of a linearly ordered set Y. Then if
z € X we have that cofx(z) = cofy(z), and that the coinitiality of any element

is the same in both sets.

Proof. Obviously cofy(z) < cofx(z). Let (yy)y<s be a sequence in ¥ with
¢ = supy(y~). Since X is dense there exists z, € (yy,¥y~+1) and then (z4)y<s
is a sequence in X with ¢ = supy(z+). Hence cofx(z) < cofy(z). Considering

the converses of X and Y shows the coinitiality part of the lemma is true.

Lemma 0.2. Suppose X is a dense subset of a linearly ordered set Y and
z = supy(z,) for some sequence (z,) contained in Y. Then if X C Y —{z} and

(z,) € X then (z,) has no least upper bound in X.

Proof. If y = sup(z,) in ¥ —{z} then y must be the successor of z in Y.

However Y i1s dense so none of its elements have a successor.

Lemma 0.3 (Liuchli and Neumann [5]). Suppose a is an ordinal and 8 ~ «.

Then (3 is an ordinal and B < w X .

Proof. Suppose B is a linearly ordered set of order type 5. Since 3 is PWOP
equivalent to a we can write B as the disjoint union of finitely many well-ordered
sets, By, Bs,... ,B,. If A is any non-empty subset of B then A N B; are non-
empty for some of the i and we may assume it 1s the first m of them. If a; is
defined to be the least element of AN B; fori =1,... ,m then {a;,as,... ,am}
is a finite linearly ordered set. Therefore it has a least element which must also
be the least element of 4, whence B is well-ordered and [ is an ordinal.

If o ~ a;U...Ua, we can obviously find an embedding of o into a1 ®...®

soa< o ®...0a, Consequently, if 3 ~ a then

B<La1®...0a, <ad...8a<wX«

as stated.

Lemma 0.4 (Milner and Rado [8]). Suppose w, is a regular initial ordinal and

ordertype(A) = w? x B for some set A, some ordinal 3 and some integer n > 1.

12



If

AzUA#

u<é

where § < w, then w} x B < ordertype(4,) for some p < §.

Proof. Induction on the order type of A4 will be used to prove the lemma.

Assume that it 1s true for A' if ordertype(A’) < ordertype(4). We have that
A= 4,

and also, since n > 1 that

where each B, has order type w™ ! x 8. Now let
B,,=B,NA,.

For each v < w, ordertype(B,) = w?™! x B < ordertype(A4) and B, = |J B, ..
Thus the inductive hypothesis implies that for each v < w, there exist;;ii,, <6
such that B, ,, has order type w?™! x 8. Since § < w, this implies that there
is at least one p' such that B, ,» has order type w?~! x § for w, many v. Then

w? x B < ordertype(4,/) = > B, and the lemma is true.

v<wyg

Theorem 0.5 (Hausdorff [4]). Remember that S is the class of all scattered
order types. Then

S= |J S

a€0rd
where

So :={0,1} and if 8 > 0 then
Sp :={¢ | ¢ is a well-ordered or conversely well-ordered sum of

order types from U S4}.
v<B8

Theorem 0.6 (Laver [7]). Suppose ¢ is an 7y, w,,,-universal and that U is a
linearly ordered set of cardinality X, which satisfies

(1) U is a countable union of scattered sets;

(2) wi % ordertype(U).

13



Then ordertype(U) < ¢.

Proof. Let V be a linearly ordered set of order type ¢. Notice that every
interval of V also has its order type an 7, ., ,-universal. For any scattered set
Uy we can find an embedding f of Ujp into V such that for any Dedekind cut
(Us,U§) of Uy there is an interval (z,y) of V such that

z € (z,y), w € Uy, v € U? implies f(u) < z < f(v).

The proof is by induction on §. Assume by Theorem 0.5 that ordertype(Uy)
is the 6-sum of smaller order types for which the lemma holds, with § <
ordertype(Uy). Then é can be mapped into V in a way which satisfies the
Dedekind cut condition, and then the inductive hypothesis shows that the smaller
order types can be mapped into V in an appropriate manner to establish the
claim.

Now to embed U into V, write U as a countable union of scattered sets

U = |J U,. Embed Uj into V so that the Dedekind cut condition holds,
n<w

then extend this to map Uy U U; into V satisfying the Dedekind cut condition

(remember every interval of V has an 7., ., ,,-universal as its order type) and

so on to get ordertype(U) < ¢ as required.
Corollary 1(Laver [7]). If ¢ and ¢ are both 1., ., ,,-universals then ¢ = .

Corollary 2. Let i = {0,1} and suppose ¢ is an N, u, ,,-universal. Then ¢ is
an (U, Nw, w,,, )-universal if and only if ¢ = 9.

Proof. First assume that % 1s an (4,7, ,w, ., )-universal. Suppose ¥ has order
type Y. 1, where each 9. is either 0 or 1. Suppose Y is a set of order type ¢.
zeX

Then we can consider ¢ as a sum ¢ = Y ¢, where ¢, is 1, forall y € Y. Then,
yeY

by the definition of (U, 7w, w, ., )-universals we can find a mapping g: Y — X
such that ¢y < %4(,). The definition of an (U,7u, w,. ., )-universal implies then
that g,y = 1 for all y € ¥ and so g is simply an order preserving injective
map from Y into X whence ¢ < ¢. Since by the first corollary ordertype(X) =

ordertype(Y) there is an order preserving injection f: X — Y. Then if we
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remove the points of X labelled with 0 we get a set of order type ¥ and the
restriction of f to this set is still an order preserving injection.

Now suppose ¢ = 9 and X is a set of order type ¢. Again ¥ = ) ¢, with
. = 1 for all z € X. Suppose p = > p. where ordertype(Z) is ;ixnwl'uwl-
universal and p. = 0 or 1 for all = Gzeg Then ordertype(Z) < ¢ < ¥ and if
f:Z — X is the mapping that witnesses this then f also satisfies p. < ¥y

since p. =0 or 1 <1 =1g,) whence p < .

Laver’s Order Type 7y, w,.,, (Laver [7]). Define 7y, w,.,, to be the order type
of the set X, where X := (J X, with X,, defined as follows.

n<w

(1) X, is a set of order type wx X w*;
(2) Xnp+1 is obtained from X, by inserting into each empty interval of X, a

set with order type w. x w*.
Lemma 0.7 (Laver [7]). The order type nu, u, ., Is an N, w, ,,-universal.

Proof. Obviously wf,wet1 % we X w*. Thus w},we+1 £ ordertype(Xy) and
wi,wx+1 K ordertype(X,) implies w},wx+1 ¥ ordertype(X,+1). Since X is a
countable union of the sets X, we have w}, wy+1 £ ordertype(X) and the first
condition for an 7., ., ,,-universal is satisfled. Also by induction X, is scattered
for each n so X is a countable union of scattered sets.

Suppose f < wyg+1 and § can be embedded into every interval of X for all
6 <pB. lf z,y € X with z < y then z,y € X, for some m < w. Since X1,
1s obtained from X, by inserting a set of order type w, X w* in each empty
interval of X,, we know w, < ordertype(z,y) N Xpmy1. Therefore cof(3) <
ordertype(z,y). If cof(3) < § then we can write 8 as the sum of cof(3) smaller
ordinals and use the inductive hypothesis to embed these into the appropriate
sub-intervals of (z,y). This also shows X is dense, so all its intervals embed

every countable reverse ordinal whence the lemma is true.

Theorem 0.8 (Laver [7]). Define D := {¢ | ¢ < 9w, w..,}- Then

(1) if ¢ € D then a y-sum of order types in D is in D;
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(2)

Dy

D= |J D, where

Y<Wwx 41

= {0,1}

Dy :={¢ | ¢ is an w"-sum or a S-sum or an 7, 5-sum, for some f < wy1

of elements of U D, }.

y<«a

Proof.

(1)

Theorem 0.6, together with Lemma 0.7, implies that nil’wwl = Ny wesr

Therefore if ¢ = ordertype(Y) < nw, w. 4, and ¥y <74, 0, ,, forally € Y

then > ¥y X Nuy,wesrr I Torwers X 9, ¥y then either ny, .., <
yeY 134

ordertype(Y) or some interval of 7, ., ,, is < ¥, for some y. But since

Nwi,we 41 €an be embedded in all its intervals this would imply 7w, w,,, <

¥y. Therefore ) %, < 1w, w.,, and soisin D.

Let C:= |J yeév. Since a < wi implies & € D and § < wy+1 implies
B and 77(,,:;“2% (if 8 = w,+1 for some initial ordinal w,) part (1) of this
theorem shows C C D. Suppose that C C D and ¢ € D—-C. If Y is a set

of order type ¢ and z,y € Y with z < y then define
z ~¢ y if ordertype((z,y)y) € C.

Let y ~¢c z if ¢ ~¢ y to make ~¢ an equivalence relation, moreover, one
which partitions Y into intervals. Suppose X C Y is an equivalence class.
Then we can pick a coterminal subset of X of order type o* + 3 (with
a € w and f < wky1) and write ordertype(X) as an (a* + B)-sum of
order types from C. Since o® + 8 € C this implies ordertype(X) € C.
Now let Y¢ be a subset of ¥ obtained by picking one member out
of each equivalence class. Each interval (u,v)y, of Y; must have order
type ¥, in D —C since otherwise (u,v)x would be an %, sum of ele-
ments that the preceding paragraph tells us are in C, which implies that

ordertype(u,v)y € C and so u ~¢ v, contrary to the way we chose Y¢.
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Obviously Y¢ has a dense order type, otherwise it would be in C. Since
ordertype(Yc) € D there must be some interval (z,y)y, of Y¢ which fails
to embed some 8 < w,41, otherwise w11 < ordertype(Y:). Assume that
every interval of Y; embeds v for all v < §. Since ordertype((z,y)y. ) €
D—C this interval must be dense and therefore embed every countable re-
verse ordinal. However Theorem 0.6 then shows that ordertype((z,y)y. ) =
Nw,,8 Whence ordertype((z,y)y.) € C. This contradiction gives the theo-
rem.

Remember that K := |J Kg, where
B€On
Ko :={0,1};
Ks:={¢| ¢isa (U,w")-unbounded sum or a (U, w,)-unbounded sum

or a (U, Nw, w.,, )-universal, for some U C U Ks,
6<B

some initial ordinal w,}.

Let well quasi-ordered describe a class of order types for which there are no
infinite descending chains, (with respect to the quasi-order <) and no infinite
sequences of order types (¢;)i<. such that ¢; £ ¢; and ¢; £ ¢; forall 7,j < w
with 7 # 7.

Theorem 0.9 (Laver [7] and Nash-Williams [9]). The class K is well quasi-

ordered.

Theorem 0.10 (Laver [7]). If U is a countable union of scattered sets with

no uncountable descending chains then ordertype(U) is a finite sum of elements

from K.

Proof. Suppose |U| = X, and let § = ordertype(U). Assume the theorem holds
for all sets which satisfy the hypotheses and have cardinality smaller than R,.
By Theorem 0.6 we know ¢ < 7w, w,,,- Suppose first of all that ¢ <7, o ., so
¢ € D. The theorem obviously holds if ¢ € Dy; assume that v > 1, ¢ € D, and
the theorem holds for all § < 4. Then Theorem 0.8 implies that ¢ is either an

w*-sum or a S-sum or an 7, g-sum for some 8 < w1, of elements of |J Dy.
6<y
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Case 1. Suppose ¢ is a S-sum and the theorem fails for ¢. Then there exists a

least ordinal A such that for some 6 € D, we can write § = > §, where each
p<A
6, 1s a finite sum of elements in K but § cannot be written as such a finite sum.

We can write § as > 8* where each order type 6# is the sum of less than A
p< cof(A)
of the #,. Since A was minimal this implies that cof(A) = A, that is A is regular.

Now since each 6, was a finite sum of elements in K we have that § = 3 6,
p<A
where each ¢, € K. Then

(1) thereis po € A such that, for all ¢,v € A, if po < ¢ < v then we can find

c€Awithv<oand b <6..

This follows because, if there is no such pg then for all « € A we can find v € A
such that « < v andif ¢ € X and v < o then 8, ¥ §,. But then we can
find an infinite sequence of order types (6;):<. such that ¢ < 7 implies 8; £ 6;

contradicting Theorem 0.9. Hence 3 6, is a (U,A)-unbounded sum (with
B> o
U= {0, | po < p}) and so is in K. The minimality of X implies ) 6, is a
ES Ko
finite sum of elements in K and so 6 is a finite sum of elements in K.

Case 2. The case when ¢ is an w*-sum is similar to Case 1.

Case 3. Suppose ¢ is an 7, g-sum of finite sums of elements in K. Since
N2, 5 = Tuy,s We canl write ¢ = 3. ¢, where £ = 1, 5 and ¢, € K. But then,

BEE
by the original inductive hypothesis ¢ is a finite sum of elements of K.

Suppose then that ¢ = 7., w,.,- By the second corollary to Theorem 0.6 this
implies that ¢ is an (U, 7w, w, ., )-universal, where & = {0,1}. Hence ¢ € K, so

¢ is obviously a finite sum of elements in K and the theorem is true.

Theorem 0.11 (Laver [7]). The number of non-=-equivalent order types in K
of cardinality R, 1s Ne+q.
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Chapter One

Some Dense Sets and Their Properties

Fix wx. Remember that §. was defined to be the cofinality of w.. The
following linearly ordered sets L, M, N, P, @ and P for all regular wy < w,,
will be defined by specifying that in each case the base set is given a lexicographic
ordering. In other words, if z = @12 ...an, and y = 51832 ...8m then z < y if
there exists j < n with «; < 8; and a; = §; for 1 < j or a; = §8; for : < n and
n<m.

The first set to be defined is

L := {alil...aninl 0<n<w, C!jewna 7'] EW* forj:17"'7n’ ?‘J#O’

if 7 <n}.

This set was chosen to give a concrete presentation of the order type 7w, ,w, .,
defined by Laver in [6] (see the preliminary lemmas and theorems). The proof
that this set has the required order type is given later in this chapter. This is
not as obvious as it may seem. If, for instance, we define L' to be the set of all
finite words of elements in w, X w*, where all converse ordinals in the word (not
just the last one) are allowed to take the value zero then we have a set which
seems to have been constructed as Laver specified. Indeed it seems that we can
define X, to be the words consisting of a single element of w, X w* only and X,
to be the words containing < n elements. Obviously L' = |J X, and it seems
as if X417 1s X, with a copy of wx X w* put into each inter::lwin Xn. In fact we
are also putting sets of order type w, X w* into Dedekind cuts of X, and thus L'
does not have order type 7., u,.,,- Although we will see that L does have order
type Nuw,,w.., actually there is a much simpler presentation of this order type,
namely N given below.

The set L is dense although it is a countable union of scattered sets. A simpler

construction that retains all the important properties of L is
M = {alag...anl 0<n <w, a; € weg forj = 1’,._’71, an 7-50}

19



This is of course a set which is a countable union of well-ordered sets which 1s

dense (in fact R.-dense). Laver’s theorems on X.-dense sets show that
ordertype(M ) = ordertype(L)

but M contains elements of cofinality  for every regular ordinal 8 < w, (whereas
all the elements of L have cofinality §.). Obviously then M cannot be order 2-

transitive. However it has a subsét which is dense in it which is, namely

N :={ajar...a,|0<n<w, aj Ew, for y =1,...,n, oy a successor

ordinal}.

This set has several very nice properties — as mentioned above, it is in some ways

the simplest presentation of 7, All its elements have cofinality .. When

Weg1®
wy 1s regular this says that all the elements of IV are the least upper bound for an
wg-sequence in N. Conversely, when w, is regular, every bounded w,-sequence
in NV has a least upper bound. N is also order 2-transitive and any of its subsets
have their order type determined if they are dense in NV with dense complement
in N. One such subset, which will be used to give a concrete presentation of the

order type of a subset dense in N, with dense complement in NV is R, defined as

follows.

R:= {z € N | length(z) = 1 mod 2}.

Let ¢ := ordertyp'e(R). All the elements of R have cofinality §.. However its most
useful property is that, rather than every bounded w.-sequence having a least
upper bound, in every interval we can find an w,-sequence with no supremum.
In this way R imitates a characteristic of Q in higher cardinalities which is
sufficient for R to also share with Q the characteristic of being order-isomorphic

to all subsets which are dense i1n it.
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The sets whose definitions follow are formed of the elements that remain in

M-N.

P .= {a1az...an]| 0<n<w, aj Ewcfor g =1,...,n, a, an wy-limit
ordinal}

(where wy € wy < w, and w), is regular).

P:= U PO,

wy <we
These sets then contain all the elements of M with cofinality smaller than w, and
show how some of the properties of N depend on the cofinality of the elements
— for instance if wy > w then every wy-sequence in PV (or in P) has a least
upper bound. Notice that
M=NUP.

Finally, the following is a set due to Fraissé, defined in [3];
Q:={a1q1...0nqn| 0< N <w, o Ew, g €Qforj=1,...,n}.

Fraissé’s purpose of defining this set was to prove that there exists an R,.-dense
set of cardinality Ry, for all infinite cardinals. In fact the sets above all provide
much simpler examples of such a set. @ is also a countable union of scattered
sets with no uncountable descending chains but it does not immediately provide

the insights into other sets of this form that the sets above give.



Now let u = ajt;...antn € L,v = 5102...0m € M,w =715, ...718; € @ and
define

length(u) := n,
length(v) := m,
length(w) := I,
first (u) := a1, last (u) 1= anin,
first (v) := 81,  last (v) := B,

first (w) := v181, last (w) := v15:.
Let j < w and X be any of the sets above and define
X; = {z € X |length(z) = 7}.

If u,v € X and the letters of u tagged 1,...,n are the same as the letters of v
tagged 1,...,n but the (n + 1)th letters are not the same then cis(u,v) 1s the
word consisting of the letters numbered 1,... ,n, (that is, their common initial

segment) and the empty word if their first elements are different.

The first half of this chapteris an examination of the order-typesof L, M, N, P,
R, Q and P for wy < w.. The properties of these sets to notice in particular
are the cofinalities of elements and the form (with or without a supremum) that
bounded w) or w,-sequences take, for any regular wy < w,. We will also look at
the denseness of the sets in each other and whether simple denseness in each of

these sets is enough to determine order type. The main results are as follows.

Theorem 1.1. For all wy < wy

(1) If we = w then all the sets L,M,N,P,P® Q and R are isomorphic to
Q.

(2) Ifw, > w then the sets M, N, P, PY) and Q all have different order types,
and L and N both have order type Nu, w,..,- If wc is regular then R has
a different order type from any of these sets. If w,. is singular then N and

R are isomorphic.
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(3) If we > w then there exist subsets of M, P and P») which are dense
in M, P and P respectively, but are not isomorphic to them. If w, is
uncountable and regular the same is true of N.

(4) Every subset of R which is dense in R is isomorphic to R.

The assertion in (2) about R and N when wy is singular is included for com-
pleteness but proved in Chapter Two.

The second half of this chapter is concerned with the proof that each of these
sets — apart from M - is order 2-transitive. It will also be shown that the
automorphism group of M is as transitive as possible, in that for any two ordered
pairs (z1,z2) and (y1,y2) with cof(z;) = cof(y;) for : = 1,2 there is an element

f of Aut(M) such that f(z;) = y; and f(z;) = y2.

If X isany of L, M, N, P, R, Q or P for wy < wx then X has cofinality
dx (the cofinality of w,) since the words of length 1 form a cofinal set of order
type wy for N, M, P, R and P and the words of length 1 with second element
0 form a cofinal set of order type wy in the remaining cases. It is also true that
X has coinitiality w*. Indeed the set {(0)(¢) | 7 € w*} is coinitial in Q and L

and if we define

M:={0...01|n<w} and P :={0...0wr]|n<w, wrx<w}

2n+1 zeros n zeros
then M’ is coinitial in N, M and R and P’ is coinitial in P and P,

Lemma 1.2. The set L has has order type n,,,

We 41"

Proof. Let X, := |J L,,. Obviously X, has order type w, X w*. Assume
inductively that themsiz-?(n has been formed from X, _; by putting a set with
order type wx Xw™ into each interval of X,,_1,s0 L,, = X,,—X,,_; consists of these
sets. Thus if z,y € X, and y is the successor of = then the inductive assumption
implies that z,y € X, ~Xn_1, in fact that length(z) = length(y) = n. Since y

is the successor of z it must also be true that last(z) # 80 for any 8 € w,, for

words in L, whose last element has this form do not have a successor in L,,.



Now define I, , := {zai | @ € w,, 1 € w*}. Then I, , has order type w. xw™ and
all its elements are between z and y. Moreover X .1 = X, U Lr+1 and Lp4+; 1s
the union of the sets I, , for all pairs z,y € L, such that y is the successor to z
in Ln. So Xp+1 1s formed from X, by putting a set of order type w, X w* into

each interval of X,, whence L = |J X, has order type 7.,

n<w

Lemma 1.3. The sets N, R, P and P*) are dense in M for all wy < wx and R
is also dense in N and P in P.

We41

Proof. Suppose that u,v € M withu <vandu =ajes...an,v =0F182...Bm.
If n > m we must have ¢jas...apl € (u,v)y and if n < m we must have
B1B2 ... Bm-1(Bm — 1)1 € (u,v)ns. Therefore there exists z € (u,v)nm with
length(z) > length(u), length(v). Suppose z = v192...7p. Then y172...7,1 €
(u,2)M NN and 11792 ... 7pwx € (u,v)m N PP and v17, . cypwa € (u,v)m N P.
If p=1 (mod 2) then y172 ... 7p-1(7p + 1) € (v,v)M N R and if p = 0 (mod 2)
then v1v2...7p1 € (v,v) M NR. If £ <y € N then z,y € M and the elements
just used to demonstrate the denseness of R in M do the same for Rin N. The

proof that P(*) is dense in P is exactly the same.

Lemma 1.4.

(1) All elements of L have cofinality 4. |

(2) There are elements of M of cofinality wy for all regular initial ordinals
wy K Wk

(3) All elements of N have cofinality 6, in N and all elements of R have
cofinality é. in R.

(4) All elements of P*) have cofinality w.

(5) All elements of Q have cofinality w.

Proof. Let (v),<s, be a cofinal sequence of successors in w,.

(1) Suppose u = a1ty ... antn € L. For each v < é« define

Vy = a1i1 . .an_lin_l an(in - 1)(’}/)(—1)
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Then the lemma is demonstrated by the sequence (v )y<s, . Obviously u
is an upper bound for this §.-sequence. Suppose 8171 ...08mJm 1s also an

upper bound for the sequence. Then

51j1 .. /Bm]m 2 alil oo an_lin_lan(in - 1)

Suppose that

oyt ... an_lin_lan(in - 1) < ,Bljl . ,Bm]m < @111 ...Qnpln.

Then

,Bljl - -/gnjn = a1i1 ‘e an_lz'n_lan(in - 1)

and we must have m > n but then if 8,417 = A we would have
Va1 2 0111 .. Ano1in=10n(in — 1)(A +1)(-1) > B1j1 ... BmIim
which is a contradiction. Hence
B1J1 .. Bmim = Q11 ...Qnln = U.

Therefore u is the supremum of this §.-sequence, so v has cofinality 4.

Suppose u € M for some u = ayas...a,. If a, is a successor define
Voyi= 10 ... 0p—1(an — 1)y,

Then u is an upper bound for the é.-sequence (vy)y<s,. Suppose that

we have another upper bound $;8; ... 8m. Suppose that
Q109 ...an_l(an - 1) < ,3162 ,Bm <Qai0s...0n

in the lexicographic order (for, possibly, ajas...an_i(an — 1) ¢ M).
Then
B1B2 ... Bn = araz...an_1(an — 1)

and we must have m > n. But then if 8,1 = A we would have

Va+1 Z Qo ...an_l(an - 1)()\ + 1) > Blﬁg ,Bm
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which is a contradiction. Hence

51ﬁ2---5m2a1a3...an=u,

Therefore u is the supremum of this §.-sequence, so if the last element of
u is a successor then u has cofinality 6.
If o, is an wy-limit ordinal of, say, the sequence of ordinals (,),<w,,

where w) is regular then we can define
Uy ‘= 102 ... Oén_]_(s#

and u is the supremum of (u,),<w,. Without question u is an upper
bound for this sequence. Suppose v = B171...0m"m 1s also an upper
bound. If there exists | < n -1 with a; = F; for: =1,...,l — 1 and

B; > a; then v > u. Suppose not so we have

B1B2...Bn-1 = 102...Qn1

and m > n. If 8, < @, then since e, is the limit of (§,),<w, there exists
6, < wy such that 8, < é,. Then v < u, which is a contradiction. Hence
Br > a, and so v > u which means u is the supremum of this sequence,
whence it has cofinality w.

and (4) follow from (2), since N and P(*) were defined to be the subsets
of M containing words whose last element is a successor and those whose
last element is an wy-limit respectively and by (2) these elements have the
stated cofinalities in M. This together with Lemma 1.3 which shows that
N and P™) are dense in M and Lemma 0.1 which shows that cofx(z) =
cofy(z)if z € Y and Y is dense in X gives the required result for N and
P and since R is dense in N Lemma 0.1 also implies the result for R.
Let u = @1q; ... @ngn be any element of Q. Let (tx)r<w. be a sequence of

elements of @ with supremum ¢,. Then if we define

Uk 1= 01q1 - - - An—1@n-1Qnlk
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the sequence (ug)r<, has supremum u. Once again, u is obviously an
upper bound for this sequence. Suppose v = B17;...8mTm is also an

upper bound for the sequence. If

Q141 ... Cn-1Gn-10n < ﬁlrl .. .IBm’f'm < O’.lql o 2 X kD

in the lexicographic ordering we have

ﬂlrl ---ﬂn-lf'n-lﬂn =014q1.-.0n_1qn-1Qn

and r, < ¢n. Since g, was the limit of the sequence (i )r<. We must have
tr > 7, for some k. But then u; > v which 1s a contradiction. Hence
Biry ... BmTm 2 @141 ...ngn = u. Therefore u is the supremum of this

w-sequence, so v has cofinality w.

Lemma 1.5. Suppose 6, > w and w) is a regular initial ordinal with w < wy <
we. Then no wy-sequence or wy-sequence in ) has a least upper bound. Every
bounded wy-sequence in P or P*) has a least upper bound but no bounded w,-
sequence does. Every bounded w. or wy-sequence in M has a least upper bound
and no bounded wy-sequence in N or R does unless wy = é.. In any interval of R
there are both bounded w-sequences with suprema and ones without. Suppose
wy 1s regular and uncountable. Then any bounded w.-sequence in L or N has a

least upper bound.

Proof. Assume that ws, > w and that w < wy < wg. Since all elements in Q
have cofinality w there cannot be any w, or wy-sequences with suprema in @,
for if z = sup(z,)u<w, then z has cofinality w.. For the same reason there can
be no wy-sequences with suprema in P*, and none in P. All elements of N
and R have cofinality §. so there are no wx-sequences with a least upper bound
unless wy = ..

Suppose that w, is regular. Let X be L,M or N. Suppose that (z,),<..
is a bounded w,-sequence in X. Let S; be the set of initial segments (not

necessarily proper) of length 4, of words in {z, | 4 < w«}. Since w, is regular

and uncountable and {z, | p < wx} C© |J 5: there exists an integer i such
1<w
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that ordertype(S;) = w,. Let n be the greatest integer such that S, has order
type smaller than w,. Since the sequence is bounded ordertype(S;) must be
smaller than w, so n > 0 and thus 5, # 0. Now S,.; has order type w. and
since ordertype(S,) < w, the regularity of w, implies that there is an element
of S, which is an initial segment of every element of a subset 4 of S,41, with
ordertype(A) = wx. In fact this initial segment, z say, must be the greatest
element of 5, otherwise the sequence we specified as an w,-sequence would have
order type w, + a where « is some non-zero ordinal.

The paragraph above describes what happens for each of L, M and N. The
nature of the element =z decides whether the bounded w,-sequence has a least

upper bound or not.

{z, | p < we} € M (or N) then z = a102...a, with ar € w, for
k=1,...,n. Thenv:= ajas...an_1(an+1) € M (or N) and this must be the
supremum for the given sequence, by the same argument as used in the proof of

part (2) of Lemma 1.4.

Suppose we have the situation described above,in L so 2 = a1t; ... ani, with
tn # 0, since z is an initial segment of a word in L. The supremum of the
sequence is then ajt;...@n—1in-10n(tn + 1) and even if i, +1 = 0 this is an
element of L. To see that this is the supremum supposethaty = 81j1...8mJim €
L is any upper bound for the sequence. We must have y > @317 ...aqt,. So
suppose

Q171 ... Qnly <Y < @121 ... An1ln—10n(in + 1).

Then y = 111 ... @ninfBns1Jnt1 - .- BmJm for some B,.1 € w.. But there is an
element z of A whose (n + 1)th letter is greater that 8,1 since ordertype(4) =
wx. Then if z, 1s an element of the sequence with z as an initial segment we
have z, > y, which is a contradiction. Hence y > z.

Now let (z,),<w, be a bounded wx-sequence in M. Since w) is regular when
we define §; to be the set of initial segments of words in {z, | © < wx} and let
7 be the greatest integer for which ordertype(S;) < wy then the same reasoning

as above shows that there is a word z = 5,8> ... 3; which is an initial segment
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to every element of a subset 4 of S;;; with order type wy. Now, however,

we may have j = 0 in which case z will be the empty word. If we consider

Ay = {ajp1 | arog. . a4 € A} then Ag 1s a set of ordinals of order type wy
S0 supg,q(Ao) = B for some wy-limit ordinal B. It is easy to see that unless

B1B2...6;8 is an upper bound for (z,) the sequence would have order type

larger than wy. In fact 513 ... ;8 must be the least upper bound by the same

argument as used in (2) of the previous lemma.

If the sequence (z,),<w, is also in P then, since $18- ... 3;8 has cofinality
wy in M it is in PM| and thus is supp(z,).

Since all elements in R have cofinality 6x there are some w-sequences in R
with a least upper bound. Define R' := N — R. Now suppose u,v € R. Then
u,v € N and there exists ¢ € R with v < z < v. If z = 4172...7, with,
necessarily, 7, a successor we can define z) = 7172-..Yn(¥n — 1)X for any
successor A € wy. Then z = supy(z,),<w, Dy the same proof as in Lemma 1.4
so there is v < w, with z, € (u,v) for all p > v. Since z € R' we know that
length(z) = n = 0 (mod 2) so it must be true that length(z,) = n+1 =1
(mod 2) whence z, € R for all u. Hence (z,)v<u<w, 15 a sequence contained in

(u,v) N R which has no supremum in R by Lemma 0.2.
Lemma 1.6. Theset N hasorder typenu, v, ., (so L and N are order-isomorphic).

Proof. To prove this it must be shown that IV is the union of sets X, form < w
where Xy has order type w, X w* and, for all m > 0, the set X,, is formed from
Xm~-1 by putting a set of order type w, X w* into each interval of X,,_;.

To show this we will prove it is enough to find a subset X, of N that has order
type w, X w*, such that Ny C X, and Xy is coinitial and cofinal in NV and for
all m > 0 to find subsets X, such that;

(1) if y is the successor of z in X, -1 then
ordertype(X, N (z,y)) = we X w7,

this set is coterminal in the interval and (z,y) " Npmyy C Xon;



(2) z € X;n—Xm-1 implies (z,—)x, = (z,y) for somey € X, or
(2,—)x0 = 05 |
(3) fz=aja2...0p € X;n— Xy then z = aj02...ap_1(a, — 1)1 € X,y
and (—,z)x, =(z,z).
Define

Xo =N1U{0001 l o€ wg, i<w}.
1 zeros

Notice that
Ay ={(e+1)}U{{al...0l]|i<w}>w"

1 Zeros
for all @ < wi so

Xy = U Ay >~ we X w™.

alw,

Since Ny C X, this set contains all words of length 1 and is cofinal in V (since
N, is cofinal in V). The sequence (y;) where y; := 0...01 is coinitial in V. If
N’

1 zeros
z € Ny then (z,—)x, = 0 since in this case z = (a + 1) for some a € w, and
then (z;);<. where z; :== (¢ +1)0...01 is a sequence in X, with infimum z in

1 zeros
N. The immediate predecessor of z in X is z :

al so («—,z)x, = (z,z). If

€ Xg—N; thenz=a0...01. If : =0 then y := (e + 1) is the successor of
N’

1 zeros

in Xy and if 7 > 0 then

i—1 zeros

is the successor of z in Xy, so (z,—)x, = (z,y). In both cases

1+1 zeros

is the predecessor of z in Xy so («—,z)x, = (z,z).

Now assume that n > 0 and that the inductive hypothesis is true when m =
n—1.If ; <n—2then (z,y) N X; is coterminal in (z,y) for all elements z,y €
X such that y is the successor of z in X;_;. This implies that (z,—)x, _, =0
and that (—,y)x,_, = 0 for all z,y € X,,_>. Suppose u,v are in X,_; with v

the successor of u in X,_y—Xn-2. Then if v = aja>...a, we know we must
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have u = aj@s...ap-1(e, — 1)1 by the third part of the inductive hypothesis.
Define |

Uy, :=={a1@z2...ap-1(ap —1)8 | B € wi, B a successor } (a)
U{araz...ap-1(ap = 1)80...01 |0 < B < wx, t <w}. (b)

The set labelled (a) contains all the words of length p+1 in (u,v) and is cofinal
in (u,v). Also

Bg :={c1as...ap_1(ep=1)(B+1)}U{e1c2 ... ap—l(ap-l)ﬂ\_o i 01]i<wpwr

1 Zeros

for all B with 0 < 8 < w, so since U, = |J Bg we have
B<ws

Uy, ™~ we X 0.
The set labelled (b) contains the sequence (u;) defined by

u; = oqan...ap_1(ap, —1)10...01

1 zeros

which is coinitial in (u,v). So if we define

X, :=X_;U U U,

vEXn._1
_Xn—Z

this set satisfies part (1) of the inductive hypothesis. If z € X, — X,_, then
there are two possibilities for z. If £ € X,_; then by the inductive hypothesis
(z,—)x,_, = 0 or z has a successor y' in X,_1. In the second case we must have
U, C X, whence the coinitiality of Uy in (z,y') implies that (z,—)x, = 0.
Also z has a predecessor z' in X,-; and so U, is defined and is cofinal in
(z',z) whence (—,z)x, = 0. Suppose then that z € X, — X,,_;, whence
z € U, for some v € X,,—;. Then there are two cases to be considered. Suppose
z = B31B...8, with 8, =~ + 1 for some v > 0 (so z is one of the elements in
the set tagged (a) above). Then

{B1B2 .- Bror(y+1)0..01|i<w}C U, C X,

1 zeros
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and this set has infimum z in N so (z,—)x, = 0. Also z has predecessor

T

z = f1B2...B8--171 in X,. The other case is that z is in the set labelled (b)

above. Then

T=aar...a,0...01

1 zZeros

for some 1+ < w. If ¢ = 0 then z has successor aj@s...a,-1(a, + 1) in X, and

if ¢ > 0 then z has y = araz...ap 0...0 1 as successor in X,,. In either case

t—1 zeros
the predecessor of z in X, is z = ajaz...@p-1(a, — 1)1.

Finally it must be shown that the inductive hypothesis means that z € N
implies z € |J X,. Suppose, on the contrary, that y = 4175 ...95 is a word
in N which ;rsl<r‘:ot in the second set and that there are no shorter elements of
N notin |J X,.. The first part of the proof shows that n > 1. There exists
m < w su31<:hat z: =717 Yn-2(n-1+1) € Xp, but z ¢ X, ; (if m > 0).
However part (3) of the inductive hypothesis then implies that y € X,,, (in fact
that y is the predecessor of z in X,). Thus N = |J X,, and the lemma is

mlw
true.

Lemma 1.7. Supposew, > w. There is a subset of P(°) of order type w; which

is w-closed in P(°). There is no w-closed cofinal wj -sequence in Q).

Proof. Remember that a subset X was defined to be wy-closed in P(®) if for
every non-cofinal wy-sequence (z;);<w, in X we have that supp(o)(z;) exists and
1s an element of X. Consider the initial segment 4 of Pl(o) of order type w;.
Suppose (Z;)icw is an w-sequence in A. If we consider this sequence of one
element words as a sequence of ordinals then it is one of the defining properties
of ordinals that they must have a least upper bound, an ordinal a. But obviously
« is a limit ordinal of cofinality w. Then the one element word z := « is the
supremum of the sequence in A and must be an element of 4 so A4 is w-closed
in PO,

Let (Yu)u<w, be an wi-sequence in Q. If §; := {z | z is an initial segment
of length ¢ of a word in (y,)} then as in the proof of Lemma 1.5 we have

Q1491 ... xngn as a (possibly empty) initial segment to every element of a subset
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A of Qny1 of order type w;. Define 7(y) as the (n + 1)th ordinal element of y

A of Qa4 of order type wy. Define n(y) as the (n + 1)th ordinal element of y
for y € A. Then

{ny) |y € A} = wy.

If we pick (ak)k<w. a sub-sequence of this set of order type w then it has a least
upper bound a. Then if for each k we have that y is a word in (y,) with ax
as last element then any upper bound is > @;q;...angne in the lexicographic
ordering. Thus if z = o;q;...argnar is an upper bound for (yi)k<w then
@1q1 ... angra(r — 1) is a lower upper bound. Hence there is no supremum in Q

for (yx)k<w. Therefore @ has no w-closed sequences of order type w;.

Lemma 1.8. Ifw, = w then all the sets defined are isomorphic to Q, (of course
there are no initial ordinals smaller than w so we cannot have P(* in this case). If
wy is uncountable then M, N, P, P‘®) | Q and R are pair-wise non-isomorphic,

for all wy < w, with the possible exception of N and R when w, Is singular.

Proof. Comparison of the cofinalities of elements of M, N, P, P*) and Q shows

that these sets are pair-wise non-isomorphic, for any particular values of x and
X, with the possible exception of the pairs P{®) and Q and N and R. Lemma
1.7 shows P(® % Q and Lemma 1.5 shows N % R if w, is regular.

Lemma 1.9. There is a subset of M which is dense in M and is not isomorphic

to M.

Proof. Lemma 1.3 shows that IV is dense in M, and Lemma 1.8 shows these

two sets are not isomorphic.

Lemma 1.10. If w, is regular and uncountable there is a subset of N which is

dense in N and is not isomorphic to V.

Proof. If we consider the set N —{2} (where 2 signifies the one element word
whose only element is 2) then this is obviously dense in N. It contains a bounded
wx-sequence without a least upper bound, namely (1 p)u<o,, 5o it is not iso-

morphic to N.

Lemma 1.11. There are subsets of P(*) and P which are dense in P*) and P

respectively but are not isomorphic to P and P respectively.
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A of Qn4, of order type w;. Define n(y) as the (n + 1)th ordinal element of y
for y € A. Then

{n(y) |y € A} = w:.

If we pick (ak)r<w a sub-sequence of this set of order type w then it has a least
upper bound a. Then if for each k we have that y; is a word in (y,) with ok
as last element then any upper bound is > @1q; ... argna in the lexicographic
ordering. Thus if z = a1¢;...angnar is an upper bound for (yk)r<w then
@iq; ... &nqna(r —1) is a lower upper bound. Hence there is no supremum in ¢

for (yk)k<w- Therefore @ has no w-closed sequences of order type w;.

Lemma 1.8. Ifw, = w then all the sets defined are isomorphic to Q, (of course
there are no initial ordinals smaller than w so we cannot have P(Y in this case). If
wy is uncountable then M, N, P, P, Q and R are pair-wise non-isomorphic,

for all wy < wx with the possible exception of N and R when w, is singular.

Proof. Comparison of the cofinalities of elements of M, N, P, P**) and Q shows
that these sets are pair-wise non-isomorphic, for any particular values of x and
X, with the possible exception of the pairs P{®) and Q and N and R. Lemma
1.7 shows P(® % Q and Lemma 1.5 shows N % R if w, is regular.

Lemma 1.9. There is a subset of M which is dense in M and is not isomorphic

to M.

Proof. Lemma 1.3 shows that N is dense in M, and Lemma 1.8 shows these

two sets are not isomorphic.

Lemma 1.10. If w, is regular and uncountable there is a subset of N which is

dense in N and is not isomorphic to N.

Proof. If we consider the set N —{2} (where 2 signifies the one element word
whose only element is 2) then this is obviously dense in N. It contains a bounded
wx-sequence without a least upper bound, namely (1 ux),<.,., so it is not iso-

morphic to V.

Lemma 1.11. There are subsets of P**) and P which are dense in P* and P

respectively but are not isomorphic to P‘*) and P respectively.
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Proof. By Lemma 1.3 PY) is dense in P but is not isomorphic to P. The set
P(’\)-—{wx} is dense in PN (where w) signifies the word in P with this as its
only element). However it contains an w)-sequence with no supremum, namely

(kw3 ) p<w, , SO it cannot have the same order type as P*).

Theorem 2.12. Let NX,NY be convex subsets of N, both with cofinality §,
and coinitiality w*. Let X,Y be subsets of NX,NY with X and X' := N*X-X
dense in NX and Y and Y' := NY —Y dense in NY. Then there exists an
order isomorphism f : NX — NY such that the restriction to X is an order

isomorphism between X andY.
Corollary. If X and X' := N—X are both dense in N then X ~ X'.

This follows since we can define Y := X' and apply the theorem.
The proof of this theorem is rather long and uses some technical lemmas,
which will be given in the next chapter. Here one interesting consequence of it

will be shown.

Remember the set R was defined in the following way.
R:= {z € N | length(z) =1 mod 2}.

It is obvious that this set is dense in N with dense complement in V.
Lemma 1.12. Every subset which is dense in R is isomorphic to R.

Proof. Let X be a dense subset of R. Then N—R C N—-X = X' so X' is dense
in N. Obviously X is also a dense subset of N. Since X and X' are both dense
in NV the corollary above shows X ~ R.

Now the automorphism groups of M, N, P, PN Q and R will be examined,
with the aim of proving that they are all order 2-transitive. In the cases of M
and P we have to add the condition that cof(z;) = cof (y;) to be able to find an

element of Aut(M) or Aut(P) mapping the pair (z;,z;) to (y1,y2).
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Lemma 1.13. Suppose (uj,...,un),(v1,... ,Un) € M™ for some n < w and

),
1,...,n — 1. If also cof(u;) = cof(v;) for

u; < U;41 and v; < vy for 1 =
1 =1,...,n then there exists g € Aut(M) such that g(u;) =v; fori=1,...,n.
Proof. It is enough to show that if uy,us, v, vs € M with u; < u, and v1 < Vg
and cof(uz) = cof(vy) then (u1,us) > (v1,v2) and (—oo,us) ~ (—o0,vs) and

(u2,00) 2 (v2,00). The proof will be in four parts and all intervals will be

intervals in M.

(1) Assume first of all that the last elements of u, and v, are both wy. Then

(waras...an,whi1fs...Bm_1wyr) = (1,wy).

That is, any interval (u,v), where cis(u,v) = w and length(z) > length(w),
is isomorphic to the interval bounded by the one element word 1 and the
one element word wy.

Define an ascending sequence of ordinals A;,... ,A,, by

Ay =081 — (a7 +1)

A=A + 6 fori1=1,..., m—1.

Now we can define

Un—i={es...an_i(an_iz1 +p) | 0<p<we} fori=1,...,n—1,
Vie={u|e1+1<pu<pi},
Vii={B1B2...8i—1 | 0 < p < B;} fori=2,... , m~-1,
Vi = {B1B2 ... Brm-10p | 0 < p < w,},
V = {B1Bs...Bm—1p | 0 < p < wi},

and also

Xn-i={(@l+1p|0< u<w} fori=1,...,n -1,

Yi={(n+1)p|0<pu<A}

{
{(
Yii={(n+1p|Aici <p <A} fori=2,...,m-1,
{(
{



Then we have isomorphisms

gi3Xn-i—'*Un—i fori=1,...,n—1,
fi: X —=U; fort=1,...,m,

Yy —=vr,

Notice that 1 < 7 and z € Im(g;), y € Im(g,) implies z < y and similarly
for z € Im(f;) and y € Im(f;). Also z € Im(g;) or Im(f;) and z € Im(f*)
implies ¢ < z.

Now suppose z = 4192 ...9k € (1,wx). If 71 € n then either v; = 1
1

and k > 1 or for some? = 1,...,n —1 we have v; =1+ 1 and k
orvy; =1+ 1and vy, =0 and k > 2 or 9172 € X—;. These are all the

possibilities for z so if we define

([ woias...0nY2 .. Yk v1=1, k>1
f(z) = | war0as ... ap—i(@n—it1 + 1) v=1+1, k=1
. wa Ay ... ap_i(@n_iy1 +1)0vs ...k Y12 =(1+1)0, k> 2
{ war@y ... an_igi(Y1Y2)73 .- Yk 1172 € Xn—i

then f is defined on all £ € (1,wy) with first(z) < n. Now suppose
T=v7..- €(l,wr)andy; =n+1. Thenk=1lory, =0and k > 2
or for some: = 1,... ,m we have 719, € Y; or ¢ < m and v, = A; and

k =2 or v27v3 = A;0 and k£ > 3. Thus (remembering v; = n + 1) we can
define

(w(a; + 1) k=1
w(a; +1)0ys ... 7k v2=0, k>3
f(z) = wfi(yv2)vs - vk MY €Y1
whi1Bs ... Bic1filviv2)ys -7 Mm12 €Y, 1<i<m
wPi1Bs ... B vo=A;, k=2
(| wB1B2...B:i07s ... 7k v2vs = A0, k>3

and f is defined on all elements z of (1,wy) such that first(z) = n + 1.
Finally if first(z) > n + 1 then first(z) = v; € Y~ so defining

f(:c) = w5, -~~ﬂm—lf'(A/1 )'72 <o Tk
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defines f on all elements remaining in (1,w,).

This mapping is onto (u,v) since € (u,v) implies ¢ = wy;72 ... 7k and
one of the following is true. If 4; = o; then we must have y;72...72 =
a1Qs ... and k > n or for some: = 1,...,n — 1 that v372...9n-i €
Un—i OF ¥17¥2 ... Yn—i = @1Q2...0n—i~1(@n—; +1) and &k = n — 1 or
Y1Y2 oo e Yr—im1Yn—iYn—itl = Q102 ... An—j—1(Qn—;+1)0 and £ > n—1+1.
All such elements are in Im(f).

Ifa; <7 <Bitheny; =a;+1and k =1or ;7 = (a; +1)0 and
k>2orv €Vy. Thus z € Im(f).

If v1 = (B; then for some i« = 2,...,m we have y19,...v; € V; or
Y172.--% = B1B2...fi and k = ¢ or Y172...%ix1 = B1B2...B:0 and
k>14+1orv172...9m € V*. Again all such elements are in Im(f).

It only remains to prove that f is order-preserving. Suppose then
that z,y € (1,ws) with ¢ < y. We must have z = zy17;...7¢ and
y = 26162 ...6; where y; < §; (and z may be the empty word). Suppose

z 1s the empty word and =3, 6; are both in X,,_; for some . Then

flz) =waras...cn—igi(y1)7v2 - - Yk

< waias ... an-igi(51 )52 O = f(y)

since g; is order-preserving. The cases when z=1orz=(n+1) or z is
the empty word and ~;72, 6162 are both in Y; or 41, §; are bothin Y™ are
similar. If ¢ = (1 + 1) then f(z) = wajas...an—i—1(an_i +1) < f(y) if
Yy € Xn—it+; for some j > 1 and similarly when z or yis (¢ + 1)0y3 ... vk
or (n+1)A; or (n+ 1)A;0va...7k.

If length(z) < 1 and ¥;,6; are not both in one of X;,Y; or Y* then f
is order-preserving by the remarks about Im(g;), Im(f;) and Im(f*). If
length(z) > 1 then

flz) = f(z2)myz - e < f(2)6162...60 = f(y).

Thus f is an order-isomorphism between (1,wy) and (u,v).
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(2) Now it will be shown that the above result holds, whatever the last ele-

ment of u; and v, is, as long as cof(uz) = cof(vy ). Suppose then that
U] =Tay] ... 00 n,, Uy = TQ2]...02 n,, with a;; < as,1,
Y1 =011 P1my, vy =yBa1---B2m,, with 811 < fa1.
This implies cis(u;,u2) = z and cis(v;,v;) = y. We wish to prove that

(‘Eal.l e Qling, TO2 1 ---02,nz) = (yﬁl,l -..51,m1,y52,1 2,m2)-

Suppose that cof(az,,,) = cof(B2,m;) = w, < wx. Then we can find

w,-sequences of ordinals (v, )1<p<w, a0d (7u)1<u<w, such that

X2,ny = Sup(')’u)l Sp<w,

B2,m, = sup(Nu)i<u<w, -

Then for 1 € 4 < w, define

LTy = T 1 -0.Q1 ny=1TpWA,

Yu = yB: ---ﬂm-l’?uwA
and
Iy := (ul,xl)v IAL = (‘ruvzu-&-l)’
JO = (vl7yl)7 Jy- = (yu?y#+1)-

Notice that

(x#)u«m Tw, = (yu)n<ua

and I, ~ J, for all 4 < w, by case (1). Thus

(TO11 .. 01 ny, T .o Q2 ) = ( U I“> Uw,

p<w,

( U J#> Uw,
w<w,

= (y,[))l,l . .,Bl,mlay/Bz,l .. 'ﬁz.mz)’

1
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(3) Now we will see that an interval U = (w,wB1B2 --.Bm) where the first
word is a proper initial segment of the second word, is isomorphic to
some convenient interval where the first word is not an initial segment
of the second word. What was proved above then shows U is isomorphic
to every interval of this form. The interval we will use is ((0)(1), Bm),
that is the interval bounded by the two element word (0)(1) and the one
element word B (= last(wB1 8z ...Bm)). Define V2,... ,Vm and V™ as
in (1). Define A; :=B; and Ajyq := A; + fBigy fori=1,...,m — 2 and

Vie={p|l<p<pi},

Vi:={0)(1)u |1 <pu< bl
Yii={(0)(1)g | Aic1 < p < A} fori=2,...,m—1,

Yo = {(0)(Vi | Am=1 < p < Wi}y

Y":i={p|0<p<Bn}

Then, as above, we have order isomorphisms

h;:Y; = U; fori=1,...,m,

h* Y —= V™.

Notice that again i < j and ¢ € Im(h;), y € Im(h;) implies z < y and
z € Im(h;) and z € Im(h*) implies z < z.

Now suppose ¢ = 7172---7k € ((0)(1),8-) and first(z) = 0. Then
v172vs = (0)(1)(0) and k > 3 or m72ys = (0)(1)(1) and k = 3 or
~1792 ...7a = (0)(1)(1)(0) and k > 4 or for some 7 = 2,... ,m we have
117273 € Yiorvi7v27vs = (0)(1)Ai—1andk =3o0rv172...72 = (0)(1)A;-10
and k > 4. Thus if we define

([ w0vs .. Yk v2vs = (1)(0), k>3
wl yays = (1)(1), k=
bz) = w(1)(0)7ys - -k vay3vs = (1)(1)(0), k > 4
wBifBs ... Bicrhi(r17273)74 - Yk M273 €YS
whi P2 .. B Ny = A;, k=3
L w1 B2 - 8075k v3ve = A0, k> 4
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then h is defined on all elements z of ((0)(1),3.) with first(z) = 0. If
first(z) > 0 then first(z) = 4; € Y~ so defining

h(z) :=whiBs...Bm-1h"(v1)y2 - Yk

defines h on all elements remaining in ((0)(1), Br).

This mapping is onto (u,v) since ¢ € (w,wB1B2...0,) implies z =
wY1v2 .. .7k and one of the following is true. If v < 7 then 7; = 0 and
k>1lory; =1andk=1o0rv € V;. Thus z € Im(h).

If v7 = B; then for some ¢ = 2,... ,m we have y172...7; € V; or
Y1v2...% = B1f2...0; and k = 1 or y1v2...%Yi+1 = B1P2...B:0 and
k>i+1orv72...7m € V* and again z € Im(h).

The proof that h is order-preserving is similar to that in part (1).

For any two words u and v in M we can define an isomorphism between
(u, o) and (v, o0) by finding cofinal sequences (u,),<w, and (v,)p<w, 1D
the intervals, such that v = ug and v = vy and cof(u,) = cof(v,) for all
p > 0. Then, by (2) and (3) we can map (ug,u1) to (ve,v1) and [uy, upt1)
to [v,,vu+1) for all > 0, and the union of these mappings will be an
isomorphism between the two intervals.

In exactly the same way, if cof(u) = cof(v) = w, then we can find
sets of words (u,)w*<u<w, and (v,)w®<u<w, which are coinitial in M,
have suprema u and v respectively, and whose elements have the same
cofinalities as each other. Then the union of the isomorphisms between

these intervals is an isomorphism between (—oo,u) and (—o0,v).

Lemma 1.14. P*) and N are both order 2-transitive.

Proof. For any isomorphism f it is true that cof(z) = cof(f(z)). Therefore
if f € Aut(M) the restriction of f to P* is in Aut(P»). By Lemma 1.13
{flpiry | f € Aut(M)} is an order 2-transitive subgroup of Aut(P(M). It follows

immediately that Aut(P)) is 2-transitive.

40



Similarly {f|n | f € Aut(M)} is an order 2-transitive subgroup of Aut(V).

Lemma 1.15. Suppose (z1,...,Z5),(¥1,..- ,Yn) € P™ for some n < w and
z, < zi+1 and y; < y;pq fori = 1,...,n — 1. If also cof(z;) = cof(y;) for
v =1,...,n then there exists g € Aut(P) such that g(z1,... ,Zn) = (¥1,.-. 1 Yn).

Proof. As above the elements of Aut(M) form a subgroup of Aut(P) which is
transitive on pairs (z1,22),(y1,v2) in P? with cof(z;) = cof(y;) for 1 = 1,2 and

Ty < 73 and y; < ys.
Lemma 1.16. The automorphism group of R acts order 2-transitively on R.

Proof. By Theorem 2.12, we know that (z1,z2)r =~ (y1,y2)r for all z;, z2, y1,
y2 € N with z; < z; and y; < y», and that

(-OO, xl)R = ("'Ooayl)R’

(931,00)1-‘5 X (yl,OO)Ro

Hence the automorphism group of this set is 2-transitive. Notice that we can use
Theorem 2.12 in exactly the same way to prove the lemma for the automorphism

group of V.
Lemma 1.17. [Aut(N):Aut(M)] = 2%«.

Proof. Let Y :={zi |z € Ny, 1 € w}. Suppose now that X C N; and X # 0.
Define fx: N — N by specifying that for : € w

zl...1 ifzeX
. A
fx(:cz) = t+1 ones
) fzrg X
and for all y € Y defining fx to be the isomorphism between (—,y)y and
(—, fx(¥))sx(y) which exists by Lemma 1.14.
This gives an automorphism of N. Obviously two different subsets of N; will
give me two different isomorphisms, and none of these could be the restriction

of a mapping in Aut(M), since they are sending sequences with a least upper
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bound in M to sequences with no least upper bound. Since N; ~ w, the result

follows.
Lemma 1.18. Ifwy > w then [Aut(P)):Aut(M)] = 2%,

Proof. This proof is exactly the same as the preceding one.
Let Y := {ziw, | z € P(l’\), i < w}. Suppose X C Pg’\) and X # (. Define
fx:Y — PO by specifying that, for i € w

T W)y...w) fzelX
, e
fX(mzwA) = (i+1) many wx
:z:iwA if z € X

Notice that, if ¢ € w and y = ziw) € Y then z(i — 1)w, is the predecessor of y
in Y and («,y)y = (z(i — 1)wx,y) if : > 0 and (—, fx(y))x(v) is the interval
(z(z — 1)wy,y) if ¢ X and the interval

(:cw;...w,\,m WH ... W) )

1 many wj (i+1) many wy

HfzeX. Ifi =0 then

(—,v)y = (zo0wx,zolwy) U < U [zotwa, zo (T + 1)w;)>

0<i<w

if z has a predecessor 2o € P;(*) and in this case (&< fx(y))sx (v) is the same if
z ¢ X and

=(z s Towrwy ) U Ty Wr...wy
((_afx(y))fx(Y) ( oW, ToW) A) U [0 A A sy To W) w3y )

0 . .
<ikw (i+1) many wy (i+2) many wy

Thus in both these cases Lemma 1.14 shows there is an isomorphism gx,y map-
ping («—,y)y onto («—, fx(¥))sx(v)- The case when z has no predecessor in P(l)‘)
is similar. Thus the union of the map fx and the maps gx , is an automorphism

hx of POV,
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This prescription gives 2%« different automorphisms hx of P(*) none of which
could be the restriction of 2 mapping in Aut(M), since again they are mapping

an w-sequence which has a least upper bound in M onto one that does not.

Lemma 1.19. Suppose w, is regular. Then every element of Aut(R) extends
to a unique element of Aut(N), but if H is the subgroup of Aut(N) formed in
this way then [Aut(N) : H] = 2R«.

Proof. Suppose z € N—R and f € Aut(R). By the proof of Lemma 1.5
there is an w.-sequence (z,),<., contained in R which has supremum z. Then
(f(z,))u<w, is a bounded wy-sequence in N which must have a supremum Yy,
by Lemma 1.5. If we define

Yz fzre N-R

fi(z) = { .

f(z) ifzeR
then f; is an automorphism of N that extends f. This is obviously the only way
an extension of f which is order-preserving can be defined.

On the other hand, suppose X is any non-empty subset of R;. Define ¥ :=

{z0v |z € Ry, v a successor in wy }. Define an automorphism fx in the following

way, letting v range over all the successors in w,.

fx(20v) := { (1) ifzeX

z0v ifz ¢ X.

For all y € Y define fx to be the isomorphism between (—,y)y and the interval
(=, fx(¥)) fx(v), which exists by Theorem 2.12. This gives an automorphism of
N. Obviously two different subsets of R; will give me two different isomorphisms,
and none of these could be the extension of a mapping in Aut(R), since they
are sending w-sequences with a least upper bound in R to w.-sequences with

no least upper bound.
Lemma 1.20. The automorphism group of Q acts order 2-transitively on Q.

Proof. In this proof ordinal multiplication and the formation of words in Q will
be denoted by the juxtaposition of elements. A one element word v;s, where

Y1 € w, for example 11, will usually be written (v;)(s;) (so it would be
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This prescription gives 2%+ different automorphisms hx of P*) none of which
could be the restriction of a mapping in Aut(M), since again they are mapping

an w-sequence which has a least upper bound in M onto one that does not.

Lemma 1.19. Suppose w, is regular. Then every element of Aut(R) extends
to a unique element of Aut(NN), but if H is the subgroup of Aut(N) formed in
this way then [Aut(N) : H] = 2%«,

Proof. Suppose £ € N—-R and f € Aut(R). By the proof of Lemma 1.5
there is an w,-sequence (z,),<w, contained in R which has supremum z. Then
(f(2))u<w, 1s a bounded w,-sequence in N which must have a supremum y,
by Lemma 1.5. If we define

Yz fzeN-R

file) = { f(z) ifzeR

then f) is an automorphism of N that extends f. This is obviously the only way
an extension of f which is order-preserving can be defined.
On the other hand, suppose X is any non-empty subset of R;. Define ¥ :=

{z0v |z € Ry, v a successor in w, }. Define an automorphism fx in the following

way, letting v range over all the successors in w,.

zv(l) ifzeX

Fx(20v) = { z0v ifz ¢ X.

For all y € Y define fx to be the isomorphism between («—,y)y and the interval
(¢, fx(¥)) fx (v), which exists by Theorem 2.12. This gives an automorphism of
N. Obviously two different subsets of R; will give me two different isomorphisms,
and none of these could be the extension of 2 mapping in Aut(R), since they
are sending w.-sequences with a least upper bound in R to w,-sequences with

no least upper bound.
Lemma 1.20. The automorphism group of Q) acts order 2-transitively on Q.

Proof. In this proof ordinal multiplication and the formation of words in @ will
be denoted by the juxtaposition of elements. A one element word 74;s; where

¥1 € w, for example 11, will usually be written (v;)(s;) (so it would be
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(1)(1) in this case) to avoid confusion. Let u,v € @ with u = a;q; ... angn,v =
BiT1 ... BmTm.

An isomorphism will be given to show that
(=00, v] 2 (=00, (0)(1)].

Let us define

Notice also that, for any A < w,, we have

X4 .= U (—,zu]x N Q2 ~we X Q.
A<p<w,

The isomorphism between (—o0,(0)(1)] and (—o0,v] will be defined by finding
aset V= {v, | p < A} of order type A where A < w,, and integers (n,),<..
such that («,v,)v N Qn, has order type Q for all p < A, and a set V4 of
order type w. x Q. These sets will be such that every element of Q which is
smaller than v has an initial segment in (—,v,)v N Qn, for some y or in V4
or in («—,v)ya (we will see later that the sets above satisfy this condition for
elements of (—oo,(0)(1)]).
Define ordinals Aj, Aa, ... ,An inductively by

Al = ,Bla
A ._ { Ai < ,Bi-i—l + 1 lf B;‘+1 < W,
T A+ Bima if 6, > w.
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Now we can use these ordinals to define the set V of order type w. that we

require. Define, v, := pr; for all p < F;. Notice that

(—77)#]{1:,‘ | u<B1} N Ql = {U/.L-lq l q€ER, ¢> Tu—l}
U{C#QIqEQ) QQT#}

~Q+1

if p is a successor and

(= vulfo, | wepy NQ1U{vug | ¢€Q, g< s}
~Q+1
if 1 is not a successor, for all 4 < B;. Let n, := 1 for all p < B;. For
1=1,...,m — 2 define
vp, 1= Piry .. BT,
VA +p+1 = Py BiTiprin f0< e <w,
VA +p = PiTr . Bimipris ifw < u < Bis,
VA, +ut+1 = Pir1 e BrmmiTmoip(rm — 1) 0 p<w
S K

< Bm-

Let Vi={v, |[p < Ar}andfori=1,... , m—1letn, :=1+1if A; <p <Ay

VAm4p 1= B171 oo Brn—1Tm—14(rm — 1) i w

to give
Vei=(—vlvN@n ~Q+1.
for all 4 < A. Now we can define
VA = {zeQ|z=p5mn o Brm=1Tm=1Bm(rm — 1)ys, vs € we X Q}
- Qm-}-l
~we X Q.
Notice that
V™ i= (—,v]vam N Qm
= {517'1 -Hﬁm—lrm—l.gmq 1 g€Q, rm—1<¢g< Tm}

~Q+ 1.



Thus we have an isomorphism

fr: X" =V
We also have an order isomorphism

for Xy =V
for each o < Ap,. Finally we have an isomorphism

fAm XA VAm where XAm = U (¢ zulx N Q2
Am<p<wy
Notice that 4 < v and z € Im(f,), vy € Im(f,) implies that z < y. Also w €
Im(fAm), z € Im(f*) implies z,y < w < z.
Now we can define an isomorphism between the two intervals in Q as follows.
Suppose z € @ and z < (0)(1). We must have £ = 0s;y252...veSk. Moreover

either

(1) s; < 0so0s; € Xo;

(2) s1 = 0 and v < Ap, so 004252 € X5, if s2 < 0 or 00728, € X, 41 if
s2 2 05

(3) s; =0 and 42 > A, so 007252 € X4

(4) 0 <s; <1so0s;in X",

Thus if we define f on all elements of Q with initial segments in X, for some
g < Am orin XA orin X~ then f will be defined on all of (—oc,(0)(1)]. So
(with z = 07252 ...vksk) define

( fo(0s1)v2s2 ... VisSk if 0s; € Xo,
fv:(007252)7353 . . . Tk Sk if 00v2s2 € X,
f(z) == { fr+1(007252)7383 ... vk if 007282 € X4

FAm(00v252)7353 - - - TSk if a5, € XAm
( f*(0s1)7v282 - - YkSk if v15; € X™.

By the comment above the definition it is defined on the whole of (—oo, (0)(1)].

Suppose z € (—oc,v] and ¢ = §;¢; ... 8it;. Then one of the following holds;

(1) 61t; < Biry so 6157 € Vy or Vg or Vi 4y
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(2) for some 7 with 1 € ¢« < m — 2 we have §;¢;...6;t; = Biry ... Gir;
and bi+1ticy < Bigzimisr so §1ty ... Givitivr € Vaas,,, i tic) € Tin
or &1ty ... dix1tivy € Vo 46,141 I tig1 > Tisy;

(3) 81t1 .. 6meitme1 = B171 ... Bm-1Tm-1 and Smtm < Bm(rm — 1) which
implies 81t;...8mtm € Vi, _ 46, i tm < (rm — 1) or §1t1...0mtm €
VAmor+6m+1 i tm > (Pm = 1);

(4) 61ty ... 0mtm = B171 ... Brme1Tm=18m(Tm — 1) s0 81t1 ... dmt1tms+1 €V

(5) 61t1...6m=1tm-1 = B171...Bm=1Tm—-1 and 7, — 1 < i, < T Which
implies §1t; ... 8mtm € VAm,

Since we have mappings onto all the elements in these sets, we have a mapping
onto every word in (—o0,v].

It only remains to show that f is order preserving. Suppose then that z,y €

(—=c0,(0)(1)) with z < y. Then we must have some (possibly empty) word w
such that £ = wv1s; ... vksk and y = wéity ... 6it;. We then have the following

possibilities for z and y.

(1) Suppose w is the empty word or (0)(0) and wv;s; and wé;%; are both in
X, for some p. Then

f(Z) = f,_,,(‘LU‘}’l 51)"}’252 o e TESk < f#(w&tl)égtg .o 5[15[

since f, is an order isomorphism.

(2) Suppose w is the empty word or (0)(0) and wv;s; and wé;t; are both
in X4 or wy;s; and wé;¢; are both in X”*. As in (1) we then have
f(z) < f(y) because f*m and f* were order isomorphisms.

(3) Suppose w is the empty word or (0)(0) and wyys; € X,. If wéit; € X,
for v > p or X*™ or X~ then by the comment above about Im(f,) and
Im(f2m) and Im(f*) we have f(z) < f(y). The same thing is true if
wy1sy € XA and wét; € X~.

(4) Suppose w is not an initial segment of (0)(0). Then

f(z) = flw)yisy ... vesk < f(w)bity... .6t = f(y).
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Thus f is an order isomorphism and any two intervals of Q with a least upper
bound and no lower bound are isomorphic.

Pick an element §;¢; in w. X Q which is smaller than 8;7;.

Assume firstly that either m > 1 or that m = 1 and 6;¢; < B1(r; —1). Then
since we have v, = ur; for all p < ) we must have (now considering é;¢; as a
one element word of Q) that (61¢1,v,,)NQ; >~ Q for some vy < A;. Consider the
sequence (v, )uo<ugAn- We can re-index this to get (v ).<a for some A < Ap,
and we can re-index the sequence (n,),,<,<A,, in the same way to get (n,),<a

such that if Z := {v, | 0 < & < w.} we have that
Zy=(=v,]zNQn ~Q+1 for all © with 0 < A.

Remember

(61t1,vy°]ﬂQl ‘—‘(51t1,‘06]ﬂ@1 2Q+1 (a)

Thus we can find an isomorphism
go:Xo = {vs|vs< vy, &1 <vory=26 and s >t}

since the set on the right is the set (a) above. Also we have isomorphisms g,

between X, and Z, for all x with 0 < u < A. Again

X4 = U (—zu]x ¥ we X Q

A<Lu<<wy

and so we have g% : X* — VAm_ We can use the g, and ¢* and f* to define an

isomorphism
g:{z€@Q|z<vandfg<ziorall g€ Qwith t; < ¢} — (—o0,(0)(1))

in exactly the same way as above (since every element in this set has an initial

segment in exactly one of Z, for some g with 0 < o < A orin V* or in

(61t1,0'0]N Q1).
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If m =1 and f1(r; — 1) < é;t; < Byr; then we can do the same thing by
defining

vy = By (BR)

and Vi={zeQ|z= B1(BF8)ys for some 75 € we x Q}

and Vii={z=ps|s€Q, B3 <s<ri}

and then finding an isomorphism between Xy and («—,vy)(s,:,} N @1, an isomor-
phism between X° and V° and an isomorphism between X~ and V* and then

proceeding as above. Thus
{z€Q|z<vand §¢g<zforal g€ Qwitht; < g} =~ (—o0,(0)(1)]

for all 51t1 < )617‘1.
Now we shall see that if u = 191 ...anqn € @ then

(u, 00) = ((0)(0), ).

Notice that forz =0,1,... ,n — 2

X = (()0), 6+ 10N Q= Q + 1
and Vi ={(@+1)(0)ys |y5s Cwe X Q} 2w X Q
and Yasi={(n-1)s|s€Q, s>0}

U{rs |78 €wex Q, v 2n} =wex Q.

Similarly for i = 0,... ,n — 2 we have

Ui={a1q1.. . @noi=1Gn-i=10n—;$ | s €Q, gn-i < s < gn-i+1,}
~Q -1
andV; := {@1¢1 ... @n_i—1qn-i-1Qn-is | $ € Q,s > qnoi+ 1}
U{ei1qr . - Qnoi=1qn-i-17S | ¥ € Wk, ¥ > @n—i, s € Q}
~we X Q
and V,_1 := {a15 | s € Q, s>qtU{rs|y>a, ¢€Q}

~we X Q.
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We can then find isomorphisms g; : X; — U;for: =0,1,... ,n—1and h;:Y; —
Vifori=0,1,...,n— 1. Notice that z € Im(g;) and y € Im(h;) implies z < ¥.

Similarly z € Im(g;)U Im(h;) and y € Im(g;)U Im(h;) for some 7 < j implies
z <y.

We can use these isomorphisms to define an order isomorphism between the
intervals ((0)(0),o0) and (u,o0) as follows.
Suppose z € ((0)(0),00) and that ¢ = v15;...7ksk. Then if y;5; > (n — 1)0
then we have y;5; € Yo_1. f not and vy =n -1 and s; = 0 thenif k = 1 we
have v;s; € X5 and if kK = 2 we have z € ¥,,-». Assume then that v; = 7 for
some ¢ € {0,... ,n —2}. If s; = 0 and length(z) > 1 then 435,722 € Y; and if
s1 < 0 or s =0 and length(z) =1 then 7115, € X,.

As in the case of intervals unbounded below this implies that if we define a
mapping on all elements with first element in these sets it will be defined on all
of ((0)(0),00). So, taking z = ¥;5; ...7ksk define

gi(7181)v2s2 o ksk Hms1 € Xi={(J+1)0]0<j<n}
g(z) == ¢ gi(v151) fys1=0(:4+1)0,0<1<n
hi(7181)7y252 - Yesk i 71517252 € Vi,
By the comment before the definition g is defined on every element of ((0)(0), o).
Suppose y € (u,o0) with y = 6;t;...6¢%. Then if 6,7 > a;q; we have
§1t1 € Vim. If not, then we must have that for some : € {0,... ,n — 1} we
have §1t; ...6n—itni = 4181 - Yn—iSn—i and dn—jr1 = ap_;+1 and gn—i+1 <
.tn_,-.+.1 € qn-i+1 + 1 which implies that é;%; ...0n—ith—ibn—it1tn—i+1 € U; or
81t1 ... 8neitn—i = 7151 ... Yn-iSn—i and dp—it+1 = an—i+1 and gn-i+1 +1 <
tn—i+1 OF Op—ir1 > Qnoit1 50 6111 ... 6nitn_ibn_ititn_i+1 € Vi.
Since we have isomorphisms onto all of the U; and V; we know g is onto (u, ).
Now we need to show that g is order preserving. Suppose then that z,y €

((0)(0), ) with z < y. Then we must have some (possibly empty) word w
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such that z = wv;s; ... vesk and y = wéity ... 6it;. We then have the following

possibilities for z and y.

(1) Suppose w is the empty word and both v;s; and §;¢; are in X; for some

1 <n-—1. Then

g(z) = gi(r1s1)1282 - - - TSk < gi(01t1)d212 ... 61t = g(y).

since g; is an order isomorphism.

(2) Suppose w is (i + 1)(0) for some ¢ < n so both wv,s; and wé;¢, are in
Y; for some ¢ < n. As in (1) we then have g(z) < g(y) because h; is an
order 1somorphism.

(3) Suppose w is the empty word and wy1s; € X; UY:. If wéity € X; UY]
for j > i then by the comment above about Im(g;)U Im(h;) and Im(g;)U
Im(h;) we have g(z) < g(y).

(4) Suppose w is not the empty word or (¢ + 1)(0) for some ¢ <n. Then

g(z) = g(w)yisy ... ks < g(w)bits ... &t = g(y).

Thus g is an order isomorphism and any two intervals (u;,00) and (uz,00) are
isomorphic to ((0)(0), o) and thus to each other.

Suppose 61t € we X Q and 6;t; > a1q1. Then

Un—1:={ys | a1q1 <7vs < é1t;} (a)
U{zeQ|z>u, z<bgforal g€ Q witht; < q}NQ: (b)
~we X Q.

To see this, consider the sequence (z,)u<w, Where z, is defined by z, := §;¢, 10

for all p < wc. This is cofinal and contained in U,. Moreover we have that

(z,,2us1]NE2=2Q+1 and

{zeQ|z >, z < 6,1q for all ¢ € Q with t; < ¢}NQ» = U (24, Zu41] N Q2)

p<uwg
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so every element of this set has an initial segment in (a) or (b) above. Now we
can find g, an order isomorphism between Un—; and Yn_1. If we replace Iy

with g, in the definition of ¢ above then we have
{zeQ|z>u, z<ébqforall g€ Q with t; < ¢} = ((0)(0),0).
Suppose now that u,v € @ with u < v. Then we must have
U = Waq) ... Angn and v=wliTy...0m"m

with a;q; < fBir1 for some w € Q U { empty word }. Pick 61t; € wie x Q with

a1q; < 8111 < Biry. Define uy = @191 ... angn 20d v3 = B171 ... BmTm. Then

(uy,v1) ={z € Q| z>uy,z < g forall g€ Q with t; < g}
U{ze€Q|z<v,z>6qforall geQ with t; < ¢}

= ((0)(0), 00) U (=2, (0)(1))
by the work we have already done. Obviously
(u,v) ~ (u1,v1)

(z,v) 2= ((0)(0), 00) U (=00, (0)(1))

for any u,v € Q with u < v and @ is order 2-transitive.
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so every element of this set has an initial segment in (a) or (b) above. Now we
can find ¢, an order isomorphism between U,—; and Y,_;. If we replace h,

with g, in the definition of g above then we have
{zeQlz>u, z<figforall ¢ Qwith ¢; < ¢} ~((0)(0), o).
Suppose now that u,v € Q with v < v. Then we must have
U= Warq ... 0ngn and v=wl"1...8mTm

with o191 < firy for some w € Q U { empty word }. Pick &;¢; € w, x Q with

a1q; < 61t; < Biry. Define u; = 1491 ... @ngn 20d v1 = 317 ... BmTm. Then

(u,vm1) ={z € Q| z>ui,z < bqforall g€ Q with ¢; < ¢}

U{z€Q|z<v,z>6qforall g€ Q with ¢; < ¢}

= ((0)(0)a OO) U (-—-oo, (0)(1))
by the work we have already done. Obviously
(u,v) ~ (u1,v1)

(u,v) = ((0)(0),00) U (=0, (0)(1))

for any u,v € @ with u < v and @Q is order 2-transitive.
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Chapter Two

Universals and Order Types Determined

by Denseness Conditions

In the first chapter some fairly elementary facts about the order-types of L,
M, N, P, PY @ and R were demonstrated, including that these sets are non-
isomorphic, except for L and N and possibly R and N. Now we shall see that
all of these sets are =-equivalent, that is they embed and can be embedded into
each other, and that there are, in fact, 2%~ =-equivalent, non-isomorphic sets.

This chapter also includes proofs that denseness in ) determines order type,
and when w, is singular denseness in N determines order type and that, in all
cases, denseness in N together with denseness of the complement in N deter-
mines order type.

To show that all the sets mentioned are =-equivalent it will be proved that
they are all 7, w,,,-universals. Since L ~ N and we have already seen that
N,P,P(*) and R are dense in M and obviously M is dense in itself, it is enough
to show that denseness in M implies 7., w,,,-universality, except of course in
the case of @ which will be dealt with separately. Firstly notice the following

facts about words of a particular length in the sets given.

Lemma 2.1. For any n < w we have

M, ~ Np ~ P, ~ P\ ~ o™,
R,~wlifn=1mod2and R, =0 if n =0 mod 2,
Qn > (we X Q)™

Proof. If n = 0 mod 2 then the assertion of the lemma about R, is just the
definition of R. In each of the other cases an inductive argument shows the
lemma to be true. Let X be any of the sets above except R. Let S; be the set of
initial segments (not necessarily proper) of length ¢ of words in X. We wish to

prove S; >~ (wy X Q) if Sis @ and S; >~ wi otherwise. The assertion is obviously
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true for Sy, so we are trying to show that Sn ~ (51)", for all n < w. Suppose it

1s true when j = n. Then

5n+1=ZYr Y.~ S  foralz € 5,
zE€S,

>~ (Sl)n X 51
~ (51 )n+1

which proves the assertion. Now if X is @ then @, = S, so the lemma is true.

Otherwise

Sn={a102...0n | n <w, a; € we, an a successor }
U{a1as...an | n <w, a; € wg, anp a limit }

U{aias...an | n <w, a; € we, ap, = 0}.

Since both the first two setsare moieties of S, with order type w? and they are
also N, and P, the result follows for N, P and M. It is then immediate for E.
Similarly

P, = U {a102...0an | @n an wy-limit }

wi <wg
wy regular

J e

wy <wy
wy regular

and these are moieties of P, each with order type w?.

Lemma 2.2. Every interval of M embeds every ordinal < wg4; and every

countable reverse ordinal.

Proof. Assume that «is an ordinal which is less than w,.1 and that all intervals
of M embed 7 for all ordinals n < 4. Suppose u, v € M with v < v, and
u=qayas...anand v=7058...0mn,.

If n > m we have

we = {a107...a,7 | 0 <y < we} C(u,v)



and if n < m we have

Wy = {Blﬁ? --~ﬁm—-1(ﬂm - 1)7 l 0< Y < wn} - (uvv)

so (u,v) embeds w,. Hence it embeds cof(y) so we may assume that cof(y) < 7.
Then we can write v as the sum of cof(y) smaller ordinals and by embedding
them in the appropriate intervals of (u,v) we can construct an embedding of ¥
into (u,v).

This also shows that M is dense, and it therefore embeds every countable

reverse ordinal.

Lemma 2.3. If X is a subset of M which is dense in M and ajas ... € M
then there is a-word in X which has ajas ... o, as an initial segment. Therefore
every interval of X embeds every countable reverse ordinal and every ordinal

less than wyt;.

Proof. Let ajay...an € M. Then ayas ... an-1(an+1)is alsoin M. Any ele-
ment of X between ajas ..., and a1z ... an—1(@n +1) must have ajas ... an
as an initial segment.

Let 4 be a countable reverse ordinal or an ordinal less than w,,; and let ¢ be
an embedding of v into M. If & € 4 then let z, be a word in X which has g(a)
as an initial segment. The set {z, | @ € ¥} has order type ~.

Lemma 2.4. If X is a subset which is dense in M then ordertype(X) is an

TNwy,we 41 -universal — in particular the ordertype of M is an 7., u, ,,-universal.

Proof. Since M, ~ w by Lemma 2.1 and M = |J M, we know that M is
a countable union of scattered sets. Obviously thjsnjﬂwso shows that |M| = X,.
Since w} € Mn, for any n and since M is the union of only countably many sets
M, we know wj £ M. The same facts must be true for any subset X of M. If X

is also dense in M then Lemma 2.3 shows that all intervals of X embed a* and

B for all @ < wy and B < we+1, whence ordertype(X) is an Nwy w, ., -universal.

Corollary. The order types of N, R, P and P forallwy < w,. are all Ny w

';-‘.-1-

universals.



Proof. By Lemma 1.3 these sets are all dense in M so the result follows.
Lemma 2.5. The order type of Q is an ., ., ,,-universal.

Proof. By Lemma 2.1 we know that Q is a countable union of scattered sets.
Indeed the words of any particular length are a countable union of scattered sets
and the whole set is the (countable) union of the subsets each consisting of the
words of a particular length. It also follows immediately from Lemma 2.1 that
wi X @; for any j < w and hence w} £ Q and that Q has cardinality X,.

Assume that § is an ordinal of cardinality (<) R« and that all intervals of
Q embed v for all ordinals v < B. Suppose u,v € Q with u < v. If n =
max(length(u), length(v)) then u,v € Q; U...UQ,. We can pick z € (u,v)NQn
and then

we X Qx> {zag| ag € we x Q} C (u,v).

Then since cof(3) € w, and (u,v) embeds w, it embeds cof(3) so we may assume
that cof(8) < 8. Then we can write 8 as the sum of cof(3) smaller ordinals and
by embedding them in the appropriate intervals of (u,v) we can construct an

embedding of § into (u,v).

Corollary (to Lemmas 2.4 and 2.5). If X is any of M, N, P, P‘*) R or Q and
z € X then the coinitiality of ¢ in X is w*.

Proof. All these sets have order types which are 7., ., ,,-universals whence the
set are dense and have no uncountable descending chains. The corollary follows

immediately.

Lemma 2.6. If X and Y are any two of M,N,P,Q, R and P, for any w,
then ordertype(X ) = ordertype(Y').

Proof. This is implied by the corollary to Theorem 0.6, since by Lemma 2.5
and the corollary to Lemma 2.4 the order types of all these sets are 7,

Wi 41"

universals.

It is self-evident that we can form a new 7., ., ,,-universal with cofinality w,
by forming the product wy x X, for any regular wy with w € wy < w. where X

is any of M, N, P, P Q or R.



Lemma 2.7. There are 2%« non-isomorphic subsets of M which are =-equivalent

t0 Nu, w.,,- Hence there are 2%~ different order types which are (U,Nu, w1 )-

universals, with U = {0, 1}.

Proof. Let W := {a € w, | a has a finite tail which is odd }. Note that
ordertype(W) = w,. Let X be a subset of W. Now define

Mx :={aj0s...an | n<w, a; € W, an #0, a, a successor if a; € X}

U{z=a+1]|ae W}

Notice that if « € W then (a +1,a + 2)my, = 0 for all X.
Suppose that X,Y C W and that f: Mx — My is an isomorphism. We can

write

ordertype(Mx) = Z 1+¢a+1
acW

ordertype(My) = Z 1+ +1
aceW

where ¢, = ordertype(M) if ¢ X and ¢, = ordertype(N) if « € X and
similarly for 1. It is then easy to see that each one element word z = (a + 1)
where o € W must be mapped to itself by f because these words are the only
elements of Mx or My which have successors and they form a well-ordered
subset of Mx or My. Then f must be an isomorphism between sets of order
type 1 + ¢ and 1 + 7, for all « € W. Since N # M this implies « € X if and
onlyifa€Y soX ~Y.

This means there are at least 2%~ subsets Mx of M which are all pair-wise
non-isomorphic. Obviously then ordertype(Mx) < ordertype(M) and since (in
the notation above) ¢, = ordertype(M) if « ¢ X we have ordertype(M) <
ordertype(Mx ). By the second corollary to Lemma 0.6 Mx is an (U, N, w, ., )-
universal with & = {0,1}. This completes the proof of the lemma.

Now we will see that, if w, 1s regular, then a subset which is dense in N, with
dense complement, has its order type completely determined. If w, is singular

then denseness in N alone is enough to determine order tvpe.
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Before a proof that denseness with dense complement determines the order
type of a subset of N (in fact it determines the order type of a subset of any
interval of N with cofinality §.) some more technical lemmas are needed. To
prove the assertion an automorphism of N which restricts to an isomorphism
between two subsets X and Y satisfying the denseness conditions will be defined,
using induction on the length of words. This is facilitated by the fact that
NiU...UN, is well-ordered for any n < w. The isomorphism will be defined at
each stage on a subset of X containing X N (N; U...U N,) and a subset of ¥’
containing ¥ N(N, U...UN,) and similar sets containing all the words of length
< nin the complements of X or Y. To ensure that the isomorphism constructed
can be extended to an order-isomorphism on longer words it is necessary to
ensure that sequences in X with a supremum in X are being mapped onto the
same thing in Y, and similarly for sequences in X without a supremum in X.
The first chapter showed that all the elements of X or Y have cofinality 6§, =
cof(wy ) so the only sequences which may cause a problem are §.-sequences.

The first of the following lemmas shows that, in IV, a sequence with supremum
z essentially consists of elements which are longer than z (so if the mapping is
defined on all elements shorter than n then the supremum of a sequence is not
going to be added in at a later stage). Obviously, however, the set X could
contain all the elements of length say 2, while ¥ has none of these. So at the
second stage of the induction elements of length 2 in X may be mapped to much
longer elements of Y. Thus the point of Lemmas 2.9, 2.10 and 2.11 is to show
that we can find subsets of Y with the correct order type and whose é.-sequences
have a least upper bound in Y or not depending on whether the sequences which
are mapping to them have one in X. In Lemmas and Theorems 2.8 to 2.15 an

interval (z,y) will always be an interval in N.

Lemma 2.8. Ifz = supy(z,)u<s, then there exists u < é. such thatlength(z) <

length(z,).

Proof. Supposethatifz = 3,82...8m andlet y := 518, ... 8,7, _1(Bm—1). Note

that (Bm — 1) exists since ¢ € N but that y need not be in N. Nevertheless, since

58



T = sup(z,) we must have some po such that y < z, < z in the lexicographic

order, for all 4 > po. But this implies that

Ty = P15, o i Bm-1(Bm — )m172 - Y

for some I, > 1. Thus length(z) < length(z,) for all 4 > pe.

Consider the set M and let X be a convex subset of M. Let m be the
smallest integer such that M,, N X is not empty. Suppose £ = a3 ...am € X.
Then all the elements of X must have ajasz...am-1 as an initial segment.
Otherwise if we have say aja;...am—28 with 8 > @m—) occurring as an initial
segment of something in X, then the convexity of X implies ajas...am—28 €
X, contradicting the fact that m is the length of the shortest element in X.
Obviously then ordertype(X N M) € we. In N all this is still true but it needs

more proof since § could be a limit ordinal, in which case aya;...am_208 € N.

Lemma 2.9. Remember that §, is the cofinality of w.. Let X be a non-empty
convex subset of N. Let m be the smallest integer such that X N\ N,,, # 0. Then

(1) no é«-sequence in X N N,, has a least upper bound in X;
(2) ordertype(X N N,,) < wx and if we have equality then X N N,, is cofinal
in X.

Proof.

(1) Let y € N. By Lemma 2.8 if y is the supremum of a §.-sequence in
X N N, then length(y) <mso y ¢ X.
(2) Let ¢ = 3182 ...0m € X N Np,. Define

S:={B1f2...Bm-1A| ) € w., X a successor ordinal} >~ w,.

Then we wish to prove that X N N,, C S.

Suppose that v € X N Ny, that v < z and that for some a; < 8; we
have v = 5182 ... B1—1a1...am. If v < y for all y € S then we must have
| < m. We can then define u := B1B2...Bi—1(a;+ 1) and v < u < z so
v € X and length(u) < m which is a contradiction. Hence there are no

elements of X N N, which are smaller than all the elements of S.
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Let y := 182 ... 8m—-2(Bm-1 + 1) and suppose there exists = € X with
z>vforalveS. Sincey=supy(S) it follows that ¢ < y < z and so
y € X. This is a contradiction since length(y) < m. Thus § is cofinal in
X . This, together with the paragraph above shows there are no elements
of X N N,, which are greater than or smaller than all the elements of S
and so § C Ny, implies X N N,,, C §. Obviously ordertype(X N N,,) <
ordertype(S) = w, and if we have equality X N N, is cofinal in S and
hence also in X.

Lemma 2.10. Let X be a subset which is dense in N. Let z,y € X withz <y
and let B be any ordinal < w,. Then there exists B C (z,y) N X such that
ordertype(B) = 8 and

(1) all é<-sequences contained in B have no supremum in N.

Proof. Suppose that cis(z,y) = aja9...am S0 T = 01Q2...AmQmi1 ... Qn
and y = a1y ... 0mPm+1 ... Bm With am=y < Bma1 or length(z) = m. Since X
i1s dense and X N N,, is well-ordered for any m < w, there can be no bound on
the length of elements in any interval of X solet z € (:c,y)xwith length(z) =p >
n,m. SO z = @1Q3...0mYm+1...7p. Lhen there exists 7 with m < j < p such
that a; =y, fort =m+1,...,7 ~1 and o; < «; or j < p and length(z) = j.
Also there exists k < m such that v; = G; fori=m+1,... ,k —1 and 74 < Bs.

Then if we define Cp := {zA | X a successor in w,} we have that
Co x> {6p+1 | 6182... 6541 € Co} > wy.

By Lemma 2.3 for every v € Cy there exists v' € X which has v as an initial

segment. Define C := {v' | v € Cy}. Then
C ~ {6p+1 l 5162...(5-,- € C}an

and moreover every element of C' is determined by its (p + 1)th letter. Also if
u € C then u = a2 ... AmTm+1 .- VpMp+17p+2 ... 0r. We already know there
exists j with m <j < psuchthat o; =v;fori=m+1,... 7 -1 and aj <v;

or 7 < p and length(z) = j and also there exists k < m such that ~v; = 3; for
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t=m+1,...,k—1and v& < Bk. Hence z < u < y so u € (z,y) and since u
was an arbitrary element of C' we have C C (z,y).

Now if 8 < w, then we can find an initial segment B of C of order type §.
Notice that if w, is regular so §, = w, then B has no §.-sequences contained
in it and (1) is vacuously true. Assume then that §, < w.. Let (z,).<s, be a

6c-sequence in B. Then

{aps1 | apiy is the (p + 1)th letter of z, for some pu < 6.} =~ é,

so the supremum of this set of ordinals is a limit ordinal, say v. Suppose v =
6162 ...6, is any upper bound of the sequence in N. Then, since §, must be a
successor, we know 6, # v so 6162 ...8,-1(6; — 1)1 is a lower upper bound for

the sequence. This shows that B satisfies (1).

Lemma 2.11. Let X be any subset of N which has cofinality §, and is dense
in its convex closure in N. Let Uy be a subset of X which has order type < w,,

with Uy cofinal in X if equality holds. Suppose Uy satisfies the condition
(1) all é.-sequences contained in it have no supremum in X .

Then there exists a cofinal subset U of X, with order type w. and with Uy C U,
which also satisfies (1).

Proof. Suppose first that w, is a regular initial ordinal. Then choose U to be
any cofinal set in X which contains Uy and has order type w,, (as guaranteed
by Lemma 2.3). Since éx = w, we know U must satisfy (1) as there are no
§-sequences in U which are bounded in X and hence no §,-sequences with a
least upper bound in X.

Suppose then that w, is singular so §, < w,. We can write w, as a §.-sum of

ordinals w, = > 7, where v, < w, for all g, and use this to find U.
p<bx

If ordertype(Us) = wx then we simply take U := U,. If ordertype(Us) < we
then let Uy be any cofinal subset of X with ordertype(U}) = .. We can write
U, = (uy)v<s, - Since ordertype(Up) < w, there exists vy < &, such that v, <

ordertype(Us) for all v > vg so certainly ordertype((u,,u,.1)NUq) < 7,, for all
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v > vy. Hence Lemma 2.10 (together with its proof) shows we can find a set U,

with order type 5, such that

(Upyuutr1)NTo C U, C(uy,up+1)NX

and such that no §.-sequences in U, have a supremum in N, and therefore there

are definitely no é.-sequences in U, with a supremum in X so U, satisfies (1).

Now define

U:=Uou< U UV>

V0<V<5N

Then any bounded é,-sequence in U has a terminal segment in U, for some v
or is contained in Uy, and so has no supremum in X. Any é.-sequence cofinal
in U is cofinal in X and therefore has no supremum in X. Thus U satisfies (1).

Moreover Uy C U and ordertype(U) = wy so the lemma is true.

Remember that for X C Y and an element z of Y we defined
(—,z)x ={veEY |v<zandif u € X with v < z then u < v}.

Remember also that (if Y is dense) this definition implies that («—,z)x = 0 if and
only if we can find a sequence in X which has supremum z when the sequence is
considered as a sequence in Y. Since §, was defined to be the cofinality of w,, in
the case of N we would have to have a é.-sequence in X C N, with supremum

z in N if we are to have («—,z)x = 0.

Note 1. If X is a convex subset of NV with cofinality 6, and U,V are subsets of
X which are cofinal in X, both with order type w,, then U UV ~ w,.

Note 2. If U C N, for some i < w then (—,u)y # 0 for all « € U. Indeed, if

U= ay0g...0, then cqos...an_1(a, — 1)1 € (—,u)y.

Note 3. Suppose U C NV, where NV is a convex subset of N with coinitiality
w. If all §.-sequences in U have no suprema then (—,u)yNNY #£ Qforall u € U.
Otherwise, of course, we would have to have u the supremum of a §.-sequence

contained in U or u the least element of NV,
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Theorem 2.12. Let NX,NY be convex subsets of N, both with cofinality §,
and coinitiality w*. Let X,Y be subsets of NX, NY, with X and X' := N¥-X
dense in N*X and Y and Y' := NY —Y dense in NY. Then there exists an
order isomorphism f : N — NY such that the restriction to X is an order

1somorphism between X and Y.

Proof. It is enough to prove that for all m > 1 there are cofinal sets X,, C N ¥
and Y,» C N with order type w™, and an order isomorphism f,, : X, — Yo,

[

such that

(1) (MqU...UN,)NNX C X, and (N;U...UN,)NNY CYpp;

(2) f1 <t <mthen X; C X, Y; C Y and fi = fmlx,;

(3) if u € X N X then frm(u) €Y NYyp and if w € X' N X then fm(u) €
Y' N Y

(4) for all §,-sequences (vy )y<s, contained in X, such that there exists w =
supyx (vy )x<s, We have that w € X, and for all §.-sequences (v, )y<s,
contained in Y5, such that there exists w = suppv (vy)y<s, We have that
w € Yn;

(5) for all z € X, we have (—,z)x, N NX = 0 if and only if («—, fm(z))y, N
NY =9.

Then, since each f, is an extension of the others by (2), the map |J fm will be
m21

an isomorphism between NX and N¥ which restricts by (3) to an isomorphism
between X and Y.

If m = 1 let j be the smallest integer such that ordertype(NX N N;) # 0,
and let | be the smallest integer such that ordertype(NY N N;) # 0. Lemma
2.9 shows ordertype(X N N;) < w, and ordertype(Y N N;) < w, and that these
sets are cofinal in N¥ and NY respectively if we have equality. It also shows
that no §.-sequences in N¥ N N; have a supremum in NX and no §.-sequences
in NY N N, have a supremum in N¥. Hence Lemma 2.11 shows that we can
find cofinal subsets U of X and V of Y, of order type w, with X N N; C U and
Y N N; C V where all 6.-sequences have no least upper bound in N¥ or NY

respectively. Note 3 shows (—,u)uy # 0 and (—,v)y #0foralluc U, v e V.
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Since I and V have the same order type let g be the order isomorphism between

them. Now let v € U and consider the order type of
(—wunX' NN, and (—,g(u))y NY' N N,. (1)
They must both be less than w, since they are bounded subsets of N N N; and
NY N N respectively, which both have order type < w,. If
(—w)uNX'NN; =~ (—,g(u))y NY' NN
let g, be the order isomorphism between the two sets and define
Uy :=(—,v)u N X' NN;.
If the two sets in (}) are not isomorphic assume that we have
ordertype((—,u)y N X' N N;) < ordertype((—, g(u))v NY' N Ny).

We know (—,u)y N N¥ # 0. The denseness of X’ in N*X then implies that
(—,u)yNX'#0. By Lemma 2.9 no §.-sequences in X' N N; have a supremum
in NX, and since («, u)yNX'NN; is bounded in N¥X no §.-sequences in it have
a supremum in N (for y = supy(z4)y<s, and y ¢ N¥X implies (z-) is cofinal
in NX). Similarly there are no §.-sequences in (—,g(v))v NY' N N, with a

supremum in N. Therefore by Lemma 2.10 we can find U, with

(e—,u)UﬂX, AN; CU, C(—,u)v NX'

where U, has the same order type as (—,g(u))y "Y' N N, and no é.-sequences
in U, have a supremum in N. Let g, be the isomorphism between U, and
(—,g(u))y NY' NN,

A similar argument shows that if

ordertype((—,u)u N X' N N;) > ordertype((—, g(u))y NY' N N}
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we can define U, := (—,u)y N X' N N, and find g, : Uy — (—,g(u))y NY’
such that («—, g(u))y NY'NN; C g,(U,), and no §x-sequences in g,(U,) have a

supremum in N. Now define

X, ::UU(U Uu>

uelU

Y=V U <U gu(Uu)>

velU
v)ifvelU
hlv) = { ji(i) if v € U, for some v € U.
Then by Note 1, X; has order type w, and by construction f; is an isomorphism
(so Y] also has order type w.). We constructed U to contain all of X N N;. Since
X and Y are dense in NX and NY respectively they are cofinal in the latter
sets whence U and V are also. If v € X' N N; then the cofinality of U in N¥X
ensures that there is an element of U which is greater than v. If z is the least

such element of U then v € («—,z)y. Then
vE€ (—,z)yNX' NN; CU,
so the fact that v was an arbitrary element of X' N N; shows that

xX'nn;c | U
zcU

Similarly we constructed V to contain ¥ N N; and by the same type of argument

as above

Y’ le _C_ U g:(Uz)
zeU

Since NX NN, = (X NN;)UX'NN;)and N NN, = (Y NN)U(Y' NN
we have that NX N N; C X; and NY N N; C ¥;. Obviously 7,/ > 1 whence
NX AN, € X; and NY N N; CY); so part (1) of the inductive hypothesis is
satisfied. Part (2) is not applicable when m = 1. Since g is an isomorphism
between a subset of X and a subset of ¥ and the map UU gu 1s an isomorphism

uE

between a subset of X' and a subset of Y' we know that f; : X; — Y; satisfies

part (3) of the inductive hypothesis. Part (4) is true since, by construction,
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no §.-sequence in X; has a supremum in N* and no §.-sequence in ¥; has
a supremum in VY. Note 3 shows that this implies (—,u)x, N N¥ # 0 for
all w € X; and (—,v)y, N NY # 0 for all v € Y] so part (5) of the inductive
hypothesis holds.

Suppose the inductive hypothesis holds when m = n. So X,, has order type
w? and we know that ¥, = f,(X,) and (N; U...U N,)Nn N¥ C X, and
(N1U...UN,)NNY CY,. Suppose z € X,,. Assume that (—,z)x, # 0. Then
part (5) of the inductive hypothesis shows that (—, fn(z))y, # 0.

Then since cofn(y) = §, for all y € N by Lemma 1.4 we know (—,z)x, and
(«—, fn(z))y, are both convex subsets of N with cofinality §. and coinitiality «*
We are assuming that all words of length < n are contained in X, and Y,. So
when we define j., [, to be the least integers such that («—,z)x, NN, # 0 and
(=, fo(z))y, N N;, # 0 we must then have j;,l; > n+ 1. The case m =1 shows
that we can find sets U, and V, of order type w, which are cofinal in (—,z)x,
and (~—, fn(z))y, and an isomorphism f.:U. — V7, such that

(1) (=2)x. N N;, €Uz C (—,2)x, and (—, fa(2))y, DN, C© V2 C
(= Fn(@))vas

(3)*y e X NU, if and only if fo(y) € Y N Vx;

(4)* no §.-sequences in («—,z)x, have a supremum in (+,z)x, and no
6«-sequences in (+—, fn(z))y, have a supremum in (—, fa(2))y,;

(5)* («—,u)u, # 0 and (—, fz(u))v, # 0 for all u € U-.

Therefore, we can define

Xne1:=XnU ( U Uc>
Yn+1 = Yn U ( U Vz>

zeX,
fo(w) fwe X,

fn+1(w) = { f;(w) if w € Uz for some z € X-n.

For each ¢ € X we have U; ~ w,. Since X, had order type w[ and the sets

1

above are between the elements of X, the order type of X,,4; is w?™*. Since
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X1 CX;and?Y; CY;foralli <n+1and X; and Y; are cofinal in NX and
NY respectively we know that X; and Y; are also cofinal for all : < n + 1. By

construction fn4; is an isomorphism (so Y, ; also has order type wl™?).

Since

(—=z)x, NN;, CU, and (=, fa(z))y, " Ni, C V.

for all z € X, we know

< U (szﬂNX)> -X, C U (—,z)x, NN;, C U U,

zeX,

and

(U(szﬂNY> Y. C | (= fal@)von N, C | Ve

€eX, zeX, z€X,

Since jz,l; > n+1and X,,Y, are cofinal in NX, N¥ this shows that part (1) of
the inductive hypothesis is satisfied. Part (2) of the inductive hypothesis holds
since X 1 1s defined as a superset of X,, and fn+; is defined as f, on X,,. Part
(3) holds since f, satisfies (3) and f, satisfies (3)* for all z € X,,.

We are assuming that the fourth part of the inductive hypothesis holds on
X, and Y,. Therefore the only 6.-sequences we have to consider are those with
a terminal segment in U, or V, for some ¢ € X,. The fact that U, and V,
satisfy (4)* show that any é.-sequences bounded in them have no supremum in
N and therefore satisfy (4). Since we picked U, and V; to be cofinal in («—,z)x,
and (<, fn(z))y, respectively, any cofinal sequences have z or f,(z) as their
supremum. Obviously these elements are in X, 1, or Y4+, so all §.-sequences
cofinal in them also satisfy (4).

Part (5) holds since U, and V; are cofinal in (—,z)x,,, and (—, fos1(2))v,,,
and so (—,z)x,,, = 0 and (—, frs1(2))v,,, = 0 for all z € X, and by con-
struction («—,z)x,,, # 0 and («, fa+1(z))v,,, #0forall z € X, ~X,. This

completes the proof of the theorem.

In fact a stronger theorem is true if w, 1s singular, for in this case denseness in

N alone is enough to determine the order type of a subset. Obviously Theorem
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2.12 is a special case of this result, when w, is singular. Thus it is only necessary
to prove Theorem 2.12 in the regular case. However, it is interesting to see
that the same techniques can be used in the singular case, even though extra
arguments are needed at some points. Lemmas 2.10 and 2.11, whose proofs are
much simpler in the regular case, are also needed in the proof of Theorem 2.15.

Assume then that w, is singular. If X is a dense subset of N then for each
m < w we wish to construct a mapping between (—,z)n,, N Nm+1 and the set
(—,2)x,, N X N Ny, for some subset X,, of X. Lemma 2.9 shows that the
first of these sets has order type w, and is cofinal in (<, z)y,,. The next lemma
shows what conditions are needed on X, to ensure that («—,z)x, N Nmi+; does
not have order type larger than w. and that an w,-sequence in this set is cofinal

in (—,z)x, . In what follows X' is defined to be N —X for any subset X of N.

Lemma 2.13. Let m be a positive integer. Let X C N and let X,, C X
satisfying
(1) z € N1U...UN,_; implies there exists a §.-sequence (¢, ), <5, contained
in X, with ¢ = suppy(z,);
(2) € XN N, implies ¢ € Xp,;
(3) z € X'N N, implies there exists a §.-sequence (z,),«s, contained in X,
with ¢ = suppy(z,).
Then for any y € X,, we have that ordertype((«—,y)x,, N Nm+1) < w, and
(—~,¥)x,. N Nmy1 is cofinal in (—,y)x,. if we have equality.

Proof. Let y € X,,. By (1) if length(y) < m then (—,y)x,, = 0. So assume
length(y) > m, so y = B152...0n. If n = m define

= {B1B2...Bm—-1(Bm — 1)A | X a successor in wx} = w.

Then we will prove that we have (—,y)x,, " Nm+1 C S.

Suppose, seeking a contradiction, that there exists v € (—,y)x,. N Nm+1
with v smaller than all the elements of S sov = 318, ...8/~1¢a;...@m+1, Where
l<mando; < Biorl=mand an < Bm—1. Definew := 515>...061-1(a; +1).

If uw € X;n then v < v < y implies v ¢ (—,y)x,.. If v € X, then since
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length(u) < m we can find a §.-sequence (z,)u<s, Which is contained in X,
with v = supy(z,). But then there exists v < 6. such that v <z, < u<y
and again v ¢ (—,y)x, . This contradiction shows that there are no elements
of («,y)x,, N Np+1 which are smaller than all the elements of S.

If n > m then we can define

S:={B1B2...8mA | A a successor in wx, A < Brms1} = Bma1 + 1.

If there exists v € («—,y)x, N N4 which 1s smaller than all the elements of S
thenv = 5182 ... 8i-1¢1...ams1, where ; < 8; and [ € m. Thus we can define
u:=B182...8i-1(a;+ 1) and v < u < y and length(u) < m. As above we can
use u to show v ¢ («—,v)x,.. This contradiction shows there are no elements of
(—,v)x,. smaller than all the elements of S. Obviously there are no elements
of («—,¥)x,. " Nm41 which are greater than all the elements of S in either case.

Thus S C Np+1 implies (—,y)x,. N Npa1 C© S. This implies that
ordertype((«,y)x,. N Nm+1) < ordertype(S) < wi.

If we have

ordertype((—,y)x,. 1 Nms1) = wi

then m = n, so S is cofinal in (—,y)x, . In this case (—,y)x,, N Nmy; is cofinal

in S and hence also in (—,y)x,..
Notice also that if (v, ),<s, is contained in («—,y)x,, " Nm+1 and is not cofinal
then if we define @, := the (m + 1)th letter of v, then (@,).<s, is a é«x-sequence of
ordinals, with a least upper bound v (a limit ordinal). If u = §;6>...6, is an
upper bound for (v,),.<s, then 8. # ~ since §, must be a successor. Hence
6165 ...6--1(6r — 1)1 is a smaller upper bound. So no bounded §.-sequence in

(—=,y)x. N Nm+1 has a least upper bound.

The conditions on X, in the last lemma were chosen to facilitate the proof.
The next lemma shows that these conditions can be formulated differently so

that they are more convenient to use when proving the theorem.
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Lemma 2.14. Let X be a subset of N and X,, a subset of X. Suppose (N; U
. UNR)NX C X, and for every element v € X' N N; for i < m there is a
é«-sequence in X,, with supremum u in N. Thenz € Ny U...U N, implies

there is a §.-sequence in X,, with supremum .

Proof. If z € (N7 U...UN,,_;)N X' then the assertion is one of the conditions
stated. Suppose then that z = aj0y...an € (N;U...UNp_1)NX. Let (1), .

be a cofinal sequence of successors in wx. For each p < w, define
T, =y ...0q-1(a, — 1)u.

Notice that length(z,) = n 4+ 1 < m for all u. Now if there is a cofinal subse-
quence of (z,),<s,, say (Tu)u<s, With 2,0 € (N; U...U N;yp) N X then since
(N;U...U Nm)NX C X, again the assertion of the lemma is true. Otherwise,
there exists po < 6 with z, € (N U...UN,)N X' for all & > pg. Then, for all
g > po we can find (yt),<s, contained in X,, with supy(y*) = z,. But then
inductively, for each u > po we can pick v, such that yb, >y, forall x < p.
Then (y} )u<s, is contained in X, and has supremum z in N. Thus the lemma

1s true.

Theorem 2.15. Suppose w, Is singular. Let X be a subset of N, which is dense
in N. Then X ~ N.

Proof. It is enough to prove that for all m > 1 there are cofinal sets X,, C X
and Y, C N with order type w*, and an order isomorphism fm : Xm — Ym
such that

(1) (NMU...UNp)NX CXpnand yU...UN,,, CY,,.:

(2) f1<t<mthen X; CXn,Y; CYnand f; = frrlx,;

(3) if w € X' N Ny, then there is a é«-sequence in X,, with supremum u in
N;

(4) for all §.-sequences (vy)x<6. contained in X,, such that there exists w =
sup x (vy )x<6, we have that w € X, and for all §.-sequences (vy )y <6,
contained in Y,, such that there exists w = sup(vy)x<s, we have that
w € Yo,

(5) for all z € X we have («—,z)x, =0 if and only if (—, fm(z))y, =0.
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Then, since by (2) each fn is an extension of the others, the map |J fm will
be an isomorphism between X and N. n

Let (7, )v<s,. be a sequence of ordinals of order type §. which forms a proper
imitial segment of w, and all of whose elements are successor ordinals. Let
(04 )v<s, be a cofinal subset of w,, of order type 6., again all of whose elements
are successor ordinals.

To show that there exist subsets X; and Y; satisfying the inductive hypothesis
consider ordertype(X N N;) and ordertype(N;). Obviously ordertype(X NN;y) <
wk, if we have equality it is cofinal in X, and by Lemma 2.8 no §.-sequences
contained in this set have a least upper bound in N. Then by Lemma 2.11, we
can find U a cofinal subset of X, with order type w,, which contains X N N; and
has no é.-sequences with a supremum in N. Let f be the isomorphism from U
onto N;. Now let u € U so f(u) = v for some one element word consisting of
the successor ordinal 5. Consider («—,u)y N X' N N;. This must have order type
<wge. Ify € (—,u)yNX'NN; then y is a one element word a, where a is some
successor ordinal. For each two element word (a — 1), by Lemma 1.3 there is

a word in X with initial segment (o — 1)o,. For each v pick one such word y,.

Now define
Uy := {yu | y e ((—,u)UﬂX' lea v < 6&}

fulyy) = (v = 1)em,.
Notice that by the proof of Lemma 2.3 we have that (y, ) is a §.-sequence in X
with supremum y in N, and (since y € X ) no supremum in X, and that again by
the proof of Lemma 1.3 that (f.(y.)) is a dc-sequence in N with no supremum
in N. Also y, € (—,u)n,nx and fu(y,) € (—, f(u))n, and we have y, < z,
and fu(y,) < fu(zu) if y < z. Now define

flv) = {

fu(v)if v € U, for somew € U.
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Then since é§. < w. by Note 1, X; ~ ¥; ~ w, and both were picked to be
cofinal in V. By construction X; and Y; contain all the words of length 1 so they
satisfy part (1) of the inductive hypothesis, and part (2) is not applicable when
m = 1. For each y € N; N X' we have y = sup(y, )u<s, and {y, | v < d,} C X,
so X satisfies part (3) of the inductive hypotheses. No é.-sequences in N; or
U have a supremum in N and the elements of U, and f,(U.) were chosen so
that this is also true of them so part (4) holds. This implies, by Note 3, that
(—,z)x, # 0 and (—, fi(z))y, # 0 for all z € X;, whence part (5) holds. So we
can find X;,Y] and f; which satisfy the inductive hypotheses.

Suppose the inductive hypotheses hold when m = n. So X, has order type w?
and we know that ¥, = fn(X») and (NyU...UN,)NX C Xn and N U...UN, C
Y,. Suppose z € X,. Assume that (—,z)x, # 0. Then part (5) of the inductive
hypothesis shows that («—, fn(z))y, # 0.

Lemmas 2.13 and 2.14 show that the inductive hypothesis implies

ordertype((—,z)x, N Nnt1) < wi (a)

and ordertype((«—, fn(z))y,) N Nps1) € wi (b)

and that we have equality in (a) only if length(z) = n and equality in (b)
only if length(f,(z)) = n and then the set on the left is cofinal in each case.
Also Lemma 2.8, together with the inductive hypothesis, shows there are no
6«-sequences in («—,z)x, N Npi1 with a supremum in (—,z)x, and similarly
for («—, fa(z))y, N Nnt1. So Lemma 2.11 shows that we can find cofinal subsets
U, of («—,z)x, N X and V; of (—, fa(z))y,, of order type w, with

XN Nn.+1 N (<—,:c)xn C_: Uz

and

Nn+l N ("/__afn(x))yﬂ g Vz-

Furthermore it shows that we can pick U, and V, so that no 6«-sequences in

them have a supremum in (—,z)x, and (—, f,(z))y

n

respectively. Let g. be

the order isomorphism between U; and V;. Now let u € U,. Suppose that we
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have ordertype((—, u)v, N Nny1 N X') = 4. This must be less than w, since we
are considering a bounded subset of (—,z)x, N N,+; which has order type at
u

most wx. Then (—,u)u, "Nay1 NX' = {y, | u < v} wherey, = afal...al_,

with an4; some successor ordinal. If we define
vl i=afal .ok (ot  —1)o, for all v < 4,

then y, = suppy(v#) so there exists vy < é, such that v?,oe (—,u)u, (notice that
p > 0 1mplies vf > yo so v* € (—,u)y, ). By Lemma 1.3 we can pick a word y*
in X with initial segment v# for each p > 0. Pick each y? to have initial segment
v0 +,- Theny, = sup(y#),<s, for all y and y* € («—,z)x, and p1 < p» implies
yhr < y¥? for all v,0' € 4.
Now by Lemma 2.10 we can pick C' C (+,g-(u))v, such that C has no -
sequences with a supremum in N and C has order type v so C = {z, | p < v}.
If C has a greatest element z,—; pick z, € (z4-1, fn(z)). If, for each p

—ﬂ{‘ﬂz...

then define, for u <~

) {6{‘55‘~-ﬂ‘-‘ T if 7, > 41
-

1 pp+1 +1 e :
{H- 1 ,B;‘“+1_1(ﬁj“+1—1)17,, i Jp < Jutr-

Notice that (z£),<s, has no supremum for any u and that 2* € (z,,2,41) so
€ («—, fn(z))y, for all u and p; < pr implies z2* < 2%? for all v,'. Now
define

U:z:'u. = {yv l y# = ((_-’u)U‘u. ﬂNm+1 ﬂX,, v < 6N}

gzu(yy ) = (21).

Since w1 < po implies y#* < yl7 and z¥* < z¥? the union of the maps gz,

is an order-preserving isomorphism between a subset of X and a subset of N.
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Therefore, we can define

Xn+1 = XnU < U U;_-) U U U:u

zeX, z€Xn,
vel,
Yn+1 = Yn U < gz(Uz)> U U g:z:u(UIu)
2€Xn Zexn’

uelU;
fa(w)if we X,
gz(w) if w € U, for some z € X,,
gzu(w) if w € U,y for some z € Xy, u € Us.

fn+1(w) =

By Note 1 since §, < w, if z € X then

U, U ( U Uw> ™ Wi (1)

wu€U;

So since X, had order type w? and the sets (1) above are between the elements

of X, the order type of X,+; is w?*!. The facts that X; C X; and ¥; C V;

for all : < n + 1 and that X; and Y; were both cofinal in NV show that all these

sets are also cofinal. By construction fn4+; is an isomorphism (so Y,4; also has

n+1)'

K

order type w
To show part (1) of the inductive hypothesis holds let v € N,4;. Since X,
was cofinal in NV there is z € X, with v < z. Let w be the least element in
X, with v € w, (whose existence i1s ensured by the well-orderedness of Xn). If
v = w then v € X, and if not then v € (—,w)x, .
This shows that if v € Nyoy N X thenv € Xy orv € (—,w)x, N Nppy N X C

U,. Since v was an arbitrary element of N,.; N X it follows that

NepiNXC X, U ( U Uw> C Xnt1.
weX,

A similar argument shows that Nn.y C Yni) so part (1) of the inductive hy-
pothesis is satisfied.
Part (2) of the inductive hypothesis holds since X,.; is defined as a superset

of X, and fn+1 is defined as f, on X,,. Now suppose that v ¢ Noo1NX'. By
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the paragraph showing (1) holds when m = n + 1 there exists w € X, with
v € («—,w)x,. Then the set U, has been defined. Again since U,, was defined

to be cofinal in («,w)x,. we can find an element of U,, which is greater than v

and if u 1s the least such element then
v € (—,u)y, N X'

Then the set U,, was defined to contain a sequence (v, ), <., With supremum v
in V. Thus part (3) of the inductive hypothesis holds.

We are assuming that the fourth part of the inductive hypothesis holds on X,
and Y,. Therefore the only §.-sequences we have to consider are those with a
terminal segment in U, or V; for some z € X,,. Any bounded sequences in U;
and V; have no supremum in N, so they satisfy (4). Since we picked U; and V; to
be cofinal in (+«, z)x, and («, fa(z))y, respectively, any cofinal sequences have
z or fn(z) as their supremum. Obviously these elements are in X,y or Yn4g
so all cofinal §.-sequences also satisfy (4). No §c-sequences in Uy or gzu(Uzu)
have a supremum in X and N respectively — this follows for U;, because the
same thing is true about (+,)x, N Nn+1 N X' and each sequence (y;) and for
gzu(Uszy) because it is true for C and for the (z}).

Part (5) holds since U, and V; are cofinal in (~, z)x,,, and (=, frt1(2)) Yo pn
and so («—,z)x,,, = 0 and (&<, fat+1(2))vny, = 0 for all z € X, and by con-
struction («,)x,,, # 0 and (&, fat1(7))v,,, # 0 forallz € X, 11 —X,. This

completes the proof of the theorem.

I had hoped to show here that @ is isomorphic to any subset dense in it.
However, although this may be true ( I have been unable to find a counter-
example) I have not been able to perform the inductive construction needed. I
include for interest some lemmas showing the structure of a dense subset of @,
and the properties it shares with Q.

If X is a set which is dense in @ and we are trying to construct an order
isomorphism f between X and @, defining f at each stage between a subset of
X containing X N (@1 U...UQn) and @, U...UQ, then we must ensure that

both descending and ascending countable sequences with suprema and infima
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In ) are mapped to the correct kind of sequences with suprema and infima in
X, and similarly for sequences without suprema and infima. For the rest of this
chapter (z,y) is an interval in Q.

The first lemma shows that a sequence with infimum z essentially consists
of elements longer than z (in fact from some point onwards all the elements in
the sequence must have z as an initial segment) and the second lemma that an
ascending sequence with z as supremum, after some point consists of elements
of length at least that of z. Remember that (z;)iew~ is a strictly descending

sequence indexed by w, so if iy € w then {z; | j > ip} ~ w*.

Lemma 2.16. Let X be a dense subset of Q. Suppose z = a1q; ... 0ngn € X
and r = infx(z;)ieu+. Suppose that z; = ,8{7'{ ...BL pi Then there exists

Mmy T omg”

t9 € w* such that for all j > i,
,B{T'{ tot ;717'1]1 = 141 ..-Qnqn
and B,’;_H = 0 and (r{z+1)j>io 1s coinitial in Q.

Proof. Let y := ajq;...2,¢,(0)(0). Then for some i3 € w* we must have
z; € (z,y)N X for all j > ip. This implies ayq; ... @r¢gn(0) is an initial segment
of z; for all j > 1.

Suppose that (ri+1)j>io has a lower bound, say s in Q. Then it follows that
v, an element of X with initial segment ayq; ... angn(0)(s — 1) is strictly smaller
than all the elements of (z;);c.- which is a contradiction, since z < v. Thus
(rl.1)j>i, is coinitial in Q.

Lemma 2.17. Let X be a dense subset of Q. Suppose z = fyr; .. BmTm =
sup x(Zi)i<w, where r; = aiq{ . ai“q:;;. Then there exists 19 < w such that for
all © > 1

Q191 - O 1919 = 171 ... B 1Tm—18m

and supg(gi)i>io = Tm-

Proof. If y is defined by

y = phr e Pm-1Tm—1Bm(rm — 1)
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then there exists ig such that for all 1 > iy we have z; € (y,z). This proves the
first part of the lemma. For the second part obviously we have ¢, < rm for all
i. If there is s € Q with ¢}, < s < r, for all ¢ then any element v of X with

Initial segment 3171 ...8m-17m-18ms will be an upper bound for the elements

z;, which is a contradiction since v < z.

For any integer n > 0 and any z € Q,, the interval (z,—)g, has cofinality
d. In fact

(x’—-»)Qn m Qn+l = {xaq ' aq E we X Q}

and this set is cofinal in (z,—)g,. Suppose then that f, is an isomorphism
between some subset X, of X and Q.. If we are to find a subset X,+; of X
containing all the words in X of length n + 1 and such that f, can be extended

to an isomorphism fr11: Xns1 — @1 U...UQ@n+1 then we want that

ordertype((:z:, )X, N X NQnt1) Xwe X Q

for all £ € X,,. The next lemma shows the conditions that X, must satisfy for
this to hold.

Lemma 2.18. Let n be a positive integer. Let X be a subset of @ and let ¥
be a subset of X satisfying

(1) € XN Qn-y1 impliesz € Y;
(2) z € X' N Qn-1 implies there exists an w”-sequence (Y, ), cw- contained in
Y with z = info(y,.);
(3) = € @1U...UQn—> implies there exists an w*-sequence (y, ) cw~ contained
in Y with z = infg(y,).
Then for any y € Y we have that ordertype((y, —)y N @n) <X we x Q and that
(y, =)y N Qn Is cofinal in (y, =)y if we < ordertype((y, =)y N Qx).

Proof. Let y € Y. By assumption (3), if length(y) < n — 1 then (y, —)y = 0.

So assume length(y) 2 n—1,s0 y = B171 ... Bmrm with m > n — 1. Define

S§:= {517”1 e Br1Tn BT | BE w,, T E Q} ~ we X Q.

-~J
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Then we need to prove that (y,—)y N Q. S S.

Suppose that there exists v € (y,— )y which is larger than all the elements
of S. Then v = Byry...Bi—1Ti—121q ... @;q;, where ayq; > SBirpand [ < n — 1.
Let vs € w, x Q with Bir1 < vs < oyq. Define uw := Byry ... Bi_1r_1vs. If
u € XNQn-1thenu €Y and y < u < v implies v ¢ (y,—=)y. Tue X'NQnr_y
or length(z) < n—1 then we can find an w*-sequence (zi)icw+ which is contained
in ¥ with u = infg(z;). But then there exists j € w* such that y <u < z; < v
and again v ¢ (y,—)y. This contradiction shows that there are no elements of
(y, =)y which are greater than all the elements of S, so S is cofinal in (y, — )y

Obviously there are no elements of (y,—)y N Qn which are smaller than all

the elements of § and so § C @, implies (y,—)y NQ, C S. Then
ordertype((y, —)y N @nr) < ordertype(S) x we X Q.

This shows that the first part of the assertion of Lemma 2.18 holds.

To prove the second part assume we have

we < ordertype((y, =)y N Qn).

Then since w, £ v where v is the order type of any proper initial segment of
we X Q@ we know that (y,—)y N @, is cofinal in S and hence also in (y,—)y.

Hence the second part of the assertion of Lemma 2.18 is true.

Suppose w, is regular and (X*,X?) is a Dedekind cut of a dense subset X
of @, with X! having cofinality é«(= w.). Then we can find a cofinal set
A= {z, | p < we} of X! of order type w, such that for some integer m
the mth element of z, is pu0 for each u. If w, is singular then some Dedekind
cuts of X have a cofinal sequence of this type. These sequences are used to
divide an interval (z,—)x, into a cofinal w,-sequence of intervals (—,z,)a
where («—,z,)4a NQm =~ Q. This then facilitates the definition of a isomorphism
between (z,—)x, and (y,—)g, where y is any element of Q, for the following
reason. When we define y, by y, := ya0 and ¥ := {Ya | @ < wc} we have

(y?_'})Qn = U ((_—a yOt)Y and (Fyya)y N Qn+1 >~ Q

a<lwy
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Lemma 2.19. Suppose X is dense in Q and (X', X?) is a Dedekind cut of
X, where X' has cofinality é.. Let (z,)u<s, be a cofinal sequence in X' and

(Y:)icw be a coinitial sequence in X?2. Then there are two possibilities for (z,)

and (y;).

(1) There exists ug < §., some ig € w* and some word a;q; ...anqn such

that if z, = aygy ...akb gk then for all p > o

Bop BB _
alql ...anqn ——QIQI...anqn

and the sequence of ordinals (al_.;)u<s, is cofinal in w,. Also if y; =

Birt ... t..T. then for all i with iy <1

LBt B =ayq. ..o 1gn_1n
and infg(r))icw* = ¢n.
(2) The above statement does not hold (in which case w, = w or b, < wy).
Notice that in case (1), if §x < w. we can find an element z, of X which has

Q141 ... ngnal as an initial segment, for all @ < w, with o ¢ (a,’i+1)“<5n. Then

{z, | u<é}U {za | @ < wi, @ ¢ (afz+1)u<6.‘}

is an w,-sequence which is cofinal in X*!.

Proof. Assume first of all that w, is regular and uncountable, so §, = w. > w.
Let

S;:={z | z is an initial segment of length ¢ of some z,}.

Since (z,)u<w, C |J Si and w, is uncountable and regular there exists a
greatest integer n suckl(tiat w, ¥ ordertype(Sy,). Since (z,) is bounded in Q we
must have n > 1. Since w, is regular we must have an element ayq; ... angn € Sp
which is an initial segment to a subset A of S,+1 of order type w,. If (z,) is
not to have order type greater than w, we must then have some pg < w. with
@1q1 ... Q@ngn as an initial segment of z, for all u > o and the first part of (1)

follows since ordertype(A4) = w,.. It is obvious that there exists i, such that

yi has a1q1...an_1gn-1a, as an initial segment. If for some r € @ we have
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gn < T < ¢!, for all ¢ then 1qy ... QAn-1G@n—10,7 1s smaller than all the y, and
larger than all the z,, which is a contradiction.

Now if éx < wx or we = w and @;q; ...anqn is an arbitrary element of Q we
can pick an element z, of X with initial segment a;q; ... anqna for all o < w,.
Then (Za)a<w, 1S an we-sequence in X and we can use it to define a Dedekind
cut (X', X?) of X in the following way. Let X% := {z € X | z > z, for all
a <wge}. Let X1 := X-X? If §, < wx and (ay)p<s, is a cofinal subsequence in
wx then (z4, )p<s, Will define the same Dedekind cut of X as (z4)a<w,. Thus

(1) can also hold in the singular case.

Ify €Y for someY C X and (y,—)y has cofinality éx call (y, —)y good if
the Dedekind cut defined in the way described in the preceeding paragraph is
of the type labelled (1) in Lemma 2.19. Similarly if (X', X?) determined by a
coinitial sequence in («,y)y is of type (1) then (—,y)y is good. I may also call
Dedekind cuts of type (1) good.

From now on we shall define @y to be the empty set. Notice that, for
any n < w, if @191 ...@n—1qn-1 € Q@ U { empty word } and we define z, :=

@1q1 ... 0n—1gn-10a0 for all & < wx and define
A:i={zq | a <we}UQn-y

then

(‘_‘axa)A NQn = {0‘1‘11 e OBn-14n-1049 ‘ € Q, ¢< O} ~ Q
if @ is not a successor and
(—,20)aNQn={01q1...an_1qn109 | ¢ € Q, ¢ < 0}

U {a1q1 ...an_lqn_l(a - 1)q l q e Q, q > 0}

~Q

if a is a successor. In each of these cases, («—,z4)4 N @, is cofinal in (—,z4)4.
If and only if @ is not a successor we have that (—,z4)4NQn is coinitial in (e, To)A.

Also Lemma 2.17 shows that («—,z4)a N @Qn is closed upwards in (—.z,)4 and
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that every element of (—,z4)4 N @n 1s the supremum of an ascending sequence
in the set (—,zo)a N Qrn. Lemma 2.16 shows that no descending sequences in
(—,Z¢)aN@n have infima in (—,z4,)4. Finally, it is also true that the interval
(z,—)q, has cofinality é, for all z € @,. These facts provide the motivation

for the next two lemmas.

Lemma 2.20. Let X be a dense subset of Q and Y a subset of X satisfying
the conditions of Lemma 2.18, with y € Y. Suppose (y,—)y has cofinality
6« and is good. Then there exists a sequence A = (z,),<u. C (y,—)y N X
which is cofinal in (y,—)y. Moreover for all p there exists n, > n such that
(—2u)aN@n, = Q. Also if u is a successor then (—,z,)4NQy, is not coinitial

in (—,z,)a and (—,z,)4 Is good
Warning: If n, > n for any v then there are a finite number of elements z, in

A such that p is a successor and (—,z,)y N Qn, Is coinitial in («,z,)y. Then

Ty =P171...Pn,Ta, and {B171 ... B, ~17n, -18n,q | ¢ € Q, —1 < ¢ < 0} fulfills

the requirements on («—,z,)y N @Qn,. The reader must make this substitution.

Proof. Notice that n, > n implies («—,z,)4 N Qn = 0.
By Lemma 2.18 ordertype((y, —)y N @r) < we x Q. If we have that w, <
ordertype((y, —)y N @n) then, again by Lemma 2.18, the set (y, —)y N Qn is

cofinal in (y,—)y and if y = @1q1 ... am@qm it is of the form

{e1g1. . on-1gn-1pq | g € wi X Q, (g > angn if m >n —1) }.

In this case Lemma 2.3 shows we can pick an element z, in X with initial
segment a1q; ... 0n_1qn-140 for all p < w, (with g > a, if m > n). Then if we

define A := {zq,+1+, | # € we} the set 4 is cofinal in (y, —)y. Also

(= zu)aN@n C{a1q1...0n_1gn-11q9 | ¢ € Q,q < 0}
~Q
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for all ordinals g which are not successors and

(‘—,:C#)A M Qn g {QIQI v On1qn-1 MG l qc< qu < 0}
U {QIQI '“an—IQn—l(:u’ - 1)q l q S Q> 0< q}

~Q

for all successor ordinals p, which implies («—,z,)4 is good, if p is a successor.
By Lemma 2.16 (—,z,)4 N @, is not coinitial in (—,z,)4 if u is a successor
since in this case («,z,)4 = (z,-1,2,) and z,_; has length > n.

Suppose w. A ordertype((y, —)y N Q). Since (y,— )y is good we know from
Lemma 2.19 that we can find a sequence B = (z,),<w, in X with some word
Bir1...Bm-1Tm-1 € @ which is an initial segment of z, for all x and the mth
ordinal element of z, being p and the mth rational element of z, being 0, for

each 4 < w,. Then

(=2.)BNQm = {b171 ... Brm-1Tm-11q | ¢ € Q, 0 < ¢}
~Q
if p 1s a limit and
(= 2u)BNQm ={f1r1... Brn—17m-1(n—1)g | g€ Q, 0< g}

U{Bir1...Bm-1Tm-11q | ¢E€Q, ¢ <0}
~Q

if p is a successor, which implies («—,z,)p is good. If @;q; ... @n_1gn-1 is DOt an
initial segment of 8171 ... Bm—-17m-1 then we would have (by the same reasoning

as in Lemma 2.18) that
we X Q@ < ordertype((y, =)y N Qx)
contradicting Lemma 2.18. Define ordinals Ap,Ans1,... ,An_; inductively by

An =06,

Aoy = A+ Bisq.
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Now we can use these ordinals to define a sequence as follows. If m > n + 1,
then for each ¢ € {0,... ,m—n—2} let VA, ..+p De an element of X such that
VA, ,.+p hasinitial segment B17; ... Bru;rn 40, for psuch that 0 < g < Brtit-

If 4 = Ansilet v, be an element of X with initial segment 8i7) ... Bn+iTn+i-

Notice that

(‘-/Uu){v, | v<Am-1}s (] Qntiv1 ={Bir1 ... BnsiTnsipng | g€ Q, ¢<0}

~Q
if Apyi < p < Apyiv; and g is not a successor and

(‘——)vu){v# | p<Am-1} NQayisr = {517‘1 ---ﬂn+i7‘n+i(# - 1)9 | q€Q, ¢> 0}
U{B1ir1.. . Bn+itnting | ¢ € Q, ¢ <0}

~Q

if Apti < g € Ansio1 and g is a successor and g # An4; + 1, which implies
(«—,v,)4 is good, if y is a successor and g # Apt+i +1. Fori =0,... ,m — 2 let
n, =n+1+1 for all p such that Apyi < g < Aptit1. Let ny i=nif p < Gn
and let n, :=m if p > A,_;. Now define
z, ifp<pBn
Yu = {

Vp if ﬂn < M < Am—l
YA 1+p ‘= Zp if 0 < p <wk.

If m =n + 1 define

{a:p if < fn
Y = ve. if g =B
z, if 0 < p < wg.

Yho+p ®

andn,:=nif g <Prandn, :=mifp> Bn. Then the sequence C = (y, )y <uw,
is cofinal in (y, —)y and by the arguments above («—,y,)c NQr, = Q. Suppose

that v is a successor and v # Ap4; + 1 for some 1. Then («—,y,)c N @, is not
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coinitial in («—,y,)c by Lemma 2.16 since then (—yv)c = (yo=1,yv) and y,_;

has length 2 n,. If v = A4 + 1 then if y,= 8,7y o B, ~17n,-1(1)(0) we have

(= u)c N @n, = {ﬂﬂl o iPn,-17n,-10¢ | g € Q}

U {,Blrl ---6n,,—17'nu—11q , q < Q, q < 0}

and this is coinitial in («,1 v)c. However

{Bir1 ... Br.-17n,-11¢ 1 g€ Q, =1 < g< 0} >Q

and is not coinitial in («,¥y,)c and a Dedekind cut determined by a coinitial

sequence in this set is good. Thus the lemma is true.

Notice that this lemma implies (y,—)y N Q. C U (~—,v.lc-

p<wy

Lemma 2.21. Suppose that X is dense in Q and that A is a subset of X.

Suppose also that v € A and (—,u)s N @, ~ Q and length(z) > n for all

z € (—,u)a . Then there is a subset V of X N (—,u)4 such that

(1) ("",u)A NQR.NX CV;
(2)

(3)

(
(
(
(
(

4
3
6
7
8

)
)

)
)
)

forall z € (—,u)4 N QnN X' there is an w*-sequence (z;)ic.,- in V with
z = infx(z;);

V is cofinal in (~—,u)4 and if (—,u)s = (v,u) we can pick V to be
coinitial in (v,u) if we wish;

for all z € V there is an w-sequence (z;)icy, in V with z = supx(z;);
V~Q;

V is closed upwards in («~—,u)4;

no w*-sequence in V has an infimum in X;

ifz € V and z = infv(z;)ieu- then the interval (z,—)v has cofinality 6«

and (z,—)v Is good.

Proof. First notice that, since V =~ Q for all z € V we must have some sequence

(z;) in V such that z = infy(z;). The extra condition that z is the infimum of

an w”-sequence is added to facilitate the inductive arguments used in the proof.
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colnitial in (<—,y,,)c by Lemma 2.16 since then (‘_‘,yu)C' = (yYy—1,Y,) and y,

has length > n,. If v = Apyi+ 1 then if y,= G171 ...8n, —17n, —1(1)(0) we have

((_’yV)C N @r, = {517'1 o fBn,-17n, -10q g€ Q}

U{Bi7r1 .. Bn,-17n,11¢ [ ¢ € Q, ¢ <0}

and this is coinitial in (<, ¥, )c. However
{;817'1 ---ﬁnu—lrny—llq ‘ g € Q, —-1< q < 0} ~Q

and is not coinitial in (<, y,)c and a Dedekind cut determined by a coinitial

sequence in this set is good. Thus the lemma is true.

Notice that this lemma implies (y, =)y N @~ C U (<,v.]c-
p<wy

Lemma 2.21. Suppose that X is dense in Q and that A is a subset of X.
Suppose also that u € A and (—,u)s N Q. =~ Q and length(z) > n for all

T € («—,u)a . Then there is a subset V of X N (+,u)4 such that

(1) (—w)anN@.NXCV;

(2) forall z € (—,u)aN Q. N X' there is an w*-sequence (z;)ic,+ in V with
¢ =infx(z;);

(3) V is cofinal in (~—,u)s and if («~,u)s = (v,u) we can pick V to be
coinitial in (v,u) if we wish;

4

)

for all z € V there is an w-sequence (z;)ic, in V with z = supy(z;);

V ~Q;

7
8

no w”-sequence in V has an inimum in X;

(4)

(5)

(6) V is closed upwards in («—,u)4;

(7)

(8) ifz € V and z = infv(z;);c,- then the interval (z, —)v has cofinality 6,
and (z,—)v is good.

Proof. First notice that, since V >~ Q for all z € V we must have some sequence
(z;) in V such that z = infy(z;). The extra condition that z is the infimum of

an w*-sequence 1s added to facilitate the inductive arguments used in the proof.
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If (— ,u)4 = (v,u) and v = B171...8p7p define
Z :={bir1...8,m50q | ¢ € Q}

(we may have p+ 1 = n). For each z € Z N X' pick (z;)icw in X such that

z =1nf(z;) and z; has initial segment z0 for all 7. Define
2" ={z|z€eZNnX', i€w}

If (—,u)a NQ@nis cofinal in (—,u)4 define ¥ := 0 and Y* = 0. If not put

U = Y181 ...7kSk and define

Y = {7151 e o Yk—-18k—-17k9 I qc Q) sk —1< g < Sk}-

For each y € Y N X' pick (yi)icw- in X such that y = inf(y;) and y; has initial
segment y0 for all :. Define

Y i ={y; |lyeYNX icw}

For each z in the set («—,u)4 NQn N X' pick an w*-sequence (z;);c,~ in X with

z = infg(z;) and z0 an initial segment of z; for all . Let U be defined by

U:i= (—w)aNQ.NX)U(Y NX)UY"

U{z; |z €(—u)aN@NX", i €w*}
if we do not care if V is not coinitial. Otherwise define

U= ((—uwaN@.NX)Uu(¥YnX)uy”
U{zi |z €(—u)aN@.NX', i €w™}

UZuZz-.

Notice that any superset of U satisfies (1), (2) and (3).
Let U :=U.



For m > 0 assume U™ is defined and define U™*?! inductively in the following
way. For each y = a1q;...akqx € U™ with (p-,y)Uou_._UUm #% ( pick an w-
sequence (y;)ic, in (—,y)you.oym N X with y = supx(y:), such that for each
1 Ew

Yi = 1491 . --ak—19k—1akq;¢a§c+1q;¢+1 0y

with » > m, k and SupQ(q};) = ¢k (Lemma 2.3 shows we can do this).
Then let

U™ i={yi |ye U™, i €w}.

Now define V by

V= U um.

m<w

Also notice

(*)(*) if the Dedekind cut determined by a coinitial sequence in («—,u)4 N Qx
is good and we do not add Z and Z* then the Dedekind cut determined by a

coinitial sequence in V is good.

We claim that V satisfies (1) - (8). Since U C V we know V satisfies (1) - (3).
The way U™%! was defined from U™ ensures that V satisfies (4).

Since every element of V has cofinality w we know that V is dense. V is cofinal
in (+,u)4 so it has no greatest element. We know U? has no least element and

so if for some m we have u a least element of U9 U ... U U™ we know u cannot

be the least element of U%. This implies

(—,u)pou...oum = 0

and so U™1? contains an element smaller than u. Thus u 1s not the least element

of V and since this is true for any element of V we know V' has no least element.

Um+1

U is countable and by induction U™ countable implies that 1s countable.

Thus V= |J U™ is countable. Hence, by Cantor’s Theorem, V >~ Q.

m<w
The rest of this proof (and the real content of this lemma) is concerned with

showing that V is closed upwards in (—,u)4, that w*-sequences in V have no

infima in X and (z,—)v has cofinality §, and is good for all z € V. These things
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will be proved in two parts, the first dealing with sequences wholly contained in

Utu.

..U U™ for some m < w and the second with sequences which are not.

Notice that if (z;):;c.+ is any descending sequence and y; € (z;-1,;) for all

¢ then (y;) has an infimum if and only if (z;) does. Similarly if (z;)ic. i1s an

ascending sequence and y; € (z;,z;4;) for all ¢ then sup(z;) = sup(y;).

Case 1. For all sequences wholly contained in U° U...UU™

(6)

(7)

(8)

Ifz € (—,u)x NX and ¢ = supy(z;) for some (z;) C U’ U...UU™ then
zeUU...uU™

There are no descending sequences in U% U ... U U™ with infima in the
set (—,u)qaNX.

HzeU'U..UU™andz = inf oy, uum(Zi)icw+ then (z,—)yoyu. .uum

has cofinality §. and is good.

The proof is by induction on m.

(6)

Any w-sequence in with a terminal segment of elements each with an
initial segment in (—,u)4 N @, must have its supremum z in this set by
Lemma 2.17 (or ¢ = u). Thusz ¢ (—,u)a N X or z € U®. The proof
for sequences whose elements have initial segments in Z or Y is similar.
It is obvious that there are no w*-sequencesin Y NX or ZNX with infima
in («—,u)4. By Lemma 2.16 there are no w*-sequencesin («—,u)4NQnNX
with infima in («,u)4 since length(z) > n -1 for all z € (—,u)4 and
simitarly for ZN X and Y N X. The sequences (y;)ic.- were picked to
have no infimum in X. Suppose then that for some (z;);co~ we have z; €
(y;-)jew for each 7. Then z; has initial segment y;0 for somey; € @, NX'
and the assertion follows since (—,u)4 has no elements of length n — 1.
The proof for Y* and Z~ is similar.
Suppose that z € U%. If z € (y;)icw- for some descending sequence (y;)
with infimum in X' N @, or some descending sequence in Y~ or Z* then
unless z = yo we know z has a predecessor in U® and z is not the infimum
of a descending sequence in U°.

Now assume z is the infimum in U° of an w*-sequence in U'° and that

T =qyq...0rqs forsomek>nandz ¢ ZNXorZ orY N X orY-.
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Consider the sequence (z;);cw- defined by z; := a1q1 ... an—; Gn—-10n(gn—+
%) Notice that any lower bounds for this sequence which are greater
than z must have a;q;...2ng,0 as an initial segment. However if z €
(—,u)a N @n then z is the only element of U° with a1q; ... ang, as an
initial segment even and if ¢ = yo as in the paragraph above then z is
the greatest element in U® with a149; ... 2n¢,0 as an initial segment.

Thus if there exists a subsequence (z!);c.- of order type w* such that
z; € (—,u)yo for all 7 then (z,—)yo is bounded above by (z!) and (8)
is true. If there exists j such that z; € (—,u)yo N X' for all 7 > j then
we can pick y; € (z;-1,z;) N U for each ¢ > j to get a sequence which
defines the same Dedekind cut as (z;). In either case the sequence (z,)
picked so that z, has initial segment z(u)(0) is cofinal in the interval and
the Dedekind cut (z,) determines is of the type labelled (1) in 2.19 so the
interval is good.

The argument for elements z of Z N X or Z~ is just the same except

we need to consider the (p + 1)th element of z. Similarly forz ¢ Y N X

or Y* and its kth element.

Thus U° satisfies all three parts of the inductive hypothesis.

Suppose m = 0.

(6)

Let (z;)icw C U™*1. If there exists ig € w such that (z;);,<; is contained
in («,z)you..uym for some z € U™ then z = sup(z;) and the proof is
complete. If not then we have a subsequence (z]);c. of (z;) such that
for each 7 we have that z; € (—,y;)you...uum for some y; € U™. Then
sup(z;) = sup(y:) which is in U° U... U U™ by the inductive hypothesis.
Assume there are no sequences in U°U...UU™ with infima in (—,u)anX.

Let (z;)ico- be a descending sequence in U™ . If there exists ig such

that, for all ¢ > 2

z; € (*—, y)Uou...uU'"
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for somey € U°U...UU™ then w* < w which is not true. Thus we must

have a subsequence (z!);c,- of (z;) with
z; € (=, y:)vou...uum

for distinct elements y; € U U...UU™. Then (yi)icw~ is an w™-sequence
with no infimum in («,u)4 N X by the inductive hypothesis whence (z})
and thus (z;) have no infimum in (—,u)4 N X.
Suppose z € U U...UU™! and z = infyo,_yym+1(z;)icu- for (z;) C
U™%!. As in the paragraph above we must have a subsequence (z!)ic.-
with z; € (yi-1,y:) for some sequence (y;)icer C U U...UU™. The
Dedekind cut determined by (y;);e.- must have cofinality §, and be good
by the inductive hypothesis and then the fact that (z;);c.- determines
the same Dedekind cut shows the third part of the inductive hypothesis
holds.

Thus (6), (7) and (8) are all true for all sequences in U U...UU™ for

any m < w.

Case 2. Here we are concerned with sequences in V but not contained in the

set U°U...UU™ for any integer m. If such an ascending sequence (z;) contains

a cofinal sequence (z!) which is contained in U’ U...UU™ for some m then (z!)

has a supremum in V by Case 1. Similarly, if (y;) is a descending sequence with

a coinitial sequence (y!)in U® U...U U™ then by Case (1) there is no infimum

in X for (y!) and if y is the infimum of this sequence in U’ U ... UU™ then

(y,—)vou...oum is good. Thus it 1s enough to prove the following.

(6) If z € («,u)4NX and z = supx(z;)iew for some (z;) C V with z; € U*

forall i < wthenz € V.

(7) If (z:)icw~ is a sequence with z; € U* for all ¢ then (z;) has no infimum

in X.

(8) If (z:)icw- 1s @ sequence with z; € U® for all  and for some z € V we

have ¢ = infv(2:)icw then (z,—)v has cofinality 6, and is good.
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For each of the three parts essentially the same technique will be used 1n

the proof. We will show that for any sequence contained in V' and any integer

m we can find [ (dependant on m) such that all the elements of the sequence

share an initial segment of length m with something in U° U... U U!. Thus any

statements about sequences in V can be reduced to statements about sequences

in U°

U...UU! for some | < w, which are then covered by Case 1.

(6) Suppose that (z:)icw C V and that z; € U® for each i € w. Let | < w.

Then if we consider z; for any j > [ + 2 we can find y; € U with
Y; =ﬂfr{ ---Bz]+17'27+1 ﬂiri

such that B{r{ ...ﬁ{;{_lr{H 1s an initial segment of both y; and z;. But
then if all the elements z; for ¢ > [+ 2 have @1q1 ... Qe+ as an initial
segment and their (I+1)th rational elements form an ascending sequence
with supremum ¢ in Q then the same is true of all the elements y;. In this
case sup(y;) = sup(z;). By Case 1 we then know sup(z;) € V. Since this
is true for all [ < w and Lemma 2.17 shows that we must have some such
initial segment common to all the z; after some point, if the sequence is
to have an supremum we know the sequence (z;) has its supremum in V,
if it has one in X.

Suppose that (z;)ic,+ C V and that z; € U® for each 1 € w*. Let | < w.
Then if we consider z; for any j > [ + 2 we can find y; € U'*? with

y; = {r{...ﬂ{+1r{+l o BT

such that ﬂfr{ .. .,B{+1rf+1 1s an initial segment of both y; and z;. But
then if all the elements z; for ¢ > [ + 2 have a1q; ... @;¢q;0 as an initial
segment and their (I + 1)th rational elements form a coinitial sequence
in Q then the same is true of all the elements y;. In this case if v =
@191 ...a1q € («—,u)s4 N X then v = infx(y;) which Case 1 shows is
impossible. Thus v ¢ («~,u)4 N X. Since this is true for all [ < w and

Lemma 2.16 shows that we must have some such initial segment common
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to all the z; after some point, if the sequence is to have an infimum we
know the sequence (z;) can have no infimum in («—,u)a N X.

(8) Suppose z = infy(z;)icw+ where (z;) is the descending sequence in the
preceding paragraph. If z ¢ U° U ... U U"™*! then we must have z €
UU...UU™ for some m > [+ 1 with z > z and z < y; for all 2 which
is a contradiction since z = infy(y;). Thus z € U° U ... U U' and so

z = infyoy uui(yi). Then the assertion about (z,—)v holds, by Case 1.

Ideally, we would now perform an inductive construction to show that a dense
subset X of @ is isomorphic to Q. At the first stage we would need to find a
cofinal w,-sequence A = (7, )u<w, in X, where («—,z,)a N Q1 ~ Q for all p.

Lemma 2.21 to find V, satisfying (1) - (8) above. We would then map V), to

Up == (=, 10) (0 | vew) N Q1.

This last set has order type Q. However V, lacks an important property that
U, has. If a gapin X is a Dedekind cut{X"', X?) where X' has no greatest, and
X? no least element then every gap in U, defines a gap in Q. Indeed the only

gaps in U, (when p is a successor) are

Ul={(u-1)q|q€Q, 0<g<r, reR-Q}

and U2 ={(p-1)g|¢€Q, r<q,}U{ng|¢eR, ¢<0}
or
Ul={(p-1)g19€Q, ¢>0} and U;={pg|geq, ¢<0}.

The same is not true of V, and X. For example, a set which is cofinal in
(—,z,)a NQ) and a set coinitial in (Y N X) U Y™ will define a gap of V,, but

only an interval in X, if length(z,) > 1.
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Proof. If a is an ordinal and 8 ~ a then, by Lemma 0.3 we know 3 is an ordinal
and B < w x a. Hence every PWOP equivalence class of ordinals of cardinality
X, has size at most Rg.R, = R.. There are R, ordinals of cardinality X, and
so we can find R.4; non-PWOP equivalent ordinals. By the corollary to Lemma
2.4 each of these is isomorphic to a subset of R. Therefore R has at least R, ;

non-PWOP 1somorphic subsets.
Lemma 3.3. If £ < ( then ¢ ~ (UE.

Proof. Define
Ry := {z € N | length(z) =1 mod 4}

Then Ry and R— Ry are dense in R so by Lemma 1.12
ordertype(Rg) = ordertype(R—Ry) = (.

Then if £ < ¢ we can find Xy C Ry where ordertype(Xy) =¢. If Ry := R—X,
then R— Ry C R, which implies R; is dense in R so ordertype(R;) = (, again

by Lemma 1.12. Then the decomposition
R = X,UR,

shows that
¢ ~ &UC.

Lemma 3.4. If ¢ = ( then £ ~ (. Hence if ¢ < € then £ ~ £U¢.

Proof. Since ¢ < € it must be true that £ = (Up for some order type p. Then
¢ < ¢ implies that p < ¢ (and ¢ < (if ¢ < ) so by Lemma 3.3 it follows that
(~CUp. So(~¢E If ¢ x{then ¢ < (s0

£~ ¢
~ (U
~§U¢
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and the lemma is true.

This important lemma is needed in the first stage of the induction performed
on Laver’s classification of all order types which are the union of a countable
number of scattered types. Of course, in the singular case, since ordertype(V)
is also an Nwy,we 4, -universal and is isomorphic to any dense subset of itself we
could have used ordertype(NN) in place of ¢ to prove Lemma 3.3.

To prove Theorem 3.1 I need to show that G has no more than Nk+1 orbits
on P(R). All order types of sets which can be written as the union of countably
many scattered type and which do not embed w? or we4; can occur as the order

types of subsets of R. Remember that K := |J Kg, where
BEON

K:o:== {0,1};
Kg:={¢ | ¢isa (U,w*)-unbounded sum or a (U,wy)-unbounded sum

or a (U, Nw, wy 4, )-universal, for some U C U Ks,
6<p

some initial ordinal wy }

and that, by Theorem 0.10, every order type which is a countable union of
scattered sets and does not embed w* is a finite sum of elements of K. Theorem
0.11 shows that there are only N.4; non-=-equivalent order types in X. Thus
1t 1s enough to show that =-equivalence implies ~-equivalence, in K. To do this

we will perform transfinite induction on ht(¢) defined by
ht(¢) := min{8 € On | ¢ € Ks}.

Lemma 3.5. Suppose that ¢ € K — {1}. If ¢ is any order type with ¢ < ¢
then ¢ ~ ¢Up.

Proof. Suppose, first of all, that ¢ is an unbounded sum ) ¢, where wy is
an initial ordinal and ht(@,) < ht(4) for all & < wi. Th?;ug)xart of the proof
follows almost exactly the proof of Lemma 3 in [5]. As inductive hypothesis we
may suppose that for each a the assumption of the lemma holds if ¢, is infinite

or 0. Let ¢ be an order type < ¢. If all the summands are finite (that is 0 or
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1) then either ¢ = 0 and ¢ ~ ¢Uy or, since ¢ # 1, we know X, many of the
summands are 1, so ¢ = wy and certainly ¢ ~ ¢Utp.

Suppose then that at least one of the types ¢, is infinite. From a particular
embedding of a set of order type 1 into one of type ¢ we get a decomposition
Y = Y, %o where 1, < ¢, for all a. We define a function f:wy — wy
recurs?:gi;f as follows. Assuming that f(a) is already defined for all a < 3, we

define f(3) by the following rules:
if 15 is finite then

f(B) :=min{y | f(a) < v for all & < B and ¢, is infinite }

if 3 1s infinite then

f(B) :=min{y | f(a) < v for all @ < f and ¥3 < ¢}

The existence of such numbers ¥ < wy is guaranteed by the definition of un-
bounded sums. The point of the definition is that the function f is strictly
increasing, ¢ s(g) is infinite and 3 < ¢f(g) for all 8. By our inductive hypoth-
esis we have ¢z ~ ¢ﬂU¢f(ﬂ) for all f < wy. If a < wy and X, is a linearly
ordered set of type ¢, then we have partitions X, = X,0UX4, where

if « ¢ im(f) then Xo0 =0 and Xo1 = Xq;

if @ = f(v) then Xy has type ¥, and X, ~ X, .

Then, if X := Y. X, wehave X = Y XoU ) Xo and so ¢ ~ pUs. A

aEwy aCw)y a€wy
very similar argument deals with the case when ¢ is a (U, w™)-unbounded sum.

Now suppose that ¢ is a universal, so ¢ = > ¢4 with ht(d,) < ht(4) , where
a€Y
Y is some set whose order type is an 7., w,,,-universal.
Suppose that ¢/ C {0,1}. Since ¢ # 1,4 = 0, which is covered above or by the

second corollary to Theorem 0.6 we know ¢ = (. Then by Lemma 3.4, ¢ ~ 1pU¢

for any ¥ < ¢.
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So suppose that ¢ is infinite for some v € Y. Then by the definition of
universal

DAY

a€Y
where ¢! = ¢y for all @ € Y. So we must have Yy C Y, with ordertype(Yy) =
ordertype(Y ) and 4. infinite for all v € Yy (and finite for all vy € Y -Y;). Let
h:Y —Yy, — Y, be an injective, order preserving function (there must be one
since ordertype(Y’) < ordertype(Y,)). Now if X is a set of order type ¢ and Xo,
X, are sets of order type 3 ¢, and Y @, respectively then X = X,UX,

a€Yy a€EY-Y,
and so

where xq := ¢q if & ¢ Im(h), and xq := ¢,Ud, if & = A(7).

But xo = ¢4Ups ~ éo by the inductive hypothesis, (since ¢ is finite and ¢,
is infinite, automatically we have ¢., < ¢,). Then ¢ ~ Y. ¢o where every ¢,
is infinite. Then if ¢ < ¢, again from a particular embggc’i/(i)ng of a set of order
type ¥ into one of type ¢ we get a decomposition ¥ = Y. o where ¥, < dqo

QEYQ
for all a. But then

6= ¢o

a€Y)

~ > baUthq
a€Y,

~ Z ¢aU Z Yo
a€Yo a€Yo

~ $Up

(again using the inductive hypothesis, which is now possible since ¢, # 1).

Theorem 3.1. The group of PWOP automorphisms of R has Y., orbits on
P(R).

Proof. If X, X, are subsets of R then there exists a PWOP permutation of R

mapping one to the other if and only if the ordered pairs (X, R—X}), (X, R—X3)
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--i== -femlant Therefare the number of orbits of the group G is equal to

are PWOP equivalent. Therefore the number of orbits of the group G is equal to
the number of non-PWOP isomorphic subsets of R, and by Lemma 3.2 we have
at least N1 of these. If X C R then Theorem 0.10 shows that if £ is the order
type of X then £ is a finite sum of types from K. Theorem 0.11 says there are
are R.y; =-equivalence classes of order types of cardinality R, in K so if we
can prove that =-equivalence implies ~-equivalence then the theorem is true.

However this is an immediate corollary of the last lemma. For if ¥ = ¢ then

Y < ¢ s0 ¢ ~ dUy but also ¢ < 1 so 1 ~ Ué which means 1) ~ 4.

Theorem 3.6. The group of PWOP automorphisms of X has Nx4; orbits on
P(X) for any set X with order type an (U, Nw, w. ,, )-universal, with U = {0,1}.

Proof. If ¢ = ordertype(X) then ¢ = ( by the second corollary to Lemma 0.7
so if ¥ is any subset of X we have ordertype(Y) < ¢. Thus ¥ < ¢ implies
and is implied by 1 < (, Therefore the number of non-~-equivalent order types
embeddable into ¢ and ¢ is the same, namely R..; whence there are .1, subsets

of X which are not PWOP isomorphic.

This completes the proof of the theorem, and the section of this chapter con-
cerning PWOP automorphisms. We will now see how the set M together with
the theorems of [7] show that being a countable union of scattered sets with
no uncountable descending chains is equivalent to being a countable union of

well-ordered sets. First we will see how the work in this thesis alone gives a

similar fact for well-ordered sets.

Theorem 3.7. Suppose a is an ordinal of cardinality R,. If W is a set of order
type o then W is a countable union of sets (W;)i<. where for each t the order

type of W; is < wi.

Proof. Since Lemma 2.1 shows

M = U M;

1<w
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are PWOP equivalent. Therefore the number of orbits of the group G is equal to
the number of non-PWOP isomorphic subsets of R, and by Lemma 3.2 we have
at least R4 of these. If X C R then Theorem 0.10 shows that if £ is the order
type of X then £ is a finite sum of types from K. Theorem 0.11 says there are
are R.i; =-equivalence classes of order types of cardinality X, in K so if we
can prove that =-equivalence implies ~-equivalence then the theorem is true.

However this is an immediate corollary of the last lemma. For if Y = ¢ then

P < ¢ 50 ¢ ~ ¢Uh but also ¢ < ¥ so ¥ ~ 1hUg which means ¢ ~ ¢.

Theorem 3.6. The group of PWOP automorphisms of X has Nx+1 orbits on
P(X) for any set X with order type an (U, N we 41 )-universal, with U = {0,1}.

Proof. If ¢ = ordertype(X) then ¢ = ¢ by the second corollary to Lemma 0.7
so if ¥ is any subset of X we have ordertype(Y) < ¢. Thus % < ¢ implies
and is implied by ¢ < (. Therefore the number of non-~-equivalent order types
embeddable into { and ¢ is the same, namely R, whence there are R, subsets

of X which are not PWOP isomorphic.

This completes the proof of the theorem, and the section of this chapter con-
cerning PWOP automorphisms. We will now see how the set M together with
the theorems of [7] show that being a countable union of scattered sets with
no uncountable descending chains is equivalent to being a countable union of
well-ordered sets. First we will see how the work in this thesis alone gives a

similar fact for well-ordered sets.

Theorem 3.7. Suppose «a is an ordinal of cardinality R.. If W is a set of order
type a then W is a countable union of sets (W;);<. where for each i the order

type of W; is < wi.

Proof. Since Lemma 2.1 shows

M=) M

i<w

97



where the order type of M; is wi and since Lemma 2.2 shows a < ordertype(M)

the result follows.

Theorem 3.8(Lauchli [6]). Conversely, this is the best result possible in the
following sense. Suppose « is an ordinal, of cardinality ., with R, regular
and greater than R, and that o > w”. If we write a set of order type a as a
countable union of well-ordered sets, | ] A; where the order type of A; is a,
then sup o; 2> w¥. <

i<w
Proof. By Lemma 04, if w! < « where i < w and w, > w and we write a set

of order type a as a countable union of sets then w' is embeddable in at least

one of the sets. Since this is true for every ¢ < w if @ > w¥ the result follows.

Theorem 3.7 above is surprising, but using Lemma 2.4 and a theorem from

[7], we can get an even stronger result.

Theorem 3.9. If U is a linearly ordered set of cardinality R, which is a count-
able union of scattered sets then we can write
U= U U;
1<w
where ordertype(U;) < wt.
Proof. By Theorem 0.6 we know that ordertype(U) < ¢ if ¢ is any 7, e pi”

universal. By Lemma 2.4 we know ordertype(M ) is an 7, o, ,,-universal. Lemma

2.1 shows that M has such a decomposition, whence U does also.

Theorem 3.10. Any scattered set U which does not embed w} or wxy; and
such that w¥ < ordertype(U) can be written as a countable union of well-ordered
sets U; where ordertype(U;) = w.

Proof. This is equivalent to the theorem above. Obviously a countable union
of countable unions of well-ordered sets is still a countable union of well-ordered

sets.

Conversely any scattered set is of course a countable union of scattered sets

so if U is scattered then

v=JUu

1<w
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where ordertype( U;) < wi. Obviously for all ¢ < w

Wt < w? < ordertype(U)

1
K
so there is no bound on i < w such that w < ordertype(U). This implies that

for each ¢ < w we can find U! with order type w,'; such that U;—( (J UJ') cUj.
j<i

Theorem 3.6 is a special case of either 3.9 or 3.10 since well-ordered sets are
scattered and have no descending chains that are even countable. If X is a
countable union of scattered sets and X has no uncountable descending chains
then Theorem 3.9 gives us the number of orbits of the group of N,-PWOP

automorphisms of X on P(X) as the following two lemmas show.

Lemma 3.11. Suppose X is a countable union of scattered sets, that | X| = R,
and that wy < ordertype(X) and w} % ordertype(X). Then ordertype(X) ~q

175
wy.

Proof. By Theorem 3.10

X:UL

1<w

where ordertype(X;) = w'. By definition, if W is a set of order type wy then

W:Zm

1<w
where ordertype(W;) = w’. Hence ordertype(X) ~¢ ordertype(W).

Corollary. All ordinals between w? and wy+1 are Rg-PWOP-isomorphic to each

other.
Lemma 3.12. Suppose that fori = 1,... ,j we have that a; is an initial ordinal
with we < a3 < ag < ... < «j and ny,... ,n; are non-zero integers. Then
wy X agt X ... xa?j Sy <wgtp Xagt X ... xa?’
implies

w ny n;
we X alt X ..oxag ~g .
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Proof. First notice that, if « is infinite and a, 8 < v then B+ (a x v) ~ a x 7.

This is true because a ~ 1 + a. Thus

axygft+axy
<XT+axy

~a X .

Therefore, since these are well-ordered sets 8 + (a X ) ~ o x 7. Suppose

w ny n; n n;
we Xap X...xa;? <y <wgpr Xag! X ... Xa;’.

n; .
Theny=axaj*x...xa;’ + 8 wherew? < a <weijand f<af' x...xa}’,

J
Then

n:
Yy=axa'x...xa; +f

~B+axal x...xaj’

n
~axXat X, xa”.

The corollary to Lemma 3.11 shows that a ~y w“ so let f: A — W be an Rg-
PWOP isomorphism, where A and W are sets of order type a and w¥ respectively.

Then let B be a well-ordered set of type ay' x ... X a;lj and order A x B

and W x B lexicographically, creating sets of order type a x af' X ... X a?’

and w¥ X a™ X ... X a’ respectively. The natural extension of f witnesses
K 1 J p

A x B ~9g W x B, whence

i
axaft X...xa ~wd Xat XX o

Since we showed above that

n, n;
Y~axXal X..ooXa;

we have that

w ny n;
’)’NowKXQI X...XOtJ-.
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We can use the lemma just proved to see what ~y-equivalence classes of or-
dinals look like, for any cardinal R,. Firstly we will prove that ~-equivalence
classes of ordinals are convex. The lemma above tells us about one set of
~x-equivalence classes (because, as mentioned at the start of the chapter, ~¢-
equivalence implies ~-equivalence). Bearing in mind the convexity lemma the

two lemmas following it show which of the ordinals which are not covered by

Lemma 3.12 are ~j-equivalent.

Lemma 3.13. Any ~,-equivalence class of ordinals is convex.

Proof. Suppose a,8 and v are ordinals with & ~) f and a < v < 8. We can
assume without loss of generality that all three are limit ordinals since if « is
any limit ordinal and n is a finite order type then a ~ n + a ~ a + n. Then,

since « 1s a limit ordinal we know that
a~alUa

and similarly for 8 and ~.
Let A and B be sets of order type @ and 3 and C a subset of B of order type
~. Notice that there exists C; C 4 with C; ~) C and 4A—C; ~, B—-C. Indeed

if A= |J A, and f: A — B witness A ~) B then B = |J f(4,). Let
p<wy pu<wy

C,:=f(A,)NC. Then

¢y = ( U f‘l(C#)> ~ C

n<wy

B-C = U (f(Au) - Cu)

p<wy

o U (4= F2C0)

p<wa
=A—Cl.
Then
C~a(C=A)UAU(A=Cy) U Cy
~(B=-C)U(C~A)UCUA
~ B
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Hence C ~y B and so v ~) 5.
Notice that, if |a] < Ry then a x 8 ~ § X a for any ordinal 3.

Lemma 3.14. Suppose R, is an infinite cardinal and for i = 1,...,j we have
that «; Is an initial ordinal, that n; is an integer (possibly 0), that n; is a

non-zero integer if 1 > 1 and wy4; = oy < a3 < ... < ;. Then

ni n;
ot X Xay ~a B

nj

if and only if a7t X ... X o

n;
SB<wryr xo7' x...xa;’.

Proof. Suppose (seeking a contradiction) that in the situation defined above

we have

n n; ni n;
ot XXy ~ywapr X gt XL Xoag? (1)

Let B8 := ag? X ... X a;-'j. Then (t) implies that we can write sets A and B of

order type wy!, x B and w:\'}*_"l'l X [ respectively as

A=) 4 ad B= (] B,

p<wy p<wy

where A, ~ B,. We know that R); is a regular cardinal, and obviously wy <

wx+1- Thus by Lemma 0.4 we have wzﬁl X B < ordertype(B,) for some g,

whence w;'fl'l x B < ordertype(A,) and so w;fl'l X 3 < ordertype(A) = wyl, x 8.

. . n; ny
This is absurd so we cannot have a;' x ... X aj’ ~A WAL X apt XX aj’.

Now suppose that

nj

P SB<waixal X xa)l.

ny
al X... X« j

Then B8 = a x a7t x...xa;j + v where a < wx41 so |a] € Ry, and v <

n

a;’ x...xa;j. Then

~a' X ... Xa



(The statement (1) is true because of the comment at the beginning of the proof

of Lemma 3.12.)

Theorem 3.15. Suppose R, is any infinite cardinal and X\ < R.. Then there
are countably many ~y-equivalence classes of ordinals of cardinality < R, if

Kk < wy and |k| many if K > w;.

Proof. The preceding four lemmas show that the ~j)-equivalence classes of

ordinals of cardinality < X, are of the form

{7 € On | |y| = X, for some cardinal 8, < Ry}

or

n;

{y€O0n|al' x...xa}) <y<wapixof* x...xa;, fori=1,...,§

J

0 € n; < w, «; an initial ordinal with wa4; < a1 < ... < aj € wk}
or
. n, . .
{~ € On[wf_*_lxa?‘x...xa?’ 7Y <wapeXogtX...xa;’, fori=1,...,7]

0 < n; < w, o; an initial ordinal with wx+1 < a1 <... < aj < wi}.

Suppose & < w;. Then the first two sets are countable and the third set has
size Ry. Hence the number of ~)-equivalence classes is 8g. If k > w; then the

first two sets have size |«| and again the third one has size Xy so the lemma

holds.

Theorem 3.16. The group of Rg-PWOP automorphisms of R has X, orbits on

P(R) if K <w and |&| if £ 2> wy.

Proof. This follows from Theorem 3.15 together with its proof, since by Lemma
3.11 we know that ordertype(R) ~o wi. Then, if A is a (proper) subset of a set
W of order type w? it must be true that A has order type o for some ordinal
a < w*. Thus the number of orbits of the Ro-PWOP automorphisms on P(1V)

is the same as the number of non Rg-PWOP- isomorphic ordinals.
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Conclusion

The question of whether there exist sets of cardinality R, with permutation
groups acting on them, with R, orbits on the power set, has been fully answered
in this thesis, in the case when Ry = R.1;. However it is still open for R, bigger
than R4, if R, islarger than Ry. Since answering this question, in the case when
R, 1s countable requires Martin’s Axiom (see [1]), it is probable that solving the
problem when R, is larger than R, will require more than the normal axioms
of Zermelo-Fraenkel set theory with the axiom of choice.

We also do not know, at present, whether the set @), consisting of all finite
words 1n w, X Q, with a lexicographic ordering, is order-isomorphic to all its
dense subsets, but this is a question that should be amenable to the techniques

already used in this work.
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