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Abstract

Non-equilibrium (NEQ) many-body dynamics are ubiquitous, ranging from glassy
systems to the emergence of structure in the early universe. Ultracold atomic
gases provide an ideal, highly controllable platform for studying these phenomena,
and this thesis presents a comprehensive investigation into the NEQ dynamics of
coupled bilayer two-dimensional (2D) Bose gases.

In this thesis, we numerically investigate Josephson effects in bilayer 2D super-
fluids using classical-field simulations. We show that the system exhibits damped
Josephson oscillations and macroscopic quantum self-trapping, and we discuss the
associated excitations that emerge in the system. We then experimentally study the
phase-ordering dynamics following a coupling quench that drives the system from
a disordered to an ordered phase, realized using a well-controlled multiple-radio-
frequency (MRF) dressed double-well potential. The resulting NEQ dynamics
are probed using matter-wave interferometry, which provides direct access to
correlation functions and vortex excitations of the relative-phase mode. Our results
demonstrate that the system undergoes universal dynamics in the form of diffusion-
type coarsening, in excellent agreement with classical-field numerical simulations.

This work broadens the understanding of NEQ and universal dynamics, and
the methods presented here serve as a novel and highly tunable approach for
exploring a wide range of NEQ dynamics.
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1
Introduction

The study of quantum many-body systems far from thermal equilibrium represents

one of the most vibrant and challenging frontiers in modern physics, our under-

standing of the dynamical evolution of complex interacting systems remains far

less complete. Ultracold atomic gases have emerged as a promising platform for

exploring these dynamics, offering remarkable control over system parameters such

as dimensionality, interaction strength, and external potentials. This allows for the

precise engineering of Hamiltonians and the direct observation of their subsequent

time evolution, effectively positioning these systems as "quantum simulators".

Within this landscape, systems confined to two spatial dimensions (2D) hold

a special significance. The Mermin-Wagner theorem dictates that continuous

symmetries cannot be spontaneously broken at finite temperatures in 2D systems

with short-range interactions, precluding conventional long-range order [1]. Instead,

2D systems can exhibit a more subtle form of order, characterized by a topological

phase transition first described by Berezinskii, Kosterlitz, and Thouless (BKT) [2,

3]. This transition is mediated by the binding and unbinding of vortex-antivortex

pairs. Below the BKT transition temperature, the gas enters a superfluid phase

characterized by quasi-long-range order and a power-law decay of correlations, while

above it, a proliferation of free vortices destroys this order. The unique nature

1



1. Introduction 2

of the 2D system and its associated topological defects provides a rich backdrop

for investigating non-equilibrium phenomena.

The complexity and richness of 2D systems can be further enhanced by introduc-

ing an additional degree of freedom, such as a coupling between two parallel layers.

Coupled bilayer 2D Bose gases are paradigmatic systems for studying a variety of

quantum phenomena, including Josephson effects [4–8], light-cone dynamics [9],

reverse-KZ mechanism [9, 10], and universal rephasing [11]. In equilirbium, the

interplay between the intralayer BKT physics and the interlayer Josephson coupling

gives rise to a complex phase diagram [12–14].

This thesis explores two key aspects of the dynamics in a coupled bilayer system.

First, we investigate the rich phenomenology of Josephson effects that arise from

interlayer coupling, focusing on the role of topological excitations and sine–Gordon

solitons unique to 2D systems. We then turn to phase-ordering dynamics, examining

the system’s evolution following a quantum quench implemented via a sudden change

in the tunnel-coupling strength. Such a coupling quench explicitly breaks symmetry

and drives the system far from equilibrium, forcing it to evolve toward a new steady

state. Of particular interest among universal non-equilibrium (NEQ) phenomena

are the coarsening dynamics that manifest as a power-law growth of a characteristic

coherence length, L(t) ∼ t1/z, following a quench from a disordered to an ordered

phase, characterized by a universal dynamical exponent z [15–20]. This motivates

a central question of broad relevance to NEQ physics: can universal coarsening

dynamics arise following an explicitly symmetry-breaking quench, and if so, what

dynamic exponent governs this behavior in a coupled bilayer system?

To answer these questions, we probe the system’s dynamics through a combina-

tion of numerical and experimental approaches. We perform numerical investigations

by employing the classical-field methods based on Monte Carlo simulations and the

Gross–Pitaevskii equation (GPE), which have proven highly effective in describing

the dynamics of weakly interacting Bose gases at finite temperature [10, 21–23].

These simulations allow us to directly follow the evolution of correlation functions,

the density of topological defects, and the growth of order, thereby enabling a
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direct test of the scaling hypothesis and the extraction of critical exponents. At the

same time, significant progress in experimental methods for ultracold atomic gases,

such as multiple-radiofrequency (MRF) dressed potentials, time-of-flight (TOF)

imaging, and matter-wave interferometry, has enabled powerful approaches to

studying non-equilibrium dynamics and provided quantitative data for comparison

with theoretical predictions.

The remainder of this thesis is organized as follows. Chapter 2 introduces the

theoretical framework for describing the coupled bilayer 2D Bose gas, including the

model Hamiltonian and the equilibrium phase diagram. Chapter 3 presents the

numerical methods used to simulate the system both in and out of equilibrium and

reports the numerical investigation of Josephson effects in 2D bilayers. Chapter 4

describes the experimental apparatus employed to realize the tunnel-coupled quasi-

2D bilayer gas. Chapter 5 presents the main experimental results on the quench

dynamics and phase-ordering kinetics. Finally, Chapter 6 concludes with a summary

of the findings and an outlook for future experimental research directions.



2
Theory of Bilayer 2D Bose Gases

Contents
2.1 2D XY Model . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Spin correlation functions . . . . . . . . . . . . . . . . . 5
2.1.2 Berezinskii–Kosterlitz–Thouless transition . . . . . . . . 8
2.1.3 Renormalisation group analysis . . . . . . . . . . . . . . 11

2.2 Coupled 2D XY Model . . . . . . . . . . . . . . . . . . . 15
2.2.1 Bilayer XY Hamiltonian . . . . . . . . . . . . . . . . . . 15
2.2.2 Antisymmetric and symmetric mode decomposition . . . 17
2.2.3 Correlation functions in bilayer XY model . . . . . . . . 18
2.2.4 BKT paired phase . . . . . . . . . . . . . . . . . . . . . 19

2.3 Bilayer 2D Bose Gases . . . . . . . . . . . . . . . . . . . 20
2.3.1 Absence of condensation in uniform ideal 2D Bose gases 20
2.3.2 Condensation in finite systems and harmonic traps . . . 22
2.3.3 Interaction in 2D Bose gases . . . . . . . . . . . . . . . 23
2.3.4 Bogoliubov analysis and suppression of density fluctuations 24
2.3.5 Mapping between 2D Bose gases and the 2D XY model 26
2.3.6 Local correlation approximation in harmonic traps . . . 28
2.3.7 Tunnel-coupled bilayer 2D Bose gas . . . . . . . . . . . 29

In this chapter, we review the theoretical framework for bilayer weakly interacting

two-dimensional (2D) Bose gases. We begin with the 2D XY model, which serves as

a low-temperature effective theory for a single-layer 2D Bose gas and for decoupled

bilayers. The model is then extended to the coupled XY case, where the system

naturally decomposes into symmetric and antisymmetric sectors with distinct

4



2. Theory of Bilayer 2D Bose Gases 5

physical behaviour. Finally, we examine bilayer 2D Bose gases and show that

interactions suppress density fluctuations, while tunnel coupling gives rise to novel

phases beyond the Berezinskii–Kosterlitz–Thouless transition.

2.1 2D XY Model

2.1.1 Spin correlation functions

We consider classical planar spins of unit length, Si = (cos θi, sin θi), sitting on the

sites i of a regular two dimension (2D) square lattice. Only nearest neighbours

interact, with ferromagnetic exchange J > 0:

HXY = −J
∑
⟨i,j⟩

Si ·Sj = −J
∑
⟨i,j⟩

cos(θi − θj) . (2.1)

The Hamiltonian is invariant under the global U(1) shift θi →θi + α. In the low-

temperature regime, the dominant excitations are spin waves, which are smooth,

wavelike disturbances where the angle difference between any two adjacent spins is

small. The local smoothness validates the expansion of cos(θi − θj) to the quadratic

order, and taking the continuum limit yields

HXY ≃ E0 + J

2

∫
d2r |∇θ(r)|2 , (2.2)

where E0 is the constant ferromagnetic ground state energy.1 According to the

Mermin-Wagner theorem, a continuous symmetry cannot be spontaneously broken

in systems with short-range interactions at finite temperatures in dimensions d ≤ 2

[1]. One can show that the average magnetization ⟨Sw⟩ in w direction is 0 in

the thermodynamic limit at any nonzero temperature [24]. Consequently, there

is no conventional long-range-order (LRO) low temperature ordered phase in 2D

XY model; that is, its spin correlation function does not approach a non-zero

constant as the distance |i − j| → ∞.

1For now, we restrict our analysis to smooth angle fields (i.e., spin waves), which are free from
singularities.
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The spin-spin correlation function, g(r), which measures the average alignment

between spins separated by a vector r, is defined in the continuum limit as

g(r) = ⟨S(0) · S(r)⟩ = ⟨ei[θ(r)−θ(0)]⟩ =
tr
[
ei(θ(r)−θ(0))e−βH

]
tr [e−βH ] . (2.3)

By expressing the angle field θ(r) as a sum over its Fourier modes θk,

θ(r) = 1
4π2

∫
θ(k)eik·rd2k , (2.4)

one can show that the correlation function under spin-wave approximation has the

form

g(r) = exp
(

− kBT

4π2J

∫ 1 − cos(k · r)
k2 d2k

)

= exp
(

−kBT

2πJ

∫ π/a

0
dk

1 − J0(kr)
k

)

= exp
(

−kBT

2πJ I(r)
)
,

(2.5)

where J0 is the zeroth-order Bessel function and we have introduced a high wave

number cutoff kcutoff = π/a, where a is the associated microscopic length scale. We

then let u = kr and decompose the integral I(r) into three parts [24]

I(r) =
∫ π/a

0
dk

1 − J0(kr)
k

=
∫ πr/a

1

du

u
+
∫ 1

0

1 − J0(u)
u

du−
∫ πr/a

1

J0(u)
u

du

= ln
(
πr

a

)
+ γ +O

(
(πr
a

)−3/2
)
,

(2.6)

where

γ =
∫ 1

0

1 − J0(u)
u

du−
∫ ∞

1

J0(u)
u

du ≈ −0.116 . (2.7)

For long distance r ≫ a, we can approximate I(r) ≈ ln(πr/a) and,

g(r) ≈ exp
(

−kBT

2πJ ln πr
a

)
=
(
πr

a

)−kBT

2πJ

=
(
πr

a

)−η(T )
. (2.8)

We find that the decay of the spin correlation function exhibits an algebraic form

with exponent η(T ) at long distances, indicative of quasi-long-range order (QLRO).
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1 or 𝐾 cos ∆𝜃
1 bond 2 bond 1 bond

𝜃 𝟎

𝜃 𝒓

a b c

Figure 2.1: Graphical rules for the high-temperature expansion of the XY
model. (a) Bond insertion: each nearest neighbour edge contributes either a factor 1 or
K cos(θi − θj). (b) Sites with different number of bonds. (c) The lowest-order nonzero
graph connecting θ0 and θr is the self-avoiding path linking the two sites (highlighted by
red bonds), each contribute a K/2 to the integral.

We now examine the spin–spin correlation in the high-temperature regime. To

evaluate the correlation function, we first perform a high-temperature expansion

of the partition function

Z = tr
[
e−βH

]
=
∫ 2π

0

∏
i

dθi

2π
∏
⟨ij⟩

[
1 +K cos (θi − θj) + O

(
K2
)]

, (2.9)

with K = βJ → 0 in the high temperature limit. Each bond on the lat-

tice contributes a factor or either 1 or K cos(θi − θj) to the integral. Since∫ 2π
0 dθi cos (θi − θj) /2π = 0, all terms that are linear in K disappear after per-

forming the integrations. Moreover, one can verify that any graph containing an

odd number of bonds contributes zero to the integration, so only even powers of

K survives. This implies that only the closed loop can survive for the partition

function under high temperature expansion [25].

The spin-spin correlation function is calculated by

g(r) = ⟨S(0)·S(r)⟩ = 1
Z

∫ 2π

0

∏
i

dθi

2π cos (θ0 − θr)
∏
⟨ij⟩

[
1 +K cos (θi − θj) + O

(
K2
)]

.

(2.10)

We first consider a site j at which two bonds impinge, one connecting to site i and

the other to site k, its integral evaluates to
∫ 2π

0 dθj cos (θi − θj) cos (θj − θk) /2π =
1
2 cos (θi − θk). This demonstrates that the integral which contributes nonzero factor

has to be a closed loop, or a open path connecting θ0 and θr. To the lowest nontrivial
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order, the only surviving contribution to the numerator arises from the shortest

self-avoiding path connecting θ0 and θr, yielding a factor of (K/2)r, as shown in

Figure 2.1c. The high-temperature expansion of the partition function Z begins

at order K0, its reciprocal contributes only a constant at this order. Therefore,

the spin-spin correlation in high temperature is

g(r) ≈
(
K

2

)r

= e−r/ℓ , (2.11)

where ℓ = 1/ ln (2/K) is the correlation length. This indicates that, at high

temperatures, the spin-spin correlation function decays exponentially rather than

following a power law. The distinct functional forms of the spin correlation function

at low and high temperatures imply the existence of a finite temperature phase

transition in the 2D XY model.

2.1.2 Berezinskii–Kosterlitz–Thouless transition

The qualitative change from exponential to algebraic correlations in the two–

dimensional XY model is not a conventional symmetry–breaking transition as

stated by the Mermin-Wagner theorem, but a topological one, first proposed by

Berezinskii, Kosterlitz and Thouless [2, 3]. Its essential ingredients are topological

defects in the phase field θ(r), which in the continuum limit satisfies the Laplace

equation, ∇2θ(r) = 0.

Apart from the trivial, ferromagnetically ordered solution, θ(r) = const, this

equation admits a class of non-trivial solutions known as vortices. These are

topological defects characterised by a core region where the order parameter must

vanish, surrounded by a far-field region where the phase varies slowly. The defining

feature of a vortex is that the phase field θ(r) is multi-valued; a circuit along any

closed contour Γ enclosing the vortex core results in a net change in the phase

that is an integer multiple of 2π:∮
Γ

∇θ(r) · dl = 2πn

where n ∈ Z is an integer known as the winding number or topological charge. A

positive integer corresponds to a vortex, while a negative integer corresponds to
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an antivortex. The integer quantisation is a necessary condition to ensure that

the physical order parameter, s⃗(r) = (cos θ(r), sin θ(r)), remains single-valued upon

traversing the contour. A configuration containing a vortex cannot be continuously

deformed into the uniformly ordered ground state (where n = 0), since the winding

number is a discrete integer.

To understand the role of vortices in driving the transition, we can employ the

free energy argument [26]. The energy of a single vortex with winding number n

can be estimated from the Hamiltonian (see Eq. (2.2)). The phase gradient for

such vortex is ∇θ(r) = (n/r)θ̂, leading to vortex energy2

Ev = J

2

∫
d2r(∇θ)2 = πJn2 ln

(
L

ξ

)
, (2.12)

where L is the linear dimension of the system and ξ is a short-distance cutoff

corresponding to the vortex core size, so that single vortex is considered to have

an area of πξ2. This logarithmic divergence with system size suggests that an

isolated vortex has an infinite energy cost in the thermodynamic limit (L → ∞).

At finite temperature, however, this energy cost is opposed by the configurational

entropy of the vortex. The number of possible locations for the vortex core is

approximately (L/ξ)2, yielding an entropy Sv = 2kB ln(L/ξ). The resulting free

energy for a single vortex is

Fv = Ev − TSv =
(
πJn2 − 2kBT

)
ln
(
L

ξ

)
. (2.13)

If we only consider the elementary excitations with lowest energy (n = ±1), this

free energy changes sign at a critical temperature,

TKT = πJ

2kB

. (2.14)

For T > TKT, the entropic term dominates, making Fv < 0 and favouring the

proliferation of free vortices (see Figure 2.2), which in turn disorders the system

and leads to the exponential decay of correlations.
2Here we calculate the long-distance contribution to the vortex energy and introduce a distance

cutoff. For this purpose, the continuum Hamiltonian is employed, as it correctly captures the
behavior of the phase field far from the vortex core. The total vortex energy consists of this
long-distance contribution together with a core energy (a constant), but the long-distance term
dominates since it diverges with the system size.
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T < TKT T > TKT

−π

0

π

θ

a b

Figure 2.2: Illustration of topological defects in 2D XY model. Spin field on a
square lattice (arrows) with the local azimuthal angle θ encoded by the adjacent color bar
(ranging from −π to π). (a) T < TKT: in the low-temperature phase, only tightly bound
vortex–antivortex pairs are present (vortices marked by red circles, antivortices by black
crosses) (b) T > TKT: above the BKT transition free vortices proliferate, as indicated by
the multiple isolated defects.

The infinite energy of an isolated vortex implies that it is not possible to generate

a single free vortex in the system in thermodynamic limit. However, it does not

prohibit the vortices from being created in pairs of opposite charge, (n,−n). The

distortion field from such a vortex-antivortex pair decays rapidly with distance,

and its interaction energy depends not on the system size L, but on the pair

separation r, one can show that [24]

Epair = πJ (n1 + n2)2 ln (L/ξ) + 2πJn1n2 ln (ξ/r) = 2πJ ln (r/ξ) , (2.15)

where we have assumed n1 = 1 and n2 = −1. This energy is finite so bound vortex-

antivortex pairs can be thermally excited at any temperature. The low-temperature

phase is therefore not a vortex-free state, but rather a dilute gas of tightly bound

pairs, as Epair ∝ ln r. These ‘dipoles’ do not destroy the quasi-long-range order of

the system. The mechanism of the BKT transition is understood as being unbinding

or binding of vortices. As temperature increases, the mean separation of these

thermally excited pairs grows. At TKT, the thermal energy overcomes logarithmic

attraction and the pairs dissociate. This leads to a proliferation of free vortices

and antivortices that screen the interactions, driving the system into the disordered
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phase. This mechanism provides a qualitative picture for the topological phase

transition in the 2D XY model, distinguishing it from conventional phase transitions

based on spontaneous symmetry breaking.

2.1.3 Renormalisation group analysis

The free energy argument provides a compelling and qualitative picture, but a

full understanding of the critical properties and nature of the phases requires the

use of the renormalisation group (RG).

The RG analysis hinges on a duality mapping that transforms the statistical

problem of interacting spins into that of a 2D Coulomb gas, where the vortices

of the XY model become charged particles [3, 26]. By analysing the flow of

the effective parameters of this Coulomb gas under a change of scale, we can

precisely characterise the low-temperature phase, the high-temperature phase, and

the universal properties of the transition that separates them. We begin with

separating the spin-wave and vortex degrees of freedom. The spin angle field, θ(r),

is decomposed into a smooth, curl-free component for spin waves, θsw(r), and a

singular, divergence-free component for vortices, θv(r).

We first decompose the continuum Hamiltonian described in Eq. (2.2) into

two independent parts: H = Hsw + Hv.

HXY = Hsw +Hv

= J

2

∫
d2r |∇θsw(r)|2 + J

2

∫
d2r |∇θv(r)|2 .

(2.16)

The spin-wave component, Hsw, governs the algebraic correlations in the low-

temperature phase (see Section 2.1.1), whereas the vortex component, Hv, can

be shown to take the form [25]

Hv = Ec
∑

i

n2
i − 4π2J

∑
i<j

ni nj G(ri − rj) , (2.17)

with integer vorticities ni ∈ Z. Here, Ec denotes the vortex core energy and G(r) =

ln |r|/(2π) is the two-dimensional Green’s function of the Laplacian. Consequently,

the full partition function factorizes as

Z = Zsw Zv . (2.18)
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Restricting to elementary vortex excitations with ni = ±1,3 one obtains [25]

Zv =
∞∑

N=0

y2N

(N !)2

∫ (2N∏
i=1

d2ri

)
exp

[
4π2K

∑
i<j

ninj G(ri − rj)
]
, (2.19)

where the vortex fugacity is defined by y = exp(−Ec/kBT ) and K = βJ . To ensure

a finite energy in the thermodynamic limit, the neutrality condition ∑
i ni = 0

must be imposed, implying that vortices are created in neutral vortex–antivortex

pairs. One may consider a configuration consisting of Nv vortices and antivortices

and estimate the corresponding partition function in terms of an effective action

Seff = − ln Zv, which takes the form [27]

Seff ∼ 2Nv lnNv +Nv

(
2πK ln lv

ξ
+ 2Sc

)
− 2Nv ln L

2

ξ2

= L2 2
l2v

(πK − 2) ln lv e
Sc/(πK−2)

ξ
,

(2.20)

where L denotes the linear system size, lv = L/
√
Nv is the mean vortex separation,

and Sc = − ln y is the vortex core action. The equilibrium value of the mean

separation lv is obtained by minimizing Seff with respect to lv.

In the limit Sc ≫ 1, this minimization shows that for K > 2/π the effective

action is minimized by lv → ∞, corresponding to a phase with suppressed free

vortices, whereas for K < 2/π the action admits a minimum at finite lv, signaling

the proliferation of vortices. The critical value Kc = 2/π is the BKT critical

temperature, is consistent with the discussion in Section 2.1.2 and will be recovered

again from the RG analysis presented below.

Since the spin-wave sector reduces to a Gaussian functional integral that is

analytically solvable, the phase transition necessarily arises from the topological

(vortex) sector. In fact, Zv is equivalent to the partition function of a two-

dimensional neutral Coulomb plasma comprising 2N unit charges [25, 28]. Applying

the RG procedure then reveals how the equivalent effective Coulomb-gas interactions

evolve under successive rescaling of the length scale. One finds that the effective

interaction between two external charges located at r and r′ can be expressed as [25]:

Heff (r − r′) ≃ 4π2KeffG (r − r′) , (2.21)
3Higher-winding vortices are energetically suppressed and thus negligible.
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where

Keff = K − 4π3K2y2
∫ ∞

1
x3−2πKdx+ O

(
y4
)
. (2.22)

Inverting equation (2.22) yields 4

K−1
eff = K−1 + 4π3y2

∫ ∞

1
x3−2πKdx+ O

(
y4
)
. (2.23)

Then we introduce a infinitesimal small cutoff b and split the integral into tow parts,

we get

K−1
eff = K−1 + 4π3y2

(∫ b

1
x3−2πKdx+

∫ ∞

b
x3−2πKdx

)
+ O(y4)

= K̃−1 + 4π3y2
∫ ∞

b
x3−2πKdx+ O(y4)

(
K̃−1 = K−1 + 4π3y2

∫ b

1
x3−2πKdx

)
= K̃−1 + 4π3b4−2πKy2

∫ ∞

1
x3−2πKdx+ O(y4) (rescaling x → x/b)

= K̃−1 + 4π3ỹ2
∫ ∞

1
x3−2πK̃dx+ O(y4) , (use 3 − 2πK̃ = 3 − 2πK + O(y2))

(2.24)

where the final expression recovers the form of Eq. (2.23) but with the rescaled

parameters, K̃−1 = K−1 + 4π3y2 ∫ b
1 x

3−2πKdx + O (y4) and ỹ = b2−πKy. By

applying the transformation in Eq. (2.24) iteratively, we successively integrates

out fluctuations at length scales below the cutoff b which coarse grains the system.

This sequence of operations induces RG flow of the parameters whose self-similar

character underlies the universality of the continuous phase transition [29].

The flow equations for the inverse interaction strength and the fugacity are

obtained by considering b = el ≃ 1 + l, with l ≪ 1, such that the integration

range reduces as
∫ b

1 ≃
∫ 1+l

1 . One then finds

K̃−1 −K−1

l
= 4π3y2 , (2.25a)

ỹ − y

l
=
(
2 − πK

)
y . (2.25b)

Taking the limit l → 0, these finite-difference relations yield the differential RG

flow equations

dK−1

dl
= 4π3y2 , (2.26a)

dy

dl
=
(
2 − πK

)
y . (2.26b)

4Here we assume small vortex fugacity y.
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We find that K−1 increases monotonically. Eq. (2.26b) identifies a line of marginal

stability at K = 2/π (equivalent to kBTKT = πJ/2 derived by the free-energy

argument in Section 2.1.2): when K > 2/π, the factor (2 −πK) is negative, causing

y to decay as l → ∞; conversely, when K < 2/π, (2 − πK) is positive and y grows.

Setting x = K−1−π/2 and expanding Eq. (2.26) in the vicinity of x = 0, we find

dx

dℓ
= 4π3y2 , (2.27a)

dy

dℓ
= 4
π
xy . (2.27b)

−1.0 −0.5 0.0 0.5 1.0
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0.00
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Tc

Figure 2.3: Renormalization group analysis of 2D XY model. RG flow in the
(x, y) plane for the 2D XY model. The red line denotes the separatrix dividing flows
attracted to the y = 0 fixed point (shaded region) from those flowing to infinite fugacity,
y → ∞. The dashed line indicates an example system crossing the phase boundary at the
critical temperature Tc.

Figure 2.3 depicts the RG flow in the (x, y) plane. A clear separatrix (highlighted

in red) divides two qualitatively distinct regimes:

• Below the separatrix, RG flows are driven to the fixed points at y = 0.

• Above the separatrix, the fugacity y is renormalised to ∞.

In the language of the XY model, the regime below the separatrix corresponds to

the low-temperature phase, in which vortex–antivortex pairs remain bound and the
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vortex fugacity y flows to 0 (which means it is an irrelevant perturbation under RG).

Above the separatrix, free vortices proliferate, leading to the destruction of QLRO.

To derive the equation of this separatrix, we observe from the flow equations

that dy/dx = x/π4y, which implies x2 − π4 y2 = c, where c is a constant. Choosing

the trajectory through the origin sets c = 0, yielding x = ±π2y. The physically

relevant separatrix corresponds to the negative branch, x = − π2y, indicates a

nonzero fugacity (i.e., finite vortex core energy) lowers the transition temperature.

To first order in the fugacity y, the BKT critical temperature is given by

Tc = J

kB

(
π

2 − π2y
)
. (2.28)

The origin of universality in the BKT transition is evident from the structure

of the RG flow. The RG flow reveals that the critical separatrix terminates at

an unstable fixed point at the origin, (x, y) = (0, 0), at which any infinitesimal

perturbation drives the system into one of the two stable macroscopic phases. The

convergence of all critical systems to this one point imposes a universal condition

on the renormalised stiffness at the transition, KKT = 2/π. From this universal

relation, the value of the algebraic exponent of correlation function (see Eq. (2.8))

is uniquely determined at criticality to be ηc = 1/(2πKKT) = 1/4, establishing an

upper bound for the exponent in the QLRO phase, η ≤ 1/4.5

2.2 Coupled 2D XY Model

2.2.1 Bilayer XY Hamiltonian

We have introduced the 2D XY model and the celebrated BKT transition, we

now consider two single-layer XY models which are coupled by interlayer coupling.

The coupled 2D XY model describes two layers of XY spins with interactions

both within each layer and between the layers. The total Hamiltonian for such a
5We note that the spin-wave derivation of the correlation function, Eq. (2.8), inherently ignores

vortex excitations. This corresponds to the vortex-free subspace y = 0, in the RG flow diagram,
which contains the line of stable fixed points describing the QLRO phase.
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system can be expressed as the sum of the Hamiltonians for the individual layers

and an interaction term between them

H = Ha +Hb +Hab , (2.29a)

Hk = −J
∑

⟨i,j⟩k

cos(θi,k − θj,k) , (2.29b)

Hab = −Ω
∑

i

cos(θi,a − θi,b) , (2.29c)

where k can be either a or b, denoting layer a and layer b. The terms Ha and

Hb represent the standard intralayer XY interactions within each respective layer.

The ferromagnetic coupling strength J > 0 is assumed to be the same for both

layers (i.e., two identical layers). The interlayer coupling is described by Hab.

This term couples spins at the same site i in the two different layers, with Ω ≥ 0

being the strength of the interlayer coupling strength. This type of interaction

is also referred to as a linear tunnel coupling. The coupled XY Hamiltonian still

preserves U(1) symmetry, but now requires simultaneous global rotation of both

layers, θi,a →θi,a + α and θi,b →θi,b + α. To understand the impact of the coupling

on the system, we examine two limiting cases:

1. Decoupled limit (Ω = 0): When the interlayer coupling is zero, the

Hamiltonian describes two independent 2D XY models. Each layer undergoes

a separate BKT transition at critical temperature Tc = TKT.

2. Strong coupling limit (Ω → ∞): In the limit of infinitely strong coupling,

the spins in the two layers are forced to align perfectly to minimize the energy,

such that θi,a = θi,b, for all sites i. This makes Ha = Hb, and because Hab

is merely a constant, we get H = 2Ha. The model effectively reduces to a

single-layer 2D XY model with a doubled intralayer coupling strength of 2J ,

resulting in a doubling of the critical BKT temperature Tc = 2TKT.

We find that in the strong coupling limit the phase-locking term Hab doubles

the critical temperature. It is therefore natural to ask whether Tc undergoes a

crossover from the decoupled single-layer critical temperature TKT to 2TKT as the
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interlayer coupling is increased. Indeed, several theoretical studies including effective

models have reported that the critical temperature undergoes such a continuous

crossover [12, 13, 30–32], and it has recently been experimentally observed in a

tunnel-coupled 2D Bose gas system [14].

2.2.2 Antisymmetric and symmetric mode decomposition

It is convenient to decompose the bilayer system into antisymmetric and symmetric

degrees of freedom. We define the relative (antisymmetric) phase φrel,i = θi,a − θi,b

and the common (symmetric) phase φcom,i = θi,a + θi,b. The bilayer Hamiltonian

can then be written as

H = −2J
∑
⟨i,j⟩

cos
(
φrel,i − φrel,j

2

)
cos

(
φcom,i − φcom,j

2

)
− Ω

∑
i

cos(φrel,i) . (2.30)

In the continuum limit, this Hamiltonian can be rewritten as

H ≃ J

4

∫
d2r |∇φrel(r)|2 + J

4

∫
d2r |∇φcom(r)|2 − Ω

∫
d2r cos(φrel(r)) . (2.31)

From this form, we can deduce the behavior in two limiting cases. For zero interlayer

coupling, Ω = 0, the Hamiltonian decouples into two independent XY models for

the relative and common modes. Since these modes possess identical stiffness, they

undergo a BKT transition simultaneously. In the strong-coupling limit, Ω → ∞, the

energy is again minimized by locking the relative phase to φrel = 0. The common

phase then can be written as φcom = 2θa, effectively reduces the Hamiltonian to

a XY model with a doubled intralayer coupling strength of J → 2J , implying a

doubled critical BKT temperature. For finite interlayer coupling, the shift in the

critical temperature in the common mode is identical to that of each individual

layer. This is because the system only holds single U(1) symmetry, θa →θa + α and

θb → θb + α. Therefore, they undergo a single, shared BKT transition.

The behaviour of the relative phase, however, is qualitatively different. For

any finite interlayer coupling, Ω ̸= 0, the coupling term −Ω cos(φrel) introduces

a preferred value of φrel = 0. This term explicitly breaks the continuous U(1)

rotational symmetry of the relative phase. Consequently, the relative phase no
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longer undergoes a BKT transition. Instead, the system is expected to develop

true LRO at low temperatures, corresponding to a non-zero expectation value

of the order parameter ⟨eiφrel⟩.

2.2.3 Correlation functions in bilayer XY model

In the limit of vanishing interlayer coupling (Ω = 0), each layer behaves as an

independent 2D XY model. The single-layer correlation function is then given

by (see Section 2.1.1)

g(r) =
〈
ei[θ(r)−θ(0)]

〉
= e− 1

2⟨[θ(r)−θ(0)]2⟩ ∝

r
−η, T < TKT

(
η ≤ 1

4

)
,

exp (−r/ℓ) , T > TKT .

(2.32)

Here we have used the Gaussian identity
〈
eiX

〉
= e−⟨X2⟩/2 for zero-mean Gaussian

random variable X. For the common mode, its correlation function is

gcom(r) =
〈
ei[φcom(r)−φcom(0)]

〉
=
〈
ei[θa(r)−θa(0)]

〉 〈
ei[θb(r)−θb(0)]

〉
= g2(r) ,

(2.33)

where we have used the fact that the fields θa(r) and θb(r) are statistically

independent in the absence of interlayer coupling. We find the common-mode

correlations decay as the square of the single-layer correlations, implying that

ηcom,c = 2ηc = 1/2. Similarly, one finds that the relative mode behaves in exactly

the same way, grel(r) = g2(r).

In the limit of strong interlayer coupling (Ω → ∞), the single-layer correlation

function remains identical to that of the decoupled case, since the RG flow fixes

the universal exponent at ηc = 1/4.6 The common mode correlation function

6Under RG, one always obtains the universal condition KKT = 2/π (see Section 2.1.3),
irrespective of the bare stiffness J . In the infinite-coupling limit each layer’s effective stiffness
doubles (J → 2J), which raises the critical temperature to Tc = 2TKT. The universal exponent
remains ηc = −2kBTKT/4πJ = 1/4.
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takes the form

gcom(r) =
〈
ei[φcom(r)−φcom(0)]

〉
=
〈
ei[2θa(r)−2θa(0)]

〉
= e− 1

2⟨[2θa(r)−2θa(0)]2⟩

= e−2⟨[θa(r)−θa(0)]2⟩

= g4(r) ,

(2.34)

from which one can immediately read off the critical exponent for the common

mode ηcom,c = 4ηc = 1. The correlation function of relative mode under the strong

interlayer coupling limit is just grel(r) = 1 as all relative phases are locked to φrel = 0.

For finite interlayer coupling (Ω ̸= 0), the relative-mode correlation function

takes the approximate form, grel(r) ∼ C + Ae−r/ℓ, where ℓ is related to the

correlation length of the phase-locked state, C is the long-distance constant offset,

and A is a nonuniversal amplitude and normalized such that C + A = 1 [9].

Consequently, the relative phase exhibits true long-range order, limr→∞ grel(r) = C.

Meanwhile, one can show that the common correlation retains its strong-coupling

form, gcom(r) = g4(r) [32].

2.2.4 BKT paired phase

A “BKT-paired phase” has been proposed in the coupled XY model, in which

correlations of the common mode decay algebraically while single-layer correlations

decay exponentially [31, 33]. However, a recent study demonstrates that this phase

cannot occur with the two-body interlayer coupling introduced in Section 2.2.1.

We have seen that the common phase and single layer phase should share the

same BKT transition based on a symmetry argument. One can further show that

gcom(r) ≤ g(r) in the strong coupling limit [32]. The realization of the BKT paired

phase requires a four-body coupling term [32], as opposed to the conventional

linear (first-order) Josephson coupling

H4-body
ab = −Ω

∑
⟨ij⟩

cos (θi,a + θi,b − θj,a − θj,b)

= −Ω
∑
⟨ij⟩

cos (φcom,i − φcom,j) .
(2.35)
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This four-body interaction endows the system with a U(1) × U(1) symmetry,

corresponding to independent phase shifts in each layer, θa →θa +α and θb →θb +β.

As a result, the symmetry of the common phase can be independent of that of either

individual layer, though not independent of both simultaneously. The existence

of two distinct lines of BKT phase transitions is permitted.

It is worth noting that the four-body interlayer coupling shifts the critical

temperature of a single layer up to a maximum of Tc = 2TKT, analogous to

the effect of the two-body interlayer coupling. This can be seen by writing the

Hamiltonian 2.29a as

H = −2J
∑
⟨i,j⟩

cos
(
φrel,i − φrel,j

2

)
cos
(
φcom,i − φcom,j

2

)
− Ω

∑
⟨ij⟩

cos(φcom,i − φcom,j) .

(2.36)

In the strong-coupling limit, the common phase is ordered, so that θi,a + θi,b ≈

θj,a + θj,b for neighboring sites. The Hamiltonian then reduces to

H ≈ −2J
∑
⟨i,j⟩

cos
(
φrel,i − φrel,j

2

)

= −2J
∑
⟨i,j⟩

cos
(
θi,a − θi,b − θj,a + θj,b

2

)

≈ −2J
∑
⟨i,j⟩

cos
(

2θi,a − 2θj,a

2

)

= −2J
∑
⟨i,j⟩

cos(θi,a − θj,a) .

(2.37)

Therefore, the system maps onto the two-dimensional XY model of a single layer

with doubled intralayer interaction, corresponding to a critical temperature that

is twice the usual Kosterlitz–Thouless value.

2.3 Bilayer 2D Bose Gases

2.3.1 Absence of condensation in uniform ideal 2D Bose
gases

The behavior of quantum gases is fundamentally tied to the dimensionality of the

system in which they are confined. While the three-dimensional (3D) ideal Bose
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gas famously exhibits a phase transition into a Bose-Einstein Condensate (BEC)

below a critical temperature, the situation in two dimensions (2D) is markedly

different. For a uniform, non-interacting 2D Bose gas in the thermodynamic limit,

a true BEC does not form at any non-zero temperature.

This prohibition is a direct consequence of the single-particle density of states g(ϵ),

which describes the number of states g(ϵ)dϵ between the energy interval ϵ and ϵ+dϵ.

In 3D, g(ϵ) ∝ ϵ1/2, meaning the number of available states decreases at low energies.

This leads to the saturation of the excited states as the temperature is lowered,

forcing excess particles into the ground state to form a condensate. In contrast, the

density of states for a free particle in 2D is constant, g(ϵ) = mL2/(2πℏ2), where m

is the particle mass and L2 is the area of the system. If there is no condensation,

the total number of particles N is given by

N =
∫ ∞

0

g(ϵ)
eβ(ϵ−µ) − 1dϵ , (2.38)

where β = 1/(kBT ) and the chemical potential µ ≤ 0 (assume the ground state

energy ϵmin = 0). For the 2D case, this gives

N = mL2

2πℏ2

∫ ∞

0

1
eβ(ϵ−µ) − 1dϵ = − L2

λ2
th

ln
(
1 − eβµ

)
, (2.39)

where λth = h/
√

2πmkBT is the thermal de Broglie wavelength. Rearranging for the

2D phase-space density (PSD), D = nλ2
th, where n = N/L2 is the 2D density, we get

D = − ln(1 − Z) , (2.40)

where Z = eβµ is the fugacity. This equation always has a valid solution for any

finite phase-space density with a corresponding negative chemical potential. Unlike

in 3D, the excited states never saturate, and thus a macroscopic occupation of the

ground state is not required to accommodate all particles, although the ground state

is macroscopically occupied at zero temperature. Consequently, a BEC transition

does not occur in a uniform ideal 2D Bose gas at any finite temperature.
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2.3.2 Condensation in finite systems and harmonic traps

The conclusion that a 2D ideal Bose gas cannot condense is strictly valid only for a

uniform system in the thermodynamic limit. Experimental systems are necessarily

finite and often subjected to external trapping potentials. These conditions can

restore the possibility of a condensation.

For an ideal gas confined to a finite box of area L2, the continuous energy

spectrum is replaced by discrete energy levels. This introduces a finite energy gap

between the ground state and the first excited state. In this system there is no

sharp phase transition in the formal sense but a crossover to a condensed state

occurs when the PSD D becomes large enough that the correlation length of the

gas exceeds the system size L. This happens at a size-dependent critical PSD,

Dc ≈ ln(4πL2/λ2
th) [34], at which point a significant fraction of particles begins

to occupy the ground state, forming a condensate.

A more profound change occurs for a gas that is confined in a 2D harmonic

potential V (r) = 1
2mω

2
rr

2, with radial trapping frequency ωr = 2πfr. The trapping

potential fundamentally alters the single-particle density of states. For a 2D

harmonic oscillator, the density of states is proportional to energy, g(ϵ) = ϵ/(ℏωr)2,

rather than being constant. For this linear dependence the number of available

states vanishes as ϵ → 0, so the behavior is analogous to that of a uniform 3D gas,

where the density of states also decreases at low energies. This feature once again

allows for the saturation of excited states. The maximum number of particles, Nc,

that can occupy the excited states at a given finite temperature is given by

Nc(T ) =
∫ ∞

0

g(ϵ)
eβϵ − 1dϵ = π2

6

(
kBT

ℏωr

)2

. (2.41)

The non-zero critical temperature for the condensation, Tc, is then defined as

N = Nc, and leads to

kBTc = ℏωr

√
6N
π2 ≈ 0.78ℏωr

√
N . (2.42)

Remarkably, this transition persists even in the thermodynamic limit (defined for a

trapped gas as N → ∞ and ωr → 0 while keeping Nω2
r constant [34]). Therefore,
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the presence of a harmonic trap restores a conventional BEC transition to the ideal

2D Bose gas, a phenomenon absent in the uniform case.

2.3.3 Interaction in 2D Bose gases

So far we have considered the ideal Bose gas, without any interaction between

atoms. The introduction of repulsive interactions between particles fundamentally

alters the low-temperature behavior of the 2D Bose gas. At the low temperatures

relevant for quantum gases, the effective interaction strength between atoms is

given by U = 4πℏ2as/m, where as is the 3D s-wave scattering length [35]. The

3D mean-field interaction energy is given by

Eint,3D = U

2

∫
n2

3D(r)d3r . (2.43)

In the quasi-2D experimental implementations [36–42], atoms are normally

tightly confined in one dimension (z-direction). This freezes the dynamics in the

z-direction, but the confinement length az =
√
ℏ/mωz is still much larger than the

3D scattering length (as ∼ 5 nm for 87Rb atoms), so that the collisions remain 3D

events. By integrating out the frozen z-dimension (assuming a Gaussian density

profile), the interaction energy of the gas can be expressed in an effective 2D form

Eint,2D = g

2

∫
n(r)2d2r , (2.44)

where n(r) is the local 2D density, and g is the effective 2D interaction strength. For a

gas harmonically confined in the z-direction, the interaction strength is given by [43]

g = U
∫
dzρ(z) ∼

√
8πas

ℓ0

ℏ2

m
= ℏ2g̃

m
, (2.45)

where g̃ is the dimensionless interaction strength. This dimensionless nature of the

interaction strength is a unique feature of the 2D Bose gas. It implies that the

relative importance of interaction energy versus kinetic energy is independent of

the gas density or intrinsic length scale, a property known as scale invariance. This

is in contrast to the 3D case where this ratio depends on n3Da
3
s .



2. Theory of Bilayer 2D Bose Gases 24

2.3.4 Bogoliubov analysis and suppression of density fluc-
tuations

While interactions do not induce a conventional BEC in a uniform system, they are

crucial for the emergence of superfluidity in a 2D system, as they can suppress density

fluctuations when the interaction is repulsive. We have seen that the interaction

energy is proportional to
∫
n(r)2d2r = L2 ⟨n2(r)⟩. To minimize this energy at a

fixed average density ⟨n(r)⟩, the system must minimize the variance of the density,

(∆n)2 = ⟨n2(r)⟩ − ⟨n(r)⟩2, which quantifies the magnitude of density fluctuations.

To see this more clearly, we consider the classical field Hamiltonian for a gas

with two-body contact interactions

H =
∫
d2r

[
ℏ2

2m |∇ψ(r)|2 + g

2 |ψ(r)|4
]
, (2.46)

where the classical Bose field ψ(r) can be written in a density-phase representation,

ψ(r) =
√
n(r)eiϕ(r). When temperature is near T = 0, we can assume that thermal

fluctuations in the density are small, and write the local density as a small deviation

ρ(r) from the mean density n, such that |ψ(r)|2 = n(1 + 2δρ(r)), with ρ ≪ 1.

Substituting this into the Hamiltonian and keeping terms up to second order in the

fluctuations, the energy of the system separates into two distinct parts

H ≈ ℏ2n

2m

∫
(∇ϕ(r))2d2r +

∫ [
ℏ2n

2m (∇δρ(r))2 + 2gn2δρ2(r)
]
d2r , (2.47)

where the first term depends only on gradients of the phase, and has the same

form as the 2D XY model continuum Hamiltonian (see Eq. (2.2)). The second

term, which describes the energy of density fluctuations δρ(r), contains the term

2gn2δρ2(r), indicating that any deviation from the uniform density (ρ ̸= 0) has

an energy cost proportional to 2gn2. To obtain a quantitative measure of the

density fluctuations, one performs a Bogoliubov analysis [34, 44]. This analysis

of the system’s modes yields the ratio between the Fourier amplitudes of density

and phase fluctuations, ρk and ϕk,

⟨|ρk|2⟩
⟨|ϕk|2⟩

= ℏ2k2/2m
ℏ2k2/2m+ 2gn . (2.48)
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Figure 2.4: Bogoliubov analysis of 2D Bose gas. (a) The ratio of Fourier amplitudes
of density and phase fluctuations approaches to 0 when k ≪ khealing, the x-axis is rescaled
by khealing ∼ 1/ξ. (b) Bogoliubov excitation spectrum of 2D Bose gas. The black solid
curve shows the dispersion from Eq. (2.49). The red dashed line indicates the linear,
phononic approximation for wavelengths λ ≫ ξ; the purple dashed line indicates the
quadratic, free-particle–like approximation for λ ≪ ξ. The blue dotted line denotes
k = khealing. (c) Relative density fluctuations are suppressed as the PSD increases. For
the calculation we use g̃ = 0.08 and n ≈ 22 µm−2, representative of typical experimental
parameters.

We observe that the ratio approaches zero for small k (see Figure 2.4a), indicating

that long-wavelength excitations are predominantly governed by phase fluctuations

and the density fluctuations are suppressed. The analysis also yields the dispersion

relation for the elementary excitations

ϵk =

√√√√ℏ2k2

2m

(
ℏ2k2

2m + 2gn
)
. (2.49)

This relation interpolates between two important physical regimes. In the low-
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momentum limit (k → 0), the dispersion is linear, ϵk ≈ ℏck, where c =
√
gn/m

is the speed of sound. This indicates that the long-wavelength excitations are

collective, sound-like modes (phonons). In the high-momentum limit, the dispersion

becomes like that of a free particle, ϵk ≈ ℏ2k2/2m+ gn. In the crossover regime it

is useful to define a characteristic length scale, the healing length ξ,7 by

ξ = ℏ
√
mgn

= 1√
g̃n

. (2.50)

Furthermore, the relative density fluctuations can be estimated by integrating

over all density modes

∆n2

n2 ≈ 2
nλ2

th
ln
(
kBT

2gn

)
. (2.51)

For a degenerate gas with high PSD, D = nλ2
th ≫ 1, the prefactor 2/D is small, and

thus the relative density fluctuations are strongly suppressed, as shown in Figure 2.4c.

2.3.5 Mapping between 2D Bose gases and the 2D XY
model

We have seen that for k < khealing, the dominant long-wavelength excitations in a

2D Bose gas are phonons in the phase mode. In this regime, density fluctuations

are strongly suppressed, the long-distance behavior is thus well described by an

effective low-temperature, phase-only Hamiltonian

H = ℏ2ns

2m

∫
(∇ϕ(r))2d2r . (2.52)

Here we heuristically introduce the superfluid density ns ≤ n to account for the

effects of residual density fluctuations (which are never entirely suppressed at any

finite temperature) as well as short-distance physics [34, 45]. We observe that the

resulting Hamiltonian has the same form as the continuum limit of the 2D XY model

(Eq. (2.2)), implying that the 2D Bose gas can be mapped onto the 2D XY model in

the low-temperature regime. Consequently, one naturally expects a BKT transition

to occur in the phase of the 2D Bose gas when the temperature is sufficiently low.
7Alternatively, the healing length can be defined by equating the kinetic energy per particle to

the interaction energy, yielding an expression ξ = ℏ√
2mgn

[35], differing by 1/
√

2
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Consider the superfluid component ψ(r) = √
ns e

iϕ(r) with uniform density, gov-

erned by the Hamiltonian in Eq. (2.52). The first-order correlation function is then

g1(r, r′) = ⟨ψ∗(r)ψ(r′)⟩ = ns
〈
e i[ϕ(r)−ϕ(r′)]

〉
. (2.53)

By mapping to the 2D XY model, we find the QLRO correlation

g1(r, r′) ∝ ns |r − r′|−η(T ) , (2.54)

for |r − r′| ≫ ξ, with the temperature-dependent exponent

η(T ) = mkBT

2πℏ2ns
= 1
ns λ2

th
= 1

Ds
, (2.55)

where Ds = ns λ
2
th is the superfluid PSD. As we have already shown in Section 2.1.3,

the critical exponent at the BKT transition takes the universal value η(Tc) = 1/4.

This implies the universal relation

ns(Tc) = 2mkBTc

πℏ2 , (2.56)

meaning that the superfluid density cannot fall below this value at the transition.

This discontinuity is the Nelson-Kosterlitz universal jump of the superfluid density

in the vicinity of the BKT critical point [46].

For temperatures T > Tc, but with density fluctuations still suppressed, vor-

tex–antivortex pairs in the phase field unbind and destroy the quasi–long-range

order, as discussed in Section 2.1.2. In a 2D Bose gas, the vortex core size is set

by the healing length ξ, producing a density dip of this size. To quantitatively

examine how a vortex in the phase field affects the density profile, it is useful to

start from Eq. (2.46) and express the order parameter as ψ(r) = f(r) eiϕv(r), where

ϕv(r) denotes the phase field associated with a vortex. We then obtain

E =
∫
d2r

[
ℏ2

2m (∇f)2 + ℏ2

2m
f 2

r2 + g

2f
4
]
. (2.57)

Here we have used ∇ϕv(r) = 1
r

θ̂. The equation for f(r) is then derived from the

variational principle δ(E − µN) = 0. This yields, assuming rotational symmetry

(which is natural for a vortex),

− ℏ2

2m

[
1
r

∂

∂r

(
r
∂f

∂r

)]
+ ℏ2f

2mr2 + gf 3 = µf . (2.58)
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Figure 2.5: Density dip of a single vortex. Numerical solution of Eq. (2.58) showing
the normalized density χ as a function of the scaled radius l. The density vanishes at the
vortex core and approaches the asymptotic value f0 for r ≫ ξ. The green dashed line
marks the healing length ξ. Inset: density of the vortex in 2D. The green dashed circle
indicates a radius equal to the healing length, illustrating the core size in the 2D profile.

We have so far assumed that density fluctuations are strongly suppressed, and

we have already shown that this assumption holds within the healing length. In

this context, we introduce the dimensionless radial coordinate l = r/ξ and the

normalized density profile χ = f/f0, where f0 denotes the equilibrium density far

from the vortex core, together with the relation ℏ2/(mξ2) ≃ ng = f 2
0 g = µ. In

terms of these scaled variables, Eq. (2.58) takes the form [35]

−1
l

d

dl

(
l
dχ

dl

)
+ χ

l2
+ 2χ3 − 2χ = 0 . (2.59)

The result is shown in Figure 2.5, and we can see the vortex in phase produces

a density dip with size ∼ ξ.

2.3.6 Local correlation approximation in harmonic traps

The algebraic decay of correlations is a hallmark of the superfluid phase in a

uniform 2D system, but experimental systems are typically confined in harmonic

traps, leading to an inhomogeneous density profile. To account for this, the standard

Local Density Approximation (LDA) can be extended to the correlation properties
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Figure 2.6: Local correlation approximation. First-order phase correlation function
for a uniform gas (ALG) with η = 0.15 and for an inhomogeneous gas treated within the
local correlation approximation (LCA) with central exponent η0 = 0.15, shown on (a)
linear and (b) log-log scales. Inset: Thomas–Fermi density profile in a harmonic trap,
used in the LCA calculation of the correlation function.

themselves in what is known as the Local Correlation Approximation (LCA) [47].

The key idea is to replace the uniform algebraic exponent η with a local, position-

dependent exponent that is modulated by the spatially varying density. Therefore,

the inhomogeneous algebraic exponent is given by

η (r, r′) = η0
n0√

n(r)n (r′)
, (2.60)

where n0 and η0 are the local density and algebraic exponent at the center of the

harmonic trap. This approximation captures the essential physics in the low-density

regions near the edges of the cloud where the correlations decay more rapidly and to

lower values than in the uniform gas (see Figure 2.6). Thus the LCA provides a useful

framework for interpreting correlation measurements in trapped 2D Bose gases.

2.3.7 Tunnel-coupled bilayer 2D Bose gas

We now turn our attention to a system composed of two parallel, tunnel-coupled 2D

Bose gases. The layers interact via a Josephson-type coupling that facilitates particle
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exchange. The total classical field Hamiltonian for this bilayer system is given by:

H = H1 +H2 +H12 ,

Ha =
∫
d2r

[
ℏ2

2m |∇ψa(r)|2 + g

2 |ψa(r)|4
]
,

H12 = −J⊥

∫
d2r [ψ∗

1(r)ψ2(r) + ψ∗
2(r)ψ1(r)] .

(2.61)

To establish a mapping between this bilayer Bose gas and the coupled 2D XY

model, it is convenient to reconsider the low-energy effective theory. As seen in

Section 2.3.5, the Hamiltonians Ha describe the physics of a standard XY model

for each layer. The coupling term, H12, can be simplified by adopting the density-

phase representation for the fields, ψa(r) =
√
na(r)eiϕa(r). In the regime of strongly

suppressed density fluctuations, where the density in each layer can be approximated

as a constant, na(r) ≈ n, the coupling Hamiltonian reduces to

H12 ≈ −2nJ⊥

∫
d2r cos (ϕ1(r) − ϕ2(r)) , (2.62)

here we have assumed both layers have the same density. This explicitly shows

that the low-energy physics of the tunnelling interaction is governed by the relative

phase between the two condensates, and energetically favors phase difference of zero

(phase-locking). Combining the low-energy effective Hamiltonians for each layer

with the interlayer coupling term, we arrive at the total effective Hamiltonian

for the bilayer system

H ≈ ℏ2n

2m

∫
(∇ϕ1(r))2d2r + ℏ2n

2m

∫
(∇ϕ2(r))2d2r − 2nJ⊥

∫
d2r cos (ϕ1(r) − ϕ2(r))

= ℏ2n

4m

∫
(∇θ(r))2d2r + ℏ2n

4m

∫
(∇φ(r))2d2r − 2nJ⊥

∫
d2r cos (θ(r)) ,

(2.63)

where we have defined the relative phase θ(r) = ϕ1(r) − ϕ2(r) and common phase

φ(r) = ϕ1(r) + ϕ2(r). We can see that it is mathematically equivalent to the

continuum Hamiltonian for the coupled 2D XY model, as previously shown in Eq.

(2.31). This equivalence demonstrates that, in the low-energy limit, the bilayer 2D

Bose gas is a physical realization of the coupled 2D XY model.

To quantify the influence of a finite interlayer coupling on both the symmetric

and antisymmetric modes, we numerically integrate the renormalization-group
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equations originally introduced in Ref [13, 30]. These flow equations are derived

from the Sine–Gordon formulation of two coupled 2D superfluids, which provides

an effective description of the bilayer XY model. The RG equations are given by

dJ⊥

dl =
(

2 − T

2πJa

)
J⊥ ,

dAs

dl =
(

2 − 2πJs

T

)
As + α3

A2
1 (Ja − Js)

2T 2 ,

dAa

dl =
(

2 − 2πJa

T

)
Aa + α3

A2
1 (Js − Ja)

2T 2 ,

dA1

dl =
[
2 − π (Js + Ja)

2T + α3
AsJs + AaJa

T 2

]
A1 ,

dJa

dl = α2

[
J2

⊥
4π4Ja

− 4A
2
a

T 4J
3
a − A2

1
2T 4 (Js + Ja) J2

a

]
,

dJs

dl = −α2

[
2A

2
s

T 4J
2
s + A2

1
4T 4 (Js + Ja) Js

]
2Js .

(2.64)

Js/a = J ± Jint is the stiffness of symmetric (common) and antisymmetric (relative)

modes, where Jint quantifies the energy splitting between these modes. Such a

splitting naturally arises from density–density contact interactions in the bilayer

Bose gas. The phase diagram can be obtained by numerically integrating the

RG equations [13, 14], and the result is shown in Figure 2.7. This analysis

reveals three distinct phases:

• Normal: Both the common and relative sectors are in the disordered phase.

• Antisymmetric Superfluid (ASF): The relative sector is ordered (super-

fluid), while the common sector remains disordered.

• BSF Bilayer Superfluid (BSF): Both the common and relative sectors are

in the ordered (superfluid) phase.

A recent experiment has confirmed the existence of the BSF phase [14], whereas the

ASF phase remains unexplored due to the limited range of coupling strengths accessi-

ble.
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Figure 2.7: Phase Diagram for coupled bilayer 2D Bose gas. The three phases
are obtained from the renormalization group (RG) equations given in Eq. (2.64). The
red region denotes the normal phase, in which both the relative and common sectors
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is reduced by a factor of two compared to the decoupled case when Ω/J ≫ 1, in agreement
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In this chapter, we focus on the numerical techniques employed to investigate

bilayer two-dimensional Bose gases. The stochastic Ornstein–Uhlenbeck framework

is first introduced as a tool for modeling a single 2D Bose gas, and we show

33
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how it can be adapted to describe the relative phase of tunnel-coupled bilayers

at low temperature. We then turn to Monte Carlo methods within the classical-

field approximation, which allow us to explore equilibrium properties of coupled

bilayers with both two-body and four-body interlayer interactions. In the final

part of the chapter,we present a method that combines Monte Carlo sampling

with the Gross–Pitaevskii equations to simulate nonequilibrium dynamics at finite

temperature, which we apply to investigate Josephson effects in two dimensions,

revealing nontrivial behavior.1

3.1 Stochastic Process Modeling of 2D Bose Gases

3.1.1 Stochastic Ornstein-Uhlenbeck process

The Ornstein–Uhlenbeck (OU) process is one of the most widely studied continuous-

time stochastic processes, originally introduced to model the velocity of a Brownian

particle subject to friction [50]. The general form of an OU process for a variable

x(t) is given by

d

dt
x(t) = −κx(t) + σN(0, 1) , (3.1)

where N(0, 1) denotes Gaussian white noise with zero mean and unit variance,

uncorrelated at different times. The parameters κ and σ characterize the deter-

ministic relaxation rate and the strength of the stochastic forcing, respectively.

Much is known about OU processes; for example, if the mean of x(t) is zero, the

autocorrelation function decays exponentially as

⟨x(0)x(t)⟩ = σ2

2κ e
−κt , t > 0 , (3.2)

illustrating the characteristic timescale of memory loss in the system. Therefore,

an OU process can be employed to model a system by determining the parameters

κ and σ such that Eq. (3.2) accurately reproduces the correlation function of

the physical quantity of interest.
1Both the Monte Carlo and Gross–Pitaevskii equation solvers are implemented in Rust to

optimize CPU performance [48]. In addition, GPU-accelerated versions of both solvers are
implemented in C++, optimized for CUDA-based execution [49].
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These values of the two OU parameters are then used to generate an ensemble

of x(t) profiles using the exact updating formula [51]

x(t+ ∆t) = x(t)e−κ∆t +
√
σ2

2κ [1 − e−2κ∆t] N(0, 1) . (3.3)

3.1.2 Stochastic description of two coupled 1D Bose gases

It is well established that Ornstein–Uhlenbeck stochastic processes provide an

effective description of phase fluctuations in one-dimensional (1D) quasicondensates

at finite temperature. In this regime, density fluctuations are strongly suppressed by

interactions, and the dominant excitations are long-wavelength phase modes, which

can be modeled as Gaussian random fields with exponentially decaying correlations.

Both theoretical analyses and experiments on tunnel-coupled 1D Bose gases have

demonstrated that the relative phase evolution along the longitudinal direction

can be mapped onto an OU process, where the spatial coordinate z plays the role

of time in the OU updates, and the characteristic correlation length is set by the

interplay between thermal fluctuations and tunnel coupling [52, 53].

The classical field Hamiltonian for the two tunnel-coupled 1D condensates is [54]

H =
∫
dz

 2∑
j=1

(
ℏ2

2m
∂ψ∗

j

∂z

∂ψj

∂z
+ gψ∗

jψ
∗
jψjψj

)
− ℏJc (ψ∗

1ψ2 + ψ∗
2ψ1)

 . (3.4)

In the density-phase representation the macroscopic wave functions of the two

condensates can be written as

ψj(z) =
√
nje

−iϕj(r), j = 1, 2 . (3.5)

Neglecting density fluctuations at low temperature, as they are suppressed by

the contact interaction term, and expanding around small phase fluctuations, the

Hamiltonian in Eq. 3.4 can be linearised and expressed in terms of the symmetric

and antisymmetric components of the relative phase, φ(z) = [ϕ1(z) + ϕ2(z)]/2 and

θ(z) = ϕ1(z) − ϕ2(z). The linearised Hamiltonian is [54]

Hlin =
∫
dz

ℏ2n1D

m

(
∂φ

∂z

)2

+ ℏ2n1D

4m

(
∂θ

∂z

)2

+ ℏJcn1Dθ
2

 . (3.6)
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Discretizing the linearised Hamiltonian for the antisymmetric sector on a lattice

of M sites with spacing ∆z gives

Ha =
M∑

j=1

ℏ2n1D

4m∆z (θj − θj+1)2 + ℏJcn1D∆z θ2
j , (3.7)

where periodic boundary conditions are imposed. The phase correlations of the

antisymmetric component (i.e., the relative phase) can then be shown to decay as [55]

⟨θ(0) θ(z)⟩ = kBT

2n1Dℏ2

√
ℏm
Jc

e−2|z|
√

mJc/ℏ . (3.8)

By comparison with Eq. (3.2), one can identify the effective OU parameters as

σ2/2 = mkBT/(ℏ2n1D) and κ = 2
√
mJc/ℏ. These expressions provide the input

for generating relative-phase profiles of coupled 1D condensates within the OU

stochastic framework (see Eq. (3.3)).

3.1.3 Stochastic description of 2D Bose Gases

The extension of the Ornstein–Uhlenbeck description to two dimensions was first

formulated by Igor Mazets [56], starting from the linearised 2D Hamiltonian in the

superfluid phase. Neglecting density fluctuations, the field operator can be written

as ψ(r) ≃
√
n2D(r) e−iϕ(r), and the linearised Hamiltonian is given by

H = ℏ2

2m

∫
d2r n2D (∇ϕ)2 , (3.9)

where ∇ is the 2D gradient operator in the (x, y) plane. Discretizing this Hamiltonian

on a (2M +1)× (2M +1) lattice with spacing ∆s leads to the partition function [56]

Z = const.
M∏

lx=−M

M∏
ly=−M

∫
dϕlx,ly exp

{
− ϵ

2ωlx,ly

×
[
(ϕlx,ly − ϕlx,ly−1)2 + (ϕlx,ly − ϕlx−1,ly)2

] }
,

(3.10)

where ωlx,ly = n2D(lx∆s, ly∆s)/n2D(0, 0) encodes the normalized density distribution,

and ϵ = ℏ2n2D(0, 0)/(mkBT ) is a dimensionless fluctuation parameter. Periodic

boundary conditions are assumed, and the density is taken to vary slowly along
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the x direction over the grid spacing ∆s so that ωlx,ly/ωlx,0 ≈ ωlx−1,ly/ωlx−1,0. We

rewrite the expression by introducing Rlx,ly = ωlx,ly/ωlx,0 and write
∑
lx

∑
ly

− ϵ

2ωlx,ly ×
[
(ϕlx,ly − ϕlx,ly−1)2 + (ϕlx,ly − ϕlx−1,ly)2

]
=
∑
lx

∑
ly

−ϵlx

2 Rlx,ly ×
[
(ϕlx,ly − ϕlx,ly−1)2 + (ϕlx,ly − ϕlx−1,ly)2

]
,

(3.11)

where ϵlx = ϵ × ωlx,0. It is useful to express the sums using matrix notation∑M
ly=−M Rlx,ly(ϕlx,ly − ϕlx,ly−1)2

= Rlx,−M(ϕ2
lx,−M + 2ϕlx,−Mϕlx,M + ϕ2

lx,M)

+Rlx,−M+1(ϕ2
lx,−M+1 + 2ϕlx,−M+1ϕlx,−M + ϕ2

lx,−M)

+ · · ·

=



ϕlx,−M

ϕlx,−M+1

ϕlx,−M+2

...

ϕlx,M



T



Rlx,−M +Rlx,−M+1 −Rlx,−M+1 0 · · · 0 −Rlx,M

−Rlx,−M+1 Rlx,−M+1 +Rlx,−M+2 −Rlx,−M+2 · · · 0 0

0 −Rlx,−M+2 . . . . . . ... ...

... ... . . . . . . −Rlx,M−1 0

0 0 · · · −Rlx,M−1 Rlx,M−1 +Rlx,M −Rlx,M

−Rlx,M 0 · · · 0 −Rlx,M Rlx,M +Rlx,−M





ϕlx,−M

ϕlx,−M+1

ϕlx,−M+2

...

ϕlx,M



= ϕT
lxMlxϕlx ,

(3.12)

where Mlx is a symmetric tridiagonal matrix with additional corner elements arising

from the periodic boundary conditions. Its eigendecomposition can be written as

Mlx = VlxJlxV
T

lx , (3.13)

where Jlx is diagonal matrix and Vlx is orthogonal matrix. In this basis, we can intro-

duce the transformed vector Alx = V T
lx φlx , the quadratic form in Eq. (3.12) then be-

comes

φT
lxMlxφlx = φT

lxVlxJlxV
T

lx φlx = AT
lxJlxAlx , (3.14)

with the inverse relation φlx = VlxAlx .

Diagonalisation factorises the partition function in Eq. (3.10) to

Z = const.
2M∏
j=0

Zj , (3.15)
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Figure 3.1: 2D phase generation via Ornstein–Uhlenbeck process. (a) Two-
dimensional Thomas–Fermi density distribution on a (2M + 1) × (2M + 1) grid. (b) A
typical two-dimensional phase profile generated using the stochastic OU process.

which is the product of contributions from each of the modes j, given by

Zj =
M∏

lx=−M

∫
dAlx, j exp

[
−ϵlx

2
(
Alx−1, j − Alx, j

)2
− ϵlxJlx, j

2 A2
lx, j

]
. (3.16)

Interestingly, this expression has the same structure as the discretised 1D Hamil-

tonian in Eq. (3.7). By direct analogy with the 1D mapping,2 we therefore arrive

at the iterative update rule for Alx,j

Alx, j = Alx−1, j e
−
√

Jlx, j +

√√√√√1 − e−2
√

Jlx, j

2 ϵlx

√
Jlx, j

N(0, 1) . (3.17)

The central line lx = 0 can be initialized by

〈
A2

lx, j

〉
= 1

2 ϵlx

√
Jlx, j

, (3.18)

which is consistent with the OU correlation function in Eq. (3.2). Starting from

this initialization, the recursive update Eq. (3.17) generates the full 2D phase profile.

Finally, the inverse transformation φlx = VlxAlx recovers the physical phase fields.

We find that the generation of 2D phase profiles using the OU stochastic process

depends explicitly on the underlying density distribution. For any prescribed density
2An insightful way to view this mapping between 2D and 1D is to regard the 2D cloud as a

collection of coupled 1D systems. This perspective is reflected in the mapping Jlx,j ∝ Jc,1D(∆z)2,
which captures the effective coupling between neighboring 1D chains.
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Figure 3.2: Phase correlation function analysis of the Ornstein–Uhlenbeck
process. (a) Phase correlation function C(r) obtained from 2000 OU generated phase
profiles using a Thomas–Fermi (TF) density distribution. The solid line shows a local
correlation approximation (LCA) fit based on the TF profile. (b) Phase correlation
function C(r) obtained from 2000 OU generated phase profiles with a uniform density
distribution. The solid line corresponds to a power-law (algebraic) fit. (c) Each marker
(with error bars) is extracted from 2000 OU generated phase profiles with uniform density.
The dashed line indicates the expected relation between the superfluid exponent η and
the reciprocal of the superfluid phase-space density Ds.

profile, the corresponding phase configuration can be constructed efficiently. The

OU approach is substantially faster than alternative numerical methods, such as the

classical-field Monte Carlo (MC) technique which we will discuss later. However, it

is important to remember that stochastic OU method omits density fluctuations

that persist even in the superfluid phase of a weakly interacting 2D system, and
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it cannot simulate vortices because the linearised (Gaussian) Hamiltonian used to

derive the updates is not able to describe the vortex core. Therefore, this stochastic

approach is unable to capture the BKT transition, the phase correlation function

is always algebraic for a homogeneous system.

Figure 3.1 shows a typical two-dimensional phase profile generated via the

OU method for a Thomas–Fermi density distribution. In Figure 3.2, we present

the phase correlation function,

C(r) =
〈
exp

[
i
(
ϕ(r) − ϕ(r′)

)]〉
, r = |r − r′| , (3.19)

obtained by averaging over 2000 independently generated OU phase profiles for both

homogeneous and inhomogeneous gases. By varying the PSD through changes in

the atom number while keeping the temperature fixed, we find that the correlation

function follows

C(r) ∝ r−1/(2πϵ) = r−mkBT/(2πℏ2n2D) , (3.20)

as expected for a two-dimensional superfluid. Comparing the exponent with

Eq. (2.55) shows that n2D = ns in the OU simulations, which follows naturally

from the correspondence between the linearised Hamiltonian in Eq. (3.9) and the

Hamiltonian in Eq. (2.52). This identification is evidenced by the agreement between

η(D) from simulations and the prediction η = 1/Ds, as shown in Figure 3.2c.

3.1.4 Stochastic description of tunnel-coupled 2D Bose
Gases

Here we demonstrate that the Ornstein–Uhlenbeck stochastic description of a 2D

Bose gas can be naturally extended to account for the relative phase fluctuations

of a tunnel-coupled 2D system. In close analogy with the 1D tunnel-coupled case

(see Eq. (3.6)), the linearised Hamiltonian for the relative sector reads

Hlin =
∫
d2r

[
ℏ2n2D

4m (∇θ)2 + ℏJcn2Dθ
2
]
, (3.21)
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where the coupling term arises from expanding cos(θ) to quadratic order. Upon

discretisation, the corresponding partition function takes the form

Z = const.
M∏

lx=−M

M∏
ly=−M

∫
dθlx,ly exp

{
− ϵ

4 ωlx,ly

[
(θlx,ly − θlx,ly−1)2 + (θlx,ly − θlx−1,ly)2

− 4m∆s2

ℏ
Jc θ

2
lx,ly

]}
.

(3.22)

After diagonalisation, we obtain the partition function factorises into independent

contributions from each mode j,

Zj =
M∏

lx=−M

∫
dAlx, j exp

[
−ϵlx

4
(
Alx−1, j − Alx, j

)2
− ϵlx

4

(
Jlx, j + 4m∆s2

ℏ
Jc

)
A2

lx, j

]
.

(3.23)

A direct comparison with Eq. (3.16) yields the iterative update rule

Alx, j = Alx−1, j e
−
√

J ′
lx, j +

√√√√√1 − e−2
√

J ′
lx, j

2 ϵ′
lx

√
J ′

lx, j

N (0, 1) , (3.24)

with effective parameters

J ′
lx, j = Jlx, j + 4m

ℏ
∆s2Jc , ϵ′

lx = ϵlx

2 . (3.25)
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Figure 3.3: Coupled gas phase correlations from Ornstein–Uhlenbeck simula-
tions. (a) Phase correlation function of the relative phase at phase-space density D = 10
for different interlayer coupling strengths Jc in a uniform system. (b) Same data shown
on a log–log scale. The inset compares the correlation functions of the single-layer phase
and the relative phase in the decoupled case.
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We now find that the update rule depends explicitly on the lattice spacing

∆s, similar to the 1D case. In the absence of interlayer coupling (Jc = 0), the

update rule reduces to Eq. (3.17), but with ϵ′
lx = ϵlx/2. This modification arises

because we are considering the relative phase, for which the correlation function

satisfies Crel(r) = C2
layer(r) (see Section 2.2.3).

The simulation results are shown in Figure 3.3. For finite interlayer coupling

(Jc ≠ 0), the correlation function initially decays algebraically before saturating

at a finite value, indicating that interlayer coupling establishes long-range order

(LRO) in the relative phase, as expected for a uniform system.

We note that the existence of vortices is again not captured by the OU method.

In addition, the OU simulation is used to simulate the phase fluctuation so that the

global phase is not well simulated, it always returns a phase profile with ⟨θ⟩ ≈ 0.

Therefore, it is not valid to check the phase distribution with the OU method.

3.2 Classical-Field Monte Carlo Simulations

Although the stochastic Ornstein–Uhlenbeck process provides a fast method for

simulating phase fluctuations in 2D, it neglects density fluctuations and the thermal

component of the system, and it cannot capture vortex excitations. To investigate the

system’s properties, particularly the BKT transition, we thus need to turn to other

numerical methods. Among these, Classical-Field Monte Carlo (MC) simulations

provide a powerful and well-established approach. This method is particularly

effective for determining thermodynamic quantities and was instrumental in the

early theoretical predictions of the critical phase-space density, Dc, for the BKT

transition in a weakly-interacting 2D Bose gas [57]. The core of this approach lies

in the classical-field approximation, where the bosonic field operators, Ψ̂(r), in the

many-body Hamiltonian are replaced by complex numbers, ψ(r). This is a valid

approximation in the regime of high occupation numbers where quantum fluctuations

are suppressed. In this section, we focus on classical-field MC simulations based

on the Metropolis algorithm, first introduced by Metropolis et al. in 1953 [58].
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We show that this approach successfully captures a wide range of fundamental

properties of the bilayer 2D Bose gas.

3.2.1 BKT transition in 2D Bose gases

Within the classical-field approximation, the system is governed by the Hamiltonian

H =
∫
d2r

[
ℏ2

2m |∇ψ(r)|2 + g

2 |ψ(r)|4 + V (r)|ψ(r)|2
]
, (3.26)

where V (r) denotes the external trapping potential. To facilitate Monte Carlo

simulations, the kinetic term can be rewritten using Green’s identity, yielding

H =
∫
d2r

[
− ℏ2

2mψ∗(r)∇2ψ(r) + g

2 |ψ(r)|4 + V (r)|ψ(r)|2
]
. (3.27)

The Hamiltonian is discretised on a two–dimensional square lattice and written

in grand-canonical form

H = −Jh
∑
i ̸=j

wi, jψ
∗
iψj + U

2
∑

i

n2
i +

∑
i

(Vi − µ)ni , (3.28)

where ψi ∈ C is the order-parameter field at site i. Jh = ℏ2/(2ml2) is the hopping

energy and U = g/l2 is the repulsive interaction energy, where m is the mass

and l is the discretization length; ni = |ψi|2 is the local density. The interaction

g = g̃ℏ2/m is given in terms of the dimensionless parameter g̃ =
√

8πas/ℓz, where m

is the mass, as is the s-wave scattering length and ℓz =
√
ℏ/(mωz) is the harmonic

oscillator length in the axial direction. wi,j = wj,i are the symmetric stencil weights

of the discrete Laplacian, the central contribution wi,iψ
∗
iψi = wi,i ni is absorbed

into the chemical potential µ. If we employ the 5-point Laplacian (see Figure 3.4a),

Eq. (3.28) reduces to the well-known discrete Bose–Hubbard form,

H = −Jh
∑
⟨i,j⟩

(
ψ∗

i ψj + ψ∗
j ψi

)
+ U

2
∑

i

n2
i +

∑
i

(
Vi − µ

)
ni , (3.29)

where the sum ⟨i, j⟩ runs over all nearest-neighbor pairs on the square lattice.

However, the standard 5-point finite-difference approximation to the Laplacian

is anisotropic: its leading truncation error is O(l2) and is direction dependent,

involving only fourth derivatives aligned with the x and y axes, consequently it
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Figure 3.4: 5-point and 25-point finite-difference Laplacian stencils. (a) 5-
point stencil. (b) 25-point stencil. Filled circles mark the stencil locations with nonzero
coefficients. The central marker (red) denotes the target lattice site i.

breaks rotational invariance. Therefore, for the simulations presented in this thesis

we employ a 25–point isotropic stencil whose leading truncation error is O(l4), the

stencil coefficients [59] are plotted in Figure 3.4b.

To simulate the equilibrium states of ψ, we consider a square lattice of 200 × 200

sites with a discretization length of 0.25µm. Vi is chosen such that the simulated

system yields a square, homogeneous density profile with a size of 49µm. In

approaching the continuum limit, the lattice spacing l is chosen to be smaller than

or comparable to both the healing length and the thermal de Broglie wavelength,

λ = h/
√

2πmkBT , where T is the temperature, kB the Boltzmann constant, and h

Planck’s constant [44]. Sampling is performed within the grand-canonical ensemble

at temperature T and chemical potential µ using a classical Metropolis algorithm.

To match experimental conditions, we set T = 30 nK, g̃ = 0.098 (corresponding

to an axial trapping frequency ωz ∼ 1.6 kHz), and use the atomic mass of 87Rb.

We perform 7 × 105 update steps per site to thermalise the system, after which

field configurations are sampled with an additional 5000 updates per site between

successive samples in order to reduce autocorrelations in the generated states.3

3It is well known that the Metropolis algorithm suffers from critical slowing down near the
BKT transition point [60]. Consequently, a large number of updates is required to sufficiently
reduce autocorrelations between successive samples. Typically, 5000 updates per site are already
sufficient to characterize the fluctuation properties of the system, although they are not enough
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During the updates, the acceptance rate is maintained at approximately 30% by

tuning the standard deviation σ of the proposal normal distribution at each step.

The chemical potential µ is varied to control the total atom number N , thereby

tuning the phase-space density D = nλ2
th.
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Figure 3.5: Phase correlation function and BKT transition. (a) Representative
phase correlation functions C(r) at different PSDs. Each dataset is fitted with an
exponential model y = ae−r/r0 (red dash-dotted line) and an algebraic model y = ar−η

(blue dashed line). (b) Extracted values of η as a function of PSD. The horizontal red
dashed line marks ηc = 0.25, the universal critical exponent of the BKT transition. The
inset shows the same data plotted against the reciprocal variable 1/D, where the blue
solid line is a linear fit consistent with the Nelson–Kosterlitz relation η ∝ 1/D in the
thermodynamic limit. The black shaded area indicates the estimated critical PSD, Dc,
determined from the χ2 analysis. (c) χ2 statistics for exponential and algebraic fits, with
the critical PSD Dc extracted from the crossover point.

We generate 200 samples and compute the phase of each field ψ, from which the

phase correlation function C(r) is obtained. The results are shown in Figure 3.5.

The correlation function exhibits a clear transition from exponential to algebraic

behavior, as confirmed by the χ2 analysis, yielding a critical phase-space density of

Dc ≈ 11.8. The superfluid exponent η, extracted from algebraic fits, shows good

agreement with theoretical predictions and remains below 0.25 in the superfluid

phase and shows linear relationship. We note that finite-size effects can reduce the

for complete decorrelation between samples.



3. Numerical Simulation of Bilayer 2D Bose Gases 46

critical value of ηc and broaden the transition region. ηc is expected to exhibit a

logarithmic dependence on the system size L [61], given by

ηc (L/ξ) = ηc (L → ∞)
1 + 1

2
1

ln(L/ξ)+C

, (3.30)

where the length scale is normalized to the healing length ξ, and C is a non-universal

parameter. In our finite-size simulations, the estimated critical superfluid exponent

yields ηc ≈ 0.185, in good agreement with previous results obtained for trapped

finite-size systems [23, 62, 63].
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Figure 3.6: Vortex scaling across the BKT transition. Dimensionless vortex
density nvξ

2 obtained from Monte Carlo simulations as a function of the phase-space
density D. The vertical axis is plotted on a logarithmic scale. The black line represents
an exponential fit of the form f(D) = A exp (−γD), with the solid segment indicating the
fitting range. The inset shows the same data plotted on a linear scale.

Since the BKT transition is driven by the unbinding of vortex–antivortex pairs,

increasing the temperature leads to the appearance of free vortices, whereas lowering

the temperature favors their binding into pairs. Consequently, the density of

free vortices is expected to decrease and eventually vanish as the phase-space

density (PSD) increases.
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In the simulations, vortices are identified by calculating the winding number

of the phase around each plaquette (2 × 2) of the lattice. A circulation of +2π is

counted as a vortex, while a circulation of −2π is counted as an antivortex. Before

counting the vortices, the fields are coarse grained by applying a Gaussian filter with

width σ = 1µm, which effectively removes tightly bound vortex–antivortex pairs

separated by distances smaller than σ [64]. The remained vortices are considered as

free vortices, and the vortex density is then obtained by averaging over 200 samples

for each PSD. The results are presented in Figure 3.6. We find that the vortex

density decays exponentially, with γ = 0.57(2), which is in close agreement with

the value 0.56(5) reported in previous experiments [23, 62, 65].

3.2.2 Tunnel-coupled bilayer 2D Bose gases

We now turn to the bilayer two-dimensional Bose gas with Josephson tunneling

between the layers. The system consists of two subsystems (labeled a = 1, 2) and

is described by the discrete Hamiltonian

H = H1 +H2 +H12 , (3.31)

with

Ha = −Jh
∑
i ̸=j

wi, j ψ
∗
a, iψa, j + U

2
∑

i

n2
a, i +

∑
i

(Vi − µ)na, i , (3.32)

and

H12 = −Jc
∑

i

(
ψ∗

1,iψ2,i + ψ∗
2,iψ1,i

)
, (3.33)

where Jc denotes the Josephson coupling strength.

As discussed in Secs. 2.2.1 and 2.3.7, it is convenient to introduce the relative

phase θ = ϕ1 − ϕ2 and the common phase φ = ϕ1 + ϕ2. The simulations are

performed in a 47µm sized square box potential with discretization length of 0.5µm

using the same method described previously, with the coupling strength Jc varied

from 10−6 to 100 Hz. The temperature is set to 50 nK and the dimensionless

interaction strength to g̃ = 0.084, in order to match the parameters used in Ref. [14].

A total of 150 samples is generated for the analysis.
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Figure 3.7: Correlation function of common phase in coupled bilayer.(a,c)
Representative phase correlation functions of common phase C(r) at different PSDs with
two Josephson coupling strengths. Each dataset is fitted with an exponential model
y = ae−2r/r0 (green dash-dotted line) and an algebraic model y = ar−2η (blue dashed
line). (b,d) Extracted values of η as a function of PSD. The red dashed line marks
η = 0.25 for decoupled fields, and η = 0.5 for coupled fields. The inset shows χ2 statistics
for exponential and algebraic fits, with the critical PSD Dc extracted from the crossover
point. The overlap of the χ2 test values for the algebraic and exponential models at low
PSDs arises because the correlation function decays to zero very rapidly. As a result,
there are too few data points for a reliable fit, and noise near zero further affects the
fitting accuracy.

We evaluate the phase correlation functions of both the relative and common

phases. We find that the common-phase correlations evolve from exponential decay

to algebraic decay (see Figure 3.7), which is the hallmark of the BKT transition.

The critical point of the transition, however, is shifted by the interlayer coupling

strength. For Jc = 1 Hz, the critical PSD decreases from Dc ≈ 10.4 in the decoupled

case to Dc ≈ 8.5. The correlation function is fitted with y = ar−2η rather than

the single-layer form y = ar−η, since in the decoupled bilayer case the correlation

functions of both the common and relative phases are squared (see Section 2.2.3).



3. Numerical Simulation of Bilayer 2D Bose Gases 49

As expected from the coupled two-dimensional XY model, the critical exponent ηc

is doubled in the coupled bilayer. In Figure 3.7c and Figure 3.7d, we indicate the

critical exponent predicted in the thermodynamic limit by red dashed line, though

the estimated value is slightly smaller due to finite-size effects.
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Figure 3.8: Correlation function of relative phase in coupled bilayer.(a,c)
Representative phase correlation functions of relative phase C(r) at different PSDs with
two various Josephson coupling strengths. Each dataset is fitted with an exponential
model y = ae−2r/r0 (green dash-dotted line) and an algebraic model y = ar−2η (blue
dashed line). (b) Extracted values of η as a function of PSD. The red dashed line marks
η = 0.25, and the inset shows χ2 statistics for exponential and algebraic fits. (d) Extracted
values of η as a function of PSD. One inset shows the χ2 statistics for exponential and
algebraic fits, from which the critical PSD Dc is extracted at the crossover point. The
other inset shows the fitted values of C0, obtained from the model y = ae−2r/r0 + C0.

In contrast, the relative-phase correlations in the coupled bilayer transition from

exponential decay to LRO, as shown in Figure 3.8c. For consistency, we continue to

apply both algebraic and exponential fits to the correlation functions for two main

reasons. First, this approach remains valid even when the true behavior corresponds

to LRO. In such cases, the initial power-law decay part and the long-distance tail
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of the correlation function is more accurately described by an algebraic form than

by an exponential one. Second, in inhomogeneous systems such as harmonically

trapped gases, LRO is difficult to observe in the weak-coupling regime, and the

correlation functions instead exhibit effective power-law decay. Moreover, the

exponent η extracted from the algebraic fits still provides an effective measure

of the degree of order in the system. We also employ an alternative method to

distinguish between exponential decay and LRO. We fit the correlation function

with the model y = ae−2r/r0 + C0, which provides an approximate description of

LRO. In this framework, LRO is signaled by a nonzero C0. The results are shown in

the inset of Figure 3.8d. We find C0 remains zero at low PSD and begins to increase

beyond the critical point, marking the transition from exponential decay to LRO.
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Figure 3.9: Phase diagram of coupled bilayer 2D Bose gas (MC). The critical
points of the relative and common phases extracted from the χ2 analysis are compared
with the RG predictions (see Section 2.3.7). The horizontal axis is plotted on a logarithmic
scale with base 10. The inset shows the critical points of the single layer (shaded area,
with the width indicating the standard error) and of the common phase (markers with
error bars).

In Figure 3.9, we present the extracted critical PSD Dc of the common and

relative phases as a function of the interlayer coupling strength. These results are

compared with the renormalization-group analysis, using initial conditions chosen
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to match the experimental parameters reported in Ref. [14]. We note that the

agreement is also consistent with the experimental data of Ref. [14], which will be

discussed in detail in Erik Rydow’s thesis [66]. The Monte Carlo results clearly

reveal the ASF phase, characterized by long-range order in the relative phase while

the common phase remains disordered. The common phase and the single-layer

phase follow the same transition line, as shown in the inset.

As the common phase undergoes the well-known BKT transition, it is understood

to be driven by the binding and unbinding of vortex–antivortex pairs, as discussed

for the single-layer case. In contrast, whether the relative phase undergoes a

genuine phase transition, and if so, what type of transition it represents. In

the coupled two-dimensional XY model description, the relative mode can be

written in the continuum limit as

Hrel = J

4

∫
d2r (∇θ(r))2 − Ω

∫
d2r cos(θ(r)) , (3.34)

where the variables are defined in Sec. 2.2.1. This Hamiltonian can be regarded

as an XY model subject to a symmetry-breaking field represented by the term

−Ω
∫
d2r cos(θ(r)). In the famous JKKN paper, José et al. performed a perturbative

RG analysis of this system and found that no stable fixed point exists [67]. This

result was interpreted as implying the absence of a true phase transition in such

a system and the absence of vortex unbinding, since the symmetry-breaking field

is always relevant, regardless of its strength. However, subsequent rigorous RG

analyses demonstrated that vortices can in fact undergo a binding–unbinding

process even in the presence of such a symmetry-breaking field, giving rise to

three distinct vortex phases [68–70]:

• Linearly confined phase: The vortex and antivortex are bound with a

linear potential (strings or domain walls) identical to a kink soliton of the

sine-Gordon model.

• Logarithmically confined phase: The vortex and antivortex are bound

with a logarithmic potential.
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• Deconfined phase: Unbound vortex and antivortex (free vortices).
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Figure 3.10: Vortices in the relative phase. Representative dimensionless vortex
density nvξ

2 of the relative phase, obtained from Monte Carlo simulations as a function
of the phase-space density D for different interlayer coupling strengths Jc. The solid lines
represent exponential fits using the model y = Ae−γD, with the fitted values of γ at each
Jc shown in the inset. The dashed line in the inset indicates γ = 0.57, as previously
reported for the single-layer BKT transition.

The system can evolve from a deconfined phase to a linearly confined phase either by

lowering the PSD (or temperature) or by increasing the strength of the symmetry-

breaking field. The transition between these phases are found to be a continuous

but not a conventional thermodynamic phase transition, but can be identified by

the qualitative change on transport properties, correlation functions and I − V

curve in bilayer superconductors [69, 70].

During the analysis of MC simulated fields, we apply a Gaussian filter with

σ = 1.5µm, chosen to be comparable to both the healing length and the imaging

resolution of the experimental setup used in this thesis and in Ref. [14]. Vortices

are then counted at different PSDs and interlayer coupling strengths Jc. Results are

plotted in Figure 3.10, we find that the dimensionless free-vortex density decreases

exponentially with increasing PSD for all nonzero values of Jc, with the decay rate

depending on the coupling strength. At the same time, the vortex density is further
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suppressed as the coupling strength increases. These results suggest that vortex

binding persists in the relative phase and plays an important role in driving the

change of the correlation function from exponential decay to LRO.4

3.2.3 BKT paired phase in bilayer 2D Bose gases

As discussed in Sec. 2.2.4 and shown by the Monte Carlo results in Figure 3.9,

a first-order (two-body) Josephson coupling is insufficient to generate the BKT

paired phase; instead, a four-body interlayer coupling is required. To investigate

this scenario, we perform MC simulations of the bilayer two-dimensional Bose gas

with a four-body Josephson coupling to examine whether the BKT paired phase

emerges. We adapt the discrete Hamiltonian for the tunnel-coupled bilayer, but

with a modified Josephson coupling term

H = H1 +H2 +H ′
12 , (3.35)

with

Ha = −Jh
∑
i ̸=j

wi, j ψ
∗
a, iψa, j + U

2
∑

i

n2
a, i +

∑
i

(Vi − µ)na, i , (3.36)

and

H ′
12 = −Jc

∑
⟨ij⟩

(
ψ1, i ψ2, i ψ

∗
1, j ψ

∗
2, j + ψ∗

1, i ψ
∗
2, i ψ1, j ψ2, j

)
√
n1, i n2, i

, (3.37)

where H ′
12 denotes a four-body interlayer coupling, and ⟨ij⟩ denotes nearest

neighbors. The simulations are carried out in a circular potential of radius 24µm

with a discretization length of 0.5µm. The interlayer coupling strength Jc is varied

from 10−6 to 100 Hz. The temperature is fixed at 30 nK and the dimensionless

interaction strength at g̃ = 0.084.

In Figure 3.11, we show the correlation functions at different PSDs for Jc ≈ 70 Hz,

comparing the single-layer and common phases. We find that the critical PSD Dc

of the common phase is smaller than that of the single layer, which is indicative
4It is worth noting that the transition has also been proposed to be first order in Ref. [13]

However, within the RG framework employed there, it is difficult to unambiguously distinguish a
strong crossover from a genuine first-order transition.
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Figure 3.11: Phase correlation function in BKT paired phase. (a,b) Representa-
tive phase correlation functions C(r) of the single-layer and common phases at different
PSDs with Jc ≈ 70.1 Hz. Each correlation function is fitted with an exponential model
y = ae−r/r0 (red dash-dotted line) and an algebraic model y = ar−η (blue dashed line).
The extracted values of η are shown as a function of PSD, with the red dashed line
indicating η = 0.25. The critical PSD Dc is determined from the crossover point of the
χ2 analysis.

of the emergence of a BKT paired phase. For both the single-layer and common-

phase correlation functions, the transition retains the characteristic change from

exponential to algebraic decay, the hallmark of the BKT transition. Notably, fitting

both correlation functions with the algebraic form y = ar−η yields critical exponents

close to ηc = 0.25, in contrast to the value ηc = 0.5 expected for the common phase

in the decoupled case. This implies a breakdown of gcom(r) ∝ g2(r). It is interesting
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to note that the critical superfluid exponent of the common phase coincides with

the conventional BKT critical value. A tentative explanation is that, in the strong

four-body coupling limit, the low-energy effective Hamiltonian is dominated by

H ≈ −2nJc
∑
⟨ij⟩

cos(ϕa,i + ϕb,i − ϕa,j − ϕb,j) = −2nJc
∑
⟨ij⟩

cos(φcom,i − φcom,j) ,

(3.38)

which is identical in form to Eq. (2.35), as expected. This corresponds directly to

the two-dimensional XY model, expressed in terms of the common-phase variable

φcom = ϕ1 + ϕ2. At the same time, the common phase can be regarded as an

independent variable with its own symmetry, and thus undergoes a BKT transition

with the universal critical exponent ηc = 0.25.
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Figure 3.12: Phase diagram of BKT paired phase. The critical points of the
single-layer and common phases extracted from the χ2 analysis. D greater than the critical
point corresponds to the ordered phase, while smaller D corresponds to the disordered
phase. The shaded region denotes the BKT paired phase. The inset shows the estimated
critical superfluid exponent ηc of the common phase at various coupling strengths.

We extract the critical points of the single-layer and common phases, as shown

in Figure 3.12. A BKT paired phase emerges for Jc ≳ 30 Hz, indicated by the

clear separation of the two transition lines. The critical exponent ηc exhibits a
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dependence on the coupling strength, decreasing from 0.5 (expected in the decoupled

case when fitting with the model y = ar−η) to 0.25 as the coupling increases. This

behavior is consistent with Monte Carlo results for the coupled XY model with

four-body interactions [32]. The critical points of the single layer also decrease

with increasing coupling, but eventually saturate at a plateau of approximately

half the Dc of the decoupled case, similar to the behavior of a tunnel-coupled

bilayer, as expected (see Section 2.2.4).
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Figure 3.13: Phase profile and paired vortices. Phase profiles of the single-layer
and common phases with detected vortices (red filled circles) and antivortices (white filled
circles). Vortices identified in the single layers are overlaid as transparent markers on the
common-phase profile. Black circles highlight examples of vortex–antivortex pairs formed
across different layers. The phase outside the cloud is manually set to 0.

To investigate the physics of the BKT paired phase, we analyze the phase profiles

within this regime. A Gaussian filter with width σ = 1µm is applied to remove

tightly bound vortex–antivortex pairs. An example is shown in Figure 3.13. In

the single-layer phase, the profiles exhibit the expected disordered behavior with



3. Numerical Simulation of Bilayer 2D Bose Gases 57

many free vortices. By contrast, the common phase exhibits superfluid, with only

very few free vortices detected. For comparison with the single layer, we project

the vortices detected in both layers onto the common phase. We find that vortices

and antivortices in different layers bind together, so that although each individual

layer remains disordered, the four-body coupling generates vortex–antivortex pairs

in the common-phase field, leaving it ordered. This is in contrast to the two-body

coupling, which locks vortices of the same sign across layers, whereas the four-body

mechanism gives rise to the BKT paired phase.

3.3 Dynamical Simulations of a Bilayer 2D Bose
Gases

Building on the classical-field Monte Carlo simulations, we extend the study to

investigate the dynamics of the bilayer system. The time evolution of the bosonic

fields is governed by the tunnel-coupled Gross–Pitaevskii equations (GPEs),

iℏ
∂ψ1

∂t
=
(

− ℏ2

2m∇2 + V (r) + g|ψ1|2
)
ψ1 − Jcψ2 , (3.39)

iℏ
∂ψ2

∂t
=
(

− ℏ2

2m∇2 + V (r) + g|ψ2|2
)
ψ2 − Jcψ1 , (3.40)

where ψi=1,2 denotes the fields in layers 1 and 2, Jc is the interlayer coupling strength.

To simulate the time evolution, the fields are propagated according to the above

equations of motion, with initial states provided by MC simulations. The equations

of motion are solved numerically using a fifth-order Runge–Kutta method (RKM),

rather than the split-step method commonly employed for solving the GPEs, in

order to avoid spectral aliasing during the time evolution. In particular, we employ

the Cash–Karp scheme, implemented with a fixed timestep rather than its usual

adaptive form [71]. We again apply a 25-point Laplacian during the integration

to suppress anisotropic effects in the dynamics.

This dynamical simulation method is applied to study universal coupling-quench

dynamics, which will be discussed in Chapter 5 and compared with experimental
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data. As a first step, we investigate Josephson oscillations in a tunnel-coupled two-

dimensional bilayer at finite temperature, a phenomenon that has been extensively

studied and is essential for understanding out-of-equilibrium dynamics in coupled

bilayer systems [4–8, 72]. However, experimental observations and numerical studies

in two-dimensional bilayer bosonic systems are still lacking. The simulations

presented here therefore provide a valuable starting point prior to performing

experiments, which are planned for our new experimental apparatus [63].

3.3.1 Josephson effects in tunnel-coupled 2D bilayer Bose
gases

The foundational concepts were first developed in the context of superconductivity

by Brian Josephson in 1962 [73]. He predicted that a supercurrent of Cooper pairs

could tunnel through a thin insulating barrier separating two superconductors,

driven not by an applied voltage but by the difference in the macroscopic quantum

phases of the two superconducting wavefunctions. This phenomenon is now known

as the Josephson effect.

The underlying principles are not limited to superconductors and have also been

observed in other superfluids, such as helium-3 [74], as well as in Bose–Einstein

condensates. With the advent of ultracold atomic gases, the bosonic Josephson

junction (BJJ) emerged as a highly controllable and versatile analogue [4–8, 75]. A

BJJ is typically realized by two weakly coupled Bose–Einstein condensates (BECs),

often confined in a double-well potential.

3.3.1.1 The two-mode model

To describe the dynamics of a BJJ trapped in a double well potential, a common and

effective approach is the two-mode model (TMM) [76, 77]. This model simplifies the

complexity of the many-body system by assuming that at sufficiently low energies,

the atoms only occupy the two lowest energy modes of the double-well potential,

and the barrier height is sufficiently higher than the chemical potential of each well.
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These modes correspond to two eigenstates, the symmetric ground state, ψs(r), and

the anti-symmetric first excited state, ψa(r). Then we define the field operator

Ψ̂ = ψs(r)âs + ψa(r)âa , (3.41)

where, â†
s,a are creation operators associated with symmetric and antisymmetric

mode. A more intuitive basis can be constructed from linear combinations of

symmetric and anti-symmetric operators, corresponding to the atoms localized

in the left (L) and right (R) wells

â†
L = â†

s + â†
a√

2
, â†

R = â†
s − â†

a√
2

, (3.42)

where â†
L,R and âL,R are the creation and annihilation operators for an atom in

the left or right well. This basis leads to the two-site Bose-Hubbard two-mode

Hamiltonian [62, 78, 79]:

ĤTMM = −Jc(â†
LâR + â†

RâL) + U

2 [n̂L(n̂L − 1) + n̂R(n̂R − 1)] + ∆(n̂R − n̂L) , (3.43)

where n̂L,R = â†
L,RâL,R are the respective number operators. The model is char-

acterised by three key energy scales:

• Tunnelling Energy (Jc): This parameter quantifies the rate of single-particle

tunneling through the barrier between the two wells, determined by the overlap

of the left and right wavefunctions.

• On-site Interaction Energy (U): This describes the mean-field interaction

energy between atoms within the same well.

• Potential Asymmetry (∆): This accounts for any energy difference between

the potential minima of the two wells.

In the limit of a large number of atoms, a mean-field treatment can be applied by

replacing the operators with complex numbers: âL,R →
√
NL,Re

iϕL,R . The dynamics
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of the system can then be described by two canonically conjugate variables: the

fractional population imbalance, z(t), and the relative phase, θ(t).

z(t) = NL(t) −NR(t)
NT

, (3.44)

θ(t) = ϕL(t) − ϕR(t) , (3.45)

where NT = NL + NR is the total, conserved number of atoms. The classical

equations of motion derived from the Hamiltonian in Eq. (3.43), using ż = −∂H
∂ϕ

and ϕ̇ = ∂H
∂z

, are given by [76, 79]:

dz

dt
= −2Jc

ℏ
√

1 − z2 sin(θ) , (3.46)
dθ

dt
= ∆

ℏ
+ UNT

ℏ
z + 2Jc

ℏ
z√

1 − z2
cos(θ) . (3.47)

These equations describe a rich variety of dynamical behaviours and are analogous to

the motion of a non-rigid pendulum, where z corresponds to the angular momentum

and θ to the tilt angle.

The behaviour of the system is largely determined by the ratio of the interaction

energy to the tunnelling energy, Λ = UNT/(2Jc), and the initial conditions (z0, θ0).

If we consider the interacting gas, two primary dynamical regimes exist.

Josephson (plasma) oscillations

For small initial population imbalances and Λ ∼ 1 > 1/NT [79, 80], the system

exhibits approximately sinusoidal oscillations of both population and phase around

the equilibrium point (z = 0, θ = 0), as shown in Figure 3.14a. This corresponds

to the pendulum swinging back and forth. In the limit of small amplitudes, the

frequency of these oscillations, known as the Josephson plasma frequency, is given by

ωp = 2Jc

ℏ
√

1 + Λ = 1
ℏ

√
2Jc

(
UNT + 2Jc

)
, (3.48)

which reduces to the noninteracting Rabi frequency ΩR = 2Jc/ℏ when U → 0.5 In

phase space, low–energy trajectories are closed orbits encircling (0, 0).
5when interactions are negligible (Λ ≪ 1), the dynamics are purely sinusoidal at ΩR and

coincide with single–particle Rabi oscillations, which we do not analyze further here as our focus
is the interacting Josephson regime.
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Figure 3.14: Josephson dynamics in the two–mode model. (a) Time evolution
of the population imbalance z and relative phase θ for Λ = 15. Blue: initial condition
z0 = 0.1, θ0 = 0 (Josephson/plasma oscillations). Green: initial condition z0 = −0.8,
θ0 = 0 (macroscopic self–trapping; inset: the phase θ(t) winds monotonically). Time
is measured in units ℏ/2Jc. Red curves illustrate oscillations about fixed points with
nonzero phase. (b) Phase–space portraits in (θ, z) for different Λ. Blue curves indicate
closed Josephson orbits; green curves indicate self-trapped trajectories. The black curve
is the separatrix for Λ = 15, which separates the Josephson and self-trapping regimes.

Macroscopic quantum self–trapping (MQST)

For sufficiently strong interactions relative to tunneling (Λ ≫ 1), the nonlinear

dynamics admit a separatrix that passes through the saddle points (z, θ) = (0,±π).

Initial conditions that place the system above this separatrix give rise to macroscopic

quantum self–trapping (MQST): z(t) oscillates about a nonzero mean while the
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phase θ(t) winds continuously (see Figure 3.14a). The origin of MQST can be seen

from the classical two–mode Hamiltonian [76, 79, 80]

H(z, θ) = Λ
2 z

2 −
√

1 − z2 cos θ , (3.49)

where we have written the Hamiltonian in the standard dimensionless form, yielding

equations of motion with a rescaled time τ = (2Jc/ℏ)t. We also set the static

bias to zero, ∆ = 0. We know the dynamics acquire a separatrix passing through

(z, θ) = (0, π) for Λ ≫ 1. Energy conservation together with the bounded tunneling

term −
√

1 − z2 cos θ ∈ [−1, 1] implies that at balanced population z = 0 the energy

satisfies H(0, θ) ∈ [−1, 1]. Therefore, if the initial energy E0 exceeds the separatrix

value Esep = H(0, π) = 1, the point z = 0 does not lie on the constant–energy

trajectory and is kinematically inaccessible.

For an initial phase θ0 = θ (0) = 0, the onset of MQST is obtained by equating

the initial energy to the separatrix energy,

Λ
2 z

2
0 −

√
1 − z2

0 = 1 ,

which yields the threshold imbalance

zc(Λ) = 2
√

Λ − 1
Λ , (Λ > 1) , (3.50)

so that trajectories cannot cross z = 0 for any subsequent time when z0 > zc,

as shown in Figure 3.14b.

3.3.1.2 Numerical simulation of Josephson effects

We simulate the Josephson effect by preparing initial fields in a decoupled 2D bilayer

using Monte Carlo sampling at T = 30 nK, confined in a square box potential of size

49µm. The simulations are performed with a discretization length of 0.25µm. For

each realization, the mean phase of each layer is computed, and a controlled global

phase difference is introduced by adding a phase offset. This procedure ensures that

each cloud retains its intrinsic phase fluctuations. To introduce a density imbalance,

layers 1 and 2 are prepared with different PSDs, corresponding to different atom
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Figure 3.15: Numerical simulation of Josephson oscillations. Time evolution of
the fractional population imbalance and relative phase for D = 20 with (a) Jc = 10 Hz and
(b) Jc = 50 Hz, averaged over 10 realizations at each time step. The corresponding power
spectra are shown for both density and phase, normalized to their respective maxima. (c)
Same analysis for D = 44.

numbers in each cloud, thereby mimicking realistic experimental conditions. The

bilayer fields ψ1 and ψ2 are subsequently time evolved from t = 0 according to

Eq. (3.40), with a controlled interlayer coupling Jc
6, corresponding to a sudden

switch-on of the coupling. The integration timestep is chosen sufficiently small

(∆t ∼ 0.2µs) to ensure numerical accuracy and preserve unitary evolution.

We first simulate the dynamics with z0 ≈ 0 and θ0 ≈ 0.25π, using D = 20

for both clouds, which lies well above the BKT transition point (Dc ≈ 11) and

is experimentally accessible. Figures 3.15a and 3.15b show the evolution of the

fractional population imbalance z and the relative phase θ for two different interlayer

couplings. Both z and θ oscillate around zero with matching frequencies, as expected.
6Here Jc is defined such that hJc corresponds to the single-particle Josephson tunnelling energy
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We then simulate the dynamics at even higher PSD (D = 44) while keeping the

coupling strength fixed, corresponding to an increased atom number at constant

temperature. As anticipated, the oscillation frequency is higher than in the lower-

PSD case. In Figure 3.16a, we plot the dominant oscillation frequency as a function

of coupling strength and compare it with the prediction of the two-mode model

prediction (solid line), finding good overall agreement. For D = 20, however,

the frequency is slightly lower than the theoretical value, possibly due to finite-

temperature effects. In all simulations, the oscillations decay over time rather than

maintaining a constant amplitude, in contrast to the two-mode prediction. Notably,

although the oscillations damp rapidly at early times, they persist with small

amplitude throughout the simulation window rather than locking completely to zero.

In the high-PSD simulations, we observe a clear revival of the oscillation amplitude

following the initial decay, which can be attributed to partial rephasing [81, 82]. A

similar decay of oscillation amplitude beyond the two-mode description has also

been observed experimentally in various systems [4, 7, 8, 72, 83]. We find that

the damping rate depends on the coupling strength, as shown in Figure 3.16b.7 In

addition, the high PSD case exhibits a slightly longer damping time, corresponding

to a lower damping rate compared with the low PSD case.

Damping in bosonic Josephson junctions can arise from both extrinsic and

intrinsic channels. Coupling the system to an Ohmic bosonic bath provides a

dissipative environment [84], while in two-dimensional junctions the supercurrent

can additionally lose energy through phonon radiation and vortex–antivortex pair

dynamics [85]. In our simulations of bilayers, we observe the presence of topological

defects, which can contribute to the damping and will be discussed in more detail

later. In elongated quasi-one-dimensional tunnel-coupled condensates, a spatially

uniform phase imprint excites a ladder of even k > 0 Bogoliubov modes. The

multimode dephasing of these modes, together with the nonlinear coupling to

the symmetric (common density) mode, rapidly attenuates the global Josephson
7In a harmonically trapped 1D bilayer coupled Bose gas [7], the damping rate was observed to

be nearly independent of the effective coupling. By contrast, simulations of such systems indicate
that the damping rate depends on the single-particle tunneling coupling Jc [82].
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Figure 3.16: Frequency and damping time of oscillations. (a) Angular frequency
as a function of interlayer coupling strength for two different PSDs. The solid line shows
the two-mode model prediction, ω =

√
2hJc (gnT + 2hJc)/ℏ. (b) Damping time τ = 1/γ

for various Jc, where γ is the damping rate. The damping time is obtained by fitting the
peak envelope with A = A0e

−γt.

oscillation [82]. It has further been proposed that in a uniform box trap the

coupling to the common mode is suppressed, preventing the system from fully phase

locking [82]. This is consistent with our observations in Figure 3.15.
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Figure 3.17: Macroscopic self-trapping. (a) Time evolution of the fractional
population imbalance for different Jc. (b) Corresponding evolution of the unwrapped
relative phase, averaged over 10 realizations at each time step.

We next consider the case of an initial population imbalance combined with a

large phase difference. Beyond a critical condition, the system is expected to exhibit

macroscopic quantum self-trapping (MQST), as shown in Eq. (3.50) and Figure 3.14.
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We choose initial conditions z0 ≈ 0.14 (D1 = 33, D2 = 25) and θ0 ≈ 0.95π. In

our simulations, and as is normally the case in ultracold-atom experiments, the

condition Λ ≫ 1 holds, so the critical imbalance zc decreases as Jc is reduced

for a fixed atom number. We therefore vary the interlayer coupling strength and

expect self-trapping to emerge at sufficiently low Jc. This is indeed the case, as

seen in Figure 3.17. For low coupling strengths, the population imbalance initially

remains trapped at a nonzero value, accompanied by a monotonically winding phase,

which signals the self-trapping. However, in contrast to the sustained self-trapping

predicted by the two-mode model, we find that the imbalance damps and eventually

relaxes into oscillations around zero. At the same time, the relative phase ceases to

wind and instead oscillates around θ = n2π with n ∈ Z. Such relaxation is expected

in the presence of dissipation [84], which may also be relevant to our simulations.

Although the total energy is conserved, the symmetric (common) mode can act

as a weak bath for the antisymmetric (relative) mode. Moreover, the topological

excitations can again mediate energy transfer, as will be discussed later. As a

result, the argument for sustained self-trapping in the two-mode model no longer

applies, and z = 0 becomes kinematically accessible.

3.3.1.3 Domain walls and topological excitations under Josephson os-
cillations

Although the initial state is prepared deep in the superfluid regime, the non-adiabatic

switch-on of the interlayer coupling renders this state excited with respect to the

post-quench Hamiltonian and can lead to the generation of topological defects

such as vortices. In the antisymmetric sector, an additional type of excitation is

permitted, namely domain walls. These are line-like kinks of the relative phase

(with dimensions larger than 1) that interpolate between adjacent minima of the

Josephson cosine potential Jc cos (θ), producing a 2π jump across the wall. As

we will see in Chapter 5, the antisymmetric phase field is deeply connected to

2D sine-Gordon (SG) model. In this description, domain walls are the classical

soliton solutions with a characteristic width ξwall ∝
√

1/Jc [24, 86] (here we consider

two clouds with equal atom number).
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Figure 3.18: Domain walls in Josephson dynamics. (Left) Profile of |ψ1 + ψ2|2,
normalized such that the maximum value is unity. A zoomed-in view is shown at the top,
and the corresponding sliced density profile along the dashed line is displayed alongside.
(Right) Wrapped relative-phase profile, with a zoomed-in view shown at the top and the
sliced phase profile along the dashed line displayed alongside. Two sharp phase jumps of
approximately 2π, connecting regions with θ ≈ 0, are observed, indicating the presence of
domain walls.

In Figure 3.18, we show a snapshot of |ψ1 + ψ2|2 and of the relative phase θ at

t ≈ 10 ms for z0 = 0, θ0 = 0.25π, Jc = 40 Hz, and D = 44. We find that domain

walls emerge as closed loops in the relative phase, accompanied by “density” dips of

characteristic size ∼ 1µm in |ψ1 + ψ2|2, arising from the contribution of Re[ψ1ψ
∗
2]

(reflects the value of cos (θ)). We then vary the coupling strength while keeping the

initial conditions fixed, and observe that reducing the coupling strength results in

a thicker domain wall, as shown in Figure 3.19, consistent with expectations. We

note that a similar, but much weaker, true density depletion is observed in one of

the layers, accompanied by a corresponding phase winding that does not connect

the minima of cos(θ) (see Figure 3.20). This feature becomes difficult to identify

as the domain wall width or thermal fluctuations increase.

We now track the formation and evolution of one of the domain walls during

the Josephson oscillation, and the results are presented in Figure 3.21. At the

beginning of the dynamics, no domain walls are observed in the entire field, and
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Figure 3.19: Size of domain wall. (a) Domain wall in the normalized |ψ1 + ψ2|2 for
two different interlayer coupling strengths, Jc = 15 Hz and Jc = 40 Hz. The rightmost
panel shows angular average computed over diameters rotated by 180◦, for Jc = 15 Hz
(red line) and Jc = 40 Hz (blue line). (b) Corresponding plots for the relative phase.

consequently the zoomed-in region in Figure 3.21 also shows no indication of domain

wall formation. As time progresses, the first signs of a domain wall appear at the

edge of the cloud around t ≈ 6 ms (not shown). The domain wall subsequently

develops within the selected region at approximately t ≈ 7 ms, and we find that

this formation process is closely connected to the Josephson oscillation of the global

relative phase. A clear domain wall at its maximum size appears when the global

relative phase reaches its peak value; thereafter the wall gradually shrinks (consistent

with the fact that the energy cost increases with the length of the domain wall [24])

and undergoes a rearrangement as the phase evolves toward the opposite extremum.

When the global relative phase reaches this opposite extremum, the configuration of

the domain wall is inverted. For example, at t = 9.93 ms the domain wall changes

from approximately 0 to 2π, while at t = 12.50 ms it changes from approximately 0

to −2π. At later times, when the oscillation is small around θ = 0, we find that no

domain walls remain in the system. It is interesting to note that the formation of

domain walls occurs within the regime of rapid damping of the Josephson oscillation.

This suggests that domain walls may serve as an energy-loss channel (for example, by
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Figure 3.20: Density depletion and phase in each layer. (Top) Density profiles
of Layers 1 and 2, normalized to their respective maximum values. A magnified view
of the region enclosed by the white rectangle is shown in the upper-left inset. (Bottom)
Wrapped phase profiles of Layers 1 and 2, with a corresponding magnified view of the
same region. A Gaussian filter of σ = 0.25µm is applied.

radiating energy into phonons or into the common mode when they deform), thereby

contributing to the damping of the oscillation in two-dimensional bilayer systems.

It is important to remember that topological defects can arise in tunnel-coupled

two-dimensional bilayer systems. When the coupling strength is sufficiently strong

and thermal fluctuations are small, a vortex–antivortex pair is expected to be

connected by an open domain wall, or equivalently a finite-tension string (see

Section 3.2.2). A closer examination of the domain wall dynamics reveals that a

closed domain wall first shrinks and then deforms into vortices and antivortices. Sub-

sequently, an open domain wall with a vortex–antivortex pair at its ends gradually

forms and eventually reconnects to produce a new closed-loop domain wall, as shown

in Figure 3.22. In this figure, a Gaussian filter with σ = 1 pixel = 0.25µm is applied

to suppress short-range noise and to eliminate tightly bound vortex–antivortex

pairs, without losing essential information. Similar “domain-wall-like” structures
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Figure 3.21: Evolution of domain wall during Josephson oscillation. Evolution
of the wrapped relative phase profile in a selected region, shown together with the globally
averaged relative phase oscillation (averaged over 5 samples) in the bottom panel. The
corresponding time points are indicated by circular markers in the bottom panel. When
no domain wall is observed in the entire field, the label “no DW” is added in the title.

can sometimes be seen in the wrapped phase of the normal two-dimensional XY

model (either a single layer or a decoupled bilayer Bose gas), particularly after

the application of a Gaussian blur or other coarse-graining procedure8. However,

these features are artefacts rather than physical domain walls, since the underlying

U(1) symmetry does not support their formation. By contrast, we believe that

the domain walls observed here are not artefacts: they appear even without any

coarse-graining and, importantly, are characterized by a well-defined width as well
8An example is shown in Fig. 2.1 of Ref. [63].
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Figure 3.22: Vortices and formation of domain wall. Evolution of the wrapped
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σ = 0.25µm is applied.

as a connection between the minima of cos(θ) rather than random phase values.

3.3.1.4 Domain walls and topological excitations under self-trapping

Now we examine initial conditions with population imbalance and a large global

phase difference, using the same data as in Figure 3.17. Interestingly, we find that

large, structured domain walls start to form once the phase winding (or self-trapping)

has stopped. Figure 3.23 presents snapshots of the relative phase for two different

values of Jc, revealing two distinct forms of domain wall evolution. When the

interlayer coupling strength is high, the domain walls break into separate segments

terminated by vortex–antivortex pairs. In contrast, when the coupling is small, the

domain wall shrinks rather than breaks. One possible reason for this behavior is

that the weaker coupling is insufficient to form linearly confined vortex–antivortex

pairs, thereby suppressing the formation of open domain walls and preventing the

breaking process. For stronger coupling, however, nonequilibrium excitations can

generate vortex–antivortex pairs more rapidly than the wall can retract, so that wall

breaking occurs on a shorter timescale than shrinking. In addition, we again observe

that the width of domain walls is larger for smaller values of Jc, as expected.
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In Figure 3.24, we present the evolution of the vortex density detected in the

relative phase. Initially, no vortices are observed, as the system starts deep in the

superfluid regime, and this remains the case during the self-trapping dynamics.

Vortices are generated subsequently, with the onset and number depending on

the coupling strength: stronger coupling produces vortices more rapidly and in

larger numbers due to the breaking of closed-loop domain walls. By comparing

the time at which self-trapping stops with the evolution of vortices, we find that

self-trapping ends when the vortex number is still very low. This suggests that

the mechanism responsible for interrupting self-trapping is not vortex proliferation

but rather another process.

The number of vortices then decreases as the system relaxes. We identify two

main decay pathways: vortex–antivortex pairs confined by domain walls (or strings)

either move to the boundary of the cloud and vanish, or distinct pairs confined by

walls meet and merge (or fuse) to form a new pair. The latter process dominates the

initial decay of vortices immediately after the breaking of the walls. The merging

occurs when a vortex in one well approaches an antivortex in the other well. At the



3. Numerical Simulation of Bilayer 2D Bose Gases 73

0 100 200 300 400
t (ms)

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

n
v

(µ
m
−

2
)

0 20 40 60 80
0.000

0.005

0.010

Jc = 2 Hz
Jc = 5 Hz
Jc = 10 Hz

Figure 3.24: Excitation and relaxation of vortices with initial population
imbalance. Vortex density in the relative phase as a function of evolution time for three
coupling strengths Jc. Solid lines show the mean density obtained from ten realizations,
while shaded regions indicate the standard error. Circle markers denote the times at which
the global relative phase stops to wind monotonically, together with the corresponding
vortex densities. The inset shows a zoomed-in view for the first 80 ms. A Gaussian filter
with σ = 0.25 µm is applied to the field for vortex detection, and the density is obtained
by averaging over ten realizations at each time step.

same time, we also observe long-lived confined vortex–antivortex pairs connected by

domain walls (for Jc = 5, 10 Hz), indicating that these excitations are metastable.

Next, we track the evolution of the total domain-wall length within a single

phase profile, as shown in Figure 3.25a. The total wall length averaged over ten

realizations is presented as a function of time in Figure 3.25b. We find that stronger

coupling strengths result in domain walls with longer total lengths. Before the

self-trapping stops, domain walls have already formed for all values of Jc, during

which the self-trapping persists but becomes damped. The end of self-trapping is

accompanied by the formation of large domain walls. This suggests that the domain

walls likely act as a main energy dissipation channel, thereby interrupting the

self-trapping dynamics. At later times, we observe statistically long-lived domain

walls (non-zero total domain wall length), consistent with the vortex statistics.

By comparing Figure 3.24 and Figure 3.25, we find that the number of vortices

remains distinct for Jc = 5, 10 Hz, whereas the statistical total length of domain
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Figure 3.25: Domain wall length detection. (a) Relative phase profile with detected
domain walls indicated by black solid lines. (b) Total domain wall length as a function
of evolution time for three coupling strengths Jc. Circular markers denote the times at
which the global relative phase stops to wind monotonically, as in Figure 3.24. The inset
shows a zoomed-in view for the first 80 ms. The length of the domain wall is estimated
by summing up the detected wall pixels, and then multiply it with the grid size 0.25 µm.

walls for the two coupling strengths becomes comparable. This suggests that at

higher Jc, the domain walls tend to fragment into smaller segments on average. This

behavior is expected, as the linear confinement potential scales proportionally to
√
Jc. A simple way to understand these metastable confined vortex–antivortex pairs

is to consider the the relative phase alone, neglecting or assuming weak coupling to

the common modes. In this picture, the free energy of a confined vortex–antivortex

pair separated by a distance R at finite temperature T can be approximated as

F ≈ α
√
JcR − 2kBT ln

(
R

ξ

)
, (3.51)

where α is a proportionality constant and ξ denotes the healing length. We only

consider the regime ξ < R ≪ L, with L the system size. The free energy exhibits

a stationary point at R0 = 2kBT/α
√
Jc. For R < R0, the free energy decreases

with increasing R, while for R > R0 it increases with increasing R, indicating a

metastable equilibrium separation between the vortex and antivortex pair.

We estimate the separation of confined vortex–antivortex pairs at time t as

2LDW(t)/Nv(t), where LDW(t) denotes the total length of the detected domain walls
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Figure 3.26: Average separation of confined vortex–antivortex pairs. (a) Time
evolution of the mean separation distance for different tunnel-coupling strengths Jc. The
vertical axis is shown on a logarithmic scale. (b) Separation distance averaged over the
interval t = 50–200 ms (shaded region in (a)) as a function of Jc. The solid black line
shows a fit to the model y = a/

√
x+ b, yielding b ≈ −9.7. The inset displays the same

data and fit plotted against 1/
√
Jc.

and Nv(t) the number of detected vortices. Following the fragmentation of the

domain wall, the mean separation rapidly decreases and subsequently approaches a

quasi-steady value. Furthermore, increasing the coupling strength Jc results in a

systematic reduction of the pair separation, as shown in Fig. 3.26a. Figure 3.26b

displays the time-averaged separation, 2LDW(t)/Nv(t), evaluated over the interval

during which the separation distance remains approximately stationary, as a function

of Jc. We observe that the mean separation of confined vortex-antivortex pairs

scales as 1/
√
Jc, in agreement with the free energy argument. However, the fit

yields a non-zero offset b. This residual constant may arise from uncertainties in

the numerical estimation of the separation distance, or from physical effects not

captured by Eq. (3.51), such as finite-size corrections or density fluctuations.

3.3.1.5 Classification of confined vortex-antivortex paris

The confined vortex–antivortex pairs in the relative phase can originate from

several distinct configurations:

• V1|AV1: a vortex–antivortex pair in ψ1,

• V2|AV2: a vortex–antivortex pair in ψ2,
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• V1|V2: a vortex in ψ1 and another vortex in ψ2,

• AV1|AV2: an antivortex in ψ1 and another antivortex in ψ2.

In a two-component Josephson-coupled bilayer system, similar configurations

have been proposed as analogues of hadrons in SU(2) quantum chromodynamics

(QCD) [87, 88]. The V1|V2 and AV1|AV2 configurations are analogous to baryons,

while V1|AV1 and V2|AV2 correspond to mesons. The baryons are found to rotate

and mesons move translationally. In our system, the situation differs because it is

not a two-component gas; hence, there is no intercomponent atom-atom interaction

(g12 = 0), and the dynamics are considered at finite temperature. Nevertheless,

we observe similar behavior: “baryon-type” pairs rotate, while “meson-type” pairs

undergo translational motion.

Phase 1 Phase 2 Relative Phase

°º

0

º

µ
=
¡

1
°
¡

2

Vortex Antivortex

Figure 3.27: Classification and motion of confined vortices. Vortices and
antivortices detected in phase 1 (ϕ1), phase 2 (ϕ2), and the relative phase (θ). Different
types of motion of confined vortex–antivortex pairs in the relative phase are indicated:
counterclockwise rotation (white curved arrow), clockwise rotation (black curved arrow),
and translational motion (green straight arrow).

To track the motion of confined vortex–antivortex pairs, we focus on late

times at a coupling strength of Jc = 10 Hz, when only a few pairs remain.

The background relative phase is locked at θ = 0, with only residual thermal

fluctuations, providing a clean background for tracking vortex motion. We find

that, for a given coupling strength, the direction of rotation depends on whether the

configuration is V1|V2 or AV1|AV2 across the layers, as shown in Figure 3.27. The

V1|V2 bounds rotate counterclockwise while the AV1|AV2 bounds rotate clockwise. 9

9One can consider V1|V2 and AV1|AV2 as baryon and antibaryon.
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The V1|AV1 bounds move translationally without rotation. Therefore, we can

conclude that the (statistically) long-lived confined pairs are the rotating pairs

(i.e.,V1|V2 and AV1|AV2).
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Figure 3.28: Motion of confined vortices. Three-dimensional representations
of the trajectories of selected confined vortex–antivortex pairs. The x–y coordinates
indicate the spatial positions of the pairs, while the z axis represents time. (a) Confined
vortex–antivortex pairs exhibit rotational motion. (b) Confined vortex–antivortex pairs
translate without rotation.

Figure 3.28 visualizes the time evolution of confined vortex–antivortex pairs,

which exhibit either rotational or translational motion. We note that the rotation

period depends on the separation between the vortex and antivortex: larger

separations lead to slower rotation (see Figure 3.28a), consistent with the behaviour

observed in the two-component case [87].

In addition, complicated dynamical transformations between rotating and

translating pairs are observed, as previously studied in an ideal scenario for a

two-component system [88]. For example, two rotating pairs can merge to form

two translating pairs, or just one translating pair.

3.4 Conclusion

In this chapter, we discuss different numerical simulation methods for 2D Bose gases

at finite temperature. We first show that the stochastic Ornstein–Uhlenbeck process

can be used to generate phase profiles for both homogeneous and inhomogeneous
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2D Bose clouds in the superfluid regime. As a natural extension, the relative phase

in a tunnel-coupled bilayer system can also be simulated within the quadratic

approximation. However, this stochastic approach captures only phonon-like

excitations and cannot describe vortices. To overcome this limitation, we introduce

the classical-field Monte Carlo method, which can be broadly applied to simulate

finite-temperature systems. We employ this method to study the equilibrium

properties of bilayer Bose gases, including the phase correlation function and vortex

statistics. We further construct phase diagrams for bilayer systems with two-body

interlayer coupling, illustrating the coupling dependence of the critical PSD. In

addition, we confirm the existence of a paired BKT phase in bilayers with four-body

interlayer coupling, showing that it originates from the binding of vortices and

antivortices across different layers. Finally, we investigate the Josephson effects by

combining Monte Carlo sampling with the Gross–Pitaevskii equations, finding that

the damping of the oscillations most likely originates from sine–Gordon solitons

(domain walls). We then classify the different types of confined vortex–antivortex

pairs and demonstrate their distinct dynamics.
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In this chapter, we begin with a brief overview of the multiple-radiofrequency

dressed double-well potential employed to trap and realise quasi-two-dimensional

ultracold bilayer Bose gases. We show that the double-well potential can be

calculated numerically within the semi-classical approximation using Floquet theory,

and illustrate how its shape can be manipulated. We then describe the experimental

apparatus and sequence employed for cooling, loading, and imaging atoms in

the double-well potential.
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4.1 RF-dressed double-well potential

4.1.1 Atoms in a weak magnetic field

We consider a particle in a magnetic field B. Its magnetic dipole interaction

Hamiltonian is

H = −µ · B , (4.1)

where µ is the magnetic moment. For an atom in an external magnetic field Bext,

the magnetic and electric dipole interaction Hamiltonian can be written as [89]

HHFS = VHFS + VJ + VI + VQ ≃ AJ Î · Ĵ + gJµB Ĵ · Bext − gIµN Î · Bext , (4.2)

where Î is the nuclear spin operator and Ĵ is the electronic total angular momentum

operator, g denotes the Landé g factor, µB and µN are the Bohr magneton and the

nuclear magneton, respectively. The term VHFS = AJ Î · Ĵ is the hyperfine interaction

with hyperfine constant AJ , while VJ = gJµB Ĵ · Bext and VI = gIµN Î · Bext describe

the coupling of the electronic and nuclear magnetic moments to the field. We

neglect VQ, which represents the electronic quadrupole interaction energy, as it is

typically much smaller than the other magnetic contributions [89].

In the absence of an external field (Bext = 0), it is convenient to introduce

the total angular momentum operator F̂ = Î + Ĵ, which is conserved in a closed

system since no external torque acts on the atom. The operator VHFS = AJ Î · Ĵ

is then diagonalised in the basis |I, J, F,mF ⟩. Moreover, if the external field is

weak1 in the sense that gJµBBext ≪ AJ, the Zeeman terms can be treated as a

perturbation of VHFS so that I and J remain strongly coupled [89, 90]. Therefore

F is still a good quantum number in a weak magnetic field. To first order in

perturbation theory one has the effective relation

gJµB Ĵ · Bext − gIµN Î · Bext = gFµB F̂ · Bext , (4.3)
1Throughout this section, the applied dc magnetic field is assumed to remain within the

weak-field regime.
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where

gF = gJ
F (F + 1) + J(J + 1) − I(I + 1)

2F (F + 1) − gI
m

M

F (F + 1) + I(I + 1) − J(J + 1)
2F (F + 1)

≈ gJ
F (F + 1) + J(J + 1) − I(I + 1)

2F (F + 1) .

(4.4)

The approximation from the first to the second line in Eq. (4.4) follows from

neglecting the term proportional to gIm/M , which is approximately three orders

of magnitude smaller than gJ [89]. For a weak external magnetic field, Eq. (4.2)

can therefore be written as

HHFS = AJ Î · Ĵ + gFµB F̂ · Bext , (4.5)

where the second term corresponds to the Zeeman interaction. For a given hyperfine

level, the hyperfine structure term is constant, so only the Zeeman interaction needs

to be considered. Furthermore, in the presence of a magnetic-field gradient (i.e.

when the field strength varies spatially), this interaction can provide a trapping

potential for atoms. An example is the static quadrupole magnetic field, defined as

Bquad = b (xex + yey − 2zez) , (4.6)

where b is the magnetic-field gradient (in units of T/m). For this cylindrically

symmetric quadrupole field, the interaction Hamiltonian

Hint = gFµB F̂ · Bquad , (4.7)

can be evaluated more conveniently by transforming to a new coordinate sys-

tem. We define

x = r cosϕ sin θ , y = r sinϕ sin θ , 2z = r cos θ , (4.8a)

r =
√
x2 + y2 + 4z2 , cos θ = 2z√

x2 + y2 + 4z2 , cosϕ = x√
x2 + y2 . (4.8b)

Then the relation between the old and new coordinate systems can be expressed

through the transformation matrix

R =

cos θ cosϕ sinϕ sin θ cosϕ
cos θ sinϕ − cosϕ sin θ sinϕ

sin θ 0 − cos θ

 , (4.9)
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which transforms the unit vectors asex

ey

ez

 = R

eθ

eϕ

er

 , (4.10a)

and eθ

eϕ

er

 = R−1

ex

ey

ez

 . (4.10b)

In this new coordinate system, the quadrupole field can be written simply as

Bquad = b r er, (4.11)

which leads to the Zeeman Hamiltonian

HZeeman = gFµB F̂ · Bquad = gFµB b r F̂r. (4.12)
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Figure 4.1: Zeeman energy shifts of different mF states. Energy/h as a function of
the Zeeman energy/h. The red line corresponds to the state |mF = 0⟩, while the blue and
yellow lines represent |mF = −1⟩ and |mF = +1⟩, respectively. Atoms in the |mF = −1⟩
state act as low-field seekers and can be magnetically trapped. The x-axis Zeeman energy
is given by EZeeman/h = gFµBbz/(2π), for ϕ = 0 and θ = π.

The eigenstates of this Hamiltonian are |mF ⟩, where mF is the eigenvalue of F̂r,

defined by F̂r |mF⟩ = mF |mF⟩. Physically, mF is the quantum number associated

with the projection of the total angular momentum onto the quantization axis set
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by the local quadrupole magnetic field. For the 87Rb atoms used in our experiments,

which are trapped in the 5s 2S1/2 ground state with F = 1 (gF = −1
2), the allowed

values of mF are −1, 0, 1. The corresponding energy E = mFgFµB b r, is position

dependent and forms a trapping potential for mF = −1, as illustrated in Figure 4.1.

However, the energy levels cross at the centre of the trap, where the magnetic field

strength vanishes. At this point atoms may undergo Majorana spin-flip transitions

to untrapped states, causing loss from the trap. A common way to suppress such

losses is to apply a strong time-varying radio-frequency (RF) field.

4.1.2 Interaction between atoms and RF field

As discussed earlier, Majorana spin-flip loss in a quadrupole trap can be suppressed

by applying a sufficiently strong RF field. To analyse this effect rigorously, we first

consider the fully quantised description. Assume a quantised single-frequency RF

field B̂RF, represented as a second-quantised operator. The corresponding quantised

dressed-atom Hamiltonian can be written as [91]

Ĥ = Ĥfield + Ĥatom + Ĥint = ωâ†â+ gFµBb rF̂r + gFµBF̂ · B̂RF , (4.13)

where the three contributions are

Ĥatom = gFµBb rF̂r , (4.14a)

Ĥfield = ωâ†â , (4.14b)

Ĥint = gFµBF̂ · B̂RF . (4.14c)

Here ω is the RF field frequency, and the zero-point energy term ℏω/2 in

Eq (4.14b) has been omitted since it only adds a constant energy offset. Throughout

this discussion we set ℏ = 1, which corresponds to measuring the Hamiltonian

in units of E/ℏ. It is also useful to note that ⟨α(t)| B̂RF |α(t)⟩ = Bexp(t) for

α ≫ 1, where Bexp(t) is the experimentally applied RF field, treated classically

[92]. Because the spatial variation of the RF field is negligible on the scale of the

atom, we consider it as a purely time dependent variable [92].
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Using the quantised expression for the magnetic field, the interaction Hamiltonian

in the coordinate system defined by Eq. (4.8) takes the form

Ĥint = gFµBE
(
β√
2
F̂+ + α√

2
F̂− + ζF̂r

)
â† + H.c. , (4.15)

where F̂+ = F̂θ + iF̂ϕ and F̂− = F̂θ − iF̂ϕ are the angular momentum raising and

lowering operators, and E =
√
ω/(2ε0V ), with ε0 the vacuum permittivity and

V the volume. The coefficients are defined by

α = 1√
2 + 2κ

[cos θ cosϕ− κ cosϕ+ i (κ cos θ sinϕ+ sinϕ)] , (4.16a)

β = 1√
2 + 2κ

[cos θ cosϕ+ κ cosϕ+ i (κ cos θ sinϕ− sinϕ)] , (4.16b)

ζ = 1√
1 + κ

(sin θ cosϕ+ iκ sinϕ sin θ) , (4.16c)

with |α|2 + |β|2 + |ζ|2 = 1. The parameter κ specifies the RF field polarisation:

κ = 1 corresponds to circular polarisation, while κ = 0 corresponds to linear

polarisation. This Hamiltonian form follows from choosing the static quadrupole

field as the quantisation axis.

The eigenvalues of this Hamiltonian can be obtained analytically within the

rotating-wave approximation (RWA) for circularly polarised RF fields [93, 94]. For

linearly polarised RF fields, however, analytical diagonalisation is difficult, requiring

numerical techniques. A standard approach employs the Floquet theory within

a semi-classical framework, which provides solutions of arbitrary precision and,

importantly, can be generalised naturally to RF fields with multiple frequency

components [95, 96].

To obtain the semi-classical Hamiltonian, we first transform the Hamiltonian

into the interaction picture, where operators are defined as ÂI = U †ÂSU , with U =

exp
[
−iĤ0t

]
= exp

[
−iâ†â ωt

]
. In this representation, the interaction Hamiltonian

becomes explicitly time dependent,

Ĥint(t) = gFµBE
(
β√
2
F̂+ + α√

2
F̂− + ζF̂r

)
â†eiωt + H.c. (4.17)
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We then define a classical RF field of the form

BRF(t) = B0
cos(ωt) ex − κ sin(ωt) ey√

1 + κ

= B0

2
(
ee−iωt + c.c.

)
,

(4.18)

where e = 1√
1+κ

(ex − iκey) is the polarisation unit vector. Using the relation

⟨α(t)| B̂RF |α(t)⟩ = BRF(t), we obtain E⟨â⟩ = E⟨â†⟩ = B0/2. In the strong coherent-

field limit, the mean photon number is large while the relative fluctuations around

this value are negligible. Consequently, E â and E â† may be replaced by their

expectation value B0/2 in the semi-classical approximation. Substituting this result

into the interaction Hamiltonian and combining it with Eq. (4.14a) and Eq. (4.11),

we obtain the full semi-classical Hamiltonian in the interaction picture:

V̂ (t) = gFµBb rF̂r + gFµB

2

( β√
2
F̂+ + α√

2
F̂− + ζF̂r

)
B0e

iωt + H.c.
 . (4.19)

If the RF field is linearly polarised (κ = 0), Eq. (4.19) simplifies to

V̂ (t) = gFµBb rF̂r + gFµB

2 B0 cos(ωt)
[

(cos θ cosϕ+ i sinϕ) F̂−

+ (cos θ cosϕ− i sinϕ) F̂+

+ cosϕ sin θ F̂r

]
= gFµBb rF̂r + gFµB F̂ · [B0 cos(ωt) ex] .

(4.20)

We note that this expression is equivalent to that obtained by treating the RF

field directly as a classical field through the interaction term gFµB F̂ · BRF(t),

where BRF(t) is defined in Eq. (4.18).

To obtain the eigenenergies of the time-dependent Hamiltonian, we employ Flo-

quet theory, a powerful framework for analysing quantum systems with Hamiltonians

that are periodic in time, H(t) = H(t+ T ), where the period is T = 2π/ω. In this

framework, the solutions to the time-dependent Schrödinger equation take the form

|ψ(t)⟩ = e−i E′t
ℏ |Φ(t)⟩, (4.21)

where E ′ is the real floquet energies which is multiple of ℏω, and |Φ(t)⟩ a function

that shares the periodicity of the Hamiltonian, |Φ(t + T )⟩ = |Φ(t)⟩. The time-

evolution operator over one period, U(0, T ), connects the state at t = 0 to that
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at t = T . This implies

U(0, T )|ψ(0)⟩ = e−iE′T/ℏ |ψ(0)⟩ . (4.22)

The dressed eigenenergies of the system can thus be extracted from the eigenvalues

of the one-period evolution operator according to

E ′ = −iℏ
T

log
(
U(0, T )

)
. (4.23)

We evaluate U(0, T ) by numerically integrating the Schrödinger equation in the

5.5 6.0 6.5 7.0 7.5 8.0 8.5

Zeeman energy/h (MHz)

°2.0

°1.5

°1.0

°0.5

0.0

0.5

1.0

1.5

2.0

E
n
er

gy
/h

(M
H

z)

≠

x
y

z

a b

Figure 4.2: RF-dressed potential. (a) Solid lines show numerically calculated
eigenenergies along the z-direction for a 7.0 MHz linearly polarised RF field coupled to
atoms. Dashed lines represent the corresponding uncoupled eigenenergies. Both cases
neglect the effect of gravity. (b) Three-dimensional illustration of the potential minimum
for linearly polarised RF field in a quadrupole field (resonant spheroid). Atoms accumulate
at the bottom of the “shell” due to gravity. The shell surface is partially cut away to
show the trapped atoms.

interaction picture, and subsequently obtain the potential. The eigenvalues obtained

from the Floquet calculation are shown in Figure 4.2a, where an avoided crossing

is clearly visible near resonance. The trap minimum occurs at ωZeeman = ωRF =

2π × 7.0 MHz, indicating that the trapping position can be controlled by adjusting

the frequency of the RF field. The energy gap at the avoided crossing corresponds

to the Rabi frequency Ω (in the figure, Ω/2π is indicated by the arrow, and the

factor of 2π is omitted), which is proportional to the amplitude of the RF field.

Consequently, the shape of the trapping potential can be tuned by varying the RF
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field strength. The potential minimum of this potential, known as the resonant

spheroid, forms a “shell” in space (as EZeeman ∝ r), and atoms are trapped at the

bottom of this shell under the influence of gravity (see Figure 4.2b).

The spatial distribution of the (angular) Rabi frequency Ω(r), which quantifies

the coupling strength over the resonance spheroid, is given by [96–98]

Ωcircular(r) = gFµBB0

2ℏ

(
1 − 2z√

x2 + y2 + 4z2

)

= gFµBB0

2ℏ (1 − cos θ) ,
(4.24)

for a circularly polarised RF field in the x–y plane. The second line of Eq. (4.24)

is obtained by rewriting the Rabi frequency in spherical coordinates as defined

in Eq. (4.8). It is easy to see that the maximum coupling strength occurs at

the bottom of the shell, where Ωmax = gFµBB0/ℏ, while a node (Ωcircular(r) = 0)

appears at the top, as shown in Figure 4.3a.
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Figure 4.3: Spatial distribution of the coupling strength. Calculated Rabi
frequency Ω on the resonant spheroid for (a) a circularly polarised RF field in the x–y
plane, and (b) a linearly polarised RF field along the x-axis.

For a linearly polarised RF field in the x–y plane, the coupling takes the form [96–

98]

Ωlinear(r) = gFµBB0

2ℏ

√√√√ r2
⊥ + 4z2

r2
⊥ + r2

∥ + 4z2 , (4.25)

where r⊥ and r∥ denote the coordinates perpendicular and parallel to the polarisation

axis, respectively. For simplicity, but without loss of generality, we consider the
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case of linear polarisation along the x-direction. We obtain

Ωlinear(r) = gFµBB0

2ℏ

√
y2 + 4z2

x2 + y2 + 4z2

= gFµBB0

2ℏ

√
sin2 ϕ (1 − cos2 θ) + cos2 θ .

(4.26)

In this case, we can see the maximum coupling Ωmax = gFµBB0/2ℏ is found

along the contour ϕ = π/2, while nodes appear at θ = π/2 with ϕ = 0 or π,

as illustrated in Figure 4.3b.

At the bottom of the resonant spheroid, where atoms are confined by gravity,

the adiabatic potential may be expanded to second order about its minimum

to obtain the local harmonic frequencies. For a circularly polarised RF field

the trap frequencies are [97]

ω(circ)
r =

√
g

4R

[
1 − m̃F ℏΩ0

2MgR

√
1 − ϵ2

]1/2

,

ω(circ)
z = 2 |gF|µB b

√
m̃F

MℏΩ0

(
1 − ϵ2

)3/4
,

(4.27)

where M is the atomic mass, g the gravitational acceleration, b the quadrupole

gradient, Ω0 the Rabi frequency at the bottom of the shell (defined by Ω0 =

|gF|µBB/ℏ) and m̃F denote the dressed eigenstate. The dimensionless parameter

ϵ compares gravity with magnetic quadrupole force, ϵ = Mg/2 gFµBb m̃F, and R

is the vertical distance below the quadrupole node.

Linear RF polarisation breaks the cylindrical symmetry of the shell, so that

ωx ≠ ωy. For a field linearly polarised along the x direction, we have

ω(lin)
y =

√
g

4R ,

ω(lin)
x = ω(circ)

r , ω(lin)
z = ω(circ)

z , with B0 → B0/2 .
(4.28)

For typical experimental parameters, the radial confinement is weak, with ωr ∼

10 Hz, while the axial confinement is much stronger, ranging from about 300 Hz

to above 1 kHz. This strong anisotropy makes the RF-dressed shell potential

particularly well suited for realising quasi-two-dimensional Bose gases.
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4.1.3 MRF-dressed double well

To realise a bilayer Bose gas, it is necessary to create a double-well potential.

This can be achieved by extending the single-frequency RF dressing scheme to

a multiple-radiofrequency (MRF) field. Following the procedure outlined in the

previous section, the fully quantised MRF-dressed Hamiltonian is given by [96]

ĤMRF =
∑

j

ωj â
†
j âj + gFµBb rF̂r + gFµB F̂ · B̂MRF , (4.29)

where â†
j and âj are the creation and annihilation operators for photons in the j-th RF

mode of frequency ωj , and B̂MRF represents the quantised multi-frequency RF field.
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Figure 4.4: MRF-dressed double-well potential. (a) Numerically calculated
potential for a three-component RF field (f1, f2, f3) = (7.10, 7.15, 7.20) MHz, shown
without gravity (left) and with gravity (right). The relative depths of the potential
minima and the barrier are controlled by the amplitudes of the individual RF components,
i.e. their associated Rabi frequencies. The positions of the minima are shifted slightly
due to coupling between different RF components. Atoms are confined in the double-
well potential indicated by the solid line, while the light dashed curves show potentials
belonging to other manifolds in the dressed-atom picture, separated by an energy ℏωf .
(b) Example of controlling the double-well potential by varying the amplitudes of the
different frequency components of the MRF field.
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Within the semi-classical approximation, the Hamiltonian reduces to

V̂MRF(t) = gFµBb rF̂r + gFµB

2
∑

j

 βj√
2
F̂+ + αj√

2
F̂− + ζjF̂r

Bje
i(ωjt+γj) + H.c.

,
(4.30)

where Bj is the classical amplitude of the j-th RF component, and αj, βj, and ζj

are the coefficients defined in Eq. (4.16), which are determined by the polarisation

of the corresponding RF field component. ωj, γj and Bj are the angular frequency,

relative phase and amplitude of each frequency component of the MRF dressing

field, respectively. With these definitions, the multiple RF field can be written as

BMRF(t) =
∑

j

Bj
cos (ωjt) ex − κj sin (ωjt) ey√1 + κj

. (4.31)

To render the time-dependent Hamiltonian periodic, and thereby enable the

application of Floquet theory, we introduce a fundamental angular frequency ωf

and express each component as ωj = nj ωf , where nj is an integer. An example of

numerically calculated eigenenergies is shown in Figure 4.4 for a three-component

field with (ω1, ω2, ω3) = 2π × (7.10, 7.15, 7.20) MHz.

4.2 Experimental apparatus

We begin by summarising the sequence of stages used to prepare 2D bilayer Bose

gases:

• Magnetic transport: atoms are collected in a pyramid MOT and magneti-

cally conveyed to the ultra–high–vacuum (UHV) science cell.

• Quadrupole trap: atoms are confined in a quadrupole magnetic field and

undergo initial forced evaporative cooling.

• Time–orbiting potential (TOP): a rotating bias field is applied to remove

the field zero of the quadrupole, allowing further evaporation without Majorana

losses.
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• Time–averaged adiabatic potential (TAAP): a ciruclar-polarised RF

dressing field is introduced in combination with the rotating bias, producing

a smooth trap suitable for adiabatic loading.

• Multiple–radiofrequency (MRF) double well: additional dressing fre-

quencies transform the single RF-dressed shell potential into a bilayer dou-

ble–well potential, with tunable layer separation and interwell coupling.

This section provides a brief overview of the apparatus and the experimental

sequences used to prepare, manipulate and image ultracold 87Rb gases confined in a

MRF dressed double well. Detailed descriptions of the individual experimental steps

and apparatus setup can be found across earlier group theses [62, 99–102], each of

which provides an in-depth account of specific aspects of the apparatus and methods.

4.2.1 Initial Cooling and magnetic transport

The experimental cycle starts with the laser cooling and trapping of 87Rb atoms

from a background vapour. This is performed in a magneto-optical trap (MOT) that

utilises a pyramidal mirror configuration [103], allowing for a robust, single-beam-

input MOT. The incident laser beam has a power of approximately 350 mW and is

collimated to a 4 cm waist. It contains two frequency components (see Figure 4.6):

“cooling” light, which is red-detuned by ∆ = −22 MHz from the F = 2 → F ′ = 3

cycling transition of the 87Rb D2 line; and “repump” light, resonant with the

F = 1 → F ′ = 2 transition, which prevents atoms from accumulating in the dark

hyperfine state and pumps the atom back to the cooling cycle.

After a loading period of about 10 seconds, which accumulates approximately

2 × 109 atoms, the cloud undergoes a compressed MOT (cMOT) stage to increase

its phase-space density (PSD). During this stage, the detuning of the cooling light is

increased while the magnetic quadrupole gradient is ramped down, a process which

reduces repulsive radiation pressure forces and facilitates sub-Doppler cooling mech-

anisms. Following this compression, the repump light is shuttered to allow cooling

light to optically pump the atoms into the magnetically trappable F = 1 state.
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Magnetic transport

Laser cooling
Magnetic trapping

+ evaporative cooling

Magneto-optical trap (MOT) Quadrupole trap
Time-orbiting potential
RF-dressed potential

UHV cellTOP bias coil
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Quadrupole
Evap RF

Figure 4.5: 3D model of the experimental apparatus. Initial laser cooling is
performed in the pyramid MOT, after which the atoms are transported into the UHV
science cell using magnetic transfer. Further evaporative cooling is then carried out,
and the atoms are loaded into a double-well potential inside the science cell. The cell
is surrounded by magnetic coils, as illustrated in the lower panel. The TOP bias coil
and the RF dressing coils are mounted along the x and y axes. This figure is based on
illustrations provided by Shinichi Sunami and originally created by Elliot Bentine.

The cold atomic cloud is then loaded into a magnetic quadrupole trap formed by

a pair of coils mounted on a mechanical translation stage. This stage transports the

atoms over a distance of approximately 80 cm, through a differential pumping

tube, into the main ultra-high-vacuum (UHV) science cell where subsequent

experiments are performed.
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Figure 4.6: Hyperfine energy levels of 87Rb D2 transition line. Figures are based
on Ref. [104], with minor modifications to indicate the cooling and repump light, as well
as the red detuning ∆ applied during the MOT stage.
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4.2.2 Magnetic trapping and evaporative cooling in the
science cell

Once inside the UHV chamber, the atoms are transferred into a static magnetic

quadrupole trap generated by a pair of fixed, high-current anti-Helmholtz coils.

Here, forced evaporative cooling is initiated using a weak RF field, often referred to

as an ‘RF knife’. This RF field selectively removes the most energetic atoms from

the trap. By sweeping the frequency of the RF knife, the atomic cloud is cooled

to temperatures of a few tens of µK, leaving on the order of 107 atoms.

Further evaporative cooling in the pure quadrupole trap is hindered by Majorana

spin-flip losses at the zero-field point at the trap center. To overcome this limitation,

a rotating magnetic bias field at 7 kHz is superimposed on the quadrupole field,

creating a time-orbiting potential (TOP) trap. The TOP trap effectively displaces

the magnetic field zero away from the atomic cloud, thus suppressing Majorana

losses and allowing evaporative cooling to proceed to much lower temperatures.

This ultimately brings the gas to quantum degeneracy, where a BEC can be formed.

The final stage before generating the MRF potential is to load the atoms into a

time-averaged adiabatic potential (TAAP) [98, 105]. This is achieved by introducing

a circularly-polarised RF dressing field while the TOP bias field is still active. The

atoms are then adiabatically transferred from the TOP trap into the RF-dressed

potential by slowly ramping down the amplitude of the rotating bias field. A

further evaporative cooling sequence is performed in the TAAP stage to produce a

BEC with controlled temperature, which serves as the starting point for loading

into the final MRF potential configuration.

4.2.3 MRF double-well loading and manipulation

The preparation of a bilayer 2D gas requires a carefully orchestrated sequence to

load atoms into the double-well potential created by three dressing frequencies. This

procedure is designed to be adiabatic to minimise heating and collective excitations.
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Transition to a Linear Shell Trap

The process begins with a BEC in the circularly-polarised RF-dressing potential.

As the subsequent double well potential are conducted with linearly-polarised fields,

the first step is to adiabatically transition to a single-RF “shell” trap with linear

polarisation. This is achieved by slowly ramping down the RF amplitude on one

of the orthogonal dressing coils over ∼ 1 s, leaving only the field component along

the chosen axis. Simultaneously, the quadrupole current is increased to raise the

axial trapping frequency (see Eq. (4.28)) and to shift the cloud vertically into the

focus of the optical dipole potential (with 532 nm laser), which is used to generate

a ring-shaped potential that helps to produce a nearly homogeneous cloud.

Multi-Stage double-well Splitting Procedure

The single cloud is then coherently split into a symmetric double-well potential

using three RF components, typically at 7.10, 7.15, and 7.20 MHz in this thesis.

This process is executed in five distinct stages to ensure stability and minimise

atom loss, as detailed in Ref. [62]:

1. Initial MRF Introduction: The atoms are held in a deep single-well po-

tential created by the central RF frequency component (Ω7.15/2π > 100 kHz).

The other two frequencies (Ω7.10 and Ω7.2) are then suddenly switched on (< 1

ms) at a low amplitude. This configuration perturbs the trap minimally at

the location of the atoms but establishes the underlying MRF structure.

2. Avoiding Majorana-like Loss: The central RF amplitude, Ω7.15, is rapidly

ramped down over 7 ms to a value below the fundamental frequency separation

(ωf = 2π × 50 kHz). This avoids a resonance condition at Ω7.15 = ωf which

would otherwise lead to significant, Majorana-like atom loss. The amplitudes

of other components are ramped simultaneously to maintain the potential

shape.

3. Flat-bottom Potential: The RF amplitudes are slowly adjusted over ∼

150 ms to transform the potential into a flat-bottomed shape. This procedure
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ensures that, when the cloud is subsequently split, the population is evenly

distributed between the two emerging wells and sloshing within the potential

is reduced.

4. Coherent Splitting: The central barrier is slowly raised by decreasing the

amplitude Ω7.15 over ∼150 ms. This adiabatically splits the single cloud into

two separate, decoupled clouds. The symmetry of the ramp is crucial to

minimise the excitation of collective modes like sloshing or breathing.

5. Final Potential Shaping: The potential is further modified to achieve the

final desired trap parameters. This involves increasing the axial confinement

of each well to ωz/2π > 1 kHz while setting the radial confinement to ωr/2π ≈

12 Hz, thus ensuring the clouds are in the quasi-2D regime. The barrier height

is adjusted to maintain the quasi-two-dimensional condition and to control the

tunnel coupling between the two clouds. A small asymmetry in the amplitudes

of Ω7.10 and Ω7.20 is introduced to compensate for the differential gravitational

sag, ensuring that the two wells have equal depth.

After this splitting procedure, the system is held for an equilibration time of ∼ 200 ms

to allow any residual excitations to damp out before subsequent experimental steps.

RF Turn-off and State Projection

At the end of the experimental sequence, the trapping potential is turned off to

allow for time-of-flight (TOF) expansion before imaging. The RF fields are switched

off abruptly, projecting the atoms from the dressed-state basis into the bare Zeeman

substates (|mF = −1, 0, 1⟩) of the residual quadrupole field. The quadrupole field

is switched off approximately 0.7 ms later to ensure that the mF states are fully

separated during TOF. During this short interval, the magnetically sensitive states

(mF = ±1) experience a force, while the mF = 0 state is unaffected. For matter-

wave interference measurements, we normally analyze the mF = 0 population, as

it undergoes a clean expansion solely under gravity. The phase of the RF fields

at the moment of turn-off is precisely controlled to maximise the projection of
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atoms into this desired mF = 0 state, which in turn maximizes the contrast of the

interference pattern. An example of an interference pattern observed after time of

flight (TOF) is shown in Figure 4.7. We note a slight misalignment of the fringe

position along the radial direction (x− y), which may result from stray magnetic

fields induced by eddy currents during the turn-off process, or from a slight angular

misalignment of the quadrupole field relative to gravity [63]. At the same time, the

magnetically sensitive states exhibit a stretching and compressing effect along the

radial direction (magnetic lensing effect introduced by the turn off of the quadrupole

field). Although this thesis focuses on the analysis of the mF = 0 states, it has been

proposed that the magnifying states mF = 1 can also be used to faithfully capture

the correlation function (with a systematic correction factor on the correlation

length determined by the magnification factor), and offer an advantage for probing

short-range physics due to their stretching properties [63].

0.0 −0.7 −1.3 −2.0

z (mm)

mF = 1 mF = 0 mF = −1

Figure 4.7: State projection and matter-wave interference pattern. Single
fully repumped image of interference fringte pattern, with TOF = 16.5 ms. Atoms are
projected into different Zeeman states.

4.2.4 Imaging and detection

We characterise the atomic clouds using absorption imaging, either in situ or

after a period of TOF expansion.

Absorption Imaging Principles

The imaging technique relies on the Beer-Lambert law, which describes the at-

tenuation of light as it passes through an absorbing medium [90]. A three-image

protocol is used to construct the final atomic density profile: first, an absorption
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image is taken of the atomic cloud illuminated by a probe beam (Ia); second, a

reference image of the probe beam is taken without any atoms present (Ir); and

finally, a background image is taken with no light to account for stray illumination

and camera dark current (IB).

As the atoms are magnetically trapped in the long-lived F = 1 hyperfine ground

state, they must first be transferred to the F = 2 state to interact with the imaging

light. This is again achieved by applying a brief pulse of repumping light, resonant

with the F = 1 → F ′ = 2 transition [101, 102]. The duration of this pulse is

kept short (typically ∼300 µs) to minimise recoil heating from scattered photons,

which could otherwise distort the measured atomic distribution [102]. Immediately

following this, the ‘imaging’ or ‘probe’ beam illuminates the cloud. This beam is

a pulse of circularly polarised light which is near-resonant with the closed cycling

F = 2 → F ′ = 3 transition, ensuring a strong absorption signal [62, 100]. The typical

imaging intensity is several times the saturation intensity of the transition [101].

The column density of the cloud is then calculated from these three images. The

optical density (OD) is determined using a formula that accounts for the saturation

of the atomic transition at high light intensities [106]:

OD(xp, yp) = ln
(
Ia − IB

Ir − IB

)
+ Ir − Ia

Isat

where (xp, yp) are the pixel coordinates and Isat = 1.67 mW/cm2 is the saturation

intensity for the imaging transition [104]. The number of atoms per pixel is

found by dividing the optical density by the theoretical absorption cross-section,

N(xp, yp) = OD(xp, yp)/σcross. This calculation is then precisely calibrated by

comparing the experimentally observed onset of Bose-Einstein condensation in a

3D harmonic trap with the established theoretical prediction for the critical point.

This calibration is performed by measuring the condensate fraction as a function

of temperature and fitting the data to obtain a single scaling factor for the total

atom number; details are provided in Ref. [62].
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Horizontal Imaging

The horizontal imaging system is oriented perpendicular to the direction of gravity.

It is the primary method for observing matter-wave interference patterns, as the

expanding clouds fall within its focal plane. The optical setup consists of a two-lens

telescope with an objective of f = 75 mm and an eyepiece of f = 200 mm, providing

a magnification of 2.71. The final image-plane pixel size is lp = 1.67 µm, and

the measured optical resolution (characterised by the point-spread function) is

σPSF = 2.1 µm.

Vertical Imaging

The vertical imaging system is aligned parallel to gravity and is used to measure the

in situ 2D density distribution of the atomic clouds. It features a high numerical

aperture (NA = 0.27) custom objective lens with f = 37.6 mm, an f = 500 mm

eyepiece lens, and an electron-multiplying CCD (EMCCD) camera, providing an

image with an effective pixel size of lp = 1 µm and a point-spread function of

σPSF = 0.5 µm.

Selective Repumping

A key challenge in studying fluctuating 2D systems is that standard absorption

imaging integrates the density along the line of sight. This averaging process

obscures the local phase and density fluctuations that are central to the physics of

interest. To overcome this, we employ a selective repumping technique, as detailed

in Refs. [62, 102]. This method uses a Digital Micromirror Device (DMD) to

shape the repumping laser beam. The DMD consists of an array of individually

controllable micromirrors, projects an arbitrary light pattern onto the atoms. For

our purposes, the repumping light (resonant with the F = 1 → F ′ = 2 transition)

is shaped into a thin sheet of controllable thickness, Ly, oriented perpendicular

to the horizontal imaging axis.

This light sheet selectively transfers atoms within a thin slice of the cloud from

the magnetically trapped F = 1 state to the F = 2 state, making them visible to
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the imaging beam. By imaging only this repumped slice, we avoid integrating over

the fluctuations along the line-of-sight, thereby revealing the local phase profile of

the interference pattern with high contrast. A typical slice thickness of Ly =∼ 4 µm

is used to locally resolve phase variations, provided that the correlation length is

larger than the slice thickness. The programmable nature of the DMD allows the

position and thickness of this slice to be arbitrarily chosen, providing a powerful

tool for probing the 2D gas [23, 107].
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Ordering dynamics far from equilibrium is among the most intriguing areas

in many-body physics, with implications extending from early-universe cosmology

to condensed matter and particle physics [108–112]. Systems driven far from

equilibrium have been shown to exhibit scale invariance and self-similar behavior as

they enter universal scaling regimes defined by specific scaling laws and exponents [15,

113–115]. Such universal dynamics have been reported across various systems

spanning spinor Bose condensates [16, 17, 115–119], binary mixtures [120–122], spin-

orbit-coupled condensates [123], exciton-polariton condensates [124–126], Rydberg

atom arrays [127] and vortex-free scalar Bose gases [128]. A particularly interesting

101
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form of universal dynamics is coarsening, emerging after a quench from disorder

to order when the domain size grows beyond the relevant microscopic scale. It

is well established that coarsening can follow a spontaneous symmetry breaking

transition [15–17], or arise from topological transition, as in the 2D XY model where

vortex and antivortex annihilation drive ordering [18–20]. In both cases, the late-time

growth typically follows power laws set by dimensionality, symmetry, conservation

laws, and topological defect types, rather than by microscopic details [15, 115],

underscoring universality out of equilibrium. However, whether coarsening dynamics

can arise following a quench that explicitly breaks the original symmetry remains

poorly understood.

The coupled 2D XY model is a paradigmatic platform for such an investigation,

with broad relevance including high temperature superconductivity [30, 70, 129–131]

and high energy physics [87, 132, 133]. In equilibrium, the relative mode of the

system exhibits a normal to coupling-induced bilayer superfluid (BSF) transition

driven by vortex pair-binding, with a critical point that has a strong dependence

on the interlayer coherent coupling strength Jc, which explicitly breaks the U(1)

symmetry [12, 13, 30–32]. Therefore, the recent realization of highly tunable coupled

bilayer superfluids with ultracold atoms [14] offers a unique opportunity to extend

the experimental probe of nonequilibrium dynamics: the precise and rapid control

of the interlayer coupling strength in such a setup enables sudden coupling quenches.

In the absence of topological defects, theory predicts that the relative phase following

a coupling quench undergoes universal rephasing connected to sine-Gordon (SG)

dynamics in both 1D and 2D superfluids [11, 134–138]. In contrast, the coupled

2D XY model hosts vortices and antivortices in the relative mode whose presence

qualitatively modify relaxation and can enable a transition from disorder to order,

leaving open whether universal dynamics persist and, if so, what form they take.

In this chapter, we report experimental observations of universal dynamics

following a symmetry breaking coupling quench, appearing as coarsening via vortex

and antivortex annihilation in the relative phase of a coherently coupled 2D bilayer.

To this end, we realize a bilayer 2D quantum system consisting of two nearly
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homogeneous layers of 2D Bose gases with precisely and dynamically controlled

interlayer coupling. This allows us to quench the system from a disordered phase

to an ordered phase by a sudden change of the coupling, after which the system

relaxes toward a phase-locked, coherent state in the relative phase mode. We probe

the resulting relaxation dynamics using matter-wave interferometry, which provides

direct access to local phase fluctuations in the system. From these, we measure the

two-point correlation function and the vortex density, which are key observables

for characterizing the scale-invariant universal dynamics. The typical size of the

phase coherent domain, extracted from the correlation function, exhibits power-law

scaling in direct agreement with the scaling of the vortex density. By varying

the initial phase-space density (PSD), we verify the universality of phase-ordering

dynamics and extract the corresponding dynamic critical exponent z = 1.73(7).

We perform extensive numerical simulations based on classical-field approximation

to corroborate our measurements. The measured value of the critical exponent

indicates a diffusion-like coarsening, consistent with theoretical predictions for

scaling dynamics in quenched 2D Bose gases [20], and close to the (near-) Gaussian

non-thermal fixed point (NTFP) predicted in both quenched 2D Bose gases and

the 2D SG model [19, 139].

5.1 Preparation and detection of non-equilibrium
coupled 2D systems

We begin with an ultracold condensate Bose gas of 87Rb atoms in the F = 1 hyperfine

state, with a total atom number ranging from 1.8×104 to 2.5×104 at a temperature

of T ≈ 27 nK (see Figure 5.1). The atoms are adiabatically loaded into a decoupled

double-well quasi-two-dimensional (quasi-2D) potential, as described in detail in

Section 4.2.3 and Refs. [23, 96, 140, 141]. The potential is engineered using three

radio-frequency (RF) fields with frequencies (f1, f2, f3) = (7.10, 7.15, 7.20) MHz,

combined with a static quadrupole magnetic field B(r) = b(xex +yey −2zez), where

the field gradient is b = 147 G cm−1. In addition to the RF-dressed potential, an

optical dipole potential is created by a 532 nm ring-shaped laser beam propagating
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Figure 5.1: Atom number and thermometry. (a) Atom number per well and
(b) temperature, as functions of the final evaporation frequency in the quadrupole trap
(labeled as the “quadrupole cut”). The temperature is determined by loading the atoms
into a purely harmonic trap (without the optical dipole potential) and performing bimodal
fits after time of flight (TOF), as detailed in Ref. [62]. The cloud temperature is set by
the final evaporation frequency in the TAAP stage, which is fixed in order to maintain a
constant temperature. The cloud is fully repumped before measuring the atom number
and temperature.

vertically, shaped via direct imaging of a digital micromirror device (DMD) onto the

atomic plane. The dipole potential thus act as a hard wall which make the cloud near-

uniform. Equal population in the two wells is ensured by maximizing the measured

contrast of the matter-wave interference pattern, as described in Ref. [140].

The atomic clouds are held in the decoupled double-well for 250 ms to allow the

system to equilibrate. The barrier height is then rapidly lowered over a duration

of 15 ms to Eb/h = 1.94 kHz, constituting a non-adiabatic quench for the radial

dynamics, which have a characteristic timescale of 2π/ωr = 86 ms. During the

quench, the tunnel coupling strength increases exponentially from less than 10−3

(which we refer to as zero coupling) to 34 Hz, as shown in Figure 5.2, while the

axial trap frequencies are reduced from ωz/2π = 1.6 kHz to 1.2 kHz. Throughout

the experiment, the quasi-2D conditions ℏωz > kBT and ℏωz > µ are satisfied,

where ℏ is the reduced Planck constant, kB the Boltzmann constant, and µ is the

chemical potential. The characteristic dimensionless 2D interaction strength is

g̃ =
√

8πas/ℓ0 ∼ 0.08, where as is the 3D scattering length and ℓ0 =
√
ℏ/(mωz)

is the harmonic oscillator length along z for an atom of mass m. The coupling
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Figure 5.2: Coupling quench procedure. (a) Time evolution of the RF amplitudes
during the coupling quench, expressed as Rabi frequencies Ωfi

= gFµBBi/2ℏ for
components i = 1, 2, 3, where Bi is the RF magnetic field amplitude at frequency fi, gF

is the Landé g-factor, and µB is the Bohr magneton. Atoms are initially confined in a
decoupled multiple-RF-dressed two-dimensional (2D) double-well potential and held for
an additional 250 ms to allow thermal equilibration. The quench is initiated by rapidly
increasing the amplitude of Ω7.15 for 15 ms, thereby modifying both the barrier height
and the separation between the wells. The amplitude of Ω7.20 is dynamically adjusted
during the quench to maintain a balanced double-well configuration. (b) The inter-well
coupling strength exhibits exponential growth during the quench, calculated from two-
mode model [77].

quench drives the system far from equilibrium, where the final coupling strength

corresponds to the BSF phase, such that the system dynamically phase-locks and

relaxes to an ordered state. To study the relaxation dynamics, the gases are then

held in the coupled double-well for a variable duration. In this configuration, we

measure a lifetime of 2.2 s (see Figure 5.3), which is sufficiently long to investigate

the coarsening dynamics presented in the following sections.

Following the evolution, the MRF-dressed and optical potentials are turned off
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Figure 5.3: Lifetime measurement after the coupling quench. Atom number
in the double well following the coupling quench. The atom number is normalised to a
maximum value of 1. The y axis is plotted on a logarithmic scale, and the black solid line
is an exponential fit yielding a lifetime of 2.2 s.

to release the clouds into a 16.5 ms time-of-flight (TOF), allowing the formation of

a matter-wave interference pattern. The optical potential is turned off 3 ms before

release to avoid the influence during expansion. To image this pattern, atoms are

selectively pumped from the F = 1 to the F = 2 hyperfine state using a repumping

light sheet propagating vertically (along the z-axis), with a thickness of Lz = 4 µm

and a vertical extent much larger than the size of the atomic cloud. The interference

pattern is then imaged using light resonant with the F = 2 state. We ensure the

repumping light intersects the center of the cloud by translating the light sheet

along the imaging axis and locating the position that maximizes the total absorption

signal. We repeat the measurements at least 40 times at each atom number and

hold time t, to obtain sufficient statistics for the analysis we describe below.

5.1.1 Image analysis for relative phase detection

The matter-wave interference pattern we observe is of the form [35]

ρx(z) = ρ0 exp
(
−z2/2σ2

)
[1 + c0 cos(kz + θ(x))] , (5.1)
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along z direction at each location x. The phase θ(x) encodes a specific realization

of the fluctuations of the in situ local relative phase. Rather than employing the

fitting method to extract the phase [140, 142], we use the discrete Fourier transform

(DFT), which offers a fast and precise approach for extracting phases from the

measured interference patterns (Figure 5.4). We extract the phase by computing

the FFT spectrum averaged over all images and identifying the relevant spatial

frequency k0 corresponding to the matter-wave interference pattern.
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Figure 5.4: Relative-phase extraction. (a) Simulated interference pattern after TOF
with phases generated from Monte Carlo (MC) simulation. The left displays simulated
distribution and the right incorporates the effects of white noise and finite experimental
resolution. (b) The top panel shows typical normalized Fourier spectrum of the interference
pattern |F (k)| along z axis, the position of peak index k0 is marked by the red dashed line
and the shaded region indicates the vicinity of the peak index, k0 ±1. In the bottom panel,
extracted relative phase θ(x) is shown alongside the input MC relative phase. (c,d) Phase
correlation function obtained from simulated interference pattern (including shot noise of
the imaging apparatus), with and without the effect of finite imaging resolution σ. We
rescale the correlation function with its value at fixed distance C(r0 = 3 µm), to visually
demonstrate that finite image resolution does not affect the long-distance behavior which
is used for the quantitative analysis in this paper. Inset shows the unscaled C(r). We
show correlation functions obtained from the simulated interference images at different
PSDs, exhibiting power-law and exponential decay for c and d, respectively.
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For the analysis of the correlation function, phases are obtained by averaging

several points in the vicinity of k0, which preserves the phase difference while

reducing the impact of noise. In the experiment, we calculate the averaged phase

two-point correlation function C(x, x′) = Re[⟨ei[θ(x)−θ(x′)]⟩] from the ensemble of at

least 40 images. The averaging is performed over the set of images and different

positions x such that x and x − x are within the central ∼ 30 µm of the density

distribution of the cloud. We then calculate C(r) by averaging C(x, x′) over points

with the same spatial separations r = x − x′, and fit them to both exponential

and algebraic models (Figure 5.5b).

Vortices are identified in interference images acquired along the y-direction,

following the procedure detailed in [23]. We detect vortices by searching for abrupt

phase jumps within a two-pixel distance (3.4 µm), defined by a phase difference in

the range π/3 < δθ < 2π/3 (Figure 5.5c). The vortex density nv(x) is determined

by dividing the probability of finding a vortex in each image column by the effective

detection area of a single pixel column ℓpLy = 6.7 µm2, where ℓp = 1.67 µm is

the pixel size in the image plane.
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Figure 5.5: Phase correlation function analysis and vortex detection. (a)
Averaged two point correlation C(x, x′) at different hold times; (b) Spatially averaged
correlation function C(r) with r = x−x′, fitted with exponential and power-law (algebraic)
models. (c) Vortices are identified by abrupt phase jumps, indicated by red dashed lines.
The bottom panel shows the phase profile extracted from the interference pattern.
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5.2 Numerical simulations method

We simulate the many-body dynamics of bilayer 2D Bose gases using classical-field

simulations within the truncated Wigner approximation [21, 22]. For numerical

simulations, we discretize real space on a 2D square lattice and represent the

continuous Hamiltonian using the discrete Hamiltonian, as described in Section 3.2.

We choose the simulation parameters such as the interaction, phase-space density,

and coupling strength according to the experiments. We consider a lattice system

of 152 × 152 sites with a discretization length of l = 0.3µm. We note that for

the continuum limit, l is chosen to be smaller than or comparable to the healing

length and the thermal de Broglie wavelength λ = h/
√

2πmkBT , where T is the

temperature, kB the Boltzmann constant, and h is the Planck constant [44]. The

initial axial trapping frequency is ωz/(2π) = 1.6 kHz, resulting in g̃ = 0.098 for 87Rb

atoms. The coupling strength between the two clouds is initially set to zero.

In the classical-field approximation, we replace the operators ψ̂ by complex

numbers ψ both in the Hamiltonian and in the equations of motion. We sample

the initial states of the decoupled system within a grand-canonical ensemble having

temperature T and chemical potential µ via a classical Metropolis algorithm [21,

22, 58]. We set T = 28 nK and adjust µ such that the phase-space density D = nλ2

varies in the range between 7.8 and 9.3, where n is the average 2D density. Finally,

each state is propagated using the equations of motion (Eq (3.40)) introduced in

Section 3.3. In the time evolution, we ramp up J from 0 to 34 Hz over the duration of

15 ms. This also includes a shift of the axial trap frequency from ωz/(2π) = 1.6 kHz

to 1.2 kHz, resulting in the final interaction g̃ = 0.085. We examine the resulting

dynamics of the system phases ϕ1(r, t) and ϕ2(r, t) of the two clouds, which directly

gives access to the relative-phase mode via θ(r, t) = ϕ1(r, t) − ϕ2(r, t). From the

phase evolution of the relative mode we compute the two-point correlation function

and vortex density, following the same method as in the experiments. Finally,

for each value of the phase-space density, we average the correlation function and

the vortex density over the initial ensemble.
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5.3 Effective low energy description

Here we show that the relative sector of the coupled bilayer system are closely

related to the sine–Gordon model. We consider a many-body system consisting of a

quasi-2D ultracold gas of 87Rb confined in a double-well potential. The resulting

tunnel-coupled 2D system is described by the Hamiltonian

H =
∫
d2r

2∑
j=1

[ ℏ2

2m∇ψ†
j · ∇ψj + g

2ψ
†
jψ

†
jψjψj

+ (V − µ)ψ†
jψj

]
− ℏJ

∫
d2r

(
ψ†

1ψ2 + ψ†
2ψ1

)
,

(5.2)

where ψj and ψ†
j are bosonic annihilation and creation operators in jth layer,

respectively, satisfying the commutation relations [ψj(r), ψ†
j′ (r′)] = δjj′δ(2) (r − r′).

g = g̃ℏ2/m is the quasi-2D interaction strength, V is the trapping potential, µ is

the chemical potential, and J is the interlayer tunnel coupling strength. ∇ is the

2D gradient in the (x, y) plane. We then adopt density-phase representation

ψj(r) = exp [iθj(r)]
√
n2D + δρj(r), (5.3)

by assuming a box trapping potential V = 0. Phase θj(r) and density fluctuations

δρj(r) obey the commutation relations [θj(r), δρj′ (r′)] = −i δjj′δ(2) (r − r′).

For a system with equal atomic populations in each layer, the relative (anti-

symmetric) mode in the low-temperature regime is effectively described by a

Hamiltonian of the form:

Hrel = HXY +HJ, (5.4a)

HXY =
∫
d2r

ℏ2

2m

[
(∇δρa)2

2n2D
+ 2g̃δρ2

a + n2D

2 (∇θ)2
]
, (5.4b)

HJ = −
∫
d2r n2DℏJ

[
2 cos θ − δρ2

a

n2
2D

cos θ + δρs

n2D
cos θ

]
. (5.4c)

Here we apply canonical transformation to express the system in terms of

symmetric and antisymmetric degrees of freedom, and expand the Hamiltonian to
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quadratic order. θ(r) = ϕ1(r)−ϕ2(r) is the relative (antisymmetric) phase, and the

common (symmetric) phase is defined as φ(r) = (ϕ1(r) + ϕ2(r)) /2. The density

fluctuations in symmetric (subscript s) and antisymmetric (subscript a) are defined

as δρs(r) = δρ1(r) + δρ2(r), δρa(r) = (δρ1(r) − δρ2(r)) /2. Notably, the relative

phase is coupled to the symmetric degrees of freedom through the tunnel coupling,

which can serve as a weak dissipative bath for the relative phase [11, 143].

In the regime of a quasi-condensate with strongly suppressed density fluctuations,

the Hamiltonian for the relative mode reduces to the sine-Gordon form,

HSG =
∫
d2r

ℏ2

2m

[
n2D

2 (∇θ)2 + 2g̃δρ2
a

]
− 2n2DℏJ cos θ. (5.5)

5.4 Observation of universal phase ordering dy-
namics

We perform experiments with two-dimensional (2D) Bose gases prepared in the

normal (disordered) phase, where free vortices are present, within a decoupled

double-well potential, and then suddenly quench the tunnel coupling between

the wells. For two tunnel-coupled 2D Bose gases labelled i = 1, 2 and each

represented by bosonic field Ψi(r), it is convenient to decompose the system into

symmetric (common) and anti-symmetric (relative) degrees of freedom. In the

absence of interlayer coupling, the relative and common phases undergo the well-

known Berezinskii–Kosterlitz–Thouless (BKT) transition. With finite coupling,

phase locking becomes energetically favorable, establishing coherence between the

two layers and driving the system into the BSF phase [13, 14], as illustrated in

Figure 5.6. The coupling term explicitly breaks the U(1) symmetry of the relative

phase, resulting in a distinct behavior from the conventional BKT transition.

However, the transition in the relative phase is still expected to arise from the

binding of vortex–antivortex pairs [68–70], as discussed previously for the equilibrium

coupled bilayer system (Sections 2.2 and 3.2.2).

Following the quench, the interlayer coupling begins to lock the phases of the

two layers. This corresponds to the emergence of a preferred relative phase that
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Figure 5.6: Interlayer coupling quench in bilayer 2D quantum gases. (a) (Top)
We quench the interlayer coupling J from nearly zero to 34 Hz, driving an initially
decoupled bilayer with free vortices toward a phase-locked, coherent state. (Bottom)
Relaxation dynamics are monitored by matter-wave interferometry, with local fluctuations
of relative phase captured by optically pumping a thin slice (red sheet) before absorption
imaging. A representative pre-quench interference image is shown, with the extracted
relative phase profile plotted below. (b) The equilibrium phase diagram for the relative-
phase mode, as a function of the interlayer coupling Jc and phase-space density D,
obtained via renormalisation-group analysis [13, 14] (also see Section 2.3.7); the quench
induced by the sudden increase in J drives the system to a bilayer superfluid (BSF).
The dashed line indicates the critical points. (c) Numerical simulation of the quench
dynamics shows relaxation toward a nearly phase-locked state. Vortices (open circles) and
antivortices (filled circles) decay over time through dynamical pairing and annihilation.
The phase-locked domains (dark blue to dark red) grow progressively. (d) (Top) Typical
single-shot interference image at different hold times after the quench show the evolution
from an initial state containing vortices (left), identifiable by sharp phase discontinuities
(see Figure 5.5), to a phase-coherent state (right). (Bottom) Histogram of phase difference
∆θ = θ(x) − θ(x′) at fixed distance |x− x′| = 5 µm, showing suppression of phase
fluctuations over time, obtained from 40 experimental runs.

minimizes the − cos(θ) term in the effective Hamiltonian (see Eq. (5.4)), reflecting

the breaking of U(1) symmetry with minima at θ = 2πn, n ∈ Z. In Figure 5.7,

we show the distribution of the relative phase extracted from the matter-wave

interference pattern at various hold times. The distribution is nearly uniform

shortly after the quench, consistent with the initial decoupled state possessing U(1)

symmetry. The onset of phase locking is evidenced by the gradual development of a

peak at wrapped phase θ = 0 over time. To quantify the phase locking, we plot the
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Figure 5.7: Dynamical phase-locking transition. (a) Probability density distribution
of the relative phase, P (θ), at selected evolution times after the quench, obtained
from experiments (histograms) and simulations (solid lines). (b) Time evolution of
the normalized phase distribution, P̃ (θ) = P (θ)/max(P (θ)), from experiments (left
panel) and simulation (right panel), illustrating the emergence of phase locking. Each
column represents a histogram of the phases (panel a) by colors. (c) Relative-phase order
parameter ⟨cos θ⟩ plotted on a linear-log scale. Experimental data (dots) have error bars
obtained via bootstrapping, while simulation results are shown as a solid line (mean)
with a shaded region indicating uncertainty. The simulation exhibits a small, damped
oscillation at a frequency on the order of the Josephson plasma frequency. Averaged
interference patterns from over 40 experimental runs are shown for selected evolution
times t (insets).

evolution of the phase order parameter ⟨cos θ⟩, which is indicative of phase-locking

strength and interference contrast [11, 134].

The averaged experimental interference fringes exhibit a clear increase in

interference contrast over time, and the resulting time evolution of ⟨cos θ⟩ is in good
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agreement with numerical simulations that account for finite imaging resolution. The

saturation of ⟨cos θ⟩ at slightly lower values than the numerical simulation arises from

finite thermal populations that become more pronounced at longer evolution times.
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Figure 5.8: Build-up of phase coherence and the universal dynamics. (a)
Phase correlation function C(r, t) at D = 9.2 measured at various hold times following
the quench. The data are averaged over 50 independent realizations, with error bars
indicating the standard error of the mean. Data corresponding to times that do not
exhibit self-similar behavior are shown as gray markers connected by dotted lines. The
remaining data, which display self-similar scaling, are represented by colored markers
(with a gradient indicating time progression) connected by solid lines. (b) Correlation
functions at different times collapse onto a single universal curve, shown on a log–log scale.
Inset: Power-law growth of the correlation length Lc(t) on a log–log plot. The black line
represents a fit to the form Lc(t) = A t1/zcorr , with the solid segment indicating the scaling
window used for the fit. Error bars denote the standard error. (c) Temporal evolution of
the phase correlation function for different initial phase-space densities (PSDs). (d) (Left)
Correlation functions for various initial states collapse onto a universal scaling curve,
displayed on a log–log scale. Inset: the same data shown on a linear scale. (Right, top)
Growth of the correlation length for different initial conditions. (Right, bottom) Rescaled
correlation length. The black line indicates the fit, and its solid portion marks the scaling
window used in the fitting procedure.

Figure 5.8 shows the equal-time phase correlation function C(r) = C(x) =

Re
[
⟨ei[θ(x)−θ(x−x)]⟩x

]
at different times after the quench. We observe an increase

in phase coherence across the system following the quench, demonstrated by the
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growth of the spatial correlation functions. According to the dynamical scaling

hypothesis, the correlation functions in the scaling region should evolve in terms of

the dynamical scaling form C(r, t) ∼ F (r/Lc(t)), and the growth of the correlation

length (domain size) follows Lc(t) ∼ t1/z [15]. We determine the characteristic

correlation length scale by the distance at which the correlation function satisfies

C(Lc(t), t) = const. [16, 18, 20, 124, 144, 145]; we select this constant value to be

centered at 0.75, with resampling in the region 0.7 − 0.8 to assess the robustness of

the obtained Lc values. This methodology gives robust results whilst allowing us to

compute the mean and standard deviation of Lc. The correlation functions at various

times after tc collapse onto a common curve when rescaled as r′ = r/Lc(t), indicating

self-similar dynamics (Figure 5.8b). The extracted Lc exhibits power-law scaling in

the scaling window (see Figure 5.9), with a critical exponent zcorr = 1.72(11).

Having verified the scale-invariant dynamics, we now analyze its universal

characteristics by varying the initial PSD. In Figure 5.8c, we plot correlation

functions for various initial PSDs (D = 7.8 to D = 9.3). At short timescales

(t < 10 ms), we observe the system becomes more disordered. This arises from

the spontaneous generation of vortices following a rapid quench, as evidenced

by the initial increase in vortex number shown in Figure 5.9c. We extract the

correlation length following the method described before and rescale the x axis

so that the correlation functions all collapse to a single curve, as demonstrated

in Figure 5.8d. The correlation lengths are fitted to a power-law form assuming

a universal dynamic exponent shared across all datasets. All datasets are fitted

simultaneously using a weighted least-squares regression in log–log space, enforcing

a common slope while allowing dataset-specific prefactors. The weights are set by

the experimental uncertainties of the correlation length. The fitted parameters

are subsequently used to rescale the data, leading to a collapse onto a single

curve for improved visual clarity. Uncertainties in the exponent are obtained by

bootstrap resampling, in which the full joint fit across all datasets is repeated for

each resampled realization, yielding zcorr = 1.69(14) (see Fig. 5.10). This value is

consistent, within uncertainties, with the exponent obtained previously.
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Figure 5.9: Universal scaling behavior. (a) Temporal evolution of η(t), determined
by fitting C(r) with an algebraic model, for four different initial conditions, plotted
on a log-log scale. Measurements (dots with error bars denoting fit uncertainties) are
shown alongside simulations (represented by shaded regions indicating uncertainty). The
horizontal dashed line marks the critical value ηc for the onset of algebraic phase coherence.
The solid lines are a guide to the eye, illustrating that η follows a power-law behavior in the
scaling window. (b) Rescaled time evolution of η(t/tc), demonstrating universal dynamics
(indicated by the black solid line). The horizontal error bars arise from the uncertainty in
tc. The inset shows the critical time tc for different initial conditions. (c) Time evolution
of the vortex density nv(t) for different initial conditions on a log-log scale, with error
bars indicating the standard error. For ηf = 0.04 and t > 150 ms, no vortices were
observed in the finite dataset obtained in this work. The inset is linear plot for a selected
initial condition. (d) Rescaled vortex density nv(t/tc), showing universal dynamics. The
solid line indicates a power-law behavior consistent with the scaling t−2/1.74. The inset
shows the fitted values of the dynamic critical exponent for different initial conditions;
the dashed line indicates the mean value, and the shaded area represents the associated
uncertainty. Open circles denote the exponent values extracted from simulations using
the same fitting method.

We further show that the universal properties can be probed by fitting the

correlation function to a power-law form, C(r) ∼ r−2η. Although the full correlation

function does not obey a strict power-law dependence (see Fig. 5.8d), such a fit

provides a effective measure of the local logarithmic slope and thereby characterizes

the degree of order in the system. For a fixed spatial fitting window, the exponents

extracted at different times correspond to sampling distinct segments of the same
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underlying universal scaling curve. Consequently, any temporal evolution of the

fitted η reflects the gradual shift of the fitting window along this universal function.

Therefore we expect the extracted η from different initial conditions to converge

within the scaling window toward a universal trajectory determined solely by

the scaling function. At short timescales (t < 10 ms), we observe an increase in

η, indicating that the system becomes progressively more disordered, consistent

with the behavior shown in Fig. 5.8. Around t = 30 ms, the system begins to

phase-order, and η(t) follows a power-law decay in the scaling region, as indicated

by the solid lines in Fig. 5.9a. After ∼ 150 ms, η(t) reaches a constant value,

indicating that the relative mode has attained its steady state. To demonstrate

that the evolution trajectory is universal, we rescale time by tc, defined through

the condition η(tc) = 0.186.1 Rescaling the hold time to t′ = t/tc, we find that

η(t) begins to exhibit a universal decay near the critical time t/tc = 1, following

a power-law scaling, as shown in Fig. 5.9b.

To demonstrate that the phase-ordering process is governed by the annihilation

of topological defects, we analyze the time evolution of the vortex density for the

same datasets in Figure 5.9c. We observe power-lay decay of the vortex density nv(t),

indicative of dynamical vortex–antivortex pairing and annihilation. Concurrently,

based on the dynamical scaling hypothesis, universal behavior should emerge around

and after the critical time tc, when the correlation length Lc becomes the dominant

length scale. The growth of the correlation length Lc(t) and the reduction in

vortices nv(t) are consistent within this framework, predicting that nv(t) should

scale as nv(t) ∼ L−2
c (t) ∼ t−2/z [18, 20]. After rescaling the hold time to t′ = t/tc

(Figure 5.9d), we observe the universal decay of vortex density following the scaling

law nv(t) ∼ t−2/z as predicted by theory, which indicates the system coarsens.

However, we find that the decay of free vortices does not continue indefinitely,

reaching a plateau after ≈ 150 ms, consistent with the evolution of η. To determine
1In principle this reference value can be chosen arbitrarily. Here we determine it by comparing

exponential and power-law fits to the correlation function. The time tc is identified as the point at
which the correlation function becomes better described by a power-law decay; the corresponding
exponent defines the critical value ηc = 0.186(4).
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the value of zvort, we employ the same fitting procedure as used for the correlation

length. Fitting the data over the interval 40 ms ≤ t ≤ 100 ms yields a mean

exponent ⟨zvort⟩ = 1.74 with a standard error of 0.08 (see Fig. 5.10).
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Figure 5.10: Determination of the dynamic critical exponent. Histogram of
bootstrapped estimates of the exponent z, obtained from power-law fits of the form
f(t) = A t1/zcorr to the correlation length and f(t) = B t−2/zvort to the vortex density. The
dashed curves represent Gaussian fits to the resulting probability density distributions,
and the dash-dotted lines denote the corresponding mean values.

We finally combine the estimates obtained from the correlation length and the

vortex density using inverse-variance weighting, yielding a final value of dynamic

critical exponent z = 1.73(7). It is close to the numerical results for quenched

2D Bose gas (z ≈ 1.74 is reported in both the conservative limit and under

weak dissipation in Ref. [20]. Ref. [19] finds β ≈ 0.56 for near-Gaussian NTFP,

corresponding to z = 1/β ≈ 1.79), suggesting the coarsening dynamics in the

coupled bilayer follows the diffusion-type scaling, characterized by dynamic critical

exponent z ∼ 2.

5.5 Phase coherence of states in equilibrium and
steady states after the quench

Finally, we compare the phase coherence between the steady state appearing

around 150 ms after the quench and the state in thermal equilibrium. To probe
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Figure 5.11: Phase coherence of equilibrium and quenched systems. Extracted
algebraic decay exponent η from experiment (filled symbols) and numerical simulation
(open symbols) for both the thermal equilibrium and steady states observed after the
quench, plotted as a function of PSD. For the quenched systems, as in the main text, the
PSD for the equilibrium system before the quench is used for this plot. The post-quench
steady state is evaluated at t = 250 ms. Inset: Representative correlation functions from
experimental data at two nearly identical PSDs for thermal equilibrium and post-quench
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the system in equilibrium, two atomic clouds are adiabatically loaded into the

bilayer potential with a tunnel coupling of Jc = 34 Hz. The clouds are prepared at

the same temperature and held in the trap for a sufficiently long time to ensure

equilibration. We then perform matter-wave interferometry (Figure 5.6) and obtain

the correlation function of the relative phase. In Figure 5.11, we plot the algebraic

exponent η for the equilibrium and steady-state samples, where the post-quench

states exhibit systematically larger η than the corresponding equilibrium values.

This may originate from the sudden quench projecting the initial thermal states

onto excited states of the post-quench Hamiltonian, with the associated work

injection raising the system’s effective temperature [13, 146]. We further note

from numerical simulations that, compared with the thermal equilibrium state,

the common phase relaxes toward a larger η on a timescale substantially longer

than the ∼ 150 ms relaxation of the relative phase.
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5.6 Conclusion

In this chapter, we demonstrate universal phase-ordering dynamics in a coupled two-

dimensional bilayer system following a coupling quench, revealing good agreement

between experimental observations and classical-field simulations. We observe

self-similar dynamics characterized by power-law growth of the correlation length

with a measured critical exponent zcorr = 1.69(14). The coarsening occurs through

vortex-antivortex annihilation, accompanied by a decay of the vortex density with

exponent zvort = 1.74(8). Combining these estimates yields a dynamic critical

exponent z = 1.73(7). The consistency between the two measurements indicates

that the coarsening dynamics is governed by a single growing length scale and is

consistent with diffusion-like behavior. The results advance the understanding of

universal dynamics following an explicit symmetry breaking quench and provide a

robust foundation for testing effective field theories of out-of-equilibrium systems,

such as the coupled 2D XY model and 2D sine-Gordon model with defect excitations.
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6.1 Conclusion

This thesis presents both numerical and experimental studies of tunnel-coupled

2D bilayer Bose gases at finite temperatures, exploring their behaviour in and

out of equilibrium. Using classical-field Monte Carlo simulations, we investigated

bilayer systems with varying interlayer coupling strengths and different types

of interlayer interactions. Owing to their broad applicability, classical Monte

Carlo methods provide a convenient and accurate means to simulate not only

current experiments but also future scenarios where quantum entanglement can be

neglected. We further combined the Monte Carlo approach with the Gross–Pitaevskii

equation to study the nonequilibrium dynamics of the bilayer system. In simulations

of the Josephson effect, performed under experimentally realistic conditions, we

observed that the formation of two-dimensional sine–Gordon solitons (domain

121
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walls) leads to damping of the oscillations. A detailed analysis of the domain-

wall dynamics is presented, including a classification of different types of linearly

confined vortex–antivortex pairs.

We then experimentally investigated the relaxation dynamics of the relative sec-

tor of bilayer quasi-2D clouds following a sudden coupling quench. This was achieved

through precise control of the barrier height and separation of the MRF-dressed

double-well potential. The initial clouds were prepared in the normal (disordered)

phase, and the system is subsequently quenched into the bilayer superfluid (BSF)

phase. We studied the subsequent evolution of the phase-correlation function and the

vortex dynamics, finding that the relative phase exhibits universal phase-ordering

dynamics characteristic of diffusion-like coarsening. The experimental observations

are further supported by numerical simulations. These results demonstrate that

coarsening dynamics can occur (at least transiently) following an explicitly symmetry-

breaking quench, providing the foundation and motivation for further theoretical

studies of nonequilibrium dynamics in effective field theories.

6.2 Future experiments

6.2.1 Josephson effects in bilayer 2D Bose gases

The numerical simulations presented in this work reveal rich dynamics and exci-

tations unique to 2D systems. The MRF-dressed double-well potential provides a

reliable platform for experimentally exploring Josephson effects. A controlled phase

difference can be imprinted by coherently splitting a single cloud into two decoupled

clouds with approximately equal atom numbers, followed by the introduction of an

energy bias [4, 7, 62]. The 2D domain walls formed during the dynamics can be

probed via a vertical imaging system employing selective repumping after a short

time of flight (TOF), as shown in Figure 6.1, enabling interference between the two

clouds [107]. Matter-wave interferometry also provides a natural way of probing

the dynamics of the relative phase, as demonstrated in this thesis.
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Figure 6.1: Simulation of experimental probe of 2D domain walls. (a) In situ
wrapped relative phase profile. (b) (Left) Integrated x–y density profile, obtained by
integrating along the z direction over a width of 5µm after a time of flight (TOF) of
5 ms. (Right) Interference density pattern extracted from the same TOF distribution
and integrated along the x axis; the white shaded region denotes the spatial region
corresponding to the z-integration window (of width 5µm) used to obtain the x–y density
profile in the left panel.

6.2.2 Higher-order correlation

In this work, the system is characterized using the two-point correlation function. For

a Gaussian system, this function provides complete information about correlations,

as the state is fully determined by its first and second moments (mean and variance).

According to Wick’s theorem [147], all higher-order correlation functions can be

factorized into products of two-point correlations, assuming a vanishing first moment.

However, when the system is non-Gaussian (for example, in a tunnel-coupled

bilayer system with finite interlayer coupling strength) higher-order correlation

functions are required for a comprehensive description. There are two good and

well-established approaches for probing such higher-order correlations: the method

of full counting statistics (or full probability distributions) [148–151], and the direct

calculation and decomposition of higher-order correlation functions introduced

in Ref. [134]. The first method has been experimentally implemented by Abel

Beregi and used to demonstrate the universality of a 2D Bose gas in the superfluid

regime, as well as to analyze higher-moment statistics [63, 152]. The latter method

provides a powerful approach to investigate non-Gaussianity in the system by

separating the connected and disconnected parts of the spatial correlation functions.

Experimentally implementing this approach in 2D systems would offer valuable



6. Conclusion and Outlook 124

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Full (D = 6.7)

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Disconnected

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Connected

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Full (D = 11.0)

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Disconnected

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Connected

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Full (D = 24.8)

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Disconnected

−15.0 −7.5 0.0 7.5 15.0

−15.0

−7.5

0.0

7.5

15.0

Connected

−1

0

1

N
or

m
al

iz
ed
g

4
(x
,x
′ )

x1 (µm)

x
2

(µ
m

)

Figure 6.2: Decomposition of the fourth-order phase correlation function. The
four-point phase correlation function g(4)(x,x′) is shown by fixing two reference points at
x3 = −x4 = 7.5 µm. The left column presents the full fourth-order correlation function,
the center column shows the disconnected contribution reconstructed from products of
two-point correlations, and the right column displays the connected contribution, which
reflects genuine higher-order, non-Gaussian correlations. Each row corresponds to a
different PSD D, and are normalised to [−1, 1].

insights into the underlying many-body correlations, both in and out of equilibrium.

In Figure 6.2, we present an example of the decomposition of the fourth-order phase

correlation function g(4)(x,x′), obtained by analysing the simulated relative phase

of a decoupled bilayer 2D Bose gas simulations. 1 We follow the definition of the

fourth-order correlation function provided in Ref. [134].

1We find that the superfluid regime (high PSD) is well described by Gaussian correlations,
consistent with the quadratic Hamiltonian (see the harmonic XY model or Eq. (2.52)). The
system exhibits non-Gaussian behavior near the critical PSD Dc ≈ 11, as the vortex–antivortex
pairs begin to unbind and the quadratic approximation breaks down. Interestingly, at low PSD
the system again approaches Gaussian behavior. This seemingly counterintuitive trend can be
explained by the central limit theorem, as fluctuations become dominated by many uncorrelated
regions.
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