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Abstract
Non-small cell lung cancer (NSCLC) affects 80-85% of lung cancer patients. Tyro-
sine kinase inhibitors (TKIs) are targeted therapies that bind to NSCLC cells with
specific mutations and inhibit their growth. However, responses to these therapies
generally fail due to the emergence of drug resistance and the onset of adverse events
which can include; interstitial lung disease (ILD), edema, hypothyroidism, nausea
and diarrhoea. Mathematical models can increase our understanding of the biolog-
ical mechanisms that determine whether a tumour is likely to respond or become
resistant to treatment. When combined with experimental studies, such models can
provide mechanistic insight into factors which influence the evolution to resistance
and how specific drugs act. They can also aid experimental design and generate
testable hypotheses concerning, for example, optimal dose regimens, scheduling pro-
tocols and combination therapies. In this thesis, we develop mathematical models of
tumour growth and treatment response, and use them to determine tumour-specific
factors that influence drug resistance. Further, by combining the models with pre-
clinical data, we infer the biological properties of different NSCLC cell lines and
characterise their responses to different TKIs.

In the first part of the thesis, we develop a mathematical model that describes the
dynamics of four cell populations that differ in their levels of resistance to two TKIs.
The model accounts for mutations, competition for resources and cellular interactions
and is formulated as a system of time-dependent, ordinary differential equations. We
use the model to show how tumour responses to TKI combinations depend on the
rates at which the tumour cells mutate and proliferate. We then reformulate the
model to account for stochastic effects that encapsulate the random nature of mu-
tation events that occur with low probabilities. We find considerable variation in
the predictions generated by the deterministic and stochastic modelling frameworks,
highlighting the need for careful consideration of the modelling approach when pre-
dicting drug resistance and treatment response.

The second part of the thesis focuses on integrating mathematical models with exper-
imental data in order to uncover the mechanisms driving NSCLC cells’ responses to
TKI treatment. We develop a suite of increasingly complex models that describe in
vitro cell growth data. We use parameter estimation, information criteria/goodness-
of-fit metrics and parameter identifiability analysis to investigate the identifiability
of the model parameters given the preclinical data and to guide model selection. We
extend the selected model to describe the response of NSCLC cells to TKI treat-
ment. While this model is structurally identifiable, the existence of practically non-
identifiable model parameters given the in vitro treatment data leads to uncertainty
in the predictions of hidden variables. We use synthetic data to evaluate how ex-
perimental design (i.e. what variables are measured) affects certainty in parameter
estimates and to generate hypotheses about the likely mechanisms of action of TKIs
on NSCLC cells.

To summarise, in this thesis, we develop a series of mathematical models that increase
our understanding of the biological mechanisms that drive the evolution to resistant
tumours and determine tumour response to treatment. Our results highlight the
benefit of theoretical approaches for distinguishing the growth dynamics of different
NSCLC cell lines, providing mechanistic insight into the effects of different drugs on
different cell lines and suggesting strategies for improving experimental design.
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3.2.1 Schematic of our stochastic model of tumour growth and treatment re-

sponse. Four cell populations are considered. Sensitive cells (green cells),

are denoted by S(t); cells that are sensitive to drug two and resistant

to drug one (blue cells) are denoted by R1(t); cells that are sensitive to

drug one and resistant to drug two (yellow cells) are denoted by R2(t);

fully drug-resistant cells (red cells) are denoted by R12(t). The parame-
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for R2 cells. R12 cells divide to produce R12 cells at rate, bR12 and die

at rate, dR12 and have a net growth rate, rR12 = bR12 − dR12 . S cells are

affected by drugs one and two at rate, dS(θ1 + θ2). R1 cells are affected

by drug two at rate, dR1θ2 and R2 cells are affected by drug two at rate,

dR2θ1. Propensity functions associated to cellular reactions presented

in this schematic are summarised in Table 3.2.1 along with death rates

associated to cellular competition. . . . . . . . . . . . . . . . . . . . . . 76

3.4.1 Typical stochastic simulations (10 realisations) and the deterministic

model solution describing untreated tumour cell dynamics for a range

of values of µ and δ. Thick lines with black borders represent the solu-

tion of the ODE. Thin lines represent stochastic realisations. The y-scale

is plotted using the symmetric logarithmic scale which is logarithmic for

cell populations with numbers greater than 1 and linear for cell popula-

tions less than 1. Hence, populations with no cells are plotted. Key: blue

represents S cells, orange; R1 cells, green; R2 cells and pink; R12 cells.

Parameters: all model parameters are fixed at the default values stated

in Table 3.2.2, with the exception of µ and δ; their values are indicated

on each subplot. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
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3.4.2 The standard deviation about the median (×100) of 7000 stochastic sim-
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3.5.1 A selection of 10 stochastic simulations and ODE solutions of treated
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gression on first and second-line treatment. Box plots: orange lines repre-

sent the median. The box indicates the interquartile range (IQR) ranging

from the lower quartile (25th percentile) to the upper (75th percentile)

quartile. The bars indicate 1.5× the upper and lower quartiles and black

circles indicate values greater or less 1.5× the upper and lower quartiles.
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4.2.2 In vivo control experimental mouse xenograft tumour volume data (units

of mm3). a) Raw in vivo tumour volume data. Marker shapes: diamonds,

stars and triangles represent PC9, T790M and 1:1 SCD4:SCB5 tumours,

respectively. Five experimental repeats were carried out for each cell line.
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4.3.1 Illustrative simulations of the candidate ODE models defined by equa-

tions (4.3.1)-(4.3.5) (see Table 4.3.1). Key: Colour black; solution of
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model and the Richards growth equation (see Table 4.3.1) when fitted
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dence threshold and is plotted at the value χ2(θ̂)+icdf(χ2
1, α) where icdf
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4.5.4 Violin plots of estimated parameter values and relative standard errors

(standard error/estimate) of model parameters, r, β and y0 estimated

by fitting the Richards growth equation to each of the the 10 synthetic
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tion model with fixed values of β = βF (βF = 3.315). Black dashed
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4.5.8 Richards growth equation model, with fixed β, fitted to the in vitro

data. (a)-(d) Solutions of the Richards growth equation model fitted to

the in vitro data. Black dashed line; best-fit model solutions found using

non-linear least squares, black block line; median of posterior predic-

tive distribution, blue shaded region; 95% credible interval of the model
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tumour volume data. Block lines represent the best fit solution for β = 1.

Shaded regions represent 95% confidence bands, calculated by sampling

from a multivariate normal distribution with model parameter estimates

(see Table 4.5.9) as the means of the distribution. We employed each

sample of parameter values (150000 in total) in the Richards growth

equation. At each time point, we calculated the median and the 2.5th
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4.B.1 Autocorrelation function plots of combined Markov chain samples (10

independent Markov chains in total) for the Richards growth equation

with fixed β. A thinning of 1/100 and a burn in of 5000 samples were

used to increase the independence of the samples. Rapid decay of the
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5.5.1 Best-fit solutions of the reduced Richards growth equation, with fixed

β = βF (see equation (4.3.2) in Table 4.3.1 in chapter 4), fitted to drug
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5.5.6 Model predictions of total (N(t)), live (y(t)) and dead (z(t)) cell pop-

ulations describing PC9 cells in c = 0.123µM gefitinib for two profiled

values of k, k = 10−5 hour−1 and k = 0.031 hour−1 which are fixed.
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k = 0.031 hour−1, similar values of χ2(θ̂) were calculated (χ2(θ̂) = 11.93
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dots; data, blue lines; best-fit solution of the total tumour population,

orange; live cells and green; dead cells. Parameters: see Table 5.5.5. . . 187
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5.5.8 Best-fit solutions when the Hill equation (equation (5.3.3)) is fitted to

estimated values of h̃ (h̃ is estimated by applying step 1 which we describe
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5.5.9 Right hand y-axis: estimated values of λ and IC50 for varying k, ob-

tained using steps 1 and 2 from subsection 5.5.7 for fixed values of

k ∈ {0.0001, 0.001, 0.01, 0.1}. Key: black dots (joined with black

lines); estimated values of λ with bars representing standard errors of

the estimates, cyan (joined with cyan lines); estimated values of IC50
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5.5.10 One-dimensional profile likelihoods for parameters r, IC50 and λ when

m and k are fixed with k = 10−5 hour−1 and values of m fixed at values

given in Table 5.5.8. Key: horizontal black dashed lines; 95% confi-

dence level plotted at χ2(θ̂) + icdf(χ2
1, α), vertical grey dashed lines;

likelihood-based confidence interval bounds, cyan crosses; optimal pa-

rameter values, red dots; profile likelihood values, block black lines; cu-

bic interpolation of the profile likelihood values. The units of parameters
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indicate the 95% confidence bound of the model solution for a given cell

line, calculated using the Monte Carlo Simulations Method with 5000

simulations (see Methods section of this chapter). Parameters: see Ta-
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Chapter 1

Introduction

Cancer incidence and mortality are growing rapidly, with an estimated 10 million cancer

deaths worldwide in 2020, up from 9.6 million in 2018 [12, 132]. In 2020, lung cancer was

the leading cause of cancer mortality, with 1.8 million deaths (18% of cancer deaths),

and the second most commonly diagnosed cancer (11.4% of new cases worldwide). The

fundamental factor limiting a cure in lung cancer is its ability to develop mechanisms that

enable it to evade pharmaceutical treatments, i.e. drug resistance. These mechanisms

include, mutations that alter drug binding targets, the removal of drugs from cells due to

overexpression of drug efflux pumps and changes to the cancer cell’s ability to metabolise

drugs, resulting in decreased drug activation [63, 89].

In this thesis, we focus on non-small cell lung cancer (NSCLC), a histological sub-

type of lung cancer affecting 80-85% of lung cancer patients [37]. The emergence of drug

resistance in NSCLC is the leading cause of failure in tyrosine kinase inhibitor (TKI)

treatment. TKIs are targeted therapies that bind to receptors on the surface of cancer

cells and interfere with mechanisms regulating cell growth and death. Initial response

to TKIs in the clinic is observed but tumour progression is inevitable due to the acqui-

sition of drug resistance mechanisms. Common mechanisms of resistance to TKIs are

mutations that alter the drug-binding target. Mathematical models can elucidate and

quantify our understanding of tumour growth and the biological processes that drive

tumours to become drug-resistant. We develop mathematical models that describe the

growth of monotypic populations (i.e. one type of tumour cell) and mixed populations

that differ in their sensitivity to TKIs. We use these models to identify factors that
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influence the efficacy of treatment with TKIs. Through coupling the models with pre-

clinical data sets, which allows us to fit them and estimate model parameters, we are

able to infer the biological mechanisms underlying tumour cell growth and response to

TKI treatment.

In the remainder of this chapter, we provide context for the research. We start by

describing NSCLC and summarising treatments that are currently applied in the clinic.

We continue by introducing the various oncogenic mutations that are associated with

NSCLC and explain their relevance in TKI treatment. We then review drug resistance

mechanisms in NSCLC and explain how TKI treatment has evolved to tackle resistance

and, discuss combination treatments involving TKIs that are currently being used in the

clinic. We then review the relevant mathematical literature, focussing on methodologies

that have been applied in this thesis. We conclude this introduction by outlining the

structure of the remainder of the thesis.

1.1 Biological review

1.1.1 Overview of non-small cell lung cancer (NSCLC)

NSCLC is an umbrella term that includes cancers such as lung adenocarcinoma (LUAD)

(∼ 40% of cases), lung squamous cell carcinoma (LUSC) (25-30% of cases) and large cell

undifferentiated carcinoma (10-15% of cases) [130]. Lung cancer has an estimated 5-year

survival rate of 15% in England, underlining the importance of studies that investigate

the mechanisms responsible for treatment failure [16].

More than two thirds of NSCLC cases are diagnosed at stages III-IV [130]. At

these stages, NSCLC typically presents as a large primary tumour and/or one that has

already metastasised (i.e. spread to other parts of the body). Applied treatments for

NSCLC depend on the stage of the disease. These treatments include surgical resection,

chemotherapy, radiotherapy, targeted therapy and immunotherapy [154]. The standard

first-line treatment for stage IV NSCLC is cytotoxic combination chemotherapy [149,

154]. Over the past 20 years, the development of targeted therapies has been increasingly

popular for treating NSCLC with specific genetic profiles. Targeted therapies are agents

that target genes and proteins in the cancer cell. These targets include specific oncogenic
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mutations that drive the disease. Therefore, we focus on TKI therapy and the NSCLC-

specific mutations that they are designed to target. More details about TKI therapy

will be given in section 1.1.4 of this introduction.

1.1.2 Mutations driving NSCLC

NSCLC is a highly heterogeneous disease, with a higher tumour mutation burden (TMB)

in patients with metastatic NSCLC [57]. Genome sequencing in NSCLC has identified

hundreds of mutations and the number of mutations is shown to increase with tumour

grade (level of abnormality of tumour cells compared to healthy cells) [21, 146]. Mu-

tations in the epidermal growth factor receptor (EGFR) gene, which is a member of

the erbB family of receptor tyrosine kinases which span the cancer cell membrane, are

present in 15−20% of NSCLC patients [107]. Binding of epidermal growth factor (EGF)

to the kinase domain of the EGFR protein induces the transduction of signals across

the cell surface. These signals upregulate cell proliferation and anti-apoptotic pathways

and are popular targets for TKIs.

The most common mutations in the EGFR gene are exon 19 deletions and exon 21

L858R (leucine to arginine) substitution; together, they account for more than 90% of

EGFR mutations [9, 141, 152]. These mutations can lead to overexpression of EGFR

on the cancer cell surface, which promotes uncontrolled cell division [9, 152]. EGFR

mutations are a prominent feature of the mathematical models of NSCLC that we de-

velop in chapters 2-5. In chapter 4 we use experimental data sets, provided by our

industrial sponsor, AstraZeneca, to develop mathematical models describing the growth

of EGFR-mutant NSCLC cell lines. Using parameter estimation and parameter infer-

ence techniques that are commonly used in the pharmaceutical industry, we infer the

biological mechanisms driving the growth dynamics of these cell lines. In chapter 5,

using the same techniques on in vitro data sets, describing the response of four different

NSCLC cell lines to TKI treatment, we examine how these cells respond to treatment

with EGFR-TKIs and, in so doing, seek to determine the underlying mechanisms of

action of first and third-generation EGFR TKIs. We discuss parameter estimation and

parameter inference techniques in more detail in section 1.2.6.
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Although mutations in the EGFR gene are common (10-15% in LUAD in female,

never-smokers), other mutations exist in NSCLC [154]. Mutations in the Kirsten rat

sarcoma gene (KRAS) (30% in LUAD in western countries) disrupt signalling which

normally controls cell proliferation, resulting in increased rates of cell division [148].

Mutations in the mesenchymal epithelial transition factor proto-oncogene (MET) (7%

of LUAD) induce amplifications of growth receptors on the cell surface which, in turn,

drives uncontrolled cell division. Rearrangements in the anaplastic lymphoma kinase

(ALK) gene (found in approximately 5% of NSCLC patients) promote uncontrolled

cell growth [72]. EGFR and ALK mutations are mutually exclusive [40]. EGFR and

KRAS mutations are generally mutually exclusive however, when KRAS mutations co-

exist with EGFR mutations, KRAS mutations may confer resistance to EGFR TKIs

[9, 40, 57, 109, 118, 142].

Genetic alterations in tumour cells that occur in the early stages of NSCLC are

natural targets for TKI treatment because, identification of these mutations has shaped

NSCLC treatment today [69]. Prior to treatment, gene expression profiles of patients’

tumours are measured to assess the most appropriate course of treatment. Tumours

with EGFR mutations in exon 19 or 21 may benefit from TKIs as an alternative to first

or second-line chemotherapy [77]. Similarly, patients with ALK rearrangements benefit

from ALK inhibitors [61]. Although mutations in KRAS are most common in NSCLC,

no drugs that effectively target KRAS mutations have been clinically approved [130].

While TKI treatment has shown promise, response to these drugs is short-lived due to

the presence of pre-existing resistant cells at the start of treatment and/or resistance

acquisition during TKI treatment [55, 64]. In the next section, we describe the char-

acteristic features of NSCLC and review the mechanisms which contribute to NSCLC

resistance to therapy.

1.1.3 Drug resistance mechanisms in NSCLC

Mechanisms of drug resistance in NSCLC include, overexpression of drug efflux pumps

which remove drugs from the cancer cells, changes in the cell’s ability to metabolise drugs

which would lead to the drugs activation and the acquisition of altered drug-binding

targets [89]. Broadly speaking, two groups of mechanisms drive EGFR TKI resistance.
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The first group involves alterations to the drug-target via secondary point mutations or

changes in expression levels of the drug-target themselves. These mutations alter the

structure of the EGFR and, in doing so, may also change binding rates and/or increase

the receptor’s affinity for growth factors such as EGF [141]. In addition an increase in

receptor expression levels results in more drug being needed to inhibit activated receptors

on the cell surface [62]. The second group of mechanisms acts by amplifying alternative

pathways, including the amplification of MET and KRAS and the rapidly accelerated

fibrosarcoma oncogene homolog B (BRAF), which upregulate cell growth [101].

In this thesis, we focus on secondary point mutations that increase tumour growth

rates and enable them to evade treatment. Secondary point mutations that give rise to

drug-resistant cells are either pre-existing or acquired during TKI treatment [55, 71]. At

a cellular level, intrinsic resistance refers to resistant cells that are present before treat-

ment and that have arisen as a result of genetic and epigenetic alterations during earlier

stages of tumourigenesis [14, 62]. We will refer to this type of resistance mechanism as

'pre-existing'. Selection for pre-existing resistant clones during treatment results in treat-

ment failure. In chronic myeloid leukaemia (CML), pre-existing clones that are resistant

to the TKI, imatinib, are correlated with poor treatment outcomes [66]. Conversely,

at a cellular level, acquired resistance arises when cells which are initially responsive to

treatment become resistant [14, 62]. In the clinic, primary (intrinsic/pre-existing) resis-

tance refers to failure of initial treatment response and secondary (acquired) resistance

describes cases for which an initial response is observed but, over time, resistance devel-

ops [14, 62]. There is a long-standing debate about whether pre-existing drug-resistant,

or, de novo acquired cell populations, have a greater impact on the failure of cancer

treatments [71]. Whether the de novo acquisition of resistance conferring alterations

is caused by random mutations (Darwinian resistance) or drug-induced changes is also

debated. As stated by Alvarez-Arenas et al., Darwinian evolution of cancer describes

the case in which cancer and drug resistance develops through a series of stochastic epi-

genetic and genetic changes [4]. Through a Darwinian process, tumour cells are subject

to selective pressures (e.g. the tumour microenvironment and anticancer treatments)

which result in resistant cells emerging within the tumour population [45].
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The pathways to resistance are diverse and studies that elucidate understanding of

these pathways are needed for rational drug development and protocol design [55, 71].

Further information about molecular mechanisms of drug resistance can be found in the

literature [14, 62]. In chapter 3, we employ a stochastic model of tumour growth and use

it to demonstrate how the number of (pre-existing) resistant tumour cells at the start

of treatment affect a tumour’s response to treatment. We demonstrate how the number

of resistant cells in the tumour at the time of failure of first-line treatment affects a

tumour’s response to second-line treatment. We present further details of the modelling

techniques used in chapter 3 in section 1.2.6 of this introduction and we outline the work

of this chapter in more detail in section 1.3 of this introduction.

Cancer was first described as an evolutionary process by Nowell in 1976 whereby

tumours are heterogeneous populations of cells with varying genetic, epigenetic and

phenotypic characteristics (e.g. drug resistance) [106]. Genetic instability is a hall-

mark of cancer affecting DNA sequence, chromosome number and structure and drives

heterogeneity in the population of cancer cells which contributes to treatment failure

[14, 54, 62]. Heterogeneity can take the following forms: intratumoural heterogeneity

refers to the variation of tumour cells within a single patient and is believed to contribute

to drug resistance [32, 42]. Intertumoural heterogeneity refers to the heterogeneity across

patients with tumours of the same histological subtype and is believed to be driven by

patient-specific factors including the patient’s genetic profile [32]. In chapter 2, we use

a deterministic model of tumour growth to investigate the role of factors such as muta-

tion rates and cell division rates of cancer cells on tumour composition and response to

treatment.

Interactions between tumour cells and their environment influence the emergence

of resistance and tumour cell heterogeneity. In vitro and in vivo mouse model studies

have been carried out to investigate the effects of competition for space, differences in

environmental conditions on the growth of tumour cells and their response to treatment

[5, 72, 92, 108]. In chapter 2, we exploit this novel perspective, that interactions be-

tween cells influence tumour cell heterogeneity, to guide model construction and in the

examination of the modelling predictions as further detailed in section 1.3.
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1.1. BIOLOGICAL REVIEW

In what follows, we explain how treatments involving EGFR TKIs have evolved over

time, with new TKIs being developed to replace earlier TKIs when patients develop

resistance to them.

Figure 1.1.1: Left) Diagram of a tyrosine kinase inhibitor binding to a cancer cell. In
the absence of drug, growth factors such as epidermal growth factor (EGF) bind to the
receptor and signals are transduced across the cell surface, upregulating anti-apoptotic
and cell proliferation pathways. Tyrosine kinase inhibitors bind to the receptor and block
these signals (diagram credit: Cancer Research UK). Right) Diagram of the evolution
of TKI treatment and resistance mechanisms that result in their failure (diagram credit:
Murtuza et al. [101]).

1.1.4 Epidermal growth factor receptor TKIs

Development of tyrosine kinase inhibitors is ongoing due to their initial effect and subse-

quent failure due to drug resistance. Targetable oncogenic driver mutations were found

to be present in 64% of patients who harbour tumours of the lung adenocarcinoma

subtype and the use of genotype-directed therapies improved survival in these patients

[57]. In Figure 1.1.1(right hand figure), we present a schematic of the development of

EGFR TKI treatment and the evolution of resistance to these drugs. In what follows,

we outline how such resistance emerges.

Gefitinib (tradename Iressa, AstraZeneca) is a first-generation TKI applied to EGFR

mutant NSCLC. Gefitinib reversibly binds to the tyrosine kinase domain and inhibits

the activation of the anti-apoptotic Ras signal transduction cascade. A landmark 2004

phase III clinical trial presented by Lynch et al. demonstrated that NSCLC patients

with chemotherapy-refractory disease (i.e. these patients’ tumours are no longer re-

sponsive to chemotherapy) and activating EGFR mutations, exon 19 deletions and exon
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21 substitutions, had better rates of survival when treated with gefitinib than patients

without EGFR mutations [86]. Gefitinib and erlotinib, another first-generation EGFR

TKI are currently recommended as first-line treatment in NSCLC patients with EGFR

mutations. However, response to these drugs is short-lived. Within a median time of

9-12 months, NSCLC patients acquire resistance to first-generation EGFR TKIs due

to a secondary-point mutation T790M (threonine to methionine), which increases the

affinity for adenosine triphosphate (ATP) to bind to the tyrosine kinase domain [153].

This mutation also affects the binding affinity of the drug [57, 93]. The T790M mutation

is known to occur in ∼50-60% of patients [93].

Second-generation TKIs, afatinib and dacomitinib, irreversibly bind to the EGFR

tyrosine kinase domain with greater affinity than first-generation TKIs. Dacomitinib was

shown to improve progression-free survival (PFS) by 5.5 months compared to gefitinib

and improves median overall survival by 7.3 months [112, 147]. When gefitinib or afa-

tinib were applied as first-line therapies to treat treatment naïve EGFR mutant NSCLC

patients, afatinib showed slightly better progression free survival than gefitinib (median

of 11 months compared to 10.9 months, respectively) at the cost of higher toxicity [111].

Originally, second-generation TKIs were developed to combat T790M mutations. In

vitro, afatinib and dacomitinib demonstrated activity against T790M+ mutant cells but

at doses that result in toxicity effects in vivo [29]. Hence, second-generation TKIs have

not improved the overall survival of T790M+ NSCLC patients and the T790M muta-

tion is the leading cause of failure of first and second-generation TKIs. The pathway to

T790M+ EGFR NSCLC is varied. Studies have shown T790M+ cells may be present

prior to treatment and may also be aquired during TKI treatment [55]. Although T790M

mutations are most common, first and second-generation TKI resistance can occur via

alternative routes such as amplification of MET and mutations in the KRAS and BRAF

genes (see Figure 1.1.1) [101].

A third-generation TKI, osimertinib (tradename Tagrisso, AstraZeneca) has been

developed to target EGFR sensitising mutations (exon 19 deletions and L858R substi-

tuitions) and the secondary point T790M mutation. Osimertinib binds irreversibly to

the C797 residue on the EGFR tyrosine kinase domain and overcomes the effect of the
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T790M mutation that enhances the affinity for ATP to bind to the tyrosine kinase do-

main [57, 153]. Osimertinib was first FDA approved in 2015 when it was shown to be

effective in patients with metastatic EGFR mutated NSCLC with the acquired T790M

mutation after EGFR TKI therapy [68]. In clinical trials, osimertinib has demonstrated

its superiority over chemotherapy. In a phase III clinical trial, the objective response

rate (ORR) of osimertinib was 71% versus 31% in patients treated with combination

chemotherapy involving pemetrexed and either carboplatin or cisplatin and PFS for os-

imertinib was more than double that for chemotherapy (10.1 versus 4.4 months) [98].

Due to osimertinib having higher specificity for EGFR exon 19 and T790M mutations,

osimertinib is better tolerated than first-generation TKIs. In a phase III clinical trial,

response to osimertinib was significantly longer than first-line gefitinib and erlotinib in

treatment-naïve NSCLC patients presenting exon 19 deletions and exon 21 L858R sub-

stituitions, with a median progression-free survival of 18.9 compared to 10.2 months

[129]. Based on these findings, in 2018, osimertinib was also approved as a first-line

therapy for advanced EGFR-mutant NSCLC, regardless of whether T790M+ cells are

present.

In recent times, resistance mechanisms to osimertinib have been identified. These

include the C797S (cysteine to serine) point mutation in the tyrosine kinase domain.

This mutation is the most common mutation in exon 20 and contributes to 10-26% of

cases where resistance to second-line osimertinib therapy has occurred [98]. The C797S

mutation causes the loss of the covalent bond between the mutant EGFR and osimertinib

[82]. The C797S mutation is, however, sensitive to geftinib, making it a popular target

for combination first-generation gefitinib and third-generation osimertinib therapy when

the T790M mutation is also present. A current clinical trial combining gefitinib and os-

imertinib is ongoing [119], as discussed further below. Other point mutations resulting

in the failure of osimertinib treatment are discussed in the review [82]. In addition to

point mutations, bypass signalling mechanisms, such as the amplification of the MET

gene leads to the over activation of the c-MET protein. The c-MET protein is a recep-

tor tyrosine kinase on the cancer cell surface which is encoded for by the MET gene.

Amplification of this protein drives resistance to osimertinib (see Figure 1.1.1) [82, 101].
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Cells which harbour both T790M and C797S mutations are currently fully drug-

resistant to three generations of TKI. We consider such cells in this thesis. Fourth-

generation TKIs are being developed to combat the C797S mutation [143]. Further,

combination therapies involving MET inhibitors have been applied [101, 141]. However,

the failure of TKIs is common. Studies that uncover the mechanisms behind this re-

sistance and that can help predict the evolution to treatment resistance in NSCLC are

vital in order to determine how best to control/slow disease progression.

In this thesis, we consider cells with single genetic alterations that confer resistance

to TKIs. In chapters 2 and 3, we describe the growth and response of heterogeneous

populations of tumour cells to TKI treatment whereby these cells have single point

mutations like those presented here. Although we focus on EGFR mutations, the pa-

rameterisation of the models developed in these chapters is representative of systems of

NSCLC mutations that result in drug resistance. In chapters 4 and 5, we work with

experimental data describing the growth and response of EGFR mutant NSCLC cell

lines with exon 19 deletions, T790M+ and T790M+C797S mutations to treatment with

gefitinib and osimertinib. We outline these studies in section 1.3.

1.1.5 Combination therapies applying TKIs

Combination treatments have been used to tackle TKI resistance in NSCLC. Preclinical

studies of EGFR TKI treatment combined with radiotherapy have been considered.

Further, preclinical and clinical trials applying EGFR TKIs and chemotherapy have

taken place. In this thesis, we explore combination TKI therapy applying two TKIs. We

refer the reader to the reviews given in [88, 149] for details on EGFR TKI combination

therapy with chemotherapy, radiotherapy, immunotherapy and targeted therapies such

as MET inhibitors.

Preclinical evidence has suggested that combining geftinib and osimertinib may de-

lay resistance. This has motivated studies in patients to determine the feasibility of

dual TKI therapy involving gefitinib and osimertinib. A phase I/II study involving 27

patients studied the feasibility and maximum tolerated dose (MTD) of combining gefi-

tinib and osimertinib for advanced EGFR mutant treatment-naïve patients [119]. This

feasibility study found that combination TKI treatment is tolerable as first-line EGFR
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NSCLC treatment. Information on survival outcomes and the presence of acquired re-

sistance mechanisms is pending. In chapters 2 and 3 we investigate how simultaneous

TKI therapy impacts the way in which tumour composition evolves over time. The

relevance of our model to the clinical trial presented here is extensive as the model dis-

tinguishes between fully drug-sensitive cells and those with mutations T790M, C797S

and T790M+C797S which exhibit different levels of resistance to gefitinib and osimer-

tinib.

An ongoing phase I clinical trial involving 48 patients aims to compare the overall

survival of simultaneous versus alternating treatment with osimertinib and gefitinib. For

one cohort, concurrent osimertinib (80mg daily) and gefitinib (250mg daily) are applied

together. For another cohort, the two drugs are alternated every 4 weeks. Results from

this clinical trial are pending [110].

1.2 Mathematical models of tumour growth, drug resis-
tance and treatment response in cancer

The interplay between intrinsic cellular processes and the tumour’s interaction with its

microenvironment makes experimental studies of drug resistance expensive and time

consuming. Using fewer resources, mathematical models have the potential to increase

our understanding of these interactions and provide insight into the mechanisms that

result in treatment failure. When coupled with pharmacological considerations, mathe-

matical models can play a key part in the exploration of prospective novel treatments.

This includes predicting enhanced dose regimens and scheduling protocols that prevent

the emergence of drug resistance. Mathematical modelling can be used to study the

effect of combination treatments as well as guide experimental design and offer quanti-

tative predictions that can be tested in a non-costly and time efficient manner through

the use of fewer experiments.

In order to develop relevant and realistic mathematical models, suitable parameter-

isation is necessary. To do so, collaboration with experimentalists and a good under-

standing of the biological mechanisms driving the system are required. Data from in

vitro and in vivo experimental studies are useful for parametrising, calibrating and vali-
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dating models. In reciprocation, mathematical models can reveal limitations in data and

can then be used to propose new experiments that will increase our understanding of

the mechanisms underlying a biological system. Such experiments may indicate whether

an increased number of parameters within a model can be estimated, thereby increasing

the utility of the model as a predictive tool.

A range of approaches can be used to model tumour growth, treatment response

and resistance. These approaches include, but are not limited to, stochastic models,

continuum models, agent-based models and hybrid modelling techniques. In this thesis,

we focus on spatially-averaged stochastic and continuum models of tumour growth and

treatment response (more details of which are given later in this section and in section

1.3).

Below, we introduce several mathematical models that are commonly used to describe

tumour growth dynamics. These include multi-compartment models that have been used

to study the effects of cell-cell interactions and the tumour microenvironment. We then

focus on branching-process models that have shaped the way we model the emergence

of drug resistance in tumours, due to mutations, and treatment response. We proceed

to introduce models used in the pharmaceutical industry to compare drugs used to

treat cancer and explain how these models have been used to uncover the impact of

resistance on treatment response. Over time, the use of (clinical, real world) data in

conjunction with mathematical models, to infer the mechanisms that drive the dynamics

of a biological system, has become more widespread. For example, parameter estimation,

global sensitivity analysis and parameter identifiability analysis can provide additional

insight into factors which influence tumour cell dynamics, drug resistance and treatment

response. We will use these methods in chapters 4 and 5 and review them in sections

1.2.5 and 1.2.6. Further information about mathematical models of tumour evolution,

treatment scheduling and drug-effect modelling can be found in the following reviews

[3, 6, 15, 38, 44, 80].

1.2.1 Simple tumour growth models

Phenomenological models describing how tumour volume or mass change over time often

consist of a single ordinary differential equation (ODE). The simplest model assumes that
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the tumour volume, V (t), grows exponentially over time so that,

dV

dt
= rV, (1.2.1)

where the parameter r denotes the net growth rate of cells (birth minus death). Ex-

ponential growth captures the early stages of tumour growth. It does not, however,

capture tumour dynamics at longer times in vitro and/or in vivo: in both cases, growth

eventually saturates.

Mathematical models that capture the full dynamics of tumour growth assume the

growth rates are sigmoidal functions of the tumour volume, V (t) [44]. Consider, for

example, the Gompertz growth model which can be written as

dV

dt
= rV log

(
K

V

)
, (1.2.2)

where r describes the net proliferative ability of the cells andK describes the equilibrium

size or the carrying capacity of the tumour. The Gompertz model has been used to model

tumour growth and can be readily modified to account for treatment [99, 105].

The logistic equation also exhibits sigmoidal growth and can be written as follows,

dV

dt
= rV

(
1− V

K

)
, (1.2.3)

where r denotes the net growth rate of cells (birth minus death) and K denotes the

carrying capacity. The logistic equation is a mainstay in ecology and has also been used

to model the growth of bacterial populations [44]. The growth curves for the Gompertz

and logistic models are similar. Further, both provide phenomenological insight which

can be used to predict tumour growth trajectories.

More complex models of tumour growth include the Richards growth equation model,

dV

dt
= rV

(
1−

(
V

K

)β)
, (1.2.4)

where r and K are the same as in equation (1.2.3) and the parameter, β ≥ 0 describes

the strength of competition for resources; whereby, for lower values of β, the strength of

competition is increased [117].
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The generalised-logistic model is more complex (i.e. contains more parameters) than

the Richards growth equation and is written as follows,

dV

dt
= rV α

(
1−

(
V

K

)β)γ
, (1.2.5)

where the parameters α and γ are exponents for the exponential growth and growth

limiting factor terms, respectively. The parameter, β, denotes the competition strength

parameter as in equation (1.2.4). We refer to reader to the review in [136] which contains

analysis of the models defined by equations (1.2.2)-(1.2.5).

The Bertalanffy equation can be written as,

dV

dt
= θV 2/3 − ηV. (1.2.6)

It assumes that growth occurs at a rate proportional to the surface area where θ denotes

the rate of cell growth and η denotes the rate at which the tumour loses mass due to

cell death [44, 78].

The choice of model used to describe tumour growth dynamics is strongly driven by

the type of data available, for example, in vitro, mice or human data. The Gompertz

model is routinely used to model in vivo tumour growth dynamics [79, 121]. In vitro

tumour cell proliferation assays have been modelled using the logistic growth model [144].

Sarapata et al. fitted the exponential, Gompertz, logistic growth and the Bertalanffy

models to a range of different mice and human data sets (bladder cancer, breast cancer,

colon cancer, head and neck squamous cell carcinoma, hepatocellular carcinoma, lung

cancer, melanoma, ovarian cancer, pancreatic cancer and renal cell carcinoma) [121].

Sarapata et al. found, when comparing the fits of each model to the different mice and

human data sets, the logistic growth model gave a better fit to the liver, lung, breast

and melanoma data than the Gompertz model. However, the Gompertz model gave a

better fit to the ovarian and pancreatic data sets. In most cases, the Bertalanffy equation

and the exponential model produced bad fits to the data relative to the Gompertz and

logistic models. However, for colon cancer, the Bertalanffy equation gave a better fit

[121].

In chapter 4 we examine the suitability of the above models, with the exception of

the Bertalanffy model, to describe EGFR NSCLC cell lines that are grown in vitro to
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100% confluence and whose growth is limited by spatial effects. We focus on the ability

to infer system parameters as model complexity increases.

1.2.2 Multi-compartment models of heterogeneous tumours

Cancer is an evolutionary process [106]. Tumours can be viewed as complex ecosystems

containing multiple cell populations, with different genetic, epigenetic and phenotypic

characteristics (e.g. drug resistance) [94]. Simple extensions of the single ODE tumour

growth models presented above can be used to describe heterogeneous populations: mod-

els of this type are often termed multi-compartment models [99, 108]. For example, a

simple two-compartment ODE model, in which sensitive and resistant cells compete,

can be used to study the growth and response to treatment of heterogeneous tumours.

The concept of harnessing competition effects to control the emergence of drug resistance

during treatment was proposed by Monro and Gaffney and others [41, 99]. They adapted

a Gompertz model of tumour growth to account for two populations; chemo-sensitive

and chemo-resistant cells. When considering two populations (sensitive and resistant

cell lines, for example) in a Gompertz growth model, equation (1.2.2) can be modified

to a system of ODEs of the form,

dS

dt
= rS log

(
K

S +R

)
, (1.2.7)

dR

dt
= rR log

(
K

S +R

)
, (1.2.8)

to incorporate the effects of competition between sensitive and resistant cell lines denoted

by S(t) and R(t), respectively. Monro and Gaffney found that reducing the dose of

administered chemotherapy could prolong survival by increasing competition between

the drug-sensitive and drug-resistant cell populations. More recent mathematical models

which consider the effects of competition on tumour cells have aided the design of clinical

trials in which competition between cells is exploited to suppress the outgrowth of drug-

resistant populations [155].

Through combining multi-compartment models with experimental data, it is possible

to investigate the effect of interactions between different cell populations on the tumour’s

growth dynamics and its response to treatment [5, 72, 92, 108]. A recent study by
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Paczkowski et al. used a Lotka-Volterra model to study interactions between radio-

sensitive and radio-resistant prostate cells [108]. They fitted their model to tumour

volume data from homogeneous and heterogeneous cell populations and were able to

characterise the types of interactions between different cell populations and how these

interactions influenced response to radiotherapy. Kaznatcheev et al. quantified the types

of interactions between sensitive and resistant NSCLC cell lines to alectinib, an ALK

tyrosine kinase inhibitor [72]. They fitted exponential growth models to dynamic data

from different cell phenotypes to estimate their growth rates. These studies show how

cell-cell interactions impact tumour heterogeneity. Other studies, reviewed in [133], have

characterised interaction types and the influence of the microenvironment on tumour

cells. The types of interactions between different cell types and their effects on tumour

composition are examined in the modelling study of chapter 2 of this thesis.

Multi-compartment models can be used to investigate the effect that processes such

as competition have on tumour response to treatment. Including additional biological

detail in such models can cause problems with model calibration, due to lack of suitable

data. When fitting models that distinguish two or more species to data from a single

dependent variable, it is often difficult to accurately estimate all model parameters. For

example, given dynamic data on total tumour cell numbers only, it can be difficult to

accurately infer a tumour’s internal cellular composition [36].

1.2.3 Stochastic models of drug resistance and treatment response

In chapter 3 of this thesis, we develop stochastic models of tumour growth to study the

emergence of drug resistance and response to TKI treatment.

Many stochastic models describing the emergence of resistance have been proposed.

The work of Luria and Delbrück in 1943 has influenced many studies of the accumulation

of drug resistance in cancer. Motivated by in vitro experiments, they formulated an

exponential branching process growth model to model the rate at which mutations, which

confer resistance to a virus, occur during bacterial growth. This concept of resistance and

its evolution also applies to tumour cells, and the distribution of mutant clones derived

from the Luria-Delbrück model is widely used to estimate mutation rates in cancer
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[38, 85, 157]. Their work underpins many ensuing models developed to understand how

resistance evolves in cancer [38, 157].

The Luria-Delbrück model was extended by Goldie and Coldman to include cell

death [27]. Using a stochastic birth-death process which accounts for mutations from

a sensitive to a resistant cell type, they found that with a higher rate of cell death,

the predicted size of the resistant cell population was much larger than it was in similar

models which neglect cell death [27]. In more recent work, Iwasa et al. used a birth-death

branching process to describe an exponentially growing tumour population, starting

from a single sensitive cell [67]. They incorporated mutations into the model that give

rise to a resistant cell with a fixed probability per cell division. They found that the

proportion of resistant cells in the tumour at detection depended on the detection size

and the probability of mutation, with larger detection sizes increasing the probability of

resistance (and similarly for the probability of mutation). Concurring with the results

of Goldie and Coldman, they found the occurrence of resistance to increase with an

increased rate of apoptosis [67]. Later work by the same authors with Haeno extended

Iwasa et al.’s work to include two mutations during expansion [53].

Several authors have considered the effects of competition on the emergence of drug

resistance by employing a birth-death process with competition [38]. For example, De-

wanji et al. considered mutant populations that grow via a birth-death process with

Gompertz growth laws. The authors found that including cell death, as well as Gom-

pertz growth of mutant cells in such models resulted in larger variation in the Luria-

Delbrück distribution of mutant cells compared with earlier models [35]. Motivated by

these studies, in chapter 3, we develop a stochastic branching process, with random

intrinsic mutation events, and logistic growth. We use this model to investigate how

intrinsic mutation rates (Darwinian mutations) and the growth rates of resistant cells

affect the variability in tumour composition at diagnosis.

The development of models to investigate treatment scheduling and the emergence of

drug resistance stems from the seminal work of Norton and Simon [105]. They introduced

the concept of dose-densification to tackle kinetic resistance that describes resistance

due to there being only a small fraction of tumour cells that are dividing at a given
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time and are therefore sensitive to chemotherapy [105]. Dose-densification describes

the application of higher doses of drug as the tumour size decreases. Another form

of resistance to treatment is molecular resistance. Molecular resistance mechanisms

include those that reduce or eliminate a cell’s response to treatment, as exemplified by

drug efflux pumps, genetic alterations of the drug binding targets, resulting in ineffective

drug binding and the upregulation of alternative survival pathways [14, 62].

The seminal work of Goldie and Coldman involves stochastic models with random

mutation events [27]. Goldie and Coldman concluded that, in order to minimise the

probability of resistance, early and aggressive application of chemotherapy is necessary.

Further, if toxicity effects prevent the simultaneous application of two drugs, the chance

of a cure is increased by the rapid alternation of treatment, known today as the Goldie-

Coldman hypothesis [26, 48, 49]. However, the Goldie-Coldman hypothesis failed in a

clinical trial that compared sequential and alternating chemotherapy protocols in breast

cancer patients [11]. It was found that the sequencing of chemotherapy gave better

survival rates than when the drugs were applied in an alternating fashion. For sequential

and alternating treatment, the relapse-free survival was 42% versus 28%, respectively

and the total survival was 58% versus 44%, respectively. Day expanded on the Goldie-

Coldman hypothesis to consider asymmetry of the two drugs [33]. Day presented the

‘worst-drug rule’ whereby, in order to kill resistant clones, when two non-cross resistant

drugs are available that have different efficacies, the less effective drug should be applied

first, followed by the better drug. When applied to NSCLC patients, the hypothesis

failed due to the rapid deterioration of the patients following first-line treatment [52].

Nonetheless, Goldie and Coldman have shaped the way in which we model treatment

and molecular resistance. More recent modelling approaches have been designed to inves-

tigate the effects of combination EGFR TKI therapy on NSCLC tumour cell dynamics.

Chmielecki et al. derived a population growth model consisting of NSCLC sensitive

and resistant cells [24]. They predicted that, combining high and low dose treatment

in short bursts would enhance the killing of resistant cells. Results were promising in

mouse models, but the effect was not reproduced in the clinic due to the sufficient peak

serum concentrations of erlotinib not being reached as a result of toxicities [24, 151].
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The failure of mathematically inspired, pre-clinical treatment scheduling studies in

the clinic could be driven by variability in tumour-specific factors; a patient’s tumour

may contain cells with different growth rates and mutation propensities. Further, mu-

tations are random events; they generate stochastic cell dynamics, which result in dif-

ferences in compositions across tumours.

In chapter 2, we use a deterministic model to examine how changes in parameter val-

ues associated with mutation rates, growth rates and cell death rates influence treatment

response. The work in chapter 2 may increase our understanding of the factors within

a tumour that drive variation in response to treatment across patients. In chapter 3,

we investigate the role of stochasticity on pre-existing resistance and treatment response

using realistic tumour sizes and parameter values. Hence, in chapters 2 and 3, we deter-

mine factors that influence inter-patient heterogeneity (differences in patients’ tumours

which are of the same histological subtype). Further, we determine factors influencing

intratumoural heterogeneity across tumours with the same assumed characteristics, in

particular, we examine how such intratumoural heterogeneity changes when mutation

rates and cell growth rates change.

1.2.4 In vitro models of TKI response

During preclinical drug-development, in vitro models and in vivo mouse model studies

are often used to understand the pharmacokinetic profiles of drugs, their mechanisms

of action and toxicity profiles, drug-drug interactions and dose regimens. For example,

in vitro experiments are used to measure the dose-response of TKIs in NSCLC [59].

From these experiments, key features of the drug-effect on cells and characterisation

of drug-sensitivity can be measured. In pharmacokinetic-pharmacodynamic (PK-PD)

modelling, dose-response curves describing the response of cancer cells to different drug

concentrations are often modelled by the Hill equation which allows comparison of phar-

macological drug profiles [1, 51, 137]. In pharmacology, the Hill equation relates back

to the binding of ligands to macromolecules on a cell surface and reflects the cell’s re-

sponse to the ligands. The non-linearity of the dynamics, in particular, the saturating

behaviour of the model, reflects the occupancy of the macromolecules by the ligands.

Further, the binding of a ligand to a macromolecule is often enhanced by the binding of
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other ligands, called cooperative binding. The higher the degree of cooperative binding,

the steeper the curve is that describes the relationship between ligand concentration and

macromolecule occupancy.

The Hill equation consists of four parameters and can be written as follows,

h(c) =
Emaxc

m

IC50m + cm
. (1.2.9)

Equation (1.2.9) describes the relationship between the drug concentration, c, and its

effect on its target. In equation (1.2.9), the maximum efficacy, Emax, represents the

greatest attainable drug effect. The half-maximal drug concentration, IC50, is the drug

concentration that achieves 50% of the maximum drug effect. It describes the potency

of the drug; lower IC50 values correspond to greater drug potency. The gradient of

the response, m, describes the cooperativity of the ligand binding (m > 1, positive

cooperativity, m < 1, negative cooperativity) and summarises the change in cellular

response per unit dose.

The parameters of the Hill equation are used to compare pharmacological drug pro-

files. Such parameters can be used to compare the sensitivity and resistance of cancer

cells and determine the impact of different TKIs on cells with certain mutations. In

vitro, IC50 values are widely used to guide TKI choices in the clinic [29, 51, 137]. For

example, Cross et al. performed dose-response experiments on NSCLC cell lines to

compare the IC50 values for osimertinib to those of earlier generation TKIs for several

EGFR mutants [29]. Hirano et al. used in vitro experiments to predict the range of

doses of first, second and third-generation TKIs that provide safe, effective therapy [59].

They did so by comparing the potency (IC50 values) of the TKIs to EGFR mutant

NSCLC cells with different mutations. Further studies have proposed that the binding

affinity of the drug, characterised by the parameter m in Equation (1.2.9), also provides

a measure of drug resistance [137]. Vainstein et al. used the Hill equation to model the

response of ABL kinase inhibitors in CML and demonstrated that smaller values of m

correspond to resistance in BCR-ABL mutants. A review of the applications of the Hill

equation in pharmacology is given by Goutelle et al. in [51].

The Hill equation expresses the way in which the drug concentration acts and es-

timates of the associated parameter values which can help characterise the drug-effect.
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In chapter 5, we model the dose-response of first and third-generation TKIs on NSCLC

cell lines with different EGFR mutations. We estimate Hill equation parameters and, in

so doing, gain insight into their mechanisms of action for different cell lines.

1.2.5 Sensitivity analysis

Sensitivity analysis can be used to investigate the effect of model parameters on model

behaviour. Local sensitivity analysis involves varying a single model parameter and

holding the remaining parameters fixed. In doing so, the effect of varying a specific

parameter on a particular model output can be quantified and compared with the effect

of varying other model parameters to identify the parameter which has the greatest

effect on model output. A shortcoming of local sensitivity analysis is that parameters

are varied one-at-a-time and considered only at a single point in parameter space, with

the impact of their variation on quantities of interest assumed to be linearly independent.

Global sensitivity analysis techniques have been developed to address these short-

comings. It involves simultaneous sampling of all model parameters and identifies the

effect of single and combinations of model parameters on the model output [90]. The

extended Fourier amplitude sensitivity test (eFAST) simultaneously searches the pa-

rameter space and, by assigning a frequency to each model parameter, measures the

propagation of that frequency through the model so that the influence a parameter has

on model output can be quantified [120]. eFAST extends FAST and measures the con-

tribution of higher order terms and thus correlations with other parameters for a given

parameter of interest [31, 90, 120]. In chapter 2, we apply eFAST to our model to de-

termine factors influencing the proportions of resistant cells in a tumour over time and

at diagnosis.

1.2.6 Parameter inference

When working with data, one should ensure all model parameters are structurally identi-

fiable. Structural identifiability analysis is carried out prior to the consideration of data

and relates to the postulated structure of the model alone [115]. A model is structurally

identifiable when all model parameters can be uniquely determined from the output

measurements of the experiment, whereby unique model parameters result in unique
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observed model outputs [7]. Structural identifiability is a prerequisite to practical iden-

tifiability, parameter estimation and experimental design. Structural identifiability is

well understood for linear ODEs, however, the tractability of the techniques used to

assess structural identifiability for non-linear ODEs is a problem. When working with

models with increasing complexity (i.e. the number of model parameters), different con-

clusions on structural identifiability can be drawn when using different techniques [22].

A comparison of methods used to perform structural identifiability analysis on non-linear

ODE models can found in the reviews [22, 97].

In this thesis, we employ structural identifiability methods in chapters 4 and 5. In

chapter 4, we use two different approaches to assess the structural identifiability of mod-

els that describe the in vitro growth of NSCLC cell lines; the generating series approach,

implemented using GenSSI2 in MATLAB and, a differential algebra approach, imple-

mented using DAISY [8, 23, 84]. We begin by using GenSSI2 due to its ease of use and

the software provides output information on the global and local identifiability and the

non-identifiability of model parameters. We find however that only local identifiability

can be assessed when considering models with exponent parameters. In response to this,

for a given model with exponent parameters, we introduce new variables and augment

the state-space model to obtain a system of polynomials and rational functions. In this

form, the model is in the appropriate form for applying a differential algebra approach

to assess structural identifiability. We can then assess the global identifiability of the

models in this form when using DAISY. In chapter 5, we use a generating series ap-

proach, implemented using GenSSI2 in MATLAB, to assess the structural identifiability

of a model that describes the response of NSCLC cells to TKI treatment.

For all models that we consider in this thesis, parameters represent biological pro-

cesses such as cell growth rates or the maximum rate of inhibition of a TKI on a

NSCLC cell. For the development of mathematical models that describe the system

of interest accurately, we must ensure that our models are parametrised appropriately.

In chapters 2 and 3 of this thesis, we develop theoretical models of tumour growth

and treatment response. We parametrise these models using estimates from specific

NSCLC TKI studies and more general studies involving other cancer cells and drugs
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[24, 29, 34, 48, 72, 73, 99, 131, 134, 137]. We note that model parameter values may

vary across patients and cancer types which may result in different model predictions;

this is addressed in chapter 2. In chapters 4 and 5, we parametrise our models using

preclinical in vitro data sets.

A number of methods can be used to infer model parameters from data. A frequentist

approach assumes that parameter of interest, θ is unknown, but that a unique parameter

value exists and is fixed, and the only information that contributes to its estimated value

is the data. A Bayesian approach assumes the parameter of interest, θ, is a random

variable, described by a probability distribution with a mean and variance. When using

a Bayesian approach, the experimenter defines an initial distribution, or prior, for the

parameter, θ. The prior incorporates any initial belief about the parameter. It is updated

in light of the data via a likelihood function using Baye’s rule. The resulting probability

distribution for the parameter of interest is defined as the posterior distribution. Baye’s

rule is written as;

p(θ|y) ∝ p(y|θ)p(θ), (1.2.10)

posterior ∝ likelihood× prior,

where p(θ|y) denotes the posterior distribution for the parameter θ, conditioned on data

y, p(y|θ) is the likelihood function and p(θ) is the prior. The posterior distribution

presents information about the parameter, θ given the data, y. The likelihood function

incorporates information from the data. Hence, in Bayesian inference, we obtain a

posterior distribution on the parameter space that assigns a higher probability to areas of

the parameter space that are in closer agreement to the observed data [58]. The structure

of the posterior distribution can be used to assess the uncertainty in the parameter and

its practical identifiability which we will discuss further in chapter 4 in which a Bayesian

approach to parameter inference is applied [58, 116].

In order to generate posterior distributions of model parameters, sampling algorithms

are used. Markov Chain Monte Carlo (MCMC) defines a class of algorithms for sampling

from the parameter space. MCMC works by generating independent and identically

distributed samples (iid). By generating these samples, MCMC produces a Markov

chain consisting of samples of the posterior distribution whose limiting distribution is
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the posterior distribution [58]. MCMC is commonly implemented using the Metropolis-

Hastings algorithm [96]. In chapter 4, we use MCMC to quantify the uncertainty of our

model, describing the growth of NSCLC cell lines when fitted to the data. We provide

more details of the algorithm used to implement our MCMC in chapter 4.

Optimisation methods, such as non-linear least squares (NLLS) can be used to esti-

mate model parameters via a frequentist approach and provide a measure of uncertainty

about that estimate. NLLS is widely used in the pharmaceutical industry and results

are obtained more quickly compared to Bayesian inference techniques such as Markov

chain Monte Carlo (MCMC).

The ability to infer model parameters when fitting models to experimental data

depends on the amount of available data and the level of noise within a data set. Prac-

tical identifiability describes the ability for parameters to be estimated from finite noisy

data [115, 116, 125]. A model could be structurally identifiable but practically non-

identifiable. Methods for assessing practical parameter identifiability include, but are

not limited to, the profile likelihood method and the MCMC approach [58, 115, 116],

both of which have been applied in a biological setting [13, 58, 75, 116, 125, 127]. In

chapters 4 and 5, we employ the profile likelihood method to assess the practical identi-

fiability of the unknown model parameters. In this method, likelihood-based confidence

intervals of model parameters are calculated. We use these intervals to examine whether

a parameter can be robustly inferred from the available data [115]. We provide more

details of the profile likelihood method in chapter 4.

In chapter 4, we employ both the profile likelihood method and the MCMC ap-

proach, but focus primarily on the profile likelihood method to assess the practical

identifiability of the model parameters. To tackle the issue of structural and practical

non-identifiability, two methodologies can be used: (i) model reduction where reparam-

eterisation of the model can take place in which identifiable groups of parameters are

considered and/or, non-identifiable model parameters are fixed; (ii) further data that

will allow for the dependent variables (e.g. live and dead tumour cell populations) of

the system to be identified. For model reduction, structural identifiability techniques

such as the Taylor series approach and the differential algebra approach can help deter-
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mine identifiable groups of model parameters. However, it may not be useful to group

model parameters to achieve identifiability, especially when the aim is to uniquely esti-

mate parameters specific to a biological mechanism, for example, cell growth rates. An

alternative is to fix non-identifiable parameters. By fixing non-identifiable parameters

however, a bias on the remaining estimated parameters may occur as estimated values of

these parameters could depend on the fixed value of the non-identifiable parameter. In

chapters 4 and 5, we carry out model reduction to achieve practically identifiable models

by fixing practically non-identifiable parameters. In chapter 5, we design experiments to

obtain additional measurements that we propose will increase the identifiability of our

model.

In-depth descriptions of the methods presented here are given in the methods sections

and appendices of the relevant thesis chapters.

1.2.7 Summary

In section 1.2 we have reviewed mathematical models that describe tumour growth, the

emergence of drug resistance and treatment response. Different modelling frameworks

capture different aspects of tumour growth and can be used to determine the tumour-

specific factors that influence such behaviours. Data-driven modelling techniques allow

for the identification of biological parameters, and, associated mechanisms that drive

treatment response and tumour growth. Modelling techniques can be used to suggest

experiments to test hypotheses based on modelling observations. In conclusion, progress

has been made in the field of mathematical modelling applied to drug resistance in cancer

and treatment response but more work is required to develop models that can be used

to make reliable clinical predictions.

1.3 Thesis outline, aims and objectives

In this thesis we present four studies that integrate mathematical modelling and schedul-

ing design, in vitro and in vivo experimental data analysis, identifiability analysis and

experimental planning. Chapters 2 and 3 are theoretical, covering both continuum and

stochastic settings and are motivated by NSCLC specific parameters and treatment de-

sign in order to understand which factors influence NSCLC tumour cell heterogeneity

25



1.3. THESIS OUTLINE, AIMS AND OBJECTIVES

and response to TKI treatment. In chapters 4 and 5, we exploit available in vitro data to

develop and validate mathematical models that describe the growth of different NSCLC

cell lines and their response to different TKIs. We also use our models to identify limita-

tions in the data and propose experiments that can be used for preclinical development

of TKI treatment, and, to increase our understanding of their mechanisms of action on

NSCLC cells.

The remainder of this thesis is organised as follows and in what follows, we summarise

the aims and objectives for each chapter:

In chapter 2, we aim to determine what tumour-specific factors in a heterogeneous

tumour contribute to the emergence of drug resistance and response to TKI treatment.

In particular, what factors influence the level of resistance in a tumour at diagnosis

and to what extent do these factors influence tumour response to first-line combination

TKI treatment. To answer this question, we introduce a spatially averaged continuum

model describing the growth of a NSCLC tumour and its response to combination TKI

treatment where we consider two drugs. The tumour consists of four cell populations

with varying levels of resistance to two TKIs; fully drug-sensitive, partially drug-resistant

(cells are resistant to one drug out of the two) and fully drug-resistant. Factors included

in the model are; mutation rates, cell growth rates and the types of interactions between

cells (e.g. beneficial or detrimental). In order to determine which factors influence

the prevalence of resistance in a tumour at diagnosis, we perform a global sensitivity

analysis of our model using eFAST. Our analysis shows that the propensity for a tumour

to mutate and the rate at which resistant cells divide have a strong influence on the

proportion of resistant cells in a tumour over time and at diagnosis and, using our model,

we predict vastly different proportions of pre-existing resistant cells when these factors

are varied. We find changes in the mutation rate and the growth rates of resistant cells to

greatly influence a tumour’s response to combination TKI treatment. In more detail, we

consider two treatment protocols; the first applies two TKIs simultaneously, at moderate

doses until progression occurs. The second protocol applies two TKIs simultaneously, at

high doses for a week, followed by a 3 week break, which is repeated over the course of

a year. We demonstrate that tumours which present similar progressions can consist of
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vastly different cellular compositions.

In chapter 3 we extend the model from chapter 2 and introduce stochasticity. We

aim to determine whether the effect of stochasticity on the level of variation in cell

growth dynamics, pre-existing resistance levels and treatment response across a set of

stochastic simulations is more or less pronounced when different tumour-specific prop-

erties are assumed in the model. In particular, we ask, to what extent changes in the

(i) propensity for cells to mutate and, (ii) the relative growth rate of resistant cells to

sensitive cells influence the variation in untreated cellular dynamics and pre-existing

resistant proportions at diagnosis. We also ask how different mutation rates contribute

to the level of variation in treatment response across stochastic simulations. To answer

these questions, we extend the model developed in chapter 2 to include stochasticity.

We simulate our model using a τ -leap approximation method with adaptive step size

calculation which allows tumours with large cell numbers (108 cells) to be considered.

We show that mutation rates and the growth rates of resistant cells relative to sensi-

tive cells drive variation in tumour composition at diagnosis across a set of stochastic

realisations. In particular, we demonstrate that lower mutation rates and higher growth

rates of resistant cells increase the deviation between simulations in a set of stochastic

simulations, and, deviation between the stochastic models and the deterministic models

that are presented in chapter 2. We show that lower mutation rates drive variation in

tumour response to first and second-line TKI treatment and we observe increased devi-

ation between simulations and the stochastic and deterministic models. We investigate

the effect of the proportion of pre-existing resistant cells in a tumour on its response

to first-line treatment and we find a noticeable decrease in treatment efficacy for tu-

mours with large pre-existing resistant proportions. Further, we investigate the extent

to which proportions of resistant cells at progression on first-line treatment influence a

tumour’s response to second-line treatment and find there to be a considerable decrease

in the efficacy of second-line treatment when larger resistant proportions at progression

on first-line treatment are predicted.

In the second part of the thesis, we move away from theoretical studies and turn to

studies involving mathematical models coupled with preclinical data sets.
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In chapter 4, we consider in vitro tumour growth data describing the growth of four

NSCLC cell lines. We aim to determine whether, given the data available to us, we

can determine a suitable model from a selection of models from which we can uniquely

estimate the growth rates of the different NSCLC cell lines and, by so doing, charac-

terise different NSCLC cell lines with respect to their growth rates. Upon selecting

the appropriate model, we also aim to determine to what extent the parameters of the

selected model can be estimated when fitted to the in vivo tumour growth data. To

address these aims, we consider a selection of models with sigmoid growth dynamics

that vary in complexity and we develop a model selection procedure so as to determine

the appropriate model to describe the in vitro data. The model selection procedure com-

bines information theory, used to assess the goodness-of-fit of the models to the data

and, identifiability analysis which allows us to analyse whether, given the model and

the data available to us, we are able to uniquely estimate parameters. We show that

the most complex models yield the best information criteria/goodness-of-fit metrics yet

suffer from practical identifiability issues. We select the model with the smallest num-

ber of practically non-identifiable model parameters and, by fixing these parameters,

achieve practical identifiability. We perform MCMC to quantify the uncertainty in the

model fit to the in vitro data. Our MCMC demonstrates practical identifiability of the

model which corroborates results found using the profile likelihood method. We use our

practically identifiable model to compare the growth properties of different NSCLC cell

lines in vitro. We find that the practical identifiability of this model decreases when we

apply it to coarse-grained, noisy data describing the in vivo growth dynamics of NSCLC

cell lines.

In chapter 5 we extend the models from chapter 4 to include the effects of treatment

applying a single TKI. We consider preclinical in vitro dose-response curves describing

the response of four NSCLC cell lines in a single TKI where two different TKIs are con-

sidered. The four cell lines have varying levels of resistance to the two TKIs due to how

many resistance-conferring mutations they have. We aim to determine whether, given

the data available to us, we can uniquely estimate the drug-effect parameters for the dif-

ferent TKIs and the different cell lines. By so doing, we aim to determine how different
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TKIs affect different NSCLC cell lines. In the case where unique estimates cannot be

determined, we ask whether we can propose experiments whereby additional measure-

ments are taken and whether, when fitting the models to the additional data, we can

yield unique estimates of the model parameters. To answer our research questions, we

develop a model that consists of live and dead cells. We assume the live cells are killed by

the drug and move into the dead cell compartment. We assess structural identifiability

of the model and we employ the profile likelihood method to assess whether the param-

eters can be uniquely determined when we fit the model to the in vitro dose-response

curves. We find our model to be structurally identifiable. However, by performing

practical identifiability analysis, we show that it is not possible to identify drug-effect

mechanisms given the available data and we demonstrate how misleading predictions

of tumour cell trajectories can be made when our model is practically non-identifiable

(i.e. contains practically non-identifiable parameters). Through fixing the practically

non-identifiable parameters, we achieve a practically identifiable model which we then

fit to the data, which allows us to compare the sensitivity of different NSCLC cell lines

to different TKIs. On a post hoc basis, we propose experiments that could be performed

in a preclinical setting to determine how TKIs act on the NSCLC cells and we test the

suitability of these experiments using synthetic data sets.

In the final thesis chapter, we summarise our findings, discuss their implications and

outline possible directions for future work.
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Chapter 2

A deterministic model of tumour
growth and response to combination
TKI treatment

2.1 Introduction

In this chapter, we develop a deterministic model describing the growth of a tumour

consisting of four cell populations, with varying levels of resistance to two tyrosine kinase

inhibitors (TKIs) (see chapter 1 for descriptions of TKI treatment). Our model accounts

for mutations and the effects of competition and cellular interactions on cell growth.

We perform a global parameter sensitivity analysis of our model using the extended

Fourier amplitude sensitivity test (eFAST) [120]. In this way, we identify those model

parameters that have the greatest influence on the proportion of fully drug-resistant cells

in an untreated tumour at, (i) diagnosis and, (ii) over time. We use results from our

sensitivity analysis to investigate how proportions of fully drug-resistant cells at diagnosis

change as we vary parameters that are specific to non-small cell lung cancer (NSCLC).

We also use our model to examine the effects of cellular interactions on tumour cell

dynamics. We then extend our model to study the effect of treatment with two TKIs.

We investigate the effects of varying influential parameters (subject to eFAST results)

on the outcomes of first-line treatment. These parameters include the probability of

mutation, the growth rates of resistant cells and the effect of sensitive cells on the

growth rates of resistant cells. We show that tumours with similar progression times can

have vastly different levels of resistance. This work reveals how varying factors in the

tumour, such as a tumour’s propensity to mutate and the rate at which cells divide, may
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drive patient heterogeneity at diagnosis and diverse responses to treatment on first-line

TKIs.

In chapter 1, we discussed models developed by Dewanji et al. where competi-

tion and cell death is considered when modelling resistant tumour cell populations [35].

Motivated by these studies, in this chapter we consider the prospect of generalising

such models to consider TKI treatments, where multiple inhibitors are available but

all of which ultimately suffer from resistance. Generalising previous work to consider

multiple treatment modalities that ultimately exhibit resistance represents the novel as-

pects of the modelling developed in this chapter, as does tailoring this framework to

TKIs. In chapter 1, we also discussed models developed by Kaznatcheev et al. whereby

population-dependent growth rates were considered when modelling an exponentially

growing tumour population consisting of sensitive and resistant cells [72]. In this chap-

ter, we consider population-dependent birth and death rates in our model which consists

of four different cell populations as opposed to two as in [72].

The remainder of this chapter is structured as follows. In section 2.2, we develop

our deterministic model of tumour growth. The methods used to analyse the model are

described in section 2.3. In section 2.4, we begin by simulating our model and illustrating

its behaviour and we then present results of a global sensitivity analysis performed on

the model. We also present results on predicted proportions of fully drug-resistant cells

at diagnosis whilst varying key model parameters, which include, proportions of cells

that mutate per cell division and cell growth rates. In section 2.5, we extend our model

to account for treatment with TKIs. We present results for first-line treatment outcomes

in section 2.6. The chapter ends in section 2.7, where we discuss our findings.

2.2 Untreated tumour growth model

2.2.1 Model development

We develop a well-mixed model to describe the growth of a tumour consisting of four

cell populations with varying levels of resistance to two TKIs. The four cell populations

are as follows: S(t) denotes the number of cells sensitive to drugs one and two; R1(t)

denotes the number of cells resistant to drug one and sensitive to drug two; R2(t) denotes
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the number of cells resistant to drug two and sensitive to drug one; R12(t) denotes the

number of fully drug-resistant cells (see Figure 2.2.1 for model schematic). We assume

single mutations confer resistance to drugs one or two, and cells with both mutations

(R12 cells) are resistant to both drugs. We begin by introducing a system of ordinary

differential equations (ODEs) describing the growth of an untreated tumour.

bS𝝻

bR1𝝻

bS(1-(2𝝻))

bS𝝻

dR1

dR2

bR2𝝻

dR12

bR12

bR1(1-𝝻)

bR2(1-𝝻)

Competition, K

R2 

R12 

S 

R1 

S cell

R1 cell

R2 cell

Dead cell

R12 cell

dS

Figure 2.2.1: Schematic of our mathematical model of tumour growth in the absence of
treatment. Four cell populations are considered. Sensitive cells (green cells), are denoted
by S(t); cells that are sensitive to drug two and resistant to drug one (blue cells) are
denoted by R1(t); cells that are sensitive to drug one and resistant to drug two (yellow
cells) are denoted by R2(t); fully drug-resistant cells (red cells) are denoted by R12(t).
The parameter µ denotes the proportion of cells that mutate per cell division from (S
to R1), (R2 to R12), (S to R2) and (R1 to R12). S cells divide to produce S cells,
(S → S + S), R1 cells (S → S + R1) and R2 cells (S → S + R2) at rates, bS(1 − 2µ),
bSµ and bSµ, respectively. S cells die at rate, dS and the net growth rate of S cells is
rS = bS − dS . Similarly, R1 cells divide to produce R1 cells (R1 → R1 + R1) and R12

cells (R1 → R1 + R12) at rates, bR1(1− µ) and bR1µ, respectively. R1 cells die at rate,
dR1 and have a net growth rate of rR1 = bR1 − dR1 . Similarly for R2 cells. R12 cells
divide to produce R12 cells at rate, bR12 and die at rate, dR12 and have a net growth
rate, rR12 = bR12 − dR12 .

Governing equations

The dimensional equations governing the growth of the four cell populations are as
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follows:

dS

dt
= rSS

(
1− S +R1 +R2 +R12

K

)
︸ ︷︷ ︸

logistic growth with competition for resources/space

−
mutations to R1︷ ︸︸ ︷

µbSS − µbSS︸ ︷︷ ︸
mutations to R2

,

(2.2.1)

dR1

dt
= rR1R1

(
1− S +R1 +R2 +R12

K

)
+ µbSS −

mutations to R12︷ ︸︸ ︷
µbR1R1 , (2.2.2)

dR2

dt
= rR2R2

(
1− S +R1 +R2 +R12

K

)
+ µbSS −

mutations to R12︷ ︸︸ ︷
µbR2R2 , (2.2.3)

dR12

dt
= rR12R12

(
1− S +R1 +R2 +R12

K

)
+ µbR1R1 + µbR2R2. (2.2.4)

The parameter, rS (units day−1), in equation (2.2.1) denotes the net growth rate of S

cells and is the difference between the birth rate of S cells, denoted by bS (units day−1),

and the death rate of S cells, denoted by dS (units day−1). Hence, the net growth rate

of S cells, rS , is written as,

rS = bS − dS . (2.2.5)

We assume that the rate of cell death of S cells, dS , is proportional to the birth rate,

bS , so that, dS = bS/σ, where σ ≥ 1 is a dimensionless parameter. Thus, the net growth

rate of the tumour is determined by the value of σ such that, as σ → 1, dS → bS

and the net growth rate in equation (2.2.5) decreases. The assumption that birth and

death are linked is motivated by studies in which the rates of cell cycle progression and

programmed cell death have been shown to be coupled by shared genes such as the cyclin

D1 gene, a regulator of the G1 phase of the cell cycle and shared factors such as the Cdk

kinase, which activates pro-mitotic and apoptotic pathways [74, 113].

We assume that the birth rate, bS , is population-dependent, whereby the birth rate

depends on the proportions of the different cell types in the tumour. We provide more

details of population-dependent birth rates in section 2.2.2 of this chapter. By assum-

ing the birth rate is population dependent, the death and net growth rates are also

population dependent.

For R1, R2 and R12 cells, birth rates, denoted by bR1 , bR2 and bR12 , respectively,

death rates, denoted by dR1 , dR2 and dR12 , respectively, and net growth rates, denoted

by rR1 , rR2 and rR12 , respectively, follow in exactly the same way.
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Mutations are assumed to take place such that a fixed proportion of cells mutate per

cell division and we assume mutations are intrinsic whereby no external factors influence

the propensity for a cell to mutate, for example, the tumour microenvironment. The

dimensionless parameter µ denotes the proportion of cells that mutate per cell division

from (S to R1), (R2 to R12), (S to R2) and (R1 to R12). Thus, an S cell divides,

with mutation, to produce an S cell and an R1 (or R2) cell at rate, bSµ (or rate bSµ).

Similarly, an R1 cell divides, with mutation, to produce an R1 cell and an R12 cell at

rate, bR1µ and an R2 cell divides, with mutation, to produce an R2 and R12 cell at rate,

bR2µ. We assume that resistance is not reversible.

Cells are assumed to compete with each other for resources or space. The carrying

capacity, K (in units of number of cells), describes the maximum number of tumour

cells that can be supported by the available space or resources. In the absence of other

cell types, we assume that a cell population undergoes logistic growth, to the carrying

capacity; for simplicity, the carrying capacity is assumed to be the same for all cell

populations.

2.2.2 Population-dependent birth rates

While we could assume that the birth and death rates in equations (2.2.1)-(2.2.4) are

constants, in what follows, we consider a more general class of models in which birth

rates, bS , bR1 , bR2 and bR12 depend on the tumour composition. This assumption is

motivated by a recent game-theory study presented by Kaznatcheev et al. in which in

vitro experiments were performed on NSCLC parental cell lines and cell lines resistant to

alectinib, a TKI [72]. They demonstrated that the growth rate of a cell type depends on

the abundance of other cell types in the tumour population. They used payoff matrices

to present their findings, to illustrate the types of cell-cell interactions that can arise,

and, the effects that these interactions can have on cell growth rates. For example,

beneficial interactions increase the growth rate or detrimental interactions decrease the

growth rate. We generalise this approach in our model.

We first present a simple example taken from [72] whereby two cell lines are consid-

ered: parental cells, denoted by P , and resistant cells, denoted by R. Let bP and bR de-

note the birth rates of parental and resistant cells, respectively, and, let pP = P/(R+P )
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and pR = R/(P + R) denote the proportions of parental and resistant cells at time, t,

respectively. In order to define the functional forms for bP and bR, we first introduce

the payoff matrix, M where parameters, α, β, γ and δ are positive constants,

Parental (P) Resistant (R)

M = Parental (P) α αβ

Resistant(R) αδγ αδ

. (2.2.6)

In M, the parameter α denotes the intrinsic rate of cell division of parental cells

(units day−1) in a monotypic population of parental cells. The dimensionless parameter,

β denotes the relative increase (β > 1), or decrease (β < 1), in the rate of cell division

of a parental cell when it interacts with resistant cells. We suppose that, as the tumour

population becomes more resistant (i.e. pP → 0, pR → 1), the cell division rate of a

parental cell will approach αβ (units day−1). The dimensionless parameter, δ denotes

the extent to which the division rate of resistant cells, in a monotypic population (of

resistant cells), is greater than (δ > 1), or lower than (δ < 1), the division rate of

the parental cells. Hence, αδ (units day−1) is the intrinsic rate of cell division of a

resistant cell in a monotypic population of resistant cells. The dimensionless parameter,

γ describes the relative increase (γ > 1), or decrease (γ < 1), in the cell division rate

of resistant cells when they interact with parental cells, compared to their division rate

when there are no parental cells (αδ). Therefore, as the proportion of parental cells

increases (i.e. pP → 1, pR → 0), the cell division rate of a resistant cell approaches αδγ

(units day−1).

We assume further that the cell division rates, bP and bR of parental and resistant

cells are linearly dependent on the proportion of the cells of a particular type at a given

time. Thus, we write:

bP = α (pP + βpR) , (2.2.7)

bR = αδ (γpP + pR) . (2.2.8)

We note that, if we were to fix parameters, β = 1 and γ = 1 in our model, interactions

between different cell types would not increase or decrease the birth rates, and, therefore,

the birth rates would have to be fixed with values bP = α and bR = αδ.
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We extend the example presented above to describe interactions between the four

cell types in our model. We view S cells in our model as the parental cells (P ), and, we

assume they have the payoff matrix entries, α and αβ in (2.2.6), associated to them. We

assume further that R1, R2 and R12 cells have the same payoff matrix entries, αδγ and

αδ as the resistant cells, R in (2.2.6). Under these assumptions, interactions between

the four cell types can be summarised via the following payoff matrix, A:

S R1 R2 R12

S α αβ αβ αβ

A = R1 αδγ αδ αδ αδ

R2 αδγ αδ αδ αδ

R12 αδγ αδ αδ αδ

, (2.2.9)

and birth rates can be described by the following system of equations:
bS
bR1

bR2

bR12

 = A


pS
pR1

pR2

R12

 , (2.2.10)

where pS denotes the proportion of S cells in the tumour

pS =
S(t)

S(t) +R1(t) +R2(t) +R12(t)
, (2.2.11)

with similar expressions for and pR1 , pR2 and pR12 . Thus, the birth and death rates of

the sensitive cells (S) are,

bS = α[pS + β(pR1 + pR2 + pR12)], (2.2.12)

dS =
α

σ
[pS + β(pR1 + pR2 + pR12)]. (2.2.13)

The rates of birth and death for the other cell populations take the form:

bR1 = bR2 = bR12 = αδ[γpS + (pR1 + pR2 + pR12)], (2.2.14)

dR1 = dR2 = dR12 =
bR1

σ
. (2.2.15)
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2.2.3 Initial conditions

We assume that initially the tumour comprises 100 sensitive cells, with no R1, R2 or

R12 cells, so that,

S(0) = 100, R1(0) = R2(0) = R12(0) = 0. (2.2.16)

To summarise, our model comprises a system of ODEs defined by equations (2.2.1)-

(2.2.4) where the birth and death rates are defined by equations (2.2.12)-(2.2.15) and

the initial conditions prescribed in equation (2.2.16).

2.2.4 Parameters

A summary of model parameters and estimates of their values is given in Table 2.2.1.

Previous estimates of NSCLC growth rates in monotypic populations range between

Param. Description Default
value Units Uniform pdf

ranges Ref.

µ
Proportion of cells that mu-
tate per cell division 10−6 dim. [10−9, 10−4] [24, 48,

99]

σ
Birth to death rate ratio, bX

dX
for X ∈ {S,R1, R2, R12}

1.05 dim. [1.02, 1.1]
[73,
131]

K Carrying capacity 5× 108 cells [1.3×108, 1.3×
1012]

[34]

α
Intrinsic rate of cell division of
S cells 0.156 day−1 [0.11, 0.27] [72]

β
Effect of R1, R2 or R12 cells
on the growth rate of S cells 1 dim. [0.5, 1.5] [72]

γ
Effect of S cells on the growth
rates of R1, R2 and R12 cells 1 dim. [0.5, 1.5] [72]

δ
Relative intrinsic rate of cell
division of resistant cells to S
cells

1 dim. [0.5, 1.5] [72]

Table 2.2.1: Default model parameter values, descriptions, units and their respective
uniform distribution ranges used in eFAST analysis. We include references for their
source.

0.1 and 0.24 (day−1) [72]. Based on [72], we suppose α ∈ [0.11, 0.27] (day−1) and fix

α = 0.156 (day−1) as the default value.

We consider values of (dimensionless) parameters β, γ and δ in [0.5, 1, 1.5] to in-

vestigate the effects of the division rates of resistant cells that are higher (δ > 1), lower
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(δ < 1), and equal (δ = 1) to those of the sensitive cells, and, the beneficial (β > 1

and/or γ > 1) and detrimental effects (β < 1 and/or γ < 1) of cellular interactions.

A wide range of probabilities of mutations is reported in the literature. Estimated

orders ofO(10−7−10−4) for the probability of mutation per cell cycle have been presented

in the experimental literature [48]. Using mutation probabilities in the range of (10−8

to 10−4), Chmielecki et al. estimated the number of NSCLC resistant cells to gefitinib

and erlotinib in a population of 3 million cells [24]. In the literature probabilities of

mutations are reported as mutations are assumed to be random, spontaneous events

that may occur in a given cell division. In this chapter, we employ deterministic models

and therefore describe µ as the proportion of cells that mutate per cell division where

we consider values of µ in the range 10−9 to 10−4. Following Monro and Gaffney, we

employ a default value of µ = 10−6 [99]. In chapter 3, we consider stochasticity whereby

mutations are random events that can occur with a fixed probability per cell division.

Hence, in chapter 3, we describe µ as a fixed probability of mutation per cell division.
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Figure 2.2.2: Tumour doubling time (days) for a range of σ values. For a given value of
σ, we simulate equations (2.2.1)-(2.2.4) where the birth and death rates are defined by
equations (2.2.12)-(2.2.15). The doubling time is the time taken for the total tumour
population to increase from (0.5×108) to 108 cells. Parameters: all parameters are fixed
at the default values in Table 2.2.1, except for the carrying capacity, K = 1.3×1012 and
σ, which is varied between 1.02 and 1.1.

In our model, σ describes the birth rate divided by the death rate. We employ a

range of values of σ in [1.02, 1.1]. We motivate our choice of σ values as follows. The cell

loss factor defines the proportion of cells undergoing mitosis to cells dying in a tumour

population. A higher cell loss factor corresponds to a greater number of cells undergoing

cell death [131]. Cell loss factors have been recorded to vary between 0.79 and 0.95
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across adenocarcinoma pulmonary tumours [73]. By considering the range [1.02, 1.1], we

assume cell death rates range between 0.91 to 0.98 of cell division rates.

The volume doubling times (VDT) of NSCLC tumours with the exon 19 EGFR

(epidermal growth factor receptor) mutation, range from approximately 91 to > 1000

days [156]. Nakamura et al. estimated a median value of 188 days across 111 NSCLC

patients while Zhang et al. estimated a median value of 214 days across 88 patients

[102, 156]. To demonstrate the suitability of our choice of values of σ, such that tumours

grow with doubling times which match the times presented in the literature, we simulate

our model for a range of values of σ. For a given σ value, the tumour doubling time

is the time taken for the total tumour population to double from 0.5× 108 cells to 108

cells. In Figure 2.2.2, we show how the doubling times change as σ increases. These

doubling times are in good agreement with the above experimental estimates. We employ

a default value of σ = 1.05 which corresponds to a death rate that is approximately 95%

of the birth rate, and, a tumour doubling time of 93 days via our model with the default

parameters given in Table 2.2.1.

We estimate the carrying capacity as follows. A detectable tumour is 1cm3 (1g

in weight) and contains approximately 108 cells [34]. We consider a lower bound of

K = 1.3 × 108 cells. In a study presented by Norton, he fitted a Gompertz model to

breast cancer tumour growth data, presented by Bloom et al. [10, 104]. In so doing, he

estimated a lethal tumour population number of 1012 cells. Therefore, we consider an

upper bound of 1.3×1012 cells which corresponds to a volume of close to 1000cm3 [134].

We employ the default value of K = 5× 108 cells.

2.3 Methods

We implement our model in Python 3.7.6. We integrate the governing ODEs defined

by equations (2.2.1)-(2.2.4) using the solve_ivp function from the Python library, SciPy

1.4.1. This function numerically integrates a system of ODEs with defined initial condi-

tions. We use the Python libraries Matplotib 3.1.3 and Seaborn 0.11.1 to produce plots

and combine them using Inkscape.
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2.3.1 Global sensitivity analysis

In order to understand the impact of varying model parameters on the level of resistance

in an untreated tumour, we perform variance-based global sensitivity analysis using

the extended Fourier amplitude sensitivity test (eFAST). The eFAST algorithm was

developed by Saltelli et al. and is based on the FAST method produced by Cukier et al.

[31, 120]. eFAST quantifies the variation in model output and determines what fraction

of the output variance is caused by variation in each input parameter. When performing

eFAST on our model, for each model parameter, it yields two sensitivity index values;

Si, the first-order sensitivity index, represents the proportion of the output variance

due to variation in a single model parameter; STi , the total-order sensitivity index,

takes into account the terms in the model in which model parameters interact, and,

defines the proportion of the output variance when combinations of model parameters

are considered. Hence, STi contains all the contributions at first and higher orders of a

given parameter to the model output of interest. eFAST differs from its prequel, FAST,

in that a total-order sensitivity index is given.

When using eFAST on our model, we consider two outputs of interest; the first is

the proportion of fully drug-resistant cells, pR12 , at diagnosis, when the total tumour

population reaches 108 cells [34]; the second is the proportion of fully drug-resistant cells

in the tumour over time. For the latter, we calculate the first and total-order sensitivity

indices of the model parameters at fixed time points, for a range of selected time points

within the period of 0 to 15 years.

We refer the reader to the appendix for an in-depth description of eFAST. We also

include results of convergence analysis that we performed using methods proposed by

Marino et al. [90].

2.4 Results of untreated tumour growth

In this section, we present typical solutions of the untreated tumour growth model.

We also present results of our global parameter sensitivity analysis. We show how

the proportion of fully drug-resistant cells, at diagnosis and over time, changes as we

vary parameters, identified by eFAST, as influential. We then investigate the role of

40



2.4. RESULTS OF UNTREATED TUMOUR GROWTH

different types of cellular interactions on the cellular composition of a tumour over time

by simulating our model for varying values of parameters, β, γ.

2.4.1 Typical model simulations

Figure 2.4.1 presents typical simulations of the untreated tumour growth model. In

Figure 2.4.1(a), the default parameter values are employed (see Table 2.2.1). In Figures

2.4.1(b)-(f), we vary one model parameter from the set [β, δ, γ, µ, σ]. We plot the S,

R1 and R12 cell populations only and neglect solutions of the R2 populations. This is

because our model is symmetric in that we assume the R1 and R2 populations have the

same growth, death and mutation rates and thus, are equal, since the initial conditions

are also the same. Relaxing this constraint would be an interesting direction for future

work but is not considered in this thesis.

In Figure 2.4.1(a), S cells grow to carrying capacity (K = 5 × 108 cells). As the

S population increases, mutational flux into the R1 compartment takes place and we

observe an increase in this population at approximately t = 1 years. At later times

(t = 4 years), the R12 population increases due to mutations into this compartment.

In Figure 2.4.1(b), we do not observe markedly different dynamics as β varies. This

is because the R1 population is approximately 3 orders of magnitude smaller than the

S cells. For example, at time t = 10 years, the S population is made up of approxi-

mately 5 × 108 cells and the R1 population consists of approximately of 5 × 105 cells.

Consequently, the effect of the resistant cells on the growth rates of S cells is low.

Figures 2.4.1(c)-(e) show that, as values of δ, γ and µ increase, the resistant cell

populations (R1 and R12) increase as expected as these cells have higher growth rates

and there is a larger mutational flux into these compartments.

Slower growth of all cell populations is observed for decreasing values of σ in Figure

2.4.1(f), as lower values of σ correspond to higher cell death rates.

2.4.2 Sensitivity analysis

In order to determine those model parameters that have the greatest influence on a

tumour’s evolution to resistance, we perform global sensitivity analysis on the untreated

model using eFAST (see Appendix for details on eFAST). The outputs of interest are
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Figure 2.4.1: Typical model solutions showing how cell numbers change over time for an
untreated tumour. Key: line styles represent cell types; S(t)= block lines; R1(t)=dashed
lines; R12(t)=dotted lines. Colours represent parameter values used where black, dark
grey and light grey represent high, mid and low values of the varied parameter, respec-
tively. Subplots: (a) Model solutions with default model parameters given in Table
2.2.1. (b) Model solutions with β values in [0.5, 1, 1.5] where light grey lines represent
β = 0.5; dark grey; β = 1 and black; β = 1.5. The same colour scheme holds for the
following plots and their respective parameter values; (c) δ values in [0.5, 1, 1.5]; (d) γ
values in [0.5, 1, 1.5]; (e) µ values in [10−8, 10−6, 10−4]; (f) σ values in [1.02, 1.05, 1.08].
In a given subplot, for non-varied parameters, default parameter values given in Table
2.2.1 are used.

pR12 , the proportion of the population that is fully drug-resistant (see equation 2.2.11)

at, (i) diagnosis (i.e. when the total tumour population reaches 108 cells) and, (ii) over

time. We present results in Figure 2.4.2. Figures 2.4.2(a) and (b) present the total and

first-order sensitivity indices for the model parameters, over time, respectively and show

the parameters which have the greatest influence on pR12(t) values over time. Figure

2.4.2(c) presents the first and total-order sensitivity indices for the model parameters,

including the dummy parameter, showing the extent to which the parameters influence

the values of pR12(t) at diagnosis, when the tumour reaches a total tumour population
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of 108 cells. In Figure 2.4.2(c), for a given model parameter, the height of the black

bar indicates the value of the first-order sensitivity index and the height of the grey bar

indicates the value of the total-order sensitivity index. The error bars represent two

standard deviations about the mean of the sensitivity index (10 indices in total for a

given model parameter as 10 resamples are employed when simulating eFAST which is

discussed in the appendix of this chapter). Parameters with sensitivity indices that are

significantly larger than that of the dummy parameter (p-value < 0.01) are signified

with an asterisk.

The results presented in Figure 2.4.2 reveal that changing the parameter µ, denoting

the proportion of cells that mutate per cell division, has the largest influence on the

proportion of fully drug-resistant cells over time (Figure 2.4.2(a)-(b)) and at diagnosis

(Figure 2.4.2(c)). Figure 2.4.2(c) shows further that, at diagnosis, δ, the relative growth

rate of resistant cells to sensitive cells, is the second most influential parameter followed

by, γ, the effect of the sensitive cells on the growth of the resistant cells, and then σ,

the birth to death rate ratio (see Figure 2.2.2 which shows that smaller values of σ

correspond to slower rates of tumour growth).

Figure 2.4.2(a) shows that, during the initial stages of tumour growth (for 0 < t <

3 years) the growth rate of the sensitive cells, α, and the birth to death rate ratio,

σ, have large total order sensitivity indices. During these early times, the sensitive

cell population increases, increasing the flux of the mutant cells into the R1 and R2

compartments and, hence, into the fully drug-resistant cell compartment. Therefore,

the rate, α, at which the sensitive population grows, has a significant effect on the size

of the fully drug-resistant population during these early stages of tumour growth. For

t > 6 years, lower sensitivity to α is observed and the birth to death rate ratio, σ is no

longer significant (black line is not plotted for t > 6 years). We attribute this change to

the fact that, at long times, there is a larger R12 population whose growth is dominated

by the values of parameters, δ and γ which are shown to be the second and third most

influential parameters at these times, respectively. Sensitivity of the R12 population over

time to the parameter, µ remains high and constant for all time which is unsurprising

as this parameter determines the rate at which cells become doubly resistant. We note
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Figure 2.4.2: Results from global sensitivity analysis, using eFAST, applied to the un-
treated tumour growth model. We implement eFAST with the number of samples,
NS = 5000 and the number of resamples, NR = 10 (see appendix for details of eFAST).
(a) Total-order sensitivity index, ST i for model parameters, over time. (b) First-order
sensitivity index, Si for model parameters, over time. In plots (a) and (b), lines repre-
sent mean sensitivity index of the sample (NR = 10 samples in total) and the shaded
regions represent two standard deviations about the mean sensitivity index for a given
parameter. The legend corresponding to plots (a) and (b) is given to the right of subplot
(b). In plots (a) and (b), when a parameter is no longer significant, the line correspond-
ing to its sensitivity index is terminated. (c) First and total-order sensitivity indices for
model parameters at diagnosis (108 cells). An asterisk, * signifies significance with a
p-value < 0.01 compared to the distributions of first and total-order sensitivity indices
corresponding to the dummy parameter (distributions are made up of NR = 10 values
in total). Error bars represent two standard deviations about the mean of the sensitiv-
ity indices. Model parameters, summarised in Table 2.2.1, are sampled from a uniform
distribution with ranges also given in Table 2.2.1.
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that parameters K and β are not significant and sensitivity indices associated to these

parameters are therefore not plotted in Figures 2.4.2(a) and (b). The same can be said

for Figure 2.4.2(c), demonstrating that the varying values of K and β do not influence

the proportion of R12 cells at diagnosis.

The global sensitivity analysis has revealed the parameter µ, denoting the proportion

of cells that mutate per cell division, is the most influential parameter that drives drug

resistance, followed by the growth rate of resistant cells relative to sensitive cells, δ, the

effect of S cells on the growth rates of resistant cells, γ, and then the birth to death rate

ratio, σ. Next, we use eFAST results to predict the proportion of fully drug-resistant

cells at diagnosis as these key model parameters are varied.

2.4.3 Quantifying pre-existing resistance

We use our model to investigate how pR12 changes over time and at diagnosis as key

model parameters values are varied. In this way, we aim to quantify the extent to which

these parameters drive patient heterogeneity at diagnosis. The results are summarised

in Figure 2.4.3. Diagonal entries of Figure 2.4.3 show changes in pR12 over a 10-year

period when a single parameter (µ, δ, γ and σ) is varied within their bounds given in

Table 2.2.1 (all other model parameter values are fixed at their default values, also given

in Table 2.2.1).

The heatmaps in Figure 2.4.3 show how the value of pR12 at diagnosis changes when

two parameters are varied. Blank spaces represent cases where there are effectively no

R12 cells (i.e. pR12 < 10−8 ).

We observe that changes in the parameter µ, denoting the proportion of cells that

mutate per cell division, produce the largest variation in pR12 values, with low values

of µ (µ = 10−4) producing tumours with a large proportion of R12 cells at t = 10

years. These results are consistent with our global sensitivity analysis, where µ had

the largest first-order sensitivity index (see in Figure 2.4.2). Similarly, variability in

the cellular dynamics as a single parameter is varied decreases through the hierarchy of

influential parameters (µ being the most influential and σ being the least influential).

For resistant cells whose growth rates are higher than sensitive cells (δ > 1), pR12 > 0

whereas, for lower growth rates of these cells (δ < 1), pR12 = 0. Similarly, larger values
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Figure 2.4.3: Predicted proportion of fully drug-resistant cells, pR12 at diagnosis
(heatmap plots) and over time (lineplots): Heatmap plots: tumours are grown until
the total tumour population reaches 108 cells (diagnosis) at which time, pR12 is mea-
sured. Dark blue and yellow heatmap colours represent low and high values of pR12 ,
respectively, in which two key parameters from µ, δ, γ and σ, are varied simultaneously
in a pairwise manner. White represents cell proportions less than 10−8. The horizontal
colour bar presents the range of pR12 values [10−8, 1]. Line plots: describe pR12 over time
in which one key parameter is varied in a single plot. The ranges of the parameters, µ,
δ, γ and σ are given in Table 2.2.1. Yellow and blue lines in the line plots correspond to
the maximum and minimum parameter values in the predefined range (see Table 2.2.1),
respectively. When parameters are not varied, they take the default values given in
Table 2.2.1.

of pR12 are observed when there is a mutualistic relationship between the S and the R12

cells (γ > 1) rather than a competitive relationship (γ < 1). The variability in pR12 is

markedly reduced when σ varies in the range [1.02, 1.1] compared to other influential
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parameters.

The heatmaps in Figure 2.4.3 show that pR12 at diagnosis increases by 7 orders of

magnitude as the proportion of cells that mutate per cell division, µ and the growth

rates of resistant cells increase. For µ = 10−4 and δ = 1.5, the model predicts that

the tumour contains between 1% and 10% fully drug-resistant cells. Similar results

are observed when the the proportion of cells that mutate per cell division and the

positive effect of S cells on the growth rate of the R12 cells (γ) increase. We observe

higher proportions of fully drug-resistant cells for lower σ values (corresponding to higher

death rates). We attribute this to longer times to detection for lower σ values allowing

for more time for mutations to occur.

In summary, we have used the model to study the impact of varying key parameters

which affect the proportion of the tumour that is resistant. We have shown how the level

of resistance in a tumour at diagnosis changes as the characteristics of the tumour cells

vary, such as their propensity to mutate. The reported range of mutation probabilities

and growth rates of resistant cells in the literature (the most influential parameters

in our study), indicate that variation in these parameters could be the main factor

affecting resistance levels at diagnosis [24, 48, 72, 99]. Furthermore, the significance of γ

suggests that further experiments are needed to assess the effects of cell-cell interactions

on tumour cell dynamics, as in the study by Kaznatcheev et al. [72].

Next, we use our model to investigate how different types of cellular interactions

influence the way in which tumour composition evolves over time.

2.4.4 Effect of cellular interactions on tumour composition over time

The eFAST results presented in section 2.4.2, revealed γ to be the third most influential

parameter on pR12 values in an untreated tumour, at diagnosis, and over time. These

results show that the effect of interactions between S cells and resistant cells are signifi-

cant. Here, we investigate how the proportions of different cell types in a tumour change

over time as the cellular interaction parameters, β and γ vary.

We simulate our model for 10 years and show how cell proportions change over time.

We present results in Figure 2.4.4. We consider resistant cells with growth rates that

are higher (δ > 1), lower (δ < 1), and equal (δ = 1) to the sensitive cells. We do not
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plot proportions of R2 cells over time as the dynamics of these cells are the same as

for the R1 cells. We employ a large value for K (K = 1.3 × 1012 cells) so that the

effects of competition are negligible. We also employ a high value of µ = 10−4, so that

resistant populations reach sizes for which their interactions with the sensitive cells are

not negligible as a larger proportion of cells are mutating per cell division.

Figure 2.4.4: Series of plots showing how the proportion of tumour cells changes over
time as the parameters, β, γ and δ vary. Key: colours represent the proportions of
cell types: pS=green; pR1=blue; pR12=red. In each subplot we consider three values
of δ: dotted lines = δ = 0.5; dashed lines = δ = 1; block lines = δ = 1.5. Columns
correspond to different values of γ ∈ [0.5, 1, 1.5]. Rows correspond to different values of
β ∈ [0.5, 1, 1.5]. All tumours are grown for a period of 10 years. The legend is given in
the top right figure. Parameters: α = 0.11(day−1), µ = 10−4, K = 1.3× 1012 cells and
σ = 1.03.

The results presented in Figure 2.4.4 show that, for all cases, the proportion of R1

and R12 cells increase as δ increases. This is because the resistant cells have increased

growth rates for increasing values of δ. Similarly, pR12 increases as γ increases (left to

right columns correspond to low to high values of γ, respectively). This is because the

benefit to resistant cells from sensitive cells increases for increasing values of γ. These

results are consistent with our eFAST analysis, which found γ and δ to be the most

influential parameters after µ. For γ = 1.5 and β = 0.5 in Figure 2.4.4(i), when resistant
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cells have a higher growth rate relative to the sensitive cells (δ = 1.5, block lines), these

cells become the dominant tumour population. When γ ≥ 1, for decreasing values of β,

which describes the case where resistant cells have an increasingly negative effect on the

growth rate of the sensitive cells, larger resistant proportions are observed and smaller

proportions of S cells are observed.

These results show how different types of cellular interactions affect the tumour dy-

namics and highlight the importance of accounting for cellular interactions when mod-

elling cell growth rates in vitro. When we use findings in [72] in our model, the tumour

contains large proportions of fully drug-resistant cells (pR12 > 10−2) at 10 years (see

Figure 2.4.4(c)). This could have a significant effect on treatment outcomes. We note

that the properties of cell lines may change when they interact and they may be patient

specific. While we have focussed on two cell lines here, the model could also be used to

investigate the interactions with different cell lines and tumour types.

2.5 Treated tumour growth model

2.5.1 Treatment model development

In this section, we extend the model defined by equations (2.2.1)-(2.2.4) to account for

treatment with two TKIs. We continue to assume population-dependent birth, death

and net growth rates (see section 2.2.2 for details of population-dependent rates). Spe-

cific combination treatment protocols of interest are introduced after we develop the

treatment model.

We use the model to investigate the effect of varying key model parameters (µ, δ, γ

and σ) on treatment outcomes and tumour composition during treatment. We remind

the reader of the parameter µ that denotes the proportion of cells that mutate per cell

division. The parameter δ denotes the growth rate of resistant cells relative to sensitive

cells. The parameter γ denotes the effect of the sensitive cells on the growth rate of the

resistant cells and the parameter σ denotes the birth to death rate ratio.

In what follows, we present the system of equations that describes the tumour cell

dynamics when treatment is applied. Following on from this, we provide an explanation

of the treatment model terms.
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Governing equations with treatment

The dimensional equations describing tumour growth and the response to treatment are

as follows:

dS

dt
= rSS

(
1−S +R1 +R2 +R12

K

)
−

mutations to R1︷ ︸︸ ︷
µbSS − µbSS︸ ︷︷ ︸

mutations to R2

−

death by drugs one and two︷ ︸︸ ︷
bS(θ1 + θ2)

σ
S ,

(2.5.1)

dR1

dt
= rR1R1

(
1− S +R1 +R2 +R12

K

)
+ µbSS − µbR1R1︸ ︷︷ ︸

mutations to R12

−

death due to drug two︷ ︸︸ ︷
bR1θ2
σ

R1 ,

(2.5.2)

dR2

dt
= rR2R2

(
1− S +R1 +R2 +R12

K

)
+ µbSS − µbR2R2︸ ︷︷ ︸

mutation to R12

−

death due to drug one︷ ︸︸ ︷
bR2θ1
σ

R2 ,

(2.5.3)
dR12

dt
= rR12R12

(
1− S +R1 +R2 +R12

K

)
+ µbR1R1 + µbR2R2. (2.5.4)

Before we introduce the terms in the treatment model defined by equations (2.5.1)-

(2.5.4) that represent the effects of treatment, we recap on the terms we have previously

introduced in the untreated model (equations (2.2.1)-(2.2.4)) which are present in the

treatment model.

In equation (2.5.1), the parameter bS denotes the population-dependent birth rate

of the S cells such that

bS = α[pS + β(pR1 + pR2 + pR12)], (2.5.5)

where pS , pR1 , pR2 and pR12 are the proportions of the S, R1, R2 and R12 cells in the

tumour at a given time and β denotes the effect of the resistant cells on the growth

rate of the S cells (see section 2.2.2 for details on population-dependent birth and death

rates). Similarly, in equations (2.5.2)-(2.5.4), bR1 , bR2 and bR12 denote the population-

dependent birth rates for the R1, R2 and R12 cells, respectively. The rate of cell death, dS

is population-dependent as dS is modelled as a proportion of the population-dependent

birth rate such that dS = bS/σ (similarly for dR1 , dR2 and dR12 and the R1, R2 and

R12 cells, respectively). In equation (2.5.1), the parameter rS is population-dependent
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and denotes the net growth rate of the S cells, i.e. the birth rate minus the death rate

whereby,

bS − dS = (1− 1/σ)bS

(similarly for rR1 , rR2 , rR12 for the R1, R2 and R12 cells, respectively).

We now introduce the terms in equations (2.5.1)-(2.5.3) that represent death of

the drug sensitive cells due to drugs one and two. Let the constant, dimensionless

parameters, θ1 and θ2 denote the effects of drugs one and two, respectively. We assume

that drugs one and two act on drug sensitive cells by (linearly) increasing their rates

of cell death (recall the cell death rate is modelled as a proportion of the birth rate,

dX = bX/σ, for X ∈ {S,R1, R2, R12}). For example, in equation (2.5.1), the rate,

bS(θ1 + θ2)/σ, describes the effect of drugs one and two on the fully drug sensitive cells,

S. We motivate this by the fact that first and third-generation TKIs, gefitinib and

osimertinib, have been shown to induce apoptosis in NSCLC cells [19, 20, 124].

We now summarise the death terms due to drugs one and two. In equation (2.5.1),

bS(θ1 + θ2)/σ denotes the rate of death of S cells due to drugs one and two. Since R1

cells are resistant to drug one, we assume that only drug two affects their death rate,

giving rise to an additional cell death term of the form bR1θ2/σ in equation (2.5.2).

Similarly, since R2 cells are resistant to drug two, only drug one affects their rate of cell

death at rate bR2θ1/σ (see equation (2.5.3)). Since R12 cells are fully drug-resistant, they

are not affected by either drug. In the absence of drug (θ1 = 0, θ2 = 0), the treatment

model defined in equations (2.5.1)-(2.5.4) is equivalent to the model defined in equations

(2.2.1)-(2.2.4). For the remainder of this chapter we refer to the parameters θ1 and θ2

as the amount of drugs one and two, respectively.

We close the governing equations by importing the initial conditions prescribed in

equation (2.2.16). From tumour initiation, tumours are grown untreated (θ1 = 0, θ2 = 0

in equations (2.5.1) - (2.5.4)) until the total tumour population reaches diagnosis (108

cells), at which time, treatment is introduced. By allowing the tumour to grow untreated

prior to diagnosis, the tumour may consist of drug-resistant cells at diagnosis as a result

of mutations taking place into the fully drug-resistant cell compartment. The growth

of resistant cell lines in the absence of treatment has been demonstrated in a study
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presented by Kaznatcheev et al. in which in vitro co-culture experiments of sensitive

and resistant cell lines were carried out [72]. In this study, they found TKI resistant cell

lines grew during the course of the experiment when interacting with sensitive cell lines.

The resistant cells were shown to have a higher growth rate when grown in co-culture

with sensitive cells as opposed to when the cells were grown in monoculture experiments.

Interestingly, the growth of the resistant cells was accelerated when in drug. In future

work, it would be of interest to investigate acquired resistance mechanisms which may

lead to increased mutational flux to drug-resistant phenotypes when treatment is applied.

Furthermore, upon the introduction of treatment, the rate of which resistant cells divide

as well as the rate at which cells mutate may change. We do not consider said variations

of the model in this thesis and these investigations are subject to future work. We

do however investigate the effect of pre-existing resistance on the efficacy of first-line

combination TKI treatment in chapter 3.

2.5.2 Treatment parameters

Yates et al. presented an experimental study in which, increasing the dose of the AKT

inhibitor, AZD5363 caused a switch from cytostatic (slowing/halting of growth of sen-

sitive cells) to cytotoxic effects (killing large numbers of cells ) [150]. Motivated by this

study ([150]), we model cytostatic levels of drug by employing small values of θ1 and

θ2 and we model cytotoxic levels of drug by employing high values of θ1 and θ2 and we

assume the same drug-effect mechanism in increasing the death rate for both types (cy-

totoxic and cytostatic) of drugs [150]. See Table 2.5.1 for values of θ1 and θ2 associated

to cytostatic and cytotoxic levels of drugs.

2.5.3 Combination treatment protocols

We consider two treatment protocols. The goal of each treatment protocol is, (i) to

maximise the time to progression (the tumour is said to progress when its size is 120% of

the size at diagnosis) and, (ii) to minimise the size of the fully drug-resistant population

at progression.

In practice, a diverse range of two-drug treatment protocols may be applied. We

refer the reader to chapter 1 for a discussion of combination TKI treatments currently
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being used in the clinic. Here, we focus on the protocols summarised in Table 2.5.1 and

illustrated in Figure 2.5.1.

In Table 2.5.1, under Protocol A, the simultaneous application of two drugs at con-

tinuous doses describes the case in which the drug-effect parameters, θ1 and θ2 are held

constant and fixed at values greater than zero from the start of treatment (diagnosis)

until tumour progression. Hence, on a daily basis, the values of the parameters, θ1 and θ2

do not vary. Under Protocol B, the drug-effect parameters, θ1 and θ2 are held constant

and fixed at values greater than zero over the course of a week and are then reduced to

zero for a period of 3 weeks. This on-off cycle is repeated over the course of a year and

we describe this protocol as one in which drugs are pulsed.

Under Protocol A, cytostatic drug levels are applied whereby low values of θ1 and θ2

are employed in the model (see Table 2.5.1 for cytostatic values of θ1 and θ2). Cytostatic

levels of drugs result in the growth of the S population to halt since, lower values of θ1

and θ2 result in a death rate that is increased to a rate close to that of the cell birth

rate. Conversely, under Protocol B, cytotoxic levels are used whereby high values of θ1

and θ2 are applied (see Table 2.5.1 for cytotoxic values of θ1 and θ2). Under Protocol

B, cytotoxic drug levels result in a large decrease in the drug sensitive cell populations

(S, R1 and R2) as the drugs increase the cell death rates to rates that are larger than

the cell birth rates.

Before presenting typical simulation results, we pause to motivate our choice of pro-

tocols.

A - Simultaneous cytostatic TKI treatment. The protocol is motivated by a clinical trial

in which first and third-generation TKIs, gefitinib and osimertinib are taken daily in

combination [119]. In this trial, the maximum tolerated dose was 80mg osimertinib and

250mg gefitinib, daily [119]. During protocol A in our study, equal amounts of cytostatic

levels of TKIs one and two are applied simultaneously (see Table 2.5.1). This halts the

growth of S cells and slows the growth of R1 and R2 cells (see Figure 2.5.1a).

B - Simultaneous pulsed cytotoxic TKI treatment. Protocol B (see Table 2.5.1) corre-

sponds to the simultaneous application of cytotoxic levels of TKIs one and two for a

period of one week, followed by a three week break from treatment. Treatment then

53



2.5. TREATED TUMOUR GROWTH MODEL

Protocol Description Drug amount Predicted re-
sponse

Ref.

A Both drugs applied si-
multaneously at mod-
erate, continuous doses
until progression occurs

Cytostatic levels,
θ1 = 0.02 and
θ2 = 0.02. The
parameters θ1 and
θ2 are held fixed
at these values
until tumour pro-
gression occurs.

Cytostatic.
Growth of S cells
halts. Growth of
R1 and R2 cells is
slowed (see Figure
2.5.1a).

[119]

B Both drugs applied
simultaneously and at
continuous high doses
for one week, followed
by a three week drug-
holiday, over the course
of one year

Cytotoxic levels,
θ1 = 0.6 and
θ2 = 0.6. The
parameters θ1
and θ2 are held
fixed at these
values for one
week, followed
by three weeks
with θ1 = 0 and
θ2 = 0. The cycle
is repeated for
the duration of a
year.

Cytotoxic. Signifi-
cantly reduces the
drug-sensitive cell
population sizes
(large decrease
in the S, R1 and
R2 population
sizes) (see Figure
2.5.1b).

[151]

Table 2.5.1: Summary of treatment protocols applied at diagnosis when the total tumour
population reaches 108 cells. Protocol descriptions, amounts of drug applied in a given
protocol, response, units and references are given.
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resumes for another week, and so on, over the course of a year. This protocol results in

a significant reduction in the proportion of drug sensitive cells (see Figure 2.5.1b). High-

dose, pulsed exposure to TKIs has been applied in EGFR mutant lung cancer patients

using erlotinib, a second-generation EGFR TKI treatment [151]. In this trial, erlotinib

1200mg days 1-2 was applied followed by erlotinib 50mg erlotinib days 3-7 weekly.

We use our treatment model defined by equations (2.5.1)-(2.5.4) to simulate tumour

growth and apply a single protocol (A or B, see Table 2.5.1) when the tumour reaches

diagnosis (108 cells). We record the time and proportion of R12 cells when this happens.

2.5.4 Typical simulations of treatment protocols

In Figures 2.5.1(a) and (b), we present cellular dynamics of tumours undergoing protocols

A and B as first-line treatment, respectively. In Figure 2.5.1(a), protocol A halts the

Figure 2.5.1: Typical simulations of tumour cell dynamics with first-line treatment ap-
plied at diagnosis. (a) Protocol A, (b) Protocol B. Key: S cells are presented by blue
lines; R1; green, R2; yellow and R12; orange. We note that R1 and R2 cells have the
same dynamics, hence we observe only the solutions corresponding to R1 cells (green).
The cyan shaded regions indicate when treatment is applied. Black dashed lines repre-
sent the time of diagnosis, black solid line represents time of progression on or after (for
protocol B only) first-line treatment. Parameters: the default parameter values given in
Table 2.2.1 are used. Descriptions of protocols are given in Table 2.5.1.

growth of the S cells and slows the growth of the R1 and R2 cells. Conversely, under

protocol B (see Figure 2.5.1(b)), there is a significant decrease in tumour size. For

protocols A and B, we observe similar progression at approximately 5 years. Under

protocol B, at progression, the size of the fully drug-resistant population (dark orange)

is the same as that of the other cell types. Conversely, under protocol A, the fully drug-

resistant cells are the smallest cell population at progression. We note that in Figure
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2.5.1(a), treatment is applied for a period of up to 5 years which is unlikely to happen

in a clinical setting. However, in the absence of suitable data with which to accurately

parametrise the model, we perform simulations to assess its qualitative behaviour as

different tumour-specific properties are varied. The work presented in this chapter paves

the way for future investigations and may also be relevant for specific leukaemias where

life long TKI treatment can be recommended with ten year overall survival in excess

of 80% [60]. In particular, if time-course data were to become available, we could use

our model to interpret it and, following validation of the model, predict responses to

different treatment protocols.

2.6 Results of first-line treatment response

In this section, we use our model to predict treatment response to protocols presented

in Table 2.5.1. We simulate treatment for a range of key parameter values (as identified

using eFAST in subsection 2.4.2). In doing so, we investigate how different tumours

respond to treatment with TKIs.

2.6.1 Effect of key parameter values on first-line treatment response

First, we use our model to investigate how key tumour-specific properties influence

resistance and affect treatment outcomes (notably progression times). This analysis will

help us understand what tumour characteristics drive variability in treatment responses

in the clinic.

For a given set of key parameter values, we simulate two tumours and apply pro-

tocol A to one and protocol B to the other. We measure, (i) the time at which the

tumour progresses, and, (ii) the proportion of fully drug resistant cells in the tumour

at progression. In Figures 2.6.1 and 2.6.2, we present heatmap plots showing times,

from the start of treatment, at which tumours progress, and, pR12 values at progression,

respectively, as pairs of model parameters (µ, δ, γ and/or σ) are varied. In both plots,

heatmaps below the diagonal describe the case where tumours are treated with protocol

A at diagnosis and heatmaps above the diagonal describe the case where protocol B is

applied at diagnosis. In both plots, diagonal lineplots describe the value of pR12 over

56



2.6. RESULTS OF FIRST-LINE TREATMENT RESPONSE

time as a single parameter is varied whereby different colours indicate different values

of the parameter (yellow lines corresponds to high values and blue lines corresponds to

low values) and different line styles indicate which protocol is being applied (block lines

indicate protocol A and dashed lines indicate protocol B). In heatmaps presented in

Figure 2.6.1, darker and lighter regions indicate quicker and slower times to progression,

respectively. In heatmaps presented in Figure 2.6.2, darker and lighter regions indicate

lower and higher proportions of R12 cells at progression, respectively. White areas in

Figure 2.6.2 indicate that no R12 cells are present at progression, pR12 < 8.3 × 10−9

(1/(1.2× 108)).

Referring to the heatmap plots in Figure 2.6.1 describing progression times, we ob-

serve that, under protocol A (simultaneous TKI treatment and continuous, moderate

dose, heatmaps below the diagonal), changes in µ (proportion of cells that mutate per

cell division), δ (relative growth rate of resistant cells to sensitive cells) and γ (effect of

S cells on the growth rates of resistant cells) drive considerable variation in progression

times, with times ranging from approximately 25 years to less than 3 years. Large val-

ues of µ, δ and γ result in rapid progression, with progression times of less than 3 years

corresponding to higher values of these parameters.

In Figure 2.6.2, that presents pR12 values at progression, under protocol A (below

the diagonal), for changes in µ, δ and γ, we observe a small range of pR12 values, with

10−4 ≤ pR12 ≤ 10−1. We conclude that tumours with varying progression times may

have similar proportions of fully drug resistant cells at progression. The poor progression

times observed for large values of µ, δ and γ, are due to a large number of R1 and R2

cells present at diagnosis. The partial resistance of these cells means that the tumour

burden is not controlled, resulting in quicker times to progression and higher proportions

of fully drug resistant cells at progression.

Analogously, for tumours undergoing protocol B (high dose pulsed TKI treatment),

progression times range between 0 and 16 years (see heatmaps above the diagonal in

Figure 2.6.1). In particular, for a wide range of values of µ, δ and γ, similar progression

times are observed and diverse values of pR12 are recorded, with fully drug resistant

tumours (pR12 ≥ 10−1) occurring at progression for high µ, δ and γ values.
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Figure 2.6.1: Predicted time to progression (20% increase in total tumour population
size from diagnosis), in years from the start of treatment (heatmap plots) and pR12 values
over time (diagonal lineplots). Heatmaps: Heatmaps represent progression times as two
key parameters in (µ, δ, γ, σ) are varied simultaneously. Below the diagonal presents
results from tumours undergoing protocol A. Above the diagonal presents results from
tumours undergoing protocol B. The colourbar presents a range of progression times,
[0, 25] years. Lineplots: pR12 over time in which one key parameter is varied in a single
plot. Dashed lines indicate tumours undergoing high dose, pulsed treatment (Protocol B)
and block lines indicate tumours undergoing continuous, moderate treatment (Protocol
A). Ranges of key parameter values are given in Table 2.2.1 with yellow lines representing
the maximum parameter value and blue, the minimum. When parameters are not varied,
parameters take the default values given in Tables 2.2.1.

In Figure 2.6.1, we observe earlier progression times corresponding to large values

of σ > 1.06 (lower cell death rates), for both protocols. In particular, for σ > 1.06,

progression times are < 5.6 years for protocols A and B. Not only do lower values of
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Figure 2.6.2: Predicted pR12 at progression (heatmap plots) and pR12 over time (line-
plots). Heatmaps: Heatmap plots represent pR12 values at progression as two key pa-
rameters in the set (µ, δ, γ, σ) are varied simultaneously. Heatmaps below the diago-
nal present results from tumours undergoing protocol A. Heatmaps above the diagonal
present results from tumours undergoing protocol B. The colourbar presents a range
pR12 values at progression of [10−8, 1]. White regions represent pR12 < 8.3 × 10−9

(1/(1.2 × 108)), when no R12 cells are present. Lineplots: pR12 over time in which one
key parameter is varied in a single plot. Dashed lines indicate tumours undergoing high
dose, pulsed TKI treatment (protocol B) and block lines represents tumours undergoing
continuous moderate TKI treatment (protocol A). Ranges of key parameter values are
given in Table 2.2.1 with yellow lines representing the maximum parameter value and
blue, the minimum. When parameters are not varied they take the default values given
in Table 2.2.1.

σ < 1.06 slow tumour growth, they also lead to a higher rate of cell kill of drug-sensitive

cell populations. Hence, our model predicts that the drug will have a greater effect on

a cell with a higher death rate.
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In Figure 2.6.2, for tumours undergoing protocol A, with values of σ < 1.05, tumours

are effectively fully drug-resistant at progression (pR12 ≥ 10−1) and progression times

span a range of 25 years (see Figure 2.6.1). These values of σ (σ < 1.05), correspond

to higher death rates. Therefore, for these values, a stronger effect due to the drug is

experienced by the cells as it linearly increase the death rate. Hence, a larger proportion

of drug-sensitive cells will be removed at these σ values which could result in tumours

with later progression times, yet with higher proportions of resistance at progression.

Conversely, for σ > 1.05, a diverse range of pR12 values is recorded (see Figure 2.6.2) as

a result of changes in µ, δ and γ values. For tumours undergoing protocol B, changes in

σ do not greatly affect the pR12 values (see above the diagonal in Figure 2.6.2) and we

observe later progression times for lower values of σ.

Diagonal entries in Figures 2.6.2 and 2.6.1 are the same across the two plots and show

how the proportion of fully drug-resistant cells changes over time in the tumour while

one key parameter is varied. The proportion of R12 cells increases in tumours undergoing

high dose pulsed treatment (dashed lines) for all parameters as drug-sensitive cells are

killed by the drug. For a given treatment, we observe the largest variation in pR12 for

changes in µ, followed by δ, γ and σ.

In summary, our model predicts a diverse range of treatment outcomes when tumours

with different properties are treated with different TKIs. These results indicate possible

drivers of heterogeneity in the clinic and unveil the effect a particular treatment protocol

has on the prevalence of resistance in a tumour at progression. In particular, we have

found that two tumours with similar progression times may have markedly different

levels of resistance, which could drive diverse responses to second-line treatment. We

investigate the impact of resistance at progression on the efficacy of second-line treatment

in the next chapter. We note that, for a given set of tumour-characteristics, neither

protocol was able to simultaneously delay times to progression whilst also reducing the

proportion of R12 cells at progression.

60



2.7. DISCUSSION

2.7 Discussion

Clinical results have demonstrated the failure of first and second-line TKI treatment

in the clinic. Ongoing clinical studies are investigating the role of combination TKI

treatment on tackling drug resistance [119]. In this chapter, we have developed an ODE

model of tumour growth consisting of four cell populations which range from fully drug-

sensitive to fully drug resistant to two TKIs. By incorporating factors in our model that

are known to influence tumour heterogeneity and drug resistance, we have attempted

to understand how certain tumour-specific factors affect pre-existing resistance and a

tumour’s response to combination TKI treatment.

Performing a global parameter sensitivity analysis on the model, we showed that the

proportion of cells that mutate per cell division, µ, the relative growth rate of resistant

cells to sensitive cells, δ and effect sensitive cells have on the growth rates of resistant cells

via cell-cell interactions, γ have the greatest influence on the number of drug resistant

cells in an untreated tumour. We simulated our model for a range of values of µ, δ and

γ and found that the proportion of fully drug resistant cells increases at diagnosis, with

magnitudes spanning six orders where µ had the greatest effect followed by δ and γ.

Interestingly, based on our global sensitivity analysis results, we find the birth to

death rate ratio, σ to be the fourth most influential parameter affecting pre-existing

resistance levels at diagnosis, with lower values of σ (which correspond to higher cell

death rates) resulting in larger resistant proportions. We conclude that this is because

it takes longer for the tumour to be diagnosed which results in longer periods of time in

which fully drug resistant cells can emerge. These results corroborate those presented in

[67, 53]. Models developed in [67, 53] have predicted an increase in resistant populations

in a tumour of a certain size when higher death rates are assumed.

A method presented by Steel et al. has been used to estimate cell turnover rates in

vivo. Steel et al. introduced the cell loss factor (as discussed in section 2.3). Aforemen-

tioned, cell loss factors have been shown to vary between 0.79 and 0.95 across adenocar-

cinoma pulmonary tumours [73]. In our model, we have considered values of σ which

correspond to cell death rates up to 98% that of birth rates. At such values, we have

demonstrated the effects of higher cell death rates on resistance levels. In light of our
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findings, we suggest that more attention be focussed on the impact of cell turnover on

resistance levels.

A key contribution of this chapter is the necessity to consider not only mutation rates

and fitness levels of resistant cells, when investigating the emergence of drug resistance

in a tumour, but also the effects of cellular interactions and how they affect proliferation

rates of cells and tumour composition over time. Using our model, we demonstrated

noticeable differences in tumour composition, driven by types of interactions between

sensitive and resistant cell types.

The results and model parameterisations used in this chapter give rise to qualita-

tive outcomes. In practice, Chmielecki et al. demonstrated variation in TKI treatment

response due to variation in the abundance of T790M positive EGFR-mutant NSCLC

cells in the tumour population [24]. Chmielecki et al. presented in vitro studies de-

scribing the response of EGFR-mutant tumours to erlotinib, a second-generation TKI.

They considered a range of tumours consisting of parental drug-sensitive NSCLC cells

and T790M cells at different proportions. They found that the larger the proportion of

T790M cells in the tumour population, the weaker the effect of the drug on the tumour.

In this chapter, although our model contains four cell populations, our results present

the same qualitative outcomes as the in vitro studies presented by Chmielecki et al.. We

have shown that an increase in the proportion of cells that mutate per cell division and

in the cell division rate of resistant cells results in weaker effects of the drug as there is

a larger proportion of resistant cells in the tumour.

We extended our model to consider the effects of treatment and we focussed on treat-

ment protocols involving two TKIs in combination. A question that was of particular

interest was, to what extent do changes in the key parameters drive diverse responses to

treatment. We found that, in a tumour undergoing continuous TKI treatment at mod-

erate dose, changes in the mutating proportion of cells per cell division and growth rates

of resistant cells drive extensive variation in progression times (0 to 20+ years), with

less variability in fully drug-resistant levels at progression. For tumours undergoing high

dose, pulsed combination TKI treatment, however, small variation in resistance levels

were observed, yet larger variations in progression times were predicted. An increased

62



2.7. DISCUSSION

level of resistance will have considerable impact on the efficacy of second-line treatment.

Hence, this result highlights the need for careful consideration when selecting second-line

treatments for patients whose tumours progress at similar times. Based on these results,

we would suggest careful examination of tumour composition at progression, as drug

resistance levels at this stage will greatly influence the efficacy of second-line treatment.

While biopsies can be taken, they provide a spatially and temporally limited snapshot

of the tumour composition and the process of collecting such samples is invasive. Liquid

biopsies however, detect and characterise circulating free DNA (cfDNA) in the blood by

only requiring a blood sample and, have also been established to detect the emergence

of drug resistance, including NSCLCs [30, 128].

In this chapter we considered two TKI combination treatment protocols. However

our model can be applied to any tumour type and treatment regime with a different

parametrisation of the model. In particular, the model lends itself to studies of a range

of treatment protocols. This is highly relevant as a phase II clinical trial applying

alternating osimertinib and gefitinib treatment is ongoing [119]. In order to improve

the relevance of our model to a clinical relevance, we implemented a number of realistic

and well founded modelling assumptions, with practical tumour sizes at diagnosis and

treatment protocols motivated by recent NSCLC clinical trials [34, 119, 151]. By making

these assumptions, our model can be used to generate hypotheses about the evolution

of resistance, and how to combat it, in a clinical setting.

In this chapter we do not consider pharmacokinetic models when considering treat-

ment. Due to the complexity of the model, including pharmacokinetic models may limit

our understanding of the model behaviour. If, in future work, we were to simplify the

model, the inclusion of pharmacokinetic models would be interesting.

In this chapter, we have not presented steady state analysis. Such analysis could help

us to determine constraints on model parameters. We attempted steady state analysis

using Mathematica during the early phases of model development. However, the steady

state solutions were intractable due to the complexity of the model and due to the

inclusion of population-dependent growth rates. Hence, we have gained insights using

numerical investigations rather than analytical. If we were to assume fixed growth rates
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rather than population-dependent growth rates, steady state solutions may be tractable

and this is subject to future work.

A possible extension of this work is to develop an agent-based modelling (ABM)

framework to investigate the effects of space and stochasticity on tumour cell growth.

To carry out this research, we would first simplify the model. For example, we might

focus initially on a tumour consisting of S, R1 and R12 cells and a single TKI. In our

well-mixed model presented in this chapter, growth rates depend on the proportions

of other cell types. In a spatially resolved model however, the growth of each cell is

likely to be more heavily influenced by its neighbouring cells than those that are further

away. Furthermore, the stochastic nature of the mutations may also shape the tumour

composition; we will address this in the next chapter.

One limitation of our model is the assumption that cell-cell interactions directly influ-

encing the birth and death rates of the cells when competition between cells is assumed.

Under our assumption of logistic growth, for a given cell line, the growth limiting term in

our model, (−rS+R1+R2+R12
K ) is proportional to the population dependent growth rate,

r of that cell. If we suppose r is increased due to the presence of another cell type, at

large cell populations, the strength of competition on these cells will increase. A sim-

plification of the model could take place in which exponential growth is assumed. This

simplified model could be applied to in vitro, co-culture tumour growth experiments,

such as those in [72], and can be used to quantify the effects of cell-cell interactions on

cell growth rates.

To summarise, in this chapter, we developed an ODE model to identify how different

tumour characteristics influence pre-existing resistance and responses to TKI treatment.

We identified key drivers of patient heterogeneity and investigated their contribution to

diverse treatment outcomes seen in the clinic.

Extinction of cells and tumour eradication during treatment are two phenomena

which can occur in tumours. Their investigation requires the consideration of stochastic

events at small cell numbers, conditions under which an ODE may not be valid. In the

next chapter, we will address this shortcoming by introducing a stochastic framework

in which random fluctuations can lead to stochastic tumour cell dynamics. We will use
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the same modelling assumptions presented here, in order to identify conditions under

which stochastic effects impact our conclusions reached in this chapter. In particular,

we will explore whether, for a given parameter regimen, stochastic models are better

suited to modelling the evolution to drug resistance than deterministic models of the

type presented in this chapter.
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Appendix

2.A Extended Fourier Amplitude Sensitivity Test (eFAST)

In this section, we describe eFAST and demonstrate its implementation on a simplified

version of our untreated tumour growth model defined in equations (2.2.1)-(2.2.4) [120].

We then present results of convergence testing, carried out to determine the appropriate

number of samples, NS and resamples NR when performing eFAST on the untreated

tumour growth model. We carry out convergence testing to ensure reliability in our

eFAST results.

eFAST partitions the variance in the model output by determining what fraction

of the variance is due to variation in each input parameter. eFAST gives the first and

total-order sensitivity indices, Si and STi , respectively, for each model parameter [120].

Description of eFAST using a simplified model example

To demonstrate how eFAST works, we implement the method on a simplified version

of the full model. In the simplified model, we neglect population-dependent birth rates

and assume cell growth rates are fixed. The simplified model describes the growth of

a tumour in the absence of drug, consisting of S and R1 cells only. S cells mutate to

produce R1 cells and we assume cell populations compete for resources with a carrying

capacity, K. Using the same notation as in the main text, the dimensional equations of

our simplified model are as follows:

dS

dt
= α

(
1− 1

σ

)
S

(
1− S +R

K

)
− µαS, (2.A.1)

dR

dt
= αδ

(
1− 1

σ

)
R

(
1− S +R

K

)
+ µαS. (2.A.2)
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2.A. EXTENDED FOURIER AMPLITUDE SENSITIVITY TEST (EFAST)

Parameter Description Units Uniform pdf range
α Rate of cell division of S cells days−1 [0.11, 0.27]

δ
Relative growth rate of R cells to S
cells dim. [0.5, 1.5]

σ Birth to death rate ratio dim. [1.02, 1.1]
K Carrying capacity cells [1.3× 108, 1.3× 1012]

µ
Proportion of mutating cells per cell
division dim. [10−9, 10−4]

dummy dummy parameter which has no ef-
fect on the model dynamics dim. [0, 10]

Table 2.A.1: Table of parameters and ranges for simple model parameters defined in
equations (2.A.1)-(2.A.2). We use the same parameter notation as that presented in the
main text. We also use the same parameter ranges. References for the sources of the
parameter ranges can be found in Table 2.2.1.

We assume initially that the tumour contains only S cells, with S(0) = 100 and

R1(0) = 0. Model parameters for the simplified model are summarised in Table 2.A.1,

together with the range of parameter values employed in our eFAST analysis with uni-

form sampling (these ranges are the same ranges as those used in the main text). Our

model output of interest is the proportion ofR1 cells at 5 years, where pR1 = R1/(S+R1).

EFAST implementation on simple model

1. Define parameter ranges For each model parameter, we define a range of values the

parameter can take (see Table 2.A.1). To test whether the influence of a particular

parameter on the model output is significant, we introduce a dummy parameter

(see Table 2.A.1) which has no effect on model output [90].

2. Assign frequencies to parameters Every model parameter is assigned an integer

frequency ωi. Using the protocol proposed by Saltelli et al. [120].

3. Obtain samples of parameter values For a given parameter, i with an assigned

frequency wi, a sinusoidal function (a search curve), x = g(s) for s = 1, ....NS is

used, where

x(s) =
1

2
+

1

π
sin−1(sin(ωis+ φi)), (2.A.3)

where NS denotes the number of samples and 0 ≤ φi ≤ 2π is a random phase shift

uniformly sampled in the range [0, 2π]. Hence, x(s) is a vector of length NS whose

values range between 0 and 1. The parameter value is calculated as the inverse of
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the uniform cumulative distribution function at xl in x(s) for l = 1, ..., NS , whose

range is predefined (see Table 2.A.1). Hence, we obtain a set of parameter values,

p(s) of length NS whose values range between the upper and lower bounds, defined

in Table 2.A.1 where,

p(s) = pmin + (pmax − pmin)x(s). (2.A.4)

The uniform distribution is appropriate when there is a large documented range of

possible parameter values (for example, mutation rates) and we have little a priori

knowledge of the model parameters [90].

In global sensitivity analysis all model parameters are varied. Hence, the sinusoidal

functions for each of the input parameters, when combined, produce a multidi-

mensional search curve, resulting in many different parameter combinations being

employed in the model. As we are considering parameter values that span across

magnitudes, we consider a uniform distribution of the log (base 10) of the param-

eter value to ensure sampling is not densely clustered around certain values. For

example, the mutation probability has a range of [10−9, 10−4] (see Table 2.A.1).

We sample from the range [-9, -4] and apply the sampled log (base 10) values back

into the mutation probability when simulating the model. We do the same for the

carrying capacity, K.

4. Resampling We implement a random resampling scheme (number of resamples,

NR) for each search curve by introducing a vector consisting of random phase

shifts, φi (see equation (2.A.3)), each corresponding to a single model parameter,

with a unique vector employed for each resample (h = 1, ..., NR), in the sinusoidal

function (search curve). For each parameter, we obtain NR distinct search curves

each with NS samples.

5. Generating model outputs from our parameter samples For each parameter, we

have NR sets of NS samples, giving a total of (number of parameters)×NR ×NS

sets of model parameters. We simulate our model for each sample and obtain a

total of (number of parameters)×NR ×NS model outputs.
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6. Performing the eFAST algorithm For each resample, h for h = 1, ...NR, we perform

the eFAST algorithm to obtain first and total-order sensitivity indices for model

parameters.

7. Total variance in model output For a given resample, h, h = 1, ....NR, the total

variance in model output is written as,

s2 =

N∑
j=1

(yj − ȳ)2

N − 1
, (2.A.5)

where N denotes the total sample size (total number of model runs in the resample,

(number of model parameters)×NS), yj describes the model output of the jth

sample and ȳ describes the sample mean.

8. Calculating first-order sensitivity index, Si The first-order sensitivity index, Si of

parameter i is determined by holding all other model parameter values fixed and

measuring the variation in the model output when the single parameter i is varied.

The variation in model output due to variation in parameter i, is defined as follows:

s2i = 2(A2
i +B2

i ), (2.A.6)

where,

Ai =
1

π

∫ π

−π
f(u) sin(wiu)du, (2.A.7)

and,

Bi =
1

π

∫ π

−π
f(u) cos(wiu)du. (2.A.8)

Ai and Bi in equations (2.A.7)-(2.A.8), are the Fourier coefficients at frequency wi

and f denotes the model output. The first-order sensitivity index is,

Si = s2i /s
2, (2.A.9)

that is the fraction of model output variance produced by variation in the input

parameter where s2 describes the total output variance defined by equation (2.A.5).

9. Total-order sensitivity index, ST i The total-order sensitivity index, ST i for param-

eter i is the remaining variance in model output when the first-order sensitivity
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K dummy
Parameter
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first-order index, Si
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Figure 2.A.1: First and total-order sensitivity indices of simplified model parameters
for pR1(1865). * presents significance at p-value < 0.01 when compared to the dummy
parameter. Grey represents ST i, black represents Si. NS = 4000, NR = 5.

indices associated to all other model parameters is removed. ST i is defined as

follows

ST i = 1− SCi (2.A.10)

where SCi is the combined first-order sensitivity indices of the complimentary set of

parameters, which is calculated using equation (2.A.9), with frequencies associated

to the parameters in the complimentary set.

10. This process is repeated for each model parameter and NR resamples. Therefore,

we obtain NR values of Si and ST i for each model parameter, including the dummy

parameter.

11. Significance testing To test whether the influence of a particular parameter on the

model output is significant, we use a 2-sample t-test to determine whether the dis-

tribution of sensitivity indices (NR in total) for a given parameter i is significantly

larger than the distribution of indices associated with the dummy parameter at

a significance level of 0.01 [90]. By doing so, we assume the distributions of NR

sensitivity indices are normally distributed.

We present eFAST results showing sensitivity indices for the simplified model with

NS = 4000 and NR = 5, in Figure 2.A.1. The model output of interest is the proportion

of resistant cells 5 years after tumour initiation. The results show that the relative fitness

of resistant cells, δ, followed by the mutation probability, µ, have the largest effect on the
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proportion of R1 cells, 5 years after tumour initiation. In the model, since µ and δ are

present in terms with other parameters, the total-order sensitivity index is larger than

the first-order sensitivity index as it accounts for higher order parameter interactions.

2.B Convergence testing on eFAST

By performing eFAST on the untreated tumour growth model presented defined in equa-

tions (2.2.1)-(2.2.4), we determine which model parameters (see Table 2.2.1 for a sum-

mary of model parameters) influence the proportion of fully drug-resistant cells, pR12 at

diagnosis and over time.

Figure 2.B.1: Results of global sensitivity analysis applied to untreated tumour growth
model in the absence of drug: a) and b) First and total-order sensitivity indices for
model parameters at diagnosis for increasing sample sizes, NS with NR = 10 (number of
resamples), respectively. Block lines represent the sample mean and shaded regions rep-
resent two standard deviations about the mean sensitivity index for a given parameter.
Parameters are varied uniformly from a uniform distribution whose ranges are given in
Table 2.2.1.

We performed eFAST on our full model for a range of values of NS values in order

to determine the appropriate number of samples needed for reliable results. We present

the results of our convergence testing in Figure 2.B.1.

Figures 2.B.1(a) and (b) show how the total and first-order sensitivity indices for

each model parameter changes as we increase the numbers of samples, when NR = 10.

Based on these results, we conclude that NS = 5000 is a suitable number of samples as

we observe no change in the hierarchy of the top four most influential parameters for

NS > 5000. Furthermore, the spread (described by the shaded regions that describe ±
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2 standard deviations about the mean index) decreases slightly, however the change in

spread about the mean value is small for increasing NS for all parameters.

Saltelli et al. proposed a suitable number of resamples whereby 16 < ωmax/NR < 64

ensures sampling of parameters over each curve is not too sparse (ωmax/NR = 16) or too

dense (ωmax/NR = 64) where ωmax is the largest frequency among the set of frequencies

assigned to model parameters [120]. For NS = 5000 and NR = 10, the maximum

frequency assigned to a parameter ωmax = 624 for the number of model parameters in

our full model, hence ωmax/NR = 62.4. We conclude therefore that sampling of the

model parameters is suitably spaced along the search curve.
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Chapter 3

A stochastic model of tumour
growth and response to combination
TKI treatment

3.1 Introduction

In the previous chapter, we developed a spatially averaged model of tumour growth

and we investigated the effects of tumour-specific factors on the proportions of resistant

cells at diagnosis and during treatment. We found changes in the tumour’s propensity

to mutate and, in the growth rates of resistant cells to drive variation in pre-existing

resistance levels and treatment response. In this chapter we reformulate the ODE as

a stochastic birth-death process. We were motivated to develop the stochastic model,

presented in this chapter due to the following reasons. Random mutation events lead to

tumour cell populations with low copy numbers. At low numbers, these cells are subject

to stochastic fluctuations which may lead to cell extinction and tumour removal, driven

by treatment. Such phenomena can not be generated in a deterministic setting. In

particular, two realisations of a stochastic model, initiated from the same set of model

parameter values, may yield divergent growth dynamics and cellular composition. Hence,

stochastic fluctuations at low cell numbers are important as they may amplify variability

in resistance levels at diagnosis and subsequent responses to treatment.

In chapter 2, we simulated tumours with different characteristics by employing differ-

ent values of mutation probabilities and growth rates of resistant cells in the determin-

istic model. In so doing, we investigated how changes in the mutation probabilities and

growth rates of cells affected patient heterogeneity at diagnosis, and during treatment.

73



3.1. INTRODUCTION

In this chapter, we examine heterogeneity across tumours with the same characteristics

(i.e. mutation probabilities and growth rates of resistant cells), when stochastic effects

are considered. We perform multiple realisations of the stochastic model and quantify

the variation in, cellular dynamics in an untreated tumour, pre-existing resistance levels

at diagnosis and, response to treatment within the set of stochastic realisations, where

each repeat is initiated with the same parameter values. In so doing, we compare the

level of variation within a set of stochastic simulations, initiated from the same set of

parameter values, to the level of variation in a different set of stochastic simulations, ini-

tiated from a different set of model parameters, where a different probability of mutation

and growth rate is assumed.

We aim to answer the following research questions;

i In an untreated tumour, how does variation (within a set of stochastic repeats) in

cellular dynamics over time, and in levels of pre-existing resistance at diagnosis, differ

when different values of the mutation probability and the relative growth rates of

the resistant cells (to sensitive cells), are employed in the model?

ii How does variation (within a set of stochastic repeats) in treatment response differ

for different mutation probabilities?

iii In what regions of the parameter space do outcomes from the stochastic model

deviate from those of the deterministic model, developed in chapter 2?

By addressing questions (i)-(iii), we aim to shed light on the pros and cons of us-

ing stochastic and deterministic modelling approaches to study the emergence of drug

resistance and to predict responses to treatment. We aim also to highlight regions of

the parameter space in which stochastic effects could have a significant effect on model

predictions and when they can be neglected.

As discussed in chapter 2, the models developed in this chapter are motivated by

studies that consider competition and cell death when modelling drug resistance [35].

In chapter 1, we discussed models presented by Haeno et al. and Iwasa et al. who

modelled exponentially growing populations of sensitive and resistant tumour cells using
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3.2. STOCHASTIC MODEL

birth-death branching processes with a fixed probability of mutation per cell division

[53, 67]. In this chapter, we generalise such models to consider four cell populations

whereby stochastic birth, death and mutation events can take place and we consider TKI

treatments and these features represent the novel aspects of the modelling developed in

this chapter.

The remainder of this chapter is structured as follows. In section 3.2, we develop our

stochastic model. The methods that we use to analyse the model are outlined in section

3.3. In section 3.4, we present simulation results and quantify the variation in model

outputs as the mutation probabilities and resistant cell growth rates vary. The chapter

ends in section 3.6, where we discuss our findings.

3.2 Stochastic model

We develop a stochastic analogue of the deterministic model presented in chapter 2 to

describe the growth of a tumour and its response to treatment. We carry over the same

modelling assumptions and parameter notation as in chapter 2. As such, we assume

that the tumour consists of four cell populations which differ in their resistance to two

tyrosine kinase inhibitors (TKIs). The number of cells at time, t, that are sensitive to

both drugs is denoted by S(t). The number of cells that are resistant to drug one and

sensitive to drug two is denoted by R1(t). The number of cells that are resistant to drug

two and sensitive to drug one is denoted by R2(t), and the number of cells resistant to

both drugs is denoted by R12(t). We impose the same initial conditions as in chapter

2, assuming that, at t = 0, the tumour comprises 100 sensitive cells (S cells), and no

resistant cells.

Before we describe a typical stochastic realisation, we present propensities associated

with the cellular reactions (birth, death and mutation) that can take place on a given

time step. We summarise the parameter values that we use for the model simulations,

and outline the algorithm used to simulate our stochastic process. We note that, in

what follows, we use “reactions” and “events” interchangeably when referring to cellular

reactions.
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3.2.1 Event propensities

bS𝝻

bR1𝝻

bS(1-(2𝝻))

bS𝝻

dR1

dR2

bR2𝝻

dR12

bR12

bR1(1-𝝻)

bR2(1-𝝻)

Competition, K

R2 

R12 

S 

R1 

S cell

R1 cell

R2 cell

Dead cell

R12 cell

dS

Drug effect

dR1θ2

dS(θ1+θ2)

dR2θ1

Figure 3.2.1: Schematic of our stochastic model of tumour growth and treatment re-
sponse. Four cell populations are considered. Sensitive cells (green cells), are denoted
by S(t); cells that are sensitive to drug two and resistant to drug one (blue cells) are
denoted by R1(t); cells that are sensitive to drug one and resistant to drug two (yellow
cells) are denoted by R2(t); fully drug-resistant cells (red cells) are denoted by R12(t).
The parameter µ denotes the intrinsic probability of mutation per cell division from (S
to R1), (S to R2), (R1 to R12) and from (R2 to R12). S cells divide to produce S cells,
(S → S + S), R1 cells (S → S + R1) and R2 cells (S → S + R2) at rates, bS(1 − 2µ),
bSµ and bSµ, respectively. S cells die at rate, dS and the net growth rate of S cells is
rS = bS − dS . Similarly, R1 cells divide to produce R1 cells (R1 → R1 + R1) and R12

cells (R1 → R1 + R12) at rates, bR1(1− µ) and bR1µ, respectively. R1 cells die at rate,
dR1 and have a net growth rate of rR1 = bR1 − dR1 . Similarly for R2 cells. R12 cells
divide to produce R12 cells at rate, bR12 and die at rate, dR12 and have a net growth
rate, rR12 = bR12 − dR12 . S cells are affected by drugs one and two at rate, dS(θ1 + θ2).
R1 cells are affected by drug two at rate, dR1θ2 and R2 cells are affected by drug two
at rate, dR2θ1. Propensity functions associated to cellular reactions presented in this
schematic are summarised in Table 3.2.1 along with death rates associated to cellular
competition.

Figure 3.2.1 presents a model schematic describing the cellular reactions (birth, death

and mutation) that can take place on a given time step of duration, τ . For completeness,

we summarise these events here:

i cell division, without mutation,

76



3.2. STOCHASTIC MODEL

ii cell division, with mutation (for S, R1, R2 cells only as R12 cells do not mutate),

iii cell death

The propensities that we associate with these events are summarised in Table 3.2.1

and illustrated in Figure 3.2.1. In Table 3.2.1, we denote, by Λn+1, the state of the

stochastic process at the end of the event, given that Λn = [S,R1, R2, R12].

Cellular reac-
tion Λn+1 Propensity function

Birth without
mutation

S → S + S [S + 1, R1, R2, R12]
birth without mutation︷ ︸︸ ︷

(1− 2µ)bSS

R1 → R1 +R1 [S,R1 + 1, R2, R12] (1− µ)bR1R1

R2 → R2 +R2 [S,R1, R2 + 1, R12] (1− µ)bR2R2

R12 → R12+R12 [S,R1, R2, R12 + 1] bR12R12

Birth with
mutation

S → S +R1 [S,R1 + 1, R2, R12]
birth with mutation︷ ︸︸ ︷

µbSS

S → S +R2 [S,R1, R2 + 1, R12] µbSS

R1 → R1 +R12 [S,R1, R2, R12 + 1] µbR1R1

R2 → R2 +R12 [S,R1, R2, R12 + 1] µbR2R2

Death

S → ∅ [S − 1, R1, R2, R12]
death due to drug︷ ︸︸ ︷
dS(θ1 + θ2)S + dSS︸︷︷︸

natural cell death

+

intraspecific competition︷ ︸︸ ︷
rS
K

(S(S − 1)) + rS
S

K

(
R1 +R2 +R12

)
︸ ︷︷ ︸
interspecific competition

R1 → ∅ [S,R1 − 1, R2, R12] dR1R1(1 + θ2) +
rR1
K (R1(R1 − 1))

+rR1
R1
K

(
S +R2 +R12

)
R2 → ∅ [S,R1, R2 − 1, R12] dR2R2(1 + θ1) +

rR2
K (R2(R2 − 1))

+rR2
R2
K

(
S +R1 +R12

)
R12 → ∅ [S,R1, R2, R12 − 1] dR12R12 +

rR12
K (R12(R12 − 1))

+rR12
R12
K

(
S +R1 +R2

)
Table 3.2.1: Propensity functions for the cellular reactions associated with the four cell
types. These reactions include birth without mutation, birth with mutation, and death
due to natural cell death, drug exposure and interspecific and intraspecific competition.
Λn+1 denotes the state of the stochastic process when a particular event occurs, given
Λn = [S,R1, R2, R12].
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For all cell lines, the propensity function associated with cell death incorporates

natural cell death, death due to drug, and death due to competition within (intraspecific)

and between (interspecific) cell compartments. For S cells, we include a factor, (S − 1),

in the intraspecific competition term, as the cell numbers are discrete, and, when S = 1,

no interspecific competition will occur. The same argument applies to R1, R2 and R12.

3.2.2 Parameters

In chapter 2, µ denotes the proportion of cells that mutate per cell division. In this

chapter, as we consider the effects of stochasticity, therefore, µ denotes the fixed prob-

ability of mutation per cell division. We parametrise the model using the same ranges

for the mutation probability, µ, and the relative growth rate of the resistant cells to

sensitive cells, δ, as in chapter 2. All other parameters are fixed at the default values

used in chapter 2. A summary of model parameters and values is given in Table 3.2.2.

In chapter 2, we assumed population-dependent rates of cell division and cell death.

For simplicity, in this chapter we assume instead that the rates of cell division and cell

death are fixed throughout a given stochastic realisation of the model (see Table 3.2.2)

due to the following reasons. No two realisations of the stochastic process will produce

exactly the same growth dynamics and tumour composition as time evolves. When

population-dependent birth and death rates are implemented, these rates will also be

subject to random fluctuations in the tumour composition. This randomness will, in

turn, influence the variability in tumour compositions across the different realisations.

In order to examine the effect of varying the mutation probabilities and relative growth

rates of the resistant cells to the sensitive cells, we restrict attention to the fixed values

of the cell division and death rates.

To summarise, our stochastic modelling framework comprises of the system of cellular

reactions summarised in Table 3.2.1 with parameter values given in Table 3.2.2, and

initial conditions prescribed in chapter 2.

3.2.3 Stochastic process simulation

We simulate the stochastic process using the τ -leap method with adaptive τ selection,

a method presented by Cao et al. [17]. Details of the algorithm are given in the section
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Param. Description Default
value

Parameter
range Units

µ
Intrinsic probability of muta-
tion per cell division 10−6 [10−8, 10−6, 10−4] dim.

δ
Relative growth rate of resis-
tant cells to sensitive cells 1 [0.5, 1, 1.5] dim.

bS Rate of cell division of S cells 0.156 fixed day−1

bR1 Rate of cell division of R1 cells bSδ see δ day−1

bR2 Rate of cell division of R2 cells bSδ see δ day−1

bR12 Rate of cell division of R12 cells bSδ see δ day−1

σ
Birth to death rate ratio, bX

dX
for X ∈ {S,R1, R2, R12}

1.05 fixed dim.

dS
Rate of natural cell death of S
cells bS/σ fixed day−1

dR1

Rate of natural cell death of R1

cells bR1/σ see δ day−1

dR2

Rate of natural cell death of R2

cells bR2/σ see δ day−1

dR12

Rate of natural cell death of
R12 cells bR12/σ see δ day−1

rS

Net growth rate of S cells (cell
division rate minus natural cell
death rate)

bS(1− 1/σ) fixed day−1

rR1 Net growth rate of R1 cells bR1(1− 1/σ) see δ day−1

rR2 Net growth rate of R2 cells bR2(1− 1/σ) see δ day−1

rR12 Net growth rate of R12 cells bR12(1−1/σ) see δ day−1

K Carrying capacity 5× 108 fixed cells

θ1
Effect of drug one for cyto-
static in protocol A 0.02 fixed dim.

θ1
Effect of drug one for cytotoxic
in protocol B 0.6 fixed dim.

θ2
Effect of drug two for cyto-
static in protocol A 0.02 fixed dim.

θ2
Effect of drug two for cytotoxic
in protocol B 0.6 fixed dim.

Table 3.2.2: Default parameter values, descriptions and their respective units (for refer-
ences motivating these parameter values, see chapter 2). All model parameters are fixed
except for the mutation probability, µ and, δ, the relative growth rate of the resistant
cells to the growth rate of the sensitive cells. Dim. denotes dimensionless.
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3.3 and are summarised below.

On a given time step, τ , the number of events (births, deaths and mutations) that

occur within each cell population is Poisson distributed with a mean, equal to the product

of the event propensity (given in Table 3.2.1) and the time step, τ . At the end of this

time step, the time is updated and the state vector (Λn+1) is updated based on the net

effect of all birth, death and mutation events that have taken place within a given cell

population. Event propensities are also updated to account for changes in cell numbers

and, a new time step, τ is calculated, whose value is bounded such that no appreciable

change in values of propensity functions will take place within the next time step. For

a given realisation of our model, we simulate our model from the tumour’s initiation

(S(0) = 100 and R1(0) = R2(0) = R12(0) = 0 (cells)) until it reaches a detectable

size of 108 cells. At this time, the tumour either, continues to grow untreated, or,

treatment is applied. All simulations end 25 years after the tumour has reached a

detectable size (diagnosis). Treatment for 25 years is not realistic in a clinical setting

as adverse toxicity events can occur when treating patients with TKIs and further, the

patient will not live this long. However, we are interested in the qualitative behaviour

of the solutions of the stochastic model. In particular, we are interested in how tumour

cell dynamics and composition differ when different tumour-specific properties, coupled

with stochasticity are considered. Analysis of the stochastic model can pave the way

for future investigations. If time-course data of tumour composition over time were

to become available, we could attempt to validate the stochastic model and consider

realistic timescales in line with the time-course data.

We apply the same treatment protocols A and B to the tumours, as in chapter 2.

• Protocol A involves the simultaneous and continuous application of two TKIs,

at moderate doses. Protocol A is applied until progression occurs. Progression

is when the total tumour population size reaches 120% that of the total tumour

population at diagnosis (i.e. when the total tumour population at progression

equals 1.2 × 108 cells). Simultaneous and continuous drug application describes

the case in which the drug parameters, θ1 and θ2 are both constant and fixed at

values greater than zero (θ1 = 0.02 and θ2 = 0.02) for the period of time in which
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the tumour has not progressed. Hence, on a daily basis, the amount of the drugs

do not vary from the fixed values, θ1 = 0.02 and θ2 = 0.02.

• Protocol B involves the simultaneous and continuous application of two TKIs at

high doses for a period of 1 week followed by a 3-week break; this cycle is repeated

over the course of a year. Analogous to Protocol A, when drugs are applied, on

a daily basis, drug parameters, θ1 and θ2 are constant and fixed at values greater

than zero (θ1 = 0.6 and θ2 = 0.6) and are fixed at values θ1 = 0 and θ2 = 0 when

the drugs are not applied.

For computer simulations in which treatment is applied at diagnosis, we employ

protocol A as a first-line treatment until progression occurs. We then switch to protocol

B, as a second-line treatment. The drug effect parameters, θ1 and θ2 for drugs one and

two, respectively, are held fixed at values which depend on whether protocol A or B is

being administered (see Table 3.2.2).

For a given realisation of our model, we record the following times and the values of

the proportions of R12 cells in the tumour, denoted by pR12 , at those times:

• Diagnosis (S +R1 +R2 +R12 = 108 cells).

• Progression on first-line treatment (protocol A), when total tumour population, at

progression, equals S+R1+R2+R12 = 1.2×108 cells). We also record progression

times and pR12 values at progression, in untreated tumours.

• Progression on second-line treatment (protocol B), when the tumour population

returns to its size at the start of second line treatment (S+R1+R2+R12 = 1.2×108

cells).

In order to increase the clinical relevance of our studies, we focus on tumour sizes that

are observed in the clinic (108 cells at diagnosis [34]) and employ mutation probabilities

(as low as µ = 10−8) that are taken from the literature (see Table 3.2.2). Within these

tumours with low mutation probabilities, the number of R12 cells may be very small

and, therefore, subject to random fluctuations. These may drive variation in tumour

cell dynamics across model simulations.
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Deterministic model simulation

We simulate the deterministic model, presented in chapter 2, in addition to simulating

the stochastic model. We refer the reader back to chapter 2 for details of the determin-

istic model. When simulating the deterministic and stochastic models, so as to compare

the tumour dynamics across the two frameworks, we employ the same parameter values

and we fix birth and death rates in the deterministic model, thus neglecting population

dependent birth-rates. We also record the key stages of tumour growth and treatment

response (i.e. pR12 values at diagnosis and at progression on first and second line treat-

ment and progression times) for the deterministic model simulations (see above).

3.3 Methods

We refer the reader to section 2.3 in chapter 2 of the thesis for details on both, how we

simulate the deterministic model and how we plot the results.

3.3.1 Stochastic simulation algorithm

Before we present the algorithm used in this chapter to simulate our stochastic model,

we outline Gillespie’s stochastic simulation algorithm (SSA) and the τ -leaping method,

from which our algorithm is derived [46, 47]. The SSA is an exact numerical method for

simulating a well-mixed system of reactants whereby a single reaction takes place in a

given time step. The SSA is therefore computationally expensive for large systems (e.g.

tumour cell populations made up of 108 cells) as the calculated value of the time step,

τ , is proportional to (1/a0(c)) where a0(c) is the sum of all the propensity functions.

The τ -leap method is an approximation of the SSA which allows for larger systems

to be simulated as multiple reactions can take place in a given time step. The τ -leap

method results in quicker computation times, at the cost of accuracy. The number of

events that occur during time step, τ is approximated by a Poisson random variable,

with mean aj(x)τ , where aj(x) describes the propensity function associated with the

reaction Rj .

We will now go into more detail about the τ -leaping method. The method assumes

the following Leap Condition: For the current state, Λn, τ must be small enough that
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the change in the state during times, t and t+ τ , will be small such that, no propensity

function will suffer an appreciable change in its value [47]. By this it is meant that

during the entire interval [t, t + τ), for a given reaction, Rj , its propensity function,

aj(x), will remain essentially constant [47], that is, for any infinitesimal increment, dt,

such that t + dt ∈ [t, t + τ), aj(x)τ will give the probability of the reaction, Rj firing,

regardless of what the other reactions are doing [47].

A number of variants of the τ -leap method have been developed; the simplest assumes

a fixed value of τ throughout [17]. A shortcoming in using a fixed value of τ is that,

reactants at low copy numbers will have small values of propensity functions associated

to them. Conversely, reactants with large copy numbers will have relatively large values

of propensity functions. Hence, a large, predefined fixed value of τ may incur a large

error, relative to the SSA, in the updated number of reactants with low copy numbers

on a given time step. With this large change, the Leap Condition may therefore, not be

met. A small fixed value of τ however, will increase the accuracy of the τ -leap method

relative to the SSA yet, at the cost of longer computational times.

Tumours modelled in this chapter contain multiple subpopulations of cells with differ-

ent sizes. To address this, we simulate our model using a τ -leap approximation method,

with adaptive τ calculation, proposed by Cao et al. [17]. In this algorithm, at the end of

each time step, τ is calculated such that relative changes in the propensity functions are

uniformly bounded by a predefined tolerance parameter, ε (0 < ε � 1). This ensures

that the Leap Condition is met for each time step. The algorithm also prevents cell

populations from becoming negative (this may occur if more deaths fire in a given time

step than cells in the population) by employing a positive integer control parameter,

nc. Any reaction channel (for example, cell death of S cells) that is within nc firings

of exhausting the cell type is classified as a critical reaction. This τ -leaping procedure

calculates values of τ such that, no more than one firing of a critical reaction will take

place during the leap. Essentially, the algorithm simulates the critical reactions using

the SSA and the non-critical reactions using the Poisson tau-leaping method. If a large

nc value is assumed, so that all reactions are critical, the modified Poisson τ -leaping

procedure is effectively the SSA.
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We summarise the steps of the algorithm here and we refer the reader to [17] for a

more detailed description of the algorithm. Suppose we are at the nth time step and the

state vector of the stochastic process is Λn = [S,R1, R2, R12].

1. In state, Λn at time tn, identify the critical reactions (critical reactions are defined

above). This involves determining the maximum number of times, Lj , the reaction,

Rj can fire before exhausting all its reactants. Any reaction is deemed critical if

Lj < nc. Go to step 2.

2. Compute the candidate time leap value, τ ′ where, if all reactions are critical re-

actions, take τ ′
= ∞ and go to step 3. Otherwise, compute a value of τ ′ that is

based on only the non-critical reactions (shown in step 2 in [17]) and go to step

3. The value of τ ′ is calculated such that the relative change in all the propensity

functions is bounded by the tolerance parameter, ε. The value of τ ′ is the largest

permissible time step for the non-critical reactions.

3. If τ ′ is less than 1
10(a0(x))

where a0(x) is the sum all the propensity functions,

execute 100 steps of the Gillespie algorithm and return to step 1. Else, go to step

4.

4. Compute ac0(x), the sum of the propensity functions of all the critical reactions.

Generate a second candidate τ ′′ as a sample of the exponential random variable

with a mean 1/ac0(x). τ ′′ is an estimate of the time to the next reaction.

5. Take the actual time step, τ to be the smaller of τ ′ and τ
′′ . Set the number of

firings for each reaction accordingly:

If τ ′
< τ

′′ , take τ = τ
′ . No critical reactions will fire in this time step and

the number of firings of the non-critical reactions is sampled from the Poisson

distribution with mean aj(x)τ , where j is the index for a non-critical reaction, Rj .

If τ ′′ ≤ τ
′ , take τ = τ

′′ . Randomly select the index of a critical reaction,

jc, by sampling from a distribution of indices of the critical reactions with point

probabilities aj/ac0(x). Allow only the reaction with index jc to fire once and ensure
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all other critical reactions do not fire. For all non-critical reactions, generate the

number of firings as a sample of the Poisson distribution with mean aj(x)τ .

6. Update the number of reactants. If there is a negative reactant number, reduce τ ′

by half and return to step 3. Otherwise complete the leap by updating τ ← t+ τ

and return to step 1. Else, stop.

In the appendix, we present results of convergence analysis that we performed to

determine the appropriate values of the tolerance parameter, ε for use in the algorithm

such that the τ -leap method is accurate to the SSA.

3.4 Results of untreated tumour growth with stochasticity

In this subsection, we address research question (i), given in the introduction of this

chapter; in an untreated tumour, how does variation (within a set of stochastic repeats)

in cellular dynamics over time and in levels of pre-existing resistance at diagnosis, differ

when different values of the mutation probability, µ, and the relative growth rates of the

resistant cells (to sensitive cells), δ, are employed in the model? For each set of µ and

δ values, we simulate 7000 tumours, in the absence of drugs. Each stochastic process

continues for a period of 25 years from the time of diagnosis.

3.4.1 Typical stochastic simulations of untreated tumour growth

To illustrate the behaviour of the stochastic model, in Figure 3.4.1, we plot 10 realisations

of the stochastic model, describing untreated tumour cell populations over time, for a

range of µ and δ values. We also include the solutions of the deterministic model (see

chapter 2) in which we employ the same parameter values as in the stochastic model.

For solutions of the ODE model (thick coloured lines with black borders) presented

in Figure 3.4.1, S cells (blue lines) grow initially followed by the growth of R1 (orange

lines) and R2 (green lines) cell populations due to mutations taking place into these cell

compartments from the S compartment. Mutations take place from the R1 and R2 cell

populations to the R12 (pink lines) compartment and we observe an increase in the R12

population. Solutions of cell populations simulated using the stochastic model are shown

as thin coloured lines in Figure 3.4.1. For the stochastic and ODE model simulations, we
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Figure 3.4.1: Typical stochastic simulations (10 realisations) and the deterministic model
solution describing untreated tumour cell dynamics for a range of values of µ and δ.
Thick lines with black borders represent the solution of the ODE. Thin lines represent
stochastic realisations. The y-scale is plotted using the symmetric logarithmic scale
which is logarithmic for cell populations with numbers greater than 1 and linear for
cell populations less than 1. Hence, populations with no cells are plotted. Key: blue
represents S cells, orange; R1 cells, green; R2 cells and pink; R12 cells. Parameters: all
model parameters are fixed at the default values stated in Table 3.2.2, with the exception
of µ and δ; their values are indicated on each subplot.

observe qualitatively similar solutions of cell population over time whereby, for µ > 10−8,

we observe an increase in the S population followed by an increase in the R1 and R2

populations and, finally, an increase in the R12. At long times, the S population is the

largest followed by the R1 and R2 populations, and finally, the R12 population.

In Figure 3.4.1(f), where µ = 10−6 and δ = 1.5, we observe large variation across

stochastic solutions. We observe large variations in R1 (orange thin lines) and R2 (green

thin lines) cell populations over time, across the 10 stochastic realisations and we observe
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large variation in these cell numbers about the ODE solutions (thick lines with black

borders). At time t = 5 years, the variation in the number of R1 cells across the 10

realisations spans the range from approximately 105 to 108 cells. For δ ≤ 1 however

(Figures 3.4.1(d)-(e)), the variation in the number of R1 and R2 cells is less pronounced.

Taken together, these results suggest that higher growth rates of resistant cells give rise

to larger variation in cellular dynamics across stochastic realisations.

In Figure 3.4.1(d), for µ = 10−6 and δ = 0.5, solutions of the stochastic model show

the S cells to become extinct within a year of tumour initiation, for one realisation.

Further, in Figures 3.4.1(d)-(e), where µ = 10−6 and δ ≤ 1, fluctuations in R12 numbers

that are simulated from the stochastic model persist for t < 20 years across the 10

realisations due to random mutations and extinction events.

In Figures 3.4.1(c) and (f), where δ = 1.5 and µ ≤ 10−6, the ODE model (thick lines

with black borders) predicts higher numbers of resistant cell populations (the R1, R2 and

R12 cell populations) than the majority of solutions generated using the stochastic model

(thin coloured lines). For example, in Figure 3.4.1(f), at t = 10 years, the ODE model

predicts an R12 population (pink thick line with black border) of 105 cells, whereas the

stochastic realisations of the R12 population (pink thin lines) generated by the stochastic

model present cell population sizes between 10 and 104 cells.

In Figure 3.4.1, we observe, as values of µ and δ vary, large differences in the size

of the cell populations, generated from the ODE and stochastic models. In particular,

differences in the size of theR12 population vary considerably for µ = 10−8 and µ = 10−6.

We attribute this to the size of the R1 and R2 populations whereby larger populations

(as a result of higher mutation rates) will result in an increased mutational flux into

the R12 compartment. Based on these results, we can speculate that there is a critical

value of µ that will result in fully drug-resistant cells being present in the tumour and

we speculate that this critical value will depend on the carrying capacity. For example,

in Figure 3.4.1, we assume a carrying capacity of K = 5×108 cells. For µ = 10−8, when

the S cells have reached sizes close to carrying capacity, a higher rate of mutational flux

into the R1 and R2 compartments (and hence, into the R12 compartment) will occur.

Conversely, if we were to assume a carrying capacity of K = 106 cells and a probability
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of mutation, µ = 10−8, when S is large and close to carrying capacity, we would expect

far fewer R1 and R2 cells and possibly no R12 cells. Hence, we speculate that a critical

value of µ, from which R12 cells are present in the tumour, will greatly depend on the

probability of mutation and the maximum size the tumour can reach.

For changes in δ, in Figure 3.4.1, for the ODE and stochastic model solutions we

observe similar cellular dynamics for δ = 0.5 and δ = 1 compared to when δ = 1.5. For

both ODE and stochastic models, larger values of R12 cells are present when δ = 1.5

compared to when δ = 0.5 and δ = 1. Based on these results, we could speculate that

δ = 1 is a critical value whereby we observe a noticeable increase in the R12 population

for δ > 1 relative to when δ ≤ 1. However, with respect to the number of R12 cells,

changes in the value of µ has a more substantial impact on the response of the R12 cells

whereby we observe larger changes in the size of the R12 population as µ varies relative

to when δ is varied.

3.4.2 Quantifying variability in tumour cell dynamics

For a given set of values of µ and δ, we quantify the variability in the tumour dynamics

by calculating,

vu = 100× standard deviation
median

, (3.4.1)

across a set of 7000 stochastic simulations, at every 20 days. The results are presented

in Figure 3.4.2. We do not plot values at which the median cell number is equal to zero.

In Figure 3.4.2, for µ ≤ 10−6 (top and middle row in Figure 3.4.2), the spread in S,

R1 and R2 cells is calculated for different values of δ (growth rate of resistant cells to

sensitive cells). We observe that, at time t = 10 years, for low mutation probabilities

(µ = 10−8), variation in numbers of R1 and R2 cells span 3 orders of magnitude: for

δ = 0.5, vu ≈ 10 whereas, for δ = 1.5, vu ≈ 104. As µ increases, variation in R1, R2

and R12 decreases. We attribute this to an increase in the mutational flux for higher

values of µ. This in turn, enables the resistant cells to increase to sizes beyond which

they would be affected by random fluctuations.
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Figure 3.4.2: The standard deviation about the median (×100) of 7000 stochastic sim-
ulations plotted as a percentage for values of µ and δ. Each row represents a different
value of µ (µ = 10−8 in top row). For each subplot, values of δ = 0.5, δ = 1 and δ = 1.5
are presented as dotted, dashed and block lines, respectively. Parameters: for non-varied
model parameters, default values are given in Table 3.2.2 are employed. Ranges of values
of µ and δ are also given in Table 3.2.2. For µ = 10−8 and cell line R12, no values are
plotted as the median remained zero for all time.

Our results suggest that, when mutations are sporadic (low values of µ) and re-

sistant cells have growth rates larger than sensitive cells (high values of δ), resistant

cells are more likely to increase to where they are less sensitive to random fluctuations.

Conversely, resistant cells with smaller growth rates are less likely to reach such sizes.

Recalling research question (i), we conclude that large variation in untreated cell dynam-

ics is observed for low values of µ and large values of δ. We deduce further that, in these
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parameter regimes, the stochastic simulations will differ markedly from the solution of

the deterministic model.

3.4.3 Quantifying variability in resistance at diagnosis

We continue to address research questions (i) and (iii) and, using our stochastic model,

examine how changes in values of µ and δ impact variability in the proportion of fully

drug-resistant cells in a tumour at diagnosis. For the stochastic and ODE models, for

range of values of δ and µ, we simulate tumours until diagnosis (108 cells). At diagnosis,

we record the mean, median, standard deviation/median of the proportion of R12 cells

(denoted by pR12) across those of the 7000 stochastic realisations that have reached

diagnosis (we note that less than 1% of tumours became extinct prior to diagnosis). We

calculate pR12 values, predicted by the ODE model, for the same range of values of µ

and δ, by simulating the ODE model until the total tumour population reaches 108 cells.

We also estimate the probability of R12 cells being present at diagnosis, by calculating

the proportion of stochastic realisations which contain at least one R12 cell. Our results

are presented in Figure 3.4.4. We also plot histograms of pR12 values at diagnosis for µ

in [10−8, 10−6, 10−4] and δ = 1.5, in Figure 3.4.3.

We regard the median as a more informative measure than the mean, when inter-

preting values of pR12 due to the following reasons. If a large number of realisations

have no R12 cells at diagnosis (see Figure 3.4.3(a)), then the mean value of pR12 will

be skewed by a small selection of realisations with high values of pR12 , relative to the

remaining realisations. Figure 3.4.3 illustrates the skewed distributions of values of pR12

at diagnosis.

The results presented in Figure 3.4.4(a) show that at least one R12 cell will be present

at diagnosis when µ = 10−4, for all values of δ. Conversely, for µ = 10−8 and δ < 1.5, no

stochastic simulations contain R12 cells. In Figure 3.4.4(b), for µ = 10−6 and δ = 1.5,

the ODE model predicts values of pR12 = 2.8 × 10−5 and yet, only 56% of tumours

generated using the stochastic model contain R12 cells (Figure 3.4.4(a)). Whether or

not fully drug-resistant cells are present could have a significant effect on a tumour’s

response to treatment. Recalling research question (iii), we conclude that using an

ODE model to predict such levels of resistance can be misleading. Especially when the
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Figure 3.4.3: Histograms of values of pR12 at diagnosis for values of µ in [10−8, 10−6, 10−4]
and δ = 1.5.

relative growth rates of the drug-resistant populations are higher than the drug-sensitive

populations.

In Figure 3.4.4(c), the median values of pR12 are presented for a range of values of µ

and δ. We observe that, the median value of pR12 increases as the relative growth rate of

the resistant cells (δ) and the mutation probability (µ) increases, attaining its maximum

value of pR12 = 0.0123 when µ = 10−4 and δ = 1.5 . These findings corroborate those

presented in chapter two (see Figure 2.4.3).

In Figure 3.4.4(d), for high mutation probabilities (µ = 10−4), the spread (standard

deviation/median) in pR12 values about the median increases as δ decreases, changing by

an order of magnitude as δ decreases from δ = 1.5 to δ = 0.5. We observe considerable

spread for µ = 10−6 and δ = 1.5 with a value of 3928. We speculate however that,

values of (standard deviation/median) are heavily skewed when the median is small

and there exist realisations with large pR12 (see Figure 3.4.3(a)). We address this by

calculating the quartile coefficient of variation, QV C = (Q3 − Q1)/(Q3 + Q1) where

Q1 and Q3 denote the lower and upper quartiles of a given distribution of pR12 values

(see Figure 3.4.4(f)). We employ QV C as it is not influenced by values of pR12 that lie

beyond the interquartile range. In Figure 3.4.4(f), we observe large dispersion values of

(QV C = 0.058) for δ = 1.5 and lower dispersion values of (QV C = 0.036) for δ = 1

and (QV C = 0.035) for δ = 0.5. Conversely, we observe increasing values of standard

deviation/median for decreasing values of δ and µ = 10−4 (see Figure 3.4.4(d)) because

it uses pR12 values that lie outside the interquartile range. For all parameter values, such
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Figure 3.4.4: (a) Probability of R12 cells present at diagnosis across simulations in which
diagnosis occurs for a range of µ and δ values. (b) Predicted pR12 values generated
using the ODE model. (e)-(f) Statistics of the proportions of pre-existing fully drug-
resistant cells (pR12) for a set of stochastic realisations; (c) median and (d) standard
deviation/median, (e) standard deviation, (f) Quartile coefficient of variation, QV C =
(Q3−Q1)/(Q3 +Q1) where Q1 and Q3 denote the upper and lower quartiles of a given
distribution of pR12 values. Blank squares correspond to probabilities equal to zero and
means and median values equal to zero. In (a), white squares indicate cases where the
probability is equal to zero. In (b), white squares indicate cases where the value of the
ODE is less than 10−8 (i.e. no R12 cells present). In (c)-(d), white squares indicate cases
where the median is equal to zero.
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deviations presented in Figure 3.4.4(d) and (f) are large enough to highlight the ODE

model is not appropriate when predicting resistance proportions within a tumour.

To summarise, through examination of the model, we are able to answer research

question (i); we have found that variability in pR12 values at diagnosis increases as δ

increases and µ decreases.

In response to research question (iii) (what regions of the parameter space do the

stochastics deviate from the ODE solution), we have demonstrated that an ODE system

may not always be appropriate for predicting pre-existing resistance proportions; in cer-

tain regions of parameter space, it always predicts resistance, whereas, when stochastic

effects are considered, only a selection of tumours may have doubly resistant popula-

tions. At this stage, we can only hypothesise that the ODE is not a suitable choice of

model relative to the stochastic model as predictions made by our models are not vali-

dated. To know which model is appropriate would require validation of both the ODE

and stochastic models. Such validation would require high-resolution data describing

the number of cells in populations within a tumour.

Our results illustrate how tumour-specific properties, when coupled with stochastic

effects, can have profound effects on a tumour’s composition and it’s growth dynamics.

In the next section, we investigate how the mutation probability, µ affects the variability

in treatment outcomes.

3.5 Results of treatment response with stochasticity

In this section, we address research question (ii): how does variation (within a set of

stochastic repeats) in treatment response differ for different mutation probabilities? We

generate 2623 stochastic realisations for each value of µ in [10−8, 10−6, 10−4]. We fix

δ = 1. For simplicity, we focus on varying µ only, because values of the probability

of mutation per cell division, reported in the literature, vary greatly [99, 48]. For each

stochastic realisation, when the tumour reaches diagnosis (108 cells), we apply first-

line treatment via protocol A. If progression occurs during first-line treatment, then we

switch to protocol B. Treatment is applied for a period of 25 years from the time of

diagnosis.
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3.5.1 Typical stochastic simulations of treated tumour cell dynamics

For each value of µ, we randomly select 10 realisations to illustrate the range of dynamics

that occur during treatment when stochastic effects are considered. These realisations

are presented in Figure 3.5.1. The solution of the deterministic model is also included,

to facilitate comparison of the stochastic and deterministic models.

Figure 3.5.1: A selection of 10 stochastic simulations and ODE solutions of treated
tumour growth dynamics for 3 values of the mutation probability, µ. Treatment with
protocol A commences at diagnosis and is followed by protocol B when progression
occurs on protocol A. Key: Blue represents S cells, orange; R1 cells, green; R2 cells
and pink; R12 cells. For a given cell line, block thick lines represent the solution of
the deterministic model (see chapter 2). Thin lines represent a stochastic simulations.
Parameters: for non-varied model parameters, default values are given in Table 3.2.2
are employed. Ranges of values of µ are also given in Table 3.2.2 and values of µ are
indicated in subplot titles.

In Figure 3.5.1, variation in the number of R1, R2 and R12 cells over time increases

as µ decreases. This is because increased randomness in mutation events leads to larger

variation in tumour cell dynamics (as seen in section 3.4.2), which, in turn, increases the

variability in the times to progression during first-line treatment. In particular, when

µ = 10−8, in Figure 3.5.1(a), the proportion of the R12 cells predicted by the ODE

model is considerably larger than that observed for the stochastic realisations at early

times.

In Figure 3.5.1(b), for µ = 10−6, the S population becomes extinct at approximately

t = 17 years, after the tumour has undergone second-line treatment. This is because

the high dose, second-line treatment significantly reduces the size of the S population

(102 cells at the end of second-line treatment), making them vulnerable to random
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fluctuations; a real world phenomenon that is not captured by a deterministic model.

3.5.2 First and second-line treatment response

For each value of µ, we simulate 2623 stochastic simulations. For each realisation, we

record the progression times on first (protocol A) and second-line treatment (protocol

B) and the proportions of R12 cells at these times. Results are presented as box plots

in Figure 3.5.2. We also include progression times and pR12 values at progression for

untreated tumours. For comparison, we include the progression times and pR12 values

at progression generated from the deterministic model.

When simulating the stochastic model, the computation time for a single simulation

varied for different values of µ. For example, for µ = 10−8, 7213 simulations were

completed, for µ = 10−6, 3455 were completed and for µ = 10−4, 2623 simulations were

completed. We attribute this to the stochastic algorithm itself whereby the τ value is

calculated based on the relative sizes of the cell populations in the tumour. Changes

in µ will result in different cell population sizes in the tumour and the step sizes will

therefore depend on the value of µ. We select 2623 as the number of simulations as this

is the maximum number of completed simulations for µ = 10−4 and we require the same

number of simulations when analysing the differences in responses as µ varies.

In Figures 3.5.2(b) and (c), we observe larger variation in progression times on first

and second-line treatment across stochastic simulations as µ decreases. We also observe

larger differences between the ODE and the stochastic model, which partially answers

research questions (i) and (iii). We ascribe the variation in progression times to the

increased variation in values of pR12 at progression on first and second-line treatment,

which we investigate further below using Figures 3.5.3 and 3.5.4. In particular, for lower

values of µ, the corresponding values of pR12 from the stochastic model are much smaller

than those from the ODE model.

In Figure 3.5.3, we present a 2D plot showing, for a fixed value of µ, the relationship

between the values of pR12 at diagnosis and the time to progression on first-line treatment

for each of the 2623 stochastic realisations.

In Figure 3.5.3, for µ = 10−8, there are no data points as none of the tumours

contained R12 cells at diagnosis. For µ = 10−4, quicker times to progression correlate
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Figure 3.5.2: Box plots of progression times (from diagnosis) and pR12 values at progres-
sion on first and second-line treatment. Box plots: orange lines represent the median.
The box indicates the interquartile range (IQR) ranging from the lower quartile (25th
percentile) to the upper (75th percentile) quartile. The bars indicate 1.5× the upper and
lower quartiles and black circles indicate values greater or less 1.5× the upper and lower
quartiles. Green crosses indicate the mean of the distribution of values recorded from
2623 stochastic simulations. We include progression times and pR12 values for untreated
tumours generated by the ODE and present these predicted values using cyan squares.
Parameters: for non-varied parameters, default model parameters presented in Table
3.2.2 are employed.

with larger values of pR12 at diagnosis. For µ = 10−6, the negative correlation between

pR12 at diagnosis and time to progression is weaker.

In chapter 2, we speculated that tumours with higher levels of resistance at progres-

sion on first-line treatment will have reduced response to second-line treatment. We

investigate this in Figure 3.5.4 where, for each stochastic realisation, we explore the

correlation between the time to progression, on, or after, second-line treatment from the

start of second-line treatment and the value of pR12 at progression on first-line treat-

ment. For µ ≥ 10−6, we observe a strong negative correlation. For µ = 10−8 and

values of pR12 ≤ 10−5, we observe progression times of approximately 3.5 years from the

start of second-line treatment which suggests that R12 cells at low levels at the start of
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Figure 3.5.3: Progression times on first-line treatment (from the time of diagnosis) ver-
sus the proportion of R12 values at diagnosis from 2623 stochastic simulations. Blue
crosses indicate results from the stochastic framework. Magenta crosses indicate the so-
lution from the ODE. Parameters: for non-varied parameters, default model parameters
presented in Table 3.2.2 are employed.

Figure 3.5.4: The duration of time from the start of second-line treatment to progression
on, or after second-line treatment versus the proportion of R12 values at the start of
second-line treatment, generated from 2623 stochastic simulations. Blue crosses indicate
results from the stochastic framework. Magenta crosses indicate the solution from the
ODE. Parameters: for non-varied parameters, default model parameters presented in
Table 3.2.2 are employed.

second-line treatment do not greatly affect the response to second-line treatment. For

µ = 10−8, if values of pR12 ≥ 10−5 at progression on first-line treatment, we observe

a strong negative correlation between pR12 at progression on first-line treatment and

time to progression on second-line treatment. For all values of µ, there is a noticeable

deviation between the ODE value and the stochastic values, however, markedly different

results are shown for values of µ ≤ 10−6.

To summarise, with regard research question (ii), we conclude that the mutation rate

has a considerable effect on the variability in response across stochastic realisations, with

larger variability observed for smaller values of µ. In reference to research question (iii),

we conclude that, due to small variability in stochastic realisations and good agreement
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with progression times and proportions of R12 cells at progression on first and second-line

treatment, the ODE provides a good approximation to the stochastic model for values

of µ = 10−4. However, for smaller values of µ, the increased variability in treatment

response and large discrepancies between the ODE and the stochastic simulations, render

the ODE less reliable and the stochastic model more informative.

3.6 Discussion

In this chapter we extended our analysis of NSCLC tumour growth dynamics and the

effects of combination TKI treatment by considering the impact of stochasticity. We

developed a stochastic model based on the same assumptions as those used for the ODE

model. We posed the motivational questions at the start of this chapter and restate

them here.

i In an untreated tumour, how does variation (within a set of stochastic repeats) in

cellular dynamics over time, and in levels of pre-existing resistance at diagnosis, differ

when different values of the mutation probability and the relative growth rates of

the resistant cells (to sensitive cells), are employed in the model?

ii How does variation (within a set of stochastic repeats) in treatment response differ

for different mutation probabilities?

iii In what regions of the parameter space do outcomes from the stochastic model

deviate from those of the deterministic model, developed in chapter 2?

The simulations and analyses performed in this chapter have informed our answers

to these questions. We summarise below, our findings along with our answers to these

questions.

i Larger variation in cellular dynamics and resistant proportions at diagnosis were

observed in tumours with lower propensities to mutate, and, whose resistant cells

had higher growth rates relative to the sensitive cells.
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ii Changes in µ were shown to greatly influence the variability of progression times

and, pR12 values at progression on first and second-line treatment, within a set of

stochastic simulations.

iii For the untreated and treated cases, we conclude that the ODE is less informative

when making modelling predictions for smaller values of µ, as larger variation in

pre-existing resistance levels and treatment response was shown.

A large range of mutation probabilities are presented in the literature with values

of µ ≤ 10−6 [48]. Therefore, more studies considering the effects of stochastics when

modelling tumour growth with mutation and response to TKI treatment, would be

informative.

We simulated our model using the τ -leap method with adaptive step size calculation

[17]. A drawback of this method is the computational cost when simulating tumours

with vastly different cell population sizes. However, a benefit of this method, is that

physiologically motivated parameter values can be used and tumours with realistic cell

numbers can be simulated, which, to our knowledge, in a stochastic setting, has not

been implemented before. Therefore, we can directly compare the ODE and stochastic

models in which, clinically relevant parameter regimes are employed. Hence, the research

carried out in this chapter is of use when selecting an appropriate modelling framework

to investigate the response of NSCLC tumour to TKIs treatment.

A recent study presented by Hayford et al. uses in vitro models of tumour hetero-

geneity and stochastic simulations to understand the extent to which genetic, epigenetic

and stochastic effects influence tumour heterogeneity [56]. One conclusion reached was

that variability observed in a single cell line could be explained by intrinsic randomness

in cell division and death. Therefore, this study demonstrates that stochasticity can

drive tumour heterogeneity. In the clinic, diverse outcomes to TKI treatment in EGFR-

mutant NSCLC is observed [24]. However, determining the extent to which stochasticity

impacts variability in tumour composition and treatment response across patients in the

clinic is a difficult task and would require extensive data of tumour composition over

time. Gathering biopsies is invasive and such data is not readily available.
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Naturally, a broad range of treatments, applying TKIs in combination, can be con-

sidered. Due to the symmetric nature of our model, investigations into the alternation

of two TKIs would not only be feasible, but relevant as such clinical studies are ongo-

ing [119]. In the previous chapter, for a given set of model parameters employed, the

dynamics of R1 and R2 cells are the same. When stochastic effects are considered, this

is no longer the case. This loss of symmetry may contribute to increased variation in

response to treatment schedules in which TKIs are applied in an alternating fashion.

This is subject to future work and such treatment schedules are not considered in this

thesis.

To summarise, in this chapter we have identified regions of the parameter space in

which stochasticity plays a large role in tumour cell dynamics and treatment response.

Our modelling predictions have shown that a stochastic model may be more informative,

demonstrating variation in treatment response that should not be overlooked. Based on

our predictions made in this chapter, we propose ODE models, used to make predictions

on treatment response and the emergence of drug resistance, should be applied with cau-

tion and qualified by a consideration of stochastic models. However, validation of both

models using tumour cell data is required in order to make finite conclusions on model

suitability when modelling the emergence of drug resistance and treatment response. In

particular, this emphasises that the desired future transition to modelling supporting

decision making and personalised medicine in this area, requires the more difficult task

of parametrising and validating stochastic models.

In the next chapter, we move away from theoretical modelling frameworks and turn

to in vitro and in vivo preclinical data, describing NSCLC tumour growth in the absence

of TKIs. The data introduced in the following chapter provides a physical example of

the studies we have considered in chapters 2 and 3. We then proceed to develop models

with the appropriate level of complexity to represent the data. We also examine the

suitability of the models of in vitro cell growth to describe tumour growth in vivo.
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Appendix

3.A Convergence testing for identification of the optimal
tolerance parameter, ε in the τ -leap method with adap-
tive τ calculation

In this appendix, we present results of convergence testing of the τ -leap approximation

method, with adaptive τ calculation, which we use to simulate our stochastic model.

To determine our choice of tolerance parameter, ε, we compare distributions of

stochastic realisations, generated using the τ -leap approximation method and, using

the SSA. We consider values of ε ∈ {0.003, 0.004, 0.005, 0.01, 0.02, 0.03} with nc = 50

(nc denotes the critical reaction number (see section 3.3)). We use the two-sample

Kolmogorov-Smirnov (K-S) test to compare the distributions generated by the SSA and

the τ -leap method, for a fixed value of ε. We select a high value of ε = 0.03 as this value

is proposed by Cao et al. who presented the τ -leap approximation method used in this

thesis [17]. However, in the study presented by Cao et al., they consider population sizes

up to 104. In the main text of this thesis, we consider larger population sizes (> 108)

with tumours that consist of multiple cell populations which vary greatly in size. The

control parameter, ε bounds the calculated value of τ such that no time step is so large

that a large change in a small population may occur, resulting in an accurate approxima-

tion of the SSA algorithm. As our tumours consist of vastly different cell subpopulation

sizes, to ensure we minimise the error in the number of cells in a given cell population

relative to the gold standard SSA, we consider lower values of ε < 0.03 with a minimum

of ε = 0.003.

The K-S test is a non-parametric test, used to test whether or not two samples are

drawn from the same distribution that is assumed to be continuous. For each time

step, we compare the distribution of cell numbers, generated by the SSA and τ -leap
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3.A. CONVERGENCE TESTING FOR IDENTIFICATION OF THE OPTIMAL
TOLERANCE PARAMETER, ε IN THE τ -LEAP METHOD WITH ADAPTIVE τ

CALCULATION

parameter value units
α 0.05 day−1

β 1 dimensionless
δ 1 dimensionless
γ 1 dimensionless
σ 3 dimensionless
K 106 cells
µ 5× 10−4 dimensionless

Table 3.A.1: Parameter values employed in the model for convergence testing of the
τ -leap algorithm. Descriptions of model parameters are given in Table 3.2.2.

approximation method, by calculating the K-S statistic which is defined as,

Dn,m = sup
x
| Fn(x)−Gm(x) |,

where Fn(x) is the cumulative distribution of n samples (samples are cell numbers at

a given time) generated using the SSA. Gm(x) is the cumulative distribution of m

samples (samples are cell numbers at a given time) that were generated using the τ -

leap approximation method. sup is the supremum function.

The null hypothesis; stating that two samples are of the same distribution, is rejected

at significance level α̂ if,

Dn,m > c(α̂)
√

(
n+m

nm
),

where n and m are the sizes of the first and second sample, respectively, and where

c(α̂) =
√

(− ln(α̂/2)/2) = 1.628

is calculated from the inverse Kolmogorov distribution at significance level α̂ = 0.01.

We use the SSA to generate 7000 simulations of our stochastic model. These simu-

lations describe the growth of an untreated tumour for 150 days. We do the same using

the τ -leap method for each value of ε. We employ model parameter values presented in

Table 3.A.1.

For a given cell line, at each time point, we calculate the K-S statistic of the distri-

butions of cell numbers. Therefore, we yield a set of K-S statistics for a range of time

points and we present results in Figure 3.A.1.

In Figure 3.A.1, ε = 0.005 (black block line) is the largest value of the tolerance

parameter that yields K-S statistics that satisfy the null hypothesis for all cells and for
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Figure 3.A.1: Kolmogorov-Smirnov (K-S) statistics over time for tumour cell popula-
tions. 7000 realisations of the SSA and τ -leap method are simulated where a range of
values of ε are considered in the τ -leap method. Key: coloured lines; different values of
ε, black horizontal dashed line; K-S statistic value corresponding to the null hypothesis.

all time. Hence, we employ control parameters, ε = 0.005 and nc = 50 in our the τ -leap

algorithm when simulating our stochastic model. We note that we applied the same

procedure for values of nc ∈ {2, 10, 20}, and found results did not differ markedly to

those presented in Figure 3.A.1.

In order to simulate the model using the SSA algorithm with reduced computation

time, we have considered smaller tumour populations with lower carrying capacity, K =

106 (in the main text, K = 5 × 108 (cells) is employed) and faster rates of cell growth

(α = 0.05 days−1 and σ = 3) than in the main text. We do not know whether the

same tolerance parameter (ε = 0.005) applies to those parameters that are employed in

the model. However, Cao et al. suggested a tolerance of ε = 0.03 in [17] whereas, we

use a value that is more than an order of magnitude smaller. Further, the adaptive τ

calculation step, in the algorithm, accounts for all tumour cell population sizes to ensure

the leap condition is met.
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Chapter 4

Modelling preclinical tumour
growth data

4.1 Introduction

In this chapter, our aim is to develop a deterministic model describing the growth of

untreated non-small cell lung cancer (NSCLC) cell lines. We consider in vitro tumour

growth data for a single cell line, that demonstrates clear sigmoid growth dynamics and

consists of large numbers of data points. Therefore, to model this data, we consider

models that are simpler than those developed in chapters 2 and 3 in that they possess

a level of complexity in line with the data and thus describe the growth of a single cell

line with a small number of parameters. We use these models to distinguish the growth

dynamics of four NSCLC cell lines by fitting the models to in vitro and in vivo data

sets.

Mathematical modelling can be used to infer the underlying biological mechanisms in

tumour growth and treatment response via the estimation of unique model parameters

when fitting models to data. However, the ability to estimate such parameters for a

given model and data set will depend on the following. Firstly, whether the model is

structurally identifiable. A structurally identifiable model is one in which distinct sets of

model parameters give rise to distinct model outputs in the best-case scenario in which

we have an infinite amount of noise-free data [36]. Structural identifiability analysis is

performed on a model prior to the consideration of the data set and is a useful and

necessary step in determining the appropriate level of model complexity (i.e. number

of identifiable model parameters), relative to the observables in the available data [125].
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A structurally non-identifiable model is one in which a set of model parameters can

be varied without changing the observed model output [115]. Practical identifiability

addresses the scenario in which noise within a data set and the number of available data

points affect our ability to estimate unique model parameters. Structural identifiability

analysis is a prerequisite to practical identifiability analysis and, even for a structurally

identifiable model, practical identifiability issues may arise, hindering our ability to

estimate parameters [115].

Predictions made using models that contain practically non-identifiable parameters

(i.e. parameters that can not be uniquely estimated to a sufficient level of accuracy

given the available data), can be misleading [36, 115]. Two solutions to practical non-

identifiability involve, (i) reduction in model complexity (e.g. fixing model parameters

or reparameterisation of the model), and/or (ii) additional data measurements. We

investigate the benefit of measuring additional data on increasing the identifiability of

models in the following chapter. In this chapter, we employ identifiability analysis to

carry out model selection where we consider a suite of increasingly complex models to

describe the in vitro data. We then use the profile likelihood method to assess the

practical identifiability of the model [115].

Information criteria and goodness-of-fit metrics are commonly used in the selection

of models to describe a given data set [2]. When fitting a model to data, the Akaike

information criterion (AIC) statistic of the fit rewards the model for its goodness-of-

fit yet, penalises models with increased complexity so as to avoid over-fitting and uses

a penalty term 2u, where u is the number of parameters. An alternative information

criterion statistic is the Bayesian information criterion (BIC) [122]. Analogous to AIC,

BIC penalises models with higher complexity (number of model parameters) yet, also

penalises models based on the amount of data the model is fitted to, whereby a larger

penalty is incurred for larger amounts of data. BIC employs a penalty term, u lnn,

where n is the number of data points. AIC and BIC give a single statistic of the

penalised goodness-of-fit of the models yet do not shed light on the underlying biological

mechanisms within the system of interest (e.g. tumour cell growth).

In this chapter, we use parameter estimation, information criteria/goodness-of-fit
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metrics and structural and practical identifiability approaches to carry out model selec-

tion from a set of five models that describe the growth of NSCLC cell lines in vitro.

We aim to select a model with appropriate complexity, given the data and to estimate

parameter values to compare the growth properties of different NSCLC cell lines.

3. Structural 
identifiability 
analysis of 
candidate 
models

5. Model 
selection 
based on 
practical 
identifiability 
analysis of 
selected 
models found 
in step 4

6. Investigations 
into the practical 
identifiability of 
the selected 
model found in 
step 5 using 
synthetic data 
sets

7. Model 
reduction - 
fixing model 
parameters 
to achieve 
practical 
identifiability

8. Uncertainty 
quantification of 
the reduced model 
fit to the in vitro 
data using MCMC

9. Model checks of 
our reduced, 
practically 
identifiable model 
and parameter 
estimation 

Workflow of chapter 41. In vitro and in 
vivo experimental 
data sets 
describing the 
growth of NSCLC 
cell populations

2. Model
development - 
candidate 
models with 
sigmoid growth 
curve dynamics

10. 
Assessing 
practical 
identifiability 
of our model 
applied in an 
in vivo 
setting

4. Initial 
model 
selection on 
the basis of 
information 
criteria/goo
dness-of-fit 
metrics

Figure 4.1.1: Schematic of the workflow in this chapter.

The workflow of this chapter is summarised in Figure 4.1.1 and we expand on the

workflow here.

1. We begin by presenting experimental datasets describing the growth of NSCLC

cell lines cultured in vitro and in vivo.

2. We present candidate models and perform model comparison by fitting the models

to the in vitro experimental data and comparing information criteria/goodness-of-

fit metrics.

3. We show all models to be structurally identifiable.

4. We select those two models which yield the lowest information criteria/goodness-

of-fit metrics.
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5. We uncover practical identifiability issues for both models (model parameters are

practically non-identifiable given the in vitro data) and, in so doing, illustrate that

information criteria/goodness-of-fit metrics alone may not be sufficient for model

selection when one aims to infer the biological properties of the model parameters

given the data. We proceed with the model which contains fewer practically non-

identifiable parameters.

6. We generate synthetic datasets from the selected model to assess the impact of

noise on the identifiability of model parameters and we find issues with practical

identifiability.

7. We construct parameter likelihood profiles to understand the relationship between

model parameters and the goodness-of-fit. This analysis guides our decision to fix

the non-identifiable model parameters in order to achieve practical identifiability

(i.e. all model parameters are practically identifiable).

8. We then assess the uncertainty of the model fit to the in vitro data using the

Bayesian technique for parameter inference, Markov chain Monte Carlo (MCMC).

We also assess the practical identifiability of the reduced model with fixed pa-

rameters using our MCMC results and we find results on practical identifiability

corroborate the results from the profile likelihoods. By sampling from the posterior

parameter distributions, we calculate the uncertainty of the model fit to the data.

9. We use the reduced model to compare the growth rates of four NSCLC cell lines

in vitro and check the suitability of the model fit to the data by plotting residuals

over time.

10. We apply our model to in vivo tumour volume growth curves and use profile

likelihoods to compare the practical identifiability of our model in the in vivo and

in vitro settings.

In section 1.2.1 in chapter 1, we discussed models that present sigmoid growth dy-

namics with increasing complexity (number of model parameters). Generalising these
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models to describe in vitro NSCLC tumour growth curves represents the novel aspects

of the modelling developed in this chapter.

The remainder of this chapter is structured as follows. In section 4.2, we describe

the in vitro and in vivo datasets. Model development takes place in section 4.3 where we

present five candidate tumour growth models. In section 4.4, we introduce the analytical

methods that we use in this chapter. We present our results in section 4.5. The chapter

finishes in section 4.6 where we discuss our findings and conclusions.

4.2 Experimental data

4.2.1 In vitro monoculture growth curves

Before we develop our mathematical models, we introduce the series of in vitro data

sets which were generated by our industrial collaborators at AstraZeneca and, which

motivate the work carried out in this chapter.

The in vitro datasets consist of growth curves of four epidermal growth factor receptor

(EGFR) activating, NSCLC PC9 variant cell lines. PC9 is a human lung adenocarci-

noma with an EGFR exon 19 deletion that can increase EGFR autophosphorylation and

promote cell survival through the selection of alternative survival pathways, therefore

driving the disease [135]. EGFR exon 19 deletions include many variants of the deleted

amino acid [135].

The four cell lines used in the in vitro experiments differ in their sensitivity to ty-

rosine kinase inhibitors (TKIs), osimertinib and gefitinib. The parental cell line PC9

(with the EGFR exon 19 deletion mutation) is sensitive to gefitinib and osimertinib; the

PC9VanR cell line carries the T790M mutation and an EGFR exon 19 deletion muta-

tion (the T790M mutation confers resistance to gefitinib). The PC9VanR cell line was

established in vitro from the PC9 cell line, by chronic exposure to vandetanib (trade-

name Caprelsa), a TKI applied in thyroid cancer [65].Using the genome editing tool,

CRISPR, the PC9VanR cell line was modified to produce two mutants, both expressing

the C797S mutation which confers resistance to osimertinib [114]. These mutant cell

lines are labelled SCD4 and SCB5 and both have T790M and C797S mutations. SCD4

has two copies of the EGFR gene, one has the C797S mutation included, the other does
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not. Hence, SCD4 cells express two versions of EGFR on the cell surface, one with

T790M and C797S mutations, making them resistant to both drugs, and the other with

the T790M mutation only, making them resistant to gefitinib. SCB5 cells have one type

of EGFR with the T790M and C797S mutations. A summary of these four cell lines,

their respective mutations and drug-sensitivities is given in Table 4.2.1. PC9VanR cells

are referred to as T790M cells for the remainder of this chapter.

Cell line Resistance mutations Drug-sensitivity Notation
PC9 – gefitinib and osimertinib PC9

PC9VanR T790M osimertinib T790M
SCD4 T790M+C797S – SCD4
SCB5 T790M+C797S – SCB5

Table 4.2.1: Summary of the properties of the four NSCLC cell lines used to generate
the in vitro datasets: cell lines and their respective resistance conferring mutations to
two TKIs, gefitinib and osimertinib.

4.2.1.1 In vitro experiment protocol

1. Cells were cultured on a 384 well plate.

2. Cells were seeded onto new plates at ∼ 4% confluence (4% of the area of the plate

was covered by the cells at the start of the experiment).

3. The cells were cultured in an incucyte machine for a period of 6 days. The degree

of confluence was measured every 4 hours and cells were grown to 100% confluence.

Live and dead cells contribute to confluence; however, individual live and dead cell

numbers are not recorded.

4. Each experiment was repeated three times.

We note that the in vitro data have not been published.

4.2.1.2 Data processing

For the purpose of studying the tumour cell dynamics, each data set (in units of con-

fluence) was converted to cell numbers by assuming that 4% confluence corresponds

to 2000 cells (personal communication, AstraZeneca). At 100% confluence, cells have
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formed a monolayer, covering the entire plate. The carrying capacity, K, is defined to

be the number of cells at 100% confluence.

Hence, we estimate

K =
2000

0.04
= 50000 cells. (4.2.1)

The initial number of cells, y0, is estimated for each experiment,

y0 = K × initial confluence. (4.2.2)

Cell proliferation assays typically span periods of up to 24 hours for the purpose of

estimating cell proliferation rates at low cell densities [144]. It is less common that cells

are cultured over large time periods such that growth is limited due to contact between

the cells and the walls of the well plate.

Mathematical models with competition, for example the logistic growth curve, can

be used to describe in vitro proliferation assays where contact inhibition takes place

[70, 121, 126, 144].

4.2.1.3 Discussion on in vitro datasets

Figure 4.2.1: Plots of in vitro growth curves of the 4 cell lines: PC9, T790M, SCD4 and
SCB5 (see Table 4.2.1). Marker shapes: circles, crosses and squares are representative
of experiment repeats, N = 1, 2 and 3, respectively. The legend presents the marker
shape corresponding to each experimental replicate.

In Figures 4.2.1(a)-(d) we present the data from the in vitro experiments. Across all

four cell lines (see Table 4.2.1), the growth is approximately exponential during the first
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75 hours and then slows to linear growth. After 100 hours, growth starts to saturate, as

the cell populations reach their carrying capacity of 50,000 cells.

The results presented in Figures 4.2.1(a)-(d) highlight variability in the replicates for

each cell line. We speculate that this may be due variation in the view of the well of the

incucyte machine’s microscope which may not capture the same region across repeats.

Other sources of variability may be in cells themselves, fluctuations in culture media

and variability in culture conditions.

4.2.2 In vivo mouse xenograft tumour volume growth curves

4.2.2.1 In vivo experiment protocol

Human tumour cells were transplanted into the flank of Nude (NuNu) immunocompro-

mised mice. These mice were used because they do not reject the human cells. Tumours

consisting of 1 million cells of a single type were implanted subcutaneously into the

mice’s flanks.

The same four cell lines were used as in the in vitro experiments: PC9 cells, T790M

cells and a 1:1 mixture of SCD4 and SCB5 cells was considered. The volume of the

tumours was measured after 216 hours from implantation to 648 hours for T790M tu-

mours and to 720 hours for PC9 and 1:1 SCD4:SCB5 tumours. Volumes were measured

at times, 336, 408, 480, 552, 648 hours for all tumours and at 720 hours for PC9 and 1:1

SCD4:SCB5 tumours. For each replicate, the same tumour was measured at each time

point. Five experimental repeats were carried out for each cell type.

4.2.2.2 Discussion on in vivo datasets

The raw data presented in Figure 4.2.2(a) show how the in vivo tumour volume changes

over time, for each cell line and each experimental repeat.

In Figure 4.2.2(b) we present, for a given cell line, the mean tumour volume averaged

across experimental repeats at each time point and indicate standard deviations by bars.

Figure 4.2.2(b), shows that at time, t = 648 hours, the mean volume of tumours initiated

with a 1:1 mixture of SCD4 and SCB5 cells (green triangle) is approximately 100mm3

smaller than the mean T790M (yellow star) tumour volume. The mean initial size of

tumours comprising only PC9 cells (blue diamond) are the smallest. These tumours are,
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Figure 4.2.2: In vivo control experimental mouse xenograft tumour volume data (units
of mm3). a) Raw in vivo tumour volume data. Marker shapes: diamonds, stars and
triangles represent PC9, T790M and 1:1 SCD4:SCB5 tumours, respectively. Five exper-
imental repeats were carried out for each cell line. b) Mean in vivo tumour volume data
for each cell line (maker shape) and standard deviation (bars) across five experimental
repeats.

however, larger than the mean SCD4:SCB5 tumour volume (green triangles) at time

t = 648 hours which suggests that tumours consisting of the SCD4 and SCB5 cells grow

more slowly than those consisting of PC9 cells.

The results presented in Figures 4.2.2(a)-(b) show large variability across the five

repeats for each cell line. The increased variability may be due to an increased number

of factors influencing tumour growth such as interactions between the tumour and the

vasculature and connective tissue.

4.3 In vitro tumour growth models

We propose a series of ODE models, with varying levels of complexity to describe the

growth of the NSCLC cell lines in vitro (see Figures 4.2.1(a)-(d)).

4.3.1 Model development

Motivated by the experimental data, we consider the following four models that, at long

times, evolve to a non-zero steady state. The models include the generalised-logistic
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growth model, Richards growth equation, logistic growth, and the Gompertz model

which present sigmoid shape growth curves [79, 117, 136]. We include the exponential

growth model for comparison.

The five candidate models are presented in Table 4.3.1. Each model describes the

time rate of change in cell number where y(t) denotes the number of cells at time t.

For all models, the growth rate is denoted by r > 0 (units of hour−1), K denotes the

carrying capacity (units of cells) and we fix K = 50, 000 cells (see equation (4.2.1)).

The dimensionless parameter, β > 0, in the Richards growth equation model de-

notes the strength of competition; competition increases for smaller values of β. The

dimensionless parameters α, β and γ in the generalised-logistic model are positive real

exponents. A summary of the model parameters and their respective units is given in

Table 4.3.2.

Models 2-5 can be derived from the generalised-logistic equation for specific model

parameter values, as shown in Table 4.3.1. We aim to assess how well each model

describes the in vitro data and the extent to which model parameters can be estimated

given the data. The Gompertz growth model is commonly used to model in vivo tumour

growth [79, 121]. The logistic growth model is commonly used to model cell proliferation

assays and scratch assays for studies on wound healing [70, 87, 144]. The Richards

equation was first used to model plant data and is less well known in modelling tumour

growth [117]. In a recent study, Simpson et al. considered the application and practical

identifiability of these three models when fitted to growth curve data describing coral

cover off the coast of Australia [127]. A useful and informative review and analysis of

the generalised-logistic, Richards growth equation, logistic growth and Gompertz model

is given by Tsoularis et al. [136].

4.3.2 Initial conditions

For all models, we prescribe the initial number of cells so that

y(t = 0) = y0 > 0, (4.3.6)

where y0 is a parameter to be estimated.
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Model ref.
number Tumour growth model Equation

1 Generalised-logistic
dy

dt
= ryα

(
1−

( y
K

)β)γ
(4.3.1)

2 Richards growth equation
dy

dt
= ry

(
1−

( y
K

)β)
(4.3.2)

α = 1, γ = 1 in (4.3.1)

3 Logistic
dy

dt
= ry

(
1−

( y
K

))
(4.3.3)

α = 1, β = 1, γ = 1 in (4.3.1)

4 Gompertz
dy

dt
= ry ln

(K
y

)
(4.3.4)

5 Exponential
dy

dt
= ry (4.3.5)

α = 1, K →∞ in (4.3.1)

Table 4.3.1: Table presenting candidate models of in vitro tumour growth: generalised-
logistic, Richards growth equation, logistic, Gompertz, and exponential growth. y(t)
denotes the number of cells at time, t. For a summary of model parameters, see Table
4.3.2.

To summarise, we consider a selection of ODEs presented in Table 4.3.1 defined by

equations (4.3.1)-(4.3.5) and initialised in equation (4.3.6).

4.3.3 Parameters

Model parameters for each candidate model are summarised in Table 4.3.2 in their

dimensional form. We present biologically motivated bounds for model parameters in

section 4.4.1.

In our models, we fix the carrying capacity parameter, K. Fixing K is a result of

the in vitro experimental setup such that, when 100% confluence is reached and the
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cells cover the entire plate, a fixed maximum number of cells is reached. Therefore,

constraining K is appropriate. We acknowledge that, when applying models to in vivo

settings, the consideration of unconstrained K should take place. In section 4.5.6, we

consider in vivo data and, when fitting models to this data, we do not constrain K.

Parameter Description Units Model Estimated/fixed value
K Carrying capacity cells 1-4 fixed; 50000 cells
r Growth rate hour−1 All estimated
α Exponent of exponen-

tial growth
dim. 1 estimated

β Competition strength
parameter

dim. 1,2 estimated

γ Exponent of growth-
limiting term

dim. 1 estimated

y0 Initial cell number cells All estimated

Table 4.3.2: Table of estimated and fixed parameters and their respective units, corre-
sponding to in vitro candidate models given in Table 4.3.1 which are fitted to in vitro
data. The column labelled Model refers to the model reference in which a given parame-
ter is present. Carrying capacity, K is fixed at K = 50000 cells in candidate models 1-4
and all other parameters are estimated by fitting each model to the in vitro datasets.
Dim. is an abbreviation for dimensionless.

4.3.4 Typical simulations of candidate ODE models

Typical solutions of all candidate ODEs are presented in Figure 4.3.1. In Figure 4.3.1,

unconstrained cell growth is observed for the exponential growth model (blue line). For

all other models, sigmoid shape growth curves are observed.

Consider the Richards growth equation defined by equation (4.3.2) in Table 4.3.1.

The positive parameter, β indicates the strength of competition. We pause to discuss the

implications of the value of β on tumour cell growth dynamics; referring to Figure 4.3.1,

when β = 1, the Richards growth equation (black with varied line styles) reduces to the

logistic model (grey) and the inflection point (time of most rapid growth) occurs when

y(t) = K/2, i.e., when the cell population is half its carrying capacity. When β < 1,

the limiting-effect of competition is stronger, the logarithmic growth phase is reduced,

and the inflection point occurs at a smaller population size. For increasing values of β

and β > 1, the inflection point approaches the carrying capacity and the cell dynamics

tend towards exponential growth (blue). For β ≥ 3, growth halts abruptly when the cell
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Figure 4.3.1: Illustrative simulations of the candidate ODE models defined by equations
(4.3.1)-(4.3.5) (see Table 4.3.1). Key: Colour black; solution of Richards growth equation
with varying line styles corresponding to a range of values of β, dark blue; the exponential
growth model, grey; logistic growth model, red; Gompertz model, cyan; generalised-
logistic model. Common parameters, r = 0.045, K = 50000. Parameter values specific
to the generalised logistic model: α = 0.99, β = 2, γ = 1.1. Parameter values specific
to Richards growth equation: β varies for β ∈ [0.5, 3, 5, 15]. We fix y0 = 1500 cells for
all model solutions.

population reaches values close to the carrying capacity.

4.4 Methods

In this section, we begin by defining biologically motivated bounds on the model pa-

rameter values. We then outline the parameter estimation techniques that we use to

estimate model parameters. We then introduce the information criteria and goodness-

of-fit metrics that we use to compare the goodness-of-fits of the models when fitted to the

data. Thereafter, we define structural identifiability and present a technique for applying

it to our models. We then introduce practical identifiability and the profile likelihood

method which we use for detecting parameters that are practically non-identifiable given

the data. Next, we define the Bayesian parameter inference technique, Markov chain

Monte Carlo (MCMC), a method we use to quantify the uncertainty of the model fits to

the in vitro data. We present the diagnostic tests that we use to check for convergence

of our MCMC. We use these tests to confirm the practical identifiability results obtained

using the profile likelihood method.

We implement our models in Python 3.7.6. We solve our ODE models using the

solve_ivp function from the Python library, SciPy 1.4.1. For plotting, we use Python

libraries Matplotib 3.1.3 and Seaborn 0.11.1. To combine and modify plots, we use
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Inkscape.

4.4.1 Bounds on model parameters for in vitro data

We present biologically motivated bounds for model parameters in equations (4.3.1)-

(4.3.5) (see Table (4.3.1)).

Model (ref. number) Param. Description Units Range
All models (1-5) r Growth rate hour−1 [0.001, 0.1]
All models (1-5) y0 Initial cell number cells [100, 2500]

Generalised-logistic (1) α
Exponent of exponen-
tial growth dim. [0.5, 5]

Generalised-logistic (1) β
Competition strength
parameter dim. [0.1, 10]

Generalised-logistic (1) γ
Exponent of growth-
limiting term dim. [0.5, 5]

Richards growth equation
(2) β

Competition strength
parameter dim. [0.1, 10]

Table 4.4.1: Parameter bounds for candidate models (with reference numbers 1-5 as in
Table 4.3.1) when fitting to the in vitro data. Candidate models are given in Table 4.3.1.
Dim. denotes dimensionless.

In Table 4.4.1, we present the ranges of the parameter values that appear in the

candidate models (see Table 4.3.1). In Table 4.4.1, bounds on the growth rates, r

(hour−1) of EGFR lung adenocarcinoma sensitive and resistant cells are inferred from

previous experimental measurements where values of r range from 0.0025 to 0.0125

(hour−1) [72]. We take the conservative range of 0.001 < r < 0.1. For an exponentially

growing cell population, these values correspond to population doubling times ranging

from 7 to 693 hours (doubling time= (1/r) ln 2). In the context of the in vitro data, low

values of r (r = 0.001) correspond to minimal growth over the period of the experiment

(up to 200 hours), while for high values of r (r = 0.1) the cell population reaches its

carrying capacity (50,000 cells) within approximately 35 hours if exponential growth is

assumed and y0 = 1500.

The in vitro data presented in Figures 4.2.1(a)-(d) show that the initial number of

cells range between 1000 and 2250 cells across all cell lines. Therefore, we introduce the

conservative bounds of 100 < y0 < 2500.

Parameters α, β and γ in the generalised-logistic model (see Table 4.3.1) are assumed

to be positive; negative values do not provide a biologically plausible model [136]. We
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take the conservative bounds of 0.5 < α < 5, 0.1 < β < 10 and 0.5 < γ < 5 so that

a large region of parameter space is available when performing parameter estimation

techniques. When performing initial fits of the generalised-logistic model to the in vitro

data where a range of initial parameter value guesses were considered, the optimal α, β

and γ values were within the ranges given in Table 4.4.1.

When using the Richards growth equation, we use the same bound for β as in the

generalised-logistic equation, so that 0.1 < β < 10. This range is consistent with the

range of values of β considered by Tsoularis et al. [136].

4.4.2 Bounds of model parameters for in vivo data

Parameter Units Range
r hour−1 [0.0005, 0.025]
y0 mm3 [30, 110]
K mm3 [200, 600]
β dimensionless [1, 5]

Table 4.4.2: Parameter bounds for Richards growth equation (equation (4.3.2) in Table
4.3.1) when fitted to in vivo tumour volume data and parameters r, β, y0 and K are
estimated, where y0 denotes the initial tumour volume.

When we fit the Richards growth model (equation (4.3.2)) to in vivo tumour volume

data, we estimate r, y0, β and the carrying capacity, K and we consider ranges of these

parameters presented in Table 4.4.2.

We take the conservative bounds of 0.0005 < r < 0.025 for the growth rates, r

(hour−1) whose values result in cellular dynamics similar to those of the in vivo tumour

growth curves (see Figures 4.2.2(a)-(b)). We note that these values are lower than those

for the in vitro data. We justify this difference by noting that, in vivo, death rates

have been estimated to be close to proliferation rates. Higher death rates result in lower

values of the net growth rate, r, than for in vitro growth [131].

Referring to the in vivo data presented in Figures 4.2.2(a)-(b), initial recorded in

vivo tumour volumes range between 90mm3 and 110mm3 across all cell lines. Therefore,

we consider the conservative bounds of 30 < y0 < 110.

For the carrying capacity K (units of tumour volume mm3), we employ the conser-

vative bounds of 200 < K < 600.
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We do not observe sigmoid tumour growth curves in Figures 4.2.2(a)-(b). Conse-

quently, we are unable to determine the tumour volume at which growth saturates. We

note that, at times t = 552 hours, the recorded in vivo tumour volumes exceed 200mm3.

The lower bound of K = 200mm3 is chosen in order to assess the practical identifiability

of K when the model is fitted to the in vivo data.

We consider a similar range of values of 1 < β < 5 as the in vitro model parameter

bounds when fitting the model to the in vivo data. This facilitates comparison of the

practical identifiability of β for the in vitro and in vivo data.

4.4.3 Parameter estimation

To fit models to data and estimate parameter values, we use the non-linear least-squares

minimisation method. We implement the method using, LMFIT: Non-Linear Least

Squares Minimisation and Curve-Fitting for Python [103]. We calculate estimates of the

parameter values, the uncertainties of these estimates, the Akaike information criterion

(AIC) and Bayesian information criterion (BIC) statistics and the goodness-of-fit met-

ric (the residual sum of squared errors whose formal definitions are given below) [2, 122].

Non-linear least squares minimisation method (NLLS)

For the in vitro datasets, three experimental repeats for a given cell line were conducted.

For the in vivo datasets, five experimental repeats for a given cell line were conducted.

For the in vitro data (see Figures 4.2.1(a)-(d)), each experimental replicate is grown

in an independent well. Therefore, at each time point, data points across the three

experimental replicates are independent. In order to use the non-linear least squares

method, we make the following assumptions about the experimental data:

1. Exact time points are known.

2. Observable values (data points) at a given time point are Gaussian distributed.

3. Observations at a given time point are independent.

4. The amount of scatter is the same at each time point.
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With only three replicates for the in vitro data (five for the in vivo data), calculating

standard deviations and means is not reliable. Hence, we minimise across all three

repeats (or all five in the in vivo data) rather than using the mean as replicates are

independent and should be treated as separate points. We minimise across all repeats

for a given cell line, drug and dose as follows:

Suppose we have three experimental repeats as in the in vitro experiments. Consider

the dataset corresponding to experiment repeat N, for N = 1, 2, 3. Assume this repeat

dataset has m data points, (tN1 , yN1), (tN2 , yN2),..., (tNm , yNm), where yNm is the mth

data point for experimental repeat, N and assume that we have a model, y = f(t,θ),

that depends on time, t and is non-linear in the model parameters, θ = (θ1, ..., θl). We

seek to estimate the vector of parameters, θ̂ that minimises, χ2(θ̂), the residual sum of

the squared errors, χ2 where,

χ2(θ) =

m∑
i=1

(r1i
2 + r2i

2 + r3i
2), (4.4.1)

with

θ̂ = argmin[χ2(θ)] (4.4.2)

and where

rNi =
(yNi − f(ti,θ))

yNi
, (4.4.3)

is the residual for experiment repeat, N and the ith data point. Since we are working

with large cell numbers, at each time point, ti, we impose a relative weighting of the

residuals and normalise with respect to the data point, y(ti). This ensures that the

minimum residual sum of squared errors, χ2(θ̂) is not skewed by the data. Otherwise,

at large cell populations, larger deviations between the model predictions and the data

would have a large effect on χ2(θ̂). A disadvantage of this approach is that noise in data

associated with small tumour sizes is amplified.

The goodness-of-fit of a model to the data is the minimum residual sum of squared

errors, χ2(θ̂) (equations (4.4.1)-(4.4.2)). As we are assuming normally distributed ob-

servational noise, χ2(θ̂) corresponds to the maximum likelihood estimate (MLE) of θ
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and is written as

χ2 = const− 2log(L(θ)),

where L(θ) is the likelihood. In this chapter, χ2(θ) will represent the likelihood.

If f(t,θ) is non-linear in θ, the minimisation of χ2 must be performed iteratively.

Starting from a vector of initial parameter value guesses, we use the Levenberg-Marquardt

Algorithm (LMA) to perform minimisation [83, 91]. On each iteration of the LMA, the

goal is to find a perturbation, δ, to the parameters, θ, that minimises χ2(θ + δ).

We perform a non-linear least squares optimisation as follows:

1. We define a uniform distribution for each parameter (see Table 4.4.1) and randomly

draw 30 initial guess parameter values for each model parameter, yielding 30 sets

of model parameter values. We draw 30 samples to ensure the parameter space

is adequately searched; multiple minima in χ2(θ) may occur and correspond to

different sets of parameters.

2. We implement each set of initial guess model parameters into the LMA algorithm

and find the local minima in χ2(θ).

3. We calculate the minimum residual sum of squared errors, χ2(θ̂) for the 30 local

minima found in step 2 and we define the parameter estimates associated with the

minimum of the local minima as the optimal parameters, θ̂.

Asymptotic standard errors, ep

Uncertainties in estimated parameter values are calculated using the LMFIT package.

The vector of asymptotic standard parameter errors, ep is related to the covariance

matrix, V as follows,

ep =
√
diag(V −1). (4.4.4)

If a parameter has no effect on the fit, the covariance matrix will be singular and the

corresponding values of the standard errors will be large relative to the estimated value

of that parameter.
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4.4.4 Akaike and Bayesian information criterion for model comparison

The Akaike information criterion (AIC) and Bayesian information criterion (BIC) statis-

tics are used to quantify the quality of a model fit to the data [2, 122]. AIC and BIC

reward goodness-of-fit and account for over-fitting by penalising models with too many

parameters. When comparing models, the preferred model is the one with the lowest

AIC and BIC values. The formal definition of the AIC statistic is,

AIC = m ln

(
χ2(θ̂)

m

)
+ 2l, (4.4.5)

and the formal definition of the BIC statistic is,

BIC = m ln

(
χ2(θ̂)

m

)
+ l ln(m) (4.4.6)

where m denotes the number of data points and l, the number of estimated model

parameters.

4.4.5 Structural and practical identifiability

An aim of this chapter is to determine the simplest mathematical model that can de-

scribe the in vitro experimental data so that model parameters, describing the growth

properties of NSCLC cell lines can be estimated. We must first use structural and prac-

tical identifiability analysis to assess whether it is possible to uniquely estimate model

parameters for a given model and data set. Parameter estimation techniques will struggle

to estimate parameters that are not identifiable [22].

4.4.5.1 Structural identifiability

Structural identifiability relates to the structure of the model and is carried out prior

to the consideration of data [115]. We refer to the definition of structural identifiability

given by Chis et al. in [22]. We consider the following biological system that is described

using a set of ordinary differential equations:

∑
(θ) :

{
ẋ = f(x,θ) +

∑nu
j=1 gj(x,θ)uj ,

y = h(x,θ), x(t0) = x0(θ)
(4.4.7)
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• x = (x1, ..., xnx) ∈M ⊂ Rnx is the state variable, nx is the number of states in

the system and M is a subset of Rnx ;

• f , g = (g1, ..., gnu) and h are analytical functions of their arguments;

• u = (u1, ..., unu) ∈ Rnu is the nu-dimensional input (control) vector of smooth

functions;

• y = (y1, ..., yny) ∈ Rny is the ny-dimensional output (experimentally observed

quantities);

• θ = (θi, ..., θnθ) ∈ Θ is the vector of unknown parameters where Θ is a open and

connected subset of Rnθ ;

• x0(θ) is the vector of initial conditions chosen so that the model is well-defined,

though its coefficients may be dependent on unknown parameters.

These functions and initial conditions may depend on the parameter vector, θ ⊂ Θ.

A vector s(θ), is an exhaustive summary of the experiment if it contains only the

information about the parameters, θ that can be extracted from knowledge of the inputs,

u(t) and outputs, y(t,θ) of the experiment.

Definition: Structural identifiability

Structural identifiability analysis addresses whether unique values, or otherwise, of model

parameters can be determined from the available observables where, perfect experimental

data is assumed, which is continuous in time and noise-free.

• A parameter, θi, i = 1, ..., nθ, is structurally globally (or uniquely) identifiable if

for almost any θ∗ ∈ Θ,

∑
(θ) =

∑
(θ∗) =⇒ θi = θ∗i , (4.4.8)

whereby there exists a unique solution for θi that can be computed from the

exhaustive summary;
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• A parameter, θi, i = 1, ..., nθ, is structurally locally identifiable if for almost any

θ∗ ∈ Θ, there exists a neighbourhood V (θ∗) such that,

θ ∈ V (θ∗) and
∑

(θ) =
∑

(θ∗) =⇒ θi = θ∗i . (4.4.9)

whereby more than one solution for θi can be computed from the exhaustive sum-

mary;

• A parameter, θi, i = 1, ..., nθ, is structurally non-identifiable if for almost any

θ∗ ∈ Θ, there exists no neighbourhood V (θ∗) such that,

θ ∈ V (θ∗) and
∑

(θ) =
∑

(θ∗) =⇒ θi = θ∗i . (4.4.10)

whereby, no solution can be computed from the exhaustive summary for θi.

A broad range of analytical methods has been developed to test structural identifia-

bility of ODE models and we refer the reader to the reviews [22, 97] for a summary and

comparison of structural identifiability methods applied to a selection of models com-

monly used to describe biological systems [18]. Software packages have been developed

to implement structural identifiability analysis techniques [8, 18, 23, 84, 95, 97, 140, 139].

In this chapter, we perform structural identifiability analysis using the MATLAB

software package, GenSSI2 which employs a combination of the generating series ap-

proach and identifiability tableaus [23, 84]. GenSSI2 computes successive Lie derivatives

to generate a non-linear system of equations in the parameters [23, 84]. If a unique

solution to these equations is found, then the parameters are structurally globally iden-

tifiable. If global identifiability is not proved, GenSSI2 will assess local identifiability by

determining whether there is more than one solution of the system of equations. If no

solution exists, parameters are not identifiable.

We also use DAISY (Differential Algebra for Identifiability of SYstems) to assess

structural identifiability [8]. DAISY is a software package which employs a differential

algebra approach and determines the structural identifiability and identifiable combina-

tions of parameters for models that are in the form of polynomial and rational functions.
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The differential algebra approach generates a system of input-output equations for the

model using Groebner bases [8, 36]. These equations are monic differential polynomials

in the output and input variables and their derivatives and have rational coefficients

consisting of parameters. The coefficients of these equations are a complete set of iden-

tifiable combinations of parameters for the model and the observations of the model.

The structural identifiability of the parameters depends on the injectivity of the map

from the parameters to the coefficients.

4.4.5.2 Practical identifiability

A model can be structurally identifiable yet practically non-identifiable. Practical identi-

fiability relates to the ability for parameters to be estimated from finite noisy data [115,

116, 125]. We refer to the definition of practical identifiability, inspired by likelihood-

based confidence regions, proposed by Raue et al. in [115] and we will present the formal

definition below, when we present the profile likelihood method.

Methods for testing parameter identifiability include, but are not limited to, the

profile likelihood method and the Bayesian inference technique, Markov chain Monte

Carlo (MCMC) [58, 138]; both of which have been applied in a biological setting [13,

28, 75, 115, 125, 127]. Simpson et al. obtained similar results using the two methods

to investigate the practical parameter identifiability of spatio-temporal models of cell

invasion [125]. They found the profile likelihood method to be less computer intensive

than MCMC and suggested that the profile likelihood method be used to search for

optimal parameters before computationally intensive MCMC simulations are performed

[125].

In this chapter, we use the profile likelihood method to investigate practical iden-

tifiability of model parameters, following the approach presented by Raue et al. [115].

We also employ MCMC, primarily to quantify the uncertainty of model fits to the in

vitro data. By way of carrying out diagnostic checks, we also assess practical identifi-

ability using this method [116, 125]. Descriptions of MCMC and diagnostic plots are

given below. We focus primarily on profile likelihood results for a practical identifiability

analysis of the unknown model parameters.
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4.4.5.3 Profile likelihood, χ2
PL and likelihood-based confidence intervals

The profile likelihood, χ2
PL(θi) of a given parameter θi is calculated by fixing θi across a

range of values and, estimating all remaining parameters, θj 6=i for each fixed value of θi,

[100, 115, 138]. The profile likelihood is defined by,

χ2
PL(θi) = min

θj 6=i
[χ2(θ)]. (4.4.11)

Likelihood-based confidence intervals are determined by imposing a threshold

on the likelihood and are defined as follows [115, 75],

{θ|χ2(θ)− χ2(θ̂) < 4α}, (4.4.12)

where the threshold is defined by the α quantile of the χ2-distribution with df degrees

of freedom (the number of degrees of freedom is equal to the number of fixed parameters,

for example, df = 1 for one-dimensional profile likelihoods where one parameter is fixed

at a time),

4α = icdf(χ2
1, α). (4.4.13)

Asymptotically (i.e. for a sufficiently large number of data points), the threshold

is calculated by the inverse cumulative density function denoted by icdf [75]. Hence,

4α = χ2(α, 1) = 3.841 at the 95% confidence level [75]. We employ this threshold as

we have a large number of data points in the in vitro dataset.

The intersection between the profile likelihood, χ2(θi), and the threshold, 4α, de-

fines the likelihood-based confidence interval to a confidence level, α. The confidence

interval is denoted by [σ−i , σ
+
i ] where σ−i and σ+i represent the lower and upper interval

bounds, respectively [115]. Cubic interpolation of the profile likelihood is used for ease

of visualisation and to calculate values of σ−i and σ+i .

Two-dimensional profile likelihoods are calculated by defining a finite 50x55

grid of pairs of parameter values. At each grid point, the profile likelihood is calculated

126



4.4. METHODS

by optimising with respect to all other parameters. 4α = icdf(χ2
2, α) = 5.99 for two-

dimensional profile likelihoods at the 95% confidence level. We use the Python contour

package to plot two-dimensional profile likelihoods and 95% confidence thresholds.

4.4.5.4 Practical identifiability analysis using likelihood-based confidence
intervals

We use the upper and lower bounds of the likelihood-based confidence interval to as-

sess the practical identifiability of a model parameter. We use the formal definition of

practical non-identifiability with respect to confidence intervals given by Raue et al. as

follows [115]:

Definition: A practically non-identifiable parameter is a parameter whose likelihood

attains a minimum value, but does not cross the threshold, 4α, for increasing and/or

decreasing values of θi. The likelihood-based confidence region, therefore, has at least one

infinite bound, i.e. either σ−i = −∞ and/or σ+i = +∞. When two-dimensional profile

likelihoods are calculated, practical non-identifiability can be visualised as a flat valley

that is infinitely extended along either the upper or lower bound, or both [115]. For a

practically identifiable parameter, the intersection between the cubic interpolated profile

likelihood, χ2
PL, and 4α defines the lower and upper bounds of the confidence interval,

[σ−i , σ
+
i ]. Such finite intervals can not be determined for non-identifiable parameters.

We refer to an identifiable model as one in which all its parameters are structurally and

practically identifiable.

When a model is structurally non-identifiable, it is possible to improve its identifi-

ability by: (i) reducing the number of states and parameters in the model, (ii) fixing

parameters that are shown to be less relevant using additional analysis such as sensi-

tivity analysis, and (iii) to design new experiments to increase the number of model

outputs (measured quantities) [22]. Experimental design can be used to tackle practical

non-identifiability. This involves proposing additional measurements that will reduce

parameter uncertainty by increasing the degree of curvature of the likelihood profile.

Additional measurements may also enable finite confidence intervals to be determined

for parameters that were previously non-identifiable. Studies involving model based ex-

perimental design studies have been performed to decrease parameter uncertainty [76].
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4.4.5.5 Algorithm used for the calculation of profile likelihoods

The algorithm used to calculate χ2
PL(θi) is as follows [115, 125]:

1. For parameter θi, we define a uniformly spaced grid of 30 points spanning the

interval in Table 4.4.1. We consider 30 points to make it more likely that the

profile likelihood attains a minimum close to the optimal parameter value.

2. For each fixed value of θi, we optimise with respect to the remaining model param-

eters. We repeat this optimisation 15 times, with each optimisation starting from

a different set of randomly drawn initial guess parameter values (see description

of parameter estimation techniques presented in subsection 4.4.3). This yields 15

local minima and we take the minimum value of these local minima. We choose 15

sets of initial guess parameter values to ensure the parameter space has been ade-

quately searched as multiple minima values of χ2(θi) corresponding to the sets of

parameters, may be present. In summary, the profile likelihood, χ2
PL(θi), consists

of 30 values of χ2(θi), one for each value of θi on the grid constructed in step 1.

3. We perform cubic interpolation of the profile likelihood, χ2
PL to allow for smooth-

ness of the calculated profile likelihood points. We plot the interpolated profile

likelihood and then calculate the intersection of the line, which we plot at the

goodness-of-fit plus the threshold value χ2(θ̂) +4α, and the interpolated likeli-

hood to obtain likelihood-based confidence intervals of θi with a confidence level

of 95%.

4.4.6 Markov chain Monte Carlo (MCMC)

Bayesian techniques, such as Markov chain Monte Carlo (MCMC), for parameter in-

ference, generate probability distributions as opposed to the single point estimates,

which are generated using non-linear least squares (see chapter 1 for more details about

Bayesian inference and MCMC). A common algorithm used to generate a Markov chain

is the Metropolis-Hastings (M-H) algorithm and many algorithms are based on it [96].

We summarise the (M-H) algorithm here. For iteration i, the Markov chain is at the
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position, θi in the parameter space. A new potential position in the parameter space, θ∗,

is proposed. The posterior probability of this new position, p(θ∗|yN ), is calculated using

Baye’s rule, where yN denotes the data. The new position is accepted if the posterior

probability is greater than the posterior probability of the current position and θ∗ is

added to the Markov chain. If the probability is less than the current probability, θ∗

is rejected and a new proposed position is sampled. Hence, transitions in the Markov

Chain are accepted with probability α where,

α = min

(
1,
p(θ∗|yN )

p(θi|yN )

)
(4.4.14)

These steps are repeated for a predefined number of iterations and for each iteration,

the Markov chain moves towards areas of higher posterior probability [58].

We use the Python package, Pints to perform MCMC. Pints performs MCMC sam-

pling and explores the parameter space using the differential evolution algorithm "emcee:

the MCMC hammer" [39]. This MCMC sampler differs from the typical Metropolis Hast-

ings algorithm by employing an ensemble of ‘walkers’ that search the parameter space in

parallel, making for more efficient sampling of the parameter space [50]. We implement

10 independent MCMC chains, starting from different positions in the parameter space,

to allow for more efficient sampling of the parameter space. We provide more details of

the construction of our MCMC in the appendix of this chapter where we also present

results of our MCMC analysis.

Since we are interested in information about model parameters which depends on

the data and not the priors, we use uninformative uniform priors for all parameters. We

introduce a noise parameter to infer the noise in the data and assume noise is additive

and normally distributed, with zero mean and common variance, σ2.

4.4.6.1 Diagnostic tests and identifiability analysis

We use a range of diagnostic tests to check for convergence of our MCMC. These tests can

also be used to assess practical identifiability of model parameters [116]. In a Bayesian

setting, poor identifiability of model parameters is characterised by MCMC chains that

do not converge, multi-modal posterior parameter distributions that can present as broad
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distributions of parameter values, and non-decaying autocorrelation times [125, 116, 58].

We carry out diagnostic tests and assess practical non-identifiability numerically and

graphically by:

1. calculating the Gelman-Rubin R statistic, denoted by R̂, judging that convergence

has been reached if R̂ ≤ 1.01 for all model parameters [43],

2. observing trace plots that present the accepted parameter values for each iteration

when sampling from the parameter posterior distribution, to see if MCMC chains

converge,

3. determining whether posterior distributions are multi-modal.

To increase independence between samples, we thin the MCMC chain by selecting

every 1/100 sample. We also discard the first 5000 samples, known as the burn-in. We

note that it is not possible to make a direct comparison of practical identifiability results

generated from the profile likelihood method and MCMC since, for the profile likelihood

method, we assume a fixed noise of σ = 1, whereas for MCMC, noise is a parameter,

whose values are inferred from the data.

4.4.6.2 Posterior predictive checks

If identifiability is achieved, we carry out posterior predictive checks to test whether the

model is a good fit to the data. We do this by sampling from the posterior predictive

distribution. The posterior predictive distribution is a probability distribution describing

possible future data sets. To sample from the posterior predictive distribution to carry

out the posterior predictive check, we first combine all the samples from the independent

MCMC chains (10 in total) and then randomly sample 30 samples from the combined

MCMC chain. For each sample, we simulate the model. We then add Gaussian noise

at every time point, using the σ value corresponding to the randomly selected sample

of the combined MCMC chains. If, when adding noise, cell populations reach negative

values, we set these values to zero. We carry out visual posterior predictive checks where

we determine whether the model describes the data well, when the 30 samples from the

posterior predictive distribution and the data are plotted together.
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4.4.6.3 Calculating 95% credible intervals of the model fit to data

To calculate 95% credible intervals of the model fit to the in vitro data, we carry out the

same procedure as for the predictive checks. However, we now employ all the samples

from the MCMC chain. At each time point, we calculate the median and the 95%

credible interval of the model by calculating the 2.5, 50 and 97.5th quantiles of the

posterior predictive distribution.

4.5 Results

In this section, we present results in line with the workflow presented in Figure 4.1.1.

4.5.1 Structural identifiability analysis

We examine the structural identifiability of the candidate models. We carry out struc-

tural identifiability analysis using the GenSSI2 software in MATLAB and find the expo-

nential, Gompertz and logistic growth models are globally identifiable (i.e. all parameters

are globally identifiable) [84].

When the generalised-logistic model and the Richards growth equation model are

written in the forms presented in Table 4.3.1, using GenSSI2, the models were found to

be structurally locally identifiable however, no results on global identifiability for said

models could be given due to the complexity of the algebraic expressions of parame-

ters. In response to this, we added additional variables and augmented our state-space

generalised-logistic and Richards growth equation models. In doing so, we are able to ob-

tain systems of rational and polynomial functions for both models (for augmented state-

space models, see section 4.A in the appendix). When the Richards growth equation is

presented as polynomial and rational functions, all model parameters are found to be

globally structurally identifiable by GenSSI2 and DAISY. The results from the Richards

growth model confirm previous results presented by Simpson et al. using GenSSI soft-

ware [127]. DAISY also confirmed global identifiability for the generalised-logistic model

when written as the augmented state-space model with additional variables (see section

4.A in the appendix).
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4.5.2 Model calibration

We begin by fitting each candidate model to the in vitro data for each cell line. For each

candidate model, we estimate model parameter values and the initial cell population,

y0. For a given fit, we calculate the AIC and BIC statistics (see equations (4.4.5) and

(4.4.6)) and the minimum residual sum of squared errors, denoted by χ2(θ̂) (see equation

(4.4.1)). Estimated parameter values and information criteria/goodness-of-fit statistics

are summarised in Table 4.5.1. Figure 4.5.1 shows the best fit model solutions for each

candidate model and each in vitro data set. For each candidate model fitted to each

dataset, correlations between model parameters are given and are presented in Tables

(4.5.2)-(4.5.6).

Figure 4.5.1: Best-fit model solutions of candidate models (see Table 4.3.1 for models)
fit to the in vitro data for the four cell lines (PC9, T790M, SCD4 and SCB5). Pink dots
represent the data. Block black lines represent the best fit solution of the generalised-
logistic model, and similarly for the following models: black dashed line; Gompertz,
black dashed-dotted line; Richards growth equation, blue block line; exponential, black
dotted line; logistic. A summary of the estimated parameters for all models are given in
Table 4.5.1 for each cell line.

In Table 4.5.1, for all cell lines, the generalised-logistic model yields the lowest χ2(θ̂)

value, as well as the lowest AIC and BIC statistics and the Richards growth equation

model yields the second lowest χ2(θ̂) value, as well as the second lowest AIC and BIC

statistics. The other models do not fit the data well; their information criteria/goodness-

of-fit statistics are higher than those of the best fit models. Based on information

criteria/goodness-of-fit statistics alone, we conclude that the generalised-logistic model

best describes the in vitro data for these cell lines and for this set of 2D experiments.
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Cell
line Model χ2(θ̂) AIC BIC r (hour−1

) α (dim.) β (dim.) γ (dim.) y0
(×103 cells)

PC9 Gen-logistic 0.28 -676.0 -662.0 0.0041±0.0019 1.28±0.06 1.4±0.5 1.08±0.15 1.115±.020
Richards 0.67 -579.0 -571.0 0.0405±0.0004 – 4.6±0.8 – 0.940±0.019
Logistic 2.76 -420.0 -415.0 0.0496±0.0010 – – – 0.765±0,033
Gompertz 11.05 -262.0 -257.0 0.0198±0.0008 – – – 0.44±0.06
Exponential 13.18 -242.0 -236.0 0.0277±0.0006 – – – 1.39±0.08

T790MGen-logistic 0.85 -668.0 -653.0 0.001±0.00033 1.46±0.11 1.5±0.6 1.75±0.26 1.28±0.04
Richards 2.29 -539.0 -531.0 0.0439±0.0009 – 3.5±0.8 – 0.97±0.04
Logistic 4.07 -464.0 -458.0 0.0541±0.0013 – – – 0.77±0.04
Gompertz 12.54 -313.0 -308.0 0.0229±0.0010 – – – 0.34±0.06
Exponential 34.85 -176.0 -171.0 0.0194±0.0007 – – – 1.96±0.15

SCD4 Gen-logistic 3.26 -409.0 -395.0 0.001±0.00002 1.42±0.20 2.0±1.8 1.6±0.7 1.77±0.11
Richards 4.38 -378.0 -370.0 0.0375±0.0012 – 5.4±3.0 – 1.39±0.07
Logistic 6.73 -330.0 -325.0 0.0480±0.0017 – – – 1.10±0.08
Gompertz 14.10 -244.0 -238.0 0.0208±0.0011 – – – 0.63±0.12
Exponential 17.89 -216.0 -210.0 0.0229±0.0007 – – – 2.23±0.14

SCB5 Gen-logistic 1.14 -647.0 -632.0 0.0010±0.0020 1.45±0.28 0.9±0.9 1.57±0.27 1.51±0.05
Richards 1.78 -589.0 -581.0 0.0363±0.0009 – 1.92±0.22 – 1.28±0.04
Logistic 2.40 -550.0 -544.0 0.0433±0.0007 – – – 1.11±0.04
Gompertz 8.64 -375.0 -369.0 0.0192±0.0007 – – – 0.62±0.07
Exponential 24.92 -229.0 -224.0 0.0187±0.0005 – – – 2.23±0.14

Table 4.5.1: Table of estimated values of model parameters (± standard errors) and
goodness-of-fit statistics, sum of squared errors (χ2(θ̂)), AIC and BIC information cri-
terion statistics for each candidate model (see Table 4.3.1) when fitted to the in vitro
data for each cell line. Dim. denotes dimensionless.

In Tables (4.5.4)-(4.5.6), correlations between the estimated parameters r and y0

for the logistic, Gompertz and exponential models are shown to be strongly negatively

correlated. These models are sensitive to initial conditions and the correlations show

that the estimated value of y0 will have a large effect on the estimated value of r.

For correlations between estimated parameters in the Richards growth equation,

given in Table 4.5.3, again, r and y0 are strongly negatively correlated, demonstrating

the sensitivity of growth rate estimates, r, to the initial conditions for all cell lines. We

observe a weaker positive correlation between the parameters β and y0 and a negative

correlation between r and β for all cell lines. Based on these results, we suspect practical

non-identifiability issues may arise for parameters, r and β, as they are negatively cor-

related. A possible practically identifiable parameter grouping could be rβ, however we

do not consider this grouping in this thesis as we wish to uniquely estimate cell growth

rate parameters in order to characterise the four cell lines.

For the generalised-logistic model, correlations in Table 4.5.2 show all parameters to
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Generalised-
logistic
Cell line r α β γ y0
PC9 r 1.000 -0.999 0.938 0.708 -0.689

α -0.999 1.000 -0.949 -0.727 0.665
β 0.938 -0.949 1.000 0.888 -0.499
γ 0.708 -0.727 0.888 1.000 -0.291
y0 -0.689 0.665 -0.499 -0.291 1.000

T790M r 1.000 0.999 -0.941 -0.752 0.719
α 0.999 1.000 -0.952 -0.769 0.696
β -0.941 -0.952 1.000 0.908 -0.532
γ -0.752 -0.769 0.908 1.000 -0.359
y0 0.719 0.696 -0.532 -0.359 1.000

SCD4 r 1.000 0.999 -0.903 -0.664 0.730
α 0.999 1.000 -0.915 -0.680 0.709
β -0.903 -0.915 1.000 0.891 -0.492
γ -0.664 -0.680 0.891 1.000 -0.293
y0 0.730 0.709 -0.492 -0.293 1.000

SCB5 r 1.000 -0.999 0.978 0.808 -0.664
α -0.999 1.000 -0.984 -0.825 0.642
β 0.978 -0.984 1.000 0.905 -0.547
γ 0.808 -0.825 0.905 1.000 -0.339
y0 -0.664 0.642 -0.547 -0.339 1.000

Table 4.5.2: Table of correlations between estimated model parameters for the
generalised-logistic model (see equation (4.3.1) in Table 4.3.1) when fitted to the in
vitro data for each cell line. The units of the parameters are, r (hour−1), α (dim.),
β (dim.), γ (dim.) and y0 (cells) where dim. stands for dimensionless.

Richards growth
Cell line r β y0
PC9 r 1.000 -0.550 -0.871

β -0.550 1.000 0.356
y0 -0.871 0.356 1.000

T790M r 1.000 -0.618 -0.887
β -0.618 1.000 0.431
y0 -0.887 0.431 1.000

SCD4 r 1.000 -0.545 -0.882
β -0.545 1.000 0.369
y0 -0.882 0.369 1.000

SCB5 r 1.000 -0.830 -0.868
β -0.830 1.000 0.581
y0 -0.868 0.581 1.000

Table 4.5.3: Table of correlations between estimated model parameters for the Richards
growth equation model (see equation (4.3.2) in Table 4.3.1) when fitted to the in vitro
data for each cell line. The units of the parameters are, r (hour−1), β (dim.), and
y0 (cells) where dim. stands for dimensionless.
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Logistic growth
Cell line r y0
PC9 r 1.000 -0.866

y0 -0.866 1.000

T790M r 1.000 -0.880
y0 -0.880 1.000

SCD4 r 1.000 -0.875
y0 -0.875 1.000

SCB5 r 1.000 -0.848
y0 -0.848 1.000

Table 4.5.4: Table of correlations between estimated model parameters for the logistic
growth model (see equation (4.3.3) in Table 4.3.1) when fitted to the in vitro data for
each cell line. The units of the parameters are, r (hour−1) and y0 (cells).

Gompertz
Cell line r y0
PC9 r 1.000 -0.849

y0 -0.849 1.000

T790M r 1.000 -0.876
y0 -0.876 1.000

SCD4 r 1.000 -0.861
y0 -0.861 1.000

SCB5 r 1.000 -0.838
y0 -0.838 1.000

Table 4.5.5: Table of correlations between estimated model parameters for the Gompertz
model (see equation (4.3.4) in Table 4.3.1) when fitted to the in vitro data for each cell
line. The units of the parameters are, r (hour−1) and y0 (cells).

Exponential
Cell line r y0
PC9 r 1.000 -0.796

y0 -0.796 1.000

T790M r 1.000 -0.742
y0 -0.742 1.000

SCD4 r 1.000 -0.790
y0 -0.790 1.000

SCB5 r 1.000 -0.763
y0 -0.763 1.000

Table 4.5.6: Table of correlations between estimated model parameters for the exponen-
tial model (see equation (4.3.5) in Table 4.3.1) when fitted to the in vitro data for each
cell line. The units of the parameters are, r (hour−1) and y0 (cells).
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be strongly correlated to each other. This could suggest that practical non-identifiability

issues may arise as values of estimated parameters can be compensated by changes

in values of another parameter that they are strongly correlated with. In particular,

parameters r and α have correlations -0.999 for PC9 and SCB5 and 0.999 for T790M

and SCB4 which could suggest that either r or α is practically non-identifiable. Overall,

the correlation results could suggest that the generalised-logistic model has too many

parameters for the data available to us and a simpler model, such as the Richards growth

equation would be more appropriate.

We aim to find the simplest model that describes the in vitro data and to estimate

the growth rates of each cell type. Therefore, we reject the Gompertz, logistic and

exponential growth models from herein due to poorly fitting solutions with these models.

4.5.3 Practical identifiability analysis

4.5.3.1 Profile likelihoods

We assess the practical identifiability of the parameters of the generalised-logistic and

Richards growth equation models using the profile likelihood method [115]. Profile

likelihoods are presented in Figure 4.5.2 for all cell lines.

Figure 4.5.2: One-dimensional parameter profile likelihoods for the generalised-logistic
model and the Richards growth equation (see Table 4.3.1) when fitted to each in vitro
cell line data set. The x-axis describes the log10(θi) profiled parameter values. Colours
represent different model parameters (see figure legend). Coloured diamonds represent
the log10(θ̂) value of the optimal parameter value. Black dashed lines represent the 95%
confidence threshold and is plotted at the value χ2(θ̂) + icdf(χ2

1, α) where icdf denotes
the inverse cumulative density function. Coloured lines represent the interpolated profile
likelihoods for each model parameter.
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In Figure 4.5.2(a)-(d), the profiles for the generalised-logistic model, for all cell lines,

show practical non-identifiability for parameters r, β and γ, with profiles that do not

intersect the 95% confidence level. Finite upper and lower confidence bounds are ob-

tained for α and y0, demonstrating practical identifiability of these parameters. For

the Richards growth equation (Figures 4.5.2(e)-(h)), for all cell lines, β is practically

non-identifiable; its profile flattens out as β increases, yielding a one-sided confidence

interval. We deduce that parameters r and y0 in the Richards growth equation are

practically identifiable when fit to the in vitro data because the corresponding profile

likelihoods reach the 95% confidence interval twice. Based on the results presented in

Figure 4.5.2, we conclude that the generalised-logistic and Richards growth equation

models are practically non-identifiable when fitted to the in vitro data.

Recall that, when we base our choice of model on the χ2(θ̂), AIC and BIC val-

ues, the generalised-logistic model gives the best results. However, based on results in

Figure 4.5.2, the generalised-logistic model contains a higher number of practically non-

identifiable parameters than the Richards growth equation model. Therefore, we may

require additional data and/or extensive reduction in model complexity to achieve practi-

cal identifiability of the generalised-logistic model. In addition, the biological motivation

for the generalised-logistic model parameters is limited. Hence, we reject the generalised-

logistic model and consider the Richards growth model as our preferred model of tumour

growth from this point forwards as it yields similar, albeit larger goodness-of-fit statis-

tics as the generalised logistic model and has fewer practically non-identifiable model

parameters (see Table 4.5.1).

The practical non-identifiability of the competition strength parameter, β, in the

Richards growth equation model may be caused by noise in the data. Alternatively, the

non-identifiability may be due to the behaviour of the Richards growth equation itself

since its dynamics do not change significantly for sufficiently large values of β.

4.5.3.2 The impact of noise on the recovery and practical identifiability of
model parameters

In this subsection, we use synthetic data sets to investigate how noise affects our ability

to recover parameters r, β and y0 in the Richards growth equation model. We also
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investigate the effect of noise on likelihood-based confidence intervals, calculated using

the profile likelihood method.

We generate synthetic data sets using the approach presented by Cho et al. [25].

We solve the Richards growth equation with parameters, r = 0.04 (hour−1), β = 3

(dimensionless) and y0 = 1500 (cells) and compute the solution at the same time points

as in the in vitro datasets. At each time point, we add noise to the data as follows:

ynoise(t) = yexact(t)(1 + ε)

where ε ∼ U(−x, x) for 100x% noise. For example, for 5% noise, x = 0.05.

We assume multiplicative noise so that the relative noise level is preserved as the

population changes over orders of magnitude. An alternative is to consider additive

noise. However, if we assume additive noise with ε = 1000 for example, the effects of

noise on the model fit would be substantially more pronounced at low cell populations

compared to high population cell numbers.

We consider noise levels, 0%, 1%, 5%, 10%, 20%. For each noise level, we generate

10 synthetic datasets. We then fit the Richards growth equation to each synthetic data

set and estimate r, y0 and β values and their corresponding standard errors. In Figure

4.5.3, we plot a single synthetic data set for noise levels 1%, 10% and 20% to illustrate

the behaviour of the synthetic data sets as noise levels change. We also plot the solution

of the Richards equation when fitted to the single synthetic data set.

Figure 4.5.3: Synthetic data sets (orange dots) with noise levels, 1%, 5% and 20% and
solutions of the Richards growth equation model fit to each data set (black lines).

Results of estimated model parameters and standard errors across the 10 synthetic

datasets, for a given noise level, are presented in Figure 4.5.4.
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Figure 4.5.4: Violin plots of estimated parameter values and relative standard errors
(standard error/estimate) of model parameters, r, β and y0 estimated by fitting the
Richards growth equation to each of the the 10 synthetic data sets at different noise
levels. The synthetic data is generated from the Richards growth equation with true
model parameters: r = 0.04 (hour−1), β = 3 (dimensionless) and y0 = 1500 (cells).
Horizontal block lines in each violin plot represent the mean estimated values and relative
errors across the 10 fits for a given noise level.

In Figure 4.5.4, there is a positive correlation between the noise levels and the mean

estimated relative standard errors for all parameters. As noise levels increase, we observe

larger variability in estimated parameter values and relative errors across the 10 runs.

Profile likelihoods for the model parameters, generated from data with 0%, 5% and 20%

noise levels are plotted in Figure 4.5.5. The profiles do not differ markedly as noise levels

increase and, in all cases, β is practically non-identifiable. The profile of β is flat for

increasing values of β, even with 0% noise and there is a slight increase in the likelihood

values for lower values of β. We attribute this behaviour, in part, to the dynamics of the

Richards growth equation model whereby similar dynamics are observed for large values

of β, although the dynamics are sensitive to changes in β at lower values (see Figure

4.3.1).

4.5.4 Model reduction

So far, our results have demonstrated that the Richards growth equation suffers practical

non-identifiability issues, even when fitted to synthetic data with 0% noise. In this
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Figure 4.5.5: One-dimensional profile likelihoods of r, y0 and β when fitting the Richards
growth equation to synthetic data for 0%, 5% and 20% noise. Colour block lines indicate
profiles of parameters for different noise levels. Coloured dashed lines indicate the 95%
confidence level plotted at χ2(θ̂) + icdf(χ2

1, α) for different noise levels.

subsection, we look to fix model parameters to achieve practical identifiability of the

model. Before doing so, we calculate two-dimensional profile likelihoods for parameters

r and β for each in vitro cell line data set. By doing so, we can assess the relationship

between these parameters and establish whether fixing β will not greatly affect the

goodness-of-fit of the model [115]. Two-dimensional profile likelihoods are plotted in

Figure 4.5.6 for all cell lines. The two-dimensional likelihoods are calculated by fixing

values of r and β, estimating y0 and calculating the minimum residual sum of squared

errors, χ2(θi).

In Figure 4.5.6, for all cell lines, the likelihood-based confidence region is infinitely

extended as β → ∞, demonstrating the practical non-identifiability of the model. We

conclude that, for a fixed value of r, increasing the value of β above 2 has little effect

on the fit, for all cell lines. Based on these results, we reduce the complexity of the

Richards growth equation model by first finding a universal value of β for all cell lines

and then fixing β at this value. We note that, when using GenSSI2 to perform structural

identifiability analysis, we found the Richards growth equation model to be globally

identifiable when β is fixed.

We estimate a universal value of β by pooling in vitro datasets for all cell lines; we

estimate parameters r and y0 for each cell line and estimate a shared value of β across

all cell lines for β = 3.315 (dimensionless).

Practical identifiability of the Richards growth equation model, with fixed β = 3.315,
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Figure 4.5.6: Two-dimensional profile likelihoods for parameters r and β (χ2
PL(r, β))

plotted as contour plots. Dark green and light green regions represent low and high
χ2(θ) values, respectively. Black dashed lines represent the 95% confidence level calcu-
lated as χ2(θ̂) + icdf(χ2

2, α), where icdf(χ2
2, α) represents the 95th percentile for the χ2

distribution with 2 degrees of freedom at the 95% confidence level. Crosses represent the
coordinates of the optimal parameter values of r and β. For each cell line, the likelihood-
based confidence region is infinitely extended for β demonstrating that an increase in
β does not markedly alter the goodness-of-fit of the Richards equation to the in vitro
data.

is verified in Figure 4.5.7. There, we present one-dimensional profile likelihoods of the

Richards growth equation model, with fixed β = 3.315, when fit to in vitro data for each

cell line; we note that the likelihood-based confidence regions for the parameters, r and

y0, are finite.
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Figure 4.5.7: One-dimensional profile likelihoods of the reduced Richards growth equa-
tion model with fixed values of β = βF (βF = 3.315). Black dashed lines represent
the 95% confidence level calculated (see Figure 4.5.2 for details). The endpoints of the
likelihood-based confidence intervals lie at the intersection between the likelihood and
the 95% confidence level threshold and are indicated by vertical grey dashed lines (see
Table 4.5.7). For all cell lines, r and y0 is practically identifiable and we say that the
model is identifiable.

In summary, by fixing the non-identifiable parameter, β, we have reduced the com-

plexity of the Richards growth equation model and achieved practical identifiability.

4.5.5 Parameter estimation and model checks

Estimates of model parameter, goodness-of-fit values (χ2(θ̂)) and likelihood-based con-

fidence intervals are found by fitting the reduced Richards growth equation model (with

fixed β) to the in vitro data for each cell line and are presented in Table 4.5.7.

In Table 4.5.7, the T790M cells are estimated to have the highest growth rate, with

r = 0.044 hour−1, followed by the PC9, SCD4 and SCB5 cells with estimated growth

rates, 0.041, 0.038 and 0.034, respectively. We record large confidence intervals for r

and y0. We note that the confidence bounds for r and y0 are close in value to those

presented in subsection 4.5.2 where the Richards growth equation model, with free β,

was considered, although, we do not present these bounds in this chapter. Thus, by

fixing β, our model becomes practically identifiable, yet, we do not observe an increase

in the precision of the parameter estimate as likelihood-based confidence intervals are
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Cell line r (hour−1
) y0 (cells) χ2(θ̂)

Estimate ±
std. err Profile likeli. CI Estimate ± std.

err Profile likeli. CI

PC9 0.0410±0.0004 [0.032, 0.062] 924±18 [481.982,
1423.724] 0.711

T790M 0.0440±0.0007 [0.033, 0.072] 964±33 [431.532,
1555.856] 2.289

SCD4 0.0382±0.0010 [0.028, 0.06] (1.36±0.07)e+03 [669.369,
2185.285] 4.465

SCB5 0.0341±0.0005 [0.026, 0.092] (1.37±0.04)e+03 [575.676,
1997.898] 2.039

Table 4.5.7: Estimated values of parameters, r and y0 (± standard error) when the
reduced Richards growth equation (fixed β = 3.315) is fitted to the in vitro data for
each cell line. The likelihood-based confidence intervals are calculated using the profile
likelihood method (CI stands for confidence interval). The goodness-of-fit values, χ2(θ̂)
are also given. Std. err stands for standard error. Likeli. stands for likelihood.

Reduced
Richards growth
Cell line r y0
PC9 r 1.000 -0.864

y0 -0.864 1.000
T790M r 1.000 -0.875

y0 -0.875 1.000
SCD4 r 1.000 -0.875

y0 -0.875 1.000
SCB5 r 1.000 -0.848

y0 -0.848 1.000

Table 4.5.8: Table of correlations between estimated model parameters for the reduced
Richards growth model with fixed β = 3.315 (see equation (4.3.2) in Table 4.3.1) when
fitted to the in vitro data for each cell line. The units of the parameters are, r (hour−1)
and y0 (cells).
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not narrower than when β is also estimated. Although practically identifiable, large con-

fidence intervals in Table 4.5.7 demonstrate the difficulty of reliably estimating growth

rates given the available data.

In Table 4.5.8, correlations between the estimated parameters, r and y0 are given.

We observe a strong negative correlation between r and y0, suggesting estimated values

of the growth rate, r strongly depend on the initial cell numbers. We observed similar

results in Tables (4.5.2)-(4.5.6). To conclude, the sensitivity of the estimated growth

rate values to the initial conditions is great. Our results suggest that experimental

procedures should be put in place to minimise the error in the initial number of cells

across experimental repeats. We hypothesise that this would give rise to more accurate

results when characterising the different cell lines based on their growth properties. To

conclude, the sensitivity of the estimated growth rate values to the initial conditions is

extensive.

We compare χ2(θ̂) values of the Richards growth equation model, with free (see

Table 4.5.1) and fixed values of β (dimensionless) (see Table 4.5.7), for each cell line.

We observe slightly lower χ2(θ̂) values when β is estimated. However, the difference is

small, with χ2(θ̂) values of 0.71, 2.29, 4.47 and 2.04 for PC9, T790M, SCD4, SCB5 cell

lines, respectively, when β is fixed compared to lower values of 0.67, 2.29, 4.38 and 1.78,

respectively, when β is estimated. Estimated values of r are the same for free and fixed

β for PC9, T790M and SCD4 cell lines (see Tables 4.5.1 and 4.5.7). A lower value of

r = 0.034 hour−1 is estimated for SCB5 cells when β is fixed as opposed to when β is

also estimated (r = 0.036 hour−1). Estimated values of y0 are also similar, as are the

standard errors associated with the estimated values of r and y0. These results suggest

that the estimated values of r and y0 are insensitive to the fixing of β.

In Figure 4.5.8, we present the best fit model solutions and residual plots for each cell

line. Model solutions were constructed using the optimal parameter values, found using

non-linear least squares (NLLS). We sample from the posterior predictive distribution

(PPD), generated from our MCMC analysis, and, for each time point, plot the median

and 2.5% and 97.5% percentiles, giving a 95% credible interval of the model fit to data.

Residuals are weighted with respect to the data at each time point. We plot residuals
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of the best-fit NLLS solutions and the median posterior predictive distribution. At each

time point, three residuals are plotted for the median and the NLLS solution as three

experimental replicates were performed (see subsection 4.4.3 for more details).

Figure 4.5.8: Richards growth equation model, with fixed β, fitted to the in vitro data.
(a)-(d) Solutions of the Richards growth equation model fitted to the in vitro data.
Black dashed line; best-fit model solutions found using non-linear least squares, black
block line; median of posterior predictive distribution, blue shaded region; 95% credible
interval of the model (between the 2.5th and 97.5th percentile of the posterior predictive
distribution) found using MCMC. Red dots represent the data. (e)-(h) Corresponding
residual plots to subplots (a)-(d). Cyan crosses represent residuals for NLLS. Black
dots represent residuals for the median of the posterior predictive distribution. Black
horizontal lines indicate residual values equal to zero.

In Figure 4.5.8, we observe similar dynamics for PC9, T790M and SCD4 cells. For

the SCB5 cells, we observe a larger variation between the solutions of the median of the

PPD and the solution found using NLLS. However, the NLLS solution lies within the

95% credible interval. The 95% credible intervals for SCD4 and SCB5 are larger than

those of the PC9 cells whose interval is relatively narrow for all time points.

We plot the weighted residuals with respect to the data for the NLLS solution (cyan

crosses) and the median PPD (black dots). By visual inspection, for t < 20 hours, we

observe clusters of residuals above (PC9, T790M and SCD4) and below (SCB5) the x-

axis, showing the model solution generated by NLLS and the median of the PPD deviate

from the data for these times. For T790M and SCB5 cell lines, the residuals appear to
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deviate from the data whereby, for a series of consecutive time points, residuals across

all three experiments are either positive or negative for both the NLLS solution and the

median PPD. This suggests that the residuals may not be randomly scattered above

and below the x-axis. This could be a result of constraining the fit by fixing β in the

Richards growth equation.

4.5.6 Practical identifiability of the model fit to in vivo data

In this section, we use the profile likelihood method to assess the practical identifia-

bility of the Richards growth equation when fitted to the in vivo data. We assess the

identifiability of the parameters r, K, β and y0 using GenSSI2 where K is an unknown

parameter to be estimated. Previously, for the in vitro data studies, K was fixed in

our models of tumour growth. We find the model to be structurally locally identifiable

where the parameters r, K and β are locally identifiable. Ranges of parameters con-

sidered in parameter estimation and in calculating profile likelihoods are given in Table

4.4.2. Profile likelihoods for the model parameters for a given tumour cell type (PC9,

T790M and 1:1 SCD4:SCB5) are given in Figure 4.5.9.

In Figure 4.5.9, we observe that only the growth rate parameters, r (units of hours−1),

for tumours derived from a 1:1 mixture of SCD4 and SCB5 cells and PC9 cells are

identifiable. The parameter β has a flat likelihood for all cell types, suggesting that the

fit is totally insensitive to changes in β within the predefined range. The profiles for

the carrying capacity, K, flatten out for increasing values of K, for all tumour types,

with confidence intervals that are determined by the a priori parameter bounds given

in Table 4.4.2. The same holds for the y0 profiles. Based on these results, for simplicity,

we fix β = 1, in which case, the Richards growth equation reduces to the logistic growth

model (see Table 4.3.1).

In Figure 4.5.10, we present the best fit solutions of the logistic growth model

(Richards growth equation with fixed β = 1) fitted to the in vivo tumour volume data.

A summary of the estimated model parameter values and their standard errors is given

in Table 4.5.9 and correlations between estimated parameters are given in Table 4.5.10.

In Table 4.5.9, T790M tumours are estimated to have the highest in vivo growth rate

(r = 0.063 hour−1) compared to PC9 and 1:1 SCD4:SCB5 tumours which have estimated
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Figure 4.5.9: One-dimensional parameter profile likelihoods of the Richards growth equa-
tion model, with estimated β and carrying capacity, K. Horizontal black dashed lines
represent the 95% confidence level, plotted at χ2(θ̂) + icdf(χ2

1, α). Red dots represent
profile likelihood values. Black block lines represent the interpolated profile likelihood.
Cyan crosses represent optimal estimated parameter values.
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Figure 4.5.10: Best-fit model solutions of the Richards growth equation fitted to the in
vivo data for each cell line, for fixed β = 1. Dots represent raw in vivo tumour volume
data. Block lines represent the best fit solution for β = 1. Shaded regions represent
95% confidence bands, calculated by sampling from a multivariate normal distribution
with model parameter estimates (see Table 4.5.9) as the means of the distribution. We
employed each sample of parameter values (150000 in total) in the Richards growth
equation. At each time point, we calculated the median and the 2.5th and 97.5th
quantiles of the distribution of model solutions, yielding 95% confidence intervals of the
model fit to the data.
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Cell line r y0 K χ2(θ̂)
Estimate ± std. err Estimate ± std. err Estimate ± std. err

PC9 0.0054 ± 0.0008 55.54 ± 4.54 490.41 ± 143 1.17
T790M 0.0063 ± 0.0008 75.57 ± 4.06 438.9 ± 66.2 0.41
1:1 SCD4:SCB5 0.0053 ± 0.0007 62.6 ± 3.67 413.01 ± 78.2 0.62

Table 4.5.9: Table of estimated in vivo model parameters (± standard error) for each
tumour type. Estimated parameter values include the carrying capacity, K, growth rates
r and the initial tumour volume, y0. Std. err stands for the standard error.

Cell line r y0 K
PC9 r 1.000 -0.726 -0.915

y0 -0.726 1.000 0.493
K -0.915 0.493 1.000

T790M r 1.000 -0.644 -0.902
y0 -0.644 1.000 0.387
K -0.902 0.387 1.000

1:1 SCD4:SCB5 r 1.000 -0.694 -0.917
y0 -0.694 1.000 0.461
K -0.917 0.461 1.000

Table 4.5.10: Table of correlations between estimated parameters of the Richards growth
equation model fitted to the in vivo tumour growth data for each tumour type.

growth rates r = 0.0054 hour−1 and r = 0.0053 hour−1, respectively. Estimated values

of K vary across the different tumour types with an estimated value of 490mm3 for

PC9 tumours, a value larger than 420mm3 which is the largest recorded tumour size

at 720 hours. Across all tumour types, we do not observe saturating growth dynamics.

Therefore, we anticipate there will not be sensitivity to the carrying capacity because

the carrying capacity is not being reached within the time period of these experiments.

In Table 4.5.10, the parameters r and K are shown to be strongly negatively corre-

lated with correlations approximately equal to −0.9 for all tumour types. This suggests

that, as the estimated value of r increases, the estimated value of K can decrease in

order for a good data-model match to be maintained. Further, there is a strong negative

correlation between estimates of y0 and r with correlations ranging from −0.64 to −0.73

for all tumour types. Since, we do not observe sigmoid growth dynamics in the data

and we have recorded a negative correlation with large magnitude between r and K,

the model could be practically non-identifiable due to it containing too many parame-

ters for the amount of data available to us. We also attribute lack of identifiability to
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be a result of large variability in the experimental data. A response to this could be

to fit an exponential model to the data whereby, the exponential model contains fewer

parameters than the logistic model as only the parameters r and y0 are estimated.

4.6 Discussion

When selecting which mathematical models to use to infer the biological properties of cell

growth from experimental data, parameter identifiability analysis must be carried out.

Such analysis allows the user to determine whether the available data are sufficient to

obtain precise estimates of model parameters, for a given model. In this chapter, we have

used a model selection procedure which incorporates both information criteria/goodness-

of-fit metrics and parameter identifiability analysis. Our aim was to identify a model,

with sufficient complexity, to describe the in vitro growth dynamics of homogeneous

NSCLC cell populations and, then to compare the growth dynamics of different NSCLC

cell lines.

We considered a suite of models, with the generalised-logistic model being the most

complex (i.e. the largest numbers of model parameters), followed by the Richards growth

equation and logistic growth models, both being subcases of the generalised-logistic

model, and, finally, the Gompertz growth model.

During our initial stage of model selection, we fitted each model to the in vitro data

set and selected models on the basis of the lowest Akaike information criterion (AIC)

and Bayesian information criterion (BIC) statistics and the residual sum of squared er-

rors. The generalised-logistic model gave the lowest residual sum of squared errors for

all cell lines and, although this model has the highest level of complexity (i.e. largest

number of parameters), it yielded the lowest AIC and BIC values. The Richards growth

equation yielded the second lowest AIC and BIC values and residual sum of squared er-

rors. Although both AIC and BIC statistics were used and gave similar results, we have

employed MCMC in this chapter for uncertainty quantification and it therefore could be

more appropriate to use BIC as a Bayesian argument was used by Schwarz to adopt the

statistic [122]. We proceeded with these two models and assessed the identifiability of

their parameters using the profile likelihood method. Although both models were found
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to be structurally identifiable, they suffered practical identifiability issues for all in vitro

datasets. We found 3 out of the 5 model parameters in the generalised-logistic model

to be practically non-identifiable given the data. Conversely, the Richards growth equa-

tion yielded 1 practically non-identifiable model parameter out of 3 model parameters.

Based on these results, we proceeded with the Richards growth equation. These results

highlight that the AIC and BIC statistics are less informative than the profile-likelihood

method and can be a misleading tool if used in isolation for model selection. Our find-

ings corroborate similar results obtained by Simpson et al. who highlighted the benefits

of the profile likelihood method over this information criterion [127].

The main advantage of the profile likelihood method is that it allows for the iden-

tification of practically non-identifiable model parameters. Further, by observing their

profiles, hypotheses can be proposed about the cause of practical non-identifiability. For

example, we observed a flat profile for increasing values of β. Using synthetic data sets

with levels of noise ranging from 0% to 20%, we investigated whether non-identifiability

of β was due to noise in the data or whether the dynamics of the Richards growth equa-

tion were responsible. We found that β suffered practical non-identifiability issues when

fitted to the synthetic data, even with 0% noise. Our results highlight that, even in the

case of noise-free data and structural identifiability, practical identifiability issues may

still arise.

In this chapter, obtaining additional experimental data was not feasible. Therefore,

we sought to resolve practical non-identifiability of the parameter, β, by holding it fixed.

In so doing, we achieved practical identifiability of the model. A drawback of fixing

a model parameter is the possible reduction in the relevance of the model to describe

the biological system. By fixing β, however, the precision of our estimates of r and y0

did not decrease (i.e. likelihood-based confidence intervals of approximately the same

size obtained in both cases). We attribute this to the dynamics of the Richards growth

equation being insensitive to changes in β if β is sufficiently large.

An alternative to fixing the practically non-identifiable parameter, β, could be to

rescale the Richards growth equation model. A possible scaling could be V = y/K

and τ = rt, giving dV
dτ = V (1 − V β). However, this does not simplify the problem
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or eliminate the power term which gives rise to practical non-identifiability issues. We

wish to characterise the different cell lines and therefore require unique estimates of the

growth rate r for each cell line which this scaling does not provide. Alternatively, we

could augment the model and include an additional variable, as shown in the appendix

of this chapter. We could then calculate the profile likelihoods for the new model which

is linear in its parameters. This is subject to future work.

A question that was of particular interest to us was how the identifiability of our

model differed between in vitro and in vivo settings. We applied the profile likelihood

method to the Richards growth equation model, with free β and the in vivo data. The

identifiability of the model decreased in the in vivo setting. A possible explanation for

the inadequacy of our model could be due to the fact that it does not take into account

the increased number of factors influencing tumour growth in vivo (e.g. hypoxia and

vasculature), factors that are absent in vitro. Another, and more plausible explanation

could be that, as we do not observe saturating growth dynamics in the in vivo data,

practical non-identifiability of model parameters could be a result of the logistic model

containing too many parameters for the amount of data available to us, therefore making

it an inappropriate model. Further, we observe large variability in tumour volume data

across replicates at each time point, making it difficult to obtain a good fit to the data

and, therefore, making it very difficult to identify model parameters.

In this chapter, we have considered in vivo mouse data. We suspect that in vivo

mouse outcomes will not be directly translatable to human outcomes. This is because

the human immune system will impact the tumour growth dynamics whereas the data

presented in this chapter is generated from immunosuppressed mice. Further, patients

will have different genetic profiles and the extent to which adverse effects of the drugs

affect the patients may vary and this could result in large variability across outcomes.

However, mouse studies can still give insight into principles and mechanisms and thus

inform understanding even though they do not directly translate to human studies.

Preclinical studies can provide useful, evidence based insight, for understanding tumour

dynamics in general to inform our understanding of human responses.

Regarding the estimated model parameters for in vitro and in vivo settings, we
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conclude that the T790M cell populations have the highest growth rates followed by the

PC9 cell populations. The slowest estimated growth rates in vivo and in vitro correspond

to the fully drug-resistant cells to osimertinib and gefitinib, with the T790M and C797S

mutations. We find growth rates in vivo are approximately an order of magnitude lower

than in vitro which may be due to a larger proportion of the tumour made up of quiescent

cells in vivo. Another possible explanation is of higher death rates in vivo.

In summary, we have developed a model to describe four NSCLC cell lines grown in

vitro, in the absence of drug. We have assessed the identifiability of our model when

fit to in vitro and in vivo data. In light of our findings, we advocate that more focus

should be put on inferring model parameters from the data and that model selection

using goodness-of-fit statistics and information criterion statistics alone should be done

with caution.

We hope to have provided the reader with an informed understanding of the process

of model selection and identifiability methodologies and, where the benefits and pitfalls

lie in the process of obtaining an identifiable model parameter to describe a biological

system. This foundation will be useful in the next chapter where we will extend our

model to investigate the effects of the TKIs, gefitinib and osimertinib on the four NSCLC

cell lines.
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Appendix

4.A Structural identifiability analysis

In this section, we present the augmented state-space Richards growth equation and

generalised-logistic models that are in the form of polynomials and rational functions.

A Richards growth equation

In the Richards growth equation model, defined in equation (4.3.2) in Table 4.3.1, by

assuming

X =
( y
K

)β
, (4.A.1)

we can rewrite the model as the following system of polynomial functions,

ẏ = ry (1−X) (4.A.2)

Ẋ = rβX (1−X) (4.A.3)

where we assume y(t) is the observed output of the model. We consider the initial

conditions

[y0, X0], (4.A.4)

where y0 > 0 and X0 > 0 are unknown constants.

B Generalised-logistic model

The generalised-logistic model, defined by equation (4.3.1) in Table 4.3.1, can be written

as the following system of polynomial and rational functions,

ẏ = rUZ (4.A.5)

U̇ = rα
U2Z

y
, (4.A.6)
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Ẋ = rβ
XUZ

y
, (4.A.7)

Ż = rγβ
XUZ2

y(X − 1)
, (4.A.8)

where

U = yα, (4.A.9)

X =
( y
K

)β
, (4.A.10)

and

Z =

(
1−

( y
K

)β)γ
= (1−X)γ . (4.A.11)

The observed output of the model is y(t) and we consider the initial conditions,

[y0, U0, X0, Z0], (4.A.12)

where y0 > 0, U0 > 0, X0 > 0 and Z0 > 0 are unknown constants.

4.B Markov chain Monte Carlo results, diagnostic testing
and identifiability analysis

In this appendix, we present results of applying MCMC to our reduced Richards growth

equation with fixed β and the in vitro cell growth data. We also present a visual posterior

predictive check for the Richards growth equation fit to all cell lines with fixed β. We

use MCMC to construct posterior and joint posterior distributions of model parameters

and to calculate the 95% credible intervals of the model when fit to the in vitro data.

Results for each cell line are presented in Figure 4.5.8 in the main text. In what follows,

we explain how we constructed our MCMC and present our priors. We then present the

results of convergence tests which were used to ensure our MCMC has converged, and

we refer to these tests to assess practical identifiability of the model parameters.

When constructing our MCMC, we use uniform priors with 400 < y0 < 3000 for

the initial cell number and 10 < σ < 100000 for the noise. For the growth rate, r, we

employ a lower bound of 0.02 and the upper bound is cell line specific and fixed at the

upper bound of the likelihood-based confidence interval, given in Table 4.5.7. Hence, we

employ upper bounds of 0.062, 0.072, 0.06 and 0.092 for PC9, T790M, SCD4 and SCB5

cells, respectively. We run 10 independent MCMC chains, each consisting of 100,000
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iterations for the PC9 and T790M datasets and 150,000 iterations for the SCD4 and

SCB5 datasets. Each chain is initiated with initial parameter values sampled from a

neighbourhood of 0.1ε about the optimal estimated parameter values (see Table 4.5.7)

for ε ∼ U(0, 1).

We run diagnostic tests to test for convergence of our MCMC and to assess the

identifiability of model parameters (see section 4.4.6 in main text for details).

Diagnostic tests

To ensure convergence of our MCMC chains, we refer to the following diagnostic plots

in Figures 4.B.1 and 4.B.2. Diagnostic tests include:

i plots of the autocorrelation function (ACF) for all MCMC samples where samples

from each independent MCMC chain (10 independent Markov chains in total) are

combined (see Figure 4.B.1);

ii trace plots for three MCMC chains for a given in vitro dataset (see Figure 4.B.2).

Figure 4.B.1 presents plots of the autocorrelation function (ACF), we observe, for

all cell lines, rapidly decaying autocorrelation functions for all model parameters. This

indicates independence of the samples and convergence of the Markov chain, therefore

demonstrating the identifiability of this model [116].

Trace plots of 3 realisations of the MCMC chain are presented in Figure 4.B.2.
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Figure 4.B.1: Autocorrelation function plots of combined Markov chain samples (10
independent Markov chains in total) for the Richards growth equation with fixed β. A
thinning of 1/100 and a burn in of 5000 samples were used to increase the independence
of the samples. Rapid decay of the autocorrelation function for all parameters and
all datasets is observed, demonstrating the independence of the MCMC samples and
convergence of the MCMC chains. Lag (x-axis) describes the distance between two
samples in the MCMC sequence. The autocorrelation drops to a value close to zero
within a lag of approximately 20 for all parameter and datasets, a value that is much
smaller than the number of MCMC samples (up to 150,000 for SCD4 and SCB5 data
sets), demonstrating the samples of the MCMC quickly become independent and are
not correlated. These results suggest that the model is identifiable when β is fixed.
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Figure 4.B.2: Trace plots of 3 randomly selected, independent Markov chains for each
data set and for the Richards growth equation with fixed β. The Markov chains are of
length 100,000 for PC9 and T790M data sets and of length 150,000 for SCD4 and SCB5
datasets. Each chain is initiated with initial parameter values which are sampled from a
neighbourhood of 0.1ε about the optimal estimated parameter values, where ε ∼ U(0, 1).
The Markov chains appear to converge for all model parameters and datasets. Key:
colours represent different chains. These results suggest that the model is identifiable
when β is fixed.
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In Figure 4.B.2, rapid convergence is observed for all chains, regardless of their initial

parameter values, the chains remain within the assigned parameter bounds having moved

away from the initial parameter values. While the chain corresponding to y0 for SCB5,

appears to converge, it reaches the upper bound of the assigned parameter value, which

suggests less certainty in this parameter.

In summary, by visual inspection, trace plots of MCMC chains were shown to con-

verge for all parameters and all datasets and autocorrelation plots were shown to rapidly

decrease to values close to zero, for all parameters and all datasets, demonstrating in-

dependence of samples and convergence of the Markov chain. These diagnostic plots

indicate practical identifiability of the model parameters [116].

Posterior and joint posterior parameter distributions and posterior pre-
dictive checks

Practical identifiability of model parameters is also demonstrated by referring to the

posterior distributions of model parameters in Figure 4.B.3. For all parameters and

datasets, we observe unimodal proper posterior distributions that are approximately

symmetric. Conversely, when performing MCMC on the Richards growth equation with

free β, practical non-identifiability was diagnosed by non-converging trace plots, non-

proper parameter posterior distributions, that presented broad ranges of values, and non-

decaying autocorrelation plots (results not presented in this chapter due to limitations

on thesis length).

Since our initial diagnostic inspection for convergence is satisfactory, we perform

graphical posterior predictive checks (see section 4.4.6 for details) for each cell line. We

present a visual posterior predictive check (PPC) with 30 randomly selected samples

of the converged Markov chain where all samples across the 10 independent chains are

combined. The results in Figure 4.B.4 provide visual confidence in the MCMC results

and the suitability of the model.

In summary, we have demonstrated that the Richards growth equation, with fixed

β, is practically identifiable. We have also shown the model is appropriate in describing

the data across all cell lines by performing a posterior predictive check.
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Figure 4.B.3: Posterior distributions (histograms on the diagonal) and joint posterior
distributions (contour plots) of the Richards growth equation model parameters when
β is fixed. For each in vitro dataset, 10 MCMC chains were run independently, with
lengths 100,000 for the PC9 and T790M data sets and of lengths 150,000 for the SCD4
and SCB5 data sets. The independence of samples and the convergence of the MCMC
chains were checked by the autocorrelation function and the trace plots. A Gelman-
Rubin statistic of R̂ ≤ 1.01 was calculated for all model parameters and all cell lines,
confirming convergence of the MCMC chains. Black dashed lines indicate the optimal
r and y0 parameter values, estimated using non-linear least squares method and for
σ, correspond to the initial value of the proposed noise level σ = 1000 in the prior
parameter distribution, employed in our MCMC. Key: orange curves on diagonal plots;
the kernel-density estimation for the histograms. For the contour plots: dark and light
regions correspond to high and low densities, respectively.
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Figure 4.B.4: Visual posterior predictive check (PPC). 30 samples of the posterior pre-
dictive distribution are plotted, where random Gaussian noise is added at each time point
with mean zero and variance equal to the σ value for a given sample of the Markov chain
(see section 4.4 for details on how the PPC is performed). These results demonstrate
the model is appropriate for the data for all datasets. Key: red dots; data, grey lines;
model solutions sampled from the posterior predictive distribution, with noise.
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Chapter 5

Modelling preclinical data of
NSCLC response to TKIs

5.1 Introduction

In the previous chapter, we developed ODE models with sigmoid growth dynamics that

describe in vitro growth of non-small cell lung cancer (NSCLC) cell lines. We performed

model selection using parameter estimation, information criteria/goodness-of-fit metrics

and identifiability analysis. We uncovered practical identifiability issues in our selected

model using in vitro and synthetic data. By fixing non-identifiable model parameters,

we obtained practical identifiability of the model (i.e. all estimated model parameters

are identifiable given the in vitro data).

In this chapter, we extend the one-compartment model, developed in chapter 4, to

account for treatment with a single tyrosine kinase inhibitor (TKI). The TKIs consid-

ered are the first and third-generation TKIs, gefitinib and osimertinib. We propose a

two-compartment ODE model which distinguishes live and dead cells. In preclinical

experiments, it is common to measure total tumour cell populations/volume over time.

However, tumours may consist of subpopulations of cells which differ in their charac-

teristics, for example, live and dead cells. Multi-compartment models can make the

distinctions between cell types. When fitting these models to experimental data that

describes total cell numbers only, structural and practical identifiability issues may arise.

This is because the size of the unobserved cell subpopulations is unknown. Therefore,

the ability to infer model parameters may not be possible when fitting such models to

the data and, misleading trajectories of cell numbers may be predicted by a model which
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consists of unobserved variables [36]. Further, using a practically non-identifiable model

to infer drug-effect parameters in a clinical setting can have significant implications.

In this chapter, we apply a range of techniques to our two-compartment model which

include, parameter estimation and identifiability analysis. By doing so, we identify the

mechanisms of action of the different drugs on the different NSCLC cell lines. We use

synthetic data to evaluate how experimental design (i.e. what variables are measured)

affects certainty in parameter estimates and, to generate hypotheses about the likely

mechanisms of action of the two TKIs on the NSCLC cells. Our approach is similar

to that used in chapter 4 and is outlined in Figure 5.1.1. The work presented in this

chapter follows a similar framework presented by Eisenberg et al. in [36].

1. Model
development - 
two-compartment 
model of live and dead 
cell dynamics in drug

3. Richards 
growth 
equation fit to 
dose-response 
curves

4. Structural 
identifiability 
analysis of 
treatment model

5. Model calibration, 
practical identifiability 
analysis and investigations 
into the effect of parameter 
uncertainty on model 
predictions

6. Model 
reduction - 
fixing model 
parameters 
to achieve 
practical 
identifiability

7. Experimental 
design 

8. Parameter 
estimation and model 
predictions using the 
reduced practically 
identifiable model

2. In vitro 
experimental data - 
dose-response 
curves of NSCLC 
cell lines in fixed TKI 
concentrations

Workflow of chapter

Figure 5.1.1: Schematic of the workflow in this chapter.

We summarise Figure 5.1.1:

1. We begin with model development. We develop a model that describes the response

of a single NSCLC cell line to a single TKI.

2. We then describe the in vitro experimental data setup and, we introduce dose-

response curves of four NSCLC cell lines when a single TKI is considered.
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3. We fit the reduced Richards growth equation (see chapter 4) to individual dose-

response curves. We show the reduced Richards growth equation describes the

drug-resistant cellular dynamics well for all concentrations of the drug, demon-

strating their resistance. Using our results, we suspect a cell kill drug-effect is

taking place on the drug sensitive cells as the Richards growth equation does not

fit the data well at higher concentrations of drug.

4. We perform structural identifiability analysis on our treatment model and find it

to be structurally identifiable.

5. We assess the practical identifiability of our model and demonstrate that practical

identifiability issues arise when the model is fit to the in vitro data. We iden-

tify practically non-identifiable parameters in the model and, by employing these

parameters in the model, demonstrate that misleading model predictions can be

made.

6. We then carry out model reduction through fixing non-identifiable model param-

eters to achieve a practically identifiable model.

7. We propose additional experiments that we hypothesise will increase the practical

identifiability of the model and, we test this by generating synthetic data of these

experiments.

8. We finish by estimating model parameters using our reduced practically identifiable

model and we compare the drug-effects of different TKIs on different NSCLC cell

lines.

In section 1.2.4 in chapter 1, we presented the Hill equation that is commonly used to

describe dose-response curves and to determine the pharmacological effect of a drug on

tumour cells [1]. In this chapter we generalise such models to consider TKI treatments

whereby we introduce a model that incorporates cell kill due to drug using a Hill equation

term. We also consider the inclusion of a dead cell population and we model tumour

growth in the absence of drug using the Richards growth equation (see chapter 4). These
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aspects in combination with the experimental data to which we fit the models represents

the novel aspects of the modelling developed in this chapter.

The remainder of this chapter is structured as follows. In section 5.2, we present in

vitro dose-response curves. Model development takes place in section 5.3. We introduce

parameter bounds used for parameter identifiability analysis in section 5.4. We present

results in section 5.5. The chapter finishes in section 5.6 where we give a discussion on

our findings.

5.2 In vitro dose-response curves

In this section, we extend the in vitro data sets from chapter 4 by introducing the

treatment data. In Figures 2.1(a)-(h), dose-response curves for the four cell lines (PC9,

T790M, SCD4 and SCB5) to treatment with osimertinib and gefitinib are shown. Each

data set corresponds to a particular cell line and a particular drug (for example, the

PC9 gefitinib data set describes the set of dose-response curves of PC9 cells for a range

of gefitinib concentrations; see Figure 5.2.1(a)).

The PC9 cell line is treatment naïve and is sensitive to osimertinib and gefitinib.

The T790M cell line was established in vitro from the PC9 cell line by chronic exposure

to vandetanib (tradename Caprelsa), a TKI applied in thyroid cancer [65]. The T790M

mutation confers resistance to gefitinib. Using CRISPR, the T790M cell line was modi-

fied to produce two mutants, SCD4 and SCB5 with the T790M and C797S mutations.

The C797S mutation confers resistance to osimertinib. Hence, SCD4 and SCB5 cell lines

with the T790M and C797S mutations are resistant to both gefitinib and osimertinib.

5.2.1 In vitro experiment protocol

The same experiment protocol is applied as in chapter 4 (see section 4.2 in chapter 4).

However, in step 2 of the experimental protocol, fixed doses of the TKIs were applied to

the new plates before cells were seeded onto them. The concentration of drug is constant

throughout these experiments.
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Figure 5.2.1: In vitro treatment data. (a)-(h) In vitro dose-response curves of the
4 cell lines; PC9, T790M, SCD4 and SCB5. Key: colours represent different drug
concentrations in micromolar (µM). Shapes represent experiment repeats: circles; N =
1, crosses; N = 2, squares; N = 3. Drug concentration, c is fixed throughout the
experiment.
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Figure 5.2.2: In vitro dose-response curves of PC9 cells in 0.123µM gefitinib. Key:
shapes represent experiment repeats: circles; N = 1, crosses; N = 2, squares; N = 3.

5.2.2 Discussion on in vitro data sets

Let c denote the constant drug concentration in the experiments, with units of micro-

molar (µM). Figures 5.2.1(a) and (e) show that both gefitinib and osimertinib inhibit

the growth of PC9 cells when administered at doses with c > 0.041 µM (light orange

curves correspond to c = 0.041 µM). PC9 cells exposed to doses of osimertinib (see Fig-

ure 5.2.1(e)) with c = 0.041 µM (light orange curves), grow slower than those exposed
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to the same dose of gefitinib (see Figure 5.2.1(a)), suggesting that osimertinib has a

stronger effect on PC9 cells at this concentration.

Figure 5.2.2 shows the dose-response curves of PC9 cells in gefitinib 0.12µM. Similar

dynamics are observed for PC9 cells in gefitinib c > 0.041 µM and osimertinib c > 0.014

µM (see Figures 5.2.1(a) and (e)) as in Figure 5.2.2.

SCD4 and SCB5 cells with the resistance-conferring mutations, T790M and C797S,

exhibit the same saturating growth dynamics as their respective controls (blue curves)

for c < 30µM (see Figure 5.2.1(c), (d), (g) and (h)) and hence, are resistant to both

drugs. The same applies to T790M cells in gefitinib (see Figure 5.2.1(b)). For drug-

resistant cells, at 30 µM gefitinib and osimertinib (yellow curves), the growth dynamics

are similar to those described in Figure 5.2.2. This may be due to non-specific toxicity

of the drug-resistant cells which causes total tumour cell arrest. For these reasons, we

do not consider the data relating to gefitinib and osimertinib concentrations of 30 µM

for the remainder of this chapter.

T790M cells are sensitive to osimertinib (see Figure 5.2.1(f)) yet present different dy-

namics to the drug sensitive PC9 cells (see Figure 5.2.1(e)). For c > 0.014µM, maximum

inhibition of PC9 cells is observed whereas T790M cell growth is slowed. This suggests

that osimertinib may have a lower efficacy for T790M cells. Alternatively, osimertinib

may have different mechanisms of action when applied to T790M cells and PC9 cells.

We observe variability across experimental repeats for a given cell line and drug

concentration. Possible sources of variability include variability in the cells themselves,

fluctuations in culture media and variability in culture conditions. The process through

which drug-resistant cell lines are derived (the T790M cell line is derived from the PC9

cell line through chronic exposure to the TKI, vandetanib and SCD4 and SCB5 cell lines

were established by modifying the T790M cell line using CRISPR) may also contribute

to increased heterogeneity across cells of a particular type. In Figures 5.2.1(b) and (g),

extreme variability is observed in the following data sets: T790M in gefitinib 0.37 µM,

repeat 3, SCD4 in osimertinib 10 µM, repeat 2. We therefore do not consider these

experimental repeats for the remainder of this chapter. We focus on the PC9 gefitinib

and osimertinib data sets and the T790M osimertinib data set as the drug sensitive data
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sets, together with SCD5 and SCB5 data sets and the T790M gefitinib data set as the

drug-resistant data sets.

5.3 Model development

We develop a two-compartment ODE model that distinguishes live and dead cells. The

model describes the response of a single NSCLC cell line to a single TKI which is fixed

at a constant drug concentration, c where c (µM) is the constant drug concentration

in the experiments. Since the in vitro data sets record only total tumour cell numbers,

when fitting our model to the in vitro data, we fit the total tumour cell population (live

and dead cells combined).

The model variables are as follows:

• y(t) denotes the number of live tumour cells, at time t,

• z(t) denotes the number of dead tumour cells,

• N(t) denotes the total population of tumour cells, N(t) = y(t) + z(t).

The governing equations are as follows:

live cells︷︸︸︷
dy

dt
= ry

(
1−

(
y + z

K

)βF)
︸ ︷︷ ︸

Richards growth equation with competition between live and dead cells

−
drug-induced cell kill︷ ︸︸ ︷

h(c)y,

(5.3.1)

dead cells︷︸︸︷
dz

dt
= h(c)y − kz,︸︷︷︸

degradation of dead cells

(5.3.2)

where,

h(c) =
λcm

IC50m + cm
. (5.3.3)

In equation (5.3.1), parameter r (in units of hour−1) denotes the growth rate of

the live cells. We assume live and dead cells compete for space in the reduced Richards

growth equation with fixed βF (see chapter 4) and K (units of cells) denotes the carrying
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Figure 5.3.1: Hill equation dynamics for a range of values of the Hill coefficient, m
(equation 5.3.3). Parameters: λ = 0.1, IC50 = 5.

capacity. We introduce a cell death term that describes drug-induced cell kill of the live

cells. The rate at which the live cells are killed by the drug is proportional to the

number of live cells, y(t), and the rate of cell kill, h(c) (in units of hour−1), which is

an increasing, saturating function of the drug concentration, c (units µM). We model

h(c) using a Hill equation (see equation (5.3.3)) which we provide more details of below.

The cell kill term in equation (5.3.1) acts as a source of dead cells in equation (5.3.2).

We assume further that dead cells degrade at constant rate, k ≥ 0 (in units of hour−1).

In the absence of drug (c = 0), the growth of the live cells is described by the reduced

Richards growth equation model (see chapter 4).

Equation (5.3.3) describes the Hill equation and we illustrate its dynamics in Figure

5.3.1. In equation (5.3.3), the parameter m is the Hill coefficient. It determines the

steepness of the Hill equation (see Figure 5.3.1) and λ (in units of hour−1) denotes the

maximum rate of cell kill due to drug. The parameter IC50 (units µM) denotes the drug

concentration required to achieve 50% maximum drug-effect on the cells. As c → ∞,

h(c)→ λ. As IC50→ 0, the cell’s sensitivity to drug increases and for IC50→∞, cells

are more resistant.

For a fixed drug concentration, the Hill equation (see equation (5.3.3)) can be de-

scribed as a constant, h̃, where

h̃ =
λcm

IC50m + cm
. (5.3.4)

In order to determine the relationship between drug concentration and the rate of cell

kill due to drug, we fitted our model, defined in equations (5.3.1)-(5.3.2) to individual

dose-response curves and estimated values of y0, r, k and h̃, for each drug concentration.
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We found the estimated values of h̃ to follow a saturating behaviour for increasing values

of c. In response to this, we fitted the Hill equation (5.3.3) to estimated h̃ values and

found the Hill equation to describe the data well with values of m 6= 1 for the majority

of data sets. With estimates of m 6= 1, we concluded that simpler models such as

Michaelis-Menten were not suitable. Hence, we consider Hill equation dynamics when

describing the cell kill effect of the drugs on the cells.

5.3.1 Initial conditions

We assume that initially the tumour comprises live cells only, so that,

y(t = 0) = y0, z(t = 0) = 0, (5.3.5)

where y0 > 0.

We assume natural cell death is negligible during the course of the experiments and

therefore assume dead cells do not occur naturally. Hence, at the beginning of the

experiment, dead cells are not present within the total tumour population. For the

control case, c = 0, dead cells are not present within the total tumour population for

the duration of the experiment.

To summarise, our model of cell growth and response to treatment with a single TKI

is defined by equations (5.3.1)-(5.3.3), with initial conditions prescribed in equation

(5.3.5). A summary of the model parameters is given in Table 5.4.2.

5.4 Methods

In this section, we restate the estimated growth rates, r, from chapter 4 of the four

NSCLC cell lines. We also present biologically motivated bounds of model parameters

defined in equations (5.3.1)-(5.3.3) and we present a Monte Carlo Simulation Method,

used to quantify uncertainty in model fits to the in vitro data. We use the same parame-

ter estimation methods, goodness-of-fit metrics and identifiability analysis methodologies

that we used in chapter 4. When performing structural identifiability analysis, we use

a differential algebra approach which we implement using DAISY [8]. We implement a

differential algebra approach to perform structural identifiability analysis on the model
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for a single, fixed drug concentration, c as the model is a system ODEs in the form of

rational and polynomial functions. To assess the structural identifiability of the model

over multiple drug concentrations, we employ a scaling method presented by Castro and

de Boer [18].

We use the extended Fourier Amplitude Test (eFAST) to perform global parameter

sensitivity analysis on the model (see chapter 2 for details of eFAST). When fitting our

model to a dose-response curve, we pool the data from the three experimental replicates

for each cell line and each drug concentration.

5.4.1 Parameter bounds

In Table 5.4.1, we state estimated values and standard errors of the growth rates, r,

for the four NSCLC cell lines. These values were obtained in chapter 4 by fitting the

reduced Richards equation, with fixed β, to the control in vitro data sets.

PC9 T790M SCD4 SCB5
r 0.0410±0.0004 0.0440±0.0007 0.0382±0.0010 0.0341±0.0005

Table 5.4.1: Estimated values (± standard error) of the growth rate, r, for each cell line
in the absence of drug. Estimates were found by fitting the reduced Richards growth
equation, with fixed β = 3.315, to the control in vitro data sets in chapter 4.

In Table 5.4.2, we provide descriptions of model parameters defined in equations

(5.3.1)-(5.3.3), and the bounds employed for parameter estimation and practical identi-

fiability analysis.

In what follows, we motivate the parameter bounds stated in Table 5.4.2.

Parameter bounds on the growth rate, r (hour−1), are based on the likelihood-based

confidence intervals for PC9 cells, calculated in chapter 4. We take the conservative

bounds of 0.015 < r < 0.06.

Initial cell numbers in the in vitro data (see Figures 5.2.1(a)-(h)) range from 1000

to 2250 across experiments. We take the conservative bounds, 100 < y0 < 2500.

Bounds on the half-maximal drug concentration, IC50 (µM), are taken from in

vitro experimental studies on EGFR-mutant NSCLC cell lines, with recorded values of

IC50 = 0.023µM and IC50 = 0.008µM, for gefitinib and osimertinib, respectively [29].

We take the conservative bounds 0.005 < IC50 < 0.2.
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Parameter Description Units Parameter range
r Growth rate hour−1 [0.015, 0.06]
k Dead cell degradation rate hour−1 [0.00001, 0.15]
y0 Initial live cell number cells [100, 2500]

λ
Maximum rate of cell death
due to drug hour−1 [0.01, 0.15]

IC50
Half-maximal drug concen-
tration µM [0.005, 0.2]

m Hill coefficient dimensionless [0.5, 5]
K Carrying capacity cells fixed; 50000 cells

βF
Competition strength pa-
rameter dimensionless fixed; 3.315

Table 5.4.2: Summary of estimated and fixed parameters for the in vitro treatment model
defined by equations (5.3.1)-(5.3.3). Values of fixed parameters and parameter bounds
considered for estimated model parameters are given along with their units. Except
for the carrying capacity, K which is fixed at 50,000 cells and the competition strength
parameter βF which is also fixed (βF = 3.315), all model parameters are estimated
by fitting to the in vitro data sets. Bounds on the parameters are used for parameter
estimation and the calculation of profile likelihoods (see subsection 5.5.4.2).

Bounds on the Hill coefficient,m, can also be inferred from in vitro experimental data

[137]. Vainstein et al. fitted the Hill equation to dose-response curves describing chronic

myeloid leukaemia (CML) BCR-ABL mutant cells in the BCR-ABL TKI, nilotinib and

found estimated slopes of the curve (m) in the range 0.94 < m < 5.64. The authors

found that lower values of m were found to correspond to cells with drug resistance

mechanisms. We take the bounds, 0.5 < m < 5.

Bounds on the maximum rate of drug-induced cell kill, λ, are taken to be 0.01 < λ <

0.15. This range of values is chosen so that, at low values of λ (e.g. λ = 0.01 hour−1),

the maximum rate of cell death is slower than the growth rate. By contrast, when

λ = 0.15 hour−1, the rate of cell kill due to drug is larger than the rate of cell growth.

Bounds on the rate of dead cell degradation, k (units hour−1)are taken to be,

0.00001 < k < 0.15. This range is chosen so that, at low values of k, (e.g. k =

0.00001 hour−1), degradation of dead cells is negligible during the experiment. Con-

versely, for high values of k (e.g. k = 0.15 hour−1), dead cells degrade much quicker

than the growth rate of live cells.
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5.4.2 Monte Carlo Simulations for calculating 95% confidence bounds
of the model fit to data

We use Monte Carlo Simulations to generate 95% confidence bands of the fits of our

practically identifiable model to the in vitro data. For these simulations, we use values of

model parameters that lie within their likelihood-based confidence intervals, calculated

using the profile likelihood method. We note that, in the previous chapter, we used

MCMC to quantify the uncertainty in model fits.

1. For practically identifiable model parameters of which finite likelihood-based con-

fidence bounds are yielded, we define a uniform distribution with bounds equal to

those of the likelihood-based confidence intervals.

2. For each model parameter, we randomly sample from the uniform distribution,

defined in step 1. Let θ∗ denote the sample of model parameters.

3. We employ the set of parameters, θ∗, in our model and calculate the residual sum of

squared errors, χ2(θ∗), by fitting the model to the pooled dose-response curves for

a given cell line and drug (we note that all model parameters are fixed and hence,

no parameters are estimated when doing so). If χ2(θ∗)− χ2(θ̂) < icdf(χ2
df , α), we

accept θ∗,

else: we return to Step 2.

Recall, χ2(θ̂) denotes the goodness-of-fit and icdf(χ2
df , α) is the inverse cumulative

distribution function of the χ2 distribution with df degrees of freedom at the 95%

confidence level, where df is equal to the number of model parameters.

4. Using our accepted θ∗, we simulate the model for all drug concentrations and,

for each drug concentration, we store solutions of the total, live and dead cell

numbers. We repeat then return to step 1 until a total number of 5000 iterations

is completed.

5. Using the sets of stored model solutions, for a given drug concentration, at each

time point, we calculate the maximum and minimum values of the distribution of

total cell numbers. We do the same for the distribution of live cell numbers and
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similarly for the dead cell numbers. The maximum and minimum values of the

total, live and dead cells for all time points are the upper and lower limits of our

95% confidence region of the model fit to the data.

5.5 Results

In this section, we present results in line with the workflow presented in Figure 5.1.1.

5.5.1 Richards growth equation fit to individual dose-response curves

We aim to determine how well the reduced Richards growth equation model (see equation

(4.3.2) in Table 4.3.1 in chapter 4), with fixed β = βF (βF = 3.315), describes the

dynamics of NSCLC TKI-sensitive and resistant cell lines in a single fixed concentration

of drug. In so doing, we investigate how the TKIs affect the dynamics of the cells

compared to the control.

We begin by fitting the reduced Richards growth equation to each dose-response

curve describing drug sensitive PC9 cells and drug-resistant SCD4 cells in a fixed gefitinib

concentration (see Figures 5.2.1(a) and (c)). We estimate values of parameters r and

y0 for each drug concentration and each cell line. By doing so, we determine how the

drug affects a cell’s growth rate, r. In Figures 5.5.1 and 5.5.2, we present solutions when

the model is fitted to the data for a range of values of c. In Figure 5.5.3, we plot the

estimated values of r for all values of c and the corresponding goodness-of-fit, denoted

by χ2(θ̂).

For PC9 cells in gefitinib, by visual inspection, Figures 5.5.1(a)-(b) show the reduced

Richards growth equation with fixed β gives a good description of the cellular dynamics

for c ≤ 0.014µM. However, for c > 0.041µM, poorly fitting solutions of the model are

shown (Figures 5.5.1(c)-(d)). Although not presented here, poor fits were also observed

for larger values of the drug concentration, c > 0.123µM, for PC9 cells in gefitinib.

In Figure 5.5.3(a), for the PC9 gefitinib data set, when c = 0.014µM, a lower value

of r = 0.025 hour−1 is estimated compared to the untreated case (c = 0µM) where

r = 0.041 hour−1 (see Table 5.4.1). These results could suggest that gefitinib slows the

growth rate of the PC9 cells at low drug concentrations and that, at higher concentrations
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Figure 5.5.1: Best-fit solutions of the reduced Richards growth equation, with fixed
β = βF (see equation (4.3.2) in Table 4.3.1 in chapter 4), fitted to drug sensitive PC9
cells in gefitinib. For each drug concentration, c, parameters r and y0 are estimated.
Key: coloured dots; data, black lines; model solution describing y(t) over time. Values
of c are indicated in the subplot titles.

Figure 5.5.2: Best-fit solutions when the reduced Richards growth equation, with fixed
β = βF (see equation (4.3.2) in Table 4.3.1 in chapter 4), is fitted to drug sensitive SCD4
cells in gefitinib. Figure details the same as in Figure 5.5.1.

Figure 5.5.3: Estimated values of r (left hand y-axis) and corresponding minimum resid-
ual sum of squared errors, χ2(θ̂) (right hand y-axis) plotted with respect to c for PC9
and SCD4 gefitinib data sets when fitting the reduced Richards growth equation, with
fixed β, to individual dose-response curves. Key: black dots; estimated values of r and
bars represent the standard error of each estimate, cyan diamonds; χ2(θ̂) values.

of drug, a drug-induced cell kill mechanism is acting. Conversely, the drug may act by

inducing a cell kill mechanism alone. We discuss these alternatives in later sections
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where we propose experiments that may be used to elucidate our understanding further

of the mechanisms of drug. Further, we use the model to generate synthetic data that

describe these experiments.

For the drug-resistant SCD4 cells in gefitinib, by visual inspection, Figures 5.5.2(a)-

(d) shows that the reduced Richards growth equation fits the in vitro data for concen-

trations ranging from 0 to 10 µM.

In Figure 5.5.3(b), we plot estimated values of r for SCD4 cells in gefitinib. The

values of r are similar (0.035 < r < 0.038 for 0.014 < c < 3.33) to those in the untreated

case where r ≈ 0.038 hour−1 (not plotted but given in Table 5.4.1). A large reduction in

the estimated value of r is observed for c = 10µM (estimated value of r = 0.022 hour−1

at c = 10µM). Hence, increasing doses of gefitinib in the range c < 10µM, have a small

effect on the growth rate of the SCD4 cells and we observe that these cells are resistant

as estimated values of r do not vary considerably from the untreated case.

Similar results to those presented in Figure 5.5.3(a) are observed for the PC9 osimer-

tinib data set (see Figure 5.A.1(a) in the appendix) and similar results to those in Figure

5.5.3(b) are observed for the resistant data sets (both SCB5 data sets and the T790M

gefitinib data set, see Figure 5.A.1 in the appendix). For the T790M cells in osimertinib,

the Richards growth equation gives a good description of the the dose-response curves

at higher concentrations (c ≤ 0.123µM) than the PC9 cells and, a decrease in estimated

r values is observed (see Figure 5.A.1(c) in the appendix). This suggests osimertinib

has a weaker effect on T790M cells than PC9 cells. We investigate this further in the

following sections.

For the remainder of this chapter, we focus on the drug sensitive data sets (PC9

gefitinib, PC9 osimertinib and T790M osimertinib) and we explore in more detail the

mechanisms by which the drugs act on the different cell lines. We do not carry out

further analysis on the drug-resistant data sets (SCD4 and SCB5 data sets and the

T790M gefitinib data set). We propose future work in identifying the mechanisms by

which drug resistance mutations, such as those of the drug-resistant cells presented in this

chapter, reduce treatment efficacy. For example, do such mutations prevent the action
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of drugs that slow the growth of the cells, or do they evade treatment by preventing a

cell kill mechanism of the drug.

5.5.2 Steady-state analysis

For a fixed drug concentration, c where the rate of cell kill is denoted by the constant,

h̃, the steady states of the model are (0, 0) and (y∗, z∗) where,

y∗ + z∗ = K

(
1− h̃

r

) 1
βF

, (5.5.1)

with

y∗ =
K
(

1− h̃
r

) 1
βF(

1 + h̃
k

) , (5.5.2)

and

z∗ =
h̃y∗

k
. (5.5.3)

Therefore, referring to the steady state of the dead cells, z∗, the composition of the

tumour at steady state depends on the rate of cell kill, h̃ and the rate of dead cell

degradation, k. For h̃ < k, the tumour is made up of more live cells than dead cells at

steady state and for h̃ > k, the tumour is made up of more dead cells than live cells

at steady state. If h̃ = k, the tumour is made up of live and dead cells with a 1:1

ratio at steady state. The total tumour population size at steady state depends on the

parameters h̃ and r. If h̃ = 0, the total tumour population size at steady state is equal

to K. In order for the steady state to be biologically feasible, we require r ≥ h̃. By

carrying out this steady state analysis, we have found constraints on parameters that

are necessary for biologically feasible solutions and we have determined how tumour

composition at steady state will vary depending on the model parameter values.

5.5.3 Structural identifiability

We perform structural identifiability analysis on the treatment model (defined in equa-

tions (5.3.1)-(5.3.3)) for a single, fixed drug concentration, c, using a differential algebra

approach and we implement this approach using DAISY, a software package used to

determine the structural identifiability of ODE models with polynomial and rational
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functions [8]. For multiple drug concentrations, we perform structural identifiability

analysis on the model using a scaling method presented by Castro and de Boer [18].

We assess structural identifiability from time-course data on total tumour cell num-

bers (i.e., N(t) = y(t) + z(t)) in response to, (i) a single fixed drug concentration, c (i.e.

analysis on a data set that describes a single dose-response curve of a cell line in a fixed

concentration of drug); (ii) multiple (≥ 2) drug concentrations (i.e. analysis on a data

set consisting of pooled dose-response curves where more than two drug concentrations

are considered).

For (i), we note that for any single dose-response curve, the drug concentration, c is

constant. Hence, the Hill equation (equation 5.3.3) can be represented by a constant, h̃,

where,

h̃ =
λcm

IC50m + cm
. (5.5.4)

Therefore, the set of model parameters for a single dose-response curve, of which

we apply structural identifiability analysis, are {r, h̃, k, y0}. For (i), DAISY con-

firmed global structural identifiability of all parameters {r, h̃, k, y0} for any single

dose-response time-course of the total tumour population.

In order to demonstrate structural identifiability of the model for multiple drug

concentrations, we need to show that the parameters, {r, λ, IC50,m, k} are identifiable

for all drug concentrations, cj . To do this, we implement a simple scaling method

presented by Castro and de Boer [18]. For ease of understanding we use I in place of

IC50.

Recall N(t) = y(t) + z(t) denotes the observed variable describing the total tumour

population over time. Hence, we rewrite the treatment model (defined in equations

(5.3.1)-(5.3.3)) as the following system of equations,

dy

dt
= ry

(
1−

(
N

K

)βF)
− λcmy

cm + Im
, (5.5.5)

dN

dt
= ry

(
1−

(
N

K

)βF)
− kN + ky, (5.5.6)

where N(t) is observed, y(0) = y0 and z(0) = 0, where y0 is a known, fixed parameter.
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Identifiability equations

Consider the scalings,



λ→ uλλ,
I → uII,
m→ umm,
r → urr,
k → ukk,
y → uyy,
N → N,
c→ c,
K → K,
bF → bF .

(5.5.7)

Since the parameters, βF , K and c are known, uc = 1, uβF = 1 and uK = 1. Further,

uN = 1 as N is observed.

We can define the linear independent functions:

f11 = ry

(
1−

(
N

K

)βF)
, f12 =

λcmy

cm + Im
, (5.5.8)

f21 = f11, f22 = kN, f23 = ky. (5.5.9)

From equation (14) in [18],

ry

(
1−

(
N

K

)βF)
= urruyy

(
1−

(
N

K

)βF)
(5.5.10)

λcmy

cm + Im
=

uλλc
ummuyy

cumm + (uII)umm
(5.5.11)

kN = ukkN (5.5.12)

ky = ukuyky (5.5.13)

From equation (5.5.12), uk = 1 and therefore, from equation (5.5.13), uy = 1. For

equation (5.5.10), uruy = ur = 1. Consider equation (5.5.11) and multiply both sides

by (cm + Im)(cumm + (uII)umm) to obtain,

λcmy(cumm + (uII)umm) = uλλc
ummuyy(cm + Im), (5.5.14)

giving,

c(um+1)m + (uII)ummcm = uλuyc
(um+1)m + uλuyI

mcumm. (5.5.15)
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By comparing the coefficients of c(um+1)m and cumm, we find uλuy = uλ = 1 (given

uy = 1 from above) and um = uI = 1 to be a solution. To check this is the only solution,

assume um 6= 1. By comparing coefficients in equation (5.5.15), we get uλ = 1 and

(uII)ummcm = Imcumm. (5.5.16)

where um = uI = uλ = 1 is the only solution.

Hence, the identifiability equations are

uλ = 1,
uI = 1,
um = 1,
ur = 1,
uk = 1,
uy = 1,
uN = 1,
uc = 1,
uK = 1,
ubF = 1.

(5.5.17)

Since all scalings are unity, the model is structurally identifiable. We note that, in the

case where live (y(t)) and dead (z(t)) tumour cell populations are observed, the model

is structurally identifiable, although we do not present the workings here.

5.5.4 Parameter estimation and practical identifiability

5.5.4.1 Parameter Estimation

We carry out an initial estimation of the model parameters, prior to practical identifi-

ability analysis, by fitting our model to the pooled dose-response curves for a range of

fixed drug-concentrations, c, for a given cell line and drug. When we fit the model to the

pooled dose-response curves, we estimate parameters r, IC50, λ, m and k. Before per-

forming a fit on the pooled data set, we estimate and fix the initial live cell number, y0,

for each dose-response curve in the pooled data set. We do this by first fitting the model

to the individual dose-response curves and estimating values of r, y0, k and h̃, where

h̃ is the constant rate of cell kill due to drug (see equation 5.5.4 in section 5.5.3). We

estimate and fix values of y0 for individual dose-response curves first because different

dose-response curves have different initial cell numbers. We summarise the estimated

values of y0 in Table 5.A.1 in the appendix. In Table 5.A.1 in the appendix, for each
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data set, there is a wide range of estimated values of y0 across the different drug concen-

trations. Variation in the estimated values of y0 are as a result of the variation in the

initial cell numbers in the in vitro data which occurs due to the fact that, for each drug

concentration and experimental repeat, a different experiment was carried out where a

different initial cell number was seeded at the start of the experiment. Differences in y0

values will impact the estimated values of the growth rate, r, and other model parame-

ters as we have shown in section 4.5.5 in chapter 4 by calculating correlations between

estimated parameters. This variation in the estimated values of y0 across the different

drug concentrations will increase the level of uncertainty in estimated model parameters

when fitting the model to pooled dose-response curves.

Model fits for PC9 cells in gefitinib (pooled dose-response curves) are shown in Figure

5.5.4. We plot the total, live and dead cell dynamics. However, when performing the

fits, we fitted the total tumour population to the data only. We summarise optimal

estimated parameter values in Table 5.5.1 where we also present optimal parameters for

PC9 and T790M osimertinib data sets. Model fits for these data sets are plotted in

Figures 5.A.2 and 5.A.3, in the appendix. Correlations between estimated parameters

are given in Tables (5.5.2)-(5.5.4) for all data sets.

Parameter PC9 gefitinib PC9 osimertinib T790M osimertinib
r 0.041±0.0003 0.041±0.0004 0.043±0.0006
IC50 0.026±0.0004 0.015±0.0002 0.033±0.0034
m 2.23±0.05 2.59±0.09 0.50±0.0012
λ 0.041±0.0004 0.041±0.0005 0.037±0.0009
k 0.032±0.0016 0.035±0.0024 0.020±0.0033
χ2(θ̂) 11.45 25.45 53.20

Table 5.5.1: Estimated parameter values (± standard error) and χ2(θ̂) values of the
treatment model fitted to pooled dose-response curves of the drug-sensitive data set. The
units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1).
Dim. stands for dimensionless.

Figure 5.5.4 shows the model fits the PC9 gefitinib data well for all concentrations

of drug except for c = 0.041µM. For c > 0.123µM, live cell numbers are predicted

to decrease and dead cell numbers to increase for increasing drug concentration. For

c = 0.041µM, the model predicts slow, nonlinear growth of the cell population whereas

the data shows the cells to increase linearly with time. In section 5.5.1, at lower values
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Figure 5.5.4: Model fits for the PC9 gefitinib data set. The model is fitted to pooled
dose-response curves for all drug concentrations. Key: blue dots; data, blue block lines;
best-fit solution of model describing the total population over time, N(t), orange dashed
lines; best-fit solution describing live cell numbers, y(t); green dotted lines; best-fit
solution describing dead cell population, z(t). The drug concentrations, c are indicated
in each subplot title.

PC9 gefitinib r IC50 m λ k
r 1.00 -0.69 -0.46 0.57 0.28
IC50 -0.69 1.00 0.62 -0.25 -0.34
m -0.46 0.62 1.00 -0.39 -0.04
λ 0.57 -0.25 -0.39 1.00 -0.60
k 0.28 -0.34 -0.04 -0.60 1.00

Table 5.5.2: Correlations between estimated parameters of the treatment model fitted
to pooled dose-response curves of the PC9 gefitinib data set. The units of parameters
are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1). Dim. stands for
dimensionless.

PC9 osimertinib r IC50 m λ k
r 1.00 -0.65 -0.13 0.63 0.29
IC50 -0.65 1.00 0.02 -0.28 -0.29
m -0.13 0.02 1.00 -0.21 0.02
λ 0.63 -0.28 -0.21 1.00 -0.52
k 0.29 -0.29 0.02 -0.52 1.00

Table 5.5.3: Correlations between estimated parameters of the treatment model fitted to
pooled dose-response curves of the PC9 osimertinib data set. The units of parameters
are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1). Dim. stands for
dimensionless.

181



5.5. RESULTS

T790M osimertinib r IC50 m λ k
r 1.00 -0.70 -0.23 0.54 0.36
IC50 -0.70 1.00 0.20 -0.27 -0.21
m -0.23 0.20 1.00 -0.67 0.05
λ 0.54 -0.27 -0.67 1.00 -0.41
k 0.36 -0.21 0.05 -0.41 1.00

Table 5.5.4: Correlations between estimated parameters of the treatment model fitted to
pooled dose-response curves of the T790M osimertinib data set. The units of parameters
are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1). Dim. stands for
dimensionless.

of c, when fitting the Richards growth equation to individual dose-response curves, we

estimated slower growth of the drug-sensitive cells whereas, at higher values of c, we

speculated that a different mechanism of action is taking place. Based on these results,

we speculated that a dual mechanism of action could be taking place (i.e. slowing of

growth at low concentrations and cell kill at high concentrations). A dual action of

TKIs has been observed in the preclinical data study [150]. The cellular dynamics at

c = 0.041µM could be as a result of these mechanisms acting simultaneously. We do not

however consider a model whereby the drug affects the growth rate and also induces a

cell kill effect. Investigations into a model with said factors is subject to future work.

In Figure 5.5.4, for c ≥ 0.123µM, the qualitative dynamics of the live and dead cell

numbers are the same, i.e. live cell numbers remain approximately constant and dead cell

numbers increase and saturate. Similar results were observed for the PC9 osimertinib

data set (see Figure 5.A.2 in the appendix). Visual inspection of Figure 5.A.3 in the

appendix shows the model does not fit the T790M osimertinib data well at low drug

concentrations.

In Tables (5.5.2)-(5.5.4), for all data sets, parameters are shown to be correlated

which could suggest practical non-identifiability of the model. For all data sets, we

find r and λ to be positively correlated with values ranging from 0.54 to 0.63 across

the different data sets. This suggests that a higher estimated value of λ (higher rate

of cell kill) can maintain a good data-model match when cells are estimated to divide

at a quicker rate (higher value of r). We also observe a negative correlation between

parameters λ and k with values ranging from -0.6 to -0.41 across the different data sets.

This makes sense as, in order to maintain a good data-model match, if a higher value

182



5.5. RESULTS

of λ is estimated (coupled with a higher estimated value of r), then a lower rate of

clearance of the dead cells can maintain a good match of the model to the total cell

population data and our model could predict a cell population made up of dead cells at

long times. These results could suggest that the set of parameters (r, λ, k) is a locally

identifiable set of parameters whereby different sets of values of these parameters can

give rise to the same total tumour cell population dynamics. Similarly, we observe strong

negative correlations between parameters, r and IC50 with values ranging from -0.7 to

-0.65 across the different data sets. This demonstrates that, when cells are estimated to

divide at a higher rate, a lower value of IC50 can be estimated. This lower value of IC50

ensures sensitivity of the cells to the drug and hence, more cell kill takes place at lower

drug concentrations. We also observe a negative correlation between k and IC50 for all

data sets with values ranging from -0.34 to -0.21 across the different data sets. Again,

if more cell kill is estimated to take place (lower values of IC50 are estimated) then the

tumour population will be made up of predominantly dead cells and in order to maintain

a good data-model match, a slower rate of dead cell clearance may be estimated.

Interestingly, the correlation between IC50 and m varies greatly across the different

data sets. We observe effectively zero correlation (0.02) for PC9 cells in osimertinib and

a strong positive correlation (0.62) for PC9 cells in gefitinib. This is interesting as these

two data sets present similar cellular dynamics. The difference in these correlations may

be as a result of remaining model parameters being correlated with m and IC50.

Next, we assess our certainty in these model predictions and parameter estimates

by performing practical identifiability analysis on the model, using the profile likelihood

method.

5.5.4.2 Practical identifiability

In section 5.5.3, we showed that the model is structurally identifiable for pooled dose-

response curves. This result is encouraging as any uncertainty in estimated model pa-

rameter values can be attributed to the data alone.

In this section, we use the profile likelihood method to assess the practical identifiabil-

ity of the treatment model parameters when the model is fitted to pooled dose-response

curves for a given cell line and drug (see Table 5.4.2 for a summary of the estimated
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model parameters and bounds on the parameter values employed). Profile likelihoods

for drug-sensitive data sets are plotted in Figure 5.5.5.

Figure 5.5.5: One-dimensional parameter profile likelihoods for treatment model param-
eters for each drug-sensitive data set. Key: magenta crosses; optimal parameter val-
ues (see Table 5.5.1), black dashed horizontal lines; 95% confidence level calculated as
icdf(χ2

1, α) and plotted at the value χ2(θ̂)+ icdf(χ2
1, α), grey vertical dashed lines; lower

and upper likelihood-based confidence interval bounds, red dots; calculated profile like-
lihood values, black block line; cubic interpolation of the profile likelihood values. The
units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1).
Dim. stands for dimensionless.

In Figure 5.5.5, profile likelihoods reveal lack of practical identifiability of the model

parameters for the drug-sensitive data sets. Hence, the model is practically non-identifiable

given the data which consists of total cell numbers only.

For the PC9 data sets, parameters r, IC50 and λ are practically identifiable; their

profiles yield finite upper and lower confidence interval bounds. For all data sets, the

parameter k is practically non-identifiable; its profiles yield finite upper likelihood-based

confidence bounds only. For the T790M osimertinib and the PC9 osimertinib datasets,

the parameter m is shown to be practically non-identifiable; profiles yield a finite lower

bound only for PC9 cells in osimertinib and a finite upper bound only for T790M cells

in osimertinib. For PC9 cells in geftinib, a finite upper confidence bound for m is

yielded yet, we observe a large confidence interval ranging from approximately 1.3 to

4.2, suggesting large uncertainty in the estimated value of m for this data set. The
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profile likelihoods for PC9 gefitinib and osimertinib data sets are similar. This is to be

expected as the response of PC9 cells to both drugs is similar (see Figure 5.2.1).

For T790M cells, the parameter IC50 is practically identifiable yet, yields a large

confidence interval with bounds at approximately 0.014 and 0.1. We attribute this to

larger variability across experimental repeats in the T790M osimertinib data set than in

the PC9 data sets (see Figure 5.2.1). For T790M cells, k is practically non-identifiable.

This may be because dead cells degrade on a slower timescale than those on which cell

growth (r−1) and drug-induced cell kill (λ−1) take place so that degradation of dead

cells is negligible (k ∼ 0) on the time span of the experiment (up to 200 hours). We

investigate the impact of varying k on estimated model parameters in sections 5.5.6 and

5.5.7.1.

For PC9 cells in osimertinib, the profile for m yielded a minima with values that

remained below the threshold for increasing values of m. Conversely, for T790M cells,

the upper bound of the confidence interval for the m profile is low (mT790M ≈ 0.77)

compared to the range of profiled values of m for the PC9 cells in osimertinib that lie

below the 95% confidence threshold. In the profile of m for the T790M osimertinib

data set, we observe a quick increase in the profile likelihood values as m increases.

We attribute this to the dynamics of the Hill equation (see Figure 5.3.1). The Hill

equation dynamics are relatively insensitive to changes in m for m > 2. Yet, they are

sensitive to changes in m at lower values, m < 1. Therefore, the dynamics of the cells,

predicted by the model, may vary drastically for different values of m which take low

values (m < 1). Yet, at high values of m > 2, the predicted behaviour of the cells may

not differ markedly, which, in turn, would result in little change to the goodness-of-fit.

The profiles for λ for the PC9 gefitinib and osimertinib data sets have two minima

below the 95% confidence threshold. The minima occur at λ ≈ 0.04 hour−1 and λ ≈

0.073 hour−1 for both data sets. We attribute this to the multiple minima observed in

the profile of k (the minima in the profile of k occur at k ≈ 10−5 hour−1 for both sets

and at k ≈ 0.031 hour−1 for PC9 cells in gefitinib and at k ≈ 0.036 hour−1 for PC9 cells

in osimertinib). We conclude that this is a result of k and λ being negatively correlated

with correlations, −0.6 and −0.52 for the PC9 gefitinib and PC9 osimertinib data sets,
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respectively (see Tables 5.5.2 and 5.5.3, respectively). Hence, higher estimated values of

k may occur as lower values of λ are estimated when fitting the model to the pooled dose-

response curves. The two minima in the profile for λ for the PC9 cells which occur close

together could suggest λ is locally identifiable around each minima. In future work, it

would be interesting to investigate the structural identifiability of the model for a single,

fixed drug concentration and for multiple drug concentrations using different methods

as opposed to DAISY and Castro and de Boer’s scaling method which are employed in

this chapter. In so doing, information on local identifiability of model parameters may

be given. In what follows, we investigate the cellular dynamics at the two minima in the

k profile in the following subsection and examine their corresponding model predictions.

5.5.5 Implications of predicting unobserved variable trajectories

Certainty in values of clinically relevant drug-effect parameters when fitting models to

data from preclinical studies is important. In this section, we investigate the uncertainty

in model predictions when using a practically non-identifiable model (i.e. contains prac-

tical non-identifiable parameters).

In Figure 5.5.6, for PC9 cells in gefitinib, we plot trajectories of the total, live

and dead cells when fixing two profiled parameter values of k (k = 10−5 hour−1 and

k = 0.031 hour−1) that yield similar χ2(θ̂) values (χ2(θ̂) = 11.93 for k = 10−5 hour−1

and χ2(θ̂) = 11.46 for k = 0.031 hour−1). To generate these plots, for each value of k,

we fix k and estimate all remaining model parameters by fitting the model to the pooled

dose-response curves. We summarise the estimated values of the remaining parameters,

found by performing these fits, in Table 5.5.5. In Figure 5.5.6, for simplicity, we only plot

solutions of cell numbers over time for the drug concentration, c = 0.123µM. Correlations

between estimated parameters are given in Tables (5.5.6)-(5.5.7).

In Table 5.5.5, we observe noticeable differences in the estimated values of IC50 and

λ that lie within their finite 95% confidence regions (see profile likelihoods in Figure

5.5.5), as k varies. This is unsurprising as we have shown in Table 5.5.2 in the previous

subsection that k and λ are negatively correlated which could suggest that these param-

eters are a locally identifiable pair of parameters when the total tumour population is

the observed output of the in vitro experiments.
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Figure 5.5.6: Model predictions of total (N(t)), live (y(t)) and dead (z(t)) cell pop-
ulations describing PC9 cells in c = 0.123µM gefitinib for two profiled values of k,
k = 10−5 hour−1 and k = 0.031 hour−1 which are fixed. For each value of k, the model is
fitted to the pooled dose-response curves and the other model parameters are estimated
(estimates of these parameters are given in Table 5.5.5). For fixed k = 10−5 hour−1

and k = 0.031 hour−1, similar values of χ2(θ̂) were calculated (χ2(θ̂) = 11.93 for
k = 10−5 hour−1 and χ2(θ̂) = 11.46 for k = 0.031 hour−1). Key: blue dots; data,
blue lines; best-fit solution of the total tumour population, orange; live cells and green;
dead cells. Parameters: see Table 5.5.5.

Parameter k = 10−5 k = 0.031
r 0.040±0.0003 0.040±0.0002
IC50 0.038± 0.0005 0.026 ± 0.0003
m 1.92 ± 0.0501 2.24±0.0493
λ 0.077±0.0008 0.042± 0.0003
χ2(θ̂) 11.93 11.46

Table 5.5.5: Estimated values (± standard error) of model parameter when profiled
values of k (k = 10−5 hour−1 and k = 0.031 hour−1) are fixed. For each fixed value of k,
the model is fitted to the pooled dose-response curves and the other model parameters
are estimated. These parameters are employed in the model and to generate model
solutions in Figure 5.5.6. The units of parameters are, r (hour−1), IC50 (µM), m
(dim.), λ (hour−1) and k (hour−1). Dim. stands for dimensionless.
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k = 10−5 r IC50 m λ
r 1.00 -0.27 -0.53 0.75
IC50 -0.27 1.00 -0.10 0.22
m -0.53 -0.10 1.00 -0.59
λ 0.75 0.22 -0.59 1.00

Table 5.5.6: Correlations between estimated parameters of the treatment model fitted to
pooled dose-response curves of the PC9 gefitinib data set for fixed k = 10−5 hour−1. The
units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1).
Dim. stands for dimensionless.

k = 0.31 r IC50 m λ
r 1.00 -0.66 -0.48 0.96
IC50 -0.66 1.00 0.64 -0.60
m -0.48 0.64 1.00 -0.52
λ 0.96 -0.60 -0.52 1.00

Table 5.5.7: Correlations between estimated parameters of the treatment model fitted to
pooled dose-response curves of the PC9 gefitinib data set for fixed k = 0.31 hour−1. The
units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1) and k (hour−1).
Dim. stands for dimensionless.

By fixing k = 10−5 hour−1, we assume negligible degradation of dead cells is observed

over the course of the experiment. Unsurprisingly, a higher value of λ is estimated, in

order to maintain a good data-model match whereby, live cells must be removed quicker

as the dead cells will remain in the tumour population throughout the course of the

experiment. Conversely, by assuming a higher fixed value of k = 0.031 hour−1, dead

cells degrade at a quicker rate and therefore, in order to maintain a good data-model

match, a lower value of λ is estimated to ensure more live cells make up the total tumour

population throughout the course of the experiment.

The parameter estimates, given in Table 5.5.5, contribute to similar total tumour

population dynamics yet, markedly different live and dead cell trajectories, seen in Figure

5.5.6; for k = 0.031 hour−1 (Figure 5.5.6(b)), the dead cells degrade more rapidly and the

relative proportions of live and dead cells at long times (t ≥ 80 hours) is approximately

50%. By contrast, when k = 10−5 hour−1 (Figure 5.5.6(a)), the degradation of dead

cells in the experiment is negligible and the ratio of live to dead cells is effectively zero at

long times (t ≥ 80 hours) where we observe a rapid decrease in the number of live cells

and an increase in the number of dead cells. As time evolves, the dead cells make up

the total tumour cell population. The similar dynamics of the total tumour population

188



5.5. RESULTS

observed in Figure 5.5.6 and the fact that parameters k and λ are correlated support

the fact k and λ could be a locally identifiable pair.

In Tables (5.5.6)-(5.5.7), we observe large differences in correlations associated with

the parameter IC50 when k is fixed at low and high values. Interestingly, in Table

(5.5.7), for fixed k = 0.031 hour−1, parameters IC50 and m are strongly positively

correlated (0.64) whereas, for fixed k = 10−5 hour−1, in Table (5.5.6), we observe a

weak negative correlation (-0.1). These results demonstrate that practically identifiable

parameter groupings that may be apparent from parameter correlations could differ

depending on the values of the remaining model parameters.

5.5.6 Relationships between estimated model parameters using profile
likelihoods

In what follows, we investigate the relationship between the profiled values of a practi-

cally non-identifiable model parameter and the estimated values of the remaining practi-

cally identifiable model parameters, along its profile. We also investigate the relationship

between the profiled values of a parameter that yields a large finite likelihood-based confi-

dence interval (for example, IC50 for the T790M osimertinib dataset) and the estimated

values of the remaining practically identifiable model parameters, along its profile. We

do so by using the calculated profile likelihoods (see Figure 5.5.5 in section 5.5.4.2)

where, for each fixed value of a parameter along its profile, we record the estimated

values of the remaining model parameters.

In Figure 5.5.7, we plot the values of the estimated practically identifiable model

parameters that correspond to the profiled values of m and k for the PC9 osimertinib

data set. We also plot the estimated values of model parameters along the profile of

IC50 for the T790M osimertinib data set.

Referring to Figure 5.5.7(b), for the PC9 osimertinib data set, we observe that, for

increasing values of k along its profile, there is a noticeable decrease in the estimated

values of λ and IC50. These results demonstrate that estimates of the clinically relevant

parameter, IC50, can vary greatly when the model suffers practical identifiability issues.

Similarly, in Figure 5.5.7(c) for the T790M osimertinib data set, values of parameters r
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Figure 5.5.7: Estimated values of practically identifiable model parameters along profiles
of practically non-identifiable model parameters, calculated using profile likelihoods (see
Figure 5.5.5 in section 5.5.4.2). The x-axis represents values of the profiled practically
non-identifiable model parameter. For each profiled parameter value, we record the esti-
mated values of the practically identifiable model parameters from the profile likelihoods
which we plot on the y-axis. (a) Estimated values of practically identifiable parameters,
r, IC50 and λ along the m profile for PC9 cells in osimertinib, (b) Values of r, IC50
and λ along the k profile for PC9 cells in osimertinib, (c) values of r and λ along the
IC50 profile for T790M cells in osimertinib. Key: block lines; estimated values of IC50,
dotted lines; λ; dashed-dotted lines; r.

and λ change markedly as the profiled value of IC50, which yields large finite likelihood-

based confidence intervals, increases. We note that profiled values of 0.014 < IC50 < 0.1

for this data set yield likelihood values within the 95% confidence region. However,

for changes in values of IC50 within this range (0.014 < IC50 < 0.1), we observe

noticeable changes in the estimated values of r and λ. Our results presented here have

demonstrated the importance of carrying out identifiability analysis when estimating

model parameters.

5.5.7 Model reduction

There are two ways in which we might increase the practical identifiability of our model

and increase the precision in the estimated parameters (by decreasing the width of

likelihood-based confidence intervals); (i) model reduction (i.e. grouping sets of practi-

cally non-identifiable parameters and/or by fixing a non-identifiable parameter) [36, 22]

and/or, (ii) improved experimental design (i.e. collecting additional data that will en-

able non-identifiable model parameters to be estimated) [75]. Obtaining additional data

has not been feasible within the duration of this DPhil. Therefore, we proceed with

(i) and look to fix model parameters, m and k to achieve practical identifiability of the
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model when it is fitted to the PC9 data sets. We also aim to increase the practical

identifiability of the model when it is fitted to the T790M osimertinib data set. For

the PC9 gefitinib data set, the parameter m yields finite, albeit large, likelihood-based

confidence intervals for the PC9 gefitinib dataset (see Figure 5.5.5). We seek to fix m for

this data set as large uncertainty in the estimated value of m could lead to uncertainty

in the other model parameters.

Our decision to fix parameters m and k is supported by the global parameter sensi-

tivity analysis performed on the model (results of which are presented in Figure 5.A.4

in the appendix), where parameters m and k were identified as not being influential

parameters (see the appendix for more details of eFAST performed on the model).

Henceforth, we fix k = 10−5 hour−1 so that, the rate at which dead cells degrade is

negligible during the course of the experiment compared to the rates of cell growth (r)

and the maximum rate of drug-induced cell death (λ).

5.5.7.1 Estimating and fixing values of m

With fixed k = 10−5 hour−1, we perform the following steps to determine fixed values

of m;

1. We fitted the model to each dose-response curve for each fixed value of the drug

concentration, c, and, we estimate h̃, the constant rate of cell kill due to the drug

(see equation 5.5.4) and y0, the initial number of live cells, whilst holding the

growth rate, r fixed at values estimated in the absence of drug (see Table 5.4.1).

2. We fitted the Hill equation defined by equation (5.3.3) to the estimated values of

h̃ and estimate values of IC50 and λ for the case where; (a) m is also estimated

and, (b) m is fixed using a value in {0.5, 1, 2, 3, 4}.

By fixing the growth rate, r, we ensure that the rate of cell kill due to the drug

is representative of the drug-induced cell kill mechanism only and that the estimated

values of h̃ are not influenced by changes in the estimated growth rate.

In Figure 5.5.8, we present estimated values of h̃ (blue diamonds) and the correspond-

ing best-fit solutions of the Hill equation (lines) for PC9 cells exposed to gefitinib. We
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present best-fit solutions for case (a), where m is estimated (solutions are plotted using

black dashed-dotted line) and others for (b) in whichm is held fixed (m ∈ {0.5, 1, 2, 3, 4};

coloured block lines). The optimal parameter values for each fit are given in the Figure

legend. Results for the PC9 and T790M osimertinib data sets are given in the appendix.

10 2 10 1 100100 101

c

0.02
0.00
0.02
0.04
0.06
0.08
0.10

h

PC9, gefitinib
fit: =0.100, IC50=0.074, m=0.500, 2( )=0.000911
fit: =0.087, IC50=0.046, m=1.000, 2( )=0.000326
fit: =0.082, IC50=0.042, m=2.000, 2( )=0.000100
fit: =0.081, IC50=0.041, m=3.000, 2( )=0.000149
fit: =0.080, IC50=0.041, m=4.000, 2( )=0.000189
Best-fit: =0.082, IC50=0.042, m=1.956, 2( )=0.000100

Figure 5.5.8: Best-fit solutions when the Hill equation (equation (5.3.3)) is fitted to
estimated values of h̃ (h̃ is estimated by applying step 1 which we describe at the
beginning of this section) for the PC9 gefitinib data set. Key: coloured block lines; m
fixed with values in {0.5, 1, 2, 3, 4}, black dashed-dotted lines; m is estimated. We also
provide, in the Figure legend, for a given fit, the estimated value of λ and IC50 along
with the estimated or fixed value of m and the goodness-of-fit value, χ2(θ̂).

In Figure 5.5.8, in the Figure legend, we observe that the estimated values of IC50

and λ are the same when m is fixed at m = 2 and when m is estimated (the estimated

value m is m = 1.956). Goodness-of-fit values, χ2(θ̂) do not differ markedly for m ≥ 2.

Therefore, we fix m = 2 for the remainder of this chapter when describing PC9 cells

in gefitinib. We fix m = 2 for the PC9 osimertinib data set for the same reasons (see

Figure 5.A.5 in the Appendix). For the T790M osimertinib data set, we find that the

best-fit estimate of m = 0.78 yields values of χ2(θ̂) similar to those when m is fixed at

m = 1. For simplicity, henceforth, we fix m = 1 for the T790M osimertinib data sets.

In Table 5.5.8 we summarise the estimated parameters of the Hill equation along with

the fixed values of m, for drug-sensitive data sets.

In section 5.5.5, we showed how different values of the dead cell degradation rate, k,

affect the dynamics of the unobserved tumour variables. We now investigate this further,

focussing in particular on the effect fixed values of k have on the estimated values of

the Hill equation parameters, m, IC50 and λ. To do this, we apply steps 1 and 2 from
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Parameter Data sets
PC9 gefitinib PC9 osimertinib T790M osimertinib

λ 0.082±0.002 0.080±0.006 0.041±0.001
IC50 0.042±0.004 0.023±0.008 0.048±0.010
m 2 (fixed) 2 (fixed) 1 (fixed)
χ2(θ̂) 1e-4 9.7e-4 4.1e-5

Table 5.5.8: Estimated parameter values (± standard error) of Hill equation parameters,
λ, IC50 and m for drug-sensitive data sets. Estimates were calculated by performing
steps 1 and 2 in subsection 5.5.7. The units of parameters are, IC50 (µM), m (dim.)
and λ (hour−1). Dim. stands for dimensionless.

subsection 5.5.7 where we fix k to a value k ∈ {0.0001, 0.001, 0.01, 0.1}. In Figure

5.5.9, we show how the estimated values of λ and IC50 change as k varies. We note

that negligible changes in estimated values of m were recorded for these changes in k

(results not presented).

In Figure 5.5.9, we also present the mean of the χ2(θ̂) values, where each χ2(θ̂) value

is calculated by performing step 1 from subsection 5.5.7, for a given dose-response curve

with a fixed value of k.

Figure 5.5.9: Right hand y-axis: estimated values of λ and IC50 for varying
k, obtained using steps 1 and 2 from subsection 5.5.7 for fixed values of k ∈
{0.0001, 0.001, 0.01, 0.1}. Key: black dots (joined with black lines); estimated val-
ues of λ with bars representing standard errors of the estimates, cyan (joined with cyan
lines); estimated values of IC50 with standard errors as bars. Left hand y-axis: the
mean of the χ2(θ̂) values, where each χ2(θ̂) value is calculated by performing step 1
from section 5.5.7, for a given dose-response curve with a fixed value of k. Key: pink
dots; mean χ2(θ̂) value.

.

The results presented in Figure 5.5.9 show how the estimated values of λ and IC50

decrease as k increases. We conclude that, as k increases and dead cells degrade more

quickly, a slower (maximum) rate of cell kill, λ, is needed to maintain a good fit to the

data. Indeed, the results for the PC9 gefitinib (Figure 5.5.9(a)) data set show similar
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values of the mean χ2(θ̂) values for k ≤ 0.01 hour−1 and yet, the estimated value of λ

decreases by approximately 40% as k increases from 0.0001 hour−1 to 0.01 hour−1. The

same can be said for the PC9 osimertinib data set (Figure 5.5.9(b)). Smaller changes

in values of λ are observed in the T790M osimertinib data set for increasing values of k

(Figure 5.5.9(c)).

To summarise, in this section we have carried out model reduction on our treatment

model by fixing the model parameters, m and k. Further, we have investigated the

implications of doing so on the estimated values of the drug-effect parameters, IC50

and λ. Henceforth, we proceed with the reduced treatment model where m and k are

fixed at values of k = 10−5 hour−1 and values of m given in Table 5.5.8. Next, we assess

the practical identifiability of the reduced model.

5.5.8 Practical identifiability analysis and parameter estimation of the
reduced treatment model

Figure 5.5.10: One-dimensional profile likelihoods for parameters r, IC50 and λ when m
and k are fixed with k = 10−5 hour−1 and values ofm fixed at values given in Table 5.5.8.
Key: horizontal black dashed lines; 95% confidence level plotted at χ2(θ̂) + icdf(χ2

1, α),
vertical grey dashed lines; likelihood-based confidence interval bounds, cyan crosses;
optimal parameter values, red dots; profile likelihood values, block black lines; cubic
interpolation of the profile likelihood values. The units of parameters are, r (hour−1),
IC50 (µM) and λ (hour−1).
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Figure 5.5.10 shows the profile likelihoods for parameters r, IC50 and λ when m

and k are fixed. The profiles have unique minima and finite likelihood-based confidence

intervals for all parameters and data sets. Hence, by fixing m and k we achieve a

practically identifiable model in which all model parameters can be identified given the

data and we obtain narrower finite likelihood-based confidence intervals for drug-effect

parameters λ and IC50. In Figure 5.5.10(c), for T790M cells, a large confidence interval

of IC50 is calculated when the interval is narrower compared to Figure 5.5.5 where all

the model parameters are estimated. This demonstrates that, by fixing m and k, the

precision in the estimated value of IC50 for this data set has increased. The likelihood-

based confidence interval for the T790M cells is larger than the PC9 datasets and we

attribute this to large variability in the data set relative to the PC9 data sets.

We present fits of the model to the PC9 gefitinib data set in Figure 5.5.11 (fits of the

model to PC9 osimertinib and T790M osimertinib data sets are given in Figures 5.A.6

and 5.A.7 in the appendix, respectively). We note that the model is fitted to the total

number of tumour cells only. In Figure 5.5.11, we plot the best-fit model solutions of

the number of live and dead cells along with the 95% confidence regions (see Methods

section for details). We observe good fits to the total cell population data for all cell

lines.

Parameter PC9 gefitinib PC9 osimertinib T790M osimertinib
r 0.040±0.0002 0.040±0.0004 0.041±0.0005
IC50 0.038±0.0004 0.021±0.0004 0.045±0.0029
m 2.0 (fixed) 2.0 (fixed) 1.0 (fixed)
λ 0.076±0.0006 0.075±0.0009 0.039±0.0007
k 10−5 (fixed) 10−5 (fixed) 10−5 (fixed)
χ2(θ̂) 11.97 26.73 62.47

Table 5.5.9: Estimated values of model parameter (± standard error) and χ2(θ̂) values
found by fitting the reduced model, with fixed m and k, to the pooled dose-response
curves for each drug-sensitive data set. The units of parameters are, r (hour−1), IC50
(µM), m (dim.), λ (hour−1) and k (hour−1). Dim. stands for dimensionless.

In Table 5.5.9, we present estimates of the parameters when the treatment model is

fitted to the PC9 gefitinib and osimertinib data sets and the T790M osimertinib data

set. In Table 5.5.9, the parameter estimates are close in value for the PC9 data sets,
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Figure 5.5.11: Best-fit model solutions when the model is fitted to pooled dose-response
curves of PC9 cells in gefitinib. Key: blue lines; total tumour cell population, orange
lines; live cells, green lines; dead cells. Shaded regions indicate the 95% confidence bound
of the model solution for a given cell line, calculated using the Monte Carlo Simulations
Method with 5000 simulations (see Methods section of this chapter). Parameters: see
Table 5.5.9.

PC9 gefitinib r IC50 λ
r 1.00 -0.38 0.65
IC50 -0.38 1.00 0.20
λ 0.65 0.20 1.00

Table 5.5.10: Correlations between estimated parameters of the treatment model fitted
to pooled dose-response curves of the PC9 gefitinib data set for fixed k = 10−5 hour−1

and m = 2. The units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1)
and k (hour−1). Dim. stands for dimensionless.

PC9 osimertinib r IC50 λ
r 1.00 -0.54 0.75
IC50 -0.54 1.00 -0.10
λ 0.75 -0.10 1.00

Table 5.5.11: Correlations between estimated parameters of the treatment model fitted
to pooled dose-response curves of the PC9 osimertinib data set for fixed k = 10−5 hour−1

and m = 2. The units of parameters are, r (hour−1), IC50 (µM), m (dim.), λ (hour−1)
and k (hour−1). Dim. stands for dimensionless.

although the PC9 cells in osimertinib have lower estimated values of IC50 than those

for gefitinib, indicating higher sensitivity of these cells to osimertinib than gefitinib.
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T790M osimertinib r IC50 λ
r 1.00 -0.64 0.93
IC50 -0.64 1.00 -0.45
λ 0.93 -0.45 1.00

Table 5.5.12: Correlations between estimated parameters of the treatment model fit-
ted to pooled dose-response curves of the T790M osimertinib data set for fixed k =
10−5 hour−1 and m = 1. The units of parameters are, r (hour−1), IC50 (µM), m
(dim.), λ (hour−1) and k (hour−1). Dim. stands for dimensionless.

We compare estimates of parameters for the PC9 osimertinib data set and the T790M

osimertinib data set (Table 5.5.9). We observe lower estimated values of the maximum

rate of drug-induced cell kill for T790M cells (λ = 0.039 hour−1) than that of the

PC9 cells exposed to osimertinib (λ = 0.075 hour−1). However, a larger value of IC50

(IC50 = 0.045µM) is estimated for T790M cells compared with the PC9 cells (IC50 =

0.021µM). These results suggest that T790M cells are less sensitive to osimertinib than

PC9 cells whereby, a lower maximum effect of the drug on these cells is achieved and

more drug is required to reach a 50% drug-effect than the PC9 cells. Further, lower

values of m correspond to the T790M cells which again, suggests a weaker effect of

osimertinib on these cells. We also note that, for T790M cells in osimertinib, we observe

markedly different estimates of the value of IC50 when k is fixed (IC50 = 0.045µM in

Table 5.5.9) as opposed to when k is also estimated (IC50 = 0.033µM in Table 5.5.1).

This is a concern as inaccurate estimates of the IC50 parameter can lead to misleading

outcomes when predicting the tumour cell trajectories in different drug concentrations.

To conclude, further understanding of the rate at which dead cell degradation takes

place would be beneficial.

In Tables (5.5.10)-(5.5.12) we present correlations between estimated model parame-

ters. For all data sets, IC50 is more negatively correlated with r and, λ is more positively

correlated with r compared to when the full model is fitted to the data and no model

parameters are fixed (see Tables (5.5.2)-(5.5.4)). We suspect that this stronger corre-

lation is as a result of fewer parameters being estimated. When more parameters are

estimated, their values will depend on the values of all other parameters. However, when

fewer parameters are estimated, more constraint on their estimated values is incurred.
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5.5.9 Experimental design

In section 5.5.4.2, we found our full treatment model (i.e. all parameters are estimated)

to be practically non-identifiable (see Figure 5.5.5). We propose that experiments which

measure both live and dead cell numbers may resolve practical non-identifiability issues

of our model. In this section, we test this hypothesis by generating synthetic data

describing how live and dead cell numbers change over time across a range of drug

concentrations. Such experiments can be conducted using live/dead cell staining.

To generate synthetic data, we employ an approach presented by Eisenberg et al.

[36]; we generate the data by running model simulations using the best-fit parameter

estimates for PC9 cells in gefitinib (see Table 5.5.1) and the same fixed drug doses as

the in vitro experiments. We employ the same values of y0 for the PC9 gefitinib data set

as those presented in Table (5.A.1). We record live, dead and total cell numbers at the

same times as the in vitro data (every 4 hours, for a period of 156 hours). The resulting

synthetic data are presented in Figure 5.5.12.

We perform global fits of the full treatment model (i.e. all model parameters are

estimated) to the pooled synthetic dose-response curves. We note that the full treatment

model is structurally identifiable for a single dose-response curve, and for data sets

consisting of multiple drug concentrations, when both live and dead cell numbers are

observed (see section 5.5.3). We calculate profile likelihoods for model parameters and

present the resulting profiles in Figure 5.5.13. Since we are fitting the model to data

points which, in some cases, are identically zero (dead cell numbers are equal to zero in

the control case, with c = 0, and at the start of every experiment), we do not weight

our residuals with respect to the data (see Methods section in chapter 4 for details on

parameter estimation).

Figure 5.5.13 shows that all model parameters are practically identifiable, yielding

profiles that cross the threshold (horizontal dashed lines) twice. In this way, we confirm

that given separate data streams on live and dead cell numbers, all model parameters

are practically identifiable. We note that, as we have not weighted our residuals when

performing our fits to the synthetic data sets, the profile likelihood values are large and,
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Figure 5.5.12: Synthetic data describing live (y(t)), dead (z(t)) and total (N(t)) cell
numbers over time for a range of drug concentrations. Synthetic data are generated
from the full treatment model using the best-fit parameter estimates of PC9 cells in
gefitinib (see Table 5.5.1). Key: green; total cell numbers, red; live, black; dead.
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Figure 5.5.13: Profile likelihoods for the treatment model parameters when fitted to the
pooled synthetic data sets consisting of live and dead cell numbers. Key: cyan crosses;
optimal parameter estimates, black horizontal dashed lines; 95% confidence threshold
calculated as the min(χ2

PL(θi)) + icdf(χ2, α), black block lines; cubic interpolation of
the profile likelihood.

therefore, observing the intersection between the threshold and the profile in Figure

5.5.13 is not possible.

To summarise, we have suggested experiments that we hypothesise will increase our

ability to infer the underlying mechanisms of TKIs on NSCLC cell lines.

5.6 Discussion

Mathematical models, when coupled with experimental data, are valuable tools for in-

ferring the mechanisms by which drugs act on cancer cells. These models can also be

used to suggest experiments that further our understanding of such mechanisms. These
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experiments allow for the testing of hypotheses that are based on modelling observa-

tions. In this chapter, we implemented a framework that has allowed us to do just this.

The aim of this chapter was to infer the effect of different TKIs on different NSCLC cell

lines.

We extended a model that we developed in chapter 4 which described the growth of

four NSCLC cell lines. The model developed in this chapter focusses on the dynamics

of live and dead cell populations and describes the response of four NSCLC cell lines to

TKIs. We used a Hill equation to model drug-induced cell kill. We applied parameter

estimation and structural and practical identifiability approaches to our model to assess

the identifiability of model parameters given the in vitro data. Further, we used this

analysis to propose experiments that we hypothesised would increase our understanding

of how TKIs affect NSCLC cell lines.

First, we investigated how the TKIs affect the NSCLC cell dynamics compared to the

dynamics of the cells in the absence of drug. We did so by fitting the reduced Richards

growth equation, with fixed β, from chapter 4 to dose-response curves that describe

the response of drug-sensitive and drug-resistant cell lines to a single TKI. We found

the model to fit the data well for the drug-resistant cells. For the drug-sensitive cells,

good fits were observed at low drug concentrations where estimated values of the growth

rate, r, were found to decrease as drug concentrations increased. At high concentrations

however, the fits were less good, suggesting a different mechanism of drug action takes

place. Based on these results, we speculated that the drug may have dual action on the

cells. The AKT inhibitor, AZD5363, has been shown to exhibit both anti-proliferative

and drug-induced cell kill effects when used to treat breast cancer xenografts [150].

We then performed identifiability analysis on the treatment model. Although we

found our model to be structurally identifiable, practical identifiability issues arose when

we fitted the model to pooled dose-response curves. In particular, our profile likelihood

analysis revealed large uncertainty in the rate of dead cell degradation, k and the Hill

coefficient, m. We showed that vastly different predictions of unobserved model vari-

ables can be made when employing different values of the practically non-identifiable

model parameter, k, in our model. By doing so, we demonstrated the importance of
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investigating the identifiability of model parameters, given the data, when the purpose

of the model is to make predictions.

From our practical identifiability results, we also identified causes for practical non-

identifiability of the Hill coefficient, m. We attributed this to the dynamics of the Hill

equation whereby, cell dynamics are more sensitive to changes in m values when m takes

low values, as opposed changes in values of m when m is large. This was demonstrated

in our practical identifiability analysis in which we found, for the PC9 data sets, the

profile of m to remain below the threshold for increasing values of m. Conversely, for

the T790M osimertinib data set, lower estimated values of m contributed to a better

goodness-of-fit and the profile of m increased markedly for small changes in values of m

in the range m < 1.

Since additional data generation was not feasible, we proceeded with model reduc-

tion and fixed non-identifiable model parameters, m and k, which, we found, using

sensitivity analysis, to not be influential on the total tumour cell dynamics in fixed

drug-concentration. Through this model reduction, we achieved practical identifiability

of the model. We highlighted however, that careful consideration of the estimated val-

ues of the dead cell degradation rate should take place when considering dose-response

experiments that present total cell numbers only, as we demonstrated that changes in

this parameter greatly affect the estimated values of clinically relevant parameters such

as the half maximal drug concentration, IC50.

An alternative to fixing parameters is to reparameterise the model where non-dimensionalisation

of the model could take place. However, similar to chapter 4, we seek to estimate unique

drug-effect parameters so as to characterise the effect of the different drugs on the differ-

ent cell lines and rescaling the model does not simplify the problem. In this chapter, in

response to our model being practically non-identifiable, we proposed experiments that

record live and dead cell numbers separately and we hypothesised that such experiments

would increase the practical identifiability of our model. We simulated the outputs of

these experiments using synthetic data consisting of live and dead cells. We showed such

experiments improved the certainty in estimates of our model parameter and practical

identifiability was achieved.
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In this chapter, we did not consider pharmacokinetic models. In order to introduce

pharmacokinetics into the model, we would require information about whether the drug

concentration varies over the course of the in vitro experiments. By including phar-

macokinetics into the model without this information, we would introduce unknown

parameters that could increase the non-identifiability of the model. In future work and

with the knowledge of how drug concentrations vary over the course of the in vitro

experiments, it would be interesting to consider pharmacokinetics.

To summarise, we have used theoretical approaches to infer the underlying mecha-

nisms of action of TKIs in NSCLC cell lines. Further, we have suggested experiments

to further elucidate our understanding of such mechanisms.
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Appendix

5.A Supplementary results

Fits of the reduced Richards growth equation to dose-response curves

Figure 5.A.1: Estimated values of r (left hand y-axis) and corresponding minimum
residual sum of squared errors, χ2(θ̂) (right hand y-axis) plotted, with respect to c for
the dose-response curves in the PC9 osimertinib data set (a), T790M data sets (b)-(c),
the SCB5 data sets (d)-(e) and the SCD4 osimertinib data set (f). Values of r and
χ2(θ̂) are calculated by fitting the reduced Richards growth equation, with fixed β,
to individual dose-response curves. Key: black dots; estimated values of r and bars
represent the standard error of each estimate, cyan diamonds; χ2(θ̂) values.

Estimated initial live cell numbers
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Conc. µM PC9 T790M
gefitinib osimertinib osimertinib

0 (924.6±18.3) (925.0±19.2) (955.5±38.2)
0.0137 (1446.7±26.8) (1514.7±55.2) (1488.8±75.7)
0.0412 (1602.4±81.1) (1560.8±69.6) (1967.0±52.2)
0.124 (1631.0±77.1) (1346.9±82.3) (1933.3±63.1)
0.370 (1669.0±79.3) (1505.1±65.1) (2080.2±38.2)
1.111 (1783.3±67.7) (1488.5±67.0) (1442.9±114.3)
3.333 (1568.9±85.4) (1168.6±110.4) (1685.5±133.5)
10 (1690.6±111.0) (1384.5±78.7) (1895.4±199.6)

Table 5.A.1: Estimated values (± standard error) of initial cell numbers, y0, for the in
vitro PC9 data sets and the T790M osimertinib data set. Values of y0 are estimated by
fitting the treatment model to single dose-response curves with a fixed drug concentra-
tion. Values of y0 are estimated and fixed at their estimated values prior to fitting the
model to pooled dose-response curves.

Parameter Estimation

Figure 5.A.2: Model fits for the PC9 osimertinib data set. The model is fit to pooled
dose-response curves for all drug concentrations. Key: blue dots; data, blue block lines;
best-fit solution of model describing the total population over time, N(t), orange dashed
lines; best-fit solution describing live cell numbers, y(t); green dotted lines; best-fit
solution describing dead cell population, z(t). The drug concentration, c are indicated
in each subplot title.
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Figure 5.A.3: Model fits for the T790M osimertinib data set. The model is fit to pooled
dose-response curves for all drug concentrations. Key: see Figure 5.A.2 for plotting
details.

Sensitivity analysis

We employ the global sensitivity analysis technique, eFAST to our treatment model to

calculate first and total-order sensitivity indices Si and ST i, respectively, of the model

parameters at fixed times (t = 10, t = 60 and t = 120 hours) and for fixed drug

concentrations (c ∈ {0.01, 0.1, 1, 3}). Ranges of parameter values employed in eFAST

are given in Table 5.A.2. Bar plots showing first and total-order sensitivity indices for

all model parameters ranges are presented in Figure 5.A.4.
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Figure 5.A.4: Bar plots of first and total-order sensitivity indices of model parameters
recorded at fixed times (t = 10, t = 60 and t = 120 hours) for fixed drug concentra-
tions c ∈ {0.01, 0.1, 1, 3}. Different colours represent parameters (see Figure legend).
eFAST control parameters: number of samples per resample; 4000, number of resam-
ples; 8. Convergence testing was carried out to determine these control parameter values
although not presented (see chapter 2 for details of eFAST).

Parameter Description Units Parameter range
r Growth rate hour−1 [0.035, 0.048]
k Dead cell degradation rate hour−1 [0.0001, 0.1]

λ
Maximum rate of cell kill
due to drug hour−1 [0.001, 0.1]

IC50
Half-maximal drug concen-
tration µM [0.002, 200]

m Hill coefficient dimensionless [1, 6]

dummy dummy parameter to test
for convergence of eFAST dimensionless [0,10]

K Carrying capacity cells fixed at 50000 cells

βF
Competition strength pa-
rameter dimensionless fixed at 3.315

y0 Initial live cell number cells fixed at 2000 cells

Table 5.A.2: Bounds for treatment model parameters defined in equations (5.3.1)-(5.3.3)
when performing global sensitivity analysis of the treatment model using eFAST.

First and total-order sensitivity indices in Figure 5.A.4 show λ and IC50 to be the

two most influential parameters at time, t = 120 hours. For this time, we observe a

206



5.A. SUPPLEMENTARY RESULTS

switch from IC50 to λ as the most influential parameter for increasing values of c. The

same can be said for t = 60 hours for concentrations c > 0.01µM. At early times, (t = 10

hours), the growth rate, r is the most influential parameter for c ≤ 1µM, followed by

IC50 and λ. Parameters m and k are shown to have little influence on the total tumour

population. In the following section, we look to fix values of m and we examine the

impact of varying fixed values of the dead cell degradation rate, k on estimated model

parameter values.

Fits of the Hill equation to estimated rates of drug-induced cell kill

10 2 10 1 100100 101

c

0.000
0.025
0.050
0.075
0.100
0.125

h

PC9, osimertinib
fit: =0.092, IC50=0.033, m=0.500, 2( )=0.001339
fit: =0.082, IC50=0.025, m=1.000, 2( )=0.001119
fit: =0.078, IC50=0.023, m=2.000, 2( )=0.000967
fit: =0.076, IC50=0.022, m=3.000, 2( )=0.001012
fit: =0.075, IC50=0.019, m=4.000, 2( )=0.001104
Best-fit: =0.078, IC50=0.023, m=2.146, 2( )=0.000966

10 2 10 1 100100 101

c

0.015
0.000
0.015
0.030
0.045
0.060

h

T790M, osimertinib
fit: =0.049, IC50=0.089, m=0.500, 2( )=0.000052
fit: =0.041, IC50=0.048, m=1.000, 2( )=0.000041
fit: =0.038, IC50=0.038, m=2.000, 2( )=0.000131
fit: =0.038, IC50=0.038, m=3.000, 2( )=0.000195
fit: =0.037, IC50=0.039, m=4.000, 2( )=0.000224
Best-fit: =0.043, IC50=0.055, m=0.779, 2( )=0.000033

Figure 5.A.5: Best-fit solutions when the Hill equation (equation (5.3.3)) is fitted to
estimated values of h̃ (h̃ is estimated by applying step 1 in subsection 5.5.7) for the PC9
and T790M osimertinib data sets. Key: coloured block lines; m fixed with values in
{0.5, 1, 2, 3, 4}, black dashed-dotted lines; m is estimated. We also provide, in the Figure
legend, for a given fit, the estimated value of λ and IC50 along with the estimated or
fixed value of m and the goodness-of-fit value, χ2(θ̂).

Fits of treatment model to data with fixed values of m and k
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Figure 5.A.6: Best-fit model solutions when the model is fitted to pooled dose-response
curves of PC9 cells in osimertinib. Key: blue lines; total tumour cell population, orange
lines; live cells, green lines; dead cells. Shaded regions indicate the 95% confidence bound
of the model solution for a given cell line, calculated using the Monte Carlo Simulations
Method with 5000 simulations (see Methods section of this chapter). Parameters: see
Table 5.5.9.

Figure 5.A.7: Best-fit model solutions when the model is fit to pooled dose-response
curves of T790M cells in osimertinib. Key: plotting details the same as in Figure 5.A.6.
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Chapter 6

Conclusions and Future Work

In this thesis we developed a series of ordinary differential equations (ODEs) and stochas-

tic models to attempt to describe tumour growth, the emergence of drug resistance

and, response to tyrosine kinase inhibitor (TKI) treatment in non-small cell lung cancer

(NSCLC). We have drawn conclusions regarding the biological mechanisms that drive

the evolution to resistant tumours and response to treatment. Further, we have demon-

strated the impact of stochasticity on these conclusions. We have combined ODE models

with preclinical data, which allowed us to draw conclusions on the growth properties of

different NSCLC cell lines. We have also investigated the underlying mechanisms of the

action for TKIs on NSCLC cells and have suggested strategies for improving experimen-

tal design. In this chapter, we summarise our findings, place our work in the context of

current research and present future directions.

6.1 Research summary and contextualisation

In chapter 2 we developed a spatially averaged model of tumour growth consisting of

four NSCLC cell populations which differ in their resistance to two TKIs. We incor-

porated factors in the model known to influence tumour cell heterogeneity and drug

resistance including, mutations and competition for resources. A recent in vitro study

demonstrated the effects of cellular interactions between drug-sensitive and drug resis-

tant NSCLC cell lines to alectinib, a TKI, on their respective growth rates [72]. We

generalised these findings in our model by way of population-dependent cell birth rates.

We demonstrated markedly different trajectories of cell populations within the tumour
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when different types of cellular interactions were assumed. We then analysed the sensi-

tivity of resistance in a tumour to model parameters and found four key factors influence

resistance levels: (i) the probability of mutation per cell division, (ii) the relative growth

rate of resistant cells to sensitive cells, (iii) the effect sensitive cells have on the growth

rates of resistant cells and, (iv) the cell turnover rate. We employed a range of values of

these four factors into our model and confirmed the results of the sensitivity analysis by

predicting proportions of pre-existing resistance at diagnosis that span multiple orders of

magnitude. Our results are relevant as pre-existing resistant proportions of TKI resistant

NSCLC cells have been identified in newly diagnosed patients [24, 55, 81, 145]. Using

droplet digital polymerase chain reaction (PCR), Wantanabe et al. found approximately

80% of EGFR-mutant NSCLC patients (373 patients in total) to harbour the T790M

mutation with allele frequencies that range between 0.001% and 0.1% at diagnosis [145].

Our work has highlighted possible factors that contribute to the variation in pre-existing

resistance levels at diagnosis.

Our work sheds light on tumour-specific factors that may contribute to heterogeneity

across patients’ tumours at diagnosis. Our results could be useful for guiding experiments

that characterise these factors when taking biopsies from tumours. Our model lends itself

to some useful simplifications that can be applied in an in vitro setting; the model can

be used to guide preclinical studies of co-culture experiments by suggesting hypotheses,

based on mathematical observations, of tumour cell trajectories and treatment response

when cell-cell interactions are considered.

In the latter parts of chapter 2, when then extended our model to account for treat-

ment. We considered two distinct protocols, each applying two TKIs. Using our model,

we investigated the effects of key factors, determined using our sensitivity analysis, on

a tumour’s response to treatment. We showed that tumours with similar responses to

treatment, observed in the clinic (i.e. progression times), can present with noticeably dif-

ferent underlying tumour compositions, which we hypothesised will influence the efficacy

of second-line treatment.

Targeted therapies, such as TKIs, have been at the forefront of personalised medicine

in NSCLC. Through genetic profiling of patient tumours, the characterisation of alter-
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ations in lung cancer cells, such as mutations in the epidermal growth factor receptor

(EGFR) gene, guide decision making on the appropriate choice of TKI treatment. How-

ever, the need for more biomarkers to predict the benefit of TKI treatment for a given

patient is evident. This work highlights that, not only is there a benefit to genetic

profiling of patient tumours at progression, which, in turn could be used for guiding

second-line treatment strategies, but also a benefit to, the characterisation of tumour

cell properties, such as cell growth rates and cell turnover rates [149, 119]. Furthermore,

combination therapies are an increasingly popular approach in the pharmaceutical in-

dustry to tackle drug resistance. They are highly relevant with respect to TKIs as

genetic profiling of NSCLC tumours unveils multiple populations of cells with different

resistance conferring mutations. Models such as ours, with appropriate simplification

and parametrisation, could be used in combination with experimental studies to test

treatment strategies involving multiple TKI drugs.

In chapter 3 we introduced stochasticity into our model. In contrast to chapter 2,

the details of population-dependent birth rates, involved in tumour growth trajectories,

were not considered for parsimony. In the field of mathematical oncology, stochastic

modelling of tumour growth and treatment response presents difficulties, for example,

when modelling tumours that contain clinically relevant numbers of cells. Thus, in

chapter 3, we implemented a τ -leap approximation method with adaptive step size cal-

culation to accommodate the relatively large cell numbers [17]. A novel aspect of this

work is that such techniques allowed us to model tumours with realistic tumour sizes

and physiologically relevant parameters. Key questions were how changes in;

i the propensity for cells to mutate and,

ii the relative growth rate of resistant cells to sensitive cells,

influence the variation in pre-existing resistance proportions and tumour response to

treatment.

We showed there was a large deviation from the ODE model predictions and, consid-

erable variation across stochastic repeats for tumours with lower propensities to mutate,
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especially when mutations give rise to resistant cells with higher growth rates than the

sensitive cell population.

We then considered first and second-line treatment and examined the impact of the

probability of mutation on variation in treatment response. Again, we demonstrated

noticeable deviation from the ODE model and large variation in tumour response to

combination TKI treatment for low probabilities of mutation. This work contributes

to the qualitative understanding of the emergence of drug resistance in tumours and,

factors influencing treatment response.

The use of stochastic models to describe the response of NSCLC tumours to TKI

treatment has shown promise in recent years. Chmielecki et al. derived a stochastic

model from in vitro studies of NSCLC cell lines and, used the model to make predic-

tions on dosing schedules applying EGFR TKIs. In this study, smaller tumour cell

numbers (≈ 106 cells) were considered than predicted numbers in patient tumours at

diagnosis [24, 34]. Results showed promise in mouse models. However, when applied

in patients, optimal dosing strategies developed in the preclinical studies did not delay

drug resistance [24, 151]. The authors postulated that, lower peak plasma concentrations

were achieved in these patients than in preclinical studies [151]. Based on our findings

in chapter 3, we speculate that stochasticity is an additional source of treatment failure

in this study, given the considerable predicted variation in treatment response for large

tumours.

Our work highlights that, even for large tumour sizes (108 cells at diagnosis), the

effects of stochasticity on tumour cell dynamics and treatment response should be con-

sidered. From this work, we propose, when modelling the emergence of drug resistance

and treatment response using ODEs, stochastic models should be also considered. How-

ever stochastic modelling frameworks are the computationally expensive to implement

and issues often occur when parametrising and validating these models.

Our collaboration with modellers at AstraZeneca played a key role in guiding the de-

velopment of our ODE models presented in chapters 4 and 5. These models describe the

growth of NSCLC cell lines and their response to treatment with a single TKI. Through

this collaboration, we were able to access preclinical data sets. The key goals of chapters
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4 and 5 were to develop mathematical models with appropriate complexity, given the

available data and, to use these models to infer the underlying biological mechanisms

behind the following: (i) the growth properties of different NSCLC cells and, (ii) the

effect of different TKI drugs on different NSCLC cells. We did so by using mathemat-

ical modelling approaches, including parameter estimation and practical identifiability

methodologies and, we used the well-established, Akaike information criterion (AIC)

and Bayesian information criterion (BIC) statistics for model selection [2]. Parameter

estimation is widely used in the pharmaceutical industry to estimate clinically relevant

drug-effect parameters. However, drawbacks include, noisy experimental data used to

establish models and, discerning the appropriate level of model complexity to ensure re-

liable identification of model parameters. Hence, there is increasing acknowledgement of

the need for parameter identifiability analysis to infer the biological mechanisms and its

representation within models. This important step in model selection and development

increases the predictive power of models used for the design of treatment schedules, dose

regimens and combination therapies.

In chapter 4, we presented a framework for model selection from a set of feasible

tumour growth models that describe the in vitro growth of NSCLC cell lines. The

framework combined information criteria/goodness-of-fit metrics and parameter identi-

fiability analysis. We demonstrated that models with the highest levels of complexity

(i.e. largest number of model parameters), which were, the generalised-logistic model

and the Richards growth equation, performed best on the basis of the visual inspection

of the model fit to the data, had the lowest residual sum of squared errors and had the

lowest AIC and BIC statistics. The latter was of particular interest as lower dimensional

models may outcompete more detailed mechanistic models on the basis of the AIC and

BIC statistics, though this did not occur in the studies here.

We then proceeded with identifiability analysis and found the two most complex

models suffered practical identifiability issues, with the most complex yielding worse

results. Our work has highlighted that information criteria and goodness-of-fit metrics

alone are not sufficient to identify the most appropriate models for inferring the un-

derlying biological mechanisms of tumour cell growth properties. This conclusion has
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also been reached by others recently [127]. We proceeded with the Richards growth

equation, which yielded the fewest practically non-identifiable model parameters. In

addition, by fitting this model to synthetic data sets, we found practical identifiabil-

ity issues to arise even for low level noise. We attribute such difficulties to be in part

due to the Richards growth equation dynamics. We achieved practical identifiability by

fixing the non-identifiable model parameter, β, that describes the strength of compe-

tition between cells in the Richards growth equation. In future work, we could assess

practical identifiability of the Richards growth equation when written in the augmented

form presented in the appendix of chapter 4 whereby, through adding an additional

variable in the model, the Richards growth equation is linear in its parameters. If we

obtain practical identifiability, there will be no need for fixing β, which could avoid the

prospect of bias in our estimates of the remaining model parameters. Although, we have

found in chapter 4 that estimated values of the growth rate r that contribute to a low

residual sum of squared errors do not differ markedly for increasing fixed values of β and

therefore, this bias may be small.

We ended our model selection procedure by quantifying the uncertainty in the re-

duced Richards growth equation when fitted to the in vitro data, using Markov chain

Monte Carlo (MCMC) Bayesian inference. Via assessment of diagnostic tests, performed

to ensure convergence of our MCMC, we demonstrated the model is practically identifi-

able. Our results corroborated the results on practical identifiability, found using profile

likelihoods. We then implemented a final parameter estimation of the reduced Richards

growth equation model parameters using the in vitro data sets and we performed final

model checks by carrying out a visual inspection of the residuals over time. Our residual

plots showed that specific time points were consistently over/underestimated whereby

the number of tumour cells predicted by the model was higher/lower than the data.

Monoculture 2D experiments are useful for studies of tumour cell biology involving

cell growth, migration, and treatment response. In vitro studies provide a controlled

environment in which cellular dynamics can be measured with relatively few factors in-

fluencing tumour cell trajectories. They can also provide data with relatively low noise

from which mathematical models can be developed and model parameters inferred. Con-
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versely, xenograft mouse models have factors such as the vasculature and the stroma,

which influence the tumour growth dynamics and contribute to larger amounts of noise.

A final study carried out in chapter 4 involved the assessment of the practical identifia-

bility of the Richards growth equation when fit to coarse-grained, noisy, in vivo tumour

volume data. We found there to be a larger number of non-identifiable model parame-

ters in vivo than in vitro, which we attributed to larger variability across experimental

repeats in vivo. This highlights issues when developing models from in vitro data to

describe in vivo tumour cell dynamics, even when using models with simple structures.

The model presented in chapter 5 is an extension of our practically identifiable model,

developed in chapter 4 and includes live and dead cell compartments. The model incor-

porates the effects of TKI treatment via a cell kill term, which we modelled using a Hill

equation, a model that is commonly used in the pharmaceutical industry to describe

dose-response curves [1, 137]. We showed that the model is structurally identifiable

from a data set consisting of multiple dose-response curves for a range of fixed drug

concentrations. However, we demonstrated the model was practically non-identifiable

with the rate of dead cell degradation and the Hill coefficient yielding one-sided profiles,

when using the profile likelihood method. With respect to the Hill coefficient, we at-

tributed its non-identifiability to the structure of the Hill equation. We demonstrated

that misleading biological predictions could be made using our model, given its practi-

cally non-identifiable model parameters. Further, a key finding of our work is that dead

cell degradation rates in vitro substantially impact model predictions. Thus, we sug-

gest one should carefully consider the dynamics of dead cell populations when inferring

clinically relevant drug-effect parameters, in vitro.

We have proposed further experiments involving live/dead cell staining. We demon-

strated, using synthetic data that, additional observables (i.e. live and dead cell num-

bers) result in the increased precision in estimated model parameters, yielding narrower

finite confidence-interval bounds. This work may find use in guiding rational hypothe-

sis generation for investigation in preclinical studies, that, in turn, may inform tumour

evolution and resistance in a clinical context.

The work in chapter 2 is successful in that we reached our aims and objectives

215



6.2. FUTURE DIRECTIONS

that are summarised in the introduction chapter of this thesis. We have gained a deep

understanding of which tumour-specific factors influence drug resistance and treatment

response. Our analysis has paved the way for future investigations and has contributed

to the knowledge of drug resistance and its impact on treatment failure. In chapter 3, we

investigated the role of stochasticity on variation in drug resistance levels and treatment

response and we reached our original aims and objectives by uncovering tumour-specific

factors that, when coupled with stochasticity, could play a key role in variation in tumour

composition and contribute to diverse treatment outcomes. Again, this work is novel and

contributes to the knowledge of factors influencing drug resistance and treatment failure.

The work in chapter 3 could potentially highlight factors contributing to patient-patient

variability seen in the clinic. We worked with data in chapters 4 and 5. In chapter 4, we

aimed to determine a model that describes the in vitro control data such that we can

uniquely determine parameter estimates and characterise the different cell lines based on

their growth rate properties. We were unable to determine a model that could do this.

However, we carried out analysis of the most suitable model and proceeded with model

reduction that enabled us to uniquely estimate model parameters and characterise the

different cell lines. In chapter 5, we aimed to uniquely estimate drug-effect parameters

for specific cell lines and TKIs. By doing so, we aimed to determine how different TKIs

affect different NSCLC cell lines. Given the data available to us, we were unable to

do this due to practically non-identifiability issues as a result of lack of sufficient data.

However, in response to this, we designed experiments and, using synthetic data studies,

demonstrated how data, generated from these experiments, could allow us to uniquely

estimate the parameters.

6.2 Future directions

In this section, we summarise how models presented in this thesis can be extended and

improved so as to increase their utility in drug-development and treatment scheduling

studies.

The model in chapter 2 could be extended to account for a range of different tumour

types with similar cellular structures. The usefulness of this model lies in the fact that
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any type of cellular alteration (e.g. mutation), drug type and, combination treatment

schedule can be considered. Further, back mutations could be included to represent

increased sensitivity of cells when a drug is removed, capturing an acquired resistance

element. In particular, this model presents a framework for dose regimen and, alternat-

ing therapy studies. There are ongoing clinical studies investigating combination TKI

treatment [119]. An interesting extension of this model could be the inclusion of a drug-

tolerant cell population in place of a partially resistant phenotype. Drug-tolerant cells

were originally detected by Sharma et al. who showed them to have reversible resis-

tance when in the absence of drug and more than a 100-fold reduced drug sensitivity in

general [123]. Hata et al. later demonstrated the role of these drug-tolerant cells as an

alternative pathway to resistance to TKI treatment, which gave rise to EGFR mutant

cells with the T790M+ mutations [55].

In chapter 3, we investigate the differences in pre-existing resistance levels at diag-

nosis and treatment response predicted using ODE and stochastic models. Typically,

when modelling tumours with clinically relevant cell numbers, ODEs are applied, as

researchers generally believe that at this size, the impacts of stochasticity are negligible.

However, we showed that this did not hold for tumours with varying subpopulation sizes,

driven by the probability of mutation. We believe this could be a contributing factor to

the failure of combination TKI treatment. Therefore, we propose that further studies

should be carried out on the effects of stochasticity on tumour response, in particular,

its impact on tumour composition variation during alternating treatment.

In chapters 4 and 5, we presented models of in vitro tumour growth and response to

TKIs. Supposing we had the additional experimental data that we suggested in chapter

5 (consisting of live and dead cells), we could potentially infer drug-effect parameters of

the TKIs acting on NSCLC cell lines. Then, we could potentially use these models to

test optimal dose regimens and treatment schedules applying single TKIs. An extension

would be to mix the cells and suggest experiments, to acquire additional data on the

growth and treatment of cells in co-cultures. We could then carry out the same modelling

framework, as that in chapter 5. In so doing, we would aim to achieve a practically

identifiable model to test combination TKI treatment strategies.
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