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Abstract

The coalescent process is an important and widely used model for inferring the dynamics of biological populations
from samples of genetic diversity. Coalescent analysis typically involves applying statistical models to either samples
of genetic sequences or an estimated genealogy in order to infer the demographic history of the population from which
the samples originated. Several parametric and non-parametric estimation techniques involving a range of Markov
chain Monte Carlo, Gaussian process and other algorithms, already exist. However, these techniques sometimes
trade estimation accuracy and sophistication for methodological flexibility and ease of use. Thus, there is a need
for coalescent estimation techniques that can be easily implemented for a range of inference problems while still
maintaining statistical optimality. We introduce the Bayesian Snyder filter as a natural, easily implementable and
flexible minimum mean square error estimator for parametric demographic functions on fixed genealogies.

By reinterpreting the coalescent as a self-exciting Markov process, we show that the Snyder filter can be applied
to both isochronously and heterochronously sampled coalescent datasets. We analytically solve the filter equations
for the constant population size Kingman coalescent and derive expressions for the mean squared estimation error and
the estimate robustness to prior distribution specification. For populations with deterministically time-varying size
we numerically solve the Snyder equations, and test this solution on common epidemiological demographic models.
We find that the Snyder filter accurately recovers the (true) demographic history for these models. We also apply the
filter to a well-studied, empirical hepatitis C virus sequence dataset and show that its output compares well with that
of a relevant benchmark phylodynamic inference method. The Snyder filter is an exact, direct Bayesian estimation
method (given discretised priors, it does not approximate the posterior) that has the potential to become as a useful,
alternative technique for coalescent inference.
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1. Introduction

Genetic sequences contain information about the dynamics of the population from which they were sampled. The
coalescent process provides a framework for extracting this information by describing the shared ancestry among n
individuals randomly sampled from a population of effective size N(r) > n [1]]. The shared ancestry of the sampled
individuals can be modelled as a random, ultrametric, bifurcating genealogy with »n tips and n — 1 branches. The
branch lengths give the times at which sampled lineages coalesce. These coalescence times depend on N(¢) which is
sometimes also called the demographic function. N(f) essentially describes the dynamics of the population. A key
problem in coalescent inference is the estimation of N(¢) or its embedded parameters either directly from a genealogy,
or indirectly from a set of sampled genetic sequences.

The original, standard coalescent was developed by Kingman for a constant N(¢) and for sets of genetic sequences
that are sampled at one time point (isochronous sampling) [1]]. Since then, the coalescent model has been generalised
to incorporate deterministically varying population sizes [2]], stochastic population fluctuations [3]], geographically
structured populations [4], and data sets containing sequences sampled at different time points (heterochronous sam-
pling) [3]]. As a result, the coalescent model has been applied to a range of problems in many biological disciplines
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including conservation biology, anthropology and epidemiology [6]. Our work is geared towards infectious disease
epidemiology in which pathogen populations, due to their large size and very rapid molecular evolution, are often
treated as deterministically varying in size and heterochronously sampled. In this setting, the coalescent process
has been successfully used to infer the growth and history of the hepatitis C epidemic in Egypt [7], the oscillating
behaviour of dengue virus in Vietnam [8]] and to estimate the generation time of HIV-1 within individual infected pa-
tients [S)]. The accuracy and efficiency of such inferences are linked to the statistical techniques used. Consequently,
the design of good coalescent demographic inference methods is important [9].

We focus here on the coalescent inference problem for a haploid population with deterministically varying popu-
lation size, under both isochronous and heterochronous sampling. We follow the typical coalescent assumptions of a
panmictic (well mixed) and neutrally evolving population that is sparsely and randomly sampled [10]. Several meth-
ods for inferring the demographic function, N(f), have been developed and can be broadly categorised into parametric
(model based) and non-parametric (design based) approaches [11]. The parametric approach characterises N(7) using
a biologically-inspired function (model) with a fixed number of explicit demographic parameters. These parameters
interact in a preset manner and the model dimensionality is independent of n. In contrast, non-parametric methods
use more generalised descriptions for N(#) or rely on summary statistics derived from the data. Non-parametric meth-
ods therefore make weaker assumptions about demographic dynamics. This may allow a more robust description of
population size but comes at the expense of less statistical power, and with the possibility that model dimensionality
increases with n [12]] [13]. Consequently, the choice of parametric or non-parametric methods depends on how
much one knows about the sampled population. If the nature of the dynamics can be reliably encoded in a predefined
function then parametric methods should lead to more efficient estimation [11]. However, if little is known about the
study population, or the possibility of model misspecification is high then non-parametric methods should be used.

Here we assume that a suitable parametric demographic model N(z, ¥) has already been chosen and that its pa-
rameters X, or a function of them, are to be estimated from the data in an optimal way. We limit our current work
to parametric demographic inference for two reasons. First, our interest is in developing new inference techniques
that minimise approximations and that are theoretically rigourous enough to allow analytic results when possible. To
do this explicit models are useful and so we apply parametric descriptions. Our metric for defining inference perfor-
mance will be the classical mean squared estimation error (defined later). Secondly, we want to use techniques that
avoid numerical issues such as optimisation to local minima or poor algorithm convergence. These could hamper the
flexibility of an inference method and reduce reproducibility among analyses. Such issues can sometimes be encoun-
tered in (but are not limited to) advanced non-parametric coalescent inference methods that approximate the posterior
distribution using Markov Chain Monte Carlo (MCMC) or importance sampling [14]] [15] [L6]. These approaches,
while readily able to account for genealogical uncertainty, can be complex or difficult to implement [17].

The motivation for our work is most similar to that of Palacios and Minin [18]]. They presented a non-parametric
technique for fixed genealogies aimed at replacing MCMC approaches. Their method traded a little accuracy to
achieve large computational accelerations relative to existing MCMC techniques. We also assume a fixed genealogy
in our work but instead focus on analytical tractability and statistical efficiency (minimising mean squared error). The
method we will introduce avoids the need to specify and modify MCMC operators, as found in the phylodynamic
inference software BEAST [19], and related approaches.

In this paper, we introduce and analyse the Snyder filter [20], a technique from electrical and systems engineering,
as a means of achieving the aforementioned inference goals. The Snyder filter is an explicit, parametric, Bayesian
inference technique that solves dynamical equations for the joint posterior distribution of ¥. These equations can
then be used to obtain a conditional mean estimator that minimises the mean square error between the true parameter
(or function) and its estimate. The Snyder filter is unlike other existing Bayesian methods for coalescent inference
because it directly computes the posterior distribution, given a model and priors. We show how the Snyder filter,
which treats coalescent data as a point process stream, can be used as an alternative and useful Bayesian estimator.
The Snyder filter has remained largely unknown to the biological sciences and, to our knowledge, has only been
applied to neuronal spiking by Bobrowski ef al [21]] and to invertebrate visual phototransduction by Parag [22].

We start by defining the Snyder filter and provide its equations for the estimation of random variables embedded
within the self-exciting rate of a point process. We then demonstrate how the deterministically time-varying coales-
cent process can be reinterpreted so that it is amenable to Snyder based inference and describe how to incorporate
heterochronous sampling. Next we show that when population size is constant (the Kingman coalescent) then the
filter can be solved analytically. From these equations, we recover the known maximum likelihood estimator of the
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Kingman coalescent and we derive an approximate, explicit minimum mean square error (MMSE) function. We also
provide a measure of robustness of the Snyder filter to prior specification. This completes our theoretical treatment of
the Snyder filter approach. We subseqgeuntly explore and quantify the performance of the Snyder filter by applying it
to (i) data simulated under several canonical, deterministically time-varying, epidemiologically relevant demographic
models and (ii) a well-studied empirical dataset comprising hepatitis C virus (HCV) gene sequences from Egypt.
This HCV dataset has been widely used in previous studies and thus allows us to compare our method with previous
approaches. In the appendices we give other formulations of the general Snyder filter and reiterate the link between
sequential data from a single tree and parallel data from many trees, for the Kingman coalescent. We also present an
informative relation between the Snyder filter approach and a popular non-parametric coalescent inference technique
called the classic skyline plot [23]. We show that the Snyder filter naturally generalises the skyline in a non-linear
parametric manner.

2. Methods

2.1. The Snyder Filter

Consider a Poisson process, ¥ (¢), at time ¢ > 0 with instantaneous intensity A(¢, X(¢)) on the space of non-negative
real numbers. F(¢) is an integer valued process that counts the number of points at # and the vector X(¢) is called the
information process. The information process is what we want to infer (section[2.2]will show that this process encodes
the parameters of a coalescent demographic function). If ¥(r) is stochastic then F(¢) is a doubly stochastic Poisson
process (DSPP). Let the counting process stream from time 0 to time 7 be denoted 7; = F(s), Vs : 0 < s < t. In 1972
Snyder introduced an exact Bayesian filter for the optimal, causal estimation of this stochastic hidden information
process X(¢) given only observations of #; and the basic statistics of ¥(¢) [20]. We call this the Snyder filter in this
work. The Snyder filter is a set of non-linear differential equations on the probability distribution of ¥(f) which, when
solved across the observation process ¥, lead to the causal posterior §(r) = P(x(¢) | ;). The information process x(r)
can follow quite general models including Markov diffusions and continuous time Markov jump processes (see [24]]
for details). The filter also works if the intensity is generalised to depend on the counting process as A(f, X(t), 7).
This makes the DSPP self-exciting since its rate of producing points depends on the points themselves [24].

The Snyder filter is ‘causal’ because the estimate at ¢ only uses observations or data up to time ¢. It is ‘exact’
because it directly solves for the joint posterior P(¥(z) | ;) without approximating either the observation process F;
or the dynamics of the information process X(¢). The only approximations come from standard implementation issues
such as the numerical integration of differential equations and the fact that distributions must be represented discretely.
In some instances it is possible to solve the equations analytically, in which case there are no approximations.

If X(¢) is modelled as a continuous time Markov jump process, then the generally non-linear filter on the probabili-
ties g(f) can be described with a set of linear differential equations on an un-normalised distribution ¢*(). This is then
normalised afterwards to §(r) [23] by integrating the joint distribution over its domain. We focus on a simplification
of this case in which X(¢) is reduced to a vector of random variables ¥ and allow for the intensity to depend on ;.
However, we restrict this dependence so that only the current count matters (the process is then Markovian [24]).
The intensity is then A(z, ¥, F(¢)) instead of A(¢, X(t), ;) and the Snyder filter [24] [25] is defined by equations
below. Ag) is a diagonal matrix called the rate matrix. It has entries for each possible value of A(z, X, F(¢)) at
any given ¢ due to the possible values of ¥ and the current event count (¢). Let an arbitrary value of ¥ be u and
denote the corresponding normalised and unnormalised probabilities as §(#, ¢) and g*(¢, u). Then G(r) = {¢(z, w)}; that
is ¢(¢) is the complete probability distribution and g(¢, u) is the single value corresponding to u. Assume we have
observed an event stream from time 0 until time 7" so that max(¢#) = T. If the first event time is = 7 then 7| and
7] are infinitesimally before and after that event time. The initial condition for the differential equations is the prior:



¢(0) = P(%). The following equations then describe the dynamics of () with time until 7.
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Equation[I]describes a continuous exponential decaying trajectory on the state probabilities until the observed event at
77 . At this point a discontinuous update of the posterior occurs according to equation 3| The updated posterior g(77)
is then used as a new initial condition and the equations are solved again until the next event (over 7| < ¢ < 77). This
procedure repeats until the completely observed event stream ends and we obtain ¢(7T'). The integrals in these equations
mean that every possible value of ¥ is enumerated. The solution g(¢) across time follows a piecewise deterministic
Markov process since it involves a continuous function that is punctuated by random jumps [26]]. Conceptually, the
filter is placing a particle on each probability mass and then evolving the interconnected dynamics of all the particles
along the observed process until a posterior results. The original non-linear form of the filter together with some more
analytical insight into its mechanics are given in the Appendix A.

We will show that coalescent process inference falls within the Snyder filtering framework and derive the appro-
priate rate matrix Ag(). Since we focus on parametric estimation in this work, g(T') = P(X(r) | ¥7) will be our posterior
of interest, as it uses all of the observed data (numbers of extant lineages) F7. This posterior allows calculation of
the minimum mean squared error (MMSE) estimate of any given function of the parameters, f(X). This is defined as:

MMSE = E [( f(® - f()?))z]. The estimate f(¥) = E[f(®) | F7] is called the conditional mean [24]. The Snyder filter

is optimal because it directly calculates the posterior, §(T'), that minimises the mean squared error.

2.2. Snyder Inference for the Coalescent Process

We focus on coalescent processes with deterministically time-varying demographic functions, denoted N(¢) at
time ¢. We assume this process is heterochronously sampled, with n << N(#) samples (lineages) taken across K distinct
times so that Zilil n; = n. The pair (s;, n;) represents the i sample time and the corresponding number of tree
tips (sampled lineages) introduced at that time. Here s; = 0 is always taken as the present (the most recent time of
sampling). Time therefore increases into the past. If K = 1 and (s, n;) = (0, n), then sampling is termed isochronous.
We define the k™ coalescent time, ¢y, as the time point at which k coalescent events have occurred. For a total of n
sampled lineages, a maximum of n — 1 coalescent events are possible. In this notation both the sample time index, i,
and the coalescent time index, k increase with time. All the information for estimation is encoded in the coalescent
event times, (ck, k) for 1 < k < n — 1 and in the knowledge of the sampling scheme, (s;, n;) for 1 <i < K. We focus
on estimation given the values of ¢, s; and n; and we do not consider the bifurcating genealogy from which they arise.
Our observed process is therefore the trajectory of the number of existing lineages with time along the tree from the
tips to the root. This can be thought of as a lineages through time plot from the present to the past [27]].

The coalescent process for n lineages is usually described as an inhomogeneous Poisson process with a maximum
count of n — 1 (the process ends with a single lineage). In this interpretation, the stream of n — 1 coalescent events is
separated into intervals that end with either a coalescent or sampling event. The coalescent rate is described for each
interval by conditioning on the number of lineages in that interval. If an interval starts with i lineages then the rate is
(é)N(t)‘1 [2]]. Inference on the coalescent process then usually involves writing down a product likelihood in terms
of these intervals (or groups of them). MCMC or some other technique is then used to either maximise the likelihood
function or sample the posterior of the process [28]] [29].

We take a different approach. We do not explicitly condition on the number of lineages in an interval or derive a
product form distribution. Instead we embed the trajectory of the number of lineages causally (sequentially with time)
within the coalescent rate. Both the fall in lineages due to coalescent events and the rise due to sample introductions
are explicitly within the rate function and contribute a source of randomness (the coalescent rate is a function of a
random counting process). Since the rate of producing stochastic coalescent events is stochastic, and depends on the
events themselves, the overall process is self-exciting. This will be explained further in the following paragraphs.
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We treat the observed sampled coalescent trajectory as an instance of this self-exciting point process. The inference
problem is then to estimate the parameters of the driving process given the observed sampled coalescent. Note that
while the coalescent rate is stochastic, the demographic function that we estimate is deterministically time-varying (it
is the non-lineage dependent component of the coalescent rate).

We start by assuming the demographic function can be parametrised with a vector of random variables ¥ so that
it is written N(z, X). Let u(t) = 3;Z } 1(t > cx) be the count of the number of coalescent events from the present (time
0) to time ¢ in the past, and A(f) = Zfil n;1(t > s;) count the total number of samples introduced into the process by
time ¢. The function 1(:) is an indicator. The observed data at any given time ¢ is then ¥ (¢) = A(t) — u(t), the number
of extant lineages at r. The coalescent rate is equivalent to the count dependent birth rate of a Markov birth process
(births are new coalescent events) [24]], between sample times. This birth rate is defined in equations 4 and [5] and
uses the fact that between sample times only coalescent events change the lineage count. The lineages introduced at
sample times are jump discontinuities on the rate of the process [24] and merely serve as initial conditions for the
Markov birth process.

1
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In this form the coalescent rate is amenable to Snyder filtering techniques and the coalescent process can also be
described as a Markov self-exciting point process. This is because the counting statistics of a self-exciting point
process with O-memory are identical to those of pure birth process with a population dependent birth rate [24].
For comparison, note that ¥ (¢)| A(¢, ¥, £ (1)) is an inhomogeneous Poisson process that corresponds to the usual
(aformentioned) approach to coalescent inference. The difference in treating the coalescent process as a self-exciting
Markov process versus a conditioned inhomogeneous Poisson process, while subtle and in some contexts trivial, is
what allows us to apply Snyder inference techniques.

We now explain the numerical implementation of the filter for coalescent inference. Let the vector of random
variables (parameters) to be estimated, X, be described with [ elements so that ¥ = [x1, x2, ...x;]. The function N(¢, X)
is then an / parameter multivariate demographic function. Assume the distribution of the i" random variable can be
described on a domain of m; points, so that the demographic function is on a joint Cartesian grid of m = Hle m;
possible values. As a result there are m possible sets of values for the [ element vector ¥. We will denote some
arbitrary value of X as u. The Snyder filter solves a differential equation for the joint probability mass across all p.
Consequently, the filter has dimension m. The discretisation of the parameter space together with any errors from
standard numerical integration form the only approximations of the Snyder inference method.

Due to this discretisation, the prior P(¥) and posterior §(f) = P(X|#;) have m elements. A, is then an m X m
diagonal matrix with entries at each time ¢ given by enumerating A(¢, X, F (r)) across the possible u. Therefore the
diagonal entry in A, corresponding to ¥ = u is A(z, u, F(¢)). The integrals in equations are then across the m
elements of the relevant vectors or matrices and solved across the observed stream ¥ (f) for 0 < ¢t < T. Note that at
the coalescent event times (at which equationis solved): F(cy) = F(c;) — 1. Atsample times: ¥ (s7) = F(s7) +n;.

When the coalescent is heterochronously sampled (K > 1) an extra condition must be included to account for 7 (¢)
falling to 1 after some time 7, where T < sk (the last sample time). This condition can be written as: {g(t < ¢ < s;) :
[F@® = 1] A [Ji £ K :s; > t]} = ¢(r). This means that the posterior, at 7, is maintained until the next sampling
time, at which point ¥ (¢) rises above 1 again. This follows because over this time period the rate A¢(;) = O SO that
equationm gives % = O1xm- The subscripts reflect the dimensions on the Os.

We are interested in parametric estimates of the random variables X and the demographic function N(z, X). We take
the joint posterior generated by the Snyder filter at the very end of the observed data Fr which is g(T) = P(X|Fr) =
{G(T, u) = P(X = u| Fr)}. Denote the marginalisation of this joint posterior for the i" parameter, x; as ¢;(T, u;) with
(; an arbitrary value that x; can take. The MMSE estimates of interest at any time ¢ given all the data are then:

X =E[x|Fr]l = fCIi(T’ i A (6)

7"(0) 4T, p)

2 ) At, u, F(1) H @

N@) =E[N®|Fr] = f (
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Note that N(z, ¥) # N(t, 0 by the properties of expectations. The integrals are either over the m-point Cartesian grid
of the parameters or the m;-point line of x; and the algebraic operations involve vectors of appropriate size. These
MMSE estimates and the joint posterior ¢(T') form the core of the results that we present in sections[3.1]- We take
estimates at T because this makes use of all the information that exists in the event time series. 7 is also known as the
time to the most recent common ancestor (TMRCA) of the coalescent process.

3. Results

We apply Snyder filtering theory to several coalescent inference problems. We start by showing that the constant
population size Kingman coalescent inference problem can be solved analytically with Snyder filtering. This en-
ables us to recover the standard maximum likelihood estimator and explicitly derive an approximate MMSE. We also
describe the Bayesian sensitivity of this solution by constructing a differential equation that characterises how the pos-
terior estimate changes with choice of prior. We subsequently consider more general deterministically time-varying
coalescent processes which cannot be solved analytically. Hence we solve the Snyder filter equations numerically.
We simulate genealogies under different multivariate demographic functions and use these models to explore the per-
formance and flexibility of Snyder based inference under both isochronous and heterochronous sampling. Lastly, we
apply the Snyder filter approach to a well studied dataset of Egyptian hepatitis C viral sequences and compare our
results with those of previous analyses. To keep the comparison fair we focus on a standard parametric method [7]]
and match our priors and model to that technique.

3.1. Analytic Snyder Filter Solution to the Standard Kingman Coalescent

The standard Kingman coalescent has a constant demographic function N(#) = x; and is isochronously sampled so
that K = 1. The Kingman coalescent inference problem is to find the conditional mean x; = E[x; | ¥7] where F7 is the
coalescent counting process from 0 to 7' (the only sample time is at # = 0). We show that, for the Kingman coalescent,
we can reformulate the data structure of this problem so that the Snyder equations [Iand[3]admit an analytical solution.
This reformulation (and analytic treatment) does not work for more complex coalescent models because it rests on
manipulating the structure of the rate matrix Ag( such that the matrix loses its dependence on ¥ (¢).

For isochronous sampling of a single n tip tree of n — 1 coalescent events, the time of the k™ coalescent event, ¢
corresponds to the end of a coalescent interval that starts with n — k + 1 lineages (it is the & branch of the tree). The
coalescent rate over this interval is therefore: A(t, x1, F(¢)) = (”_IZ”I)xl‘] asF(@®) =n—-k+1forcey <t <c. In
Appendix B we show that instead of using this n — 1 event data stream, we can alternatively use a single event from
n — 1 independent trees (unlinked loci) and lose no information for inference (for a fixed number of observations).

Let us take the k" coalescent event interval and scale it by the number of lineages existing in that interval so
that 6, = (”_]2‘”)(ck — ck-1). Calculate this scaled interval for n — 1 independent trees and randomly order them as
{0 (1), 6x(2) ... 8;(n— 1)}. Then sum them cumulatively to create an observed process G(f) = maXi<j<,-1 ».; k(i) < 7.
We use the notation 7 because the time frame is now different and goes from 0 to T # T. In fact T can never be
infinite by the properties of the Kingman coalescent while T — oo as n — co. However, note that ¥ () = G(7) (¢
and 7 correspond to the same event count). Each 6;(i) is exponentially distributed with the same rate, n = xl‘l, by
the properties of exponential scaling. Consequently, the rate to be inferred is only a function of x;, A(x;). It has no
dependence on the number of coalescent events or even time. As a result, G(f) is no longer self-exciting. Instead it
is a simple homogeneous Poisson process. This results in the rate matrix Ag; being replaced by the constant matrix
A = diag (A (u;)) where y; is an arbitrary value that x; can take. Snyder showed that for a homogeneous Poisson
process, equations can be analytically solved [20]. The data transformation from ¥, to G; allows this solution,
given in equation[§]to be applied to the Kingman coalescent.

9De~4P(y = 7)
i 26PedP(n = 2)dz
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The MMSE estimate of x; is given in equation @} It is the same as the previously defined E[x; | 7], due to the
aforementioned information equivalence. The inequality involving 77 = E[n|G7] = Eln|Fr] = IE[xl‘1 |F7] in the
above expression comes from Jensen’s inequality. We apply Taylor’s expansion to 77 and achieve the relation

En|F7] ~ Elx | Fr1™" + var (x| Fr) E [x, | F7]7° (10)
var (x; | Fr) ~ £ (9% — 1) an

For a given observed trajectory #7 with associated scaled process G, the conditional variance var (x; | Fr) = var (x; | G7)
is equivalent to our calculated MMSE. This allows an approximate expression for the MMSE to be derived. This is
given in equation [IT] To our knowledge, these are the first explicit MMSE solutions for Bayesian inference on the
Kingman coalescent. In the limit of an infinitely long observed coalescent information stream, Gy — oco. At this limit,
since equation|[8has z6T terms then the conditional mean 7 would have a numerator term of z87*! and %, would have
9M-1_and their difference would be negligible. Consequently, x; — 77! so that MMSE — 0, as expected. Similar
analytic expressions are not available when the demographic function varies with time because it is not possible to
perform exponential scaling so as to remove the count-dependent component of the process.

We now solve equation [8]exactly for a uniform prior. In this case the prior term cancels from the numerator and
denominator of this expression and we recognise the Laplace transform definition: L7[z] := fo ze~¥ dz. Using this
with equation [9]leads to a straightforward solution (when all the data is used):

$1 = Ly [P £ [00] = TGy = Ty (12)

Since there are n — 1 events ¥(T) = n — 1. Further T = Z”‘ (” k“) (cr(i) = cx—1(i)). This is the same as the sufficient
statistic for the Kingman coalescent (see equatlon@]of Appendlx B). As aresult we recover the well known maximum
likelihood Kingman coalescent solution: x| = L = x1 [29].

Lastly we provide some Bayesian sensitiv1ty analysis of the Snyder posterior for the Kingman coalescent. Con-
sider the maximum a posteriori (MAP) estimate of the parameters ¥ underlying a Poisson process whose rate is only
a function of these parameters and time (i.e. with no self excitation). The MAP estimate is the mode of the posterior
q(T, X¥) = P(X|Hy) with Hr as the observed event stream from a Poisson process that can, in its most general form,
be inhomogeneous. Snyder showed that the MAP estimate results by solving [20]:

F (@)

- — llog 3(0, %) — f Az, D) dr + Z log A(ck, %) (13)
k=1

Here (%, is the gradient operator, ¢ are the event times, and (0, ¥) the prior on the parameters of the demographic
function. Due to the data transformation previously mentioned, this equation is valid for inference of the Kingman
coalescent because the rate is simply A(x;) = xl‘1 when the scaled time stream Gy is used as the observed data

(observations are until 7). We apply this equation with the notation of go(x;) = (0, x;) and go(x;)’ = a(jgo_x,lxl)
(= Dy + W) (14)
qo(x1 )

The solution to the expression above is the MAP estimate x; P Tt clearly depends on the logarithmic derivative of the

_ qo(x1)
‘qo(x1)

uniform, L = 0 and x|

prior, L = This derivative represents the sensitivity of the Bayesian MAP estimate to the prior. If the prior is

P = fl which is the original maximum likelihood estimate of x; for the Kingman coalescent.

If an inverse prior: go(ui) = p;" is used then L = p;' with ; as some arbitrary value of x; and hence x]* = %
Most importantly, as n (and hence T) gets large then for any prior the logarithmic derivative term becomes relatively

negligible and all MAP estimates converge to the maximum likelihood estimate.

3.2. Snyder MMSE Estimation of Simulated Demographic Models

We now apply the Snyder filter to coalescent data simulated under several deterministically time-varying demo-
graphic models that have been previously used in the epidemiological literature. Our aim is to estimate the underlying
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parameters of these models. As noted above (sections [2.2] and [3.1)), no analytic solution exists for these models so
instead we discretise our parameter space and then numerically solve equations As developed in section
a demographic function with [ > 1 parameters is denoted N(z, X) (or just N(¢) for short). The jth parameter, x;, is
inferred over a discrete space of m; values. This search space forms the domain on which the resulting marginal
posterior (T, x;) = P(x;|Fr) is defined. The observed stream 7 is a set of n — 1 simulated event times obtained
from an appropriate n tip coalescent tree. The Snyder filter iteratively processes the coalescent events and directly
yields the joint posterior §(T, X) = P(¥| ¥7). The MMSE conditional estimates of the parameters %; and of the overall
demographic history N(f) are obtained by either marginalising (T, ¥) or an appropriate function of it.

We simulate and analyse three demographic functions. In each case isochronous sampling is assumed so there are
v = n -k + 1 lineages existing between the (k — 1) and k™ coalescent event. The first model is exponential growth
N(t) = x;e~" [30], which describes a rapidly growing population (in forward time). Here x; = N(0) is the population
size at the present and x; is the exponential growth rate. We used a time rescaling algorithm to iteratively generate the

. . - -1
k™ coalescent time, i, from the (k — 1)th coalescent time: ¢; = ! log (e"k+1 + rle(;) ), z ~ exp(1). The second

model is logistic growth, which represents density dependent population growth and is defined as N(7) = x; %

[23]. An offset parameter, x4, is added so that N(¢) > O for all + > 0. Parameters x; and x, are defined as in the
exponential growth model and xj3 is a half life parameter. The logistic model was simulated using a rejection sampling

algorithm that generates points from a homogeneous process with rate Ay, = (;)x{' and then chooses one as the

next coalescent event with acceptance probability p(, = (;)(N (DAmax)”" = v(v—Dxy (n(n — 1)(x; + x4))L. The third
model represents cyclical population dynamics using a sinusoid defined by the function N(#) = x; sin (xaf + x3) + x4.
Here x; is the cycle amplitude and x; its frequency of occurrence, with phase and magnitude offsets given by x3 and x4
respectively. Data from this model was also generated using a rejection sampling algorithm with A, = (;)(x4 —x)!

and i, = (3)NOAma)™ 2 v = Dl = x1) (100 = Dy + 20)7"

For every demographic model, we simulated a total of M = 500 trees, each with n = 200 tips and then applied
the Snyder filter to the coalescent times of each tree to obtain informed joint posterior distributions. We set the true
values of each parameter at approximately the midpoint of its parameter space so that it would be well described by
the prior. We chose an uninformative uniform prior over the grid space with probability mass of i at each point. We
define T; (the TMRCA) as the final observation time for the j™ tree. Rather than calculating the MMSE of the i
parameter, we instead calculate the relative error 1 — j‘? in order to evaluate both the bias and variance of the estimator.
We summarise the results from the Snyder filter in figures below. If needed, the MMSE can be calculated with the
frequentist approximation M~! Zj”il (x,-(Tj) - fc,-(Tj))z.

Figures[Ta] 2a]and[3a] give representative smoothed posteriors from a single Snyder run for the exponential, logistic
and sinusoidal models respectively. For the exponential model, the full joint posterior is given. They provide an idea of
what can be inferred from a a single tree by the Snyder filter. The posteriors often seem well positioned relative to the
true value of the parameter and provide a good cover. Figures[Ic| 2c|and [3c|summarise Snyder demographic estimates
from the full M runs. In this case a demographic function estimate is generated from each tree and the resulting
trajectories combined and summarised by its mean and 95% credible interval. The Snyder filter estimates each N(f)
well with the true trajectory well tracked by the mean and easily covered by the credible interval. Figures and
also focus on all M runs and present an idea of the bias and uncertainty in the relative error on each estimated
parameter. For all models the boxplots of these errors seem centred on 0 and so the method appears unbiased. The
uncertainty on each parameter is at most about the order of 10% away from the true value (relative errors of +0.1).
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3.3. Extension to Demographic Models with Heterochronous Sampling

The simulations in section[3.2]considered only isochronous sampling in which all the sequences were sampled only
at the present (+ = 0). Here we show how Snyder filtering can be applied to the heterochronous coalescent process.
We examine a classical demographic function that models delayed rapid growth forward in time. The constant-
exponential-constant (con-exp-con) model [7]: N(t) = x;1(t < x3) + x;e 2D 1(t € (x3, x4)) + X 2E (¢ >
X3 + x4). No(¢) is simply a translated and time limited version of the exponential growth model [30]: Nex,(7) = x) et
from section @ In fact Nexp(t) = Na(#)lx;—0, ;—0- The con-exp-con function can also be considered as a piecewise
equivalent of the logistic function from section [3.2] with parameters x3 and x4 controlling the times at which the
population switches between phases of constant size and exponential growth. We chose the con-exp-con function
because its multiple phases mean that sample timing could be an important factor in its inference. For example if no
coalescent events occurred during a phase then there would be a dearth of information about this phase. This is one of
the reasons heterochronous sampling is useful. It spreads the coalescent observations across time in a more uniform
manner. This especially helps since coalescent trees often have regions with a few long branches (long times between
informative events).

We modify the time rescaling technique in [12] to simulate coalescent trees under heterochronous sampling. The
key step of this algorithm involves solving for cpex, the time of the next coalescent event. If cpex is less than the
next sample time then the lineage count is reduced by 1 since the next event is a coalescent one. If cpex is larger
than the next sampling time, then the time is set to that sampling time and the number of lineages is updated with the
new sample count. The process of calculating cpex iS then restarted. If the number of lineages falls to 1 before the
last sampling time then the coalescent rate is set to O until the next sampling time and the posterior distribution stays
unchanged over this interval (see section for the mathematical expression of this condition). The specific time
rescaling solution for the con-exp-con model is given below with z ~ exp(1).

-1 .
I+ Xlz(grzm) 5 ift <x3
-1 .
Cnext =\ + xle—xzx4z(7:2(’)) ’ if 12> 3+ x4

-1 .
X3+ x;l log (e)‘?("“) + xlxzz(Tz(')) ) otherwise

We simulated the con-exp-con coalescent using n sampled lineages that are introduced at times s; = (i = 1)TgumpK ™",
1 <i < K, until some maximum sampling time Ts,mp. At each sampling time n; = nK~! = n* lineages were added
(to the nearest integer). The figures below illustrate the performance of Snyder filter estimation when applied to 100
heterochronous trees, sampled at K uniform times. We use a maximum sampling time of Tsamp = X3 + (X3 + x4), 80O
that the sampling times are symmetric with respect to the period of exponential growth. Figure[4a] gives the smoothed
density of the relative conditional estimate error across the runs for each parameter. For example the relative error
contribution of the i parameter from the j run is xi‘l (x;i—E[x; | IF’T]). For every parameter it is clear that the densities
are approximately centred around 0 indicating unbiased estimation. The lowest K case has the widest densities. This
relates to the fact that there are fewer observable events across some of the con-exp-con phases. Figure #b]summarises
the estimates of N(f) across the runs with the mean reconstruction and its 2.5% and 97.5% quantiles. The con-exp-
con function is well estimated across each sampling scheme as the true trajectory is always within the 95% credible
interval and accurately tracked by the mean combined estimate. In the simulations below we used a joint uniform
prior with probability mass of m~! on each of the m grid points.
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Figure 4: Snyder estimates under heterochronously sampled con-exp-con models. A con-exp-con model was simulated with uniform hete-
rochronous sampling at K = [7, 15, 30, 50] distinct times for trees with n ~ 200 tips. Each sampling introduces n* = % samples to the nearest
integer. The simulation was repeated 200 times and the conditional mean estimate taken from each run. Subfigure a) gives the smoothed density
(normal kernel) of the relative error, 1— ;i; on these estimates, for each parameter. Panel b) gives a summary of reconstructed demographic functions
from these runs. The true demographic function is in solid grey and the estimated function in dashed black. Dotted lines are uncertainty bounds
capturing 95% of the trajectories, with each tree yielding a single estimated trajectory. The dotted vertical stems are the sample times. Simulations

were done at: [m;, m, M] = [15, 152, 100] with a joint prior of % on each grid point.
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3.4. Estimation of the Hepatitis C (HCV) Epidemic in Egypt

We now illustrate the application of the Snyder filter to empirical data. One particular dataset, comprising hepatitis
C virus (HCV) gene sequences sampled in Egypt, has been repeatedly used as a benchmark for the performance of
parametric and non-parametric coalescent estimators in molecular epidemiology (see [28] [31] [32] [33] [34]).
In addition to allowing different inference approaches to be compared, a further benefit of this dataset is that its
demographic history is partially known, through independent epidemiological information. Specifically, the high
current prevalence of HCV in Egypt is very likely due to the rapid transmission of the virus during a widespread
public health campaign of parenteral antischistosomal therapy (PAT). Poor sterilisation of needles used to deliver this
drug treatment led to the inadvertent transmission of HCV [35]]. Since these injections were primarily given between
1920 and 1980, we expect coalescent inference methods to reconstruct a rapid rise in HCV effective population size
during this period. The Egyptian HCV dataset comprises 63 HCV genotype 4 gene sequences, 411 nucleotides in
length, sampled isochronously in 1993 [36]. In previous work [7] a con-exp-con model was fitted to this dataset
using a Bayesian MCMC approach. To enable direct comparison, we apply the Snyder filter to the same demographic
function. The con-exp-con demographic model is the same as that introduced in section [3.3] but with the indicator
functions expanded. Setting x; = N¢, x, = r, x3 = x and x4 = y — x, this demographic model can be written as in [7]]
with ¢ > 0 describing time in the past from 1993 (the time of sampling).

Nc, ift <x
N(1) = {Nce "™, ifx<r<y
Ny = NCe—r(y—x)’ ift > y

To obtain coalescent times we estimated a molecular clock phylogeny from the Egypt HCV dataset as follows. First,
we used Garli [37] to estimate a maximum likelihood (ML) phylogeny of the sequences under the general time
reversible nucleotide substitution model with gamma distributed site rate heterogeneity. This was the nucleotide
substitution model previously used in [7]]. The heuristic search implemented by Garli was run 50 times and the tree
with the highest likelihood retained. Next, we used the program R8s [38]] to convert the ML tree into an ultrametric
phylogeny whose branches are scaled in units of years. This conversion was performed using a Langley-Fitch 3-rate
molecular clock mode. Divergence times were estimated by constraining the TMRCA of the tree to the range of values
reported in [7]]. The resulting time-scaled tree is shown in Figure 5a. The coalescent times from this tree formed the
input data to the Snyder filter with [m;, m] = [20, 20%]. Prior distributions were set to match those of [7] as closely
as possible. The resulting marginalised posterior distributions are given in Figures 5c-f and are compared to the
posteriors obtained by Bayesian MCMC sampling in [7]. The Snyder MMSE estimate of the demographic function
is shown in Figure 5b. It is clear that the Snyder filter gives results that are consistent with the known epidemic history
of HCV in Egypt. It also achieves parameter estimates that compare well with those obtained by MCMC sampling in
[7] (see the legend of Figures S5c-f).
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Figure 5: Snyder estimates of the HCV epidemic showing exponential growth in the early 20t century. (a) The ultrametric time-scaled tree
derived from the 63 sequence HCV dataset using Garli and R8s. The branching times of this tree provide the coalescent event times for Snyder
filtering. (b) The Snyder estimate of HCV population size using a con-exp-con demographic model. The continuous black line is the conditional
mean estimate while the dotted lines are delimited by twice the standard deviation of its posterior. Rapid growth during the PAT period (shaded) is
clear. (c) Smoothed marginal posteriors for each parameter of the con-exp-con demographic model (solid black line) (normal kernel smoothing).
The Snyder filter used: [m;, n] = [20, 63] with uniform priors set to mi’ for each parameter. The parameter estimates from [7]], which were obtained
by Bayesian MCMC sampling, are shown as box-type plots (median estimate, and 95% highest posterior density credible intervals) above each
marginal posterior.
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4. Discussion and Conclusion

In this paper we introduced the Bayesian Snyder filter as a viable technique for coalescent inference and we eval-
uated its performance on simulated and empirical data. We showed that by reinterpreting the variable population size
coalescent process as a self-exciting Markov process, it is possible to apply the Snyder filter to coalescent estimation
problems. Further, for the standard Kingman coalescent, we derived an analytic solution for the Synder MMSE esti-
mator, which was equivalent to the known maximum likelihood estimate. We also explored the Bayesian sensitivity
of the filter for this case and found that sensitivity decreased as the observable data stream length, 7, increased.

We applied the Snyder filter to isochronous phylogenies simulated under three different parametric demographic
models. Two of these models (exponential and logistic) are commonly used to represent emerging epidemics whilst
the third model (sinusoidal) represents the cyclical epidemic behaviour exhibited seasonal viruses like influenza. In all
cases, the Snyder filter correctly inferred the underlying dynamics and achieved good MMSE estimates of the model
parameters which were unbiased. We also showed that Snyder filtering could be readily extended to heterochronous
sampling and applied this extension to two nested epidemic growth models. Estimates were once again found accurate
both at the parameter and complete demographic function scales. We also note in Appendix E that the Snyder filter is
implicitly calculating exactly the well known deterministically time-varying coalescent likelihood from the literature
[2] [12]]. Consequently, the Snyder filter solves, in a sequential MMSE manner, the correct inference problem and is
hence verified as a useful coalescent estimation tool.

We then assessed performance of Snyder filter inference on empirical data from the Egyptian HCV epidemic. In
keeping with previous analyses on this dataset, we used a parametric con-exp-con demographic model. The Snyder
filter estimates compared well with those previously obtained using Bayesian MCMC sampling [7]. It is worth
noting that the Bayesian MCMC sampling approach incorporated uncertainty in the phylogeny and the molecular
clock model, whereas we assumed that the coalescent event times were known without error and used the best ML
tree over 50 runs. However, previous authors have concluded that phylogenetic uncertainty is not significant in the
estimation of Egyptian HCV transmission history. Consequently, our comparison seems valid and fair. In fact Minin
et al [32]] found that estimates from a single fixed genealogy bore little difference to those obtained directly from
the molecular sequences of this HCV dataset. We also apply our single tree method to this dataset and compare it to
known MCMC results in order to be consistent with the literature [18]. For other sequence alignments that contain
comparatively less phylogenetic information, further work is necessary to understand how genealogical sources of
error can be best incorporated into the Snyder filter framework.

The Snyder filter has the potential to be a capable inference method for coalescent models. Since it only involves
the solution of linear differential equations, it is easy to implement and provides stable estimates (i.e. the filter is
generally not susceptible to numerical explosion or lack of convergence). Further, because it allows straightforward
calculation of conditional means, it easily leads to optimal (MMSE) estimates. Hence the Snyder filter may serve
as a useful benchmark for testing the limits of other estimation schemes, and for providing bounds on achievable
estimation accuracy [22]]. A key benefit of the Snyder filter as an inference framework is its flexibility. For example,
in our simulation study, the Snyder filter algorithm remained unchanged across all the different demographic models
and data types (isochronous and heterochronous) that we explored. The only changes to implementation that were
required were the specification of the demographic function and its priors. Given its flexibility we propose that the
Snyder filter could be useful for model selection problems.

The Snyder filter, from a theoretical perspective, is also the right type of filter to solve optimal coalescent inference
problems. If our system was linear, discrete-time and corrupted by Gaussian noise, the optimal (MMSE) filter would
be the famous Kalman filter [39]. The Snyder filter is the Kalman analogue for continuous time processes with point
process noise. This paper will show that coalescent inference is within this class of problems. One may wonder
about the relation of the Snyder technique to popular algorithms such as the expectation-maximisation (EM) [40]] or
sequential Monte-Carlo (SMC) [41]. The EM algorithm is usually used to solve estimation problems with incomplete
information. This is a more complex set of problems than those considered here and so this technique is not necessary
for this work. More importantly when the EM algorithm is adapted for filtering problems it usually employs a Kalman
filter within its mechanism [42]. Consequently, it may be possible to integrate the Snyder filter within an EM
framework to solve more complex problems. SMC is maybe a more relevant method for the problems investigated
in this work. It applies simulation based methods (just as in MCMC) to solve online (data is sequentially available)
estimation problems for systems that do not admit finite dimensional filters. However, the Snyder filter is finite
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dimensional for coalescent inference problems and treats the tree as a sequential data source. As a result, we propose
the Snyder filter as an alternative to this technique as well.

While its implementation is linear, the Snyder filter is a non-linear MMSE filter (its linear equations must be
normalised; see Appendix A). The importance of this is apparent when the parametric Snyder filter is compared to the
non-parametric classic skyline plot [23]]. The classic skyline plot is a common non-parametric coalescent inference
technique that uses coalescent waiting times to estimate the harmonic mean of the demographic function. In Appendix
C, we show that the classic skyline plot is a minimal information linear estimator of the coalescent process. This can
be improved to a linear MMSE estimator if more information is introduced via first and second order process statistics
(mean and covariance functions). If this linearity constraint is maintained, then no further improvements (defined
as reductions in estimation MSE) are possible, even if more coalescent process information is available [24]. At
this point the MSE can be further minimised only by allowing for non-linear filter formulations that make use of
extra information, usually embedded in the form of some demographic model structure (parameters). The parametric
Snyder filter is exactly the non-linear MMSE estimator that makes maximum use of this additional coalescent process
information. These connections hint at why we think the Snyder filter could serve as a useful benchmark estimator.

The filter was originally developed for doubly stochastic Poisson processes [24]. As a result, it should be capable
of handling stochastic demographic functions, or input streams with multiple types of stochastic events (for example
coalescent events coloured by geographical area of origin). The Snyder filter could also be extended to use alternate
descriptors of the relation between population dynamics and phylogenetic structure, such as birth-death models [27] or
even diffusion processes [20]. Extending the filter to these cases will form the basis of future research. The flexibility,
exactness and robustness of the Snyder filter suggest it has promise, but its benefits will become most apparent when
it is applied to more complex models that are computationally challenging to implement in other frameworks, such as
Bayesian MCMC sampling.

We have provided some example code on GitHub athttps://github.com/kpzoo/snyder-coalescent-code.
These are a set of Matlab m files that were used to generate all the results for the isochronous and heterochronous
simulated models used in this work. The code generates a coalescent process for a given demographic functions and
then runs a Snyder filter to infer its underlying parameters. We provide this code so users can get a feel for how simple
it is to implement the Snyder filter along with an idea of its complexity and ease of computation.
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Figure Legends

Figure 1: Snyder estimates under the exponential growth coalescent model: N(r) = x;e~'. a) Contour plot

of the joint posterior for the two model parameters, x; and x, from an individual run. Contour lines show values of
the posterior P(x;, x,|data). Thick grey lines show the true values of the two parameters. This plot shows typical
estimates from a single simulated tree. (b) Box plot of the relative estimation errors of each model parameter 1 — =

measured across the 500 replicate trees with 200 tips simulated under exponential growth. (c) The averaged recon—
struction of the estimated demographic function, obtained from the trees in b). The true demographic function is in
solid grey and the estimated one in dashed black. Dotted lines are uncertainty bounds capturing 95% of the trajectories,
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with each tree yielding a single estimated trajectory. Simulations were done at: [m;, m, n, M] = [15, 152, 200, 500]
with a joint prior of # on each grid point.

Figure 2: Snyder estimates under the logistic growth coalescent model: N(?) = x; % + x4. a) Marginal
posteriors for the model parameters, x; and x, from an individual run. The grey outline shows values of the posterior
P(x;|data) after kernel smoothing with a normal distribution. The black vertical line is the true value of x;. This
plot shows typical estimates from a single simulated tree. (b) Box plot of the relative estimation errors of each
model parameter 1 — =, measured across the 500 replicate trees with 200 tips simulated under exponential growth.
(c) The averaged reconstructlon of the estimated demographic function, obtained from the trees in b). The true
demographic function is in solid grey and the estimated one in dashed black. Dotted lines are uncertainty bounds
capturing 95% of the trajectories, with each tree yielding a single estimated trajectory. Simulations were done at:
[m;, m, n, M] = [15, 15%, 200, 500] with a joint prior ofi on each grid point.

Figure 3: Snyder estimates under a sinusoidal coalescent model: N(f) = x; sin (xpf + x3) + x4. a) Marginal
posteriors for the model parameters, x; and x, from an individual run. The grey outline shows values of the posterior
P(x; | data) after kernel smoothing with a normal distribution. The black vertical line is the true value of x;. This
plot shows typical estimates from a single simulated tree. (b) Box plot of the relative estimation errors of each
model parameter 1 — =, measured across the 500 replicate trees with 200 tips simulated under exponential growth.
(c) The averaged reconstructlon of the estimated demographic function, obtained from the trees in b). The true
demographic function is in solid grey and the estimated one in dashed black. Dotted lines are uncertainty bounds
capturing 95% of the trajectories, with each tree yielding a single estimated trajectory. Simulations were done at:
[m;, m, n, M] = [15, 15%, 200, 500] with a joint prior of % on each grid point.

Figure 4: Snyder estimates under heterochronously sampled con-exp-con models. A con-exp-con model was
simulated with uniform heterochronous sampling at K = [7, 15, 30, 50] distinct times for trees with n = 200 tips. Each
sampling introduces n* = £ samples to the nearest integer. The simulation was repeated 200 times and the conditional
mean estimate taken from each run. Subfigure a) gives the smoothed density (normal kernel) of the relative error, 1 — =
on these estimates, for each parameter. Panel b) gives a summary of reconstructed demographic functions from these
runs. The true demographic function is in solid grey and the estimated function in dashed black. Dotted lines are
uncertainty bounds capturing 95% of the trajectories, with each tree yielding a single estimated trajectory. The dotted
vertical stems are the sample times. Simulations were done at: [m;, m, M] = [15, 152,100] with a joint prior of % on
each grid point.

Figure 5: Snyder estimates of the HCV epidemic showing exponential growth in the early 20™ century. (a)
The ultrametric time-scaled tree derived from the 63 sequence HCV dataset using Garli and R8s. The branching times
of this tree provide the coalescent event times for Snyder filtering. (b) The Snyder estimate of HCV population size
using a con-exp-con demographic model. The continuous black line is the conditional mean estimate while the dotted
lines are delimited by twice the standard deviation of its posterior. Rapid growth during the PAT period (shaded) is
clear. (c) Smoothed marginal posteriors for each parameter of the con-exp-con demographic model (solid black line)
(normal kernel smoothing). The Snyder filter used: [m;, n] = [20, 63] with uniform priors set to - L for each parameter.
The parameter estimates from [7], which were obtained by Bayesian MCMC sampling, are shown as box-type plots
(median estimate, and 95% highest posterior density credible intervals) above each marginal posterior.

Appendix

A. The Non-linear Snyder Filter

In this appendix we provide some more detail and points of reference for the Snyder filter. Using the same notation
as in section with X as a vector of parameters to be inferred, u as a variable describing an arbitrary value of ¥ and
¥ as all the observable information up until time 7 the Snyder filter is written as below [24]. The Markov rate matrix
Ag( is integrated with respect to the parameter space, and this introduces the non-linearity. Note that the differential
equations are now directly in normalised probability. As noted in section 2.1] the differential equation is solved until
the left limit of the first event time, 77, then a discontinuous update applied leading to §(7}). This is then used as
the new initial condition and the differential equations solved again until 75. These steps are repeated until the entire
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observed process is traversed, resulting in the final posterior ¢(7T').

dq(t
zl(t) =~ A5 + f g, A, p, F () du for0 <1 <7y (15)
-1
4d@)) = T )As ;) (ftf(ﬁ_, A, i, F (7)) du (16)
If we define ¢ = —Ag(,), then the non-linearity is an average (¢) taken across the current posterior g(¢). We can then
write % = q(1)(¢ — {¢)). The Snyder differential equation therefore describes movement away from a local mean

with time. This form contains an interesting conceptual detail. If ¢ can be considered a fitness vector then this is a
continuous time replicator equation from evolutionary game theory [43]. Further, the discontinuous update equation
obeys the discrete time version of the same replicator equation as step size, away from an event time, becomes
infinitesimally small. The correspondence between Bayesian statistics and the replicator equation has been identified
in discrete time [44] [45]. Here we note, for the first time (to our knowledge), that the Snyder filter presents a
continuous time analogue. The Snyder solution for parametric inference may therefore be seen as the evolution of
a series of competing strategies with fitness given by the negative of the rate matrix (which encodes a measure of
stability). The strategies pertain to the probability posterior describing ¥ sequentially across time.

Whereas the linear equations given in the main text only hold for continuous time Markov processes (of which
random variable parameter estimation is a simplification [24]), the non-linear equations apply to several types of
processes. If ¥ becomes either a Markov diffusion, Markov jump or Poisson driven Markov process X(f) then the
differential equations of [15|simply include the extra term L[G(#)]. Here IL[g(#)] is an operator describing the dynamics
of the stochastic process. For example, it is §(¢)Q for a Markov jump process with Q as the infinitesimal generator of
the Markov process. IL[§(¢)] is the Kolmogorov operator for a diffusion process [24]. Extensions such as these make
the Snyder filter quite flexible and powerful. More details on possible inference problems solved with Snyder filtering
can be found in [20] [24] [46], [21] and [22].

B. Information Equivalence for the Kingman Coalescent
Consider the standard isochronously sampled Kingman coalescent with rate (;)xl ~! over an interval with i lineages

[1]. Let 7 = x; " and consider a single coalescent tree with # tips and n — 1 waiting times of duration 74, | <k <n-—1.
The interval 74 ends at time ¢; and has n — k + 1 lineages until that point. We start by outlining the known likelihood
calculation for the Kingman coalescent based on the series of coalescent events along one tree [29]. We then compare
it to a likelihood derived from data composed of a single coalescent event from several independent trees. The
likelihood function for the first case, L;(1), follows from the independence of the coalescent intervals and standard
Poisson process theory. We can use the sufficient statistic 77 to Fisher-Neyman factorise the likelihood (into a product

of functions /; and g;) and to then derive the maximum likelihood (ML) estimator, fc(ll). Note that ("_’2‘+')Tk ~exp(n)

(exponential distribution properties) [29]. While in general £; # /7!, it is valid here because the same value of £;
maximises the partial derivatives of the likelihood with respect to 7 or x;.

n—1
n—k+l 1 —p il (ke
Ly = []_[( 2 ) e EE T = ()i, T) (17)
k=1
n—1
n—k+1 N . B
7= z( : ) — 8 == as)
k=1

Now, let us assume a single j coalescent event is observed from each of n — 1 independent trees (unlinked loci). The
data are now 7 (k) for 1 < k < n— 1. By the properties of exponential scaling, the product (”_5”)7 (k) ~ exp (7). The
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can then be derived as below.

likelihood, L,(n), sufficient statistic, 7, and ML estimator )%(12)

n—j+1 n-l 1 _yon=l (n—jHlN
Lo(n) = ( ; ) e T EE O < hylga(n, T2) (19)
n—1 .
n—j+1 . . 7T:
To= Z( é )Tl(k) = x(IZ) = 772111116 = n _21 (20)
k=1

Since both sufficient statistics, 77 and 7, comprise a sum of n — 1 independent exponential variables with rate 7,
and the corresponding ML estimators only depend on the sufficient statistic and the sample size, n, then it is equally
efficient to sample coalescent waiting times from either a single tree or from multiple trees. Further, var (fc(ll)) =

var (fc(]z)) =(n- 1)‘1x% [29]. Hence, for a constant sized population, the n — 1 coalescent times of one tree contain the

same information as the j coalescent times from n — 1 independent trees (unlinked loci).

C. The Relation between the Snyder Filter and the Classical Skyline

Consider the coalescent process with deterministically time varying population size. In this appendix, we focus
on characterising the relationship between the Snyder filter and non-parametric coalescent estimation schemes for this
coalescent process. The classic skyline plot, developed in [23] is a well known non-parametric method for estimating
coalescent demographic functions. As in section[3.1]the time ¢, denotes the start of an interval with n — k + 1 lineages
(sampling is isochronous). For a given coalescent waiting time 74 = c¢x — ¢, starting with n — k + 1 lineages, the
skyline estimate, ]Vsky is given below, with U ~ U(0, 1) and W = —log (U) ~ exp(1) = Gam(l1, 1). It is an estimate
of the harmonic mean of the population, H[N(z)], over each event interval, corrupted by multiplicative noise, W.

N n—k+1
Nsky = (

Cle -1
)rk = WHIN()], HIN®)] = ( f Ney ! dt) (1)

Define 1(f) = N(t)~! as the intensity to be estimated and let v(¢) = (””;”)n(t). Note that H[N(7)] = A[N()~']~" where

. . . . . . . . o - -1
A is a functional that calculates the arithmetic mean. The skyline then implies an estimator fig, = ((" §+1)Tk> =

WL A[n(r)] with the multiplicative noise now being W=! ~ Inverse Gam(l, 1). In [24] an expression is given for
linear filters of doubly stochastic Poisson processes (DSPPs). When scaled with (””5”), all linear filters of n(t) over
T satisfy equationfor arbitrary functions g(¢) and h(cx—1, s). Here u(s) is the usual counting process for coalescent

events up to time s < ¢ and #Jy;, is the intensity estimate resulting from the linear filter.

_k 1_1 k
fmn=(” 2+ ) [g(r>+ f h(cit, s)du(s)] (22)

Choosing g(f) = 0 and A(ck-1, §) = T;l results in 7y, = ((”_’Z‘J’I)‘r,{y1 [u(cr) — ucr-1)] = fjky. The classic skyline

plot is therefore a type of linear filter for DSPPs. More specifically, it is a moving average filter that only requires
knowledge of the interval time between coalescent events, which serves as the averaging time. Generalisations of
the skyline method essentially alter the construction of the integral in equation 22] [6]. While we speak of DSPPs in
this appendix, the results directly hold for the time-varying coalescent. As mentioned in section [2.2] this is because
the deterministically time-varying coalescent estimation problem can be described as a simplification of the DSPP
inference problem.

The benefit of moving average filters is that they require minimal process information. If the first and second order
statistics of the intensity process are also known then a linear MMSE estimator can be obtained which outperforms all
possible other linear filters. Provided the estimator is constrained to be linear this MMSE filter cannot be improved
upon, even with extra knowledge of higher order statistics or structural information (such as a parametric model)
[24]. The linear MMSE estimator is equivalent to the optimal estimate of an intensity, given that it was corrupted
by additive Gaussian noise [24]. The Snyder filter generalises the linear MMSE filter for DSPPs by removing
the linearity constraint. This allows extra information from a parametric model to be used and leads to superior
performance (smaller MSE). In summary, the skyline is non-parametric, linear and makes use of a minimum of
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coalescent information. Given mean and covariance information of the coalescent intensity, the skyline can be adapted
to a linearly constrained MMSE filter. If a coalescent rate model is known then this can be further improved with the
(unconstrained) Snyder non-linear MMSE estimator. Beyond this, no performance improvements are possible without
introducing additional observable information.

D. Computational Performance, Implementation and Limits of the Snyder Filter

As mentioned in the main text, the Snyder filter involves solving ordinary differential equations for each point on
a parametric space grid. Consequently, its complexity is directly related to the dimension and granularity of the grid.
These ideas were encapsulated by the filter dimensionality, previously defined as m = Hle m; (for estimation of an [
parameter N(¢)). Obviously as either / or m; increase the Snyder filter becomes more computationally complex. Con-
sequently, in its current implementation, the curse of dimensionality is a possible limitation to the filter functionality.
To gain an idea of the its complexity we simulated and estimated the exponential and logistic growth coalescents for
M = 100 trees with n = 100 isochronously sampled tips across several grid sizes. Our results are compiled below
and done using an iMac with 8GB RAM and a 4 core 2.7 GHz Intel i5 processor (though parallelisation was not
used). Figures[6aand [6b] give the median and 95% credible intervals of the execution time across the runs. The filter
runs in polynomial time with respect to m for a given I. The order of the polynomial increases with / and of course
the maximum grid resolution computable decreases with dimension. The execution times are tightly bounded. This
seems sensible since the only stochastic component of the computation relates to the different trees generated on each
run.

However, in spite of this, the Snyder filter is able to compute its estimates relatively fast (a few minutes), over
the values investigated. Figures [6c| and [6d] show how relative parametric estimation error varies with grid size for
both models. Note the lack of any significant trend in accuracy with grid size from about the midpoint of the scale
investigated. This suggests that good accuracy can be obtained with reasonably sized grids and underlies the seemingly
coarse grid sizes chosen for simulations in the main text. These estimates will improve in precision and bias as the
size of the tree increases (more observable information on the underlying demographic function). The (non-optimised)
code we used to generate these performance measures can be found at

Generally, one could argue that a major benefit of MCMC based methods is their better robustness to the curse
of dimensionality, especially when compared to grid based filters. However, we claim that the Snyder filter trades
this for the advantage of deterministic inference (the method will produce the same results for a given observed data
stream). This negates issues like the convergence problems and local minima that can affect MCMC inference [47].
Furthermore, if many parameters are needed to describe a demographic function then it is probably wiser to use
existing non-parametric methods (such as the skyline techniques [23] [28]]). Thus, we envisioned the Snyder filter as
a useful tool for inference when one has a parametric model that is not over-parametrised and one wants to learn the
physics of the problem. Additionally, it may even be possible to integrate the Snyder filter within existing MCMC and
other inference techniques. Usually these involve a forward algorithm or a calculation of the coalescent likelihood.
The Snyder filter could provide a different way of fulfilling these computations.
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Figure 6: Snyder computational complexity and performance. (a)-(b) Execution time of the filter in minutes across varying grid sizes for the
exponential and logistic demographic functions respectively. This includes all overheads such as the time to simulate the tree data. The solid black
line is the median time across 100 runs at each grid size. The dotted lines enclose the 95% credibility interval. The black circles are fitted points
from a least squares error polynomial. (c)-(d) Box plot of the relative estimation errors of each model parameter 1 — = against grid size. Each box
plot uses the Snyder estimates obtalned from the 100 replicate trees which were used in (a) and (b). Simulations were done at: [n, M] = [100, 100],
and with the usual uniform priors of - -5 on each grid point.

E. The Coalescent Likelihood and the Snyder Filter

Here we explain how the Snyder filter relates to the standard single tree coalescent likelihood for deterministically
time-varying demographic functions. We assume an isochronously sampled coalescent with effective population size
N(t, %) and observed coalescent times ¢ for 1 < k < n — 1. Here ¢, denotes the first time when exactly k coalescent
events have occurred (therefore the interval ending at ¢, had n — k + 1 lineages). We define ¢y as O to indicate the
present (n lineages exist). With this notation the known coalescent likelihood, Lcoa = P ({ci}i<k<n—1 | N(2, X)) [2]] [48]
" k“) It is a product of densities across the n — 2 intervals containing the n — 1

N(Ck,f) [ f N(tx’) }
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can be written as follows with A, =
coalescent events that form a tree of n tips.

n—1

Lcoal l_[

(23)



Now we can directly incorporate the coalescent rate A(z, ¥, F (1)) = N(’(rt(’% in the above equation, take natural logs and

sum corresponding terms to get the expression below. Note that F (¢) gives the appropriate k for Ay at any time .

n—1 n—1 Cr
108 Leoal = Z log Ack, %, k) — Z [ f At, 2 k) dt] 24)
k=1 Ci-1

k=1

However, as noted by Snyder and Miller [24], for an inhomogeneous Poisson process with n — 1 observed events and
rate A(u, ¥), the filter differential equations can be solved to get the following analytic expression.

g, 3) = 90, HE[0]” (25)

H(t, ¥) = —f Alt, ¥)dr +f log A(t, ¥)dF (1) (26)
0 0

This is a Bayes law expression with "% serving as the likelihood function. F(7) is the observation process at time
7 and dF (1) = 1 at every observed event time and O otherwise (it is called a counting integral). Consequently, the
Snyder inhomogeneous log likelihood is log Ly, = H(t, ¥). However, the coalescent inference problem is not strictly
inhomogeneous due to the lineage dependent term. If we condition on the number of lineages in each inter-event
interval then we can describe each of these as a single interval from a different inhomogeneous process. Since these
intervals are independent we can collect them together and treat the updated posterior from an interval as the prior to
the next interval. As a result we can decompose H(t, X) as Y,;_ i H; where H;, = — f At, X, k)dr + log Acy, %, k).
This means that Lgy = Lcoa. This confirms that the Snyder filter (implicitly) solves the correct likelihood and is
comparable to all coalescent inference methods on fixed trees [18] [23].

Our preference for using the differential equation Snyder description versus this likelihood formulation are twofold.
Firstly, equation 25| only works here because of the lineage conditioning. If our coalescent rate changed due to some
other stochastic process, this could not be easily integrated into this solution, unlike in the differential equation case.
Thus this solution is inflexible and specialised. Secondly, the integrals in this formulation (together with additional
ones required to calculate conditional means) become difficult for multidimensional problems and may need to be
solved with Monte Carlo techniques [24]. We are only interested in fully deterministic solutions for coalescent
inference problems that are flexible enough to accommodate potentially complex demographic functions.
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