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Ruggedness—the prevalence of fitness peaks—and navigability—the existence of fitness-increasing paths to a target—are key factors
affecting evolution on fitness landscapes. Here, we analyze these properties in landscapes that inherit biophysically grounded geno-
type—phenotype (GP) maps. By assuming a random phenotype-fitness assignment as a baseline, the structure of the GP maps is included
without imposing further fitness correlations. We show analytically that the expected ruggedness can be predicted from two quantities:
the sizes of neutral components (NCs)—mutationally connected genotype sets with the same phenotype—and their evolvabilities, de-
fined as the number of distinct phenotypes among the NC's mutational neighbors. Other features—such as robustness—influence rug-
gedness only indirectly via correlations with evolvability. Numerical results across diverse GP maps confirm that NC size and evolvability
alone suffice to predict both the mean prevalence and heights of peaks. These calculations also provide new insights: Under random
phenotype-fitness assignment, peaks arising from high-evolvability NCs have higher expected fitness than those from low-evolvability
NCs. Thus, when evolvability correlates positively with NC size, the formation of large low-fitness peaks is impeded. We further derive an
approximate scaling law for the minimal average evolvability required for navigability. Our framework applies broadly across GP maps,

providing general insight into when and why fitness landscapes are expected to be rugged or navigable.
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Introduction

To visualize the process of adaptation, Sewall Wright used the
metaphor of the fitness landscape (Wright 1932)—wherein geno-
types are represented by coordinates in a genotype space, and
their fitness by the elevation of each coordinate. How an evolving
population traverses a fitness landscape, is influenced by its topo-
graphical properties and by population genetic conditions.
Consider the strong selection, weak mutation regime, where
each new mutation is either lost or fixed in the population before
the next mutation appears, causing populations to remain con-
centrated on one genotype at a time and to follow paths in which
fitness never decreases, called accessible paths (de Visser and Krug
2014). These accessible paths either terminate on a sub-optimal
fitness peak or on the global fithess peak—both corresponding to
genotypes from which no fitness increasing mutations exist.
Thus, ruggedness i.e. the prevalence of peaks, (Szendro et al.
2013) is an important topographical feature of fitness landscapes.
Given a landscape with multiple peaks, a natural second question
concerns the existence of accessible paths to high-fitness peaks
(Greenbury et al. 2022; Papkou et al. 2023; Srivastava et al. 2023).
Here, the global optimum is a common reference (Franke et al.
2011; Greenbury et al. 2022), and has the advantage of being iden-
tifiable in any landscape without needing additional parameters.
Even in the presence of genotypes with identical fitness, the global

peak is well-defined as the set of genotypes with the optimal fit-
ness value (Greenbury et al. 2022). The accessibility of this global
optimum is summarized by the navigability, the probability that an
accessible path to the global optimum exists from a randomly
chosen starting point (Greenbury et al. 2022).

Quantifying peaks and accessible paths in a landscape poses a
challenge: to account for all peaks and accessible paths, combina-
torially complete landscapes are necessary (Wu et al. 2016). These
complete landscapes contain all K- possible genotypes and their
fitness values, where L is the sequence length and K the alphabet
size, and thus the scale of the landscape increases exponentially
with sequence length. Therefore, computational and mathemat-
ical models, which can be scaled up easily, have a long history
in the field (Kauffman and Levin 1987; Kauffman and
Weinberger 1989; Aita et al. 2000). However, empirical measure-
ments of complete landscapes of short sequence length are now
also becoming possible thanks to high-throughput techniques
(Blanco et al. 2019).

Besides their scalability, the strength of theoretical models lies
in disentangling, how different factors shape fitness landscape
topographies: for example, the House-of-Cards (HoC) model
(Kingman 1978) provides a reference model, which accounts for
sequence length L and alphabet size K, but is otherwise built on
a random allocation of fitness values to genotypes (Kauffman
and Levin 1987). Studying the role of sequence length L and
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Fig. 1. Genotype-phenotype-fitness (GPF) map construction and underlying GP maps: a) In a GPF map, each genotype is first mapped to a phenotype using
a biophysical GP map, and then to fitness using a PF map, in this case, a random assignment (Rendel 2011; Greenbury et al. 2022). b) Toillustrate the broad
applicability of our calculations, we applied them to a range of GP maps from multiple sources (Payne et al. 2018; Weifs and Ahnert 2018; Greenbury et al.
2022). To give an overview of the underlying principles of each map, we extend and adapt the overview from Greenbury et al. (2022). The RNA drawing was

made with forna (Kerpedjiev et al. 2015).

alphabet size K is important because they set the potential (access-
ible and non-accessible) paths, which are central for ruggedness
and navigability. For example, each genotype has (K - 1)L muta-
tional neighbors. Thus, when L and/or K is large, it becomes very
likely for a genotype to have a mutational neighbor with higher fit-
ness. Therefore, the prevalence of peaks decreases (Kauffman and
Levin 1987) and their mean fitness increases (Macken and
Perelson 1989) since it becomes increasingly unlikely for low-
fitness genotypes to be peaks. In contrast with peaks, the exist-
ence of accessible paths in the HoC model depends primarily on
the alphabet size K (Zagorski et al. 2016). These findings quantify
the intuition that the parameters L and K are key determinants of
landscape topography. Further, the HoC model provides useful
context for empirical data, for instance, giving a baseline number
of peaks for a landscape with a given L and K (Papkou et al. 2023).

Here, we apply a similar principle to landscapes with an extra
level of biological complexity: following Greenbury et al. (2022)
and Rendel (2011), we start with a computational or empirical
genotype-phenotype (GP) map and then assign a randomly drawn
fitness value to each phenotype (see Fig. 1a), giving us a fitness
landscape. Just like the HoC model is shaped by sequence length
L and alphabet size K, this landscape is shaped by the structure
of the underlying GP map. Taking this GP map structure into ac-
count is highly relevant because many GP map properties are
found so commonly across well-studied GP maps that they are de-
scribed as “universal” (Manrubia et al. 2021).

For our analysis, the most relevant shared properties of GP maps
are: first, redundancy i.e. a given phenotype can be generated by mul-
tiple genotypes (Ahnert 2017). The redundancy of different pheno-
types typically differs by orders of magnitude (Ahnert 2017).
Secondly, the prevalence of neutral mutations, i.e. mutations from
a genotype g with phenotype p to another genotype g’ with the
same phenotype p, is much higher than in a HoC-like, permuted ver-
sion of the GP map (Greenbury et al. 2016). These two factors lead to
the formation of neutral components (NCs) of different sizes
(Greenbury et al. 2016): groups of genotypes that not only share a
phenotype p, but are connected through sequences of phenotype-
conserving neutral mutations (Schaper et al. 2012). As could be ex-
pected from the differences in phenotypic redundancies, NCs differ

Table 1. Key definitions for neutral components (NCs) - see
Schaper et al. (2012).

NC A setof genotypes, which share a common phenotype p and
where any genotype can be reached from any other genotype
through a series of phenotype-conserving mutations.
enxc  An NC’s evolvability is the number of distinct phenotypes
among its neighbors (2 for red NC in Fig. 2).
AnNC's size is the number of genotypes it represents in the GP
map (4 for red NC in Fig. 2).

INC|

in their NC size |NC|, the number of genotypes they contain
(Schaper et al. 2012). This heterogeneity in NC sizes is reflected in
the mutational connections between different NCs: Larger NCs
tend to have a higher number of unique phenotypes among their mu-
tational neighbors, and this is referred to as their evolvability enc
(Wagner 2008; Schaper et al. 2012). Since this evolvability quantifies
the phenotypic diversity connected to the boundary of a specific NC,
each NC has its own evolvability and evolvability differences within
a single GP map highlight the heterogeneity in the structure of a GP
map. Thus, itis important to distinguish this use of the term evolvabil-
ity from the usagein other fields, whereitis taken to describe an entire
landscape (Payne and Wagner 2019). These key definitions—of NCs,
NC sizes INC| and NC evolvabilities eyc—are summarized in Table 1.

The existence of shared structural GP map features prompts
the question of how these features shape fitness landscape topog-
raphies. Analogous to how the HoC model illustrates the role of se-
quence length and alphabet size without assuming further
correlations, building a fitness landscape from a GP map and a
random phenotype-fitness (PF) map illustrates the role of GP
map structure (Fig. 1a) (Greenbury et al. 2022). Prior numerical
analyses have suggested that such landscapes typically have
low ruggedness and high navigability, attributing this primarily
to the high prevalence of neutral mutations (Greenbury et al.
2022). However, since the prevalence of neutral mutations is cor-
related with other GP map features, such as the sizes and evolv-
abilities of NCs, the exact causal and quantitative relationships
remain uncharacterized.

In this paper, we derive analytic predictions for the topography of
such genotype-phenotype-fitness (GPF) maps. To make the analysis
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Fig. 2. Simplifying a GP map to an NC graph: Each NC represents a set of
mutationally connected genotypes that share the same phenotype
(Schaper et al. 2012) and thus have a single associated fitness value. The
study of ruggedness and navigability in GPF maps can be simplified by
reducing the underlying GP map (left) to an NC graph (right) (Greenbury
2014), which is typically orders of magnitude smaller.

tractable, we work with GPF maps at the coarse-grained level of neu-
tral components (NCs), similar to existing coarse-grained treatments
(Greenbury 2014; Catalan et al. 2017; Hu et al. 2020). Mutational
paths within an NC are accessible by definition, and so we can side-
step the complexity of exhaustively analyzing these paths by ab-
stracting each NC to a single entity. This means rewriting the GP
map as a network of NCs, the NC graph: Each NC is a node, and two
nodes are connected by an edge if there is a mutational connection
between the two NCs in the GP map (Greenbury 2014), see Fig. 2.
Even though such an NC graph is orders of magnitude smaller
than the full GP map in our examples, it contains all information
needed to identify accessible paths and peaks: An NC is a peak if
all its mutational neighbors on the NC graph are lower in fitness.
Similarly, accessible paths can be identified from the NC graph
(Greenbury 2014) since an accessible path from aninitial NC to a final
NC exists on the GPF map, if and only if such a path exists in the NC
graph. Thus, the NC graph is ideal for our objective of characterizing
landscapes topographically, including the sizes and heights of peaks
and the existence of accessible paths. Other questions, such as the
probability that a given path is taken in an evolutionary process,
would depend on further details of the GP map and the population.

We validate our analytic predictions using simulations on a di-
verse setof nine GPmaps (Fig. 1b). These include six biophysical com-
putational GP maps from Greenbury et al. (2022), describing RNA
secondary structure (“RNA structure”), protein quaternary structure
self-assembly (“self-assembly”), and hydrophobic-polar protein fold-
ing (‘HP_x,” with xindicating system size). Additionally, we build a GP
map, where each genotype maps to the set of specifically binding
RNA-binding proteins (note that this is a highly simplified way of de-
fining a simple, categorical phenotype per genotype), based on em-
pirical binding data curated in Payne et al. (2018). Lastly, to
illustrate the role of evolvability, we employ an abstract GP map
model (‘Fibonacci”) and its low-evolvability counterpart (‘LE
Fibonacci”), both from Weifs and Ahnert (2018). We show that the ex-
pected prevalence of fitness peaks is completely determined by NC
sizes and evolvabilities. Secondly, we find that the higher the evolva-
bility, the higher the expected fitness of a peak, and that the expected
distribution of peak heights can be approximated based on NC evolv-
abilities and the distribution underlying the PF map. Finally, we esti-
mate the number of accessible paths, finding that GP maps with low
average evolvability are unlikely to be navigable.

Methods
GP map data

All GP maps and the underlying model/data are summarized in
Fig. 1; further details on data processing for the RNA-binding

map, and model construction for the Fibonacci map are given in
the following paragraphs. Note that all these GP maps have one
qualitatively distinct deleterious phenotype (for example, non-
terminating assemblies), which is set to zero fitness here as in pre-
vious GPF maps (Rendel 2011; Greenbury et al. 2022).

The RNA-binding map is based on a curated empirical dataset
(Payne et al. 2018) of RNAcompete data for D. Melanogaster. To ob-
tain a GP map with a single, categorical phenotype per genotype,
we use a sequence’s set of specifically binding RNA binding pro-
teins (RBPs) as a phenotype (i.e. those with an enrichment score
of >0.35 asin Payne et al. 2018). Sequences without any specifical-
ly binding RBP were treated as deleterious. Note that this GP map
would change if data for more RBPs were added. Further, includ-
ing all RBP without focusing on specific cell types and neglecting
binding strengths is a highly simplified treatment.

The Fibonacci GP map we use is Weifs and Ahnert’s (2018) gen-
eralization of the original (Greenbury and Ahnert 2015): genotypes
are length-L strings made up of K distinct letters, with one letter
acting as a stop codon (here L =12, K= 13). For simplicity, we re-
present the three letters as 0, 1 and 2, with 2 being the stop codon.
The phenotype is obtained by cutting the genotype before the first
stop codon, and genotypes without stop codons are undefined/
deleterious. In the low-evolvability version, the first stop codon
cannot mutate (Weifd and Ahnert 2018). To ensure symmetry of
allowed mutations, we additionally exclude mutations that intro-
duce a new stop codon before the first stop codon (if 2 is the stop
codon, 0202 cannot mutate to 0002, so the reverse mutation 0002
to 0202 is also forbidden).

NC graph construction from GP maps

First, given a GP map, we need to identify all NCs. To do so, we ap-
plied a decomposition algorithm (Griner et al. 1996) until we had
NC information for all non-deleterious genotypes (deleterious,
zero-fitness genotypes play no role in accessible paths and are
not included in the NC graph). Once every genotype was assigned
a unique NC label, we iterated through all mutations on all geno-
types to obtain all mutational connections between NCs. These
pieces of information are sufficient to construct the NC graph
(see Supplementary Figs. S3-S7 for a characterization of the NCs
and NC graphs).

PF maps

PF maps were set by simply listing all phenotypes in a given GP
map, and drawing a single, independent fitness value for each
non-deleterious phenotype from a fixed PDF, see Greenbury
et al. (2022) and Rendel (2011). Where not stated otherwise, this
PDF is a uniform distribution between 0O to 1, but we also include
an exponential distribution with 2= 1.

Ruggedness simulations

For our ruggedness simulations, we generate a PF map and then
set each NC'’s fitness based on its phenotype. Then we identify
peaks, byiterating through NCs and recording NCs whose fitness
exceeds that of all neighboring NCs. Peak prevalence and rug-
gedness (Fig. 3 and Supplementary Figs. S2 & S8-S10) are in-
sensitive to the choice of distribution underlying the PF map,
and therefore we only show data for PF maps from uniform dis-
tributions. All other peak analyses are repeated twice, once for
uniform distributions (between 0 and 1) and once for exponen-
tial distributions (2 = 1). Thus, we have two sets of peak simula-
tions, each repeated for 10° PF map realizations per GP map.
Peak prevalence and ruggedness data are based on all 10° PF
map realizations (for example, means and error bars in Fig. 3),
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but the more detailed analyses at the level of individual peaks
only use subsets of the data: the analyses of peak heights
(Fig. 4 and Supplementary Figs. S11-S14) are based on up to 5 x
10° peaks recorded for each GP map (this is the full set of re-
corded peaks in some maps, for example RNA structure), and
the peak height analyses at the level of individual PF maps
(Fig. 5 and Supplementary Figs. S15-S20) are based on the first
100 PF maps for each GP map.
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Fig. 3. The number of peaks, and the fraction of genotypes in peaks
(ruggedness), can be predicted from the set of NC sizes and evolvabilities:
a) For our nine GP maps, the mean number of peaks in simulations (y-axis,
normalized by the number of NCs in the map and averaged over 10° PF
maps) is well-predicted by equation (2) (x-axis), which just depends on the
set of NC evolvabilities. b) Similarly, the mean ruggedness in simulations
(y-axis, average over 103 PF maps) is well-predicted by equation (3)
(x-axis), which just depends on the set of NC sizes and evolvabilities. Error
bars extend from the 20" to the 80" percentile.
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Adaptive walks

To assess, which peaks are likely to be reached, we focus on the
strong-selection-weak mutation regime and approximate the
evolving population by a single adaptive walker, see de Visser
and Krug (2014). This walker is modeled with the pseudo-code be-
low (following Greenbury et al. (2022), but with non-accessible,
fitness-decreasing steps excluded). We run 10° walkers per PF
map for 100 PF maps per GP map. To ensure that low-fitness peaks
are not excluded merely due to the initial conditions, we initialize
each adaptive walker by first listing all non-deleterious, non-peak
NCs that are lower in fitness than the lowest-fitness peak. We
want any genotype from these NCs to be equally likely as the
starting point, and thus we first choose from these NCs with prob-
abilities proportional to their size INC|, and then select a genotype
from the chosen NC.

Procedure ADAPTIVE WALK
go < initial genotype
while g is not on a peak do
| < all fitness-increasing & neutral neighbors of g
P « Kimura fixation probability of each genotype in I
(with population size 10%)
go < select from I, with weights given by P
end while
record endpoint go
end procedure

Navigability simulations

Each navigability value is based on 500 PF maps per GP map, and
10 randomly selected source phenotypes ps per PF map. For each
source phenotype ps, we perform one simulation testing for an ac-
cessible path to the global peak as follows (similar to the compo-
nent network algorithm for navigability in Greenbury 2014):

e Integrating the PF map into the NC graph: We build a
directed version of the NC graph, where edges point in
fitness-increasing direction.

¢ The previous navigability definition randomly selected a start-
ing point out of all genotypes mapping to ps (Greenbury et al.
2022). To replicate this on the NC graph, we list all NCs map-
ping to ps, and set the probability of selecting each NC propor-
tional to the number of genotypes it represents, i.e. its size
INC|. Then, we draw the initial NC on the path, NCo.

b RNA structure,
exponential PF-map

£~ (o))
1 1

N
1

peak height

10t
NC evolvability eync

10°

Fig. 4. More evolvable peaks have higher expected fitness: For the simulated RNA secondary structure GPF maps, peak fitness is plotted against
evolvability (mean and standard deviation in grey) for all peaks found across 10% PF map realizations. High-evolvability peaks have higher mean fitness, in
agreement with our analytic predictions (predicted mean and standard deviation as dashed red lines). a) PF map drawn from a uniform distribution (see
equation (6)). b) PF map drawn from an exponential distribution (see equation (7)).
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Fig. 5. The expected peak height distribution can be approximated from
NC evolvabilities and the distribution underlying the PF map: We build
GPF maps from the RNA structure GP map and report the fraction of all
peaks with fitness F < G (black, mean across 100 GPF maps is shown, with
standard deviation as error bars). This distribution is well-approximated
by equation (8) (red), which depends only on NC evolvabilities and the
distribution underlying the PF map. Turning to the peaks reached by
adaptive walks (green, again mean and standard deviation across 100 GPF
maps), we find high peaks to be overrepresented. a) PF map drawn from a
uniform distribution (C¢(G) = G for 0 < G < 1). b) PF map drawn from an
exponential distribution (Cr(G) =1 —exp (- G)).

e Evaluatingif an accessible path exists: we use standard graph
algorithms (Hagberg et al. 2008) on the directed version of the
NC graph to test if a fitness-increasing, accessible path exists
from NCp to at least one NC corresponding to the highest-
fitness phenotype p:.

Finally, we compute navigability as the fraction of accessibility simu-
lations that were successful, i.e. where at least one path was found.

Note that this way of computing navigability differs from the
original definition by Greenbury et al. (2022), where target pheno-
types are first sampled and then manually set to be the global op-
timum. However, when averaged over PF maps, both definitions
are equivalent since any fitness ranking between all phenotypes
is equally likely in both cases and both cases take the global opti-
mum as the target.

Results

Ruggedness is set by the sizes and evolvabilities
of NCs

First, let us use the simplification of the NC graph to link the ex-
pected prevalence of peaks in a GPF map to properties of the
underlying GP map. To do this, we apply existing arguments
from the HoC model (Kauffman and Levin 1987) but focus on
the coarse-grained level of NC graph nodes rather than individual
genotypes: For an NC to be a peak, it must be fitter than its ey dis-
tinct phenotypic neighbors. Upon random fitness assignment to
phenotypes, any fitness ranking between the NC’s phenotype

and its eyc neighbors is equally likely. Thus, the likelihood that
an NC is a peak decreases rapidly with its evolvability as:
P(is peak) = 1

enc+1

This expression is identical to that of the HoC model and derived
with the same principles (Kauffman and Levin 1987), only that the
relevant number of ranked fitness values is (K — 1)L + 1 in the HoC
model and eyc + 1 in our GPF maps.

Summing over all NCs gives the expected number of peaks:

(number peaks)= ) % )

NCindexi G+

This expression is valid due to the linearity of expectation, even
though the different NCs are not independent (for example, two
mutationally connected NCs cannot both be peaks under the
same PF map). Thus, equation (2) is in excellent agreement with
the mean number of peaks found in simulations across our nine
GP maps (Fig. 3a).

However, in a GPF map, the expected number of peaks only tells
part of the story: a GPF map with 10 peak NCs of one genotype
each is not the same as a GPF map with 10 peak NCs with thou-
sands of genotypes each. Thus, we define the ruggedness for a
GPF map as the fraction of all genotypes that are in peaks. To com-
pute this ruggedness, we need to account for each NC'’s size [NC|,
the number of genotypes it represents (see Fig. 2 for a schematic
representation):

INCi|
i+1

(ruggedness) = iL

(3)

NCindexi ©

where the normalization is given by the total number of genotypes
K!. Fig. 3b demonstrates that equation (3) accurately predicts the
mean ruggedness found in simulations for all nine GP map exam-
ples. Thus, for a random phenotype-fitness assignment without
ties, the only factors determining the mean ruggedness are the
set of NC sizes {INC;i|} and NC evolvabilities {¢;}. Other properties
of GP maps (for example, length of the mutable sequence
Greenbury et al. 2022, see SM section S2.2.1) only affect the ex-
pected prevalence of peaks indirectly insofar as they influence
the NCs and their evolvabilities.

Moreover, equations (2)—(3) illustrate how the expected rugged-
ness follows from the structure of the GP map: higher NC evolv-
abilities imply a lower mean number of peaks (equation (2)), but
the mean ruggedness also depends on a second factor, NC sizes
(equation (3)): ruggedness will be lowest if the highest-evolvability
NCs, which are least likely to be peaks, have the largest NC sizes,
meaning they take up the highest fractions of genotype space.
Both these factors are relevant for interpreting the data in Fig. 3:
The importance of high evolvability is illustrated by the contrast
between the Fibonacci GP map and the LE Fibonacci GP map,
which share the same NC sizes, but differ in their evolvabilities.
The LE Fibonacci map has lower evolvabilities by construction,
leading to a higher mean peak count and higher mean ruggedness.
Further, NC sizes are needed to understand the HP GPF maps,
which all have a high mean number of peaks, but low mean
ruggedness: Their large number of low-evolvability NCs leads to
a high number of peaks, but these peak NCs tend to be small,
due to the positive correlation between NC size and evolvability
in all four HP maps (Supplementary Fig. S4): for example,
zero-evolvability NCs have mean sizes of two genotypes or less
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in all four HP GP maps, whereas high-evolvability NCs contain
tens to thousands of genotypes.

To sum up, high evolvability in a GP map, as well as a positive
correlation between NC size and evolvability, lead to low expected
ruggedness in the corresponding GPF map. Since this positive cor-
relation is found across well-studied GP maps (at least at the
phenotypic level Ahnert 2017, and likely also for NCs Schaper
et al. 2012), including our models, the resulting GPF maps have
low ruggedness, lower than in a randomized landscape of the
same size (see SM section 52.2.1), with two exceptions: the LE
Fibonacci model, which was specifically designed as a low-
evolvability test case, and the self-assembly model, where the
short sequence length chosen for computational reasons leads
to a particularly low number of phenotypes (Greenbury et al.
2022) and thus limits evolvability.

Higher-evolvability peaks tend to be higher

in fitness

Given that many of our GPF maps are multi-peaked, we next turn
to the height of these peaks. Again, evolvability plays a key role:
High-evolvability peaks tend to have high fitness, since these
NCs are only peaks if they are of higher fitness than many muta-
tional neighbors. This can be formalized mathematically as fol-
lows: Using Bayes’ rule, we can write the probability that an NC
of evolvability exc has fitness F, given that it is a peak, as:

P(is peak | F)

P(F|is peak) = Pr(F) P(is peak)

(4)

We have already derived P(is peak) (equation (1)), and P (F) is sim-
ply the probability that the NC has fitness F, and thus corresponds
to the PDF from which the PF map is drawn. If we denote the CDF
of Pe(F) as Cr(F), then P(is peak | F) = C¢(F)**, since the focal NC is a
peak if its exc phenotypic neighbors are all lower in fitness than its
own fitness F. Thus, we can write:

P(F | is peak) = PF(F) (1 + ENC) CF(F)‘NC

As before, this mirrors an expression for HoC models, only with
enc replacing (K — 1)L as the relevant neighborhood size (Macken
and Perelson 1989). Integrating gives the following CDF:

P, (F < G|is peak) = C(G)™*! (5)

This form can be recognized as the CDF of the highest order stat-
istic, i.e. the highest value recorded after eyc + 1 independent
draws from a distribution with CDF Cg(G) (Arnold et al. 1992,
p. 12). This parallel is intuitive since a peak is the maximum of it-
self and its exc phenotypic neighbors, all with fitness values drawn
from P(F).

Equation (5) implies that higher-evolvability peaks tend to be of
higher fitness: Since C¢(G) < 1, we have P, (F < G|is peak) <P, (F <
G |is peak)if e; > €. Thus, if we compare the height distribution of
peaks of two different evolvabilities, €1 and e, with ¢1 > ¢, the peak
height for 7 is stochastically larger (Ross 1983, p. 251f.). Thus, the
expected peak height is higher (or equal) for the higher-
evolvability NC with ¢;.

This derivation corresponds to the following intuition about
equation (5): For any fitness below the global optimum, the CDF of
all NCs is less than one (C¢(G) < 1) and thus the CDF of peak heights
is lower than the CDF of all NCs (P, (F < G|is peak) < Cr(G) for any
enc > 1). Thus, low-fitness NCs are less common among the set of

peaks than among the set of all (peak or non-peak) NCs.
Therefore, high fitness values are overrepresented among peaks.
Due to the power-law-dependence on eyc, this effect is more pro-
nounced for higher-evolvability NCs and thus higher-evolvability
peaks tend to be of higher fitness.

While this calculation has shown that peak height tends to in-
crease with NC evolvability for any PF map, the exact functional
form depends on the distribution underlying the PF map via
Cr(G). For example, if the PF map is drawn from a uniform distri-
bution between 0 and 1, the mean peak fitness (F),eax and its
variance Var(Fpezx) can be looked up from the corresponding
order theory calculations (Arnold et al. 1992, p. 14) (or derived
by integration):

€Nc+1_
€Nc+2y

enc + 1
((NC + 3><FNC + 2)2

var(FPeak) = (6>

(F>peak =

If the PF mapis drawn from an exponential distribution with 1 =1,
we have (Arnold et al. 1992, p. 73):

enc+1 1

<F>peak = Z A
k=1

enc+1 1

Var(Fpeak) = Z ]?2 (7>
k=1

These predictions agree with computational results (Fig. 4). In
both cases, the mean peak height increases with increasing evol-
vability, albeit with a saturating trend for the uniform PF map,
where fitness has a fixed upper limit of one.

The peak height distribution depends on
evolvabilities and the PF map

Combining the results from the previous sections, we now turn to
the expected distribution of peak heights in a GPF map: equation
(1) gives the probability that an NC is a peak, and, if it is a peak,
equation (5) describes the probability that its height is lower
than a fitness G. Multiplying these two expressions, summing
over all NCs, and dividing by the expected number of peaks ap-
proximates the mean fraction of peaks in a GPF map with fitness
lower than G:

1 Cr(G 6+1
Ppeaks (F < G) ~ L (8>

~ -1 .
ZNCindexi ((i + 1) NCindexi € +1

This expression is not exact because we have normalized by the
mean number of peaks, without taking fluctuations between dif-
ferent PF maps into account. Nevertheless, this distribution ap-
proximates the peak height distribution in simulated GPF maps
well, as shown in Fig. 5 for the RNA secondary structure map as
an example, and in Supplementary Figs. S17 & S18 for the other
GP maps.

Now, with the distribution of all peak heightsin a GPF map as a
baseline, we turn to the fitness reached at the end of an adaptive
walk, which steps from a genotype to a neutral or fitter mutational
neighbor until a peak is reached (see methods section). Among the
endpoints of these simulated walks, low-fitness peaks are under-
represented compared to their share of all peaks in the GPF map
(Fig. 5). Thus, higher-fitness peaks are more likely to be the end-
point of adaptive walks than the low-fitness peaks in the same
landscape, and this could have several causes: First, low-fitness
peaks typically have low evolvability and are therefore less con-
nected on the NC graph, which could make them less likely to
be reached. Moreover, low-evolvability NCs tend to have small
NC sizes, and thus may be disfavored by the “arrival of the
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frequent” effect (Schaper and Louis 2014), whereby transitions to
larger NCs can occur from a higher number of genotypes and are
thus more likely to happen first. Both of these factors, low evolva-
bility and small NC size of low-fitness peaks, are rooted in the het-
erogeneity of the underlying GP map. In addition to these
GP-map-specific factors, there could be further reasons why high-
er peaks are more likely to be reached: even in the standard HoC
landscape, i.e. without any differences in NC evolvabilities or
sizes, higher-fitness peaks are more likely to be reached (Macken
and Perelson 1989).

Minimum evolvability required for navigability in
simple GP maps

Given that many GPF maps are multi-peaked, a second key ques-
tion is whether they nevertheless have fitness-increasing, i.e. ac-
cessible, paths to a target. For GPF maps specifically, the
navigability lets us quantify whether GPF maps built from a given
GP map are likely to have such accessible paths (Greenbury et al.
2022). Choose a random source phenotype ps and start from a ran-
dom genotype go mapping to this ps. Then, the navigability is the
probability that an accessible path exists from go to any genotype
producing the highest-fitness phenotype p, i.e. the global opti-
mum of the landscape, averaged across source phenotypes ps
and PF maps (Greenbury et al. 2022).

While navigability is harder to predict from simple NC charac-
teristics than ruggedness, we can make progress for a simple case:
GP maps with a single NC per phenotype, where each NC connects
to any of the n, phenotypes with a constant probability
énc/(np — 1). In this scenario, an NC graph is expected to be non-
navigable, with a navigability lower than 4, if (see approximate
calculations in SM section S1.1 and Supplementary Fig. S1):

axc £y ((61,)7-1) ©)

Thus, a highly connected, high-evolvability NC graph is a min-
imum requirement for the existence of accessible paths, as hy-
pothesized by Greenbury (2014). This calculation is based on the
scaling of the expected number of accessible path—if the expected
number is less than §, then at most one in 1/6 cases can have an ac-
cessible path (Schmiegelt and Krug 2014). This scaling does not an-
swer the reverse question, whether high-evolvability GP maps have
high navigability, since further information would be needed, for
example the variance in the number of paths (Schmiegelt and
Krug 2014): A high expected number of paths is consistent with
both high and low navigability, since there could be a few paths
per PF map (i.e. high navigability), or no paths for most PF maps
and > 1 paths for a small number of PF maps (i.e. low navigability).
Obtaining this additional information is complex, even for struc-
tured graphs such as tree graphs (Nowak and Krug 2013).
However, even without this information, it is clear that any GPF
map will become navigable in the maximume-evolvability limit ¢ —
ny since single-step paths from a source to a target become possible
and these are always accessible.

It is important to emphasize the caveats in this derivation,
most importantly: First, the calculations assume that any NC is
equally likely to be connected to any other NC, but real NCs
may be more likely to be connected to other NCs that are close
in genotype space (although NCs can span the maximum genotyp-
ic distance in the GP map Schuster et al. 1994). Second, the num-
ber of NC transitions on an accessible path is assumed to be small
compared to the number of phenotypes, given the high number of
phenotypes in large, realistic GP maps. Third, the calculations

assume a single NC per phenotype. Fourth, the NC graph is as-
sumed to be characterized by a single evolvability ¢, ignoring the
heterogeneity of GP maps. Due to these caveats, the most import-
ant takeaway from this calculation may not be the exact quanti-
tative bound in equation (9), but the qualitative result that
low-evolvability NC graphs are non-navigable, as hypothesized
in Greenbury (2014).

Despite these caveats, we apply equation (9) to our GPF maps to
test if maps falling well within the inequality are indeed of low
navigability. To do so, we need to make adjustments to deal
with the third and fourth caveats: Our GP maps typically have
multiple NCs per phenotype (like the blue phenotype in the sche-
maticin Fig. 2). To resolve this, we build a more connected version
of each GP map, where all NCs of a phenotype are merged to a sin-
gle NC through additional mutational links. If the bound from
equation (9) is not even met by evolvabilities derived from this
more connected version of a given NC graph, the GP map is unlikely
to be navigable. To address the next discrepancy—that different
NCs in a single GP map have different evolvabilities—we charac-
terize each map by the geometric mean of all its NC evolvabilities
(treating zero evolvability values as 0.01, to avoid a single
zero-evolvability NC setting the entire mean to zero). The choice
of the geometric mean was motivated by the fact that evolvabil-
ities enter the calculation as a product. However, on a logarithmic
scale, the geometric and arithmetic mean and median evolvabil-
ities of our GP maps are highly correlated (SI Supplementary
Fig. S5), suggesting that they capture similar information and
the choice of the geometric mean does not strongly affect the plot-
ted results.

Figure 6 shows that even with these simplifications and despite
relying on strong approximations, equation (9) successfully iden-
tifies a low-evolvability regime in which our non-navigable GP
maps fall: the two GP maps with evolvabilities clearly below the
bound from equation (9) are of low navigability. Note that only
the evolvability values on the x-axis rely on the simplifications
outlined above; the navigabilities are computed numerically on
the full NC graphs (see Methods section). Further applications of
equation (9) to larger sets of GP maps based on the Fibonacci
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Fig. 6. Evolvability plays a key role for navigability: Equation (9) (black and
dashed line, using thresholds of § = 0.1 and ¢ = 0.5) successfully identifies
an evolvability below which our GP maps are non-navigable, despite
relying on strong approximations: For each GP map, the number of
phenotypes is plotted against the geometric mean of its evolvabilities
(since a single exc = 0 would bring the geometric mean to zero, this is
treated as eyc = 0.01), with navigability shown on the color scale. To
obtain a single evolvability value per phenotype, we use a more navigable
version of each map as a basis for the evolvability data, where all NCs of a
single phenotype are mutationally connected—if even this version is
non-navigable, the original would be non-navigable. The Fibonacci model
is excluded and analyzed in SM section S2.5.2.
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model as well as on synthetic NC graphs with different evolvabil-
ity distributions, are given in Supplementary Figs. S21-S23.

Discussion

To sum up, we focus on fitness landscapes built from GP maps
with a random phenotype-fitness map and make analytic predic-
tions about their topographical properties: First, the mean rugged-
ness only depends on the NC sizes and evolvabilities, with other
GP map properties having indirect effects through their influence
on these two characteristics of NCs. Further, the prevalence of
peaks in GPF maps decreases when NC size and evolvability are
positively correlated, which holds across well-studied GP maps
(at least for phenotypic evolvability Wagner 2008; Ahnert 2017,
and likely also for NCs Schaper et al. 2012). Secondly, high-
evolvability NCs, if they form peaks, have exceptionally high fit-
ness. These high-evolvability NCs tend to be large (Wagner 2008;
Schaper et al. 2012) and may thus be more likely to arise as poten-
tial variation in evolutionary processes (Schaper and Louis 2014).
Finally, we turned to accessible paths and derived a scaling that
identifies high evolvability as a minimum requirement for navig-
ability, and, despite relying on strong approximations, successful-
ly identifies non-navigable GP maps in our dataset. With the
exception of peak heights and adaptive walks, our results only de-
pend on the fitness rank of different phenotypes and thus the dis-
tribution underlying the phenotype-fitness map is not important,
as long as the phenotype-fitness assignment is set by independent
random draws.

While we used the strictest possible interpretation for the term
neutral, applying the term only to genotypes with identical pheno-
types, this assumption could be relaxed by changing the pheno-
typic representation in the GP map. For example, previous work
on the RNA secondary structure GP map contrasted two versions
of the map: one with the full base pairing information as the
phenotype and one with a more coarse-grained topological treat-
ment of the structure as the phenotype (Mohanty et al. 2023).
Once a GP map with the appropriate phenotypic information is
set up, the analysis from this paper can be applied to this GP map.

Since a positive correlation between NC size and evolvability is
one key factor for low ruggedness and for suppressing large, low-
fitness peaks, the roots of this correlation are highly relevant to
this study: Although all genotypes in an NC generate the same
phenotype, high evolvability requires that these genotypes have
different alternative phenotypes in their mutational neighbor-
hoods, a point first made by Weifs and Ahnert (2018). Shifts in mu-
tational effects due to genetic background are known as epistasis
and thus we will call this specific form evolvability-enhancing epista-
sis (note that this terminology differs from Weifs and Ahnert 2018).
The significance of evolvability-enhancing epistasis is illustrated
by the LE Fibonacci map, which lacks evolvability-enhancing epis-
tasis by construction (Weifs and Ahnert 2018) and has a much
higher ruggedness than the standard Fibonacci map. Besides
this evolvability-enhancing epistasis, however, other types of
epistasis in GP maps are likely to increase ruggedness: for
example, epistasis can break NCs into smaller, lower-evolvability
units (Schaper et al. 2012). Even so, the fact that evolvability-
enhancing epistasis can lower ruggedness, for example in the
Fibonacci model, may seem at odds with the intuition that epista-
sis increases ruggedness: for example, the prevalence of sign epis-
tasis is correlated with the prevalence of peaks (Szendro et al.
2013). However, there are existing examples of epistasis facilitat-
ing evolutionary paths, by lowering the number of nonfunctional
genotypes (Metzger et al. 2024), or in the context of a funnelled

landscape (Schulz et al. 2025). Moreover, evolvability-enhancing
epistasis differs from metrics like the prevalence of sign epistasis
in thatit focuses on the GP map only. This is a useful choice for our
goal of linking GP map characteristics to the resulting GPF map
topographies but does not directly correspond to established me-
trics of epistasis in fitness landscapes. Future work should inves-
tigate the connection between these different facets of epistasis
more thoroughly.

Due to the parallels between our random phenotype-fitness
map, and the random genotype-fitness map in HoC models, it is in-
structive to contrast the calculations in the two cases: for example,
the probability that a random genotype is a peak is 1/((K — 1)L + 1)
in the HoC model (Kauffman and Levin 1987), and the probability
thatarandom NCis a peakis 1/(enc + 1) in our GPF maps. These ex-
pressions are the same, only that the relevant neighborhood size is
(K = 1)Lin the HoC model and eyc in our GPF maps. Further parallels
exist, for example for expected peak heights, which increase with
the neighborhood size in the HoC model (Macken and Perelson
1989) and with eyc in our GPF maps. However, there is one key dif-
ference: Without a GP map, the mutational neighborhood size (K -
1)L is usually the same for all genotypes, but in GPF maps, the rele-
vant mutational neighborhood size is the evolvability ¢, which can
vary by orders of magnitude within a single GP map (see
Supplementary Fig. S4), and is correlated with further features
like NC sizes. Thus, the heterogeneity in the underlying GP map
leads to a richer phenomenology, with NCs having vastly different
sizes and evolvabilities, and thus different probabilities of being
peaks and expected fitness if they are peaks. This heterogeneity
can be highly relevant not only for the topography, but also for evo-
lutionary processes: for example, in our GPF maps, low-fitness
peaks tend to be small, which could make them less likely to be
reached in adaptive evolution (Schaper and Louis 2014). If these
NC-size effects play an important role for evolutionary outcomes,
then GPF maps may add a qualitatively new contribution to a re-
cent discussion of “rugged yet [...] navigable” landscapes (Papkou
etal. 2023; Westmann et al. 2024; Li and Zhang 2025): multi-peaked
landscapes, in which high-fithess peaks are overrepresented
among the endpoints of adaptive walks.

Our focus on random PF maps represents an analytically
tractable baseline scenario in the same way that existing
non-GP-map-based fitness landscape models like the HoC model
represent idealized cases. Such a simple baseline is important
for two reasons: first, realistic PF maps will be highly system-
specific. Secondly, simple PF maps, like the random one used
here, allow us to systematically disentangle the role of various
factors (GP map structure, PF map structure etc.). Future work
should complement our analysis with the opposite limiting case
of a perfectly correlated PF map, where fitness depends linearly
on the difference between the current phenotype and a fixed
target phenotype—see Greenbury et al. (2022). Because adjacent
NCs tend to be phenotypically similar (Dingle et al. 2025;
Garcia-Galindo and Ahnert 2025), correlated PF maps introduce
additional fitness correlations. Thus, high-fithess NCs are more
likely to have other high-fitness NCs as neighbors, potentially re-
ducing their likelihood of being peaks and creating a less rugged
landscape. This reasoning agrees with numerical results, showing
that correlated GPF maps are more navigable (Greenbury et al.
2022). However, these numerical results have to be interpreted
with one confounding factor in mind: since distance to the target
is often discrete (for example, base pairing distance for RNA sec-
ondary structure), multiple NCs in correlated landscapes have
the same fitness, creating multi-NC fitness plateaus, which could
also lower ruggedness and increase navigability. Future work
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should thus investigate the causal and quantitative links carefully,
building on the methods and results used in the current paper: for ex-
ample, NCs with evolvability eyc =1 are peaks unless their single
phenotypic neighbor happens to be phenotypically more similar to
the target, and thus evolvability is likely to keep a key role in shaping
peakidentities and heights. Suchresearch, both for single-target and
multi-target PF maps, would complement our random PF maps and
form a basis for more realistic and more complex PF maps.

A second topic for future work is to go beyond the topographical
description of our landscapes to a probabilistic one, describing the
population genetics on this landscape. Our adaptive walk simula-
tions suggest that small, low-fitness peaks are less likely to be
reached in the strong-selection-weak-mutation regime. This
could have several explanations, including differences in NC sizes
and evolvabilities set by the underlying GP map. Developing the-
ory to disentangle these factors is an interesting topic for future
work, including more detailed and realistic simulations of evolv-
ing populations to assess, how outcomes depend on population-
genetic assumptions like the strong-selection-weak-mutation
regime and population size. To build a theoretical basis, this re-
search could construct more complex versions of NC graphs,
which include information on the number of mutations connect-
ing two NCs as edge weights, similar to the weighted graphs by Hu
et al. (2020) and Catalan et al. (2017). In addition, the GPF maps
could further be used to investigate more general open questions
about evolution on complex fitness landscapes, for example
whether populations evolve toward certain local topographies
(see Payne and Wagner 2019).

Finally, the effectiveness of using the NC graph for this analysis
suggests it could help provide useful quantitative insights into other
aspects of GP map structure and their evolutionary consequences.

Data availability

Our code is available at https:/github.com/noramartin/gpf_maps/.
Data underlying the GP maps: the biophysical GP maps (Greenbury
et al. 2022) are read in from Greenbury et al. 2022: https:/github.
com/sgreenbury/gp-maps-nav/tree/release/gp_maps; the RBP data
(Payne et al. 2018) was provided by J. L. Payne and is available in
our GitHub repository; the Fibonacci model (Weifs and Ahnert
2018) is re-implemented in our code.
Supplemental material available at GENETICS online.
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