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Abstract

We consider the Hookean dumbbell model, a system of nonlinear PDEs aris-
ing in the kinetic theory of homogeneous dilute polymeric fluids. It consists of
the unsteady incompressible Navier—Stokes equations in a bounded Lipschitz do-
main, coupled to a Fokker—Planck-type parabolic equation with a centre-of-mass
diffusion term, for the probability density function, modelling the evolution of the
configuration of noninteracting polymer molecules in the solvent. The micro-macro
interaction is reflected by the presence of a drag term in the Fokker—Planck equation
and the divergence of a polymeric extra-stress tensor in the Navier—Stokes balance
of momentum equation. We introduce the concept of generalised dissipative solu-
tion—a relaxation of the usual notion of weak solution, allowing for the presence of
a, possibly nonzero, defect measure in the momentum equation. This defect mea-
sure accounts for the lack of compactness in the polymeric extra-stress tensor. We
prove global existence of generalised dissipative solutions satisfying additionally
an energy inequality for the macroscopic deformation tensor. Using this inequal-
ity, we establish a conditional regularity result: any generalised dissipative solution
with a sufficiently regular velocity field is a weak solution to the Hookean dumbbell
model. Additionally, in two space dimensions we provide a rigorous derivation of
the macroscopic closure of the Hookean model and discuss its relationship with
the Oldroyd-B model with stress diffusion. Finally, we improve a result by Barrett
and Siili (Nonlinear Anal. Real World Appl. 39:362-395, 2018) by establishing the
global existence of weak solutions for a larger class of initial data.

Mathematics Subject Classification: 35Q30 76A05 76D03 82C31 82D60

1. Description of the Model

In this paper, we study generalised solutions to a Navier—Stokes—Fokker—Planck
(NSFP) model describing the flow of a dilute polymeric fluid. We establish the
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existence of solutions admitting a defect measure in the Navier—Stokes equation
but obeying an energy-type inequality in such a way that the energy defect controls
the defect in the flow equation. Thus, we extend and improve an earlier result of
Barrett and Siili [10] in three space dimensions, where no energy inequality was
proven. In the case of two spatial dimensions with additional regularity of the initial
data, we show that our generalised solution is in fact a weak solution of the NSFP
system. Furthermore, we show that the “defected” extra-stress tensor satisfies the
Oldroyd-B equations—thus providing a new existence proof for the macroscopic
system.

Polymer molecules are long chains of monomers and their presence in a fluid
induces a number of complex phenomena in the resulting mixture, making their
mathematical analysis challenging. The simplest kinetic model for a polymeric fluid
is the dumbbell model wherein each polymer molecule is idealised to consist of
two small massless beads connected by an elastic spring. Furthermore, the solution
is assumed to be dilute, i.e., it is supposed that distinct polymer molecules do not
interact with each other, and individual polymer molecules do not exhibit self-
interaction. A crucial modelling choice is the form of the elastic spring force:

2 2
F:D—>RY F (%) =HU' (%) q. (1)

Here U is the spring potential, H is the spring constant, and D is the space

of admissible conformation vectors. We shall choose D = R¢ and assume that
the springs obey Hooke’s law, i.e., U(s) = s, with the spring constant H scaled
to 1. While it is obviously nonphysical that the polymer molecules are allowed to
extend indefinitely, this simple description has practical appeal. In particular, the
resulting micro-macro model has a (formal) macroscopic closure, the Oldroyd-B
model [26]. We shall therefore focus our attention on the Hookean dumbbell model

o+ (- Vy)u —vAxu + Vyp =divy 7 on (0, T) x 2,
divyu =0 on (0, T) x , )
Y +u - Vi +divg (Vxu)qy) — pAxyr = divg (MVq (%)) on (0,7) x Q2 x D,

where T > 0,2 C R4 is a bounded open domain, and D = R4 is the conformation
domain. The polymeric extra stress tensor T appearing on the right-hand side of
the conservation of linear momentum equation (2); arises because of the presence
of the polymer molecules in the Newtonian fluid, with constant viscosity v > 0,
acting as a solvent, and i > 0 is the so-called centre-of-mass diffusion coefficient.
The extra stress tensor 7 is related to the probability density function v by the
Kramers expression (again, with all physical constants scaled to 1):

T(t, x) :=/Dw(t,x,q) (q®q)dq—</D W(t,x,q)dq> Id.

Here ¢ ® ¢ € RZX?, with entries (¢ ® qQ)i,j = qiqj fori,j =1,...,d, and

sym °
Id € R¥*4 is the identity matrix. Thus, 7 is a symmetric tensor. The factor M,
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present in the last term of the Fokker-Planck equation (2)3, is the normalised
Maxwellian, defined by

1 1 lg|?
M(q) = —e_qT, Z = / e_quq.
z D
We note in passing that the triple (u, p, ¥) = (0, ¢, M) is an equilibrium solution of
the system (2) for any constant c. We observe immediately some crucial properties
of the Maxwellian, which we will frequently use without reference:

VyM = —-Mgq, /DM(q)|q|rdq < 00, sul[))M“|q|r < o0, foranya > 0,7 > 0.
qe

The Maxwellian is a convenient weight for the solution of the Fokker—Planck equa-
tion, and so we will actually consider the normalised probability density function

Y s Yo

W A M ’ 1//0 A M ’

where g is the initial value of v, 1.e., ¥ (0, x, g) = Yo (x, g) forall (x, g) € Qx D.
Consequently, it is useful to rewrite the Fokker—Planck equation as an equation for

v
Ma ) + Mu - V. + div, ((vxu)qMJf) — uM AL = div, (qul/}) .

We supplement system (2) with the initial and boundary/decay conditions

u=>0 on (0, T) x 022,
u(0, x) = up(x) Vx e,
and
M|V z —(qu)qz — 0 as|g| — o on (0, 7T) x €,
T\ M M
Vi -n=0 on (0,7) x 02 x D,
v (0, x,q9) =vox,q) V(x,q) € 2 x D,

where 71 denotes the unit outward normal vector to d€2. If ¥ is such that

Yo >0, f Yo(x,gdg =1 forae. x € Q,
D

then the above boundary/decay conditions guarantee that these properties are prop-
agated in time.
Let us also recall the Oldroyd-B model with stress diffusion
oru+ (- Vy)u —vAyu + Vyp =divy 7,
diVx u = O, (3)

9T+ (- V)T — [(qu)r + r(v}u)] — UALT +27 = 2D ),



43 Pagedof 54 Arch. Rational Mech. Anal. (2025) 249:43

posed on (0, T) x 2, which, at least formally, is the macroscopic closure of the
Navier—Stokes—Fokker—Planck system (2), upon multiplying the Fokker—Planck
equation (2)3 by ¢ ®¢ and integrating over g € D. Note, however, that this assertion
has not been rigorously proved for weak solutions, except in two space dimensions
(cf. [10]). Here we denote by D(u) := %((qu) + (V}u)) the symmetric velocity
gradient. For further reference, we introduce the conformation tensor o := 7 4 1d,
which satisfies the following evolution equation

00+ W-Vy)o — [(qu)o + U(V;Fu):l —uAyo+2(0@—-1d)=0. 4

To make a clear distinction between solutions to (3)3 and (4) on the one hand, and
the tensors o and t defined through a solution i to the system (2) via the (formal)
macroscopic closure described above, we denote the latter by, respectively,

o () :=/DM1/7<q®q>dq, () ::a(¢)_</l)M¢dq)1d.

The main difficulty in proving existence results for the Hookean dumbbell
model (2) is the lack of sufficiently strong a priori bounds on the extra stress
tensor 7 (V). The global existence of weak solutions is known only in two spatial
dimensions: it was proved by Barrett and Siili [10] (for smooth enough initial data)
through a rigorous derivation of the macroscopic closure of the NSFP model, i.e.,
by rigorously establishing the connection of the NSFP model to the macroscopic
Oldroyd-B model; see [10]. This result was recently extended to a larger class of
data by La [21], who introduced the concept of moment solutions to the Fokker—
Planck equation.

Choosing a suitable nonlinear spring potential in (1) instead of the linear
Hookean spring potential leads to a more satisfactory existence theory. A large
body of literature is by now available in the case of finitely-extensible nonlin-
ear elastic (FENE) type models; see, for instance, [5-8,20,23,24]. In the classical
FENE model due to Warner [27] the configuration domain D is a bounded open ball
in R of radius /b, with b > 2, centred at the origin, and the elastic spring-potential

is given by
b 2s b
U(s):—zln(l—7>, SEI:O,E).

Thus, as the function ¢ — U (|¢|?/2) and the associated spring-force both blow up
at the boundary d D of the configuration domain D, polymer chains are prevented
from exhibiting indefinite stretching. Global existence of large-data weak solutions
to a general class of FENE-type models with centre-of-mass diffusion, © > 0,
and the equilibration of weak solutions to the model as t — 400, were proved by
Barrett and Siili in [5]. The global existence of weak solutions for the nondiffusive
(i.e., when u = 0) FENE model was proved in the paper of Masmoudi [24]. It
is not currently known whether weak solutions of the model with stress diffusion
(u > 0) converge, in any sense, to weak solutions of the nondiffusive model as
u — 04. Existence results are also available for diffusive Hookean-type models,
where the Maxwellian is super-Gaussian, i.e., when D = R9 and M exhibits more
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rapid decay to O as |g| — oo than the Gaussian Maxwellian associated with the
standard Hookean model considered herein; see [8].

Another variant of (2), which has been widely studied in the mathematical
literature, is the corotational model. It arises by replacing the velocity gradient
V,u in the g-convective term in the Fokker—Planck equation by the vorticity tensor
w(u) = %((qu) — (V;u)). In this case, one can derive stronger a priori estimates
on the probability density function Y than in the noncorotational case studied here.
In the presence of centre-of-mass diffusion, the global existence of weak solutions
was shown for a general class of corotational FENE models in [4], and for the
corotational Hookean model in [16]. In the nondiffusive case, u = 0, global well-
posedness is known only in two space dimensions [23,25].

Macroscopic models for polymeric flows are also of significant interest. The
global existence of weak solutions to the two-dimensional Oldroyd-B model (3)
with stress diffusion was shown by Barrett and Boyaval in [3]. Global regularity
was then shown by Constantin and Kliegl in [15]. For the nondiffusive case, local
well-posedness was shown in critical Besov spaces by Chemin and Masmoudi [13]
under a Beale-Kato—Majda type assumption. Lions and Masmoudi [22] proved
global existence of weak solutions to the corotational Oldroyd-B model.

Mindful of the difficulties associated with proving the global existence of weak
solutions to (2), we propose to relax the definition of weak solution and consider
a class of generalised solutions, referred to as generalised dissipative solutions.
The main idea is to allow for a defect to develop in the Navier—Stokes equation—
mathematically, this entails substituting the extra-stress tensor, 7, by T + mys,
where m y s is a tensor-valued measure. This approach was recently suggested by
Barrett and Siili in [10], who showed the global existence of weak subsolutions to
the Hookean Navier—Stokes—Fokker—Planck model in three dimensions. Here, we
revisit the idea of [10] giving a different proof. Crucially, we are able to identify
a dissipation defect measure, which dominates the aforementioned measure myg
and satisfies an appropriate energy inequality—namely, the energy inequality asso-
ciated with the macroscopic Oldroyd-B model. Armed with this energy inequality
we are able to prove a compatibility result: any generalised dissipative solution
with appropriate regularity is in fact a weak solution. Altogether, our framework of
generalised dissipative solutions is similar to the concept of dissipative solutions
introduced in [1,2] in the context of incompressible and compressible viscous flu-
ids, as well as to the dissipative measure-valued solutions; see, for instance, [17].
One particularly interesting open problem is to investigate whether our generalised
dissipative solutions (or a subclass of these) satisfy the weak-strong uniqueness
property, i.e., whether they necessarily coincide with the strong solution emanating
from the same initial data. The usual tool in the quest for such a result is to estab-
lish a relative energy/entropy inequality. This, however, seems to be a particularly
challenging task, even on a formal level (again, because of the lack of satisfactory
information concerning the derivatives of 1&), and is left for future work.

Outline of the paper. In the rest of this section we introduce the necessary notation
and function spaces, recall the definition of weak solution to the Navier—Stokes—
Fokker—Planck system (2), and formally explain the associated energy inequality.
Then, in Sect. 2 we define generalised dissipative solutions to (2). For the Fokker—
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Planck equation this does not differ from the definition of a weak solution, but the
Navier—Stokes equation contains a potentially nontrivial defect measure accounting
for possible lack of compactness in the extra stress tensor t. We postulate however
that a macroscopic energy-type inequality is satisfied. This inequality also contains
a defect due to the presence of a defect in the stress tensor (or, more precisely,
the conformation tensor), which dominates the defect present in the momentum
equation. This property allows us to derive a conditional regularity property: any
generalised dissipative solution, which enjoys suitable additional regularity of the
velocity field, is in fact a weak solution of the NSFP system. This is proved in
Sect. 6. In Sect. 3 we state the main results of this paper. In Sect. 4 we prove global
existence of generalised dissipative solutions for any number of space dimensions
d > 2. We first truncate the problem in two ways: we restrict the configuration
space to a bounded domain, and we truncate the probability density function in the
g-convective term in order to guarantee its boundedness. The right-hand side of
the Navier—Stokes momentum balance equation is modified accordingly in order to
preserve the energy identity for the truncated system. We then employ a two-step
Galerkin approximation to show the existence of solutions to the truncated system,
following which we remove the truncations. In Sect. 5 we establish additional
regularity of solutions for the two-dimensional case. In particular, we derive an
evolution equation for the strong limit of the sequence of approximate conformation
tensors. We cannot guarantee that this limit coincides with the conformation tensor
defined by the solution lﬁ of the Fokker—Planck equation, but we can ensure that the
macroscopic equation for the stress tensor is the Oldroyd-B equation. Furthermore,
we can use that equation to formulate a simple condition when the generalised
dissipative solution whose existence we have shown is in fact a weak solution of
the NSFP system, by showing that the defect measure in the stress tensor vanishes.
For instance, this can be achieved by assuming some additional regularity of the
initial data. In this way, we extend and improve the existence result from [10], as
we require less regular initial data.

1.1. Preliminaries

Before stating the definition of a weak solution to the system (2), let us introduce
the necessary notation regarding the function spaces we will be working with. Let
Q c R be a bounded open set with a Lipschitz boundary, and let D = R? be the
space of elongations/configurations. Let

L3, (2 RY) = {v € L* (2 RY) | divyv = 0} ,
V.= {v € HOI(SZ; RY) | divy v = 0},

and let Lff/,(Q x D), p € [1, 00), denote the Maxwellian-weighted L? space with
the norm

1/p
||¢||L§4(QXD) = (/Q DM|¢|pdqu> .
X
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Similarly, we introduce the Maxwellian-weighted Sobolev space H 1{,1(52 x D) and
its norm by

Hiy (@ x D) i= {9 € L (@ % D) | 1614100y < 0}

1/2
1911571 @x ) = {/QD M [|¢|2 + Ve + |Vq¢|2]dqu} :

Of course, L”(2 x D) and H'(Q x D) are continuously embedded into the
Maxwellian-weighted spaces LPM (QxD)and H /%,,(Q x D), respectively. We recall
from [6] the following density and compact embedding results:

C®(Q; C°(D)) is dense in H},(Q x D),
Hl (2 x D) =< L%,(Q x D).

We will also make use of the fractional-order Sobolev space Wnl /241 3(Q; Réxd )

defined as follows. Let W1/2:4/3(Q; R4*4) denote the space of those ¢ € L3
(2: R9*4)y for which

oQ.

3/4
2() —e)I*?
||{||W1/2,4/3(Q;Rdxd) = ||§||L4/3(Q;Rd><d) + (/sz o x = yd2 . <

Then W,11/2’4/3(S2; R4*4) is defined as the completion of {¢ € C®(2; RY*?) | V,¢-

n = 0 on 92} in the norm of W1/24/3(Q; RIxd),

Given a normed space X, we denote by M~ ! X the space of all those functions
¢ for which M¢ € X. By X’ we denote the continuous dual of the space X. Given
atime r > 0, we define Q; := [0, 7] x Q.

Let F : [0, o0) — [0, 00) be defined by

FO):=1, F(s):=slns—s+1 fors € (0, 00).

Note that F is a nonnegative, strictly convex function with F'(s) = Ins and
F"(s) = 1/s fors € (0, 00), and F(s)/s — 0o as s — o0.

By M™* (Q; ngxn? ) we denote the space of matrix-valued Borel measures on Q,
which take values in the cone of symmetric positive semidefinite matrices. We shall
generally identify this space with a subspace of the dual of the space of continuous
functions defined on Q; by (-, -) we then denote the corresponding duality pairing.
Similarly, the duality pairing between the Sobolev space H'!($2 x D) and its dual
space [H'($2 x D)]’ will be denoted by (-, V(H (©@x D). H (@x Dy)> We shall use an
analogous notation for the duality pairing between H,, (@ x D) and [H}, (2 x D)T’,
as well as for the duality pairing between H!(€2) and [H!(Q)]'.
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1.2. Weak Solutions

Definition 1.1. (Weak solution of NSFP) Letd € {2, 3}, and let (uo, I/A/()) be initial
data such that

uo € Ly, (2 RY), F(Jo) € L}, (2 x D),

Yo(x,q) >0 forae. (x,q) € Q x D,/ M(q)Yo(x,gdg =1 forae. x € Q.
D

A pair (u, 1/}) is a weak solution of the Navier—Stokes—Fokker—Planck system if
u € Cyea ([0, T1; L*(2; RY) N L2(0. T: V),
e LY, T; L, (@ x D) NHY 0, T; M~ [H (2 x DY), s>d+1,
Ut x,q) >0 forae. (r,x,q) € (0,T) x Qx D,

/ M(q)¥(t,x,qxdg =1 forae. (r,x) € (0,T) x £,
D

FW) € L=, T; L (Q x D)), \/; € L*0,T; Hy, (22 x D)),

and the equations are satisfied in the following weak sense for each ¢ € [0, T']:

/ u - 0;0dxds + (u @ u) : Vyivdxds — v/ Vyu : Vy9dxds
2

Q; Q

:/ t:Vxﬁd)ods—f—/ u(t)~z?(t)dx—/ ug - ¥ (0)x
Q Q Q

Vo e {19 e L20,T; V) | 8,9 € L'(0, T; L*(%: R"))},
and

/ / M, ¢dgdxds + f M ¢ (0)Xgdx — / My (1) (1 )gdx
Q JD QxD QxD
=—f /Mtﬁu-vxaﬁdquds—/ /Mx@ ((Vxt)q) - Vy¢dgdxds
@ JD Q JD

+u/ /valﬁ-vxqﬁdqd)ods+/ vaqlz-qu&dqdms
Q JD Q JD

Vo e Wh (0, T; H(Q x D))
fors >d+ 1.

Definition 1.2. (Weak solution of the Oldroyd-B system in 2D) Letd = 2, and let
(ug, og) be initial data such that

up € Ly (2 RY), o € LA R, of = op.
A pair (u, o) is a weak solution of the Oldroyd-B system if
U € Cyeax ([0, TT; L2(RY) N L0, T; V),
o € Cweak ([0, T1; L*(Q; R**?) N L2(0, T3 H' (2 R*?)),
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and the equations are satisfied in the following weak sense for each ¢ € [0, T']:

/ u - 0:0dxds + (u®u):sz9d)ads—v/ Viu : V,9dxds
Q

Q 2

:/ T : V,9dxds —+—/ u(t) - 9 (t)x —/ ug - 0 (0)x
N Q Q
Vo e [z&‘ e L20,T: V) | 8,9 € L' (0, T: L*(%: Rz))},

and

t
—/ /a:8t<pdxds—/cro:<p(0)dx+/o(t):<p(t)dx
0 Ja Q Q

13 13
Z_//(“‘Vx)aialxds—,u//an::Vx(pdxds
0 JQ 0 JQ
t
—2f/(a—1d):<pdms )
0 JQ

t t
—+—/ /U(qu)T:gad)«ds—}—/ /(qu)(f:(pd)ads
0 JQ 0 JQ
Vo e Whio, T: H' (Q; R**?)).

The question of existence of weak solutions to the Navier—Stokes—Fokker—
Planck system defined in this way is open: it is completely unknown in the case
of d = 3 space dimensions whether weak solutions, thus defined, exist, while for
d = 2 it was shown by Barrett and Siili [10] that for initial data, smoother than
what has been supposed above, weak solutions do exist globally in time. Their
strategy was the following: thanks to earlier work by Barrett and Boyaval [3], it
is known that there exists a global-in-time weak solution to the two-dimensional
Oldroyd-B system (3). Assuming that 02 € C 2@ € (0, 1), and that the initial
data additionally satisfy

up € V, o) € H(Q; R**?),

where Hnl (€2 R?*?) isthecompletionof{§ € C®(Q:R**2) | Vo -A=0o0n 89}
in the norm of H'(£2; R?*?), one can employ parabolic regularity results to infer
additional smoothness of the associated weak solution to (3):

we L®0,T; V)N L2, T: HX(Q: R?) N L3 (0, T; W' (Q; R?))
NH' 0, T; L, (R R?),
o € C([0, T1; H'(Q; R¥) N L*(0, T; H*(Q; R7?)
N H' 0, T; L>($2; R**?)).
Using the extra regularity of the velocity field (in particular that Viu € L3
0, T; L*®(Q; RZXZ)), one can show global existence of a weak solution  to the
Fokker—Planck equation (via a discrete-in-time approximation and passing to the

limit At — 04 with the time-step). Finally, the identification o = o (1) is possi-
ble, again thanks to the additional regularity of the velocity field. This programme
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cannot be repeated when d = 3, because of the lack of proof of the existence of
weak solutions to the Oldroyd-B system in three space dimensions. Instead, in [10],
the authors show existence of a generalised solution which includes the divergence
(with respect to x) of a symmetric positive-semidefinite matrix-valued defect mea-
sure on the right-hand side of conservation of linear momentum equation (2);.
However, because of the lack of an energy inequality involving the defect measure,
they were unable to identify any conditions under which the defect measure would
necessarily vanish, even in two space dimensions. Motivated by these incomplete
results, we propose here an extended concept of solution to (2), generalised dissi-
pative solution, incorporating into the definition an energy inequality coming from
the Oldroyd-B model. We shall then prove that such generalised dissipative solu-
tions to (2) exist, and this will enable us to identify sufficient conditions in both
d = 2 and d = 3 space dimensions under which the defect measure featuring in
the definition of generalised dissipative solution vanishes.

1.3. Formal Energy Estimates

There is an energy equality associated with (2). The following calculations are
formal, but they will be justified rigorously for the Galerkin approximations of
generalised dissipative solutions. Testing the Navier—Stokes equation with u and
the Fokker—Planck equation with F’ (&), we obtain, respectively,

d (1
—/ —|u|2dx+v/ |qu|2dx=—/ 7 : D(u)x, (6)
dr Jo 2 Q Q

vy Vi

- My (Veu)q) - Vo F (3§ Xgdx

QxD

= M ((Vau)q) - Vyiydgdx

QxD

=- ¥ (Vat)q) - Vg Mdgdx
Qx D

and

2 2
dqu+4/ M dgdx

d o
— Mf(Wﬁqu+4u/ M
dr Jaxp QxD QxD

= My (g ®q) : Voudgdx
QxD

:/ T : D(u)x,
Q

where we have used the observation that div, ((Vyu)g) = 0. Thereby, we obtain
the energy equality

4 </ 1|u|2dx + M]—'(tﬁ)dqu) + vf |Vu|dx
Q2 QxD Q

dr
+4M/ M |V Vo
QxD

) (7
dgdx = 0.

2
dqu+4/ M
Q

xD
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There is also a formal energy equality associated with the conformation tensor
formulation of the Oldroyd-B system. Contracting Eq. (4) with the identity tensor,
we obtain

i/ tr odx +2/ tr (o — Id)dx :/ [(qu)a +0(V3u)] : Iddx
dr Jo Q Q
=2/0:D(u)dx=2f T : D(u)x.
Q Q

By combining this equality with (6), we arrive at the formal energy identity

d 1 1
— /—|u|2dx+—/trrrdx +v/ |qu|2dx+/tr(o—ld)dx=0. (8)
dr 522 2 Q Q Q

Remark 1.3. Equality (8) provides a priori estimates for the Oldroyd-B system only
as long as tro > d, or deto > 1. As shown in [19], this property is propagated
from the initial state (at least for smooth solutions). Since in our construction of
generalised solutions we rely on the entropy identity (7) as the source of uniform
bounds, we shall not make any such assumption on the initial conformation tensor,
accepting to be lax about the term “energy” in reference to (8).

Remark 1.4. We note that one cannot infer a formal energy equality involving the
function ¥ in the L%,,(Q x D) norm. The only formal energy equality involving

r is the equality (7) stated above. We find it remarkable though that the energy
equality (7) holds, particularly because the term

—/ T : D(u)x,
Q

appearing in the process of its derivation, is not well defined unless additional
regularity of either ¥ or u is known. A similar, but even worse, problem arises in
the Oldroyd-B model in three spatial dimensions, where it is not clear whether the
term

/Q (Vyu)7) : geads

featuring in the weak formulation of the model is well defined — unless t €
L? o, T; L? (2; Ra*d )), which cannot be deduced from any known estimates when
d = 3. This is the main obstacle to proving the global existence of weak solutions
to the Oldroyd-B model in three space dimensions.

2. Generalised Dissipative Solutions

Definition 2.1. (Generalised dissipative solutions) Let (uo, Vo) satisfy
uo € L, (Q: RY),  F(iho) € Ly (2 x D),

Yolx,q) >0 forae. (x,q) € Q x D,/ M(q)Vo(x,gdg =1 forae. x € Q.
D
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A quadruple (u, 1,@, mys, mop) is a generalised dissipative solution to the Navier—
Stokes—Fokker—Planck system (2) if

u € Cyea ([0, TT; L* (2, RY) N L2(0, T3 V),
U e L', T; LL(QxD)NH 0, T; M ' [H (2 x DY), s>d+1,

F@) € L0, T; Ly, (2 x D)), ﬂ € L*(0,T; Hy (2 x D)),
U, x,q) >0 forae. (r,x,q) € (0,T) x Qx D,
/ M)V (t,x,qdg =1 forae. (t,x) € (0, T) x Q,

D
mys € L0, T; MT (@ RED), mop € L0, T; MT(Q)),

and the following identities are satisfied for all ¢ € [0, T]:

/ u- Btﬁdxds—i—/ (u®u) : Vyedads — v/ Vyu : Vyddxds ©)
Q Q; Q

=f a(l/});vxﬁdmwr/
Q 0

—/ ug - U (0)dx
Q

t

(mys(s), Veo)ds + /Q u(t) - 9 (i

Vo e {19 e L2, T; V)N LY, T; c' (@ RY)) | 9,9 € L' (0, T; L2(%2; Rd))};
fors >d+1,
f / M3y ¢dgdxds + / Mjro¢p (0)Xdgdx — / M (1) (t)Xdgdx
Q JD QxD QxD
== [ [ i ogaias [ w0 - v gqias
Q Jb Q Jb

—HL/Qt/DMVxlﬁ-dequdxds—i—/Qt/;)Mng@-ququdxds

Vo € Wh0, T; H (Q x D));

(10
and the following inequality holds for a.e. t € (0, T'):
1 1 A
3 Juora 3 [ wothanse+ pmost). 1gh+v [ Vi
2 Q 2 Q Q;
R 1
+ / tr (o(w) - Id)d)ads +f (mos(s), Ig)ds (11)
Q; 0

1 1 .
< -/ |u0|2dx+—/ tro (Yo)x.
2 Ja 2 Ja

Finally, we require that the following compatibility condition is satisfied by the
defect measures myg and mop: there exists a ¢ € L'(0, T) such that, for a.e.
te0,7T),

[(mys(@), Vi) < £) 19l 1 ey (mos (1), Ig) ¥ € CH (@R, (12)
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Remark 2.2. We note that since we are using divergence-free test functions for the
balance of linear momentum Eq. (9), we can freely replace 7 (y) by o (¥) in the
weak formulation. Indeed,

/ (/ M&dq) Id : V,9dxds =f (/ MI/A/dq> div, vdxds = 0.
Q D Q; D

Remark 2.3. In the two-dimensional case, we will show existence in a class where
the corrected conformation tensor 6 := mygs + o (1}) satisfies the stress evolution
equation associated with the Oldroyd-B system, Eq. (4). In effect, the generalised
solution in this case can be thought of as a weak solution of the Oldroyd-B system
together with the probability density 1@ satisfying the Fokker—Planck equation.

3. Main Results

The main purpose of this paper is to establish global existence of generalised
dissipative solutions as defined in Sect. 2, and discuss some of their properties, in-
cluding in particular instances when the defect measures appearing in the definition
of generalised dissipative solution vanish.

Theorem 3.1. (Existence) Let d > 2. There exists at least one generalised dissi-
pative solution to the system (2) with mop = tr mys. Additionally, this solution is

entropy-dissipative in the sense that the following energy inequality is satisfied for
aete(0,T):

1/ |u(t)|2dx+/ M.F(l/}(t))dqu—i—v/ |V u|%dxds
2 Jq QxD Q

+4/(‘)’LXDM<M Vxﬂ Vqﬁ

1 n
<1 / woldx + [ MFGoradx.
2 Ja QxD

2
+

2
)dquds (13)

Furthermore, when d = 2 and 0(&0) € L2(Q; R%x2), GOT = 09, we also have
» 2x2 2p
o), mys € L0, T; LP(Q2; RT)), g = p— 2<p<oo.
p—

Moreover, the pair (u, o := mys—+o (12/)) is a unique weak solution of the Oldroyd-
B system according to Definition 1.2.

Our motivation for the terminology entropy-dissipative in Theorem 3.1 is that the
second term in the first line of the inequality (13) represents the relative entropy
of the probability density function ¥ with respect to the Maxwellian, M, while the
expression in the second line of (13), the so-called Fisher information, quantifies
the dissipation of the relative entropy.
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Theorem 3.2. (Conditional regularity for d = 3) Let d = 3, and let (u, 1/}, mys,
mop) be a generalised dissipative solution. Suppose that

du e L0, T; L*(:R?) and Veu € L'(0, T; C(Q; R3*3));

then,mys =0, mop =0, and (u, V) is a weak solution of the Hookean dumbbell
model (2).

Corollary 3.3. (Conditional regularity ford =2) Letd =2 and 3Q € C**, «a
(0, 1). Suppose further that, in addition to the assumptions of Theorem 3.1, ug € V
and 1&0 is such that o (IZI()) € W,11/2'4/3 ($2; RZ%2). Then, any generalised dissipative
solution to (2), as constructed in Theorem 3.1, satisfies mys = 0 and mop = 0.
Therefore the pair (u, 1/}) is a weak solution to (2) according to Definition 1.1 and
the pair (u, o(lﬁ)) is the unique weak solution of the Oldroyd-B system according

to Definition 1.2.

4. Existence of Generalised Dissipative Solutions

The main difficulty in proving the global existence of generalised dissipative
solutions, as defined in Sect. 2, is to derive the equation satisfied by a suitable ap-
proximate conformation tensor and guarantee the energy estimate (8). This infor-
mation is not furnished by the arguments presented in [10]. Here, instead, we shall
therefore develop an entirely different approach, which we find more transparent.
We shall construct approximate solutions to a truncated (both in the g-convective
term, and in the configuration domain) problem via a Galerkin method, and then
remove the truncations. We adapt to our case the two-step Galerkin approximation
used in [12] in the context of implicitly constituted kinetic models.

4.1. Galerkin Approximation of a Truncated Problem

The Hilbert space V N H41(Q; R?), equipped with the inner product of
Hd+1(§2; ]Rd), is compactly and densely embedded in Lgiv(Q; ]Rd). Therefore,
by a version of the Hilbert—Schmidt Theorem (cf. Lemma 5.1 in [18]), there exists
a countable set {w;} € V N H¥1(Q; R?) of eigenfunctions whose linear span
is dense in Lﬁiv(Q; R4 ). Furthermore, these vectors form an orthonormal set in
L2(€2; RY) and an orthogonal set in HAT(Q; RY).

Similarly, the Hilbert space H/},, (QxD)NHY(Qx D) = H(Qx D) (equipped
with the standard inner product) is compactly and densely embedded in Lﬁ,, (2xD).
Thus, there exists a countable set {¢;} of eigenfunctions in H 1(&2 x D) whose
linear span is dense in L%,I(Q x D), which are orthogonal in the inner product of
HY(Q x D) and orthonormal in L%V[(SZ x D).

Let R > 0, choose a smooth function y : [0, o0) — [0, 1] such that

x(s)=1 for s €[0,1], x(s)=0 for s > 2,
and define xg : [0, o0) — [0, 1] by

XR($) ==X (%) .
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Using the same cut-off function x, we define, for a fixed L > 0, the truncations

Ty(s) 1=f0 xe(r)r,  Ap(s) == sxL(s). (14)

We now fix n, m € N, and pose the following Galerkin problem: find time-

dependent coefficients c:."’”’R’L . d" MRLGuch that the functions u™™R-L and
I}m’"'R'L, defined by
m
W R ) =Y R (g (x),
i=1
n
PRl q) =Y dm O x g),
i=1
solve
/ atum,n,R,L . wldx _ / (um,n,R,L ® um,n,R,L) . waldx
Q Q
m,n,R,L .
+ v/ Viu : Vewdx (15)
Q
= —/ e RL g wdx,
Q
foralli =1,...,mandae.t € (0,T); and
MatllAfm’n’R’Ld’dedx _ Mum,n,R,LI/Ajm,n,R,L . Vx¢tdqu
QxD QxD
— [ MALG R g (VR E)g) -V, gdad
QxD
+u | MGV gdadx + | MV RV, gdgdx =0,
QxD QxD
(16)
foralli =1,...,nanda.e.t € (0, T), where
L= [ dadah, (1.0 @ alg a7
D

with initial data given by

m
W R0, x) = uf (x) == (w0, wi) g2y wi (¥),
i=1
n
o . N
PrrRb 0, x,q) = P 0 g) = ) (TL0), 612 (py B (X2 @)
i=1
Carathéodory’s Existence Theorem (cf., for example, Theorem 1.1 of Chapter 2
in [14]) provides local-in-time existence of such u”"- &L ymmR.L for any fixed
m, n, R, L. The uniform bounds derived below over the maximal time-interval of
local existence, [0, T;), say, then suffice to extend these solutions to the entire time
interval [0, T]. We shall therefore assume below that this extension has already
taken place and will write T instead of T, throughout the next section.
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4.2. Passing to the Limitn — oo

m,n,R

Multiplying the " equation of (15) by ¢ L and summingoveri = 1,...,m,

we deduce that ™ R-L satisfies

d 1
CE §|um,n,R,L|2dx+v/ vaum,n,R,L|2dx — _/ 7:m,n,R,L . qum’n’R’de.
Q Q Q
(18)

Integrating by parts in (17) we have

o RL( ) = — / MT ™" 55) xrlddg
D
+f Mg TL™™ R0 (g ® gXig
D

_ f MTL @R L) (Y, xr © gXg,
D

whereby we have that

rm,n,R,L‘ < CL.

Consequently, using (18) and Young’s inequality, we deduce that

1
/ — ™Ry + g / Vo™ RE (s, x)Pdxds < C(u, L).
Q Q;

2
It then follows that the coefficients ¢ *" satisfy
Cm,n,R,L
sup sup [0 + | ()| = Clug,m, L),
1€(0,T) i=1,...m de

Consequently, by observing the continuous embedding H4+1(Q) — W1 (Q),
we have that
< C(m, L). 19)

HV um,n,R,LH
x Lo°((0,T) x Q: Réxd)

Similarly, multiplying the i"" equation of (16) by d." - R-L and summing over

i =1,...,n shows that &’"'"’R’L satisfies

d 1 N o

_ _M(wm,n,R,L)qudx +/1/ Mlvxwm,n,R,Ldex

dr Joxp 2 QxD

+ M|V R A gdx
QxD
= | MALG" R gl (TR ) - VR g
QxD

1
R 2
< ( M@ B2 k(g |vxum’"*R*L|2|q|2dqu)
QxD

R 2
( M|vq1//m,n,R,L|2d‘ﬂx)
QxD

1 ~ 1 n
<con LB [ Imamrrbge 4L / MV R g,
QxD 2 2 QxD
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where we have used (19) in the transition to the last line. Therefore, using Gronwall’s
Lemma, we obtain the bounds

b
u™mRL e 1200, T, L2(92; RY) N L0, T; V), uniformly in n,
and
g RL 2 L®0,T; L2, (2 x D) NL*0,T; H. (2 x D)), uniformly i
» L5 Ly , 15 Hyy , yinn.

Here and in the rest of the paper, for a normed linear space X and a sequence

b
(ax)ren C X, the notation a; € X signifies that (ax)ren is @ bounded sequence in
the norm of X. Using these bounds together with (19), we then have that

MALG" ™ )y p(lgl) ((Tau"RE)g) - 9, gidgdx
QxD

S C(m, L, R) H,&m,n,R,L‘

L3,(QxD) ||Vq¢,~ ”Lﬁ,l(QxD;Rd) )

which we then use to deduce the following n-uniform bound on the time derivative:
A b
™ RE e 120, T; M~'[H}), (2 x D)]'), uniformly in n.

Furthermore, for each function & € Lﬁ,I(Q x D) we have

)(va ¢>([H,‘V,(QxD)]/,H,}4(QxD)) ’

||M§||[HI}/I(QXD)J/ = sup

$eH), (2xD) ”¢”H,{,I(Q><D)
1 1
! ||
- ” § L2(QxD) ¢ L2(QxD)
B $eH}, (2% D) ||¢||L§W(szxp)

=< ”E“L%/I(QXD) .

Therefore LIZW(Q x D) embeds continuously into M ~'[H /:,1(52 x D)]'. By the
Aubin-Lions Lemma, with the triple of spaces H ]},I(Q X D) <> L%/I(Q X D) —
M~'[H},(Q x D), we thus have that

the sequence (""" F-L), n is precompactin L2(0, T L%W(Q x D)).

We can therefore deduce the existence of functions cl'."’R’L, &”"R L guch that,
along a suitable subsequence (which we shall never relabel),

c;"’”’R’L — c;”’R‘L weakly* in W0, T),
c;”’"’R’L — c:"’R’L strongly in C ([0, T]),
wn e RL g RL strongly in C([0, T]; V N HTH(@; RY)),

1/}’"’”'R'L — JIm’R’L strongly in L2(0, T’; LJZW(Q x D)),
YR L g R, L weakly in L2(0, T; Hy, (Q x D)),
Mgy RE  pg g RE weakly in L2(0, T; [Hy, (22 x D)]),
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where

m
W R x) =l wi (x).
i=1

Let us define

" RL x) = /DMXR(|‘]|)VI1 (TL(l/}m’R’L)> g

Passing to the limiAt n — oo in Egs. (15) and (16), it is easy to verify that the
functions u™ &L ™ R.L gatisfy

/ ™Rl wdx — / WL @y Ly v owdx + v/ Vo™ RL v wdx
Q Q Q

= —/ ™ RL g wdx,
Q

(20)
foralli =1,...,mandae.t € (0,7T); and
>m,R,L
(Moy™ v¢>([H,{4(QxD)1/,HA14(QxD))
= | My RERE Y gdgde + | MALG™ ) e
Qx D QxD
((qum’R’L)q) -V gdgdx 1)
— MV RV, gdgdx — / MV RE v, gdgdx
Qx D QxD

Vo e H]{,,(Q x D) and a.e.t € (0, T).

Furthermore,

/ M&“L’R(o,x,qwdqu:/
QxD

Qx

. MTy(Jo(x, )ddgdx Vo € L3, (2 x D).

Thanks to Theorem I1.5.12 on p.99 of [11],

~ d o
m,R,L — m,R,L 1
(Moryr ,¢>([H11W(QX0)]/,H}W(WD)) =% /QXDMw ¢dgdx V¢ € Hy (2 x D).

Hence, by testing the Fokker—Planck equation (21) with the function ¢ = 1 and
integrating in time over (0, ), we have that

My R (rdgdx = / My RL (Oxgdx = / My (o )Xgdx
QxD QxD £2xD

< Mrdgdx = |£2.
QxD
(22)
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Testing (21) with ¢ = (g@’”’R'L) := min (0, @m’R’L) and invoking again Theo-
rem I1.5.12 on p.99 of [11], we deduce that

1d
2dt Joxp

+/ MIVy (3 RE) g
QxD -

=/ MxRALG™ R (V™R Lyg) 9, (R L) dgix
QxD _

M(I/A’m’R’L)2dqu+/L/Q M1V (9L g
. ) .

1 o R 2
< 5/ MV R0 Pagax +eom R L) [ b (§7FL)” g,
QxD -

QxD

whence
A 2 n 2
/ M (wm,R,L) (t)dqu S eC(m,R,L)I/ M <wm,R,L) (O)dqu — 0’
QxD - QxD -
and so

Y RL >0 ae. on(0,T) x 2 x D. (23)
Finally, testing the Fokker—Planck equation with ¢ (x, g) = ¢ (x), we get

<8[ (/ Ml/;m,R,qu)’¢> / (/ MR qu> mRL .G 4
D ((H' Q). H'(Q)

—u/ (/ deq>~vx¢dx Vo e H (.
(24)

Thus, the polymer number density, defined by

P = [ M@ g 5)
D
is a weak solution of the advection—diffusion equation
0" R div, (R pRE) — A pmRE =0 on (0,7) x 2. (26)

subject to the boundary and initial conditions

uVip™ L i =0 on(0,T) x 92,
™R, x) = /D M(q) T, (Yo (x, ¢))q.

It follows from (22) and (23) on the one hand, and on the other by setting ¢ = p"™ R-L
in (24), using that div,u” %L = 0, and applying again Theorem II.5.12 on p.99 of
[11], that

m,R,L(t)H m.R.L ) )H < esssup/ Miyolg = 1,
D

<o
L) xeQ

w |

1€(0,T) Leo(€2)

[[rmesol]

. =lal
L2(Q)

sl

L2(;Rd)
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4.3. An Entropy Estimate
Choose § > 0 and define, for s € [0, 00),

Fos) , / AL(r)
s(s)=@E+0)In(s+6 —(6+8)+1 and Tr s(s):= ——dr

r+é
/ VXL(V)
r+94

The function fé(&m'R'L) = In (@m’R’L + 3) is a valid test function for the
Fokker—Planck equation. We then obtain

V™ RL Pdgdx

- 1
o MEE@M gy + /
dr Jaxp

MAi
QxD YmRL 4§

1 R 5
+/ M |V ™ R L 2 g
axp  ymRLys 1

1 n
/M) RAL ) (s @) - Vi Folagd
= [ Maw(a gy -y (10 g
QxD
- /Q MARTL (") () s Vo™ K
X

- / MTy (™8 (Vgxr ® ) Vau™ R tdgdr. 27
QxD
Using the Monotone Convergence Theorem for the gradient terms on the left-hand

side and the convergence Ty s — T, in C([0, T']) for the terms on the right-hand
side of (27), we deduce that, in the limit § — 0,

2
Mf(lﬁm R, L)(tﬁqu + 4,bL/ / ‘Vx /I&m,R,L dgdxds
QxD QxD
+ 4/ / ‘ I/Im R L dqd)&ds
QxD
= MF "L (0)dgdx (28)
QxD

t
F [ ) @ @ ) s Vo g
0 JQxD

t
- f MTL "™ RL) (Vyxx ® 4) : Ve R Ldgedxds.
0 QxD
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Now, we multiply Eq. (20) with c;"’R’L, sum over i = 1, ..., m, and integrate by
parts to deduce that

%c% | m, R L 2dx + U/ |Vm R L|2dx . _/ .L_m,R,L : qum,R,de
Q

=— MxrTL (™ R5) (¢ @ q) : Vau™ RHdgdx  (29)
QxD

+ MTL (™ REY (Vyxr @ @) 1 V™R Edgdx.
QxD

Adding Egs. (28) and (29), we deduce the following entropy identity, valid for a.e.
1€(0,7),

1 R t
-/ ™R (1))dx + M]—'(lp’"’R’L)(t)dqu—i—v/ / |V B Zdods
Q

QxD
2
+4H-/ / ‘ meL dquds~|—4/ / ‘ p /v’}m,R,L dgdxds
QxD QxD
=5 [ugPa s [ MATLG0Ra.
Q QxD
(30)
Notice that
MF(TL (Y10)Xgdx
QxD
= /  MF(TL(o)dgdx + f - MF(TL(o)XNgdx
{TL (Yo)=<e} {TL (Yo)>e}

< Mdgdx + MF (JroXgdx < C.
QxD QxD
Thus, the bounds implied by the entropy identity (30) are uniform inm, R, L.
One important consequence of the L log L bound on v guaranteed by the en-
tropy identity (30) is that it implies integrability of the second moment:

sup My R g dgdx < C,
te(0,T) JQxD

where the constant C is independent of m, R, L. Indeed, the Fenchel-Young in-
equality (applied to the function f(s) = e and its convex conjugate f*(s) =
(slns) — s for s € [0, 00)) yields

A 1 a A N
Gm (i) = (b gLy - g g gl

which gives upon multiplication by 4 M and integration over €2 x D (recall that M
is a Gaussian and note that f*(s) < F(s) for all s € [0, 00))

N a 4|2
My™ R g dgdx < 4 / MFG™ R i + 222 / e 11dg.
QxD Z Jp

QxD
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4.4. Passing to the Limit L — oo

The entropy identity (30) implies that, in particular,
T 2
u +/ Ve
0

— ’

m,R,L([)‘

sup

2 dxd dt
1€(0,T) L2 (82RO

L2(;Rd)

which in turn implies that

dcmRL
sup  sup c;"’R’L(t)’ =] < cm).
1€(0.T) i=1,...m dr

It follows that there exist functions c:"’R, i =1,...,m,such that (along a subse-
quence again)

c;"’R’L — c;"’R weakly* in W10, T),

CZ."’R’L — c;."’R strongly in C([0, T)),

umRL _ mR strongly in C([0, T]; V N H1(©; RY)),

where

u™ R, x) = Z c;"’R(t)wi (x).

i=1

Next, we derive strong compactness of the sequence &m'L'R inL'(0,T; L 111/1 (2x
D)). The following arguments are virtually the same as those in [12]. From the L-
uniform estimate

sup MymRL (1 +1n &’"’R’L)dqu <cC,
te(0,T) JQxD

we infer that the sequence (@""R*L) L>0 1S equi-integrable, and therefore there
exists a function /"X such that

1/A/m’R’L — &m’R weakly in LY, T; L}W(Q x D)).

We wish to ‘upgrade’ this convergence to convergence in norm. To this end, let
Qo x Dy CC Q2 x D be a Lipschitz domain. Since M is bounded away from zero

on Dy, we deduce that
Vig /I/'}m,R,L

2 T
<,
L2(Q0x Dy) 0

Then, by function-space interpolation,

2
Y R.L dgdxdr < C.

L2(Q0x Dg:;R24)

sup
1e(0,T)

ij,R,LH dtl < C and ‘ Vx,ql/}m’R’LH 2442 <C
L d ((0,T)xS0xDg) L2d+1 ((0,T) x Qo x Do; R24)
(3D
Moreover, since
[t =c

L®((0,T)xQ; L}u (D)) —
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we see that, for each g € (1, 00), there exists a go > 1 such that

<C
L91((0,T)xQ0; L2 (D)) —

Iﬁm,R,L‘

Consequently, there exists a § > 0 such that

um,R,LI/’)m,R,L‘

L18((0,T)x Q20 Dy; RY)

A (GMRLy ey mRL H <C
+H L@ RLY (v, ] P

Now choose any o € (0, min (%, (si_1>) and define the following (1+2d)-component
vector-functions:

HL .— (Mll}m,R,L’ Ml/}m.R,Lum,R,L _._MVXI/’}m,R,L’ MXRAL(]/’}m,R.L)qum,R,Lq _’_qulzm,R,L)’

ol = ((1 T x/}'"*vL)a,o,..,,o).

Using the above uniform bounds we can deduce that the sequences of these vector-

functions converge weakly, respectively in L'+8 ((0, T) x Qo x Do) and L ‘ (0, T)x
Q0 x Dg) to

H = (MlZm,R’ M&m,Rum,R + va,‘&l‘n,R’ MXR,‘Z_m,Rqum,Rq + qul/’}m,R)
and

0= (;’"’R,o,...,o)

A o
as L — oo, where {™ R denotes the weak limit of (1 + wm*R*L) . From the
Fokker—Planck equation (21) it is clear that

divv.q) HY =0 in (0, T) x Q0 x Dy,

while the bound
T
L[ 190 = (V0 P
0 Q0% Dg
T A
<c f f Ve g (1 4+ 9 R LY g
0 Qo x Dy

T
< C/ / Vig /lﬁ’"'R'L
0 Q0% Dg

implies that the curl of QL is precompact in H ~L(0, T) x Qo x Dp). We deduce
by the Div-Curl Lemma that

2
dgdxdr < C

HL . oF — H - Q weakly in L' ((0, T) x Q0 x D),

and in particular
1)me,R,L(l + 1pm,R,L)Ol . I/jm,Ré.m,R
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as L — oo, which implies that
(14 g Ryt (e Ryem R ag 1 — oo
Since the function s — s is strictly convex on [1, 00), we have
(14§ < (g™ andso (1+ 9™ < g™k,

On the other hand, the function s + s¢ is strictly concave on [1, c0), so we must
have

;.m,R =+ &”’vRsL)Ol < (14 1)&m,R,L)Dl = (1+ &m,R)a’
and therefore
(1 FRDY = 1+ g = g (L R

Then, by strict concavity of the function s — s on [1, c0), we deduce that, along
a subsequence,

ymRL o gmR ae in (0,T) x Qo x Dy as L — oo. (32)

By adiagonal argument based on an increasing sequence of nested subsets of Q2 x D,
we can then replace (0, 7') x Q0 X Dy in (32) by (0, T) x © x D. Combining the
resulting almost everywhere convergence YmRL s m R on (0, T) x Q0 x Dy
as L — oo with the weak L1(0, 7; L1 1 (§ x D)) convergence, and using Vitali’s
Theorem, we deduce that

g RL — mR strongly in L'(0, T; L, (Q x D)) as L — oo.

As the sequence /"% is uniformly bounded in L>(0, T; L}, (2 x D)) with
respect to m, R and L, by standard function-space interpolation we then have that

Yy RE s mR strongly in L9(0, T; L}, (2 x D)) as L — oo,
for each ¢ € [1, 00). (33)

Since T}, is a Lipschitz function, it now follows by the Dominated Convergence
Theorem that

T (g™ RLy > gmR strongly in L' (0, T'; Lzlvl(Q x D)) as L — oo.

Hence, there is a subsequence such that fora.e.t € (0, T) and foralli = 1,...,m
we have

/ RL Ly wdx — / R v owdx as L — oo,
Q Q
where

R = /D Mxry™ R (g ® g)Xig — fD MYP™ R (Vyxr ® gXdg — /D My Ry rlddg.
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Therefore, we can pass to the limit L — oo in the approximate Navier—Stokes
equation (20) to obtain

/ du™ R wdx — / ™R @u™R) : Vowdx +/ Vo™ R - Vowdx
Q Q Q

= —/ R v o wdx,
Q
foralli =1,...,mandae.t € (0,T).
Next, we shall pass to the limit L — oo in the Fokker—Planck equation (21);
this, however, requires particular care. First, let us prove that

(34)

MV, 0" RE < MV, ™R weakly in L1((0, T) x @; LY(D; R?)) as L — oo.

(35)
To this end, we note that
/ M vx,qxzm’R’L‘dqu
QxD
=2/ Mo/ ymR.L V.. [4fm-R.L |dgdx
QxD e (36)

1/2

2 1/
dgdx ( M&’”»“dqu) ,
QxD

52/ M |Vy g/ YrmRL
QxD

whereby, upon integrating this inequality over (0, T') and us1ng the entropy bound,
we deduce that MV, , 9" ®-L is uniformly bounded in L' ((0, T) x Q x D; R*).
The above inequality also shows that equi-integrability of this sequence follows
from that of @m*R'L. Recalling the local bound (31), we can identify the weak
limit. This then implies the desired weak convergence property stated in (35).

Second, thanks to strong compactness of the velocity gradient, the strong con-
vergence result (33), and properties of the truncation Ay, we easily see that, as
L — oo,

(V™ 85 AL L) — (V™)
strongly in L'((0, T) x Q; L}, (D; RI*9)). (37)
Third, we deduce a uniform bound on the time derivative of YmR-L Using (36)
we see that Vy ,9"®-L is uniformly bounded in L2(0, T; L' (2 x D; R??)). Us-
ing this bound, the uniform control of the velocity in L>(0, T'; L*>(£2; RY)) N
L?(0, T; V) and the polymer number density in L*>°((0, T) x Rd), together with
the continuous embedding H*(2 x D) — WLe(Q x D), fors > d + 1, one
readily arrives at the following bound on the time derivative:

||M8[@ ||L2(0T[HS(Q><D) <C N >d+1,

uniformly in m, R and L. We then claim that

~mR,L Y 1 . i
v € Cyweak ([0, T']; L);(2 x D)) uniformly in L. (38)
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This follows from the above bound on the time derivative in conjunction with the
entropy bound

f('(]/m’R’L) é LOO(O, T, L}W(Q X D))

To see this, we note that the Maxwellian-weighted L log L space on 2 x D has a
separable predual (a certain separable Orlicz space), into which L*°(Q x D), and
therefore also H*(2 x D) for s > d + 1, is continuously embedded. We can then
apply Lemma 3.1(b) from [9] to deduce (38). We refer the reader to the proof of
[9, Theorem 4.1] for the full details.

Using properties (35), (37) and (38), we can integrate equation (21) in time on
the interval [0, ¢] and pass to the limit L — oo to deduce that, for all € [0, T'],

t
_f Ml/jm,Ratqums
0 JQxD
t ~
— / Ml/fm’Rum’R . dequd)ods
0 JQxD
t
‘*‘/ MY"™ R xr(lgl) ((qum’R)q)~Vq¢dquds
0 JQxD
t
_M/ vawm,R - Vyg¢dgdxds
0 JQxD

t
— / MV ™R v, ¢dgdxds
QxD

+ M ¢ (0)Xqdx — DMI/?’"'Ru)qs(r)dqu

0
QxD Qx
Vo e Wh(0, T; C2(Q x D)). (39)

Finally, we would like to pass to the limit in the entropy identity (30). To this
end, we need to establish the following weak convergence result:

v MVMW — VMV, 4/ ¥R weakly in

L*(0,T; L*( x D;: R¥)) as L — oc. (40)

From the entropy inequality (30), we know that the family (v MV, 4 YmRLy o

is uniformly bounded in L2(0, T; L*(2 x D; R2?)). We can therefore pass to a
subsequence which converges weakly to some limit, say S € L>(0, T; L*(Q x
D; R24)). That is,

VMV, g/ YmRL S weakly in L*(0, T; L*(2 x D; R*)) as L — cc.

To identify the weak limit § it then suffices to show that

T T
S - ¢dgdxdr = VMV, g\ R - gdgdadt,
/O foD dquj ! /() Qx D 4 w dﬂqj !
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forallgp € L%(0, T; C°(2x D; R?)). Clearly, by partial integration and noting the
strong convergence of \/Ml/}m’R’L to \/Mlﬁm’R in L2(0, T; L*(Q x D)) implied

by the strong convergence of 1}’”'1“‘ to &’"’R in LY0, T; L}W(Q x D)) (cf. (33)),
we have that

T
/ VMV, YmRL . gdgdxdt
0 QxD

T
- f / VImRLY, - (v MpXgddr
0 QxD

T = 1
- MymRL v, . (v MpXgdxd
/0 /ssz v g Ve (VM@Xqdxdt

T - 1
— Mym-R —— v, . (v Me¢)gdxd
- /O /QXD ]/f \/M 4 ( ¢)j !

T
] i o
0 JQxD

as L — oo, forall ¢ € L%(0, T; C°(2 x D; R??)). This then implies that § =
VMV, g/ UmRin L2(0, T; D'(Q2 x D; R*)), and because S € L2(0, T; L*(22 x

D; R*))also S = v/ MV, 41/ ¥™Rin L2(0, T; L*($2 x D; R??)). We thus deduce
the desired weak convergence result (40).

Now, using strong convergence of the velocity, (40) and weak lower semi-
continuity of norms (for the gradient terms), Fatou’s Lemma (for the entropy term),
and the Dominated Convergence Theorem (for the last term)!, we can pass to the
limit in (30) to obtain

t
1/ ™R (1) %dx + Mf(x/}mﬂ)(r)dquw/ / |Veu™ R | dxds
QxD

ol s ] 5]

<1 f el + / MF (JoXiadr.
2 Ja QxD

dgdxds

4D
Passing to the limit L — oo in (25) and (26) we obtain the following initial-
boundary-value problem, satisfied in the weak sense:

3, p"™ R + div, (u’"*RpM) —uA "R =0 In(0,T) x Q, (42)
uVip™ R A =0 on(0,T) x 02,

prn,R(()’x) :/ M(q)I/}O(X,Q)dq =1 forae. x € Q,
D

! The integrand converges a.e. and is dominated by the integrable function
M(lx{TL(‘ﬁO)<l} + F (T, (lﬁo))X{TL(@O)Zl}) < M(1 + F @)
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where

"R, x) = /D M(@QU™ R, x, g)Xq.

4.5. Macroscopic Closure

Having removed the truncation in ¥ (which was adapted to obtain a cancellation
in the L log L entropy bound above), we are now ready to derive an energy equality
for the conformation tensor. Unfortunately, we can no longer test the Fokker—Planck
equation (39) with the function ¢ = lg|% (or more generally ¢(x,q) = (g ®q) :
¢ (x)), as it is not an admissible test function. Therefore, we use instead a sequence
of truncated test functions

or(x, q) = Tr(Ig1*)n (1),

where the truncation operator 7 is defined in (14) and n € C C] ([0, T)) satisfies
n(0) =1, 9;n < 0. In particular, we have

V, Tr(191%) = 2xz (Ig1*)q.

Since this test function is independent of x, there are only two terms on the right-
hand side of (39) to look at in detail. For the convective term, we write

T
f n | MI Rk (e )q) - Vo Tl PHgddr
0 QxD
= 2/ n (/ My R xr xr(1g1) g ®qdq> L V™ Rddt,
Qr D
while for the diffusion term we have, after integrating by parts,
! 0 2
—2/ n MV ™R - g xr (19 1* Xgdxds
0 QxD
! Sm.Ry 12 2
= —2/ n MY™ " q1”xr (g1 dgdxds
0 QxD
! 7 m,R 2
+2d/ n MY™ " xr (g1 dgdxdz
0 QxD
! 7 m,R 2
+2/ n My™ " q - Vg xr (Iq| Xdgdxdr.
0 QxD

43)
Notice that

R o 1
/ Mwm’Rq-qulequ)dqu‘ - ‘2f M Rig Pyl (g PXgdx| <
QxD QxD R

and therefore, for each fixed n as above, the absolute value of the last term of (43)
isalso < 1/R'.
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In each of the other terms we can pass to the limit R’ — oo using the Monotone
Convergence Theorem. Therefore, we deduce that

- / o / ( / M&'"’R|q|2dq)dxdr

0 Q D

o) oo
= [ ([ wioatasse2 [T [ )

My™Rxr(ql) (¢ ® q) : Veu™Rdgdxdr.

Next, we test the Navier—Stokes equation (34) with c;"’Rn and sum over i =
1, ..., m to deduce that

1d

1
m,R |2 m,R |2 m,R |2
—— Hdx — = | 9nlu™ " dx + Veu™ | 7dx
2ds 77|” | 2/ tn| | V/mx |

= —f nt™ R v Rdx
Q
(44)
= —/ My R xr(lq]) (g ® q) : Veu™ Fdgdx
QxD

+ / MRV, xr @ q) : Vu™ Rdgdx.
QxD

Integrating (44) in time, multiplying by 2, summing the last two equalities, and
then dividing the resulting equality by 2, we end up with

1 T
——f 8”;[ <|um’R(t)|2+6m’R(t)>d)odt+v/ 0| Veu™ R Pdxdt
2 Jo Q Q

T

1 1 .
=—/ ntr(am’R—Id)dxdt—i-—/ |um(0)|2dx+—/ tro (Yo)x + ™R,
Qr 2 Jg 2 Ja

(45)
where we define the approximate conformation tensor

"R (1, x) = /D My R (g ® qxq. (46)

and the ‘error term’ 7" X is defined by

T
7R :=/ n MY™R(V,xr ® q) : Veu™ Rdgdxdr.
0 QxD
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Now, Z" R can be bounded, independently of 1, as follows:

T 2 1/2
( [ dm,)
L2(0,7)x2) \ Jo Jo
T 1/2
[ wmarag ) (f, 97 90 |
0 Q D D

Iz'm,Rl E Hvxum,R‘

/DM&"’~R|q| |V, xr|dg

A

A
| —

4.6. The Limit R — o0

Passage to the limit R — oo can be performed similarly to the passage to the
limit L — oo before. The main point is that all of the estimates deduced from the
entropy inequality (41) are independent of R. In particular, we can guarantee the
existence of functions c;" and u™ such that, as R — 00,

R ! weakly * in W1°°(0, T),
R ! strongly in C([0, T)),
u™R o oym strongly in C([0, T]; V N H¥H1(©; RY)),

where

u™(t, x) = Z e (yw; (x).
i=1

A b
Similarly, there exists a function ¢ € Cyeax ([0, T1; L}VI(Q x D)) such that, as
R — o0,

YR s g strongly in L4(0, T; L}, (2 x D)), ¢ € [1,00),
MV, ™R —~ MV, 4™ weakly in L' ((0, T) x Q; L' (D; R*?)),
Moy R — Mo weakly in L2(0, T; [H* (22 x D)]').

Extracting a subsequence, we can assume that the first of the above convergences
holds almost everywhere in time. These are then sufficient to pass to the limit in the

g-convective term in the Fokker—Planck equation: if ¢ € W!-1(0, T; C°(Q x D))
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is a test function with supp ¢ C [0, T] x Q x B, (0), then

t ~ ~
[ [rd™ R Rig) - Vg = M (i) - ¥y gt
0 J@xD

< [T welim -
0 J@xD

1 ~
+/ / My™ (1= xR)
0 Jaxp

VR g1V ¢ adds

V™R | ]| Vy pladads

1
+/ / My |g| | Vau™ R — Vu™ | 1V, ¢ dgdxds

0 JQxD

m,R Tm,R _ rm
Sr‘v-‘” ”LOO(OJ;L&(Q;RM’))”VMHLZ(QT;LM(WD)) v Vo207, @x)
t

ViR | // MP™ (1= x) Vg Hgdads

|| Vau L0, T;L°@:RIxd) Jo Jaun ¥ ( XR) | q¢qud s

Veu™ R — v ™ H

+7 Va0 200, 7: 10 @x D)) IZ’m”Lz(o,T;L}W(QX[,))

L(0,T; HY (RD))

From the strong convergence of Y™ R the Monotone Convergence Theorem, and
strong convergence of u"™ R respectively, we see that each of the terms on the right-
hand side of the last inequality vanishes as R — oco. Consequently, passing to the
limit R — oo we obtain from (39) the following equation:

t
- f My™ 3, ¢dgdxds = / Mro¢ (0)Xgdx — / MY™ (1) (t)dgdx
0JQxD QxD QxD

t t
+ / My u™ -V, gdgdxds + / MY (Vou™)q) - Vyddgdads
0 JQxD 0

QxD
t t
—u / MYV ™ - Vogdgdads — / MYV ™ -V, ¢dgdxds
0 JQxD 0 JQxD
Vi €[0,T] Yo € Wh(0, T; C®(Q x D)).
(47)

However, passing to the limit R — oo in the extra stress tensor term 7/
appearing in Eq. (34) requires some care. Recall that

"R =/DMxm/?m’R(q(X)q)dq—/DMt/?m’R(VqXR®q)dq—/DM&’”’RXRIddq.
It is easy to see that, as R — oo,
/DMl/Af’”*RXRIdlq — /.DMI/A/’”I(Hq strongly in LY (2 R foraet € (0, T),
and

/DM@@’"’R(V(,XR ® ¢)Xdg — 0 strongly in L'(€2; R¥*9) forae. t € (0, T).

However, since we only have an L*°(0, T'; L1 (2 x D; RdXd)) bound on the con-
formation tensor o™ R defined in (46), i.e.,

sup /
te(0,7T) JQ

[ My™R (g ® gMg|dx < C,
D
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we cannot pass to the weak limit in "% as R — oo. To overcome this prob-
lem we embed the space L>(0, T; L' (2; RZX%)) into L>(0, T; M(Q; RIX4Y).

sym sym
Then, by the Banach—Alaoglu Theorem, there exists a time-parameterised positive

semidefinite measure u' € L*>(0, T’ M(Q; Rx4Y) such that, as R — oo,

sym

o™ R _x w? weakly* in L0, T; M(S; RYXdY))

sym

(i.e., in duality with L' (0, T'; C(Q; R4xdY).

sym
Now consider the localised approximate conformation tensor

"R, x) = /D M@QP™ R, x, ) xr(Iq]) (g ® g)Xgq.

Similarly as above, there exists a positive semidefinite measure i} € L>(0, T'; M
dxd
(2 Rs‘yxm )) such that, as R — oo,
g R _x A2 weakly* in L0, T; M(S; RExdy)

sym

Thus, as R — oo,

t t
f / R (s) . Vowidads — / <[TL;”(S), wa,-)ds
0 JQ 0

Vie{l,...,m}, ae. t €(0,7).

Therefore, passing to the limit R — oo in (34), we obtain

t t t
/ / Oru™ - wdds — / / @™ @u™) : Vywidxds + v/ / V™ : Vywdxds
0 JQ 0 JQ 0 JQ

t
:_1£<ﬁgmxv;wﬁm,

(48)
foralli =1,...,mandae.t € (0, 7).
We can also pass to the limit R — oo in (41) to deduce that
1 R t
- / lu™ (1) °dx + / MF ™) (t)dgdx + v/ / | V™ | 2doxds
2
+4M/ / ym dqd)a;ls+4/ / Vo /¥ | dgdxds  (49)
QxD QxD

< 5/ |u6”|2dx+[ MF (oXlgdx.
Q QxD

Finally, we consider the energy identity (45) for the conformation tensor o ¥,

Denoting by u{, the trace of the symmetric positive semidefinite matrix-valued
measure (', we can pass to the limit R — oo to obtain

1 T
—-f R (f ™ (1) [ + (1 (1), ]19)>dt+vf 1| Veu™ Zdxds
2 Jo Q Qr

T m 1 m 2 1 7
=—f ﬂ[(um(t),15)—d|9|]dt+—/ |u (0)|dx+—/ tro (YoXx,
0 2 Ja 2 Ja .
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for each n € C! ([0, T)) with 7(0) = 1 and 3,7 < 0.
Let us now define

o (™)1, x) = /D M@V (1, %, ) (¢ ® gXq.

~ b
We then have that o (¥™) € L>(0, T; L'($2; R?*4)). By identifying this func-
tion with a symmetric positive semidefinite matrix-valued measure in L*°(0, T';

M(Q; RExd)), we can consider the parametrised defect measures

A1) — o (P)(6) and pl, (1) —tro (P™)(1).

We will now leverage the energy inequality to deduce additional information about
those measures. First, we show that the defect measure u! — o (¥™) is positive
semidefinite, i.e.,

(ﬂ?(t)—a(@?fm)(t),§®§>20 VeEeR? forae.re(0.T). (51)

LetR" > 0andn € L! (0, T) be fixed. Since &™R > () in the sense of symmetric
positive semidefinite matrices, we have

T
/ n(s) / ET5" R el
0 Q

T
z/ms)f g7 (/ Mwm’RxRan(q@q)dq) &dds VE € R
0 Q B (0)

We can pass to the limit R — oo in this inequality, using the strong convergence
of "R to 4™ on the right-hand side, to deduce that

T
/0 n(s) (il (s), & @ &)ds

T
z/ n(S)/éT (/ M&"’(q@q)dq)sdzds VEeRL  (52)
0 Q By (0)

By the Monotone Convergence Theorem, we can pass to the limit R’ — oo to
obtain

T
/0 1) () = o (P (6). § @ Eds =0 VE e RY.

Finally, for § > 0, we choose = %Il[,,ﬂ_g] and use Lebesgue’s Differentiation
Theorem to pass to the limit § — 04 to deduce (51).
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Similarly, for R” < R and the same choice of n as above, we observe

T
/ n/ <5’"’R —/ My R xr(q ®q)dq> 2 Vyddads

0 Q B (0)

T ~
2/ n/ <f Mw’"’RXR(q®q)dq> : Vi 9dxds
{lg|>R")
< c/ f |V, 9 (/ My R|q|2dq>dxds
{lg|>R'}
< ClI?lcrgray / / ( f M&“%qu)dxds.
By (0)

Passing to the limit R — oo we obtain

T T
[ otz o= [ [ (/ be’"(q@q)dq):vxﬁdms
0 o Ja\Jsyo
r 7 2
<C ”ﬁHCI(Q;Rd)/ n <UMZ1’ lﬁ)_/ / My™|q|dg |dxds.
0 QB0

Then, passing to the limit R” — oo and letting § — 0., we deduce that, for a.e.
te€(0,7),

(@ = o @™), v.o)
< ||l9||C1(§;Rd)<M:';U(t)—tra(@lAfm)(l),]l§> v e CHEGRY.  (53)

Next, we consider the energy identity (50). Choosing ¢t € (0,T), § > 0, and
a sequence of smooth nonnegative test functions n approximating the continuous
nonnegative piecewise linear function

1 fors € [0, 1),
N,8(s) == % fors € [t,t +6),
0 fors € (t +6,T],

we can pass to the limit in turn with the approximation of 7, s, and, using Lebesgue’s
Differentiation Theorem, with § — 04. We thus obtain, for a.e. r € (0, T), the
energy inequality

1 1
! / W OPdx + ~ (w0 1)+ v [ Ve s
2 Ja 2 Q

t
+ / [ (5). 1) — dIS]ds (54)
0

1 1 o
< —/ Iuolzder—/ tro (Yo)dx.
2 Ja 2 Ja
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Testing the Fokker—Planck equation (47) with the function ¢(q) = Tr(|¢|%)
(with the same truncation as before, defined in (14)), we obtain

MyoTr(Iq*dgdx — fQ N My™ (1) Tr(|q)1*)dgdx

QxD
= - / / My ((Veu™)q) - Vg Tr(lq|*Xgdxds
2 /D
[ M9,y o Prgbas.
2 /D
The first term on the right-hand side can be rewritten as

- /Q /D MO ((Veu™)q) - Yy Tr (1P Xigdxds

= —2/ (/ My xr(q®) (g ®q)dq> : Vyudxds,
Q \JD
while the other term can be written as follows:

2/ /quxlAfm'qu(|q|2)dquﬂS=2/ /Mxl?”llqlzx]e(lqlz)dquds
Q JD Q JD
4 f f M xr(1gPAgdxds
Q JD

2 [ [ MgV xntia Prigdads.

Q JD

As before, the last term can be bounded as follows:
A A 1
/ / My"™q - Vyxr(lg1*Xgdxds = 2 / / MY™|g1* xg(q|*dgdxds < —.
Q JD Q JD R

In each of the other terms we can pass to the limit R — oo using the Monotone
Convergence Theorem, and thus we deduce that

/ tro (Yo)dx — / tro (™) (1)dx
Q Q
= —2/ o (P™) : Veudxds + 2/ tr(o (Y™ — Id)dds.
Q; o7

Next, we multiply the Navier—Stokes equation (48) by ¢; and sum over the index i
to derive the equality

1 1 !
-/ | (1) dx — -/ |u0|2dx+v/ IVeu™ Zdxds = —/ (B2 (s), Veu™)ds.
2 Ja 2 Ja N 0
Consequently, we obtain the energy equality
1/ |um(t)|2dx+l/ tra(ll}m)(t)derv/ \qumlzdxder/ r (or(t/}m)fld)d,uds
2 Jo 2 Jo Q Q4

1 1 ~ t N
= */ Iuolde+f/ tro(l/fo)dX—/ (ﬂ?(S)—U(t//m)(S),qum>dS-
2 Ja 2 Ja 0
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Comparing this with the energy inequality (54), we deduce that

t

1 N N
3 (@ = w0, 1g)+ [ {ut,6) - ro (). 1g)as
0

t
< [ (o - o). Vs
0
Inequality (53) then implies that
(e = ro ™), 1)

t
= ZA ” qum(s)‘|C(§;Rdxd) </L:¥U (s) —tra(Y™)(s), ]l§>ds.

Consequently, Gronwall’s Lemma implies that the measure uf;, — tl‘G(I/A/m) is
identically equal to zero for a.e. t € (0, T'). Therefore, using (53) we deduce that

At =o@™), wl' =to@™), forae.re(0,T).

A b

In particular, i, = tr i}, and because o (™) € L*°(0, T’; L'(Q; R¥*4)), jtalso
b b

follows that i € L>°(0, T; L'(; R¥*?)) and " € L*°(0, T; L' (2; RY)).

4.7. The Limitm — o0

As the final step, we pass to the limit m — oo in the Galerkin approxima-
tion of the Navier—Stokes equation. Again, we will use the uniform bounds ob-
tained from the entropy estimate (49) to deduce that #™ is uniformly bounded in
L0, T; L2(2; RY)) N L2(0, T; V). Then one sees from (48) that

b
du™ € L*(0, T: [V N H™ (€ RYY), uniformly in m.
It follows that there exists a u € Cyeax ([0, T1; L2(R9)) such that
u™ — u strongly in L(0, T; L*(; RY)),
Vo™ = Veu weakly in L2(0, T; L (2; R*9)).

Moreover, since the sequence of measures i) = o (/™) is uniformly bounded in

L0, T; M(Q }Rfyx,,f’ )) (cf. the final sentence of the previous section), there is a

measure (i, and a non-relabelled subsequence of (it”),,>1, such that

A" —* i, weakly* in L>®(0, T; M(Q2; R9*4)) asm — oo.

sym

Passing to the limit in the Fokker—Planck equation follows similar lines as
before. In particular, there exists a function ¥ > 0 such that, as m — oo,

LN strongly in L1(0, T; L}, (2 x D)), q € [1,00),
MV, 0™ — MV, 4% weakly in L1((0, T) x @; L'(D; R*?)),
Moy — My weakly in L2(0, T; [H* (2 x D)]').
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Moreover, by choosing a further subsequence, we can assume that the first conver-
gence property stated above is true almost everywhere on (0, 7) x Q x D.
We can now pass to the limit in (47) to obtain

/ / M3, ¢dgdds + f Mro¢ (0)Xgdx — / M ()¢ (tdgdx
Q, JD QxD QxD
__ / / M - Vygdadods — f / M (V40)q) - ¥y ddgedads
Q JD Q JD

+u/ /val/}-vxqumw/ /qu&-quﬁdqdms
@ JD Q JD

Vi e[0,T] Yo e Wh(0,T; C®(Q x D)),

(55)
and then by a standard density argument we extend the class of test functions under
consideration from ¢ € H'(0, T’ Cé’o(ﬁ x D)) to¢p € H'(0,T: H(Q x D)),
s>d+ 1.

We now define the parametrised measure

mys(t) == fio (1) — o ()(1), t€(0,T).

Then, by passing to the limit m — oo in (48) we obtain
/ u-'d;ﬁdxds-i—/ (u®u):sz9dxds—v/ Vyu : Vyodxds
oH o} o8

t
=/ 0(1@) . Vyodxds +/ (mpys(s), Vyo)ds +/ u(t) - 9 (t)dx —/ ug - U (0)x
Q 0 Q Q
Ve {19 e L2, T; V)N LY, T; ' (@:RY)) | o9 e L1 O, T; L2(Q;Rd))},

as required.
Passing to the limit m — oo in (52), we deduce that

T T . R
/ n(s><ﬂa(s>,5®s>dsz/ n(s)/s (/ MW(q®q)dq)€d)ais Ve cRY.
0 0 Q B (0)

Similarly as before this leads to showing that the defect measure m y g is positive
semidefinite, i.e.,

(mys(@),EQE) >0 VEeR? forae.r e (0,T).

Next, we consider the energy identity (50) and repeat the argument leading to in-
equality (54). Passing to the limit m — oo with the same choice of approximations
of the indicator function of [0, ¢) as before, we obtain the energy inequality

1 2 1 _ 2 ! b
,/ lu(t)| dx+7<trug(t),]l§)+v/ |Vt dms+/ [[tr it (). 1g5) — dIS2]]ds
2 Q 2 Q 0 (56)
< 1/ |uo\2dx+1/ o (Joxx,

2 Jo 2 Jo

valid for a.e. t € (0, T'). Defining

mop(t) = tr (ﬂa(t) - U(Iﬁ)(t)) forr € (0,7),
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we can rewrite (56) to obtain the inequality
= [ lu®ldx+ = [ wo@®O)Mx + = (mop), Ig)+v [ |Viu|dxds
2 Jq 2 Jg 2 Q

t
+/s2, r (0(¢)—Id)d.xds+/0 (mop(s), Ig)ds

1 1 A
< —/ |uo|2dx+—/ tr o (Poxir,
2 Ja 2 Ja

fora.e.t € (0,T).

The compatibility condition (12) (with ¢ = const.) follows in an analogous
way as inequality (53) before.

Therefore the quadruple (u, 1}, mys,mop) is a generalised dissipative solu-
tion of the Hookean dumbbell model according to Definition 2.1. Furthermore,
passing to the limit in (49) (via weak lower semi-continuity and Fatou’s Lemma)
we deduce (13). Finally, passing to the limits R — oo and m — o0 in (42), we
deduce that

/ M(q)V(t,x,qxdg =1 forae. (r,x) € [0,T] x Q.
D

Thus, Theorem 3.1 is proved for the case d > 3. The case d = 2 requires a
modification of the macroscopic closure step, and is explained in the next section.
O

5. Proof of Theorem 3.1 in 2D

The proof of existence of generalised dissipative solutions for d = 2 follows
essentially the same lines of argument as above. The only deviation is the fact
that we can deduce additional regularity of the approximate conformation tensor.
Taking advantage of the fact that the uniform L2 estimates below do not require
any cancellations between the Fokker—Planck and the Navier—Stokes equations, we
derive a macroscopic closure of the Fokker—Planck equation already from equa-
tion (21). Using the additional regularity of the approximate conformation tensor
(at each level of approximation), we are able to derive an equation for the limit
quantity, which turns out to be the stress equation of the Oldroyd-B system.

Define the approximate conformation tensor

o™ R, x) = /DM&’”'R‘L (q ® q)g.

Let ¢ € H'(Q; R?*?) and set

d(x,q) =(q®q) : p(x).
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Testing equation (21) with ¢ we obtain, on the left-hand side,

(i

(LH} (@x D)), H (Q2x D))

([ pivstaoan).o
D ((HY(QR¥>2)), H (Q;R?%2))

_ <8tam,R,L’ (p)

whereas on the right-hand side we have, for the terms involving x-derivatives,

(H'(Q:R>2)), HI(;R2%2))
2 R,L
[ iR R g @ gt = [ () g o Rt
X

[ Ma o (i) dadx =~ [

Ok (Mlﬁm’R’qu'ij> i dgdx
QxD QxD

= —u/ Vo™ RL: Vdx.
Q

In the transition to the last line we took advantage of 1/?’” R,.L beingin L2 O, T; H 1},1 (2x
D)) to justify differentiating under the integral sign. The g-convective term can be
written as follows:

i DMALU/?""R’L)xRum) (Vo™ BDYg) -V, ((q ® @) : @)dgdx

) T
/ |:/ MALEG™RLYyr(q)) (g ®q)dq] (qum,R,L) :
QLJD i

+ /Q Voun Rl [ /D MAL@’"’R’L)XR(mD(q®q)dq} g

Finally, in the diffusion term, we integrate by parts to derive the equality

MV RE Y, (g ®q) : ¢)dgdx

QxD
=2f o™ RL :(pdx—Z/ [/ Ml/A/m’R’qu]Id:¢dx.
Q Q D

We thus arrive at a weak form of an evolution equation satisfied by %L In
particular, thanks to previous estimates yielding ¥"-®-L e L2(0, T; H L (Qx D)),
we can choose ¢ = "R as a test function for this equation. To obtain a Gronwall-
type inequality, we need to use the Gagliardo—Nirenberg inequality in the following
bound:
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l/vau’"-RvL UD MAL ™R xR (gD (g ®q>dq} o Rl

< (/ ’qum‘R’L‘zdx>l/2 </ ’ovava
Q Q

1/2
2 R 2
<|v m,R,L” /) m,R,L‘ /M mR.L, 2

- H xu L2(Q:;R2%2) Q o D v lgl7dg| dx

2
L4(Q;R2X2)

2 N\ 172
dx)

/DMAL(E@M’R'L)XR(MD lq|%dg

<[t

m,R,L ”
LZ(Q;szz)
2

m,R,LH2 H \vi o,m.R,LH
x LZ(Q;RZXZ)’

L2(:R2%2) ty ‘

1 2
< — Hvxum,R,LH 5 -
7 L= (:R“%%)

where in the transition from the third line to the fourth line we used the pointwise
bound

s

0 S/ Mlzfm,R,Lmlqu —tro™RL < ‘O_m,R,L
D

with |o”®-L| signifying the Frobenius matrix-norm of the symmetric positive
semidefinite matrix o &L We end up with

d 2 2 2
—/ ‘am’R’L) dx—l—ﬁ/ ‘onm’R’L‘ dx < C(Q)—l—a(t)/ ‘Gm’R’L‘ dx,
dr Jo 2 Jo Q

for an integrable nonnegative function a € L'(0, T'). Using Gronwall’s Lemma we

deduce that
R.L|? ! R.L|?
sup /‘0’”’ ’ ‘dx—i—/ / ‘an’”’ ’ ‘dxdst,
te(0,7) JQ 0 JQ

where the constant C is independent of m, R, L. With the above estimates in hand,
we infer the following bound on the time derivative of o %L

,R,L
||310m “LZ(O,T;[HI(Q;RZXZ)]’) < C.

By applying the Aubin-Lions Lemma we deduce that the sequence (o %:L); ¢
is precompact in L?(0, T; L?(2; R?>*?)). Therefore, there is a function ¢ €
Cc(0,T]; LZ(Q; szz)) (and a non-relabelled subsequence) such that, as L — oo,

mRL _ ymR strongly in L0, T; L?(S2: R2*?)),

Vo™ RL Ly oMk weakly in L%(0, T; L (2:; R**?)).

o

Since the above bounds are uniform in R and m, we can similarly find 6" and o
such that

o€ H'(O, T [H' (@R N C(0. T1: L@ R¥?) N L0, T; H' (Q: R*?)),

and
lim ¢™® =¢™, lim ¢ =o,
R—o0 m— 00
where the limits are to be understood in the strong sense in L2(0, T'; L?($2; R?*?))

and weakly in L2(0, T; H'(2; R?¥2)).
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m,R,L

Passing to the limit with L — oo in the equation for o , we arrive at the

following equation for o X:

—/ o™ R . 9, dxds
Q
= / o (Y0) : (0)dx — / o™ R (1) p(t)x
Q Q
—i—f (um’R . Vx)ga o™ Rdxds — u[ Vo™ RV dxds
Q Q2
0 R R T
+/ U My™ " xg (q®q)dq} (qu’"’ ) : gdxds
Q D

+/ Veu™R [/ My™Ryr(q ®q)dq] : gdxds
Q D

—2/ om’R:qxbads—i—Z/ U M&m’qu] Id : gdxds
Q Q D
Vo e C' ([0, T] x Q:R*>?) andVr € [0, T).

Testing this equation with ¢ = Id and using (44), we deduce that

1 1
-/ |um‘R(t)|2dx+—/ tro”™Redx +v [ [V R dxds
2 Q 2 Q Q

+ / tr (™R — 1d)dxds
Q

_ L iz o L . 1
—Z/QW (0>|dx+2/9tra(wo)dx+o(R>.

Then, by passing to the limit in this equality with R — oo, by weak lower-
semicontinuity we arrive at the energy inequality satisfied by o™:

[V, u|dxds + f tr (6™ — Id)dxds
€

1 1
-/ |um(t)|2dx+—/ tro™(1)dx + v
2 Q 2 Q Q

1 1 n
<5 [ w@Ps+ 5 [ wodiou.
2 Ja 2 Ja
(57)
In a similar way, we can derive an equation for the truncated approximate
conformation tensor. Let

GMRL(r x) = / MO ye(l4]) (g ® gXg.
D

We now test equation (21) with

o(x,q) = xr(ql) (¢ ® ) : p(x),
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where ¢ € H'(Q; R?*?). This yields some additional terms arising from the terms
in (21) that involve derivatives in g. More precisely, we have

i DMAL(lﬁm’R’L)XR(MD (Vo™ REYg) -V, (xr(g]) (¢ ® @) : @)dgdx

) T
f U MAL @™ R 2 (1q) (6]®q)dq] (vxum,R,L) -l
QLJ/D ]
+ fQ v, um kL [/D MALA@" R 32 () (g ® q)dq:|  dx

+ [ MALG" R k(gD (V4 (r(lg)) @ @) : Ve RE)
QxD

((g ® q) : p)dgdx,

where the three terms on the right-hand side of this equality arose from applying
the product rule for differentiation to V,; (xr(l¢]) (¢ ® q) : ¢) and noting that ¢ is
independent of g. Furthermore,

i Dquxz'"’R’L -V, (xr (gD (g ® @) : 9)dgdx

=2/ 6’"’R’L:gadx—2/ [/ M&’”»“X,gdq} Id : @dx
Q Q D
—Z/QW/DM@’”‘R’L ((Vgxr ® @) + (¢ ® Vgxr))dqdx
—[ so:f MY™RE (g ® ) Axrdgdx
Q D

+/Q<ﬂ:/DM1ﬁ’”’R’L (@ ®q)q - Vg xrdgdx.

Testing the resulting equation with ¢ = 6% and using the bounds |Axg| <

R72,|q- Vyxrl S C, we arrive at the following uniform bounds:

2 t
sup / ’6’"’R’L’ dx+/ /
1€(0,T) JQ 0 Ja

“m,R.L
19:0™ %5\l 20,7211 (:R2x2yy) < C-

2
vx(}m’R’L‘ duds < C,

Consequently, up to extracting subsequences, there are symmetric matrix-functions
™R &M & such that
g € H'(0.T; [H'( R¥)]) N C((0, T]; L2 (2 R*?)
NL*(0, T; H'(Q; R??))  with
~-m,R,L =5,m,R —-m,R

lim & lim & =o¢", lim o
L—o0 R— o0 m— 00

where the limits are to be understood in the strong sense in L2(0, T; L2(§2; R2%2))
and weakly in L2(0, T; H'(2; R?*?)). In fact, thanks to the presence of the trun-
cation yp in the definition of o™R.L we can identify &Mk ag

™R (e, x) =/I)M1ﬁ’"’RXR(IqI)(q®q)dq-
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Passing to the limit R — oo in (34) we obtain

t t t
/ / Oru™ - wdxds —/ / @™ @u™) : Vywidxds + v/ / V™ @ Vywdxds
0 JQ 0 JQ 0 JQ
t

= —/ o™ Vywds,
0
(58)

foralli = 1,...,m and a.e. t € (0, T). Proceeding as in the general case in the
previous section, we readily deduce the following properties

/<5m_g(¢,r")>;(g®g)dxzo Ve e RY, ae.re(0,7),
Q

< ||19||C]@/Qtr (" —o@™)dx Vo ec'@.

and
VQ (5'" —G(I/}'n)) LV, 9dx

Consequently, by arguing in the same way as before, we use the Fokker—Planck
Egs. (47) and (58) in conjunction with inequality (57) to infer that

" =o@W™), o™ =tac".
Using the strong convergence of Y™ and Fatou’s Lemma we deduce that, for a.e.
(1, x),
lo()| < tro() < lim inff My™|gldg = tré. (59)
m— o0 D
Passing to the limit m — oo and setting mys = 6 — 0(1}) and mop = trmys,
we see that mygs and o (i) both belong to L4(0, T; L (2; R%*2)) for g = %
and p € [2, 00), as claimed.
To conclude the final part of the proof of the theorem, we derive a macroscopic

equation fora™ = o (1}’" ). To this end we will test the Fokker—Planck equation (55)
by the following test function:

ot x,q) = Trg)TL(g)eij(t, x), ¢ € H'(0, T; C'(Q2; R¥>?)).

Recall that the truncation 77 is defined in (14) and Ti (s) = xr(s). Let us denote
by o the 2 x 2 matrix function whose entries are

ol :=/ MY T1(g)TL(gjNg, i, j=1,2.
D

Then [oX] < C tro(lﬁ’”), so that ol inherits all the integrability properties of
o(yY™), and

IVeo| = V MVXWTAq,-)TL(qj)dq‘ < LZ/ M|V ™,
D D

sothat oL € LZ(O, T; HI(Q; RdXd)) for each L > 0. Similarly, = Cc(0,T];
L? (22; R2x 2)) foreach L > 0.Moreover, by the Dominated Convergence Theorem,

ol > o™ asL — oo inL9(0, T; LY(Q; R**?)), ¢ € [1, 00).
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We shall now upgrade this convergence by deriving a uniform bound on o* in

L?(0, T; H'($2; R?*?)). Testing the Fokker—Planck equation by the function ¢ as
above, we have

/ f My™ 3, ¢dgdxds + / Mo (0xgdx — [ MY™ (1) (£ )dgdx
Q, JD QxD QxD
= / ol dpdxds + f ( / M@oﬂ(q»n(qj)dq) L p(0)x
Q Q D

—/ ok (1) : o).
Q

The g-diffusion term becomes
1
—/ MV -V (T (g)TL(g;)) ¢ifdgdxds
0 Jaxp
t
=- / Mg ¥ T] (i) T1(q;)8ikeidgdxds
0 JQxD

t
- / Mg " T; () Tr(qi)8 jkidgdxds.
0 JQxD

Integrating by parts, we have
t
_/ M3y b Ty (qi) Tr(q ) @ jdgdxds
0 JaxD
t
=/ MY™ T (qi)Tr(q ;) erdgdxds
0 JQxD
t
+ / M"™ (T} (q1))* pridgdxds
0 JQxD

t
- / MY T] (i) Tr(q;)qrerdgdxds.
0 JQxD

For the first term we observe that

1
I

t . Cc [ A
/ MY T @) T (g slabnds| < / / Mg Rgdds <
0 QxD 0 QxD

For the transport term we write

t t
f My"™u™ - Vy¢dgdxds = / / crﬁum - Vyg; dds,
o Jaxp 0 Ja -

and finally for the diffusion term
[ v viaatas = [ [ mv0m 7070 - Vs
v D ;v D

:/ anl§ - Vyg;dxds.
Q2
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We thus arrive at an evolution equation for o, Let us now observe the following
bounds

t . 1 A
f MY" Ty (qi) T (q ) prdgdxds S —/ I<p|f My |qdgdxds
0 JQxD L & b
1
< T lollr20,7;:22@:R272) 3

t
/ M (T} (q0) oudadads < [ ol / M "dgdxds
0 JoxD Q D
S ||€0||L2(0,T;L2(Q;R2Xz)) >
t
/ MY™ T} (g0 T (q ) qrerdgdrds < f o] f My™ |q|dgdxds
0 JoxD Q D

S lelli2o,7:02(0:r2x2))

)

L2(0,T; L2(Q:R2*2))
and
l ~
f MY" (Ve uaqi T} (q) T (q ) erdgdxds
0 JAxD

< / [Veu™ ||| tr o (%" )dxds
Q

m ~
S ” Vyu ||LOO(0’T;LOC(Q;R2><2)) ”0(1ﬂ)‘ L2(0.T: L2(9:R2x2)) ”W”LZ(O,T;LZ(Q;RZXZ)) .

Sinceck belongs to Lz(g, T: H! (22; szz)) foreach L > 0, thereis a sequence
(0L peny C L0, T; C1(2; R?*2)) which convergestoo = inthe L2(0, T; H'(2; R?*?))
topology. We can then choose ¢ = o'%". These bounds, in conjunction with the

b
uniform bound o© € L%(0, T; L2(2; R?*?)), show that in the limit n — 0o each
of the above terms is bounded uniformly in L. For the terms involving spatial
derivatives we observe that

L,
fQ a”u an d)ads—/Q iju ondeds—F/ oll;u'" Vx(o'l-j"—a{;)dxds

lJ

=f Lym Vx(o —ailj)d)ods
Q

L
Vi(of" ~ a,%)H

m ~
= ”u ”LOQ(O,T;LOO(Q;RZ)) Ha(l//)”L2(0!T;L2(Q;R2x2)) ‘ L2(0,T;L2(;R2)) ’

and

[ vxaig.vxai?”dm—> Vo [dxds.
Q; o
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By applying an additional mollification in the time variable, we readily deduce that
[ ot vt s+ ( [ o, (qi)mq,-)dq) b (OMx
Q Q \/D
—/ ol@t): oL (r)dx
Q

o)

> o]

2 H L2(QR2X2) L2(R2%2)

Collecting all the pieces, we arrive at the following uniform bound on &%

1H Lo

[/IV ol (s)xds < C + = Ha(wo)

L2(Q RZXZ) L2(Q RZXZ)
It follows that, up to a subsequence, we have the weak convergence
Vool = Veo(¥) weakly in L2(0, T; L*(Q2; R**?)).

We are now ready to pass to the limit L — oo in the equation for oZ. Using
the properties of 77 and its derivatives, we obtain

t
—/0 . Mgy " Ty (qi) T (q))pkdgdxds — — [ o (™) : @dxds

Q

+/ </ Mx&"’dq) Id : gdxds;
o \UD

=1

and
l ~
/ MY"™ (Vo™ aqi Ty (qi) T () ¢rdgdds
0 JQxD
t
[ i aaT @0 T @ edids
0 JQxD
t
— Veu o (YM) : </Jd)ods+/ / o (Y™ (Veu™T : gdds,
2 0 Jo
where the convergence follows from the Dominated Convergence Theorem, by not-

~ b b
ing that o (™) € L>(0, T; L*(; R*?)) and V,u™ € L*(0, T; L*(2; R>?)).
For the transport term we write

/OI/QG,-?u’" xwudqd)ads—>/ / ) @ : o (Y™ )dxds
// 0(1// )+ @dxds,

where the last equality follows since u” vanishes on the boundary of €.
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We thus arrive at the following equation satisfied by U(t/}m):

t
—f /o(&m):a,gadxds
0 JQ

_ / o (J0) : @(OXx — / o (B™)(0) : p(iXx

// )o@ : gdds — f/vmv) V. s

+ / / o (@) (Veu™) " dads + / / (Vo™ o (™) : s
0 Q 0 Q

l ~
—Zf / (o™ ~1d) : s
0 JQ
Viel0,T], Yo e Wh(0, T; C'(Q; R**?)).

Now, using density of the space C!(Q; R2*?) in H'(R2; R**?) and passing to the
limit m — oo, we deduce that the pair (u, o) is a weak solution of the Oldroyd-B
system. We postpone the proof of uniqueness to the next section. Finally, passing
to the limit in (57) we obtain the energy inequality

1 1
-/ |u(t)|2dx+—/ tro(Hdx + v |qu|2d)ads+/ tr (6 — Id)xxds
2 Q 2 Q Q

Q
1 1 N

< —/ |u(0>|2dx+—/ tr o (.
2 Ja 2 Ja

O

Corollary 5.1. [fG(LIA/) belongs to L*°(0, T; LP(R2; RZXZ))forAsome p > 2, then,
for the generalised solution as constructed above, we have o (V) = &, yielding a
weak solution to the 2D NSFP system.

Proof. With the additional integrability we can repeat the argument from the last
part of the previous proof to derive an equation for o'~ this time defining its entries
via
off == / MY Trgi) Tu(q;)Xg, i, j=1,2.
D

We arrive at an identical equation with Y replaced by ¥ and u™ replaced by u.
In deriving the energy estimate for o we now cannot use the W !> bound on the
velocity. Instead, we can estimate the terms involving the velocity as follows:

t
/ MY (Ve uqi Ty (i) Ty (q) gk dgdxds
0 QxD
< fg |Vullol tr o (Yr)dxds

< ||Vyul|;2 .242x2H0A” 2p
~ ” X ”L (0,T;L*(2;R ) (1'[/) LDO(O,T;L"(Q;RZXZ)) ”(p”LZ(O T:LP— 2(9 IRZXZ))

SC”(/)”LZ(O,T;HI(Q:szz))
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and

f oﬁu"’ . anilj“.’"dxds = / aﬁu . anﬁdxds +/ cr,«?u v (cri?” — aﬁ)d)ads
Q - Q J a J
_ L L.n L
_/Q aiju~Vx(0ij —Uij)dxds
1

= llul

o]

L.n L
V(o™ = 0yf)

LZ(O,T;L%(Q;]RZ)) H L2(0,T;LP (2:R?¥2)) ‘ L2(0,T; L2 (3 R2))

By passing to the limit L — oo, it follows that 0(1}) belongs to L>(0, T; H'
(2: R2%2)) and satisfies the Oldroyd-B stress equation (5), and so does o, with the
same velocity u. Taking the difference of the two formulations and testing by the
difference & — o ({)? we easily deduce that 6 = o (¥) a.e. (similarly as in the

more general calculation below).

Remark 5.2. The above corollary is stated in terms of conditional integrability of
U(I/Af). Let us point out however that using the pointwise bound (59), we obtain
the same integrability of 0(1&) as that of . Since the latter satisfies equation (5),
Corollary 5.1 can be seen as a sufficient condition for existence of weak solutions
to the 2D NSFP system in terms of regularity of the solution to the Oldroyd-B
system. We leave open the question of minimal conditions for ¢ to belong to
L*°LP. Observe that a slight modification of the above proof allows for the same
conclusion under additional regularity of the velocity gradient — namely, V,u €
L2(0, T; LP(S2; R2*2)) for some p > 2.

6. Conditional Regularity and Uniqueness

6.1. Proof of Theorem 3.2
Let us now assume additional regularity of the velocity field, namely, that
du e L0, T; L>(:R*) and Veu e LY0, T; C($2; R¥)). (60)

Testing the Fokker—Planck equation (10) with the function ¢ (¢) = Tr(|g 12) (with
the same truncation as before, defined in (14)), we obtain

Mo Tr(1g1*Xdgdx — / M (1) Tr(|q|*gdx
D QxD

Qx

_ /Q /D M (Veu)q) - Vy Tr(1q1*Xgdads

+ / f MY, - ¥, Tr (I[P xigdds.
Q JD

2 Strictly speaking, a mollification in time is required for this testing to be admissible.
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The first term on the right-hand side can be rewritten as

_ fQ /D M (Veu)q) - Y Tr(1q]*Xgdads

- / ( f M x(al®) (g ® q)dq)  Vuelads,
Q \UD
while the other term can be written as

2 / / MYy - qxr(lq1*Xdgdxds = 2 / / M1q 1> xr (11" Xdgdxds
@ JD Q JD
Y / f M xr(Iq PXigdxds
Q JD

2 [ [ MgV andiaPrigtas.
Q JD
As before, the last term can be bounded as follows:

N a 1
[ [ mia-Vyxutairaias =2 [ [ wiiaR ol xabs < .
@ JD Q JD

In each of the other terms we can pass to the limit R — oo using the Monotone
Convergence Theorem. Therefore we deduce that

f tr o (Yo)dx —/ tro(Y)(1)dx = —2/ o () : Vyudxds +2/ tr(o () — Id)dxds.
Q Q Q2 2

Next, we test the Navier—Stokes equation (9) with u (which is admissible because
of the assumed additional regularity (60)) to derive the equality

1 2 1 2 2
— | lu@®|dx — < | |upldx +v |Vyu|dxds
2 Q 2 Q Q[

t
= —f oY) : Vyds —f (mys(s), Veu)ds.
0 Q;

Consequently, we obtain the energy equality

1/ |u(r)|2dx+1/ tra(gft)(t)dx-‘rv/ |qu|2dxds+/ r (a(l/})—ld)dxds
2 Q 2 Q Q; Q

1 1 A !
=5 [ o+ 5 [ waions = [ s, Vanas,
2 Ja 2 Ja 0

(61)
Comparing this with the energy inequality (11), we deduce that

t

t
(mon(), 1g) + /O (mon(s). Igds < /0 (ms(s). Vyu)ds.

The compatibility condition implies that

t t
/0 (mys(s), Veu)ds S/O £) IVeu($)ll o g gaxs (Mo (s), Ig)ds.

Consequently, Gronwall’s Lemma implies that mpp = 0. Then, by compatibility,
we must have that mygs = 0. O
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6.2. Proof of Corollary 3.3

By assuming the stated additional regularity of the initial datum for the stress
tensor, together with the Oldroyd-B stress evolution equation satisfied by o, we are
in a position to deduce higher regularity for o, and subsequently of the velocity.

Indeed, since u € L4(O, T; L4(S2; R2)) and o € LZ(O, T; Hl(Q; R2X2)), we
see that

(u-Vy) o e LY3(0, T; L*3(92; R>*?)).

Similarly, (V u)é € L*3(0, T; L*/3(2; R*>*?)). It follows from Lemma 3.2 in [10]
that

G € LY2(0, T; W3 (Q; R*?)), dive e LY3(0, T; L*(92; RP?)).
With this regularity in hand, we can apply Lemma 3.6 in [10] to deduce that
du € L0, T; LX (@ RY), we L0, T; W RY), qell4.

We can therefore repeat the argument from the proof of Theorem 3.2 above to
conclude that m ys and m o p vanish, and therefore that & = o (). O

6.3. Proof of Uniqueness for the Oldroyd-B System in 2D

Suppose that (ul, 61) and (uz, 62) are two weak solutions of the Oldroyd-B
system with the same initial data (ug, 0¢). Using the energy identity (61) for both
solutions we obtain the following equality:

1 t
7f |u1(t)—u2(t)|2dx+v/ / IVeu! — Vu? 2dads
2 Ja 0 Jo

1 ? 1 ?
=ff |u1(z)|2dx+v/ / |vxu1|2dms+—/ |u2(z)|2dx+v/ / |V u? | %dxds
2 Jq 0 Ja 2 Jq 0 Ja
t
—/ ul(t)~u2(t)dx—2v/ / qul :quzd)ads
Q 0 Jo
1 2 1 - ! -1 1 -1
== lug|dx + = [ tropdx — tr(c" —Iddxds — = | tro” (¢s)dx
2 Ja 2 Ja 0 Ja 2 Ja
1 2 1 — t _2 1 _2
+ = lug|dx + = | trog — tr (6 — Id)}dxds — = | tro“(t)dx
2 Jq 2 Jq 0 Ja 2 Jq

t
—/ ul(t)~u2(t)dx—2v/ / Veul 1 VeuZdxds.
Q 0 JQ

The last two terms are treated as is usual for the Navier—Stokes equations, see for
instance [28], to deduce that

1 2 1 2 1 2 ! 1 2
— |ug|dx + = lug|dx — [ w () - u”(t)Xdx — 2v Viu : Vyu<dxds
2 Jo 2 Jo Q 0 Ja

t
:/ f Vx(u1 — uz) : ((u1 — u2) ®u2>d)0ds.
0 JQ
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The terms involving the tensors &',i = 1,2, can be rewritten using their evolution
equations: testing the equation (5) by %Id, we obtain, fori =1, 2,

1 . B ! . ! _
—§/Q<a (t)—o())dx—/o /Qtr(a —Id)d)ﬂdS:Z/O /Qa

Therefore, we have
1 t
5/Q|ul(z) —u2(1)|2dx+v/0 /waul — Vyeu?|Pdxds

t 1
:/ / Vx(u1 — uz) : ((u1 — u2) ®u2)d)ads +2/ / (61 —62) : Vx(u1 — uz)d)ads.
0 JQ 0 JQ
(62)
The first term on the right-hand side can be bounded as follows, using the Gagliardo—
Nirenberg and Young inequalities:

13
/ / Vo' —u?): ((u1 —u?) ®u2)d)cds
0 JQ

t

5/ HVx(ul—uz)‘ ‘ 2 L2 ds

0 L2(Q:RAxd) LA(Q:RY) LA(Q:RY)

5 (! 1 [ 2 2
< —/ / |qu1 — qu2|2d)ads + —/ u? ‘ul —u? ds

0 LA(Q;R9) LA(Q;RY)
2 C (24 1 22
<3/f|vu—Vu|dms+3/u( /|u—u|d)(ds,
1) L4(RY) Jq

where C is a positive constant, independent of §. For the other term on the right-hand
side of (62) we write, using Young’s inequality,

t
//(61—52):Vx(u1—u2)dxds
0 JQ
t
55/ / |vx<u1—u2>|2dms+—f / ‘a —5 (des,
0 JQ

and to close the estimate, we require a bound on the square of the difference of
&' and &2. To this end, we subtract the corresponding equations and test by the

difference, which yields
2 2 ! 1 2 2
5 )’ dxds+2/ / ‘a - ‘ dxds
0 JQ

1 1 2 2 !
-f‘a (z)-&(:)‘ dx+u//
2 Ja 0 Jo
t
—/ / ((ul—u2)-vx) G —52) : 5%xds
0 JQ

1
+/ /(VX”I‘}]J”}]V;M]):&%(VM &2 +6°VIu?)  5dxds
0 JQ

t
—/ /(qulél—i—&leTul 2o 4 (Vou?e? +62VIu?) : aduds.
0 JQ
(63)
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The first term on the right-hand side can be treated similarly as before, producing
13
/ f (@' =u?)-v.) @' =67 : 6%uds
0
<5f / ‘v &' —02)) d)ods—i-B/ / Vo' — Vo2 Pdds

4 2
/|u —uld)cds

+ J—
L4(Q R2x2)

33

52‘

where, again, C is a positive constant independent of §; while the last two terms
can be rewritten, using symmetry, as

t t
/ /Vx(ul —u?a' ! —62)dxds—/ fvxuz(al —5%): (6" - 5%dxds.
0 JQ 0 JQ

The first of the above terms is bounded again using the Gagliardo—Nirenberg in-
equality and the L4(0, T; L4(Q; R2X2)) regularity of the conformation tensor,
while the second term can be bounded by integration by parts and the L*(0, T’;
L*(2; R?)) norm boundedness of u?.

Combining (62) and (63) together with the above estimates, we obtain, upon
choosing § > 0 small enough (in terms of v and ),

2
/|u1—u2|2dx+/ ‘&1—52‘ dx
Q Q
t t 2
5/ a(t)/ ! —u2|2dxds+f b(t)/ )a‘ —52‘ dxds,
0 Q 0 Q

for some functions a,b € L'(0, T). We conclude by Gronwall’s Lemma that

u' = u? and 5! = 62 ae. in (0, 7) x Q. We thus obtain uniqueness for the

Oldroyd-B equation. O
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