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Abstract

We consider the Hookean dumbbell model, a system of nonlinear PDEs aris-
ing in the kinetic theory of homogeneous dilute polymeric fluids. It consists of
the unsteady incompressible Navier–Stokes equations in a bounded Lipschitz do-
main, coupled to a Fokker–Planck-type parabolic equation with a centre-of-mass
diffusion term, for the probability density function, modelling the evolution of the
configuration of noninteracting polymer molecules in the solvent. The micro–macro
interaction is reflected by the presence of a drag term in the Fokker–Planck equation
and the divergence of a polymeric extra-stress tensor in the Navier–Stokes balance
of momentum equation. We introduce the concept of generalised dissipative solu-
tion—a relaxation of the usual notion of weak solution, allowing for the presence of
a, possibly nonzero, defect measure in the momentum equation. This defect mea-
sure accounts for the lack of compactness in the polymeric extra-stress tensor. We
prove global existence of generalised dissipative solutions satisfying additionally
an energy inequality for the macroscopic deformation tensor. Using this inequal-
ity, we establish a conditional regularity result: any generalised dissipative solution
with a sufficiently regular velocity field is a weak solution to the Hookean dumbbell
model. Additionally, in two space dimensions we provide a rigorous derivation of
the macroscopic closure of the Hookean model and discuss its relationship with
the Oldroyd-B model with stress diffusion. Finally, we improve a result by Barrett
and Süli (Nonlinear Anal. Real World Appl. 39:362–395, 2018) by establishing the
global existence of weak solutions for a larger class of initial data.

Mathematics Subject Classification: 35Q30 76A05 76D03 82C31 82D60

1. Description of the Model

In this paper, we study generalised solutions to a Navier–Stokes–Fokker–Planck
(NSFP) model describing the flow of a dilute polymeric fluid. We establish the
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existence of solutions admitting a defect measure in the Navier–Stokes equation
but obeying an energy-type inequality in such a way that the energy defect controls
the defect in the flow equation. Thus, we extend and improve an earlier result of
Barrett and Süli [10] in three space dimensions, where no energy inequality was
proven. In the case of two spatial dimensions with additional regularity of the initial
data, we show that our generalised solution is in fact a weak solution of the NSFP
system. Furthermore, we show that the “defected” extra-stress tensor satisfies the
Oldroyd-B equations—thus providing a new existence proof for the macroscopic
system.

Polymer molecules are long chains of monomers and their presence in a fluid
induces a number of complex phenomena in the resulting mixture, making their
mathematical analysis challenging. The simplest kinetic model for a polymeric fluid
is the dumbbell model wherein each polymer molecule is idealised to consist of
two small massless beads connected by an elastic spring. Furthermore, the solution
is assumed to be dilute, i.e., it is supposed that distinct polymer molecules do not
interact with each other, and individual polymer molecules do not exhibit self-
interaction. A crucial modelling choice is the form of the elastic spring force:

F : D → R
d , F

( |q|2
2

)
= HU ′

( |q|2
2

)
q. (1)

Here U is the spring potential, H is the spring constant, and D is the space
of admissible conformation vectors. We shall choose D = R

d and assume that
the springs obey Hooke’s law, i.e., U (s) = s, with the spring constant H scaled
to 1. While it is obviously nonphysical that the polymer molecules are allowed to
extend indefinitely, this simple description has practical appeal. In particular, the
resulting micro–macro model has a (formal) macroscopic closure, the Oldroyd-B
model [26]. We shall therefore focus our attention on the Hookean dumbbell model

∂t u + (u · ∇x ) u − ν�x u + ∇x p = divx τ on (0, T ) × �,

divx u = 0 on (0, T ) × �,

∂tψ + u · ∇xψ + divq ((∇x u)qψ) − μ�xψ = divq

(
M∇q

(
ψ

M

))
on (0, T ) × � × D,

(2)

where T > 0, � ⊂ R
d is a bounded open domain, and D = R

d is the conformation
domain. The polymeric extra stress tensor τ appearing on the right-hand side of
the conservation of linear momentum equation (2)1 arises because of the presence
of the polymer molecules in the Newtonian fluid, with constant viscosity ν > 0,
acting as a solvent, and μ > 0 is the so-called centre-of-mass diffusion coefficient.
The extra stress tensor τ is related to the probability density function ψ by the
Kramers expression (again, with all physical constants scaled to 1):

τ(t, x) :=
∫
D

ψ(t, x, q) (q ⊗ q)dq −
(∫

D
ψ(t, x, q)dq

)
Id.

Here q ⊗ q ∈ R
d×d
sym , with entries (q ⊗ q)i, j = qiq j for i, j = 1, . . . , d, and

Id ∈ R
d×d is the identity matrix. Thus, τ is a symmetric tensor. The factor M ,
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present in the last term of the Fokker–Planck equation (2)3, is the normalised
Maxwellian, defined by

M(q) := 1

Z e− |q|2
2 , Z :=

∫
D

e− |q|2
2 dq.

We note in passing that the triple (u, p, ψ) = (0, c, M) is an equilibrium solution of
the system (2) for any constant c. We observe immediately some crucial properties
of the Maxwellian, which we will frequently use without reference:

∇qM = −Mq,

∫
D
M(q)|q|rdq < ∞, sup

q∈D
Mα|q|r < ∞, for any α > 0, r ≥ 0.

The Maxwellian is a convenient weight for the solution of the Fokker–Planck equa-
tion, and so we will actually consider the normalised probability density function

ψ̂ := ψ

M
, ψ̂0 := ψ0

M
,

where ψ0 is the initial value of ψ , i.e., ψ(0, x, q) = ψ0(x, q) for all (x, q) ∈ �×D.
Consequently, it is useful to rewrite the Fokker–Planck equation as an equation for
ψ̂ :

M∂t ψ̂ + Mu · ∇x ψ̂ + divq
(
(∇xu)qMψ̂

)
− μM�x ψ̂ = divq

(
M∇q ψ̂

)
.

We supplement system (2) with the initial and boundary/decay conditions

u = 0 on (0, T ) × ∂�,

u(0, x) = u0(x) ∀ x ∈ �,

and∣∣∣∣M
[
∇q

(
ψ

M

)
− (∇xu)q

ψ

M

]∣∣∣∣ → 0 as |q| → ∞ on (0, T ) × �,

∇xψ · n̂ = 0 on (0, T ) × ∂� × D,

ψ(0, x, q) = ψ0(x, q) ∀ (x, q) ∈ � × D,

where n̂ denotes the unit outward normal vector to ∂�. If ψ0 is such that

ψ0 ≥ 0,

∫
D

ψ0(x, q)dq = 1 for a.e. x ∈ �,

then the above boundary/decay conditions guarantee that these properties are prop-
agated in time.

Let us also recall the Oldroyd-B model with stress diffusion

∂t u + (u · ∇x ) u − ν�xu + ∇x p = divx τ,

divx u = 0,

∂tτ + (u · ∇x ) τ −
[
(∇xu)τ + τ(∇T

x u)
]

− μ�xτ + 2τ = 2D(u),

(3)
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posed on (0, T ) × �, which, at least formally, is the macroscopic closure of the
Navier–Stokes–Fokker–Planck system (2), upon multiplying the Fokker–Planck
equation (2)3 by q⊗q and integrating over q ∈ D. Note, however, that this assertion
has not been rigorously proved for weak solutions, except in two space dimensions
(cf. [10]). Here we denote by D(u) := 1

2 ((∇xu) + (∇T
x u)) the symmetric velocity

gradient. For further reference, we introduce the conformation tensor σ := τ + Id,
which satisfies the following evolution equation

∂tσ + (u · ∇x ) σ −
[
(∇xu)σ + σ(∇T

x u)
]

− μ�xσ + 2 (σ − Id) = 0. (4)

To make a clear distinction between solutions to (3)3 and (4) on the one hand, and
the tensors σ and τ defined through a solution ψ̂ to the system (2) via the (formal)
macroscopic closure described above, we denote the latter by, respectively,

σ(ψ̂) :=
∫
D
Mψ̂ (q ⊗ q)dq, τ (ψ̂) := σ(ψ̂) −

(∫
D
Mψ̂dq

)
Id.

The main difficulty in proving existence results for the Hookean dumbbell
model (2) is the lack of sufficiently strong a priori bounds on the extra stress
tensor τ(ψ̂). The global existence of weak solutions is known only in two spatial
dimensions: it was proved by Barrett and Süli [10] (for smooth enough initial data)
through a rigorous derivation of the macroscopic closure of the NSFP model, i.e.,
by rigorously establishing the connection of the NSFP model to the macroscopic
Oldroyd-B model; see [10]. This result was recently extended to a larger class of
data by La [21], who introduced the concept of moment solutions to the Fokker–
Planck equation.

Choosing a suitable nonlinear spring potential in (1) instead of the linear
Hookean spring potential leads to a more satisfactory existence theory. A large
body of literature is by now available in the case of finitely-extensible nonlin-
ear elastic (FENE) type models; see, for instance, [5–8,20,23,24]. In the classical
FENE model due to Warner [27] the configuration domain D is a bounded open ball
inRd of radius

√
b, with b > 2, centred at the origin, and the elastic spring-potential

is given by

U (s) = −b

2
ln

(
1 − 2s

b

)
, s ∈

[
0,

b

2

)
.

Thus, as the function q �→ U (|q|2/2) and the associated spring-force both blow up
at the boundary ∂D of the configuration domain D, polymer chains are prevented
from exhibiting indefinite stretching. Global existence of large-data weak solutions
to a general class of FENE-type models with centre-of-mass diffusion, μ > 0,
and the equilibration of weak solutions to the model as t → +∞, were proved by
Barrett and Süli in [5]. The global existence of weak solutions for the nondiffusive
(i.e., when μ = 0) FENE model was proved in the paper of Masmoudi [24]. It
is not currently known whether weak solutions of the model with stress diffusion
(μ > 0) converge, in any sense, to weak solutions of the nondiffusive model as
μ → 0+. Existence results are also available for diffusive Hookean-type models,
where the Maxwellian is super-Gaussian, i.e., when D = R

d and M exhibits more
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rapid decay to 0 as |q| → ∞ than the Gaussian Maxwellian associated with the
standard Hookean model considered herein; see [8].

Another variant of (2), which has been widely studied in the mathematical
literature, is the corotational model. It arises by replacing the velocity gradient
∇xu in the q-convective term in the Fokker–Planck equation by the vorticity tensor
ω(u) := 1

2 ((∇xu)− (∇T
x u)). In this case, one can derive stronger a priori estimates

on the probability density function ψ̂ than in the noncorotational case studied here.
In the presence of centre-of-mass diffusion, the global existence of weak solutions
was shown for a general class of corotational FENE models in [4], and for the
corotational Hookean model in [16]. In the nondiffusive case, μ = 0, global well-
posedness is known only in two space dimensions [23,25].

Macroscopic models for polymeric flows are also of significant interest. The
global existence of weak solutions to the two-dimensional Oldroyd-B model (3)
with stress diffusion was shown by Barrett and Boyaval in [3]. Global regularity
was then shown by Constantin and Kliegl in [15]. For the nondiffusive case, local
well-posedness was shown in critical Besov spaces by Chemin and Masmoudi [13]
under a Beale–Kato–Majda type assumption. Lions and Masmoudi [22] proved
global existence of weak solutions to the corotational Oldroyd-B model.

Mindful of the difficulties associated with proving the global existence of weak
solutions to (2), we propose to relax the definition of weak solution and consider
a class of generalised solutions, referred to as generalised dissipative solutions.
The main idea is to allow for a defect to develop in the Navier–Stokes equation—
mathematically, this entails substituting the extra-stress tensor, τ , by τ + mNS ,
where mNS is a tensor-valued measure. This approach was recently suggested by
Barrett and Süli in [10], who showed the global existence of weak subsolutions to
the Hookean Navier–Stokes–Fokker–Planck model in three dimensions. Here, we
revisit the idea of [10] giving a different proof. Crucially, we are able to identify
a dissipation defect measure, which dominates the aforementioned measure mNS

and satisfies an appropriate energy inequality—namely, the energy inequality asso-
ciated with the macroscopic Oldroyd-B model. Armed with this energy inequality
we are able to prove a compatibility result: any generalised dissipative solution
with appropriate regularity is in fact a weak solution. Altogether, our framework of
generalised dissipative solutions is similar to the concept of dissipative solutions
introduced in [1,2] in the context of incompressible and compressible viscous flu-
ids, as well as to the dissipative measure-valued solutions; see, for instance, [17].
One particularly interesting open problem is to investigate whether our generalised
dissipative solutions (or a subclass of these) satisfy the weak-strong uniqueness
property, i.e., whether they necessarily coincide with the strong solution emanating
from the same initial data. The usual tool in the quest for such a result is to estab-
lish a relative energy/entropy inequality. This, however, seems to be a particularly
challenging task, even on a formal level (again, because of the lack of satisfactory
information concerning the derivatives of ψ̂), and is left for future work.
Outline of the paper. In the rest of this section we introduce the necessary notation
and function spaces, recall the definition of weak solution to the Navier–Stokes–
Fokker–Planck system (2), and formally explain the associated energy inequality.
Then, in Sect. 2 we define generalised dissipative solutions to (2). For the Fokker–
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Planck equation this does not differ from the definition of a weak solution, but the
Navier–Stokes equation contains a potentially nontrivial defect measure accounting
for possible lack of compactness in the extra stress tensor τ . We postulate however
that a macroscopic energy-type inequality is satisfied. This inequality also contains
a defect due to the presence of a defect in the stress tensor (or, more precisely,
the conformation tensor), which dominates the defect present in the momentum
equation. This property allows us to derive a conditional regularity property: any
generalised dissipative solution, which enjoys suitable additional regularity of the
velocity field, is in fact a weak solution of the NSFP system. This is proved in
Sect. 6. In Sect. 3 we state the main results of this paper. In Sect. 4 we prove global
existence of generalised dissipative solutions for any number of space dimensions
d ≥ 2. We first truncate the problem in two ways: we restrict the configuration
space to a bounded domain, and we truncate the probability density function in the
q-convective term in order to guarantee its boundedness. The right-hand side of
the Navier–Stokes momentum balance equation is modified accordingly in order to
preserve the energy identity for the truncated system. We then employ a two-step
Galerkin approximation to show the existence of solutions to the truncated system,
following which we remove the truncations. In Sect. 5 we establish additional
regularity of solutions for the two-dimensional case. In particular, we derive an
evolution equation for the strong limit of the sequence of approximate conformation
tensors. We cannot guarantee that this limit coincides with the conformation tensor
defined by the solution ψ̂ of the Fokker–Planck equation, but we can ensure that the
macroscopic equation for the stress tensor is the Oldroyd-B equation. Furthermore,
we can use that equation to formulate a simple condition when the generalised
dissipative solution whose existence we have shown is in fact a weak solution of
the NSFP system, by showing that the defect measure in the stress tensor vanishes.
For instance, this can be achieved by assuming some additional regularity of the
initial data. In this way, we extend and improve the existence result from [10], as
we require less regular initial data.

1.1. Preliminaries

Before stating the definition of a weak solution to the system (2), let us introduce
the necessary notation regarding the function spaces we will be working with. Let
� ⊂ R

d be a bounded open set with a Lipschitz boundary, and let D = R
d be the

space of elongations/configurations. Let

L2
div(�;Rd) :=

{
v ∈ L2(�;Rd) | divx v = 0

}
,

V :=
{
v ∈ H1

0 (�;Rd) | divx v = 0
}

,

and let L p
M (� × D), p ∈ [1,∞), denote the Maxwellian-weighted L p space with

the norm

‖φ‖L p
M (�×D) :=

(∫
�×D

M |φ|pdqdx
)1/p

.
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Similarly, we introduce the Maxwellian-weighted Sobolev space H1
M (� × D) and

its norm by

H1
M (� × D) :=

{
φ ∈ L1

loc(� × D) | ‖φ‖H1
M (�×D) < ∞

}
,

‖φ‖H1
M (�×D) :=

{∫
�×D

M
[
|φ|2 + |∇xφ|2 + |∇qφ|2

]
dqdx

}1/2

.

Of course, L p(� × D) and H1(� × D) are continuously embedded into the
Maxwellian-weighted spaces L p

M (�×D) and H1
M (�×D), respectively. We recall

from [6] the following density and compact embedding results:

C∞(�;C∞
c (D)) is dense in H1

M (� × D),

H1
M (� × D) ↪→↪→ L2

M (� × D).

We will also make use of the fractional-order Sobolev space W 1/2,4/3
n (�;Rd×d)

defined as follows. Let W 1/2,4/3(�;Rd×d) denote the space of those ζ ∈ L4/3

(�;Rd×d) for which

‖ζ‖W 1/2,4/3(�;Rd×d ) := ‖ζ‖L4/3(�;Rd×d ) +
(∫

�

∫
�

|ζ(x) − ζ(y)|4/3

|x − y|d+2/3 dydx

)3/4

< ∞.

ThenW 1/2,4/3
n (�;Rd×d) is defined as the completion of {ζ ∈ C∞(�;Rd×d) | ∇xζ ·

n = 0 on ∂�} in the norm of W 1/2,4/3(�;Rd×d).
Given a normed space X , we denote by M−1X the space of all those functions

φ for which Mφ ∈ X . By X ′ we denote the continuous dual of the space X . Given
a time t ≥ 0, we define �t := [0, t] × �.

Let F : [0,∞) → [0,∞) be defined by

F(0) := 1, F(s) := s ln s − s + 1 for s ∈ (0,∞).

Note that F is a nonnegative, strictly convex function with F ′(s) = ln s and
F ′′(s) = 1/s for s ∈ (0,∞), and F(s)/s → ∞ as s → ∞.

By M+(�;R3×3
sym ) we denote the space of matrix-valued Borel measures on �,

which take values in the cone of symmetric positive semidefinite matrices. We shall
generally identify this space with a subspace of the dual of the space of continuous
functions defined on �; by 〈·, ·〉 we then denote the corresponding duality pairing.
Similarly, the duality pairing between the Sobolev space H1(� × D) and its dual
space [H1(�× D)]′ will be denoted by 〈·, ·〉([H1(�×D)]′,H1(�×D)); we shall use an
analogous notation for the duality pairing between H1

M (�×D) and [H1
M (�×D)]′,

as well as for the duality pairing between H1(�) and [H1(�)]′.
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1.2. Weak Solutions

Definition 1.1. (Weak solution of NSFP) Let d ∈ {2, 3}, and let (u0, ψ̂0) be initial
data such that

u0 ∈ L2
div(�;Rd), F(ψ̂0) ∈ L1

M (� × D),

ψ̂0(x, q) ≥ 0 for a.e. (x, q) ∈ � × D,

∫
D
M(q)ψ̂0(x, q)dq = 1 for a.e. x ∈ �.

A pair (u, ψ̂) is a weak solution of the Navier–Stokes–Fokker–Planck system if

u ∈ Cweak([0, T ]; L2(�;Rd)) ∩ L2(0, T ; V ),

ψ̂ ∈ L1(0, T ; L1
M (� × D)) ∩ H1(0, T ; M−1[Hs(� × D]′), s > d + 1,

ψ̂(t, x, q) ≥ 0 for a.e. (t, x, q) ∈ (0, T ) × � × D,∫
D
M(q)ψ̂(t, x, q)dq = 1 for a.e. (t, x) ∈ (0, T ) × �,

F(ψ̂) ∈ L∞(0, T ; L1
M (� × D)),

√
ψ̂ ∈ L2(0, T ; H1

M (� × D)),

and the equations are satisfied in the following weak sense for each t ∈ [0, T ]:∫
�t

u · ∂tϑdxds +
∫

�t

(u ⊗ u) : ∇xϑdxds − ν

∫
�t

∇xu : ∇xϑdxds

=
∫

�t

τ : ∇xϑdxds +
∫

�

u(t) · ϑ(t)dx −
∫

�

u0 · ϑ(0)dx

∀ϑ ∈
{
ϑ ∈ L2(0, T ; V ) | ∂tϑ ∈ L1(0, T ; L2(�;Rd))

}
,

and∫
�t

∫
D
Mψ̂∂tφdqdxds +

∫
�×D

Mψ̂0φ(0)dqdx −
∫

�×D
Mψ̂(t)φ(t)dqdx

= −
∫

�t

∫
D
Mψ̂u · ∇xφdqdxds −

∫
�t

∫
D
Mψ̂ ((∇xu)q) · ∇qφdqdxds

+ μ

∫
�t

∫
D
M∇x ψ̂ · ∇xφdqdxds +

∫
�t

∫
D
M∇q ψ̂ · ∇qφdqdxds

∀φ ∈ W 1,1(0, T ; Hs(� × D))

for s > d + 1.

Definition 1.2. (Weak solution of the Oldroyd-B system in 2D) Let d = 2, and let
(u0, σ0) be initial data such that

u0 ∈ L2
div(�;R2), σ0 ∈ L2(�;R2×2), σT

0 = σ0.

A pair (u, σ ) is a weak solution of the Oldroyd-B system if

u ∈ Cweak([0, T ]; L2(�;R2)) ∩ L2(0, T ; V ),

σ ∈ Cweak([0, T ]; L2(�;R2×2)) ∩ L2(0, T ; H1(�;R2×2)),



Arch. Rational Mech. Anal.          (2025) 249:43 Page 9 of 54    43 

and the equations are satisfied in the following weak sense for each t ∈ [0, T ]:∫
�t

u · ∂tϑdxds +
∫

�t

(u ⊗ u) : ∇xϑdxds − ν

∫
�t

∇xu : ∇xϑdxds

=
∫

�t

τ : ∇xϑdxds +
∫

�

u(t) · ϑ(t)dx −
∫

�

u0 · ϑ(0)dx

∀ϑ ∈
{
ϑ ∈ L2(0, T ; V ) | ∂tϑ ∈ L1(0, T ; L2(�;R2))

}
,

and

−
∫ t

0

∫
�

σ : ∂tϕdxds −
∫

�

σ0 : ϕ(0)dx +
∫

�

σ(t) : ϕ(t)dx

= −
∫ t

0

∫
�

(u · ∇x ) σ : ϕdxds − μ

∫ t

0

∫
�

∇xσ : : ∇xϕdxds

− 2
∫ t

0

∫
�

(σ − Id) : ϕdxds

+
∫ t

0

∫
�

σ (∇xu)T : ϕdxds +
∫ t

0

∫
�

(∇xu)σ : ϕdxds

∀ϕ ∈ W 1,1(0, T ; H1(�;R2×2)).

(5)

The question of existence of weak solutions to the Navier–Stokes–Fokker–
Planck system defined in this way is open: it is completely unknown in the case
of d = 3 space dimensions whether weak solutions, thus defined, exist, while for
d = 2 it was shown by Barrett and Süli [10] that for initial data, smoother than
what has been supposed above, weak solutions do exist globally in time. Their
strategy was the following: thanks to earlier work by Barrett and Boyaval [3], it
is known that there exists a global-in-time weak solution to the two-dimensional
Oldroyd-B system (3). Assuming that ∂� ∈ C2,α , α ∈ (0, 1), and that the initial
data additionally satisfy

u0 ∈ V, σ (ψ̂0) ∈ H1
n (�;R2×2),

where H1
n (�;R2×2) is the completion of

{
ζ ∈ C∞(�;R2×2) | ∇xζ · n̂ = 0 on ∂�

}
in the norm of H1(�;R2×2), one can employ parabolic regularity results to infer
additional smoothness of the associated weak solution to (3):

u ∈ L∞(0, T ; V ) ∩ L2(0, T ; H2(�;R2)) ∩ L
4
3 (0, T ;W 1,∞(�;R2))

∩ H1(0, T ; L2
div(�;R2)),

σ ∈ C([0, T ]; H1(�;R2×2)) ∩ L2(0, T ; H2(�;R2×2))

∩ H1(0, T ; L2(�;R2×2)).

Using the extra regularity of the velocity field (in particular that ∇xu ∈ L
4
3

(0, T ; L∞(�;R2×2)), one can show global existence of a weak solution ψ̂ to the
Fokker–Planck equation (via a discrete-in-time approximation and passing to the
limit �t → 0+ with the time-step). Finally, the identification σ = σ(ψ̂) is possi-
ble, again thanks to the additional regularity of the velocity field. This programme
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cannot be repeated when d = 3, because of the lack of proof of the existence of
weak solutions to the Oldroyd-B system in three space dimensions. Instead, in [10],
the authors show existence of a generalised solution which includes the divergence
(with respect to x) of a symmetric positive-semidefinite matrix-valued defect mea-
sure on the right-hand side of conservation of linear momentum equation (2)1.
However, because of the lack of an energy inequality involving the defect measure,
they were unable to identify any conditions under which the defect measure would
necessarily vanish, even in two space dimensions. Motivated by these incomplete
results, we propose here an extended concept of solution to (2), generalised dissi-
pative solution, incorporating into the definition an energy inequality coming from
the Oldroyd-B model. We shall then prove that such generalised dissipative solu-
tions to (2) exist, and this will enable us to identify sufficient conditions in both
d = 2 and d = 3 space dimensions under which the defect measure featuring in
the definition of generalised dissipative solution vanishes.

1.3. Formal Energy Estimates

There is an energy equality associated with (2). The following calculations are
formal, but they will be justified rigorously for the Galerkin approximations of
generalised dissipative solutions. Testing the Navier–Stokes equation with u and
the Fokker–Planck equation with F ′(ψ̂), we obtain, respectively,

d

dt

∫
�

1

2
|u|2dx + ν

∫
�

|∇xu|2dx = −
∫

�

τ : D(u)dx, (6)

and

d

dt

∫
�×D

MF(ψ̂)dqdx + 4μ

∫
�×D

M

∣∣∣∣∇x

√
ψ̂

∣∣∣∣
2

dqdx + 4
∫

�×D
M

∣∣∣∣∇q

√
ψ̂

∣∣∣∣
2

dqdx

=
∫

�×D
Mψ̂ ((∇xu)q) · ∇qF ′(ψ̂)dqdx

=
∫

�×D
M ((∇xu)q) · ∇q ψ̂dqdx

= −
∫

�×D
ψ̂ ((∇xu)q) · ∇qMdqdx

=
∫

�×D
Mψ̂(q ⊗ q) : ∇xudqdx

=
∫

�

τ : D(u)dx,

where we have used the observation that divq ((∇xu)q) = 0. Thereby, we obtain
the energy equality

d

dt

(∫
�

1

2
|u|2dx +

∫
�×D

MF(ψ̂)dqdx

)
+ ν

∫
�

|∇xu|2dx

+ 4μ

∫
�×D

M

∣∣∣∣∇x

√
ψ̂

∣∣∣∣
2

dqdx + 4
∫

�×D
M

∣∣∣∣∇q

√
ψ̂

∣∣∣∣
2

dqdx = 0.

(7)
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There is also a formal energy equality associated with the conformation tensor
formulation of the Oldroyd-B system. Contracting Eq. (4) with the identity tensor,
we obtain

d

dt

∫
�

tr σdx + 2
∫

�

tr (σ − Id)dx =
∫

�

[
(∇xu)σ + σ(∇T

x u)
]

: Iddx

= 2
∫

�

σ : D(u)dx = 2
∫

�

τ : D(u)dx .

By combining this equality with (6), we arrive at the formal energy identity

d

dt

(∫
�

1

2
|u|2dx + 1

2

∫
�

tr σdx

)
+ ν

∫
�

|∇xu|2dx +
∫

�

tr (σ − Id)dx = 0. (8)

Remark 1.3. Equality (8) provides a priori estimates for the Oldroyd-B system only
as long as tr σ > d, or det σ > 1. As shown in [19], this property is propagated
from the initial state (at least for smooth solutions). Since in our construction of
generalised solutions we rely on the entropy identity (7) as the source of uniform
bounds, we shall not make any such assumption on the initial conformation tensor,
accepting to be lax about the term “energy” in reference to (8).

Remark 1.4. We note that one cannot infer a formal energy equality involving the
function ψ̂ in the L2

M (� × D) norm. The only formal energy equality involving
ψ̂ is the equality (7) stated above. We find it remarkable though that the energy
equality (7) holds, particularly because the term

−
∫

�

τ : D(u)dx,

appearing in the process of its derivation, is not well defined unless additional
regularity of either ψ̂ or u is known. A similar, but even worse, problem arises in
the Oldroyd-B model in three spatial dimensions, where it is not clear whether the
term ∫

�t

((∇xu)τ ) : ϕdxds

featuring in the weak formulation of the model is well defined – unless τ ∈
L2(0, T ; L2(�;Rd×d)), which cannot be deduced from any known estimates when
d = 3. This is the main obstacle to proving the global existence of weak solutions
to the Oldroyd-B model in three space dimensions.

2. Generalised Dissipative Solutions

Definition 2.1. (Generalised dissipative solutions) Let (u0, ψ̂0) satisfy

u0 ∈ L2
div(�;Rd), F(ψ̂0) ∈ L1

M (� × D),

ψ̂0(x, q) ≥ 0 for a.e. (x, q) ∈ � × D,

∫
D
M(q)ψ̂0(x, q)dq = 1 for a.e. x ∈ �.



   43 Page 12 of 54 Arch. Rational Mech. Anal.          (2025) 249:43 

A quadruple (u, ψ̂,mNS,mOB) is a generalised dissipative solution to the Navier–
Stokes–Fokker–Planck system (2) if

u ∈ Cweak([0, T ]; L2(�;Rd)) ∩ L2(0, T ; V ),

ψ̂ ∈ L1(0, T ; L1
M (� × D)) ∩ H1(0, T ; M−1[Hs(� × D]′), s > d + 1,

F(ψ̂) ∈ L∞(0, T ; L1
M (� × D)),

√
ψ̂ ∈ L2(0, T ; H1

M (� × D)),

ψ̂(t, x, q) ≥ 0 for a.e. (t, x, q) ∈ (0, T ) × � × D,∫
D
M(q)ψ̂(t, x, q)dq = 1 for a.e. (t, x) ∈ (0, T ) × �,

mNS ∈ L∞(0, T ;M+(�;Rd×d
sym )), mOB ∈ L∞(0, T ;M+(�)),

and the following identities are satisfied for all t ∈ [0, T ]:∫
�t

u · ∂tϑdxds +
∫
�t

(u ⊗ u) : ∇xϑdxds − ν

∫
�t

∇xu : ∇xϑdxds (9)

=
∫
�t

σ(ψ̂) : ∇xϑdxds +
∫ t

0
〈mNS(s),∇xϑ〉ds +

∫
�
u(t) · ϑ(t)dx

−
∫
�
u0 · ϑ(0)dx

∀ ϑ ∈
{
ϑ ∈ L2(0, T ; V ) ∩ L1(0, T ;C1(�;Rd )) | ∂tϑ ∈ L1(0, T ; L2(�;Rd ))

}
;

for s > d + 1,∫
�t

∫
D
Mψ̂∂tφdqdxds +

∫
�×D

Mψ̂0φ(0)dqdx −
∫

�×D
Mψ̂(t)φ(t)dqdx

= −
∫

�t

∫
D
Mψ̂u · ∇xφdqdxds −

∫
�t

∫
D
Mψ̂ ((∇xu)q) · ∇qφdqdxds

+ μ

∫
�t

∫
D
M∇x ψ̂ · ∇xφdqdxds +

∫
�t

∫
D
M∇q ψ̂ · ∇qφdqdxds

∀φ ∈ W 1,1(0, T ; Hs(� × D));
(10)

and the following inequality holds for a.e. t ∈ (0, T ):

1

2

∫
�

|u(t)|2dx + 1

2

∫
�

tr σ(ψ̂(t))dx + 〈
mOB(t),1�

〉 + ν

∫
�t

|∇xu|2dxds

+
∫

�t

tr
(
σ(ψ̂) − Id

)
dxds +

∫ t

0

〈
mOB(s),1�

〉
ds

≤ 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx .

(11)

Finally, we require that the following compatibility condition is satisfied by the
defect measures mNS and mOB : there exists a ζ ∈ L1(0, T ) such that, for a.e.
t ∈ (0, T ),

|〈mNS(t),∇xϑ〉| ≤ ζ(t) ‖ϑ‖C1(�;Rd )

〈
mOB(t),1�

〉 ∀ϑ ∈ C1(�;Rd). (12)
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Remark 2.2. We note that since we are using divergence-free test functions for the
balance of linear momentum Eq. (9), we can freely replace τ(ψ̂) by σ(ψ̂) in the
weak formulation. Indeed,

∫
�t

(∫
D
Mψ̂dq

)
Id : ∇xϑdxds =

∫
�t

(∫
D
Mψ̂dq

)
divx ϑdxds = 0.

Remark 2.3. In the two-dimensional case, we will show existence in a class where
the corrected conformation tensor σ̄ := mNS + σ(ψ̂) satisfies the stress evolution
equation associated with the Oldroyd-B system, Eq. (4). In effect, the generalised
solution in this case can be thought of as a weak solution of the Oldroyd-B system
together with the probability density ψ̂ satisfying the Fokker–Planck equation.

3. Main Results

The main purpose of this paper is to establish global existence of generalised
dissipative solutions as defined in Sect. 2, and discuss some of their properties, in-
cluding in particular instances when the defect measures appearing in the definition
of generalised dissipative solution vanish.

Theorem 3.1. (Existence) Let d ≥ 2. There exists at least one generalised dissi-
pative solution to the system (2) with mOB = tr mNS. Additionally, this solution is
entropy-dissipative in the sense that the following energy inequality is satisfied for
a.e. t ∈ (0, T ):

1

2

∫
�

|u(t)|2dx +
∫

�×D
MF(ψ̂(t))dqdx + ν

∫
�t

|∇xu|2dxds

+ 4
∫ t

0

∫
�×D

M

(
μ

∣∣∣∣∇x

√
ψ̂

∣∣∣∣
2

+
∣∣∣∣∇q

√
ψ̂

∣∣∣∣
2
)
dqdxds

≤ 1

2

∫
�

|u0|2dx +
∫

�×D
MF(ψ̂0)dqdx .

(13)

Furthermore, when d = 2 and σ(ψ̂0) ∈ L2(�;R2×2), σT
0 = σ0, we also have

σ(ψ̂), mNS ∈ Lq(0, T ; L p(�;R2×2)), q = 2p

p − 2
, 2 ≤ p < ∞.

Moreover, the pair (u, σ̄ := mNS+σ(ψ̂)) is a unique weak solution of theOldroyd-
B system according to Definition 1.2.

Our motivation for the terminology entropy-dissipative in Theorem 3.1 is that the
second term in the first line of the inequality (13) represents the relative entropy
of the probability density function ψ with respect to the Maxwellian, M , while the
expression in the second line of (13), the so-called Fisher information, quantifies
the dissipation of the relative entropy.
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Theorem 3.2. (Conditional regularity for d = 3) Let d = 3, and let (u, ψ̂,mNS,

mOB) be a generalised dissipative solution. Suppose that

∂t u ∈ L1(0, T ; L2(�;R3)) and ∇xu ∈ L1(0, T ;C(�;R3×3));
then, mNS ≡ 0, mOB ≡ 0, and (u, ψ̂) is a weak solution of the Hookean dumbbell
model (2).

Corollary 3.3. (Conditional regularity for d = 2) Let d = 2 and ∂� ∈ C2,α , α ∈
(0, 1). Suppose further that, in addition to the assumptions of Theorem 3.1, u0 ∈ V
and ψ̂0 is such that σ(ψ̂0) ∈ W 1/2,4/3

n (�;R2×2). Then, any generalised dissipative
solution to (2), as constructed in Theorem 3.1, satisfies mNS ≡ 0 and mOB ≡ 0.
Therefore the pair (u, ψ̂) is a weak solution to (2) according to Definition 1.1 and
the pair (u, σ (ψ̂)) is the unique weak solution of the Oldroyd-B system according
to Definition 1.2.

4. Existence of Generalised Dissipative Solutions

The main difficulty in proving the global existence of generalised dissipative
solutions, as defined in Sect. 2, is to derive the equation satisfied by a suitable ap-
proximate conformation tensor and guarantee the energy estimate (8). This infor-
mation is not furnished by the arguments presented in [10]. Here, instead, we shall
therefore develop an entirely different approach, which we find more transparent.
We shall construct approximate solutions to a truncated (both in the q-convective
term, and in the configuration domain) problem via a Galerkin method, and then
remove the truncations. We adapt to our case the two-step Galerkin approximation
used in [12] in the context of implicitly constituted kinetic models.

4.1. Galerkin Approximation of a Truncated Problem

The Hilbert space V ∩ Hd+1(�;Rd), equipped with the inner product of
Hd+1(�;Rd), is compactly and densely embedded in L2

div(�;Rd). Therefore,
by a version of the Hilbert–Schmidt Theorem (cf. Lemma 5.1 in [18]), there exists
a countable set {wi } ⊂ V ∩ Hd+1(�;Rd) of eigenfunctions whose linear span
is dense in L2

div(�;Rd). Furthermore, these vectors form an orthonormal set in
L2(�;Rd) and an orthogonal set in Hd+1(�;Rd).

Similarly, the Hilbert space H1
M (�×D)∩H1(�×D) = H1(�×D) (equipped

with the standard inner product) is compactly and densely embedded in L2
M (�×D).

Thus, there exists a countable set {φi } of eigenfunctions in H1(� × D) whose
linear span is dense in L2

M (� × D), which are orthogonal in the inner product of
H1(� × D) and orthonormal in L2

M (� × D).
Let R > 0, choose a smooth function χ : [0,∞) → [0, 1] such that

χ(s) = 1 for s ∈ [0, 1], χ(s) = 0 for s > 2,

and define χR : [0,∞) → [0, 1] by

χR(s) := χ
( s

R

)
.
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Using the same cut-off function χ , we define, for a fixed L > 0, the truncations

TL(s) :=
∫ s

0
χL(r)dr, �L(s) := sχL(s). (14)

We now fix n,m ∈ N, and pose the following Galerkin problem: find time-
dependent coefficients cm,n,R,L

i , dm,n,R,L
i such that the functions um,n,R,L and

ψ̂m,n,R,L , defined by

um,n,R,L(t, x) :=
m∑
i=1

cm,n,R,L
i (t)wi (x),

ψ̂m,n,R,L(t, x, q) :=
n∑

i=1

dm,n,R,L
i (t)φi (x, q),

solve ∫
�

∂t u
m,n,R,L · widx −

∫
�

(um,n,R,L ⊗ um,n,R,L) : ∇xwidx

+ ν

∫
�

∇xu
m,n,R,L : ∇xwidx

= −
∫

�

τm,n,R,L : ∇xwidx,

(15)

for all i = 1, . . . ,m and a.e. t ∈ (0, T ); and∫
�×D

M∂t ψ̂
m,n,R,Lφidqdx −

∫
�×D

Mum,n,R,L ψ̂m,n,R,L · ∇xφidqdx

−
∫

�×D
M�L(ψ̂m,n,R,L)χR(|q|)

(
(∇xu

m,n,R,L)q
)

· ∇qφidqdx

+ μ

∫
�×D

M∇x ψ̂
m,n,R,L · ∇xφidqdx +

∫
�×D

M∇q ψ̂
m,n,R,L · ∇qφidqdx = 0,

(16)
for all i = 1, . . . , n and a.e. t ∈ (0, T ), where

τm,n,R,L :=
∫
D
MχR(|q|)∇q

(
TL(ψ̂m,n,R,L)

)
⊗ qdq, (17)

with initial data given by

um,n,R,L(0, x) = um0 (x) :=
m∑
i=1

(u0, wi )L2(�)wi (x),

ψ̂m,n,R,L(0, x, q) = ψ̂
n,L
0 (x, q) :=

n∑
i=1

(TL(ψ̂0), φi )L2
M (�×D)φi (x, q).

Carathéodory’s Existence Theorem (cf., for example, Theorem 1.1 of Chapter 2
in [14]) provides local-in-time existence of such um,n,R,L , ψ̂m,n,R,L for any fixed
m, n, R, L . The uniform bounds derived below over the maximal time-interval of
local existence, [0, T∗), say, then suffice to extend these solutions to the entire time
interval [0, T ]. We shall therefore assume below that this extension has already
taken place and will write T instead of T∗ throughout the next section.
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4.2. Passing to the Limit n → ∞
Multiplying the i th equation of (15) by cm,n,R,L

i and summing over i = 1, . . . ,m,
we deduce that um,n,R,L satisfies
d

dt

∫
�

1

2
|um,n,R,L |2dx + ν

∫
�

|∇xu
m,n,R,L |2dx = −

∫
�

τm,n,R,L : ∇xu
m,n,R,Ldx .

(18)
Integrating by parts in (17) we have

τm,n,R,L(t, x) = −
∫
D
MTL(ψ̂m,n,R,L)χRIddq

+
∫
D
MχR TL(ψ̂m,n,R,L) (q ⊗ q)dq

−
∫
D
MTL(ψ̂m,n,R,L) (∇qχR ⊗ q)dq,

whereby we have that ∣∣∣τm,n,R,L
∣∣∣ ≤ CL .

Consequently, using (18) and Young’s inequality, we deduce that∫
�

1

2
|um,n,R,L(t, x)|2dx + ν

2

∫
�t

|∇xu
m,n,R,L(s, x)|2dxds ≤ C(u0, L).

It then follows that the coefficients cm,n,R,L
i satisfy

sup
t∈(0,T )

sup
i=1,...,m

∣∣∣cm,n,R,L
i (t)

∣∣∣ +
∣∣∣∣∣

dcm,n,R,L
i

dt
(t)

∣∣∣∣∣ ≤ C(u0,m, L).

Consequently, by observing the continuous embedding Hd+1(�) ↪→ W 1,∞(�),
we have that ∥∥∥∇xu

m,n,R,L
∥∥∥
L∞((0,T )×�;Rd×d )

≤ C(m, L). (19)

Similarly, multiplying the i th equation of (16) by dm,n,R,L
i and summing over

i = 1, . . . , n shows that ψ̂m,n,R,L satisfies

d

dt

∫
�×D

1

2
M(ψ̂m,n,R,L)2dqdx + μ

∫
�×D

M |∇x ψ̂
m,n,R,L |2dqdx

+
∫

�×D
M |∇q ψ̂

m,n,R,L |2dqdx

=
∫

�×D
M�L(ψ̂m,n,R,L)χR(|q|)

(
(∇xu

m,n,R,L)q
)

· ∇q ψ̂
m,n,R,Ldqdx

≤
(∫

�×D
M(ψ̂m,n,R,L)2χR(|q|) |∇xu

m,n,R,L |2|q|2dqdx
) 1

2

(∫
�×D

M |∇q ψ̂
m,n,R,L |2dqdx

) 1
2

≤ C(m, L , R)

∫
�×D

1

2
M(ψ̂m,n,R,L)2dqdx + 1

2

∫
�×D

M |∇q ψ̂
m,n,R,L |2dqdx,
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where we have used (19) in the transition to the last line. Therefore, using Gronwall’s
Lemma, we obtain the bounds

um,n,R,L b∈ L∞(0, T ; L2(�;Rd)) ∩ L2(0, T ; V ), uniformly in n,

and

ψ̂m,n,R,L b∈ L∞(0, T ; L2
M (� × D)) ∩ L2(0, T ; H1

M (� × D)), uniformly in n.

Here and in the rest of the paper, for a normed linear space X and a sequence

(ak)k∈N ⊂ X , the notation ak
b∈ X signifies that (ak)k∈N is a bounded sequence in

the norm of X . Using these bounds together with (19), we then have that∫
�×D

M�L(ψ̂m,n,R,L)χR(|q|)
(
(∇xu

m,n,R,L)q
)

· ∇qφidqdx

≤ C(m, L , R)

∥∥∥ψ̂m,n,R,L
∥∥∥
L2
M (�×D)

∥∥∇qφi
∥∥
L2
M (�×D;Rd )

,

which we then use to deduce the following n-uniform bound on the time derivative:

∂t ψ̂
m,n,R,L b∈ L2(0, T ; M−1[H1

M (� × D)]′), uniformly in n.

Furthermore, for each function ξ ∈ L2
M (� × D) we have

‖Mξ‖[H1
M (�×D)]′ ≤ sup

φ∈H1
M (�×D)

∣∣∣〈Mξ, φ〉([H1
M (�×D)]′,H1

M (�×D)
)∣∣∣

‖φ‖H1
M (�×D)

≤ sup
φ∈H1

M (�×D)

∥∥∥M 1
2 ξ

∥∥∥
L2(�×D)

∥∥∥M 1
2 φ

∥∥∥
L2(�×D)

‖φ‖L2
M (�×D)

≤ ‖ξ‖L2
M (�×D) .

Therefore L2
M (� × D) embeds continuously into M−1[H1

M (� × D)]′. By the
Aubin–Lions Lemma, with the triple of spaces H1

M (�×D) ↪→↪→ L2
M (�×D) ↪→

M−1[H1
M (� × D)]′, we thus have that

the sequence (ψ̂m,n,R,L)n∈N is precompact in L2(0, T ; L2
M (� × D)).

We can therefore deduce the existence of functions cm,R,L
i , ψ̂m,R,L such that,

along a suitable subsequence (which we shall never relabel),

cm,n,R,L
i → cm,R,L

i weakly∗ in W 1,∞(0, T ),

cm,n,R,L
i → cm,R,L

i strongly in C([0, T ]),
um,n,R,L → um,R,L strongly in C([0, T ]; V ∩ Hd+1(�;Rd)),

ψ̂m,n,R,L → ψ̂m,R,L strongly in L2(0, T ; L2
M (� × D)),

ψ̂m,n,R,L ⇀ ψ̂m,R,L weakly in L2(0, T ; H1
M (� × D)),

M∂t ψ̂
m,n,R,L ⇀ M∂t ψ̂

m,R,L weakly in L2(0, T ; [H1
M (� × D)]′),
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where

um,R,L(t, x) :=
m∑
i=1

cm,R,L
i (t)wi (x).

Let us define

τm,R,L(t, x) :=
∫
D
MχR(|q|)∇q

(
TL(ψ̂m,R,L)

)
⊗ qdq.

Passing to the limit n → ∞ in Eqs. (15) and (16), it is easy to verify that the
functions um,R,L , ψ̂m,R,L satisfy

∫
�

∂t u
m,R,L · widx −

∫
�

(um,R,L ⊗ um,R,L) : ∇xwidx + ν

∫
�

∇xu
m,R,L : ∇xwidx

= −
∫

�

τm,R,L : ∇xwidx,

(20)
for all i = 1, . . . ,m and a.e. t ∈ (0, T ); and

〈M∂t ψ̂
m,R,L , φ〉([H1

M (�×D)]′,H1
M (�×D))

=
∫

�×D
Mψ̂m,R,Lum,R,L · ∇xφdqdx +

∫
�×D

M�L(ψ̂m,R,L)χR

(
(∇xu

m,R,L)q
)

· ∇qφdqdx

− μ

∫
�×D

M∇x ψ̂
m,R,L · ∇xφdqdx −

∫
�×D

M∇q ψ̂
m,R,L · ∇qφdqdx

∀φ ∈ H1
M (� × D) and a.e.t ∈ (0, T ).

(21)

Furthermore,

∫
�×D

Mψ̂m,L ,R(0, x, q)φdqdx =
∫
�×D

MTL (ψ̂0(x, q))φdqdx ∀ φ ∈ L2
M (� × D).

Thanks to Theorem II.5.12 on p.99 of [11],

〈M∂t ψ̂
m,R,L , φ〉

([H1
M (�×D)]′,H1

M (�×D))
= d

dt

∫
�×D

Mψ̂m,R,Lφdqdx ∀ φ ∈ H1
M (� × D).

Hence, by testing the Fokker–Planck equation (21) with the function φ ≡ 1 and
integrating in time over (0, t), we have that

∫
�×D

Mψ̂m,R,L(t)dqdx =
∫

�×D
Mψ̂m,R,L(0)dqdx =

∫
�×D

MTL(ψ̂0)dqdx

≤
∫

�×D
Mψ̂0dqdx = |�|.

(22)
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Testing (21) with φ =
(
ψ̂m,R,L

)
− := min

(
0, ψ̂m,R,L

)
and invoking again Theo-

rem II.5.12 on p.99 of [11], we deduce that

1

2

d

dt

∫
�×D

M
(
ψ̂m,R,L

)2

−dqdx + μ

∫
�×D

M |∇x

(
ψ̂m,R,L

)
− |2dqdx

+
∫
�×D

M |∇q

(
ψ̂m,R,L

)
− |2dqdx

=
∫
�×D

MχR�L (ψ̂m,R,L )((∇xu
m,R,L )q) · ∇q

(
ψ̂m,R,L

)
−dqdx

≤ 1

2

∫
�×D

M |∇q (ψ̂m,R,L )−|2dqdx + c(m, R, L)

∫
�×D

M
(
ψ̂m,R,L

)2

−dqdx,

whence∫
�×D

M
(
ψ̂m,R,L

)2

− (t)dqdx ≤ ec(m,R,L)t
∫

�×D
M

(
ψ̂m,R,L

)2

− (0)dqdx = 0,

and so
ψ̂m,R,L ≥ 0 a.e. on (0, T ) × � × D. (23)

Finally, testing the Fokker–Planck equation with φ(x, q) = φ(x), we get
〈
∂t

(∫
D
Mψ̂m,R,Ldq

)
, φ

〉
([H1(�)]′,H1(�))

=
∫
�

(∫
D
Mψ̂m,R,Ldq

)
um,R,L · ∇xφdx

− μ

∫
�

∇x

(∫
D
Mψ̂dq

)
· ∇xφdx ∀ φ ∈ H1(�).

(24)

Thus, the polymer number density, defined by

ρm,R,L(t, x) :=
∫
D
M(q)ψ̂m,R,L(t, x, q)dq, (25)

is a weak solution of the advection–diffusion equation

∂tρ
m,R,L + divx

(
um,R,Lρm,R,L

)
− μ�xρ

m,R,L = 0 on (0, T ) × �, (26)

subject to the boundary and initial conditions

μ∇xρ
m,R,L · n̂ = 0 on (0, T ) × ∂�,

ρm,R,L(0, x) =
∫
D
M(q)TL(ψ̂0(x, q))dq.

It follows from (22) and (23) on the one hand, and on the other by setting φ = ρm,R,L

in (24), using that divxum,R,L = 0, and applying again Theorem II.5.12 on p.99 of
[11], that

sup
t∈(0,T )

∥∥∥ρm,R,L(t)
∥∥∥
L∞(�)

≤
∥∥∥ρm,R,L(0)

∥∥∥
L∞(�)

≤ ess sup
x∈�

∫
D
Mψ̂0dq = 1,

∫ T

0

∥∥∥∇xρ
m,R,L(t)

∥∥∥2

L2(�;Rd )
dt ≤

∥∥∥ρm,R,L(0)

∥∥∥2

L2(�)
≤ |�|.
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4.3. An Entropy Estimate

Choose δ > 0 and define, for s ∈ [0,∞),

Fδ(s) := (s + δ) ln (s + δ) − (s + δ) + 1 and TL ,δ(s) :=
∫ s

0

�L(r)

r + δ
dr

=
∫ s

0

rχL(r)

r + δ
dr.

The function F ′
δ(ψ̂

m,R,L) = ln
(
ψ̂m,R,L + δ

)
is a valid test function for the

Fokker–Planck equation. We then obtain

d

dt

∫
�×D

MFδ(ψ̂
m,R,L )dqdx + μ

∫
�×D

M
1

ψ̂m,R,L + δ
|∇x ψ̂

m,R,L |2dqdx

+
∫
�×D

M
1

ψ̂m,R,L + δ
|∇q ψ̂m,R,L |2dqdx

=
∫
�×D

MχR�L (ψ̂m,R,L )
1

ψ̂m,R,L + δ
((∇xu

m,R,L )q) · ∇q ψ̂m,R,Ldqdx

=
∫
�×D

MχR((∇xu
m,R,L )q) · ∇q

(
TL ,δ(ψ̂

m,R,L )
)

dqdx

=
∫
�×D

MχRTL ,δ(ψ̂
m,R,L ) (q ⊗ q) : ∇xu

m,R,Ldqdx

−
∫
�×D

MTL ,δ(ψ̂
m,R,L ) (∇qχR ⊗ q) : ∇xu

m,R,Ldqdx . (27)

Using the Monotone Convergence Theorem for the gradient terms on the left-hand
side and the convergence TL ,δ → TL in C([0, T ]) for the terms on the right-hand
side of (27), we deduce that, in the limit δ → 0+,

∫
�×D

MF(ψ̂m,R,L)(t)dqdx + 4μ

∫ t

0

∫
�×D

M

∣∣∣∣∇x

√
ψ̂m,R,L

∣∣∣∣
2

dqdxds

+ 4
∫ t

0

∫
�×D

M

∣∣∣∣∇q

√
ψ̂m,R,L

∣∣∣∣
2

dqdxds

=
∫

�×D
MF(ψ̂m,R,L)(0)dqdx

+
∫ t

0

∫
�×D

MχRTL(ψ̂m,R,L) (q ⊗ q) : ∇xu
m,R,Ldqdxds

−
∫ t

0

∫
�×D

MTL(ψ̂m,R,L) (∇qχR ⊗ q) : ∇xu
m,R,Ldqdxds.

(28)
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Now, we multiply Eq. (20) with cm,R,L
i , sum over i = 1, . . . ,m, and integrate by

parts to deduce that

1

2

d

dt

∫
�

|um,R,L |2dx + ν

∫
�

|∇m,R,L
x |2dx = −

∫
�

τm,R,L : ∇xu
m,R,Ldx

= −
∫

�×D
MχRTL(ψ̂m,R,L) (q ⊗ q) : ∇xu

m,R,Ldqdx

+
∫

�×D
MTL(ψ̂m,R,L) (∇qχR ⊗ q) : ∇xu

m,R,Ldqdx .

(29)

Adding Eqs. (28) and (29), we deduce the following entropy identity, valid for a.e.
t ∈ (0, T ),

1

2

∫
�

|um,R,L(t)|2dx +
∫

�×D
MF(ψ̂m,R,L)(t)dqdx + ν

∫ t

0

∫
�

|∇xu
m,R,L |2dxds

+ 4μ

∫ t

0

∫
�×D

M

∣∣∣∣∇x

√
ψ̂m,R,L

∣∣∣∣
2

dqdxds + 4
∫ t

0

∫
�×D

M

∣∣∣∣∇q

√
ψ̂m,R,L

∣∣∣∣
2

dqdxds

= 1

2

∫
�

|um0 |2dx +
∫

�×D
MF(TL(ψ̂0))dqdx .

(30)
Notice that∫

�×D
MF(TL(ψ̂0))dqdx

=
∫

{TL (ψ̂0)≤e}
MF(TL(ψ̂0))dqdx +

∫
{TL (ψ̂0)>e}

MF(TL(ψ̂0))dqdx

≤
∫

�×D
Mdqdx +

∫
�×D

MF(ψ̂0)dqdx ≤ C.

Thus, the bounds implied by the entropy identity (30) are uniform in m, R, L .
One important consequence of the L log L bound on ψ̂ guaranteed by the en-

tropy identity (30) is that it implies integrability of the second moment:

sup
t∈(0,T )

∫
�×D

Mψ̂m,R,L |q|2dqdx ≤ C,

where the constant C is independent of m, R, L . Indeed, the Fenchel–Young in-
equality (applied to the function f (s) = es and its convex conjugate f ∗(s) =
(s ln s) − s for s ∈ [0,∞)) yields

ψ̂m,R,L
(

1

4
|q|2

)
≤

(
ψ̂m,R,L ln ψ̂m,R,L

)
− ψ̂m,R,L + e

1
4 |q|2 ,

which gives upon multiplication by 4M and integration over � × D (recall that M
is a Gaussian and note that f ∗(s) ≤ F(s) for all s ∈ [0,∞))∫

�×D
Mψ̂m,R,L |q|2dqdx ≤ 4

∫
�×D

MF(ψ̂m,R,L)dqdx + 4|�|
Z

∫
D

e− 1
4 |q|2dq.



   43 Page 22 of 54 Arch. Rational Mech. Anal.          (2025) 249:43 

4.4. Passing to the Limit L → ∞
The entropy identity (30) implies that, in particular,

sup
t∈(0,T )

∥∥∥um,R,L(t)
∥∥∥
L2(�;Rd )

+
∫ T

0

∥∥∥∇xu
m,R,L(t)

∥∥∥2

L2(�;Rd×d )
dt ≤ C,

which in turn implies that

sup
t∈(0,T )

sup
i=1,...,m

∣∣∣cm,R,L
i (t)

∣∣∣ +
∣∣∣∣∣

dcm,R,L
i

dt
(t)

∣∣∣∣∣ ≤ C(m).

It follows that there exist functions cm,R
i , i = 1, . . . ,m, such that (along a subse-

quence again)

cm,R,L
i → cm,R

i weakly∗ in W 1,∞(0, T ),

cm,R,L
i → cm,R

i strongly in C([0, T ]),
um,R,L → um,R strongly in C([0, T ]; V ∩ Hd+1(�;Rd)),

where

um,R(t, x) :=
m∑
i=1

cm,R
i (t)wi (x).

Next, we derive strong compactness of the sequence ψ̂m,L ,R in L1(0, T ; L1
M (�×

D)). The following arguments are virtually the same as those in [12]. From the L-
uniform estimate

sup
t∈(0,T )

∫
�×D

Mψ̂m,R,L
(

1 + ln ψ̂m,R,L
)

dqdx ≤ C,

we infer that the sequence (ψ̂m,R,L)L>0 is equi-integrable, and therefore there
exists a function ψ̂m,R such that

ψ̂m,R,L ⇀ ψ̂m,R weakly in L1(0, T ; L1
M (� × D)).

We wish to ‘upgrade’ this convergence to convergence in norm. To this end, let
�0 × D0 ⊂⊂ � × D be a Lipschitz domain. Since M is bounded away from zero
on D0, we deduce that

sup
t∈(0,T )

∥∥∥∥
√

ψ̂m,R,L

∥∥∥∥
2

L2(�0×D0)

+
∫ T

0

∥∥∥∥∇x,q

√
ψ̂m,R,L

∥∥∥∥
2

L2(�0×D0;R2d )

dqdxdt ≤ C.

Then, by function-space interpolation,
∥∥∥ψ̂m,R,L

∥∥∥
L

d+1
d ((0,T )×�0×D0)

≤ C and
∥∥∥∇x,q ψ̂m,R,L

∥∥∥
L

2d+2
2d+1 ((0,T )×�0×D0;R2d )

≤ C.

(31)
Moreover, since ∥∥∥ψ̂m,R,L

∥∥∥
L∞((0,T )×�;L1

M (D))
≤ C,
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we see that, for each q1 ∈ (1,∞), there exists a q2 > 1 such that∥∥∥ψ̂m,R,L
∥∥∥
Lq1 ((0,T )×�0;Lq2 (D))

≤ C.

Consequently, there exists a δ > 0 such that∥∥∥um,R,L ψ̂m,R,L
∥∥∥
L1+δ((0,T )×�0×D0;Rd )

+
∥∥∥�L(ψ̂m,R,L)(∇xu

m,R,L)q
∥∥∥
L1+δ((0,T )×�0×D0;Rd )

≤ C.

Now choose anyα ∈ (0, min
(

1
2 , δ

δ+1

)
) and define the following (1+2d)-component

vector-functions:

HL :=
(
Mψ̂m,R,L , Mψ̂m,R,Lum,R,L + M∇x ψ̂

m,R,L , MχR�L (ψ̂m,R,L )∇x u
m,R,Lq + M∇q ψ̂

m,R,L
)

,

QL :=
((

1 + ψ̂m,R,L
)α

, 0, . . . , 0
)

.

Using the above uniform bounds we can deduce that the sequences of these vector-

functions converge weakly, respectively in L1+δ((0, T )×�0×D0) and L
1
α ((0, T )×

�0 × D0) to

H :=
(
Mψ̂m,R, Mψ̂m,Rum,R + M∇x ψ̂

m,R, MχRψ̂m,R∇xu
m,Rq + M∇q ψ̂

m,R
)

and

Q :=
(
ζm,R, 0, . . . , 0

)

as L → ∞, where ζm,R denotes the weak limit of
(

1 + ψ̂m,R,L
)α

. From the

Fokker–Planck equation (21) it is clear that

div(t,x,q) H
L = 0 in (0, T ) × �0 × D0,

while the bound ∫ T

0

∫
�0×D0

|∇t,x,q Q
L − (∇T

t,x,q Q
L)|2dqdxdt

≤ C
∫ T

0

∫
�0×D0

|∇x,q(1 + ψ̂m,R,L)α|2dqdxdt

≤ C
∫ T

0

∫
�0×D0

∣∣∣∣∇x,q

√
ψ̂m,R,L

∣∣∣∣
2

dqdxdt ≤ C

implies that the curl of QL is precompact in H−1((0, T ) × �0 × D0). We deduce
by the Div-Curl Lemma that

HL · QL ⇀ H · Q weakly in L1((0, T ) × �0 × D0),

and in particular
ψ̂m,R,L(1 + ψ̂m,R,L)α ⇀ ψ̂m,Rζm,R
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as L → ∞, which implies that

(1 + ψ̂m,R,L)α+1 ⇀ (1 + ψ̂m,R)ζm,R as L → ∞.

Since the function s �→ sα+1 is strictly convex on [1,∞), we have

(1 + ψ̂m,R)α+1 ≤ (1 + ψ̂m,R)ζm,R, and so (1 + ψ̂m,R)α ≤ ζm,R .

On the other hand, the function s �→ sα is strictly concave on [1,∞), so we must
have

ζm,R := (1 + ψ̂m,R,L)α ≤ (1 + ψ̂m,R,L)α = (1 + ψ̂m,R)α,

and therefore

(1 + ψ̂m,R,L)α = (1 + ψ̂m,R)α = ζm,R = (1 + ψ̂m,R,L)α.

Then, by strict concavity of the function s �→ sα on [1,∞), we deduce that, along
a subsequence,

ψ̂m,R,L → ψ̂m,R a.e. in (0, T ) × �0 × D0 as L → ∞. (32)

By a diagonal argument based on an increasing sequence of nested subsets of �×D,
we can then replace (0, T ) × �0 × D0 in (32) by (0, T ) × � × D. Combining the
resulting almost everywhere convergence ψ̂m,R,L → ψ̂m,R on (0, T ) × �0 × D0
as L → ∞ with the weak L1(0, T ; L1

M (� × D)) convergence, and using Vitali’s
Theorem, we deduce that

ψ̂m,R,L → ψ̂m,R strongly in L1(0, T ; L1
M (� × D)) as L → ∞.

As the sequence ψ̂m,R,L is uniformly bounded in L∞(0, T ; L1
M (� × D)) with

respect to m, R and L , by standard function-space interpolation we then have that

ψ̂m,R,L → ψ̂m,R strongly in Lq(0, T ; L1
M (� × D)) as L → ∞,

for each q ∈ [1,∞). (33)

Since TL is a Lipschitz function, it now follows by the Dominated Convergence
Theorem that

TL(ψ̂m,R,L) → ψ̂m,R strongly in L1(0, T ; L1
M (� × D)) as L → ∞.

Hence, there is a subsequence such that for a.e. t ∈ (0, T ) and for all i = 1, . . . ,m
we have ∫

�

τm,R,L : ∇xwidx →
∫

�

τm,R : ∇xwidx as L → ∞,

where

τm,R :=
∫
D
MχRψ̂m,R (q ⊗ q)dq −

∫
D
Mψ̂m,R (∇qχR ⊗ q)dq −

∫
D
Mψ̂m,RχRIddq.
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Therefore, we can pass to the limit L → ∞ in the approximate Navier–Stokes
equation (20) to obtain

∫
�

∂t u
m,R · widx −

∫
�

(um,R ⊗ um,R) : ∇xwidx +
∫

�

∇xu
m,R : ∇xwidx

= −
∫

�

τm,R : ∇xwidx,
(34)

for all i = 1, . . . ,m and a.e. t ∈ (0, T ).
Next, we shall pass to the limit L → ∞ in the Fokker–Planck equation (21);

this, however, requires particular care. First, let us prove that

M∇x,q ψ̂m,R,L ⇀ M∇x,q ψ̂m,R weakly in L1((0, T ) × �; L1(D;R2d )) as L → ∞.

(35)
To this end, we note that∫

�×D
M

∣∣∣∇x,q ψ̂
m,R,L

∣∣∣dqdx
= 2

∫
�×D

M
√

ψ̂m,R,L

∣∣∣∣∇x,q

√
ψ̂m,R,L

∣∣∣∣dqdx

≤ 2

(∫
�×D

M

∣∣∣∣∇x,q

√
ψ̂m,R,L

∣∣∣∣
2

dqdx

)1/2 (∫
�×D

Mψ̂m,R,Ldqdx

)1/2

,

(36)

whereby, upon integrating this inequality over (0, T ) and using the entropy bound,
we deduce that M∇x,q ψ̂

m,R,L is uniformly bounded in L1((0, T ) × � × D;R2d).
The above inequality also shows that equi-integrability of this sequence follows
from that of ψ̂m,R,L . Recalling the local bound (31), we can identify the weak
limit. This then implies the desired weak convergence property stated in (35).

Second, thanks to strong compactness of the velocity gradient, the strong con-
vergence result (33), and properties of the truncation �L , we easily see that, as
L → ∞,

(∇xu
m,R,L)�L(ψ̂m,R,L) → (∇xu

m,R) ψ̂m,R

strongly in L1((0, T ) × �; L1
M (D;Rd×d)). (37)

Third, we deduce a uniform bound on the time derivative of ψ̂m,R,L . Using (36)
we see that ∇x,q ψ̂

m,R,L is uniformly bounded in L2(0, T ; L1(� × D;R2d)). Us-
ing this bound, the uniform control of the velocity in L∞(0, T ; L2(�;Rd)) ∩
L2(0, T ; V ) and the polymer number density in L∞((0, T ) × R

d), together with
the continuous embedding Hs(� × D) ↪→ W 1,∞(� × D), for s > d + 1, one
readily arrives at the following bound on the time derivative:

‖M∂t ψ̂
m,R,L‖L2(0,T ;[Hs (�×D)]′) ≤ C, s > d + 1,

uniformly in m, R and L . We then claim that

ψ̂m,R,L b∈ Cweak([0, T ]; L1
M (� × D)) uniformly in L . (38)
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This follows from the above bound on the time derivative in conjunction with the
entropy bound

F(ψ̂m,R,L)
b∈ L∞(0, T ; L1

M (� × D)).

To see this, we note that the Maxwellian-weighted L log L space on � × D has a
separable predual (a certain separable Orlicz space), into which L∞(� × D), and
therefore also Hs(� × D) for s > d + 1, is continuously embedded. We can then
apply Lemma 3.1(b) from [9] to deduce (38). We refer the reader to the proof of
[9, Theorem 4.1] for the full details.

Using properties (35), (37) and (38), we can integrate equation (21) in time on
the interval [0, t] and pass to the limit L → ∞ to deduce that, for all t ∈ [0, T ],

−
∫ t

0

∫
�×D

Mψ̂m,R∂tφdqdxds

=
∫ t

0

∫
�×D

Mψ̂m,Rum,R · ∇xφdqdxds

+
∫ t

0

∫
�×D

Mψ̂m,RχR(|q|)
(
(∇xu

m,R)q
)

· ∇qφdqdxds

−μ

∫ t

0

∫
�×D

M∇x ψ̂
m,R · ∇xφdqdxds

−
∫ t

0

∫
�×D

M∇q ψ̂
m,R · ∇qφdqdxds

+
∫

�×D
Mψ̂0 φ(0)dqdx −

∫
�×D

Mψ̂m,R(t) φ(t)dqdx

∀φ ∈ W 1,1(0, T ;C∞
c (� × D)). (39)

Finally, we would like to pass to the limit in the entropy identity (30). To this
end, we need to establish the following weak convergence result:

√
M∇x,q

√
ψ̂m,R,L ⇀

√
M∇x,q

√
ψ̂m,R weakly in

L2(0, T ; L2(� × D;R2d)) as L → ∞. (40)

From the entropy inequality (30), we know that the family (
√
M∇x,q

√
ψ̂m,R,L)L>0

is uniformly bounded in L2(0, T ; L2(� × D;R2d)). We can therefore pass to a
subsequence which converges weakly to some limit, say S ∈ L2(0, T ; L2(� ×
D;R2d)). That is,

√
M∇x,q

√
ψ̂m,R,L ⇀ S weakly in L2(0, T ; L2(� × D;R2d)) as L → ∞.

To identify the weak limit S it then suffices to show that

∫ T

0

∫
�×D

S · φdqdxdt =
∫ T

0

∫
�×D

√
M∇x,q

√
ψ̂m,R · φdqdxdt,
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for allφ ∈ L2(0, T ;C∞
c (�×D;R2d)). Clearly, by partial integration and noting the

strong convergence of
√
Mψ̂m,R,L to

√
Mψ̂m,R in L2(0, T ; L2(� × D)) implied

by the strong convergence of ψ̂m,R,L to ψ̂m,R in L1(0, T ; L1
M (� × D)) (cf. (33)),

we have that∫ T

0

∫
�×D

√
M∇x,q

√
ψ̂m,R,L · φdqdxdt

= −
∫ T

0

∫
�×D

√
ψ̂m,R,L ∇x,q · (

√
Mφ)dqdxdt

= −
∫ T

0

∫
�×D

√
Mψ̂m,R,L 1√

M
∇x,q · (

√
Mφ)dqdxdt

→ −
∫ T

0

∫
�×D

√
Mψ̂m,R 1√

M
∇x,q · (

√
Mφ)dqdxdt

= −
∫ T

0

∫
�×D

√
ψ̂m,R ∇x,q · (

√
Mφ)dqdxdt

as L → ∞, for all φ ∈ L2(0, T ;C∞
c (� × D;R2d)). This then implies that S =√

M∇x,q

√
ψ̂m,R in L2(0, T ;D′(�×D;R2d)), and because S ∈ L2(0, T ; L2(�×

D;R2d)) also S = √
M∇x,q

√
ψ̂m,R in L2(0, T ; L2(�×D;R2d)). We thus deduce

the desired weak convergence result (40).
Now, using strong convergence of the velocity, (40) and weak lower semi-

continuity of norms (for the gradient terms), Fatou’s Lemma (for the entropy term),
and the Dominated Convergence Theorem (for the last term)1, we can pass to the
limit in (30) to obtain

1

2

∫
�

|um,R(t)|2dx +
∫

�×D
MF(ψ̂m,R)(t)dqdx + ν

∫ t

0

∫
�

|∇xu
m,R |2dxds

+ 4μ

∫ t

0

∫
�×D

M

∣∣∣∣∇x

√
ψ̂m,R

∣∣∣∣
2

dqdxds + 4
∫ t

0

∫
�×D

M

∣∣∣∣∇q

√
ψ̂m,R

∣∣∣∣
2

dqdxds

≤ 1

2

∫
�

|um0 |2dx +
∫

�×D
MF(ψ̂0)dqdx .

(41)
Passing to the limit L → ∞ in (25) and (26) we obtain the following initial-

boundary-value problem, satisfied in the weak sense:

∂tρ
m,R + divx

(
um,Rρm,R

)
− μ�xρ

m,R = 0 in (0, T ) × �, (42)

μ∇xρ
m,R · n̂ = 0 on (0, T ) × ∂�,

ρm,R(0, x) =
∫
D
M(q)ψ̂0(x, q)dq = 1 for a.e. x ∈ �,

1 The integrand converges a.e. and is dominated by the integrable function
M(1χ{TL (ψ̂0)<1} + F(TL (ψ̂0))χ{TL (ψ̂0)≥1}) ≤ M(1 + F(ψ0)).
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where

ρm,R(t, x) =
∫
D
M(q)ψ̂m,R(t, x, q)dq.

4.5. Macroscopic Closure

Having removed the truncation in ψ̂ (which was adapted to obtain a cancellation
in the L log L entropy bound above), we are now ready to derive an energy equality
for the conformation tensor. Unfortunately, we can no longer test the Fokker–Planck
equation (39) with the function φ = |q|2 (or more generally φ(x, q) = (q ⊗ q) :
ϕ(x)), as it is not an admissible test function. Therefore, we use instead a sequence
of truncated test functions

φR′(x, q) = TR′(|q|2)η(t),

where the truncation operator T is defined in (14) and η ∈ C1
c ([0, T )) satisfies

η(0) = 1, ∂tη ≤ 0. In particular, we have

∇qTR′(|q|2) = 2χR′(|q|2)q.

Since this test function is independent of x , there are only two terms on the right-
hand side of (39) to look at in detail. For the convective term, we write

∫ T

0
η

∫
�×D

Mψ̂m,RχR

(
(∇xu

m,R)q
)

· ∇qTR′(|q|2)dqdxdt

= 2
∫

�T

η

(∫
D
Mψ̂m,RχR χR′(|q|2) q ⊗ qdq

)
: ∇xu

m,Rdxdt,

while for the diffusion term we have, after integrating by parts,

−2
∫ T

0
η

∫
�×D

M∇q ψ̂
m,R · qχR′(|q|2)dqdxdt

= −2
∫ T

0
η

∫
�×D

Mψ̂m,R |q|2χR′(|q|2)dqdxdt

+ 2d
∫ T

0
η

∫
�×D

Mψ̂m,RχR′(|q|2)dqdxdt

+ 2
∫ T

0
η

∫
�×D

Mψ̂m,Rq · ∇qχR′(|q|2)dqdxdt.
(43)

Notice that
∣∣∣∣
∫
�×D

Mψ̂m,Rq · ∇qχR′(|q|2)dqdx

∣∣∣∣ =
∣∣∣∣2

∫
�×D

Mψ̂m,R |q|2 χ ′
R′(|q|2)dqdx

∣∣∣∣ � 1

R′ ,

and therefore, for each fixed η as above, the absolute value of the last term of (43)
is also � 1/R′.
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In each of the other terms we can pass to the limit R′ → ∞ using the Monotone
Convergence Theorem. Therefore, we deduce that

−
∫ T

0
∂tη

∫
�

(∫
D
Mψ̂m,R |q|2dq

)
dxdt

+ 2
∫

�T

η

[(∫
D
Mψ̂m,R |q|2dq

)
− d

(∫
D
Mψ̂m,R

)
dq

]
dxdt

=
∫

�

(∫
D
Mψ̂0|q|2dqdx + 2

∫ T

0
η

∫
�×D

)

Mψ̂m,RχR(|q|) (q ⊗ q) : ∇xu
m,Rdqdxdt.

Next, we test the Navier–Stokes equation (34) with cm,R
i η and sum over i =

1, . . . ,m to deduce that

1

2

d

dt

∫
�

η|um,R |2dx − 1

2

∫
�

∂tη|um,R |2dx + ν

∫
�

η|∇xu
m,R |2dx

= −
∫

�

ητm,R : ∇xu
m,Rdx

= −
∫

�×D
ηMψ̂m,RχR(|q|) (q ⊗ q) : ∇xu

m,Rdqdx

+
∫

�×D
ηMψ̂m,R(∇qχR ⊗ q) : ∇xu

m,Rdqdx .

(44)

Integrating (44) in time, multiplying by 2, summing the last two equalities, and
then dividing the resulting equality by 2, we end up with

−1

2

∫ T

0
∂tη

∫
�

(
|um,R(t)|2 + σm,R(t)

)
dxdt + ν

∫
�T

η|∇xu
m,R |2dxdt

= −
∫

�T

η tr (σm,R − Id)dxdt + 1

2

∫
�

|um(0)|2dx + 1

2

∫
�

tr σ(ψ̂0)dx + Im,R,

(45)
where we define the approximate conformation tensor

σm,R(t, x) :=
∫
D
Mψ̂m,R(q ⊗ q)dq, (46)

and the ‘error term’ Im,R is defined by

Im,R :=
∫ T

0
η

∫
�×D

Mψ̂m,R(∇qχR ⊗ q) : ∇xu
m,Rdqdxdt.
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Now, Im,R can be bounded, independently of m, as follows:

|Im,R | ≤
∥∥∥∇xu

m,R
∥∥∥
L2((0,T )×�)

(∫ T

0

∫
�

∣∣∣∣
∫
D
Mψ̂m,R |q| ∣∣∇qχR

∣∣dq
∣∣∣∣
2

dxdt

)1/2

�
[∫ T

0

∫
�

(∫
D
Mψ̂m,R |q|2dq

)(∫
D
Mψ̂m,R

∣∣∇qχR
∣∣2dq

)
dxdt

]1/2

� 1

R
.

4.6. The Limit R → ∞

Passage to the limit R → ∞ can be performed similarly to the passage to the
limit L → ∞ before. The main point is that all of the estimates deduced from the
entropy inequality (41) are independent of R. In particular, we can guarantee the
existence of functions cmi and um such that, as R → ∞,

cm,R
i → cmi weakly ∗ in W 1,∞(0, T ),

cm,R
i → cmi strongly in C([0, T ]),

um,R → um strongly in C([0, T ]; V ∩ Hd+1(�;Rd)),

where

um(t, x) :=
m∑
i=1

cmi (t)wi (x).

Similarly, there exists a function ψ̂m b∈ Cweak([0, T ]; L1
M (� × D)) such that, as

R → ∞,

ψ̂m,R → ψ̂m strongly in Lq(0, T ; L1
M (� × D)), q ∈ [1,∞),

M∇x,q ψ̂
m,R ⇀ M∇x,q ψ̂

m weakly in L1((0, T ) × �; L1(D;R2d)),

M∂t ψ̂
m,R ⇀ M∂t ψ̂

m weakly in L2(0, T ; [Hs(� × D)]′).

Extracting a subsequence, we can assume that the first of the above convergences
holds almost everywhere in time. These are then sufficient to pass to the limit in the
q-convective term in the Fokker–Planck equation: if φ ∈ W 1,1(0, T ;C∞

c (�× D))
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is a test function with supp φ ⊂ [0, T ] × � × Br (0), then
∣∣∣∣
∫ t

0

∫
�×D

[
MχRψ̂m,R((∇x u

m,R)q) · ∇qφ − Mψ̂m ((∇x u
m )q) · ∇qφ

]
dqdxds

∣∣∣∣
≤

∫ t

0

∫
�×D

MχR

∣∣∣ψ̂m,R − ψ̂m
∣∣∣
∣∣∣∇x u

m,R
∣∣∣ |q||∇qφ|dqdxds

+
∫ t

0

∫
�×D

Mψ̂m (1 − χR)

∣∣∣∇x u
m,R

∣∣∣ |q||∇qφ|dqdxds

+
∫ t

0

∫
�×D

Mψ̂m |q|
∣∣∣∇x u

m,R − ∇x u
m

∣∣∣ |∇qφ|dqdxds

≤ r
∥∥∥∇x u

m,R
∥∥∥
L∞(0,T ;L∞(�;Rd×d ))

∥∥∇qφ
∥∥
L2(0,T ;L∞(�×D))

∥∥∥ψ̂m,R − ψ̂m
∥∥∥
L2(0,T ;L1

M (�×D))

+ r
∥∥∥∇x u

m,R
∥∥∥
L∞(0,T ;L∞(�;Rd×d ))

∫ t

0

∫
�×D

Mψ̂m (1 − χR) |∇qφ|dqdxds

+ r
∥∥∇qφ

∥∥
L2(0,T ;L∞(�×D))

∥∥∥ψ̂m
∥∥∥
L2(0,T ;L1

M (�×D))

∥∥∥∇x u
m,R − ∇x u

m
∥∥∥
L∞(0,T ;Hd (�;Rd ))

.

From the strong convergence of ψ̂m,R , the Monotone Convergence Theorem, and
strong convergence of um,R , respectively, we see that each of the terms on the right-
hand side of the last inequality vanishes as R → ∞. Consequently, passing to the
limit R → ∞ we obtain from (39) the following equation:

−
∫ t

0

∫
�×D

Mψ̂m∂tφdqdxds =
∫

�×D
Mψ̂0φ(0)dqdx −

∫
�×D

Mψ̂m(t)φ(t)dqdx

+
∫ t

0

∫
�×D

Mψ̂mum · ∇xφdqdxds +
∫ t

0

∫
�×D

Mψ̂m (
(∇xu

m)q
) · ∇qφdqdxds

− μ

∫ t

0

∫
�×D

M∇x ψ̂
m · ∇xφdqdxds −

∫ t

0

∫
�×D

M∇q ψ̂
m · ∇qφdqdxds

∀t ∈ [0, T ] ∀φ ∈ W 1,1(0, T ;C∞
c (� × D)).

(47)
However, passing to the limit R → ∞ in the extra stress tensor term τm,R

appearing in Eq. (34) requires some care. Recall that

τm,R =
∫
D
MχRψ̂m,R(q⊗q)dq−

∫
D
Mψ̂m,R(∇qχR⊗q)dq−

∫
D
Mψ̂m,RχRIddq.

It is easy to see that, as R → ∞,∫
D
Mψ̂m,RχRIddq →

∫
D
Mψ̂mIddq strongly in L1(�;Rd×d) for a.e.t ∈ (0, T ),

and∫
D
Mψ̂m,R(∇qχR ⊗ q)dq → 0 strongly in L1(�;Rd×d) for a.e. t ∈ (0, T ).

However, since we only have an L∞(0, T ; L1(� × D;Rd×d)) bound on the con-
formation tensor σm,R defined in (46), i.e.,

sup
t∈(0,T )

∫
�

∣∣∣∣
∫
D
Mψ̂m,R (q ⊗ q)dq

∣∣∣∣dx ≤ C,
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we cannot pass to the weak limit in τm,R as R → ∞. To overcome this prob-
lem we embed the space L∞(0, T ; L1(�;Rd×d

sym )) into L∞(0, T ;M(�;Rd×d
sym )).

Then, by the Banach–Alaoglu Theorem, there exists a time-parameterised positive
semidefinite measure μm

σ ∈ L∞(0, T ;M(�;Rd×d
sym )) such that, as R → ∞,

σm,R ⇀∗ μm
σ weakly∗ in L∞(0, T ;M(�;Rd×d

sym ))

(i.e., in duality with L1(0, T ;C(�;Rd×d
sym )).

Now consider the localised approximate conformation tensor

σ̄m,R(t, x) :=
∫
D
M(q)ψ̂m,R(t, x, q)χR(|q|) (q ⊗ q)dq.

Similarly as above, there exists a positive semidefinite measure μ̄m
σ ∈ L∞(0, T ;M

(�;Rd×d
sym )) such that, as R → ∞,

σ̄m,R ⇀∗ μ̄m
σ weakly∗ in L∞(0, T ;M(�;Rd×d

sym )).

Thus, as R → ∞,∫ t

0

∫
�

τm,R(s) : ∇xwidxds →
∫ t

0

〈
μ̄m

σ (s),∇xwi
〉
ds

∀ i ∈ {1, . . . ,m}, a.e. t ∈ (0, T ).

Therefore, passing to the limit R → ∞ in (34), we obtain
∫ t

0

∫
�

∂t u
m · widxds −

∫ t

0

∫
�

(um ⊗ um) : ∇xwidxds + ν

∫ t

0

∫
�

∇xu
m : ∇xwidxds

= −
∫ t

0

〈
μ̄m

σ (s),∇xwi
〉
ds,

(48)
for all i = 1, . . . ,m and a.e. t ∈ (0, T ).

We can also pass to the limit R → ∞ in (41) to deduce that

1

2

∫
�

|um(t)|2dx +
∫

�×D
MF(ψ̂m)(t)dqdx + ν

∫ t

0

∫
�

|∇xu
m |2dxds

+ 4μ

∫ t

0

∫
�×D

M

∣∣∣∣∇x

√
ψ̂m

∣∣∣∣
2

dqdxds + 4
∫ t

0

∫
�×D

M

∣∣∣∣∇q

√
ψ̂m

∣∣∣∣
2

dqdxds

≤ 1

2

∫
�

|um0 |2dx +
∫

�×D
MF(ψ̂0)dqdx .

(49)

Finally, we consider the energy identity (45) for the conformation tensor σm,R .
Denoting by μm

tr σ , the trace of the symmetric positive semidefinite matrix-valued
measure μm

σ , we can pass to the limit R → ∞ to obtain

−1

2

∫ T

0
∂tη

(∫
�

|um(t)|2dx + 〈
μm

tr σ (t),1�

〉)
dt + ν

∫
�T

η|∇xu
m |2dxdt

= −
∫ T

0
η

[〈
μm

tr σ (t),1�

〉 − d|�|]dt + 1

2

∫
�

|um(0)|2dx + 1

2

∫
�

tr σ(ψ̂0)dx,

(50)
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for each η ∈ C1
c ([0, T )) with η(0) = 1 and ∂tη ≤ 0.

Let us now define

σ(ψ̂m)(t, x) :=
∫
D
M(q)ψ̂m(t, x, q) (q ⊗ q)dq.

We then have that σ(ψ̂m)
b∈ L∞(0, T ; L1(�;Rd×d)). By identifying this func-

tion with a symmetric positive semidefinite matrix-valued measure in L∞(0, T ;
M(�;Rd×d

sym )), we can consider the parametrised defect measures

μ̄m
σ (t) − σ(ψ̂)(t) and μm

tr σ (t) − tr σ(ψ̂m)(t).

We will now leverage the energy inequality to deduce additional information about
those measures. First, we show that the defect measure μ̄m

σ − σ(ψ̂m) is positive
semidefinite, i.e.,

〈
μ̄m

σ (t) − σ(ψ̂m)(t), ξ ⊗ ξ
〉
≥ 0 ∀ ξ ∈ R

d for a.e. t ∈ (0, T ). (51)

Let R′ > 0 and η ∈ L1(0, T ) be fixed. Since σ̄m,R ≥ 0 in the sense of symmetric
positive semidefinite matrices, we have

∫ T

0
η(s)

∫
�

ξTσ̄m,Rξdxds

≥
∫ T

0
η(s)

∫
�

ξT

(∫
BR′ (0)

Mψ̂m,RχR(|q|) (q ⊗ q)dq

)
ξdxds ∀ ξ ∈ R

d .

We can pass to the limit R → ∞ in this inequality, using the strong convergence
of ψ̂m,R to ψ̂m on the right-hand side, to deduce that

∫ T

0
η(s)

〈
μ̄m

σ (s), ξ ⊗ ξ
〉
ds

≥
∫ T

0
η(s)

∫
�

ξT

(∫
BR′ (0)

Mψ̂m (q ⊗ q)dq

)
ξdxds ∀ ξ ∈ R

d . (52)

By the Monotone Convergence Theorem, we can pass to the limit R′ → ∞ to
obtain ∫ T

0
η(s)

〈
μ̄m

σ (s) − σ(ψ̂m)(s), ξ ⊗ ξ
〉
ds ≥ 0 ∀ ξ ∈ R

d .

Finally, for δ > 0, we choose η = 1
δ
1[t,t+δ] and use Lebesgue’s Differentiation

Theorem to pass to the limit δ → 0+ to deduce (51).
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Similarly, for R′ < R and the same choice of η as above, we observe

∫ T

0
η

∫
�

(
σ̄m,R −

∫
BR′ (0)

Mψ̂m,RχR(q ⊗ q)dq

)
: ∇xϑdxds

=
∫ T

0
η

∫
�

(∫
{|q|>R′}

Mψ̂m,RχR(q ⊗ q)dq

)
: ∇xϑdxds

≤ C
∫ T

0
η

∫
�

|∇xϑ |
(∫

{|q|>R′}
Mψ̂m,R |q|2dq

)
dxds

≤ C ‖ϑ‖C1(�;Rd )

∫ T

0
η

∫
�

(
tr σm,R −

∫
BR′ (0)

Mψ̂m,R |q|2dq
)

dxds.

Passing to the limit R → ∞ we obtain

∫ T

0
η

〈
μ̄m

σ ,∇xϑ
〉
ds −

∫ T

0
η

∫
�

(∫
BR′ (0)

Mψ̂m(q ⊗ q)dq

)
: ∇xϑdxds

≤ C ‖ϑ‖C1(�;Rd )

∫ T

0
η

(〈
tr μm

σ ,1�

〉 −
∫

�

∫
BR′ (0)

Mψ̂m |q|2dq
)

dxds.

Then, passing to the limit R′ → ∞ and letting δ → 0+, we deduce that, for a.e.
t ∈ (0, T ),

∣∣∣〈μ̄m
σ (t) − σ(ψ̂m)(t),∇xϑ

〉∣∣∣
≤ ‖ϑ‖C1(�;Rd )

〈
μm

tr σ (t) − tr σ(ψ̂m)(t),1�

〉
∀ϑ ∈ C1(�;Rd). (53)

Next, we consider the energy identity (50). Choosing t ∈ (0, T ), δ > 0, and
a sequence of smooth nonnegative test functions η approximating the continuous
nonnegative piecewise linear function

ηt,δ(s) :=

⎧⎪⎨
⎪⎩

1 for s ∈ [0, t),
(t+δ)−s

δ
for s ∈ [t, t + δ),

0 for s ∈ (t + δ, T ],
we can pass to the limit in turn with the approximation of ηt,δ , and, using Lebesgue’s
Differentiation Theorem, with δ → 0+. We thus obtain, for a.e. t ∈ (0, T ), the
energy inequality

1

2

∫
�

|um(t)|2dx + 1

2

〈
μm

tr σ (t),1�

〉 + ν

∫
�t

|∇xu
m |2dxds

+
∫ t

0

[〈
μm

tr σ (s),1�

〉 − d|�|]ds
≤ 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx .

(54)



Arch. Rational Mech. Anal.          (2025) 249:43 Page 35 of 54    43 

Testing the Fokker–Planck equation (47) with the function φ(q) = TR(|q|2)
(with the same truncation as before, defined in (14)), we obtain∫

�×D
Mψ̂0TR(|q|2)dqdx −

∫
�×D

Mψ̂m(t)TR(|q|2)dqdx

= −
∫

�t

∫
D
Mψ̂m (

(∇xu
m)q

) · ∇qTR(|q|2)dqdxds

+
∫

�t

∫
D
M∇q ψ̂

m · ∇qTR(|q|2)dqdxds.

The first term on the right-hand side can be rewritten as

−
∫

�t

∫
D
Mψ̂m (

(∇xu
m)q

) · ∇qTR(|q|2)dqdxds

= −2
∫

�t

(∫
D
Mψ̂mχR(|q|2) (q ⊗ q)dq

)
: ∇xudxds,

while the other term can be written as follows:

2
∫

�t

∫
D
M∇q ψ̂

m · qχR(|q|2)dqdxds = 2
∫

�t

∫
D
Mψ̂m |q|2χR(|q|2)dqdxds

− 2d
∫

�t

∫
D
Mψ̂mχR(|q|2)dqdxds

− 2
∫

�t

∫
D
Mψ̂mq · ∇qχR(|q|2)dqdxds.

As before, the last term can be bounded as follows:∫
�t

∫
D
Mψ̂mq · ∇qχR(|q|2)dqdxds = 2

∫
�t

∫
D
Mψ̂m |q|2 χ ′

R(|q|2)dqdxds � 1

R
.

In each of the other terms we can pass to the limit R → ∞ using the Monotone
Convergence Theorem, and thus we deduce that∫

�

tr σ(ψ̂0)dx −
∫

�

tr σ(ψ̂m)(t)dx

= −2
∫

�t

σ(ψ̂m) : ∇xu
mdxds + 2

∫
�t

tr(σ (ψ̂m) − Id)dxds.

Next, we multiply the Navier–Stokes equation (48) by ci and sum over the index i
to derive the equality

1

2

∫
�

|um(t)|2dx − 1

2

∫
�

|u0|2dx + ν

∫
�t

|∇xu
m |2dxds = −

∫ t

0

〈
μ̄m

σ (s),∇xu
m 〉

ds.

Consequently, we obtain the energy equality

1

2

∫
�

|um (t)|2dx + 1

2

∫
�

tr σ(ψ̂m )(t)dx + ν

∫
�t

|∇x u
m |2dxds +

∫
�t

tr
(
σ(ψ̂m ) − Id

)
dxds

= 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx −
∫ t

0

〈
μ̄m

σ (s) − σ(ψ̂m )(s), ∇x u
m

〉
ds.
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Comparing this with the energy inequality (54), we deduce that

1

2

〈
μm

tr σ (t) − tr σ(ψ̂m)(t),1�

〉
+

∫ t

0

〈
μm

tr σ (s) − tr σ(ψ̂m)(s),1�

〉
ds

≤
∫ t

0

〈
μ̄m

σ (s) − σ(ψ̂m)(s),∇xu
m
〉
ds.

Inequality (53) then implies that〈
μm

tr σ (t) − tr σ(ψ̂m)(t),1�

〉

≤ 2
∫ t

0

∥∥∇xu
m(s)

∥∥
C(�;Rd×d )

〈
μm

tr σ (s) − tr σ(ψ̂m)(s),1�

〉
ds.

Consequently, Gronwall’s Lemma implies that the measure μm
tr σ − tr σ(ψ̂m) is

identically equal to zero for a.e. t ∈ (0, T ). Therefore, using (53) we deduce that

μ̄m
σ = σ(ψ̂m), μm

tr σ = tr σ(ψ̂m), for a.e. t ∈ (0, T ).

In particular, μm
tr σ = tr μ̄m

σ , and because σ(ψ̂m)
b∈ L∞(0, T ; L1(�;Rd×d)), it also

follows that μ̄m
σ

b∈ L∞(0, T ; L1(�;Rd×d)) and μm
tr σ

b∈ L∞(0, T ; L1(�;Rd)).

4.7. The Limit m → ∞
As the final step, we pass to the limit m → ∞ in the Galerkin approxima-

tion of the Navier–Stokes equation. Again, we will use the uniform bounds ob-
tained from the entropy estimate (49) to deduce that um is uniformly bounded in
L∞(0, T ; L2(�;Rd)) ∩ L2(0, T ; V ). Then one sees from (48) that

∂t u
m b∈ L2(0, T ; [V ∩ Hd+1(�;Rd)]′), uniformly in m.

It follows that there exists a u ∈ Cweak([0, T ]; L2(Rd)) such that

um → u strongly in L2(0, T ; L2(�;Rd)),

∇xu
m ⇀ ∇xu weakly in L2(0, T ; L2(�;Rd×d)).

Moreover, since the sequence of measures μ̄m
σ = σ(ψ̂m) is uniformly bounded in

L∞(0, T ;M(�;Rd×d
sym )) (cf. the final sentence of the previous section), there is a

measure μ̄σ and a non-relabelled subsequence of (μ̄m
σ )m≥1, such that

μ̄m
σ ⇀∗ μ̄σ weakly∗ in L∞(0, T ;M(�;Rd×d

sym )) as m → ∞.

Passing to the limit in the Fokker–Planck equation follows similar lines as
before. In particular, there exists a function ψ̂ ≥ 0 such that, as m → ∞,

ψ̂m → ψ̂ strongly in Lq(0, T ; L1
M (� × D)), q ∈ [1,∞),

M∇x,q ψ̂
m ⇀ M∇x,q ψ̂ weakly in L1((0, T ) × �; L1(D;R2d)),

M∂t ψ̂
m ⇀ M∂t ψ̂ weakly in L2(0, T ; [Hs(� × D)]′).
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Moreover, by choosing a further subsequence, we can assume that the first conver-
gence property stated above is true almost everywhere on (0, T ) × � × D.

We can now pass to the limit in (47) to obtain∫
�t

∫
D
Mψ̂∂tφdqdxds +

∫
�×D

Mψ̂0φ(0)dqdx −
∫

�×D
Mψ̂(t)φ(t)dqdx

= −
∫

�t

∫
D
Mψ̂u · ∇xφdqdxds −

∫
�t

∫
D
Mψ̂ ((∇xu)q) · ∇qφdqdxds

+ μ

∫
�t

∫
D
M∇x ψ̂ · ∇xφdqdxds +

∫
�t

∫
D
M∇q ψ̂ · ∇qφdqdxds

∀t ∈ [0, T ] ∀φ ∈ W 1,1(0, T ;C∞
c (� × D)),

(55)
and then by a standard density argument we extend the class of test functions under
consideration from φ ∈ H1(0, T ;C∞

c (� × D)) to φ ∈ H1(0, T ; Hs(� × D)),
s > d + 1.

We now define the parametrised measure

mNS(t) := μ̄σ (t) − σ(ψ̂)(t), t ∈ (0, T ).

Then, by passing to the limit m → ∞ in (48) we obtain
∫
�t

u · ∂tϑdxds +
∫
�t

(u ⊗ u) : ∇xϑdxds − ν

∫
�t

∇x u : ∇xϑdxds

=
∫
�t

σ(ψ̂) : ∇xϑdxds +
∫ t

0
〈mNS(s), ∇xϑ〉ds +

∫
�
u(t) · ϑ(t)dx −

∫
�
u0 · ϑ(0)dx

∀ ϑ ∈
{
ϑ ∈ L2(0, T ; V ) ∩ L1(0, T ;C1(�;Rd )) | ∂tϑ ∈ L1(0, T ; L2(�;Rd ))

}
,

as required.
Passing to the limit m → ∞ in (52), we deduce that

∫ T

0
η(s) 〈μ̄σ (s), ξ ⊗ ξ〉ds ≥

∫ T

0
η(s)

∫
�

ξT

(∫
BR′ (0)

Mψ̂ (q ⊗ q)dq

)
ξdxds ∀ ξ ∈ R

d .

Similarly as before this leads to showing that the defect measure mNS is positive
semidefinite, i.e.,

〈mNS(t), ξ ⊗ ξ 〉 ≥ 0 ∀ ξ ∈ R
d for a.e. t ∈ (0, T ).

Next, we consider the energy identity (50) and repeat the argument leading to in-
equality (54). Passing to the limit m → ∞ with the same choice of approximations
of the indicator function of [0, t) as before, we obtain the energy inequality

1

2

∫
�

|u(t)|2dx + 1

2

〈
tr μ̄σ (t),1

�

〉 + ν

∫
�t

|∇x u|2dxds +
∫ t

0

[〈
tr μ̄σ (s),1

�

〉 − d|�|]ds
≤ 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx,

(56)

valid for a.e. t ∈ (0, T ). Defining

mOB(t) := tr
(
μ̄σ (t) − σ(ψ̂)(t)

)
for t ∈ (0, T ),
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we can rewrite (56) to obtain the inequality

1

2

∫
�

|u(t)|2dx + 1

2

∫
�

tr σ(ψ̂(t))dx + 1

2

〈
mOB(t),1�

〉 + ν

∫
�t

|∇xu|2dxds

+
∫

�t

tr
(
σ(ψ̂) − Id

)
dxds +

∫ t

0

〈
mOB(s),1�

〉
ds

≤ 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx,

for a.e. t ∈ (0, T ).
The compatibility condition (12) (with ζ = const.) follows in an analogous

way as inequality (53) before.
Therefore the quadruple (u, ψ̂,mNS,mOB) is a generalised dissipative solu-

tion of the Hookean dumbbell model according to Definition 2.1. Furthermore,
passing to the limit in (49) (via weak lower semi-continuity and Fatou’s Lemma)
we deduce (13). Finally, passing to the limits R → ∞ and m → ∞ in (42), we
deduce that

∫
D
M(q)ψ̂(t, x, q)dq = 1 for a.e. (t, x) ∈ [0, T ] × �.

Thus, Theorem 3.1 is proved for the case d ≥ 3. The case d = 2 requires a
modification of the macroscopic closure step, and is explained in the next section.
��

5. Proof of Theorem 3.1 in 2D

The proof of existence of generalised dissipative solutions for d = 2 follows
essentially the same lines of argument as above. The only deviation is the fact
that we can deduce additional regularity of the approximate conformation tensor.
Taking advantage of the fact that the uniform L2 estimates below do not require
any cancellations between the Fokker–Planck and the Navier–Stokes equations, we
derive a macroscopic closure of the Fokker–Planck equation already from equa-
tion (21). Using the additional regularity of the approximate conformation tensor
(at each level of approximation), we are able to derive an equation for the limit
quantity, which turns out to be the stress equation of the Oldroyd-B system.

Define the approximate conformation tensor

σm,R,L(t, x) :=
∫
D
Mψ̂m,R,L (q ⊗ q)dq.

Let ϕ ∈ H1(�;R2×2) and set

φ(x, q) = (q ⊗ q) : ϕ(x).



Arch. Rational Mech. Anal.          (2025) 249:43 Page 39 of 54    43 

Testing equation (21) with φ we obtain, on the left-hand side,
〈
∂t ψ̂

m,R,L , φ
〉
([H1

M (�×D)]′,H1
M (�×D))

=
〈
∂t

(∫
D
Mψ̂m,R,Lq ⊗ qdq

)
, ϕ

〉
([H1(�;R2×2)]′,H1(�;R2×2))

=
〈
∂tσ

m,R,L , ϕ
〉
([H1(�;R2×2)]′,H1(�;R2×2))

,

whereas on the right-hand side we have, for the terms involving x-derivatives,
∫
�×D

Mψ̂m,R,Lum,R,L
k ∂kϕi j (q ⊗ q)i jdqdx =

∫
�

(
um,R,L · ∇x

)
ϕ : σm,R,Ldx;

−μ

∫
�×D

M∂kψ̂
m,R,L∂k

(
qiq jϕi j

)
dqdx = −μ

∫
�×D

∂k

(
Mψ̂m,R,Lqiq j

)
∂kϕi jdqdx

= −μ

∫
�

∇xσ
m,R,L : : ∇ϕdx .

In the transition to the last line we took advantage of ψ̂m,R,L being in L2(0, T ; H1
M (�×

D)) to justify differentiating under the integral sign. The q-convective term can be
written as follows:∫

�×D
M�L(ψ̂m,R,L)χR(|q|) ((∇xu

m,R,L)q) · ∇q ((q ⊗ q) : ϕ)dqdx

=
∫

�

[∫
D
M�L(ψ̂m,R,L)χR(|q|) (q ⊗ q)dq

] (
∇xu

m,R,L
)T : ϕdx

+
∫

�

∇xu
m,R,L

[∫
D
M�L(ψ̂m,R,L)χR(|q|) (q ⊗ q)dq

]
: ϕdx .

Finally, in the diffusion term, we integrate by parts to derive the equality∫
�×D

M∇q ψ̂
m,R,L · ∇q ((q ⊗ q) : ϕ)dqdx

= 2
∫

�

σm,R,L : ϕdx − 2
∫

�

[∫
D
Mψ̂m,R,Ldq

]
Id : ϕdx .

We thus arrive at a weak form of an evolution equation satisfied by σm,R,L . In
particular, thanks to previous estimates yielding ψ̂m,R,L ∈ L2(0, T ; H1

M (�× D)),
we can choose ϕ = σm,R,L as a test function for this equation. To obtain a Gronwall-
type inequality, we need to use the Gagliardo–Nirenberg inequality in the following
bound:
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∣∣∣∣
∫
�

∇x u
m,R,L

[∫
D
M�L (ψ̂m,R,L )χR(|q|) (q ⊗ q)dq

]
: σm,R,Ldx

∣∣∣∣

≤
(∫

�

∣∣∣∇x u
m,R,L

∣∣∣2dx

)1/2
(∫

�

∣∣∣σm,R,L
∣∣∣2

∣∣∣∣
∫
D
M�L (ψ̂m,R,L )χR(|q|) |q|2dq

∣∣∣∣
2
dx

)1/2

≤
∥∥∥∇x u

m,R,L
∥∥∥
L2(�;R2×2)

(∫
�

∣∣∣σm,R,L
∣∣∣2

∣∣∣∣
∫
D
Mψ̂m,R,L |q|2dq

∣∣∣∣
2
dx

)1/2

≤
∥∥∥∇x u

m,R,L
∥∥∥
L2(�;R2×2)

∥∥∥σm,R,L
∥∥∥2

L4(�;R2×2)

≤ 1

μ

∥∥∥∇x u
m,R,L

∥∥∥2

L2(�;R2×2)

∥∥∥σm,R,L
∥∥∥2

L2(�;R2×2)
+ μ

4

∥∥∥∇xσ
m,R,L

∥∥∥2

L2(�;R2×2)
,

where in the transition from the third line to the fourth line we used the pointwise
bound

0 ≤
∫
D
Mψ̂m,R,L |q|2dq = tr σm,R,L ≤

∣∣∣σm,R,L
∣∣∣ ,

with |σm,R,L | signifying the Frobenius matrix-norm of the symmetric positive
semidefinite matrix σm,R,L . We end up with

d

dt

∫
�

∣∣∣σm,R,L
∣∣∣2

dx + μ

2

∫
�

∣∣∣∇xσ
m,R,L

∣∣∣2
dx ≤ C(�) + a(t)

∫
�

∣∣∣σm,R,L
∣∣∣2

dx,

for an integrable nonnegative function a ∈ L1(0, T ). Using Gronwall’s Lemma we
deduce that

sup
t∈(0,T )

∫
�

∣∣∣σm,R,L
∣∣∣2

dx +
∫ t

0

∫
�

∣∣∣∇xσ
m,R,L

∣∣∣2
dxds ≤ C,

where the constant C is independent of m, R, L . With the above estimates in hand,
we infer the following bound on the time derivative of σm,R,L :

‖∂tσm,R,L‖L2(0,T ;[H1(�;R2×2)]′) ≤ C.

By applying the Aubin–Lions Lemma we deduce that the sequence (σm,R,L )L>0
is precompact in L2(0, T ; L2(�;R2×2)). Therefore, there is a function σm,R ∈
C([0, T ]; L2(�;R2×2)) (and a non-relabelled subsequence) such that, as L → ∞,

σm,R,L → σm,R strongly in L2(0, T ; L2(�;R2×2)),

∇xσ
m,R,L ⇀ ∇xσ

m,R weakly in L2(0, T ; L2(�;R2×2)).

Since the above bounds are uniform in R and m, we can similarly find σm and σ
such that

σ ∈ H1(0, T ; [H1(�;R2×2)]′) ∩ C([0, T ]; L2(�;R2×2)) ∩ L2(0, T ; H1(�;R2×2)),

and
lim
R→∞ σm,R = σm, lim

m→∞ σm = σ,

where the limits are to be understood in the strong sense in L2(0, T ; L2(�;R2×2))

and weakly in L2(0, T ; H1(�;R2×2)).
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Passing to the limit with L → ∞ in the equation for σm,R,L , we arrive at the
following equation for σm,R :

−
∫

�t

σm,R : ∂tϕdxds

=
∫

�

σ(ψ̂0) : ϕ(0)dx −
∫

�

σm,R(t) : ϕ(t)dx

+
∫

�t

(
um,R · ∇x

)
ϕ : σm,Rdxds − μ

∫
�t

∇xσ
m,R : : ∇xϕdxds

+
∫

�t

[∫
D
Mψ̂m,RχR (q ⊗ q)dq

] (
∇xu

m,R
)T : ϕdxds

+
∫

�t

∇xu
m,R

[∫
D
Mψ̂m,RχR(q ⊗ q)dq

]
: ϕdxds

− 2
∫

�t

σm,R : ϕdxds + 2
∫

�t

[∫
D
Mψ̂m,Rdq

]
Id : ϕdxds

∀ϕ ∈ C1([0, T ] × �;R2×2) and ∀ t ∈ [0, T ].

Testing this equation with ϕ ≡ Id and using (44), we deduce that

1

2

∫
�

|um,R(t)|2dx + 1

2

∫
�

tr σm,R(t)dx + ν

∫
�t

|∇xu
m,R |2dxds

+
∫

�t

tr (σm,R − Id)dxds

= 1

2

∫
�

|um(0)|2dx + 1

2

∫
�

tr σ(ψ̂0)dx + O

(
1

R

)
.

Then, by passing to the limit in this equality with R → ∞, by weak lower-
semicontinuity we arrive at the energy inequality satisfied by σm :

1

2

∫
�

|um(t)|2dx + 1

2

∫
�

tr σm(t)dx + ν

∫
�t

|∇xu
m |2dxds +

∫
�t

tr (σm − Id)dxds

≤ 1

2

∫
�

|u(0)|2dx + 1

2

∫
�

tr σ(ψ̂0)dx .

(57)
In a similar way, we can derive an equation for the truncated approximate

conformation tensor. Let

σ̄m,R,L(t, x) :=
∫
D
Mψ̂m,R,LχR(|q|) (q ⊗ q)dq.

We now test equation (21) with

φ(x, q) = χR(|q|) (q ⊗ q) : ϕ(x),
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where ϕ ∈ H1(�;R2×2). This yields some additional terms arising from the terms
in (21) that involve derivatives in q. More precisely, we have∫

�×D
M�L(ψ̂m,R,L)χR(|q|) ((∇xu

m,R,L)q) · ∇q (χR(|q|) (q ⊗ q) : ϕ)dqdx

=
∫

�

[∫
D
M�L(ψ̂m,R,L)χ2

R(|q|) (q ⊗ q)dq

] (
∇xu

m,R,L
)T : ϕdx

+
∫

�

∇xu
m,R,L

[∫
D
M�L(ψ̂m,R,L)χ2

R(|q|) (q ⊗ q)dq

]
: ϕdx

+
∫

�×D
M�L(ψ̂m,R,L)χR(|q|)

(
(∇q(χR(|q|)) ⊗ q) : ∇xu

m,R,L
)

((q ⊗ q) : ϕ)dqdx,

where the three terms on the right-hand side of this equality arose from applying
the product rule for differentiation to ∇q (χR(|q|) (q ⊗ q) : ϕ) and noting that ϕ is
independent of q. Furthermore,∫

�×D
M∇q ψ̂

m,R,L · ∇q (χR(|q|) (q ⊗ q) : ϕ)dqdx

= 2
∫

�

σ̄m,R,L : ϕdx − 2
∫

�

[∫
D
Mψ̂m,R,LχRdq

]
Id : ϕdx

− 2
∫

�

ϕ :
∫
D
Mψ̂m,R,L (

(∇qχR ⊗ q) + (q ⊗ ∇qχR)
)
dqdx

−
∫

�

ϕ :
∫
D
Mψ̂m,R,L (q ⊗ q)�χRdqdx

+
∫

�

ϕ :
∫
D
Mψ̂m,R,L (q ⊗ q) q · ∇qχRdqdx .

Testing the resulting equation with ϕ = σ̄m,R,L , and using the bounds |�χR | �
R−2, |q · ∇qχR | � C , we arrive at the following uniform bounds:

sup
t∈(0,T )

∫
�

∣∣∣σ̄m,R,L
∣∣∣2

dx +
∫ t

0

∫
�

∣∣∣∇x σ̄
m,R,L

∣∣∣2
dxds ≤ C,

‖∂t σ̄m,R,L‖L2(0,T ;[H1(�;R2×2)]′) ≤ C.

Consequently, up to extracting subsequences, there are symmetric matrix-functions
σ̄m,R, σ̄m, σ̄ such that

σ̄ ∈ H1(0, T ; [H1(�;R2×2)]′) ∩ C([0, T ]; L2(�;R2×2))

∩L2(0, T ; H1(�;R2×2)) with

lim
L→∞ σ̄m,R,L = σ̄m,R, lim

R→∞ σ̄m,R = σ̄m, lim
m→∞ σ̄m = σ̄ ,

where the limits are to be understood in the strong sense in L2(0, T ; L2(�;R2×2))

and weakly in L2(0, T ; H1(�;R2×2)). In fact, thanks to the presence of the trun-
cation χR in the definition of σ̄m,R,L , we can identify σ̄m,R as

σ̄m,R(t, x) =
∫
D
Mψ̂m,RχR(|q|) (q ⊗ q)dq.
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Passing to the limit R → ∞ in (34) we obtain
∫ t

0

∫
�

∂t u
m · widxds −

∫ t

0

∫
�

(um ⊗ um) : ∇xwidxds + ν

∫ t

0

∫
�

∇xu
m : ∇xwidxds

= −
∫ t

0
σ̄m : ∇xwids,

(58)
for all i = 1, . . . ,m and a.e. t ∈ (0, T ). Proceeding as in the general case in the
previous section, we readily deduce the following properties∫

�

(
σ̄m − σ(ψ̂m)

)
: (ξ ⊗ ξ)dx ≥ 0 ∀ξ ∈ R

d , a.e. t ∈ (0, T ),

and∣∣∣∣
∫
�

(
σ̄m − σ(ψ̂m)

)
: ∇xϑdx

∣∣∣∣ ≤ ‖ϑ‖C1(�)

∫
�

tr
(
σm − σ(ψ̂m)

)
dx ∀ ϑ ∈ C1(�).

Consequently, by arguing in the same way as before, we use the Fokker–Planck
Eqs. (47) and (58) in conjunction with inequality (57) to infer that

σ̄m = σ(ψ̂m), σm = tr σ̄m .

Using the strong convergence of ψ̂m and Fatou’s Lemma we deduce that, for a.e.
(t, x),

|σ(ψ̂)| � tr σ(ψ̂) ≤ lim inf
m→∞

∫
D
Mψ̂m |q|2dq = tr σ̄ . (59)

Passing to the limit m → ∞ and setting mNS = σ̄ − σ(ψ̂) and mOB = tr mNS ,
we see that mNS and σ(ψ̂) both belong to Lq(0, T ; L p(�;R2×2)) for q = 2p

p−2
and p ∈ [2,∞), as claimed.

To conclude the final part of the proof of the theorem, we derive a macroscopic
equation for σ̄m = σ(ψ̂m). To this end we will test the Fokker–Planck equation (55)
by the following test function:

φ(t, x, q) = TL(qi )TL(q j )ϕi j (t, x), ϕ ∈ H1(0, T ;C1(�;R2×2)).

Recall that the truncation TL is defined in (14) and T ′
L(s) = χL(s). Let us denote

by σ L the 2 × 2 matrix function whose entries are

σ L
i j :=

∫
D
Mψ̂mTL(qi )TL(q j )dq, i, j = 1, 2.

Then |σ L | ≤ C tr σ(ψ̂m), so that σ L inherits all the integrability properties of
σ(ψ̂m), and

|∇xσ
L
i j | =

∣∣∣∣
∫
D
M∇x ψ̂

mTL(qi )TL(q j )dq

∣∣∣∣ � L2
∫
D
M |∇x ψ̂

m |dq,

so that σ L ∈ L2(0, T ; H1(�;Rd×d)) for each L > 0. Similarly, σ L ∈ C([0, T ];
L2(�;R2×2)) for each L > 0. Moreover, by the Dominated Convergence Theorem,

σ L → σ(ψ̂m) as L → ∞ in Lq(0, T ; L1(�;R2×2)), q ∈ [1,∞).
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We shall now upgrade this convergence by deriving a uniform bound on σ L in
L2(0, T ; H1(�;R2×2)). Testing the Fokker–Planck equation by the function φ as
above, we have∫

�t

∫
D
Mψ̂m∂tφdqdxds +

∫
�×D

Mψ̂0φ(0)dqdx −
∫

�×D
Mψ̂m(t)φ(t)dqdx

=
∫

�t

σ L : ∂tϕdxds +
∫

�

(∫
D
Mψ̂0TL(qi )TL(q j )dq

)
: ϕ(0)dx

−
∫

�

σ L(t) : ϕ(t)dx .

The q-diffusion term becomes

−
∫ t

0

∫
�×D

M∇q ψ̂
m · ∇q

(
TL(qi )TL(q j )

)
ϕi jdqdxds

= −
∫ t

0

∫
�×D

M∂qk ψ̂
mT ′

L(qi )TL(q j )δikϕi jdqdxds

−
∫ t

0

∫
�×D

M∂qk ψ̂
mT ′

L(q j )TL(qi )δ jkϕi jdqdxds.

Integrating by parts, we have

−
∫ t

0

∫
�×D

M∂qk ψ̂
mT ′

L(qk)TL(q j )ϕk jdqdxds

=
∫ t

0

∫
�×D

Mψ̂mT ′′
L (qk)TL(q j )ϕk jdqdxds

+
∫ t

0

∫
�×D

Mψ̂m(T ′
L(qk))

2ϕkkdqdxds

−
∫ t

0

∫
�×D

Mψ̂mT ′
L(qk)TL(q j )qkϕk jdqdxds.

For the first term we observe that∣∣∣∣
∫ t

0

∫
�×D

Mψ̂mT ′′
L (qk)TL(q j )ϕk jdqdxds

∣∣∣∣ ≤ C

L

∫ t

0

∫
�×D

Mψ̂m |q|dqdxds � 1

L
.

For the transport term we write
∫ t

0

∫
�×D

Mψ̂mum · ∇xφdqdxds =
∫ t

0

∫
�

σ L
i j u

m · ∇xϕi jdxds,

and finally for the diffusion term∫
�t

∫
D
M∇x ψ̂

m · ∇xφdqdxds =
∫

�t

∫
D
M∇x ψ̂

mTL(qi )TL(q j ) · ∇xϕi jdqdxds

=
∫

�t

∇xσ
L
i j · ∇xϕi jdxds.
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We thus arrive at an evolution equation for σ L . Let us now observe the following
bounds

∫ t

0

∫
�×D

Mψ̂mT ′′
L (qk)TL(q j )ϕk jdqdxds � 1

L

∫
�t

|ϕ|
∫
D
Mψ̂m |q|dqdxds

� 1

L
‖ϕ‖L2(0,T ;L2(�;R2×2)) ;

∫ t

0

∫
�×D

Mψ̂m(T ′
L(qk))

2ϕkkdqdxds �
∫

�t

|ϕ|
∫
D
Mψ̂mdqdxds

� ‖ϕ‖L2(0,T ;L2(�;R2×2)) ;∫ t

0

∫
�×D

Mψ̂mT ′
L(qk)TL(q j )qkϕk jdqdxds �

∫
�t

|ϕ|
∫
D
Mψ̂m |q|2dqdxds

� ‖ϕ‖L2(0,T ;L2(�;R2×2))∥∥∥σ(ψ̂m)

∥∥∥
L2(0,T ;L2(�;R2×2))

;

and

∫ t

0

∫
�×D

Mψ̂m(∇xu
m)klqlT

′
L(qk)TL(q j )ϕk jdqdxds

�
∫

�t

|∇xu
m ||ϕ| tr σ(ψ̂m)dxds

�
∥∥∇xu

m
∥∥
L∞(0,T ;L∞(�;R2×2))

∥∥∥σ(ψ̂)

∥∥∥
L2(0,T ;L2(�;R2×2))

‖ϕ‖L2(0,T ;L2(�;R2×2)) .

Since σ L belongs to L2(0, T ; H1(�;R2×2)) for each L > 0, there is a sequence
(σ L ,n)n∈N ⊂ L2(0, T ;C1(�;R2×2))which converges toσ L in the L2(0, T ; H1(�;R2×2))
topology. We can then choose ϕ = σ L ,n . These bounds, in conjunction with the

uniform bound σ L b∈ L2(0, T ; L2(�;R2×2)), show that in the limit n → ∞ each
of the above terms is bounded uniformly in L . For the terms involving spatial
derivatives we observe that

∫
�t

σ L
i j u

m · ∇xσ
L ,n
i j dxds =

∫
�t

σ L
i j u

m · ∇xσ
L
i jdxds +

∫
�t

σ L
i j u

m · ∇x (σ
L ,n
i j − σ L

i j )dxds

=
∫
�t

σ L
i j u

m · ∇x (σ
L ,n
i j − σ L

i j )dxds

≤ ∥∥um∥∥
L∞(0,T ;L∞(�;R2))

∥∥∥σ(ψ̂)

∥∥∥
L2(0,T ;L2(�;R2×2))

∥∥∥∇x (σ
L ,n
i j − σ L

i j )
∥∥∥
L2(0,T ;L2(�;R2))

,

and

∫
�t

∇xσ
L
i j · ∇xσ

L ,n
i j dxds →

∫
�t

|∇xσ
L
i j |2dxds.
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By applying an additional mollification in the time variable, we readily deduce that

∫
�t

σ L : ∂tσ
L ,ndxds +

∫
�

(∫
D
Mψ̂0TL(qi )TL(q j )dq

)
: σ L ,n(0)dx

−
∫

�

σ L(t) : σ L ,n(t)dx

→ 1

2

∥∥∥σ L(t)
∥∥∥2

L2(�;R2×2)
− 1

2

∥∥∥σ(ψ̂0)

∥∥∥2

L2(�;R2×2)
.

Collecting all the pieces, we arrive at the following uniform bound on σ L :

1

2

∥∥∥σ L(t)
∥∥∥2

L2(�;R2×2)
+ μ

∫ t

0

∫
�

|∇xσ
L(s)|2dxds ≤ C + 1

2

∥∥∥σ(ψ̂0)

∥∥∥2

L2(�;R2×2)
.

It follows that, up to a subsequence, we have the weak convergence

∇xσ
L ⇀ ∇xσ(ψ̂) weakly in L2(0, T ; L2(�;R2×2)).

We are now ready to pass to the limit L → ∞ in the equation for σ L . Using
the properties of TL and its derivatives, we obtain

−
∫ t

0

∫
�×D

M∂qk ψ̂
mT ′

L(qk)TL(q j )ϕk jdqdxds → −
∫

�t

σ(ψ̂m) : ϕdxds

+
∫

�t

(∫
D
Mψ̂mdq

)
︸ ︷︷ ︸

=1

Id : ϕdxds;

and
∫ t

0

∫
�×D

Mψ̂m(∇xu
m)klqlT

′
L(qk)TL(q j )ϕk jdqdxds

+
∫ t

0

∫
�×D

Mψ̂m(∇xu
m)klqlT

′
L(qk)TL(qi )ϕikdqdxds

→
∫

�t

∇xu
mσ(ψ̂m) : ϕdxds +

∫ t

0

∫
�

σ(ψ̂m)(∇xu
m)T : ϕdxds,

where the convergence follows from the Dominated Convergence Theorem, by not-

ing that σ(ψ̂m)
b∈ L∞(0, T ; L2(�;R2×2)) and ∇xum

b∈ L2(0, T ; L2(�;R2×2)).
For the transport term we write

∫ t

0

∫
�

σ L
i j u

m · ∇xϕi jdqdxds →
∫ t

0

∫
�

(
um · ∇x

)
ϕ : σ(ψ̂m)dxds

= −
∫ t

0

∫
�

(
um · ∇x

)
σ(ψ̂m) : ϕdxds,

where the last equality follows since um vanishes on the boundary of �.
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We thus arrive at the following equation satisfied by σ(ψ̂m):

−
∫ t

0

∫
�

σ(ψ̂m) : ∂tϕdxds

=
∫

�

σ(ψ̂0) : ϕ(0)dx −
∫

�

σ(ψ̂m)(t) : ϕ(t)dx

−
∫ t

0

∫
�

(
um · ∇x

)
σ(ψ̂m) : ϕdxds − μ

∫ t

0

∫
�

∇xσ(ψ̂m): : ∇xϕdxds

+
∫ t

0

∫
�

σ(ψ̂m)
(∇xu

m)T : ϕdxds +
∫ t

0

∫
�

(∇xu
m)σ (ψ̂m) : ϕdxds

− 2
∫ t

0

∫
�

(
σ(ψ̂m) − Id

)
: ϕdxds

∀ t ∈ [0, T ], ∀ϕ ∈ W 1,1(0, T ;C1(�;R2×2)).

Now, using density of the space C1(�;R2×2) in H1(�;R2×2) and passing to the
limit m → ∞, we deduce that the pair (u, σ̄ ) is a weak solution of the Oldroyd-B
system. We postpone the proof of uniqueness to the next section. Finally, passing
to the limit in (57) we obtain the energy inequality

1

2

∫
�

|u(t)|2dx + 1

2

∫
�

tr σ̄ (t)dx + ν

∫
�t

|∇xu|2dxds +
∫

�t

tr (σ̄ − Id)dxds

≤ 1

2

∫
�

|u(0)|2dx + 1

2

∫
�

tr σ(ψ̂0)dx .

��
Corollary 5.1. If σ(ψ̂) belongs to L∞(0, T ; L p(�;R2×2)) for some p > 2, then,
for the generalised solution as constructed above, we have σ(ψ̂) = σ̄ , yielding a
weak solution to the 2D NSFP system.

Proof. With the additional integrability we can repeat the argument from the last
part of the previous proof to derive an equation for σ L , this time defining its entries
via

σ L
i j :=

∫
D
Mψ̂ TL(qi ) TL(q j )dq, i, j = 1, 2.

We arrive at an identical equation with ψ̂m replaced by ψ̂ and um replaced by u.
In deriving the energy estimate for σ L we now cannot use the W 1,∞ bound on the
velocity. Instead, we can estimate the terms involving the velocity as follows:∫ t

0

∫
�×D

Mψ̂(∇xu)klqlT
′
L(qk)TL(q j )ϕk jdqdxds

�
∫

�t

|∇xu||ϕ| tr σ(ψ̂)dxds

� ‖∇xu‖L2(0,T ;L2(�;R2×2))

∥∥∥σ(ψ̂)

∥∥∥
L∞(0,T ;L p(�;R2×2))

‖ϕ‖
L2(0,T ;L

2p
p−2 (�;R2×2))︸ ︷︷ ︸

≤C‖ϕ‖L2(0,T ;H1(�;R2×2))

,
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and
∫

�t

σ L
i j u

m · ∇xσ
L ,n
i j dxds =

∫
�t

σ L
i j u · ∇xσ

L
i jdxds +

∫
�t

σ L
i j u · ∇x (σ

L ,n
i j − σ L

i j )dxds

=
∫

�t

σ L
i j u · ∇x (σ

L ,n
i j − σ L

i j )dxds

≤ ‖u‖
L2(0,T ;L

2p
p−2 (�;R2))

∥∥∥σ(ψ̂)

∥∥∥
L∞(0,T ;L p(�;R2×2))

∥∥∥∇x (σ
L ,n
i j − σ L

i j )

∥∥∥
L2(0,T ;L2(�;R2))

.

By passing to the limit L → ∞, it follows that σ(ψ̂) belongs to L2(0, T ; H1

(�;R2×2)) and satisfies the Oldroyd-B stress equation (5), and so does σ̄ , with the
same velocity u. Taking the difference of the two formulations and testing by the
difference σ̄ − σ(ψ̂)2 we easily deduce that σ̄ = σ(ψ̂) a.e. (similarly as in the
more general calculation below).

Remark 5.2. The above corollary is stated in terms of conditional integrability of
σ(ψ̂). Let us point out however that using the pointwise bound (59), we obtain
the same integrability of σ(ψ̂) as that of σ̄ . Since the latter satisfies equation (5),
Corollary 5.1 can be seen as a sufficient condition for existence of weak solutions
to the 2D NSFP system in terms of regularity of the solution to the Oldroyd-B
system. We leave open the question of minimal conditions for σ̄ to belong to
L∞L p. Observe that a slight modification of the above proof allows for the same
conclusion under additional regularity of the velocity gradient – namely, ∇xu ∈
L2(0, T ; L p(�;R2×2)) for some p > 2.

6. Conditional Regularity and Uniqueness

6.1. Proof of Theorem 3.2

Let us now assume additional regularity of the velocity field, namely, that

∂t u ∈ L1(0, T ; L2(�;R3)) and ∇xu ∈ L1(0, T ;C(�̄;R3×3)). (60)

Testing the Fokker–Planck equation (10) with the function φ(q) = TR(|q|2) (with
the same truncation as before, defined in (14)), we obtain

∫
�×D

Mψ̂0TR(|q|2)dqdx −
∫

�×D
Mψ̂(t)TR(|q|2)dqdx

= −
∫

�t

∫
D
Mψ̂ ((∇xu)q) · ∇qTR(|q|2)dqdxds

+
∫

�t

∫
D
M∇q ψ̂ · ∇qTR(|q|2)dqdxds.

2 Strictly speaking, a mollification in time is required for this testing to be admissible.
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The first term on the right-hand side can be rewritten as

−
∫

�t

∫
D
Mψ̂ ((∇xu)q) · ∇qTR(|q|2)dqdxds

= −2
∫

�t

(∫
D
Mψ̂χR(|q|2) (q ⊗ q)dq

)
: ∇xudxds,

while the other term can be written as

2
∫

�t

∫
D
M∇q ψ̂ · qχR(|q|2)dqdxds = 2

∫
�t

∫
D
Mψ̂ |q|2χR(|q|2)dqdxds

− 2d
∫

�t

∫
D
Mψ̂χR(|q|2)dqdxds

− 2
∫

�t

∫
D
Mψ̂q · ∇qχR(|q|2)dqdxds.

As before, the last term can be bounded as follows:∫
�t

∫
D
Mψ̂q · ∇qχR(|q|2)dqdxds = 2

∫
�t

∫
D
Mψ̂ |q|2 χ ′

R(|q|2)dqdxds � 1

R
.

In each of the other terms we can pass to the limit R → ∞ using the Monotone
Convergence Theorem. Therefore we deduce that∫

�
tr σ(ψ̂0)dx −

∫
�

tr σ(ψ̂)(t)dx = −2
∫
�t

σ(ψ̂) : ∇xudxds + 2
∫
�t

tr(σ (ψ̂) − Id)dxds.

Next, we test the Navier–Stokes equation (9) with u (which is admissible because
of the assumed additional regularity (60)) to derive the equality

1

2

∫
�

|u(t)|2dx − 1

2

∫
�

|u0|2dx + ν

∫
�t

|∇xu|2dxds

= −
∫ t

0
σ(ψ̂) : ∇xuds −

∫
�t

〈mNS(s),∇xu〉ds.

Consequently, we obtain the energy equality

1

2

∫
�

|u(t)|2dx + 1

2

∫
�

tr σ(ψ̂)(t)dx + ν

∫
�t

|∇xu|2dxds +
∫
�t

tr
(
σ(ψ̂) − Id

)
dxds

= 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ(ψ̂0)dx −
∫ t

0
〈mNS, ∇xu〉ds.

(61)
Comparing this with the energy inequality (11), we deduce that

〈
mOB(t),1�

〉 +
∫ t

0

〈
mOB(s),1�

〉
ds ≤

∫ t

0
〈mNS(s),∇xu〉ds.

The compatibility condition implies that∣∣∣∣
∫ t

0
〈mNS(s),∇xu〉ds

∣∣∣∣ ≤
∫ t

0
ζ(s) ‖∇xu(s)‖C(�;R3×3)

〈
mOB(s),1�

〉
ds.

Consequently, Grönwall’s Lemma implies that mOB ≡ 0. Then, by compatibility,
we must have that mNS ≡ 0. ��
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6.2. Proof of Corollary 3.3

By assuming the stated additional regularity of the initial datum for the stress
tensor, together with the Oldroyd-B stress evolution equation satisfied by σ̄ , we are
in a position to deduce higher regularity for σ̄ , and subsequently of the velocity.

Indeed, since u ∈ L4(0, T ; L4(�;R2)) and σ̄ ∈ L2(0, T ; H1(�;R2×2)), we
see that

(u · ∇x ) σ̄ ∈ L4/3(0, T ; L4/3(�;R2×2)).

Similarly, (∇xu)σ̄ ∈ L4/3(0, T ; L4/3(�;R2×2)). It follows from Lemma 3.2 in [10]
that

σ̄ ∈ L4/3(0, T ;W 2,4/3(�;R2×2)), div σ̄ ∈ L4/3(0, T ; L4(�;R2×2)).

With this regularity in hand, we can apply Lemma 3.6 in [10] to deduce that

∂t u ∈ L2(0, T ; L2(�;R2)), u ∈ L4/3(0, T ;W 2,q(�;R2)), q ∈ [1, 4).

We can therefore repeat the argument from the proof of Theorem 3.2 above to
conclude that mNS and mOB vanish, and therefore that σ̄ = σ(ψ̂). ��

6.3. Proof of Uniqueness for the Oldroyd-B System in 2D

Suppose that (u1, σ̄ 1) and (u2, σ̄ 2) are two weak solutions of the Oldroyd-B
system with the same initial data (u0, σ̄0). Using the energy identity (61) for both
solutions we obtain the following equality:

1

2

∫
�

|u1(t) − u2(t)|2dx + ν

∫ t

0

∫
�

|∇xu
1 − ∇xu

2|2dxds

= 1

2

∫
�

|u1(t)|2dx + ν

∫ t

0

∫
�

|∇xu
1|2dxds + 1

2

∫
�

|u2(t)|2dx + ν

∫ t

0

∫
�

|∇xu
2|2dxds

−
∫
�
u1(t) · u2(t)dx − 2ν

∫ t

0

∫
�

∇xu
1 : ∇xu

2dxds

= 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ̄0dx −
∫ t

0

∫
�

tr (σ̄ 1 − Id)dxds − 1

2

∫
�

tr σ̄ 1(t)dx

+ 1

2

∫
�

|u0|2dx + 1

2

∫
�

tr σ̄0 −
∫ t

0

∫
�

tr (σ̄ 2 − Id)dxds − 1

2

∫
�

tr σ̄ 2(t)dx

−
∫
�
u1(t) · u2(t)dx − 2ν

∫ t

0

∫
�

∇xu
1 : ∇xu

2dxds.

The last two terms are treated as is usual for the Navier–Stokes equations, see for
instance [28], to deduce that

1

2

∫
�

|u0|2dx + 1

2

∫
�

|u0|2dx −
∫

�

u1(t) · u2(t)dx − 2ν

∫ t

0

∫
�

∇xu
1 : ∇xu

2dxds

=
∫ t

0

∫
�

∇x (u
1 − u2) :

(
(u1 − u2) ⊗ u2

)
dxds.
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The terms involving the tensors σ̄ i , i = 1, 2, can be rewritten using their evolution
equations: testing the equation (5) by 1

2 Id, we obtain, for i = 1, 2,

−1

2

∫
�

(
σ̄ i (t) − σ̄0

)
dx −

∫ t

0

∫
�

tr (σ̄ i − Id)dxds = 2
∫ t

0

∫
�

σ̄ i : ∇xu
idxds.

Therefore, we have

1

2

∫
�

|u1(t) − u2(t)|2dx + ν

∫ t

0

∫
�

|∇xu
1 − ∇xu

2|2dxds

=
∫ t

0

∫
�

∇x (u
1 − u2) :

(
(u1 − u2) ⊗ u2

)
dxds + 2

∫ t

0

∫
�

(
σ̄ 1 − σ̄ 2

)
: ∇x (u

1 − u2)dxds.

(62)
The first term on the right-hand side can be bounded as follows, using the Gagliardo–
Nirenberg and Young inequalities:

∫ t

0

∫
�

∇x (u
1 − u2) :

(
(u1 − u2) ⊗ u2

)
dxds

≤
∫ t

0

∥∥∥∇x (u
1 − u2)

∥∥∥
L2(�;Rd×d )

∥∥∥u2
∥∥∥
L4(�;Rd )

∥∥∥u1 − u2
∥∥∥
L4(�;Rd )

ds

≤ δ

2

∫ t

0

∫
�

|∇xu
1 − ∇xu

2|2dxds + 1

2δ

∫ t

0

∥∥∥u2
∥∥∥2

L4(�;Rd )

∥∥∥u1 − u2
∥∥∥2

L4(�;Rd )
ds

≤ δ

∫ t

0

∫
�

|∇xu
1 − ∇xu

2|2dxds + C

δ3

∫ t

0

∥∥∥u2
∥∥∥4

L4(�;Rd )

∫
�

|u1 − u2|2dxds,

whereC is a positive constant, independent of δ. For the other term on the right-hand
side of (62) we write, using Young’s inequality,

∫ t

0

∫
�

(
σ̄ 1 − σ̄ 2

)
: ∇x (u

1 − u2)dxds

≤ δ

∫ t

0

∫
�

|∇x (u
1 − u2)|2dxds + 1

4δ

∫ t

0

∫
�

∣∣∣σ̄ 1 − σ̄ 2
∣∣∣2

dxds,

and to close the estimate, we require a bound on the square of the difference of
σ̄ 1 and σ̄ 2. To this end, we subtract the corresponding equations and test by the
difference, which yields

1

2

∫
�

∣∣∣σ̄ 1(t) − σ̄ 2(t)
∣∣∣2

dx + μ

∫ t

0

∫
�

∣∣∣∇x (σ̄
1 − σ̄ 2)

∣∣∣2
dxds + 2

∫ t

0

∫
�

∣∣∣σ̄ 1 − σ̄ 2
∣∣∣2

dxds

= −
∫ t

0

∫
�

(
(u1 − u2) · ∇x

)
(σ̄ 1 − σ̄ 2) : σ̄ 2dxds

+
∫ t

0

∫
�

(∇xu
1σ̄ 1 + σ̄ 1∇T

x u
1) : σ̄ 2 + (∇xu

2σ̄ 2 + σ̄ 2∇T
x u

2) : σ̄ 1dxds

−
∫ t

0

∫
�

(∇xu
1σ̄ 1 + σ̄ 1∇T

x u
1) : σ̄ 1 + (∇xu

2σ̄ 2 + σ̄ 2∇T
x u

2) : σ̄ 2dxds.

(63)
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The first term on the right-hand side can be treated similarly as before, producing
∫ t

0

∫
�

(
(u1 − u2) · ∇x

)
(σ̄ 1 − σ̄ 2) : σ̄ 2dxds

≤ δ

∫ t

0

∫
�

∣∣∣∇x (σ̄
1 − σ̄ 2)

∣∣∣2
dxds + δ

∫ t

0

∫
�

|∇xu
1 − ∇xu

2|2dxds

+ C

δ3

∫ t

0

∥∥∥σ̄ 2
∥∥∥4

L4(�;R2×2)

∫
�

|u1 − u2|2dxds,

where, again, C is a positive constant independent of δ; while the last two terms
can be rewritten, using symmetry, as
∫ t

0

∫
�

∇x (u
1 − u2)σ̄ 1 : (σ̄ 1 − σ̄ 2)dxds −

∫ t

0

∫
�

∇xu
2(σ̄ 1 − σ̄ 2) : (σ̄ 1 − σ̄ 2)dxds.

The first of the above terms is bounded again using the Gagliardo–Nirenberg in-
equality and the L4(0, T ; L4(�;R2×2)) regularity of the conformation tensor,
while the second term can be bounded by integration by parts and the L4(0, T ;
L4(�;R2)) norm boundedness of u2.

Combining (62) and (63) together with the above estimates, we obtain, upon
choosing δ > 0 small enough (in terms of ν and μ),∫

�

|u1 − u2|2dx +
∫

�

∣∣∣σ̄ 1 − σ̄ 2
∣∣∣2

dx

≤
∫ t

0
a(t)

∫
�

|u1 − u2|2dxds +
∫ t

0
b(t)

∫
�

∣∣∣σ̄ 1 − σ̄ 2
∣∣∣2

dxds,

for some functions a, b ∈ L1(0, T ). We conclude by Gronwall’s Lemma that
u1 = u2 and σ̄ 1 = σ̄ 2 a.e. in (0, T ) × �. We thus obtain uniqueness for the
Oldroyd-B equation. ��
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