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Abstract 
We are concerned with the deformation of thin, flat annular plates under a force applied 

orthogonally to the plane of the plate. This mechanical process can be described via a radial 

formulation of the Föppl – von Kármán equations, a set of nonlinear partial differential equations 

describing the deflections of thin flat plates. We are able to obtain analytical solutions for the 

radial Föppl – von Kármán equations with boundary conditions relevant for clamped, loosely 

clamped, and free inner and outer. This permits us to study the qualitative behavior of the out-of-

plane deflections as well as the Airy stress function for a number of cases. Provided that an 

appropriate non-dimensionalization is taken, we find that the perturbation solutions are 

surprisingly valid for a wide variety of parameters, and compare favorably with numerical 

simulations in all cases (rather than just for small parameters). The results demonstrate that the 

ratio of the inner to outer radius of the annular plate will strongly influence the properties of the 

solutions, as will the specific boundary data considered. For instance, one may choose to fix the 

plate in place with a specific set of boundary conditions, in order to minimize the out-of-plane 

deflections. Other boundary conditions may result in undesirable behaviors.  

 

Keywords: Föppl – von Kármán equations; deflections of thin flat plates; nonlinear PDEs; 

analytical solution 

 

1. Introduction 

The Föppl – von Kármán equations, a set of nonlinear partial differential equations describing 

the large deflections of thin flat plates, read 

 
2 2 2 2 2 2

4

2 2 2 2
2 ,

F w F w F w
D w h P x y

y x x y x y x y

      
     

         ,          (1a) 
2

2 2 2
4

2 2
0

w w w
F E

x y x y

     
     

       ,             (1b) 

where 
 ,w w x y

 is the out of plane deflection, 
 ,F F x y

 is the Airy stress function, E is 

Young's modulus, h is the thickness of the plate,  
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is called the flexural (or, cylindrical rigidity, or, bending stiffness, in various literature) of the 

plate,   is Poisson's ratio, and 
 ,P x y

 is the external normal force per unit area of the plate. 
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Furthermore, 
4 2    denotes the biharmonic operator 

4 4 4
4

4 4 2 2
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    .                 

There is a long history to these equations (see, e.g., [1-4]). There is a dynamic form of the 

Föppl - von Kármán equations,  
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which govern, for instance, vibrations of thin plates [5-8]. This formulation has also been used to 

study vibrations of axially symmetric shells [9]. Note that the time-dependent formulation (2) 

can be used to solve the static equations (1) numerically, as solutions to (1) would be steady state 

solutions to (2); see [10]. While the numerical and experimental study of these equations has 

been well represented in the literature, few analytical results have been reported. Chen and 

Hutchenson [11] and Huang, Hong and Suo [12] recently conducted analysis on the equations, 

under certain specific assumptions and special cases. Regarding the buckling of the plate, 

Audoly [13] performs a weakly-nonlinear analysis above the buckling threshold, and the results 

are compared to numerical simulations. Analytical solutions in the case of the straight-sided 

blister governing by the Föppl – von Kármán equations are given in [14-16]. Mathematically, 

such results correspond to an infinite strip with a sinusoidal profile. Further results in the form of 

sinusoidal functions are given for the herringbone pattern in [17,18]. From a purely mathematical 

point, the Föppl – von Kármán equations have been studied by Knightly in [19], who established 

a priori estimates and a global existence theorem, and furthermore showed that for small data the 

solution is unique. 

Due to the fact that the Föppl – von Kármán equations involve high order derivatives, 

along with two types of nonlinearities [20], numerical solutions are typically obtained, as the 

problem is often too challenging for analytical methods. However, the Föppl – von Kármán 

equations describe the large deformations of a plate, and hence are of interest to those studying 

deformations and wrinkling of surfaces [21-25] or even blistering of such surfaces [26]. For 

these reasons, a method of obtaining approximate analytical solutions is of interest. An analytical 

method for the Föppl – von Kármán equations was considered in [27], where the optimal 

homotopy analysis method was applied to obtain approximate analytical solutions in the case of 

clamped boundary conditions for rectangular plates. 

While most studies on the Föppl – von Kármán equations have been for either rectangular 

or circular plates, it is possible to consider more general structures. Let us consider a flat plate 

taking the shape of the connected domain   in the plane. In order to solve the Föppl – von 

Kármán equations, we need to impose boundary conditions, and these are determined by the 

particular application at hand. Regarding standard boundary condition for the Föppl – von 

Kármán equations, the loosely clamped edge boundary conditions [28] read 
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where n  is the outward normal vector to the boundary  . Meanwhile, the clamped edge 
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boundary conditions [28] read 
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with the difference here being that 
0

w


n  rather than 

2

2
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n  is taken on the boundary  . 

Finally, if a boundary is not affixed to anything, but rather hangs free, one may consider the free 

boundary conditions  
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as discussed in [29]. There exists some analytical theory dealing with plate theory under mixed 

boundary conditions; see [30]. We shall focus on various pairings of boundary conditions (3)-(5), 

as these are the conditions which arise commonly in the literature for various kinds of flat plates. 

 In addition to references mentioned above, there has been particular interest in plates with 

a circular geometry. In contrast to the fourth-order Föppl – von Kármán equations, the second 

order von Kármán equations have been considered in [31-36], where various analytical results 

for the deflection of circular plates were given. A more detailed derivation of the constitutive 

equations governing the stresses in circular flat plates is provided in [37]. In early work on 

annular plates was carried out by Evans and Hart [38,39]. They considered theoretical results, 

and compared the von Kármán results with corresponding results for the Reissner formulation. 

Additional work on the annular plate theory under the von Kármán model was considered in [40-

42]. More mathematically rigorous existence and uniqueness results for annular plate problems 

were presented in [43,44]. 

 The study of annular plates or membranes is relevant to applications involving the 

ponding of annular membranes [45], corona geometry gel swelling [23,46], optical membranes 

relating to space-based inflatable technology [47], and the flowering cabbage plants or the 

growth of plant leaves [48]. When temporal effects are considered, the vibrations of annular 

membranes have also been studied [49-51]. Temporal terms also allow one to couple the plate 

dynamics to  thermal field, in order to study the influence of heat transfer on the bending 

process; see [52]. The Föppl – von Kármán equations have been considered in order to describe 

annular sheets at a molecular level, with monoatomic graphene sheets having been studied in 

[53]. While this study will be concerned with annular plates having radial symmetry, we remark 

that annular plates with deflections varying both with the radial variable and with the angular 

variable have been considered, and are studied in order to better understand the process of 

wrinkling [54-56]. Deformations of a axisymmetric thin, circular stiff membrane resting on an 

elastic foundation have been studied analytically and numerically [57], and such results have 

relevance to tissue engineering. Finally, the annular plate model may be seen as a local 

approximation for the stress and displacement locally around a point fixing embedding in a plate 

composed of glass [58,59] or metal [60,61]. Despite the interest in solving the Föppl – von 

Kármán equations and various simplifications, we note that the thin deflections of an annular 

plate have not been considered analytically under this model. Furthermore, although sheets with 

point fixings often involve single sheets with more than on hole, no analytical results are found 

in the literature, and hence consideration of the annular sheet is a relevant first step. 

 Motivated by the variety of applications for which the bending of annular flat plates 

could prove useful, this paper is devoted to the study of solutions to the Föppl – von Kármán 

equations (1) for annular flat plates under various physically relevant boundary conditions, 
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namely those given in (3)-(5), with a focus on demonstrating that some pairings of these 

conditions give fairly natural results, while other pairings give results which are not useful or 

physical. Asymptotic solutions are desirable, as they grant us a qualitative understanding of the 

out-of-plane deformations, and for all cases considered we shall provide analytical 

approximations. Numerical simulations are then used to verify the results, and we show that the 

analytical solutions remain valid even for larger values of the magnitude of deformation of the 

plate. For mathematical tractability, we shall assume that the bending of the plates will be 

axisymmetric (as is commonly done in the literature), which is valid for constant or strictly radial 

forcing. This permits us to study a mathematically tractable problem. 

 The paper is organized as follows. In Section 2, we outline the general mathematical 

problem for the thin annular plate under the Föppl – von Kármán equations. In Section 3, we 

consider annular plates with clamped or loosely clamped inner edge condition and free outer 

edge condition, and this is relevant to situations where the disk is held fixed at the center yet is 

left free out the outer edge - such as what we see when point fixings are used. In Section 4, we 

consider the reverse: The outer edge is clamped or loosely clamped, while the inner edge is held 

free. We show that these plates are more poorly behaved than their counterparts studied in other 

sections. In Section 5, we consider various combinations orfclamped or loosely clamped inner 

and outer edges, and for this case the results are all qualitatively similar. We discuss the results 

and offer concluding remarks in Section 6. 

 

2. Föppl – von Kármán equations for a thin annular plate 

In this section, we now formulate the relevant mathematical problem for a thin flat sheet taking 

the form of an axisymmetric annulus, with a central hole and a larger outer radius. For sake of 

analytical tractability, and to employ the Föppl – von Kármán equations, we shall consider a flat 

annular disc of uniform thickness, of outer radius L and inner radius 0   located at the center 

of the disc. See Figure 1 for the problem geometry. 

 

 

 
Figure 1: Geometry of the problem. 

 

 We will first attempt to study the nonlinear equations using a perturbation approach, 

which will be made possible by considering small amplitude deflections of the annular plate 

under the assumption of radial symmetry. Later, we shall also consider numerical solutions. We 
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shall begin by considering the radial problem in non-dimensional form. To this end, we introduce 

a non-dimensional solution of the form 

 
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where 
1 2 2r L x y 

 is the non-dimensional length in the radial direction while 0   is a 

small non-dimensional parameter which we take to be of the order of the deflection of the plate. 

Under the Föppl – von Kármán  formulation, it makes physical sense to consider Lh . In this 

way, the displacement function 
 u r

 can be taken as order one, 
 1O

, in the parameter  . In 

the non-dimensional model, the outer radius of the plate is one, while the inner radius of the plate 

is 
1L    so that 0 1  . The system (1) then becomes 
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 Consider an annular plate hanging by a clamp or loose clamp at the interior radius. At the 

boundary 1r  , we will take free boundary conditions for the moment. The relevant boundary 

conditions at r   will depend upon properties of the point fixing. If the point fixing is a loose 

clamp at r  , then we should have the conditions 

        0u u f f       
,              (8a) 

       1 1 1 1 0u u f f     
.             (8b) 

On the other hand, if the point fixing acts as a clamp at r  , we have the slightly modified 

boundary conditions 

        0u u f f       
,              (9a) 

       1 1 1 1 0u u f f     
.             (9b) 

Here we have replaced the condition   0u    in (8a) with the condition   0u    in (9a). 

 If we are interested in the problem of an annular plate suspended at the outer edge by a 

clamp or loose clamp while the inner edge hangs free, we solve the same problem (7), only with 

the boundary conditions reversed. Note that it is also possible to consider annular plates with 

clamped or loosely clamped conditions at each of the two boundaries as well. 

 Since solutions will differ in qualitative structure for each set of boundary conditions, in 

Section 3 we consider solutions under the fixed clamp boundary conditions (8) and loose clamp 

boundary conditions (9) at the inner edge of the annular plate, with free boundary conditions on 

the outer edge. In both cases, analytical approximations are give in order to study each problem 

qualitatively, while numerical solutions are given in order to verify the accuracy of the analytical 

results.  

 

3. Clamped or loosely clamped condition on the inner edge of the plate, free conditions on 

the outer edge 
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We first consider situations where the annular plate is clamped or loosely clamped on the inner 

edge, and left free on the outer edge. This is the configuration most common when a plate is held 

in place by a centrally located point fixing.  

 

3.1. The annular plate with loosely clamped inner edge conditions 

We solve (7) subject to the loosely clamped boundary conditions (8). We shall consider the case 

where 0   is a small perturbation parameter, meaning that deflections of the plate are 

sufficiently small. If we assume a solution which scales like 

       2

0 1u r u r u r O   
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and so on for higher order terms. In general, for an equation of the form 

 
 

1 1 dQ rd d d
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the homogeneous solution will be 

     2 2

hom 1 2 3 4ln lnQ r r r r r      
,             (13) 

whereas the particular solution will be 
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4 2
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r
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r r r
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   

.           (14) 

In each of the equations given in (11), the form of  q r  will always be known, so the particular 

solution (14) can always be calculated. Solving (11a) using the relevant boundary conditions in 

(8), we obtain 

               2 2

0 1 2 3 4 0ln lnu r r r r r U r           
,          (15) 

where the particular solution  0U r  is given in terms of the force on the plate by the formula 

   
4 3 2

0 3 1 1 1 2 3 4
0 0 0 0

4 2

1 1 ˆ
r r r r

U r r r P r drdr dr dr
r r

    
,            (16) 

and the four constants 
 k 

 are derived in Appendix A and given in (A5)-(A8). One can 

construct higher order terms in the expansion (10) similarly. 

 Clearly, the solution will depend strongly on the value of the parameter   governing the 
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size of the inner radius. In the limit where   becomes negligibly small, note that the solution is 

still well-defined (the constants all remain finite since each term 
 ln 

 will always be multiplied 

by a term involving a positive power of  ), and we obtain 

 
   

       0 0 2 2

0 0 0 0

3 1 2 1 1
0 1 ln

4 2

U U
u r r U U r r U r

 
   

,          (17) 

in the limit 0  . 

 Next, solving (11b) along with the relevant boundary conditions (8), we obtain 

 0 0f r 
,                 (18) 

which makes sense due to the fact that (11b) has no forcing term. Yet, since 
 0 0f r 

, equation 

(11c) has no forcing term and we obtain 

 1 0u r 
.                 (19) 

The inhomogeneity for equation (11d) depends on  0u r , which is non-zero as shown above, so 

the function  1f r  is non-zero as well. Plugging the solution (15) into (11d), we can obtain the 

closed form solution  1f r . This means that the out of plane deflection and the Airy stress 

functions scale as  

     3

0,w x y u r O  
 and 

     2 3

1,F x y f r O  
,           (20) 

respectively, for small  . We omit the lengthy expression for  1f r , although we note that it 

will take a form similar to that given in equation (15). 

 In the special case where the force term is constant over the flat plate, say  P̂ r p , note 

that we obtain the specific functional form 

  4

0
64

p
U r r

,                (21) 

which we can then use in (15) and (A5)-(A8). We shall make use of this simplification later. 

More generally, if we prescribe a power-law force term,  ˆ mP r pr , for some power-law index 

0m   and some constant p , we will have 

 
   

4

0 2 2
2 4

mp
U r r

m m


 

.              (22) 

For more complicated forms of the force term, the particular solution 
 0U r

 cannot always be 

calculated in closed form (even for simple trigonometric functions). However, given a 

convergent Taylor series expansion for a specific choice of  P̂ r , say 

 
0

ˆ m

m

m

P r p r





,                (23) 

we can calculate (from (22) and by the linearity of integral considered), that the particular 

solution 
 0U r

 must take the form 
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 
   

4

0 2 2
0 2 4

m

m

m

p r
U r

m m






 


.              (24) 

Note that the series (24) converges whenever the series (23) is convergent.  

 In the case of a constant force term  P̂ r p , we can plot the out of plane deflection and 

the Airy stress function. We give the out of plane deflection and the Airy stress function for 

various values of   in Figure 2. The curves given for 0   correspond to the limit 0  , 

which is well-defined anaytically. This limit corresponds to the point fixing of negligible radius, 

like those studied in the previous section. We see that the maximal deflection occurs at the free 

boundary ( 1r  ). As a function of  , the maximal displacement increases, attains a maximal 

value, and then decreases. The maximal stress occurs along a circle in the interior of the circular 

flat plate. Note that we plot 
 1f r

 in order to recover the magnitude of the Airy stress function, 

since 
 1 0f r 

 for this particular example. As expected, the stresses are orders of magnitude 

smaller than the deflections. 

 

 
            (a)       (b) 

Figure 2: Plot of (a) the first approximation 
 0u r

 in the expansion 
     3

0,w x y u r O 
 

for the deflection of the annular flat plate and (b) the first approximation 
 1f r

 in the expansion 

     2 3

1,F x y f r O 
 for the Airy stress function on the annular flat plate, where 1  is 

a small parameter. Here the constant force term p  is scaled out of the solutions in an 

appropriate way, and we have considered the loosely clamped boundary conditions as given in 

(8).  

 For a constant force term  P̂ r p , we can plot the maximal deflection and the maximal 

value of the Airy stress function as functions dependent on  . These results are shown in Figures 

3. Note that both quantities are well-defined in the limit 0  . The maximal displacement 
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always occurs at the free boundary, so 

   0 0

1

1
max

r

u r u

p p  


. Over 0 1  , we find that the 

largest deflection (of size 

 0

1
max 0.2786456580

r

u r

p  


) occurs when 0.4018  , which is a 

fairly large inner radius compared to the size of the plate. Therefore, for rather small  , say 
0 1 , we notice an increasing trend in the displacement with an increase in the radius of the 

point fixing. As we take the point fixing radius to zero, we find that 

 0

1

13
max

64r

u r

p  


 as 0 

. The maximal stress occurs on the interior of the annular region, so for each fixed 0 1  , we 

calculate 

 1

2
1

max
r

f r

p  
. For very small  , there is an increasing trend in the maximal stress, 

before the stress function then quickly decreases in maximal magnitude as   increases. The 

largest maximal value for the Airy stress function occurs for 0.02  . 

 

 
            (a)           (b) 

Figure 3: Plot of (a) the scaled maximal displacement of the plate in the case of constant 

unifrom forcing, 

   
2 2 2 2

0

1

,
max max

r x y L

u r w x y

p p      
, and (b) the scaled maximal Airy stress function 

in the case of uniform  forcing, 

   
2 2 2 2

1

2 2 2
1

,
max max

r x y L

f r F x y

p p      


, as a function of the point fixing 

radius 0 1  . We have considered the loosely clamped boundary conditions (8). Here the 

constant force term p  is scaled out of the solution.  

 

 In order to verify our perturbation results, we compare them with numerical simulations 

obtained using the boundary value problem solver in Maple. In Figure 4(a) we plot the scaled 

displacement of the plates for various values of the interior radius, while in Figure 4(b) we plot 

the Airy stress functions for each case. We find not only that the results are in excellent 
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agreement with the small   regime, but also that the displacements do not vary over  , even for 

large values of  . This means that the scaling considered in (6) is indeed the natural scaling, and 

that the perturbation results remain physically relevant even for large values of  . Hence, it is 

sufficient to understand the small-  perturbation solution in order to understand the qualitative 

behavior of deflections to the annular plate. 

 For Figure 4(b), we choose the non-dimensional interior radius,  , to be 0.3  , 

although similar results hold for other values. Note that a variety of scaling parameter sizes are 

considered, yet they do not appear to influence the structure of the solutions, only the magnitude 

of the solutions. Indeed, for each power of 10 increase in  , we observe a power 10 increase in 

 f r
 (apart from at the boundaries, where the stresses tend rapidly to zero). What this suggests 

is that the scaling chosen in (6) could be adapted so that an additional factor of   appears. Note 

that this is completely consistent with the perturbation result given in (20), which suggests that 

the Airy stress function actually scales like 
     2 3

1,F x y f r O 
.  

 Both findings are completely consistent with the scalings we derived in (20). Since we 

have scaled out the relevant powers of   in (20), we find that the first perturbation terms  0u r  

and  1f r  hold the relevant qualitative data on the solutions. What this tells us is that one can 

treat the radial solutions as 
   0,w x y u r

  and 
   2

1,F x y f r
, as higher-order terms are 

not essential (even for larger  ). Therefore, understanding  0u r  and  1f r  is sufficient for 

understanding the axisymmetric annular plate problem under the Föppl – von Kármán equations.  

 We should note that, as the interior radius is taken to zero, the numerical solutions begin 

to have problems for larger values of  . For this limit, we actually have more confidence in the 

analytical results than the numerical simulations in the very small   limit. 

 While we have preformed numerical simulations for all cases considered in this paper, 

the results will always agree with the perturbation results in that  0u r  and  1f r  are 

independent of the choice of   for reasonable values of  . In other words, the numerical results 

are in agreement with the analytical results for all cases considered. Therefore, we shall not 

reproduce numerical plots for each case, and instead we focus on the analytical results for the 

rest of this paper.  
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            (a)           (b) 

Figure 4: Plot of the numerical solutions to (a) 
 u r

 for the deflection of the annular flat plate 

and (b) 
 f r

 for the scaled Airy stress function obtained by solving (7) subject to loosely 

clamped boundary conditions (8) for various values of the scaling parameter  . Here the 

constant force term p  is scaled out of the solutions. Three choices of the non-dimensional 

interior radius,  , are used for the deflections; namely, 0.05  , 0.3  , and 0.7  , 

although similar results hold for other values. Since the Airy stress function does depend on  , 

we fix 0.3   and focus on the variation with  . If we were to have scaled 
 f r

 with an 

additional factor of  , these stress curves would all be coincident.  

 

 

3.2. The annular plate with clamped inner edge conditions 

We again consider the situation where 0   is a small perturbation parameter, and we solve (7) 

subject to the clamped boundary conditions (9). We assume the same perturbation solutions (10) 

and hence obtain the same governing equations. The only difference here is that we replace the 

boundary conditions (8) with the boundary conditions (9). Then, since we still have a general 

solution of the form (15), while  0U r  is still of the form given in (16), we obtain modified 

parameter values (given in Appendix A, equations (A13)-(A16)). 

 When a specific form of the forcing term is given, we can then uniquely determine the 

function  0u r  from (15). As we did in the previous subsection, for a constant force term 

 P̂ r p , we can plot the out of plane deflection and the Airy stress function, and we do so for 

various values of   in Figure 5. The curves given for 0   correspond to the limit 0  , 

which is well-defined analytically. This limit corresponds to the point fixing of negligible radius, 

like those studied in the previous section. As we see, the maximal displacement occurs at the free 

boundary ( 1r  ). As a function of  , the maximal displacement decreases. 
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            (a)           (b) 

Figure 5: Plot of the scaled first approximations 
 0u r

 and 
 1f r

, where 1  is a small 

parameter. We have considered the clamped boundary conditions (9).  

 

 The maximal stress occurs along a circle in the interior of the circular flat plate. Note that 

we plot 
 1f r

 in Figure 5(b), in order to recover the magnitude of the Airy stress function, 

since 
 1 0f r 

. As expected, the stresses are orders of magnitude smaller than the deflections. 

The qualitative results are very similar to those obtained for the loosely clamped boundary 

conditions (8), with only minor quantitative differences. 

 

3.3. Comparison of the two plates with free outer edge 

For a constant force term  P̂ r p , we can plot the maximal deflection and the maximal value 

of the Airy stress function as functions dependent on  . These results are shown in Figure 6. 

Both quantities are well-defined in the limit 0  , which again corresponds to point fixings of 

negligible radius. The maximal displacement always occurs at the free boundary, so 

   0 0

1

1
max

r

u r u

p p  


. However, in contrast to what we saw for the clamped boundary condition 

solutions, here the maximal displacement is strictly decreasing with  . As we take the point 

fixing radius to zero, we find that 

 0

1

13
max

64r

u r

p  


 as 0  , which is exactly what we found 

in the clamped boundary condition case. Clearly, the loosely clamped boundary conditions 

permit larger deflections of the plate than do the clamped conditions, for any value of   

satisfying 0 1  . Therefore, in the case of the clamped boundary conditions (9), the maximal 

value for the out of plane deflection of the thin plate decreases with an increase in  , which is in 

contrast to the case for loosely clamped boundary conditions (8). 
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            (a)           (b) 

Figure 6: Plot of the scaled (a) maximal displacement of the plate and (b) Airy stress function, as 

a function of the point fixing radius 0 1  . For comparison we show solutions for the 

clamped boundary conditions (9) as well as the loosely clamped boundary conditions (8).  

 

 The maximal displacement occurs on the interior of the annular region, so for each fixed 

0 1  , we calculate 

 1

2
1

max
r

f r

p  
. For very small  , there is an increasing trend in the 

maximal stress, before the stress function then quickly decreases in maximal magnitude as   

increases. The largest maximal value for the Airy stress function occurs for 0.02  . This 

behavior occurs for either of the two boundary conditions. Overall, the loosely clamped 

conditions result in slightly less stress than do the clamped conditions. 

 The results show that for point fixings of relatively small radii, say 0.05  , we have 

approximately 
 

2 2 2 2
max , 0.2
x y L

w x y p



  


 and 

 
2 2 2 2

4 2 2max , 2 10
x y L

F x y p




  
 

. Therefore, the 

displacement displaces a linear scaling with the applied force, while the Airy stress function 

scales as a quadratic with the applied force. Note that we have  

   
2 2 2 2 2 2 2 2

2

3max , 5 10 max ,
x y L x y L

F x y w x y
 



     

    
  . 

4. Clamped or loosely clamped outer edge of the plate, free conditions on the inner edge 

We shall now direct our attention to the case where the outer edge of the annular plate is held 

fixed via a clamp or loose clamp, while the inner edge is free. We follow the analytical solution 

procedure of Section 3.1. 

 

4.1. The annular plate with loosely clamped outer edge, free inner edge 

This case corresponds to boundary conditions of the form 

        0u u f f        
,           (25a) 

       1 1 1 1 0u u f f    
,            (25b) 

and under a solution of the form (15) involving a particular solution (16), we obtain the 

parameter values given in Appendix A, equations (A21)-(A24).  
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 Taking the uniform constant force term  P̂ r p , we plot the out of plane deflection for 

various values of   in Figure 7. As was true for the previous case, we notice that a variety of 

behaviors are possible. 

 

 

Figure 7: Plot of the scaled first approximation 
 0u r

 in the expansion (20) under the boundary 

conditions (25). As a function of  , the maximal displacement increases, attains a maximal 

value, and then decreases.  

 

 When   is small enough, namely 0 0.104  , the deflection will always be in the 

direction of the applied force,  P̂ r p . When 0.104 0.141  , there will be a region of 

deflection in the opposite direction of the applied force, located in a center ring adjacent to the 

interior boundary of the plate. Outside of this ring, the plate bends in the opposite direction, with 

the deflection out of the plane along the direction of the applied force. Finally, for 0.141 1  , 

the deflections will always be in the direction opposing the applied force. We conclude, then, 

that the deflections in this type of plate are more strongly influenced by the form of the boundary 

conditions, rather than the applied force. 

 Regarding the Airy stress function, we note that   2

1 /f r p  is at most  410O   and will 

decrease as the scaled inner radius   is increased. The results are not particularly interesting, and 

we omit the plots for this and future sections as well. 

 

4.2. The annular plate with clamped outer edge, free inner edge 

This case corresponds to boundary conditions of the form 

        0u u f f        
,           (26a) 

       1 1 1 1 0u u f f    
,            (26b) 

and under a solution of the form (15) involving a particular solution (16), we obtain the 

parameter values given in Appendix A, equations (A29)-(A32).  

 Taking the uniform force term  P̂ r p , we plot the out of plane deflection  0u r  for 

various values of   in Figure 8. There is great variety in the solution behaviors possible, 
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depending upon the value of  .  

 

 

Figure 8: Plot of the scaled first approximation 
 0u r

 in the expansions (20) under the 

boundary conditions (26). As a function of  , the maximal displacement increases, attains a 

maximal value, and then decreases.  

 

 There is positive deflection of the plate (deflection in the direction of  P̂ r p ) when 

0 0.086  . When 0.086 0.141  , the central region of the plate bends opposing the 

applied force (deflection in the negative direction of the force term) while the outer region of the 

plate bends in the direction of the applied force. When 0.141 0.2179  , the entire plate is 

deflected in the opposite direction of the applied force. For most values of the scaled inner 

radius, 0.2179 1  , the deflection of the plate is completely in the direction of the applied 

force. In this case, the deflection gradually decreases, with the maximal deflection along the 

boundary of the inner region in each case. The transition between different plate deflection 

behaviors for different values of   is smooth, with one exception: When 0.218  , there is a 

bifurcation, with the deflection going from negative to a relatively large positive across the 

transition. See Appendix B for details on why this bifurcation occurs.  

 The aforementioned results suggest that the structure of the plate bends in the direction of 

the applied force when 0 0.086   and 
* 1   , which is what one typically expects. 

However, when 
*0.086    , the boundary conditions appear to completely dominate this 

standard behavior, resulting in some deformations going against the applied force.  

 While both types of boundary conditions considered in this section result in plates which 

bend in directions opposing the applied force term for at least some values of the scaled inner 

radius, there are some differences between the two plates. In the case of a plate with clamped 

outer conditions and free inner conditions, there exists a discontinuous bifurcation of structure at 

a fixed critical value  of the scaled inner radius. For values larger than this critical value, the 

plate bends in the direction of the applied force, with `strange' behaviors due to the domination 

of boundary conditions found only in some intermediate region of scaled inner radius. On the 

other hand, when considering the plate with loosely clamped conditions, the transition between 

various types of deformations in the plate appears to be smooth in the parameter  . 
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 Regarding the Airy stress function for an annular plate with free inner edge and loosely 

clamped outer edge, we again note that   2

1 /f r p  is at most order  410O   and will decrease as 

the scaled inner radius   is increased. Therefore, the magnitude of the Airy stress function does 

not differ qualitatively between the two solution types featured in this section. 

 

5. Clamped or loosely clamped condition at each edge of the plate 

We now turn our attention to situations where both the inner and outer edge of the annular plate 

are clamped or loosely clamped. For completeness, we consider and then compare each of the 

four possibilities. We again follow the perturbation solution procedure of Section 3.1. 

 

5.1. The annular plate with loosely clamped inner edge, loosely clamped outer edge 

This case corresponds to boundary conditions of the form 

        0u u f f       
,           (27a) 

       1 1 1 1 0u u f f    
,            (27b) 

and under a solution of the form (15) involving a particular solution (16), we obtain the 

parameters for (15) listed in (A37)-(A40). 

 Taking the uniform force term  P̂ r p , we plot the out of plane deflection for various 

values of   in Figure 9(a). We find that the deflection of the plate always follows the orientation 

of the force term  P̂ r p . As   increases, we have an overall decrease in the maximal 

deformation extent for large enough  , although for small   there is an increase. For fixed  , 

the maximal deflection occurs on a circle embedding within the annulus, rather than at either 

edge. The Airy stress function has maximal magnitude of 
 510O 

 for small  , and gradually 

decreases as   increases toward unity. We omit plots of this function for brevity. 

 

5.2. The annular plate with loosely clamped inner edge, clamped outer edge 

This case corresponds to boundary conditions of the form 

        0u u f f       
,           (28a) 

       1 1 1 1 0u u f f    
,            (28b) 

and under a solution of the form (15) involving a particular solution (16), we obtain the 

parameter values given in (A45)-(A48). 

 Taking the uniform force term  P̂ r p , we plot the out of plane deflection for various 

values of   in Figure 9(b). We find that the deflection of the plate always follows the orientation 

of the force term  P̂ r p . As   increases, we have a small increase followed by a decrease in 

the maximal deformation extent. For fixed  , the maximal deflection again occurs in a circle 

within the interior of the annulus. Note that the amplitude of the deformations is much smaller 

than that for the case where both boundary conditions are loose clamps. The Airy stress function 

has maximal magnitude of 
 510O 

 for small  , and gradually decreases as   increases toward 

unity. 

 

5.3. The annular plate with clamped inner edge, loosely clamped outer edge 
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This case corresponds to boundary conditions of the form 

        0u u f f       
,           (29a) 

       1 1 1 1 0u u f f    
,            (29b) 

and under a solution of the form (15) involving a particular solution (16), we the parameter 

values given in (A53)-(A56).  

 Taking the uniform force term  P̂ r p , we plot the out of plane deflection for various 

values of   in Figure 9(c). Again, we find that the deflection of the plate always follows the 

orientation of the force term  P̂ r p , and that for fixed  , the maximal deflection occurs on a 

circle central to the annulus. As   increases, we have a uniform decrease in the maximal 

deformation extent. The Airy stress function has maximal magnitude of 
 610O 

 for small  , 

and gradually decreases as   increases toward unity.  

 The magnitude of the deflections is again large, akin to what was seen when both edges 

were loosely clamped. This leads us to believe that the boundary condition at the outer edge most 

strongly influences the extend of the deformations. On the other hand, and unlike the two 

previous cases, the deflections decrease uniformly with an increase in  , while the two previous 

cases demonstrate a slight increase, followed by a decrease.  

 

5.4. The annular plate with clamped inner edge, clamped outer edge 

This case corresponds to boundary conditions of the form 

        0u u f f       
,           (30a) 

       1 1 1 1 0u u f f    
,            (30b) 

and under a solution of the form (15) involving a particular solution (16), we obtain the 

parameters (A61)-(A64). 

 Taking the uniform force term  P̂ r p , we plot the out of plane deflection for various 

values of   in Figure 9(d). Like the previous examples, we find that the deflection of the plate 

always follows the orientation of the force term  P̂ r p . For fixed  , the maximal deflection 

occurs on a circle central to the annulus. The Airy stress function has maximal magnitude of 

 610O 

 for small  , and gradually decreases as   increases toward unity. 

 As   increases, we have a uniform decrease in the maximal deformation extent, which 

agrees with what was seen in Section 5.3. Meanwhile, the deflections are again smaller, more in 

agreement with what was seen in Section 5.2 than what we observed in Section 5.3. As such, we 

hypothesize that the clamped outer edge conditions permit much smaller deflections than do the 

loosely clamped outer edge conditions. 
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            (a)           (b) 

         
(c)           (d) 

Figure 9: Plot of the scaled first approximation 
 0u r

 in the expansion (20) for the deflection of 

the annular flat plate. We have considered (a) loosely clamped inner and outer boundary 

conditions (27), (b) loosely clamped inner - clamped outer boundary conditions (28), (c) 

clamped inner - loosely clamped outer boundary conditions (29), and (d) clamped inner and 

boundary conditions (30). As a function of  , the maximal displacement increases, attains a 

maximal value, and then decreases, for all four cases considered.  

 

5.5. Comparison of the four plates with clamped or loosely clamped edges 

For a constant force term  P̂ r p , we can plot the maximal deflection as functions dependent 

on  . These results are shown in Figure 10. We see that when the outer edge of the annular plate 

is loosely clamped, we have the largest deflection away from the plane of the plate. Indeed, the 

deflections for small   are more than double those seen when the outer edge boundary condition 

is that of a clamped edge. This suggests that the size of the deflections can be strongly influenced 

by the boundary condition on the outer edge of the annular plate. 

 When the inner edge has a loosely clamped boundary condition, the maximal deflection 
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occurs at some small positive value of  . However, when the inner edge has a clamped 

boundary condition, the maximal deflection occurs when the inner radius   tends toward zero 

(corresponding to a circular disk). This suggests that the structure of the deformations is strongly 

influenced by the boundary condition on the inner edge of the annular plate. 

 For all cases, note that the deflections observed are much smaller than those for the 

corresponding annular plates when one of the inner or outer boundaries is free (such as those 

considered in Sections 3 and 4).  

 

 
Figure 10: Plot of the maximal scaled displacement of the plate in the case of constant force 

term, 

   
2 2 2 2

0

1

,
max max

r x y L

u r w x y

p p      


, as a function of the point fixing radius 0 1  . We have 

compared solutions obtained for the loosely clamped inner and outer boundary conditions (27), 

loosely clamped inner - clamped outer boundary conditions (28), clamped inner - loosely 

clamped outer boundary conditions (29), and clamped inner and outer boundary conditions (30). 

 

6. Discussion 

We have obtained analytical and numerical solutions to the Föppl – von Kármán equations 

governing the deflections of thin, axisymmetric annular plates for various boundary conditions. 

We saw that the analytical solutions, obtained via a perturbation approach, agreed well with 

numerical solutions (confer with Figure 4), even for relatively large values of the perturbation 

parameter, which was taken to be the deflection parameter,  . This suggests that the scaling 

obtained in equation (20) is, in fact, the natural scaling for the problem, no matter the size of the 

deflection parameter. This also suggests that the dominant features of the mathematical problem 

are the high order linear terms coming from the biharmonic operator and the boundary conditions 

at both the inner and outer edge. The nonlinear terms, in comparison, were negligible, as 

comparison with numerical simulations for a range of values of the deflection parameter clearly 

shows. 

 In Section 3 we considered the situation where the inner edge of the annular plate was 

clamped or loosely clamped, while the outer edge was free. This is akin to what happens when 

point fixings are employed to hold a glass or metal plate in place. For both clamped and loosely 

clamped inner edge conditions, we note that the plate deformations gradually increased, with 

maximal deformations occurring at the outer edge. However, plates that were loosely clamped 

(or, hinged) were shown to permit larger deflections than those plates which were clamped. This 
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suggests that, if minimizing the extent of deflections under force is desired, one should select 

clamped edge conditions. As a function of the ratio of inner to outer radius of the annulus, 
0 1  , we observed that as the annulus is made progressively more thin (as   tends from zero 

to unity), the clamped plate will have smaller maximal deformation. On the other hand, the 

maximal deformations of the loosely clamped plate will actually increase for small  , reaching a 

maximal value before then decreasing (as shown in Figure 6). Therefore, while the maximal 

deformation is only slightly different between the two kinds of annular plates when 0  or 
1 , when 0.5  the difference in maximal deflection extend of the two plates is actually 

very large, greater than an order of magnitude. In the limit where the annular plates become 

closed disks ( 0  ), the maximal deflections are the same. Therefore, it is really in the 

intermediate regime where very strong differences in maximal deflection are observed. 

 We considered annular plates which were clamped or loosely clamped on their outer 

edge, while held free on their inner edge, in Section 4, and these results were far more strange 

than their counterparts in Section 3. When the outer edge was loosely clamped, the plate 

deformed in the direction of the applied force when   was sufficiently small. However, as   

was increased, the solutions underwent a bifurcation, and as the annular plates became more thin, 

the deflection was in the direction opposing the applied force. What this means is that the 

mechanics of such plates are dominated by the boundary conditions much more strongly than by 

the applied force. It is also possible that, while static, such deformations are inherently unstable, 

and would change in time if temporal effects were included. The case of annular plates with 

clamped outer conditions and free inner conditions was even more complicated. Again, for small 

values of   the deformations will be in the direction of the applied force. For somewhat larger 

, the deformations will become opposite to the direction of the applied force near the interior 

region and in the direction of the applied force near the exterior of the annulus. As   is further 

increased, the solutions undergo a further bifurcation, with all deflections being against the 

direction of the applied force. There is then a discontinuous bifurcation, at which point a solution 

does not exist (due to a violation of solvability conditions). For all   larger than this value at 

which there is a final bifurcation, the deformation in the plates is uniformly in the direction of the 

applied force.  

 In Section 5 we turned our attention to the case where both the inner and outer edges of 

the plates were clamped or loosely clamped. This case is probably in greatest analogy to the 

rectangular plate cases present in the literature, in that all boundaries are constrained in some 

way. In each case, we find that the deformations are in the direction of the applied force. We 

observe that the choice of boundary condition on the outer edge most strongly influences the size 

of the deformations, with loosely clamped conditions permitting far larger deformations than 

clamped conditions, as might be anticipated. The conditions on the inner edge have a much 

smaller influence, although when one type of condition is fixed for the outer edge, the loosely 

clamped inner edge plate will exhibit larger deformations than the corresponding plate with 

clamped inner edge conditions. Furthermore, when the inner edge is clamped, the maximal 

observed deflection decreases monotonically with the ratio of inner to outer edge radii,  , while 

when the inner edge is loosely clamped, the maximal possible deflection occurs for some 

positive value of  . These results were summarized graphically in Figure 10. 

 When comparing the various configurations, we note that the plates considered in Section 

3 with the outer edge free have much larger deflections than those plates with both inner and 

outer edge fixed. This suggests that when applications call for annular plates with at most small 

deformations under an applied force, one should ensure that both inner and outer edges are 
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clamped or loosely clamped. On the other hand, point fixings - which operate like the solutions 

with free outer boundary considered in Section 3 - are of practical importance, and are 

appropriate if the extent of the deflections is not terribly important. Furthermore, since the 

solutions scale with the magnitude of the applied force, annular plate solutions fixed only at the 

inner edge are fine provided that the applied force is sufficiently small. We observe that the Airy 

stress function is large in magnitude as the extent of the deflection is larger, and therefore the 

stresses in the plate with only one fixed boundary will tend to be larger than for corresponding 

plates with two fixed boundaries.  

 We should note that while the solutions with inner and outer edge fixed exhibit smaller 

deformations, our results assume that the flat plate will always maintain its structural integrity. 

Realistically, for large applied force, a plate with both edges fixed might crack or break. 

Conversely, the plates clamped at the inner edge will exhibit larger deformations from the central 

plane, yet these plate are more likely to warp or bend toward the vertical than they are to crack or 

break. Therefore, there may certainly be practical reasons for choosing plates which are only 

held with central point fixings, even though the Föppl – von Kármán theory does not account for 

these sorts of behaviors. In contrast to the annular plates studied in Sections 3 and 5, the plates 

fixed at the outer edge and left free at the inner edge shown in Section 4 were relatively poorly 

behaved. The plates may bend toward the applied force rather than away from it, and in some 

cases the plate solutions may not exist (due to violation of a solvability condition). These states 

might very well be unstable if temporal effects were considered. A stability analysis would 

determine if such states would be likely to persist in reality. Either way, it seems that the thin 

annular plates may be poorly behaved if only held fixed on the outer radius, and such 

configurations may wish to be avoided if one is primarily concerned with ensuring that 

deflections are small. Of course, the configuration will depend on the precise experiment being 

performed, so perhaps such boundary conditions permitting more poorly behaved solutions could 

be useful in studying structural failure. Such pathological failures are likely best understood 

through time-dependent equations like (2), or more complicated solid mechanics models. 

 

 
 

Appendix A: Parameter values used in solutions of the form (15) 

The constants in the solution (15) (to equation (7) subject to (8)) are given by a solution to the 

system 

     2 2

1 2 3 4 0ln ln 0U            
,          (A1) 

   2

1 3 3 4 02 2 ln 3 0U           
,           (A2) 

 1 3 4 02 3 1 0U      
,             (A3) 

 3 4 02 2 1 0U    
.             (A4) 

We find 

 
                 

   

2 2

0 0 0 0 0 0 0

1 2 2

3 1 2 1 8 6 1 3 1 4 1 2 1 ln

4 1 8 ln

U U U U U U U   
 

  

           


 
, 

                (A5) 
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 
               

   

                  

   

2 4

0 0 0 0 0 0 0

2 2 2

22 4 2

0 0 0 0 0 0

2 2

4 3 1 2 1 4 8 6 1 3 1

4 1 8 ln

1
4 2 1 1 ln 4 ln 4 1 ln

2
  ,

4 1 8 ln

U U U U U U U

U U U U U U

    
 

  

        

  

          
 

 

          
 

 
 

                (A6) 

 
        

   

2

0 0 0 0

3 2 2

1 2 2 1 1

2 1 4 ln

U U U U 
 

  

     
 

 
,         (A7) 

 
        

   

2 2

0 0 0

4 2 2

1 1 ln

1 2 ln

U U U   
 

  

   
 

 
.          (A8) 

To obtain the solution (15) for equation (7) solved subject to (9), we have the system 

     2 2

1 2 3 4 0ln ln 0U            
,          (A9) 

     1

1 3 3 4 02 2 ln 0U             
,         (A10) 

 1 3 4 02 3 1 0U      
,            (A11) 

 3 4 02 2 1 0U    
.            (A12) 

Solving these four equations to obtain the needed parameters, we find 

 
             

  

2

0 0 0 0 0

1 2 2

3 1 2 1 8 2 1 1 1 2ln

4 1 3 2 ln

U U U U U   
 

  

        


 
,    (A13) 

 
               

  

                

 

2 3 4

0 0 0 0 0 0 0

2 2 2

22 2

0 0 0 0 0 0

2 2

4 12 2 1 3 1 8 2 1 1

4 1 3 2 ln

3
1 2 1 ln 1 ln

2
             ,

1 3 2 ln

U U U U U U U

U U U U U U
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 

  

        

  

         
 

 

            
  

 
 

              (A14) 

 
        

  

2

0 0 0 0

3 2 2

1 2 2 1 1

2 1 3 2 ln

U U U U  
 

  

     
 

 
,       (A15) 

 
          

 

2 2

0 0 0 0

4 2 2

1 1 1 ln

1 3 2 ln

U U U U    
 

  

     
 

 
.      (A16) 

Solving (7) subject to the conditions (25), we obtain the system 
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   2

1 3 3 4 02 3 2 ln 0U           
,          (A17) 

 1 3

3 4 02 2 0U        
,            (A18) 

 1 2 0 1 0U   
,             (A19) 

 1 3 4 02 3 1 0U      
.            (A20) 

This system can then be solved, resulting in the four parameters 

 
               

  

2 2 2

0 0 0

1 2

2 3 1 3 1 2 ln 4 2 ln

4 1 2ln

U U U       
 

 

       


 
,    (A21) 

 
               

  
 

2 2 2

0 0 0

2 02

4 2 ln 1 2 3 3 1 2 ln
1

4 1 2ln

U U U
U

       
 

 

       
 

 
,  (A22) 

 
       

  

2

0 0 0

3 2

2 1 1 2

2 1 2ln

U U U   
 

 

    


 
,        (A23) 

 
        

 

2 3

0 0 0

4 2

1 ln

1 2ln

U U U    
 

 

   


 
.        (A24) 

Solving (7) subject to the conditions (26), we obtain the system 

   2

1 3 3 4 02 3 2 ln 0U           
,          (A25) 

 1 3

3 4 02 2 0U        
,            (A26) 

 1 2 0 1 0U   
,             (A27) 

 1 3 4 02 1 0U      
.            (A28) 

This system can then be solved, resulting in the four parameters 

 
             

  

2 2 2

0 0 0
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1 3 2 ln 2 1 4 2 ln 1

4 3 2ln

U U U       
 

 

       


 
,    (A29) 

 
             

 
 

2 2 2

0 0 0

2 02

2 ln 1 2 1 1 3 2 ln
1

3 2ln

U U U
U

       
 

 

       
 

 
,   (A30) 

 
        

  

2

0 0 0

3 2

2 1 1

2 3 2ln

U U U   
 

 

    


 
,        (A31) 

 
         

 

2

0 0 0

4 2

1 1 ln

3 2ln

U U U    
 

 

    


 
.        (A32) 

Solving (7) subject to boundary conditions (27), we arrive at the system 
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     2 2

1 2 3 4 0ln ln 0U            
,         (A33) 

   2

1 3 3 4 02 2 ln 3 0U           
,          (A34) 

 1 2 0 1 0U   
,             (A35) 

 1 3 4 02 3 1 0U      
.            (A36) 

This system can then be solved, resulting in the four parameters 

 
         

    
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 
    

  

          
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 

 
,      (A37) 
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   


 
 

  

          

    
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U U    

  

    
 

 
,      (A38) 

 
                

    
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3 2 22 2

2 1 1 1 2ln 1 2 ln 1

3 1 4 ln
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 

  

        


 
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              (A39) 

 
                
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4 2 22 2

4ln 1 3 3 2 ln 3 3 2ln 1

3 1 4 ln

U U U U        
 

  

        
 

 
.  

              (A40) 

Solving (7) subject to the boundary conditions (28), we obtain the system 

     2 2

1 2 3 4 0ln ln 0U            
,         (A41) 

   2

1 3 3 4 02 2 ln 3 0U           
,          (A42) 

 1 2 0 1 0U   
,             (A43) 

 1 3 4 02 1 0U      
.            (A44) 

This system can then be solved, resulting in the four parameters 

 
       

       

2 2

0 0

1 2 2 2

1 3 2 ln 1

1 1 3 4 ln 2 ln

U U   
 

    

  


   
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          

       

2 2

0 0

2 2 2

ln 1 2 2 ln 1

1 1 3 4 ln 2 ln

U U    

    

    
 

   
,     (A45) 

 

 
              

       

2 2 2 2

0 0 0

2 2 2 2

1 3 2 ln 1 4 ln 2 ln 1

1 1 3 4 ln 2 ln

U U U       
 

    

    


   
 

   

          

       

2 2

0 0

2 2 2

ln 2 2 ln 1 1

1 1 3 4 ln 2 ln

U U    

    

    
 

   
,     (A46) 

 
                

       

2 2 2 2 2

0 0 0 0

3 2 2 2

2 1 1 1 2ln 1 2 ln 1

1 1 3 4 ln 2 ln

U U U U        
 

    

        


   
, 

              (A47) 

 
       

       

2

0 0

4 2 2 2

4 1 ln 1

1 1 3 4 ln 2 ln

U U  
 

    

 


   
    

   

         

       

2 2 2 2

0 0

2 2 2

1 2 ln 3 3 2ln 1

1 1 3 4 ln 2 ln

U U      

    

      
 

   
.   (A48) 

Solving (7) subject to the boundary conditions (29), we obtain the system 

     2 2

1 2 3 4 0ln ln 0U            
,         (A49) 

     1

1 3 3 4 02 2 ln 0U             
,         (A50) 

 1 2 0 1 0U   
,             (A51) 

 1 3 4 02 3 1 0U      
.            (A52) 

This system can then be solved, resulting in the four parameters 

 
       

       

2 2

0 0

1 2 2 2

3 2 ln 1

1 3 4 ln 2 ln

U U   
 

    

  


   
    

  

          

       

22 2

0 0

2 2 2

2 ln 1 3 ln

1 3 4 ln 2 ln

U U     

    

  


   
,      (A53) 

 
            

       

22 2 2 2

0 0

2 2 2 2

3 6ln 4 ln 1 3 2 ln

1 3 4 ln 2 ln

U U       
 

    

     


   
,    (A54) 

 
                

       

2 2 2 2

0 0 0 0

3 2 2 2

2 1 1 1 2ln 1 2 ln 1

1 3 4 ln 2 ln

U U U U        
 

    

        


   
, 

              (A55) 



26 

 

 
       

       

2

0 0

4 2 2 2

4 1 ln 1

1 3 4 ln 2 ln

U U  
 

    

 


   
     

  

         

       

2 2 2 2

0 0

2 2 2

3 3 2 ln 1 2ln 1

1 3 4 ln 2 ln

U U      

    

      
 

   
.    (A56) 

Solving (7) subject to the boundary conditions (30), we obtain the system 

     2 2

1 2 3 4 0ln ln 0U            
,         (A57) 

     1

1 3 3 4 02 2 ln 0U             
,         (A58) 

 1 2 0 1 0U   
,             (A59) 

 1 3 4 02 1 0U      
.            (A60) 

This system can then be solved, resulting in the four parameters 

 
                  

    

22 2 2 2

0 0 0 0

1 2 22 2

1 2 ln 1 1 ln 2 ln 1

1 4 ln

U U U U         
 

  

      


 
, (A61) 

 
            

    

22 2 2 2 2 2

0 0

2 2 22 2

1 2 ln 4 ln 1 1 2 ln

1 4 ln

U U         
 

  

     


 
 

  

          

    

22 2

0 0

2 22 2

1 ln 2 ln 1

1 4 ln

U U     

  

  


 
,      (A62) 

 
                

    

2 2 2 2

0 0 0 0

3 2 22 2

2 1 1 1 2ln 1 2 ln 1

1 4 ln

U U U U        
 

  

        


 
, 

              (A63) 

 
                

    

2 2 2 2 2

0 0 0 0

4 2 22 2

4 ln 1 1 2ln 1 1 2 ln

1 4 ln

U U U U          
 

  

      


 
. 

              (A64) 

Appendix B: Bifurcation in the solution with parameters (A25)-(A28) 

 As noted in our discussion of the solutions, there is a discontinuous bifurcation at 
0.2179   which serves to partition the various regions in a rather fundamental way, since it 

prevents smooth deformations between small and large   behaviors. In order to better 

understand the reason why we have such a bifurcation for this case, yet not in any of the other 

cases considered, observe that each term in (A25)-(A28) involves a factor of the form 

  
1

23 2ln 


 
. Observe that 

 23 2ln  
 is a continuous function for 0 1  , is 

negative as 0  , and is positive as 1  . Therefore, there must exist some 
 * 0,1 

 for 
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which 
   

2
* *3 2ln 0   

. We find that there is a unique root on the unit interval, which is 

given by  

 * 33 1
exp LambertW 0.2179

2 2
e  

    
  ,          (B1) 

as anticipated. (Here, LambertW denotes the Lambert W function; for discussion see, e.g., [62].) 

Since 
  

1
23 2ln 



  
 as 

*  , the solution defined by (A25)-(A28) becomes 

degenerate as 
*  . This is the cause of the bifurcation observed in Figure 8. When 

*  , 

the solutions using the parameters (A25)-(A28) are no longer valid. This is the only such case of 

a degeneracy found in this paper.  

 To better understand why this bifurcation of solutions occurs, let us recast the system 

(A21)-(A24) as the matrix system 

   

 
 

 

2
01

1 3
2 0

3 0

4
0

2 0 3 2ln

0 0 2 2

1 1 0 0 1

2 0 1 1 1

U

U

U

U

 

  







 

       
     
      
     
              .          (B2) 

The solvability condition for the radial biharmonic equation subject to the boundary conditions 

(26) is therefore given by 

 

  

2

1 3

3 2

2 0 3 2ln

0 0 2 2
0 det 4 3 2ln

1 1 0 0

2 0 1 1

 

 
  



 



  
 
     
 
 
   .        (B3) 

At 
*  , the determinant vanishes, and hence the solvability condition is not met. Therefore, 

solutions to the radial biharmonic equation for the boundary conditions (26) exist only for 
*0     or 

* 1   . For all other cases considered in this paper, one may verify that the 

relevant form of the solvability condition is satisfied for all 0 1  , and hence the present case 

is rather unique in having such poor behavior.  
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Deformations of flat annular plates studied under Föppl – von Kármán equations 

 

Asymptotic solutions obtained for various boundary condition configurations 

 

Ratio of the inner to outer radius will strongly influence the properties of the solutions 

 

Boundary conditions can be selected to control plate deformations 

 




