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ABSTRACT

There is mounting evidence that as many as�1000 neutron stars (NSs) may be present in some of the rich-
est globular clusters in the Galaxy, which perhaps amounts to more than 10%–20% of the NSs ever formed in
each cluster. Such a large NS retention fraction is seemingly at odds with recent estimates of the characteristic
‘‘ kick ’’ speeds of single radio pulsars in the Galaxy, ranging from roughly 5 to 10 times the central escape
speeds of the most massive globular clusters. This retention problem is a long-standing mystery. It has been
suggested that the retention problemmay be solved if one assumes that a large fraction of NSs in clusters were
formed in binary systems. We present a thorough investigation of this possibility that involves a population
study of the formation and evolution of massive binary systems.We utilize aMonte Carlo approach to gener-
ate and evolve an ensemble of massive primordial binaries. Binary component masses and orbital parameters
are chosen from appropriate distribution functions. Analytic prescriptions are used to evolve the masses and
the orbital separation during any important episodes of mass transfer, whether the mass transfer is stable or
dynamically unstable. The eventual collapse and supernova explosion of the core of the initially more massive
star is accompanied by sudden mass loss and an impulsive kick to the newly formed NS. A very straightfor-
ward and general mathematical formalism is used to compute the new orbital parameters immediately after
the supernova or the speeds of the individual components if the binary is ionized. If we apply the large mean
NS kick speeds inferred from pulsar observations, we find that most binaries are unbound following the
supernova, and all but a very small fraction of the liberated NSs are ejected from the cluster. As expected, the
majority of retained NSs have massive companions, which are mostly the products of stable mass transfer.
Systems that undergo dynamically unstable mass transfer shrink dramatically and acquire large relative orbi-
tal speeds (typically e200 km s�1). The combined effects of sudden mass loss and the NS kick in the subse-
quent supernova explosion lead to the escape of many of these binaries. Our ‘‘ standard model ’’ involving the
formation of NSs in binary systems predicts that �5% of the NSs initially formed in a massive cluster can be
retained. Over a wide range of model parameters, the retention fraction varies from �1% to 8%. When a
number of other effects are taken into account, e.g., a reasonable binary fraction among massive stars, the
retention fraction may become several times smaller. Therefore, we suggest that perhaps the conventional
thinking regarding NS kicks must be modified or that a new paradigm must be adopted for the evolution of
some of the most massive globular clusters in the Galaxy.

Subject headings: globular clusters: general — pulsars: general — stars: neutron — stars: statistics

1. INTRODUCTION

A growing body of observational and theoretical evidence
suggests that some massive globular clusters may contain
more than �1000 neutron stars (NSs). However, the pres-
ence of even as few as�100 NSs is difficult to reconcile with
the large NS ‘‘ kicks ’’ inferred from proper-motion studies
of single, young radio pulsars in the Galactic disk. The
problem is that globular clusters presently have central
escape speeds d50 km s�1, while it is widely thought that
most NSs are born with speeds e200 km s�1. This is the
essence of the NS retention problem in globular clusters.

If one accepts the conventional wisdom regarding NS
kicks, then only a very small fraction of NSs that are rem-
nants of isolated progenitors should be retained in a globu-
lar cluster. Hansen & Phinney (1997) found that a
Maxwellian distribution in kick speeds, with a mean of
�300 km s�1, is consistent with data on pulsar proper
motions. This distribution predicts that only �0.4% of NSs
are born with speeds less than 50 km s�1 and �3% with
speeds less than 100 km s�1. If one adopts an initial mass

function (IMF) derived from stars in the solar neighbor-
hood (e.g., Kroupa, Tout, & Gilmore 1993), it can be shown
thatd5000NSs will be formed in a cluster that initially con-
tains 106 stars. A retention probability of 1% predicts that
d50 NSs should be present in a massive globular cluster
such as 47 Tuc, where we have assumed that the cluster has
not lost a significant fraction of its mass. Such a small num-
ber of NSs in 47 Tuc is incompatible with the observational
sample of more than 20 millisecond radio pulsars (Camilo et
al. 2000) when selection effects are taken into account.

Using the NS kick distribution determined by Lyne &
Lorimer (1994), in which they estimated the mean kick
speed to be�450 km s�1, Drukier (1996) calculated that less
than 1% of NSs with single progenitors would be retained in
a typical globular cluster. However, if an NS is formed with
amassive binary companion, then there is a significant prob-
ability that the NS will remain bound to its companion fol-
lowing the supernova (SN) explosion and that the recoil
speed of the system could be sufficiently small to allow it to
be retained in the cluster. Applying the results of Brandt &
Podsiadlowski (1995), Drukier (1996) demonstrated quanti-
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tatively that the retained fraction of NSs born in binary sys-
tems may be several times larger than for the case of single
stars. Davies & Hansen (1998) also emphasized the impor-
tance of binaries for retaining NSs. While these studies pro-
vide a useful verification of the potential importance of
massive binaries, they did not involve a systematic popula-
tion study to determine a quantitatively realistic NS reten-
tion fraction.

Our primary goal in this paper is to make a detailed quan-
titative assessment of the role of massive binaries in retain-
ing NSs in globular clusters. This calls for a realistic
description of the population of primordial binaries, as well
as a sufficiently detailed consideration of the relevant stellar
evolution processes that precede the first SN explosion. To
this end, we have developed a Monte Carlo population syn-
thesis code that follows each of an ensemble of massive, pri-
mordial binaries from the main-sequence phase, through
any important episodes of mass transfer, up to and immedi-
ately beyond the time of the first SN.

We estimate a maximumNS retention fraction for a given
cluster by applying the same nominal central escape speed
to all stars and binaries. A more realistic calculation of the
cluster structure (e.g., the Fokker-Planck method used by
Drukier 1996) will generally yield a smaller retention frac-
tion when the mean NS kick speed is large. With this highly
simplified, yet entirely adequate, treatment of the model
globular clusters, we are able to focus our attention on the
stellar evolution issues relevant to the retention problem.

We have attempted to make the paper largely self-con-
tained, so that much of the relevant background material
and associated references are provided. The paper is organ-
ized as follows. In x 2 we review the evidence indicating that
NSs may be quite abundant in certain massive globular clus-
ters. An overview of the most important evidence for NS
kicks is presented in x 3. In x 4 we describe the various ele-
ments of our Monte Carlo population synthesis code. A
semianalytic treatment of massive binary population syn-
thesis and NS retention is given in x 5, which we intend to
facilitate the interpretation of the results of our detailed
numerical calculations presented in x 6. The main results of
our study are reviewed in x 7, and we evaluate the possibility
that binaries provide a robust solution to the retention
problem. Finally, we speculate in x 8 on possible alternative
solutions to the NS retention problem.

2. NEUTRON STARS IN GLOBULAR CLUSTERS

Several tens of millisecond pulsars (MSPs), a dozen bright
X-ray sources, and numerous low-luminosity X-ray sources
have been detected in the Galactic globular cluster system.
See Table 1 for a list of clusters that may contain large num-
bers of NSs. The nature of the pulsars is clear: these are rap-
idly spinning NSs, many of which have binary companions.
The luminous cluster X-ray sources are all low-mass X-ray
binaries (LMXBs) powered by accretion onto an NS. An
accepted familial relationship exists between LMXBs and

TABLE 1

Neutron Stars in Globular Clusters

Cluster

Luminous

X-Ray Sourcesa
Low-Luminosity

X-Ray Sourcesb Radio Pulsars

Distancec

(kpc) [Fe/H]c
log �0

c

(M� pc�3)

Liller 1 ....................... 1 0 0 10.5 0.22 5.9

NGC 104/47 Tuc........ 0 108.d >20.e 4.5 �0.76 5.3

NGC 1851.................. 1 0 0 12.1 �1.22 5.8

NGC 5904/M5........... 0 9 2.f 7.5 �1.29 4.4

NGC 6205/M13 ......... 0 12 2.g 7.7 �1.54 3.8

NGC 6397.................. 0 20.h 1.i 2.3 �1.95 6.2

NGC 6440.................. 1 24.j 1.k 8.4 �0.34 5.8

NGC 6441.................. 1 0 1.l 11.2 �0.53 5.7

NGC 6624.................. 1 0 2.m 8.0 �0.42 5.7

NGC 6652.................. 1 0 0 9.6 �0.96 5.0

NGC 6712.................. 1 0 0 6.9 �1.01 3.6

NGC 6752.................. 0 19.n 5.l 4.0 �1.56 5.4

NGC 7078/M15 ......... 2.o 0 8.g 10.3 �2.25 5.9

Terzan 1..................... 1 0 0 6.2 �0.35 4.0

Terzan 2..................... 1 0 0 8.7 �0.40 5.1

Terzan 5..................... 1 0 2.p 7.6 �0.28 5.9

Terzan 6..................... 1 0 0 9.5 �0.50 5.9

a Deutsch et al. 2000, unless otherwise noted.
b Verbunt 2001, unless otherwise noted.
c Harris 1996.
d Grindlay et al. 2001a.
e Camilo et al. 2000.
f Anderson et al. 1997.
g Anderson 1993.
h Grindlay et al. 2001b.
i D’Amico et al. 2001b.
j Pooley et al. 2002b.
k Lyne,Manchester, &D’Amico 1996.
l Possenti et al. 2001.
m Biggs et al. 1994.
n Pooley et al. 2002a.
o White &Angelini 2001.
p Lyne et al. 2000.
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the majority of MSPs, the former being the evolutionary
progenitors of the latter. Recent observations (Grindlay et
al. 2001a) provide tantalizing evidence that many of the
low-luminosity X-ray sources may beMSPs for which radio
pulsations have not yet been detected (see, however, Pfahl &
Rappaport 2001).

More refined pulsar searches, deeper X-ray observations,
and thorough theoretical population studies will advance
our understanding of the cluster populations of NSs and in
turn may provide powerful new insights into the formation
and evolution of globular clusters. We now briefly review
what is known and what is speculated regarding NSs in
globular clusters.

2.1. Millisecond Pulsars

The last several years have seen a dramatic increase in the
number of known single and binary MSPs in globular clus-
ters. The vast majority of these new pulsars have been
detected with the Parkes radio telescope (see Camilo et al.
2000; D’Amico et al. 2001a; Possenti et al. 2001). Most
notable among these discoveries is the doubling of the
known MSP population in 47 Tuc, bringing the current
total to over 20 (Camilo et al. 2000; see also Freire et al.
2000). With a cursory analysis of the selection effects and a
reasonable pulsar luminosity function, Camilo et al. (2000)
estimated that 47 Tuc may contain�200 potentially observ-
able MSPs, and therefore the total number of NSs in 47 Tuc
is expected to be even larger. It seems likely that other clus-
ters, with properties similar to those of 47 Tuc, have compa-
rable numbers ofMSPs.

2.2. X-Ray Sources

Many of the members of the well-known class of bright
X-ray sources in globular clusters, with X-ray luminosities
LX � 1036 1038 ergs s�1 (see Deutsch, Margon, & Anderson
2000 and references therein), exhibit type I X-ray bursts
(Lewin, van Paradijs, & Taam 1993) and are therefore
accreting NSs in binary systems. Each of these objects
resides in a different globular cluster (Table 1). While this
sample of X-ray binaries does not constitute a large number
of NSs in itself, the existence and properties of these systems
may have important implications regarding the evolution of
the NS population in their respective host clusters
(see x 2.3).

Not as well known, and certainly not as well understood,
is the class of low-luminosity cluster X-ray sources (e.g.,
Johnston & Verbunt 1996; Verbunt 2001), with
LX � 1031 1034 ergs s�1, where the lower limit is set by
detection sensitivities. Prior to the launch of the Chandra
X-Ray Observatory, fewer than 50 of these faint sources had
been discovered in the entire Galactic globular cluster sys-
tem (see Verbunt 2001 for a recent analysis of the ROSAT
database), primarily with the ROSAT and Einstein satel-
lites. However, recent deep Chandra observations of 47 Tuc
have revealed e100 faint sources in this cluster alone
(Grindlay et al. 2001a), whereas only nine had been con-
firmed previously (Verbunt &Hasinger 1998). There is com-
pelling evidence that the majority of the faint X-ray sources
in 47 Tuc may be NSs, perhapsMSPs that have not yet been
detected at radio wavelengths. All of the 15 MSPs in 47 Tuc
with well-measured radio timing positions (Freire et al.
2000) have counterparts in the Chandra images (Grindlay et
al. 2001a).

2.3. Theoretical Considerations

Variations in the number of detected radio pulsars and
X-ray sources from cluster to cluster may be attributed to
the distances of the clusters, selection effects inherent in the
observations, and differences between the intrinsic NS pop-
ulations. Predictions of the total number of potentially
observable NSs—in the form ofMSPs or accretion-powered
X-ray sources—present in a globular cluster are difficult.
Empirical likelihood estimates based on the observational
sample are hindered by small number statistics and uncer-
tainties regarding selection effects. Theoretical studies
aimed at accounting for the numbers and properties of the
detected pulsars involve models that utilize various uncer-
tain stellar evolution and dynamical processes.

Large-scale population studies of the formation and evo-
lution of X-ray binaries and MSPs in globular clusters have
only recently been undertaken (see Davies 1995; Sigurdsson
& Phinney 1995; Rasio, Pfahl, & Rappaport 2000; Rappa-
port et al. 2000). The dense stellar environment in a globular
cluster allows for dynamical binary formation channels not
accessible in the Galactic disk, such as three- and four-body
exchange processes (e.g., Hills 1976; Hut, Murphy, & Ver-
bunt 1991; Sigurdsson & Phinney 1993; Bacon, Sigurdsson,
& Davies 1996; Rasio et al. 2000) and possibly two-body
tidal capture (e.g., Fabian, Pringle, & Rees 1975; Rasio &
Shapiro 1991; Di Stefano & Rappaport 1992). The absolute
probabilities of dynamical encounters depend on the local
stellar environment and thus implicitly on the dynamical
evolution of the cluster. This nonlinear linkage between
local dynamical processes and the global cluster evolution
poses significant computational problems, but the potential
rewards are far reaching. Such population studies promise
to be a powerful tool that relates the current NS population
to the formation and evolution of globular clusters.

Preliminary calculations (Rasio et al. 2000; Rappaport et
al. 2000) indicate that a large initial pool of single NSs
(�104) may be required to explain the handful of very short
period binary radio pulsars in 47 Tuc; i.e., the formation
efficiency is quite low. Short-period binary MSPs and
LMXBs in other clusters may be good indicators of an ini-
tially large number of NSs in those clusters as well. The pur-
pose of the present paper is to investigate the conditions
that favor the retention of such a large NS population.

3. NEUTRON STAR KICKS

Gunn &Ostriker (1970) analyzed the data on�40 pulsars
known at that time. They found that the pulsars had an
average scale height of�120 pc above the Galactic plane, in
contrast to the smaller scale height (�50 pc) of massive O
and B stars. Gunn & Ostriker (1970) concluded that pulsars
are born with an average speed of�100 km s�1. They attrib-
uted this speed to the binary ‘‘ slingshot ’’ scenario proposed
by Blaauw (1961; see also Boersma 1961), where a spheri-
cally symmetric SN explosion of a star in a circular orbit lib-
erates its NS remnant if more than one-half of the initial
mass of the binary is lost in the explosion.

By 1980, 26 pulsars had reasonably accurate interfero-
metrically determined proper motions. Lyne, Anderson, &
Salter (1982) showed that the observed pulsars had a three-
dimensional rms speed of �210 km s�1 and a vertical scale
height of �350 pc. Thus, pulsars are even faster and more
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dispersed than indicated in the study by Gunn & Ostriker
(1970).

The next major step in the study of the kinematics of the
Galactic pulsar population came with the work of Lyne &
Lorimer (1994). This analysis considered a total of 99 pul-
sars, 86 of which had interferometric proper motions or
upper limits, and an additional 13 pulsars with only scintil-
lation speed measurements (e.g., Cordes 1986). Helfand &
Tademaru (1977) and Cordes (1986) noted a strong selec-
tion effect against detecting high-velocity pulsars. Fast pul-
sars born in the Galactic disk rapidly move away from the
plane andmay only spend a small fraction of their radio life-
times in the flux-limited volume. The vertical egress of fast
pulsars thus implies a mean speed for the detectable pulsar
population that is lower than the true mean pulsar birth
speed. Lyne & Lorimer (1994) attempted to account for this
effect by utilizing only those pulsars with characteristic ages
less than 3 Myr, thus reducing the analyzed sample to 29
objects. Using a revised dispersion measure distance scale
(Taylor & Cordes 1993), Lyne & Lorimer (1994) derived a
mean pulsar speed of �450 km s�1 and indicated that d1%
of pulsars have speeds less than 50 km s�1.

Since the work of Lyne & Lorimer (1994), a number of
authors have reanalyzed the pulsar proper-motion data
with more sophisticated treatments of selection effects (e.g.,
Lorimer, Bailes, & Harrison 1997; Hansen & Phinney 1997;
Cordes &Chernoff 1998; Arzoumanian, Chernoff, &Cordes
2002). Each of these studies employed a different statistical
methodology, but all found typical pulsar speeds of several
hundred kilometers per second. Lorimer et al. (1997) and
Hansen & Phinney (1997) found that aMaxwellian distribu-
tion of birth speeds v of the form

pðvÞ ¼
ffiffiffi
2

�

r
v2

�3
e�v2=2�2 ð1Þ

was reasonably consistent with the proper-motion data,
with � � 300 and�200 km s�1, respectively, in the two stud-
ies. A very recent analysis by Arzoumanian et al. (2002)
found evidence for a bimodal distribution, with �40% of
the pulsars contained in a Maxwellian component with a
dispersion of � � 90 km s�1 and the remaining NSs con-
tained in a high-speed component with a dispersion of�500
km s�1. In all of these investigations, a Maxwellian distribu-
tion was adopted by convention. However, both Lorimer et
al. (1997) and Hansen & Phinney (1997) stress that, while it
is likely that the mean birth speed of pulsars is large and that
high-velocity pulsars are underrepresented in the observa-
tional sample, the data do not strongly suggest a functional
form for the underlying speed distribution (see also Fryer,
Burrows, & Benz 1998).

The larger proportion of fast pulsars (speeds e200 km
s�1) inferred in recent studies casts serious doubt on the
notion that the high velocities were acquired simply as a
result of binary recoil (see, however, Iben & Tutukov 1996
and the rebuttals by van den Heuvel & van Paradijs 1997,
Hansen & Phinney 1997, and Lorimer et al. 1997). Shklov-
skii (1970) was the first to suggest that large pulsar speeds—
or ‘‘ kicks ’’—may result from an asymmetry intrinsic to the
core collapse and SN explosion. This is now a widely held
view. Proposed physical mechanisms for natal NS kicks
include purely hydrodynamical models, as well as scenarios
that involve asymmetric neutrino emission, possibly corre-
lated with the orientation and strength of the magnetic field

within the proto-NS (Arras & Lai 1999). For a recent review
of various natal kick mechanisms, see Lai (2000). Harrison
& Tademaru (1975; see also Lai, Chernoff, & Cordes 2001)
have proposed an alternative mechanism for the accelera-
tion of pulsars that involves asymmetric dipole radiation
after the pulsars have been formed—the so-called electro-
magnetic rocket mechanism.

For completeness, we also list a number of pieces of indi-
rect evidence for NS kicks that have been cited in the past:

1. Pulsar velocities e1000 km s�1 have been inferred
from pulsar–SN remnant associations (e.g., Caraveo 1993;
Frail, Goss, & Whiteoak 1994) by dividing the distance
from the rough geometrical center of the remnant by the
characteristic spin-down age of the pulsar; however, the reli-
ability of some of these estimates is questionable (see Gaens-
ler & Frail 2000).
2. For two compact double-NS systems not in a globular

cluster, PSR 1913+16 and PSR 1534+12, Fryer &Kalogera
(1997; see also Flannery & van den Heuvel 1975) estimate
that the most recently formed NS in each case had a kick of
e200 km s�1.
3. Kaspi et al. (1996) have found that the B star compan-

ion to the pulsar PSR J0045�7319 in the SMC has a spin
that is inclined with respect to the orbital angular momen-
tum vector and may, in fact, have nearly retrograde rota-
tion. This is compelling evidence that the pulsar received a
kick with a significant component perpendicular to the pre-
SN orbital plane.
4. Be/X-ray binaries with eccentricities of ee0:3 (see

Bildsten et al. 1997) may require kick speeds e50 km s�1

(Verbunt & van den Heuvel 1995; van den Heuvel et al.
2000). However, it is important to mention here that a num-
ber of Be/X-ray binaries show evidence that a significant
fraction of NSs born in binary systems may receive rela-
tively small kicks (d50 km s�1; see x 8.2 and Pfahl et al.
2002).

4. POPULATION SYNTHESIS OF MASSIVE BINARIES

Aside from what little information can be inferred from
the current cluster population of stars, there are insufficient
data to tightly constrain the distributions in main-sequence
masses and orbital parameters of the massive primordial
binaries in globular clusters. However, a combination of
theoretical and empirical evidence suggests that the process
of star formation (single and binary) is quite generic in a
qualitative sense (e.g., Elmegreen 2000 and references
therein) and that the general ‘‘ rules ’’ that apply to star for-
mation in the Galactic disk may also apply to regions of
high stellar density, such as globular clusters. Fortunately,
there is a large body of work on the binary population in the
Galactic disk (e.g., Abt & Levy 1978; Kraicheva et al. 1978;
Duquennoy &Mayor 1991). For these reasons, and for lack
of any concrete alternative suggestions, our population syn-
thesis study of massive binaries in globular clusters parallels
similar studies of massive binaries in the disk (e.g., Podsia-
dlowski, Joss, &Hsu 1992; Terman, Taam, & Savage 1998).

Our population synthesis code is comprised of three basic
elements, corresponding to the three main evolutionary
stages of a massive binary: (1) the masses and orbital param-
eters are chosen from appropriate distribution functions, (2)
analytic approximations are used to follow the binary stellar
evolution through any important episodes of mass transfer,
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and (3) the dynamical influence of the first SN explosion is
computed. We now discuss each of these elements in detail.

4.1. Primordial Binaries

We define a massive primordial binary as a system where
at least one component has a large enough main-sequence
mass that it would yield an NS remnant if left to evolve in
isolation. The main-sequence mass threshold for NS forma-
tion is�8M� but may be as low as�6M� in the low-metal-
licity environments of globular clusters (e.g., Marigo et al.
2001 and references therein). Hereafter we refer to the ini-
tially more massive component of the binary as the primary
and the initially less massive component as the secondary.
The main-sequence masses of the primary and secondary
are denoted by M1 and M2, respectively, and we define the
main-sequence mass ratio as q ¼ M2=M1 < 1.

Various authors (e.g., Kraicheva et al. 1978; Duquennoy
&Mayor 1991) have found that the primary masses in close
binaries are consistent with the IMF of single stars. We
draw primary masses from a single power-law IMF, which
is appropriate for massive stars (see Miller & Scalo 1979;
Scalo 1986; Kroupa et al. 1993):

pðM1Þ ¼ ðx� 1Þ M�xþ1
1;min �M�xþ1

1;max

� ��1
M�x

1 ; ð2Þ

where we adopt M1;min ¼ 8 M�. We choose values of x in
the range of 2–3, where x ¼ 2:35 corresponds to a Salpeter
IMF (Salpeter 1955). For our standard model (see x 6.2), we
adopt x ¼ 2:5. An isolated star with M1 > M1;max is
assumed to leave a black hole remnant rather than an NS.
The precise value of M1;max is unknown but is probably
e30 M�. Because the IMF sharply decreases with increas-
ing mass, our results do not depend strongly on the value of
M1;max.

It is generally believed that the main-sequence masses of
binary components are correlated (e.g., Abt & Levy 1978;
Garmany, Conti, & Massey 1980; Eggleton, Fitchett, &
Tout 1989). Observations of massive binaries suggest that
equal masses may be favored (e.g., Abt & Levy 1978; Gar-
many et al. 1980), presumably as a result of the formation
process. However, serious selection effects hamper the deter-
mination of the true mass ratio distribution, and other
authors have found that low-mass companions to massive
primaries appear to be more likely (e.g., Mason et al. 1998;
Preibisch et al. 2001). For the distribution function p(q), we
consider both increasing and decreasing functions of q, as
encapsulated by the power-law form

pðqÞ ¼ ð1þ yÞqy ; ð3Þ

for y > �1. We take y ¼ 0:0 for our standard model
(see x 6.2).

It is often assumed in population studies of the sort we
have undertaken that the orbits of primordial binaries are
circular. However, since the process of binary formation is
only poorly understood, there is no a priori justification for
suggesting that massive, primordial binaries should have
small eccentricities. The situation is less clear in globular
clusters, where dynamical interactions may influence binary
formation (e.g., Price & Podsiadlowski 1995; Bonnell, Bate,
& Zinnecker 1998). However, it is expected that the binary
will eventually circularize if the orbit is sufficiently compact
that mass transfer will take place. From here on we only
consider circular primordial binaries.

There exists at least one important caveat to the circular-
ization assumption stated above. Eccentricities of �0.5 are
seen among the wide, interacting VV Cephei binaries, which
consist of a massive red supergiant and an early-type B star
(e.g., Cowley 1969; Cowley, Hutchings, & Popper 1977).
The VV Cephei systems are the widest of the known mas-
sive, interacting binaries, with periodse10 yr, and their sig-
nificant eccentricities may indicate that not enough time has
elapsed for the system to circularize. The growth of the large
red supergiant envelope occurs over a relatively short time-
scale of less than 105 yr, while the circularization timescale
varies as (a/R)8 (e.g., Zahn 1977), where a is the binary
semimajor axis and R is the radius of the supergiant. There-
fore, the components of the observed VV Cephei binaries
have experienced strong tidal interactions only very
recently, in terms of the evolutionary history of the more
massive star.

The binary separation a is chosen from a distribution that
is uniform in the logarithm of a (Abt & Levy 1978; see, how-
ever, Duquennoy &Mayor 1991):

pðaÞ ¼ ln
amax

amin

� �� ��1

a�1 : ð4Þ

For given component masses, the lower limit amin is deter-
mined from the constraint that neither star overflows its
Roche lobe on the main sequence. The upper limit amax is
somewhat arbitrary; in practice, we assume amax ¼ 103 AU.

4.2. Mass Transfer: Overview

Owing to its larger mass, the primary will be the first star
to leave the main sequence. The subsequent binary evolu-
tion depends on the size of the Roche lobe that surrounds
the primary. For circular orbits, the volume-equivalent
radius of the Roche lobe of the primary is well approxi-
mated by the formula of Eggleton (1983):

RL1

a
� rL1 ¼

0:49

0:6þ q2=3 ln 1þ q�1=3ð Þ
; ð5Þ

where a in this equation represents the constant orbital sep-
aration. The radius of the Roche lobe of the secondary RL2

is obtained by replacing q in equation (5) with 1/q.
Left to evolve in isolation, the primary would grow to a

maximum radius of�500–2000R� (the value depends sensi-
tively on mass, metallicity, and especially assumptions
about stellar winds). Thus, if the orbit is sufficiently com-
pact (RL1d20 AU), the primary may grow to fill its Roche
lobe. The value of RL1 is used to determine the evolutionary
state of the primary when it begins to transfer matter
through the inner Lagrange point.

It is particularly important to distinguish between mass
transfer that is dynamically stable (proceeding on the
nuclear or thermal timescale of the primary) andmass trans-
fer that is dynamically unstable (proceeding on the dynami-
cal timescale of the primary). For the case in which the mass
donor is more massive than the accretor, dynamical instabil-
ity is typically attributed to one of two root causes. If the
star grows faster than its Roche lobe (or the Roche lobe
shrinks faster than the star does), a phase of runaway mass
transfer may ensue. In particular, stars with deep convective
envelopes tend to expand in response to mass loss (e.g., Pac-
zyński & Sienkiewicz 1972; Hjellming & Webbink 1987),
while the Roche lobe generally shrinks. In addition, for sys-

No. 1, 2002 NEUTRON STAR RETENTION IN GLOBULAR CLUSTERS 287



tems with extreme mass ratios, the primary may not be able
to achieve synchronous rotation with the orbit, causing the
components to spiral together; this is the classic Darwin
tidal instability (Darwin 1879; see also Hut 1981) . The evo-
lutionary state of the primary when it fills its Roche lobe is a
good indicator of the physical character of the subsequent
mass transfer and binary stellar evolution.

Following Kippenhahn &Weigert (1967; see also Lauter-
born 1970; Podsiadlowski et al. 1992), we distinguish among
three evolutionary phases of the primary at the onset of
mass transfer. Case A evolution corresponds to core hydro-
gen burning, case B refers to the shell hydrogen burning
phase, but prior to central helium ignition, and case C evo-
lution begins after helium is exhausted in the core. These
three cases (see Figs. 1 and 2) provide a rough framework
for categorizing binary stellar evolution during mass trans-
fer. Of course, not all systems will undergo Roche lobe over-
flow. A large fraction of binaries will be sufficiently wide
that the primary and secondary evolve as isolated stars prior
to the first SN. We refer to such detached configurations as
case D.

Of the three broad categories of mass transfer, case A
evolution is potentially the most problematic. Perhaps the
most likely outcome is a merger of the two stars following a
contact phase, wherein both stars fill their Roche lobes,
leaving a massive single star (Pols 1994; Wellstein, Langer,
& Braun 2001). For a recent detailed discussion of the com-
plex evolution processes that occur during case A mass
transfer and the possible outcomes, see Nelson & Eggleton
(2001) andWellstein et al. (2001). Fortunately, the subtleties
of case A evolution may essentially be overlooked in the
present study. The range in orbital separations admitted by
case A is �3–20 R�, which comprises �5%–10% of the pri-
mordial binary population. In addition, if the majority of
case A systems merge as expected, then a detailed considera-
tion of case A evolution is unnecessary, since our focus is on
how binarity impacts the retention problem. In our popula-

tion synthesis code, case A mass transfer is treated in pre-
cisely the same way as early case B mass transfer (see
below). This treatment is certainly unrealistic, but it is a
highly optimistic scenario in regard to the retention problem
and so functions to provide the maximum retention fraction
for the case A systems.

Two important subcases comprise case B. Early case B
(case Be) mass transfer occurs when the primary fills its
Roche lobe as it evolves through the Hertzsprung gap (sub-
giant branch). In this case, the envelope of the primary is
still mostly radiative and the mass transfer is thought to be
initially stable for a wide range of mass ratios. Late case B
(case Bl) mass transfer occurs when the primary fills its
Roche lobe as it evolves up the first giant branch. Case Bl

mass transfer is characterized by a deep convective enve-
lope, in which case it is likely that mass transfer will initially
take place on the dynamical timescale of the primary, lead-
ing to a common envelope (CE) phase (see x 4.3). The range
in orbital separations of case B systems is �20–1000 R�,
which contains �20%–30% of the primordial binary
population.

For stars of mass d12–15 M�, core helium burning is
typically accompanied by a significant decrease in stellar
radius (see Fig. 1), so that the primary cannot fill its Roche
lobe during this time. After helium is exhausted in the core,
the star develops a deep convective envelope and begins
to ascend the Hayashi track. We refer to this phase as late
case C (case Cl). We assume that case Cl mass transfer is
dynamically unstable, as we do for case Bl (see, however,
Podsiadlowski et al. 1992, 1994).

For stars more massive than �12–15 M�, stellar evolu-
tion calculations do not provide a self-consistent physical
picture that simultaneously accounts for observations of
massive stars in high- and low-metallicity environments
(e.g., the Milky Way and the SMC, respectively). One

Fig. 1.—Evolution of the radius as a function of time for a star of mass
10M� and metallicity Z ¼ 0:001, using the fitting formulae of Hurley et al.
(2000). The range of radii for each case of mass transfer is labeled. Note that
the radius decreases by a factor of �10 immediately following central
helium ignition.

Fig. 2.—Evolution of the radius as a function of time for a star of mass
15M� and metallicity Z ¼ 0:001, using the fitting formulae of Hurley et al.
(2000). Helium ignites in the core while that star is evolving through the
Hertzsprung gap. Steady helium burning proceeds rapidly, and the radial
evolution is barely perturbed during this phase, hence the term ‘‘ failed
blue loop.’’ This type of evolution permits early, or radiative, case C mass
transfer.
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important problem is to explain the ratio of blue to red
supergiants among massive stars, as a function of metallic-
ity (see Langer & Maeder 1995). For these massive stars, it
is possible for helium to ignite in the core while the star is
traversing the Hertzsprung gap and is still mostly radiative.
It is unclear how the radius behaves during the subsequent
phase of core helium burning. The radius may shrink some-
what, so that Roche lobe overflow is impossible during this
phase. However, the radius may continue to increase after a
short plateau (a so-called failed blue loop in the H-R dia-
gram; see Fig. 2). Therefore, it is theoretically possible for
mass transfer to begin during core helium burning, but the
allowed range in stellar radii is sufficiently small that we
neglect this possibility. Following core helium exhaustion,
the star still has a radiative envelope. Early case C (case Ce)
mass transfer is possible before the primary reaches the base
of the asymptotic giant branch and begins to ascend the
Hayashi track, at which point the star is mostly convective
and falls into the case Cl category. Cases Ce and Cl account
for �15% and �10% of the primordial binaries,
respectively.

Depending on the choice of amax, the fraction of binaries
that remain detached prior to the first SN (case D) is
between 30% and 60%. For solar metallicity, stars of mass
e20–25 M� may shed their hydrogen-rich envelopes fol-
lowing core helium exhaustion as a result of prodigious
wind mass loss (Maeder 1992). However, for the low metal-
licities of globular clusters (Zd0:001 typically), stellar wind
mass loss is probably only important above �30–40 M�
(Maeder 1992), although it should be emphasized that such
mass loss is quite uncertain, both theoretically and observa-
tionally. In our simulations, we assume that no mass is lost
via stellar winds prior to the SN explosion in case D
binaries. For the same reasons, we neglect stellar winds
prior to mass transfer in case A, B, and C binaries. Clearly,
since case D binaries are weakly bound, they make a negli-
gible contribution to the NS retention fraction when the
kick speeds are large.

The mass of the primary and its radius at the onset of
Roche lobe overflow are sufficient to determine the category
of mass transfer. Using the fitting formulae of Hurley, Pols,
& Tout (2000), we compute the radius of an isolated star
with the mass of the primary at different stages of its evolu-
tion (e.g., main sequence, core helium ignition, base of the
asymptotic giant branch). The Roche lobe radius of the pri-
mary falls into some range and determines if mass transfer is
categorized as case A, Be, Bl, Ce, Cl, or D.

It is worth adding a note here regarding the possible out-
comes of contact evolution. Unless the initial mass ratio is
close to unity, it is likely that the majority of case A, Be, and
Ce systems will evolve into a contact configuration (Pols
1994; Nelson & Eggleton 2001; Wellstein et al. 2001).
Shortly after the primary first fills its Roche lobe, the mass
transfer rate rises to values of orderM1=�th;1 � 10�3 to 10�4

M� yr�1, where �th;1 is the thermal timescale of the primary.
Most of the envelope of the primary is removed during this
initial rapid phase. The secondary reacts to donated mate-
rial on its own thermal timescale and thus can only accrete
in an equilibrium fashion if it is very nearly coeval with the
primary at the onset of Roche lobe overflow (i.e., q � 1). If
the secondary is essentially unevolved at the time the pri-
mary fills its Roche lobe, the transferred gas will fill up the
Roche lobe of the secondary and thus initiate a contact
phase.

Some attempts have been made to follow the evolution of
both stars during the contact phase (see Kähler 1989 for an
overview of some of the important issues), but since the
problem requires certain three-dimensional hydrodynami-
cal elements, no complete physical description of this proc-
ess has emerged. However, there are two distinct possible
outcomes: (1) evolution during contact is dynamically sta-
ble, with some fraction of the material ejected from the sys-
tem, or (2) there is sufficient drag on the secondary—owing
to the extended common stellar envelope surrounding the
system—that the binary components spiral together on a
dynamical timescale, possibly resulting in the ejection of the
CE or a merger of the two stars. Dynamical spiral-in cannot
be the generic consequence of contact evolution, since then
we would have great difficulty in explaining the observed
long-period high-mass X-ray binaries (HMXBs) in the Gal-
axy (see x 8.2).

We expect that there is some critical mass ratio, qcrit, that
separates stable and dynamically unstable mass transfer. In
our simulations, we typically choose qcrit ¼ 0:5 for all case
Be and Ce systems, which implies that 50% of these binaries
undergo dynamically unstable mass transfer for a flat distri-
bution in initial mass ratios.

4.3. Mass Transfer: Analytic Prescriptions

Dynamically stable mass transfer can be reasonably well
characterized by two dimensionless parameters, not neces-
sarily fixed during the evolution. The secondary accretes a
fraction � of the mass lost by the primary. Generally, � is a
function of the component masses, the rate at which mass is
transferred from the primary, and the evolutionary state of
the secondary. The complementary mass fraction, 1� �,
escapes the binary system, taking with it specific angular
momentum �, in units of the orbital angular momentum per
unit reduced mass (GMba)

1/2, where Mb ¼ M1 þM2 is the
total binary mass.

For a circular orbit, the orbital angular momentum is
given by

J ¼ M1M2

Mb
ðGMbaÞ1=2 : ð6Þ

Logarithmic differentiation yields

�J

J
¼ �M1

M1
þ �M2

M2
� 1

2

�Mb

Mb
þ 1

2

�a

a
; ð7Þ

where it is assumed that orbit remains circular during the
evolution. From the definition of the capture fraction �, it is
clear that �M2 ¼ �� �M1 and �Mb ¼ ð1� �Þ�M1. We
neglect the coupling between the rotation of the Roche
lobe–filling primary and the orbit. Therefore, variation in
the orbital angular momentum is attributed solely to sys-
temic mass loss, and it follows that

�J ¼ �ðGMbaÞ1=2�Mb : ð8Þ

We consider one of twomodes of angular momentum loss
during stable mass transfer: mass that is lost from the sys-
tem takes with it (1) a constant fraction of the specific orbi-
tal angular momentum (constant �) or (2) the specific
angular momentum of the secondary. Constant values of �
and � > 0 lead to one possible analytic solution (Podsia-
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dlowski et al. 1992) of equation (7):

a0

a

� �
1

¼
M 0

b

Mb

M 0
1

M1

� �C1 M 0
2

M2

� �C2

; ð9Þ

where

C1 � 2�ð1� �Þ � 2 ;

C2 � �2�
1

�
� 1

� �
� 2 : ð10Þ

Primes on the masses and semimajor axis indicate the values
after some amount of mass has been transferred. Figure 3
illustrates the evolution of (a0/a)1 as a function of the frac-
tional mass loss, DM1=M1 � 1�M 0

1=M1, from the pri-
mary. For our standard model, we use equation (9) to
evolve the orbit, with � ¼ 1:5, a value characteristic of mass
loss through the L2 point, and � ¼ 0:75. These values imply
that ða0=aÞ1 � 1 for DM1=M1 � 0:8, a characteristic frac-
tional envelope mass.

A second analytic solution can be obtained for the case in
which � is constant and matter lost from the system takes
away the specific angular momentum of the accreting star
(perhaps in the form of jets or an axisymmetric wind). In
this scenario we have

a0

a

� �
2

¼ M 0
b

Mb

� ��1
M 0

1

M1

� ��2
M 0

2

M2

� ��2=�

: ð11Þ

Note that the orbit always expands in this case. Further-
more, it can be shown that equation (11) is a weak function
of �, and so (a0/a)2 closely follows the � ¼ 1 solution shown
in Figure 3 (within a factor of 2) for a wide range of initial
mass ratios.

Mass that is removed from the primary on a dynamical
timescale cannot be assimilated by the secondary, which can
only accept matter on its much longer thermal readjustment

timescale. Consequently, the transferred material fills the
Roche lobe of the secondary, and a CE phase is initiated
(Paczyński & Sienkiewicz 1972). As a result of hydrody-
namic drag, the secondary spirals in toward the core of the
primary, depositing a fraction �CE � 1 of the initial orbital
binding energy into the CE as frictional luminosity (e.g.,
Meyer &Meyer-Hofmeister 1979; Sandquist, Taam, & Bur-
kert 2000). For the binding energy of the envelope, we use
the recent calculations of Dewi & Tauris (2000). If sufficient
energy is available to unbind the envelope, what remains is a
compact binary consisting of the secondary, which we
assume is unaltered during the spiral-in process, and the
hydrogen-depleted core of the primary. On the other hand,
if the CE remains gravitationally bound to the system, drag
forces will perpetuate the spiral-in and the two stars will
merge.

A simple energy relation determines the outcome of the
CE and spiral-in (e.g., Webbink 1984; Dewi & Tauris 2000):

�GM1Me

	arL1
¼ �CE �GMcM2

2a0
þ GM1M2

2a

� �
; ð12Þ

where Me and Mc are the envelope mass and the core mass
of the primary, respectively. The left-hand side of equation
(12) is the envelope binding energy, where 	 is the structure
constant computed by Dewi & Tauris (2000); for massive
stars 	 � 0:5. Solving equation (12) for a0/a, we find

a0

a

� �
CE

¼ McM2

M1
M2 þ

2Me

�CE	rL1

� ��1

: ð13Þ

If the secondary fills its Roche lobe for the computed final
orbital separation a0, this effectively indicates that insuffi-
cient energy was available to unbind the CE, and we assume
that a merger is the result. Figure 4 illustrates the depend-
ence of (a0/a)CE on the initial mass ratio q for four values of
the initial fractional envelope massMe/M1.

In all cases in which a stellar merger is avoided, we assume
that the entire hydrogen-rich envelope of the primary is

Fig. 3.—Curves representing the dependence of the final to initial orbital
separation (a0/a)1 on the fractional mass loss from the primary DM1/M1,
shown for 10 different values of the mass capture fraction �. The initial
mass ratio was chosen to be q ¼ 2

3, and the dimensionless angular momen-
tum loss parameter was set to � ¼ 1:5, a value characteristic of mass loss
through the L2 point.

Fig. 4.—Final to initial orbital separation (a0/a)CE for common envelope
evolution as a function of the initial mass ratio q. The function is plotted for
four different values of the fractional envelope massMe/M1 of the primary.
For this plot, we have chosen �CE ¼ 1:0 and 	 ¼ 0:5.
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removed, either transferred stably through the inner
Lagrange point or expelled during a CE phase. By the time
the primary reaches the end of the main sequence, its core is
well developed, with a mass given approximately by (Hurley
et al. 2000)

Mc ’ 0:1M1:35
1 : ð14Þ

We assume that this is the mass of the exposed helium core
following case B mass transfer. For case C and D evolution,
the mass of the core may be larger by �0.5–1M� as a result
of shell nuclear burning.

Following case B mass transfer, the exposed core of the
primary is a nascent helium star. Helium stars with mass
e5 M� probably experience mass loss in the form of a
Wolf-Rayet wind, where the timescale for mass loss is com-
parable to the evolutionary timescale (�106 yr) of the star
(see Langer 1989). However, we find that such massive
helium stars are not produced in sufficient numbers to
strongly effect our results onNS retention, and so we neglect
Wolf-Rayet winds in the present study. Stellar winds are less
important for helium stars of lower mass. Although, if the
core is exposed following case B mass transfer and Mcd3
M�, the star may grow to giant dimensions (Habets 1986b)
upon central helium exhaustion and possibly fill its Roche
lobe, initiating a phase of case BB mass transfer (De Greve
& de Loore 1977; Delgado & Thomas 1981; Habets 1986a).
For the maximum radius of a helium star, we adopt a
slightly modified version of the fitting formula derived by
Kalogera &Webbink (1998):

log
RHe;max

R�

� �

¼
2:3 for Mc � 2:5 ;

0:057 log
Mc

M�

� �
� 0:17

� ��2:5

for Mc > 2:5 :

8><
>: ð15Þ

This relation is consistent with the results of Habets
(1986b). It is expected that d1M� is transferred to the sec-
ondary during the case BB phase (e.g., Habets 1986a). We
consider case BB mass transfer by assuming that a fixed
amount of mass (e.g., 0.5 M�) is transferred conservatively
to the secondary, and we expand the orbit accordingly. The
inclusion of this process does not significantly influence our
results.

4.4. The Supernova Explosion and Retention in the Cluster

At the end of the mass transfer phase, the result may be a
stellar merger or a binary consisting of the secondary and
the core of the primary. Subsequently, the remaining
nuclear fuel in the primary’s core is consumed, leading to
core collapse and an SN explosion. The post-SN orbital
parameters are computed by taking into account the mass
lost from the primary and the kick delivered to the newly
formed NS. In our simulations, we neglect the effects of the
SN blast wave on the secondary, which is a very reasonable
assumption for the majority of binaries that we consider
(e.g., Wheeler, Lecar, & McKee 1975; Fryxell & Arnett
1981; Livne, Tuchman, &Wheeler 1992;Marietta, Burrows,
& Fryxell 2000).

The magnitude and direction of the kick to the NS are
often assumed to be uncorrelated. There is, as yet, no clear
observational indication that the directions of NS kicks are

preferentially aligned with respect to the spin of the NS pro-
genitor. We assume that the orientations of the kicks are dis-
tributed isotropically. If the directions of the kicks are
confined to a small cone perpendicular to the pre-SN orbital
plane, then the net retention fraction is actually likely to be
smaller than in the isotropic case, when the characteristic
kick speed is larger than the typical pre-SN binary orbital
speed (see Appendix A).

One of two distinct outcomes follows the explosion (see
Appendix B for a description of our computational formal-
ism): (1) the NS and the secondary are gravitationally
bound, with new orbital parameters and a new center-of-
mass (CM) velocity, or (2) the binary is disrupted, with the
NS and secondary receding along hyperbolic trajectories
relative to the new CM. In the former case, the CM speed of
the binary is compared to the cluster escape speed in order
to determine if the NS, along with its binary companion, is
retained in the cluster, while in the latter case the speed of
the NS at infinity, computed in the pre-SN CM frame of
reference, is compared to the escape speed. At the time of
the SN explosion, we assume that the single star or binary is
at rest. This is reasonable when the mean NS kick speed is
large, since it is expected that the velocity dispersion of these
massive objects is less than 10 km s�1.

In the majority of our simulations, we apply a single
escape speed to all of the stars and binaries in question. If
this escape speed is identified with the depth of the potential
well at the cluster center, then the computed retention frac-
tion will be a maximum for a given set of parameters that
describes the formation and evolution of the ensemble of
binaries prior to the first SN. A more realistic cluster poten-
tial and spatial distribution of stars can only result in a
smaller retention fraction. The flexibility of our population
synthesis code makes it straightforward to assess how
a more realistic model of the cluster effects our results
(see x 6.3).

When the characteristic kick speed is large, the mean
eccentricity for the bound post-SN binaries may be e0.7.
In a significant fraction of these systems, the closest
approach of the NS immediately after the SN is smaller than
the radius of the secondary, with the likely outcome that the
NS spirals in to the envelope of the secondary to form a
Thorne-Żytkow object (Leonard, Hills, & Dewey 1994;
Brandt & Podsiadlowski 1995). The fate of the NS is unclear
in this case (see x 6.4 for a more thorough discussion).

5. ANALYTIC ESTIMATES

We now present a semianalytic population study of mas-
sive binaries and NS formation that involves the use of char-
acteristic binary component masses and orbital separations
rather than the full distributions of binary parameters. With
this more simplistic approach, we are able to clearly discern
how different assumptions influence the net NS retention
fraction and highlight the most profitable binary channels
for retaining NSs in globular clusters. The method of calcu-
lation described in this section is in the same spirit as the
preliminary estimates by Drukier (1996) of the retained
fraction of NSs born in binary systems. With such approxi-
mate techniques, the estimated retention fractions may vary
by factors of �2–3 depending on the very subjective choice
of characteristic masses. The use of a complete binary popu-
lation synthesis calculation (see x 6) is necessary, since it
eliminates much of this subjectivity, and the uncertainty in
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the retention fraction then reflects mainly the uncertainties
in binary formation and evolution. We begin our semiana-
lytic study by providing some reasonably quantitative char-
acterizations of the population of primordial binaries and
the effects of mass transfer.

Cases A, B, C, and D comprise roughly 5%, 25%, 25%,
and 45%, respectively, of the primordial binary population.
The 25% of case B systems are divided into �20% case Be

and �5% case Bl. Likewise, case C is comprised of �15%
case Ce and �10% case Cl. Depending on various assump-
tions, these percentages are found to increase or decrease by
at most one-half of the values given above. It is expected
that �35% of the primordial binaries evolve according to
the case Be or Ce scenario; this has important implications
for the retention problem.

Stable and quasi-conservative mass transfer, which is
expected in a significant fraction of the case Be and Ce sys-
tems (depending on the value of qcrit), has two notable con-
sequences: (1) the secondary accretes much of the hydrogen-
rich envelope of the primary, and (2) the final orbital separa-
tion is typically within a factor of a few of the initial separa-
tion (see Fig. 3). The increased mass of the secondary
provides a deeper gravitational potential well for the hydro-
gen-exhausted core of the primary, which raises the likeli-
hood that the orbit will remain bound following the SN and
hence that the NS will be retained in the cluster. The modest
change in orbital separation during stable mass transfer is in
sharp contrast to the dramatic shrinkage that accompanies
CE evolution (see Fig. 4). For the case of small natal NS
kicks, there is a clear dynamical distinction between stable
and unstable mass transfer with regard to the subsequent
SN explosion. As a general rule, an NS kick can be consid-
ered ‘‘ small ’’ if it is appreciably less than the relative orbital
speed of the components (see Brandt & Podsiadlowski
1995).

First, consider the case of circular pre-SN orbits and van-
ishing kicks. If the binary is intact after the SN, retention in
the cluster is determined by the new CM speed v0CM (e.g.,
Blaauw 1961; Dewey &Cordes 1987):

v0CM ¼ DM1

Mb � DM1
v1 ; ð16Þ

where DM1 is the mass lost in the explosion (envelope of the
primary) and v1 is the pre-SN orbital speed of the primary
(hydrogen-exhausted stellar core) about the CM. The mass
Mb and the orbital speed v1 used above correspond to the
conditions immediately before the explosion. The factor
that multiplies v1 can be identified as the post-SN orbital
eccentricity e0, which gives the memorable result v0CM ¼ e0v1.
Disruption of the binary must occur if the mass lost in the
explosion is more than one-half of the initial systemic mass.
In this case it can be shown that the speed at infinity of the
liberated NS is simply equal to v1. Therefore, regardless of
whether or not the binary is unbound following the SN, the
relevant speed that determines if the NS is retained in a
globular cluster is proportional to the pre-SN orbital speed
of the primary.

These arguments are made more quantitative by consid-
ering a prototypical binary with a range of initial separa-
tions. Suppose this model primordial binary consists of a 10
M� primary and a 6 M� secondary. A typical initial orbital
separation for case Be systems is �0.5 AU. Immediately
after a phase of stable mass transfer, the binary will consist

of the�2.2M� core of the primary and the�10–14M� sec-
ondary, for �e0:6. The binary separation at this point is
likely to be in the range �0.2–1.5 AU (see Fig. 3), in which
case the core has an orbital speed ofd200 km s�1. A spheri-
cally symmetric SN will leave the system bound, with
e0 � 0:06 and v0CMd15 km s�1. There is then a good chance
that such a binary would be retained in a globular cluster.
For the case of CE systems that avoid a merger (most case
Bl and Cl binaries), a typical initial separation is �5 AU.
Following the expulsion of the CE, the essentially unaltered
secondary orbits the core of the primary with a separation
of d0.05 AU (assuming hundred-fold decrease; see Fig. 4),
giving the core an orbital speed of�280 km s�1. For a 6M�
secondary, the binary remains bound after a symmetric SN
but acquires a larger recoil speed of�30 km s�1. Thus, even
in the case of small kicks, it is expected that a significant
fraction of the post-CE binaries would be ejected from a
typical globular cluster.

We now extend this discussion and allow for a distribu-
tion in NS kick speeds. The semianalytic formalism that we
employ is described in Appendix A, and the main results are
displayed in Figure 5. Figure 5 is a plot of the retained per-
centage of boundNS binaries as a function of the orbital sep-
aration immediately prior to the SN, where the escape speed
is taken to be vesc ¼ 50 km s�1 and kick speeds are distrib-
uted as a Maxwellian with � ¼ 200 km s�1. The results are
displayed for two different secondary masses, M2 ¼ 6 and
12 M�, which are representative values for systems that
have undergone dynamically unstable mass transfer and
stable mass transfer, respectively. A range of core masses,
fromMc ¼ 2 to 6M�, is also considered.

There are a number of notable features in Figure 5. First,
the retention fractions are clearly larger for M2 ¼ 12 M�
and a given core mass, as expected. In addition, for a given
M2 and Mc, there is a maximum retention fraction located
at some value of the initial orbital separation. The falloff at

Fig. 5.—Retention probability as a function of the pre-SN orbital sepa-
ration using the semianalytic formalism outlined in Appendix A. Curves
are shown for secondary masses M2 ¼ 12 M� (solid curves) and M2 ¼ 6
M� (dashed curves) and five different masses, McðM�Þ ¼ f2; 3; 4; 5; 6g,
of the primary’s core prior to the SN explosion.We have assumed an escape
speed of 50 km s�1 andMaxwellian kicks with � ¼ 200 km s�1.
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large separations results from the high characteristic kick
speed relative to the comparatively low orbital speeds; many
of these systems are left unbound following the SN. At suffi-
ciently small orbital separations, which correspond to high
orbital speeds, the mean CM speed of the bound post-SN
binaries exceeds the cluster escape speed and thus accounts
for the decreased retention fraction at small separations.
The location and height of the peak depend on the core
mass. In light of the discussion above regarding vanishing
kicks, it is clear that a more massive core will result in a
larger dynamical perturbation to the system at the time of
the SN, simply by virtue of the increased mass loss. More
mass loss results in a larger fraction of the orbital speed
being transformed into CM speed for a bound post-SN
binary (see eq. [16]) and also raises the likelihood that the
system will be disrupted if the characteristic kick speed is
large. The combination of these effects explains the trends in
Figure 5, namely, that for a larger core mass the height of
the peak is reduced and its location shifts to larger separa-
tions (i.e., smaller orbital speeds).

If we know the typical pre-SN component masses and
orbital separations among the systems that undergo stable
or dynamically unstable mass transfer, Figure 5 can be used
to estimate the fraction of NSs that both remain bound to
their companions following the SN and are retained in the
cluster. The secondary masses used for Figure 5 have
already been appropriately chosen for this purpose. A typi-
cal core mass is likely to beMc � 3M�. For the characteris-
tic orbital separations, we chose 0.5 AU for the stable
systems and 0.05 AU for the unstable systems (see the dis-
cussion above). Restricting ourselves to the case B and C
binaries, we should expect the ratio of stable to unstable sys-
tems to be roughly 23. Now, reading numbers from Figure
5, we estimate the percentage of NS binaries retained fol-
lowing case B or Cmass transfer to be�8%, with�7% being
systems where the mass transfer was stable and the remain-
ing �1% corresponding to the unstable systems. Of course,
since case B and C systems comprise only �50% of the pri-
mordial binary population, the net NS retention fraction is
�4%. This estimate is in accord with the results of the
‘‘ standard model ’’ discussed in the next section, where we
calculate a net retention fraction of �5% from all binary
channels (that is, unweighted by the binary fraction among
stars in the cluster). If we had used a characteristic pre-SN
core mass of 5 M�, as in Brandt & Podsiadlowski (1995),
and our favored secondary mass of 12 M� to represent the
systems that underwent stable mass transfer, the contrib-
uted retention fraction from the stable systems (using Fig. 5
with a ¼ 0:5 AU) is �4%. If, on the other hand, we had
chosen a typical secondary mass of 17M� for the stable sys-
tems, as in Brandt & Podsiadlowski (1995), and our favored
core mass of 3 M�, we find that the contributed retention
fraction is �12%. We thus see that quite a large variation in
the retention fraction is possible given a modest range of
‘‘ characteristic ’’ pre-SN component masses.

6. NEUTRON STAR RETENTION FRACTION

6.1. Computational Procedure

We have written two versions of our population synthesis
code, each with the same basic engine. One version applies a
given distribution in kick speeds (e.g., a Maxwellian) and a
single central escape speed. With this version of the code we

are able to discern which individual evolutionary pathways
contribute most to the net NS retention fraction, and we can
assess in a very detailed manner the influence of varying cer-
tain parameters. Only d105 primordial binaries are suffi-
cient to obtain reliable statistics for the �70 distinct
evolutionary channels followed in our code.

The second version of our code is more global; here we
are interested only in the net retention fraction. A large reg-
ular grid of kick speeds and escape speeds is established. We
consider a range in escape speeds from 0 to 200 km s�1 and a
range in kick speeds from 0 to 1000 km s�1. At each position
in the grid, an ensemble of binaries (typically 2� 104) is gen-
erated and evolved. The output of the calculation is an array
of retention fractions. It is then trivial to convolve the
results with any of the kick distributions discussed in x 3.
For each escape speed and a given kick distribution, we
compute a net NS retention fraction. Examples of these
retention curves are shown in Figure 12. Additionally, we
may also convolve the grid with a distribution of escape
speeds in order to gauge the influence of a realistic cluster
potential (x 6.3).

6.2. Primary Results

We begin the discussion of our detailed population syn-
thesis calculations by considering the Maxwellian kick dis-
tribution. Our standard model utilizes the Maxwellian kick
distribution with � ¼ 200 km s�1 and vesc ¼ 50 km s�1, a
central escape speed characteristic of present-day clusters.
The parameters that describe the primordial binary popula-
tion and mass transfer for the standard model are listed in
Table 2, model 5.

Distributions of the primordial binary parameters for sys-
tems that undergo case B or C mass transfer are shown in
Figure 6. We have not included systems that merge follow-
ing mass transfer, and hence the distribution in log a is not
flat over the range shown, as would be expected from equa-
tion (4). Furthermore, case A binaries are not included
because of the small number of systems as well as the large
uncertainties regarding their evolution. Figure 7 illustrates
the correlation between the orbital separation and secon-
dary mass for the systems in Figure 6. The binaries that
undergo dynamically unstable mass transfer and avoid a
merger have a low mean secondary mass (�5 M�) and a
large mean initial separation (�5 AU).

Figure 8 shows histograms of the binary parameters fol-
lowing mass transfer for precisely the same systems in Fig-
ure 6. The distribution of secondary masses (sum of stable
and unstable systems) shows a clear bimodality, with peaks
around 5 and 13 M�. This is simply a consequence of the
distinction between stable and dynamically unstable mass
transfer. If the mass transfer is stable, a secondary of mass
e4M� (assuming qcrit � 0:5) accretes a substantial amount
of material, while the secondary mass is assumed to be
unchanged if the system evolves through a CE phase. There-
fore, the peak in the distribution of secondary masses for
the stable systems is shifted to a higher value, and the distri-
bution as a whole is broadened, thus reducing the height of
the peak relative to the secondary mass distribution for the
unstable systems. Also noteworthy is the broad peak in
orbital separations (summed distribution) centered at �0.1
AU, which results from the overlap of the stable and unsta-
ble systems.
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A scatter plot of the secondary mass and orbital separa-
tion following mass transfer is shown in Figure 9. There is a
clearly defined boundary that marks the Roche lobe radius
of the secondary for a givenM2 andMc. Systems below this
boundary have merged following mass transfer, where the
majority of merged binaries result from dynamically unsta-
ble case Be and Ce mass transfer. From Table 3 we see that
roughly one-half of the case Be and Ce systems are expected
to merge following mass transfer. This factor of one-half is
a direct consequence of our somewhat arbitrary choice of
qcrit ¼ 0:5. Nearly 50% more stable systems result if we set
qcrit ¼ 0:25, but additional dilution factors lead to a net
retention fraction that is only �1.3 times as large when
vesc ¼ 50 km s�1 and � ¼ 200 km s�1 (see Table 2).

Figures 10 and 11 show distributions relevant to the
bound and retained binaries immediately following the SN
that underwent case B or C mass transfer (a subset of the
binaries in Figs. 6 and 8). Small periastron separations (d1
AU) among the retained NS binaries indicate that the sec-
ondaries in most of these systems, the majority of which
have a mass greater than 10 M�, will transfer material to
the NS at some stage. In fact, in some cases
[log ða=AUÞd� 1:3] the radius of the secondary is larger
than the periastron separation immediately after the SN,
indicating an immediate coalescence (these points are dis-

cussed in x 6.4). Furthermore, note that the speed distribu-
tion of the retained binaries has significant values all the
way up to the standard model escape speed of 50 km s�1. A
more realistic cluster potential and spatial distribution of
stars may therefore result in a somewhat reduced net reten-
tion fraction, since the fastest of the binaries in Figure 10
would be preferentially removed from the retained popula-
tion (see x 6.3).

Table 3 and Figure 12 show the main quantitative results
of our retention study. The importance of case Be and Ce

systems, which contribute a large number of bound and
retained binaries (see x 5), is clear in Table 3. Figure 12
shows the percentage of NSs retained in a cluster as a func-
tion of the central escape speed (applied to all stars and
binaries); the curves are not weighted by the binary fraction.
The range in central escape speeds we consider extends to
200 km s�1, since the clusters we see today may have been
significantly more massive when the massive stars were
present, although a central escape speed of 200 km s�1 may
be a bit extreme unless the clusters were very massive—
perhaps greater than 107 M� (see x 8.4). For � ¼ 200 km
s�1, the retention fraction is �3% for single stars and �10%
for binaries when vesc ¼ 100 km s�1. We also note that our
results for single stars with � ¼ 200 km s�1 are in excellent
agreement with the retention fractions calculated by Druk-

TABLE 2

Retention Fractions for Various Parameter Sets

Model Number xa yb �c �d �CE
e qcrit

f Percent Retained

1......................... 2.0 �0.5 1.5 0.75 1.0 0.50 3.23

2......................... 2.0 0.0 1.5 0.75 1.0 0.50 5.39

3......................... 2.0 1.0 1.5 0.75 1.0 0.50 7.87

4......................... 2.5 �0.5 1.5 0.75 1.0 0.50 3.28

5g ....................... 2.5 0.0 1.5 0.75 1.0 0.50 5.79

6......................... 2.5 1.0 1.5 0.75 1.0 0.50 8.03

7......................... 3.0 �0.5 1.5 0.75 1.0 0.50 3.41

8......................... 3.0 0.0 1.5 0.75 1.0 0.50 5.71

9......................... 3.0 1.0 1.5 0.75 1.0 0.50 8.27

10....................... 2.5 0.0 1.0 0.25 0.3 0.50 3.70

11....................... 2.5 0.0 1.0 0.25 1.0 0.50 4.12

12....................... 2.5 0.0 1.0 0.75 0.3 0.50 4.20

13....................... 2.5 0.0 1.0 0.75 1.0 0.50 3.70

14....................... 2.5 0.0 1.0 1.00 0.3 0.50 2.94

15....................... 2.5 0.0 1.0 1.00 1.0 0.50 3.32

16....................... 2.5 0.0 1.5 0.25 0.3 0.50 2.23

17....................... 2.5 0.0 1.5 0.25 1.0 0.50 2.63

18....................... 2.5 0.0 1.5 0.75 0.3 0.50 5.15

19....................... 2.5 0.0 1.5 1.00 0.3 0.50 2.94

20....................... 2.5 0.0 1.5 1.00 1.0 0.50 3.32

21....................... 2.5 0.0 2.0 0.25 0.3 0.50 0.72

22....................... 2.5 0.0 2.0 0.25 1.0 0.50 1.15

23....................... 2.5 0.0 2.0 0.75 0.3 0.50 5.54

24....................... 2.5 0.0 2.0 0.75 1.0 0.50 5.93

25....................... 2.5 0.0 2.0 1.00 0.3 0.50 2.94

26....................... 2.5 0.0 2.0 1.00 1.0 0.50 3.32

27....................... 2.5 0.0 1.5 0.75 1.0 0.25 7.06

28....................... 2.5 0.0 1.5 0.75 1.0 0.75 3.38

a IMF exponent.
b Exponent for mass ratio distribution.
c Angular momentum loss parameter.
d Mass capture fraction.
e Common envelope efficiency.
f Critical mass ratio that separates stable and unstable mass transfer when the secondary

is radiative.
g Standardmodel.
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ier (1996), who used a somewhat different kick distribution
(that of Lyne & Lorimer 1994) and a much more sophisti-
cated treatment of the cluster structure. It is evident from
Table 3 and Figure 12 that the retention problem is elimi-
nated for � ¼ 50 km s�1, where the retained fraction of NSs
with isolated progenitors is �10%, roughly one-half of the
binary contribution. However, such a low value of � does

not appear to be consistent with the speeds of isolated
pulsars.

Finally, in order to gauge how the net retention fraction
changes when the free parameters of our study are modified,
we have tabulated the retention fraction for a rather com-
prehensive set of parameters associated with the selection of
primordial binaries and the behavior of mass transfer
(Table 2). For Table 2, we have fixed the escape speed at

Fig. 6.—Distributions of masses and orbital separations of primordial
binaries that undergo case B or C mass transfer and do not merge. Hatched
regions indicate systems that undergo stable mass transfer (45�) and
dynamically unstable mass transfer (�45�). The histogram that encloses the
hatched regions is the sum of the distributions in stable and unstable
systems.

Fig. 7.—Scatter plot of circularized orbital separation vs. secondary
mass for the primordial binaries shown in Fig. 6. Filled and open circles
indicate systems that undergo stable and dynamically unstable mass trans-
fer, respectively.

Fig. 8.—Distributions of masses and orbital parameters of systems that
have undergone case B or C mass transfer and have not merged. The hatch-
ings have the samemeaning as in Fig. 6. These parameters indicate the state
immediately prior to the SN explosion of the core of the primary.

Fig. 9.—Scatter plot of separation vs. secondary mass for the post–mass
transfer binaries shown in Fig. 8. Note the well-defined boundary at small
separations that marks the Roche lobe of the secondary. Filled and open
circles indicate systems that have undergone stable and dynamically unsta-
ble mass transfer, respectively.
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TABLE 3

Branching Percentages for Maxwellian Kicks

Outcome A Be Bl Ce Cl D

Total .................................... 5.40 21.51 3.11 15.03 6.69 48.27

StableMTa........................... 2.73 10.83 0.00 7.56 0.00 0.00

UnstableMT (CEb ) ............. 2.68 10.67 3.11 7.47 6.69 0.00

Merger followingMT .......... 3.19 10.64 2.08 5.82 0.30 0.00

� ¼ 200 km s�1

Unbound following SN........ 0.78 7.52 0.47 7.42 3.96 48.26

Bound following SN ............ 1.43 3.34 0.56 1.78 2.44 0.01

Merger following SN............ 0.53 0.81 0.24 0.46 0.93 0.00

Retained single NS............... 0.01 0.10 0.00 0.08 0.04 0.22

Retained binary NS.............. 0.93 2.60 0.19 0.96 0.67 0.01

Total retained ...................... 0.94 2.70 0.19 1.03 0.71 0.23

� ¼ 100 km s�1

Unbound following SN........ 0.18 4.50 0.17 5.30 2.05 48.22

Bound following SN ............ 2.03 6.36 0.86 3.91 4.34 0.05

Merger following SN............ 0.33 0.56 0.19 0.38 0.92 0.00

Retained single NS............... 0.01 0.27 0.01 0.31 0.09 1.54

Retained binary NS.............. 1.52 5.71 0.63 2.90 2.46 0.05

Total retained ...................... 1.53 5.98 0.64 3.21 2.55 1.60

� ¼ 50 km s�1

Unbound following SN........ 0.00 1.73 0.01 2.76 0.63 47.91

Bound following SN ............ 2.20 9.13 1.02 6.45 5.77 0.36

Merger following SN............ 0.07 0.13 0.07 0.10 0.46 0.00

Retained single NS............... 0.00 0.31 0.00 0.55 0.08 9.90

Retained binary NS.............. 1.69 8.49 0.94 5.35 4.41 0.36

Total retained ...................... 1.69 8.80 0.94 5.90 4.49 10.26

a MT: mass transfer.
b CE: common envelope.

Fig. 10.—Distributions of binary parameters of systems that have under-
gone case B or Cmass transfer, have been left bound following the SN explo-
sion, and have been retained in the cluster. Note that many of the systems
with log ða=AUÞd� 1:3 will experience a coalescence of the NS and the
secondary immediately following the SN.

Fig. 11.—Scatter plot of periastron separation vs. secondary mass for
the same post-SN systems as in Fig. 10. The open and filled circles have the
samemeaning as in Figs. 7 and 9.



vesc ¼ 50 km s�1 and utilized the Maxwellian kick distribu-
tion with � ¼ 200 km s�1. The largest net retention fraction
shown in Table 2 (�8.3%; model 9) is only a factor of �1.5
larger than the retention fraction computed for the standard
model (model 5). Thus, we can be secure that, for reasonable
variations in the parameters listed in Table 2, the retained
fraction of NSs born in binary systems is not likely to exceed
�10%, a number that probably overestimates the true net
retention fraction and still seems only marginally consistent
with the inferred large number of NSs in certain globular
clusters.

6.3. Spatial Distribution and the Cluster Potential

Up to this point, we have discussed those calculations
where the nominal central escape speed has been applied to
all stars and binaries in question. The combination of com-
petitive gas accretion processes, stellar collisions, and
dynamical mass segregation in the early phases of cluster
development and star formation may lead to a centrally
concentrated population of massive stars (e.g., Bonnell et
al. 1998). However, the spatial distribution would certainly
have been finite and the same escape speed would not have
applied to all stars. We investigate the possibility that mas-
sive stars and binaries are born within a finite spherical vol-
ume, with a gravitational potential that is appropriate for a
young globular cluster. The calculation presented in this
section is meant to be illustrative but is nonetheless reason-
ably quantitative.

For simplicity, we suppose that all massive single stars
and binaries are distributed uniformly within a spherical
volume of radius R about the center of the cluster. Thus, the
probability that an object is located within a spherical shell
of radius r and thickness dr is simply

pðrÞdr ¼ 3r2 dr

R3
: ð17Þ

As noted in x 4.4, we assume that the single star or binary is
at rest at the time of the SN explosion.

We adopt a Plummer model (e.g., Binney & Tremaine
1987) for the background gravitational potential, given by

�ðrÞ ¼ � GM�
r2 þ b2ð Þ1=2

; ð18Þ

whereM* is the total mass in stars, r is the distance from the
cluster center, and b is the ‘‘ core ’’ radius of the model. Fur-
thermore, we assume that the potential is static during the
d108 yr when massive stars are present. This is not very
realistic but is probably adequate for the present discussion.

In dynamical models of globular cluster evolution that
include the effects of tidal mass loss, it is often assumed that
any star that crosses a sphere of radius rt (the tidal radius) is
lost from the cluster (e.g., Joshi, Nave, & Rasio 2001 and
references therein). The tidal radius is a function of position
in the Galaxy; at a few kiloparsecs from the Galactic center,
rt is of order 100 pc for a 106 M� cluster. The escape speed
vescðrÞ at a radius r is obtained from the energy relation

1
2 v

2
escðrÞ ¼ �ðrtÞ � �ðrÞ : ð19Þ

However, for the purposes of this investigation we assume
that rt is sufficiently large in comparison to any relevant
radius in the cluster that we may drop �(rt), so that
v2escðrÞ ¼ �2�ðrÞ. In this case, the core radius b is a simple
function of the central escape speed vescð0Þ:

b ¼ 2GM�
v2escð0Þ

: ð20Þ

The output of our population synthesis code is a two-
dimensional grid of retention fractions as a function of the
escape speed and the kick speed (see x 6.1). Combining
equations (17), (18), and (19), with �ðrtÞ ¼ 0, we obtain a
distribution of escape speeds for the uniform spherical dis-
tribution of massive stars:

pðuescÞduesc ¼ 6
b

R

� �3

u�7
esc 1� u4esc
� 	1=2

duesc ; ð21Þ

where uesc � vesc=vescð0Þ is a dimensionless escape speed.
It is a simple matter to convolve the grid of retention frac-

tions with both the distribution of kick speeds and the distri-
bution of escape speeds to obtain a net retention fraction, as
a function of vescð0Þ and R. Table 4 shows the net retention
fraction for different values of vescð0Þ and R, where we have
used a Maxwellian kick distribution with � ¼ 200 km s�1

and a cluster mass of M� ¼ 106. For vescð0Þ ¼ 50 km s�1

and R ¼ 10 pc, the percentage of NSs retained in the cluster
is reduced by a factor of�2 below the standard model value
of �5.6% (see Table 2). Thus, a realistic cluster potential
and finite spatial distribution of stars may significantly
reduce the NS retention fraction below our earlier quoted
values, although it does seem likely that the massive stars
will be more initially centrally concentrated than a uniform
10 pc sphere, as a consequence of both the star formation
process and dynamical mass segregation. Therefore, the
reduction factors listed in Table 4 are probably smaller than
one would obtain with a more self-consistent calculation of
the cluster structure. However, this just emphasizes that our
highly simplified treatment of the cluster structure, where all
objects have the same central escape speed, is entirely
adequate for addressing the NS retention problem.

Fig. 12.—Percentage of NSs retained as a function of the cluster escape
speed, for a Maxwellian distribution of kick speeds. Thick curves corre-
spond to binary channels, while thin curves are for single stars only.

NEUTRON STAR RETENTION IN GLOBULAR CLUSTERS 297



6.4. Binary Evolution after the First Supernova

The standard model (x 6.2) has a very striking feature:
massive secondaries (M2e10 M�) are prevalent among the
retained binaries following the first SN (see Figs. 10 and 11).
The majority of these massive systems have periastron sepa-
rations d1 AU, which implies that most of the secondaries
will begin to transfer material to the NS at some point. Fur-
thermore, the extreme mass ratios suggest that the mass
transfer will be dynamically unstable, resulting in a spiral-in
of the NS into the envelope of the secondary. It should be
noted that the evolution of the secondary following mass
transfer may not precisely resemble the evolution of an iso-
lated star of the same mass (e.g., Braun & Langer 1995;
Wellstein et al. 2001); in fact, the evolution may be qualita-
tively different.

Before we discuss the possible outcomes of the spiral-in,
we mention an important caveat. Extreme accretion rates
(>10�4 M� yr�1) onto the NS—rates far exceeding the
standard, radiative Eddington limit of �10�8 M� yr�1—
may be possible if the gravitational energy is lost to neutri-
nos (e.g., Chevalier 1993, 1996; Fryer, Benz, &Herant 1996;
Brown, Lee, & Bethe 2000). If this ‘‘ hypercritical accre-
tion ’’ occurs while the NS spirals into the envelope of a mas-
sive secondary, it is likely that the NS will collapse into a
black hole, although the three-dimensional nature of the
hydrodynamical problem implies that this process is very
uncertain. Obviously, this outcome is not desirable in regard
to the retention problem, since an NS is lost if it is trans-
formed into a black hole. We now proceed under the
assumption that the NS does not undergo hypercritical
accretion during the spiral-in phase; however, the NS may
still collapse to a black hole at a later stage.

The envelope of the massive secondary may be success-
fully ejected if the circularized orbital separation is e1 AU
(see Taam, Bodenheimer, & Ostriker 1978). This applies to
only a few percent of the systems in Figures 10 and 11. If the
envelope is ejected and the core of the secondary is exposed,
the formation of a second NS is possible. However, because
the orbital speed following the spiral-in is large (>200 km
s�1), as is the fractional mass lost in the SN (e30%), both
the first- and second-formed NSs are likely to be ejected
from the cluster, even if the kick to the second NS is small
and the binary remains bound after the explosion (see x 5).

The much more likely outcome among the retained NS
binaries is a complete coalescence of the NS and the massive

secondary, resulting in the formation of a Thorne-Żytkow
object (TŻO; Thorne & Żytkow 1975, 1977; Biehle 1991;
Cannon 1993; Podsiadlowski, Cannon, &Rees 1995), where
hydrostatic support is provided by gravitational energy
release or exotic nuclear burning processes near the surface
of the NS. The ultimate fate of the NS is unclear. If the NS
survives, it will probably emerge as a rapidly rotating object
with the slow speed of the retained post-SN binary. How-
ever, it is possible, and perhaps likely, that the NS will col-
lapse into a black hole during the late stage of massive TŻO
evolution (Podsiadlowski et al. 1995; Fryer et al. 1996).

In addition to the high-mass systems in Figures 10 and
11, roughly 10% of the retained binaries have low- to inter-
mediate-mass secondaries (M2d8 M�), all of which are the
product of dynamically unstable mass transfer prior to the
SN. Mass transfer onto the NS in the circularized binary is
likely to be dynamically unstable for M2e4 M� (Podsia-
dlowski, Rappaport, & Pfahl 2002), while for secondaries of
lower mass the system will exist for some time as a low- or
intermediate-mass X-ray binary, which may ultimately yield
a millisecond radio pulsar with a very lowmass companion.

7. CONCLUSIONS

The NS retention fraction calculated within our standard
model is �5% for NSs born in binary systems. Reasonable
variations of the parameters that describe the primordial
binary population and binary evolution during mass trans-
fer give a retained percentage as low as �1% but not much
larger than �8% (Table 2). If we distribute the massive
binaries within a sphere of some finite radius and embed the
population in a realistic background gravitational potential,
the retention fraction may be reduced by a factor of d2
(Table 5). If we suppose that one-half of the massive stars in
a young cluster are in binaries, then the retention fraction is
further reduced by a factor of 2. Furthermore, since many
of the retained NSs are in close, massive binaries after the
first SN, a TŻO is likely to form, which may cause the NS to
collapse to a black hole. Therefore, it would seem that a
more realistic net retention fraction is probably no larger
than several percent, when we apply the Maxwellian kick
distribution with � ¼ 200 km s�1 and a central escape speed
of 50 km s�1.

As compared to the contribution from single stars, binary
systems do provide a much more efficient channel for retain-
ing NSs when the characteristic kick speed is large. How-
ever, it appears that the net NS retention fraction still may
not be sufficient to explain the abundance of NSs in globular
clusters. In fact, even if as many as 104 NSs are formed out
of 106 stars, our standard model, combined with the binary
fraction and realistic cluster potential, predicts that only
�100 NSs may have been retained. It is unlikely that the
retention of �100 NSs is compatible with what is observed
in certain clusters (e.g., 47 Tuc). We therefore suggest
that binaries alone may not provide a robust solution to
the retention problem, and we now discuss alternative
hypotheses.

8. DISCUSSION

Our standard model for the formation and retention of
NSs in globular clusters predicts a retention fraction of
�5%. Consideration of a finite spatial distribution of stars
embedded in a background cluster potential, the binary

TABLE 4

Modified Retention Fractions for a Finite Spatial

Distribution of Stars

vescð0Þ
(km s�1)

R

(pc)

b

(pc) Percent Retained Reduction Factora

30............ 5 9.88 2.44 0.94

10 9.88 2.10 0.81

20 9.88 1.47 0.56

50............ 5 3.56 4.44 0.79

10 3.56 3.12 0.55

20 3.56 1.81 0.32

70............ 5 1.81 5.19 0.64

10 1.81 3.38 0.42

20 1.81 1.87 0.23

a Factor by which retention fraction is reduced below value obtained
withR ¼ 0 pc.
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fraction of massive stars, and the uncertain fate of TŻOs
implies that the net retention fraction may be significantly
smaller. We suggest that our standard model requires signif-
icant modification in order for the results to be consistent
with observations. Here we briefly speculate on possible
alternative solutions to the retention problem.

8.1. The Kick Distribution

Even with a substantial fraction of NS kicks in aMaxwel-
lian component with � � 100 km s�1, as suggested by
Arzoumanian et al. (2002), the retention fraction due to sin-
gle stars is at most several percent (see Fig. 12) for a cluster
central escape speed of 50 km s�1. The retained fraction of
NSs born in binaries is increased to �15% (see Fig. 12), but
given the additional considerations mentioned above, even
this fraction may not be sufficient. A very simple and robust
‘‘ fix ’’ to the retention problem is to assume that the true
underlying distribution in NS kicks has a much lower mean
speed than the Galactic pulsars suggest. Such a distribution
would require a substantial number of slowly moving iso-
lated pulsars, which, for some reason, have not yet been
detected. Maybe the pulsar sample is too small, or perhaps
some systematic effect is unaccounted for in studies of pul-
sar kinematics, or both. A complete consistency check is dif-
ficult, if not impossible, and must incorporate all of the
uncertain theory of single star and binary stellar evolution.
In addition, we require some rudimentary understanding of
the physical mechanism that produces the largest NS kicks.
One possibility is that small kicks preferentially occur in
binary systems, in which case the associated NS is likely to
remain bound to its companion following the SN and thus
will not appear as an isolated pulsar.

8.2. Implications ofWide, Nearly Circular High-Mass
X-Ray Binaries

Recently, a new class of HMXBs has emerged. These sys-
tems exhibit relatively low eccentricities (ed0:2) and orbital
periods sufficiently long (Porbe30 days) that tidal circular-
ization should not have played a significant role if the mas-
sive stellar component is not very evolved. A detailed
analysis of one such system (X Per/4U 0352+30; Delgado-
Martı́ et al. 2001) revealed that the observed orbit is entirely
consistent with the NS having been born with no kick what-
soever. Table 5 lists names and orbital parameters of sys-
tems that belong to the class of long-period, low-

eccentricity HMXBs. For a full discussion of these systems,
including both observational and theoretical considera-
tions, see Pfahl et al. (2002).

In Pfahl et al. (2002) we present a model that appears con-
sistent with the numbers and kinematical properties of
bright LMXBs in the Galaxy, all known HMXBs, including
the members of the new class, as well as isolated radio pul-
sars in the Galaxy, on which the inferred NS kick distribu-
tions are based. To account for the statistically significant
population of HMXBs with long orbital periods and low
eccentricities, we propose that a significant fraction of those
NSs whose progenitors underwent case Be or Ce mass trans-
fer (see x 4.2) received a relatively small kick speed (e.g.,
d50 km s�1). On the other hand, the requirement of consis-
tency with the other NS populations suggests that an NS
received the usual large kick if its progenitor was allowed to
evolve into a red supergiant (i.e., a single progenitor or case
Bl, Cl, or D for a binary system).

There is a plausible physical scenario that may support
the empirically motivated phenomenological hypothesis
outlined above. Young, isolated, massive stars are observed
to rotate at �20%–50% of their breakup rates (e.g., Fukuda
1982; Howarth et al. 1997). During the hydrogen-burning
main sequence, the structure of the star changes sufficiently
slowly that various hydrodynamical and magnetohydrody-
namical processes should be effective in enforcing nearly
uniform rotation throughout much of the star (Spruit &
Phinney 1998; Heger, Langer, & Woosley 2000). Immedi-
ately following the depletion of hydrogen in the core, the
structure of the star changes dramatically; the envelope
expands to giant dimensions on a thermal timescale (�103–
104 yr), and the core contracts while conserving angular
momentum. If the stellar core is exposed during this rapid
expansion phase as a result of mass transfer in a binary sys-
tem (case Be or possibly Ce; see Figs. 1 and 2), it is likely to
be rapidly rotating. On the other hand, if the star is allowed
to evolve into a red supergiant, Maxwell stresses may
strongly couple the mostly convective and very slowly rotat-
ing envelope to the core, causing the core to spin down to
the angular velocity of the envelope (Spruit & Phinney 1998;
Spruit 1998).

These arguments suggest a possible dichotomy in core-
collapse dynamics between isolated stars and some stars
born in close binary systems. It may be that a stellar core
exposed following case Be or Ce mass transfer is rotating
much faster than the core of an isolated star at a late stage

TABLE 5

Orbital Parameters for Nearly Circular High-Mass X-Ray Binaries

Object

Porb

(days) e

fX(M )a

(M�) References

X Per/4U 0352+30 ............ 249.90	 0.50 0.111	 0.018 1.61	 0.06 1


 Cas/MX 0053+604b ....... 203.59	 0.29 0.260	 0.035 . . . 2

GS 0834�430..................... 105.80	 0.40 <0.17 0.2	 0.3 3

XTE J1543�568................. 075.56	 0.25 <0.03 8.2	 0.5 4

KS 1947+30...................... 041	 1 <0.15 �1.8 5, 6

2S 1553�542 ...................... 030.60	 2.20 <0.09 5.0	 2.1 7

a Mass function fromX-ray timing.
b Orbital parameters determined from the optical light curve.
References.—(1) Delgado-Martı́ et al. 2001. (2) Harmanec et al. 2000. (3) Wilson et al. 1997.

(4) in’t Zand, Corbet, & Marshall 2001. (5) Chakrabarty et al. 1995. (6) D. Galloway et al. 2002,
in preparation. (7) Kelley, Rappaport, &Ayasli 1983.
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of its evolution. Dynamically, the collapse of a rapidly
rotating core is certainly more phenomenologically complex
than the collapse of an initially static core. However, it is
not obvious a priori whether a rapidly rotating or slowly
rotating precollapse core should ultimately yield a larger
average natal kick to the NS. Perhaps the rapid rotation
stalls the collapse somewhat (e.g., Fryer & Heger 2000),
allowing many rotations before the NS is formed. A large
number of rotations of the collapsing core may have the
effect of averaging out the asymmetries that give rise to large
NS kicks (Spruit & Phinney 1998). These speculations aside,
we are motivated by empirical evidence to suggest that
hydrogen-exhausted cores exposed following case Be or
(possibly) Ce mass transfer produce NSs with small natal
kicks, while NSs formed following mass transfer at a later
stage of evolution may receive the conventional large kicks.

We repeated the retention study with the following
assumptions regarding NS kicks. If the orbit of the primor-
dial binary is sufficiently wide that mass transfer begins
when the star is a red supergiant (i.e., case Bl, Cl, or D), the
NS kick is chosen from a Maxwellian distribution with
� ¼ 200 km s�1, as in the standard model (see x 6.2). How-
ever, if the mass transfer is stable and case Be or Ce, we uti-
lize a Maxwellian kick distribution with � ¼ 20 km s�1.
Using the standard model parameters given in Table 2,
model 5, we calculate a net retention fraction contributed by
binary channels of �20%. Therefore, we see that the above
scenario greatly reduces the severity of the retention prob-
lem. Figure 13 shows the distributions in orbital parameters
and speeds for the retained NS binaries. On average, the sys-
tems in Figure 13 are wider, more circular, and moving
more slowly than the systems in Figure 10, which shows the
same distributions, but for the standard model.

8.3. Accretion-induced Collapse

Thus far, we have considered only massive stellar progen-
itors of NSs. However, if the mass of a white dwarf (WD)
can be increased to the critical Chandrasekhar value (’1.4
M�), the WD may collapse to form an NS. This accretion-
induced collapse (AIC) scenario was proposed by Grindlay
(1987; see also Bailyn & Grindlay 1990) in the context of
globular clusters to explain a number of things regarding
cluster NS populations, the retention problem among them.
Two fundamentally different scenarios have been proposed
for the formation of an NS via AIC, which we now review
briefly.

A WD may be ‘‘ grown ’’ to the Chandrasekhar mass by
the slow accumulation of material accreted from a stellar
companion. In this scenario, if the WD has a C/O composi-
tion it is more likely to explode in a Type Ia SN than to col-
lapse to form an NS (e.g., Nomoto 1987; Rappaport, Di
Stefano, & Smith 1994). More favorable candidates for AIC
are relatively rareWDs of masse1.2M� and an O/Ne/Mg
composition (e.g., Nomoto 1987; Nomoto & Kondo 1991).
However, growth of the WD to the Chandrasekhar mass
requires that the mass transfer rate lie in the narrow range
of �ð3 7Þ � 10�7 M� yr�1 (Iben 1982; Nomoto 1982; Rap-
paport et al. 1994). For lower accretion rates, the accreted
material may be lost in hydrodynamical nova explosions,
while larger accretion rates cause the WD atmosphere to
expand to giant dimensions and overflow its Roche lobe.
Perhaps the most promising cases for obtaining mass trans-
fer rates within the above narrow range occur for thermal

timescale mass transfer in binaries with relatively unevolved
companions in the mass range 1.5–2.5 M� (e.g., supersoft
X-ray sources; van den Heuvel et al. 1992; Rappaport et al.
1994).

A second possible AIC channel involves the coalescence
of two WDs (e.g., Nomoto 1987; Chen & Leonard 1993;
Rasio & Shapiro 1995), whereby the orbit shrinks as gravi-
tational radiation removes orbital angular momentum. Like
the standard AIC scenario discussed above, the double WD
merger model has been proposed as an evolutionary path-
way to the formation of Type Ia SNe (e.g., Iben & Tutukov
1984; Webbink 1984; Saffer, Livio, & Yungelson 1998 and
references therein); however, it is now considered more
likely that this will lead to disruption of the lighter WD (see
Nomoto & Iben 1985). Under the assumption that the
merger does not produce a Type Ia SN, in order for the dou-
ble WD system to ultimately yield an NS, the sum of the
masses must exceed the Chandrasekhar mass. In the Galac-
tic plane,�0.1% of primordial binaries should produce such
a massive double WD close enough to merge within a Hub-
ble time (e.g., Han 1998; Nelemans et al. 2001). If a sizable
fraction of these systems can collapse to form an NS, rather
than explode as a Type Ia SN, then perhaps as many as 1000
NSs can be formed in this way in a globular cluster. How-
ever, the situation is much more complex in a globular clus-
ter, owing to the dynamical interactions among binaries and
single stars.

We have not attempted to follow any of these channels in
this work. This would certainly be a worthwhile future study
to help quantify the formation rates of NSs via AIC in both
globular clusters and the Galactic plane. Finally, we note
that even if a significant number of NSs are formed via AIC
in a globular cluster, it seems plausible that these NSs would
be subject to the same kicks as those formed from collapsed
cores of massive stars, especially if the NS velocities are

Fig. 13.—Distributions of binary parameters of systems that have under-
gone case B or C mass transfer, have been left bound following the SN
explosion, and have been retained in the cluster, where we have assumed
that cases Be and Ce receive kicks drawn from a Maxwellian with � ¼ 20
km s�1. Compare this figure to Fig. 10.
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acquired as a result of asymmetric neutrino emission or the
postnatal electromagnetic rocket mechanism (Harrison &
Tademaru 1975; see also Lai et al. 2001).

8.4. Supermassive Globular Clusters

Tidal stripping of globular clusters is a theoretically well-
studied phenomenon (e.g., Chernoff & Weinberg 1990;
Takahashi & Portegies Zwart 2000; Joshi et al. 2001). It has
been shown (see Joshi, Nave, & Rasio for a recent discus-
sion) that, for a range in parameters that describe the initial
cluster equilibrium model, a cluster may disrupt in the tidal
field of the Galaxy in less than 1010 yr, owing to the com-
bined effects of mass loss during stellar evolution and the
diffusion of stars across the cluster’s tidal boundary. The
survivability of a cluster depends on its orbit through the
Galaxy, its initial central concentration, and the slope of the
cluster IMF. Clusters with a high central concentration and
a small proportion of massive stars are more likely to sur-
vive to core collapse, although as much as 90% of the initial
mass of the cluster may be lost before this phase is reached
(Joshi et al. 2001).

The idea that a cluster may lose a very significant fraction
of its mass but still ‘‘ survive ’’ in some sense brings to light
the interesting and very real possibility that some of the
globular clusters that presently have a mass of�106M� are,
in fact, remnants of clusters with an initial mass in stars of
e107 M�. At least one such supermassive cluster has been
discovered in the Andromeda galaxy (Meylan et al. 2001),
and it has been speculated that this cluster is actually the

core of a dwarf elliptical galaxy. For a cluster of initial mass
107 M�, a net NS retention fraction of a few percent, along
with a standard IMF, implies possibly 1000 NSs at the cur-
rent epoch, which may be sufficient to explain the present
pulsar and X-ray binary populations in globular clusters. In
this regard, we suggest that a large inferred number of NSs
in a present-day globular cluster may indicate that the clus-
ter was initially supermassive. It can be argued (see x 2) that
more than 10% of the globular clusters in the Milky Way
may fall into this category.

We are not the first to consider this rather extreme possi-
bility. Motivated by the hundred-fold overabundance (per
unit mass) of bright X-ray sources in globular clusters rela-
tive to the Galactic disk, Katz (1983) suggested that some
clusters may lose all but �1% of their mass through evapo-
rative processes. Although it is now believed that three- and
four-body dynamical scenarios (e.g., Rasio et al. 2000) and
perhaps tidal capture (e.g., Fabian et al. 1975; Di Stefano &
Rappaport 1992; Podsiadlowski et al. 2002) can explain the
overabundance of X-ray binaries, excessive mass loss from
initially supermassive globular clusters is still an interesting
possibility for explaining the large numbers of NSs found in
clusters today.

E. P. would like to acknowledge the hospitality of Oxford
University, where some of this work was initiated.We thank
Fred Rasio for many stimulating discussions on the topic of
globular clusters. This work was supported in part by
NASAATP grant NAG 5-8368.

APPENDIX A

ESTIMATE OF THE BINARY RETENTION FRACTION

A semianalytic approach is used to compute the probability that a binary is bound following the SN explosion and is
retained in a cluster with a given escape speed. For an appropriate choice of pre-SN orbital separation and component masses,
the calculated retention probability is a fair estimate of the net NS retention fraction contributed by all binary stellar evolution
channels (see x 5).

In what follows, we consider a circular pre-SN binary of total mass Mb and with separation a, so that the relative orbital
speed is vorb ¼ ðGMb=aÞ1=2. We assume that the explosion is instantaneous and leaves an NS remnant of massMNS. Further-
more, we neglect the effect of the SN ejecta on the secondary. The kick speed imparted to the NS is vk, and the systemic mass
after the explosion isM 0

b.
It is useful here to introduce a set of dimensionless variables. All speeds are expressed in units of the pre-SN relative orbital

speed vorb and are denoted by the variable w with an appropriate subscript (e.g., wk � vk=vorb is the dimensionless kick speed).
The fractional mass loss in the explosion is given by D � 1�M 0

b=Mb. In place of the secondary massM2, we use the post-SN
mass ratio q0 � M2=MNS. Finally, the variable u represents the cosine of the angle between the direction of the kick and the
direction of the pre-SN relative orbital velocity.

The orbital energy E0 of the post-SN binary is proportional to the dimensionless quantity (e.g., Hills 1983; Brandt & Podsia-
dlowski 1995):

E0 / �1þ 2Dþ w2
k þ 2uwk : ðA1Þ

For the purposes of x 5 it is sufficient to consider D < 1
2, in which case there is a minimum kickwk;min required to unbind the sys-

tem, realized when u ¼ 1:

wk;min ¼ �1þ ½2ð1� DÞ
1=2 : ðA2Þ

Likewise, for there to be a finite probability that the system remains bound, wkmust be less than some large value wk;max, corre-
sponding to E0 ¼ 0 and u ¼ �1 in equation (A1):

wk;max ¼ 1þ ½2ð1� DÞ
1=2 : ðA3Þ

If wk > wk;max, the system is guaranteed to be disrupted. For a given wk;min < wk < wk;max and D < 1
2, u must be less than a
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maximum value umax for the binary to remain bound following the explosion:

u < umax �
1

2wk
1� 2D� w2

k

� 	
: ðA4Þ

When the kick speed is large (wke1), we see that umax < 0. Therefore, if the directions of the kicks are preferentially aligned
perpendicularly to the orbital plane (i.e., u � 0), rather than distributed isotropically, we expect somewhat fewer bound and
retained systems for a mean kick speed that is larger than the typical orbital speed (see Brandt & Podsiadlowski 1995). Con-
versely, if the mean kick speed is small, perpendicular kicks tend to yield an increase in the number of retained binaries,
although the baseline retention fraction (for isotropic kicks) is also larger in this case.

The CM speed of a bound binary determines whether or not the system will be retained in the cluster. The CM speed wCM

following the explosion is given by

wCM ¼ 1

1þ q0
q0Dð Þ2�2q0Duwk þ w2

k

h i1=2
: ðA5Þ

If wesc is the dimensionless central escape speed of the cluster, then the probability that a bound post-SN binary is retained is
simply a step function Sðwesc � wCMÞ, equal to unity for wesc � wCM > 0 and vanishing otherwise. Taking D, q0, and wesc to be
fixed parameters, we obtain the retention probability Pr as a function of wk by integrating over u:

Prðwk;D; q
0;wescÞ ¼

Z minð1;umaxÞ

�1

du pðuÞSðwesc � wCMÞ ; ðA6Þ

where minð1; umaxÞ is the minimum of 1 and umax. For isotropically distributed kick directions, the distribution function for u
is simply pðuÞ ¼ 1

2. Convolution of Pr with the distribution in dimensionless kick speeds p(wk) yields the total probability Pr;tot

that a bound binary is retained in the cluster after the SN:

Pr;totðD; q0;wescÞ ¼
Z wk;max

0

dwk pðwkÞPrðwk;D; q
0;wescÞ : ðA7Þ

APPENDIX B

SUPERNOVAE IN ECCENTRIC BINARIES

In this appendix we present a flexible, computationally convenient formulation of the equations that describe a binary sys-
tem following an asymmetric SN explosion of one of the components. We allow for the possibility that the pre-SN binary is
eccentric, and we consider the effects of instantaneous mass loss from the exploding star and an impulsive kick delivered to the
newly formed compact remnant. Also included in our analysis is the effect of the SN blast wave on the companion to the
exploding star. Furthermore, if the binary is disrupted following the SN, we calculate the asymptotic velocities of the compo-
nents. Our approach differs from previous studies (e.g., Hills 1983; Brandt & Podsiadlowski 1995; Tauris & Takens 1998) in
that we use mathematically compact vector expressions to describe the binary system after the explosion. It is straightforward
to directly implement this vector formalism in a computer code, since vector arithmetic can be performed using simple array
operations.

Consider a pre-SN binary system that consists of stars with massesM1 andM2 in an orbit with semimajor axis a and eccen-
tricity e. The Keplerian orbital frequency is given by � ¼ ðGMb=a3Þ1=2, where Mb ¼ M1 þM2. Relative to the CM, the posi-
tions of the two stars at some time t are r1ðtÞ and r2ðtÞ, and the corresponding velocities are v1ðtÞ and v2ðtÞ. The relative
positions and velocities are given by rðtÞ ¼ r1ðtÞ � r2ðtÞ and vðtÞ ¼ v1ðtÞ � v2ðtÞ, respectively.

It is convenient to have a coordinate-independent description of the binary system. Such a description is provided by the
two conserved vectors of the Kepler problem, namely, the angular momentum per unit reduced mass h and the Laplace-
Runge-Lenz (LRL) vector e (e.g., Goldstein 1980; Eggleton 1999):

h ¼ r� v ; e ¼ v� h

GMb
� r

r
: ðB1Þ

Note that h points perpendicular to the orbital plane and has a magnitude h ¼ �a2ð1� e2Þ1=2, while e points in the direction of
periastron of star 1 and has a magnitude equal to the orbital eccentricity e. By convention, bold-faced characters denote vec-
tors, while the same characters with normal typeface denote the magnitudes of those vectors.

Since we allow for the possibility that the pre-SN binary is eccentric, wemust take some care in computing r and v at the time
of the explosion. We assume that there is no preferred position along the orbit for the explosion to take place; therefore, the
explosion probability per unit time is constant. No closed form expressions exist for r and v as functions of time, and so we
must be content with a parametric representation. Consider a Cartesian coordinate system with x-, y-, and z-axes defined by
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the directions of e, h� e, and h, respectively. In terms of the eccentric anomaly E, the dynamical equations read

�tp ¼ E � e sinE ; ðB2Þ

x ¼ aðcosE � eÞ; y ¼ a 1� e2
� 	1=2

sinE ; ðB3Þ

vx ¼ � �a2

r
sinE; vy ¼

�a2

r
1� e2
� 	1=2

cosE ; ðB4Þ

where tp is the time elapsed since periastron passage. With a randomly selected value for �tp, the corresponding value of E is
obtained by solving equation (B2) numerically, and the relative position and velocity vectors can be readily computed.

At the randomly selected time, star 1 undergoes an SN explosion.We assume that the explosion is an impulsive event, mean-
ing that the direct dynamical influence of the explosion occurs over a time that is much shorter than the orbital period. In other
words, it is assumed that the SN explosion and the associated blast wave have an instantaneous effect on the masses and veloc-
ities of the binary components. The envelope of star 1 is ejected, exposing a remnant of mass M 0

1 with a new velocity
v01 ¼ v1 þ Dv1, where Dv1 is the kick velocity. The magnitude and direction of the kick velocity are chosen from appropriate
distributions (see x 3). After a negligibly short time (the time it takes the blast wave to cross the orbit), a small fraction of the
blast wave will interact with star 2, resulting in a new massM 0

2 and velocity v02 ¼ v2 þ Dv2, where Dv2 is directed antiparallel to
r (see Wheeler et al. 1975; Fryxell & Arnett 1981). If star 2 is still on the main sequence at the time of the explosion, it is
expected that the SN ejecta have only a small effect on star 2 and on the binary orbit. However, if star 2 is a giant at the time of
the SN, a large fraction of its envelope may be stripped by the blast wave (see, however, Livne et al. 1992; Marietta et al. 2000),
and so we consider this possibility in our mathematical formalism.

The combined effects of mass loss and the velocity perturbations received by the binary components yield a CM velocity

v0CM ¼ 1

M 0
b

M 0
1v

0
1 þM 0

2v
0
2

� 	
¼ �M2

M 0
b

DM1

Mb
þM1

M 0
b

DM2

Mb

� �
vþM 0

1

M 0
b

Dv1 þ
M 0

2

M 0
b

Dv2 ; ðB5Þ

where DM1 ¼ M1 �M 0
1 is the mass of the ejected envelope of star 1, DM2 ¼ M2 �M 0

2 is the mass stripped and ablated from
star 2 (Wheeler et al. 1975), andM 0

b ¼ M 0
1 þM 0

2. The orbital parameters following the explosion may differ dramatically from
their initial values. In fact, the explosion may disrupt the binary entirely. The post-SN orbital parameters are determined by
the new specific angular momentum h0 and the new LRL vector e0:

h0 ¼ r� v0; e0 ¼ v0 � h0

GM 0
b

� r

r
: ðB6Þ

The binary is gravitationally bound following the SN if e0 < 1. In this case, the post-SN semimajor axis is given by

a0 ¼ h02

GM 0
b 1� e02ð Þ : ðB7Þ

It is sometimes interesting to know the spin-orbit misalignment angle 
 of the compact remnant or its companion following
the SN (e.g., Brandt & Podsiadlowski 1995; Kalogera 2000). Star 2 will have the same rotation sense as the orbit following a
phase of mass accretion. In this case, the spin of star 2 preserves the direction of the pre-SN orbital angular momentum, and
the cosine of the misalignment angle is simply

cos 
 ¼ ĥh x ĥh0 ; ðB8Þ

where hats denote unit vectors. Star 1 may likewise spin in the direction of the orbit owing to tidal coupling; however, this is
not necessarily true for the remnant (see Spruit & Phinney 1998).

On the other hand, if e0 > 1, the compact remnant and star 2 are not gravitationally bound, and we would like to compute
the asymptotic speeds of the components relative to the pre-SN CM velocity. In the new CM frame, the two objects recede
along hyperbolic trajectories. As a function of the true anomaly (also the polar angle in the new orbital plane) h, the relative
separation increases according to rð�Þ / ð1þ e0 cos �Þ�1. Clearly, r approaches infinity as cos � approaches the value �1/e0.
For large r, the direction of the relative velocity is nearly radial, and so the relative velocity at infinity v1 is given by

v1 ¼ v1 � 1

e0
êe0 þ 1� 1

e02

� �1=2

ĥh0 � êe0

" #
; ðB9Þ

where

v1 ¼
GM 0

b

h0
e02 � 1
� 	1=2

: ðB10Þ

No. 1, 2002 NEUTRON STAR RETENTION IN GLOBULAR CLUSTERS 303



Given v1 and v0CM, the asymptotic velocities of the components relative to the pre-SN CM velocity can be computed:

v1;1 ¼
M 0

2

M 0
b

v1 þ v0CM; v2;1 ¼ �
M 0

1

M 0
b

v1 þ v0CM : ðB11Þ
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Paczyński, B., & Sienkiewicz, R. 1972, Acta Astron., 22, 73
Pfahl, E., &Rappaport, S. 2001, ApJ, 550, 172
Pfahl, E., Rappaport, S., Podsiadlowski, Ph., & Spruit, H. 2002, ApJ, in
press

Podsiadlowski, Ph., Cannon, R. C., &Rees,M. J. 1995,MNRAS, 274, 485
Podsiadlowski, Ph., Hsu, J. J. L., Joss, P. C., & Ross, R. R. 1994, in Cir-
cumstellar Media in the Late Stages of Stellar Evolution, ed. R. E. S.
Clegg, I. R. Stevens, & W. P. S. Meikle (Cambridge: Cambridge Univ.
Press), 187

304 PFAHL, RAPPAPORT, & PODSIADLOWSKI Vol. 573



Podsiadlowski, Ph., Joss, P. C., &Hsu, J. J. L. 1992, ApJ, 391, 246
Podsiadlowski, Ph., Rappaport, S., & Pfahl, E. 2002, ApJ, 565, 1107
Pols, O. R. 1994, A&A, 290, 119
Pooley, D., et al. 2002a, ApJ, 569, 405
———. 2002b, ApJ, in press
Possenti, A., D’Amico, N., Manchester, R. N., Sarkissian, J., Lyne, A. G.,
& Camilo, F. 2001, ACP Summer 2001Workshop on Compact Object in
Dense Star Clusters

Preibisch, T., Hofmann, K.-H., Schertl, D.,Weigelt, G., Balega, Y., Balega,
I., & Zinnecker, H. 2001, in IAU Symp. 200, The Formation of Binary
Stars, ed. H. Zinnecker &R.Mathieu (Dordrecht: Kluwer), 106

Price, N.M., & Podsiadlowski, Ph. 1995,MNRAS, 273, 1041
Rappaport, S., Di Stefano, R., & Smith, J. D. 1994, ApJ, 426, 692
Rappaport, S., Pfahl, E., Rasio, F., & Podsiadlowski, Ph. 2000, in Evolu-
tion of Binary and Multiple Star Systems, ed. Ph. Podsiadlowski,
S. Rappaport, A. R. King, F. D’Antona, & L. Burderi (Sheridan: Chel-
sea), 409

Rasio, F. A., Pfahl, E. D., &Rappaport, S. 2000, ApJ, 532, L47
Rasio, F. A., & Shapiro, S. L. 1991, ApJ, 377, 559
———. 1995, ApJ, 438, 887
Saffer, R. A., Livio,M., &Yungelson, L. R. 1998, ApJ, 502, 394
Salpeter, E. E. 1955, ApJ, 121, 161
Sandquist, E. L., Taam, R. E., & Burkert, A. 2000, ApJ, 533, 984
Scalo, J.M. 1986, Fundam. Cosmic Phys., 11, 1
Shklovskii, I. S. 1970, Soviet Astron., 13, 562
Sigurdsson, S., & Phinney, E. S. 1993, ApJ, 415, 631

Sigurdsson, S., & Phinney, E. S. 1995, ApJS, 99, 609
Spruit, H. C. 1998, A&A, 333, 603
Spruit, H. C., & Phinney, E. S. 1998, Nature, 393, 139
Taam, R. E., Bodenheimer, P., &Ostriker, J. P. 1978, ApJ, 222, 269
Takahashi, K., & Portegies Zwart, S. F. 2000, ApJ, 535, 759
Tauris, T.M., & Takens, R. J. 1998, A&A, 330, 1047
Taylor, J. H., & Cordes, J.M. 1993, ApJ, 411, 674
Terman, J. L., Taam, R. E., & Savage, C. O. 1998,MNRAS, 293, 113
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