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Abstract 

Three-dimensional X-ray tomographs of the microstructures of virgin and radiolytically 

oxidised polygranular Gilsocarbon nuclear graphite have been analysed with a multifractal 

approach, to consider the evolution of the porous structures of the filler particles and matrix 

regions. Correlations between the Rényi dimensions and structural parameters such as the 

total porosity, elastic modulus, and pore sizes have been revealed. The multifractal analysis 

has been used to develop an algorithm to detect the spatial distribution of filler particles, 

which has been applied to analyse the effects of filler particles on a crack path. 

1 Introduction 

Self-similar and self-affine sets called fractals and multifractals [1, 2] can be found in many 

microstructures. Fractal and multifractal analysis can describe numerically the evolution of 

complex systems and be used to recognise the mechanisms of the processes that occur in such 

systems and affect their behaviour. There are many examples where empirical connections 

have been established between fractal parameters and microstructural characteristics that can 

be experimentally defined. For instance, a study of pore space heterogeneity in carbonate 

rocks [3] showed that pore structures and the solid component distribution within the material 

represented a multifractal system. The relationship between fractal dimensions and pore 

spaces has also been considered in other porous media [4], and the multifractal spectrum of 

pore structure has  been correlated with the material's permeability in geological chalk [5], 

sedimentary rocks [6], and rock structures [7]. The multifractal parameters find a relationship 

with the degree of cement hydration in cement paste [8], and multifractal behaviour of 

corroded steel surfaces has been observed also [9]. The fractal dimension of the surface 

topography was used as a parameter for evaluation of the fatigue damage in Al-alloy 
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specimens [10], as a measure of the specific energy dissipated in the deformed austenite steel 

[11], and as a parameter that characterised the type of fracture in polymer-matrix composites 

[12]. A relationship between the multifractal parameters and the crack pattern evolution is 

noted in [13], and fractal analysis can also been involved in pattern recognition algorithms 

[14].  

Polygranular nuclear graphite is an interesting porous material with current technological 

importance in the UK, and it has potential applications in some Generation IV high 

temperature advanced nuclear fission reactors [15]. Gilsocarbon graphite is a near-isotropic 

medium grained graphite grade that is used as a neutron moderator in the UK advanced gas-

cooled nuclear reactors (AGR), where it experiences fast neutron irradiation and radiolytical 

oxidation. Graphite for nuclear applications is typically manufactured from calcined cokes, 

re-impregnated with coal or petroleum pitches, so that after graphitization at temperatures in 

excess of 2500 °C the resulting heterogeneous microstructure comprises filler particles within 

a matrix of ground filler “flour” and graphitized pitch. The overall material contains many 

pores, and also flaws arising from manufacture [16]. 

Oxidation changes the graphite’s porous microstructure, and increased porosity can lead to a 

significant decrease in its mechanical properties of elastic modulus and strength [17-19]. 

There is a need to develop advanced methods to quantify such changes in graphite structure 

and to relate this to properties, and some studies [20] have considered the fractal features of 

graphite porosity. A recent fractal analysis of 2D optical micrographs of a non-specified 

porous graphite observed heterogeneity and measured the fractal nature at different scales 

[21]. A quite comprehensive study of fractal morphology for isotropic RID graphite (from the 

Research Institute Delft) and anisotropic PGA graphite (Pile Grade A, from the UK Magnox 

reactors) [22] used small angle neutron scattering techniques and neutron imaging to confirm 

the fractal properties of the microstructure over 6 orders of magnitude of length scale. 

The objective of this study was to investigate the multifractal morphology of the Gilsocarbon 

graphite microstructure, and its response to oxidation. We show that the porosity in 

Gilsocarbon can be quantitatively described by multifractal parameters, which differ for the 

matrix and filler particles. This leads to a multifractal-based algorithm to detect the 

characteristic structures of filler particles, which allows their three-dimensional spatial 

distribution to be mapped for the first time. The mapping is applied to examine the interaction 

of a crack with the graphite microstructure. 



2 Gilsocarbon graphite microstructure 

X-Ray tomography data were obtained at the UK Diamond Light Source (experiment 

EE8519, I12 beam line) for a sample of virgin (i.e. not irradiated nor oxidised) Gilsocarbon 

graphite with a size of 5.2 x 4.6 x 3.2 mm at a voxel resolution of 1.8 μm/voxel. This graphite 

is of the same type used in the UK Heysham II AGR (referred to as HYB). A second sample 

of virgin graphite was of the type used in the UK Hinkley Point B (HPB) AGR; laboratory X-

Ray tomographs were obtained with a resolution of 2.5 μm/voxel for a volume size of 

4.9 x 4.9 x 3.9 mm. Laboratory tomography data for 10 radiolytically oxidised HPB graphite 

samples were provided by EDF Energy Generation in the range of weight loss between 8% 

and 68% with a resolution of 2.5 μm/voxel and sizes of approximately 5 x 5 x 3 mm. The 

radiolytically oxidised samples form part of an accelerated aging test programme [23]. Their 

weight losses, also provided by EDF Energy Generation, were calculated from density 

measurements and are relative to the average density of the virgin graphite.  

The matrix and coarse filler particles of the Gilsocarbon graphite microstructure have visibly 

different porous structures. Filler particles are typically of ellipsoidal shapes with the pores 

that exhibit an onion-like structure, whilst the matrix' pores are very irregular with a high 

degree of interconnectivity. Example grayscale tomography slices of virgin HYB and HPB 

alongside with low and highly oxidised HPB samples are shown in Figure 1, with the porous 

microstructures of selected filler particles and matrix regions identified. The HPB graphites 

were manufactured by AGL (Anglo Great Lakes), whereas HYB was manufactured by 

UCAR (Union Carbide Carbon Company). 

Filler particles and matrix sub-volumes were randomly extracted from the datasets for 

analysis. The average sizes of the selected particles are presented in Figure 1e. A total of 14 

filler particles and 7 matrix sub-volumes were analysed for each dataset, with the exception 

of virgin HPB, for which only filler particle data were obtained. The pore structure in the 

virgin HPB matrix could not be resolved sufficiently well for characterisation, and no matrix 

regions were extracted. The two grades of nuclear graphite in the virgin state (i.e. at 0% 

weight loss) have different filler particle size distributions with the HYB particles being 

coarser.  Consequently, the sizes of the matrix regions that could be extracted from between 

the filler particles are also different between the two grades; 1 mm3 for HYB graphite and 

0.53 mm3 for HPB graphite.  



All datasets have been segmented using a multi-step thresholding with repeating smoothing 

and binarisation steps for pore boundary determination and large pore filling. The observable 

porosities were then measured for the full microstructures. The total measured porosity value 

is ~16% for the virgin HYB microstructure, ~12% for virgin HPB microstructure and ranges 

from 21.3-72% for the oxidised HPB graphite. These values are lower than the real 

porosities, however, due to the limited resolution of the datasets. The actual total porosity of 

virgin graphite is around 20% [24]. Nonetheless, the tomography data have sufficient 

resolution to characterise the majority of the pores. The average porosities of the sub-volumes 

are presented in Figure 1f in comparison with the full microstructures as a function of the 

weight loss by radiolytic oxidation. The matrix regions in oxidised HPB typically have a 

higher pore content that the filler particles, which tend to have low porosity when the weight 

loss is below 20%, and higher porosity above this. Qualitative differences in the porosity 

structures of the filler and matrix are also observable from the tomographs (Figure 1). 

Although the size of the filler particles differs between HYB and HPB graphites, there is no 

qualitative difference in their visible pore structures in the virgin state. 
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Figure 1 – 2D X-Ray tomography slices of virgin HYB graphite (a), highly oxidised HPB 

graphite with weight loss of 68.2% (b), virgin HPB graphite (c), low oxidised HPB graphite 

with weight loss of 8.1% (d), and  oxidised HPB graphite with weight loss of 27.5% (e), and 

3D reconstructed microstructures of the extracted filler particles (F) and matrix (M) sub-

volumes, pores are denoted by 'P'; f) average sizes of the extracted filler particles; g) 

measured porosities of the selected sub-volumes and full microstructures. Error bars 

correspond to standard deviation. HPB graphite is shown by solid points, HYB graphite is 

represented by open points. 

3 Multifractal analysis technique 

Multifractal analysis is a technique for quantitative description of the structural state of a 

selected dataset. A multifractal structure represents a set of fractal structures with a spectrum 

of fractal dimensions. This approach operates with a number of parameters such as Rényi 

generalised dimensions, multifractal spectrum function, statistical sum and spatial 

probabilities [2, 25]. As we are considering a porous structure, we use a box-counting method 

for an estimation of the spatial probabilities, where the binary microstructure is divided into 

sub-volumes so that N corresponds to the number of non-empty subsets and r denotes the 

linear size of each sub-volume. This division process is repeated further for decreasing values 

of r, and this leads to the definition of the most general Rényi generalised dimension 

parameter, the Hausdorff dimension: 



𝐷𝐷0 = − lim
𝑟𝑟→0

ln𝑁𝑁(𝑟𝑟)
ln 𝑟𝑟

 

The Hausdorff dimension characterises the degree of spatial occupation by the 

microstructure. This parameter lies between 2 and 3 for 3D microstructures and tends to have 

a lower value for clustered sets. 

The spatial probability pi allows determination of other two generalised Rényi dimensions, 

D1 and D2. The information dimension D1 is calculated through the Shannon information 

entropy S [26] according to the following relationship: 

𝐷𝐷1 = −lim
𝑟𝑟→0

𝑆𝑆(𝑟𝑟)
ln 𝑟𝑟

;         𝑆𝑆 = �𝑝𝑝𝑖𝑖 ln 𝑝𝑝𝑖𝑖

𝑁𝑁

𝑖𝑖=1

 

The information dimension, due to the corresponding information entropy, reflects the degree 

of structural organisation. A higher value of S demonstrates a greater disorder in the structure, 

whilst a lower value may indicate a self-organisation process, which has led to structural 

reconfiguration. The correlation dimension D2 can be estimated with the use of the 

correlation function I, which defines the probability of finding two structure elements within 

the radius r: 

𝐷𝐷2 = lim
𝑟𝑟→0

ln 𝐼𝐼(𝑟𝑟)
ln 𝑟𝑟

;          𝐼𝐼 = �𝑝𝑝𝑖𝑖2
𝑁𝑁

𝑖𝑖=1

 

Both D1 and D2 are typically more sensitive to the structural changes than D0 and their 

variation, therefore, might be associated with changes in physical parameters that are 

dependent on the microstructure state, for example density, the distribution of porosity and 

elastic modulus [27-29]. 

4 Results 

The multifractal approach has been applied to the full volumetric data of the Gilsocarbon 

graphite microstructures in virgin and oxidised states as well as to the sub-volumes of the 

filler and matrix extracted from the original microstructures. 



4.1. Multifractal parameters of Gilsocarbon graphite microstructure 

The multifractality of the Gilsocarbon microstructures was first checked. Computations of the 

Rényi dimensions D0, D1, and D2 have been performed for the porous structure at three 

different resolutions: 2.5, 5, and 10 μm/voxel, which were obtained for the same 

microstructure by downsizing using the ‘scale’ function of ImageJ [30] with bilinear 

interpolation and averaging. Example data for the virgin HYB microstructure are shown in 

Figure 2; here the total size of the examined dataset was 3x3x3 mm and the size of the 

selected filler particles and matrix sub-volumes did not exceed 1x1x1 mm. A scaling function 

has been found in all cases. This means that each of three dimensions, defined by the slope of 

the corresponding line, is conserved at the considered length scale. This gives us an 

opportunity to operate with the quite large volumes with low resolutions, the size of which 

would be restricted by the computational performance only. 

 

a)    b)    c) 

Figure 2 - Scaling of the fractal parameters for virgin HYB graphite microstructure: a) 

Hausdorff dimension D0; b) information dimension D1; c) correlation dimension D2. All 

dimensions are calculated as the slopes of the corresponding lines. 

The Hausdorff dimension, D0, is presented as a function of the total observable porosity 

(Figure 3a), which has been computed on the basis of tomography data, and weight loss 

(Figure 3b) defined experimentally, both for the full microstructures and also the filler and 

matrix sub-volumes. As might be expected, a higher porosity leads to greater D0; this value 

tends to 3 for the full microstructures. The Hausdorff dimension is quite different for filler 

and matrix; the filler particle D0 does not exceed 2.5, whilst the matrix D0 lies in the region 

of 2.6 to 3. It is notable that the data for virgin HYB and HPB graphites are only slightly 

different, although the virgin HPB data are affected by the poor discrimination of matrix 

porosity. The dependences of D0 on the mean porosity of the oxidised HPB samples can be 



approximated by power functions for matrix and full microstructure, whilst D0 appears 

approximately constant for the filler particles within the weight loss range of 10-70%. Data 

points associated with virgin microstructures and the lowest weight loss of 8% lies separately 

from this. Looking at the dependence of D0 on weight loss in Figure 3b, one can see that 

these data points do not support the general behaviour. The percolation threshold, which is 

31% for the total porosity in a 3D simple cubic lattice such as represented by the tomography 

image stack, will occur around a weight loss value of ~10%, so this may represent a structural 

re-organisation that has led to the qualitatively different state of the microstructure. These 

points are also located separately from the general set in Figure 3c and Figure 3e. 

Since elastic modulus is a monotonic function of the total porosity that is affected by pore 

geometry, we might expect a relationship between elastic modulus values and the Rényi 

dimensions. We have compared elastic modulus values of the full microstructures, which 

were experimentally measured in the weight loss range of 0-53% by EDF Energy Generation, 

with the values of the information dimensions calculated for the same microstructures. Figure 

3c shows a linear function that describes the relationship between Young's modulus and D1. 

In order to explore this relationship for individual filler particles and matrix sub-volumes, a 

geometrical approach for Young's modulus (E) estimation has been developed on the basis of 

the semi-empirical relationship [31]: 

𝐸𝐸
𝐸𝐸0

= (1 − 𝑎𝑎𝑎𝑎)𝑛𝑛 

where E0 is the modulus for a pore-free microstructure, a is the packing geometry factor, and 

n is the pore geometry factor. Extrapolation of the data to a pore-free state finds E0 ≈ 24 GPa 

for HYB and E0 ≈ 20 GPa for HPB. In its original formulation, n is a constant that is 2.14 for 

closed spherical pores and 4.12 for irregular interconnected pores [31]. We assume that a = 1, 

and propose that n may be computed on the basis of the pore shapes. This can be done in a 

cubic lattice with step-like boundaries as a ratio between the free surface area Asurf of the cells 

contacting to the pores orthogonally to the direction of the applied load, and the total free 

surface area Atotal of the pores: 

𝑛𝑛 = �
𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

�
−1 2�

 



This computation shows an almost linear relationship between the information dimension and 

elastic modulus of the full microstructure of both graphites and also sub-volumes of filler and 

matrix (Figure 3d). The lowest value of E/E0, which corresponds to the highly oxidised 

microstructures, is associated with the highest values of D1. This shows that as the graphite 

microstructure degrades with the radiolytic oxidation, this process increases the structural 

entropy of the system. There is also a difference between absolute values of the information 

dimension for filler and matrix for both graphite grades. The filler's porous structure 

demonstrates lower entropy, whilst the D1 values of the matrix are close to the values for the 

full microstructure. Low entropy corresponds to a more organised structure with a certain 

configuration of a higher symmetry, which is quite stable during its evolution. Therefore, we 

can expect that the filler part of the microstructure will behave differently from the matrix 

under external action such as oxidation or mechanical loading. This is confirmed by our 

recent investigations of Gilsocarbon graphite [32, 33].  

The correlation dimension has been also computed and is associated with the maximum 

equivalent diameter of the pores. The maximum pore size is difficult to estimate for the full 

microstructure due to the highly developed porous structure. More than 90% of all observable 

pores can be interconnected, thus representing a single pore; this reaches 99% for the highly 

oxidised graphite microstructures. The full microstructures have therefore not been analysed. 

The maximum pore sizes calculated for the selected sub-volumes are also limited by the total 

sizes of the extracted filler and matrix regions. This is observable for the HYB matrix, which 

has size 1 mm3 against 0.53 mm3 of HPB matrix (Figure 3e) and, therefore, the maximum 

equivalent diameters are significantly larger. The dependence of D2 on the maximum 

diameter presents a linear relationship for the HPB samples excluding the region of 0-10% of 

weight loss for the filler (Figure 3e). It should be noted that the results in this work have been 

obtained for the length scale of >2.5 µm, due to the resolution of the tomographs, and an 

analysis of fractal parameters in higher resolution data, for instance, would not necessarily 

provide identical parameters.. 

 



 

a)       b) 

 

c)       d) 

e)  

Figure 3 - Behaviour of the fractal parameters for virgin and oxidised Gilsocarbon graphite. 

HPB graphite is shown by solid points, HYB graphite is represented by open points. 



4.2. Multifractal-based algorithm for filler particle segmentation 

It is notable in Figure 3 that none of the Rényi dimensions of the filler particles exceed 2.5 in 

all cases for both graphite grades, and they are consistently lower than the matrix' values. 

Hence, on the basis of the observed multifractal features of the Gilsocarbon graphite 

microstructure, we have developed an algorithm for filler particle segmentation in three-

dimensional datasets.  

The algorithm is applied to a 3D microstructure of Gilsocarbon graphite. It can be easily 

parallelised for greater efficiency and large datasets. The input data of the algorithm are a 

binary microstructure, a searching cubic window size (w) and a percentage of window 

overlapping (v) in the search. Any of the Rényi dimensions might be taken as a criterion of 

separation between filler and matrix structures.  Here we have calculated the Hausdorff 

dimension. The parameter w must be selected, relative to the data resolution, so that several 

sub-divisions of the cubic searching window would be possible in order to determine the 

scaling curve (e.g. as in Figure 2). If the obtained value of the Hausdorff dimension is lower 

than 2.5, the region defined by the window is considered as a part of a filler particle. 

The size of the searching window has an effect on the final result; the main positions of the 

particles can be captured readily, but optimisation is required for better discrimination. This 

is illustrated in Figure 4, which shows that a too small size of the window leads to greater 

noise in the output, whilst a too large window size loses some features of the microstructure. 

The window size parameter correlates with the average filler particle size, and so will be 

different for graphite grades with different filler particle size distributions. The overlapping 

parameter, v, defines the number of the voxels used for the shift step of the searching 

window; a higher value leads to smoother boundaries and internal continuity of the detected 

filler particles.  



 

Figure 4 - 2D binary image slice from a 3D HYB Gilsocarbon microstructure with visually 

defined filler particles (a) and results of the filler segmentation algorithm with different sizes 

of 3D searching window (w) and percent of overlapping (v): b) w = 100 μm, v = 0; c) w = 100 

μm, v = 50%; d) w = 120 μm, v = 83%; e) w = 200 μm, v = 90%; f) w = 300 μm, v = 93%. 

The total size of the microstructure is 3x3x3 mm. The optimum parameters are chosen to be 

200 μm and 90% (e). 

As a demonstration, we have applied the developed algorithm for filler particle segmentation 

to a HYB Gilsocarbon microstructure, in which a crack has been initiated at a blunt notch. 

The development of the crack was studied by synchrotron X-ray tomography and digital 

volume correlation, and further details of the experiment can be found in [34]. Segmentation 

of the tomographs to detect cracks in graphite is difficult due to the high porosity of the 

microstructure, so digital volume correlation (DVC) is used to detect the crack, as DVC is 

sensitive to the opening displacements of the crack [35, 36]. In this case, the output is a 

maximum normal strain field, from the gradients of the displacement field, which has a 

resolution of 57.6 μm/voxel. The following parameters have been used for the microstructure 

segmentation algorithm: w = 200 μm, v = 90%, applied to the tomography dataset that had a 

size of 5 x 5 x 1.3 mm with a resolution of 9 μm/voxel.  



The crack has a complex shape, which is difficult to observe in the tomograph (Figure 5a and 

b), but it can be segmented with the use of maximum normal strain data (Figure 5c). Visual 

comparison of its path with the filler particles, which were segmented by the multi-fractal 

analysis, indicates that the crack mostly propagated between the particles (Figure 5d and e). 

This is confirmed quantitatively by calculation of the fraction of filler-occupied voxels that 

are coincident with the voxels of the strain–segmented crack; only 12% of the voxels 

recognised as the crack are coincident with filler, while the remaining 88% of the crack is 

located in the Gilsocarbon matrix. The proportions of filler and matrix defined in the total 

volume by multi-fractal segmentation are both ~50%. 

 

a)     c)    e) 

 

b)     d) 

Figure 5 - 3D and 2D visualisations of a crack and microstructure in virgin HYB 

Gilsocarbon: a) reconstructed 3D X-Ray tomography dataset; b) X-Ray tomography 2D slice; 

c) 3D visualisation of the crack, segmented by maximum normal strain, in the microstructure, 



d) binary microstructure 2D image of the segmented filler particle (F) structure and the strain 

field; e) 3D visualisation of the segmented filler particles and crack. 

This technique for the filler particle segmentation in Gilsocarbon graphite has potential 

application in the quantitative 3D characterisation of microstructures, for instance to support 

investigations of the effects of microstructure variations on mechanical properties [37-39] of 

the small specimens, which may control data scatter. Data on microstructure variations within 

manufactured components, which could be measured in quite large datasets using this 

method, could also provide insights into the variability of their performance [40-42]. The 

technique may be transferred to other materials, such as ceramic composites [43-46], that 

contain different pore structures in order to perform a segmentation of their individual 

components for modelling. 

5 Conclusions 

Multifractal properties of virgin and radiolytically oxidised Gilsocarbon microstructure have 

been revealed within the length scale of >2.5 µm. It has been shown that the filler particles 

have Hausdorff dimension D0 less than 2.5, whilst D0 is higher than 2.5 for matrix regions 

and full microstructure. A linear relationship between the information dimension and elastic 

modulus of Gilsocarbon graphite is obtained. The correlation dimension that is associated 

with the pore sizes may be estimated on the basis of the available tomography data. A fractal-

based algorithm for filler particle segmentation within Gilsocarbon microstructures has been 

developed. Application of the algorithm to the microstructure with the crack is encouraging; 

it confirms that a three-dimensional crack propagates predominantly within the matrix of 

virgin Gilsocarbon. 
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