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Abstract

This thesis presents multiple advances in the construction of noise-resistant quantum
computers. In order to bridge the gap between abstract theory and practical
experiments, my research encompasses a wide range of subfields within quantum
computing, including error correction, silicon spin qubit physics and error mitigation.
Firstly, I demonstrate that large-scale defects affecting entire regions of an error
correcting code, such as cosmic rays or manufacturing defects, do not necessarily
constitute a fundamental obstacle. Conversely, bespoke protocols that employ
code deformation can be utilised to mitigate their impact, at a moderate resource
overhead. Secondly, I investigate the feasibility of building a fault-tolerant silicon
spin qubit quantum computer in the near term. I demonstrate that arranging the
qubits in a 2x N array represents an effective methodology for the construction of
error correcting codes, provided that the qubits can be shuttled with high fidelity.
This expected characteristic of silicon spins can thus be utilised to circumvent the
construction of complex dense 2D grids of qubits. Subsequently, I build upon the
existing literature on the implementation of low-noise gates in silicon spin qubits,
at the physical level this time. Specifically, I design a protocol for the individual
control of silicon spin qubits, without the need for local magnetic fields targeting
every qubit in the device. This simplification enables efficient control of silicon
spins, whose single-qubit addressability was an identified bottleneck. Finally, I
complement the above research with an error mitigation scheme targeted at the
evaluation of eigenvalues with an early-fault-tolerant quantum computers. This
scheme promises to alleviate the stringent resource costs of error correction, thereby
paving the way for fault-tolerance in a nearer future.
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Introduction

In 1965, Gordon Moore posited that the power of our computers would be doubling
every year, eventually making them able to solve any kind of problem. But this
utopia is today halting, or at least declining, as our classical supercomputers start
to face problems of unequalled complexity. If, for instance, modern chemistry is
perfectly described by quantum mechanics, it is not conceivable to simulate a large
molecule with a classical computer as the complexity of the wave function increases
exponentially with the size of the system. From 1964, Richard Feynman was stating:
“It always bothers me that, according to the laws as we understand them today, it
takes a computing machine an infinite number of logical operations to figure out
what goes on in no matter how tiny a region of space, and no matter how tiny a
region of time.” [1] In 1982, he proposed a new simulation platform to tackle this
question: exploiting quantum mechanics itself to simulate quantum mechanics [2].

Since then, researchers have explored this new paradigm and showed that
quantum computers could indeed run algorithms with a significant speed-up
compared to their classical counterpart. For instance, Deutsch established in
1985 that a single evaluation of a function could show if it is constant or not [3].
Some years later, Shor [4] and Grover [5] suggested two quantum algorithms to
solve problems that cannot be treated easily with a classical computer: finding the

prime factors of an integer and searching an entry in a database.
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However, even though Google claimed in 2019 they had reached quantum
supremacy [6], the quantum devices built today are imperfect and cannot be used
yet to implement aforementioned algorithms. Indeed, this would require a very
high level of precision in the controls of the quantum bits, or so-called qubits, while
guaranteeing minimal interaction with their environment, as this could lead to a
loss of their quantum coherence thus ruining their quantum properties. Besides,
the error rates one should be aiming for to run one of those algorithms should be
at most 1071 [7-9] which is far too low for a direct implementation on physical
qubits, whose error rates are typically around 1073 on a high-fidelity device [10-14].

In this document, I will explore solutions facilitating the implementation of
such demanding algorithms on inherently unstable devices, and look at this task
from different angles.

The first three chapters aim at reviewing important concepts used throughout
the subsequent research chapters. First, the later parts of this chapter lays
the foundation by providing a general introduction to quantum computing. It
covers the basic concepts of qubits, gates and measurements, and discusses how
these fundamental principles enable quantum computers to potentially outperform
classical systems in solving specific types of problems.

Chapter 2 delves into one specific implementation of quantum computing
using silicon spin qubits. Silicon, a material well-established in the classical
semiconductor industry, offers promising prospects for scaling up quantum devices
with already-existing manufacturing techniques. This review chapter aims at
giving a general understanding of such qubit platform to the reader for subsequent
research chapters 5 and 6.

Chapter 3 introduces the critical concept of quantum error correction (QEC),
which promises to bridge the gap between achievable physical error rates (around
1073) and required logical error rates (around 107'9). This third review chapter
sets up the theoretical frameworks of quantum error correction, with a particular

emphasis on protocols used in research chapters 4 and 5.
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In particular, Chapter 4 extends on the usual noise models considered in QEC
simulations, and tackles the correction of large-scale errors. Recent experiments
have shown that many qubit platforms such as superconductors are sensitive to
cosmic rays disrupting large areas of a code. Alternatively, some code regions
may be defective right from the manufacturing stage. In this chapter, I show
that tailored protocols allow for the suppression of such large-scale errors, and
only at a moderate resource cost.

While Chapter 4 guarantees a more sustainable use of error correction in the
longer run, in Chapter 5 I take a step back and show the practicality of QEC in a
nearer term device, associated with yet another noise process. More specifically, one
of the challenges of building error correcting codes today lies in the implementation
of dense 2D grids of qubits. In this chapter, I show that a 2xN array of qubits
equipped with shuttling can indeed be used to implement QEC despite the apparent
constraints of this setup. Focusing on silicon spin qubits as a practical example
of qubits believed to be suitable to such architectures, I provide a protocol for
achieving full universal quantum computation with the surface code, while also
addressing the additional constraints that are specific to a silicon spin qubit device.

The protocols of Chapter 5 are completed in Chapter 6, which tackles the
question of single-qubit addressability in silicon spin qubit devices. This question
arises as silicon spin qubits encoded with single electrons are manipulated via the
use of magnetic fields, which can be difficult to localise at the qubit scale. While in
Chapter 5 I show that some kind of global control of the electrons is sufficient for QEC
protocols, these could be simplified if qubits could be locally addressed. Chapter 6
thus gives three different methods aiming at enhancing such individual control.

Finally, Chapter 7 completes the strategies presented in the previous chapters
with a complementary approach: quantum error mitigation (QEM). Quantum error
correction is a strong and sustainable solution to reduce errors. It however requires
large resource overheads, which may not be available in the early-stage devices
for instance depicted in Chapter 5. For this reason, it may be advantageous to

couple the use of QEC with QEM, which relies on the classical post-processing
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of the algorithm output. In this chapter, I focus on a particular example of
QEM protocol for (partially) fault-tolerant devices, targeted at the estimation
of the eigenvalues of an operator.

Finally, Chapter 8 concludes this thesis by summarising the key findings from

each chapter and offering perspectives on the future of quantum computing.

1.1 Mathematical background for quantum com-
puting

In the rest of this chapter, I give an overview of the mathematical background

used in quantum computing.

1.1.1 Kets

While a classical bit value can only be 0 or 1, a quantum bit, noted |¢), can be in

any superposition of |0) and |1), the basis states of a Hilbert space of dimension 2:

W) = a|0) + B]1)  with |o>+|82 =1

Generalising it to n qubits, the state of the system lives in the tensor product

of the Hilbert spaces of the individual qubits, hence reads:

|¢> = Z Oéil,‘..,z'n |212n> Wlth Z |ai1,...,in|2 =1

(i1,in) €{0,1}7 (i1,-40n) €{0,1}7
The system is thus in a superposition of 2" states of the form |i;...i,) =
li1) ® ... ® |iy), hence described by 2" — 1 independent complex parameters. For
n > 103, this quantity largely exceeds the number of atoms in the universe. This is an

indication of the power of quantum computers compared their classical counterpart.

1.1.2 Gates

Qubits are operated on via quantum gates, which are unitary operations on the
Hilbert space. Three categories of gates are of particular importance: Pauli gates,

Clifford gates and non-Clifford gates.
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First, single-qubit Pauli gates correspond to the following operations:

01 0 — 1 0
() =) 6
They respectively:

o trigger a bit flip: X |0) =|1) and X |1) = |0)

o trigger a bit and phase flip: Y («|0) + 8 |1)) = —i(a|1) — £]0)) (the overall

factor —i does not matter)
o trigger a phase flip: Z(a|0) + 1)) = «|0) — 5 |1)

n-qubit Pauli gates, obtained by taking the tensor products of single-qubit Paulis
and identity matrices, form the n-qubit Pauli group P,. This group constitutes
a basis of the n-qubit unitary operations U,.

Pauli gates are a part of a larger important class of gates called Clifford gates.

They are defined as:
C,={Vel, VPV =P,} (1.1)

This group is generated by three gates only: the Hadamard H, the S gate and
the CNOT gate, such that:

1000
1 /11 10 0100
H_\/§<1 —1>’S_<o i)’CNOT_0001
0010

The CNOT gate flips the second (target) qubit if and only if the first (control) qubit
is in the |1) state. The evolution of a state under Clifford gates only has been shown
to be efficiently simulable on a classical computer, in virtue of the Gottesman-Knill
theorem [15]. Indeed, by definition, Clifford gates map Pauli operators onto different
Pauli operators and can thus easily be tracked this way.

In order to reach full quantum power, it thus appears necessary to make use

of non-Clifford gates. Bravyi and Kitaev proved that the addition of the T gate
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Figure 1.1: Example of a circuit preparing the 2-qubit state %(\Om + |11) before
measuring it. From left to right, the operations are a Hadamard gate, a CNOT targetting
the first qubit and two measurements in the computational basis.

was enough to form a universal set of quantum gates [16], i.e. gates that can be

used to decompose any unitary operation. The T' gate reads:

10
T = (O em/4>

Although the decomposition could be infinite, Solovay—Kitaev theorem proved
that any m-qubit unitary operation (with n fixed) could actually be efficiently

approximated by a finite sequence of gates from a universal set [17].

1.1.3 Measurements

Other than gates, measurements can be applied to qubits, either at the end or
mid-computation. Following the principles of quantum mechanics (Born rule),
measuring a quantum state [¢)) with some (Hermitian) operator O collapses the
state onto an eigenstate |¢) of the operator, with a probability given by | (¢[) |2
For instance: measuring Z collapses « |0) + 3|1) onto |0) with probability |«|?
and onto |1) with probability |3]%.

An important rule to have in mind (as it will be extensively used in the next
chapters) is that only commuting operators can be simultaneously measured. More
precisely, any set of commuting operators has a common eigenbasis, onto which
a quantum state would be projected if all operators are measured. Conversely,
if two non-commuting operators are successively measured, the outcome of the
second one is in general random.

With all the above ingredients, quantum circuits can be formed by successively

applying quantum gates and measurements. They are schematically represented

as in Fig. 1.1.
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2.1 Introduction

In Chapter 1, I presented a very general framework for quantum computing,
irrespective of which physical platform is used to encode the qubits. Today, multiple
physical systems are being considered for implementing a quantum computer,
all of them responding to five criteria established in 2000 by Di Vincenzo [18].
In particular, the first criterion stipulates the scalability of the chosen physical

system: as quantum computers develop to eventually run algorithms beyond the
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classical regime, millions of qubits will be required, so as to build the resilient error
correcting codes presented in Chapter 3. It is therefore paramount to search for
systems offering opportunities for high-density qubit grids, and silicon spins are
one of them. This is for two reasons: first their very small qubit and classical
electronics footprints, around 100 x 100nm? per qubit, allows for such high densities;
second they are compatible with already-established large-scale integration CMOS
manufacturing techniques [19].

Many types of encoding exist for silicon spin qubits, however in this thesis I will
focus — unless specified otherwise — on the case of a qubit represented by a single
spin trapped in a quantum dot. This is the most natural and compact encoding
as spins are inherently two-level systems, but they require the use of magnetic
fields for their control (see Section 2.2). As these can be difficult to localise at
the scale of a quantum dot and represent a leading source of dephasing [20], more
complex qubit types have been suggested, based on compounds of multiple spins e.g.
singlet-triplet [21, 22] or exchange-only qubits [23, 24]. These offer an advantageous
electrical control of the qubits but come at the cost of an increased resource overhead.
Alternatively to quantum-dot spin qubits, donor atoms such as 3P in bulk Si may be

used to form qubits [25]; T will not delve in further details into this implementation.

2.2 Physics of a quantum-dot silicon spin qubit
2.2.1 Defining a single-spin qubit

As explained above, I will focus on the case of a qubit encoded by a single electron
trapped in a quantum dot, i.e. a 0D structure. However, electrons in bulk silicon
naturally form a 3D electron gas. Several steps are thus followed to successively
reduce the dimensionality. First, heterostructures are utilised to form a 2D electron
gas, thanks to the conduction band difference between the chosen materials. More
specifically, in the case of silicon, mainly two structures are being engineered today:
Si metal-oxide-semiconductor (MOS) and Si/SiGe heterostructures. In the former,
the large conduction band offsets between the silicon and the oxide layers allow

for a significant electric field to be applied without electrons tunneling out of the
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silicon. This effectively creates a triangular potential in which electrons are trapped.
Alternatively, a thin silicon layer may be sandwiched between two layers of an SiGe
alloy: the conduction band difference traps the electrons in the Si layer [26]. Once the
electron has been confined in the out-of-plane (growth) direction, gate voltages are
applied to trap it in the in-plane directions. This ultimately forms a quantum dot.

Electrons can thereon be loaded into the dots by tunneling between a source
and a drain. The number of electrons in a dot is controlled the voltage applied to it.
When the ground state energy of the dot is lower than the Fermi level of the source,
one first electron can be loaded in the dot. Coulomb repulsion between electrons
forbids a second electron to tunnel in, unless the dot potential is further lowered.
When considering a double quantum dot (DQD) (Fig. 2.1 (a)), these phenomena
can be experimentally observed in a stability diagram (Fig. 2.1 (b)). Each red line
corresponds to the measurement of a current, 7.e. the movement of an electron
between the two dots, or between a dot and the source or the drain. The regions
between the red lines thus correspond to stable configurations, each associated with
a given electron distribution (N, Ny), where N; (i = 1, 2) is the number of electrons
in dot ¢ (Fig. 2.1 (c) and (d)). For the chosen qubit encoding (one qubit represented
by one trapped spin), N; < 1 should intuitively always be satisfied, but considering
double-occupancy as well is necessary to describe phenomena such as exchange
coupling. Note that in the case of single occupancy, the orbital part of the electron
wavefunction should always be in the ground state of the quantum dots (which is
not necessarily true in case of double occupancy, due to Pauli exclusion principle).

In order to use the spin part of the wavefunctions as qubits, one must lift their
degeneracy. This is done via the application of a global magnetic field By which

splits the energy levels of the |[1) and ||) states in virtue of the Zeeman effect:

wq = ghpBo (2.1)

where w, is the qubit frequency, pp is the Bohr magneton and ¢ is the electron’s

g-factor (g ~ 2). Note that we here set A = 1.
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Figure 2.1: (a) Schematic representation of a double quantum dot (DQD), where the
potential of each dot is controlled by the voltages Vp; and Vps. € = Vpy — Vpy is the
detuning between the dots. (b) Stability diagram of the DQD. Red lines coincide with the
measurement of a current while orange regions between these lines correspond to stable
configurations with given electron occupancies (N1, N3). (c-d) Energy levels as a function
of € in the single- and double-occupancy regimes. This figure was taken from [20].

2.2.2 Initialisation and measurement

So far, I have described how a quantum dot, i.e. a 0D structure, can be created,
and how single electrons can be loaded in it. In this section, I will further explain
how the |T) and |]) states can selectively be initialised and readout, which are two
of Di Vincenzo’s criteria for universal quantum computation [18].

The initialisation procedure relies on already-described ingredients: tunnelling
from a reservoir and Zeeman splitting. Due to the latter, |]) is higher in energy

than [1). By applying a negative voltage to the dot so as to place the Fermi energy
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Readout 1

(“7 Single-spin control

Figure 2.2: Initialisation and readout protocols for the single-electron encoding of a
qubit. This figure was taken from [20].

of the reservoir between E| and E; (the respective energies of the qubit state),
an electron can only tunnel to the ground state |1) (Fig. 2.2). Conversely, at the
readout stage, an electron can only tunnel back to the reservoir if it is in the |])
state. Note this is only one example of measurement type: there exists others

using e.g. Pauli Spin Blockade and single-triplet pairs.

2.2.3 Single-qubit gates

Between initialisation and measurement, qubits are operated on via the application
of quantum gates, which can be divided into two groups: single- and two- qubit
gates. At the physical level, one example of the implementation of the former relies
on two mechanisms: (i) the application of a transverse AC magnetic field B; and
(i7) the electrical control of the local qubit g-factor via Stark shift. Without loss of
generality, we can assume that By is parallel to the x-axis: it can therefore be further
decomposed as By = (Q cos(wt + ¢),0,0)), with 2 the amplitude of the field, w its
oscillation frequency and ¢ its phase relative to a local oscillator. Let us additionally
call w) (resp. w;) the qubit original (resp. stark-shifted) frequencies. With these

notations and before applying any Stark shift, the single-qubit Hamiltonian in
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the laboratory frame of reference reads:
0
H = 7‘102 + Qcos(wt + @)oo, (2.2)

with o, and o, the Pauli operators.
By performing a frame change into the frame rotating at w around the z-axis,

one gets the following Hamiltonian [20]:
W) —w
2

H= S(JI cos ¢ + o, sin ¢) + o, (2.3)

This expression is obtained by making use of the rotating frame approximation,
neglecting terms oscillating at 2w as in practice 2 < w.

We can then identify two useful operating regimes. First, if the qubit is at
resonance with the drive (w = wg), it will undergo a coherent rotation at frequency
() around an axis in the xy-plane specified by the angle ¢. Second, if the drive
is turned off (Q = 0), Stark shift is applied (w; < w;) and the Hamiltonian is

written in the frame rotating at the natural qubit frequency (w = wg), one obtains

0
q-

a coherent rotation around the z-axis at frequency w; —w

In addition, Z gates may be applied at strictly zero cost by simply updating
the frame of reference and subsequently offsetting the classical phase ¢ in software.
This technique is called virtual Z gates [McKay_ 2017__efficient]|. Therefore,
Z rotations are often discarded when evaluating the fidelity of a more complex
gate (see Chapter 6).

Beyond the perfect cases described above, it will be relevant to further study
the behaviour of a qubit under an off-resonant drive. For simplicity, let us assume
that ¢ = 0 and that the qubit initial state is |0). Let us additionally denote
A = w) — w. The Hamiltonian thus reads:

Q A

Simply solving Schrodinger equation leads to the Rabi model. The probability

of being in the excited state evolves as:

Q Ly <\/92 + A2 )
Sin —t

P(t) = —
() /QQ+A2 2

(2.5)
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Therefore, the amplitude of the oscillations reduces as A increases and the drive
becomes off-resonant. Note that the qubit does undergo Z-rotations as A increases
though, but these can be absorbed into frame shifts and resulting virtual Z gates.

This well-known behaviour allows for the collective control of multiple qubits
via a global drive. In a silicon spin qubit device, the qubits do not typically have
the same g-factor due to the interface roughness [27], which allows for their selective
control. By sending tones at resonance with target qubits only, these can be almost-
perfectly driven while non-targets undergo marginal rotations due to off-resonant
effects. The performance of such a technique depends on the frequency spacing
between the qubits which intuitively decreases as the device is scaled — this issue
is called frequency crowding. While Stark shift can be utilised to mitigate it [28],

Chapter 6 will offer further insight and improvements into this.

2.2.4 'Two-qubit gates

Beyond single-qubit gates, quantum computers must be able to perform two-qubit
gates in order to form a universal set of gates. In silicon spin devices, these are
enabled by the exchange coupling J. For a two-qubit system, assuming a distinct

on-site g-factor and no transverse magnetic field, the Hamiltonian reads:

o o 1 a1 o, W1 Wi
H = Z<% ®o,+0,Q0,+0,R0;)+ ?qu + qu—z (2.6)

The first term characterises the exchange interaction between the spins. It arises
when the orbital wavefunctions of qubits in neighbouring dots overlap, resulting in
their coupling. A microscopic study of the system, accounting for the tunnel coupling
between the dots, their detuning, the onsite Coulomb repulsion and Pauli exclusion
principle formally demonstrates the form of this term [20]. Besides, the exchange
coupling is electrically adjustable and exponentially depends on the interdot barrier
height, which makes it a natural choice for controlling two-qubit interactions.
When w; = wg, the last two terms of Eq. 2.6 can be absorbed into a rotating

frame, leaving the exchange term only. Alone, this term implements a SWAP gate
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in a time 27/J and a vVSWAP in a time 7/J. The latter is an entangling gate
and can be used to form a universal set of gates.

In practice however, due to g-factor disorder, the last two terms of Eq. 2.6
cannot be canceled simultaneously. When J is kept sufficiently below the qubits
g-factors difference, the flip-flop term typically vanishes but phase still accumulates
for two-qubit spin states with different orientations. This leads to the following

Hamiltonian in the ([11), (1)), {1), [44)) basis [29]:

1 0 0 0
0 e’ 0 0

H = 0 0 eth/Z 0 (27>
0 O 0 1

Modulo the addition of some single-qubit Z gates, this is can be used as a C-PHASE
gate, which can as well be utilised to form a universal set of gates.

One last interesting two-qubit gate that can naturally be performed on spin
qubits is the CROT (a controlled rotation around an axis in the zy plane). In
the absence of J-coupling, the |[1|) and ||1) levels are degenerate. However, the
application of a finite J-coupling lifts this degeneracy, enabling the selective targeting
of the [11)-1]) transition. By applying a driving pulse at resonance with this energy
splitting, a CROT gate (controlled by the first qubit) is implemented [30-33].

2.2.5 Shuttling

On top of the operations described above, silicon spin qubits have been demonstrated
to exhibit excellent shuttling capabilities. While previously described quantum
gates exclusively act on the spin state, shuttling rather displaces the qubit without
altering their spin state. This operation can thus be used to change the physical
configuration of the spins in the device and generate new pairs of nearest neighbours
for subsequent two-qubit gates. In silicon spin qubits device, this kind of information
transfer has been achieved using techniques in the form of bucket brigade [34] or
conveyor belt approaches [35].

The first method makes use of tunneling to shuttle electrons, by successively

lowering the potential of subsequent quantum dots along their way to generate
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their movement. On the contrary, the second method aims at always keeping the
wavefunction at a minimum of a smoothly moving sine wave, without tunneling out
of it (see Fig. 2 of [36]). In this thesis, I will exclusively focus on the conveyor-belt
mode of shuttling. Indeed, [36] demonstrated that the bucket brigade scheme may
be rather difficult to scale up due to the inherent disorder in silicon spin devices.
This makes rather challenging the fine-tuning of the detunings and tunnel couplings,
which ultimately control the tunneling events leading to shuttling. Besides, the
protocols I present in this thesis all rely on the collective and synchronous shuttling
of the electrons, which makes the conveyor-belt mode attractively more suitable.
Indeed, all shuttled electrons can simply be placed at different minima of the
generated moving potential: no matter the size of the device, only three or four
distinct signals need to be sent. The drawback is that each electron must occupy
the space of three or four clavier gates rather than one. Shuttling is receiving
growing attention in the silicon spin qubit community, and fast progress in its
implementation enabled per-hop fidelities now reaching 99.99% [37].

The strength of this shuttling capability in the context of quantum error

correction will be made evident in Chapter 5.

2.2.6 Valley degree of freedom

So far, we always assumed that electrons in singly-occupied quantum dots were
sitting in the orbital ground state. While this should ideally be the case, non-
adiabatic phenomena may excite electrons to the closest higher energy level: the
excited valley state. Let us outline this notion.

The band structure of bulk silicon features six degenerate conduction bands:
four in-plane and two out-of-plane. In the presence of gates in SIMOS or Si
heterostructures, the six-fold degeneracy is lifted and the two out-of-plane bands
become the lowest of the six: they are called the ground and excited valley states.
The valley splitting typically varies between 10ueV and 200ueV in Si/SiGe [38-41].
Ideally always sitting in the ground valley state, an electron that is e.g. shuttled

fast enough can non-adiabatically populate the excited valley state. This can
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have a negative effect on the qubit control as these states have been shown to
exhibit distinct g-factors [38]. Therefore, an excited-valley-state electron could start
to precess in an uncontrolled manner, causing unwanted phase rotations. This

phenomenon will be further explored and modelled in Chapter 5.

2.3 State-of-the-art

Electron spins in silicon quantum dots are therefore a promising physical platform
to perform quantum computing: single- and two-qubit gates with fidelity well above
99% [30, 42, 43] or even beyond 99.9% [44] have been demonstrated, simple instances
of quantum error correction have been shown to be feasible [45] or have already
been implemented [46], and the technology has been scaled up to processors with up
to 6 qubits [47]. Furthermore, as explained above, the compatibility with advanced
manufacturing techniques [48, 49] and cryogenic classical electronics [50, 51] make
them ideal candidates for large scale integration [19] and the implementation of
dense two-dimensional grids of qubits [52, 53|. Finally, their strong shuttling
capabilities offer superior opportunities for circuit compilation and error correcting
code implementations. Today’s challenges for scaling up silicon spins lie in the need
for precise control, uniformity, and coherence across large arrays while maintaining

high-fidelity qubit operations and scalable interconnects.
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3.1 Classical error correction

In order to understand quantum error correction, it is relevant to first introduce

classical error correction. Like their quantum counterpart, classical computers are

prone to errors: bit flips. The aim of classical error correcting codes is to detect

17
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these bit flips and correct them. The workflow is the following: logical bits are
encoded using a combination of physical bits, which are subject to errors. Up to a
certain amount of noise, these errors can be decoded and the initial logical bit can
be retrieved [54]. The simplest example of this is the 3-bit repetition code, based
on redundancy: each logical bit (or codeword) is encoded with 3 bits: 0 is encoded
with 000 and 1 is encoded with 111. If one error happens on a physical bit, the
logical bit can still be decoded by majority voting. However, if two or three errors
happen, the process will fail and the logical bit will be decoded wrongly. More
precisely, one could measure the operators Sy (z,y, z) = @y and Sy(x,y, 2) = y D 2,
where @ is the addition mod 2. Their values distinguishes single-bit-flip errors

as follows, allowing for their detection and correction:

Errors Physical bits after errors Syndrome (S, 55)

No error 000/111 (0,0)
Bit1  100/011 (1,0)
Bit2  010/101 (1,1)
Bit3  001/110 (0,1)

The first column contains all errors with at most one flip; the second column
represents the 0 and 1 codewords after corruption; the third column gives the
syndrome (S, S2) associated to a given error. One can see that there exists a
one-to-one mapping between error patterns with at most one flip and syndrome
values. In other words, knowing the syndrome is sufficient to infer the single-
bit errors and correct them.

Let us define the above concepts more formally. A classical binary linear code C
is a k-dimensional subspace of F5, where [} is a binary field. n is the number of
physical bits used for encoding and k£ the number of encoded codewords. Errors
bring the codewords out of the code subspace which enables for the detection
and subsequent correction. The weight of the minimum-weight logical operator is
called the code distance d. Thus the maximum error weight for which the code is

d—1

guaranteed to provide protection is | %5 |. Codes are often conveniently referred to

as [n, k,d] (e.g. [3,1,3] for the 3-bit repetition code). These three parameters play a
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vital role in understanding the performance of an error correcting code: the ultimate

goal of error correction is to find codes with maximal rate k/n and distance d.
Rather than by its vectors, C is often described as the kernel of a parity check

matrix / whose rows contains the parity checks S;: H;; = 1 if and only if S; acts

on bit j. For instance, the 3-bit repetition code has parity check matrix:

H:(é X ?) (3.1)

For a given vector xz € I}, the syndrome is thus simply given by s = Hx. The
value of the syndrome can then be used for decoding to infer the error pattern
(e.g. with a lookup table as in the previous example).

3.2 Introduction to Quantum Error Correction
3.2.1 Limitations of classical error correction

Unfortunately, the simple principles explained above do not translate directly to

quantum computers for a handful of reasons.

No-cloning theorem The redundancy principle used in the repetition code
described above cannot be directly applied in quantum error correction as an

arbitrary state |¢)) cannot be copied [55-57]:
a|0) + B]1) cannot be encoded as (a]0) + B1))%?
However, the following encoding can instead be utilised to correct bit flips:
al0) + 1) can be encoded as « ‘(3> + B ’1>

with ’(_)> = |000) and ’I> = |111) being the logical states.

Quantum measurements While the value of a bit can be directly accessed in a
classical context, it is not the case in quantum mechanics, where measurements are
destructive, as explained in Chapter 1. A key challenge of quantum error correction

is to be able to detect if the state of the system is in the logical subspace without
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altering it. For instance for the 3-qubit repetition code, the logical subspace is
spanned by |000) and [111). If an X error happens on the first qubit, the state will
be in a superposition of [100) and |011) which are orthogonal to the logical subspace.
It is then possible to find a set of measurements that will distinguish them from [000)
and |111) without projecting onto the basis states: in this case the parity checks
Z1Zy and ZsZ3. In the example above, state with no error will yield (+1,+1) for the

outcomes of the parity checks, while an X error on the first qubit will yield (—1, +1)

Quantum errors Compared to their classical counterpart, qubits are prone to
bit flips (X errors) but also phase flips (Z errors). The 3-bit repetition code is
incapable of distinguishing phase flip errors as a Z error would keep the state within

the logical subspace. However, phase flips can be corrected via a change of basis:
0) =+++) and [T)=]-—-)

The parity checks become X; X, and X, X3. Naturally, this encoding now cannot
detect X errors.

Additionally, it is worth noting that quantum errors are not limited to X and
Z flips. First, Y errors can occur as well, but they simply reduce to a combined
X and Z flip. Second, quantum errors are most generally linear combinations of
X, Y and Z. While the study of general error mechanisms can be complicated,
stabiliser measurements typically decohere the noise and project it onto simple
Pauli errors [58, 59]. This is easily understood in the case of a single-data-qubit
coherent error R,(f) = cos(0/2)] + sin(0/2)Z: when measuring an X stabiliser
involving the erroneous qubit, the error channel is projected onto I with probability
cos?(0/2) and Z with probability sin?(6/2). In more complex cases where coherence
might survive, twirling can be used to simplify error channels and transform

them into Pauli noise [60].
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Shor and Steane code Combining all the principles above, Shor proposed in
1995 a 9-qubit code capable of correcting both X and Z errors [61] by concatenating

the bit-flip and phase-flip error correcting codes:

1

2V/2

A year later, Steane proposed a code capable of the same task with only 7 qubits

0, 1> = (]000) £ [111)) ® (|000) & [111)) ® (]000) & |111))

and without concatenation [62]. In his code:

1
0) = <(10000000) + [1010101) + [0110011) + [1100110) + |0001111) + |1011010)

+]0111100) + [1101001))
and a similar form for ‘1>

3.2.2 Stabiliser formalism

As we can see in the previous examples, describing the logical states as a su-
perposition of basis states quickly becomes unfeasible as the number of qubits
is increased since the size of the Hilbert space grows exponentially. Fortunately,
another formalism exists to describe quantum error correcting codes without having
to explicitly derive the logical subspace: the stabiliser formalism [63-67].

The idea is to extend the concept of parity checks introduced in the previous
section, using operators that can inform us about the quantum state without

collapsing it. These operators form the stabiliser group S which:

 is a subgroup of the Pauli group on the n physical qubits
« is Abelian (all its elements commute)

e does not contain —7

Owing to the commutation property, it is possible to find a subspace of the
total Hilbert space whose vectors will be +1 eigenvectors of all elements of S: this

is the logical subspace. S increases exponentially with the size of the code but
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its elements can be listed easily via its generators. For instance, for the 3-qubit
bit flip code, these generators are 717, and ZyZs.

Basically, the stabilisers act like constraints that restrict the dimension of the
logical subspace compared to the total Hilbert space. Similarly to classical linear
error correction, quantum stabiliser codes can be described by parity check matrices,
using the binary representation of Pauli operators. Given a n-qubit Pauli operator
P, a unique binary vector b = (x|z) of size 2n can be associated to it (up to
a phase factor). b is defined such that the i-th component of x is 1 iff the i-th
operator in P is X or Y (and similarly for z with Z or Y). The parity check

matrix of a quantum code can then be defined as
H = (Hx|Hy) (3.2)

where the i-th row of H is the binary representation of the i-th stabiliser generator
of the code. Contrary to classical error correction, quantum error correction thus
effectively requires two check matrices Hx and Hz, to account for bit flips as
well as phase flips.

A quantum error correcting code [n, k,d] is thus defined as:

C={lv) e C*[H [v) = [¢)} (3.3)

n is the number of physical qubits, k& the number of encoded logical qubits (k =
n —rk H where rk H is the rank of H) and d the code distance. The maximum
number of correctable errors is |4 ].

Stabiliser measurements on an uncorrupted state leave it unchanged as per
Eq. 3.3. Errors however bring it outside the logical subspace, meaning that some
stabiliser outcomes would flip from +1 to —1. The knowledge of all stabiliser
outcomes, or syndrome, can easily be obtained from the parity check matrix as
s = HFE, where FE is the binary representation of the Pauli errors. This syndrome
can be used to infer the initial errors via a classical decoding algorithm. The

simplest example of such decoder is a lookup table, which we used for the classical

repetition code described earlier. Note that the size of the lookup table however
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grows exponentially with the size of the code, making this decoder impractical for
large codes: the design of high-performance decoders is a large area of research

which I will review in Section 3.3.3.

3.2.3 Extension to subsystem codes and gauge operators

I here present an extension of stabiliser codes, namely subsystem codes, as these will
play a vital role in Chapter 4. In subsystem codes, part of the encoded Hilbert space
is treated as a gauge subsystem rather than as protected logical information. Instead
of correcting all errors that act non-trivially on the full code space, subsystem
codes focus on preserving only a designated logical subsystem, while degrees of
freedom corresponding to the gauge subsystem may fluctuate without affecting the
stored information. This relaxation allows for more flexible code constructions,
often reducing the weight or number of required check operators [68]. Formally,

a subsystem code partitions the code space as

Hcode = 7-[L ® HG?

where H; carries the logical qubits and Hg contains gauge qubits that are not
required to remain fixed.

Gauge operators are those that act non-trivially only on the gauge subsystem and
generate the gauge group, which extends the stabiliser group. The stabilisers of the
code correspond to the centre of the gauge group, i.e. operators that commute with
every other element of the group, and these stabilisers define the protected subspace
in which the logical subsystem resides. Unlike stabiliser generators, gauge operators
themselves need not commute, which enables the use of low-weight generators and
can simplify syndrome extraction. In many subsystem codes—such as Bacon—Shor
codes [69], subsystem surface codes [70], or subsystem colour codes [71] — the
gauge operators are chosen to be geometrically local and of low weight, reducing

measurement overheads and improving practical fault tolerance.
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Figure 3.1: Possible circuit implementation of (a) a Z stabiliser measurement and (b)
an X stabiliser measurement on four data qubits.

3.2.4 Fault-tolerance and threshold theorem

At this stage, we have considered the ideal case of perfect encoding and decoding of
the quantum information at a fixed point in time. However, like the physical qubits,
these processes are subject to errors that must be taken into account to properly
describe our quantum device and hopefully achieve low logical error rates. For
instance, stabiliser measurements are performed through a succession of quantum
gates which would have a finite infidelity in any experimental implementation (Fig.
3.1). To get around this limitation, the idea is to adopt a non-static approach
and perform repeated error correction over time: if errors are corrected faster than
they appear, fault-tolerance is achieved.

A major step towards fault-tolerance is achieved via the threshold theorems.
They state that below a given physical error rate p;,, one can reach a logical error
rate as low as desired with an overhead scaling poly-logarithmically with the size
of the ideal circuit. The hypotheses underlying these theorems depend on their
version but generally suppose a low rate of correlated errors between qubits, that
quantum gates on different qubits can be implemented in parallel and that classical
post-processing is not a bottleneck (which will be reviewed in subsection 3.3.3).

The first versions of this theorem were proven in [72-75] for the case of
concatenated codes, where the encoding explained before is just applied recursively,
each logical qubit becoming a physical qubit of a higher-level structure (see Shor’s

code in Section 3.2.1).
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Some later works considered different types of codes called topological codes for
which a threshold was also proven [74, 76-79]. Particular examples of topological
codes will be further explored Section 3.3.

Note that the existence of a threshold is not a sine qua non condition for a code
family to be powerful. Some quantum codes, which I will review in Section 3.3.2
do not possess a threshold but still promise important reductions of the logical

error rate, which is what ultimately matters.

3.2.5 Quantum computation with logical qubits

Threshold theorems explain how to detect and correct errors over time on a system
that we do not act on, hence prove the feasibility of constructing a stable quantum
memory over time. However, the ultimate goal is not only to store quantum
information but also operate on it through quantum gates.

One first thing to note is that the Pauli corrections one infers from regular
stabiliser measurements and decoding need not be physically applied on the device,
or only rarely. This is because Pauli corrections can simply be stored in a classical
software and updated as new errors are detected or as Clifford gates are applied
(since Clifford gates map Paulis to other Paulis). Once at the end of the algorithm,
the qubits measurement results are updated according to this so-called Pauli frame.
When non-Clifford gates are applied however, the Pauli corrections may have to
be physically implemented, or one may rather choose to update the non-Clifford
operations themselves. This means that most of the time Pauli corrections on
data qubits can be applied virtually. Hence, their implementation will not increase
the logical error rate, or only marginally [80].

As for logical-level gates, they are effectively implemented via complex procedures
targeting multiple data qubits at a time. To guarantee fault-tolerance, one must
thus ensure that errors do not spread through them: a logical gate acting on physical
qubits with x errors should not produce more than x errors. While Gottesman
proved in 1997 [66] that this property can in theory be satisfied with any stabiliser

code, the aim ultimately is to perform these fault-tolerant gates with minimal
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resources while guaranteeing that the computational threshold is as close as possible
to the memory threshold identified above.

An example of fault-tolerant gate with no overhead is a transversal CNOT
for which CNOTs are applied in parallel to each pair of physical qubits of the
two logical qubits. Transversal CNOTs can be performed in any Calderbank-Shor-
Steane (CSS) codes [66], that is codes for which X and Z errors can be decoded
separately. However, it was shown [81, 82] that a universal set of transversal
quantum gates cannot be implemented on a nontrivial quantum error correcting
code. Hence the need to further research a set of fault-tolerantly implementable
gates. In 2013, Bravyi and Koenig [83] considered the case of gates implemented
by constant-depth quantum circuits as they would also be fault-tolerant: an error
on one qubit can only spread to a limited number of other qubits. However, they
showed that 2D stabiliser codes could only implement Clifford gates this way, hence
forcing one to use higher-dimensional structures or accept larger overheads for
the implementation of the 7' gate for instance.

In turn, several techniques have been developed to implement these gates, like
code switching [84] and magic-state distillation [16, 85, 86]. In the latter, multiple
noisy logical magic states |m) = % (]0> 4 eim/4 |1)) are prepared and distilled to
produce a single low-noise magic state. One common way is through the 15-to-1
magic state distillation protocol. It is based on the [[15,1,3]] quantum Reed-Muller
code, a stabiliser code which crucially has a transversal T gate, meaning that
applying the physical T gate to each qubit implements a logical T gate without
spreading errors between qubits. In the protocol, fifteen noisy copies of the magic
state |m) are treated as encoded data; by measuring the code’s stabilisers, any
error syndromes are detected, and only outcomes consistent with the code space
are accepted. This process effectively filters out correlated errors and suppresses
the logical error rate from O(p) to O(p®) where p is the input error probability.
Importantly, one only performs error detection and post-selection — there is no
error correction — which allows for the third-order error reduction at the cost

of increased sampling. The output is a single, higher-fidelity magic state, and
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1) S T|y)

Figure 3.2: Implementation of a T' gate on the state |¢)) through the preparation of
a magic state |m) = T |+) and subsequent gate teleportation. The double vertical bar
indicates that the S gate should only be applied on state |¢) if the ancilla was measured
in state |1).

although the procedure consumes many noisy inputs per distilled state, it serves as
a foundational primitive for achieving the ultra-low error rates required in large-
scale, fault-tolerant quantum computation. Alternative magic state cultivation has
recently been proposed [87] and has been shown to largely alleviate the resource
requirements required to run algorithms such that RSA factoring [88].

In addition, while attractive for their simplicity and low overhead, transversal
gates may sometimes not be the easiest to implement experimentally, especially
if the physical qubits from two different logical qubits are far apart. This jus-
tifies the research on non-transversal implementations of normally-transversally-
implementable gates. An example is the application of a CNOT between two

surface codes via lattice surgery [89, 90].

3.2.6 Numerical simulation of quantum error correcting
codes

Throughout my PhD, I have had to simulate the performance of error correcting
codes on multiple occasions. Here I present the algorithm I used to calculate the
logical error rate of a code used in memory mode (no logical gate applied). The
first thing to note is that, contrary to most quantum systems, QEC codes are
efficient to simulate. Indeed, the quantum circuits associated with the stabiliser

measurements, as well as the considered quantum errors (Pauli operators) are all
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Clifford gates. As mentioned in Chapter 1, this means that they can be simulated
in polynomial time on a classical computer [15, 91].

After choosing a code to simulate, one must decide on a specific noise model.
While I considered multiple ones throughout this thesis (which will be detailed in
the relevant chapters), two of them are generic and consistently considered in the
literature hence deserve to be described in this introductory chapter: phenomenolog-
ical and circuit-level noise. In the former, X and Z errors are applied to data qubits
at each round of error correction with probability p, and stabiliser measurement
outcomes are classically flipped with the same probability p. This model is a
convenient and simplistic way to estimate the performance of a code, but it does
not capture the physical implementation of the stabilisers (via quantum gates).
In turn, circuit-level noise offers this opportunity by rather considering that each
process in the stabiliser circuits has a finite probability of failure. More concretely,
this generally consists in applying depolarising channels after qubits initialisations
and after quantum gates, and to classically flip measurement outcomes with a
certain probability. The noise strength can be process-dependent, e.g. two-qubit
gates may be faultier than single-qubit gates.

As mentioned previously, in the presence of measurements errors, rounds of
stabiliser measurements must be repeatedly performed, effectively creating a space-
time error syndrome. The number of error correction rounds is usually chosen to
be equal to the code distance d. At each time step ¢, some new errors F; may
affect the data qubits, generating a syndrome s, = HEF,_1...F;, where H is the
parity check matrix of the code (we are here using the binary representation of the
errors). This syndrome may itself be incorrectly measured, leaving the user with
an inconsistent syndrome §;. It is however common practice to consider that the
last syndrome is perfectly measured, as at the end of a quantum computation, all
data qubits can be measured. Hence the final syndrome can be inferred classically
from the parity of data qubits measurements outcomes. After all d rounds of
stabiliser measurements, the space-time syndrome (81, ...54_1, S4) is passed to a

classical decoding algorithm, inferring a correction E explaining the final perfect
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syndrome: s; = HE. The correction can then finally be applied to the logical state,
which consequently returns to its logical subspace: HEFE,...Ey = 0. Note that the
decoding algorithm generally uses the difference syndrome (5;11 — §;)o<t<a—1 (With
So = 0), which is sparser than the original syndrome (5;)1<t<q-

To finish, one must verify if the accumulated errors over time and computed
correction corrupted the state of the logical qubit. This operation is performed by
checking if the total error EE,...F, commutes with all logical operators (which can
easily be verified classically using known Pauli commutation rules).

The workflow to simulate a code’s performance can then be summarised as fol-

lows:
1. generate errors on data and ancilla qubits according to the chosen noise model

2. compute the perfect syndrome at each time step s, = HE;F;_1...F, then the

erroneous syndrome s; due to measurement errors

3. decode the space-time syndrome via a classical decoding algorithm, and deduce

a correction F

4. add E to the accumulated errors Ej...E; and check for logical failure

3.3 Search for good codes
3.3.1 Ciriteria for good codes

In this section, I will briefly review techniques that lead to the construction of
high-performance codes, in particular the ones used in Chapter 5. Multiple criteria

should be considered when designing a quantum error correcting code:

(C1) Code distance d and code rate k/n For optimal error correction
capabilities, an error correcting code should have a high rate k/n (meaning little
overhead) and high distance (strong error reduction power). The rate is trivially
bounded by 1 and the distance by n. Codes for which & = ©(n) and d = ©(n) are

called good codes as they are, at least asymptotically, optimal.
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(C2) Logical error rate, threshold and pseudo-threshold For code families
that possess a threshold, the threshold value is an extremely important characteristic
of the performance of the code. Indeed, it dictates the maximum physical error rate
the code can tolerate to reach its exponential error suppression regime. As noted
earlier however, not all code families considered in this thesis possess a threshold
and this should not be viewed as an indication of a weak code: what ultimately
matters is the achieved logical error rate at the device’s working point. This should
be far below the pseudo-threshold, defined as the point where the logical error

rate equals the physical error rate for a given code.

(C3) Embedding the code in a physical device Codes are not just abstract
mathematical constructs: they ultimately aim to be embedded in a physical chip,
which raises multiple challenges. Firstly, it may be easier to design codes that can be
laid out in a 2D plane, as 3D structures are inherently more challenging to engineer.
Secondly, local operations between nearest neighbours may be favoured for they
are more straightforward to implement. Yet, [92] showed that the performance of
local 2D codes is upper-bounded by kd®> = O(n), meaning they cannot be good

codes (in the sense defined two paragraphs earlier).

(C4) Set of implementable logical operations Importantly, a code must be
able to implement a universal set of quantum gates efficiently i.e. with a minimal

space-time cost and respecting the constraints imposed by the physical device.

(C5) Existence of an accurate and fast decoder Finally, a code is run
jointly with its decoder, which must be (i) accurate (i.e. correct errors with high
probability); (i7) fast (to keep up with the quantum computation) and (4iz) scalable
(even in a fault-tolerant regime with millions of physical qubits, the memory usage

must be moderate).

With these principles in mind, I will review a few codes and their construction,

which will aid the comprehension of Chapter 5.
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3.3.2 qLDPC codes

The first quantum error correcting code, the Shor code, was built by concatenation,
which consists of recursively encoding each physical qubit of a code with another
code itself. While attractive for their conceptual simplicity, concatenated codes
have one major downside: the increase of the stabiliser weights (i.e. number of data
qubits involved in each stabiliser check) and of the non-locality with the levels of
concatenation. This quickly led the QEC community to consider another paradigm:
the quantum Low-Density-Parity-Check (qLDPC) code family. A code family is said
to be LDPC if each data qubit is involved in a constant number of stabilisers, and
each stabiliser acts on a constant number of data qubits. These codes are particularly
attractive from a practical point of view as the low weight of the stabilisers implies
(1) that errors are less likely to propagate and do not scale with the size of the
system (i7) that the stabiliser cycles can be implemented in constant time.
These codes are most easily described with their parity check matrix. As
explained in Section 3.2.2, a quantum stabiliser code C can be represented as the
kernel of the parity check matrix H = (Hyx, Hz). By definition, the parity check
matrix of a qLDPC code is row- and column-sparse. Contrary to classical codes,
this matrix cannot be chosen arbitrarily as the stabilisers defining the code must
commute. Given known Pauli operators commutation relations, this translates

into the following condition:
HxH} + HzHy =0 (3.4)

Code design therefore relies on the generation of good matrices Hx and H z satisfying
the above relation. This is done by choosing ansatzes for Hxy and Hz. In this
thesis, I will focus on a case that has been comprehensively addressed in the
literature: CSS codes. These codes are characterised by stabilisers acting exclusively
as X or Z checks, not a mix of both. Consequently, the overall parity check

matrix has the following form:

H= (ng sz) (3.5)
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and the condition of Eq. 3.4 now reads:
HxH} =0 (3.6)

More simply put, X and Z checks must have an even number of data qubits in
common. One further simplification generally consists of writing Hx and Hy

as block matrices:

Hx = (A| B) (3.7)
Hy = (B" | AT) (3.8)

which transforms Eq. 3.6 into a simpler commutation relation AB + BA = 0, or

equivalently since these matrices are in Fy:
AB = BA (3.9)

The objective now is to search for commuting matrices that would lead to the
most optimal sets of parameters n, k and d. A natural way to do so is to consider
large families of commuting matrices and explore the space they span. Several
kinds of ansatzes for A and B have been suggested; in this thesis, in particular in
Chapter 5 and 4, I will focus on two of them: hypergraph product codes (HGP)
and generalised bicycle codes (GB). HGP codes are built by taking the product

of two classical codes with parity check matrices C' and D:

A=C®I

B=1®D"

One famous example of hypergraph product code is the surface code, whose classical
seed codes both are repetition codes. Its parameters are [d* + (d — 1), 1,d]. For
years, the surface code has been deemed as one of the most promising error correcting
codes owing to its fully local implementation and high threshold, which come at
the cost of a minimum code rate (kK = 1). As it is at the heart of my research on

QEC, I will describe it in further details in the next section. However attractive,
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recent experimental improvements showed that non-local stabilisers may not be
a deal breaker ([93] managed to implement non-local operations in QEC codes
on reconfigurable atom arrays via shuttling). This possible relaxation of local
constraints pushed research on qLDPC codes with better parameters from a purely
theoretical realm to more practical grounds. GB codes are among them, where
A and B are defined as circulant matrices. For instance, a [128,28,8] GB code
requires 128 physical qubits to encode 28 logical qubits of distance 8; this would
take 3164 physical qubits using surface codes, so 24 times more.

In both cases of HGP and GB codes, the commutativity 3.9 is guaranteed and
the code parameters can be estimated via mathematical theorems [94, 95].

Many more types of qLDPC codes and related constructions exist. Firstly, one
may mention colour codes, as it is a vast class of codes that attracted a significant
amount of research [96-100]. Steane’s code is the smallest one. They are very
similar to the surface code and are even equivalent up to a geometrical unitary [101,
102], but feature a few differences: colour codes have a lower threshold than surface
codes [100] as their stabilisers act on more qubits (up to 6). However, if allowing an
extra dimension, colour codes feature a transversal implementation of a universal set
of gates. Even if a 3D implementation could appear particularly daunting for any
experimentalist, some work I have been involved in suggested that theoretically-3D
structures could be embedded in strictly 2D devices (see Section 5.6)

Recent efforts towards the construction of good qLDPC codes (in the sense
defined in Section 3.3.1) led to the design of fiber bundle codes [103], followed
by balanced products of quantum expander codes [104]. While unlikely to be
experimentally practical, the latter code is characterised by an optimal asymptotic

scaling k = ©(n) and d = O(n).

3.3.3 Decoders

In order to be functional, all of the codes described above need an efficient

decoding process so as to extract the errors on the data qubits from the stabiliser
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measurements. Distinct codes may function with distinct decoders. 1 will review

some of them in the following paragraphs.

Lookup tables This is the decoder I have been using in all the examples so
far as it is the simplest but also the most applicable one (it applies to all kinds
of the error correcting codes). The idea is simply to store the syndrome events
associated with each error pattern. Once a certain syndrome is measured, it can
be decoded by choosing the most likely error pattern that may have generated it.
This decoder hence has an optimal accuracy — it is a mazimum likelihood decoder
— and it is fast, as all the decoding calculations can be done prior to the quantum
computation, then stored in memory and just accessed. However, this decoder is
only appropriate for small codes as its memory usage scales exponentially with
the system size. Some suggestions have been made to make lookup tables more

scalable, e.g. by only storing the most probable events [105].

Minimum Weight Perfect Matching (MWPM) To circumvent the scalability
issues explained above, several code-specific decoders have been developed. MWPM
is one of them and has been intensively studied in the case of the surface code.
It is based on Edmonds’ blossom algorithm [106, 107]. This decoder explains the
syndrome events by the smallest total number of errors but does not take degeneracy
into account, 7.e. that certain syndrome events are more likely simply because
multiple same-weight error patterns can explain them. Yet, this decoder yields
excellent performance, very close to maximum likelihood decoders, and its best
implementations are relatively fast, the algorithm running in time O(n) [108-111].

This is the decoder I will be using in the rest of this thesis for surface code simulations.

Belief propagation (BP) While MWPM is tailored to the surface code, belief
propagation decoding is very general and can be applied to any qLDPC code [95,
112]. As maximising the probability of a total error pattern F given a syndrome
S is too hard to be solved exactly — it is an NP complete problem —, belief

propagation attempts to maximise the marginals instead (i.e. the probability of
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single-qubit errors). This is done by passing messages between cells corresponding
to neighbouring data and ancilla qubits and updating them recursively until
convergence is reached. If this algorithm has been known for a long time for
classical codes, it first seemed intricate to apply it to quantum codes because of
the presence of loops and degeneracy in the syndrome graph. More elaborate
schemes have been developed since then to implement a quantum version of belief
propagation, first using heuristic rules [113], then ordered statistics [95, 114] and
memory belief propagation (a mix of BP and neural networks) [115]. BP also
proves useful combined with MWPM as it allows to predict better weights for
the matching graph, when correlations exist in the single-qubit errors [116, 117].
When simulating qLDPC codes other than the surface code, I will be using a
BP-OSD decoder from Ref. [95].

3.4 Case study: the rotated surface code

3.4.1 Brief history of the surface code

In the previous section, I introduced the surface code with the hypergraph product
code formalism. This is not the process that initially led to it: rather, Kitaev
first invented the toric code, inspired by 2D systems with topologically protected
properties [74, 78]. Analogous to this kind of systems, strings of errors forming trivial
loops are topologically equivalent to an error-free state; non-trivial loops around
the torus however lead to a change of the logical state. If laid out on a plane, this
code is characterised by fully local stabilisers except at the edges — the toric code
indeed supposes periodic boundary conditions. It was however shown shortly after
that this periodicity could be discarded, which led to a much more implementable
code: the surface (or planar) code [76, 77, 118]. Early works [119] showed that the
performance of the surface code also largely surpassed that of initially-suggested
concatenated codes, with a threshold of 3% under phenomenological noise. One
further improvement of the surface code led to the rotated surface code, obtained

by rotating the surface code by 45° (which roughly leads to a x2 overhead reduction
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for large code distances at a very moderate cost on the performance). This is the

code I will be further describing in this section, and using in the next chapters.

3.4.2 Code description and performance

The rotated surface code is a [d?,1,d] code. It is a CSS code, meaning that each
stabiliser is either Pauli X or Pauli Z but not a mix of both. X and Z errors
can thus be decoded separately. A rotated surface code is represented in Fig. 3.3.
Each red (resp. green) tile represents an X (resp. Z) stabiliser. As pictured in
Fig. 3.1, X and and Z stabilisers values are obtained by measuring an ancilla
qubit that previously interacted with corresponding data qubits. Such interactions
are generally performed in the form of CNOT gates (targeting the ancilla for X
stabilisers and the data qubits for Z stabilisers); they are schematically represented
in Fig. 3.3 for one pair of X and Z stabilisers.

When Pauli errors (green stars) affect the code, the quantum state generally
leaves the code subspace and some stabilisers outcomes switch from +1 to —1 (bright
red squares). This syndrome s can then be fed to a classical decoding algorithm,
whose purpose is to infer a correction (green circles) explaining the syndrome. This
correction is finally applied to bring the code back to the logical subspace, ideally
back to its error-free state, but potentially inducing a logical failure.

The total error (combined errors and correction) after a round of error correction
can take several forms. The first possibility is a closed loop (orange loop in the
figure), which can easily be seen as the product of the stabilisers inside the loop:
as stabilisers act as identity of the logical state, closed loops correspond to the
identity logical operator I;. Alternatively, if the total error is a vertical (resp.
horizontal) string of Z (resp. X) errors, a Z; (resp. Xp) logical error occurs
(green and red strings in the figure).

In order to reduce the time taken by each stabiliser round, CNOTs participating
in X and Z stabilisers can be interleaved and implemented in parallel. Furthermore,
the CNOT ordering in each individual stabiliser has to be chosen so as to avoid

so-called hook errors: if an ancilla qubit is victim of a given error half-way through
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Figure 3.3: Rotated surface code. Data qubits lie at the vertices. Green (resp. red)
tiles represent Z (resp. X) stabilisers. (a) Vertical strings of Z errors correspond to Zp,
logical operators, while horizontal strings of X errors correspond to X7y, logical operators.
Loops (in orange) do not change the logical state as they can be written as a product of
stabilisers. (b) When errors happen (green stars), some stabilisers may render a non-trivial
measurement outcome (bright red X stabilisers). This information can be fed to a classical
decoding algorithm to compute a correction (green circles) that will bring the state back
to its operational subspace but may induce a logical failure (here a Zj, error is induced).
(c) The stabilisers can be implemented at the physical level via CNOTs. (d) The ordering
of the CNOTs must follow a given pattern so that hook errors (green and red triangles)
are orthogonal to the corresponding logical operators.

a stabiliser circuit, errors can propagate to the subsequent data qubit through
the CNOTs, effectively doubling the number of errors (see Fig. 3.4). It is thus
paramount to order the CNOTs such that induced double errors are not parallel
to the logical error strings (or the code distance would be halved). Note that one
should not be worried about triple errors as, up to a closed loop, three errors around
a stabiliser are equivalent to a single error. For both these reasons — interleaving X

and Z stabiliser circuits and avoiding hook errors — the CNOT ordering responds
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Figure 3.4: Schematic representation of hook errors for (a) a Z stabiliser and (b) an X
stabiliser. Green (resp. red) stars represent a Z (resp. X) error occurring on the ancilla
qubit half-way through the stabiliser measurement. The consequence is the propagation
of the error to both subsequent data qubits.

to specific restrictions [120]. One choice satisfying both conditions is presented
in Fig. 3.3 with the Z- and N-shaped arrows. The green (resp. red) triangles
picture Z (resp. X) hook errors: they do not reduce the code distance as they
sit perpendicularly to the logical operators.

Taking all these elements into account and using the simulation protocol
presented in Section 3.2.6, I could simulate a rotated surface code under circuit-level
noise using MWPM for decoding. The output was produced via an end-to-end
pipeline that I implemented myself (apart from Edmond’s algorithm for decoding).

It reproduces well-known results with a relatively high threshold of 0.7% (Fig. 3.5).

3.4.3 Use in computation

Beyond its high threshold and conveniently local and 2D implementation, the
surface code is a promising QEC platform for its demonstrated capabilities in
computation. Three ingredients are required for such a task: state initialisation,

state measurement and logical gates.

State initialisation

Procedures aiming at initialising a QEC code in a specified state are called state
injection. Many of them have been engineered for the surface code, and they all rely

on preparing each physical qubit in a given state before measuring the stabilisers.
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Figure 3.5: Z-memory experiment for the surface code under circuit-level noise.
Depolarising channels of strength p are applied after every single- and two-qubit gates and
after qubit initialisation. Measurement outcomes are classically flipped with probability p
as well.

The latter action subsequently projects the total surface code state onto the desired
logical state (assuming no error happened).

As an example, let us assume that one wants to initialise the surface code in
the |0y) logical state by preparing all physical qubits in the |0) state. The value of
the Z; operator from Fig. 3.3 is thus +1. Without additional errors, Z stabilisers
should all render a +1 outcome as well, while X stabilisers would all be random.
As Z; commutes with all stabilisers, the action of measuring them thus projects the
total state onto a common eigenstate of all stabilisers, while maintaining 2, = +1:
the logical state is correctly prepared in the |0.) state. If any X error happened
during the process, it can be detected by the Z stabilisers and corrected through
regular error correction. Z errors here do not matter as they do not affect the
|0.) state. Note however that with this procedure the logical subspace does not
correspond to the +1 eigenstate of all stabilisers, as roughly half of the X stabilisers

measurements should yield —1 (but this is not an actual issue).
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The preparation of more complex states, such as magic states, is similar yet
a bit more sophisticated. Efficient protocols using a combination of regular error
correction and classical post-processing have been designed for the preparation of
logical magic states with output fidelity as high as physical gate noise [121, 122].

Magic state distillation or cultivation can then be used to boost the state fidelity.

State measurement

Single-logical-qubit Pauli measurements are easily implemented on the surface
code: it is sufficient to measure all physical qubits of the code and classically
take the product of the relevant qubits measurement outcomes to deduce the
value of the logical operator.

A trickier problem is the measurement of multi-logical-qubit Pauli operators.
This is performed via a well-known technique called lattice surgery [89], which
respects the locality and 2D implementations of the surface code.

This technique traditionally allows for the measurement of the two-qubit logical
operators X} X? and Zi Z? via local gates only, where P! is a Pauli operator on
logical qubit 7. Let me describe an X} X? measurement in greater detail. The
protocol can be decomposed into two steps: merge and split (Fig. 3.6).

The merge step is carried out by measuring all four-body stabilisers at the codes
common boundary (rather than the separate two-body ones). Those that did not
commute with the initial stabiliser group (in bright red) render a random =+ outcome,
which can be used to infer the two-logical-qubit operator Xi X#. Indeed, the product
of these random operators is exactly equal to X1 X? (and is thus non-random: it
commutes with the stabiliser group). As their physical implementation can be faulty,
they however need to be measured for d rounds in order to accurately measure
X} X? (where d is the code distance). Thereon, the merged lattice can be split back
by measuring the stabilisers of the original surface codes. Two-body Z stabilisers
(bright green) will render random results as they anticommute with previously

measured operators, but the values of facing pairs will be perfectly correlated. This



3. Quantum error correction 41

split

Figure 3.6: Schematic representation of an X X lattice surgery, inspired from [123]. (a)
Two surface code patches as in Fig. 3.3. (b) Merge step of lattice surgery: bright red
operators individually render random measurement outcomes, but their product is the
XEX% two-qubit logical operator. (c¢) Split step of lattice surgery: initial stabilisers are
measured again. Two-body boundary stabilisers are randomised but facing pairs should
render the same outcome.

information can be used for subsequent decoding. Z!Z? measurements can be
performed similarly if Z; boundaries face each other instead of X; boundaries.
Later on, Ref. [90] suggested that any multi-qubit Pauli measurement could
be implemented via a variant of lattice surgery. Two-qubit Pauli measurements
beyond X1 X? and Z}Z? rely on the measurement of more complex stabilisers
called dislocations and twists [124]. These stabilisers involve Pauli operators of
distinct kinds, not all X or all Z. Any multi-qubit Pauli measurement can then

be implemented by making use of long mediating ancilla qubits.

Gates

In the surface code, a convenient universal set of logical gates is Clifford+7". Multiple
methods have been designed to implement them, but in this thesis, in particular
in Chapter 5, I will mainly focus on a protocol designed by Daniel Litinski in [90,

124], that capitalises on the aforementioned augmented lattice surgery protocol.
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Figure 3.7: Decomposition of a CNOT gate on a control qubit |¢) and a target qubit |t)
via two-qubit measurements Mx x and Mzz. Their measurement outcomes my and msy,
as well as the ancilla qubit measurement outcome mg, are then used to perform corrective
Pauli gates on |c) and |¢).

A motivation for the development of lattice surgery was the attempt to find a
fully local implementation of the logical CNOT gate. Indeed, while the surface code
does support its transversal implementation, this procedure would require either
to perform non-local operations between the physical qubits of the distinct logical
patches, or to superpose two sheets of surface code in a higher-than-two-dimensional
structure. Both these options would imply compromising on one of the surface
code’s greatest strengths: its full locality or 2D implementation. Rather, [89]
suggested an implementation of the CNOT gate using the decomposition of Fig. 3.7
and lattice surgery for the two-qubit measurements. With this new implementation,
the locality and low dimensionality of the surface code is preserved, at the cost of
an increased time overhead, since the merge step requires d rounds of stabiliser
measurements (while a transversal implementation would not).

Then [90] suggested that, beyond the virtual implementation of Pauli gates
through the Pauli frame (see Section 3.2.5), Clifford gates could also be absorbed in
such a frame-like picture. By commuting them through T' gates, they could simply
be absorbed in final measurements, at the cost of complexified 7/8 rotations that
would now span more than one qubit (see Fig. 3.8). In this picture, only such multi-
qubit 7/8 rotations have to be physically implemented. These can conveniently
be carried out via the preparation of a distilled magic state and a multi-qubit

measurement (similarly to Fig. 3.2 where the CNOT would be implemented via



3. Quantum error correction 43

lq1) 7] Z
(a/b) qu)Z_
las) Y H 2 FIZHX]
\q4>x Z
f lf PP = P’P 1f PP/ P'P: (c) ©
R
1fPP’—fP’ 1fPP’— -P'P \q) Z?—? X Y
s \enn - @E| | = Ll Ly
( if LP' = —P'Pp: if P,P' = —P'Py: (b) I %_ =
i P’ -
= o) = 0 q g ||
PEPF  {BHPE iP'HP VLI -

Figure 3.8: Implementation of a quantum circuit by commuting the Clifford gates (in
orange) through the 7' gates (in light green). The commutation is performed using the
rules in (a) and (b). This converts the T' gates into more complex 7/8 rotations, but
removes the need to implement any of the Cliffords, which are absorbed in the final
measurements (c).

the decomposition of Fig. 3.7). Coupled to the strong state injection protocols
described above to prepare magic states, and to distillation protocols (that only
require two-logical-qubit measurements implemented by lattice surgery), this scheme

allows for universal quantum computation on the surface code.

3.5 Quantum error mitigation

While quantum error correction provides a rigorous and scalable framework for
protecting quantum information against noise, its practical realisation remains
beyond the capabilities of current noisy intermediate-scale quantum (NISQ) devices.
Fault-tolerant QEC demands large numbers of physical qubits, high-fidelity opera-
tions, and substantial overhead in stabiliser or gauge measurements—resources that
are not yet available at scale. In this context, quantum error mitigation (QEM)
has emerged as a complementary strategy aimed at improving computational
accuracy without encoding logical qubits or actively correcting errors during the

computation. Instead of increasing the space overhead associated with QEC, QEM
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requires a time overhead in the form of repeated sampling. 1 quickly review the
main techniques enabling QEM in the last section of this chapter, as this will
give important background for Chapter 7.

Quantum error mitigation operates by inferring the outcome of an ideal, noiseless
quantum process from data obtained on a noisy device. Rather than suppress-
ing or correcting errors at the hardware level, it relies on circuit modifications,
repeated sampling, and classical post-processing to compensate for the effects of
noise. Methods such as zero-noise extrapolation [125, 126] and probabilistic error
cancellation [125] reconstruct ideal expectation values through noise amplification
or quasi-probabilistic decompositions, while measurement error mitigation [127,
128] and symmetry verification [129, 130] target specific error channels by correcting
classical readout biases or enforcing physically relevant constraints.

While promising for near-term architectures, QEM cannot achieve the long-
term robustness or scalability promised by fault-tolerant QEC, as its associated
sampling overhead grows exponentially with the circuit size. However, as explored
in Chapter 7, it may be combined with QEC to alleviate its resource requirements

in early fault-tolerance devices.



Adaptive surface code for quantum error
correction in the presence of temporary or
permanent defects

This chapter describes work leading to a 2022 paper (published in Quantum in
2023 [131]) with coauthors Armands Strikis and Simon Benjamin. It lies in the
continuation of Armands’ ideas [132] but was all produced by me. Throughout I
benefitted from useful conversations with Armands and Simon.

All writing below is my own, in places using text verbatim from my pub-

lished manuscript.
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4.1 Introduction

In the previous chapter, I introduced the notion of quantum error correction, and
showed how these techniques promise sufficient error reduction to run deep quantum
algorithms. The drawback is a significant resource overhead, as considerable numbers
of qubits must be assembled together to form error correcting codes.

In these large structures, it may be unrealistic to assume that all components
will be working nominally after their fabrication. Even if this were the case, some
events may temporarily or permanently disrupt their normal behaviour in the course
of the computation: high-energy events leading to a surge of correlated errors, like
cosmic rays in superconducting and silicon devices [133-135]; or leakage and loss
of qubits, for instance in ion traps or neutral atom arrays [136-139]. In both
cases, these events create defects on the lattice, either preexisting the computation
or occurring while it is running. These defects must be distinguished from ones
that can voluntarily be introduced in the surface code as a means to store logical
information [140]. As experimentally identified in the repetition code [141], the
uncontrolled defects studied in this chapter can alter the code’s performance so
profoundly that it eliminates the exponential suppression of errors upon which deep
computations rely. For any hardware platform where this occurs, some protocol
must be designed to deal with these defects.

The case of ‘chip-level’ errors was studied in [142], where it was shown that
concatenating multiple codes over separate chips would effectively reduce the rate
of catastrophic events. The research presented in this chapter is complementary
as it studies smaller defects, that do not disrupt an entire chip. In this scenario,
the goal is to retain the error correction capability in a code where some stabilisers
cannot be measured or would just yield essentially random results. In both cases,
my approach is to disregard all these faulty qubits manifesting the defect and

remove them from the code.
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At the time of this research, this picture had already been investigated for the
surface code in [143-145]. These papers show that even when some defective zones
of fixed size are removed from the code, effectively creating punctures in it, the
code remains robust to errors as long as a modified set of stabilisers is measured.
These punctures do have the effect of lowering the distance of the code. However,
it remained unclear if defects of fixed density — rather than size — would disrupt
the exponential suppression of errors of the surface code in the asymptotic limit.
Recent work [132] introduced a method based on code deformation involving shells
that isolate defects. That paper provided an analytic proof that a threshold must
exist using their methodology. However, the proof involves a series of compounding
worst-case assumptions so that a realistic estimate of the threshold could not be
obtained. Moreover, obtaining a meaningful threshold requires the creation of
bespoke decoders; in doing so there is the opportunity to generalise from factory
defects to encompass defects happening on the fly.

In the present chapter, I tackle these questions and establish that a realistic
high-defect-rate threshold does indeed exist. I numerically compare both of the
previous existing approaches and show in which regime one is outperformed by the
other, focusing on the case of memory storage — I do not study the resilience to
errors when quantum gates are implemented. This knowledge, together with a novel
defect detection algorithm that recognises events occurring during the execution of
the stabiliser measurements, allowed the design of an adaptive surface code that
deforms whenever a defect is detected so as to exclude it from the code. For such
surface code, I then exhibit a threshold for defects detected on the fly during the
stabiliser measurements, and compare it to that of a defect-free surface code. On
top of this, I estimate the resource overhead needed to overcome these defects.
Ultimately, I was able to numerically exhibit the existence of a practical threshold,
i.e. one that would not impede the use of error correcting codes in the presence

of defects, which, again, will be inevitable.
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4.2 Methods

In this section, I present the general workflow of the adaptive surface code. It can
be split in three distinct steps: first, the detection of the defective zone (if any);
second, a code deformation allowing one to exclude the identified defect and thus
store the logical information in the remaining qubits; third, the computation of

the relevant stabiliser events and the deduction of a correction.

4.2.1 Formalism

First, I clarify the formalism that will be used in the rest of this section. The
surface code is a stabiliser code made of d? data qubits that are repeatedly measured
by d? — 1 independent stabilisers. This leaves a dimension-2 space for the logical
qubit. If qubits are disabled to avoid a surge of errors in case of defect, the
number of degrees of freedom in the code space increases, effectively adding gauge
operators to the code: these operators still commute with all the stabilisers but
can anticommute with each other. They are represented in brighter colours on the
left-hand side of Fig. 4.2. Interestingly, [143-145] noted that, when puncturing a
hole in a surface code, the product of the gauge operators around the hole however
commutes with all the stabilisers and gauge operators, hence being itself a stabiliser
of the code, called superstabiliser (see Fig. 4.2). In practice, the measurement
of the superstabiliser is performed by measuring the individual gauge operators
around the hole, and computing the product of these outcomes. As X- and Z-basis
operators do not commute (only their product does), they have to be evaluated
at different times. Measuring one subset of commuting gauge operators is called
gauge fixing as — without errors — it fixes the otherwise random value of these

operators when repeating their measurement.

4.2.2 Defect detection

Two different types of defects are distinguished in this chapter: defects that happen
before the code is run and that are detected offline (e.g. fabrication defects), and

defects that happen while the code is running and that must be identified on
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the fly (e.g. cosmic rays). I emphasise that by ‘defect’ I refer to a cluster of
qubits that are rendered effectively inoperable, either permanently or for a finite
time; this is in contrast to the finite rate of transient errors which is presumed
to afflict all qubits during the normal operation of the machine. In practice, it
will be relatively straightforward to detect pre-existing defects: post-fabrication
analysis by the manufacturer (quality control), and system calibration prior to a
computation. The greater challenge is the real-time detection while the code is
running. The approach obviously depends on the nature of the defect. I focus on a
case known to occur: an instability in qubit(s) corresponding to noise far above the
normal level, i.e. the behavior seen after a cosmic ray impact. In order to keep my
method as general as possible, it is assumed that the only available information
is the stabiliser measurements. Defects in more specific systems could however be
detected more efficiently with tailored protocols [135]. A defect will be modelled
via the appearance of a large density of correlated syndrome events in spacetime
at a given location of the code (see Figure 4.1). The challenge is then to identify
all the faulty qubits but to avoid misidentifying nominally-functioning qubits as
faulty — and to do so in minimal time if the detection algorithm is run during the
computation (rather than, say, in a calibration phase). To achieve this, stabilisers
experiencing more than ng,s flips within a time Atg,s are first identified, then
gathered in clusters via the DBSCAN algorithm (density-based spatial clustering
of applications with noise) [146]. This allows to group the previously identified
stabilisers in clusters of defects (in cases where multiple defects have occurred) while
removing any isolated stabiliser that could have flipped above ngi,s but without
being a part of the defective zone. All the hyper-parameters of the detection process
(Nfips; Ataips, and the parameters of the DBSCAN algorithm) are chosen offline
by the user to maximise the detection performance. For example, typically in my
experiments I set ngips = 3 and Atg;,s = 6, meaning a stabiliser is considered faulty

if it flipped more than 3 times within 6 consecutive rounds.
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Figure 4.1: Rotated surface code before and after an abnormal event. The stabilisers
are located on faces and a brighter color indicates a non-trivial syndrome measurement.

4.2.3 Code deformation

After the defect is detected, the second step consists of excluding the faulty data
and ancilla qubits from the surface code. This is done by code deformation and
two different pictures must be distinguished: defects located inside the code and
defects touching the boundary of the code. For simplicity, I will consider the
case of defects bounded by square regions in this chapter, although the concepts

generalise to any shape.

Defects located inside the code This case was first reviewed in [143-145] and
uses the concept of gauge operators [84, 147] and superstabiliser detailed in Section
4.2.1. When puncturing a hole in a surface code, operators around the hole cannot
be used as stabilisers as they do not commute with each other anymore. Rather,
a new stabiliser can be evaluated to avoid errors strings terminating at the hole
without being detected: the superstabiliser. Its value is inferred from the individual
value of each gauge operator. However, as X- and Z-basis operators do not commute
(only their product does), they have to be evaluated at different times (see left panel
of Figure 4.2). This is equivalent to switching to a subsystem code, as explained in
Section 3.2.3. For example, when removing the central data qubit of a [5,1,2] surface

code, one obtains a [4,1,2] subsystem code, where the superstabiliser is obtained
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from the product of, say, the two X gauge operators. In this first approach, the two
bases are measured on alternating rounds. Consequently there is no context allowing
one to validate the individual measurements. Consider the measurement of a given
X-basis operator; immediately after, the qubits involved will be measured according
to Z-basis operator(s). When the X-basis operator is next measured, its value will
be independent of its prior outcome due to the non-commutation of the operators
— thus a faulty measurement has no signature or ‘evidence’ on the measurement
outcome of an individual gauge operator. Instead, a faulty measurement changes
the superstabiliser outcome that the gauge operator belongs to. In consequence,
the inferred value of each superstabiliser becomes less reliable as the size of the
puncture is increased, since more and more potentially-faulty measurements are
involved in the inference of the superstabiliser value. Nevertheless, the approach
is attractively straightforward. I will call this the basic approach.

In order to mitigate the increase of faulty superstabiliser measurements, it was
recently proposed [132] to keep measuring the gauge operators for a number of
consecutive rounds that scales with the size of the puncture, effectively creating
alternating blocks of repeated measurements of X (and then, Z) gauge operators in
spacetime, called shells. For instance, one could measure X gauge operators around
a defect for, say, three rounds, then switch to measuring Z gauges for three rounds,
and so forth. Normal stabilisers (away from a defect) are still measured at every
round. In the absence of errors, the successive gauge operator measurements in
the same basis will yield the same result; thus, errors on gauge operators become
easily detectable simply by repeating and comparing the operator measurements. I
call this the shell approach. 1t was proved to outperform the basic approach in the
asymptotic limit, but finite code sizes were not studied. I report the conclusions

of my numerical modeling of such scenarios in Section 4.3.

Defects located at the boundary The previous ideas do not apply to defects
touching the boundary. Let me call X-boundary a boundary where X error strings

can terminate without being detected (top and bottom boundary in Figure 4.2)
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Figure 4.2: Surface code after defect identification and code deformation. Two cases are
represented, depending on the defect’s location with respect to the code. X (resp. Z)
stabilisers and gauge operators are represented in red (resp. green). The gauge operators
forming a superstabiliser are in brighter colors (left panel). Some logical operators are
drawn with horizontal and vertical lines. Two of them are split in two halves connected
by a dashed line. Note that in each case the code distance is d = L — | where L and [ are
respectively the sizes of the code and the defect.

— and similarly for a Z-boundary. Along an X- (resp. Z-) boundary, the product
of the Z (resp. X)) gauge operators does not commute with some of the X (resp.
Z) gauge operators. Hence, they cannot form a superstabiliser and need not be
measured. After the deformation, the code just looks like a normal surface code
with a deformed boundary (see Figure 4.2). Along an X-boundary, the Z gauge
operators are not measured, which means that the X stabilisers of the initial code
do not lose their commutation properties. This is why the distance associated with
the logical Z operator is not lowered when an X-boundary is deformed. The same
applies for the X distance and a Z-boundary. Note that when a defect hits a corner

of the code, one can choose which boundary to deform.

4.2.4 Syndrome calculation and decoding

Once the code deformation has been determined, the quantum computation can
proceed fault-tolerantly. The ongoing process consists of gathering a suitable set of
stabiliser and gauge operator measurements after a period of computation, finding
the relevant syndrome and decoding it. In the numerical modelling I presently

describe, I simply decode using the entire syndrome i.e. without methods such as
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parallel window decoding [148] (since I do not simulate codes so large, nor sequences
of stabiliser cycles so long, that this is challenging for the decoder). Regarding the
stabiliser and gauge operator measurements, they are obtained in the usual way as
endpoints of error strings — excluding the superstabiliser measurements for now.
This syndrome can then be input to any standard decoder. In this chapter, I use
Minimum Weight Perfect Matching (MWPM) [7]. The weights in the matching
graph are given by the shortest distance between two points in spacetime.

The only subtlety compared to the canonical surface code picture is how I handled
the gauge operators and code deformation. Namely, at the time of such changes,
the measurement outcomes of the gauge operators are randomised (recall that only
the value of the superstabiliser is constant), because of their non-commutation.
Let me describe how this is dealt with in each of the three cases I will consider

in the rest of this chapter:

1. the basic static approach, where a defect is preexisting the computation
thus the computation is started with the code already deformed, and gauge

operators are measured on alternating rounds;

2. the shell static approach, where the computation is also started with the code
already deformed, but gauge operators are repeatedly measured (in shells)

before switching to the other type;

3. the adaptive approach, where the code deformation happens while the com-

putation is running, and subsequent gauge operators are measured in shells.

Basic static approach. This is the simplest case. As gauge operators are
measured on alternating rounds, their values are independent from one round to
another. Hence, only the superstabilisers values are used, as the individual gauge
operator measurements do not provide any useful information. The decoding is then
the same as for a normal surface code, except that the X and Z superstabilisers
replace the conventional stabilisers in the matching graph. However, since a

superstabiliser is made of multiple gauge operators, its measurement is more likely
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to be faulty than a normal stabiliser. I account for this in the decoder by setting
the superstabiliser time-like edge weight to:

1— supersta
Wsuperstab = IOg (pptb> (41)

Psuperstab

where Dsyperstab 15 the probability that the superstabiliser measurement is faulty.
Assuming independent errors, this probability can be computed from the mea-

surement error rate p as:

DPsuperstab = 11— (1 - p)ngauge (42)

where ngauge is the number of gauge operators forming the superstabiliser. This
weight is then used in the matching graph together with the usual space-like and

time-like weights of the surface code.

Shell static approach. Here, the gauge operators are measured repeatedly for a
number of rounds before switching to the other type. Within a shell, the difference
syndrome can be computed from the individual gauge operator measurements
as in a normal surface code, since their values are correlated from one round to
another. At the time of a gauge change however, the gauge operator values are
randomised, so no information can be extracted from their individual measurements
(only their product is conserved). The approach I took is still to use the difference
between these values and the previous gauge measurements in the matching graph.
Weight-zero edges are however set between all gauge operators measured just
after the gauge change, as shown in Figure 4.3. This way, MWPM can link them
together with no cost, effectively ignoring their randomness. An equivalent approach
would be to remove these gauge operators from the syndrome and only use the
superstabiliser value at the time of the gauge change. However, by keeping them
in the syndrome with weight-zero edges, the matching graph remains unchanged
throughout the computation, which simplified my implementation of the decoder.
In terms of output, both approaches are strictly equivalent as weight-zero edges

will prioritise a matching between gauge operators, as if they formed a single vertex
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Equivalent

; <=

Figure 4.3: Two possible representations of the matching graph at the time of a gauge
change in the shell approach. Left panel: gauge operators measured just after the gauge
change are kept in the syndrome with weight-zero edges between them. Right panel: these
gauge operators are removed from the syndrome and replaced by the superstabiliser value.
Both approaches are equivalent in terms of output as weight-zero edges will prioritise
a matching between gauge operators, as if they formed a single vertex in the matching
graph. Outside the time of a gauge change, all gauge operators must be used in the
matching graph in both cases.

in the matching graph (see Figure 4.3). The latter option is exactly what would
be obtained with a detector-based decoder [147, 149] where no randomisation

nor weight-zero edges are needed.

Adaptive approach. Here, the code deformation happens while the computation
is running, namely we switch from the canonical surface code to a punctured one
protected by the shell protocol. Except at the time of the code deformation, the
syndrome calculation and decoding are the same as in the shell static approach.
The main subtlety thus arises at the time of the code deformation itself. [123]
proposes a general decoder for gauge changes but it supposes that the whole round
of stabiliser measurements before the code deformation is perfect. This allows one
to decode the syndrome before the gauge change, then change gauges, then keep the
computation going in the new gauge and decode again at the end. This hypothesis
is however not suitable to my study as the code deformation happens exactly when
the highest amount of correlated errors is occurring. To circumvent this issue, one
can note that, as the data qubits inside the defect are to be discarded after the code
deformation, they can be measured out in the (|0),|1)) basis. By doing so one can

infer the parity of a given pre-deformation Z stabiliser from the measurement of the



513} 4.3. Results

corresponding lower-weight gauge operator and the data qubits measurements. For
instance, if a pre-deformation Z stabiliser acts on qubits ¢; to ¢4 and ¢; and ¢, are
deemed as defective, then these two are measured out. This results in converting
the original stabiliser into a gauge operator that only acts on g3 and q4. The data
qubits measurement outcomes are multiplied to the gauge operator’s value before
computing the difference syndrome with the original stabiliser. Once the Z gauge
operators have been repeatedly measured (remember that the shell approach is
being used now), one can switch to the X gauge operators (whose measurements

are randomised). The process is now the same as for the static shell approach.

4.3 Results

To verify the performance of my method, I proceeded in several steps. First, I
compared the basic and the shell approaches (as defined in Section 4.2.3) and
explored which approach had better performance at a given finite scale. This
allowed me to decide which one should be used in the adaptive method. With this
knowledge, I was then indeed able to implement the adaptive method; as previously
explained, I distinguish two types of defects: permanent defects identified before
the code is run, solved by a so-called static approach, and defects happening while
the code is running and that one must detect, tackled by the adaptive approach.

In all of the following simulations, I focus on X errors only — this is possible
since the surface code can be regarded as a means to protect against Z and X
errors as two separate (yet interlaced) tasks; for any homogeneous error model,
the performance with respect to Z errors will be identical to the performance
versus X errors. I adopt a simple phenomenological error model where errors are
independent and identically distributed, and afflict data and ancilla qubits with the
same probability p at each time step. When a defect occurs during the computation,
it manifests as an abrupt increase in the phenomenological error rate to ¢ = 0.5
for the affected qubit(s). For simplicity, I assume that these qubits form a square
of side [ centred at a random location of the code. Not more that one defect will

be simulated in this chapter due to the increasing complexity of the decoder in
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the presence of multiple defects. Finally, each data point in the following plots is
obtained from Monte-Carlo simulations with a number of runs ranging between
10,000 and 100,000 (depending on the expected logical error rate). Error bars,

when plotted, show the variance of the sampled data.

4.3.1 Basic vs. shell

An important parameter in the shell approach compared to the basic one is the
number of measurements per shell ng,q, 7.€. the number of rounds for which a
type of gauge operator is measured before changing gauges and measuring the
other type. Figure 4.4 shows how the logical error rate evolves with this parameter
and for various defect sizes. The logical error of the basic approach is plotted in
dashed lines for comparison. One can notice that when the size of the defect is
increased, the shell method starts to outperform the basic one for the right choice
of nghen. There is an optimal choice of this parameter according to the likely defect
size. A too-high rate of gauge switching does not give enough time to infer the
value of the superstabiliser accurately. A rate set too low results in, for example, a
poor capability to temporally localise the end of a chain of phase flip errors that
terminates on the boundary while Z-gauge operators are being measured.

The data shown in Fig. 4.4 allows one to deduce the best-performing method
and the optimal set of parameters: it is favourable to choose the shell approach
for defect sizes [ > 3 with a number of measurements per shell scaling with [. I
thus set nghen = [ in all the subsequent simulations. For this choice of parameters,
I show that the difference between the shell and the basic approaches scales with

the defect size, as one would expect (Figure 4.5).

4.3.2 Qubit overhead for quantum error correction on a
defective lattice

To compensate for the loss of protective power due to the presence of defects, it
will be necessary to increase the number of qubits in the code. However, for the

presented methods to be of practical use, this overhead must be kept as low as
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Figure 4.4: Comparison of the performance of the shell (solid lines) and basic (dashed
lines) approaches over the number of measurements per shell ngpe and for various defect
sizes [ at L = 15 and p = 1.5%.
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Figure 4.5: Comparison of the performance of the shell (solid lines) and basic (dashed
lines) approaches over the size of the code L and for various defect sizes [ at p = 1.5%.
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possible: it is estimated in Fig. 4.6, where the logical error rates of the different
approaches presented in this chapter are compared to the logical error rate achieved
by different sizes of regular surface code. The best form of mitigation strategy, as
determined by the prior results, is applied in each case according to the defect size.

One can first observe that the performances of the static and adaptive approaches
are very close, showing the efficiency of the latter to detect defects in real time. The
divergence for large L stems from imperfect defect detection, specifically setting up
larger shells than necessary around defects — if a qubit far away from the defect
happens to ‘flicker’, due to random noise, it may be included within the inferred
bounds of the defect, hence creating a significantly larger shell than necessary.
Note that this is an artefact of the present simulations where at most one shell
is employed; moreover the effect could certainly be mitigated by the use of more
powerful detection and inference methods that are beyond the scope of this research.

A second observation is that the adaptive surface code still provides an expo-
nential suppression of errors; this was not an obvious outcome given the existence
of a finite period of highly correlated errors between the appearance of the defect
and its detection and subsequent code deformation. Third, one can note that for
any approach, the increase of code size that is necessary to equal the performance
of an ideal surface code is of the order of the defect size, which is expected since

it is the amount by which the code distance is lowered.

4.3.3 Performance of the adaptive surface code

The final step is to specifically analyse the performance of the adaptive approach:
the capability to detect defects in real time via the DBSCAN algorithm, exclude
them from the code, and keep the computation going. The logical error rate is
plotted against the physical error rate p in Fig. 4.7 for different code sizes L. For any
value of p, large codes appear to perform better than small codes: this is because of
the additional burst of errors due to the defect to which small codes are less resilient.

However, in order to examine the existence of a threshold, one must incorporate

an additional crucial factor: smaller codes are also less likely to suffer a defect, given
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Figure 4.6: Logical error rate over L for three different defect sizes, 1 x 1, 3 x 3 and 5 x 5,
with the high-performing protocols for each scenario selected (i.e. simple superstabiliser
for the smallest defect, and the static or adaptive shell approaches otherwise). The dashed
lines respectively correspond to the logical error rate achieved by a regular surface code
of size 15, 17, 19, 21, 23 and 25. In all cases, qubits suffer ‘normal’ phenomenological
noise at 1.5%. The intersection of a dashed line with a solid line gives the enlarged code
size L needed to replicate the performance of the smaller code on a defect-free device.
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Figure 4.7: Logical error rate for the adaptive surface code under phenomenological
noise for a defect of size 3 x 3 (ignoring that larger codes are more likely to be defective).
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their smaller number of qubits. Over the course of a long quantum computation,
the code may be hit by some defects, recover from them so that any required code
deformation can be reversed, and subsequently suffer further defect events. Without
any further assumption on the defects’ nature, it is most reasonable to assume
they occur uniformly in space and time — which is certainly the case for specific
defects too, e.g. cosmic rays. As a result, I will define a constant rate of defects p
per unit space and time, or equivalently, per qubit and per round of stabilisers. If
supposing that defects survive in the code for T rounds, then the effective logical

error over the whole computation will be given by:

Pog = »_(tr) x p(logical error|nges = k) (4.3)
k>0

e—2L2pT(2L2pT)k
(1) = o (4.4)

with (tx) the proportion of the time spent suffering k& defects and nger the number
of defects in the code. This simple probability model assumes that defects are
uniformly distributed in time and mutually independent. In particular, it supposes
that they can overlap. See details of Equations 4.3 and 4.4 in Appendix A.1.

As I simulate at most one defect in this chapter, the conditional probabilities
are evaluated with a simple heuristics deduced from the previous subsection: for
k = 0, a simple threshold calculation is performed for a rotated surface code without
defects; for k = 1, the data from Fig. 4.7 is used; and for k£ > 2, I estimate from
Figure 4.6 that the code distance is lowered by at most 2/ in the presence of a defect
of size [. Focusing on defects of a single size only, I deduce the following rule: the
probability of a logical error in the presence of k defects of size [ in a surface code
of size L is given by the probability of a logical error in the presence of 1 defect of
size [ in a surface code of size L — 2[(k — 1). This assumption is more pessimistic
than reality as defects overlapping actually involve fewer faulty qubits.

Figure 4.8 is obtained from this approach and manifests the existence of a
threshold. The faded lines correspond to no defect (p = 0) and the opaque lines

to a rate of defect nucleation, per qubit and per stabiliser round, of p = 107°.
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Figure 4.8: Opaque lines: threshold plots for the adaptive surface code under
phenomenological noise for p = 107° and 7' = 100 (see main text). Faded lines: threshold
for the non-defective rotated surface code. Inset: zoom around the threshold region.
The dashed arrow represents the evolution of the threshold when the rate of defects is
increased.

For logical qubits of size 21 x 21, this is therefore one defect occurring every 110
stabiliser rounds, or around 8800 defects per second afflicting each logical qubit in
a quantum computer with a 1IMHz stabiliser cycle. The defect survival time T is
set to 100, meaning that, each time a defect occurs, it takes 100 stabiliser cycles to
reset and reintegrate the afflicted physical qubits. This means spending 37% of the
total time with one defect, 16% with two defects and 5% with three: the values of
p and T are hence not particularly conservative. For this value of 7', the chosen
p is also approximately the highest value one can pick for my heuristic model to
apply: as logical error rates are evaluated with a relatively pessimistic rule for two
defects or more (lowering the code size by twice the size of the defect), scenarios
where more than three defects occur must remain quite rare.

In the inset of Fig. 4.8, the black dashed arrow shows the evolution of the
threshold when p is increased (a more detailed plot can be found in Appendix

A.2). It is worth noting that it ranges between 2.7% and 2.9% — the threshold of
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the non-defective rotated surface code: in the presence of defects, the threshold is
lowered but only by a small amount, which confirms the efficiency of my method,

even under fairly pessimistic assumptions.

4.4 Discussion

I have thus established a procedure to deal with defects in the surface code, whether
they are present and detected from the start, like fabrication defects, or occurring
while the code is running, like cosmic ray impacts. This work is hence relevant
to recent experimental studies that identified how damaging this latter kind of
defect can be [135, 141]. The previous section has shown the performance of my
method, in particular with the existence of a threshold that is only slightly lower
than that of the non-defective surface code. A resource analysis also showed that
the qubit overhead needed to overcome the presence of a defect is moderate, only
scaling with the number of defective qubits.

However, my numerical simulations were performed under rather simplistic
assumptions: phenomenological noise model for the lattice and the defect, defects
are square, only one defect at a time can affect the code. These were only assumed
out of simplicity for the numerical implementation, hence I do not expect that
dropping these hypotheses would severely change my results. It would however be
valuable to run further simulations relaxing them. In particular, the value of the
defect rate p was chosen to be the highest my model could tolerate, by guaranteeing
three defects or more remained relatively rare events. Further work could explore
higher defect rates by properly implementing a decoder for multiple defects, without
having to make use of the heuristic rule established in the previous section.

Moreover, the decoding algorithm used in this chapter is MWPM. While this
is the most canonical choice for studies of the surface code, research is today
ongoing to find potentially better decoders [114, 150], i.e. that would run faster,
be scalable to very large codes and work as locally as possible to avoid memory

and bandwidth issues between the quantum device and the classical processor
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responsible for decoding [105, 151, 152]. The present work could thus be improved
by taking these considerations into account and using an efficient local decoder
that would be able to deal with defects.

Finally, since the time this research was undertaken (2022), the problem of error
correction in the presence of defects has attracted a lot of attention, with multiple
improvements showing that defects should not be a bottleneck in the implementation
of fault-tolerant quantum computers in the long run. For instance, Ref. [153] reduces
the impact of defects by minimising the necessary size of a puncture around a defect.
In contrast, Ref. [154] takes a more radical approach and uses mid-cycle stabilisers to
alternate the role of ancilla and data qubits. This allows one to periodically measure
out all the qubits in the code (rather than just the ancillas in the conventional

picture), thereby reducing the entropy increase generated by a potential defect.



Towards early fault tolerance on a 2xN
array of qubits equipped with shuttling

The research presented in this chapter (up to the last section) was conducted jointly
by Armands Strikis, Michael Fogarty and myself and is based on [155]. The idea
that a 2x N array of qubits equipped with shuttling could be used to generate a variety
of quantum codes, as well as the associated framework, came from Armands. [
designed the precise protocols for universal quantum computation on the surface
code, throughout useful brainstorming sessions with Michael. The noise modelling
and subsequent numerical simulations were all generated by myself.

The last section of this chapter concerns a related research paper from Zhenyu
Cai, Simon Benjamin and myself [156]. All fundamental ideas came from Cai
and Simon. My contribution lay in the design of the noise model and subsequent
threshold simulations of the system they advocated for.

All writing below is my own, in places using text verbatim from the manuscripts.
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5.1 Introduction

In the previous chapter, I looked into a later-stage error correction problem: how
to tackle rare but large-scale defects. The perspective I took in that chapter
was quite abstract as it did not assume anything about the underlying physics
of qubits composing the code. Furthermore, the protocols I designed should not
be relevant before error correcting codes reach a more mature stage where these
rare defects become limiting. In the present chapter, I take a step back and focus
on a practical problem of current high relevance: simplifying the requirements
of QEC codes at the device level.

As teams around the world are starting to build the very first error correcting
codes, one obstacle they are facing lies in the complexity of building architectures
requiring the entanglement of a very large number of qubits and the repeated

measurement of a considerable number of stabilisers. To facilitate their physical
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implementation, practical constraints are often integrated in the code design, such
as locality of the interactions and planar structure of the code. The main example
of error correcting code respecting these constraints is the surface code [74, 76],
and its high threshold — that is the maximum error rate the code can tolerate to
exponentially reduce errors — makes it one of the best candidates for achieving fault
tolerance. However, more general quantum low-density parity-check codes have been
constructed and demonstrate better performance in finite-size simulations [95, 112,
157-160]. Although these codes seem more challenging to realise experimentally due
to their long-range interactions, they have the potential to considerably lower the
qubit overhead due to their higher rate, 7.e. the number of encoded logical qubits
per physical qubit, and better distance scaling. Consequently, further research has
been undertaken to demonstrate the experimental viability of such complex codes,
and suggested solutions for the implementation of their long-range connections,
either by swapping [161] or displacing the qubits [93, 156, 160].

It may seem natural to assume the use of fully 2D architectures to embed such
codes, possibly with augmentations to enable some longer-range interactions (as
in, e.g., [112]). However, such complex devices might not be available for some
time; their first fault tolerant iteration may be more limited. For example, the
size of an array realised on a quantum chip might be constrained in one direction.
This motivated research towards the feasibility of 1D or quasi-1D error correction
[162, 163]. Implementing 2D codes in this kind of devices can theoretically be
solved by extending the length of the interactions, thereby increasing the non-
locality of the operations. Albeit challenging, this can however be tackled in the
same way as long-range interactions in the aforementioned qLDPC codes, i.e. by
swapping or displacing the qubits.

In this chapter, I study the feasibility of quantum error correction in the most
constrained experimental setup beyond 1D: a 2xN array of qubits. Long-range
interactions are implemented by assuming that the qubits can be collectively
shuttled along one of the two lines of the array. Several qubit platforms have

been shown to be suitable to implement such an operation with high fidelity,
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including atom arrays [93] or ion traps [164], but spins qubits [36] may be the most
promising one for also implementing the proposed 2xN array. First, I detail a
precise framework established by my co-author Armands Strikis to determine the
classes of codes that can be efficiently implemented in our device. This study is then
applied to two specific examples: the surface code and higher-rate qLDPC codes.
Regarding the surface code, I demonstrate that universal quantum computation
is possible in a practical setup based on silicon spin qubits, despite the additional
experimental constraints that the geometry entails. With the help of numerical
simulations accounting for additional shuttling errors, I estimate a resource cost
that is moderate enough to run meaningful quantum algorithms in the classically
intractable regime. As for higher-rate qLDPC codes, I evaluate their performance
under the noise processes that are anticipated for relevant devices, and demonstrate
that despite their complexity they do give an advantage over the surface code in
a noise domain that is practically achievable.

For simplicity this analysis assumes a strictly 2xN array. In practice, given the
long device length that would be required for meaningful post-classical tasks, it is
reasonable to assume that a real device could incorporate a plurality of junctions
— thus the overall geometry would be a lattice formed of long 2xN sections. The
processes I analyse in this chapter would then occur along each long section, while
the overall algorithm would benefit from the additional routing advantages of
the lattice. I investigated this possibility in a recent research paper that was
produced outside the scope of my PhD [165]. It will be further described in the

Discussion section of this chapter.

5.2 Framework for finding codes within device
restrictions

In this section, I present the framework introduced by my co-author Armands

Strikis to describe codes that naturally embed in the 2xN architecture.
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5.2.1 Architecture

In all the following, we assume that the device is composed of two parallel rails of
evenly-spaced qubits, and that nearest-neighbour qubits from separate rails can
interact through operations such as controlled-Z or controlled-X gates. Further
interactions could evidently be supported, e.g. nearest-neighbour interactions
between same-rail qubits, but these would induce an increased manufacturing
complexity that will not be required.

In order to increase the connectivity of the device, we make use of a key
additional ingredient: shuttling. More specifically, we assume that qubits from the
top rail can collectively and synchronously be shuttled with respect to the bottom
rail, in one direction or the other. After such shuttling event, different pairs of
qubits will be facing each other and will be able to interact, thereby increasing
the connectivity of the device. Note that shuttling the top row is sufficient as only
the respective position of the top qubits compared to the bottom qubits matters.
With the above assumptions, the generated connectivity graph of the device is
thus bipartite as qubits from the top rail can only interact with qubits from the
bottom rail. Moreover, any interaction can be implemented between the top and
the bottom rows if accepting potentially long shuttles.

This piece of knowledge informs the placement of the data and ancilla qubits
in the device. In a quantum error correcting code, data qubits need not interact:
the stabilisers can always be measured by entangling the ancilla qubits to the data
qubits. It is therefore natural to place all data qubits in, say, the top (moving)
rail and the ancilla qubits in the bottom (static) rail. All device characteristics

are summarised in Fig. 5.1.

5.2.2 Framework

Given the device description of the previous section, it appears that any quantum
error correcting can theoretically be implemented, as any data qubit can be shuttled
to the site opposite to any ancilla qubit, thereby enabling their interaction. It is

nonetheless evident that most codes implemented this way would prove particularly



70 5.2. Framework for finding codes within device restrictions

Figure 5.1: Representation of the 2xN architecture. The device is characterised by two
parallel rails of evenly-spaced qubits (gray circles with gray disks inside). Adjacent qubits
from different rails are allowed to interact via two-qubit gate operations (red vertical lines
with disks on their ends). Finally, the qubits of the first row are allowed to shuttle along
their rail (green arrows). Some empty locations are kept at the end of the device to leave
space for the qubits to shuttle (empty gray circle).

disadvantageous as they might require many shuttles, that could potentially be
device-long. As shuttling is an operation that is both finite-time and prone to
errors, one would ideally want to minimise the total shuttling distance and the
number of shuttles per stabiliser cycle. These two quantities will be the measures
of the suitability of a given code to our architecture.

Thus, in order to understand what classes of codes naturally embed in the 2xN
architecture, let us write down the biadjacency matrix of the qubit connectivity
graph generated after a given sequence of shuttling operations. Let us assume
that both rails have the same number N of qubits and that the i-th data qubit
faces the i-th ancilla qubit (i € [1, N]). The initial biadjacency matrix is thus
Hy = diag(1, ..., 1). Now suppose that the data qubit row is shuttled by m increments
to the right: then the new biadjacency matrix H,, has a diagonal of 1’s that is
m increments to the left with respect to the main diagonal. The same applies
when shuttling data qubits to the left, with a matrix H_,, with a diagonal of 1’s
shifted to the right. For instance, shuttling the data qubits 1 increment to the

left leads to the following transformation:

100 ...0 010 ...0
010 ...0 001 ...0
Ho=10 0 1 ... 0| shuttle H., = |: :
L - 000 1

000 1 000 0
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The total biadjacency matrix of the code after a sequence of shuttling events is
thus given by a sum of the above H;’s. Using the two criteria identified above —
number and length of shuttles — lowest-noise circuits are generated from biadjacency
matrices with few non-trivial diagonals, that must additionally be located close to
the main diagonal. Note that this description does not account for gate ordering
for now. Besides, diagonals are not periodic here (the bottom-left element of H_;
is not a 1). Finally, diagonals may be incomplete typically if some operations

are not required. For instance,

000O01 01101
1 0000 00110
H=]0 100 0| and H=|1 1 0 1 0
00100 01100
00010 00010

have two and five non-trivial diagonals respectively.

This formalism makes it very convenient to read the complexity of the imple-
mentation of a given stabiliser circuit. To do so, it is appropriate to use the parity
check matrix formalism described in Chapter 3. Besides, I will exclusively focus on
CSS codes here although the discussion could be extended to further code classes.
Instead of writing a parity check matrix with 2n columns (with n the number of data
qubits) as in Eq. 3.2, Armands Strikis decided to use an alternative representation
and write the parity check matrix as an n x n matrix, where each non-trivial row
represents either an X or a Z stabiliser. As stabiliser codes typically have less
ancilla than data qubits, certain dots of the bottom rail are kept empty, and are
represented by a null row in the parity check matrix. With this representation, parity
check matrices have the same structure as the previously described biadjacency
matrices, where a 1 at row ¢ and column j accounts for an interaction between
a data and an ancilla qubits. This gives a necessary condition for a code to be
efficiently-implementable on the proposed platform. Indeed, as explained before,
suitable codes must be implementable in few short shuttles: the corresponding
parity check matrix (or equivalently biadjacency matrix) must therefore contain

few diagonals and these must be located close to the main diagonal. Note that the
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indexation of the ancilla and data qubits can be reworked (or equivalently rows
and columns of the parity check matrix can be swapped) so as to minimise the
number of diagonals. See the next section for examples.

The above description however disregards gate ordering, which is a highly
important matter in a stabiliser circuit. First X and Z stabilisers are implemented
via CZ or CNOT gates that do nmot commute. Second even when respecting
commutation rules certain gate orderings are more efficient than others. For instance,
in any CSS code, all Z stabilisers can be implemented before all X stabilisers, but
this incurs an increase of the stabiliser cycle time and subsequently of idling errors.
In our specific architecture, this also increases (at most doubles) the number of
shuttles and total shuttling distance, compared to a version of the stabiliser circuit
where X and Z stabilisers are interleaved. Finally, the gate ordering impacts the
output logical error rate, as a suboptimal ordering choice can be the cause of
distance-reducing hook errors. All these mechanisms are thus highly important
and to be considered separately when analysing the implementability of a stabiliser
circuit. However, for general CSS codes (outside the surface code) the performance
will be evaluated using the ‘Z then X’ gate ordering for simplicity.

In order to find suitable codes, the procedure Armands Strikis and I adopted is
thus the following: look for high-performance codes whose parity check matrices
either contain a small number of diagonals, or for which all diagonals are located
close to the main diagonal. These conditions guarantee that the stabiliser circuit
can be implemented either with few shuttles, or that all shuttles will be short.
Typically, we consider that short shuttles have a length scaling as O(y/n) and
that a low number of shuttles is O(1). The latter choice was made as a lower
bound for the number of shuttles is the weight of the code’s stabilisers, which is
O(1) for qLDPC codes. As for the shuttling distance, it is related to the locality
of the operations of the code: when linearising a 2D code, say, along its rows,
nearest-neighbour qubits within the same column become separated by a distance
[, where [ is the length of the rows and | = O(y/n). Examples satisfying one of

the conditions, or both, are presented in the next section.
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Figure 5.2: Three-way mapping for the rotated surface code. (a) The canonical 2D
layout, (b) its parity check matrix with an additional trivial stabiliser and (c) a schematic
for the layout on a 2xN architecture. Here, red/green colours indicate X/Z stabilisers
respectively.

5.2.3 Code examples

Surface code

The first code my co-author and I proved to be efficiently embeddable in the 2xN
architecture is the rotated surface code. As this code uses weight-four stabilisers,
the parity check matrix must contain at least four diagonals. In fact, a clever choice
of indexation of the stabilisers renders a parity check matrix with exactly four
diagonals. A three-way mapping of the 3 x 3 rotated surface code is presented in
Fig. 5.2. Note again that this neglects any gate ordering that should be chosen to
minimise stabiliser cycle time and avoid hook errors. I however verified in Appendix
B.1 that measuring the diagonals of Fig. 5.2(b) in the order 1-4-2-3 (where the
diagonals are indexed from left to right) guarantees a minimum number of shuttles,
a minimum shuttling distance and no distance-reducing hook errors. The rotated
surface code thus satisfies both conditions of few and short shuttles, with 4 shuttles

per stabiliser cycle, whose length scales with d = /n.
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Hyper-graph product codes

Another interesting code class Armands and I came up with is hypergraph product
codes (HGP), whose seed codes are a repetition code and a classical LDPC code.
The surface code is a special case of them, where the classical LDPC code is
another repetition code.

To understand this, let us lay such codes on a 2D plane and suppose that
shuttling is performed in the horizontal direction. Let us additionally assume that
the classical LDPC code is placed in the direction of shuttling, and the repetition
code in the orthogonal direction. For simplicity, let us also suppose that both
codes have distance d. It follows that vertical interactions have length at most 1
in the 2D grid (length of the repetition code’s interactions), which translates into
length d in the linearised 2xN architecture. Therefore, any ancilla qubit has to
interact with data qubits that are at most d increments away, and compared to the
surface code, the shuttling distance is not increased. Rather, the only difference
with the latter is that the data qubit row has to stop more often, as stabilisers
may have higher weights, but also as it may not be possible to synchronise the
interactions as much as for the surface code (adopting the framework described
before, the code’s check matrix has more non-zero diagonals).

Armands formalised this as follows: let A be the (n — 1) X n parity check

matrix of a repetition code

oo
[ Qi S—
_ o
—_ o O

and B to be a sparse [ X k matrix representing some classical LDPC code. Then

the HGP code of A and B has parity check matrices

Hy = (A @I, 1, ® BT)

Hy=(I,® B,AT@1,),
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where [, is an identity matrix of size m x m. By cleverly rearranging the rows
and columns of the total parity check matrix H (i.e. by the re-indexing the data

and ancilla qubits), one can obtain

B I, 0 0 0
I, BT I, 0 0
0O L, B I O
0 0 I, BT I
0O 0 0 I, B I
0 0 0 0 I, BT T,

o O OO
S OO OO

whose non-trivial diagonals are at most O(y/n) data qubits apart from the main
diagonal. The number of diagonals however is suboptimal and scales as O(y/n).
Therefore, implementing such a HGP code comes at the cost of increased stabiliser
cycle time and increased idling noise (but not increased shuttling noise). This
additional noise can be compensated for if a good classical code is chosen for the
product with the repetition code, as a higher-rate quantum code will be generated,

thereby reducing the qubit overhead.

Generalised bicycle codes

Finally, one may naturally try to consider codes satisfying the opposite condition
compared to HGP codes, i.e. with stabilisers implemented in a few shuttles but
potentially long-distance. One code family that Armands identified to satisfy these
criteria is generalised bicycle codes, which I described in Section 3.3.2. These
codes are characterised by X and Z check matrices made from circulant matrices,

i.e. of the form

ay a1 aQ-_—o ... Qai

aq Qo a1 ... Qa9
C=1]a aq ap as ,

as (05} aq ... Qg

where a; € F5. These codes are thus particularly suitable as the number of diagonals
is directly given by the number of non-trivial a;’s. Sparse circulant matrices hence

guarantee a low number of shuttles. Besides, [95] showed that codes constructed



76 5.8. Unidversal quantum computation on a spin-qubit surface code

from such sparse circulant matrices were particularly powerful, making them a
natural candidate for our proposed scheme. The length of the shuttles is however

not restricted and may scale with n.

5.3 Universal quantum computation on a spin-
qubit surface code

The previous section discussed how to embed an individual code block on a 2xN
device by taking advantage of shuttling. This is only the first step towards the
implementation of a fully functional quantum computer, as we still need to discuss
how operations between logical qubits can be implemented despite the strong
architectural constraints. In this section, I will demonstrate that universal quantum
computation is indeed possible when embedding surface-code-like error correcting
codes in a 2 X N device equipped with shuttling. In order to ensure that our
proposition is practical from the experimental point of view, I will focus on a
silicon spin qubit device. Shuttling has been demonstrated to be implementable
at high fidelity on such a platform [34, 35]. This motivates the introduction of

additional constraints discussed below.

5.3.1 Silicon spin qubits

As detailed in Chapter 2, electron spins in silicon quantum dots (QDs) are a promis-
ing physical platform to perform quantum computing. While silicon architectures
are expected to eventually provide dense two-dimensional grids of qubits [52, 53],
early silicon quantum processor designs are particularly interesting since they could
meet the requirements for the implementation of the protocol described in this
chapter. These are (i) a bilinear qubit topology and (i7) information shuttling.
Both these criteria have been met experimentally: devices with 2xN arrays of
QDs have been demonstrated [166]; and information transfer has been achieved
using spin shuttling techniques in the form of bucket brigade [34] or conveyor belt
approaches [35]. As explained in Section 2.2.5, I will solely focus on the conveyor

belt approach in this thesis, as it naturally allows for the collective and synchronous



5. Towards early fault tolerance on a 2x N array of qubits equipped with shuttlinf7

shuttling of the electrons, which is the desired mode of shuttling here. Besides, this
approach requires a moderate engineering complexity as only three or four distinct
voltages must be sent to generate the moving potential.

There is of course a natural set of gates that one can directly implement with
a class of silicon spin qubit device (here we assume single-spin representations of
qubits). More precisely, local phase rotations [167] and two-qubit operations such
as C-Phase gates [168] have been shown. However, general single-qubit rotations
can be more challenging to localise, and may be more naturally realised on a wide
scale, via the interaction of the spins with a global oscillatory field [28]. Alternative
solutions for improved qubit addressability will be presented in Chapter 6.

For the present analysis, we will require only a modest refinement of unconditionally-
global Hadamard gates. It will suffice to apply the operation to the entirety of one of
the two linear arrays of the processor. This partial global, or ‘semi-global’ operation
could be implemented in silicon devices using frequency engineering, for example
by placing a micromagnet next to the array [169] or by using magnetic materials
in the gate stack on one side of the array [170]. Such approaches could create a
frequency difference between the two linear arrays that can be selectively addressed
with known electron spin resonance techniques [171]. A schematic implementation
of such frequency difference between the two lines of the array is pictured in
Fig. 5.3, via the use of a micromagnet. Operating at a global magnetic field
By = 1.4T, one can expect the g-factor dispersion in the device to be around
Af =60MHz [172]. In order to sufficiently separate the frequencies of both lines of
the array, one could therefore set the micromagnet-induced magnetic field difference
to AB = 5hAf/gup = 10mT. Here h is Planck’s constant, g = 2 is the electron’s
Landé factor and pp is Bohr’s magneton. Given a spacing of 100nm between
the lines, this would mean a gradient of 0.1mT /nm, which is comfortably below
demonstrated gradients, around 0.8mT/nm [173].

In our setup, the first and second one-dimensional arrays contain the data
and ancilla qubits respectively, and the processor is subject to a magnetic field to

polarise the spins. Each data qubit is encoded by a single quantum dot, initialised
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Figure 5.3: Schematic representation of a device where the g-factors in the first row
are all higher than the g-factors in the second row. The green rectangle represents the
source and drain, while the red and blue ones respectively represent the gates confining
the electrons and the micromagnet. Two field lines are additionally drawn, showing
the difference in magnetic field between both rows of the 2xN array. This is in turn
responsible for a difference in Zeeman splitting, which can be utilised to selectively target
either the spins of the first row or those of the second row.

in the |0) state (spin down) at the beginning of the computation. On the contrary,
each ancilla qubit is encoded by two electrons in a singlet or triplet state. This is
consistent with established techniques for preparation and measurement: at the
start of each stabiliser cycle, the ancilla qubits are initialised in the singlet state
by first applying a differential gate potential between QDs to produce an energy
detuning that will relax the system in the singlet (02) [or (20)] state, followed by a
ramp to the singlet (11) state (adiabatic with respect to the singlet anticrossing and
diabatic with respect to the singlet-triplet anticrossing). At the end of the cycle,
the stabiliser is measured by projecting the pair of spins to one of the QQDs which,
through Pauli spin blockade, reveals a different measurement outcome for singlet or
triplet states [174, 175]. This is similar to the picture described in Section 2.2.2
but with singlet-triplet qubits instead of single-spin qubits. Finally, note that this
choice of singlet-triplets requires the occupation of two quantum dots per ancilla
qubit. Besides, measurement apparatuses cannot be included in the data row as

they would block the shuttling, hence can only exist in the ancilla row. For these
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reasons, the ancilla row has to be denser than the data row. This additional space
between data qubits is not going to waste as it can be used to fit in the three or

four clavier gates per electron required by the conveyor-belt mode of shuttling.

5.3.2 Logical gates and qubit layout

One of the major constraints discussed above is the absence of local single-qubit
gates (apart from phase gates which can be performed virtually [176]). As such, if
one wants to implement, say, a logical X gate on a given logical qubit, applying
transversal X gates on the corresponding surface code would not meet our con-
straints, as these gates would have to be applied on all data qubits in the device,
thereby implementing a global logical X. Local transversal single-logical-qubit gates
are thus not permitted in our device (apart from Z gates). This motivates the choice
of a protocol that would not make use of such transversal gates, but rather, of lattice
surgery only. Indeed, this operation can be made local as our device does feature
selective C'Z gates. One such approach is described in [90, 124] (and in Section
3.4.3): using Clifford+7" as a universal gate set, these papers show that Clifford
gates can be commuted through 7' gates and incorporated in later measurements,
thereby only leaving multi-qubit Pauli measurements and multi-qubit 7/8 rotations
to implement (Fig. 3.8). These rotations can in turn be performed by consuming
a magic state through additional multi-qubit measurements. This protocol thus
removes the necessity to implement local Clifford gates that are impractical in our
device. However, it comes at the cost of complexified measurements which require
a modified lattice surgery protocol. Importantly, while one does need to measure
more exotic stabilisers (which I will show are implementable within the given
constraints), the multi-qubit logical measurements still run in O(d) rounds. In this
sense, the adoption of this scheme is particularly well-suited to architectures that
heavily rely on lattice surgery as it minimises the number of required operations
(it would not necessarily be the case for architectures where transversal gates
are easy to implement). As for the magic state, it can be prepared via state

injection and subsequent magic state distillation. The latter only requires the
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implementation of logical CNOTs, which can equally be performed via lattice
surgery. Using this scheme, the remaining operations our device must be able to
implement for universal quantum computation are thus: (i) stabiliser measurements,
(74) all variants of lattice surgery as described in [124] and (iii) state injection.
An implementation of these three components within our architectural limitations
is described in Section 5.3.3 and 5.3.4.

Before discussing the circuit-level implementation of these elements, it is first
relevant to discuss the layout that I decided to adopt for the logical qubits, as
this will have an impact on the ordering of the gates in each circuit (e.g. to
avoid distance-reducing hook errors).

In order to embed an n x m grid of d x d tiles of data qubits (as in [90]) in a 2xN
device, one must slice the whole grid, say, in the vertical direction. If we assume for
now that each tile represents exactly one surface code, this means two consecutive
data qubits within a row of a given patch are now separated by nd data qubits rather
than d. The consequence is shuttle operations that are n times longer such that
these two qubits can participate in the same stabiliser measurement. As shuttling
is prone to errors, one way to minimise such long shuttles while permitting full
quantum computation is to set n = 2 and consider a 2 x m grid of tiles, where the
logical information would only be stored in the first row of the grid (region A), while
the second row (region B) would serve as a logical ancilla bus used for long-range
interactions between the logical qubits of region A (Fig. 5.4). Additionally, a magic
state factory is included at the right end of the device. In order to enable all types
of interactions between the logical qubits of region A, both their logical X and Z
operators should be adjacent to region B. This motivates the use of wide qubits as
in Fig. 5.4, on top of an ancilla bus that can be initialised differently depending on
the desired operation. The slicing is performed in the vertical direction, meaning
that the first row of the 2xN device will contain an alternation of d data qubits
from region A and d data qubits from region B. In order to entangle physical data

qubits of consecutive columns with a physical ancilla qubit, one must therefore
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[ n=2

A B A B

Figure 5.4: Qubit layout for universal quantum computation on the 2xN architecture.
We choose to arrange the logical qubits on a grid of n x m square tiles of size d x d, where
d is the code distance [90]. We set n = 2 to minimise the shuttling distance. X and Z
stabilisers are respectively represented with red and green squares or half-disks. The
direction of shuttling is indicated by the vertical dark gray arrows. The top half (region A)
contains the logical qubits storing the logical information, while the bottom half (region
B) is a logical ancilla bus that can be used to perform long-range interactions between the
logical qubits. Each logical qubit is a rectangular patch of surface code, whose X and Z
logical operators are represented by red and green lines. Both these logical operators are
adjacent to region B, so that they can interact with the logical ancilla. In this example,
the ancilla is initialised so as to measure the operator Y7 ® Zs ® X3 with three lattice
surgeries, represented with the blue boxes (see Fig. 44 of [90] for more details). Below, the
portion of the layout corresponding to the qubits along the arrows is linearised, showing
the alternation of regions A and B in the 2x N architecture.

shuttle by roughly 2d increments in one direction, and the same distance back

(instead of d in the case of a single encoded surface code).

5.3.3 Stabilisers implementation

Gate ordering

The next step is to ensure that our three building blocks needed for fault tolerant

quantum computation — stabiliser measurements, modified lattice surgery and state
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Figure 5.5: Gate ordering enabling one to measure X and Z stabilisers in an interleaved
(but staggered) fashion. While X stabilisers perform steps 5 and 6, Z stabilisers undergo
steps 1 and 2 again, and so on. The distance between data qubits (in terms of number of
quantum dots) is indicated. This sequencing guarantees a minimum shuttling distance, a
minimum number of shuttles and no distance-reducing hook errors.

injection — can indeed be implemented within our constraints. Before giving explicit
circuits or procedures implementing these operations, one must first determine the
order in which data qubits must be entangled within a given stabiliser measurement.
This is an important matter as a suboptimal choice of ordering can lead to hook
errors which effectively reduce the distance of the code. Additionally, a proper
sequencing can help reduce the stabiliser circuit depth, number of shuttles and
shuttling distance by interleaving the gates of the X and Z stabilisers. I verify in
Appendix B.1 that the gate ordering depicted in Fig. 5.5 (i) does not create any
hook error; (ii) allows one to interleave the gates of the X and Z stabilisers; (ii7) is
nearly optimal in terms of the number of shuttles and total shuttling distance.
In the case of modified lattice surgery however, the question of interleaving the
dislocations and twists (see next section) with the regular stabilisers is much more
complex. Not doing so is always an option, however, that comes at the cost of
additional shuttles, and leaves some qubits idle while others are being measured.

We leave a study similar to Fig. 16 of [124] to further research.

Stabiliser circuits with singlet-triplet ancilla qubits

Given the silicon spin platform which we are principally considering, we take it that

the preferred embodiment of an ancilla qubit is via two spins, with measurement
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occurring by differentiating between singlet and triplet states. After the ancilla is
initialised in the singlet state, if there are an odd number of errors affecting the data
qubits then the ancilla should transform to a triplet state, while an even number
of data qubit errors should leave it in the singlet state. A Pauli spin blockade
measurement then allows one to extract the value of the stabiliser.

Fig. 5.6 gives a circuit implementation of all types of stabilisers involved
in regular error correction as well as lattice surgery, using C'Z gates and semi-
global Hadamards only (i.e. affecting all data qubits at the same time). These
stabilisers fall into four categories: regular X stabilisers, regular Z stabilisers,
dislocations (stabiliser checks involving both X and Z) and twists (stabiliser checks
involving X, Z and Y). The two latter appear in the modified lattice surgery
protocols of [90] when X and Z boundaries are facing (rather than both X or
both Z in the conventional lattice surgery picture). Omne can check that, with
this implementation, an error on a data qubit always transforms the singlet state
|S) = (|01) — |10))//2 into the triplet state |T) = (|01) 4 |10))/+/2. This would
not be the case if using CNOTs for the Z stabilisers (with data qubits as controls
and one ancilla line as target), as it would transform a singlet state into a different
triplet state |7") = (|00) — [11))/v/2.

This proves crucial when implementing dislocations and twists. Indeed, as an
example, let us consider the measurement of the dislocation operator X Z on data
qubits in the |—) ® |1) state. This should lead to the final measurement of a singlet
state. Let us first assume that the Z parity measurement is implemented with a
CNOT targeting one qubit of the ancilla pair (rather than a C'Z as in Fig. 5.6).

The quantum state of the data/ancilla system evolves as follows:

=) 1) (J01) = [10))/v2 — =) [1) (J01) + [10))/v/2
— [=) 1) (111) + [00)) /v/2

The final ancilla state is a triplet — this implementation gives the wrong measure-

ment outcome. Let us now assume that the Z parity measurement is implemented
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with a C'Z gate, as prescribed in Fig. 5.6. This time, the quantum state of the

data/ancilla system transforms as follows:

=) [1) (J01) = [10))/V2 — =) [1) (J01) + [10))/v/2
— [=) 1) (01) — [10))/v2

The ancilla state is thus back to the singlet state, which is the correct behaviour.
The twist measurement can be implemented in a similar way as the dislocation.
Also, the presence of the S and ST gates is not problematic as these are phase

gates, which can be implemented locally.

Full circuit

The two previous sections respectively addressed the questions of gate ordering and
individual implementation of all types of stabilisers. The last step is now to give a
protocol to combine these two elements and obtain the full circuit implementation
of a stabiliser cycle. At a given time step, the qubits are scheduled to undergo
one of the following operations: shuttling; initialisation or measurement; or single-
or two-qubit gates. In the latter case, gates can be separated in two sets: gates
used for Z parity measurement (single C'Z’s) (set 1) and gates used for X parity
measurement (H-CZ-H sequence) (set 2). We include the Y parity measurement
of the twist in set 2 as the S gates can be implemented locally and are thus not
problematic. The idea is then simply to perform these two sets of gates one after
the other, and the undesired Hadamards will simplify. Note that the same technique
was already used in Fig. 5.6. Additionally, by following the order ‘set 1 - set 2 - set
2 - set 1’ over two consecutive rounds of stabiliser measurements, one can further
halve the number of Hadamards. This protocol is illustrated in Fig. 5.7 in the
case of no dislocations or twists (but the same idea would apply if they had to be

measured too). Gate set 1 is represented in green and gate set 2 in red.



5. Towards early fault tolerance on a 2x N array of qubits equipped with shuttlinH

data 1 data 1

(a) Z stabiliser (b) X stabiliser

%
5

data 1

=] [=] [&
ERERE

]

data

7

(c) Dislocation (d) Twist

Figure 5.6: Circuit implementation of all kinds of stabilisers needed for regular error
correction and modified lattice surgery [124], using a singlet-triplet ancilla qubit. This
implementation also respects a semi-global implementation of Hadamard gates, meaning
that they are globally applied on all data qubits. The light gray Hadamards are only
included for this purpose and cancel each other.
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Figure 5.7: Circuit implementation of a cycle of X and Z stabilisers over one unit cell
of the code. This implementation respects both the ordering avoiding hook errors, and
makes use of semi-global Hadamard gates only. The a/b indexation for the data qubits is
chosen so as to respect the periodicity of the lattice. The numbers (1 to 4 for X, 1’ to 4’
for Z) indicate the order in which gates should be implemented to avoid hook errors.
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5.3.4 State injection

So far, I have shown how to implement all stabilisers involved in regular error
correction as well as lattice surgery on the gate level. The final ingredient needed
to enable universal quantum computation is state injection. The first step is to
determine which logical states one would want to initialise.

The first one is the ancilla state used for multi-qubit measurements. Let us
denote P; (resp. Piancina) the Pauli operators applied to the i-th logical data
(resp. ancilla) qubit. For the logical measurement of P, ® ... ® P,, Fig. 44 of [90]
prescribes the initialisation of the mediating logical ancilla in the |[+)®"" state,
and measurement of the operators Z; sneine ® FP; via lattice surgery. In our case,
as we can directly prepare |0) states only, preparing |+) states would require the
application of an additional Hadamard. Therefore, it is simplest to initialise the
logical ancilla in the ]0>®"_1 state and measure X; sneie @ P; instead, which is
strictly equivalent. Besides, as explained in [90], the ancilla is insensitive to Z
errors, as it is prepared in Z eigenstates. This is particularly handy for us as
our code is more prone to Z errors as a result of shuttling (whose precise noise
model will be studied in the next section).

The second logical state one would want to prepare is the magic state |m) =
(|0Y4-e™/411)) /+/2. To do so, I use a modified version of [121, 122]. The main obstacle
in the direct implementation of these protocols on our device is the restriction on
single-qubit gates. In particular, we cannot prepare a |+) state without applying a
global Hadamard. Yet, these schemes require the preparation of the data qubits
in both the |0) and |+) states. This issue can be circumvented by staggering the
initialisation of the data qubits. More concretely, one would first prepare all qubits
that should be initialised in the |+) state, as well as the physical magic state, in the
|0) state. A global Hadamard is then applied, bringing all these qubits to the |+)
state. Then a local phase gate can be applied on the physical magic state, thereby
preparing it in the |m) state. All remaining qubits can then be prepared in the |0)

state, and the state injection procedure of [121, 122] can be performed normally.
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One important thing to note however is that whenever a global Hadamard is
applied, it does not just target the patch of surface code one intends to prepare,
but also all other data qubits in the device. As a result, a transversal H gate
is applied to all logical qubits in the middle of the quantum computation. This
results in the application of logical Hadamards, as well as the permutation of the
X and Z stabilisers of each surface code. While this could seem problematic,
these additional Hadamards can easily be undone by the application of another
logical Hadamard on all qubits. This is no different than any other Clifford gate
in the circuit and can thus be performed virtually, by changing the basis of the
following gates and measurements.

Once a magic state has been injected into a surface code, it can be distilled
via standard magic state distillation ¢.e. the 15-to-1 protocol. This protocol only

requires logical CNOT gates, which can be implemented via lattice surgery.

5.3.5 Performance simulations under realistic noise

In the previous sections, I showed that universal error correction is possible from
a theoretical point of view on a 2xN spin-qubit device with strong constraints,
such as the access to semi-global single-qubit gates only (apart from phase gates).
In the following, I argue that our proposition is also practical, i.e. that the
required physical error rates and resource requirements for such a device are not

experimentally out of reach.

Noise model

Let me first discuss the noise model I adopt to estimate the performance of our
system. The main ingredient we extensively make use of here and that requires
modelling is shuttling. When an electron is shuttled, its g-factor varies due to
inhomogeneities in the device, which induces unwanted phase rotations in the
laboratory reference frame. Systematic rotations can be calibrated away, so that we
are effectively describing an electron in a shuttled reference frame [36, 177, 178].

When the phase is not exactly cancelled out owing to incorrect calibration, one can
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expect the data qubits of the device to each undergo some small coherent rotation
(remember that only data qubits are shuttled). As coherent errors are difficult to
simulate classically and potentially more harmful than stochastic errors, twirling is
generally used to transform them into Pauli errors [60]. However, this method is
unfortunately not fully permitted in our device as some of the single-qubit gates
can only be implemented semi-globally. As such, the only natural candidate for
a twirling gate set tailored to phase rotations and respecting our constraints is
W ={[,X;®..®X,} (with I the identity gate, X; the Pauli X gate on data
qubit ¢ and n the number of data qubits). Nonetheless, one can easily see that
a Pauli Z error on an even number of data qubits commutes with both gates
of W and will thus not be extracted from the coherent phase rotations by the
twirling gates (another, more mathematical justification can be obtained by using
Eq. 7 of [179]). Therefore, only odd-order errors (i.e. Pauli Z errors affecting
an odd number of qubits) will correctly be twirled. If this poses some difficulties
for the exact simulation of our system, it should however not be fatal in terms
of performance, as the logical-level noise has been shown to behave similarly for
coherent and random errors in large enough surface codes [58].

Therefore, even though the twirling process is not perfect, I will still approximate
the remaining errors by some random dephasing of probability p,, for simulation
purposes, which is correct up to first order (as second-order Z errors are not correctly
twirled). pg, here represents the probability that a given data qubit is affected by a
Pauli Z error somewhere within a given stabiliser cycle. To first order it is therefore
the sum of four contributions, corresponding to the four shuttles that are carried
out within a cycle. Ignoring non-adiabatic effects for now, Eq. 4 of [36] shows that
the probability of a dephasing error §¢2/2 for one shuttle follows:

L
(vT3)?

5 /2 =2 (5.1)

with L, the shuttling distance, v the shuttling speed, T3 the characteristic dephasing
time experienced by stationary spins and [. the coherence length of the dephasing

noise due to shuttling. The latter arises from imperfect calibration of the dynamic
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reference frame used to absorb coherent rotations happening when electrons are
shuttled. These calibrations errors stem from uncontrolled fluctuations caused by
slow nuclear dynamics due to dipolar interaction or low-frequency 1/f charge noise
affecting the spins’ g-factors. Now summing the contributions of the four shuttles

happening during a stabiliser cycle, one gets:

lc X 4dldd

where [44 is the spacing between two data qubits. The total shuttling distance over
a whole stabiliser cycle is roughly 4dly, as we need to shuttle by 2d increments
and back (remember that we are interleaving logical data qubits and logical ancilla
qubits, both of them of distance d, see Fig. 5.4).

Nonetheless, the above analysis would not be complete if I did not consider
dominant non-adiabatic effects. The lowest energy splitting in silicon quantum
dots is the valley splitting Ey g, which corresponds to the gap between the two
out-of-plane conduction bands (or valleys). These two valley states are additionally
characterised by distinct g-factors [38]. Consequently, an electron in the excited
valley state, as opposed to the expected ground valley state, will precess at an
unknown frequency, leading to unwanted phase rotations (see Section 2.2.6). One
can estimate the amount of non-adiabaticity as follows: FEyg typically ranges
between 10 and 200ueV for SiGe or can exceed 500ueV in SIMOS architectures
[36]. Furthermore, the two valleys are site-dependent, meaning that they depend
on the position z(t) of the electron in the device. Assuming that the length scale
of the electron wavefunction is roughly /[, = 50nm, one can assume that in the
worst-case scenario the electron’s valley state would switch every 50nm, leading to a
characteristic energy hv/l, = 0.83ueV, where h is Planck’s constant. This is only 12
times smaller than 10ueV, i.e. the worst-case value for Ey g, justifying the inclusion
of these non-adiabatic effects in my modelling. Further modelling and simulations
found in Appendix B.2 lead to supplemental dephasing errors due to the valley state
of paia/4d = 1.4 x 107%. This value will be used in all the simulations of this chapter.

The final shuttling-induced dephasing probability is then given by psp, = Padia + Pdia-
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With these considerations in mind, we now have all necessary ingredients to
simulate the performance of the device. The full noise model includes (i) dephasing
channels of probability ps, = Dadia + Paia On the data qubits at the beginning of
each stabiliser cycle; (i7) depolarising channels of error rate p after each gate of the
stabiliser circuit (including twirling gates and cancelled out Hadamards arising from
their semi-global implementation); (7i7) depolarising channels of error rate p after
any initialisation; (iv) classical flip of any measurement outcome with probability p.

Note that here I ignore idling errors — these account for errors that idle qubits
accumulate while others are being operated on. Indeed, spin-coherence times T,
exceeding 20ms have been demonstrated for purified silicon electron spins [180],
which is 4 orders of magnitude above initialisation, measurement and single- and
two-qubit gate times (at most a few microseconds [47, 181-183]). These T5 times
are obtained via dynamical decoupling, which can be implemented by periodically
flipping all the spins in the device. In our case, it is simplest to flip all spins at the
same time, as this is permitted by the semi-global pulse I am assuming.

In the following simulations, I fix the gate noise p to 0.1%, so as to be below the
usual circuit-level noise threshold of the surface code (around 0.7% [184]). This is
consistent with experiments showing silicon spin qubit fidelities exceeding 99.9% [44].
The dephasing time 75 will range between 1us and 8us, which has been achieved
[20, 44], and is well below demonstrated dephasing times of 100us [183]. For the
estimation of pgp, I fix v = 10m/s, I, = 100nm and 4y = 140nm [36]. This choice of
140nm for the distance between two data qubits takes into account the additional
spacing for the clavier gates required by the conveyor-belt mode of shuttling, and
leaves extra space for singlet-triplet ancilla qubits and measurement apparatuses
in the static row. These values in turn give a dephasing probability per shuttling
increment pg,/4d between 5.8 x 107¢ and 2.7 x 1074

The most optimistic end of this range corresponds to a more mature technology
than the early demonstrations reported so far, which now approach 10~* [34, 35,
37]. However the task of low-noise shuttling is receiving rapidly increasing attention,

notably with recent proposals suggesting that g-factor disorder might help improve
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Parameter Notation Value
Dephasing time 15 1us to 8us

Total shuttling error per increment | pg,/4d | 5.8 x 107% to 2.7 x 1074
Circuit-level noise P 0.1%

Table 5.1: Relevant physical noise parameters for the subsequent QEC simulations.

shuttling fidelities rather than hinder them [185]. I will thus assume that these will
keep improving. Important physical noise parameters are summarised in Table 5.1.

As the surface code is a CSS code, X and Z errors can be analysed separately.
Since our code is more prone to Z type errors, I focus only on them. Therefore,
I numerically evaluate the X logical error rate of a single distance-d wide surface
code (i.e. with both logical operators facing in the same direction, see row A of
Fig. 5.4) used in memory mode via N,,s runs of Monte Carlo simulations, with
Niuns ranging between 10,000 and 1,000,000 depending on the target logical error
rates. In each run, random errors are injected in the code according to the error
rates p and p,y,, affecting both data and ancilla qubits for d rounds of stabiliser
measurements. The syndrome they create is then decoded via Minimum Weight
Perfect Matching [7]. The initial errors and the correction are then added to

determine if the X logical operator value was flipped.

Simulations

I first plot in Fig. 5.8 the logical error rate for several code distances d, against
psn/4d i.e. the shuttling error per shuttling increment. The main observation of the
plot is that the lines corresponding to surface codes of various distances do not cross
at a single point. This is expected as lines crossing at the same point, equivalent to
the existence of a threshold at this crossing point, should only appear if the noise
model respects certain properties. In particular, the noise strength should not scale
with the code size [75]. Yet, here I assumed that pg, o 4d. As a result, the crossing
points of subsequent-distance surface codes cross at lower and lower values of p.
In other words, there does not seem to be any value of p below which increasing

the code distance consistently reduces the error rate. Rather, there is a constant
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Logical error rate

10~ 2x10™%  3x107* 4x10~%  6x10~*
psh/4d

Figure 5.8: Logical error rate of a wide surface code against pyp,/4d, i.e. the probability
that one shuttling increment introduces a dephasing error, plotted for several code distance
d. The gate, measurement and initialisation noise p is set to 0.1%.

trade-off between increasing the code distance for more powerful error correction,
and maintaining it low enough to keep the noise due to shuttling manageable.
The anticipated non-existence of a threshold does not present any basic issue for
our approach. Since the ideas presented here are intended for the early fault-tolerant
era, the relevant quantity is always the logical error rate that can be achieved for
realistic experimental parameters and specific system sizes. In Fig. 5.9, I thus plot
the logical error rate against d for 73 ranging between 1us and 8us. The simulation
data, represented by small dots with error bars (quantifying the sampling error),

is then fitted with the following trial function:
Prog(d) = A(a + Bd)"**. (5.3)

The motivation for this function is the following. If one denotes p;; the total noise

experienced by the system, the surface code promises an exponential suppression of
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Figure 5.9: Logical error rate of a wide surface code against the code distance, plotted
for several values of the stationary dephasing time 75. The gate noise p is set to 0.1%.
The dots represent the simulation data, their error bars quantifying the sampling error.
The dashed lines correspond to a fit of the data according to the trial function of Eq. 5.3.

the errors of the form piog(d) o (pror/pen)? with py, a constant. Then, up to first
order, p;,; can be written as a sum of the gate noise p and the shuttling noise pgp,
where the latter is proportional to the code distance d. The consequence of p;;’s
dependence on d is a sub-exponential suppression of errors, or worse, an increase in
the error rate when the distance of the code becomes too large. Fortunately, with
dephasing time that is large enough yet experimentally plausible, low enough error

rates (around 107'%) can be reached before this phenomenon occurs.

5.3.6 Resource estimation for universal quantum compu-
tation

With all the above ingredients, I now estimate the resources required for our device

to achieve two meaningful milestones. In all the following, I set a spins’ stationary
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dephasing time Ty = 8us, a per-dot valley noise pg,/4d = 1.4 x 107% and a gate
noise p = 0.1%. The first task I focus on is estimating the size N that would bring
the 2xN architecture beyond the NISQ regime. More concretely, I aim to estimate
N such that the device would contain 50 logical qubits, able to interact through a
universal set of gates, and with logical error rates of at most 0.01% (ten times lower
than physical error rates). Using Fig. 5.9, one can see that distance-9 wide surface
codes are sufficient. Moreover, following our state injection protocol (Section 5.3.4),
the probability of preparing a magic state in the wrong state is of the order of the
physical error rate of the operations that created it, that is p and p,,. To first
order, the probability pn.e of initialising an erroneous logical magic state is thus
of the order of p + pg, = 0.103% (ignoring small constant factors, see Eq. 1 of
[121]). This lowers to 35p3,, = 4 x 107% after a 15-to-1 distillation protocol — way
below our target logical error rate of 0.01%. To meet our above requirements, one
would therefore need 2 x (50 + 15) = 130 distance-9 surface code patches (including
logical data qubits and magic state distillation factory, and doubling this number
to account for the logical ancilla bus connecting all these logical qubits, see Fig.
5.4). This translates into an overall size of N = 2 x 10* physical data qubits.

Beyond simply outperforming NISQ on paper, what one would actually want
from a fault-tolerant quantum computer is to be able to run meaningful quantum
algorithms. The second task I will thus focus on is estimating the ground-state
energy of a 2D Hubbard model Hamiltonian. This can be solved by preparing the
unitary W(H) = elarecos(# ) by qubitisation, then passing it to phase estimation.
An optimised protocol to run this algorithm can be found in [186] along with the
resource requirements for the smallest instance of this problem that is within the
classically intractable regime, i.e. a 6 x 6 Hubbard model. For this grid size, 100
logical qubits and 10® logical T gates would be required.

Let us again set a spins’ stationary dephasing time 75 = 8us and a gate noise
p = 0.1%. Let us assume that both the probability of a logical error impacting
any individual T gate, and the probability of an error impacting any of the logical

qubits in the circuit, is below 10%. The algorithm thus fails with a probability of
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around 20%. The quantum computation can then be run multiple times in parallel
to exponentially increase the success probability. Following the procedure of [90],

one can estimate the physical resources needed to obtain the correct outcome.

Magic state distillation The error rate of each individual T gate must be under
10~? to ensure that the failure probability of any of the 10® gates is under 10%. Again,
the probability of initialising an incorrect logical magic state before distillation is
Pmag ~ D + Dsn. Assuming that the distance of the surface code is under 40 (which
will be verified later on), one guarantees pg, < 0.02%. Adding the gate noise, one
obtains a total noise pyag S 0.12%. Using the 116-to-12 distillation protocol, the
probability of outputting incorrectly distilled magic states is 41.25]9;4nag < 10710
[90], which is under our target per-gate error of 1079, 44 surface codes patches are
needed to run the 116-to-12 distillation protocol, which outputs 12 logical magic
states in 99d time steps with 89% success probability [90]. The initialisation time
of one correct magic state is thus on average 9.27d time steps. The magic states
can then be consumed one by one in the quantum computation, which requires
d time steps for each state. The overall time cost of the quantum computation
(to prepare and consume 10® magic states) is thus 10.27d x 10%. Tt requires 100
logical qubits to store the logical information and 44 surface code patches in the
distillation block (not counting the logical ancilla). Adding the long logical ancilla

bus mediating all interactions, the logical qubit count doubles to 288.

Code distance Given the total number of logical qubits and the computation
time, in order to set the probability of a logical error affecting any of the logical
qubits during the computation under 10%, one requires the per-logical-qubit error

rate pr to be below
pr < 0.1/(288 x 10.27 x 10%) = 3 x 1072, (5.4)

By using the fitting function of Fig. 5.9, we can choose the code distance to be
d = 36. This is indeed within the upper bound of 40 that I set earlier.
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Summary Therefore, in order to run one instance of a 6 x 6 Hubbard model
(which is within the classically intractable regime) on our device, one would need
288 wide qubits of distance d = 36, that is 1.4 x 10 physical (data and ancilla)
qubits. The algorithm would run in 10.27d x 10® stabiliser cycles.

The total shuttling time over a stabiliser cycle is tg, = 4dlyq/v, where 133 = 140nm
is the distance between two consecutive data qubits, and v = 10m/s is the shuttling
speed. Thus ts, = 2us. Besides, while two-qubit gates can be implemented much
faster (around 0.1us [181]), initialisation, measurement and single-qubit gates all
take around a microsecond [47, 182, 183]. We can thus realistically assume an
overall stabiliser cycle time of 6us, which would bring the computation time to
a total of 2.5 days for an algorithm that is only slightly beyond the classically
tractable regime. For reference, it uses ten times less logical qubits and 60 times less
T gates than the 2048-bit RSA factoring [88]. While this time may seem relatively
daunting, one must remember that I exclusively used experimental parameters that
have been achieved, ignoring any further optimisation that will surely happen in
the following years before this kind of device can be implemented. My shuttling
noise model, informed by earlier theoretical studies (esp. Ref. [36]), assumes levels
of imperfection that are smaller than existing early demonstrations; I am confident
that improving experimental techniques driven by rapidly increasing community
interest will reach the domain that I have simulated. From Fig. 5.9, one observes
that for the more optimistic coherence times we have a scenario where shuttling
noise is among the least significant factors in the model (as there is very little
variation in the logical error rate when 77 is decreased from 8us to 5us, i.e. when
the shuttling error per increment varies between 6 x 107% and 1.3 x 107°). A
limiting factor would thus be the gate infidelity p = 0.1%. If this quantity could
be improved by only a factor 2, logical error rates would drastically reduce due
to almost exponentially scaling suppression (as long as the shuttling noise is kept
low enough). Moreover, the assumed speed of the various operations corresponds

to already-accomplished demonstrations, and does not begin to approach any
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fundamental physical limitations. One might reasonably expect orders of magnitude

improvement over generations of such devices.

5.4 Quantum memories with general qLDPC codes

In Section 5.2 I described the framework established by my co-author Armands
Strikis, showing that our device is suitable for the implementation of various classes
of qLDPC codes beyond the surface code. These codes are known for their high
performance and can fully exploit the connectivity (beyond that required by the
surface code) which is provided by our shuttling-based system. Therefore, in this
section, I explore the potential of such non-local codes, constructed by either
allowing more ancilla-data qubit interactions, or by increasing the shuttling distance.
Here, I only study their use as memory codes.

The gate ordering I choose in the stabiliser circuits is not optimised. All X
stabilisers will be implemented when the data qubits are shuttled one way, followed
by all Z stabilisers when the data qubits are shuttled back. Regarding the noise
model, I adopt the same as in the previous section — circuit-level noise plus
additional dephasing due to shuttling (proportional to the shuttling distance).
Due to the more complex data-ancilla interactions and to the non-optimal gate
ordering, not all qubits perform their entangling operations synchronously (while
it is the case for the surface code). Consequently, the data qubit rail might have
to stop and start more often, and qubits that are not interacting will have to
stay idle. To model this, I introduce an additional noise parameter p;q., and add
depolarising channels of probability p;q. every time a qubit is idle while others
are interacting. Note that I neglected this in the previous section due to the high
coherence time of silicon spin qubits.

The numerical experiments are run under various values of the gate noise p, the
idling noise p;q. and the dephasing time 7. The per-dot valley noise is still fixed
t0 Paia/4d = 1.4 X 107%. Each code is simulated for d rounds of stabiliser cycles,
where d is the code’s estimated distance. The decoding is performed via min-sum

BP-OSD, a limit of 32 iterations, a scaling factor of 0.625 and a serial schedule
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[95]. The logical error rate per round per logical qubit p,, defined below is then

plotted and used to compare the performance of various codes [112]:
plog =1- (1 - PL(ka d))l/kd (55)

Here, Pp(k,d) is the probability that a logical error happens on at least one of the

k logical qubits of an [n, k, d] code running for d rounds of stabiliser cycles.

5.4.1 Hypergraph product code with a repetition code

As explained in Section 5.2.3, one class of codes that is particularly suitable for
our architecture are the hypergraph product (HGP) codes constructed with the
repetition code as one of the seed codes.

In the following, I study the example of a [234,3,8] HGP code. The code is
obtained by taking the product of a classical [17,3,8] LDPC code H; (generated
randomly until good parameters were obtained, see Appendix B.3) and a distance-8
repetition code Hsy. To limit the number of two-qubit gates, which are expected to be
the leading source of noise, I generated H; by enforcing two 1’s per row on average,
thereby guaranteeing that the stabilisers of the quantum code are weight-four on
average (attempts with higher-weight stabilisers led to poorer performance). This
code is more compact than the surface code as it encodes k = 3 logical qubits with
(17 4+ 14) x (8 + 7) = 465 physical qubits (data and ancilla). On the contrary, one
would require k x (2d — 1) = 675 physical qubits to encode the same amount of
logical information with same-distance surface codes.

Fig. 5.10 compares the logical error rates per round per logical qubit pj,, of the
234,3,8] HGP code and of surface codes of various distances. The shuttling noise is
fixed by setting T = 8us. As explained above, the HGP code experiences the same
amount of shuttling error as the surface code, but higher idling noise. Indeed, its
two-qubit gates cannot be implemented synchronously due to the randomness of the
matrix H; (it contains many non-zero diagonals). Qubits that are not interacting
thus have to stay idle, which induces depolarising errors at a rate p;ge.. I thus

plotted pjoq for two levels of idling errors: p;g. = 0 and p;qe = 0.1p. One can observe
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that for no idling errors and for a relevant range of gate noise p, the HGP code
performs similarly as surface codes with comparable distances, yet requiring 30%
less qubits. As expected however, when the idling noise is increased, the HGP code’s
performance falls dramatically while the surface code’s is very moderately affected.

While observing this, one needs to take into account that I did not optimise the
stabiliser circuit. An interleaved scheme of X and Z measurements could drastically
reduce the overall idling noise. This could be implemented with the procedure
presented in Ref. [187]. Besides, in the specific case of silicon spin qubits, pige is
expected to be extremely small. Indeed, given the experimental values observed
for the coherence time 75, around 20ms [180], and the slower gates times, around

Tyate = 1pus [47], one would obtain an idling error probability of
Pidie = 1 — e Foate/T2 — 5 5 1075,

When using this value, one would obtain the same qualitative performance as
for the p,ge = 0 case.

Furthermore, here I set a single parameter p;y. quantifying the idling error.
It would be more comprehensive to distinguish different p;4.’s depending on the
operation that is being waited for. Specifically, as two-qubit gates are one order
of magnitude faster than single-qubit gates, they would be responsible for shorter
wait times, thus lower idling errors. Indeed, it so happens that the difference
between the HGP code and the surface code lies in the additional idling times due
to asynchronous two-qubit gates, which are the fastest operations in the circuit.

Lastly, do note that the crossing point of the surface code lines around 1%
is not a threshold in the common sense, as [ am here plotting the logical error

rate per round per logical qubit.

5.4.2 Generalised bicycle codes

In the previous section, I studied a type of code that did not require an increase of
the shuttling distance compared to the surface code, but I did not set any constraint

on the number of stops along the way. I therefore guaranteed both a shuttling and



100 5.4. Quantum memories with general gLDPC' codes

1071 4
1 —e— HGP, pige =0

e~ SC, Pigre =0
10-2 - SC, Pige =0.1p
§ —eo— HGP, Pidie = Olp

1073 4
104 E

10> 3

Logical error rate per round per logical qubit

1076 4

1073 1072
p

Figure 5.10: Logical error rate per round per logical qubit of a [234,3,8] hypergraph
product code (HGP, solid lines) and surface codes (SC, dashed lines) of various distances
d, against the circuit-level noise parameter p. The HGP code is built from the product
of a repetition code and a classical code generated randomly. The dephasing time 7%
is set to 8us, and the logical performance of the HGP and surface codes are plotted for
Pidgie = 0 and 0.1p. For both levels of idling noise, the three surface code lines correspond
from top to bottom to a distance of 5, 7 and 9 respectively.

idling noise scaling as O(y/n), where n is the number of data qubits in the code
block. Here I study another paradigm, where I do not restrict the shuttling distance,
but instead bound the number of stops: ps, = O(n) and pige = O(1). Codes that
satisfy this are generalised bicycle codes [95], as their check matrices by definition
contain a constant number of non-zero diagonals (see Section 5.2.3).

In the following, I study the performance of a [126,28,8] generalised bicycle
code (code A2 of [95]). This code contains contains 252 physical qubits (data and
ancilla). Using the same number of physical qubits to encode k = 28 logical qubits,

one would need to use 28 surface codes of distance

_V252/k 41 ,

sC 2
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This very small number stems from the relatively high rate of the code. However,
tackling larger distances would require simulating much bigger codes which are
beyond our numerical capabilities.

Similarly to the previous subsection, I plot in Fig. 5.11 the logical error rate per
round per logical qubit of the [126,28,8] generalised bicycle code and compare it to
a distance-3 surface code (the smallest surface code that can correct, not just detect,
errors). I set p;ge = 0.01p (with p the measurement, initialisation and gate noise)
and plot the logical performance of the codes for different amounts of shuttling
noise, which are parameterised by the static dephasing time 7. Compared to the
previous subsection idling noise does not dramatically impact the bicycle code, as
it is formed from matrices with only 5 non-zero diagonals. However, the code is
more prone to shuttling errors as the shuttling distance is now of the order of the
number of qubits n (while it is of the order d = /n for the surface code).

One can see that for low enough (yet experimentally achievable) shuttling
noise, the [126,28,8] code outperforms surface codes with similar qubit overhead
for gate noise as high as 0.3%, which is also within reach. If the gate noise can be
further reduced to 0.05%, the general bicycle code would provide an advantage of
around one order of magnitude compared to a distance-3 surface code (which also
uses more qubits than the generalised bicycle code, as we were meant to compare
with distance 2). Nevertheless, the performance of the generalised bicycle code
is as expected more sensitive to the shuttling noise than the surface code, as it
involves longer shuttles. But for the considered code size, the effect only becomes
predominant for relatively low dephasing times. Of course, when considering larger
codes, the demands on the dephasing time would have to be adjusted accordingly,

to compensate for the even longer shuttles.

5.4.3 Comparative performance

I here confirm the observations of the above sections via additional simulations
aiming at further understanding the trade-off between resource requirements and

error correction performance. Specifically, I examine the performance of the three
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Figure 5.11: Logical error rate per round per logical qubit of a [126,28,8] generalised
bicycle code [95] (GB, solid lines) and a distance-3 surface code (SC, dashed lines), against
the circuit-level noise parameter p. The logical performance of both codes is plotted for
Didie = 0.01p and different levels of shuttling noise, controlled by the dephasing time T3
For T3 = 5us and 10us, the noise level where generalised bicycle codes start to beat
surface codes is indicated by a star.

previously considered code families under three different noise regimes: (A) low
idling noise but high shuttling noise; (B) low shuttling noise but high idling noise
and (C) high idling noise and high shuttling noise. The results of such simulations
are presented in Table 5.2, where the theoretical parameters of the code are given,
along with the logical error rate per round per logical qubit in the three noise
cases. I aim to compare codes with similar overhead, defined as the total number of
physical qubit per encoded logical qubit i.e. (n + ngu.)/k. In the first half of the
table, I compare low-overhead codes: a distance-3 surface code (SC3), the [126,28,8]
generalised bicycle code considered before (GBS8) and a [40,3,4] hypergraph product
code (HGP4). Its check matrix is given in Appendix B.3. In the second half

of the table, I focus on higher-overhead codes: a distance-7 surface code (SCT7)
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Shuttling | Idling
Dtfane | noise noise A B C

scaling | scaling
SC3 | 25 |3 O(m) | o) | 2107 | 1.107 | 3.10°*
GB 9 | 8| om | o) | 7107|5105 7.10°3
HGP4| 26 | 4| O(/n) |O(v/n) | 41075 | 1103 | 1.1073
SC7 | 169 | 7| o(m) | O(1) | 1.107° | 3.10°% | 1.10°°
HGPS | 155 | 8| O(v/n) | O(vn) | 8.1078 | 1.105 | 2.107°

Table 5.2: Comparative performance of three code families: surface code (SC),
hypergraph product code (HGP) and generalised bicycle code (GB). See the main text
for the precise definition of each code. The first three and last two rows respectively
correspond to lower- and higher-overhead codes, where the overhead is defined as the
number of physical qubits per logical qubits. The second column contains said overhead.
The third column is the code distance. The fourth and fifth columns contain the shuttling
and idling noise scalings of each code. Finally, in the last three columns the logical error
rate per round per logical qubit is given for three different noise regimes: (A) T5 = 1.5us,
Didie = 0; (B) Ty = 5us, pigie = 0.1p; and (C) T5 = 1.5us, pige = 0.1p. In each of these
columns, the highest-performance low-overhead code, as well as the highest-performance
high-overhead code is highlighted with bold letters.

and the [234,3,8] hypergraph product code considered before (HGP8). Note that
in this case, I could not simulate good generalised bicycle codes due to limited
computational power. In each of the last three columns, the lowest error rate is
highlighted, confirming the conclusions of the section: each code family considered
in this chapter excels in distinct noise regimes. Specifically, GB codes perform best
when the shuttling noise is kept low; HGP codes do when the idling noise is low; and
the SC wins when neither of them is sufficiently small. In the earliest fault-tolerant
regimes, the latter scenario might be the most relevant, which justifies the use of the

surface code, for which I also proved full computational power in the previous section.

5.5 Discussion

In this chapter, I have investigated the feasibility of quantum error correction in
a highly constrained experimental setup, specifically a 2xN array of qubits where
long-range interactions are enabled by shuttling one of rows of the array. By

establishing a precise framework for determining code classes that naturally embed
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in our device, my co-author Armands Strikis showed that the architectural strong
constraints should theoretically not be an obstacle to early fault-tolerance. I then
completed this observation with the design of an entire protocol permitting full
universal quantum computation with the surface code.

To show the practicality of our approach, I further tailored our protocol to
silicon spin qubits, respecting their additional specificities and constraints, such
as the difficulty to implement local Hadamard gates. This choice of platform was
motivated by the high-fidelity shuttling capabilities that have been demonstrated [34,
35, 37], making it an ideal candidate for the implementation of our scheme. I then
confirmed these theoretical protocols with extensive numerical simulations, showing
that error rates as low as 107!3 can be reached with experimental parameters
that have been achieved today, provided currently observed shuttling errors can
be further suppressed to match our theoretical models. While this entails long
quantum computations for running algorithms in the classically intractable regime,
we are confident that the gate and shuttling performance will further improve in
the coming years, making our proposal even more practical.

Furthermore, our exploration extends to the application of our device to more
intricate qLDPC codes. Although more powerful than the surface code, their
implementation comes at the cost of increased noise (either from longer shuttles or
higher idling times). By simulating these codes and evaluating their performance
in our constrained setup, I observed that this trade-off is in favour of the complex
qLDPC codes when error rates are low enough (while still practically achievable).
While I focused on specific code families that would naturally suit the 2xN device,
my search was not exhaustive. For instance, lifted product codes might be another
good fit to the architecture as they inherit the properties from both the bicycle
and hypergraph-product codes. Further, later research showed that any qLDPC
code could be implemented on the architecture, and gave a protocol for optimising
the stabiliser circuit implementation [188]. This underscores the versatility of our

platform, even within the limitations of the 2xN qubit array.
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As future work, it would be interesting to engineer a slightly more complex
architecture design that would let one include both the surface and better qLDPC
codes in the same device and interface them. It would indeed prove advantageous
to make use of the latter’s strong error correction capabilities when used as memory
codes. Whenever a logical qubit is idle for a significant amount of time during
a quantum computation, one could take its logical information and store it in
memory, before taking it out again when needed. If this store in-and-out scheme
can theoretically be implemented via a modified lattice surgery protocol between
a surface code and another type of qLDPC code [159], one would still need to
understand how to efficiently embed this in our device.

More generally, throughout this paper we have chosen to work within quite
severe limitations, i.e. the low-dimensional array and the restriction to semi-
global Hadamard operations. I have established that even within these constraints
computation is possible. Nonetheless, without further improvement, scaling up
the current device to larger instances may prove very challenging. I identify two
reasons for this. First, even for quantum algorithms slightly beyond the classically
intractable regime, the run-times reach several days. This is partially due to my
sub-optimal choice of logical qubit layout, where the logical information is stored
in the first row of surface codes while the second row is only used as a logical
ancilla bus (Fig. 5.4). While enabling all-to-all connectivity, this structure also
introduces connectivity lockups that slow down the computation: for instance, when
the leftmost and rightmost logical qubits are interacting through the ancilla bus,
no other interaction can take place in parallel. On top of this, the second obstacle
to large-scale computation in our current proposal is the sensitivity of the device to
malfunctioning qubits. If a dot becomes inoperable, e.g. due to a fabrication defect,
and qubits cannot shuttle through it anymore, the array will be cut in two halves that
cannot communicate anymore. This would likely lead to a failure of the algorithm.

To circumvent both the aforementioned issues, I envisaged an extension of the
strictly 2xN qubit array presented in this paper, with a piece of research that

is outside the scope of this thesis [165]. This so-called Quantum Snakes on a
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Plane architecture is constituted of a lattice or web-like structure where long 2xN
filaments meet at occasional three- or four-way junctions through which qubits
can shuttle. Such junctions can be well-spaced, so that the additional device
complexity associated with each junction need not overlap with others. In addition
to avoiding the problem of a single point of failure, such a geometry can afford
a rich space of possibilities for compilation strategies and novel codes (it inherits
the connectivity of the 2xN device with even higher design flexibility). They
additionally offer superior opportunities to interface the aforementioned better

qLDPC codes with surface codes.

5.6 Related work I was involved in: the looped
pipeline architecture

In the final section of this chapter, I briefly describe a related project I was involved
in before working on the 2xN architecture. The motivation for the research so far
presented in this chapter was to simplify the implementation of error correcting
codes and offer opportunities for their practical production in the near term. The
key ingredient that enabled such simplifications is shuttling. Now, instead of using
this strong capability to simplify codes for near-term usage, one could instead
capitalise on it to build complex structures for a later stage. This is the reasoning
behind the original idea of Zhenyu Cai and Simon Benjamin in [156]. In this paper
where I contributed as the second author, shuttling is utilised as a means to turn
2D devices into 3D qubit lattices — while the research of this chapter focused on
turning augmented 1D devices (2xN arrays) into 2D qubit lattices.

The principle of such procedure is summarised in Fig. 5.12. The 3D qubit lattice
(Fig. 5.12(a)) can be fully embedded in a 2D device requiring nearest-neighbour
interactions only if extensively making use of shuttling. The idea is to place qubits
in looped shuttling tracks where they can be shuttled around. The number of
qubits in each shuttling track is the number of layers of the original 3D lattice.
All nearest-neighbour interactions in the 3D lattice can then be implemented in

the 2D device by bringing the spins closer together. Let us focus on intra-layer
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interactions first (Fig. 5.12(b)). If the movement is made synchronous, qubits
from the same layer can periodically meet at interaction points (where shuttling
tracks meet). For instance, at the time pictured in the figure, the gray and top
left qubits of the purple layer can interact, as well as the gray of top right qubits
of the brown layer, and so forth. As qubits move around, the gray and top right
purple qubits will be allowed to interact etc. Similarly, inter-layer interactions can
be implemented simply by bringing qubits from two different layers but belonging
to the same shuttling track closer together (Fig. 5.12(c)).

These basic principles thus enable the implementation of a nearest-neighbour-
interaction 3D qubit lattice within a strictly 2D device equipped with shuttling.
If thinking of the gray qubits of Fig. 5.12 as ancillas, this method hence allows
for the compact embedding of multiple error correcting codes within a 2D device
by utilising the intra-layer (inter-loop) interactions (Fig. 5.13). The inter-layer
(intra-loop) interactions can in turn be employed to perform transversal gates.
Alternatively, a single 3D code could be embedded in this device by making use
of the intra-layer as well as inter-layer interactions for stabilisers.

I contributed to this project by numerically showing the practicality of such
an approach. The noise model we adopted was similar to the one I used in the
rest of this chapter yet slightly more pessimistic. Three noise mechanisms were
considered: first adiabatic shuttling causing dephasing errors with strength pgp;
second non-adiabatic shuttling giving rise to leakage to the excited valley state with
probability pjeqr; third Rashba spin-orbit interactions inducing X and Y errors with
probability p,qsn [189]. For the valley noise, instead of using the further modelling I
later carried out in Appendix B.2, my co-author Zhenyu Cai and I decided to go
for a worst-case assumption: a leaked qubit would cause the full depolarising of
all the qubits it interacts with throughout a stabiliser cycle. Then the low valley
lifetime (around 10ns [190, 191]) would bring the qubits back from the excited to the
ground valley state by the end of a stabiliser cycle. The full noise model, including
initialisation, measurement and gate noise, is summarised in Fig. 5.14. Like in the

rest of this chapter, twirling gates are used to transform coherent rotations into
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Figure 5.12: Embedding of a 3D qubit lattice (a) into a strictly 2D device by placing
the spins in looped shuttling tracks. (b) Intra-layer interactions in the 3D lattice are
enabled by inter-loop interactions in the 2D device. (c¢) Inter-layer interactions in the 3D
lattice are enabled by intra-loop interactions in the 2D device. This figure was originally
produced by Zhenyu Cai.

stochastic errors. The result of threshold simulations I carried out are presented in
Fig. 5.15. Note that contrary to the study of the 2xN architecture, this proposal
does lead to thresholds as the length of the loops is independent of the code distance
d (the loop length is only related to the number of surface code patches one can load).
For a gate noise of p = 0.5%, one can read a shuttling noise threshold of 0.36%,
which is above demonstrated shuttling infidelities now reaching 10~* [37]. The
leakage threshold is 0.04% which is also comfortably above the estimated leakage
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Figure 5.13: Embedding of four surface code patches in the looped pipeline architecture.
This figure was originally produced by Zhenyu Cai.
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Figure 5.14: Noise model for the looped pipeline architecture. This figure was originally
produced by Zhenyu Cai.

probabilities estimated in Appendix B.2. Finally, the spin-orbit-coupling-induced
threshold is 0.1% which is of the same order as the shuttling noise; it should thus
not pose fundamental limitations. If gate noise is further reduced towards p = 0,
these thresholds in turn increase, leading to even higher error reduction.

Therefore, the kind of architecture presented in this section lies on the other end
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Figure 5.15: Threshold plots for the dephasing errors (pgh ), leakage errors (pjeax) and the
Rashba error (prasn) due to shuttling when implementing surface codes in semiconductor
spin qubit using shuttling-based architectures. Note that in order to investigate the
tolerance of the surface code against a given specific type of shuttling noise, the other
types shuttling noise are turned off in our simulation. Each noise type is evaluated both
for a gate error rate p of zero, and for p = 0.5%.

of the complexity spectrum, compared to the 2xN architecture. It is based on the
same concept — periodically shuttling qubits — yet executes it in a different fashion.
In the 2xN architecture, the density of the qubit lattice is reduced by shuttling
data qubits throughout long distances: this enables a simpler implementation of
codes of moderate complexity in the near term. On the contrary, in the looped
pipeline setup, the density is increased by loading more qubits at each lattice site
without the need to shuttle them far from their original position: this will allow for

the implementation of more complex error correction protocols in the longer run.
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The research presented in this chapter was born from an original idea of Hamza
Jnane consisting of swapping or shuttling qubits to effectively average their g-factors.
All other theoretical background was jointly established by Hamza and me through
many long discussions. As for the numerical results, I produced all of the code,
that both Hamza and I ran. Fernando Gonzalez helped us by providing the useful

outlook of an experimentalist.

All writing below is my own, in places using text verbatim from [192].
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6.1 Introduction

In the previous chapter, I presented a scheme enabling full quantum computing
power for nearer-term silicon spin qubit architectures (using a single-spin encoding
of the qubits). In particular, one of the constraints that I considered in my analysis
was the use of (semi) global single-qubit gates only. This relatively restrictive
assumption arose as, for qubits encoded with a single spin, single-qubit gates are
implemented via the application of a magnetic field: resonantly targeting a spin
qubit with an AC field gives rise to Rabi oscillations of the qubit around the Bloch
sphere (see Section 2.2.3). These fields can be applied locally through surface gate
electrodes, but this approach, applied at scale, presents formidable challenges for
signal delivery. Instead, a global control field can be applied and selected spins can
be brought in and out of resonance by means of frequency tuning [171, 193-195].
Unfortunately, common frequency tuning techniques are unable to fully correct for
the spread of qubit frequencies that are typically found in devices due to variations
on the local spin-orbit fields [196-198].

To ameliorate the situation, recent studies have shown that the spin qubit
frequency spread can be reduced by choosing the angle of the static magnetic field
with respect to the crystallographic axes of the sample [189, 194]. Complementarily,
one can tune the qubit frequencies using electric-field-induced Stark shifts, but its
limited tuning range — one order of magnitude smaller than the typical frequency
spread — forces further measures. A partial solution proposed tuning the g-factors
using Stark shifts to place the qubits into a number of distinct-frequency bins,
thereby mitigating the effect of frequency crowding. In this way, the minimum
frequency spacing does not decrease with the system size [28, 195]. By sending
tones at resonance with each bin, selected qubits can be driven and the desired
global single-qubit gates can be performed. Reference [195] extended this scheme
and suggested a way to drive not all but a single qubit, by adding SWAP gates.
However, none of these works allows for the reliable implementation of single-qubit

gates on any subset of qubits, without halving the already critical bin spacing.



6. Harnessing qubit transport for global spin qubit control 113

Here, my co-author Hamza and I propose to solve the challenge of limited
frequency tuning range by leveraging electron motion through the spin-qubit nan-
odevice. Namely, we show that one can reduce the number of distinct frequencies in
the frequency spectrum by homogenising the electrons g-factors via spin shuttling or
via exchange-driven two-qubit SWAPs. More specifically, if an electron experiences
a collection of g-factors at a rate that is sufficiently fast compared to the Rabi
frequency and the dispersion of the qubit frequencies, the electron will acquire
an effective homogenised g-factor equal to the mean of all experienced g-factors.
While both methods leverage the same simple idea, we find that the shuttling-
based homogenisation is more scalable, and can additionally be utilised for the
implementation of two-qubit gates. More than a key component for the development
of fault-tolerant architectures [155, 156, 165, 199, 200], spin shuttling turns out to
be an enabling tool in the search for homogeneous devices. It is worth mentioning
that this idea is reminiscent of the frequency narrowing phenomenon [36]; however,
this concept was never used to perform quantum gates. In this work, we concentrate
on electron spin qubits in silicon because of their small spin-orbit fields. However,
as we shall see later, this work can be extended to strong spin-orbit systems that

present large variations in their spin quantisation axes.

The chapter is organised as follows. In Section 6.2, I introduce our model for
the qubits. Thereafter, in Section 6.3 I abstractly describe the homogenisation
principle before giving two methods to physically implement it, capitalising on
the exchange coupling or shuttling. Focusing on the more promising shuttling-
based protocol, I then explore its performance for two architectures, namely the
2x N [155, 188] and looped pipeline architectures [156] in Section 6.4. Finally, I

present our conclusions in Section 6.5.
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6.2 Preliminary

In all the following, I set h = up = 1, thus identifying energies, frequencies and

magnetic fields. The system can be described by the following Hamiltonian:
He S 7,55 +3 65.8 (6.1)

<iyj> i=1

where n, is the total number of qubits, J;; is the tunable exchange interaction
between neighbouring spins 5; and S*; The exchange coupling strength can be
tuned in-situ via electric fields and whose typical on-state value ranges between 10
and 1000 MHz [30, 42, 201-204]. The field B = Y, B; is a global magnetic field, in
the sense that it is applied across the entire device. The field is composed of a single
static component B, = By, and an oscillatory component B, = B ), cos(w;t).
Typical experimental values for By range from 0.1 T to 1.4 T. It is favourable to use
values from the low end of the range to reduce the qubit energy spread (which will
be beneficial for our homogenisation protocol). However, this complicates the task
of single-qubit addressability owing to reduced frequency spreading, which justifies
the design of more advanced schemes for handling frequency crowding. I therefore
set Bg = 0.1 T in the rest of this chapter unless otherwise specified. The oscillatory
component of the drive will lead to magnetic dipole transitions with an amplitude
Q, whose value is usually around 1 to 5 MHz [30, 42, 44, 201, 205]. Additionally,
the qubits can be shuttled along the dots at a speed v between 10 and 50 m/s [34,
35, 37]. I further assume an interdot spacing d = 100 nm, resulting in a shuttling
frequency v/d = 100 up to 500 MHz. As for the g-factors, g;, their distribution
is complex to model and currently an active field of research. I thus elaborate on
this matter in Appendix C.2. Note that in the common case of a single excitation
frequency, the Hamiltonian of Eq. (6.1) is made time-independent by studying it
in the rotating frame at the frequency of the drive. However, it is not possible to
perform such transformation here as we are driving the spins with multiple tones w;.
Finally, it is important to note that the system is most accurately described
by considering the full g-tensor in Eq. (6.1), which can effectively change the axes
along which the effective static and oscillatory magnetic fields are applied [38]. T
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Parameter Notation | Order of magnitude
Time resolution 1/ 10 GHz
Zeeman splitting wy/2m 3 GHz
Shuttling speed v/d 100-500 MHz
Exchange coupling J/2m 10-1000 MHz
Average qubit splitting | Aw,/27 3-30 MHz
Drive strength Q)27 1-5 MHz
Stark-shift tunability dwy/2m 0.3-3 MHz

Table 6.1: Relevant parameters and frequency scaling at By = 0.1 T.

show in Appendix C.3 that this has minimal impact on the fidelity of a single-qubit
gate for electron spins in silicon, even when the static field includes components
along the x and y axes. Therefore, in the rest of the paper, I will assume that the
static and oscillatory fields are indeed applied along the z and z axes, respectively,
and that ¢ is a scalar. However, our scheme could be applied to more general
species of spin qubits and semiconducting hosts. In these cases — where spin-orbit
coupling effects are stronger — variations of the quantisation axes with the electron
motion induce unwanted unitary gates. Fortunately, these could be calibrated
away provided prior knowledge of the g-tensor [206]. T leave this study for future
work and focus here on electron spins in silicon.

In Table 6.1, I summarise the parameters used in this study in decreasing order
of magnitude considering By = 0.1 T. The apparatus time resolution 7, is added,
as an upper (frequency) limit for all other parameters. The ratio between these

parameters will be relevant for the characterisation of the performance of our scheme.

6.3 Motion-based single-spin control

If an electron explores a collection of g-factors at a rate that is much faster than
the gate frequency and the qubits frequency dispersion, its g-factor will effectively
be homogenised. Doing so, reduces the dispersion of the frequencies, thereby
facilitating the implementation of global gates by sending a single driving tone

to distinct target qubits.
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t=dt t = 2dt t = 3dt t = 4dt

Figure 6.1: Schematic time-evolution of a single qubit oscillating between two quantum
dots with distinct frequencies wy 1 (red) and wy 2 (yellow). We assume that the transfer
rate between the dots is large enough that the electron instantaneously swaps position
after each time step. Assuming that it starts in the first dot, the qubit rotates by one tile
and ends up in the second dot after one time step. Next, it rotates by three tiles and
comes back to the first dot. Finally at ¢ = 4dt, the qubit is back to its original position
and has covered eight tiles. This leads to the conclusion that the resulting dynamics is a
precession of the qubit at a frequency Wy = (wq,1 + wg2)/2.

To provide a simple example, consider a single electron trapped in a double
quantum dot (DQD). Suppose that the left and right dots have g-factors g; and go,
respectively. In the laboratory frame of reference, the qubit would precess with a
different frequency (set by the g-factor) depending on its location. Now suppose
that the qubit can instantaneously be transferred from one dot to the other at every
time step. The resulting time dynamics is schematically represented in Fig. 6.1.
One can see that, because of the transfer, the qubit now rotates with an average
frequency w, = (wy1+wyz2)/2. This leads to the conclusion that the qubit now has a
modified resonant frequency equal to w,. Numerical simulations in the next section
in the presence of a drive will support this hypothesis for finite transfer rates. Below,
I report two different physical mechanisms (see Fig. 6.2) that could be leveraged to

homogenise g-factors and hence qubit frequencies following the above intuition.

6.3.1 Exchange-based homogenisation

Single-qubit gates on two electrons spins

One way to implement the example presented in Fig. 6.1 is to make use of the
exchange interaction as shown in Fig. 6.2(a). The transfer rate corresponds here to

the exchange coupling J. By turning on J, qubits in neighbouring quantum dots
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start to swap information. This process occurs at a finite rate and will thus lead
to a non-perfect homogenisation of the qubits resonance frequencies.

Let us add an oscillatory magnetic field with frequency w = @,. If the intuition
exposed previously is right, one would expect to perform a perfect X-rotation
on both qubits. This is confirmed by the numerics of Fig. 6.3. Starting from

the arbitrary initial state,

[t0) = 10) @ <\/i|0> + \/§|l>) : (6.2)

I plot the expectation value of o, over time for both qubits, at a finite J = 20 w,?
with w;Z = (wg2 — wy1), additionally choosing w;2 = (). These simulations are
simply obtained by solving Schrodinger equation by time discretisation, using
10,000 time steps. The red and yellow faded lines respectively represent the full
time-evolution of (¢(t)| o, ® I'|Y(t)) and (Y(t)| I @ o, |¥(t)). These feature fast
oscillations at a frequency .J, which corresponds to the swapping of the qubits, and
slower oscillations at frequency w = w,, which are triggered by the driving field.
When sampling points from the red and yellow faded data every 27/.J, one obtains
the solid lines, which qualitatively look like an X gate on both qubits. This means
that, at finite but large enough J, the individual qubits indeed acquire the same
effective frequency w, and are thus resonantly driven by a single drive at w = .
Unfortunately, the exchange interaction can entangle the qubits. Therefore, in
order to implement an X gate on both qubits without any additional entanglement
creation, one must properly tune J such that the qubits go back to their original

positions in the time taken by the X gates. This condition reads:

2pm T
S Z N
J Q? p e
or equivalently:
J=2pQ2, peN. (6.3)

In order to further estimate the closeness of the implemented gate U to

the target unitary Uiager = X ® X, one can evaluate the average single-qubit
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Figure 6.2: Physical implementations of the motion-based g-factor homogenisation. In
(a), we consider two quantum dots with respective g-factors g; and go. The exchange
coupling J is used to homogenise the frequencies of the two electrons. This allows to
reduce the number of distinct frequencies in the spectrum and thus reduce crosstalk. In
(b) we use a completely different method in which we physically move the electron to
perform the homogenisation. Here, the g-factor evolves continuously along the shuttling
path. We find that this method is the most powerful as it can be generalised to an
arbitrary number of qubits and scales better. Hamza produced this figure.

1.00
qubit 1
0.75 - qubit 2
' qubit 1 (every SWAP)
—— qubit 2 (every SWAP)
0.50 -
0.25 A
7~
& 0.00 -
~
—0.25 A1
—0.50 A
—0.75 A
_1.00 T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Qt/2m

Figure 6.3: Time evolution of (o, ® I) and (I ® o,) under the two-qubit Hamiltonian of
Eq. (6.1). I'set wi? = Q and J = 20w,? where wi? = (wg2 — wq1). The initial state is
given in Eq. (6.2). The faded lines correspond to the full time evolution, while the solid
lines are obtained from sampling the full data every 27 /.J.
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fidelity F, defined as
F= i o1 (Ugen U \2/ " (6.4)

with n, = 2 and U is a slightly modified version of the time evolution operator U
(where I removed known but unwanted Z rotations) as explained in Appendix C.4.
This quantity is dimensionless and thus only depends on the ratios of the three
parameters dictating the dynamics of the two-qubit system: J, €2 and wéz. Only the
difference between w,; and w, 2 matters, as their absolute values can be absorbed
in a change of frame.

If the condition in Eq. (6.3) is always enforced, one can expect the infidelity
1—F to decrease to 0 when J increases: this is confirmed by the numerics of Fig. 6.4,
which I ran. One can also observe that when wéz is decreased, the infidelity decreases
as well: this is expected as the limiting case of w}* = 0 should yield a null infidelity.
Now, plugging in the experimental values from Table 6.1, one approximately obtains
J/€ =100 and w;?/Q 2 1. This results in an infidelity between 0.01% and 0.1%.

In order to better understand what limits the fidelity here, I explore the Schmidt
decomposition of U in Appendix C.5. In particular, I show that at finite transfer
speed J, the time evolution operator U is indeed creating entanglement between

the qubits, and cannot be decomposed into a product of two single-qubit gates.

Single-qubit gates on more than two electrons

The extension of the SWAP-based scheme to more than two qubits is not trivial.
Indeed, one would naively think that turning on the J-coupling between all adjacent
dots would produce the same desired outcome. Unfortunately, multi-qubit SWAP
gates are not implemented by simply turning on all J-couplings. Rather, one could
think of implementing a multi-qubit SWAP gate by decomposing it into two-qubit
SWAPs, which could be performed by turning the J-couplings on and off in an
alternate fashion. If this method theoretically works, it is however impractical.
One of the most significant sources of errors in implementing SWAP gates is

charge noise, which arises from two-level fluctuators (TLFs) [207-209]. These TLFs
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Figure 6.4: Infidelity of the swapping protocol. It is computed as the infidelity of
implementing an X ® X gate when driving two continuously-swapped qubits with
frequencies wq1 and wg2 with a single driving tone at w = @,. The data is plotted
against J/Q and w(}Q /2, where J is the exchange coupling and w;2 = Wg2 —wg1. Jis
always chosen such that the condition in Eq. (6.3) is satisfied.

lead to unknown modifications in the exchange coupling [202-204], leading to timing
errors that reduce the fidelity. When decomposing a multi-qubit SWAP gate into
two-qubit SWAPs, a large number of sequential SWAPs between different qubits
are required. This results in an exponential decrease in overall fidelity with the
number of SWAPs, rendering the protocol impractical. However, in the two-qubit
case, we only need to turn the exchange coupling on and off once, so the timing
error only affects the process a single time. Moreover, since the exchange is active
for an order of microseconds, charge fluctuations on this timescale should average
out the variations of the exchange coupling, leading to higher fidelity [204]. Finally,
it is important to note that as charge noise modifies the exchange coupling J, it

will lead to a violation of the condition in Eq. (6.3). As this chapter focuses on



6. Harnessing qubit transport for global spin qubit control 121
addressability, the impact of charge noise on our scheme is left for further study.

6.3.2 Shuttling-based homogenisation

Single-qubit gate on a single electron

In the previous section, I focused on a mechanism that allows for a qubit to oscillate
between two regions of fixed g-factors. In this section, I advocate for the use of
a more powerful mechanism, which leads to a broader exploration of the g-factor
landscape: electron shuttling. Here, the electron is physically moved thanks to
the electrical control of the trapping potential and can thus explore a continuous
landscape of g-factors as illustrated in Fig. 6.2(b). Moreover, this scheme can easily
be generalised to more than two qubits, as multiple electrons can be shuttled at
the same time without any entanglement being generated between them.

There are two main ways to perform electron shuttling: the bucket brigade
mode [34, 178, 210, 211], in which the electron is moved from one dot to another
by altering the detuning between them and the conveyor-belt mode [35-37, 199,
212-214], in which it is the trapping potential itself that moves, carrying the electron
with it. Here, I will focus on the latter as it is more advantageous in terms of
scalability [37, 199], and recent experiments showed that coherent spin shuttling in
Si/SiGe can be achieved with fidelities as high as 99.99% for gate-to-gate distance
and around 99% for a distance of 10 um [37]. As in the previous sections, an
electron shuttled in a region of varying g-factor will acquire an average effective
frequency if shuttled fast enough, with the difference that we are now considering
a continuously varying ¢ (see Eq. (C.3)). This frequency narrowing phenomenon
had in fact already been observed in the context of shuttling, but had never been
used for single-qubit addressability [36].

More precisely, during the gate time 7' = 7/€, an electron with trajectory z(t)

will obtain the homogenised g-factor g given by,

9= [ ottt (6.5)
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Contrary to the exchange-based protocol, it seems that a perfect knowledge of
g(x(t)) is now required at each time ¢ in order to find the drive frequency. While this
would be quite challenging, one can rather directly determine the drive frequency
by shuttling the electron along x(t) and by sweeping the frequency of the drive w
until resonance with the qubit is obtained [215]. One can then deduce g from
w as w = gBy.

However, depending on the shuttling trajectory z(t), such characterisation might
not be needed. Suppose that we let the electron explore dots without repetitions, e.g.
by shuttling it on a straight line for a time T'. As the travelled distance increases,
the homogenised g-factor g given by Eq. (6.5) will tend towards the device average
g-factor go. For a sufficiently long distance, we expect that no calibration is needed
and that the sole knowledge of gy is required which could be obtained through spin
dependent scattering experiments on large samples [216]. This observation allowed
Hamza and I to propose two different driving modes: mode I, for which we drive
the qubit at a frequency w = w, = gBy; and mode II, where w = wy = goBy.

In the rest of the section, the evolution of the infidelity associated with both
driving modes is presented. Let us suppose that we shuttle a qubit back and forth
and that its movement is described by a triangle wave, recursively defined as:

d/2 — vt, ift <d/v
z(t) = ¢ —=3d/2+vt, ifd/v<t<2d/v (6.6)
x(t —2d/v), ift>2d/v
with d representing the distance travelled by the electron for one way and v is
its (constant) shuttling speed. Furthermore, I fix Ag = 107 to address cases
of higher frequency crowding.

To guide the analysis of the numerical simulations of the infidelity of our
protocol, it is important to note that it suffers from two main sources of errors:
the frequency homogenisation error and the error arising from off-resonant driving.
While the latter is well understood and explained by the Rabi model, I need to
describe the impact of v and d on the former. In Fig. 6.5, I use Gaussians centred

around the mean g-factor to symbolise the quality of the shuttling-based frequency
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homogenisation (in the spirit of frequency narrowing). Considering some distance
d, and a constant speed v in Fig. 6.5 (a), the homogenisation is not perfect as
illustrated by the wide distribution around the g-factor associated with the drive
frequency w = g4Bo. While keeping d fixed, increasing v in Fig. 6.5 (b) yields
a better homogenisation as explained in previous sections. The faded Gaussian,
corresponding to a slower speed, is thus less peaked. Keeping v fixed, choosing a
distance d > d in Fig. 6.5 (c) reduces the quality of the protocol as the electron
has to explore more dots. Moreover, as d — oo we have g; — go, which explains
the shift of the mean frequency. The faded Gaussian, corresponding to a smaller
distance, is therefore more peaked but its mean is farther from gq.

We are now ready to study the infidelity of an X gate performed on a qubit as
a function of d, for different speeds v and drive amplitudes €2 as plotted in Fig. 6.6
(which Hamza ran using my code). The distance d ranges from 100 nm (the interdot
distance) to the maximum distance the electron can travel during the gate time
i.e. L =vT. The infidelity measure is the same as for the exchange-coupling-based
scheme — further details on this metric and its numerical simulation can be found
in Appendix C.4. Each data point is obtained by averaging 20,000 instances of
g-factors generated using the method presented in Appendix C.2.

For mode I (top of Fig. 6.6), in which we drive at the mean frequency w = g;By
(ga being the mean g-factor for a distance d), the infidelity increases with d for
fixed v and €2. This is characteristic of a degradation of the homogenisation in the
presence of a larger number of distinct g-factors, as explained before. Then, we
notice that the curves can be grouped by their speed v, with the infidelities for
v =50 m/s (red) approximately an order of magnitude smaller than for v = 10 m/s
(yellow), in agreement with our predictions. The larger the speed (or transfer rate) v,
the better the homogenisation. Finally, we note that within each group, a change in
2 (solid versus dashed lines) does not have much impact on the infidelity, at least in
the experimentally relevant parameter regime we study. Indeed, when looking at the

Rabi model, the value of €2 does not affect the infidelity when driving on resonance.
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For mode II (bottom of Fig. 6.6), in which we drive at w = g9 By, the infidelity
decreases with d unlike mode I. Indeed, as d gets larger, g4 tends to gy as showed
before, thereby reducing the detuning between the drive and qubit frequency. While
we can also group the curves in pairs here, it is now the driving amplitude that
discriminates them. Within the Rabi model, this type of error solely depends on
the ratio |w — w,|/€Q2. The larger the ratio, the higher the fidelity. That is why the
infidelity decreases as {2 increases. While increasing the speed should also improve
the fidelity (for the same reasons as for mode I), the plot shows that the impact of v
is minimal: this means that we are dominated by off-resonant driving errors here and
that homogenisation errors are negligible. Only d and €) thus matter in this regime.
Finally, note that the infidelities obtained with mode II are not nearly as good as the
ones from mode I. This is an artefact of these simulations where only one electron is
driven. For this reason, it is obviously much simpler to leave a qubit idle and drive
it at its own static resonant frequency rather than at the average device frequency.
However, when considering multiple qubits, mode II will become more advantageous
as it will allow one to drive many qubits at once without any calibration and with
a single driving tone. I will confirm this statement in Section 6.4.

As our aim was to characterise the quality of the homogenisation, shuttling
errors were not included in the previous simulations. If they were, it would be
necessary to consider a trade-off between shuttling noise and homogenisation error
for mode II. Indeed, as the distance increases, the infidelity of our protocol decreases
while shuttling noise would increase. One would need to find a sweet spot balancing
the impact of these two error sources. For mode I, increasing d decreases the
infidelity, so including shuttling noise would only aggravate the situation. As a
reminder, recent experiments in Si/SiGe showed per-increment shuttling fidelities
being progressively reduced from 1073 to 107" [34, 35, 37]. As one hop can be
implemented in ~10 ns (assuming an interdot distance of 100 nm and a shuttling
speed of 10 m/s), the resulting overall shuttling noise over one X gate (lasting 1 us
for Q = 1 MHz) reaches at best 1072 with current technologies. However, the task

of low-noise shuttling is receiving rapidly increasing attention, notably with recent
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Figure 6.5: Illustration of the impact of speed and explored distance on the quality of
the homogenisation process. The z-axis represents the difference between the electron’s
homogenised frequency wy when shuttled for a distance d and the device-averaged
one wy = goBp. (a) Wide distribution around the mean frequency representing an
imperfect homogenisation. (b) Increasing the speed (i.e. the transfer rate) while keeping
the explored distance fixed improves the quality of the homogenisation as explained
before. This is represented by a more peaked Gaussian centred around g, which is
reminiscent of the frequency narrowing phenomenon. The faded Gaussian is plotted for
comparison. (c) Increasing the shuttled distance while keeping the same speed deteriorates
the homogenisation as the electron explores more dots. The shift of the mean frequency
manifests the fact that wg; — wy as d — oco. Hamza produced this figure.
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Figure 6.6: Infidelity of the shuttling-based protocol for modes I (top) and II (bottom)
as a function of the distance d, the speed v and the drive amplitude 2. These infidelities
are obtained by performing 20,000 Monte-Carlo simulations with random instances of the
g-factor landscape. The yellow and red lines correspond to v = 10 m/s and v = 50 m/s,
respectively. The solid lines indicates that {2 = 5 MHz, while 2 = 1 MHz for the dashed
lines. This set of data was produced by Hamza using the code I wrote.
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proposals suggesting that g-factor disorder might help improve shuttling fidelities
rather than hinder them [185]. T will thus assume that these will keep improving,.
Additionally, while the results presented in this section are dependent on how
the g-factor landscape is defined, the homogenisation principle should work for any
model. However, it is worth noting that this scheme only performs well in the case
of low frequency dispersion Aw, i.e. at low magnetic field By and low g-factor
dispersion Ag. This is analogous to the observations of Fig. 6.4 for the case of
exchange oscillations, in which the infidelity rapidly degraded with the frequency
spreading w;”. T will confirm this statement for shuttling as well in Section 6.4.
Finally, note that I assumed here (and in the rest of the chapter) that the drive
amplitude €2 is homogenous over the shuttling path, which can be quite challenging
to achieve but not impossible [171]. T however confirmed with additional numerics
that our scheme performs the same in the presence of a non-uniform driving field.
Namely, the resonant frequency of a shuttled qubit would still be the average
g-factor over the shuttling path and the resulting infidelity would be identical to
the case of uniform 2. The only distinction resides in the gate time, now defined as

T=mn/ Q, where Q is the average Rabi frequency over the shuttling path.

Single-qubit gates on more than one electron

Although we verified here that shuttling could advantageously be used to homogenise
g-factors in the simplest case of a single qubit, this method can trivially be extended
to higher qubit counts. Unlike the previously presented exchange-based scheme,
conveyor-belt shuttling [35, 199] can conveniently be utilised to synchronously
shuttle large groups of qubits with no increased resource overhead and without
prohibitive fidelity reductions. Indeed, this mode of shuttling uses four input
voltages only to create a moving sine wave, whose minima can hold the shuttled
qubits and displace them altogether. Clusters of same-frequency qubits can thus be
formed by shuttling qubits around loops, such that all qubits in the loop explore

the same g-factor landscape.
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Extension to two-qubit gates

While the focus of this chapter is on the use of frequency homogenisation to
perform global single-qubit gates, the protocol I am presenting can be generalised
to two-qubit gates as well. With silicon-spin qubits, these can be implemented by
turning on the exchange interaction between neighbouring electrons. Depending on
additional parameters e.g. the existence of a sufficient energy separation between
the electrons or the application of a resonant drive, various kinds of gates can be
implemented. These include vSWAP, CZ gates and CROT gates [20] (see Chapter
2). T will here focus on the latter as it requires the use of a drive, therefore making
its description a natural extension of the single-qubit case.

More precisely, a CROT gate is a rotation around an axis in the zy plane of the
spin of a first electron, conditional on the state of a second electron. To implement
it, the exchange interaction J must be turned on but kept small compared to
the qubits’ energy separation, which I denote as GBy. In this parameter regime,
the degeneracy between the basis states of the two qubits is lifted, enabling the
selective targetting of a specific energy transition with a driving pulse. By setting
the drive frequency at the energy splitting of the [10)-|11) transition, a CROT gate
is implemented in a time 7/ (when J < GBy). This frequency is given by [30-33]:

1
w = 5 (g e = T+ P (g~ wya)?) (6.7)

where w,; = ¢;By is the intrinsic frequency of qubit i € {1,2}.

Like in the single-qubit-gate case, when many qubits are present in the device,
it may prove challenging to selectively target pairs of qubits due to frequency
crowding. Here I show that this can be mitigated by applying our shuttling-based
homogenisation scheme in the same fashion as before. I thus consider two electrons
evolving on two parallel shuttling tracks characterised by distinct g-factor profiles
g1(x1) and go(xa). A large frequency shift GBy is applied between the shuttling
tracks 7.e. by using a micromagnet or magnetic materials. Both electrons are
synchronously shuttled back and forth on their respective shuttling track over a

distance d (see Eq. (6.6)), with a small exchange interaction J < G B, always
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turned on between them. The effect of shuttling is to homogenise the respective
g-factors of the electrons, leading them to acquire the effective frequencies @, ;
and w, 2. In the light of the previous section, two driving modes are conceivable.

Driving mode I consists of driving at the exact means:

1 _ _ - -
Wy = i(wq,l + Wy2 — J+ \/J2 + (w%l - qug)z) (68)

which requires a precise knowledge of the g-factor landscape. In contrast, in driving

mode II we drive at the device averages:

Wwrr = ;((290 + G)BO —J+ \/ J2 + (GB())2> (69)

which is agnostic of the details of the g-factor landscapes. Given the experimental
challenge that implementing two-qubit gates while shuttling would represent,
Hamza and I decided to solely focus on the more experimental friendly driving
mode 7.e. mode II.

The results of such an approach are presented in Fig. 6.7, which I produced.
We observe like in Fig. 6.6 (bottom) that the infidelity decreases with the shuttling
distance d. Indeed w;; becomes a better and better estimate of the optimal driving
frequency wy. Contrary to the single-qubit case however, the infidelity saturates at
large d instead of keeping decreasing: this is because even the static and exactly-
resonant implementation of the two-qubit gate is imperfect (e.g due to crosstalk
with other energy transitions, see [30, 31] for details). This source of infidelity can be
tamed by increasing GG — since the condition J < G By would become better enforced
— or by carefully choosing €2 in order to synchronise the resonant and off-resonant
rotations [32]. It is worth noting that increasing v reduces the infidelity too, since it
improves the quality of the shutting-induced homogenisation. Finally, note that the
scheme presented here only works when electrons are shuttled in separate tracks that
are well separated in frequency (large G). If G was null or if the electrons were to be

placed on the same shuttling track, the resulting operation would be an X X gate.
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Figure 6.7: Infidelity of a CNOT gate implemented while shuttling the qubits so as to
homogenise their respective g-factors. Lighter to darker colours correspond to increasing
shuttling speeds. Each triplet of curve (from top to bottom: circles, squares, diamonds) is
characterised by a distinct frequency gradient G By between the shuttling rails, respectively
500 MHz, 1 GHz and 2 GHz.

6.4  Applications

In the previous Section, I showed that the shuttling-based protocol was the more
scalable. Indeed, it can be applied to multiple electrons without generating
entanglement between them, and it guarantees a high single-qubit gate fidelity
while only using a limited number of electrodes. In this Section, I thus focus
on this protocol and evaluate its performance for the global control of single-

qubit gates in a realistic setting.

6.4.1 Problem statement

Given the model presented in Section 6.2, we wish to perform a high-fidelity X

gate on n; targets qubits while keeping the other n, — n; qubits idle by using
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Figure 6.8: Illustration of the global control workflow. We wish to perform an X
gate on the target qubits (red) while leaving the non-target qubits (yellow) idle. (a)
Given an initial g-factor distribution, we shuttle qubits so as to homogenise their g-
factors. The arrows describe the g-factor landscape explored by each electron and the
central dots correspond to the resulting mean values. The quality of this process is in
particular dependent on the shuttling speed v (see Fig. 6.5). (b) Using micromagnets
or superconducting lines, we apply a magnetic field which effectively shifts the g-factors
of the targets with respect to the non-targets by G as explained in the main text. The
target and non-target qubits homogenised g-factors are now separated and spread around
their means g; and g, (dashed lines). The standard deviation of this distribution is given
by o (red and yellow shaded areas). (c) Our shuttling-based homogenisation allows us to
decrease o by increasing the shuttling distance d (see Fig. 6.5(c)). In the limit of large d,
every qubit within the red and yellow shaded areas acquire the same g-factor, thereby
reducing the spectrum to only one target and one non-target frequencies. Alternatively,
o can be negated by further frequency engineering, namely by applying a distinct G to
each qubit. Hamza produced this figure.

a global driving field.

The general workflow Hamza and I adopted is the following (see Fig. 6.8):
starting from an initial distribution of g-factors (g;)i<i<n,, We apply both our
shuttling-based homogenisation protocol and additional electromagnetic fields (e.g.
Stark shift, global magnetic field gradients) to reduce the frequency spectrum to
essentially two g-factors g, = go + G and g,, = go, corresponding to the mean target
and non-target g-factors respectively after homogenisation. In some cases, there
will remain a distribution of target and non-target g-factors around g; and g,, but
we ensure that the width o of such a distribution is small compared to G. o is
controlled by the shuttling distance d: the larger the distance, the smaller o is.
In contrast, GG is adjusted via the application of aforementioned electromagnetic
fields. Note that the shuttling speed v has no impact on o (which quantifies the

distance between the homogenised g-factors and their means g; and g,). v only
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influences the quality of each homogenisation (see Fig. 6.8).

Thereon, we send a driving tone at (almost) resonance with the target qubits:
w = g:By. Ideally, when G is large and o is small, the non-targets are left almost
idle while each target rotates at a rate 2 &~ g;B;. In reality, each target rotates
around a slightly tilted axis as o is finite. Besides, the non-targets may experience
some crosstalk due to finite G. In order to mitigate it, we additionally tune 2 such
that the driving tone induces a 7 rotation on the targets qubit, but a 27 rotation
on the non-targets. This is explained in Appendix C.6.

I will compare this workflow to a state-of-the-art implementation of global
single-qubit gates [28, 195], which leverages the same ingredients as above but
without our shuttling-based homogenisation. For this reason, it is in general not
possible in this case to reduce the spectrum to only two main frequencies like before
(o would be too large). Rather, frequency crowding and frequency separation are
dealt with by the sole application of electromagnetic fields, namely by placing
the qubits frequencies into (more than two) same-frequency bins. This way the
minimum frequency spacing does not decrease with the system size, providing a
solution to the frequency crowding issue. The driving pulse has to be composed of
multiple driving tones, separated by a frequency distance equal to the bin spacing
20w,. This relatively low distance can be a source of crosstalk, whose effect is
mitigated by tuning the drive strength 2 like before (see Appendix C.6). I will
refer to this general method as the binning technique.

More concretely, I will focus on two architectures suited for different eras:
the near-term 2xN [155] and the long-term looped pipeline architectures [156].
Exploring these two architectures enables to survey the efficacy of our scheme for
both the NISQ and fault-tolerant eras. Note however that 2xN arrays of qubits
will also be relevant in the fault-tolerant regime as we explored in Chapter 5.

In all the following, I will assume a varying number of target qubits n; and
set the number of non-target qubits to n, = n; — 2 as an example. The g-factor
dispersion Ag is set to 1073gy or 10~2gq, which I will denote as low and high interface

roughness respectively. The maximum Stark shift d¢ is set to Ag/10. Besides I will
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use a drive strength  around 5 MHz (taking into account the synchronisation of
the target and non-target qubits rotations, as explained in the previous paragraphs
and in Appendix C.6). When evaluating the performance of our proposal, I will
assume a constant magnetic field By = 0.1 T to minimise frequency spreading and
facilitate our homogenisation protocol. In contrast, for the binning technique, I
will set By = 1 T to maximise the frequency shift allowed by Stark shift, which
sets the bins separation. As such I am comparing both schemes when they are
performing best. In addition, the targets and non-targets will be separated by a
frequency shift GBy = 300 MHz. Assuming that targets and non-targets are on
distinct shuttling tracks that are distant by 100 nm (as it will be the case in the
following), this translates into a magnetic field gradient of 0.1 mT/nm. This is
comfortably below demonstrated gradients induced by micromagnets, around 0.8
mT /nm [173]. As for the shuttling distance and speed, I will consider two distinct
parameter regimes that will depend on the architecture: v = 10 m/s and d = 3 um
(2xN); or v = 50 m/s and d = 20 um (looped pipeline). I will comment on the
choice of these parameters in Appendix C.7. The performance of each technique
is evaluated by running 10,000 Monte Carlo simulations with randomly-generated
g-factor profiles. In each instance, I use the same fidelity measure as before: details
on our numerics can be found in Appendix C.4. Shuttling noise will still be neglected

in the present study in order to focus on qubit addressability.

6.4.2 Performance on the 2xN array

The first architecture Hamza and I considered corresponds to the easiest extension
of a 1xN array of quantum dots. Despite its simplicity, I showed in Chapter 5 that
one can reliably implement error correction on this architecture. However, here we
are concerned with a more restricted version of the architecture in which we require
the second row of the 2xN array to be empty as shown in Fig. 6.9.

As explained in the previous section, our first goal is to simplify the frequency
spectrum, namely to only retain one main target g-factor g, and one main non-target

g-factor g,. To do so, we first spatially separate the targets from the non-targets by
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Figure 6.9: Illustration of the shuttling-based protocol for a 2xN array. Starting with all
the qubits on the top row in (a), we move the non-targets to the bottom row to physically
separate the two types of qubits. Then, thanks to superconducting lines or micromagnets
we apply a large magnetic field gradient between the rows (shaded areas) in (b). This
magnetic field gradient can also be seen as shifting the g-factors of the electrons on the
top row by G. Finally, the electrons are shuttled back and forth in lines to homogenise
their g-factors. Hamza produced this figure.

transferring the non-target qubits to the bottom row (Fig. 6.9(a)). In addition to this,
we apply a magnetic field gradient between the rows, e.g. by placing micromagnet
or a superconducting wire parallel to the array. This generates the desired frequency
separation GBy. At this stage however, the target and non-target g-factors are
scattered around their mean values (respectively g, = go and g; = go + G). To lower
the standard deviation o of these dispersions, we shuttle both rows of qubits back
and forth (Fig. 6.9(b)). This results in reducing ¢ by homogenising the g-factor
landscape as illustrated in Fig. 6.8. Target qubits can now be driven close to
resonance by sending a driving pulse at w = (go + G)By. This is reminiscent of
the driving mode II I presented in Section 6.3.2, where qubits are not driven at
exact resonance, but rather at a known frequency that is agnostic of the details of
the g-factor landscape (w only depends on the device average g-factor gy and the
set magnetic field gradient GBy). As such, the infidelity is arising from two main
contributions: the slightly off-resonant driving of the target qubits and the crosstalk
between targets and non-targets. Note that in the present scheme, it is not feasible
to use the driving mode I (where each target qubit is driven at exact resonance).
Indeed, the leftmost and rightmost qubits of the top row do not experience the
same g-factor landscape, yet their resulting effective g-factors are both too close to
g; to differentiate them and drive them with two distinct driving tones.

In Fig. 6.11, which I produced, I compare this protocol to the binning technique,

as explained in the previous section. I will focus on the left panel, corresponding
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to a shuttling speed v = 10 m/s and a distance d = 3 pm 4.e. spanning 30
quantum dots. This scenario is realistic for the near term [37]. I find that in the
case of low interface roughness (solid lines) our shuttling protocol (orange) quickly
outperforms the binning scheme (yellow). More specifically, it yields a per-qubit
infidelity around 0.3% i.e. under the surface code threshold, which the binning
scheme fails to provide. One however observes an opposite behaviour in the case of
high interface roughness (dashed lines), where the binning scheme yields a desirable
sub-threshold single-qubit infidelity, far below the one obtained with shuttling. This
is because the homogenisation of the g-factors becomes more demanding at large
Ag, requiring unfeasible shuttling speeds or drive strengths to compensate for the
wider dispersion when shuttling. In contrast, the binning scheme performs well
at high interface roughness, owing to a greater interbin spacing arising from a
larger Stark shift g = Ag/10. Note however that contrary to our shuttling scheme,
the binning scheme requires a perfect knowledge of the g-factor landscape and a
reliable tunability via Stark shift. Besides, one can expect the interface roughness
to decrease over time as manufacturing technologies improve.

An additional interesting feature one can note is that the average single-qubit
fidelity as defined in Eq. (6.4) decreases when loading more qubits into the device
with our shuttling scheme. In contrast, it grows with the binning scheme. This can
be explained by noting that in the first case we are not increasing the number of
driving tones with the number of qubits, while in the second case, a new driving
tone should be added every time a new bin is created. This leads to an increase of
the crosstalk between target qubits. At sufficiently large numbers of qubits, both
infidelities become stationary however, meaning that both schemes can address the

frequency crowding issue, albeit in different parameter regimes.

6.4.3 Performance on the looped pipeline architecture

The second architecture is the one I presented in the last section of Chapter 5, as
a way to increase the logical-level connectivity between 2D error-correcting codes,

or encode 3D error correction structures within a strictly 2D device [156]. This
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Figure 6.10: (a) Schematic representation of the 3 x 3 surface code with data and ancilla
qubits represented in white and grey respectively. (b) Implementation of the 3 x 3 surface
code within the looped-pipeline architecture with white and grey loops representing data
and ancilla loops respectively. Note that n electrons (n = 2 here) can populate each loop in
order to encode more than one surface code patch as explained in the main text. Red and
yellow electrons represent target and non-target qubits respectively. (¢) Implementation
of single-qubit gates using our shuttling-based homogenisation protocol. During each
stabiliser cycle, we wish to perform single-qubit gates on the data loops while leaving
the ancillas idle. By shuttling the electrons around loops we homogenise their g-factors
and reduce the number of distinct frequencies from 17n (with n being the number of
electrons per loop) to 17 (number of loops). In order to further reduce crosstalk, we
adopt the strategy presented in Fig. 6.8 leveraging superconducting lines/micromagnets
to differentially shift the g-factors of the targets (red shaded area) with respect to the
non-targets. The g-factor of the data qubits is denoted as g; + G and that of the ancillas
as gj. Note that, one could tailor the field generated by the micromagnets such that
every target obtains the same g-factor G, which yields an even higher fidelity as seen in
Fig. 6.11. Hamza produced this figure.

amelioration is carried out by shuttling data and ancilla qubits in separate loops that
occasionally meet for the implementation of two-qubit gates. By placing multiple
electrons in each loop, out-of-plane layers of error correcting codes are effectively
stacked together (see Fig. 5.13). Throughout the normal execution of stabiliser
cycles, data qubits frequently need to be collectively addressed by a single-qubit
Hadamard gate while leaving ancilla qubits idle.

In Fig. 6.10, the looped pipeline architecture is represented in the case of two
stacked 3 x 3 surface codes patches. Data and ancilla qubits (and loops) are
represented in white and gray respectively. As qubits go around in loops, they
acquire an effective frequency equal to the mean frequency of their respective

shuttling track as per the observations of the previous section.
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Contrary to the previous architecture I presented, target and non-target qubits
are inherently spatially separated, which simplifies their addressability. In order to
separate them in the frequency spectrum, we again apply a magnetic field gradient
between the target and non-target shuttling tracks. Nonetheless, thanks to the less
constrained architecture, we here have more flexibility in the choice of the applied
field. Namely, we can distinguish two realistic scenarios. In the simplest one, the
same frequency shift G By is applied to all target loops (this is equivalent to the 2xN
scheme): this can be implemented by placing regularly-spaced superconducting
wires above the target loops. Note however that assuming a perfect loop-wise
g-factor homogenisation, the number of frequencies remaining in the spectrum is
given by the number of loops rather than the total number of qubits. Like before,
the infidelity is here limited by the slightly off-resonant driving of the targets and
the crosstalk between targets and non-targets.

In the second more intricate scenario, we apply a distinct field (G — g;) By to
the loop i, where g; is its mean g-factor. This effectively negates the g-factor
dispersion o between the targets as well as between the non-targets, i.e. leaves the
frequency spectrum with two frequencies only. This however requires a knowledge
of all mean g-factors g; and the capability to apply a loop-specific magnetic field
gradient. One could envision this by inserting out-of-plane magnetic materials
inside each target loop. Note that a constant monitoring of the g-factor landscape
is required in this case, and it must be fed back so as to update the strength of
their induced magnetic field accordingly. Therefore, the latter scheme represents
a higher experimental challenge, but it is expected to yield significant infidelity
reductions, owing to the total suppression of the dispersion ¢ of the homogenised
g-factors around g; and g, (see Fig. 6.8). This means that all target qubits can
be driven at exact resonance, and that the crosstalk with non-target qubits can
be annihilated by tuning €2 such that they perform a 27 rotation during the gate
time (see Appendix C.6). The only remaining source of infidelity in this case is

thus the imperfect homogenisation of the g-factors.
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The performance of these two variants of our scheme are presented in Fig. 6.11,
along with the binning scheme. I will now focus on the right panel of the figure,
corresponding to a shuttling distance d = 20um and a shuttling speed v = 50 m/s.
Such parameters are anticipated to be the working point of the looped pipeline
architecture [156]. While the binning scheme is unaffected by the choice of d and v,
we observe a general reduction of the infidelity of our shuttling scheme compared
to the left panel. The main observations remain the same however: shuttling
proves advantageous in the low-interface-roughness regime, while binning yields
promising infidelities for high interface roughness. The main difference compared
to the left panel is that the o = 0 data (brown lines) outperforms the ¢ > 0
data (orange lines) by almost an order of magnitude, potentially justifying the
use of this more experimentally-demanding strategy. The reason why it did not
prove advantageous before is that the homogenisation error was just saturating
the infidelity at low v. Moreover, as we set n, = n, — 2 the rightmost data points
correspond to two stacked 3 x 3 rotated surface codes (two qubits per loop), for
which we observe comfortable sub-threshold infidelities for the shuttling or binning
schemes, respectively at low or high interface roughness. Since at this point all
infidelities are stationary with the number of qubits, I expect this observation to

hold for any code size and number of stacked surface codes.

6.5 Discussion and outlook

In this work, I considered the pressing issue of individual spin qubits control. When
qubits are encoded with a single spin trapped in a quantum dot, single-qubit
gates are implemented via the use of magnetic fields, which are hard to localise
at the qubit scale. Rather, existing research advocated for the use of a global
field with multiple driving tones at resonance with the target qubits frequencies,
which are variable in essence, due to interface roughness. This generally induces
frequency crowding thus unwanted crosstalk that needs to be addressed. In this
piece of research, Hamza and I designed an elegant framework to globally control

silicon spin qubits with high fidelity.
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Figure 6.11: Single-qubit gate infidelity for the 2xN and looped pipeline architectures
in the presence of n; target qubits and n, = n; — 2 non-target qubits. The solid and
dashed lines respectively correspond to a g-factor dispersion Ag = 10™3gg and 10~2gp.
The targets and non-targets are separated by a magnetic field gradient GBj. 1 consider
three different strategies for the gate implementation: binning the frequencies without
shuttling the qubits (yellow); shuttling the target and non-target qubits so as to reduce
the spreading o of their frequencies (orange); and the same as the latter with additional
frequency engineering in order to negate any frequency spreading among the target qubits
i.e. setting o = 0 (brown). In the first case, the drive contains multiple tones at resonance
with each bin. In the second and third cases however, we send a single tone either
approximately or exactly at resonance with the target qubits (owing to ¢ being finite or
not).

More specifically, we demonstrated that electron motion can be utilised to
homogenise the g-factors it experienced. When the motion takes the form of
exchange oscillations between a pair of qubits, both electrons g-factors become
equal to the mean of the original g-factors. When the motion is implemented via spin
qubit shuttling, all electrons travelling around a looped shuttling track obtain the
same new effective g-factor equal to the loop mean g-factor. These examples make
it clear that the above homogenisation method can be utilised to reduce the number
of frequencies in the frequency spectrum. In this research, we put this observation
to use for the implementation of single-qubit gates. While frequency narrowing had
already been identified in the past [36], we here explored a new paradigm where it
becomes an essential ingredient to the implementation of quantum gates.

The main result of this chapter is that when an electron is transferred between
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multiple locations, a single-qubit gate can simply be implemented by sending a
driving tone at resonance with the mean frequency felt by the electron. The quality
of the gate is dependent on the transfer rate (exchange coupling, shuttling speed):
highest fidelities are achieved when the transfer rate is large compared to the Rabi
frequency and the qubits frequency dispersion. Via numerical simulations produced
from my code, Hamza and I quantified the amount of error generated by such a
protocol and obtain promising estimates in the case of transferring a single electron
via shuttling. In particular, we demonstrated that when the shuttling distance
was large enough, the qubit g-factor dispersion rapidly decreased, meaning that
the sole knowledge of the device average g-factor gg sufficed to set the driving
frequency. This alleviates the experimental requirements for a spin-qubit-based
quantum computer, by removing the need for a constant monitoring and calibration
of the detailed g-factor landscape. These promising observations led us to extend
our analysis first to two-qubit gates, for which I still showed the suitability of our
protocol. Then we aimed to tackle realistic experimental setups: a 2xN array of
qubits and the looped pipeline architecture [156]. Even in these more complex
contexts, I showed orders of magnitude improvements of the fidelity of single-qubit
gates on selected subsets of qubits compared to previous state-of-the-art techniques.
The use of shuttled two-qubits gates was not investigated but would certainly fit in
this context as well, promising easier syndrome extraction for fault-tolerant devices.

As future work, it would be valuable to generalise our protocol to more general
types of qubits and materials. Here, we focused on electron spins in silicon, where the
g-tensor anisotropy is small. This means that we were able to only consider scalar
g-factors. More generally, we believe that effects of stronger spin-orbit coupling
can be calibrated away as long as they are known a priori.

Additionally, we envision extending our study to more kinds of architectures.
One example is my novel Quantum Snakes on a Plane [165], where logical qubits
consist of linearised objects than can be shuttled around large loops made of 2xN
filaments. I believe that our protocol could greatly facilitate the implementation

of single- and two-qubit cases in this paradigm.
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Another direction we wish to explore is the inclusion of various physical and
experimental limitations. First, this encompasses off-resonant driving, e.g. stemming
from the use of finite-bandwidth driving tones. Second, non-adiabatic effects could
arise from the abrupt switching-on and off of the driving pulse and exchange
coupling. One could further evaluate if these effects can be tamed via known pulse
shaping techniques. Finally, noise would inevitably be present in any experimental
chip, e.g. charge noise or valley excitations (when shuttling). It would be valuable
to run such simulations, which we overlooked for now in order to solely tackle
the qubit addressability problem. These would further inform the user about
the trade-offs between the use of our schemes and increased noise when qubits

are swapped or shuttled.
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Algorithmic error mitigation for quantum
eigenvalues estimation

The research presented in this chapter originates from a collaboration with Kosuke
Mitarai and Keisuke Fujii and is available online [217]. The problem at stake
was imagined by Profs. Mitarai and Fujii. All ideas and research were however
produced by myself, with the useful input and comments of my co-authors during
our regular meetings.

All writing below is my own, in places using text verbatim from my manuscript.
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7.1 Introduction
7.1.1 Quantum error mitigation for early fault-tolerance

In the past chapters, I delved into one of the most topical issues of quantum
computing today: quantum error correction. Without it, quantum computers will
not reach their full potential given the forbiddingly low error rate that are required
to run deep quantum algorithms. Even so, while the first demonstrations of error
correction are being experimentally implemented [9, 93, 218], it will be long before
such devices can run the aforementioned algorithms: limited number of qubits or
high physical noise are today among the experimental limitations that hinder the
resulting logical error rates and number of implementable logical gates. Before we
reach a regime of long-term stable fault-tolerance, there will likely be an extended
period of time of early fault-tolerance where QEC is functional but does not provide
low enough error rates or is limited in the number of logical gates that can be
implemented. In this regard, I presented in Chapter 5 a solution to simplify the
circuitry used to build error correction codes; this manifestly came at the cost of
longer quantum computations, reaching several days for applications slightly beyond
the classically tractable regime. Additionally, the increased physical error rates
arising from the shuttling protocol implied higher code distances in order to reach
low enough logical error rates, meaning increased qubit overhead.

In this specific case, I thus chose the simplest approach to counterbalance
the higher physical error rates that are characteristic of the early fault-tolerant
regime: scale up the code. While this is not believed to pose a significant challenge
for silicon spin qubits [19], it may not be a viable option for all qubit platforms.
This motivates the use of alternative techniques to further reduce errors, such
as quantum error mitigation (QEM).

Originally, QEM was designed for Near Intermediate Scale Quantum (NISQ)

devices, a generation of quantum computers that would precede fault-tolerance.
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In this regime, the limitations stemming from noise and qubit and gate counts
are too stringent to implement any error correcting code, and only low-depth (e.g.
variational) algorithms can be run. Errors that accumulate from the implementation
of a quantum circuit can then be mitigated rather than corrected. While QEC relies
on a considerable qubit and gate overhead, QEM rather promises a reduction of
errors by increasing the sampling overhead and classically post-processing the data.
The drawback is that, for any QEM technique, the sampling cost exponentially
increases with the qubit and gate counts [219], meaning that QEM alone is not
a scalable technique and is not suitable to the deepest circuits. In concordance
with QEC however, it could help alleviate the resource requirements associated
with error correcting codes and extend the range of applications of early fault-
tolerant devices. This perspective was for instance studied in details in [220],
where it was shown that the use of QEM could effectively enhance error correction
codes distances, thereby replacing qubit overhead with sampling overhead for equal

error reduction performance.

7.1.2 Algorithmic error mitigation for quantum eigenvalues
estimation

In this chapter, I further explore this paradigm and present an error mitigation
technique targeted at the improved evaluation of quantum eigenvalues. The
eigenvalues of observables characterising a quantum system serve as a critical
benchmark for understanding the system’s behaviour and properties. Accurate
estimation of the eigenvalues, such as the ground-state energy of the Hamiltonian,
enables researchers to unravel key phenomena like chemical reactions, material
properties, and phase transitions. While the task of estimating the eigenvalues
becomes exceedingly challenging for classical computers as the size of the quantum
system increases, quantum computers offer a promising avenue for tackling this
problem efficiently, in particular with the use of the well-known phase estimation
algorithm (PE) [221-224]. No matter what variant of the algorithm is used, PE

always takes as input a unitary operator WW(A) whose eigenvalues are a function of
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the eigenvalues of the target observable A. In the case of the Hamiltonian, most past
works have focused on Hamiltonian Simulation, i.e. W(H) = e I for a given time
t, which can be implemented by Trotterisation [225, 226] or truncated Taylor series
[227]. More recent papers [228, 229] however advocated for the implementation
of W(H) = e 121eeos(H/) with \ a parameter greater than the spectral norm of H.
This unitary can besides be implemented efficiently by qubitisation [230].
Nonetheless, as previously highlighted, early fault-tolerant computers may be too
noisy to implement such deep algorithms: first due to residual gate errors stemming
from insufficient error correction; second owing to compilation errors or algorithmic
errors arising from approximations the algorithm uses to implement the unitary
operator W(A). For instance, in the case of Trotterisation, the exponential of a sum
is broken down into a product of exponentials, which is only exactly true when all
terms of the sum commute; as for qubitisation, the protocol requires the preparation
of a state |G) encoding information about the target Hamiltonian, which can only
be executed up to a certain error [186]. These algorithmic errors can of course be
tamed by augmenting the circuit complexity within the quantum algorithm, thereby
improving its precision, but this may be unfeasible in early fault-tolerant quantum
computers where the number of qubits and gates will have to remain moderate so
as to avoid gate error accumulation (in particular non-Clifford gates [231]). The
solution I instead advocate for in this chapter is thus to use error mitigation.
The specific protocol I present here targets algorithmic errors, and can be applied
not only for the usual estimation of expectation values, but also for eigenvalues.
To this end, my method expands on Richardson extrapolation [232], with key
novel elements: if this extrapolation has already been identified as a promising
candidate for error mitigation in the context of Hamiltonian Simulation [233, 234],
or used in conjunction with error correction [220, 235, 236], my contribution lies
in generalising it. More precisely, I first extend it to the estimation of eigenvalues,
which requires the use of precise and non-trivial mathematical theorems. Second,
I enable its application to the most optimal Hamiltonian Simulation algorithm,

namely qubitisation, by employing a multi-parameter formalism introduced later in
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the chapter. By implementing multiple imperfect but fully determined unitaries
and extracting their eigenvalues, I show that one can build an estimate of the
target eigenvalue up to any order p. To assess the effectiveness of this method,
I conduct numerical tests and observe a significant reduction in errors, reaching
several orders of magnitude, such as in the case of Trotter errors. The overall cost
of the procedure is also evaluated and is shown to remain particularly modest as
one only has to independently perform phase estimation a sufficient number of
times. To correct up to p-th order, I estimate this number to grow as a polynomial
of degree p with the number of terms of the Hamiltonian, or even linearly with

p in some relevant cases such as Trotterisation.

7.2 Methods

In this section, I present my error mitigation scheme. After stating the assumptions
it relies on, I describe the error mitigation protocol and theoretically estimate

its performance.

7.2.1 Algorithmic errors of observables

We are interested in estimating the eigenvalues of a target observable A on a
fault-tolerant computer. This can be done with the use of the phase estimation
algorithm (PE), assuming that a unitary operator W(A) can be implemented.
However, owing to limited circuit depth for the generation of such unitary operator,
the implementation may only be performed up to some algorithmic (or compilation)
errors. The consequence is the implementation of an actual unitary W(A'),
associated with an effectively implemented observable A’, whose distance to the
target observable A depends on the strength of the algorithmic errors.

One particularly important thing to note is that, because we are focusing on a
fault-tolerant setup, A and A’ are close to deterministic. Indeed, we can consider
in a first approximation that the logical error rate is null in a FTQC and that
only algorithmic errors exist (finite logical error rates will be studied later on).

Consequently, one exactly knows the target observable A as well as the circuit that
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generated the approximate observable A’ (chosen by the user). A and A’ can then
be parameterised by a functional A(dy,...,dy) that satisfies:

A= A(0,...,0) (7.1)

A = A5y, ..., 05) (7.2)
for a specific choice of d;’s which represent algorithmic errors. Importantly, these
0;’s are entirely known.

This can be illustrated with two examples in the case of the eigenvalue estimation
of a Hamiltonian. I will note the target and implementable Hamiltonians H and
H' respectively (instead of A and A’). When H = Y Hy and W(H) = e '
is implemented by Trotterisation, the algorithmic errors stem from the inexact
splitting of the exponential of a sum into a product of exponentials. The effective
Hamiltonian under first-order Trotterisation is:

H' = (;tlog (H e—inéf) (7.3)
with 0t a small fraction of the total time ¢. As a result, the functional describing H
and H' can be chosen to depend on a single parameter: N = 1 and 0; = dt.

Likewise, if H is expressed as a linear combination of unitaries H = )" ¢; P;, and
W(H) = e tarecos(H/2) is implemented by qubitisation [186, 228], then the protocol
relies on the preparation of the state |G) = Zm\z) with A = Y ¢;. More
precisely, if the state |G) can be prepared, qubitisation enables an exact implemen-
tation of W(H) (assuming no gate errors). However, the state preparation itself is
subject to algorithmic errors [186] and a state |G') = 3 m i) with ' =3¢,

may instead be generated. As a result, the effectively implemented observable is:
H =Y ¢P (7.4)

The functional describing H and H’ hence depends on multiple parameters d; =
¢; — ¢; which, again, are known. For instance, in [186], ¢} is the p-bit binary
approximation of ¢;, with u related to the number of ancilla qubits used in the

state preparation circuit.
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7.2.2 Problem statement

The problem I consider here is the following: given a target observable A and an
implementable observable A’ that are both entirely known, how can one accurately
estimate the eigenvalues of the target observable A from the eigenvalues of the
implementable observable A’? I show in the next sections that this task can be
fulfilled efficiently provided not one, but multiple and distinct, observables A}

approximating A are implemented:

Al = A(01 gy s ONE)

From now on, I will denote by m the number of implemented A}’s. N will still
designate the number of coefficients an individual Aj depends on. In the above
equation, the second subscript k£ € [1,m] of d;; will refer to the implemented
observable A} while the first one ¢ € [1, N] will refer to the specific coefficient.
Alternatively, (014,...,0n%) may be noted in a more compact form as an N-
dimensional vector 576

There are various ways of generating these A, depending on the situation.
Considering the two previous examples again: for Trotterisation, it is enough to
vary the infinitesimal time step dt; for qubitisation, in particular within the state
preparation protocol of [186], one can generate the closest y-bit binary numbers c; .

to each of the target coefficients ¢; (rather than just one ¢ per ¢;).

7.2.3 Original idea

In this section I present the pathway that led me to the main results of this
chapter. Initially, I decided to solely focus on the ground state evaluation of a
Hamiltonian H = ) ¢; P;, approximated by a simulable Hamiltonian H' = ¢, P,
(e.g. by qubitisation). Given the proximity of H and H’, my initial idea was
to use perturbation theory to approximate the unknown eigenvalues of H with
the computable eigenvalues of H'. Noting V = H — H' = Y §;P;, first-order

perturbation theory gives:

E=E+3Y5 (WO P [¢"@) + 0(5) (7.5)
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Here the exponents in brackets refer to the index of an eigenstate e.g.

@/}’(0)> for
the ground state of H'. I simply note ' = E'®© and E = E©. This equation
expresses F (that T am attempting to evaluate) as a function of quantities that can be

estimated: E’ and

)’ (0)> are the outputs of phase estimation applied to H’ (which is
implementable) and all §;’s are known by assumption. All expectation values in the
sum can thus be evaluated by sampling, eventually giving a first-order estimate of F.

While this is promising, sampling these N expectation values induces a sampling
overhead one could actually avoid. To do so, let us suppose that we can prepare
multiple Hj, in the vicinity of H (as explained in the previous section) and let

us expand them as a function of H:

Ep =B+ (¥] = Vi [p®) + 0(5?) (7.6)
Now expressing E:
E = B + (0O V [ @) + 0(5%) (7.7)

= B+ 3 i (0| B [9) + 0(5%) (7.8)

Importantly, instead of directly expressing E as a function of £ (as in Eq. 7.5), 1
rather did the opposite first then reversed the equation. This way, 9, holds the only
k-dependence (otherwise ’¢(0)> would too). As 5, are vectors of an N-dimensional

space, there exists (Aq,..., Ay+1) such that
Y M =0 = Vi Y Mdip=0 (7.9)
k k

By combining the above equations:

S ME =Y ME+Y (Z Am@k> (WO P[p@) + 0% (7.10)
k k i \k
Then by dividing by >, A\x, one obtains:

oo DB Ei (S Adi) (VO] Py [y @)
YR >k Ak
XN

D
=S5 0@) (7.12)

+ 0(6?) (7.11)
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This result holds much more power than Eq. 7.5: with only N + 1 uses of phase
estimation on different H;’s, one can exactly estimate a first-order approximation
of E, without the need for any expectation values estimations. This requires the
calculation of the coefficients (\;), which can easily be computed from the known
(0; ) by solving a linear system. On the contrary, Eq. 7.5 required such expectation
values estimations, leading to sampling errors € and a total sampling cost N/e.

Besides, this second method can easily be extended to higher orders:

w7 oy

E=EFE,+ <¢(0)‘ Vi )w(0)> _ ;; OO (7.13)
i ij
where
O] p, (1@ O] p. p®

1£0

are both k-independent. Now by choosing X of size at most N2 + N + 1 such that
Vi, j Z Medig = 0, Z Akdikdjr = 0 and Z A =1 (7.16)
k k k

one gets:

E=> ME, +> (Z /\kéi,k> @+ (Z Ak(si,kcs-,k> Bi (7.17)
k i k 1,3 k
)

=Y ME} + ()((53 (7.18)
k
k

which gives an exact second-order estimate of E.

While writing these equations, I realised that the exact expression of the
coefficients «; and 3; ; was unimportant as they were to be cancelled out anyway.
Further, Eq. 7.14 can directly be written by Taylor-expanding F, rather than using
step 7.13 and perturbation theory at all. Following this more agnostic procedure,
the scheme could even be extended to any observable. This generalisation is

presented in the next section.
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7.2.4 Main theorem

My main result reads as follows:

Theorem 1. Let A be an observable whose eigenvalues one wants to estimate up to
a given order p, and (A}) be a set of observables, in the neighbourhood of A, whose
eigenvalues one can estimate. Assume that the observables in the vicinity of A can

be described by a smooth functional A6y, ...,0y) such that:

A= A(0,...,0), (7.19)

VE Al = A(61 g, ONE), (7.20)
Assume that, for all i and k, the coefficients 0; parameterising A}, are known. It
follows that one can construct coefficients (A1, ..., \m) € R™ such that any non-
degenerate eigenvalue a of A can be estimated up to order p from eigenvalues a), of

Al and from the coefficients \i:

Im €N I\, .. An) ER™ a= > \aj + da (7.21)
k=1
where
da = O ([[Al]a]l6][2") (7.22)

where ||.||1 denotes the €*-norm and ||6||.c = max;y, |6;x]. The required number of

coefficients (or equivalently of observables A} ) satisfies:
m = O(N?) (7.23)

Remark 1.1. If the functional A depends on one parameter only (N = 1), the

eigenvalue a one is trying to estimate need not be non-degenerate.

Proof. Let a be a non-degenerate eigenvalue of A and p € N be the order up to
which we want to estimate a. Since a is non-degenerate, it is a locally totally
differentiable function of the operator A [237]. Alternatively, as per Remark 1.1,
if A depends on one parameter only, the eigenvalue a need not be non-degenerate

to be a totally differentiable function of this parameter [237]. In both situations
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and in less technical terms, this means that a varies smoothly when A is perturbed.

Thus, if A’ is an observable in the neighbourhood of A such that:

A = A6y, ..., 0x)

then there exists an eigenvalue a’ of A" in the neighbourhood of a, which can be

expressed via a generalised Taylor expansion (using the notation |i| =i + ... + iy):

a =a-+ Z 5?...55\9\[%1,...@'1\] + O(||6][2h),

1<]i|<p
with
1 dlla
Votrin = T BT o . (7.24)
For m € N different observables A}, we have
Ghomat Y Oy + O (7.25)
1<]i|<p
where
10]]o0 = | ]

max
1€[0,N—1], k€[0,m—1]
Importantly, v;,..iy does not depend on k. Now, consider, for k£ € [1,m], the

vector Ty consisting of the monomials appearing in the expansion:
= (S IN
Te = (010N ko<l <p (7.26)

Let us denote X the matrix of the #’s (in columns) and b = (1,0, ...,0)T (of same
size as Ty). When m is greater than the size of 7, that is m = O(N?), one can find

a solution X = (A1, ..., \m)? to the linear system

XX=b (7.27)

The above system is equivalent to:
> A6t 03, =0 (7.28)

k=1

for all iy, ..., iy such that 1 < |i| < p, and:

S A =1 (7.29)



154 7.2. Methods

when 7; = ... =iy = 0. As a result, combining Eqs. 7.25, 7.28 and 7.29, one gets:

Z )\kaﬁc =a+ Z (Z Ak ifk %fk:) Yir,vin
k k

1<|i[<p

+ 3 M0 (1611
k

= a+0 (IINlIg]2+)

This first theorem and its proof provide a deterministic and exact way to
construct a p-th order estimate of any non-degenerate eigenvalue a of the target
observable (or any eigenvalue if the A}’s can be parameterised with a single variable).

Let us look at the simple example of a Hamiltonian implemented by Trotterisation
H'(6t) (Eq. 7.3). Assume that the minimal time step one can implement is ¢,
and that one aims to correct up to first order. By implementing H'(ty;,) and

H'(20tmin), one can construct an estimate of any eigenvalue F of H as:
S /\1El(5tmin) + /\QE/(QétmiIJ

with (A1, A2) solution of the system:

Aldtmin + )\225tmin =0
AM+A=1

giving A\; = 2 and Ay = —1. This estimate is accurate up to O(dt2,,).
Importantly, the theorem’s proof shows that the estimate we construct does
not require any knowledge or evaluation of the complicated coefficients 7;, . ;, of
Eq. 7.24. It also does not matter if one has restrictions on the set of A}’s they can
implement (as long as it is large enough): there is indeed no condition on (J; ) to find

(A1, ...y Am) satisfying Eq. 7.28. There are however choices of (0, ) that are better

than others in order to minimise the error, as will be expanded in the next subsection.
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7.2.5 Bounding errors

Theorem 1 establishes the existence (and a construction in its proof) of the
coefficients (A1, ..., \,) that are involved in the estimate of a. However, the error
bound I derived depends on ||X |1, hence on the set of implementable observables
Al: if the Al’s (6)’s) are almost all identical, the underlying linear system of
Eq. 7.27 will be very poorly conditioned, and ||X |1 might explode. It is therefore
important to control X by noting that its choice is not unique, and that some
gk’s may lead to better solutions.

Further, controlling X appears necessary to tame fluctuations of the estimated
eigenvalue a due to imperfect evaluations of the eigenvalues aj. It is particularly
relevant in our problem setting as these eigenvalues will likely be measured via
phase estimation, whose outcome statistically varies around the exact eigenvalue. If

each a}, is estimated with variance o2, that of a can be expressed as
m m
\% (Z Aka;> =0’ > X\ (7.30)
k=1 k=1

where V denotes the variance. Thus, having some control over X would both prevent
target-estimate errors and amplification of PE statistical variations.
Consequently, Theorems 2 and 3 aim at bounding X in two relevant cases: when

p = 1 (first-order correction) and when N = 1 (mono-variate case).

Theorem 2. Suppose that one wants to correct up to first order (p =1) and that
0 is in the convex hull of all implementable ops. It follows that there exists X

satisfying both Fqs. 7.28 and 7.29, and:
X =1 (7.31)

Theorem 3. Suppose that the implementable observables are parameterised with a

single variable (N =1, O = 0x) and that the set A of implementable Oy ’s satisfies:
de>0 Voe A |§| <c (7.32)

3d>0 V(6,0)eA> §4£5 = |0—58|>d (7.33)
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If follows that there exists X satisfying both Eqs. 7.28 and 7.29, and:
[IAll2 = O(1) (7.34)

Remark 3.1. Note that the first result is on the £*-norm while the second one is

on the (2-norm. For any X = (A1, ..., Am)7, they are related by:
A2 < [IAl < Vml| A2 (7.35)

The proof of these theorems can be found in Appendix D. Theorem 2 gives
the configuration of the d,’s that provides a X achieving minimal IX]l:. Indeed,

given the normalisation condition Y~ A\, = 1:

[YTED SPYE
k

and

INh=1 < VkXA>0

This exactly means that 0 is in the convex hull of all implementable 5’s. Also note
that this configuration brings the £*.-norm closer to its minimum 1//m, which is
achieved when all \;’s are equal and positive (using Cauchy-Schwarz inequality).

As for Theorem 3, it shows, in a simpler case than the general one, that the
chosen gk’s must be separated enough to build the eigenvalue estimator with small
variance. Otherwise, the linear system of Eq. 7.28 will have a high condition
number, thus yielding high A;’s.

It seems harder to assert anything for all the other cases than p =1 or N = 1.
In particular, the latter cannot be adapted to N > 2 as a much more complex
matrix than the Vandermonde matrix would appear in the proof at Eq. D.3. It
would not be clear where the singular values of that matrix vanish, compared
to the well-known case of the Vandermonde matrix: it is thus harder to give an
explicit condition such as the one of Eq. 7.33. In practice however, the numerical
simulations of the next section show that the eigenvalue estimate remains robust

even when p > 2 and N > 2.
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7.3 Numerical results

In this section, I test my error mitigation protocol on one-dimensional Ising and
Heisenberg XYZ Hamiltonians with n spins:
HIsing = Z CLiZi + Z bzXzXH-l (736)
i=1 i=1

Hxyz =Y a;iZi+ Y (0:XiXip1 + &YYo + diZi Z; 1) (7.37)

i=1 i=1
where an index n + 1 is taken mod n hence refers to spin 1. The coefficients a;, b;, ¢;
and d; are chosen randomly from a uniform distribution between 0 and 1, but only
once for each chain length. The objective is to estimate the ground-state energy
of the target Hamiltonian H, via the measurement of the ground-state energy of
implementable Hamiltonians H;. The set of implementable Hamiltonians varies
from subsection to subsection, depending on the assumptions on the implementation
of W(H). My numerical simulations do not use any quantum circuit simulator. The
implementable Hamiltonians are directly diagonalised, which is achievable for small
enough spin chains. Running full circuit simulations would require the compilation of
phase estimation in terms of a universal set of gates that is implementable on a fault-

tolerant quantum computer e.g. Clifford+T, which was outside the scope of my work.

7.3.1 p-th order mitigation of Trotter errors

Algorithmic errors only

In this subsection, I evaluate the efficiency of my protocol in the absence of
phase estimation or logical errors, in order to solely focus on algorithmic errors
reduction. Besides, I consider the simplest case of singly-parameterised Hamiltonians
(N = 1). Such a situation is for instance relevant for trotterised Hamiltonians,
where this parameter is the timestep dt (Eq. 7.3). I use the XYZ model in this
demonstration: in this case the Hamiltonian can be split into two sub-Hamiltonians
H 4 and Hp obtained by respectively summing for even and odd i in Eq. 7.37 [226].
By compiling W(H') = (e_iHA‘Ste_iHBdt)t/& — e ' the effectively implemented
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Hamiltonian H' = H(dt) thus reads:

i

E:MMZ&

log (e_iHA‘Ste_iHB‘St) (7.38)

Let us denote Nryotter max the maximum number of Trotter steps a device can
tolerate. While the best possible H' is obtained by using Nryottermax 1rotter
steps, multiple Hj, can be implemented by reducing the number of Trotter steps,
effectively increasing the algorithmic errors [233]. Another possibility is to note

that 0t can be chosen to be negative:

g(_&) = ——log <e+iHA5te+iHBz5t)

_ ilog (<e+iHA§te+iH36t> _1>

= —log (e—iHBéte—iHAdt)

Hence, if H(6t) is implementable, H(—dt) surely is too, as it just involves swapping
H, and Hpg. This trick allows one to halve the level of increase of algorithmic error
that is needed to implement enough H}’s. For a given level of error mitigation p,
Eq. 7.27 is a system of p + 1 linear equations (as N = 1 for vector &) takes the
form (8} )o<i<, hence is of size p + 1). Hence it has a non-zero solution (A1, ..., \,)

for m > p+ 1. I thus choose the set A of implemented §t; to be:

A = {k X 0twmin, k € [-p/2,p/2+ 1]\ {0}} (7.39)

After obtaining X corresponding to these dt;’s, I estimate the ground state energy
of the original Hamiltonian via Eq. 7.21, using the ground state energies of the
H’s computed by exact diagonalisation.

The results of such an approach are presented in Fig. 7.1, where the error in the
ground-state energy estimation is plotted against Nryotter max fOr p = 0 (no error
mitigation), p = 2 and p = 4 (second- and fourth-order error mitigation). The

straight lines in log-log scale indicate a power law:

«a
1
error = | —/—m
NTrotter,max
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Figure 7.1: Error in the ground-state energy estimation of an XYZ Hamiltonian with
n = 6 particles implemented by Trotterisation, plotted against the maximum number
of Trotter steps. The coefficients of the Hamiltonian are randomly chosen before all the
experiments. Each colour corresponds to a different order p of error mitigation, p = 0
meaning no error mitigation is performed.

For a given p, one would expect a p-th order estimate, hence a« = p+ 1. However, a
linear regression for each plot of Fig. 7.1, for p = 0, 2 and 4, respectively suggests
a = 2, 4 and 6. This indicates that the ground state has no odd order component
in its Taylor expansion: correcting for, say, second order, one only retains a fourth
order error. This feature was noted in [226] for the first-order component, given
by EW = (0| H — H|0). They noticed that after Trotterisation, H' — H was
off-diagonal for a wide category of Hamiltonians, including any Hamiltonian with
nearest-neighbour interactions like Hxyyz employed here. The results of Fig. 7.1
hence suggest that this is not only true for first order, but for all odd orders. For
even p, it thus becomes possible to obtain a p + 1-th order estimate of the ground

state with only p + 1 approximate ground-state energy estimations.
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Inclusion of random noise

Further, a natural question to ask is how robust this protocol is to residual random
errors afflicting the logical qubits, and to statistical fluctuations due to the use
of a finite number of ancilla qubits in phase estimation. Indeed, if my scheme
does guarantee the suppression of algorithmic errors, one would not want other
errors to accumulate in the process.

The description of phase estimation sampling errors is well understood. If the
target eigenvalue is e7'?™, the output distribution is given by:
2

1 1 — eZiTré(y)Q"‘mC

P(y = y(), e 7ynanc*1) = 22Tlanc

S (7.40)

where 74y, is the number of ancillae used in phase estimation, P(y = yo, ..., Ynype—1)
is the probability of observing the output state |yo, ..., Yn,,.—1), and §(y) = ¢ —y =
¢ — S terel /2741 T do not take into account additional fluctuations stemming
from the sampling of other eigenvalues than the ground state (arising when the
input state of PE is not exactly the ground state of the implemented Hamiltonian).
This is a fair assumption if the ground and first excited states are separated enough:
in this case, any outlier in the sampled data can be identified and ignored, and
PE can be performed again.

As for logical gates errors, exactly modelling how they ultimately affect the output
of the algorithm is quite complex. It would require compiling phase estimation and
Trotterisation using a universal set of gates accessible to error-corrected quantum
computers e.g. Clifford+T. Rather, I adopt a much simpler error model that would
still give a good understanding of the impact of this noise type. Namely, I assume
that every Trotter step e ' —= o~ 1Hadtke=ilBol (gee Fq. 7.38) is implemented
up to an error ¢;. This means that the accumulated noise stemming from all
these imperfect implementations will be of the form ¢ NrotterMane, where ng,. is
the number of ancilla qubits used in phase estimation. Indeed, n,,. different total
unitary evolutions must be implemented within phase estimation. The output is

then obtained by applying an inverse quantum Fourier transform, whose induced
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noise is of the form gong,. (no dependence on Nrter). For simplicity I will
assume that ¢ = ¢ = q.

To quantify the impact of the errors, I will compute the average Euclidean
distance between my estimate E for the ground-state energy of H and its exact
value E: \/E((E — E)?), where E denotes the expectation value. This quantity is
evaluated by rerunning the same experiment as in Fig. 7.1 but with additional
PE sampling errors and logical gate random noise. Namely, the output of running
PE on Hj is now sampled according to Eq. 7.40. Then noise is injected by
using a Normal distribution centred around the obtained output, with width
0 = qNane(NTrotter + 1). Because of the randomness of the current experiment,
each data point is also averaged over N,.,s = 10,000. The results are plotted in
Fig. 7.2, for ng,. = 16 and different values of q.

For a low number of Trotter steps, i.e. when the level of the algorithmic errors is
well above the level of the other noise sources, the data from Fig. 7.1 is unchanged.
However, because of the presence of additional fluctuations that my protocol cannot
correct, the error rate does not decrease towards 0 but now starts to increase as
Nrrotter becomes larger. This is because the gate-induced noise grows with Nryotter,
which controls the depth of the phase estimation algorithm. Quite expectedly, the
addition of random noise makes it apparent that there exists a tradeoff between
algorithm errors (minimised at high Nroter) and gate noise (minimised at low

Nrvotter). The Euclidean distance can be reworked as follows:

VE(E - E)?) = \/V(E — E) + (E(E — E))?

—/I[\l3o2 + (E — E)? (7.41)

where E is the mean value of the estimate and ¢’ is the variance of a single eigenvalue
evaluation (this parameter encapsulates both the gate noise o and PE sampling
errors). Eq. 7.30 was used between the first and second lines. In the regime of low

algorithmic errors, the second term is negligible and one obtains

E((E — E)?) o [|AllaNrsoter (7.42)
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In this regime of dominating random noise, one observes that as the order of error
mitigation p increases, the error increases too, as ||A|| does. This growth is not
dramatic though, as ||A||s = 1, 1.4 and 2.4 for respectively p = 0, 2 and 4. Besides,
before this regime is reached, the error suppression promised by my error mitigation
strategy is still achieved: for instance, in all plotted noise cases and on an early-fault
tolerant device where only 10 Trotter steps may be reliably implementable, my
error mitigation protocol always outperforms the no-mitigation case, still at the
very low cost of 3 or 5 ground state energy evaluations.

Therefore, the addition of random noise to the simulations clearly shows the
power of my error mitigation strategy: algorithmic errors are still suppressed, and
random noise is only moderately amplified (at most multiplied by 2.4 for fourth-order
mitigation). The effect of the random noise could even be lowered if ||A||2 could
be chosen to be smaller than 1: this is difficult in the case of singly-parameterised
Hamiltonians as the parameter space is small, but will become easier in the next
sections focusing on multi-parameter Hamiltonians. In the rest of the chapter,
I will thus assume that we are in the regime where gate errors are well-below
algorithmic errors, thereby neglecting them. Phase estimation statistical errors
will be kept however. |[|A||2 will also always be engineered to be lower than 1,

guaranteeing no error amplification.

7.3.2 p-th order mitigation of qubitised Hamiltonians

The previous section addressed the case of singly-parameterised observables, with the
example of trotterised Hamiltonians. In this subsection, I tackle the case of multiple
parameters (N > 1), with the example of qubitised Hamiltonians. As explained in
Eq. 7.4, given a target Hamiltonian expressed as a linear combination of unitaries
H =Y ¢; P, the effectively implemented Hamiltonians by qubitisation are H; =
D c;’ wFi. T here absorb the renormalisation constants and assume ), ¢; = Zc;k =1.

For all 7 and £k, the coefficients ¢; and ¢ are between 0 and 1 and d; = ¢} ;, —¢;

is close to 0. Following the procedure designed in [186], ¢}, is chosen to be a y-bit
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Figure 7.2: Average Euclidean distance between the estimate E for the ground-state

energy of H and its exact value E, \/E((E — E)2), in the presence of finite logical errors
q (see main text for the exact definition of the parameter) and phase estimation sampling
errors. The same set of parameters as in the experiment of Fig. 7.1 is used. Each data
point corresponds to an average value over Ny.u,s = 10,000 experiments. Each subplot
corresponds to a different level ¢ of logical noise, and the number of ancilla qubits for PE
is set to ngpe = 16.

number close to ¢; (either the closest, second closest or third closest, in order to

have multiple implementable H}), before normalising all ¢],’s:

¢y = round(2"¢;) /2" + €ip, €r € {—1/2",0,1/2"}

/
/ Ci,k
Cik

i Gk

where round(z) returns the closest integer to the float . (¢; ) should be chosen
such as to minimise the norm of X = (A1, .., Am)T. In the present study, I did not
try to optimise this choice: for a given set of €;;’s, one can obtain c;k and 9; j,
then compute a X of minimum ¢2-norm satisfying both Eqs. 7.28 and 7.29. My

approach is thus to repeatedly choose at random the set of €, ;’s till this X satisfies
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a certain condition (norm less than 1 or positive coefficients). If the condition
cannot be met, the number m of implemented Hamiltonians is incremented, thereby
giving more freedom in the choice of X.

In addition, I here consider sampling errors arising from the use of the phase
estimation algorithm. The difference compared to the previous section is that PE is
applied to W(H) = e~#arecost) rather than e /. Therefore, if PE outputs a value

Y =190 Yngn.—1 (in bit form) then the energy estimate is given by
E = cos(27my) (7.43)

The procedure of the numerical experiment performed here is thus as follows.
First, I repeatedly generate (¢; ;) randomly to construct sets { H;} of implementable
Hamiltonians, and stop when sufficiently good X is obtained. Second, I compute
the ground state energies of the retained H}’s by exact diagonalisation. Third, I
sample once the output of PE from 7.40 and compute the associated energies with
7.43, using n.,. = 16 ancillae. Fourth, I calculate the target eigenvalue estimator
using X and the sampled energies. Given the inherent randomness of this protocol,
the four steps above are then repeated 10,000 times, hence giving 10,000 different
estimates of the target energy, which are represented with histograms in Fig. 7.3.

The above protocol is applied to estimate the ground-state energy of an Ising
chain with n = 8 particles. This means 16 unitaries in the decomposition of H,
which translates into NV = 16 parameters J; = ¢; — ¢;. Each subplot corresponds to
a different level of algorithmic errors (high 1 meaning low error) and the different
colours to different error mitigation strategies: gray is first order and enforcing
IIX]]2 < 1, blue is first order and enforcing A, > 0 for all k (which leads to ||X]|; = 1),
and yellow is second order and enforcing HX llo < 1. The target ground-state energy
is indicated with a black vertical dashed line. The ground-state energy one would get
by applying phase estimation to the best implementable Hamiltonian H{ (¢;o = 0
for all 7) is plotted in red: it follows the distribution given by Eqs. 7.40 and 7.43.
Because of the algorithmic errors, there is a bias between the target value (vertical

dashed line) and the data. This bias is corrected by the application of my error
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mitigation strategies. As expected, first order correction (blue and gray) is sufficient
to cancel the bias at low enough algorithmic errors (u = 10) while second order
correction (yellow) offers greater correction at any plotted p. Besides, one can
observe that the variance of the corrected data increases with the strength of the
errors (decreasing p1) as the fluctuations in ¢; increase. Note that even for the
same p, the variance of the corrected data depends on the error mitigation strategy,
as it is also proportional to ||X||2 As expected from Theorem 2, choosing the €; ;s
such that all \;’s are positive is most optimal: this translates into a minimum
¢*-norm and brings the £2-norm closer to its minimum. This results in a narrower
distribution for the blue than for the gray data.

It hence naturally appears that increasing the complexity of the error mitigation
method (gray to blue to yellow) improves the quality of the output. This obviously

comes at a cost which is studied in the next section.

7.3.3 Cost of the proposed scheme

The cost of the protocol can be estimated by the number of times npgr phase
estimation must be performed. In order to obtain a p-th order estimate of a given
eigenvalue a, one must be able to find coefficients (\q, ..., A,,) satisfying Eqs. 7.28
and 7.29. This is always possible if m is greater than the size s of the vector

—

e = (5ifk...5§{{k)0§|i‘§p, which can be calculated as:

s = f: (N;iz 1) (7.44)

r=0

N+r—1
N—-1 )°

where I used that the number of tuples (iy, ..., ix) € NV of fixed sum r is (
Note that this exact number was not given in Theorem 1 where I only used that
s = O(NP?) to bound m. In some cases though, the #}’s may have some internal
linear dependencies, thereby reducing the rank of their matrix: less A\x’s would thus
be required. This is for example the case for normalised qubitised Hamiltonians, for
which 37, ¢; = 32, ¢, = 1, meaning that, for all k, 3=, 6; = 0. This identity reduces

the rank by 1 for p = 1, and creates even more linear dependencies for higher p.
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Figure 7.3: Distribution of the estimated ground-state energy of an Ising Hamiltonian
with 8 particles and random coefficients, with phase estimation errors taken into account.
PE is applied to W(H) = e tarccos(H) jpplemented by qubitisation. This requires the
preparation of a state |G), which can only be done up to a certain precision proportional
to 1/2#. The red data corresponds to the raw output obtained from PE, while the others
are post-processed with my error mitigation scheme: gray and blue correspond to first
order correction with two different conditions on X, and yellow corresponds to second
order.

Besides, it is important to note that, for a given p, choosing the lowest possible
m allowing one to construct (Aq, ..., Ap,), which I denote by m min, is not the most
clever choice. Indeed, as the parameter m (i.e. the number of variables of the linear
system X X=bof Eq. 7.27) increases, the solution space also expands, potentially
permitting a smaller minimum norm for X. Consequently, this leads to a reduced
error since the bound on da, as stated in Theorem 1, depends on ||X||;.

I thus conduct a final experiment to gain insights on the optimal choice of m.
In Fig. 7.4, I plot the error in the ground-state energy estimation of a qubitised
Ising Hamiltonian of varying length, using the same protocol as in the previous
subsection but with only one random choice of € (without trying to meet any

additional condition on X) Each data point corresponds to the average distance
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Figure 7.4: Error in the ground-state energy estimation of a qubitised Ising Hamiltonian
with N = 6, 8 and 10 terms, plotted against the number m of distinct Hamiltonians
implemented. Each distinct colour corresponds to a different number of terms in the
Hamiltonian, while the slight changes of shade happening when the error drops coincide
with a change in error mitigation order p.

between the estimator and the target eigenvalue, over 10,000 experiments. The
highest possible order of error mitigation p is always chosen, i.e. whenever m
exceeds the rank of the matrix X of the Z},’s. An increase in p is, as expected,
characterised by a drop in the error, and is highlighted by a change of shade of
the same colour. This drop is however relatively smooth: Fig. 7.4 shows that
choosing m = My min fails to significantly improve the results of the (p — 1)-th
order mitigation. In turn, a slightly higher m yields results that faithfully achieve
p-th order mitigation. This increase of m can however remain very moderate, only
a few units (say, 10), as for a given p the error quickly stabilises. Therefore, to

achieve minimum error for a given p, one can set:
M = My min + 10 = O(s) (7.45)

Assuming that the initial state used for phase estimation has an overlap § with

the real ground state and that the first excited state is separated enough from
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the ground state to differentiate them, I conclude that the number of times npg

phase estimation must be performed can be written as:

npg = O(m/B3) = O(s/B)

Thus:
(7.46)

npg =

O(p/p), ift N =1

The number of times phase estimation must be performed is thus polynomial in

B {O(NP/B), if N £ 1

the number of parameters the Hamiltonian depends on. In the case of singly-
parameterised Hamiltonians, this number is even linear in the desired order of

mitigation, enabling powerful error reduction at very low cost.

7.4 Discussion

In this chapter, I thus presented an extension of Richardson extrapolation, intro-
ducing several key novelties. Specifically, these include the mitigation of eigenvalues
rather expectation values, and the use of a multi-parameter formalism without
which Richardson extrapolation would fail to work for qubitised Hamiltonians.
My scheme targets algorithmic errors, that is errors arising from approximations
in the quantum algorithm implementing the unitary passed to phase estimation (e.g.
W(H) = e 1) After proving the theoretical performance of the proposed method,
I numerically confirmed its efficiency and low resource requirements. In particular,
I showed that for some relevant cases, such as that of trotterised Hamiltonians,
a p-th order estimate of the ground-state energy can be obtained with order of
p (independent) uses of phase estimation, thereby drastically reducing the error
at very low cost. On top of this, I conducted a novel theoretical and numerical
study aiming at better understanding how the chosen noise parameters and number
m of implemented observables impact the final error rate (via ||X]|z). As such,
I examined how these parameters can be fine-tuned to minimise the error. In
particular, I extended the study of zero-noise extrapolation to a more general
framework where negative parameters are allowed, showing that they can indeed

be conducive to more optimal results.
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Although my protocol can be applied to the estimation of the eigenvalues of
any observable, it is however important to note that it is only effective against
fully known errors. Indeed, this scheme entirely relies on the full knowledge of
the parameters (0, ) the implementable Hamiltonians depend on. As it might be
unrealistic to assume that random errors will entirely be suppressed in early-stage
fault-tolerant quantum computers, I however showed that additional random noise,
albeit non correctable by my protocol, will not accumulate. This justifies the
robustness and usability of my scheme even in the very first fault-tolerant devices.

As for future directions, my method could be improved by giving a more
systematic way to choose good 9;’s out of the set of implementable ones, so as
to minimise the norm of X = (A, ..y Am)T. In the previous subsections, the d;’s
were chosen randomly till some conditions on X were satisfied. If this yielded good
results (in particular still guaranteed correction at the desired order p), a more
optimised approach could help minimise the prefactor ||X||; in the error term. As
a result, one would understand more systematically the number m of \;’s that

are needed to obtain, for a given p, a minimal error.
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Conclusion

In this thesis, I present several advancements towards the task of building a
functional quantum computer. One of the cornerstones of reliable and long-term
quantum computing is quantum error correction, which promises to significantly
reduce the noise and reach sufficiently low error rates to run meaningful quantum
algorithms. Not all noise processes are easy to correct however: in Chapter 4 1
focused on one of the most daunting error sources, that is large-scale defects affecting
entire regions of a code. I theoretically and numerically demonstrated that the use
of tailored protocols could drastically tame these noise processes, and only at a
moderate resource overhead. While the work of this chapter was fairly abstract, in
Chapter 5 I zoomed in on one specific implementation of quantum error correction,
targeted at near-term silicon spin qubit processors: a 2xN array of qubits equipped
with shuttling. Less challenging to engineer compared to more common dense 2D
grids, this architecture promises both an efficiently-implementable universal set
of gates, and sufficient error correction to run quantum algorithms beyond the
classically tractable regime. Further, the protocols I designed rely on the application
of global single-qubit gates, as single-qubit addressability is highly challenging for
spin qubits (at least in the case where qubits are encoded using one electron). While

this complicated the above protocols, Chapter 6 offers an opportunity to reconsider
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this statement: I there demonstrated that shuttling electrons while performing single-
qubit gates would result in enhancing their global addressability. This promises
to alleviate electronics requirements and simplify spin qubit control. Finally, in
Chapter 7 I complement the previous chapters with an error mitigation scheme
suited for early-stage fault-tolerant computers, where errors will be low yet finite.
Throughout the three years of my doctorate, I thus addressed the question of
building stable quantum computers from various angles. In particular, I strived to
always steer away from excessively theoretical considerations or to forget about the
reality of an experiment. Asymptotically optimal quantum error correcting codes
have been demonstrated: what matters now is the construction of practical ones
and the design of new algorithms that prove advantageous in a practical setup. In
my opinion, theoretical research has the power to orient and motivate experimental
advances, by proposing schemes that are tailored to specific qubit platforms, or
even to specific device layouts. On the one hand, this means understanding the
strengths of a given qubit implementation, in order to capitalise on the right assets
when designing new schemes (e.g. making use of shuttling in silicon devices). On
the other hand, it means acknowledging the qubit weaknesses, and test new schemes
with precise noise models, accounting for the specificities of the device. This kind
of research, requiring intimate collaboration between theorists and experimentalists
is, to me, what is likely to bring the greatest advances in the next years.
Throughout my work with Quantum Motion during my doctoral research, I
had the opportunity to focus on one specific qubit type: silicon spins. While I
believe that they hold enough potential to enable large-scale quantum computation,
they are however a less mature technology than e.g. superconducting qubits. But
this only means one thing: there is still a considerable margin for improvement.
Silicon spin qubit design is receiving growing attention, and its fast progress again
relies on the joint work of theoretical and experimental teams. It relies for instance
on the refinement of existing qubit control protocols, or a deeper understanding

of underlying noise processes. With these ingredients, I believe that silicon spins
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will quickly progress to a point where they can indeed benefit from their greatest

strength: a large-scale deployment to millions qubits over minimal footprint.
For all these reasons, quantum computing is a fast-paced and exciting field

to be in at the moment. I am looking forward to participating in the next

advancements it will bring.
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A.1 Probability model for the logical error rate
in the presence of multiple defects

In Section 4.3.3, the logical error rate is computed as follows:

Dlog = Z<tk> x p(logical error|nges = k) (A.1)
k>0
—2L2%pT 2 k
(t) = = EjL o) (A.2)

In Equation A.1, (t;) is the proportion of the time spent suffering k defects

and p(logical error|nger = k) is the probability of a logical error over L rounds of
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stabiliser measurements for a surface code suffering £ defects. Hence, pjo describes
the average probability of a logical error for a surface code potentially hit by multiple
defects over L rounds of stabiliser measurements. This is the appropriate quantity
to evaluate if compared to more canonical threshold calculations where, in the
presence of measurement errors, the surface code is run for a number of rounds
proportional to L in order to obtain a neat threshold.

I then model (¢;) in Equation A.2. To do so, I suppose that defects are uniformly
distributed in time and mutually independent. Realistically, the number of defects
X; hitting the code between stabiliser rounds ¢ and ¢ + 1 is a random variable
following a Poisson law of rate 2L2p, with p the rate of defects per qubit and per
round of stabiliser measurements — as the rotated surface code contains roughly
2L? qubits. Assuming that each defect survives for 7' rounds and denoting t;.
the total time of the simulation, N; the number of defects at round i and P(...)

a measure of probability, then:

1
(tr) = o ZP(M‘ = k) (A.3)

1 7

:tZ]P’( 3 X]-:k) (A4)
tot j=i—T+1
1 672L2pT(2L2pT)k
efQLQpT 2L2pT k

_ 5{;! ) (A.6)

where, between steps A.4 and A.5, I use that a sum of 7" mutually independent

Poisson laws of rate A is a Poisson law of rate \T.

A.2 Evolution of the threshold of the adaptive
surface code with the defect rate p

Fig. A.1 is a more detailed version of Fig. 4.8, where more values of p are included.
This confirms that the threshold follows a straight line from the right to the left

when p increases, as shown by the black dashed arrow of Fig. 4.8.
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Figure A.1: Threshold plots for the adaptive surface code under phenomenological noise
for T = 100 and various values of p. Lines of the same colour correspond to the same
value of p but different code sizes (between L =9 and L = 21).
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B.1 Surface code’s stabiliser circuit gate ordering

Here I delve into the details of finding an optimal gate ordering for surface-code
error correction on the 2xN architecture. Indeed, the usual pattern that is used
for the regular rotated surface code with N- and Z-shaped orderings [120] leads
to unnecessarily long shuttles. To see this, assume that the shuttling direction is
vertical — two consecutive data qubits within the same column (resp. row) of the
surface code are thus separated by 1 (resp. d) shuttling increment(s). Therefore, a
Z-shaped ordering would require to shuttle four times along rows, and it would yield

a total shuttling distance of roughly 4d. My aim is to find an ordering that lets us
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implement all gates of the stabiliser cycle with a total shuttling distance of roughly
2d (which corresponds to having the data qubits do one round trip, not two).

Furthermore, note that N- and Z- shaped orderings mentioned above do lead to
distance-reducing hook errors in the wide surface code used in Section 5.3. Indeed,
its X and Z logical operators both have a horizontal and a vertical representative.
Instead, one can measure the stabilisers as shown in Fig. B.1. The shortest Z
logical operators are horizontal, vertical or diagonal. The latter type passes through
the centres of X stabilisers (red squares). However, using the measurement schedule
represented by the gray arrow, Z hook errors are on either diagonal of the Z
stabilisers (green squares), thus do not reduce the code distance. The same applies
to X hook errors. Besides, with the same reasoning, one can prove that the regular
rotated surface code is protected just as well from hook errors when this ordering
is used. In summary, whether it is for the regular (Fig. 5.2) or wide (Fig. B.1)
surface code, this cross-like sequence is the one I will consider.

Now, one could theoretically implement it by measuring the X and Z stabilisers
separately on alternating rounds. However, this would unnecessarily increase
the circuit depth and leave many qubits idle. Instead, a common solution is to
interleave the gates of both stabilisers. This is possible provided the gates can be
correctly commuted through each other so as to leave two neighbouring ancilla qubits
disentangled (condition B.1); as well as gates can be implemented synchronously
respecting the device layout and global shuttling of the data qubits (condition B.2).

Let me explain this more formally, and call time step k the interval between
shuttles £ — 1 and k. At a given time step, some entangling gates must be
implemented between certain ancilla-data qubit pairs. Let me use the notations
of Fig. B.2, where each letter represents the time step when the ancilla and
corresponding data qubit must be entangled.

Condition (B.1) is verified if and only if [124]

(b<e)A(d<g)V(b>e)Ad>g)). (B.1)
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Figure B.1: Representation of the wide surface code. X and Z stabilisers are
respectively represented with red and green squares or half-disks. Several shortest-
length representatives of the logical X and Z operators are drawn with horizontal, vertical
and diagonal lines. The gray arrows represent an order in which X and Z stabilisers can
be measured to avoid hook errors reducing the distance of the code. Examples of X and
Z hook errors are respectively drawn with red and green disks: as they do not coincide
with the logical operators, they do not reduce the distance of the code. The same applies
to the regular rotated surface code.

As for condition (B.2), it reads

(a=e[s]) A (b= f[s]) A (c=g[s]) A (d = h[s]). (B.2)

where s is the number of shuttles required to go back to the data qubits’ initial
position. This is because the device is laid out periodically and data qubits
move as a whole along their shuttling track. This means that at any time step,
ancilla qubits all face either their North-West, or North-East, or South-West,
or South-East data qubit.

One last condition (B.3) can be added, enforcing the no-distance-reducing-hook-

error ordering, which mathematically reads as
(c<b<d<a)N(h<e<g<f). (B.3)

Values for the time steps a to f respecting all three conditions are given in Fig.

5.5 (here s = 4). While their gates are indeed interleaved, X and Z stabilisers
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Figure B.2: Notations for conditions (B.1), (B.2) and (B.3).

are nonetheless operated on a staggered fashion. The whole operation sequence,

including gates, measurements, initialisations and shuttles is the following:
1. entangle all ancilla qubits with their South-West data qubit
2. shuttle by d — 1 increments forwards

3. entangle all ancilla qubits with their North-East data qubit; measure and

reinitialise X ancilla qubits
4. shuttle by 1 increment forwards
5. entangle all ancilla qubits with their South-East data qubit
6. shuttle by d + 1 increments backwards

7. entangle all ancilla qubits with their North-West data qubit; measure and

reinitialise Z ancilla qubits
8. shuttle by 1 increment forwards
9. repeat

Note that the shuttling increments given here do not include the additional shuttling
accommodating the ancilla bus of Region B in Fig. 5.4. Besides, for the first round

of stabiliser measurements, X ancilla qubits should only start to undergo their
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entangling gates from step 3. Similarly, for the last round, only X stabilisers
should follow step 1 and 2.

With this protocol, in order to perform N, rounds of X and Z stabilisers
measurements, one thus needs 4N, + 1 shuttles and a total shuttling distance of
N,.(2d +2) +d — 1 (not including the logical ancilla bus of Fig. 5.4). One can also
easily see that 4N, and N,.(2d 4 2) are the respective lower bounds for the number
of shuttles and total shuttling distance, no matter what gate ordering is chosen.
Indeed, a given four-body stabiliser trivially requires four steps to entangle the
ancilla with all the data qubits, thus four shuttles. Moreover, its North-West and
South-East data qubits are separated by a distance d + 1, hence going back and
forth between them requires a shuttling distance of 2d + 2. Therefore, apart from
a small correction arising at the last round due to the staggered implementation

of the X and Z stabilisers, my solution is optimal.

B.2 Modelling for the valley degree of freedom

As explained in 2.2.6, fast shuttling can non-adiabatically excite the electron to
the closest higher energy level: the excited valley state. As this state has been
shown to exhibit a distinct g-factor from the ground valley state (where the electron
normally sits) [38], the qubit could start to precess in a uncontrolled manner,
causing unwanted phase rotations. This justifies the importance to control and
estimate the impact of the excited valley state occupation. To model this, I will
use an extension of the valley state modelling in [36].

Let me first introduce the position-dependent valley phase pyg(z) and the
bare valley splitting Eygo (which models the valley splitting in the absence of
the perturbations described below). The local two-level valley Hamiltonian can

most generally be expressed as:

Hioe(z) = EV;’O (cos(pys(2))7a + sin(pys(x))7) (B.4)

where 7, and 7, are Pauli operators in the valley subspace.
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Assuming low coupling of the spatial and valley degrees of freedom, an elec-
tron of spatial probability distribution p(z) would thus experience an average

valley Hamiltonian:

H,y (o) = / p( — 20) Hioe(w0)da (B.5)

Here I suppose that p is a Gaussian of standard deviation [,. Two extreme cases
can be considered for yyg: smoothly varying or abruptly changing owing to the
presence of atomic steps. In the v = 10m/s regime, Fig. 1 of [36] shows that the
smooth interface model leads to higher noise: this is thus the model I will adopt.

That paper focuses on the simplest case of a linear gradient model: pyg(z) = a,z.
I slightly refine it by assuming that the gradient is not constant but instead slowly
varying at the scale of the electron wavefunction. This means that I can adopt all
equations derived in [36], while assuming a slow variation of a, to take disorder
into account. In the instantaneous valley state basis, the final valley4orbital

Hamiltonian is thus the following:

1, () = (Evs(x)TZ n Sbvs(w)%) o1+ Ag(x) I —, &0, (B.6)

2 2 2 2
with:
Eys(r) = Bysg exp (-W) (B.7)
Ovs(r) = az(v)x + az(x)v(x) (B.8)

o, is the Pauli operator characterising the spin, (I — 7,)/2 is the projector onto
the excited valley state and Ag(z) models the difference in g-factor between the
ground and excited valley states. I assume that the electron is smoothly shuttled
back and forth along 2d dots separated by a distance l4y (to account for the ancilla
bus of Fig. 5.4), such that

(&) = {v, if 2 < 2dlyg (B9)

—v, otherwise

and

(t) Vi, if t < 2dldd/v
X —_=
—ut + 4dldd, if 2dldd/v <t< 4dldd/1}
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To model the disorder, I describe a,(x) with a smooth random walk of the form:

a,(z) = zn: ag sin(Agx) (B.11)

k=1

with n = 20 and \; chosen randomly between [, and the maximum shuttled distance
2dl44. These bounds guarantee a slow variation of the valley parameters on the scale
of the electron wavefunction but over the whole landscape explored via shuttling. In
the worst-case scenario, the ground and excited valley states should swap every [,
meaning a variation of the valley phase of . Thus a worst-case value for a, is 7/l,.
For an n-step random walk with unitary steps (a; = 1), the average maximum

distance is (max, a,) = ,/%. One can therefore randomly sample oy, between 0 and

T 2 1 /2«7
max — 7 \/ —— — 7\ — B.12
“ LVnrt L,V n ( )

so that with high probability a, does not exceed 7/l,. The g-factor difference

between ground and excited valley states Ag(z) is modelled similarly with

Ag(z) = i B sin(ugx) (B.13)

where n = 20 and py, is a random number between [, and 2dlyy. A typical maximum
value for Ag at a constant field of 1T is 100MHz [28], thus each () can randomly
be sampled between 0 and \/nz7r x 100MHz.

Finally, in order to understand the phase accumulation over a whole stabiliser

cycle, the valley+spin electron wavefunction is prepared in
o) = 10) ® [+) (B.14)

I assume a shuttling speed v = 10m/s and a dot separation l;; = 140nm as in
the main text. The electron spatial distribution is set to [, = 50nm, and I choose
Eyvgso = 15c0peV, so that in the worst-case of a,l, = 7, one gets Eyg = 15ueV,
which in the lowest possible range for Eyg [36] (therefore increasing non-adiabatic
errors). | aim to estimate the influence of the code size d on the valley-induced
dephasing noise, as it controls the overall shuttling distance. Further, I study the

effect of additionally flipping the spin state via an X gate at the turning point
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in the electron trajectory, in the spirit of dynamical decoupling. Indeed, ignoring
any disorder, a flipped spin simply precesses back to its initial state when shuttled
back. Hence one may expect that the same phenomenon happens in the presence
of disorder and could therefore be used to reduce the noise. The evolution of
the wavefunction over time is obtained by solving Schrodinger equation by time
discretisation over 50,000 time steps. The final probability of a Z error is given by
the overlap of the final state with the |—) spin state. In the presence of random
disorder, I estimate the dephasing probability via Monte-Carlo simulations, by
repeating the same experiment N,.,s = 10,000 times.

Fig. B.3 shows the evolution of the valley-induced dephasing probability pg;.
against the code distance d, both with and without flipping the spin at the turning
point of the trajectory. One can see that the error rate is not lowered by such
manipulation: I will therefore not execute this operation. By fitting the no flip data
with a simple linear regression y = ~x, one can infer a per-dot error probability
Paia/4d = 1.4 x 1075, As a comparison, the per-dot error induced by adiabatic
shuttling for 75 = 8us, 7.e. in the most optimistic case considered in the main
text, iS Pagia/4d = 4 x 107%. This justifies the addition of such non-adiabatic

effects in my modelling.

B.3 Good matrix for HGP code

In Sections 5.4.1 and 5.4.3, we simulated the performance of a HGP constructed
from the product of a [8,1,8] repetition code and a [17,3,8] classical code generated

randomly. Its parity check matrix Hyg is

=
|
(=l elelelelelelelelell o]
el eloleloelelelelelelel g
[elelelelelelelelelaldolale]
[elel Jolelelelele]wlolele]w]
OCO—OHOOROOOO+—O
OO0 O—HOOOOROO
[eleloelelelelelelelalel ol
[elelelelelelelel elelol o]
[elelelolelelolele]l Jolele]e]
—HOOOOOFOOOOO00OO
[elelel Jolelelelelelelelelw)
OO0 OOHOOOOOHH
OOO0OOHOOOOOOO—O
—HOOOOO0OOOOHOOO
[elelelolelelolelelel ] ]
[elelelele]l dolelelelelelole)
HOOOHOOOODOOO00O

In Section 5.4.3, we followed the same protocol with a HGP code constructed

from the product of a [4,1,4] repetition code and a [7,3,4] classical code generated
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Figure B.3: Solid lines: valley-induced dephasing error pg, against the code distance

d, to which the shuttling distance is proportional.

Two cases are plotted, depending on

if the spin is flipped via an X before the electron is shuttled back. Dashed lines: linear

regression of both cases.
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C.1 Unitary evolution ignoring Z rotations

C.2 Modelling the g-factor

The g-factor of an electron trapped in a quantum dot in silicon is related to the
local spin-orbit fields caused by broken symmetries at the interface where dots
form and can be linked to surface roughness, and is thus dependent on the precise

position of the electron. As there exists no definitive microscopic description for

191
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g-factor variations [36, 155], Hamza and I decided to model it with a 1D Ornstein-
Uhlenbeck (OU) gint(z) process. The restriction to 1D is motivated by the fact
that we are concerned by moving electrons along linear shuttling tracks. We chose
this process as it allows for the modelling of a continuous random process with a
certain correlation length, yet remaining relatively easy to simulate. This model still
captures meaningful insights on the impact of the interface on our protocol [238].

The OU process is characterised by its mean gq, its standard deviation Ag and
its correlation length A. In silicon, gy approaches 2 and Ref. [27] estimated that
Ag lies between 1073 and 1072. Both ends of this range are studied in Chapter 6.
Here, X\ represents the correlation length of the interface roughness which largely
dictates the values of the g-factors. We set A = 20 nm. To be more precise, gin¢(x)

is given as the solution of the following stochastic differential equation,

dgint(z) = /1\(90 — gint(z))dx + 4/ QC)l\mAgdw(m) (C.1)

where w represents a Wiener process.

Eq. (C.1) corresponds to the g-factor at each position x, but does not yet describe
the g-factor g; (appearing in Eq. (6.1)) of an electron at the position x;. One must
indeed additionally take into account the spatial delocalisation of the electron around
its central position x;. To do so, the electron g-factor should rather be defined as
the average of g;,(x) weighted by the modulus squared of the wavefunction.

Consider a single quantum dot centred at x = x;, the charge wavefunction of an

electron trapped in this dot can be modelled as a Gaussian centred on x; such that,

1

b z) = Nexp<-@;€“), ©2)

with Ay = 7 nm nm which leads to a realistic size of the electron’s wavefunction
of approximately 40 nm (the electron is in the region +£3\; with a probability of
99%) and N = [g [ (z, z;)|*dr is a normalisation constant. For simplicity, we only

considered the wavefunction in 1D as we do not expect it to be heavily modified in
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the other directions whilst the electron is being shuttled. Note however that our

scheme works for any model of g. The averaged g-factor g; is thus defined by,
gi = g(z;) = /R [0 (2, )| Gine () de. (C.3)

In Fig. C.1, Hamza plotted one instance of g;;(x) and the corresponding

evolution of g;.

0 100 200 300 400 500
X (nm)

2.001 A

2.000 A

g .

1.999 -

1.998 -

0 100 200 300 400 500
X; (nm)

Figure C.1: Evolution of one instance of the random g-factor g, (z) and the
corresponding averaged g;. gint(x) is given by a 1D Ornstein-Uhlenbeck process of mean
go = 2 and standard deviation Ag = 1073. The averaged g-factor is obtained by averaging
the position-dependent g-factor gin:(z) with respect to the electron’s wavefunction ¥ (x, x;)
as in Eq. (C.3). This data was produced by Hamza.

Note that in the main text I dropped the subscript + and use x to denote the

position of the centre of the electron’s wavefunction when the context is clear.
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C.3 Impact of using the g-tensor

In Eq. (6.1), I use the following Hamiltonian to describe the impact of a magnetic

field on the spin of an electron,
Hmag = ggg, (C4)

where g and S represent the g-factor and spin of the electron respectively, and
B the applied global magnetic field. However, as explained in the main text, the
most precise way of describing this interaction requires the use of the full g-tensor

G. In this case, the Hamiltonian is now given by,
Hypag = STGB. (C.5)

Simply put, the effect of G is to change the axes of the applied magnetic field B ,
ultimately leading to the modification of the single-qubit gates axes. As this change
is position-dependent, this could then hinder our shuttling-based homogenisation
protocol presented in Section 6.3.2.

Considering a driving field along a single axis and the matrix G associated to
Si/SiOy heterostructures, I show here that using the g-tensor has minimal impact
on the axes of single-qubit rotations. I even show that this impact could be
negated, provided perfect knowledge of G. Suppose that B = E?OSC + Estat with
Bose = (Bycos(wt + ¢),0,0)" and Byay = (Bs, By, Bo)” its oscillatory and static
parts. While the z-component of the Zeeman splitting field is dominant, smaller x-
and y-components can arise from our use of micromagnets or superconducting lines.
Moreover, I will use a matrix G obtained from atomistic simulations performed

by Cifuentes et al. in [3§],

go + & o4 g13
G = B gota g, (C.6)

0 0 g3
where gy ~ 1.994, o ~ —1073, B =~ £1072, g13 ~ £1073, g3 ~ £1073 and

g33 =~ 2.002 are typical values of the different parameters for Si/SiOs. One can
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now expand H,,,, as follows,

Hppog = ;((go + a)(By cos(wt + ¢) + By)

+ 8By + 91330) Oz

+5 (881 cos(wt +6) + B,)

+ (9o + @) B, + 92330) oy

1
+ 5933300'2, (C?)

where o0,,0, and o, are Pauli operators acting on the spin degree of freedom.
The following transformation is then performed to write H,,,, in a frame

rotating at the drive frequency w:

AU

Hinag(t) = Hypog(t) = U(t) Hpag (YU (1) + Zg(t)UT(t), (C.8)
with
W
U(t) = exp (z2azt). (C.9)
Using the rotating-wave approximation one gets,
/ 1 -
Hmag = ZQOBI COS(Q + gb)O-:v
1 =~
+ iggBl sin(ﬁ + Qb)O'y
1
+ 5(!]3380 — w)az, (ClO)

where cos(f) = (1 + (3/(go +))?)~/? and B, = \/(1 +a/g0)? + (8/90)% B

More precisely, supposing that ¢ = 0, instead of obtaining a rotation along the
r-axis with Rabi frequency goB; (as expected from the Rabi model), the use of
the g-tensor leads to a rotation along the axis (cos(f),sin(#),0)” with a slightly
modified frequency goB;. Using the values extracted from [38], one finds that
sin(f) ~ O(107%) and | By — By|/B; ~ O(10~%), which has a negligible impact on
the gate fidelity. Finally, one can approximate H;mg by,

/ 1 1
Hmag = ZgoBlUx + 5(93380 — W)O'Z. (Cll)
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which validates our assumption that the oscillatory and static fields are respectively
applied along the x and z axes. For commodity I will additionally assume that
Jo = ¢33, which permits the use of a scalar g-factor.

Alternatively, if one has a perfect knowledge of G, one can control the rotation
axis and obtain a perfect rotation around the z-axis by setting ¢ = —6. The

rotation frequency B; would also be fully characterised.

C.4 Numerical simulations

To quantify the success of each technique presented in Chapter 6, I measure the

fidelity of the implemented operation via the matrix norm:
1 ~\ 12/n
F=3 ‘tr(UJargetU)‘ ’ (C.12)

where Uparger = X @™ @ [®"~™ ig the target unitary and U is a slightly modified
version of the time evolution operator U as explained in Eq. (C.15). Note that this
expression is an average single-qubit fidelity over the n, qubits, which is why an n4-
th root is taken. As H is time-dependent, I compute U by discretisation of the time,
with time step dt = T'/Ngteps, where T = /€ is the total gate time of an X gate
with drive strength . Ngeps is set to 10,000, such that the simulations converge.
When the qubits are non-interacting and as this time discretisation induces a
computational overhead, I simplify the calculations by further decomposing the
fidelity F into a product of single-qubit fidelities. These single-qubit fidelities are
then slightly modified, by noting that known but unwanted Z-rotations can easily be
cancelled out by a change of rotating frame (or equivalently via the implementation
of a virtual Z gate) [176]. Therefore, when evaluating the success of a single-qubit
gate, one should remove the Z components of the implemented unitary U.
A general representation of any SU(2) gate is:
i
0= (aory oess) ey
= ZyXoZ) (C.14)
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with P, = e7*"/2 and X and Z the Pauli operators. Removing the Z-rotations
from U thus amounts to setting ¢ = A = 0. As 6 € [0, x|, this is equivalent to

considering the modified time-evolution operator

U= ( [uol _i‘“‘)’l') (C.15)
—ilurol  Junal
with w; ; the coefficients of the matrix U.

The case of two-qubit gates (for the exchange-coupling scheme) is more complex
and was not implemented here, which means that I will not attempt in this case
to remove unwanted Z rotations.

Finally, note that I will only study unitary evolutions in Chapter 6, thus not
simulating noise processes such as charge noise or shuttling noise. If I were to
include them in my simulations, the resulting infidelities would only saturate at

a level given by the strength of the dominant noise source.

C.5 Residual entanglement in the exchange-based
homogenisation

In the exchange-based homogenisation scheme, I noticed that the achieved fidelities
were somehow limited. In an attempt to better understand the unitary operation U
resulting in the simultaneous driving and swapping, I decided to extend my study to
its Schmidt decomposition. Mathematically, any vector in the tensor product of two
vector spaces can be expressed as a sum of tensor products. Applied to U, this reads:
m
U=> a,V;@W; (C.16)
i=1
where for all i € [1,m], V; and W; are single-qubit unitary operations on the first
and second qubit respectively, and «; € C. This decomposition is thus a very
convenient way to deduce if a two-qubit unitary is a product of two single-qubit
unitaries, in which case only one «; should be non-zero. In my setup, I verified that
the ideal case of instantaneous swapping led to a single non-vanishing «; with the
expected unitaries: two single-qubit rotations around the z-axis at frequency 2. 1

then aimed to understand if beyond this ideal case, the resulting unitary U could
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be written as the product of two single-qubit rotations, potentially around slightly
off axes or with slightly different Rabi frequencies. I however found that reducing
the ratios J/Q or Q/w}? inevitably led, even to first order, to more than one non-
vanishing «;. Finite values of such ratios thus necessarily, but also quite expectedly,
increase the entanglement power of the operation. This results in an unwanted
mixing of the single-qubit states, that seems to be the first source of infidelity: the
only solution against this thus is to operate with higher values of the above ratios.
The easiest way to do so is to increase the exchange coupling J. However, it might

be experimentally challenging to operate with large exchange couplings.

C.6 Crosstalk suppression via synchronisation

In all the applications I present in Section 6.4, we send global pulses aiming to
drive a subset of the qubits, and wish to minimise their impact on all other qubits.
This is in general enforced by maximising the frequency spacing between drives and
non-targetted qubits (thereby minimising off-resonant effects). Here I show that
additionally tuning the drive strength € can help further mitigate these crosstalk
effects. Namely, a clever choice of €2 can allow for the synchronisation of the
oscillations of the electrons, such that the non-target qubits perform a 27 rotation
(identity gate) while the target qubits perform a 7 rotation (X gate).

Let us first focus on the case where only one target frequency and one non-target
frequency are present in the frequency spectrum. This essentially describes all the
shuttling-based applications from Section 6.4 (although in general there subsists
a small dispersion o around these main frequencies). In this case, one can equate
the times taken by one X gate on the target qubits and a 2pm (p € N) rotation

of the non-target qubits by enforcing the condition,

2
___ (C.17)

T
Q Q2 + (w;2)2’

with wéz the difference between the effective target and non-target frequencies. The

target qubits theoretically oscillate at a frequency €2, while off-resonant effects
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induce oscillations of the non-target qubits at frequency ,/Q? + (wl?)? as inferred
from the Rabi model. This results in setting:
12

w

By reducing the spectrum to only one target and one non-target frequencies, setting
the above condition totally removes any crosstalk infidelity as non-target qubits
exactly perform an identity gate while target qubits perform an X rotation.
When using the binning scheme, it is in general not possible to reduce the
frequency spectrum to only two frequencies. In this case, one can generalise the

above condition as follows (see Section II of [195] with a bin width 2dw,):

Q:%, peN (C.19)
P

where p is a free parameter that can be adjusted according to the achievable
values of 2 and dw,. This is a generalisation of Eq. (C.18), where the existence of
only two frequencies in the frequency spectrum permitted the complete removal
of crosstalk effects. Here the extension to more than two frequencies only allows

for a partial reduction of the crosstalk.
Note that in both cases €2 < w;Z, meaning that if the frequencies are close

to each other, slower gates will be obtained.

C.7 Estimation of the right parameter regime

C.7.1 Shuttling-based scheme

In Section 6.4.1, I stated the values of experimental parameters which a posteriori
led to a high performance of our shuttling-based protocol. In this section, I further
justify this choice with some analytical arguments.

Firstly, our shuttling-based homogenisation performs best at low frequency
dispersion, justifying to work in the regime Ag = 10~3gy and By = 0.1 T. Second,
the dispersion of target frequencies around the driving frequency (due to finite o)

means that target qubits are not exactly driven at resonance. This undesired effect
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is minimised at large €2, which is also synonym of faster gates. This is also observed
in the second panel of Fig. 6.6. For this reason, I set {2 =5 MHz.

Let me now evaluate the target values of the last key experimental parameters
enabling the full power of our protocol i.e. the required g-factor shift G between
targets and non-targets, the shuttling length d and the shuttling speed v. When
qubits are shuttled back and forth in a line, d is the one way distance; when
qubits are shuttled in a loop, d is the loop length. I will first focus on the case
of a uniformly applied frequency shift GB, between the targets and non-targets.
In this scenario o > 0. I will estimate the above parameters by distinguishing
two main contributions to the infidelity: the slightly off-resonant driving of the
homogenised target qubits and the crosstalk with the non-target qubits. I wish
to bring each of these contributions below 2 x 1073 for at least 95% of the qubits,
so as to be comfortably below the surface code threshold. If the locations of
the 5% outliers are known, the error they generate can be mitigated by suitable
QEC protocols as erasure errors [239].

The first contribution reads:

I = % (C.20)
1+ (3%)

from the Rabi model, where I use 20 B, for the frequency mismatch between the

drive and a given target qubit so as to cover 95% of the qubits. o is the standard

deviation of the homogenised g-factors

§= Oli/odg(x)dx. (C.21)

In a first approximation, one can write

— (C.22)

A/
where A is the coherence length of the g-factor landscape. This equation simply

states that the standard deviation of the average of independent random variables

decreases as 1/ VN , where N is the number of samples. This leads to:

L=— (C.23)
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with Aw, = AgBy. By setting I; =2 x 107? I find a minimum shuttling distance
d > 14 pm. From this I can deduce the minimum shuttling speed enabling the

exploration of such a distance during the gate time 7" = 7/€:
v=— (C.24)

It follows that v > 23 m/s. I can now evaluate the infidelity arising from the

crosstalk with non-target qubits:

1

ey

(C.25)

I here neglect the dispersion o of the non-target qubits around their mean g-factor
as it is negligible compared to G. I here find G > 160 MHz. Note that for
simplicity, I do not describe here the crosstalk reductions offered by the technique
of Appendix C.6. This would permit for lower values of G.

In the case where the magnetic field gradient can be tuned so as to annihilate
the frequency dispersion o, the infidelity is only limited by the performance of our
homogenisation protocol (which I neglected in the previous case). Indeed, I; vanishes
as 0 = 0 (all targets are resonantly driven) and I, as well as Eq. (C.18) guarantees
a total suppression of the crosstalk in the strict presence of two frequencies in
the spectrum. Therefore, G can be chosen arbitrarily, as long as GBy > 5 MHz
(remember that Eq. (C.18) enforces 2 < GBy). As for v and d, their values can be
inferred from the top panel of Fig. 6.6, which describes a driving at exact resonance
with the homogenised target frequency. At €2 = 5 MHz, the resulting infidelity (from
imperfect homogenisation) never exceeds 0.4%, meaning no value of d and no value
of v > 10 m/s would be an impediment to surface-code-enabled error correction.

Note however that these models are highly simplified for the ease of parameter
estimation, using worst-case approximations. Consequently, although the first
parameter regime I considered in Section 6.4 (left panel of Fig. 6.11) does not

rigorously respect the conditions I here set, it still yields desirable performances.
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C.7.2 Binning scheme

I proceed similarly for the binning scheme. Its performance is maximised at large
interbin spacing, which is given by 20w, = 2AgB,/10. It is thus optimal to work at
higher interface roughness and higher magnetic field in this case: Ag = 1072g, and
By =1 T. Another reason for this choice is that enforcing Eq. (C.19) for crosstalk
reduction (which is crucial here) implies Q < dw,. dw, must therefore be kept
relatively high to ensure that gates are fast. With the above choice of parameters,
I obtain dw, = 30 MHz, which would not be a bottleneck. Besides, the previous
analysis leading to G > 160 MHz is still valid here.

C.7.3 Hybrid shuttling-binning scheme

I briefly mention here that one further protocol I envisioned was to combine the
shuttling and binning schemes. Once qubits are shuttled, rather than targetting
them at a mean slightly off-resonant frequency w = G By, one could envisage
to place the post-shuttling effective frequencies into bins and resonantly target
them with multiple driving tones. While this two-step frequency factorisation
protocol sounds powerful on paper, it would not lead to desirable fidelities as the
shuttling and binning schemes are not operated in the same parameter regime

(they respectively work best at low and high Aw,).
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D.1 Proof of Theorem 2

Proof. The case (p = 1) is quite straightforward. First note that for any X verifying
Eq. (7.29), ||X|1 = X, Ak > 1. Besides, if 0 is in the convex hull of all implementable
&’s, then:

I, Am) ERT D Nbe =0 (D.1)
with: k

=1
k

These two equations are what Eqgs. (7.28) and (7.29) reduce to in the case p = 1.

This choice of X achieves the lower bound:

INLh =Y = =1 (D.2)
k k

203
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O

D.2 Proof of Theorem 3

Proof. This requires more work. For N = 1, Eq. (7.28) becomes:
Vie [1,p] > A, =0
k=1
Thus, one can note that both Eqs. (7.28) and (7.29) can be combined using the
rectangular Vandermonde matrix V' = (4;); 1 and the vector b = (1,0, ...,0)" with

m — 1 zeros:

VX=b (D.3)

The first equation of this linear system is Eq. (7.29) and the others are Eq. (7.28).

A solution \* of minimum ¢2-norm of this system satisfies:
[IX]l2 = 11V bl (D4)
with V't the Moore-Penrose inverse of V. In particular:
X2 < [VFlallbll2 = [Vl (D.5)
Using the singular value decomposition V = UXVT, we obtain:
VT2 = 12|z = max{1/p, p € S\ {0}} (D.6)

where S denotes the singular values of V. Besides, it is well-known that the square
Vandermonde matrix ‘7(51, ..., 0p) is invertible if and only if for all i # j, §; # ¢;.
As a result, the rectangular Vandermonde matrix V' is full-rank, hence has non-zero
singular values only, if and only if for all ¢ # j, ; # 6;. By continuity of the singular
values over (41, ..., 0,,) on the compact space A, it follows that ||V ||y is bounded,

hence ||X*||5 too. O
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