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1 Introduction

Double holography, the notion that the holographic spacetime dual to a boundary CFT
(BCFT) has not just two but in fact three equivalent descriptions, has recently found many
interesting applications in the context of black hole physics [1-8]. Double holography was first
discovered in bottom-up models [9-12] where a single Randall-Sundrum brane [13] serves as
“end of the world” brane that terminates spacetime. While, as they stand, these bottom-up
models can not be realized within string theory and have no known holographic dual, they
capture crucial aspects of top-down constructions which were developed later based on D3
branes ending on D5 and NS5 branes [14-17], as anticipated in [18]. Double holography is
the statement that besides their description in terms of a d-dimensional BCFT or in terms of
gravity in the (d+1)-dimensional bulk, these setups allow a third, intermediate description: a
d-dimensional CFT living on the end-of-the-world brane, coupled to d-dimensional gravity on
the brane and communicating with a d-dimensional non-gravitating BCF'T via transparent



boundary conditions. While the bulk and BCFT descriptions, at least in the top-down
models, are completely well-defined theories, the intermediate picture relies on intuition
about the holographic interpretation of the (massive) localized graviton one finds on the
brane [9]. Roughly speaking, in the intermediate picture the d-dimensional gravity on the
brane is the holographic dual of the boundary of the BCFT (often referred to as defect to
reserve the term “boundary” for the holographic boundary of the (d + 1)-dimensional bulk
spacetime), whereas the full (d + 1)-dimensional geometry also captures the BCFT degrees
of freedom on the d-dimensional ambient space.

The reason for the recent resurgence in interest in double holography is the fact that
gravity coupled to a bath is the setting for much of the recent progress on the problem of
black hole evaporation initiated in [19, 20] and reviewed in [21]. The basic ideas of how to
use gravity coupled to a bath to obtain the Page curve [19] have first been made concrete
in 2d gravity [20], but all higher dimensional examples constructed so far [1-8] rely on the
intermediate picture interpretation of BCFTs. Furthermore, several important aspects of
the problem are highlighted by these braneworld constructions: the graviton in these brane
constructions is massive [9] (see also [22]), which is indeed an unavoidable consequence of
the coupling to the external bath [23]. It has in fact been argued that this graviton mass is
crucial for the Page curve to emerge [24].

Given the importance of this intermediate interpretation of holographic BCF'T space-
times, it is somewhat disconcerting that the precise dictionary is in fact not understood in
the bottom-up models. One attempt at such a dictionary has appeared recently [25] for the
so-called “near critical” limit. This is the limit in which the curvature radius on the brane is
much larger than the bulk curvature radius and the brane is close to the original conformal
boundary. The corresponding BCFT statement is that the number of (local) degrees of
freedom on the defect is much larger than the corresponding number in the ambient space.
A challenge for the intermediate picture has recently been pointed out in [26] where it was
shown that a naive implementation of the intermediate picture as a theory living on the
brane coupled to a bath is inconsistent with causality: the (d+ 1)-dimensional bulk supports
shortcuts when compared to the d-dimensional universe of brane and bath (figure 10). This
was interpreted as signaling non-locality of the intermediate picture.

In this work we give a crisp definition of an intermediate holographic description by
making the idea behind it precise: we dualize the degrees of freedom on the defect, but not
those on the ambient space. We work with top-down string theory realizations of 4d BCFTs
based on D3-branes ending on D5 and NS5 branes. As concrete examples we take the
BCFTs and holographic duals which were used for black hole studies in [7]. In this setting
we can isolate the 3d defect degrees of freedom in the brane construction and explicitly
construct an intermediate description which dualizes only the 3d degrees of freedom using
standard AdS/CFT methods. Our new “proper” construction of the intermediate picture is
local and manifestly consistent with BCFT causality.

To compare our 10d construction of the intermediate picture to the bottom-up discus-
sions, we will distinguish two notions of intermediate picture:

(Ip) the “proper” intermediate picture obtained by geometrizing only the 3d defect d.o.f.

(I,) the “naive” intermediate picture obtained by taking apart the full BCFT dual
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Figure 1. Semi-infinite D3-branes ending on a combination of N5 D5-branes and N5 NS5-branes.
The D3-branes extend along the (0123) directions, the D5-branes along (012456) and the NS5-branes
along (012789). All NS5-branes have the same net number of D3-branes ending on them, and
likewise for the D5-branes.

The naive picture ([,) is the 10d analog of the intermediate picture advertised in the
bottom-up models: it amounts to identifying an end-of-the-world brane region in the
10d solutions and taking a supergravity theory in that region coupled to the 4d ambient
CFT as intermediate description. We find that this naive picture (I,,) only provides an
approximation to the proper picture (I,). Moreover, we find that analogs of the (apparent)
bulk shortcuts of [26] exist also in the 10d duals of the full BCFTs, creating the same
tension with causality in the naive intermediate picture (I,,). But the approximate nature
of (I,,) obstructs their interpretation as causality violation in the proper local intermediate
picture (I,). The differences between (I,,) and (I,) disappear in the near-critical limit,
where the shortcuts of [26] also disappear; so in this limit the two pictures agree.

This work is organized as follows. In section 2 we review the brane constructions of the
BCFTs and their holographical duals. In section 3 we present our proposal for the proper
intermediate description. The large-N limit is discussed in section 4. In section 5 we study
geodesics in the BCFT dual and document the appearance of shortcuts compared to the
naive intermediate picture. Implications for the proper intermediate picture are discussed
in section 6. We discuss our interpretation of these findings in section 7. Some technical
details can be found in an appendix.

2 String theory duals for BCFTs

BCFTs based on 4d N' = 4 SYM can be engineered in Type IIB string theory by terminating
D3-branes on combinations of D5 and NS5 branes [27-29]. We will focus for simplicity
on a setup which was engineered in [7] to provide a minimal string theory version of
the bottom-up braneworld models. The brane configuration is shown in figure 1. It is
characterized by two integers N5 and K. The 2N5K semi-infinite D3-branes realize 4d
N =4 SYM on a half space. At the boundary the 4d A/ =4 SYM theory is coupled to a
3d quiver SCFT, which in the string theory construction is realized by D3-brane segments
suspended between the 5-branes.



Figure 2. Left: BCFT quiver (3.1) for N5 = 8, K = 1, with NS5-branes as filled ellipses, D3-branes
as horizontal lines, and D5-branes as vertical lines. Right: BCFT quiver (3.7) for N5 = 4, K = 3.

2.1 BCFTs

The form of the field theories associated with the brane configuration in figure 1 depends
on whether N5 > 2K or N5 < 2K. For N5 > 2K the net number of D3-branes ending on
the D5-branes from the right in figure 1 is negative, while for N5 < 2K it is positive. To
make the field theory manifest in the brane construction for N5 > 2K, one separates the
NS5-branes and uses Hanany-Witten transitions [27] to bring the D5-branes to a location
where they have no D3-branes ending on them. The resulting form of the brane configuration
is illustrated in figure 2(a). The D3-brane segments suspended between the NS5-branes
realize a 3d quiver gauge theory, in which the D5-branes represent 3d flavors. This 3d gauge
theory is a UV description for the 3d SCFT to which 4d A" = 4 SYM is coupled at the
boundary of the BCFT geometry. The combined 3d/4d quiver gauge theory for N5 > 2K is

U(R) —U2R) — ... —~U(R?) — U(R? — S) — ...~ U2NsK + S) — U(2N5K)
| (2.1)
[Ns]
where
N N
R:75+K, S:?5—K. (2.2)

The node with a hat in (2.1) represents 4d N/ = 4 SYM on a half space. The remaining
nodes are the 3d quiver gauge theory description for the 3d SCFT on the defect. At the
boundary of the 4d half space the 4d N' = 4 SYM fields are coupled to the 3d quiver. Along
the first ellipsis in (2.1) the rank increases in steps of R from left to right, along the second
it decreases in steps of S.

For N5 < 2K, some of the semi-infinite D3-branes end on the D5-branes, as illustrated
in figure 2(b). The combined 3d/4d quiver gauge theory for N5 < 2K is

U(R) — U@2R) — ... — U((Ns — 1)R) — U2N5K) (2.3)

In this case, at the boundary of the 4d half space only a subset of the 4d N' =4 SYM fields

couple to the 3d quiver, while the others satisfy Nahm pole boundary conditions imposed
by the D5-branes (more details can be found in [29] or the review in [30, section 2.2]).

Generally speaking, the 3d quiver “grows” relative to the 4d ambient CFT with

increasing N5/K — the number of gauge nodes increases with N5 and so do their ranks.



There is a qualitative transition at N5 = 2K for the small- N5 quivers (2.3) the ranks of the
3d gauge nodes simply decrease, starting from a number which is smaller than the rank of
the 4d N' = 4 SYM node on the right end towards zero on the left end of the 3d quiver. For
the large-N5 quivers (2.1), on the other hand, the rank of the 3d gauge nodes first increases
compared to the rank of the 4d gauge node from right to left, up to the node which has
flavors attached, and then decreases to zero.

2.2 Supergravity duals

The supergravity solutions associated with brane configurations involving D3 branes ending
on and suspended between D5 and NS5 branes were constructed, based on the general class
of solutions obtained in [14, 15], in [16, 17]. They involve a non-trivial metric, dilaton, as
well as 3- and 5-form fields. The geometry is a warped product of AdS, and two 2-spheres,
S? and S2, over a Riemann surface ¥. The metric in Einstein frame takes the form

ds? = fidshas, + Fidsty + fRdsty +4p%1dzP (24)

where, for the solutions of interest here, z can be taken as a complex coordinate on the strip

E:{ZGC\OSIm(z)g;T}. (2.5)
The solutions are specified by a pair of harmonic functions h1, ho on .. The metric functions
are
NiN. NoW? N W2 N1 N,W?
8 14V2 8 84V2 8 84Vl 8 14V2

f4 *16W7 bii *16h1T§7 f2 *16h2T23, p *W, (2.6)
where

W = 80(h1hs), N; = 2h1ho|Oh)? — h2W . (2.7)

The axio-dilaton is given by 7 = x + ie"2? = i\/N; /N3 (using the dilaton normalization
of [14, 15]). We will not need the expressions for the 3- and 5-form fields here; they can be
found in [14-17].

The concrete solutions associated with the brane configuration in figure 1 are given by
the harmonic functions

.y , .
hy = 7”2105 Ke* — %Ng, In tanh (ZZ — ;) + c.c.

/ /
he = %Kez — %N5 In tanh (;) + c.c. (2.8)

The NS5-branes are represented as poles in 0ho at z = 0, while the D5-branes correspond to
the poles in Oh; at z = % For Re(z) — 0o the geometry becomes AdS5xS%; this is where the
semi-infinite D3-branes emerge. On the other end of the strip, at Re(z) — —oo, the geometry
closes off smoothly. For a qualitative picture see figure 3, whereas plots of the metric functions
are shown in figure 5. The 10d solutions specified by this pair of harmonic functions will

serve as representative top-down 10d versions of the bottom-up braneworld models.
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Figure 3. Regions on the strip ¥ for the BCFT duals (2.8) according to which type of loop
operators they host, from left to right for N5/K € {4,2,1}. The horizontal axis is tanh(Re(z)), the
vertical axis Im(z). The 3d part hosts Wilson and vortex loop operators on the defect, the 4d part

hosts neither, while the transition regions host either Wilson or vortex loops on the defect but not
both (see also figure 8(a)).

For the solutions defined by the harmonic functions (2.8) the asymptotic value of the
dilaton in the AdSsxS® region is limRe(z) o0 e? = 1. This sets the gauge coupling of the
4d N = 4 SYM node to the self-dual value. The asymptotic value of the dilaton can be
adjusted using the SL(2, R) transformations of type IIB supergravity. This will be discussed
in section 4.

2.3 Connection to braneworlds

Qualitatively, the 10d solutions can be described in terms which connect them to bottom-
up braneworld models: the part of the 10d geometry around the 5-brane sources can be
interpreted as resolved 10d version of the end-of-the-world (ETW) brane, while the AdS5xS°
region at Re(z) — oo corresponds to the remaining “bulk” AdSs. One would then expect
the former to correspond in some sense to 3d degrees of freedom and the latter to 4d degrees
of freedom.

A concrete connection between regions in the 10d geometry and 3d/4d degrees of freedom
was made in [31], by studying %—BPS Wilson loops in antisymmetric representations of
individual 3d gauge nodes (and their mirror-dual vortex loops), identifying their holographic
representation as probe D5’ (and NS5') branes in the 10d solutions, and matching the
expectation values to supersymmetric localization calculations. In this way, slices of the
strip 3 can be linked to individual 3d gauge nodes. The resulting identification of 3d and
4d parts in the 10d solutions (2.8) is shown in figure 3. The part marked as 3d hosts Wilson
and vortex loop operators associated with the 3d defect part of the quiver, the part marked
as 4d hosts neither type of operator, while the transition regions host either Wilson or
vortex loops on the defect but not both.

For N5 > K the number of 3d degrees of freedom is large, corresponding to an ETW
brane close to the boundary (sharp brane angle). In that limit the 3d quiver (2.1) is long
and the maximal rank of the 3d nodes is large compared to that of the 4d node. For
K > N3, on the other hand, the 3d quiver is short and the ranks of the 3d gauge nodes
in (2.3) just decrease compared to that of the 4d node. This corresponds to an ETW brane



at a more blunt angle.! These features are represented in figure 3 as a large /small 3d
region for large/small N5/K. This suggests that the brane angle in the bottom-up models
can be seen as effective description for the ratio N5/K in 10d.

With a qualitative connection between the 10d BCFT duals and the brane world models
at our disposal, we can formulate a 10d version of the “naive” intermediate picture (I,,)
advertised in the bottom-up models: a gravitational theory in the ETW-brane region of the
10d BCFT dual should be coupled at the boundary of the AdS, fibers to 4d N =4 SYM
on a half space. As ETW-brane region one might take the region on ¥ hosting Wilson loop
operators on the defect, as discussed above, or one may consider other identifications. The
discussions to come will apply for more general identifications of ETW-brane regions in
the BCFT dual. For any such identification one may wonder what boundary conditions
should be imposed at the boundary of the ETW-brane region on . This question already
suggests that this picture might at best be approximate. We will not dwell on it now and
instead discuss a proper intermediate picture (/) next.

3 Intermediate description in 10d

In this section a proper intermediate holographic description will be made concrete in the
full 10d string theory setting. The strategy will be as follows: the BCFT contains 3d and 4d
degrees of freedom. The full BCFT dual, discussed in section 2, geometrizes all field theory
degrees of freedom. The intermediate description, on the other hand, will be constructed
so that it only geometrizes the 3d degrees of freedom; they are replaced by a 10d AdSy
supergravity dual which is coupled at the boundary of AdS, to the remaining 4d N = 4
SYM d.o.f. on the half space.

To make the proposal precise, we start with the quiver description of the BCFT in (2.1).
That is, we first assume N5 > 2K. We repeat the combined 3d/4d quiver for convenience:

—

U(R) - U(2R) —...-U(R*) —U(R* - S) —... — U@2NsK + S) — U(2N;K)

| (3.1)
[Ns]

and recall that R = K+ N5/2 and S = N5/2— K. The 4d degrees of freedom are represented
by the hatted gauge node at the right end, the rest of the quiver represents the 3d boundary
degrees of freedom. The brane configuration for N5 =8, K =1, so that S =3, R =5, is
shown in figure 2(a).

To obtain an intermediate holographic description one has to choose a set of 3d degrees
of freedom to geometrize. These 3d d.o.f. will be taken out of the quiver and be replaced by
their gravity dual, which is then coupled to the remaining ungeometrized degrees of freedom.
There is some freedom in which degrees of freedom to dualize. We make a maximal choice

'For any N5 > 0 the solutions (2.8) close off smoothly at Re(z) = —oco, but for N5 = 0 they degenerate —
the D3-branes in figure 1 can not just end in smoke. We note that the Zs orbifold of AdSsxS® which gives
a particular 10d realization of the braneworld model with tensionless brane is also included in the general
AdS4xS?xS? x 3 solutions. Compared to the solutions here it does not close off smoothly by internal
cycles collapsing.



Figure 4. Left: 3d quiver (3.2) for N5 = 8, K = 1. Right: 3d quiver (3.8) for N5 =4, K = 3.
As in figure 2, NS5-branes are shown as ellipses, D3-branes as horizontal lines, and D5-branes as
vertical lines.

here and geometrize all 3d degrees of freedom. To this end, we terminate the 3d part of the
BCFT quiver in the brane construction of figure 2(a) at the 4d gauge node, by inserting
D5-branes as in figure 4(a). This leaves the 3d quiver

U(R) - UQ2R)—...-U(R*) —=U(R* - S) —... = U(2NsK + S) — [2N5K]
| (3.2)
[N

On the right end the 4d U(2N5K) N = 4 SYM node has been replaced by 3d flavors. This
quiver has an SU(2N;5K) flavor symmetry associated with the flavors at the right end, and
the coupling to the remaining 4d degrees of freedom amounts to using the 4d N'=4 SYM
fields to gauge this flavor symmetry. The 3d quiver (3.2) has all nodes balanced and is ‘good’
in the classification of [28, 29]. This means the 3d gauge theory flows to a well-behaved
3d SCFT in the IR, and this IR fixed point SCFT has a holographic dual. The brane
construction is shown in figure 4(a). The BCFT brane configuration in figure 2(a) can be
recovered by moving the D5-branes at the right end off to infinity and then removing them,
to reintroduce semi-infinite D3-branes.

The full BCFT 1, (3.1) is S-dual to itself: the S-dual brane configuration is obtained
by exchanging D5 and NS5 branes in figure 1. It can be brought back to the original form
using Hanany-Witten transitions. The 3d SCFT (3.2), on the other hand, is not S-dual to
itself, since the brane construction involves different numbers of D5-branes and NS5-branes.

The supergravity dual for the 3d SCFT arising from the quiver in (3.2) is of the general
AdS,;xS%xS?% x 3 form discussed in section 2.2. But it is a genuine AdSy solution — instead
of blowing up to AdS5xS® at the right end of the strip, Re(z) — oo, the geometry closes
off smoothly. Concretely, the supergravity dual for the quiver SCFT in (3.2) is given by

/ . _6 / . _5
hi = —%N5 In tanh (ZZ; _Z 1) - %2N5Klntanh (ZT _Z 2) + c.c.

2 2
/
hy = —%Ng) In tanh (;) +ec. (3.3)
with
01 = —1ntan27TT5, dp = —lntanQLNg). (3.4)



To arrive at this form of the supergravity dual, one brings all D5-branes in figure 4(a) to
the right side. This results in a brane configuration with N5 NS5 branes with R D3-branes
ending on each, as well as N5 D5-branes with S D3-branes ending on each and 2N5 K
D5-branes with one D3-brane ending on each. The numbers of 5-branes are then reflected
in the residues at the poles of 0h; /5 in (3.3), and the numbers of attached D3-branes in the
locations of the poles [17]. The solutions are a special case of the solutions discussed in [32,
section V.A]. Compared to the BCFT dual (2.8), there are no exponentially growing terms
in (3.3); hy/y both vanish at Re(z) — oo. The geometry closes off smoothly at both ends of
the strip, Re(z) — +o00. For N5 — oo the D5 pole at z = d3 would move to large z, which
would be similar to the T[SU(N)] solutions discussed in [33]. The actual large-N limit will
be discussed in section 4 and will lead to fixed 5-brane sources.

The proposal for the intermediate description now is very natural: the AdS, gravity
dual (3.3) for the 3d SCFT in (3.2) should be coupled to the remaining 4d N' =4 SYM
degrees of freedom, in a way which implements the gauging of the global SU(2N5K) flavor
symmetry of the 3d SCF'T that is realized by the coupling to the 4d fields in the brane
construction.? The statement of AdS/CFT for the solution (3.3) is that the partition
function of the 3d SCFT (3.2), as functional of sources for gauge-invariant operators, is
identical to the partition function of Type IIB string theory on the background specified
by (3.3), as functional of the boundary conditions for excitations,

Z34 SCFT (3.2) [AL3d)’ e ] = ZType 1IB on (3.3) [A/(fd)v - ] : (35)
Here we have highlighted the source for the conserved current J# corresponding to the
SU(2N5K) flavor symmetry associated with the 2N; K flavors at the right end of the
quiver (3.2) and the corresponding boundary condition in the bulk partition function. In
field theory terms, gauging the flavor symmetry of the 3d SCFT using 4d N/ =4 SYM on a
half space may be understood schematically as integrating over the (so far non-dynamical)

) (4d)

source A,(f’d , which should be understood as boundary value of the 4d gauge field A, ",

weighted by the action of the ambient 4d N'=4 SYM fields including A,(fld). We obtain
ZpcrT = /’DAl(;ld) ... 234 SCFT (3.2) [A;(E)d)v o eS4d N = 4 SYM [ALM),...]
(4d)
— /DA/(;Ld) o ZType 1B on (3.3) [A}(Ed)7 o SN =4 sym[ASD ) (3.6)

The first line is the gauging in field theory. The second line follows from the AdS/CFT
identification (3.5), and implements the coupling of the non-gravitational 4d N’ =4 SYM
degrees of freedom to the 4d gravity dual of the 3d degrees of freedom. The second line
of (3.6) is our proposal for the intermediate holographic description for the BCFT in (3.1).

In the bottom-up description of double holography, the intermediate picture contains as
crucial part a CFT living on the brane, coupled to the localized graviton [10]. This CFT is
expected to be the same as the CFT defining the non-gravitational bath. A natural question
is whether and where this CFT appears in the top-down construction. We note that, by

*Following [29] the U(1) sector of the 4d U(2NsK) N = 4 SYM fields satisfies Neumann boundary
conditions.



the standard rules of AdS/CFT, gauge symmetries in the gravitational description map to
global symmetries of the dual CFT. We can use that to find the gauge theory corresponding
to the intermediate picture CFT. By construction, the 3d SCFT we engineered in (3.2)
has an SU(2N;K) global symmetry. Thus, the intermediate picture gravity theory (3.3)
contains the same maximally supersymmetric SU(2N5K) SYM theory that appears as part
of the non-gravitating bath. It arises from open string fields — the corresponding gauge
bosons live on the D5-brane source at z = do + % in the bulk, where the supergravity
approximation strictly speaking breaks down. The full global symmetry of the 3d SCFT
actually is SU(N5) x SU(N5) x SU(2N5K), with the holographic representation for one
SU(N5) arising from open string modes on the N5 D5 branes and the other from their
mirror-dual analogs for NS5 branes (such modes were also discussed in [34]). The bottom-up
model misses these extra SU(Ns) factors. This is reasonable: they depend on the detailed
nature of the 3d degrees of freedom and this type of information should not be expected to
be captured in a bottom-up model.

We now turn to the other regime, N5 < 2K, with the combined 3d/4d quiver given
n (2.3). We again repeat the quiver for convenience,

U(R) — U@2R) — ... — U((Ns — 1)R) — U2N;K) (3.7)

The brane configuration for N5 = 4 and K = 3 is shown in figure 2(b). Compared to
figure 2(a), the D5-branes now impose Nahm pole boundary conditions on part of the 4d
N = 4 SYM fields instead of being part of the 3d quiver. To obtain the intermediate
holographic description we again take the 3d degrees of freedom out of the BCFT quiver (3.7),
terminate the quiver with 3d flavors instead of a 4d node and then dualize the 3d quiver
SCFE'T separately. The 3d quiver obtained by introducing a minimal number of flavors is

U(R) — U@2R) — ... — U((Ns — 1)R) — [N5R] (3.8)

It again has all nodes balanced. The full BCFT can now be recovered in two steps. One
first gauges the flavor symmetry associated with the N5R flavors at the right end using the
boundary values of 4d A/ = 4 SYM fields on a half space. In the brane setup this amounts
to replacing the N5 R D5-branes with semi-infinite D3-branes. One then brings in additional
N5(K — N5/2) semi-infinite D3-branes which terminate on N5 D5-branes, to get back to
the full quiver in (3.7).

The proposal for the intermediate description is that the holographic dual for the 3d
quiver in (3.8) is coupled at the boundary of AdS, to the remaining 4d degrees of freedom,
in analogy to the discussion for N5 > 2K. The dual for the 3d quiver SCFT in (3.8) is
defined by the harmonic functions

! - _ 6
hy :—%N5R In tanh (ZI— z 5 1) + c.c. 51:—lntan2iN5
!
hy = —%N5 In tanh (;) teec (3.9)

It has a pole in Ohy at z = 0 which represents N5 NS5-branes and a pole at z = d; + % in
Oh1 which represents N5 R D5-branes.

~10 -
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Figure 5. Top row: from left to right the Einstein-frame metric functions f7, fZ, f2, p? in the
ansatz (2.4) with z = x 4 4y for the BCFT dual (2.8) with N5/K = 12. Bottom row: same functions
for the 3d dual (3.3).

The global symmetry of the 3d SCFT (3.8) is SU(N5) x SU(N5R), and the holographic
dual again contains the appropriate 4d N’ = 4 vector multiplets. Comparing to the bottom-
up models, one may now identify the SU(N5R) part as the 10d version of the CFT on the
end-of-the-world brane. This theory now has a smaller gauge group than the non-gravitating
bath CFT, which still is U(2N5K). The reason is that in the brane construction some of
the semi-infinite D3-branes just terminate on D5-branes, and do not lead to flavors in the
3d quiver. That such details are not captured automatically by the bottom-up models
highlights their nature as effective descriptions — one can adapt them by hand to connect
to specific 10d brane constructions.

The decomposition of the full BCFT quivers (3.1) and (3.7) into the 3d parts (3.2)
and (3.8) and the remaining degrees of freedom is not unique. One could choose other 3d
sub-quivers of (3.1) and (3.7) which are ‘good’ in the sense of [28, 29] and geometrize those
to obtain alternative intermediate descriptions. The choices (3.2), (3.8) are maximal in the
sense that they use the entire 3d parts of the BCFT quivers, and we will focus on those in
the following.

3.1 Comparing geometries

A natural question is how the geometric features compare between the 10d AdSy solution
dual to the 3d defect SCFT in the intermediate description on the one hand and the
full BCFT dual on the other. This will lead to a clear distinction between the proper
intermediate picture (I,) and the naive intermediate picture (I,). Sample plots for the
metric functions are shown in figure 5.

For both solutions the metric functions f12 /2 and p? vanish at Re(z) — —oo, making
Re(z) = —oo a regular point in the internal space. In both cases f? vanishes at Im(z) = 0
and f3 vanishes at Im(z) = Z, closing off the internal space at these boundaries of the strip
Y. The qualitative difference is at Re(z) — +o0. In the BCFT solution f? /o are finite but
non-zero in that limit, while f? blows up. The geometry becomes AdS5xS®. In the 3d dual,
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Figure 6. Ratio between geometric quantities at the left end of 3, Re(z) = —oo, in the 3d defect
duals (3.3), (3.9) and the BCFT dual (2.8). The blue (red) curves show the ratio of the Ricci scalars
(AdS4 radii f4). The solid (dashed) curves are for Einstein (string) frame.

on the other hand, f12 /2 and p? vanish and f7 is finite at Re(z) — oo, making it a regular
point in the internal space.

The external branes in the associated brane configurations, which appear explicitly as
sources in the supergravity solutions, also differ, and this is reflected in the metric functions.
In the BCFT dual we have N5 NS5-branes at z = 0 and N5 D5-branes at z = %r, as well as
2N5 K D3-branes emerging at Re(z) — co. The 5-brane sources can be seen in figure 5 as
the points where p? blows up while f12 /2 and f7 vanish. The 5-brane sources are at infinite
proper distance from other points on ¥, due to the growing behavior of p?. For the 3d
dual we have N5 NS5-branes at z = 0 and N5 D5-branes at z = % + 61, as well as 2N5 K
Db5-branes at z = % + 62. So the 2N5 K D3-branes have been replaced by 2N5 K D5-branes,
combined with a relocation of the original N5 D5-branes. This changes the geometry of the
internal space so that it closes off smoothly on all boundaries of X.

Clearly the 3d dual is not obtained by taking only a part of ¥ from the full BCFT dual,
such as e.g. the 3d region in figure 3. The metric functions do not vanish in the interior of
3%, so slicing up the BCFT dual and taking it apart along any dividing line through the
interior of 3 would lead to a geometry which is not geodesically complete, and instead has
an actual boundary at the dividing line. This would be different from our proposal for the
actual 3d dual.

Moreover, a feature which is only implicit in figure 5 is that the geometry of the 3d dual
generally differs from the full BCFT dual even deep in the 3d region, at the left end of the
strip. A comparison between the AdS, curvature radii and Ricci scalars of the two solutions
at the point where both two-spheres collapse, Re(z) — —oo, is shown in figure 6. The
respective ratios approach one for K /N5 — 0, but are otherwise different. The solutions
thus become identical even at the left end of the strip only for K/N5 — 0. The 3d dual of
the proper intermediate description can thus also not be obtained by taking a part of ¥
from the full BCFT dual and only modifying the geometry in a vicinity of the resulting
boundary. The plots show that this holds in Einstein and in string frame.

3.2 Identifying points on X

We realized an intermediate holographic description which properly geometrizes the 3d
degrees of freedom, and found that the geometry in general differs non-trivially between the
3d dual and the full BCFT dual. To some extent one can still identify points on ¥ between
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Figure 7. D5-brane realization of a Wilson loop in the antisymmetric representation of rank k
at the t'" gauge node. The D5’ extends along the (045678) directions. Moving the D5’ out of the
D3-brane stack across k£ D3-branes creates k fundamental strings stretched between the D3-branes
and the D5'-brane.

the two solutions, by characterizing them in terms of CFT data. We will illustrate this
for Wilson loops, based on the results of [31]. We define a coordinate system on the brane
diagram and discuss how it can be imported onto the strip X. By applying this procedure
in the full BCFT dual and in the 3d dual, we obtain an identification between points on X
in the 3d dual and in a subset of the BCFT dual.

Wilson loops in antisymmetric representations associated with individual 3d gauge
nodes can be realized in the brane construction by D5’ branes [35], as shown in figure 7.
The D5 can be characterized by a horizontal coordinate in the brane diagram, specifying
between which pair of NS5-branes the D5’ is inserted, and a vertical coordinate specifying
where along the corresponding D3-brane stack the D5’ is inserted. In the supergravity
solutions the Wilson loops are realized by probe D5’-branes wrapping AdS; in AdSy, a
curve in 3, the entire sphere 5%, and an S' in S5 [31]. The curve in ¥ wrapped by the D5’
corresponds to the gauge node which the Wilson loop is associated with, and how far the
D5’ extends along this curve encodes the rank of the representation. With that information
one can transfer the aforementioned coordinate system on the brane diagram onto Y. This
is shown in figure 8. Through this connection between the geometry on 3 and the brane
diagram, the 3d quiver diagram is directly encoded in the supergravity dual.

To make things concrete we start with the BCFT dual, with Ay, in (2.8). The dual
harmonic function to hy (using he = Ag + Ag, h¥ = i(Az — As) with holomorphic As) is
given by

. 12 Ny
W = MY ger — BNg, In tanh <;> + c.c. (3.10)

4 4

The Wilson loop D5’ branes extend along curves of constant h¥ (the blue curves in
figure 8(a)), and we denote the start/end points by zy/z1. They carry D3 and F1 charges
given by

2 4 z
Nps = —hy Np1 = 22 [Im (A1 A2 +C)]7 (3.11)

)
wa! 20

where C is defined by dC = A10A45 — A30A;. The gauge node which the Wilson loop
is associated with is set by the D3 charge, with 0 < hY < ’TTO‘INg,. The rank of the
representation and the point along the curve on ¥ where the D5’ caps off are set by the F1
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Figure 8. Left: ‘Wilson loop coordinates’ on (part of) ¥ for the BCFT dual (2.8) with N5 = 4K.
The D5'-branes extend along the blue curves along which h% is constant. The red curves trace the
cap-off points of the D5’ branes. Compare the region carved out by the blue curves to figure 3. Right:
corresponding Wilson loop coordinates on ¥ for 3d dual (3.9) with N5 = 4K. The coordinates now
cover X entirely.

charge. For each point on 3 on which a Wilson loop D5 ends, we can now use (Nps3, Np1)
as coordinates. This defines points on ¥ in terms of field theory data, and in turn in terms
of coordinates on the brane diagram.

The resulting coordinate system in figure 8(a) covers the region marked as 3d in figure 3
and one of the transition regions. The blue curve which does not start at the NS5 pole
is the Wilson loop associated with the 4d gauge node (localized on the defect to preserve
defect conformal symmetry). In summary, one can use the D3 and F1 charges of a Wilson
loop D5’ ending at a given point on ¥ as coordinates. Np3 specifies the gauge node which
the Wilson loop is associated with and Ny; the representation. In the brane diagram in
figure 2, Np3 determines between which pair of NS5 branes the D5’ is located and Np;
specifies the vertical position.

We now turn to the dual of only the 3d degrees of freedom (3.3). Since the gauge
structure of the 3d quiver is identical to the 3d theory appearing at the boundary of the 4d
BCFT, the set of antisymmetric 3d Wilson loops is identical. This means the entire set
of points on ¥ in the BCFT dual which can be identified using the Wilson loops can be
translated to the intermediate description. The dual harmonic function hy corresponding
to (3.3) is

s
WD = _%N5 In tanh (;) +ec. (3.12)

A coordinate system on X can be defined in terms of field theory input in the same way as
for the BCFT dual. The result is illustrated in figure 8(b).

The identification of points on ¥ between the full BCFT dual and the 3d defect dual
amounts to identifying points with the same Wilson loop coordinates. This literally identifies
the curves shown in figure 8(b) with those in figure 8(a). Since the Wilson loop coordinates
translate to coordinates in the brane diagram, this identification is very natural. In the 3d
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dual ¥ is covered entirely by the Wilson loop coordinates, and mapped to a subset of ¥ in
the full BCFT dual. In that sense the 3d dual of the intermediate description corresponds
to a ‘3d region’ in the full BCFT dual.

The Wilson loop construction identifies AdSs slices (rather than individual points)
between the BCF'T dual and the 3d dual. It is intended to illustrate the general principle —
different observables may call for different identifications. For example, for NS5’-branes
describing vortex loops the coordinates in the BCFT dual would be obtained by a vertical
reflection from those in figure 8(a), while the coordinates in the 3d dual would differ more
substantially from figure 8(b).

4 4d coupling and ’t Hooft limit

The solutions in (2.8) describe the brane configurations in figure 1 with the axio-dilaton
T = X +i/gs approaching 7 — 7 in the asymptotic AdS5xS® region. This fixes the coupling
for the 4d N' =4 SYM fields, 7 = 270 + 4mi/ g%M, accordingly. Solutions with different
asymptotic value of 7 can be generated from (2.8) using SL(2, R) transformations. This way
results obtained from the Einstein-frame metric associated with (2.8), such as the geodesics
to be discussed in section 5 (or the black hole discussions of [7]), are not affected, keeping the
number of parameters for these discussions minimal. One could introduce the asymptotic
string coupling as independent parameter, but we will not do so here. The intermediate
descriptions for the transformed solutions can be obtained following the strategy of section 3,
and we will discuss their precise form below.

The SL(2,R) transformations of Type IIB supergravity transform the 5-brane charges,
and the transformation has to be chosen such that the resulting charges are properly
quantized. We use

1 0 '
Sg = ( o ) . Sgr T, Bpy+iCa — ViBa+—=Ca),  (&1)

0 Vg 9 V9

which preserves the D5/NS5 nature of the 5-branes. The Einstein-frame metric and 5-form
are invariant. In terms of the harmonic functions hy o the transformation (4.1) is realized by

1
V9
It rescales the string coupling to g; = g, or g%M =4mg in 4d N =4 SYM, and rescales the

D5 and NS5 charges by a factor 1/,/g and /g, respectively.
The brane configuration described by hy/; in (2.8) with the rescaling (4.2) can be

(hl,hg) — ( hl, \/§h2> . (4.2)

obtained from figure 1 by rescaling the 5-brane charges, leading to figure 9. The numbers
of D3-branes ending on each D5 and NS5 brane change accordingly. The number of net
D3-branes per D5-brane still changes sign at N5 = 2K. The combined 3d/4d quiver for
N5 > 2K now reads
U(R/\/9)—UQ2R/\/g)—...—U(R*)~U(R?*-S/\/g)—...—U2Ns K +5//g9)—U(2N;K)
|
N5/ (4.3)
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Figure 9. Brane configuration described by the supergravity solution (2.8) after the SL(2,R)
transformation (4.2). The parameter g should be chosen such that the 5-brane numbers are integer.

Along the first ellipsis the rank increases in steps of R/,/g, along the second it decreases in
steps of S/,/g. The total number of 3d nodes is \/gN5 — 1. For N5 < 2K the combined
3d/4d quiver is

U(R/\9) = U(2R/\/g) - U(NsR - R/\/g) — URN5K) (4.4)

The quivers are squeezed in length for small g, combined with an increase in the ranks of
the gauge groups and the numbers of flavors at interior nodes, if present.

The 3d-only quivers and holographic duals can be obtained, as before, by introducing
Db5-branes terminating the 3d part of the BCFT quiver with flavors. The 3d quiver for
N5 > 2K is

U(R//9)~U2R/\/g)~...~U(R*)~U(R*~S/\/g)~...~U(2Ns K +5/,/9) ~[2N5 K]

|
[Ns/+/4] (4.5)

For small g the number of boundary flavors is decreased compared to the number of flavors
at the interior node. The supergravity dual for the 3d defect fields is given by the harmonic

functions
hy = _O‘Z L@Nslntanh (T— : . 1) + 2N5K In tanh (4— : . 2) T
o z
hs = —Z\/§N5 In tanh 5 +c.c. (4.6)
with
TS T
01 = —Intan — do = —Int . 4.7
1 nan2N5, 2 nan2\@N5 ( )

This 3d dual is not related to the one for ¢ = 1 in (3.3) by the duality transformation (4.2),
since the terms in h; are not scaled uniformly and Jo also changes; the split into 3d and 4d
degrees of freedom does not commute with SL(2,R). For N5 < 2K the 3d quiver is

U(R/+/5) ~ UQR/Yg) - ...~ U(RNs — R/\/g) - [N (48)
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and the defect supergravity dual is defined by

’ : _
hi = —%Ng)R In tanh (ZZ; _z 251) + c.c. 01 = —Intan 2\/;\75
o/ z
he = —Z\/§N5 In tanh <2> + c.c. (4.9)

This completes the generalizations of the field theories and associated supergravity solutions.

We note that for the 3d defect SCFTs ¢ is a dimensionless parameter involved in
specifying the quiver and brane diagrams, not a gauge coupling (which would be dimensionful
in 3d — the SCFTs arise as strongly-coupled IR fixed points of the gauge theories). To
make this more manifest we introduce new parameters Nynss, Nps and k as follows,

K
Nnss = v/gNs Nps = N5/\/9, k = o (4.10)

With these parameters the number of semi-infinite D3-branes in figure 9 is given by
2k Nps Nnss and the asymptotic string coupling by ¢ = Nxgs/Nps. The 't Hooft coupling
of the 4d gauge node is given by A = ¢2,,(2NsK) = 87 Nq: k.

We now discuss the large-N limit. One could keep g fixed in the large-N limit and
realize an arbitrary fixed string coupling in the AdS5xS® region. From the 4d N =4 SYM
perspective, the limit of fixed gyn with Nyg — oo would be the “very strong coupling limit”
considered in [36-38]. A ’t Hooft limit for the 4d degrees of freedom can be realized by
scaling ¢ in the large-N limit,

Nps — 00, Nngs > 1, A =8tNEgsk > 1. (4.11)

In terms of the original parameters this amounts to N5 — oo with \/gN5 and gN5K large
and fixed. The numbers of D5-branes and D3-branes are of the same order and grow in the
large-N limit, while the number of NS5-branes and the 4d ’t Hooft coupling are large and
fixed. One could consider more general limits where g ~ 1 /N5'B with 8 > 0, but we will not
discuss that here.

In gauge theory terms the number of 3d gauge nodes is large and fixed in the limit (4.11)
while the ranks and flavor numbers scale. In the BCFT dual (2.8) with the rescaling (4.2),
hq is of order Nps and hsy of order Nygs. The Einstein-frame metric is of order dsQE ~
v NpsNnss and the scale of the string-frame metric dsgtring = e¢d52E ~ Nngs is large and

fixed. In the 3d duals (4.6), (4.9), all terms in h; and in hg are of the same order and the
positions of the 5-brane sources are fixed.

The free energies of the 3d SCFTs on S3, as one measure for their central charge, can
be obtained from the field theory results in [32] (another measure is the defect contribution
to entanglement entropy in the BCFTs, which was analyzed in [30]). For general 3d quivers
with all nodes balanced, the free energy is given by [32, eq. (36)]. For N5 > 2K, when the
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quiver is given by (4.3), we find

NEsNss
Fgs = —DENSs
T
x Re [g(s) ~ Lis (—e%iﬂ‘) — 4Nnssk (Li3 (—ie”<ﬂ<—N§§s>) ~ Lis (_ie”(MNﬁsls)))
— 4NZgsk? (Lig (e2ﬂN§§5) -¢@®)]- (4.12)

For N5 < 2K and the quiver in (4.4), we find

2 4
ND5NNS5

Fos —
53 1672

(2k + 1)2 Re [¢(3) — Lis (eQWiN§§5) ] , (4.13)
These field theory results exactly match the free energies obtained holographically (e.g.
via [32, eq. (14)]) from the supergravity duals in (4.6), (4.9) as functions of Nps, Nngs and
k. The field theory derivation in [32] assumed that the number of gauge nodes, set by Nxgs,
is large, and that the ranks of the gauge groups, set by Nps, are large as well. This holds
for the limit (4.11) and we thus obtain a non-trivial check for the constructions.

The above discussion shows that the SL(2, R) orbits of the BCFT duals (2.8) for each
fixed K /N5 contain solutions describing a standard 't Hooft limit for the 4d gauge node
and a natural holographic regime for the 3d defect degrees of freedom. Results obtained
from the Einstein-frame metric carry over immediately. The identification of regions on X
according to which type of 3d loop operators are hosted in figure 3 is also unaffected by
the transformation (4.1). The form of our intermediate description depends on g, but the
results of section 3 generalize straightforwardly: the identification of points on 3 between
the BCFT dual and the 3d dual discussed in section 3.2 can be carried out for general g.
The coordinate system on ¥ in the BCFT dual is generally of the form in figure 8(a) and the
coordinate system in the 3d dual generally covers X entirely. Perhaps most importantly, the
conclusion of section 3.1, that the geometry at the left end of the strip differs between the
3d dual and the BCFT dual for non-zero K /N5, extends to general g and to the limit (4.11).

5 Null geodesics in BCFT duals

In [26] it was pointed out in the context of bottom-up braneworld models that geodesics
connecting a point on the ETW brane to a point on the conformal boundary of the full BCFT
dual can be faster through the bulk than geodesics along the ETW brane (figure 10(a)). In
this section we analyse whether analogous geodesics exist in the full top-down duals for
BCFTs. Implications for causality of the intermediate picture will be discussed in section 6.

5.1 Bottom-up braneworld models

For later reference, we first review the simplest form of the “bulk shortcut geodesics”
discussed in [26] in the bottom-up braneworld models. We start from AdSs; with metric

1 du® — dt? + ds?
2 _ 2 R?
ds” = cos?f (d,u i u? ’ (5:1)
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Figure 10. Left: braneworld model with coordinates (5.1) and brane angle §. The “along the
brane” geodesic connecting a point on the ETW brane to a point in the ambient CFT is shown in
green, the “through the bulk” geodesic in blue. Right: Pags. (1) defined in (5.3).

and place the ETW brane at g = py < 0. The region p < i, is cut off and the remaining
part of the conformal boundary is u = § (figure 10(a)). The geodesics of interest connect a
point (u,u) = (p«,ug) on the brane to a point (u,u) = (3, u1) on the conformal boundary,
at the same location on R?. The times taken by geodesics along the brane and through the
bulk are, respectively,

t%rane = (UO + u1)2 )

toune = (uo + u1)? — 2uur (1 4 sin ) . (5.2)
The time difference can be expressed conveniently by introducing a function Pags; (£4+),

tl2)rane - tl2)ulk = uoulpAdSS (:U’*) ) 7DAdS5 (M*) = 2(1 + sin :LL*) . (53)

The function Pags; (1«) interpolates between 4 for p, = 5 and 0 for p, = —7 (figure 10(b)).
The qualitative features for fixed wug, u; are as follows: for blunt brane angle (u.. close to zero)
the bulk geodesic reaches (7, u1) significantly faster than the geodesic along the brane. As
the brane angle gets sharper, the time saved through the bulk decreases. Asymptotically, for
a brane approaching the conformal boundary, y, — —7, the two paths take the same time.

For the time difference in (5.3), . was assumed to be the location of the ETW brane.
The result, however, can be applied to geodesics starting at a generic AdSy slice with angular
coordinate pu, regardless of whether there is a brane or not. The time difference then is
between a geodesic connecting the bulk starting point to the 3d defect along fixed u and
from there to the end point in the ambient CFT on the one hand, and a geodesic directly
connecting the two points through the bulk on the other. We will use that perspective
in the following. For a setup with ETW brane at u = puy, the range of p is restricted to
p > i and Pags, (p) interpolates between 4 and 2(1 + sin py).

5.2 10d string theory BCFT duals

In the 10d solutions we want to send a signal from the 10d analog of the ETW brane in the
full BCFT dual to the 4d conformal boundary. We can for example pick a point in the “3d
region” of the geometry (figure 3) as starting point. The 4d conformal boundary where the
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ambient CFT lives emerges at Re(z) — oo. The end point should be in this region. Since
null geodesics take the same form in Einstein frame and string frame, we may choose either.
The results will in particular be independent of the parameter g introduced in section 4.

The full 10d geometry in Einstein frame is given by (2.4), and for the AdS, part we
use the coordinates

du? — dt? + d8]2R2

u2

d82AdS4 = (54)

On Y we introduce real coordinates x and y such that
z=x+1y, |dz|? = dz® + dy?. (5.5)

We consider geodesics which start and end on the same locations in S7 and S5 and on the
R? in AdSy, so that these parts will not play a role. To further simplify the discussions
we consider special classes of geodesics which extend along fixed y; we will discuss which
geodesics are compatible with this constraint shortly. The geodesics we are interested in
are then parametrized by

u=u(N), t=1t(N), x=x(\). (5.6)

The initial point should be in the 3d region of ¥, as analog of “on the ETW brane”. The end
point should be on the 4d conformal boundary of the (locally) AdSsxS® region at z — oo.
That is,

u()\z) = uq, t()\z) = O, ac()\z) =29,
w(Af) = wp t(Af) =t1, x(Af) =00. (5.7)

For the supergravity solutions (2.8) we find 3 values of yy for which it is consistent to
constrain geodesics to propagate along constant Im(z) = y = yo. These values are

T
y(A) =yo € {07 1 2} . (5.8)
The first and third are on the boundary of the strip. The second can be understood from
the fact that the solutions (2.8) are invariant under S-duality, which makes the metric
invariant under the reflection Im(z) — 5 — Im(z), which leaves the line yo = 7§ fixed.
The geodesic equations are spelled out and evaluated in appendix A. The result is that
null geodesics along constant g are given by (¢, u(t),z(t)) which satisfy

Ja

2 2 . 2
u” = t* + 2ugugt + ug , =
oo 0 2U2p

uQ 1-— u% . (59)

The geodesics are circle segments in the (u,t) plane and the geodesic equations are reduced
to a single first-order equation for z(¢). The initial conditions are u(0) = ug, ©(0) = 1o and
z(0) = xo. An integral expression for ¢(z) is obtained in appendix A as

H(x) = ugy/1 — 43 tan [sin—l(ao) +2 / ’ d@%} — g . (5.10)
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Geodesics “along the brane”. We first realize the 10d analog of the “along the ETW
brane” geodesics. To this end, we note that the solution to (5.9) with 4y = £1 becomes
u =t + ug with constant x = xg. The “along the brane” geodesics in the 10d solutions are
realized by combining two such geodesics along constant x. Namely,

T =X, U:uo_t, t€(07u0)7
T =00, uw=1t—ug, t € (up,up + u1) . (5.11)

The first segment is a null geodesic connecting u = ug to u = 0 in the AdS, space at x = zg,
i.e. at the starting point on 3. The second segment connects © = 0 to u = u; along the
AdS; slice at the 4d conformal boundary of the AdS5xS® region. Combining these geodesics
connects the initial point to the desired end point. The curve arrives at the destination at

tprane = U + U7 . (512)

These geodesics do not explore the internal space and the arrival time is independent of the
background data N5 and K. This is analogous to the bottom-up models, in which the time
thrane along the brane in (5.2) is independent of the brane angle.

Geodesics “through the bulk”. We now turn to geodesics connecting the beginning
and end points “through the bulk”. We take this to mean geodesics proceeding from = = xg
to o = oo without going through the conformal boundary of AdS,.?> For given background
specified by N5 and K, the 10d geodesics depend on the initial values xg, ug, p. The form
of the geodesics only depends non-trivially on the ratio N5/K, so we have one relevant
parameter in the background.

A sample of “through the bulk” geodesics along the central slice of the strip, yo = 7,
obtained by solving (5.9) numerically, is shown in figure 11. The top row is for N5 = K.
From figure 3, the 3d region for y = 7 is 2 < —0.2. When the starting point for the geodesic
is near the transition region of figure 3, the geodesic through the bulk reaches the end point
notably faster than the “along the brane” geodesic. As the starting point moves further
into the 3d region, towards negative x, the time discrepancy decreases.

The bottom row in figure 11 shows N5 = 2K. Compared to the previous case this
corresponds to more 3d degrees of freedom, i.e. a sharper brane angle in the braneworld
models. The 3d region according to figure 3 occupies the entire range of y for z < 0. The
starting points xg shown in figure 11 are again in the 3d region. Generally, the “through
the bulk” geodesic again is faster, with the discrepancy decreasing as xg is moved further
into the 3d region.

The main result, evident already in figure 11, is that the full 10d BCFT duals have
analogs of the geodesics in bottom-up models reviewed in section 5.1, which can connect
points in the ETW brane region to points in the ambient CFT geometry faster through the
bulk than along the brane. Their relevance for causality and locality of the intermediate
picture will be discussed in section 6.

30mne could consider “in between” geodesics which reach the conformal boundary at some x € (0, 00)
and connect to a segment at x = oo from there. Since the segment at x = oo would be shared with the
corresponding “along the brane” geodesic, we do not consider this option separately.
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{x,u}

{x,u} {x,u} {x.u}

L . . . "
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Figure 11. “Bulk geodesics” shown as x(¢) in blue, u(t) in red, and “brane geodesics” shown

with u(t) in green. Top row: N5 = K, yo = . Starting point is ug = 3 and, from left to right,

Ty € {—i, —%, —%} x(t) diverges after a finite time, which is when the geodesics approach the

conformal boundary of the AdS5 x S° region. The vertical dashed lines show the total time taken
to reach the end point. Bottom row: analogous plots for N5 = 2K, yo = 7; geodesics starting at
up = 3 and, from left to right, zo € {0, —%, —%}

5.3 “Bulk” vs. “brane” travel time

We now discuss the time differences between the geodesics along the brane and through the
bulk, which can be extracted from the integral expression (5.10), more quantitatively. The
time difference in principle depends on N5/K, xg, yo, up and either g or, equivalently, the
end point u; at x = co. The symmetries of the AdS, metric (5.4) constrain this dependence.
We find

2 2
thrane — Thulk = uOuleO,N5/K(xO) . (513)

That is to say, for a given background and choice of yg, the time difference is parametrized
by a single function Py, v,k (7o) which depends only on the starting point on ».4
Plots of Py, n /K (o) for 10d solutions with different N5/K are shown in figure 12.
They show that the curves universally approach 4 as xg — -+oco. This is consistent with
Padss in (5.3) approaching the same value 4 for p — 7: for large 2o the geodesic starts on
an AdS; slice close to the conformal boundary of the AdS5xS® region. The entire geodesic
is in the asymptotic AdS5xS® region, where the results from plain AdSs in the braneworld
model should be expected to apply.
s

More generally, Py, n;/x (wo) for geodesics along the central slice of the strip, yo = 7§
(figure 12(a)), interpolates between 4 at xyg — +o0o and a value which depends on N5/K

“This can be understood as follows: invariance of the AdS) metric (5.4) under (u,t,dsg2) —
(au, at, a’ds}.) constrains th,ane — thui t0 be homogeneous of degree 2 in ug, u1. For up — 0 or u; — 0,
2 one — 1.1 should vanish, since bulk and brane geodesics then become identical. This leaves only the
dependence on ug, u1 in (5.13).
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Figure 12. On the left Py n,/x(20) for yo = 7, i.e. geodesics along the central slice of the strip,
and on the right for yy = 0, i.e. geodesics along the boundary of the strip. The curves show, from
top to bottom, N5/K € {i, %, 1,2,4}. In the limit N5/K — oo at fixed xo, Py, n;/k (o) vanishes.

at rg -+ —o0

zol—i>n—loo Pyozﬂ/47N5/K(fL‘o) = P&;?K . (5.14)
This P&;’;’K is positive for intermediate N5/ K and approaches zero for large N5/K. This is
consistent with the bottom-up result (5.3) if the AdSy slice on which the geodesic starts,
u, is identified in 10d with the starting point xq of the geodesic on the strip,” in the sense
that Pagg, similarly interpolates between 4 and a number set by the ET'W brane location
1 which is generally positive and approaches zero when the brane angle becomes sharp.
Of course, the 10d geodesics captured by figure 12(a) are only a small sample of the full set
of 10d geodesics connecting bulk points to points in the ambient CFT geometry.

The time differences for geodesics along the boundary of ¥ are shown in figure 12(b).
Due to the reflection symmetry of the geometry under y — 5 — y, the geodesics for y = 0
and y = § behave identically. The curves Py _o n,/x (7o) interpolate between 4 for large
xo and zero for xg — 0. The latter limit corresponds to the starting point of the geodesics
approaching the location of one of the 5-brane sources (which are at z =0 and z = %)
This in particular shows that in the 10d solutions P, n,/x reaches all the way down to
zero for any value of N5/K. This is different from the bottom-up models where Pags; is
bounded from below by a positive number set by the brane angle. How large the part of ¥
is where Py n, /i is close to zero depends on N5/K. For Nj /K — oo and fixed x¢ away
from the 5-brane sources, we generally find Py . /x (7o) — 0.

In summary, we find a picture in the 10d BCFT duals which is broadly consistent
with bottom-up braneworld results. In particular, we identified analogs of the geodesics
considered in [26] in the 10d BCFT duals. The 10d picture naturally provides more structure
and some of the details differ, e.g. the lower bound on P for fixed ratio of 3d and 4d central
charges. But the braneworld models provide valuable qualitative guidance for the 10d
BCFT duals.

®Note that figure 12 shows Py, v, x (o) for geodesics with different starting points on ¥ without
changing N5/K.
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6 Implications for intermediate picture

We now discuss to what extent the geodesics of section 5 are in tension with a local
intermediate description. The picture often advertised in the bottom-up models is that
the intermediate description consists of a gravity theory on the ETW brane (or in the
wedge between a tensionless brane and the ETW brane in figure 10(a)) coupled to the 4d
d.o.f. at the conformal boundary. From that perspective the shortcuts through the bulk of
section 5.1 would suggest that a process can happen faster in the full BCFT dual than in
the intermediate description. This was interpreted in [26] as signaling a form of non-locality
at long distances in the intermediate picture. Here we will discuss the analogous question
from the 10d perspective, which will lead to a refined interpretation.

To assess whether the bulk geodesics in the 10d solutions identified in section 5 constitute
a causality violation in the intermediate picture or not, we need to compare two times:

(a) the time a signal takes from a point “on the brane” in the full BCFT dual (e.g. in
the 3d region in figure 3) to a point on the 4d conformal boundary in the AdSsxS®

region at T — 00
(b) the time taken for the same process in the intermediate holographic description

The bulk geodesics found in section 5 would constitute a causality paradox under certain
assumptions about the process in (b). Two crucial assumptions are:

(7) a part of the 10d solutions (the ETW brane region) can literally be interpreted as the
geometry of the gravity theory of the intermediate description

(73) the point in the full BCFT dual from which the geodesic starts has an analog in
the intermediate description and this analog is literally the point with the same
coordinates

Both assumptions would be satisfied if the naive intermediate picture (I,,) were accurate.
But both assumptions are actually problematic. As shown in section 3, the gravity part of
the proper intermediate description (/) is not obtained simply as part of the full BCFT dual.
One aspect is that the geometry of the gravity theory in the intermediate description closes
off smoothly to form a compact internal space. Qualitatively, the intermediate gravity dual
may resemble a geometry obtained by taking a part of the full BCFT dual and modifying
it locally so that it closes off smoothly. Quantitatively, however, the geometry changes
throughout (figure 6). Interpreting a part of the full BCFT dual as gravitational sector of
the intermediate description therefore is not accurate. As a result, the first assumption is
not justified. The second assumption is then problematic as well, as its very formulation
would compare coordinates in different geometries.

We can therefore not derive non-localities from the results of section 5. We found
10d analogs of the geodesics considered in the bottom-up BCFT duals in [26], and in that
sense the bottom-up models capture qualitative aspects of the full 10d BCFT duals well.
But the conclusion of [26] that the BCFT causal structure is incompatible with a local
intermediate description would only hold if the naive intermediate description, obtained
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as part of the BCFT dual, were generally accurate. We found that it is not. Indeed, the
proper intermediate description of section 3 is local by construction. The naive intermediate
description only becomes accurate for K /N5 — 0, and in this limit the geodesics through
the bulk do not provide shortcuts and there is no tension.

6.1 No-go for simple identifications

Comparing causal structures on different geometries may not be immediately meaningful.
But one could attempt to construct a map from the 3d dual of the intermediate description
into the full BCFT dual. We discussed one way to relate the geometries of the 3d dual
and the BCFT dual in section 3.2.5 With any such embedding one can transfer the causal
structure of the 3d dual to part of the full BCFT dual, and ask if the result is compatible
with the causal structure of the BCFT dual. In this section we will address this question at
a general level: can there be a map from the 3d dual into the full BCFT dual in such a way
that the time needed to send a signal from a bulk point to a point in the ambient CFT
generally agrees between the two descriptions?

Consider geodesics in the BCFT dual from a “brane” point (z,u) = (z¢, up) to a point
in the ambient CFT (z,u) = (00, u;), where u is the radial coordinate in AdSs and the
complex coordinate on X is z = x 4+ 4y. As in section 5, we consider geodesics connecting
the same points in the R? part of the metric (5.4). For the times “along the brane” and
“through the bulk” we found

tl2)rane = (uO + ’LL1)2 )

t%ulk = (uo —+ u1)2 — QUOU1Py07N/K(x0) . (6.1)

Now assume there were a simple map between points in the 3d dual and points in the BCFT
dual. This would identify a point (z,y, @) in the 3d dual corresponding to the starting point
(0, Yo, up) of the geodesic in the BCFT dual. In the intermediate description, the time for
connecting (z,y, @) to the end point in the ambient 4d CFT geometry would be

t3d = t3d,bulk + tambient » (6.2)

where t3q bulk is the time taken through the bulk of the 3d dual and tambient is the time
taken in the ambient 4d CFT geometry. One may expect the geodesic in the 3d dual to
connect the bulk point (z,y,4) to the boundary of AdS, in the shortest way possible, and
go on from there to the end point in the ambient 4d CFT geometry. In that case the time
t34,bulk Would be independent of the location u; of the end point in the ambient CFT, while
tambient = 1. The time difference between the “bulk geodesic” in the BCFT dual and the
corresponding process in the 3d dual would be

otk — 134 = Ug — L3 pun + U1 (UO (2 - 73yO,N/K(iL‘O)) - 2753d,bulk) : (6.3)

61t identifies AdSs slices associated with identical parts of the brane constructions between the 3d dual
and the full BCFT dual. One might extend this to identify points localized in AdS4, e.g. by including mass
deformations of the Wilson loops used to relate points on X in the 3d dual and in the BCFT dual, to gap
them in the IR. The D5’ would then cap off in AdS4 rather than reaching all the way into the IR, and one
could identify the cap-off points.
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To claim general agreement, this would have to vanish for arbitrary u;. Since t3q pulk does not
depend on wj, the term linear in u; in (6.3) and the term which is independent of u; would
have to vanish separately. But these two conditions are incompatible unless Py vk (z0) = 0.

We thus conclude that for such simple identifications between the 3d dual and the
BCFT dual, and of the geodesics in the two pictures, the times in the BCFT dual and
in the intermediate picture will not generally agree. The argument applies whenever
the time in the 3d dual, t34 buik, is independent of u; and the time in the ambient CFT
geometry iS tambient = 1. The above argument also obstructs simple reinterpretations
of the “brane theory” in the bottom-up models. We note that generally identifying bulk
points in AdS/BCFT using field theory data, e.g. using a generalization of [39], would likely
involve 3d and 4d degrees of freedom, and should presumably be treated with care in the
different layers of holographic descriptions of BCFTs. From that perspective one may not
expect a simple map of the form assumed above to exist.

7 Discussion

In this work we have given an explicit recipe for how to construct a proper intermediate
holographic description for a 4d BCFT from a top down perspective: the 10d string
geometry dual to the 3d CFT living at the end of the BCFT ambient space is, by hand
or “semi-holographically”; coupled to the ambient 4d degrees of freedom of the BCFT.
One may wonder to what extent this “proper” intermediate picture is included in the
geometry dual to the full BCFT. Related to this question is the concern about locality.
We have seen that the bottom-up concerns about locality [26] of the intermediate picture
are not resolved simply by going to the full 10d geometry dual to the BCFT: analogs of
the geodesics considered in [26] can be found in the 10d BCFT dual. Nevertheless, the
“proper” intermediate picture is local by construction. The resolution is that, in general,
the intermediate picture geometry differs from the full BCFT dual throughout the entire
geometry; it is not part of the full BCFT dual geometry. The full BCFT dual is, both in
the top-down and bottom-up constructions, compatible with the BCFT causal structure, as
it should be. The proper intermediate description is, by construction, also compatible with
the BCF'T causal structure. What is not required is that the defect dual of the intermediate
picture is part of the full BCFT dual geometry, and we found that it is indeed not.

What then are the implications for the recent construction of islands using double
holography [1-8]? The main tool of the studies in [1-8] was to translate the question
about islands in the intermediate picture, where 4d gravity is coupled to a non-gravitating
bath, into an entanglement entropy calculation in the full BCFT. As long as a coherent
intermediate picture exists, and we have defined one in this work, the question about the
Page curve translates into a well defined calculation in the BCFT. The latter can then be
answered in the full BCFT geometry. The time evolution of the entanglement entropy of
the radiation region in the BCFT is uncontentious. The same answer would be obtained
directly in the proper intermediate picture. The observation that the proper intermediate
picture differs from the naive intermediate picture obtained as part of the full BCFT dual
does not harm calculations performed in the full BCFT dual.
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The results presented here can further be seen as support for the computations carried
out in bottom-up models. We found geodesics with qualitatively similar features as those
discussed in [26] in the full 10d BCFT duals. So the bottom-up models capture qualitative
aspects of the full 10d string theory BCFT duals quite well. What we argued is not accurate
is the naive view of the intermediate picture. Though it may not be immediately clear how
to construct a “proper” intermediate picture in the bottom-up models from first principles,
one may expect a wedge holography dual [40] for the defect degrees of freedom, where a
finite region of a 5d spacetime bounded by two end-of-the-world branes gives a dual for
the 3d CFT. In any case, the calculations in the full bottom-up BCFT duals are actually
supported by our discussion.

There is a limit in which the geometry of the proper intermediate picture is well
approximated by (part of) the full BCFT geometry: the limit /N5 — 0. In this limit the
number of 3d degrees of freedom is much larger than the number of 4d degrees of freedom
and correspondingly the AdSy curvature radius in the resolved end-of-the-world brane is
large compared to the asymptotic AdSs curvature radius. The bottom-up analog is the limit
of a near-critical tension brane whose location approaches the conformal boundary. In this
limit the naive intermediate description becomes accurate. This is also the limit in which
the localized graviton is parametrically lighter than generic modes [10, 22] and the bulk
and brane geodesics of [26] take the same time. The recent Page curve discussions include
this limit in their parameter space. We emphasize, though, that the proper intermediate
description presented here can be constructed for generic K/Ns.
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A Null geodesics in 10d

The geodesic equation " +T% a'"z"” = 0, for curves parametrized as in (5.6) with y = o,
and with the primes denoting differentiation w.r.t. A, becomes

O:i t/f§($7y0>
d\ u? ’

d (v f2(z,y
0=u’s (410) 22 e 0)

2 2
5xﬁ; (,40) 2 (2 — ') 39@2]042(96,90) ’
20%(x, yo) 8u?p*(z,yo0)
Oy (z,y0) 2 P 2. Oy f3(z,v0)
O:—yij.f/ + t/ —Ul 9477 Al
2p%(x, o) ( )8U202($7y0) (A1)

0=2"+
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The last equation is the constraint resulting from the restriction to constant y. It is satisfied
identically along y = yo = 7 in the solutions (2.8). It is also satisfied for yo = 0 and yo = 7,
since the metric functions p? and f? satisfy Neumann boundary conditions.

The first equation in (A.1) can be integrated straightforwardly, which leads to

f2
t/j; =c. (A.2)

We will switch the parametrization to z(A) — z(¢(\)) and u(A) — u(t(A)), and denote
derivatives with respect to t by a dot. The second equation in (A.1) becomes

%(uu) —1=0. (A.3)

This is solved by
u? = 1% + 2ugtgt + ud . (A.4)

The only remaining non-trivial equation is the third one in (A.1). The condition for a
geodesic solving (A.1) to be null is

22 e 2
1742(“, —t )+43}' P’ =0. (A.5)
Using the null condition (A.5), the third equation in (A.1) can be written as
d
0=+ (@' fa(z,y0)p(%,50)) - (A.6)
After switching the parametrization to z(t), this leads to
: Ja
xr = CQu?p . (A?)
The null condition becomes
2
%(Tﬂ —1) +4i%p* = 0. (A.8)

This fixes #¢ (and consequently c2) in terms of xg, ug, @. The result is co = %um /1— ug.
The geodesic equations have been reduced to a single first-order equation. To obtain

the time taken by a geodesic connecting some zg to the conformal boundary of the AdSsxS?
region at x — oo, we switch to the parametrization t(x) instead of x(t). w is still given
by (A.4). From (A.7)

dt u?p

dx N 02f4 '
After bringing u? to the left and using the solution for u in (A.4), we find

d 1 t+UQIZO 2,0
— Jtan™! [ — =222 | | = 25, (A.10)
d [ (uox/l—@?))] Ja

One may further evaluate the right hand side using p*/ff = W?2/(h1h2)? but we will not
do so here. One may now express ¢ as an explicit integral

t = ugy/1 — @2 tan [sin—l(uo) + 2/ di%] — ugig . (A.11)
Zo )

(A.9)
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