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ABSTRACT

Everyday humans interact with others and generally understand how their actions impact

them, even when not sharing a common goal. This is particularly crucial in high-risk domains

where a failure to comprehend how to react or how others might react could result in injury

or death. Thus it is important to develop such functionality for the autonomous agents that

increasingly operate around people. This thesis focuses upon the expanding field of autonomous

vehicles as agent interactions are prevalent there, yet explainability and transparency are also

important. Given the inherently causal nature of agent interactions and that explanations can

utilise counterfactual inference this work builds upon causality literature. Four main chapters of

content provide the primary contributions of this thesis in addition to a literature review of the

aforementioned research areas. The first chapter introduces causality theory and applies it to

the autonomous-vehicle domain, before benchmarking causal-discovery methods on real-world

autonomous-vehicle data to identify challenges for existing techniques. The second chapter

combines an action-based theory of mind and counterfactual inference in order to produce

SimCARSv1, which outperforms the methods of the first chapter. The third chapter builds

upon the previous by tackling challenges associated with representing a system of interacting

autonomous agents via structural causal models. The final chapter concludes by merging the

contributions from all previous chapters, along with integrating a means by which to estimate

the instantaneous reward parameters of agents. This culminates in the creation of SimCARSv2,

which offers similar quantitative performance to SimCARSv1, but with greater expressiveness

due to its structural-causal-model-based architecture. The sum of these contributions represents

an important step towards bridging the promising fields of causality and autonomous vehicles,

with the goal of building autonomous-agent technologies that can interact with humans safely.
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agents. Conducting research within such a frontier field led to many instances of self doubt,
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made it to this point where I am putting the finishing touches on the thesis as I write this, the

most valuable outcome of these last five years has to be the experience and insight I have gained
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Chapter 1

Introduction

Autonomous systems are becoming increasingly prevalent in the day-to-day lives of people. Such

systems ought to understand cause and effect in relation to their behaviour and the behaviour

of others. The field of Pearlean causality offers a strong basis with which to approach this task

as it has existing techniques aimed at identifying causal relationships between variables, not to

mention many techniques that can be applied to established causal models.

1.1 Motivations

Before outlining the contents of this thesis it is first necessary to establish what challenges it

aims to address and why it is important that these challenges are tackled.

1.1.1 Why Model Autonomous-Agent Interactions?

While there are many reasons one may want to model behavioural interactions this work is

primarily interested in doing so to carry out post-hoc analysis of said interactions. Specifically,

this work focuses upon high-risk domains where autonomous agents present potential harm to

people. Understanding the series of events that occurred and how agents interacted is of crucial

importance, as there is substantially more ambiguity over who or what might be to blame for a

negative outcome than with non-autonomous systems. Thus the first instance where behavioural-

interaction modelling is useful is in determining culpability within such circumstances. The

second instance is using such investigations to inform the future development of laws, regulations,

and technologies to increase the safety of autonomous systems. All of these present critical

objectives for any society that aims to develop autonomous technologies responsibly.
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(a) Observed scene with collision (b) Counterfactual, no green acceleration

(c) Counterfactual, no red overtake (d) Counterfactual, neither action

Figure 1.1: Illustration of example fault-attribution scenario. Subfigures show the initial scene
with the plan on the left and the final outcome on the right. (© 2025 IEEE)

1.1.2 Which Scenarios Benefit from Modelling Autonomous-Agent Interactions?

While the general motivations behind wanting to model agent interactions have been discussed,

the following example scenarios offer a better insight into domains where this work could be

applied, as well as greater insight as to how such use-cases could be approached.

Autonomous-Vehicle Crash In the scenario depicted in Figure 1.1 a red vehicle attempts

to overtake a blue vehicle, meanwhile a green vehicle approaching from the opposite direction

speeds up. The combination of these actions results in a collision between the red and green

vehicles. In this scenario one can imagine that one or more AVs are present, or that at least some

of the vehicles are outfitted with an array of high-fidelity sensors. Under such circumstances

it would be desirable to try and approximate some level of culpability for each agent in an

objective manner. Now legally speaking the exact proportion of blame one can attribute to

each of the agents will of course depend upon the temporal ordering of actions, the laws of

the jurisdiction in which the crash occurred, and other matters of context. However, one can

attempt to establish via causal techniques some level of agent action attribution. One can

approach this by tying measures of causal necessity to the ‘but-for’ test as laid out in the Model

Penal Code [1] in the manner described by Pearl and Mackenzie [2]. This also bears resemblance

to the form of ‘actual causality’ between events as described by Halpern [3], albeit in the naive

form without considering counterfactual contingencies over variables.
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Figure 1.2: Illustration of example self-diagnostic scenario set in a retirement home.

Socially-Aware Robots This scene shown in Figure 1.2 depicts a green support robot and a

yellow staff member, among others, in a retirement-home setting. They cross paths in a tight

corridor at vertex D. The robot’s default behaviour is to always give way to people, however

the staff member, in an attempt to be polite, attempts to give way to the robot. This leads

to the agents being at an impasse, that is both awkward and time wasting. The robot should

ideally be able to flag the anomalous duration of time that has passed during the impasse and

begin self-diagnosis in order to deduce what went wrong from a causal perspective. In contrast

to the AV scenario described above the aim here is less to establish culpability and more to

better inform the robot on its future behaviour. Understanding the causal links inherent in

agent interactions is important for autonomous agents (e.g. robots) acting in such roles to

build a model of social cues that does not rely upon training for specific scenarios. Instead it is

hoped that through a combination of causal modelling and theory of mind that one can build

autonomous agents that gradually develop a grasp on how their actions affect others.

1.1.3 Why Utilise Pearlean Causality?

Causality has been tied to counterfactual reasoning since Pearl [4] helped to establish many

of the formalisms that are used today, in addition to describing the concept of the ladder of
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causation. This concept ascribes counterfactual reasoning to the highest rung of a series of

steps increasing cognitive capabilities, and identifies causality as a necessary component in order

to carry out said reasoning. In turn counterfactual reasoning has been found to tie in with

how humans perceive and reason about the world [5, 6]. Importantly this means that such

conceptions of causality are inherently tied to explainability, or in other words answering ‘Why?’

questions about the world and the events that occur within it.

Beyond that, models such as Structural Causal Models (SCMs) offer several beneficial traits

that align with responsible development philosophies. Key among these is that SCMs are

highly transparent, and clearly delineate modelled factors and those that are not modelled via

endogenous and exogenous variables respectively. This allows one to understand exactly how

an SCM arrives at the results it does, offering a level of grounding that cannot be matched by

black-box methodologies. In a similar thread recent work has shown that many interpretations

of accountability are rooted in causality [7, 8]. This implies that not only are causal systems

desirable for interpretation purposes, but are also critical for making such systems accountable.

All of these traits make these causal models preferable over other contemporary approaches

to modelling agent interactions. For example, a Neural Network (NN) based method might be

able to weave a compelling and even correct story regarding how a particular outcome came

about. However, unless it can be understood how it arrived at that story — which in many

cases is difficult [9] — the output may be of little use, depending on context. This is of primary

importance when it comes to potential litigation, where grounded evidence is of paramount

importance. However, this could also be beneficial to systems which might be able to learn from

such meta-knowledge. As such, it is with all these factors in mind that this thesis explores this

particular research avenue into causality.

In terms of practical examples of Pearlean causal models, two example applications within

autonomous-agent domains are depicted in Figure 1.3. The first of these, depicted in Figure

1.3a, is based upon the work of Diehl and Ramirez-Amaro [10]. In this work they learn a causal

Bayesian model that describes the causal relationships between the input parameters of a block

pick and place task and whether the resulting stack of blocks is stable. By identifying which

input parameters influence the outcome of the task they can more efficiently identify the causes
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(a) An example of causal Bayesian network
usage. Based off work by Diehl and Ramirez-
Amaro [10].

(b) An example of SCM usage as part of an
Markov Decision Process (MDP) formulation.
Based off work by Cannizzaro and Kunze [11].

Figure 1.3: Two examples of causal model usage within autonomous-agent domains. Descriptions
of their usage are given in Section 1.1.3.

behind task failures by attempting to search for the closest input parameter configuration that

would have succeeded in each case. The second example, depicted in Figure 1.3b, is based upon

the work of Cannizzaro and Kunze [11]. In their work they utilise a hybrid SCM-MDP model1

to capture a mobile robot operating in a grid world attempting to reach a goal — indicated by

a green star. Within this grid world there are both hazards for the robot — indicated via red

explosions — and areas of magnetic interference — shown as magnets. The former of these can

easily be accounted for as moving into a hazardous square would result in a large negative reward.

However, the areas of magnetic interference have a confounding effect upon both the senses and

actuation of the robot. In the aforementioned work, the knowledge of potential confounding

factors allows the proposed method to take pre-emptive action by intervening upon actions in

order to minimise the influence of the aforementioned confounders and ultimately maximise

reward. For example, in the grid world shown, the proposed method is able to correctly judge

1The work in question utilises a Partially-Observable Markov Decision Process (POMDP) formulation, but
for the sake of the example’s simplicity an MDP formulation was given.
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whether it is worth heading directly for the goal or whether it would be more beneficial to zig-zag

and avoid the magnetic interference. Both of these examples illustrate that the utilisation of

Pearlean causality is both useful and varied in its applications.

1.2 Outline

With the motivations behind the work established, it is now possible to provide a high-level

outline of the work, including how the work is situated against contemporary work in literature,

the choice of application domain, and the research questions the thesis aims to explore.

1.2.1 Situating the Contributions of This Work

It is little wonder that causality has found itself the subject of interest of several fields, including

Artificial Intelligence (AI) and robotics as of late [12, 13]. However, much of this interest has been

regarding the application of causality to augment existing methodologies [14], establish models

from an egocentric perspective [15], or to avoid confounding influences affecting controllers

/ planners [11]. While works applying causality to Explainable Artificial Intelligence (XAI)

exist [16], they remain focused on an egocentric perspective, as mentioned above. This is not

necessarily a negative, but it does mean that explanations from such methods are inherently

subjective, and while this has its own uses, this work aims to approach the task from an

objective viewpoint. This work is the first to its author’s knowledge, to utilise causality for the

non-egocentric modelling of agent behavioural interactions to the extent considered here.

1.2.2 Relation of This Work to the Autonomous-Vehicle Domain

In examining the utilisation of causal reasoning to model agent behavioural interactions AVs

make for a particularly motivating case. They have a substantial amount of investment currently,

yet can also pose a significant risk to human life. This in many ways reflects the early airline

industry, and there is work suggesting autonomous systems record their data — similar to

aircraft — for post-hoc analysis [17]. Additionally from a practicality standpoint the AV domain

offers several advantages. There is plenty of data relevant to the domain available due to

substantial industry support and from a technical perspective road driving offers a good balance

between chaotic social behaviour and structured rule following (e.g. lanes markings, a highway

code, etc.). Thus most of this work concerns itself with the AV domain.
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(a) Initial State (b) Final State (c) Causal Adjacency

Figure 1.4: Various illustrations of the two-vehicle-convoy scenario.

1.2.3 Research Questions

Each segment of work leading up to this thesis was carried out with the aim of tackling several

Research Questions (RQs). Naturally the direction of the latter RQs was partially informed by

the outcomes of the RQs that came beforehand. These are documented as follows:

RQ-1. ‘Can contemporary causal-discovery approaches identify autonomous-agent

behavioural interactions?’

This is a question of how one might be able to formulate a causal model to represent agent

interactions, whether it is possible to utilise existing methodologies to identify them, and

if it is not possible, what are the challenges preventing it.

• Example Case: Consider the scenario depicted in Figure 1.4 which depicts two

vehicles occupying a single lane within close proximity to one another. Naturally

the movement of one vehicle has a causal effect upon the movement of the other

vehicle as they each make an effort to avoid collision while also attempting to take

advantage of free space where they can. The causal relationship between the agents

can be seen in the causal-adjacency graph of the figure. This question asks if it is

possible to deploy traditional temporal causal-discovery techniques to identify the

causal relationship between the agents autonomously.
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RQ-2. ‘Can the nature of autonomous agents be exploited to overcome the challenges

associated with identifying autonomous-agent behavioural interactions?’

Based upon RQ-1, several difficulties were identified with real-world agent data that made

utilising existing temporal causal-discovery methods difficult. Therefore this question aims

to explore whether any traits specific to autonomous agents can be exploited in order to

overcome these difficulties and identify behavioural interactions.

• Example Case: Once again consider the scenario depicted in Figure 1.4. One

can extend the scenario it by specifying that the direction of causality switches

back and forth, and the time lags involved in causal relationships are inconsistent.

As a result traditional temporal causal-discovery methods cannot be applied here.

However, autonomous agents possess a certain level of intelligence which one can make

assumptions about. For example, it can reasonably be assumed that autonomous

agents typically act to maximise some conception of utility or reward. As such this

question asks whether it is possible in such a situation to utilise what is known

regarding autonomous agents to still discover the causal relationship between the

agents despite the conditions of the scenario.

RQ-3. ‘How can SCMs be extended in order to better represent a system of multiple

interacting autonomous agents?’

The research contributions of RQ-2 significantly improved the ability to reliably identify

interactions between agents, but in doing so there was a departure from a fully SCM-based

architecture. This prevents one from exploiting the beneficial traits discussed in Section

1.1.3 as well as limiting the counterfactual queries one can make. As such this question

aims to identify how SCMs can be modified and extended in order to support the advances

made under RQ-2 while retaining an underlying SCM format.

• Example Case: So far the research questions have focused upon the identification

of causal relationships in the scenario depicted in Figure 1.4 via either traditional

temporal causal discovery or the application of theory of mind. However, one could

instead attempt to represent the AV scenario itself as an SCM based upon established
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low-level knowledge of agent and physics models in literature. With an SCM in place

one could then attempt to infer high-level causal relationships between agents by

carrying out counterfactual inferences directly on the SCM. Despite this, SCMs have

traditionally been used directly with tabulated data and thus are not immediately

well suited to represent such a scenario. Thus this question asks how one might be

able to extend SCMs to better capture a scenario involving autonomous agents.

RQ-4. ‘How can autonomous-agent motivations be factored into the identification

of behavioural interactions?’

With the SCM-based architecture developed under RQ-3, it was possible to return to an

open issue identified as an outcome of RQ-2, namely the relatively poor performance of the

methods considering numerical agent reward. One possibility is that this poor performance

was due to a simple product of reward metrics being used across all agents / actions. Thus

this question explores how one can capture variations in agent motivations, and how this

information can then be integrated within the identification of agent interactions.

• Example Case: Returning to the scenario depicted Figure 1.4 now with the

possibility of utilising an SCM-based architecture, it becomes desirable to address the

shortcomings of the previous theory-of-mind-based approach. One such shortcoming

relates to the manner in which the previous approach captured the motivations of

agents via a fixed composite reward model. In addition to motivations varying between

agents and across time, the comparatively poor performance of the variant utilising

the previous composite reward model indicates its unsuitability. To once again extend

the scenario described for Figure 1.4, consider if the two agents are engaged in road

rage, acting aggressively and otherwise going against typical driver behaviour. If a

reward model is fixed and assumes all drivers follow a sensible pattern of driving

behaviour then it will be unable to model agent cognition effectively in situations

which deviate from this, such as in the previously described case. Taking this all

into account, this question asks how best to estimate the instantaneous motivations

of the agents within a scenario, and how this information can be incorporated to

address the shortcomings of the reward-based variant of the previous approach.
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Figure 1.5: An illustration of how the insights and contributions from each of the main-content
chapters guided the development of subsequent chapters.

1.3 Thesis Layout

With the premise of this thesis established, the structure of the rest of the chapters can be laid

out. Furthermore, an illustration of how each of the main-content chapters relate to one another

is given in Figure 1.5. Each of the main-content chapters between the literature review and

conclusion aims to tackle one of the research questions documented above and is associated

with a publication, as laid out below in Section 1.4.

Literature Review (Chapter 2) This work begins with a literature review that explores the

state of the field, particularly within areas relating to causal reasoning, in order to contextualise

the rest of the work moving forwards.

Adapting Causal Methods to Model Agent Behavioural Interactions (Chapter 3)

The first main-content chapter of the thesis, this chapter aims to explore the readiness of the field

of temporal causal discovery to be applied to autonomous-agent data — in doing so addressing
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RQ-1. An overview of the formalisms associated with causality is presented, a scenario in the

AV domain is introduced, and a multitude of contemporary methodologies are described before

benchmark experiment data is provided and discussed.

Identifying Agent Behavioural Interactions via Theory of Mind (Chapter 4) This

chapter builds upon the findings of Chapter 3 by both framing the behavioural-interaction

identification task in terms of discrete actions rather than continuous variables, and approaching

the task from a theory-of-mind perspective — both with the goal of answering RQ-2. After

presenting a counterfactual simulation method grounded in a theory of mind, the method is

evaluated quantitatively and qualitatively against the results of Chapter 3.

Extending Structural Causal Models for Autonomous Agents (Chapter 5) This

chapter explores the limitations against being able to utilise causal modelling effectively

for autonomous embodied systems from a practical standpoint. While the theory-of-mind

counterfactual simulation approach presented in Chapter 4 represented a substantial step in

the right direction, it was ultimately more closely grounded in game theory than true causality.

Namely, by intervening upon both potential causes and effects, any causal ancestry between

the two is severed. This approach was largely the result of practical limitations at the time,

limitations that are overcome in this chapter by extending causal model formalisms to better

support autonomous embodied systems — in line with RQ-3.

Accounting for Variations in Agent Motivating Factors (Chapter 6) Having introduced

new formalisms with which to model autonomous embodied systems in Chapter 5, it became

possible to utilise these formalisms with the theory-of-mind behavioural-interaction identification

strategy established in Chapter 4. Furthermore, by utilising the AV case-study architecture

from Chapter 5 it became possible to utilise a planner during counterfactual inference. As

part of this planner integration a means of approximating agent motivations via an Inverse

Reinforcement Learning (IRL) inspired technique is described — aiming to tackle RQ-4. Finally

this second iteration of techniques grounded in theory of mind is evaluated both quantitatively

and qualitatively and compared against the first iteration.
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Conclusion (Chapter 7) A conclusion to the thesis that summarises the contributions of

the work, along with any significant findings, and discusses these with consideration for the

future of research in this field.

1.4 Publications

In the course of carrying out the work described in this thesis there has been the opportunity to

publish several papers, a summary of which is presented here.

1.4.1 Core Publications

These publications cover material which corresponds directly to the work described within this

thesis. In the interest of transparency and proper attribution, these are listed as follows:

• The work corresponding to Chapter 3 was published in [18]:

Rhys Peter Matthew Howard and Lars Kunze. ‘Evaluating Temporal Observation-

Based Causal Discovery Techniques Applied to Road Driver Behaviour’. In: Proceedings

of the Second Conference on Causal Learning and Reasoning. Ed. by Mihaela van

der Schaar, Cheng Zhang and Dominik Janzing. Vol. 213. Proceedings of Machine

Learning Research. PMLR, Apr. 2023, pp. 473—498.

• The work corresponding to Chapter 4 was published in [19]:

Rhys Peter Matthew Howard and Lars Kunze. ‘Simulation-Based Counterfactual

Causal Discovery on Real World Driver Behaviour’. In: 2023 IEEE Intelligent Vehicles

Symposium (IV). 2023. doi: 10.1109/IV55152.2023.10186705.

• The work corresponding to Chapter 5 was published in [20]:

Rhys Peter Matthew Howard and Lars Kunze. ‘Extending Structural Causal Models for

Autonomous Vehicles to Simplify Temporal System Construction & Enable Dynamic

Interactions Between Agents’. In: Proceedings of the Fourth Conference on Causal

Learning and Reasoning. Ed. by Biwei Huang and Mathias Drton. Vol. 275.

Proceedings of Machine Learning Research. PMLR, May 2025, pp. 1477–1505.
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• The work corresponding to Chapter 6 was published in [21]:

Rhys Peter Matthew Howard, Nick Hawes and Lars Kunze. ‘Generating Causal

Explanations of Vehicular Agent Behavioural Interactions with Learnt Reward Profiles’.

In: 2025 IEEE International Conference on Robotics and Automation (ICRA). 2025,

pp. 10416–10423. doi: 10.1109/ICRA55743.2025.11127745

1.4.2 Adjacent Publications

These publications heavily relate to the themes and research fields of this thesis, yet do not

correspond directly to the content discussed in this work. For the purpose of providing the

reader research directly adjacent to this thesis, they are as follows:

• The author co-supervised two masters students and assisted in the development of their

work, culminating in the publication of [22] and [23]:

Richa Nahata, Daniel Omeiza, Rhys P M Howard and Lars Kunze. ‘Assessing and

Explaining Collision Risk in Dynamic Environments for Autonomous Driving Safety’.

In: 2021 IEEE International Intelligent Transportation Systems Conference (ITSC).

2021, pp. 223–230. doi: 10.1109/ITSC48978.2021.9564966.

and

Enrik Maci, Rhys P M Howard and Lars Kunze. ‘Generating and Explaining Corner

Cases Using Learnt Probabilistic Lane Graphs’. In: 2023 IEEE 26th International

Conference on Intelligent Transportation Systems (ITSC). 2023, pp. 4201–4208. doi:

10.1109/ITSC57777.2023.10422229.
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• The author collaborated with colleagues from within the Oxford Robotics Institute, as

well as academics from the University of York to work on the application of causality to

drones operating in mines. This resulted in the publication of [24]2 and [25]:

Ricardo Cannizzaro, Rhys Peter Matthew Howard, Paulina Lewinska and Lars Kunze.

‘Towards probabilistic causal discovery, inference & explanations for autonomous

drones in mine surveying tasks’. In: Proceedings of the 2023 IEEE/RSJ International

Conference on Intelligent Robots and Systems (IROS) Workshop ‘Causality for

Robotics: Answering the Question of Why’. 2023.

and

C Imrie, R P M Howard, D Thuremella, N M Proma, T Pandey, P Lewinska, R

Cannizzaro, R Hawkins, C Paterson, L Kunze and V Hodge. ‘Aloft: Self-Adaptive

Drone Controller Testbed’. In: Proceedings of the 19th International Symposium

on Software Engineering for Adaptive and Self-Managing Systems. SEAMS ’24.

Lisbon, AA, Portugal: Association for Computing Machinery, 2024, pp. 70–76. isbn:

9798400705854. doi: 10.1145/3643915.3644107.

1.4.3 Tangential Publications

These publications do not correspond to the contents of this thesis, nor the general themes.

Nonetheless they share the thesis’ author as a first author, and were developed and published

during the years of work that culminated in this manuscript. To fully document the academic

pursuits of the author, primarily for the benefit of this thesis’ assessors, they are as follows:

2Cannizzaro and Howard are joint first authors on this work
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• The author began work on tracking deformable objects within the battery recycling domain

while at the University of Birmingham Extreme Robotics Lab. These contributions were

refined and built upon throughout the initial years of the doctorate, resulting in the

publication of [26]3:

Alireza Rastegarpanah, Rhys Peter Matthew Howard and Rustam Stolkin. ‘Tracking

linear deformable objects using slicing method’. In: Robotica 40.4 (2022), pp.

1188–1206. doi: 10.1017/S0263574721001065.

• The author worked as part of a multi-institute team in the lead up to the start of the

doctorate course and into the first few terms of said course. This work was centred around

identifying novel visual features of geological or industrial interest for rover applications.

This culminated in the publication of [27] and [28]:

Rhys Peter Matthew Howard, Sam Barrett and Lars Kunze. ‘Don’t Blindly Trust

Your CNN: Towards Competency-Aware Object Detection by Evaluating Novelty in

Open-Ended Environments’. In: 2021 IEEE International Conference on Robotics and

Automation (ICRA). 2021, pp. 13286–13292. doi: 10.1109/ICRA48506.2021.9562116.

and

J Ocón, I Dragomir, F Cordes, R Dominguez, R Marc, V Bissonnette, R Viards, A C

Berthet, G Reina, A Ugenti, A Coles, A Coles, A Green, R P M Howard and L Kunze.

‘ADE: Enhancing Autonomy for Future Planetary Robotic Exploration’. In: IAF

Space Exploration Symposium 2021 at the 72nd International Astronautical Congress

(IAC) 2021. International Astronautical Federation (IAF). 2021.

3Rastegarpanah and Howard are joint first authors on this work
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Chapter 2

Literature Review

The first step in laying the groundwork for this thesis is in comprehensively exploring and

discussing the history and current state of the art when it comes to related work. The following

sections aim to do exactly that, beginning with a general coverage of causality literature, and

then moving on to see how this is actually applied to benefit autonomous agents. Lastly this

review examines contemporary methods attempting to model behavioural interactions for AVs

— i.e. the primary domain considered by this work.

2.1 Introduction to Causality

Before one can consider how causality might be applied in domains such as the AV and service-

robotics domains, it is necessary to understand what is meant when one mentions causal

techniques and how these methodologies came to be. This section aims to explore this, first in a

general capacity, and then moving on to consider domains within which temporal information is

of importance, as is typically the case in domains concerning autonomous agents.

2.1.1 Beginnings & Overview

Causal reasoning as a formal area of study began to take hold through the work of Pearl

[4] based upon his earlier work upon Bayesian networks [29] and expanding upon previously

established ideas such as Granger causality [30]. Generally speaking causal models provide

information regarding the generative processes involved in the creation of data, rather than just

the associations between variables / events.
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Indeed causality as a field of study emerged in order to account for the shortcomings of

traditional correlation-based techniques in statistics. This is primarily due to the potential for

correlation to present itself between variables that have no effect on each other at all. Smith and

Cordes [31] present a particularly extreme example in which they show a correlation between

ice-cream sales and the number of murders across a few years. While there is nothing that

would indicate that ice-cream consumption causes murder or visa versa, both variables happen

to be affected by the climate. Hence the climate here is a confounding variable that has a causal

effect upon both ice-cream sales and murder rates, and only causal models that incorporate

this type of information can help autonomous systems account for such misleading associations.

An example closer to the domains considered within this work can be seen in Figure 2.1. In

this example, both the sensor readings (e.g. Light Detection and Ranging (LiDAR), cameras)

and odometry of an autonomous vehicle are confounded by the weather affecting the vehicle

and its operating environment. Failure to properly account for this while training a model with

data featuring a variety of weather conditions could lead the model to build a false association

between the sensor readings and odometry. Conversely if one wishes to build a system better

able to handle domain shift, explicitly capturing the causal impact of the weather can more

effectively enable this. However, it should be noted that within the context of this thesis the

main draw of causality is from its links to cognition [5] and its ability to aid in formulating

explanations. While aspects of the field such as handling confounding variables and identifying

causal direction are important they are not the focus of this work. This is because in many

cases the properties of the overarching task (e.g. temporal precedence) or individual scenarios

(e.g. sparse causal relationships) minimise the issues associated with these traditional concerns.

In terms of how the field of causality has come to formally represent causal relationships,

the two most popular formalisms are causal Bayesian networks and SCMs, both of which rely

upon Directed Acyclical Graphs (DAGs). As mentioned previously, causal Bayesian networks

evolved out of Pearl’s earlier work with Bayesian networks [29]. Structurally speaking, a causal

Bayesian network and a non-causal Bayesian network are identical, both relying upon a DAG

formulation. The difference lies in that the DAG edges in a causal Bayesian network must be

reflective of causal relationships, and not just conditional-independence, although in some cases
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Figure 2.1: An example of the importance of causal modelling based upon the AV domain.

conditional independence can be used to infer such causal relationships. SCMs by contrast split

the variables of their DAGs into exogenous and endogenous variables, in doing so creating a clear

divide between the probabilistic and deterministic variables of the modelled system respectively.

Typically causal Bayesian networks are preferred when performing causal reasoning over discrete

events, while SCMs are used to causally reason about the interaction of numeric variables.

With the primary motivations and history behind the development of causal models

established, these formulations of causality have been leveraged within big-data applications

to better identify confounding factors, design experiments / studies, and ultimately discern

useful causal relationships between the elements under consideration. Hence causality has

found adoption within sociology [32], economics [33], medicine [34], and more besides. As it

happens, approaches such as structural equation models and path analysis [35, 36, 37] were

in use well before the beginnings of formal causality research and bear much resemblance to

the causality formalisms later developed. Thus it can be argued that causal modelling as a

statistical technique has a long history, even if its formal study only began in the 80s and 90s.

2.1.2 Causal Discovery

As interest in the use of causal models has grown approaches have been developed to discover

causal models, with some of the first being the constraint-based Peter-Clark algorithm (PC)

approach developed by Spirtes et al. [38] and the noise-based Linear Non-Gaussian Acyclical

Model (LiNGAM) approach presented by Shimizu et al. [39]. A comprehensive review of such

structural causal-discovery methods utilising observational data is provided by Glymour et

al. [40]. Furthermore, while interventional approaches such as those proposed by Kocaoglu
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et al. [41] exist, they are not always suitable for certain tasks or domains given they require

experimentation. For example, the AV domain considered throughout much of this thesis is

largely unsuitable for interventional techniques given a mixture of safety-concerns in online

instances, and the inability to retrospectively intervene in offline post-hoc instances. With this

in mind, interventional approaches will inevitably play a lesser role in this work, with preference

given to techniques utilising observational data or counterfactual inference.

Note that some works that will be touched upon later utilise forms of simulation to gather

causal information [16, 42]. While interventional techniques may be too risky to carry out in the

real world for domains such as AVs, simulation provides a safe environment to do so. However,

assuming that such intervention is done in order to better explain an observed scene post-hoc,

such techniques can be considered counterfactual as opposed to purely interventional methods.

This is because in reproducing the conditions of the observed scene to provide the simulation

environment to make inferences, one has effectively abducted upon a number of exogenous

variables. Thus such methods aim to examine the impact of the interventions ‘all other things

being equal’ from the original scene, in effect matching the concept of counterfactual inference.

2.1.3 Causal Modelling & Discovery for Time-Series Data

Initial research utilising causality did not make attempts to explicitly encode or investigate

the presence of time steps in data. In other words, while a specific event or variable may be

captured at several points in time, these were effectively treated as distinct events / variables.

However, given the frequency of time-series data in the domains within which causality has

become popularised, there have naturally been extensions made to causality formalisms. A

comprehensive documentation of these formulations is provided by Peters et al. [43].

Arguably the most notable shift comes in the approach one must take to carrying out causal

discovery with such data though. Assaad et al. [44] provide an extensive survey of observational

approaches applied to time-series data in addition to a quantitative evaluation of the approaches

on synthetic and real data. The evaluated methods in question are the Granger-causality-
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based PWGC4[30], MVGC [45], and TCDF [46] approaches; the constraint-based PCMCI [47],

oCSE [48], and tsFCI [49] approaches; the noise-based VAR-LiNGAM [50] and TiMINo [51]

approaches; and the score-based DYNOTEARS [52] approach.

Beyond these more traditional categories NNs are increasingly being deployed to tackle

temporal causal discovery. An immediate example of this is the TCDF method mentioned

above, but other approaches such as the NAVAR method presented by Bussmann et al. [53] are

also being explored. Lastly, an alternative avenue is being explored by the likes of Zhang et

al. [54] and Huang et al. [55] that specifically aims to exploit causal non-stationarity — i.e.

inconsistency in causal relationships across time — in order to carry out causal discovery.

2.2 Causality for Autonomous Agents

Having now given an overview of causality literature it is now possible to discuss how causal

techniques can be applied to augment or extend the capabilities of autonomous agents. This

discussion will begin with coverage of generic techniques that can be applied across autonomous-

agent domains before shifting the focus to techniques developed around the AV domain, as these

relate more closely to the contents of this thesis.

2.2.1 Non-Domain-Specific Applications

Multiple works have described the increasing need to incorporate causal models as a component

of autonomous agents [12, 13] and particular attention has been applied to its use in XAI and

robotics [13, 56]. Of relevance to this work are the sub-fields of algorithmic recourse [57] and

temporal causal discovery [44]. Both of these sub-fields offer some level of XAI capabilities in

the form of contrastive explanations and causal-structure identification respectively.

A popular use of causality is to describe the behaviour of autonomous systems at various

levels of abstraction. At the highest level, Smith and Ramamoorthy [58] describe the application

of overhead-image saliency analysis to allow causal reasoning on robot behaviour. At a more

discrete level, Baumann et al. [59] extend upon existing work [60] by identifying the causal

structures inherent to dynamic system using the controllability of certain variables to carry

out interventions. Indeed there has been several works exploring the application of causality

4For the purposes of succinctness, several methods that will be discussed in greater depth later in the thesis
are only introduced by their acronym here.
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to ordinary differential equations, although these works do not necessarily relate directly to

autonomous agents [60, 61, 62]. Lastly, there is other work which aims to give robots an

understanding of the behaviour of other agents (e.g. humans) through causal modelling [63].

Some approaches aim to utilise causality to augment their methodology, either using

predefined models or by simultaneously learning models alongside their use. Here causality has

attracted attention from the Reinforcement Learning (RL) community, who aim to develop

methods that can balance exploring to learn a causal model and exploiting it [14, 64]. While

this makes these techniques applicable across a number of domains, it may not be suitable for

high-risk applications such as autonomous driving. Within planning there exists works that fall

outside the remit of RL. For example, work by Cannizzaro and Kunze [11] explores combining

SCMs and POMDPs for the purposes of probabilistic robot planning under confounded decision-

making. Other works attempt to actively learn causal models as part of their overall pipeline

[65, 66] with goals of avoiding confounding factors, augmenting performance, and reducing the

impact of domain shift. However, both of the cited methods rely upon black-box architectures

that lack transparency and require large amounts of data, which may make them unsuitable for

some autonomous-agent domains.

Another field of research that has been touched upon is utilising existing causal models

to aid in discovering root causes or providing explanations. To this end Ibrahim et al. [67]

present a semi-autonomous method for combining a mixture of fault / attack models and domain

knowledge in order to provide a holistic causal model. This in turn supports the derivation of

explanations for the cyber-physical systems upon which they focus. In the same field, Diehl

and Ramirez-Amaro [10] provide a method entirely focused upon using an existing causal

model to produce explanations for failures by comparing the observed variable values with the

closest variable values that produce a non-failure outcome. They have since built upon their

previous work on post-hoc explanations by presenting a system that anticipates failures and takes

corrective actions [68]. Other works take a slightly different approach, focusing on responsibility

attribution for agents producing a given outcome [69, 70]. In a similar thread Foerster et al.

[71] describe a counterfactual multi-agent RL method that approximates ‘difference rewards’

by determining how a particular course of action for a given agent contributes to the overall
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scene reward versus a default course of action. While their work certainly draws inspiration

from causal conceptions of counterfactual inference, the work does not directly utilise any causal

formalisms nor does the work contextualise itself within causality literature. Finally, Nashed et

al. [72] integrate MDPs and SCMs as a means of providing causal explanations for the actions

of agents operating in a grid-world environment.

The final notable area causality has found use in autonomous agents is in augmenting their

observation and state-representation capabilities. In the realm of computer vision, Zhang et al.

[73] provide an overview of computer-vision tasks and the utilisation of causality within them.

A primary reason for applying causality here is to minimise the risk of spurious correlations

between variables [74]. Outside of computer vision, causality has also been discussed or applied to

problems involving the epistemic [75] and aleatoric [76] uncertainty associated with observations.

2.2.2 Autonomous-Vehicle Applications

Before discussing contemporary works integrating causality into AVs it should be noted that

this section will focus more generally upon the intersections of these research fields rather than

on the behavioural-interaction modelling that is the focus of this thesis. Related work more

specifically concerned with the topic of behavioural interactions will be discussed below in

Section 2.3 such that the work in question can be discussed in greater detail.

One area of research bridging the AV domain and causality is the creation of datasets for

benchmarking. McDuff et al. [77] present ‘CausalCity’, a technique for generating semi-realistic

data exhibiting vehicle-following behaviour. This work is useful in that it evaluates three causal-

discovery techniques: the Neural Relational Inference (NRI) method [78] which operates on

Two-Dimensional (2D) particle systems and motion-capture data; the Neuro-Symbolic Dynamic

Reasoning (NS-DR) method [79] that presents itself by testing on Three-Dimensional (3D)

particle systems; and the Visual Causal Discovery Network (V-CDN) method [80] which consists

of an entire pipeline dedicated to detecting key points on clothing and determining the physical

relationships between said points with a causal model. All three of these methods can be

considered visual causal discovery in that they are restricted to working upon visual input.

Furthermore, due to all three of them utilising neural networks it decreases the transparency

of how their output is derived and increases the risk of performance degradation from domain
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shift. In terms of the generated data itself, the causal relationships between the agents depicted

in the data reflect coordinated following behaviour between two AVs rather than the type of

spontaneous interactions considered throughout this thesis. Sun et al. [81] utilises causality to

help refine data used in benchmarking motion-prediction techniques by attempting to identify

‘causal agents’. However, the work does rely upon human labelling and thus the criteria for

which agents are considered causal is not entirely clear. This is not necessarily a problem in

itself, but does make it hard to differentiate poor method performance from what might just be

a difference in criteria of what constitutes a causal link between agents.

In contrast to attempting to create AV datasets in order to evaluate causal methodologies,

some works aim to exploit causal models in order to better perform AV-domain data generation

tasks. For example, Ding et al. [82] utilise causal models for the purposes of better generating

data for driving scenarios, given that causal models better represent inter-variable relationships

than associative probabilistic models alone.

Other work has attempted to utilise causal discovery as part of a wider process within

AVs, for example de Haan et al. [83] integrate causal discovery as part of imitation learning

operating on human-driving behaviours. Meanwhile the work of Lin et al. [84] integrates

causal representations into an RL pipeline for AV decision making in an attempt to reduce the

impact of domain shift. Additionally, some work considers the influence image data has on

decision making in vehicles [85, 86], utilising concepts such as visual saliency. However, this

is only relevant to camera-based systems whereas this work primarily focuses upon abstract

state data devoid of sensor-specific information. Despite this, there is importance in developing

explainability techniques for camera-based sensors [87], particularly given the rise of deep NNs

in AV systems which effectively amount to black boxes.

Lastly, while the type of causality they explore does not align with the established practices

of the field, Thomas and Groth [88] nonetheless present an interesting discussion of causality in

AVs. They propose a framework that satisfies the requirements presented by several existing

standards. This makes the work valuable in terms of building a practical system, even if the

framework in its current form does not use the kind of causal reasoning popularised by Pearl [4].
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2.3 Modelling Behavioural Interactions for Autonomous Agents

With the general discussion of causality applied to autonomous agents given above there remains

one aspect of literature which requires yet further discussion, namely those existing methodologies

that aim to model behavioural interactions between agents — with an emphasis placed on AVs.

Given the proximity and overlap between such literature and the work presented here, a deeper

examination of these contributions to the field is required for this review to be comprehensive.

2.3.1 General Methodologies

While certainly not a requirement for modelling agent behavioural interactions, a frequent

approach throughout literature in this area is to integrate the modelling of other agents into

their frameworks. The rationale follows that by being able to model each agent within a given

scene one can build an understanding of how the agents influence each other. Indeed this logic is

applied throughout the latter portions of this thesis, whereby the planning and control systems

of multiple vehicles are emulated at once in order to try and infer causal relationships. Given

that the modelling of other agents has a long history dating back to conceptions of intentionalism

[89], not to mention applying to a myriad of applications and domains, the reader is referred to

the thorough survey of such literature provided by Albrecht and Stone [90].

In contrast to techniques utilising agent modelling others describe agent interactions purely

in terms of spatio-temporal relationships. Often utilising measures such as distance, relative

speed, or Time To Collision (TTC), these inter-agent metrics have been used to estimate risk

associated with interactions [22, 91] and predict future agent behaviour [23, 92, 93]. In particular

Helbing contributed towards the development of both Intelligent Driver Models (IDMs) [93] and

social-forces models [92], which laid the groundwork for much research into agent interactions

within the vehicular- and pedestrian-traffic domains respectively. However, such approaches

typically do not claim to identify causal relationships between interaction participants as this is

not always necessary to achieve their goals.

Some works considering spatial-temporal relationships employ similar ideas to causal methods,

such as the work of Bellotto et al. [94], Dondrup et al. [95], and Mghames et al. [96], all of

which base their work upon qualitative trajectory calculus. This method relies upon identifying
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inter-agent-metric trends that can then be used for prediction and planning. The work also

shares a similar goal to the previously-described service-robotics scenario of improving the social

awareness of agent planning. Where this thesis differs from this work is the assumption of

action-based interactions later on, in addition to placing greater emphasis upon the internal

cognition of agents.

Many works that aim to approach agent interaction by modelling the agents themselves

utilise techniques from IRL, either in order to better understand the motivations of agents or to

go further and attempt to imitate them. For a survey of the extensive field of IRL the reader

is referred to the work of Arora and Doshi [97], as the contents of this literature review focus

upon the application of IRL to agent interaction modelling specifically. For example, Wen et al.

[98] utilise IRL to determine how the behaviour of human-driven vehicles differs in the presence

of AVs versus other human-driven vehicles. By contrast, Kuderer et al. [99] do not consider

agent behavioural interactions but do propose a means of capturing the variations in behaviour

across various agents in the context of AVs. Their work is mainly concerned with individual

preferences in driving style, however one can extend this concept to how drivers might alter their

behaviour depending upon context. Indeed a combination of these concepts inspire some of the

work in the latter part of this thesis. These sections of the thesis are concerned with identifying

reward parameters that reflect case-by-case observed agent behaviour. This is because relying

upon approximated or trained parameters may overestimate the caution with which agents act

which may not match reality, particularly in edge cases [100].

Other works apply methods more rooted in game theory and cognitive science, which mirrors

the type of approaches considered later in this thesis. For example, Ma et al. [101] describe

a pedestrian model in which each pedestrian makes movement decisions based upon their

prediction of how other pedestrians will act. In a similar thread Rahimi et al. [102] describe a

pedestrian trajectory prediction system that captures the causal influence of each agent upon

other agents. This allows one to make counterfactual queries regarding how each agent within

an observed scene may have acted had a given agent not been present. Lastly Camara et al.

[103] utilise game theory to describe two pedestrians approaching an intersection approach.

Each agent wishes to move as fast as possible while avoiding collision with the other agent,

26



thus the situation resembles the well established prisoner’s dilemma [104] problem. The work

tackles this problem with a Gaussian regression approach that calibrates the reward weighting

for each agent that dictates their action selection. This facilitates behaviour prediction for the

considered agents in counterfactual scenarios, however it should be noted that the methodology

in question does not align itself with the body of established causality literature.

A key facet of this thesis is that the behavioural interactions it concerns itself with occur

spontaneously, and that the agents involved may possess different internal models and motivations.

This somewhat mirrors the concept of ‘zero-shot coordination’ as described by Hu et al. [105]

whereby ‘agents are placed into a cooperative situation with a novel partner and must quickly

coordinate if they wish to earn high payoffs’. The key difference between this work and the

aforementioned literature is that here there is no assumption of coordination, with this thesis

often exploring cases where agents act with malicious intent or careless disregard for others.

In terms of approaches that do attempt to deal with these circumstances there are of course

the inter-agent metric based approaches cited above [22, 91], however more complex approaches

exist. For example, the proposed methods of Debbarma et al. [106] and Song et al. [107] both

utilise information regarding the behaviour of a human driver within their vehicle to identify

risk. Although, in order to integrate this information in behavioural-interaction modelling

vehicle connectivity and specific sensors are required, raising privacy and hardware consistency

concerns. Other approaches integrate external factors instead of [108, 109, 110] or in addition

to [111, 112] vehicle-interior information. Such factors include driving manoeuvrers and lane

deviations, yet these are typically only considered from an ego-agent perspective.

2.3.2 Causality-Based Techniques

One of the closer works in terms of content to the early portions of this thesis is presented by

Maier et al. [42]. They use SCMs to describe a two-vehicle braking scenario and carry out causal

inferences using it, specifically in the context of Advanced Driver-Assistance Systems (ADASs).

The SCM in question is highly tailored to the scenario in question, and incorporates factors

such as fog, rain, time, and traction. From here the structural equations associated with the

variables are either learnt via Bayesian networks, or rely upon the Car Learning to Act (CARLA)

simulator [113] to provide information on such variables. Overall this represents a promising
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application of causality to an AV scenario, however it is specific to this scenario and is egocentric.

That is to say that the model performs well for an ADAS system, yet it is specific to two-vehicle

braking scenarios and cannot make inferences from the perspectives of other agents.

Alternatively Gyevnar et al. [16] offers some promising results in terms of offering natural

language explanations for action selection based upon the counterfactual-effect-size model [114].

They split causation into teleological and mechanistic perspectives that aim to describe the

actions of an ego-agent in terms of its goals and the actions of surrounding agents respectively.

The framework takes a query action and counterfactually simulates new outcomes by starting

from an earlier time step and utilising Monte Carlo tree search to probabilistically sample

different behaviour. These counterfactual outcomes are then labelled based upon whether the

queried outcome occurred in the sampled timeline. From here the teleological causation is

established by comparing the ego-agent’s rewards between counterfactual timelines that did and

did not exhibit the queried action. Meanwhile the mechanistic causation is established by fitting

a classifier that takes the features of other agents as input, and outputs whether or not the

queried action should be expected. In theory one can then interpret the importance attributes

of the classifier as indicating a potential mechanistic cause. Lastly, the discovered causes are

converted into simple English linguistic terms for conveyance to a user. Similar to the previous

approach this work can be considered largely egocentric in nature, although in this case the

focus is more upon providing natural language explanations, a task which it appears to handle

effectively. Importantly, their work demonstrates the capacity to scale to a larger number of

AVs without issue, however the simulations in question are ‘only a few seconds long’. This raises

questions as to how well the approach can deal with notable time-lags between cause and effect.

In terms of multi-AV interactions a promising approach is given by Tang et al. [115] that

extends upon the already discussed NRI method [78]. The proposed approach — named

Grounded Relational Inference (GRI) — builds upon NRI by training two decoders for the

interaction graphs represented in latent space. The first decoder outputs a policy from which

vehicle trajectories can be synthesised given an initial state, meanwhile the second decoder

takes a trajectory and outputs a real number reflecting the reward associated with it. The

overall framework is trained in an adversarial manner. This means the policy decoder attempts
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to synthesise trajectories indistinguishable from observed trajectories. Meanwhile the reward

decoder attempts to approximate reward such that synthesised trajectories can be separated

from observed trajectories by said reward. Overall the framework appears to perform well,

achieving high accuracy rates across the synthetic and real-world data considered. However, it

is worth noting that NRI actually outperforms GRI in terms of minimising the error associated

with synthesising trajectories. One aspect in which this approach could be limited is that since

this is ultimately a data-driven method, it may struggle in cases where atypical behaviour

or interactions are exhibited. Indeed this is a concern for subsequently discussed data-driven

methods too, however the GRI method may be more susceptible here, given that the design

of the reward decoder makes the assumption that agents work cooperatively to maximise the

overall reward. While such an assumption of cooperation might work for the most part in typical

circumstances, often the instances where a post-hoc analysis is of greatest interest are those with

atypical behaviour where cooperation is absent (e.g. road rage, insurance fraud, drunk driving).

Nevertheless, the promising results of GRI mean it may provide a foundation for further work,

with said work ideally alleviating the risks regarding atypical interactions in the process.

In a similar thread, Xiao et al. [116] provide a review of graph-based techniques for identifying

hazardous events in the context of AVs. The majority of such works consider agent interactions

and spatio-temporal relationships of importance yet their modelling is typically not the focus

of the work. Instead they aim to anticipate accidents [117, 118, 119] or predict agent motion

[120, 121]. However, the aforementioned review does highlight the work of Li et al. [122] that

utilises graph convolutional NNs in order to predict goal-oriented agent behaviour and identify

potential causes of deviations from this behaviour. In order to do so the scene is described

via generated ‘Ego-Thing’ and ‘Ego-Stuff’ graphs that reflect the interactions of other agents

and environmental elements with the ego-agent respectively. While the quantitative results

of the work indicate an improvement over its contemporaries, it is debatable as to the extent

to which causal agent interactions are exploited. Removal of spatial-relationship information

only resulted in a 0.2 % decrease in performance, while the other type of Ego-Thing modelling

just concerns correlation between object appearances rather than behaviour. This seems to

indicate that the approach did not learn significantly useful behavioural-interaction information.
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Additionally, this work is set apart from the methodology this thesis focuses upon in that: a)

it lacks transparency due to heavy NN usage; b) it is vision-based; and c) it is once again

egocentric. As such, while the work does indeed bear merit, it is ultimately applicable in different

circumstances and for different tasks than the contributions of this thesis.

In terms of literature on pedestrian-agents Castri et al. has made several contributions

beginning with the application of PCMCI to model causal relationships between egocentric

agent variables [123]. The main motivation behind this was to model agent-object and agent-

environment interactions, with the goal of better understanding interactions between pedestrian

agents in domains such as warehouse automation. This was subsequently built upon by utilising

transfer entropy to help filter out variables deemed unnecessary to describe agent behaviour

[124]. They also proposed a method that would use an intervention-based approach to refine a

discovered causal model in the event said model became inaccurate due to causal non-stationarity

[15]. More recent work of theirs has focused upon the proposal and subsequent evaluation of

their ‘ROS-Causal’ framework [125, 126]. The contributions of this work being to provide a set

of causal-discovery tools integrated with the Robot Operating System (ROS) framework and a

simulation environment with which to test them. Generally speaking, this collection of work has

done a great deal to explore the application of causal-discovery methods to autonomous-agent

data, and indeed there is some overlap between this and the area of work described in the

earlier chapters of this thesis. However, the general focus of the previously cited works is upon

intra-agent causal models, whereas this thesis focuses primarily upon inter-agent causal models,

even if both offer a means of capturing behavioural interactions between agents.

Before continuing, to clarify the distinction between intra-agent and inter-agent causal models

consider Figure 2.2. Both subfigures depict agents A and B where it is assumed that agent B is

following agent A at some distance and thus the speed of agent A causally affects the speed of

agent B. Each subfigure represents either an intra-agent or inter-agent causal representation of

this scenario. In Figure 2.2a the causal relationships are strictly between variables specific to

a given agent, whereas in Figure 2.2b there are causal relationships present between variables

in different agents. The former can tell one more information regarding the inner workings

of individual agents and are generally easier to transfer between scenarios, however the latter
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(a) Intra-Agent Causal Models (b) Inter-Agent Causal Models

Figure 2.2: Illustration of how intra- and inter-agent causal models differ.

is needed to describe specific agent interactions. This is primarily because in order to utilise

intra-agent causal models to explain specific scenarios one would still need to identify how the

behaviour of one agent influences the root cause variables of other agents. For example, in the

aforementioned scenario one would need to discover how the speed of agent A influences the

distance variable of agent B, in essence forming an inter-agent causal model.

Other methods that integrate causality yet focus less specifically upon AVs include the

contributions of Fujii et al. [127]. They aim to model and discover the causal attributes of

movement interactions between animals. To do this they describe a framework that combines

multi-layered perceptrons in a manner guided by existing theoretical models within biology —

specifically movement ecology. These are then trained upon data, while utilising a loss function

that incorporates a regularisation term that once again leverages existing biology-domain

knowledge. In order to allow the extraction of causality information, the paper builds upon

previous work that attempts to extract Granger causality from NNs [128] by apply the underlying

principles of self-explaining NNs [129]. Such NNs are structured with the aim of maximising the

explicitness, stability, and faithfulness of the networks. As such, after applying the learning

process to animal-trajectory scene data it then becomes possible to attempt discovery of Granger-

causality relationships by applying statistics metrics to the learnt network parameters. The work

stands apart from this thesis in that it considers continuous relationships between the animals,

and only considers simple interactions such as attraction or repulsion in movement. Nonetheless

it demonstrates the wide-spread applications of and interest in such modelling techniques.
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Some methods do not directly attempt to model agent behavioural interactions but instead

consider adjacent tasks. For example, Tang et al. [130] attempt to identify instances where

models trained on driving-trajectory data over-estimate the ability of non-ego-agents to predict

an ego-agent’s behaviour. They identify the source of this being that the overall predictive model

has access to the future trajectory of the ego-vehicle, while realistically the non-ego-vehicles do

not. Thus in order to identify instances of this occurring they measure the extent to which the

future ego-agent trajectory influences the model’s prediction of non-ego-agent trajectories. If

this measure is particularly high it is indicative of a case in which the prediction of non-ego-agent

trajectories is reliant upon future ego-agent trajectory data, and thus potentially unreliable.

Lastly, there has been some work that examines the theoretical underpinnings of intention

recognition as a component of agent interaction [131]. Given this work has focused upon these

interactions from a human-computer-interaction perspective, and a mostly theoretical one at

that, the overlap with this thesis is mostly in relation to its motivations and philosophy.

2.4 Discussion

Before proceeding to the main-content chapters of this thesis, it is first worth briefly revisiting

those works closest to the avenues of research considered here in order to contextualise the

contributions that will be presented in the following chapters. The works identified as falling

closest to the contents of this thesis are those of Maier et al. [42], Tang et al. [115], and Gyevnar

et al. [16]. First and foremost this is because all these works are causal in nature and focus on

the AV domain and thus attempt to model types of behavioural interaction that are mostly

similar to this thesis.

For Maier et al. [42] the biggest limitation is that their approach assumes a fixed ADAS

scenario which their entire causal model is built around. In the context of their work this is a

strength, as they are not interested in modelling other scenarios and this well defined causal

model instead allows them to focus on additional details such as weather conditions. By contrast

the work of this thesis aims to present methods that can be applied in a variety of scenarios.

Tang et al. [115] on the other hand do support a wide range of scenarios, but their approach

relies upon the use of graphical NNs. While this is not necessarily an issue in itself, it does mean

that their framework is a black box in places that offers less transparency than the methods
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presented in the latter parts of this thesis. Ultimately this is a reflection of different philosophies,

as it is possible that their method can more accurately identify behavioural interactions but in

doing so it cannot offer insight regarding the process used to make these identifications.

Lastly Gyevnar et al. [16] offer some of the most promising work of all compared with the

contributions of this thesis. The approach offers greater transparency than the work of Tang et

al. [115] yet is not fixed to a single scenario like Maier et al. [42]. Currently the main limitations

associated with their work is the previously mentioned small time horizon of simulations along

with the predominant focus of their work being upon the success of their textual explanations

as evaluated by two user studies. By contrast this work examines interactions occurring over

a longer timespan (e.g. 10 s) and its evaluation focuses upon the accuracy of output causal-

summary graphs. Importantly the work of this thesis also primarily evaluates itself against

real-world data, while Gyevnar et al. utilise synthetic data generated based upon scenarios

described by Albrecht et al. [132].

Taking all this into consideration this work represents one of the first of its kind to merge

the fields of causal reasoning and autonomous agents for the purposes of describing behavioural

interactions. This is particularly true if one narrows the scope to AVs. One can observe this in

the fact that all the publications discussed above are contemporary with this work, with all

having been published after the start of research relating to this thesis. That is to say that the

contributions of this work constitute some of the first to a particularly novel area of study and

indeed there is still much work yet to be done within this niche.
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Chapter 3

Adapting Causal Methods to Model Agent

Behavioural Interactions

With the motivations and goals of this thesis laid out in Chapter 1, and the literature of the

field discussed in Chapter 2, one can begin to formally define the research problem associated

with this work. In this chapter existing formalisms for capturing time-series causal relations are

introduced (Section 3.1) and the efficacy of contemporary causal-discovery approaches applied

to agent data are evaluated (Section 3.2).

3.1 Causal Relationships Between Agent Proxy Variables

In this section the basic formalisms associated with causal modelling, and time series in particular,

are introduced. This is followed by a discussion of how these might be utilised to capture

behavioural interactions within an autonomous-agent domain.

3.1.1 Structural Causal Models

The basic structure utilised by many works within causality literature is the DAG.

Definition 1 (Directed Acyclic Graph). A directed acyclic graph G, as defined by Thulasiraman

and Swamy [133], is a tuple:

G = ⟨N, E⟩ (3.1)

with its elements defined as follows:

• N = {N0, N1, ...} is a set of nodes / vertices which within the context of causality could

refer to variables or events.
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• E ⊂ N × N is a set of directed edges defined as the edge going from the first element

of the tuple, to the second element of the tuple. In the context of causality these can

represent the causal relationships themselves.

The directed graph structure allows one to define a function to derive the set of the direct

parents of a node Pa(·) : N → 2N and a function to derive the set of all the ancestors of a node

An(·) : N → 2N :

Pa(Ni) = {Nj|⟨Nj, Ni⟩ ∈ E,Nj ∈ N} (3.2)

An(Ni) = Pa(Ni) ∪

 ⋃
Nj∈Pa(Ni)

An(Nj)

 (3.3)

The final quality of a DAG is acyclic nature, which requires that the directed graph be devoid

of cycles, which is formally defined here as follows:

∀
Ni∈N

Ni ̸∈ An(Ni) (3.4)

Note that in the event of a cycle being present this will not be possible to algorithmically

compute via the aforementioned equations, as it will recurse infinitely. However, given that

sets do not contain duplicate elements, an analytical solution is available, which is sufficient to

demonstrate the acyclic quality of the graph.

While DAGs are useful as high level tools for describing causal systems, a more detailed

causal-model structure is provided by SCMs.

Definition 2 (Structural Causal Model). Here a slightly modified conception of structural

causal models is proposed. This is primarily based upon the SCMs described by Bareinboim

and Pearl [134] which in turn merge the original SCM and probabilistic causal model formalisms

proposed by Pearl [4]. The primary change made here is to integrate the underlying DAG

associated with the SCM as part of the SCM definition, such that the causal model is fully

described by said definition. Thus, a structural causal model M is a tuple:

M = ⟨U, V, E, F, P (U)⟩ (3.5)
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with its elements defined as follows:

• U = {U0, U1, ...} is a set of exogenous variables that capture factors external to the model.

• V = {V0, V1, ...} is a set of endogenous variables that derive their values as a function of

other variables.

• E ⊂ (U ∪ V )× V is a set of directed edges that indicates the first variable of the tuple is

an input for the second variable of the tuple — which is endogenous by definition.

• F = {f0, f1, ...} is a set of structural equations that derive the values of endogenous

variables. Assuming fi is the structural equation associated with endogenous variable Vi,

then fi will map from the domain of Pa(Vi) to the domain of Vi. Note, that Pa(·) and

An(·) are redefined for the SCM formalism, and as a result of the definition of E it is

impossible for an exogenous variable to have parents.

• P (U) is the joint probability distribution over the domains of the exogenous variables U .

It is required that all exogenous variables be independent of each other, or in other words:

∀
Ui∈U
∀

Uj∈U\{Ui}
P (Ui, Uj) = P (Ui)P (Uj) (3.6)

With this definition of an SCM one now has a means of representing causal relationships

between variables that is the standard among most literature regarding causality. However,

autonomous agents by their inherent nature should consider time as a factor, as they exist in a

continuously evolving environment, in contrast to the types of experiment favoured by big-data

applications (e.g. sociology, economics, medicine, etc.).

3.1.2 Temporal Extension of SCMs

While the exact means of representing temporal SCMs varies, the consensus within causality

literature is to operate under the assumption that associated data is in time-series form, i.e.

a time-indexed series of data points taken at equal intervals. Peters et al. [43] provide a

comprehensive overview of this topic, from which the following formalisms are presented.

An important property which is almost universally assumed when considering time in

causality is temporal precedence.
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Definition 3 (Temporal Precedence). Temporal precedence requires that cause always come

before effect. In other words, given time steps T ⊆ N, if an endogenous variable Vj at time

t′ ∈ T is affected by the value of variable Ni at time t ∈ T then one can guarantee t ≤ t′. This

assumption is sometimes taken further to mean t < t′, however this assumption should only be

made provided causal effects cannot occur in the time between time steps. Thus the strictness

of temporal precedence usually depends upon the variables and temporal resolution in question.

With temporal precedence established as a concept, the most basic means of capturing

time-series causal relations is the full-time-graph SCM, which captures all potential causal links

between variables for every time step.

Definition 4 (Full-Time-Graph SCM). For time steps T a full-time-graph SCM, based upon

Definition 2 and Peters et al. [43], is a tuple:

MT = ⟨UT , V T , ET , F T , P (UT )⟩ (3.7)

with its elements defined as follows:

• UT ⊆ U ×T is a set of exogenous variables indexed to each time step in T . UT
i,t ≡ ⟨Ui, t⟩ ∈

UT refers to exogenous variable Ui indexed to time t.

• V T ⊆ V × T is a set of endogenous variables indexed to each time step in T . V T
i,t ≡

⟨Vi, t⟩ ∈ V T refers to endogenous variable Vi indexed to time t.

• ET ⊂ (UT ∪ V T ) × V T is a set of directed edges that indicate the first time-indexed

variable of the tuple is an input for the second time-indexed variable of the tuple —

which is endogenous by definition. Importantly the temporal-precedence assumption from

Definition 3 means that the following condition must hold:

∀
⟨Ni,t,Vj,t′ ⟩∈ET

t ≤ t′ (3.8)

• F T = {fT
0,0, f

T
0,1, ..., f

T
1,0, f

T
1,1, ...} is a set of time-indexed structural equations that derive

the values of time-indexed endogenous variables. Assuming fi,t is the structural equation
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associated with endogenous variable Vi at time t, then fT
i,t will map from the domain of

PaT (V T
i,t) to the domain of V T

i,t. The full-time-graph variants of PaT (·) : N × T → 2N and

AnT (·) : N × T → 2N are defined as follows:

PaT (NT
i,t) = {NT

j,t′ | ⟨NT
j,t′ , N

T
i,t⟩ ∈ ET , NT

j,t′ ∈ NT} (3.9)

AnT (NT
i,t) = PaT (NT

i,t) ∪

 ⋃
NT

j,t′∈PaT (NT
i,t)

AnT (NT
j,t′)

 (3.10)

where NT = UT ∪ V T , and NT
i,t ≡ ⟨Ni, t⟩ ∈ NT refers to variable Ni indexed to time t.

• P (UT ) is the joint probability distribution over the domains of the time-indexed exogenous

variables UT . Note that there is not a requirement for the distribution to remain the same

across time under this temporal SCM definition, so long as the exogenous variables of U

are independent of one another.

It is worth noting that the underlying data type used for time indexing data need not be

based upon natural numbers, so long as a bijective mapping between the data type and T is

possible. Additionally, in a non-temporal SCM a variable cannot typically have itself as a parent,

as this would create a graphical cycle, and many causal techniques rely upon the underlying

graph of an SCM being acyclic. However, within temporal SCMs so long as t < t′ one may have

Ni,t as a parent of Vi,t′ , as this just implies that a variable causally affects its own future state.

A full-time-graph SCM allows for the maximum expressiveness in terms of being able to

indicate one variable affecting another over a specific time lag. However, such a representation

is not spatially efficient, with the maximum number of causal links for a full-time-graph SCM

having complexity O( |T |2 |V | (|V |+ |U |) ). Typically full-time-graph SCMs will have a sparse

population of causal links, but they nonetheless remain inefficient for representing consistent

time-lagged causal relations, as the causal links must be replicated across time.

Thus there are alternate means of representing causal relations that are more spatially

efficient, at the cost of expressiveness. The most simple example of this is the causal-summary

graph and its variant the causal-adjacency graph.
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Definition 5 (Causal-Summary Graph). A causal-summary graph, based upon Definitions 2 and

Peters et al. [43], can be constructed from a full-time-graph SCMMT = ⟨UT , V T , ET , F T , P (UT )⟩,

and is a tuple:

GS = ⟨NS, ES⟩ (3.11)

with its elements defined as follows:

• NS = {Ui | UT
i,t ∈ UT}∪{Vi | V T

i,t ∈ V T} is a set of the combined exogenous and endogenous

variables with any time-indexing information removed.

• ES = {⟨Ni, Vj⟩ | ⟨NT
i,t, V

T
j,t′⟩ ∈ ET} is a set of directed edges which indicate the first

variable of the tuple has a causal effect upon the second variable of the tuple — which is

endogenous by definition — at some point in time.

One could hypothetically construct a causal-summary graph without a source SCM, however

the resulting causal-summary graph would have little in the way of applications and would not

summarise a temporal SCM as the name suggests. Importantly while temporal SCMs can be

converted into causal-summary graphs, causal-summary graphs are not SCMs as they lack any

information regarding structural equations or probability distributions. Thus they are effectively

just DAGs and are typically used for high-level illustration, inspection, and evaluation.

Definition 6 (Causal-Adjacency Graph). A causal-adjacency graph consists of the undirected

graphical version of a causal-summary graph. While somewhat counterintuitive, this graphical

form can be useful in scenarios where the ground truth only specifies that there is a causal

relationship between two variables, but not the direction of causation.

The third commonly used temporal causal representation is the window-time-graph SCM,

which aims to describe relative causal relationships up to a Maximum Time Lag (MTL) τ .

Originating out of a desire to describe time-lagged Granger causality [135, 136], window time

graphs have become a popular output format within causal discovery [44, 137]. Causal discovery

pertains to methods aiming to identify a mixture of graphical structure and structural equations

for an underlying SCM, and thus offers a good starting point for identifying causal relationships

indicative of agent behavioural interactions.
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Definition 7 (Window-Time-Graph SCM). For a set of relative time lags Lτ = {l | l ≤ τ, l ∈ N}

a window-time-graph SCM, based upon Definitions 2 and Runge [137], is a tuple:

M τ = ⟨U τ , V τ , Eτ , F τ , P (U)⟩ (3.12)

with its elements defined as follows:

• U τ ⊆ U × Lτ is a set of exogenous variables indexed to each relative time lag in Lτ .

U τ
i,l ≡ ⟨Ui, l⟩ ∈ U τ refers to exogenous variable Ui indexed to relative time lag l.

• V τ ⊆ V × Lτ is a set of endogenous variables indexed to each relative time lag in Lτ .

V τ
i,l ≡ ⟨Vi, l⟩ ∈ V τ refers to endogenous variable Vi indexed to relative time lag l.

• Eτ ⊂ (U τ ∪ V τ ) × V τ is a set of directed edges that indicate the first time-lag-indexed

variable of the tuple is an input for the second time-lag-indexed variable of the tuple

— which is endogenous by definition. Similar to the full-time-graph SCM the temporal-

precedence assumption from Definition 3 means that the following condition must hold:

∀
⟨Ni,l,Vj,l′ ⟩∈ET

l ≤ l′ (3.13)

• F τ = {f τ
0 , f

τ
1 , ...} is a set of structural equations that derive the values of time-lag-indexed

endogenous variables. Assuming f τ
i is the structural equation associated with endogenous

variable Vi across time, then f τ
i will map from the domain of Paτ (V T

i,t) to the domain of V T
i,t

for time t. The full-time-graph variants of Paτ (·) : N ×T → 2N and Anτ (·) : N ×T → 2N

are defined as follows:

Paτ (NT
i,t) = {NT

j,(t+l′−l) | ⟨N τ
j,l′ , N

τ
i,l⟩ ∈ Eτ , N τ

i,l, N
τ
j,l′ ∈ N τ} (3.14)

Anτ (NT
i,t) = Paτ (NT

i,t) ∪

 ⋃
NT

j,t′∈Paτ (NT
i,t)

Anτ (NT
j,t′)

 (3.15)

where N τ = U τ ∪ V τ , NT
i,t ≡ ⟨Ni, t⟩ ∈ NT refers to variable Ni indexed to time t, and

N τ
i,l ≡ ⟨Ni, l⟩ ∈ N τ refers to variable Ni indexed to relative time lag l.
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• P (U) is the joint probability distribution over the domains of the exogenous variables

U . Again, the exogenous variables must be independent of one another. However, in

contrast to a full-time-graph SCM, the distributions of each exogenous variable must

be independent and identically distributed across time, as the SCM represents a sliding

window rather than an absolute range of time steps.

Window-time-graph SCMs have a similar restriction to full-time-graph SCMs in that a

variable can only have itself as a parent provided l > 0 in order to avoid cycles.

While this is otherwise close to the full-time-graph SCM in format, the crucial difference is that

typically τ ≪ |T |, and thus window-time-graph SCMs are much more compact. Furthermore,

while full-time-graph SCMs provide absolute causal relations between every time-indexed variable,

window-time-graph SCMs specify relative time-lagged causal relations which are consistent

across time. This is reflected in that while a full-time-graph SCM theoretically has a structural

equation for each variable for every time step, i.e. |F T | = |V × T |, the window-time-graph SCM

only has one for each variable, i.e. |F τ | = |V |. This relates to another property required for

window-time-graph SCMs to effectively capture causal relations, causal stationarity [137].

Definition 8 (Causal Stationarity). Causal stationarity requires that the causal relationship

between two variables for a given time lag remains constant throughout time. In Definition 7

this is achieved by defining the structural-equation set F τ and causal-edge set Eτ such that

regardless of where the sliding time window of size τ is placed across time steps T the structural

equations and causal edges remain accurate.

A good example of systems which exhibit strong causal stationarity are control processes,

for example those in chemical or nuclear plants. In such systems, a change in control values

will typically result in some causal effect upon other monitored variables albeit with a time lag.

Since the causal relationships of the variables involved are purely dictated via physics they are

likely to be consistent across time. By contrast, consider how the time of a person going to sleep

causally affects the time that same person gets up. Intuitively it makes sense that when one

sleeps strongly influences the time they will get up, but the time lag between these events is far

from consistent. Furthermore, there may be instances where the time one gets up impacts when
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one sleeps, thus reversing the direction of causality. As such in this example causal stationarity

is likely either very weak, or absent entirely.

Overall this is a substantially more compact representation for cases where causal relationships

remain consistent through time. The main reason causal discovery favours such a representation

is due to observation-based methods being inherently data-driven. As such they rely upon

establishing patterns seen consistently throughout the input time-series data.

3.1.3 Agent-Behavioural-Interaction Representation via Temporal SCMs

Much of what has been described so far relates to generic causal modelling techniques, not

specific to autonomous agents. Thus the last step before one can begin examining how to identify

behavioural interactions between agents is to describe how it may be possible to formulate such

interactions in terms of the variables and causal relationships.

In order to contextualise the discussion of how to represent agent behavioural interactions it

is helpful to select a suitable problem domain for analysis. This thesis primary focuses upon the

AV domain, this is motivated by several points:

• Despite being a domain in which autonomous agents act, there is a general expectation

that road vehicles follow a certain order dictated via a highway code, the road layout, and

the presence of other vehicles. This in turn makes it easier to reason about behavioural

interactions, in addition to simplifying the extraction of ground-truth causal relationships

in some scenarios.

• There is a large number of datasets available for the AV domain given the amount of

industry interest in the research area. The ability to evaluate proposed methodology on

real-world data is valuable and not easily available in many other domains.

• There is immediate benefit to the domain in integrating identification of behavioural

interactions via causal modelling. The AV domain presents a high-risk to human life, and

thus being able to understand how road agents influence each other’s behaviour is critical

to furthering the development of safe AV technologies. Furthermore, in failure cases it is

beneficial to be able to analyse scenes post-hoc in order to diagnose system issues and

establish accountability [17].
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Having established the motivations behind selecting the AV domain as the primary domain

through which to contextualise behavioural interactions, the previously discussed scenario

depicted in Figure 1.4 can be revisited:

Two vehicles occupy the same lane in close proximity to one another. No other

vehicle resides between the fore vehicle c0 and aft vehicle c1. Furthermore, sufficient

clearance is given ahead of c0 and behind c1 in order to consider the behaviour of the

two vehicles in isolation. Henceforth, this setup will be referred to as a two-vehicle

convoy. Because of their close proximity, should c0 slow down or c1 speed up, the

other agent will have to respond in kind or risk collision. Similarly if c0 speeds up

or c1 slows down, while it does not directly force the other agent to take action

in the same way, it does enable them to act in kind without the risk of collision.

Figures 1.4a and 1.4b depict the before and after of such a behavioural interaction,

where c0 braking caused c1 to subsequently brake to avoid collision. One expects

each vehicle to affect the other to varying degrees across time. In other words, one

can consider c0 and c1 causally adjacent based upon Definition 6. Lastly, so long as

they each occupy separate lanes from each other and c0 / c1, a number of other

independent vehicles may be present {i0, i1, ...} that lack causal adjacency with

any other vehicle. Figure 1.4c depicts the causal-adjacency graph for the scenario.

While this scenario provides an example of how causal relationships might relate to

behavioural interactions between vehicles, it is still necessary to determine what variables

would best serve to capture this relationship. This work proposes two perspectives which

indicate which variables might be used:

1. Actuation-Oriented Variables: This perspective argues that the behaviour of agents is

best captured via the variables the agent actuates itself with as this offers a direct view of

the instantaneous control output of the agent. Example Variables: Acceleration, Steering.

2. Goal-Oriented Variables: This perspective argues that the behaviour of agents can be

best captured through the variables they aim to control since this could offer a greater

insight into the agent’s intentions. Example Variables: Speed, Lane.
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This choice of the primary variable of interest offers some flexibility in the causal representation

of AV scenarios. Despite this, if one assumes that there is a single variable per agent then the

variable selection for a given scenario is quite restrictive. Although in the case of more complex

scenarios there is greater flexibility in how one might represent behavioural interactions as causal

links between variables. For example, in a three-vehicle convoy does the front vehicle affect the

middle and rear vehicle directly, or does the front vehicle affect the rear vehicle via the middle

vehicle acting as a mediator? The ambiguity over such representations is part of why this work

focuses upon a simpler two-vehicle-convoy scenario, as otherwise the formulation of a ground

truth for quantitative evaluation would inherently rely upon some strong assumptions. Of course,

if one drops the assumption of single variable per agent one can then capture intra-agent causal

relationships, however this was opted against for three reasons: Firstly, the focus of this thesis

is upon inter-agent causal relationships, thus the introduction of intra-agent causal relationships

could distract from this. Secondly, the introduction of several variables for each agent once again

introduces ambiguity regarding the correct assumptions to make when formulating a ground

truth. Lastly, some preliminary experimentation was carried out which did incorporate this,

but these experiments indicate that if anything the methods performed worse when introducing

more variables per agent. This is likely because the intra-agent causal relationships are stronger

than inter-agent causal relationships, and thus these intra-agent relationships can ‘overshadow’

the inter-agent ones.

With causal relationships and variables contextualised under the behavioural interactions of

an AV scenario, one can now begin to consider the potential means by which relevant causal

relationships might be discovered.

3.2 Benchmarking Temporal Causal Discovery on Agent Data

The following section aims to examine the readiness of existing causality literature in being

able to discover and represent behavioural interactions between autonomous agents. This is

explored within the AV scenario described in previous section, utilising experiment data from

two real-world datasets, and one synthetic dataset.
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3.2.1 Concept of Observation-Based Causal Discovery

In order to utilise causal modelling to make inferences or otherwise, one must first produce

a causal model. One approach to this is to construct the model manually. However, this

relies upon the causal relationship between variables being known, which is not always possible.

Occasionally the goal of research is to actually deduce the causal relationships between variables.

One approach to this is to design and carry out experiments such as randomised controlled

trials to gather causal information, however this can be expensive and in some cases unethical.

In the AV domain the risk to human life is high and in many cases one wishes to analyse

scenes post-hoc, thus experimentation or intervention-based approaches are unsuitable. However,

there is a variety of approaches that have been proposed to identify causal relationships via

observation alone. Such observation-based causal-discovery approaches typically aim to identify

one or more of the tuple elements of an SCM:

• U : The method may try to identify external factors that may not be included as part

of an initial model. Most commonly approaches try to identify hidden confounders that

affect several variables.

• V : Although little literature exists on the concept, in line with the previous item a

causal-discovery approach could attempt to identify more complex elements external to

an initial model.

• E: Arguably the most common objective of causal discovery is to determine the presence

and direction of causal relationships between variables. Note that because these methods

are observation-based there is no guarantee of being able to correctly identify the direction

of all causal relationships.

• F : Some methods aim to approximate the structural equations or parametrisation of said

structural equations rather than the overall structure.

46



• P (U): Lastly there are cases where data derived from observation is used to approximate

the probability distributions of external factors. This is most frequently done as part of

the abduction step of counterfactual inference, although in this context it is not typically

referred to as a form of causal discovery.

This work mainly considers the causal discovery of causal links E. Since one knows the agents

present within a given scene, the focus is on determining the presence of behavioural interactions

by discovering causal relationships between their variables. It is worth considering that some

causal-discovery methods aim to identify hidden confounders as well. However, since most of the

datasets that will be considered do not contain sufficient ground-truth information on potential

confounders, it would be impossible to evaluate effectively.

In order to effectively carry out causal discovery some methods rely upon a condition known

as causal faithfulness in order to function.

Definition 9 (Causal Faithfulness). A data distribution is faithful to a ground-truth SCM

provided that the conditional-independence relations present in the data are reflective of parent-

child relationships in the SCM. For example, while rare, there are cases where an underlying

system produces data such that causally-related variables appear conditionally independent.

This can occur when variables that share a common ancestor are both parents of a collider and

the structural equations happen to function in such a way that the parents cancel out. Should

this occur, a method that relies upon conditional independence to identify SCM structure would

be unable to do so properly. The reader is referred to Figure 3.1 for an example instance of

where causal faithfulness does not hold.

Lastly, methods which aim to carry out causal discovery on time-series data typically aim to

produce a window-time-graph SCM, described in terms of relative time-lagged causal relations.

This is primarily because observation-based causal discovery is data driven and thus requires

causal relations to be consistently exhibited throughout time in order to identify them effectively.

In the following section the different categories of temporal causal-discovery methods that aim

to address this task will be explored.
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Figure 3.1: The above SCM offers an example of where causal faithfulness may fail to hold.
Assume a, b, c, and d represent linear coefficients of the causal relationships between the variables
w, x, y, z. If the linear coefficients are parametrised in such a way that ac+ bd = 0 then the
causal effects of x and y on z will cancel out as a result of their mutual ancestor w. As a result
of this cancellation the conditional-independence relations that should hold for the SCM would
not be reflected in the resulting data distributions. Therefore the data distribution would not
be faithful to the underlying SCM under such circumstances. This example also demonstrates
why causal unfaithfulness can be quite rare, as for the most part it relies upon very specific
interactions between structural equations and their parametrisations.

3.2.2 Contemporary Temporal Causal-Discovery Methods

The following sections will introduce a variety of temporal causal-discovery approaches and the

categories they fall under.

3.2.2.1 Granger Causality

Granger causality is built upon the concept that causes should provide unique information that

enables the prediction of their effects [30]. The first two Granger-causality-based approaches

assume a linear relationship between variables. This should indeed be true of the variables

considered here, as the tail convoy vehicle should roughly mirror the speed and acceleration

of the head convoy vehicle, albeit with a time lag. The Pair-Wise Granger Causality (PWGC)

[30] approach determines the likelihood of a causal link from variable Nj ⊂ R to endogenous

variable Vi ⊂ R by considering two auto-regressive models:

Vi,t =
τ∑

l=1

(wi,l Vi,(t−l)) + εi,t (3.16)

Vi,t =
τ∑

l=1

(wi,l Vi,(t−l) + wj,l Nj,(t−l)) + εi,t (3.17)

where wi,l, wj,l ∈ R represent coefficients specific to a time lag l for variables Vi and Nj

respectively, and τ is the maximum time lag considered. Meanwhile εi and εj are white-noise time
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series which represent the influence of factors external to the auto-regressive models. Practically

speaking, the coefficients described by wi,l and wj,l correspond to elements in a multidimensional

array W, which provides a complete description of the linear causal relationships between the

variables it considers. If Nj does indeed have a causal effect upon Vi one would expect Nj to

possess unique information allowing one to better predict Vi with (3.17) than with (3.16). An

F-test can be applied to an accuracy metric (e.g. residual sum of squares) for each of the models

to determine whether the difference is significant enough to consider a causal link to have been

discovered. Furthermore, following the determination of all causal links, one can formulate

approximations of the structural equations by merging the learnt auto-regressive models. Note

that this particular variant of PWGC, along with the methods that follow, does not identify

instantaneous causal relations. However, this is not typically an issue for the considered use

case, as most data pertaining to autonomous agents is captured at smaller intervals than the

average human reaction time.

The PWGC approach is limited in that it only ever considers pairs of variables and can

therefore struggle with mediators relationships present in the underlying causal graph. Multi-

Variate Granger Causality (MVGC) [45] builds upon PWGC by proposing the following auto-

regressive models at the cost of higher computational overhead:

Vi,t =
∑

Nk∈N−j

τ∑
l=1

(wk,l Nk,(t−l)) + εi,t (3.18)

Vi,t =
∑
Nk∈N

τ∑
l=1

(wk,l Nk,(t−l)) + εi,t (3.19)

where N−j = N \{Nj}. Unlike PWGC, which only considers self causation in the restricted case

and the additional information provided by a single variable in the full case, MVGC considers

all bar variable Nj in (3.18) and all variables in (3.19). Because this approach considers

all information available while only excluding the information of variable Nj that is being

examined as a cause, it is not only able to tackle mediator causal relationships, but is also

robust against against confounding variables. This is because any confounding case other than

an exogenous variable that only affects the potential cause and effect will have its information
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already captured by (3.18) and therefore cannot lead to a misleading increase in accuracy in

(3.19). MVGC otherwise operates similar to PWGC, comparing accuracy metrics associated

with each auto-regressive model via an F-test, determining if a causal link is present.

The Temporal Causal Discovery Framework (TCDF) [46] offers a non-linear approach

that is based upon Attention-based Dilated Depth-wise Separable Temporal Convolutional

Networks (AD-DSTCNs) which are themselves based upon Attention-based Convolutional Neural

Networks (ABCNNs) [138]. Rather than train pairs of auto-regressive models an AD-DSTCN is

trained for each variable whereby a learnable attention-value limits the participation of each

variable in predicting the future values of the network associated variable. The idea being that

as the network is trained the attention values will come to indicate which of the time series are

most likely to have a causal effect over the time series being predicted for. The most significant

difference between AD-DSTCNs and ABCNNs is the use of a dilation mechanic in AD-DSTCNs

which allows the use of smaller One-Dimensional (1D) kernels while maintaining a wide range

of possible time lags between causes and effects.

The Neural Additive Vector Auto-Regression (NAVAR) [53] approach is another NN based

technique which can model non-linear relationships between variables. In contrast to TCDF,

NAVAR trains an NN — a Multi-Layer Perceptron (MLP) here — for each variable to predict

for all other variables. The final predicted value for each variable is formulated from the sum of

the contributions from all variables, plus an additional bias value. NAVAR then assumes that if

a variable is a causal parent of another variable, it will hold useful predictive information and

thus its contributions will vary more. Hence the variance of the contributions from variables

can be used as a metric to detect causal parentage.

3.2.2.2 Noise-Based Approaches

Noise-based approaches share a theoretical similarity with Granger-causality-based approaches

in that these approaches also rely upon examining the flow of information between variables.

However, in contrast to Granger causality, noise-based methods do not operate upon identifying

information possessed by variables useful for predicting other variables. Instead they attempt

to identify the direction of causal relationships by identifying information variables hold about

the noise of other variables.
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The first noise-based method is built upon the LiNGAM approach [39], which the Vector

Auto-Regressive Linear Non-Gaussian Acyclical Model (VAR-LiNGAM) [139] approach extends

to operate upon time-series data. To explain the premise of VAR-LiNGAM, first consider the

following bivariate example of LiNGAM [39]. One assumes that if variable Nj has a causal

effect upon endogenous variable Vi that the distribution of each variable is generated as follows:

Nj = εj (3.20)

Vi = wi,jNj + εi (3.21)

where εi and εj represent noise from the influence of factors external to the above models. Under

this distribution, Vi captures information on the noise provided by εj because its value is derived

from Nj. However, Nj does not capture any information on εi, establishing an asymmetry that

LiNGAM aims to exploit. It is important to note that εi and εj cannot both be Gaussian, as

under these conditions it is impossible to determine the causal direction.

In order to solve the directions of causal links the model reframes the underlying model

responsible for the data as V = WV + ε where V is the set of variables represented as a vector,

ε is a vector of noise values, and W is a strictly lower triangular matrix which describes the

causal links of E. If the model is further refined to V = W′ε where W′ = (I−W)−1 one can

attempt to solve for W. The initial work on LiNGAM [39] applied independent component

analysis [140] in order to achieve this. However, VAR-LiNGAM utilises an alternate version

known as the Direct Linear Non-Gaussian Acyclical Model (DirectLiNGAM) [141] approach.

This method constructs an auto-regressive model and recursively checks independence between

each variable acting as a predictor and the residuals given by applying that predictor to other

variables. The most independent predictor is placed highest in the causal hierarchy. In each

subsequent step the remaining variables are substituted for their residuals obtained during

the previous step to remove the influence of variables with established positions. Since the

above process only establishes the direction of causation, the strength of causal effects can

be determined by conventional covariance-based regression, before pruning is carried out by

applying the adaptive-lasso method [142]. From here the time-series extension provided by
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VAR-LiNGAM [139] is facilitated by expanding the previously-described model over a time

window defined by the MTL τ :

Vt =
τ∑

l=1

(Wl V(t−l)) + εt (3.22)

Provided one can approximate (Wl)1≥l≥τ the steps of DirectLiNGAM can be followed in similar

manner albeit working with time-series variables. The use of adaptive lasso is once again

important in order to reduce the number of false-positive causal edges. Note that because

(Wl)1≥l≥τ is formulated in terms of endogenous variables, this method cannot be used to identify

causal edges from specific exogenous variables. Note, while W is a matrix for LiNGAM, it is a

3D array for VAR-LiNGAM in order to have weightings across several time lags.

The other noise-based approach, Time-series Models with Independent Noise (TiMINo) [51]

consists not so much of a single model as much as it describes a class of models. The models

described by TiMINo are assumed to adhere to the form:

Vi,t = f ε
i (Paτ (Vi,t), εi,t) (3.23)

where f ε
i ∈ F ε is a variation on structural equations that adds a noise term εi,t. In addition

to the usual assumptions of the ground-truth graph being acyclic and causal faithfulness, the

underlying model must adhere to one of the following:

• Instances of f ε
i are linear, and instances of εi,t are non-Gaussian.

• Instances of f ε
i are non-linear, and instances of εi,t are Gaussian.

Alternatively these requirements can be relaxed if the data follows a time structure — as opposed

to independent and identically distributed time-indexed variables. Due to the nature of the data

being worked with, this latter case captures the task more closely. In terms of how TiMINo

operates, it utilises a supplied regression method and independence test. The implementation

used here is comprised of a linear-regression model and a cross-covariance-based independence

test with Bonferroni correction. TiMINo proceeds by learning a predictor for each time series

and then determining how independent each time series involved in the predictor is from the
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residuals produced from applying the predictor. The time series with the predictor that produces

the greatest level of independence is deemed to be at the bottom of the causal hierarchy as

little or no information regarding its own noise is present in other time series. This process is

repeated until a full causal hierarchy is established. At this point the causal parents of each time

series are refined by removing those time series unnecessary to produce independent residuals.

3.2.2.3 Constraint-Based Approaches

Constraint-based approaches rely upon conditional-independence tests, assuming causal faithfulness

as described in Definition 9. Both of the constraint-based methods considered here share a

similar initial process of first identifying which which nodes are unconditionally independent.

They then progressively check independence upon adjacent node pairs conditional upon their

neighbours. Once adjacencies remain stable one can identify unshielded triples and convert

these into collider structures as these are the only structures that can be directly identified

under the assumptions of the methods considered. For example if Ni and Nj are both adjacent

to Nk but not to each other, and Ni and Nj are not independent conditional upon Nk, the only

possible faithful graph structure would be for Nk to be a collider of Ni and Nj. At this point

the behaviour of each of the considered approaches diverges.

One of the oldest constraint-based methods is the PC approach [38]. Following the steps

outlined above PC proceeds to iteratively apply 3 rules for refining the causal direction of adjacent

nodes. Depending upon the data available it will not always be possible to orient every edge. The

resulting graph describes an Markov Equivalence Class (MEC) which contains all the possible

fully-directed causal graphs based upon the remaining undirected edges, should any be present.

The Peter-Clark algorithm with Momentary Conditional Independence (PCMCI) approach [47]

extends PC to better work with time series. While the initial steps are similar to PC, the

momentary-conditional-independence test is designed to avoid the influence of auto-correlations

by evaluating the level of dependence between nodes while conditioning upon the parents of

both nodes. It is important to note that PCMCI can be used with any conditional-independence

test, though for this work only the partial-correlation [143] approach is considered.

The other constraint-based method builds upon Fast Causal Inference (FCI) algorithm [144]

and is aptly named Time-Series Fast Causal Inference (tsFCI) [49] to reflect its modifications
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specific to time series. FCI follows the same initial process as PC, however when it comes

to the iterative application of rules there are 10 rules as opposed to 3. The purpose of these

additional rules to allow FCI to accommodate the presence of exogenous hidden confounder

ancestors and hidden descendants that have been inadvertently conditioned upon (e.g. selection

bias). To achieve this FCI works upon the concept of a maximal ancestral graph rather than

an MEC. This allows for bi-directional edges representing hidden confounder ancestors, and

non-directional edges representing where hidden descendants have been conditioned upon. With

tsFCI the conversion of the time series into a window-time-graph skeleton facilitates most of the

work required to allow FCI to operate effectively on time-series data. Two restrictions of tsFCI

are that it can no longer capture instantaneous causal links nor hidden descendants that have

been conditioned upon, however neither of these are problematic for the use case considered.

3.2.2.4 Non-Stationarity-Based Approaches

While most approaches struggle with non-stationarity, approaches such as Constraint-based

causal Discovery from Nonstationary / heterogeneous Data (CD-NOD) proposed by Zhang

et al. [54] actively aim to exploit non-stationarity. For the most part CD-NOD resembles a

constraint-based approach except with the addition of a surrogate variable designed to capture

either domain-based or time-based distribution shifts. The discovery of the causal-graph skeleton

is carried out in a similar manner to a method such as PC, relying upon conditional-independence

tests and applying orientation rules. In determining causal direction, CD-NOD bears some

similarities to a noise-based approach. However, rather than examining the propagation of noise

CD-NOD examines the influence of variable specific parameters calculated as a function of the

surrogate variable. Since the actual parameters are unknown CD-NOD tackles the problem

through the application of kernel density estimation. One limitation of this approach is that if

there is a particularly influential hidden confounder present CD-NOD may struggle to correctly

identify the correct causal direction between affected variables.

In the aforementioned work, CD-NOD was purely intended for application on instantaneous

causal relationships, however it was discussed that it was natural to extend the method to include

time-lagged relationships. This was subsequently accomplished by Huang et al. [145]. However,

a shortcoming of CD-NOD is that while it can capture shifts in causal-model parametrisation, it
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cannot capture changes to the causal skeleton that occur with time, nor can it capture shifts in

causal direction with time. This is also true of the time-lagged extension, meaning that a causal

relationship that varies in time lag over time but not in causal effect cannot be adequately

captured. Nevertheless of the approaches evaluated in this work, CD-NOD should in theory

offer the best framework to provide robustness against non-stationarity.

3.2.2.5 Score-Based Approaches

Score-based approaches view the causal-discovery process as the task of finding a causal graph

which maximises a scoring metric of how well the data fits the supplied graph. Since an exhaustive

search would be computationally intractable this is typically tackled as an optimisation problem.

In terms of the score metrics used for this type of approach, the Bayesian information criterion

[146], the Bayesian Dirichlet equivalence [147] score, and a cross-validation-based [148] technique

have all been proposed as options.

However, the approach considered for evaluation here is an evolution of Non-combinatorial

Optimisation via Trace Exponential and Augment Lagrangian for Structure learning (NOTEARS).

This method, Dynamic Non-combinatorial Optimisation via Trace Exponential and Augment

Lagrangian for Structure learning (DYNOTEARS) [52], defines a new metric with which to

assess how well the data fits the current model. The following consists of the metric they define

without any of the components relating to instantaneous causal relationships:

ℓ(W) =
1

2(tmax + 1− τ)

tmax∑
t=τ

∑
Vi∈V

(
Vi,t −

τ∑
l=1

∑
Nj∈N

(wi,j,l Nj,(t−l))

)2

+ βW∥W∥1 (3.24)

where βW is a regularisation constant and ∥ · ∥1 is the Manhattan distance. Meanwhile wi,j,l

corresponds to the i-th row and j-th column of a slice of multidimensional array W defined

by the time lag l. The first half of the metric aims to minimise the error of approximation via

multidimensional weight array W, while the second half aims to simplify this array with the

addition of a regularisation term. After optimising W one can then construct a causal graph

by applying a threshold to each element wi,j,l within W, and adding a graph edge should the

value prove great enough. As a result W is both a weight array updated while learning a linear

predictive model with DYNOTEARS, as well as a description of causal adjacency.
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3.2.3 Benchmark Experiments

In this section the experiments carried out to benchmark the previously-described methodologies

are detailed. This is followed by coverage of the subsequent results and the conclusions to be

drawn from them.

3.2.3.1 Data, Code, & Parameters

The experiments were carried out on three datasets independently, the ‘Woven Prediction’ dataset

[149], the ‘highD’ dataset [150], and a novel synthetic dataset. For all datasets the variables

utilised to represent the agents were acceleration and speed, representing the actuation-oriented

and goal-oriented perspectives on capturing behaviour presented in Section 3.1.3.

The code used in the experiments builds upon an earlier framework provided by Assaad et

al. [44]. This code along with any publicly-shareable data is made available in a Git repository5.

The key parameters universal to all the methods were the significance alpha λα and MTL τ .

In order to avoid assessing the efficacy of the methods with a poor parameter selection these

values were individually varied. The values used for the significance alpha were 0.001, 0.005,

0.01, 0.03, 0.05 and 0.1, while using an MTL of 2.5 s based upon a conservative estimate of

reaction and actuation times of human drivers. Meanwhile the values used for the MTL were

2.5 s, 3.6 s and 4.9 s, while using a significance alpha of 0.05. Any remaining parameters involved

in these experiments will be documented in Appendix A, but may be mentioned briefly in the

following text. Note that this includes parameters relating to the generation of the synthetic

dataset described below.

highD Dataset The highD dataset focuses upon stretches of highway at six locations across

Germany [150]. It offers extensive coverage of the roads it considers by capturing overhead

footage using a drone. This is automatically annotated, resulting in a positional error of labelled

vehicles typically under 10 cm. The dataset recordings were captured at 25Hz over the course

of several minutes. Rather than a semantic map, the dataset offers the y-position of the lane

markings in pixel space, as all data is aligned to have the lanes run parallel to the x-axis.

5https://github.com/cognitive-robots/temporal-cd-evaluation-paper-resources
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Due to additional details in terms of lane occupancy and inter-vehicular adjacency provided

by the dataset, it was possible to automate the process of creating scenes. To do this one can

scan the agent meta-data and look for the following conditions:

• All agents present in the extracted scene must not change lanes at any point in the

scene. This is to simplify the process of identifying vehicles with behaviour independent

of one-another.

• The convoy head c0 and convoy tail c1 should be vehicles in the same lane, with c0 the

next vehicle directly ahead of c1.

• The independent vehicles {i0, i1, ...} should be vehicles occupying different lanes to the

convoy vehicles. No two independent vehicles should occupy the same lane. There must

be at least one independent vehicle for a scene to be valid for extraction.

• Both c0 and c1 should have an absolute difference between their maximum and minimum

speeds greater than 20% of their maximum speed.

• c0 should have a distance headway greater than 20m and c1 should have a distance

headway less than 10m. This is both to avoid extracted scenes with convoy sizes above

two and to ensure c0 and c1 are close enough for a causal interaction to actually occur.

• There must be a span of at least 10 s for which all relevant vehicles have data captured.

This is generally to ensure the scene is long enough for analysis. More importantly some of

the baseline methods expect the scene to be provided in a tabular format, which requires

data for every relevant agent at each of the captured time steps.

From this process a total of 115 scenes were extracted. Unfortunately, unlike the other two

datasets it was not possible to automate the process of determining the direction of causal

relationships, and thus the evaluation of this dataset was based on causal adjacency.

Woven Prediction Dataset This dataset is comprised of over a thousand hours of driving

data collected over 20 AVs operating in Palo Alto, California [149]. In contrast to the highD

dataset, this dataset is based around a much greater diversity of road structures and driving
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styles. The data itself is comprised of egocentric data (e.g. position and orientation of capturing

AV), details of nearby vehicles and pedestrians, and the status of any perceived traffic lights.

This time-series data is structured into a series of scenes, each ∼ 30 s in length and captured at

10Hz. In addition to these scenes, there is a static semantic map describing the road network

the AVs were operating on.

In order to transform the data available into two-agent convoy scenes upon which causal

discovery could be carried out, a manual inspection was carried out upon each scene in turn.

This was used to determine which scenes exhibited the scenario laid out in Section 3.1.3, and

within these scenes which agents — besides the ego vehicle — would form part of the scene.

In total 50 scenes were extracted from the dataset in this manner, all of which were at least

10 s in length following any trimming of the scene that needed to be carried out. Each of these

scenarios featured at least one acceleration or braking action from c0 and a noticeable response

from c1. As manual inspection offered greater control over selection criteria, it was possible to

check the direction of the causal relationship shown in Figure 1.4c, with it being from c0 to c1.

There exists a possibility of confounders in this dataset due to the greater variety of road

elements and increased difficulty of isolating causal relationships for quantitative evaluation. In

terms of the aforementioned road elements, the most significant impact comes from traffic lights

which have the capacity to jointly affect several agents outside of any causal influence they may

have on one another. However, other elements such as road signs or road markings can also act

as confounders, e.g. a speed sign may cause multiple vehicles to change speed one after another

despite no causal link existing between them. As for the increased difficulty in isolating causal

relationships for evaluation, since agents are no longer occupying straight sections of parallel

lanes it is harder to discern which agents are actually affecting one another in order to derive a

ground truth graph. While one could develop a strategy for doing so and analyse each scene in

turn, the sheer variety in road layouts makes it difficult to account for all cases that might be

encountered. Nonetheless, while the possibility of confounders does exist it is argued here that

this constitutes a fair challenge to the methods as the highD dataset lacks confounders — thus

allowing this work to evaluate the methods in their absence — and several methods claim to be

able to cope with confounders anyway.
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Finally, the speeds and accelerations of agents were estimated based upon the change in

agent positions between frames. Here in order to account for positional jitter, the speed and

acceleration were smoothed via a 15-frame moving average.

Synthetic Dataset In addition to running experiments upon the two real-world datasets,

experiments were also carried out upon a novel synthetic dataset. Doing so facilitates differentiating

between performance loss due to the nature of the scenario from performance loss due to real-

world complications (e.g. sensor noise, variations in human behaviour, etc.). In order to generate

this dataset, a series of speed-goal objectives were assigned for the lead convoy agent and

independent agent. A proportional-feedback controller was then used to actuate the acceleration

of the aforementioned agents while adhering to a set of linear kinematic constraints. Meanwhile

the tail convoy agent was actuated by a proportional-feedback controller that aims to maintain a

convoy distance based upon a braking time of 2.24 s, with a 0.5 s time lag to mimic a reasonable

human reaction time. In both of these cases the proportional-feedback controller in question

calculated the vehicle acceleration by multiplying the speed / distance error by a predefined

gain parameter. For the experiments it was found a proportional gain of 1.0 sufficed to produce

satisfactory causal scenes. The scenes were made to last for 50–70 s and were generated at

10Hz. Scenes were generated in such a way as to have 12 causal interactions within the convoy

and 12 actions carried out by the independent agent. Similar to the Woven dataset, the greater

level of control offered by synthesising the scenarios allowed the evaluation of a directed variant

of the causal relationship in Figure 1.4c, with c0 affecting c1. In total 100 synthetic scenes were

generated before being parametrised in terms of speed and acceleration respectively.

3.2.3.2 Evaluation Metric

To determine the efficacy of each evaluated method the True Positive (TP), True Negative (TN),

False Positive (FP), and False Negative (FN) counts for each causal scene were calculated.

For a discovered causal-summary graph ĜS = ⟨N̂S, ÊS⟩ compared against a ground-truth

causal-summary graph GS = ⟨NS, ES⟩, the calculations are as follows:
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|TP |O = |ÊS ∩ ES| (3.25)

|FP |O = |ÊS \ ES| (3.26)

|FN |O = |ES \ ÊS| (3.27)

|TN |O = |V S|(|V S| − 1)− (|TP |O + |FP |O + |FN |O) (3.28)

Similarly, these calculations can be made while treating the causal-summary graphs as causal-

adjacency graphs — as is done with the highD dataset:

|TP |A = 0.5|(ÊS∪{⟨N̂S
j , N̂

S
i ⟩ | ⟨N̂S

i , N̂
S
j ⟩ ∈ ÊS})∩(ES∪{⟨NS

j , N
S
i ⟩ | ⟨NS

i , N
S
j ⟩ ∈ ES})| (3.29)

|FP |A = 0.5|(ÊS∪{⟨N̂S
j , N̂

S
i ⟩ | ⟨N̂S

i , N̂
S
j ⟩ ∈ ÊS})\(ES∪{⟨NS

j , N
S
i ⟩ | ⟨NS

i , N
S
j ⟩ ∈ ES})| (3.30)

|FN |A = 0.5|(ES∪{⟨NS
j , N

S
i ⟩ | ⟨NS

i , N
S
j ⟩ ∈ ES})\(ÊS∪{⟨N̂S

j , N̂
S
i ⟩ | ⟨N̂S

i , N̂
S
j ⟩ ∈ ÊS})| (3.31)

|TN |A = 0.5|V S|(|V S| − 1)− (|TP |A + |FP |A + |FN |A) (3.32)

From these counts one can derive various evaluation metrics with which one can determine the

efficacy of the temporal causal-discovery approaches:

precision =


|TP |

|TP |+|FP | |TP |+ |FP | > 0

0 |TP |+ |FP | = 0

(3.33)

recall =
|TP |

|TP |+ |FN |
(3.34)

fall-out =
|FP |

|FP |+ |TN |
(3.35)

F1 score =
2 |TP |

2 |TP |+ |FP |+ |FN |
(3.36)

where precision is the proportion of identified causal links that are true causal links, recall

is the proportion of true causal links that are identified, and fall-out is the proportion of

non-causal-links that are falsely identified as causal links. Lastly F1 score offers a balanced
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measure between precision and recall, and thus a general measure of overall performance. In

order to calculate these metrics across the datasets for each method-parameter combination,

the precision, recall, and F1 score are calculated for each scene and then the mean and standard

deviation are calculated across these.

Before proceeding, the method of matching scenes to the predefined ground-truth graph

for each dataset is summarised here for the benefit of the reader. For the synthetic dataset

the data-generation method was simply built around the two-vehicle-convoy scenario described

in Section 3.1.3 and thus the resulting data was guaranteed to adhere to the ground truth.

For the highD dataset it was possible to filter scenes by whether or not they adhered to the

two-vehicle-convoy scenario — and thus the predefined ground-truth graph — by imposing a

strict set of restrictions utilising the dataset metadata. Lastly the Woven dataset relied upon

manual selection of scenes and agents by the author that adhered to the two-vehicle-convoy

scenario. The act of manually selecting or manually labelling scenes is arguably the most

practical method if one desired to carry out similar experiments with new data. However, the

main caveats that come with such an approach are the additional labour that is required and

the inherent subjectivity that comes with humans processing the data.

3.2.3.3 Results

The results are displayed in Table 3.1 and illustrated in Figure 3.2. Overall the best mean F1

scores are provided by DYNOTEARS, MVGC, and TiMINo. PCMCI and NAVAR also provide

competitive results, but are outperformed by at least one other method in every case. PWGC,

tsFCI, and CD-NOD generally under-perform compared with other methods, while TCDF and

VAR-LiNGAM completely fail in almost every case.

While it is possible that these failures are due to an issue of implementation, TCDF directly

calls the same code utilised by the original work [46] and VAR-LiNGAM directly calls code

from the Python ‘lingam’ package [141, 151], making this unlikely. Theoretically speaking it

is possible that TCDF is under-performing due to lack of training data, but this is made less

likely by the fact NAVAR is competitive also training upon the same amount of data. Likewise

with VAR-LiNGAM, it is possible that there is too weak of a direct coupling between variables

for the noise of one variable to affect another, but considering TiMINo is competitive, this is
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highD Woven Synthetic

Method Var. λα τ (s) Precision Recall F1 Score Precision Recall F1 Score Precision Recall F1 Score

CD-NOD acc. 0.1 N/A 0.05±0.12 0.15±0.35 0.07±0.17 0.23±0.37 0.32±0.47 0.26±0.39 0.30±0.17 0.81±0.39 0.43±0.22

CD-NOD sp. 0.1 N/A 0.02±0.11 0.05±0.22 0.03±0.13 0.34±0.45 0.40±0.49 0.36±0.45 0.32±0.33 0.57±0.50 0.39±0.37

DYNOTEARS sp. N/A 2.5 0.11±0.09 0.76±0.43 0.19±0.14 0.58±0.37 0.88±0.32 0.66±0.33 0.70±0.35 0.91±0.29 0.76±0.31

DYNOTEARS sp. N/A 3.6 0.12±0.12 0.80±0.40 0.20±0.15 0.57±0.34 0.90±0.30 0.66±0.30 0.69±0.35 0.90±0.30 0.76±0.31

MVGC acc. 0.001 2.5 0.03±0.04 0.29±0.45 0.05±0.08 0.34±0.13 0.94±0.24 0.49±0.15 0.70±0.31 0.95±0.22 0.78±0.25

MVGC acc. 0.03 2.5 0.02±0.04 0.33±0.47 0.05±0.07 0.32±0.08 0.94±0.24 0.47±0.12 0.60±0.26 0.98±0.14 0.72±0.20

MVGC sp. 0.001 2.5 0.00±0.01 0.06±0.24 0.01±0.03 0.32±0.22 0.76±0.43 0.44±0.27 0.94±0.16 1.00±0.00 0.96±0.11

PWGC acc. 0.001 2.5 0.07±0.03 0.97±0.16 0.12±0.05 0.38±0.21 0.90±0.30 0.52±0.22 0.70±0.29 0.98±0.14 0.78±0.22

NAVAR sp. 0.1 2.5 0.00±0.00 0.00±0.00 0.00±0.00 0.52±0.30 0.96±0.20 0.63±0.25 0.77±0.29 0.99±0.10 0.83±0.21

PCMCI acc. 0.05 3.6 0.08±0.15 0.28±0.45 0.12±0.21 0.27±0.41 0.34±0.47 0.29±0.42 0.91±0.23 0.97±0.17 0.93±0.20

PCMCI acc. 0.05 4.9 0.07±0.12 0.33±0.47 0.12±0.18 0.35±0.40 0.50±0.50 0.39±0.42 0.78±0.33 0.91±0.29 0.82±0.30

PCMCI sp. 0.1 2.5 0.13±0.26 0.23±0.42 0.16±0.30 0.27±0.35 0.42±0.49 0.32±0.39 0.63±0.44 0.70±0.46 0.65±0.44

Random N/A N/A N/A 0.06±0.04 0.80±0.40 0.11±0.07 0.33±0.24 0.75±0.44 0.44±0.28 0.33±0.24 0.75±0.44 0.44±0.28

TCDF acc. 0.05 3.6 0.01±0.09 0.01±0.09 0.01±0.09 0.09±0.28 0.10±0.30 0.09±0.28 0.19±0.39 0.19±0.39 0.19±0.39

TCDF sp. 0.05 3.6 0.00±0.00 0.00±0.00 0.00±0.00 0.10±0.26 0.14±0.35 0.11±0.29 0.00±0.00 0.00±0.00 0.00±0.00

TiMINo acc. 0.05 3.6 0.07±0.06 0.69±0.46 0.12±0.10 0.46±0.37 0.74±0.44 0.54±0.37 0.92±0.21 0.98±0.14 0.94±0.17

TiMINo sp. 0.05 3.6 0.06±0.03 0.91±0.28 0.11±0.06 0.53±0.31 0.92±0.27 0.64±0.27 0.51±0.25 0.98±0.14 0.64±0.20

TiMINo acc. 0.03 2.5 0.06±0.06 0.63±0.48 0.12±0.11 0.40±0.37 0.64±0.48 0.47±0.39 0.95±0.18 0.98±0.14 0.96±0.16

tsFCI acc. 0.001 2.5 0.00±0.00 0.00±0.00 0.00±0.00 0.34±0.39 0.54±0.50 0.40±0.40 0.39±0.39 0.60±0.49 0.45±0.40

tsFCI sp. 0.001 2.5 0.00±0.00 0.00±0.00 0.00±0.00 0.48±0.38 0.76±0.43 0.55±0.37 0.05±0.17 0.09±0.29 0.06±0.19

VAR-LiNGAM acc. 0.005 2.5 0.06±0.08 0.45±0.50 0.11±0.14 0.08±0.27 0.08±0.27 0.08±0.27 0.07±0.26 0.07±0.26 0.07±0.26

VAR-LiNGAM sp. 0.05 3.6 0.02±0.08 0.07±0.25 0.03±0.12 0.17±0.37 0.18±0.38 0.17±0.37 0.00±0.00 0.00±0.00 0.00±0.00

Table 3.1: Full benchmark results given in terms of mean and standard deviation values across
precision, recall, and F1 score. Rows are separated by method-parameter combinations, and
columns depict the aforementioned metrics associated with each combination. The parameter
combinations shown represent those that provide the maximum F1 score of the associated
method for each dataset, for a maximum of three unique parameterisations. Lastly, the values
in bold indicate the maximum mean value of a metric within a given column.

again unlikely. Another possibility is that all variable noise is Gaussian, and TiMINo is still

able to perform causal discovery despite this fact, while VAR-LiNGAM cannot.

In terms of parameter selection, significance alpha has the most influence although also

the least consistent pattern of the two key parameters, making it an important parameter to

tune for effective application of many methods. Overall MTL has a minimal impact across

many approaches, but in general over-estimating the MTL leads to degradation in performance,

therefore a good estimate may suffice.

A clear issue illustrated by these results is the lack of readiness for these methods to be

applied to real-world data in these types of scenarios. While some methods such as MVGC

and TiMINo are able to get close to a F1 score of 1.0 on synthetic data, the best performance

that is seen on real-world data is from DYNOTEARS at ∼ 0.565 F1 score. This is clearly an

unacceptable level of performance within the AV domain, demonstrating that either significant

62



improvements need to be made to existing methodologies or alternative directions of research

considered. This work does however highlight which methods could be candidates for further

work, namely the aforementioned MVGC, TiMINo and DYNOTEARS methods.

In Figures 3.3 and 3.4 qualitative results are offered in the form of the discovered graphs for

two scenes utilising acceleration and speed as the variable of interest respectively. While these

visualisations do offer some information regarding the general over-sensitivity (PWGC, TiMINo,

VAR-LiNGAM) or over-specificity (MVGC, NAVAR, TCDF, tsFCI) of methods, it does show

any consistent pattern of failure across the methods. With this in mind a further examination

of the input data itself is warranted.

Between real-world data and synthetic data the main differences that could explain the

degradation of performance are: increased levels of noise, causal non-stationarity, and causal

sparsity. Of these issues the latter two are of greater interest here, as issues resulting from

noise do not directly relate to causality research and can potentially be resolved at a lower

level of abstraction (e.g. more accurate localisation). In terms of causal non-stationarity, the

synthetic dataset effectively has stationarity as a result of the agent reaction time always

being 0.5 s, meanwhile real-world drivers feature inconsistent reaction times. As for causal

sparsity, the real-world scenes that are considered are typically 30 s or under and contain a few

causal interactions within the convoy at most. Meanwhile the synthetic scenes are 50–70 s in

length and contain 12 causal interactions within the convoy. This highlights a key issue with

attempting causal discovery in a system where causal interactions may be infrequent and the

observation window brief. The combination of these issues also likely explains the relatively

poor performance of a method leveraging non-stationarity like CD-NOD. Here synthetic scenes

provide ample stationary data, while real scenes provide relatively little data and may also be

non-stationary in nature.

Diagnosing which of these three aforementioned issues may be present within a given scene

can be done by a human provided they can visualise the scene in question. In terms of noise, if

the agents under consideration are moving erratically as a result of poor localisation then it is

unlikely the causal-discovery methods will be able to make causal inferences, as such sudden

movements interfere with the patterns created in data by the real-world causal relationships.
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Causal sparsity is also easy to check, as a causally sparse scene will show the agents of interest

only observably interacting for a small part of the overall scene, e.g. 3 s of interaction in a

30 s scene. Lastly causal non-stationarity can be diagnosed if the manner in which two agents

behaviourally interact is inconsistent across the scene. Examples include the tail agent in a

two-vehicle convoy reacting to the head agent with differing time lags, or alternatively the head

agent and tail agent alternating in who affects who throughout the scene.

One last area of discussion relating to the results is the potential reasons why the methods

perform notably better on the Woven dataset versus the highD dataset. This is particularly

surprising given the increased scene complexity, sensor noise, and presence of confounding factors

present in the Woven dataset. Here it is possible that the manual selection of scenes has had an

impact. Because scenes were selected based upon instances where there was notable behavioural

interaction between agents (e.g. braking to a stop, pulling away at an intersection) it is likely

that the causal relationship was depicted strongly in the data. By contrast, because the highD

dataset utilised automated extraction based upon metadata, its extracted scenes may contain

instances of more subtle or gradual behavioural interactions which in turn may be depicted

more weakly in data. While it is difficult to verify if this is indeed the cause for this discrepancy

the potential for human bias was always a risk when considering the manually selected scenes

and agents from the Woven dataset. Thus it seems prudent to focus upon the highD dataset

moving forwards in order to minimise any such risk of human bias.

3.2.3.4 Discussion

The experiments establish that the evaluated approaches struggle with tackling even a simple

causal scenario in the AV domain when working with real-world data. However, these methods

constitute the frontiers of the temporal-causal-discovery field, indicating that further development

of existing methodologies or new lines of thought entirely may be necessary to overcoming the

new challenges presented within the AV domain.

The chief qualities of these new types of problems are causal non-stationarity and causal

sparsity. The first of these has been identified in some recent literature as a matter of concern

[40]. There has been some progress in this direction with one work applying a non-stationary
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causal-discovery approach to medical data [152] and another very recent work attempting

causal discovery on conditionally-stationary data [153]. This latter example is interesting

because it explores a physical causal relationship between particles through a spring, which more

closely mirrors the types of relationships present in the AV domain. The Optimal Causation

Entropy (oCSE) method [48] also claims to avoid assuming stationarity, but has the limitation

of only working with time lags of a single time step.

Causal sparsity as a quality is harder to overcome, as observational approaches inherently rely

upon evidence that is hard to accrue from the brief interactions that occur within autonomous-

agent domains. Here a counterfactual approach to causal discovery could potentially succeed

by using approximations of agent behaviour to discover agent behavioural-interaction causal

relationships, and thus is a promising direction for future work.

Before concluding this chapter it is necessary to tackle a potential criticism of the evaluated

scenario, namely that it might fall victim to some of the challenges and limitations of causal

discovery centred around two variables [154]. The main difficulty that comes from two-variable

causal discovery is the difficulty in identifying the direction of causality. Here there are two

matters to note regarding the evaluated scenario. The first is that given the temporal resolution

instantaneous causal relationships between variables are of no relevance. This means that

given sufficient correlation between two variables with a time lag, one can typically rely upon

temporal precedence to identify the direction of causality. Secondly, and more crucially, the

highD dataset experiments only evaluated the methods based upon the causal adjacency of

discovered graphs. Thus, the inability to determine the direction of causality due to the focus

upon two variables cannot possibly be the reason for the poor performance of the methods in

this particular case. With these two matters taken into consideration it seems improbable that

the results of these experiments are due to the simplicity of the scenario in question, but instead

reflect the challenges of causal non-stationarity and sparsity discussed above.

Having discussed the benchmark results and their implications one can now summarise the

contributions of this chapter as follows:
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• An analysis of the benefits and challenges associated with describing AV scenarios via

SCMs or more generally causal graphs. Causal representations offer high-level models

that capture how the behaviour of autonomous agents affect one another. Such high-level

models allow for increased interpretability and potentially the ability to generalise causal

knowledge gained from a particular scene. However, this has the caveat of making it harder

to define ground-truth graphs for complex scenarios without making strong assumptions

regarding the underlying behavioural interactions.

• A set of benchmark experiments applying contemporary temporal causal-discovery methods

to AV datasets. This work represents one of the first in its field to carry out such a

benchmark and is a foundational step in establishing the readiness of causality to be

applied to autonomous-agent domains. Critically it was identified that existing methods

fall short of the necessary level of performance required for such a domain, along with

reasons some of these methods may have performed poorly. More generally however it was

found that the difficulties encountered by these methods is likely the result of qualities

associated with the autonomous-agent data itself.

• An analysis of the challenges posed by autonomous-agent data when identifying causal

relationships. While sensor noise was likely partially to blame for some failure cases, the

predominant culprits for the poor causal-discovery performance were causal non-stationarity

and causal sparsity. This could be identified by comparing how the qualities of the data

differed between the synthetic and real-world datasets as the causal-discovery methods

performed comparatively well on the former. Crucially this means that autonomous-

agent data, in which interactions can be infrequent and not always consistent, cannot be

effectively interpreted by traditional causal-discovery methods due to their data-driven

nature, thus prompting the consideration of alternative approaches.
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(a) Legend

(b) Dataset (c) Variable of Interest

(d) Significance Alpha (e) MTL (s)

Figure 3.2: F1 score from applying each method in the benchmark to the highD, Woven, and
synthetic datasets. During the evaluation experiments the variable of interest (i.e. speed or
acceleration), significant alpha, and MTL were varied independently in order to minimise the
risk of poor performance from parameter selection. Figure 3.2a is the legend for all the other
subfigures, matching line / bar colour to each of the evaluated methods. 3.2b illustrates the peak
F1 score achieved across all parameter combinations for each dataset. Figure 3.2b illustrates the
mean taken across the peak F1 scores for each dataset with parameter combinations determined
by fixing the variable of interest and varying the other parameters. Figures 3.2d and 3.2e
similarly illustrate the mean taken across the peak F1 scores for each dataset except fixing the
significance alpha and MTL respectively. The main take away points are that significance alpha
and MTL have a minimal impact on the performance of the methods, but the variable of interest
selection can have significant impact. Unfortunately there does not seem to be a consistent
pattern across all methods, although there is some consistency within method types — i.e.
Granger causality, noise-based approaches, and constraint-based approaches all seem to generally
prefer acceleration. However, it appears the input data’s nature has a far greater impact than
the method or parameter selection as indicated by the synthetic dataset outperforming the
Woven dataset, which in turn outperforms the highD dataset, each by notable margins.
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(a) CD-NOD (b) DYNOTEARS (c) MVGC

(d) PWGC (e) NAVAR (f) PCMCI

(g) TCDF (h) TiMINo (i) tsFCI

(j) VAR-LiNGAM (k) Random (l) Ground Truth

Figure 3.3: Depicts the causal-summary graphs from applying each of the evaluated methods
to a scene from the highD dataset with acceleration as the variable of interest (λα = 0.05,
τ = 2.5 s), along with the ground truth (Figure 3.3l). Most methods appear to either exhibit
too high a sensitivity (Figures 3.3a, 3.3d, 3.3h, and 3.3j) or too high a specificity (Figures 3.3c,
3.3e, 3.3g, and 3.3i), with only DYNOTEARS offering a competitive result (Figure 3.3b).
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(a) CD-NOD (b) DYNOTEARS (c) MVGC

(d) PWGC (e) NAVAR (f) PCMCI

(g) TCDF (h) TiMINo (i) tsFCI

(j) VAR-LiNGAM (k) Random (l) Ground Truth

Figure 3.4: Depicts the causal-summary graphs from applying each of the evaluated methods to
a scene from the highD dataset with speed as the variable of interest (λα = 0.05, τ = 2.5 s),
along with the ground truth (Figure 3.4l). Most methods appear to either exhibit too high a
sensitivity (Figures 3.4b, 3.4d, 3.4h, and 3.4j) or too high a specificity (Figures 3.4c, 3.4e, 3.4g,
and 3.4i), with only PCMCI offering a competitive result (Figure 3.4f).
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Chapter 4

Identifying Agent Behavioural Interactions via

Theory of Mind

In Chapter 3 the idea of utilising causality for capturing behavioural interactions was introduced,

alongside an evaluation of existing causal-discovery approaches for identifying such interactions.

However the benchmark of temporal causal-discovery techniques demonstrated the unreadiness

of such methods to be applied to autonomous-agent data. In this chapter an action-based

perspective on the causal representation of behavioural interactions is introduced (Section 4.1)

and a novel method of identifying behavioural interactions via theory of mind is proposed and

evaluated (Section 4.2). Figure 4.1 offers some preliminary insight as to how the approach

presented in this chapter differs from those considered in the previous chapter.

4.1 Casual Relationships Between Agent Actions

Section 3.2 identified two issues that traditional temporal causal-discovery approaches encounter

in trying to identify behavioural interactions between autonomous agents. While causal sparsity

is indeed a property that greatly increases the difficulty of such identifications, causal non-

stationarity presents a more fundamental issue for the actual representation of behavioural

interactions. If causal non-stationarity is present then a window-time-graph representation will

not suffice, yet a full time graph would require one to identify links from variables across any

number of previous time steps to the variables being analysed in the current time step. What is

required then is a representation that provides a similar expressiveness to a full time graph, yet

retains the size, simplicity, and interpretability of a window time graph.
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(a) A scenario illustrative of causal non-stationarity in the behavioural interactions of convoy agents
c0 and c1. In this scenario c0 and c1 are initially travelling at similar speeds, however c0 begins to
decelerate, causing c1 to have to decelerate in response. Shortly after however c1 begins to tailgate c0
by accelerating, causing c0 to accelerate in response. Thus because of the switch in causal direction as
well as the inconsistent causal time lags the scene lacks causal stationarity.

(b) Depiction of traditional temporal causal discovery applied to this scenario. Typically such methods
work directly upon the input time-series data and then output a window-time graph, although in
some cases only a causal-summary graph is given as output. In any case, as a result of the causal
non-stationarity of the scenario most temporal causal-discovery methods would struggle to identify
and subsequently represent the behavioural interactions taking place.

(c) Depiction of the theory of mind approach presented here. The first step in this process is extracting
behaviour of each agent in terms of discrete actions rather than continuous variables. Since these
actions now represent time-specific instances of behaviour rather than variables persisting throughout
the scene, the issue of causal stationarity is removed, as the causal relationships are specific to each
action pair. Once actions have been extracted, once can utilise simulation to envisage counterfactual
outcomes. By considering how the presence of absence of actions affect the optimality of the outcomes
for agents, one can then identify behavioural interactions as causal relationships between actions.

Figure 4.1: Visualisation of the difference between the presented approach and traditional
temporal causal-discovery methods.
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4.1.1 Viewing Agents as Decision Makers

In order to develop a solution that can tackle causal non-stationarity one must first identify the

reasons for non-stationarity being present to begin with. One potential explanation for this is

that autonomous agents cannot be modelled as simple control systems. This is backed up by the

fact that the synthetic dataset in Section 3.2 performed quite well compared to real-data, and was

generated with proportional-feedback control. Within the AV domain this runs counter to some

existing research that makes use of frameworks such as IDMs [93]. Such models treat drivers

as control systems which attempt to achieve a desired speed while maintaining a safe distance

ahead. This is a valid assumption in many cases. However, even in these cases stationarity is

not guaranteed due to inconsistencies such as reaction times. These models are also limited as

they only consider target speed and not actions such as lane changing. This suggests that such

models are a simplification of the true process behind agents, and if one wishes to gain insights

into the behavioural interactions of agents, one must consider the world from their perspective.

While autonomous agents may exhibit some behaviour that resembles a control system such

as an IDM, this work argues that such control is ultimately motivated by decisions made by

the agents in the form of actions. Thus, a causal model that wishes to capture behavioural

interactions between agents should reason in terms of said actions. Actions as a means of

expressing the intentions and behaviour of agents are by no means novel, with commonly used

frameworks such as MDPs [155] and action languages (e.g. Stanford research institute problem

solver [156], planning domain definition language [157], action description language [158]) making

them a foundational part of their functioning. This work does not attempt to advance planning

nor action description, instead it focuses on how and why agent behavioural interactions should

be formulated in terms of their discrete actions. In doing so there is a departure from the vast

majority of work within causal discovery, which typically attempts to find generalisable causal

relationships between continuous variables — versus individual relationships between discrete

actions. In addition to the practical reason of overcoming non-stationarity as an obstacle, it is

also argued that reasoning in terms of actions more closely matches human cognition. Consider

the following statements, in the context of the scenario described in Section 3.1.3, both reflective

of the same observation:
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1. ‘The speed of agent c1 is proportional to the speed of agent c0, with a time lag of 1 s’

2. ‘Agent c1 braked at 5 s in response to agent c0 braking at 4 s’

Even assuming the stationarity assumed by the first statement holds, the latter statement is

debatably much more in line with the manner which humans think and talk about events. It is

with all these factors in mind, that a causal action-based representation of agent behavioural

interactions is proposed.

4.1.2 Autonomous-Agent SCMs

Having discussed the motivations behind basing behavioural-interaction representation upon

actions, the formalisms that permit this representation are now introduced. First and foremost,

a novel temporal-SCM definition is proposed based upon a theory of mind for autonomous

agents. While this is built as an extension of window-time-graph SCMs it is assumed the window

time graph exhibits the Markov property.

Definition 10 (Markov Property). The Markov property assumes that within a stochastic

process the probability distribution over the next state depends only upon the current state, i.e.

the process is memoryless.

In the context of causality this effectively only permits causal links with a time lag of 1. It is

still possible to practically have causal relationships with a time lag greater than one, however

this must be achieved via proxy variables to store values across multiple time steps.

Within this work this term will be used to refer to any memoryless process represented via

SCMs. This is despite the fact there are instances — due to interventions or exogenous variables

with degenerate distributions — where SCMs may represent deterministic memoryless processes.

Nevertheless, SCMs generally are stochastic as a result of their exogenous variables capturing

factors outside of those modelled via structural equations.

Based upon these concepts a novel temporal-SCM definition can be made, designed to

represent autonomous agents via an SCM-based framework.
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Figure 4.2: Overview of the autonomous-agent SCM structure.

Definition 11 (Autonomous-Agent SCM). For a set of relative time lags LA = {0, 1} an

autonomous-agent SCM, based upon Definitions 7 and 10, is a tuple:

MA = ⟨UA, V A, EA, FA, P (U)⟩ (4.1)

with its elements defined as follows:

• UA ⊆ U × LA is a set of exogenous variables indexed to each relative time lag in LA.

UA
i,l ≡ ⟨Ui, l⟩ ∈ UA refers to exogenous variable Ui indexed to relative time lag l.

• V A ⊆ ({VS, VA, VD} ∪ V O)× LA is a set of endogenous variables indexed to each relative

time lag in LA. Here VS is the world state captured as a variable, VA is the composite

action of the agent stored as a variable, VD are the driving-actuation values of the agent in

a variable, and V O are all other variables besides. V A
i,l ≡ ⟨Vi, l⟩ ∈ V A refers to endogenous

variable Vi indexed to relative time lag l.

• EA ⊂ (UA ∪ V A)× V A is a set of directed edges that indicate the first time-lag-indexed

variable of the tuple is an input for the second time-lag-indexed variable of the tuple —

which is endogenous by definition. Otherwise matches Definition 7.

• FA = {fA
0 , f

A
1 , ...} is a set of structural equations that derive the values of time-lag-indexed

endogenous variables. Otherwise matches Definition 7.

• P (U) is the joint probability distribution over the domains of the exogenous variables U .

Otherwise matches Definition 7.

In addition to the above definition, an overview of the general structure of autonomous-agent

SCMs is provided in Figure 4.2. The main aspects that differentiate this specific SCM definition
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from a typical window-time-graph SCM is the integration of the Markov property along with the

expectation of a particular structure based around the VS, VA, and VD variables. The operation

of agents based upon this structure is expected to follow the ensuing steps:

1. VS,t is updated based upon the world state at the time t.

2. A planner takes the state variable VS,t and outputs the composite-action variable VA,t for

time t.

3. The driving-actuation values for time t, VD,t are derived from a combination of action

values that are directly controllable from VA,t in addition to a controller’s outputs based

upon inputs from goal-state values from VA,t and current state values in VS,t.

4. Driving-actuation values in VD,t are used to interact with the world, the current time

advances to t+ 1 before the loop returns to step 1.

Based upon this structure and series of operations one can identify variable VA as the primary

variable of interest for the task of representing behavioural interactions between agents. With

this in mind one can define a novel temporal graph that captures behavioural interactions based

upon the full-time-graph and autonomous-agent SCMs.

Definition 12 (Behavioural-Interaction Graph). For time steps T ⊆ N a behavioural-interaction

graph, based upon Definitions 4 and 11, is a tuple:

GBI = ⟨NBI , EBI⟩ (4.2)

with its elements defined as follows:

• NBI = {V0,A,0, V0,A,1, ..., V1,A,0, V1,A,1, ...} is a set of the composite-action variables for

multiple agents across the time steps described by T . Here Vi denotes all variables for an

agent i, Vi,A the composite-action variable across time for agent i, and Vi,A,t the composite-

action variable for agent i at time t. While the autonomous-agent SCM described by

Definition 11 specifies causal relationships in terms of relative time lags, it is assumed that

in this instance one is analysing a period of time over which the autonomous-agent SCM

has been rolled out post-hoc.
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• EBI = {⟨Vi,A,t, Vi′,A,t′⟩ | t < t′, i ≠ j, Vi,A,t ∈ AnT (Vi′,A,t′), Vi′,A,t′ ∈ V0 ∪ V1 ∪ ...} is a

set of directed edges which indicate the first composite-action variable of the tuple has

a causal effect upon the second composite-action variable of the tuple based upon their

values at times t and t′ respectively. This can effectively be used to describe a causal

relationship between two discrete agent actions, or what can otherwise be considered a

representation of behavioural interactions between agents.

With the definition of this structure one can redefine the objective of this work as identifying

the edges EBI that describe the behavioural interactions present within a given scene.

Lastly, in order to contextualise the actions and the previously-described structures a working

format for actions is described within the AV domain. The value ai,t of a composite-action

variable Vi,A,t of an agent i at time t is defined as follows:

ai,t = ⟨gi,t,sp, gi,t,la⟩ (4.3)

where gi,t,sp and gi,t,la refer to speed and lane goal values respectively. Here a goal gi,t,x is defined

for agent i with state variable x at time t as:

gi,t,x = ⟨⟨si,t′,x, t′⟩, t⟩ ∼∼∼ ⟨si,t′,x, t′⟩ (4.4)

where si,t′,x and t′ refer to the desired state variable value and target time respectively for a

goal of agent i at time t — i.e. achieve value si,t′,x by time t′. As the notation suggests, often

when working directly with goals (e.g. for their extraction) they include their start time as

part of the goal tuple structure. However, in other instances it makes little sense to include

this information — i.e. because the start time for the current goal will always be the current

time step. Thus the exact format used in any particular place will depend upon what is most

convenient considering the operations taking place, however this should be clear via the context

provided by any given discussion. Lastly, note that gi,t,x,x ≡ si,t′,x and gi,t,x,t′ ≡ t′ may be used

as an alternative form of notation in some instances throughout this work, again depending

upon which form offers the most clarity for any given discussion.
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4.1.3 Extracting Autonomous-Agent Actions

The motivations for using an action-based representation for behavioural interactions have been

established and the structures that can be used for this purpose have been formalised. Now

one can begin to consider how the relevant actions may be inferred from data gathered from a

scene. While identifying behavioural interactions between agents is largely domain independent,

this step does require a level of understanding of the domain. Here the current speed and lane

of a vehicular agent are considered as the state variables, the desired speed and lane as the

action variables, and the acceleration and steer as the driving-actuation variables. However, the

method shown here for extracting actions could be applied to any domain in which variables

possess a similar relationship.

The first step to identifying vehicular actions is to identify the discrete speed goals. A set of

potential speed-goal start times T g,sp,A
i and target times T g,sp,Ω

i , are derived as follows:

T g,sp,A
i = { t ∈ T | (di,t,a < λd,a ∧ di,(t+1),a ≥ λd,a) ∨

(di,t,a > −λd,a ∧ di,(t+1),a ≤ −λd,a),

di,t,a, di,(t+1),a ∈ R } ∪ { min T }

(4.5)

T g,sp,Ω
i = { t ∈ T | (di,t,a ≥ λd,a ∧ di,(t+1),a < λd,a) ∨

(di,t,a ≤ −λd,a ∧ di,(t+1),a > −λd,a),

di,t,a, di,(t+1),a ∈ R } ∪ { max T }

(4.6)

where di,t,a ∈ R is the value associated with the acceleration component of the driving-actuation

variable VD of agent i at time step t. Likewise di,(t+1),a ∈ R is the same except for time step

(t+ 1). Meanwhile λd,a is a threshold used to determine there has been sufficient actuation in

order to conclude a new speed goal was set.

Assuming that T g,sp,A
i and T g,sp,Ω

i are sorted and can be indexed, Algorithm 1 describes the

process by which the set of time-indexed goals gggi,sp can be extracted for agent i. Here si,t,sp ∈ Ss

is the value associated with the speed component of the state variable VS of agent i at time t.

Then λδa,sp,t is a threshold used to ensure there is enough time between the action start time

and the goal target time in order to reflect a protracted effort from the agent. Lastly, λδa,sp,sp is
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Algorithm 1: Autonomous-Agent Speed Goal Extraction

Data: VS, T , T
g,sp,A
i , T g,sp,Ω

i

Result: gggi,sp
gggi,sp := {}, j := 0, k := 0;

while j < |T g,sp,A
i | ∧ k < |T g,sp,Ω

i | do
t = T g,sp,A

i [j], t′ = T g,sp,Ω
i [k];

if t′ − t ≥ λδa,sp,t ∧ |si,t,sp − si,t′,sp| ≥ λδa,sp,sp then
gi,t,sp := ⟨⟨si,t′,sp, t′⟩, t⟩;
gggi,sp := gggi,sp ∪ { gi,t,sp };
while T g,sp,A

i [j] < T g,sp,Ω
i [k] do

j++;
end

else
k++;

end

end
if |gggi,sp| = 0 then

t := min T ;
gi,t,sp := ⟨⟨si,t,sp, t⟩, t⟩;
gggi,sp := { gi,t,sp };

end

used to determine whether there is a sufficient difference between the speed at decision time

and the goal target speed in order to be significant. Assuming both of these conditions are met,

an additional goal is added to gggi,sp, otherwise the next potential goal target time is considered.

Whenever a goal is added to gggi,sp, the next potential goal start time is selected from those

greater than or equal to the target time of the recently added goal, as it is assumed only one

goal can be pursued at a time.

With the set of speed goals established, one must now extract the time-indexed lane goals for

vehicular agent i. Unlike the speed goals, these can be extracted by set comprehension alone:

gggi,la = { ⟨⟨si,t,la, t⟩, t− λδa,la,t⟩ | ∀
t+λ′

δa,la,t

t′=t+1 si,t′,la = si,t,la, si,t,la ̸= si,(t−1),la,

si,t,la, si,(t−1),la ∈ T VS,la , t ∈ T } ∪ { ⟨⟨si,(minT ),la, min T ⟩, min T ⟩ }
(4.7)

where si,t,la ∈ T VS,la is the value associated with the lane component of the state variable VS

of agent i at time t. Similar to the speed-goal extraction si,(t−1),la ∈ T VS,la is the same as si,t,la

except it considers time step (t− 1). Meanwhile λδa,la,t represents a threshold on the time prior
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Algorithm 2: Autonomous-Agent Action Extraction via Goal Merging

Data: gggi,sp, gggi,la
Result: aaai
aaai := {}, j := 0, k := 0;
do

gi,sp := gggi,sp[j];
gi,la := gggi,la[k];
ai := ⟨⟨gi,sp[0], gi,la[0]⟩, max{ gi,sp[1], gi,la[1] }⟩;
aaai := aaai ∪ ai;
if j = |gggi,sp| − 1 then

k := k + 1;
else if k = |gggi,la| − 1 then

j := j + 1;
else

if gggi,sp[j][1] = gggi,la[k][1] then
j := j + 1;
k := k + 1;

else if gggi,sp[j][1] < gggi,la[k][1] then
j := j + 1;

else
k := k + 1;

end

end

while j < |gggi,sp| ∧ k < |gggi,la|;

to lane change the lane-goal must have begun and λ′
δa,la,t represents how long an agent must

have remained in a lane for a change of lane-goal to have occurred.

With sets of speed and lane goals now established, one can formulate a series of time-indexed

actions by combining the goal sets, as per Algorithm 2. Similar to the previous algorithm, it is

required that the speed-goal set gggi,sp and lane-goal set gggi,la can be indexed and are sorted based

upon their time-indexing. Thus the time-indexed actions for the scene have been extracted, and

one can begin to consider how causal relationships between agent actions can be identified.

Before proceeding to discuss the means by which one might identify said causal relationships

it is important to note the computational overhead of this extraction process. At least for

the domains considered throughout this work the process described above scales linearly with

scene duration and the number of agents. Regardless the extraction process typically takes up

minimal computation time in comparison to the subsequent inference of causal relationships.
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4.2 Discovering Causal Links Between Actions via Theory of Mind

Having remedied the obstacle of causal non-stationarity by adopting an action-based perspective

to behavioural interactions (see Figure 4.1), one can now begin to tackle the difficulties presented

by causal sparsity. Since the goal is to now identify causal links between individual actions

rather than variables, the problem of causal sparsity is exasperated, as one must identify the

presence of a causal link based upon only the information captured by the two actions involved.

The solution presented in this section utilises the theory-of-mind concept introduced in Section

4.1, a variety of reward metrics, and counterfactual simulation in order to achieve this.

4.2.1 Simulation-Based Counterfactual Action-Causal-Link Identification

The actual identification of causal links between agent actions requires the establishment of

several definitions pertaining to causality. From here the process of simulating counterfactual

timelines can be outlined, and the resulting notations described.

4.2.1.1 Causal Necessity & Conditional Optimality

Before discussing the means by which causal relationships are identified in this work, it should

be qualified that it is specifically causal relationships of necessity that are considered here. Below

this property is described, in terms of two actions aC,t and aA,t′ of agents C and A respectively.

Definition 13 (Causal Necessity). Action aC,t was necessary for action aA,t′ to have occurred,

if aA,t′ would not have occurred had aC,t not occurred. This does not imply that aC,t was

solely capable of causing aA,t′ to occur — as is the case with causal sufficiency — just that its

occurrence was part of a chain of required events that caused aA,t′ to happen.

With this established, there is now the question of how one can determine that one action was

necessary in bringing about another. For this, one can consider the theory of mind introduced

in Section 4.1 and depicted in Figure 4.2. Here the actions of an agent are captured through

the variable VA and are derived from a planner. While it is difficult to infer the exact cognitive

process by which an agent plans, in the absence of an immediate goal state it is reasonable to

assume that either a heuristic or reward mechanism is used to guide agent decisions. Furthermore,

81



one would assume that agents prefer actions / plans that are optimal or near-optimal based

upon said mechanism. In the context of causal-relationship identification this leads this work to

introduce the concept of conditional optimality.

Definition 14 (Conditional Optimality). Action aA,t′ is conditionally optimal on action aC,t

occurring, if aA,t′ would not have been optimal — or near-optimal — had aC,t not occurred.

While quite similar to Definition 13, this definition incorporates intuitions regarding agent

planners. Conditional optimality for two potentially causally-linked actions is significantly easier

to test. One only need determine how the occurrence of aC,t affects the optimality of aA,t′ based

upon some metric. Before one can consider this metric though, it is first necessary to consider

how data on an alternate occurrence of actions can be gathered. To this end it is proposed

that simulations be used to counterfactually gather information about alternate worlds in which

certain actions did not occur.

4.2.1.2 Deriving Counterfactual Data via Simulation

Given that SCMs describe the data-generation process for a given system, it is relatively simple

to simulate counterfactual timelines by rolling out an SCM after abducting exogenous-variable

distributions and intervening upon the desired variables. If considering agents at a high level,

one can refer to Figure 4.2. In this figure, the action variable VA is being intervened upon

by altering the occurrence of the potential cause and effect actions, resulting in the planner

component of the SCM loop effectively being removed. Thus, provided one has determined how

to emulate the control and world components of the SCM, it should be possible to perform the

counterfactual roll-outs.

World Within many agent-oriented domains the high-level world component is knowable

and can be well defined. Within simplified problems this could be a grid-world representation,

e.g. [11, 159]. However, more frequently a physics model — typically based upon rigid bodies

[160] — is utilised to simulate how agents interact with each other and the world around

them, based upon their driving-actuation values and the previous world state. For the AV

domain considered here, a 2D rigid-body simulator is utilised with vehicles represented via their
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rectangular bounding box. Into this simulator, each vehicle supplies its acceleration and steering

as an output from the control component, based upon the input from action variable VA.

Control In contrast to the world component of an agent SCM, the control component is

harder to infer. This component is responsible for converting the value of the action variable

VA into the value of the driving-actuation variable VD for a given time step. Thus the exact

structure and cognition of this component is highly domain dependant. As such while a general

solution is not available, a description of the approach taken here for the AV domain is provided.

Based upon the AV action defined in (4.3) and the driving-actuation values described in

Section 4.1.3 it is necessary to convert speed and lane goals into acceleration and steering values.

For a speed goal gi,t,sp = ⟨si,t′,sp, t′⟩ the required acceleration di,t,a is calculated as follows:

di,t,a =
si,t′,sp − si,t,sp

δt max { t′ − t, 1 }
(4.8)

where δt is the fixed time-step spacing in terms of real-time. This effectively just calculates the

average acceleration required to reach the goal speed, at the goal time. However, this does come

with the caveat, that if the goal time is in the present or past, the control will try to have the

agent reach the goal speed within a single time step.

The steering is of greater difficulty to derive and here is defined in terms of curvature, i.e.

radians per metre. From here the lane goal gi,t,la = ⟨si,t′,la, t′⟩ is used to calculate the required

steering di,t,st as follows:

di,t,st =
stla(si,t′,la) + stmid(gi,t,la, si,t)

2
(4.9)

where stla(·) : T VS,la → R is a function that returns the curvature of the input lane identifier.

Meanwhile stmid(·) : T VS,la → R is a function that utilises the input lane identifier to determine

the steering required to face towards the midpoint of the lane, and is defined as follows:

stmid(gi,t,la, si,t) =
atan2 ((lmid(si,t′,la)− si,t,pos)× si,t,dir, (lmid(si,t′,la)− si,t,pos) · si,t,dir)

si,t,sp δt max { t′ − t, 1 }
(4.10)
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where si,t,pos and si,t,dir are the state values associated with the position and direction components

of agent i at time t. As for the function lmid(·) : T VS,la → R2, it takes the lane component of a

state value and returns the midpoint associated with that lane. Thus the steering control uses a

mixture of lane-curvature information along with directional error based upon current agent

positioning in order to derive its output.

By combining these two control mechanisms, one has sufficient parts for the control component

of the AV-domain framework utilised here, as described by the SCM design depicted in Figure

4.2. From here the concept of counterfactual contexts can be introduced, in turn allowing one

to begin considering how optimality metrics can identify causal relationships between actions.

4.2.1.3 Counterfactual Contexts

Having described the general concept behind the proposed method of this work, as well as how

the necessary counterfactual data might be gathered via simulation, new notation is introduced

in order to formally define the optimality metrics considered here. Specifically, the idea of

a counterfactual context denoted via [ · ]X is introduced. This corresponds to evaluating the

contents of the square brackets under a counterfactual simulation in which the intervention

specified by X is applied. In this work, only three counterfactual contexts need be considered:

• The counterfactual context in which the potentially causing action aC,t of agent C does

not occur. This is formally denoted by [ · ]{¬aC,t }, but for succinctness [ · ]¬C will be used.

• The counterfactual context in which the potentially affected action aA,t′ of agent A does

not occur. This is formally denoted by [ · ]{¬aA,t′ }, but for succinctness [ · ]¬E will be used.

• The counterfactual context in which neither the potentially causing action aC,t of agent C

nor the potentially affected action aA,t′ of agent A occurs. This is formally denoted by

[ · ]{¬aC,t,¬aA,t′ }, but for succinctness [ · ]¬C,¬E will be used.

Lastly, in the absence of a counterfactual context indicated through the square bracket notation,

it can be assumed that any values referenced correspond to those from the originally observed

scene, devoid of any interventions.
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4.2.2 Inferring Causal Relationships via Optimality Metrics

Having now introduced the concepts of conditional optimality and the means by which data can

be gathered via counterfactual simulation, one remaining task is to determine how to measure

optimality for an autonomous agent. Once again this is considered from the perspective of the

AV domain in keeping with previous sections. To this end three variations of optimality metric

are presented here: reward-based, agency-based, and hybrid.

4.2.2.1 Reward-Based Variant

The reward-based variant makes the assumption there is some numerical metric to measure how

desirable a particular world state is from the perspective of an agent. For the state variable

VS the value for agent i at time t is denoted as si,t. For this state value the reward function

r(·) : T VS → R is defined as follows:

r(si,t) = rttc(si,t,ttc) · rcct(si,t,cct) · rs(si,t,sp) (4.11)

rttc(si,t,ttc) = 1− exp(−si,t,ttc) (4.12)

rcct(si,t,cct) =


1, si,t,cct ≤ 0

0, si,t,cct > 0

(4.13)

rs(si,t,sp) = 1− 0.5 exp(−max{ 0.1 si,t,sp, 0 }) (4.14)

where si,t,ttc, si,t,cct, and si,t,sp refer to the TTC, Cumulative Collision Time (CCT), and speed

values of si,t respectively. Here the overall reward given by (4.11) is calculated as a product of

the other reward metrics provided.

For a pair of potential cause and effect actions aC,t and aA,t′ , one can begin to derive a metric

for the likelihood of a causal link being present between the actions by considering the minimum

reward under different counterfactual contexts. To do this a measure of the extent to which the

rewards indicate conditional optimality is defined:
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δr,A = δ+r,A + δ−r,A (4.15)

δ+r,A =

(
min

t′′∈(t′,t′+βh]
r(sA,t′′)

)
−

[
min

t′′∈(t′,t′+βh]
r(sA,t′′)

]¬E
(4.16)

δ−r,A =

[
min

t′′∈(t′,t′+βh]
r(sA,t′′)

]¬C,¬E
−

[
min

t′′∈(t′,t′+βh]
r(sA,t′′)

]¬C
(4.17)

where δr,A is formed from a combination of δ+r,A and δ−r,A. Here δ+r,A measures the extent to

which agent A taking aA,t′ increases reward given that aC,t occurs. Meanwhile δ−r,A measures the

extent to which agent A taking aA,t′ decreases reward given that aC,t does not occur. These are

calculated based upon a simulation horizon βh which defines how far into the future reward is

considered. Once δr,A is derived, provided it is above a threshold λδr a causal link is identified

between aC,t and aA,t′ , as the following describes:

ξrewardaA,t′
=


1, δr,A ≥ λδr

0, δr,A < λδr

(4.18)

4.2.2.2 Agency-Based Variant

Agency in the context of this work refers to an agent’s ability to carry out its actions as planned.

The most common example of this property being violated is as a result of a collision between

agents. Environmental factors such as wind and ice could also influence this, however such factors

are harder to capture. With this in mind the agency function ag(·) : 2T VS×T → 2T
VS×T → B is

defined given two state variable time series sC, sA ∈ 2T
VS×T as follows:

ag(sC, sA) =
∧

t′′∈(t′,t′+βh]


0, sC,t′′,cct > 0 ∧ sA,t′′,cct > 0 ∧ sC,(t′′−1),cct ≤ 0 ∧ sA,(t′′−1),cct ≤ 0

1, otherwise

(4.19)

The function relies upon states from both agents C and A in order to ensure that the loss of

agency is due to a collision between the agents of interest, and not from a third entity. It is

assumed that an agent will act in such a way as to maintain their ability to enact their own
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actions. As such, now there is a way of calculating agency, one can describe four agency patterns

which pertain to causal relationships or the lack thereof:

ξactiveaA,t′
= (ag(sC, sA)) ∧ ¬[ag(sC, sA)]

¬E ∧ [ag(sC, sA)]
¬C,¬E (4.20)

ξpassi.aA,t′
= (ag(sC, sA)) ∧ ¬[ag(sC, sA)]

¬C ∧ [ag(sC, sA)]
¬C,¬E (4.21)

ξfacil.aA,t′
= (ag(sC, sA)) ∧ ¬[ag(sC, sA)]

¬C ∧ ¬[ag(sC, sA)]
¬C,¬E (4.22)

ξm.e.m.
aA,t′

= (ag(sC, sA)) ∧ ¬[ag(sC, sA)]
¬E ∧ ¬[ag(sC, sA)]

¬C,¬E (4.23)

The active and passive cases describe situations where a causal link should be present. The

active case describes a situation where the action aA,t′ must be taken given that aC,t has occurred

in order to avoid a loss of agency, or in other words the agent is actively forced to take the

affected action. The passive case in contrast describes a situation where taking action aA,t′

in the circumstance where aC,t has not occurred would lead to a loss of agency, and thus the

occurrence of aC,t passively allows the action aA,t′ to be made. In contrast the facilitation

and mutual-effect-motive cases describe cases where a causal link is unlikely to be present or

impossible to test for. In the facilitation case, because agency is lost regardless of whether aA,t′

is taken assuming aC,t did not occur, it is impossible to evaluate the impact of the presence of

aC,t upon the choice to take action aA,t′ . Meanwhile the mutual-effect motive describes a case

where failing to take aA,t′ regardless of whether aC,t has occurred will lead to a loss of agency,

and therefore it is in the agent’s interest to take action aA,t′ in either case.

With these metrics defined, one can now determine whether a causal link is present:

ξagencyaA,t′
= (ξactiveaA,t′

∨ ξpassi.aA,t′
) ∧ ¬(ξfacil.aA,t′

∨ ξm.e.m.
aA,t′

) (4.24)

4.2.2.3 Hybrid Variant

Here an approach that combines elements from the reward-based and agency-based variants is

described. Given the previously defined causal-link tests and metrics, one can define the hybrid

test as follows:

ξhybridaA,t′
= (ξactiveaA,t′

∨ ξpassi.aA,t′
∨ ξrewardaA,t′

) ∧ ¬(ξfacil.aA,t′
∨ ξm.e.m.

aA,t′
) (4.25)
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Here the left side of the conjunction states that the counterfactual contexts must either indicate

active or passive causal links — based upon the agency-based variant — or demonstrate sufficient

conditional optimality as defined by the reward-based variant. Meanwhile the right side matches

the agency-based variant completely in specifying that the counterfactual contexts must not

indicate that a facilitation or mutual-effect-motive case is present. This effectively amounts to

the agency-based causal-link test with the additional opportunity to add causal links where the

reward-based metric is above the predefined threshold.

4.2.3 Evaluation Experiments

With the optimality-based causal-link testing methods defined, one can now evaluate the efficacy

of these variants, comparing against the methods benchmarked in Section 3.2.3.

4.2.3.1 Data, Code, & Parameters

The experiments were carried out upon the same highD dataset [150] scenes as those documented

in Section 3.2.3.1, foregoing the Woven, and synthetic datasets. The synthetic dataset lacks

sufficient information regarding bounding boxes and lateral movement. Meanwhile the Woven

dataset has lane structures that are heavily segmented. This is fine for AV-navigation purposes,

but it raises questions such as how lane transitions can be effectively represented, and what the

default behaviour should be when a simulated agent reaches a branching point. Since the highD

dataset offers a high scene count and was the most challenging dataset from Chapter 3 it made

sense to focus solely on this dataset.

The code relating to this work along with any data that can be publicly shared is made

available in a Git repository6. The method described in this chapter will henceforth be referred

to as the Simulation-based Causal Analysis and Reasoning System Version 1 (SimCARSv1)

framework. The code relating directly to this method’s implementation can be found in a

different yet associated Git repository7.

For action-extraction parameters, the acceleration actuation threshold is λd,a = 0.2m/s2; the

speed-goal speed-difference threshold is λδa,sp,sp = 1m/s; the speed-goal duration threshold is

λδa,sp,t = 1 s; and the pre- and post-lane-change lane-goal start-time thresholds are λδa,la,t = 1 s

6https://github.com/cognitive-robots/counterfactual-cd-paper-resources
7https://github.com/cognitive-robots/SimCARSv1
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and λ′
δa,la,t = 2.5 s respectively. For the causal-link identification, the reward-based conditional-

optimality threshold λδr is varied across the set of values specified by { 0.1x | x ∈ [1, 10] ⊂ N }.

As before, see Appendix A for additional parameters.

4.2.3.2 Evaluation Metric

For this set of experiments the same evaluation metrics are used as those from the benchmark

experiments, as documented in Section 3.2.3.2. The one departure from the evaluation metrics

described there is that the precision for each scene is calculated as follows:

precision =


|TP |

|TP |+|FP | |TP |+ |FP | > 0

−1 |TP |+ |FP | = 0

(4.26)

where precision values of −1 are then subsequently disregarded during the calculation of the

precision mean and standard deviation. This offers a better reflection of what precision actually

represents, as otherwise scenes that identify false-positive causal links are treated the same as

those which identify none — potentially due to overly high specificity. Importantly, this still

allows the metrics to be calculated on a scene-by-scene basis.

4.2.3.3 Results

Here the results of the evaluation experiments are documented. These are primarily quantitative

results, however a qualitative example was captured in order to better illustrate the process of

testing causal links based upon conditional optimality.

Quantitative Results regarding the efficacy of the proposed-approach variants are presented

in Table 4.1 and illustrated in Figure 4.3. In general all of the variants outperform DYNOTEARS,

MVGC, and TiMINo by a notable margin, with the hybrid and agency-based variants outperforming

all three baselines regardless of the λδr parameter. The peak mean F1 scores for the reward-

based, agency-based, and hybrid approaches are 0.349, 0.851, and 0.725 respectively. These all

outperform the top baseline, DYNOTEARS, by at least 0.223, which is a notable margin given

there is a smaller difference in F1 score between DYNOTEARS and the random baseline.

The differences in performance between the reward-based and agency-based variants indicate

that the simplistic collision-driven nature of the agency calculations provide a strong starting
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Method Var. λα / λδr τ (s) Precision Recall F1 Score

DYNOTEARS sp. N/A 3.6 0.118±0.116 0.800±0.400 0.197±0.147

MVGC acc. 0.03 2.5 0.025±0.039 0.330±0.470 0.046±0.071

Random N/A N/A N/A 0.060±0.039 0.800±0.400 0.110±0.069

SimCARSv1 (Reward-Based) N/A 0.5 N/A 0.333±0.300 0.904±0.295 0.420±0.283

SimCARSv1 (Agency-Based) N/A N/A N/A 0.887±0.238 0.896±0.307 0.837±0.317

SimCARSv1 (Hybrid) N/A 1 N/A 0.790±0.311 0.896±0.307 0.773±0.335

TiMINo acc. 0.05 3.6 0.070±0.062 0.687±0.464 0.125±0.104

Table 4.1: The precision, recall, and F1 score of applying each of the SimCARSv1 variants to
the highD dataset. Additionally a subset of Table 3.1 is included, depicting the highD-dataset
results for the DYNOTEARS, MVGC, and TiMINo methods, to act as baselines. Note that for
the baseline methods, specificity increases as λα decreases, whereas for the reward-based and
hybrid SimCARSv1 variants, specificity increases as λδr increases.

point for this type of causal discovery. It was expected that the reward calculations based

upon several factors would provide a more nuanced test which could capture edge cases that

the agency-based variant could not. As such the hybrid variant was intended to combine the

strengths of these two variants to compliment one another, however the evaluation metrics show

that the agency-based variant significantly outperforms the reward-based variant. The result is

that the hybrid variant resembles a version of the agency-based variant which is only hindered

by the inclusion of elements relating to the reward-based variant. This is reflected in the fact

that the hybrid variant’s peak F1 score is found when λδr = 1.0, or in other words when the

barrier for a causal link to be accepted by the reward-based variant is at its highest. This also

explains why the hybrid variant increases in performance as the reward-based variant decreases

in performance. While this does mean that for the purposes of this work the agency-based

variant provides the best performance, the concept of a reward-based variant still holds merit in

that it can better capture a variety of agent motivations across a continuous set of values. But

with this greater complexity comes a need for additional tuning, thus further research is needed.

Qualitative Figure 4.4 illustrates a two-agent-convoy scenario based off the one described

in Section 3.1.3, and the process of applying SimCARSv1 to it. Figure 4.4a depicts both the

original scene as well as counterfactual outcomes associated with the scenario. In this scenario

the front vehicle c0 — indicated in red — brakes in order to avoid collision with the vehicle

in front of it; and in response the rear vehicle c1 — indicated in green — brakes in order to
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avoid collision with c0. Within this scenario c0 can be considered as the causing agent C and

its braking as the causing action aC,t. Meanwhile c1 can be considered as the affected agent A

and its braking in response to the behaviour of c0 as the affected action aA,t′ .

The counterfactual outcomes show that the absence of aA,t′ with aC,t still occurring would

cause c1 to collide with c0. Meanwhile the absence of aC,t will cause c0 to collide with the

vehicle in front of it regardless of whether aA,t′ is taken, leaving c1 unscathed in both cases.

In terms of the optimality metrics this leads to a large δ+r,A from the perspective of c1, as

the outcomes represent the difference between normal driving conditions and c1 experiencing a

collision. Meanwhile δ−r,A is negative given that it is still beneficial for c1 to brake in either case,

even if it is less critical assuming the absence of aC,t. Still the combination of δ+r,A and δ−r,A is

still sufficient to indicate that a causal link is present between c0 and c1 provided λδr ≤ 0.69.

Based upon the agency conditional-optimality metrics defined in (4.20), (4.21), (4.22), and

(4.23), the type of relationship indicated by the metrics reflects aC,t actively causing aA,t′ . This

matches with the intuition that c0 forces c1 to brake with its actions, as to do otherwise would

cause c1 to have a collision. This also indicates that both the agency-based and hybrid variants

will positively identify the causal link between c0 and c1.

Lastly the causal-summary graph outputs of applying SimCARSv1 to two highD scenes

are shown in Figures 4.5 and 4.6. These graphs mostly reflect the behaviour implied by the

quantitative results, with the agency-based variant performing well, the reward-based variant

being overly sensitive, and the hybrid variant being hampered by its reward-based component.

Nonetheless these graphs offer greater clarity regarding the exact outputs given by these variants.

Importantly this also facilitate direct comparison with Figures 3.3 and 3.4 from Chapter 3 as

they utilise the same highD scenes.

4.2.3.4 Discussion

The above results along with the inherent rationale of the theory-of-mind approach demonstrate

that there is merit to this type of methodology. However, a few concerns ought to be addressed

and as such these direct the next steps of the overarching work documented in this thesis.

First among these is the use of a discrete-action representation over continuous variables.

While the reasons for doing this have been well established it still raises questions. One of these
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is how patterns regarding the causal relationships between actions can be determined such that

identified causal relationships can be utilised to aid in agent decision making. Similarly it is

debatable whether the current manner of extracting actions is optimal, not to mention the

uncertainty over how such an extraction method could be deployed in an online setting. There

is no immediately obvious solution here and further work is required to identify the best path

forwards for research in this area.

The second issue that needs to be diagnosed and remedied is the difference in performance

between the reward-based and agency-based variants of SimCARSv1. In theory the more diverse

criteria considered by the reward-based variant should lead to a more expressive and adaptable

metric of optimality. In reality the reward elements considered might not accurately reflect the

variations of motivations between drivers, nor does it account for irrational behaviour from

humans (e.g. reckless driving, road rage). By contrast the agency-based metric just carries

the expectation that drivers try to avoid collisions, which can generally be assumed to be true.

If one wishes to continue building upon the concept of reward-based conditional-optimality

metrics it seems prudent to incorporate some mechanism for capturing these variations from

agent-to-agent and thus more closely match the cognition of these agents.

The last issue is that the relationship identified between actions is not strictly causal.

The planning process of the potentially affected agent is somewhat emulated by exploring

the conditional optimality of the potentially affected action. However, intervening upon the

action variable of the affected agent in theory severs any causal path between the agents. The

most obvious means of remedying this would be to try and directly emulate agents and their

planning processes as part of an SCM. However, there are several obstacles to directly modelling

autonomous agents via SCMs, a matter which motivates the work of the next chapter.
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Figure 4.3: F1 score, precision, and recall from applying each variant of SimCARSv1 to the
highD dataset. The x-axis varies the reward-based conditional-optimality threshold λδr, which
influences just the reward-based and hybrid variants of SimCARSv1. The DYNOTEARS,
MVGC, and TiMINo results plotted here reflect their performance metrics from the benchmark
in Section 3.2.3, evaluated upon the same highD dataset. (© 2023 IEEE)
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(a) Counterfactual-Outcome Illustrations

(b) Reward-Based Optimality Metrics (c) Agency-Based Optimality Metrics

Figure 4.4: Qualitative example of applying SimCARSv1 to a two-agent-convoy scenario. The
rows annotated with aC,t and ¬aC,t indicate the outcomes associated with the counterfactuals in
which action aC,t did and did not occur respectively. Similarly the columns annotated with aA,t′

and ¬aA,t′ indicate the outcomes associated with the counterfactuals in which action aA,t′ did
and did not occur respectively. All of the metrics depicted here are done so from the perspective
of the affected agent, i.e. agent A. Lastly, while the illustrative depictions of the outcomes are
purely artistic, they are based upon a direct superimposition of art assets onto a user-interface
visualisation from SimCARSv1. (© 2023 IEEE)
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(a) Reward-Based Variant (b) Agency-Based Variant

(c) Hybrid Variant (d) Ground Truth

Figure 4.5: Depicts the causal-summary graphs from applying SimCARSv1 to a scene from
the highD dataset (λδr = 0.5), along with the ground truth (Figure 4.5d). The agency-based
variant performs well (Figure 4.5b) identifying a causal relationship between the convoy vehicles.
Meanwhile the reward-based variant is overly sensitive (Figure 4.5a) and while it does does
correctly identify a causal relationship between the convoy vehicles, it also identifies every
independent vehicle as affecting the tail convoy vehicle. The hybrid variant is seemingly
hampered here by the reward-based component (Figure 4.5c) as it exhibits the exact same issue
of over-sensitivity. Lastly it should be noted that the scene utilised for this figure is the same
scene utilised for Figure 3.3.
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(a) Reward-Based Variant (b) Agency-Based Variant

(c) Hybrid Variant (d) Ground Truth

Figure 4.6: Depicts the causal-summary graphs from applying SimCARSv1 to a scene from
the highD dataset (λδr = 0.5), along with the ground truth (Figure 4.6d). Similar to Figure
4.5 the agency-based variant performs well (Figure 4.6b). However, the reward-based variant
does perform better here (Figure 4.6a) only identifying a single spurious causal relationship.
Interestingly the reward-based variant is also the only variant to identify the potentially bi-
directional nature of the causal relationship between the convoy agents. In contrast, the hybrid
variant does not capture the bi-directionality of this relationship (Figure 4.6c) which could imply
the presence of facilitation or mutual-effect-motive cases between the actions of the convoy
vehicles. Similar to the previous figure the input scene here is the same used for Figure 3.4.
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Chapter 5

Extending Structural Causal Models for

Autonomous Agents

Chapter 4 introduced the concept of utilising theory of mind for identifying behavioural

interactions between autonomous agents. However, the proposed method which utilised this

concept — i.e. SimCARSv1 — ultimately was not grounded in true causality due to the

planner cognition not being emulated during counterfactual simulation. To elaborate, there

were two key flaws with this system. The first is that much of the system acts as a black-

box, or at least does not make an attempt to expose the flow of data through the system,

limiting the system’s transparency. Secondly, and more seriously however, the system intervenes

upon both the potentially causing and potentially affected action when attempting to identify

behavioural interactions. This breaks any possible link of causal ancestry as the intervention

on the potentially affected action causes its relationship with its parents to be severed. While

the system remains effective despite these flaws, they should nonetheless be addressed, both to

increase the system transparency and increase the causal grounding of any identified behavioural

interactions. Despite this the implementation of Autonomous Embodied Systems (AESs) via

SCMs is by no means a trivial feat, and thus this chapter aims to address the challenges facing

one wishing to carry out such an implementation. This is done in the hopes of alleviating

inconvenient limiting factors in the development of causality within this field. As such in this

chapter these challenges are explored (Section 5.1), a series of extensions to SCMs addressing

them are proposed (Section 5.2), and novel case studies on the integration of SCMs across two

autonomous-agent domains are discussed (Section 5.3).
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Figure 5.1: SCM without Socket Variables

Figure 5.2: Illustration of merging SCMs and the lack of ability to subsequently un-merge them.
Here solid borders denote endogenous variables, dashed borders exogenous variables, and dotted
borders socket variables.

5.1 Challenges to SCM Utilisation in Autonomous Agents

While it has been stated here that there are several challenges presented to implementing AESs

via SCMs these challenges have yet to be detailed. Thus an explanation of the exact nature of

these challenges is provided here, in order to motivate and guide the extensions of Section 5.2.

5.1.1 Modularisation & Encapsulation

While SCM use in AESs remains rare, those works that do utilise SCMs typically either utilise

a single monolithic SCM, or several entirely independent SCMs. Furthermore, it is rare to

store the data relating to an SCM within the structure of an SCM itself. This is a reasonable

approach for experimental settings or when working in data science. However, effective system

design would suggest one should aim to modularise and encapsulate SCMs in order to minimise

repetitions in the graphical structure, restrict data access based upon system design, and cater

each module to a particular aspect of the system [161]. While these are desirable qualities in

system design across domains, AESs have in particular shown a preference for modular libraries

which are easily ported and integrated across systems. The best showcase of this preference is

provided by the ROS framework [162], which features a decentralised modular design. This is

especially important when parts of the system may need to be replicated an arbitrary number

of times. For example, assuming a given SCM represents a single vehicle, this will need to be

replicated for each vehicle present in a scene.

SCMs are to some degree already modular by nature [4], as a causal graph may be cut

and endogenous variables replaced with exogenous. However this leaves system designers few

options for hiding or exposing exogenous variables. While it is true that exogenous variables

98



describe the full breadth of the external flow of data into an SCM, it should be possible as

system designers to specify which of these variables are exposed and how they are exposed.

Furthermore, there is no inherent mechanism by which the merging of two SCMs can be

reversed. For example if one considers Figure 5.2 it can be seen that after merging the two SCMs

there remains no record of x originally being an exogenous variable. Having lost this information,

along with the distribution associated with x when it was an exogenous variable, un-merging

the SCMs becomes difficult in the absence of external information. As such, extending SCMs to

inherently support dynamic merging and un-merging would significantly increase their inherent

modularity in addition to that of any architecture built upon them.

5.1.2 Constant-Space Representation of Time Series

Window time graphs offer a compact representation of temporally-lagged causal relationships,

particularly for AESs, which often assume the Markov property (see Definition 10). However,

even the window-time-graph representation still requires one to roll-out the graph during inference

to cover the relevant time period. This can lead to the rolled-out graph taking up a great deal

more space than the initial window time graph, not to mention that inferences over different

time periods typically each require their own independent roll-out. This becomes especially

complicated when one wishes to use the generative properties of SCMs to counterfactually

simulate different outcomes, creating separate branches for each inferred history.

Such roll-outs also represent a problem for SCM-wrapper design. If the window time graph

for an SCM captures the underlying system then it is unclear whether performing a roll-out

should mutate the original SCM within the wrapper, or whether the roll-out operation should

return a new rolled-out SCM. The former loses the original SCM representation, while the

latter could mean managing a large number of SCMs, neither option is ideal.

5.1.3 Arbitrary Number of Agent Interactions

When operating within their environments AESs belonging to certain domains — such as those

considered in this chapter’s case studies — will interact with various agents. The number and

nature of these agents will often vary, thus an SCM capturing an AES should allow the handling

of a fluid set of values. While the structural equations of an SCM can derive an output from
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an input set, the greater issue is being able to fluidly formulate such a set within an SCM. In

instances where this set is derived directly from observation, this can simply be captured via

an exogenous variable. However, given that such a fluid set would be comprised of agents, one

may also wish to explicitly model these agents within the SCM. In particular, causal methods

grounded in intentionalism [89] may wish to utilise a theory of mind for other agents when

making counterfactual inferences. Furthermore, assuming the conditions under which agents are

liable to influence one another depends upon the actions of said agents, abducting an exogenous

set of inputs may not suffice for the task in question.

5.2 Building Upon the Functionality of SCMs

This section details several extensions to the SCM formalism to address the challenges associated

with incorporating SCMs into AESs introduced in Section 5.1. This is done with the goal of

facilitating further work within causality that concerns agent behavioural interactions.

5.2.1 Structural Equations with Side-Effects

Before one can properly introduce any extensions to the SCM formalism, it is first necessary

to describe the process of integrating side-effects into the structural equations of an SCM.

Side-effects in this context of this work refer to computations that occur beyond the purely

mathematical calculations of structural equations (e.g. printing, communications, memory). In

order to incorporate this into the SCM formalism, a similar approach is taken to that typically

observed in functional-programming paradigms by utilising monadic actions [163].

Definition 15 (Monad). A monad M based upon the definition given by Wadler [163] is

comprised of the following elements:

• M(·), a type constructor.

• uM(·) : T →M(T ), a unit / return function that wraps a value of type T with the monad

of type M, giving the monadic value of type M(T ).
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• bM(·) : M(T )→ (T →M(T ′))→M(T ′), a bind function that applies a function to the

wrapped value of the input monadic value while propagating the monad forwards, wrapping

the output of the aforementioned function. The bind function will also occasionally be

denoted via a binary operator ▷M for a cleaner presentation.

Additionally a monadic action may be associated with data constructors that describe how

additional data pertaining to the monadic action can be passed when instantiating a monad of

the corresponding type. This can be utilised to embed additional computations within otherwise

mathematically pure functions. Effectively, the monadic action applied to a value provides

a means of keeping track of which computations need to be done and where. The primary

utilisation of monads within this work is to keep track of meta-variable information while

conducting inference on an SCM.

5.2.2 Variable Context

A variable context C is a set of meta-variables that are globally accessible by the structural

equations of the SCM to which it belongs. Utilisation of such a concept must be handled

with care, as one could inadvertently incorporate causal relationships via C that would not be

represented within the causal graph of the SCM. However, C only captures the current time

CT ∈ C and the time-step size Cδt ∈ C, and these are only used to emulate a temporal roll-out

and carry out other time-related computations. Thus C does not invalidate SCMs that make

use of it provided they do so via the structural equations described in Section 5.2.3.

From a theoretical point of view one can utilise the well documented state monad8 [163] to

implement such functionality, given its similar features.

Definition 16 (State Monad). A state monad S based upon the definition given by Wadler

[163] is a monad with elements defined as follows:

S(T ) = ( S → T × S ) (5.1)

8Despite the name this monad and its state domain do not directly relate to the state variables as described
previously in this thesis. These are just already well established terms within functional-programming literature.
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uS(v) = ( λx. ⟨v, x⟩ ) (5.2)

bS(S(v), f) = ( λx. (f (S(v) x)[0]) (S(v) x)[1] ) (5.3)

where x ∈ S is a state value drawn from the state domain of choosing, and v ∈ T is the wrapped

value of a predefined type. Furthermore, f(·) : T → S(T ′) is a non-specific function that takes

an input value of a given type and outputs a state monadic value of another type. Note that

this wrapped output type may be the same as the input type. Lastly, (5.3) makes use of a

lambda-calculus-style application of functions for the sake of clarity, and square brackets are

used to denote tuple indexing.

One can utilise this monad with the variable-context definition providing the data-type for

the state domain S. This effectively permits passing a variable context C into a state monadic

value returned by an SCM in order to carry out computations involving its meta-variables.

However, for the sake of simplicity in notation, and in order to focus upon the core contributions

of this work, it will be assumed that C is globally accessible via this monadic representation

even if not explicitly stated. Furthermore, this should not prove to be an issue with the inclusion

of other monads as the practice of composing monads together is well established [164].

5.2.3 Temporal Variables

Temporal variables do not refer to a specific variable or structural equation but instead a

class of endogenous variables that operate on, or with, time meta-variables. These can be

further separated into variables whose computations rely upon meta-variables and Previous

Time Step (PTS) variables which establish the temporal structure of the SCM. The latter of

these will be discussed first, as they are essential to understanding temporal representation

within the SCM-formalism extensions.

5.2.3.1 Previous-Time-Step Variables

PTS variables are used within the context of this work to address the challenge introduced in

Section 5.1.2. Namely they enable the representation of temporal SCMs utilising a recursive
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(a) Window-Time-Graph SCM (b) Extended SCM (c) Legend

Figure 5.3: SCMs depicting the calculation of speed ssp from acceleration da by calculating
the speed difference sδsp and adding it to the speed from the previous time step. A typical
time-series SCM would be coupled along with time-series data, corresponding with time-indexed
variables — as indicated via subscripts. In contrast the extended-SCM representation uses PTS
variables and buffer variables. These allow the SCM a fixed-size graph while still capturing
causal links between time steps, in addition to providing data encapsulation. Despite the
similarities between these causal models and a traditional Kalman filter, the models shown here
do not capture uncertainty. This is functionality that SCMs can undoubtedly provide, however
as this is not the focus of this work, it has been omitted here for simplicity.9

structure that does not have to be rolled out during inference. A PTS variable V δ ∈ V is defined

based upon it having an associated structural equation fV δ ∈ F defined as follows:

fV δ(VPa) = δ− ▷S (λ∅. VPa) ▷S δ+ (5.4)

δ− = ( λCT . ⟨∅, CT − Cδt⟩ ) (5.5)

δ+(v) = ( λCT . ⟨v, CT + Cδt⟩ ) (5.6)

where ∅ denotes the empty set / value, δ− : S(∅) is a monadic value, and δ+(·) : T VPa → S(T VPa)

is a function. Importantly δ+ and δ− utilise their monadic action to increment or decrement

the current time CT by Cδt respectively. This has the effect of shifting the current time to the

previous time step, evaluating the parent variable VPa, before returning the current time to

where it was initially. The function expects that the parent VPa also possesses the monad S. If

this is not already the case — i.e. from VPa having PTS-variable ancestors of its own — this

can easily be achieved via use of the unit function uS(·).

9The use of ssp, sδsp, and da to represent variables rather than the proper variable notation VS,sp, VS,δsp,
and VD,a is an abuse of notation. This is primarily done to increase clarity within the figures, although this
also avoids confusion over whether graph vertices represent abstractions or realised instances of variables when
discussing roll-outs.
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By utilising PTS variables one can represent temporal causal relationships in an SCM while

maintaining the size and shape of the causal graph even during inference. Figure 5.3 illustrates

this by showing how temporal causal relations in kinematics can be captured via the introduction

of recursive cycles of the causal graph, as opposed to performing a roll-out of a window time

graph during inference. Typically cycles would invalidate the SCM and break with assumptions

made by many causal-reasoning techniques. However the combination of graphical structure,

PTS variables, and variable context means that inference upon the SCM effectively emulates a

roll-out while avoiding any actual modification to the SCMs graphical structure. With this in

mind, this work proposes the following theorem:

Theorem 1 (Window-Time-Graph Representation – PTS Representation Isomorphism). Any

casual reasoning method which can operate upon a window-time-graph SCM should equally

function upon an SCM utilising the proposed PTS-variable representation.

For which the following proof is offered:

Proof of Theorem 1. Consider Figure 5.4, in which the two SCMs from Figure 5.3 are rolled

out for time steps 0–2 inclusive. Given that PTS variables are only responsible for managing

CT and buffer variables just cache values indexed to CT — in other words fulfilling utility roles

— the structure of the roll-outs are otherwise identical. Thus any series of operations one could

perform on Figure 5.4a could be mapped directly to 5.4b without issue, and indeed theoretically

this roll-out process could continue indefinitely. Ultimately the key difference between these

roll-outs is that in Figure 5.4a each variable is replicated across time steps based upon the

window-time-graph SCM, whereas in Figure 5.4b the variables are re-used. In essence, the

utilisation of PTS variables virtually emulates the replication of variables by maintaining the

current time step via meta-variable CT , which can be used by buffer variables to time-index data.

The key benefit this offers is not only in avoiding having to actually replicate the original SCM

variables, but being able to maintain the same structure — as indicated by the double-ended

arrow — which may be beneficial for certain system designs.

Note that while the graphs presented here do bear some resemblance to the extended

summary graphs described by Assaad et al. [165] they are arguably closer to a memoryless

104



(a) Window-Time-Graph SCM

(b) Extended SCM

Figure 5.4: Depicts the roll-out of the SCMs in Figure 5.3 for time steps 0–2 inclusive. Here it
should be noted that while the window-time-graph SCM in Figure 5.4a is actually rolled out
to cover the time steps in question, that the extended SCM in Figure 5.4b is virtually rolled
out, utilising a variable context to do so. In the process of carrying out this virtual roll-out the
cycles present in the left graph of Figure 5.4b are for all intents and purposes removed during
roll-out as shown in the graph on the right. This is due to the current time meta-variable CT

being decremented and incremented during the backwards and forwards passes of inference
respectively, in doing so altering the context under which variables are accessed.

window time graph. Extended summary graphs split their variables into a ‘present’ set, and an

all-encompassing ‘past’ set. Whereas the approach given here can be seen as splitting variables

into a ‘present’ set, and a ‘previous’ set, which only concerns the previous time step and no further

back. However due to this representation being defined recursively it can still encompass the

whole history modelled by the SCM. The key difference here is that extended summary graphs

eschew causal stationarity while this work relies upon its presence. Similarly the memoryless

nature of the graphs shares similarities to past work modelling dynamic systems via local-

independence graphs [166]. Yet techniques often associated with local independence — which

typically treat each variable as a Markov process — are not necessarily suitable for the types
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of architectures considered here. Within SCMs all structural equations are deterministic and

exogenous variables are by definition independent of one another. As such, a local-independence-

graph representation might work well for a smaller number of high-level endogenous variables,

most of which have an exogenous-variable parent. However, this work consists of a large number

of low-level endogenous variables with well defined structural equations. Meanwhile the presence

of exogenous variables is rare by comparison, thus the use-case is entirely different.

5.2.3.2 Time-Step-Size-Product & Time-Step-Size-Quotient Variables

A Time-Step-Size Product (TSSP) variable V ·δt ∈ V or Time-Step-Size Quotient (TSSQ)

variable V ÷δt ∈ V simply aims to multiply or divide their input by the time-step size Cδt

respectively. Formally, one can define their functions as follows:

fV ·δt(VPa) = VPa · Cδt (5.7)

fV ÷δt(VPa) = VPa ÷ Cδt (5.8)

These are primarily useful for carrying out of kinematics and dynamics calculations in rigid-body

and point-mass representations. While linear scaling may not be suitable for modelling all

embodied-system variables, it suffices in the context of this work for modelling AV dynamics in

a similar manner to Kalman filtering. This is demonstrated within Figure 5.3 where sδsp — i.e.

the speed difference between time steps — must be calculated by multiplying the acceleration

da by the time-step size as dictated by Cδt. Hypothetically one could hardcode such a value into

structural equations in order to avoid this, however this definitions opens the option to have

time-step size fluidly change across time while maintaining the same structural equations. This

is important given that real-world autonomous systems cannot always guarantee a constant

time-step size in-between sensor readings.

5.2.3.3 Current-Time-Difference Variables

The slightly more complex Current Time Difference (CTD) variable V δT ∈ V calculates the

duration between the input of the variable and the current time CT as follows:
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fV δT (VPa) = VPa − CT (5.9)

CTD variables are primarily useful within controllers where they can be utilised to determine

the duration of time between now and when a planned action goal should be accomplished by.

Once again, this can be achieved by hardcoding the variables at each time step with the times

associated with them. The main reason to avoid this, is firstly to allow structural equation

reuse, and secondly to enable the recursive structure required for utilisation of PTS variables.

5.2.3.4 Time-Conditional Variables

Lastly the time-conditional variable V T? ∈ V is introduced. This takes the current time CT and

compares it against a predefined time in order to select which parent from which to derive its

output. Their structural equations are defined as follows:

fV T?(VPa,0, VPa,1) =


VPa,0 CT < θT

VPa,1 CT ≥ θT

(5.10)

where θT is a configurable time parameter specified during structural-equation construction.

Time-conditional variables have multiple uses including the fluid introduction and removal

of agents in environment interaction calculations. Furthermore, they can be utilised for

counterfactual-simulation purposes, as one can effectively splice together a new counterfactual

SCM together with an original SCM. From here θT can be used to dictate the divergence point

between the original- and counterfactual-SCM histories. This is primarily useful within planners

in order to envisage a series of alternate actions diverging at each action start time with the use

of a time-conditional variable.

5.2.4 Buffer Variables

Having introduced the variable context and explored how one can utilise temporal variables to

interact with the meta-variables of C one can now utilise this to store time-indexed variable

data encapsulated within the SCM. A buffer variables V B ∈ V has a single parent, and as the

name suggests they act as a buffer for this parent, storing data relevant to it. In order to do so
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a buffer variable V B maintains a time-indexed dictionary ΦV B = ⟨TV B , ϕV B⟩ where TV B ⊂ T is

the set of time steps with indexed data, and ϕV B(·) : T → T V B
is a function that maps a time

step to a value or distribution for variable V B of type T V B
. With this established the structural

equation for a buffer variable fV B ∈ F is defined as follows:

fV B(VPa) =


up{}(ϕV B(CT )) CT ∈ TV B

up{⟨Φ
V B ,CT ,VPa⟩}(VPa) CT ̸∈ TV B

(5.11)

where fV B(·) : T VPa → B(T VPa) either returns the output of its parent variable, or retrieves

stored data, depending upon whether the current time CT is found within the dictionary time

steps TV B . Importantly the output type of V B matches that of its parent VPa, denoted as T VPa ,

albeit with the addition of wrapping the type in the buffer monad B. The buffer monad takes a

single type and provides a data constructor upX(·) — i.e. update the dictionary based upon X.

The data constructor takes a set X of tuples structured ⟨Φ, t, x⟩ and for each tuple stores the

value of x at the time of tuple creation within the dictionary Φ time-indexed to time step t ∈ T .

To comply with monad requirements, the following unit and bind functions are provided:

uB(v) = up{}(v) (5.12)

bB(upX(v), f) = (λupY (w).upX ∪Y (w)) f(v) (5.13)

This monad bears resemblance to the writer monad [164] albeit with the addition of time-indexed

writing to the specified buffer-variable dictionaries.

5.2.5 Socket Variables

As mentioned in Section 5.1.1 SCMs are inherently well suited to modularisation [4]. After

all, exogenous variables capture factors outside of the model that nonetheless influence the

model. As such if one then produces a model for these factors they can easily combine the

SCMs together to form a new greater whole. The main limitations of the naive combination of

SCMs is the lack of ability for system designers to set limits on how SCMs are joined, and the

difficulty in fluidly separating SCMs.
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Figure 5.5: SCM with Socket Variables

Figure 5.6: Illustration of merging and un-merging SCMs with the aid of socket variables. Once
again solid borders denote endogenous variables, dashed borders exogenous variables, and dotted
borders socket variables.

Thus in this work the exogenous variables U are decomposed into socket variables US and

hidden exogenous variables UH . A socket variable US
i ∈ US differs from a typical exogenous

variable in that its value is conditionally derived as follows:

US
i ←


P (US

i ) |Pa(US
i )| = 0

Pa(US
i ) |Pa(US

i )| = 1

(5.14)

This allows one to join SCMs by assigning US
i to take the output of a variable from another

SCM. Importantly tracking socket variables separately ensures that the act of joining SCMs

is reversible, allowing the fluid reconfiguration of SCM-based modules. Note that the above

function only accounts for cases of zero or one socket-variable parents. This is because socket

variables impose a maximum of one parent variable as a structural constraint on SCMs — similar

to endogenous variables only allowing a maximum of one exogenous parent.

Figures 5.2 and 5.6 illustrate the process of merging SCMs, and in the latter case the un-

merging of SCMs too. Here if one attempts to utilise SCMs without socket variables (see Figure

5.2), the SCMs ⟨U = {u, v}, V = {w}, E = {⟨u,w⟩, ⟨v, w⟩}, F, P (U)⟩ and ⟨U ′ = {x}, V ′ =

{y, z}, E ′ = {⟨x, y⟩, ⟨x, z⟩}, F ′, P (U ′)⟩ are merged to get a new SCM ⟨U ′′ = {u, v}, V ′′ =

{w, x, y, z}, E ′′ = {⟨u,w⟩, ⟨v, w⟩, ⟨w, x⟩, ⟨x, y⟩, ⟨x, z⟩}, F ′′ = F ∪ F ′, P (U ′′)⟩. However, there is

no easy way to un-merge the SCMs into their constituent components, at least not without

allowing one to arbitrarily split an SCM at any endogenous variable — which is hardly conducive

to good system design. In contrast if one utilises SCMs with socket variables (see Figure 5.6), the

SCMs ⟨UH = {u, v}, US = {}, V = {w}, E = {⟨u,w⟩, ⟨v, w⟩}, F, P (UH), P (US)⟩ and ⟨UH′ =

{}, US′ = {x}, V ′ = {y, z}, E ′ = {⟨x, y⟩, ⟨x, z⟩}, F ′, P (UH′), P (US′)⟩ are merged to form a new
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SCM ⟨UH′′ = {u, v}, US′′ = {x}, V ′′ = {w, y, z}, E ′′ = {⟨u,w⟩, ⟨v, w⟩, ⟨w, x⟩, ⟨x, y⟩, ⟨x, z⟩},

F ′′ = F ∪ F ′, P (UH′′), P (US′′))⟩. Because this formulation specifically identifies the socket

variables — and importantly maintains their probability distributions — one can split the new

SCM back into its constituent parts if desired. Thus socket variables are not used within SCM

modules so much as in-between them, functioning as an interface. One can substitute w and x

in Figure 5.6 for say the output of a controller module and input of a physical-representation

module respectively. Allowing their fluid reconfiguration at runtime in a way that otherwise

would not be possible.

Having introduced the concept of socket variables, the previously-described decomposition

leaves a set of hidden exogenous variables UH , which effectively just consists of regular exogenous

variables. However, as a matter of system design it is assumed that access to modify P (UH) is

determined by a wrapper interface for the SCM following principles of encapsulation, and as

such these variables are effectively ‘hidden’ by the wrapper.

As a final note, socket variables do bear some resemblance to the use of context variables in

existing work [167, 168]. Within these works context variables are typically used to integrate

data with varying levels of intervention across exogenous variables during causal discovery. This

is done by having the context variables conditionally draw from either the original exogenous

variable distribution or alternatively an input specified by an intervention. In the context

of robotics this could allow a robot to learn a causal model from a combination of passive

observation and active experimentation [168]. For this use case it is important to ensure that

certain properties regarding the independence of exogenous variables are upheld [167], as this is

are core assumption regarding SCMs. However this is where socket variables differ from context

variables. Socket variables make no claims regarding their independence from one another once

they are connected to parent variables. This is because the intended use of socket variables is to

facilitate the merging and un-merging of SCM modules. Thus for all intents and purposes once

two SCMs have been merged the socket variables situated between the SCMs act as endogenous

variables, which need not be independent of one another. Therefore while context variables

and socket variables utilise a similar mechanism, their goals and the guarantees associated with

them are notably different.
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5.2.6 Retrospective Causal Stationarity with Mutable Input Sets

In order to capture a system of multiple agents interacting within a shared environment, it is

necessary to be able to support the collation of a fluid number of sources of input data into

a set. It is trivial to construct a structural equation which takes input from a fixed number

of known agents. Thus the challenge is extending SCMs to allow the fluid introduction and

removal of SCM modules corresponding to the varying presence of agents in the environment.

The most simple and often practical approach to this is to simply reconfigure the structural

equations and graphical structure as appropriate while the overall SCM is actively in use. This

arguably makes the most sense for online deployments as one cannot pre-construct the SCM

to account for agents one is not aware of yet. Additionally deployments taking place over a

protracted length of time will have the overall SCM continue to grow unless there is a mechanism

for pruning irrelevant agent SCM modules.

The issue with this is that altering the structural equations of SCMs amounts to a breach of

causal stationarity [137], which poses an issue for window-time-graph roll-outs, the PTS-variable

temporal representation introduced here, as well as many inference techniques applied to SCMs.

To illustrate this, consider the scene depicted in Figure 5.7a. In this scene, initially a red and

green vehicle are present, with a blue vehicle later joining the scene, and finally the red vehicle

leaving the scene. A naive approach to represent this would just be to add or remove variables

relating to these agents as they come or go, as shown in Figure 5.7b. The issue with such a

representation is that the SCM given for each time step is only usable for inference in that time

step, as other time steps might have data for variables that are not present, or be missing data

for variables that are present.

Despite these aforementioned issues it is argued here that online mutation of the input set

to a structural equation can be supported while maintaining a form of causal stationary:

Definition 17 (Retrospective Causal Stationarity). Let T be defined in such a way that

minT = 0. A fixed SCM Mt that accurately models causal relations for time t ∈ T has

Retrospective Causal Stationarity (RCS) if it accurately models all previous time steps T<t =

{ t′ | t′ < t, t′ ∈ T }. This effectively means that if t is the most recently observed time step, Mt

can be utilised for inference without concern for a lack of causal stationarity.
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Assuming the most up to date SCM in use has RCS one can safely utilise the SCM across

all previous time steps while remaining faithful to the underlying data. Hypothetically it is also

possible to use such an SCM for future time-step prediction, but such inferences suffer the same

caveats that most extrapolations do.

Theorem 2 (Mutable-Input-Set RCS). One can capture the fluid introduction and removal

of sources of type N × T to and from the input set for a variable Vi with structural equation

fVi
(·) : 2N×T → T Vi via a series of SCMs {M0,Mδt, ...,Mt} that each provide RCS.

Here the set of natural numbers N is used to uniquely identify contributions from different

sources (e.g. agents) and importantly allows the same value of data type T to be captured

several times within the input set.

Figure 5.7c offers a visual overview of the approach this work takes to handle mutable input

sets and thus model scenes such as the one depicted in Figure 5.7a. The following text provides

the theoretical underpinning for said approach by providing a proof of RCS by induction.

The structure relied upon by this approach to construct sets from a variable number of

inputs within SCMs must first be described. The input set that is passed to Vi is incrementally

built up from the combination of:

• A socket variable US,∅ where the probability distribution P (US,∅) is a degenerate distribution

that always returns the empty set ∅.

• A union variable V ∪ that has two parents providing input sets of type 2N×T and outputs

the union of said sets. The first of these parents provides a singleton set from a given

source (e.g. an agent), while the second parent is a socket variable as described above.

This effectively allows the system to iteratively construct a set beginning with US,∅ providing

an empty set. From here one can connect a union variable V ∪′ in order to incorporate a new

input into the set, while providing its own socket variable US′
∅ from which another additional

union variable could be connected in future. This structure allows for the fluid introduction and

removal of input-set sources, as it effectively emulates a linked list.
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(a) A scene illustrating a varying number of agents. At t = 0 just two vehicles, red and green respectively,
are present. At t = 1 a blue vehicle enters the scene. Lastly at t = 2 the red vehicle leaves the
scene. Despite the varying presence of agents across time it is desirable to have a stationary SCM
that remains valid across time. Within the context of this work it has been identified that although a
truly stationary SCM that can support this may not be possible, an SCM supporting a weaker form of
stationarity — i.e. RCS — may be possible.

(b) A naive approach at causally modelling collision checking for agents across time. Because the SCM
simply has variables added or removed based upon which agents are present for a given time step it is
not possible to use a given SCM structure consistently across the scene. For example, attempting to
utilise the SCM from t = 2 at t = 0 would result in one having no variable to pass the position data
for the red vehicle to, and a spare variable for the blue vehicle’s position with no input data.

(c) The approach given here based upon the SCM extensions provided by this work, in contrast to the
above naive approach. While new variables are added across time, access to each of them is gated
behind two time-conditional variables. These ensure that the agent variables are only referenced in
time steps for which there is data relating to said agents. As such, the most up to date SCM under
this approach can always be used across all previous time steps, thus affording it RCS.

Figure 5.7: A depiction of a scene with a varying number of agents, and a comparison of a
naive approach against the extensions presented here in terms of representing the scene in a
stationary manner.
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One can now consider the following basic lemma:

Lemma 2.1 (Base Case). Provided the SCM M0 at the first time step is accurate for said time

step, it has RCS.

Proof of Lemma 2.1. Given that M0 accurately models causal relations for t = 0, and T<0 = ∅,

it automatically follows that M0 accurately models for all time steps in T<0.

So that one may capture the fluid nature of the input-set sources, rather than having an

input source feed directly into a union variable V ∪, it should instead feed through a pair of

time-conditional variables V T?,A and V T?,Ω. These variables should only return the input-set

source for θAT ≤ t ≤ θΩT where θAT and θΩT are configurable time parameters for each of the

aforementioned time-conditional variables respectively. Should t fall outside of these bounds,

the time-conditional variables should return the output of a fixed exogenous variable US,∅ where

P (US,∅) is a degenerate distribution that always returns the empty set ∅.

Finally, in order to demonstrate that all subsequent SCMs can also have RCS, one must

show that the two means of modifying the input set — i.e. the introduction of an input-set

source and the removal of an input-set source — can be carried out while maintaining RCS for

the overall SCM.

Lemma 2.2 (Introduction Induction Step). If Mt−δt is an SCM with RCS and at least one new

input-set source is introduced at the next time step t then one can construct a new SCM Mt that

accurately captures causal relationships at time step t and has RCS.

Proof of Lemma 2.2. Construct Mt by extending the SCM to incorporate the new input-set

sources as described above and assign θAT = t and θΩT = t for their time-conditional variable

parameters. Based upon the configuration described above, θAT ≤ t ≤ θΩT and thus Mt will

include the new input-set source, accurately capturing the causal links at time t.

Meanwhile, given that T<t is defined as all time steps less than t, and for this source θAT = t,

one can conclude that for all previous time steps captured by T<t, the new SCM extension will

only contribute ∅ to the input set. This emulates the input-set source not being present in

the past, accurately reflecting the causal links present during those time steps. Thus, one can

conclude that Mt also has RCS after the new input-set-source introduction.
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Lemma 2.3 (Status-Quo / Removal Induction Step). If Mt−δt is an SCM with RCS and zero

or more input-set sources are removed at the next time step t then one can construct a new

SCM Mt that accurately captures causal relationships at time step t and has RCS.

Proof of Lemma 2.3. At each time step t, for each input-set source that is present in the

modelled system, assign θΩT = t for the configurable parameter of the associated V T?,Ω in Mt

respectively. SCM input-set sources for which θAT ≤ t ≤ θΩT have their contributions included in

the input set. Thus, this update combined with Lemma 2.2 ensures that all input-set sources

that are present in the modelled system will have their contributions captured within the input

set, as is accurate for time step t.

All the while, θΩT is always first initialised to the time step in which the associated input-set

source was introduced — as per Proof of Lemma 2.2 — and is only updated as described above.

As such, if an update is missed for a given input-set source — i.e. due to it no longer being

present in the modelled system — then it follows that t > θΩT , and thus the SCM input-set

source will return ∅, no longer contributing to the input set. In doing so the SCM remains

accurate for time step t, and additionally retains the same behaviour it possessed for previous

time steps as θAT and θΩT remain the same as in Mt−δt. Thus, one can conclude that Mt also has

RCS for instances where the status quo is maintained, and for instances where one or more

input-set sources are removed.

With the base case and induction steps defined, it is now possible to give the following proof

by induction for the theorem.

Proof of Theorem 2. It has been demonstrated through Lemma 2.1 that the accurate SCM

associated with the first time step Mt automatically has RCS, effectively establishing a base

case. Additionally it has been shown that input-set-source introductions (Lemma 2.2), removals

(Lemma 2.3), and maintaining the status quo of input-set sources between time steps (Lemma

2.3) can be done while maintaining RCS for Mt given that Mt−δt had RCS. Thus via induction

one can infer that the sequence of SCMs {M0,Mδt, ...,Mt} accurately captures these fluid

mutations and all possess RCS.
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This provides a well defined process by which one can model a varying number of agent

interactions via SCMs as shown previously in Figure 5.7c. This is undoubtedly a valuable trait

for AVs with causal models operating in a shared environment which will have agents coming

and going that need to be captured properly. Additionally the utility of socket variables and

time-conditional variables has been demonstrated in making such an approach possible.

5.3 Case Studies in Modelling Autonomous Agents via SCMs

In order to demonstrate the extensions that have been introduced, two AES architectures were

developed for the AV and service-robotics domains as case studies. Given that that these

architectures are comprised of several SCM modules and even a single of these modules requires

substantial documentation only a high-level overview is given here, which does happen to include

the graphical structure of the SCM modules.

The full details of the SCM modules both in terms of their structural equations and explicit

implementation are provided in a Git repository10. Furthermore, data and utility scripts relating

to any experiments described here are stored in a separate auxiliary Git repository11.

Before proceeding further it should be noted that although the architecture code and SCM

formulations represent novel work, the underlying models represented by these SCM modules

(e.g. rigid bodies, dynamic-bicycle models, social-forces models) are largely based upon existing

literature. As such throughout the following case studies citations will be provided to ensure

proper attribution is provided where SCM modules have adapted existing models.

In terms of the overall design of the case-study architectures, both represent AES agents by

implementing the following elements:

• Physical Representation: Captures the dynamics and control inputs of the AES in

question. This representation may be composed of several SCM modules put together. For

example, there might be a basic point-mass representation, a rigid-body representation that

builds upon it, and finally an SCM that captures how the driving-actuation inputs influence

the forces and torques of the rigid body. These combine to provide a comprehensive

representation of the AES’s physical presence in the world.

10https://github.com/cognitive-robots/SimCARSv2
11https://github.com/cognitive-robots/av-extended-scms-paper-resources
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• Controller: Provides a means of translating an input action to driving-actuation outputs,

namely those suitable to be passed to the physical representation element described above.

There is not necessarily any one correct implementation for any given AES, however the

domain and particular AES type does influence the sorts of data that need be considered

and what potential peripheral components may be required (e.g. a map).

• Planner: Determines an optimal, or near-optimal, course of behaviour for the AES based

upon the current world state. This is provided in the form of an action, and similar to

the controller described above, there is not necessarily an objectively best planner for any

given AES. However, most planners do typically rely upon the use of a reward model —

to determine the optimality of an outcome — and either a forward or inverse model in

order to associate actions with their corresponding outcomes.

• Entity and Link Representation: Entity representations capture all of the interactions

within a shared environment that affect a given AES. Among other matters, entity

representations collate the influences of link representations. These in turn represent the

the interactions between two entities within the shared environment. Importantly while

there need only be one entity-representation SCM for a given AES, there may need to be

several differing link-representation SCMs in order to account for interactions between

different types of environment entity.

These elements are then reproduced for each agent and connected via the link representations,

thus enabling the inference of high-level causal relationships by exploiting low-level knowledge

of the systems involved.

The architecture modules themselves are described graphically in terms of their SCMs with

the legend for said graphical depictions given in Figure 5.8. Of particular note is that exogenous

variables of either type — i.e. socket or hidden — are depicted as rounded rectangles, while

endogenous variables are depicted as rectangles with sharp-corners. Other shapes are utilised to

depict other specialised variable types introduced in this chapter, while the colour of variables

indicates to which module they belong.

With the generic structure and manner of presentation for the case-study architectures

established, one can begin to examine the case studies themselves.
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Figure 5.8: SCM Legend

Figure 5.9: Depiction of the AV SCM architecture components causally interacting within the
collision scenario depicted in Figure 1.1 and described in the text.

5.3.1 Autonomous Vehicles

A potential motivation behind developing an SCM architecture capturing the interactions of

AESs in AV scenarios is for post-hoc analysis of scenarios. Critically, the AV domain is safety

critical yet nonetheless presents a greater degree of order in terms of the expectation that road

agents follow the laws of the road. The combination of these traits makes it both appealing and

convenient to model causally.

5.3.1.1 Example Scenario

An example AV scenario of the beneficial utilisation of SCM integration in post-hoc analysis

was provided in Section 1.1.2 and illustrated in Figure 1.1. To reiterate, the scene depicts a

red vehicle overtaking and a green vehicle accelerating from the opposite direction, resulting

in a collision. The causal links related to this are depicted in Figure 5.9. This shows both the

actions of the red agent and the green agent were necessary to cause the collision. While failures

could in theory occur at the mechanical or controller level this work is interested in decisions

made by the agent at the planner level. After all this is the level at which the agent has the

most influence and thus carries greatest responsibility.
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Figure 5.10: An overview of the AV case-study SCM architecture. Solid and dotted lines
represent composition and inheritance relationships respectively. Although the individual
components of the architecture are based upon well established models from literature the
novelty of this architecture is in its SCM implementation, relying upon the extensions provided
in this work. Specifically the architecture utilises the modularity and encapsulation provided by
socket and buffer variables, the constant-space temporal representation avoiding the need for
explicit roll-outs, and the support for a varying number of agents across time.

5.3.1.2 Architecture

An overview of the AV SCM architecture is depicted in Figure 5.10. For this domain, here

AES goals have been formulated as a combination of a target lane and a target speed with

corresponding times by which to achieve these goals. These goals are converted into motor-torque

and steering actuation values via a proportional-feedback controller. The motor-torque and

steering values are then fed into a dynamic bicycle model [169]. Meanwhile the entity modules

and their associated link modules are used to provide agent collision and drag force / torque

information, treating vehicles as rectangular rigid bodies. The mechanics of the vehicles also

assume they use Front-Wheel Drive (FWD).

The following text will examine the individual SCM modules of the architecture in detail,

while also discussing where the extensions are used within the context of the example scenario.

Point Mass The SCM depicted in Figure 5.11 represents a 2D dynamic point mass [160] that

does not explicitly occupy any portion of space yet provides the represented object with a mass,

position, linear velocity, and linear acceleration, aswell as input forces which influence these.
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Figure 5.11: Point Mass SCM

Within the context of the example scenario, this is utilised to model the basic dynamics

of the vehicles. While this is certainly not something that is only possible via the extensions

provided here, the extensions do provide the following benefits:

• Succinct temporal representation through the prev pos, prev lin vel, and prev lin acc PTS

variables, preventing the need to duplicate variables across time steps.

• Encapsulation of SCM data within the pos buff, lin vel buff, lin acc buff, env force buff,

and other force buff buffer variables.

• Utilisation of the env force and other force socket variables, allowing the fluid reconfiguration

of force inputs from the environment, and other forces (e.g. self-propelled motion).

Rectangular Rigid Body The SCM depicted in Figure 5.12 inherits from the Point Mass

SCM, extending it to represent a 2D rectangular rigid body [160]. In doing so it allows the

object to occupy a rectangular portion of space and provides it with a moment of inertia,

rotation, angular velocity, and angular acceleration, aswell as input torques which influence

these. This SCM additionally tracks the open-space in-front of the rectangular rigid body, as this

information is calculated via the Rectangular Rigid Body Entity SCM via which a rectangular

rigid body is represented in a shared environment.

Similar to the Point Mass SCM, this is just used to provide further dynamics to the vehicles

within the example scenario. Again, utilisation of the extensions is not strictly necessary here,

but provides the following benefits:
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Figure 5.12: Rectangular Rigid Body SCM

• Succinct temporal representation through the prev rot, prev ang vel, and prev ang acc

PTS variables, preventing the need to duplicate variables across time steps.

• Encapsulation of SCM data within the rot buff, ang vel buff, ang acc buff, dist headway buff,

env torque buff, and other torque buff buffer variables.

• Utilisation of the dist headway, env force and other force socket variables, allowing the

fluid change of force / distance-headway inputs from the environment, and other forces.

Rectangular Rigid Body Entity The SCM depicted in Figure 5.13 represents rectangular

rigid-body objects within a shared environment and performs two functions. The first is to

calculate environmental forces. This involves combining drag force and the collision forces

calculated by the Rectangular Rigid Body Link SCMs associated with a given Rectangular Rigid

Body Entity SCM. The second is to calculate the minimum distance headway given by the

Rectangular Rigid Body Link SCMs in order to determine the overall distance headway.

This SCM facilitates all interactions between a given vehicle and the shared environment

within the example scenario. Unlike the previous two SCMs, this SCM inherently relies upon

the formalisms introduced here:
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Figure 5.13: Rectangular Rigid Body Entity SCM

• The structure used to demonstrate that mutable input sets can be facilitated while

maintaining RCS is used here in order to sum up the various environmental forces /

torques that affect a given vehicle, as well as calculate the minimum distance headway. In

particular this allows vehicles to come and go throughout the lifetime of a scenario such

as the one described above. The implementation of this structure in turn requires the use

of time-conditional and socket variables.

• Due to the SCM not utilising any buffer variables, this SCM does not store any data

associated with its variables, thus helping to optimise memory usage.

Rectangular Rigid Body Link The SCM depicted in Figure 5.14 captures interactions

between two rectangular rigid bodies in a shared environment. It most critically performs the

collision computations for the two rigid bodies in question. It additionally computes distance

headway between the two rigid bodies as this is frequently used within the driving domain as a

safety metric [22]. Variables belonging to the primary and secondary Rectangular Rigid Body

SCMs associated with the link are indicated via A and B subscripts respectively.

While the Rectangular Rigid Body Entity SCM represented the sum total of factors affecting

a given vehicle, this SCM captures the interactions between two vehicles in particular, such that

SCMs of this type can then have their values collated by a Rectangular Rigid Body Entity SCM.

This SCM makes a small amount of usage of the extensions:
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Figure 5.14: Rectangular Rigid Body Link SCM

• The coll lin acc mag TSSQ variable allows the calculation of the required acceleration

resulting from a collision given a required linear-velocity change and the time-step size.

• Due to the SCM not utilising any buffer variables, this SCM does not store any data

associated with its variables, thus helping to optimise memory usage.

FWD Car The SCM depicted in Figure 5.15 inherits from the Rectantular Rigid Body SCM

to represent a road vehicle, in particular one that has FWD. This SCM provides forces and

torques as output to the underlying Rectangular Rigid Body SCM, instead providing variables

for motor torque and steering as input. In order to calculate the forces and torques required,

the SCM utilises these two inputs and treats the represented object as a dynamic bicycle [169],

a simple means by which one can model a variety of vehicles.

In contrast to the Point Mass and Rectangular Rigid Body SCMs, this SCM provides the

highest level of the physical representation of vehicles within the AV domain and is comprised

of vehicle-specific variables. Once again, utilisation of the extensions is not completely necessary

here, but is desirable:

• Encapsulation of SCM data in the motor torque buff and steer buff buffer variables. This

also saves on the memory consumption of the SCM given the large number of variables.
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Figure 5.15: FWD Car SCM

• Utilisation of the motor torque and steer socket variables, allowing the fluid reconfiguration

of force / distance-headway inputs from the environment, and other forces. This is arguably

of greater use here than in the Point Mass and Rectangular Rigid Body SCMs as this

SCM interfaces directly with controller components within the architecture.

Motor Torque Control FWD Car The SCM depicted in Figure 5.16 provides a control

mechanism which outputs motor torque in return for giving a goal speed and a goal time as

input. From the difference between the longitudinal linear velocity given by the FWD Car SCM

and the goal speed, and the difference between the current time and the goal time it is possible

to calculate the necessary acceleration. Using the mass of the FWD Car SCM one can calculate

the required force, before making adjustments to the force to account for environment forces

also acting upon the FWD Car SCM. From the calculated force and wheel radius of the vehicle

one can finally approximate the motor torque that can then be fed into the FWD Car SCM.
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Figure 5.16: Motor Torque Control FWD Car SCM

Within the context of the example scenario this SCM, along with the Steer Control FWD Car

SCM, is responsible for bridging the gap between the physical representation and action planner

of the vehicles in question. Here, there is utilisation of several SCM-formalism extensions:

• The time diff CTD variable allows the calculation of the time difference between the

speed-goal target time and the current time.

• Encapsulation of SCM data within the action buff buffer variable.

• Utilisation of the action socket variable, allowing the fluid reconfiguration of which planner

ought to be used.

• Utilisation of the speed, dir, mass, wheel radius, and env force socket variables. Unlike the

action socket variable, these are used as inputs from the physical representation, which are

utilised to determine how the driving-actuation variables of the physical representation —

i.e. the motor torque variable — ought to be modulated.

Steer Control FWD Car The SCM depicted in Figure 5.17 provides a control mechanism

which outputs steer in return for giving a lane-goal lane identifier and target time as input.

In order to calculate the steering first the expected position of the rectangular rigid body is

calculated for a predefined number of ‘look-ahead’ time steps. This is then projected onto the

closest point of the central path of the lane associated with the lane-goal lane identifier. The
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Figure 5.17: Steer Control FWD Car SCM

expected position combined with the projected position and current position given by the FWD

Car SCM provide an angle error. This angle error, along with its time derivative are then used

as inputs to a proportional-derivative-feedback controller [170], with the output steering then

fed into the FWD Car SCM.

Within the context of the example scenario this SCM, along with the Motor Torque Control

FWD Car SCM, is responsible for bridging the gap between the physical representation and

action planner of the vehicles in question. Here, several SCM-formalism extensions are exploited:

• The time diff CTD variable allows the calculation of the time difference between the

lane-goal target time and the current time.

• Encapsulation of SCM data within the action buff and ang diff buff buffer variables.

• Utilisation of the action socket variable, allowing the fluid reconfiguration of which planner

ought to be used.

• Utilisation of the pos and lin vel socket variables. Unlike the action socket variable, these

are used as inputs from the physical representation, which are utilised to determine how

the driving-actuation variables of the physical representation — i.e. the steer variable —

ought to be modulated.
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Figure 5.18: Greedy Plan FWD Car SCM

Full Control FWD Car Simply a wrapper SCM that inherits from both Motor Torque

Control FWD Car and Steer Control FWD Car SCMs. These SCMs combined are able to

take a speed and lane identifier associated with goals along with the target times by which to

accomplish these goals. In turn the combined SCM can then output motor-torque and steer

values for the associated FWD Car SCM.

Greedy Plan FWD Car The SCM depicted in Figure 5.18 plans the next action for a Full

Control FWD Car SCM specified in terms of goals. In order to do so, a range of candidate

speeds, lanes, and target times are calculated and combined to form a variety of possible actions.

The outcomes associated with taking these possible actions are then simulated, and the rewards

associated with the action-outcome pairs are calculated. This does rely upon a predefined

simulator and predefined reward calculator being provided to the Greedy Plan FWD Car SCM.

In any case, once the rewards have been calculated the action associated with the maximum

reward is selected and fed into the corresponding Full Control FWD Car SCM.

Arguably the most important SCM besides the FWD Car SCM in the context of the example

scenario, this SCM captures the decision-making capabilities of vehicular agents within the

scene. In other words the decisions that are being identified as part of behavioural interactions

are assumed to be made within a roughly comparable form of cognition. To achieve this the

following extensions are utilised:
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• Encapsulation of SCM data within the sim action outcomes buff buffer variable.

• Utilisation of the pos socket variable. This is used as an input from the physical

representation, which is utilised to determine how an action ought to be selected. In

particular the pos variable is used to identify candidate lanes for the vehicular agent.

5.3.1.3 Qualitative Experiment

Having described the architecture and how the formalisms have been used to facilitate and

enhance aspects of it, one can now reconsider the scenario depicted in Figure 1.1 and Figure 5.9.

Methodology Similar to previous experiments within this work the tracks from the vehicular

highD dataset [150] are considered. Here the aim is to demonstrate the expressiveness of the new

architecture by examining a collision scenario, however such incidents do not typically feature

in AV-domain datasets, and none are present throughout the highD dataset to the author’s

knowledge. Before proceeding, it should be noted that the format of such a scenario differs from

the two-vehicle-convoy scenario discussed previously. As such use of the same identifiers would

be illogical and thus the agents will be identified by colour henceforth. Since analysis of an

observed collision scene from the highD dataset is not possible, instead a partially synthetic

scene can be created. This can be done by taking an observed scene and intervening upon the

actions of a vehicle — subsequently referred to as ‘the cyan vehicle’ or ‘cyan’ — to cause it

to change lane, thus producing a collision with another vehicle — subsequently referred to as

‘the magenta vehicle’ or ‘magenta’. Through this it is possible to produce a crash scene, which

can then be analysed post-hoc. This can be done by modulating the actions of the cyan and

magenta vehicles and simulating the outcome. Thus one can identify how the behaviour of each

agent influences the occurrence of a crash, taking inspiration from the work of Chapter 4.

Discussion In Figure 5.19 one can see a scenario analogous to the one shown in Figure 1.1,

only this one is generated from data drawn from the highD dataset and analysed counterfactually

through the presented SCM architecture. As the figure shows, in this scenario the cyan vehicle

attempts to merge into a lane after the magenta vehicle begins braking, resulting in a collision.
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By modulating the actions of each agent via counterfactual interventions as described above

one can attempt to identify the culpable agent. Conveniently, because the agent actions each

relate to specific points in time one can rely upon the properties of temporal precedence and the

existence of reaction times to avoid the formation of any cycles in the resulting causal graph.

This does of course depend upon the length of time steps between data measurements being

less than what one might expect in terms of a reaction time. For highD this is 40ms, far below

the average reaction time of a human — i.e. ∼ 220ms [171] — avoiding any concern.

Through these simulations one can infer that not only would the crash not have occurred had

cyan not attempted to merge, but if magenta had not braked then it would have collided with

another vehicle instead. Thus at least from a decision-making standpoint, cyan appears to carry

greater culpability than magenta within the scenario. This assertion of culpability is based off

the previously discussed ‘but-for’ test as laid out in the Model Penal Code [1] and contextualised

within causality by Pearl and Mackenzie [2]. As the crash would not have occurred but for cyan

attempting to change lanes, one can establish it as a culpable agent. Meanwhile a crash would

have occurred regardless of whether magenta braked or not, which not only alleviates magenta

of culpability, but also reflects sensible driving behaviour.

These outcomes make sense from the perspective of the experiment’s design, as cyan’s

behaviour has been modified in a way that does not reflect typical human driving behaviour.

Therefore the capability of the AV SCM architecture to make such inferences has been

demonstrated to a sufficient degree for the purposes of this case study, although such a task will

be revisited later in this thesis.

5.3.2 Service Robotics

In contrast to the AV domain the service-robotics domain tends to carry substantially less risk.

Yet this comes with a significantly greater level of chaos resulting from the free-form nature of

action and interaction within pedestrian environments. While this arguably makes modelling

such a system that much harder, it also gives one greater motivation to utilise causality in order

to try and make sense of the chaos. Furthermore, because the domain carries less risk, one can

utilise such information proactively.
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(a) Observed scene with collision

(b) Counterfactual without magenta braking

(c) Counterfactual without cyan meging

(d) Counterfactual without either action

Figure 5.19: Visualisation of a crash scene analysis by the AV SCM architecture. Subfigures
show the initial scenes with agent plans on the left and final outcomes on the right. In the
observed crash scene (Figure 5.19a) the cyan vehicle has just changed lanes, and the magenta
vehicle has just braked. By modulating the agent actions one can see that if cyan had not
attempted to merge (Figure 5.19c) a crash would not have occurred. Meanwhile in the other
cases where magenta does not break (Figures 5.19b and 5.19d) a collision occurs regardless of
what cyan does. As magenta had to brake to avoid collision, and braking in the absence of cyan
changing lane does not cause a collision one can absolve magenta of blame here. This leaves
cyan, whose decision to attempt a merge when it did can be considered a necessary cause of the
collision, as the collision would not have occurred were it not for the lane change.

5.3.2.1 Example Scenario

An example service-robotics scenario of the beneficial utilisation of SCM integration in online

self-diagnosis was provided in Section 1.1.2 and illustrated in Figure 1.2. To reiterate, the

scenario describes a green agent and a yellow agent both wishing to enter a narrow hallway,
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Figure 5.20: The components of the service-robotics SCM architecture and how they interact
causally with the impasse scenario depicted in Figure 1.1 and described in the text.

Figure 5.21: An overview of the service-robotics case-study SCM architecture. Solid and dotted
lines represent composition and inheritance relationships respectively. Similar to Figure 5.10 the
individual components of the architecture are based upon well established models from literature
and the novelty of this architecture is in its SCM implementation, relying upon the extensions
provided in this work. Once again, this architecture leverages the extensions made in relation
to the modularisation and encapsulation of SCMs, constant-space temporal representation in
SCMs, and the capacity to support a varying number of elements within SCMs.

and each attempting to give way to the other, resulting in an impasse. The causal links related

to this are depicted in Figure 5.20. This shows that the actions — or lack thereof — of both

the green agent and the yellow agent were necessary for the impasse to occur. Similar to the

AV case, it is the planner level that is of interest. However, in this case it is because the green

robot agent within the scenario may be able to learn in order to improve future decision-making

rather than to ascribe some kind of blame.
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5.3.2.2 Architecture

An overview of the service-robotics SCM architecture is depicted in Figure 5.21. Since this

domain does not have a direct analogue to lanes, the architecture specifies goals in terms of

target nodes from a generated graphical road-map and the times by which these nodes should

be reached. Given these nodes represent fixed points rather than channels of movement, and the

maximum speed of pedestrians is comparatively low, it is also unnecessary to represent speed as

a goal separate from the nodes. The controller once again utilises a simple proportional-feedback

approach in order to provide a goal force which is applied to a point-mass representation of

a human / robot. The environment entity and link modules are then used to represent the

repulsive forces between agents that mimic the desire for personal space. The goal and repulsion

forces combine to approximate the social-forces model developed by Helbing and Molnár [92].

The following text will examine the individual SCM modules of the architecture in detail,

while also discussing where the extensions are used within the context of the example scenario.

Point Mass Effectively the same as the Point Mass SCM introduced in Section 5.3.1.2.

Point Mass Entity The SCM depicted in Figure 5.22 provides a representation of a point

mass within a shared environment. Because this is tailored to the service-robotics domain this

amounts to a sum of avoidance forces provided by the Point Mass Link SCMs associated with a

given Point Mass Entity SCM.

This SCM facilitates all interactions between a given pedestrian and the shared environment

within the example scenario. Unlike the Point Mass SCM, this SCM inherently relies upon the

formalisms introduced here:

• The structure used to demonstrate that mutable input sets can be facilitated while

maintaining RCS is used here in order to sum up the various environmental forces that

affect a given pedestrian. In particular this allows pedestrians to come and go throughout

the lifetime of a scenario such as the one described above. The implementation of this

structure in turn requires the use of time-conditional and socket variables.

• Due to the SCM not utilising any buffer variables, this SCM does not store any data

associated with its variables, thus helping to optimise memory usage.
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Figure 5.22: Point Mass Entity SCM

Figure 5.23: Point Mass Link SCM

Point Mass Link The SCM depicted in Figure 5.23 captures the interactions between two

point masses in a shared environment. Again because this is tailored to a service-robotics

scenario, these links capture avoidance forces in line with a social-forces model [92], with the

repulsive forces scaling inversely to the exponent of the distance between the point masses.

Variables belonging to the primary and secondary Point Mass SCMs associated with the link

are indicated via A and B subscripts respectively.

While the Point Mass Entity SCM represented the sum total of factors affecting a given

pedestrian, this SCM captures the interactions between two pedestrians in particular, such that

SCMs of this type can then have their values collated by a Point Mass Entity SCM. This SCM

only really benefits from one of the extensions:

• Due to the SCM not utilising any buffer variables, this SCM does not store any data

associated with its variables, thus helping to optimise memory usage.

Pedestrian Inherits from the Point Mass SCM to represent a pedestrian agent, be it a human

or robot. It is functionally speaking just a wrapper of the Point Mass SCM. Unlike the FWD

Car SCM of the AV architecture, additional functionality was not required above the base Point

Mass SCM at the time of the architecture’s development.

Goal Force Control Pedestrian The SCM depicted in Figure 5.24 provides a control

mechanism which outputs a force in return for providing a node-goal node identifier and target

time as input. The node identifier corresponds to a vertex / position within a 2D spatial graph.
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Figure 5.24: Goal Force Control Pedestrian SCM

The controller calculates a force magnitude proportional to the distance the node is from the

position given by the Pedestrian SCM, and inversely proportional to the difference between the

current time and the node-goal target time. This magnitude is limited in order to ensure the

resulting force is not unrealistic for what a human / robot might be capable of. Meanwhile

the force direction is calculated as the unit vector pointing from the current position to the

node-goal node position. The combination of the force magnitude and direction provides the

output for the SCM which can then be fed into the Pedestrian SCM.

Within the context of the example scenario this SCM is responsible for bridging the gap

between the physical representation and action planner of the pedestrians in question. Here,

there is utilisation of several SCM-formalism extensions:

• The lin acc TSSQ variable allows the calculation of the required acceleration based upon

a required linear-velocity difference and the size of a time step.

• The time diff CTD variable allows the calculation of the time difference between the

node-goal target time and the current time.

• Encapsulation of SCM data within the action buff buffer variable.

• Utilisation of the action socket variable, allowing the fluid reconfiguration of which planner

should be used at any given time.
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Figure 5.25: Greedy Plan Pedestrian SCM

• Utilisation of the pos, lin vel, mass, and env force socket variables. Unlike the action

socket variable, these are used as inputs from the physical representation, which are

utilised to determine how the driving-actuation variables of the physical representation —

i.e. the ped force variable — ought to be modulated.

Greedy Plan Pedestrian The SCM depicted in Figure 5.25 plans the next action for a

Goal Force Control Pedestrian SCM specified in terms of goals. Mostly identical to the Greedy

Plan FWD Car SCM from Section 5.3.1.2 except for the format of the actions / goals, and the

nature of the predefined simulators and reward calculators used by the SCM. However, this

SCM also relies upon a task socket variable that indicates a long-term task an agent is trying

to achieve (e.g. reach a given node). Similar to the Greedy Plan FWD Car SCM once the

maximum-reward action is selected it will be fed into an associated controller, in this case a

Goal Force Control Pedestrian SCM.

Arguably the most important SCM besides the Pedestrian SCM in the context of the example

scenario, this SCM captures the decision-making capabilities of pedestrian agents within the

scene. In other words the decisions that are being identified as part of behavioural interactions

are assumed to be made within a roughly comparable form of planner. In order to achieve this

the following extensions are utilised:
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• Encapsulation of SCM data within the sim action outcomes buff buffer variable.

• Utilisation of the task socket variable, allowing the fluid reconfiguration of the task which

the pedestrian agent ought to try and achieve.

• Utilisation of the pos socket variable. This is used as an input from the physical

representation, which is utilised to determine how an action ought to be selected. In

particular the pos variable is used to identify candidate nodes for the pedestrian agent.

5.3.2.3 Qualitative Experiment

The architecture and how the formalisms have been used to facilitate and enhance aspects of it

has been described. Now one can reconsider the scenario depicted in Figure 1.2 and Figure 5.20.

Methodology The tracks from the pedestrian ‘THÖR-MAGNI’ dataset [172] are considered.

Here a scene where two agents find themselves at an impasse is found, emulating the scenario

described earlier in this section. This scene can then be analysed in the self-diagnostic manner

mentioned before. Here this is approached by modulating alternative actions for each agent

involved and inspecting how this affects the reward measures of each agent. These alternative

actions are determined by replanning for the agents from the target time of their action prior

to the impasse — i.e. when they reached the navigation node adjacent to the task-objective

node. While a relatively simple method, it is sufficient to provide a demonstration of the

service-robotics case-study SCM architecture.

Discussion The selected scene is depicted within Figure 5.26. Within this scene agent p2 —

depicted in cyan — and agent p4 — depicted in magenta — are both attempting to reach node

2 as their task objective as part of a pick-and-place job (see Figure 5.26a). Here the numbers

in these agent identifiers correspond those shown in the aforementioned figure. Initially p2

approaches node 2 from the north via node 127 and p4 approaches node 2 from the west via

node 12. However, then they both hesitate for several seconds at an impasse as to which agent

should proceed first (see Figure 5.26b). At last p2 takes the initiative, moving to node 2 to

complete its task and then moving away in order to allow p4 to move to node 2 (see Figure

5.26c). Note that for the purposes of experiment reproduction, p4 was originally accompanied

by an agent p5, the two of them acting together to complete pick-and-place tasks. However, as
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(a) Start of Scene (b) Beginning of Impasse (c) End of Scene

Figure 5.26: Visualisations of the service-robotics agent-impasse scene. Subfigures reflect the
world state at various points in time throughout the scene. In the observed impasse scene
the cyan and magenta agents are both attempting to reach node 2 — shown in dark blue —
but as they both get close they stop and remain at an impasse for a number of seconds. By
pre-empting the actions of each agent one can see how the subjective rewards of each agent
would be affected, as discussed further in Figure 5.27.

this experiment was primarily to demonstrate the usage of the architecture, the scenario was

simplified by omitting p5. Additionally, a brief tracking pause for p2 around 206–207 s resulted

in an abrupt change in its position, which is in turn reflected in its reward values.

The evolution of the reward values approximated for p2 and p4 is illustrated in Figure

5.27. As described in the methodology above, the scene analysis comprised of re-planning for

each agent from an earlier time than their initial ‘move to node 2’ action. Given the task

objective assigned to the agents of reaching node 2, this earlier re-planning just resulted in

the agents moving to node 2 sooner, perhaps reflecting a more aggressive mode of behaviour.

From there the overall rewards and individual reward metrics were approximated for each agent.

As one might expect, in the cases where only a single agent pre-empts their original action to

reach node 2, it results in a higher immediate reward for themselves while negatively impacting

the reward of the other agent. This negative impact typically manifests through their space

reward metric — i.e. the amount of personal space around each agent. On the other hand,

both agents pre-empting their original action to reach node 2 results in a lower peak overall

reward than most cases for all involved. Only an agent being the disadvantaged party in a

single-agent-pre-emption case seems to result in a lower reward. Indeed this pattern of overall

reward across each case reflects social norms that are intuitive to humans and also happens to

match the pattern described in the prisoner’s dilemma considered in game theory [104]. Of
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course these findings are not unexpected, but nonetheless demonstrate a successful use of the

architecture to make such inferences, which was the main purpose of this experiment in the

context of this case study.

As a final note, another important factor which holds a large degree of sway over the results

is the weighting attributed to the task-objective and space reward metrics. These weightings

would not only influence the final overall-reward approximations for each agent, but also hold

sway over which course of action they opted to pursue in cases where they were selected for

pre-emption. For this experiment a weighting of 0.8 was given to the task-objective reward

metric and a weighting of 0.2 was given to the space reward metric. This was done based upon

the assumption that the agent’s priority would still ultimately be upon getting their tasks done,

while simply having a preference for extra personal space. In any case, this clearly indicates the

importance of correctly approximating reward-metric weighting for agents, a topic that will be

discussed in greater depth in Chapter 6.

5.3.3 Summary

To summarise, the presented extensions represent a step forward for the expressive capabilities

of SCMs within causality research as well as work integrating AESs with causality. In terms of

how this ties in with the case studies discussed here, consider the following practical benefits:

• Utilisation of PTS-variable temporal representation combined with sparse data storage

with buffer variables keeps memory storage for a large number of agents tractable.

• In a similar manner, when processing a large number of counterfactual queries using

multiple different controllers and planners, socket variables make the reuse of SCM

modules easier. Meanwhile time-conditional variables enable the reuse of data and easier

management of multiple timelines.

• The RCS proof for mutable input sets, combined with socket variables and time-conditional

variables, allows for a temporally-shifting number of elements to be represented in an

SCM — in this case AES agents.

As such while each one of these contributions might offer a smaller contribution, their gestalt

offers many new tools that can be utilised both within the AES space and beyond.
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(a) Legend

(b) Original (c) Agent p2 takes alternative action

(d) Agent p4 takes alternative action (e) Both agents take alternative actions

Figure 5.27: Illustrations of the overall rewards and reward metrics of p2 and p4 during the
impasse scene depicted in Figure 5.26. Subfigures reflect how the evolution of said reward values
differs depending upon whether or not the agents involved act pre-emptively. Based upon the
data shown if an agent were to move to node 2 earlier it would result in a better subjective
reward for that agent at the expense of the other agent. However if both agents attempt to move
to node 2 earlier they both suffer in terms of their subjective reward. While this matches what
one would reasonably expect given social norms, this nonetheless demonstrates the capacity of
the case-study architecture to identify this autonomously.
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Chapter 6

Accounting for Variations in Agent

Motivating Factors

While Chapter 4 introduced the concept of utilising a theory of mind to identify agent behavioural

interactions, Chapter 5 provided the tools required to unite this concept with SCM formalisms.

In particular by integrating the planning process of agents within the causal model one can

approximate the impact agent actions have upon the planning of other agents rather than

relying upon a game-theoretic analysis of reward outcomes alone. Yet to effectively emulate

the planning process of an autonomous agent one must estimate the motivations which direct

their actions. In this chapter the approximation of the instantaneous motivations that govern

the actions of autonomous agents is explored (Section 6.1). Furthermore, an integration of this

motivation approximation as part of behavioural-interaction identification is proposed and then

evaluated through a series of experiments (Section 6.2).

6.1 One-Shot Approximation of Instantaneous Agent Motivations

As alluded to above, in order to formulate an accurate theory of mind with which to reason

about agent behavioural interactions one must understand the motivations that drive said agents

to act. Furthermore, as such motivations are likely to vary across time one must approximate a

parametrisation that describes these motivations for a specific point in time in order to accurately

reflect the ‘headspace’ of the agent at that instant. In particular, whatever parametrisation

is used to capture agent motivations must allow the facilitation of behaviours that may seem

inoptimal or irrational, as the range of human actions an autonomous system is likely to

encounter in the real-world will undoubtedly encompass such oddities.
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6.1.1 Relation to Inverse Reinforcement Learning

Attempting to parametrise or learn a reward model which describes the motivations of autonomous

agents is not a new concept and belongs to a set of techniques considered under the IRL umbrella.

The general goal of such techniques is to take a series of observed states and actions and from

this infer the persistent reward model that was being followed by the agents involved. This

is typically associated with imitation-learning techniques that wish to utilise a reward model

learnt from observing humans in order to imitate their behaviour. This work has similar aims,

albeit mimicking the thought processes of observed agents rather than their behaviour.

However, rather than aiming to learn a persistent reward model, the goal here is to identify

the instantaneous motivations behind singular actions. This follows previous work in IRL [97, 99]

proposing a reward function varying across agents / situations. The idea behind this is two-fold:

firstly it enables a more accurate imitation of an agent’s planning process at a given instant,

and secondly it facilitates the production of teleological explanations of observed behaviour.

Because of the focus on instantaneous reward parametrisation the work done here is set apart

from the majority of literature in the IRL field despite drawing inspiration from it.

6.1.2 Parametrising Reward for Autonomous-Vehicle Scenarios

The first step in formulating a reward parametrisation for a scenario in a given domain is

deciding the overall structure of the reward model. For the types of AV scenarios that have

been discussed throughout this thesis (see Section 3.1.3) it is argued here that a simple weight

vector allows one to represent mixed motivations while remaining transparent and interpretable.

This work is not alone in suggesting this with contemporary work applying causality to AVs by

Gyevnar et al. [16] providing similar motivation behind their weight-vector representation.

With the overall structure of the reward model defined, one can formally establish its details.

Calculations for reward are derived from an outcome so = ⟨slt, ssp, sdh, sef , sad⟩, which tracks

the lane transitions (slt ∈ Z), final speed (ssp ∈ R), distance headway (sdh ∈ R), and maximum

environmental-force magnitude (sef ∈ R) of a given vehicle. It also specifies whether the action

in question had its goals accomplished (sad ∈ B). From here reward is calculated as follows:
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r∗(so) = r(so)γγγ (6.1)

r(so) = [ r0(so) r1(so) r2(so) r3(so) r4(so) 1 ] (6.2)

where γγγ = [ γ0 γ1 γ2 γ3 γ4 γ5 ]
⊺ is a reward profile consisting of a weight vector. These weights

are combined via dot product with a vector of reward metrics with a bias term r(·) in order to

calculate the overall reward associated with the outcome. The reward metrics capture a range

of measures of utility that may be of varying levels of importance, and are defined as follows:

r0(so) = σ(−slt) (6.3)

r1(so) = min(
sdh

λdh · ssp
, 1) (6.4)

r2(so) = exp(0.05(ssp − λsp)) (6.5)

r3(so) = exp(−0.05ssp) (6.6)

r4(so) =


1 sef ≤ λef

0 otherwise

(6.7)

Here r0(·) captures reward associated with lane transitions using the sigmoid function σ(·).

Meanwhile r1(·) represents the desire for a vehicle to maintain a safe distance with the vehicle in

front. Here a parameter λdh = 2 s is used alongside the final speed to mirror the two-second rule

[173] often recommended by driving authorities. Next r2(·) and r3(·) reflect the motivations of

achieving a faster and slower final speed respectively, with λsp = 31.3 m/s acting as a speed-limit.

Lastly, r4(·) returns 1 if external forces imposed on the vehicle exceed λef = 1000 N and 0

otherwise, effectively acting as a check for collisions.

6.1.3 Estimating Instantaneous Agent Reward Parametrisation

Since it is assumed here that the agents are effectively intentional systems that are acting to

maximise some concept of reward, one can try to infer γγγ by considering the choice of action

a for a given agent. For a given action a, it is possible to consider a set of actions {â0, â1, ...}

that an agent could have alternatively taken at the time a was executed. Using the generative
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properties of the SCM architecture, one can simulate the outcomes associated with each action

{ŝo,0, ŝo,1, ...}. From here these outcomes can be passed along with the observed outcome so into

the following distance function:

ζo(so, so
′) = αo

(
αlt(slt − slt

′)2 + αsp

(
2(ssp − ssp

′)

ssp + ssp′

)2

+ αdh

(
sdh
ssp
− sdh

′

ssp′

)2

+ αef (sef − sef
′)2 + αad(sad − sad

′)2
) 1

2

(6.8)

where αo = 0.1 is an overall distance scaling parameter, while αlt = 100, αsp = 1, αdh = 0.1,

αef = 0.01, and αad = 100 are distance scaling parameters corresponding to the components of

outcome tuples. This distance function was largely based off the Euclidean norm, albeit with

the aforementioned scaling factors adjusting each of the constituent component distances. The

distance of the slt, sef , and sad components was just calculated as the difference between the

components from the two outcomes. For the ssp component the difference of the speeds was

divided by the mean of the speeds in order to make the resulting distance a relative distance.

This was done so that similar speed differences are considered more significant when the speeds

considered are smaller, e.g. 0m/s versus 10m/s should be considered more significant than

60m/s versus 70m/s. For the sdh component, the distance headway of each outcome is divided

by the associated speed in order to get the braking time for each outcome. From here the

difference is taken between the braking times of each outcome before being fed into the Euclidean

norm. This was done in order to capture that a greater distance headway is typically desired

when travelling at greater speeds.

Through this comparison each hypothetical outcome can be assigned an overall reward based

upon the negative exponent of the distance function. Along with (6.1), one can formulate this

as a linear-regression task:



r(ŝo,0)

r(ŝo,1)

...


γγγ =



exp(−ζo(so, ŝo,0))

exp(−ζo(so, ŝo,1))

...


(6.9)
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From here the ‘Householder rank-revealing QR12 decomposition with column pivoting’ approach

implemented by Eigen [174] is utilised to provide a solution for γγγ. The reward profile γγγ should

offer insight into the motivations behind the agent choosing a, given that the hypothetical

actions with outcomes closest to so should have been assigned the highest rewards on the

right-hand side of (6.9). Importantly, this should enable one to more accurately reason about

how an agent’s behaviour may have altered had events differed at the time of decision making.

6.2 Agent-Behavioural-Interaction Identification with Motivation

Parametrisation

This chapter ultimately aims to leverage the learnt reward profiles along with the integration of

planning within the SCM architecture in order to better explain agent behavioural interactions.

Hence the objective is to establish explanations in the form of causal links between actions,

where the occurrence of an action aC,t of agent C was necessary for agent A to select action aA,t′ .

6.2.1 Testing Causal Necessity Between Actions with Motivation Integration

Similar to the work in Chapter 4 the data associated with autonomous embodied systems —

and in this case AVs — is by default predominantly continuous in nature. Thus similar to that

chapter the approach detailed in Section 4.1.3 is utilised in order to convert this continuous

data into discrete actions that describe the behaviour of the relevant agents. Once one has

extracted the actions for vehicles using the aforementioned approach, one can iterate over pairs

of actions and test for the presence of causal necessity. Here it is possible to utilise the property

of temporal precedence (see Definition 3) to limit the number of pairs that need be considered.

To test for the presence of causal necessity the approach depicted in Figure 6.1 is followed

in order to emulate the decision-making process of A via counterfactual inference. The first

step in achieving this is to obtain a reward profile γγγA for the time-indexed action aA,t′ using the

process detailed in Section 6.1.3. This allows one to emulate the planning process of A while

utilising a similar conception of reward.

12QR is not an acronym here but refers to decomposing into matrices Q and R as part of the solving process.
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Figure 6.1: Depiction of the process by which a measure of causal necessity can be inferred
between agent actions. Step (i) learns a reward profile for the action of a primary agent. Step
(ii) plans for the primary agent under the observed world state. Meanwhile step (iii) simulates
a world in which a secondary agent did not take a particular action, and plans under for the
primary agent the resulting world state. Step (iv) compares these these two plans to determine
if the secondary agent’s action had a causal effect upon the primary agent’s behaviour. The
reward profiles and causal links combine to provide a causal explanation of a scene’s behavioural
interactions. (© 2025 IEEE)

From here, utilising the AV SCM architecture introduced in Section 5.3.1 one can plan for

agent A at time t′ under two contrasting timelines. In the first case the approximated values of

γγγA are used to re-plan at time t′, providing a new action âA,t′ . The second case also utilises

γγγA in re-planning yet intervenes upon the action variable VC,A in order to remove aC,t from the

behaviour of agent C. In terms of the counterfactual-context notation introduced in Section

4.2.1.3 one can thus define the resulting new output action as â¬CA,t′ ≡ [ âA,t′ ]
¬C.

For each re-planning operation the planner SCM takes a range of possible actions {â0, â1, ...}

and simulates them by intervening upon the input action to the controller SCM specified by

VA,A. The SCM can then be used to forward propagate and generate outcomes {ŝo,0, ŝo,1, ...}

for a predefined simulation horizon βh. From here one can apply (6.1) to the outcomes in order

to derive the best actions âA,t′ and â¬CA,t′ for the observed and counterfactual worlds respectively.
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Finally in order to actually test for causal necessity between the actions Pearl and Mackenzie

[2] discuss the concept of the ‘but-for’ test in relation to causal necessity, which in this case can

be summarised as the following question:

Would aA,t′ have not occurred, but for aC,t having occurred beforehand?

As discussed in Chapter 4 since it is impossible in many instances to know the exact planning

process by which the action aA,t′ was selected, answering this proves to be difficult. However,

one can reformulate the question in order to approximate an answer:

Would âA,t′ have not occurred, but for aC,t having occurred beforehand?

Thus one can test for causal necessity against an approximated planning process for aA,t′

represented through the planner SCM, even if replicating the exact planning process is not

known. While there is indeed a risk of inaccurately reflecting the underlying planning process,

the use of the motivation information captured in γγγA helps to mitigate this.

In order to test for causal necessity here one can utilise the counterfactual action â¬CA,t′ which

reflects the planning of agent A in the absence of action aC,t. Assuming aC,t was indeed necessary

for âA,t′ to occur, one should expect to see a significant difference between âA,t′ and â¬CA,t′ . Hence,

the two actions are passed into the following distance function:

ζa(a, a
′) = αa

((
2(gsp,sp−gsp,sp′)
gsp,sp+gsp,sp′

)2

+ (gsp,t′−gsp,t′ ′)2

+ αla

(
1−δKgla,la, gla,la′

)
+ (gla,t′−gla,t′ ′)2

) 1
2

(6.10)

where αa = 0.1 and αla = 10 are scaling parameters for the whole function and the lane-goal

lane-identifier component distance respectively. Otherwise this function follows a similar pattern

to (6.8) with the use of a Euclidean norm and scaling factors. Here the two target-time

components each have their distance calculated by taking the difference in their value across

actions. Meanwhile the distance between the speed-goal-value components of the actions is

calculated similarly to the speed components in (6.8), i.e. based upon their relative difference.

Lastly for the lane-goal lane-identifier components of the actions the distance is calculated by

applying a Kronecker delta δK before scaling by αla.
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Provided the output of (6.10) is greater than a predetermined threshold λζa, one can say that

the actions are sufficiently different. This indicates that aC,t was indeed necessary for the action

âA,t′ to have occurred, as the action planned in the absence of aC,t — i.e. â¬CA,t′ — is significantly

different. Thus in terms of causal necessity, one can approximate aC,t as a cause of aA,t′ .

By determining that causality exists between two actions one can construct a behavioural-

interaction graph with agent actions as the vertices and directional causal links between actions

as edges that describe the causal influence that an agent taking one action had on an action

taken by another agent. The resulting behavioural-interaction graph along with the reward

profiles for the relevant agent actions describe how and why the scene unfolded as it did, both

in terms of agent interactions and motivations.

6.2.2 Evaluation Experiments

Having now introduced a novel means of identifying behavioural interactions between agents

while integrating motivation estimation it is now necessary to evaluate the method against the

results of Sections 3.2.3 and 4.2.3.

Before proceeding it should be stated that these experiments do not attempt to compare

themselves against the AV qualitative experiment discussed in Section 5.3.1.3. This aforementioned

experiment was carried out to illustrate the functionality of the AV SCM architecture by

considering a semi-synthetic collision scenario and attempting to identify levels of culpability

for the agents involved. In contrast these experiments share more in common with the earlier

main-content chapters in evaluating the performance of the proposed approach against real-world

data. For this reason the topic of culpability identification is not revisited here.

6.2.2.1 Data, Code, & Parameters

The experiments were carried out upon the same highD dataset [150] scenes as those documented

in Section 3.2.3.1 for the same reasons as those given in Section 4.2.3.1. In addition to the

highD dataset [150] utilised for the quantitative experiments, here the exiD [175] and inD [176]

datasets are also used for qualitative experiments in order to capture a wider range of scenarios.

These datasets are similarly formatted to the highD dataset, but instead of focusing on typical

stretches of highway, they encompass highway on / off ramps and road intersections respectively.
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This code along with any data that can be publicly shared is made available in a Git

repository13. The method described in this chapter will henceforth be referred to as the

Simulation-based Causal Analysis and Reasoning System Version 2 (SimCARSv2) framework

to differentiate it from the SimCARSv1 approach proposed in Section 4.2.3.

For action-extraction parameters, the acceleration actuation threshold is λd,a = 0.1m/s2;

the speed-goal speed-difference threshold is λδa,sp,sp = 1m/s; the speed-goal duration threshold

is λδa,sp,t = 2.5 s; and the pre- and post-lane-change lane-goal start-time thresholds are λδa,la,t =

2.5 s and λ′
δa,la,t = 0.5 s respectively. For the identification of causal necessity, the action-

distance conditional-optimality threshold λζa is varied across the set of values specified by

{ 0.1x | x ∈ [0, 10] ⊂ N }. Once again, additional parameters are provided in Appendix A.

6.2.2.2 Evaluation Metric

For this set of experiments the same evaluation metrics are used as those from the evaluation

experiments of SimCARSv1. These metrics are initially documented in Section 3.2.3.2 and then

altered slightly in Section 4.2.3.2.

6.2.2.3 Results

Here the results of the evaluation experiments are documented. The quantitative results

are primarily focused upon comparison against SimCARSv1 and the benchmark experiments.

Meanwhile the qualitative experiments offer greater insight than those conducted with SimCARSv1,

largely due to the greater flexibility of the AV SCM architecture introduced in Chapter 5.

Quantitative In Table 6.1 the quantitative experiment results are shown, with Figure 6.2

providing an illustration of the results. Overall SimCARSv2 is highly competitive against

existing methods, with only the agency-based variant of SimCARSv1 scoring higher than the

proposed method in F1 score. Importantly SimCARSv2 demonstrates a massive improvement

over the SimCARSv1 reward-based variant in terms of precision, which is the most similarly

designed method — both being reward based. This indicates that the linear-regression approach

to learning reward-metric weightings is effective in capturing the priorities of autonomous agents.

13https://github.com/cognitive-robots/gce vbai lrp paper resources
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(a) The precision, recall and F1 score of evaluated methods. Numbers suffixed to the methods show
the threshold associated with the maximum F1 score depicted.

(b) Receiver Operating Characteristic (ROC) curve. Single points represent methods without sensitivity
thresholds. Note the x-axis is logarithmic for the sake of clarity. Additionally, in contrast to the other
metrics covered in this section, the TP-rate / recall and FP-rate / fall-out are calculated based upon
the TP, TN, FP, and FN counts summed up across scenes, rather than the mean of the aforementioned
metrics across scenes. The motivation is to illustrate the overall sensitivity versus specificity of the
methods across threshold values, rather than the expected performance for each scene.

Figure 6.2: Illustrations of the quantitative results from the SimCARSv2 evaluation experiments.
(© 2025 IEEE)

Overall the main factor that limits the performance of SimCARSv2 is its comparatively low

sensitivity, given that it gives a maximal F1 score and sensitivity of 0.749 and 0.835 respectively

for a threshold λζa > 0. Such a threshold effectively means any difference in action is sufficient

for a causal link to test positive. A positive of this is that for higher thresholds SimCARSv2 is

more precise than even the agency-based variant of SimCARSv1, which could make it useful in

situations where precision is of greater importance. A potential cause of the comparatively lower

sensitivity could be the reward metrics comprising the overall reward function. If the reward

metrics present are not expressive enough to capture the motivations of a particular agent, then
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Method Var. λα / λδr / λζa τ (s) Precision Recall F1 Score

DYNOTEARS sp. N/A 3.6 0.118±0.116 0.800±0.400 0.197±0.147

MVGC acc. 0.03 2.5 0.025±0.039 0.330±0.470 0.046±0.071

Random N/A N/A N/A 0.060±0.039 0.800±0.400 0.110±0.069

SimCARSv1 (Reward-Based) N/A 0.5 N/A 0.333±0.300 0.904±0.295 0.420±0.283

SimCARSv1 (Agency-Based) N/A N/A N/A 0.887±0.238 0.896±0.307 0.837±0.317

SimCARSv1 (Hybrid) N/A 1 N/A 0.790±0.311 0.896±0.307 0.773±0.335

SimCARSv2 N/A 0 N/A 0.827±0.284 0.835±0.373 0.749±0.371

TiMINo acc. 0.05 3.6 0.070±0.062 0.687±0.464 0.125±0.104

Table 6.1: The precision, recall, and F1 score of applying SimCARSv2 to the highD dataset.
Additionally the contents of Table 4.1 are included, depicting the highD-dataset results for the
DYNOTEARS, MVGC, and TiMINo methods as well as the SimCARSv1 variants, to act as
baselines. Note that for methods besides SimCARSv1 and SimCARSv2, specificity increases
as λα decreases. Meanwhile for the reward-based and hybrid SimCARSv1 variants, specificity
increases as λδr increases. Lastly, for SimCARSv2, specificity increases as λζa increases.

other metrics may end up being utilised as proxies when estimating the reward profile. If one

then attempts to use this reward profile during counterfactual inference the agent cognition

might deviate significantly from the original agent, in turn leading it to overlook certain causal

relationships. Of course, the dependence of the method performance on a suitable set of reward

metrics is indeed a limitation, as this may be hard to infer during system design. Another

limiting factor is a lack of information with which to refine parameters. While SimCARSv2

offers an enhanced level of accuracy over SimCARSv1 in terms of its dynamics modelling, the

ability to exploit this is limited by the type of meta-data available in the highD dataset. On

a real-world deployment of SimCARSv2 one could configure the parameters of the vehicles

based upon vehicle specifications, rather than relying upon rough approximations. Furthermore,

the utilisation of an SCM architecture allows the use of distributions rather than fixed values

for model inputs, something not possible with SimCARSv1. Lastly, since the agency-based

variant of SimCARSv1 is based upon a subset of the metrics considered by SimCARSv2 it

should hypothetically be possible to match or even surpass the performance of this baseline

through further parameter tuning. This does however indicate that a potential weakness of

the proposed approach is the number of parameters, and future work to simplify the means of

outcome comparison could help alleviate these issues.
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(a) inD— Accelerating / Braking (b) exiD — Merging

(c) highD — Overtaking (d) inD 2 — Failure Case

Figure 6.3: Illustration of twin-world analysis of driving scenes by SimCARSv2. HereW denotes
the planned behaviour under the original world state at the time the affected action aA,t′ was
taken. Meanwhile W¬C denotes the planned behaviour under the counterfactual world state in
which the causing action aC,t was not taken, at the same time as before. Magenta indicates the
affected agent, cyan the causing agent, and green any background agents. (© 2025 IEEE)

Qualitative Here four scenes in particular are selected for examination with the goal of

exploring a variety of interaction types. These are depicted in Figure 6.3. Similar to the AV

case-study experiments in Chapter 5 within these figures cyan is used to depict the causing

agent C, and magenta is used to depict the affected agent A.

The first of these presents an intersection where the causing agent turns right while the

affected agent continues on ahead, accelerating as it does (see Figure 6.3a). Whether the

causing agent had turned right or not, the affected agent would have continued straight ahead.

However, the proposed method suggests a behavioural interaction in that if the causing agent

had continued straight ahead the affected agent would have instead slowed down — no longer

having a clear path to accelerate ahead. The reward profile of this scenario (see Figure 6.4)

demonstrates that agent A both wished to maintain a particular speed — determined via r2

and r3 — and maximise its distance headway — via r1. This justifies the behaviour seen in

both twin-worlds as agent A would have aimed to accelerate to its desired speed, but only if it

did not decrease its distance headway.
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Figure 6.4: Scene reward profiles approximated by SimCARSv2. (© 2025 IEEE)

The second scene has the affected agent merging from an on-ramp into the lane occupied

by the causing agent (see Figure 6.3b). However, in this scene the causing agent accelerates

moments before the merge takes place. The proposed method is able to infer that without this

acceleration taking place, agent A would have slowed down before merging, or else it would

have risked a collision. Hence a behavioural interaction is present between the agents. The

reward profile this time around (see Figure 6.4) indicates the affected agent wished to shift lane

— via r0 — while avoiding a collision — through r4. Again this justifies the behaviour seen in

each of the twin-worlds as agent A would have aimed to shift lane in either case, but must brake

in the counterfactual case in order to not collide with agent C.

The third scene depicts agent A overtaking another vehicle (see Figure 6.3c) shifting right

to do so. The proposed methodology infers that this course of behaviour was the result of a

lane change by agent C. Otherwise the architecture reasons that agent A would have preferred

to shift left before moving to the lane agent C would have originally moved to. The reward

profile (see Figure 6.4) is similar to the previous except with the lane bias flipped, indicating

that agent A deciding to shift right over left was primarily driven by a desire to avoid collision

with agent C following its lane shift. This again makes sense, given that agent A in the observed

case would want to avoid overtaking to prevent collision with agent C, preferring to shift into

a lane absent of vehicles. Meanwhile agent A in the counterfactual case could carry out an

overtaking manoeuvre without risk of collision with agent C, given that agent C remained in

its original lane for this case. What is unusual is the decision of agent A to shift left rather
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than right in the counterfactual case. This can perhaps be attributed to two underlying reasons,

the first being that the reward model does not capture any legal considerations regarding

left-hand-side or right-hand-side overtaking. The other reason could be linked to the fact that

agent A still ultimately shifts right even after shifting left, which could throw reward metric r0

off. Nonetheless this scene offers a good example of how critical a robust reward metric selection

is in being able to properly ground any causal relationships that are identified via this process.

The final scene demonstrates a failure case for the proposed methodology (see Figure 6.3d).

Here the two agents in question likely do have a behavioural interaction, which the system

identifies. However, the planned actions via which it determines this are nonsensical, with one

of the agents veering off the road in each case. This is a combination of two issues. The first

being that the behaviour of agents when they reach the end of a lane segment is undefined. For

example, if one intervenes to prevent an agent from turning left at an intersection, then does it

turn right or go straight? The second issue is that whether or not the vehicle stays on the road

is not part of the outcome or reward metrics. As such the agent will happily drive the vehicle

off of the road provided it maximises its reward. Once again this highlights the importance of

defining a diverse and comprehensive reward model that offers grounding to the identifications

made by the proposed approach.

In addition to the aforementioned scenes selected for deeper examination, two sets of causal-

summary graphs produced as part of the quantitative experiments are depicted in Figures

6.5 and 6.6. It should be mentioned that these cases were selected specifically because they

demonstrate instances where SimCARSv2 outperforms SimCARSv1 as this can offer some

interesting insights given that the agency-based variant of SimCARSv1 performed better than

SimCARSv2 within the quantitative experiments. From these figures one can surmise that

although SimCARSv2 may perform slightly worse than the agency-based variant of SimCARSv1

on average, in a situation where more subtle behavioural interactions occur SimCARSv2 may

be able to offer greater insight.
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(a) SimCARSv1 (Reward-Based) (b) SimCARSv1 (Agency-Based)

(c) SimCARSv1 (Hybrid) (d) SimCARSv2 (e) Ground Truth

Figure 6.5: Depicts the causal-summary graphs from applying SimCARSv2 and SimCARSv1 to
a scene from the highD dataset (λζa = 0, λδr = 0.5), along with the ground truth (Figure 6.5e).
SimCARSv2 performs well (Figure 6.5d), identifying only the true causal relationship between
the convoy agents. By comparison the agency-based variant of SimCARSv1 (Figure 6.5b) did
not identify any causal relationships, while the reward-based and hybrid variants (Figures 6.5a
and 6.5c) identified several spurious causal relationships. The scene in question depicts a busy
highway with the head convoy vehicle gradually speeding up throughout the scene with a similar
response from the tail convoy vehicle. The subtle nature of the change in behaviour is perhaps
the reason SimCARSv2 performed better than SimCARSv1 here. Meanwhile the presence of
many vehicles increased the likelihood of discovering spurious causal relationships for the more
sensitive variants of SimCARSv1.

6.2.2.4 Discussion

Taking into account the results of the quantitative experiments it is necessary to discuss

where SimCARSv2 stands in relation to SimCARSv1. When designing SimCARSv2 it was

thought that the SCM architecture, along with the integration of planning and estimation

of instantaneous agent motivations would lead to a quantitative increase in performance. A

naturally added benefit would be that the estimated reward-metric weights could themselves

provide some level of explanation regarding the potential thought processes of agents. However,

SimCARSv2 failed to outperform the best performing variants of SimCARSv1, despite providing

a significant improvement in performance over its reward-based variant. This is likely the result
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(a) SimCARSv1 (Reward-Based) (b) SimCARSv1 (Agency-Based)

(c) SimCARSv1 (Hybrid) (d) SimCARSv2 (e) Ground Truth

Figure 6.6: Depicts the causal-summary graphs from applying SimCARSv2 and SimCARSv1 to
a scene from the highD dataset (λζa = 0, λδr = 0.5), along with the ground truth (Figure 6.5e).
SimCARSv2 once again performs well (Figure 6.5d), identifying only the true causal relationship
between the convoy agents. However, this time none of the SimCARSv1 variants (Figures 6.5a,
6.5b, and 6.5c) identified any causal relationships. Once again the scene is comprised of subtle
changes to the speeds of the convoy vehicles across time, however in this instance the convoy
vehicles initially decelerate before later speeding up again. Similar to Figure 6.5 the better
performance of SimCARSv2 over SimCARSv1 can likely be attributed to the subtlety of the
behavioural interactions. This scene was however slightly less busy and only consisted of two
lanes per driving direction, which in turn might explain why the reward-based and hybrid
variants of SimCARSv1 identified no spurious causal relationships for this case.

of the agency-based conditional-optimality metrics being of much greater simplicity than the

composite reward models considered throughout SimCARSv1 and SimCARSv2. Given their

increased complexity such composite reward models are that much harder to attune to the needs

of the domain in question. Nonetheless, despite SimCARSv2 not outperforming SimCARSv1 it

is not without its advancements, a summary of which is provided here:

• The reward-metric weights learnt by SimCARSv2 offer an insight into the motivations of

agents. Such functionality was unavailable in SimCARSv1.

• At higher action-distance threshold values SimCARSv2 provides a lower FP-rate than

even the agency-based variant of SimCARSv1.
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• As indicated by Figures 6.5 and 6.6 there may be scenarios to which SimCARSv2 is better

suited than SimCARSv1. At least in the cases analysed, this appears to be the result of

SimCARSv2 being more sensitive to subtle behavioural interactions than SimCARSv1.

• The four scenes analysed in the qualitative experiments demonstrate that SimCARSv2

can use the planning component of the SCM architecture to analyse how the behaviour of

agents might be altered in the absence of certain agent actions. Given that SimCARSv1

only functioned by toggling the presence of agent actions, it is more limited in its capacity

to make counterfactual inferences. Put directly, SimCARSv2 intervenes upon agent actions

and infers how other agents might react, while SimCARSv1 can only intervene upon agent

actions and infer how this will affect the subjective rewards of agents. Thus it can be

stated that SimCARSv2 offers a superset of the counterfactual-inference functionality

offered by SimCARSv1.

Even having highlighted some of the benefits associated with SimCARSv2 above, it does

have its limitations. While the issue of undefined behaviour following lane segments is raised,

this could be solved on a real-world system where destination data is present. The bigger issue is

the lack of expressiveness in the outcome and reward representations, which effectively permits

any behaviour so long as it maximises reward. Assumptions were also made about control and

planning, and where the dividing line ought to lie between them.

Thus the most sensible direction for future work would be to consider alternate means

of modelling reward and instantaneously capturing this reward via IRL. A challenge is that

any variable one wishes to consider as part of a reward model must be captured by the SCM

architecture. For example, distance headway had to be explicitly implemented within the SCM

to be used in the reward model. The task of deciding which information to include in a model

is ultimately a design decision. However, one could potentially train some form of data-driven

model (e.g. an NN) that can be used to sanity check the weight-vector-based reward model.

Note that one likely ought to avoid replacing the weight-vector representation entirely as the

primary reason for this reward model format was due to its inherent interpretability.
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One could also explore integrating behavioural-interaction causal modelling into an RL loop,

potentially allowing for greater efficiency and socially-awareness when operating around humans.

This would differentiate itself from existing work merging causal reasoning with RL [14, 64]

by its behavioural-interaction focus over typical egocentric perspectives. This is particularly

relevant for domains involving a great deal of interaction with humans. Furthermore, given the

safety-critical nature of the AV domain, it may be preferable to consider exploring this avenue

of research in an alternate domain, such as service robotics. After all, long-term experimental

deployments within service robotics [177] offer plenty of chances for opportunistic learning, not

to mention a suitable environment for testing the socially-aware capabilities of methodologies.

In this work it has been demonstrated how information regarding the motivations of a

vehicular agent can be incorporated into twin-world counterfactual inference in order to detect

causal behavioural interactions. To do so it was also shown how a reward profile representing the

instantaneous motivations of a vehicular agent can be approximated via simulation and linear

regression. Quantitative experiments have verified that this approach is competitive against

previous work, and significantly improves over the next-best reward-based model. Lastly several

scenarios have been examined which illustrate the capabilities and limitations of the proposed

approach via qualitative experiments.
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Chapter 7

Conclusion

The work presented in this thesis comprises both a literature review concerning the utilisation

of causality in modelling agent behavioural interactions as well as four chapters’ worth of novel

research and innovation within this field. Given the quantity of work and diverse contents of

these aforementioned chapters this conclusion chapter serves to summarise the contributions

of this thesis as a whole. Furthermore, the impact this work represents within literature will

be discussed along with an overview of some of the limitations associated with the work as a

whole. Finally, taking into consideration the status of the field as well as the contributions

and limitations of the work a series of potential future avenues for research will be presented,

providing a close to the contents of this thesis.

7.1 Contributions

This work began by providing a comprehensive literature review of the subject in question —

modelling agent behavioural interactions via causal methodologies — which would in turn direct

the contributions of the following four chapters of main content. Additionally, in the wake of

carrying out several years worth of work, this literature review was revisited and revised to

reflect recent developments in the field. However, the primary contributions of this work are

undoubtedly contained within the aforementioned four main-content chapters, as described

briefly in the following paragraphs.

Chapter 3 This chapter introduced existing formalisms within causality literature and applied

them to the task of modelling behavioural interactions between agents — AV agents in particular.

Then in order to evaluate the efficacy of existing techniques in being able to discover or identify
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these behavioural interactions a benchmark was carried out across ten contemporary temporal

causal-discovery methods. The results indicated that these existing techniques were ill-suited

to capturing these behavioural interactions given the causal sparsity and non-stationarity of

inter-agent variable relationships.

Chapter 4 Building upon the previous chapter, here an action-based causal-model format

was proposed in order to facilitate the representation of behavioural interactions between agents

despite their causal non-stationarity. Given the shift in focus from persistent variable-based

causal relationships, to singular action-based causal relationships, an alternative to observation-

based causal discovery was required. Therefore a novel game-theoretic approach was proposed

that compares the counterfactual outcomes associated with simulations that toggle the presence

of two potentially interacting observed actions. This follows from the idea that an agent’s

action is only caused by another action, if the first action were optimal for the agent only

given that the second action occurred. The optimality of the outcomes were compared via

three approaches: a product of reward metrics, a basic collision-based agency test, and a

hybrid approach combining the two. The subsequent experimental results indicate all three

approaches offered an improvement in performance over the contemporary temporal causal-

discovery approaches, with the agency-based variant performing best, and the hybrid variant

seemingly not benefiting from the combination of the other two variants. The reward-based

variant, while not out-performing the agency-based variant nonetheless offered the potential for

greater flexibility given it did not rely upon a single metric to measure optimality.

Chapter 5 Overall the novel game-theoretic approach offered a notable improvement in

the capacity to identify behavioural interactions between agents. However, a shortfall of the

approach was the severing of true causal ancestry between agent actions during conditional

optimality analysis. Additionally the approach utilised a black-box simulation, reducing the

transparency of the overall pipeline. While the approach was certainly causally inspired, in

order to truly model the chain of causal links that describe the causal relationship between

two agent actions an SCM-based architecture would be preferable. In doing so one would both

maximise transparency and allow for the utilisation of existing techniques within causality

literature. However, given the focus of SCM applications is typically on big-data non-embodied
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applications, there were several obstacles to engineering such a system. To remedy this, several

novel theoretical formalisms were introduced to ease the integration of SCMs within autonomous

embodied systems. This culminated in two case-study architectures, one addressing the AV

domain which provides the real-world context for much of this thesis, and the other addressing

the service-robotics domain in order to demonstrate the flexibility of the formalism extensions.

Chapter 6 Here the idea of utilising an agent’s conception of reward in identifying causality

between agent actions was built upon, while utilising the SCM-based architectures developed

as part of the previous chapter. In contrast to the earlier game-theoretic approach proposed,

a new approach comprised of a comparison of twin-world counterfactuals with and without a

potential cause is utilised. Due to the integration of planning within the SCM-based architecture

it then became possible to compare the resulting planned actions to determine whether the

potential cause did in fact influence the agent’s behaviour at the time. However, in order to

better capture the agent’s motivations for the purposes of planning a form of one-shot IRL is

utilised to approximate a reward-metric weight vector that reflects said motivations. In terms of

quantitative results the new approach far outperformed the previously conceived reward-based

methodology, making it competitive with the agency-based methodology overall, and slightly

more precise. Furthermore, by integrating both planning and motivation estimation into the

approach the expressiveness of the model was greatly improved as demonstrated via qualitative

experiments. Overall this chapter represented the synthesis of all the lessons and contributions

presented in the chapters that came before.

7.2 Impact

Having presented the contributions of this thesis it is now possible to discuss the ramifications of

this work in the context of the research field and literature. The nature of the agent behavioural-

interaction modelling tackled by this work means that the contributions made here are relevant

to literature within autonomous systems as well as literature in causality. Hence the implications

of the outcomes of this thesis are discussed in the context of each of these fields below.
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Autonomous Systems At the beginning of this thesis the primary motivation behind this

work was to enable autonomous agents — such as AVs — to better understand the type of

behavioural interactions that occur between agents. In doing so, such systems can be developed

with responsibility to better ensure safety and reliability in the presence of humans, animals,

and other AI systems, not to mention potentially allowing the generation of explanations for

observed behaviours / outcomes. The contributions documented above illustrate that this work

goes some way to furthering progress towards these goals by enabling the identification of causal

links between agent actions in an AV setting, as well as estimating the motivations behind

those actions in terms of providing a reward profile. A positive side-effect of exploring this

area of research within the AV domain is the raising of awareness of causality literature and its

methodologies to researchers that may have otherwise not been exposed to the field previously.

Causality In contrast to the more general contributions to autonomous systems in terms

of responsible development, the impact upon the field of causality is more subtle. Generally

speaking, the work presented here offers significant opportunities for the field of causality to

branch out beyond the typical focus on big-data applications. Specifically, the theoretical

formalisms contributed in Chapter 5 present a bridge between the causal techniques rooted in

data science and the type of object-oriented / modular programming seen in autonomous systems.

However, the actual theoretical contributions themselves may have applications beyond just

autonomous systems. For example, the proof regarding the fluid introduction and removal of set

elements as part of an SCM is not limited to just autonomous systems. Therefore theoretically

any modelled system which has elements coming and going throughout the modelled time span

could benefit from the assurances provided by such a proof.

7.3 Limitations

Despite the utility provided by the contributions presented in this thesis, there are limitations

that restrict the extent of their applicability for certain usages, and as a result identifying these

limitations may help in guiding the next steps of research. Arguably the greatest limitation

of these contributions is that while the identification of causal links between actions is well

explored, the exploitation of this knowledge is not. Of course this information still provides
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merit in the form of explanations for observed behaviour, but the lack of presented methodology

with which to integrate the information into planning and control is something that future work

should undoubtedly explore further.

Another limitation is that while the techniques developed here can identify behavioural

interactions between agents via observation, it cannot do so via experimentation. This was

partially by design, as the AV domain is a safety-critical field where an agent — i.e. a vehicle —

cannot afford to experiment in order to identify causal links between agent actions. Nonetheless,

other domains — as discussed below — might offer greater opportunity to carry out subtle

experimentation as a secondary objective.

Next, while the modelling of agent motivations was a step in the right direction for

understanding behavioural interactions, the mechanism for doing so remains quite simple. Part

of this was intentional as the weight-vector format was selected for its inherent interpretability,

however the approach of relying upon instantaneous motivations can prove unreliable, particularly

if not all actual agent motivations are represented within the weight vector. This can lead to a

false attribution towards a proxy reward metric or several completely random reward metrics

that then lead to inaccurate simulations during counterfactual inference.

In terms of practical concerns rather than limitations of functionality, the proposed approaches

do make assumptions regarding the planner and controller methodologies involved in the cognition

of agents. This is an inevitability for any approach based upon a theory of mind that is working

amidst humans. For the most part so long as the assumed methods are reasonably accurate and

transparent — as the ones utilised here are — this is not of significant concern. This is because

output data can be reliably used for the most part with the caveat that divergences in simulated

agent behaviour may occur. However, in the case of the simplified planner — mainly the fact it

only plans for a single action to be carried out immediately — this does limit the horizon which

can be simulated while remaining accurate enough for counterfactual inference. Furthermore,

in some instances it may be desirable to consider composite actions (e.g. over-taking within

the AV domain) which would require the simulated planner to be capable of planning several

low-level actions ahead of time.
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Further to this previous point, the uncertainty inherent to some variables is not currently

represented within the architectures introduced by this work. This was largely due to the focus

of this thesis being upon high-level aspects such as theory of mind rather than low-level aspects

such as sensing and actuation. However, previous work in robotics has been carried out on

capturing and accounting for such uncertainties in variables within causality [11, 178]. Thus

while integrating uncertainty into the methods and architectures presented here is definitely

an important next step, this alone may not constitute significantly novel work as this area has

already been well explored within causality.

Lastly, besides the service-robotics case study in Chapter 5 the proposed approaches have

only been applied to the AV domain. While the approaches were developed in such a way

that they ought to be applicable to any autonomous embodied system, it would be desirable

to see this tested further in practice. Additionally, as mentioned above the AV domain has

restrictions as a safety-critical domain which limit research regarding the active acquisition and

exploitation of behavioural-interaction knowledge. Thus, application of the proposed methods

in new domains is needed before one can make hard claims concerning their portability.

7.4 Revisiting the Research Questions

Before finally turning to the future of this research, a summary of the outcomes in relation to

this thesis’ RQs (see Section 1.2.3) is presented. This summary may overlap with some of the

other discussions contained within this conclusion, however it is intended to provide a concise

description of each RQ outcome for the reader’s benefit. The RQ outcomes are as follows:

RQ-1. ‘Can contemporary causal-discovery approaches identify autonomous-agent

behavioural interactions?’

Generally speaking it is possible, but under the specific conditions presented by the AV

scenario that was being considered, no. Arguably the biggest barrier presented by this

scenario — and similar scenarios — is the relatively short window of time covered by the

scene. This, combined with the fact that agent interactions are not continuously on-going

and that the time-lags between cause and effect vary, makes it very difficult for data-driven

causal-discovery methods to reliably identify behavioural-interactions.
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RQ-2. ‘Can the nature of autonomous agents be exploited to overcome the challenges

associated with identifying autonomous-agent behavioural interactions?’

Certainly. Because one can make the assumption that autonomous agents typically act in

their best interest — or at least to accomplish an objective of some kind — it is possible to

exploit this to make counterfactual inferences regarding said agents. It was demonstrated

that this could in turn be used to effectively identify behavioural interactions between

agents. The main limitation here is the reliance upon building an expressive and accurate

enough theory of mind for the agents under consideration.

RQ-3. ‘How can SCMs be extended in order to better represent a system of multiple

interacting autonomous agents?’

In a multitude of ways, however, this work focused upon three key areas. The first was to

increase the modularity and encapsulation capabilities of SCMs such that they could be

used closer to how classes are utilised within object-oriented programming. The second

was to provide a new means of capturing temporal causal relations that does not rely

upon roll-outs while remaining space efficient. Lastly a proof was given that demonstrated

that it is possible to model a fluidly changing number of elements within an SCM while

maintaining a form of causal stationarity. The biggest qualifier of these contributions is

the similarity between the two case studies considered, as many of the extensions were

proposed with these domains in mind. As such it would be valuable to see how these

extensions fair within a completely different autonomous-agent domain with a different

architecture design, in order to properly identify their limitations.

RQ-4. ‘How can autonomous-agent motivations be factored into the identification

of behavioural interactions?’

The straightforward answer would be via IRL, however when considering agent actions

moment-by-moment one is faced with the ask of identifying an agent’s motivations based

upon a single instant. Within this thesis, this task was tackled by simulating a range

of alternative actions for an agent at that instant, and then assigning an overall reward

estimate based upon how similar the associated outcomes were to the observed agent

outcome. From here it was possible to use linear regression to approximate a weight vector
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over individual reward metrics (e.g. maximise distance-headway, maximise speed, etc.)

which could then be used in counterfactual inference. This approach led to a significant

increase in performance over the previously-proposed reward-based method, although it

still faired similarly to other previously-proposed variants. The greatest limitation here

shares similarities with RQ-2 in that the greatest weaknesses of the method were exposed

by the limited expressiveness of the reward and outcome representations. This potentially

does merit the use of a non-parametric alternative, however any such approach should be

mindful of the need for transparency and interpretability within certain domains.

7.5 Future Work

While the previously-documented limitations undoubtedly offer some guidance as to the next

steps one could take in researching the modelling of agent behavioural interactions via causality,

this nonetheless leaves a lot of room for discussion of more specific avenues for inquiry. Below

are suggestions of some such avenues.

In the limitations it was mentioned that although behavioural interactions are identified

they are not necessarily exploited past being used as an explanatory tool. Given the emphasis

in this work upon building systems that are better able to operate amongst other agents —

particularly humans — it may seem wise to continue development here. This could be done by

integrating a level of social awareness into agent planning based upon behavioural interactions

and motivation approximation. Such a system would aim to learn social norms by observing

humans and attempting to identify how agents select their actions, mindful of the subjective

rewards of nearby agents. It could then try to apply this logic in similar circumstances, ideally

providing a more comfortable experience for humans in the environment. Meanwhile it could

also facilitate the opportunity for further learning via subtle experimentation in the course of

applying the learnt social norms. In addition to overcoming the limitations of the techniques

presented in this thesis, this would also offer the opportunity to explore other domains. While

the AV domain could in theory be used, until the methodologies involved have sufficiently

matured it may make more sense to trial the implementation of learnt social norms in a less

safety-critical setting. Service robotics could potentially offer a good alternative here, as there
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is a heavy emphasis upon the need for socially-acceptable behaviour while there is relatively

little in the way of risk to humans in the surrounding environment.

Solving the issue of modelling agent reward, control, and planning provides a more difficult

challenge. While it may be possible to mimic these processes for AVs, this does not necessarily

reflect the cognition of a rational human driver. Although techniques such as IDMs exist, they

remain fairly simplistic and are only useful in situations where pre-planned high-level routes

are available. Furthermore IDMs also assume the agents one wishes to model do not attempt

complex manoeuvrers (e.g. over-taking, merging, etc.) which limits the circumstances in which

they can be applied. Given that relying upon fully-designed components alone can produce

less natural behaviours and lead to unexpected edge cases it seems inevitable that some level

of integrating human-driving data is required. While this may not be a new concept, a clear

requirement if one is attempting to continue the course of responsible development of AI is

ensuring transparency and the ability to ground the claims contained within system outputs.

For example, if a planner built upon human-driving data suggests a particular course of action

would be followed during counterfactual inference, it should be able to point to a similar case

found in its training data in order to justify its output. This should allow one to provide more

natural predictions of human behaviour while maintaining important system qualities for XAI.

Both of these proposed avenues if pursued will represent substantial contributions to the field

in their own right, picking up from where this thesis leaves off and carrying the torch forwards.

Through these efforts one can hope that ours is a future where AI and autonomous systems

are not doomed to mindlessly navigate amongst humans while the latter suffers their social

ineptitude. Instead, this work envisions a day whereby comprehending how AI and humans

interact with each other, a better harmony and mutual understanding can be built.
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Appendix A

Parameters

A.1 Method Parameters for Experiments

A.1.1 Random Baseline

• Likelihood of Assigning Causal Edge: 0.5

A.1.2 CD-NOD

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Conditional-Independence Test: Kernel-Based Conditional Independence [179]

• Surrogate Variable: Time Index

• Maximum Number of Conditioning Variables: 1

• Type: 0 (A value of zero means all phases of CD-NOD will be ran)

• Pairwise: False

• Bonferroni Correction: False

• Conditional-Independence-Test Gaussian-Process Optimisation: True

• Direction-Determination Gaussian-Process Optimisation: True

• Observational Variable Kernel Width: Automatically calculated via Gaussian-process

optimisation

• Time-Index Kernel Width: 0.1
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A.1.3 DYNOTEARS

• Maximum Time Lag / τ : { 25, 36, 49 }

• Absolute-Edge-Weight Threshold: 0.01

• Regularisation Constant for W / βW: 0.05

– This value is also used as the regularisation constant for a second linear coefficient

array regarding variable auto-causation. However, since this work is interested in

interactions between vehicles this second array is of little relevance. Nonetheless, it

is important to make note of this for the purposes of experiment reproduction.

• Maximum Number of Iterations: 100

• Acyclicity Tolerance: 1.0 · 10−8

A.1.4 MVGC

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Statistical Test: Chi-Squared

• Multiple-Hypothesis-Test Correction: Benjamini-Hochberg [180]

• Vector Auto-Regressive Model-Estimation Regression Mode: Ordinary Least Squares

• Information-Criteria Regression Mode: Locally-Weighted Regression [181]

• Model Order: Akaike Information Criterion [182]

• Maximum Auto-Covariance Lags: 1000

• Random Seed: Unseeded
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A.1.5 PWGC

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Statistical Test: Sum of Squares Regression F-Test

A.1.6 NAVAR

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Hidden Nodes: 10

• Hidden Layers: 1

• Epochs: 2000

• Batch Size: 32

• Sparsity Penalty: 0.1

• Weight Decay: 0.001

• Dropout: 0.5

• Learning Rate: 3.0 · 10−4

• Validation Proportion: 0.0

• Network Type: Multi-Layer Perceptron

• Normalize: True

• Split Time Series: False
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A.1.7 PCMCI

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Minimum Time Lag: 0

• Conditional-Independence Test: Partial Correlation [143]

• Multiple-Hypothesis-Test Correction: None

• Maximum Number of Combinations of Conditions: 1

• Maximum Number of Conditions to Test: Unrestricted

• Maximum Number of Conditions of Y to Use: Unrestricted

• Maximum Number of Conditions of X to Use: Unrestricted

A.1.8 TCDF

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Kernel Size & Dilation Coefficient: { 5, 6, 7 }

– Although these are two separate parameters, while utilising a single hidden layer

and identical values for kernel size and dilation coefficient, the maximum time lag

consists of the square of this shared value.

• Hidden Layers: 1

• Epochs: 1000

• Learning Rate: 0.01

• Optimizer: Adam [183]

• CUDA: False

• Random Seed: 1111
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A.1.9 TiMINo

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Assumed Time-Series Model: Linear

• Independence Test: Cross Covariance

• Include Instant Effects: False

• Check for Confounders: False

A.1.10 tsFCI

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Include Instant Effects: False

• Data Type: Continuous

• Algorithm: Time-Series Conservative Fast Causal Inference [49, 184]

– This is a variation of the tsFCI algorithm [49] that incorporates the relaxed faithfulness

assumptions applied to the PC approach in the work of Ramsey et al. [184].
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A.1.11 VAR-LiNGAM

• Significance Alpha / λα: { 0.001, 0.005, 0.01, 0.03, 0.05, 0.1 }

• Maximum Time Lag / τ : { 25, 36, 49 }

• Vector Auto-Regressive Model-Estimation Regression Mode: Ordinary Least Squares

• Vector Auto-Regressive Model-Trend Assumption: No Trend

• Pruning: True

• Regularisation Criterion: Bayesian Information Criterion [146]

• Algorithm: DirectLiNGAM [141]

• Random Seed: Unseeded

A.1.12 SimCARSv1

• Reward-Based Conditional-Optimality Threshold / λδr: { 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,

0.8, 0.9, 1.0 }

• Action-Extraction Parameters:

– Speed-Goal Actuation Acceleration Threshold / λd,a: 0.2 m/s2

– Speed-Goal Speed-Difference Threshold / λδa,sp,sp: 1.0 m/s

– Goal Duration Threshold: 1.0 s

– Lane Minimum Duration: 2.5 s

• Controller Parameters:

– Steering Look-Ahead Steps: 10

– Maximum Actuation Acceleration: 3.5 m/s2

– Minimum Actuation Acceleration: −6.56 m/s2
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A.1.13 SimCARSv2

A.1.13.1 Autonomous Vehicles

• Action-Distance Conditional-Optimality Threshold / λζa: { 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,

0.7, 0.8, 0.9, 1.0 }

• Action- and Outcome-Distance Scale Factors:

– Overall Outcome-Distance Scale Factor / αo: 0.1

– Lane-Transition Outcome-Distance Scale Factor / αlt: 100

– Speed Outcome-Distance Scale Factor / αsp: 1

– Distance-Headway Outcome-Distance Scale Factor / αdh: 0.1

– Maximum-Environment-Force-Magnitude Outcome-Distance Scale Factor / αef : 0.01

– Action-Done Outcome-Distance Scale Factor / αad: 100

– Overall Action-Distance Scale Factor / αa: 0.1

– Lane-Goal-Value Action-Distance Scale Factor / αla: 10

• Action-Extraction Parameters:

– Speed-Goal Actuation Acceleration Threshold / λd,a: 0.1 m/s2

– Speed-Goal Duration Threshold / λδa,sp,t: 2.5 s

– Speed-Goal Speed-Difference Threshold / λδa,sp,sp: 1.0 m/s

– Pre-Lane-Change Lane-Goal-Start-Time Threshold / λδa,la,t: 2.5 s

– Post-Lane-Change Lane-Goal-Start-Time Threshold / λ′
δa,la,t: 0.5 s

– Time-Step Size: 0.5 s
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• Vehicle & Controller Parameters:

– Cars / Trucks / Other (Based off ‘Toyota Ascent Sport (Hybrid), 1.8L’ Datasheet)

∗ Width: Determined from Data

∗ Length: Determined from Data

∗ Approximate Height: (0.806 ·Width) m

∗ Approximate Mass: (116 ·Width · Length · Height) kg

∗ Approximate Axle Distance: (0.292 · Length) m

∗ Approximate Wheel Radius: 0.19 m

– Motorcycles / Bicycles (Based off ‘Honda Super Cub C125 2022’ Datasheet)

∗ Width: 0.72 m

∗ Length: 1.915 m

∗ Approximate Height: 1 m

∗ Approximate Mass: 110 kg

∗ Approximate Axle Distance: 0.6225 m

∗ Approximate Wheel Radius: 0.17 m

– Approximate Drag Area: 0.631 m2

– Cornering Stiffness: 49675

– Maximum Motor Torque: 3260 Nm

– Minimum Motor Torque: −3260 Nm

– Maximum Absolute Steer Angle: 0.616 rad

– Maximum Slip Angle: 0.5π rad
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• Planner Parameters:

– Action-Done Speed Threshold: 1 m/s

– Speed Limit / λsp: 31.3 m/s

– Distance-Headway Braking-Time Limit / λdh: 2 s

– Maximum-Environment-Force-Magnitude Threshold / λef : 1000 N

– Minimum Speed-Goal Value: 0 m/s

– Maximum Speed-Goal Value: 45 m/s

– Speed-Goal Value Interval: 2.5 m/s

– Maximum Goal Time Horizon: 5 s

– Goal Time Interval: 2.5 s

A.1.13.2 Service Robotics

• Action-Extraction Parameters:

– Pre-Node-Change Node-Goal-Start-Time Threshold: 0.2 s

– Post-Node-Change Node-Goal-Start-Time Threshold: 0.2 s

– Time-Step Size: 0.2 s

• Pedestrian & Controller Parameters:

– Human

∗ Approximate Mass: 70 kg

– Maximum Node-Goal Force Magnitude: 200 N

• Planner Parameters:

– Action-Done Node-Distance Threshold: 0.375 m

– Maximum Goal Time Horizon: 5 s

– Goal Time Interval: 2.5 s

– Task-Objective Reward-Metric Weight: 0.8

– Space Reward-Metric Weight: 0.2
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A.2 Synthetic-Dataset-Generation Parameters

• Variable: { Acceleration, Speed }

– Each of these parameter settings was used once independently to generate 100

acceleration-based causal scenes and 100 speed-based causal scenes.

• Frequency: 10.0 Hz

• Duration: 50.0–70.0 s

• Convoy Actions: 12

• Independent Actions: 12

• Minimum Convoy Distance: 10.0 m

• Maximum Convoy Distance: 100.0 m

• Proportional-Feedback Coefficient: 1.0

• Integral-Feedback Coefficient: 0.0

• Differential-Feedback Coefficient: 0.0

• Minimum Action Interval: 1.0 s

• Minimum Speed: 0.0 m/s

• Maximum Speed: 44.7 m/s

• Minimum Start Speed: 4.47 m/s

• Maximum Start Speed: 26.8 m/s

• Minimum Acceleration: −6.56 m/s2

• Maximum Acceleration: 3.5 m/s2

• Braking-Time Limit: 2.24 s
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• Reaction Time 0.5 s

• Fixed Actuary Noise: 0.1–1.6 m/s2

• Proportional Actuary Noise: 0.1–1.6

• Fixed Sensory Noise: 0.01–0.16 m

• Proportional Sensory Noise: 0.005–0.08
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Appendix B

Experimental Setup

B.1 Hardware

• Motherboard: X570 AORUS PRO

• CPU: AMD Ryzen 9 3950X 16-Core Processor (3500 MHz)

• RAM: 32 Mb

• GPU: Nvidia GeForce RTX 2070 SUPER

• Storage: Samsung Electronics 970 EVO Plus NVMe M.2 Internal SSD

B.2 Software

• Kernel: Linux Version 5.15.0-136-generic

• Operating System: Ubuntu 22.04.5 LTS

• C++ Standard: 20

• CMake: 3.22.1

• GCC/G++: 11.4.0

• Eigen: 3.4.0

• RapidJSON: 1.1.0

• Qt: 5.15.3
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• SFML: 2.5.1

• Lanelet (ROS): 1.2.2

• Python: 3.12.4

– numpy: 2.1.2

– pandas: 2.2.3

– scikit-learn: 1.6.1

– scipy: 1.15.2

– statsmodels: 0.14.4

– joblib: 1.4.2

– graphviz: 0.20.3

– networkx: 3.4.2

– matplotlib: 3.9.2

– torch: 2.5.0

– l5kit: 1.5.0 (Project Discontinued)

– lingam: 1.9.0

– numba: 0.61.2

– causalnex: 0.12.1 (Not Updated for Python 3.11 and Above)

• R: 4.2.1

• Matlab: R2022a Update 4, 9.12.0.2009381

182



Appendix C

Additional Acknowledgements

The top-down car images utilised in Figures 1.4, 4.1, 4.4, and 5.7 were designed by Freepik. The

low-polygon car meshes used in Figure 1.1 were made by Raphael Gonçalves.
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