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Abstract

Sudden cardiac death due to the development of lethal &gt is the dominant cause of
mortality in the UK, yet the mechanisms underlying theiremsaintenance and termination
are still poorly understood. Therefore biomarkers are tigelktermine arrhythmic risk within
patients and of new drug compounds. In recent years, theitndgrof variations in the length
of successive beats, measured over a short period of timdd®n shown to be a powerful pre-
dictor of arrhythmic risk. This beat-to-beat variabilig/thought to be the manifestation of the
random opening and closing dynamics of individual ion clesithat lie within the membrane
of cardiac cells. Computational models have become an ir@apbtool in understanding the
electrophysiology of the heart. However, current statéhetart electrophysiology models do
not incorporate this intrinsic stochastic behaviour of abrannels. Those that do use compu-
tationally costly methods, restricting their use in compissue scale simulations, or employ
stochastic simulation methods that result in negative rarswof channels and so are inaccurate.
Therefore, using current stochastic modelling techniqo@s/estigate the role of stochastic ion
channel behaviour in beat-to-beat variability preserfgdities.

In this thesis we take a mathematically rigorous and novpt@gch to develop accurate and
computationally efficient models of stochastic ion chardwlamics that can be incorporated
into existing electrophysiology models. Two different natelof stochastic ion channel be-
haviour, both based on a system of stochastic differengahtons (SDES), are developed and
compared. The first model is based on an existing SDE model fimpulation dynamics called
the Wright-Fisher model. The second approach incorpolaiesdary conditions into the SDE
model of ion channel dynamics that is obtained in the linwitdrthe discrete-state Markov chain
model, and is called a reflected SDE. Of these two methodsetleeted SDE is found to more
accurately capture the stochastic dynamics of the disstate Markov chain, seen as the ‘gold-
standard’ model and also provides substantial computtgpeed up. Thus the reflected SDE
is an accurate and efficient model of stochastic ion charnyremics and so allows for detailed
investigation into beat-to-beat variability using comypd®@mputational electrophysiology mod-
els. We illustrate the potential power of this method by mpowating it into a state-of-the-art
canine cardiac cell electrophsyiology model so as to ergloe effects of stochastic ion chan-
nel behaviour on beat-to-beat variability. The stochastitlels presented in this thesis fulfil
an important role in elucidating the effects of stochasiitchannel behaviour on beat-to-beat
variability, a potentially important biomarker of arrhytirc risk.
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Introduction

1.1 Motivation

Sudden cardiac death (SCD) is one of the major causes of dedtestern society. Itis a
condition where the heart suddenly stops beating, prevgitite flow of blood to the brain and
other vital organs, and unless treated immediately degillyeensues. Cardiovascular disease
is the main cause of SCD and in 2008 it accountedli®b of all deaths in the UK (88,236
people)!. Adverse effects of drugs on the heart can also lead to SCae@ndne of the main
reasons for new drug compounds not reaching the marketeat gost to the pharmaceutical
companies and society. Genetic mutations that alter themaofunctioning of the heart are
another common cause of SCD. The great social and econostgassociated with SCD have

prompted huge investment into understanding its causesrzhetlying mechanisms.

SCD usually occurs due to the development of lethal cardidg/éomias such as ventricular
fibrillation (VF). Cardiac arrhythmias occur when the etexl wave of excitation, which con-
trols the beating of the heart, becomes disrupted, leading¢oordinated patterns of electrical
excitation. This in turn results in irregular cardiac cations, severely compromising the ef-
ficiency of the pumping action of the heart and reducing th& 86blood around the body. A

large area of research into understanding the mechanisdeslyimg life-threatening arrhyth-

1Source: British Heart Foundation (www.bhf.org.uk, wwvattstats.org/eucosts)
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mias has developed over the last few decades, which in twid ésad to improved treatment.
Furthermore, due to the unpredictable nature of exactlyrwdred how arrhythmias are initi-
ated within an individual, research in this area has idewtii number of characteristics of the
electrical behaviour of the heart that correlate with thr@dance of arrhythmia. Such charac-
teristics are termetliomarkersand are used at the single cell, tissue and whole organ level i
order to determine the likelihood of arrhythmias occurtgh clinically and preclinically. For
example, measurements from electrocardiogram (ECG) dewgs on patients, such as the QT

interval, are used to predict an individual’s arrhythmgkri

Starting with the seminal paper by Noble in 1962 (Noble, )9@®mputational models of
cardiac electrophysiology have played a pivotal role itHfering understanding of the electrical
dynamics of the heart. This is in part due to the fact that gdéyw for investigation over a
much larger range of spatial and temporal scales than empets alone provide. This is of
great importance when studying the dynamics of a multisegdéem such as the heart, where
alterations at the ionic level can result in significant desto the dynamics at the whole
organ level. With increased computing power, and the dgvetmt of sophisticated simulation
algorithms, cardiac models are now able to capture manyehtbhly complex features of
cardiac electrophysiology in a detailed and efficient manhieis has led to greater mechanistic
understanding than experiments alone can provide, as whklping to identify potential new

biomarkers of arrhythmic risk.

One of the main challenges in the investigation of cardiabyéihmias is the heterogeneity
and variability of the electrical dynamics of the heart. f&iént individuals react differently
to the same conditions, and even cells from the same indivickn exhibit dramatically dif-
ferent responses under identical circumstances. Furtireirmany cardiac electrophysiology
processes, such as the random opening and closing of ione&lsamithin the membrane of car-
diac cells, are intrinsically stochastic. This randomrteas arises due to factors both extrinsic

and intrinsic to the system, introduces both spatial angteal variability into the electrical
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dynamics of the heart.

In experiments and clinical studies, variations in the tlareof consecutive cardiac beats within
an individual are observed over short periods of time. Thisqmenon is termed beat-to-beat
variability, and in recent years has become a topic of interresearch as the magnitude of these
variations are conjectured to be related to the onset of drudjsease induced arrhythmias,
(Hinterseer et al., 2010; Abi-Gerges et al., 2010; Thomgeal.£2004, 2006). Furthermore,
this temporal variability has been found to correlate wethwhe development of arrhythmias,
where greater variations signify higher risk of arrhythmighin an individual, (Oosterhoff
et al., 2007; Hinterseer et al., 2009). Therefore, bedie@k variability has been proposed as
a potentially highly effective biomarker for determining imdividual’s risk of developing life-
threatening arrhythmias. This biomarker has also beensihmbe predictive of proarrhythmic
potential of new drug compounds, both at the single celli{Bérges et al., 2010) and tissue
level (Thomsen et al., 2004). This temporal variability icotherefore lead to better diagnosis
of patients at high arrhythmic risk, as well as identifyimyigls with unwanted effects on the

dynamics of the heart early in the drug development process.

It has been hypothesised that beat-to-beat variabilityasitanifestation of the stochastic open-
ing and closing behaviour of ion channels that lie within thembrane of cardiac cells, (Zani-
boni et al., 2000; Pueyo et al., 2011; Lemay et al., 2011). ©ube multiscale nature of car-
diac electrophsyiology, investigating such a hypothesisgiexperiments alone is challenging,
therefore computational models provide a powerful toolltwieate the role of stochastic ion
channel behaviour in beat-to-beat variability. Howeveostrcardiac electrophsyiology mod-
els are deterministic and so unable to capture beat-tovaeability. Therefore, incorporating
stochastic ion channel dynamics into cardiac cell modetsusial to allow for investigation
of potential mechanisms underlying beat-to-beat vaiigtak well as to further understanding

into their link to arrhythmias.

The recent studies by Lemay et al. (2011) and Pueyo et al1j2@ive investigated the hypoth-
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esis that stochastic ion channel dynamics cause beatatovhdability. However, in (Pueyo
et al., 2011) the stochastic behaviour of only one type ofdbannel is considered, while
Lemay et al. (2011) take a purely computational approachithEtmore, both these studies
use a fixed conductance for each current, and only vary théauof channels in each sim-
ulation according to some predefined statistical distidout In this thesis we build on these
investigations to explore the effects of stochastic iomdehdynamics on beat-to-beat variabil-
ity in a canine cardiac myocyte. As in (Pueyo et al., 2011)usea combined experimental and
computational approach to construct models that capterstthchastic behaviour of a number
of different ionic currents, rather than just one as in (Ruetyal., 2011). Furthermore, we take
a novel approach to represent the differences in the coadcetof ionic currents between cells
by constructing a population of models, each with a uniquarpater set, rather than just vary-
ing the number of channels as in (Pueyo et al., 2011) and (kenal., 2011). This approach
means that the results obtained are not linked to a partipal@ameter set, as in (Pueyo et al.,

2011) and (Lemay et al., 2011).

There are three main modelling regimes that have previdiesty employed to describe the dy-
namics of ion channels. The first two capture the intrinsicisastic behaviour of ion channel
dynamics while the final regime ignores this stochastic tielua, modelling the time evolution
in the number of channels by an ordinary differential equra(ODE). The first stochastic mod-
elling regime takes into account that ion channels are elisantities and describes how the
discrete number of channels that are open or closed varadiawe, as a result of the random
movement between these states. This approach is termdubthnete-state Markov chain model
and is often seen as the ‘gold-standard’. The second sticla@gproach is obtained as an ap-
proximation from the discrete-state Markov chain modehia limit of large channel numbers
(usually on the order of a few hundred) and uses a stochafficeshtial equation (SDE) to
describe the time evolution in theroportionof open channels. The variance of the SDE model

scales withl /N, whereN is the number of channels, and so converges to the ODE motted in
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limit as V tends to infinity; therefore the ODE model captures the mearchannel dynam-

ics. Unlike the discrete-state Markov chain model, the SD&fleh assumes that the random
changes in the number of open channels over time is contsy@amal so it does not account for
the discrete nature of the ion channels, but is a good appadion to the discrete-state Markov

chain model.

When the number of ion channels exceeds a few hundred, incoomputationally intensive
to simulate individual paths of the discrete-state Markiozio model. Furthermore, since each
simulation results in a different outcome, multiple simidas are needed in order to calculate
distributional properties in the number of open channeishss the mean and the variance, fur-
ther increasing the computational cost of employing suctodeh Thus trying to incorporate
such an approach into large-scale tissue simulations,mapkex cardiac cell models typically
involving as many ag8 variables and, where a small time step must be taken in th@ation

to resolve the highly nonlinear dynamics, quickly becomasputationally intractable. The
SDE model can be simulated using one of the many existing noahenethods for approxi-
mating solutions to SDEs. Many of these are based on ODE ncahenethods, and require
little more computational cost than their ODE counterpafiserefore, the SDE method is far
more computationally efficient to simulate than the dissstite Markov chain model, allow-
ing multiple simulations to be performed for complex eleptrysiology models both at the cell
and tissue level. For this reason it has been employed imrgears to study stochastic ion
channel behaviour within neurons (Fox, 1997; Sun et al.12@hrdiac myocytes (Pueyo et al.,

2011) and pancreatic beta cells (De Vries and Sherman, 2000)

However, solutions to the standard SDE model of ion chanyeduihics can become negative
and even imaginary when simulated using existing numenezthods, thus raising questions
about the biological applicability of such an approach ekdithis is a problem in the stochastic
simulation of many biological systems (Higham, 2011). WHhhis issue is frequently side-

stepped by adjusting the numerical simulation method toef@imulations to remain within a
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biologically realistic region, (Pueyo et al., 2011), suchthods may introduce bias, and indeed
are not even guaranteed to converge to the SDE model. Intrgears this issue with the SDE
model has been highlighted, with a break down in the assempf the approximation and
inadequacies of the numerical methods being put forwardenpal causes for this problem,
(Higham, 2011), (Gillespie, 2002). However, no thorougvestigation into the root of this
issue has been undertaken, nor has there been an accunatachpgeveloped to overcome this
issue. The development of modelling and numerical tectesdbat allow for computationally
efficient and accurate simulation of ion channel dynamiestherefore needed to allow for
investigation into the effects of stochastic ion channéldweour on the electrical dynamics of
complex cardiac cell and tissue models. Indeed such tegbsigre essential to allow for in-
depth investigation into the role of stochastic ion char@aviour in beat-to-beat variability,

which is thought to be a potential biomarker of arrhythmskri

1.2 Thesis Goal

The goal of this thesis is two fold. Firstly it is the aim to @y a stochastic model of ion
channel dynamics that is computationally efficient, andieova for incorporation into complex
cardiac cell electrophysiology models, as well as ensuainglytic and numerical solutions
to this model remain in a biologically realistic region. Thecond objective is to use such
methods to investigate the role of stochastic ion channehohycs in beat-to-beat variability in

electrophysiological function at single cell level.

As discussed in the previous section, incorporating a sistchmodel of ion channel dynam-
ics into existing cardiac cell models poses a computatiohallenge due to the complexity of
state-of-the-art cardiac electrophysiology models. Wttik discrete-state Markov chain model
represents the ‘gold standard’ method for simulating saetib ion channel behaviour, it be-
comes computationally intractable when employed withirdiee electrophsyiology models.

On the other hand the ODE model of ion channel dynamics is #emyputationally efficient,



1.2 Thesis Goal 7

but does not allow for investigation into beat-to-beat ability using computational electro-
physiology models. Thus, a model that is computationafigieht to simulate but still captures
the stochastic behaviour of ion channels is key to incotpayatochastic ion channel dynamics
into existing electrophysiology models. The SDE model pasethe ideal candidate, since it
provides a bridge between the discrete-state Markov clmifQdDE modelling regimes. Due to
the issues that arise in simulations of the SDE model, ourgoal is to explore the SDE mod-
els of ion channel dynamics that ensure solutions remaininvé biologically realistic region.
Here we take two different approaches, firstly approxintatime SDE model of ion channel
dynamics by a different SDE whose analytic solutions, wilaighthe proportion of open chan-
nels, are guaranteed to remain within the intef9al|. Our second approach is to incorporate
boundary conditions into the SDE model of ion channel dyrardirectly, to ensure solutions

remain positive.

The next goal is to construct the numerical methods to ernbatesimulations of the two mod-

els preserve the boundaries of these equations. For thagpsbach, where the SDE model is
approximated by another SDE, no numerical methods existariterature that ensure simu-
lations preserve the boundaries inherent in the model. efbw we construct such a method
and show the strong convergence of this method. For the desoproach, where boundary
conditions are incorporated directly into the SDE model.engloy previously developed nu-
merical methods. The two different approaches are then aoedpo determine which is the
most accurate and computationally efficient for modelliog channel dynamics within cell

electrophsyiology models.

Few computational studies have investigated the role ahststic ion channel behaviour in the
beat-to-beat variability observed experimentally dudeodifficulties of capturing this intrinsic

stochastic behaviour within existing cardiac electropdlpgly models. Therefore the final goal
of this thesis is to use the methods developed here to igatstihe role of stochastic ion

channel dynamics on beat-to-beat variability in caninaliear myocytes, using a combined
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experimental and computational approach. Unlike prevatudies, (Pueyo et al., 2011; Lemay
et al., 2011), we account for cell-to-cell variations by stoacting a population of stochastic
models, each with a unique parameter set. Thus the stocimastel is not tied to a single
parameter set, allowing for investigation into the effeatstochastic ion channel dynamics
on beat-to-beat variability within different cells. Suclst@dy is crucial to provide a better
understanding into the role of stochastic ion channel biebawn beat-to-beat variability, a

potentially powerful biomarker of arrhythmic risk.

1.3 Outline of Thesis

We now describe the framework of this thesis and in partrcuighlight how the aims of this

thesis will be addressed.

Chapter 2 provides the biological background on cardidawetiels underpinning the research
undertaken in this thesis. The basic structure and funafahe heart is described. In par-
ticular, we discuss the electrical dynamics of the head,rtte of ion channels in the normal
electrical functioning of cardiac cells and the beat-tatbariability observed experimentally.
We also provide a review of the evidence suggesting thattoela¢at variability is correlated to
proarrhythmic behaviour, and so could be used to prediby#ymic risk. The second part of
this chapter is devoted to computational modelling of adiell electrophysiology. We give
a review of the history of this field, the current state andisic structure of existing models
of the electrical dynamics of cardiac cells. In particuee, discuss the recent studies that have
investigated the effects of variability both within the Ilcehd between cells on the electrical
dynamics at the cell and tissue level. We end this chaptér aviirief discussion of the experi-
mental techniques employed to obtain the data that is usednstruct the models in the final

part of this thesis.

In Chapter 3 we describe in detail the different stochasicahs of ion channel dynamics.
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This chapter provides the mathematical foundation for thdefling and simulation techniques
developed in this thesis. We begin by describing the dises&te Markov chain model of ion
channel dynamics for a simple two state model and extenddhasmore general description
of ion channel behaviour. We then provide mathematical tparzknd on SDEs and derive the
SDE for the simple two state model and more general modehafh@annel dynamics. The ODE
model is also given and the link between these three mode#igimes discussed. Finally, we
briefly review split-step numerical methods for ODEs andaés how such techniques can be

used to deal with the coupling of ion channel dynamics to tlensembrane potential.

The challenges in modelling ion channel dynamics using ai &ibmulation, namely compu-
tational efficiency and biological accuracy, are describe@hapter 4. We show that by correct
formulation of the model, in terms of the underlying diserstate Markov chain model, the
SDE model is computationally efficient whilst preservingevant statistical properties of the
discrete-state Markov chain model. The remainder of thegptdr is devoted to an examination
of why solutions to the SDE model can result in the proportibapen channels becoming neg-
ative. This analysis provides the rational behind the tvieint approaches taken in Chapters

5 and 6 in order to resolve the first goal of this thesis.

In Chapter 5 we address the first goal of this thesis by apprating the SDE model of ion
channel dynamics by another system of SDEs, called the \WFighher model. We briefly
review numerical methods that try to preserve the bounslamteerent in the analytic solutions
of SDEs and discuss why such methods are insufficient for mblem. We therefore derive
a numerical method that ensures numerical solutions pesbe boundaries inherent in the
Wright-Fisher SDE model. The strong convergence of thiswbis mathematically proved
for the simple two state model of ion channel dynamics, anderically shown for a more

general model of ion channel dynamics.

In Chapter 6 an alternative approach is taken to addressrgtgdial of this thesis. We show

how boundary conditions can be imposed on the SDE model iwresslutions remain within
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a biologically realistic domain. The resulting system ofi@gons are commonly referred to as
reflected SDEs. We review numerical methods for approximgagplutions to reflected SDEs

and, in particular, describe the algorithm employed in thesis.

In Chapter 7 we compare the SDE model from Chapter 5, and fleeted SDE model from
Chapter 6, with the discrete-state Markov chain model, tvisdaken as the ‘gold-standard’.
The simplest cell electrophysiology model, namely the HaalgHuxley model, is used to com-
pare the first two moments in the proportion of open chansésistics of the action potential
and computational speed between the three methods. Thadtsrare used to determine the

most efficient and accurate model of ion channel dynamidsewaing the first goal of this thesis.

Chapter 8 uses the most suitable model of ion channel dysagetermined in Chapter 7, to in-
vestigate the effect of stochastic ion channel dynamicsat-to-beat variability in experiments
on canine ventricular myocytes. Such effects are invegithlaoth under control conditions and
under complete pharmacological block of individual ionicrents. Furthermore, to capture the
variability between the different cells we construct a dapan of stochastic models, each with
a unique parameter set. In this chapter we describe therachet of such a population of

models and the simulations undertaken to investigate toela¢at variability.

We end this thesis with a discussion of the main contribgtiohthis work to the fields of
cardiac electrophysiology and stochastic modelling andikition in Chapter 9. The possible

avenues in which the work from this thesis could be extendedlso reviewed.



Biological Background

In the first part of this chapter the structural and functibpeoperties of the heart
are presented. In particular, the electrical dynamics ofdiac cells and the role
of ion channels are described. We also review the experahemdrk which in-
dicates the potential importance of variability in cardiatectrical dynamics in
predicting arrhythmic risk. The second part of the chapsedévoted to the com-
putational models that have been developed to simulateléotrieal dynamics of
single cardiac myocytes. In particular, we discuss themécemputational studies
investigating the causes of variability in the electricghdmics of cardiac cells.
Finally, we briefly describe the estimation of single ionmhal properties within

cardiac cell models from experimental data.

2.1 Cardiac Physiology

The heart is a muscle that pumps blood around the body by texpelaythmic contractions,

transporting vital material to cells and removing wastetlimblood. The rhythmic beating of
the heart is called the cardiac cycle and occurs about 7&tpaeminute in a human, but can
range from 30 to 150 beats per minute depending on the actimidertaken and the condition

of the heart. Each contraction is controlled by electriogpulses that propagate through the
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muscle tissue. In this section the basic anatomical strecitithe heart is described and the

mechanisms of electrical stimulation, which lead to thetiation of the heart, are explained.

2.1.1 Structure and Function of the Heart

Figure 2.1 Diagram of cardiac structural anatomy for a longitudinalss-section through the
heart. The main features are labelled and the solid arrogvsate the direction of blood flow.
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The anatomical structure of the mammalian heart is showiguwr€ 2.1. The heart is primarily
divided into a left and right side, separated by a musculdrtjpen called theseptum and the
two sides do not interact with one another. Each side is éardivided into an upper chamber,
called theatrium and a lower chamber, called thentricle De-oxygenated blood enters the
heart through theuperior vena cavan the right atrium. From here it passes into the right
ventricle before being pumped into the lungs via plodmonary arterywhere it is oxygenated.

It then returns from the lungs to the left atrium via hmonary veirand passes into the left

ventricle. Finally, oxygenated blood is pumped to the réshe body via theaortic valve



2.1 Cardiac Physiology 13

The upper and lower chambers exchange blood through anrgpesiich is controlled by the

atrio-ventricular valve which ensures that blood flows in the right direction.

The heart is surrounded by a double-walled sac callegpéneardium It protects the heart,
anchoring it to the surrounding structures as well as pr@avgithe heart from overfilling with
blood. The muscular walls of the heart are termedrtiy@cardiumand it varies in thickness,
being thickest in the left ventricle, since the left vergipumps blood to the entire body, and is
thinnest in the right ventricle, which only pumps blood te tiearby lungs. The myocardium is
composed of three layers: the outer layer callecethieardium the middle layer called thaid-
myocardiumand finally theendocardiums the name given to the inner layer. This inner layer is
in contact with the blood and covers the heart valves. Tharelehysiological properties of the
cardiac cells in the different layers vary, leading to transal heterogeneities in the electrical

dynamics through the myocardium.

Figure 2.2 Schematic of myocardial sheets and fibres.
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The architecture of the myocardium is very heterogeneodssazonstructed from inter-connected
sheets of tissue, shown in Figure 2.2 . Within these sheatdiac cells, typicallyi0 — 20um

in diameter and0 — 100um in length and termediyocyteslie longitudinally to form fibres,
shown in Figure 2.2. These fibres rotate to allow the heanist tas it contracts, resulting

in a more efficient pumping action. Alternating segmentshadk and thin protein filaments

give cardiac muscle its distinctive cross-striated pattertercalated discsire cross-bands that
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separate opposing ends of myocytes. They help hold myotygesher and, most importantly,

transmit the force of contraction from cell to cell, (Katpdb).

The propagation of an electrical impulse across the heavigies the stimulus for cells to con-
tract, which in turn causes the heart to beat. This elet¢tactvation is initiated by a small
group of self-excitatory pacemaker cells located at theofdpe right atrium called thsinoa-
trial node, Figure 2.3. From here, activation propagates throughttieeta theatrioventricular
nodethat provides the only conducting pathway from the atrigheventricles. The electrical
activity progresses from one cardiac myocyte to the nexspicialised intracellular connec-
tions, calledyap junctionsthat allow ions to pass freely between cells, thus eleddtyicoupling

a myocyte to its neighbours. The bundle of His conducts teetetal stimulus from the atri-
oventricular node to the ventricles via the left and rightdbe branches. Each branch splits into
a complex network of fibres, called tReirkinje systenmear the bottom of the heart, where the
stimulus is transferred to the endocardial surface of eaalricle. The many activation sites on
the inner side of the ventricular wall cause the formatioartlectrical waveform that propa-
gates through the myocardial. As this electrical wave alatton enters the myocardial wall,
it spreads upwards and across the tissue causing the celfags to contract. The electrical
activation wave spreads across the myocardium in a verpumidnd synchronised manner un-
der normal cardiac function, leading to a highly efficientjing action due to the coordinated

contraction of the myocardial walls.
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Figure 2.3 Schematic illustration showing the activation sequencthefheart, green arrows
indicate the direction of electrical propagation duringmal sinus rhythm.
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2.1.2 The Electrophysiology of a Single Cardiac Cell

The electrical activity of cardiac cells is caused by thespreee of proteins inserted in the cell
membrane. There are three main types, namely: ion chamxelsangers and pumps. Cardiac
cells contain a high concentration of potassium idis*() and a low concentration of sodium
ions (Na™]), while the reverse is true of the extracellular environtrtbat surrounds the cell.
The gradients ofVat and K are maintained by an active ATPase-drivda* /K™ pump.
This concentration disparity results in a potential degfece across the cell membrane called
thetransmembraner membrane potentiaFor a cell at rest this potential is negative, although
the magnitude varies between different cell types, for gglammyocardial cells have a resting
potential of about-80mV while the sinoatrial node resting potential is betweeidm1” and

—60mV.
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Figure 2.4 Typical action potential trace of a cardiac cell along witk key inward and outward
currents involved at each stage. Downward arrows indicatewsard current, upward arrows
indicate an outward current, and a double arrow indicatasttie current moves in both an
inward and outward direction.
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The action potential(AP) is the response of an excitable cell to an electricahsiis and it
consists of changes to the membrane potential over time.slipe of the AP varies widely
between different cell types, as well as between differpat®s. However, the AP of a cardiac

cell can broadly be splitinto five distinct phases each diarsed as follows:

¢ (Initial Upstroke Phase (s the period of rapid depolarisation of the membrane pa@knt
During this phaseVa' channels open, producing the fast sodium currégt) This
results in a rapid influx ofVa™ ions, causing the membrane potential to increase sharply

and so the cell undergoes a short period of depolarisation.

¢ (Transient RepolarisatignOnce the cell has reached maximum depolarisation)Mhé
channels become deactivated goidhse 1 a short period of repolarisation, begins. The
sharp downward deflection of the AP that characterises tesg commonly referred
to as the'notch’, is due to the movement of potassium and chloride ions chbyethe

transient outward current$;,; and /., respectively.

e (The Platealy During phase 2 the plateau phase, the membrane potential is sustained
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by a balance between the inward movement of calciGiar{) ions, due to the opening
of the L-type calcium ion channeld{,;), and the movement of potassium iors™()

through the slow delayed rectifier potassium channels,ymiod thelx, current.

¢ (Repolarisatiof During phase 3the membrane potential undergoes rapid repolarisation
as the L-type calcium channels close, while the slow deldy&dthannels remain open.
The result is a new outward current leading to a negative gdnam the membrane po-
tential, which in turn opens more types &f" ion channels. The other two types of
potassium currents that are primarily involved in this stage the rapid delayed rectifier

potassium current/{,.) and the inwardly rectifying potassium curremif().

e (Resting PhageAt the end of phase 3, when the membrane potential is rektoréds
resting value, the channels that produge and I, currents close.lx; channels re-
main open throughouthase 4 since this current contributes to maintaining the resting

membrane potential.

Thus the generation of an AP within cardiac cells is achidwed dynamic interplay between

membrane ionic currents and the transmembrane potential.

The electrical stimulus of each cell is converted into a na@atal contraction by a process
calledexcitation-contraction couplingn which intracellular calcium plays a leading role. Dur-
ing phase 2 of the AP, calcium ions enter the cell through tiygle calcium channel triggering
the subsequent release of calcium stored in the sarcomastrmulum in a process callezl-
cium induced calcium releas&he free calcium binds to a regulatory protein on actin féats,
stimulating contraction of the muscle cell. For furtherdieg on excitation contraction cou-

pling see for example (Katz, 2005).

The AP depends on a delicate balance of ionic currents floimitmgand out of the cell. These
currents in turn are regulated by a specialised family ofgins calledvoltage-gated ion chan-

nelsthat form a pore in the membrane, allowing the movement of iacross an otherwise
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impermeable membrane. lon channels undergo conformétibaages in response to changes
in the membrane potential causing it to ‘open’ and conduts iato and out of the cell, as well
as ‘close’, restricting the movement of ions across the nran#y (Bezanilla, 2000), (Bezanilla,

2007). Figure 2.5 is a representation of this opening meashan

Figure 2.5 Cartoon of the gating (open/close) dynamics of voltagegda&bn channels in re-
sponse to changes in membrane potential.
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Since ion channels are discrete molecules, the conformalttanges of such proteins, and thus
their gating mechanisms, are stochastic. Indeed expetsnoenindividual channels using the
patch clamp technique showed that each trial with the sap@aiesing current produces a new
pattern of channel openings, illustrating that, at the Isimfpannel level, opening and closing
occurs at random. Therefore single channel dynamics carglokcped only using probabilities.
We note that there are many other types of ion channels wireint open/close mechanisms,
see (Hille, 1991), for example, for a comprehensive degsonf ion channels, their dynamics,

structure and function.

Each ion channel is highly permeable to one type of ion. Tleéepred ion interacts with spe-
cific sites within the channel which allow only the “correadh to pass through. This selective
property ensures the flow of ionic currents is controlled wegy specific manner, which is vital

in providing the electrical force needed to generate anchtaig the AP.

2.1.3 Repolarisation Reserve and Arrhythmia

One of the defining characteristics of the cardiac AP is ipol&risation phase. This period

begins with the characteristic notch (phase 1), where thalmn@ne potential drops sharply, fol-
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lowed by the plateau phase (phase 2), during which the meralp@tential gradually decreases
in the direction of more negative potentials, and finallyréhis a period of fast repolarisation

(phase 3) when the potential falls sharply to its restingestahis property clearly distinguishes
it from the AP of other excitable cells, such as neurons artésdd muscle, where repolarisation

follows rapidly after the depolarisation phase.

Unlike the depolarisation phase of the AP, which is largaintoolled by the rapid influx of
sodium ions througliy, channels, the plateau and repolarisation phases involvera com-
plex interplay between a number of different ionic curreatscan be seen in Figure 2.4. Block-
ing one of these currents does not necessarily cause regai@n to fail, and so, as with many
biological systems, there is redundancy in the repolaoisgthase of the AP under normal con-
ditions. This redundancy is referred torapolarisation reservea term first coined by Roden
in 1998 (Roden, 1998). Since the concept of repolarisagsemve was first described it has
been experimentally demonstrated (Varro et al., 2000) antbw an important principle in

understanding repolarisation mechanisms.

While the repolarisation phase involves a number of differenic currents, pumps and ex-
changes, the outward currents,, Ik, Ik, and the inward current-,; have been identified
as four of the most crucial in ensuring normal repolarisafimction. These currents are also

considered to play a key role in maintaining repolarisateserve.

I, is thought to be one of the most important outward currensived in repolarisation, due
to the significant lengthening of the AP observed upon cotaeiibition of this current (Varro

et al., 2000), (Lengyel et al., 2001), (Jost et al., 2005)e Th. channel is very promiscuous
as it interacts with many different drug compounds, and s fisajor concern within safety

pharmacology, (Vandenberg et al., 2001).

Ik, the other delayed rectifier potassium current, produceal sshanges to the AP when

blocked under normal conditions (Varro et al., 2000), (&sdl., 2005) and so this current is
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thought to be small during a typical AP. The magnitude of thigent varies greatly between

cells and has been shown to be upregulated upon inhibitidg,0f(Xiao et al., 2008).

The initial fast repolarisation during phase 1 of the AP igddy driven by/lr,. Therefore,
changes in this current can alter the amplitude of the plagdease, which can subsequently
modify the dynamics of other transmembrane currents, sadh.a. Thus, while changes to
I, alone are suspected to lead to unnoticeable affects on thi ikRhought to be involved
in repolarisation reserve and so together with the dynawicsther currents may influence

repolarisation, (Varrdé and Baczko, 2011).

Sincelq, is the key inward current that maintains more positive memerpotentials during
the plateau phase, changes in this current can also affeentiplitude and duration of the AP
and so it is also known to be a component of repolarisaticerves (Varré and Baczko, 2011).
However, the role of -, ;, during repolarisation is complex and still not fully undexsd due to
the dependence of this current on intracellular calciuncteatration, as well as voltage, both

of which vary dynamically during the AP.

It is clear that cardiac myocytes have developed a complebamation of different ionic cur-
rents to preserve the long repolarisation phase of the AR. diloperty is key to maintaining
normal cardiac function since it allows for control of the ahanical contraction of the cell,
helping to prevent premature excitation which can disra@ttormal rhythm of the heart. When
this happens, chaotic and turbulent electrical activgiatterns develop that alter the rhythm of
the heart, and this is known aardiac arrhythmia Such behaviour can arise due to mutations
or modifications to the kinetic properties of the ion chasrtélat control the ionic currents,
thus leading to abnormalities in the AP. These changes abtielevel are caused by genetic
diseases such as Brugada syndrome (Antzelevitch, 200bngr@T syndrome (Sanguinetti,

2000), or as a result of the interaction of drugs with the ibarmels.

Changes to heart rhythm as a result of cardiac arrhythmipaentially life-threatening, since
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if the heartbeat is too slow (termédadycardig or too fast (termethachycardig blood pressure
can not be maintained, leading to loss of consciousnessumlts death. Therefore repolarisa-
tion reserve is thought to be an inbuilt mechanism withird@ar cells to ensure repolarisation

stability and protect against potentially life-threateparrhythmias.

2.2 Biomarkers of Arrhythmic Risk

As was described in Section 2.1.3, repolarisation ressrae important protective mechanism
against abnormal electrical activity that can potentiddigd to life-threatening arrhythmias.
Therefore, conditions under which repolarisation rese&veduced, for example due to drugs
or disease, increase the risk of arrhythmic behaviour dpued). The difficulty is trying to

identify reduced repolarisation reserve using measui@datities of electrical behaviour.

For example, an individual may have reduced repolarisaBearve due to a genetic mutation
in one of the potassium current channels, reducing its foncSuch a reduction in this current
may not lead to abnormalities in the AP, due to the compensatechanisms of other ionic
currents involved in repolarisation reserve. Howeveregalarisation reserve is further com-
promised, for example due to pharmacological drug bloekjrdividual may subsequently de-
velop life-threatening arrhythmias. The difficulty formicians and pharmaceutical companies
is firstly trying to distinguish an individual with reducedpolarisation reserve from a normal
healthy individual and secondly to identify drug compoutiag are proarrhythmic. Therefore,
much research in recent years has focused on trying to fgdenéasures that indicate the po-
tential arrhythmic risk of an individual or new drug compdymmand these are referred to as
biomarkers Biomarkers can broadly be split into two categories, thtbs¢ use electrocardio-
gram (ECG) recordings (ECG based biomarkers), and thoseskeaecordings of the AP (AP

based biomarkers).
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Figure 2.6 Schematic of a typical recording of an ECG, with the maindezd and relation of
each phase to the electrical dynamics of the heart annotated
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The ECG measures the potential difference between diffgr@nts on the body surface and
is a common method for monitoring and detecting abnornealith heart rhythm, as it is non-
invasive and relatively cheap to perform. A typical ECG relng is composed of a P wave,
a QRS complex and a T wave, shown in Figure 2.6. The P wavespunels to the wave

of depolarisation that spreads through the atria from theatrial node. The QRS complex
represents ventricular depolarisation and the perio@voilg this, the ST segment, roughly
corresponds to the plateau phase of the ventricular APll¥imantricular repolarisation results
in the T wave. The QT interval is the main ECG based biomankdisused in clinical studies

to determine arrhythmic risk. It is measured from the stéithe QRS complex to the end of the
T wave and represents the time for both ventricular degdatan and repolarisation to occur,
Figure 2.6. Prolongation of the QT interval is thought toigade increased arrhythmic risk and
is the principal reason many drug compounds fail to reachrtheket during the final stages

of testing. However, studies have shown that the QT intealale is insufficient to accurately
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determine arrhythmic risk (Hondeghem, 2006), (Hondegl2808). In particular, prolongation
of the QT interval has been found to correspond poorly withititidence of a specific type
of arrhythmia called Torsade de Pointes (TdP), (Shah andlefgirem, 2005). Therefore, a
number of other ECG based measurements, such as T wave sh@ &R slope, T peak to
T end interval, have been proposed as potential biomarkexstoythmic risk, see the review

(Corrias et al., 2010).

AP based biomarkers are used in preclinical studies tomaterarrhythmic risk in single cell
and tissue experiments. In particular, AP based biomagtaysa crucial role in safety pharma-
cology early on in the drug development process. Curreh#attion potential duration (APD),
which is the time from maximal depolarisation until the effidepolarisation is used as the pri-
mary AP based biomarker, in a similar way that QT intervahis main biomarker at the ECG
level. Indeed prolongation of the APD by a potential new drampound will lead to abandon-
ment of the compound for further development. However, #is BCG based biomarkers, APD
alone is thought to poorly predict proarrhythmic behavi@md so other biomarkers such as
AP triangulation, which measures the shape of the AP, haeelsen suggested, Corrias et al.

(2010).

In recent years the magnitude of beat-to-beat variability been suggested as a potentially
powerful predictor of arrhythmic risk. This temporal shtatm variability manifests as varia-
tions in the QT interval of successive beats in ECG recos]iagd as differences in the APD
between successive beats in AP recordings. Therefore megasnts of this variability could
provide a potential new biomarker of arrhythmic risk. Dueghe importance of beat-to-beat
variability within this thesis we discuss the clinical angberimental evidence for this potential

new biomarker in a separate section.
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2.3 Short-Term Variability in Repolarisation

Single cell experiments have shown sizeable variation énrépolarisation phase of the AP
between successive beats, leading to fluctuations in tregidarof consecutive APs. For ex-
ample, Figure 2.7 shows) successive AP traces, plotted on top of one another, for m&an
cardiac cell paced dt000ms basic cycle length under control conditions. While quélrely
the depolarisation phase is similar for each beat, thereigestly significant variation in the

repolarisation phase and ultimately the duration of eachra¢e of up tol00ms.

Figure 2.7 50 consecutive AP traces from a single canine ventriculhreg@eriment under
control conditions. AP traces are plotted on top of eachrothieis was obtained from our ex-
perimental collaborators, Professor Andras Varro'sigrat the University of Szeged, Hungary.
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This phenomenon is commonly termed beat-to-beat vargliirepolarisation (BVR) and in
recent years has been shown to be associated with increabgthmic risk. It has therefore
become an active area of research, as BVR could provide theok&ssessing the arrhythmic

risk both within individuals and of potential new drug conupals.
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An early study by Berger et al., (Berger et al., 1997), fourehter BVR in patients with dilated
cardiomyopothy (a condition associated with a high incadeaf arrhythmias) compared with
control subjects. The authors quantified BVR using QT meamsants from ECG recordings of
30 consecutive heart beats. They introduced a novel meaber&T variability index (QTVI),

which they proposed as an ECG based biomarker of arrhythgkicThe QTVI assesses BVR
from ECG recordings as the logarithm of the ratio of nornealiQT variance to heart rate

variance. It is calculated as follows

QTVI = logyy ( QT,/(QTw)? ) ’

HR,/(HR,,)?

where QT,,, QT, are the temporal mean and variance in the QT interval, réspgc and
HR,,, HR, are the temporal mean and variance in the heart rate, resggctThe relation
between the QTVI and arrhythmogenesis was further invatgiehby Atiga et al. (Atiga et al.,
1998). In patients presenting with malignant ventricukanghmias, they found that the QTVI
successfully identified patients with sudden cardiac desthvell as those that survived free of
arrhythmia. This study implicated the potential predietpower of this measure to classify the

arrhythmic risk of patients.

BVR has also been implicated as a potential parameter fesasgy the proarrhythmic prop-
erties of drugs. Early investigations into the predictiwsver of BVR used a measure called
short-term variability in repolarisation duration (ST\9 quantify BVR. STV was first intro-
duced in (Thomsen et al., 2004), where it was determineding@®f monophasic AP duration
(MAPD) measurements. We note that STV can equally well beutatled using AP dura-
tion from AP recordings in isolated cells. The repolarisatduration (quantified in terms of
MAPD, or APD) of each beat is plotted against the repolansaduration of the previous beat
on a Poincaré plot, an example of which is given in Figure A8oincaré plot is simply the
repolarisation duration at beat— 1 plotted against the repolarisation at beatSTV is then

defined as the average distance to the line of identity in thiedaré plot and is calculated as
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follows .

STV = " |D, — Dus|/(V2(k = 1)), (2.1)

n=2

where D,, is the repolarisation duration of beat(i.e. the APD or MAPD), and: is the total
number of beats considered. Typically or 50 consecutive beats are used to calculate STV.
The advantage of STV over previous measures of BVR is thatattly quantifies the varia-
tions between consecutive beats, rather than aggregagsg wvariations over a short period of
time, as is the case for example with the QTVI measure. Inqudat, it is thought that the
difference in repolarisation between consecutive beas isnportant factor in the generation

of arrhythmias (Hinterseer et al., 2008).

Figure 2.8 Example of a Poincaré plot fot P Dy, values obtained using experimental data for
the same cell as in Figure 2.7.
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The ability of STV to determine proarrhythmic effects of gsuwas first shown using MAPD
measurements in dogs with remodelled hearts due to chramawentricular block (CAVB

dog model), which leads to reduced repolarisation resé@rilemsen et al. (2004) showed that



2.3 Short-Term Variability in Repolarisation 27

an increase irTVy 4pp preceded drug-induced arrhythmia, and this was furthefircoed
by Detre et al. (2005) for another cardiovascular drug. Inoffisen et al., 2006) the authors
extend this to non-cardiovascular drugs and also show thatpulation of BVR directly alters
proarrhythmic outcome. In particular they found that in @&/B dog model, an increase in
STV led to the onset of Torsade de Pointes arrhythmias, vehiecrease led to successful
antiarrhythmic treatment. Further studies, both in armestisted dogs (Thomsen et al., 2007)
and conscious dogs (Schneider et al., 2005), have confirheedHtility of STV to correctly
predict the pro-arrhythmic effects of drugs. STV has alsenbleund to be a good marker for
assessing the arrhythmic potential of multichannel blexkeboth dogs (Takahara et al., 2008)
(Lengyel et al., 2007) and rabbits (Lengyel et al., 2007 pbtential predictive power of STV
to predict drug-induced arrhythmias has further been shiavisolated dog cells (Abi-Gerges

et al., 2010).

So far we have discussed the potential of STV as an AP basethbhker in preclinical animal
studies. However, STV in the QT interval from ECG recordings be calculated by replacing
the APD in (2.1) by the length of the QT interval. Therefor&\v3n the QT interval 67V r)
has also been identified as a potential ECG based biomar&knical studies. The first clinical
study into the link betweeST'V,, and arrhythmic risk was in patients with a history of drug-
induced long QT syndrome and Torsade de Pointes, (Hinteeseé, 2008). They showed that
STVqr is increased in patients with documented drug-inducedrgrgnmia. Furthermore,
in the absence of prolongation of the QT interval, it was fmsdo distinguish such patients
from a control group using7'V,r. IncreasedT'V,r was also shown in patients with congen-
ital long QT syndrome, (Hinterseer et al., 2009). Moreotles measure was able to ascertain
high-risk patients, who were characterised by an even @réatreaseds7'V than the low
risk patients. Finally, a study by Hintseer et al. (Hinterset al., 2010) found7'Vy, was
increased in patients with non-ischemic heart failure. @vidence from these studies suggests

that STV could provide a powerful tool in differentiatingdiniduals with increased vulnera-
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bility to arrhythmias. Furthermore the combination of STMlahe QTVI, both measures of
BVR, has been shown to increase the predictive value inmgatigith structural heart disease

(Oosterhoff et al., 2011).

While there has been a considerable number of studies aamtrgears that have demonstrated
the potential predictive value of BVR, both in clinical diagsis and drug development, few
investigations into the possible mechanisms of BVR have beelertaken. It has been hypoth-
esised that the stochastic behaviour of ion channels is = ikely cause of BVR (Johnson
et al., 2010). Due to the complexity of the AP, investigating causes of BVR using experi-
ments alone poses significant challenges. Computationd¢imownhich allow for investigation
over a wide range of temporal and spatial scales, provideneeipol tool to shed light on the

potential origins of BVR.

2.4 Computational Models

As discussed in Section 2.1.3, the repolarisation phaseedP is complex, involving a number
of different ionic currents which in turn depend on the dyi@of membrane proteins called
ion channels. Therefore, investigation of such an intecatlticomponent system using exper-
iments alone is difficult. In recent years, computationabels of cardiac electrophysiology
have played an increasingly important role in elucidatimg tomplex ionic mechanisms that
can disrupt the electrical dynamics of cardiac cells. Fanagle, they have shed light on the
changes to ion channel kinetics as a result of genetic déseéSlancy and Rudy, 1999), as well
as drug interaction, (Clancy et al., 2007), that can leadbtwmanalities in the AP associated

with arrhythmias.

Since the first cardiac cell model was developed by Nobleliaarelectrophsyiology modelling
has developed into an active field of research, with a wedlthaphysically detailed models,

able to reproduce cardiac cell electrical dynamics in diffié species and under different condi-
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tions. In the next section we review the advancement in nsaafedingle cell electrophysiology;
from the ground breaking model of Hodgkin and Huxley o§@ryears ago, to the multitude
of biophysically detailed models that are currently in U8k then discuss in greater detail the

manner in which ion channel dynamics are modelled withidiearelectrophysiology models.

2.4.1 Models in Cardiac Single Cell Electrophysiology

The first mathematical model of the propagation of an AP wasrileed by Hodgkin and Hux-
ley, (Hodgkin and Huxley, 1952), for the squid giant axoneTell membrane is modelled as
a capacitor in parallel with a series of ionic currents antrawdus current. The change in the
membrane potential/, over time can therefore be described by a simple ordindfgrdntial
equation (ODE)

% = _C—lm(]ion + L), (2.2)
where(,, is the membrane capacitandg,, is the total transmembrane ionic current dpds
the stimulus current. In the original Hodgkin-Huxley mo@dbdgkin and Huxley, 1952,
is assumed to consist of three ionic currents: a potassiurerdii/x, a sodium current/y,

and a constant leakage curreht,

The Hodgkin-Huxley model remains the basis for modern nsalrand cardiac AP models.
While these models use the same basic structure to desieebeltage dynamics, the terfp,,
typically varies between models to include descriptiondifiérent ionic currents, pumps and

exchangers.

The seminal paper by Noble in 1962, (Noble, 1962), built ujpework of Hodgkin and Huxley
to develop the first mathematical description of the eleatrdynamics of cardiac cells. The
model was of the AP in a generic Purkinje cell and, similadytie Hodgkin-Huxley model
consisted of three primary currents, a sodium, potassiuwmbackground current. Since this
first cardiac cell model, the field has developed into a larga af active research, with a wealth

of literature detailing models of different cell types irifdrent states, including diseased states.
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The improvements in experimental techniques and increesegbuting power has meant that
such models are becoming increasingly complex, as resaarskrive for ever more accurate
mathematical descriptions of the membrane kinetics ofiaanshyocytes, (Noble et al., 2012;

Smaill and Hunter, 2010).

Initially work in this field began with refinements to the Nelshodel, (McAllister et al., 1975).
This model extended the number of ionic currents, with tloéusion of a calcium current, two
additional potassium currents, a chloride current and twoenbackground currents and more
than doubled the complexity of the original Nobel modelgiming 10 variables instead of only
4. The final iteration of this model, DiFrancesco and Noble3&8)dvas the first model to include

a description of the sodium-potassium exchanger.

Following these early models, which focused on capturirgdynamics of Purkinje cells, the
focus shifted to ventricular cell models. The first such nioadas described by Beeler and
Reuter, (Beeler and Reuter, 1977), and since then a numigeowps have developed complex
ventricular cell models for a number of different speciesluding human, (Tusscher et al.,
2004). One well known sets of models are those developed loy Rad co-workers for a
number of different animal species including guinea pigdlamd Rudy, 1991, 1994a,b; Faber
and Rudy, 2000), dog (Hund and Rudy, 2004; Decker et al., 2808 most recently human

(O’'Hara et al., 2011). All these models were originally deped to study arrhythmias.

A greater abundance of models have been developed for acmndiac cells than human,
mainly due to the difficulties in obtaining experimental@&tom human hearts. One of the
first human ventricular myocyte models was developed irefferiand Beuckelmann, 1998),
although due to lack of human data, this model was largelgdas data from guinea pigs. As
more experimental data from humans has become availablglmof human myocytes have
become more thorough in their formulations of the dynamicsuch cells, (Tusscher et al.,

2004; Tusscher and Panfilov, 2006b; Fink et al., 2006; Granali., 2010; O’'Hara et al., 2011).
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As the field of cardiac electrophysiology grew into an actvea of research, with many dif-
ferent groups across the world involved in the developméater more complex cell models,
the sharing of models between groups became more difficdiffesent researchers used vari-
ous computational platforms to simulate the dynamics ohsnodels. Therefore, the need for
tools that allowed models to be read into different simolagoftware in a consistent format,
as well as determining standards for defining such modelsaddtiey were easily reproducible
became apparent. CellMtwas initially designed to try to address such issues andighea
platform for straightforward distribution of informaticand models among scientists. It is an
XML-based markup language to describe models of cellulaction, such as cardiac electro-
physiology models. A model in CellML is composed of severalividual components that
can be connected to create larger complex models of biabgatl dynamics, and it allows an
existing model to act as a foundation onto which new comptsneam be included. For further
information on the CellML language, its current featured arture directions, see the reviews

(Lloyd et al., 2004; Garny et al., 2009).

Cardiac cell electrophsyiology models have also been deto study the propagation of an
AP through cardiac tissue. Models of the AP within a singleaan be incorporated into tissue
level models using the monodomain or bidomain equationslJgi® et al., 2005) Chapter 4.
These equations essentially describe the AP propagatiarreaction-diffusion model, where

the membrane potential is the diffusing quantity and thkitzldynamics the reaction.

2.4.2 Mathematical Formulations of lon Channel Dynamics

As discussed in the previous section, the formulation ofitiméc current term,/;,,, in the
equation that describes the dynamics of the membrane padi€@t2), varies between different
models. Typicallyl;,,, is assumed to be the sum of a number of different ionic cusrdaach

current for ions of type (/;), is calculated using Ohm’s law, which determirdeas the product

Twww.cellml.org
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of the conductancg; and the driving forcé” — E;,
I = gi(V — Ey), (2.3)

whereV is the transmembrane potential, afids the equilibrium potential, that is the potential
at which I; changes direction and it is obtained using the Nernst eguafRudy and Silva,
2006). Assuming that ions only pass through the channel vithenopen, the conductance
is calculated as the maximum current when all channels ag@,@p,..., multiplied by the

proportion of open channelg,,.,,.

When Hodgkin and Huxley first developed their model, they hadknowledge of the kinetic

behaviour of ion channels, described in Section 2.1.2. Tinenefore postulated that each ionic
channel consisted of a series of hypothetical gates. Eatehoga be either open or closed,
transitioning between these states at rates that depenigecimansmembrane potential. The

channel is assumed to be open only when all gating partickes@en.

In the Hodgkin-Huxley model the sodium channel is assumezbtwsist of three identicah
gates and one other termed thgate, while the potassium channel is considered to be caedpos
of four identicaln gates. Each gate of typeransitions from the closed to the open state at rate
a;(V), and from the open to the closed state at tat&). The proportion of open gates of
a particular typey; for ¢ = m, h,n, can be described by the following ordinary differential

equation (ODE)
dy;
dt

The channel is assumed to be open only when all gating pestarle open. Assuming that the

=a;(V)(1 —y) = b;(V)y;. (2.4)

gates open and close independently of one another, thenimpof open channels is therefore
equal to the product in the proportion of open gates. Thﬁ’g?jgﬂ =y3un ande}fen =y, for

the sodium and potassium channels in the Hodgkin-Huxleyahoespectively. This approach
of modelling the dynamics of the ion channels in terms ofrgatiariables is usually referred
to asHodgkin-Huxley formulationand is still used in modern cell electrophysiology models

(Decker et al., 2009; Faber and Rudy, 2000; Tusscher and®arZ06a).
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A limitation of the Hodgkin-Huxley formulation is that theaing parameters do not represent
specific kinetic states of the channel, which precludes thdysof simulating state specific
processes such as mutations or state-specific drug bindihgrefore a model of ion chan-
nel dynamics termetarkov formulationwas introduced in (Clancy and Rudy, 1999). We
note that such a formalism is not stochastic, although énaihology is usually reserved only
for stochastic models within the mathematical modellinghowinity. This method drops the
assumption that the channel can be described by indepegdtst that open and close, and
instead models the ion channel itself as being in onewafiscrete states. Each state can be
thought of as representing a different conformation of dredhannel protein. Such a model is
typically represented using a state diagram, such as thgieee below for the simplest model

where the channel is assumed to be either open or closed.

The state variables;(¢), denote the proportion of ion channels in staé¢timet. It is assumed
that the chance of the channel transitioning from stditestate; depends only on the current
state of the channel, that is, it possessedvhekov property For an ion channel withm states,

the proportion of channels in stater;, can be described by the following deterministic equation

d!Ei m
I = Zj:l(kji(v)xj — ki (V)zs), (2.5)

fori =1,...,m, wherek;;(V) is the voltage dependent transition rate of moving fromestat
to statej. Typically such models assume a single or sometimes two oe mjen states, and
S0 P,,.,, Is simply calculated using (2.5) or as the sum of the proportf channels in each
open state, which are again obtained using (2.5). Thus thdumbancey; in equation (2.3)
is calculated as for the Hodgkin-Huxley formulation exct#yp proportion of open channels
(Popen) is obtained directly from (2.5), rather than as the prodafcopen gating variables.
Markov formulation of ion channel dynamics has been usedudysthe effects of drug block,
(Snyders and Chaudhary, 1996; Clancy et al., 2007), and gahamisms of genetic defects
(Clancy and Rudy, 1999), for a review see (Rudy and Silvag200
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2.5 Simulation Studies on Causes of Variability on the Actia
Potential

2.5.1 Intrinsic Variability

As discussed in Section 2.1.2, single channel recording®dstrated that the conformational
changes an ion channel undergoes as it opens and closesbi@uoom. This intrinsic stochas-
tic behaviour causes fluctuations in individual ionic catsethat can manifest themselves as
variability in the cell membrane potential. The effects wichastic ion channel behaviour on
the electrical dynamics of the whole cell, including the AR sually studied by incorporating
a stochastic description of ion channel behaviour intotegselectrophysiology cell models.
We will review the methods for modelling the stochastic habar of ion channels in the next
chapter. Here we give an account of the few computationdiestithat have investigated the

effects of stochastic ion channel behaviour on the cardiac A

The study of stochastic ion channel behaviour on neuronigl leas developed into a consider-
able field of research, for a review see, for example, (WHita.e 2000), where a number of
studies have shown that such behaviour can modify the AHmwsihgle cells (Strassberg and
DeFelice, 1993), (DeFelice and Isaac, 1993), (Chow and &/4&96), (DeFelice and Isaac,
1993) and (Schneidman et al., 1998). However, few compmurtatistudies have investigated
the effects of such behaviour on cardiac cell electrophggiodynamics, and in particular the
AP. The most likely reasons for this are firstly that cardielt models are in general more com-
plex than neuronal cell models, therefore incorporatingpahastic description of ion channel
dynamics into such frameworks poses a considerable cotmgmaachallenge. Secondly, car-
diac cells are thought to have a greater number of ion chanaetl so the stochastic behaviour
is likely to have less of an effect on the cellular dynamiantin neuronal cells. Finally, the
coupling together of cardiac cells at the tissue level hanlslhown to smooth out the effects

of variability seen at the single cell level (Pueyo et al.120Lemay et al., 2011), and so it
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is thought that the stochastic behaviour of ion channelshane little effect on the dynamics
at the tissue level under normal conditions, but this mayb®the case under pathological

conditions.

However, as was discussed in Section 2.3, variability inrépmlarisation duration of the AP
is observed in single cell experiments, as well as at the E&/@l,| and this variability, typi-
cally quantified using the short term variability (STV) meses is thought to be an indicator of
arrhythmic risk. The intrinsic stochastic behaviour of idmnnels has been speculated to be
a possible mechanism underlying this phenomenon of belagab variability in repolarisation

(BVR) and thus STV.

Using isolated ventricular myocytes from guinea pigs, Bani et al. (Zaniboni et al., 2000)
demonstrated that stochastic ion channel dynamics care caumbility in the repolarisation
phase of the AP, and this was also shown in isolated spontahebeating cardiac cells in
(Krogh-Madsen, 2004). In (Pueyo et al., 2011), the authlbosvghat the stochastic gating of
the slow delayed rectifier potassium currefity) plays an important role in the variability of the
AP duration within isolated human and guinea pig ventricatgocytes. They also show that
the coupling of cells at the tissue level does indeed madk stoachastic effects, but that patho-
logical conditions, such as reduced repolarisation resand uncoupling of cells, can reveal
this stochastic behaviour at the tissue level and can legdd@rhythmic behaviour. Similar
results are presented in (Lemay et al., 2011), who find thatrands of poorly coupled cells
stochastic effects gain significance and can determinedbigrence of conduction block. The
stochastic behaviour in the L-type calcium current has bé&ssn found to influence the gener-
ation of early after depolarisations (EADs) (Tanskanenl.et2@05), which can subsequently

lead to arrhythmic behaviour.

While the work of Lemay et al. (Lemay et al., 2011) providedoaprehensive investigation
into the effects of stochastic ion channel behaviour in alemof the repolarisation currents,

this study was entirely computational. In (Pueyo et al.,1904a combined experimental and
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computational approach was taken, with simulation resaltged back to experimental obser-
vations. However, only stochasticity in one of the repalation currents was considered. Also,
neither study investigated the effects of stochastic i@nalel behaviour on the STV measure of
BVR, which has been extensively studied experimentallysanldoth studies ignore the consec-
utiveness of beats in measuring variability in the AP. Tfaee more comprehensive simulation

studies are needed to provide greater insight into the said®eat-to-beat variability in the AP.

2.5.2 Extrinsic Variability

As well as temporal variability in the electrical dynamid¢asingle cell, there is also variability
between individual cells from a given heart and also betwh#erent hearts. This variability
arises due to fluctuations external to the cellular dynaamckresults in different cells behaving
differently to certain conditions such as drug block. Ashite intrinsic stochastic behaviour of
ion channels, sucextrinsicvariability is typically ignored in computational studjeshich are
usually fit to the mean of experimental data in order to pre\xadrepresentative’ of the entire
population. However, understanding the different behavend response of individual cells
to certain conditions could be another element to help adktermining potential arrhythmic

risk.

In (Pueyo et al., 2011), variability in the cell populatieimncorporated by varying the number
of Ik, channels in each simulation of the stochastic model. Moeeifpally, the number of
channels is assumed to follow a truncated normal distobuytvith the mean of the distribution
estimated from experimental data. In each simulation ofstieehastic model, the number
of channels is then generated randomly from this distrdosutiA similar approach is taken in
(Lemay etal., 2011), except the number of channels is as$tariellow a Poisson distribution,
where the mean is estimated from single channel propedpsted in the literature. One issue
with such an approach is that there is no experimental egglémsuggest that the number of

channels in a population of cells follows either of theserdiations.
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Sensitivity analysis has also been used in determinisidies to investigate which parameters
in the model lead to the greatest changes in the AP dynanitosnéro et al., 2009). Another
approach in deterministic studies of inter-individualigaility, introduced recently, is to con-
struct apopulationof deterministic cell models. Each model within the popolathas the
same model structure but a unique set of parameters, obitaynearying multiple parameters
simultaneously within the model. Multivariate regressamlysis is then used to identify trends
between different parameter sets and observed behaviaah t8chniques have been used in
the neuroscience community to understand the variabilityonductance in the human brain
(Marder, 2011) and also in cardiac modelling to examinerpagent variability in response to
proarrhythmic drugs (Sarkar and Sobie, 2011). The intedastader is referred to (Marder and
Taylor, 2011) and (Sarkar et al., 2012) for further details.

2.6 Estimating Single Channel Properties from Experimen-
tal Data

In the cardiac cell electrophsyiology models discusseterprrevious sections, parameters that
determine the single cell electrical properties are eggthérom experiments. In particular,
the number of ion channels needs to be determined to modskdebastic behaviour of ion

channels, as will be discussed in the next chapter.

One of the most commonly used techniques for determininglesiohannel properties, such
as single channel current and the number of ion channelsg]leddluctuation analysis (Hille,
1991). This method uses the variability in the current tsaitem patch clamp experiments,
(Neher and Sakmann, 1976), that is caused by the stochgs@emics of individual channels,
to estimate electrical properties of single cells. Theestao main methods for measuring the
variance in the macroscopic current. Firstly, a voltag® s@n be applied and once steady
state has been reached, the variance and the mean maccoswopit are calculated over the

last few time points of the trace. Such measurements carkba far different voltage steps,
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giving a set of variance and mean current values for eachg®elstep. This approach is called

stationary analysis

Alternatively, the variance and mean in the current can beesoned during the transient changes
that occur after the voltage step, usingtime courses in response to the same depolarising
voltage step. This approach is termed non-stationary arsalfBoth approaches result in a set
of points for the variance¢) and mean{) in the macroscopic current, which can then be fitted

to the following quadratic formula
o7 =il — I*/N,

to obtain estimates for the number of channéland the single channel curren{Hille, 1991).

Patch clamp experiments are performed on individual ceickvcan be isolated from adult
mammalian hearts using a technique cakedymatic isolationSuch a method involves per-
fusing the heart with buffers and enzymes that degrade as@étothe intracellular and collagen
matrices that hold the myocytes in the heart. More spedyiaile animal is first killed by an
approved procedure and the heart is quickly removed. In mammsuch as dogs, a small tube is
then typically inserted into the aorta and an isolation sotuis pumped through the heart. The
exact composition of the isolation solution varies betwggecies. After perfusion is complete,
a section of the tissue is removed from the desired regigreample the atrium or ventricle,
and is placed in a beaker containing an altered form of tHatism solution. This beaker is then
shaken to release dispersed cells, which are allowed e before cells showing clear regular
striations are harvested for use. Yields of ug®® have been reported using such techniques
(Mitra and Morad, 1985). For further details on the cell &mn procedure, see for example

(Mitra and Morad, 1985; Tytgat, 1994).
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2.7 Chapter Summary

In this chapter we provided an introduction to the structume functional properties of the heart.
We described in depth the electrophysiology dynamics dflsinells, the role of ion channels
in ensuring normal electrical function, and the important@a concept called repolarisation
reserve in protecting against potentially life-threatgrarrhythmias. The phenomenon of beat-
to-beat variability in repolarisation (BVR) was then dissad and the experimental and clinical

evidence which indicates BVR as a potential indicator dfiyhmic risk was reviewed.

For the rest of the chapter, computational models used talatmthe electrical dynamics of
single cardiac cells were reviewed and described. In paatiove discussed the studies that
have investigated the causes of variability in the elegtidlynamics of single cells. Finally we
briefly explained how single cell properties within the cartgiional models can be estimated

from experimental data.



Stochastic Modelling and Simulation of lon
Channel Dynamics

In the previous chapter, we described the generation of eatetal action poten-
tial (AP) at the single cell level and how the dynamics of eeeh are coupled
together to allow this electrical activity to propagate dluighout the heart. We also
reviewed an experimentally observed phenomena calledtbdaat variability in
repolarisation which has been shown to be a potential bid®aof arrhythmia
and is thought to arise due to the stochastic behaviour otclwemnels. Therefore
we want to incorporate the intrinsic stochastic behaviotiom channel dynamics
into electrophysiology models of cardiac cells. Due to tbhenplexity of existing
computational models of cardiac electrophsyiology, ititelMhat any stochastic
model of ion channel dynamics is as computationally effi@srpossible to ensure
such an investigation remains computationally tractalblewever, it is important

to ensure that such a gain in efficiency is not at the cost af ddsiccuracy.

In this chapter we discuss the way in which the intrinsic Iséstic behaviour of
ion channels can be modelled mathematically. Since theingemd closing be-
haviour of an ion channel occurs due to conformational clesngf the protein, we

begin with a brief overview of stochastic modelling in biectical reaction kinet-
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ics. We then describe the different modelling regimes fordeannel dynamics:
the discrete-state stochastic model, the continuougstichastic model and the
deterministic model. Each regime will be introduced using simplest model of
ion channel dynamics, where each channel can reside in ohecs$tates (either
open or closed). The extension to more complex models il be discussed.
Since the continuous-state stochastic model is describied) stochastic differen-
tial equations (SDEs) we provide the mathematical backgoof such systems.
Finally we discuss operator splitting methods and deschbe such techniques
can be used to deal with the dependence of the transitiors iatéhe models of
ion channel dynamics on the voltage, which varies over timaectrophysiology
models. Throughout this chapter, random variables are thhby capital letters
and individual realisations of these variables by lower edstters. Bold type is

used to denote vectors, while scalar values are given indstahtype.

3.1 Overview of Stochastic Modelling in Cell Biology

Within each cell of living organisms, there are many compule@mical processes taking place
in order to ensure the functioning of the cell. These invdlve interaction between many
different biomolecules, such as proteins and enzymes, imptex networks of biochemical

reactions. Each interaction will generally be of two eletaen types: unimolecular, these
occur as a result of processes internal to the molecule,noolbrular which occur as a result
of collision between two molecules (higher order reactiaugh as trimolecular reactions, are

simply approximations of two or more elementary reactions)

These molecular interactions and internal molecular @meee are random. Such randomness
or stochasticity arises due to heterogeneities within aereal to the cellular environment, as
well as the chance processes that occur within and betwekstuates due to the discrete nature

of such entities. Environmental fluctuations, i.e. vafigparising due to conditions external to
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the biochemical processes, are generally referred &x@amsic stochasticity (noiseand have
been shown to play an important role in cellular biology, émample in genetic expression
dynamics (Swain et al., 2002). The inherent variabilitgiag from the molecular interactions

and internal molecular processes is terrmmednsic stochasticity (noise)

This intrinsic stochastic behaviour is traditionally igad and the dynamics of the chemical or
biochemical reactions are modelled using deterministicnary differential equations (ODES)
that describe the mean-field behaviour. Such an approadbatedghe discrete nature of the
system and instead considers the change in the concentodittochemical species due to a re-
action as a continuous process. When the number of chaisnedsyilarge fnacroscopic scaje
such a model provides a good approximation to the dynamitiseo$ystem, since the random
addition or subtraction of an individual molecule will haaesmall effect on the dynamics of

the system.

However, when the number of molecules is smalidfoscopic scalg the discrete stochastic na-
ture of the system has a significant effect on the dynamicktrendeterministic model no longer
accurately captures the behaviour. In many biochemicalgsses, such as gene expression or
immunology, there is often very low concentrations of somalloof the reactant molecules and
in such situations traditional deterministic models haserbshown to inadequately capture the
dynamics of the biochemical reaction networks (ElowitZet2®02; Kaern et al., 2005; Raj and
van Oudenaarden, 2008; Stirk et al., 2010). Chemical omaigecal reactions are assumed to
possess the Markov property, namely that the probability iifaction occurring at some point
in the future only depends on the current number of reactahtcuales. Therefore the number
of each reactant species at timhean be modelled as a discrete-state continuous-time Markov
chain. The time evolution of the probability distributioh this random variable is given by

a partial differential equation (PDE) called tMasteror forward Kolmogorov equatianThis

model directly captures the intrinsic stochastic dynarofdbie system.

At the mesoscopiscale it is meaningful to describe the state of the system bynéinuous
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variable that is the concentration of each species ratla@rtte discrete number of molecules.
However, the stochasticity arising as a result of the randatare of molecular interactions can
still have a significant effect on the dynamics of the systémsuch situations the stochastic
behaviour of the system can be described by a stochasteretitial equation (SDE) obtained
from the first two moments of the discrete-state Markov cmagtel and so takes the special
form of aLangevin equationGillespie, 2000). This description lies between the/fdilscrete-

state stochastic model and the continuous-state detestmiaguations.

As described in the previous chapter, an ion channel tiansifrom a non-conducting (closed)
to a conducting (open) state via a series of discrete corsfbomal changes of the protein. That
is, each change the ion channel protein goes through isteea unimolecular reaction, and
the different conformational states of the protein can beswtered different chemical species.
Therefore, the dynamics of a collection of ion channels camldscribed by a network of re-
versible unimolecular reactions and so the modelling reginliscussed above can be applied
to this system (see for example the state diagram in Chajgecion 2.4.2, where each arrow

represents a different unimolecular reaction).

Traditionally the different modelling regimes are dis@ts& terms of the algorithms used to
simulate the dynamics of the system under each differemheedg~or example, the discrete-state
Markov chain modelling regime is frequently introducedenms of the stochastic simulation
algorithm (SSA) which is used to simulate individual patifish® model. This has led to the
separation between the mathematical formulation and g#soums used tonodelthe dynamics
of the system, and the numerical algorithms employesirtailatethe behaviour of such math-
ematical models becoming blurred. Throughout this chapéetherefore try to clearly distin-
guish between the mathematical models of ion channel dyssaamd the simulation methods
associated with each model. Thus, for each regime we firstisksthe mathematical model and

then describe the numerical techniques used to simulatdytiemics of the model.
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3.2 Discrete-State Markov Chain Model

3.2.1 A Simple Model

The simplest model of an ion channel is to assume that it can bee of two states, open),

or closed(, at timet.
C == O
b

For a collection ofV ion channels let the entries of the vecir(t) = (X, (¢), X5(¢))” denote
the number of channels in the open and closed states, regbedf the system is currently in
statex(t), then the probabilities of a single channel transitioniogrf closed to open, or open to
closed in a small time interval, ¢t + A,) are respectivelyz, A, andbz, A,. The transition rates,
a andb, are usually thought to depend on the membrane poténtiahich for smallA, can be
assumed to remain constant over the time step. We shallssishis approach of freezing the
voltage over the time step in greater detail in Section 3lgeré&fore, in the following sections

we shall consider the transition rateandb to be constant.

The processX (¢) is conventionally modelled as @iscrete-state continuous-time Markov
chain and the total number of channelsis assumed to remain constant, (Groff et al., 2010).
ThereforeX (¢) will take values on the two dimensional integer lattjge N] x [0, N|. Since

N is constant,X; = N — X; and so only the number of channels in the open state, which we

denote byX (¢), need be considered.

Let P (z, t) be the probability that the system is in statéwhich is integer-valued) at time
given some initial state,. The evolution of the system can be described by a PDE cdiked t
Master equation(Gillespie, 1992), (Van Kampen, 2007) or tleeward Kolmogorov equatign
(Bhattacharya and Waymire, 2007). For the two state sydteriviaster equation is given by

OP(x,t)
ot

=a(N - (z—1))P(x—1,t) + b(x + 1)P(z + 1,¢t) (3.1)

— (bx + a(N — x))P(z, 1),
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for0 <z < N,z €N.

Since the total number of channels remains constant, theviolg condition must be satisfied

N
Z 8P(§f,t) —0.

z=0
Using this, along with the fact that () cannot be negative or greater thadhn P(x,t) must

satisfy the following equations at the boundary of the waéjo, NV].

P
0 gZ’t) — bP(1,1) — aN P(0,4),
% — aP(N — 1,1) — BNP(N, 1).

This model of ion channel dynamics is somewhat an over-siizgion of true ion channel
behaviour within electrically excitable cells. More commiya channel will reside in a number
of different conformational states as it transitions to dpen position and so more realistic
models are far more complex than the two state model coresidiius far (see (Rudy and
Silva, 2006), for example). Therefore the discrete-statekdv chain model for more general
ion channel dynamics, where the channel can reside in one different states at timeg, is

described in the next section.

3.2.2 Generalisation to More Complex lon Channel Models

As before, the total number of channelg, is assumed to remain constant and the state of the
system is now given by the vectdt (t) = (X(t),..., X,,(t))T, whose entries\;(¢) are the
number of channels in statet timet. A channel can transition from one state to another via
k different reversible transitions, so the total number ahsitions possible in the systenbis.

If transition/ results in a channel in statanoving to statg then the probability of transition

[ occurring isfi(x(t)) = r;;xi(t), wherer;; is the transition rate of the channel shifting from

state: to j, for i # j. Note that if a channel cannot shift from stateo statej in a single
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transition, then the transition ratg is set to zero. Analogously to the simple model described
above, the transition probability thaf (1) = « given thatX (¢y) = x, can be described by the
following Master Equation (Van Kampen, 2007), (Gillesfi892),

OP(z,t)

0 ]21 (fi(® —v;)P(x —v;,t) — f;(x)P(x,t)), (3.2)
where the entries of the vector are the change in the number of channels in each state brought
about by one transition of typg j = 1, ..., 2k. The first term in the equation above is the gain
due to transition into state while the second term is the loss due to transition out oéatait
the boundaries, care must be taken to ensure solutionsnemidie correct region (namely the

m dimensional integer lattice). An example of the form of khaster equation at the boundary

is given later in this section.

Throughout this chapter we shall illustrate the generadiaaf each modelling regime to com-
plex ion channel models using the following hypotheticatsyn as an example, and it shall be
referred to as the three state model. We assume that eacheti@aither open®), closed ()

or inactive () and that the dynamics satisfy the following state diagram.

Figure 3.1 State diagram for hypothetical model of channel that cambleree different states.

C—>O

N

Let X, denote the number of channels in state.X, the number of channels in stateand

X3 the number of channels in staie The dynamics of this system can be described by the
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following Master equation,

OP(x,t)

at = 7”12(1’1 + 1)P(33 — Ul,t) + 7”21(1’2 + 1)P(33 — Ug,t) + 7"13(1'1 + 1)P(l‘ — Vs, t)

+ 7‘31(1‘3 + 1)P(£L‘ — U4,t> + 7‘23(1‘2 -+ 1)P($ — U5,t) + 7‘32(1’3 + 1)P($ — Uﬁ,t)

— [Tlgl’l + T21X2 + 1321 + r31X3 + 7939 + 7”321’3] P(l‘, t) (33)

Wherev, = (—1,1,0)7, v, = (1,—1,0)7, v3 = (1,0, )7, v, = (1,0, -1)T, vs = (0, =1, 1)
andvg = (0,1, —1)T, and0 < z; < N fori = 1,2, 3. Atthe boundaryr = (N,0,0)” (where

N is the number of channels), the Master equation becomes

OP(x,1)

ek [ra1P((N —1,1,0)",t) + r3: P((N — 1,0,1)",1)]

- [T12N+T13N] P((N,O,O)T,t) (34)

The form of the Master equation at the other two boundaties(0, NV, 0)” andz = (0,0, N)”

is similar.

3.2.3 Simulation Methods

Stochastic Simulation Algorithm

Individual trajectories of the process described by the thtasquation can be simulated ex-
actly using the stochastic simulation algorithm (SSA)pdtaown as the Gillespie algorithm
(Gillespie, 1976). The time until the next transition, is sampled from an exponential dis-
tribution whose parameter depends on the transition rateéshe current number of channels
in each state. The most likely transition to occur in thigimal is determined by sampling a
uniform random number of), 1] from 2k subintervals where the length of intervak equal

to the probability of transitior occurring, given the current state of the system. The number
of channels in each state is then updated by the appropratsition vector ¢;) depending

on which transition occurs. The computational efficiencythed SSA is largely governed by

the time until the next transitior;, which varies throughout the simulation. As the number
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of channels,V, increases the time until a transition occurs becomes vesitlsand so each
simulation will involve a large number of small time-stegegatly reducing the computational

speed of the algorithm.
Exact Solution

An alternative approach is to sample directly from the thstion at each time-step, where the
distribution is obtained by solving the Master equation ¢(Mamara and Burrage, 2009). While
for many systems the exact solution is not known, Jahnke ansimfja (Jahnke and Huisinga,
2007) recently derived the solution to the Master equatiat tdescribes ion channel dynam-
ics, equation (3.2), under the assumption of constantitrangates. If the initial probability

distribution is a deterministic condition

1ife=¢
P(-,0) = 6(-) = 35
(0 =%() {0 otherwise (3:5)
where§ = (&,&, ..., &) € N™, then the probability distribution at times given by,
P(" t) = M('> §1>p(1)(t)) ook M('> €m>p(m) (t)) (36)
%:pr P0)=¢, j=1,....,m (3.7)

wheree; is columnj of the m by m identity matrix and)M (-, n, p) denotes the multinomial
distribution with parameters andp. The matrixH in (3.7) is the transition rate matrix for the
deterministic limit of the discrete-state Markov modelt@this is also equal to the transition
rate matrix in the diffusion term of the SDE that describes siystem and its form is discussed
in greater detail in Section 3.4.2). For example, for theelstate system the matik will be,
H = (‘“‘1:;“3) b ) |
r13 ros  —(rai+raz)

Individual trajectories of the process can thus be simdlbgefirst solving the differential equa-
tions (3.7), forj = 1,--- ;m, at each time step to obtain the parameters for the multialomi

distributions in (3.6). Nextn different multinomial distributed random vectors, eaclheoigth
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m, are generated and summed to give the state of the systemragxhtime step. This method
was recently used by (Lemay et al., 2011) to model ion chaiyr@mics in a guinea-pig car-
diac myocyte model. The advantage of this method is thatei$ asfixed time-step. Therefore
the computational efficiency largely depends on the geioeraf the multinomial random vec-
tors, which in turn is dependent on the number of differeatest of the channeln. So as
the number of states becomes large, which is the case in naatiyac models (Rudy and Silva,
2006), this method becomes very computationally costlpalmicular, for many cardiac models
the time-step must be very small in order to resolve the stpsproke of the AP (note this was
not the case for the model used in (Lemay et al., 2011)) argléembedding such an approach
into many existing cardiac models becomes computatiomaigctable. Also, the generation
of multinomial distributed random numbers is much more cotationally intensive than gen-
erating uniform random numbers, as in the SSA, and so theigaiomputational speed of
using a fixed time step can be outweighed by the extra costwifidndo generate a number of

multinomial distributed random vectors at each time step.

The computational cost of simulating the discrete-statekivhachain model of ion channel
dynamics restricts incorporation into tissue level modélserefore the discrete-state Markov
chain model is usually approximated by a continuous-statehastic process calledd#fusion
process Individual trajectories of such a process can be desciilyesl stochastic differential
equation (SDE) and so in the next section we give a briefdutction to SDEs before describing

the diffusion approximation to the discrete-state Markadel in Section 3.4.

3.3 Background on Stochastic Differential Equations

3.3.1 What is a Stochastic Differential Equation?

Let Z(t) € R*andq : R* — R", g : R® — R" x R? be some continuous functions. A

stochastic differential equation (SDE) is simply an ordyndifferential equation (ODE) with



3.3 Background on Stochastic Differential Equations 50

the addition of a randomly fluctuating term,
dZ = q(Z)dt + g(Z)dW, (3.8)

wheredW is the stochastic differential of the random proc®8$t) (which isd-dimensional),
(Dksendal, 2010). Providingandg satisfy certain regulatory conditions (Kloeden and Platen
2011), (3.8) has a unique solution that is a stochastic geoediich consists of two parts: a
deterministic part governed by the first term in (3.8) caleeldrift coefficient and a varying

term controlled by the last term in (3.8) called th#usion coefficient

The simplest random process to use as the randomly flucguatim in (3.8),W (), is a vector
of Wiener processed¥ (t) = (Wi (t), Wa(t), ..., Wy(t))T wherelV;(t) is a stochastic process

satisfying the following four properties:
1. W;(0) = 0 with probability 1,
2. Wi(t + A;) — Wi(t) is independent ofV;(¢) for all A; > 0,
3. Wi(t + A;) — W;(t) is normally distributed with meatand variance\,,
4. W;(t) is continuous with probability,

fori = 1...d. The stochastic differential with respect to the Wienercpss (W) is often
referred to as a Wiener increment. By the properties of thendfi process, a sample of a

Wiener increment is simply a normal random variable with méand variance\,.

The stochastic differential is typically defined in termglué corresponding stochastic integral.
Writing (3.8) in integral form over the time intervdl ¢ + A,], we obtain the following solution

to (3.8) with initial conditionZ (),

A t+A,
Z(t+A)=2Z(t)+ /t q(Z(s))ds +/t g(Z(s))dW (s). (3.9)

There are two common ways in which the stochastic integréd @) can be defined. The first

gives rise to antd typestochastic integral. This is defined as the mean squaredir®temann
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sums, with values of the integrand taken on the left-hane sidhe discretisation intervals,

where{tg, t1,...,t,} is a partition of the time interval, t + A;], (t, = 1).

The other type of stochastic integral is ternfélatonovichand we denote such integrals by
ft”At 9(Z(s))odW (s) to distinguish them from Itd type stochastic integralseyare defined

similarly as the mean square limit of Riemann sums, but tteggiiand is taken at the center of

the discretisation interval,

The two types of integral are related by the following foreul

1

t+A; t+A t+A¢
/t 9(Z(s)) 0 dW (s) = 5 / §(Z(s))ds + / 4(Z(s)dW(s),  (3.10)

providing g is a twice continuously differentiable function (Kleban2012). Therefore, SDEs

of Itd type can be converted to Stratonovich type and viees& using the relation (3.10).

Stratonovich calculus is designed so that the basic rules) as integration by parts and the
chain rule, are the same as standard calculus. Howeveis tios the case for 1td type stochastic
calculus which differs from that of traditional calculusitiwthe chain rule being one of the key
differences. Since in this thesis we focus on SDEs of It@fype give a brief overview of the

chain rule in the context of I1td stochastic calculus.

3.3.2 Itd'sLemma

The chain rule is a formula for the derivative of a compositad functions and for I1td type
stochastic calculus it is given by Itd’'s Lemma.
Itd’'s Lemma 3.3.1.For a twice continuously differentiable functign R™ — R and a stochas-

tic processZ (t) whose evolution over time is described by the $BB), the following formula
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holds

d(f(Z2)) = (Z %Z?)Qi(z) +3 Z Z gZJ:(ﬁgj eij(Z)> dt + Z ag(Z?>9i(Z)dW>
=1 =1 j=1 =1 (311)

wheree;;(Z) are the entries of the matrix(Z) = ¢(Z)g(Z)" and g;(Z) denotes row in
the matrix-valued functiog(-), sog;(Z) = (91(Z)...g:4(Z)) is a vector-valued function,

(Bhattacharya and Waymire, 2007).

Itd’s Lemma is particularly useful as it can be used to abthe time evolution of the first two
moments of the solution to an SDE, (Khanin and Higham, 2008alculate the first moment
of each element o (¢) we consider the functiofi(Z(t)) = Z;(t). Then, from Itd’s formula it

follows that (3.11) becomes
d(Z;) = qi(Z)dt + g;(Z)dW, (3.12)

fori =1,...,n. Taking expectations in (3.12) and using the propertieb@MWiener process
and Itd integral, we obtain an ODE whose solution givesithe evolution of the mean of each

component o7,
d(E(Z:))
dt

Similarly by application of Itd’s formula to the function§Z) = Z? and f(Z) = Z,Z;, for

— E(g(2)). (3.13)

i # j, we obtain the following equations which can be used to ¢aleuhe variance and
covariances,

d(2}) = (Zigi(Z) + ei(Z)) dt + Zigi(Z)dW (3.14)

d(Z:Z;) = (Zi4;(Z) + Z;q:(Z) + 3¢i(Z) + 5¢(Z)) dt + (Zig;(Z) + Z;9i(Z)) AW .
(3.15)
Again, taking expectations of both sides in (3.14) and (Bdr& using the properties of the
Wiener process, the following equations are obtained d®agrthe time evolution of the sec-
ond moments of each componentsHf

d(E(Z7))

a — LZa(2)) + E(ei(2)), (3.16)
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d(Z:Z;)
dt

= E(Z4;(Z)) + E(Z;qi(Z)) + E (3¢i;(2)) + E (3¢,i(Z)) . (3.17)

The above formulae are useful since they allow a straigivdodt way to exactly obtain the
first two moments of the stochastic procesg), rather than approximating such values from a
large number of simulated paths. Furthermore, in simples;abe ODEs above can be solved
directly to provide analytic formula for the first two momeiwf Z (¢). We shall use this method
in Chapters 4 and 5 to directly obtain the first two momentsifiéi@nt formulations of the

SDE model of ion channel dynamics for comparison.

3.3.3 Numerical Solution of SDEs

The simplest approximation to the integrals in (3.9) woutdd apply the rectangle rule. This
gives the following discretisation scheme to approximheedolution to (3.9) over the interval
[t 4+ A

Z(t+A)=Z(t)+q(Z(1t)A+ g(Z(t) AW, (3.18)

where AW, is a vector of Wiener increments.

The simple numerical scheme given by (3.18) is called the=Mlaruyama method and con-
verges to the Itd solution of the SDE (3.8), (Maruyama, )98%any, more complex numerical
methods have been developed since the Euler-Maruyama dnetisfirst introduced that im-
prove the stability and rate of convergence of the numegapgroximation to SDEs, such as
(3.8). For example, many techniques commonly used to appedg solutions to ODEs, such
as multistep methods, Runge-Kutta methods, and splitisighods, have been extended to
SDEs. For more details on different numerical SDE methoels,fsr example (Kloeden and

Platen, 2011; Gard, 1987) or the review by (Burrage et aD420
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Convergence of a Numerical Method

To study the ability with which a numerical scheme, such a&sHEhler-Maruyama method,
approximates the true solution, the notion of convergenastibe made precise with respect
to SDEs. There are two types of convergence in stochastienocah analysis. Firstly, there
are schemes that approximate the sample paths of an SDEs thrsnedstrongconvergence.
Such convergence is of interest when the behaviour of iddalitrajectories, rather than the
distributional behaviour of the SDE is important. Strongwrgence is defined as follows.
Definition 3.3.1(Strong Convergence) he discrete approximatio#,, converges in the strong

sense with ordet € (0, oo] to the exact solutiolZ; if there exists a constatt < oo such that

E(|Z,— Z,]) < KA. (3.19)

The Euler-Maruyama method converges to the true solutidh strong order /2 when the
functionsq(Z) and g(Z) are Lipschitz, (Maruyama, 1955). In fact strong convergestill
holds for weaker conditions ay{ Z) andg(Z), (Higham et al., 2003; Berkaoui et al., 2008).

The other type of convergence is termeeakorder convergence. Such schemes approximate
the corresponding distribution of the solution to the SDEeaW/order schemes are used when
only the statistical properties of the SDE, rather thanviallial realisations are of interest. Weak
convergence is defined as follows.

Definition 3.3.2 (Weak Convergence)The discrete approximatio#,, converges in the weak
sense with ordery € (0, oc| to the exact solutiorZ, if for any polynomialp there exists a

constantk,, < oo such that

|E(p(Z1) — E(p(Zn))| < KpAY. (3.20)

The Euler-Maruyama method converges with weak ordefMilstein, 1979), and so has a

higher weak order than under strong convergence. Methdda obnverge with higher order
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under weak, rather than strong convergence, as the comsliite weak convergence are less

strict.

3.4 Diffusion Approximation

In this section we discuss the approximation of the dises&ee Markov chain by a continuous-
state model using the system size expansion approach of ¥arp&n (Van Kampen, 2007).
For the Hodgkin-Huxley model (Hodgkin and Huxley, 1952) mwé¢ the mathematical theory
underlying this limit was presented by Pakdaman et al. (Radath et al., 2010) and Fox and
Lu (Fox and Lu, 1994). In these works, the authors explidiliye into account the voltage
dependence of the transition rates. Since we assume th@atisition rates are constant on a
given time step, we give a simpler presentation of the ma#tieal theory, largely based on
(Van Kampen, 2007). First the approximation for the simptedei is described in detail and

then the extension to the general model of ion channel dycsimgiven.

3.4.1 Simple Model

As the number of channels becomes large, it makes sensakodhihe state of the system in
terms of proportions of channels in a certain state rathear thscrete numbers. Therefore for
the simple two state model we consider the behaviour of theedgrocesd’(t) = X (t)/N,

and soY (t) is the proportion of channels in the open state. For easetafian we letj = y—

N
andy =y + % The Master equation, (3.1), thus becomes
OP(y,t e L
é‘z )N [a(1 = §)P(y,t) + by P (3, 1)] (3.21)

— N [by +a(l —y)] P(y,1),

for0 <y < 1,y € R. Note we have not considered the behaviour of the systene atilindary.

We shall deal with the boundary conditions for this syster@lapter 6.



3.4 Diffusion Approximation 56

Consider taking the Taylor expansion of the first two term@&i21) about the poinj. We as-
sume thatV is large enough so that terms of order greater than two caarisdered negligible
(Van Kampen, 2007; Fox and Lu, 1994). The first two terms cas the approximated by the

following expressions,
a(1 = §)P(5,1) = a(l = y) P(y,t) = %2 (a(1 = 9)P(y,1) + g3z e (all = y) Py, 1)),

b(§)P(§,t) = byP(y, 1) + % 2 (WP (y, 1)) + saz oz (byP(y,1)).
Replacing these terms in (3.21) by the appropriate expangmbtain a PDE called th®kker-
Planck equation(Van Kampen, 2007; Fox and Lu, 1994),

OP(y,t)
ot

=~ 2 [(a— (a+b)y) P(y.t)] (3.22)

+ vz L@+ (b= a)y) Ply.t)].

This equation describes the evolution in the probabilisgrithution of a continuous-state continuous-
time Markov chain model, which is frequently referred to aifusion procesyBhattacharya

and Waymire, 2007). Therefore, in moving from (3.1) to (3.22 effectively assume that for

large enoughV, the dynamics of the discrete-state Markov chain can beapgitoximated by

those of a diffusion process.

It is well known that the sample paths of a diffusion process be described by an SDE,
(Gihman and Skorokhod, 1972), and in the case of (3.22) &lkisstthe form of the following
Langevin equationGillespie, 2000, 2002)

dY = (a— (a+0)Y)dt + J=v/a+ (b—a)YdW, (3.23)

where,dV (t) is a Wiener increment.

3.4.2 Generalisation to Complex Model

The discrete-state Markov chain for the general model otl@annel dynamics in Section 3.2.2

can also be approximated by a diffusion processVabecomes large, by taking the Taylor
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expansion of the first term in (3.2).

Let H be anm x m matrix of the transition rates between states where theodigentries,
(i,1), are equal to- > 7, r;; and the off diagonal entriesi, j) i # j, are equal to;;. Letwv
be the matrix whose columns are the state change vecterqv,, ..., v,,)” andD(y) be a
diagonal matrix with corresponding transition functiotsng the diagonal. Then the Fokker-

Planck equation for the general model of ion channel dynsusic

% =-2 ai [Ai(y) Py, )] + 37 D 8% (Ba(y)P(y,t)].  (3.24)

whereA(y) = Hy and the matrixB(y) is given byB(y) = vD(y)v?.

As before, the individual trajectories of the approximatéudion process can be described by

the following Langevin type SDE, (Goldwyn et al., 2011; Faxdd_u, 1994),
dY = HY dt + \ﬁ\/B(Y)dW, (3.25)

wheredW is a vector of independent Wiener increments. Note thesldfuterm can be written
in a simple way, as the product of a matrix and a vector, duleadinearity of the transition rate

functions, f;(Y").

This equation was first described by Fox and Lu, (Fox and L®4)9for the sodium and
potassium channels in the Hodgkin-Huxley model and was latplemented by Goldwyn et
al. (Goldwyn et al., 2011). The issue with (3.25) is that wtdlves the square root of a matrix,
limiting the computational speed up over the discreteestirkov chain model (Goldwyn et al.,
2011). In Chapter 4 we show how the square root of the ma&t(® ) can be written in a simple
way as the product of two matrices, due to the special streicfithe system. Therefore the
computational speed can be increased, since forming thesidih term in this way does not

involve taking the square root of a matrix at each time-step.

For the three state model, the SDE describing the dynamtbssafystem will take the following
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form. LetY; denote the proportion of channels in statgY; the proportion in stat€’ andY;

the proportion in staté. Then

—(r12+r13) r21 31
dY = 12 —(r21+ra3) 32 Ydt (326)
r13 T23 —(r31+732)
1 [Y)+f3(Y) —fi(Y) —f3(Y) AW
+ Wi 1Y)  fX)+3Y) —f2Y) (dWQ ) ,
f3(Y) f2(Y) F2(Y)+f3(Y) dWs

wherefi(Y) = r12Y1 + 121Ys, fo(Y) = roYs + rogYs, f3(Y) = r3Y1 + 131 Y5.

3.4.3 Simulation Methods

There are two different ways in which individual sample gatii the ion channel diffusion
model, described above, can be simulated. Firstly the FeRkanck equation, (3.22) and
(3.24), can be numerically solved at each time-step usingadard PDE solver. This will
provide the probability distribution for the process, andassample from this distribution can
be generated to obtain the state of the system at that tiepe-$the problem with this method
is that it can be quite computationally intensive, sinceRbkker-Planck equation, particularly
for the complex ion channel model, is not straightforwardsaodve numerically. Therefore,
using this approach there is little, if any, computationaiihgover simulation methods for the

discrete-state Markov chain model.

Alternatively, the SDE associated with the Fokker-Planglagion can be numerically approx-
imated, providing an individual realisation of the ion chahdiffusion process. As discussed
in Section 3.3.3, there are a wealth of different numericaihads that have been developed to
approximate solutions to SDEs, many of which are based on @Bthods and have compa-
rable computational efficiency with such algorithms. Foairaple, the extra cost of employing
the Euler-Maruyama method, given by (3.18), over the stah8aler method is that at each
time step a normal random variable must be generated. Howei®can be initialised at the
start of the simulation for all time steps and so the extramatational cost is very minimal.

Thus using numerical solutions to the SDE that describeslifiiesion process, the stochastic
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ion channel dynamics can be simulated with much greater atatipnal efficiency compared
with the discrete-state Markov chain model. Furthermdre computational cost of simulating
individual trajectories of the process using an SDE doegrexdtly increase with the number
of channels V) or the number of different states of the channe),(as is the case with the
discrete-state Markov model simulation methods. Insteaccomputational efficiency largely
depends on the size of the time-step used in simulation.k&lie ODE, the computational
cost of the SDE also depends on the number of simulationsg sinultiple simulations need to

be performed to infer information about the distributiopadperties of the dynamics.

3.5 Deterministic Model

The diffusion terms in the SDESs that describe the simple amel ion channel models, (3.23)
and (3.25) scale with the inverse of the square root of the sizhe system(v/N)~!. Thus
taking the limit asN — oo, the diffusion term disappears and we obtain the followivg t
systems of ODEs that describe the dynamics of the simple amgplex ion channel model
respectively (Gillespie, 2007),

dy

o —a—(a+t)y (3.27)

4y
2 _my. 2
dt (3.28)

In chemical kinetic theory, these equations are terneagdtion rate equationRREs) and de-
scribe the behaviour of the system if the fluctuations coeligbored, (Gillespie, 2007). That

is, they specify the mean-field behaviour of each system.

The deterministic model describes the state of the systeandmntinuous variable and ignores
the randomness within the system. So for a given initial derdthe system will always be
in the same state at some specified later time point. Therdetistic model therefore lies at
the opposite end of the spectrum to the discrete-state Makain model. The SDE model is

continuous, as with deterministic model, but still capsutiee random fluctuations within the
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system, as with discrete-state Markov model. Thereforantlze seen as providing a bridge

between these two approaches.

The three different modelling regimes outlined represeiferént levels of coarseness of the
stochastic dynamics, and provide an accurate descriptithe @ynamics depending on the size
of the system being modelled. The two coarser modellingmegican be derived directly from
the stochastic dynamics of the discrete-state system, esatite the limiting behaviour as the
number of channels becomes large. Figure 3.2 is a schenidtie vay in which these three

modelling regimes are related.

Figure 3.2 Schematic of the different modelling regimes and the nucaémethods used to
simulate the dynamics of each modelling regime.

, . . SSA
Discrete and stochastic Master Equation (ME) 4} Numerical solution of ME

Fokker-Planck Equation (FPE) \A
Continuous and stochastic Numerical solution of FPE

-

Numerical solution of SDE
SDE /

Continuous and deterministic ODE > Numerical solution of ODE

3.6 Splitting-Step Methods

So far we have ignored the fact that the transition rates@tage dependent and just considered
simulating stochastic ion channel dynamics when the ttiamsrates are constant. However,

in electrophysiology models these transition rates ardimesr functions of the membrane
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potential {/) and so the stochastic ion channel dynamics are couple@ OB that describes

the evolution of the membrane potential, equation (2.2h@drevious chapter.

Consider the simple ODE problem,
du

T —A 2
o = A (3.29)

whereu € R? and A is a squarel x d matrix. The solution of this system over the interval
[t,t + A] is simply,

u(t + Ay) = exp(AA)u(t). (3.30)
Therefore to obtain the solution at time- A, the exponential of a matrix times a vector must
be calculated, which can be computationally intensive déjmg onA. Consider decomposing

A into two matrices whose exponentials are easier to compute F + F'. Instead of solving

the one ODE, (3.29), we can solve the two following equatimres one time-steft, t + A,],

—_— = FUQ, Ug(t) = ul(t -+ At) (332)
Using the solution to (3.31) as the initial condition in (B)3we obtain the following solution
over the time interval of length\,,

u(t + Ay) = exp(FAy)exp(EA)u(t).

The original problem can be solved directly to give the failog exact solution over a time
interval of lengthA,,

Uezact(t + Ar) = exp((F + E)Ay)u(t).

Usually ue,aee(t + Ar) # u(t + A;), and so there is some error associated with splitting the

original problem, called thiacal splitting error, and it is defined to be

Eap(t + D) = tegaet (t+ Ay) — ult + Ay)

= lexp((F + E)A,) — exp(FA)exp(EA)|u(t).
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Therefore the local error vanishes providing
exp((E + F)A;) = exp(FAy)exp(EA;),

which is the case providing and F commute, that i'F' = F E.

This simple scheme is often calledquential splittingnd is an order one method by the Baker-
Campbell-Hausdorff Theorem (Hall, 2003). The order of ttigesne can be improved by split-
ting the system of ODEs in different ways. For example, thar&s splitting scheme (Strang,
1968), an order two method, splits (3.29) into a system addtpalindromic equations. Once
again this method introduces a local splitting error whieimighes if the matrices commute,
(Strang, 1968). For more details on different types of sptitstep methods see for example

(Burrage, 1995).

Splitting-step methods have also been applied in stochaistherical analysis, where they have
often been employed to ensure the numerical approximatiesepves boundaries inherent in
the analytic SDE solution. For example, (Moro and Schurd,72@eveloped a method that de-
composes the SDE into two equations; an SDE that can be sahadgtically and an ODE that
is solved numerically. (Ninomiya and Victoir, 2008), infieced a scheme for Stratonovich type
SDEs that is based on the Strang splitting method and is skm@nsure numerical solutions
are positive for particular financial models under certargmeter regimes. Halley et al. intro-
duced two splitting schemes that aim to preserve positinitiie numerical approximation, one
for Stratonovich type SDEs, (Halley et al., 2008), and theepfor Itd type SDEs, (Halley et al.,
2009). The first scheme uses a Strang splitting approacthcting@se the system into the drift
and diffusion vector fields. The second method uses a Japbbicincorporate implicitness
into the diffusion vector field for the Euler-Maruyama andd$kin methods. In Chapter 5 we
shall describe a new splitting-step method that aims togpvesthe boundaries of a particular

SDE called the Wright-Fisher model.

In the same manner as the simple example discussed aboveyvaeal with the issue of the



3.7 Chapter Summary 63

voltage dependence of the transition rates by splittingsytstem into different parts. Consider
splitting the full system into the stochastic model thatatié®s the ion channel dynamics (for
example the SDE model) and the ODE that describes the volt&geezing the membrane
voltage over a time step, the stochastic model of ion chadyrehmics can then be simulated
and finally the voltage for that time step can be updated. ilwttanner the stochastic model
of ion channel dynamics can be simulated within electrofiggy models using the methods

described in the previous sections, where the transitit@s i@e assumed to remain constant.

3.7 Chapter Summary

In this chapter we provided an overview of the different bestic modelling regimes used to
capture the intrinsic variability within biochemical re¢@mn networks, and discussed how the
random state transitions of ion channels can effectivelgdresidered as a system of unimolec-
ular reversible reactions. We discussed in detail the ftatian of the discrete-state Markov
chain model for the simplest of ion channel dynamics, whieeschannel can be either open
or closed. The extension of this model to more complex anlisteaion channel dynamics

was also given. We then described techniques for simul#tie@pehaviour of the discrete-state

Markov chain model and discussed the computational limoiatof such algorithms.

Since the approximate stochastic model for the discretie-&tarkov chain takes the form of a
system of stochastic differential equations (SDEs), wegabrief review of SDEs including the
numerical methods used to approximate solutions to suchtieqs. We also defined notions
of convergence of stochastic numerical methods and theitil@fiof Itd’s Lemma was given.

Next the approximation of the discrete-state Markov chandehby an SDE model, in terms of
a system size expansion, was discussed for the simple iomehanodel and the generalisation
of the approximation to more complex models was given. Wesiciamed the convergence of
the SDE model to the standard deterministic model, in theét lam the number of channels

becomes large, and illustrated the relation between tifereift modelling regimes. Finally, we
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briefly discussed split-step numerical methods and desgtiow this approach can be used to
deal with the voltage dependent transition rates in the saxfeon channels within numerical

simulations of electrophysiology models.



Challenges with the SDE Model of lon
Channel Dynamics

In the previous chapter we described the approximation®tiiscrete-state Markov
chain model by a system of SDEs. The SDE model poses as attiatdternative
to the discrete-state Markov chain approach for studyirg ¢ffects of stochastic
ion channel behaviour on the dynamics of electrically extul# cells and tissue,
due to the appreciable computational speed up achieved.tHtsrreason it has
been frequently utilised to simulate ion channel dynamitkima range of dif-
ferent electrically excitable cells including neuronallsgFox, 1997; Sun et al.,
2011), cardiac myocytes (Pueyo et al., 2011), and panardxgia cells (De Vries
and Sherman, 2000). However, the accuracy of the SDE apiproas come into
guestion in recent years for two main reasons. Firstly a nendf studies have
demonstrated that the SDE approach does not faithfullyuraghe stochastic be-
haviour of the discrete-state Markov chain model (Mino et2002; Bruce, 2009;
Sengupta et al., 2010). Secondly solutions to the SDE maddbecome negative
and even imaginary, and so in such situations have no physieaning (Danger-

field et al., 2010).

In this chapter we investigate the reason such challenges avith the SDE model.
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It turns out that the first challenge is due to the way in whiah $DE model is for-
mulated within the neuroscience community, which is a glighifferent approach
to that usually employed in other fields of stochastic mautlTherefore we show
that this challenge can be dealt with in a straightforwardmmar by correct for-
mulation of the SDE model in terms of the whole channel dycenkiurthermore
we show that the correct SDE can be formulated in a computaliyp efficient
way which, while frequently employed within the stochasbchemical modelling

community, has not previously been used in the neuroscliedure.

The second challenge is not so easily dealt with, and indeednderlying reason
why the SDE model does not guarantee biologically realstraulations is unclear.
Therefore the rest of the chapter is devoted to an examimafithe difficulties with
the numerical methods used to simulate the SDE model, asawelie analytic

solutions to the underlying model itself.

4.1 Correct Formulation of the lon Channel SDE Model

In Chapter 3 Section 3.4.2 we gave the SDE formulation of #reegal ion channel model that
was derived by Fox and Lu for the Hodgkin-Huxley model (Hodgknd Huxley, 1952). For
a general ion channel model, where the channel can be in onedfferent states and can

undergok different reversible transitions this SDE is

dY = HY dt + 2= /B(Y)dW, (4.1)

where the entries of the vectdf are the proportion of channels in each state. This equation
involves the square root of a matrix, limiting the compuiatl speed up over the discrete-state
Markov chain simulation approach. Therefore, in Fox and 190¢), the authors describe an
approximate SDE model of ion channel dynamics to improvestheiency of the SDE model.

However, the increase in computational speed, comes ab8tetaccuracy in capturing the
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stochastic behaviour of the discrete-state Markov chaideh@ruce, 2009; Mino et al., 2002).

In the next section we describe in greater detail the Fox andDE model of ion channel
dynamics. We then show how the SDE model can be formulatetiagattdoes not involve
the square root of a matrix. Finally we compare the first twamants in the number of open

channels for the two different SDE models with the discsttte Markov chain model.

4.1.1 Fox and Lu Algorithm

In (Fox and Lu, 1994) Fox and Lu describe the dynamics of eathgvariable in the Hodgkin-
Huxley model by an SDE. These stochastic gating variabledtsn used to determine the

proportion of open channels, as in the Hodgkin-Huxley fdatian of ion channel dynamics.

The dynamics of the whole channel are approximated by tHeatoe behaviour of a series of
hypothetical gating variables, where each gate can berapen or closed at any time. Since
each gate has two different states, (i.e. the gating behaManodelled using the simple model
discussed in Chapter 3 Section 3.4.1), it follows that thetfon of open gating particles of type

X can be described by the following SDE

dx(t) 1
—q = (ax—(ax +bx)X ()t +

where V,,; is the total number of channels ang, bx are the rates at which a gate of type

Vax + (bx — ax) X (t)dW, (4.2)

X opens and closes, respectively. The channel is assumedajeeipeonly when all gates are
open. Therefore the proportion of open channels is estoatée the product of the propor-
tion of open gating variables. The Hodgkin-Huxley modelasss that the sodium channel is
comprised of three identicah gates and another gate termed thgate, while the potassium
channel is assumed to consist of four identicglates. Thus the proportion of open sodium and
potassium channels at timare given bym(t)3h(t) andn(t)?, respectively, where the variables

m(t), h(t) andn(t) are random and are calculated using (4.2).

This method gives substantial computational speed up aueenically solving the SDE model
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given by (4.1). Indeed Goldwyn et al. (2011) the authors regt this approximate SDE
method take&5 times less computational time than solving (4.1), with theéased computa-

tional cost in (4.1) largely a result of the square root term.

4.1.2 Fast Simulation of the Full Channel SDE Model

Since the model of ion channel dynamics is essentially aerysif reversible unimolecular
reactions, it is possible to decompose the mali{¥") so that the square root can be described
exactly by the product of two matrices, (Melykuti et al., BD1The decomposition of the matrix
B(Y) is non-unique, that is there are different matriédd”) such that3(Y)B(Y)” = B(Y).

In (Melykuti et al., 2010) the authors show the smallest disien of the matrixB(Y) that
satisfiesB(Y)B(Y)" = B(Y) ism x k, and this matrix takes the forB(Y) = EF(Y).
HereE is a matrix of0’s, —1's, andl’s and F'(Y") is a diagonal matrix whose entries are of the

form \/r;;y; + rjy;. Therefore (4.1) becomes (Melykuti et al., 2010)
dY = HY dt + = EF(Y )dW . (4.3)

This form of the the ion channel SDE model was also recenthgrgin (Orio and Soudry,
2012). We use this formulation of the decomposition of therixa3(Y’) since it employs
fewer Wiener increments than other formulations, suchaisgiven in (Gillespie, 2000) and so
is more computationally efficient. While such forms of thudiion term have been known and
utilised in the stochastic biochemical reaction modeléogimunity (Melykuti et al., 2010), this

has not been the case in the electrophysiology, and in pkatithe neuroscience community.

We use the sodium and potassium channels from Hodgkin-Mumtedel as examples to de-
scribe the form of the matrices and 7'(Y"). In the model the sodium channel is described by
threem gates and oné gate while the potassium channel is described by fogates. As-
suming each possible configuration of open and closed gepessent a different state of the

channel, the dynamics of the sodium and potassium chanreetsven by the following state



4.1 Correct Formulation of the lon Channel SDE Model 69

diagrams respectively:

3am 2am am

moho = miho = m2ho = msho
b 2bmm 3bm
bnTlap bplap bntlap bpTlap |
3am 2am, am
moh1 = mih1 = mgh1 = msh

bm 2bm 3bm

4an 3an 2an an
ng — M1 = n2 = n3 = nq,
bn 2bp, 3bn, 4bp,

wherea;, b; are the closed to open and open to closed transition rateatef,gespectively,
m;h; denotes the state wheren gates ang h gates are open and similarky denotes the state

wherei n gates are open.

Let y;;(¢) denote the proportion of sodium channels witbpenm gates and openh gates
at timet. Similarly letx;(¢) denote the proportion of open potassium channels ivithenn
gates at timeg. The state of the potassium channel at tifrie given by the vector(t) =

(w4, 73,79, 71, 20)T and the state of the sodium channel is denoted by,

y(t) = (931792179117901,%07y2oay107y00)T- (4-4)

Formulating the noise term in the same manner as in (4.3)dyhamics of the sodium and

potassium channels can be described by the following S2Spectively,

dy = HNaydt + ﬁENaFNa(y)dWNaa (45)

dx = Hgadt + = Ex Fi(x)dW*. (4.6)

In the above formula

VvV amy21 +3bmy31
V2amy11+2bmyo2
vV 3¢1my01 +bmyll
vV amy20+3bmyso Vanr3+4bnxyg
_ . V2amy10+2bmy20 _ . vV2anxo+3bnrs
Fia = diag V3amyoo+bmy1o ! Fy = diag <\/3an$1+2bn$2> ’
vanryoo+bryo1 Vianxo+bnry
varyio+bryia
Vapy20+bry21
Vary3o+brysi
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respectively, and

—d1 am O 0 a, O 0 0

3bym —d2 2am O 0 ap, O 0

0 2bm —dz3 3am O O a, O

o 0 0 bp —dg 0 0 O N

Hy, = b, 0 0 0 —ds am O O

0 b, O 0 3bm —ds 2am O
0
0

S

0 b, O 0 2bm —d7 3am
0 0 b, 0 0 bm —ds,

where the diagonal entri¢d,, . .., ds) are equal to
(dy,...,dy) = (by + by, @ + 26y, + by, 204, + by, + by, 3a4, + by) ,

(ds,...,ds) = (ap + 3bm, an + am + 2bpy, 24, + by, + ap, ap + 3ay,) .

The final matrices in (4.5) and (4.6) are as follows,

-10 0 0 0 0 0 0 0 —1
1 -10 0 0 0 0 0 —10
01 -10 0 0 0-10 0
Fn. — 001 00 0-10 00
Na — 00 0-10 00 0 0 1 )
00 01 -100010
00 00 1-10120 0
00 00 01 1 00 0
—4by, an 0 0 0
4by,  —(an+3bn) 2an 0 0
Hy = 0 3bn, —2(an+bn) 3an 0 ,
0 0 2bn —(Ban+bn) 4dan
0 0 0 bn —4an

and

—_

1 0 0 O

E -11 0 0
= 0 -11 0 .

K 0 0 -1 1

0 0 0 -1

The form of the noise term given in (4.3) will require a largember of Wiener increments than
the original formulation given by (4.1), when the numberefarsible transitions is greater than
the number of different states of the channel. For examplthe Hodgkin-Huxley model, the
sodium channel is assumed to consis? different states which can undergo different pairs

of reversible reactions. The formulation of the SDE (4.1l) véiquire 8 Wiener increments at
each time step, while (4.3) will requir in this case. However, since all Wiener increments
for the simulation can be initialised at the start of simiglat the extra computational cost in
generating more Wiener increments per simulation is verymml. Indeed, it is certainly much
less computationally intensive than taking the squaresbatmatrix at each time step, and thus

provides substantial improvement in speed over (4.1).
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Note that the computational cost of simulating (4.3) can laeginally reduced by lowering the
dimension of the system using the assumption that the nuaflcbannels)V, is conserved and
so consequently”" | Y; = 1. Therefore the dynamics can be described by the following1

(rather thanmn) SDEs,

1y — <HY + 'y) dt + - EF(Y)dW, 4.7)

whereE is equal to the matrix¥ with the last row removed andis a vector of lengthn — 1
which is equal to the first, — 1 rows of the last column of. H is a(m — 1) x (m — 1) matrix
with entriesh; ; = h; ; — him, fOri,j = 1,--- ,m—1, whereh, ; is thei, jth entry of the matrix
H. For example, the matrices for the reduced SDE describmgadtassium channel dynamics

in the Hodgkin-Huxley model will be

—4b,, an 0 0
f{ o 4by,  —(an+3bn) 2an 0
K — 0 3by, —2(an+bn) 3an )

0 0 2bn —(Ban+bn+4an)

4.1.3 Inaccuracies in the Fox and Lu Approach

The Fox and Lu approach became the standard method for nmgdalh channel dynamics

using SDEs and has been applied to the study of stochastichimnel dynamics in cardiac
cells (Pueyo et al., 2011), neuronal cells, (Fox, 1997; Sdtenal., 2004) and pancreatic beta
cells, (De Vries and Sherman, 2000). However, in recentsydlae SDE approach to modelling
ion channel dynamics has come under criticism, with a nurob&udies showing discrepancies
between the behaviour of the discrete-state Markov chaietrend the SDE approach of Fox
and Lu (Mino et al., 2002; Bruce, 2009; Goldwyn et al., 201dn§upta et al., 2010). Namely,
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the SDE approach of Fox and Lu was shown to preserve the metre inumber of open

channels of the discrete-state Markov chain model, buthsecond moment in the number
of open channels. These studies suggested that this dasmes due to the approximation of
the discrete-state Markov model by a continuous-stategsyajuestioning whether the SDE
model could accurately capture the dynamics of the dis@tetie Markov chain for ion channel

dynamics. However, as we shall demonstrate, this discoypanises due to the formulation of
the SDEs in terms of the individual gating variables, rathan the state dynamics of the whole
channel. This work was published in (Ellen et al., 2011) aas aiso independently shown in

(Goldwyn et al., 2011).

To distinguish between the Fox and Lu approach and the fatioul of the SDE model de-
scribed in the previous section, for the rest of this seatverrefer to the Fox and Lu approach
as the subunit based SDE and the SDE model given by (4.3) ashdmel based SDE, in

keeping with the terminology introduced by Goldwyn et aD12).

The work presented here is an extension of the simulatiorisrpged in (Bruce, 2009). There-
fore the same protocol is used to compare the subunit baseda8® the channel based SDE
models with the discrete-state Markov chain model. The fivet moments in the number of
open sodium and potassium channels in a variant of the Hoeduxley model, given in Ap-
pendix A, for the subunit based SDE, (4.2), and the chanre#®&DE, (4.3), are compared
with the discrete-state Markov chain model. The voltageeisticonstant at an initial value,
called the holding potential, for the fir8tlms of simulation. The voltage is then stepped to a
valueV,. and is kept constant at this value for the remainder of theilsition. Two different
voltage step sizes were simulatéd,= 24mV andV. = 16mV . This protocol is commonly

referred to awoltage clampprotocol.

The transition rates for each gating variabig (bx for X = m, h, n) vary with respect to the
transmembrane potentidl;,, according to the functions of membrane potential for theava

of the Hodgkin-Huxley model given in Appendix A. For eachtagie step the total number of
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sodium channels is set @00 or 2000 and the total number of potassium channel33i$ or

666. These values are chosen to be consistent with the simugataBruce, 2009).

The first two moments in the number of open channels for therelis-state Markov chain is
estimated using000 simulations of the SSA. The first moment in the number of ogemoels
for the subunit based SDE, and the channel based SDE cand&ieaxbtirectly by taking the
expectation in (4.5), (4.6) and (4.2). Noting that the exgigan of JIV is 0, we obtain the
following ODEs

BY) _ Hy,By)). 8)
dE(x)

e HiE(x(t)), (4.9)

dE(X) =ax — (@X + bx)E(X(t)) (4.10)

dt

The first two equations, (4.8), (4.9) describe the time evafun the mean proportion of chan-
nels in each state for the sodium and potassium channepeategely, while (4.10) gives the
mean proportion of open gates of tyfe Therefore, for the channel based SDE approach, the
first moment in the proportion of open channels is simplys;) for the sodium channel in
the solution to (4.8) and for the potassium channel i£'{g) in the solution to (4.9) (using
the notation of the previous section). For the subunit b&f@# approach, since the channel is
assumed to be open when all gates are open, the first moméetpndportion of open channels
for the sodium and potassium channels(@gn|)® £[h] and( E[n])*, respectively, wher& | X],

X = m, h,n, is the solution to (4.10) and where we have assumed indepeedetween the

subunits.

ODEs describing the time evolution in the second momentenpttoportion of open channels
for the sodium and potassium channels described by the ehbased SDE can be obtained
by applying Itd’'s Lemma, as described in Chapter 3 Secti@23to the functiong (y) = 3,
and f(x) = z7 in (4.5) and (4.6), respectively, and taking expectatiofteerefore the second

moment in the proportion of open sodium and potassium charam be described by the
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following ODESs respectively,

dE(y§1) _ 2
o = 2anE(ynys) + amE(ysiye) = E(yz) (0n + 3bn))+
ﬁ(ahE(y31) + am E(Yy21) + bnE(ys0) + 30, E(y31)),
dE(z?
(1(;4) = 20, E(2473) + 5= (40, E(x4) + a, E(x3)) — 8b, E(x]). (4.11)

Note that the above equations involve covariance termsrefdre in order to solve the above
ODEs the covariance between stagesindy; (E(v;y,)) and similarly between; andx,, for
somei, j,l andk must be known. ODEs describing the covariance betweersstatebe ob-
tained by applying 1td’s formula to the functiofiy) = y,y; and taking expectations, however,
we do not explicitly derive these formula for the channeldahSDESs of the sodium and potas-

sium channels here.

Similarly, applying Itd’s Lemma to the functigf( X' ) = X2, the second moment of the stochas-

tic gating variables given by (4.2), is

dE(X?)  ax (bx —ax) 5
i =W P <2aX + XN—XX) ~ 2ax + bx)E(X?), (4.12)

where Ny is the number of channels for whicki is a gating variable. The second moment
in the proportion of open sodium and potassium channel$y®Fbx and Lu algorithm is thus

estimated to béE[m?])3 E[h?], and(E[n?])*, respectively.

Above we described how to obtain the first two moments inghaportion rather than the
numberof open channels, for the subunit based SDEs and channel B&¥es. Therefore, we
scale the first two moments in the proportion of open charmetse number of sodium\(y,)

or potassium channeldV().
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Figure 4.1 Time evolution in the first moment of the number of open potasshannels for
the three stochastic simulation methods. The number ofreHans333 (left) or 666 (right).
The voltage step is6mV (top) or24mV (bottom).
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Figure 4.2 Time evolution in the first moment of the number of open sodalmannels for the
three stochastic simulation methods. The number of charseltol 000 (left) or 2000 (right).
In the bottom two plots the results for the three methodsitiaally on top of one another.

—SSA
0.8 . . . 1
% channel based SDE
-='subunit based SDE

0.5 1 15 2 0 0.5 1 15
Time (ms) Time (ms)

10

E[NNa]
a

0 0.5 1 15 2 0 0.5 1 15 2
Time (ms) Time (ms)




4.1 Correct Formulation of the lon Channel SDE Model 76

Figure 4.3 Time evolution in the second moment of the number of potassipen channels
for the three stochastic simulation methods. The numbenafcels i333 (left) or 666 (right).
The voltage step is6mV (top) or24mV (bottom).
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Figure 4.4Time evolution in the second moment of the number of sodiuenaihannels for the
three stochastic simulation methods. The number of charse¢lto1 000 (left) or 2000 (right).
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The mean number of open sodium and potassium channels fauthenit based SDE and
channel based SDE are both in good agreement with that ebtaising multiple simulations

of the SSA, as can be seen in Figures 4.1 and 4.2.

From Figures 4.3 and 4.4 it is clear that the second momerteamumber of open channels
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for the channel based SDE is in good agreement with the désstate Markov model, while
the subunit based SDE differs significantly from both. Inticatar we note that this issue with
the subunit based SDE does not noticeably improve as thieniataber of channels increases.
Therefore, the SDE model of ion channel dynamics preseteditst two moments of the
discrete-state Markov chain model, providing the SDEs amntilated in terms of the kinetic
behaviour of the whole channel (channel based SDE) rattzer ith terms of the individual
gating variables (subunit based SDE). For the rest of teisisithe channel based SDE approach
will always be adopted, unless explicitly stated, and smfhere on we shall refer to this simply

as the SDE model.

4.2 Negative Channel Numbers in the SDE Model

Complications with the ion channel SDE, (4.3), arise wheomes to simulating the behaviour
of such systems using existing SDE numerical techniques) aa the Euler-Maruyama and
Milstein methods. Namely, solutions can become negativgreater thanl, and since the

solution describes the proportion of channels in each,stateh simulations have no physical
meaning. Furthermore, since the entries of the makii¥") in the diffusion term involve

the square root of some function of the state of the sys®¥m golutions can indeed become
imaginary. This is illustrated in Figure 4.5 for the simpbaichannel model (equation (3.23) in

Chapter3) which is numerically solved using the Euler-Mama method.

Since the issue of biologically unrealistic solutions te 8DE model manifests itself in the
numerical simulation, this has led to the assumption withaliterature that the issue arises
due to the numerical method inadequately preserving thademes of the analytic solution to
the SDE. Indeed the fact that many numerical methods do esepre the boundaries inherent
in the SDE model is a widely recognised difficulty and has stadied by a number of authors
within the stochastic numerical analysis community, as thlgliscuss in the next chapter.

Therefore, to ensure numerical solutions to the SDE modeirnthannel dynamics remain in
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a biologically realistic domain, or at least stay real, nfiedtions to the numerical method are

frequently employed.

Figure 4.5 Simulation of the Euler Maruyama discretisation schemetfier simple model,

(3.23) in Chapter 3. The real and imaginary parts of the sniure shown on the left and
right, respectively. Simulations were performed withialitonditionY;, = 0.5 and parameters
a = 0.001, b =3, N = 100 and using a time step siz®, = 0.01.
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In order to ensure solutions remain real, Goldwyn et al. {30&place the values & in the

noise term in (4.3) by their equilibrium values. Thus thisnas independent of the state of
the system. However, such an approximation is not valid feelectrophysiology models and
so can lead to discrepancies between the behaviour of theetéisstate Markov chain model
and the SDE model (Dangerfield et al., 2012), as we shall s€dapter 7. Another alteration
employed to ensure solutions remain real is to take the atesehlue under the square root in
(4.3), (Orio and Soudry, 2012). While these methods ensalutians remain real, they can still

become negative or greater than

Other authors make adjustments in the numerical schemede floe approximation to remain
in a biologically realistic region. Firstly, if one of theezhents ofY in the approximation
becomes negative or greater than one, then the value airtteastep is set to zero or one re-

spectively. However, such an alteration could result ingtmn over all possible states being
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greater or less than one, and so there will not be consenvattitlie number of channels. Alter-
natively, if one of the elements of the approximatiorYoieaves the intervdD, 1] the Wiener
increment is resampled until every elemeniofat that time point remains withijd, 1], as in
(Fox and Lu, 1994) and (Pueyo et al., 2011). However, this leag to the Wiener increment
being resampled a large number of times, which is often tkse é@a complex models of ion
channel dynamics, and so the SDE simulations can become ecoarputationally intensive
than the discrete-state approach. Furthermore, the prnoligh any such adjustment is that it
can introduce bias into the solution, (Lord et al., 2010).tA® best of our knowledge, there
are no results in the literature confirming that these atteramerical methods converge to the

desired SDE solution.

While the issue of biologically unrealistic solutions haseh assumed to be related to the nu-
merical method, there has been no formal investigationwitether the analytic solutions to
the SDE model for ion channel dynamics do indeed remain wighbiologically realistic re-
gion. The root of this issue may lie with the form of the SDE relatself, rather than with the
numerical methods used to approximate solutions to sudhrsgs In the next section we argue
that this is indeed the case by considering the analytidisolsi of the SDE that describes the

simple two state model of ion channel dynamics.

4.3 Analytic Solution to the SDE for the Simple Model

In the previous chapter we showed that the stochastic betnast the simplest model of ion
channel dynamics (where the channel can be either opensedjlcan be approximated by the

following SDE, which is in the form of a Langevin equation

dY = (a— (a+b)Y)dt + =+/a+ (b—a)YdW. (4.13)

HereY is the proportion of open channetsandb are the transition rates from closed to open

and open to closed respectively aidis the total number of channels. Since the number of
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channels is assumed to remain constant, it follows that tbpgstion of open channels, i.e.
the solution to (4.13), must lie within the intervi@ll 1], otherwise such values af have no

physical meaning.

Consider the transformation

U=a+ (b—a)Y. (4.14)

By Itd’'s Lemma, given in Chapter 3 Section 3.3.2, equat®id) becomes

dU = (p + A\U)dt + oUdW, (4.15)

—b‘]ﬁ). Equation (4.15), more commonly known as the

wherey = 2ab, A = —(a +b) ando = &2

Cox Ingersoll and Ross (CIR) model (Cox et al., 1985), was firsposed in (Feller, 1951),
where it was proved that there exists a non-negative soluto4.15). Consequently/ (¢)
satisfies the following boundaries:df< b thenY () > =%, while if a > b thenY () < 2.
Therefore,Y (t) can leaveg0, 1] with positive probability, and such solutions have no pbgki
meaning. Furthermore, since the transition rateandb, depend on the membrane potential,
which varies over time in electrophysiology models, therthe added complication that these

boundaries oY (¢) will not remain fixed throughout the simulation.

The issue of physically unrealistic solutions to (4.13) hasn touched upon by other authors.
For example, in the review (Higham, 2011), the author shdvaswhen the solution to (4.13)
is close to the boundaries of the interf@l1], the noise term in (4.13) can pu3Ht) outside
this region. However, to the best of our knowledge, theredeas no formal demonstration that

analytic solutions to (4.13) can leaje 1].

Since the above analysis suggests the issue is with the fiaitme &DE model itself, rather than
with the numerical methods, then in the next two chaptersegeibe two different approaches
to constructing an SDE model of ion channel dynamics thatirssanalytic and numerical

solutions remain within a biologically realistic region.
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4.4 Chapter Summary

In this chapter we discussed the two challenges that arisieeinmplementation of the ion
channel SDE model. Firstly the SDE model previously empdayethe literature, which is an
approximation of the ion channel SDE model, does not prestr® moments of the discrete-
state Markov chain model. Secondly the ion channel SDE mits#gt can result in biologically

unrealistic simulations of stochastic ion channel dynamic

We showed that the first issue can be dealt with by formulatwegSDE in terms of the full
ion channel dynamics, rather than approximating the dyosimiterms of SDEs that describe
hypothetical gating variables, as was described by Fox an@lR94). This approximation
was originally employed to improve the computational speedumerically solving the ion
channel SDE model. However, we demonstrated that a similaravement in computational
efficiency can be obtained by formulating the diffusion temthe SDE model so that it does
not involve the square root of a matrix. This can be done duédacspecial structure of ion
channel dynamics. We displayed that this formulation ofSB¥= model preserves the first two
moments of the discrete-state Markov chain model, whilegdteng variable approximation of

Fox and Lu (Fox and Lu, 1994) underestimates the second ntomen

In Sections 4.2 and 4.3 we discussed the issue that numeialations of the SDE model
can leave a biologically realistic region, and we showedlttha is not just due to the numerical
methods but is a problem with the analytic solution of thedbannel model itself. We therefore
argued that the root of the second challenge lies directtis thie SDE model of ion channel
dynamics. This analysis of the SDE model in Section 4.3 plewthe rationale behind the two

different approaches taken in the following two chapters.



The Wright-Fisher Model and the BISS
Method

In the previous chapter we discussed the challenges thst arhen using the SDE
model to simulate the stochastic behaviour of ion channeldycs within elec-
trophsyiology models. In particular, we demonstrated #ralytic solutions to the
SDE model can go outside a biologically realistic range. \Wguad that this issue
arises from the form of the model itself, rather than from tlenerical method
used to approximate solutions to the SDE model as is the conassumption in

the literature.

In this chapter we deal with this issue by describing an alative SDE model for
ion channel dynamics that guarantees analytic solutiomstaologically realistic.
This model is based on an existing system of SDEs used ingtigputlynamics
called the Wright-Fisher model and the parameters are chaseh that the first
two moments of the new SDE model are close to those of thewdistate Markov
chain. While analytic solutions to this new system of SDEsim within the de-
sired region, current numerical methods are unable to pressuch properties of
this system of SDEs. Thus in this chapter we also describevaumerical method
that preserves the boundaries of this SDE model and prosarkihod converges

in the strong sense.
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In the first part of this chapter we consider an approximatmthe simplest model of ion
channel dynamics by an SDE whose solutions are guarantaedhimn in the correct region,
namely the interval0, 1]. Recall from Chapter 3 Section 3.4.1 that the simple mod®imgs
the ion channel is either open or closed, and the proporti@pen channels can be described

by the following SDE,

dY = (a— (a+0)Y)dt + J=v/a+ (b—a)YdW, (5.1)

wherea andb are the rates at which the channel opens and closes reghgciile now describe
the Wright-Fisher model which will be used to approximate 8DE for the simple model of

ion channel dynamics.

5.1 The Wright-Fisher Model

The Wright-Fisher model describes the stochastic evalutiahe genetic structure of a pop-
ulation and was introduced in the 1930s independently ish@i, 1930) and (Wright, 1931).
The most basic version of the model assumes there are twe tfpdleles;; andr, for a gene

in a population whose total siz&/, remains constant from one generation to the next. Since
the total number of alleles in the population remains contstee. r; + v, = N, itis sufficient

to consider the numbef{(f) of a single alleler; at generationr. The gene pool of théth

generation is sampled to give the genetic structure offhe 1)th generation.

This model can be extended to include the possibility of@dlenutating from one generation
to the next. Let us assume that-aallele mutates to a; allele over one generation with
probability A and ar; mutates to a with probability B. The transition probabilities that the
system moves from stat¢o statej over one generatiort;,;, follow a binomial distribution with

) and the number of trials equal to the population

the probability of success; — {=A+BW=1)

sizeN,

N\ . »
Py = (j)p?(l—pi)N 7
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When the population size is large, the Wright-Fisher mod#i mutation can be approximated
by a continuous state continuous time procesg,), that represents the proportion of alleles of
type r, in the population at time. Note thatX (¢) is the processX scaled by the population
size and is described by the following SDE, (Karlin and Tayl®81)

dX = (A— (A4 B)X)dt + /X (1 — X)dW. (5.2)

From here on we refer to the Wright-Fisher SDE or model asath includes mutation
between alleles, (5.2). The analytic solution to (5.2) castown to remain withifo, 1] for all

time, (Karlin and Taylor, 1981).

5.2 An Alternative to the SDE Model of lon Channel Dynam-
IcS

Since solutions to the Wright-Fisher model remain witfiinl], the characteristic we desire

from the SDE model, consider approximating (5.1) by theoteihg equation,

dX = (A — (A+ B)X)dt + C/X(1 — X)dW. (5.3)

The ion channel SDE model, (5.1), preserves the first two nmbsree the discrete-state Markov
model exactly, due to the linearity of the system. Thereforerder to ensure that the stochastic
behaviour of (5.3) is close to that of the discrete-statelddaichain model, the first two mo-
ments of this SDE must be close to that of (5.1). Thereforedmstantsd, B andC' are chosen
to ensure thisis the case, thus (5.3) closely capturesdbbastic dynamics of the discrete-state
Markov model.

Theorem 5.2.1.TakingA = a, B = band(C? = % in (5.3) ensures that the mean (5.3)

is identical to that of(5.1) and the difference in the second moment scalds s

Proof. Applying Itd’s Lemma tof (z) = z, in the manner described in Chapter 3 Section 3.3.2,

we obtain the following two ODEs describing the time evalatin the mean of the processes
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Y (t) and X () respectively,

dz(ty) —a—(a+D)EY), (5.4)
dEd(tX ) _A— 4+ B)E(X) (5.5)

Assuming the initial conditions are equal(Y,) = E(X,), takingA = a and B = b ensures
the solutions to (5.1) and (5.3) are identical. Therefoeentiean of (5.3) will exactly match that
of (5.1).

The ODEs describing the second moment'¢f) and X (¢) can also be derived by application

of Itd’s Lemma to the functiorf (z) = z2. Thus,

dEc(zfz) =&+ EY) (2a+5) —2(a+b)EY?), (5.6)
dEc(zip) = (C* +24)B(X) — (C* +2(A + B)) E(X?). (5.7)

Solving these equations analytically we obtain,

(a+b/N)

B*0) = =
+ 672(a+b)t (E(Y(-)Q) . a(((z—:_bb/)iv) . (2a +éb_:ba)/N) (E(Yb) _ aLer))

g ((za n C(Lb+_ba)/N ) (B, #b)) | (5.8)

(C? +24)A
(C?+2(A+ B))(A+ B)
—(C242(A+B))t 2 (C? +24)A C? +24 A
e <E(X°>_ (C?120A+B)A+B) C°+A+B (E(XO)—ATB))

4+ e~ (A+B) (M (E(Xo) — Ai;B)) . (5.9)

E(X*(t)) =

C?+A+B

As before we assume thaXY,) = E(X,) andE(Y{) = E(X?).
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For (5.8) and (5.9) to be clos€,must be chosen so that the constant term in these two egsiation
are the same. Therefore we tak&such thatC? = 2~ (a-+b). The choice of4 and B ensures
that the last terms in (5.9) and (5.8) decay at the same i#teugh it means that the middle
terms do not, and the difference between the two rates ofydecz’. By this selection of’?,

the difference in the rates of decay will be of the or%efor N >> 1. 0J

For this choice of constants the difference between thenseomoment of (5.1) and (5.3) is
shown in Figure 5.1. It can clearly be seen that this diffeess small and scales with/ N, and
so we conclude that such a choice of constants in (5.3) pesére mean in (5.1) and provides

a good approximation to the second moment of this equation.

Figure 5.1 The difference in the second moment of the SDE model of iomicbladynamics,
(5.1), and the Wright-Fisher type model, (5.3). The paramealues used for all simulations
area = 0.001, b = 5, the initial condition wast(Y) = E(XZ) = 0.5 and the number of
channels areV = 100 (top left), N = 1000 (top right) andN = 10000 (bottom left). The
bottom right plot shows the maximum difference in the seamiodnent for each value dY.
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The Wright-Fisher SDE therefore provides an alternativelehéor ion channel dynamics with

intrinsic noise, as it closely approximates the first two reats of the discrete-state Markov
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chain model whilst also ensuring that solutions remain iroélically realistic region.

5.2.1 Boundary Preserving Numerical Schemes

Whilst analytic solutions to the alternative model of ioranhel dynamics, (5.3), guarantees
solutions remain withirf0, 1], many commonly used numerical methods, such as the Euler-
Maryuama and Milstein methods do not preserve such bowxlarithe numerical solution.
This is an issue not just with the Wright-Fisher model, budlso the case for other models of
real world systems, such as financial models including thel@gersoll and Ross (CIR) model,

(Schurz, 1996).

In recent years a number of numerical schemes that aim teqmesthe boundaries of solutions
to SDEs have been developed. Most techniques have focusddaithms that ensure positive
numerical solutions to mean-reverting square root praseissfinancial models. The Balanced
Implicit Method (BIM) incorporates implicitness into theuer-Maruyama scheme, (Milstein
et al., 1998), and was shown in (Schurz, 1996) to preservbdbadaries of a mean reverting
process with cubic diffusion and a model of diffusion of inaton in marketing sciences. In
(Kahl and Schurz, 2005) the Balanced Milstein Method (BMB&f),extension to the BIM, was

developed and shown to preserve positivity for a class of SIvBose diffusion coefficients

satisfied a number of conditions. In recent years a numbeplittiisg-step methods have been
constructed to preserve the positivity of solutions to mede finance. A scheme that splits
one dimensional SDEs into an SDE whose analytic solutiom@svk and an ODE was devel-
oped in (Moro and Schurz, 2007) and shown to preserve pigitor the Cox Ingersoll Ross

(CIR) model and constant elasticity volatility models. Hmwer this algorithm is difficult to

implement for multidimensional systems since few anafftsolutions of higher dimensional
SDEs are known. Other splitting methods have utilised teghes to solve ODEs such as the
Strang splitting method, (Ninomiya and Victoir, 2008; Hgllet al., 2008), and Jacobi splitting,

(Halley et al., 2009), in order to preserve the positivitysofutions to mean reverting square
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root processes under certain parameter regimes. The nsamugth current boundary preserv-
ing algorithms is that many methods are model dependentqMod Schurz, 2007), or only
work under certain parameter regimes (Halley et al., 200892Ninomiya and Victoir, 2008;
Kahl and Jackel, 2006) and so they do not necessarily geseta the Wright-Fisher model.
Therefore in Section 5.4.3 we introduce a novel numericahow called the BISS method,
that ensures numerical solutions to the Wright-Fisher rh@heain within[0, 1], and the strong
convergence of such a scheme is proved in Section 5.4.5. gia bg formalising what it
means for a numerical method to ensure solutions to an SDERinenithin a certain bounded

domain, with respect to the Wright-Fisher model, (5.3).

5.3 The Lifetime of a Numerical Method

The concept of a boundary preserving numerical scheme washsed by Schurz in (Schurz,
1996). He introduced the notion of an algorithm havetgrnal lifetimethat is defined as fol-
lows.

Definition 5.3.1. (Schurz, 1996) Lek,, be computed from a stochastic numerical scheme that
approximates the solution to the Wright-Fisher mod&l3), whereX,, is the approximation at

timet,. The numerical schemg,, is said to possess eternal lifetime if

P (X, €0, 1])|] Xy €10, 1]) =1, foralln > 0. (5.10)

If (5.10) does not hold then the numerical scheme is said W@ haite lifetimeand so the
approximation can leave the interv@l 1] with positive probability. A weaker notion of a
boundary preserving numerical scheme is thatldfetime

Definition 5.3.2. (Schurz, 1996) Lek,, be computed from a stochastic numerical scheme that
approximates the solution to the Wright-Fisher mod&l3), whereX,, is the approximation at

timet,. The numerical schemg, is said to possesslifetime if

P(X, €0, 1]|X,_1 €6, 1 —¢]) =1, forsomee > 0. (5.11)



5.4 A Boundary Preserving Numerical Scheme for the Wright-ksher Model 89

This property provides a one step assurance that the appaarn to (5.3) will lie within the
correct region if the previous value did. However, sitigecan lie in the regiof0, €) U (1 —¢, 1]
with positive probability, at time,,. ; the numerical solution is not guaranteed to remain within
[0, 1] and so this property does not ensure the discretisatiomseieboundary preserving for

all time.

5.4 ABoundary Preserving Numerical Scheme for the Wright-
Fisher Model

The Balanced Implicit Split Step (BISS) method is a comborabf the Balanced Implicit
Method (BIM), first introduced in (Milstein et al., 1998), é@the split step method developed
in (Moro and Schurz, 2007), both of which have been shown ss@ss certain boundary pre-
serving properties. The BIM can be constructed in such a wag$o possesslifetime for the
Wright-Fisher model wherd = B = 0, as we shall describe below, but eternal lifetime cannot
be obtained, (Schurz, 1996). On the other hand, the spjitisiethod from (Moro and Schurz,
2007) possesses eternal lifetime for the Wright-Fisherehdmlt this is only for a restricted set
of parameters and also does not generalise to higher diorenssince we require a numerical
method for the Wright-Fisher model that possesses etdfatire for all parameter regimes
and generalises to higher dimensional systems, we coml@neats of the BIM with those of

the split-step method in order to develop such a scheme.

In what follows we shall consider the numerical approximatio the Wright-Fisher model,
(5.3), on a fixed time interval), 7'] with discretisatiort, = 0,--- ,t,; = T wheret,,; — t, =
Ay, for 0 < n < M — 1. For simplicity we assume a fixed time stédp = A, throughout.
We begin with a brief description of the two methods on whioé BISS scheme is based and

discuss the boundary preserving properties of these resgpschemes.
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5.4.1 BIM Method

The Balanced Implicit Method (BIM) was introduced in (Mié#t et al., 1998) as a method for
solving stiff stochastic systems. Unlike drift implicit theds, the scheme introduced implicit-
ness into the diffusion term as well as the drift term throagdystem of freely chosen control
functions,d’(X). In (Alcock and Burrage, 2006) the optimal choice for theteolfunctions,

with respect to the local truncation error in strong coneeg, are given and shown to improve

the accuracy of the scheme.

The BIM for the Wright-Fisher model, (5.3), can be describgdhe one-step discretisation

scheme
X0, =XP+(A— (A+ B) X)) A+C/XEB(1— XB)AW,+D(XP)(XF-XP.)), (5.12)

whereA; is the length of the time discretisation interval af\dll’,, is a Wiener increment. In

the update formula abové) (X P) is the system of control functions and takes the form,

D(X7) = d(X;))A + d' (X)) | AW,]. (5.13)

Although the BIM scheme was originally introduced as a métfay solving stiff stochastic
systems, in (Schurz, 1996) Schurz showed that by carefutelwd the control functions, the
BIM scheme possessedifetime for the Wright-Fisher model with no drift, i.e. élcased =

B = 0. The control functions that ensure such a property are
( -
C % if X <e

() Cy 55 ife<X <1/2 (5.14)
o/ itz x <1 '

\O =if X >1—¢
for somel < e < 1. This function is plotted in the left hand side of Figure 024" = 1 and

¢ = 0.01. Since there is no drift terml’(X) = 0. This choice for the control function satisfies

the following property.
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Lemma 5.4.1. AssumingX € [0, 1], then by the choice of control functios.14) we have
dY(X)v/X(1-X)<C.

Proof. The proof follows directly from the choice of the control fition, providing)d < € < 1

(see Figure 5.2, right hand side). O

This scheme possesselfetime (Schurz, 1996) as will be shown in Section 5.4.4.

Figure 5.2 Left hand side: The functiod! (X), (5.14), forC' = 1, e = 0.01. Right hand side:
The functiond' (X )/ X (1 — X) for C' =1, e = 0.01.
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5.4.2 Moro and Schurz Method

In (Moro and Schurz, 2007), Moro and Schurz developed a sf#p scheme that exploits
the structure of an SDE so as to guarantee the numericai@oh@mains within the natural
boundaries of the system. The scheme decomposes the SOwangguations, an SDE and an
ODE. The split is taken in such a way so that the exact soludiahe conditional probability
to the first equation (the SDE) is known. The exact solutioth&ofirst equation is then used
as the initial condition for the ODE in that time step, whishntegrated using any converging

deterministic algorithm.

We propose that by splitting the Wright-Fisher model inte 8DE and ODE given below, the

Moro and Schurz method can be used to obtain numerical spkithat remain withifp, 1] for
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a wide range of parameter regimes. Equation (5.3) is spiitan SDE and an ODE as follows

2(1 _
ax, = U2 o X:(1— X,)dW, (5.15)
2 2
dXy = (A - % - (A +B-— %) XQ) dt. (5.16)

Let X,,, X, 1 and X, » denote the approximation to (5.3), (5.15) and (5.16) atrithetime
step, respectively. According to the Moro and Schurz spytscheme we tak&,, = X, ;
at the(n + 1)th time step (i.e. the value of at the previous time step is taken as the initial
condition in (5.15)). Under the splitting scheme given ahaequation (5.15) is equivalent to
the Stratonovich SDEX; = C'\/X;(1 — X;) o dIW and the analytic solution to this equation
is known (Kloeden and Platen, 2011). Therefore
C 2

Xp1 = (sm (5AW + sml\/)Tn)) , (5.17)
whereA, is the step size andW is the Wiener increment, which is sampled from a normal
distribution with variance equal to the step sixg This solution clearly remains betweén

and1. Using (5.17) as the initial condition in equation (5.18),» = X,,11.1, the analytical

solution to (5.16) is,

A — 02/4 2

_ —(A+B-C?/2)A;

X2 22— A <e 1) (5.18)
+ e~ (A+B-C* /DA (sin (—SAW + sin"ty/ Xn>)

2

Finally, since we takeX,,; = X, 1, the formula above gives the approximation'ofat the

(n + 1)'th time step for this numerical scheme. The update formulangbye(5.18) remains

within the interval|0, 1] providing 1 — 5 ] and so preserves the bound-

o € [2(]\7171) (N-1)
aries of0 and1 for a wide range of parameter values. However, convertiegSDBE into the
Stratonovich form introduces an extra term into the ODE phthe split, altering the dynam-
ics of the ODE system and so preventing the scheme from piegethe boundaries for all

parameter regimes. This limits the ability for incorpooatinto an electrophysiological model
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where the membrane potential varies over time and henceatiaeneters, which depend on the
membrane potential, can take a wide range of values. Funthrer few analytic solutions to
SDEs in more than one variable (i.e. multidimensional SD#e)known and so this method

does not generalise to more complex models of ion channelrdias.

In the scheme we present below, the Wright-Fisher SDE i$ ispé slightly different way to
that given by (5.15) and (5.16), so that the first equatiortaios only the diffusion term and
the second equation only the drift term. The BIM is then useddive the SDE. The idea is
to select the control functions so the BIM possessi@gtime. ¢ is then taken as a function of
the time step in such a way so as to ensure the approximatibe ©DE remains withif0, 1].

Thus the scheme can be shown to possess eternal lifetime.

5.4.3 BISS Method

The BISS method decomposes equation (5.3) into two equgtamin the Moro and Schurz
method. The first is an SDE that consists of the diffusion tefr{b.3) only. The second is
an ODE that consists of the drift part and so equation (5.8¢marated into the following two
equations

dX; = (A— (A+ B)X) dt. (5.20)

As in the Moro and Schurz method, the numerical solution tb9pat thenth time step is used
as the initial condition in (5.20) (i.eX,,_1 2 = X,, 1) with the solution to this second equation
providing the approximation to the true solution at eachetistep ,, = X, 2). The main
difference between the BISS method and the split step meghbtbro and Schurz is the way
in which the first equation is solved. The BISS method appnaes the solution to (5.19) at
each time step using the BIM, where the control functionstaken to be (5.14), so that the

scheme possessedifetime. The second equation can then be solved using anyetging
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deterministic algorithm of at least ordér and so the simplest to use is the Euler method.
Therefore the BISS method for (5.3) can be described by th@xfimg one step discretisation

formula,

Xpi1 =X+ (A= (A+ B)X,)A + Cf f;l((lX_ ﬁX)MA/V‘V” (1-(A+B)Ay), (5.21)

whered' (X,,) is given by (5.14). We note that in most electrophysiologyels, (Hodgkin and
Huxley, 1952; Noble, 1962), the transition rates in the ibarmel modelg andb are always
strictly postive and since we také = « and B = b it follows that A, B > 0. Also we shall
always assume thay > 1. ThereforeC' > 0, and so by definition/!(X,) > 0, providing
X,, € [0, 1]. In the next section we shall prove thsj, € [0, 1] for all », and so the denominator
of the last term in (5.21) is always greater than or equal ®. ofhus the numerical scheme
for the BISS method, given by (5.21), will not become unstabl/en for very small values of

Wiener incrementav,,.

While in the standard sense @fifetime thee is constant, as discussed in (Schurz, 1996), in the
BISS method the is determined in terms of the discretisation time stgp In particular the:

is chosen to ensure that for a particular time st&p,the numerical approximation to (5.20) is
driven to a distance of away from the boundary, i.e. the numerical solution lieshim tegion

le, 1 — ¢€]. This is always possible sincéand B are strictly positive, so the drift of (5.3) pushes

the solution away from the boundary. We takas
€ = mzn(AAt, BAt, 1-— AAt, 1-— BAt) >0 (522)

when A, is sufficiently small. Such a choice will be shown to ensura the discretisation

scheme given by (5.21) possessdifetime.

5.4.4 Properties of the BISS Method

We begin by proving a Lemma and a Theorem, which together shawthe BISS method

possesses eternal lifetime as defined in Section 5.3. Thernlaeis stated in (Schurz, 1996),
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although no formal proof is given. From these two resultslibivs immediately that the first
two moments of the discretisation scheme (5.21) are boymwdadh we state as a Corollary.
Lemma 5.4.2.(Schurz, 1996) The BIM scheme for the Wright-Fisher modélna drift, where

the control functions are taken to I(®.14) possesseslifetime.

Proof. First let us assume that at timg, X,,; € [¢,1/2). The value at the next time step,

according to the BIM scheme, is given by

X1+ CVXna(1— X, 1) (AW, + |AW,])
L+ OV = X)Xt AW,

XnJrl,l = (523)

If AW, < 0then

1
Xparg = X |
+1,1 o1 <1+C\/(1—Xn,1)/Xn,1|AW”|>

which is clearly non-negative. Sinde+ (J\/(l — Xn1)/Xna|AW,| > 1 (asC > 0) then

because we tak&,, ; € [, 1/2) it follows that X, ; lies in the interval0, 1/2). Otherwise if

AW, > 0 (5.23) becomes

Xn,l + 20\/Xn,1(1 - Xn,l)‘AWTL‘
1+ CV/(1 = X)) [ Xpa| AW,

Xn—‘,—l,l -

which again is clearly non-negative. In order fy, ; < 1 then the following inequality must

hold

1 1 X,
1)+ |(—=——-2|Cy/ —=—|AW,| > 0.
<Xn,1 ) <Xn,1 ) (1 - Xn,l) ‘ ‘

SinceX, ; < 1/2andC > 0 it follows that the inequality above is satisfied. HenceggiX,, ;

in [E, 1/2) theanH,l S [0, 1]

Now let us assume th&, ; € [1/2,1 — ¢], then the value at the next time step is given by

X1+ C/Xa /(= X0 1) (1 = X, 1) AW, + X1 |[AW,))
14+ Cv/Xo1/(1— X,00)| AW,

Xnt11 = : (5.24)

If AW, >0, (5.24) becomes,

Xn,l + CV\/AXVn,l/(1 - Xn,l)‘AWn‘
1+ OVXo1 /(1= X, 0)|AW,|

Xny11 = (5.25)
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This is clearly non-negative and it also follows that.,; < 1 sinceX,,; < 1. Otherwise if

AW, < 0then (5.24) can be written as

X1+ O Xna/(1— Xn1)(2Xn1 — 1)|AW,]

5.26
14+ CV/Xo1/(1 — X,00)| AW, ( )

Xn—‘,—l,l -

It follows directly that this is non-negative and far, ; ; < 1 the inequality

1 1 X,
1) 42 ~1)c 1AW, | >0,
(Xn,l ) * (Xn,l ) 11— Xn,l | | -

must hold. It is clear that this is true sindg, ; < 1 andC > 0. Therefore ifX,, ; € [1/2,1 —¢]

theanH,l € [O, 1]

ThusifX,; € [e,1 — €], thenX,, ;11 € [0, 1] with probability1 and so the BIM scheme for the

Wright-Fisher model with no drift possessebfetime. O

Theorem 5.4.1.The BISS scheme for the Wright-Fisher model possessesldifatime.

Proof. In order to prove the BISS scheme possesses eternal lifetemsust show thak(,, , =

X, € [0,1] for all n > 0. By the previous Lemma we have that the solution to the firgt pa
of the split in the BISS method remains i 1| over a single time step, providing the initial
condition is a distanceaway from the boundary. Therefore we must show that givemitial
condition to the second equation in the split lieg(nl], then the choice of, given by (5.22),

guarantees the solution to this equation at each time ggjnlithe intervale, 1 — €].

Let us assume that the initial condition to (5.3)y, lies in the intervale, 1 — €], wheree is
given by (5.22). Sinc&, = X, then by the previous Lemma it follows th&t ; € [0, 1], due
to thee-lifetime property of the BIM scheme for (5.19). Takig ; as the initial condition for
the second equation in the split, (5.20), and using the Ené&thod to solve this equatior; -
is given by

XLQ = X171 + (A — (A + B)lel) At. (527)

The minimum and maximum values attained.¥y; are(0 and1, respectively, and so rearrang-

ing (5.27) it follows that forX; » € [e, 1 — €] we must take < min(AA;,1 — AA;, BA;, 1 —
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BA,). By the definition ofe, (5.22), this inequality clearly holds. Therefore it folle that

X102 € [e,1 —¢€. SinceX; = X5, we have thaf{; € [¢,1 — €] C [0, 1].

Now let us assume thaX,, € [¢,1 — ¢|. Again it follows from the previous Lemma that
Xn+11 € [0,1] and so it remains to show that, ., » € [e, 1 — €] given that the initial condition
to (5.20) is taken to b&,, ;1 1. This follows immediately from the definition ef (5.22), and
by rearrangement of the one step discretisation formul&far, ; taken at the maximum and
minimum values ofX,, ., ;, namelyl and0, respectively. Sinc&,,; = X, 112 we have that

X1 € 6,1 — €.
Thus by induction it follows that givetX, € [¢,1 — ¢] we have with probabilityl X, €

le,1 —¢] C [0,1] forall n > 0 and so the BISS method possesses eternal lifetime.

O

Note that in the above theorem we prove a slightly strongedition than the definition of
eternal lifetime given by Definition 5.3.1, namely that thé&B method ensures numerical
solutions remain a distaneaway from the boundaries for all time and so lie within a stibfe
[0, 1].

Corollary 5.4.1. The first two moments of the meth@d21)are bounded. That is there exist

positive constant8 < G, < GG; < 1 such that
E(X,) < G, (5.28)
E(X7) < Gy, (5.29)

Proof. The proof follows directly from the fact that (5.21) possesegternal lifetime by the

above Theorem, and s9, € [0, 1] for all n > 0. O
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5.4.5 Strong Convergence of the BISS Method

The BIM method converges with strong orde® providing the drift and diffusion coefficients
are Lipschitz continuous, (Milstein et al., 1998). The Manaod Schurz method converges
with strong orden for weaker conditions on the drift and diffusion functiongmely that the
drift coefficient is3 times differentiable, the diffusion coefficiedttimes differentiable and
the solution to the equation satisfies a certain moment hotxtending these two results it
is relatively straight forward to show that the BISS methodwerges with strong orddr/2,
under the assumption of Lipschitz continuous drift andudifbn coefficients. However, the
diffusion coefficient in the Wright-Fisher model does ndisfg a Lipschitz condition orf0, 1]
and indeed it is not even differentiable at the end pointsisfinterval. Therefore this proof of

strong convergence breaks down.

In recent years a number of authors have tried to tackle ueisf convergence of certain nu-
merical schemes when the diffusion coefficient fails tosfathe Lipschitz condition (Berkaoui
et al., 2008; Higham et al., 2003; Higham and Mao, 2005), lustis still a little explored area.
In (Higham and Mao, 2005) the authors use the Yamanda meKeardtzas and Shreve, 1991)
to prove strong convergence of the Euler method for the CIRehevhose diffusion coefficient
is only Holder continuous, a weaker condition than Lipsclontinuity. Since the diffusion
coefficient for the Wright-Fisher model satisfies the Holcendition we shall use a similar ap-
proach to that presented in (Higham and Mao, 2005) to proeagtconvergence of the BISS

method.

For ease of notation we lgt( X) = A — (A + B)X andg(X) = /X (1 — X). In the conver-

gence analysis we work with the integral form of (5.3),

Xo(t) = Xro + / F(Xr(r))dr + / Cg(Xr(r)dW (r), (5.30)

where X1 (t) denotes thérue solution to (5.3). We also use the continuous approximaton
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(5.21),X(t), defined fort € [t,,,t,41)

Cg (Xn) (W () = W(tn))
1+ d'(X,)|AW,]

whereAW,, = W(t,11) — W(tn), A = Ay, = tny1 — t, andW (¢) is a continuous Wiener

X(t):=Xp+ f(Xn)(t—t,)+

(1-(A+B)A,), (5.31)

process taking valud#(t,,), W (t,,1), ... atthe grid points. Defining (t) andWV (¢) to be the
following step functions

X(t) = X, for t € [ty, trs1),
W(t) := W(tgsr) — Wi(ty) for t € [tg, thir),

(5.31) can be re-written in the integral form
L tOg (X 1—(A+ B)A
X(t):X0+/f(X(r))dr+/ 9 (r))(_ (_ )&)
0 o 1+d (X (r)W(r)
Note thatX (¢) is equal toX (¢) at the discretisation points= t,,.

AW (r). (5.32)

Lemma 5.4.3.For all A, sufficiently small (in particula\t < 1/(A + B)),
supejo.r B (X (1) — X(1))%) < HA,, (5.33)

H = ﬁ_; + (2 + 4C*K*)G, + (A + B + 4C*K?)G,, for some positive constadt > 0

independent of\,.

Proof. Lettingt € [tx, tx+1) and using the results of Corollary 5.4.1 along with the fhat t

1/ (L +d" (X ()W) <1, (5.34)

(f (Xt — 1) + SOXRA = (A+ B)A) W) — W<tk>>)2]

L+ d'(X,) | AT
C2(g(X0)A(1 — (A + BYA2(W (1) W(m)fp
(L + d (X, [AW])2

( B 5
P D) )
( t
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SinceX;, € [0,1] we have tha +d1(Xi)‘AWk‘ < K for some constank” > 0. Recalling that

f(X)=A—-(A+ B)X andg(X) = /X(1 — X) it follows that
E((X(t)—X(t)*) <E[(4*-2(A+ B)X, + (A+ B)’X;)] A}
+ C’K*E [X(1 — Xi) (1 + (A+ B)*At* — 2(A+ B)At)| A,
< At (A4 2(A+ B)E(Xy) + (A+ B)’E(X})) + C°K*At(E(X),) — E(X}))
+ (A+ B)*C*K?At*(E(Xy) — BE(XD)) + 2(A+ B)C?K*At*(E(Xy) — BE(X})).
For small enough\; (A; < 1/(A + B)),

E((X(1) - X(1))?) < At (ﬁ—B 424+ 4CPKDE(X,) + (A+ B + 4C2K2)E(X,3)) .
Finally using the boundedness property of the moments,gfas stated in Corollary 5.4.1, it
follows that fort € [ty, tx11)

E((X(t) — X(1)?) < HAL,
where H = A% + (2 + 4C2K?)Gy + (A + B + 4C2K?)G,, and so is independent a¥;.

Finally taking the supremum ovér< ¢ < 7" we obtain the result of the Lemma. 0J

Following (Higham and Mao, 2005) we construct a sequencg?asmooth functionsg (v),
that approximate the functign|. This approximation is then used to obtain an upper bound on
the expectation of the absolute value between the tkiy&#)) and the approximate solutions

(X(¢)), namelyE| X1 (t) — X (t)].

Lettingag = 1 anda;, = e **+1/2 k > 1, then there exists a continuous functiop(v) with

support in(ax, ax_1) such that
ak—1
0 <hp(v) < %, ap < v <a_, and / U (u)du = 1.
ag

We extend the function,(v) on (—oo, co) symmetrically, sap,(—v) = ¢x(|v]), as in Higham

and Mao (2005). Therefore the function

o) = | " i | ontwi
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is twice continuously differentiable with the first two difentials satisfying the properties

< 2 < |v| < ap_
GOl L VoeR, jow){ S %< <ao (5.35)
=0 otherwise
Furthermoreg, satisfies the inequality
[v| — ag—1 < Pr(v) < Jv|, Yo eR. (5.36)

Lemma 5.4.4.Let X1 (t) denote the true solution @b.3), then for allA, sufficiently small and

fork=1,2,...,

supo<i<r B| Xp(t) — X (t)] < {ak_l +

1A 2LA}?
g(—— L2
vH (kak * 02) "

C*T N
k

AT 2T AL , (5.37)

where\ = A+ B andL > 0 is a constant independent 4.

Proof. Letting\ = A+ B, o(X(r)) = 1—(1—\A;)/ (1 + d"(X(r))|W(r)|), and using (5.30)
and (5.32) we have that

Xp(t) — X(t) = -\ / (Xr(r) — X(r))dr+

0
t
¢ [ [at6r(r)) = (X)) + o (R ())a(X(r)] aWW (1),
Applying Itd’s formula to the functiom, () and using the boundedness property of this function

given by (5.35) we get

ey ( [ 6tcen) = X0 o0 (r) — (X)) + o (KoK )] dr)

9/0 E (1Xr(r) - X())) dr + (1),
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Let us first consider the last term in the inequality abovecaimg g(X) = /X (1 — X)) and
o(X(r))=1—(1-=XAy)/ (14 d"(X(r))[W(r)|) it follows that

B o X(r)(1—X(r))
o (X(r)g(X ()] = 2
[o(X(1))g(X(r))] (1 + d (X ()W ()’

(L +d' X)W (r)])? = 2(1 +d (X ()W (r)[)(1 = AA,) + (1 = AA,)?)
X(1-X)

(L X)W ()
Using Lemma 5.4.1 and the fact that

5 (d' (X ()2 IW ()] + 22d" (X () W (r) | Ay + A2A7) .

ma(g(X)) = 1/2,

sinceX € [0, 1] and
1/ (1+d" (X)) <1,

we have
AN2AZ
T

(o(X(1)9(X(r))” < C[W (1) + CAN|W ()] +

Therefore using the boundedness/f-) given by (5.35)
B ([ dhxar) - X)) (X907
< /0 kiakE (C’2|W(r)|2 + CAA W (r)] + A ft) dr

AQAt) 2tA,
+7T

kzak

wherep(A}/?) is a polynomial inA}/? with positive coefficients and the above inequality is
true for allk > 1. In the penultimate inequality above we use the fact atAW (r)|) =
E (W (tgs) — W(t)]) = AY? for r € [ty, trs1) for somek. Therefore for allA, small
enough,

p(A?) < L,
for some constant > 0 independent of\,. If follows that

2LtA,
Qe )

E / SL(Xp(r) — X(r)) (c(X(r)g (X (1)) dr <
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The functiong(X) = /X (1 — X)) is Holder continuous with exponemf2 and Holder con-

stant,1/+/2. Using this fact along with (5.35) and Lemma 5.4.3

E ( [ 1060 = X0 (X)) - (X)) o

<18 ([ s106r) - X()Xe) - X0l
([ at0xet) - XX 0) - Xolar)
E </Ot %1{ak<xT(r>—X<r><ak_l}) dr + 3E (/t kik\X( ) — 7(7‘)\) dr

H1/2A1/2

_I_
l\’)l»—t

IN
N[

IN

iy
k kay
Therefore, for allA, small enough the integraft) is bounded by,

t ot 2LEA
() < 2 (E + k—Hl/QAtl/2 + Tt) = J(t).

ag Qg

Again using Lemma 5.4.3 we obtain,
E (¢p(Xr(t) — X (1)) < A/Ot E (| Xr(r) — X(r)|dr) + A/Ot E(|X(r) = X(r)]) dr + S J (1)
< )\/Ot E (1 Xr(r) — X(r)]) dr + X HYV2A? + € (1),
From the inequality that the functiof(-) satisfies, given by (5.36), it follows that
E(¢p (X (t) = X(1))) = E(|Xz(t) = X(1)]) — ar-1.
Therefore,
E|X7(t) — X(t)| < ag_1 + %% + H'2A? <% - )\t) +

202 LtA t
— )\/ E|Xr(r) — X (r)|dr.
kak 0

Applying the Gronwall inequality (see for example Mao (21
C*t
E (‘XT(t) — X(?f)|) < €>\t |:ak1 + 7} +

1A 2LA)?
H1/2(kak +E)+ el (5.38)

)\t02tA1/2

Finally, taking the supremum over< ¢ < 7' gives (5.37).
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Theorem 5.4.2.

lima,—osupo<t<rE|Xr(t) — X(t)] = 0.

Proof. For anyj > 0, there exists & > 1 such that for alk > K,

2
T [akl + CkT} <1 (5.39)

Then we may také\, > 0 small enough so that

1A 2LA)?
H1/2 - AN t
(k&k; + 02) + kak

1

ACPNPT < 34.

Thereforesupo<i<r E| X1 (t) — X (t)] < 0 and solima,_osupo<i<rE|X1(t) — X ()| = 0 as

required.

O

In Section 5.7 we provide empirical results that suggesBil&S method converges with strong
order1/2. We note that the final theorem of this section only provesngtrconvergence, and
no rate of convergence was obtained. This was due to theiteetmemployed in this proof to
deal with the fact that the diffusion coefficient does notsfatthe Lipschitz condition, and so

standard results do not apply.

5.5 The Multidimensional Wright-Fisher Model

So far we have only considered approximation of the simplelehby the one-dimensional
Wright-Fisher model, and a numerical scheme to solve thaltneg SDE that preserves the
boundaries of solutions to this system. However, as meation Chapter 3, ion channel dy-
namics are much more complex than this simple two-state madéhis section we therefore
consider the extension of the Wright-Fisher model to higherensions. We also discuss how
this model can be used to approximate the SDE model thatides¢he dynamics of a collec-

tion of IV ion channels, each of which can reside in oneroflifferent states and undergo
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different reversible transitions, given by the following,

dY = HY dt + = EF(Y)dW (5.40)

see Chapter 4, Section 4.1.2 for the form of the matrige& and F(Y").

The multidimensional Wright-Fisher model considers theaiyics ofn different gene or allele
types in a fixed population of siz¥ that can undergé reversible mutations and is described

by the following system ofn SDES,

dX = AXdt + Ediag <cm/f1(X)dW1, o/ Fo(X) AW, . . ., ck.\/fk.(X)de) . (5.41)

wheref;(X) are of the formX, X for somel, j, A is a matrix of constantdy is a matrix with
entriesl, —1 and0 andc¢; ... ¢, are some constants, (Griffiths, 1979, 1980). For the Wright-
Fisher model that approximates the general SDE model of @ammel dynamics, given by
(5.40), the matrixE is the same as in equation (5.40) and the indices of the veéCtor the

function f;(X) are the same as those of the ve&oin the entryF; ;,(Y") of the matrixF.

This system can be reducedito— 1 SDESs, as for (5.40) discussed in Chapter 4 Section 4.1.2,

dX = (AX+PB)dt+Ediag (cm/ FLX) AW, con/ fo(X)dWs, . .., i/ fk(X)de) , (5.42)

whereF is equal to the matri¥ with the last row removed] is a(m — 1) x (m — 1) matrix
with entriesfli,j =A;;—Anfori,j=1,---,m—1,andj is a vector of lengthn — 1 which

is equal to the firsin — 1 rows of the last column ofl. Unlike for the scalar model, we do
not provide an explicit Theorem and proof for the choice ofstants made that ensure the first
two moments of the (5.40) and (5.41), are close. Instead oxge an Ansatz on a choice that
ensures the mean of (5.40) and (5.41) are identical and ffezatice in the second moments
is on the order ofl /N. We note that this choice is not unique and other choices mayiqe

a better approximation to the second moments of (5.40) hisitbuld be at the expense of the

estimate of the mean.
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As before, we use Itd’'s Lemma to obtain the means and secamdemts of each component
in (5.40) and (5.41) as described in Chapter 3 Section 3l22F(Y) and E(X ) denote the
vector of means for (5.40) and (5.41) respectively. Due édittearity of (5.40) and (5.41), the

ODEs that describe the mean are simply,

dEC;;Y) — HE(Y), (5.43)
dECE;X ) _ ap(x). (5.44)

As for the simple model it is clear that by choosiAguch that4,; = H;; fori,j =1,...,m

ensures that the means of these two equations are identical.

The second moment of thecomponent of (5.40) is given by the following equation

dE(Y?) 2
= 2 E(YY) Z 2H,;E(Y;Y;) ( > 2H — HiE(Y; )>, (5.45)

J#i,j=1 J#i,j=1

whereE(Y;Y;) denotes the second moment between:thed j components. Due to the sym-
metry of the system, we have thatY;Y;) = E(Y;Y;) and by application of I1td’s Lemma to the
function f(Y") = Y;Y; the equation for the second moment between #ned ; components of
(5.40) is,

dE(YY))

T Hy,E(Y?) + HyB(Y?) + (Hy + Hyj) B(Y;Y))

+ Z (HyE(Y:Y)) + HyE(Y;Y)) — + (HyE(Y;) + H;E(Y;)).  (5.46)
I1#i,j,1=1
Let D be anm x m constant matrix. If gene of typecan mutate to gene of tygevia mutation
[, forsomel = 1,..., kthenthe(s, j)th entry of D will be D;; = ¢;. Otherwise if gene cannot
mutate into geng thenD,; = 0. The second moment of thecomponent and the second
moment between thieand; components of the multidimensional Wright-Fisher modek (),

are then given by the following equations, respectively,

dE(X?) 2 .
= 24aB(X7) + Z 24, E(X;X;) Z DXE (5.47)
Jj=Lj#i J=Lj#i
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dE(XX;)

pr = A BE(X?) + AijE(X?) + (A + Ajy) E(X: X))

+ Z AqB(X: X)) + AjuE(X; X)) — DEE(XX;). (5.48)
I=1,1#4,
Assuming the initial conditions for the two systems are tames, then by the choice of the
matrix A, the only difference between (5.45) and (5.47), and betw&elt) and (5.48), is the
last term. Since we want the choice of constants in the mui&dsional system to be equivalent

to that in the simple system then fbr;; # 0 we take

2(H;; + H;
D;; = (J\;—:j) (5.49)

Therefore, sincd);; = ¢; wherel is the mutation by whicli mutates intoj, we can write the
constants; in (5.41) in terms of the transition rate constants of (5.40)

2(’/‘Z‘j + sz’)

o (5.50)

=

wherer;; andr;; are equal to the rate constants fréin(Y") in (5.40). This choice ensures that

the last two terms in the second moment equations for eacphb@oemt are close.

As an example we consider the Wright-Fisher model that aqimiates the three state ion chan-
nel model given in Chapter 3 Section 3.4.2. Lettikig denote the proportion of channels in
stateO and X, the proportion in staté€’, the three state ion channel model can be approximated
by the following reduced form of the Wright-Fisher type mhde

2
(T21 +7’12) S X AW,

—(r12+ri3+r 21T T3 T r
dX = (( ( 1:12_1:32 31) —(7’212-11—7’233i7’32)> X + (73 )) dt+( /2( ?\lerlld (X1 —Xa2)dWa

[2(r32+7r
% Xo(1-X1—X2)dWs

(5.51)

The difference between the second moments of the origin& 8iDdel, given by (3.26) in

Chapter 3, and (5.42) are shown in Figure 5.3.
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Figure 5.3 The difference in the second moments of the ion channel SB26) and the
Wright-Fisher model for a 3 state model, (5.51). The paramealues used for all simula-
tions area = [0.001,2.1,1.6], b = [2.4, 3, 3.6] and the number of channels ake= 100 (top
left), NV = 1000 (top right) andN = 10000 (bottom). (Legends are the same on each subplot.)
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From Figure 5.3 it is clear that the second moments are clu$éhat the differences scale with

1/N, as for the simple model.

5.6 The BISS Method for the Multidimensional Wright-Fisher
Model

We consider the application of the BISS method to the redtm®al of the general multidimen-
sional Wright-Fisher system, (5.42), given in the previeastion, where the tilde is dropped
from the matricesA and F in this section for simplicity. Under the BISS scheme, ($id42plit

into the following two equations.

dX = Ediag (01\/ F(X) AW eon/ fo(X)dW? -+ e/ fk(f)dwk) : (5.52)

dX = (AX + B)dt. (5.53)
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For ease of notation, we drop the bar from the vecXoin (5.52). LettingX"™ denote the
numerical approximation to the first equation, (5.52), &tth time step, the discretisation

scheme for the BIM is as follows

(I + D(X™) X" = Ediag <c1\/f1(X”)AW§, o ck\/fk(X”)AW,’f)

+D(X™M)X™, (5.54)

where! is the(m — 1) x (m — 1) identity matrix andD(X") isa(m — 1) x (m — 1) matrix
function. The choice of control functiorf)(X "), can be written in terms of scalar functions

d'(X™) : R" — R as follows,
k
D(X™) =) d'(X")|AW}|I. (5.55)
=1

Providing each component X" is a distance away from the boundary, we define the scalar
functionsd'(X™) as follows, depending on the form ¢f(X"). If f;(X™) is of the form
fi(X™) = X7 X7 then for X7, X7 a distance or more away from the boundary the function

d'(X") takes the following form,

xXn
C |: X—]Tf—i‘ W] Zf )(n<)(jn7
d(X") = no Ve l (5.56)

il | if X
G v T/ Xaxw iof
b

L)

Otherwise iff!(X™) = X7(1 — Y7"' X,), thend'(X™) is defined to be

777. an
cl{ ij\/X"lZ{“llX”} if Do 1p;,,é”ijL2Xil<1,

; {\/ = e \/X"(l o lxn} i S Xy 2X] 2 1

If X" < esetX equal toe in the formulas above, for ea¢hSimilarly if Z;: X, > 1—eset

d(X™) (5.57)

this sum equal td — ¢ in the formulas above. As for the simple modegb- O fori =1,... k.
This choice of control functions ensures that the mdtfix D(X™)) is always invertible, since

this term simplifies to

(1 + Zdl(xn)mwgo I,

=1
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where>"F  d'(X™) > 0 by the definition of the functiond(X") forl = 1,..., k.

Analogously to the simple model, the ODE part of of the sgbt53), is approximated using
any converging deterministic algorithm of at least ordand the parameteris calculated as a
function of the time step to ensure that the numerical sofutio the ODE always lies a distance

e from the boundary.

As an example of the multidimensional BISS method, we agptythe three state model of ion
channel dynamics (see Chapter 3), that can be approximgttaebmultidimensional Wright-

Fisher model given by (5.51) in the previous section. Thestep discretisation scheme for the
BIM method used to solve the first equation in the split emetbin the BISS method, (5.54) is

as follows,

Xl P =Ciy/ X XFAW,+Co /(1= XT = XJ) XTAWEHXT (da (X ™)+ (X ™) +d3(X™))
1

1+d1(Xn)+d2(Xn)+d3(Xn) )

X+l X3 +C1 /X XFAW, —C3/(1=X] = XJ) XF AW+ XP (da (X ™)+ (X ™) +d3(X™))
2

1+d1 (X ™) +d2(X™)+d3(X™) ?

where the control functions are

4 (X) = Cl(\/)T2 \/;)mwl if e <X, <Xy,
a(VET*J;;)MW” if e < X, < Xy,

Co | /522 + oamo=xyy ) 1AWE]L if 2X0 + X, < 1,
dy(X) =
. Co | 155 T/ ma—a=xy ) |AWEL if 22X+ Xo > 1,
\
(03 Vi maaTy ) [AWRL I 2Xe + X < 1
d3(X) =
. <cg i o/ maemxy ) 1AW i 2Xo + X > L
\

If X7 or X, are less tham then setX; = e for i = 1, 2 respectively. Also ifX; + X, > 1 —¢
then set this sum equal 10— ¢ in the above formulas. The second equation in the split3)5.5

is then solved using the Euler-Maruyama method.
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5.6.1 Eternal Lifetime of the Multidimensional BISS Method

For ease of notation, we set the second term in (5.56) and)(¥05be); and the two sums
Sl X, andy L Xnto beX? andX?_, , respectively. We begin by showing that the
BIM scheme described by equations (5.54) to (5.57)H#stime. From this, eternal lifetime
of the BISS method follows almost immediately.

Theorem 5.6.1.The BIM scheme described by equati¢hs4)to (5.57) possesseslifetime
when used to obtain the numerical solution to the multidisi@mal Wright-Fisher model with-

out drift.
Proof. In order for the BIM scheme to posseshfetime it must be shown that when the dis-
cretisation at thexth iteration step X", satisfies,
1. X > eforall i,
2. X <1 —
so thatX™ lies in what shall be called thesafe regionthen X"+ must satisfy,
1. x>0 forall i,
2. X <,

The left hand side of (5.54) simplifies to

k
(1 +3° dl(X")\AWjJ) X

=1
by the definition of the functioD(X"), whered'(X"), [ = 1...k, are scalar functions. By

the choice of these scalar functions, given by (5.56) aral7{5f follows that

k
(1 + Zd%X”)) > 0.
=1
Therefore to prove the first property above holds, it sufficeshow that the righthand side of

(5.54) is positive for eachy, i = 1,...,m — 1. The righthand side of (5.54) can be written
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component wise as follows

k
Xp 43 (eacr/ TOXTAW, + Xrd' (X™)| AW (5.58)
=1

wheree;; are the entries of the matriX. If ¢;; = 0 it is clear that the term within the sum is
positive. Otherwise note thgt(X") is either of the formX;X;, or X; X, for somep, ande;; is
nonzero if and only if =i or/ = p. Due to the definition of the function(X") in the e-safe

region, it follows that the terms within the sum are positive

To show the BIM satisfies the second condition given abosjffices to show that
k
(1 +> dl(X”)|AW7g|>
=1

is greater than or equal to the sum of the terms of the vecttr@nghthand side of (5.54). Put

another way, the second condition is satisfied providingthe of the entries of the vector

k
L4+ d(X™)|AWL| 1 [X"+ EM + X"D(X")], (5.59)

=1

are greater than or equal éo wherel is a vector of ones of lengtlh — 1 and M denotes the
diagonal matrix in (5.54). The sum over the components oaith@/e vector can be written as

follows,

k
L= X+
=1

and so we want to show that the above term is non-negativarlglthe first term is greater

, (5.60)

(1= X.)d'(X)|[AW}] — (Z eqay/ Ji (X")AWi>

than or equal t® since we are assuming th&t lie in thee safe region for alt. For f;(X") of
the form X" X' for somep, e,; will be nonzero fory = i andg = p and the values of these two
entries €;, e,;) are of opposite signs and therefore will cancel out. Thestéhm in the sum
simplifies to(1 — X,)d'(X) |AW}| and so, sinc&, < 1 — ¢, i.e. it lies in thee-safe region,
this term is clearly positive. Fof;(X") of the form XX it is less obvious that the term inside
the sum is positive. In this case thé column of the matrix® will have only 1 nonzero entry

whenqg = i, ¢; = +1, and so the term in the sum does not simplify as before. Iddtea
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positivity of such terms follows from the way in which the fitionsd' (X ™) have been defined
in thee safe region. Therefore the second property also holds atiee$lM scheme described

by equations (5.54) to (5.57) possedgetime. O

Theorem 5.6.2.The BISS method, given by equati¢f$2)to (5.57) possesses eternal life-
time for the multidimensional Wright-Fisher mod@,42) That is the BISS method preserves

the boundaries of the analytical solution to the multidisienal Wright-Fisher model.

Proof. Using the same inductive argument as in the proof of Theor8m Zhis follows directly
from the fact that the BIM possessesifetime, and the choice of in terms of the time-step

that ensures the solution to the ODE approximation lieseérirkervalje, 1 — €|. O

Indeed, the BISS method possesses eternal lifetime for thgh®Fisher model if equations
(5.52) to (5.57) ensure each componenfdt™! lies in [0, 1] and 37" X! < 1 with prob-
ability 1, providing at thenth iteration each component &™ is in [0, 1] andzg1 X'<1.
The BIM possesseslifetime for the first equation, (5.52), of the split in théS5 method.
Since the second equation of the split, (5.53) is a detestiinéquation, by choosingas a
function of the discretisation time stelp, we can guarantee that the solution to the determin-
istic equation will force the solution back into tlesafe region, given that,; > 0 for i # j,

i, =1...,m—1,andg; > O0fori = 1,...,m — 1. Therefore it is clear that the BISS
method given by equations (5.52) to (5.57) possesses kligetimme for the multidimensional

Wright-Fisher model.

5.7 Numerical Convergence of the BISS Method

Numerical tests were performed to study the strong connersgef the BISS method for the
Wright-Fisher model, (5.3), and the multidimensional fayfithe Wright-Fisher model involv-

ing 3 states, given by (5.51). The error between the tiie,.(¢) and the approximate solution
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Figure 5.4Log log plots showing the convergence results for Wriglgher models, (5.3) (left)
and (5.51) (right). The red dashed line is a reference slégg¢ The parameter values for
(5.3)areA =1, B = 2andC = 0.2462 and for (5.51)A, = 1, Ay =2, A3 = 3, By = 1.2,
By, = 2.3, Bs = 3.4, C, = 0.1271, Cy = 0.1798 andC5 = 0.1291. The initial condition is
taken to be the steady state of the deterministic part oj éna (5.51).
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Xapproz(t) at the final time ', is considered. The “true” solution is calculated usingHoger-
Maruyama method over a very fine time discretisation, nametly time stepA; = 279, We
have chosen the parameter regime such that the solutiofatié#®m the boundarie8 and 1
and so the probability of the Euler-Maruyama approximaleaving the desired region is very
small. Therefore instead of altering the scheme to ensuui@ios remain within0, 1], paths
outside this interval are rejected. Since only a few pathiswed to be rejected, for the chosen

parameter regime, such an approach is computationallipfeagiowever, this is not the case

for all parameter regimes.

We calculate the error,
E|Xtrue(T) - Xapprox(T)‘ (5-61)
between the “true” solution and a numerical approximatisimg the following five different

time discretisations\f = 28~ for 1 < k < 5 over a million simulations with final timé& = 1,

(Higham, 2001). Results are given in Figure 5.4.
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The slopes of the errors appear to match well with the reterestope ofl /2, Figure 5.4,
suggesting that the BISS method converges with strong dyeior both the one dimensional

and multidimensional Wright-Fisher models, (5.3) and 13.5

5.8 Potential Bias From Altering Existing Numerical Schems

We consider the solution to the Wright-Fisher model (5.3)darameter values such that the
solution to this equation lies very close to the boundgrand so the chance that the Euler-
Maruyama approximation leaveés, 1| is high. We note that the choice of parameters cor-
responds to modelling the: gate in the Hodgkin-Huxley model given by equation (A.4) in
Appendix A, where the voltage is set ta30mV and so the parameters in the Wright-Fisher
model are biologically relevant to approximately modejlion channel dynamics. In one mil-
lion simulations, we observed that the Euler-Maruyama fedththe desired region in over 700
000 simulations. Therefore if such paths were to be rejec@tputing a mean solution using
the Euler-Maruyama method over a large number of simulatieould not be computationally
feasible. Indeed this is not the common method employedroiaaand neuronal cell stochas-
tic simulation studies. Instead if the solution leaves tieigion at some time, the Wiener
increment is continually resampled until the approxim@ti that time lies withino, 1]. Thus

in practice the Euler-Mauryama scheme is altered to foreg#th to lie within a biologically
realistic region, (Fox, 1997; Pueyo et al., 2011). To the b&sur knowledge no convergence
has been studied for the Euler-Maruyama method when sucltesateon is performed, and it
seems plausible that such an adjustment could potentigl/the numerical solution. Since
the BISS method ensures solutions remain withirl] without the need for any such alter-
ation, we investigated the potential affect of this modifmato the Euler-Maruyama method
by comparing numerical solutions to (5.3) obtained usirggBhSS method with those of the
adjusted Euler-Maruyama method. The adjustment emplayéuki Euler-Maruyama method

is to continually resample the Wiener increment to ensuhatisns remain in0, 1, as is the
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Figure 5.5 Left: Mean solution over a million simulations to (5.3) ugithe Euler-Maruyama
method (blue dot dash) and the BISS method (red solid linghtR Difference between the
mean BISS method solution and the mean Euler-Maruyama@oloter a million simulations
(black solid line) and the mean of the difference betweemtban paths (green horizontal dot
dash line). The parameter values used for simulatiomare7.0064, b = 0.0204, N = 100,
A; = 0.01 and the initial condition is the steady state of the deteistizisystem. The maximum
standard error for the BISS metho2i8582 x 10~% and for the Euler-Maruyama method it is
6.9183 x 1075,
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approach taken in (Pueyo et al., 2011).

In any single simulation, out of the one million simulatisi®wn in Figure 5.5, the maximum
number of times the modification was utilised in the Eulerrdj@ma implementation wag4.

If the resampling of the Wiener increment did not bias theisoh obtained using the Euler-
Maruyama method then we would expect the difference betiyeetivo mean paths to fluctuate
about). However, the Euler-Maruyama path is consistently sm#iken the path obtained using
the BISS method, suggesting the effect of resampling the®vimcrement is to underestimate
the solution to (5.3). Such effects are potentially impottahen the transition rates are no
longer constant but are functions of time, as is the case whesidering ion channel dynamics

within electrophsyiology models.
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5.9 Chapter Summary

In this chapter we approximated the ion channel SDE modehb$RE which is of the form
of the Wright-Fisher model, and showed that this new modetedly approximates the first
two moments of the discrete-state Markov chain model, wkihsuring biologically realistic
analytic solutions. This was first described for the simptelei and then the extension to more

complex models of ion channel dynamics was discussed.

Since current numerical techniques are unable to predegdmiundaries inherent in the analytic
solution of the Wright-Fisher model, we also proposed a namaerical technique, the BISS
method, that preserves the boundaries of solutions to s $he idea is to split the equation
into an SDE, consisting only of the diffusion coefficient aamdODE. The SDE is then solved
using the BIM where the control functions are chosen so tleapproximation remains within
[0, 1] providing the solution at the previous time step is a distanaway from the boundary.
This e is then determined as a function of the discretisation titep so that the approximation
to the ODE always lies within the restricted interj@all — ¢|. Therefore, the numerical solution
remains within[0, 1] with probability 1 for all time. Strong convergence of this scheme was
proved for the simple one-dimensional Wright-Fisher moddélimerical experiments suggest
that the order of convergencelig2 for both the one dimensional and multidimensional systems.
Finally, we showed that alterations commonly employed imatical schemes to ensure the
numerical approximation satisfies the boundaries inhenghie SDE model can introduce bias
into the solution. We have focused on the application of ttf&3Bmethod to the Wright-Fisher
model, however this method could also be applied to otheblpros in order to preserve the

boundaries of solutions to SDESs.



Modelling lon Channel Dynamics through
Reflected SDEs

In the previous chapter we put forward a way to deal with trsuésof biologi-
cally unrealistic solutions to the SDE model of ion chanredwviour by using the
Wright-Fisher model to approximate the dynamics of theesgstIn this chapter
we return to the original derivation of the SDE model, thaschébes the individ-
ual trajectories of the continuous-state stochastic psscapproximated from the
Master equation given in Chapter 3. We firstly examine thdrowarsy that the
partial differential equation (PDE) describing the prohkbdy distribution of the
continuous-state process remains within the correct regighile the correspond-
ing SDE does not. This provides the rationale behind the @ggr taken in this
chapter to ensure that the SDE model of ion channel dynamib®logically ac-

curate.

Instead of altering the SDE model itself, we show how to ipemate boundary
conditions into the existing SDE model of ion channel dyceamiThe resulting
equation is frequently termed a reflected SDE, and we argatehis is the correct
equation that describes the individual realisations ofdifeusion process obtained

from the system size expansion of the discrete-state Mahain model.
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In Chapter 3 Section 3.4 we obtained the SDE from the FoklareR equation, which we
derived directly from the discrete-state Markov model gsansystem size expansion. For the
simple model where the channel is assumed to be either opdoseid, the SDE for this system
is

dY = (a— (a+b)Y)dt + F=/a+ (a+b)YdW. (6.1)
In (Gillespie, 2000) Gillespie takes a different approdohmnulating the SDE directly from the
simulation method of the discrete-state model, namely 8® Gee Chapter 3, Section 3.2.3),
in the limit as the number of channels becomes large. Thisagph assumes that the number of
channels is large enough so that there exists a time stepwbiueh the transition rate functions
are approximately constant, but many transitions occure Ujpdate formula for the number
of channels in each state can then be approximated by thetepediscretisation scheme of
the Euler-Maryuama method, which converges to (6.1) asriedtep becomes infinitesimally
small. The approach taken by Gillespie is often seen as thi@tde method for obtaining the

approximate SDE model within the stochastic biochemicattien kinetics community.

This derivation of the SDE model has led to some authors aggihiat the reason solutions to
(6.1) can leavén, 1] is because near the boundaries of this interval the appediddmmade by

Gillespie in (Gillespie, 2000) is no longer valid, (Gilleep2002; Higham, 2011). However,
according to the derivation given in Chapter 3 Section $1é,3DE describes the individual
trajectories of a diffusion process whose probability ritisttion is described by a PDE, the
Fokker-Planck equation. We can impose boundary conditoris the Fokker-Planck equa-
tion to ensure the probability of solutions lying outside1] is 0. Thus we can ensure the
continuous-state model remains within the desired regioen if the number of channels be-
comes small. We note that in such situations, the FokkareRlaquation may no longer provide
a good approximation to the stochastic behaviour of theelisestate Markov chain model, but
we emphasise that this diffusion process will still lie virith0, 1] with probability 1. This

suggests that solutions to the SDE lie outdide | not because the diffusion approximation
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breaks down, but rather the SDE has not been formulated ioathiect way to account for the
boundary conditions imposed on the Fokker-Planck equafidrat is, in switching from the
Fokker-Planck equation to the SDE, the boundary conditi@ve in some sense become ‘lost’.
We show how these boundary conditions can be incorporatedhe SDE, thus providing a
formulation for the sample paths of the diffusion procest th consistent with the dynamics

of the Fokker-Planck equation.

6.1 Reflected Stochastic Differential Equations

We begin with the SDE for the simple two state ion channel rhadé then discuss the gener-

alisation to the SDE for more complex ion channel models.

6.1.1 Simple Model

The SDE for the simple two state model, (6.1), gives the ildial realisations of the diffusion

process’ (t) whose probability distribution is governed by the Fokk&arek equation

OP(y,t)
ot

= —2(a—(a+b)y) Py, )] + Zr 2z [(a+ (b —a)y) P(y,0)].  (6.2)

Since the total number of channels is assumed to remainartdrestdy denotes th@roportion

of open channels it follows that
1
/ Py, t)dy =1,
0

and so
a 1

| P(y.t)dy=0.
o /. (y,t)dy

Interchanging the integral and the derivative with respectin the above formula and using

the relation (6.2) we can apply integration by parts to gbtae equation,

(a—(a+b)y) P(y,t) — gy [(a+ (b= a)y) P(y,1)] = 0, (6.3)
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at the boundaries = 0 andy = 1, (Van Kampen, 2007). Since condition (6.3) reflects the
solution back into the interval, 1] at the boundaries, the procését) is often referred to as a

reflected diffusion.

In order to impose the boundary condition (6.3) on the dyrarof the SDE (6.1), consider
decomposing the diffusion proce3gt) into the sum of two stochastic process&sy) =

X(t) + K(t). The dynamics of the first proces&,(¢), is governed by (6.1), and so deter-
mines the behaviour of (¢) on the interior of the interval0, 1). Thus we must have that

Y (0) = X (0) and in particular it follows thaY'(¢) = X (¢) on (0, 1).

The procesd<(t) determines the behaviour at the boundary and we set it toihdia value
K(0) = 0. In some sens& (t) can be thought of as the minimal process which foicés to
remain in the interval0, 1]. The measure induced by this process must thus be conehaiat
the timest, whereY (t.) = 1 or Y (¢.) = 0. We can formalise this by requiring (¢) to satisfy
the following property,

K10 = [ Lo diKs) 6.4)
wherely, is the indicator function on the sét, sol1,(x) = 1if x € Z and zero otherwise
and|K|(t) is the total variation ofi(¢) on [0,¢]. In fact, in (Bayer et al., 2010) the authors
informally refer to the proces& () as alocal time In stochastic analysis tHecal timeis a
process that characterises the amount of time a stochastiegs spends at a particular point.
So by using this term, the authors in (Bayer et al., 2010) arghasising that the measure of

K (t) is closely linked to the amount of timé(¢) spends at the boundary.

The property above only ensures tliéft) changes at the times whéfi(¢) is at the boundary,
but the way in whichK (¢) will reflect the process’(t) back into(0,1) at the endpoints of
this interval must still be specified. We assume that the gg®& (¢) will reflect Y (¢) into
the interior of the interval in the direction of the inwardipiing unit normal. That is, when
Y (t) = 0, K(¢) will push the process in the positive direction, whileYatt) = 1, K(¢) will

force the process in the opposite direction. To charaeénisbehaviour of () at the boundary
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in this way we impose the following condition dfi(t)

K(t) = / (Y ())d| | (s), 6.5)

wherey (Y (s)) is a unit inward normal to the endpoints of the interiall| and| K'|(¢) denotes
the total variation of<(¢) on |0, ¢]. Other authors also deal with oblique reflection at the beund
ary (Bossy et al., 2004), however for our problem we focuy am normal reflection at the

boundary.

Taking the stochastic differential it follows thgt(¢) satisfies the SDE

dY = (a— (a+0)Y)dt + =v/a+ (b—a)YdW +dK, (6.6)

with initial conditionY (0) = y, € [0, 1]. Such an equation is termed a reflected SDE, since the
process’ (t) is instantaneously reflected back ifio1] when it reaches the endpoints. We shall
refer to the domain into which the reflected SDE forces thatswi as the reflecting domain.
This equation is also sometimes known as the Skorokhodieguaince Skorokhod first proved

the existence and uniqueness of solutions to SDEs of thes(§korokhod, 1961, 1962).

Figure 6.1 A frequency plot of the reflected SDE for the simple two statadei calculated
over 100, 000 simulations with parameter valuéé = 500, « = 0.004, b = 3 and the initial
proportion of open channels set@a. Solution of the Fokker-Planck equation for the same
parameter values (red line with star markers). Both digtidms are calculated afterms of
simulation.
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To better understand this reflecting proc&s$), we shall for a moment digress from our current
domain of reflection, and consider the simplest situatiorntthe process (¢) is reflected at

0 (i.e. the domain of reflection i), c0)). The smallest value that would have to be added to
the process to ensure that it remaingliroo) over the time interval0, ¢], will be the maximum
amount by which the unreflected process overshoots the parcdary (i.e. the largest negative
value of the unreflected process) up until titn@hat is, the exact form of the reflecting process

in this simple case will be
K(t) = supo<s<t(Y (s)) ",

wherea™ = max(0, —a). In our case there is also reflection at the boundasy1 and soK ()
will no longer take the form given above. In general it is difit to characterise the reflecting
processk (t) for an arbitrary reflecting domain and so it must be approxéahaumerically. In

Section 6.2 we shall discuss numerical methods to appragiswutions to reflected SDEs.

In Figure 6.1 we compare the probability distribution ob&a from solving (6.2) with boundary
conditions (6.3), with the distribution obtained from mpiié simulations of the reflected SDE
(6.6). The two distributions are very similar, supportihg tonclusion that the reflected SDE

is the correct formulation of the sample paths for the preciescribed by (6.2) and (6.3).

6.1.2 Generalisation to Complex Model

We now consider the generalisation of the reflected SDE temomplex models of ion chan-
nel dynamics, where each channel can reside in one dffferent states and can undergo

reversible reactions. The dynamics of this system can beites by the following SDE

dY = HY dt + = EF(Y)dW (6.7)

see Chapter 3 Section 3.4.2 for the formidfand Chapter 4 Section 4.1.2 for the form of the
matricest' andF(Y).
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ForY (¢) to have biological meaning, each elemeént;) fori = 1,...,m, of the vector must
lie within the interval|0, 1] since it represents the proportion of channels in staetime

t. Therefore it follows that the individual trajectories ¢fig process, given by (6.7), must
remain within am-dimensional hypercube bounded by the interyald]. Furthermore, by
conservation of the number of channels we have Yidt, Y;(¢) = 1, and soY (¢) is restricted

to the hyperplane given by"",Y; = 1 which lies inside this hypercube. We denote the
reflected domain of the proced5(¢) by D. For a channel that can reside in three different

states, for exampld) will take the form of a plane embedded within a cube, see Ei§L2.

Figure 6.2Left: Example of the reflecting domaih), (shaded region) for an ion channel model
that can reside in three different states. Right: Diagraraktepresentation of the projection
scheme for an ion channel that can reside in three diffetatds

Reflecting domain Projection method

To ensure solutions to (6.7) remain within, as in the previous section we decompose the
process (t) into the sum of two processas(t) = X (t)+ K (t). Thefirst, X (¢), satisfies (6.7)
and describes the behaviour¥{¢) on the interior of the domaif (int(D)),i.e. Y (t) = X (t)

for X (t) € int(D). The secondK (t), we again define to be the process that refl&cts) into

D. As before we can describe the individual realisations eftocess by a reflected SDE
dY = HY dt + \/LNEF(Y)dW +dK. (6.8)
Analogously to the simple two state model, we can think ofréfeecting proces#(¢), now

vector-valued, as the minimal amount that we need to addetaitineflected process to ensure

thatY (¢) remains within the domai®. The definition of the conditions imposed on the reflect-
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ing process in the two state model, (6.4) and (6.5), natugaheralise to the multidimensional

setting,

t
K|(t) = / Loy eom | K|(s).

K(t) = [ 2K (s), 6.9
wherevy(s) € N(Y (s)) if Y(s) € 0D andN(x) is the set of inward pointing unit vectors to
the pointz which lies on the boundary ab (0D). The solution to the reflected SDE, (6.8)
will be a pair(Y'(¢), K(t)) that satisfy these properties. For a more rigorous defimibicthe

solution to the reflected SDE (6.8), see for example (Patbersl995).

The existence and uniqueness of such a pair was extendedn@iroinR"” by (Wantanebe,
1971), providingD is convex (Tanaka, 1979) or satisfies certain regularitydt@ms (Lions
and Sznitman, 1984). Since our domdhis convex, the solution to the reflected SDE that
describes the behaviour of a general ion channel model), @&ts and is unique. As for the
simple model, the last two conditions in the above definieasure that the reflecting process
only increases on the boundary Bf 0D, and that it reflect&”(¢) back into the interior oD

in the normal direction to the boundary.

6.2 Numerical Methods for Reflected SDEs

Although the field of numerical methods for reflected SDEsaisléss studied than standard
stochastic numerical analysis, a number of techniquesbeee developed in recent years, and
in this section we provide a brief review of these methods dligorithms typically employed
to approximate solutions to reflected SDEs such as (6.8) mzedly be split into two types:
projection schemes and penalization methods. Since bp#stygf methods involve the use of
the orthogonal projection map, throughout this section e#ndIl(z) to be the orthogonal

projection of the vectog onto the domairD.

In the penalization method, the reflecting process is repldry a diffusion type term that
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vanishes inside the domaih and grows rapidly outsidé® with respect to distance to the
boundaryoD. This diffusion type term is often referred to as the perian function and is
defined to bed,(y) = (y — IIp(y)) /A for someX > 0. The resulting SDE is referred to as the

penalization equation and for the general ion channel miothktes the following form,

0¥ A(8) = (HY 5(8) = (Y (1)) dt -+ = EF(Y (1) (1) (6.10)

Menaldi (Menaldi, 1983) showed that.as— 0 the solution to (6.10) converges to that of the re-
flected SDE. The general idea of the penalization methodsslige the penalization equation,
for some fixed)\, using standard SDE numerical methods, in order to obtaiapgmoxima-
tion for the associated reflected SDE. Liu (Liu, 1995) showed using the Euler-Maruyama
method to solve (6.10) with = /A, the numerical approximation converges to the solution of
the reflected SDE in the strong sense with ordeF“e for all e > 0, whereA, is the time step.

In Pettersson (1997), Petterson shows a refined and moreafjeesult on the error bounds
providing D is open and convex, the drift and diffusion coefficients aigsthitz and the dif-
fusion coefficient is also bounded. Namely the penalisaaireme introduced in Liu (1995) is
shown to converge with ordén,log(A,))"/? for all A, < \. Pettersson also discusses the op-
timal choice for)\, showing that if\ is too small then the penalization term in the discretisatio
scheme may push the solution too far iito Thus Petterson concludes that taking- A; in

simulations is optimal.

For the one-dimensional reflected SDE with reflectiofi,dding (2008) showed that it is pos-
sible to improve the convergence and stability of this méthyp using a split step scheme to
approximate the solution to the penalization equationd)6.The equation is split into an SDE,
and an ODE which contains the penalisation term (the auttaltghis a penalisation ODE).

The SDE is solved at each time step using the Euler-Maruyagethod and this provides the
initial condition for the ODE. The ODE is then approximatesing the standard Euler method,
and this provides the approximation for the reflected SDBEatnext time step. The issue with

such methods is that, depending on the choick tifiey can result in numerical approximations
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that lie outside the domaiP, even though analytic solutions to (6.8) must lie within This is
because in the discretisation schemes, the penalisationgealculated in terms of the numer-
ical approximation at the previous time step. Therefore weat use a penalization method to

simulate the reflected SDE for ion channel dynamics.

The projection method can be thought of as a simple extermdithe Euler-Maruyama method

to the reflected SDE case. At timé¢he non-reflected process is evaluated at the next time step
t + A, using the Euler-Maruyama algorithm. If this value lies witthe closure ofD, D, then

the reflected process at the next time step is set equal teahis. Otherwise the value of the
reflected process at the next time step is set to be the omlabgoojection of this point onto

the reflecting domai. For fixed time steg\,; the projection method algorithm applied to the

reflected SDE for the general ion channel model (6.8) is davist
1. Sett =0andY (0) = y,.

2. Generate a vector of Wiener incremedsdy, = (AW, ..., AW,)T, where AW, p =

1,---, k are independent normal random variables meand variance\; and set

Yot +A) = HY (A + s EF(Y (1) AW

3. fYq(t+A;) € DthensetY (t + A;) = Yg(t + 4,). Otherwise se¥ (¢t + A;) =
II(Ya(t+ A)).

4. Sett =t + A, and return to step two.

Figure 6.2 diagrammatically shows how the projection metiworks at a certain time step for
a three state model. The shaded area is the domain of refletti®round point is the value at
some time step of the unreflected process and the star padire [@ojection of this point onto

D, i.e. the value taken at the next time step for the projectethod.

Note that under this scheme we do not explicitly calculager#flecting proces& (¢) at each

time step since we are only interested in the solution toeéfleated SDEY (¢). However, it is
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straightforward to defind< (¢) for the projection method numerical algorithm given eariie

this section,

Kt)+1I(Yg) if Yg¢D
K (t) otherwise

K(t—i—At):{

This scheme has been shown to converge in the mean squaeev\ﬁﬁmsrderO(Atl/Q_E), for

anye > 0, uniformly on compact sets, (Slominski, 1994). In (Petters 1995) a slightly faster
rate ofO((AslogA,)'/?) was obtained but this was only for pointwise convergencethEamore

if D takes the form of a product space as follalws= R? x D' for 1 < p < d andD’ a closed
convex set iR??, then the projection method converges with a stronger mma;elyO(Atl/ 2)
and so has the same rate of convergence as the standardMaumigrama method (Pettersson,

1995; Liu, 1995).

For reflected Brownian motion, that is when the drift andudifbn coefficients are constant
and the domain of reflection is the non-negative half plahe,projection method converges
with strong and weak ordelr/2 and so the weak order of convergence is lower than for the
Euler-Maruyama method applied to standard Brownian mdiien Brownian motion without
reflection). The lower convergence is due to the fact thateen times andt + A, the process
may leaveD and lie inD at timet 4 A, without any effect on the value of the numerical approx-
imation att + A,. This ‘overshoot’ of the approximation means that the prigd method does
not agree with the exact solution at the discrete time powitde the Euler-Maruyama method
applied to standard Brownian motion does. Therefore, taawvgthe order of convergence,
this issue with the overshoot must be dealt with. For the Eroase of reflected Brownian mo-
tion in one dimension, the exact solution of the reflectingcpss is known, as discussed in the
previous section. Furthermore, samples from the disiobutf this reflecting process can be

obtained as a function of a Wiener increment and a uniforrdeanvariable (Seshadri, 1988).
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Therefore, in (Asmussen et al., 1995; Asmussen and GlyntD)2@he authors shows that by
sampling from the exact distribution of the reflecting pisxcat each time step, the weak error
can be improved from /2 to 1 and so matches that of the standard Euler-Maruyama method.
The improvement in the weak order is achieved since samftingthe exact distribution of the
reflecting process means the numerical approximation agvetk the exact solution at discrete

time points.

In (Lépingle, 1995), Lépingle extends these ideas to treeal reflected diffusion case in one-
dimension where the domain of reflection is the non-negétateplane. Lépingle also shows
how the scheme can be extended further, to deal with the dase tlie reflecting domain is an
interval InIR, so that there are two barriers. The idea is to assume thattiene can only be
close to one or other barrier at a certain time step, and solysio danger of crossing one of
the barriers, rather than both. Therefore the problem &gy reduces to dealing with only
one barrier at a certain time step, which can be done in aainvely as in the case of the non-
negative half plane. This scheme was shown to converge wattkkwrderl. The issue with
these extensions of the projection method is that they dgermeralise in a straightforward way
to more complex domains of reflectionltf. This is because the higher orders of convergence
are obtained using the exact form of the reflecting proceasd,fer more complex domains
the exact form of this process is rarely known. In (Gobet,190@Gobet tries to extend the
ideas of the Lepingle method to reflected diffusion®ih. This method uses the fact that the
diffusion can be simulated exactly in the half-plane, hosvemnly an improved order of weak

convergence is obtained for certain types of reflection.

We are interested in the way the stochastic ion channel digsaaffect the membrane potential
and so it is the individual stochastic trajectories of theebannel dynamics that are important,
rather than distributional properties. Therefore, we acstnconcerned with the strong con-
vergence of the numerical method used to simulate the sttichan channel dynamics (see

Chapter 3 Section 3.3.3 for the definition of strong convecgé. In addition the method em-
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ployed to approximate solutions to the ion channel refle@B& must be applicable to both
the simple two state model and more complex model of ion oblasynamics. Therefore, in
this thesis we use the standard projection method, givehdylgorithm stated earlier in this

section, to simulate the behaviour of (6.6) and (6.8).

Figure 6.3 Convergence results for projection method applied to tifleated SDE for the
potassium channel in the Hodgkin-Huxley model ((7.3) in @bka 7). The red dashed line
is a reference slope df/2. The number of channels is set 300, the parameter values are
calculated in terms of the functions for the original Hodgkluxley model given in Appendix
A for V' = 10mV and the initial condition is taken to be the steady state efd&terministic
model.
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To check the projection scheme converges in the strong semseimerically investigated the
strong convergence of this method when applied to the reflé8DE for the potassium channel
in the Hodgkin-Huxley model ((7.3) in Chapter 7). We caltelthe error between the “true”

solution,y;,...(t), and the approximate solutio,,,-..(t), at the final timel", as follows,

E|yt7‘ue (T) - yapproz (T>| (611)

The “true” solution is taken to be the numerical approximatobtained using the projection
method, calculated over a very fine time discretisation, elgwith time step), = 27°. The
following five different time discretisations), = 2¢-1§, for 1 < k¥ < 5 were used over a

million simulations with final timel" = 1, (Higham, 2001). Results are given in Figure 6.3
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where it can be seen that the scheme does indeed convergestriadhg sense with order very

close tol /2.

Since the projection method involves calculating the aytimal projection of a vector ontb,

we briefly outline the way in which this is implemented in tlmslations.

6.2.1 The Orthogonal projection method

We briefly describe the orthogonal projection method thaisisd to numerically approximate

solutions to (6.8), for more details see (Chen and Ye, 2011).

For any pointz: € R™, the projection ot onto the closure of the domaib, D, is the solution
to the minimisation problem

u = arg min,cp|lu — z||, (6.12)

and sinceD is closed and convex this set contains a unique point. Chdrvan(Chen and
Ye, 2011), show that using Moreau’s identity, (Combetted ®ajs, 2005), the solution to
(6.12) can be simplified to a univariate minimisation proble Furthermore they show that
there aren possible choices for the solution to this problem that cardraputed explicitly,
andu is the only one of these that falls within the correct inténielow is an outline of the
algorithm used for the orthogonal projection of a paint= (yi,...,y.)7 € R™ onto the
domainD = {x e R":0<uz; <1,i=1,....,m and ) " x; = 1}. For more details see

(Chen and Ye, 2011),

1. Sorty into ascending order and set m — 1.

Z;'n:i+l Yi—

2. Compute; = Lf t; > v;, sett = t; and go to Step 4. Otherwise reduday 1

m—1

and redo Step 2if> 1orgoto Step 3if = 1.
3. Setf = Zi=LW~!

A

4. Set the projection of onto D to bex = max((y — t),0).
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The MATLAB code for this method is freely available from thetlaors websité, and this was

implemented in our simulations.

6.3 Reflected SDE Simulations for the Simple lon Model

To ensure that the reflected SDE method does indeed captistabhastic behaviour of the
discrete-state Markov chain model, we compared the mearvamahce in the proportion of
open channels between the two methods for the simple twe istathannel model. The mean
and variance were calculated ovi€r, 000 simulations using three different sets of parameter
regimes and three different numbers of channels. The retl€8DE, (6.6), was solved using
the projection method described in the previous sectiomgus time step 0f.01ms over a
time span ofl00ms. The dynamics of the discrete-state Markov chain model wenellated
using the SSA. For each method the mean and variance in tpentian of open channels are

calculated at the final time in the simulations. Results hoeve in Figures 6.4 to 6.6.

http://ufdc.ufl.edu/IRO0000353/
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Figure 6.4 Mean in the proportion of open channels, plotted as a funaiiche total number
of channels, calculated using the reflected SDE (red linedarts) and SSA (blue solid line)
simulation methods. The mean was calculated for the lagt piaint, overl 0, 000 simulations,
where each simulation was run fodms using a time step of\; = 0.01. The three different
parameter regimes used in simulation were 0.004, b = 3 (top),a = 2, b = 1 (middle) and
a =4,b=0.006 (bottom).
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Figure 6.5 Variance in the proportion of open channels, plotted as ation of the total num-
ber of channels, calculated using the reflected SDE (recalidedots) and SSA (blue solid line)
simulation methods. The variance was calculated for thetilme point, overl0, 000 simu-
lations, where each simulation was run férms using a time step oA, = 0.01. The three
different parameter regimes used in simulation were 0.004, b = 3 (top),a = 2,b = 1
(middle) anda = 4, b = 0.006 (bottom).
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Figure 6.6 Difference between the means calculated using the refl&ié&dand SSA methods
(top) and the difference in the variances between these tethods (bottom). Differences
plotted as a function of the number of channels, for the tbierent parameter regimes shown
in the legend. Simulation protocol as for the previous Fegur
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It is clear that the reflected SDE closely approximates themaad the variance in the propor-
tion of open channels, Figures 6.4, 6.5, for all the diffegarameter regimes. Furthermore, the
difference between the two methods becomes smaller as thiearof channels increases, Fig-
ure 6.6. This is to be expected since the accuracy of thestlifftapproximation improves as the
number of channels increases. We note that the reflected Siitochwould probably provide
better agreement with the SSA method if a numerical methal wgher order convergence

had been used to approximate solutions to the reflected SDE.

The model used here to show the agreement between the réftleldte and the discrete-state
Markov chain model is very simple and the parameter valued usthe simulations have no
direct relation to electrophysiology models. In the nexamter we therefore provide a more
thorough comparison between the two methods using the Hoddikxley model and a variant
of the Hodgkin-Huxley model, both given in Appendix A. Fuetmore we compare not just

the open channel statistics but also consider statistiaeceto the action potential (AP).

6.4 Chapter Summary

We demonstrated that by including a reflected term into th& 8iat describes ion channel
behaviour, solutions are guaranteed to remain within aobiohlly realistic domain, whilst

without this term they are not. We argued that this novel idation is the correct equation that
describes the individual realisations of the diffusionga®s, whose probability distribution is
described by a Fokker-Planck equation obtained in the biférge N from the Master equation

that determines the discrete-state Markov chain model.s Wm conclude that the reflected
SDE provides a model of ion channel dynamics that is bioklicealistic and mathematically
consistent with the approximation from the discrete-siééekov chain to the continuous-state

diffusion model.

In Section 6.2 we reviewed current numerical methods to @apprate solutions to reflected
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SDEs. In particular we described the numerical algorithnplesred in this thesis, called the
projection method, to simulate the reflected SDE that dessrion channel dynamics. Finally,
in Section 6.3 we showed that the first two moments in the ptapoof open channels for the
reflected SDE is close to that of the discrete-state Markaincmodel, in the case of the simple

two state model of ion channel dynamics.

In this chapter we have focused on stochastic models of ianra#l dynamics. However, the
issue of physically unrealistic solutions to the SDE modeldito approximate discrete physical
systems is present in a number of other fields, such as biaochkreaction kinetics (Higham,
2011). The ideas presented in this chapter could easily tem@éad to model such systems and
so the method described here provides a general framewonmddelling stochastic dynamics
of physical systems by approximate continuous-state agichmethods in an accurate and

efficient way.



Comparison of Different Stochastic Models
of lon Channel Dynamics

In this chapter we compare how well the reflected SDE and Wiigther approx-

imation capture the stochastic dynamics of the discredgedtlarkov chain model.
Initially we use these three approaches to describe the hamel dynamics in the
Hodgkin-Huxley model. We use this model as the test case gircone of the

simplest electrophysiology models and it also provides#sss for more complex
models of cellular electrical dynamics. We consider the mezad standard devi-
ation in the proportion of open channels both when the veltegkept fixed and
also when the voltage varies through time. We also comparectmputational

efficiency of the three different stochastic simulationhods. Finally we consider
certain properties of the action potential (AP) for a variaf the Hodgkin-Huxley
model. In the comparison of the properties of the AP, we atsopare the results
to those obtained using the steady state SDE method frona\igolet al., 2011),
where the authors replace the state variable in the diffuggrm by the steady
state value to ensure solutions remain real. We only prowiderther compari-

son with this method for the action potential (AP) propest@and not for the open
channel statistics simulations, since in (Goldwyn et &01P) and (Goldwyn and

Shea-Brown, 2011) it was shown that this approach presehesfirst two moments
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of the discrete-state Markov chain model.

7.1 Conductance Model with Bounded Stochastic lon Chan-
nel Dynamics

As described in Appendix A, the voltage dynamics in the Hodghkuxley model (Hodgkin and
Huxley, 1952) can be described by the following ODE,

dVv
Cr == Gnapd"(V = Ena) = Giep6 (V — Ex) (7.1)

—GL(V—FEp)+1,

where(C' is the membrane capacitandejs the stimulus currentf; is the reversal potential

for the current of type and G, is the conductance of the leakage current. The conductance
through the sodium/Xa) and potassiumK’) channels is given by the produGtp,, whereG;

is the maximal conductance per ion channel of typadp}, is the proportion of open channels

of typez.

As previously described, the Hodgkin-Huxley model assutim&iseach sodium channel consists
of three identical activation gates,, and one inactivation gaté, while the potassium channel
has four identical gates,. As discussed in Chapter 4 Section 4.1 constructing théhatiic
model in terms of the individual gating variables leads tacituracies in the open channel

statistics. Therefore the dynamics of the channel as a whatt be considered.

Letting each possible configuration of open and closed gaf@esent a different state of the
channel, the dynamics of the sodium and potassium chanreetsven by the following state

diagrams respectively:

3am 2am am
moho = m1ho g maho = msho

bplap bpan bpTlan bpTlap |
3am, 2am, am

moh1 = mih1 = m2h1 = m3h
bm 2bm, 3bm



7.1 Conductance Model with Bounded Stochastic lon Channel yhamics 139

dan 3an 2an an,
nyg = N1 = N2 T N3 = n4

bn 2bn, 3bn 4bp

wherea; andb; are the closed to open and open to closed transition rateatefa type:.
The dynamics of the sodium and potassium channels can balsby the SDEs (4.5) and
(4.6), respectively, from Chapter 4. We formulate the dymramf the sodium and potassium
channels in the Hodgkin-Huxley model using the two différS8DE models described in the
previous two chapters, the Wright-Fisher approximatiod #re reflected SDE. The MAT-
LAB code used to simulate these models is freely availablmem the ModelDB repository

(http://senselab.med.yale.edu/modeldb/ListByModetiga

7.1.1 Reflected Stochastic Differential Equation

As in Chapter 4, ley;;(t) denote the proportion of sodium channels withpenm gates and

J openh gates at time. Similarly letz;(¢) denote the proportion of open potassium channels
with i openn gates at timeé. The channel is assumed to be in the open state only whertialjga
variables are open and 8§® = y3;(t) andp5 = z,(t), respectively. The state of the potassium
channel at time is given by the vectox(t) = (x4, z3, 72, 71, 79)T and the state of the sodium
channel is denoted by(t) = (ys1, y21, Y11, Yo1, Y30, Y20, Y10, Yoo)~ - TO ensure the stochastic
dynamics of the sodium and potassium channels remain wattiologically realistic region,
we incorporate the reflecting procesd€s,, and K  into (4.5) and (4.6), respectively, in the
manner described in Chapter 6 Section 6.1.2 and so the dgearfihe sodium and potassium

channels are given by the following reflected SDEs

dy - HNaydt+ \/%NGENG,FNa(y)dWNa_'_dKNaa (72)
de = Hxwdt + 5= Ex Fie(x)dW i + dK . (7.3)

The matriced ., Ena, Fna(y), Hix, Ex andFi(x) are given in Section 4.1.2 of Chapter 4.

In this chapter, the reflected SDEs above are solved nuniigricang the projection method
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described in Chapter 6 Section 6.2 to obtain individuaktggries to (7.2) and (7.3).
7.1.2 Wright-Fisher Approximation

Let the vectorgy(t) andx(t) be as in the previous section. Then the sodium and potassium
channels in the Hodgkin-Huxley model can be approximatethbyfollowing Wright-Fisher

type SDEs, respectively, using the method discussed int€h&section 5.5.

dy — HNaydt + \/ #ENaGNa(y)dWNaa (74)

v/ (@m+3bm)y21y31

2(am+bm)y11y22
v (Bam~+bm)yo1y11
v/ (@m=+3bm)y20y30

2(am~+bm)y10y20
v/ (Bam~+bm)yooy1o
(an+bn)yooyor
v/ (ar+bp)y10y11
v/ (@n+br)y20y21
v/ (an+bn)ys0ys1

Gna(y) = diag

dx = HK.’Ddt + \/ ﬁEKGK(.’D)dWK, (75)

v/ (an+4bp)x324
. Qan, n )T2T
Gk (x) = diag | " (Ban t 30 zaz3

(Ban—+2bn)z122
(4an—+bn)xox1

whereEy,, Fx, Hx andHy, are the same as in (7.2) and (7.3).

In this chapter (7.4) and (7.5) are solved numerically utiegBISS method described in Chap-
ter 5 Section 5.6 in order to obtain individual realisatiohthe stochastic ion channel dynamics
in the Hodgkin-Huxley model. We note that the determinisgjoation in the BISS method split
is solved using the backward Euler method, rather than tiveafal Euler method. This should

not affect the convergence of the scheme, since the backiaalet method still converges
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with strong orderl, which is the only requirement on the deterministic solvethie split-step

scheme.

The reason the backward Euler method is employed is so theawebtain am such that even

if the solution was to lie on the boundary of the domain at spwiat in time, the deterministic
approximation would ensure the solution was pushed a distaaway from this boundary.
Unlike the systems used as examples in Chapter 5, if the eh&nim a certain state it cannot
transition to all other states in the system. This is the éasboth the sodium and potassium
channel in the Hodgkin-Huxley model. Therefore, in the faravEuler approximation, if the
solution was to lie at one of the extreme boundaries, for @taifiz = [0,0,0,0, 1]* for the
potassium channel, then no matter wha chosen, the forward Euler approximation will not
be able to push,, z» andx3 a distance ot away from the boundary. However, using the

backward Euler approximation, then suchearan be found.

7.1.3 Steady-State Stochastic Differential Equation Mode

In the simulations of the action potential (AP) we also corefghe SDE method given in (Gold-
wyn et al., 2011), to the reflected SDE and Wright-Fisher agipration. These simulations are
performed using a variant of the Hodgkin-Huxley model timatudes a sodium current but no
potassium current (see Appendix A Section A.2). The autimiGoldwyn et al., 2011), use the
SDE without reflection, where the noise term in the SDE is fdated as in the original deriva-
tion by Fox and Lu (1994), and so involves the square root odfxima That is, the dynamics of

the sodium channel in (Goldwyn et al., 2011) is describechieyfollowing SDE

dy = Hy.ydt + ﬁ\/ B(y)dWia, (7.6)
whereH v, is the same as in (7.2).

To ensure numerical solutions to (7.6) remain real, theasly in the matrix3B(y) are replaced

by their equilibrium values, and so this term is independétite state of the system. The matrix
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B therefore takes the following form,

fitfio —h 0 0 —f10 0 0 0
—f1 fit+fo+fo —f2 0 0 —fo9 0 0
0 —f2 fatfs+fs —fs 0 0 —fs 0
B = 0 0 —f3 fs+fr 0O 0 0 —f7
o —f10 0 0 0  fat+fio —fa 0 0 )
0 —fo 0 0 —fa  fat+fs+fo —fs 0
0 0 —f3 0 0 —fs  fs+fetfs —fe
0 0 0 —fr 0 0 —fe  fetfr
where
1= anlo1 + 331,  fo = 2amy11 + 2by,7a2,
f3 = 3amPo1 + b1,  fa = am¥20 + 3bmYs0,
I5 = 2amY10 + 20mY20,  f6 = 3am¥oo + bmo,
f7 = anYoo + bnlor,  fs = anfio + buia,
fo = ap¥20 + brio1, fio = anyso + brysi,
and

3\ al b tanb 7.7)
i = i (am + bm>3(ah + bh) '

When discussing the results we shall refer to this approatheasteady-state SDE method for

simplicity.
7.1.4 Discrete-State Markov Chain Model Simulations

Individual trajectories of the discrete-state stochastodel are simulated using the stochastic
simulation algorithm (SSA), (Gillespie, 1977), (see Cleaf® Section 3.2.3). The results of
these simulations provide the bench mark for comparisoméae¢flected SDE, approximate
Wright-Fisher model and steady-state SDE method. The SSAadas typically taken to be
the ‘gold-standard’ stochastic simulation approach inliteeature and so we use this method

in comparisons to remain consistent with the previousdttee in this field.
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7.2 Open Channel Statistics

7.2.1 Fixed Voltage

We calculated the mean and standard deviation in the piiopat open sodium and potassium
channels in the original Hodgkin-Huxley model, as given Byl] in Appendix A. For these
simulations, the transition rates are taken to be the fanstof the membrane potentidl,

given by equations (A.4) to (A.6) in Appendix A.

The mean and standard deviation were calculated oM&r000 simulations and initially the
voltage was kept constant throughout the simulation. E&uollation was run for a total of
100ms, with the mean and standard deviation calculated at the fimed point. The open
channel statistics were calculated in this way for a rangdiftérent voltage values. Figure
7.1 shows the distribution in the number of open sodium artdgsaum channels at the final
simulation time point, where the voltage is se28mnV (this value has been chosen arbitrarily).
In Figure 7.2 the mean and standard deviation in the prapodf open channels is plotted as
a function of voltage, for the SSA, reflected SDE and appraxenWright-Fisher model. For
these simulations the number of channels is séDt0. The difference between the mean and
standard deviation calculated using the SSA and reflectdsl 81d also between the SSA and
Wright-Fisher approximation, as a function of voltage dreven in Figure 7.3. Finally, we also
considered the mean time, calculated oy&®, 000 simulations, to simulate the sodium and
potassium channel dynamics for a range of fixed voltage sand channel numbers, using the

three different simulation methods, Figures 7.4 and 7.5.
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Figure 7.1 Distribution in the number of open sodium (top) and potassfbottom) channels

calculated using the reflected SDE (red line with closedeingarkers), the SSA (blue bars)
and the Wright-Fisher model (dotted green line with opedeimarkers) where the number of
sodium channels is set t®00, the number of potassium channelg$s and the voltage is set
to 28mV.
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Figure 7.2 Mean (left) and standard deviation (right) in the proportaf open sodium (top)
and potassium (bottom) channels calculated using the teflé&®DE (red line), the SSA (blue
dotted line with stars) and the Wright-Fisher model (blaokted line with crosses). Statistics
calculated ovet 00, 000 simulations at the final point for a fixed voltage value. In teftected
SDE simulations the initial condition for the sodium chahnisetaken to beY; = 1/8¢” and
for the potassium channel it i, = 1/5¢”, wheree is the unit vector. For the discrete-state
Markov model the initial condition is calculated by mulypig Y, and X, by the number of
sodium or potassium channels respectively, and rounditigetoearest whole number. The total
number of sodium and potassium channels is séd®0 and the time step tay;, = 0.01ms.
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Figure 7.3Absolute difference in the mean (left) and standard demigtiight) in the proportion
of open sodium (top) and potassium (bottom) channels betweereflected SDE and the SSA
(red solid line) and between the SSA and Wright-Fisher appration (black dot line with
crosses) where the total number of sodium and potassiummelsais set td 000.
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Figure 7.4 Mean computational time (in seconds) calculated dwer 000 simulations for the
sodium channel in the Hodgkin-Huxley model where the vateogkept fixed throughout sim-
ulation. Results are plotted as a function of number of cebnnThe voltage values used for
each set of simulations are as follows, top léft= —45mV/, top right: V' = —25mV/, bottom
left: V' = OmV/, bottom right:V' = 20mV’. Each simulation is run fotOms, with time step
A; = 0.01ms and the initial condition is the same as in Figure 7.2.
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Figure 7.5Mean computational time (in seconds) calculated dwer 000 simulations for the
potassium channel in the Hodgkin-Huxley model where theéagal is kept fixed throughout
simulation. Results are plotted as a function of number ahdels. The voltage values used
for each set of simulations are as follows, top léft:= —45mV/, top right: V' = —25mV/,
bottom left: V' = 0mV/, bottom right:V' = 20mV. Each simulation is run forOms, with time
stepA; = 0.01ms and the initial condition is the same as in Figure 7.2.
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7.2.2 Varying Voltage

Next the open channel statistics were calculated for a fixed tourse of the transmembrane
potential i.e. the voltage. Initially the deterministic ¢fgkin-Huxley model was solved over
10ms with stimulus currenf = 10p A to obtain a path for the voltage that varies through time,
shown in Figure 7.6. This path was then used to simulate timardics of the sodium and
potassium channels ovéfms and the open channel statistics were calculated d&@r000
simulations. Figure 7.7 shows the mean and standard daviatthe number of open channels,
as a function of time, where the number of channels is s&@@0, for the SSA, reflected SDE
and approximate Wright-Fisher model. The differences enrtiteans and standard deviations

between the SSA and reflected SDE and between the reflectedaB®Ehe approximation
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Wright-Fisher model, are plotted as a function of time inufey7.8, where the total number of

channels is again set 1000.

Figure 7.6 Time course of the transmembrane potential used to cadctiat open channel
statistics for the sodium and potassium channels, for mgryoltage simulations.
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Figure 7.7 Mean (left) and standard deviation (right) in the proportaf open sodium (top)
and potassium (bottom) channels calculated using the tefl&@DE (blue dots), the SSA (red
line) and Wright-Fisher approximation (black dots) for atsme course of the transmembrane
potential. The initial condition is the steady state ¥or= 0 of the deterministic system and the
number of channels is set to be00.
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Figure 7.8 Absolute difference in the mean (left) and standard desigiight) in the proportion

of open sodium (top) and potassium (bottom) channels betWeereflected SDE and the SSA
(red line with open circles) and between the SSA and Wrigsiét approximation (black dots)
for a fixed time course of the transmembrane potential. Thebau of channels is set to be

1000.
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7.3 Computational Efficiency

For the original Hodgkin-Huxley model, given by equationTAto (A.6) in Appendix A, we
incorporated stochasticity into the sodium channel usimly the reflected SDE and discrete-
state Markov chain approach, which was again simulatedguia SSA. The dynamics of
the potassium channel are described using the determi@&E given by equation (A.3) in
Appendix A. We simulated the full Hodgkin-Huxley model overms with a time step of
0.01ms and took the mean computational time ou€r 000 simulations. Simulations were
performed in MATLAB on a 2.5GHz core Intel Core 2 processore Wd not include the
Wright-Fisher method in these simulations since, as sleali¥cussed in Section 7.5, the results
presented thus far suggest that in the simplest case, Wwieeveltage remains fixed, the reflected
SDE method greatly outperforms the Wright-Fisher appraoa¢hrms of computational speed,
Figures 7.4 and 7.5. Indeed the Wright-Fisher model is moreputationally costly than the
SSA under certain conditions. Therefore, for this more cataonally complex simulation
protocol we did not think the Wright-Fisher approximatioawd outperform the reflected SDE

method, based on the preliminary results for fixed voltages.
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Figure 7.9 Mean computational time in seconds ouéy, 000 simulations of the stochastic
Hodgkin-Huxley model, (A.1), ovetOms for the reflected SDE approach (red dots) and the
SSA approach (blue stars) plotted as a function of the nuwftgrannels. The time step in the
reflected SDE simulations is taken to @@1ms. The number of sodium channels was set to
1000. Simulations were performed in MATLAB on a 2.5GHz core Ir@&re 2 processor.
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7.4 Action Potential Statistics in the Hodgkin-Huxley Modé

The effect of incorporating the stochastic behaviour ofabannel dynamics into the Hodgkin-
Huxley model on the membrane potential is to cause it to firetiphe times. This effect is

guantified in the neuroscience community using a number féérdnt measures which are
collectively termed action potential (AP) statistics. Weandefine the AP statistics used for
comparisons in this chapter, along with the simulation ot employed to calculate these

statistics.

7.4.1 Simulation Protocol

The comparison between the AP statistics calculated usendifferent continuous-state models
and the discrete-state Markov chain approach is an extemdithe simulations in (Bruce,

2009). In this study by Bruce, the effect of stochastic ioaraiel behaviour on the auditory



7.4 Action Potential Statistics in the Hodgkin-Huxley Modé 152

fibre, AP statistics were investigated as a function of thealoer of sodium channels\y,)
using the metrics of the mean threshold currdpf)(and the relative spread (RS). The mean
threshold current is the input current that corresponddfiting efficiency (FE) of50%, where
FE is defined to be the fraction of trials in which the stimwusrent results in the generation of
an AP. Itis calculated by fitting the FE versus input currantzes using an integrated Gaussian
function, as in (Verveen and Derksen, 1968). The relativeap (RS) is a measure of the

relative noise level and is calculated as,

g

RS =2
I

(7.8)

whereo is the standard deviation in threshold fluctuations Apdbs the threshold current. Since
the examination of the AP statistics is based on the work oc8r(2009), we use the same
equations as in this study in order to conduct these sinaustirather than using the classical
Hodgkin-Huxley model that was used to calculate the opemmblastatistics. The membrane
potential,V/, for this model is described by the ODE (A.10) in Appendix Ajiah is variant of
the original Hodgkin-Huxley model. For the reflected SDE Wright-Fisher approximation
and the steady-state SDE, the value&&t, in (A.10) is obtained by multiplying the proportion
of open channels (from the SDE solution) by the total numlbehannels and rounding to the
nearest integer. We employ this method of rounding sincevidr& of Bruce (2007) suggested

that this is more accurate than either rounding up or down.

The AP statistics were calculated ou@0 repetitions of a singlé00.s monophasic depolar-
ising current pulse. That is, for the firfgtl s of simulation, a stimulus current was applied (i.e.
the term/ is (A.10) is non zero) and for the remainder of the simulatfa@nstimulus current is
set to0. Each repetition was simulated for a totalsf The stimulus current amplitude ranged
from 16pA to 26pA, and was kept fixed for each set @00 repetitions. The equation for the
membrane potential, (A.10), was solved using the Euler awkthith a time step\; = 0.001s.
The stochastic dynamics of the sodium channel were siniilaang the SSA, reflected SDE

method and Wright-Fisher approximation, as in the prevemgsion, and also using the steady-
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state SDE method described in Section 7.1.3. The trangisims for the sodium channel are

calculated according to the functionslofgiven by (A.7) and (A.8) in Appendix A.

The threshold current,, and the relative spreallS were calculated for sodium channel num-
bers ranging froml00 to 10,000. The effect of varying the total number of channels was
considered for two different cases: constant channel tleasd constant membrane area. As
described in (Rubinstein, 1995), the membrane area isdspatortionally to the number of
channels in the case of constant channel density. Assumégodel’s capacitance and resis-
tance are based on 1000 sodium channels, as in (Bruce, 2008¢, constant channel density
simulations these values will be scaled by the total numbepdium channelsvy,, (ranging

from 100 to 10, 000) as follows

Nia 1000
F. R, = 1953.49
1000 * Nua

Cpn = 0.0714 x MQ.

For constant membrane area the capacitance and resistariodependent oV, and so are
taken to be’,, = 0.0714pF andR,, = 1953.49M (2 for all values ofVy,, as in (Bruce, 2009).
These parameter values have been chosen to ensure cansigiimthe simulations in the
study by Bruce (Bruce, 2009). We remark that there is nattaaability in parameter values
between cells, but we do not consider the effects of extrineise here and results are based
solely on the values given here. For more details of the stiarl protocol used to calculate
the AP statistics see (Bruce, 2009) and the MATLAB codberein. In Figure 7.10 the RS
and threshold current, calculated using the four differeathods, are plotted as a function of
the number of channels for the constant area and constasttyleoaling protocols. Figure
7.11 shows the difference in the RS between the SSA and edIS&DE, the SSA and steady-
state SDE method and between the SSA and Wright-Fisher @ppaton as a function of the

number of channels, for constant density and constant area.

http://www.ece.mcmaster.ca/ibruce/bruceevalFoxAseualFox.htm
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Figure 7.10Threshold current (Ith) (top) and relative spread (RS)t(hu) as a function of the
total number of sodium channels for constant channel dessttulations (left) and constant
membrane area simulations (right) calculated using the dffterent methods, SSA (green
line with diamonds), reflected SDE method (red solid linkeg, steady-state SDE method from
(Goldwyn et al., 2011) (blue dotted line with circles) ane #right-Fisher approximation
(black dotted line with crosses).
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Figure 7.11Absolute differences in the relative spread (RS) betwee®®A and reflected SDE
methods (red line), between the SSA and Wright-Fisher apmation and between the SSA
(black dashed line with circles) and steady-state SDE nastifolue dashed line with circle).
Results shown as a function of number of channels for cohsteannel density simulations
(left) and constant membrane area simulations (right).
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7.5 Results

7.5.1 Open channel statistics

Fixed Voltage

When the voltage is kept fixed, the mean and standard deviabtained using the reflected
SDE is very close to that of the SSA for both the sodium andgstean channels, Figure 7.2.
In particular, the difference between the two means is orotHer of 1073, Figure 7.3. These

guantitative results suggest that the reflected SDE a&yredptures the distributional proper-
ties of the discrete-state Markov chain model. Furthermfeigure 7.1 qualitatively shows that
the distribution in the number of open sodium and potassiamiels for the reflected SDE is

very similar to that of the discrete-state Markov chain.

On the other hand, while the Wright-Fisher model accurateftures the mean of the discrete-
state Markov chain model, it underestimates the standanattn, Figure 7.2. In particular,
the difference between the standard deviation approxonatag the Wright-Fisher model and
that calculated from the SSA is greater than the differeratevéen the reflected SDE and the
SSA, Figure 7.3. This difference is particularly noticesafur larger values of the voltage and
for V.= 60mV the difference between the Wright-Fisher model and SSAasiyan order of

magnitude larger than the difference between the refledidti&d SSA.

The computational efficiency of the reflected SDE is muchtgrethan the Wright-Fisher ap-
proach, for all voltage values simulated and for both thetsndind potassium channel, Figures
7.4and 7.5. Infact, fov = —45mV the SSA is actually faster than the Wright-Fisher approach
in simulating the stochastic dynamics of the sodium charara similarly for the potassium
channel when/ = —45mV, V = —25mV andV = 0mV the Wright-Fisher model is the

slowest out of the three methods.
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Varying Voltage

For a set time course of the transmembrane potential, treetedl SDE still closely matches the
mean and standard deviation of the SSA simulations, Figurel @ particular, the difference in
the means between the reflected SDE and SSA methods is ordiéreodit 02 for the sodium
channel and 03 for the potassium channel. We note that for the comparisgheomeans in

Figure 7.7 it is difficult to distinguish between the thre#fetent methods.

As was the case for the fixed voltage simulations, the Wrighlher model accurately captures
the mean of the SSA simulations, but underestimates thdatdwuleviation in the proportion of
open sodium and potassium channels, Figure 7.7. The differigetween the standard deviation
calculated using the Wright-Fisher model and the SSA isragaich greater than the difference
between the SSA and the reflected SDE, Figure 7.8.

7.5.2 Computational Efficiency

Figure 7.9 shows that the simulation time for the reflected $substantially faster than the
SSA, particularly for large numbers of channels. In patécuhe speed of the Markov chain
model increases with increasing numbers of channels, \heleeflected SDE method remains

more or less constant.

7.5.3 Action Potential Statistics

From Figure 7.10 it can be seen that the relative spread (&&)lated from the reflected SDE
simulations is very close to that of the SSA simulations dredttvo values quickly converge
as the number of channels increases. This is the case fotH®tonstant channel density and
constant membrane area simulations. On the other handiftteedce between the RS for the
steady-state SDE and the SSA simulations is noticeabla,fevéarge channel numbers, Figure

7.11. The RS calculated using the Wright-Fisher approxonat also markedly different to
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that calculated from the SSA simulations, Figure 7.10. lermnhore this difference does not
decrease with increasing numbers of channels, Figure Ttlgéed the difference between the
Wright-Fisher model and the SSA is much greater than thavdsst the reflected SDE and
SSA, Figure 7.11.

7.6 Discussion

7.6.1 Open channel statistics

Fixed Voltage

Figures 7.1, 7.2 and 7.3 show that the reflected SDE accyiaptures the stochastic dynamics
of the discrete-state Markov chain model when the voltadred constant. On the other hand
the Wright-Fisher model does not seem to preserve thetstatigsroperties of the discrete-state
Markov chain model. This is because the Wright-Fisher mamhelerestimates the standard
deviation of the discrete-state Markov chain model, Figure, and the distribution in the

number of open channels is qualitatively different from dinscrete-state Markov chain model,

Figure 7.1.

The effect on the probability distribution of approximagithe dynamics by the Wright-Fisher
model is to concentrate more of the probability mass towdresnean, thus reducing the stan-
dard deviation compared with the discrete-state Markovcheodel, Figure 7.1. Thus, qual-
itatively the probability distribution for the Wright-Hier model is noticeably different to that
of the discrete-state approach, unlike the reflected SDBadetas can be seen in Figure 7.1.
When the voltage is lower, the mean of the distribution liese to the boundary. Therefore, in
such situations the distribution will have only one tailgdao the reduction of probability mass
in the tails, which occurs for the Wright-Fisher simulasowill be less noticeable. This could
provide a possible explanation as to why the difference enstlandard deviation between the

Wright-Fisher model and SSA simulations is smaller whenvtiiage is small, Figure 7.2.
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We note that in the left hand plots of Figure 7.3, the diffeesim the means between the reflected
SDE and the SSA is greater than the difference between thghtMiisher model and the SSA.
There are two possible reasons why this might be the casstlyf-the SDE model without
reflection exactly captures the mean of the distributiomefdiscrete-state Markov chain model,
due to the linearity of the transition rate functions. Thenmex by which the constants are
chosen in the Wright-Fisher model ensures the mean agraeyewith the SDE model without
reflection. So it follows that the approximate Wright-Fish@del also precisely captures the
mean of the discrete-state Markov chain. On the other hdwdreflecting procesdy (), in
the reflected SDE, is itself a stochastic process and so wédvexpect this process to have
a non-zero mean. Since the solution to the reflected SDE isaluion to the SDE plus the
reflecting process it is possible that the addition of thileoting process may slightly alter the
mean of the discrete-state Markov chain model. Howeversitmelations suggest that, if this
is the case, the effect of the reflecting process is so snradk she differences in the means are
on the order ofil0~* and10~3, that the reflected SDE can still be considered to closelyucap

the stochastic behaviour of the discrete-state Markovcihmaidel.

Since the differences between the reflected SDE and SSA deetre so very small, another
possible explanation could lie with the numerical methatpleyed to simulate the reflected
SDE and Wright-Fisher models. In Chapter 5 we provided nigakresults suggesting the
BISS method, used to approximate solutions to the Wrighli&i model, converges with strong
order1/2. On the other hand the projection method, used to numeyisalve the reflected
SDE, converges with slightly lower strong order, namelg — e for e > 0 (Chapter 6 Section
6.2). Therefore, if a higher strong order method had beed ts@umerically approximate
solutions to the reflected SDE then the difference in the méatween the reflected SDE and
the SSA would probably be closer to the difference betweenhight-Fisher model and the
SSA.

However, since the difference between the SSA and refledbds iS so small and also the
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reflected SDE is close to the standard deviation and opemehdrstribution obtained using
the SSA, the reflected SDE captures the stochastic behaithe discrete-state Markov chain

model more accurately than the Wright-Fisher approach wiheroltage is kept constant.

The reflected SDE is clearly the most computationally effitieut of the three stochastic
simulation methods, Figure 7.4. Indeed wheén= —45mV for the sodium channel and
V = —4bmV, —25mV, OmV for the potassium channel, the Wright-Fisher model is digtua
the most computationally costly simulation method. At e#inte step the control functions
in the Wright-Fisher model need to be defined and this dependsow close to the domain
boundaries the current state of the system lies. That is, eeel to determine which region
of the domain the solution at the previous time step lies,civiior larger ion channel mod-

els can become quite computationally intensive. On therdtaed, the reflected SDE method
just employs the Euler-Maruyama method and the only furthéulation is to check whether
the point lies within the domain and if not perform an orthogloprojection, which involves

minimal computational cost. Therefore, for this simpleecasere the voltage is kept fixed,
the reflected SDE method is both more accurate and more catigndlly efficient than the

Wright-Fisher approach.

Varying Voltage

Allowing the voltage to vary in simulations adds a furthemgication since the transition
rates of the ion channel dynamics vary at each time step.rés3gt7 and 7.8 show that even
with this added complication, the reflected SDE still capsuthe stochastic dynamics of the

discrete-state Markov chain more accurately than the Wifiggher model.

We note that the greatest difference between the standaidtida from the reflected SDE
and the SSA occurs at the height of the AP, Figure 7.8, an#tetylio happen here since this
is where the greatest voltage change (and so the greategjecia channel transition rates)

between consecutive time steps takes place. In additiamalaions (not shown), where the
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step-size was reduced, the greatest difference betweemvthstatistics still occurred at the

height of the AP, indicating that this effect is not a funatiaf the time step.

7.6.2 Computational Efficiency

The reflected SDE method is more computationally efficieahtthe SSA at describing the
stochastic behaviour of ion channels within an electrojahggy model, Figure 7.9. Further-
more the computational time for the reflected SDE does nat gith increasing channel num-
ber, as it does for the SSA method. This is because the cotignabcost of the reflected SDE
is dependent on the step-size used in simulation, while thekd chain model is restricted
by the average time until the next reaction, which can becweng small for large channel

numbers.

We note that another advantage of the reflected SDE methbdtisitnulations remain within a
biologically realistic domain with probability, by definition. On the other hand, in simulations
of the original Hodgkin-Huxley model, using the same protas for the computational speed
simulations, the steady-state SDE method from (Goldwyn.eP@11) described in Section
7.1.3 resulted in negative solutions to the ion channel madaean number o852 times.
Therefore the reflected SDE method is computationally effigiwhilst ensuring solutions to

the model are biologically realistic.

7.6.3 Action potential statistics

From Figure 7.10, itis clear that for the variant of Hodgklnxley model used here to calculate
the AP statistics, (A.10), the steady-state SDE model doeaaturately capture the stochastic
behaviour of the discrete-state Markov chain model. A pmssexplanation for this could be
because the approximation made in the diffusion term, capdathe variables by their equi-
librium value, may not be valid for the variant of the Hodgkilixley model given by (A.10).

The authors state in (Goldwyn et al., 2011) that this appnaxion is accurate if “the relaxation
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of V' to its equilibrium value occurred on a much slower time sthén the relaxation of the
gating variables” and furthermore they note that “this safian of time scales does not appear
to be a generic feature of Hodgkin-Huxley models”. Thereffor this particular model, the
approximation made in the diffusion term of the SDE may noabeurate enough to calculate

the AP statistics studied here.

However, in (Goldwyn et al., 2011) the authors show thatdpggroximation accurately captures
the mean open channel statistics as well as the mean ancceoeftf variation of the interspike
intervals in the classical Hodgkin-Huxley model. Therefarseems that for certain models,
the results from the steady-state SDE method in (Goldwyh e2@11) are comparable to the
discrete-state Markov chain model, while for other modeis tnethod is less accurate than the
reflected SDE. Thus, these results show that the reflected rB@tel faithfully captures the
stochastic dynamics of the discrete-state model for a vaidesss of models than the steady-state

SDE method described in (Goldwyn et al., 2011).

Out of the three approximate stochastic simulation methodmely the reflected SDE, the
Wright-Fisher model and the steady-state SDE, the refleSi@d most closely captures the
AP statistics for the discrete-state Markov chain modejuFés 7.10 and 7.11. Therefore, the
reflected SDE most accurately captures the variability e riilembrane potential within an

electrophysiology model that arise due to the stochashaweur of the ion channels.

7.7 Chapter Summary

In this chapter we undertook a thorough comparison betweetwo continuous-state stochas-
tic methods of ion channel dynamics developed in Chapteaiisdb6, namely the reflected SDE
and the approximate Wright-Fisher model, with the disesttdée Markov model of ion channel

dynamics which is seen as the ‘gold standard’ method witheriterature. We compared open

channel statistics for the original Hodgkin-Huxley modsiveell as AP statistics for a variant
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of this model. Furthermore, we showed that the reflected Sb#etcaptures the discrete-state
Markov model more accurately than an SDE method previoeggnted in the literature, which

we call the steady-state SDE model.

Incorporating stochastic ion channel dynamics into exgsélectrophysiology models only in-
troduces fluctuations into the ionic current, which arise tluthe stochastic dynamics in the
proportion of open channels. This in turn causes fluctuatiorthe AP dynamics. Since the
reflected SDE and discrete-state Markov chain model agresnms of open channel statistics,
we would therefore expect this to follow through into agreainn the AP statistics. This was
indeed the case with the AP statistics considered for anaoiethe Hodgkin-Huxley model in

Section 7.4. Therefore, the results presented in this ehajgarly show that the reflected SDE
model accurately captures the stochastic dynamics of serate-state Markov model, whilst
providing significant improvement in computationally effiecy. This method is employed in
the next chapter to investigate the effects of stochasticcltannel behaviour in the Decker

model of a canine ventricular myocyte (Decker et al., 2009).



Role of Stochastic lon Channel Dynamics
In Beat-to-Beat Variability

The previous four chapters have been devoted to the teaigpeded to efficiently
and accurately simulate the intrinsic stochastic behav@fuon channel dynamics
within electrophysiology cell models. In this chapter welement these techniques
to investigate the electrophysiological consequencesciuations in the repolari-
sation currents of canine ventricular myocytes using a doetbexperimental and
computational approach. In order to account for extrinsase we first construct
a population of deterministic models, where the behavidueacth model in the
population lies within experimental range. For each modkethe population we
estimate the number of channels for the following curretite:rapid delayed rec-
tifier potassium () current I, the slow delayed rectifiek* current, I, the
transient outwardk ™ current Ir,; and the L-type calcium{a?*) current, I,z
using voltage-clamp experimental data and previously reggbresults from the lit-
erature. The intrinsic variability of these four repolaaison currents is modelled
using the reflected SDE method described in Chapter 6 andogexbin Chapter
7. Finally, we use the resulting population of stochastiaslis to investigate the
effects of the intrinsic stochastic behaviourl@f., Ix., I7,; andl-,;, channels on

the beat-to-beat variability in the action potential duaat (APD) of single cells. In
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particular, we investigate the effect of this intrinsicatasticity on the short term
variability measure (STV), discussed in Chapter 2. To trst beour knowledge,
no computational study has directly studied the effectsamissticity on this par-
ticular measure. We do so here since, as previously disdygdakes into account

the consecutiveness of beats and is a potential predictprazfrrhythmic risk.

8.1 Introduction

As discussed in Chapter 2, there is great variability botihiwiand between individuals in the
electrical dynamics of the heart. Variability between wnduals means that different patients
may react differently to drugs, or pathological conditiagh as ischemia. Also, different
cells of the same heart may respond differently to a givenudtis. Furthermore, the intrinsic
stochastic nature of the processes involved in the gepearatian action potential (AP) means
that the same cell may exhibit different behaviour at ddfegrtimes, resulting in temporal beat-

to-beat variability in repolarisation duration (BVR).

Experimental and clinical studies have suggested thatwwarzbility could provide insight into
effectively identifying individuals with increased artthynic risk (Thomsen et al., 2006; Hin-
terseer et al., 2008, 2009, 2010). In recent years only a tempatational studies have begun
to investigate the effects of intrinsic noise on the AP (Rueyal., 2011; Lemay et al., 2011).
In Pueyo et al. (2011) they found the stochastic behaviotin@klow delayed rectifier potas-
sium current/, caused significant BVR in guinea-pig and human ventriauigocytes using
a combined computational and experimental approach. Ttieeualso showed that smaller
numbers oflx, channels resulted in greater beat-to-beat variabilithenAP. The AP is con-
trolled by the dynamic interplay between a number of diffiéfenic currents, and so it is likely
that the stochastic behaviour of other ionic currents atsurtbute to BVR. Therefore a major
limitation of the study by Pueyo et al. (2011) is that it does allow for investigation into the

contributions of different ionic currents to BVR, as wellthe combined effect of the stochastic



8.1 Introduction 166

behaviour of different ionic currents on BVR. On the othemdhéhe stochastic behaviour of five
ionic currents, namely the sodium curreft;,,, the slow and fast delayed rectifier potassium
currents, [k, and I, the inward rectifier potassium curreif;;, and the L-type calcium cur-
rent /o, are considered in Lemay et al. (2011). They investigatectfeets on BVR of the
stochastic behaviour of each current individually as weltembined, and their results showed
that beat-to-beat variability in the AP is primarily caussd/ i, and I, in single cells. How-
ever, a limitation of this study is that a purely computaibapproach is taken. Furthermore,
for both studies they use a fixed parameter set and only varmamber of channels in each
simulation. This means the conductance of each channelaniys with channel number, but
the maximum conductance is determined by the model. Thexeddimitation of both studies,
(Pueyo et al., 2011; Lemay et al., 2011), is that they do nowalor investigation into how
the effects of stochastic ion channel behaviour on BVR maglitberent in cells with different
combinations of maximal conductances of the repolarisatiorrents. In this study we build
on these previous works, considering the effects of inttinsise in multiple currents and use
a combined computational and experimental approach tsligage the ramifications of such
stochastic behaviour on the AP. Furthermore, we take intowd cell-to-cell differences in
ionic conductances by considering a population of modealsh evith a different set of conduc-

tance values, rather than a single model as in previousestudi

Based on previous experimental studies (Zaniboni et al0R{Krogh-Madsen, 2004) we hy-
pothesise that fluctuations in the four key repolarisatiorrents: the rapid delayed rectifier
potassium ") current [, the slow delayed rectifiek* current,/, the transient outward

K* current,Ir,;, and the L-type calciuma?") current,l,;, caused by the stochastic dy-
namics of the ionic channels, contribute to the beat-td-be@ability in repolarisation duration

(BVR) measured experimentally in canine ventricular myesyunder control conditions. Fur-
thermore, we postulate that the stochastic behaviour etlvarrents also contribute to the

change in BVR, caused by complete pharmacological block.ofor I-,. We speculate that
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the stochastic behaviour of these four currents is impoitaBVR since these are the main
ionic currents that drive and control this phase of the Altitarmore, we expect ionic currents
with smaller channel numbers to contribute more to repsddion variability than those with
greater channel numbers. This is because smaller chanmdlars lead to greater fluctuations
in the ionic current, which we anticipate will manifest agaper variability in the AP duration

(APD), as was found to be the case in (Pueyo et al., 2011).

The variability in repolarisation duration can be quantifie different ways, as discussed in
Chapter 2 Section 2.3. Previous computational studiesy@Peteal., 2011; Lemay et al., 2011)
have focused on the variance in the APD to quantify BVR. Thgimam and minimum, Pueyo
et al. (2011), in the APD has also been used to evaluate megatian variability. In this study,
we also employ the short-term-variability (STV) in APD meeges described in Chapter 2 Sec-
tion sec:STV. While this measure is frequently used in expental and clinical studies, to
the best of our knowledge no computational study has dydictked the intrinsic stochastic
behaviour of ion channel dynamics with this quantificatidteat-to-beat variability. We use
it in this study for two main reasons. Firstly it quantifieg thariations between consecutive
beats, which some have hypothesised to be an important facpredicting arrhythmic risk
(Hinterseer et al., 2008). Secondly this measure has be®msio be a potential biomarker for
assessing an individual’s vulnerability to arrhythmic migeand the proarrhythmic potential of

drugs (Thomsen et al., 2006; Hinterseer et al., 2010).

In previous studies, cell-to-cell variability (extringioise) has been implemented by randomly
generating the number of channels to be used in a particntaiiaion from a given distribu-
tion. In (Pueyo et al., 2011), the number of channels is asgumfollow a truncated Gaussian
distribution, where the mean number of channels is esturfaben experimental data. Whereas
Lemay et al. (2011) assume a Poisson distribution with meéanrmel numbers estimated from
the literature. This approach uses a fixed value for the maxiroonductance of the channel,

and so the magnitude of the current between simulations\arlgs with respect to the num-
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ber of channels. However, as well as variations in the nurmbehannels between different
cells, there is also variability in the maximum conductaatthe ionic channels, as a result of
extrinsic noise. Since intrinsic and extrinsic noise atated, it is difficult to separate these
two different effects within the experimental data. Therefwe consider the effects of both
intrinsic and extrinsic noise in this study by constructangopulation of deterministic models
to capture cell-to-cell differences, and then incorpoigithe intrinsic stochastic behaviour of

ion channels into each model.

Initially we construct a population of deterministic moslevhere each model has the same
structure for the equations but a unique set of conductantees forix,, Irxs, I1o1, Icar
and I, (the time-independent potassium current). Furthermoeeemsure the APD values
of all models in the population lie within experimental ranigoth under control conditions
and pharmacological block. From the conductance level am @aodel we then estimate the
number of channels used in the stochastic simulations Il¥#ithee stochastic behaviour of ion
channels is incorporated into each model using the mathesh&gchniques developed in this
thesis. Therefore we arrive at a population of stochastidetsy each with a unique set of
ionic conductance values and channel numbers, and wheneneadel captures stochastic ion
channel dynamics. The population of stochastic modelsoampr is therefore advantageous
since it allows us to investigate the effects of both extdd intrinsic noise, both of which
arise in the experimental data, on beat-to-beat variglilitepolarisation and directly compare
with experimental observations. To the best of our knowdetlgs is the first population of

stochastic models to be constructed in this way.

8.2 Methods

We begin by constructing a population @éterministic models. Each model has the same
structure, based on an existing cardiac model, but the atadce of the repolarisation currents

are unique to each model in the population. The model stregtuthen altered in order to
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describe the stochastic ion channel dynamicxof Ik, I, andls,;, and so we arrive at a
population ofstochasticmodels. In Figure 8.1 we describe in a flow diagram the majpssite
the construction of the population of stochastic modeltsgiwith the experimental data used

at each step.

The canine epicardial model by Decker et al. (Decker et 8092, provided the basic model
structure for the population of models, since it is the mstatdate electrophysiological model
of the AP in a canine myocyte. This model is an extension ofedudier Hund-Rudy model
(Hund and Rudy, 2004) and incorporates updated versionkeofransient outward current
(I1.1), the slow component of the delayed rectifier potassiumecui ), the L-type calcium
current (,z) and the sodium potassium pump. Due to the complexity of tvekBr model we
do not give further details here. For a full description af thodel the reader is referred to the
original papers (Decker et al., 2009), (Hund and Rudy, 2684)ell as the authors webstte
where full MATLAB and C code is freely available.

We implement a refinement to the dynamics/gf;, as in (Pueyo et al., 2010) in the Decker

model. Namely the steady state activation parametefdgr (ACT.,.) is calculated as follows,

1
(1 + exp(—(V — 15.3356)/10.7558)) ((1 + exp(—(V + 12.8824)/2.1957)))"
(8.1)

ACT, =

This change has been made to ensure agreement in the mayploblihhe AP between simula-

tion and experiments whelia,;, undergoes complete pharmacological block.

Twww.rudylab.wustl.edu/research/cell/code/AllCodes
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Figure 8.1 Diagram of the steps involved in the construction of the pajan of stochastic
models.

Decker model
Single cell AP data

Single cell voltage
clamp data 1 \
Step 1

Step 2
Estimate single channel Construct population of
current/unitary conductance deterministic models

. ° V4

Estimate the number of channels in each
model in the population
Step 4

Incorporate stochasticity into I, lgs, lcar o1

4

Population of stochastic models

We describe in greater detail each of the main stages in thetrewtion of the population of
stochastic models, as well as the experimental methodsiandasion protocols used in this

study.

8.2.1 Construction of the Population of Deterministic Modds

Experimental observations are affected by both intrins@textrinsic noise, and so it is difficult
to separate the variability due to the intrinsic stochdsticaviour of ion channel dynamics from
the variations caused by cell-to-cell differences in cartdnce levels within the experimental
results. Our aim is to compare the results from the stoahastidel with those obtained exper-
imentally and so the effects of cell-to-cell differencesstioe represented within the model as
well as the intrinsic stochastic behaviour of ion chann&lerefore, instead of using one model
that is tied to a single parameter set we construct a populafimodels, each with a unique set
of ionic conductances. This population therefore takes agcount the effects of extrinsic and

intrinsic noise, both of which contribute to the beat-t@beariability observed in individual
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experimental traces as well as differences between traces.

To construct the deterministic population of models (stépthe flow chart in Figure 8.1), the
current equations fof.,., Ik, IT,1 andlq,;, in the Decker model were multiplied by a scaling
factor p. Out of all possible combinations of different scaling st which we refer to as the
scaling space, a sample from this space was obtained usind baged sampling method. In

this way we obtain an initial population of ‘potential’ det@nistic models.

In brief, the grid based sampling approach taken is as falldvine scaling factor of each current
was varied simultaneously over a given range for each cufen/, /., andIr,; this range
was|0.5, 1.5] and was chosen in order to allow for both(#% decrease and increase in maximal
conductance of these currents. Fgr. the range was set to be.2, 1], since upon block of the
I, current, the original Decker model produced an increaskarAPD that was greater than
the maximum increase in APD from experiments, suggestiagtimductance ofx, is much
greater than that observed in experiments. Therefore waatidhcrease the conductance of
this current and furthermore reducég, more than the other three currents. We also found
that block of/; in the Decker model produced a smaller increase in APD thamiimimum
increase observed experimentally, suggestingithatonductance is lower in the Decker model
than in the experimental results. Therefore, we found flatalso needed to be rescaled in
order to ensure that there was overlap between the APD ofaghel@tion of ‘potential’ models
and the experimental data. For this current we only incidise conductance of this current

by up to80%, and so the scaling range wids1.8|.

Therefore we obtain a five-dimensional hypercube whichasgmts the space of different scal-
ing factors over which we want to sample. Each scaling irtleis/then further divided into
five equally spaced subintervals, that is the five-dimeradibgpercube is subdivided into five
smaller five-dimensional hypercubes of equal size. Withrheone of these smaller hypercubes
a point is picked at random to provide a scaling factor foheaarent. More precisely, within

a given hypercube this point is obtained by first generativey dniformly distributed random
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numbers. Each of these is assigned to one of the edges of pleeclpe, which represent one
of the five scaling factors. For a given interval (edge of tiipdicube), the random number is
multiplied by the length of the interval and the minimum oétimterval is added to obtain a
value for that scaling factor. This is done independenthefach of the five scaling factors. In
this way we obtain a discrete set of scaling values that isesgmtative of the space of possible

scaling factors.

Note that since we only consider scaling five currents, webhe to use this simple method to
obtain a representative sample, without the problem bewgeomputational infeasible. How-
ever, if more currents or parameters within the model wdmvald to vary, then more sophis-
ticated sampling methods, such as the Latin Hypercube rddffioKay et al., 1979), would

need to be employed to obtain a representative sample oféfiag space (Britton et al., 2012).
We do not provide further detail of such methods here, sihisthesis is primarily concerned

with modelling intrinsic variability and we refer the intsted reader to (Gy, 1992).

Throughout this study we use the APD %1% repolarisation AP Dy,, to compare between
experimental and simulated results because it is the mamdaiker for repolarisation. For each
model theAP Dy, is calculated under control conditions and pharmacoldditeck, and the
change inAP Dy, due to block of the currents is also calculated. If all thdgeDy, values do
not lie within experimental range then the model rejectednfthe population. Therefore, the
AP Dy, and change il P Dy, as a result of current block in each of the models within thal fin
population lie within experimental range. The experimbraiage was taken to be the maximum

and minimum reported P Dy, values from experiments under each set of conditions.

8.2.2 Simulation Protocol for the Population of Determinigsic Models

Each model in the potential population was simulatedsfobeats at a basic cycle length of
1000 ms under the following conditions: control conditions (mwrents blocked), complete,..

block, completd x, block, 95% block of I,;, and complete block of -, combined with90%
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block of I7,,. X% block of a current was simulated by multiplying that currbptl — X /100.
The deterministic simulations and the grid based sampliag garried out by a PhD student,

Oliver Britton from the Department of Computer Science,wénsity of Oxford.

For each scaling set (i.e. each model in the population) dhewing were calculated from
the simulations AP Dy, under control conditionsd P Dy, after drug block, absolute change in
AP Dy, as a result of drug block. Due to the variability in thé’ Dy, between successive beats
in the experimental recordings, the mea® Dy, over the last five beats was taken in order to
construct the population of deterministic models. Thawefm the deterministic simulations the
mean in thed P Dy, over the last five beats was calculated to ensure conformitgiparisons

with experimental results.

8.2.3 Noise Analysis

We estimate single channel current values gt and I,;, from experimental macroscopic
current traces obtained from voltage clamp experimentsgusie whole cell configuration of
the patch clamp technique (stépn the flow chart in Figure 8.1). To obtain such estimates
the open channel probability was first approximated for eachent using nonstationary noise
analysis. While nonstationary noise analysis also prevetgimates for the number of chan-
nels and the single channel current, some studies suggegstubh estimates are not reliable
without imposing constraints on the estimated variablesdle, 2006). Therefore stationary
analysis is then applied to obtain an estimate for singlawcbkcurrent. This approach of using
a combination of non-stationary and stationary fluctuatinalysis is described in (Pueyo et al.,
2011), and this part of the work was carried out in collaboratvith Dr Esther Pueyo from the

Universidad de Zaragoza.

Experimental/x, traces were measured in canine ventricular myocytes gftgdyiag 500ms
long depolarizing voltage pulses from40mV to test potentials ranging from20mV to

50mV, where the change in voltage over this range wasV (Szabd et al., 2007; Szen-
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tandrassy et al., 2011). Similarly,,;, traces were measured after applyingp@ms long pulse
from —40mV to test potentials ranging from15mV to 0OmV, where the change in voltage
over this range waSmV. For each test potential, seven experimental traces wexktosper-
form the fluctuation analysis. The ensemble mean and variaiheach set of current traces was
calculated once the current had reached steady-statey bisistationary analysis (as described
in Chapter 2 Section 2.6) the mean and variance corresppmalitne different test potentials

for I, andlq,;, were fit to the following equation
02 = Myly — mi/Nl,, (8.2)

wherei, is the single channel curren, is the number of channels amd, ando? are the
mean and variance in the macroscopic currentefer K's, CaL. This fitting was done using
the inbuiltfminconfunction in MATLAB. The resulting function is plotted in Agmdix B along
with the mean and variance for the experimental currenetrat different test potentials. The
estimates obtained faY, Ncar, ixs andic,;, were then used to calculate the open probability

for each test potentiapy. ., p&, ;.. using the following formula
py = mj, /(i Ns), (8.3)

forz = Ks, Cal, wherem is the mean macroscopic current for test poterfial

The current traces for the test potential at which the esadhapen probability was maximal
were used for stationary analysis. Har, this wasb0mV and for I, it was —10mV. For
this specific voltage, the estimates for the mean open pilalgdbr each channelpg., pcar,
were used. The power spectral densities (PSDs) of the mé#rasted current traces fdy,
and/q,, respectively were calculated once steady-state had lkeeehed. The single channel
current forl, i, Was evaluated as the integral over the averaged PSD dikid#ek product

of the time-averaged mean current dndp>?,, (Pueyo et al., 2011). The single channel current
for Icar, icar, Was calculated analogously. The mean open probabilised to estimate the

single channel current?, andp_Y , are the estimated values obtained from the non-stationary
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fluctuation analysis. The spectrum plot showing the regiitse stationary analysis is given in

Appendix B.

8.2.4 Estimating the Number of Channels

The number ofl -, and I-,;, channels in each model was estimated as follows ($tepthe
flow chart in Figure 8.1). For each model in the population etiedministic models/x, and
Ic,p, traces were simulated using the same voltage clamp pro&sdol experimentslx, was
calculated for a voltage step 60 mV, while for I, the voltage step was 10mV, which
correspond to the voltage values when the estimated op&alpitidy of each channel type was
maximal. The macroscopic curretf;, and/,;, and channel open probabilityx s, pca.r, Was
calculated at the end of the simulated time interval. Thelmenof channels was then calculated

using the following relation

forx = Ks, Cal wherei, is the single channel current estimate from the fluctuatralyeis
and/, andp, are respectively the total ionic current and the proportibchannels in the open

state from the final time point in the simulation of the detigristic model.

The number ofl,; and Ik, channels are estimated using unitary conductance valoas fr
the literature. No such values for either current could biiolkd for dog from the literature.
Therefore forlx, we used the unitary conductance valueadf33s pS for human ventricular
myocytes given in (Veldkamp et al., 1995), which is simiawalues reported in other species;
2.2768 pS in mouse ventricular myocytes (Xin et al., 2002)4856 pS' in rabbit ventricular
myocytes (Veldkamp et al., 1993) and974 pS for guinea pig atrial myocytes (Shibasaki,
1987) (all values given for an extracellular potassium eoi@tion of5.4 mM). For Iy, the
unitary conductance value 610912 pS for rabbit ventricular myocytes reported in (Fedida and
Giles, 1991) (value given for an extracellular potassiumoemtration ofs.4mM) was used.

The maximal conductance value for each model in the popmatias divided by the unitary
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conductance from the literature to obtain an estimate femtimber of/;,; and %, channels

in each model.

8.2.5 Population of Stochastic Models

We modified the equations in the Decker model that descrieadyimamics of the following
repolarisation currentsx, Icar, Ik andlIr,; to include the intrinsic stochastic behaviour of
these channels (stepin the flow chart in Figure 8.1). This same modification was entl
each of the models within the population of deterministiclels. The Decker model describes
the kinetics ofl ., and /¢, using a Markov formulation according to the state diagramsrg

in Figures 8.2 and 8.3, respectively,, is assumed to possess two distinct open statesu(d
0,), as islg,r (O andO*). The kinetics of the remaining time dependent ionic cugeme

described using the classical Hodgkin-Huxley formulation

Sincelx, andlq,;, are described using a Markov formulation in the Decker magelconstruct
the stochastic model for these channels based on theiratesp&inetic diagrams, given in

Figures 8.2 and 8.3, in terms of a reflected SDE, as descnib@tapter 6.

Figure 8.2 State diagram of thé,, dynamics in the Decker model.

4a 3a 2a a
C2CECEC=C
. b , 2b . 3b 4 4b 5
b <l Al b
3a 2a a
CECECEC
s b . 2b . 3b
i+l ot
2a a
D —_—
2
Cm 2b v 3b 2
b
a
= C
a—
2 3b 4




8.2 Methods 177

Figure 8.3 State diagram of thé&-,;, dynamics in the Decker model.

A

0
e, 3201
247

The reflected SDEs describing the stochastic dynamidsof and I, therefore take the fol-

lowing form,

AdYcar, = HearYoardt + ﬁECaLFCaL (Year) AW car, + dK cqr, (8.4)

dst :HKsstdt+\/%KSEKSFKS(yKS)dWKS_'_dKKSJ (8.5)

whereNN,, is the number of channels of ion typexr = CalL, Ks, and the matrice#l,, F,, .,

x = Cal, Ks, are given in Appendix C. On the other harg, and/r,; are modelled using
the Hodgkin-Huxley formulation, whergy, is assumed to posses a single activation gate
andIr, is described by three identical activation gates & fast inactivation gate () and a
slow inactivation gatei(). As discussed in Chapter 4 Section 4.1, incorporatinghststicity
directly into the Hodgkin-Huxley formulation of ion chardmynamics can lead to inaccuracies
in the stochastic dynamics. Therefdig. and /., kinetics were reformulated in terms of the
equivalent Markov formulations by assuming that each cowation of gating positions is a
distinct channel state, and so the dynamicggf and I1,; can be described by the following

kinetic diagrams respectively:

ax,.
X'r‘,() : Xr,l
Bx,
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wherea, andg, are the closed to open and open to closed transition rasgseatvely, for gate

of typey andy; denotes the state whergates of typeg, are open.

The stochastic dynamics of the ion channels fgy and I1,; are again described using the
reflected SDE formulation, based on the kinetic diagramsrgabove. The reflected SDEs for

Ik, andlr,, are, respectively

1
dyrr = (ax, — (Bx, + ax, ) yr,)dt + \/N—KT\/OéXT + (Bx, — ax, ) yxrdWi, + dK g, (8.6)

AYro1 = Hro1 Y, dt + ﬁETmFTol(yTol)dWTm + dK 1o, (8.7)

whereN,, is the number of channels of ion typex = Tol, Kr, and the matriceél .1, Fro1,
Er,1, are given in Appendix C. In (8.6), is simply the proportion of channels in the open
state, and due to the conservation in channel numbers, dtipeion of channels in the closed
state is simplyi — yx,. The entries of the vectong.,; , ¥ x., andy,,, give the proportion of
CalL, Ks andTol channels, respectively, in each state, and the orderingesietvectors are
defined in Appendix C. The most important state, in terms efdijinamics of the membrane
potential, is the proportion of channels in the open stateézh of these channels, which are

as follows,

CaLl?" = ycar(2) + ycar(4), Ks™" =yrs(1) +yxs(2), Tol™" =yru(l). (8.8)
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At each time step the voltage and ionic concentrations asanasd to remain constant and
the reflected SDEs are solved using the projection methaehgivChapter 6 Section 6.2 and
described in (Dangerfield et al., 2012). The voltage andth#ovariables in the original Decker
model are then updated using the Euler method. Due to tHeestff of this system, the time

step must be taken to ke 0.009ms in order to resolve the upstroke of the AP.

8.2.6 Population of Stochastic Models Simulation Protocol

For each model in the population of stochastic models, a thBO beats was simulated at a
basic cycle length of000 ms, as in experiments, and this was repeatetimes. TheAP Dy,
was calculated for each beat in each of the simulatiGOsiepetitions were used since using
twice as many simulations altered tR&V 4 ppgo by less than 0% and the mean and variance
in AP Dy, by less tharb%. Therefore, due to the computational intensiveness of eatbf
simulations, we conclude simulations would provide sufficiently accurate estimdteshe
measures ofd P Dy, variability considered here30 beats were used to calculate beat-to-beat
variability in AP Dy, since this is the number of beats used in previous studiealtulate

STV, (Thomsen et al., 2004, 2005, 2006).

The variability in AP Dy, was quantified using the following three measures: shamt teri-
ability in APDgyy (STVappeo), the range inAP Dy, and the variance il P Dy,. These mea-
sures were calculated for each simulation oM@beats and the mean and standard deviation
over the50 simulations was taken for each measure. B8/4pp9y Was calculated using the
following formula, "

STV = " |APDy, — APDy " /(V2 x 29), (8.9)

n=2

where AP Dy, is the AP Dy, calculated at beat. The range inAP Dy, was defined to be the
difference between the maximum and minimd® Dy, and the variance was calculated in the
standard way. We also computed the mddnD,, for each model of the stochastic population.

Simulations of the population of stochastic models werégpered using the resources of the
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Oxford Supercomputing Centre (OSC).

8.2.7 Experimental Methods

Single cell experimental data is used both to construct dpulation of deterministic models
and also to obtain estimates for single channel currenteofidtrr repolarisation currents, which
is subsequently used to estimate the number of channels4d Pli&,, recorded from single cell
experiments under control conditions and as a result of bliack are used to determine bounds
within which the behaviour of the population of determirdshodels lies. This is to ensure that
the population of models lies within experimentally obserbehaviour. Furthermore, measures
of short-term variability inAP Dgyy, STV sppgo, from these same experiments are compared

with simulation results from the population of stochastiodals.

All experimental data obtained is from single canine ventdar cells. Experiments were done
by Dr. Norbert Szentandrassy and Dr. Laszl6 Virag fréma University of Szeged, Hungary.
Experimental conditions are described in (Szabo et a72and (Szentandrassy et al., 2011).

Here we provide a summary.
Cell Isolation

Single canine ventricular cells were acquired from adu#dbe dog hearts by enzymatic dis-
persion using the segment perfusion technique as preyidesicribed in (Szabb et al., 2007;
Szentandrassy et al., 2011). Animals were anesthetizbdimg/kg ketamine hydrochloride
(Calypsolvet) plus 1mg/kg xylazine hydrochloride (Romgtesing intravenous injection. The
heart was quickly removed after opening up the chest and tadwon Landendorff perfusion
apparatus. Here the heart was perfused through the lefi@descending coronary artery for
the first five minutes using the following solution, Ca2+efi@IM solution (Minimum Essen-
tial Medium Eagle, Joklik modification; Sigma Chemicalspguct no. 0518, St Louis, MO,
USA), supplemented with taurine (2.5 g/l), pyruvic acidgig/l), ribose (750 mg/l), allopuri-
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nol (13.5 mg/l) and NaH2PO4 (200 mg/l), to remove Ca2+ anddbfoom the tissue. NaHCO3
(1.3 g/l) was then added to the solution and the pH of thisysate was 7.0 when gassed with
carbogen (95% 02 + 5% CO2). Cell dispersion was then perfdrime30 min in this solu-
tion with the addition of collagenase (660 mg/l, Worthingtls-1), bovine albumin (2 g/l) and
CaCl2 (50 M). The solutions were gassed with carbogen anekthperature was maintained at
37°C during the isolation procedure. Cells were storetdaC in modified JMM solution (pH
7.4) until use. Experimental protocol conformed with thimgpiples outlined in the Declaration

of Helsinki and was approved by the local ethical committee.

Action Potential Recordings

Only rod-shaped viable cells showing clear striations wesed and all electrophysiology mea-
surements were performed3t C'. These were sedimented in a plexiglass chamber and contin-
uously superfused with oxygenated Tyrode solution. Traambrane potentials were recorded
using3 M KClI filled sharp glass microelectrodes with tip resistaheeveer20 and40 M2 and
these electrodes were connected to the input of an AxocBhamplifier (Axon Instruments
Inc., Foster City, CA, USA). Cells were paced through the@rding electrode at a steady cycle
length of1 s usingl ms wide rectangular current pulses with 120% threshold énga. Time-
dependent changes in the APD were negligible for at least iBOumder these experimental

conditions since the cytosol was not dialysed (Szabb €2607).

Before drug application, APs were recordedfoninutes to allow the cells to reach equilibrium.
Providing AP parameters remained stable during this pethedexperiment was continued,
otherwise it was aborted. After this initial peri6d consecutive APs were recorded with a basic
cycle length of1000 ms, which were used for APD variability measurements undetrol
conditions. To test the effect of drug, the drug was applieer ahe control measurements
were recorded and an incubation periodsof 6 minutes was applied, which was adequate

to obtain the steady state drug effect. Once agairtonsecutive APs were then recorded
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with a BCL of 1000 ms for APD variability measurements due to the effects ofydrirhe
following drug concentrations were used, along with thenested channel block0.1,M of
dofetilide which completely blockedy,. (5 data sets)).5uM HMR-1556 which completely
blocked/k, (9 data sets) antluM nisoldipine which give95% block of I, channel (3 data
sets). The effects of double channel block were also inyatd using.5,M HMR-1556 plus
additional100M Chromanol293B which gives completdx, block and 90%I,; block (7
data sets). After measurements were taken for the init@legiion of HMR-1556, Chromanol
293B was applied and again allowed to obtain the steady statpeifect before 50 consecutive

AP measurements were taken.

Voltage Clamp Recordings

For voltage clamp recordings, cells were superfused wiglgerated Tyrode solution and ex-
periments were carried out at°C'. Suction pipettes were fabricated from borosilicate glass
and had a tip resistance afM( after filling with pipette solution containing (all in mM),
K-aspartate 100, KCI 45, K-ATP 5, MgCI2 1, EGTA 10, and HEPE®H 7.2) for measur-
ing potassium currents or alternatively KCI 110, KOH 40, EGID, HEPES 10, TEACI 20,
MgATP 5, GTP 0.25 (pH was adjusted to 7.2 with KOH) for measgicalcium currents. To
measure the potassium curreritgM nisoldipine was added to the oxygenated Tyrode solution
in order to completely block the inward calcium curreft (). For measurements @f,;, 3

mM 4-aminopyridine was added to the oxygenated Tyrode soldtcaliminate the transient
potassium outward current. Membrane currehts (I, Ic.r, andlr,) were recorded with the
Axopatch-2B amplifier using the whole cell configurationlod patch clamp technique (Hamill
et al.,, 1981). After establishing a high (110 GW) resistaseal by gentle suction, the cell
membrane beneath the tip of the electrode was disruptedrthefusuction or by applying.5

V electrical pulses for 1 ms. The series resistance wasdipi¢8 M2 before compensation

(usually 50-80%) and experiments were discarded when tiessesistance was high or sub-
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stantially increasing during the measurement1080 Hz low pass filtering (Bessel filter, 80
dB/decade) was applied to the analogue current signalseb#fe outputs from the amplifier
were digitized at 100 kHz under software control (pClamp BxXbn Instruments Inc.). The re-
sults were analysed using software programs purchasedXrxam (pClamp 6.0 and 7.0, Axon

Instruments, Foster City CA, USA).

8.3 Results

We begin by showing results that confirm each model in the jadipn does indeed lie within
experimental range, and we also compare the estimated muhtieannels for each ionic cur-
rent with those previously reported in the literature. Rissare then presented from simulations

of the population of stochastic models.

8.3.1 Population of Deterministic Models

Out of an initial potentiaB125 deterministic models, only3 models remained within the pop-
ulation after comparison with experimental data. For eaddehin the population, the final
AP trace, simulated according to the protocol given in $&c8.2.2, is plotted using differ-
ent colours, with the red vertical lines indicating the nmaxim and minimum experimentally
observedAP Dy, values. The blue star trace is the AP for the original Deckedeh The
five different conditions used to calibrate the populatimshown, namely: control conditions
(top), completd k. block (middle left), completd, block (middle right), completéy , block
and 90%I7,; block (bottom left) and finally 95%,,;, block (bottom right).
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Figure 8.4 Single AP traces obtained using the population of detestimmodels, plotted on
top of one another, simulated under the following differemditions: control conditions (top),
completel, block (middle left), completéy , block (middle right), completéx, and90% I,
block (bottom left),95% Ic.. block (bottom right). Red vertical lines are the maximum and
minimum A P Dy, values from experimental data for the same protocol as isithelations and
the blue AP is for the Decker model without any rescaling efitmic currents. In simulations
the pacing rate, i.e. the basic cycle lengthl,(80 ms.
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Figure 8.4 shows that for each of t28 models in the population, thd P Dy, lies within
experimental range both under control and drug block camdit Indeed, this is not the case
for the original Decker model, which results in too long aniARhe presence of complefg,
block in comparison with the experimental data used in thidys Figure 8.4. Therefore, from
Figure 8.4 we conclude that the population of determinrsiociels constructed here provides a

group of models, each with a unique set of conductances amthehnumbers, that results in
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experimentally observed behaviour.

Number of Channel Estimates for Each Model

As described in Section 8.2.1, for each model in the poparati,, s, Icar, ITo1 @Nd Ik

are individually multiplied by a unique scaling factor. $l@quates to increasing or decreasing
the conductance of these currents by some percentage. W tioat in all the models the con-
ductance of ¢, ., I, andlr,; was decreased with respect to the original Decker modeésalu
The maximum and minimum percentage decreases across tbhapop for each current are
shown by the red dots in Figure 8.5 (left). On the other hdpd,and [k, conductance was
increased with respect to the original Decker model valaed,again the maximum and mini-
mum percentage increases are shown by the blue dots in Edu(keft). (See Appendix D for

the scaling factors for each model individually).

Figure 8.5 Left: Maximum and minimum percentage change in the poputadi models with
respect to the original Decker model for each current. Péage decrease is shown by the
red dots and percentage increase by the blue dots. Rightindiaxand minimum number of
channels in the population of models for each current.
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The maximum and minimum in the estimated number of chanmelgdch ionic current is
shown on the right hand side of Figure 8.5 (see Appendix DHergstimated number of chan-

nels for each model individually). Since each model in thpydation has a unique number of
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channels for each current, it is difficult to directly compaine number of channels estimated
here with those reported in previous studies. Thereforesamgpare the mean number of chan-
nels for each current, where the mean is taken ove2imodels in the population and from

our results we estimate these tohe; = 5148, Iy, = 685, [, = 8874, I1,, = 4730.

The number oflx,, Ic,;, and Ik, channels have previously been reported in Lemay et al.
(2011), although these estimates were based on the FablgriRodel, (Faber et al., 2007),
which described the AP in a guinea-pig ventricular myoather than a canine cell. Therefore
it is unsurprising that number dic,, Ik, andIq,;, channels estimated here varies from those
reported in (Lemay et al., 2011). In particular, the numidefQ; channels is around twenty
times smaller than in (Lemay et al., 2011), where it was estoh to bel07, 726, the number

of I, channels estimated here is about half that estimated ingiexnal., 2011), where they
report it to bel4, 962 and the number of . channels is about two and a half times smaller
than that reported in (Lemay et al., 2012) 715). These differences in channel number are most
likely due to the differences between the two models usedtimate them, which in turn could

be due to variations between species.

In Pueyo et al. (2011) the number bf, channels in endocardial, epicardial and midmyocardial
cells in both human and guinea-pig myocytes are estimatied) tise Faber-Rudy model for
the guinea-pig cells, (Faber et al., 2007), and the Ten Thessmodel for the human cells,
(Tusscher and Panfilov, 2006b). Interestingly the numbdigefchannels we report is similar
to the estimated number for guinea-pig endocardial cellPureyo et al., 2011) where the
number of channels is estimated tod286. However, our estimate is two to three times larger
than reported values for human midmyocardial cgii§)() and guinea-pig midmyocardial cells
(2286), a third smaller than values reported for human epicaatdl endocardial celld 2000)

and half the value for guinea-pig endocardial c2l00), all values as reported in (Pueyo et al.,
2011). Again these differences are most likely due to diffiees in the models used to estimate

the number of channels, which could be due to species \amiati
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The number of ionic channels is important in the populatibstochastic models, since in the
stochastic model of ion channel dynamics the noise termesaaith1/v/'N, whereN is the

number of channels. Therefore, the smaller the number ofreda the larger the fluctuations
in the stochastic simulations of the ion channel dynamicksmthe number of channels de-
termines the amount of variability that arises in the moded tb the stochastic ion channel
behaviour. We now discuss the results from the simulatidrthi@® population of stochastic

models.

8.3.2 Population of Stochastic Models Simulations

The Population of Stochastic Models Reproduces Experimeat Variability in - AP Dy

We first investigated the effects of incorporating the séstic behaviour of all four of the
repolarisation current$c,r, k., Ixs and Ir,; on the three measures @dfP Dy, variability

under control conditions. Results of the mean, and the meatandard deviation (shown as
error bars) for each model are shown in Figure 8.6 along wighrhaximum and minimum

experimental values.

Figure 8.6Error bars showing the mean (blue dots) and the metre standard deviation (blue
error bars) for each measure4P D variability, calculated oves0 simulations, plotted for each
model in the population of stochastic models whésg;,, I, Ik, andIl ., are all stochastic.
The APD variability measures are as followsiT'V,pp,, (top), range inAP Dy, (middle)
and variance il P Dy, (bottom).The maximum and minimum experimentally recordaldes
(solid horizontal red line) are also shown.
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For each model in the population, all three measures ofbiitielie within experimental range
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under control conditions, Figure 8.6, and the changd Dy, variability as a result of com-
pletel, block or completdx, block also lies within experimental range, Figure 8.7. Efare
Figures 8.6 and 8.7 confirm that the stochastic populationaxfels reproduces experimentally
observed levels of beat-to-beat variabilityArP Dy, under both control and drug block condi-

tions.

Figure 8.7 Error bars showing the change in the mean (blue dots) andhtlrege in the mean
+ the standard deviation (blue error bars) for each measurar@nce as a result of complete
Ik, block (left) or Ik, block (right), calculated oves0 simulations, plotted for each model
in the population of stochastic models whé¢g;, Ik, Ixs and Ir,, are all stochastic. The
variance measures are as follows'Vpp,, (top), range inAP Dy, (Middle) and variance in
AP Dy, (bottom).The maximum and minimum experimentally recoreeddes (solid horizontal
red line) are also shown.
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Contribution of Each lonic Current to Variability

Next we investigated the effects of each ionic current iittiglly on the variability inAP Dy,

by incorporating the stochastic behaviour of only one iaoigent at a time into the model. We
take the mean over the entire population for each measurariafility, so as to try to separate
the effects of the intrinsic stochastic behaviour of ionrekel dynamics, from the effects of

cell-to-cell differences within the population. Resulte ahown in Figure 8.8.
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Figure 8.8 Histogram showing the mean variability P Dy, across the population from sim-
ulations where all currents are stochastic, and also wloahasticity is incorporated into each
current individually. The measures of variability &®'V 4 ppgo (top left), range inA P Dy, (top
right) and the variance id P Dy, (bottom). The error bars in each plot illustrate the stadidar

deviation across the population.
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The stochastic behaviour di, contributes the most to all measures 4P Dy, variability,
Figure 8.8, with the stochastic behaviourlgf. alone able to reprodud®% of the STV ppgo,
82% of the range iINAP Dy, and61% of the variance inAPDy,. I,z iS the next largest
contributor to all measures ofP Dy, variability. Finally I, andI;,; both contribute the least
to all measures ofl P Dy, variability. Also, from Figure 8.8 it is clear that each amt alone
can reproduce more thay4 of the variability observed when all currents are stocleastnd

so the contribution of the four different currents does rear to combine in a simple linear

manner.
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Relationships Between Variables

We explore possible relationships between the measurd$aély, variability and the channel
numbers, to provide insight into the possible mechanisnderying beat-to-beat variability in
repolarisation. All the results presented in this secti@fieom simulations of the population of
stochastic models where stochasticity is incorporatemthnd four repolarisation currents,,,
Ik, Ixs andIy,; simultaneously. We perform linear regression, firstly ombmations of two
variables, and then on multiple variables, to try to uncgwaential correlations. This is done
using the inbuilt MATLAB functiongolyfit, in the simple two variable case, arefjressin the
multiple variable case, both of which use a least squarebaddb estimate the coefficients in
the linear model. To assess how well the linear model obdafren the regression analysis
represents the data we calculate the coefficient of detetram more commonly referred to
as theR? statistic. In the case of the two variable linear regressiomis simply the square
of the correlation coefficient, which indicates the stréngt linear dependence between two
variables. Therefore, thB? statistic gives some idea of the goodness of fit, with a vafue o
indicating that the model perfectly fits the data and a vafueindicating no linear relationship
between the variables. Therefore this statistic can be tasder potential linear relationships
between variables and the strength of these correlatiarsa fore detailed discussion see for

example (Draper and Smith, 1998).
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Figure 8.9 Left: Relationship between th€T'V,ppgg (top), range (middle) and variance (bot-
tom) in AP Dy, and the meanl P Dy, (blue stars). Right: Relationship between 88V 4 ppgo
and the range i P Dy, (top) and also betweefTV,ppgo and the variance il P Dy, (bot-
tom). The fitted linear model is the red solid line in each plod theR? value from the linear
regression in each case is given. All values are calculated §imulations where stochasticity
is incorporated into all ionic currents.
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We first investigated the relationship between mddnD,, and the three measures 4P Dy,
variability. The correlation betweeST'V,ppgo With the range and variance iAP Dy, was
also considered. Results are shown in Figure 8.9 along Waht statistic for each linear
regression. Thek? value is greater thaf.86 and so is close ta for the linear regression of
all three measures of variability iAP Dy, and meamd P Dy, left hand side of Figure 8.9. In
particular, theR? value is greatest for the linear regression of the varighbiti AP Dy, and
meanAP Dy, and is smallest for th6 TV ,ppg and meamd P Dy,. TheseR? values suggest
that there is a strong linear correlation between the meBiv,, and beat-to-beat variability
in AP Dyy. Furthermore, the fitted linear model suggests that thigissitive correlation, with
greater variability when the meahP Dy, is large, left hand side Figure 8.9. The right hand side
of Figure 8.9 suggests that there is a positive correlateween theST'V4ppgy and the range
and variance iMPDy,. However, theR? value is much lower than in the case of the linear
regression with the meatP Dy, suggesting that the linear correlation betweenXh& 4 » pog
and the range and variance4rP Dy, is much weaker than the correlation betweshl 4 p pgo

and meamd P Dy.

We explored the potential linear relationships betweemtimber of ion channels of each type
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with the three measures of variability and the mean. The oldgr relationship we found
between the measures df Dy, and the number of channels was ,, and so only these

results are plotted in Figure 8.10.

Figure 8.10Relationship between the measuresiéf Dy, variability, the meam P Dy, and the
number oflk, channels in each model. The measures\6fDy, considered areSTV4ppgo
(top left), variance iNAP Dy, (top right), range inAP Dy, (bottom left) and mean ial P Dy,
(bottom right). The fitted linear model is the red solid lineeach plot. All values are calculated
from simulations where stochasticity is incorporated iafidonic currents. The?? values are
given in Figure 8.11
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The fitted linear models (red solid lines) in each of the piotEigure 8.10 suggests that the
number of/, channels is negatively correlated with all the measuresnéhility as well as
the meanAP Dy,. Thus there is greater variation and me&f Dy, when the number of
channels is small. These correlations do not appear to biecag s the relationship between

the measures of variability and the me&R D, since theR? values are lower.

To try to investigate the effects of all channel numbers emtieasures ol P Dy, variability and
the meanA P Dy,, we performed multiple linear regression analysis. Testatistic for each
measure ofAP Dy, is shown in Figure 8.11 along with th@® statistic from the two variable

linear regression for each of the currents individually.
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Figure 8.11Histogram of theR? values obtained from the two variable linear regressiotyana
sis and the multiple linear regression analysis for the remobchannels (both individually and
combined) and the following measures AP Dqy: STV sppgo (tOp left), variance inAP Dy,
(top right), range INAP Dy, (bottom left) and mean id P Dy, (bottom right).
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For all measures ol P Dy, R? is very close to 1 when the number of channels for all currents
is considered. Indeed including all currents seems to gthem the relationship between the

number of/x, channels and the measuresA® Dy, shown in Figure 8.11.

8.4 Discussion

Summary of Main Findings

We have shown that the stochastic behaviour of the four agjsaltion current$y.,., Ik, ITo1

and/.,;, contribute to beat-to-beat variability ihP Dy, under control conditions as well as the
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increase in beat-to-beat variability in response to coteddock of eitherl,. or I, currents
observed in experiments. We found that thg current contributes the most to beat-to-beat
variability in AP Dy, with the I,;, current being the second largest contributor. Furthermore
the stochastic behaviour of each current individually i &b reproduce more thaty4 of the
beat-to-beat variability i P Dy, when all currents are stochastic, and so the contribution of
the stochastic behaviour of each current to beat-to-be&biity in AP Dy, do not combine

in a linear way. Finally we found there was a strong positisgeation between the mean
AP Dy, and beat-to-beat variability iA P Dy, and that the mead P Dy, in turn was negatively
correlated with the number df;, channels. Furthermore, the relationship between the numbe
of channels and beat-to-beat variability A/ Dy, is strongest when the number of all ionic

currents is considered.

Current Fluctuations Due to the Stochastic Behaviour of lonChannels Contributes to
BVR

Since the variability of all models in the stochastic modepplation lie within experimental
range for both control and drug block conditions (Figures @hd 8.7) this confirms that the
population of stochastic models successfully captureB¥MR in canine single cell experi-
ments. Furthermore, the stochastic behaviour of the fourégolarisation currentdy,., Icar,
17,1 and Ik, only was represented in each of the models. Thereforeg tlessilts provide ev-
idence to support our initial hypothesis that the stochdsthaviour of these four currents are

an important contributor to variability id P Dy, in single cell experiments.

However, throughout the population the” Dy, variability for all three measures seems to be
consistently towards the lower end of the experimentaleaagd this is particularly noticeable
under complete block of ., and Ix,. This suggests an additional possible mechanism is in-
volved in beat-to-beat variability id P Dgyy. For example, the stochastic behaviour of the fast
sodium current/y,, may also play a role in beat-to-beat variability AP Dy,. We did not

include the stochastic behaviour of this current since greability occurs in the repolarisation
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phase of thed P and/y, is mainly involved in the depolarisation phase. Furthemntre study
by Lemay et al. (2011) found that;, contributed little to beat-to-beat variability P Dyq un-
der control conditions. Howevefy, is thought to play a role in repolarisation reserve, (Varrd
and Baczkod, 2011), and so the stochastic behaviour of tii®iet may play a role in beat-
to-beat variability inAP Dy, particularly under conditions of reduced repolarisatieserve
such as drug block. Indeed this could explain why the Dy, variability is most noticeably
towards the lower end of the experimental range when theeslisced repolarisation reserve as
a result of[x, or I, block. Therefore, while the population of stochastic medigs within
experimental range, since they all lie towards the minimupeementally observed value, this
suggests that other mechanisms are involved in beat-tovagability in AP Dy, such as the
stochastic behaviour diy,. In particular, these additional mechanisms seem to plagateyr
role when there is reduced repolarisation reserve, siregahability in AP Dy, as a result of
I, or Ik, block lie much closer to the minimum values from experimehgs under control

conditions.

Stochastic Behaviour of/x, Contributes the Most to BVR

The stochastic behaviour éf-,. contributes the most to all three measured 6Dy, variability,
Figure 8.8. The mean number 6f, channels across the populationsi& which is6 times
smaller than the mean number &f,; channels4730), 7 times smaller than the mean number
of I, channels §148) and 13 times smaller than the mean numberigf, channels §874).
Therefore, our results support out initial hypothesis thatstochastic behaviour of the ionic
current with the smallest number of channels plays the gseable in beat-to-beat variability.
Ik, is avery important current in repolarisation and so it igljkthat the prominent role dfx..
fluctuations in BVR is the combined effect of larger currentfuations due to smaller channel

numbers and the significance b§, during repolarisation.

Interestingly, our results suggest that individual cutrridunctuations do not combine in a lin-
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ear manner, in terms of the total variationAd® Dy, when the fluctuations of all currents are
considered, as can been seen in Figure 8.8. Therefore nissae though the fluctuations of
individual ionic currents may become dampened by the sgiithiaehaviour of other currents,
which is not surprising due to the complex nonlinear refalap between the ion channel dy-
namics and the membrane potential. We note that this reifigitsdwith the findings in (Lemay
et al., 2011), where they find the total variation is the surthefindividual ionic contributions.
In (Lemay et al., 2011) the stochastic model depends on afgpeanductance value for each
current, and the only variability that arises is as a resulhe stochastic behaviour of the ion
channels. However, we use a population of models to accoutié cell-to-cell differences in
maximal conductance of each ionic current. In the poputadiostochastic models used in this
study there is variability due to both the intrinsic stodiwlsehaviour of ion channel dynamics
and the different sets of conductance values used in eackelm®berefore, our results show
that when the effects of extrinsic noise are considered mtzoation with the effects of intrin-
sic noise due to stochastic ion channel behaviour, the aoedlontribution of the fluctuations
of individual ionic currents on beat-to-beat variabilityd P Dy, does not follow a simple linear

relationship.

STVappgo IS Weakly Correlated with the Range and Variance inAP Dy,

STV 4ppyo IS positively correlated with the range and variancd Dy, which is unsurprising
since all are different measures of beat-to-beat vartghili AP Dy, (right hand side of Figure
8.9). However, thek? value, which indicates the strength of the relationshiporigy 0.62
for the STV ppeo and the range i P Dy, and 0.67 for the STV 4ppgo and the variance in
AP Dy,. Since both these values do not lie closé tavhich indicates a perfect correlation, this
indicates that the relationship betwe&h'V 4 ppgo and the range and variance AP Dy, is not
strong. Therefore, th&* values shown in Figure 8.9 suggest that there are diffeseincthe

information captured by th&7'V measure and the range and variancd inDy,.
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Mean AP Dy, and Number of I, Channels are Closely Related to BVR

Our results show that there is a strong positive correldbetmveen the all three measures of
beat-to-beat variability il P Dyy, and the meanl P Dyy. We note that this does not necessarily
imply that larger meam P Dy, causes increasedP Dy, variability, since the meanl P Dy,
itself is dependent on a number of factors, such as the céslce of ionic currents as well
as the structure of the model itself. However, this resulvigles evidence that larger mean
AP Dy, could be an indication of reduced repolarisation reservichvn turn results in greater

variability in repolarisation.

The negative correlation in the number Bf, channels with the three different measures of
AP Dy, variability suggests the number 6f, channels is related to the beat-to-beat variability
in AP Dy, (Figures 8.10 and 8.11). Furthermore since Rtevalues between the number of
Icar, Ixs and Ir,; and the measures of P Dy, variability are all close td) (Figure 8.11),
this implies the number of each of these channels indiviguwak not associated to beat-to-
beat variability inAP Dgyy. Thus, taken together this suggests that it is only the nuwibg,.

channels that affects beat-to-beat variabilityliR Dy, Figure 8.11.

However, there is also a strong negative correlation betweenumber of .. channels and the
meanAP Dy,, which in turn is strongly correlated with the three measwfed P Dy, variability,
Figure 8.9. TheRk? value for the relationship betweeti'V,ppgo and meand P Dy, is greater
than for STVappgo and the number of i, channels. This suggests that the mebRD,,

is more important in determining the magnitudeSif'Vppgo. The relationship between the
number of/x, channels and meaAP Dy, further implies that smaller numbers of channels

lead to greater meaAP Dy, which in turn results in large$T'V4ppoo.

While individually the number of .., Ix,, andIr,; channels were not found to be related
to the measures of P Dy, variability and meam P Dy, the linear combination in the number

of Icar, Ik, Ixs and Iy,; channels was strongly associated with the measure$iaby,
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variability and meam P Dy,. This suggests that the level of variability is not dependerthe
number of channels of an individual current, but it is the bamation of the number of all the
repolarisation currents that has the greatest effect omidagnitude ofAP Dy, variability as

well as meamd P Dyy.
Implications of the Findings

Beat-to-beat variability i P Dy and in particulaiST' V4 p pgo have been shown to be a biomarker
of arrhythmic risk in single cell experiments, (Abi-Gergssal., 2010). Therefore it is impor-
tant to understand the mechanisms underlying BVR withiividdal cells. The work of this
study provides evidence supporting the hypothesis that B\tlee manifestation of the stochas-
tic behaviour of individual ionic channels. In particuldte meanA P Dy, and the number of
Ik, channels were found to be closely related to the magnitudeeaf-to-beat variability in
AP Dgyy. These results build on the previous findings of Pueyo e8l11) and Lemay et al.
(2011), providing a greater understanding of the link betwBVR and repolarisation reserve
within cells. This is particularly applicable to the devefoent of new drug compounds where
STV appgo IS used to measure repolarisation reserve in single cebtraxents, (Abi-Gerges

et al., 2010).

8.5 Chapter Summary

In this chapter we applied the reflected SDE method developéus thesis to describe the
stochastic behaviour of the four key repolarisation cusgia..;,, I, Ixs andIr,;, in a canine
ventricular cell model, so as to investigate the effects wfttlations in these currents on the
variability of the APDy,. To account for differences in the number of ion channelsvben
cells we first constructed a population of stochastic mqoaash of which had a unique number
of channels as well as a unique conductance for the corrdsgpourrent. Furthermore, the

population of models was constructed in such a way so as &eagth experimental data un-



8.5 Chapter Summary 199

der control and drug block conditions in deterministic siations. The population of stochastic
models was then used to simulate the temporal variabilitlyed P Dy, and the following mea-
sures were used to quantify this variabilit§y7'V 4 ppgo, the range inAP Dy, and the variance
in AP Dgyy. The results presented demonstrate that the intrinsibastic fluctuations in the re-
polarisation currents contribute to beat-to-beat valitghn AP Dy,. Furthermore, the current
with the smallest number of channels, namgly, contributes the most to beat-to-beat variabil-
ity in APDy,. We presented evidence showing there is a stronger retaijptetween mean
APDy, and STV ppgg than between the number 6f, channels andTV4ppgo SUggesting
that meanA P Dy, is more important in determining the magnitudeSf'V,ppgo. HOwever,
our we also found a strong relationship between mé&,, and the number of,. channels.
Therefore our results suggest that the numbelixgfchannels is important in determining the

magnitude of the meaA P Dy, and this in turn affects the magnitude of th&'V 4 ppgo.



Conclusions and Future Work

We conclude this thesis by reviewing the accomplishmestsised in the previ-
ous chapters. We begin by recapping the initial motivatarliis thesis and briefly
summarise the work undertaken to achieve these goals. tioB&c2 we describe
the key contributions of this work. Possible improvementhé models and nu-
merical techniques, as well as extensions to the simulatiody, are discussed in

Section 9.3. We end with some concluding remarks.

9.1 Summary

Sudden cardiac death as a result of the development of caadiaythmias is one of the main
causes of death world-wide. Many of the mechanisms unaeylfie development of such ar-
rhythmias remain incompletely understood and so biomartkert successfully predict the onset
of such a condition have become an important tool in reduttiegncidence of life-threatening
arrhythmias. In recent years, multiscale biophysicalltadied computational models devel-
oped in conjunction with experiments, have played a pivatkd in advancing our knowledge
into why, when and how arrhythmias can develop, as well astigeng biomarkers that pre-
dict arrhythmic risk. However, such models ignore the \ality both intrinsic and extrinsic to

cardiac dynamics.
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In particular, the magnitude in the beat-to-beat variaiorthe electrical dynamics of the heart,
observed in clinical and experimental recordings, haven lsd®wn to correlate well with the
incidence of arrhythmia and so this is a potentially powlarew biomarker of arrhythmic risk.
This beat-to-beat variability is thought to be caused bystbhehastic dynamics of ion channels
that lie in the membrane of cardiac cells and play an impontale in cardiac electrophsyi-
ology. However, most computational cardiac cell modelsoaterministic and so are unable
to simulate such variability. Furthermore, studies thateh@@ied to incorporate stochastic ion
channel dynamics into computational cell models are etharputationally intensive, limiting
their applicability to simpler cell models, or are not guaeed to give biologically realistic
simulations. The goal of this thesis is therefore to addilesse issues in a mathematically rig-
orous manner by developing computationally efficient araddgically accurate models of the
stochastic behaviour of ion channel dynamics within cardell models. Such tools open up
the possibility for future in-depth investigations intceb¢o-beat variability in complex cardiac
cell models, an area previously restricted by the limitagiof the stochastic description of ion
channel dynamics. Indeed, in the final part of this thesis nmvsthe potential value of the
mathematical models developed here in uncovering the fa®ohastic ion channel dynamics

in beat-to-beat variability.

We began in Chapter 2 by describing the structure and fumctiadhe heart. Particular atten-
tion was given to the electrophysiology of single cardiadscand the role of ion channels in
the generation of an action potential (AP). We describednework that suggests beat-to-beat
variability in the duration of the AP could be an indicatorasf individuals arrhythmic poten-
tial. This provides the motivation for why we want to incorpgte stochasticity into existing
cardiac cell models. In the second part of this chapter weetliour attention to computational
modelling of cardiac cell electrophysiology, providingthackground on the current state of
the field. We began with a thorough review of cardiac cell tetgzhysiology models that have

been developed over the past 60 years, beginning with thendrbreaking work of Hodgkin
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and Huxley, and Noble, right up to the most recent biophylsidetailed models of human car-
diac cells. Finally we discussed the few studies that hawestigated the causes of beat-to-beat

variability and the limitations of these works.

In Chapter 3 we introduced the mathematical theory that iedeghe models and simulation
techniques developed in this thesis. In particular we desdrthe different regimes for mod-
elling and simulating stochastic behaviour of ion chanyelanics, and the way in which these
approaches are related. Particular attention was paidthastic differential equations, SDEs,
and we discussed numerical methods that can be used to apptexsolutions to such equa-
tions. The SDE model of ion channel dynamics provided theistapoint for our investigation

into a stochastic model of ion channel dynamics since itesniost computationally efficient
stochastic method, and so allows for incorporation into glem cardiac cell models in a com-

putationally tractable way.

In Chapter 4 we discussed the two main challenges posed hyating stochastic ion chan-
nel dynamics within existing cardiac electrophysiologif oedels that have arisen within the
literature in recent years. Namely, that the SDE model otimennel dynamics frequently em-
ployed in the literature does not preserve the statisticgdgrties of the discrete-state Markov
chain model, and secondly, that the solutions to the SDE hwaatebecome negative, which is
biologically unrealistic. We showed that the first issueims@y dealt with by formulating the
SDE in terms of the whole channel dynamics rather than ingeshithe collective behaviour
of hypothetical gating variables, as was the approach pusly employed in this field. The
second issue is not so easily solved and the remainder aflthjgter was devoted to analysing
the simplest SDE model of ion channel dynamics, where tharatas assumed to be either
open or closed, to shed light on the causes of this issue. Weeshthat the root of the issue
lies with the form of the SDE model itself, rather than the eucal method used to simulate
the dynamics, as is the common assumption within the liteeat This finding provided the

rationale behind the two biologically accurate methodsetigped in this thesis. That is, we
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focus on ensuring the SDE model of ion channel dynamicd pseVides biologically realistic

solutions.

In Chapter 5 we described a possible approach to overcomisghe of negative solutions
discussed at the end of Chapter 4. We approximated the iomeh&DE model by the Wright-
Fisher model, a system of SDEs whose analytic solutionsiremighin a biologically realis-
tic region. Current numerical methods are unable to prestr® boundaries inherent in the
Wright-Fisher model. In the literature, the common apphdaacdeal with this issue is to make
alterations in the numerical scheme, to force the numeajgpfoximation to remain in the de-
sired region. However, to the best of our knowledge, sudratibns have never been shown
to converge to the solution of the SDE model. Therefore, va& # more rigorous approach
and developed a new numerical scheme called the BISS maetloch we proved preserves
the boundaries inherent in the Wright-Fisher model. Stroogvergence of this numerical
scheme was proved in the simple one-dimensional case (whehannel can be either open
or closed), and shown numerically for a multidimensionabelo Finally, in this chapter we
demonstrated that alterations commonly employed in tkedlitire to force the numerical solu-
tion to remain in the correct region, can bias the mean of thigMtFisher model. Therefore
the BISS method developed in this chapter provides an ingmnewt to the numerical schemes

previously employed to numerically approximate solutitmthe Wright-Fisher model.

Since the issue with biologically unrealistic solutionsthe SDE model was shown to be a
result of the form of the model itself, at the beginning of @Gtes 6 we reviewed the deriva-
tion of the SDE model from the discrete-state Markov chairdeho This analysis suggested
that solutions to the SDE model can go negative because theboy conditions imposed on
the continuous-state stochastic process, whose tragstare described by the SDE, have, in
some sense, become ‘lost’ in formulating the SDE. We theeedscussed how to incorporate
boundaries into the ion channel SDE model to ensure anaigtitions remain in a biologically

realistic region, and the resulting system is known in ttexditure as a reflected SDE. Further-
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more, we argued that the reflected SDE model of ion channelrdigs is consistent with the
approximation of the discrete-state Markov chain by a cadus-state stochastic process. To
the best of our knowledge the reflected SDE model has notquslyi been used to model ion
channel dynamics and is a novel approach to dealing withssgei of biologically unrealistic
solutions to the SDE model. Finally, in this chapter we rexd numerical techniques from the
literature that have been developed to solve such systeeguaitions and in particular, detail
the method employed in this thesis. The reflected SDE meteeéfore is an alternative SDE
model of ion channel dynamics to that given in Chapter 5 tinguees biologically realistic

solutions.

The two SDE models developed in Chapters 5 and 6 are botht@t8DE models of ion chan-
nel dynamics that ensure biologically realistic solutiaBmce the main goal of this thesis is to
develop a stochastic model of ion channel dynamics thattis t@mputationally efficient and
accurate, in Chapter 7 we compared these two methods agadiscrete-state Markov chain
model which is taken as the ‘gold-standard’ within the htere. The original Hodgkin-Huxley
model, as well as a variant of this model, were used for thepasison since the Hodgkin-
Huxley model provides the basis for most cardiac cell etgidtysiology models. The first two
moments in the number of open channels calculated usingmbeéSDE models were com-
pared with the discrete-state Markov model to determineatioeiracy of the two SDE models
in preserving the statistical properties of the ‘gold-sfanl’ approach. We also considered the
action potential statistics of the two SDE models develdpdtiis thesis, along with an alter-
native SDE model recently employed in the literature, touemshe SDE models accurately
capture the variability in the action potential that arideg to the stochastic behaviour of the
ion channel dynamics. From these comparisons it was claatltia reflected SDE captured the
dynamics of the ‘gold standard’ stochastic simulation radtimore accurately than the Wright-
Fisher model and the SDE model from the literature. FinaWy,also compared the average

simulation time for the two SDE models developed in thisithaad the discrete-state Markov
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chain model. It was clear that the reflected SDE was the fastethod, particularly for large
channel numbers. The analysis of this chapter showed thaeflected SDE method developed
in this thesis not only ensures biologically realistic $mlns, but is also computationally effi-
cient and accurately captures the stochastic dynamiceaftid-standard’ approach, therefore

successfully achieving the main goal of this thesis.

The reflected SDE model of ion channel dynamics is appliechiap@er 8 to investigate the role
of stochastic ion channel dynamics in the beat-to-beaaldity in the action potential duration
(APD) in a canine cardiac cell model, using a combined sitralaand experimental approach.
First a population of models, each based on the same modetivark but with different pa-
rameter values, is constructed to account for the vartgtmétween different individuals within
the population. Next the stochastic behaviour of the foyrrk@olarisation currents is incorpo-
rated into each model using the reflected SDE method dewetiaghis thesis. This population
of stochastic models is used to show that the beat-to-beatiigy caused by these four repo-
larisation currents lies within experimental range undehlrontrol and drug block conditions.
Furthermore, our results showed that the stochastic betawif the rapid delayed rectifyer
potassium current/{.,.) channels contributes the most to beat-to-beat varigbiftnally, our
results suggest that the mean APD is important in determitiie magnitude of variability,
with larger mean APD leading to greater variability, butttheean APD is in turn related to
the number off i, channels. The simulation study undertaken in this chagerahstrates the
potential power of the reflected SDE method in elucidatiregdbtential causes of beat-to-beat

variability.

9.2 Key Contributions and Main Findings

In addressing the first main goal of this thesis we have deeelanodelling and simulation
techniques of ion channel dynamics in a mathematicallyrage manner, that had not hitherto

been done, and so is a key contribution to the area of stachmestelling and simulation of
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ion channel dynamics. Through the analysis in the secondop&hapter 4 we showed that
the issue of biologically unrealistic solutions to the SDEdal lies with the form of the SDE
model itself. This marks a major shift in the current thirkiwithin the stochastic modelling
community as to the cause of biologically unrealistic sols to the SDE model and therefore
is an important contribution to this area. Furthermores #nalysis provides a new rationale in
dealing with this issue in a mathematically rigorous way aritle approach adopted throughout
the thesis. This approach is an improvement over previdesnats to deal with this issue
with the SDE model where alterations in the numerical scharaeemployed that can lead to

erroneous understanding of the system and introduce limghe results.

The first key contribution of this thesis, presented in Caapt was to show that by formulating
the SDE model in terms of the whole channel dynamics, ratiem the behaviour of hypo-

thetical gating variables, the SDE model preserves thiesstal properties of the discrete-state
Markov chain model. Therefore, the contribution of this wbas been to dispel the implication
within this research community that the SDE model of ion etguaynamics does not preserve

the statistical properties of the discrete-state Markaircimodel.

The next contribution, presented in Chapter 5, was to shaw dtochastic ion channel be-
haviour can be approximately modelled by a system of SDEsinwonly referred to as the
Wright-Fisher model, whose analytic solutions remain with biologically realistic region.
We also developed a numerical method, the BISS method, to@nsimerical approximations
preserve the boundaries inherent in this system of equatamcurrent numerical techniques
are unable to do so. The work from this chapter thereforevalfor the simulation of ion chan-
nel dynamics using an SDE model that ensures simulationaineim a biologically realistic
region. Furthermore, the Wright-Fisher model is frequeathployed in the field of population
dynamics and so the BISS method provides a contributionisoattea, since it preserves the
boundaries of this model in the numerical approximatiorhauit the need for any alteration to

the numerical scheme. This represents an improvement giopsaapproaches within this field
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to numerically solve the Wright-Fisher model. Indeed tiseiesthat current numerical methods
are unable to preserve the boundaries inherent in SDE msdglsommon challenge in many
areas of stochastic modelling, such as in financial modgllks such the BISS method is po-
tentially applicable to a wider set of bounded SDE modelshss the Cox Ingersoll and Ross
(CIR) model of short term interest rates used in financial @llowy. During the construction of

this method we developed insight into the convergence aisady SDEs whose coefficients do
not possess the Lipschitz condition, which we expect to Ipdicable in the numerical analysis

research community to a wider set of problems.

The reflected SDE model presented in Chapter 6 provides amwggrtant contribution of the

first part of this thesis. It provides a computationally e#it method for simulating stochas-
tic ion channel dynamics that preserves the stochasticvimiraof the discrete-state Markov
model, as well as guaranteeing analytic and numericalsaadns remain within a biologically

realistic region, as illustrated in Chapter 7. This modelland simulation method allows for
stochastic ion channel behaviour to be incorporated imaptex cardiac cell electrophysiology
models, as well as potentially into tissue level models, ao@putationally tractable way, but
not at the cost of biologically accuracy. Balancing compatel efficiency with accuracy in

modelling the intrinsic stochastic behaviour of a systemgballenge in modelling many phys-
ical systems. Indeed, the reflected SDE method describedpnevides a general framework
for modelling stochastic dynamics of physical systems y@axmate methods in an accurate
and efficient way and is applicable to a wide class of problefss work therefore opens up
the potential to accurately investigate the effects oftsstic ion channel behaviour in com-
plex multiscale models, an area previously restricted byithccuracies of the SDE modelling

approach.

The final key contribution of this thesis were the conclusifmom the combined simulation
and experimental study into the effects of stochastic ianalel behaviour on the variability in

the action potential (AP) of a canine ventricular myocytesented in Chapter 8. Due to the
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complexity of the most up to date canine cardiac cell modan@ly the Decker model), with-
out the novel stochastic modelling and simulation techesgdieveloped in this thesis such an
investigation would not have been possible as the probleotiditave become computationally
intractable and also inaccurate. That is why previous etidave employed simpler cardiac cell
models, such as the Faber-Rudy guinea pig model, (Lemay, @04l1; Pueyo et al., 2011), in
order to investigate the effects of stochastic ion chanyehdhics on AP variability. We showed
that the beat-to-beat variability in AP duration causedhsygtochastic ion channel behaviour
of the four key repolarisation currentgy,., I, I7,1 andlIq,z, lies within experimental range
and that/, is the largest contributor to beat-to-beat variability.r@esults also suggested that
the mean AP duration was significant in determining the ntagdei of the variability. Beat-
to-beat variability in AP duration is thought to be a measnireepolarisation reserve and so
is a potential biomarker for prediction of arrhythmic riskherefore the findings of the simu-
lation study undertaken in this thesis are important siheg shed light on the role stochastic
ion channel dynamics play in beat-to-beat AP variabiliturtRermore, this study shows that
the stochastic model of ion channel dynamics developedsriliesis can be successfully em-
ployed to capture stochastic ion channel behaviour witardiac cell electrophysiology models
in a computationally efficient and accurate manner. We edxpesto be applicable to the con-
struction of in-silico methods for testing new drug compasirsince the stochastic ion channel
model allows for simulation of beat-to-beat variability it is a new biomarker of arrhythmic
risk. We also anticipate these methods to aid in future etuhito the underlying mechanisms

of beat-to-beat variability in repolarisation.

9.3 Future Work

We now suggest a number areas of potential future researetvegin by considering the mod-
elling and numerical aspects that could be improved or d@esl. We then discuss the way in

which the simulation study presented in Chapter 8 could benebed to improve our understand-
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ing of the role of stochastic ion channel dynamics in bedidat variability in repolarisation

and the implications for arrhythmia development.

9.3.1 Improvements to Modelling and Simulation Methods

The BISS method for the multidimensional Wright-Fisher mlogas only shown to converge

numerically in the strong sense in Chapter 5. Therefore aroab extension would be to ana-
lytically prove this convergence. The difficulty, as witteteimple one-dimensional (two state
model) case, is that the diffusion coefficient does not BSattee Lipschitz condition, and so

many standard results from stochastic analysis can notgieedpHowever, since the diffusion

coefficient satisfies the weaker Holder condition, the memphes used in the one-dimensional
case to obtain convergence could be extended to the muétidiional case. Future investi-
gations could also consider improving the strong converget the BISS method to higher
orders. For example, instead of using the balanced imptiethod to solve the SDE, the bal-
anced Milstein method (BMM) could be used instead. Since tiethod has a higher strong

order it is thought that this would improve the order of cagesce of the BISS method.

Through the use of reflected SDEs to model ion channel dyrgand the presentation of the
rational behind such a modelling approach, we have provédeavel technique to capture the
intrinsic stochastic dynamics of physical systems thasgmees the boundaries inherent in the

system. There are therefore many ways in which this workdcbalextended.

The first obvious avenue of future research would be to emiplege methods to study more
complex biochemical reaction networks and to see how thihiatecompares to the discrete-
state Markov model for these more involved systems. Anathes of possible future research
would be to perform a more thorough analytical analysis anr#éflected SDE model. It is
likely that the addition of the reflecting process will hawere effect on the mean and variance
of the original SDE model. This potential alteration couldnalytically quantified, so as to

gain a better understanding of the way the continuous-statdastic process behaves near the
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boundaries. Also, in a lecture series by Kurtz (Kurtz, 20879 author derives a reflected SDE
model for a simple single server queuing model directly fittv discrete-state Markov chain
model. An interesting future avenue of research therefangldvbe to try to extend these same
arguments to a model of ion channel dynamics so as to deeveetlected SDE model directly

from the discrete-state Markov chain.

As well as many future areas of possible investigation ineorhathematics underlying the re-
flected SDE model, there is also much that could be done ondhel@pment of numerical

techniques that better approximate solutions to suchmgst&here are a limited range of nu-
merical techniques for reflected SDEs and all have relatiosV orders of strong convergence.
The low convergence is mainly due to the fact that the procasdie in the correct region at

two discrete time points, but may have left the boundarid¢w/éen these time points without
any impact on the numerical approximation. This difficuthat arises in trying to accurately
approximate the reflecting process at the time discredisagiid points, has seriously hampered
the construction of higher order numerical methods. Tloeegfa great challenge for future
work is to try to determine a more rigorous manner of captuthre reflecting process so as
to improve the accuracy of the numerical approximationsftected SDEs. Such techniques
would be expected to lead to even better agreement in thagbc dynamics between the

reflected SDE and the discrete-state Markov chain model.

9.3.2 Investigations into the Effects of Stochastic lon Chanel Behaviour

The population of models, developed to incorporate thectsfef extrinsic noise, does not cap-
ture the full range of possible experimental behaviour. réfoge an obvious extension to the
work presented in Chapter 8 would be to determine a populaionodels that is more rep-
resentative of the experimentally observed behaviour.s Wauld allow for a more detailed
investigation into the relationship between intrinsic axdrinsic noise. This could be done

by varying more parameters within the model, as well as warjle parameters over a greater



9.3 Future Work 211

range in order to construct the population of models. Algathmber of traces for the ionic cur-
rent block experiments, which were used to construct thelladipn of models, was very small.
Therefore, obtaining a larger number of traces would imetbre accuracy in the estimation of

the experimental range used in constructing the populatiomodels.

The electrical coupling between cells at the tissue levédniewn to be a modulator of the

electrical dynamics seen at the single cell level. Indeeboth (Pueyo et al., 2011; Lemay et al.,
2011), electrotonic interactions between cells are shovdaimpen the effects of stochastic ion
channel behaviour under normal conditions. However, uodaditions of reduced coupling,

such as disease, these effects manifest themselves atgbe tevel. Therefore a clear avenue
of future research would be to incorporate the stochastglesicell model developed here into a
tissue level model, so as to compare the effects of stochastchannel behaviour at the single

cell and tissue level.

Modulation in pacing rate has also been shown to alter thextsffof stochastic ion channel
behaviour on beat-to-beat AP variability at the single talel, (Lemay et al., 2011; Pueyo
et al., 2011). Therefore, the methods developed here cauldsed to further investigate how
pacing rate is related to changes in the variability of thea&R result of stochastic ion channel

behaviour.

In the simulation study in Chapter 8 we only considered toetsistic behaviour of the four
repolarisation currents, and we did not consider the piatiegftects of the stochastic behaviour
of the fast sodium currenty, on beat-to-beat variability in repolarisation. This wasdugse
Iy, plays a major role in the upstroke of the AP, but is less premiluring the repolarisation
phase. However]y, is thought to play a role in repolarisation reserve, (Vaana Baczko,
2011), and so may be important in beat-to-beat variabpayticularly under pathological con-
ditions such as drug block. Therefore, the reflected SDE hmfden channel dynamics de-
veloped in this thesis could be used to model the stochastiawiour of the sodium current in

the Decker model. Such a study could provide further insigiat the mechanisms underlying
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beat-to-beat variability under control and pathologi@aiditions.

9.4 Concluding Remarks

Computational modelling and simulation have played an evare important and prominent
role in cardiovascular research in recent years. The denedat of mathematical descriptions
of the heart in combination with experiments has led to greeusight into the sub-cellular,
cellular and tissue level mechanisms of this complex antbprally multiscale biological organ
and what can happen when such mechanisms fail. However,devputational models take
into account the heterogeneities and intrinsic stochasti@aviour of the processes involved in
this system. In particular, models that have attempted ¢owt for the intrinsic stochastic

dynamics within cardiac cells are either computationaltgmnsive or inaccurate.

In this thesis we have developed mathematical modellingsamdlation methods that allow
for computationally efficient and accurate simulation otciastic ion channel dynamics within
cardiac cell electrophysiology models, whilst ensurinsons to the model itself as well as
simulations remain in a biologically realistic region, out the need for alternations to the nu-
merical scheme. The major contribution has been the propmdascribe the continuous-state
stochastic model of ion channel dynamics using a reflectefl. SDis represents a significant
advancement over previous SDE descriptions of the contisistate stochastic model, since
this method incorporates the boundary constraints of tiukdical problem into the model
formulation directly. This is much more satisfying thareaiihg the numerical method, which
can potentially bias the solution, as has been the approagiopsly employed in the literature.
Results indicate that the reflected SDE model accurateljuoegpthe stochastic behaviour of

the discrete-state Markov chain, whilst achieving a cogrsidle speed up in simulation time.

The results presented show that the reflected SDE model caseldeto efficiently simulate the

stochastic behaviour of ion channel dynamics whilst emgusttatistical and biological accu-
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racy. Furthermore, we implemented this method into a cacaémdiac cell electrophysiology
model, in order to undertake a preliminary investigatico ithe role of stochastic ion channel
behaviour in beat-to-beat variability in repolarisatidncell electrical dynamics. This study
not only showed the potential power of the reflected SDE modsimulating stochastic ion
channel behaviour within complex electrophsyiology medwlt also illustrated the role of the

stochastic dynamics of the repolarisation currents in-beéieat variability.

Unlike in previous studies, in this thesis we take a matheraldy rigorous approach to the
modelling and simulation of ion channel dynamics to allowifwvestigation into fundamental
guestions surrounding beat-to-beat variability that weeviously restricted by the limitations
of the stochastic modelling and simulation methods culyeerhployed. The tools developed
in this thesis and the preliminary results of the simulastudy could be built upon to provide
further investigation into the effects of stochastic ioachel dynamics on beat-to-beat variabil-
ity at the cellular and tissue level, both under normal artigdagical conditions. Such studies
are vital to improve our understanding into the mechanisnaetlying beat-to-beat variability,
a potential measure of repolarisation reserve, and inqudati to help explain the relation-
ship between beat-to-beat variability and the developroklife-threatening arrhythmias. It is
therefore hoped that the modelling and simulation tech#scalong with the simulation study
presented in this thesis provide a valuable contributidheédields of stochastic modelling and

simulation, and cardiac electrophysiology.



Hodgkin-Huxley Equations

A.1 Original Hodgkin-Huxley Model

The original Hodgkin-Huxley model assumes that the mend@otential is governed by a
stimulus current along with three ionic currents: a sodiwrrent (,), a potassium current
(Ix) and a leakage currenf). Iy, and Iy are both assumed to depend on the membrane
potential and so are time dependent while the leakage dusr&ken to be constant. The change
in transmembrane potentidl], is described by the following ordinary differential egoat

(ODE),

dVv 1
E = —E (GNapga(V — ENa) + GKpg(V - EK) + GL(V - EL) - I) : (Al)

The constants in the above formula afg,the membrane capacitande the stimulus current,
E;, the reversal potential for the current of tyjp@ndG;, the maximum conductance for current

of typei. These constants are taken to be the following values,

C =1uF/em* Gno, =120mS/em? Gg =36mS/em? Gp =0.3mS/em?  (A.2)

En,=116mV  Ex =-12mV  Ep =10.6mV,

and/ = OpA unless otherwise stated.
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In (A.1), p3¢ = m3h, p& = n*, where the gating variables, h andn are each described by

the following ODE,
di _
dt

for i = m, h, orn. The transition rates;, b; for i = m, h, n are taken to be the following

a; — (a; + bi)i, (A3)

functions of the membrane potentidl

25—V -5
am(V) = 0.1 Gy 1 b (V) :46( ) (A.4)
(+) |
— 20 —
an(V') = 0.07e , (V) = EEEGYOE (A.5)
.01 (10 — =
a,(V) = 0.01(10 — V) , (V) :0.125e<80 : (A.6)

T e((10-v)/10) _ 1
A.2 Variant of The Hodgkin-Huxley Model

In Chapter 4, a variant of the sodium and potassium chanmalrdics in the original Hodgkin-
Huxley model are used in simulations. The sodium and patasshannels are still assumed
to consist of the same gating variables as in the originalgkodHuxley model, however the
open to closed and closed to open transition rategndb; respectively, are taken to be the

following functions of the membrane potenti#l,

1872V —2541)  3.973(21.001 — V)

an(V) = 1 — e(25.41-V)/6.06 7 b = 1 — o(V42r7a)/941 (A7)
—0.549(27.74+ V) 22.57
an(V) = 1 — e(V+2774)/9.06 * P - 1 — e(36=V)/12.5’ (A.8)
0.129(V — 35) 0.3236(35 — V)
(V)= T im0 = (A.9)

1 — e(V=35)/10 °

The above formula describe the channel gating dynamicsrf@ualitory nerve fibre, and are

taken from Bruce (2009).

The variant of the Hodgkin-Huxley model, employed in the @ismions in Chapter 7 is again

taken from (Bruce, 2009). This model describes the gemeraif an action potential along
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an auditory nerve fibre. Unlike the original Hodgkin-Huxieypdel, the voltage is assumed to
be governed only by a single ionic current, the potassiumeoty/y,. Furthermore, instead
of determining the conductance of this channel as the ptoafuihe maximum conductance
and the proportion of open channels, it is equivalently deed by the individual current and
the numberof open channels. Therefore, the transmembrane poteWitias, described by the

following ODE,

W (= - ). A1)
The constants in the above equation &r'ethe membrane capacitande,the membrane resis-
tance,vy, the single-channel sodium conductance arttle stimulus current. In simulations
C and R are scaled with the number of channels assuming eitheraunshannel density or
constant membrane area, as described in Chapter 7. Thes\adlthee stimulus current used in
simulations are also given in Chapter 7. The remaining emtstare taken to be the following
values,

YNa = 25.69pS/channel  Ey, = 144mV, (A.11)

where N{, is the number of open sodium channels. The transition ratethém andh gates

are taken to be the same functions of the voltage as given by éhd (A.8).



Noise Analysis Figures

Figure B.1 Left: Mean and variance plots fdix, (top) and/q,;, (bottom). Right: Power
spectral densities fafy, (top) and/,;, (bottom).
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In the left hand plots in Figure B.1, the following contramere placed on the coefficients
estimated using thminconfunction in MATLAB: a, was set to b@®, a; was restricted to the
interval[0.1, co) anda, was restricted to the intervah-oo, —0.1]. For I, the estimated single
channel current i8.39123 pA for membrane potential equal 50mV . For I, the estimated

single channel current 550263 pA for membrane potential equal tel0mV'.
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Reflected SDEs for Decker model




C.1 Matrices for Io,;, RSDE
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C.2 Matrices for I, RSDE
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where the diagonal entries in the above matrix are given by,

08) =((a+3d),2(g+d+0b),(g+a+2d+b),2(a+d)),

(65, . .



(09, ...,012) = (39 +d+3b),(a+ 29+ d+2b),(2a+ b+ g +d),(3a+d)),

(513, ..

017) = (4(g+0b), (a+ 39+ 3b),2(a+b+g),(b+3a+g),4a).
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C.3 Matrices for I, RSDE
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Tables of Results from Population of
Models

Table D.2 Table of the scaling factors for each ionic currefat,;, Ik, Ixs andIx;, for each
of the models in the population. Note that the numbering efrittodels is arbitrary.

Model Scalingl,;, Scalinglx, Scalinglx, Scalinglx, Scalinglz,;

1 0.5074 0.7671 1.0995 1.7218 0.6747
2 0.5358 0.9415 1.4926 1.2454 0.7959
3 0.6094 0.9656 1.3389 1.4395 0.7951
4 0.5578 0.7076 1.1647 1.6082 0.7599
5 0.5375 0.9273 1.1510 1.5289 0.7031
6 0.7632 0.5698 1.3690 1.5866 0.8722
7 0.5336 0.7632 1.4255 1.5942 0.7613
8 0.7527 0.8266 1.4230 1.4949 0.8255
9 0.5123 0.8742 1.4088 1.5457 0.8802
10 0.7113 0.9110 1.4076 1.5014 0.8082
11 0.5212 0.6797 1.2733 1.7384 0.7054
12 0.5903 0.7200 1.2911 1.6628 0.8025
13 0.5237 0.8558 1.2781 1.6453 0.8678
14 0.8838 0.5857 1.4465 1.6642 0.8630
15 0.6855 0.8311 1.4807 1.7367 0.8852
16 0.7234 0.7345 1.3073 1.7261 0.8475
17 0.5275 0.9079 1.4529 1.7239 0.8509
18 0.7340 0.9476 1.4237 1.6411 0.8480
19 0.6270 0.7975 1.4775 1.4265 0.9241
20 0.7882 0.7234 1.4888 1.5627 0.9891
21 0.7432 0.9283 1.4725 1.4808 0.9250
22 0.6838 0.9064 1.4423 1.7953 0.9871

23 0.8271 0.9842 1.4743 1.6628 0.9401
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Table D.3Estimated Number of Channels for Each Model

Model NCaL NKr NKS NTol
1 4038 641 7103 3801
2 4264 787 9643 4484
3 4850 807 8651 4479
4 4439 592 7525 4281
5 4277 775 7436 3961
6 6073 476 8846 4914
7 4247 638 9210 4289
8 5990 691 9195 4650
9 4077 731 9102 4959
10 5660 762 9095 4553
11 4148 568 8226 3974
12 4697 602 8342 4521
13 4168 716 8257 4889
14 7033 490 9348 4862
15 5455 695 9568 4987
16 5757 614 8447 4774
17 4198 759 9387 4794
18 5841 792 9200 4777
19 4989 667 9547 5206
20 6272 605 9621 5572
21 5914 776 9515 5211
22 5442 758 9320 5561
23 6581 823 9527 5296
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