HELICITY-PRESERVING FINITE ELEMENT DISCRETIZATION
FOR MAGNETIC RELAXATION *
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Abstract. The Parker conjecture, which explores whether magnetic fields in perfectly con-
ducting plasmas can develop tangential discontinuities during magnetic relaxation, remains an open
question in astrophysics. Helicity conservation provides a topological barrier during relaxation, pre-
venting topologically nontrivial initial data relaxing to trivial solutions; preserving this mechanism
discretely over long time periods is therefore crucial for numerical simulation. This work presents
an energy- and helicity-preserving finite element discretization for the magneto-frictional system for
investigating the Parker conjecture. The algorithm preserves a discrete version of the topological
barrier and a discrete Arnold inequality. We also propose extensions of the notion of helicity and
the Arnold inequality to certain kinds of topologically nontrivial domains. Numerical experiments
demonstrate that helicity preservation is crucial in obtaining physically meaningful simulations of
magnetic relaxation, providing an example where structure-preserving schemes are necessary.
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1. Introduction. In 1972, FEugene N. Parker made a conjecture about the be-
haviour of magnetically ideal plasmas [36]. Although several different versions and
statements have been discussed in the literature [38], the essential claim of the Parker
conjecture is as follows: For almost all possible flows, the magnetic field develops tan-
gential discontinuities (current sheets) during ideal magnetic relaxation to a force-free
equilibrium. This is also known as the force-free version of the Parker conjecture,
and it has many important consequences in solar physics, including explaining the
mechanism of coronal heating. For a comprehensive literature review, see [38].

We focus in this work on the case energy is dissipated by fluid viscosity (the fluid
Reynolds number R. < oo), while the magnetic part is ideal (the magnetic Reynolds
number R,, = 00).

For general MHD systems, standard energy estimate indicate that the total energy
of the fluid and the magnetic field is non-increasing. Over a bounded, contractible,
Lipschitz domain  C R?, the (magnetic) helicity is defined

(1.1) H:= [ A Bdx.
Q

Here A is any potential for the magnetic field B satisfying B = curl A and Axn =0
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on the boundary 992, where n is the (outward-facing) unit normal. In the magnetically
ideal limit, this is an invariant under relaxation:

d
1.2 —H =0.
(1.2) L
The helicity provides a lower bound for the magnetic energy
(1.3) |H| < C*l/ B - Bdx,
Q

for some constant C' > 0. This is known as the Arnold inequality [7]; for complete-
ness, we include a proof in Appendix A. A significant consequence of the structure
(1.3) is that, despite dissipation in the energy, initial data with nonzero H cannot
relax to zero, as the total energy cannot decay below a certain multiple of |H|. As
helicity quantifies the knottedness of divergence-free fields [8,34], this reflects a topo-
logical barrier exhibited by knotted magnetic fields. This property is crucial for the
mathematical and physical behaviour of magnetic relaxation.

In numerical computation, however, the magnetic helicity H is typically not con-
served (or even potentially ill-defined if the discrete magnetic field is not divergence-
free). Thus, the energy of the numerical magnetic field may decay to zero, leading
to nonphysical solutions. Enforcing a discrete analogue of this topological barrier is
therefore crucial for meaningful long-term simulations. A further challenge for the
numerical investigation of the Parker conjecture is the resolution of tangential discon-
tinuities in B [38]. Numerical representations of the magnetic field must allow such
discontinuities.

In this paper we consider the magneto-frictional system, a simplified version of
the full time-dependent MHD equations [16,44],

1.4a) OB+ curl E =0,

1.4b) E+uxB=0,
1.4¢) j = curl B,
1.4d) u=rTj x B,

with initial data B|;—9 = By satisfying the magnetic Gauss law div By = 0; as a
consequence of the magnetic advection equation (1.4a), the magnetic Gauss law holds
for B at all times ¢ > 0. The parameter 7 > 0 is a coupling parameter.

Instead of coupling the velocity field w via the Navier—Stokes equations, the
magneto-frictional equations are closed by assuming a special form of w (1.4d). This
guarantees the magnetic energy £(t) := [ |B|? dz is non-increasing, with rate

(1.5) € = —27/ |7 x B|?dx,
Q

thus avoiding the exchange of kinetic energy and magnetic energy permitted in the
original MHD system. The system furthermore retains the conservation of magnetic
helicity H, preventing the decay to zero during relaxation via the Arnold inequality
(1.3) for initial data with non-zero . At a stationary state (0;B = 0), the dissipation
of energy (1.5) implies the Lorentz force j x B must vanish. Should such a solution
exist, it is referred to as a nonlinear force-free field or Beltrami field [38], coinciding
with an equilibrium of the full MHD system when u is given by the coupling with
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the Navier—Stokes equations. The existence of tangential discontinuities of the sta-
tionary solutions of (1.4) is therefore equivalent to the force-free version of the Parker
conjecture [38, Def. 2]. We consider the following boundary conditions

(1.6a) B-n=0, 7xn=0, ondf.
These imply
(1.6b) u-n=0, Exn=0, ondf.

The analysis of the magneto-frictional system (1.4) is of broad interest. Whether
the solution B is able to develop finite-time singularities remains open; for recent
progress in this direction, see [11,13,20].

The numerical challenges described above (i.e. both conserving the magnetic helic-
ity, and resolving tangential discontinuities) are pivotal when considering the magneto-
frictional system [38]. There is a rich literature on numerical investigation of magnetic
relaxation. Most existing Eulerian methods introduce artificial magnetic reconnection;
the topological structure is therefore lost, leading to non-physical solutions [49].

Regarding Lagrangian discretizations, Craig & Sneyd [18] developed a finite-
difference relaxation method to preserve the topology of the magnetic fields; this
has been used extensively to study the Parker conjecture [17,19,31,42,43]. A mimetic
Lagrangian method was proposed in [15] to ensure charge conservation. A variational
integrator for ideal MHD has been developed by [48], which is both symplectic and
momentum preserving; this method has been applied to examine the singularity of
the nonlinear force-free field [46,47]. However, Lagrangian methods suffer from strong
mesh distortions, preventing one from obtaining more conclusive results.

In this paper, we design a structure-preserving Eulerian finite-element discretiza-
tion for the magneto-frictional system. Our method relies on the finite element ex-
terior calculus (FEEC) [5,6,26] and a recently proposed framework for enforcing
conservation laws and dissipation inequalities [2]. We believe this to be the first
helicity-preserving Eulerian finite element method for this problem, which is highly
desirable in computational solar physics.

The fields in our scheme are discretized via finite element de Rham complexes.
In particular, the magnetic field B is discretized with the Raviart—Thomas [39] or
Brezzi-Douglas—Marini [14] finite element spaces, which (crucially) allow tangential
discontinuities. The method preserves both the dissipation of energy and conserva-
tion of helicity, thus ensuring the topological barrier provided by the Arnold inequality
(1.3) is inherited on the discrete level (see (3.2e) below) preventing some artificial mag-
netic reconnection. The method is valid for unstructured meshes on general domains,
avoids mesh distortions, and can be of arbitrary order in both space and time.

The Parker conjecture is often studied in settings with periodic boundary condi-
tions (topologically equivalent to a torus) yielding a domain with nontrivial topology.
However, the magnetic potential A, present in the definition of the helicity (1.1), is ill-
defined in the presence of such topological irregularities. Through a careful handling
of certain harmonic forms, we further propose a conserved generalized helicity that is
well-defined over certain topologically nontrivial domains; the generalized helicity sim-
ilarly demonstrates a (generalized) Arnold inequality (1.3). Over such domains, our
discretisation again preserves this generalized helicity, thus preserving the topological
barrier.

Structure-preserving (or compatible) discretizations have been intensively studied
in several contexts, including in geometric numerical integration [23] and FEEC [4].
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Various examples have demonstrated the crucial role of preserving certain struc-
tures. For instance, long-term simulations for the Kepler problem with non-structure-
preserving integrators may lead to accumulated errors in the orbit [23, Fig. 2.2]. For
Maxwell source and eigenvalue problems, finite element methods that do not respect
the cohomological structures may lead to spurious solutions [4].

De Rham complex—based methods have been widely discussed for constructing
structure-preserving discretizations in MHD [21, 2629, 32]. Most, however, are de-
veloped primarily from analytic perspectives. The fundamental question of the qual-
itative importance of helicity-preservation is less often addressed, with numerical ex-
amples of their physical significance remaining rare. A key contribution of this work
is in demonstrating that, to obtain meaningful numerical solutions for the magneto-
frictional equations (1.4), the discrete conservation of helicity is crucial.

The remainder of this paper proceeds as follows. In Section 2, we introduce certain
preliminaries. In Section 3, we propose our structure-preserving scheme; through
a generalized notion of helicity, we extend the Arnold inequality to domains with
nontrivial topology. In Section 4, we present numerical results, and compare our
proposed method to other discretizations to explore the physical significance of helicity
preservation. In Section 5, we conclude with a general outlook on the numerical
simulation of the Parker conjecture.

2. Notation and preliminaries. Let Q C R? be a bounded, Lipschitz domain;
if not otherwise specified, we assume that € is contractible. Again, let n denote the
outward-pointing unit normal vector on 9. We use || - || and (-,-) to denote the
L?(92) norm and inner product respectively, allowing L? to denote both the scalar-
and vector-valued spaces.

Define the following Hilbert spaces:

(2.1a) H':={ve L*(Q):Vve L)},
(2.1b) H(curl) := {v € L*(Q) : curlv € L*(Q)},
(2.1c) H(div) :== {v € L*(Q) : dive € L*(Q)}.

Restricting on the boundary 02, we define the following subspaces:

(2.2a) Hy:={ve H":v=0o0n 09},
(2.2b) Hy(curl) := {v € H(curl) : v x n = 0 on 0},
(2.2¢) Hy(div) = {v € H(div) : v-n = 0 on 9Q}.

Moreover, we define
(2.3) LE(Q) = {u e L*(Q): / u = 0}.
Q

The 3D de Rham complex with homogeneous boundary conditions (BCs) reads:

(2.4a) 0 —— HE 2% Hy(cwrl) <% Ho(div) —9Y5 22 —— 0.

This complex is exact on contractible domains. We will use finite-element subcom-
plexes of (2.4a) for discretization; several such subcomplexes are well-known, consist-
ing of Nédélec [35], Raviart—-Thomas [39], and Brezzi-Douglas—-Marini elements [14],
each extending to arbitrary spatial order. Adopting the notation of [5] we denote such
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a subcomplex by

(2.4b) 0 HYP 22 b (eurl) —hy fd (div) —Sv [20 0.

We require that (2.4b) is exact on contractible domains.

3. Structure-preserving discretization. For the magnetic helicity to be well-
defined on the discrete level, our scheme must preserve the magnetic Gauss law
(div B = 0) at least up to solver tolerances and machine precision; we therefore
discretize the magnetic field By, in the H}(div) space (2.4b). Since curl H{(curl) C
HP(div), the advection equation (1.4a) then suggests we discretize Ej, in the H?(curl)
space. As shown in Theorem 3.2 below, this is sufficient to ensure 9; By, +curl E, = 0
exactly, additionally guaranteeing that if div By = 0 then the magnetic Gauss law
holds pointwise on B}, for every t.

To replicate the right physics, we must preserve both the helicity conservation
(1.2) and energy dissipation (1.5) laws. The general idea proposed in [2] for designing
numerical schemes that replicate conservation and dissipation properties is to rewrite
these laws as time integrals involving certain associated test functions; discrete ap-
proximations of the associated test functions are then introduced as auxiliary variables
in the scheme. In this context, the two auxiliary variables introduced for helicity con-
servation and energy dissipation are an auxiliary current j; and magnetic field Hp,
L? projections of curl By, and By, onto the space H¥(curl) respectively.! These intro-
duced auxiliary variables resemble those proposed for similar MHD systems in [26,29]
with extension to higher order in time.

We therefore propose the following semi-discrete structure-preserving discretiza-
tion of the magneto-frictional equations (1.4).

PROBLEM 3.1 (Structure-preserving semi-discrete scheme). Given By € HP(div),
find By, € C*(Ry; HE(div)) satisfying the initial conditions (ICs) Bl,—o = By and
(En, jn, Hy,) € CO°(Ry; H (curl))?® such that

(3.1a) (0¢ B, Ch) + (curl By, Cp) = 0,

(3.1b) (Ey, Fy) +7((gn x Hy) x Hy, Fp,) =0,

(3.1c) (Gn, K1) = (Bp, curl Kp,),
(3.1d) (Hp, Dp) = (Bh, Dy),

at all times t € Ry and for all (Ch, Fy,, Ky, Dy,) € H(div) x Hf (curl)3.

For the time discretization of (3.1) we use a Gauss collocation method [23,
Sec. 11.1.3], coinciding with the implicit midpoint method at lowest order. We are
thus able to achieve arbitrary order in both time and space.

3.1. Structure-preserving properties on contractible domains. Let us
first consider contractible €2, i.e. domains with trivial topology.

We summarize some properties of our semi-discretization (3.1) in the following
theorem. As each of the results therein represents a linear or quadratic structure,
they are preserved under the Gauss collocation time discretization [23, Sec. IV.2.1
Theorem 2.1].

1We may equivalently write j;, = curl, By, where curly, is the L2 adjoint operator of curl in the
discrete complex (2.4b).
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THEOREM 3.2 (Structure-preserving properties of the discretisation). Any solu-
tion to (3.1) satisfies:
1. magnetic advection equation,

(3.2a) 0; By, + curl Ej, = 0,
2. magnetic Gauss law,
(3.2b) div By, = div By = 0.

Since the magnetic Gauss law (3.2b) holds exactly, and the subcomplex (2.4b) is exact
on contractible domains, there exists a magnetic potential Ay € HP(curl) satisfying
curl Ay, = By,. With the discrete energy &, = ||By||?> and helicity Hy, = (A, By),
we have the following:

3. energy dissipation,

t
(3.2¢) En — Enlt=o0 = *27'/ llgn < HhH2 <0,
0

4. helicity conservation,
(3.2d) Hp, — Hnli—o = 0.

With H;, well-defined, we further have:
5. the discrete Arnold inequality,

(3.2¢) ClHp| < &

Proof. We see the magnetic advection equation (3.2a) by considering C}, = 9; B+
curl B, (€ HE(div)) (see e.g. [27]). The magnetic Gauss law (3.2b) is an immediate
consequence, as div o curl = 0. For the semi-discrete energy dissipation law (3.2c),

t t
(3.3) & —&ilimo =2 [ @B1By) =2 [ (cul By B)
0 0
t t
(33b) = —2/ (Eh,curlBh) = —2/ (Eh,jh)
0 0
t
(3.3¢) — 2 [ g x B <0
0

where the second equality holds by the magnetic advection equation (3.2a), and the
fourth and last hold by considering K, = Ej,(€ Hl(curl)) and F), = j5,(€ HE(curl))
respectively. The boundary term arising in integration by parts in the second equality
vanishes due to the boundary condition Ej, x n = 0. For the semi-discrete helicity
conservation law (3.2d),

t t
(3.48,) th - Hh|t:0 = 2/ (8tBh,Ah) = 72/ (Curl Eh,Ah)
0 0
t t
(3.4b) = —2/ (Ey, Bp) = —2/ (En, Hp,)
0 0
t
(34C) 227'/ ((thHh)XHh,Hh)ZO
0
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where again the second equality holds by the magnetic advection equation (3.2a), and
the fourth and sixth hold by considering D), = Ej(€ HP(curl)) and Fj, = Hy(€
HP(curl)) respectively. The proof of the discrete Arnold inequality (3.2e) is identical
to that of the continuous case [7]. 0

COROLLARY 3.3 (Boundedness of the discrete energy). The discrete energy re-
mains in a bounded interval:

(3.5) CIHn| < En < Enli=o-

3.2. Generalized helicity and structure-preserving properties on non-
contractible domains. Aspects of the topology of the domain 2 are encoded in the
de Rham complex (2.4a). Over contractible, or topologically trivial, domains (Betti
numbers (8o, 1, B2, 83) = (1,0,0,0)), for example, the de Rham complex is exact.
Over domains with a single pair of periodic boundary conditions? (Betti numbers
(Bo, P1, B2, P3) = (1,1,0,0)), the de Rham complex is no longer exact at Hy(div);
namely, there exists over such domains a (non-zero) constant field By € Hy(div), for
which there does not exist a potential Ay € Hoy(curl) satisfying curl Ay = Bpy.3 The
Parker conjecture is often studied over such domains (see [38, Fig. 1]). However, the
definition of the helicity H (1.1) relies on the exactness of the de Rham complex at
Hy(div) (Betti number 1 = 0) for the existence of a magnetic potential A € Hy(curl);
in the presence of such topological irregularities, it is no longer well-defined.

In this section, we no longer assume 2 to be topologically trivial. In particular, we
shall allow the de Rham complex (2.4a) not to be exact at Hy(div) (no conditions on
Betti number ;). This necessitates the definition of a generalized helicity (see (3.8)
below) that accounts for the harmonic forms introduced by the nontrivial topology.
We shall, however, continue to require exactness at Hy(curl) (Betti number Sy =
0), i.e. for any A € Hp(curl) satisfying curl A = 0 there exists ¢ € H} such that
A = grad y; this is necessary for the gauge invariance of our generalized helicity (see
Theorem 3.6 below) and holds on the domain of current interest: the box with a single
pair of periodic boundary conditions.

Let us first consider the continuous case. By the Hodge decomposition [5, Sec. 4.2],
we can decompose a divergence-free magnetic field B € Hy(div) into

(3.6) B = curl A + By,
where A € Hy(curl), and By is a harmonic 2-form (div By = 0 and curl By = 0).

Given B, the decomposition (3.6) determines curl A and By uniquely.*

THEOREM 3.4 (Invariance of the harmonic component). The harmonic compo-
nent By of B (3.6) remains constant in time in the evolution determined by the
magneto-frictional equations (1.4).

Proof. Substituting the Hodge decomposition for B (3.6) into the magnetic ad-
vection equation (1.4a),

(37 0=0,B+cwlE =9fcurl A+ Byl + curl E = curl[0;A + E]| + 0,Bpy.

By the uniqueness of the Hodge decomposition, both curl[§; A+ E] = 0 and 9; By = 0,
i.e. in the latter case the harmonic component By is constant. 0

2That is, domains that are topologically equivalent to solid tori.
3In fact, since div B = 0 and curl By = 0, this field By is a harmonic 2-form.
4Note that, while curl A is determined uniquely, A is not.
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With the Hodge decomposition of B (3.6) established, our proposed generalized
helicity is defined as follows.

DEFINITION 3.5 (Generalized helicity). With the Hodge decomposition of B (3.6),
we define a generalized helicity H by

(3.8) H=(A,B+By) (=(A,curlA+2By)).

Dependent on the topology of €2, we see this definition is gauge-invariant

THEOREM 3.6 (Gauge invariance). Again assuming the de Rham complex (2.4a)
is evact at Ho(curl) (Betti number By = 0), the definition of the generalized helicity
H (3.8) is gauge-invariant.

Proof. The proof holds similarly to the non-generalized case. Consider A through
its Hodge decomposition,

(3.9) A = grad ¢ + curl ¥,

for some p € H}, ¢ € Hy(div). The condition B = curl A + By = curl*+ + By
determines curl 1) uniquely, but imposes no restrictions on grad ¢ (or equivalently ¢);
this dictates the choice of gauge on A. However, different choices of gauge, i.e. different
choices of grad ¢, do not affect 7:[, as grad ¢ does not contribute to the helicity:

(310) (grad(paB + BH) = —(<p,d1V(B + BH)) =0,

where the boundary term vanishes due to the boundary condition ¢ = 0 for ¢ € H}.O
We show now that 7 is an invariant under the relaxation process, similar to H.

_ TureorREM 3.7 (Invariance of the generalized helicity). The generalized helicity
H is constant in time.

Proof. Consider first 9;A. From (3.7), curl(6; A + E) = 0; by the Hodge decom-
position then, there exists ¢ € H{ such that
(3.11) OA+E =0;A—ux B=grado.

Considering the evolution of A,

(3.12) OH = (0tA,curl A+ 2Bpy) + (A, curl A)
= (0A,curl A+ 2By) + (0; A, curl A) = 2(0, A, B)

where in the first equality we use the invariance of By (Theorem 3.4) and in the
second we apply integration by parts. Using (3.11), we have

(3.13) H = 2(u x B + grad ¢, B) = —2(p, div B) = 0,

where we use the orthogonality of the cross product, and that the boundary term
vanishes due to the boundary condition ¢ = 0 for ¢ € Hg. ]
We conclude by showing that a generalized version of the Arnold inequality holds.
THEOREM 3.8 (Generalized Arnold inequality). There exists some constant C' >
0 (dependent only on the domain Q) such that

(3.14) H| < C7E.
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Proof. As in (3.9), let A have Hodge decomposition A = grad ¢ + curle. As
# is independent of ©, let us assume without loss of generality ¢ = 0. Applying
the Cauchy—Schwarz, generalized Poincaré and Young’s inequality respectively, there
exists some constant C' > 0 such that

(3.15a) |7:l| < ||All|| curl A 4+ 2Bg|| < (2C) Y| curl Al||| curl A + 2By
< (40) " (|| curl A||? + || curl A + 2By ||?).

Since By is a harmonic 2-form, it is L?-orthogonal to curl A, implying
(3.15b) 1H| < (4C) (|| curl A|)2 + || curl A + 2By ||2) < ¢~V B O

Considering our proposed semi-discretisation (3.1), similar arguments to those in
the proof of Theorem 3.2 hold under these nontrivial topologies, for the analogous
results presented above. In summary, the discrete magnetic field B, has Hodge de-
composition By = curl A, + By, for some Ay € H(’)L(curl). The discrete harmonic
component By, remains constant in time, the discrete generalized helicity Hy, re-
mains constant, and the generalized discrete Arnold inequality (3.14) holds; these
results transfer to the fully discrete case when using a Gauss collocation method
for the time discretization. We have therefore the same quantitative and qualitative
guarantees for numerical solutions derived from our discrete scheme on domains with
nontrivial topologies.

Remark 3.9 (Domains with nontrivial harmonic 1-forms). We may still define the
generalized helicity (3.8) where the de Rham complex is not exact at Ho(curl) (Betti
number 35 # 0), however the definition is gauge-dependent. To see this, consider the
Hodge decomposition

(3.16) A =grady + curly + Ap,

where Ap is a harmonic 1-form; while Ay is not determined by the condition B =
curl A + By, different choices of Ay give rise to different values of H. Due to the
gauge-dependence, the statement of Theorem 3.7 may change to: there exists a certain
choice of magnetic potential A = A; € Hy(curl) (satistying B = curl A + By ) such
that the generalized magnetic helicity # is constant. The statement of Theorem 3.8
may change to: there exists a certain choice of magnetic potential A = A, such that
the generalized Arnold inequality (3.14) holds. However, these potentials A; and Ay
may differ. Similar arguments hold on the discrete level.

Remark 3.10. There have been many efforts in the literature to generalize the
concept of helicity to topologically nontrivial domains. See, for example, the notions
of relative helicity [8] and the universal magnetic helicity integral proposed in [25].

For domains 2 embedded in R?, many approaches use a potential AecH (curl)
such that B = curl A, without enforcing the boundary condition Axn=0. Gauge
invariance is then recovered by introducing a certain boundary integral in A on 99.
Over domains topologically equivalent to tori, the Bevir—Gray helicity [12] is defined
as

(3.17) HBG::/,&Bf% Aty A-tp,
Q YA B
where v4 and g are closed paths on 99 along the minor (A-cycle) and major (B-

cycle) circumferences, and t4, tp are their respective unit tangents. McTaggart &
Valli [33] extended this definition to more general topologies.
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The Bevir-Gray construction addresses the same topological difficulty as our gen-
eralized helicity H (3.8), but by a different mechanism: it uses cutting surfaces to
define the necessary integrals, whereas our approach uses harmonic forms. The two
settings are therefore not straightforward to compare. In particular, in our definition
the vector potential A is chosen as the preimage of the curl-range component of B,
while in the Bevir-Gray framework it appears that Ais given a priori and B is then
defined by curl A. Clarifying the precise correspondence between these viewpoints
would require further investigation.

4. Numerical experiments. To demonstrate the benefits provided by the struc-ij
tures preserved by our proposed scheme, we perform various simulations of (1.4) under
two different ICs, i.e. Hopf fibration [41] and IsoHelix [15,37], which are commonly
tested for Lagrangian methods in magnetic relaxation. Each case are tested on the
domain Q = (—4,4) x (—4,4) x (—10,10) with fixed coupling parameter 7 = 100.
For the spatial discretization, we employ in each case the lowest-order Nédélec finite
elements of the first kind and the lowest-order Raviart—Thomas finite element in the
same de Rham complex. We use the lowest order Gauss method, i.e. the implicit
midpoint rule, for the time discretization. Unless specified otherwise, we use a coarse
mesh with 4 x4 x10 hexahedral cells in the x Xy X z directions, and a fixed uniform step
size At = 10 with final time T = 10*. For a domain with trivial topology, Dirichlet
boundary conditions are imposed on each face. For a domain with nontrivial topology,
Dirichlet boundary conditions are imposed on the side faces and periodic conditions
are imposed on the top and bottom in the z-direction. In our implementation, we
use Newton’s method to solve the nonlinear systems, and a sparse LU factorization
to solve the arising linear systems.

4.1. Projection of ICs and evaluation of helicity. The exact divergence-free
condition on By, is crucial for our structure-preserving properties (Theorem 3.2). For
each simulation, the projection of the continuous initial data By to the divergence-
free subspace of HJ(div) necessitates the solution of a saddle-point problem: find
(Bon,pn) € HJ(div) x L2™ such that

(4.1a) (Bo,n, Ch) — (pn, V - Ch) = (By, Ch),
(4.1b) (qh, AV BO,h) = 0,

for all (Cy,qn) € HP(div) x Lg’h, where By € Hp(div) represent our discrete,
divergence-free ICs.

The divergence-free condition is required in particular for the discrete helicity
‘Hp to be well-defined. At each timestep, we evaluate H;, for a given magnetic field
configuration By, by finding A;, € H(curl) such that

(4.2) (curl Ay, curl Cy) = (By,, curl Cy)  VC), € HY (curl).

This system is symmetric and consistent, but singular. Therefore, we use MINRES
with the minimum norm refinement strategy of Liu et al. [30] to find the pseudoinverse
solution. This is used to define the discrete helicity Hy,.

4.2. Hopf fibration (non-zero helicity). The former initial configuration we
consider is the Hopf fibration [41],

2 (way — wix2)
4
Vs —2 (wex + w1y2) ,

7 (1+72)° \Jw? + w2 wi (1422 +y° — 22)

(4.3) By =
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where w1, ws € R are winding numbers, and s > 0 is a scaling parameter. We choose
wy = 3, we = 2, s = 1, such that the field lines form three windings in the poloidal
direction for every two in the toroidal direction, thus exhibiting a non-zero helicity.

4.2.1. Long-time preservation test. Figure 1 shows the preserved helicity
and decreasing energy for domains with the trivial and nontrivial topology, bounded
below in both cases by a constant multiple of the helicity (1.3, 3.14). Figure 2 shows
the evolution of the helicity and the divergence of the magnetic field, demonstrating
both are conserved for long times.

Trivial topology

0

| |
04 06 0.8 1
t 104

0.2

Nontrivial topology

0.6 |-

0.5

041}

0.3

0.2

0.2

Fig. 1: Discrete energy dissipation (3.2¢) and helicity conservation (3.2d) for a com-
parable trivial and nontrivial topology, under our structure-preserving scheme (3.1)

Error

10710

10715

Trivial topology

0

02 04 06 08 1

t 104

-~ Hp— || div Byl |

107°

10—13

10717

Nontrivial topology

l l
04 06 08 1
t 104

0.2

-~ i, — || div By |

Fig. 2: Errors in helicity (|H, —H5(0)| and |Hy, (t) —Hx (0)| respectively) and || div By |
for a comparable domain with trivial and nontrivial topology, under our structure-
preserving scheme (3.1)
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4.2.2. Significance of the auxiliary magnetic field. To what extent is the
auxiliary variable Hj; = Bj introduced by the framework in [2] necessary? The
following semi-discrete scheme replaces Hy, with By,.

PROBLEM 4.1 (H(div)-conforming semi-discrete scheme). Find By, € C*(R,; HE(div))]
satisfying the ICs Bly—o = By and (Ey, j) € C°(Ry; H (curl)?) such that

(4.4&) (0B, Ch) + (curl By, Cy) = 0,
(4.4b) (En, Fp) + 7((jn x Bp) x Bp, Fj,) =0,
(4.4(3) (jhaKh) = (Bh,curl Kh),

at all times t € Ry and for all (C, Fy,, K3) € Hl (div) x H}(curl)?.

We reapply the techniques of Subsection 4.1 to project the ICs By into the
divergence-free subspace of H(div) and to evaluate the helicity. Figure 3 compares
the evolution of £ and H in the schemes (3.1) and (4.4). Figure 4 shows the error plot
for the helicity and divergence-free condition. Without Hj, the helicity artificially
dissipates, and can no longer prevent the energy from decaying to zero; the numerical
solution from (4.4) converges to a non-physical trivial steady state.

Hhn En
T T T 0.6 T T n
02} ! .
° ! 0.4 .
E 1
S 0af i 02 | y
07 \'-_--\--_-\----_\-_--\_---.\ ] 07 \k----\_-_-\--_-\-_---\--_-\ |
0 02 04 06 08 1 0 02 04 06 08 1
t 104 t 104
—— Our scheme - - - H(div) scheme ‘ ‘— Our scheme - - - H(div) scheme ‘

Fig. 3: Helicity, Hp, and energy, &, for our proposed scheme (3.1) and the H(div)-
conforming scheme (4.4)

4.2.3. Magnetic relaxation with other schemes. Inspired by classical finite
element discretizations for the MHD system [22,40], we compare our proposal against
H (curl)- and H'-conforming discretizations. We temporarily refine our timestep At =
1, using a shorter final time 7' = 1000, again discretizing in time using the implicit
midpoint method.

PROBLEM 4.2 (H (curl)-conforming semi-discrete scheme). Find By, € C*(Ry; H"(curl))f]
satisfying the ICs Bl,—o = By (assuming By € H"(curl)) and uj, € C°(Ry; HY(div))
such that

(45&) (atBh,Ch) = (uh X Bh,curl Ch),
(45b) (uh,vh) = T((curl Bh X Bh),vh),

at all times t € Ry and for all (Cy,vy,) € H"(curl) x HE (div).
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|| div Bp|| [Hp — Hn(0)]
I T T ] T T T T
I | 10-1} Tt i
. 10716 = i
g i ]
& ? ] 1076 |- i}
10~17 |- : 10~ ‘ ‘ ‘ ‘ L
0 02 04 06 08 1
t 10* t 104
‘ —— Our scheme - - - H(div) scheme ‘ ‘ —— Our scheme - - - H(div) scheme ‘

Fig. 4: Errors ||div By,|| and |Hj, — Hx(0)] for our proposed scheme (3.1) and the
H (div)-conforming scheme (4.4)

Remark 4.3. For Problem 4.2, by integration by parts

(4.6a) (u x B,curl C) = (curl(u x B),C) +/ (ux B)-(nxC).

[219]

The boundary term can be rewritten as

(4.6b) / (uxB)-(nxC):/ [(ux B) xn]-C —/ (B-n)(u-C),

a9 a0 a9
where in the last term we use the boundary condition u - n = 0. We see then the
boundary condition B -n = 0 is imposed weakly.

PROBLEM 4.4 (H'-conforming scheme). Find By, € C*(Ry; H"NHy(div)) satis-
fying the ICs Bli—o = By (assuming By € H“" N Hy(div)) and u;, € C°(R,; HY" N
Ho(div)) such that (4.5) holds at all times t € Ry and for all (Ch,vy,) € (HY" N
Hy(div))2.

Figure 5 illustrates the divergence of the magnetic field || div By || and the dissipa-
tion of energy &, for the H(curl)- and H!-conforming schemes. The H!-conforming
method fails to preserve the divergence-free condition, while div By, is ill-defined for
the H(curl)-conforming method as By, is not div-conforming. In either case, since
By, is not generally divergence-free, the helicity is not well-defined. Neither of these
methods, therefore, are appropriate for investigating the Parker conjecture.

4.3. IsoHelix (zero helicity). Our latter initial configuration is the IsoHe-
lix [15,37],

(4.7)

where a(r,z) == Zzexp(—3ir? — 122) and 72 = 22 + y%. Such a magnetic field can

simply be obtained by twisting a homogeneous field. This field has zero helicity, and
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| div By|| En
T T T T
0.5 . 03l |
3 A
= 0.2 | 7T 8
~04) '
0.1f 8
| | | | | | | | | | | |
0 200 400 600 800 1,000 0 200 400 600 800 1,000
t t

- -- H(curl) scheme H! scheme

Fig. 5: Error ||div By|| and evolution of &, for the H(curl)- and H!'-conforming
schemes

30 *
22| |
S

10 |- T

07 \__-_-\_-_-\_- | | | Bl

0 02 04 06 038 1
t 104
—&
-~ IBall

Fig. 6: Generalized helicity 5, modified energy &, and harmonic form | Bg||, under
our structure-preserving scheme (3.1)

will relax to a homogeneous steady state of the form B = (0,0,1)7". Since this steady
state has an exact closed-form, it allows us to compare the quality of the relaxation
in a straightforward way.

We use our structure-preserving discretization (3.1) with periodic boundary con-
ditions in the z direction only. Therefore, the domain has nontrivial topology. We
thus monitor the generalized helicity (3.8) and the modified energy &, = || By, — By ||
as suggested in [15], where the harmonic form By = (0,0,1)7 is the homogeneous
background field. Figure 6 shows that the discrete generalized helicity H), remains at
0. As a result, the modified energy is monotonically decreasing to 0 while the har-
monic form remains constant according to Theorem 3.4. Figure 7 demonstrates the
evolution of the magnetic field lines as they approach the equilibrium B = (0,0, 1)7.
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[ 1.3e+00

— 1.2

— 9.9e-01

(c) t = 10000

(a)t=0

Fig. 7: Magnetic field lines for the IsoHelix simulation on a domain with nontrivial
topology, colored by magnetic field strength || B,||.

4.4. Larger-scale simulation. Returning to the longer timestep At = 10, we
run our structure-preserving scheme (3.1) on a larger-scale problem for the Hopf
fibration (4.3), with a more refined 32 x 32 x 80 mesh (with 1,026,480 degrees of
freedom) on the UK supercomputer ARCHER2 [10]. Figures 8 and 9 plot cross-
sections of the magnetic field lines for the same setup, in domains of trivial and
nontrivial topology, respectively. The numerical results in either case converge to a
nontrivial steady state.

0.02

— 1.0e-02

(a)t=0 (b) t =10 (c) t = 10000

Fig. 8: Magnetic field lines under magnetic relaxation of the Hopf fibration, on a
domain with trivial topology, colored by magnetic field strength || Bp]|.
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1.2e-01
0.1

[

— 0.05

0.02

— 1.0e-02

(b) t =10 (c) t = 10000

Fig. 9: Magnetic field lines under magnetic relaxation of the Hopf fibration, on a
domain with nontrivial topology, colored by magnetic field strength ||B,]|.

5. Conclusions. We presented a finite-element discretization (3.1) for the magneto-J]
frictional system (1.4), with novel structure-preserving properties (3.2) that are essen-
tial for numerical investigations into the Parker conjecture. Through the conservation
of helicity (3.2d), the scheme preserves a discrete version (3.2e) of the topological bar-
rier provided by the Arnold inequality (1.3), preventing the decay to spurious trivial
solutions. Extending the helicity and the Arnold inequality to certain topologically
nontrivial domains, we see our scheme further retains these structures. Numerical
results confirm these structure-preserving properties.

The proposed method offers a promising tool for the numerical investigation of the
Parker conjecture without the use of Lagrangian formulations, as well as related ques-
tions, including the formation of finite-time singularities during magnetic relaxation.
In future work, we aim to develop numerical tools to distinguish whether the steady
state exhibits tangential discontinuities as suggested in the Parker conjecture. We
also intend to investigate efficient preconditioners to ease scaling to larger problems.
We aim further to employ adaptive timestep strategies to accelerate the magnetic re-
laxation process, allowing faster convergence to steady states while still maintaining
the Arnold inequality’s topological barrier.

Beyond solving the magneto-frictional system itself, our work serves as a striking
example of the importance of structure preservation. While for many problems, such
methods are known to improve the accuracy of standard discretizations, the benefit
for magnetic relaxation is both quantitative and qualitative: helicity preservation
is essential to ensure that numerical solutions cannot collapse to unphysical trivial
states.

6. Code availability. The simulations in Section 4 were implemented in Fire-
drake [24] and PETSc [9]; MUMPS [1] was used to solve the linear systems. The
code used to generate the numerical results and all Firedrake components have been
archived on Zenodo [3,45].
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Appendix A. Proof of the Arnold inequality.

THEOREM A.1 (Arnold inequality [7]). Let B be a divergence-free field over a
topologically trivial domain 2, satisfying B -m = 0 on 02. Then there exists a vector
potential A such that B = curl A, A xn =0 on 0%, and

/A-de
Q

where C' > 0 depends only on ). Moreover, the quantity fQ A - Bdzx is independent
of the particular choice of A.

(A1)

SC/B-de,
Q

Proof. For a topologically trivial domain, one can choose A to be L2-orthogonal
to the kernel of the curl operator, ensuring that A satisfies a generalized Poincaré
inequality

(A.2) [All < Clfcurl A]| = C|| B|.

Applying the Cauchy—Schwarz inequality then gives

(A.3) ] [ A Bad < |aj1B) < By

If another potential A’ satisfies curl A’ = B, then A’ — A lies in ker(curl) and is
L2-orthogonal to B, so the integral Jo A - Bdz is independent of the choice of A. O
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