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ABSTRACT. Recent results in geometric invariant theory (GIT) for non-reductive linear algebraic
group actions allow us to stratify quotient stacks of the form [X/H], where X is a projective
scheme and H is a linear algebraic group with internally graded unipotent radical acting linearly
on X, in such a way that each stratum [S/H] has a geometric quotient S/ H. This leads to stratifi-
cations of moduli stacks (for example, sheaves over a projective scheme) such that each stratum
has a coarse moduli space.

1. INTRODUCTION

Let H = U x R be a linear algebraic group over an algebraically closed field of characteristic
0 with internally graded unipotent radical U; that is, the Levi subgroup R of H has a central
one-parameter subgroup (1-PS) A : G,,, = R which acts on Lie U with all weights strictly posi-
tive. Of course any reductive group G has this form with both U and the central one-parameter
subgroup A being trivial. Suppose that H acts linearly on an irreducible projective scheme X
with respect to an ample line bundle L over X. The aim of this paper is to describe a strati-
fication of the quotient stack [X/H] such that each stratum [S/H]| (where S is an H-invariant
quasi-projective subscheme of X) has a geometric quotient S/H. When H = R is reductive
this stratification refines the Hesselink—-Kempf-Kirwan—-Ness (HKKN) stratification associated
to the linear action on X (cf. [18, 22, 23, 27]). Potential applications of this construction include
moduli stacks which can be filtered by quotient stacks with compatible linearisations; for exam-
ple, it can be applied to moduli of sheaves of fixed Harder-Narasimhan type over a projective
scheme [6], and moduli of unstable projective curves [21].

When H is reductive Mumford’s geometric invariant theory (GIT) [26] allows us to find
open subschemes X* C X*° of X, the stable and semistable loci, such that X* has a geometric
quotient X®/H and X*° has a good quotient

¢: X - X//H = Proj (@ H(X, L®m)H> :
m=0

Here X* = X*H = X3HL and X% = Xs5H = XH.L depend on the choice of linearisation £
(that is, the ample line bundle L and the lift of the action of H to an action on L) and the GIT
quotient X//H = X//rH is a projective scheme with X®/H as an open subscheme. Moreover
when z,y € X*° then ¢(z) = ¢(y) if and only if the closures of the H-orbits of x and y meet
in X*°. The Hilbert-Mumford criteria allow us to determine the stable and semistable loci in a
simple way without needing to understand the algebra of invariants @,,,, H%(X, L®"™)".

The best situation occurs when X*° = X* # (); then X//H = X*®/H is both a projective
scheme and a geometric quotient of the open subscheme X* of X. More generally if X*® # ()
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then the projective completion X //H of the geometric quotient X*/H has a ‘partial desingular-

isation” X J/H = Xss /H where v : X% — X% is obtained as follows [24]. If X*¢ # X*® then
there exists x € X°° whose stabiliser in H is reductive of dimension strictly bigger than 0. To

construct X** we first blow up X*% along its closed subscheme where the stabiliser has maxi-
mal dimension in X*® (such stabilisers are always reductive) or equivalently blow up X along
the closure of this subscheme in X. We then remove the complement of the semistable locus for
a small ample perturbation of the pullback linearisation. The maximal dimension of a stabiliser
in this new semistable locus is strictly less than in X**. When X* # 0, repeating this process
finitely many times leads to X** = X* # () and the partial desmgulansa’uon X//H = X*/H.
When H is non-reductive, then the graded algebra P,,., H 0(X, L®™)H is not necessarily
finitely generated and in general the attractive properties of Mumford’s GIT fail [2]. However
when the unipotent radical U of H = U x R is graded in the sense described above by a
central 1-PS A : G,, — R of the Levi subgroup R, then after twisting the linearisation by
an appropriate rational character, so that it becomes ‘graded’ itself in the sense of [5], some
of the desirable properties of classical GIT still hold [3, 4]. More precisely, we first quotient
by the linear action of the graded unipotent group U := U x AGp) using the results of [3,

] described in §2.3, then we quotient by the residual action of the reductive group H/ U =
R/A(Gyy,). In the best case, when the U-action is free on a certain open subscheme X°. of X (cf.
the condition (*) in Definition 2.11 and Theorem 2.13), one can construct a geometric quotient
of an open subscheme of ‘stable points’ for the U-action such that the quotient is projective and
this stable set has a Hilbert-Mumford type description. If the U-action has positive dimensional
stabilisers generically, one can conclude the same results if we assume a weaker condition
(* * %) (cf. Theorem 2.17). Even when this weaker condition fails, one can perform an iterated
sequence of blow-ups of X along H-invariant subschemes to obtain v : X — X such that X
has an induced linear H-action satisfying (« « *). Hence, there is a projective and geometric
U- -quotient of an open subscheme of X that contains as an open subscheme a geometric U-
quotient of an open subscheme of X, as v is an isomorphism away from the exceptional divisor.

Now suppose that G is a reductive group acting linearly on a projective scheme X with
respect to an ample line bundle L. Associated to this linear G-action and an invariant inner
product on Lie G, there is a stratification (the ‘'HKKN stratification’ cf. [18, 22, 23, 27])

X=1]89s

BeB

of X by locally closed subschemes S3, indexed by a partially ordered finite set B, such that
(1) if X% # (), then B has a minimal element 0 such that Sy = X%,
(2) for B € B, the closure of S3 is contained in | J 3> Spr, and
(3) for 5 € B, we have Sg = G x7 V5%, where G x'7 Y% is the quotient of G x Y* by the
diagonal action of a parabolic subgroup Ps of GG acting on the right on G and on the left
on a Pg-invariant locally closed subscheme Y§* of X.

In fact, Yﬁss is an open subscheme of a projective subscheme ?5 of X that is determined by the
action of a Levi subgroup Lg of Pz with respect to the restriction of the G-linearisation L — X
to the Pg-action on Y g twisted by a rational character x5 of Pg. The index § determines a
central (rational) 1-PS Ag : G,,, — Lg and xg is the corresponding rational character, where the
choice of invariant inner product allows us to identify characters and co-characters of a fixed
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maximal torus (cf. Remark 2.2). Furthermore Pj is the parabolic subgroup P(\3) determined
by the 1-PS A\, which grades the unipotent radical Us of Ps. Thus by Property (3) above, to
construct a G-quotient of (an open subset of) an unstable stratum Sg, we can study the linear
Pg-action on Y 5 and apply the results described above for the action of U:=U, 5 % Ag(Gpy).
The G-action on the stratum S has a categorical quotient Zg//Ls induced by the morphism

pp i V5 = 25 = 25Oy s p(y) = dim s (),
where Z3 is the union of those connected components of the fixed point set for the action of
Ag(Gy,) on X over which A\ acts on the fibres of L with weight given by the restriction of 3.
However this categorical quotient is in general far from being a geometric quotient; it identifies
y with pg(y), which lies in the orbit closure but typically not the orbit of y.

In this article we will show that, applying the blow-up sequence needed to construct a quo-
tient by an action of a linear algebraic group with internally graded unipotent radical to the
Pg-action on the projective subscheme Y5 of X, we can refine the stratification {S3|3 € B} to
obtain a stratification of X such that each stratum is a G-invariant quasi-projective subscheme
of X with a geometric quotient by the action of G. This refined stratification is a further refine-
ment of the construction described in [25]. The quotient stack [X/G] has an induced stratifica-
tion {3, |y € I'} such that each stratum >, has the form

Xy = Wy /1]

where W, is a quasi-projective subscheme of X acted on by a linear algebraic subgroup H, of
G with internally graded unipotent radical, and this action has a geometric quotient W,,/H.,.
Moreover under appropriate hypotheses (involving condition (x * *)) for the actions of the sub-
groups H.,, the geometric quotients I,/ H, are themselves projective.

This will follow from the following theorem, which is proved in §3.

Theorem 1.1. Let H = U x R be a linear algebraic group with internally graded unipotent radical
U acting on a projective scheme X over an algebraically closed field k of characteristic 0 with respect
to an ample linearisation and fix an invariant inner product on Lie R. Then X has a stratification
{84y € I'} induced by the linearisation L and grading X : G,, — R for the action of H on X, such
that the following properties hold.

(i) The index set I is finite and partially ordered such that for all v € T', we have
S,cs,u | s

6€, 6>
(ii) Each S, is an H-invariant quasi-projective subscheme of X with a geometric quotient S~ /H.
(iii) If Y is an H-invariant projective subscheme of X then the stratification {S?Y/ ly € TY} of Y
induced by the restriction L|y of the linearisation L to'Y is (up to taking connected components)
the restriction to Y of the stratification {S,|y € I'} of X, so that there is a map of indexing sets
¢y : IV — T such that if y € T then S is a connected component of Sy, () NY;

Moreover, if H = G is reductive, then this stratification satisfies the following additional properties.

(iv) The stratification {S.|y € T'} is a refinement of the HKKN stratification {Sg|8 € B} for the
linearisation L (cf. §2.1.1).
(v) If B € B (which we recall determines a 1-PS A\ : G,,, — Pg < G) satisfies

(1) reZy = dim(Stabg(z)/As(Gm)) =0,
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then the connected components of GZ3* and Sg \ GZ’ (if these are nonempty) are strata in the
refined stratification {Sy|y € T'}.

As a consequence, we obtain a stratification of the quotient stack [X/H] by locally closed
substacks, each of which admits a coarse moduli space (cf. Corollary 3.5). Inspired by the
reductive GIT notion of a good quotient, Alper introduces a notion of a good moduli space for a
stack [1]. However, in general the strata appearing in this stratification of [ X/H| will not admit
good moduli spaces, because a necessary condition for a stack to admit a good moduli space
is that its closed points have reductive stabiliser groups (cf. [1, Proposition 12.14]). In general
(even when H = G is reductive) the points in the strata of [X/H]| will have non-reductive
stabiliser groups.

If H = G is reductive, then a stacky version of the HKKN stratification has been studied by
Halpern-Leister, and by abstracting this concept he obtains a notion of a ©-stratification [16].
Indeed, the linearisation of the G-action on X and the choice of invariant inner product is pre-
cisely the data required to construct a O-stratification of [X /G|, and this ©-stratification is the
stratification {[Sg/G] : B € B} obtained from the HKKN stratification of X. The stratification
described above thus refines this ©-stratification without depending on any additional data.

Since the construction of the refined stratification involves studying the blow-up procedures
used in partial desingularisations of reductive GIT quotients [24] and for constructing geomet-
ric quotients by linear algebraic groups with internally graded unipotent radical [4], one can
ask how this compares with the stack-theoretic blow-up constructions. The ideas in [24] have
been generalised to stacks by Edidin and Rydh [15] to show that for a smooth Artin stack X
admitting a stable good moduli space, there is a sequence of birational morphisms of smooth
Artin stacks X,, — - -- X; — X such that the good moduli space of X,, is an algebraic space with
only tame quotient singularities and is a partial desingularisation of the good moduli space of
X. However, for H non-reductive, it is often the case that [X/H]| will not be a good moduli
space, and so one cannot apply this result.

The picture provided by Theorem 1.1 has potential applications to moduli stacks which are
filtered by quotient stacks, and to the construction of moduli spaces of ‘unstable” objects (for
example, moduli of sheaves over a projective scheme [6] or moduli of projective curves [21]).
Suppose that M is a moduli stack which can be expressed as an increasing union

M= U,
n=0
of open substacks of the form
Un = [Va /Gl

where [V;,/G,,] is the quotient stack associated to a linear action on a quasi-projective scheme V,
by a group G,, which is reductive (or more generally has internally graded unipotent radical).
We can look for suitable ‘stability conditions” on M: linearisations (£,,),>¢ for the actions of
G,, on projective completions V;, of V;, and invariant inner products on Lie G,, which are com-
patible in the sense that the stratification induced by £,, on [V},/G),] restricts to the stratification
induced by £, on [V, /G, when n > m.

This situation arises for sheaves over a projective scheme [20, 6], for example, and also for
projective curves [21], and we obtain a stratification {¥,|y € I'} of the stack M such that each
stratum ¥, is isomorphic to a quotient stack [W, /H,], where W/, is quasi-projective acted on by
a linear algebraic group H., with internally graded unipotent radical, and there is a geometric
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quotient W, /H, which is a coarse moduli space for ¥. The geometric quotient W, /H., will be
projective if semistability coincides with stability in an appropriate sense for the action of H,
on a suitable projective completion of W, with respect to an induced linearisation.

The layout of this article is as follows. In §2, we will review classical and non-reductive
GIT, describing how to construct quotients by actions of linear algebraic groups with internally
graded unipotent radical. The heart of the paper is §3, in which we describe how to stratify a
quotient stack [X/H] into strata ¥, = [W,/H,] where the action of H, on W, has a geometric
quotient W, /H,. The argument is an inductive one, so the assumption on X and H is that
H is a linear algebraic group with internally graded unipotent radical, and X is a projective
scheme which has an amply linearised action of H. In §4, this construction is applied to stacks
which are suitably filtered by quotient stacks, and §5 contains a brief discussion of examples
including moduli of unstable curves and moduli of sheaves of given Harder-Narasimhan type
over a fixed projective scheme.

We would like to thank Brent Doran, Daniel Halpern-Leistner, Eloise Hamilton and Joshua
Jackson for helpful discussions about this material.

2. CLASSICAL AND NON-REDUCTIVE GIT

2.1. Classical GIT for reductive groups. In Mumford’s GIT [26], a linearisation of an action of
a reductive group G on a projective scheme X over an algebraically closed field k of character-
istic 0 is given by a line bundle L (which we will always assume to be ample) on X and a lift

of the action to L. Since G is reductive, the algebra of G-invariant sections OL(X)C is finitely

generated as a graded algebra with associated projective scheme X//G = Proj(@ L(X)).
(X,1) ~ OuX) = @ H(X,L%)
|
| Ul
J/ ~
X//G «~ Op(X)¢ algebra of invariants.

The inclusion of O (X)% in Oy (X) determines a rational map X — — — X//G which fits into a
diagram

X ——— X//G projective
U I

semistable X** —— X//G
U U open

stable X°* —— X°/G
where X* (the stable locus) and X*¢ (the semistable locus) are open subschemes of X, there is
a geometric quotient X* /G for the action of G on X*, the GIT quotient X//G is a good quotient
for the action of G on X*° via the G-invariant surjective morphism ¢ : X** — X //G, and

p(z) = ¢(y) & Gz NGy N X # 0.
The semistable and stable loci X*® and X*® of X are characterised by the following properties
([26, Chapter 2], [28]).
Proposition 2.1 (Hilbert-Mumford criteria for reductive groups). Let T" be a maximal torus of G.

(1) A point x € X is semistable (respectively stable) for the G-action on X if and only if for every
g € G the point gz is semistable (respectively stable) for the T-action.
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(2) A point x € X C P with homogeneous coordinates [z : ... : xy] is semistable (respectively
stable) for a diagonal T-action on P"™ with weights vy, . . . , v, if and only if

0 € Conv{q; : z; # 0}
(respectively 0 is contained in the interior of this convex hull).

2.1.1. The HKKN stratification. Associated to the linear action of G on X and an invariant inner
product on the Lie algebra of G, there is a stratification (the ‘HKKN stratification’, which in
the case k = C is the Morse stratification for the norm-square of an associated moment map

[ 4 4 4 ])’

Remark 2.2. Let us clarify what is meant by this invariant inner product, whose associated
norm we denote by || — ||. If k = C, then G is the complexification of its maximal compact
group K; then the Lie algebra of K is a real vector space, and we choose an inner product on
this Lie algebra that is invariant under the adjoint action of K. In fact, we will also assume
that we fix a maximal compact torus 7, C K such that the inner product is integral on the co-
character lattice X,(7.) C Lie K. For an arbitrary algebraically closed field k of characteristic
zero, one can fix a maximal torus 7" of G and choose an inner product on the co-character space
X«(T) ®z R that is invariant for the Weyl group of 7" and is integral on the co-character lattice
(for example, see [19, §2]). Then this inner product gives an identification between characters
and co-characters (i.e. 1-PSs) of T'.

The HKKN stratification associated to the action of G on X with respect to L and the norm
|| — || is a stratification
X=1]5s

peB
of X by locally closed subschemes Sg, indexed by a partially ordered finite subset B of rational
elements in a positive Weyl chamber for the reductive group G, with the following properties.
(1) If 0 € B, then this is the minimal element and Sy = X*°.
Moreover, for each 3 € B, we additionally have the following properties:
(2) the closure of Sg is contained in (J/- 5 Sp wherey > B if and only if v = B or || > [8];
(3) Sp = G xIs Y3® = (G x Y§*)/Pg where this quotient is of the diagonal action of P3 on
the right on GG and on the left on Y.
Here Py is a parabolic subgroup of G which acts on a locally closed subscheme Y;* of X.
More precisely, 8 € B determines a (rational) 1-PS )\g : G,,, = G and an associated parabolic
subgroup Pg = P(\g) = Ug x Lg with Levi subgroup Lz = Stabg(/3) such that the conju-
gation action of Ag(G,,) on Lie Uy has strictly positive weights; thus Ps has internally graded
unipotent radical. Let Z3 be the union of components in the fixed locus X*#(¢m) on which this

1-PS acts on the fibres of L with weight given by the restriction of 3, and let Y3 C X be the
subscheme of points x € X such that lim;_,o Ag(t)y € Z3; thus there is a retraction

pg:Ys — Zg y = pgy) = }I_IE(I) As(t)y

which is equivariant with respect to the quotient homomorphism ¢z : P3 — Lg obtained by
identifying Lg with Pg/Ugs. Let L5 denote the restriction of the G-linearisation £ on X to the
Pg-action on Y 5 twisted by the (rational) character yz of P3 corresponding to the 1-PS A3 (via
the norm || — ||). We also let £z denote the restriction of this linearisation to the Lg-action on
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Zg. Then Y3* (respectively Z3°) is the semistable locus for the Pg-action on Y s (respectively
the Lz/A3(Gm)-action on Zg) linearised by the twisted linearisation Lg; furthermore, Y;* =
I 1 ( Zss)
B _\TB It
Finally, we make the following observation about quotienting the unstable strata (cf. [20]).

Remark 2.3. The G-action on S3 has a categorical quotient Z3//Lg induced by the map pg :
Y3 — Z3. In general, this quotient is far from being a geometric quotient (even after restriction
to the pre-image of any nonempty open subscheme of Zg//Lg), as y € Y3* is identified with

ps(y) € Gy.

By (3), constructing a quotient of the G-action on a G-invariant open subset of S3 is equiv-
alent to constructing a Ps-quotient of a Pg-invariant open subset of Y* (or its closure); the
latter perspective will lead to a geometric quotient by using GIT for the non-reductive group
Pg, whose unipotent radical Ug is internally graded by Az (cf. §2.3).

2.1.2. Partial desingularisations of reductive GIT quotients. The geometric quotient X*®/G has at
most orbifold singularities when X is nonsingular, since the stabiliser subgroups of stable
points are finite subgroups of G. If X*° # X*® # (), the singularities of X//G are typically
more severe even when X is itself nonsingular, but X //G has a ‘partial desingularisation’ X /|G
which is also a projective completion of X*/G and is itself a geometric quotient

X//G=X*/G

by G of an open subscheme X* = X* of a G-equivariant blow-up X of X [24]. Here X**
is obtained from X*° by successively blowing up along the subschemes of semistable points
stabilised by reductive subgroups of G' of maximal dimension and removing the complement
of the semistable locus from the resulting blow-up.

For the construction of the partial desingularisation X //G in [24], it is assumed that X* # ().
There exist semistable points of X which are not stable if and only if there exists a non-trivial
connected reductive subgroup of G fixing a semistable point. Let » > 0 be the maximal dimen-
sion of a reductive subgroup of G fixing a point of X** and let R(r) be a set of representatives
of conjugacy classes of all connected reductive subgroups R of dimension  in G such that

Zy ={r e X**: Rx =z}
is non-empty. Then
Z;]Sés(r) = U GZ;;
ReR(r)

is a disjoint union of closed G-invariant subschemes of X*°. The action of G on X** lifts to

an action on the blow-up X(;) of X** along fo(r), and this action can be linearised so that

the complement of X (1) In Xy is the proper transform of the closed subscheme 7! (7 (GZ3))
of X** where 7 : X% — X//G is the quotient map (see [24, 7.17]). The G-linearisation on
X(1) used here is (a tensor power of) the pullback of the ample line bundle L on X along
Yy + X1y — X perturbed by a sufficiently small multiple of the exceptional divisor E;); then,
if the perturbation is sufficiently small, we have

Vo) (X)) € Xy € XE) C ¥y (X)) = X,
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and the stable and semistable loci X}, and X7 will be independent of the choice of perturba-
tion. Moreover, no point z € X7, is fixed by a reductive subgroup of G of dimension at least r,
and z € X}, is fixed by a reductive subgroup R of dimension less than r in G if and only if it
belongs to the proper transform of the closed subscheme 73’ of X*%.

Remark 2.4. In [24], X itself is blown up along the closure % of Z3,, in X (orin a projective
completion of X*° with a G-equivariant morphism to X which is an isomorphism over X*%).
This gives a projective scheme X 1y and blow-down map ;) : X (1) — X restricting to 1y :
Xy — X where (¢(1)) 71 (X®%) = X(y). For a sufficiently small perturbation of the pullback to
X 1) of the linearisation on X, we have (1)) (X*®) C Yfl) C Y?f) C (Ya)) H(X*) = Xy,
and moreover the restriction of the linearisation to X;) is obtained from the pullback of L by
perturbing by a sufficiently small multiple of the exceptional divisor E(y).

If 7 > 1, we can apply the same procedure to X7 to obtain X3 such that no point of X )
is fixed by a reductive subgroup of G of dimension at least r — 1. If X* # () then repeating this
process at most 7 times gives us v : X® — X such that 1 is an isomorphism over X* and
no positive-dimensional reductive subgroup of G fixes a point of X*5. The partial desingular-

isation X //G = X5 /G can be obtained by blowing up X//G along the proper transforms of
7(GZ3’) C X//G in decreasing order of the dimension of R.

Remark 2.5. Suppose for simplicity that X is irreducible.

a) If X° # (), then this is the situation considered in [24] and the partial desingularisation
construction is described above. If X% = X?¢, then X =X.
b) If X*° = (), then there is an unstable stratum Sz with 3 # 0 in the HKKN stratification
(cf. §2.1.1) which is a non-empty open subscheme of X, and thus when X is irreducible
X = Sp. Then constructing a quotient of a non-empty open subscheme of X reduces
to non-reductive GIT for the action of the parabolic subgroup Ps on Y as described in
§2.3 below, where a blow-up sequence may also need to be performed.
c) If X* = () # X*° then the partial desingularisation construction can be applied to X*?,
and there are different ways in which it can terminate.
() U X*=GZF =G xNr 7 % for a positive-dimensional connected reductive sub-
group R of G with normaliser Ny in G, then N and Nr/R are also reductive, and

X//G =2 ZR//Nr = Zr//(Nr/R)

where Zp, is the closed subscheme of X which is the fixed point set for the action
of R. Then we can apply induction on the dimension of G to study this case.

(i) f GZE # X*° for each positive-dimensional connected reductive subgroup R of G,
then we can perform the first blow-up in the partial desingularisation construction
to obtain (1) : X(;) — X* such that Xff) C Xy and X(Sl) = () as above (as

X f”l) is open and X (51) \ Eqy = X*® = (), where E(y) is the exceptional divisor). If

Xff) = (), then X(;) has a dense open stratum Sy 5 for 8 # 0 as in Case b). If we

have X7 = GZ{) ;, for a positive-dimensional connected reductive subgroup R

of G, where Z}) = {z € X{}) : Rz = x}, then we proceed as in Case (i) above.

Otherwise we can repeat the process, until it terminates in one of these two ways.
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2.2. GIT for non-reductive groups. Now suppose that X is a projective scheme over an alge-
braically closed field k of characteristic 0 and let H be a linear algebraic group, with unipotent
radical U, acting on X with respect to an ample linearisation L.

Definition 2.6. (Semistability for the unipotent group cf. [14, §4] and [14, 5.3.7]). For an invari-
ant section f € I = J,,,-o H*(X, L®™)Y, let X be the U-invariant affine open subset of X on
which f does not vanish, and let O(X ;) denote its coordinate ring.

(1) The semistable locus for the U-action on X linearised by L is XV = J ferts Xf where
1" = {f € T| O(X;)Y is finitely generated}.

(2) The (locally trivial) stable locus for the linearised U-action on X is X'V = | fens X
where

I'" .= {f € I'"® | gy : X; — Spec(O(X[)V) is a locally trivial geometric quotient}.

(3) The enveloped quotient of X**U by the linear U-action is gy : XV — gy (X**V), where
qu :+ XU — Proj(OL(X)Y) is the natural morphism of schemes and ¢y (X**V) is a
dense constructible subset of the enveloping quotient

XQU = [ Spec(O(Xy)").
felfg

Remark 2.7.

(1) Even when O (X)Y is finitely generated, so that XU = Proj (OL(X)Y), the enveloped
quotient gy (X s5,U) is not necessarily a subscheme of X @ U (for example, see [14, §6]).

(2) The enveloping quotient X ¢ U has quasi-projective open subschemes (‘inner envelop-
ing quotients” X /,U) that contain the enveloped quotient ¢;7(X*®) and have ample line
bundles which under the natural map ¢y : X** — X @ U pull back to positive tensor
powers of L (see [2] for details).

The H-semistable locus X** = X**# and enveloped and (inner) enveloping quotients
qu : X% = qu(X*) C XobH C X H

for the linear action of H are defined as for the unipotent case in Definition 2.6 and Remark 2.7
(cf. [2]), but the definition of the stable locus X' = X'*# for the linear action of H combines
(and extends) the definitions for unipotent and reductive groups.

Definition 2.8. (Stability for linear algebraic groups). Let H be a linear algebraic group acting
linearly on X with respect to an ample line bundle L; then the (locally trivial) stable locus is the
open subscheme X5 = [ renus Xy of X%, where T s C |J oo HYX, L®)H is the subset of

H-invariant sections f satisfying the following conditions:

r>0

(1) the H-invariant open subscheme X is affine;
(2) the H-action on X is closed with finite stabiliser groups; and
(3) the restriction of the U-enveloping quotient map

qu : Xy — Spec((@L(X)U)(f))

is a locally trivial geometric quotient for the U-action on X.
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2.3. GIT for linear algebraic groups with internally graded unipotent radicals. Now sup-
pose that H = U x R is a linear algebraic group with internally graded unipotent radical U in
the following sense.

Definition 2.9. We say H = U x R has internally graded unipotent radical U if there is a central
1-PS A : G,,, — R whose conjugation action on the Lie algebra of U has strictly positive weights.

We write U = U x A(G,) < H for the associated semi-direct product.

Suppose also that H acts linearly on X with respect to an ample line bundle L. It is shown
in [3, 4] that the algebra of H-invariant sections is finitely generated provided:
a) L is replaced with a suitable tensor power L®™, with m > 1 sufficiently divisible, and
the linearisation of the action of H is twisted by a suitable (rational) character, and
b) condition (x) described below (also known as ‘semistability coincides with stability for
the unipotent radical U”) holds.

Moreover, in this situation the natural quotient morphism gy from the semistable locus X%
to the enveloping quotient X @ H is surjective, and expresses the projective scheme X//H =
X/oH = X & H as a good quotient of X**. Furthermore this locus X** can be described
using Hilbert-Mumford criteria. It is also shown in [4] that when condition (x) is not satisfied,
but is replaced with a slightly weaker condition, such as (+*) below, then there is a sequence
of blow-ups of X along H-invariant subschemes (similar to that of [24] when H is reductive)
resulting in a projective scheme X with an induced linear action of H satisfying condition
(%). In fact, these results can be generalised to allow actions where the U-action has positive
dimensional stabilisers (cf. Theorems 2.17 and 2.18 below). Before giving a precise description
of the condition () and its variants, we define the notion of an adapted linearisation, which is
also needed for the statement of the main results of [3, 4]. R

Let x : H — G,, be a character of H; the restriction to U of x contains U in its kernel and
can be identified naturally with an integer so that the integer 1 corresponds to the character
of U which fits into the exact sequence U < U — A(G,,). By replacing L with a sufficiently
high power, we can without loss of generality assume that L is very ample. Let wnin := wp <
w1 < -+ < Wmax be the weights with which the 1-PS A : G,,, — U < H acts on the fibres of the
tautologlcal line bundle Op((go(x,1)+)(—1) over points of the fixed locus P((H 0(x, L)*)MCm),
Without loss of generality we may assume that there exist at least two distinct such weights, as
otherwise the U-action on X is trivial, in which case we can take a quotient by the action of the
reductive group R = H/U.

Definition 2.10. For a character x of H as above and a positive integer ¢, we say the rational
character x/c is adapted to the linear action of U if

2.1) Win = W < x < wi.
c
Furthermore, we say L is adapted to the U-action if Wmin 1= wp < 0 < wy.

If the rational character x/c is adapted to the linear action of U, then the H-linearisation L£e
on X given by twisting the ample line bundle L®“ by the character y (that is, so that the weights

w; are replaced with wjc—x) is adapted. Let X, ;g”j_ =X ;i/\n(ﬁm) denote the stable set in X for the
linear action of G, via A with respect to the adapted linearisation L and, for a maximal torus
T of H containing A\(G,,), let X L' denote the stable set in X for the linear action of 7" with

min +
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respect to the adapted linearisation L. By the theory of variation of (classical) GIT [13, 34],

the stable set X mm( +’”) is independent of the choice of adapted rational character x/c. In fact,
M Gm) _
min +

by the Hilbert-Mumford criterion, we have X
weight space of Wy, in V = H°(X, L)*, then

X0\ Zmin, where if Vi, denotes the

Zin i= X NP(Vigin) = {x e XMEm) . \(G,,) acts on L*|, with weight wmin}

and
XO

min

= (€ X, _fim, MO0 €

Definition 2.11. (Conditions (x) — (**x) generalising ‘semistability equals stability’ cf. [4]) With

the above notation, we define the following conditions for the U-action on X.

(%) Staby (z) = {e} for every z € Zpyin.

(x%) Staby () = {e} for generic z € X2, .
Moreover, if U > U > ... > U®) > {e} denotes the derived series of U/, we define condition

(xxx)  forl < j <s, thereexists d; € N such that dim Stab;;,(z) = d; forall z € X0,

min-

Note that condition (*) holds if and only if we have Staby (z) = {e} for all z € X This

m1n
condition is also referred to in [4] as the condition ‘semistability coincides with stability” for the

action of U (or, when the 1-PS A : G,,, — R is fixed, for the linear action of U).

Definition 2.12. Let 7" < R be a maximal torus containing A\(G,,,). The minimal stable set for a
linear H-action for which condition (*) holds for the action of the graded unipotent group U is

. s, T
mm + m thm +°
heH
We note that the minimal stable set for the U-action satisfies
$,MGm) 0
m1n+ m Xm1n+ Xmin \ U Znin-
uelU

Theorem 2.13. (U-Theorem when semistability coincides with stability for U) [4] Suppose that

the linearisation for the action of H on X is adapted as in Definition 2.10 and that the U-action on X
satisfies condition (x). Then the following statements hold.

(i) The open subscheme X v of X has a projective geometric quotient X//U = X v JU by U.

min + min +
(ii) The open subscheme XﬁlﬁJr of X has a good quotient X//H = (X//U)//Rby H = U X R,

which is also projective.

Remark 2.14. In the proof of Theorem 2.13 (and its variants below), one replaces the adapted
linearisation by a ‘well adapted” linearisation (which can be achieved by twisting by a ra-

tional character); this is a slightly stronger notion. This strengthening does not alter Xfml{1 "

or its quotient X // U, but it affects what can be said about induced ample line bundles on
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X//U and X//H = (X//U)//(R/)\( m)). The proofs in [3, 4] that the algebras of invariants
Om>oH (X, L%ggn) and

@HO(X, L;@;Lcm @HO X L®cm) )(R/)\(G m))

m>0 m2>0

are finitely generated, and that the enveloping quotients X // U= x> U 4/ U and X //H are

min
the associated projective schemes, require that the linearisation is twisted by a well adapted

rational character x/c. More precisely, it is shown in [3, 4] that, given a linear action of H on X
with respect to an ample line bundle L, there exists € > 0 such that if x/c is a rational character
of G,, (lifting to H) with c sufficiently divisible and x : H — G, a character of H such that

X
Wmin < E < Wmin + €,

then the algebras of invariants @,,>0H°(X, Lf%‘;(”"”)[7 and @, >0 HO (X, LES™) M are finitely gener-

ated, and the associated projective schemes X//U and X//H satisfy the conclusions of Theorem
2.13.

Theorem 2.13 describes the good case when semistability coincides with stability for the
linear action of U. The following versions proved in [4] apply more generally.

Theorem 2.15. (U-Theorem giving projective completions) [4] Suppose that the linear action of U
on X is adapted and satisfies condition (). Then there exists a sequence of blow-ups along H-invariant

projective subschemes, resulting in a projective scheme X (with blow-down map ¢ : X — X)) such that
the conditions of Theorem 2.13 still hold for a suitable ample linearisation, and such that the quotient

given by that theorem is a geometric quotient of an open subscheme X* of X.

Remark 2.16. This blow-up sequence is constructed in two stages: one first blows up by consid-
ering the stabiliser subgroups for the unipotent group U, and then one blows up by considering
the stabiliser subgroups for the reductive group R.

In the first step, one performs a blow-up sequence to obtain w X — X such that the U-
action on X satisfies condition (+) with respect to a linearisation L, which is an arbitrarily small

perturbation of ¢*(L). The centres of the blow- -ups used to obtain X from X are determined by
the dimensions of the stabilisers in U of the limits lim;_,o A(t)-x forz € X2, (for details, see [4]).
Then one can construct a projective and geometric quotient of the U-action on XU by Theorem
2.13 and, as w is an isomorphism away from the exceptional divisor, one obtains a geometric
quotient of a U-invariant open subset X * U of X asan open subscheme of X // LU where XU
is the image under ¢ of the intersection of X* U with the complement of the exceptional divisor

in X. Another characterisation of this stable locus is as
XU = {z e p(X*0) | dim Staby (I A() - z) = 0}.

If one is only interested in obtaining a good quotient for the H-action, then the second stage
of the blow-up procedure is not needed: one can then take a reductive GIT quotient of the

residual action on X //2[7 of H/U = R/A(Gy,), and thus one obtains a good quotient of the

H-action on an open subset of X as an open subscheme of ()? // Eﬁ )//(R/A(Gy,)). Moreover,
this good quotient restricts to a geometric quotient on an open subscheme of stable points.
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Finally, to go from X to the blow-up X in Theorem 2.15, one performs an additional blow up
sequence by considering the stabiliser groups for the action of the reductive group R/\(G,,) as
in the partial desingularisation procedure described in §2.1.2.

This gives us an H-invariant open subscheme X% of X with a geometric quotient by H
which is an open subscheme of the pro]ectlve scheme X //zH (and also of X //zH). Here X1

is the image under w of the intersection of X * with the complement of the exceptional divisor
in X.

Theorem 2.13 can be generalised by weaking the condition (x) further to (x * *) to allow for
actions with positive dimensional stabiliser groups generically.

Theorem 2.17. (U-Theorem with positive-dimensional stabilisers in U) [4] Suppose that condi-
tion (x * *) holds for an adapted linear U-action on X. Then the conclusions of Theorem 2.13 hold.

In fact, this theorem still holds if we replace the derived series in condition (x * ) with any
series U > UM > ... > U®) > {e} which is normalised by H and whose successive quotients
U UG+ are abelian, provided that (+ * +) holds for this series.

Finally, there is a version of the theorem without requiring any hypothesis related to semista-
bility coinciding with stability.

Theorem 2.18. (U-Theorem with positive-dimensional stabilisers in U, giving projective com-
pletions) [4] For a linear H-action on X with respect to an adapted ample linearisation L, there is a
sequence of blow-ups along H-invariant projective subschemes, resulting in a projective scheme X such
that condition (x * x) holds for a suitable linearisation, and such that the H-quotient given by Theorem
2.13 is a geometric quotient of an open subscheme X > of X.

This theorem provides a non-reductive analogue of the partial desingularisation construc-
tion for reductive GIT described at the end of §2.1.

As before, this gives us an H-invariant open subscheme X * of X with a geometric quotient
by H which is open in the projective scheme X//-H; here X* H s the i - image under 1 of the

intersection of X*! with the complement of the exceptional divisor in X.

Remark 2.19. As for Theorem 2.15 (cf. Remark 2.16), one first constructs a blow-up XX by
considering stabiliser subgroups for the unipotent action, then one constructs a further blow-
up sequence X — X by considering the stabiliser subgroups for the residual action of the
reductive subgroup R/\(G,,). The slight difference is that in the first step, the centres of the
blow-ups used to obtain X from X are determined by the dimensions of the U/)-stabilisers
of the limit lim; o A(¢) - = and of = itself for x € X°. . We will see in the next section that
by applying Theorem 2.18 to the closures of the subschemes where these dimensions take dif-
ferent values, and combining this with the partial desingularisation construction of [24] for
reductive GIT quotients, X can be stratified so that each stratum is a locally closed H-invariant
subscheme of X with a geometric quotient by the action of H.

3. STRATIFYING QUOTIENT STACKS

Let H = U x R be a linear algebraic group with internally graded unipotent radical U (cf.
Definition 2.9) acting on a projective scheme X over an algebraically closed field k of charac-
teristic 0 with respect to an ample linearisation £. We fix an invariant inner product on the Lie
algebra Lie R of the Levi factor, just as in the construction of the HKKN stratification (cf. §2.1.1).
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The aim of this section is to prove Theorem 1.1 stated in §1. We will prove this result using
a recursive argument involving the dimensions of X and of H and the number of irreducible
components of X. The idea will be to start by defining a ‘minimum’ stratum, which will be a
non-empty H-invariant open subscheme of X, and then proceed recursively.

We will assume that H is connected and that X is reduced.

Remark 3.1. These assumptions do not involve any significant loss of generality.

(1) The HKKN stratification {Sg | # € B} is usually indexed by a finite subset B of a
positive Weyl chamber. Then the strata are not necessarily connected even when X is
irreducible, and it is often useful to refine the stratification so that the strata are the
connected components of S, or are unions of some but not all of these connected com-
ponents (cf. [23]). There is a similar ambiguity in the construction of the refined strati-
fication defined in this section: at some points we take connected components, but this
is not crucial to the definition. Indeed if we wish to allow the group H to be discon-
nected then we cannot assume that the strata are connected since they are required to
be H-invariant. Then instead of taking connected components (which will be invariant
under the component Hj of the identity in H), we can take their H-sweeps, which will
be disjoint unions of at most | H/Hy| of these connected components.

(2) If X isnon-reduced, then we can define the stratification on X by using a positive power
of L to define an H-equivariant embedding of X into a projective space P", and then
take the fibre product of X with the stratification on P". Indeed, we will see that the
stratification is functorial for equivariant closed immersions (this is essentially the third
statement in Theorem 1.1). This follows as the reductive notions of GIT (semi)stability
are functorial and since in the non-reductive case, we are assuming that H has inter-
nally graded unipotent radical. The stable loci when H has internally graded unipotent
radical and adapted linearisation are also functorial, as they have Hilbert-Mumford
style descriptions (see Definition 2.12). We note that in the more general non-reductive
GIT set up described in §2.2 the notions of (semi)stability are not functorial, as taking
H-invariants is not exact, and so there can be invariants which do not extend to the
ambient space. The advantage of assuming that X is reduced is that the complement to
the open stratum then has a canonical scheme structure; thus it is easier to recursively
define the stratification.

Let us describe the recursive construction when H is connected and X is reduced. For each
linear action on X of H = U x R with internal grading A : G,, — R and linearisation £ with
underlying ample line bundle L, we will first use recursion to define a nonempty H-invariant
open subscheme Sy(X, H, A, £) of X that admits a geometric quotient So(X, H, A, £)/H; this
will be done by considering seven different cases. After defining the open stratum, we will
define the stratification {S,|y € I'} of X with strata S, = S,(X, H,\,£) and index set I' =
I'(X, H, \, L) by letting X, ..., X} be the connected components of the projective subscheme
of X equal to the complement of So(X, H, A, £), letting Sp ;(X, H, A\, L) for 1 < i < m be the
connected components of So(X, H, A, £), and setting

(3.1) T(X,H ML) :={0} x {1,....m}uU |J {X;} xT(X;, H,\, L]x,).
1<y<k

The strata indexed by (0,7) € I'(X, H, \, £) for 1 < i < m are then the connected components of
the open subscheme Sy(X, H, A, £) constructed using the case by case argument below, whereas
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the stratum indexed by an element (X}, v) for 1 < j < kand v € T'(X}, H, \, L|x;) is
(3.2) Sx; (X, HoA L) == 8y(X5, Ho A L x;, ),

where the strata S, (X, H, \, L|x,) are constructed by induction. The partial order on I' then
naturally comes from the partial orders on each I'(X;, H, A, £|x,) with (0,i) < (Xj,) for all
1<i<mandl<j<kand~ € F(Xj,H,/\,EIXj).

Let us now describe how to define Sy(X, H, A, £) in the seven different cases. Let

be the derived series of U. Let
289 = {& € Zuyin| dim(Staby (z)) = do}

min

where dj is the minimal value of dim(Staby(x)) for & € Zyin. Then Z% is a nonempty H-

invariant open subscheme of Z,;,, and U fofm is a nonempty locally closed subscheme of X.

Case 1. First assume that the central one-parameter subgroup A : G,,, = R of R has at least two
distinct weights for the linear action of H on X; equivalently Z,,;, is a projective subscheme of
X with Z,;jn # X. Under this assumption we have two possibilities to consider.

Case 1(a). Suppose that U fofin is open in X. Then we define
So(X, H, A\, E) = U{$ € S()(Zmin, R/)\(Gm), /\0’»C|Z | dim(Staij (:U)) == dj forl <j < S}

where )\ is the trivial one-parameter subgroup that grades the trivial unipotent radical of the
reductive group R/A(G,,) and d; := min{dim(Staby, (z)) : © € So(Zmin, R/MGm), Xos L] 2,:) }-

By induction we can assume that So(Zmin, B/A(Gn), Mo, £]z,,,) is a nonempty R-invariant
open subscheme of Z,,i, with a geometric quotient by the action of R/A(G,,) (or equivalently
by the action of R, since the central one-parameter subgroup A(G,,) of R acts trivially on
Zmin)- Indeed, we can construct such an open subscheme as in Case 2 described below. Thus
So(X, H, \, £) is an H-invariant nonempty open subscheme of X, and by the proof of Theorem
2.18 (see [4, Remark 2.10]) it has a geometric quotient

- SO min, R/A )\07 E’Zmln)/(R/A(Gm>)'

min)

Case 1(b). Suppose that UZ® is not open in X. Recall that X?

min min

subscheme of X and that the morphism p : X 0 5 Zmnin defined by

min

p(z) = lim A(t)z
t—0
satisfies p(urz) = rp(z) forallz € X2, ,u € U and r € R (cf. [4]). We set
) € 80( min, R/)\(Gm)7 )\0? £|Zmin) and for 1 < j < S
dim(Staby, (z)) = ¢; and dim(Staby, (p())) = d;

where d; and §; are defined inductively, in decreasing order of j, as follows. Assuming that d;
and §; are defined for i > j, we define
Jdx € XO with z = p(.’L‘) c S()(Zmin, R/)\(Gm), /\0, E‘Zmin> }

dj i= min {dim(Staij ()| mmand dim(Staby, (z)) = d; foralli > j

is an H-invariant open

SO(X> Ha )‘7‘6) = {33’ € Xrgnn \ UZmln | p(
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and

. . T € XI(]]nin such that p(z) € So(Zmin, R/MNGm), Ao, £ Znin
0 := min {dlm(Staij (z)) | and dim(S’Ealei (w))( .y fOI{al(li >)j Zmin) } )
where for j = s, the conditions appearing in the second line of these definitions are empty.
Note that if X and Z,,;, are irreducible then we can define d; and J; much more simply as the
generic values taken by dim(Staby, (z)) for z € Zyin and by dim(Staby, (z)) for z € XJ;, butin
this approach to defining the stratification {S,|y € I'} we need to allow X to be reducible.
Using the proof of Theorem 2.18 again (cf. [4, Remark 2.10]), we have that So(X, H, \, £) is
an H-invariant nonempty open subscheme of X with a geometric quotient So(X, H,\, L)/ U,

and by the inductive construction a geometric quotient

So(X, H N L)/H = (So(X, H, N L)/U)/(R/ANGr)).

Case 2. Now assume that the central one-parameter subgroup A : G,, — R which grades U
acts trivially on X, so the unipotent radical U of H = U x R must also act trivially on X. Then
without loss of generality we can assume that H = R is reductive and that A = ) is trivial.

Case 2(a). Suppose that the stable locus X %% for the linear action of R on X is nonempty. Then
we let

So(X,H )\ L) = X5E
and by classical GIT this has a geometric quotient X*%/H = X*%/R.

Case 2(b). Suppose that the semistable locus X*# for the linear action of R on X is empty.
Then there is a stratum Sg from the HKKN stratification for X (associated to our invariant
inner product on R) such that 5 # 0 and

Sg = HY§® = RY;® = R x"r y5*

is nonempty and open in X (see §2.1.1 and Remark 2.5). Then we have the following two
subcases to consider.

Case 2(b)i). Suppose that W # X. Then by induction on dim X and the number of irreducible
components of X,

So(X, H, A\, £) = R(So(Y5®, P, Ag, Llys) NY5*) = R 1 (So(Y5%, Ps, A, Llye) NY5)

is a nonempty R-invariant (and hence H-invariant) open subscheme of X and has a geometric
quotient

So(X,H,\,L)/H =So(X,H,\,L)/R = (SO(YBSS, Pg, )\5,£|?) NY3®)/Ps.

Case 2(b)ii). Suppose that W = X. Then P3 = R so 3 defines a rational character of R and
corresponds to a nontrivial central one-parameter subgroup \g : G,, = R. If Zg # X then
the one-parameter subgroup A3(Gy,) acts nontrivially on X, and thus we can use Case 1 and
induction to define
So(X,H,\, L) =8y(X, R, \g, L)
so that it is a nonempty R-invariant (and hence H-invariant) open subscheme of X and has a
geometric quotient
So(X,H,\,L)/H = Sy(X, R, 3,L)/R.
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If Zg = X then Ag(G,) acts trivially on X and we can use induction on the dimension of H to
define

So(X, H,\, L) = So(X, R/Ag(G), Mo, £)
which is a nonempty R-invariant (and hence H-invariant) open subscheme of X with geomet-
ric quotient So(X, H, A\, L£)/H = So(X, R/ g(Gm), Mo, L)/ (R/A3(G)).-

Case 2(c). Suppose now that X% = () # X*9E  Recall from Remark 2.5 that the partial
desingularisation construction [24] for the linear action of the reductive group R on X can be
applied to X*%, although, for simplicity, X was assumed to be irreducible in Remark 2.5,
which is no longer the case here. This construction terminates with a birational projective

morphism ¢ : X — X and R-linearisation £ for an ample line bundle L on X which is a
positive integer multiple of Y*L ® O(—eE) where E is the exceptional divisor and 0 < € << 1
is rational. Then we have the following two subcases to consider.

Case 2(0)i). Suppose that there is a positive-dimensional connected reductive subgroup R’ of
R such that

sts ~ R ><]\7R/ ZSS
is open and nonempty in X *5F. Here N is the normaliser of R’ in R and
7% ={x e X% | Rz =2} = Zp n X0

with Zp: the union of those connected components of the fixed point set X ' over which R’ acts
trivially on the fibres of £. Moreover Ny and its quotient group Ny /R’ are reductive, and Z o
coincides with both the semistable locus and the stable locus for the induced action of Ng/ /R’
on Z R

In this situation RZ S\ E = RxVw (Z % \ E) is a nonempty R-invariant (and hence H-
invariant) open subscheme of X\ E with a geometric quotient

(RZ3 \ E)/R= (Z3 \ E)/Np.

Since 1) restricts to an H-equivariant isomorphism from X\ Etoan open subscheme of X, it
follows that if we set

So(X,H,\ L) = p(RZj3 \ E)

then So(X, H, A\, £) is a nonempty R-invariant (and hence H-invariant) open subscheme of X
with a geometric quotient

So(X,H,\, £)/H = (Z35 \ E)/Ng.
Case 2(c)ii). By Remark 2.5, if we are not in the situation of 2(c)i), then the semistable locus
X5 is empty, and as in Case 2(b) there is a nonempty open stratum
gg ~ R x1» ffﬁs s

with 8 # 0 in the HKKN stratification of X. Then 55 \E=Rx!s (175"’5 \ E) is nonempty and

open in X.
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If Y5\ E # X then as in Case 2(b)i) So(X, H, \, £) = $(RSo(Y3* \ E, Ps, g, Eym) \ E)
B

is a nonempty R-invariant (and hence H-invariant) open subscheme of X with a geometric
quotient

So(X, H,\, £)/H = (So(Y5* \ E, P, Ag, E|1~,EW> \ E)/Ps.

Finally if }753 \E = X then as in Case 2(b)ii) we can either reduce to Case 1 or use induction
on the dimension of H.

This completes the recursive definition of Sy(X, H, A, £); then we define the stratification
{Sy|y € T'} and its indexing set I" as in (3.1) and (3.2), and Theorem 1.1 follows from the con-
struction. Of course, if the dimension of X or H is 0, we set So(X, H,\, £) = X.

Example: Ordered points on the projective line. This is a familiar example (cf. [23, 28]). Let
H = SL(2) so that U is trivial and R = H. Fix n > 1 and consider the diagonal action of H
on (P!)". The linearisation is the nth tensor power of the standard representation on C? via the
Segre embedding, and the indexing set of the HKKN stratification is

B={(2r—-n)|n>r>n/2} U{0}.

If 8 = 2r — n with 7 > n/2 then a sequence lies in Zg = Z3” if and only if it contains r entries
equal to [1 : 0] and n — r entries equal to [0 : 1], while Y3 = Y* consists of sequences with
precisely r entries equal to [1 : 0], and finally the HKKN stratum S consists of sequences such
that exactly r entries coincide. Thus Zg, Y3 and Sz all have () connected components. The
semistable stratum corresponds to 3 = 0 and consists of sequences in which no point of P!
occurs strictly more than /2 times.

In order to describe the refined stratification, note first that the Ug-stabilisers in Zg when
B = 2r — n are trivial for n/2 < r < n. Therefore in the refined stratification, Sz decomposes
as the disjoint union of S5 " = SL(2)Zs, consisting of sequences supported at two points of
multiplicity r and n — r respectively, and its complement S5 ~""" in S5; when r = n — 1 this
complement is empty. When r = n the stabilisers for Ug = U,, are not trivial, but they have the
same dimension for all points in Z,, and the stratum .S,, remains intact.

The semistable stratum S, behaves differently for even and odd n. For odd n, the SL(2)-
semistable locus Sy coincides with the stable locus and no blow-up is needed. However, for
even n we need to split Sy into smaller strata to get geometric quotients: the stable locus SO<”

where strictly fewer than n/2 points coincide, the (connected components of the) centre S; /2n/2

of the blow-up where half the entries of the sequence coincide at each of two points in P!, and

Sg/2,<n/2

the (connected components of the) strata where half the entries coincide but the other

half do not.
Thus modulo taking connected components the refined stratification has the following form:

n odd: (P1>n = SO L Sn—2 L Sn L |_| ST,’VZ—T L Sr,<n—r;

2r—n 2r—n

2<r<n—1 ~
n/2<r<n Som

neven: (P1)" = S5 LSy LSy LS, L US, U || S UsE

2r—m 2r—m

So n/2<r<n—1 S
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Remark 3.2. If we only require good quotients rather than geometric quotients of the strata S,
then we can simplify the algorithm for constructing the stratification {S,|y € I'} somewhat,
by combining the Cases 2(a) and (c) in the definition of Sy(X, H, A, £) into the following single
case.

Case 2(a’). Suppose that the semistable locus X **:# for the linear action of R on X is nonempty.
Then we let

So(X,H,\ L) = X558
and by classical GIT this has a good quotient X//R.

We note that this stratification is not intrinsic to the stack X := [X/H], as it depends on the
presentation of X as a quotient stack [ X/G] and a choice of ample linearisation £ on X, as well
as an invariant inner product on Lie R. Since for reductive groups H = R, this stratification
refines the HKKN stratification, which itself depends on a choice of such a linearisation and an
inner product, this dependence is to be expected.

Remark 3.3. Note that when H = R is reductive then condition (}) in Theorem 1.1 holds for
p = 0 if and only if X** = X*. Moreover (}) holds for 5 # 0 if and only if semistability coin-
cides with stability for the induced linear action of Stab(3)/A\3(G,) on Zg and also condition
(*) holds for the action of the graded unipotent radical (A]g = Up » A\g(G,,) of the parabolic
subgroup P3 < R.

There is a notion of a coarse moduli space of an Artin stack X (over k), which is a morphism
m : X — Y to an algebraic space Y that is a categorical quotient (i.e. = is initial among all
morphisms from X to an algebraic space) and such that 7 induces a bijection on point sets
[X()] =Y (k).

Remark 3.4. In general, if G is an algebraic group acting on a scheme X with a categorical
quotient ¢ : X — Y, then 7 : [X/G] — Y is not necessarily a coarse moduli space, as =
only induces a bijection on points sets if Y is an orbit space. However, if ¢ is a geometric
quotient, then = is a coarse moduli space for X := [X/G]. Indeed, since geometric quotients
are orbit spaces, 7 clearly induces a bijection [X(k)] = X (k)/G(k) = Y (k). To prove it is also
a categorical quotient, one can apply a result of Rydh [29, Theorem 3.16], which says that if
¢ is universally open and strongly geometric (in the sense of [29, Definition 2.2]), then 7 is
a categorical quotient. Since ¢ is a geometric quotient it is surjective, universally open and
the fibres of ¢ are single orbits; furthermore, the natural morphism j : G x X — X xy X is
surjective. In particular, j, ¢ and ¢°** (the induced map for the constructible topology) are all
universally submersive; thus ¢ is a strongly geometric quotient by [29, Lemma 2.3].

Alper [1] introduced a notion of a good moduli space for stacks, which is inspired by the
notion of a good quotient in reductive GIT. However, this notion is suited to reductive groups
and is less favourable for our set up where we have stacks with potentially non-reductive sta-
biliser groups. Indeed BG = [Speck/G] — Speck is a good moduli space if and only if G/k
is linearly reductive, as the stabiliser groups of the closed points of a stack admitting a good
moduli space are all linearly reductive by [1, Proposition 12.14].

By Remark 3.4, we obtain the following corollary of Theorem 1.1.

Corollary 3.5. Let X = [X/H| be a quotient stack, where X and H are as in the statement of Theorem
1.1, and so we have a stratification {S,|y € I'} of X into H-invariant quasi-projective subschemes which
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each admit geometric quotients S~/ H. Then there is an induced stratification {X,, := [S,/H] : v € I'}
of X such that each stratum has a coarse moduli space X, — S+ /H.

We note that, in general, it is not the case that [S,/H] is isomorphic to S,/ H; this only hap-
pens if additionally the action of H on S, is free.

4. STACKS FILTERED BY QUOTIENT STACKS

In §3, we constructed a stratification {S,|y € I'} of a projective scheme X acted on linearly
by a linear algebraic group H = U x R with internally graded unipotent radical U, such that
each stratum is an H-invariant quasi-projective subscheme of X with a geometric quotient by
the action of H. The quotient stack [X/H] then has an induced stratification {¥,|y € I'} such
that each stratum X, has the form

Xy = [8/H] = [W,/H,)

where W, is a quasi-projective subscheme of X acted on by a linear algebraic subgroup H. of
H with internally graded unipotent radical, and this action has a geometric quotient W,/ H.,.
Moreover under appropriate hypotheses of ‘semistability coinciding with stability” for the ac-
tions of the subgroups H.,, the geometric quotients W, /H, are themselves projective.

We can apply this to Artin stacks which are filtered by quotient stacks admitting stratifica-
tions that are compatible in the following sense.

Definition 4.1. Let M be an Artin stack.
(1) We say M is filtered by quotient stacks if M can be expressed as an increasing union

M=|JM,

n=0
of open substacks with presentations of the form
M = [Va/ Ha]

where [V;,/H,] is the quotient stack associated to a linear action on a quasi-projective
scheme V,, by a group H,, = U,, x R, with internally graded unipotent radical.

(2) We say M is filtered by quotient stacks admitting compatible stratifications if M is filtered
as above and moreover, for each n € N, there is an ample H,-linearisation £,, on a
projective completion V,, of V;, and a choice of invariant inner product on the Lie algebra
of the Levi factor R,, < H,, such that for n’ > n, the pullback along M,, — M, of the
stratification of M, (obtained by restricting the stratification on [V,,/H,,] defined by
L, and this norm to M,,/) coincides with the corresponding stratification on M,,.

(38) We additionally say that M is filtered by quotient stacks admitting compatible stratifications
which are asymptotically stable, if for each n and each stratum ¥, ,, of M,, = [V,,/ H,,] there
exists N > n such thatif /| > m > N and X,; — M; and X, ,, — M,, are the strata
whose restrictions to M,, are ¥, ,,, then X, ; is the image of 3, ,,, under the inclusion
Mm — Ml.

Then we obtain the following corollary to Theorem 1.1.

Corollary 4.2. Let M be an Artin stack that is filtered by quotient stacks admitting compatible strati-
fications which are asymptotically stable; then there is a stratification {3, |y € I'} of the stack M such
that each stratum ., is isomorphic to a quotient stack [W. / H,], where W., is quasi-projective and acted
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on by a linear algebraic group H, = U, x R, with internally graded unipotent radical U.. Moreover,
there is a geometric quotient W.,/H. which is a coarse moduli space for ¥.. In particular, M has a
stratification by quotient stacks which all have coarse moduli spaces.

Remark 4.3. In fact, the same result holds if we consider stacks which admit an increasing
open cover indexed by a partially ordered filtered set that contains a cofinal copy of N with
analogous properties.

We have the following criterion for these moduli spaces to be projective (cf. Remark 3.3).

Remark 4.4. In the situation of Corollary 4.2, for a stratum >, = [W,, /H.,| where the unipotent
radical U, is graded by \, : G,, = R,, the coarse moduli space W, /H., will be projective if
(¥) holds for the action of U, x A,(G,,) on a suitable projective completion of W, with respect
to an induced linearisation, and semistabiity coincides with stability for the induced action of
R, /\y(G,,) on the analogue of Zy;, in this projective completion.

5. APPLICATIONS

We can apply the previous section to the construction of moduli spaces of “unstable” objects,
including moduli of sheaves over a projective scheme [6], projective curves [21]) and hypersur-
faces in a complete toric variety.

5.1. Moduli of hypersurfaces in a complete toric variety. Let Y be a complete simplicial toric
variety. It was observed in [3, §4] (using the description of Aut(Y’) given in [11]) that the auto-
morphism group H = Aut(Y') of Y is a linear algebraic group with internally graded unipotent
radical.

By considering suitable Hilbert schemes, each component of the moduli stack of hypersur-
faces in Y can be expressed itself as a quotient stack [V/H| where V is a projective scheme
with a linear action of H := Aut(Y') with an ample linearisation. Thus we can apply Theorem
1.1 directly to the moduli stack M to obtain a stratification {3,|y € I'} of M such that each
stratum X, is isomorphic to a quotient stack [W, /H,], where W, is a quasi-projective scheme
acted on by a linear algebraic group H, with internally graded unipotent radical, and there is
a geometric quotient W, /H., which is a coarse moduli space for .

A simple example is the automorphism group of the weighted projective plane Y = P(1,1,2) =
(k3\ {0})/Gyp, for G,, acting linearly on k® with weights 1, 1, 2. This is given by

Aut(P(1,1,2)) = U x R

where R 2 GL(2) is reductive and U = (G,)? is unipotent, with elements (\, u, ) € k3 acting
onP(1,1,2) via

[2,y,2] = [2,y,2 + A2 + poy + vy?].
The central one-parameter subgroup G,, of R = GL(2) acts on the Lie algebra of U with all
positive weights, providing an internal grading of the unipotent radical U.

5.2. Moduli of sheaves over a projective scheme. Let (Y, Oy (1)) denote a polarised projective
scheme over an algebraically closed field k of characteristic 0. For a fixed Hilbert polynomial
P, we let M := My p denote the moduli stack of coherent sheaves over Y with Hilbert poly-
nomial P with respect to Oy (1). We can filter this stack by quotient stacks in several ways: for
example, one can use Castelnuevo-Mumford regularity or the Harder-Narasimhan type. In
both filtrations, we will filter by quotient stacks which are quotients by general linear groups
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of open subschemes of Quot schemes, which appear in Simpson’s GIT construction [33] of
the moduli space of semistable sheaves on Y with Hilbert polynomial P. In this section, we
will describe the two ways to filter M and explain how to use a filtration involving Harder—
Narasimhan types to apply the results in §4.

Let us recall Simpson’s reductive GIT construction of moduli spaces of semistable sheaves.
By the Le Potier estimates [33, Theorem 1.1], the family of semistable sheaves over Y with
Hilbert polynomial P is bounded; hence, for n >> 0, all such sheaves are n-regular in the sense
of Castelnuevo-Mumford. For an n-regular sheaf &, the evaluation map

H°(E(n)) ® Oy (—n) — &

is surjective and dim H°(E(n)) = P(€,n), as all the higher cohomology groups of £(n) vanish;
hence, any n-regular sheaf with Hilbert polynomial P determines a closed point in the Quot
scheme
Qn := Quot(Oy (—n)®’™ p)

parameterising quotient sheaves of Oy (—n)®"(") with Hilbert polynomial P. In fact, it deter-
mines a point in the open subscheme Q,,_,; consisting of quotients ¢ : Oy (—n)®’™ — F
such that F is n-regular and H’(q(n)) is an isomorphism. If Q5 reg denotes the open subset,
where additionally the quotient sheaf is semistable, then Simpson constructs the moduli space
of semistable sheaves as a quotient of the natural SLp,)-action on the closure of @} ... The
action is linearised by choosing m > n to construct an embedding of the Quot scheme into a
Grassmannian and then composing with a Pliicker embedding of the Grassmannian into pro-
jective space; we let £, ,, denote this linearisation.

Since n-regularity is an open condition, we obtain an increasing open filtration of M by
the substacks M,,_,¢; of n-regular sheaves; furthermore, there are isomorphisms M,,_,¢; =
[@Qn—reg/ GL P(n)] for all n. Hence M is filtered by quotient stacks using n-regularity.

Let us explain a second way to filter M using Harder-Narasimhan (HN) types [17]. We
recall that every coherent sheaf & has a unique HN filtration 0 = £ C £ ... £(") = £ (where
here we use a Rudakov type notion of semistability to define HN filtrations for any coherent
sheaf; for example, see [19, Definition 4.11]). The HN type of € is 7(£) = (P(&1), ..., P(&))),
where &; := £0) /£(=1). The set of HN types for sheaves with Hilbert polynomial P is partially
ordered, such that the semistable HN type given by the single polynomial (P) is minimal. We
let M™ and M<7 denote the substacks of sheaves of HN type 7 and of HN type less than 7
respectively. By work of Shatz [32], the HN type is upper semi-continuous, and so M<" is an
open substack of M. Furthermore, as there are only finitely many HN types less than a given
HN type 7, these sheaves form a bounded family, and so M<" is a quotient stack of the form
(@ reg/ GLp(n)] for n > 0 (depending on 7); here, Q7. is the open subscheme of Q,reg
parametrising quotient sheaves with HN type less than 7.

Remark 5.1. The relationship between the HKKN stratifications and the HN stratifications on
Qn—reg is studied in [19, 20], where it is shown that for a HN type 7 and for m > n > 1
(depending on 7), there is an HKKN index 3, () for the SLp(,)-action on Q,, with respect to
Ly,m (and the Killing form on SLp(,,)) such that the following statements hold.

(1) All sheaves with HN type 7 are n-regular, and thus M, = [Q]_,../ GLp(,)], where

h—reg 1S the HN stratum in @,z indexed by 7.
(2) The HN stratum @Q7,_,., is contained as a closed subscheme in the HKKN stratum
S/Bn,m(T)'
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For the precise definition of 3, ,,(7), see [19, Definition 4.18]. For fixed n and m, the assignment
T + Bnm(7) is not injective; however, for two HN types 7 # 7/ and m > n > 0, we have
Bnm(T) # Bnm (7). In fact, for a finite number of HN types 71, ..., 7, we can pick m > n > 1
so that all the indices /3, ,,,(7;) are distinct and both the properties (1) and (2) above hold for all
of these HN types.

Furthermore, in [19, Theorem 1.1] an asymptotic HKKN stratification on M is constructed
using the HKKN stratifications on each M,,_,¢; and it is shown that this asymptotic HKKN
stratification coincides with the HN stratification on M. In fact, the HKKN stratifications on
M., _1eg are not compatible stratifications which are asymptotically stable in the sense of Defini-
tion 4.1, and so this asymptotic construction of a HKKN stratification is slightly more involved
(for details, see [19, §4]).

We claim that if we consider the filtration given by the open substacks M<" and choose
an appropriate presentation of these stacks, then the HKKN stratifications on each M<" co-
incide with the HN stratifications, and thus in particular, these stratifications are compatible
and asymptotically stable in the sense of Definition 4.1. For each HN type 7, as there are only
finitely many HN types less than 7, we can pick m > n > 1 as in Remark 5.1, so that both
statements in this remark hold for all these HN types and they all have different HKKN in-
dices. Indeed, if we compare the stratifications on Q57 ,, then we have Qg;reg — Sg,, () for
all 7 < 7, and as Q7 is the disjoint union of the HN strata Q;/_reg,
HN and the HKKN stratifications must agree.

Finally let us consider the refinement of the HKKN stratification on each M <" provided by
Theorem 1.1. Since the refinement will come from considering various stabiliser groups and
stable loci, and these can be studied intrinsically for the sheaves themselves, we see that the
stratifications on each M <" = [Q;7, ., / GLp(,,)] are compatible and asymptotically stable in the
sense of Definition 4.1. Therefore, there is an induced stratification {2, |y € I'} of M by quotient
stacks that refines the HN stratification and such that each quotient stack has a presentation
¥, = [W,/H,], where W, is a quasi-projective scheme acted on by a linear algebraic group
H., with internally graded unipotent radical, and there is a geometric quotient W, /H, which
is a coarse moduli space for ¥,. In fact, we can say what the open stratum is: provided that
there exists a stable sheaf with Hilbert polynomial P, the open stratum is the moduli stack M?*
of stable sheaves. The precise construction and description of these coarse moduli spaces is

described in [6].

we see that in fact the

5.3. Moduli of unstable curves. Another classical family of moduli spaces constructed as re-
ductive GIT quotients is given by the moduli spaces of stable curves of fixed genus g > 2. Here
we can use special linear group actions on Hilbert schemes of curves embedded in projective
spaces, and exploit the Rosenlicht-Serre description of singular curves in terms of their nor-
malisations together with additional data describing the singularities, to look for an associated
stratification {3, |y € I'} of the moduli stack of projective curves, allowing us to construct geo-
metric quotients of the unstable strata [21]. In this case of projective curves the linear actions
can be set up so that (almost always) the condition that semistability coincides with stability is
satisfied. Thus we expect the coarse moduli spaces of “‘unstable curves’ given by the geometric
quotients W, /H,, of the strata ¥, = [IW,,/H,] to be projective.
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