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Abstract

This thesis is concerned with mathematical modelling of oncolytic virother-

apy: the use of genetically modi�ed viruses to selectively spread, replicate and

destroy cancerous cells in solid tumours. Traditional spatially-dependent mod-

elling approaches have previously assumed that virus spread is due to viral

di�usion in solid tumours, and also neglect the time delay introduced by the

lytic cycle for viral replication within host cells.

A deterministic, age-structured reaction-di�usion model is developed for the

spatially-dependent interactions of uninfected cells, infected cells and virus

particles, with the spread of virus particles facilitated by infected cell motility

and delay. Evidence of travelling wave behaviour is shown, and an asymptotic

approximation for the wave speed is derived as a function of key parameters.

Next, the same physical assumptions as in the continuum model are used to

develop an equivalent discrete, probabilistic model for that is valid in the limit

of low particle concentrations. This mesoscopic, compartment-based model is

then validated against known test cases, and it is shown that the localised

nature of infected cell bursts leads to inconsistencies between the discrete and

continuum models.

The qualitative behaviour of this stochastic model is then analysed for a range

of key experimentally-controllable parameters. Two-dimensional simulations of

in vivo and in vitro therapies are then analysed to determine the e�ects of

virus burst size, length of lytic cycle, infected cell motility, and initial viral

distribution on the wave speed, consistency of results and overall success of

therapy.

Finally, the experimental di�culty of measuring the e�ective motility of cells is

addressed by considering e�ective medium approximations of di�usion through

heterogeneous tumours. Considering an idealised tumour consisting of periodic

obstacles in free space, a two-scale homogenisation technique is used to show

the e�ects of obstacle shape on the e�ective di�usivity. A novel method for

calculating the e�ective continuum behaviour of random walks on lattices is

then developed for the limiting case where microscopic interactions are discrete.
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Chapter 1

Introduction

1.1 Biological overview

The �eld of cancer gene research has grown considerably over the past few decades. This

broad area of research involves the use of genetic material to modify cells for the purpose

of destroying the tumour mass. Generally speaking, the methods used can be split into one

of three �elds: immunotherapy, gene transfer and the use of oncolytic agents (Figure 1.1).

Immunotherapy is based around the concept of stimulating the body's immune system

to better recognise and destroy cancer cells. While traditional immunotherapy has previ-

ously had limited success, the current methods of using gene therapy to create recombin-

ant cancer vaccines (created arti�cially by combining two or more sequences) have shown

promising results, with a number of studies reaching Phase III trials (Cross and Burmester,

2006). Harvested cancer cells are grown in vitro, and engineered to be more recognisable to

the immune system by altering genes that produce pro-in�ammatory immune-stimulating

molecules. These altered cells are then incorporated into a vaccine administered to patients,

in the hope of boosting the immune response.

Gene transfer treatments refer to the insertion of a foreign gene into the cancer cell or

surrounding tissue to express speci�c genes such as angiogenesis or suicide genes. Unlike

immunotherapy techniques, this treatment does not rely on an immune response, and

due the variety of gene expressions possible, this approach is considered extremely broad.

Typically, replication-incompetent viruses, such as modi�ed strains of adenovirus, have

been used to deliver these genes, although such methods have met di�culties. Problems

arising from gene silencing (the gene not being expressed for a long enough time period)

as well as the accurate insertion of the agent without contaminating surrounding tissue

have been challenging for the current level of technology, although trials of a modi�ed

adenovirus to deliver the p53 gene to cancer cells have currently reached Phase III trials.

No large-scale e�cacy studies have been published, but there is growing optimism for
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Figure 1.1: Conceptual schematic of gene therapy mechanisms. Pathway A represents
immunotherapy, Pathway B gene transfer and Pathway C represents oncolytic virotherapy
(adapted from Cross and Burmester, 2006).

improved techniques to deal with the problem of delivery and immune response (Cross and

Burmester, 2006).

In this work, we will be focusing on the applications of the third form of gene therapy

treatments, known as oncolytic virotherapy. This treatment involves the use of oncolytic

agents, namely genetically modi�ed viruses to selectively infect cancer cells and induce cell

death through lysis and further propagation of the virus. A number of viruses such as

the adenovirus, herpes simplex virus and Newcastle diseases have previously been used for

such purposes (Aghi and Martuza, 2005), each having particular advantages in terms of

preferential targeting of cancer cells and ease of genetic manipulation. In contrast to gene

transfer treatments which utilise replication-incompetent viruses to alter the characteristics

of cancer cells, oncolytic agents have the ability to selectively replicate within the target

cancer cell, resulting in an ampli�cation e�ect in areas of tumour growth, allowing for safer

doses of viral agent to be used in treatment (Liu and Kirn, 2008).

1.1.1 Virus properties and the lytic cycle

While trials treating solid tumours in immunode�cient mice have been extremely promising

(Mcauli�e et al., 2000; Liu et al., 2006), human trials have been less successful due to the

nature of the viruses used.

Due to the metastatic nature of aggressive tumours, the bloodstream has previously

been used as a delivery mechanism for therapeutic agents to multiple tumours (Jain, 1999,

2001). However, viruses outside of a host cell are essentially inert particles, and as virus

particles are an order of magnitude larger than traditional chemotherapeutic agents (Mok
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et al., 2009), they rely on passive targeting to reach a tumour systemically (Guo et al.,

2008). This approach has had limited success due to the common virus strains used in

virotherapy. Virus particles injected into the bloodstream are vulnerable to inactivation

by complement proteins, and an immune response is often mounted before the virus has

su�cient time to spread to the tumour mass (Power et al., 2007). More success has been

achieved with intratumoural injections of virus particles, where lower doses can be used

(Parato et al., 2005; Liu et al., 2007; Wang et al., 2003).

Once inside the tumour, virus particles can infect host cells to begin the replication

process. The exact mechanism of replication and eventual release depends on the speci�c

virus family. Most naked viruses and some enveloped viruses required cell lysis in order to

release new virions from the host cell. In addition to increasing virus population, cell lysis

results in host cell death, and is therefore the primary mechanism for tumour destruction

in oncolytic virotherapy (Heise et al., 1999). The lytic cycle consists of �ve stages (Shors,

2011, pp.69�85)

1. Attachment: The virus binds to speci�c receptors on the host cell.

2. Entry: Naked viruses typically inject nucleic acid into the host cell, whereas for

enveloped viruses, the host cell can phagocytose the entire virus particle into a vacuole

and when the virus breaks out of the vacuole, it releases nucleic acid into the cell.

3. Replication: The virus's nucleic acid instructs the host cell to replicate the virus

DNA or RNA.

4. Assembly: New virus particles are assembled.

5. Lysis and Release: The virus directs the production of an enzyme which damages

the host cell wall, causing the host cell to swell and burst. The burst of the host cell

membrane causes cell death, and the newly formed virus particles are released, free

to enter new cells, spreading the infection.

The location and method of replication also varies between RNA and DNA viruses (Table 1.1).

The genome replication of most DNA viruses takes place in the cell's nucleus. The major-

ity of these enter the cell by receptor-mediated endocytosis, although certain viruses (such

as herpesvirus) can enter the cell by direct fusion with the cell membrane. The replica-

tion of RNA viruses, on the other hand, usually takes place in the cytoplasm. Whether a

virus has an RNA or a DNA genome is signi�cant when it comes to developing antiviral

agents to control viruses (Shors, 2011, pp. 48�50). In the case of RNA viruses, all of the

enzymes used in genome replication and transcription are viral encoded enzymes di�erent

from those of the host cell so these enzymes can potentially be targeted. On the other

hand, DNA viruses use the host cell's RNA transcription machinery and DNA replication
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machinery, so these enzymes, shared by the virus and the host cell, cannot be targeted by

the immune system without killing the host cell.

The total duration of the lytic cycle (known as the burst time), as well as the number

of virions produced in the replication stage, varies with virus properties, and depends on

the type of nucleic acid and strandedness, as well as genome size and site of replication.

Viruses are commonly grouped into families on the basis of these properties in what is

known as the Baltimore classi�cation (Shors, 2011, pp. 56). The properties of commonly

used oncolytic viruses are summarised in Table 1.1.

Virus (Type) Group
(Baltimore

Classi�cation)

Enveloped
(E) or
Naked
(N)

Approximate
Size (nm)

Genome
Size (kb)

Site of
Replica-
tion

Burst
Time
(hrs)

Reovirus
(Reoviradae)

III (segmented
double-
stranded
RNA)

N 60− 90 18.2−
30.5

Cytoplasm
+

Nucleus

18

Adenovirus
(Adenovi-
ridae)

I (linear
double-
stranded
DNA)

N 70− 90 35− 36 Nucleus 24

HSV-1
(Herpesvi-
ridae)

I (linear
double-
stranded
DNA)

E 150− 200 120−240 Nucleus 12

Newcastle
Disease

(Paramyx-
oviridae)

V (negative
single-stranded

RNA)

E 150− 300 15 Cytoplasm 18

Vaccinia
(Poxviridae)

I* (linear
double-
stranded
DNA)

Complex
coats

200× 300 130−375 Cytoplasm 8

Table 1.1: Properties and characteristics of common oncolytic viruses (Aghi and Martuza,
2005; Parato et al., 2005; Chaston and Lidbury, 2001).

1.1.2 Tumours and interstitial space

Solid tumours, also known as neoplasms, account for over 85% of human cancers (Jang

et al., 2003). They are organ-like structures that are heterogeneous and structurally com-

plex, comprising of cancer cells and stromal cells (�broblasts and in�ammatory cells) that

are embedded in a network of proteins (Trédan et al., 2007).

Tumours that originate spontaneously often grow slowly, or exist for long periods of

time in a near-steady-state size, even when tumour cells express activated oncogenes or

enhanced growth factor signalling mechanisms (Matzavinos, 2004). During this period,
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which can last from several months to many years, tumour cells persist in a host under

growth restraint, and are described as being in a dormant or latent state (Wheelock et al.,

1981). In contrast, malignant tumours, colloquially known as cancers, are tumours that

invade surrounding tissues, traversing at least one basement membrane zone, growing in

the mesenchyme at the primary site and have the ability to grow in a distant mesenchyme

to form secondary cancers or metastases (Matzavinos, 2004).

As in normal tissues, the interstitial space of tumours is composed predominantly of a

collagen and elastic �bre network, giving structural integrity to the tissue. This cross-linked

structure, known as the extracellular matrix (ECM), is �lled with the interstitial �uid and

macromolecules which form a hydrophilic gel, and acts as a compression bu�er against

the stress placed on the ECM (Netti et al., 2000). The �bre-forming macromolecular

components of the ECM include collagen, �brin, �bronectin, connective tissue cells such as

�broblasts and in�ammatory cells. Fibrillar collagen I is the major �brous protein of the

tumour ECM, and is produced by host stromal cells in most tumours. Fibrils, which range

from 50− 200 nm in diameter and lengths of up to several micrometers, assemble to form

compartments, and it is the fusion of these narrow compartments can lead to the formation

of �bres (Birk and Trelstad, 1986). Other macromolecular components of the ECM are

comprised of polysaccharides such as glycosaminoglycans and proteoglycans, which allows

cells to bind to collagen via cell surface integrins, as well as provide structural integrity to

the matrix and resistance to compressive forces.

Collagen I content and structure have previously been correlated with limited di�usion

(Netti et al., 2000; Pluen et al., 2001; Ramanujan et al., 2002; Brown et al., 2003; Davies

et al., 2002), and Levick (1987) observed that �brillar components such as collagen may

signi�cantly in�uence transport in tissue, because of hydrodynamic drag and the tortuous

nature of the �ow path, as well as by a�ecting the distribution and e�ective concentration

of glycosaminoglycans. The ECM can vary greatly among tumours, both in amount and

in composition (Trédan et al., 2007), and in several tumours studied to date, collagen

content of tumours is higher than that of the host normal tissue, limiting the proliferation

of therapeutic agents throughout tumours (Liotta, 1986).

Due to the accumulation of �uid in the tumour interstitium, there are almost no pres-

sure gradients between the vasculature and surrounding tissue, and convection is negligible

in solid tumours (except at the tumour periphery), due to the uniform interstitial �uid

pressure (Boucher et al., 1990). Interstitial transport of molecular therapeutics is therefore

governed mainly by di�usion. However, large therapeutics, such as oncolytic viruses, are

orders of magnitude larger than conventional chemotherapeutics (< 1 nm compared with

50− 300 nm, Mok et al., 2009), and encounter severe transport limitations in the tumour

interstitium due to the structure of the ECM (Wu et al., 2001; Parato et al., 2005; Liu

et al., 2007; Sautho� et al., 2003). This is shown in Figure 1.2, where negligible mass
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transport of large, heavy macromolecules is seen in extravascular space for both normal

and neoplastic tissue.

Figure 1.2: Di�usive and convective mass transport in extravascular space of normal and
neoplastic tissue at 37 − 38◦. The retardation factor RF , is the solute convective �ow
velocity/solvent convective �ow velocity for �ow through a polysaccharide network, and λ
is the ratio of di�usive to convective �ux (reproduced from Swabb et al., 1974).

Solid tumours are dense tissues with relatively little interstitial space, with the average

distance between tumour cells shown to be approximately 20 nm, which is smaller than the

narrowest dimension of even the smallest of oncolytic viruses (Nagano et al., 2008). The

di�usion of solutes is considerably slower through connective tissue than water (Burstein

et al., 1993), and measurements of di�usivity in a variety of tissues has established a

negative monotonic relationship with total collagen content (Swabb et al., 1974; Netti et al.,

2000), and concluding that tumour collagen composition and organization signi�cantly

a�ect the penetration of macromolecules. The role of tumour �brillar collagen as the

primary causes of di�usive hindrance in tumours was con�rmed by Ramanujan et al. (2002),
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whose in vitro study of di�usion coe�cients in collagen gels matched tumour di�usion

coe�cients once tortuosity of the tumour interstitial space was taken into account.

Hindered di�usion in tissue (Syková and Nicholson, 2008) has been shown to be de-

pendent on both the molecular weight and radius of therapeutic agents (Swabb et al., 1974;

Jain, 1990; Netti et al., 2000). Netti et al. (2000) have also observed that di�usivity of

macromolecules in tumours follows power law expression with macromolecule radius, with

a power dependence ranging from −1.5 to −3. It is generally well accepted that macro-

molecules, such as oncolytic viruses, do not reach uniform concentration in a large tumour

for a long time because of large di�usion distances and large size of molecules (Jain, 1990;

Smith et al., 2011). From Figure 1.2, cancer viruses fall in the retarded transport or im-

penetrable tissue regions, depending on tissue glycosaminoglycan content and virus size.

These particles would, therefore, be essentially immobile in the interstitial space of neo-

plastic tissue under normal circumstances (Swabb et al., 1974). Instead, the proliferation

of the virus is dependent on cell interaction mechanisms, such as via motility of infected

cells, as the density of tissue will render viral di�usion negligible (Mok, 2007; Guo et al.,

2008).

1.1.3 Cell motility and tra�cking

Another important function of the ECM is to modulate the adhesion of cells to the un-

derlying substratum, which is required in order to exert the tractional forces required for

cell motility (Lester and McCarthy, 1992). The interstitial stroma of most tissues does

not normally contain pre-existing passageways for cells, and the basement membrane is

an insoluble, continuous, �exible structure which is impermeable to large proteins (Liotta,

1986). This acts as an exoskeleton, and the �bre network morphology modulates cell shape,

which has a direct impact on how much resistance a moving cell encounters (Lester and

McCarthy, 1992).

Tumour cells can migrate either collectively, retaining their intracellular junctions, or

individually. Individual cell migration strategies are broadly classi�ed as either mesen-

chymal or amoeboid. The mesenchymal type of cell migration resembles �broblast-like

motility, which is initiated by the formation of actin-rich �lopodia and lamellipodia at the

leading edge, and results in an elongated spindle-like shape. If the cross-section of the mi-

grating, elongated cell matches or is slightly below the mesh size, then the cell encounters

no resistance, or steric hindrance (Brábek et al., 2010).

Amoeboid migration is similar to the motility of amoeba, which is characterised by

cycles of expansion and contraction of the cell body and bleb-like protrusions mediated by

cortically localized actin-myosin interactions. This type of motility is seen in large mesh

sizes, and tumour cells that exhibit an amoeboid mode of migration usually show a rounded

shape in 3D substrates. If the mesh size is too large, the migration speed decreases due
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to a loss of cell-�bre attachment sites that are needed to either push or pull the cell body

forward (Harley et al., 2008).

Due to the dense environment of solid tumours, this cell motility can be utilised as a

carrier mechanism for propagation of viruses. The use of cells as carriers for virus particles

is known as virus tra�cking, and has also been used in the blood-stream for targeting

multiple metastatic tumours. This approach has previously been used to deliver herpes

simplex, adenovirus, vaccinia and measles throughout solid tumours, and has the additional

bene�t of bypassing the pre-existing antiviral immunity (Guo et al., 2008). After infection

with viral agent, the infected host cell morphology is usually drastically a�ected, along with

changes in the actin and microtubule cytoskeleton (Ploubidou and Way, 2001). These are

referred to as cytopathic e�ects, and their extent varies with di�erent virus and cell types.

This hijacking of the host cell motor mechanism can result in de�ciencies of �ne control

of actin cytoskeleton regulation, which can impair or enhance cell migration (Vicente-

Manzanares et al., 2005). For example, adenovirus disrupts the actin cytoskeleton shortly

after infection. Vaccinia virus induces the polymerization of action into tail-like structures

directly behind the virion, which can propel virions inter-cellularly. Herpes simplex virus

induces projections at the cell surface early in infection. The role of these projections has

not been fully understood, as they disappear from the cell before extracellular virions are

�rst detected (Cudmore et al., 1997).

While the exact extent of hijacking of the host cell's motor mechanism varies for di�er-

ent viral agents, Fisher and Seymour (2009) have stated that this usually results in reduced

cell motility, possibly due to the energy demand of viral replication. The �trojan horse�

approach to virus tra�cking has been demonstrated successfully in vitro, with yields of

100−200 pfu (Plaque Forming Units, a measure of non-defective, viable virions per sample

unit volume) of virus particles released per cell burst in the process of cell migration.

In spite of these obstacles, the potential lack of cross resistance (the reduced e�ect-

iveness of therapy due to other treatments) with standard therapies and low initial doses

means that virotherapy holds great promise as a means of treating tumours. In order to

better understand the shortcomings of the human trial of oncolytic agents, as well optimise

the characteristics and delivery of these agents as treatment, it is useful to develop math-

ematical models describing the interaction of cancer cells and the viral agents used to treat

them. To date, there have been several approaches undertaken to aid in the understanding

of speci�c aspects of treatment.

1.2 Modelling approaches

There has been considerable work in the development of mathematical models of tumour

growth, delivery of therapeutics as well as the dynamics of virus-host cells. A good starting

point for these are reviews by Byrne et al. (2006), Eftimie et al. (2011) and Zeyaullah et al.
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(2012), as well as the more general work of Wodarz (2007) for illustrating approaches for

modelling virus-tumour-immune system interactions.

In this section, we present an overview of existing approaches to modelling virus-tumour

interactions in solid tumours. Broadly speaking, these can be split into two approaches:

spatially-independent, population-interaction models describing the homogeneous mixtures

of virus particles and tumour cells, and spatially-dependent models describing the hetero-

geneous spread of virus particles through solid tumours. Traditionally, these have taken

the form of deterministic di�erential equations, appealing to the law of mass action. More

recently, a probabilistic approach has also been applied to spatially-dependent models in

the form of lattice-based mesoscopic models for cell interaction.

Each of these approaches has its bene�ts and limitations, and we provide a brief sum-

mary of the key assumptions, results and limitations.

1.2.1 Population interaction models

Despite best e�orts in engineering viruses to speci�cally target cancer cells, the question of

administering safe doses remains an important issue in oncolytic virotherapy. In addition

to this, the presence of the immune response and failure of su�cient viral spread can result

in the overall failure of therapy, dictating a minimal required dose.

To address this issue of optimising dosage, as well as determining the sensitivity of treat-

ment outcomes to certain key parameters, several models focusing on species interaction

have been developed. Rather than attempting to describe the spatio-temporal dynam-

ics of tumour growth and treatment, these models consider the simpler case of spatially

homogeneous mixture of species, and formulate systems of ordinary di�erential equations

describing the rate of change of populations in time.

The �rst such model was proposed by Wodarz (2001, 2003), and was later generalised

by Dingli et al. (2006). These models considered a system consisting of three species: un-

infected cancer cells, a free virus population, and cancer cells infected by virus particles.

The untreated tumour, represented by the population of uninfected cancer cells was as-

sumed to undergo logistic growth, as described by a Bertalan�y-Richards model with some

prescribed tumour carrying capacity. Uninfected cells were assumed to combine with virus

particles, which proliferated rapidly within the cell to form infected cells. Infected cells

were removed from the system due to natural or virus-in�icted death, the latter resulting

in the addition of multiple virus particles to the free virus population.

The behaviour of the ordinary di�erential equations governing these population inter-

actions was analysed from a dynamical systems point of view by considering the stability

of equilibria in the system. Three equilibria corresponding to the complete success, par-

tial success and complete failure of therapy were identi�ed, and although analytic criteria

for these outcomes were not tractable, numeric solutions illustrating these cases based on
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experimentally �tted sets of parameters were obtained. Although the parameters required

for complete success of therapy were beyond the physical properties of the viruses used

experimentally, an interesting conclusion reached was that virus species that killed infected

cells at a slower rate were often better suited to treatments, as they allowed for greater

virus proliferation. Further extensions to this set of models considered the e�ects of pairing

oncolytic virotherapy with more traditional chemotherapy treatments through the addi-

tion of radioactive species, both within the tumour and outside it, as well as cancer cells

a�ected by the radiation, which did not proliferate, but still occupied space in the system,

a�ecting the population dynamics (Dingli et al., 2006).

Motivated by experimental evidence, Bajzer et al. (2008) suggested that the fusing of

uninfected and infected cancer cells to form syncytia rather than the free virus population

was the physical mechanism driving intratumour spread. As these fused cell aggregates no

longer contributed to the growth of the tumour, the addition of this e�ect amounted to an

additional term describing the loss of uninfected cells, and the incorporation of the fused

cells to the infected cell population. This population was now considered to consist of both

solitary infected cells, as well as syncytia, which are single cells containing multiple nuclei

formed through cell fusion. This generalisation of the population model was once again

analysed from a dynamical systems perspective, resulting in revised conditions for stability,

and hence the success or failure of therapy. The authors presented numerical simulations

illustrating Hopf bifurcations, leading to oscillations of uninfected cell populations which

was concluded to correspond to the physical case of periodic tumour remission (reduction

of tumour mass). However, it was noted that in the time between pulsations the tumour

may reach a very small size, and erroneously considered as being eradicated when, in fact,

another large tumour spike is imminent.

By estimating physical parameter values through �tting untreated tumour growth

curves to experimental data from tumour growth in immunode�cient mice, these mod-

els were able to suggest the minimal dose of viral agent required to have a maximum e�ect

based on the experimentally determined carrying capacity of the tumour. Although these

models were in reasonable agreement with the experimental trials presented, certain para-

meter values could not be determined experimentally, and were assumed. This, coupled

with the lack of an adequate immune response in the model suggests that further devel-

opment is required before using these models to determine individual patient dosage in

clinical situations.

Recently published work by Wang et al. (2013) developed a population model incor-

porating a more realistic description of the lytic cycle. Extending the approach by Wodarz

(2001) as well as that of Wang et al. (2011), they incorporated a constant time delay term

for the burst of infected cells. This delay, corresponding to the burst time from initial

infection to virion release, as well as the burst size, were considered as the key parameters

in the resultant system of non-linear delay di�erential equations.

10



Analytic results revealed two threshold values of burst size, with a functional relation-

ship between the bifurcation value of the delay parameter for values of burst size above

the second threshold. When the period of the lytic cycle was longer than the bifurcation

value, the system exhibited Hopf bifurcations, and had orbitally stable periodic solutions.

It was shown that the critical value of the period of the viral lytic cycle was determined

by the viral burst size, which resulted in the coexistence of virus and tumour cells in the

system.

1.2.2 Spatially-dependent models

In order to describe the spread of virus particles throughout a tumour, it becomes necessary

to consider the spatial variations of uninfected cancer cell and virus particle concentrations.

Wu et al. (2001) proposed a system of partial di�erential equations (PDEs) describing

the spatio-temporal dynamics of a three-dimensional, radially-symmetric tumour infected

with a replication-competent virus with the aim of determining the optimal injection site of

the initial dose of virus particles. The model considered four physical variables: uninfected

tumour cells, free virus particles, tumour cells infected by virus and necrotic cells left over as

debris after tumour cell death. The tumour volume was treated as an incompressible �uid

occupied by constant density of cells, and the incorporation of tumour growth throughout

treatment resulted in the formulation of a moving boundary or Stefan condition at the

edge of the tumour. A constant pressure gradient was assumed throughout the volume,

with the exception of the periphery, implying no convection of virus particles was possible

within the bulk of the tumour. Crucially, cells at the tumour edge were assumed to move

due to the convection at a velocity proportional to the proliferation of uninfected cells and

removal of necrotic cells.

The resulting system of PDEs governing the time evolution of the particle species

considered the proliferation, infection and convection of uninfected cells, the birth, death

and convective transport of infected cells, the creation, removal and convection of necrotic

cells, as well as the clearance and creation of new virus particles.

The model was then used to compare the overall e�cacy of several initial injection

locations. The cases of uniform injection of virus throughout the tumour mass, injection of

virus into the tumour core, as well injection at the edge of the tumour mass were considered.

After incorporating the e�ects of nutrient-limited necrosis, it was concluded that injecting

virus particles in the rim was more e�ective than a core injection in sustained reduction

of the tumour, and it was hypothesised that this was due to the natural necrosis of the

tumour core due to a lack of nutrients.

Although this model was a promising starting point for describing spatially-dependent

virus-tumour interactions, it failed to incorporate several key mechanisms of realistic sys-

tems required when making comparisons between this model and clinical data. Most not-
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ably, an additional mechanism for removing uninfected cells provided by the stimulation

of the immune system to the presence of cells infected by virus particles was not taken into

account, which was addressed in a later extension by Wein et al. (2003). This modi�cation

introduced additional death terms to the equation governing the rate of change of infected

cell, and modi�ed the speed of tumour growth accordingly to account for this.

Similar analysis relating to optimal location of initial viral injection was undertaken,

with the conclusion that a broad spatial distribution was far more important than the

initial viral dose in the success or failure of therapy. After estimating key parameters

from experimental data, it was shown that this model was consistent with preclinical and

clinical trials to date. However, due to the nature of these parameter estimates, the authors

cautiously noted that this was not necessarily validation of the model, but rather useful

comparison of key mechanisms.

Further analysis by Friedman and Tao (2003) showed that the Wein-Wu-Kirn model was

ill-posed, because without a viral di�usion term, the system does not have a mathematical

solution in general. On the basis of this analysis, Tao and Guo (2005) extended the

model to incorporate a di�usion term for free virus density, and established the global

existence of a unique solution to the model. While this approach was mathematically

valid, the physical basis for incorporating a viral di�usion term was not well justi�ed, and

was treated in the same manner as traditional chemotherapeutic agents. As a result, the

di�usion coe�cient chosen was several orders of magnitude larger than what is observed

in dense tissue (Section 1.1.2).

A spatially-dependent model describing the growth of a solid tumour in the presence

of an immune response was proposed by Matzavinos (2004). Focusing their attention on

tumour-in�ltrating cytotoxic lymphocytes (TICLs), they considered a system of tumour

cells, TICLs, infected cells, TICL-tumour complexes, inactivated TICLs and chemokines

using the law of mass action. While this model was not explicitly derived with oncolytic

virotherapy in mind, the physical assumptions on the properties of the tumour cell-�ghting

TICLs draw similar parallels with oncolytic virotherapy, and this model is therefore of con-

siderable interest. Numerical solutions of this system showed a supercritical Hopf bifurc-

ations and is able to depict a wide range of spatio-temporal behaviours, including, under

speci�c conditions, spatio-temporal chaos. For a simpli�ed system of radially symmetric

solid tumour growth, numerical solutions showed a train of solitary-like waves invading

the tissue and subsequently creating a spatially heterogeneous distribution of tumour cell

density throughout. Chaplain (2008) extended this further, and showed the existence of

travelling waves in the system.
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1.2.3 Stochastic and agent-based models

Another spatially-dependent modelling approach that has recently been utilised is stochastic

and agent-based modelling of cell interactions. In contrast to the deterministic modelling

approaches from Section 1.2.2, virus-cell interactions occur with �xed probability, and nu-

merical simulations are typically implement using a rule-based approach. This method has

better physical justi�cation than the empirical law of mass action typically used in con-

tinuum models, and is also valid at low concentrations of species where continuum models

may not be valid. However, it is usually computationally intensive, and due to the inherent

probabilistic nature of the system, simulations must be repeated many times in order to

establish a representative sample of behaviour.

This probabilistic approach was �rst applied to the study of oncolytic virotherapy by

Paiva et al. (2009). Discretising a two-dimensional domain into a lattice of square com-

partments, the spatial interactions between normal cells, uninfected and infected tumour

cells, necrotic cells, and free viruses were considered in a discretised reaction-di�usion

framework. At each point in time, each cancer cell, randomly selected with equal probab-

ility, could carry out one of three actions: replication, death, or becoming infected if yet

uninfected. Contact inhibition was incorporated by imposing a maximum compartment

occupancy for normal and necrotic (but not tumour) cells, and spread of virus through cell

lysis was simulated by assigning random fractions of burst virions to the infected cell's cur-

rent compartment, and distributing the remainder equally to neighbouring cells. Finally,

an immune response was implemented by means of a clearance rate. Numerical simula-

tions showed regions of parameters space corresponding to tumour eradication, monotonic

growth and oscillatory growth for a range of viral di�usion coe�cients and cell lysis times,

and concluded that there is an optimal range for viral cytotoxicity for the elimination of

tumour cells.

Reis et al. (2010) developed a simpler rule-based mesoscopic model, consisting of three

cell types: cancer cells and virus-infected cancer cells, and remaining lattice points not

occupied by either of the former are assumed to be occupied by normal tissue cells. In con-

trast to the model by Paiva et al. (2009), free virus particles were not explicitly considered

due to the limited di�usion of macromolecules in solid tumours. Instead, virus infection

of cancer cells was modelled through cell-to-cell fusion. This spread of infection occurred

with �xed probability, and infected cells could also die with a probability greater than

that of cancer cells. Cell motility was represented by the reproduction of tumour cells,

chosen at random, which resulted in a replica of itself �lling neighbouring empty sites,

or pushing existing cells away, hence generating pressure within the tumour. Numerical

simulations were performed in a 3D domain, for initial viral seeding in the centre of the

tumour and on the surface. The death probability of infected cells was considered as a key

experimentally-controlled parameter, and the authors concluded that in the absence of an

immune response, slower cancer cell killing may give superior results by enabling higher
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virus ampli�cation. The site of initial infection was found to play an important role on the

outcome of therapy, and for cancers that have a signi�cant supportive stroma, infection

of the core of the tumour may be more likely to lead to cancer control or eradication.

No signi�cant di�erences between initial core and surface injections were seen for compact

tumours with minimal stroma.

More recently, Wodarz et al. (2012); Wodarz (2013) developed a spatially dependant,

probabilistic formulation of their population interaction model outlines in Section 1.2.1.

They considered a two-dimensional, compartment-based model of oncolytic virotherapy

consisting of uninfected and infected cells. Each compartment had a maximum occupancy,

and could either contain an uninfected cell, an infected cell or be empty. Uninfected cell

motility was modelled with inter-compartment jumps to vacant neighbours, and infected

cells could infect adjacent uninfected cells with �xed probability. Both uninfected and

infected cells could also die with di�erent �xed probability. Numerical simulations showed

qualitative agreement with experimental data, and for an initial central injection of virus

particles, four distinct spatial patterns were observed. These were identi�ed as a hollow

ring (radial wave front) expansion, a mixed expansion of virus and uninfected cells in coex-

istence, concentric circle expansion, and expansion with sparse mixing of a small number

of virus particles.

While each of these models was a step in the right direction for an in silico description

of spatially explicitly solid tumour dynamics, each failed to adequately incorporate key

physical processes, such as delayed bursts and static free virus populations a�ected by

immune clearance.

1.3 Dissertation plan

In this work, we will apply concepts from both well mixed population interaction and

spatially dependent modelling techniques in describing several key areas of oncolytic viro-

therapy.

We look at the spread of free virus particles throughout a dense environment of solid

tumour cells in the early avascular stages, as transported by motile infected cells in the

absence of di�usion or convection of virus particles. This approach has parallels with

population models of Wodarz (2001, 2003); Bajzer et al. (2008), but critically, is spatially

dependent, and incorporates the e�ects of the viral lytic cycle by incorporating a delay

term.

In the continuum formulation presented in Chapter 2, we derive an age-structured

system of PDEs from the law of mass action describing the spatio-temporal evolution of

the system, before looking at the conditions necessary for the inde�nite, sustained spread

of virus particles. Crucially, we assume cell motility in the form of a di�usion-like random

walk by both uninfected and infected tumour cells rather than the convection of uninfected
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cells assumed in previous spatially-varying models. The time delay between the infection of

cells and the death (and subsequent release of virions) is considered the key mechanism for

driving virus spread, underlining the key di�erence between our formulation and existing

models. We demonstrate the presence of travelling wave solutions, and present an analytic

form for the travelling wave speed as a function of the key parameters, and compare this

to numerical solutions of the system of PDEs.

In an attempt to address the issue of in�nitesimal (and physically impossible) threshold

concentrations of tumour cells mentioned in Section 1.2.1, we develop an alternative, rule-

based stochastic formulation describing this evolution of this system in Chapter 3, and use

these Monte Carlo simulations to validate the behaviour seen in the continuum case.

In Chapter 4, we look at the sensitivity of the discrete formulation of the virus-tumour

model for typical parameter ranges. After developing metrics to analyse the multiple

realisations of the stochastic algorithm, we present the qualitative e�ects of experimentally-

controlled parameters on the wave speed of infection propagation, overall success as well

as the consistency of therapy for typical in vivo and in vitro scenarios.

We discuss extensions to the physical model by extending the physical domain to in-

corporate periodic obstacles that impeded the motility of cells, such as macrophages, �bro-

blasts and cellular debris. In Chapter 5, we review the general theory of multi-scale homo-

genization, and compare theoretical results to numerical simulations of cell motility in the

presence of obstacles in two dimensions. We present a proof-of-concept numerical solution

scheme for the PDE model in 2D, and discuss the applicability of homogenization theory

in the limit of large obstacles size. Further considering this limiting case in Chapter 6, we

develop a novel analytic method of determining the e�ective di�usion and drift properties

of discrete random walks on lattices. After determining the conditions under which drift

or di�usion dominate on the macroscopic scale, we present closed-form results applicable

to physically-motivated cases in biology as well as solid-state physics, and compare these

to numerical simulations.

Finally, we discuss the plausibility of these models and the di�culties encountered thus

far, as well as suggest future modi�cations and extensions.
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Chapter 2

Continuum model of virus spreading

In this chapter we develop a simple mathematical model describing the spatial and tem-

poral interactions between a delayed-release oncolytic agent and cancer cells. The aim is to

optimise the spread of the oncolytic agent throughout the spatial domain, so we look at the

case where a heterogeneous initial distribution of virus particles results in a sustained reac-

tion on an unbounded domain. Motivated by apparent travelling wave behaviour obtained

from numerical solutions of this general model, we look at a time-invariant travelling wave

formulation of the governing equations to �nd the parameter range under which such waves

are possible. We derive an analytic expression for the constant wave speed as a function

of the incubation period and di�usion ratio, and compare this with numerical results from

the full time-dependent problem.

Finally, we discuss the validity of the continuum modelling approach and physical

interpretations of virus extinction, suggesting that a discrete modelling approach may be

more suitable in this limiting case.

2.1 Introduction

The extracellular matrix (ECM) is a network of proteins secreted by cells in the body that

acts as sca�olding for tissue. In addition to structural support, it acts as a reservoir for

signalling factors, as well as a source of information for cells. The anchoring of healthy

cells to the ECM, as well as inter-cellular adhesion, is controlled by cell adhesion molecules

(CAM), which are expressed on the surface of cells. Tumour cell migration occurs via either

mesenchymal or amoeba-type migration, which makes use of protrusion and retraction of

actin �laments to exert a tractional force on the ECM.

As discussed in Section 1.1.2, the interstitial �uid in the inner regions of avascular solid

tumours is at constant pressure. This lack of pressure gradients implies that convection of

large macromolecules such as oncolytic viruses (50−300 nm) is negligible in solid tumours.

As virus particles lack a biological motor, the only viable mechanism of motility in solid
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tumours other than convection is di�usion. The di�usivity can be estimated using kinetic

theory arguments from the Einstein-Stokes relation

D =
kBT

6πηr
, (2.1)

where kB is Boltzmann's constant, η is the viscosity of the medium, T is the temperature

and r is the particle radius (Berg, 1993, pp. 49). It has previously been shown that tumours

have large values for extracellular �uid viscosity (due to the presence large molecules such

as collagen and proteins) (Jang et al., 2003), suggesting a small e�ective di�usion coe�cient

for large particles, such as oncolytic viruses.. This theoretical prediction has been con�rmed

by Swabb et al. (1974); Jain (1990); Netti et al. (2000); Mok et al. (2009), concluding that

the dense tissue is impenetrable to the virus by either convection or di�usion. In contrast,

cells contain biological motors, allowing them to undertake random walks along the ECM.

Cells infected with virus particles are also capable of moving along the ECM, although at a

considerably slower rate than uninfected cells due to the virus replication in the cytoplasm

slowing down their motor functions (Fisher and Seymour, 2009). As such, in the context

of modelling the spread of injected viral agents into a solid tumour, we should consider

the virus particles as being stationary, and view the motility of infected cancer cells during

the incubation period as a mechanism for transport of the oncolytic agent throughout the

tumour. More speci�cally, we consider the case of a dormant solid tumour (Section 1.1.2),

corresponding to a steady state of cell growth and expansion.

In contrast to the spatially-independent models for virus-cell interactions such as those

proposed by Wodarz (2001); Dingli et al. (2006), we seek to develop a model that describes

the spatial distribution of virus particles in time, with the aim of maximising the viral yield

through the optimal choice of initial conditions and experimentally controlled parameters.

In this chapter, we will consider a one-dimensional representation of a dense tumour of

uniform density, with no di�usion of virus particles throughout the domain.

2.2 Age structured model

We consider a model consisting of three species: uninfected tumour cells, tumour cells

which have been infected with virus particles, and virus particles. Our key assumption is

that at some given age τ , infected cells die, releasing multiple virus particles in the process.

Since infected cells remain mobile, the location where they burst and release virus particles

is not the same as where they were infected. Thus we track the age, a, of infected cells

as well as their positions in order to determine where they burst. We neglect the e�ect

of virus particles linking with already infected cells, as it has previously been shown that

this does not a�ect infected cell behaviour, and does not alter the burst time or burst size

at the end of the lytic cycle. While this assumption may not be valid when the number of
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virus particles in the system is small, its e�ects on virus population can be incorporated

into a simple viral death rate. We suppose that virus particles have a �natural� death rate

accounting for lack of nutrients, defects in the virus and a limited immune response. For

simplicity, the role of oxygen gradients are neglected in the model, therefore limiting its

applicability to the core, necrotic regions of solid tumours.

The infection, virus decay and infected cell burst interactions in terms of particles are

described by the reactions

Uninfected Cell+Virus Particle → Infected Cell, (2.2)

Virus Particle → (Dead Virus), (2.3)

Infected Cell → α×Virus Particles (when they reach age τ),(2.4)

and are also illustrated in Figure 2.1.

Virus
Particles,

V
Virus Death

Uninfected
Cells, n

Infected
Cells

per unit
age, m

Lysis

kdeath

add α×m(τ)
virus
particles
cells of age τ

kreact

Figure 2.1: Interactions between uninfected cells, infected cells and virus particles.

We let n be the concentration of uninfected cells, V be the concentration of virus

particles, and m be the concentration per unit age of infected cells. We assume that

uninfected and infected cells undergo random walks with motility coe�cients Dn and Dm,

respectively. Then, appealing to the law of mass action, our model reads

∂n (x, t)

∂t
= Dn

∂2n (x, t)

∂x2
− kreactV (x, t)n (x, t) , (2.5)

∂m (x, t, a)

∂t
+
∂m (x, t, a)

∂a
= Dm

∂2m (x, t, a)

∂x2
, (2.6)

∂V (x, t)

∂t
= −kreactV (x, t)n (x, t)− kdeathV (x, t)

+αm (x, t, τ) , (2.7)

where a is the age of each infected cell, kreact is the infection rate, kdeath is the virus death

rate, and age a = τ is the time when infected cells burst, releasing α virus particles into

the system at their current position. Equations (2.5)�(2.7) form an age-structured model
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(Murray, 2002), with the left-hand side of (2.6) taking into account the ageing of infected

cells. Since infected cells do not contribute to the dynamics of the system after bursting, we

do not track infected cell populations of age a > τ , and in the numerical implementation

presented in Section 2.4, burst cells are simply discarded. For simplicity, we ignore the

uptake of virus particles by infected cells due to multiplicity of infection in Equations (2.6)�

(2.7). While these e�ects may become important at low virus concentration, their inclusion

would limit the tractability of the travelling wave analysis in Section 2.6. Finally, we

consider these physical processes in one spatial dimension, x, although this description can

be generalised to higher spatial dimensions, as illustrated in Chapter 5.

It remains to specify initial and boundary conditions for the model. Initially, we con-

sider a one-dimensional system with a uniform density of uninfected cells, n0, no infected

cells, and a prescribed initial spatial distribution of virus particles, V0 (x), clustered around

x = 0. The infection process in (2.2) corresponds to an initial condition at age a = 0. Our

initial conditions in time and age are thus

n (x, 0) = n0, (2.8)

m (x, 0, a) = 0, (2.9)

V (x, 0) = V0 (x) , (2.10)

m (x, t, 0) = kreactV (x, t)n (x, t) . (2.11)

Far away from the place where virus particles are introduced, we suppose there is no �ux

of infected or uninfected cells and thus write

∂n

∂x
= 0 as x→ ±∞, (2.12)

∂m

∂x
= 0 as x→ ±∞. (2.13)
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2.3 Non-dimensionalisation

We now non-dimensionalise the governing equations (2.5)�(2.7) by introducing the rescal-

ings

x =

√
Dn

kreactVmax
x̂, (2.14)

t =
1

kreactVmax
t̂, (2.15)

a =
1

kreactVmax
â, (2.16)

n = n0n̂, (2.17)

m = kreactVmaxn0m̂, (2.18)

V = VmaxV̂ , (2.19)

where Vmax = max {V (x, 0)}.
Substituting into (2.5)�(2.7) and dropping the hat notation, the dimensionless govern-

ing equations become

∂n (x, t)

∂t
=

∂2n (x, t)

∂x2
− V (x, t)n (x, t) , (2.20)

∂m (x, t, a)

∂t
+
∂m (x, t, a)

∂a
= D

∂2m (x, t, a)

∂x2
, (2.21)

∂V (x, t)

∂t
= −kDV (x, t)− kCV (x, t)n (x, t)

+kBm (x, t, τB) , (2.22)

with dimensionless parameters

D = Dm
Dn
, ratio of di�usion coe�cients

kD = kdeath
kreactVmax

, ratio of death rate to maximum initial infection rate

kC = n0
Vmax

, ratio of initial uninfected cell to virus particle concentrations

kB = αn0
Vmax

, initial virus "yield" ratio

τB = kreactVmaxτ, burst time scaled with initial infection rate

(2.23)

The initial conditions become

n (x, 0) = 1, (2.24)

m (x, 0, a) = 0, (2.25)

V (x, 0) = V0 (x) , (2.26)

m (x, t, 0) = V (x, t)n (x, t) , (2.27)
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where V0 (x) = VmaxV̂ (x), and boundary conditions

∂n

∂x
= 0 as x→ ±∞, (2.28)

∂m

∂x
= 0 as x→ ±∞. (2.29)

The system of coupled, non-linear partial di�erential equations (2.20)�(2.22) subject to

initial and boundary conditions (2.24)�(2.29) does not admit any trivial analytic solutions,

and must be solved numerically. This is done by discretising the spatial, temporal and

age domains, and approximating the derivative terms using �nite-di�erences, shown in

Section 2.4.

2.3.1 Size of non-dimensional parameters

The dimensionless length- and time-scales in (2.20)�(2.29) are chosen relative to the typical

uninfected cell di�usion lengths and virus reaction times, respectively.

The motility coe�cient of cells is di�cult to measure in situ (Stylianopoulos et al.,

2010). For a typical dense tumour environment, a lower bound on the uninfected cell dif-

fusion coe�cient is Dn = 2.08×10−5 mm2hr−1 (Matzavinos, 2004). Estimates for infected

cell motility are not readily available, but we assume that the virus replication process is

energy intensive, resulting in a reduced infected motility relative to that of uninfected cells

(Fisher and Seymour, 2009). In solid tumours, the e�ective virus reaction rate has previ-

ously been estimated to be kreact = 10−8mm3hr−1vir−1 (Friedman et al., 2006). The reac-

tion time-scale, t̂, is related to the maximum amplitude of initial virus particle distribution,

Vmax. Total viral dosages in clinical trials range from 107−1012 plaque forming units ml−1

(Kirn et al., 2001), and while the peak initial concentration depends on the spatial distri-

bution, it is reasonable to assume a typical value Vmax ≈ 109 virmm−3. A typical infected

cell burst time is in the range τ ∈ [5, 25] hours (Section 1.1.1), with a typical infected

burst size of 100 virus particles (Friedman et al., 2006) and clinical trial durations are

often 4− 8 weeks (Kirn, 2001; Heise et al., 1999).

These typical parameter values imply that x̂ ≈ 103x and t̂ ≈ 10−2t. For physical

parameters relevant to in vivo and in vitro treatments (seen later in Section 3.3), these

scales imply dimensionless parameters in the range D ≈ 10−2 − 10−1, kD ≈ 10−4 − 10−1,

kC ≈ 10−4 − 10−1, kB ≈ 10−2 − 101 and τB ≈ 102.

Since the reaction time-scale is fast in comparison to the overall infected cell burst

times, this implies the need for a very �ne time step discretisation, ∆t, in a numeric

method for solving the PDE over the time-scales of therapy. Therefore, we seek to re-

duce the computational requirements of solving the system of equations (2.20)�(2.29) by

reformulating the problem.
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2.4 Numerical solution of PDE

The governing PDEs derived in Section 2.2 are functions of one spatial variable, x, and two

time-like variables, t and a. Equation (2.20) is second-order parabolic PDE, which can be

solved numerically with a Crank-Nicolson Finite Di�erence scheme (Smith, 1985), while

the �rst-order PDE (2.22) can be solved with a simple Euler iteration. The governing

equation for the time evolution of infected cells, (2.21), is a function of age, as well as

space and time. While this equation can be solved numerically using �nite-di�erences for

each discretised age, this approach is computationally ine�cient. We note that (2.21) is

coupled to the system through the burst at (2.22) and the initial infection condition (2.27),

and seek an analytic solution to the linear PDE (2.21) at age a = τB by using a Fourier

Transform in the spatial variable.

2.4.1 Analytic expression for infected cell burst

In order to solve (2.21), we begin by taking the Fourier Transform, m ≡ F {m}, in spatial

variable, x. Using the de�nition

m =

ˆ ∞
−∞

m (x, t, a) exp (−iωx) dx,

equation (2.21) reduces to the �rst-order di�erential equation

∂m

∂t
+
∂m

∂a
+Dω2m = 0. (2.30)

Solving this by the method of characteristics (Figure 2.2), we obtain the solution
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Figure 2.2: Characteristics of infected cell Fourier transform. Burst term is zero for t < a.

m (ω, t, a) = m0 (ω, t− a) exp
(
−Dω2a

)
, (2.31)
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where the Fourier transformed initial condition from (2.25) is given by

m0 (ω, t− a) =


´∞
−∞ V (x, t− a)n (x, t− a) exp (−iωx) dx, t > a

0 t < a

(2.32)

The system (2.20)�(2.22) that we want to solve can now be written as

∂n (x, t)

∂t
=

∂2n (x, t)

∂x2
− V (x, t)n (x, t) , (2.33)

∂V (x, t)

∂t
= −kDV (x, t)− kCV (x, t)n (x, t)

+kBF−1
{
m̄0 (ω, t− τB) exp

(
−Dω2τB

)}
, (2.34)

where F−1 denotes the inverse Fourier transform operator at burst age a = τB, de�ned as

F−1 {m̄ (ω, t, a = τB)} =
1

2π

ˆ ∞
−∞

m (ω, t, τB) exp (iωx) dω. (2.35)

This system (2.34)�(2.33), subject to appropriate boundary conditions, can now be solved

numerically using a mixture of Finite Di�erence and Fast Fourier Transform methods. It

is important to note that the presence of the (t− τB) term in the integral in (2.34) means

that the system has memory of previous states.

2.4.2 Finite-di�erence/fast Fourier transform implementation

Equation (2.33) is a parabolic equation, and can be approximated with a central di�erence

operator for the second-order spatial derivative, and a forward di�erence operator for the

�rst-order time derivative. This Crank-Nicolson discretisation reduces the truncation error

to O
(
∆x2

)
(Smith, 1985, pp. 19). For a general test function f (x, t, a), this second-order

spatial derivative discretisation is given by

∂2f

∂x2
≈
f i+1
j+1,k − 2f i+1

j,k + f i+1
j−1,k

2∆x2
+
f ij+1,k − 2f ij,k + f ij−1,k

2∆x2
, (2.36)

and the �rst-order time derivative is given by

∂f

∂t
≈
f i+1
j,k − f

i
j,k

∆t
(2.37)

where i, j and k are indexes for discretised time, space and age (for the case of infected cell

concentration) respectively, ∆x is the distance between adjacent spatial points, and ∆t is

the di�erence between adjacent discrete time steps.
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Applying the standard central di�erence, forward time Crank-Nicolson operator to

(2.33), and evaluating the non-linear reaction term on the right-hand side at the old time

step i, the discretised formulation of the equation is

ni+1
j − nij

∆t
=

ni+1
j+1 − 2ni+1

j + ni+1
j−1

2∆x2
+
nij+1 − 2nij + nij−1

2∆x2
− V i

j n
i
j , (2.38)

with no-�ux boundary condition (2.28) is implemented by introducing ghost points such

that

ni+1
1 − ni+1

2

∆x
= 0, (2.39)

ni+1
M−1 − n

i+1
M

∆x
= 0, (2.40)

on the left- and right-hand boundaries at j = 1 and j = M , respectively.

Equation (2.34) does not contain any spatial derivatives, so a simple forward time

di�erence approximation can be used for the time derivative term, and the remaining

terms can be evaluated explicitly at the old time step i as

V i+1
j − V i

j

∆t
= −kDV i

j − kCV i
j n

i
j + kBF−1

{
m̄
i− τB

∆t
0 (ω) exp

(
−Dω2τB

)}
. (2.41)

As previously noted, the integral term, m̄0, has memory of previous states on interval

(t− τB, t], and is evaluated at discrete time i− τB
∆t . This term can be evaluated numerically

by multiplying the Fast Fourier Transforms (FFT) of ni−τB/∆tV i−τB/∆t by the heat kernel

exp
(
−Dω2τB

)
, and taking the inverse Fast Fourier Transform (IFFT).

As discussed in Section 2.3.1, the dimensionless time interval for simulation is large, due

to the fast reaction time-scale. However, the memory e�ects of (2.34) require solutions on

a �ne temporal scale. For practical reasons, we implement our numerical scheme to solve

the system on two time-scales: a re�ned discretisation for time interval (t− τB, t], and a

coarser time-scale for storing the �nal solution in memory. Our general implementation

for the Finite Di�erence-Fast Fourier Transform method is outlined in Algorithm 1, and

implemented in matlab.
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Algorithm 1 matlab pseudo-code for Finite Di�erence-Fast Fourier Trans-
form method.

1. De�ne parameters, Length and Time, resolution ∆x = 2L/M−1, ∆t = tmax/N−1, time
output resolution (coarse)

x ≡
[
−L (−L+ ∆x) . . . (L+ ∆x) L

]
,

t ≡
[
0 ∆t . . . (N − 2) ∆t tmax

]
.

2. Create Finite-Di�erence Operator Matrices (implicit/explicit scheme) of size
(2L/∆x)× (2L/∆x) = M ×M

AM×M =
1

2∆x2


−2 2 0 0

−1 2∆x2

∆t + 2 −1
. . .

. . .
. . .

−1 2∆x2

∆t + 2 −1
0 0 2 −2

 ,

BM×M =
1

2∆x2


0 0 0 0

1 2∆x2

∆t − 2 1
. . .

. . .
. . .

1 2∆x2

∆t − 2 1
0 0 0 0

 .
3. Create vectors n, m, V and set initial/boundary conditions

4. Create M τ
∆t ×M

τ
∆t Block Fourier Kernel matrix

M =
2L

2πM
�t

(√
π

Dτ
exp

(
− x2

4Dτ

))
1M×τ/∆t

5. Start time loop at icurrent = 2

(a) Let icircular =

{
mod (icurrent − 1, τ) + 1 for t (i) ≥ τ

icurrent for t (i) < τ

i. If icircular = 1 and t (icurrent) ≥ τ then calculate burst cells

mτ = i�t (�t (VIM×Mn)M)

(b) Solve n at next time step using Crank-Nicolson Finite-Di�erence matrices A
and B, and V using explicit Euler scheme

n(icurrent) = A−1
M×M

(
BM×Mn(icurrent−1) −V(icurrent−1) ◦ n(icurrent−1)

)
,

V(icurrent) = V(icurrent−1) + ∆t
(
−kCV(icurrent−1) ◦ n(icurrent−1)

−kDV(icurrent−1) + kBm
(icircular)
τ

)
,

where ◦ denotes element-wise matrix multiplication.
(c) If mod (t(icurrent),Desired Output Frequency) < ∆t

i. Output n and V vectors on coarse time-scale

nout = n(icurrent),

Vout = V(icurrent)

(d) Next icurrent
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2.5 Numerical results

Using the numerical scheme developed in the previous section, we now look at some typical

solutions of the system of PDEs for an inhomogeneous initial condition of virus particles.

2.5.1 Virus extinction

A common experimental outcome of oncolytic virotherapy is the extinction of the initial

viral load. Even in the relatively simple model presented here, there are many parameters

that play a role in such failure. Low infected cell motility, characterised by a large di�usivity

ratio D, long virus incubation period, τB, or an insu�cient viral burst yield, described by

the parameter kB = αkC , can all contribute to such an outcome.

A typical case of viral extinction is given by the parameters in Table 2.1. This set of

dimensionless parameters corresponds to a physical system with a small burst coe�cient,

and a strong viral death term. The resultant simulation over time interval t ∈ [0, 500]

shown in Figure 2.3 shows the phenomena of complete failure of therapy.

Dimensionless Parameter Value

Spatial Domain x ∈ [−219, 219], ∆x = 5.35× 10−2

Di�usion Coe�cient D = 0.1

Virus Burst Coe�cient kB = 0.1

Virus Infection Rate kC = 10−2

Virus Death Rate kD = 1

Burst Age τB = 5, ∆a = ∆t

Initial Conditions

n (x, 0) = 1 ∀x
m (x, 0) = 0 ∀x

V (x, 0) = exp

(
− x2

0.1L

)
Time Span t ∈ [0, 500], ∆t = 5× 10−2

Table 2.1: Parameters used in PDE model illustrating the failure of virus spread in the
system.

After an initial injection of virus particles, the relatively small virus burst coe�cient,

kB, results in an insu�cient release of new virus particles, which combines with natural

clearance of virus particles to prevent the reaction continuing inde�nitely. The clearance

of virus is faster than the rate of new virus creation, resulting in complete removal of virus

particles from the system. As the local concentration of virus particles reduces, so does

the rate of infection of tumour cells. The migration of uninfected cells from areas of higher

concentration gradually increases the local concentration of uninfected cells around the site

of virus injection, replacing some of the uninfected cells around the site of injection killed
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during the infection phase. In the long-time limit, t → ∞, we expect the uninfected cell

concentration to homogenise to an equilibrium state limt→∞ n (t) < 1.

The initial failure of therapy in such simulations is not always the �nal outcome. In

certain cases, the delay associated with infected cell bursting can trigger a �re-ignition�

phenomenon in the system over long time-scales, as seen in Section 2.5.3, so care must be

taken to choose su�ciently long simulation times to ensure that the whole progression is

captured.

2.5.2 Virus spread

Ultimately, the goal of oncolytic virotherapy is to minimise the concentration of uninfected

tumour cells. To this e�ect, we are interested in cases resulting in the spreading of oncolytic

agent in su�ciently large quantities throughout the spatial domain. This outcome is related

to the extinction phenomenon described previously in Section 2.5.1, except the natural

virus clearance is balanced by the rate of virus production and spread. This outcome can

be seen for a broad range of parameters in the model developed here.

In Section 2.5.1, we saw that the combination of low burst size and high virus death

rate can lead to failure of therapy. We now consider a system with the dimensionless

parameters shown in Table 2.2. These parameters correspond to a system with a higher

burst size, and signi�cantly lower viral death rate than in Section 2.5.1.

Physical Parameter Value

Spatial Domain x ∈ [−219, 219], ∆x = 5.35× 10−2

Di�usion Coe�cient D = 0.1

Virus Burst Coe�cient kB = 1

Virus Infection Rate kC = 10−2

Virus Death Rate kD = 2.5× 10−2

Burst Age τB = 5, ∆a = ∆t

Initial Conditions

n (x, 0) = 1 ∀x
m (x, 0) = 0 ∀x

V (x, 0) = exp

(
− x2

0.1L

)
Time Span t ∈ [0, 750], ∆t = 10−3

Table 2.2: Parameters used in PDE model illustrating a wave of virus spread from the site
of initial infection.

As seen in Figure 2.4, this change has a signi�cant qualitative e�ect on the dynamics in

the system: after initial transient behaviour, the virus particle concentration settles into a

pulse of constant amplitude expanding in both directions from the initial viral injection site

at x = 0. In parallel with this, the uninfected cell concentration near the initial injection

27



t

(a) Localised decrease of uninfected cell concentration in the vicinity
of virus initial condition, plotted on x ∈ [−40, 40] for times t ∈
[0, 0.9, 1.8, 2.7] (blue dashed, green dash-dotted, red dotted and cyan
solid, respectively).

t

(b) Uninfected cell concentration returning to equilibrium due to uninfec-
ted cell migration and extinction of virus particles, plotted on x ∈ [−40, 40]
for times t ∈ [3.6, 36.0, 68.5, 101.0] (blue dashed, green dash-dotted, red
dotted and cyan solid, respectively).

(c) Total number of infected cells,
´
V dx, for time t ∈ [0, 20]. Virus particles

decay rapidly before the �rst burst at t = τB = 5, but continue to decay
exponentially, leading to eventual extinction.

Figure 2.3: Extinction of virus particles for parameters speci�ed in Table 2.1.
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decays to zero, and a wave front of uninfected cells moves outwards at the same rate as

the virus pulse. In this case, reactions take place in a narrow boundary layer, with the

upstream uninfected cell concentration remaining at the initial concentration, and apparent

elimination of uninfected cells downstream, behind the virus wave pulse.

Qualitatively, simulations such as this show the apparent success of therapy over the

time period simulated. However, from an experimental point of view, tumour cell motility

allows the tumour to re-establish across the domain into voids created by virus infection

and lysis. Therefore, the complete elimination of the tumour requires the propagation of

tumour-killing virus particles to be sustained throughout the system, and the conditions

required for such behaviour in the model are discussed in Section 2.6.

t

(a) Uninfected cell concentration decreasing in the region of virus initial condi-
tion, before settling into a sustained left- and right-moving wave front.

t

(b) Virus concentration showing decay of initial data, before settling into a
constant-amplitude left- and right-moving pulse.

Figure 2.4: Ongoing reaction on spatial interval x ∈ [−219, 219] for times t ∈
[0, 187.5, 375.1, 562.6] (blue dashed, green dash-dotted, red dotted and cyan solid, re-
spectively) for parameters speci�ed in Table 2.2.
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2.5.3 Virus reignition

Finally, we highlight the case of oscillations of virus particle concentration in time due

to alternating periods of bursts and deaths of virus particles. From extensive numerical

investigation, we have found that these states are unstable, transient phenomena, and tend

to either the extinction or spreading cases shown previously in the long-time limit.

While these cases are physically plausible, they highlight a limitation of the continuum

modelling approach in the case of low particle number. Fundamentally, the number of

uninfected cells and virus particles in the system is discretised, and in certain cases, the

continuum model may predict the continuation of reactions from an in�nitesimal concentra-

tion that would physically correspond to extinction. To illustrate this, we need to consider

the physical interpretation of the dimensionless results, for a special set of dimensional

parameters.

In the case of slow infection rate, kreact, high virus death rate, kdeath, and large burst

number, α, virus particles are rapidly removed from the system when not in an infected

cell, with the virus death and infected cell burst processes competing. To illustrate this,

we consider a somewhat arti�cial scenario of a system with a very low initial viral concen-

tration, such that
´
VmaxV (x, 0) dx ≈ 1 virus particle mm−2, with Vmax = 102 vir mm−3,

kreact = 10−10 mm3hr−1vir−1, α = 5.5 × 104 and kdeath = 5.5 hr for a localised reaction

with D = 10−2 and a typical burst age of τ = 5 hrs. This choice of constants results in

dimensionless parameters which are shown in Table 2.3.

Dimensionless Parameter Value

Spatial Domain x ∈ [−0.22, 0.22], ∆x = 1.1× 10−4

Di�usion Coe�cient D = 0.01

Virus Burst Coe�cient kB = 6× 108

Virus Infection Rate kC = 104

Virus Death Rate kD = 5.5× 108

Burst Age τB = 5× 10−8, ∆a = ∆t

Initial Conditions

n (x, 0) = 1 ∀x
m (x, 0) = 0 ∀x

V (x, 0) = exp

(
− x2

0.01L

)
Time Span t ∈

[
0, 5× 10−6

]
, ∆t = 6.25× 10−10

Table 2.3: Parameters used in PDE model illustrating apparent �re-ignition� over a long
time-scale.

The numerical solution for this set of parameters is shown in Figure 2.5, and shows a

rapid decrease in the concentration of virus particles before the �rst burst on time interval

t ∈ [0, τB), similar to the case of virus extinction seen previously. As infected cells burst, the

concentration of virus particles increases rapidly, before once again decaying to a minimum
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peak value of 1.6×10−9 for t ∈ (3τB, 4τB). These oscillations continue in a similar manner,

with the maximum overall concentration of virus particles gradually increasing on a longer

time-scale, before eventually reaching a net increase of virus particles compared to the

initial condition after t > 27τB.

Figure 2.6 shows the total number of virus particles in the system, given by
´ L
−L V dx,

with the rescaled dimensional number of particles per mm−2 shown on the secondary

vertical axis. From these results, we see that the total number of particles decreases to less

than one per mm−2, and it is the combination of this small (but non-zero) concentration

and the large burst size that result in the steady overall increase in virus particles in the

system over time.

For a typical tumour cross-section, these residual concentrations of virus particles are

physically meaningless as they refer to fractions of particles, and such behaviour is indicat-

ive of the break down of the validity of the continuum assumption. To better understand

the true physical behaviour of the system at low particle concentrations, it is necessary to

develop a discrete model such as that developed in the following chapter.
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t

(a) Virus concentration during initial decay for t ∈ [0, 5.13, 10.3, 15.4]×
10−8 (blue dashed, green dash-dotted, red dotted and cyan solid, respect-
ively).

t

(b) Virus concentration during re-ignition for t ∈ [4.61, 12.2, 19.8, 27.4]×
10−7 (blue dashed, green dash-dotted, red dotted and cyan solid, respect-
ively).

Figure 2.5: Rapid decrease in virus particle concentration, V (x), followed by reigni-
tion of infection, for parameters speci�ed in Table 2.3, shown on spatial interval x ∈
[−0.025, 0.025].
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(a) Oscillation in total number of virus particles in system,
´ L
−L V (x) dx, due

to successive bursts and decay, with an overall increase in the number of
particles on the long-time limit.

(b) Semi-log plot of maximum total virus particles in system per burst inter-
val, showing number of virus particles < 1 for t < 5× 10−7.

Figure 2.6: Total virus particles in system, given by
´
V0V dx, for t ∈

[
0, 5× 10−5

]
. The

number of particles drops to less than one, before increasing in the long time-scale, illus-
trating apparent �re-ignition�.
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2.6 Travelling waves

It is important to understand the conditions under which a sustained propagation wave of

infected cells is possible, as well as the speed of such waves. As seen in Figure 2.4, numerical

solutions of the system of PDEs are evidence of travelling-wave behaviour in our model.

To properly investigate the range of parameters for which this spreading behaviour can

be sustained at constant amplitude over an inde�nite time interval, we need to determine

the conditions under which an initial dose of virus particles can eliminate tumours of

arbitrary size. To this e�ect, we seek a time-independent travelling wave solution to the

system of age-structured governing equations (2.20)�(2.22), subject to boundary and initial

conditions (2.24)�(2.29).

We consider a travelling frame moving with dimensionless wave speed c, and introduce

the new coordinate

z = x− ct, (2.42)

t′ = t. (2.43)

Due to the spatial symmetry of the problem, we expect both left- and right-moving travel-

ling waves to be present in the system. Restricting our focus to the case of a right-moving

travelling wave, we consider the problem over the spatial interval x ∈ [0,∞), and de�ne

wave speed c > 0.

Looking at the long-time limit where t′ → ∞, the governing equations (2.20)�(2.22)

become functions of travelling wave coordinate, z, and age, a, giving

−cdn
dz

=
d2n

dz2
− V n (2.44)

−c∂m
∂z

+
∂m

∂a
= D

∂2m

∂z2
(2.45)

−cdV
dz

= −kDV − kCV n

+kBm (z, τB) . (2.46)

For an in�nite spatial domain, the no-�ux boundary conditions in (2.28)�(2.29) become

dn

dz
→ 0 as z → ±∞, (2.47)

∂m

∂z
→ 0 as z → ±∞. (2.48)

The initial condition at a = 0 for the birth of infected cells from (2.27) is now given by

m (z, 0) = V (z)n (z) . (2.49)
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In the travelling wave coordinate frame, as z → ±∞, the solution corresponds to a steady

state of the system. At these steady states, (2.44) and (2.47) imply that limz→±∞ V n = 0,

and (2.48) implies that limz→±∞m = constant. From these conditions, we infer that V

must be constant as z → ±∞ to satisfy (2.46), and from the additional knowledge of the

initial condition (2.26), for a �nite wave speed c we must have V = 0 as z → −∞ at the

left hand boundary for a right-moving travelling wave.

2.6.1 Reduction of system

Since the infected cell term in (2.46) is only ever evaluated at the burst age τB, and (2.45)

is only coupled to (2.44) and (2.46) through the initial age condition, (2.49), we reduce the

system of governing equations to a set of integro-di�erential equations by expressing the

contribution to virus density from bursting of infected cell in terms of the infection birth

conditions at a = 0.

We solve (2.45) subject to (2.48) and (2.49) by introducing a Green's function g (z, a),

which satis�es the adjoint problem

−∂g
∂a

+ c
∂g

∂z
−D∂

2g

∂z2
= δ (z − ξ) δ (a− η) , (2.50)

where 0 < |ξ| < |z| and 0 < η < a, subject to boundary conditions

g (z, a) → 0 as z → ±∞, (2.51)

g (z, a) = 0 for a ≥ η, (2.52)

chosen to simplify the problem.

Multiplying (2.45) by g (z, a) and (2.50) bym (z, a), we subtract the resulting equations,

and integrate over −∞ < z <∞ and 0 < a <∞ to obtain the expression

m (ξ, η) =

ˆ ∞
−∞

ˆ η

0

(
−∂ (mg)

∂a

)
dadz +

ˆ η

0

ˆ ∞
−∞

c
∂ (mg)

∂z
dzda

+

ˆ ∞
−∞

ˆ η

0
D

(
g
∂2m

∂z2
−m∂2g

∂z2

)
dadz. (2.53)

On integrating and applying (2.48), (2.49), (2.51) and (2.52), this expression reduces to

the convolution integral

m (ξ, η) =

ˆ ∞
−∞

V (z)n (z) g (z, 0; ξ; η) dz. (2.54)

We now seek a suitable form of the Green's function g (z, a) that satis�es (2.50) subject
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to (2.51) and (2.52). De�ning the Fourier transform of the Green's function to be

ĝ (ω, a) =

ˆ ∞
−∞

g (z, a; ξ; η) exp (−iωz) dz, (2.55)

we take the Fourier transform of the adjoint problem (2.50) to obtain the expression

−∂ĝ
∂a

+ ciωĝ +Dω2ĝ = δ (a− η) exp (−iωξ) . (2.56)

The general solution to (2.56) subject to boundary condition at a = η is

ĝ (ω, a) = exp
(
−
(
Dω2 + icω

)
(η − a)− iωξ

)
. (2.57)

Taking the inverse Fourier transform of ĝ (ω, a), de�ned as

g (z, a) =
1

2π

ˆ ∞
−∞

ĝ (ω, a) exp (iωz) dω, (2.58)

the Green's function can be written as

g (z, a) =
exp

(
− (ξ−z+c(η−a))2

4D(η−a)

)
2π

×
ˆ ∞
−∞

exp

(
−D (η − a)

(
ω +

i (ξ − z + c (η − a))

2D (η − a)

)2
)
dω. (2.59)

Performing a change of variables s =
√
D (η − a)

(
ω + i(ξ−z+c(η−a))

2D(η−a)

)
, this is reduced to

g (z, a) =
exp

(
− (z−ξ−c(η−a))2

4D(η−a)

)
2
√
πD (η − a)

, (2.60)

and the convolution integral expression (2.56) becomes

m (z, a) =
1

2
√
πDa

ˆ ∞
−∞

V (ξ)n (ξ) exp

(
−((z − ξ) + ca)2

4Da

)
dξ. (2.61)

2.6.1.1 Small di�usion coe�cient limit

The expression (2.61) is valid for arbitrary sets of parameters. However, for certain ranges

of parameters, the system can be further simpli�ed. For the case where uninfected cell

motility is the dominant motility process in the system, corresponding to Dn � Dm, this

leads to the limiting case of the di�usion ratio D → 0. The integral term in (2.61) can be
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rewritten in the form

I =

ˆ ∞
−∞

V (ξ)n (ξ) exp

(
1

D
φ (ξ; z, a)

)
dξ, (2.62)

where φ (ξ; z, a) = − ((z−ξ)+ca)2

4a . In the limit D → 0, this integral can be approximated

using Laplace's method, where the main contribution to the integral comes from the point

ξc = z+ ca at which point the function φ (ξc) has a maximum value. Expanding φ (ξ; z, a)

as a Taylor series about ξ = ξc, the function becomes

φ (ξ; z, a) = 0− (ξ − z − ca)2

2

(
1

2a

)
+O

(
ξ3
)
, (2.63)

with the �rst derivative equal to zero by de�nition, and the higher-order derivatives also

equal to zero.

In the limiting case D � 1, the integral (2.62) can now be approximated with

I ≈
ˆ ∞
−∞

exp

(
− 1

D

(ξ − z − ca)2

4a

)
V (ξc)n (ξc) dξ

= V (ξc)n (ξc)

ˆ ∞
−∞

exp

(
− (ξ − z − ca)2

4Da

)
dξ

= V (ξc)n (ξc)

ˆ ∞
−∞

exp

(
− (ξ − z − ca)2

4Da

)
dξ

= 2
√
πDaV (z + ca)n (z + ca) , (2.64)

and (2.61) becomes

m (z, a) = V (z + ca)n (z + ca) . (2.65)

The governing system of equations for the right-moving travelling wave in the small

di�usion coe�cient limit becomes

−cdn
dz

=
d2n

dz2
− V n, (2.66)

−cdV
dz

= −kDV − kCV n+ kBV (z + cτB)n (z + cτB) . (2.67)

subject to

dn

dz

∣∣∣∣
z→±∞

= 0, (2.68)

lim
z→−∞

V (z) = 0. (2.69)
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In this asymptotic limit, the order of the system has been reduced to a system of di�erential

equations with a negative delay term, known as a Delay Di�erential Equation of advanced

type. While it may be surprising to �nd this type of equation in a physical system that

incorporates time lag, it has previously been noted that systems of delay equations for-

mulated in retarded or neutral form can in fact be of advanced type in the presence of

singularities (Campbell, 1980; Zhu and Petzold, 1997). Such problems are known to be

ill-posed Fowler (2005), as the reliance on advanced information leads to an in�nite num-

ber of unsteady states. In this case, any discontinuities in advanced systems become less

smooth in each successive interval, and are di�cult to deal with numerically (Ascher and

Petzold, 1995).

2.6.2 Travelling wave speed dependence on total virus particles

The unknowns in the system are n, m, V and the wave speed, c. This wave speed can be

determined by integrating the governing equations (2.44) and (2.46) with respect to the

moving frame coordinate z, to give

−c [n]∞−∞ =

[
dn

dz

]∞
−∞
−
ˆ ∞
−∞

V ndz, (2.70)

−c [V ]∞−∞ = −kD
ˆ ∞
−∞

V dz − kC
ˆ ∞
−∞

V ndz + kB

ˆ ∞
−∞

m (z, τB) dz. (2.71)

According to (2.45), infected cells are only added to the system at age zero, so that the

integral of infected cells with respect to space at any age is translationally invariant with

age. Using this property, the last term in (2.71) can be replaced with

ˆ ∞
−∞

m (z, τB) dz =

ˆ ∞
−∞

m (z, 0) dz

=

ˆ ∞
−∞

V ndz, (2.72)

from (2.27). Eliminating
´∞
−∞ V ndz from (2.70) and (2.71) , the wave speed can be ex-

pressed as [
dn

dz

]∞
−∞

+ c [n]∞−∞ =
1

kB − kC

(
−c [V ]∞−∞ + kD

ˆ ∞
−∞

V dz

)
, (2.73)

which can be rearrange to give

c

(
[n]∞−∞ +

[V ]∞−∞
kB − kC

)
=
kD
´∞
−∞ V dz

kB − kC
−
[
dn

dz

]∞
−∞

, (2.74)
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and on applying the no-�ux boundary condition (2.47), this gives the value of dimensionless

wave speed

c =
kD
´∞
−∞ V dz

(kB − kC) [n]∞−∞ + [V ]∞−∞
. (2.75)

This expression relates the wave speed to the total number of virus particles. Although

this integral is not known in advance, this relation can be a useful check for determining

whether numerical solutions of the full PDE system have reached equilibrium conditions.

2.6.3 Asymptotic travelling wave speed

In order to evaluate (2.75), we need values for V and n in the travelling wave frame

z = x− ct, so we now attempt to obtain a more direct formula. A travelling wave solution

can be thought of as a homo- or heteroclinic orbit joining an unsteady and steady state in

the phase plane, corresponding to a pulse or wave front solutions, respectively. Since the

wave speed is �nite, the destination steady state is determined by the initial conditions of

the PDE given in (2.24)�(2.27). For a �nite time t, the upstream conditions as x → ∞
imply that

n (z) = 1, (2.76)

m (z, a) = 0, (2.77)

V (z) = lim
x→∞

V0 (x) (2.78)

as z → ∞. The initial condition V0 (x) is chosen such that limx→∞ V0 (x) = 0, and we

therefore expect the upstream steady-state

neq = 1, (2.79)

meq = 0, (2.80)

Veq = 0. (2.81)

De�ning N (z) = 1− n (z), equations (2.44)�(2.46) can be rewritten as

c
dN

dz
= −d

2N

dz2
− V + V N, (2.82)

−c∂m
∂z

+
∂m

∂a
= D

d2m

dz2
, (2.83)

−cdV
dz

= − (kD + kC)V + kCV N + kBm (z, τB) . (2.84)

The character of the solutions N , m and V depends on wave speed c, thus we have an
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eigenvalue problem for which we want to determine values of c for which solutions exists,

and satisfy

lim
z→∞

N = 0, (2.85)

lim
z→∞

m = 0, (2.86)

lim
z→∞

V = 0. (2.87)

To investigate the behaviour of the wave pro�le (and its response to small perturbations)

near the steady state, we introduce asymptotic expansions for N , m and V of the form

N ∼ N1 exp (−λz) , (2.88)

m ∼ m1 (a) exp (−λz) , (2.89)

V ∼ V1 exp (−λz) , (2.90)

where λ is the eigenvalue of the system, N1 and V1 are constants, andm1 (a) is independent

of z. On substituting these expansions into (2.82)�(2.84), to leading order, the governing

equations become

−λN1 exp (−λz) c = −λ2N1 exp (−λz)− V1 exp (−λz) , (2.91)

cλm1 (a) exp (−λz) + exp (−λz) dm1

da
= Dλ2m1 (a) exp (−λz) , (2.92)

cλV1 exp (−λz) = − (kD + kC)V1 exp (−λz)

+kBm1 (τB) exp (−λz) , (2.93)

in the vicinity of the right-hand boundary, as z →∞.

Equation (2.92) has solution

m1 (a) = m̃1 exp ((Dλ− c)λa) , (2.94)

where m̃1 is a constant of integration. Applying the initial birth condition at a = 0

from (2.49), gives m̃1 = V1, and (2.92) decouples from (2.91) and (2.93), resulting in the

dispersion equations

−λc = −λ2 − V1

N1
, (2.95)

cλ = − (kD + kC) + kB exp ((Dλ− c)λτB) . (2.96)

Equation (2.95) determines V1
N1

in terms of λ, while (2.96) gives λ in terms of the

other parameters. There are three solutions for eigenvalues λ, and following the repeated-

root mechanism discussed in King (2013), the minimum wave speed can be identi�ed by
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determining the condition for a degenerate node in the travelling wave phase plane. At this

transition, the eigenvalues associated with the leading edge of the wave front switch from

being complex- to real-valued, corresponding to the steady state changing from a spiral to

a node in the phase-plane. For monotonically decaying, non-oscillating wave fronts, such

as those observed in the numerical solutions shown in Section 2.5.2, this heuristic condition

governs the minimum wave speed for which a non-negative heteroclinic connection exists

between the two equilibria. Writing

f (λ) = cλ+ (kD + kC)− kB exp ((Dλ− c)λτB) , (2.97)

the degenerate case occurs when df
dλ = 0, which implies that

λ =
c

2kBτBD
(1 + exp ((Dλ− c)λτB)) . (2.98)

However, (2.95) also has a homogeneous solution, so setting V1
N1

= 0, this results on the

condition that

λ = c. (2.99)

The condition on the minimum wave speed is therefore given by solving the simultaneous

equations

cλ = − (kD + kC) + kB exp ((Dλ− c)λτB) , (2.100)

and one of

λ =


c

2kBτBD
(1 + exp ((Dλ− c)λτB)) or

c

, (2.101)

choosing the solution that results in the smallest value of c. It has previously been shown

that even for reaction-di�usion systems with delays, as long as the PDE initial conditions

have compact support, this minimum wave speed is the selected speed of the travelling

wave (Al-Omari and Gourley, 2002; Cuesta and King, 2010, and references within). The

transcendental equations (2.100)�(2.101) can be solved for λ and c using a numerical root-

�nding method, and it now remains to compare these analytically-derived predictions with

numerical simulations from the full PDE model.

2.6.4 Comparison with numerical solution

It remains to compare the analytic result of Section 2.6.3 to the apparent travelling waves

in the numerical solutions of the PDE system in Section 2.5.2.
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Physical Parameter Value

Spatial Domain x ∈ [−438, 438], ∆x = 3.65× 10−2

Di�usion Coe�cient D = 0.5

Virus Burst Coe�cient kB = 10

Virus Infection Rate kC = 1

Virus Death Rate kD = 1

Burst Age τB = 0.25, ∆a = ∆t

Initial Conditions

n (x, 0) = 1 ∀x
m (x, 0) = 0 ∀x

V (x, 0) = exp

(
− x2

0.0225L

)
Time Span t ∈ [0, 100], ∆t = 2.5× 10−3

Table 2.4: Dimensionless parameters used for travelling wave comparison in Figure 2.7.

For an initial comparison, we consider the case where the dimensionless parameters are

of order unity, as in Table 2.4. This could correspond to a system with a high reaction

rate between virus particles and uninfected cells, a low initial peak virus concentration, a

strong virus clearance rate, as well as a small burst size and a very short burst time.

Figure 2.7 shows the displacement from x = 0 of the peak virus concentration in the

half-plane x ∈ [0, L]. The displacement of virus peak from the numerical solution of the

PDE, as determined by the line of best �t of displacement, shows perfect agreement with

the asymptotic prediction casymptotic = 1.85.

The numerical solution can also be used in conjunction with the travelling wave speed

estimate from Section 2.6.2. For a right-moving wave front, the solution at x = 0 corres-

ponds to the left-hand boundary in the travelling wave coordinate system as t→∞. The

integral term in (2.75) can therefore be approximated with the numerical approximation

in a �nite domain as
´∞
−∞ V (z) dz ≈

´ L
0 V (x, t) dx for t� 1.

Making use of the numerical solution of the PDE, Figure 2.8 shows that the wave

speed estimate (2.75) rapidly tends to the asymptotic solution, casymptotic = 1.85, given by

(2.100)�(2.101).
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Figure 2.7: Position of peak virus concentration (blue, solid) for parameters in Table 2.4
and asymptotic results, c = 1.85 (green, dotted).
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Figure 2.8: Comparison of wave speed estimate from (2.75) (blue, solid) and asymptotic
result c = 1.85 (red, dashed) for parameters in Table 2.4.
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We now consider the physically-motivated case of baseline physical parameters, corres-

ponding to the dimensionless quantities in Table 2.5.

Physical Parameter Value

Spatial Domain x ∈ [−1938, 1938], ∆x = 0.479

Di�usion Coe�cient D = 0.1

Virus Burst Coe�cient kB = 1.25× 10−2

Virus Infection Rate kC = 1.25× 10−4

Virus Death Rate kD = 3.125× 10−4

Burst Age τB = 400, ∆a = ∆t

Initial Conditions

n (x, 0) = 1 ∀x
m (x, 0) = 0 ∀x

V (x, 0) = exp

(
− x2

0.1L

)
Time Span t ∈

[
0, 6.4× 104

]
, ∆t = 4

Table 2.5: Dimensionless parameters used for travelling wave comparison in Figure 2.9.

Once again, the peak virus displacement in Figure 2.9 shows excellent agreement

between the asymptotic wave speed, casymptotic = 2.88×10−2, and the numerical-determined

line-of-best �t, cnumerical = 2.81 × 10−2. The non-zero x-intercept of the numerical solu-

tion comes about due to the maximum virus concentration being centred at x = 0 for

t < 1.5× 104. This corresponds to a transient state of the PDE, before the system reaches

a steady-state travelling wave, but does not a�ect the �tted wave speed.

Figure 2.10 shows the wave speed due to integral expression (2.75). The spike in

the wave speed estimate coincides with the non-zero x-intercept from Figure 2.9, and

illustrates that the integral estimate is only accurate in the steady state. In the long-time

limit, Figure 2.10 shows that this expression tends to the asymptotic solution, casymptotic =

2.88× 10−2.

Overall, this general agreement between the numerical solution of the PDE system

and asymptotic prediction for wave speed is an encouraging result. Solving transcendental

equations (2.100)�(2.101) is considerably less computationally-intensive, and is therefore

a more practical method of determining the e�ects of key parameters on the model. In

addition to this, an estimate of the wave speed allows us to make use of the relation derived

in Section 2.6.2 to determine the total number of virus particles in the system at steady

state, which may also be of practical use.
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Figure 2.9: Position of peak virus concentration (blue, solid) for parameters in Table 2.5,
line of best �t, x = 2.81×10−2t−88 (red, dashed), and asymptotic results, c = 2.88×10−2

(green, dash-dotted).
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Figure 2.10: Comparison of wave speed estimate from (2.75) (blue, solid) and asymptotic
result c = 2.88× 10−2 (red, dashed) for parameters in Table 2.5.

45



2.7 Summary

In this chapter, we have developed a basic mathematical model describing the interaction

between non-motile anti-tumour viral particles and motile uninfected and infected tumour

cells. The resultant system of coupled, non-linear, age-structured partial di�erential equa-

tions were solved numerically using an e�cient combination of Fast Fourier Transforms and

Finite Di�erence methods. For spatially heterogeneous initial conditions of virus particles,

we showed three distinct qualitative behaviours typical of the system: virus extinction,

corresponding to failure of therapy, virus oscillation between decay and growth, and the

spread of virus particles through the system in the form of a �xed-amplitude pulse. Mo-

tivated by travelling wave-like behaviour in the latter case, we proceeded to explore the

conditions under which such behaviour could occur.

In the travelling wave case necessary for sustained viral spread, the system of governing

equations was reduced to a mixed system of ordinary-partial di�erential equations, with

new boundary conditions. Making use of asymptotic methods, we linearised the system

at the upstream steady state, and presented a set of transcendental equations which could

be solved numerically for the wave speed. Comparison of asymptotic wave speeds and

numerical solutions showed good agreements, and we also presented a relation between the

wave speed and the total number of virus particles in the system at steady state.

While continuum modelling approaches allow for signi�cant analytic analysis, we saw

that continuum assumption becomes invalid in the limit of low cell and particle numbers,

such as the case of virus extinction phenomenon observed during the failure of treatment.

By de�nition, such behaviour requires low concentrations of particles, which may invalidate

the continuum assumptions used in deriving the governing equations from the chemical kin-

etics. Motivated by this, we consider a stochastic model describing the discrete behaviour

same physical system in the hope of verifying the behaviour seen thus far.
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Chapter 3

Stochastic simulation of

tumour-virus system

In this chapter, we consider a discrete description of the tumour-virus interactions

described previously (Chapter 2). After introducing the relevant theory of stochastic

modelling and outlining its fundamental di�erence from the continuum description, we

develop a compartment-based Monte Carlo algorithm describing the evolution, in space

and time, of uninfected cells, infected cells and virus particles in a solid tumour. Typical

parameter values, initial conditions and physically meaningful compartment sizes are

shown, and a series of test cases for the model are presented. Comparing stochastic

simulations to the solutions of equivalent continuum systems, we show the importance of

compartment size choice, and discuss how to choose the reaction propensity for

reaction-di�usion systems.

We show how this propensity a�ects key simulation outcomes such as wave speed and

number of virus particles, and make recommendations for further use of the model.

3.1 Introduction

A common approach in analysing the time evolution of systems of chemically reacting

molecules is to solve a set of coupled ordinary di�erential equations, with each equation

representing the rate of change (in time) of the concentration of a particular species as a

function of concentrations of all species present. This deterministic formulation, known

as a set of reaction-rate equations, comes about from the law of averages, and is usually

su�ciently accurate to describe the processes involved on the macroscopic scale. However,

in certain situations, such as a system undergoing non-linear reactions in the neighbourhood

of a chemical instability, this approach fails to recover the full qualitative behaviour when

the system is a�ected by random perturbations occurring on discrete scales (McQuarrie,
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1967). An alternative approach is to consider the physical system as a stochastic process

where the reaction events are described probabilistically.

At a molecular level, reactions occur when two or more reacting molecules collide.

Assuming the system is in thermal (but not necessarily chemical) equilibrium, a reaction

may be thought of as occurring when the pair of molecules are both located within some

reaction radius δr (generalised to a reaction volume δV ), where they are su�ciently close to

each other for a reaction to take place in time interval (t, t+ δt). However, as the reaction

radius δr → 0, the number of molecules within the reaction radius will drop to either 1 or

0, and as such, it is physically meaningless to talk about the number of molecules in this

shrinking radius in the limit of δt→ 0 (Gillespie, 1977).

A more useful approach is to consider that the assumption of thermal equilibrium

implies that the molecules will be randomly and uniformly distributed within the reaction

volume δV . Now, collisions between molecules occur in a random manner, and instead of

characterising reactions by their rates, we de�ne a reaction probability per unit time, cj ,

with the property that

cjdt = probability that a randomly selected combination of

reactant molecules at time t will react accordingly

in the next in�nitesimal time interval [t, t+ dt). (3.1)

For a well-mixed system consisting of multiple species of molecules in a constant volume

and at thermal equilibrium, the state of the system can be described by the molecular

populations of each species, without speci�c knowledge of positions and velocities of the

individual molecules. The probabilistic rates of reaction are functions of the total number

of distinct combinations of reactant species within some de�ned reaction volume.

We de�ne the time-dependent random variable X (t) = {X1, X2, . . . , Xn} to be the

state vector of the system for molecules of species {1, . . . , n} at time t. Under the assump-
tion that most of molecular collisions are non-reactive elastic collisions, the positions of

molecules will be uniformly distributed throughout the volume. Now, by only considering

reactions that change the populations of at least one of the species, the system can be

represented exactly through a state-change vector vij , which represents the change in pop-

ulation of the ith species due to the jth reaction, and the propensity function aj , which is

de�ned such that ajdt gives the probability that the j
th reaction will occur in the in�nites-

imal time interval dt. This total probability of a speci�c reaction occurring is equivalent to

multiplying (3.1) by the number of distinct combinations of molecules for the jth reaction.

Since the transition from one state of the system to another is dependent only on the

previous state, the evolution can be described as a discrete Markov process. Under the

Markov assumption, the conditional probability of a system to be in state x at time t given

it was at state X (s) at time s depends only on X (s) and t− s.

48



Physically, the number of molecules in a system is a discrete integer-valued random

variable, and so the reaction process has to be described by the probability density of such

a random variable. This description generalises the underlying physical processes, with the

mean roughly corresponding with the solution to the deterministic model, and the variance

describing the inherent statistical �uctuations about the mean. For a system consisting of

discrete states, the probability of being a particular state can be described by considering

the net transitions to and from all other states. This probabilistic interpretation yields a

�chemical� master equation for the system.

3.1.1 Chemical master equation

Consider a system consisting of N distinct species, with the population of the ith species,

Si at time t denoted by Xi (t). For a system of M reactions, with the jth reaction denoted

by Rj , we can completely characterise each Rj by two quantities: the propensity function,

aj , and the associated state-change vector, νj . Given these de�nitions, the number of ways

the system can reach state X = ~x at time t+ dt is given by

P (x, t+ dt) =

M∑
j=1

P (x− νj , t) (aj (x− νj) dt) + P (x, t)

1−
M∑
j=1

(aj (x) dt)

 . (3.2)

In the limit dt→ 0, the above relation is reduced to a di�erential equation in probability

density describing the time evolution of the probability of a system to be in one of a discrete

set of state, known as the Chemical Master Equation (CME)

∂P (x, t)

∂t
=

M∑
n=1

(aj (x− νj)P (x− νj , t)− aj (x)P (x, t)) . (3.3)

This governing equation describes the time evolution of the system exactly, but in

practice it is very di�cult to solve analytically for all but the simplest propensity functions

aj (x). To illustrate this, we now look at exact solutions of the elementary �rst order

unimolecular and second order bimolecular reaction, by deriving generating functions and

comparing these to the continuum description.

3.1.1.1 Unimolecular reactions

In a system of unimolecular reactions, the transition probability of going from a state x

to a new state x− j depends linearly on x. For example, let us consider the simple decay

reaction

A
k→ B, (3.4)
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and de�ne x =

A
B

 to be the state vector representing the number of molecules of species

A and B, and ν =

[
−1 1

]
as the state-change vector representing the stoichiometry of

(3.4).

De�ning the random variable X (t) to be the number of molecules of A in the system

at time t, we introduce notation

Px (t) = Prob {X (t) = x} , (3.5)

to denote the probability of being in state X (t) = x at time t. We assume that the

probability of transition from state x to x− 1 in the interval (t, t+ ∆t) is kx∆t+ o (∆t),

where k is constant, and the time interval is small enough such that only one molecule

undergoes transition in this period. From this de�nition, we can write

Px (t+ ∆t) = k (x+ 1) ∆tPx+1 (t) + (1− kx∆t)Px (t) + o (∆t) . (3.6)

Taking the limit as ∆t → 0 as in van Hove (1957), we obtain the di�erential-di�erence

equation
dPx
dt

= k (x+ 1)Px+1 (t)− kxPx (t) . (3.7)

To fully quantify the behaviour of the system, we derive the probability generating

function and make use of its properties. By de�nition, the probability generating function

of F (s, t) is given by

F (s, t) =
∞∑
n=0

Pn (t) sn, |s| < 1. (3.8)

Taking the derivative with respect to time, we �nd that

∂F

∂t
=

∞∑
x=0

(
sx
dPx (t)

dt

)

=
∞∑
x=0

(sx (k (x+ 1)Px+1 (t)− kxPx (t)))

= k (1− s)
∞∑
x=1

xsx−1Px (t)

= k (1− s) ∂F
∂s

. (3.9)

Taking as the initial condition F (s, 0) = sx0 , where X (0) = x0 is the initial number of
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molecules of A, this partial di�erential equation has solution

F (s, t) = (1 + (s− 1) exp (ikt))x0 . (3.10)

From the properties of the probability generating function, the expected value of X (t) is

given by

E [X (t)] = X (t)

=
∑

xPx

=
∂F

∂s

∣∣∣∣
s=1

= x0 exp (−kt) , (3.11)

and the variance of X (t) is given by

Var [X (t)] = E
[(
X −X

)2]
=

∑
x2Px −X

2

=
∂2F

∂s2

∣∣∣∣
s=1

+
∂F

∂s

∣∣∣∣
s=1

−
(
∂F

∂s

∣∣∣∣
s=1

)2

= x0 exp (−kt) (1− exp (−kt)) . (3.12)

From these calculations, we see that the mean value given by (3.11) is identical to the

deterministic solution of the unimolecular reaction-rate equation d[A]
dt = −k [A] (Connors,

1990, pp. 18).

3.1.1.2 Bimolecular reactions

We now consider the more complicated case of the bimolecular reaction

A + B
k→ C. (3.13)

We let X (t) be the discrete random variable representing the number of molecules of

C in the system at time t. Following the procedure from Ishida (1964), this yields the

di�erential-di�erence equations

dP0

dt
= −kabP0 (t) ,

dPx
dt

= k (a− (x− 1)) (b− (x− 1))Px−1 (t)− k (a− x) (b− x)Px (t) ,

dPc̃
dt

= k (a− (c̃− 1)) (b− (c̃− 1))Pc̃−1 (t) , (3.14)
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where a, b are the initial number of A and B, respectively, and c̃ = min (a, b) is the

maximum number of molecules of C, with

c̃∑
n=0

Pn (t) = 1. (3.15)

Taking the Laplace transform of (3.14) in time for initial condition Px (0) =


1, for x = 0

0, otherwise

results in the di�erence equations

−1 + zq0 (z) = −kabq0 (z) ,

zqx (z) = k (a− (x− 1)) (b− (x− 1)) qx−1 (z)

−k (a− x) (b− x) qx (z) ,

zqc̃ (z) = k (a− (c̃− 1)) (b− (c̃− 1)) qc̃−1 (z) , (3.16)

where qx (z) is the Laplace transform of Px (t).

Solving the resulting equations as in Ishida (1964) gives solution

qx (z) =

a
x


b
x

 (x!)2 kx
x∏

n=0

1

z − k (a− n) (b− n)
, (3.17)

and after decomposing the product term into partial fractions, has Laplace inverse

Px (t) = (−1)x

a
x


b
x

 x∑
n=0

(−1)n
(

1 +
x− n

a+ b− x− n

)

×

x
n


a+ b− n

x


−1

exp (−k (a− n) (b− n) t) . (3.18)

On introducing the probability generating function F (s, t) =
∑c̃

n=0 Pn (t) sn, |s| < 1, it

can be shown that this has the form

F (s, t) = sα
0∑

n=a

(−1)n (b− a+ 2n)
a! (b!)

(a− n)! (b+ n)!

× exp (−kn (b− a+ n) t)

×(b− a+ n− 1)

n! (b− a)!
Jn
(
b− a, b− a+ n+ 1, s−1

)
(3.19)

where Jn are Jacobi polynomials (Abramowitz and Stegun, 1965, Ch. 22).
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Making use of the properties of the probability generating function, the expectation

value of the number of molecules C at any given time can be written in the relatively

simple form

E [X (t)] = X (t)

= a−
b−a∑
n=1

(b− a+ 2n)

 a

n


 b+ n

n


−1

(3.20)

× exp (−kn (b− a+ n) t) , (3.21)

where a and b denote the initial populations of species A and B respectively.

Taking the derivative of (3.21) with respect to time and making use of (3.14), this can

be written as

d

dt
(E [X (t)]) = kE [a−X (t)]E [b−X (t)] + kVar [X (t)] , (3.22)

where Var [X (t)] denotes the variance. The �rst term is identical to the behaviour pre-

dicted from application of the law of mass action in the continuum model, with the

second term denoting the stochastic �uctuations in the system. For the case where

E [a−X (t)]E [b−X (t)] � Var [X (t)], the stochastic and continuum descriptions will

be approximately consistent in the mean; however, as chemical reactions are random pro-

cesses, this is often not the case, especially in small reaction systems. In these situations,

the stochastic model can produce behaviour such as bistability of states which is not pos-

sible in the continuum model (Erban et al., 2007). Such behaviour is not always limited to

the case of small reaction systems, and it has been shown that feedback processes can amp-

lify the stochastic noise term to exhibit stochastic e�ects such as bistability on macroscopic

scales (Samoilov et al., 2005).

The complexity of deriving analytic solutions to the CME, even in the case of relatively

simple reaction leads us to seek approximations to the CME that simplify calculations while

maintaining the qualitative behaviour of the system.

3.1.2 Exact stochastic simulation algorithms

Although the Chemical Master Equation is a useful starting point, analytic solutions are

rarely found, and it is cumbersome to apply even in numerical simulations. Instead, numer-

ical solutions of stochastic systems generally make use of Stochastic Simulation Algorithms

(SSA), which are Monte Carlo procedures for numerically generating time trajectories of

molecular populations in exact accordance with the underlying stochastic process.

One such algorithm is the Gillespie SSA, which is derived from the fundamental premise

(3.1) without resorting to approximations, and while derived independently of the CME, it
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is logically equivalent to it. This algorithm is a well-known example of a class known as �ex-

act stochastic algorithms�. These algorithms can be constructed from �rst principles, and

have the added advantage of easily scaling to multiple spatial dimensions and complicated

domains.

In the simplest implementation, known as the direct method, given an initial system

state X (t0), we advance the system by determining which reaction Rj occurs next, and

at what time this happens. The reaction and time are selected based on the propensity

functions.

At each time step, we calculate propensities aj (x) for each reaction j ∈ [1,M ], as well

as the total propensity of the system, de�ned to be a0 (x) =
∑M

k=1 ak (x). It can be shown

(Gillespie, 1977) that the probability density function for the next reaction to be the jth

reaction at time t′ is given by

P
(
t′, j|x, t

)
= aj (x) exp

(
−a0 (x) t′

)
, (3.23)

where t′ > t. The time to the next reaction t′ is a waiting time, which is chosen from an

exponentially distributed random variable with mean 1/a0 (x), while the reaction index j

is chosen independently as an integer random variable with point probability aj (x) /a0 (x).

In the direct method, two uniformly distributed random numbers r1, r2 ∈ [0, 1) are

generated. The time to the next reaction is calculated by

t′ = − 1

a0
ln (r1) , (3.24)

and the next reaction Rj is chosen by �nding index j satisfying

j−1∑
k=1

ak
a0

< r2 ≤
j∑

k=1

ak
a0
. (3.25)

The populations of species are updated according to the state-change vector, and the

current time is incremented by the time increment t′. We now apply this framework to

construct a SSA for an inhomogeneous system of uninfected cells, infected cells and virus

particles.

3.2 Formulation of SSA for tumour-virus system

At the fundamental level, interactions between virus particles and tumour cells occur in

discrete units. While continuum modelling may be valid for certain parameter regimes,

the cases of initial virus injection and the extinction of the infection wave are by de�nition

reliant on low-population dynamics, suggesting that a discrete approach must be utilised.
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We consider the physical model from the previous chapter, with the interactions between

uninfected cells n, infected cells m and virus particles V described by the chemical reactions

n + V
kreact→ m, (3.26)

V
kdeath→ ∅, (3.27)

where kreact is the rate of infection of virus particles and kdeath is the rate of natural

virus death. In addition to these reactions, which we model stochastically, we assume that

infected cells burst and die after a (deterministic) time τ , releasing a �xed number, α, of

virus particles each, given by

m|age=τ → αV. (3.28)

We introduce n, V and m to denote the number of uninfected cells, the number of virus

particles, and the number of infected cells per unit age in the system, respectively.

The Stochastic Simulation Algorithm outlined previously assumes that the system is

well-mixed, which simpli�es greatly the number of reactions that need to be considered

during a time interval. To extend this approach to spatially inhomogeneous systems, we

implement what is known as an on-lattice approach, where the spatial domain is divided

into a chain of well-mixed compartments, with interactions between each compartment

corresponding to spatially inhomogeneous processes such as di�usion.

3.2.1 Inter-compartment di�usion

The di�usion-like random walk of particles in a compartment-based model can be described

by a set of �rst-order reactions. In a one-dimensional discretised spatial domain, the

di�usive motion of a generic cell g in compartment j to the left is described by the reaction

gj
pleft→ gj−1, (3.29)

and the di�usive motions of cells at position j to the right corresponds with the reaction

gj
pright→ gj+1, (3.30)

where pleft and pright are the rates of reaction to the left and right respectively, and are

generally taken to be equal, if the random walk is unbiased.

Applying this formulation to the case of transitions of uninfected and infected cells
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between compartments gives rise to the propensity functions

anD (j) = pnj , (3.31)

amD (j) = qmj , (3.32)

where p and q are the transition rates of the uninfected and infected cells respectively (with

no preference to the left or right), and n, m are the numbers of uninfected and infected

cells in the jth compartment, respectively. We assume that virus particles do not di�use,

and the spread of infection is driven by the combination of the movement of infected cells

and infected cell burst.

This approach to a random walk in space can be generalised to multiple spatial dimen-

sions by including reaction terms for jump processes to each adjacent compartment. For

a d-dimensional spatial domain, a minimum of 2d jump processes are required for a fully-

connected domain, although additional jumps between diagonally-adjacent compartments

could also be added. For simplicity, we choose the minimally-connected case (four neigh-

bours in the two-dimensional case), which tends towards the higher-connected cases in

the limit of shrinking compartment volume. The relationship between inter-compartment

jump rates, p and q, and macroscopic di�usion coe�cients, Dn and Dm, is discussed in

Section 3.2.4.

3.2.2 Intra-compartment reactions

The natural death of virus particles in (3.27) is a zeroth-order process, which has a

propensity function of the form

adeath (j) = kdeathVj , (3.33)

where kdeath is the rate of virus death.

In our discrete formulation, the death of an infected cell through virus bursting could

be modelled by either a Poisson process with exponentially distributed waiting times or

by a �xed, deterministic burst age. Although it is plausible that the physical system

has some variation in the duration of infected cell lifetime, it is probably not true that

a cell is equally likely to burst in any time interval, making the Markovian description

inappropriate. Instead, we choose to implement a �xed burst-age, which is in keeping

with the assumptions of the previous chapter. We derive the propensity function of the

second-order infection reaction within a compartment governed by (3.26) from the number

of possible combinations of reactions within the compartment. This suggests that the
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propensity function of infection is

areact (j) = kreactVjnj , (3.34)

where j is the index of the compartment, kreact is the stochastic rate of infection, and V and

n are the number of virus particles and uninfected cells in the compartment, respectively.

3.2.3 Initial and boundary conditions

As with the continuum model, we must specify physically meaningful initial and boundary

conditions for the system. To mimic the initial conditions used in the continuum simula-

tions, the uninfected cancer cells are uniformly distributed over all compartments, and the

initial distribution of virus particles is restricted to a single compartment in the centre of

the spatial domain. At the time of initialisation, no infected cancer cells are placed in the

system.

In contrast to the continuum case, the boundary conditions relevant to the stochastic

description do not require a well-mixed approximation at the edge of the domain, and

can be replaced with re�ective boundary conditions, as in Erban and Chapman (2007).

This boundary condition is trivially implemented by checking whether cells in a boundary

compartments are moving towards or away from the boundary, and �re�ecting� them away

from the boundary if they try to cross it. The ease of implementing complicated boundary

geometries in rule-based algorithms serves to highlight the intuitive nature of implementing

these algorithms.

3.2.4 Scaling of parameters

So far we have made use of the fundamental premise of reaction probability (3.1), without

attempting to relate it to parameters that can be physically quanti�ed using experimental

data.

In Section 3.1, we considered the concept of reaction radius, and the requirement that

the behaviour of the system should be independent of the arbitrary choice of this radius.

This concept must also apply to compartment-based models, since for a �nite number of

particles in the system, decreasing the compartment size, h, would result in a reduction

of poly-molecular intra-compartment reactions taking place. Similarly, the frequency of

inter-compartment random walks would also be a�ected by the choice of compartment

size. The propensity functions must therefore be modi�ed in a way that adjusts for the

choice of compartment size. This is done by specifying the stochastic reaction rates to be

functions of compartment width, and scaling these accordingly.

From Erban et al. (2007), we �nd that the rate of inter-compartment jumps from

Section 3.2.1 is related to the macroscopic di�usion coe�cients of uninfected and infected
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cells, Dn and Dm, by

p =
Dn

h2
, (3.35)

q =
Dm

h2
. (3.36)

For stochastic simulation in two spatial dimensions, compartments not on the boundary

are connected to four neighbours, resulting in four possible inter-compartment reactions.

This can be generalised, with the total propensity for jumping into any neighbouring

compartment

atotal di� (j) =


2dDn
h2 nj , for uninfected cells

2dDm
h2 mj , for infected cells

,

where d is the number of spatial degrees of freedom.

Following from Bernstein (2005) and Higham (2008), we �nd that the stochastic and

continuum rates for the bimolecular reaction (3.26) are related by compartment volume,

h3, resulting in the reaction propensity

areact (j) =
kreact
h3

Vjnj . (3.37)

Since unimolecular reactions, such as virus particle death, do not depend on a reaction

radius, the stochastic rate constant is invariant of compartment width h, and is equivalent

to the that of the continuum case (McQuarrie, 1967), with the propensity function for

virus death given by

adeath (j) = kdeathVj . (3.38)

3.2.5 Formulation of the Gillespie SSA

From the general outline of the Gillespie Stochastic Simulation Algorithm (SSA) in Sec-

tion 3.1.2, we make use of the propensity functions formulated in Section 3.2.4 to implement

the direct method of the Gillespie SSA.

One of the advantages of implementing a rule-based algorithm is the relative simpli-

city with which we can incorporate the time-delayed burst given by reaction (3.28). We

introduce an additional internal state to track the birth time of each particle of the infec-

ted cell population m. Now, for every infection reaction Rreact taking place, we set the

associated burst state to time tburst = tcurrent + τ , and on generating each new exponen-

tially distributed time increment ∆t, we check to see if tcurrent + ∆t > tburst for any of

infected cell population m. If such a cell is found, then we discard the time increment

τ as t + ∆t > tburst, and instead set the current time to the time of infected cell death,
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tnew = tburst. If tcurrent + ∆t < tburst for all m, then no infected cells have burst in the

time step, and we search continue with the Gillespie SSA as usual.

Combining the inter-compartment di�usion, intra-compartment reactions and determ-

inistic infected cell bursts into a suitable SSA, we develop Algorithm 4 (Appendix A). This

algorithm has been implemented in C++ for a 2D domain, utilising a position-based map

associative container to store uninfected cells, a position-based multi-map associative con-

tainer to store unique infected cells, and a compartment-based map associative container

to store virus particles in the system.

3.3 Choice of domain and typical parameters

In Section 3.2.1, we saw that spatially-dependent reactions can be modelled using SSA

by introducing a series of connected, well-mixed compartments of width h. By de�nition,

these reactions occur in 3D and reaction propensities depend on compartment volume, h3

(Figure 3.1). However, due to the computationally-intensive nature of the exact SSA, where

every reaction is simulated sequentially, we typically construct N × N × 1 compartment

domains, corresponding to pseudo-2D solutions of inherently 3D systems (Figure 3.2a).

For the application of the SSA to modelling solid tumours, we consider two experimental

scenarios: a 3D system initially consisting of densely packed uninfected cells, corresponding

to a 3D in vitro culture (or a caricature of in vivo case without vasculature), and an initially

sparse case, corresponding to an in vitro monolayer of cells on a Petri dish. For the dense

case, each 2D simulation can be thought of as L×L×h mm3 slices of a solid tumour that

is spatially invariant in the z-direction. The sparse case, on the other hand, describes a

system that is e�ectively 2D, and provided the choice of compartment size h is su�ciently

large to accommodate a monolayer of species, the L × L × h domain describes the whole

system.

Typically, solid tumours range from 600 − 2200 mm3 in volume (Heise et al., 1999),

corresponding to a radius of 5 − 8 mm for a spherical tumour. However, since a tumour

of this size would almost certainly not be of uniform cell density, additional e�ects such

as vascularization and growth would need to be considered at the periphery. In addition,

key assumptions such as negligible virus di�usion would no longer be valid, requiring an

extension to the model proposed. Instead, we focus on a 1 mm transport-limited, high-

collagen content core region of the tumour where the e�ective di�usion of large particles

such as adenovirus and herpes simplex virus is negligible (Baxter and Jain, 1989; Mok,

2007).

This high-density region of a tumour is typically quoted as having density 106 cells mm−3

(Wein et al., 2003; Chicoine and Silbergeld, 1995), which serves as the basis for our initial

state for simulating the dense in vivo case. The sparse in vitro case, corresponding to a

2D monolayer such as a petri dish, is assumed to have similar parameter values except
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the uninfected cell density. In a typical in vitro experiment, Bazan-Peregrino et al. (2008)

count 20000 cells per well in a 96-well plate. Manufacturer speci�cations quote the typical

growth surface area of such plates as 0.25 − 0.35 cm2, which allows a crude estimate of

550 − 800 cells mm−2 for the in vitro case, a factor of 10 sparser than the equivalent in

vivo monolayer.

The initial number of virus particles quoted in experimental studies varies by several

orders of magnitude, with values ranging from 108 − 1012 pfu ml−1 (Kirn, 2001). This is

further complicated by the fact that the spatial distribution of virus injections is not well

studied. Taking best estimates from McKee et al. (2006) and Mok (2007), we set the typical

virus injection area to be 10 µm, and the virus concentration to be 8×109 pfu ml−1. While

a typical infected cell burst can release thousands of virus particles, only a fraction of these

are viable plaque forming units, and we thus follow the standard modelling technique of

choosing burst size α to be 100 as in Bajzer et al. (2008) and Friedman et al. (2006).

In our simpli�ed model, we treat the infection of cells by virus particles, (3.26), as a

single reaction. In reality, this process is described by chain of complex internalization

reactions, and a net rate for these is di�cult to measure experimentally. From Pecora

(2002) experimental data on fraction of cells successfully infected, Friedman et al. (2006)

estimated the infection coe�cient to be approximately 10−8 mm3hr−1vir−1. Similarly,

modelling the death rate of virus particles as a �rst-order death process in (3.27) amounts

to a crude uni�cation of immune e�ects, virus defects and a multitude of other potential

processes resulting in virus particle clearance, estimated at 2.5 × 10−2 hr−1 by Friedman

et al. (2006).

Finally, we estimate the di�usivity of uninfected cells via a macroscopic di�usion coe�-

cient. As with the rate of reaction, this parameter is di�cult to determine experimentally,

as it varies with the density of the surrounding media. For the case of solid tumours,

Matzavinos (2004) provide a lower bound for the di�usivity of cells to be 5×10−6 cm2day−1,

but this estimate could potentially be several orders of magnitude larger for less dense re-

gions of solid tumours.

A summary of these parameter estimates is given in Table 3.1.

3.4 Model validation

To test the validity of the (spatial) on-lattice SSA outlined in Algorithm 4 (in particular,

appropriate relations between propensities and compartment sizes), we run simulations

for simple cases, and compare numeric, and where appropriate, analytic solutions to the

continuum model. In particular, we will compare the stochastic and continuum model

for each process (di�usion, virus death, infection and infected cell burst) in turn, before

�nally combining all reactions to test the full model. In addition to testing the SSA, we
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L = hN L = hN

L = hN h

hh

Figure 3.1: 3D domain of size L×L×L mm, discretised into N compartments of volume
h3.

V (x, y, t = 0)

y

x

z

(a) y-dependent initial injection of virus particles
in 3× 3 central compartments (shaded).

V (x, y, t = 0)

y

x

z

(b) y-independent initial injection of virus
particles in N×1 central compartments (shaded).

Figure 3.2: Comparison of pseudo-2D and pseudo-1D initial distributions of virus particles
in a 2D domain.
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also use this opportunity to test our existing PDE Finite Di�erence-Fast Fourier Transform

(FD-FFT) method (Section 2.4) for the same cases.

For the purposes of these tests, the generalised two-dimensional SSA is utilised, with

a typical domain consisting of N ×N × 1 compartments of width h. In spatially-varying

cases where comparisons are made with one-dimensional solutions, the initial distributions

of species are chosen to be spatially homogeneous in the y-direction (as illustrated by

Figure 3.2b), and the solution then averaged over the total number of compartments in the

y-direction: averaging over N compartments in the y-direction is equivalent to simulating

N one-dimensional N × 1× 1 simulations.

In the following test cases, a typical two-dimensional domain of 100×100 compartments,

each of width h = 0.01 mm is used. This compartment size corresponds to the typical

length-scale of a cell, and is therefore the smallest physically motivated compartment size

we can choose. Furthermore, we use typical reaction rates, burst sizes and burst times

outlined in Table 3.1 for the majority of the tests, unless otherwise speci�ed.

The simplest of the test cases is the random walk of cells on a �xed lattice, and we

compare the e�ects of compartment size on propensity scaling to the continuum di�usion

case in the long-time limit.

3.4.1 Random walk and di�usion

The physical model described in Section 3.2 consisted of two motile species: uninfected

and infected cells. Using the parameters in Table 3.1, we construct a two-dimensional

(N ×N × 1) spatial domain, and consider two cases with initial distributions:

nij (0) =


1, for (i, j) = (N/2,N/2)

0, otherwise

,

mij (0) = 0, (3.39)

Vij (0) = 0,

with t ∈ [0, 500] and τ > 500 hours, and

nij (0) = 0,

mij (0) =


1, for (i, j) = (N/2,N/2)

0, otherwise

, (3.40)

Vij (0) = 0.

with t ∈ [0, 4000] hours and τ > 4000 hours. In both these cases, the absence of virus

particles in the system, and a burst time τ > tmax means that the only reactions in the
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system are the random walks of uninfected and infected cells, respectively.

Running 500 simulations on a 100× 100× 1 compartment domain, we obtain a set of

positions for the single uninfected and infected cell evolving in time. From theory (Berg,

1993, pp. 11), the expected relation between mean-squared displacement
〈
x2
〉
and time t

to has the form 〈
x2
〉

=

(
2d

h2
D

)
t, (3.41)

where d is the dimension (d = 1 for N × 1 domain, d = 2 for N × N domain), and D is

the macro-scale di�usivity of the species.

Figure 3.3 shows the mean squared displacement of the uninfected and infected cells

from their initial position, averaged over the total number of simulations. As the x and y

positions of the cell are independent of each other, the mean squared displacement relation

in x and y (green and cyan, respectively in Figures 3.3a-3.3b) for each case equivalent

to (3.41) in 1D. The radial displacement from initial distribution, given by coordinate

r =
√
x2 + y2, depends on both coordinates, and so this is equivalent to the 2D case of

(3.41). Comparing the gradient of lines of best-�t of mean squared displacement with

the theoretically predicted relations, we see excellent agreement and recover the original

di�usion coe�cient Dn and Dm.

3.4.2 Homogeneous reaction (with random walk)

We now consider the test case of a purely reactive, homogeneous system, with the bimolecu-

lar reaction

n + V
kreact→ m. (3.42)

Using the law of mass action, we can write down the macroscopic model describing the

evolution of n, m and V as

dn

dt
= −kreactV n,

dm

dt
= kreactV n, (3.43)

dV

dt
= −kreactV n,

with the initial conditions

n (0) = n0,

m (0) = 0, (3.44)

V (0) = V0,
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Mean Squared Displacement in x
(500 Samples, 100× 100)
〈x2〉 = 3.9302× 10−5t+ 0.00073104
Mean Squared Displacement in y
(500 Samples, 100× 100)
〈y2〉 = 4.537× 10−5t− 0.00034179

Mean Squared Displacement in r =
√
x2 + y2

(500 Samples, 100× 100)
〈r2〉 = 8.4672× 10−5t+ 0.00038925
Analytic Result in 1D
〈x2〉 = 2Dnt
Analytic Result in 2D
〈r2〉 = 4Dnt

(a) Mean squared displacement of uninfected cell random walk with Dn = 2.08 ×
10−5 mmhr−1.

Mean Squared Displacement in x
(500 Samples, 100× 100)
〈x2〉 = 4.3938× 10−6t− 0.00037046
Mean Squared Displacement in y
(500 Samples, 100× 100)
〈y2〉 = 4.4641× 10−6t+ 0.00067889

Mean Squared Displacement in r =
√
x2 + y2

(500 Samples, 100× 100)
〈r2〉 = 8.8578× 10−6t+ 0.00030843
Analytic Result in 1D
〈x2〉 = 2Dmt
Analytic Result in 2D
〈r2〉 = 4Dmt

(b) Mean squared displacement of infected cell random walk with Dm = 2.08 ×
10−6 mmhr−1.

Figure 3.3: Mean squared displacement of uninfected and infected Cells in 2D for 500
samples, on a 100× 100 compartment domain with h = 0.01mm.
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We solve the system (3.43) to give

n (t) =
n0 − V0

1− V0/n0 exp (−kreact (n0 − V0) t)
, (3.45)

m (t) =
V0 (1− exp (−kreact (n0 − V0) t))

1− V0/n0 exp (−kreact (n0 − V0) t)
, (3.46)

V (t) = (n0 − V0)

(
1

1− V0/n0 exp (−kreact (n0 − V0) t)
− 1

)
. (3.47)

Algorithm 4 (Appendix A) can also be used in solving this system by setting the burst

time τ > tmax, and kdeath = 0. If the typical experimental parameters outlined in Table 3.1

are used in this homogeneous case, the resultant virus concentration per compartment

will be several orders of magnitude greater than the uninfected cell concentration. For

the purpose of testing the SSA in the homogeneous case, we instead choose the virus and

uninfected cell concentrations to be of the same order of magnitude. We pick a 100×100×1

compartment grid with h = 0.01 mm, and we choose initial states for number of uninfected

cells and virus particles per compartment, respectively, to be

〈nij (0)〉 = 10 per compartment ∀ (i, j) ∈ {100× 100} ,

Vij (0) = 80 per compartment ∀ (i, j) ∈ {100× 100} , (3.48)

where 〈nij〉 denotes mean number of particles of a species n at compartments (i, j) ∈
{N ×N}, such that the total number of particles in the system is given by

∑N
i,j=1 nij =

〈n〉N2. Each particle is placed into compartment (i, j) at random, where i and j are

sampled from a uniformly distributed random variable. Motivated by typical experimental

parameters, we set kreact = 10−8 mm3hr−1vir−1, as outlined in the Section 3.3.

In addition to the SSA, our existing PDE Finite Di�erence-Fast Fourier Transform

(FD-FFT) method in 1D (Section 2.4) can also be used to solve this problem. We choose

the equivalent dimensionless parameters

kB = 0,

kC =
1

8
,

kD = 0,

τ = tmax, (3.49)

[n]0 =
10

0.013
,

[V ]max =
80

0.013
,
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and dimensionless initial conditions

[n] (0) = 1,

[m] (0, a) = 0, (3.50)

[V ] (0) = 1,

for uninfected cell concentration [n], infected cell concentration [m] and virus particle

concentration [V ].

Redimensionalising the 1D FD-FFT solution, and converting concentration into num-

ber of particles per compartment (of volume h3). We compare the results of the SSA,

analytic solution (3.45)-(3.47) and the FD-FFT solution for the number of particles per

compartment in Figure 3.4. The choice of initial condition means that the uninfected cells

are the limiting species in the reaction, and as expected, the number of virus particles

reaches an equilibrium V (t) ≈ V (0)− n (0) for t > 0, once all uninfected cells have been

used up in the bimolecular reaction.

This excellent agreement between four separate solutions suggests that the propensity

scaling for the infection reaction in the SSA has been chosen appropriately, and further

tests can now be performed for the remaining reactions.

3.4.3 Homogeneous reaction with virus death

We now look at a system with infection reaction (3.42) with an additional virus death

reaction

n + V
kreact→ m,

V
kdeath→ ∅.

From the law of mass action, this system can be described in the continuous case by

dn

dt
= −kreactV n,

dm

dt
= kreactV n, (3.51)

dV

dt
= −kreactV n− kdeathV,

which we consider for typical reaction rates

kreact = 10−8 mm3hr−1vir−1,

kdeath = 2.5× 10−2 hr−1, (3.52)
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Stoch Mean 2D(100x100)
(20 Samples)
nanalytic =

n0−V0

1−V0/n0 exp(−k(n0−V0)t)

PDE Solver (dx = 0.012, dt = 0.007)
kB = 12.5, kC = 0.125, kd = 0

L̂ = 98.1, t̂max = 16, τ̂ = t̂max

(a) Mean number of uninfected cells per compartment.

Stoch Mean 2D(100× 100)
(20 Samples)

Vanalytic = (n0 − V0)
(

1
1−V0/n0 exp(−k(n0−V0)t)

− 1
)

PDE Solver (dx = 0.012, dt = 0.007)
kB = 12.5, kC = 0.125, kD = 0

L̂ = 98.1, t̂max = 16, τ̂ = t̂max

(b) Mean number of virus particles per compartment.

Figure 3.4: Comparison of SSA, FD-FFT PDE, and analytic solutions for homogeneous
reaction with initial conditions n (x, y, 0) = 10, V (x, y, 0) = 80, m (x, y, 0) = 0, kreact =
10−8/h3 mm3hr−1, h = 0.01mm.
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as in Table 3.1. As before, we ignore the bursting of infected cells by setting the burst

time τ > tmax, and choose initial distributions for the SSA with h = 0.01 to be

〈nij (0)〉 = 10 per compartment ∀ (i, j) ∈ {100× 100} ,

Vij (0) = 80 per compartment ∀ (i, j) ∈ {100× 100} . (3.53)

Equations (3.51) no longer have a closed-form analytic solution for arbitrary initial

conditions, but the equivalent system can be solved for concentration of species using

matlab's inbuilt ODE solver, ode45.

We construct an equivalent continuum description for the FD-FFT solver by choosing

initial conditions

[n] (0) = 1,

[m] (0) = 0, (3.54)

[V ] (0) = 1,

for dimensionless concentrations of uninfected cells, infected cells and virus particles, re-

spectively, and setting appropriate dimensionless parameters

kB = 0,

kC =
1

8
,

kD =
2.5

80
,

τ = tmax, (3.55)

[n]0 =
10

0.013
,

[V ]max =
80

0.013
.

Redimensionalising the FD-FFT solution, and expressing the concentration of species

as number of particles in the equivalent pseudo-1D system, we see that the results of 50

samples of the SSA agree perfectly with the FD-FFT solution, as well as a generic solution

of (3.51) with matlab's inbuilt ODE solver, ode45 from Figure 3.5. The presence of the

additional virus death term in (3.51) results in removal of virus particles from the system

even after all uninfected cells have reacted, and we �nd that V (t) ≈ V (10) exp (−kdeatht/h3)

for time t > 10.

Once again, perfect agreement between three separate methods of solution indicates

that the propensity scaling for compartment width in the SSA are appropriate, and we

now continue on to the test case with �nite burst time in the next section.
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matlab ode45 Solution
dV = −0.01nV − 0.025V
dn = −0.01nV
dm = +0.01nV
Stoch Mean 2D (100× 100)
(20 Samples)

PDE Solver (d̂x = 0.012, d̂t = 0.007)
kB = 12.5, kC = 0.125, kD = 0.031

L̂ = 98.1, t̂max = 16, τ̂ = t̂max

(a) Mean number of Uninfected Cells per compartment.

matlab ode45 Solution
dV = −0.01nV − 0.025V
dn = −0.01nV
dm = +0.01nV
Stoch Mean 2D (100× 100)
(20 Samples)

PDE Solver (d̂x = 0.012, d̂t = 0.007)
kB = 12.5, kC = 0.125, kD = 0.031

L̂ = 98.1, t̂max = 16, τ̂ = t̂max

(b) Mean number of Virus Particles per compartment.

Figure 3.5: Comparison of SSA, FD-FFT and matlab ode45 solution for homogen-
eous reaction with virus death with initial conditions n (x, y, 0) = 10, V (x, y, 0) = 80,
m (x, y, 0) = 0, and kreact = 10−8/h3 mm3hr−1, kdeath = 2.5× 10−2 hr−1, h = 0.01mm.
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3.4.4 Reaction with burst

Finally, we consider the general case of virus-cell reactions outlined in (3.26)-(3.28) with a

homogeneous initial condition on the number of virus particles, and random placement of

uninfected cells. This is an extension of Section 3.4.3, incorporating the e�ects of infected

cell burst, which adds α virus particles to the system at the �nal location of each infected

cell of age τ , before removing the cell from the system. We choose a typical burst time of

τ = 5 hrs, and burst size α = 100. A high number of virus particles are expected to be

released from the �rst burst event, and so we choose the initial number of virus particles

at t = 0 such that O (V ) = O (n), and choose initial distributions per compartment

〈nij (0)〉 = 10 per compartment ∀ (i, j) ∈ {100× 100} ,

Vij (0) = 8 per compartment ∀ (i, j) ∈ {100× 100} , (3.56)

where 〈n〉 denotes the mean number of particles of species n per compartment, with the

total number of uninfected cells
∑
n (0) = N2 〈n (0)〉, placed randomly in an N × N

domain.

The dimensionless parameters for the continuum formulation of the equivalent system

are

kB = 0,

kC =
1

8
,

kD =
2.5

8
,

τ = 0.4tmax, (3.57)

[n]0 =
10

0.013
,

[V ]max =
8

0.013
,

and initial conditions for dimensionless concentrations of uninfected cells, infected cells per

unit age and virus particles

[n] (0) = 1,

[m] (0, a) = 0, (3.58)

[V ] (0) = 1.

In the continuum formulation of this test case, no di�usion of uninfected or infected cells

occurs. This implies that the Reaction Rate Equations describing (3.26)-(3.28) can be
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written as

dn

dt
= −kreactV n, (3.59)

dm

dt
+
dm

da
= 0, (3.60)

dV

dt
= −kdeathV − kreactV n+ αm (t, a = τ) , (3.61)

subject to initial conditions

n (0) = n0,

m (0, a) = 0,

m (t, 0) = kreactV (t)n (t) , (3.62)

V (0) = V0.

We solve (3.60) using the method of characteristics, and substitute form into (3.61). Thus,

the system is reduced to a set of Delay Di�erential Equations (DDE) with �xed delay, τ ,

of the form

dn

dt
= −kreactV n,

dV

dt
= −kdeathV − kreactV n+ αV (t− τ)n (t− τ) . (3.63)

In addition to the our general FD-FFT PDE solver, this relatively simple system of DDEs

can be solved using matlab's inbuilt dde23 solver for �xed delay, τ . Comparing the

SSA, FD-FFT and matlab dde23 solutions for uninfected cells and virus particles per

compartment (Figures 3.6a-3.6c), we initially see excellent agreement before the time of

the �rst burst event at t = τ , after which the number of remaining uninfected cells per

compartment in the SSA is greater than that of the continuum solutions. As the continuum

solutions given by the FD-FFT method and matlab's inbuilt delay di�erential equation

solver, dde23, agree over the entire time interval, we focus on the compartment-based SSA

in an attempt to understand the cause of the disagreement. It is important to note that the

uninfected and infected cells solutions agree for t ∈ [0, τ ], at which point the �rst generation

of infected cells burst. Despite this, the number of virus particles per compartment agree

with the continuum solutions for t ∈ [τ, 2τ ], implying that the discrepancy in uninfected

cells is a consequence of a reduced rate of reaction between uninfected cells and virus

particles in the SSA, caused by the release of virus particles at the �rst burst time t = τ ,

and only becoming apparent in the virus concentration after the second generation of

infected cells (added over t ∈ [τ, 2τ ]) has burst.
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Stochastic
(50 Samples, 100× 100)
matlab dde23

PDE

(d̂x = 0.00379, d̂t = 0.00033)

(a) Mean number of uninfected cells per compartment.

Stochastic
(50 Samples, 100× 100)
matlab dde23

PDE

(d̂x = 0.00379, d̂t = 0.00033)

(b) Mean number of virus particles per compartment.

Stochastic
(50 Samples, 100× 100 domain)
matlab dde23

(RelTol= 1× 10−7, MaxStep= 0.001)

(c) Mean number of infected cells per compartment.

Figure 3.6: Comparison between SSA and matlab dde23 solutions for homogeneous re-
action with virus death and infected cell burst with initial state V (0) = 8, n (0) = 10 and
τ = 5, kreact = 10−8/h3 mm3hr−1, α = 100, kdeath = 2.5× 10−2 hr−1, h = 0.01mm.
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3.4.4.1 Dependence on compartment size

So far, we have chosen the physically-motivated compartment size of h = 0.01 mm in our

SSA simulations. We now look at the e�ects of varying compartment size in the previous

test case in Section 3.4.4.

As each compartment has volume h3, the 2D domain has total volume Nh×Nh× h.
Therefore, by varying compartment size, we must adjust the initial states accordingly,

so that particle number per unit volume is conserved. Running 50 simulations for h =

{0.01, 0.02, 0.05} mm on {100× 100, 50× 50, 20× 20}×1 compartment domains, respect-

ively, we see that increasing compartment size results in better agreement with the con-

tinuum solution given by matlab's dde23 solver (Figures 3.7a-3.7c), with the h = 0.05 mm

results being nearly identical to the continuum solution.

From the compartment size comparison in Figure 3.7, we see that the e�ective rate

of reaction between uninfected cells and virus particles in the SSA case changes with

compartment size as soon as the system becomes inhomogeneous after the �rst burst event

at time t = τ . In the SSA, uninfected cells can either jump to an adjacent compartment

or react with virus particles in the same compartment. This suggests that it is the local

nature of burst events, where infected cells are removed and release many virus particles

in the process, that results in a reduced reaction rate between uninfected cells and virus

particles as compartment size is decreased. We test this hypothesis by modifying the SSA

so that each virus particle created as a result of an infected cell burst is placed in random

compartment, rather than the same compartment as the infected cell.

Running 50 simulations of a modi�ed version of the SSA for h = 0.01 mm on a

100 × 100 × 1 compartment domain where the location of virus particles released via

burst events is chosen at random, we see perfect agreement between the SSA and matlab

dde23 continuum solutions (Figure 3.8). Although the burst of infected cells in the SSA is

a deterministic process occurring after a �xed period of time, the time of infection, gov-

erned by the bimolecular reaction between uninfected cells and virus particles, is a random

process. This introduces a level of inhomogeneity into the system, and since each infected

cell releases α particles per burst, which is typically greater than the number of uninfec-

ted cells per compartment, the reaction propensity in each compartment becomes strongly

dependent on the number of virus particles per compartment.

This is an inherent problem in using lattice-based simulations for reaction-di�usion

systems, and Isaacson (2009) showed that in the limit h → 0, the reaction propensity

scaling breaks down to the point where no reactions will occur, recovering pure di�usion

in the system.
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Stochastic
(50 Samples, h = 0.05, 20× 20)
Stochastic
(50 Samples, h = 0.02, 50× 50)
Stochastic
(50 Samples, h = 0.01, 100× 100)
matlab dde23

(a) Mean uninfected cell concentration per compartment.

Stochastic
(50 Samples, h = 0.05, 20× 20)
Stochastic
(50 Samples, h = 0.02, 50× 50)
Stochastic
(50 Samples, h = 0.01, 100× 100)
matlab dde23

(b) Mean infected cell concentration per compartment.

Stochastic
(50 Samples, h = 0.05, 20× 20)
Stochastic
(50 Samples, h = 0.02, 50× 50)
Stochastic
(50 Samples, h = 0.01, 100× 100)
matlab dde23

(c) Mean virus particle concentration per compartment.

Figure 3.7: Comparison of matlab dde23 solution and SSA with h =
{0.01mm, 0.02mm, 0.05mm} with initial conditions V (0)/h3 = 8 × 106 mm−3, n(0)/h3 =
10× 106 mm−3, and τ = 5, kreact = 10−8/h3 mm3hr−1, α = 100, kdeath = 2.5× 10−2hr−1.
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Stochastic (Random Virus Burst Location)
(50 Samples, 100× 100)
matlab DDE23

(a) Mean number of uninfected cells per compartment.

Stochastic (Random Virus Burst Location)
(50 Samples, 100× 100)
matlab DDE23

(b) Mean number of virus particles per compartment.

Figure 3.8: Comparison of SSA simulations and matlab dde23 solution for random burst
location with initial states V (0) = 8, n (0) = 10 and τ = 5, kreact = 10−8/h3 mm−3hr−1,
α = 100, kdeath = 2.5× 10−2 hr−1.
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3.5 Reconciling the continuum and stochastic models

For typical parameter values in Table 3.1, we have seen that the SSA simulations disagree

with the FD-FFT solution to the equivalent continuum model. Previous work by Isaacson

(2009) showed for compartment-based reaction-di�usion systems, no possible scaling of

reaction propensity as a function of compartment size was possible in the limit h → 0.

Erban and Chapman (2009) extended this approach, and showed that for an on-lattice

SSA representing an inhomogeneous system of bimolecular reactions of di�using species,

there exists a threshold compartment size hcrit such that for h > hcrit, the correct reaction

propensity is

λ =
Dnk

Dnh3 − βkh2
,

in the fully 3D case, where the spatial domain consists of 6-connected compartments. This

scaling was shown to be a general case of (3.37), recovering the classical propensity scaling

λ = k
h3 in the limit Dnh

3 � βkh2.

A similar result for 2D di�usion a system of 4-connected compartments is stated in

Leier and Marquez-Lago (2011) without rigorous proof. In the following section, we make

use of the derivation in Erban and Chapman (2009), to derive the equivalent correction

term for the 2D case, where the spatial domain consists of 4-connected compartments.

3.5.1 Analytic reaction propensity correction in 2D

In the on-lattice SSA, particles undergo random walks by jumping between connected

compartments. In the two-dimensional case of a domain of N ×N ×1 compartments, each

of width h, particles are connected to four neighbours. Following the method of Erban and

Chapman (2009), we consider the system of reactions

nij + Vij
k̃→ mij

nij
Dn/h2

→ nij+~e

Vij
Dm/h2

→ Vij+~e

mij |a=τ

kburst→ Vij

for compartment indices (i, j) ∈ Iall, 2D reaction rate k̃, inter-compartment jump rates

Dn/h2, Dm/h2 and virus creation rate kburst for uninfected cells, infected cells and virus

particles n, m and V respectively, and jump o�set vector ~e ∈ ~Eij , the indice o�set from

the set of all neighbouring compartments into which a jump is possible in a 2D domain.

Although virus particles do not move, we can consider the movement of infected cells,

followed by an infected burst releasing virus particles to be equivalent to a net di�usion of

virus particles with inter-compartment jump rate Dm/h2.
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We follow the exact procedure in Erban and Chapman (2009) to obtain the 2D propensity

for a compartment-based reaction-di�usion system in Appendix B as

λ =
(Dn +Dm)N2k̃

(Dn +Dm) + βh2N2k̃
, (3.64)

where k̃ = kreact
h is a reaction rate per unit z-direction, and β is given by

β =
1

2N2

N−1∑
(i,j)6=(0,0)

1

2− cos (iπ/N)− cos (jπ/N)
, (3.65)

which depends on number of compartments, N . This result agrees with the correction

presented (but not rigorously derived) in Leier and Marquez-Lago (2011), and for our

choice of N = 100, β ≈ −1.0569.

In the limit Dn � βk̃, the correction term (3.64) recovers the classical propensity

scaling kreact/h3 outlined in Section 3.2.4.

Using the expression for corrected bimolecular reaction propensity in 2D for Dn =

2.08 × 10−5 mm2hr−1, Dm = 0.1Dn and kreact = 10−8 mm3hr−1, we �nd that even for

the case of smallest compartment size h = 0.01, the corrected propensity value λ is only

5% greater than the value given by the classical kreact/h3 scaling, which is insu�cient in

correcting the greatly reduced rate of reaction.

This result was con�rmed numerically with a parameter sweep of the SSA for a range

of values of kreact in the case of homogeneous initial distributions, and no value of kreact

matched the continuum solutions for number of uninfected cells and virus particles in time.

With this failure to predict the net reaction rate analytically, we move on to numerical

simulations of the full model with inhomogeneous initial distributions, and the e�ects of

compartment size on the behaviour of the model.

3.6 Inhomogeneous case in pseudo-1D

So far, we have looked at reconciling the e�ective reaction rates in the on-lattice discrete

and continuum models for homogeneous initial conditions. We now look at full model:

the inhomogeneous, pseudo-1D case of the SSA with spatial distribution of the initial

injection of virus particles in the pseudo-1D SSA case chosen as in Figure 3.2b, allowing for

comparison with the continuum model. For the remainder of this section, unless otherwise
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stated, we will run simulations with the physical parameters

kreact = 10−8 mm3hr−1vir−1,

kdeath = 2.5× 10−2 hr−1,

Dn = 2.08× 10−5 mm2hr,

Dm = 0.1Dn,

V = 8× 109 vir mm−3, (3.66)

n = 1× 106 cells mm−3,

τ = 5 hrs,

α = 100 vir per burst

tmax = 500 hrs,

as outlined in Table 3.1. When simulating this system with the SSA in Appendix A, we

must also consider the width and number of compartments, corresponding to a choice of

spatial domain. In addition to the compartment size choice of h = 0.01 mm, motivated

previously, we also look at the case of h = 0.02 mm to determine the sensitivity of results

to compartment size, on the basis of the results from Section 3.4.4. As the SSA simulates

a 3D domain of volume Nh × Nh × h, the initial distributions for the h = 0.01 and

h = 0.02 mm cases must be scaled to preserve concentration of virus particles. Because of

the small number of compartments, particularly in the h = 0.02 mm case, we restrict the

initial location of virus particles to a 0.02 mm width, allowing for comparison between the

two discretizations, as well as with an equivalent PDE system. Therefore, in addition to

these physical parameters, we choose

N = 100 compartments,

〈nij (0)〉 = 1 per compartment,

mij (0) = 0 per compartment, (3.67)

Vij (0) =


8000 per compartment for i ∈ [49, 50] , j ∈ [1, N ]

0, otherwise

,
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for the h = 0.01 mm SSA case, and

N = 50 compartments,

〈nij (0)〉 = 8 per compartment,

mij (0) = 0 per compartment, (3.68)

Vij (0) =


64000 per compartment, for i = 25, j ∈ [1, N ]

0, otherwise

for the h = 0.02 mm SSA case, where 〈nij〉 denotes mean number of particles of a species

n at compartments (i, j) ∈ {N ×N}. For the equivalent continuum model, we calcu-

lated dimensionless parameters as in Chapter 2, with dimensionless initial conditions for

concentrations of species

[n] (0, x) = 1,

[m] (0, x) = 0, (3.69)

[V ] (0, x) =


1, for 0.49 ≤ x ≤ 0.51

0, otherwise

,

where the [.] denotes concentration.

3.6.1 Compartment size dependence

The homogeneous test case in Section 3.4.4 illustrated that the compartment-based SSA for

homogeneous initial distributions disagrees with the continuum model due to lower-than-

expected reaction propensity for smaller choices of compartment size. We now brie�y show

the e�ects of compartment size on two key quantities: the speed of virus wave of propaga-

tion, and the number of particles in the system for inhomogeneous initial distributions of

virus particles.

3.6.1.1 Travelling wave speed

The wave speed of virus particle propagation is one of the key observations of interest.

However, determining an accurate value for the travelling wave speed of virus particles in

SSA simulations is more di�cult than in the continuum case due to the stochastic noise.

For a typical set of parameters, s samples of the SSA run on a 2D N × N compartment

grid with spatially-homogeneous initial distributions in the y-direction can be considered

equivalent to sN 1D simulations, averaged along the y-axis. As the time to next reaction

(as given by (3.24)) is random, each sample must be interpolated to a regular time grid

80



before a mean over s samples can be calculated. Once a mean of interpolated pseudo-1D

samples has been calculated, the wave speed can be estimated by looking at the index

of the compartment with the greatest number of virus particles. For an inhomogeneous

initial distribution where virus particles are placed in the centre compartment, we �nd that

the initial stripe of virus particles eventually separates into left-moving and right-moving

travelling fronts. The point at which virus peak splits into left- and right-moving travelling

fronts is found by searching for the time index corresponding to the maximum jump in

peak virus position of interpolated pseudo-1D virus data. The peak virus position data

is smoothed in time, and a line of best �t is calculated from the peak split position to

the point where the gradient of the smoothed data begins to decrease (corresponding to

boundary interactions in the system).

This procedure is illustrated in Figure 3.9, where lines of best �t (dashed) for virus

displacement in time are plotted for the left- and right-moving virus waves, and boundary

interactions are characterised by a decreasing gradient for times t > 500 hrs. We also

note that due to the stochastic nature of the individual discrete simulations, the left- and

right-moving fronts are not always symmetric within a simulation, and so the travelling

wave speed, given by the gradient of the lines of best �t, can be biased towards a particular

direction. An example of this can be seen in the case of h = 0.01 mm in Figure 3.9, where

the right-moving wave is a factor of 1.8 times greater than the left-moving wave, most

likely due to an asymmetry of virus particles early in the simulation resulting in a �die-

out� scenario for the left-moving wave. As the net wave speed is calculated from the mean

of the left- and right-moving waves, care must be taken when looking at mean behaviour

of SSA simulations.

As with the homogeneous case, we �nd that choice of compartment size, h, a�ects the

quantitative results of the simulations. For the case of the smallest physically-justi�ed

compartment size h = 0.01 mm, corresponding to the typical size of a cell, the wave speed

is a factor of 2− 4 times less than that predicted by the continuum PDE solution. While

doubling the compartment size to h = 0.02 mm recovers a wave speed within 10− 15% of

that given by solution to the equivalent continuum model, the same cannot be said for the

exact spatial distribution of virus particles (not shown). In general, we �nd that the width

of each travelling front is less localised in the stochastic case, characterised by a larger full

width half peak value than the more tightly bound continuum solution. This also a�ects

the total number of virus particles in the system, as seen in the next section.

3.6.1.2 Number of particles in system

Although the wave speed in the h = 0.02 case roughly matches that of the PDE solution,

there are still discrepancies between the inhomogeneous discrete and continuum models.

Another useful metric for the progress of therapy is the number of virus particles in the

81



Left-moving Virus Peak
(h = 0.02, IC at i = 26)
Right-moving Virus Peak
(h = 0.02, IC at i = 26)
Left-moving Virus Peak
(h = 0.01, IC at i = 49 : 50)
Right-moving Virus Peak
(h = 0.01, IC at i = 49 : 50)
x = 7.1747× 10−4t− 0.07891
x = 9.5395× 10−4t− 0.14364
x = 2.7983× 10−4t− 0.022576
x = 5.0537× 10−4t− 0.10995
Left-Moving PDE
Right-Moving PDE
x = 1.0057× 10−3t− 0.028939
x = 1.0157× 10−3t− 0.029029

Figure 3.9: Comparison of mean displacement of virus peak between PDE solution and
SSA with h = {0.01, 0.02} mm.

system at any given time. Looking at the mean concentrations of uninfected cells and

virus particles over the entire 1D domain (Figure 3.10), we see that there is a large dis-

crepancy between the SSA and PDE results. Most notably, we see that the concentration

of uninfected cells in the continuum case reduces at a constant rate, eventually resulting

in the eliminations of uninfected cells in the system (Figure 3.10a). This rate of removal of

uninfected cells is related to the steady state of virus particle concentration in the system,

shown in Figure 3.10b. We also note that the mean virus particle concentration for the

SSA cases with h = {0.01, 0.02} mm is lower than the continuum case, and in contrast to

the continuum case, does not appear to reach a steady state.

Qualitatively, the higher number of uninfected cell and lower virus particle concentra-

tions in the inhomogeneous case agree with our previous conclusion of reduced e�ective

reaction rate due to virus localization via infected cell bursts. This is further illustrated in

the next section by removing the compartment dependence of virus particles by introducing

a hybrid continuum-SSA.

3.6.2 Hybrid method

As illustrated in Section 3.4.4, the reduced e�ective reaction rate in the bimolecular reaction

between uninfected cells and virus particles in the compartment-based SSA occurs due to

virus burst localisation. In the homogeneous test case, this was veri�ed by randomising

the location of the virus particles entering the system from infected cell bursts. For the

inhomogeneous case, the location of virus particles determines key behaviour in the system,

such as the speed of wave propagation.

To illustrate this, we consider an arti�cial version of the SSA in which the number of

virus particles in the system is given by the continuum solution. We solve the continuum
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h = 0.01
V (i = 49 : 50) = 8000
(100× 100 domain, 20 Samples)
h = 0.02
V (i = 25) = 64000
(50× 50 domain, 20 Samples)

PDE
(
d̂x = 0.120, d̂t = 0.333

)
[V ] (0.49 : 0.51 mm) = 8× 109 mm−3

(a) Uninfected cell concentration in 1D for SSA with h = 0.01 mm (blue), h = 0.02 mm
(red) and PDE (green).

h = 0.01
V (49 : 50) = 8000
(100× 100 domain, 20 Samples)
h = 0.02
V (25) = 64000
(50× 50 domain, 20 Samples)

PDE
(
d̂x = 0.120, d̂t = 0.333

)
[V ] (0.49 : 0.51 mm) = 8× 109 mm−3

(b) Virus particle concentration in 1D for SSA with h = 0.01 mm (blue), h = 0.02 mm
(red) and PDE (green), with magni�ed inset for t ∈ [125, 500].

Figure 3.10: Comparison of 1D concentrations of SSA with h = 0.01 mm, h = 0.02 mm
and FD-FFT solution to equivalent system of PDEs.
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system of equations in Chapter 2 with the FD-FFT method for dimensionless parameters

calculated from (3.66) and dimensionless initial conditions (3.69). The solution for the

dimensionless concentration of virus particles is redimensionalised, and spatial domain

changed to a histogram consisting of 100 compartments. This binned concentration is then

converted to an equivalent number of particles in a 100× 100× 1 compartment domain of

compartment width h = 0.01, and saved at each time output.

By prescribing the number of virus particles in a compartment at given time t, the

e�ective reactions required to be simulated by the SSA are reduced to

ni
2Dn/h2

→ ni±1,

ni
Vikreact/h3

→ mi, (3.70)

mi

2Dm/h2

→ mi±1,

where Vi is the number of virus particles in each compartment, as given by the binned FD-

FFT solution. This is equivalent to reducing the bimolecular reaction between n and V to

a decay reaction for n, with a weighted propensity for each compartment and time step.

Plotting the distribution of uninfected cells in space for the hybrid SSA with h = 0.01 mm

and continuum FD-FFT solutions (Figure 3.11), we see good agreement between the two

approaches. Similarly, Figure 3.12 shows agreement between the solutions for mean con-

centration of uninfected cells in time. This is in stark contrast to the rate of change of

uninfected cells for the regular SSA in Figure 3.10a, con�rming that virus compartment-

alization is the cause of the divergent solutions in the inhomogeneous case.

3.6.3 Wave speed dependence on reaction rate in PDE

Returning to the original SSA, we now focus on the case of h = 0.01 mm with a pseudo-

1D initial distribution of virus particles. The comparison between compartment sizes in

Figure 3.9 showed that the wave speed of virus propagation decreased for smaller com-

partment size, due to the lower than expected reaction propensity between uninfected cells

and virus particles.

Calculating 20 samples of the SSA for a range of reaction rates kreact = {0.2, 0.4, 0.8, 1,
1.25, 1.5, 4, 8, 16, 25} × 10−8 mm3hr−1vir−1, we obtain the mean peak virus particle posi-

tions shown in Figure 3.13, qualitatively showing that the wave speed increases with kreact,

as expected. We calculate lines of best �t of the form x = at + b using the methodology

outline at the beginning of Section 3.5, with the results of this shown in Table 3.2.

Despite the di�culties in obtaining a precise value for the wave speed of SSA data,

this parameter sweep in kreact shows that even for values of kreact an order of magnitude

greater than the baseline value of 10−8 mm3hr−1vir−1 used in the equivalent continuum
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(a) Time t = 1 hrs. (b) Time t = 101 hrs.

(c) Time t = 201 hrs. (d) Time t = 301 hrs.

Figure 3.11: Comparison of spatial distribution of uninfected cells in time for hybrid de-
terministic virus/SSA with h = 0.01 mm (blue) and PDE FD-FFT Solution (red).

Stochastic Uninfected/Deterministic Virus
(One Simulation, 100× 100 grid, h = 0.01)
Deterministic Uninfected/Deterministic Virus

Figure 3.12: Comparison of mean uninfected cell concentration in system for hybrid de-
terministic virus/SSA with h = 0.01 mm (blue) and PDE FD-FFT solution (red).
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model, the wave speed of from the SSA with compartment size h = 0.01 mm is still less

than that predicted by the PDE model.

A similar parameter sweep in kreact for the equivalent PDE system showed that the

wave speed increased logarithmically with kreact (Figure 3.14a), with a line of best �t

for wave speed of the form c = a log (kreact) + b giving a good approximation to the

data points. Extrapolating this �t to smaller values of kreact, we �nd that the e�ective

reaction rate required in the continuum model to match the wave speed in the SSA for

kreact = 10−8 mm3hr−1vir−1 is in the interval kreact = [0.875, 1.25]× 10−9 mm3hr−1vir−1.

kreact = 2× 10−9

kreact = 4× 10−9

kreact = 8× 10−9

kreact = 1× 10−8

kreact = 1.25× 10−8

kreact = 1.5× 10−8

kreact = 4× 10−8

kreact = 8× 10−8

kreact = 1.6× 10−7

kreact = 2.5× 10−7

◦ Start/End of Fit

Figure 3.13: Mean displacement of virus particles over 20 samples (solid) and lines of best
�t (dashed) in SSA on 100× 100 compartment domain with h = 0.01 mm and pseudo-1D
initial distribution V (i = {49, 50} , j ∈ [1, N ]) = 8000.

kreact
(
mm3hr−1vir−1

) Line of Best Fit x = at+ b for peak Virus displacement
a
(
mmhr−1

)
b (mm)

2× 10−9 7.2913× 10−5 −1.1462× 10−2

4× 10−9 1.4501× 10−4 −4.7600× 10−3

8× 10−9 1.8256× 10−4 1.4350× 10−2

1× 10−8 2.3954× 10−4 5.0116× 10−3

1.25× 10−8 2.7865× 10−4 −1.2590× 10−2

1.5× 10−8 2.6436× 10−4 3.8014× 10−2

4× 10−8 3.5661× 10−4 7.1866× 10−3

8× 10−8 3.7888× 10−4 8.5446× 10−3

1.6× 10−7 5.1281× 10−4 −2.4997× 10−2

2.5× 10−7 4.7248× 10−4 −7.7075× 10−3

Table 3.2: Lines of best �t for displacement of virus particles in time from Figure 3.13.

3.6.4 Empirical scaling of e�ective reaction rate

We have seen that the corrected propensity of the reaction-di�usion process given by the

analytic expression in Section 3.5 fails to predict the true value of the reduced e�ective
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◦ PDE Wave Speed
Line of Best Fit
c = 3.305× 10−4 log (kreact) + 7.071× 10−3

I 95% Con�dence Interval

(a) Wave speed dependence on kreact given by FD-FFT solution to PDE system.

◦ PDE Wave Speed
Line of Best Fit
c = 3.311× 10−4 log (kreact) + 7.086× 10−3

Extrapolated Fit
Stochastic (h = 0.01) Lower Bound
c = 1.777× 10−4 mmhr−1

Stochastic (h = 0.01) Average
c = 2.4150× 10−4 mmhr−1

Stochastic (h = 0.01) Upper Bound
c = 3.0530× 10−4 mmhr−1

(b) E�ective stochastic reaction rate estimate for kreact = 10−8 mm3hr−1vir−1, h =
0.01 mm.

Figure 3.14: Logarithmic dependence of wave speed on kreact for PDE system, with an
extrapolated �t showing the predicted e�ective reaction rate for the h = 0.01mm SSA
case from Figure 3.9. The dashed lines represent the left- and right-moving wave speed, as
well as the mean calculate wave speed.
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reaction rate in the SSA. An alternative approach to determining this e�ective reaction

rate for a given compartment size is to do a parameter sweep of the system using the SSA

and FD-FFT solver and compare key outputs from each solution.

Motivated by the wave speed dependence on kreact in the continuum solution (Fig-

ure 3.14a), we look for a similar relation in the stochastic wave speed date presented in

Table 3.2 for a SSA with compartment size h = 0.01 mm. Using this calculated wave

speed, the semi-log plot of wave speed dependence on kreact in Figure 3.15b shows that a

line-of-best-�t of the form c = a log (kreact)+b is once again the appropriate choice, despite

the values at kreact = {16, 25} × 10−8 mm3hr−1vir−1 deviating from this curve. On com-

parison with the PDE model (Figure 3.14a), we �nd that there is no reaction propensity

scaling of the form λ = f (h) that will reconcile the wave speed between the continuum

and discrete models for small compartment size. This is an interesting conclusion, and is

contrary to the calculations in Section 3.5 that show that compartment size h = 0.01 mm

is above the critical threshold hcrit, and that a scaling λ exists.

Another empirical observation from Figure 3.15a is that the wave speed determined by

lines of best �t between the SSA with h = 0.01 mm and PDE follow the relation

cSSA = 0.26cPDE , (3.71)

which holds true for several orders of magnitude of kreact ∈
[
1× 10−9, 2.5× 10−7

]
mm3hr−1vir−1.

3.7 Summary

In this chapter, we have outlined the fundamental di�erences between continuum and

stochastic formulations of chemical and biological reactions, and the assumptions made

in deriving each formulation. A theoretical framework resulting in the derivation of the

chemical master equation describing the exact time evolution of a chemical system was

presented, and we then introduced the Gillespie Stochastic Simulation Algorithm as a

means of generating Monte Carlo trajectories of the Chemical Master Equation governing

the time evolution of reactant species. We then considered the application of this algorithm

to the stochastic simulation of the virus-cancer cell interaction model shown in Chapter 2,

and discretised the spatial domain into a series of well-mixed compartments, developing a

spatially-dependent algorithm based on the direct method variation of the Gillespie SSA.

Validating this algorithm for a series of known test cases, it was found that the in-

homogeneity introduced by virus particles born from infected cell burst in each compart-

ment caused disagreement between the equivalent age-structured continuum model and

the SSA for the smallest physically-motivated choice of compartment size. Looking at the

propensity scaling for the bimolecular reaction between uninfected cells and virus particles,

we derived a 2D equivalent of the corrected scaling presented in Erban and Chapman
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◦ PDE Wave Speed
Line of Best Fit
c = 3.311× 10−4 log (kreact) + 7.086× 10−3

I 95% Con�dence Interval
Line of Best Fit
c = 8.728× 10−5 log (kreact) + 1.834× 10−3

◦ Stochastic Wave Speed

I 95% Con�dence Interval

(a) Wave Speed Dependence on kreact.

◦ PDE Wave Speed
Line of Best Fit
c = 3.311× 10−4 log (kreact) + 7.086× 10−3

I 95% Con�dence Interval
Line of Best Fit
c = 8.728× 10−5 log (kreact) + 1.834× 10−3

◦ Stochastic Wave Speed

I 95% Con�dence Interval

(b) Wave Speed Dependence on kreact (semi-log scale).

Figure 3.15: Comparison of wave speed dependence on kreact for PDE (Figure 3.14a) and
SSA (Table 3.2) with h = 0.01 mm. From the lines-of-best-�t, we see that no trivial scaling
of kreact as a function of compartment size h in the SSA case will recover the continuum
wave speed.
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(2009), but found that it was insu�cient to reconcile the two models in the limit of small

compartment size.

Relying on numerical solutions and SSA simulations, we saw that the calculated wave

speed of virus propagation for a realistic set of parameters depended logarithmically on the

reaction rate. This relation held true for both the continuum and small-compartment SSA

case, and showed that no trivial scaling of reaction rate as a function of compartment size

would reconcile the models. It was found that the small-compartment SSA case predicted

a wave speed a factor of four smaller than that given by the continuum solution, but

doubling the compartment size in the SSA was su�cient for the wave speed in the two

models to agree. This is in stark contrast to numerical solutions of continuum models,

where mesh size is typically decreased to satisfy convergence properties, and shows an

important distinction between the two modelling approaches.

We also saw that, as predicted from travelling wave analysis of the continuum model,

the wave speed of virus propagation was strongly related to the number of virus particles

in the system. While doubling the compartment size was su�cient in matching predicted

wave speeds of the SSA and continuum models, the same could not be said for the number

of virus particles or their spatial distribution. Although this could be attributed to the

transient state of the SSA simulations, requiring larger sample sizes, it is also possible that

the large burst size results in the continuum model exhibit reignition behaviour from low

concentrations that would indicate virus die out in a discrete model. This possibility is

further supported by the fact that the continuum model reaches an equilibrium of virus

particles for long time, whereas the mean of SSA samples continues a slow decay in time

(not shown). This suggests that the equilibrium reached in the continuum case is not phys-

ically observed, showing the need for careful comparison between di�erent discretizations.

These observations show the subtle di�erence in the continuum and discrete approaches

to modelling biological systems, and illustrate the care that must be taken when choosing

compartment sizes in on-lattice models. While the choice of larger compartment size brings

the SSA results in line with continuum predictions, it also results in larger errors when

calculating particle position (and hence wave speed), as well as placing restrictions on the

type of initial distribution prescribed in the inhomogeneous system.

We have seen that the deterministic and stochastic approaches give qualitatively similar

but quantitatively di�erent results. We now move on the investigate the stochastic model

in more detail. In the next chapter, we explore the e�ects of key experimentally varied

parameters on the behaviour of the system. In particular, we devise a metrics for the

success of therapy, consistency of simulation results, as well as looking at the mean time

to tumour elimination and further wave speed analysis.
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Chapter 4

Parameter analysis of stochastic

model

In Chapter 3, we developed and tested a discrete, two-dimensional model for the interac-

tion of virus particles with uninfected cells, based on the physical considerations outlined

in Chapter 2. In this chapter, we exploit the model to examine the qualitative and quant-

itative e�ects of experimentally-controllable parameters on the outcome of therapy. We

consider two general scenarios, corresponding to �dense� and �sparse� initial distributions

of uninfected cells in the domain, perhaps corresponding to 2D cross-section of a tumour

in an in vivo case, and a monolayer of cells on a Petri dish in an in vitro case.

4.1 Introduction

In this chapter, we consider a spatially-dependent, stochastic model for the spread of onco-

lytic virus throughout a solid tumour. We have previously seen several spatially-dependent

mathematical models of replication-competent viruses in solid tumours in Chapter 1. PDE

models such as those by Wein et al. (2003); Mok et al. (2009); Matzavinos (2004) considered

the e�ects of di�usion coe�cient and spatially varying initial conditions on the overall suc-

cess of therapy. Spatial patterns and travelling waves were also shown in Matzavinos

(2004), as well as the follow-up work by Chaplain (2008). However, as demonstrated in

Chapter 3, discrete formulations of cell-virus interactions can result in signi�cantly di�er-

ent behaviour due to the localisation of virus particles caused by the inherent discreteness

of burst and extinction events.

Recent work by Reis et al. (2010); Wodarz (2013) explored spatial patterns in simple

stochastic lattice models of cell-tumour systems. For a two-dimensional in vitro system

consisting of a monolayer of uninfected cells, Wodarz et al. (2012); Wodarz (2013) formu-

lated a compartment-based, probabilistic model of uninfected and infected cells. In this
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model, each compartment has single-cell occupancy, and can either be empty or contain

an uninfected or infected cell. At each time step, uninfected cells can replicate to a neigh-

bouring empty compartment, become infected if adjacent to an infected cell, or die, and

infected cells can either infect adjacent uninfected cells or die. In contrast to our model,

where uninfected cells move into free space independent of cell density, this formulation

does not allow for migration of uninfected cells into free space, and also incorporates cell

crowding as well as regeneration of uninfected cells. The key parameter in the model was

assumed to be the ratio of probability of infected cell death to infected cell transmission.

Due to a lack of accurate experimental parameters, the authors performed a qualitative

sensitivity analysis of this agent-based model for arbitrary parameter values, and compared

these with limited experimental data as a proof of concept.

Our model incorporates two key physical processes neglected by existing models: the

time delay in virus burst due to the duration of the lytic cycle, and the use of infected cell

motility to spread virus particles. We now investigate the possible range of behaviour of

this model, and compare the qualitative behaviour with that of existing models.

4.2 Typical system

The simulations presented in this chapter follow the physical parameters previously out-

lined in Section 3.3. The two-dimensional 1 mm× 1 mm domain is subdivided into cubic

compartments of 0.01 mm in length, corresponding to the smallest physically plausible

division; the size of a single cell.

We consider the e�ects of burst time, τ , di�usion ratio of infected-to-uninfected cells,

D, initial distribution of virus particles in space, A, and burst size, α, for a range of values

from the baseline parameter estimates in Table 3.1.

4.2.1 In vivo simulation

For the in vivo case, the 2D domain corresponds to a slice of a pseudo-3D solid tumour

of uniform density in the z-direction (see Figure 3.2a from Section 3.3). Experimental

and modelling data suggests that high-density regions of tumours contain 106 cells mm−3

(Wein et al., 2003; Chicoine and Silbergeld, 1995), corresponding to 10000 cells distributed

throughout a 100× 100× 1 compartment pseudo-2D domain.

Preliminary simulations for the base case parameter values (Table 3.1) showed su�cient

numbers of virus particles and uninfected cells in the system to sustain a travelling wave

of infection for the majority of simulations. No virus extinction was observed on typical

time-scales of O
(
103
)
hours, and simulations exhibited sustained waves of infection with

low variability. Because of this, an ensemble size of 20 simulations was chosen for each set

of parameters in Table 4.1, the results of which are presented in Section 4.4.
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Parameter Values

τ [5, 15, 25] hrs

D [0.10, 0.25, 0.75, 1.0]

α [10, 100, 1000]

A [1× 1, 5× 5, 11× 11] compartments

Table 4.1: Parameter range for in vivo (dense uninfected cell) simulations.

4.2.2 In vitro simulation

As with the in vivo case, the in vitro simulation domain of consisted of 100×100×1 cubic

compartments of unit length 0.01 mm. Physically, this now corresponds to a monolayer

of cells in a petri dish rather than a cross-section of solid tumour, and the uninfected cell

density is therefore reduced.

Typical experimental data from Bazan-Peregrino et al. (2008) states 20000 cells per

well in a 96-well plate, with a typical growth surface area of each plate in the range

0.2− 0.35 cm2. This corresponds to 550− 1000 cells mm−2, and we take the upper value

of 1000 cells distributed randomly throughout the simulation domain. With the exception

of this uninfected cell initial condition, the baseline parameters from Table 3.1 are used

once again.

This sparse initial condition of uninfected cells results in a limiting-reaction case, with

virus particles often dying before having a chance to interact with the uninfected cell pop-

ulation. Preliminary simulations indicated that virus extinction was much more common,

with many parameter sets that showed successful elimination of uninfected cells in the

dense case resulting in trivial extinction in the sparse case.

As a result of these observations, less emphasis was put on investigating system beha-

viour for smaller increments of parameter values in the sparse, in vitro case (Table 4.2).

Instead, we focussed computational e�orts on an increasing the ensemble size to 50 sim-

ulations per parameter set, due to the greater variability observed between individual

simulations.

Parameter Values

τ [5, 15, 25] hrs

D [0.10, 0.75]

α [100, 1000]

A [5× 5, 11× 11] compartments

Table 4.2: Parameter range for in vitro (sparse uninfected cell) simulations.

4.2.3 Qualitative comparison with Wodarz et al. (2012)

In preliminary simulations using the parameter ranges outlined in Sections 4.2.1�4.2.2,

individual simulations were observed to have directionality of spread. This was due to
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the equilibrium number of virus particles in the system being low, resulting in a small

number of migrating infected cells. While the mean behaviour of the whole ensemble was

radially symmetric, the individual variation in each simulation highlighted the inherent

stochasticity in the system, and illustrated local extinction in some directions, which would

not occur in a deterministic model.

Despite the crowding e�ects and lack of explicit infected cell motility of the Wodarz

et al. (2012) model outlined in Section 4.1, the qualitative classi�cation of spatial patterns

presented by the authors provides a classi�cation for the results of our model. As in our

model from Chapter 3, re�ective boundary conditions are chosen. Wodarz et al. (2012)

chose an initial state of uninfected cells surrounded by empty space. A localised injection

of virus particles is placed in the centre of the uninfected cells, and the system is allowed

to evolve in time. From this initial state, the authors identi�ed four possible physical

outcomes:

1. Elimination of uninfected cells prior to infection wave-front reaching boundary

2. Elimination of uninfected cells after infection wave-front reaching boundary

3. Extinction of virus while uninfected cells persist

4. Coexistence of uninfected cells and virus

Of these behaviours, it can be argued that the coexistence of uninfected cells and virus

is a transient state, and will tend to one of 1�3 in the long-time limit. Qualitatively,

we �nd that our model is capable of exhibiting these physical outcomes, as well as the

experimentally-observed spatial patterns published in this work.

4.2.3.1 Virus spatial patterns

For a square domain initially �lled with uninfected cells, Wodarz et al. (2012) considered

the case were virus particles were placed in the centre of the uninfected cells. Running

multiple realisations for di�erence parameter values, four type of spatial patterns were

identi�ed:

1. Mixed expansion of virus and uninfected cells

2. Hollow ring expansion of virus with no uninfected cells behind wave front

3. Concentric ring expansion, with uninfected cells left behind at the site of virus initial

condition

4. Expansion with sparse mixing of small number of virus

While all of these spatial patterns may be observed at some stage, extensive simulations

show that Pattern 1 (mixed expansion of virus and uninfected cells) is not a stable state
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(a) Spatial pattern of adenovirus (AdEGFPuci) growth for the experiment that exhibits a dis-
perse growth pattern. Snapshots in time are shown, representing days 7, 10, 11, and 12 post
infection. The area of green �uorescence is shown, expressed by the infected cells, thus docu-
menting the spatial spread of the virus through the population target cells arranged in a two
dimensional setting (reproduced from Wodarz et al., 2012).

(b) Virus particles at t = 500. (c) Virus particles at t = 1750. (d) Virus particles at t = 3000.

Figure 4.1: Comparison of experimentally observed disperse structure of virus spread and
numerical simulation with α = 10, D = 0.10, τ = 25 hrs, A = 5× 5 compartments (mean
of 20 simulations with dense uninfected cell initial condition, and mean number of virus
particles in each compartment indicated by colour bar). Other parameter values are given
in Table 3.1

of the system. It corresponds to transient behavour, which either transition into Pattern 2

(hollow ring expansion case) or results in the eventual extinction of virus particles in the

long-time limit. Pattern 4 (expansion with sparse mixing of virus particles) di�ers from

Pattern 1 due to void space between uninfected and infected cells. It is typically an

intermediate state, that is observed when viral spread kinetics are too low to maintain

signi�cant numbers of infected cells, and typically results in extinction of the infection.

In our simulations, we observe Patterns 1, 2 and 4, but have not been able to reproduce

Pattern 3 (concentric ring expansion). As no experimental evidence has been found for

this case, it is possible that it is also transient behaviour that occurs on a fast time-scale,

and is not observed on the time-scales of our simulations.

Experimental data showing patterns 1 and 2 can be qualitatively reproduced by our

model with dense uninfected cell initial condition (Figures 4.1�4.2). Unfortunately, due

to the lack of parameter estimates, spatial scales and cell densities, only a qualitative

comparison can be made.

4.2.3.2 Elimination of uninfected cells

The optimal outcome of therapy is the complete elimination of uninfected cells. Due to

the single occupancy of compartments in the Wodarz et al. (2012) model, uninfected cells
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(a) Spatial pattern of adenovirus (AdEGFPuci) growth for the experiment that exhibits a ring
structure. Snapshots in time are shown, representing days 7, 9, 11, and 13 post infection. The area
of green �uorescence is shown, expressed by the infected cells, thus documenting the spatial spread
of the virus through the population target cells arranged in a two dimensional setting (reproduced
from Wodarz et al., 2012).

(b) Virus particles at t = 500. (c) Virus particles at t = 1000. (d) Virus particles at t = 1500.

Figure 4.2: Comparison of experimentally observed ring structure of virus spread and
numerical simulation with α = 100, D = 0.10, τ = 15 hrs, A = 5× 5 compartments (mean
of 20 simulations with dense uninfected cell initial condition, and mean number of virus
particles in each compartment indicated by colour bar). Other parameter values are given
in Table 3.1

96



are placed in the centre of a larger (empty) domain. Virus particles were then placed in

the centre of the uninfected cells, and the outcome of simulations was determined for a

range of parameters. Re�ective boundary conditions were implemented at the edges of the

domain, and the authors then make the distinction between elimination of cells before or

after reaching the boundary, with the latter case depending on the size of the domain.

The initial conditions on uninfected cells in our simulations did not leave free space

in which to expand, but as crowding e�ects were not considered, this can be considered

as equivalent to a long-time limit of the Wodarz et al. (2012) results. Furthermore, it is

apparent that for equivalent initial conditions in our model, these two cases of elimination

before or after reaching the boundary would simply correspond to values of di�usion ratio

of D < 1 and D > 1. Working on the hypothesis that viruses reduce the available energy

in infected cells, we only consider the physically motivated case of D ≤ 1.

The elimination of uninfected cells after interactions with boundaries in our model for

the dense in vivo case is shown in Figure 4.3. A long burst time of τ = 25 hrs combine with a

di�usion ratio ofD = 1.0 results in the majority of uninfected cells removed from the system

after t = 625 hours. Complete elimination of uninfected cells occurs at t ≈ 1000 hours,

with some virus particles still remaining in the system at this point.

This elimination behaviour is typical for the majority of parameters in the dense, in

vivo case from Section 4.2.1, but due to the lack of experimental parameters in Wodarz

et al. (2012), only a qualitative comparison can be made.

4.2.3.3 Coexistence of virus and uninfected cells

Another type of outcome identi�ed was the coexistence of uninfected cells and virus

particles (implicitly, through the presence of infected cells). This behaviour is a tran-

sient state, with the ultimate outcome being either the extinction of virus particles or a

sustained wave of infection. However, this transient behaviour may occur on a su�ciently

slow time-scale to be observed in experiments or simulations, and may therefore be of

interest.

This transient behaviour was reproduced with our model for a range of parameter

values that limit the total virus population and spread, such as the burst size or virus

death rate. Figure 4.4 shows the coexistence of virus particles and uninfected cells in an

dense, in vivo case for a low burst number, α = 10, and long burst time, τ = 25. This

combination of parameters results in fewer virus particles to deplete the uninfected cell

population and limit spread of virus, and the longer burst time allows for more uninfected

cells to migrate into the reaction zone in between bursts. This coexistence occurs over a

su�ciently long time interval to be observable, but the total virus population slowly decays

in time, and so the eventual outcome of the simulations for this set of parameters is usually

virus extinction.
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4.2.3.4 Extinction of virus

The �nal observed outcome of simulations was the overall extinction of virus particles.

This outcome is typically a�ected by the burst size of virus particles, burst time, as well

as the density of uninfected cells in the system.

An example of virus extinction in the dense (in vivo) case with α = 5 and τ = 5 is

shown in Figure 4.5. From a large initial number of virus particles, the relatively short

burst time does not allow for uninfected cells to migrate into the reaction zone at a su�cient

rate to sustain the reaction, and the low burst size results in the death of virus particles

before they interact with migrating uninfected cells.
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4.2.4 Motivation and key questions

In both the dense (in vivo) and sparse (in vitro) cases, we are interested in performing a

sensitivity analysis for a range of experimentally-controlled parameters; speci�cally those

that depend on the physical properties of the oncolytic virus and initial conditions in the

system. We aim to determine the e�ect that varying these key parameters will have on

the propagation speed of infection, as well as overall success of therapy. We also want to

quantify the variation in each ensemble of simulations to determine how consistent these

results are for multiple realisations of the same set of parameters.

4.2.4.1 Burst time

The burst time, a measure of the life cycle of virus particles inside an infected cell prior to

lysis, is a property of the speci�c virus strain used in oncolytic therapy. The viruses used

in oncolytic virotherapy range from linear double-stranded DNA viruses, such as Adenov-

irus and HSV-1, single-stranded RNA viruses, such as Newcastle Disease, and segmented

double-stranded RNA viruses, such as Reovirus. Following attachment to the cell surface,

the virus must traverse the lipid bilayer surrounding the cell, before unpacking its genetic

material for replication. For each of these viruses, the genome and physical size, morpho-

logy, coating (or lack thereof), as well as the replication site within the cell could all a�ect

the duration of this lytic cycle.

In our model, the spread of virus is facilitated by the motility of infected cells prior

to lysis, and we would therefore expect the speed of virus spread to depend on the

length of time between initial infection and lysis. For a range of realistic burst times,

τ = [5, 15, 25] hrs, we want to determine:

• Are spreading waves of infection with constant amplitude and speed observed?

• What are the typical speeds of infection waves for realistic burst times?

• How does the burst time a�ect the overall success of therapy?

Since the burst time is one of the most readily controlled experimental parameters, we will

consider its e�ects in combination with all other parameter values.

4.2.4.2 Di�usion ratio

As part of the virus replication process, virus particles hijack the motor mechanism of

the host, which results in reduced infected cell motility. As with the replication-dependent

burst time, the physical properties of the speci�c virus species and strain dictate the extent

to which the motor mechanism of the host is hijacked.

From an experimental point of view, it is di�cult to obtain an accurate estimate of the

e�ective motility coe�cient of cells in a dense medium such as a solid tumour, and this is
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therefore not typically an experimentally controlled parameter. In Chapter 2, the motility

of infected and uninfected cells was related through the dimensionless ratio, D = Dm/Dn,

and this becomes a convenient description for quantifying infected cell motility for di�erent

virus species and strains. Our assumption of virus particles hijacking the cellular motor

mechanism of the host cell implies that D ≤ 1, and we choose a range of values accordingly.

For a range of di�usion ratios, D = [0.1, 0.25, 0.75 1.0], we want to determine:

• How does the wave speed of infection depend on the di�usion ratio?

• Is there a non-trivial, optimal di�usion ratio to maximise success of therapy?

• Does increasing the di�usion ratio decrease the probability of extinction?

Preliminary simulations showed that the sparse uninfected cell initial case had limited

success of virus infection, with little qualitative di�erence seen for similar values of di�usion

ratio. For this reason, larger increments between parameter values was chosen for the range

of di�usion ratios investigated.

4.2.4.3 Burst size

Another parameter of interest is the burst size; the number of viable virus particles released

per infected cell at the end of the lytic cycle. Due to the broad range of oncolytic virus

families and strains used in in vivo and in vitro experiments, this parameter is of signi�cant

experimental interest. Since the burst size refers to the production of �plaque forming

units� (non-defective virus particles capable of infecting other cells), the burst size will be

controlled by the e�ciency of replication within the cell which, in turn, will depend on the

genome size of the virus type, as well as the virulence of the particular virus strain.

Existing literature refers to a typical burst size in the range of 10− 1000 virus particle

per burst (Section 3.3), and we therefore choose α = [10, 100, 1000]. For this range of

burst sizes, we want to determine:

• What is the minimum burst size to sustain an infection wave?

• Does a larger burst size increase the speed of propagation or e�ectiveness of therapy?

• Does the burst size a�ect variability between individual simulations in an ensemble?

Preliminary simulations showed that the sparse uninfected cell initial case showed uniform

extinction of virus infection for α = 10, and this result was subsequently omitted from the

discussion of results in Section 4.5.
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4.2.4.4 Injection area and virus concentration

One experimentally controllable parameter that does not directly relate to the type of virus

used is the spatial distribution and concentration of the initial dose of virus particles. While

experimental literature usually speci�es the initial concentration of virus particles, the

initial spatial distribution is not usually stated, possibly due to the di�culty of measuring

this in situ.

In our model, virus particles are not explicitly considered to be a motile species, and

so increasing the initial area of injection would increase the initial likelihood of interaction

with a greater number of uninfected cells. For a �xed initial number of virus particles,

we look at the e�ects of spreading this over a range of compartments (changing both the

initial distribution and concentration of virus particles). In the absence of the required

experimental data, we consider three arbitrary injection areas, A = [1× 1, 5× 5, 11× 11]

compartments of size h = 0.01 mm, choosing odd multiples of compartments to maintain

spatial symmetry. For this range of injection areas, we wish to determine:

• Is the likelihood of virus extinction a�ected by the initial viral spread?

• Is speed of propagation dependent on initial virus concentration?

• Does increasing injection area change the number of uninfected cells removed from

system in the long-time limit?

Preliminary simulations showed that the sparse uninfected cell initial case showed uniform

extinction of virus infection for A = 1× 1 compartments, and this result was subsequently

omitted from the discussion of results in Section 4.5.

4.2.4.5 Burst time versus motility coe�cient

The motility of cells depends on a number of factors, such as the structure of the ECM,

local concentration of cellular adhesion molecules, and presence of debris. While it is

possible to control some of these factors experimentally in an in vitro study, this is usually

not practical in an in vivo scenario.

In our model, the motility of infected cells is related to the uninfected cell motility

through the dimensionless ratio, D, meaning that the physical properties of the domain

will a�ect the speed of virus spread in the stochastic description of the physical system.

In preliminary simulations, we observed that the burst time of infected cells has a similar

qualitative e�ect as the motility coe�cient of uninfected cells on the speed of propagation of

infection throughout the domain. Since the burst time is a physical property of the domain,

it may be the case that this is easier to control experimentally, and we therefore wish to

determine whether these parameters are equivalent, and if a decrease in one parameter can

be compensated for by an increase in the other.
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To investigate the relative e�ects of these two parameters, we consider the baseline case

of Dn = 2.08 × 10−5 mm2hr−1 for burst times τ = [5, 15, 15] hrs, and compare this to

a slower di�usion rate D†n = 1/2Dn for longer burst times τ † = 2τ , while maintaining the

baseline di�usion ratio, D = 0.1.

4.3 Analysis of simulations

To quantify the e�ect of key parameters on the simulations, we develop several metrics

for each simulation ensemble: the rate of displacement of virus particles from their initial

positions, the distribution of these displacements and the coe�cient of variation for both

the speed of spread and total number of uninfected cells. These concepts are later used in

Sections 4.4�4.5 for analysing the results for the dense and sparse cases.

4.3.1 Mean displacement from initial condition

For the simulations presented in this chapter, we consider the spread of virus particles

from a localised initial distribution in a two-dimensional domain with uniformly-distributed

uninfected cells. In Section 3.6, we showed examples of travelling wave behaviour in the

stochastic simulations. The wave speed was calculated by looking at the rate of change of

displacement of virus particle from the central compartment of the initial distribution in

time, and we apply the same methods to determine the mean speed of virus spread for the

range of simulation ensembles.

Perhaps the simplest method for determining the overall wave speed of the set of

simulations is to take the mean of the individual displacements over all simulations. This

approach is adequate for ensembles that only have one steady state, and small variance

from the mean of each individual simulation. However, in cases where two or more distinct

states are possible, particularly the case of virus extinction, the displacement in time will

be a�ected by simulations with zero net virus displacement. In the case of an ensemble

with some extinct simulations, the displacement of non-extinct reactions may still be of

interest. We therefore consider the weighted displacement of ongoing reactions, and only

divide the sum of displacements by the number of simulations with
∑

x,y V > 0, as shown

in Algorithm 2.

4.3.2 Distributions and bin sizing

As we outlined in Chapter 3, ODE models are often considered to be the mean of stochastic

simulations in the limit of large sample sizes. However, these simulations also provide

additional information in the form of variance between individual simulations. This can

be visualised by plotting time histograms of quantities such as virus displacement, onset

of extinction and mean numbers of virus particles and uninfected cells in the system.
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Algorithm 2 Procedure for calculating the mean virus displacement of ongoing reactions.

1. For each simulation, i,

(a) For each time step, t

i. Calculate radial displacement of virus particle from central compartment,

〈|x− x0|〉(i) (t) =

∑
j,k |xj,k − x0|V (i)

j,k (t)∑
j,k Vj,k (t)

(b) Interpolate virus displacement to uniformly-spaced time grid, t̂

(c) Calculate extinction time for ith reaction, t†i , such that∑
j,k

V
(i)
j,k

(
t > t†i

)
= 0

2. Ongoing virus displacement is given by

〈|x− x0|〉(tot) (t) =

∑
i 〈|x− x0|〉(i) (t)

N −
∑

i δ
(
t < t†i

) ,
where δ

(
t < t†i

)
=

{
1 if extinction time not reached

0 otherwise
, and N is the total number

of samples in the ensemble.

An important aspect of visualising histograms is the choice of bin size, as di�erent bin

sizes can reveal di�erent features of the data, particularly for small sample sizes. There

is no consensus on an �optimal� method for selecting the bin size, and the choice is often

based on a guess of the underlying distribution of the data. These range from the simple

rules-of-thumb, such as the square-root of sample size, k =
√
N , to Sturges' early work

on binomial distributions, k = (log2N + 1) (Scott, 2009). For normally-distributed data,

Scott (1979) derived a condition on the bin size that minimised the integrated mean-

square error of the density estimate, with the bin size k = 3.5σN−1/3, where σ is the

sample standard deviation. Freedman and Diaconis (1981) proposed using interquartile

range instead of variance to reduce sensitivity to outliers in the data, giving the bin size

estimate k = 2IQR (x)N−1/3. These methods are all derived using asymptotic methods,

and are generally inaccurate in the case of small sample size.

More recently, Shimazaki and Shinomoto (2007) sought to �nd the optimal bin size for

jagged data from neuron spikes by minimising the L2 risk function. Using a similar initial

approach to Scott (1979), the goodness of �t of the histogram to the underlying data was

estimated through the mean integrated squared error. They proposed a bin size-dependent

cost function

Cn (k) =
2x− σ2

(Nk)2 ,
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where n is the number of bins, N is the number of samples, x = 1
n

∑n
i xi, σ

2 = 1
n

∑n
i (xi − x)2,

and xi is the number of spikes in the ith data set. Using this cost function, the optimal

bin size can be found by determining the value k that minimises Cn (k).

Due to the jump processes in our simulations, we make use of the Shimazaki and

Shinomoto (2007) procedure for the selection of bin size.

4.3.3 Coe�cient of variation

It remains to analyse the variability (or dispersion) of the individual simulations in time.

Typical measures such as the standard deviation (or variance) are dimensional quantities

that are only valid in the context of the overall mean of the data, making direct comparison

between di�erent ensembles with di�erent means or units problematic.

A useful dimensionless measure of a distribution is the coe�cient of variation, de�ned

as the ratio of the standard deviation, σ, to the mean, µ, as

cv =
σ

µ
. (4.1)

This quantity is an absolute, normalised measure of the spread of data, and can also

be de�ned as the inverse of the signal-to-noise ratio. As it is a dimensionless quantity, it

is scale invariant and shows the extent of variability in relation to mean of the population.

This is in contrast to other measures of dispersion commonly used for analysing Brownian

motion, such as the Index of Dispersion (the variance-to-mean ratio).

In the context of our stochastic simulations, we use the coe�cient of variation to show

the relative variability between distributions of total uninfected cells and displacement

of virus particles. Signi�cant changes in between time steps could indicate a qualitative

change in simulations.

4.4 Dense case

4.4.1 Di�usion ratio

For values of di�usion ratio D = [0.1, 0.25, 0.75, 1.0] in a sample of 20 simulations per

parameter set, we �nd that the rate of change of displacement of virus particles increases

with increasing di�usion ratio (Figure 4.6a). The rate of removal of uninfected cell re-

moval from the system, shown in Figure 4.6b, also increases with di�usion ratio, with the

simulations for D = [0.75, 1] reaching the domain boundary, resulting in the elimination of

uninfected cells. From the mean total virus particles in the system (Figure 4.6c), we see

that these simulations failed to reach an equilibrium number of virus particles before the

infection wave reached the edge of the computational domain. However, for shorter burst
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times and lower di�usion ratios, we see the system reach an equilibrium number of virus

particles, which is higher for larger values of the di�usion ratio.

Qualitatively, we see that increasing the di�usion ratio has a similar e�ect to increasing

the burst time on the rate of virus spread. Similarly, the rate of clearance of uninfected

cells from the system increases with both burst time and di�usion ratio. This suggests

that the reduced mobility of uninfected cells in denser media can be compensated for by

using viruses with longer burst times in an experimental setting.

The onset of virus extinction initially occurs for t > 1000, and only in the cases with the

higher di�usion ratio and burst time, once the number of uninfected cells in the system ap-

proaches zero. Figure 4.7a shows no increase in the coe�cient of variation of virus particle

displacement for t < 750. This implies that the distribution of mean virus displacements of

the ensemble remains unchanged, and combined with the small absolute value of the coef-

�cient of variation, suggests that the ensemble mean virus displacement is representative

of the individual simulations. There is no signi�cant di�erence in the value of coe�cient of

variation for di�erent di�usion ratios in Figure 4.7a for t < 750, although lower burst times

appear to increase the absolute value slightly. On the other hand, Figure 4.7b shows that

the coe�cient of variation for the total number of uninfected cells remaining in the system

increases steadily for larger values of D as the system becomes limited by the number

of available uninfected cells. This is a key di�erence between increasing burst time and

increasing di�usion ratio, as changing the burst time does not a�ect the variance from the

mean of individual simulations, as seen in Figure 4.7b. One possible reason for this is that

having a higher di�usion ratio (and hence infected cell motility coe�cient) together with

a lower burst time results in a narrower reaction zone for the travelling wave, whereas a

longer burst time reduces the concentration of uninfected cells near the virus particles due

to uninfected cells having a longer time in which to redistribute throughout the system.

Finally, we �nd that the set of parameters that achieves the fastest elimination of

tumour, as well as the greatest virus displacement is when D = 1.0 and τ = 15. However,

the large coe�cient of variation for total uninfected cells for D = 1.0 suggests that the

mean is not wholly representative, and in absolute terms, there is negligible di�erence

between the τ = 15 and τ = 25 cases when D = 1.0. When compared with the e�ects of

increasing burst time for smaller values of the di�usion ratio, this shows that burst time

has diminished e�ects on the wave speed for larger values of D. This suggests that there is

a saturation in the speed of virus spread and rate of uninfected cell removal for increasing

τ , beyond which the e�ects on the outcome of the simulation will be minimal.

4.4.2 Burst size

The burst size is another key experimental parameter: choosing more virulent virus

strains or families signi�cantly a�ects the results of simulations. Figure 4.8c shows that
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Mean Displacement of Virus Particles for Ongoing Reactions (20 Samples)

(a) Mean virus displacement for ongoing reactions for varying di�usion
ratio in dense case.
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(b) Mean total uninfected cells for ongoing reactions for varying di�usion
ratio in dense case.
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(c) Mean total virus particles for ongoing reactions for varying di�usion
ratio in dense case.

D
τ 5 15 25

0.10

0.25

0.75

1.00

(d) Plot legend.

D
τ 5 15 25

0.10 0.4× 10−4 1.1× 10−4 1.4× 10−4

0.25 1.3× 10−4 2.9× 10−4 3.4× 10−4

0.75 4.7× 10−4 8.0× 10−4 7.8× 10−4

1.00 6.9× 10−4 9.3× 10−4 9.0× 10−4

(e) Wave speed best �t (mmhr−1) from Figure 4.6a.

Figure 4.6: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying di�usion ratio in dense case. Dashed lines indicate number
of non-extinct simulations.
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(a) Coe�cient of Variation of Virus Displacement for di�usion ratio D =
[0.1, 0.25, 0.75, 1.0] (green, cyan, blue, purple) for τ = [5, 15, 25] hrs (solid,
dashed, dotted) in dense case.
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(b) Coe�cient of Variation of total uninfected cells for di�usion ratio D =
[0.1, 0.25, 0.75, 1.0] (green, cyan, blue, purple) for τ = [5, 15, 25] hrs (solid,
dashed, dotted) in dense case.

Figure 4.7: Variability of ensembles for varying di�usion ratio in dense case.
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the burst size a�ects the mean number of virus particles in the system, which results in

a greater number of uninfected cells removed (Figure 4.8b). The burst size also a�ects

virus extinction: for burst size α = 10, we see virus extinction of individual simulations

in the τ = 5 case for t > 735, with 30% of simulations extinct by t = 1500 hrs. Despite

a non-zero number of virus particles for t < 735, Figure 4.8a shows negligible increase

in the displacement of virus particles for ongoing reactions in the α = 10, τ = 5 case.

This suggests that the reaction is not sustainable, and the ensemble is exhibiting transient

behaviour en route to extinction.

Similarly, there is little di�erence in the rate of change of displacement in the τ = 15

and τ = 25 cases when α = 10, even though all simulations in these ensembles have non-

zero virus populations for t ∈ [0, 1500]. In contrast, we see a clear increase in wave speed

for α = 100 and α = 1000, which implies that there is some threshold burst size, above

which the reactions are sustainable, and the wave speed increases with larger bursts. Below

this threshold, we see transient behaviour, and no signi�cant change in wave speed.

This threshold e�ect is also seen in the coe�cient of variation for virus displacement

in Figure 4.9a. For the α = 10 case, we see a steady increase in the coe�cient of variation,

compared to the α = 100 and α = 1000 cases, where the coe�cient of variation remains

constant for all τ ∈ [5, 15, 25]. This is re�ected in the coe�cient of variation of total

uninfected cells (Figure 4.9b), where the α = 100 and α = 1000 cases grow steadily in

time, indicating greater removal of cells from the system.

4.4.3 Injection area and virus concentration

For several choices of initial distribution width, while conserving the total number of

virus particles (and therefore varying the e�ective concentration), we �nd little e�ect on

the results for the case of dense initial population of uninfected cells.

Although changing the width of the initial distribution alters the initial virus displace-

ment, the rate of change is not a�ected by these initial conditions (Figure 4.10a), and

observing simulations with narrower initial distributions of virus particles for a longer time

would eventually result in the same net displacement.

Similarly, the equilibrium number of virus particles in the system is not a�ected by the

initial condition size: although initially, the A = 1×1 cases have fewer and the A = 11×11

cases have greater numbers of mean particles than the A = 5 × 5 case, they slowly tend

towards the apparent equilibrium values over time (Figure 4.10c). Both these observations

lead to the conclusion that the initial virus injection does not select a di�erent equilibrium

condition or travelling wave speed.

There are no extinction events in any simulations, and the mean of the virus dis-

placements is representative of the individual simulations, with the coe�cient of variation
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(a) Mean virus displacement for ongoing reactions for varying burst size in
dense case.
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(b) Mean of total uninfected cells of ongoing reactions for varying burst
size in dense case.

0 300 600 900 1200 1500

10
2

10
4

10
6

Time (hours)

∑
(x
,y
)
V
ir
u
s

 

 

0 300 600 900 1200 1500

0

10

20
A

c
ti
v
e

 R
e

a
c
ti
o

n
s
 (

V
>

0
)

Mean Number of Virus Particles for Ongoing Reactions (20 Samples)

(c) Semi-log plot of mean total virus particles of ongoing reactions for
varying burst size in dense case.

α
τ 5 15 25

10

100

1000

(d) Plot legend.

α
τ 5 15 25

10 1.2× 10−5 3.9× 10−5 5.3× 10−5

100 4.1× 10−5 10.5× 10−5 14.3× 10−5

1000 4.0× 10−5 11.8× 10−5 16.1× 10−5

(e) Wave speed best �t (mmhr−1) from Figure 4.8a.

Figure 4.8: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying burst size in dense case. Dashed lines indicate number of
non-extinct simulations.
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(a) Coe�cient of Variation of Virus Displacement for α = [10, 100, 1000]
(green, cyan, blue) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in dense
case.
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(b) Coe�cient of variation for total uninfected cells for α = [10, 100, 1000]
(green, cyan, blue) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in dense
case.

Figure 4.9: Variability of ensembles for varying burst size in dense case.
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(Figure 4.11a) remaining constant in time. The coe�cient of variation of total uninfected

cells (Figure 4.11b) increases with time as a result of spatial spread of the infection wave,

and we generally see no di�erence between the di�erent initial conditions for equivalent

burst times. The exception to this is the A = 11 × 11, τ = 25 case which experiences a

sharp increase at t = 600, corresponding to a temporary increase in the total number of

virus particles, as seen in Figure 4.10c.

On the basis of this data, we conclude that the initial virus distribution (and concen-

tration) has minimal e�ect on the outcome of therapy in the dense case.

4.4.4 Burst time

In the analysis of Sections 4.4.1�4.4.3, we have presented the e�ects of parameters on

simulations for a range of burst times. This analysis showed that the equilibrium number

of virus particles in the system during a wave expansion, which was previously related to

wave speed in Section 2.6, increases with burst time. This property of the virus species

may be used to compensate for experimental scenarios with a high free virus death rate or

smaller burst size.

We also saw that the speed of the infection wave (given by the rate of change of virus

displacement) generally increased with burst time. However, the form of the wave speed

dependence changes with the value of other parameters; in particular, the wave speed

increases linearly with τ for small values of di�usion ratio, D = [0.1, 0.25], while larger

values of di�usion ratio, D = [0.75, 1.0] resulted in a sub-linear increase. This eventually

leads to a turning point for wave speed dependence on τ in the D = 1.0 case, where the

largest observed wave speed was for τ = 15, rather than τ = 25. As the rate of removal

of uninfected cells is closely linked to the speed of virus spread, this also increases linearly

and then sub-linearly with burst time for larger D.

While this linear to sub-linear transition in the wave speed dependence on τ was also ob-

served for di�erent burst sizes, α, there was no turning point evident for α = [10, 100, 1000],

and the increase in wave speed was monotonic for increasing burst time. This was also the

case with the rate of removal of uninfected cells from the system.

Finally, the wave speed dependence for a range of initial virus particle distribution

areas was linear and monotonically increasing with τ . The same is true for the rate of

removal of uninfected cells from the system, as well the total number of virus particles at

equilibrium.
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Mean Displacement of Virus Particles for Ongoing Reactions (20 Samples)

(a) Mean virus displacement for ongoing reactions for varying initial injection
area in dense case.
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(b) Mean number of uninfected cells for ongoing reactions for varying initial
injection area in dense case.
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(c) Semi-log plot of mean total virus particles of ongoing reactions for
varying initial injection in dense case.

A
τ 5 15 25

1×1

5×5

11×11

(d) Plot legend.

A
τ 5 15 25

1×1 4.0× 10−5 1.1× 10−5 14.5× 10−5

5×5 4.1× 10−5 1.1× 10−5 14.3× 10−5

11×11 4.2× 10−5 1.0× 10−5 14.6× 10−5

(e) Wave speed �t (mmhr−1) from Figure 4.10a.

Figure 4.10: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying initial injection area in dense case. Dashed lines indicate
number of non-extinct simulations.
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(a) Coe�cient of Variation of virus particle displacement for A =
[1× 1, 5× 5, 11× 11] (blue, green, cyan) for τ = [5, 15, 25] hrs (solid,
dashed, dotted) in dense case.
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(b) Coe�cient of variation for total uninfected cells for A =
[1× 1, 5× 5, 11× 11] (blue, green, cyan) for τ = [5, 15, 25] hrs (solid,
dashed, dotted) in dense case.

Figure 4.11: Variability of ensembles for varying injection area in dense case.
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4.4.5 Burst time versus motility coe�cient

Having seen the qualitative e�ects of increasing burst time in Section 4.4.4, we tested the

hypothesis that a reduced uninfected (and hence, infected) cell motility coe�cient could

be compensated for by a longer burst time. Using the baseline parameters outlined in

Section 4.2.1 (D∗n = 2.08× 10−5 mm2hr and τ∗ = [5, 15, 25] hrs) as a control, we looked

at the behaviour of a system with Dn = 1/2D∗n and τ = 2τ∗.

In Figures 4.12a�4.12b, we see that there is a signi�cant di�erence in the mean wave

speed and rate of removal of uninfected cells between the two cases; the baseline case,

(D∗n, τ
∗), resulted in both a faster wave speed and faster removal of uninfected cells than

the corresponding (1/2D∗n, 2τ
∗) cases. This is despite the fact that the mean total number

of virus particles in the system, shown in Figure 4.12c, is an order of magnitude greater

for (1/2D∗n, 2τ
∗), and is likely due to decreased e�ects of the virus death term for longer

burst times.

From the initial distribution of virus particles, the (1/2D∗n, 2τ
∗) simulations show piece-

wise jumps in coe�cient of variation of virus displacement compared to the smoother

increases for (D∗n, τ
∗) for t ∈ [0, 50] (Figure 4.13a). No extinction was observed in any

simulations over time interval t ∈ [0 1500], and the coe�cient of variation of virus displace-

ment �uctuated about a steady state for t > 300, corresponding to the system reaching a

travelling wave state. This steady-state value of the coe�cient of variation, σ/µ ≈ 0.2, was

exhibited by all simulations and burst times. We therefore expect to see similar distribution

of virus displacement between simulations in the long-time limit.

The coe�cient of variation for total uninfected cells in the system, shown in Fig-

ure 4.13b, is small, and we expect a tightly bound distribution of total uninfected cells

about the mean value. However, in relative terms, there is a signi�cant relative di�erence

in the coe�cients of variation for total uninfected cells in the system between the (D∗n, τ
∗)

and (1/2D∗n, 2τ
∗) cases. While the rate of change for the τ∗ = 5 case is comparable to the

corresponding 2τ∗ simulations, the rate of change of the coe�cient of variation of total

uninfected cells for baseline τ∗ = [15, 25] simulations grow signi�cantly faster than the

corresponding (1/2D∗n, 2τ
∗) cases.

The distributions of virus displacement and total uninfected cells at t = 1000, shown

in Figure 4.14, con�rm the conclusions from the coe�cients of variation of the simulations.

For τ∗ = 5, the distributions of virus displacement for (D∗n, τ
∗) and (1/2D∗n, 2τ

∗) show

similar deviation and are tightly bound around their respective means. In the τ∗ = [15, 25]

cases, the distribution of virus displacement for the (D∗n, τ
∗) simulations is spread over a

broader range of displacements, and show a leading tail for larger values of τ∗. The

distribution of total uninfected cells in the system for (D∗n, τ
∗) show similar spread for

increasing τ∗ compared to the (1/2D∗n, 2τ
∗) simulations, with the formation of a tail for

larger values of τ∗. The (1/2D∗n, 2τ
∗) simulations do not show any signi�cant changes in

spread with increasing τ∗, and no tail or leading edge is formed.
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The signi�cant di�erences in mean wave speed and rate of removal of total uninfected

cells in the long-time limits shows that the (D∗n, τ
∗) and (1/2D∗n, 2τ

∗) cases are not equi-

valent. Moreover, the distributions of virus displacements and uninfected cells show that

this is a qualitative di�erence between these parameter sets in the dense uninfected cells

case.

4.4.6 Summary

The qualitative e�ects of burst time, di�usion ratio, burst size and initial condition on

simulations for the dense uninfected cell case are shown in Table 4.3. On the basis of

stochastic simulations for the parameter range outlined in Section 4.2.1, the following

conclusions can be made:

• Complete failure of therapy due to virus extinction did not occur

• Wave speed generally increased for longer burst time, but reached a saturation point

for large values

• Burst size exhibited threshold behaviour, above which the wave speed does not change

• The initial concentration of virus particles does not a�ect the properties of the trav-

elling wave

• An increasing rate of change of coe�cient of variation of virus displacement in time

is accompanied by a constant coe�cient of variation of total uninfected cells (and

vice versa)
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(a) Mean virus displacement for ongoing reactions for (Dn, τ) and(
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)
in dense case.
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(b) Mean of total uninfected cells of ongoing reactions for (Dn, τ) and(
1
2
Dn, 2τ

)
in dense case.
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(c) Semi-log plot of mean total virus particles of ongoing reactions for
(Dn, τ) and

(
1
2
Dn, 2τ

)
in dense case.

Dn = 1.04× 10−5 Dn = 2.08× 10−5

τ = 10 τ = 30 τ = 50 τ = 5 τ = 15 τ = 25

(d) Plot legend.

Dn = 1.04× 10−5 Dn = 2.08× 10−5

τ = 10 τ = 30 τ = 50 τ = 5 τ = 15 τ = 25

c 2.6×10−5 6.6×10−5 8.2×10−5 4.1×10−5 1.1×10−5 14.3×10−5

(e) Wave speed �t (mmhr−1) from Figure 4.12a.

Figure 4.12: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for (Dn, τ) and (1/2Dn, 2τ) in dense case. Dashed lines indicate number
of non-extinct simulations.
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(a) Coe�cient of Variation of virus particle displacement for (Dn, τ)
(green) and (1/2Dn, 2τ) (cyan) for τ∗ = [5, 15, 25] hrs (solid, dashed,
dotted) in dense case.
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(b) Coe�cient of variation for total uninfected cells for (Dn, τ) (green)
and (1/2Dn, 2τ) (cyan) for τ∗ = [5, 15, 25] hrs (solid, dashed, dotted) in
dense case.

Figure 4.13: Variability of ensembles for (Dn, τ) and (1/2Dn, 2τ) for in dense case.
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(a) Virus displacement at t = 1000
for τ∗ = 5.
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(b) Virus displacement at t =
1000 for τ∗ = 15.
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(c) Virus displacement at t = 1000
for τ∗ = 25.
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(d) Total uninfected cells at t =
1000 for τ∗ = 5.
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(e) Total uninfected cells at t =
1000 for τ∗ = 15.
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(f) Total uninfected cells at t =
1000 for τ∗ = 25.

Figure 4.14: Distribution of virus displacement and total uninfected cells for Dn = D∗n,
τ = τ∗ (solid) and Dn = 1

2D
∗
n, τ = 2τ∗ (dashed).
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Wave speed (c) Rate of change of

C.o.V.

(
∆
(
σ
µ

)
∆t

) Rate of
uninfected cell

removal(
Σx,yn0−Σx,yn

∆t

)
Equilibrium

Virus particles(∑
x,y Veq

)

τ ↑

D ↑

α ↑

A ↑

Table 4.3: Qualitative e�ects of key parameter in dense uninfected cell case. The arrows
show qualitative trends in simulation metrics (wave speed, rate of change of C.o.V., rate
of uninfected cell removal and total virus particles at equilibrium) for increasing values of
independent parameters (τ , D, α, A). Solid lines denote strong sub-linear, linear or super-
linear dependence, and dashed lines indicate weak dependence or a threshold condition.

4.5 Sparse case

In the sparse case, the number of uninfected cells (distributed randomly throughout the

domain) is signi�cantly less than the overall number of compartments, resulting in a large

number of unoccupied compartments. In contrast to the dense case results in Section 4.4,

the typical sparse system for parameters outline in Section 4.2.2 exhibits frequent virus

extinction, and greatly increased variability between individual simulations. In addition

to the rate at which individual simulations become extinct within an ensemble, we also

consider the time of onset of extinction, which is the earliest time at which any simulation

in the ensemble dies out.

4.5.1 Di�usion ratio

For di�usion ratio values D = [0.10, 0.75] over 50 simulations, we �nd that the rate

of change of displacement of virus particles increases with increasing di�usion ratio (Fig-

ure 4.15a). This increase in speed of propagation is coupled with a higher mean number

of virus particles in the system for active reactions (Figure 4.15c). The rate of removal of

uninfected cells, shown in Figure 4.15b, increases with di�usion ratio for t < 500, before

the onset of the �rst extinctions in each ensemble, which results in a discontinuous jump

in the weighted ongoing mean of uninfected cells.
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The coe�cient of variation of virus displacement (Figure 4.16a) increases steadily in

time, with no signi�cant di�erence between any set of parameters until the beginning of

complete virus extinction in some simulations at t = 500. After this time, an increase in

the rate of change of coe�cient of variation for D = 0.10 is linked to an increased rate

of simulation extinction in the ensemble (dashed line in Figure 4.15). This implies that

a greater number of individual extinctions result in either an increase in the mean, or a

decrease in standard deviation. Assuming that the wave of infection continues at constant

speed, this means that either the distribution of virus displacements becomes narrower, or

the mean behaviour in Figure 4.15a was dominated by the simulations that are the �rst to

exhibit virus extinction.

The coe�cient of variation for total uninfected cells in the system (Figure 4.16b) is

an order of magnitude lower than in the dense case (due to the decrease in initial mean

uninfected cells), but increases steadily for both values of D. With the beginning of

complete virus extinction in some simulations at t = 500, the coe�cient of variation for

the D = 0.10 case approaches a constant value, but continues to increase in the D = 0.75

simulations. This suggests that the �rst few simulations to exhibit extinction were far from

the mean and unlikely to ever sustain a viable reaction, despite contributing to the virus

displacement.

The distribution of virus displacement at t = 450 (Figures 4.16c�4.16e), prior to the

onset of extinction of individual simulations, show a qualitatively similar distribution for

the D = 0.10 and D = 0.75 cases for τ = [5, 15]. The distribution has a long tail, with the

D = 0.75 case showing greater spread, particularly for τ = 15. The distribution of virus

displacements for the τ = 25 simulations (Figure 4.16e) shows a smaller secondary peak

in virus displacement at 〈r〉 = 0.08 mm for D = 0.75, indicating a secondary wave speed

steady state. The broader distribution of virus displacements for D = 0.75 is re�ected in

the variability of total uninfected cells removed from the system, as shown in Figure 4.16b.

4.5.2 Burst size

The burst size plays an important role in the sparse case. As with the dense case, the

speed of virus particle propagation increases with burst size α (Figure 4.17a and 4.17e),

and there is also a noticeable increase in the rate of change of wave speed for increasing τ

in the α = 1000 case, compared to α = 100. The rate of simulation die-out also decreases

signi�cantly for higher burst size, with the number of non-extinct simulations at t = 1000

an order of magnitude greater than for α = 100 (Figure 4.17b).

From the mean total of uninfected cells for ongoing reactions in Figure 4.17b, we see

no di�erence in the rate of decay of uninfected cells for varying α and τ , but the onset of

individual simulation die-out for α = 1000 is delayed with increasing burst time, τ . This is
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(a) Mean virus displacement for ongoing reactions for varying di�usion
ratio in sparse case.
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(b) Mean total uninfected cells for ongoing reactions for varying di�usion
ratio in sparse case.
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(c) Mean total virus particles for ongoing reactions for varying di�usion
ratio in sparse case.
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(d) Plot legend.

D
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0.75 3.2× 10−5 9.8× 10−5 10.2× 10−5

(e) Wave speed �t (mmhr−1) from Figure 4.15a.

Figure 4.15: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying di�usion ratio in sparse case. Dashed lines indicate number
of non-extinct simulations.
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(a) Coe�cient of Variation of Virus Displacement for di�usion ratio D =
[0.1, 0.75] (green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in
sparse case.
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(b) Coe�cient of Variation of total uninfected cells for di�usion ratio D =
[0.1, 0.75] (green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in
sparse case.
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(c) Distribution of virus displace-
ments at t = 450 for τ = 5 for
D = [0.10, 0.75] (solid, dashed).

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
0

10

20

30

Virus Displacement (mm)

F
re

q
u

e
n

c
y

Virus Displacement for Tau=15, DVal010 and DVal075 at t=450

(d) Distribution of virus displace-
ments at t = 450 for τ = 15 for
D = [0.10, 0.75] (solid, dashed).
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(e) Distribution of virus displace-
ments at t = 450 for τ = 25 for
D = [0.10, 0.75] (solid, dashed).

Figure 4.16: Variability of ensembles for varying di�usion ratio in sparse case.
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in contrast to the α = 100 case, where the �rst sets of reaction to exhibit virus extinction

occur at t ≈ 500, independent of τ , and this prolonged duration of simulations results

in more uninfected cells removed from the system, despite identical rates of removal for

t < 300.

The mean number of virus particles for ongoing reactions increases with the burst size,

as shown in Figure 4.17c, where the α = 1000 simulations reach an equilibrium number two

orders of magnitude greater than the α = 100 simulations. Combined with the mean virus

displacement, this agrees with the analysis of the continuum model from Section 2.6.2,

which related the total number of virus particles in the steady state to the wave speed.

The coe�cient of variation for displacement of virus particles for α = 1000 is initially

greater than for the α = 100 simulations due to discontinuous jumps in virus displacement

associated with large burst events (Figure 4.18a). After this initial transient period, both

sets of simulations settle into equilibrium behaviour, where we observe the rate of increase

of coe�cient of variation in time for α = 1000 to be lower than that of α = 100, with the

intersection occurring at t ≈ 400. After this point, the coe�cient of variation for α = 1000

�attens out, while the α = 100 case continues to grow, until eventual extinction at t ≈ 1000.

The converse is true for the coe�cient of variation of total uninfected cells (Figure 4.18b),

with the rate of increase for α = 1000 reaching constant increase for t > 200, while the

α = 100 simulation reach a constant coe�cient of variation for t > 750.

The distribution of virus displacements prior to the �rst extinction event at t = 450

shows a similar shape between the α = 100 and α = 1000 cases for all values of τ examined

(Figures 4.18c�4.18e). The larger burst α = 1000 burst size has a greater mean value,

shifting the distribution to the right compared to the α = 100 case. In addition to this,

the τ = 5 and τ = 25 cases show a small number of simulations with a signi�cantly higher

displacement of virus particles, suggesting that multiple steady states may be possible,

with some supporting a much higher wave speed of infection.

4.5.3 Injection area and virus concentration

Changing the initial distribution (and hence concentration) of virus particles in the

sparse uninfected cell case results in an increase in the rate of change of virus displacement

(Figure 4.19a). As in Section 4.5.2, the rate of increase of displacement with increasing

burst time is greater for the A = 11× 11 case compared to that of A = 5× 5.

The broader initial spread of virus particles in the A = 11 × 11 simulations results

in a higher rate of uninfected cell removal from the system than the A = 5 × 5 initial

condition (Figure 4.19b), but does not a�ect the onset or rate of individual simulation

die-out. Similarly, Figure 4.19c shows that the initial distribution does not a�ect the mean

number of virus particles in ongoing reactions, which is signi�cantly smaller than the initial
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(a) Mean virus displacement for ongoing reactions for varying burst size in
sparse case.
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(b) Mean of total uninfected cells of ongoing reactions for varying burst
size in sparse case.
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(c) Semi-log plot of mean total virus particles of ongoing reactions for
varying burst size in sparse case.
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(d) Plot legend.
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(e) Wave speed �t (mmhr−1) from Figure 4.17a.

Figure 4.17: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying burst size in sparse case. Dashed lines indicate number of
non-extinct simulations.
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(a) Coe�cient of Variation of Virus Displacement for burst size α =
[100, 1000] (green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dotted)
in sparse case.

0 100 200 300 400 500 600 700 800 900 1000

0

0.002

0.004

0.006

0.008

0.01

Time (hours)

σ
 /

 µ

Coefficient of Variation for Total Uninfected Cells (50 Samples)

 

 

(b) Coe�cient of variation for total uninfected cells for burst size α =
[100, 1000] (green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in
sparse case.
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(c) Distribution of virus displace-
ments at t = 450 for τ = 5 for
α = [100, 1000] (solid, dashed).
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(d) Distribution of virus displace-
ments at t = 450 for τ = 15 for
α = [100, 1000] (solid, dashed).
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α = [100, 1000] (solid, dashed).

Figure 4.18: Variability of ensembles for varying burst size in sparse case.
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number of virus particles in the system. The large decrease in virus population from initial

distribution suggests that, for a �xed number of initial virus particles, a broad distribution

of virus particles at a lower concentration would be a more e�ective treatment method for

removing uninfected cells for a sparse initial condition.

There is no di�erence in the coe�cient of variation of displacement of virus particles

for di�erent injection areas, with a linear increase in time for t > 200 (Figure 4.20a).

At t ≈ 600, the τ = 5 and τ = 15 cases of the A = 11 × 11 simulations experience a

discontinuous jump in the coe�cient of variation due to the extinction of 10 − 20% of

simulations in a very short period of time.

The coe�cient of variation for total uninfected cells in the system, shown in Fig-

ure 4.20b, increases at the same rate for both A = 5 × 5 and A = 11 × 11 cases. The

di�erence in the size of the initial jump over t ∈ [0, 25] is due to the greater spread of virus

particles in the A = 11×11 case, and this is re�ected by a factor of 2.2 in the absolute value

of the coe�cient of variation. The decreasing rate of change for t > 200 in Figure 4.20b

coincides with the increasing rate of change of coe�cient of variation of virus displacement

in Figure 4.20a, which is typical of bulk extinction. We can therefore conclude that the

mean of total virus particles for ongoing reactions in Figure 4.19c for t > 500 is unlikely

to be a true steady-state, and is more likely to be transient decay behaviour.

The distributions of virus displacement prior to the onset of extinction at t = 450,

shown in Figures 4.20c�4.20e, con�rm the qualitative similarities between the initial con-

ditions. While there is a signi�cant di�erence between the virus displacements in the two

cases, this is equal to the di�erence in initial radial displacement, and the shape of the

distributions does not change for burst times τ = 5 and τ = 15. When τ = 25, the dis-

tribution of virus particles for A = 11× 11 appears to show a bimodal distribution. This

peak separation suggests that it is possible for some reactions to keep propagating, despite

most simulations experiencing extinction by t = 1000.

4.5.4 Burst time

The analysis in Sections 4.5.1�4.5.3 considered the e�ects of di�usion ratio, burst size

and virus initial condition for a range of burst times. The wave speed of virus propagation

increases with longer burst time, but in contrast to the dense case in Section 4.4, there

is no signi�cant change in the mean number of virus particles in the system. This is a

consequence of the decreased uninfected cell density, and arises from the fact that virus

particles need to travel further in the infected cell state to encounter uninfected cells. This

is evident in Section 4.5.1, where the τ = 5 and τ = 15 cases forD = 0.75 show a signi�cant

jump in the mean number of virus particles, in contrast to the D = 0.10 case.
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(a) Mean virus displacement for ongoing reactions for varying initial injection
area in sparse case.
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(b) Mean number of uninfected cells for ongoing reactions for varying initial
injection area in sparse case.
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(c) Mean total virus particles of ongoing reactions for varying initial injec-
tion in dense case.
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(e) Wave speed �t (mmhr−1) from Figure 4.19a.

Figure 4.19: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for varying initial injection area in sparse case. Dashed lines indicate
number of non-extinct simulations.
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(a) Coe�cient of Variation of virus particle displacement for A =
[5× 5, 11× 11] (green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dot-
ted) in sparse case.
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(b) Coe�cient of variation for total uninfected cells forA = [5× 5, 11× 11]
(blue, green, cyan) for τ = [5, 15, 25] hrs (solid, dashed, dotted) in sparse
case.
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(c) Distribution of virus displace-
ments at t = 450 for τ = 5 for
A = [5×5, 11×11] (solid, dashed).
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(d) Distribution of virus displace-
ments at t = 450 for τ = 15 for
A = [5×5, 11×11] (solid, dashed).
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ments at t = 450 for τ = 25 for
A = [5×5, 11×11] (solid, dashed).

Figure 4.20: Variability of ensembles for varying injection area in sparse case.
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In comparison to the dense case, the wave speed of infection in the sparse case is

an order of magnitude smaller, and the large number of virus extinctions in individual

simulations limits direct comparisons for the base parameter set. The mean wave speed

increases linearly with burst time for D = 0.10, but transitions to a sub-linear dependence

for D = 0.75, as in the dense case. Unlike the dense case, the mean wave speed dependence

on burst time remains linear for the larger α = 1000 case, most likely due to the lower

concentration gradient of uninfected cells between the reaction zone and the remainder of

the system.

No signi�cant change in coe�cient of variation of virus particles is observed between

di�erent burst times, implying that the e�ects of varying burst time in the simulations

are qualitatively di�erent from parameters such as the di�usion ratio. While the rate of

simulation die-out was not a�ected by the burst time, the onset of extinction was delayed

by longer burst times. This is not unexpected, as remaining in the infected cell state for a

longer time allows the burst event to take place further from regions depleted of uninfected

cells.

4.5.5 Burst time versus motility coe�cient

In contrast to the dense uninfected cell in Section 4.4.5, we �nd that the mean wave

speed of ongoing reaction for the (1/2D∗n, 2τ
∗) simulations is consistently higher than the

baseline (D∗n, τ
∗) case for sparse uninfected cell initial condition (Figure 4.21a). As with

the dense case, the mean number of virus particles in the system, shown in Figure 4.21c, is

greater for all (1/2D∗n, 2τ
∗) simulations, with the increased burst time reducing the e�ects

of the virus death term. Despite this increased wave speed and number of virus particles,

the mean rate of removal of uninfected cells for (1/2D∗n, 2τ
∗) is lower than the (D∗n, τ

∗)

simulations for all τ∗ (Figure 4.21b).

The �rst extinction happens in the (1/2D∗n, 2τ
∗) simulations for τ∗ = 25 at t = 450,

but in general, the rate of extinction is signi�cantly slower for (1/2D∗n, 2τ
∗) simulations

compared to (D∗n, τ
∗) due to the greater number of virus particles in the system. Unlike

the (D∗n, τ
∗) simulations, which exhibit the same initial onset time and extinction rates,

the (1/2D∗n, 2τ
∗) simulations show a delay in the onset of extinction for shorter burst time.

This is a surprising result, and is in contrast to the burst size simulations for α = 1000 in

Section 4.5.2, where the onset of extinction was delayed for longer burst times. Despite the

earliest onset of extinction occurring for τ∗ = 25 in the (1/2D∗n, 2τ
∗) case, these simulations

have the slowest rate of extinction overall, suggesting that this anomaly is due to variability

between individual simulations.

The coe�cient of variation of virus displacement (Figure 4.22a) increases in time for

all parameter sets, with the (1/2D∗n, 2τ
∗) simulations initially having a slightly greater

absolute value, but a smaller rate of increase. The slower rate results in the (D∗n, τ
∗)
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simulations reaching a greater absolute value of coe�cient of variation of virus displacement

around the time of the onset of virus extinction at t ≈ 450. As is the case with all other

sets of parameters examined, a greater rate of change of coe�cient of variation of virus

displacement is coupled with a smaller rate of change of the coe�cient of variation of total

uninfected cells (Figure 4.22b).

From the distributions of virus displacements prior to the onset of extinction at t = 450

(Figure 4.22c�4.22e), we see that while the (D∗n, τ
∗) distributions is typically symmetrical,

the distributions for the (1/2D∗n, 2τ
∗) case are more tightly bound for virus displacements

smaller than the mean, and have a longer tails for displacements larger than the mean. In

the case of τ∗ = 25, we also see a small secondary peak at 〈r〉 = 0.65 in the (1/2D∗n, 2τ
∗)

case, which could be attributed to either a faster steady state or transient behaviour that

would approach the mean value in the long-time limit if extinction did not occur.

4.5.6 Summary

The qualitative e�ects of burst time, di�usion ratio, burst size and initial condition on

simulations for the sparse uninfected cell case are shown in Table 4.4. On the basis of

stochastic simulations for the parameter range outlined in Section 4.2.2, the following

conclusions can be made:

• Complete failure of therapy due to virus extinction was a typical outcome

• Increased burst size reduced the rate of therapy failure

• Failure of therapy was more likely for shorter burst times

• Broader initial distribution of virus particles increased total number of uninfected

cells removed prior to extinction

• An increasing rate of change of coe�cient of variation of virus displacement in time

is accompanied by a constant coe�cient of variation of total uninfected cells (and

vice versa)
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(b) Mean total uninfected cells for ongoing reactions for (Dn, τ) and(
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)
in sparse case.
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(c) Semi-log plot of mean total virus particles for ongoing reactions for
(Dn, τ) and

(
1
2
Dn, 2τ

)
in sparse case.

Dn = 1.04× 10−5 Dn = 2.08× 10−5

τ = 10 τ = 30 τ = 50 τ = 5 τ = 15 τ = 25

(d) Plot legend.
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(e) Wave speed �t (mmhr−1) from Figure 4.21a.

Figure 4.21: Mean virus displacement, total uninfected cells and total virus particles of
ongoing reactions for (Dn, τ) and

(
1
2Dn, 2τ

)
in sparse case. Dashed lines indicate number

of non-extinct simulations.
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(a) Coe�cient of Variation of virus particle displacement for (D∗n, τ
∗)

(green) and (1/2D∗n, 2τ∗) (cyan) in sparse case for τ∗ = [5, 15, 25] (solid,
dashed and dotted, respectively).
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(b) Coe�cient of variation for total uninfected cells for (D∗n, τ
∗) (green)

and (1/2D∗n, 2τ∗) (cyan) in sparse case for τ∗ = [5, 15, 25] (solid, dashed
and dotted, respectively).
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Figure 4.22: Variability of ensembles for (Dn, τ) and (1/2Dn, 2τ) for in sparse case.
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Wave
speed (c)

Rate of
change of
C.o.V.(
∆
(
σ
µ

)
∆t

)
Rate of

uninfected
cell removal(
Σx,yn0−Σx,yn

∆t

)
Equilibrium

Virus
particles(∑

x,y Veq

) Onset and rate of
die-out

τ ↑

D ↑

α ↑

V0 ↑

Table 4.4: Qualitative e�ects of key parameter in sparse uninfected cell case. The arrows
show qualitative trends in simulation metrics (wave speed, rate of change of C.o.V., rate
of uninfected cell removal and total virus particles at equilibrium) for increasing values of
independent parameters (τ , D, α, A). Solid lines denote strong sub-linear, linear or super-
linear dependence, and dashed lines indicate weak dependence or a threshold condition.

4.6 Summary

In this chapter, we investigated the behaviour of the stochastic model developed in Chapter 3

for a range of experimentally-controlled parameters for both dense and spare uninfected

cell initial conditions. Comparisons with existing agent-based models (and experimental

data within) showed that for the chosen ranges of parameters, our model was capable of

reproducing all families of spatial patterns, with the exception of spatial oscillations.

Further quantitative analysis for varying di�usion ratio, burst size, virus initial con-

dition and burst time showed that the dense uninfected cell initial condition sustained a

travelling wave for most parameter values tested, with the exception of very small values of

burst size, with low variability between individual simulations. For small burst sizes, virus

extinction was a typical result of individual simulations, and there were indications of a

minimum burst size required to sustain a travelling wave, which was not observed in the

continuum model. In general, the wave speed of propagation and number of virus particles

at equilibrium increased with larger values of di�usion ratio, burst time and burst size,

but reached a saturation point for larger values of these parameters. Varying the initial

spatial distribution of virus particles did not a�ect the wave speed of equilibrium number

of virus particles for the travelling wave, suggesting a single steady state in the system.

The sparse uninfected cell initial condition simulations resulted in much more frequent

virus extinction in individual simulations, highlighting the stochastic nature of the model.
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The rate of extinction of individual simulations was decreased by larger burst sizes, while

the onset of extinction was weakly linked to the burst size and burst time, which was due

to the increased available time in which virus particles could react. The spread of virus

particles was limited by the number of uninfected cells, and in contrast to the dense case,

a broader initial spread of virus particles resulted in a greater number of uninfected cells

removed from the system.

Overall, the travelling wave speeds observed in the dense case were signi�cantly higher

than the sparse case, but still lower than those predicted by the continuum PDE model. As

seen in the previous chapter, this disagreement is due to the discrete nature of the stochastic

model, as well as the localisation of the burst term in the compartment representation.

We have illustrated that for a range of plausible physical values, our model can replicate

existing experimental results, and exhibit travelling waves of infection. However, without

meaningful estimates of key parameters such as uninfected cell motility coe�cient and

initial virus distribution, direct comparisons with experimental data are not possible. For

these reasons, additional e�ects such as cellular crowding were not explicitly considered in

the full model, and were assumed to be incorporated in the e�ective motility coe�cient.

Since it may not be practical to measure the e�ective motility coe�cient of uninfected cell

in a dense medium, we develop a model to derive the bulk properties of the medium based

on its microscopic structure in the following chapter.
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Chapter 5

E�ective medium approximations in

continuum models

In this chapter, we address the experimental di�culties of determining the e�ective

motility coe�cient of tumour cells in a dense environment by considering a simple model

of motility of a species through a heterogeneous medium of obstacles. Assuming a regular,

periodic structure of impenetrable obstacles, we apply the method of asymptotic homo-

genisation to determine the e�ective di�usivity of cells for an equivalent homogeneous

description. We compare these results with those from literature for a range of obstacle

sizes and shapes, and show that this description is also valid for su�ciently small reaction

terms.

Comparing the heterogeneous and e�ective, homogeneous descriptions in the stochastic

model, we illustrate the limits of the continuum approach, which are addressed in the next

chapter.

5.1 Introduction

In Chapters 2�3, we developed a model for the spatio-temporal evolution of virus particles

in a dense tumour. For simplicity, this model only considered three species: uninfected

cells, virus particles and infected cells created by the reaction of the former two species.

Solid tumours consist of two interconnected compartments: malignant cells and the

stroma in which they are dispersed (Mok, 2007, pp. 23). The stroma is induced by

tumour-host interaction, and is required for tumour growth and survival. The primary

components of the stroma include leaked plasma, interstitial collagen, �brin, �brocon-

nectin and connective tissue cells such as �broblasts (Bhowmick and Moses, 2005). These
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components often form long �bres, which can act as barriers to motile particles, limiting

di�usive and convective properties (Ramanujan et al., 2002).

By omitting additional non-reactive objects such as cellular debris, connective tissue

such as �broblasts or simply species that move on a slower time-scale to cells, the e�ects of

these components on the primary species was implicitly incorporated into the appropriate

rate constants. While certain rate constants can be measured in situ, the motility of cells

through a medium with obstacles has proven hard to determine (Ramanujan et al., 2002).

Instead, the structure of the ECM, along with the di�usivity in free space, can be used to

estimate the e�ective di�usivity of the medium.

In this chapter, we illustrate the methodology for determining the e�ective properties

of motile cells in an idealised heterogeneous domain of obstacles. In our idealised model,

the motility of cells in two dimensions is described by the di�usion equation, and the

distribution of obstacles (representing the cross-sections of long �bres) is considered to

be periodic. If the period of the obstacles is short compared with the overall size of the

domain, corresponding to a large number of obstacles, we can make use of the method

of multiple scales to obtain the bulk behaviour of the medium on the macroscopic scale.

While similar methods exist for the case of random obstacle placement (Saxton, 1996), we

only consider the case of periodic obstacles.

E�ective medium theory has application in physical problems such as heat transfer,

elasticity, electrical conductivity, magnetic permeability, and �ow in strongly heterogen-

eous multiphase materials (see Batchelor, 1974 and Milton, 2002 for a more extensive list).

One common feature shared in these various applications is that the governing equations

involve rapidly oscillating coe�cients due to the microscopic heterogeneity of the material.

These rapid oscillations mean that a numerical solution is often not tractable, and analytic

methods are helpful in reducing the complexity of the problem. The simplest approach in

determining the e�ective properties is with a weighted average, a �rst-order perturbation

theory, and can be thought of as a consequence of the law of large numbers. A more rigor-

ous and accurate method is that of periodic homogenisation, a second-order perturbation

method derived as a consequence of the central limit theorem (Pavliotis, Grigorios A and

Stuart, 2008, pp. 6�7).

Generally speaking, this method exploits the multiple scales in the problem by para-

metrising in terms of the scaling ratio of micro- and macroscopic lengthscales, ε = y
x , and

then examining what happens as the limit of this ratio tends to zero. An extensive review

of the theory of periodic homogenisation is given by Papanicolaou et al. (1979); Sánchez-

Palencia (1980); Allaire (1992), and provide a rigorous basis for the method. This analysis

can be extended to higher powers in ε and thereby obtain a solution that captures the cor-

rect asymptotic behaviour as ε (Milton, 2002). A number of sophisticated techniques, such

as G-convergence and H-convergence, have been developed to apply homogenisation tech-

niques to the case of non-periodic coe�cients. In addition to this, the more general theory
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of Γ-convergence has also been developed for non-linear cases (Cioranescu and Donato,

1999, pp. 241).

In Section 5.2, we review existing empirical and asymptotic expressions for di�usion in

a multi-phase medium. In Section 5.3, we consider the simple case of homogenisation of a

linear parabolic equation with periodically varying coe�cients, and apply the method of

multiple scales to obtain an analytic expression for the e�ective medium in terms of the

free di�usivity and inclusion shape. In Section 5.4.1, we compare asymptotic results for

e�ective media from literature (Section 5.2) to numerical results of di�usivity in a medium

consisting of periodic obstacles, obtained from homogenisation theory (Section 5.3). The

e�ective description is then compared to the obstacle problem using the stochastic model

proposed in Chapter 3, and the validity of the continuum e�ective medium approximation

is then discussed.

5.2 Existing results from literature

Composite media have been studied extensively in the literature, as far back as Poisson,

Maxwell and Rayleigh, and the theory has since been developed, often independently, in

many �elds of physics, engineering and biology (Milton, 2002; Papanicolaou et al., 1979).

A common aim is to simplify the physical problem by approximating the heterogeneous

domain with an homogeneous one with equivalent macroscopic properties. As a result of

the parallel development of this �eld, it is often referred to by di�erent names, such e�ective

medium theory, mixing theory, composite medium theory, homogenization or constitutive

relations.

The similarity between these various �elds arises from the fact that for many simple

problems, the underlying physical processes are described by either the Heat equation, or

its steady-state equivalent, Laplace's equation. An illustrative list of equivalent problems,

as well as the physical interpretation of the variables, is shown in Table 5.1.

To illustrate this in one dimension, we de�ne

j (x) = D (x) c (x) , (5.1)

and considering the di�erential equation

∇ · j = 0. (5.2)

For example, writing c (x) ≡ −∇u (x), (5.2) becomes the steady-state heat equation, where

D (x) can be interpreted as spatially-varying di�usion coe�cient. Alternatively, by re-

labelling c (x) ≡ h (x) and D (x) ≡ µ (x), (5.1)�(5.2) describe the magnetic �eld b for

magnetic permeability µ. While the solution of the problem of course depends on the
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Problem j (x) =
D (x) c (x)

c (x) D

Electrical
Conduction

Electrical
conduction
current, j

Electric �eld, e Electrical
conductivity, σ

Dielectrics Displacement
�eld, d

Electric �eld, e Electric
permittivity, ε

Magnetism Magnetic
induction, b

Magnetic �eld, h Magnetic
permeability, µ

Thermal
Conduction

Heat current, q Temperature
gradient, −∇T

Thermal
conductivity, κ

Di�usion Particle current Concentration
gradient, −∇u

Di�usivity, D

Table 5.1: Interpretation of physical quantities for related problems (adapted from Milton,
2002, pp.19).

boundary conditions (Jönsson et al., 1986), the techniques used to derive these are usually

transferable.

Various analytic and empirical expressions relating the heterogeneous and e�ective

homogeneous domains exist, and in this section, we give a brief overview of existing results

relevant to e�ective medium descriptions of di�usion in the presence of obstacles.

Homogenization and related averaging techniques typically consider two physical cases:

random and periodic structures (Batchelor, 1974). For the former, the e�ective properties

are usually expressed in terms of upper and lower bounds, whereas the latter case can

result in either asymptotic or closed-form solutions. For results from electrical conduction

literature, the e�ective conductivity is usually de�ned in the range 1 < σeff < ∞, and

correspond to the reciprocal of the equivalent properties in di�usion or optics problems

(Perrins et al., 1979b).

5.2.1 Empirical approximation

Empirical approximations for the e�ective di�usion in constricted media are often used in

the context of porous media and gels. These generally consider the e�ects of curved pores

lumped together in the form of an e�ective di�usivity.

For �uid-�lled pores of a solid composite, the e�ective di�usion is often expressed

through the empirical relation

Deff = Dfree
Ωfree

τ2
, (5.3)

whereDfree is the di�usion coe�cient in the bulk space of size Ωfree, and τ is the tortuosity

of the pores (Cussler, 1997, pp. 191). The tortuosity is a measure of the increased mean

path length due to curvature of pores, and typically has values between 2 and 6. Because

the solid phases are impermeable, di�usion occurs over a smaller cross-sectional area than

is available in a homogeneous material. The e�ective di�usivity is typically lower than
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in the corresponding bulk space due to the reduced volume fraction of free space, as well

as the longer distance travelled in the pores, characterised by the tortuosity (Westrin and

Axelsson, 1991).

Unfortunately, Equation (5.3) has limited predictive value, since τ cannot be measured

easily in a direct way (Ramanujan et al., 2002). Instead, tortuosity is often empirically

de�ned as a function of Ωfree, depending on the speci�c geometry considered (van Brakel

and Heertjes, 1974). Attempts have been made to derive analytic expressions for tortuosity

from the speci�c shape of pores, with a value τ =
√

2 obtained for a two-dimensional

periodic network of squares (Hrabe et al., 2004).

5.2.2 Spherical inclusions

As we will see in Section 5.3, a composite domain consisting of two or more di�erent

materials can be reduced to an e�ective macroscopic description that depends on both the

geometry and volume of the inclusions. Analytic determination of this type goes back to

J.C. Maxwell and Lord Rayleigh, who computed the e�ective conductivity of composites

consisting of a matrix with regular spherical inclusions (Hashin, 1983).

This work was extended and generalised, and related expressions are now known under

various names in di�erent �elds; the Maxwell-Garnett mixing rule for e�ective permittivity,

its analogues in gases, the Clausius�Mossotti relation, and the Lorenz�Lorentz equation

for the refractive index in optics (Landauer, 1978; Monecke, 1987).

Most closed form expressions consider isotropic mixtures of spheres, although these

can also be extended to ellipses. Similarly, the expressions for two-phase (binary) mixing

commonly cited in literature can be generalised to multiphase mixtures (Sihvola, 2013).

For a two-phase, d-dimensional medium of spherical inclusions in an in�nite domain,

Maxwell expressed the e�ective coe�cient (in our case, the di�usivity), Deff , in terms of

the pure phase coe�cients of the domain and spheres, Db and Ds, and volume fraction of

the sphere, φs, as

Deff

Db
= 1 + dφs

Db −Ds

Db + (d− 1)Ds
+O (φs) , (5.4)

and as each sphere was considered as a single entity, this result is strictly valid only in the

dilute limit of sparse spheres, φs � 1, beyond which corrections of O
(
φ2
s

)
are required to

account for interactions between adjacent spheres (Markov, 2000). The related Clausius-

Mossotti or Maxwell-Garnett mixing rules

Deff −Ds

Deff + (d− 1)Ds
= φs

Db −Ds

Db + (d− 1)Ds
. (5.5)

are a direct result of (5.4), and are more commonly used (Merrill et al., 1999).
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An improvement on the Maxwell-Garnett approximation was made by Bruggeman,

when he developed an expression for the e�ective electrical properties of a composite system

that treats the two composites in a symmetrical fashion, giving the relation

(1− φs)
Db −Deff

Db + (d− 1)Deff
+ φs

Ds −Deff

Ds + (d− 1)Deff
= 0. (5.6)

This result (also known as the Bottcher, Polder-van Santen or E�ective Medium Approxim-

ation) came from intuition that the total polarization of an electric �eld is zero throughout

the homogenised composite medium, and has the property that it treats the inclusions and

the environment symmetrically, with no di�erence between the two phases. Intuitively,

this symmetry in (5.6) can be interpreted as a weighted mixing of the unknown e�ective

medium using the volume fraction of each component as weight, and is in stark contrast

with the Maxwell-Garnett approach, which is inherently non-symmetric (Sihvola, 2000).

While the Maxwell-Garnett mixing rule only holds for the dilute composite media, the

Bruggeman rule has a wider applicability, and is valid for larger volume fractions. This

is because it correctly interpolates between the di�usion coe�cients Db and Ds at φs = 0

and φs = 1, as well as between the derivatives
dDeff
dφs

∣∣∣
φs=0

and
dDeff
dφs

∣∣∣
φs=1

(Monecke, 1987;

Landauer, 1978).

Another well-known formula, often used in the study of wave propagation in random

media is the Coherent Potential formula (Landauer, 1978; Sihvola, 2000). For spherical

inclusions in a d-dimensional domain, to O (φs), this is stated as

Deff = Db + φs (Ds −Db)
dDeff

dDeff + (1− φs) (Ds −Db)
. (5.7)

The Maxwell-Garnett, Bruggeman and Coherent Potential mixing rules given in (5.5),

(5.6) and (5.7) can be stated in the form of the Uni�ed Mixing formula

Deff −Ds

Deff + (d− 1)Ds + ν (Deff −Ds)
= φs

Db −Ds

Db + (d− 1)Ds + ν (Deff −Db)
, (5.8)

where ν = 0 for the Maxwell-Garnett, ν = 2 for the Bruggeman and ν = 3 for the Coherent

Potential approximations (Kristensson, 2003; Sihvola, 2000). It is worth noting that all

classical mixture formulae have their domain of validity for small volume fractions φs � 1,

with a perturbation expansion of (5.8) giving

Deff ≈ Db + dφs
Ds −Db

Ds + (d− 1)Db
, (5.9)

to O (φs), and the parameter ν a�ecting the O
(
φ2
s

)
corrections.

Composites consisting of two or more materials of very di�erent properties are known

as high-contrast composites, and correspond to the asymptotic limit Db
Ds
� 1. In the case
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of the Maxwell-Garnett formula (5.5), Perrins et al. (1979b) derive the limiting case of

impenetrable cylinders in two dimensions as

Deff = Db
1− φ
1 + φ

, (5.10)

where φ is the volume fraction of the cylinder.

In the context of conductivity, there exists a reciprocal relation linking the e�ective

properties of a high contrast conductor to that of a composite with the same phase geo-

metry, but with an electrical contact resistance at phase interfaces (Lipton, 1997), such

that

σeff

(
φs,

σs
σb

)
σeff

(
φs,

σb
σs

)
= 1, (5.11)

for e�ective conductivity σeff as a function of inclusion fraction φs and conductivities σs,

σb. This result was proven by Keller (1963) for composites with rectangular symmetry,

and was later applied to the average conductivity of a statistically homogeneous, isotropic

random distribution of cylinders (Keller, 1964). While there is no equivalent physical

interpretation of the resistivity in the context of di�usion, this result allows us to apply

results derived for perfect conductors to study di�usion in the presence of impenetrable

obstacles.

5.2.3 Bounds on di�usion

So far, we have considered the case of ordered media. For the case of disordered media,

the lack of a microscopic unit cell limits the information about the internal structure of a

medium. Instead, the e�ective properties of the medium are expressed in terms of upper

and lower bounds. The most widely used of these are known as the Wiener bounds (also

known as Voigt-Reuss bounds in elasticity literature), and the Hashin-Shtrikman bounds.

The simplest of these bounds was �rst derived by Wiener in the context of conductivity.

These were derived by looking at the best and worst cases for conductivity, and assuming

that the phases in a composite system are lumped in either series or parallel layers. The

e�ective properties for these cases were then found using the analogy of an equivalent

electrical circuit using a series model for the lower limit and a parallel model for the upper

limit (Das et al., 2010). In the context of di�usion in a two-phase medium, this results in

a bound on the e�ective di�usivity, Deff ,

(
φ1

D1
+
φ2

D2

)−1

≤ Deff ≤ φ1D1 + φ2D2, (5.12)
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where Di and φi are the di�usion coe�cients and volume fractions of the ith phase, re-

spectively. These bounds de�ne an interval within which the e�ective properties of the

heterogeneous medium should lie, independently on the details of the internal arrange-

ment. These depend solely on the phase volume fractions, and are valid for arbitrary

micro-structures, and both isotropic and anisotropic media. We also note that (5.12) are

inclusive bounds, and there exist heterogeneous media whose e�ective properties equal the

limit upper- and lower-bound cases, notably laminate or �bre media (Markov, 2000).

With further assumptions, the Wiener bounds can be improved. By assuming that

the composite is macroscopically isotropic, in addition to being statistically homogeneous,

Hashin and Shtrikman used a variational principle to obtain greatly improved bounds on

Deff . For a two-phase medium, these bounds are given by

D1 +
φ2

1
D2−D1

+ φ1

3D1

≤ Deff ≤ D2 +
φ1

1
D1−D2

+ φ2

3D2

, (5.13)

for D1 < D2. The Hashin-Shtrikman bounds are valid for any two-phase composite and

describe the possible eigenvalues of the e�ective di�usivity matrix. The authors were able

to show that, for the two-phase system, these are also the best obtainable bounds if one

assumes only homogeneity and isotropy. For spherical inclusions, the upper bound of (5.13)

reduces to the Maxwell formula (5.4), while the lower bound corresponds to the inverse

case of the same expression, where D2 > D1 (Sihvola, 2013).

A comparison of the tightness of the Wiener and Hashin-Shtrikman bounds can be

seen in Figure 5.1, where the range of possible values of the e�ective di�usivity is indicated

by the shaded area. The Hashin-Shtrikman bounds, enclosing the shaded area, provide a

tighter bound on the e�ective di�usivity than the Wiener bounds, with the exception of

the extreme layered media, where the bounds are equal. The exact shape enclosed by the

Hashin-Shtrikman bounds depends on the relative ratios of D1 and D2, with looser bounds

for higher contrasting materials. If one of the phases is the void phase, such as a medium

�lled with impenetrable obstacles, D1 → 0 and the lower bounds of both the Wiener and

Hashin-Shtrikman expressions degenerate to zero.

5.2.4 Square inclusions

Despite useful asymptotic results, such as those shown in Section 5.2.2, few closed-form

solutions exist, even for the relatively simple case of two-phase media (Craster and Ob-

nosov, 2001). One special case of micro-structures in two dimensions is that of the periodic

checkerboard, a doubly-periodic medium consisting of two distinct squares, arranged in an
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DEff,1

DEff,2

Hashin-Shtrikman Bound

Isotropic Medium

Lower
Wiener
Bound

Upper
Wiener
Bound

Lower
Wiener
Bound

Upper
Wiener
Bound

Figure 5.1: Bounds on e�ective di�usion in phase space, with optimal points indicated by
circles. DEff,1 and DEff,2 are the diagonal elements of the di�usivity tensor (adapted
from Meidell, 2001).

alternating manner. Using a duality argument, Keller (1964) found that a two-phase check-

erboard with squares of di�usivity (or conductivity), D1 and D2, has e�ective coe�cient

Deff =
√
D1D2. (5.14)

This solution was later used to show that the e�ective di�usivity of a three-dimensional,

face centred cubic checkerboard in the limiting case of D2
D1
� 1 has di�usivity Deff =

√
D1D2 (Milton, 2001).

The asymptotic case D2
D1
� 1 is of particular interest when studying di�usion through

media with obstacles. However, the simple two-dimensional periodic checkerboard is of

limited use, as the case D1 = 0 result in a trivial solution. An extension of this model

is the four-phase periodic checkerboard, assembled by lining 2 × 2 squares of equal area,

each with di�usion coe�cients D1, D2, D3 and D4. In 1985, Mortola and Ste�e proposed

a conjecture for the e�ective conductivity of this structure. This conjecture was proven

independently by Milton (2001) and Craster and Obnosov (2001), and gives the closed

form solution for e�ective di�usivity

Deff =

√
(D2 +D3) (D4 +D1)

(D1 +D2) (D3 +D4)

×
√
D1D2D3 +D1D2D4 +D1D3D4 +D2D3D4

D1 +D2 +D3 +D4
. (5.15)

Finally, Lu (1995) derived an asymptotic relation for square cylinders in a two-dimensional

146



square array, analogous to the round cylinder case of Perrins et al. (1979a).

5.3 Parabolic equations

5.3.1 Heat equation

Dfree = D

Dobst = 0

l

l

L

Figure 5.2: Heterogeneous domain with periodic structure.

We consider the simplest model of cell motility in a heterogeneous environment: dif-

fusion in a two-dimensional domain containing impermeable, axisymmetric obstacles, ar-

ranged in an a periodic manner (see Figure 5.2). For simplicity, we suppose that the

motility coe�cient does not change in the free space, although this can be extended to a

spatially-varying motility coe�cient using the same techniques.

The two-dimensional, L × L domain illustrated in Figure 5.2 is composed of periodic

cells of size l × l. In each unit period, species u di�uses in free space, Ω, with motility

tensor ~Dfree, and the impermeable obstacle is represented by a region of space with motility

coe�cient Dobst = 0. The motility tensor, ~Dfree, is constant, but not necessarily isotropic.

The spatio-temporal evolution of species u in free space, Ω, is given by the Heat equation

∂u (X, t)

∂t
= ∇ ·

(
~Dfree∇u (X, t)

)
in Ω, (5.16)

in space, X, and time, t, subject to a no-�ux boundary condition at the obstacle interface,

Γ, given by

− ~Dfree∇u (X, t) · n = 0 on Γ, (5.17)

where n is the unit normal to Γ.
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Making use of the periodic structure in the system, we de�ne the dimensionless length

scales

x =
X

L
, (5.18)

y =
X

l
, (5.19)

which can be related through the aspect ratio

ε =
l

L
, (5.20)

such that

y = ε−1x. (5.21)

Assuming that l� L for closely-packed obstacles in a large domain, the length scales x

and y may be interpreted as the macroscopic and microscopic length scales of the system,

respectively. Although these variables are related through the small parameter, ε � 1,

it becomes convenient to use separation of scales to formulate the governing equations in

terms of both these variables, which are treated as being independent of each other from

now on.

Making use of this separation of scales, we write u ≡ u (x,y, t) and expand asymptot-

ically in powers of ε as

u (x,y, t) = u0 (x,y, t) + εu1 (x,y, t) + ε2u2 (x,y, t) +O
(
ε3
)
, (5.22)

where each u(i) (x,y, t) is y-periodic, such that

u(i) (x,y + εej , t) = u(i) (x,y, t) , (5.23)

where ej are unit vectors in the jth direction, and j ∈ [1, 2].

Using (5.21) and applying the chain rule, the gradient operator with respect to original

spatial variable, X, can be rewritten in terms of the macro- and microscopic length scales

as

∇ ≡ ∇x + ε−1∇y, (5.24)

where ∇x ≡ ∂
∂x1

x̂1 + ∂
∂x2

x̂2 and ∇y ≡ ∂
∂y1

ŷ1 + ∂
∂y2

ŷ2 are the gradient operators with respect

to new variables x and y, with corresponding unit vectors x̂i and ŷi, respectively.

Substituting (5.22) and (5.24) into (5.16), and grouping like orders of ε, the �rst three
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terms governing the evolution of u in free space Ω are

0 = ∇y ·
(

~Dfree∇yu0

)
, at O

(
ε−2
)

(5.25)

0 = ∇y ·
(

~Dfree∇xu0 +Dfree∇yu1

)
+∇x · (Dfree∇yu0) , at O

(
ε−1
)

(5.26)

∂u0

∂t
= ∇y ·

(
~Dfree∇xu1 +Dfree∇yu2

)
+∇x ·

(
~Dfree∇xu0 +Dfree∇yu1

)
, at O (1) , (5.27)

Similarly, the corresponding boundary conditions on Γ, given by (5.17), become

− ~Dfree (∇yu0) · n = 0, at O
(
ε−1
)

(5.28)

− ~Dfree (∇xu0) · n− ~Dfree (∇yu1) · n = 0, at O (1) (5.29)

− ~Dfree (∇xu1 +∇yu2) · n = 0, at O (ε) (5.30)

At O
(
ε−2
)
, Equations (5.25), (5.28) and (5.23) imply a solution

u0 (x,y, t) ≡ u0 (x, t) , (5.31)

which is independent of micro-scale, y. This solution is unique up to an additive constant,

and applying the Fredholm Alternative Theorem, we impose the additional condition

¨
Ω
u0 (x,y, t) dy = constant, (5.32)

on the microscale to ensure uniqueness.

Substituting (5.31) into (5.26), the O
(
ε−1
)
terms imply that

∇y ·
(

~Dfree∇xu0 + ~Dfree∇yu1

)
= 0, (5.33)

subject to corresponding boundary condition (5.29). Using separation of variables, we

rewrite u1 (x,y, t) as

u1 (x,y, t) = ~χ (y) · ∇xu0 (x, t) + ū1 (x, t) , (5.34)

where u1 (x, t) is an arbitrary function of x and t only, and cell functions χj (y), j ∈ [1, 2]
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are chosen to satisfy the related cell problem

−∇y

(
~Dfree (ej +∇yχj (y))

)
= 0 in Ω, (5.35)

−n ·
(

~Dfree (ej +∇yχj (y))
)

= 0 on Γ, (5.36)

where each χj (y) are y-periodic, and have the property

¨
Ω
χj (y) dy = 0, (5.37)

to ensure uniqueness. The solution of (5.35)�(5.37) for cell function ~χ (y) allows us to ex-

press u1 terms in terms of u0 through (5.34). We now seek to relate u2 to u0 by considering

the O (1) terms in (5.27).

Integrating (5.27) over a unit cell, Ω, we �nd that

¨
Ω

∂u0

∂t
dy =

¨
Ω
∇y ·

(
~Dfree∇xu1 +Dfree∇yu2

)
dy

+

¨
Ω
∇x ·

(
~Dfree∇xu0 +Dfree∇yu1

)
dy. (5.38)

Using Green's theorem (or divergence theorem for the three-dimensional case), the double

integral over the unit cell can be replace by a line integral, giving

∂u0

∂t

¨
Ω
dy =

˛
Γ
n ·
(

~Dfree∇xu1 +Dfree∇yu2

)
ds

+∇x ·
¨

Ω

(
~Dfree∇xu0 +Dfree∇yu1

)
dy, (5.39)

where ~n is the unit normal to the contour. Applying the boundary conditions (5.30) on

the unit cell, this reduces to

∂u0

∂t

¨
Ω
dy = ∇x ·

¨
Ω

(
~Dfree∇xu0 +Dfree∇yu1

)
dy, (5.40)

and substituting (5.34) relates the macroscopic solution u0 (x) to the cell problem ~χ as

1

|Ω|
∂u0

∂t
= ∇x ·

¨
Ω

~Dfree (∇xu0 +∇y (~χ (y) · ∇xu0 + ū1 (x))) dy, (5.41)

where |Ω| is the area of the unit cell. Since u1 (x) is independent of the microscale, y, the

gradient of the last term in (5.41) is zero, and the macroscopic equation simpli�es to

1

|Ω|
∂u0

∂t
= ∇x ·

¨
Ω

~Dfree (∇xu0 +∇y (~χ (y) · ∇xu0)) dy. (5.42)
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Given this form of the integral expression, we can de�ne the e�ective di�usivity tensor as

~D∗ij =
1

|Ω|

¨
Ω

(
Dfree,ij +

(
~Dfree∇yχi (y)

)
· ej
)
dy (5.43)

=
1

|Ω|

¨
Ω

~Dfree (ei +∇yχi (y)) · (ej +∇yχj (y)) dy, (5.44)

where notation Aij indicates i
th row and jth column of tensor A. The �rst term of (5.43)

can be interpreted as the mean di�usivity of the unit cell, and the second term as a higher-

order corrector. Substituting this de�nition into the governing equation for the macroscopic

evolution of u0 (x, t), the macroscopic governing equation reduces to

ψ
∂u0

∂t
−∇x ·

(
~D∗∇xu0

)
= 0, (5.45)

where ψ = |Ω\Ωobst|
|Ω| is the porosity of the unit cell.

For symmetric obstacles in a domain with a constant, isotropic di�usion coe�cient,

~Dfree = DfreeI, the e�ective di�usivity becomes

Dfree

|Ω|

¨
Ω

(
1 +

∂χ1

∂y1

)
dy = Deff =

Dfree

|Ω|

¨
Ω

(
1 +

∂χ2

∂y2

)
dy. (5.46)

5.3.2 Extension to reaction-di�usion system

While we have only considered the case of di�usion only, it should be noted that the

homogenisation procedure from Section 5.3.1 can be extended to incorporate a reaction

term. The addition of a small linear reaction term with rate constant k ∼ ε2 to (5.16), the
governing equation

∂u (X, t)

∂t
= ∇ ·

(
~Dfree∇u (X, t)

)
− ku in Ω, (5.47)

yields the e�ective macroscopic equation

ψ
∂u0

∂t
− ∂

∂xi

(
~D∗
∂u0

∂xj

)
+ ψku0 = 0, (5.48)

where ~D∗and ψ are de�ned as in Section 5.3.1. The assumption of an O
(
ε2
)
reaction rate

implies that this term only appears in the O (1) balance in (5.27), and does not a�ect the

solution of the cell function. Rewriting the reaction constant as

k = k∗v, (5.49)
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this simple extension can be applied to the study slow reactions of u with a spatially

uniform distribution of species v.

More general methods for the homogenisation of reaction-di�usion equations in high

contrast media have been developed, including non-linear reaction terms (Pankratov et al.,

2003) and reaction-driven changes to the micro-structure (Meier, 2008).

5.4 Numerical results and comparison

As we have seen in Section 5.2, the shape of inclusions strongly a�ects the macroscopic

properties of the e�ective domain, particularly for the case of dense obstacles. In this

section, we calculate the e�ective di�usivity of squares and rounded squares using the

homogenisation approach derived in Section 5.3, and compare these with existing theory

and discrete simulations of random walks on a lattice.

5.4.1 Shape of obstacles

The asymptotic homogenisation method derived in Section 5.3 expressed the e�ective

properties of an in�nite medium with periodic obstacles in terms of a local cell prob-

lem (5.35)�(5.37). This non-trivial system of equations for χ1 (y, t) and χ2 (y, t) can be

solved numerically using a Finite Element solver such as COMSOL.

We considered a unit cell Ω : [0, 1]× [0, 1], with free space di�usivity Dfree = 1 and an

impenetrable obstacle centred about y = (0.5, 0.5). The range of obstacle shapes, shown

in Figure 5.3, was created by rounding corners of a square using COMSOL's Fillet tool,

with the area of the inclusion given by

Aobst =
(

(2r)2 − π (pfilletr)
2
)
, (5.50)

where 2r is the width of the square, and 0 ≤ pfillet < 0.5 is the �llet fraction, with the

value pfillet = 0.5 corresponding to a circle of radius r.

0% 10% 20% 30% 40% 50%

Figure 5.3: Obstacle shapes with increasing percentage of corner rounding.

To implement the zero-mean condition (5.37) numerically, the cell problem (5.35)�
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(5.37) was reformulated as the time-varying initial-value problem

∂χi (y, t)

∂t
= Dfree

(
∂2χi
∂y2

1

+
∂2χi
∂y2

2

)
in free space, (5.51)

n · (∇χi) = −n̂yi, at obstacle interface (5.52)

χi|y1=0 = χi|y1=1 , (5.53)

χi|y2=0 = χi|y2=1 , (5.54)

χi (t = 0) = 0, (5.55)

where n̂yi is the unit normal in the yi direction. Solving this over time interval t ∈ [0, 10]

on COMSOL's prede�ned �Fine� mesh setting, the solutions of χ1 and χ2 converged to

a solution for t < 1 for all cases tested. The resulting long-time solution was used to

evaluate the e�ective di�usivity through (5.46) for �llet ratios pfillet = [0, 0.1, 0.2, 0.3, 0.4]

and 2r ∈ [0.025, 0.95]. The numerical results for e�ective di�usivity are shown in Figure 5.4.
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Figure 5.4: Comparison of e�ective di�usivity for square and rounded square obstacles
from homogenisation and e�ective medium theory. These are contained within the Weiner
Bounds (horizontal shade) and Hashin-Shrikman Bounds (vertical shade). Non-square
obstacles show a percolation threshold as r → 0.5

The analytic expressions for e�ective di�usion coe�cients in Section 5.2 converge to

the same result in the limit of small obstacle size, φs < 0.2. The Maxwell and Bruggeman

rules diverge for φs > 0.2, with the latter providing a slightly more accurate bound. These

errors arise due to the breakdown of the dilute phase assumptions, and have previously

been reported in literature (Hui and Ke-da, 1992).

With increasing obstacle size, the shape of inclusions becomes important (Kalnin et al.,

2002). In the case of circular inclusions, the e�ective di�usivity in Figure 5.4 approaches

zero as radius r → 0.5 and obstacle area φs → π
4 , corresponding to the percolation threshold
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of obstacles touching their neighbours. While there is still free space in the corners of the

unit cell, the di�usivity is limited by the narrow channel, and Li et al. (2002) show that

the asymptotic behaviour tends to

Deff =
2 (π/4− φ)

π
3
2

,
π

4
− φs � 1. (5.56)

This percolation phenomenon becomes less prominent as the obstacle shape tends to a

square, in which case Deff → 0 only as φs → 1. As expected, the upper Hashin-Shtrikman

bound matches the square obstacles case, and all numerical results lie within the regions

speci�ed by this, as well as the looser Wiener bounds.

5.4.2 Stochastic simulation comparison

The compartment-based Stochastic Simulation Algorithm from Chapter 3 can be extended

to incorporate obstacles in the interior of the domain. Compartments with obstacles are

set to behave in the same way as boundaries, with any inter-compartment jumps from a

neighbouring compartment re�ected, corresponding to a no-�ux condition (Section 3.2.3).

This rule-based approach can be further extended to model crowding e�ects of particles

by introducing a maximum compartment occupancy, with full compartments acting as

(time-dependent) obstacles. However, this extension is beyond the scope of our work, and

we only consider the case of static obstacles.

For the two-dimensional, square lattice domain considered in Chapter 3, blocked com-

partments behave as square obstacles from Section 5.4.1. In theory, curvature can be

approximated by reducing the compartment size and forming obstacle aggregates, but as

discussed in Section 3.5, there would be limits to the minimum compartment choice when

inter-compartment reactions are considered.

Using the e�ective di�usion coe�cient calculated in Section 5.4.1, we now compare the

obstacle and e�ective medium approximation for simple random walk in two dimensions

in the discrete case. For two choices of compartment size, h = 0.01 mm and h = 0.05 mm,

we consider a periodic checkerboard arrangement of 0.05 × 0.05 mm obstacles in a two-

dimensional domain (Figure 5.5).

The checkerboard arrangement in Figure 5.5 corresponds to a 0.1 × 0.1 mm periodic

unit cell, with 25% of the area occupied by obstacles. The stochastic inter-compartment

jump rate from Section 3.2.4 is given by

kjump =
2d

h2
D, (5.57)
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(a) 3× 3 tiling of unit cells for h = 0.05. (b) 3× 3 tiling of unit cells for h = 0.01.

Figure 5.5: Equivalent stochastic simulation domains for two discretisations.

where h is the compartment width and d = 2 in the two-dimensional situation. The

asymptotic homogenisation method from Section 5.3 reduced the di�usion equation (5.16)

in a domain with obstacles to the scaled di�usion equation (5.45) with reduced di�usivity.

Due to the porosity term multiplying the ∂
∂t term in (5.45), the e�ective di�usivity from

(5.46) must be divided by the porosity to put the problem in the equivalent random walk

problem, giving

D =
Dfree

|Ω \ Ωobst|

¨
Ω

(
1 +

∂χ1

∂y1

)
dy

≈ 0.771

for Dfree = 1. The jump rate for the e�ective medium case is then calculated using this

value. For a 2 × 2 mm domain with an initial condition of a single cell at x = (1, 1),

10000 simulations were run for Dfree = 1 and Deff = 0.771 for compartment size h = 0.01

and h = 0.05 mm over time interval t ∈ [0, 1]. The radial mean-squared displacement of

these simulations, plotted in Figure 5.6, shows a linear relationship in time, agreeing with

established results for the limiting case of a random walk (Berg, 1993, pp. 11).

The observed di�usion constant for each case (Table 5.2), shows excellent agreement

between the e�ective medium cases for both h = 0.01 and h = 0.05 discretisations, with the

values within 2% and 3%, respectively, of the expected value Deff = 0.771. The observed

di�usion coe�cient for the obstacle domain for compartment size h = 0.01 is slightly less

than the analytically-derived value, but roughly agrees with the both the e�ective case,

and similar results reported by Holcman et al. (2011) for square obstacles. However, the

analogous obstacles case for compartment size h = 0.05 shows a signi�cantly reduced
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Figure 5.6: Radial mean-squared displacement of 10000 simulations for a random walk
on a 0.05 × 0.05 mm checkerboard domain with Dfree = 1 and e�ective medium with
Deff = 0.771 for compartment sizes h = [0.01, 0.05].

Slope of Mean-Square
Displacement, m

Macroscopic Di�usion,
D = m

2d

h = 0.01, E�ective
Medium

3.00 0.75

h = 0.05, E�ective
Medium

2.90 0.76

h = 0.01, Obstacles 3.03 0.73

h = 0.05, Obstacles 2.56 0.64

Table 5.2: Observed di�usion constant from Figure 5.6.
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di�usion coe�cient, with a value 17% smaller than the expected value of Deff = 0.771.

This suggests that the choice of compartment size a�ects the macroscopic properties of

random walks on the lattice, despite representing seemingly equivalent domains.

This discrepancy between the e�ective medium and obstacle cases in the stochastic

model is due to the relative size of obstacles to minimum jump distance (equal to com-

partment size, h). The asymptotic homogenization method from Section 5.3 converges to

the e�ective di�usion in the limit ε → 0, and the Taylor series expansion (5.22) is valid

for ε � 1. However, this expansion implicitly relies on the micro-scale variable, y, be-

ing continuous, and is only valid when the mean-free path of particles (or alternatively,

the particle size) is much smaller than obstacle spacing. These e�ects have previously

been shown by Gauthier et al. (2004), who found that the use of discrete compartment

sizes comparable with the size of the obstacles (or the particle) themselves will not lead

to the same quantitative dynamical properties as a continuous-time, o�-lattice Brownian

Dynamics simulation of the same system.

Mercier et al. (1999) have shown that the correct e�ective di�usion limit for obstacles

in an on-lattice model is recovered as h → 0, but it has previously been noted that the

inclusion of inter-compartment reactions to the Stochastic Simulation Algorithm enforces

a minimum compartment size (Erban and Chapman, 2009). In the context of modelling

cell interactions, the choice of minimum compartment size is also limited by the size of the

cell, corresponding to h = 0.01 mm (Section 3.3).

From the results of these stochastic simulations, we conclude that classical (continuum)

homogenisation approaches are insu�cient in describing the macroscopic properties of

domain with periodic obstacles of the same order as particles, and a new approach is

required to determine the e�ective di�usivity in the system.

5.5 Summary

In this chapter, we have considered a simpli�ed theoretical framework to estimate the

e�ective motility of cells in a heterogeneous domain �lled with periodic obstacles. In the

limit of closely packed obstacles in a su�ciently large domain, we made use of the method

of multiple scales to derive the e�ective motility coe�cient in terms of a single unit period.

This was then solved numerically using a �nite element solver for symmetrical square and

rounded obstacle cross-sections.

After presenting existing asymptotic approximations, as well as upper and lower bounds

for the e�ective di�usivity in domains �lled with periodic cylindrical and square obstacles,

we compared these with our numerical results, and found excellent agreement with theory.

The calculated motility for square obstacles was used to compare the e�ective medium ap-

proach with the obstacle case in the lattice-based stochastic model. The observed di�usion

coe�cient, calculated from the mean-squared displacement, demonstrated the breakdown
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of the continuum �e�ective medium� approach in the discrete case for larger choices of

compartment size. The reduced observed di�usion was attributed to the jump size being

comparable with the obstacle size, with Taylor series expansion no longer being valid on

the micro-scale due to the breakdown of the continuum assumption.

This limiting case suggests the need for a discrete analogue of the method of multiple

scales, which is addressed in the next chapter.
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Chapter 6

E�ective transport properties of

random walks on lattices

In this chapter, we develop techniques for determining the e�ective transport properties of

a heterogeneous medium with periodic obstacles in cases where the microscale interactions

are discrete. By considering the case of a random walk on a lattice with spatially-dependent

transition rates, we present a method for determining whether the macroscopic behaviour is

drift- or di�usion-dominated, and calculating the e�ective macroscopic governing equation.

6.1 Introduction

In Chapter 5, we saw how periodic, heterogeneous composite media could be approximated

with a homogeneous, e�ective medium that takes into account the variations on the micro-

scale. This idea is generally known as homogenisation, and several techniques exist for

determining these e�ective properties. All these approaches depend on a separation of

scale, where the heterogeneities are small relative to the global dimensions of the medium.

Various techniques exist to determine the e�ective properties of media. In a continuum

description, various perturbation method approaches are used. Writing the system as a

function of both the microscopic and macroscopic length-scales related by the ratio of

the micro- and macroscopic length-scales, ε, the governing equations are then expanded

asymptotically in powers of the small parameter ε. Matching solutions at orders of ε and

making use of the periodicity of the system, the leading-order behaviour of the system

can be expressed in terms of an integral of the microscopic unit cell, which describes the

speci�c geometry of the system (as demonstrated in Section 5.3.1).

Most solids are crystalline, and what is often referred to as di�usion in such struc-

tures actually occurs by atomic hops in a lattice. There exists a separation of time-scales

between the elementary jump process of particles between neighbouring lattice sites and
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the succession of steps that lead to macroscopic di�usion (Mehrer, 2007). In fact, many

properties of these two formulations are equivalent on macroscopic length-scales or in the

slow-time limit. However, this correspondence does not always hold, particularly when the

quantities of interest depend on distances comparable to the lattice constant (Blumen and

Zumofen, 1981). In the case of continuum approaches to homogenisation, the microscopic

scale is treated as a continuous variable to make use of Taylor expansions. As we saw in

Section 5.4.2, this approach is no longer valid when the period of the microscopic variations

is of the same order of magnitude as the lattice spacing, and in this case, other techniques

must be used.

These limitations are often seen in solid state physics (Haus and Kehr, 1987) and lattice

gas dynamics (Kutner, 1981). To overcome continuum limitation, it is common to consider

jump-di�usion processes of single particles on the microscopic scale as probabilistic random

walks on an ordered lattice, or in the case of a one-dimensional random walk, a periodic

potential well (Zwerger and Kehr, 1980). In statistical mechanics, the Brownian motion

of particles in a periodic potential well is described by Langevin equations. Using linear

response theory, it is possible to derive the Kubo-Green relation relating the di�usion

coe�cient to the velocity autocorrelation, or an ensemble average of the second moment.

Typically, this approach only allows for the calculation of the e�ective di�usion coe�cient

in the over-damped limit, as this is the limit in which only single jumps occur. It has also

been noted that the Kubo-Green formula is invalid when the probe size is of the order of

the applicable scale length for the lattice gas (Uebing et al., 1996).

E�ective medium approximations of continuous time random walks on a lattice have

also been treated using generating functions approaches by Montroll and Weiss (1965),

and later applied to the study of disordered media. These approaches make use of Lattice

Green functions, constructed from discrete Fourier transforms of single-step transition

probabilities, expressing the e�ective di�usion coe�cient in terms of the zeroth and second

moment of the hopping probability (Scher and Lax, 1973). A thorough description of this

method, as well as related techniques, can be found in reviews by Bouchaud and Georges

(1990); Havlin and Ben-Avraham (1987); Kehr et al. (1998).

The Montroll-Weiss method was used by Kehr and Haus (1978) to determine the ef-

fective transport in a material with traps, such as charge transport in semiconductors and

di�usion of particles in metals with defects. The general procedure, summarised in Braun

and Sholl (1998); Koza (1999) is

1. Reduce in�nite system to single elementary cell with periodic boundary conditions.

2. Write down Master equation.

3. Calculate steady-state properties of this system; in particular, the steady-state site

occupation probabilities.
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4. Using this information, �nd e�ective drift, ν, and e�ective di�usion coe�cient, D.

Applying this result to the e�ective conductivity in an n-state trapping model, Kehr and

Haus (1978) con�rmed an existing result of frequency-independent e�ective conductivity,

originally proposed by Tunaley (1974).

A method of determining e�ective di�usion coe�cient, D, in arbitrary periodic lattice

systems satisfying the detailed balance condition was then proposed by Braun and Sholl

(1998). Building on the methods of Kutner and Sosnowska (1977); Kehr et al. (1978),

the authors looked at the joint probability master equation for occupation of states on

a lattice. Taking Fourier and Laplace transforms in space and time, respectively, the

authors constructed an eigenvalue problem in terms of a transfer matrix and Boltzmann

distribution for equilibrium occupation of sites. De�ning the eigenvector and eigenvalues

of the transformed system as continuous functions of wavelength, k, the lowest eigenvector

was Taylor expanded about k = 0. The coe�cients of this expansion were then related to

the mean-squared displacement, and shown to be equivalent to the di�usion coe�cient.

While this method is mathematically consistent, it does not give adequate physical

meaning to the derived quantities. Furthermore, the e�ective macroscopic transport equa-

tions are not derived explicitly, but rather, the derived coe�cient is shown to satisfy the

e�ective equations through substitution.

In this chapter, we develop a more rigorous method for the derivation of e�ective

transport equations of random walks on discrete lattices. Our derivation mirrors classical

multi-scale homogenisation, and consequently, each step has physical interpretation. The

resultant e�ective transport equations are shown as a direct consequence of the derivation,

and agree with the results of Braun and Sholl (1998). Although we consider the simple

case of transitions between adjacent nodes, it should be noted that the method derived

here is equally valid for non-Markov processes.

6.2 Toy problem

(2) (1) (2) (1) (2)

λ2→1 λ1→2

λ1→2 λ2→1

λ2→1

λ1→2

λ1→2

λ2→1

| | | | |
ε ε ε ε

Figure 6.1: One-step transition for a one-dimensional, periodic Markov chain consisting of
two distinct node types, separated by distance ε.

To illustrate the general approach, we start by considering the simplest case: a one-

dimensional Markov chain, consisting of two distinct type of nodes separated by distance

ε, arranged in a periodic, alternating manner (Figure 6.1). We de�ne spatial coordinate
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x = nε, where n is the node index n ∈ Z, and node type i ∈ [1, 2], where the node type

of the current position is given by i = mod (n− 1, 2) + 1. In contrast to continuum

homogenisation techniques where the micro- and macroscopic length-scales are continuous

variables expressed in terms of each other, the microscopic length-scale in our system is

accounted for by the discrete node index, i. The Markov chain formulation implies that

transitions can only occur between adjacent nodes, and writing λn→n±1 to denote transition

rates left and right from node n, we see that λn+1 = λn−1 in the two-node case. Due to

the periodicity of the chain, we only need to consider a single unit period of the Markov

chain to characterise the overall properties of the system.

The conditional probability of being at position x in node type i ∈ [1, 2] at time t+ ∆t

is given by

P
(t+∆t)
1 (x, t+ ∆t|x, t) = λ2→1∆tP

(t)
2 (x− ε; ε) + λ2→1∆tP

(t)
2 (x+ ε; ε)

+ (1− 2λ1→2∆t)P
(t)
1 (x; ε)

P
(t+∆t)
2 (x, t+ ∆t|x, t) = λ1→2∆tP

(t)
1 (x− ε; ε) + λ1→2∆tP

(t)
1 (x+ ε; ε)

+ (1− 2λ2→1∆t)P
(t)
2 (x; ε) . (6.1)

For a random walk on a Markov chain consisting of a single node type, the probability

P (t) (x± ε) would be expanded as a Taylor series in space about x, and the O (1) and O (ε)

terms cancel, reducing to the Heat equation in the limit of continuous time and space. In

the two-node case, P
(t)
1 and P

(t)
2 vary on the fast-scale, and therefore, the cross-terms

representing transitions from adjacent states cannot be trivially expressed in terms of each

other. Considering node of type i at position x, we approximate the probability of being

in an adjacent state by Taylor expanding P
(t)
i±1 (x± ε; ε) in the neighbourhood of x by

P
(t)
i±1 (x± ε; ε) = P

(t)
i±1 (x; ε)± ε

∂P
(t)
i±1

∂x
+
ε2

2

∂2P
(t)
i±1

∂x2
+O

(
ε3
)
, (6.2)

and (6.1) becomes

P
(t+∆t)
1 − P (t)

1

∆t
≈ −2λ1→2P

(t)
1 (x; ε) + 2λ2→1P

(t)
2 (x; ε) + ε2λ2→1

∂2P
(t)
2

∂x2

P
(t+∆t)
2 − P (t)

2

∆t
≈ 2λ1→2P

(t)
1 (x; ε)− 2λ2→1P

(t)
2 (x; ε) + ε2λ1→2

∂2P
(t)
1

∂x2
. (6.3)

Taking the continuum time limit ∆t→ 0, (6.3) is reduced to the system of Master equations

∂

∂t
P = AP + εBP +

ε2

2
CP, (6.4)
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where P=

[
P1 (x, t; ε) P2 (x, t; ε)

]T
,A=

-2λ1→2 2λ2→1

2λ1→2 -2λ2→1

,B=

0 0

0 0

 and C=

 0 2λ2→1
∂2

∂x2

2λ1→2
∂2

∂x2 0

.
Taking an analogous approach to that used in classical homogenisation techniques,

we assume that the transition probability vector, P, can be written in the form of an

asymptotic expansion in small parameter, ε, as

P (x, t; ε) = P(0) (x, t; ε) + εP(1) (x, t; ε) + ε2P(2) (x, t; ε) +O
(
ε3
)
, (6.5)

and introduce this into (6.4) to balance corresponding powers of ε. As we are interested

in the macroscopic behaviour of the system, we seek to rescale time to balance the higher-

order corrections in ε. For the two-node case, the drift matrix B = 0, and so no O (ε)

terms will appear in (6.4). The appropriate balance occurs at O
(
ε2
)
, and we apply the

scaling t = ε−2t̂ to obtain

ε2
∂

∂t̂
P(0) = A

(
P(0) + ε2P(2)

)
+
ε2

2
CP(0) +O

(
ε3
)
. (6.6)

The transition matrix, A, is singular regardless of the choice of transition rates λ1→2

and λ2→1. At O (1), the (6.6) implies that

AP(0) = 0. (6.7)

We use separation of variables to write the leading order term as a product of the slow-

and fast-scale variables

P(0)
(
x, t̂; ε

)
= uf

(
x, t̂
)
, (6.8)

where u =

[
λ−1

1→2 λ−1
2→1

]T
is an eigenvector of A, representing the stationary distribu-

tion on the fast-scale, and scalar function f
(
x, t̂
)
varies slowly on the macroscopic scale,

and independent of the rapid variation of the unit Markov chain.

Balancing the O
(
ε2
)
terms in (6.6) relates P(2) to P(0) through the relation

AP(2) = b, (6.9)

where b = ∂
∂t̂
P(0) − 1

2CP
(0). However, since matrix A is singular, there is no unique

solution to (6.9). By the Fredholm Alternative Theorem, if there exists a left eigenvector,

vT , such that vTA = 0T , then a solution P(2) can only exist if b is orthogonal to v. A

suitable left eigenvector of matrix A is vT =

[
1 1

]
, and applying solvability condition
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vTb = 0, we require that

vT
∂

∂t̂

(
uf
(
x, t̂
))

=
1

2
vTC

(
uf
(
x, t̂
))
. (6.10)

The eigenvector u is independent of time, allowing us to write the governing equation for

macroscopic variable f
(
x, t̂
)
as

∂f

∂t̂
=

(
2

1
λ1→2

+ 1
λ2→1

)
∂2f

∂x2
, (6.11)

and identify the macroscopic di�usion coe�cient D = 2
1

λ1→2
+ 1
λ2→1

on the slow-scale.

6.3 Generalization

6.3.1 N-node case in one dimension

(N) (1) (2) (i-1) (i) (i+1) (N -1) (N)

λN→1 λ1→2

λ1→N λ2→1

λi-1→i

λi→i-1

λi→i+1

λi+1→i

λN -1→N

λN→N -1

| | |
ε ε

Figure 6.2: One-step transition for a one-dimensional, periodic Markov chain consisting of
N distinct node types, separated by distance ε.

(1)

(2)
(i-1)

(i)

(i+ 1)

(N -1)
(N)

λ
1→

2

λ 1
→
N

λ
2→

1λ i-
1→
i

λ i→
i-1

λ
i→
i+

1

λ
i+

1→
i

λN -1→N

λN→N -1

λ N
→

1

ε

ε

ε

ε

ε

Figure 6.3: Circular queue representation of N -node periodic unit Markov chain from
Figure 6.2.

We now consider the general case of a one-dimensional Markov chain consisting of an

N -node unit period (Figure 6.2), of which the illustrative example from Section 6.2 is
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a special case. For N > 2, the transition rates left and right are not necessarily equal,

allowing for drift-dominant behaviour on the macroscopic scale. Such a one-dimensional

chain can be pictured as a circular queue of N nodes of type i ∈ [1, N ], and current

position, x, describing the number of net rotations from the initial position (Figure 6.3).

Introducing circular indexing notation i± 1 ≡ mod (i± 1− 1, N)+1 to denote nodes

adjacent to index i ∈ [1, N ], the one-step probability of being in state i at time t + ∆t is

given by

P
(t+∆t)
i (x, t+ ∆t|x, t) = λi-1→i∆tP

(t)

i-1
(x− ε; ε) + λi+1→i∆tP

(t)

i+1
(x+ ε; ε) +(

1−
(
λi→i-1 + λi→i+1

)
∆t
)
P

(t)
i (x; ε) . (6.12)

Taylor expanding each P
(t)
i (x± ε) about x and taking continuum limit ∆t→ 0, the system

of Master equations for the 1×N -node unit chain can be written as

∂

∂t
P = AP + εBP +

ε2

2
CP, (6.13)

where vector P =

[
P1 · · · PN

]T
. Matrices A, B and C are N ×N tridiagonal matrices

with corners, and can be written as

A = MNdiag
(
λi→i+1

)
− diag

(
λi→i−1 + λi→i+1

)
+MT

Ndiag
(
λi→i+1

)
,

B =
(
MNdiag

(
−λi→i+1

)
+MT

Ndiag
(
λi→i+1

)) ∂

∂x
,

C =
(
MNdiag

(
λi→i+1

)
+MT

Ndiag
(
λi→i+1

)) ∂2

∂x2
, (6.14)

where MN =

 0 1

IN−1 0

 is the N ×N cyclic permutation matrix.

As with the two-node case in Section 6.2, the transition matrix A is singular, as conser-

vation of probability implies that each column sums to zero for any choice of λj→i. From

this, we identify vT = 11×N as a suitable left-eigenvector for any general transition matrix

A.

Following the same procedure as in Section 6.2, we write an asymptotic expansion of

P (x, t; ε) in terms small parameter ε as

P (x, t; ε) = P(0) (x, t; ε) + εP(1) (x, t; ε) + ε2P(2) (x, t; ε) +O
(
ε3
)
, (6.15)
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and (6.13) becomes

∂

∂t

(
P(0) + εP(1) + ε2P(2)

)
= AP(0) + ε

(
AP(1) +BP(0)

)
+ε2

(
AP(2) +BP(1) +

1

2
CP(0)

)
+O

(
ε3
)
. (6.16)

In contrast to the two-node case, the drift matrix B is generally non-zero, and thus di�usion

arising from O
(
ε2
)
terms is not necessarily the dominant behaviour on the slow-scale. We

seek to rescale time as t = ε−k t̂, where k ∈ Z+ is the smallest integer such that (6.16) is

non-trivial at O
(
εk
)
.

At O (1), (6.16) with substitution t = εk t̂, k ∈ Z+ gives the balance

AP(0) = 0. (6.17)

Using separation of variables, we write P(0)
(
x, t̂; ε

)
as a product of the slow- and fast-scale

variables

P(0)
(
x, t̂; ε

)
= uf

(
x, t̂
)
, (6.18)

where u is an eigenvector of A, representing the stationary distribution on the fast-scale,

and scalar function f
(
x, t̂
)
varies slowly on the macroscopic scale, and independent of the

rapid variation of the unit Markov chain. In theory, the eigenvector u can be solved for

analytically. However, with the exception of some special cases (discussed in Section 6.4),

the analytic form of u is non-trivial, and would usually be solved for numerically.

At O (ε), (6.16) gives the balance

AP(1) = b, (6.19)

where b = −B ∂
∂x

(
uf
(
x, t̂
))
. Since matrix A is singular, AP(1) = b does not have a

unique solution for k ≥ 2. By the Fredholm Alternative Theorem, we require vTb = 0 for

all solutions of ATv in order for a solution solution P(1) to exist at O (ε). This means that

either

vTBu = 0, (6.20)

and no further information about f
(
x, t̂
)
is gained, or

∂f

∂x
= 0, (6.21)

166



From (6.14), we see that the solvability condition (6.20) can be written as

N∑
i

ui
(
λi→i−1 − λi→i+1

)
6= 0. (6.22)

If (6.20) is non-zero, then the requirement that vTb = 0 implies that ∂f
∂x = 0. In this case,

the dominant behaviour occurs at O (ε), and we choose time scaling t = ε−1t̂ to balance

the terms in (6.16). Solving the equation

vT
(
u
∂f

∂t
−B ∂

∂x

(
uf
(
x, t̂
)))

= 0, (6.23)

gives the governing equation for the time evolution of macroscopic function, f
(
x, t̂
)
, as

∂f

∂t
= ν

∂f

∂x
, (6.24)

where the macroscopic drift coe�cient, ν, is given by

ν =
vTBu

vTu
. (6.25)

If solvability condition (6.20) is zero, then ∂f
∂x 6= 0 in general, and the P(1) terms in

(6.13) must satisfy

AP(1) = −Bu
∂f

∂x
. (6.26)

Since vTBu = 0, there exists a constant vector,w, such that

Aw = −Bu, (6.27)

which determines a solution

P(1) = w
∂f

∂x
. (6.28)

Since Au = 0, the solution (6.28) is not unique, as adding any multiple of u will also satisfy

(6.26). Therefore, the general solution for P(1) can be written as

P(1) = w
∂f

∂x
+ ug

(
x, t̂
)
, (6.29)

for arbitrary scalar function g
(
x, t̂
)
. In order to determine f

(
x, t̂
)
, we need to consider

the next order of (6.16).
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Choosing time scaling t = ε−2t̂, we �nd that at O
(
ε2
)
, this gives

AP(2) =
∂

∂t̂
P(0) − 1

2
C
∂2

∂x2
P(0) −BP(1). (6.30)

Applying the Fredholm Alternative Theorem at O
(
ε2
)
, the solvability condition implies

that

vT
(
∂

∂t̂

(
uf
(
x, t̂
)))

= vT
(

1

2
Cuf

(
x, t̂
)
−Bw

∂f

∂x

)
, (6.31)

which is satis�ed for any Markov chain with at least one non-zero transition rate. The

time evolution of scalar function f
(
x, t̂
)
on the slow time-scale can now be written as the

advection-di�usion equation
∂f

∂t̂
= D

∂2f

∂x2
− ν ∂f

∂x
, (6.32)

where macroscopic di�usion coe�cient, D, is given by

D =
vTCu

2vTu
, (6.33)

and additional macroscopic advection coe�cient, ν, is given by

ν =
vTBw

vTu
. (6.34)

6.3.2 Generalization to N ×N-node case in two-dimensions

(i, j)

(i-1,j) (i+1, j)

(i,j-1)

(i,j+1)

λi-1,j→i,j

λi,j→i-1,j λi+1,j→i,j

λi,j→i+1,j

λi,j-1→i,jλi,j→i-1,j

λi,j+1→i,j λi,j→i,j+1

Figure 6.4: One-step transition for a two-dimensional, periodic Markov chain consisting of
N ×N distinct node types, each separated by distance ε.

The approach outlined in Section 6.3.1 can be generalised to a two-dimensional, N × N -

node Markov chain. This extension is of particular interest in real-world applications, as it

allows us to represent a structured domain with obstacles (via a zero transition rate in the

unit Markov chain), while retaining non-zero macroscopic drift or di�usion in the system.
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Introducing notation λi,j→k,l to denote transition rate from node type (i, j) to (k, l),

we consider a four-connected system where valid transitions only occur between adjacent

nodes, (k, l) =
(
i, j ± 1

)
or (k, l) =

(
i± 1, j

)
, as shown in Figure 6.4. We Taylor expand

the discrete-time transition probabilities P
(t)

i±1,j
(x± ε, y; ε) and P

(t)

i,j±1
(x, y ± ε; ε) in the

neighbourhood of x, and take the continuum time limit ∆t → 0, resulting in the two-

dimensional Master equation

∂

∂t
P = AP + εBP +

ε2

2
CP, (6.35)

which is written in vectorised form by de�ning

P =

[
P1,1 · · · P1,N P2,1 · · · P2,N · · · · · · PN,N

]T
.

In this formulation, matrices A, B and C are N2 × N2 block tridiagonal matrices with

corners (with N ×N tridiagonal corner matrices on the main diagonal), of the form

A = MN2diag
(
~λi→i+1

)
+MT

N2diag
(
~λi→i−1

)
+diag

(
MNdiag

(
λi,j→i,j+1

)
− diag

(
λi,j→i,j±1 + λi,j→i±1,j

)
+MT

Ndiag
(
λi,j→i,j+1

))
B = MN2diag

(
−~λi→i+1

) ∂

∂x
+MT

N2diag
(
~λi→i−1

) ∂

∂x

+diag

(
MNdiag

(
−λi,j→i,j+1

) ∂

∂y
+MT

Ndiag
(
λi,j→i,j+1

) ∂

∂y

)
,

C = MN2diag
(
~λi→i+1

) ∂2

∂x2
+MT

N2diag
(
~λi→i−1

) ∂2

∂x2

+diag

(
MNdiag

(
λi,j→i,j+1

) ∂2

∂y2
+MT

Ndiag
(
λi,j→i,j+1

) ∂2

∂y2

)
, (6.36)

where MN2=

 0N×N 1N×N

I(N2−N) 0N×N

 is the N2 ×N2 block-cyclic permutation matrix, MN=

 0 1

IN−1 0

 is a regularN×N cyclic permutation matrix, and ~λk→l=

[
λk,1→l,1 · · · λk,N→l,N

]T
.

As expected, transition matrix A conserves mass, and the left-eigenvector is given by

vT = 11×N2 . The general procedure for determining the macroscopic properties of the

system are analogous to the one-dimensional case, and the general procedure is outlined

in Algorithm 3.
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Algorithm 3 General procedure for determining macroscopic di�usion and advection
coe�cients of periodic Markov chains.

1. Write down one-step transition probabilities.

2. Taylor expand P
(t)

i±1
(x± ε; ε) terms about x.

3. Take continuum limit ∆t→ 0 and write governing equation of the form

∂

∂t
P = AP + εBP +

ε2

2
CP +O

(
ε3
)
.

4. Calculate b = vTBu.

(a) If b = 0, then rescale time to advection-di�usion timescale t = ε−2t̂.

(b) If b 6= 0, then rescale time to advection timescale t = ε−1t̂.

5. Expand P as a power series in small parameter ε

P = P(0) + εP(1) + ε2P(2) + . . .

6. Calculate u, an eigenvector of A, and write

P(0) = uf
(
x, t̂
)
,

where f
(
x, t̂
)
is independent of fast-scale ε.

(a) If b 6= 0 and B 6= 0, write

P(1) = w
∂

∂x
f
(
x, t̂
)

+ ug
(
x, t̂
)
,

where g
(
x, t̂
)
is independent of fast-scale ε, and solve

Aw = −Bu,

to obtain w.

7. Match next order of ε, and apply Fredholm Alternative Theorem using orthogonal
vector vT =

[
1 · · · 1

]
.

(a) Advection-dominated (b 6= 0)

∂f

∂t̂
=

1

vTu

(
vTBu

)
∇f.

(b) Advection-Di�usion-dominated (b = 0)

∂f

∂t̂
=

1

2vTu

(
vTCu

)
∇2f − vTBw

vTu
∇f.
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6.4 Results

6.4.1 Source-dependent transition rates

One special case of unit Markov chain that has a tractable analytic form for the eigenvector,

u, is a source-driven jump process, where the transition rate λi→j only depends on the

current node type i, and has no dependence on the destination. Such a restriction is

typical in physical cases such as particles trapped in a potential well, and in the e�ective

di�usion calculations for crystalline structures with impurities in solid-state physics. In

this formulation, transition rates (which are typically of temperature-dependent, Arrhenius

type) relate to the energy required to overcome the trapping potential, and may be thought

of as the inverse mean time to escape from a given well. Once this energy is overcome, the

particle is free to move isotropically, resulting in purely di�usive macroscopic behaviour.

Variations of this, such as the tilted washboard potentials found in Josephson junctions

and molecular ratchets, result in asymmetric potentials where the transition probabilities

depend on the jump direction (Tatarkova et al., 2003; Pavliotis and Vogiannou, 2008).

This introduces a bias in the system, which results in a macroscopic drift.

In two dimensions, we de�ne the jump rate from node (i, j) to any adjacent node as λi,j ,

such that λi,j→i±1,j = λi,j→i,j±1 = λi,j . Following the general approach from Algorithm 3,

we �nd that eigenvector u has the analytic form

uij =
1

λi.j
, (6.37)

and since the transition rates are isotropic, the solvability condition vTBu = 0. Solving

the equation

Aw = Bu, (6.38)

we �nd that w = u in the source-dependent case. This implies that the drift term, ν,

becomes

ν =
vTAu

vTu
= 0. (6.39)

The time evolution on the macroscopic scale in two dimensions is therefore given by

∂f

∂t
=

(
4∑

i,j
1/λi,j

)
∇2f (x, y, t) . (6.40)

As expected, there is no anisotropy in this system. This is to be expected, as there is no

bias in the transitions to any adjacent nodes. It is possible to obtain trapping states by
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setting λk,l → 0 for some nodes, but such a con�guration would not violate the isotropic

properties of the system on the macroscopic scale.

The application of source-dependent transition rates to trapping states in heterogen-

eous (non-Bravais) lattices has been studied extensively by Haus and Kehr (1987); Kutner

(1981); Dieterich et al. (1980) in solid-state conductors and charge transport in semicon-

ductors. Using Lattice Greens functions, Kehr et al. (1978) derive the e�ective di�usion

coe�cient

De� =
n

2d

a2

〈τ〉
, (6.41)

where 〈τ〉 is the residence time averaged over all sites, n is the number of nearest neighbour

sites and a is the lattice constant. The transition rates λi,j can be considered as propor-

tional to the inverse of residence time at site (i, j), and so this expression agrees with our

result.

To illustrate these trapping states, we consider the case of a 2 × 2-node periodic unit

cell with purely source-dependent transitions, placed in a checkerboard such that λ1,1 =

λ = λ2,2 and λ1,2 = µ = λ2,1. Figure 6.5 shows the mean squared displacement of a

particle undergoing a random walk for the case of µ = 1
λ and µ = constant as λ → 0. As

expected, the e�ective di�usion coe�cient in the x and y directions are equal, and agree

perfectly with the analytic prediction given by discrete homogenisation. We also see that

in the limiting case of λ→ 0, the µ = 1
λ and µ = constant cases converge at the same rate,

indicating a trapping state which is independent of the transition rate of its neighbours.

6.4.2 Destination-dependent transition rates

Another important type of periodic unit Markov chain is one where the transition rate

λi,j→k,l depends purely on the destination node, such that λi,j±1→i,j = λi,j = λi±1,j . In

contrast to the source-driven case, where the transition rates represented an energy trap

binding the particle to its current node, the destination-dependent case represents a barrier

to overcome on arriving to a new node. This has important physical application in biology,

where spatial heterogeneities such as layered media can be modelled with varying λ, or

porous media in the limiting case of λi,j → 0 (Olveczky and Verkman, 1998; Posnansky

and Shah, 2008; Aliev and Tikhonov, 2004; Saxton and Jacobson, 1997), and in solid-state

physics, where di�usion process across a step edge is known to di�er from di�usion on

a terrace. Such interlayer di�usion processes are usually characterised by an additional

barrier, the Ehrlich-Schwoebel (ES) barrier, added to the activation energy for di�usion

on a terrace (Rabbering et al., 2009).

On formulating the general destination-dependent problem in 2D, we �nd that eigen-

vector u has the analytic form

uij = λi,j , (6.42)
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(a) µ = 1
λ
.

(b) µ = 1
2
.

Figure 6.5: E�ective di�usion coe�cient for 2× 2 source-driven transition with λ1,1 = λ =
λ2,2 and λ1,2 = µ = λ2,1.
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with solvability condition

vTBu = 0, (6.43)

satis�ed for arbitrary choice of destination-dependent transition rates. This indicates that

the dominant transport process on the macro-scale is advection-di�usion, and following

the method outline in Algorithm 3, we �nd that in 2D, the form of macroscopic transport

equation is
∂f

∂t̂
= Dx

∂2f

∂x2
+Dy

∂2f

∂y2
+ νx

∂f

∂x
+ νy

∂f

∂y
. (6.44)

The di�usion coe�cients, Dx and Dy, have the closed-form expression

Dx =
2
(∑

i,j λi,jλi+1,j

)
(∑

i,j λi,j

)2 ,

Dy =
2
(∑

i,j λi,jλi,j+1

)
(∑

i,j λi,j

)2 . (6.45)

The advection terms νx and νy are generally non-zero, but without a closed-form solution

for vector w, these are to be determined numerically from Algorithm 3. In contrast to the

source-dependent jump rates, the di�usion (and advection) coe�cients in the destination-

dependent case are not necessarily equal, and now depend on the speci�c structure of

N ×N unit cell. An exception to this is the special 2× 2-node case, where B = 0 and no

advection terms appear, but anistropic di�usion may still be present.

To illustrate this, we consider the simple case of a 2 × 2-node periodic Markov chain

with an obstacle at position (1, 2) such that λi,j→1,2 = 0. The analytic expression for the

di�usion coe�cients becomes

Dx = 2

(
λ2,1λ2,2

λ1,1 + λ2,1 + λ2,2

)
,

Dy = 2

(
λ1,1λ2,1

λ1,1 + λ2,1 + λ2,2

)
. (6.46)

Comparing this result to the mean squared displacement in x and y for 1000 Monte-

Carlo simulations of a destination-dependent checkerboard with λ→1,1 = 1
8 , λ→2,1 = 1

4

and λ→2,2 = 1
2 in Figure 6.6, we see excellent agreement between our predicted e�ective

properties and the numerical results.
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Figure 6.6: Mean Squared Displacement for 2 × 2-node destination-driven Markov chain
with obstacle at (1, 2) and λ→1,1 = 1

8 , λ→2,1 = 1
4 and λ→2,2 = 1

2 .

6.4.3 Four-phase checkerboard with barrier

In the theory of electrical conductivity of composite materials, the four-phase checkerboard

consisting of a 2×2 tiling of di�erent materials is one of the few known cases with a closed-

form analytic solution for e�ective conductivity (Milton, 2001), given by the Mortola-Ste�e

formula reviewed in Section 5.2

(
λij
)

=

λ11 0

0 λ22

 , (6.47)

where

λ11 =

√
(α+ γ) (β + δ)

(α+ β) (γ + δ)
×

√
αβγ + αβδ + αγδ + βγδ

α+ β + γ + δ
,

λ22 =

√
(α+ β) (γ + δ)

(α+ γ) (β + δ)
×

√
αβγ + αβδ + αγδ + βγδ

α+ β + γ + δ
, (6.48)

and α, β, γ and δ are the e�ective conductivities of each material (Craster and Obnosov,

2001).

For general transition rates that depend on both the source and destination node, the

form of eigenvector u is non-trivial. However, it is possible to write in closed-form for

certain special cases. Consider the four-phase checkerboard with an obstacle at position

(1, 2), but with general transition rates that may depend on both source and destination

nodes. Setting λ1,1→1,2 = 0, λ2,2→1,2 = 0 and λ1,2→1,1 = 0, λ1,2→2,2 = 0, the eigenvector,
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u, is given by

u =

[
λ2

2,1→1,1λ
2
2,2→2,1

λ2
1,1→2,1λ

2
2,1→2,2

0
λ2,1→1,1λ2

2,2→2,1

λ1,1→2,1λ2
2,1→2,2

λ2,1→1,1λ2,2→2,1

λ1,1→2,1λ2,1→2,2

]T
, (6.49)

and solvability condition vTBu becomes

2

(
−
λ2

2,1→1,1λ
2
2,2→2,1

λ1,1→2,1λ2
2,1→2,2

∂

∂y
−

2λ2,1→1,1λ
2
2,2→2,1

λ1,1→2,1λ2,1→2,2

∂

∂x

+
2λ2

2,1→1,1λ
2
2,2→2,1

λ1,1→2,1λ2
2,1→2,2

∂

∂y
+
λ2,1→1,1λ

2
2,2→2,1

λ1,1→2,1λ2,1→2,2

∂

∂x

)
= 0. (6.50)

Therefore, the dominant behaviour of the system on the macro-scale is di�usion, with

governing equation
∂f

∂t̂
= Dx

∂2f

∂x2
+Dy

∂2f

∂x2
, (6.51)

with e�ective di�usion coe�cients

Dx = 2

(
λ2,1→1,1

λ1,1→2,1λ2,1→2,2
+

1

λ2,1→2,2
+

1

λ2,2→2,1

)−1

,

Dy = 2

(
λ2,1→2,2

λ2,1→1,1λ2,2→2,1
+

1

λ1,1→2,1
+

1

λ2,1→1,1

)−1

. (6.52)

Figure 6.7 shows the mean squared displacement for 1000 Monte-Carlo realizations

of a four-phase system with obstacle at (1, 2) and general transition rates λ1,1→2,1 = 1
8 ,

λ2,1→1,1 = 1
16 , λ2,1→2,2 = 1

4 and λ2,2→2,1 = 1
2 . As in the previous cases, this shows excellent

agreement with the analytic results of Dx = 1
4 and Dy = 1

16 .

Figure 6.7: Mean Squared Displacement for 2×2-node Markov chain with obstacle at (1, 2)
and general transition rates λ1,1→2,1 = 1

8 , λ2,1→1,1 = 1
16 , λ2,1→2,2 = 1

4 and λ2,2→2,1 = 1
2 .
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6.5 Summary

In this chapter, we have developed a method for determining the macroscopic transport

properties of an in�nite periodic Markov chains or lattice, with spatially-dependent trans-

ition rates. By Taylor expanding the conditional probability of each node in a unit chain

on the microscale, we constructed a matrix equation governing the time evolution of node

occupation probabilities. Using a perturbation expansion from classical homogenisation

theory, the Fredholm Alternative Theorem was applied to construct a solvability condition

for the system. This condition on the eigenvector of the transition rate matrix, determined

whether drift or di�usion was the dominant behaviour on the macroscale. The e�ective

drift or di�usion coe�cient was shown to be a simple analytic expression dependent on the

product of the transition rate matrix and eigenvector. While, in theory, the eigenvector

could be solved analytically, in practice, numerical methods would be used to trivially solve

for the solvability condition and e�ective governing equation with little computational cost.

The e�ective Markov chain approach was then extended to a two-dimensional lattice.

Analytic solutions for two special forms of transitions were then derived. For transition

rates that depend only on the current location, the macroscopic behaviour was shown to

be isotropic di�usion, with the e�ective di�usivity equal to the harmonic mean of the

transition rates. For transition rates that depend only on the target jump location, the

macroscopic was shown to be advection-di�usion, with the e�ective di�usivity proportional

to the sum of product pairs of adjacent transition rates, and e�ective drift calculated from

the eigenvector of transition rates. In general, the e�ective di�usion coe�cient was not

isotropic, and a non-zero drift term appeared in the macroscopic equation, with the exact

values dependent on the forms of transition rates. Numerical simulations for heterogeneous

lattices were in perfect agreement with their e�ective homogeneous counterparts.

For the random walks of particles in the presence of obstacles, initially considered in

Section 5.4.2, the destination-dependent formulation can be utilised when the obstacle size

is comparable to the jump size. The analytic expression for a 2× 2 grid from Section 6.4.2

predicts an e�ective di�usivity Dx = 2
3 = Dy for transition rate λ1,1 = λ2,1 = λ2,2 = 1

and λ1,2 = 0. This agrees with the results from stochastic simulations of D = 0.73 and

D = 0.64, for lattice spacings h = 0.01 and h = 0.05, respectively.

More generally, the method developed in this chapter is also valid for non-Markov peri-

odic unit chains and lattices. Allowing transitions to non-adjacent states would result in

additional terms in the Taylor expansion of the conditional probabilities in the Master

equation, and alter the form of the transition matrix. Rather than being a tridiagonal

matrix, this would now become (2n+ 1)-diagonal, where n ∈ N is maximum neighbour

jump distance. While this would increase the computational cost of determining the eigen-

vector of the matrix, the orthogonal matrix vT would be unchanged, and the solvability

condition would be equally valid in this more general case.
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In addition to addressing the limitations of classical homogenisation techniques for large

obstacles shown in Chapter 5, we have developed a general procedure that has applications

in the study of crystalline solids, lattice gas dynamics and conductivity of impure metals.
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Chapter 7

Conclusion

In this chapter, we give a brief summary of this thesis. We then consider possible avenues

for further extension, both from a theoretical and experimental standpoint.

7.1 Review of thesis

In Chapter 1, we presented a biological introduction to oncolytic virotherapy, the lytic cycle

and the physical properties of avascular solid tumours. An overview of current modelling

approaches for virus-cell interaction in solid tumours was given, and the physical limitations

of the various models were discussed.

In Chapter 2, we derived a spatially-dependent, aged-structured reaction-di�usion sys-

tem of PDEs, describing the interaction between uninfected cells, infected cells and virus

particles in a solid tumour. Uninfected cells were considered to be motile, and reacted

with virus particles to form infected cells. Once infected, these cells would continue to

move around, albeit at a di�erent rate, before dying after some �xed burst time, at which

point they release multiple virus particles at their new location. Crucially, virus particles

were assumed to be static (due to the dense tumour environment), and viral spread was

facilitated purely by the motility of infected cells. Immune e�ects were modelled by in-

corporating a death rate for free virus particles, and it was assumed that virus particles

inside infected cells were una�ected by the immune clearance.

Numerical solutions of the system of PDEs showed evidence of travelling waves of

sustained viral spread. Reformulating the system in travelling wave coordinates, we per-

formed an asymptotic analysis of the equations at the upstream boundary to derive an

analytic expression for the wave speed in terms of the dimensionless parameters of the

model. This was shown to agree with numerical solutions of the PDE system. Further

numerical solutions of the full system for other sets of parameters showed reignition cases,

where the virus population recovered from concentrations corresponding to fractions of
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virus particles, suggesting a breakdown of the continuum hypothesis when dealing with

extinction events.

In Chapter 3, we addressed the continuum breakdown of the model in Chapter 2 at low

concentrations. An equivalent discrete, probabilistic formulation of virus-cell interactions

on a mesoscopic, cellular scale was formulated via a compartment-based approach, which

was implemented with a Gillespie Stochastic Simulation Algorithm (SSA). The physical

domain was divided into a lattice of connected compartments, with cells undergoing a

random walk between adjacent compartments. Virus particles could react with uninfected

cells in the same compartment with a �xed probability, and infected cell bursts released

virus particles into their current compartment after a deterministic period of time. This

particle-interaction description was derived from more realistic physical principles than the

empirically-derived reaction-rate equations from the continuum model. The compartment-

based formulation allowed for easier implementation of complicated geometries, but came

at a higher computational cost, with multiple realisations of the same parameters required

to adequately describe the stochastic system.

Validating the model against known test cases, we demonstrated that the inhomo-

geneity introduced by virus particles born from infected cell burst in each compartment

caused disagreement between the equivalent age-structured continuum model and the SSA

for the smallest physically-motivated choice of compartment size. Further investigation

showed that no empirical correction to the reaction rate would reconcile the two models in

the limit of small compartment size, suggesting that this phenomenon was a fundamental

property of discrete interactions.

In Chapter 4, we considered the qualitative behaviour of the stochastic model from

Chapter 3, and analysed the e�ects of key experimental parameters on the success or

failure of therapy, speed of viral spread and variability between simulations. Comparing

our model with the simple agent-based model proposed by Wodarz (2013), we were able to

replicate all qualitative forms of behaviour, and the majority of spatial patterns. We then

studied the e�ects of burst time, di�usion ratio of infected to uninfected cells, burst size

and initial viral spread on the behaviour of the system for a range of realistic parameter

values. For a domain consisting of a dense initial population of uninfected cells, the SSA

showed little variation between individual simulations, and, with the exception of small

burst size, the general result was the complete removal of uninfected cells, corresponding

to successful treatment. Travelling fronts of infection were observed, and larger values of

di�usion ratio resulted in a greater equilibrium number of virus particles in the system.

For a domain consisting of a sparse initial population of uninfected cells, we observed

much greater variability between individual simulations compared to the dense cell case.

The majority of simulations showed virus extinction, corresponding to partial failure of

therapy. The only notable exception was in the case of larger burst sizes, which prolonged

the overall duration of therapy, and hence, the total number of uninfected cells removed
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from the system. The wave speed in the dense case was found to be signi�cantly greater

than for the sparse case for equivalent parameters, although the initial spread of virus

particles did not a�ect the wave speed of infection. A lack of accurate parameter estimates

meant that a quantitative comparison could not be undertaken, and we instead considered

methods to improve these estimates, in particular, the motility coe�cient of cells.

In Chapter 5, we addressed the experimental di�culty of measuring the e�ective motil-

ity of cells in situ by considering e�ective medium approximations of di�usion through

heterogeneous environments. Assuming an idealised tumour with periodic arrangement

of impermeable �bres on the microscale, we considered the di�usion problem in a two-

dimensional domain �lled with periodic obstacles. Using the method of asymptotic homo-

genisation, we showed how the macroscopic behaviour of this heterogeneous domain was

reduced to a di�usion problem in a homogeneous domain, with the e�ective di�usivity

given by the solution of a related problem, dependent on the geometry of the obstacle. We

brie�y considered the e�ects of adding a linear reaction term to this domain, and showed

bounds on the maximum rate of reaction for which the e�ective properties would be the

same.

Numerical solutions for e�ective di�usivity showed excellent agreement with existing

asymptotic expressions from literature for both dilute and densely-packed square and

round obstacles. Finally, we considered the case of di�usion in a checkerboard domain

of square obstacles. Using the compartment-based stochastic model from Chapter 3, the

mean squared displacement of the obstacle domain was compared with the e�ective me-

dium case, using the numerically-determined e�ective properties from continuum theory.

We saw that when the minimum jump distance, governed by the compartment size, was

of the same order of magnitude as the obstacles, continuum homogenization techniques

failed to adequately describe the e�ective medium. This suggested that a new approach

to homogenisation on the microscale was needed in this limiting case.

In Chapter 6, we considered e�ective medium approximations when the microscopic

length-scale could not be treated as a continuous variable. Looking at the case of a random

walk on a periodic Markov chain or lattice with spatially-dependent transition probabilities,

we treated the macro- and microscopic length-scale as continuous and discrete variables,

respectively. The time evolution of a particle undergoing a random walk in this system was

given by Master equations for the conditional probability of occupying each node. Draw-

ing parallels with classical homogenisation theory, we applied a discrete multiple-scales

expansion of the system on the microscale to obtain a governing matrix equation, grouped

in powers of lattice spacing. Applying the Fredholm alternative, we derived a solvability

condition in terms of the eigenvector of the transition matrix, which determined whether

the macroscopic of the system behaviour was drift- or di�usion-dominated. A continuum

e�ective transport equation was derived, describing the macroscopic time evolution of the

discrete, heterogeneous chain or lattice, and the e�ective drift or di�usion coe�cient was
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given by an analytic expression in terms of matrix products of eigenvector and transition

matrix.

For the special case of transition rates that depended only on the source-node (such

as particles trapped in a potential well), we showed that the macroscopic behaviour was

always isotropic di�usion, and gave a closed-form expression for the e�ective di�usion

coe�cient. For the related case of destination-dependent transition rates (such as random

walks on a lattice with obstacles), we showed that the macroscopic behaviour was di�usive,

and was generally anisotropic except in speci�c cases of the transition matrix. Numerical

results showed perfect agreement for the mean-squared displacement of random walks on

heterogeneous and e�ective lattices for general cases of source- and destination-dependent

transition rates.

This technique was found to be equally valid for the case of non-local transitions,

and, as a result, could be applied to �elds such as semiconductor conductivity, gas lattice

dynamics, and other related areas of physics dealing with discrete transport processes.

7.2 Future work

In this thesis, we have considered spatially-dependent continuum and discrete formulations

of a three-species model of oncolytic virotherapy. These models incorporated important

physical e�ects, such as a delayed infected cell burst due to the lytic cycle, as well as

cell motility. While this model is a useful starting point for in silico studies of avascular

tumours, there is scope for including additional physical behaviour, as well as experimental

validation. We therefore conclude with some areas of potential work.

7.2.1 Modelling extensions

• In the continuum and discrete models in Chapters 2�3, cells were implicitly assumed

to be in�nitesimally small, and therefore, cell motility neglected excluded-volume

e�ects. While cellular crowding is trivial to implement in the discrete, compartment-

based model, a continuum formulation of this would limit the extent to which analytic

approaches could be used.

• For simplicity, both the continuum and discrete models assumed that the infection

of cells was a result of a single virus particle and uninfected cell, with no reaction

between virus particles and already-infected cells possible. While we do not expect

multiple viral infection to change either the burst time or burst size due to the

exponential reproduction of virus particles in the host cell, this behaviour may be

important in a low viral concentration scenario.
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• By incorporating uninfected cell growth and an additional species representing the

spread of nutrients throughout the system, the avascular model could be applied

to larger, vascular tumours. Furthermore, the addition of oxygen gradients and

blood supply would expand the applicability of the model. These would be relat-

ively straight-forward extensions of the model, and could be implemented within

both the stochastic and deterministic model frameworks, at the cost of increased

computational demands.

• The homogenisation technique in Chapter 5 neglected reaction terms of the same

order of magnitude as the di�usion coe�cient, and did not consider the case of non-

linear reaction terms. These extensions have previously been studied in literature,

and could be applied to this problem. In addition to this, the approach could be

applied to the full age-structured system of equations from Chapter 2. Finally, the

assumption of periodic obstacles could be relaxed, and the case of random obstacle

placement could be considered with extended homogenisation methods.

7.2.2 Experimental validation

• The greatest source of uncertainty in our model is the lack of an accurate estimate

for the e�ective motility of cells, which is di�cult to measure in vivo. A better

approximation could be obtained by combining experimental data on the volume

fraction and periodicity of collagen �bres in solid tumours with the homogenisation

techniques from Chapter 5. Such techniques have previously been applied to the

study of e�ective properties of gels, and these techniques could be applied to the

study of avascular tumours

• While it was assumed that the motility of infected cells was di�erent from that of

uninfected cells, no experimental data was available to estimate the di�usion ratio,

D. This parameter was shown to a�ect both the travelling wave speed, as well as the

probability of success or failure of therapy, and experimental estimates are needed

for any quantitative applications of the model.

• Due to a lack of adequate experimental data, the spatial distribution of the initial

viral injection was chosen arbitrarily. Presumably, this would not be di�cult to

determine experimentally, and would allow for a more realistic sensitivity analysis of

the three species model.

• While travelling waves have been observed experimentally, few estimates of the speed

of in vivo viral spread have been published. This may be due to technical limitations,

and is currently a major obstacle to validating the model with experimental results.
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7.3 Final words

In conclusion, by formulating novel models of oncolytic virotherapy in solid tumours, we

have shown fundamental di�erences in discrete and continuum descriptions of viral spread

and extinction. These models provide a building block for the fundamental understanding

of virus-cell interaction in solid tumours, and are a useful �rst step in developing in silico

models for oncolytic therapy. As better experimental estimates of parameter values become

available, our model will have important implications for optimal design and dosage of

oncolytic agents in a clinical setting.
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Appendix A

Gillespie stochastic simulation

algorithm
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Algorithm 4 Pseudo-code for Gillespie SSA applied to virus-tumour system.

1: SET Initial Conditions, Parameters
2: SET number of Virus Particles in central compartment to initial condition
3: for each uninfected cell speci�ed by initial condition do
4: GENERATE random x & y coordinate from uniform distribution
5: SET Uninfected Cell position to (x,y)
6: end for

7: SET Total Uninfected Cell Propensity to number Uninfected Cells * Uninfected Dif-
fusion Rate

8: SET Total Infected Cell Propensity to number Infected Cells * Infected Di�usion Rate
9: SET Total Virus Death Propensity to number of Virus Particles * Virus Death Rate
10: for each compartment do
11: SET Reaction Propensity for current compartment to number Virus Particles in

compartment * number Uninfected Cells at compartment position * Reaction Rate
12: end for

13: SET Total Reaction Propensity to sum of Reaction Propensity at each compartment
14: SET Total Propensity to Sum of Total Uninfected, Infected, Virus Death and Reaction

Propensities
15: GENERATE Random Number between 0 and 1 from uniform distribution
16: SET Time to Next Event to ( Current Time + Log(1/Random Number)/Total

Propensity )
17: while Current Time < Maximum Time do
18: if Time to Next Event > Burst Time of any Infected Cells then
19: ADD Burst Size number of Virus Particles in compartment corresponding to

Infected Cell position
20: REMOVE Infected Cell
21: UPDATE Reaction Propensity at compartment, Total Reaction Propensity,

Total Virus Death Propensity, Total Infected Di�usion Propensity and Total
Propensity

22: SET Current Time to Burst Time
23: else

24: GENERATE Random Number between 0 and Total Propensity
25: FIND which individual propensity interval within Total Propensity the Ran-

dom Number falls into
26: SET Next Event accordingly
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Algorithm 4 Pseudo-code for Gillespie SSA applied to virus-tumour system (continued).

27: if Next Event is Uninfected Di�usion then
28: CHOOSE an Uninfected Cell at random
29: GENERATE Random Number between 0 and 1
30: if Random Number < 0.25 then Uninfected Cell is trying to move left then
31: if not at left boundary then
32: SET Uninfected Cell x coordinate to x-1
33: else

34: DO Nothing
35: end if

36: else if Random Number < 0.5 then Uninfected Cell is trying to move right
then

37: if not at right boundary then
38: SET Uninfected Cell x coordinate to x+1
39: else

40: DO Nothing
41: end if

42: else if Random Number < 0.75 then Uninfected Cell is trying to move up
then

43: if not at top boundary then
44: SET Uninfected Cell y coordinate to y-1
45: else

46: DO Nothing
47: end if

48: else Uninfected Cell is trying to move down
49: if not at bottom boundary then
50: SET Uninfected Cell y coordinate to y+1
51: else

52: DO Nothing
53: end if

54: end if

55: UPDATE Total Uninfected Di�usion Propensity
56: if Uninfected Cell has moved then
57: UPDATE Reaction Propensity at compartment corresponding to old

position
58: UPDATE Reaction Propensity at compartment corresponding to new

position
59: UPDATE Total Reaction Propensity
60: end if
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Algorithm 4 Pseudo-code for Gillespie SSA applied to virus-tumour system (continued).

61: else if Next Event is Infected Di�usion then
62: CHOOSE an Infected Cell at random
63: GENERATE Random Number between 0 and 1
64: if Random Number < 0.25 then Infected Cell is trying to move left then
65: if not at left boundary then
66: SET Infected Cell x coordinate to x-1
67: else

68: DO Nothing
69: end if

70: else if Random Number < 0.5 then Infected Cell is trying to move right
then

71: if not at right boundary then
72: SET Infected Cell x coordinate to x+1
73: else

74: DO Nothing
75: end if

76: else if Random Number < 0.75 then Infected Cell is trying to move up then
77: if not at top boundary then
78: SET Infected Cell y coordinate to y-1
79: else

80: DO Nothing
81: end if

82: else Infected Cell is trying to move down
83: if not at bottom boundary then
84: SET Infected Cell y coordinate to y+1
85: else

86: DO Nothing
87: end if

88: end if

89: UPDATE Total Infected Di�usion Propensity
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Algorithm 4 Pseudo-code for Gillespie SSA applied to virus-tumour system (continued).

90: else if Next Event is Reaction then
91: GENERATE new random number between 0 and Total Reaction

Propensity
92: SUM Compartment propensities until random number < running sum to

determine reaction compartment
93: REMOVE a Virus Particle at compartment and an Uninfected Cell at

compartment position
94: ADD Infected Cell at current position
95: SET Infected Cell Burst Time to Current Time + Burst Age
96: UPDATE Total Number Uninfected Cells, Total Number Infected Cells,

Total Number Virus Particles
97: UPDATE Reaction Propensity at compartment
98: UPDATE Total Reaction Propensity, Total Uninfected Propensity, Total

Infected Propensity, Total Propensity
99: else Next Event is Virus Death
100: GENERATE random x & y coordinate
101: while number of Virus Particles at (x,y) compartment is 0 do
102: GENERATE new random x & y coordinate
103: end while

104: SET number of Virus Particles at (x,y) compartment to current number -
1

105: UPDATE Total Virus Death Propensity
106: UPDATE Reaction Propensity at (x,y)
107: UPDATE Total Reaction Propensity
108: end if

109: end if

110: UPDATE Total Propensity
111: end while
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Appendix B

Derivation of 2D corrected

propensity for reaction-di�usion

De�ning Iall as the set of all possible compartment indices in 2D domain of size [0, L] ×
[0, L] × h, and ~E as the jump vector showing index o�sets to neighbouring 4-connected

compartments to which molecules can jump to, we consider the set of reactions

nij + Vij
k̃→ mij

nij
Dn/h2

→ nij+~e (B.1)

Vij
Dm/h2

→ Vij+~e (B.2)

∅ kburst→ Vij (B.3)

for (i, j) ∈ Iall and ~e ∈ ~Eij , where h is the compartment width, Dn is the di�usion

coe�cient of species n, Dm is the di�usion coe�cient of species m, which is responsible for

the transport of species V via virus burst, k̃ = kreact/h is a reaction rate per unit z-direction,

and kburst is the rate of virus creation as a result of infected cell burst.

De�ning the stationary distribution for a system of N = L
h compartments as

φ (~s) = lim
t→∞

p~s (t) (B.4)

where ~s is the vector representing number of molecules of each species in the system,

Erban and Chapman (2009) showed that in certain cases, the standard choice of propensity

function aij = kreactnijVij results in a stationary distribution that is dependent on the

number of compartments. As the choice of domain discretization is an arti�cial concept

introduced in the SSA, rather than an inherent property of the physical system, this result
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poses a contradiction. As we expect the stationary distribution to be independent of N ,

we want to �nd the e�ective propensity, λ, to minimise the error between φN and φ1.

De�ning the joint probability

P
(
~n, ~V

)
≡ Prob {nij (t) = nij ,Vij (t) = Vij} , (B.5)

and the jump operator

J~eij (~a) = {quv | (u, v) ∈ Iall} , (B.6)

where

quv =


auv + 1 for (u, v) = (i, j)

auv − 1 for (u, v) = (i, j) + ~e

auv otherwise

(B.7)

The time evolution of the reactions is described by the Reaction-Di�usion Master Equation

(RDME)

∂P (~n, ~m, t)

∂t
=

k̃

h2

∑
(i,j)

{
(nij + 1) (Vij + 1)P

(
~n+ ~δij , ~V + ~δij

)
− nijVijP

(
~n, ~V

)}
+kbursth

3
∑
(i,j)

{
(Vij + 1)P

(
~n, ~V + ~δij

)
− VijP

(
~n, ~V

)}
+
Dn

h2

∑
(i,j)

∑
~e∈ ~Eij

{
(nij + 1)P

(
J~eij (~n) , ~V

)
− nijP

(
~n, ~V

)}
+
Dn

h2

∑
(i,j)

∑
~e∈ ~Eij

{
(Vij + 1)P

(
~n, J~eij

(
~V
))
− VijP

(
~n, ~V

)}
. (B.8)

For the case n0 = 1 (single molecule at location ~b = (b1, b2), the RDME for the equivalent

model of (B.8) where n is considered to be stationary and V has di�usion coe�cient

(Dn +Dm) reduces to

∂P
(
~V , t
)

∂t
=

k̃

h2

{(
V~b + 1

)
P
(
~V + ~δ~b

)
− n~bP

(
~V
)}

+kbursth
3
∑
(i,j)

{
P
(
~V − ~δij

)
− P

(
~V
)}

+
Dn +Dm

h2

∑
(i,j)

∑
~e∈ ~Eij

{
(Vij + 1)P

(
J~eij

(
~V
))
− nijP

(
~V
)}

. (B.9)

Our goal is to minimise the error between the stationary distributions φ1 and φN by

calculating an �e�ective� rate constant λ to replace kreact
h3 . The stationary distribution is

valid as t→∞, so let PS

(
~V
)

= limt→∞ P
(
~V , t
)
.

191



Multiplying the RDME by ~V and summing, we have

0 =


kbursth

3 + Dn+Dm
h2

∑
~e∈ ~Eijk

{
Mij+~e −Mij

}
, for (i, j) 6= ~b

−λM~b
+ kbursth

3 + Dn+Dm
h2

∑
~e∈ ~Eb

{
M~b+~e

−M~b

}
, for (i, j) = ~b

, (B.10)

where Mij (t) =
∑

~V VijPS

(
~V
)

=
∑∞

n00=0

∑∞
n01=0 . . .

(
VijPS

(
~V
))

is the mean number of

particles at (i, j) at time t, as when (i, j) 6= ~b, the probability of reaction is zero.

Choosing a basis function ψi
′j′ of the form

ψi
′j′ ∝ cos

(
i′ (i− 1/2)π

N

)
cos

(
j′ (j − 1/2)π

N

)
, (B.11)

the orthogonality condition is then given by

N∑
i,j=1

ψi
′j′

ij ψ
i′′j′′

ij =
N2

4

N∑
i=1,j=0

ψi
′j′

ij ψ
i′′j′′

ij =
N2

2
(B.12)

or = N2 if i, j = 0,

implying that the normalisation for the basis function has the form

√
ψψ =



√
4√
N2

for i, j > 0

√
2√
N2
, for one of i, j = 0

1√
N2
, for both i, j = 0

. (B.13)

Now writing the mean number of particles in compartment (i, j) as

Mij =
N−1∑
i′,j′=0

M̃i′j′ψ
i′j′

ij , (B.14)

the RDME (B.10) becomes

kbursth
3 +

Dn +Dm

h2

∑
~e∈ ~Eij

N−1∑
i′,j′

M̃i′j′

{
ψi
′j′

ij+~e − ψ
i′j′

ij

}
= 0, for (i, j) 6= ~b

kbursth
3 +

Dn +Dm

h2

∑
~e∈ ~Eij

N−1∑
i′,j′

M̃i′j′

{
ψi
′j′

~b+~e
− ψi

′j′

ij

}
= λM~b

. (B.15)
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Making use of the basis function

ψi
′j′

ij = cos

(
i′ (i− 1/2)π

N

)
cos

(
j′ (j − 1/2)π

N

)
, (B.16)

the RDME becomes

kbursth
3 +

Dn +Dm

h2

N−1∑
i′,j′=0

M̃i′j′c
i′j′ψi

′j′

ij = 0, for (i, j) 6= ~b

kbursth
3 +

Dn +Dm

h2

N−1∑
i′,j′=0

M̃i′j′c
i′j′ψi

′j′

~b
= λM~b

, (B.17)

where cij = 2
(

cos
(
iπ
N

)
+ cos

(
jπ
N

)
− 2
)
.

Multiplying (B.17) by ψi
′′j′′

ij , applying orthonormality conditions (B.12) and summing

the resulting equations

kburstν = λM~b
,

Dn +Dm

h2
ci
′′j′′M̃i′′j′′ = λM~b

ψi
′′j′′

~b
for

(
i′′, j′′

)
6= (0, 0) ,

∴ M̃i′′j′′ =
λh2M~b

ψi
′′j′′

~b

(Dn +Dm − kbursth5) ci′′j′′
,

for
(
i′′, j′′

)
6= (0, 0) (B.18)

where ν = N2h3 is the volume of the 2D domain.

Now, we can write

M̃i′′j′′ =
kburstνh

2ψij~b
(Dn +Dm) ci′′j′′

, (B.19)

and applying (B.14), this implies that

M~b
=

N−1∑
i′,j′=0

M̃i′j′ψ
i′j′

~b

=
N−1∑
i′,j′

kburstνh
2ψi

′j′

~b
ψi
′j′

~b

(Dn +Dm) ci′j′

= N−1M̃00 − β~b
kburstνh

2

(Dn +Dm)
, (B.20)
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where

β~b = −
∑

i, j = 0

(i, j) 6= (0, 0)

(
ψij~b

)2

cij
. (B.21)

Substituting this form of M~b
into (B.18), we obtain

kburstν

λ
= N−1M̃00 − β~b

kburstνh
2

(Dn +Dm)
. (B.22)

The average number of molecules is given by As ≡
∑N

i,jMij . We want to choose As = Ms,

where Ms is the mean number of particles given by the stationary distribution. For the

well-stirred case, Erban and Chapman (2009) show this to be

Ms =
kburstν

k̃n0

. (B.23)

Setting As = Ms for the case of n0 = 1 gives

kburstν

Nk̃
= M̃00

=
kburstνN

λ
+ β~b

kburstνNh
2

(Dn +Dm)
, (B.24)

and for 2D reaction volume ν = N2h3, this gives the corrected reaction propensity

λ =
(Dn +Dm)N2k̃

(Dn +Dm) + βh2N2k̃
. (B.25)

This expression is independent of kburst, and depends only on compartment size h and

total number of compartments, N , in the domain. The 2D reaction rate k̃ is e�ectively a

reaction rate per unit z-direction, and is related to the 3D reaction rate by k̃ = kreact/h.
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