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ABSTRACT

In this thesis we consider the problems that arise in
computational linear algebra when the matrix involved is vsry lar;e@
and sparse, This necessarily results in ths emphasis throughout
being mostly on iterative methods, but we begin with a chapter in
which the usual direct nothods for the solution of linsar egu.tions
axé summarized ith the very large problem in mind, Methoads for
band-matrices and block tridiagonal matrices are considered and

compared, Kron's method of tearing is described briefly.

The basic and well-established tecinigues of iterative solution
of linear equitions are described, Suf'icient conditions for
convergence are stated and the converszence is esatablished under these
conditions, 4 section is devoted to tiic problem of deciding when
the iterations may be terminated, The method of incumarz 1s given
more emphasis than is usual in the literature, a s metric verslon 1s

jntroduced and rigorous proof's of converszence are ziven,

Matrices with "property A" are defined and the usual associated
results are given, The methods of Carré and Kulasrud for finding
the optimum relaxation parameter in SOR are deseribed and compared
with a new technique, We also consider methods for finding the best

relaxation parameter in symmetric 30.,

Bloock iterative methods are described briefly, including Varga's
result on the comparison of differsnt splittings,

Gradient and semi-iterative methods are considered in detail,
including the cases of non-symmetric and symmetric non-definite

matrices, and are compared for numeriocal stability,

For the eigenvalue problsm we egain summarize some well-knowm
methods with an emphazis on the very large matrix, Ve give an
exauple of the accurate results that can be expected from Lanczos'

method of minimized iterations without re-orthogonalisation and show



how such rc2ults ean L. guara.iwed, inversc iteration, tie

Rayleigh quotient iteration and Rutishauser's i-i algor.tur are
considered., e also devote a chapter to iterative ucthods that
yield continually improving approximations to an eigenvector and
correspondiing eigenvalue, These are very econcuical in storage

but have received little attention in the literature,

e introduce the concept of "numericel rank", since rank really
has no meaning for a matrix given by rounded numbers, e give

means of finding bounds for this numerical rank,

The extension of the methods to complex watrices is considered
briefly and we conclude with a description of some problems that
may give rise to large sparse matrices, ‘e consider in particular
the so-oalled "L-memdbrane” problem and use a conformal transformation,
In this way we also 1llustrate the problem of the solution of an
elliptis equation over an area with a ocurved boundary, We gonsider
the iteration of Federenko, which has its most obvious application
in the field of elliptic squationa, The thesis is concluded wiih
two further examples, from linear analysis of variance and froa
surveying, each of which is likely to involve large sparse matrices,



EREFACE

This theais $s an exposition of researci undertaken in
the Oxford University Computing Laboratory between Cotober 1361
and August 1964, The main claim to originality liez in the
opinions expressed shroughout, but here is a list of items we

consider original,

All numbers quoted anywhere; a few have already been published
elsswhere, but they have been checked by an independent
computation,

The work on small relaxation parameters,

The extension of Stein's work on near-symmetric matrices,

A new emphasis on Kaozmars iteration, ineluding a rigorous
proof of its convergence and its extension to symmetrio
Kaozzars iteration,

A proof of the property A result using matrix rather than
deterninant algebra,

A new teghnique for finding w in 521,

opt
<he method of eonjugate gradients for a general matrix,
i new proof of convergence of iutishauser's Lei algoritam,
the generalisation of the algoritim to blook form and an
error analysis of the symmetric positive~definite case,
The use of SOR and Kaozmarzs iteration for the eigenvalue problem,
The idea and definition of "numerieal rank",
Virtually the whole of Chapters 11 and 12 since these are

essentially practiecal in emphasie,

Zhe work on the Le~membrane problem has been submitted to
Je S1Al a8 part of a Joint paper with Dr, J.E. ¥alsh of Manchester

University,

i would like to take thls opportunity of' thanking my supervisor,
Professor L, fox, for the many stimulating conversation: we have nad
over three years and for his valuable commenis on the presentation

of this thesis, I would also like to taank D.c...X, for the grant



wnlch made lhis work possible, and i.iss 0O, ocon who has had tae

Job of interpreting my handwriting.

C”ZA. o
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This thesis is concerned with the numerical solution of

two basio matrix problems, The first is the set o simultaneous

linear equations
Ax=D0Y, (1)

whers A is an nxn matrix and x and b are nxm zatrices, In most

cases we will have m = 1, The second problem is the eigenvalue

equation
Ax=Mx, : (2)
where again A is an nxn matrix,

It will be assumed throughout that n, the order of , is very
large. Our praotical work has mostly been on matrices of order a
few hundred, but orders in the range of thousands or tens of thousands
can arise quite frequently in such problems as three-dimenslonal
elliptic partial differential equations, OUn the assumption that n
is large, we will usually neglect all but ihe dominant term in any
caloulation of the number of arithmetic operations or the storage

requirenent of a particular method,

In the main it will be assumed that most of the elements of A
are zero, It is common to find that the averags number of non-zero
elements in & row is between about five and ten and we call such
matrices sparse, The non=-gero elements are often grouped about the
main diagonal end we refer to such matrices as band-matriccs and say

that the band-width is (2r - 1) if a,, = O for |t =3)>r. e

J
take all matrix elements to be real and the adaptation o the methods

to the complex caze will be considered brief{'ly in Chapter 10,

¥e assume throughout that the reader l.as a tieoretical knowledge
of matrix algebra, but all the numerical tucoresns will be proved in

detail unless they are included iun lit.raturc that is easily awvailable,



A,

STHODS BOK Tta LOLLTION OF LINSAR - unll05o

Faussian elimination and trisngular decomposition are now
very well established methods and will not be described in detail
here (see i, F,L,, 1961, for exa.ple), some useful comparisons
will be made, Lowever, of the numbers of aritimetic operations and

the storage requirements of the method in its various forms,

In Gaussian elimination, with row and column interchanges,
the operations  erformed on the matrix A can be expressed in the

satrix form

ad

L PAL=U, (1)

where P and § are permutation matrices, Lra iz lower triangular with
units along its diagonal and U is upper triangular, The matrix L“

48 generally not calculated explicitly since

I"P= u P ,L P, eee by P (2)

n=t " n=i —n—z e

where Li is lower triangular with units along its diagonal and seros
elsewhere except in the ith column, and Pi is & permutation matrix,
The opsrations represented by Liri are applied successively, If
triangular decomposition is performed (1) takes the form

PAQa= L U, (3)

In the Gaussian elimination process (1) the row and coluan
interchanges are represented by i and { and are necessary to prevent
any large zrowth of the elewents during the reduotion, .ny such
growth will adversely affect the accuragy o’ the solution (see
%ilkinson, 1961), It is guite common braotice to take § = I, tint
is perform row iaterchanges only, The maximum possible zrowth=rate

is considerably increased, but it has been found in practice tnat a

vory large growtherate 1is rarely encountered, and in any case merely



by looking at sech redused matrix we can always co:zpute this

growth and use it in Wilkinson'’s result,

1f our computing machine has no fagcility for deouble~length
sumputation of soalar products, then i.e processes (1, and (3)
are exactly equivalent, On the other hand (3) will produce a
more accurate solution i exact computation of scalar products
is used, witl full interchanges a conaiderable amosunt of
additional somputation is needed for process (3), but this is not
the case if only row interchanges are used, YWilkinson (1961)
proposed that (1) shouid first be performed in order to find P
and Q and then (3) can be used in its full form, This procedure
will require double the amount of arithmetio, which seems very
wasteful, and the difficulty can be cvercome with great ease if
there iz plenty of room in the fast store, ‘ie merely perfarm (1),
keeping the reduced matrices to double~length precision, which 1is
exactly equivalent to perferming (3) with exact computation of
scalar products, Alternatively, if we do not have so much room
in the computing store, then we use the backing store to keep both
4 and the smultipliers and the reduced form of (1), If x_ is the

veotor cbtained by (1), we form the residual vector

I,=®h-Ax , (&)

where the matrix product 1s formed using double=length accumulation
of the sealar products, A correction is now found by solving the

set of equations

Aéﬂaz‘, (5)

using the known multipliers and reduced form, e take as next
approximation

FJE A W (6)

and repeat the process, It is unlikely that more than one or two



cycles will be needed,

There are two special cases of matrices for which no
interchanges are necessary, #ilkinson (1961) shows that if A
is diagonally dozinant by eolumns, that 1s

[a,. ] > 5 lagf s )
1l 3{;1 34

tien the growtherate is certainly less than two, and all tho
reduced matrices are also diagonally dominant, it follows that
the rows are correctly ordered for partial pivoting, The other
special case is when A is positive definite, In this case (3)

can be replaced by itz symmetric v.raslon
A= LLT. (3)

¥ilkinson (1961) obtains good error bounds for this technigue,

If our machine has facilities for double~length cocmputation of
soalar produets, then this version is to be preferred, ‘Where
soalar products are agocumulated in single~length arithmetic the
.proeoas is aqnivtl‘nt to Gaussian elimination without interchanges
and where the pivotal rows are scaled by dividing by the aquare
root of the pivot, It is clear that if Gaussian elimination
with flouting=~point arithaetic is used, exaetly the same error
bounds will apply. Indeed we will get a marginally better result
with Gaussian elimination since fewer operations are perforzed,

in both caszes full advantage of the symmetry éan be taken, Only
those elements of . on and above (or below) the diagonal need be
stored, The same applies to all the reduced matrioces of the
Gausaian elimination method since tuese¢ are also symmetric, If
we wish to work with fixed-point aritimetie, then the symmetric
decoaposition (8) 1s to be preferred since :i can be readily
verified that if A is scaled so that its greatest eclement is less

than unity, then all the elements of L are less than unity in modulus,



/ method of elimination was proposed in HFL (1361) for the
case where the matrices A and b are just too largg to be stored
in the fast~store of the computer, At a typical stage the first
(r=1) cquations have been reduced to an upper triangular forwat,
The next equation is read into the store and its first element is
compared with the first element of the first equation, If it is
greater in modulua, these two equstiéna are interchanged, A
multiple of the resulting first equation is now added to the
resulting r’h 8o that tiie latter has & zero as its first elenment,

Yow the second element of the pt8

equation is compared with the
second element of the ssoond squation and if 1£ is greater in modulus
these equations arv intershanged, The second element of the

resulting rﬁh

equation 1s now eliminated, and 30 the process
eontinues, As in the oase of ordinary Gaussian elimination, with
row interchanges, all the multipliers will be less than unity and

the maximum possible growth ratio is z”".

An advantage of this method is that the siorage needed is
rednoed from n® ¢ mn to in{ne3)-1+nm, However the growth rate
is likely to be greater than if t.c ordinary Gaussian eliamination

wore used, since the sultipliers are likely to be larger,

In the caze that . i3 diagonally dominant, as we have already
seen, no interchanges are needed, In tiaiez case we gain in storage
without altering the acouracy,

in the case that A is symmetric and positive-definite this

sethod of'fers no advantage since we need only store the upper part

of the matrices anyway.

It will be useful to have an estimate of thn number of
arithaetic operations performed and the :terage requirement for

tiese various methods, Unfortunately the uachine time is not



entirely taken up with ari.thmetic.,"ged-tape” and finding urnocers

in storai-e may take a comparable time, but it 1as difficult w

include tuese in a taclie that $s applicavle to any wachine,  ...co®
estinmates are given in Jable 1, The tiame tuken for & ..uliiplication
15 represented by u, the time for an ad.iition by o wnd the tice
for a division by 8§, On most machines division tak“ conciderably
longer taan multiplication and in all but tze NFL teosnigue tiw
number of divisions is minimized if each pivotl is replaced by its

reciprocelyad we assume that this is done, We take the time for

comparin; the moduli Lf two nusbers to de <.

! Hethod sork ui A AOPK On HaileS, -torage
i | - . SO G
‘Gaussian Elimination | oy REN nzd ol + ) {n + m)
‘with full ' 2 ‘ .
Aotersvanges | *X®) 4 edw _
i !
‘Gaussian -limination én’u +3 njx nza( o+ M) n{n + m)
w.th row 2, ‘
‘interchanges or LU + O(n") o ° on) | Lor n(g + m) + &n)
3111t with row : by MFL tecanique]
‘1aterchanges i " '
g ] T | I . _.,:I.:.“...’ ..... , } ? 2 et e : . . e e e
(Gaussian :limination Z 0’y +on’xc | n'm{ « + u) n('g + m) + O{n)
| sywsnetric positive 2 : | 4 n
gd.fmto case R e Zﬁé‘n"clﬁfﬁ?)
or LL" split Z ; . b processed
Caloulation of C nn § 2n’n( X + u)
Xy 8iven X, ‘ ;+ O(n)
Gaus.lan Qimingation | ‘é n’u 3 x nzn( A v )
A diagonally dominant 2
tor LU spllt | o(n") -+ n) |

fable 1

‘unber of arithmetic operationa and sterage for direct nethods,

It often happens that the matrix A is a band=matrix with



84 = C ifji-~-3|»r (9)

50 that its band-width is (2r-1). It is easily seen that if full
interchanges are used, :.8 band character of the metiix is destroyed
and it will huve to be treated &8 e full mstrix, This will incresse
the storsge and arithmetic very énnsidorably; ¥e therefore do ot
recommend the use of full intercheanges for & bend-mctrix, If no
interchanges are used the matrices L «nd !! are Loth band-matrices of
band=-vidth r. If row intershcnges are used, U remains & Lend-matrix
with band~width inerszsed to (2r-1) but L coes not, although no coluan
has ore then r non-gero elements. T:is will mcke the organizstion
of the LeU split non-trivial :nd for this re.scn wé fesl that Gaussian
elimination i3 to be preferred.

e can further expleit the bsnd n. .ture of the matrix to
reduce the amount of fast storage needed if »e have & convenient
bagking store evailable. Host mocern machines have such a store
in the form of magnetic tape units, The vand struoture means
that e need have only r equations in the fsst store «t once. The
use of the NPL technique will further reduce this reguirement in
the case of a non-symmetrio matrix. We show in Table 2 the number

of arithmetic operztions performed and the storege requirements of

these methods,
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It often happens th:ut lle matrix 4 1s blook tri-dlagonal,

that 48 it oan be partitioned into submetrices in the form

31 51
Gz f;z BZ
¢ B
A s B T

I EENR S ENNE RN RN RN

[ E XA RN E N ]

q %

i

In sugh sases it has been proposed that the smatrix A be split inte
the produat of a block lower triangular matrix and s blogk upper
triangulsr matrix, that is

- - — ~
I ?‘ G‘
j I » G
" £9 2 2
tz.3 1 F, G}
..’.".J I F2 XXX XX ]

and the submatrices are oalculated from the squations

P1=A1, G, =8B
=C, ¥

P, mA, = G

gug ? Pg = Ay =3 Gig s i>1

=B

By L %%

For a gensral matrix this i: a rather unsatisfactory method, since
it suffers most of the disadvantaze of Caussian elimination without
interchanges, We will illustrate with an exasple, Suppose we
are working with four significsnt decimals, and cansider the

deconmprosition
v lee 10 1 [ e
':-‘*OI | | 1| ] | 90'
90 2 Wbo [ 1 ‘ 3098
l 20 I | 1 i [ 90

(10)

(11)

(12)

(13)



#We would have obtained the same result if' the element a33 had
been any muaber in the range

1.5 < gy £ 2.5, (1)

With caussian elimination and row interchanges we Lave

S

B 1T B
90 2 1 90 2
90 1= 1 20 (15)
1 0 01114 1 39,38
30 1 90 |
- -~ - — S -

and Af any elesent ef A 48 changed by moere than 0,005 we will obtain

a differsnt answer,

Thuas the method is lixited to cases where we know a pricrd
taat no interchanges are necessary, that is for diagonally dominant
matrices and positive~definite aymmetric usatrices, To compare the
apount of arithmstic and storaze we will have to consider in more
detail the aotual operations performed, If the vecturs x amd?h
are partitioned to correspond with the partitioniog of ., we have
to ealoulate

-1 |
Fyoidgp Fymay =0 Fih Bom
-f 132...4
LR TS AN L
| (16)
= « PV (v. -8B, \,,) 4= q 1
Ba™q Xq F =Ty V" Yy v ooe
Clearly owr best plan is to overwrite each E& by its triangular
degoupesition,

We oan establish the relationship of this process with the conveational
triangular decomposition of A by writing



10

A =
of T i _
) - -
I L Ly oG ]
) ‘1
bz I Lz “2 D‘a Gz
2:3 I .a " [ (4
(F XN EEEEKR NN] -
" . 4 -t
L, Uy Lg%y .
Bhy Ly U, Ly Gy .
Byly Ly Us LGy
[ EYXZX2Z KX N ehoG0OGOIBSOBREEDS *
- d ¢ | 1

The operations sotually perforwed when written in the form of (16)
are givan Ly

' -1 -
Dy Oy = Ay s By Uy = Ay =05 Upoy Byep Baey

-4 / -y . - -i I |
N R, v o= Lo (B-CUu_V) (19)
_— R IV AN W

The matrices

-, -
Liﬁic Liai

et -
“glyag = Cg Paog byeq = €y Ugy

are salsulated and stored in the ocourse of the computation in line 1,
The first lines of (16) and (19) are identical and take the sane
mof‘opmtm. but & oareful comparisen of the rest of the
computation shows that in eaoh osse we perform 2q matrix by veSter
maltiplications, In (16) howsvar we perfarm bq forward or backward
substitutions against 2q in (19) s0 that the form (16) involves more
work than (19). _However there is no dissdvantage in working with
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equations (19) ani thic may provide a convenient way of organising
the caloculation, instead of treating 4 as a matrix of variable
band-width,

Ip ANy cases Bl and Ci are diagonal matrices, Then if all
the submatrices’A, are of the same order, the formulation (19) w111
reguire exaotly the same azount of work asz if A were treated a3 a
band-matrix, If the &1 are not of the sane order we are again

effeotively working with 4 a3 & matrix of wariable band-width,

These remarks resein velid for a positive-definite 4, and
the metaod of (15) suffers the further dissdvantage of dn&trqfing
the symmeiry. .gein the method of {(19) is couvenient for Lue
treatueat O a matrix with variable band~-width,

In this proceas the matrix 4 is multiplied by a sequence of

orthaganai matrices, to produne successively the matrices
ﬁ,, &2. vse A‘ﬂi’ each having one morse s¢i'o below the diagonal
(Givens, 1959) or one more null column below the diagonal
(Householder, 1958)., Por a full matrix the Givens process requires
about four times as many arithmetio operations az Gaussian slimination
and the louseholder about twioce as many., Unless A is wvery ille-
sonditioned tiae process described in equations (4) (») and (6) will
reguire less work and will produce the most acourate seolution that
is possibvle working with single-length arithmetie, If these methods
are applied to a band-matrix the band strusture 1z not maintained

in the reduced matricesa, The work is thus very much inoreased,
The metiods are, however, very convenient when the matrix is full

and we wish 10 solve tie elgenwvalue problem also,



n's of T

‘e gilve here & brief explanation of Kron's method and will
later consider its application to elliptic partial differential

equations, for a fuller account see iron (1963).

The method depends on expresaing 4 as the sum of two

satrices
A=DBae+C,
where 5 is non-singulax and C has rank less than n,

It follows that

Bx = b - Cx,
z =87p-08"cx.

Now B“‘c haa rank less than n and 50 ca: be expressed as the

produst of two reotangular matrices,
sl = s T,

where S has n rows and r ocolumns and 7 hes » rows and n

columms; r is not less than the rank of C,
Proa equation (21) we have
= Dﬁ‘h - 3TF,
from whioh it follows that
xeTB y-T50x,
“riting z = Tx, we have
3= TBper35g,
If this set is solved we can obtain x from (23) as

x= B.’hn'sg.

12

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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It 43 clear that a chesk ahould be made that o is not

substantially worse conditionsd than -,

For this method to show any advantage over those already
disgussed in this chapter, it is necessary tuat 3 ve easy 0 invert

and that r be muoh less than n,

Jo illustrete the method by its application te a matrix
that has been partitioned into blocks,

r~ i
Ay Ma e Ay

AZ‘I A& see
A= (27)

AR XN NNEENNE RS RE S X J

“s3

b y

In the notation of (20) we take

- )
A“ ,

B = ¢ _ (28)

.

and r to be thes number of i1ows in

- )
0 Ay oo ‘“13
0 I A R NN EE N X
C = iA=p = Az‘ "o (29)
[ A X A XN E RN AN NN EENE XN )
4]

taat are not entirely seros, e obtain f fram C by onitting
from C all its soro.rowns and § 1s obtained {rom 3 by omitting
oorresponding golumns, It should be noted thuu a full iaverse of
B need not be cuputod in this case,



It is difficult to make comparisons witi other methods,
sinoe a0 much depends on the matrix A, 1If there ar¢ few non~gero
elements in the off=diagonal blocks of (27) ani thesc are not
grouped near the dlagonal, then the matrix cannot be treated as a
band-matrix and Kron's method will show substantial savings in work
and storage, The original application was to matrices arising frow
sleoctrisal networks that divide naturally into several regions
with few comneotions between the regions, These provide goed
exasples of the kind of matrix just deceribed, Kron's method may
also be tempting when several of the matrices Ay, aTe 1dentical so
that the inversion of 3 is particularly simple,

1
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CHAPTHR 2

LatALIVE MET0DS MO/ M. SOLUTION 0 IW.odas b UAiChs

The diresot methods desoribed in Chapter 1 are very satisfactory
when ths matrix i can be stored and has few zero elemsnts, or when
it is a band=-matrix with few 2¢ros inslde the band and the band ecan
be stored, or when Kron's method is convenient, ‘here these
gonditions do not hold we may decide to use an iterative methed,
Indeed storege limitation may leave us no alternative, This means
that we do not store the matrix A, but rather have a progremase that
allows us, given an approximation g( r) to the soluticn x, to calsulate
& better nyproximatinn‘§§”w1). Uur decision to use an iterative
method will probably be taken on grounds of storage, but if A has en
expeptionally large number of zero elexents we may also find a
considerable reduction in the amount of work to be done, Ve will

show an exauple of such & caze at the end of Chapter 3,

Ve express the matrix A in the form
A= M-N (1)

where ¥ is non-singular and easily inverted, The iteretion :chenme
i3 given bWy

u BN w0, (2)
Since the solution satisfies the equation
Hx=Nx+b, (3)

the error vector

L " =x-Z (4)
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satisfies the eguation

« BN Ly o0,

that is
o) iy (B, (5)
The residual veotor
£ o paa 9 aazg -9y an g™ (6)

and thes displacexent vector

() lret) | (i) | (i) | (1) (7

satiafy the similar equations

z(k"‘) = g(") (8)

and

g(k"” e W &(k). (9)

matlrix T
The asbep-r = & N will be called the iteration matrix, If J is

the Jordan canonical fors of T and can be obtained from T by the

transformation
T=8J :.-'s", (10)
then
« 7% g0
- 5 755 o9, (11)

We study the convergence of the iteration by considering J‘k e The
block diagonal nature of J is preserved in its powers and we thecrefore

need consider only the t;plcal submatrix of J 3
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- & |
A 1
L |
3, = " (12)
®
A .
- A
It ia easily confirmed by induotion that
™ n
> . kg ket g k2 K k)
1 1 el 3 oo
kk k.c kk-"l kcz 1""2 vee |
'k R, k-1 (13)
l c1 7‘ a0
02000008 EROBOGORBHEINOLOIIGENOOENGOEENROOINOIGERTS
__ i
and hence that .T: converges to the mull matrix as k tends to |
infinity 4f and only if 11| < 4, It follows that & necessary and
suffiolent condition for the convergence of tie iteration far
arbitruv_n(e) is that
f(f) < 1, (1a)
where /0(’1") is the spectral radius of T, We say that the matrix T
is convergent if (14) helds,
From squation (11) we have
[l .!(r)N < e g(o) I (15)

where the vector norm and matrix norm are consistent witu each other,
] ™| gives us an upper bound for the ratio ”3(:')” /”3(0)” .
pre there exists an 3(0) such that equality holds in (15) so

that for arbitrary g(o) the quantity ”Tr “ will give us a useful
average rate of convergence for an iteration with iteration matrix

T over r iterations as

() ==L 10 1)) . (16)



8y Anspeotion of (13) it is easily seen that

I g™
linm (3) = p(7),
rowe N80 F "

80 that

1im mf)--uaywnh

and this is defined as the asymptotic convergence rate,

Suppose that

Ae Mels Del=1U,

where D is diagonal, L 1s strictly lower triangular and U is stristly

upper triangular,
In the Jacobi iteration we take ¥ = D, giving
Dg(kﬂ) = + [d~-Ax k)]
,Léw "+x-

This can be generelized by over-relaxation to Von iﬁiua’ iteration

D E(kﬂ) = D 5(1‘) + W= 5(“)],

where w is & conatant, The wmatrices ¥ and ¥ ars here given by
&utd'ﬁ, I\"tl.‘D-'A,

In the Gauss~3eidel iteration M = D -~ L giving the iteration

Ds(xm) - Lg(am) . ui(k) g

whish can be gmrilund by over-relaxation to the form

Dl(k*‘) - gs( ) + '{L (k"’i) * u“(k) - Di(k) f_b].

18

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(2u)
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This wethod is known as succesalve over-relaxation anc is usually

abbreviated to S,0,8, The matrices M and N are now given by
H:'.1D<-L, Nz'l“f)dnﬁ-i}. (25)

In all these methods the elezents of X (ket) are calculated one-by-one
in the order x (kﬂ) (k”) {bﬂ) o All those elements reguired
for the caloulation of any element have already been found by that
stage in the osloulation, GCauss~iegidel and JOR have the advantage
that enough storage rorj\ﬁc veotor X is necessary, since once g(.:“)

has been found (k) is no longer needed and may be overwritien,
&y,

If A is symmetric we will wizh to store D and U only but will

(ket)
.l

by allocating enough storage for another vestor and set this to sero
ot the begimning of each oyole, ihile we have the 1 row of U in
umnummuumx“hwmmwu multiply it by x (k)

for Jacobi and Von Hises or xgk*‘) for Gauss=Seldel and 0K and add

require the whole 1% row to find x . ii® overcome this difficulty

it to the special vector of storage, ‘hen we reach the stage of
ocaleculating xgk") we will already have tholm component of the

i(kﬂ) th

mwna(k)orb in the 1™ place of the special vesctar.

There remains the synmetric version of Gauss-ieidel, due to
Adtken, and the symmetric version of 30R, If we replace (24) by

and ocaloulate the slements in the order xff"’” ("‘") (“*‘) x('k"‘)
we obtain a very similar iteration, If we alternate between (24) and
(26) we obtain tue wethod of symmetric successive over-relaxation
(550R)s This has the adwantage that if . is symmetric with non—gero
diagonal elm:uents, then the iteration matrix is similar to a symmetrig
and positive-definite matrix, To prove this we define the square

root of & diagonal matrix, If D is the diagonal matrix given by



then 3
r &
4
SJ& a ..
dﬁ (27;
and D'&.[ni]". *«;“% )
!
alo.

We are trying to solve

Aga)d, (28)
or b’%nn'*n‘kgnn’*h. (29)

If we fterate on § = 1:)i X it ie esslly seen that

iteration the correspendence

87 ot L5 (30)

8till holds, Suppose

-3

D‘:.-xD.%II"L"U, (31)
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(+) -
then the iteration matrix for the 1.Ck prooeaaggzh e _9/_ )45

?u( o) (wiwwloINI-w)V(W-wlsd)

_ (32)
= c’-‘ ([2vw] I - c)c"" (-cT + [2~w] I),
where
Rearranging
T = (61)° (L2=wjc™? = D)([2~w])(6T)" - 1)cT
(34)
= (G‘T)‘»1 & E‘r Cr
where
B« [2~w)jc”! -1, (35)
We conolude that T is similar to the positive-derinite matrix i K
snd since, using (30),
5(lvzn) S 50:). (36)
our result is estadlished, e will see later (Chapter 5) that thia
allows us to acseleraie the convergence,
As with direct methods of solution of linsar equations, a
reliable error bound samnot be found without some knowledge of 5-1.
fuckral -
¥e assume that we have found tue spesiel nor of AV,
0 = Lo ah ] h, (37)

whare f denotes mwm. Ho great accurasy is needed so

the total tiwe for the computation will not be increased substantially,
It may in any case be found in the ocourse of estimating relaxation
parameters (see Chapters * and 5), Otherwise we nay use the procedure
of Chapter 8) applied to A for the positive~definite case and to
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ATA otherwise,

e need the residual westor for our bound, ffl\ua is found
a yway in the Jacobl and Ven Kises iteratlons. in approximation o
it is found anywmy in the Gauvss=Seldel and Jacobi nmethods, zo
additional work need be done only in the last few iterations,
Suppose ;(k) is the exaot residual of the set of equations

(A + 8a)g = b+ 8, (38)
that is
z(”‘) =p+ 5p = (A+ 8a)% (k) (39)
- Ax _x(k)) .8y - w(k)
and
ek 41 [x“‘)'- 5 + “&mj. (40)
The error bound
(k7l( < a1 [n v s ) o Haall ) ;“‘)”] (41)

follows at onoce,

An alternative method 48 applicable if we can negleot the effect
of errors in the elements of A and he I the iteration matrix
posaesses & single doainant latent reot, ) 4° and 1t 1s real and
non-degenerate, then the displacesent vestor will be have asymptotically

[ ¥ ]
PRV I ‘%\“). | (42)

where £ 13 a constant vestor and A, 1s the sub-dominant latent root,
Onoe the displacements show this bobaviowr, we may estimate the norm

of the error as



Ni(k)” ~ HA(k)N ~ ! Q(k) I 2 (43)

TR L TR G

. la

If the iteration matrix has more il one douinant latent root,
the above analysis is inapplicabls, ilowewer, we nay averege over
a number of iterations by oconsidering

a2 AV
28]

X . (uh)

If p is sufficiently large, u approximates to the smeedal sicclial
radius of the iteration matrix and we find the error estinate

(ST Wl (45)

1 -p

These estimates should not be used too sutomatiocally, Machine
rounding must ultinately destroy the asymptotic behavicur and the
analysis will give agourate results only while these rounding errors
are insignifieant., The residual sethod would appear to be the

safer,

The Von Kises iteration matrix T 1s given by

TaI-WMA

s (1w)l + w 3~1(L + U), (46)

5/140501
Hence 4f /Dis the spesial radius of the Jacobi iteration matrix,

DXL + U), the Lteration will converge if

)1-w+ﬁu/< 1 and ’1-w~{0w)< 1,

that is if /0< adn (1,
assuning that Dcwe2,

gk

- 1)y (&7)



We can obtain convergene if <7< 1and 0 < w < %:/;, .

dow the spectral radius of T .. bounded by
&(v)-w{l‘l-n+wfii, (1-w-wf’f_}, (u8)
and iIf & > O then

(1) = f"
and O (148) > =1 + (148) » (ua)f =P+ 8+ 8 >/o
o-(18) > 1 = (128) + (1=0)7 = £+ &i-0) >FP -

(49)

It follows that if all that i3 known about the eigenvaluss of

0" (LeU) 1s the value of [ » then the best saymptotis rate of
coanvergence is obtained at ws= 1, Lince the speoiral radius

of a matrix is not greater than eiitiwer its row or suclidsan norms,
convergends of the Jaocobl process will be assured 4 either of
these norms 1s lese then unity, Thus we hawe that the Jaoobi
process is convergent for matrices that are diagonally dominant
by rows, Kore oan be sald if A is positive definite, iinse

D."A » D-*D.* A S)‘% Bi ’ (50)

1

we houc that D 'A s ammun‘*an’&. But if A is positive

Mmuthmmial)‘}an*amafermmwx:‘:o

xTD-&AD.&z- Eag > 0

, ki
whers g = D’é X . (54)
Thuas the roots of D"A are real and positive and the iteration will
converge if
v < 2, (52)

o

wherC U~ is the speotral redius of D"’A. If the s=zallest latent roog

of D"A is 7 » then the best asymptotis rate of coanvergence is

given when



1-\!‘750(1-'(7'), w::;_-:-a (53)
One speoial case ia sometimes quoted, The Jacobl iteration
will converge if A is positive definite and all the eloments of
D"(M) are non-negative, This result dspunds .n the rerron~
FrohmiuaL non-negative catrices, (he lemma we require is that
the matrix D"V(i+U) has a positive eigenvalue equal to its spuctral
redius, This is proved, for example, by ¥arge (1962  page L4£).
The matrix D.1A m all its eigenvalues positive, so the greatest
positive reot of D™ (L+U) 15 less than unity. From the lemma it
follows that its spestral radius is less than unity so that the

Jaoobi process will ceonverge,

delaxation Neruoateyr

Loaverzenge of the I_t.agtggna for & lua

If w is ssall, the S0R and Von Kises iteratious converge

equally fast since the SOR itaration matrix,
L_a(x-wd™n)™ (w0l = (w1) ) (58)
may be reduoed by some manipulation to

L,= (T +w EJ."L)(w pY - (wei) I) « 0(1'2)
s (I = w)l + W ;z"tu -w 9‘4}4 + v..){vcz) (55)

SI"WD s+0(u)

-1

If the eigenvalues of D Am?»k’ix&t};;anmmaf L'm

=1 -0+ 1) 4 o(wd) (56)

'Ulza(‘l-—u)})a‘vﬂﬂk O(W

a?-Zwkk-bO(w) (57)

It follows that the processes will converge for sufficliently amall
positive w if the real parts of the eigenvalues of D"A are positive,



An alternative oriterion for convergence if w 4is suffiocisntly
suall is that (A + AT) be pesitive definite, This implies that the
elements of D are positive, Juppose that D* is the dlagonal aatrix
whose elexents are the aguare roots of those of D, then L' is similar
to the matrix

ESIN 4

D*T D‘% xlew D’*A b'.& + O(lrz). (58)

Now the speotral radius of a matrix is not greater than its gpestril
norn, Henoe 1 will be convergent if thw matrix

(o¥r o H) (¥ 17H)T

, (59)
s I~ wD'iA'B‘! -w D.} N B‘% + O(w?')

1~ "
is convergent, DBut (D"":». 3).% * D’i AT ﬂ"'&) is positive definite
10 (A » Ar) is positivo definite, Our result is tuarsfore established,
This result is given by Breyden (1964), using a different proof,

Consider one stage in the iteration, where the :‘I.m sloment of

5““1) is caloulated, 3uppose the corresponding error vectors are
i(k") and g(x,w). ham

2(as,a.ﬂ) . ék,i) - ﬁ.x)' (60)

%41
vhere A = [;u] and x(:'i) in the colwan veotor wiose 1“ elemant is
the im elenent of the residual wector and whose other clements are
k1%, k1)
all sezo, Consider the quadratie fmg( ’ ﬁé . Using (60),

we find the relation

g[k.mﬂA !(k.m) . ék,t)TA B(k") _ [ .t:(i‘“")r..-a g(“»ﬂ ) ;(koi)rﬂ ;(L“"‘)

x
844

- x é‘k.i)r R &(k,i)]
it

R D) (2mgBs)” L (60 (61)
il



and if O < w< 2 then
Frte)™, ditet) < Li)?) ofie0)

The m (‘(k)l“ ék)] is therefeore smonotoaic deorensing, It is
a seguence of positive nunbers aince 4 is positive definite and
thearefore converges to a limit, 7The differonce between

g("")ra 3(1:,.1,) and g‘k"“"‘)% x(t:,m) will beooss arbitrarily
small, so that from (61) it follows that gg‘k'i)_;, C and oonvergense
is assured,

Convursely, if A is symmetric and has a negative edgenwvalue,
there exists a vectar 3( o) such that

&(O)T A éo) < Qs

But the seguence Lg(k)r A 3(3‘) ] 1s monotonic dsereasing and so
cannot converge to szero, The process is therefore not convergent
for arbitrasy £,

The S0R iteretion matrix is

L,= (0=w)™ (w - (1) D).

Using the notation of equations (&), (6) and (7) we find the
relations

& . (1= L) A(®)

9 o g Lo Nz -1 9,

(62)

(63)

(64)

(65)

(66)



Now
(L) =(0=-w)™ (-l = (i) 0)
and

(=L ) o(D=wi)™ (e = w4 w)
= wD - w)" s
from which it follows tnat
(Te Lr=L)Ta(r=L )™ (10)
w(w? (w0 - w - (w2) D).

Q= i(1:)'!A z(k) - s(kﬂ)TA l(xcm)
« 3% (aaal) g0 - g RN (T gl

.l (‘(x)w . i(u-n)&)( A AT)Q’(") R ém},

. ¥ 5(“)? (& + aTYwa]? (W = Wl = (w-2)D) g(k) .

If A is symmetric this quadratic form reduces to
¢ mwp(we2) LT p \(¥)

and 12 pesitive 1f A is positive definite, This provides an
altermative proef of the converzense of Ok fer 0 < w< 2 for
positivewdefinite matrices, If 4 4a nesr-symmetyio so that

haesl) as,
then it is easily seen that
Qo= i'((% - 1) g% 40, o4 1,

if ¢ is amall and the elements of D are positive, O will be
positive Iif

0 <w< « < 2,

(67)

(68)

(69)

(70)

()

(72)

(73)

(74)



where o 1s g oonstant depending on A, «ith w in this range
we will bave convergence if and only if (A + .&r) is positive-definite,
The argument runs in exaot parallel with that for & symmsetric A,

This result was established by utein (1951) for the case w = 1,
lis states explioitly which matrix must be positive definite in order
that § > O fer w,ﬁ(k). ¥e fecl, however, that this will be of
little practioal walwe, The result is useful in a preotical situation
in that Af we know that | A = A" || 1s smaller and that(d + 4 /48
positive definite, then it is worth trying the iteration with w
not 400 close to 2, Cenversely, if |4 - ATl is suall and
(A + A7) is not positive definite, thers is no point in trying iUk,

If the Jaoobhl iteration mutrix is non-negative, the Steln=-
Hosenberg theorem provides a direct somparison between Jaoobi and
Gause=ieidel iterations, umammmmme m,ﬂg
respectively, then one and enly one of the follewing relations
holds:

1. P‘u (DG_aO
2, °</OG</DJ<1

Je 13(DG==FJ (715)

be 1</03<]0“.

This $s established by Vumt(ﬁéZ}ch 7o), Varga also shows It
& the result of page (24))‘&“ the Jeoobli process is convergent

for matrices that are diagonally dominant by rows, can be extended
to Gauss=~Ceidsl alao,

haozmars (1937) proposed an itsrstion that i convergent
for any non=singular matrix, If A is partitioned by rows and
D by elexsents in the form



T
g . B
e e |
W o= i s | l - ! . (76)
? ! . [}
) T ’
| aﬂj » bﬂ »

then the individual equations can u written
. ,
31 X = hl . (77)

hach of these equutions can be thought to represent a hyperplane in
n=dinensional srace and their meek ecorresronds to the required
solution, gﬁ the 1terate £ X% gorresvcnad to the potnt FE+D)
in this spage, We obtain FX*3*1) 1o g rost of the perpendicular
from i (k1) to tue 1th plane, The norual to this plane taat

passes through F(k'i) is given by

Z (k 1, [ (78)

and a point on thésline lies in the plane if

5 @Y g 0 e, (79)
that iz 1f
» e (o 87 (o, = & S50, (80)
It follows that
5(i:.,m) o ;(k,i) . (3: si)-ﬂ (b, - .lz s(k,i))&i . (81)
The eycle 1s completed Ly setting
£t L llmt) (82)

vince A is non~singular there i1s & unique solution and we can
define a distance funetien



(%, 1) (k,1))T

. (x-x% Loy B

(2 -

woieh 43 just the diatance from P(k'i) to the solution, UI course

d(k’i) is positive and by Fythageras' theorea

d(kai‘”) é a(koi) .

lienoe the sequence [a(k'i) :! is menctonic deereasing end ‘ammd
by zerw and therefore sust converge to o limit, iven any .usitive

€ there must exist a k, such that
| &) _ o) |

fork > ka’ is4,2..0n If &(k’i‘) is the distance between
AReL) na plkadet) o
5(kv")2 = a(ksi)z - ‘(kai"”z
2
< (EedeV) | e)? - g 16sde1)

. ‘(24(k,x¢1) . a
< o2d¥Y L o) .

Since any plans is reached in not more than (n-1) steps, the distance

%0 any plane cannot be greater than (mi)js(zd("” R We have

therefore proved convergense,

It can be ahown (Darwent, 1963) that the rate of convergence
15 identical with that of Gause~Selds) applied to the equatioas

Bxs=g, B-MT

In the Kaosmarz procedure, the residuals are given by

(k,1)

Ty = bJ -3’ 5(k'i)

Writing a similar equation for the next atep and using (1) gives

rsxvi*‘) = ‘j - a} (‘E(koi) + {ﬁhl-‘ - 31 x :1)} .1).

1

(83)

(84)

(85)

(86)

(87)

(88)

(59)



kai"")
deaten)

rgk’i) - [a: 01].1 gg 8, Ty (k"')

In the Gauss~ieidel iteration applied to (87) the residuals

satiafy the squation

rgk'.i'lr“)

But

so that (90) and

To find the

(Jk,i.) r(k 1)

blT
nE B3

(91) are identical, prowing our result,

(k,3+1)

vector x a8 aany ochanges have to be

made to the veotor X (k”‘) aud there are non=-zoro elements in 3¢

The work per step is therefore about double that of Gausse~ieidal,

Purthermore, in the cass of a positive-definite matrix i the

convergence 1s likely to be azlower since AT is worse~conditionsl ed

than &, However it does provide a method whose convergence is

guaranteed for a

to the sguations

general matrix, The Gauss~ieidel method applied

ATA xs= ATQ

will converge at—ths_=ame—rate and we may use over-relaxation but the

systen is less wellwgonditioned and will require more storage,.

Kacsmarz iterstion does not suffer this disadvantage since it uses

the reaidusals of

the original set of equations,

Ksosmars iteration may be extended to an over-relaxed version,

given by the equation

;(k,iﬂ) -

R TR

Our proof of convergence oan be extended to cover this iteration

for 0 <w< 2,

Also there is a oorrespendence with (- on the matrix

32

(90)

(91)

(92)

(93)

(94)
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T
A'A of exastly the same form as that for wal, e do not know

of any method other than experiment to find the bast value of W,

There also exists a symmetrio Kacsmars iteration, Equation
(94) may be written

_:5(“'“‘) = 8, _:_:,(k'?) +w hi[_az 31]”' a, (95)
where
ui 2 ] =-w B, x (96)
8 8

If we iterate in symmetric cycles, that is replace

S(k"‘n") = x(k’n‘”) (97)
by
E(kﬂ 1) 5(k,2m1) (98)
a:d use
S ey o
J= En -~ )

for 14 = n+1, .., 2n then the iteration matrix 4s
T = (8y 5 eee s N8, wee o, 5.). (100)
How J, 1s symmetrioc so that
T = (8, 8, ees 58] 40s 87 5T )
= (5, 3, oo a%n)(éi1 coe 34 .':"n)T (101)

which is symmetric and positive definite, Ve shall sec that this

has econsiderable advantagses, as has .i0R,



The matrix A is often of suoh a form that there exists

& permutation matrix P such that

F 'APa= \ (1)

where D‘ and Da are diagonal matrices, The _UX method applied to
the matrix P~1iP has iteration matrix

- - ‘1 !. "'!.
= ; i (2)
W - :
wh, D, : (1-w) D, o
- y .
Suppose it has an eigenwalue A and corresponding eigenvector Y,
so that
[~ - - -
(tow) D, ", D,
x = A x » (3)
(1ew) >, ~wi,, Dy -
tiat 1s
Ay ot
- ‘ Xx= (mwet) X . (&)
M, D2
Now suppoas that
- .
I
=
¥ 1 (5)
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liﬁ A G“'y = (h+w=1) D,
y (6)
p| =
e . ! 3 -
But the Jasodi iteration matrix is
- -
ot
D1 A1
B= : (7)
P2 A
Thus we have shown that G 'y is an eigenvestor of the Jasobi matrix
and that the eigenvalues u of B are related to the eigenvalues A
of L' by the equation
hew=122 %o, (8)

provided w £ O and A £ O, The case w = 0 43 of no iuterest to

us, If A =0, then w = ¢ from equation (3) since the elezents of

l)1 and 92 sust bs non=sero for SOR iteration to be applicable,

Equation (8) is therefore valid for \ = O, ife have shown, incidentally,
that for a matrix of the form (1) that is symmetric and posisive~
definite, the Jacobi iteration converges, This follows frow (J3) and
the faot that S0 cenverges for 0< w< 2,

(‘AS’,‘.
We are now led to mewe whether the result holds fo any other

ordering, that is for any permutation matrix other than i, 52 in
(49) of Chapter 2 we write

AzDei=i, (9)
where D 1s diagonal and L ani U are atriotly lower and upper
triangular, It is easily seen that the result resains walid provided,

. diagonal
for any non=sero A, there exists a nem=singular\matrix G such that

un‘x,.)ﬁ{; (L+u)e™t, (10)



Young (1954) defined the matrix A as having "property ." if
there exists a veotor g = (q1, Gar ese qn)T, with integral
coefficients, such- that 4f a,, 4 O and 14 J then g - q |= 1.

The erdering is consistent H,Mveraufom
q1>qj,tbn£wmfmwathejthmmﬁwwm,&uﬂ
Wuuﬁom%<q,,thojwmfonustﬂeithmin
the ordering,

If we st G = dia,g(}iqi), it is easily seen that such & matrix
satiafies (10).

Young (1962) and Fex (1962) have esch rephrused this definition
in an attexpt to make 1% mere understandable, Young says that an
ordering is oonsistent if, atarting from this ordering, we can
permate the rows and corresponding colwuzns in such a way that if
8,4 40 then the ordering relation between the 1*® ana 3* rows
is unohanged and so that the permutated matrix is block tridiagonal,
Fox says that the ordering ias consistent if the arithmetis performed
in the iteration is identical with that perforwmed 1f the iteration
is applied to the matrix P‘ﬂAP, where i' 18 a permutation matrix and

P™UAF 1s blook tridisgonal.

Unfortunately, these simplified definitions are insufficiently
genoral, Ve will ses at the end of this ehapter that elliptio
diftmtui squations in three dimensions can give rise to matrices
with orderings that satisfy (10) without satisfying them, Varge
(1962) uses a definition that is equivalant to (10), nemely that

for any A
st [Deusr]s ot [Deran], (11)

Vargs (1962) has generalized these results to cases whore

the Jacobl matrix is cyolic of order p, Froperty /. is tho special
case of p = 2, ilowever, in the writer's experience ,cases with



P> 2 are very uncommon, and taey will not be considered hsre,

If the matrix A has propeyty i and is consistently ordered and

tho Jaoodi matrix has real roots, it is well-known that an analyais
of (8) shows that the asymptotic couvergense rate of the 0% iteration
1» optinised with relaxation parameter
w - » (12)

opt .
1 +{Y=-a

where u is the greatest root of the Jagobl matrix, This ie verified
by Vargs (1962, pagell0), s w varies, the eigenvalues of the
SOR matrix behave as followss

0€ wt 4 All elgenvalues real and positive.

ws 1 Une of the roots of (8) wanishes, so that the
eigenvalues are either zero or squal te a'z o
At least one eigenwalue is real, The complex
eigenvalues have modulus (1-w).

w < w<2 Al eigmvalues have modulus (1=w) and are

complex,

These properties are easily established hy examination of equatien (8).

spectral

If the chosen w i greater than w t,'ﬂmmmdimeftln

op
iteretion will be (1ew) so that Q_‘_y = 1, A little anxlysis of
dw

Y
of equation (8) shows that as w tends to 'oyt from below, 55-
tends to infinity, It follews that it is very important to estimate
w@t soourstely, particularly if it is near 2, and that it is bettsr
t0 overwestimate than under-estimate, Ve illustrates this with zome

numerical examples in table 1,



4= ,9

1,300 4625
1350 556
1,395 395
1,400 (400
1eb50 4450
1,500 500

The dppendence of the convergense on the cshoice of wnear w= w

Unless we have an & prieri estimate of '&p

~log A
470

«587
095k
«916
o799
o693

0= .99

1.730
1,740
1,750
14753
1.760
1.770

«836
818
<785
e 753
« 760
o770

-leg A}
180

«201
o 2h2
o234
027l
»261

# = 4399
L] A
1,390 959
1,900 29514
1.910 938
1916 Ik
1.920 920
1,930 .90

-log A
«Ohe

¢005
9
083
 #073

opt’

s wo shall need an

algoritha that finds it without inoreasing unduly the total amount

of work,

2w w”‘

equal modull. and as w i

dooreased rom w
opt

inocreases while the moduliu: of the remaining roots decrease,

all the roota of the iteration matrix have
s the dominant root
In fact

if the second root of the Jacobi matrix 1s u', the ratio of dominant

to subdominant root of the S0R fteration matrix will have a peak at

Unfortunately it seeas difficult to expleit this faot, but both
/
Kulerud (1961) and Carre (1961) dsscribe useful algorithms for

saloculating 'Bpt

less than w

op

t’

opt

2

0[1
1+ [1 - ;x'aj

and depend on the use of a relaxation fastor slightly

/
Carre's technique 18 to iterate a few tlues with a w that

is a dslibsrate underestimate of the optimum and to estimate the

dominant eigenvalue by the ratio of the noms of the last two changes

in the veotor,

From this sujgimahe he obtains an estimate, w', of

Yopt’ using (8), and eontinues the iteration with relaxation factor

(13)



woasw -"(;(2-"). (14)

He states that in his experience this $s likely to converge to a
valus of w not far from w! . . hen the ehanges in w' are
small, he continues the iteration with w = w', iie olaims that the
total nuaber of iteretions required by this techniqus rarely exceeds
by more than 35 7, the number required if w__

_ opt
Kulsrud's method is essentially the same, except that he usez the

is used throughout,

/
latest estimate of 'opt rather than Carre's L These estimates

will steadily rise, for if we use Y and find an aprroximation ho
to the dominant root of Lwtbcn the now estimate will be

'1 - g |
1+ |1 = (weter )3 h (15)

..g.-.-&.

Ya Mo

Itiamilyaimnmtw1,},r°,for

- g n " ) (‘6)

Thus the sequence of oétmtca will steadily inorease, It iz clear
that an Matimto mizt be used to start the prosedure and that
there is some danger that a gross overestimate will be found, he
estimation precedure iz stopped waen w o and w, agree to a prescribed

accuracy. Kularud dces not make clear how he gets an acourate



uluoafl whenw ianearwop Since there will be 2 number
of oomplex sigenvelues all with modulus {w=1) any inspestion of
the norma of successive changes mAy glve a very poor wvalue of ’Aa.

If,s W&W&mwm&m

11 gleew) |

= |

with p of moderute size ¥we will be less likely to get a very poor
result, Kulsrud states that in tixrese test problems he required no
more iterations than if the optimun parameter were used thxroughout,

Both the teohnique of Carre and that of Kulsrud require
that the Jacobi metrix should have real roots, The most usual
case is where the matrix A 13 symmetrie, !lere, in the notation of
(9), the Jacobl matrix is D"‘(I. + U) and if we have an approximate
eigenveotor g with error O{e), its Rayleigh quotient

oy = sT(LOU)‘
2 v3

will be an approximate eigenvalue with error s ) Horeover

Ly | € PO« V.

/
Neither Carre nor Kulsrud exploit these properties, Ve will

now desoribe a téohniquo based on (18) and (19).

In a typloal step we iterate a few times with a relaxation

paraseter w and form the vector

FOR ém

where A(k) 4s the last displacement vector and G 48 ths zatrix
of equation (10) with % approximated by (w=-1), We form the

Rayleigh quotient

(47)

(18)

(19)

(20)



Y

“(nk) = W (21)
g Ds

and henoe & new relaxation parameter

(22)

o, 2 :
1+ [1 - ”gk)z-]'/l

The iteration is continued with the greater of W, w5/, te

start by forming the Rayleigh quotiemt of an arbitrary veotor g,
contimie until succeszive walues of w show little change and then
revert to straightforward 302,

This teshnique has several adwantages, In common with Lalsrud
we are always using the best value of w ocurrently awailable and
mmﬂmcManmmtho,Saaomtw
estizate will gontinue to improve until it is contaminated with
rovading errors, The current value of w i3 likely to be good
sinoe we are using the dayleigh quetient of a symmetric matrix and

no prior knowledge of 'cyt

is needed,

The only disadvantage is that some additional work and storage
are involved in the formation of the layleigh quotient, For a
general patrix we need & whole veolor of adiitional atoruge but for
a matrix of band=width »r only »r storage loocations are regquired,
The additional work in finding ecach sayleigh quotient is ocmparable
with one S0R iteration, ‘iie ¢an hope for adequate compensation in

the improved convergense,

If the matrix does not possess properiy A (or Varza's
Maﬁm}, then we have to rely on trial and error to
estimate the best value of w, A thoorem of Kahan (1953) helps a
14ttle in this, He s.ows that if U4 iteration with rarametar w

is uaed/thm the spectral radius of the iteration matrix is not less



than |we1 | and equaiity is possible only if all the eig:nvalues
of tie iteration mutrix have modulus [w = 1|,

To prove this theorem u;a consider the iteration matrix

Lw = (1 ~w)™ (w0 + (1ow) 1), (23)

in the usual netation, Jince these two matricez are triangular
ve find

dot (I=w'u) =1, aot (w00 « (1=w) 1) = (1=w)® (2u)
and henge that

ot (L) = (1-wt, (25)

But dot(l_') is the product of its eigenwalues and the result
follows at onge,

This theorem is useful in that if we have found the spectral

mdiuaﬁofL wcmdmhmlyinthsmgui-ﬁ<n<1oﬁ' .

"
Any sesarch of this nature can be a time consuming operation,
particularly if we should encounter a complex dominant root, As
the example of matrices with property A shows, tue converge may be
quite eritically dependmmt on a good ochoiee o' w, For these reasons
we prefer other ascelerstion techniques, to be desoribed below, but

these all require more storage then the one vestor needed by 30K,

If the matrix A is symmetric we can find the dest value of
the relaxation paramster for 330R by (. teohnique desoribed Ly
Habetler and Washpress (1961), Ve first manipulate the iteration

natrix to the form



U = (Dewt) ™ (i = (w=1)8) (5 = )™ (s = (1) D)
= (1 - o) 2] [1-w (Dens)™? ]
..x-i[n-w]“‘ [Dowls = wi # D = wi) (D)™ A
xI~w(2m(p-w)o(0-w)"a. (26)

If 3 4is the eigenveotor of H' gorresponding to its dominant
eigenwlue, then this eigenvalue is given by the Rayleizh guotient

RN ot (@

Now a saall perturbation of z will cause a second=-oxrder perturbation
. ] - Z
in \. lence _ﬁ will not involve any terms in %'. Now
iw
writing
ke 2 LD W2
o ZT (Let) 2 (21)

. I zTD_z:

1t follows from (27) that

I.Ra 1- ~ 3 (29)

- wx+
and d =0 if
=
(8 ~wr o wzk)(zn-e) +w(2ew){=2+ 2xw) = O
tuat 13 Zcn’ ~TW + 2wb = 26 = O, (30)

Henece the optimum relaxation parametor is given hy

)
4, -z~ [wess(x-)]

(31)
'Opt _ "5
L+ ) o
b I ——— . (32)

1+ [1 + Lk - 2T 72
5 &



We take thic positive redical since we know tnat for coaverzeiocs
0 Cw €2, ihis must give the minimum of A, since A, >1 for w
outside the range [0, 2] and LN < 1 inside iv, It should be
noticed that

(33)

amd if A and oonsequently D is pesitive definite,

Jvans and Forrington ( 1963) have described an iterative

process 'ar finding 'Wt' After esol: iteration they calcuiate

;"- by (33) end then replage w by

- (&)

|

1+ [

for the naxt iteration and continue until w has settled down,
they peint out that the speetral radius of the iteration matrix is

not very eritically dependent on small changes in w near 'opt'
This is bocause 'cpt correspends to a minimm in a continuous

funstien, It is therefors unnegessery %o eatimate 'ap

agourately, But they fail to point out that 4f we wish to use

y YR

Chebyshev extrapelation, to be desaribed in Chapter 5, an accurete
estimate of the spectral radius of the iteration is uecessary,
Furthermore 4t is better to over-estimate than under-estimate, Iheir
procedure is to take the spsctral rudius as the last walue of the

ratie

§~§if;:iﬁ— (35)
&)

it &l

whef the :uslidean norm 1s used, l‘his; howewer, is not the

Rayleigh quotient and in general will give a pearer esizate inan

that obtained from (27).
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An_Example

¥® ccnoclude t-is chepter with an exam.le to ='ow just how
poweriul an lterative method can be, e oonsiter the soluticn

of the elliptic purtial differential equation
Vi = 0 (26)

over the unit cube with ¢ given on the boundary, If we uze the
sim;le seven-pcint finite-difference approximetion with step-width

1 we find the matrix equation

3

s+1

Ax = b, (37)
vhere A hos elements given by

a,,=-1 if | i-j | =1 or s or 8°
id r4

8, =+ 1 (38)

a = 0 octherwise,

ij

The order of the metrix A is 8% and the bend~-width Zs® + 1, It is
positive definite., PFrom table 2 of Chapter 1 e note thst the

number of arithmstio operatione in the dircet sclution of equation
(37) 18 5 &7 (u + &) + 0(a%),
The smellest eigenvalue is
7
A, =1 - coB = (39)

1

and hence the dominant root of the Jacobl nm trix is
B, T COB =e (40)

The matrix is eonsistently ordered with prorerty A, This {cllows by

taking Young's ordering veotor as (q?, ULy eoor s gnyr where
Ugagprk 1T I 5 (41)

i, j, k all less than s. ‘e set G = disg (Aiqt) for ecu. tien (10).



Note th:t the later definition of Young :nd Fox's definiticn afe

B 2»t satisfied in this instence., On zccount of the property A

the cptimum S5CL parameter is

2 2

w
cpt )
1+ [4 »m;]’ﬁ

v
1 + sin S
and the ra-.ius of convergence of the iteration is

ik
1 - 8in -~
w ...1‘:-—-——-——-1
opt

1 + sin =
B

The number of arithmetic operations per cycle of &CR is
28%(u + ha), We can deduce from (43) the number of iteratirns

required for & given accuracy and hence the number of -rithmetic

operations,

the dominant terms are given,

very much more economical,

Number of operations
for direet method

Radius of convergence
of SOR

Number of iterations
for 4 decimals

Nunmber of iterations
for 7 decimsals

Nu:ber of operations
for i deeimals

Number of operati-ns
for 7 decimals

10

5x10%(u+a)

53

15

26

3x104(u+h)

5¢2x104(u+ia)

These we show in the Table for s = 10, 15, 2C.

15

3. x107 (uta)

+66

39
1.6x10 % u+tha)

2,6x10%(u+ha)

Only

In all cases the iteration method is

20

6 4x10%(u+a)
o7

50

iy 8x10%(utia)

8.3x10%(u+ha)

L5

(42)

(43)



CuaiTxnt &

LLAATIVE METHODS

It of'ten happens tnut the zotrix & can be partitioned inte

blocks in & naturel way, in the form

- '"1

Mgy Ry eee Ay

A = A, Ayy eee

Y e Aun

In all t.e blook iterative methods we treat t.e blocks in e::ictly

the sace way as we previously treated the elementa, A3 eaca block

is treated we will need to solve a set of equationa of the furm
Ay ¥y =3, -

1f the method is to be used efficlently we should calculate the
triangular dnoompoai;ion of Aii once and for all so that to solve
(2) we need only perform a process of forward and backward
substitutior.4f all the Ay are full matrices or band matricea;

full within the band, then the total asount of arithmetic needed
per complete iteration is identical with that of point iteration,
If the matrix A 1s stored explicitly, tuen the storage la identical,
but . it is stored implicitly, that is in the form of a programme,
then more storage is nesded to keep the triangular decompositions

of the diagonal subzatrioces,

The Jagobi, Von ¥ises, Gauss=ieidel, SUR and symmetric SOK
iterations and the rsesults that we have proved about tuem all
generalize to blook iteration in a perfeetly struijutrorward way,
We will not consider the details here except to mention how we

geacralise Di. Fe replace U by the bleck dlagin~l nipix

47

(1)



D, = ¢ (3)

If the matrix A is symmetric, tien so iz;D%,and hence there exists
an orthogenal matrix O such that

_])}AmOE'OT' (&)
and © is Jlagonal, ‘s now deline

D'g%ﬂ% O.ﬁ"’&o‘ra (5)

The generalization of Kaczmarz iteration i1s perhaps not guite
8o obvious, We now drop a perpendicular ento the ™<el of all the
planes cemprising one block., In equations (77) onwards of Chapter 2

b, and A become veotors andlgi becomes a rectangular matrix,

i

Block property A is defined exactly as poeint property .. but
with blocks replacing elewents and in (40) L and U are dleck triangular,

Some matrices possess block property A without pessessing point
property A In such cases bleck SOR is preferable to :oint GOR,

¢ of Different cplittinzs

In a preetical problem there are often several natural ways of
choosing the blocks and we are led to ask which gives the best
convergence, An answer to this problem for a special class of metrices
is given by Varga (1962, Chapter 3). He first defines the splitting
A=z M =N to be regular if M” and 7 are non-negative, that 1s have

all thelr elenments nonwnegative, e then proves that if
A=M =N =¥ =N, (6)

‘ »
qte two regular splittings of the matrix », 4f 4 i3 positive

1



(has all elements positive) and if {32 - N1) and .4, are non-iegative

and non~null then
1> P N) > p(x"" N,

where {O denotes speotral radius,

Two important classes of matrices for which A" is

positive are

1 4= (‘13) irreducibly”® diagonally dominunt by rows

S£0forifjande,, > O

_ with a 14

1J

2. A= (aij) symmetric and posit.ve definiie, irreducible®

and witi: a £

u\. Ofori‘jo

If A is Sreducible, we sheuld really be treating the ;roblea
in tearms of 1ts irreducible parts, but we may z:lso argue that, by
continuity over small perturbations of 5, the results (7) are still

valid if equality is allowed,

I A belongs to class 2 above and 8130 possesses ;oint

property ., then—tha previous theory tells us that the more non-zere

elements of A that are included in X the better the c.uv> zeace of the

Jacobi iteratien, In particular block Jacebi will converge ‘aster

L3

e . I S

* The matrix A is redusible if there exlists a permutation

matrix r such that

PAPrz A A :

1t is irredusible ii’ no s ch matrix P exists,

(7)



than point Jascobi, Applying the property A theory we have that
optimm block 30R converges faster than optimum point S0R, If no
wore work per iteration is required block iteration is therefore
superior, but mﬁperiomo seems to indigate that rarely is the
improvecent sufficient to Justify the use of bleck i when zore

work per iteratiocn is required,



w F: ;]zé‘yE 9

All the iteration methods considered so far are of the

form

0 Lo 0

In & seul-iterative method we consié.or & linear combination of
the iteratss

x(i) - i‘ 'j(i) E(J) \

The coefficients vJ( i) are ohosen so that x( i) is repidly convergent
in some sense, to the solution of the problem, e require the
condition

u 'J(i:) = 4
in order that z(r) should be the solutioen x, if _r;( o) = X,

it is easily uanvthn 1:5(") =X -5(1) uﬂf(i) =X -x(i)

are the error wvectors corresponding to g( 1) and 1( 1) then

W, § o (O
£V & o,

Iff v define the pelynomial

P 1(“) o _é() '5(1) l“s

(8) _ Pi (1) 8(0):

N

and condition (3) csn be written

Fi(‘l)a’l.

o

(1)

(2)

(3)

(&)

(5)

(6)

(7)



We will now show that the semi-iterative method (2) is enly
another way of writing the gradient methed, Suppose

P s TT (.___a.) ,
J=1 1~q3

then from (6) we have

Fm e T T-al L0

-— J¢1 1 - qJ

and bence

NONNCON _1__}.51 E.z(w) N CE) _!]

Now we define a residual wvector for the iterate éi) pe

_,_.(1) (1) ( ‘“

Note that in the case of the Jasobl iteration applied 0 a matrix .

with units down 1ts diagonal, this reduces to the usual definitien

S0 gy gD

Using the dafinition (11) the iteration may be writteam

£+ . (1), . 1)
z Ut £ )

Now suppose T is synmetric and eonsider the quadratic rorm

WD = @- W’ g - 'y,

where C = I =T, If the iterstion {s convergent, 2(T) < 1 and so

C is pesitive definite, Thus Q.(x) is non-negative and takes its

52

(9)

(10)

(1)

(12)

(13,

(14)
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nindmur valie of zero at tix required rolution, y = x = C-1g. Now

erad o (M) w At - ) = Y (15)

and 20 g( i) gives the direction fronm l“) in which Q u(x) diminishes
the most rapidly, a fact leading to the name “gradient smethod",

ihe argument will be atlmplified if we consider thes matrix C
of (14) rather than T, This will bring our notation inte line
with that of Steifel (1958) whem resulis we shall be guoti.g.

ve define a new palynomial
Ry(W) = Py (1= 0) (16)

and (6) and (7) become

f( R NOR (17)

2,(0) = 1. (18)

Suppose that C has all its eigenvalues real and pesitive
and that its Jordan canoniecal forw i- diagonal, Then there erists
a couplete set of eigenveotors, and the original error vector can
be expanded in the farm

n
S(O) = 2, Ej ’ : (19)
Ju1
where C, is an elgenveotor of C. Equation (17) gives
-F(i) = ji‘ Ry (}‘33 g_’ , (20)

where the A 3 are eigenvaluea o' {, Our probleu is to minimize
| Ry (xd)) subject to :.(0) = 1, Suppose that the eigenvalues lie

in the renge



0<€ a€ xds v, (1)

and that we replace the problem by that of minimizing the naximum
value of | E{i().)l over the range (a, b), still subject to the
condition ai(o) = 1, The well=known solution is given by the ith
Chebyshev polynemial over (a, b),

e A +a+ b’
Ry(3) = Ti( )
b=~a

S . (22)
) T‘ ( b+a)
D -a

Using the rscurrence relation for the Chebyshev polynomials we

obtain for the polynomials Ri( A) the recurrence relation

i

By =200 ¢ 30Y ) | A |
1+1 11 : - .____L__ + 2 (R’. = Ri"’1) »
7] | T v-a /
(23)
where J;" = 3 : 5 This leads to the corresponding recurrence
relation satisfied by x“)_, given by
£ L0 iy . £Y L op (19 - 1-1))E (2)
!1+1IJ ) L
where ;( 1) is defined by
xm =g~-C xm- (25)
Formulae (24) and (25) provide a sonvenient scheme for actual
computation, Probably the computer programme will be designed to
compute the vector dedwmed
i-(m) . Tx(5.) ‘K, (26)

in analogy with equation (1). From this ;(i) can be calculated

conveniently as



[ ]

£ o) x(“

We shall alsc need a convenient method of celculsting

a, = ‘l'i(r)

T e 0)

From the recurrence relation for the Chebyshev polymomisls it
follows thet |

2’ - 4‘1_1

This formula has the adventage of stability, for if an error ¢

is present in @, we will have a consequent error in « of amount

i+1

€

(2¥ - ai)’

+ 0o(c®) .

Kow y > 1 end @, < 1, 80 the result i: established,

Provided there ure no elgenvalues ~utside the range (a, b)
it ie @asily seen that the convergence rate ultimetely behaves as
1

B, =7 log [T, (r)]

and in the limit
R”"'IOB(X'VI’ "150

Chebyshev acceleration 1s very successful provided we can find good
ostimates for a and b, The lower bound, a, is often rether critical
since the overall convergence 1s governed by the aize of y, Ue

illustrate the improverent by oonsidering a case that is very slowly

converzent, Suppose thsat p(T) = 1-€ and that C is positive definite.

Then a = ¢, b =1, r = (1+¢)/(1-¢) and

./5

(27)

(26)

(29)

(30)

(31)

(32)



Rwa"'m{1 rE -J; }
{es
= =log [1 - .?.‘1:i + O(c)_] (33)
u. 23%1»(*6) .

Por the unaccelerated iteration Rws &, Ye thus have a very

considerable gain,

If there is an eigenvalue P outeide the estimated range (a, b)

then the convergence will not be as good as pozsible, and

the residuals will ultimately behave according to the equation

£ . 7=l £V, (34)

“'.-'%
| J -{]3
fharo 3/1 = = Zppmb . (35)

Behaviour in accordance with (34) is easily recognised and tells us
inmediately that the range (a, b) éoes'nct include all the eigenvalues,
If this pattern i: clearly recognisable then we nay estimate u from
"é‘")” /|l g(i)” using equations (34) and (35), or we may

obtain a more accurate estimate from the Rayleigh quotient

+
£(i) cs(i) ,
5o

r

(36)

since ;(i) will be dominated by the eigenvector correspomiing to u,
The iteration is now restarted with altered range (a, b) and with the
most recent estimate of the sclution vector, The process nay be

used to £ind estinates of a and b if no & priori estimates are
available, We simply commence witix values of & and b that are likely

to be too large and too amall respectively,

Two important examples of iterations to which this may be

applied are 500R whers A is positive definite and symmetric Kacswarz



517

for a generel matrix, It is alsc used to accelerate Jacobi
iteration where A is positive definite, Here C = i and we should
note that the accelerated iteration with properly chosen bounde

a and b will converge even if Jacobi does not,

If we relax the condition that the eigenvalues of C be real
and positive and require only that they be real, we nay Apply the
acceleration to the iteration with C2 a8 n.a matrix, This has the
disadvantage tiat sach iteration will x%g&n about twice the work
since we shall need two successive applications of our algoritham
for multiplyiag & given vector by the matrix C, Also the bounds

for tie eigeanvaluses will be leas favourable,

Varga (1962) cmidera the special case of T symmetric,
convergent and possessing property A. By a suitable reordering of
the vector elements we have
r ]

Ta ( 37)

If we partition the wveotors ;( 1) and g in the corresponding way, the
SO0R fteration will be given by

S e qY e [r Y e gy -]

;S,i") ’éz) .w [,r lsi) ‘& _5(21)]

If the only information about the eigenwalues of T tihat we use ia
its speotral radius, [0 , then equation (24) simplifies to

P S [’ W, x("'):l , (39)

(38)



w, = 2T (1/[0) ) (w)

1 [’iww/’ )

If the vectors x( 1) are partitioned to correspond with (37), then
equation (39) may be written as

x(,"”) a;(“") e [ xgi) s _xgi-‘l)]
1e + -
£ g e [F4Y -]

It is clear that the aequonco[xso), xg'), 122)’ xgj), vee } ey

(41)

be generated on its own, thus halving both computing time and
storage, If we compare this sequence with the sequence
{5(‘0)0 5(20)’ 5&”. 5‘21). ooo} generated by (38), we see an
exact correspondence except that the rolaxation factor is held

constant in (38), Also it is quite easy to show that

Lt ):w;la 2. . (42)

1o 1+J—1—:’/;2—

so that the Chebyshev iteration degenerates into optimal SOR, and
the asymptotio convergence rate is identical, Ilowever the well~-
known minimal property of the Chebyshev polynomials shows us that
the aversge rate of convergence, as defined in chepter 2, is bettier
for the Chebyshev iteration, The proof is somewhat complicated
and is given in Golub and Vargas (1961), It is clear from equations
(33) and (41) that there is no difference between the two iterations
as far as storage or convenience is concerned, It must also be
mentioned that the result of Golub and Varga only applies to the
ordering of (37), the so-called " 0 ordering™, and it is a coumon
experience that other consistent orderings may give quite different
avarage rates of gonvergence over a sumall nusber of iterations,

lowever we have not seen a case where the Chebyshev method showed :

poerer average convergence rate,



e may feel tempted to use Chebyshev acceleration for the
Seidel iteration since, for the matrix (37), this has real roots
in the range 0 < A€ (02. It has been shown by Tee (1963) that
the Seldel iteration matrix has a complete set of eigenvectors in
this case, so that Chebyshev acceleration is applicable, i little
slementary slgebn shows that this gives exaotly the same asymptotiec
convergencs rate as the iteration of (Golub and Varga, ilowsver it
suffers from the disadvantage of requiring storage for two vectars
instead of one, Tee gives an example of a matrix that has property
A and is oonsistently ordered, but is not of the form (37); he
f£inda that 1t does not have a complete set of eigenveotors, 3o that
the theoretisal basis for Chebyshev accsleration 4s lacking, Ille
therefore recommends Chebyshev asceleration of the Seidel process
only when the matrix has C; ordering, and gives exazples showing
that slow convergence is obtained when pagewlse ordering is used,
For the case where the matrix T does not possess property .., but

is convergzent with real eigenvalues, Varga (1962) considers the

problem
x=TY+5
(13)
I=Tx+8
and applies 50k, The Jacobi matrix is
r -
0 T
J = (b)
T 0 ’
and
- -
? 0
P2 (15)
0 Tz c

It follows that J has real roots and ‘D(J) = p(r), and that the

optimun relaxation factor is



2
1 +J; - (D'(T)z

Both the vestors x, y will converge to the required solutien, At

b

first sight it would appear that we have made t:e same gain in
convergence rate as in the case where T has property A, However
each iterstion requires twice the amount of work, since the ordesr
of J is twice the order of T, It is still true that a very
censiderable improvement in convergence rete will have been obtained
if (O(T) is near unity.

Varga now considers the case of T symmetric and siows that

the Chebyshev acceleration of (1) where the eigenvalues of T are
taken in the range (-/o(fr), /O(r)). is similar to 304 applied to
(43), except that the relaxation facter is not constant, The
asymptotio convergence rate is identical since the Chebyshev factore
conve:ge to the optimum SOR factor, e ahows that the average rate
of convergence is better for the Chebyshev method, The case for
using Chelyshev is thus quite strongs This is all the more true

if we can place the cigenvalues of T in a range that is net symmetric

about tue origin, In fact if (I - T) is definite, tne Chebyshev

method yields a convergent process even if' T ia not convergent,

The case where the metrix T has complex roots has been
considered by Wrigley (1963), 1If the roots of C = I = T are

7‘3' then we define oonstants )/J as

/J' 2 A, ¢+ 8+ D
RS- B, .

b=a

It follows from (22) that the component of the J°° eigenvector is
reduced during the (i+1)th iteration by the fasotor

(46)

(u7)



Friting e = ) + \/f - 1, we have, after a little algebraic
masipulation,

Y= H[ enye c"}‘;'

bies

It fellows that if ungn the oircile
l“J | =k

then kJ lies on the ellipse

‘mmz , + Sg!a = 1,
[Koaowedp) | 2 [EC S Ik

Thus the problem at hand is to find whioch ellipse of this form
includes all the eigenvalues kj and has the minimum wvelue of k.

Por fixed a, b the system (52) consists of confocal ellipses,
Wrigley's suggestion is that the iteration be performed with trial
values of & snd b and centinued until the vector of changea is
dominated by the contribution of the eigenvector corresponding to
the dominant root, if this is real, or the contributions of the two
complex conjugate eigenvectors if the dominant root is complex, In
gither case the dominant root may be estimated and the contribution
of the corresponding eigenvestor or eigenvectors eliminated by using
a suitable linear combination of the iterates, The saumse prucess

is applied to find the subdominant root, and values of a, b are now

61

(48)

(49)

(50)

(51)

(52)



chosen 30 that the ellipse given by equation (52) paszes through

both of the known roots, He makes light, however, of the
diffioulties in finding reliable values for the roots of the iteration
matrix, partioularly should they be both complex., In the example

he qpotog)tho subdominant root is real and is the limit of the

sequence
e937, 870, .907, 919, .828 ...

He applies 82 extrapolation to the middle three numbers and obtains
+921, These numbers are not nearly well enough behaved to use
extrapolation and in fact if 62 extrapolation is applied to the
middle three the result is ,925,

A further disadvantage of Urigley's technique is that we have
no guarantee that the proceas will converge, for we cannot be sure
that his ellipse will enclose all the eigenwelues, The process
should therefeore be used with great cautien, Ve recommend it
only where it 1s known that the imaginary parts of all the eigenvalues
ars amall, In such cases the ochance of divergence is much reduced
and the ellipse will have greater eccentrieity so that the
improvement in oonvergence compared with the unaccelerated method

will be mor¢ marked,

Suppose that the matrix C is symmetric and positive definite
and that we choose Ri(k) 30 as to minimise the quadratic form

g, = KD, o=t 0y,

wnere u is a non~negative integer,

If

= + 1‘ ,
(%) = 1 é‘ﬂ

(53)

(54)

(55)



then

i |
"l @ *421 F ¢ £, ¢ g *32'; Py et £,

and

OQ =
71.5

J

2(.:(‘). c* oI 2(0)).

At a ninimum of Q this will be zerv for sll J. Eomo;(i) will

be orthogonal to ;u) for J < i, with respect to the weizht function
c“. This 45 all we need to build a recurrence relation,

IO IS PO IS C N T

£y

Suppose

than g“'“) is orthogonal to 5( 1), mdg( 1) with respect to c? 1r

(1) (i)
9 = (cz oc“.t )--}11’
(£ ,0“5 )

where

h, - ~c £1, o g+1)

rer1>0ana[w°=o.

Y, L)

It is easily seen by induction that we have achieved our aiam,

s 159, £,
toc“, then for j < i=2,

), e L) .

¢ 59, ot )

For

. g( 1)} fora an orthogonal set with respect
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(56)

(57)

(58)

(59)

(60)

(61)



The iterstion itself takes the form

x(i.-o-1) zx(i) _’%1 [2(1) *{“i (x(i) _x(i-‘l)] . (62)

Sometirzes ,Li. is caloulated from the relatien

/"1 - (I(i): ¢ E(i)) (63)

)

This is found from (60) using (58) with i replaced by (i-1), to
oliminate (¢ g3, ¢ 5{4"Y)),  Tnis formula (63) 1s to be preferred
since one leas imner product need be caloulated, For practiocal
couputation we are concerned only with the cases u = 0, 1, These
require the computation of only C g( 1) to obtain h , and q,, whereas
for higher u we nesd €2 g3, ete, e can use C £V to compute
recursively the next residual with the help of (58).

It is important to note that sinse the set {f”’} 1s orthogonal
with respest to the weight funstion C**2, there caanot be more than
n veotors fu‘} if m is the dimension of ths vectar aspace apanned
hythomtorscdg(o). Of course m < n where n is the order of
C. Thus after m steps the iteration should be complets,
Unfortunately round-off errors dssiroy this property. The case
where C is symmetrie but non-definite should be mentioned, If we
take 4 = 1 the c;udntio form Q’ - (;k, ;‘) is still positive~definite,
'fhcmini.mnvalu.orq,' correspends to the true answer and in theory
we shall at each atage have chosen that gradient iteration whioh
produces the smallest value of Q.. It should theoretically converge
after m ateps, where m is the dimsnsion of the vegtor space
spanned by c‘g“’). The case P = O should also show convergence
after = steps, but there is no corresponding minimum property.
There is in theory a possibility of failure, Juppose we have chosen
£ such tuat |



(g(i), C _x;“')) =0 anl i< m, COh)

e

make no furth:r progress, This situation cua be renwdicd by

then froz (62) we will h:we (!"1) and the iteration will

performing two iterations concurrently, We replace (58) by the

aquation

g a ¥ -, ¢ £y - F, 62 ¢ (1) /(x(i)_x(i-‘l)) )

and the iteration (62) wy

L3 ,1(1) ‘et A9, By © £ +J;(x“’ (i-s)) (55)
. 510(1(1) 1(1-1),.

The cocefficionts are so shosen that

o) o (of D, 28Dy Lo e s s, (67)

This involves solving the set of equations
@) o B, 0) L0 60y g () 2 ),
| = (59 ¢ 2y
= (@4
/31(1‘ 1) 3(1)) | /1(5(1.12*“1“.1)) v 8 A:(1---1)62“2( 1),
=0
“ (g (-1) 6349y, . By (£ (1), ]( (1=1) 2 2 (11)y e (1=1)3,(1-1).

- 8, 4 1e31)) | o, (63)

The matrix G2 is positive~definite and so (g( i), 62 g( 1)) 13 non=zero

unless ;( 1) is sero, Hence we cannot have tie salution

Mi.Fiaﬁab"aOunlenax(i) iszero,nndx(iﬁ)sx(i)mlyu



I( 1) = O, As might be expected, this iteration requires about twice
the amount of work, since we must cempute C ;(1) and czg(i). The

storege is inoreased from three wvectors to five,

We have no experience of any conjugate gradient iteration
with a non-definite symmetric matrix, Using the double iteration

and 4 = 1 ssens the more attractive on account of the minimum property,

¥e oan extend the moﬁwd to claal with a gcnml matrix,
Unfortunately we need to carry out an iteration on the matrix

equation
C? X = ’5 (69)

in parallel with the iteration we require, The error veoctor for
(69) satisfies the equation

ﬁ(&) - B, (0’)3(0) (70)

where (0) is the error in the first iterate, and tae residual vector

is

PRy O R (71)

the lnﬂ.ym is exactly parallel with that given for the u zmetric
ocase, inthcﬁrstpnrtof‘mhmrpmduotnroplmo

e, §O, 40, 40 o &, O D LD iy, e
iterates for equation (69) are given by

a(m) =g(*) ,,%1 (3(1) ']y (L8 . g(i-n) . (72)

There appears to be one serious drawback to this technique,
Supposs that (3(1), c* ;(1)) is sero before we have reached the
peint of theoretical oonvergence, The iteration will then break down,

This may happen for several reasons, If the vector space spamed
by C 1.(0) has a greater dimension than that of the space spanned by
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C g(°). thon_a_( 1) may us null without ;(i) being null, ihe
vectors 3( 1) and ¥ g( 1) may be orthogonal without either being
sero, Round=off ercors will prevent either of these aituations

egourring in prectice, but the effest of tueir "nearly” happening

is not olear,

It 43 a well=-known experience that the Chebyshev semi-iterative
wethod is remarkably stable in the sense that provided the bounds
a, b have been preperly chossn the convergence rate ahows good
agreenent with the theory, mgiainmarndoonmatwiththo
conjugate gradient method, If C is pesitive definite anl the
dimnsimofthespacocdg(o) s a, the error 1is of'ten found to be
quite large aftor = steps; indeed if the algoritan is continued
the errer of'ten drops quite markedly after a few more iterations,
Engell ot al (1959) give examples of these phenomena,

%o will not attempt a detailed analysis hers, but will indiocate
why the Chebyshev method is more stable, In the range (a, b) the
Chebyshev polynomial 0s30illates betwesn its two extreme valuss,

+ ?-f-y’ e %o would expest that the polynemial that is :.ctually
talmia in the computation would not differ markedly from this and

that its w would newhere greatly axceed e Now it often
bappens that a large number of ths eigenwvalues, :J’ of G, are

clustered near the lower emd of the range (a, b). The residual

polynonmial is

e (4)(4) = (o1

80 that it is clear that this clustering will result in wild
oscillations at the higher end of the range, OSince rounding errors
will result in tae seros of R‘( #) being slightly different fros: the

eigenvalues, it is posaidble that large errors may remain in the

(73)



compenents of the eigenvectors corresponding to the larger )“j'

Iﬁ a method of steepest descent the iteration takes the form
Lo | () _.tk!(k)’ (78)

where 3'5) 1a the gradient of tis quadratic form Q, defined ia
equation (54) andtkiaaluhrchommaatominiaiuau(;(
inthadimtimg(k). The oholce ot’_g(k) as thesnuliontefqu

k+1))

ensures that at eash step the change is in the direaetion of ateecpeat

desgent of Q e

As with conjugate gradients, only the cases y = O, 1 are of
interest to us, since higher walues of u invaolve nore matrix by
vector multiplications, If u = O 1t 43 easily verified that
!(k) - g(l) and hence the iteration is the same as the first step
of the conjugate gradient method with u = 0, It is hardly surprising
that Sngell et al (1959) repurt very slow oonvergence with this
aethod,

If ust thacag(k) = GT g(k) and the iteration is equivalent
to the first step of the conjugate gradient method with i = 0 applied

to the systes
*cx =05, (75)

We again reccamend the use of ¢onjugate gredients rather than steepest
descent, sinee this minimizes Q, over &ll steps so far performed,
rether than just over one step, Note that the matrix GTG need not

be caloulated explioitly. The only requirements are routines for
sultiplying an arditrary veotor by C and GT. This method is not
suitable for a positive-definite matrix, sinse in this case the ratio

T

of largest to smallest eigenvalues oflc C will be the square of the

eorresponding ratio for C, and the troubles caused by rounding errors
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will be magnified, For a genersl matrix the condition of the
system (75) will #glin be much worse than the original system,
but we now have a practical method with none of the previocus
possibilities o fallure,

Khabasa (1963) has suggested a natural extensien of the
nethod of 2teepeat descent, Ile considers the iteration

L) | G (% () (
= - ; s 76)
where the coefficients are chosen to minimisze the function

Q1 = (t(k)p Ho (77)

Pinding the coefficients ¢ 3 involves solving an m x m sSet of
eguations, This iteration for positive~definite C is cxactly
equivalent te m» ateps of the conjugate gradient method with u = 1,
and is less oonvenient to apply. Similarly for ¢ symmetsric but
non~definite there is a correspondence if m 4s even, iowever,
in the case of a general matrix we cannot generate the coefficlients
t

J
a pity that Khabasa does not mention any experiments with non-symmetric

resursively sinoe we needed the symmetry of C in (61)., It is

matrices, He reports very good results in some test caszec with
symmetric matrices, This suggests that when using the conjugate
gradient method we should not continue the algorithm until sonvergence
i3 obtained, but rather restart the iteratien after & moderate

number of steps, Perhaps a suitable test would be to see how nearly
orthogonal the cswrrent residual is to ths original residual,

Combined Kethods

Ve return to conaider further improvements in the convergence
whers the eigenvalues of C are real and positive, e saw that the
convargence of the Chebyshev sgcelerated iteration was oritiecally
dependent on the lowsr bound of the range (a, ®)., OSuppese now that
wo gchoose a 30 that a few of the amaller eigenvalues lie outside
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the range, The oomponents of the eigenvectors corresponding to
eigenvalues within the range will be reduced much more rapidly than
before, and we should be able to eliminate the remainings error by

& very small number of conjugate gradient steps, inzell et al (1953)
experimented with this idea, They applied the conj gate gradient
method to an initial residusml that practieally srpanned the space

of the first nine eigenvectors, They report that after nine steps
of the oonjugate gredient method the residusl was still quite large.
This is because the components of ths last few el envectors will be
much increased during the conjugate gradient steps, e will
consider in wmore detail the matrix that they we:.e using, An upper
bound for the eigenvalues 18 b = 64 and the first three eigenvaluea

are

k1 = LS04

}*2 = 0057

and 7‘33 01880

Possible choices for ths lower bound of the range {or Chebyshev
acoeleration are any of these three, The analysiz of page 95 :siows

that the asymptotic convergence rates are approximately in the ratio

(w)* s (57)* : (188)*
that i 6.5 ¢t Tb6 1 13,7 .

If Weé take a = 12, then the conjugate gradieni residual polynomial
after just one step should be

and R (42) = =999,

I there is an eigenvalue greater than 42, which is likely since
b = 64, then the component of the corresponding eigenvector will
thercfore be inoreased by a factor of at least 999, [his can

hardly be compensated for in the increased convergence rate of the
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Chebyshevy iteretion, If we take & = 13,

RN = (1 -=22) (1= 2o,

and R)(2) = 2,2 x 10°,

then we have

For an upper bound to the growth we must look at Rz(6u) which is
52 x 105. de do now have a much improved convergence rate, but
we are paying dearly for it,

This example illustrates well the difficulties of this tech:iue
for an ill=conditioned problem, It is clear that it should only
be used when the smaller eigenvalues are very well separated, Jfor
exaaple, if Engeli's matrix had not possessed the eigenvalue
A, = .06, there would have been a strong case for using (a, b) = (.18, 64)

2
and keeping three additional decimals in the “hebyshev iteration,

A prooess tihat can be used with sreat success if the two
amallest roots of the matrix ¢ are well separated is Chebyshev
acceleration over the range [12, Amj, with Aitken's &2 method to
eliminate the cqmponant of the dominant eigenvestor of the iteration
matrix, The components of the other eigenvectors will be changed

by the 82 process =0 guarding figures must be kept or some additional
Chebyshev steps performed afterwards,

Rutishauser (1959) proposed a modification of this technique

for use where the eigenvalues outside the range (a, b) are known

accurately, Suppose hi is one such eigenwvalue anc that instead of
using the oonjugate gradient iteration we use a Chebyshev iteration,
30 chosen that the residual polynomial has a zero at Xi’ Ye can do

this by p Chebyshev steps over the range (a*, b) where
4
am=?\i-(b_-3\i)tu§ [-;5;) . (78)

If p 4is chosen 8o large that a* > 0, then the resiiual polynomials

will not exceed unity in modulus anywhere in the range (0, b), e



have then completely avoided the instability of ths conjugate
gradient method. The procedure is applied in turn to all the
eigenvalues outside (a, b), Engeli et al report favouravly on
this technique, Again, its uaofu]hesa will dépand on how well the
soallest eigenvelues are separated,

Rutishauser (1959) also discusses the idea of a speotral

transforzation, He replaces the eguation

Cx=51
by

C*x=g",
where

cC*=1-~ R.(C),
and

g=c1-r(0]g,
where Rn().) i3 a polynomial of degree m,

The eigenvalues of C* are related to the eigenwvalues of C

by the equation

M= 1~ Rn(ki).

He takes as B..( A) the residual polynomiel of m steps of & gradient
method and calls this the inner iteration. ie solwves the set (30)

by another gradient method, which he calls tiie cuter iteration, If

this outer iteration is started with the vector y*, then we will need

the coxrresponding rosidual
z‘ = " -C* y* ,

This is found by performing m inner fterations on the set

72

(79)

(30)

(31)

(82)

(83)

(84)



CX = g with initial epproximent y* KNow

e=r -1, (e5)
for
£ <5 (o) £,
50 that MOB O N R (0)] £{©)
end go -y =0T am(C)] g - ¢ x*) (66)

=ﬁ.c’r'

Also, in the course of the cuter iteration we will need to

find C* gf(i), glven 5?(1). This is found by performing m iterations
of the innmer method spplied to Ax = ;P(i), with starting veotor

;:,(e) = 0., This glves us

c* r(i) = £(C) - £(ﬂ)’ (37)
since

The solution to the problem ia therefore found by a gradient
method sp;.lied to (50), with each step involving m multiplications
by C. It is important to ensure that very few steps of the outer
met 0d are required. Ginsburg (1959) proposed that the outer method
should be the conjugste gradilent method :nd that one of two devices
should de used to ensure that few outer iteraticns asre needed. The
fir:t uses Chebyshev iteration over (a, b) where t.is range is chosen
o include all but a few of the smaller eigenvalues of C, This
mo:zns that the residual of the outer methcd will be composed of only
this number of eigenvectors. If the inner method is also properly
chosen, them the condition of the matrix C* will be much better than
the condition of C, end hence we will not have the kind of trouble

noted in the method of puge 70, Ginsburg's other suggeation is



to ochoose the inner method s0 that most of the eigenwalues of C*
are clustered about one point, " Then the contributions from the
elgenvectors corresponding to these will be nearly eliminated in

one oonjugate zradient step,

The most suitavle method for the inner iteration would seecm
to be Chebyshev iteration, e cannot use conjuzate gradients
since this is dependent on tue initial residual, How we should
not use Chebyshev iteration for the outer method, since the
combination of inner and outer iterations is itself & gradient
mothod and we will clearly obtain the best convergence in the
Chebyshev sense with an ordinary Chehyshev iteration, ¥e should
get a better result with conjugate gradient method as cuter iteration
since this iteration mininmises Qg*(i), g4 ;?(1)). Of course
we ahould in theory get a better result with the ordinary conjugate
gradient iteration, but we have already seen that rounding errors
prevent this, Engeli et al (1959) report favourably on this
combination of Chebyshev and conjugate gradients, They ensured
the good conditioning of the matrix C* by using a reasonably large
numbei of inner Chebyshsv iterations, actually in the range five to
twenty.

7%



15

CHAPTER ﬁ

N OF THE EIGENVALUL FROBLEM USING LANCZ0S' u-THOD

file consider here the problem of finding one or more solutions

of the eigenvalue equation
AxX=MAx, (1)

where A is a sparse uutrix, The transformation methods of iwvens,
Householder and Jacobi are unsuitable since they require the storage
of all, or nearly all, the matrix elements, Lanczos' method of
mininized iterations (Lanczos, 1950) does not suffer from these
disadvantages and will be considered here,

The Syumetrip Case
If A is symmetrio we build up a sequence of vectors, yfn), glven

uy ¥ <o, (') arbitrery and

Y 11 f(M) . Az(i) -, y FM (1-1). (2)

. | (4+1)
The constants Xi, }31,1) POV chosen 8o that z is normalised
and orthogonal to both y( 1) and y( 1'1). The constants are therefore

glven by the equations

o = y(i)"E Ay“’) ’ (3

Byt =¥ L1007, (8 "

(31+1)T '(101) - 4

and{i‘isehomsouuty

This ohoioe of the constants £ ,, ’31_1, f&o‘l implies that the
segquence y( 1) ( 2) ese i3 orthonormal, This follows from a simple

induction argument applied to equation (2). It follows that if the

dimension of the space spanned by the set of vectors {Ai y(ﬂ} is k,

then there will not be wore than Kk non-zero vectors y(i)) and y(k+1)

will bo sero, Ir Y is the matrix whose eoclumns are ,(i) for



i=1,2,,, k, then equation (2) can be written in ths matrix

form
A!k = chk ] (5)
where _ -
'{a Fl ’
“3 pa X e ’; “
ck bd | .‘ (6)
:‘ E :Lﬁ 3
Yoo

- y(in)'i' e
i -( i)t' X 5o £(1-1) ‘P 12 {(i-z) *{ . Z(i—)}
= 1 (7)

Methods for finding the roots and vectors of a symmetric tridiagonal
matrix are wellmestablished, We use the method of bisegtions,
possibly with a Jewton iteration to accelerate the convergence, For

details we refer the reader to Fox (1964), for example,

Unfortunately the process will not terminate owing to the
oocurrence of rounding errors, except in some very special oases where
it is posaible to use rational numbers throughout, ¥#ith a matrix
of quite moderate sise it may be quite imposaible to recognise the
point at which the process should have terminated, It has been

suggested that this diffioulty be overcome by reerthogonalisation,
that i3 subtracting cut from each vector y‘i*i) the components of



3(1)a 3(2) voeo (1.2).

this would involve a prohibitive amount of work singe—the—nuamber-

a:—arithn.tio—OPGFG#ieaa—wou}drbe—n2—+—9—€ag) and time would probably
also be wasted in tranafers to and from an auxiliary store,

For the problems we have in .ind, nhowever,

Agourate results, however, may be obtained without any
reorthogonalisation, Some examples are given by Ginsburg (1957).
He calls it the method of conjugate gradients and also considers the
case of erthogonalisation with respeoct to A, so that j‘i)TA.yij) =0
for i £ Je 48 in Chapter 5 for the solution of lin;:r aqp;:iana,
there is no differeace in principle between the two versions and it
secns unlikely that either would give significantly better results
than the other, Ginsburg stops the iteration after k asteps,
where k 18 no longer necessarily equal to the dimension of the
apace { Ai y“)} , and finds the sigenvalues of the matrix Ck'

Some of th;:; are likely to be geood approximations to the eigenvalues
of 4, but he does not give a reliable procedure for determining
which, 1In fact we can show that an eigenvalue )\ of Ck will be a
good approximation to an eigenvalue of .. if the last elem;nt in the
corresponding vector is small, If the eigenvector is x = (x1 ver X

then since

AYk = chk + (QO gt eoe Q. J/k+1 z(k*1))
it follows that

ME = N0 E. Jkﬂ " z(k”)

zx&£+ﬁkﬁf“”

and‘!k'g is a good approximation to an eigenvector of A if

”Pk x _y.(k")[( - ]Fk x | is small and the error in the eigenvalue
A is bounded by le x | « If & really accurate eigenvalue is
required we suggest the use of the Rayleigh quotient with the result
of Wilkinson (1964) to give an error bound, If thc approximate
eigenfunction has tuclidean norm unity and the norm of the residual

)T

(8)

(9)



13 ¢ then the error in the eigenvalue is not greater than

2
%/(1 - ca/az) where & 1is the distance to the nearest diastinct
oigenvalue of s,

If k 1is taken to be larger than the dimension of the
space {A‘ y(1)g , which will in general be necessary, then it is
likely tha£‘the matrix Ck will represent some of the eigenvalues of
A more than once, It may happen that none of the eigenvectors
of Ck corresponding to a single eigenvalue of A has a small last
element, but we may find a linear combination of two eigenvectors
which is an approximate eigenvector of C,_ and which has a 3mall last

k
element,

There seems no reason to suppose ti:at we should not obtain
all the eigenwvalues of 4 in this way provided k ia taken sufficlently
large . Ve will, however, obtain enly one eigenvestor for eaéh
degencrate cigenwvalue., To obtain the others we restart the iteration
with a vectur whieh s orthogonal to all the eigenvectors that
have been found se fur,

We illustrate with the matrix
~ 4
I
I P 1
I P 1
I P 1
A= I I
I P I
I

where I is the unit matrix of order 7 and

78
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- 1
1 -k 1
1 -4 1 |
1 - 1
P 1 -4 1 (1)
1 - 1
LI SR

—_—

Por starting vestor we take 1(1) z (1, 0, 0p sse 0)T and uae the

arithmetic of the Mercury oe:xputor, which works with 29 significant
binary figures,
obtained for k=1, 2, ... 33,

%We show in Table 1 the wvalues ofX K andﬁ K

k ol x ’3 K

1 -InOOOOOO 1 0“1‘02 1 ‘l»

3 =11+ 000000 1.825742

b =l¢4 000000 1.888562

5 «, 000000 1.915749

6 =lvs 000000 1.938857

7 =y, 000000 1.949789

3 =k, Q00000 1.943885

9 =lyo 000000 1.894084
10 =}« 000000 1. 771367
11 =ly.o 000000 1.705817
12 =iy, 000000 1.641283
13 =l),000000 0,889256
14 ko 000000 2,004,322
15 k2 000000 1.208326
16 =4.. 000000 14547263
17 =y 000000 1,052819
18 =lyo 000000 1.148055
19 .o 00000 0752624
20 wlye 000000 0,972239
21 ={+ 000000 0,718450
22 -3.999986 1.,015782
23 =3.9998L4 0, 452507
25 «3.735136 1.889646
26 =34 544555 3.,085471
27 =lye 130320 0,059328
28 -3 07103282 Je 2529 28
29 “l4 257260 0.013666
3 ~2,702467 0.170410
33 ~2.986031 0. 456423

ZABLE 1



In this case the dimension of the space { Aiy“) } is 25, but

f325 is not small and it i8 imposaible to recognise this dimension

by inapection of the Fk’

We show in Table 2 the eigenvalues of

C, and the last elements of the corresponding normalised vectors

k

for k = 33, 30, 27, 2k

k=33

=04 304432
=04 304485
-0,733028
-04738029
=4 . 14,3080
12171575
‘40326586
-1 .386875
"1 .32G020
‘2.1522‘-}2
‘2.&59267
=-2,535787
-2,917609
=3.234630
=3¢351154
'30566k55
=les 000000

=les 33547
=ly» 61,8848
=y, 765367
~54082393

'50#1521h
~5¢9530734
‘508h7750
=6,030625
=6 ,1795814
«5,613127
-6,328428
-6,829235
«1.261973
‘7.695518
«7.695519

k=30
-O.SOth2 7: -7
"0.3%} 9’ '5
-0.738028 2, =6
-00733065 2’ -}
'40171573 1. '8
~1,336875 1, -8
-1,820420 3, -8
‘2.15&'&2 l}, -7
‘20&69267 2, ‘6
‘20585787 3’ -6
‘20917609 9, -6
‘5023h63“ 2’ '5
«34351154 5. -5
.3Q566&55 30 -5
«lye 000000 &4, =6
“loh33547 6, -5
.“’.62‘88“7 8. "5
~be 765367 6, -5
"5.082}93 8’ )
~5.371055 1, O
5,530734 by =5
'508h776° 2, -5
.6.179581 1. .7
~6,613127 2, -8
-6.828,28 2, -8
'70261852 5: f)
‘70261973 1’ "6
‘70695518 53 -5
=7.695519 3, =4
'ZABLE 2

k= 27

=0, 304482
=0,3057
-0,758028

'1.586875
=1 ,820420
-2.152242
'2oh69267
’2.585786
«2,917605
“50254628
‘30551‘57
‘5.566kh2
=i+ 000000

~le 1433550
=ls 648855
’L0765570
’5.082595

=5 014214
‘5.550755
~5+.847760

-6,179581
-6,613127
-6,828,28
‘7-261973

=74633653
=7.695518

k=24
=0, 304432
=0,733028

-1,386875
-1 PY w
'20“707
’205883
-2.932

=3 e25l
'3.5“9

=3:971
=l 021
~le 550

’ko755
'50067

“5.4115

~5e2292

=5.8L772
-6,179581
64613127
-5 ,828,28
‘70261973

.70695518

Hote that we need to take k well above 25 to be able to guarantee

all the eigenvalues and that the spurious eigenvalues are olearly

recognisable by the size of the last elements of the corresponding

vectors,
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Ihs Goneral Matrix

The method of Lancgos i3 also applicable to unsymmetrio matrices
if used in a modified form, We now gzenerate two sets of biorthogonal

vectors, y(i) and _g( 1) by the recurrences
(1e1) 1) 1) (1-1)
Y to1 y =4 7( -« ’( “Fsm ¥ |
( ( ) (1-1) ‘2
ie1) T (1) _ (1) _p 1=1
I 141 2 =A3 Q(g, J ;Fi"" : s
where y(0) . 3(0), -0, yU) and 1(1) are arbitrary and
)T i 1-1)T i
S LT CRTRCO LIS
(
andJ 501 is 30 chosen that 3\14-1)'1‘ z(‘”) = 1,
The matrix C, is again defined by (6) and we now have tue
relations
AT, = Y.C, Azk zkc. (13)
"fhematrixck is not symmetric and in general we cannet usze the
method of bisections, Fox (1964, page 256) suggests using Muller's
method for finding the roots of t.e characteristic polynomial, It
is a simple matter to caloculate dct(ck = uI) for any u, However,
1ef 12- O for all 4, then C_ is similar to the symsetric matrix
]
Cy given by . R ~
i x .f‘ =
‘ H / | J/j;
Ci * f:: {: %, e :'11,3 (14)
; ’ ()(\, \‘; It v'{ t
\I . Vys - ‘i/ 5 ]4 ;
° ] . §

——r—

In this oase we may use the method of biseotions on Ci, and this is

exactly the same a3 performing the metihod on (}k iteelf,



As in the eymmetric case, there are difficulties over t.e
ternination of the sequence, Once again we should compute the
eigenvectors of G, and accept only those with small last elements,
This will give us approximate eigenvalues and vectors of A with
saell residuais, but with an unsymmetric matrix a small residual

doea not necessarily imply an accurate eigenvalue and eigenvectar,

32
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CHAPTER 7

THE EIGENVALUE PRCBLEM USING 7.IANGULIR DECCREQS
i
Ve again consider the eigenvalue eguation

AX = AZ, (1)

where A is a sparse matrix., We nov assume that A is a band matrix
and thet we have sufficient storage for triangjular decomposition
to be possible, The methods of this chapter will be most vzluable

where there are few gzero elements inside the band,

nve. I1ters
If a single eigenvalue and corresponding eigenvector are
required, then inverse iteration, given by the equation

(a - p0)x™Y = ) (2)

is setisfactory provided all the elementiry divisors correspending
to the required eigenvalue are linecr and thet the mctrix (A - pI)
does not heve more than one distinot eigenvelus of smellest modulus,

The vector ;‘n) converges to an eigenvector of A and "= i sonverges

| +1) .
ifE‘n )“
to (A - p) where A is the corresponding eigenvelue. Any vector norm
msy be used, The iteratiom (2) ia invariant with respect to a
transformation of coordinuctes, so there is no loss in generallty if

it 12 written

Z(m‘t) - Jp x(n) (3)

whexe Jp is the Jordan cenonical form of (A - pI)'1. By conalderation
of Jp it 1s e.sily seen thet the convergence of the iterction is
eventually governed by the equstion
(n) 1 { 1
x = £+ 0 n L
(A - p)" bu - | ( )

where u 18 the second nearest eigenvalue to p. Thus the convergence




is geametric and is very dependent on the closeness of p to the
required eigenvalus,

The matrix (A - pl) is factoriszed omnce oaly into tie product
of two triangular matrices, and during each iteretion equation (2)
is solved by forward and backward substitution, In-view-of—the—

SORVergenco,

¥here (A = pI) has more than one eigenvalue of smallest
aodulus or where not all the slementary divisors corresponding te
the required root are lirear, the »vicnss mey not converge, or the
convergence may be very slow, Suppose there are r eigenvalues
of ainimum moduluz, then provided sufii..ent iterutions (2) Lave
been performed there exists . wvector g( b), whose norm is samall

compared with the norm ofg“’), sueh thav the dimension of the

space apammad by the vectore
(a - p0* (V4 by (5)

tor X = 0, 1, 2, eee 18 s We ehould therefore bs able to obtain
the r eiganvalue:s oy r 3teps of Lanczos method of minlimized
iterations with 5( L) as at.arting vector. The problem of the effect
of rounding errors is not asarly as severe as In the general caae
cbnaiderod in Chapter 6, Fer suppose that f is the modulus of the
largest eigenvalue of (4 = pI)™', then « o Byq a0 [, . of
equation (2) or (12) of Chapter 6 will be approximately egual te

)/ and so the component in y( 141) viuleh 45 outside the space (35)
cannot increase very rapidl.y: Its norm wiil increase by a factor
that cannot exceed a oonstant depending on the size of _g( L) and
approximately equal to 3. #e should therefors work to ar accurscy
of not less than {1 in 3¥, Under this condition the Lanczoo vector
will show a sharp drcp in norm after the rth step anc the process

should then be terminated, If no such sharp drop ocours, we may



35

assume tnat 1 was not taken sufficiently large, This technique
may also be applied when several roots of . are nearly equil, The
unwanted roots will be eliminated eventually by the inverse

iteration, but the .anczos iteration will save wuch work,

Lfhe =

‘e see from (L) that the convergence of laverse ilsration
is seouetrie, ¢ may obtain qusdratic and sometimes cubie coﬁverganco
al tae expense of more work per iteration by ths iayleigh quotient
iteration, This has been considered in some detzil by
Ostrowski (1957-9). For a symmetrio matrix the iteration is

given by the equations

A5 2 (a9, (6)
Mt = *(W)T".‘(w . )
+
RN )

Ostrowskl shows that this iteration has cubis convergence, towever,
we must no: perform a triangular decomposition at each iterhtion.
Prozm table 2 of chapter 1 we may caleulste that the work is inocreased
by factor of appioxinntely ~%F , When the matrix has band-width
(2r=1). Thus if r 415 not wvery large and the root and vector

are required accurately, the Rayleigh quotient iteration will
probably involve less work in all, It also provides an alternative
method for a tridiagonal symmetric matrix and is likely to compare
favourably with the methed of bisections.

Por non-symmetric matrioces Ostrowski first considers the

iteration given by the egquations

ke
g( ) = (A =A1) §(k) . (8)

) e T 9, w (9)

(kn)” (k,,,)

Mot TR AL (10)
(K.-n)'—g(l’ﬁ)

——



He shows thats, provided the required eigenvalue does not eorrespond
t0 & nem=linear elemsntary divisor, then in genersal the convergence
is better than quadratic in the sense that

xkﬂ -0 =z 0O L(xk-v)zl as k->» <o,

For an eigenvalue corresponding to a non=linear elementary diviser
he forms the rational Punction #()), defined by the equations

woere X ‘ L , are fixsi and arbitmary vectors, He shows that,
in general, the derivative of § at the wanted eigenvalue & is

given by

ﬁ'(g‘)““" %’

80 that

B0) = 7o (1 =H(A-T) 4+ T & (r =),
exforent
where L 18 the greatest cemponest of & non~linesr elementary divisor

corresponding te 7, it fellows that iteration with B(1) is

gmtrmuy convergent t0 ¥, 4 gquadratically convergent procees
nay be obteined by iterating with the function ﬂ!L(h) :md by

§0) = LK) - (1m0,
since, from (16), we have
g (r) = téh 8, (» =)

In general, of course, we will not know in advance the value of L,
Ostéowlki suggests that in such a case we should iteratse with ﬂz(k).

(11)

(12)

(13)

(18)

(15)

(16)

(17)

(18)



If L £ 2, then we may deduce from thc iterates the true walue of
L since

By(0) =1 -8, - (19)

lle also considers a similar process applied to the ordinary layleigh

quotient, ‘he rational funotion () is now defined by

(A-21) 5 = =, (20)
% J
Ar) = A 5, (21)

and he shows that in gonéral
B00) =%+ (= [y s 00- )], (22)

as h ~>» 9, If a new rational funotion 1s def'ined by

AN = x g (AN) - KNP (23)
A= 2 80) + HA))
then
?’(O")a 1-%, (21")

—

where L 43 again the greatest exponent of an elementary diivisor
corresponding to ¥, A quadratiocally convergent process may de
obtained as in equation (17), but this would require the solution of
a total of four sets of linear eguations, whereas only three are

needad to form Householdexr's funetion

by GO -8 E O (25)
KT () - 40) =F (1) + 2

and iteration with this shows quadratic cénvergonce.

Ostrowski also shows that if the ordinary Rayleigh qoiient
jteration given by equations (6) (7) 1a applied to a non=symetric

matrix, then, in general, the convergence is quadratic rovided that

the roots are real and correspond to linear elementary divisors,
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lle goncludes that this is an advisable procedure to adopt since

the work per iteration is about half that of the scneralised
Rayleigh quotient iteration defined by equations {12) (13) and (14).
However it is quite rare to be able to zuarantee these conditions
and equation (25) involves approximately lr times as muoh work

per iteration as equation (17)., We feel bound, therefore, to
recomnend (17) for use in the general case, It is, of course,
still valid for L = 1, and in the absence of any more precise

information this wvalue of L should be used to start the iteration,

Rutishauser's L~R Transformation

If several eigenvalues ars required a powerful technique
is the LeR transformation of Rutishauser {1958), :ach step of

the iteration is given by the equations

Ak = Lk % ’ (26)
=R L (27)
A1 2 A, (23)

where (26) represents the usual triangular decomposition, .ach step
iz a similarity transformation ainoce

%1’ Rx"k
k”k"k (29)
A U o

y .r‘.

and, in fact,

A-kaa:‘ltlks P, AP (30)



where Bk = L1 Lz ooo_z'k

and Py = B Ry e By

It 48 easily verified that

Ak = Bk Pk ’
so that Bk and Pk give the triangular decomposition of Ak. {ote that

the matrices Ak are all band matrices with the same band width,

Rutishauser proves the followin: theorem,

Theoren If the wmatrices 8, as. defined avove converge for

k->20 , then 1lim A exists anc is an upper triangular matrix,

k=<0

Proof If Bw = lim Bk axists,
kK =0

| -1
thenlimhl 311331 B, 4is the unit matrix,
k> e

further since Rk = B;’ A Bk_‘, this converges and 10

Ak = Lk Rk converzes and is upper triangular,
Kutishauser go:s on to prove another theores,

Theorea If A has latent roots with diatinot meduli,
I 21> 0] e > Iy
then there exists a matrix X such that

Aa X dlag ()~1 XX kn)x.“ .

Suppose that no leading principle submatrix of X or g is singular,
then Ak converges to an upper triangular matrix with the lateant roots

of A on its diegonal in desoending order of modulus,
Froof e give here a new proof, which permits a generalisation
to be applied mors easily.

the conditions on X and X~1 isply that the trianguler

decompesitions

(31)

(32)

(33)
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X=CD and X = @F (34)
exist., Thus Ak is given by

oD atag () .00 AD R (35)
tiow D adag (XX ,,, AE)E 2

R n -
Ko 4.k X p .
a0y By + ANy) 8%y By + Ny) a0 3 B3 + 0(7‘ ) een G N
K X

222 By + Axg) dgghg By + O ) "25"3 L5+ 0(7‘1*) cor dou AeBoy

ok X K - |
dysty By + AN dsty By v AN Ay By AN Ll 4, REB

GO0 OBV IV SO ETNCINESRONOIOOEGENCITB U000 EIPIIINGRENPOOIPRIIIVIEEOEDIECEEOEOIGOCEORENPTTS

k k k
4 N f’m ar B, LI cee & A B
(36)

Now for r = 4, 2 44, N, l"KOandinOsimo neither X nor X'

have a singular leeding principle submatrix, Hence if the matrix
in (36) is split into triangles then in the limit ths lower
triangular part will be just the unit matrix, It follows that when

A€ is split into triangles,

k
= B P (37)
then Bk convergea to C, Hence limAk exists and is given by
A_ = B:: A B__
Bm X dus (l1 sen )‘u) X Boo (58)
= D di“ (11 'Y X ) )&n) D-“

and the latter matrix is upper triangular with diagonal elements

7\1 (XY ) lnl

Por the genernlisation of this result we consider A'S  Joruan

Camerical
canowised form J s0 ordered that the moduli of the diagon.l elements



fora @ non-increasing sequence, Furiler let J be partitioned

3o that
J = diag (7\1 s }‘n\);

where each 11 i3 a pringiple submatrix of J having diagonal elezents
all of eqpni modulus, Then the analysis proceeds as before,

where now the letters correspondmmg Lo submatriges ratécr wLian
olewents, but the triangular decompositions are atill poiat
decompositions, We Justify the expressions O(l:) in (36) by the

reault of Varga (1962, page 64), that if A  is of order f’*; then

i

It~ ()5 )[/00. ) ] Xfe

as kK->

whore f (ki) is the spectral radius of A In the triang.liaa

g
decouposition of (36), the lower triangular part is now block
diagonal, It follows that the off-diagonal blooxs of Bx converge

to the correspending blocks of C and hence that in tii. limit L 1s

- block diagenal, Unfeortunstely we cannot deduce at once that A]:

is block upper triangular, since this requires that X be bounded,
dowever if block triangular decomposition is usad, the proof carries
through in sxact correspondense with the earlier case and convergence
is assured, e suggest therefore that in a pracotical case point
docomposition should be used until the block matrix becomes apparent

and thersafter vlock iisration be used,

It ahould be noted that the convergence of the iteration

is dependent on the ratios |
;ﬁf

’. ¥e -ahlll latcr use the property
l
to accelarate the converge for the iteration when applied to &

poaitive~definite matrix, If this ratio is very near unity then
we may group together the twe eigenvalues into a block and uss the
above result in its block fora, Ve theruf'ore have coav.rgunce

to a block upper triangular matrix much socner than convergence to

N

(39)

(40)
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an upper triangular mstrix, There is no need to iterate beyond

convergence to this blook form, since the elgenvalues of the blocks

zay then be found by any of the astandard techniques,

Pox (1964) considers a slight modification of the process
in which interchanges are inoluded in tho triangular decompositions,
These are just as negessary here as in the sclutioen of linear

equations, ‘“he iteratien is now given by the equations

et LR, (1t
and

Ak«f‘l‘pkl:‘l‘k’ (12)

where ;k i2 2 permutation matrix, so chosen that no element of Lk
is greater than unity in modulus, ¥e know of no proef of the
convergencs of this iteration, Some numerical experiments would
be interesting, and we suspect that if the eigenvalues are real and
distinet no further interchanges will be rcquired after a finite
number of steps, Thersafter, Rutishauser'’s theorem gives us
sufficient conditions for convergence, Ferhaps the safest course
would be to returm to Rutishauser's original iteration after a number
of iterations given by (l441) and {}42i. A cheek should be kept on
the aise of the elements of Lk ana additional guarding {'igures kept
if necessary, In any case we cannot allow an indefinite number eof
interchanges aince we are here considering band matrices and we

wish to keep the band-width as small as possible,

When A is positive definite the decomposzition (26) is replaced

by the symmetrio decomposition of Choleski, given by

A=l L (43)

fined
and A, is de by
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Aot = Lk Lk ¢ (k)

This iteration preserves the symmetry, o that our storage
requirement is approximately halved., Rutishauser shows thaut under
this iteration “k is bound to converge to a diagonal matrix,
although the elements down the diagonal may not necessarily be
ordered, If A is symmetric and non-definite we work with (A+pI),
choosing p so that we obtain a diugonally dominant and hence
positive~definite matrix, In this way we avoid interchanges and

an inorease in band-width,

Rutishauser (1958) has proposed a very useful accelerating
device for the positive-definite case, which is particularly powerful
where we require several of the smallest latent roots, Ye nave

seen that the gonvergence depends on the ratioes xk+1 o If we

have a good lower bound for ln’ say kn > M, and we iterate on the
matrix (A = ul), then convsrgence in the last row and column will

be much improved, Now we may evaluate det(A - ul) as a g;e/::;f of
the triangular decomposition, If we ewaluate this lor two different
values of g)onch known to be less than ln’ then we may obtain as a

lower bound for An, the quantity

dot(A=u,) = 4o det( A=y, )

“= L , (45)
TRy

which comes from fitting a& straight line through the two known points,

It must be a lower bound on acoount of the couvexity of the ciuracturistic
polynomial beyond its smallest root, The convergence can, indeed,

be still further improved by the use of a different  value o of u

for each L=R step,. 7e find Hy by (A5) with “1‘ “2 replaced by the
greatest two of U,y Hy ece M ge This process is quadratically

Once convergence in the last row and column has been

convergent,
obtained, these may be deleted and the same procedure applied to the



b

remaining (n=1) x (n=1) matrix, and so on,

A similar acceleration may be applied to the iteration for
& general matrix if {ts smallest eigenvalue is real, If the
off-diagonal elements in the last row and column of a are small,
then this last aiagon&l element, t( ) will approximate to an

eigenvalue of Ai and tho convergence will be accelarated if Ai is

replaced by

Aiu Ai (i) I, (106)

e may even use this procedure for a complex root if we are
prepared to use complex arithmetic, Rutishauser remarks that
when the symmetric iteration, as given by equations (43) and (44),
is applied to a positive-definite watrix, then the answers obtained
bave been found to be very accurate, .e will nov demonstrate this
property, JSuppose that the exact value of Lk Lﬁ is given by

the equation

T -
e g = Ay + S (47)
then Wilkdnson (1961, page 305) shows that if we use binary-place
arithmetic, with double-length acoumulation of scalar products, and

if
()27 /o' < 1 ana [a gl < 1-27%, (43)
then
U EW for § S 1
15, < z::"‘ 1,1 1> (49,
2 (144 1=3 .

#ilkinson shows further that (1., | < 1, It follows that

Fe < 2%, (50!



where (2r-1) 1is the band-width of Ao Let us sssume that

I Ak ) < 1= kaQt.

where Py is a positive integer, This ensures that the seocond

condition of (L48) holds, We alse have that

13, < D Il = A+ 50
< Juagl *'lzku]%
< 1

provided that pkf> r.

It follows that in the computation of Lﬁ Lk’ provided double-
length arithmetic is used for scalar products, the only signifiicant
rounding error will be in the final truncation, Suppose that

Ak»1 = Lz Lk * 'k ’

he < 27 (aret) I a ) s
and we deduce that

1 =-(p -r)Z't ¢ 1 - (pijr)z-t
1 - (2r=1)2

’133,1[/ <

provided 2r{2r=1)2"% < 1, Thus if p, > 3rk, the required
conditions hold for all iterations up to the kth, The matrices

Ak’ Ek and.Lk qz are all symmetrio and it is & trivial consequence

of the minimax characterisation of the eigenvalues that corresponding

T
eigenvalues of A and L Lk differ by not more than ltEk" .
T
Similarly the oigegvnlues of yk Lk and Ak+1 differ by not more than

"Pk" , Thus in each step the loss of acouracy in each eigenvalue is

not greater than 3r Z‘t. In fact this will be an over-esatimate

(51)

(52)

(53)

(54)

(55)



during the later stages when the matrices Ar ace near dlagonal,

We may obtain a more acourste result if we ure prepared to store
the matrices Ak to double-length precision, In tudis case ”?k!l
is negligible and the loas of accuracy at each step is boundeA by

r.2't.



In this chapter we consider the zame problem as in Chapters
6 and 7, namely the determination of one or more of the solutions

of the egquation
AXa=A

Ve assume now that either A is too large to be stored inside our
oomputer or that 1s i1s a band matrix with so many zeros inside its

band that the methods of Chapter 7 are uneconemic,

Direot Iterstion

For a symmetric matrix we can use the "direct" iteration given

= (A-pl)s(

which converges to the eigenvector corresponding to the smallest or
largest root of A according to the cholce of p., The situatien here
is in exact parallel with that in Chapter 5, With equal eaze we

can form the vector

= p, (A) 5(0),

wherg p, (1) is any polynomial of degree i, To obtain the vectors
L4

corre:nonding to either the smallest or largest root a good choice
for Pl(“) is the ith Chebyshev polynomial over the range of all the

other roots of A, If all the other reots lie in the range (a, b)

then the pelynomial pi(u) will be given by the eguation

«2u+8+D

p, (W) =1,
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(2)

(3)
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and ths jteration takes the form

!(iﬂ) = -b.-g-a [(Mb) z(i) - ZAz(i)J - 2(1-1). (5)

We may judge the progreas of the iteration by the ratio ” y( 14»1)” / ” y( i)H
since the vector y(i) will seventually behave according to the relation

ey -0, (6)

where
/ = M *t 2 » (7
b=-a .

and A 13 the required reot, The root itself is best found froa

the Rayleigh guotient

()7, (1)

- x %1 . (8)

J J

— t—

This iteration is very similar to that given by equation (24) of
Chapter 5; the general prnéortiea of the convergence are also similar,
and means of obtaining estimates of the two end eigenvalues and
corresponding eigenvectors were indicated there, .iowever we do aot
now need the condition pi(o) = 1, ¥e may use a technique similar to
that of Chapter 5 for improving the values of a and b, for if - ia

the only eigenvalue outside the range (a, b) the residual

£8 . a9 -a:-,:(i) (9)

will not show any regular behaviouwr, If, however, there is a sscond

eigenvalue ).1 outside the range then £< 1) will behave as
S(M)”-’ (Jz . /,2_ 1 )5-('1) : (10)

where

f4= 2y+as+d (11)
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A8 1in Chapter 5 we may either use || _g(iH)” rsSi

estimate )\, from (10) ana (11), or, we may use the Rayleigh guotient

,\ (O, (1)

1= R - (12
X r .

a——

In prinoiple this method can be exteanded to obtain successive
eigenvalues and corresponding vectors, starting from one end of the
rangs of oigenvalues, The components of the vectors already found
must be subtraoted out at regular intervals, Rutishauser (1959)
proposed a modification of this method that allows several of the
smallest (or largest) eigenvaluez to be computed sii.ltansously,

#e choose the range (a,b) to include all but the required eigenvalues
and iterate until the current vector lies in the space of tue
correaponding eigenvectors, Suppose that the eigenvalues and
corresponding vectors are hJ and .‘_§ 3 axd that the starting vector

can be sxpanded in the form

NONEY o5, (13)

M ~ IV
so that
.’.u)“é S TR (1)
where
{4' Dysaed (15)
bD~-a

1r ka lies outside the range (a,b) then it is easily seen that as

150, Ti( 7.)) behaves as
S U *(Xa*jdaz")i“(‘)» (16)
and for J/J 4nside the range we have

|z, () < | (17)
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It is thersfors reasonable to suppose that by the time the
current vector is dominated by the eigenvesctor _g 3 where j lies
outside (a,b), then the error term in (16) may be nezlected, e
now apply Lancsos' method of minimized iterations to the vectors
y‘i),?y(i") coe y(i’s). The Lanczo; vectors are not obtained by
‘:ﬁn u;;al procea;.but'inateud an ordinary Schmidt orthos maliszation
process is used to find an orthogonal set‘g(i), .oe £F1*S). In
this way we obtain eigamcﬁora of 4 and the numbers ( ] 3 + / Jz - 1)
from which the corresponding eigenvalues may be found, Again we uay
use the Rayleigh guotients to obtain better estimates of ti:e values,
The limitation of this technique was recognised by Hutishsuser in
e coument that it would be difficult, i: astual computing, to find
more than two or three eigenvalues in this way, The trouble is
that the Chebyshev pelynomials increase very rapidly outside the
range (a,b) and the vectors y‘i) will have largsr oanpononﬁa of
eigenvectors corresponding éZ the extreme values, This will present
no grave difficulty as long as we can keep a few additional guarding

figures, and provided s 1s not large,

An alternative suggested by Ginsburg (1959) is to use the
Chebyshev iteration as in Rutishsuser's method above and then apply
an ordinary Lanczos iteration with the resulting vector as y 1).
¥e can axpect a good result for the required eigenvalues wiZh far
fewer iterations than with the straightforward use of lancsos, and

this is confirmed by Ginsburg in practical applications,

Use of SOR 1
If we require a single elgenvalue and eigenvector or wish to
improve an approxiuation we may be tempted to use ths inverse

{teration of Chapter 7, given by the equation

(a-pr) £30Y) L L) (13)

and an iterative method to solve the linear equations,  ‘owever if
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p 1s close to an eigenvalue, the matrix (A = pI) is nearly singular
and any iterative wmethod can, at best, converge very slowly, If
A is symmetric and p 48 exactly equal to its smallest eigenwvalue,
then it is easy to confirm that the successive over-relaxation
iteration matrix, [ ,, with any relaxation fastor w in the range
0 < w < 2, bes dominant §1ganv&lua unity,

For suppose
(4=pl) =D =-L=U, (19)

where [ is diagonal and L and U are respectively striotly lower
and upper triaﬁgulux) then we have the relation

(A - PI)Y = 0,

that i3

(D~-L«U)y=o0, (20)

wherey is an eigenvector of A corresponding to elgenvalue p, It
follows that

Loy =(D=w)"" (w - (w1)D)y
«(0-w)”t (0w (21)

=y
Let us assume that every row of the matrix A has at least one
non=zere off-diagonal element, since otherwise the problea is
trivially reduoible, Then it follows tiat all the elements of
D are positive, Vo element of D can be negative since (D - L - U)
is positive semi-definite. Suppose d,, = O that a, 5% %5 £ 0 and
that we perform a permutation similarity transformation en (» =L =U)
to bring the ith and jth rows and columns into the 18t .ad “nd rows

and columns, Then it is easlly seen that the leading 2 x 2 submatrix



is not positive definite, VWe conelude that dii 2 0 for all i,
Hence the argument of Chapter 2, equations (61) and (63), is
appliocable, and the error vector will ultimately be an eigenvector
of A corresponding to the eigenvalue p, [urthermore from
consideretion of the Jordan c¢anonical form of Lw it may be seen
that convergence is impossible unless / , has no non-linear
elementary divisors corresponding to the eigenvalue unity, Ve
shall find this property useful below (page /03).

Using subscripts to denote SOR iteration, we have froa

sguation (18) the relation

.

(1+1) =§(M) . Li(zﬁm) _5(1+1)).

For large J the vector Lj (35‘(:“) - 5(1’1)) will change iittle
Af p is a good approximation to the smallest eigenvelue .i' A
and will not be spall compared with g( 1+1) o Thus thew is liitle
gain in solving (98) over solv.ng ihe homagenous set

(4 = pI)g = 0,

which will involve a sispler iteration and require less storage. In

this case equation {22) takes the form

. ,
3‘1 ol L W 5' .

The rate of convergence will be governed by the second eigenvalus of

| o TVhen A bas "property A" we may use the techaniques of Chapter
w

3, with a slight modification, to estimate the optimum walue of w,

e require un estimate of the current rate of convergence ‘rom

suocessive values of the displacement veetor, x 341 - X 5° Iowever

this vector may be polluted by a component of the dominant eirenveotor

of L,, if the dominant eigenvalue i3 not exactly unity, The current

vector may be assuned to be an approxisation to this dominant

eirenvector, and we overcoue the difficulty by epplying the procedure
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(22)

(23)

(2u)
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to the vector of changes leas its component in the directian of the
ourrent vector. The iteration should be eontinued until the
vector of ohanges lies substantially in the same direstion as the
current vestor, We then find an improved estimate for the
eigenvalue from the Rayleigh quotient of the current vector and use
tuis new value in (23), We will show that in virtue of the
astationary property of the Rayleigh quetient this iteration iavolwing
equations—{25)and(25) converges quadratically in the limit, For

it [W(c) is the 502 iteration zatrix for p = & + €, then

[ () = (D+el=w)™t (a0 = (wet)(D + eI)) (25)

= L(0) « &3+ (¥, (26)

where E' is a matrix that depends on w, D, L, U, Suppose that
the Jordan conenical of / (0) is J and that

J = X~1 Lw x. (27)
30 that

VL () xaTsex B X+ A 2). (28)

| Now we know that the part of J correspending to the unit root is
diagonal, It follows that for sufficlently small & the dominant
.root of [N(s) differs from wity by & term of order €, and the
corresponding veotors also differ by & term of order &, 1t follows
fron the stationary property of the Rayleigh quotient that the i3
error im=p' i3 of order 0(62) , and the convurgence is therefore

quadratic in the limit,

This procedure has been desoribed briefly by Forsythe and ‘asow

(1960, page 575). As taey point out, it is not applicable %o
other than the amallest or largest eigenvalues, but we Lave found it

very powerful in this case and feel tiat it deserves atteation,
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The second eigenvalue may be found by a slight modii'ication
of the procedure., ¥e iterate until we have found the douinant
eigenvector of L. ,and then iterate again, subtracting cut the
oomponent of this veotor at regular inturvals, In this way we
find the required eigenveotor of /[ , . However it is difficult
to see how to chnoao the best value of w, In principle the
teshnique may be extended indefinitely to produce any eigenvalue
and corresponding vector, but it is oclearly toco clumsy to be of
practical use flor more than a few of the lower eigenvalues, An
obviocus alternative for & middle eigenvalue 13 to use Kaczmars
iteration on equation (23), If p is exactly egqual to an
eigenvalue of 4, we are applying Kaczmarz iteration to a singular
matrix, and the hyperplanes will have in common the spave spanned
by the eigenvectors corresponding to the eigenvalue zero, 1The
distance froam the ocurrent point te this space will deorease steadily
and, by the same argument as in Chapter 2, the iteraticn will
converge, In this case we find an eigenvector corresponding to the
value zere, It also follows that the iteration matrix has spectral
radius unity and the eigenvalue unity cerrespends to 7o non=linear
elewentary divisors, and hence that if p differs from an eigenvalue
of A by &, then the dominant elgenvector of the iteration matrix
will differ from the corresponding eigenveotor of A by a teram of
order 0{e). The overall convergence of the method will therefore

remain dpadrntic.

Por a general unsymmetric matrix we need approximations to
both the right and left eigenvectors of A in erder to calgulate a

Rayleigh quotient., Thus we must apply Xaozumarz iteration to both

the equations
(A-pI)x =0 (29)

and (" - pI)y = 0, (30)



and take as the new approximate elgenvalue the czu.uvc:;-S

P = gax

. (31)
JZTi‘

The oconvergence of these iterations uay be iaproved by the

use of symmetrio Kacsmars with Chebyshev acceleraticn, If the
iteration matrix is T, then the acasleratud 1terates will be given

by

A . r (D79, (32)

when Ti( #) is the ith Chebyshev polynomisl over the range (0,b)
and b < 1, Ags with other Chebyshev iterations, we ney correct
an under-estimate of b, e econsider the veotor

NEVIR R

c—— s (33)

less its ocemponents in the direction y( 1). If b 43 an over-
estimate this will behave in a mdmﬁruhion, but if it is an
under-eatimate it will eventually lie substantially in the direction
of the subdominant eigenveotor of the iteration matrix T,

The Kacsmarz iteration will in general show rather siow
¢onvergence since applied to :he matrix .. it converges at Lue same
rate as sausc-Seidel applied to &AT. If a number of eigenvalues
are needed this is unlikely to be an eccnomical methed, and Lancgos'
rethod is to be preferred, The ussfulness of the methods of this
chapter lies in finding an isolated eigenvalue or in izmproving an

approxizate elgenvalue and corresponding eigenvector,
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CUAFTAR 9

THE NUMERICAL RANK OF 4 SATIIX AND THH 0 07 (HE ILL-CONDITIQONED

FaOBLEHS

In thia chapter we shall use an order relation between
matrices, If the matrices A and B have elements (aij) and (bij)
and the same number of rews and the 2ame number of columns, then
we say A < BorA< Bifa,, < b,,ora

13 S Pyg OF By < By
We shall alse denote by A’ the matrix whose slements are (la

for all 1 and J.

gl )
“yserical Rank

If & matrix is given numerically the classical definition of
rank has no signifiocance unless the elemsnts can be expressed
exsctly inside the computer, Ilowever it should be possible to
atate error bounda for ceach element, If tuere is a singular matrix
which differs from the given matrix, element by element, by less than
the appropriate bound then it secms reascuable to swy that the matrix
is "numerically aingﬁlar"; Extend.ing this idea leads us to define
"numerdical rank", VYe say that the numerical rank of the matrix A
with respect to the matrix E, whers £ > 0 and A, 3 have the sane

number of rows and colwmns, is the minimum rank of the set ¢l

watrices [B] where
A-B €b £ AsE, (1)

This definition reducses te the ordinary definitien if K = O,
Unfortunately it may be difficult te calsoulate the value of the
numerical renk in & practical case, but we give below methods for
finding upper and lower beunds, These may aooincide or we =ay be

satiafied with one of them,
We show first that if the matrix A is non-singular then it is
nidserically non-singular with respect to the non-negative matrix

E if



N el <1,

where the norm is the row norm, To prove this we suppese that

BzA+ P when?® < E, Then so Hat

A e 1447,

But Da=tell < 1™V < 14700 < 1,

and it follows from Gershgorin's theorem that > is non-aingular,
which is the required result,

Suppose that the elements of £ are all ef the same order of
masnitude or that the matrices * an? % can be 30 scaled, by rows and
columns, that the new ¥ is of this forn, 7eé can then find a lower
bound for the numeriocal rank by performning Gaussian elimination with

full interchanges., If ., 13 a leading principal submatrix of the

i

permuted matrix A and E, s the corresponding submatrix of &, then

i
the mmerical rank is not les:c than the maximun value of 1 for which

UA:"’ m Il <1,

If the numerical rank 1s completely unknown tinis method will
involve a great deal of computation, Howsver it is true in practical
cases that we generally have a good ldea of its approximate value,

In a linear systea arising from an integral equation, for exauple, the
aucerical rank may be very small, say four or five, when the order

of the matrix is quite large, Very little work is required to

oheck (/A;1+ Ei’( for i =1, 2 .sso 5¢ In & common case we wish
to confirm that the matrix is non=singular, If the inverse is

required in any case, little extira work is neceasary, and some

econemy i3 in fact possible, Ve have the triangular decompositien

80 that
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(2)

(3)
(&)

(5)
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2ad the latter expression uay be calculated comyiratively eanily,
if we find it is greater than unity we must rcvert to tio- caleulation

i

To find an upper bound for the numerical rank we again assume
that the elements of = are all of the sams order of magnitude and
perform Gaussian elimination with full intergchanges, For simplicity
we az:zume that A is correctly ordered at the start, If at any
ataze the last r rows of the reduced matrix are asmaller in modulus
than the corresponding elements of the error matrix ., then the
numerical rank of A 1s not greater than (n-r)., ihis test is
unfertunately rather clumsy in the sense that we have not considered
the effect of perturbations in the first (n-r) rows, <ihere is a

better test for the case » = 1, If the decomposition of . is given

by

A = L;U’ (7)

and if P 48 a matrix of amall changes in the elementa of A then we

have the equatien

5.1(A +F) = UL g, (8)
/
It‘j% is the last column of E,‘;;T 48 the last row of L-1 and u

is the last element of U, and if
T+—
(Y| <€ 4y & (9)
it 48 clear that A is mmerlcally singular with respect te &,
ations

iitioned Sets of .

if a matrix has renk (n=r) iv uas r linearly inuependent



eigenvecters corresponding to tic eigenvalue zero, ¥ais will be
true of the matrix B of the definition of numerical rank, It

Iollows that the aclution vecter x of tic set of equations
(A+)x=D

has an arbitrary component in tlis spuce of dime-~sion r, In
practice, the aolution required is probably that with zero component
in this space, but any other solution may be found with the help
of approximations to the relevant elgenvectors which we will need in
any case, Suppose that we can order the rows and eolumns of A

se that the leading principle submatrix of erder (n=-r) is non-
aingular, or equivalently that the interchanges are such that this
would have been the form of A if no interchanges had been used,

We take as seres the last r elements of the solution and solve
for the remaining elements, liowever this solution will in general
contain a compenent in the space of eigenvestors correspoauing te
the value zero, Suppose an independent set of these ei -envectors
is x, and a correaponding biorthogonal set for AT is Yo <hen we

-—i
ocbtain tne required solution

The case of aymmetric . is simpler since X2y o

Hatrices sometimes ocour having a numerical rank that is
small compared with the erder, In such a case it is more economiecal
to find the (n=r) eigenveotors cerrespending te eigenvalues that
are 10t small, ¥e find the components of b aleng each eigenveetor

and hence the components of the solution x,
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CHAFY: R 10

PROBLEM3 IN COMILMX LIVZaK ALGH3RA

We have assumed =30 far that all the ocvefiicients in our
matrices have been real, The majority of praectical matrix problems
are of this nature, but cemplex matrices 4o occur and we consider
briefly here how the techniques we have considered uay be extended

to this ocase,

The methods of Chapter 1 all generalise to cemplex matrices
with no diff'iculty. Ve must replace transposed matrices by
cenjugate transposed matrices anu symmetric matrices by Hermitian
matrices, We should note in partiocular that interchanges are not
rcqpirod'é:;Q positive-definite Hermitian matrices, On mosat
computers the amount of work will be about four times that for the
real case, The most uaefﬁl comparison is in the time taken to
accumulate a ssalar product., On Meroury, using machine language,

the ratio is 7: 25,

An altermative which avoids complex arithmetic is to replace

the aquation
(A+4B)(x+1y)=s B+1ig, (4)

where A, B, %, ¥, By & are real, by the equation
- Vv ) A r -

A =B |x b

| . (2)

por-

B A

e 4 ”~

The equation (2) has real coefficients and is solved by one of the

4 <8

standard technigues, If (i + 1B) is Hermitian, then \ is
B

A

-B \
syumetric and if (A + iB) 1s positive definite then so is | ° B
B Al .

The form (2) is unsuitable for vaid matrices since the dand :Efgﬁiut
S C

is deatroyed, Ve may use instead the equation



114

—ar, e :I,... .‘g ’-

8y "By 8y TPy e i X4 b

By Sy By B, e o Y ¢y

1 =
T T e x5 b,
(3)

By By By, 4R, . Yy °,

S0 POOOPOROONOOOSININOGSEQROIOGEDIISIOEDARACIDODS ® : [ ]

9000000V EOCS SPPONCOLOIDOIBSGESIIEDSIRNS ¢ * £ ¢

The use of equationa (2) or (3) is convenient since we may use
programmes already in existence and there is no need to use any
complex arithmetio, However the order and band-width have besn
doubled so that the storage is four timesz as great as for a real
matrix and the werk about eight timss as great, Cempared with
solving (1) with complex arithmetic we nced twice the storage and

tue work is approximately doubled,

Similar oonsiderations apply to the generalisations oi tne
methods of the other cuapters, o may replsce the eigenvalue

problem

(L« B)(xety) = Mx+1y) (&)

by the squation

ﬂ iy
A -3 X x
= A (5)
B A Yy Yy o
M x
All eigenvalues will now be repeated since if 3;] is an
) . e
eigenvector, then so is t 1{ ( . It would seem to be advisable,
£

in all cases, to use complex arithmetise,



112

DIF?. wiTlal EQUATIONS BY PINITE L. *7 ik 085

Methods of setting up finite~difference approximations to
differential equations are well-known and we refer the rcader to
fox (1962, Chapter 21), for example., It is probably true to say
that a majority of those sets of linear squations which are solved
by iterative methods arise from differential equatiocns and we have
already mentioned one or two examples, ‘e will not attempt here
any comprehensive acoount of posaible diff'ioulties, but oconsider
the case where the boundary is curved in a problem of "Dirichlet®
type and the case where the boundary countains one or more reentrant

gorners,

¥ Bo

We conszider the differential equation

-F(xly)t (1)

with boundary values specified on a given closed curve, The
standard procedure is to cover the area with a uniform square mesh
with interval h and to represent the differential equation at an

internal point By the set of equations
12 {h Kx,y) - (ﬁ(x,y)]} +1(x,y) = %, (xy,h), (2)

where

§,[Kx,y)] = B xeb,y) + Kx-h,y) + Kx,y+b) + Kx,y-b), (3)

E(xry)h)‘ ‘%(1*9, J)+ (xeeh,y)

g (x,y+0h)+ i%(xo ‘h)a

(%)

and 0 < oi < 1. Suffioient conditions for the validity of (i)

are that 3_‘*.! be continuous on the open line (x + h,y), that
&
éx
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':hk be continuous on the epen line (x, y 4 h) and that & be

ozntinuoua on these lines as closed intervals, it a grid point
near the boundary, the finite-difference form { 3) may include one
or more points that do not belong to the .ci, e ov.urcoue this
dirficulty by using the known values oi' § on the boundary to give
epproximations for the values of § at the required points outside

the net, ror example, at the point O of :izure 1 we require

’ : /
! Z ; i

i
o 7

-
/ ;

////// Pigure 1,

approximations to the walues of @ at points 4, 4 and these can be
expressed as linear combinations of the walues of $ at B, 0, 3 ..,
and C, O, 2 eees respectively. If only tvo-point extrapolation is
used then it is easily seen that when !.'. E“(x,}’ » h) i3 neglected
the matrix of the resulting set of finite-difference eguations is
symmetrie, It is diagonally dominant and hence positive-definite,
and possesses property A, It is thus highly suitable for any of
the itera..ve methods, If three points are used in the
extrapolation, then the matrix is not symmetric although it does
possess property A and is diagonally deminant, It follows that the
real parts of 21l the eigenvalues are positive, so that SOR will
converge with a sufficlently small relaxation facter. unforiunataly
i1t is difficult to take advantage of the property i unless the
Jacobi matrix has real roots, Tais we cannot guarantee, so that

it is difficult to find an optimun relaxation factor, If we use
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& direot method of solutien, however, the band-width is no greater
than when only two-point extrepolation is used, If four-point
extrarolation i» used then the band~width is increased and property A
1a lost, although we atill have diagonal deominance,

Varga (1562) has suggested the use of a restangular finite~
difference mid, so suosen that any point where toe boundary meets
& grid line io also the meel of' two grid linea, In general ihe
meshi intervals will not be uniform, Ke considers the equation

T 81-% [x=m %} e Ax,z)u = f(x,3), (5)
with boundary condition

 (xy)us Blx3) 5 = (), (6)

where ;ﬂn is the derivative of u normal to the bowmdary and where
o (x,y) > O and M{x,y) > 0. He obtains a set of difference
equations corres;onding to a five-roint approximation, the matrix
of which is symmetric, diagonally dominant and possesses property A.
However this result has been obtained at the expense of a loesl
truncation errer of aisze O{ h ). ilso it is not pessible to set up
this finite~di’erence grid for a general ocurved boundary and it
will therefore be n#cesla:y to deforn the bhoundary by a deformation
of slze { h )., V-rsa's tesinique is thus clearly inferisr for the
differential equation (1), but ror the wore gemeral eguations (5)
and (6) the straightforwerd finite-difference ropressantation will
not sive a symmetric matrix, This is & disadvantaze for deth an

fterative and direct method of aeclution of the algebrais equstions,

“1e treatoent of the boundary condition becames more difficult
1f we use a ROre acourale finite~diflerence form, Conailer, for

exa: ;;;lo/ the nine-point ferwula given by the equation



2 L
;i" (20~48,- 2l (K x,7) ] +f (x,)* %’5 v2 f(x,y) = %!g‘ Be(x,y,h)
where S, [M(x,y)] 1s given by (3),
g (Kx,3)] = Kxeh, y+h) + Kxen, y=h) + Kx-h, y+h) + Kx-b, y-h),

and £ i3 a linear combination of sixth derivatives of § at points
inside the square with corners at (xeh, ysh). Sufficient conditions
for its validity are that the sixth derivatives of @ are continucus
ia the open square and that § be continucus in the closed square,
bince we have a lecal truncation error of order b
wamn (7) is applicable, we would be well advised to use four or
LOre points in the umpohuon near the dboundary, Iliowever there
KAy not be as pany as four points available in the direction reguired,
This is likely to occur near a corner and we illustrate an exaaple

in Pigure 2, For the finite=difference form at . we cannot do

| //M“g ! {
AN
R N / ‘\\ |
o H N ' ;
1 \\\
. N -
! \\
N
T .t‘i * h - - ”
j
Figure 2

better than thres=point extrapolation, One solution iz to omit the
value at A from the general equations and this procedure Las much to

recommend it, For a general area, provided a reasonably fine mesh

is taken, it should be necessary to exclude only a few isolated points

from the set, The resulting matrix will not be symmetric but it wédd
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(8)

h™ at each point ol A/
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will be diagonally dominant provided each extrapolation is along

the line of grid points which includes the point at whioch the
differential equation is being represented, If we use a direct
method the fourwpoint extrapolation will yield a matrix whose
band-width is probably about twice that for three~point extrapolation,
Approximately four times &s much work will be needed to obtain an
error of order h“ instead of 5. It seems unlikely that so0 much

extrs work will be justified,

aw#vm/{i:ﬂ/
Another alteration is to replace extrapolation at the

boundary by interpelation, At each point for whioch the finite-
difference formula includes points outzide the area of integreation
we replace this formula by one representing an interpolation aleng

a convenient line of grid pointa, The matrix corresponding to this
representation is unllikely to have diagonal dominance, but it does
provide a convenient metihod of obtaining consistent orders of local
truncation errors, Yet another possibility is to use the finite=
dift'erence form for those points that are at a distance greater than
some specified limit, such as half the mesh length, from the boundary,
and to use interpolation or extrapolation for all those other points
which are involved in one or aore of the finlte-dif'ference formulae,
The limit on the distance of the "ordinary" points to the boundary

is necessary so that we can atate the order of local truncation error

as a function of h,

Forsythe and %asow (1960), Brasble and .ubbard (1962) and other
authors have considered the problem of deducing the order of the
error in the solutien for various finite-difference represeantations,
In general the results for partiocular cases suggest that for elliptic
problems the order of truncation error in the solution is equal to

the leaser of the orders of the truncation of the representations at

the boundary and in the interior of the area of integration,

nighardson's deferred approash to the limit, desoribed for



exanple by Fox (1962, page 108) is a powerful method for reducing
the truncation error, ilowever, as pointed out by forsythe and
Wasow (1960, page 307) this is valueless wuen the problem has a
curved boundary unless the boundary condition is representsd with
a smaller truncation error than would otherwise be necessary., For
example if the five=point representation (2) is in use for the
equation (1) we must use four-point interpolation or extrapolation
at the boundary 1if wo wish the result of deferred correction te
have error of order hk. In general we must use at least as wmany
points in the boundary extrapolation a&s the order we hops to have
in the corrected result, Thia follows by an argument in exaot
corres;ondaence with that of Fox (1962, page 106) for the case of

the boundary value problem in an ordinary differential equation,

An cizenvalue Froblem for a Hewen t_xegion

There has been some discussion avout the so-called "Le-membrane®
problem, Ve consider it here sinoce it illustrates the diff'iculties
involved in a problem wherne the boundary has a re=entrant corner,

The problem is given by the eigenvalue equ.tion
V’Zﬂolﬁao,

with g = O on the boundary, which is formed from thiee unit squares

as shown in Pigure 3. Ve seek the fundamental (smallest) eirenvalue

e o e et by

3 - ) c
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Pigure 3
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and correspending eigenfunction, and also the second eigenvslue,
The third presents no difficulty since the corresponding

eigenfunotion is an eigenfunction of the probler over the aguare
of side 2,

The straightforward solution by finite differences involves
the use of the five= or nine=-point formulae correspending to (2)
and (7), but with -\ K x,y) and A2 K x,y) replacing [ (x,y) and
VZF(x,y) respectively, ‘hen the error term is neglected therg
reaults a matrix eigenvalue preblem and we look for its two smallest
latent roota, To appresiate the difficulties involved in these
methods, we oonaider the form of the solution of the differential
equation in the neighbourhood eof a corner, Suppose the internal
angle is w/m, Ve separate the variables in equation (9) expressed

in pelar

" A
e

!';

Figure L

coordinates with O as origin and OF as initial line (see figure 4).
To satisfy boundary conditions @ = O on OF and 0Q we find

=§: in zi@ J ),
g RIS R CREY (10)

and if we take the first term in the power expansion of the 3essel

functions we have
faars ainme-fO(rzn). (11)

If =m 4is an integer this function is well=behaved in the sense

that all its derivatives are continuous and bounded, However m = -



for the re-entrant corner of the L-mexzbrane, so tuat ualecs
& = 0 all the derivatives of # in the r dirsction will be
unbounded,

If we exclude from our finite~difference grid & small fixed
aresa around the re-entrant corner, then the expression (4) will
be bounded, Now suppose thiat this fixed area is sufficiently
sumall fer (11) to glve an adequate representation of #, so that

v28 = = 38 = o(r ).

If we consider the grid point (h,h), then

(s, =) Anh)= L., hQ/"’ + o(h"/z‘).

where ,3 11 is an absolute constant that may be found by direct
computation, ¢ deduce from (12) and (13) that the finite-
difference form (2) will have truneation error 0(h2/3) at the grid
point (h,h), Similarly for any grid point within the fixed area
around the corner we have

(3 - %) UKin, ] = By e oa)

where the Fi 3 ars absolute constants,

%ith truncation errors of tlhis size we may expeet the

solution of the finite~difference equations to converge to the

solution of the differential equation, although we know of no proof,

Numerioal experience indicates that the smalleat eigenvalue of the
matrix corresponding to the five-point formula behaves as

3
15(h)=k+ah1/ +bh2+... ’

where & and b are constants, and the eigenvector has the similar

behaviour

4/s

TORY PV R NARY 1 P
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(12)

(13)

(14)

(15)

(16)
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when ﬂa and 'ﬂb are constant functions, Clearly the convergence
is likely to be poorer than for the same differential equation over

an area whose corners are all convex,

We obtalin rather better results for the seoond eigenvalue
and corresponding esigenfunotion, This is because the eigenfunction
has a line of szerovs along AD (in figure 3) and in the fundamental
eigenfunetion of the differential equation (9) with the boundary
condition § = O on the lines AB, BC, CD, DA, This is an area with
convex corners and we may apply the result of Forsythe and Wasow
(1960) that the finite~difference equations (2) yield a lower bound
for the eigenvalue for sufficiently amall intervals, dIxperience

indicates that this eigenvalue ng) (h) behavez as

?
1;2)(11) 31+ah2+bh/3+ voe (17
wherga and b are constants and a i3 negative,

We may apply similar considerations to the use of the more
accurate nine-point formula (7). In the area near the corner we

have, oerresponding to (14), the equation

,,2/3

(z.s1 +8, - 20) [#ih,3b)] ’Fi’.i h '+ p(h#/s). (13)

Outside this area E/ x,y,h) will be bounded, so that the local
truncation error will be smaller than that of the five-point formula,
Hesultz that have been obtained indicate that for the first and

second eigenvalues we have

‘//3 8/3

7;(91)(h) = 1(1) +a8ah +bdh * s00 (1))

and

23

1;2)()3) = l(z) +ah + b h‘" + see o (20)

We give in table 1 sowe results for various values of h,



124

We may be tempted to use deferred approach to the limit to improve

on these results,

results at h = %3 and '%z we obtain . =

is in error in only the last decimal place,

that 1t is dangerous to rely on such a result when we have no

theoretical justifioation for (19),

e feel, however,

If we fit the first two terams of (13) to the

92,6394, a result that

» 5 pt formula, x5( h) 9 pt formula, xg( h)
"m ]
w | V0. of ;

points| 13t eigenvalue 2nd eigenvalue: 18t eigenvalue 2nd eigenvalue

; |

i
T 9 9452514 13,73700 10,09792 15,32933
;ﬁ“ 18 9e6k1L3 1he 37340 9.92500 15,22122

—— m—— Se————
Zf- 45 9,69083 1483259 9,79776 15,19661

A

- 84 9.69316 14.99315 9. 74593 15,19535
-

LT RS PR R R R
;’; 135 9.68829 15.06716 9,71816 15.19573
S 198 9.68273 15.10724 9.70106 15,4961

w— oo

;(5- 360 9.67351 ‘ 1514681, 9.68141 15.19664

TABLE 1

These difficulties may be overcoxze by the use of the snalytic

form (10) in the neighbourhood of the corner and the finite~-
difference equations elsewhere,
Mots (1946) and has been developed by alsh (1960),

The method was first proposed by

She reports

favourably on the method and obtains the result A = 9,639 with the

step h = '*5., a very great improvement on the correspondinz result

in Table 1.

The method is easlly extended to problems in higher

dimensiaons or where there is more than one re-entrant corner, ut
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but suffers the disadvantage that precise error bounds are hard

to ebtain,
Ye now consider an alternative for the Lemembrane problem,
namely the use of a conformal transformation, The transformation
w=zg (21)

taken with origin at A in Pigure 3, gives rise to a new area, sketched

in figure 5, all of whoae corners have internal angle

n et

F,‘ 09‘ 7’3,

The differential equation (9) becomes
Vzﬁ-o-l()ﬂzo, = %/w/, (22

with boundary condition § = O, Since all the corners have internal
angle 3 equation (11) shows that all the derivatives of 4 will be
bounded, We can theref'ore expect good results with the use of

finite differences over the whole area. There is now the complication
of a curved boundary, so that this problem presents an illustration

of the teshnigques discussed in the sarlier part of this chapter,

We show in table 2 the results given by the five-point form
with two-, three- and four-point extrapolation at the boundary, e
used extrapolation (or interpolation) for any point that was not at

.1e¢at half the mesh interval away from the boundary in both the

x and y oooerdinate directions. The mesh width h is related to



the parameter n by the formula

123

h= _-T-a . (23)
2/ n

With each result is shown, in brackets, the rcsult of deferred
corregtion with the next, ‘ie alsoc ashow the number of points in the
grid in order to facilitate a coumparison of the amount of work
involwved in this method with that for the untransformed grid.
3 s 1
i N 6 8 10 12
-
| Number of : |
| noints 77 140 219 519 |
2pt boundary 9.5186 945764 9.6008 9.6170 i
(9.6507) (9.6442) (9.6538) ;
‘3pt boundary 9.5109 9.5756 9.5959 | 946103 |
(2.6588) (9.6320) (9.6471) |
4pt boundary 9.5287 9.5797 9.6009 | 946129
| (9.6153) ' (9.6386) | (9.6402)

TASLE 2 (15( b))

It can be seen quite clearly that the best corrected results are
given with four-point extrapolation at the boundary, We know from

the theory that the corrected value has error of sisze O(h"P .

The nine=point finite-difference form must be medified for

this preblem, We have

S + 54 - By Elearn

« (20 + 602 V2 + 3" 0*]8

= (20 - 667 A )8 - 2 vz((oﬁ)

- [20 - 6h2fk]¢ - 1 (3,008 - 1o B+ o).
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Rearranging, we have

b3, (B) + 5(#) + L b 8 (/olﬁ)

e [20 = 4 b (91¢ o(h )e (24)

Zhe results of the use of formula (24) are shown 4a taule 3,

B e e e YA gy ...,.}...... - R T L C . e

6 8 ‘ 10 12

9.6385 9.6393

o gk e 4 nima gy st -

‘ o hmovmssnsm: e e e s
't‘ e

5

{

9.65)6 9,6397

TABLE 3

From the appreximate eigenfunction we nay obtain an improved
eatizate of the eigenvalue by calculating the Rayleigh quetient

of the matrix corresponding to a more accurste finite~dif'ference
representation, Ve calculate vgﬁ at each peint by straightforward
finite differences in the direotions of the grid lines, The
contribution to V%ﬂ of the eighth differences for the finest grid
was nowhere greater than 1()‘-6 times the maximum value of ??ﬁ and at
most points was far smaller than this, Hence we considered that
the use of all differences up to the eighth waz sufficient, Per
comparison similar calculatic.s wers performed on the grids given

by N = 8, 10 and the results are shown in Table 4, Unfortunately

. o, —

N 8 10 12

A 9463969 9.63972 2463972

TABLE &

the matrix is not symmetric on ascount of the curved boundary
and so we cannot apply the ruesult of Willinson (1)51) to obicin

an error bound, unless we are prepared to f'ind approximations for

all the eigenvectors,
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We should be able to find an even better approximation to
the eigenvalue by calculating the Rayleigh quotient of the

differential equation,

T
A, = /] %vzi Ty, (25)
77(0 Y= axdy

e require that the approximate eigenfunction ¥/ should satisfy the

boundary condition, snhculd be continuous and should have its first¢

and second derivatives continuous, Under these conditions the

result of Courant and Hilbert (1953, Vol, 1, page 369) shows that
\F/ may be expanded in tsrms of the eigenfunctions, ”1’ in an

absolutely and uniformly converzent series,
[»
= Bﬂ (26)
¢ o=t

where the eigenfunctions are ordered so that the corrsesponding

eigenvalues A, are in ascending order of modulus, v2 %/ is given

i
by the expression

2 R
vy =1§‘ “1"1f”a* (27)

By substituting these expansiens in (25) and using the orthogonality

of the funstions ﬂ:l we find

<O

RN
1%
).R = !_,._‘lm R (28)
.2
fay 3

If we form the residual funection

e s G



and hence ewaluate the constant

F |
/) 2

= jjpo

SO 2
dxdy:}__‘a (n, =\)

R BRI e Ul
and if

[y =ngl >

for 1 = 2, 5 .4s , then we may obtain the bound

2

=gl < 2

b=g¢/a

/ 2
for the error in the Rayleigh quetient, wherz b = ///‘/’ dxdy,

prove this result we use (30) and (31) to show that

2. 2 2 2 2 & 2
e > a8, " (A, =\)" = a a
D% Mh P

and that

o

2 (= o]
£ S lZaz(k - )2> (A, = 02.
& .'in2 it XR 1‘::2 i &l 1
Prom (28) we find
o 2 2
A Y& = A8

whicin may be rearranged as

o0

(g = M8y = E&, (hy = 2gda®

and it fellowa that

To
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(30)

(31)

(32)

(33)

(34)

(35)

(56)
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I =% | 82 < ¥ |0, =n| a2
"Ryl o8y Ez 17Ny
(37)
< 6,
Now from (33) we have the relation
2 v 2 S 2 2,2
a =Zl - a 2 b /‘ (58)
1 "M éz 1 ’

and the result (32) follows at once from (37) and (38),

If we can evaluate the relevant integrals we obtain a result
with a small error and also a rigercus bound for this error, |Ilow
we have \% given at only a finite number of isclated points and we
need a rule to extend it to a ceﬁtinuous function with continuous
first and second derivatives, One such rule is to use fourepoint
interpolatien in both the x and y direotions, To find 70 at the
point X in figure 5, for example, we use the values at the points
A, B ... P, Hear the edge we may first have to caloulate some of

i
¢
!

[ S

M & e D

the values of ‘} " at the points A ,,, P by extrapolation, or

possibly by taking advantage of a symmetry in the eigenfunstion,
The resulting function ‘// will be continuous and have continuous

first and second derivatives, but in gomeral will not satisiy the

boundary condition exactly, It will be sero on an approximation



to the boundary, vith care, however, we should be able to arrange
that this approiimata boundary is either wholly inside or wholly
outside the required boundary so that we may obtain upper and lower
bounds for the required eigenvalue, Por greater accurasy we may
use a larger number of points, suoh as 36, 64 and so0 on, Over
sach square of the grid #’ is a polynomial and can in principle

be integrated exactly, 1In practioe it may be simpler to use
quadrature over each square, Unfortunately we did not have enough
tinme to perform this calculation for the Legembrane,

It has previously been suggested that the Hayleigh quotient
(25) should be calculated using numerieal differentiation and
integration over the grid points enly and taking into ascount all
the signifiecant differenoes.' This will undoubtedly involve very
much less work than the method suggested here but we would be
surprised if the result wure as accurate :Q:Q aror bounds are not

available,

For the second eigenvalue of the L-membrane we show in Yable 5
results obtained from the nime-point formula with sixe-point
extrepelation at the boundary, and a.so the Zayleigh quotient of

the moie accurate representation using up to the eigath diflerences,

(s e et e e 4

N 6 8 12
7g(B) 15,205 15,199 15.198 |
Rayleigh
Quotient 1501975 15-1173 %

TABLL 5

If we have a region with more than one re-entrant corner, we

may use the transformation

128
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% § (3-31)mli + (z-zz)'z + ees (z-sn)nn ’ (39)

where the region has corners of internal angle'm/ni at the points s,.
There seems to be no reason why this should work less satizfuctorily
than that for the T.-membrane, although the boundary in the transformed
plane will be more complicated and the programme correspondingly

more invelved, Unfortunately we do net know of a corresponding

transformation for the three dimensional prebleam,

Each of the Bessel functions appearing in (10) may be expanded
a3 a power series in r® and this at ence sugrests the alternative

transformation

r=r y 9 =0 (40)

for thie L-membrane, where polar ceordinutes in the untransformed

plane are taken with origin at A with 2P as initial line, It is
: Kree

possible that this may have & generalisation in the dimensions, 1In
the transformed plane the differential ecuition in polar coordinates is

2 2
& L8 + . ‘?E + 1"’ g + = O,
7 [ a_:'-g é" o ) R A (1)

mdl e

¥e decided that it would be best to solve this equation by finite
differences, rather tian the correspending equation in Cartesian
ceordinates, sinoce the lutter is very oomplicated, The mesh steps

in each direotion were related to the integer n by the formulae

ha"iag; ’ h&.’ '% ’ (42)

and the number of points in esch grid was slightly more than nz.

We show in Table § the result of replacing each term in (41) iy its
simplest central difference approximation and taking four-point

extra~olation at the boundary, Improved recilts may be obtained by



130

b ez oo

N 8 10 12 18

r=
™
-
3

A 9'lm 90501 ! 90560 90567 9-591 5 90602‘1 90611

TARLE 6

h?

extrnpalutian. For example, we find A = 9,646 by extrapolation
between the walues given at n = 16, 20, Y& have alsc obtained
results on the same grid using the first two terms in the cantral
difference series corresponding to the terms in (41) and with
six=point extrapolation at the boundary, The results are shown

in Table 7. It should be noted, howsver, that solutions of accurasy

32 |
9.6398 |

A 36686 9.6408

S S 2

TABLE 7

cemparable with thoss of the conformal transformations are obtained

at the expense of grids with a far greater number of mesh points,

We conclude this chapter by oonsidering a special relaxation
rethod that has been proposed by Federenke (1961). ‘lle considers
the usual five=point approximatien to Peisson's equation over the
rectangle and uses seldel iteration to solve the resulting .utrix
equation, He observes that the dominant eigenvectors of the iteration
matrix are likely to be snoeth mesh funstions >nd can therefore be
represented with reasonable accuracy oﬁ a ocoarser xrid, .e tocrefore

proposes that the iteration should be continued until the residual
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is reasonably snooth and then the set of difference equitions
oorresponding to the coarse grid be solved with these residuals
as risht-md .ﬂidea. fhe solution of this' got is then extended
to the original grid to provide a correotion .o the solution,

<be Seidel iteration is now restarted and ihe process continued,
using altermately tue fine and oocarse grids until the required
agouracy has been obtained, The same idea was used by louthwell
and others to improve the gonvergence of relaxation methods [or
desk machines, but to our knowledge Pederenko is the only auther
to propose 1is use for automatic machines, iHe tried a test oase,
using a 50 x 50 net, and fcound the method needsd about a third of

the work of SOR with optimum relaxation parameter,

There seems no reason for reatricting ourselves to the
Gauss=5Seidel iteration, The idea would appear to be egually applicable
for SOR iteration, Ve can exauine analytiocally the case of the
Poisson equation over the unit square, OSuppose the step 1is
h = i where n 4is an integer, then the Jacobl matrix has

eigenvalues
A = ¥ ocos prh + cos @h) (43)
P,Q
for P=1;2 eeo (n=1) and g = 1, 2 4a. (n=1),

The greatest of these is

l1.1 = 008 wh, (M)

If straightforward 30R is used, then the optimun relaxation factor

is
2 2 .
- n P ] = L s (Ar))
1,1 1+ .\H-cosawh 1 + sinwh

and the asymptotio oonvergence rate is



21’1 = =log (11’1 - 1) = 2nh + O(hz). (46)

Suppose, however, that we ohoose the relaxation parameter so that

all but the dominant eigenvector of tic iteration matrix is

elininated as rapidly as possible and that "ederenke’zs rocess is

used to deal with this, The second eizenwalue of the Jagobi iteration
natrix is

k1’2=1 - g*wzhz«r O(hl'), (u7)

the carrespending eoptimum relaxation parameter is
"W,2" 21 - wh (2,5) + G(ha), (48)

and the asynptetic convergence rate is

Ry , = (10wh+ o(p%) = 3.16 uh + O(b°). (49)

This is a very considerable gain, by a factor of 1,58, in convergence
rate, ¥e have not allowed for the extra time taken in the coarse
net and in interpelating back to the fine net, which will take about
a3 long as ocne to two iterations on the {ine net and ie therefore
not very significant, Ve can expeot even betlter results if more of
the eigenvectors of the iteration matrix are reduced on the coarse
grid, The greatest disadvantage would appear to be that it is
difficult to choose tae relaxation parameter w and the size o' tae
coarse grid in a practical oase, Pederenko used a coarse sie; of

five times tho fine step for Lis test case, but gives no reason rar

this canoice,

As an example, consider Foisson's equation over the square with

, -t i

boundary values unity, #e take fine and coarse steps of =0 and z
respectively and take the null vector as starting vector, “he

optimun relaxation factor for the fine grid (5
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w = —3—-——- = e 2z 1,73 o (50)

1,1 T
’ 1+ ain-Ea 1,1564

<he eigenveotor mhose value at the grid point (th, 3n) is

B, 3,9 = otn & o 2k (51)

n

is an eigeanvector of the matrix tuat is too oscillatory to be
represented well on the coarse grid and corresponds to the suallest
latent root of the matrix of all such ei:envectors, e night expeot

therefore that a goed choice of relaxation parameter would be

w >3 M = -—-gm— 2
1,3 1+ (1 - afg)% 14 (1= 86%)7
. =2 . 131, (52)
1.531 ‘

and the results displayed in Table 8 bear this out, ‘¢ show the
result of 30 iterations with w = 1,73 and then for various walues of

w we alternate botween 10 fine iteretions and & correction on the
coarse grid, which we assume takes the same time as two fine iterations,
Ve have estimated the convergence hy showing the sum of the squares

of the changes in eaoh iteration, Jince it appeared that convergence
was slow teﬁarﬂn the end of the sets of ten iterations we also tried
taking w = 1,3 and using oycles of only six iterations, but it would
apnear that the slight lmprovesent in convergence does not compensate

for the extra time required for the coarse zrid, Table 8 ahows

¢learly the gain in this instance,



} 1.73 1.0 1.2 1.3 1ols 1,5 1¢3
£ 2,65, 1 | 7.71, O | 1.46, 1 | 1,29, 1 | 1.6, 1 193, 1 |1.29,
' 542, 0 2,78, O | 2,69, 0| 2,78, O 5.01, O | 404, O 2.73,
3.08, 0 { 1,36, O | 1,24, O | 1,24, O | 1,32, O} 1.93, 0 | 1.2k,
1.8, O | 8235, =1 | Tohley =1 | 7232, =1 | Tubley =V | 1,07, O | 732,
1,15, O ! 5,78, ~1 | 5,09, =1 | 4,96, =1 | 5,02, =1 | 6.63, -1 | 496,
Te50, =1 | 4,30, =1 | 3,77, =1 | 3,65, =1 | 3407, =1 | hed3, =1 | 3405,
5.10, =1 | 3,36, =1 | 2,93, ~1 | 2,84, «1 | 2,84, =1 | 3.32, -1
3.58, =1 | 2,72, =1 | 2,37, =1 | <..0, -1 2,29, e BRI
2,59, =1 | 2,26, =1 | 1,97, =1 | .99, =1 | 1,90, =1 | 2,01, =1 } 1,29,
1.92, *1 | 1491, =1 | 1,68, =1 | 1,05, =1 | 1,61, =1 | 1,62, =1 | 3.73,
1.%, - i 1 20,
| 1,10, =1 | 5,02,
18,39, =2 | 1,21, =1 | 6,72, =2 | 5413, =2 | 807, =2 | 3.35, =2 | 2.93,
I 60‘66, "2 2.56, ‘2 1.26, -2 1.%, -2 9070' "} 10599 -2 '96
; “Ogag -2 | 8073, -3 3019’ -3 20‘)2; -3 2052, -3 8.3'8, -5
; 5085’ -2 3.‘#1, -3 9029, -l 6039’ -4 ";.11, -l o?l%, -3
; 2097’ -2 10529 -3 10-010, iy 2.80, -ly 5088. -l 3 063 -3 8065’
2028’ -2 80014-. -l 2-'-&59 -l 1062' -l 2039, -l ‘-007’ -3 2060.
| 107‘” -g ‘0'97’ -ly 1073, -l 1.10’ -l 1.68, -ty 1.%, "5 1.15,
1.30, -2 5-&7, -l 1053. -l 8010. "'5 023' -l 1001’ "5 6.91!
9051. -3 { 2063, iy 1'.07. wly 6‘2‘&-, -5 9.25, -5 70279 -l 5015:
6-5’*, -3 : 2010’ -dy 9000. "5 lh%. "5 7-0’5, "'5 ).28, -4 ti-ozb-,
ek, =3 |
5000’ -3 l .
1.95’ -3 ' 1Q27. -l ; 5.6}’ -5 ' 10814" -5 2035, -5 2-65’ -l 0162’
1. 22+g -3 { 306" -5 705}, wt- l&-o°5, -5 5.85, =6 1025, -l 091’
.56 ol | 1,52, -5 | 2,02, -6 | 9u3ky =T | 1.52, =6 | 6.7k, =5 | 3.50,
161 =k | 7020, =5 | 5467, =1 | 1.TT, =T | beb2, =7 | buZh, <5 | 3ub1,
2«72’ "'lb s 3.95’ ‘6 ‘2052. ‘7 6‘279 -3 2021. "7 2-97’ "'5 1oazp
1.58, -l 2*52, -§ 1060 -7 1 ’015; -8 : 2, -7 1 2.43, -5 i.12,

TABLE 8

The same kind ef improveuent can be expected if a aimilar

procedure is applied to a gradient methdd,

iteration applied to tnis exauple we may replace tus range

For Chebyshev semiw~

(40123, 1.9877) by the range (4526, 1.9877), and/wo neglect tie

time itaken in the coarse zrid the asymptotic convergence rate 1is

improved by a facter of about four.
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VE RISE 10 L \RGE &P MATRICES

Probleams in . urveying
Survqyorb frequently find the need to r'inc a least sguares

soiution of the matrix equation

Ax ~ D

when A is a large, sparse, rectangular matrix, The set ol

equitions actuslly solved is given by the matrix equation

The wmatrix A?A is, of course, symmetric and pocitive-~definite, e
nced store only the upper triangular part and we have a wide choice
of iterative methods open to us, The structure oI the matrix AT;.

in an example where 1 18 a 244 x 84 matrix is shown in Figure 1,

%! x
x_
’I

o

figure 1,

Eaoh x vre resents a non-serc 2 x 2 matrix and only the upp r

136

(1)
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triangular part ic illustreted, ilote L.u i.rge number oi .croo
inside t.ie band whicn means that mucl. more storage will ve needed

it the watrix is treated as a band matrix tvhan if it is solved by

an lterative rethod, Our experience indicates that the major
diff'ioulties with these problems lie in the setting ur of the least~
squares system (2), rather than in their solution, Liic least=
squares matrix must be stored in a condensed form #:d that chosen
for .ur iercury programme consisted in storing it > rows with
indices to ive the number of non-sero elemente in each row and taeir
poaitions in the row, 4An estimate of the maximu. number of non=zero
elenents in a:y row is needed to fix the addresses of th: startins
noints of the rows and a procedurelis needed in case the estimated

maximum number of elements in a row is exceeded,

A large ocase, with normal matrix of order 234, was tried on
the Eercury computer and .0R was used to soclve the set of equations,
A guo;sod relaxation factor of 1,4 was used, The modulus of dominant
eigenvalue of the iteration matrix was 0,80 and the solution of the
nornal equations took a fracticn of the time taken to form thea,
The unascelerated Gauas-Seidel iteration was also quite rapidly
convergent, the modulus of the deminant eigenvalue of the iteration
matrix being 0,88, Some experiments with other relaxation parameters
and some compariscns with other iterative methods would be interesting,
The method of conjugate gradients is particularly attractive since

we do not need to guess a parameter,

A Fralen 4n Dtutistics

Je consider the problem known as linear analysis of wvarlaace,

%e wish to analyse an experirent whose result depends on a ..u.ber

of parameters i, J, k ees ¢ wikl WE attenpt to take readings :'or 11

possible combinations of the various vaius: Luat the parameters oan

take or are restricted to take, e attenpt to it the results to

the equation
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(3)

Ldee,t = P A S B L K e S PRIRTTIL S0
wie € each term represents an array of numbers, The term 5 will
dlways be prese .t, but any other term may be absent, althouzh it is
assumed that if any interaction (Da)kl is present then :0 are tuz linear
terms Dk’ Ei.oorreSponding to its component parts, The it is
essentially unchanged if a constant is sdded to every coumponent of
Ai and subtracted from u, To resolve this and siher similar amblguities

we add the conditions

%Aizo) ;BJ-_-O,Q.. ;tho)

4?(“)1,1 = Z:(AB)iJ = 0, etc . (&)

%e use these conditions to reduce the number of unknowns in (3) to
e minimun, If we write these unknowns as the vector x, then equation

(3) can be written in the matrix form

g = ax (5)
waere  1s the vector of all the readings § . e wish to
i.j,ko-ot
solve the laast-squares set of :quations
Sax =g, (6)

ir' an equal number of ’e“dins"ﬂij,k...t is tusl.en for each combination
of values of 1, J, K «.. t, then the matrix A'A will be block-diagonal,
where each block corresponds to a term in (3)., The solution of this
syatem is trivial, liowever if & few readings are missings there will
be some non=zero elements outside tliese dblocks, lhe order of the

metrix can be very large and an iterative method of solution is

drcoicoted,



A ;rogramme for ¥ercury has been written, but we do not know
of the result of any large sosle experiment, he form of the
matrix suggeats the use of block iteration, [Froperty A is lacking,
in general, 80 we must rely on experiment to find the best (LR
parazeter, is with tue surveyor's problem, it seems likely iiat
the major part of the work will be in forming the normal equations,

rather than in solving theam,
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