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In this thesis we consider the problems that arise in 

computational linear algebra when the matrix involved is vary i^r^e 

and sparse, thia necessarily results in the emphasis throughout 

being mostly on iterative methods, but we begin srith a chapter in 

which the usual direct methods for the solution of linear eg rations 

are sumaarized vrith the very large problem in mind* Heth^ds for 

bandrmatrices and block tridiagonal matrices are considez-ed and 

compared. Kron's method of tearing is described briefly.

The basic and well-established techniques of iterative solution

of linear equations are described* Sufficient conditions for 

convergence are stated and the convergence is established under these 

conditions. A section is devoted to the problem of deciding when 

the iterations may be terminated. The method of Ko-oaaarz is given 

more eniphasis than is usual in the literature, a sv metric version is 

introduced and rigorous proofs of convergence are given.

Matrices with "property A** are defined and the usual associated 

results are given. The methods of Carre and Kularud for finding 

the optimum relaxation parameter la SOR are described and compared 

with a new technique. We also consider methods for finding the best 

relaxation parameter in symmetric SO .

Block iterative methods are described briefly, including Varga'a 

result on the comparison of different splittings.

Gradient and serai-iterative methods are considered in detail, 

including the cases of non-symmetric and symmetric non-definite 

matrices, and are compared for numerical stability*

For the eigenvalue problem we again summarize some well-known 

methods with an emphasis on the very large matrix. We give an 

example of the accurate results that can be expected from LaneEOS' 

method of minimised iterations without re-orthogonaliiation and show



how such results oaa b« guaranteed* inverse iteration, tlie 

Sayleigh quotient iteration and xtutishausor'a L-ii algor^t&is are 

considered. "Ve also devote a eiaapter to iterative &&U)0d& that 

yield continually improving approximations to an eigenvector and 

corresponding eigenvalue* These are very economical in storage 

but have received little attention in tLe literature*

 Ve introduce the concept of "numerical rank", since rank re alp­ 

has no meaning for a matrix given by rounded numbers* '.a give 

means of finding bounds for thia numerical rank*

The extension of the methods to complex matrices is considered 

briefly and wo conclude with a description of some problems that 

may give rise to large sparse matrices* We consider in particular 

the so-called "L-aembrane" problem and use a conformal transformation* 

In this way we also illustrate the problem of the solution of an 

elliptio equation over an area with a curved boundary* We consider 

the iteration of Federenko, which has its most obvious application 

in the field of elliptic equations. The thesis is concluded with 

two further examples, from linear analysis of variance and front 

surveying, each of which is likely to involve large sparse &atrio@3.



HIS?

This thesis is an exposition of research undertaken in 

the Oxford University Computing Laboratory between October 

and August 1964, The main dais to originality lies in the 

opinions expressed throughout, but here is a list of items we 

consider original,

All nuiabars quoted anywhere; a few have already been published

elsewhere, but they have been checked by an independent

computation*

The work on small relaxation parameters. 

The extension of Stein* s work on near-symmetric matrices. 

A new emphasis on Kaozraarz iteration, including a rigorous

proof of its convergence and its extension to symmetric

Kaoamarx iteration* 

A proof of the property A result using matrix rather than

determinant algebra* 

A new technique for finding w t in SOU.

of conjugate gradients for a general aatrix.

A new proof of convergence of .dutishauser1 s i<-it algorithm, 

the generalisation of the algorithm to block form and an 

error analysis of the symmetric positive-definite ease.

The use of SOR and Kaocaars iteration for the eigenvalue problem*

The idea and definition of "numerical rank",

Virtually the whole of Chapters 11 and 12 since these are 

essentially practical in emphasic.

work on the J>jaeabrane problem has been submitted to 

J. 3iAM as part of a Joint paper with Dr. J*E. Walsh of Manchester 

University.
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This thesis is concerned with the numerical solution of 

two basic matrix problems. The first ia the set of ainultaneous 

linear equations

A x « b , (0

where A ia an nxn matrix and £ and & are nxai matrices. In moat 

oases we will have m » 1. The second problem ia the eigenvalue 

equation

A £ » X x , (2) 

where again A ia an nxn matrix.

It will be assumed throughout that n, the order of A, is very 

large* Our practical work has mostly been on matrices of order a 

few hundred, but orders in the range of thousands or tens of thousands 

oan arise quite frequently in auoh problems as three-dimensional 

elliptic partial differential equations* On the assumption that n 

is large, we will usually neglect all but the dominant term in any 

calculation of the number of arithmetic operations or the storage 

requirement of a particular method,

In the main it will be assumed that most of the elements of A 

are aero* It is coamon to find that the average number of non-zero 

elements in a row is between about five and ten and we call such 

matrices sparse* The nan-sero elements are often grouped about the 

main diagonal and we refer to such matrices as band-matrices and say

that the band-width is (2r - 1) if a. . « 0 for |i - 4 / ^ r. /e^ Jl

take all matrix elements to be real and the adaptation at* the methods 

to the complex case will be considered briefly in Chapter 10*

We assume throughout that the reader Las a theoretical knowledge 

of matrix algebra , but all the numerical tu^oreus will be proved in 

detail unless they are included ia literature that is easily available.



liOPS gQ.R TIU; LOLUYIO*? OF

^aussian ^lipdnatioa and i'riarugular I>ecoamo%ltion

G*uasion elialnation and triangular decomposition are now 

very well established aethods and will not be described in detail 

here (aee :i.F.k. t 1961, for example). iioae useful comparisons 

will be made, however, of the numbers of aritiita&tic operations and 

the storage requirements of the method in its various forms.

In Oaussi&n elimination, with row and column interchanges, 

the operations erformed on the matrix A can be expressed in the 

matrix form

lT1F A Q   U, (1)

where P and Q are permutation matrices, I*"* is lower triangular with 

units along its diagonal and U is upper triangular. The matrix L 

is generally not calculated explicitly since

  li pi <*>

where L. is lower triangular with units along Its diagonal and s@ros
th elsewhere except in the i column, and P. l& a permutation matrix,

The operations represented by L.P. are applied successively* If 

triangular decomposition is performed ( 1 ) takes the form

P A Q « L U. (3)

In the &aussJUn elimination process (t) the row and column 

interchanges are represented by i and ^ and are necessary to prevent 

any large growth of the elements during ttie reduction* ^ny such 

growth will adversely affect the accuracy of the solution (see 

Wilkinsonf 1961)* It is quite cjomon practice to take * « I, Uiat 

la perform row interchanges only* The maximum possible growth-rate 

is considerably increased , but it has been found in practice taat a 

very large growth-rate is rarely encountered, and in any case merely



by looking at each reduced matrix we can always compute this 

growth and uee it in Wilkinson's result,

If our computing machine has no facility for double-length 

computation of scalar products, then tie processes (1) and (3) 

are exactly equivalent. On the other hand (3) will produce a 

sore accurate solution if exact computation of scalar products 

ie used, witlt full interchanged a considerable amount of 

additional computation is needed for process (3), but this is not 

the ease if only row interchange* are used, Wilkinson (1961) 

proposed that ( 1 ) should first be performed in order to find P 

and Q and then (3) can be used in its full form. This procedure 

will require double the amount of arithmetic, which seeaas very 

wasteful, and the difficulty can be overcome with great ease If 

there is plenty of roots in the fast store* We nerely perf area ( 1 ) , 

keeping the reduoed matrices to double-length precision , which is 

exactly equivalent to performing (3) with exact computation of 

scalar products, Alternatively, if we do not have so much room 

in the computing store, then we ua« the backing store to keep both 

A and the Multipliers and the reduced form of ( 1 ) , If x Is the 

vector obtained by (1), we form the residual vector

« t £ - A x^ , (4)

where the aatrix produet is formed using double-length aceuisul&tion 

of the scalar products, A correction is now found by solving the 

set of equations

ti,

using the known multipliers and reduoed fora. We take as next 

approximation

V

(5)

+ 4* • (6) 

and repeat the process. It is unlikely that more than one or two



eyolea will be needed*

There are two special oasea of matrices for which no 

interchanges are necessary. Wilkinaon (1?61) shows that if 

ia diagonally dominant toy columns, that ia

then the growth-rat* ia certainly leaa than two, and all the 

reduced aatrioea are also diagonally dominant. It follows that 

the rows are oorreotly ordered for partial pivoting* fhe other 

special oaae is when A ia positive definite* In thia oase (3) 

can be replaced by its sysueetric version

(8)

Wilkinson (1961) obtains good error bounds for thia technique. 

If our machine has facilities for double-length computation of 

scalar products, then thia version is to be preferred* where 

scalar products are accumulated in single-length arithmetic the 

process is equivalent to &aussian eliainatlon without interchanges 

and where the pivotal rows are scaled by dividing by the square 

root of the pivot. It ia clear that if Gausaian elimination 

with floating-point arithmetic ia used, exactly the same error 

bounds will apply* Indeed we will get a marginally better result 

with (rauftslan eliainaticm since fewer operations are performed. 

In both cases full advantage of the syssffietry can be taken* Only 

those elements of v on and above (or below) the diagonal need be 

stored* The soura applies to all the reduced satrioes of the 

Oeusaian elimination method since thes® are also synaetrie. If 

we wish to work with fixed-point arithmetic » then the aywetric 

deoompoaition (8) is to be preferred since ii can oc? readily 

verified that if A is scaled so that ita greatest element is less 

than unity, then all the clients of I* are less than unity in modulus.



A method of elimination was proposed in fJFL (1961) for the
i 

oaso where the aatrices A and b^ are just too large to be stored

in the fast-store of the computer. At a typical stage the first 

(r»l) equations have been reduced to an upper triangular fonaat. 

The next equation id read into the store and ita first element ia 

compared with the first element of the first equation* If it is 

greater in modulus, these two equations are interchanged* A 

multiple of the resulting first equation is now added to the 

resulting r*** so that the latter has a zero as its first element*
Al_

^ow the second element of the r equation ia compared with the 

second element of the s«oond equation and if it is greater in modulua 

these equations are interchanged* The second element of the
+£.

revolting r equation is now eliminated* &nd ao the process 

continues. AM in the oase of ordinary £auaalan elimination, with 

row interchanges, all the multipliers will be less than unity and 

the maxiaun possible growth ratio is 2 .

An advantage of this nethod is that the storage needed is
o 

redttoed from n + mn to >tn(n-*3)~/4r«a. However the growth rate

is likely to be greater than if tl^ ordinary &au»sian elimination 

were used, since the multipliers are likely to be larger*

In the oase that --. is diagonally dominant, as we have already 

seen9 no interohaages ar& needed* In tills case we gain in storage 

without altering the accuracy.

In the ease that A is symmetric and positive-definite this 

method offers no advantage since we need only store the upper part 

of the matrices anyway.

lumber of Arithmetic Operations and ^toraee Reauirementa

It will be useful to have an estimate of the number of 

arithaetie operations perforated and the storage requirement for 

these various methods. Unfortunately the machine ti&ie is not



entirely taken up with arithmetic, ted-tape1* and finding ,u 

in oior*-o may take a comparable time, but it is difficult 

include these in a tauie that its applicaole to any machine, 

estimates are given in Table 1. The tisie taken for a multiplication 

is represented by M» the time for an ad iition by oL and the tiae 

for a division by 6. On moot machines division takes

longer tlian multiplication and in all but tr.e HFL technique the 

number of divisions in minimized if each pivot i» replaced by its 

, we assume that this is done* if* take the time for

the moduli rf two miners to be << .

Method

Kiiffidnation i * n* 
full 

interchanges i

2 3
Tn c

G-ausaian elimination 
with row

i Interchanges or LU 
^^lit with row 
iinterchanges

A*W
* 0(n2)

jCraussian
[symmetric positive 
|definite case

U/ split

•J- 3 4, n'v »

Calculation of 
given x

^W

nil

A diagonally dominant
3 art * T 

0(n2)

uork on

0(n)

2n2a( <* 

* 0(n)

n

torage

n + ai)

n(n  *  m)

[or n(^ ^ m) + 0(n) 

by "il-'L teeoniqu*]

n(| * ») * 0(a)
tor n(S+ 1) * 0(n) 
if each column of 
b processed 
separately]

n\2n
u(2u  » a) on

n(n  >  sa)

of arithmetic operations and storage for direct methods.

Band Matrices

It often happens that the matrix A is a band-aatrlx with



ai . * C if j i - J | » r, (9)

ao that ita band-width 1* (2r-l). It ia easily seen that if full 

interchanges are used, t!ie band character of the matrix is destroyed 

and it will have to be treated as a full matrix. This will increase 

the storage and arithmetic very considerably, We therefore do rot 

recommend the use of full interchanges for a btrid-m-r trix. If no 

interchanges are used the matrices L &nd U are both band-matrices of 

bani-^idth r« If row interchanges are used, U remains a band-matrix 

with band-width increased to (2r-l) but It uoes not, although no column 

has Liore than r non-zero elements. This will m&ke the or^s-nixation 

of the Ir»U split non-trivial aid for thia reason we feel that Gaussian 

elimination ia to be preferred,

^e can. further exploit the band n ture of the matrix to 

reduce the &aount of fast storage needed if we have a convenient 

oacking store available. Most laouern machines have such a store 

in the form of magnetic tape units. The oand structure means 

that v;e need have only r equations ia the fast store at once. The 

use of the NPL technique will further reduce this requirement In 

the case of a non-symaetrio matrix. We show in Table 2 the number 

of arithmetic operations performed and the storage requirements of 

these methods.
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Uso of frmrtitionoA M*trlc*a

It often happens that tt»e matrix A is block tri-dlagorml, 

that IB it can be partitioned into aubsatricca in the fora

A a

'* B2

3

>**

C A

la such oafto& it has bean proposed that the a^atrlx A bo »plit into 

tho prodaot of a block lower triangular aatrix and & block upper 

triangviJUr ttatrl9ef that ia

i^L

«»****• *«*****•

and the aubmatrioes ar» o&loulAted frose th»

(10)

(11)

.-1 • Fl • Ai " B (12)

genorml m&trix this is. a rather uasati«faot<ay saat&od, sine* 

it suffers taost of the dla&dvanta-e of ^auAsiim elimination without 

intercixanges. Wo will illustrate with *n eacaispl*. Suppose we 

&ro working with four significant deel^ils, and cansidor tho

90

90

90

K> I 1

90

-6098 (15)



We would have obtained the aaao reaoLt if the eleaont *,, had 

been any number In the range

1,5 <

With &auaaian elimination and row intdrohao&ea we

90

90

1 00

90

.01111 1 39.93

90

(14)

(15)

and if any elesont of A la ehanged

answer.

Thua th« ia«thod ia llaait^d to

Ui&n 0,005 »« obtain

wbsr* we know A

that no interchanges are necessary, that is for diagonally dominant 

aatrieoa and poaitive-def init* ayaaMtrio satriooa* ro ooa^ar* 

amount of eritiim»tio and atofago we will havo to eonaider in aoro 

viotail ti'^ actual operations perforaed. If tlia vector a x and j| 

are partition«d to oorraapond with the partitioning of A 9 we 

to oaloulato

• c
i » 2 ... q

t *«•

Clearly our beat plan in to ovorwrito eaon s' by its triangular 

decomposition,

(16)

(17)

Wo oan osta&liah th« ralationahip of this process with the conventional 

triangular deooiapoaition of A by writing



4ce •gomsoj b^ tajtojjod ©A jn»A«ttOt| (f | ) trf

J*jo

«r|jotr^

«O

(9.;

••••**•**«*•••••*»*•

•***•••••••
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equations (19) and this saay provide a convenient way of organi&lng 

the calculation, instead of treating A as a aatrix of variable 

band-width.

In aany oasea B. and C. are diagonal matrices, Thou if all 

the aubaaa trices Aj are of the frazte order, the formulation (19) will 

require exactly the same amount of work as if A wore treatod as a 

band~aatrix. If the A. are not of t&e same order we are again 

effectively working with A. aft a matrix of variable band-^idtb,

those remarks remain valid for a positiro -definite A, and 

th* aot^od of (1S) miff era tiie further disadvantage of cLeatroyi-^

Again tito i&othod of (19) i- convenient for Uie 

01' a matrix with variable baad-7?idtii«

In tiiifl prooeas the a&triac A in aultiplissd by a s^quenee of 

orthogonal watrioea, to produce auooeaaively the aatrioea

S* A2* *** * Ae^* e*cil imvln€ one mare ^^ro below the diagonal

or one more null coluian bolow the diagonal 

v 1956)* For a full aatrix the ^iv«na process reqoirwft

about four tiaea a* raany arithaetio operations as ^ausaian elimination 

and the tlouaoiiolder about twice as many. unloaa A la vary ill* 

ooaditionod too prooe»» deaoribed in equations (4) (^) and (6) will 

require load work and will produce the moat aoourawv solution 

ie poaaiole working with single-length arithmetio. If those 

are applied to a band-aatrix the band structure IB not maintained 

in the reduced aatrioea. The work is thus very lauch inoreaaed* 

The aothodft are, however, very oonvoniont when the matrix is full 

and wo wiah to aolve the eigenvalue problem



Kjpon* g Method of

We give here a brief explanation of Kroa's metiiod and vlll 

later consider it* application to elliptic partial differential 

j qua t ions. for a fuller account gee Krou

Th© jaetbod depend* on expreaaing A aa *,&* au» of two 

aatrioea

A « B * C 9 (20)

where tf ia non-aingular and 0 lias rank lesa than n. 

It follows that

wbere 3 hae n rows and r columns and i i^a r rows and n 

j r ia not l*»a than thf& rank of C«

froa equation (21) « ham

If thift set id aolved we can obtain £ from (23) as

- S|

How 3 C baa rank leaa than n and 30 oa i be expressed a& the 

product of two rectangular ma trice*,

B*1C * St. (22)

, (23) 

froa «felei& it follow* that

- f 

we
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It i« clear that a check ahould be oade that '•> ia not 

substantially worse conditioned than A.

For thla method to show aay advantage over those already 

diaeusaed in thia chapter, it ia necessary that a oe easy to ixtrart 

nod that r bo auoh laaa than a*

th« method by ita application to « matrix 

that haa boon partitioned into blocks,

L12 "

21 **•

*•*•**••*»*•*»*»*•+**

In the notation of (20) we take

B

A

and r to be the number of rowa in

C m A«»B
>*• •

(27)

(28)

(29)

0

tiaat are not entirely seroa. ^o obtain T from C by omitting 

froa 6 all ita aero rowa and 3 ia obtained from B*1 by omitting 

oorrofiponding eoluana* It should be noted Ui^u a full i^verae of 

3 need not be computed in this eaae.



It ia diffioult to make comparisons with other aethoda,

oo much depends on the matrix A, If there &r<* few non-»«ro 

elements in the off -diagonal blocks of (27) and th»ce are not 

grouped near the diagonal, than the matrix cannot be treated as a 

band-Matrix and Kron* 3 method will show substantial aaringe in work 

and storage. Tho original application wa.e to matrices arieiog froc 

eleotrioal networkB that divide naturally into aeTeral region* 

with fow ooBBOOtiona betwocn the ro^ions. l*h»3« provide ^ood

of tho kind of matrix Just daccribed. Kron's method my

alao bo toasting wh«n aovorml of the matrices A., are identical ao 

that tho inYeraion of B i» particularly



M£>P3 . yo& .riu

The direct methods described in Chapter 1 are very satisfactory 

when the matrix A can be stored and has few zero elegants, or whan 

it is a band-matrix with few aeroa inside the band and the band can 

be stored, or when Kron1 s method is convenient. Where these 

conditions do not hold we say decide to use an iterative method, 

Indeed storage limitation say leave us no alternative* this

that we do not store the matrix A, but rather have a prograaeae that
(r) allows us, given an approximation xv ' to tbe solution £» ^ calculate

a better approximation jf ', Qur decision to use an iterative 

method will probably be taken on grounds of storage, but if A has an 

exceptionally large number of aero elements we &ay also find a 

considerable reduction in the amount of work to be done* We will 

show an example of suoh a oase at the end of Chapter 3*

stationary

expreaa tiie matrix A in the fore

A * « *N (1)

where M is non-singular and easily inverted* -he iteration scheme 

is given by

Since the solution satisfies the equation

«5-«5*». (3) 

th« error Tootor
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satisfies the equation

th»t IB

(5) 

residual vector

(6)

and the displacement vector

(7)

the aiailar

£*». U-<» SM (8) 

•ad

(9)

The rwialnii r * K H will be called the iteration matrix* If J is 

the Jordan canonical form of ¥ and can be obtained from £ by the 

transformation

do)

then

(11)

We »tudy the convergence of the iteration by considering J. rhe 

block diagonal nature of J ia preserved in its powers and we therefore 

conaider only the topical aubmatrlx of J



X 1

X 1

It i* •aaiiy confirmed by induction that

k, -
v« A

••••••••••••••••••••I >»**

and hence that Jr convergea to the null matrix AS k tends to 

infinity if and only if lx| < 1* It follows that a moesaary and 

»uffioi«mt condition for tiie convergence of the iteration for 

arbitrary r°' i» that

where X?(T) ia the spectral radius of T 

conr»rgent if (14) hold*.

from equation (11) we haw

say that matrix T

waero th0 rector norm and matrix norm are consistent wita «*u>h other, 

II 'I** II «iw» u» an upp«r teoimd for the ratio || j|' r'l| / l(jf °' II « 

furthermore there exiate an jf ' auoh that e^^lity hold* in (15) 30 

that for arbitrary jf°^ tbe quantity I) 1** II will giv* us a useful

for comjMirin^ two iteration*. e are thua led to define the

ayerage rate of convergence for an iteration with iteration matrix 

T OTer r iterationa as

17

(12)

(13)

(14)

(1!*)

llfll . (16)
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inspeotion of (13) it 1» easily seen that

so that

(18)

and this i» defined as the asyroptotic oonv«rgence rate, 

Joint Jaoobi> VQO Mi*»», aaua9»ueidel arid .80E .

Suppose that

A« H-N« D - L - U, (19)

where D is diagonal 9 L is atriotly lowwr triangular and U is strictly 

upper triangular.

In the Jacobi iteration we take M « U,

fhis can be generalised by oror-relaxation to Yon Hises iteration

(21)

wh*t& w is a oonatant, the matrices M and u &ro here given by

« w"1!) , N . w~1D - A* (22)

In th* G-auss-^eidel iteration M a D - L giving the iteration

. (ZJ) 

which can be generalised by over-relaxation to the fora

- D



This aethod is known as successive over-relaxation &n& is usually 

abbreviated to S.O,fU «fhe aatrieoa M and N are now given by

» L f If « w*!) + U - D. (25) 

In All these methods the elements of are calculated one-by-one

in the order x* k*1 \ ig ^ *** "(i ' AU tha<l* *l«*a*n*» retired 

for the calculation of any element have already been found by that 

stage in the calculation. Gauaa-^eidel and 3DI have the stdvantage

that enough storage forgone vector x is neoeaaary, since onoo
(k) ban been found j^ / la no longer needed and may be orerwritten,

If A la mnaatrlo «e will, widi to store D and U only but will 

require the nbole l^*1 row to find aV*1 . «• ovarcoiae thla

by allocating enough storage for another vector and ®et this to sero 

at the beginning of each cycle. While we haw the 1 row of U in 

uoe we also regard it as the i coluam of L9 mult^ly it by x\

for Jaoobi and You Hiaes or * ?*r ̂ au&e^eidel and aoa and add

it to the special vector of storage, When wo reaoh the stage of 

calculating i 1 ' we will already have the 1 ooaponent of the

vector L £ or L jf in tho Ith place of tho special vector.

There remains the sytaoetrio version of &auas*Seidel, due to 

Aitken, and the symnetrio version of 30I« If we r: place (2k)

b) (26)

and oaloulato the elements in the order i* 2 '** 

we obtain a very siailar iteration* If m alternate between (24) and 

(26) we obtain the method of symmetric duccoaalvc ov^r-relaxation 

(S30a)« this has the advantage that if A la synsaetric with aoa-soro 

diagonal eleiaents t then the iteration matrix is similar to a syametrio 

and positive-definite matrix* To prove tiiie we define the square 

root of a diagonal matrix* If P is the diagonal caatrix given



4- I tr*
 I

it •rat* on £
 » 

tion the a

i it 
e

ie easily
 u the

d- t
*

%<: 5

fib

t?

M

JO
IV

?



r than the iteration matrix for the SXR process

T « (I - wU)*1 (wL - wl «- I)(I - wl*)*1 (wU - wl + I)

*•* .1 T« (T ([a-wl I - C)C T (-C* * [2-w] I),

C « I - ^,. (33)

whert

1 « [2"wJ<f1 - I.

conclude that T la aiaiilar to the poaitlve^efloite imtrlx :i IT 

and since, ufiing (50) 9

1 . (36)

our reault la eatabUahed« We will se« later (Chapter 3) that thia 

allova ua to aeeelerate the oonrerg«no«.

Aa with direct awthoda of aolution ef linear equation*, a 

reliable error bound eaanot he found without aome knowledge of A .

We aeauiae that we have found the epeclal nor. of A ,

( 37)
where P danotea apeelal radiua. io great accuracy is needed so

the total tiiao for the oomputation will not be inoreaaed substantially.

It nay in *$r eas« be found in the o our a a of eatimating relaxation

(ae« Chapters 3 and 5). Otherwise we may use the procedure

of Chapter 8 applied to A for the positive-definite eaae and to
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ATA otherwiAe.

We need the residual rector for our bound* £hia is found
\

anyway In the Jaoobi and Yen Miee* iterations. "*n approzistation to 

it ie found anyway in the £au«»-Seidel and Jacob! aethodA, so 

additional work need be done only in the laat few it&ratioae. 

Suppose r} ' is the exaot residual of the »et of equations

(A 4 dA)j| «i * %f (38) 

that iA

and

(1.0)

The error bound

fellows at ono«*

alternative method ia applioable if we oaii negleot the effect 

of errors in the elementa of A and jj* if the iteration matrix 

a »inglo dominant latent root, X., and it is real and

non-degenerate, then the displacement vector will be have

aa

X1

where £ ia a oonatant veotor and X^ &* tiA* aub-dominant latent root. 

Onoe the diAplaoecaentA ahow this b MYiour, we iaay eatimate the norm 

of the error aa



f. •
f.

(w)
1 -

If the iteration matrix haa more ti«*.i one dominant latent root, 

above analyaia la inapplicable. However, wo taay average over 

a nwiab^r of iterationa by oonaidering

If p i» suffioimtljr large, M approzlnntes to th» 

mdiiu of tl» Itaratioa matrix and ws find the error ••tloat*

1 - ju

The&« eatlfflatos should oat tie ueed too ftutoaatioally. Maehino 

rounding nmat ultiaately deatroy the asymptotic behaviour and 

analysia will give accurate results only while these rourxding errors 

are inaignifioaat. The realdual method would appear to be the 

aafer*

of Van Iteration

The Voa £iaes iteration matrix T iii given by

I -

w lT1 (L > 0) .

Hence if /^ is the apeaial radiua of the Jacobi iteration aatrix,
*
(L * U) f tfao iteration will converge if

« w

tiiat it if

that

< 1 and 11 - w -

< iain(l, * - 1). 

0 < w < 2 •

< 1,

(47)



'*• can obtain convergence if 0 < 1 and 0 < w < ^ 

Now the spectral radius of T _, bounded by

- * -

and If > 0 than

o- (Ud) P+ IP
' '
P *

P
/
/°

It followa tbat if all that is known about the eig«av»lu»» of

D (U-U) ia the mlu« of /^ , th»n the lM0t asyaagpt-ptio rat« 

ooar*rgenc« ia obt&inad at w m t* ->ince the sp«ovral radius 

»f a Btttrix i» not greater than ai1»x«r its row or ^uoli&a

of the J&oobi process will bo assured if either of 

aonaa i» l«ae than unity* Thua w» Kove,. that th« J»oobi 

ia convergent for ttatrioee that &rs diagonaliy ctoainant 

rowa. Mor» oan b* said if A ia poaitive definite. ->inoe

we VOA^ wt A ia aiioilar 1» 0** A 0**, But if A ia po«titiv» 

definite then oo ia iP* A D** iiinc* for any f»otar J

& > 0

where j| »

Thua the roots of iT A are real and positive and the iteration will 

converge if

when? ^i* the apeotral radiu» of DA, If the assaliest latent root
«**!

of D A ie ) , than the beat aayc^totlo rate of conv*rgenoe 

given when

t . 
(49)

(50)

(51)

(52)



1«*w'nw-(l-wc?~). we "''
/ * ~ + •>!

One special ease is aooetiaea quoted. The Jacob! iteration 

will converge if A is positive definite and all the elements of 

D (Ml) are non-negative. This result depends on the rerron-

Frobeniu»/or ram-negative s&trtoes. I he learaa we require is tiiat 

the natrix ^(WJ) has a positive eigenvalue equal to its apuetral

radius* this is proved, for exaapl«, by
•»*i The saatrix 9 A has all its eigenvalues positive f so the greatest

positive root of D (L*U) is less than unity. From the lerasaa it 

fellows that its spectral radius is less than unity so that the 

Jaoobi process will converge.

fljf _,|he I^oaratio^ rfor a Sa&ll _^laxair ivji:r;> :'e^-r-^t®^

If w is snail, the 3Qt and Von Mines iterations converge 

fast since the £IQE iteration matrix ,

- w DL) (w 3)*U -

may be reduced by some aan^>ulAtion to

o(w2)
w f ^ w * + > 2

* > <Xw"). 

-VIf the eiffenvaluea of DA are TL * i |L than those of L are

0(w2)

and

w k ^ + 2

t -

+ 0(w)

(:?7)

It follows that the processes will converge for sufficiently

positive w if the real parts of the eigenvalues of if 1 A are positive.



An alternative criterion for convergence if w is sufficiently 

ia that (A + A*) bo poaitire definite. This iispliea that the

*elements of D are poaitive. 3uppo»6 that 8* is tlw» diagonal

whoae el«Ksents ore the atjware roots of those of I), than L id similar

to the aatrix

* « I - w 0(w*). (58)

tb« apootral radius of a matrix in not greater than it* 

nom. Honoo r will bo eonv«rg«nt if tto matrix

(A »"*)(»*t »**)*

- W 0(ir)I - W

ia convergent* But C$ *'A D * -*1 B * A* D1 *} ia positive definite

if (A + A ) is positive definite. Our result is tasrefcro established*

this result is given lagr Broyden (1?64), using a different proof*

th Coneider one stage in the iteration, where the i oloment of

£ ' is calculated* Suppose the corresponding error vectors are

, then

where A * U.J oolumn veator wiioee 1th eleaaait

(60)

ththe i element of the residual vector and whoso other eletsosits are
ft i\^ Jk t^ all lero. Consider the quadratie form jf * ' &£ ' » Uaiag (60),

wo find tho relation

r l^i 
u

(61)



and if 0 < w < 2 than

Th» aiim* {&. 10 thwrtftort sonotooie deor«astng. It la

a aotguaaoo of poaitiv* numbers aino* A la positive definite and 

converge* to a limit* The dlfferwno* between

* ao that from (61) it follows that j ^ 0 and oonwrgeraft

, if A is eyaastric and haa a nagatlve oigentalue,

th*r« wxiata a vootor f * such that

But tbt sequeac* [jv A jf '] la zaoaotoidc deorsasin^ and

cannot conwrge to zero. fte proocsa i3 Mu»r«f ore not convergent 

for arbitrary jf° »

of oQj& f or

SOE iteration aatrix la

(*U~(w-l) D). 

ti» notation of •<juationo (4), (6) and (7) we find

- L/ A (65)

^k> * if *1 >



*z > ;*> > * > o

(U)

(69)

> A > 0

JT

a

jo joodrdT

V JT

V JT

f

00-

- cr)



where & la a oonatant depending on A, -<ith w la this range
T we will have convsrgeno* If and only if (A + A ) ia positive-definite.

$1* argument runs la exact parallel with that for a ayimetric A.

this result was e*t*bliahed by at«in (1921) for the oai&e w « 1. 

He states explicitly which matrix iau»t bo positive definite in order 

that Q > 0 f or «JQT £^k% We feel, however, that thla will be of 

little practical value* 1'he remilt la useful in a praotioal situation 

in tliat if ire know that I) A - AT /f la jwaaller and that (A * ^la 

positive definite, then it la north tiying the itwration with w 

not too cloae to 2. Conversely, if HA-., [| is asmH and

(A > A ) la not positive definite, there ia no point in trying

of 3t» and

If the Jaoobi iteration imtrix is non*»negative > the ^ 

Rosenberg theorem provide* a direct ooaparlson between Jaoobi and 

OoAiaa^eidel itarationa. If tiiwir ap«9Ctral radii are f 3 and P „ 

rettpeotiveJjr, then one and only one of the following relations 

hold*:

3.

!Ihi» i» ••tablitthod by Varap. (^ 19&Z ̂  Pa^e 7o) . Varga also show* 

fin the rem&t of page (z^jttuA the J&oobl prooeaa is convergent 

for aatricea that are diagoaaOJy dominant by rows can be extended

to

^ 4fl^BB^HB^^^^€iAS|^Rj»

(1937) proposed an iteration that is convergent 

for any non-singular natrlx. It A ia partitioned by rows and 

£ by eleaiento in the form
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•i, X.

n

then the individual equations can be written

&aefa of these equation* ean be thought to represent a hyperplane in 

n-diiaenalonal apaee and their '****£ corresponds to the required^^ rt t^
•dutieiu But the Iterate f »*7 eoxrestx^al to the point 

in this apace. We obtain Jr » 1'f '' aa the foot of the perp 

from , * ' to tiie i plane* ilie normal to tiiia plane that 

passee through K k>i' is giyen by

.(k,i) +

and a point on the? line lies in the plane if

that is if

It followi that

the cycle 10 coo^leted by setting

£

(76)

(77)

(73)

(79)

(80)

(81)

(82)

A ia non-aingular there is a unique solution and w§ can 

define a distance function



(k wnicfc is Juat tfea distance from pv ~**' to tho aolution. uf courts*

ia positive aad tegr I^rtbagoraa1 thaora*

lianaa the aaquatteo j^4? * ' J ia aenotoola d*cr**aia« *J«i t 

aero and tharafor* muat eoaverga to a limit*

t&ara auat axist a k auoh that

for Ic > ko, i » 1, 2 ... a. If a'**4' ia tha diataaca batwaan

.nd f than

Since any piano ia reached in not iaora than (a*t) atapaa tba diatanoo 

to any plana oanaot b« groatar than (a-1) J *(2d* * ' * «)* Wa

tbareforo provod

It oan ba Ahown (Darwaut, 1963) that tue rate of 

idantioal with that of 0&uaa-3«ia»l applied to the

B

In tha Xaosmarz procedure, the rsaiduala are giron

a aifiiilar aquation for the next ata$> and uaing (31)

(85)

£ e(2d(i' l) + a) . (86)
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In the &au»»~aeidel iteration applied to (87) the residuals 

satisfy the equation

But

so that (90) and (91) are identic*!, proving our

To find the vector Jj as mny ohaiiges haw to &e
fk l) as 

aade to the vector x * ami there are non^xero eleaenta in a, .

The work per step ia therefore about double that of Crau»a»3eidel* 

Purtheraare, in the oaae of a positive -definite ssatrix 4 the 

oonvergeooe ia likely to be slower ainoe AA is 

than >•» However it do«» provide a method whose convergence 

guaranteed for a general matrix. The Gauae-oeidel isethod applied 

to the equations

will converge at thft aauite rate and we may use over-rslaxation but the 

systeja la lean well-oonditioaed and will require raor« storage. 

Kaonaarg Iteration does not suffer this disadvantage ainoe it uaea 

the reaidualA of the original aet of equations*

Kaoaaari iteration %ay Ve extended to an ovar-relaxed version, 

by the equation

Our proof of convergence oan be extended to cover thia iteration

for 0 < w < 2. Alao there ia a correspondence with -Or. on the s^atrix

(93)



A A of exaotly the MUM form aa that for n»1. »o do not know 

of any nethod other than experiment to find the beat value of w.

There) also exists a aycaaetrio Kacsmarz iteration. Equation 

(94) may be written

(95)

« - »

If we iterate in syaaotrlo cycles, that ia

(98)

and use

- - : ^ / ^
for 1 * n*1, •»* 2a then the iteration saatrix la

(100)

Mow a. is aymmetrio so that

(a, s2 •*» sa)(s^ ••• sa si

(101)

is syonetrio and positive definite* We shall see that thla 

has considerable advantages, aa has 3uOJl«



o? agLaXAiiow

Matrices with Property A

trix A ia often of »uch a fora that there exist*

a pernutation matrix P auoh that

r
P^A P *

where D, and I>2 are diagonal matrices, 

the matrix P Jip ha» iteration matrix

The .OR method applied to

1

Suppoa* it baa an eiganvalue X and oorraaponding eigenvaotor

so that

(1-w)

2
J

2

that

Now suppose that

x*x

(1)

(2)

(3)

U)

(5)

that (4) can be written a»



(X+w-1)

(6)

Bat the Jaoobi iteration matrix is

B

Slhua we haw shown that G y la &» eig»nv«etor of the Jaoobl oatrlx 

and that the eigenvalues n of B are related to the eigenvalues X

of L tar the equation

(X + w-1)' .

(7)

(a)

provided w jf 0 and X ̂  0* the case w » Q is of no Interest to

ua. If X * Of then w » 1 from equation (3) since the ele&ente of

0. and DQ stuat bo non-zero for SOR Iteration to bo applicable.

Equation (S) la therefore valid for X * Q« We have ahown, incidentally,

that for a aatrix of the form (1) that la oyaanetrlo and poaltlve*

definite, the Jaoobl Iteration converges. fhle follows froa (3) and

the faot that SOU converges for 0 ̂  w < 2*

We are now led to m#® whether the result holds for any other 

ordering, that is for any permutation mtrix other than I« As in 

(if) of Chapter 2 we write

A

where D Is diagonal and 1* and U are atriotly lower and upper

triangular. It is easily seen that the result remains valid provided,
diagonal 

for any noa-sero X, there exists a noa-alngular^aatrix S ouoh that

u + XL « x% (L 4 u)o"1 .

(9)

do)
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Young (1954) defined the eatrlx A as having "property " If
Tthere exists a vector j| « (<L, %., «•• a ) , with integral

coefficients, such that If a. . 4 0 and 1 4 J then (q. - q. I = 1*4 * J

The ordering la consistent if, whenever a. . X 0 and
th th > q. t the 1 row followa the 4 row In tuo ordering, and

whenever a_ ̂  0 and q. < %., ths j row follows the 1 row In 

th« ordarlng*

If wo sot ;j- « dia^(X' , it is oaBily seen that such a aatrix 

satisflos (10).

Young (1962) and Foot (1962) have oaoh rsphr&sod this definition 

in an attempt to aaue it nore understandable. Young says that an 

ordering la ooosistent if, starting from this ordering, we can 

penaute the rows and corresponding columns in auch a way that if 

a4 . 4 0 then the ordering relation between the 1 and J rows

is unohangeA and so that the peruaitated sjatrix is block tridia^orml. 

Fox says that the ordering is consistent if the aritbauatio perforaed 

in the iteration is identical with that performed if the iteration

is applied to the matrix P APf where i is a permitation isatrix and 

P~1AP is blook tridiagonal,

Unfortunately, these simplified definitions are insufficiently 

general. »e will see at the end of this ohapter that elliptic 

differential equations in three di&enslona ean give rise to caatrioea 

with orderings that satiety (10) without satisfying then* Varga 

(1962) uses a definition that is equivalent to (10), aaaely that 

for any ^

det D^U*L» dot

Vargft (1962) has generalixed these results to c&aes whore 

the Jaoobi matrix is cyclic of order p. Property i\ la the special 

cade of p « 2. However, in the writer's experience joa&es with
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p> 2 ara very unconaaon, and they will not b* considered hare.

the iteration 1 arameter

If the matrix A has property A and la consistently ordered and 

the Jaoobi matrix haa real roots, It Is wll-known that an analysis 

of (8) ahows that the asymptotic convergence rate of the 301 Iteration 

la optiiaiaed with relaxation parameter

where M la the greateet root of the Jacob! matrix* Thia is verified 

by Varga (1962 ̂  page'fo) . Aa w varies, the eigenvalues of the 

SOE matrix behave as follow at

0 < w < 1 All eigenvalues real and positive.

w « 1 One of the root* of (3) vanishes, so that the
2 eigenvaluea are either zero or equal to ti. .

1 < w < w . At leaat one eigenvalue la real* The complex

eigenvalue* have aodulus (1-w). 

< w < 2 All eigenvalues have modulus (1*9} and are

Theae propertlea are aaalljr eatabllahed lay examination of equation (3).
spectral 

If the ohoaen w la greater than w • f the ^aidndt radius of the

Iteration will be (l«v) so that d> >/ m 1. A little analysis of

of equation (3) ahowo that aa w tends to w t from below,

tenda to Infinity* It follows that It la very Important to estimate

w * accurately, particularly If It la near 2, and that It la better op*
to over-eatlsate than under*eatlmat«« v'«e Uluatrate this with some 

nuaerloal exajsplea In table 1*

(12)



I* » .9

w X
1*300 .6*5

1.350 .556

1.393 .393

1.400 .400

1.450 .450

1.500 .500

-log X 
.470

.537

.934

.916

.799

I
w 

1.730

1.740

1.750

1.753

1.760

.693 ! 1.770

* .99

X 
.336

.818

.785

.753

.760

.770

jU *

-leg X 
.180

.201

.242

.234

.274

.261

w 
1.390

1.900

1.910

1.914

1.920

1.930

.999

X
.959

.951

.938

.914

.920

.930

-log X 
.042

.050

.065

.049

.083

.073

The dependence of the eonYergenoe on the ehoioe of w near w * w_..

Unloss we have an a priori estimate of w , f we shall need anop*
algoritha that finds it without increasing unduly the total amount

of work* w ̂  ir. all the roots of the iteration matrix opi
equal aodulu and as w i* decreased from *0_t> the dominant root 

increases while the moduli^ of the remaining roots decrease. la fact 

if the oecond root of the Jaeobi matrix ia ^f , the ratio of dominant 

to flubdominant root of the 30E iteration matrix will have a peak at

•opt (13)

Unfortunately it seeas difficult to exploit this fact, but both 

Kulsrud (1961) and Carro (1961) describe useful alsorithm* for 

calculating w t and depend on the use of a relaxation factor slightly

less than w_ .. opt

Carre'a technique is to iterate a few ti^es with a w that 

is a deliberate underestimate of the optiouej and to estimate the 

dominant eigenvalue by the ratio of tha /iorsas of the last two changes 

in the rector. ^roa this imttilHjk* obtains an estimate, w* , of

w ., using (3), and continues the iteration with relaxation factor 
opt



(14)

Ha states that in his experience thia is likely to converge to a

valua of w not far from w* . Khan tha changes in w' areopu
aaall, ha continues tha iteration with w * w*. Ha claims that tha 

total nuiaber of iteration* required by this technique rarely exceed*

jaore than >3 % the number required if w._t ia used throughout* 

Kularud's aethod ia essentially tha same, except that he uses tha

latest estimate of w_ . rather than Qarra'a w . thane estimatesopt a
will steadily riae, for if we use w and find an approximation \o a
to tha dominant root of Lw than the new estimate will be

It ia

a i

that w4 • Aa> for

w

n «
o o

(16)

Thus tha aequenoe of estimates will staadily increase. It is clear 

that an underestimate rcu»t ba used to start the jirooedure and that
i

thara ia aona danger that a groaa orereatiisate will ba found* Tha 

estimation procedure is stopped wiien WQ ai^d w. agree to a prescribed 

accuracy. Kularud does not a&ice clear how ha gets an accurate



value of \ when w i» near w , • Since there will be a number o o opt
of complex eigenvalues all with modulus (w-1) any inspection of 

the norma of successive changed nay give a very poor value of X

% ,

with p of moderate aise^wo will bo leas likely to got a very poor 

result* Kulsrud atatee that in tiiree teat probloao he required no 

more iterations than if the optimum parameter were uood throughout.

Both the toohnifUM^ of Carro and that of Kulorud require 

that tho Jacob i jaatrix should have real roots. "Hie zaost usual 

ease is where the aatrix A is ajnaetric. Here, in the notation of 

(9), the Jaoobi siatrix is P** (L + u) and if we havo an approximate 

eigenvector £ with error 0(c)» ita tiayleigh quotient

will bo an approodUaato eigenvalue with error 0(t ). Moreover

neither Carro nor Kularud exploit these properties. We will 

now describe a technique baaed on (1S) and (19).

In a typioal atop wo iterate a few tixaee with a relaxation 

paroootor w and form the vector

where £' i* the last displacement vector and a is th® matrix 

of oration (10) with \ approximated by (w-1). We for* the 

quotient

I « °t(t*u)]. (19)

(20)



Tbe iteration is continued with the greater of Wf 

start by forming the Rayleigh quotient of an arbitrary vector 

continue until successive values of w show little change and then 

revert to straightforward

This technique has several advantages. In coosjon with

we are always using the best value of w currently available and
/ 

la ooffioon with Carre we always use an under^estiaate^ so de that our

estii&ate will continue to iraprove until it Is oontsftinated with 

rou idin« errors. The current value of w is likely to be good 

sinoe we are using the ^ayleigh quotient of a atyraaetric matrix and 

no prior knowledge of w + is needed.

The only disadvantage is that some additional «ork and 

are involved in the formation of the iiayleigh quotient. For a 

general matrix we need a whole vector of additional starve but for 

a matrix of band-width r only r storage locations are required, 

The additional work in finding each ^ayleigh quotient i* oos^arable 

with one SOU iteration* We oan hope for adequate compensation in 

the iaproved convergence.

If the matrix does not possess property A (or ?%rga'a 

generalisation) . then we have to rely on trial and error to 

estimate the beat value of w. A theorem of Kahan (1953) helps a 

little in this. He saowa that if i*^i iteration with parameter w 

is usedy then the spectral radius of the iteration matrix is not lees

(21)

and hence a new relaxation parameter

* 2 . (22)



than |w»1 ( and •qpality i» possible only if all the eigenvalues 

of ti*e iteration aatrix have aodulu* / w «• 1 | ,

* 
To prove thifl theorem we consider tho iteration matrix

la the usual notation* Since these two matrices are triangular 

we find

a

theorem is useful in that if i*e have found, the spectral 

radius f> ef L we need search only in the range 1 ~ P < m < \ + /o

Any search of this nature can be a time consuming operation, 

particularly if we should ancounter a complex dominant root* As 

the example of matrices with property ^ shows f tae converge Bay bo 

quite critically dependent on a good oaoioa or w. For these reasons 

we prefer other acceleration teehnif£e& f to be described below f but 

these all require more storage then the one vector needed by

If the matrix A i* sysanetric w« can find the best value of 

the relaxation parameter for 330H by U*e technique doaerioed Jay 

Habetler and Waoiq>refi» (1961). We first aanipulate the iteration 

mtrix to the fora

(23)

dot (I - wD~g * 1 t dot (^""H * (1-w) I) » (1-w)1 (24) 

and h*n«e that

« (1 -w). (25)

But tot (L ) is tine product of ita «lgenvalu«s and tha result 

follows at oncMi.



z,
»**»

(OC)

-y,

*0

a, -. 9)

- 9

(LZ)

9

01jo

* v ^ - a) 
- a

(a



We take tbe positive radical sine© we know trial for convergence 

0 ^ w < 2. *bi» oust give the talnimiB of Xj. since X^ > 1 for w 

outside tbe range [Q, I] and X. < 1 inside it. It should be 

aetioed that

« 1 + 4k - 2.t
T T

_ ,-,i , (33)

^ O

if A aod oon»equ«itajr D jU poaitive definite*

and fofriagton (1963) baw described an iterative 

for finding *,,« Aftor oaoh iteration they calsiuato

/" ^>y (33) fcod than rsplaoo « by

for tho ttoxt Itoratioa and continue until w haft »*ttl«d down* 

'£bay point out t&at tho apeotral radio* of tiia it«rati<m matrix 

not very eritioally dopondoat on aaall efeaagoa in w near »<yt)t« 

Thia i« bootuao w , eorro»ponda to a lidniawm in a continuous
Opv

function. Zt i* thoroforo unneceaaAry to ostimato w_. wryopt
accurately. But they fail to point out that If we wish to uso 

Chofcyahev oxtrapolatioti9 to fee Ooaoribod in Chapter 5» an aoovirato 

•atiaato of tho apootral radium of the iteration i» aeoeaaary. 

Furtb«rQoro it i» bott«r to over-ontiiaato than uuder-ostimate. Their 

procedure i» to take the epectral radiua as the last value of th* 

ratio

I! « „ {35)

tho .uolidoan aora is u»od« xhis, ho^ev^r, is not the 

quotient and in ^uneral will give a poorer est:Uato 

that obtained froa (27)*



An

We conclude t 'is chapter with an example to s^cw just how 

powerful an iterative method can be. V® oonsi&er the solution 

of the elliptic partial differential equation

V 1* « 0 (36)

over the unit cube with <£ given on the boundary* If we use the

seven-point finite-difference approximation with step-width 

we find the matrix equation

(37)

where A has elements given by

= - 1 if | i-jj * 1 or s or s !

a = 0 otherwise.

lh« order of the matrix A is s 3 and the band-width 2s w + 1. It is 

positive definite. Paroia table 2 of Chapter 1 ve note thfet the 

number of &rithi&etio operations in the direct solution of equation 

(37) is 1 e* GI + *) + 0(» 8).

The smtilleet eigenvalue is

• n 
i f 4 f k all lass than s* ve set S s diag (A zHi) for ecu ticn (10).

i

A » 1 - oca 7, (39)
1 S

and hence the dominant root of the Jacob! m trix is

u s oos £• (40)
1 »

Th« matrix is consistently ordered vslth property A. Trds follow* by 

taking Young's ordering vector as (q,, q^, . ... , q^r where
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Note tht.t the later definition of Young . nd Fox's definition are. 

3E not satisfied in this instance. On account of the property A 

the optimum SOU parameter is

w . = ————S————— a ———&——— (42)
°pt r .lib *1 * [1 - MjP 1 + sin ~1 s

and the racius of convergence of the iteration is

1 - sin —
w . - 1 « —————* (43) 
opt

* ^ * K 1 + sin -
6

The number of arithmetio operations per cycle of SCB. is 

2s 3G* * 4a), We can deduce from (43) the number of iterations 

required for a given accuracy and hence the number of trithmetic 

operations. These we show in the Table for s = 10, 15, 20. Only 

the dominant terms are given. In all cases the iteration method is 

very much more economical.

8 10 15 20
Number of operations 

for direct method

Radius of convergence
of SOU .53 .66 .73

Number of iterations
for 4 decimals 15 23 30

Number of iterations
for 7 decimals 26 39 c 2

Number of operations
for 4 decimals 3x10 4(^4«) 1.6x1C 8(^4a) 4.8x10 B(ju+4a)

Number of operations
for 7 decimals 5.2x104(M+4«) 2.6x10*G,i+4a) 8.3x10 9(^4o)
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BLOCK

It often happens tnat the 3i.trix A oi»a be partitioned into 

blocks in a natural way, in the fora

...

21

In all tue blook iterative methods we treat tu* blocks in - . ^

the aa^.o way as we previously treated the eieiaenta. As each blook

is treated we will need to solve a set of equations of the form

If the aethod is to be used efficiently we should calculate the 

triangular decomposition of A., oace and for all ao that to solve 

(2) we need only perform a process of forward and backward 

substitution? Jf all the A., ore full aatriees or band .urn trices, 

full within the band, then the total aiaount of arithmetio needed 

per complete iteration is identical with that of point iteration. 

If the matrix A is stored explicitly, then the storage is identical, 

but If it is stored implicitly, that is in the fora of a programme, 

then more storage is needed to keep the triangular decompositions 

of the diagonal suboatrioes*

The Jaoobi f Yon Misea, Gauss-lieidftl, &0& and symmetric iJOk 

iterations and the results that we have proved about Uera all 

generalise to blook iteration in a perfectly strai^titi'orwrdrd way. 

vVe will not consider the details here except to mention how we

d)

(2)

geaoralize D. Fe replace I> by the block Hla^ .trix
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rm

(3)

It the aatrix A is •yocutrio, then ao ia J>, and henca than exists
&

an orthogonal aatrix 0 such that

J>. a 0 8 0

and ;i is llagonal, V,e now define

0

(4)

The generalisation of Kaczmars iteration is perhaps not quite 

so obvious. We now drop a perpendicular onto the ^^ of all the

planes oooqjriaing one bloek* In equations (7?) onwards of Chapter 2•
b. and X become veotors and a. beoomes a rectangular matrix,

Block property A is defined exactly aa point property +•• but 

with blocks replacing elements and in (10) L and U are blook triangular, 

Sane matrices possess blook property & without possessing point 

property A* &* »ueh cases bloek SOI is preferable to point 30k,

Coaparisons of PiiTeren'u Spiittingg

In & practical problem there are often several natural ways of 

choosing the blocks and we are led to ask which gives the best 

convergence. An answer to this problem for a special class of matrices 

is given by Vargs (1962, Chapter 3). He first defines the splitting 

A = « - N to be regular if M~ and * are non-negative, that is have
i

all their elements non*n*gs,tive. He then proves that if

(6)

.-1
OtB two regular splittings of the aatrix A, if A is positive



(has all eleBtnts positive) and if (.«r2 - N.) and .«. are non~uegative 

and non-null then

1 > >(** N) > (M 1 S, (7)

where P denoteB spectral radius.

•1 
Two important classes of matrices for which A ia

positive are

1« A » (a..) iireducibly* diagonally dominant by rows

with a^ $ 0 f or i 4 «5 and * > 0

and

2, A a (a. .) symmetric and positive definite, irreducible* Xj
and with a . i 0 for i 4 J»

If A is Irreducible, we ahauld really be treating tiie >roblem 

in terms of its irreducible part a, but we may also argue that, by 

continuity over amall perturbations of A, the results (7) are still 

valid if equality is allowed,

If 1 belongs to class 2 above and also possesses point 

property ., then the previous theory tells us that the more aon-sero 

elements of A that are included in M the better the G-- ,v ;e;oe of the 

Jaaobi iteration* In particular block Jacob! will converge faster

* The matrix A is reducible if there exists a permutation 

matrix F such that

p A r^ *

it is irreducible ii' no s -ch matrix P exists.



than point Jaoobi. Applying the property A theory we ha v'e that 

optima block 30R converges faster than optimum point SOH. If no 

sore work per iteration id required block iteration i» therefore 

superior, but experience seems to indicate that rarely is the 

improvement sufficient to justify the use of block oQk when &ore 

work per iteration is required*
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All the iteration methods considered so far are of the 

form

In a 30..-i-itarative method we consider a linear combination of 

the iterates

The oo«f f iciemta v.( i) are chosen so that ̂  X' is rapidly oonvargent<3
in aoo« aana^to the solution of the problaa. ^e require the 

oondition

in order that j should b* the solution ̂ , if

it ia eaaUy aeen that if £ • j - j and • 5 - 

are the error vectors corresponding to ̂  ' and /

If v/^ define the polynomial

then

/4^ ^ . * (0)m» * 11'\I • (6) 

and condition (3) oan be written

(7)



We will now show that the »aml~it«rative method (2) is only 

another way of writing tne gradient sathod, Suppoa*

TT
4-1

"

than fro® (6) w» hav»

TT

•«i
1 -

j_ '•%

and

-%

we define a residual wetor for the iterate y

Hot* that la tb* oa»e of the Jaeobl iteration applied to a matrix > 

with units down Its diagonal, thi» reduces to the usual definition

Uaing th« definition (11) the Iteration a»y b« written

Now ftuppoft* T la synuaetrio and consider the quadratic I'

wh«T« C a I * T, If th« iteration is oomwrrent, /9(T) < 1 and so
t

C 1» p»rtttY» teflnit*. Tbu« Q^f) is non-negative and takes its

(9)

(10)

(11)

(12)



ninliauir, value of aero at uht required rolution, y * x r c" g. now

(15)

and so jr ' givos the direction from j* ' in whioh Q(jf)o
the moat rapidly, a fact leading to ths name M gradient aethod"

arguawnt will be simplified if we consider the matrix C 

of (H) rather than T. Xhie will bring our notation into line 

with that of oteifel (1958) wiieie results we shall be

We define a new polynomial

and (6) and (7) become

and

Chebysber

where £. in an eigenvector of C. SL nation (17) givsa

where the X. are eigenvalues of C* Our problem is to minimize

/&4 ( XJ/ object to X(0) * 1, Suppose that the eigenvalues lie 
i J *

in the range

f(t) - ^(O) (17)

1. (18)

Suppose that C has all its eigenvalues real and positive 

and that its Jordan canonical fora la diagonal* Then there exists 

a complete set of eigenvectors, and the original error veotor can 

be expanded in the form

4(0) - 5 £, . d9)

(20)



X. 4 b, (£1)
V

and that we replace the problem by that of minimising the

value of i ^.(X)| over the range (a, b), still subject to the 

condition &,(o) « 1, The well-known solution is given by the ith 

Chebyahev polynomial over (a, b),

- 2X + a •»• b \

b - a
(22)

b -i- a
WIMMMII

1> -

Using the recurrence relation for the Cheby&bev polynomials we 

obtain for the polynomials E.(x) the recurrence relation

^> "* Vx> * a> (a, - a. Ji *-• "
(23)

where / a J "J . lliis leads to Uie corresponding recurrence'•j D ** a

relation satisfied by ̂  , given lay

f r^ ../^ (L-i),_ _ _ (a) )t w
*"* * U

_V */ _. _ _ /• .A */ / oc\ £ » JE ~ G £ , ^ 25J

Formulae (24) and (23) provide a convenient scheme for actual 

computation* Probably the computer r-ro^ranaae will be designed to 

compute the vector

+ £ , (26) 

in analogy with equation (1). Froa this f ̂ can be calculated

conveniently as



shall also need a convenient method of calculating

From the recurrence relation for the Ghebyahev polynomials it 

follows that

This formula has the advantage of stability, for if an error e

is present in «., w* will have a consequent error in a of amount

How > 1 and a. < 1, so the result is established.

Provided there are no eigenvalues outside the range (a, b) 

it is easily seen that the convergence rate ultimately behaves

and in the limit

(27>

(26)

(29)

(30)

* log [ (*)] (31)

- log (* - v rz - 1). (32)

Chebyahev acceleration is very suoceesful provided we oan find good 

estimates for a and b. The lower bound, a, is often rather critical 

since the overall convergence is governed by the aise of y. fre 

illustrate the improvement by considering a ease that is very slowly 

convergent. Suppose that p(T) - 1-c and that C is positive definite. 

Then a = c f b * 1, r s (1+O/0-O



6 -

log ft - 2«* + 0(e)] (33) 

»0(e) .

For the unaccelerated iteration a * s. We thus have a very
00

considerable gain*

If there ia an eigenvalue U outside the estimated range (a, b) 

then the convergence will not be as good as po&sible*^

hie rosiduala will ultimately behave according to the equation

Behaviour in accordance with (34) is easily recognised and tells us 

immediately that the range (a, b) do*s not include all the eigenvalues* 

If this pattern is olearly recognisable then we nay estimate 0 from 

l/|f 4*1 ^// / f/ if 1)// using actions (34) and (35), or we 

obtain a nore accurate estimAta from the Rayleigh quotient

Since |f ' will be dominated by the eigenvector correspt»*tiJUjg to 

The iteration is now restarted with altered range (a, b) and with the 

taost recent estimate of the solution vector* The process nay be 

used to find estimates of a and b if no a priori estimates are 

available* We aioply commence with values of a and b that are likely 

to be too large and too small respectively*

Two important examples of iterations to which this may be 

applied are 3JOR where A is positive definite and aj-nnetrio Kacssmarz

(34)

(36)
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for a general matrix* It is also used to acoelerate Jacobi 

iteration where A is positive definite. Here C = A and we should 

note that the accelerated iteration with properly choaen bounds 

a and b will converge even if Jaoobi does not.

If we relax the condition that the eigenvalues of C be real

and positive and require only that they be real, we may apply the
2 acceleration to the iteration with C as its matrix* This has the

disadvantage that each iteration will regain about twice the work 

since we shall need two successive applications of our algorithm 

for multiplying a given veotor by the taatrix C* Also the bounds 

for the eigenvalues will be less favourable.

Comparison of ChQuyghev Acceleration with U)U

Yarga (19&2) considers the special case of 1* symmetric, 

convergent and possessing property A* By a suitable reordering of 

the veotor elements we have

T

If we partition the vectors £ ' and £ in the corresponding way, the 

SOE iteration will be given by

(37)

(38)

If the only information about the eigenvalue* of £ that we use is 

its speotral radius , P , then equation (24) simplifies to

, (39)
where



2T Wf ) . (AO)

If the vectors j**' are partitioned to correspond with (37), then 

aquation (39) aey be written as

It is clear that the sequence /a 0 * 2 ... } my 

be generated on ltd own, thus halving both computing time and 

storage* If we ooopare this sequence with the sequence

(53), we see an

exact correspondence eocoept that the relaxation factor ia held 

constant in (3d)* ^lao it is quite easy to show that

so that the Chebyshev iteration degenerated into optimal 30R, and 

the aaymptotio convergence rate is identical* However the well* 

known miniaal property of the Chebyshev pol^noniala shows ua that 

the average rate of convergence , aa defined in chapter 2, ia better 

for the Cheby&hev iteration. The proof is somewhat complicated 

and is given in Golub and Yarga (1951). It is clear from equations 

(33) and (41) that there la no difference between the two iterations 

as far as storage or convenience ia concerned. It niust alao be 

mentioned that the result of Golub and Yarga only applies to the 

ordering of (37), the ac-called M (X ordering", and it is a conaaon 

experience that other consistent orderings may give quite different 

average rates of convergence over a small number of iterations* 

However we have not seen a case where the Ghabyshev method showed a 

average convergence rate*

(«)



Va aay feel tempted to use Chebyshev acceleration for tha 

Saidal iteration since, for tha matrix (37), this has real roots 

in the rang* 0 ^ X < ^2. It has bean shown by Tee (1963) that 

tha Saidal itaration aatrix has a ooiaplate set of eigenvectors in 

this case, so that Chebyshev acceleration is applicable* A little 

elementary algebra shows that this gives exactly tha same asymptotic 

convergence rate aa the itaration of Oolub and Vorga. However it 

suffers from the disadvantage of requiring storage for two vectors 

instead of one* Tee gives an example of a matrix that has property 

A and ia consistently ordered, but is not of the fora (37); ha 

finds that It does not have a complete sat of eigenvectors, so that 

the theoretical basis for Chebyshev acceleration is lacking. He 

therefore reoo&gsands Chebyahev acceleration of the Seidel process 

only when the raatrix haa ^ ordering, and gives axa^lea showing 

that slow convergence is obtained when pagewiae ordering is used« 

for tha case where the matrix T does not possess property A, but 

is convergent with real eigenvalues, Varga ( 19*62) considers 

problem

(W)

and applies SOE« The Jaoobi mtrix la

and

0 

T

T 

0

It follows that J has real roots and />(j) « P (T), and that tha 

optioum relaxation factor is

(45)
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Both the vector a ,jf £ will converge to the required solution. At 

first sight it would appear that we have made the same gain in 

convergence rate as in the ease where T has property A* However 

eaoh iteration requires twice the amount of work, since the order 

of J is twice the order of T. It is still true that a very 

considerable improvement in convergence rate will have been obtained 

if />(T) is near unity.

Varga now considers the case of 3? symmetric and shows that 

the Cheoyabav acceleration of ( t ) where the eigenvalues of T are 

taken in the range (- P(±), /°(T)) f is similar to SQR applied to

, except that the relaxation faotor is not constant* The 

asyzaptotio convergence rate is identical since the Chebyshev factors 

converge to the optimua 2QH factor* *ie shows that the average rate 

of convergence is better for the Chebyshev method. The ease for 

using Ghebyanav is thus quite strong* This ia all the more true 

if we ean place the eigenvalues of T in a range that is net syaswtrio 

about the origin* In fact if (l - T) is definite, tae Ch*bysh0v 

method yields a convergent process even if f is not convergent.

Ghebysfrev Acceleration of a general Iterative Process

The ease where the matrix T has complex roots has been 

considered by Wrifley (1963). If the roots of C • I - T are 

X.. then we define constants Y. as

b - a

It follows from (22) that the component of the 4th eigenvector is 

reduced during the (i+l)th iteration by the faotor

(47)



As i -> <^=> » M4 - converge* to M . , given*»« J

- 1
- •

V0
Writing c » + J - 1> w® ^ve, after a Uttle algetoraio 

manipulation,

It f»Uowi tft«t If tf<Mi tb« olrol*

tntm X. liea oa the ellipae 
J

Thua the problem at hand ia to find which ellipfte of this fora 

includes all the eigenvalues X and has the minimum value of k. 

for fixed a, b the system ($2) consists of oonfooal ellipses. 

Wrigley'fl suggestion is that the iteration be performed with trial 

values of a *nd b and continued until the vector of changes is 

dominated by the contribution of the eigenvector corresponding to 

the dominant root, if this is real, or the contributions of the two 

complex conjugate eigenvectors if the dominant root is complex. In 

either case the dominant root may be estimated and the contribution 

of the corresponding eigenvector or eigenvectors eliminated by using 

a suitable linear combination of the iterates. The s&ae process 

is applied to find the subdominant root, and values of a, b are now

(49)

(50)

(51)

(ac-»-t) 2 + (z^)2 ___ » i. (52)



ohoaen so that the ellipse given by equation (52) paaaea through 

both of the known roots. He makes light , however, of the 

difficulties in finding reliable values for the roots of the iteration 

matrix, particularly should they be both complex. In the example 

he quotes^ the subdoainant root is real and is the limit of the 

sequence

.937, ,870, ,907, ,919, .828 ,.. (53)

2 He applies 6 extrapolation to the middle three numbers and obtains

•921, These nuabers are not nearly well enough behaved to use
2 extrapolation and in fact if S extrapolation is applied to the

Kiddle three the result is ,925*

A further disadvantage of irigley's technique is that we have 

no guarantee that the prooeas will converge, for we cannot be sure 

that his ellipse will enclose all the eigenvalues. The process 

should therefore be used with great caution. We reoeoaend it 

only where it is known that the ioa&inary parts of all the eigenvalues 

are snail. In such cases the ohanoe of divergence is auoh reduced 

and the ellipse will have greater eccentricity so that the 

improvement in convergence compared with the unaccelerated method 

will bo more marked*

Method of Conjugate Gradients for a Positive-definite Jfotrj^

Suppose that the atatrix C is syaostrte and positive definite 

and that we choose R.(X) so as to minimise the quadratic fora
TL T ' J

(54)

wnere v is a non-negative integer,

If

*



63

then

i
(56)

and

(57)

At a alniaum of Q this will bo a«ro for aU j. Honeo £ will

bo orthogonal to f** for j < i, with r»*poot to the woight funotioa
n

C • This Is all we oood to build a recurrenoo relation* Suppose

(58)

then jf 1*1 ' is orthogonal to r; 1' andj;^ 1"1 ' with respect to C11 if

... (59)

where

. -<Cr' rfor i > 0 and » 0. (60)

It is easily seen by Induction that we have eehieved our aia« for 

suppose fjf fJC * ••• £ j forn ^^ orthogonal dot with respeot 

to C11 , then for j 4 i-2,

0,



Tho iteration itaelf takoa tho fora

. (62)

I < ia o»loul»t»d from th» relation

/JCD -M JO) 
" ** ' *

la found from (60) uaiag (58) with 1 replaced by (1~1), to 

eliminate (C jf *\ C11 |f 4?"1 ^). Thia foraula (63) ia to bo proforrod 

ainee one Xoaa inner product noad be calculated. For practical 

computation we are concerned only with tho caseo ^i « 0, 1, Theao 

ro%oira tho ooaputatioa of only C r; ' to obtain ^ . and q., wheroaa 

for higher u wo need C £ *', etc. .5 e can uae C jf ^ to compute 

recursively the aext residual with tho help of (38).

^H / * \ T

It la la^ortant to note that since tho set / £ u j la orthogonal 

with reepeot to tho weight function C*** , there cannot bo sore than
r> (L\

o Teotora ± if m ia tho diaennion of tho vector apace apanned 

by tho TOO tor a C* y . Of courao m ^ n whoro n ia tho order of 

C. Thua after m atopa the iteration should bo complete. 

Unfortunately rouo6>off error* destroy thla property. tho oaao 

whore C ia symmetric but non-definite should be mentioned. If we 

take n • 1 tho quadratic form Q1 * (£ , £ ) la atill poeitive-def Inlto. 

Tho ainf"*'" value of Q, oorreaponda to the true answer and in theory 

we ahall at each stage have chosen that gradient iteration which 

produce* tiie smalleat value of Q^ It should theoretically oonvergo 

after m atepa, whore a la tho dimonaloa of tho vector space 

spanned by C £ • ^* caat P * ° ahould also ahow eonvergenoo 

after a atopa 9 but there ia no corresponding minlauB property. 

Thoro la In theory a poaalbility of failure. ouppoae we have ohoaon 

auoh that



• 0 and i< a, (64)

then from (62) we will have 1 » JT and th® Iteration will 
aake no further progress. This Situation caa be r^utidieu by 
performing two iterations concurrently. Wo replace (33) by the 
equation

- ft c>

and the it*r*Uoa (62)

Coo/

Th» oooff Iclenta ar« so ohoe*n that

. c2 s ) - o for 1 4 i. (67)
this inrolTea solving th« a«t of •quation*

a 0

o. (63)

Bfttrix C5 is positiwdefinito and eo (jf A\ C2 jf l') is 
unleoa ^ ' is isro. Henoe we cannot have the solution

non-aero

zero» and; * only if
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£ « 0« Aa might be expeeted, this iteration requires about twice 

the amount of work, since we vast compute C £* ' and C jr '. The 

storage is increased from three rectors to five.

We have no experience of any conjugate gradient iteration 

with a non-definite symmetric matrix, Usi%' the double iteration

and M m 1 seems the oore attractive on account of the miniiaum property. 
Mtthod of Coniu^at« Gradients for a General Matrix

oan extend the method to deal with a general matrix. 

Unfortunately we need to carry out an iteration on the matrix 

equation

(69)

in parallel with the iteration we require, riie error vector for 

(69) satisfies the equation

^ - *j (CT)J(0> (70) 

where ' is the error in the first iterate, and the residual vector

is

(71)

£ha analysis is exactly parallel with that given for the a, aanetric 

ease* In the first part of an inner product we replace

1* ~.^ti«l,. Th. 

iterates for equation (6$) are given by

(72)

there appears to be one serious drawback to this technique. 

Suppose that (j t C" £ ) ia aero before we have reached the 

point of theoretical convergence* The iteration will then break down. 

This saay happen for several reasons. If the vector space spanned 

by C*V has a greater dimension than that of the space spanned by
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C £**', thin jf 1' aay j« null without i' being null. Ihe 

vectors A; ' andCtf £ ' nay be orthogonal without either being 

sero* Round-off errors will prevent either of these situation* 

occurring in practice* but the effect of tiwir "nearly" happening 

is not olear.

It i« a well-known experience that the Chebyshev seei-iterative 

method is rwaarkably stable in the sense that provided the bounds 

aff b have been properly chosen the convergence rate shows good 

agreement with the theory* This is in marked contrast with the 

conjugate gradient method* If C is positive definite and the 

dimension of the space C* jf ' is a, the error is often found to be 

quite large after a steps; indeed if the algorithm is continued 

the error often drop* quite markedly after a few more iterations* 

Sngell et al (1959) give examples of these phenomena.

will not attempt a detailed analysis here, but will indicate 

why the Chebyahev method is acre stable* In the range (a, b) the 

Chebyshev polynomial oscillates between its two extreoe values,

* We would expect that the polynomial that is actually

taken in the coaputation would not differ markedly from this and

that its fleiiisnim would nowhere greatly exceed Tffjrr\» Ho* it oftenW '
happens that a large number of the eigenvalues, X., of C, are

4
clustered near the lower end of the range (a, b)* The residual 

polynomial is

so tiiat it is clear that this clustering will result in wild 

oscillations at the higher end of the range* Since rounding errors 

will result in toe seros of SUC") being slightly different fro& the 

eigenvalues* it is possible that large errors aay remain in the



eooponents of the eigenvectors corresponding to the larger X.
J

of otee^ost Descent 

In a method of steepest descent the iteration takes the form

(7*)
where jf ' is the gradient of the quadratic form Q defined in 

equation ($fc) and t is a aoalar cho«en so as to minimise Q (r; * ') 

in the direotion f ** . The choice of f k' as the gradient of Q^ 

ensures that at each step the change is in the direotion of steepest

descent of Q * £

As with conjugate gradients, only the eases j* » Of 1 are of 

interest to us 9 since higher values of \i involve aore matrix by 

vector multiplications. If jj * 0 it is easily verified that 

f ' m r/ ' and hence the iteration is the setae as the first step 

of the conjugate gradient method with *i * 0. It 10 hardly surprising 

that Bngeli et al (1959) report very slow convergence with this 

method.

If M * 1 then jf *' « Cf f** and the iteration is equivalent 

to the first step of the conjugate gradient method with u » 0 applied 

to the systea

C*C 4.0*15. (75)

again reeoaoend the use of conjugate gradients rather than steepest 

descent, sinoe this miniaises Q over all steps so far performed,
m

rather than just over one step. Note that the aatrix G C need not 

be calculated explicitly. the only requirettents are routines for
m

multiplying an arbitrary vector tgr C and C . This method is not

suitable for a positive-definite matrix, sinoe in this ease the ratio
y of largest to smallest eigenvalues of C C will be the square of the

corresponding ratio for C, and the troubles caused by founding errors



will be magnified* For a gtmsral matrix the condition of the 

system (75) will again be such worse than the original ay3tie, 

but we now have a practical method with none of the previous 

possibilities or failure.

Khabasa (1963) has suggested a natural extension of the 

method of steepest descent. lie considers the iteration

(76)

wh«B the coefficients are chosen to adnimlse the function

(77)

Finding the coefficients t. involves solving an a x » set of
«}

equations* This iteration for positive-definite C is exactly 

equivalent to m steps of the conjugate gradient aethod with p * 1, 

and is less convenient to apply. Similarly for C ayseetrio but 

non-definite there is a correspondence if m is even* However, 

in the ease of a general matrix we cannot generate the coefficients

t. recursively since we needed the symmetry of C in (61). It Is 
J
a pity that Khabasa does not mention azqr experimenta with noxt-syaraetric 

matriees* He reports very good results in soae test eases with 

synsstrio matricei. This suggests that when using the conjugate 

gradient method we should not continue the algorithm until convergence 

is obtained, but rather restart the iteration after a moderate 

number of steps* Perhaps * suitable test would be to see how nearly 

orthogonal the current residual is to the originsl residual,

Combined Method*

We return to eoasider further ioproveiaents in the convergence 

where the eigenvalue* of C are real and positive* -e saw that the 

convergence of the Chetyrahev accelerated iteration was critically 

dependent on the lower bound of the range (a, b). Suppose now that 

we ehoose a so that a few of the aoaller eigenvalues lie outside
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the range. The components of the eigenvectors corresponding to 

eigenvalues within the range will be reduced much sore rapidly than 

before, and we should be able to eliminate the remaining error by 

a very soall number of conjugate gradient steps. 3ngeli et al 

experimented with this idea. They applied the conj .gate gradient 

method to an initial residual that practically spanned the space 

of the first nine eigenvectors. They report that after nine steps 

of the conjugate gradient method the residual wans still quite large 

This is because the component3 of the last few ©i-euvectors will be 

such increased during the conjugate gradient steps. e will 

consider in more detail the matrix that they we* e using* An upper 

bound for the eigenvalues is b « 64 and the first three eigenvalues 

are

Xa « .057

and X_ » ,183 .

Possible choices for the lower bound of the range Cor Chebyahev 

acceleration are any of these three* 'Hie analysis of page &B shows 

that the asymptotic convergence rates are approximately in the ratio

(42>* i (57)* i (188)* 

that is 6*5 i 7,6 j 13*7 .

If Wl take a * X«f then the conjugate gradient residual polynomial 

after Just one step should be

and 42 « -999.

1 1* there is an eigenvalue greater than 42, which is likely since 

b * 64, then the component of the corresponding eigenvector will 

therefore be increased by a factor of at least 999. iliis can 

hardly be compensated for in the increased convergence rate of the
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Chebyshev iteration* If we take a » X_ f then we have

and 8(42) « 2*2 x

for an upper bound to the growth we oust look at iu(64) which is 

5»2 x 1CT. We do now have a mmh improved convergence rate, but 

we are paying dearly for it*

this example illustrates weU the difficulties of this technique 

for an ill-conditioned problem. It is clear that it should only 

be used when the smaller eigenvalues are very well separated. <'or 

example, if Engeli's matrix had not possessed the eigenvalue 

X_ « ,06, tliere would have been a strong case for using (a, b) = (.13, 64) 

and keeping three additional decimals in the ^hebyshev iteration*

A process that can be used with great success if the two

smallest roots of the matrix C are well separated is Chebyshev
2 acceleration over the range [X_, X ], with Aitken's 5 method to

•» THL

eliminate the component of the dominant eigenvector of the iteration

matrix. fhe components of the other eigenvectors will be changed
o 

ty the 6 process so guarding figures must be kept or some additional

Chebyshev steps performed afterwards*

Rutishauser (1959) proposed a modification of this technique 

for use where the eigenvalues outside the range (a, b) are known 

accurately* Suppose X. is one such eigenvalue and that instead of 

using the conjugate gradient iteration we use a Chebyshev iteration, 

so ohoiien that the residual polynomial has a zero at X.. We can do 

this by p Chebyshev steps over the range (a*, b) where

a. . x - (b - X) tan2 _ . (78)

If p is ohosen so large that a* > 0, then the residual polynomials 

will not exceed unity in modulus anywhere in the range (0, b)« .'-e
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have then eoopletely avoided the instability of the conjugate 

gradient method* Xhe procedure ia applied in turn to all the 

eigenvalues outaide (a, e), Sngeli et al report favourably on 

this technique* Again, its usefulness will depend on how well the 

smallest eigenvalues are separated*

Rutiahauaer (1939) alao discusses the idea of a spectral 

transformation. He replaces the equation

He takes as Bj(^) the residual polynomial of m steps of a gradient 

aethod and calls this the inner iteration. He solves the set (30) 

by another gradient method, which he calls the outer iteration. If 

this outer iteration is started with the vector y* t than we will need 

the corresponding residual

r» » f - C* y* .

This is found by performing a inner iterations on the set

(79)

c* x«* , (ao)

where

C**I-RB(C), (31)

and

f « CHU - R^C)^ , (32) 

where R (X) ia a polynomial of degree m*
B

The eigenvalues of C* are> related to tha eigenvalues of C 

by the equation



r?.

* £ with initial approximant

- x(m) .
for

80 ** £W-jW.[X-.<C)Jr<C >
<Mfc 4vMt tft <••>

. . _ - C'1 tl - 8 (C)J [fi - 0 i»] (86) 
JL m

Also 9 in the course of the cuter iteration we will need to

find C* r*^ , given r*^ . fhie is found by performing m iterations

of the inner method applied to Ax s JT*^ , s ith starting veotor

x^ ' * £• This gives us

0* = . •, (87)

since

(88)

The solution to the problem la therefore found by a gradient 

method applied to (60) t with each step involving m multiplications 

by C. It is important to ensure that very few steps of the outer 

met ad are required. Ginsburg (1959) proposed that the outer method 

should be the conjugate gradient method did that one of two devices 

should be used to ensure that few outer iterations are needed. The 

first uses Chebyahev iteration over (a, b) where t is range is chosen 

to include all but a few of the smaller eigenvalues of C* This 

means that the residual of the outer method will be composed of only 

thia number of eigenvectors. If the inner method is also properly 

chosen, then the condition of the matrix C* will be much better than 

the condition of C, and hence we will not have the kind of trouble 

noted in the method of page 70. Crinsburg's other suggestion is



to ohoose the inner method so that most of the eigenvalues of C* 

are clustered about one point. Then the contributions from the 

eigenvectors corresponding to these will be nearly eliminated in 

one conjugate gradient step*

The most suitable method for the inner iteration would seaa 

to be Chebyshev iteration. --e cannot use conjugate gradients 

since this is dependent on tue initial residual* Now we should 

not use Chebyshev iteration for the outer method, since the 

combination of inner and outer iterations is itself a gradient 

method and we will clearly obtain the best convergence in the 

Chebyahev sense with an ordinary Chebyahev iteration, tfe should 

get a better result with conjugate gradient method as outer iteration 

since this iteration minimises (£*'*', C***"1 I*' 1'). Of course 

we should in theory get a better result with the ordinary conjugate 

gradient iteration, but we have already seen that founding errors 

prevent this* Engeli et al (1939) report favourably on this 

combination of Ghet>yshev and conjugate gradients* They ensured 

the good conditioning of the matrix C* by using a reasonably large 

number of inner Chebyshev iterations, actually in the range five to 

twenty*
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CHAPTHE 6

3QU3YIDfl OF THE

Vfe oonoider here the problem of finding one or more solutions 

of the eigenvalue equation

Ax a X x , (1)

where A is a sparse ;aatrix* The transformation methods of Gdvens, 

Householder and Jaeobi are unsuitable since they require the storage 

of ail, or nearly all, the matrix elegants. Lams so a* method of 

minimised iterations (uanozos, 1950) does not suffer from these 

disadvantages and will be considered here*

The Syiaaetric Case

If A is symmetric we build up* a sequence of vectors, yf ', given
.(o) 0, y arbitrary and

the constants ^ ., PiHj/Ti*1 Are cno**n ®° tnftt y i» normalised

and orthogonal to both y^ ^ and y^ * . The constants are therefore 

given by the equations

and y i» ohoaen »o that y „ 1.

I*hi6 ohoioe of the constants o£ ^ j,w| » /^ j^-j 4mP1**8 that the

sequence T • 7 ••• is °rthonormal. ^oia follows from a simple
•• ••

induction argument applied to equation (2). It follows that if the 

dimenaion of the spaoe spanned by the aet of vectors | A y* ' j is k, 

then there will not be iaore than k non-zero vectors y \ and y^ ' 

will be xero. If ' i» the matrix whose tolumns are



i « 1, 2 ... kf then equation (2) oan be written in the matrix 

form

(5)

where

(6)

J

The tridiagonal matrix C, ia, furthermore, symmetric since

10

y
,(i)T

_ ~ M v T *"2 1'

(7)

Methods for finding the roots and vector a of a ayiametrio tridiagonal 

matrix are well-established. We use the method of bisections, 

possibly with a Mewton iteration to aooelerate the convergence. For 

detail* we refer the reader to fox (19&4), for example*

Unfortunately the process will not terminate owing to the 

occurrence of rounding errors, except in some very special oases where 

it is possible to use rational numbers throughout* With & matrix 

of quite moderate size it nay be quite i&zpoaaible to recognise the 

point at which the process should have terminated* It has been 

suggested that this difficulty be overcome by reerthogonaliaation, 

that is »ubtraeting out from eaoh vector jr ' the components of
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JT f y ' ... jr*"2 . For the problaaa we have in ^ind, however,

this would involve a prohibitive amount of work since -

3 r 2\ a » 0 (a ) and time would probably

also be wasted in transfers to and from an auxiliary store.

-^ccurete results, however, may be obtained without any 

reerthogonalisation* Some examples are given by G-lnsburg (1930*

He calls it the method of conjugate gradients and alao considers the
T

case of erthogonalisation with respeot to A f so that y^ 1' A y**' = 0 

for i X j. As in Chapter 5 for the solution of linear equations, 

there is no difference in principle between the two versions and it 

seems unlikely that either would give significantly better results 

than the other. G-insburg stops the Iteration after k steps , 

where k is no longer necessarily equal to the dimension of the 

space | A y ( , and finds the eigenvalues of the matrix C • 

Some of these are likely to be geod approximations to the eigenvalues 

of .•-.., but he does not give a reliable procedure for determining 

which* In fact we can show that an eigenvalue X of C will be a 

good approximation to an eigenvalue of A if the last element in the
m

corresponding vector is small. If the eigenvector is x- « (x. ... x ) 

then since

it fellows that

and Y. x is a good approximation to an eigenvector of 4 if
^w

|f 6 x, ^ \\ m Ipt \ I 1* ama11 ftnd **** error in the eigenvalue 

X is bounded by | p. xjc | . If a really accurate eigenvalue is 

required we suggest the use of the Rayleigh quotient with the result 

of Wilkinson (1961) to give an error bound. If the approximate 

eigenfunotion has Euclidean norm unity and the norm of the residual
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ia « Uien the error in the eigenvalue ia not greater than 
2 _ 

*/(l - * /a ) where a ia the distance to the nearest distinct

eigenvalue of A,

If k is taken to be larger than the dimension of the 

apace [A r ' ] , which will in general be necessary, then it is 

likely that the matrix C, will represent sane of the eigenvalues of 

A more than once* It may happen that none of the eigenvectors 

of C. corresponding to a single eigenvalue of A has a small last 

element, but we nay find a linear combination of two eigenvectors 

which is an approximate eigenvector of C. and which has a small last 

element*

There seems no reason to suppose that we should not obtain 

all the eigenvalues of A in this way provided k is taken efficiently 

large » We will, however, obtain only one eigenvector for eaeh 

degenerate eigenvalue* To obtain the others we restart tha iteration 

with a vector which is orthogonal to all the eigenvectors that 

have been found 00 f tr.

Sxaarole

illustrate with the matrix

A *

P I
I p I

IPX
I p

I

HP»

I
p
I

I
p I 
I p

do)

whet£ I is the unit matrix of order 7 and
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1 -
1
4 1 
1 -4 

1
1

-4 1 
1 -4 1 

1 -4 1 
1 -4

(11)

For starting veotor we take « (1, 0, 0, ... 0) and use the

arithmetic of the Mercury computer, which works with 29 significant 

binary figure*. fre show in Table 1 the values of* and p 

obtained for k*l, 2, ... 33.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

33

-4*000000
-4*000000
-4*000000
-4.000000
-4*000000
-4.000000
-4.000000
-4.000000
-4.000000
-4*000000
-4.000000
-4*000000
-4.000000
-4.000000
-4.000000
-4*000000
-4*000000
-4*000000
-4.0OOOOO
-4*000000
-4*000000
-3*999986
-3*999844
-3.988897
-3.735736
-3*544555
-4*730320
-3.743282
-4.257260
-5.371088
-2.702467
-4.275053
-2.986031

1.414214
1.732051
1.825742
1.388562
1.915749
1.938857
1 .949789
1.949885
1.894084
1.777367
1.705817
1.641233
0.889256
2.004322
1.203326
1.547263
1.052819
1.148055
0.752624
0.972239
0.718450
1.015782
0.432507
0.727068

3.085471
0.059328
3.252928
0.013666

0.170410
2.315253
0.466423

TABLE 1
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In this ease the dimension of the space £A jr 'j is 25, but 

^25 is no* Sffift^l and it id impossible to recognise this dimension 

by inspection of the 3.. We show in Table 2 the eigenvalues of 

C. and the last elements of the corresponding normalised vectors 

for k a 33, 30, 27, 24*

k « 33 30

^^.<y^"T*t'""-

-0.304483
-0.733028
-0.738029
-1.148080
-1.171573
-1.326586
-1.386875
-1.820420
-2.15221*2
-2.1*69267
-2.585787
-2.917609
-3.23*634
-3.351154
-3.566455
-4.000000

-4.433547
-4.648313
-4.765367
-5.082393

-5.414214
-5.530734
-5.847760
-6.0306^5
-6.179581
-6.613127
-6.828428
-6.829235
-7.261973
-7.261974
-7.695518
-7.695519

• 9 «
It -5
*. -5
1, -3
6, -1a. -7
5, -1
1, -7
2, -6
1. -7
3. -7
V, -7
7, -7
8, -7
1.-6
1, -6
If -7

1, -6
2. -6
1. -6
9, -7

6. -7
6, -7
3, -7
6, -1
7, -8
1. -f
1. -6
5, -2
3, -5
5, •*
6, -7
9. -«

-0.3041*82
-0.304483
-0.733028
-0.733065

7, -7 
9, -5 
2,-6
2, -3

k a 27

-0.304482
-0,3057

4. -6
5. -1

-0.738028 8, -7

k m 24

-0..504432 8f -3

-0.733028 2, -6

-1.171573 1, -8 -1.171573 1, -5 -1.171573 5, -5

-1.336875
-1.820420
-2.152242
-2.469267
-2.585787
-2.917609
-3.234634
-3.351154
-3.566455
-4*000000

-4.433547
-4.648847
-4.765367
-5.082393
-5.371055
-5.414214
-5.530734
-5.847760

-6.179581
-6.613127
-6.823428

-7.261852
-7.261973
-7.695518
-7.695519

1,
3,
4,
2,
3,
9,
2,
3,
3,
4,

6,!'
Oy
8,
1,
2,
4,
2,

1,
2,
2,

5,
1,
3,
3,

-8
-8
-7
-6
-6
-6
-5
-5
-5
-6

-5
-5
-5
-5
0

-4
-5
-6
-7
-6
-8

-3
-6
-5
-4

-1.386875
-1.320420
-2.152242
-2.469267
-2.585786
-2.917605
-3.234628
-3.351137
-3.566442
-4.000000

-4.433550
-4.648855
-4.765370
-5.082395

-5.414214
-5.530735
-5.847760

-6.179581
-6.613127
-6.328428

-7.261973

-7.693653
-7.695513

5
2
3
2
3
8
1
2
2
2

2
2
1
8

3
2
3

2
5
1

3

7
9

t
f
9

,

9

9

,

9

9
9

9

9
9

9

9

9

9

9

9

t

-5
-4
-3
-2
-2
-2
-1
-1
-1
-2

-,-t
-1
-1
-2

-2
-2
-3

-4
-S
-5

-7

-1
-6

-1 .386875
-1.820420
-2.152273
-2.4707
-2.5863
-2.932
-3.254
-3.449

-3.971
-4*021
-4.550

-4.746
-5.067

-5.4115
-5.5292
-5.84772

-6.179581
-6.613127

2
1
1
7
9
2
1
3

7
6
3

1
2

9
7
1

1
2

9
f
,
9
9
,
,
9

9

9
9

9
,

,
9
9

f
9

-4
-3
-2
-2
-2
-1
-1
-1

-1
-1
-1

-1
-1

-2
-2
-2

-3
-4

-6.828428 5 f -5

-7.261973

-7.695518

2

9
9

f

-6

-8

TABLS 2

Note that we need to take k well above 25 to be able to guarantee 

all the eigenvalues and that the spurious eigenvalues are clearly 

recognisable by the aise of the last elements of the corresponding

vectors,
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Th« General Matrix

The aethod of Lanosos is also applicable to unsymetrie matrices 

if used in a modified form, We now generate two sets of biorthogonal 

vectors, y* * and jr ' by the recurrences

(1*1) v -fi 
£ f i-1 a*

.bar. o, and «*

t8

fhe matrix C. is again defined by (6) and we now have 

relations

At

the matrix C. is not symmetric and in general we cannot uae the 

method of bisections. Fox (1964, P*«e 256) suggests using Muller's 

method for finding the roots of tue characteristic polynomial. It 

is a simple matter to calculate det(C. - ^l) for any M, However, 

if8 . ^ 0 for all i, then C, is similar to the ayanetrto matrix 

CJ given by

cv

J

In this oase we may use the method of bisections on C», and this is 

exactty the sasae aa performing the aetliod on C,

(12)

(13)



As in the eyuwtrio case, there ore difficulties over t..e 

termination of the sequence. One a again we should ooapute the 

eigenvectors of C. And accept only those with small last elements. 

This will give us approximate eigenvalues and vectors of A with 

soall residuals, but with an unaysatetrlc matrix a small roaidual 

does not necessarily inply an accurate eigenvalue and eigenvector*
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CHAPTER 7

SCLUTICH OF THE EI&E^ALUg PftCBLSM USING ?F.IA?TGULA£ DECCmIOSmOK

I 
We again consider the eigenvalue equation

(1)

where A i» a sparse matrix. We now assume that A is a band matrix 

and that we have sufficient storage for triangular decomposition 

to be possible* The methods of this chapter will be most valuable 

where there are few zero elements inside the band*

Inverse Iteration

If a single eigenvalue and corresponding eigenvector are 

required, then inverse iteration, given by the equation

U - Pl)£ - S, (2)

is satisfactory provided all the element; ry divisors corresponding 

to the required eigenvalue are linear and that the mttrix (A - pi)

does not neve store than one distinct eigenvalue of smallest modulus*
/ \ M x(»). 

The vector ̂  ' converges to an eigenvector of A and h *" ' ^ converges

to (A, - p) where \ is the corresponding eigenvalue* Any vector norm 

may be used* The iteration (2) is invariant vdth respect to a 

transformation of coordinates, so there is no loss in generality if 

it is written

where J Is the Jordan canonical form of (A - pl}~ * By consideration 
P

of 3 it is easily seen that the oonvergenoe of the iteration is 
P

eventually governed by the equation

is th* second nearest eigenvalue to p« Thus the convergence



ift geometric and i» very dependent on the closeness of p to the 

required eigenvalue.

The matrix (A - pi) la f&ctoriaed once only into the product
K i ' • _, ii'*-«'

of two triangular matrices, and during each iteration equation (2) 

is solved by forward and backward substitution. In view of the -

I A.

Where (A * pi) has sore than one eigenvalue of scaliest 

modulus or where not all the elementary divisors corresponding to 

the required root are linear, the -'^oc^aa may not converge, or the 

convergence may be very slow. Suppose there are r eigenvalues

of minimum laodulus, then provided svifilwient iterations (2) have
(I) been performed there exists • vector Jf , whose nona is small

compared with the norm of x/ ' , such that the diaenaion of the 

space spanned by the vectors

(* - HT* (i^W-*) (5)

i' or k a 0, 1, 2, ... is r. We should therefore be able to obtain 

the r eigenvalue- y r steps of Lanosos aothod of minimised 

iterations with ̂  ' as starting vector. Iha problem of the effect 

of rounding errors is not nearly as severe as in the general case 

considered in Chapter 6. ?or suppose that Y is tiie modulus of the 

largest eigenvalue of (A - pi)"" , then «^, ^8^^ and f

equation (2) or (12) of Chapter 6 will be approximately equal to

Y' and so the component in y^ * ' vhlch is outside tne space ( 

cannot increase very rapidly. Its norm will increase by a factor 

that cannot exceed a constant depending on the siae of je^ ' and 

approxifiiat«ly equal to 3* ' (0 should therefore work to ar. accuracy 

of not less than 1 in 3 • Undar this condition the Lancsoa vector 

will show a sharp drop in norm after the r step and the process 

should then be terminated* If no such sharp drop occurs, we may



assume that 1 was not taken sufficiently large* This technique 

may also be applied when several roots of A are nearly equal. The 

unwanted roots will be eliminated eventually by the inverse 

iteration, but the ^anozos iteration will #ave mucii work*

Iteraton

••e see from (4) that the convergence of iaverae iteration 

is ^eo^.c&ric. :-.e may obtain quadratic and aometi&e*! cubic convergence 

at tiie expense of more work per iteration by the Eayleigh quotient 

iteration. This has been considered in some detail lay 

Ostrowski (1957-9)* For a symaetric matrix the iteration is 

given by the equations

.V

* (A -

Ostrowski shows that this iteration has cubic conversance. However, 

we must no perform a triangular decomposition at each iteration* 

?roa tablt 2 of chapter t we say calculate that the work is increased

, when th® matrix has toandj-width

(2r-l). 1'hus if r is not very large and the root and vector 

are required accurately, the R&yleigh quotient iteration will 

probably involve less work in all. It also provides an alternative 

method for a tridiagonal ayzaeetric matrix and is likely to compare 

favourably with the method of bisection^.

For ntm-ayrametric natrioea Ostrowski first considers the 

iteration given lay the equations

(7)

s (A - Xl) , (8)

(9)

do)
(*»)-t



He shows that, provided the required eigenvalue does not correspond 

to a non-linear elementary divisor, then in general the convergence 

i* better than quadratic in the sense that

- er * o [( -xr )2J auk-*"*'. (11)

For an eigenvalue correcponding to a non-linear eleaentary divisor 

he forms the rational function $X)» defined by the equations

(A-XI) « * (12)

(13)

\; s i.

« is the greatest oeayeaent of a non-linear elementary divisor 

corresponding to ;'r • it follows that iteration with JJ(x) is 

geometrically convergent to ̂  • & quadratic^ ly convergent process 

sjay be obtained by iterating with the function &(X) aoKiiSd by

ainoe, from (16), we have
CO

In general^ of course, we will not know in advance the value of L 

Oatrowaki suggests that in §ueh a oaae we should iterate with

where d f j~ , are fixe a and arbitrary vectors. He shows that, 

in general, tha derivative of Jj at the wanted eigenvalue ^ la 

given by

fi (<r) ,1 - |, (15)

so that

(x -')*, (16)

(17)

AW- ̂*''\(> -»•). (18)
*• ^*



If L / 2, then we may deduce from ttie iterates the true value of 

L since

He also consider* a similar process applied to the ordinary ILayleigh 

quotient. The rational function 4(X) i« now defined by

£ 1
and he shews that in general

where I* is again the greatest exponent of an elementary divisor 

corresponding to 0". A quadratioally convergent process may be 

obtained as in equation (17), but this would require the solution of 

a total of four aeta of linear equations, whereas only three are 

needed to form Householder* s function

(x)) -

and iteration trtth this showa quadratic convergence.

Ostrowaki also shows that if the ordinary Rayleigh quotient 

iteration given by equations (6) (7) is applied to a non-synnetrio 

matrix, then, in general, the convergence is quadratic rrovided that 

the roots are real and correspond to linear elementary divisors.

(19)

(A - XI) * x , (20)

(21)

» X + (X- <r) ( £ + 0(>- cr)], (22) 

as X —» 0"* • If a new rational function is defined by

(x). x j^ Q<Cx)) > Ax) (23)

then

-r' i
* 1 - , (24)
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lie concludes that this is an advisable procedure to adopt since 

the work per iteration is about half that of the generalised 

Rayleigh quotient iteration defined by equations (12) (13) and 

However it ia quite rare to be able to ^u&rantee these conditions 

and equation (25) involve* approximately l£ times as much work 

per iteration ae equation (17). We feel bound, therefore, to 

reco rumen a (17) for use in the general case. It ie, of course, 

still valid for L « 1 , and in the absence of any sore pr^oiee 

inforiaation this value of L should be used to start the iteration.

Rutiahauaer* a L»R Tranaroraation

If aeveral eigenvalues are required a powerful technique 

is the L*R transformation of Eutiahauser (1933)* -acii step of 

the iteration is given by the equations

and, in fact,

(27) 

A. (28)

repreaents the usual triangular ddooaposltion. -ach step 

is a similarity transformation sinoe

Pk



where Bk = b Lg ...

and ...

It is easily verified that

Ak A •
JC JC '

so that a. and P give the triangular decomposition of Ak. 'fete that

the matrices A. are all band natrioes with the same band width. 

Butishau&er proves the f ollowing theorem*

Theorwa If the matrices B. as defined aoove converge for

y 9 then lim A. exists anu is an upper triangular matrix.*

Proof If B * li» B exists,

•1
then liai L. * lim B. , B. is the unit aatrix.

* *"1 *

further sinoe JL » Bu A B^,^ this converges and so

* Lk \ conver^G3 *nd is upper triangular* 

Kutiahauser go^& on to prove another theorem,

Suppose that no leading principle suboatrix of X or X* is singular, 

then A, converges to an upper triangular aatrix with the latent roots 

of A on its diagonal in descending order of raodulus.

Proof -e give here a new proof, which permits a generalisation 

to be applied more easily.

The conditions on X and X imply that the triangular 

decompositions

Tbeoreji If A baa latent roots with distinct moduli,

IV > 'SI —
then there exists a aatrix X such that

A * X diag (\ ... XjX" 1 . (33)



X « CD and x"1 = m (34)

IT
exiat. Ihua A ia given by

AkVxp diag (X* ...
;:iF * 1

Now D dla* (X* , f . X*)B

d11X1

*nnXi. %1 *nnXn en2 4nnXn

New for r = 1, 2 ... n, d.. X 0 and $ X 0 ainot neither X nor Xrr rr
bare a singular landing principle sutaoatrix. Hence if the matrix 

in (36) ia split into trianglaa than in the limit the lower

triangular part will be Juat the unit matrix. It follows that whan
k A is aplit into trianglea^

(57)

then fl. eonvergea to C, iience limA, exiata and ia giren by

= »^ X au« (x ... x ) x"» (38)i n c*3 
* D diag

and the latter matrix is upper triangular with diagonal elements

X. ..« X • 1 n

For the generalisation of this result we consider /)'s Jornan 

fora J ao ordered that the moduli of the diagor ,i. elements
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a non-increasing sequence. Further let J be partitioned 

so that

wheneeach X is a principle suteatrix of «7 having diagonal eleisents 

all of equal modulus* Then the analysis proceeds as before, 

where now the letters correspond*^ to submatrioes rather -whan

eloiaents, but tlie triangular decompositions are atill point
t 

decomposition*. We Justify the expressions 0(X*) in (36) by the

result of Varga (1962, page 64), that if X ia of order j^i then

as

where P (X ) is the spectral radius of X , In the triangular 

decomposition of (36), the lower triangular part is now block 

diagonal* It follows that the off-diagonal blocks of 8 converge 

to the corresponding blocks of C and hence that in t.:.. linit U is 

block atftgffnall. Unfortunately we cannot deduce at once that A, 

is block upper triangular, since this requires that ?*. be bounded* 

However if block triangular decomposition is used, the proof carries 

through in exact correspondence with the earlier case and convergence 

is assured* ^e suggest therefore that in a practical case point 

decomposition should be used until the block matrix; becomes apparent 

and thereafter block iteration be used*

It should be noted that the convergence of the iteration

is dependent on the ratios jj$*\ '• $e shall later use the property
l\t 

to accelerate the converge for the iteration when applied to a

positive-definite matrix* If this ratio is very near unity then 

we may group together the two eigenvalues into a block and a.^ the 

above result in its block fora. We therefore have oonvjrGdnc® 

to a block upper triangular natrix much soonar than convergence to

(39)



an upper triangular matrix. There is no need to iterate beyond 

convergence to this blook fora, since the eigenvalues of the blocks 

may then be found by any of the standard techniques*

Fox (1964) considers a slight modification of the process 

in which interchanges are included in the triangular decompositions, 

These are just as necessary here as in the solution of linear 

equations, ',:he iteration is now given by the aquations

and

where I. is a permutation matrix, so chosen that no element of k 

is greater than unity in modulus* We know of no proof of the 

convergence of this iteration* Sorae numerical experiments would 

be interesting, and we suspeot that if the eigenvalues are real and 

distinct no further interchanges will be required after a finite 

number of steps* Thereafter, Eutiahauser's theorem gives us 

sufficient conditions for convergence* Perhaps the safest course 

would be to return to Rutishauser'& original iteration after a number 

of iterations given by vM) and (42)* A cheek should be kept on 

the sise of the elements of I*, and additional guarding figures kept 

if necessary* In any ease we cannot allow an indefinite number of 

interchanges since we are here considering band matrices and we 

wish to keep the band-width as small as possible*

Mien A is positive definite the decomposition (26) is replaced 

by the symmetric decomposition of Choleski, given by

UO

and A is defined by
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This iteration preserves the symmetry, so that our storage 

requirement is approximately halved. Rutishauser shows that under 

this iteration A. is bound to converge to a diagonal matrix, 

although the elements down the diagonal may not necessarily be 

ordered* If A is symmetric and non-definite we work with (A+pl), 

choosing p go that we obtain a diagonally dominant and hence 

positive-definite matrix. In this way we avoid interchanges and 

an increase in band-width.

Xutishauser (1953) has proposed a very useful accelerating 

device for the positive-definite case, which is particularly powerful 

where we require several of the smallest latent roots* We have 

seen that the convergence depends on the ratios ic+1 • If we

have a good lower bound for X , say X > jj, and we iterate on the 

matrix (A - jil), then convergence in the last row and column will
£y-Jvro«Lu.t£

be much improved. Now we may evaluate det(A - **l) as a product of 

the triangular decomposition. If we evaluate this Tor two different

values of v each known to be leas than X . then we may obtain as as n
lower bound for X, the quantity

which comes from fitting a straight line through the two known points* 

It must be a lower bound on account of the convexity of the c.^aract- ristic 

polynomial beyond its smallest root* The convergence can, indeed, 

be still further improved by the use of a different value R of ^ 

for each L~R step. *• find ^ by (45) with M^ *<2 replaced by the 

greatest two of j^, Rg ... /^.^ Tais process is quadratically 

convergent* Once convergence in the last row and column h&s been 

obtained, these may be deleted and the saa« procedure applied to the
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remaining (n-1) x (n-1) matrix, and so on.

A similar acceleration may be applied to the Iteration for 
a general matrix if its smallest eigenvalue is real. If the 
off -diagonal elements in the last row and column of A, are saall,
then thia last diagonal element, »**' will approximate to anim
eigenvalue of A and the convergence will be accelerated if A. is 
replaced by

aay even use this procedure for a complex root if we are 
prepared to use complex arithmetic. Eutishauser remarks that 
when the symmetric iteration, as given by equations (43) and 
is applied to a positive-definite matrix, then the answers obtained
have been found to be very accurate* <•& win now demonstrate this

X property. Suppose that the exact value of L. L, is given by
the equation

then WiUdLnson (1961, page 305) shows that if wo use binary-place 
*ritianetic, with double-length accumulation of scalar products , and
if

1 // < 1 and / a / < 1 - 2** ,

then

-t-1
.-t

'

tfilkinson shows further that

f or j > i

i > J

i -

< 1. It follows that

(49]

If



when>(2r~l) is the band-width of A,. Let us aasuae that

I! V' < 1 ~»k2"*'

where pfc is a positive integer. This ensures tiiat the second 

condition of (J+8) holds. We also have that

yU \\\\\

1 - (21-1)2"*

provided 2r(2r-l)2'" ^1. l^iua if p^ > 3rk, the required

conditions hold for all iterations up to the kth. The matrices
T A. , K. and k W are all syiBMtrie and it is a trivial consequence

of the mini,"** characterisation of the eigenvalues that corresponding
T eigenvalues of ^ and 1^ L^ differ by not more than

T Similarly the eigenvalues of L. k and A. . differ by not acre than

$ (( . Thus in each step the loss of accuracy in each eigenvalue is
-t

not greater than 3r 2 . In fact this will be an over-estiaate

< 1
provided that p.> r.

X It follows that in the computation of k U , provided double-

length arithmetic is used for scalar products, the only significant 

founding error will be in the final truncation. Suppose that

Vi • % \ * *k - (53)

then

||Fk f/ ^ 2^(21-1) // ^U , (34) 

and we deduce that



during the later stages when the matrices A^ a ,~0 near £
IL

$Q may obtain a jaore accurate result if vre are prepared to store 
the matrices A, to double-length pr&ci&ioa. In tiiia ca^e \\f. || 
is negligible and the loaa of accuracy at each step is bounded by 
r.2".
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METHODS FOR m--. Kl&ir.mUS PROBLEM

In this chapter we consider the same problem as in Chapters 

6 and 7» namely the determination of one or more of the solutions 

of the equation

A x « X x , (1)

'#e assume now that either A ia too large to be stored inside our 

computer or that is Is a band matrix with so saany zeros in aide its 

bend that the methods of Chapter 7 are uneconomic.

Direct Iteration

For a symmetric matrix we can use the "direct" iteration given 

by

which converges to the eigenvector corresponding to the smallest or 

largest root of A according to the choice of p. The situation here 

is in exact parallel with that ia Chapter 5. with equal ease we 

can form the vector

where p (*0 i» &ny polynomial of degree i. To obtain the vectors
n

corresponding to either the smallest or largest root a good choice 

for p (*0 i* the 1th Chebyshev polynomial over the range of all the 

other roots of A. If all the othgr roots lie in the range (a, b) 

then the polynomial PM) will be given by the equation

y< l> . p. (A) 5<°>, (3)

b-a



and the iteration takes the form

(5)

We nay judge the progress of the Iteration by the ratio
(i) 

sine* the motor y ' will eventually behave according to the relation

wheiC.

V * *2^ * a + fe , (7)
/ b - a

and X is the required root* The root itself is best found from 

the Rayleigh quotient

/. \ _ t. \
(8)

This iteration is very similar to that given by aquation (24) of 

Chapter 3; the general properties of the convergence are also similar, 

and means of obtaining estimates of the two end eigenvalues and 

corresponding eigenvectors were indicated there* aowerer wu do aot 

now need the condition p*(0) * 1» We e&y use & technique similar to 

that of Chapter 5 for improving the values of a and b. for if <> is 

the only eigenvalue outside the range (a, b) the residual

(9)

will not show any regular behaviour. If, however, there is a second 

eigenvalue X. outside the range then r/ ' will behave as

where-

* . (ID
b - a



As in Chapter 5 we my either use )) jf ̂  If / [|^ 1^ |[ to

estimate X from (10) and (11), or, we my use the Rayleigh quotient

In |krinoiple this method oan be extended to obtain successive 

eigenvalue* and corresponding vectors, starting from one end of the 

range of eigenvalues. The components of the vectors already found 

east be subtracted out at regular intervals* Rutishauser (19:>9) 

proposed a modification of this method that allows several of the 

smallest (or largest) eigenvalues to be computed si. It&naously, 

We choose the range (a fb) to include all but the required eigenvalues 

and Iterate until the current vector lies in the space of the 

corresponding eigenvectors. Suppose that the eigenvalues and

corresponding vectors are X. and € aid that the starting vector
j u j

can be expanded in the form

so that

whertl

b - a

If >. 4 lies outside the range (a,b) then it is easily seen that as 
•I

and for X - inside the range we have

(13)
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It is therefore reasonable to suppose that by the tine the

current vector is dominated by the eigenvector € . where X lies
_£ J j

outside (a,b), then the error term in (16) may be neglected* Ye 

now apply Lane BOS' method of minimized iterations to the vectors 

7 » y ••• y • 1*he Lanosos vectors are not obtained by 

the usual process but instead an ordinary Schmidt orthov nalization 

process is used to find an orthogonal set £ % • •• 1 • In

this way wa obtain eigenvectors of A and the numbers (/*+//« " 

from which the corresponding eigenvalues may be found* Again we z&ay 

use the Rayleigh quotients to obtain bettor estimates of the values* 

The limitation of this technique was recognised by liutishauser in 

a oouoent that it would be difficult, i.- actual computing, to find 

more than two or three eigenvalues in this way* 1'he trouble is 

that the Chebyahev polynomials increase very rapidly outside the 

range (a.b) and the vectors y will have larger components of 

eigenvectors corresponding to the extreme values* This will present 

no grave difficulty as long as we can keep a few additional guarding 

figures, and provided s is not large.

An alternative suggested by &inaburg (1959) is to use the 

Chebyahev iteration as in Rutiahauser* a aethod above and then apply 

an ordinary Lanezos iteration with the resulting vector as y* ' . 

We can expect a good result for the required eigenvalues with far 

fewer iterations than with the straightforward use of Lanosos, and 

this is confirmed by Sinsburg in practical applications.

Uoe of aoa Iteration

If we require a single eigenvalue and eigenvector or wish to 

ioprove an approximation we may be tempted to use thft inverse 

iteration of Chapter 7, given by the equation

(«)

and an iterative aethod to solve the linear equations. However if
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p is close to an eigenvalue the matrix (A « pi) is nearly singular 

and any iterative. method can, at best, converge very slowly. If 

A is symmetric and p is exactly equal to its smallest eigenvalue, 

then it ia easy to confirm that the successive over-relaxation 

iteration matrix, L^ 9 with any relaxation factor w in the range 

0 < w < 2, h&& dominant eigenvalue unity*

For suppose

(A - pi) * D - L - U t (19)

where D is diagonal and L and U are respectively strictly lower 

and upper triangular, then w® have the relation

(A - pl)y » 0,

that is

(D - L ~ U)y « 0, (20)

where y ia an eigenvector of A corresponding to eigenvalue p. It 

follows that

y » (D - wL)~ (w*J - (tr-

»

Let us assume that every row of the matrix A has at least one 

non-aero off-diagonal element, since otherwise the probles is 

trivially reducible. Then it follows that all the elements of 

D are positive* ^> element of D can be negative since (D - L - U) 

is positive semi-definite. Suppose *u » 0 that » =. a^ / 0 and 

timt w« perform a permutation similarity transformation on (d - L - U) 

to bring the ith and jth rows and columns into the 1st >~vi ^aa rows 

and columns. Xhm it is easily seen that the leading 2x2 submatrix
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is not positive definite. We conclude that d,. > 0 for all i. 

Hence the argument of Chapter 2, equations (61) and (63), is 

applicable, and the error vector will ultimately be an eigenvector 

of A corresponding to the eigenvalue p. Furthermore from 

consideration of the Jordan canonical form of L it may be seenW^

that convergence is impossible unless L^ has no non-linear 

elementary divisors corresponding to the eigenvalue unity* We 

shall find this property useful below (page

Using subscripts to denote 30 R iteration, we have from 

equation (18) the relation

For large 4 the vector L^ (x^1 - 5) wili change little

wliioh will involve a simpler iteration and require less storage* In 

this case equation (22) takes the form

The rate of convergence will be governed ty the second eigenvalue of

/ . When A has "property A" we may use the techniques of Chapter ^w
3 with a slight modification, to estimate the optimum value of w. 

We re<juire an estimate of the current rate of convergence frota 

successive values of the displacement vector, £. . - x.. ilowever
w ^ w

this vector &ay be polluted by a component of the dominant eigenvector 

of L if the dominant eigenvalue is not exactly unity. The current 

vector may be assumed to be an approximation to this dominant 

eigenvector, and ** overcome the difficulty by applying the procedure

5 

If p is & good approximation to the smallest eigenvalue wi' A

and will not be small compared with £* ' . Thus the» is little 

gain in solving (18) over solving the homogenous set

(A - pl)£ . Ot (23)
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to the vector of changes less ita component in the direct ion of the 

current vector* The iteration should be continued until the 

vector of changes lies substantially in the same direction as the 

current vector. We then find an improved estimate for the 

eigenvalue from the Rayloigh quotient of the current vector and use 

tula new value in (23). We will show that in virtue of the 

stationary property of the R&yleigh quotient this iteration involving 

oquatione (35) and (*?!>) converges quadra tically in the limit* For 

if i^CO is the t02 iteration aatrix for p * X + €, then

/^(B) « (D + el - «L)"1 (MI - (wl)(D + «!)) (25)

(26)

whei& S is a aatrlx that depends on w, D, L, U, Suppose that 

the Jordan oonenical of /.o) is J and that

., *. (")

so that

t Tj»«Y<?jfd»» /"V * i T 5ftA

flow we know that the part of J corresponding to the unit root is 

diagonal* It follows that for sufficiently small s the dominant 

root of / (*) differs fro® unity by a tera of order e, and the 

corresponding vectors also differ by a term of order e* It follows 

from the stationary property of the Sayleigh quotient that t&> »ls
<y

error in-ii' is of order 0(e ), and the coav^rgeno* is therefore 

quadratic in the limit.

'this procedure has been described briefly by Forsythe and aaow 

(i960 page 375)• As tney point out, it is not applicable *o 

other than the smallest or largest eigenvalues, but we have found it 

very powerful in this case and feel tiiat it deserves attention.



The second eigenvalue may be found by a alight moaii'ic&iion 

of the procedure* We iterate until we have found the dominant 

eigenvector of Lvand then iterate again, subtracting out the 

component of this vector at regular intervals. In this way we 

find the required eigenvector of L^ . However it i» difficult 

to see how to choose the beat value of w, In principle the 

technique may be extended indefinitely to produce any eigenvalue 

and corresponding vector, but it is clearly too clumsy to be of 

practical use for more than a few of the lower eigenvalues* An 

obvious alternative for a middle eigenvalue ia to use Kacamars 

iteration on equation (23}* If p is exactly equal to an 

eigenvalue of A, we are applying Kaczmarz iteration to a singular 

matrix, and the hyperpl&nes will have in cocoon the space spanned 

by the eigenvectors corresponding to the eigenvalue zero* The 

distance froa the current point to this space will decrease steadily 

and, lay the same argument as in Chapter 2, the iteration will 

converge* In this case we find an eigenvector corresponding to the 

value aero* It also follows that the iteration matrix has spectral 

radius unity and the eigenvalue unity corresponds to t*o non-linear 

elementary divisors, and hence that if p differs from an eigenvalue 

of A by c, then the dominant eigenvector of the iteration matrix 

will differ from the corresponding eigenvector of A by a term of 

order 0(e). ?he overall convergence cf the method will therefore 

remain quadratic*

Use of Jfeozaara Iteration

For a general unsyaaetrio matrix wo need approximations to 

both the right and left eigenvectors of A in order to calculate a

iiayleigh quotient, Thus we oust apply Kac«&&rz iteration to both 

the equations

(A - pl)x . 0 (29) 

T
and - pl)y . O t



105

and take as the new approximate eigenvalue the

The convergence of these iterations my be improved by the 
uae of symmetric Kaounara with Chebyshev acceleration* If tne 
iteration matrix la Tf then the accelerated iterates win be given 
by

*«0) *4 1 l~i

less its components in the direction yr '. If b is an over­ 
estimate this will behave in a random f»shien, but if it is an 
underestimate it will eventually lie substantially in the direction 
of the subdominant eigenvector of the iteration matrix T.

Kacemars iteration will in general show rather slow 
convergence since applied to ihe matrix . it converges at Uie same 
rata as ^auao-^>eid«l applied to AA . If a number of eigenvalues 
are needed this is unlikely to be an economical method* and Lanczos* 
method is to be preferred* ^he usefulness of the methods of this 
chapter lies in finding an isolated eigenvalue or in la^roving an 
approxiisate eigenvalue and corresponding eigenvector.

« ,y (32)«•> ««*

when T^JI) is the ith Chebyshev polornomtal ov®r the range (o,b) 
and b < 1. As with oth®r Chebyshev iteration*, we nay correct 
an under-estiaate of b* W« consider the vector

(33)
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RANK o? '\ jsvnox w Tim SOUTTIQN o/ ras ILL-CO NDITIOKSP

In this chapter we shall use an order relation between 

matrices. If the matrices A and B have elements (a.,) and (b
irf *V

and the same nuaber of rows and the same number of columns, then

we say A ^ B or A <^ B if a. . ^ b4 . «r a4 . < b. . for all i and j.
XJ 1.J &J ij

We shall «^ae denote by A* the matrix whose elements are ( |a.J ),

If a matrix is given numerically the classical definition of 

rank has no significance unless the elements can be expressed 

exactly inside the coo^uter. However it should be possible to 

state error bounds for each elenent* If cue re is a singular matrix
j

which differs from the given matrix, element by element, by less than 

the appropriate bound then it seema reasottabl* to say that the a^trix 

is "numerically singular4** Kxtending this idea leads ua to define 

" numerical rank1** We say that the numerical rank of the matrix A 

with respect to the matrix E, where S > 0 and A, .i have the sarae 

nuaber of rows and coluiuns, is the miniama rank of the set oi* 

imtrioes [B] where

A - B ^ b ^. A «f E. (1)

This definition reduces to the ordinary definition if £ » 0. 

Unfortunately it may be difficult to calculate the value of the 

numerical rank in a practical case, but we give below methods for 

finding upper and lower beunds. 'These may coincide or we &my be 

*ati«f i«£ with cne of thai*

We show first that if the matrix A is non-singular th*n it is 

numerically non-singular with respect to the non-negative matrix

s if
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where the norm is the row norm. To prove this we suppose tiiat

B » A + F where F* <:

and it follows from G*rshgorinf s theorem that B is non-singular, 

which is the required result*

Suppose that the elements of S are all of the saae order of 

magnitude or that the matrices A an* S can be so scaled, by rows and 

columns, that the new K Is of this for:3. te can then find a lower 

bound for the numerical rank by performing Oaussian elimination with 

full interchanges. If . is a leading principal submatrix of the 

permuted matrix A and E is the corresponding submatrix of S, then 

the numerical rank is not les& than the maximum value of i for which

If the numerical rank is completely unknown this method will 

involve a great deal of computation* However it is true in practical 

cases that we generally have a good idea of its approximate value* 

In a linear ays tea arising from an integral equation, for example, the 

numerical rank may be very sn^all, say four or five, when the order 

of the matrix is quite large* Very little work is required to 

check [/A? E. [/ for i = 1, 2 ... 5* In a common oaae we wish 

to confirm that the oatriz is non-singular* If the inverse is 

required in any case, little extra work is necessary, and aa&e 

economy is in fact possible* We have the triangular decomposition

(2)

(3)

But UiT'fll ^ lltT"f"H ^ //A~"L« < 1, (O

(5)

BO that
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I «;1 1 n i^1 ii ii KI n ,

and the latter expression taay be calculated comj jirativoly ear.ily.

If we find it la greater than unity we oust revert to tu calculation

To find an upper bound for th*» numerical rank we again assume 

that the elements of - are all of the ^aoie order of magnitude and 

perform &aussian elimination with full Interchanges. /or simplicity 

we assume that A is correctly ordered at the a tart. If at any 

stage the last r rows of the reduced raatrix are smaller in modulus 

than the corresponding elements of the error matrix -, then the 

numerical rank of A is not greater than (n-r). i'hia test is 

unfortunately rather clumsy in the sense that we have not considered 

the effect of perturbations in the first (a-r) rows* £here is a 

better test for the case r • 1. If the decomposition of * is given

is the last element of U, and if

i nn ( '*•— ^TBI *^tt 

it is clear that A is numerically singular with respect te S.

The Solution of Ill^Qgditioaed ^eta of ^ouations

if a Matrix has rank (n-r) ii nas r linearly independent

A * uu, (7)

and if ? is a matrix of small changes in the elements of A then we 

have the equation

lT1(A * F) a U * L~1F. (3)
/
j

T -1 If J^ is the last ooluan of E, 1 io the last row of L and u
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corresponding to toa eigenvalue zero* V^is will be 

true of the matrix B of the definition of numerical ran*. It 

follows that the solution vector x or l:^ set of equations

lias an arbitrary component in thla spi.ee of dime-^oion r. fn 

practice, the solution required ia probably that with zero component 

in this space, but any ether aolution may be found with the help 

of approximations to the relevant eigenvectors which we will need in 

any case. Suppose that we can order the rows and columns of A 

se that the leading principle aubmatrix of order (n-r) is non- 

aingular, or equivalently that the interchanges are such that this 

would have been the form of A if no Interchanges had been used* 

We take as seres the last r elements of the solution and solve 

for the remaining elements* However this solution will in general 

contain a component in the space of eigenvectors corresponding to

the value zero. Suppose an independent set of these eigenvectors
T is x. and a corresponding biorthogonal set for A is y*. ?hen we

obtain the required solution

r T 
I* • £

%

rhe oaae of »yaax«tric A ia simpler since x, • y.

aoxaetimes occur having a numerical rank that is 

staall cojapared with the order. In such a oaa« it is more economical 

to find the (o~r) eigenvectors corresponding to eigenvalues that 

are lot snail* w« find the components of b along each eigenvector 

and hence the components of the solutionjc*

(10)
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K&j Iti COMR.KX Al£K3A

We have assumed so far that all the coefficients in our

have been real* The majority of practical matrix problems 

are of this nature , but complex matrices do occur and we consider 

briefly here how the techniques we have considered way be extended 

to this case.

The methods of Chapter 1 all generalise to complex matrices 

with no difficulty. We must replace transposed matrices by 

conjugate transposed matrices am synaaetrio matrices toy Hermitian 

oatrioes, We should nete in particular that interchanges are not

terequired from positive-definite Hermitian aa trio as. On moat 

computers the amount of work will be about four timed that for the 

real oase. The most useful comparison is in the time taken to 

accumulate a scalar product. On Mercury, using machine language, 

the ratio is ?i 2$.

An alternative which avoids complex arithmetic is to replace

the equation

(A + iB)(x + i y)

when? A, B, *i y, bf c are real, by the equation

A -B

B A

*

y \ 
\

i
s.

The equation (2) has real coefficients and is solved by one of the
/ * *• * 

standard techniques. If (A i- iB) is Kermitian, then !
-B

\B A'A
syaaetrio and if (A + IB) is positive definite then so is

Th© form (2) is unsuitable for ba.id ma trice© since the band

the equation

i»

-B

B

(D

(2)



111

b22 *a

-> L

The use of equations (2) or (3) is convenient since we may use 

programmes already in existence and there ia no need to use any

complex arithmetic. However the order and band-width have been 

doubled so that the storage is four times as great as for a real 

matrix and the work about eight times as great. Compared with 

solving (1) with oamplex arithmetic we ueed twice the storage and 

work ia approximately doubled*

Similar considerations apply to the generalisations of tne 

of the other chapters* -0 aay replace the eigenvalue

problem

/, * iB)(x + i y)

by the equation

A -B

B A

"** —

X

y
«* _.

B X

X

y
~~ *~ —

All eigenvalues will now be repeated since if

eigenvector, then so Is

•
~ ~j
5 ( is an
£

"3 I • It would seem to be advisable,
£ \

in all ) to UM oomplsx with«etl«.

(3)

(5)



CHAPTER 11

N OF i&Limc Pipg^OTUL sotMiorte BY /zsrra i^;.^,^^

Methods of setting up finite-difference approximations to 

differential equations are well-known and we refer the reader to 

Fox (1962, Chapter 21 ), for exasple* It is probably true to say 

that a majority of those sets of linear equations which are solved 

by iterative, methods arise from differential equations and we have 

already mentioned one or two examples* We will not attempt here 

any comprehensive account of possible difficulties, but consider 

the ease where the boundary is curved in a problem of "Dirichlet" 

type and the case where the boundary contains one or more reentrant 

corners.

Curved Houadaries

We consider the differential equation

V2** f <*.#). CO

with boundary values specified on a given closed curve* The 

standard procedure is to cover the area with a uniform square laesh 

with Interval h and to represent the differential equation at an 

internal point by the set of equations
n

• f, \(*,j,h), (2)

where

(x, y 4 t^h) * (x,

and 0 < • < 1» Sufficient conditions for the validity of (4)

be continuous on the open line (x * h,y) f that.~ are

(3)
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A*"*• be continuous on the open line (x, y 4- h) and that $ be 9 u*

continuous on these lines as closed intervals. <.t a grid point 

near the boundary, the finite-difference form (^) may include one 

or wore points that do not belong to the ;n/u. ?e ovorco^e this 

difficulty by using the known values of £ on the boundary to give 

approximations for the values of & at the required points outside 

the net. For example, at the point 0 of i'igure 1 we require

figure

approximations to the values of $ at points 1, 4 and these can be 

expressed as linear combinations of the values of $ at 8, 0, 3 •••

and C, 0, 2 ... respectively. If only two-point extrapolation is
k2

used then it is easily seen that when &f \(*,/ , h) i^ neglected

the matrix of the resulting set of finite-difference equations is 

symaetrio* It it diagonally dominant and hence positive-definite, 

and possesses property A. It is thus highly suitable for any of 

the itera^ve methods. If three points are used in the 

extrapolation, then the matrix is not syiaaetrie although it does 

possess property A and is diagonally dominant. It follows that the 

real parts of ell the eifenv*lues are positive, so that SO A will 

oonvgrgft with a sufficiently small relaxation factor. unfortunately 

it is difficult to take advantage of the property A unless the 

Jaoobi matrix lias real roots. Tiiis we cannot guarantee, so that 

it is difficult to find an optimum relaxation factor. If we use
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a direet method cf solution, however, the b*no>width ia no greater 

than when only two-point extrapolation is uded. IT four-point 

extrapolation ia u*ed that) the band-width is increased and property A 

la lo»t, although we still hay* diagonal dominance.

V&rga (1962) itaa suggeetad the use ef a rectangular finite- 

difference grid, ae eheaea that any point where t®e boundary 

a grid line ia also thft a*«t of twc grid linea. In g&neral uhe 

m«j>li intervals will not be uniform* ii* coneider& the

with boundAry condition

wfcfciC *rfr ** tk* derivative of u normal to the boundary and whete
t

> 0 and KX*?) > 0* He obtains a set of difference

corresponding to a five-point approximation, the matrix 

of which is syoaetrte, diagonally dominant and possesses properly A* 

However this result has been obtained at the expense of a local 

truncation error of else 0{ h ), Aloo it id net possible to set up 

this finite-difference grid for a general curved boundary *nd It 

will therefore be accessary to dafona the boundary by a deforiaation 

of ai&e 0( h ) • ^%rgaf a teoi ni^ue ia thua clearly inferior for the 

differential equation (1), but for the more general equutiona (5) 

and (6) the straightforward finite-difference repreeentation will 

not ^ive a ayns&etrio matrix^ This is a disadvantage for both an 

iterative and 'i root method of solution of the algebraic equations.

lh<» treat&eiit of the boundary condition beccases more difficult 

if we use a more accurate finito-difference fora. Cenaider, for 

the nine-point foratula given Igr the equ*tioa

(5)



v2 f(x,y)

whoie S1 UZf(x fy)] by (3),

, y+h) , y-h) , y+h)

and £6 ia a linear oombination of sixth derivatives of $ at pointa 

Inside the square with corners at (x*h, y^h). Sufficient conditions 

for ita validity are that the sixth derivatives of $ are continuous 

ia the open aquare and that f6 be continuous in the closed square. 

Since we have a local truncation error of order h at each point 

(7) is applicable, we would be well advised to use four or

store points in the extrapolation near the boundary* However there
*

may not be as many as four points available in the direction required* 

This is likely to occur near a corner and we illustrate an example

in Figure 2* For the finite-difference form at A we cannot da

(7)

-h, y-h), (8)

Figure 2

better than three-point extrapolation* One solution is to omit the 

value at A from the general equations and this procedure has ouch to 

recouaiend it* ?or * general area, provided a reasonably fine oosh 

i« taken, it should be necessary to exclude only a few isolated points 

from the set. ?he resulting matrix will not be syro&etric but it
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will be diagonally dominant provided eaoh extrapolation is along 

the line of grid points which includes the point at which the 

differential equation ia being represented. If we use a direct 

method the four-point extrapolation will yield a matrix whose 

band-width is probably about twice that for three-point extrapolation. 

Approximately four times as much work will be needed to obtain an
JL «

error of order h instead of h . It seems unlikely that so much 

extra work will be justified.

Another alteration is to replaoe extrapolation at the 

boundary by Interpolation* At each point for which the finite* 

difference formula includes points outside the area of integration 

we replaoe this formula by one representing an interpolation along 

a convenient line of grid points. The matrix corresponding to this 

representation is unlikely to hare diagonal dominance , but it does 

provide a convenient method of obtaining consistent orders of local 

truncation errors. Yet another possibility is to use the finite- 

difference fora for those points that are at a distance greater than 

some specified limit, sueh as half the mesh length, from the boundary, 

and to use interpolation or extrapolation for all those other points 

which are involved in one or aaore of the finite-difference fonaulao* 

The limit on the distance of the "ordinary" points to the boundary 

ia necessary so that we can state the order of local truncation error 

as a function of h.

Forsythe and Ttasow (i960), Bramble and ^ubbard (1962) and other 

authors have considered the problem of deducing the order of the 

error in the solution for various finite-difference representations. 

In general the results for particular cases suggest that for elliptic 

problems the order of truncation error in the solution is equal to 

the lesser of the orders of the truncation of the representations at 

the boundary and in the interior of the area of integration.

Richardson's deferred approach to the limit 9 described for
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oxample by Fox (1962, page 108) is & powerful method for reducing 

the truncation error* However, as pointed out by /oraythe and 

Wasow (i960, page 307) this is valueless when the problem has a 

curved boundary unless the boundary condition is represented with 

a smaller truncation error than would otherwise be necessary. For 

example if the five-point representation (2) io in use for the 

aquation (1) we must uae four-point interpolation or extrapolation

at the boundary if we wish the result of deferred correction to
j, 

have error of order h * In general we oust use at leaat as many

points in the boundary extrapolation as the order we hope to have 

in the corrected result* 2his follows by an argument in exact 

correspondence with that of Fox (1962, page 106) for the case of 

the boundary value problem in an ordinary differential equation*

An ajgeavafett >roblem for a Birentrant Kegjon

There has been aome discussion about the so-called "j>*aeffibrane" 

problem* We consider it here since it illustrates the difficulties 

involved in a problem where the boundary has a re-entrant corner* 

The problem is given by the eigenvalue equation

v

with $ 9 0 on the boundary, which is formed from th/^e unit squares 

as shown in Figure 3. We seek the fundamental (smallest) eigenvalue

(9)

Figure
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and corresponding eigenfunction, and aiao the second eigenvalue. 

The third presents no difficulty since the corresponding 

eigenfunction Is an eigenfunction of the problem over the square 

of side 2.

The straightforward solution by finite differences involves 

the use of the five- or nine-point formulae corresponding to (2)

and (7), but with -X #x,y) and X2 jd(x.y) replacing p (x,y) and
p 

V f (x,y) respectively* 'Vhen the error term is neglected thane

results a aatrix eigenvalue problea and we look for its two smallest 

latent roots* To appreciate the difficulties involved in these 

methods, we consider the fora of the solution of the differential 

equation in the neighbourhood of a corner* Suppose the internal 

angle is v/m* We separate the variables in equation (9) expressed 

in polar

O

figure

coordinates with 0 as origin and OF as initial line (see figure 4) 

To satisfy boundary conditions J0 = 0 on OP and QQ wa find

00

(10)

and if we take the first tern in the power expansion of the 3essel 

functions we have

I » a rm sin a* + OCr2*). (11)

If a is an integer this function is well-behaved in the sense 

that all its derivatives are continuous and bounded* However » s T



for the re-entrant corner of the L-meabrane, so

a m 0 all the deriva tires of t in the r direction will be

unbounded*

If we exclude from our finite-difference grid a small fixed 

area around the re-entrant comer, then the expression (4) will 

be bounded* ?fow suppose that this fixed area is sufficiently 

small for (11) to give an adequate representation of #, so that

n 0(//3). (12)

If we consider the grid point (h,h), then

where P.. is an absolute constant that iaay be found by direct 

computation. >e deduce from (12) and (15) that the finite-
3.L

difference fora (2) will have truncation error 0(h ' ) at the grid

point (h,h). Similarly f°r anJ «r^d point within the fixed area 

around the corner we have

1 - 4) Mih,Jh)J

3 .where the 3 . are absolute constants*

?*ith truncation errors of tkia siae we stay expect the 

solution of the finite-difference equations to converge to the
•\

solution of the differential equation, although we know of no proof. 

numerical experience indicates that the smallest eigenvalue of the 

matrix corresponding to the five-point formula behaves as

a h * b h + ... , (13)

when? a and b are constants, and the eigenvector has the similar 

behaviour

2
+ *.. , (16)



when $ and £ are constant functions. Clearly the convergence 

is likely to be poorer than for the same differential equation over 

an area whose corners are all convex*

We obtain rather better results for the second eigenvalue 

and corresponding eigftnfunotion* This is because the eigenfunction 

has a line of zeros along AD (in figure 3) and in the fundamental 

elgenfunetion of the differential equation (9) with the boundary 

condition # = 0 on the lines AB, BC, CD, DA. This is an area with 

convex corners and we may apply the result of Forsythe and Wasow 

(i960) that the finite-difference equations (2) yield a lower bound

for the eigenvalue for sufficiently small intervals. Experience
(2) indicates that this eigenvalue X*. '(h) behaves as

where a and b are constants and a is negative.

We may apply similar considerations to the use of the more 

accurate nine-point formula (7). In the area near the corner we 

have, corresponding to (14)* the equation

- 20)

Outside this area sXx,y,h) ^^ be bounded, so that the looal 

truncation error will be smaller than that of the five- point formula. 

Results that have been obtained indicate that for the first and 

second eigenvalues we have

a h * b h ...

and

2

(17)

* a h * b h4 + ... . (20)

We give in table 1 so&e results for various values of h.
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results at h • -*| and

may be tempted to use deferred approach to the limit to improve 

on these results* If we fit the first two terms of (19) to the

we obtain V £r 9.6394, a result that 

is in error in only the last decimal place* ft'e feel, however, 

that it is dangerous to rely on suoh a result when we have no 

theoretical Justification for ( 19).

1

h

JL
**>

/

I
t

JL. 
to

JL 
12.

i

So. of 
points

9

18

45

84

135

198

360

5 pt formula, X.(h)

1st eigenvalue 2nd eigenvalue
?,

9.52514

9.64143

9.69083

9.69316

9.68829

9.68273

9.67351

13.73700

14.37340

14.33259

14.99315

15.06716

15.10721

15.14684

;

9 pt formula, X (h)

' 1st eigenvalue! 2nd eigenvalue
\ i

10.09792

9.92500

9.79776

9.7TO

9.71816

9.70106

9.68141

i

15.32933

15.22122

15.19661

15.19535

15.19573

15.19614

15.19664

These difficulties stay be overcome by the use of the analytic 

form (to) in the neighbourhood of the corner and the finite* 

difference equations elsewhere* The method was first proposed by 

Mot* (1946) and has been developed by $alsh (i960). She reports 

favourably on the method and obtains the result X • 9.639 with the 

step h « TR » ft very great improvement on the corresponding result 

in Table 1. The method is easily extended to problems in higher 

dimensions or where thert? is more than one re-entrant corner, <•**
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but suffers the disadvantage that precise error bounds arc hard 

to obtain.

now consider an alternative for the L-me^brane problem, 

namely the use of a confonaai transformation. The transformation

w«s (21)

taken with origin at A in Figure 3» gives rise to a new area, sketched 

in figure 5, all of whose corners have internal angle * •

the differential equation (9) becomes

» 0,

with boundary condition * 0. Since all the corners have internal

(22)

angle ? equation (11) shows that all the derivatives of $ will be 

bounded. We can therefore expect good results with the use of 

finite differences over the whole area* There is now the ooiaplic&tion 

of a curved boundary, so that this problem presents an illustration 

of the techniques discussed in the earlier part of this chapter.

We show in table 2 the results given by the five-point form 

with two- three* and four-point extrapolation at the boundary* <e 

used extrapolation (or interpolation) for any point that was not at 

least half the mesh interval away from the boundary in both the 

x and y coordinate directions. The mesh width h is related to
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the parameter n by the formula

*7s ' n
(23)

With each result ia shown, in brackets, the rasult of deferred 

correction with the next. We also show the number of points in the 

grid in order to facilitate a comparison of the amount of work 

involved in thia method with that for the untransformed grid.

If

dumber of 
point*

2pt boundary

3pt boundary

4pt boundary

6

77

9.5186
(9.6507)

9.5109
(9.6588)

9.5287 
(9.6453)

8

140

9.5764 
(9.6442)

9.5756 
(9.6320)

9.5797 
(9*6386)

10

219

9*6008 
(9.6538)

9.5959
(9.6471)

9*6009 
(9.6402)

12 |
j

319
———— I —————— |

9.6170
i

• • -- i i

9*6103
i

) ———————————————— f
t

9.6129

It oan be seen quite clearly that the best corrected results are 

given with four-point extrapolation at the boundary* We know from 

the theory that the corrected value has error of size 0(h ).

The nine-point finite-difference fora must be modified for 

thia problem. *e have

h6- fr

[20 + 6h

[20 - o(h6).
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we have

[20-4h2X O(h).

Dhe results of the use of formula (24) are shown in taule 3.

N

X(h)

6

9.6383

8 | 10i

9.6393 j 9.6396,

12

9.6397

From the approximate eigenfunction we may obtain an improved 

estimate of the eigenvalue by calculating the Rayleigh quotient

of the matrix corresponding to a more accurate finite-difference
2 representation* We calculate 7 0 at eaeh point by straightforward

finite differences in the directions of the grid lino*. The

contribution to Vj0 of the eighth differenced for the finest grid
-6 2^was nowhere greater than 10 times the maximum valu« of V t *nd at

most points was far smaller than this. Hence we considered that 

the use of all differences up to the eighth was sufficient* /or 

comparison similar calculations were performed on the grids given 

by M = 8, 10 and the results are shown in Table 4. Unfortunately

IT

X

8

9.63969

10

9.63972

12

9.63972

(24)

2A3LK

the matrix i» not syEa&etrie on account of the curved boundary 

and so we cannot apply the result of Wilkinaon (1}61) to obu in 

an error bound, unless we are prepared to find approximations for 

all the eigenvectors.
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should be able to find an even better approximation to 

the eigenvalue by calculating the iUyleigh quotient of the 

differential equation,

'/ /, , 2.If f> (f dxdy

We require that the approximate aigenfunction uV should satisfy the 

boundary condition, should be continuous and should have its first 

and second derivatives continuous. Under these conditions the 

result of Gourant and Hubert (1953, Vol. 1, page 3&9) shows that

expanded in tsras of the eigenfunotions, &., in an 

absolutely and uniformly convergent aeries,

Z *t *t

where the eigenfunctions are ordered so that the corresponding 

eigenvalues X are in ascending order of modulus, 7 t// is given 

by the expression

V2

By substituting these expansions in (2j>) and using the orthogonality 

of the functions f6± we find

If we form the residual function

00

(25)

V1 2

^ • (28)



and hence evaluate the constant

OO

and if

for i « 2, 3 ••• , then we may obtain the bound

and that

o c*3

& > 4 £ *- 2^- -o2 >_ r U, -K.I ». 2

From (28) we find

whion jaay be rearranged as

CXD

- N>'i2 •

and it fellows that
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(30)

(31)

(52>

for the error in the Rayleigh quotient, wheieb a // /> Y djcdy. ?o 

prove this result m use (30) and (51) to show that

Z *t C\ - V * * * * (33)« * * * i«2 x
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(37)

flow from (33) wo hare the relation

^ c*> ex>
2 o ^ 2 V . J^ * L *i - L *i 2

and the result (32) follows at once from (37) and (53).

If we can evaluate the relevant integrals we obtain a result 

with a small error and also a rigorous bound for this error, I tow 

we have I/- given at only a finite number of isolated points and we 

need a rule to extend it to a continuous function with continuous 

first and second derivatives* One such rule is to use four-point 

interpolation in both the x and y directions. To find \P at the 

point X in figure 6, for example, we use the values at the points 

A, B ... P. Hear the edge we may first have to calculate some of

-4-

- --v

Figure 6

the values of / at the points A ... P by extrapolation, or 

poasibly by taking advantage of a symmetry in the eigenfunotion. 

The resulting function f will be continuous and have continuous 

first and second derivatives, but in general will not satiai'y the 

boundary condition exactly. It will be aero on an approximation

(58)
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to the boundary* With care, however, we ahould be able to arrange 
that thia approximate boundary la either wholly inside or wholly 
outside the required boundary so that w© laay obtain upper and lower 
bounds for the required eigenvalue. Per greater aoouraoy we aay 
uae a larger number of points, such as 36 f 64 and so on. Over 
eaoh square of the grid ^ ia a polynomial and can in principle 
bo integrated exactly. In practice it may be stapler to use 
quadrature over eaoh square* Unfortunately we did not have enough 
time to perform thia calculation for the I/-nerabrane.

It has previously b$en suggested that the Hayleigh quotient 
(25) ahould be calculated using numerical differentiation and 
integration over the grid pointa only and taking into account all 
the significant differences. f hia will undoubtedly involve very 
much less work than the method suggested here but we would be

<*ncLsurprised if the result were as accurate wJaea error bounds are not 
available*

For the second eigenvalue of the L-eesabrane we show in Table 5 
results obtained from the nine-point formula with six-point 
extrapolation at the boundary, and aiso the llayleigh quotient of

accurate representation using up to the eighth differences.

N

x^Ch)

Kayleigh 
Quotient

6

13.205

_,. 8 ,,_|
15.199

15.1975

12—..™...;
(

15.198_j
i 
i

15.1*73 1
i

TABLIi 5

If we have a region with more than one re-entrant corner, we 
may use the transformation



where the region has corners of internal angle u/ia* at the points «,. 

There seems to be no reason why this should work less satisfactorily 

than that for the L-meabrane, although the boundary in the transformed 

plane will be more complicated and the prograaaae correspondingly 

more involved. Unfortunately we do not know of a corresponding 

transf oraation for the three dimensional problem.

Eaoh of the Bessel functions appearing in (10) may be expanded 

as a power series in r* and this at once suggests the alternative 

transformation

. 1 3 .
r » r , » = e (1(0)

for the L-membrane, where polar coordinates in the un transformed 

plane are taken with origin at A with AB as initial line. It Is
fcr-e-e

possible that this may have a generalisation in tfce dimensions. In 

the transformed plane the differential equation in polar coordinates is

1=4 * ^l+ *^*0. (41)

We decided that it would be best to solve this equation by finite 

differences, rather taan the corresponding equation in Carte. tan 

coordinates, since the latter is very complicated. The raesh steps 

in eaoh direction were related to the integer n by the formulae

n »

o 
and the nuafeer of points in each grid was slightly more than n .

We show IB Table 6 the result of replacing eaoh term in (41) >y its 

simplest central difference approximation and taking four-point 

extrapolation at the boundary. Improved rec-ilts may be obtained by
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M

X

&

9.¥X>

10

9.501

12

9.560

... H .

9.567__ mm,^.™_

16— — — . —— 

9.591

'

18 j 20 !

9.602 ! 9.611

TaHLE 6

h extrapolation* For example, we find X « 9,6i*6 by extrapolation 

between the values given at n * 16, 20. We have also obtained 

results on the same grid using the first two t«*nas in the central 

difference series corresponding to the tersu* in (M) and with 

air-point extrapolation at the boundary. The results are shown 

in Table 7. It should be noted, however, that solutions ef accuracy

N

X

a
9.6686

16

9«6lf03

3?
9.6398

CABLS 7

oentparable with those of the conformal transformations are obtained 

at the expense of grids with a far greater number of otesh points,

Iteration

We conclude this chapter by considering a special relaxation 

method that lias been proposed by Fedftrenfco (1961), Ho considers 

the usual five-point approximation to Peiason's equation over the 

rectangle and uses Seidel iteration to solve the resulting i^utrix 

equation. He observes that the dominant eigenvectors of the iteration 

aatrix are likely to be smooth aesh functions and oan therefore be 

represented with reasonable accuracy on a ooarsor srid. a'o therefore 

proposes that the Iteration should be continued until the residual
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reasonably smooth and then the set of difference actions 

corresponding to the coarse grid be solved with these residuals 

as right-hand sides* Ihe solution of this set is then extended 

to the original grid to provide a correction ,o the solution* 

The ieidel iteration is now restarted and th«* process continued, 

using alternately the fine and ooarse grids until the required 

accuracy has been obtained* The same idea was used toy uouthwell 

and others to improve the convergence ef relaxation methods for 

desk mohinea, but to our knowledge federenko is the only author 

to propose its use for automatic Baehinea* He tried a test case, 

using a 50 x 50 net, and found the method needed about a third of 

the work of 30R with optimum relaxation parameter.

There aeeaa no reason for restricting ourselves to the 

&auas-S«idel iteration* the idea would appear to be equally applicable 

for 30& iteration* We can examine analytically the case of the 

Poisson equation over the unit square* Suppose the step is

h « — where n is an integer* then the Jaeobi matrix has n
eigenvalues

\ * "Koos prrh + cos ejris) (43) 
Ft °»

for p « 1, 2 ..« (a-1) and q » 1, a ««.

The greatest of these is

If straightforward 30R is used, then the optimum relaxation factor 

is

and the aayHp*1**0 oonvergenoe rate is
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0(h2).

Suppose, however, that we ohooae the relaxation paraiaeter so that 

all but the dominant eigenvector of the iteration matrix is 

eliadnated as rapidly as possible and tliat '-'edarenko* s process is 

used to deal with this. The second eigenvalue of the Jacobi iteration 

matrix is

" l*2*2 + O^4) » (47)

the corresponding optimum relaxation parameter is

and the aayoptotic convergence rate is

This is a very considerable gain, by a factor of 1.58, in convergence 

rate* We have not allowed for the extra time taken in the coarse 

net and ia interpolating back to the fine net, which will take about 

as long as one to two iterations on the fine net and i& therefore 

not very significant. We can expect even better results if raore of 

the eigenvectors of the iteration matrix are reduced on the coarse 

grid* The greatest disadvantage would appear to be that it is 

difficult to ciioose tae relaxation parameter w .and toe sise or uia 

coarse grid in a practical case. Federenko used a coarse step of 

five times the fine step for uia test case, ou^ gives no reason i'or 

choice*

As an example, consider Poisson's equation over the square with 

boundary values unity. We take fine and coarse steps of «-* and 4-
C-W ^/

respectively and take the nuai vector as starting vector. She 

optimum relaxation factor for the fine grid f s

trh * 0(h2) ^3,16 uh * 0(h2). (49)



1.73 • (50)

eigenvector whose value at the grid point (i-h, jh) is

5U,J)« *i« tin (51)• y a a

is an eigenvector of the matrix that is too oscillatory to be 

represented well on the eoarse grid and corresponds to the aiaalleat 

latent root of the matrix of all such eigenvectors. <Ye nig at eocpeot 

therefore that a good choice of relaxation parameter would be

2 » 1.31, (52)
1.531

and the results displayed in Table 3 bear this out. '^ dhow the 

result of 30 iterations with w = 1*73 and then for various values of 

w we alternate between 10 fine iterations and a correction on the 

coarse grid, which we assume takes the same time aa two fine iterations* 

We have estimated the convergence by showing the sun of the squares 

of the changes in each iteration* Since it appeared that convergence 

was slow towards tiie end of the sets of ten iterations we also tried 

taking w m 1.3 and using oyeles of only six iterations, but it would 

appear that the slight improvement in convergence does not compensate 

for the extra time required for the eoarse grid. Table 8 shows 

clearly the gain in this instance*
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1.73f ————— ~ 
I 2.65, 1

5.42, 0
3,03, 0
1.34, 0
1.15, 0
7.50, ~1
5.10, -1
3.58, H
2.59, -1
1.92, H
1.44, -11,10, -i
8.39, -2
6.46, -2
4.93, -2
3.85, -2
2.97, -2
2.28, -2
1.74, ~2
1.30, -2
9.31, -3
6.54, -3
4*49, -3
3.00, ~3
1.95, -3
1.24, -3
7.66, *4
4.61, -4
2.72, -4
1.58, -4

1.0

3.71, 0
2.78, 0
1.36, 0
8.35, -1
5.78, -1
4.30, -1
3.36, -1
2.72, -1
2.26, -1
1.91, -1

1.21, -1
2.56, -2
3.73, -3
3.41, -3
1.52, -3
3.04, -4
4.97, -4
3.47, -4
2.63, <*

; 2.10, -4

1.27, -4
3.61, -5
1.52, -5
7.20 } *"6
3.95, -6
2,52, -6

1.2

1.16, 1
2.69, 0
1.24, 0
7.44, -1
5.09, -1
3.77, -1
2.93, -1
2,37, -1
1.97, -1
t.68, -1

6.72, ~2
1.26, -2
3.19, -3
f.29, -4
4.10, -4
2.45, -4
1,73, -4
1.33, -4
1.07, «*4
9.00, -5

I
3,63, -6

i 7.53, -*
2.02, ~£
5.67, -7
2.52, -7

11.60, -7

1.3

1.29, 1
2.78, 0
1.24, 0
7.32, -1
4.96, -1
3,65, -1
2.84, -1
£.jiO, -1
1.91, -1
1.63, -1

5.13, -2
1.04, -2
2.42, -3
6.39, -4
2.60, -4
1.62, -4
1.10, -4
8.10, -5
6.24, -5
4.96, -5

1.84, -5
4.05, -6
9.34, -7
1.77, -7
6.27, -8
3.15, *8

1.4

1.46, 1
3.01 , 0
1.32, 0
7.54, -1
5.02, -1
3.o7, -1
2.84, -1
2,29, -1
1.90, -1
1.61, -1

4.07, -2
9.70, -3
2.52, -3
-3.11, -4
3.83, -4
2.39, -4
1.68, -4
1.23, -4
9.25, -5
7.03, -5

2.35, -5
5.85, -6
1.52, -6
4.42, -7
2.21, -7
1.42, -7

1.>

1.93, 1
4.04, 0
1.93, 0
1.07, 0
6.63, -1
4.53, -1
3.32, -1
^ »>*>•> **1
2.01, -1
1.62, -1

3.35, -2
1,39, -2
8.38, -3
Jr. 94, -3
3.06, -3
2.07, -3
1.44, -3
1.01, -3
7.27, -4
5.28, -4

2.63, -4
1.25, -4
6.74, -5
4.24, -5
2.97, -5
2.13, -5

———— - ——— -

1.3

1.29, 1
2.73, 0
1.24, 0
7.32, -1
4,96, -1
3.65, -1

1.36, -1 f
3.73, -2 |
1.20, -2
5.02, -3
2.93, -3 I
1.96, -3 j

f

8.63, -4
2.60, -4
1.15, -v!
6.91, -5 |
5.15, -5 I
4.24, -5 i

i
*

1.42, -5 j
2.91 , -6 ;
$.50, -7 !
3.47, -7
1.82, -7
1.12, -7

TABUS 8

The same kind of improvement can be expected if a similar 

procedure i* applied to a gradient method. For Chebyshev fiend*

iteration applied to tuia example we ia«y replace tue range
if 

(.0123, 1.9877) by tte range (.1526, 1.9377), and/we neglect the

time taken in the coarse grid the asyiaptotlc convergence rate is 

improved by a factor of about four.
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12

QTttaR ABUSES THAff £XVS RISK TO 8PAB8I

in

Purveyors frequently find the need to find a least squares 

solution of the matrix equation

A -2

when A is a large, sparse, rectangular oatrix. The set 01* 

equations actually solved is given by the matrix equation

A A x m A b . (2)

The ioatrix A A is» of course, symmetric and positive-definite. /e

need store only the upper triangular part and we have % wide choice
T of iterative methods open to us* the structure of the matrix A /.

in an example where ^ is a 244 x 84 matrix is shown in Figure 1.

tiach

figure 1, 

x rer>res«nts a non-sero 2x2 matrix and only the upp r
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triangular part i* illustrated. note Uiu .urge number o. «ur-ji 

inside tae band whicn means that muca more storage will oe needed 

if the Matrix is treated as a band matrix t&an if it is solved by 

an iterative .aettiod. Our experience indicates that the major 

difficulties with these problems lie in the setting up of the least- 

is quarea system (2), rather than in their solution. ;ho least- 

squares matrix must be stored in a condensed form a id that chosen 

for ^ur k ercury programme consisted in storing it b^ rows with 

indices to ^ive the number of non-sero elements in each row and taeir 

positions in the row* An estimate of the iuaxianj- number of non-zero 

elements in a iy row is needed to fix the addresses of thrf starting 

points of the rows and a procedure is needed in case the estimated 

maximum number of elements in a row IB exceeded,

A large case, with normal matrix of order 234, was tried en 

the Mercury computer and > OR was used to solve the set of equations* 

A guessed relaxation factor of 1*4 was used* The modulus of dominant 

eigenvalue of the iteration matrix was 0*80 and the solution of the 

normal equations took a fraction of the time taken to form then* 

The unaocelerated G>auas-Seidel iteration was also quite rapidly 

convergent, the modulus of the dominant eigenvalue of the iteration 

matrix being 0.38* Seoe experiments with other relaxation parameters 

and some comparisons with other iterative methods would be interesting* 

The method of conjugate gradients is particularly attractive since 

we do not need to guess a parameter*

ur@ consider the problem known as linear analysis of variance. 

We wish to analyse an experiment whose result depends on a ^L.bor 

of parameters i, J, k ... t anil we attempt to take readings i'^r r-11 

possible combinations of the various vaiuui taat the parianetere can 

take or are restricted to take. 'Ve attest to fit the results to

the equation
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-5*1

wh< €each tena represents an array of numbers. The term p will 

always be prese .t, but any other term may be abaent, although it ia 

assumed that if any interaction (2^)kl is present than ao are the linear 
terras D^, E corresponding to its component parta. The fit ia 

essentially unchanged if a constant ia added to every component of
i

A^ and subtracted from p. To resolve this ana. jthetr similar arabiguitiea 
w© add the conditions

. 0

etc. (4)

We use these conditions to reduce the number of unknowns in (3) to

a minimum* If we write these unknowns as the vector x, then equation
(3) can be written in the aatrix form

(5)

JZf is the vector of all the readings •*
solve the least-aquar@s set of equations

We wish to

i r' an equal number of reading* ̂ . . . . ia tiuien for each combination ^ ij t •»• • • *»
of values of i, j, k . .. t, then the matrix A A will be block-diagonal, 

where each block corresponds to a term in (3). The solution of tais 

system ia trivial. However if a few readings are miaaing there will 
be sow* non-aero elements outside these blocks. The order of the 

matrix can be very large and an iterative method of solution ia

(6)



A jrogranme for Mercury has been written, but we do not know 

of the result of any large scale experiment* vhe form of the 

matrix auggeata the use of block iteration. Property A is lacking, 

in general, so we must rely on experiment to find the beat .30H 

parameter. As with tue surveyor's problem, it aeetas likely that 

the laajor part of the v;ork will be in f oraing the normal equs-tiona, 

rather than in solving them.
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