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Abstract

Infinite-state systems are crucial for modelling the behaviour of computer

programs, concurrent processes, and reasoning about formal languages.

One fundamental area of research in theoretical computer science is the

study of the computational complexity of the decision problems associ-

ated with these models. Similarly, arithmetic theories, such as Presburger

arithmetic, are used to model and check properties of programs such as

loop invariants, and termination conditions. In 1960, Büchi managed to

relate the two concepts via the notion of automaticity, the idea of using

a DFA to model the solution set of a formula of Presburger arithmetic.

In this thesis, we provide new results in both areas, by leveraging the

relationship between them.

First, we study extensions of Semënov arithmetic, the first-order theory

of the structure ⟨N,+, 2x⟩. It is well-known that this theory becomes un-

decidable when extended with regular predicates over tuples of number

strings, such as the Büchi V2-predicate. We therefore restrict ourself to

the existential fragment, and prove that this theory is decidable in EX-

PSPACE when extended with arbitrary regular predicates, by establishing

a connection to a new model of computation, a type of vector addition

system with states (VASS), where we allow for affine updates on the coun-

ters.

Next, we look at the reachability problem for VASS. Existing work pri-

marily considers the case in which both the VASS as well as the initial and

target configurations are part of the input. Here, we investigate the set-

ting in which the VASS and target configurations are fixed, and only the

initial configuration is variable. We show that fixed VASS fully express

arithmetic with counting on initial segments of the natural numbers. It

follows that there is a very weak reduction from any fixed such number-

theoretic predicate to reachability in fixed VASS where configurations are

presented in unary.



Finally, we prove that the boundedness problem for cost register automata

(CRA), which asks if there exists a natural number N such that for every

word, the value of the CRA on that word does not exceed N is decidable

for copyless linear CRAs with at most two registers over the tropical

semiring.
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Chapter 1

Introduction

This chapter offers an informal introduction to the key concepts and challenges ad-

dressed in this thesis, establishing the motivation and the scope of our work. We

begin by discussing the motivation. Verifying the correctness of computer systems

is a well-recognized challenge–one that is both essential and notoriously difficult to

achieve. There are countless examples of instances where human lives depend on the

flawless operation of systems, such as in aviation control, autonomous vehicles, and

medical devices. The most popular method of solving this challenge in industry is

the use of rigorous testing. However, the downside of this method is that it cannot

provide any type of guarantee for the well-functioning of the systems. Given the

critical nature of these systems, we must go beyond conventional testing and focus

on formal methods, which offer a mathematical approach to system verification.

The aim of formal verification is to use mathematical methods to prove or dis-

prove the correctness of a computer system with respect to a given specification.

Since formal methods cannot be applied to concrete systems, the first step is to find

an appropriate abstract model that approximates well the object we wish to verify.

Although the field of software formal verification is relatively new, the idea of us-

ing mathematical objects to model the world is not. The first recorded instance of

humans modelling the real world with mathematics is often attributed to the Baby-

lonians around 1800 BCE, who used mathematics to model and predict astronomical

phenomena [40]. A closer example for our parallel is the use of mathematical equa-

tions in order to model the motion of objects in classical mechanics. Just as the

equations of motion allow us to predict that a free-falling object will not exceed a

certain speed before hitting the ground, abstract models can enable us to prove that

a computer system will respect a given property.

The mathematical structures used for this modelling are not only practical, but

also intrinsically elegant. This dual nature might be one reason for which the field
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of mathematics developed independently of their use for physical modelling. One

can study the properties of systems of equations without thinking of their practical

application. Similarly, in Computer Science, we study the properties of abstract mod-

els such as Deterministic Finite Automata, Vector Addition Systems, Cost Register

Automata without always thinking of their connection with the computer systems

that we can model with them. This is a worthwhile task in itself and one that in

the past brought numerous practical advances without having this explicit goal. In

this thesis, we focus on abstract models that fall under the broad category of Infinite-

State Systems. To explore their properties, we draw parallels between them and

arithmetic theories, which are detailed the following sections. This connection serves

as a foundation for discovering new results on both the models and the arithmetic

theories, representing a central contribution of this thesis. The next section provides

an informal overview of the abstract models that we study, highlighting both their

shared foundations and their unique characteristics, together with their connection

to arithmetic theories.

1.1 Formal Models and Arithmetic Theories

The classical example of modelling a computer system given to first year computer

science students is that of modelling a vending machine with the help of a deter-

ministic finite automata (DFA). A vending machine receives limited input from the

outside world and based on this input and its internal state, it moves from one state

to another. Similarly, a DFA is a finite-state model that receives inputs from a limited

alphabet and moves from one state to another based on the input and the previous

active state. Thus, one can answer questions such as “Does the vending machine ever

deliver coffee?” by investigating if the DFA can reach the “coffee delivery” state or

not. This can be seen as an emptiness or a reachability query on the DFA. The DFA is

one of the simplest models out there and fortunately, we have efficient algorithms for

solving the emptiness problem (and many others) for it. Because of this, the model

is widely used in lexical analysis for programming languages, where they efficiently

tokenise the input by recognising patterns such as keywords and identifiers. DFAs

are also applied in network protocol design and text processing, where their ability

to match regular patterns ensures correctness and efficiency.

Apart from the practical applications, the study of DFAs also lead to developments

in the area of arithmetic theories [19,46]. Arithmetic theories provide a formal frame-

work to study the properties of numbers and operations. They also have multiple
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applications in the field of formal verification. Among these, Presburger Arithmetic,

the first-order theory of the integers with addition, equality and the standard axioms

of arithmetic is highly relevant since it was proven to be decidable by Presburger [74]

in 1929 via a quantifier elimination procedure. That means that given a sentence in

the structure ⟨N, 0, 1,+, <⟩, there exists and algorithm that can decide if the sentence

is provable from the axioms of Presburger arithmetic or not. In 1960, Büchi devel-

oped a new decision procedure for Presburger arithmetic that relied on associating a

DFA with every existential formula in Presburger arithmetic, such that the formula is

unsatisfiable if and only if the language of the DFA is empty [19]. This new method

of generating the solutions of a first-order formula of an arithmetic theory by a DFA

provided a characterisation of the expressivity of Presburger arithmetic and also gave

rise to the more general concept of automatic structures [46]. Consider the following

trivial example. Let f = ∃x.x > 3 be an existential formula of Presburger arithmetic.

Clearly, this formula is true and the set of solutions is S = {x ∈ N|x > 3}. Now,

consider the following DFA.

q0 q1 q2 q3

0 0, 1

1 0, 1 0, 1

Figure 1.1: A DFA accepting all integers greater than 3.

The language the DFA is composed by all the binary strings representing integers

greater than 3, where the most significant bit is at the left of the word. Thus, the

language of the DFA is non-empty if and only if the formula f is true.

Even though DFAs can model formulas of Presburger arithmetic, their expressive

power is still quite limited, mainly due to their finiteness. Thus, a simple way to

make them more expressive is to add to them a finite number of counters ranging

over the non-negative integers. Since the domain of the added counters is infinite, the

state-space of the model also becomes infinite and we can no longer solve reachability

or emptiness queries by exploring the entire state-space. These problems become

indeed a lot harder, and without limiting the way in which the counters are updated,

the problems become undecidable. Thus, in the case of Vector addition systems

with states (VASS), we only allow constant updates for the counters of the type

x← x + b, b ∈ N.

The VASS reachability problem has been one of the most intriguing problems in

theoretical computer science and studied for more than fifty years. In the 1970s,
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Lipton showed this problem EXPSPACE-hard [63]. Ever since the 1980s [56, 60,

66], the reachability problem has been known to be decidable, albeit with non-

elementary complexity. This wide gap between the EXPSPACE lower bound and a

non-elementary upper bound persisted for many years, until a recent series of papers

established various non-elementary lower bounds [25, 61], and resulted in matching

a recently established upper bound [27, 59], showing the VASS reachability problem

Ackermann-complete. We leverage the techniques developed in these works (mainly

the idea of delaying the zero-test) in order to conclude that VASS can model formulas

of the first-order theory of integers with addition, equality, and multiplication, when

we restrict ourselves to initial segments of the integers. This fragment of ⟨Z,+,×⟩
is called rudimentary arithmetic. By using this connection, we manage to get new

insights into the expressive power of VASS and also derive new complexity results for

the reachability problem when the input VASS is considered fixed.

Allowing more powerful update functions for the counters gives rise to new models.

Thus, by allowing the counters of VASS to also have affine updates of the type

x ← ax + b when taking a transition, we get a new model which we call labelled

affine VASS (LAVASS). We design this new model in order to be able to recognise the

solution sets of existential formulas of an extension of the structure ⟨N, 0, 1,+, 2x⟩,
where 2x is the function mapping a natural number n to 2n. Decidability of the

first-order theory of this structure was first shown by Semënov in a more general

framework using an automata-theoretic approach [83], and we henceforth call this

theory Semënov arithmetic. Unlike its substructure Presburger arithmetic (obtained

by dropping the function 2x), the solution set of an existential formula of Semënov

arithmetic cannot be recognised by a DFA. The decidability of Semënov arithmetic

is fragile with respect to extensions of the structure. For instance, it is not difficult

to see that extending Semënov arithmetic with the Büchi predicate V2(x, y), where

V2(x, y) holds whenever x is the largest power of two dividing y without remainder,

results in an undecidable first-order theory, see e.g. [73].

The reachability problem for LAVASS becomes undecidable even in the presence

of two counters [75], so we impose several structural restrictions to the model that

make the reachable problem solvable, while retaining its ability to model formulas of

Semënov arithmetic. We split the counters into pair of counters in which the first

counter can only be updated by additive updates x ← x + 1 and the second one

can only be updated via affine updates x ← 2x and x ← 2x + 1. A configuration is

accepting if and only if we are in an accepting control state and the values of every

pair of counters are equal. For this new model, we give an EXPSPACE procedure
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for deciding emptiness that relies on a counter elimination procedure in which we

successively encode the counters in an abstract finite state-space while preserving

equi-non-emptiness.

Another powerful model that we study in this thesis is that of Cost Register

Automata (CRA), introduced by Alur et al. [5], in which we allow the counters

to interact with each other. The update functions are over the tropical semiring

(Z∪{∞} ,min,+), and we refer to the counters as registers to emphasize the fact that

they can exchange values between them, e.g. x ← min {y + 3, z + 1} , y ← x + 2. In

contrast to the previous models, CRAs are designed to compute numerical functions

over input strings, making them particularly well-suited for quantitative analysis.

Also, since we regard CRAs as functions, we are no longer interested in reachability

queries, but rather in problems such as equivalence or boundedness. The latter asks,

given a CRA, whether there exists a natural number N such that the output of the

CRA on every input is smaller than N . For general CRAs, the boundedness problem

is undecidable. Furthermore, it is shown in [3] that the problem remains undecidable

even for the restricted class of copyless CRAs. In this class, no register is allowed

to be used twice in any update function. We focus on the class of linear copyless

CRAs, where we further more require the register updates to also be linear. This

still remains a very powerful subclass, so we introduce further restrictions. First,

we limit the number of registers to only two. This is well-founded since for many

problems the case of automata with two counters or registers often turns out to be

already difficult enough. For example, most decision problems are undecidable for

two-counter automata [69]. For vector addition systems with states, decidability of the

reachability problem in the two-counter case was established in a seminal paper [50]

several years before the proof that it is decidable for arbitrary number of counters

was found [65], and it took over 20 more years to establish the precise computational

complexity of the two-counter case [15]. Secondly, we study the class of CRAs where

the minimum operation only occurs in the output function. Here, the model turns

out to be very similar to a Z-VASS where we also allow permutations of counters.

We do not manage to find a suitable connection between this model and a an arith-

metic theory, mainly due to the highly non-linear behaviour of iterated minimums.

However, the better understanding of the properties of the restricted subclasses of

CRAs might lead to finding new decidable extension of Presburger arithmetic.
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1.2 Structure of this Thesis

Here, we present the organisation of the thesis. In Chapter 2, we introduce basic

notation, definitions, and present some fundamental results that we use. The aim is

to provide a common background for all the future results presented in the thesis.

Although this thesis is self-contained, the fields covered have produced a very rich

body of literature, so we expect the reader of this thesis to have some familiarity

with the basic concepts and standards from computational logic (with an emphasis

on arithmetic theories), formal languages, and complexity.

In Chapter 3, we provide a new form of automaticity to an extension of Semënov

arithmetic with the use of a new model called LAVASS. The extension that we study

is the existential theory of the structure ⟨N, 0, 1,+, 2x, {Ri}i≥0⟩, where R0, R1, . . . is

an enumeration of all regular languages over the alphabets {0, 1}d, which we call

generalised Semënov arithmetic. First, we manage to prove that the solution set

of an existential formula of generalised Semënov arithmetic can be described by the

language of LAVASS. This already gives us a new form of automaticity for the theory.

We believe that this approach is quite general and fruitful, so we are hopeful that

it can be applied to other arithmetic theories as well. One argument in favour of

this approach is that after we established the automaticity of the initial structure of

interest ⟨N, 0, 1,+, 2x, <, V2(x, y)⟩, where V2(n) represents the function taking n to

the largest power of 2 divides n, we immediately managed to extend our results to

the more expressive structure ⟨N, 0, 1,+, 2x, {Ri}i≥0⟩ by using previous results on the

automaticity of Büchi arithmetic. Next, by studying the properties of the structure of

LAVASS that model formulas of generalised Semënov arithmetic, we find a restricted

class of LAVASS that maintains this modelling power. Finally, the main result of

the chapter is an EXPSPACE procedure that decides the emptiness problem for this

restricted class. This immediately allows us to conclude that the problem of deciding

generalised Semënov arithmetic is in EXPSPACE.

In Chapter 4, we adopt a similar approach to that used in Chapter 3, but in the

opposite direction. Specifically, in Chapter 3, we begin with an arithmetic of interest

and establish a connection to a new formal model to address questions about the

arithmetic. In this chapter, however, we focus on analysing a well-established formal

model (VASS) and developing a connection to arithmetic theories, aiming to derive

new results for the model.

Lastly, in Chapter 5, we study CRAs and the boundedness problem for them.

We look at linear copyless CRAs over the tropical semiring (Z ∪ {∞} ,min,+). The
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problem is known to be undecidable both for copyless CRAs and for linear CRAs.

The main result of this chapter is proving that boundedness is decidable for linear

copyless CRAs with at most two registers. Namely, we show that it is NL-complete

if the numbers in the updates are presented in unary, and is in coNP if they are

presented in binary. Functions computed by CRAs, even when they have only two

registers, are highly non-linear and complex, mainly due to the presence of nested

minimum operations. We illustrate this by providing in Section 5.5 a series of CRAs

with very long shortest runs outputting a given value.

Each chapter starts with an overview of related work from the literature. These

discussions highlight the research that aligns with the main themes of this thesis,

situating our contributions within the broader context of the field and identifying

connections to existing studies. The chapters then conclude with a discussion of the

results obtained, and potential directions for future research.

1.3 Joint Work and Copyright Notice

The results presented in this thesis are mainly based on peer-reviewed publications

that have been co-authored with a number of collaborators. The publications are the

result of numerous meetings and discussions between the author and his collaborators.

The results in Chapter 3 have been published in the proceedings of the 41st In-

ternational Symposium on Theoretical Aspects of Computer Science, STACS 2024,

March 12–14, 2024, Clermont-Ferrand, France as Andrei Draghici, Christoph Haase,

Florin Manea, Semënov Arithmetic, Affine VASS, and String Constraints, Schloss

Dagstuhl - Leibniz-Zentrum für Informatik, pages 29:1–29:19. Florin posed the ques-

tion of deciding generalised Semënov due to the connection between this theory and a

theory of string constraints which is detailed in the published article. While working

on this question I came up with the idea of using a special type of automata in order

to decide the theory. After this, I had multiple meetings with my advisor Christoph

in which he offered numerous advice on how to push through with the general idea

of the proof while I was working out the technical details.

The results of Chapter 4 have been published in Foundations of Software Science

and Computation Structures - 27th International Conference, FoSSaCS 2024, Held as

Part of the European Joint Conferences on Theory and Practice of Software, ETAPS

2024, Luxembourg City, Luxembourg, April 6–11, 2024, Proceedings, Part II, as An-

drei Draghici, Christoph Haase, and Andrew Ryzhikov, Reachability in Fixed VASS:

Expressiveness and Lower Bounds, Lecture Notes in Computer Science, Springer,
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pages, 185–205. Christoph came to me with the idea of relating VASS and Short

Presburger arithmetic. After this, I started working on devising the right compo-

nents that could model the functions and predicates of the theory. This gave us the

first hardness result for binary inputs. Next, Andrew joined the project and after

multiple discussion together with Christoph we came up with the concept of unary

reductions in order to deal with unary inputs. Finally, during the talks we discovered

that there is more direct route via a series of reduction to a PSPACE bound for the

binary inputs.

Lastly, the results in Chapter 5 have been published in the 33rd EACSL Annual

Conference on Computer Science Logic (CSL 2025), as Andrei Draghici, Rados law

Piórkowski, and Andrew Ryzhikov, Boundedness of Cost Register Automata over the

Integer Min-Plus Semiring, Leibniz International Proceedings in Informatics (LIPIcs),

Schloss Dagstuhl – Leibniz-Zentrum für Informatik, 2025, pages, 20:1–20:23. The

project started after Andrew taught me about CRAs and the boundedness problem.

After some friendly chats in the department and some independent work, I came up

with a very rough proof for the two register case. Rados law helped us to refine and

also present the proof in a nicer way. We also provide special thanks to Rados law

for graciously allowing the inclusion of his beautiful illustrations in this chapter,

enhancing the readability and appeal of the chapter. Finally, the example of the

state-less CRA came up during multiple discussions among the three of us together

with the reductions for CRAs with minimum at the end, for which I worked out the

details for the lower bounds.
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Chapter 2

Preliminaries

In this chapter, we introduce general notation, definitions, and recall some fundamen-

tal results that we use in this thesis. We start with some basic notation on integers

and formal languages. Next, we describe the arithmetic theories that we study and

describe their connection to formal languages via the notion of automaticity. Finally,

we define the formal models that we study and observe that they are all infinite-state

systems because of the combination of automata and integer counters.

2.1 General Notation

By R,Q,Z we denote the set of reals, rationals, and integers respectively. We

denote by R≥0 := {r ∈ R : r ≥ 0}, by Q≥0 := {q ∈ Q : q ≥ 0}, and by Z≥0 :=

{z ∈ Z : z ≥ 0}. We also denote by N := Z≥0 the set of natural numbers. For N ∈ N
we write N to denote the set {0, . . . , N}. By [n,m] we define the set of integers be-

tween n and m: [n,m] := {z ∈ Z : n ≤ z ≤ m}. For any z ∈ Z, we denote by |z| the

absolute value of z. For a set M , 2M is the power set of M and Mk is the k-fold Carte-

sian product of M with itself for any integer k ≥ 1. We overload the |·| operator by

denoting the size of a finite set M by |M |. For a set M ⊆ Z with a minimum or maxi-

mal element, we denote by minM and maxM its minimum and maximal element, re-

spectively. For all r ∈ R, we define the floor function ⌊r⌋ := max {z ∈ Z : z ≤ r} and

the ceiling function ⌈r⌉ := min {z ∈ Z : z ≥ r}. For a vector x = (x1, . . . , xn) ∈ Rn

and a real number p ≥ 1, we denote by ∥x∥p := (
∑n

i=1 |xi|p)1/p its p-norm. For matrix

A ∈ Zm×n, we denote by ∥A∥1,∞ := maxm
i=1

∑n
j=1 |ai,j| the (1,∞)-norm.

In the context of formal languages, we mainly use the notation and concepts found

in Sipser’s book [85]. Let Σ be a finite set of symbols which we sometimes call an

alphabet. The Kleene star is denoted by ·∗ and thus, we denote by Σ∗ the set of all

finite-length strings over symbols in Σ including the empty string which we denote

15



by ϵ. For any two strings u, v ∈ Σ∗, we denote by uv the concatenation of u and v. A

subset L ⊆ Σ∗ is called a language over Σ. Moreover, any language L that is accepted

by a deterministic finite automaton (DFA) is called regular. For a regular language

L, we denote by LC := Σ∗ \ L, the complement of L. When speaking of underlying

digraphs of NFAs, we use standard terms like simple cycle, and reachability. We

emphasise that by a simple cycle we mean a cycle that does not visit the same vertex

more than once, except for its first and last vertex. General cycles do not have this

restriction.

For Σ = {0, 1}, any string from Σ∗ \ ϵ has an interpretation as a binary encoding

of a natural number, possibly with an arbitrary number of leading zeros. Conversely,

any natural number in N can be converted into its bit representation as a string

in Σ∗. Finally, by considering strings over (Σk)∗ for k ≥ 1, we can represent k-

tuples of natural numbers as strings over Σk, and vice versa. Formally, given u =

unun−1 . . .u0 ∈ (Σk)∗, we define the tuple of natural numbers corresponding to u in

most-significant digit first (msd) notation as

JuK :=
n∑

i=0

2i · ui .

Note that J·K is surjective but not injective. We lift the definition of J·K to sets in the

natural way.

2.2 Arithmetic Theories

In this section, we define the notion of automatic structures which enables us to exploit

the connection between languages and integers discussed in the previous section.

We also present multiple first-order theories on integers and recall some decidability

results. We assume some familiarity with the basic definitions of first-order logic

that can be found for e.g., in [78], [11]. Given a σ-structure A, we denote by Th(A)

the theory of A which is the set of all closed formulas that are modelled by A,

i.e., Th(A) := {F : A |= F}. In this thesis, we assume all σ-structures to be relational,

i.e., σ contains only relation symbols. Notice that this comes with no loss of generality

since any k-ary function symbol f can be turned into a relation Rf such that Rf =

{(a1, . . . , ak, b) : f(a1, . . . , ak) = b}. Also, a constant symbol can be viewed as a 0-ary

function symbol. A theory T is said to be decidable if there exists an algorithm that,

given a sentence F , decides whether or not F ∈ T .
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2.2.1 Automatic Structures

Consider a relational σ-structure A such that the universe of A is the set of natural

numbers. Let Σ = {0, 1} and recall the correspondence between strings over (Σk)∗

and k-tuples of natural numbers from the previous section. For a quantifier-free

formula Φ with free variables x, we denote by JΦK :=
{
x ∈ Nk : Φ(x)

}
the set of all

satisfying assignments of Φ. Let UA be the universe of the σ-structure A. A k-ary

relation R ⊆ Uk
A of A is automatic if the language LR :=

{
u : u ∈ (Σk)∗, JuK ∈ R

}
is

regular. For example, the relation R = {(n,m) : n = m} is automatic because it can

be expressed as the following regular expression {[ 00 ] , [ 11 ]}∗. A relational structure

A = (N, R1, . . . , Rm) is automatic if all the relations R1, . . . , Rm are automatic, and

a structure A has an automatic representation if A is isomorphic to an automatic

structure. Note that in general, one does not need to restrict the concept of automatic

structures to structures where the universe is the set of natural numbers, however,

this will suffice for our purposes.

2.2.2 Integer Arithmetics

We call the first-order theory of the structure ⟨N, <,+, 0, 1⟩ Presburger arithmetic.

This theory was first shown to be decidable by Presburger [74] in 1929 via a quantifier

elimination procedure. Note that in the case of Presburger arithmetic, we can equiva-

lently work with the structure ⟨Z, <,+, 0, 1⟩ since negative integers can be expressed

as the difference of positive integers. Also, it might seem that we can only express

inequality constraints, but we can also express equality constraints and divisibility

constraints by constants in this theory. For example, the following two statements are

equivalent ∃y.x = y + y and 2|x. Without any loss of generality, we can assume that

Presburger formulas are presented in a normal form such that all atomic formulas

are of the form

a1x1 + a2x2 + · · ·+ akxk = b, a1, . . . , ak, b ∈ Z,

where x1, . . . , xk are arbitrary first-order variables. We write 0 to denote a tuple of

zeros in any arbitrary fixed dimension and we call a language L ⊆ (Σk)∗ zero-closed

if L = 0∗ ·L. Moreover, since < and + are automatic relations, we can conclude that

Presburger arithmetic is automatic. This is illustrated by the following lemma

Lemma 1 ( [92], see also [45, Eqn. (1)] ). Given a system of equations Φ ≡ A ·x = b

with A ∈ Zm×d and b ∈ Zm, there is a DFA V with at most 2m ·max{∥A∥1,∞, ∥b∥∞}m

states such that L(V ) is zero-closed and JL(V )K = JΦK.
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Furthermore, we call the first-order theory of the structure ⟨N, <,+, Vp(·, ·), 0, 1⟩
Büchi arithmetic, where the predicate Vp(x, y) holds if and only if y is the largest

power of p that divides x. For convenience, we assert that Vp(x, 0) never holds. We

fix p = 2 and note that this comes with no loss of generality, as changing the base in

which we encode integers does not affect the overall results. However, we recall that

the first-order theory ⟨N, <,+, Vp(·, ·), Vk(·, ·), 0, 1⟩, where p, k are two multiplicatively

independent integers is undecidable. We note that this is also an automatic relation,

so Büchi arithmetic is also automatic. We say that a predicate R(x1, . . . , xk) is a

regular predicate if R = 0∗ · L, where L ⊆ (Σk)∗ is a regular language. We interpret

R as JRK ⊆ Nk, and the additional leading zeros we require ensure that R = JJRKK−1.
Not only is Büchi arithmetic automatic, but it has been shown that Büchi arithmetic

can express any regular predicate, i.e., a set JMK ∈ Nn is definable in Büchi arithmetic

if and only if M is a regular language, see for example [17], and [18]. We note however

that in both examples, the full theory of Büchi arithmetic (with quantifier alternation)

is needed to be able to express any regular predicate.

Another extension of Presburger arithmetic is the first-order theory of the struc-

ture ⟨N, 0, 1,+, 2x⟩ which we refer to as Semënov arithmetic, where 2x is the power

relation of base two, consisting of all tuples (a, b) ∈ N2 such that b = 2a. It is

known that Semënov arithmetic is decidable and also admits quantifier elimina-

tion [12, 21, 83]. However, this theory is not automatic. Consider the family of

formulas Φn ≡ x1 = 1∧
∧

1≤i≤n xi+1 = 2xi ∧ y < xn. Then the (finite) number of solu-

tions of Φn is a tower of height n. Suppose Semënov arithmetic was automatic. Then

each of its relations is definable by a deterministic finite automaton (DFA) of size at

most m for some m ∈ N over some alphabet Σ. But then the DFA for Φn is acyclic

and has at most mn+2 many states, meaning that Φn has at most (m(n+2) |Σ|)(mn+2)

different solutions, a contradiction1. Extending Semënov arithmetic with the Büchi

VP (·, ·) predicate breaks decidability, see e.g., [73]. However, this undecidability result

requires an ∃∗∀∗-quantifier prefix and does not rule out decidability of the existen-

tial fragment. Thus, we define the first-order theory of ⟨N, 0, 1,+, 2x, {Ri}i≥0⟩, where

R0, R1, . . . is an enumeration of all regular languages over the alphabets {0, 1}k, k ≥ 1,

as generalised Semënov arithmetic. As stated, this theory is undecidable, but we prove

the decidability of the existential fragment in Chapter 3.

Theorem 2. The existential fragment of generalised Semënov arithmetic is decidable

in EXPSPACE.

1This elegant argument was suggested by an anonymous reviewer during the submission phase
for STACS24’.
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For presentational convenience, atomic formulas of generalised Semënov arith-

metic are one of the following:

• linear equations of the form a1 · x1 + · · ·+ ad · xd = b, ai, b ∈ Z,

• exponential equations of the form x = 2y, and

• Ri(x1, . . . , xk), for Ri a k-ary regular predicate.

Here, x1, . . . , y are arbitrary first-order variables. Clearly, richer atomic formulas such

as x+ 22y + y = z + 5 can be defined from those basic class of atomic formulas, since,

in this example, the formula x+ 22y +y = z+ 5 is equivalent to the formula ∃u∃v u =

2v∧v = 2y∧x+u+y−z = 5. Moreover, since we are interpreting numbers over non-

negative integers, we can define the order relation in existential generalised Semënov

arithmetic. This enables us without loss of generality to assume that existential

formulas of Semënov arithmetic are positive, since ¬(x = y) ≡ x < y ∨ y < x and

¬(x = 2y) ≡ ∃z z = 2y ∧ ¬(x = z). Also, consider a regular predicate R = 0∗ · L.

Since regular languages are closed under complement, the negation ¬R(x1, . . . , xk)

can be rewritten as RC(x1, . . . , xk), where RC = 0∗LC .

The size of an atomic formula R(x1, . . . , xk) of generalised Semënov arithmetic,

where R is a regular predicate is defined as the number of states of the canonical

minimal DFA defining R. For all other atomic formulas φ, we define its size |φ| as

the number of symbols that are necessary to write it down, where we assume a binary

encoding of numbers. We use binary encoding of numbers since we can “simulate”

it by introducing new existentially quantified variables. The formula x = 8 can be

expressed as x = 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 or as x0 = 1 ∧ x1 = x0 + x0 ∧ x2 =

x1 +x1∧x = x2 +x2. The size |Φ| of an arbitrary existential formula Φ of generalised

Semënov arithmetic is the sum of the sizes of all atomic formulas of Φ.

2.2.3 Rudimentary Arithmetic

It is a well-known fact that the first-order theory of the structure ⟨N,+,×⟩ is un-

decidable since it can encode, for example, Hilbert’s tenth problem, which asks given

polynomial p : Rn → R with integer coefficients, whether or not there exists an integer

root. One way get around this issue is to restrict the theory by removing multipli-

cation, e.g., Presburger arithmetic. Another way is to restrict the universe to initial

segments of N, which we call rudimentary arithmetic. We denote by FO(+,×) the

first-order theory of the structure ⟨N,+,×⟩, interpreted over initial segments of N,

i.e., sets {0, 1, . . . , N}, for some fixed N ∈ N. Note that, in particular, for a predicate
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x + y = z to hold, all of x, y, z must be at most N . It thus might seem that after we

fix N , a formula Φ(x) can only express facts about numbers up to N . However, as

discussed in [82] and [39], this can be improved to quantifying over variables up to

Nd for any fixed d using (N + 1)-ary representations of numbers. In other words, for

any fixed d and formula Φ(x), there exists a formula Φ′(x) such that for any N ∈ N
and x ∈ Nn, we have that ⟨N,+,×⟩ |= Φ′(x) iff ⟨Nd,+,×⟩ |= Φ(x). It is interesting

to note that many important relations such as primality can still be expressed in this

theory.

Rudimentary arithmetic can be extended with counting quantifiers. As described

in [82], let rudimentary FOunC(+,×) be rudimentary FO(+,×) extended with

counting quantifiers of the form ∃=xy φ(y). In this expression, the variable x is

free and the variable y is bounded by the quantifier. The semantics of this expres-

sion is that there exist exactly x different values of y such that the formula φ(y) is

satisfied.

Moreover, FOunC(+,×) can be extended to FOk-aryC(+,×), which is FO(+,×)

with k-ary counting quantifiers ∃=xy φ(y). In this expression, x,y are vectors of the

same dimension, and similarly to the previous case, all the variables of x are free and

all the variables of y are bounded by the quantifier. The semantics is that the k-tuple

x is the (N + 1)-ary representation of the number of k-tuples y that satisfy φ(y). As

shown in [10], rudimentary FOunC(+,×) and rudimentary FOk-aryC(+,×) have

the same expressive power. In Chapter 4, we describe a reduction from the following

problem

Problem 3. Rudimentary FOk-aryC(+,×) validity

Input: Φ(x) ∈ FOk-aryC(+,×), N ∈ N, and x ∈ Nn.

Output: YES if and only if ⟨N,+,×⟩ |= Φ(x).

to the VASS reachability problem which we define in the next section.

2.3 Infinite-state Systems

In this section, we present the formal models that we study. We start by defining

counter automata and then multiple extensions of VASS that can be seen as counter

automata that do not have access to zero-tests. Next, we define CRAs that have

some more involved update functions, so we take extra care when defining those.
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2.3.1 Counter automata and VASS

Let Ops be the set of all integer functions of the type f(x) = x + z, with z ∈ Z. For

any integer d ≥ 0, a d-counter automaton is a tuple A = ⟨Q,∆, λ, ζ, q0, F ⟩, where Q

is a finite set of control states, ∆ ⊆ Q×Q is a finite set of transitions, λ: ∆→ Opsd

is the update function, ζ: ∆ → [1, d] ∪ {⊤} is a function indicating which counter is

tested for zero along a transition (⊤ meaning no counter is tested), q0 ∈ Q is the

initial control state, F ⊆ Q is the set of final control states.

The set of configurations of A is C(A) := {(q, n1, . . . , nd) : q ∈ Q, n1, . . . , nd ∈ N}.
The initial configuration of A is c0 = (q0, 0, . . . , 0). A d-counter automaton A induces

a directed configuration graph G = (C(A),→), where →⊆ C(A) × C(A) such that

c
t−→ c′ if and only if c = (q, n1, . . . , nd), c′ = (q′, n′1, . . . , n

′
d), and t = (q, q′) ∈ ∆

such that λ(t) = (f1, . . . , fd), and n′i = fi(ni), for all 1 ≤ i ≤ d. A run π of a

counter automaton A from configuration c1 ∈ C(A) to cn+1 ∈ C(A) is a sequence of

configurations interleaved with transitions

π = c1
t1−→ c2

t2−→ . . .
tn−→ cn+1.

For 1 ≤ i ≤ j ≤ n, we denote by π[i, j] the subsequence ci
ti−→ cc+1

ti+1−−→ . . .
tj−1−−→ cj.

We denote by val(π, i) the value ni of the i-th counter in the last configuration of π.

Observe that we can assume without loss of generality that each transition t ∈ ∆

is either an update transition, meaning that no counter is tested for zero (ζ(t) = ⊤),

or a zero-test transition, meaning that t does not change the values of the counters

(ζ(t) = j, for some 1 ≤ j ≤ d and λ(t) = (f, . . . , f), where f(x) = x).

We say that A is a vector addition system with states of dimension d (d-VASS)

if A has no zero-test transitions, i.e., ζ is the constant function assigning ⊤ to all

transitions. We are now ready to formally introduce the VASS reachability problem.

Problem 4. VASS reachability

Input: A VASS V and two configurations c, c′ ∈ C(V).

Output: YES if and only if V has a run from c to c′.

We say that a Z-VASS is a VASS for which the counters are allowed to take

negative values, i.e. , for a Z-VASS V , the configuration space of V is C(V) =

{(q, z1, . . . , zd) : q ∈ Q, z1, . . . , zd ∈ Z}. Furthermore, a VASS with resets is a VASS

that can also reset the value of a counter, meaning that we extend the set Ops with

the constant function f(x) = 0.

Next, we define a labelled affine vector addition system of dimension d (d-LAVASS).

Informally, a d-LAVASS is a labelled d-VASS, where we also allow affine updates on
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the counters. Formally, for d ≥ 0, a d-LAVASS is a tuple V = ⟨Q,Σ,∆, λ, q0, F,Φ⟩,
where Q is a finite set of control states, Σ is a finite alphabet, ∆ ⊆ Q × P(Σ) × Q

is a finite set of transitions, λ : ∆ → Opsd is the update function, where Ops is

now defined as the set of all affine functions of type f(x) = ax + b, with a, b ∈ Z,

q0 ∈ Q is the initial state, F ⊆ Q is the set of finite control states, and Φ is a a

quantifier-free formula of Presburger arithmetic Φ(x1, . . . , xd) that specifies an infi-

nite set JΦK ⊆ Nd of final counter values. Note that when d = 0, then, V is essentially

a non-deterministic automaton.

As before, a LAVASS V induces an (infinite) labelled directed configuration graph

G = (C(V),−→), where −→ ⊆ C(V) × Σ × C(V) such that c
a−→ c′ if and only if

c = (q,m1, . . . ,md), c
′ = (q′,m′1, . . . ,m

′
d), and there is t = (q, a, q′) ∈ ∆ such that

a ∈ Σ, λ(t) = (f1, . . . , fd), and m′i = fi(mi) for all 1 ≤ i ≤ d. We lift the definition of

−→ to words w = a1 · · · an ∈ Σ∗ in the natural way, and thus write c
w−→ c′ whenever

c
a1−→ c1

a2−→ · · · an−1−−→ cn−1
an−→ c′ for some c1, . . . , cn−1 ∈ C. The language L(V) ⊆ Σ∗

of V is defined as

L(V) := {w ∈ Σ∗ : c0
w−→ cf , cf ∈ Cf (V)} .

The non-emptiness problem for a LAVASS is the following

Problem 5. LAVASS non-emptiness

Input: A LAVASS V.
Output: YES if and only if L(V) ̸= ∅.

2.3.2 Cost Register Automata

VASS are infinite-state systems in which each counter is updated based on its previous

value without having access to the values of the other counters. Informally, Cost

Register Automata (CRA) are labelled infinite-state systems that do not have this

restriction. Note that in the case of CRAs we refer to counters as registers. This is

mainly a convention, but it also helps to differentiate between counters that do not

interact with each other and registers which do interact with each other.

Since the update functions in the case of CRAs are more complex than in the

case of affine updates, we take extra care when defining them. Formally, the update

functions of a CRA are expressions over a semiring K. In this thesis, we fix K :=

(Z ∪ {+∞} ,min,+) to be the tropical semiring. Also, we fix X to be a finite set of

variables, and d := |X|. By Expr(X) we denote the set of expressions constructed

using operations min {·, ·} and +, variables from X, and constants from K. Due to
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associativity, we allow arbitrary arity of the semiring operations in the expression

notation. A substitution over X is a function ν:X → Expr(X). We denote the set of

all substitutions over X by Sub(X). When defining substitutions, we often treat them

as sets of ‘argument ← value’ pairs. When X is clear from the context, we implicitly

extend partial substitutions with the identity mapping for the omitted arguments. For

example, if X ′ = {x1, x2} ⊊ X, then ν = {x1 ← e1, x2 ← e2} denotes a substitution

satisfying ν(xi) = ei for xi ∈ X ′ and ν(x) = x for x ∈ X \X ′. A valuation over X is

a substitution µ:X → K. We denote by Val(X) ⊂ Sub(X) the set of all valuations

over X. We abuse notation slightly and write 0 for the valuation that assigns the

value 0 to all x ∈ X.

Example 6. Fix X := {x, y, z}.

e := min {10, x + 5, y + z} ∈ ExprX (an expression)

ν := {x← 2 + min {x, y} , y ← 3} ∈ Sub(X) (a substitution)

µ := {x← 2, y ← 5, z ← 10} ∈ ValX (a valuation)

Substitutions ν, ν ′ can be composed, νν ′ ∈ Sub(X), by simultaneously replacing

each occurrence of x with ν(x), in each expression of ν ′, for every x ∈ X. Thus,

composing a valuation µ with a substitutions ν results in another valuation, so we

write evalµ(ν) to emphasis this and note that in this case, we can equivalently consider

evalµ(ν) ∈ Kd as a vector. Additionally, for ν, ν ′ ∈ Sub(X), we write ν ≡ ν ′ whenever

ν(x) ≡ ν ′(x) for every x ∈ X. For an expression e, by maxc(e) we denote the maximal

absolute value of constants different to +∞ appearing in e, and 0 if there are none.

We extend maxc naturally to substitutions.

Similarly to the case of VASS, we restrict the set of substitutions that we study

in this thesis. We focus on a special family of substitutions which are copyless and

linear with resets. A substitution ν is linear with resets if for every x ∈ X, ν(x) is

either a linear combination (over the tropical semiring) of X or 0 (a reset). A linear

substitution with resets ν is copyless if for all pairs x, x′ ∈ X, such that x ̸= x′, the

expressions ν(x) and ν(x′) feature disjoint sets of variables. By Subclr we denote the

set of all copyless linear substitutions.

Example 7 (Copyless linear substitutions with resets). Consider the substitutions ν

and ν ′:

ν :=


x← y + 5

y ← min {x, z − 2}
z ← 5

ν ′ :=

{
x← min {x}
y ← min {x, y}
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q0 q1a :

{
x← x+ 1

y ← y
# :

{
x← 0

y ← min {x, y}

min {x, y} 0

a :

{
x← x+ 1

y ← y

# :

{
x← 0

y ← min {x, y}

Figure 2.1: An example of a CRA over K

We have that ν ∈ Subclr({x, y, z}) because all updates are linear and variables x, y, z

occur at most once in its expressions. In contrast, ν ′ is linear, but not copyless,

because x occurs in both ν ′(x) and ν ′(y).

A copyless linear CRA with resets over K is a tuple C = ⟨X,Σ, Q, qini,∆, out⟩
consisting of a finite set X of registers, a finite alphabet Σ, a finite set Q of control

states, an initial state qini ∈ Q, and two functions:

• a transition rule function ∆:Q× Σ→ Subclr(X)×Q,

• an output function out:Q→ Expr(X).

For our purposes, we can assume that +∞ never occurs as a constant in a substitution,

since every such transition can either be removed from the minimum, or be replaced

with a transition leading to a new state, a self-loop incrementing the value of the

corresponding register in this new state, and then a transition back. In this thesis,

we consider only copyless linear CRAs with resets, hence for the rest of the paper we

simply call them CRAs.

Similarly to LAVASS, the set of configurations of C is C(C) := Q× Val(X). The

initial configuration of C is cini := (qini,0). A CRA C induces an (infinite) labelled

directed configuration graph G = (C(C),−→), where −→ ⊆ C(C) × Σ × Subclr × C(C)
such that c

a,ν−→ c′ if and only if c = (q, µ), c′ = (q′, µ′), and there is a ∈ Σ such

that ∆(q, a) = (ν, q′) and evalµ(ν) = µ′. We lift the definition of −→ to words w =

a1 · · · an ∈ Σ∗ in the natural way. We further define the function C : Σ∗ → K
computed by C as C(w) := evalµ(out(q)), such that cini

w−→ (q, µ).

Example 8. In Figure 2.1, we give an example of a CRA over the semiring K and

alphabet Σ = {a,#}. It has two states q0 and q1, where q0 is the initial state, and

two registers x and y. The output function for state q0 (words ending with a and the

empty word) is min {x, y} and for state q1 (words ending with #) is 0. Both registers

are initialised with value 0. If the input word ends with # or is empty, this CRA

outputs 0. If it ends with a, the CRA outputs the length of the shortest maximal by
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inclusion blocks of consecutive a’s. Register x stores the number of a’s read in the

current block, and y stores the minimum length of the blocks read so far. This CRA

is a copyless linear CRA with resets.

Finally, we say that a CRA C is bounded if there is N ∈ N such that C(w) < N ,

for all w ∈ Σ∗. The problem that we study in Chapter 5 is the following

Problem 9. CRA boundedness

Input: A CRA C.
Output: Yes if and only if C is bounded.
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Chapter 3

Semënov Arithmetic and LAVASS

In this chapter, we study the complexity of deciding the existential fragment of gen-

eralised Semënov arithmetic. We establish that this problem can be solved in EX-

PSPACE, Theorem 2, by finding a correspondence between existential formulas of

generalised Semënov arithmetic and a restricted class of LAVASS. Thus, we are able

to find a reduction to the language emptiness problem of this restricted class.

We start this chapter by proving several closure properties of the languages of

LAVASS and explaining how a LAVASS can, in some sense, model an existential

formula of generalised Semënov arithmetic. Next, we observe that we do not need

the full power of LAVASS in order to accomplish this modelling, so we define a

restricted class of LAVASS that is sufficient for this purpose and for which we can

decide the language emptiness problem. Not only is the emptiness language problem

for LAVASS undecidable, which we show in this chapter, but we are mainly interested

in deciding existential generalised Semënov.

Then, the main part of the chapter is devoted to proving that the emptiness

problem for this restricted class can be decided in EXPSPACE. The proof is quite

technical and makes use of some intricate path schemes. Thus, before presenting the

full proof, we provide an overview to give the reader the main ideas used inside the

proof.

3.1 Related Work

One of the main research directions in the field of arithmetic theories is searching

for more expressive extensions of well-studied theories while maintaining decidabil-

ity. This is especially true in the case of Presburger arithmetic. The task however

is not trivial since, for example, adding the multiplication function to the theory

immediately results in undecidability. Moreover, adding other predicates that might
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seam weaker than full multiplication, such as the squaring function, leads to unde-

cidability since in this case, the multiplication function can be recovered inside the

theory. For more examples of predicates that lead to undecidability, and also some

decidable expansions of Presburger arithmetic see, for instance, the survey [14]. Fa-

mously, Hilbert’s 10th problem asks if there exists an algorithm that can decide if a

polynomial equation with integer coefficients has an integer root. This problem was

shown to be undecidable by Matiyasevich in 1970, in [64]. Since the problem can be

encoded in the existential fragment of the structure ⟨Z, 0, 1,+,×, <⟩, this implies that

the existential fragment of the extension of Presburger arithmetic with multiplication

is also undecidable.

The decidability of an arithmetic is usually proved in one of two ways. Either via

a quantifier elimination procedure as in the case of the original proof by Presburger

from 1929 [74], or via the notion of automaticity. An important example of the latter

is the proof by Büchi from 1960, who showed that the extension of Presburger with

the V2(·) predicate is decidable [19]. It was however shown that, for multiplicatively

independent integers k, l, the first-order theory of the structure ⟨N, 0, 1,+, <, Vk, Vl⟩ is

undecidable [88]. After Büchi, Semënov used the method of quantifier elimination to

prove that any extension of Presburger arithmetic with an “effectively sparse” predi-

cate is decidable [83]. One important example of a sparse predicate is 2N which is the

set of all integers that are powers of two. Although the predicate 2N can be defined

inside ⟨N, 0, 1,+, <, V2⟩, the quantifier elimination procedure given by Semënov ap-

plies more broadly. More recently, it was shown that extending Presburger with two

power predicates leads to undecidability. Namely, it was shown in [49], that given

two integers k, l ≥ 2, the first-order theory of ⟨N, 0, 1,+, <, kN, lN⟩ is undecidable.

However, it is proved in [52] that the existential fragment of this theory is decidable.

There was also some focus on the computational complexity of these decision

procedures. The first improvement of Presburger’s procedure was done by Cooper

in 1972 [23] which enabled it to be applied to non-trivial examples. Then it was

shown that Cooper’s algorithm runs in triply exponential time [72]. A finer-grained

complexity analysis for the complexity of Presburger arithmetic is presented in [90] for

example. There is a recent result studying the complexity of Presburger arithmetic

extended with the power predicate or with the exponentiation function. Concretely, it

was shown in [12] that the complexity of deciding ⟨N, 0, 1,+, <, 2N⟩ is in 3EXPTIME,

and the complexity of deciding the existential fragment of ⟨N, 0, 1,+, <, 2x⟩ is in

NEXPTIME.

27



3.2 Affine vector addition systems with states

In this section, we discuss closure properties of LAVASS and show that their languages

are closed under union and intersection, and restricted kinds of homomorphisms and

inverse homomorphisms, using essentially the standard constructions known for finite-

state automata. Before we proceed, we need to start by defining the size of a LAVASS.

Let V = ⟨Q,Σ,∆, λ, q0, F,Φ⟩ be a LAVASS. For an update function λ: ∆→ Opsd, we

define

∥λ∥ := max{|a|+ |b| : λ(t) = (f1, . . . , fd), fi = ax + b, 1 ≤ i ≤ d, t ∈ ∆} .

We define the size |V| of a LAVASS V = ⟨Q, d,Σ,∆, λ, q0, F,Φ⟩ as

|V| := |Q|+ |∆| · (d + 1) · log(∥λ∥+ 1) + |Φ| .

Now, let Vi = ⟨Qi, di,Σ,∆i, λi, q
(i)
0 , Fi,Φi⟩, i ∈ {1, 2}, be two LAVASS.

Proposition 10. The languages of LAVASS are closed under union and intersection.

Moreover, for V such that L(V) = L(V1) ∩ L(V2), we have |V| ≤ |V1| · |V2|.

Closure under union is trivial since we allow for non-determinism. The result for

intersection can be obtained by generalising the standard constructions known from

non-deterministic finite-state automata. The set of control states of the LAVASS

V accepting the intersection of LAVASS V1 and V2 is Q1 × Q2. The dimension of

V is the sum of the dimensions of V1 and V2, and the counters of V1 and V2 get

independently simulated in the counters of V . Upon reading an alphabet symbol a,

the LAVASS V then simultaneously simulates the respective transitions of V1 and

V2 for a. More formally, to show closure under intersection, we define the LAVASS

V := (Q′, d1 + d2,Σ,∆′, λ′, q′0, F
′,Φ) such that

• Q′ := Q1 ×Q2,

• ((q1, q2), a, (r1, r2)) ∈ ∆′ if and only if (q1, a, r1) ∈ ∆1 and (q2, a, r2) ∈ ∆2,

• λ′((q1, q2), a, (r1, r2)) := (λ1(q1, a, r1), λ2(q2, a, r2)),

• q′′0 := (q
(1)
0 , q

(2)
0 ),

• F ′ := F1 × F2, and

• Φ is the conjunction of Φ1 and Φ2, with counters renamed accordingly.
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Lemma 11. For any w ∈ Σ∗, q1, r(1) ∈ Q1 and q2, r2 ∈ Q2, the following are equiva-

lent:

(i) ((q(1), q(2)),m1, . . . ,md1+d2)
w−→V ((r(1), r(2)),m′1, . . . ,m

′
d1+d2

)

(ii) (q(1),m1, . . . ,md1)
w−→V1 (r(1),m′1, . . . ,m

′
d1

) and (q(2),md1+1,md1+1 . . . ,md1+d2)
w−→V2

(r(1),m′d1+1, . . . ,m
′
d1+d2

).

Proof. Let w ∈ Σ∗, we prove the statement by induction on |w|. The base case w = ϵ

is immediate by the definition of V .

For the induction step, let w = u · a for some a ∈ Σ. The induction hypothesis

yields

((q(1), q(2)),m1, . . . ,md1+d+2)
u−→V ((s(1), s2),m′′1, . . . ,m

′′
d1+d2

)

⇐⇒ (q(1),m1, . . . ,md1)
u−→V1 (s(1),m′′1, . . . ,m

′′
d1

) and

(q(2),md1+1, . . . ,md1+d2)
u−→V2 (s(2),m′′d1+1, . . . ,m

′′
d1+d2

) .

Again, by definition of V we furthermore have

((s(1), s(2)),m′′1, . . . ,m
′′
d1+d+2)

a−→V ((r(1), r2),m′1, . . . ,m
′′
d1+d2

)

⇐⇒ (s(1),m1, . . . ,md1)
a−→V1 (r(1),m′′1, . . . ,m

′′
d1

) and

(s(2),md1+1, . . . ,md1+d2)
a−→V2 (r(2),m′′d1+1, . . . ,m

′′
d1+d2

) .

This concludes the proof of the statement.

Corollary 12. Let V1,V2 be LAVASS. Then L(V1) ∩ L(V2)) = L(V1 ∩ V2).

Proof. For any w ∈ Σ∗, by Lemma 11, we have:

w ∈ L(V1 ∩ V2)

⇐⇒ (q′0, 0, . . . , 0)
w−→V ((r1, r2),m1, . . . ,md1+d2)

for some (r1, r2) ∈ F ′, (m1, . . . ,md1+d2) ∈ JΦK

⇐⇒ (q
(1)
0 , 0, . . . , 0)

w−→V1 (r1,m1, . . . ,md1) for some r1 ∈ F1, (m1, . . . ,md1) ∈ JΦ1K, and

(q
(2)
0 , 0, . . . , 0)

w−→V2 (r2,md1+1, . . . ,md1+d2)

for some r2 ∈ F2 (md1+1, . . . ,md1+d2) ∈ JΦ2K

⇐⇒ w ∈ L(V1) and w ∈ L(V2) .

From the construction, it is clear that for the size of the LAVASS for L(V1)∩L(V2),
we have:
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• |Q| = |Q1| · |Q2|,

• |∆| ≤ |∆1| · |∆2|,

• |λ| = max(|λ1| , |λ2|), and

• d = d1 + d2.

Note that since LAVASS languages contain regular languages, Proposition 10 in

particular enables us to intersect LAVASS languages with regular languages.

Let Σ,Γ be two finite alphabets. Recall that a homomorphism h: Γ∗ → Σ∗ is fully

defined by specifying h(a) for all a ∈ Γ. We call h a projection if |h(a)| = 1 for all

a ∈ Γ.

Proposition 13. The languages of LAVASS are closed under projections and inverses

of projections.

Proof. Let h: Γ∗ → Σ∗ be a projection. Given an LAVASS V = ⟨Q, d,Σ,∆, λ, q0, F, Sf⟩,
to obtain closure under projections replace any t = (q, a, q′) ∈ ∆ with t′ = (q, h(a), q′),

and set λ(t′) := λ(t). To obtain closure under inverse projections, replace any

t = (q, a, q′) ∈ ∆ with t′ = (q, h−1(a), q′) and set λ(t′) := λ(t).

3.3 Generalised Sëmenov arithmetic and LAVASS

Let Σ = {0, 1}. In this section, we show how given a quantifier-free formula Φ(x1, . . . , xd)

of Semënov arithmetic, we can construct a LAVASS V over the alphabet Σd := {0, 1}d

such that JL(V)K = {x ∈ Nd : Φ(x)}. We will subsequently observe that the resulting

LAVASS enjoy strong structural restrictions, giving rise to the fragment of restricted

LAVASS that we then formally define. For our purposes, it will be sufficient to pri-

marily focus on formulas Φ of Semënov arithmetic which are conjunctions of atomic

formulas.

In Chapter 2, we stated that for presentational convenience, the atomic formulas

of generalised Semënov arithmetic are either linear equations, exponential equations

of the type x = 2y, or regular predicates. Moreover, recall Lemma 1 which stated

that the sets of solutions of systems of linear equations Ax = b, where x, b ∈ Z can

be represented by a regular language and are hence definable via a LAVASS.

The crucial part, which requires the power of LAVASS, are exponential equations

x = 2y. A LAVASS V with two counters and JL(V)K = Jx = 2yK is depicted in

Figure 3.1. Control-states are depicted as circles and transitions as arrows between
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q0 q1

[
0
0

]
:

{
id

×2

[
0
b

]
:

{
++

×2+b[
1
0

]
:

{
id

×2

Figure 3.1: A gadget with two counters for the exponential equation x = 2y, where
b ∈ {0, 1}.

them. The vector before the colon is the alphabet symbol read. For instance, the

transition from q0 to q1 reads the alphabet symbol (1, 0) ∈ {0, 1}2. After a colon,

we display the counter operations when reading the alphabet symbol, the operation

on the first counter is displayed on the top and the operation on the second counter

on the bottom. Here and subsequently, for presentational convenience, id is the

identity function x 7→ x, and ×2 and ×2+1 are the functions x 7→ 2x and x 7→ 2x + 1,

respectively.

The idea behind the gadget in Figure 3.1 is as follows. For an example, suppose

that y = 5, then x = 32, and in binary the sequence of digits of x and y looks as

follows:

[ xy ] = [ 10 ] [ 00 ] [ 00 ] · · · [ 00 ] [ 01 ] [ 00 ] [ 01 ]

Since x = 2y, we have that x ∈ 0∗10∗, and the number of trailing zeros of x is equal

to the value of y. Thus, once a 1 in the binary representation of x has been read, the

first counter in the gadget of Figure 3.1 keeps incrementing and counts the number of

trailing zeros of x. At the same time, the second counter in the gadget of Figure 3.1

keeps the value 0 until it reads the first 1 of the binary expansion of y, since 2 · 0 = 0.

It then computes the value of y in binary on the second counter by multiplying the

value of the second counter by 2 when reading a zero, and multiplying by two and

adding one when reading a one. The LAVASS in Figure 3.1 only accepts when the

first and the second counter have the same value, i.e., when the number of trailing

zeros of the binary expansion of x equals the value of y, as required.

A closer look at the gadget constructed in Figure 3.1 reveals a number of important

structural properties:

(i) all operations performed on the first counter are either the identity map id or

increments ++;

(ii) all operations performed on the second counter are affine updates ×2 and ×2+1;
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(iii) once the first counter gets incremented on a run, it gets incremented at every

subsequent transition; and

(iv) only counter configurations in which the value of the first counter equals the

value of the second counter are accepted.

Those properties are crucial to obtain decidability of (generalised) existential Semënov

arithmetic.

Definition 14. An LAVASS is restricted if and only if it has an even number of 2d

counters called xi, yi, 1 ≤ i ≤ d, such that every counter pair (xi, yi) adheres to the

above Properties (i)–(iv), where xi is regarded as the first counter and yi as the second

counter and the set of final counter values is defined by Φ ≡
∧

1≤i≤d xi = yi.

For convenience, when referring to the counters in a pair, we subsequently refer to

the first counter as its x-counter and to the second counter as its y-counter. We also

call the x-counters unary counters and the y-counters binary counters, because of the

different type of updates they support. We will usually write m for the value of the

x-counter and n for the value of the y-counter. The following lemma is an immediate

result of Figure 3.1 together with the previous discussion.

Lemma 15. There is a fixed restricted LAVASS V of dimension two such that L(V)

is zero closed and JL(V)K = Jx = 2yK.

A discussion on these restrictions is in order. First, notice that the restrictions

capture almost all of the structure of our example in Figure 3.1. This is a nice feature

since we are trying to design a model that can recognise solution sets of generalised

Sëmenov first-order formulas, for which the complexity of the emptiness problem is

as low as possible. However, one might ask if all of these restrictions are necessary in

order to obtain decidability for the emptiness problem. We argue that having affine

counters and the ability to compare them in our acceptance condition is too strong

of a feature. For this, we slightly modify an argument presented in [75]. We start by

introducing the Post Correspondence Problem, PCP. Given a set of dominoes D such

that each domino is a pair of binary strings (ui, vi), is there a way to concatenate

the dominoes in order to get two matching strings? Formally, is there a sequence

of indices (ik)1≤k≤N , such that ui1 . . . uiN = vi1 . . . viN ? This problem is known to

be undecidable. One can reduce the the PCP problem to the language emptiness

problem for LAVASS by having two counters that model the two strings ui1 . . . uiN

and vi1 . . . viN . There is a stateless LAVASS that has one transition for each domino
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pair, that modifies the two counters accordingly. Next, our acceptance condition

checks if these two counters equal. Of course, the counters are equal initially, but this

can be easily solved by adding an extra state or requiring the counters to be greater

than zero.

Thus, even a counter that has access to only id, ×2, and ×2+1 updates is able

to model the string obtained by concatenating domino pieces1. We conclude that

the second restriction (ii) is mandatory if we want to be able to decide language

emptiness. Next, we need a counter that is able to “count”, so we would like to have

access to id and ++ updates and we established that we cannot have affine updates

together with the id update, hence the first restriction. The third restriction (iii) is

more interesting. While it does make the proof easier which will be observed in the

coming sections, it is unknown if it actually decreases the complexity of the emptiness

problem. We expand on this point in the last section. Finally, the last restriction

(iv) is there mainly for presentation purposes. We can easily compare two binary

counters with each other by using two extra unary counters, so it is easy to see that

the complexity of the language emptiness problem does not change if we allow Θ to

be a conjunctions of literals of the type ci ≤ cj + b, where ci, cj are arbitrary counters

and b ∈ Z. Now, we prove that the same closure properties of LAVASS carry over to

the restricted class.

By following the constructions in Section 3.2 and noting that the counters of

different LAVASS are simulated independently we obtain the following result.

Proposition 16. The languages of restricted LAVASS are closed under union, inter-

section, projection, and inverse projections.

Thus, we are ready to present the central lemma of this section.

Lemma 17. Consider a positive conjunctive formula of Semënov arithmetic

Φ(x) ≡ A · x = b ∧
∧
i∈I

xi = 2yi ,

where A ∈ Zm×n, b ∈ Zm, I is a finite index set, and xi and yi are variables from

x. There is a restricted LAVASS V of dimension 2 |I| and of size (∥A∥1,∞ + ∥b∥∞ +

2)O(m+|I|) such that JL(V)K = JΦK.
1This problem was asked by the author, and then answered by Petra Wolf at Autoboz22’ (https:

//automata.exchange/22.02-paired-counter-automata/), before discovering that it was already
treated in [75].
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This lemma follows from the combination of Lemma 1, Lemma 15, and Proposi-

tion 16.

Finally, for technical convenience, we assume that for a restricted LAVASS, we

have |Q| ≥ 2. This is with no loss of generality, since if |Q| = 1 then deciding non-

emptiness is trivial (the restricted LAVASS has non-empty language if and only if the

only control state is accepting).

The next sections will be devoted to the proof of the main result of this chapter

on restricted LAVASS.

Proposition 18. Language emptiness of a restricted LAVASS V with 2d counters is

decidable in NSPACE(|V| · 2O(d)).

This proposition enables us to prove Theorem 2, by appealing to Lemma 17. Given

a formula Φ of generalised Semënov arithmetic, we can in space 2O(|Φ|) construct the

disjunctive normal form of Φ. Every disjunct can be assumed to be of the form

A · x = b ∧
∧
i∈I

xi = 2yi ∧
∧
j∈J

Rj(x),

where the Rj are predicates over regular languages. By Lemma 17, there is a restricted

LAVASS for Φ of dimension 2 |I| with a number of states bounded by (∥A∥1,∞ +

∥b∥∞ + 2)O(m+|I|) = 2p(|Φ|) for some polynomial p and whose language represents

the set of solutions to A · x = b ∧
∧

i∈I xi = 2yi . Intersecting with the DFA for

the Rj results in a restricted LAVASS V with 2 |I| = O(|Φ|) counters such that

|V| = 2p(|Φ|) for some polynomial p. By Proposition 18, it follows that emptiness

of V is decidable in NSPACE(2p(|Φ|) · 22|I|). We conclude the argument by recalling

that NEXPSPACE=EXPSPACE by Savitch’s theorem. This proves Theorem 2, that

states that existential generalised Semënov can be decided in EXPSPACE.

3.4 Certificates witnessing non-emptiness of restricted

LAVASS

We now show that language emptiness for restricted LAVASS is decidable in expo-

nential space, Proposition 18. Clearly, this problem reduces to deciding whether a

given restricted LAVASS has an accepting run, but witnessing runs may be of non-

elementary length. Below we present such an example.

Assume that all the unspecified transitions contain a ×2 update for the y-counters.

Thus, the counter yn has value 1 when we reach the state qn, and value 3 when we
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q0 qn−2 qn−1 qn qf


yn: ×2+1
yn−1: ×2+1
yn−2: ×2+1


yn: ×2+1
yn−1: ×2+1
yn−2: ×2+1

{
xn: ++

yn−1: ×2+1

{
xn−1: ++

yn−2: ×2+1
x1: ++

· · ·

Figure 3.2: Accepting run of non-elementary length

reach the accepting state qf . Any accepting run must also ensure that the counter

xn has value 3 when we reach qf , thus the run has to take the self-loop in state

qn−1 at least once. However, this increases the value of yn−1 which in turn forces

any accepting run to use the self-loop in state qn−2. Observe that, if a run uses the

self-loop at state qi at least li many times, it must then use the self-loop at state qi−1

more than 2li many times in order to recover the difference between the counters yi

and xi. Thus, the shortest accepting run must be of non-elementary length.

To overcome this problem, we define an abstraction for configurations of restricted

LAVASS. Abstract configurations store residue classes of counter values, as well as

some further information that is required to witnesses the existence of concrete ac-

cepting runs. Before giving the formal definition, we provide some high level intuition

that leads to our definition of abstract configurations. Next, we introduce reachabil-

ity certificates, which are abstract runs with certain further properties. We argue

that the existence of witnessing certificates, which are special kinds of reachability

certificates witnessing that the language of an LAVASS is non-empty, are decidable in

EXPSPACE. The last subsection then establishes that witnessing certificates actually

witness non-emptiness of restricted LAVASS.

3.4.1 Key observations of accepting runs

Given a restricted LAVASS V in dimension d, assuming that L(V) ̸= ∅, there is a run

π from an initial configuration c to a final configuration c′. With no loss of generality,

throughout this section, we assume that val(c′, xi) ≥ val(c′, xi+1) > 0 for all 1 ≤ i < d.

Recall that the notation refers to the unary counters, the ones that keep track of the

number of zeros read after the first 1. In particular, this implies that every counter

gets incremented at least once along a path witnessing non-emptiness.

Our first observation is that if, along π, a counter yi achieves the first time a

non-zero value by taking a ×2+1 labeled transition, then the length of the remaining

segment of π is bounded by O(log(mi +1)), where mi is the value of counter xi before

the transition is taken. The reason is that, once yi has non-zero value, its value is at
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least doubling for every following transition taken. Hence if π is “long” then along

π there will be loops incrementing a counter xi before the corresponding yi achieves

non-zero value.

In the latter scenario, we may actually, subject to some bookkeeping, discard

concrete values of xi and yi and only store their residue classes modulo ℓi, where ℓi is

the length of the first loop incrementing xi along π. In particular, if we are given a non-

accepting run π′ such that val(π′, xi) ≡ val(π′, yi) mod ℓi and val(π′, xi) < val(π′, yi)

then π′ can be turned into a run π′′ where val(π′′, xi) = val(π′′, yi) by iterating the

loop of length ℓi.

There are, however, some further subtleties that need to be taken care of. Consider

the segment π′ of π between the first transition labelled by ++ on xi and the first

transition labelled by ++ on xi+1. If π′ contains no loop, then, we are in a situation

where the first loop incrementing xi is also the first loop incrementing xi+1. This

means that the values of xi and xi+1 get paired together, and hence, for an accepting

run, also the values of yi and yi+1 are paired together. In our approach, we deal with

such circumstances by introducing so-called y-constraints. A y-constraint of the form

yi − yi+1 = δi for some constant δi ∈ N asserts that the counters yi+1 and yi must

eventually have constant difference δi along a run.

Otherwise, if π′ above contains a loop, the difference between the values of xi and

xi+1 is not necessarily constant, but lower-bounded by the length δi of the loop-free

sub path of π′. Thus, in an accepting run, the difference between yi and yi+1 must

also be at least δi, which is asserted by a y-constraint of the form yi − yi+1 ≥ δi.

Finally, we describe the reason for which accepting runs can have non-elementary

lengths. Imagine that the counter xi uses a loop in order to catch up with the counter

yi, before the counter yi is initialised, as described above. Now, suppose that on this

loop the counter yi−1 has updates of the form ×2+1. Thus, if there exists an accepting

run, and the counter yi has value mi in the final configuration of this accepting

run, then, the counter xi must also have value mi at the end of the run. Thus, the

accepting run must contain around mi loops in order for xi to catch up to the value of

yi. However, these loops have increase the value of yi−1 to an exponential value which

implies that there must be another loop before the initialisation of the counter yi−1

increasing the value of xi−1. Now, if we imagine that this second loop also contains

updates of the type ×2+1 for the counter yi−2, and iterate the above argument, one

can see how we can obtain accepting runs of non-elementary lengths.
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3.4.2 Abstract configurations for restricted LAVASS

Our decision procedure for non-emptiness of restricted LAVASS is based on reducing

this problem to a reachability problem in a carefully designed finite-state abstraction

of the state-space of LAVASS. Throughout this section, let V = ⟨Q,Σ,∆, λ, q0, F,Φ⟩
be a restricted LAVASS with 2d counters. We first define the state space of the

abstracted LAVASS.

Definition 19. An abstract configuration is a tuple

α = (q,m1, n1, . . . ,md, nd, u1, u2, . . . , ud−1, ℓ1, . . . , ℓd)

∈ Q× (N ∪ {⊥})2d × Nd−1 × (N ∪ {⊤})d,

such that mi, ni ∈ [0, 2dMi] ∪ {⊥} and ui ∈ [0, Ui] and ℓi ∈ [0,Mi − 1] ∪ {⊤}, where

• Mi := ⌊|Q|((1/8)·32
i−1+1)⌋; and

• Ui := |Q|(32
i−1+4).

The idea is that mi, ni store the residue classes modulo ℓi of the counter pair

xi, yi respectively, where the value ⊤ for ℓi acts as an indicator that we are storing

actual values and not residue classes. The value ⊥ for some xi or yi indicates that

the counter has not yet been initialised, which is different to the counter having value

0 modulo ℓi. If for an update function f , f = ++ or f = ×2+1 then f(⊥) := 1;

otherwise f(⊥) := ⊥, and we stipulate that ⊥ mod n = ⊥. The value of ui in an

abstract configuration carries the current difference between the value of the counters

yi and yi+1. This difference is potentially unbounded, however for our purposes it

suffices to only store its value if it is less than Ui, and to indicate the fact that it is

at least Ui by the value ui = Ui.

We denote the (finite) set of all abstract configurations of V by A(V). Let us now

define a transition relation
·−→ ⊆ A(V)×∆×A(V) such that α

t−→ α′, t = (q, a, q′) ∈ ∆

if and only if:

• α = (q,m1, n1, . . . , ud−1, ℓ1, . . . , ℓd) and α′ = (q′,m′1, n
′
1, . . . , u

′
d−1, ℓ1, . . . , ℓd);

• λ(t) = (fx1 , fy1 , . . . , fxd
, fyd);

• fxi
= ++ for all i such that mi ̸= ⊥;

• if ℓi ̸= ⊤, m′i = fxi
(mi) mod ℓi and n′i = fyi(ni) mod ℓi;

• if ℓi = ⊤, m′i = fxi
(mi) and n′i = fyi(ni); and
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• for all i ∈ {1, . . . , d− 1},

u′i =


min(2ui + 1, Ui) if fyi = ×2+1, fyi+1

= ×2

min(2ui, Ui) if fyi = fyi+1

min(2ui − 1, Ui) if fyi = ×2, fyi+1
= ×2+1.

Assuming that the value of yi is at least the value of yi+1, which we will always ensure,

the definition of how to update ui ensures that it exactly stores the difference yi−yi+1

unless the difference becomes too large, in which case it is levelled off at Ui.

An abstract configuration path is a sequence of abstract configurations and tran-

sitions of the form R = α1
t1−→ α2

t2−→ · · · tn−1−−→ αn.

Given two consecutive y-counters yi, yi+1 and δi ∈ N, we say that yi − yi+1 = δi

and yi − yi+1 ≥ δi are y-constraints. Let Y be a set of y-constraints, an abstract

configuration α = (q,m1, n1, . . . , u1, . . . , ud−1, ℓ1, . . . , ℓd) respects Y whenever

• ui ≥ δi for all constraints of type yi − yi+1 ≥ δi in Y ,

• and ui < Ui and ui = δi for all constraints yi − yi+1 = δi in Y .

We say that αf is a final abstract configuration respecting Y whenever q ∈ F , mi = ni

for all 1 ≤ i ≤ d, and αf respects Y .

3.4.3 Witnessing certificates

While any concrete accepting run of an LAVASS gives rise to an abstract configura-

tion path ending in an accepting abstract configuration, the converse does not hold.

This motivates the introduction of reachability and witnessing certificates, which are

special abstract configuration paths that carry further information that eventually

enables us to derive from a witnessing certificate a concrete accepting run of an

LAVASS.

A reachability certificate is a tuple (R,X, Y, L) such that R = α1
t1−→ α2

t2−→
· · · tn−1−−→ αn is an abstract configuration path, and X, Y, L: {1, . . . , d} → {1, . . . , n}.
Here, X(i) and Y (i) indicate the position where the xi-counter and yi-counter obtain

a value different from ⊥ for the first time. Moreover, L(i) is the position where a

loop of length ℓi can be found. Formally, (R,X, Y, L) is required to have the following

properties:

(a) α1 = (q0,⊥, . . . ,⊥, 0, . . . , 0, ℓ1, . . . , ℓd) and if ℓi = ⊤ then ℓj = ⊤ for all i < j ≤ d;

(b) λ(xi, tX(i)−1) = ++ and λ(yi, tY (i)−1) = ×2+1 for all 1 ≤ i ≤ d;
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(c) λ(xi, tj) = id for all 1 ≤ j < X(i)− 1;

(d) λ(yi, tj) = ×2 for all 1 ≤ j < Y (i)− 1;

(e) X, Y, L are monotonic; and

(f) for all 1 ≤ i ≤ d, if ℓi ̸= ⊤ then

• X(i) ≤ L(i) < Y (i), and

• there is a simple αL(i)-loop αL(i)

t′1−→ α′2
t′2−→ · · ·

tℓi−1−−→ α′ℓi−1
t′ℓi−→ αL(i) of length

ℓi.

Those conditions can be interpreted as follows. Condition (a) asserts that the cer-

tificate starts in an initial abstract configuration. We require that ⊤ monotonically

propagates since the absence of a loop for counter xi implies that the remainder of

a path is short, hence we can afford to subsequently store actual counter values and

not residue classes. Conditions (b), (c) and (d) assert that X(i) and Y (i) are the

first position where the counters xi, yi hold a value different from ⊥. Condition (e)

states that the counters xi+1, yi+1 do not carry a value different from ⊥ before the

counters xi and yi, respectively. Condition (f) implies that, if ℓi ̸= ⊤ then between

the first update for counter xi and the first update for counter yi there is a position

L(i) where we can find a loop in the abstract configurations of length ℓi. Notice that

if xj = ⊥ or yj = ⊥ in αL(i) then xj and yj remain to hold ⊥ along this loop, i.e.,

this loop does not update counters that have not been initialised already.

Given R, the set of y-constraints induced by R is the smallest set containing

• yi − yi+1 ≥ δi, where δi := X(i + 1) − X(i) if there is a j such that X(i) ≤
L(j) < X(i + 1); and

• otherwise yi − yi+1 = δi, where δi := X(i + 1)−X(i),

for all 1 ≤ i < d such that ℓi ̸= ⊤.

We introduce some further notation. Given a reachability certificate (R,X, Y, L),

we denote by π(R) the run corresponding to R in the configuration graph of V , with

the initial configuration (q0, 0, 0, . . . , 0, 0). Given indices 1 ≤ i ≤ j ≤ n, we denote by

R[i, j] the segment αi
ti−→ αi+1 · · ·

tj−1−−→ αj of R, and by R[i] := αi. We say that R is

a witnessing certificate if, for a ≤ d being the largest index such that ℓa ̸= ⊤:

• R[1, Y (a)] is a simple path and n− Y (a) ≤ 2dMd+1;
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• αn is a final abstract configuration respecting the set of induced y-constraints;

and

• val(π(R), xa) ≤ val(π(R), ya).

Sometimes we will speak of witnessing certificates restricted to a set of counters. By

that we mean a witnessing certificates where the relevant Conditions (a)–(f) are only

required for that set of counters.

In the next section, we prove the following theorem that will enable us to give a

proof for Proposition 18.

Theorem 20. The language of a restricted LAVASS V is non-empty if and only if

there exists a witnessing certificate for V .

3.5 Witnessing certificates witness non-emptiness

of restricted LAVASS

In this section, we prove Theorem 20. The proof is split into the two directions. First,

we argue that the existence of a witnessing certificate for a LAVASS implies that the

language of the LAVASS is non-empty. Subsequently, we show the converse direction.

Witnessing certificates imply non-emptiness of restricted LAVASS

Proposition 21. If there exists a witnessing certificate for a restricted LAVASS V

then L(V ) ̸= ∅.

The idea behind the proof of Proposition 21 is that, from a witnessing certificate

(R,X, Y, L) of a LAVASS V , we obtain a sequence of runs of V such that the final

run in that sequence is an accepting run of V . Initially, we obtain a run that ends in

a configuration where the counters are in a congruence relation. We then carefully

pump the simple loops pointed to by L, beginning from the last counter and working

towards the first.

Let (R,X, Y, L) be a witnessing certificate, and let π(R) be the run in the con-

figuration graph of V induced by R. Let a ≤ d be maximal such that ℓa ̸= ⊤. We

now define a sequence of runs π0, . . . , πa such that the following invariant holds. In

the final configuration of πi,

(i) mj ≤ nj and mj ≡ nj mod ℓj for the j-th counter pair, 1 ≤ j ≤ a− i; and

(ii) mj = nj for the j-th counter pair, a− i < j ≤ d.
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It is clear that πa then witnesses L(V ) ̸= ∅. We proceed by induction on i.

Base case i = 0: Let π0 = π(R). Since R is a witnessing certificate, val(π(R), xa) ≤
val(π(R), ya), and hence ma ≤ na in the last configuration of π0. Moreover, R respects

the set of induced y-constraints. Hence na−1 − na ≥ δa−1, where δa−1 is the length

of the path from R[X(a − 1)] to R[X(a)]. Hence na−1 − na ≥ ma−1 −ma and thus

ma−1 ≤ na−1. Iterating this argument for the remaining counters, we get that (i)

of the invariant is fulfilled for π0; (ii) trivially holds since R ends in an accepting

abstract configuration.

Induction step i > 0: Let πi−1 be the path that exists by the induction hypothesis.

If ma−i = na−i in the last configuration of πi−1 then we are done and take πi = πi−1;

otherwise ma−i < na−i and ma−i ≡ na−i mod ℓa−i. Hence, there is some k ∈ N such

that na−i = k ·ℓa−i. Since ℓi ̸= ⊤, let β := αL(a−i)
t1−→ α2

t2−→ · · ·αℓi−1
tℓi−→ αL(a−i) be the

simple α-loop at position L(a− i) that is guaranteed to exist since R is a witnessing

certificate. We insert the transitions of βk and the induced updated configurations

into πi−1 at position L(a − i). Notice that L(a − i) < X(a − i + 1). Otherwise,

by the definition of the induced y-constraints, ya−i − ya−i+1 = δa−i is in the set of

induced y-constraints, where δi = X(a − i + 1) − X(a − i). Since the last abstract

configuration of R respects the set of y-constraints, it must be the case that in the last

configuration of πi−1, na−i−na−i+1 = δa−i and ma−i−ma−i+1 = δa−i, so ma−i = na−i,

because after the position X(a−i+1)−1 in R and thus πi−1, the counters xa−i, xa−i+1

get incremented simultaneously. This contradicts our assumption that ma−i ̸= na−i.

Thus, the counters xa−i+1, ya−i+1, . . . , xd, yd remain unchanged by the insertion of

βk, so (ii) and consequently (i) continues to hold in the last configuration of πi for

those counters. Moreover, due to the ordering conditions imposed on witnessing

certificates, the value of ya−i does not change either, and hence ma−i = na−i in the

last configuration of πi. Since β is a loop in the abstract configuration space, we have

mj ≡ nj mod ℓj for all 1 ≤ j < a − i and the values of uj, for all 1 ≤ j < a are

preserved.

3.5.1 Non-emptiness of restricted LAVASS implies the exis-
tence of witnessing certificates

Proposition 22. If L(V ) ̸= ∅ for a restricted LAVASS V then there exists a wit-

nessing certificate for V .

We begin by defining a function that turns a configuration from C(V ) into an
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abstract configuration. This function is parameterised by ℓ1, . . . , ℓd ∈ N+ ∪ {⊤}:

fV ((q,m1, n1, . . . ,md, nd), ℓ1, . . . , ℓd) := (q,m1 ◦ ℓ1, n1 ◦ ℓ1, . . . ,md ◦ ℓd, nd ◦ ℓd,

min(n1 − n2, U1), . . . ,min(nd−1 − nd, Ud−1), ℓ1, . . . , ℓd) .

Here, m◦ℓ := ⊥ if m = 0; m◦ℓ := m mod ℓ if ℓ ∈ N+; and m◦ℓ := m if ℓ = ⊤. We lift

the definition of fV to concrete runs π in the natural way, and write fV (π, ℓ1, . . . , ℓd)

for the resulting sequence of abstract configurations. Let π = c1
t1−→ c2 · · ·

tn−1−−→ cn be

a run witnessing L(V ) ̸= ∅. We show how to obtain a witnessing certificate R from

π. Without loss of generality, in cn we have m1 ≥ m2 ≥ . . .md > 0.

To this end, we show how from the accepting run π we can iteratively define a

sequence R0, R1, R2 . . . , Rd of abstract runs and identify the required ℓ1, . . . , ℓd ∈ N+∪
{⊤} and X, Y, L such that (Rd, X, Y, L) is a reachability certificate. Let X(i) := j such

that j is the first position in π where the value of counter xi is non-zero; analogously

define Y (i) to be the first position where the value of yi is non-zero. Clearly, X, Y

are monotonic and X(i) ≤ Y (i), for all 1 ≤ i ≤ d. Otherwise, if a counter yi gets

initialised before the counter xi in π, it must be the case that ni > mi in cn and

therefore cn cannot be an accepting configuration.

Recall that π has length n. In our proof, the subsequent technical lemma will allow

us to conclude that, if for a counter pair xi, yi the yi counter gets updated shortly

after the xi counter then the run will end shortly after and counter pairs xj, yj for

j ≥ i will consequently have small values.

Lemma 23. If Y (i) − X(i) ≤ dMi for some 1 ≤ i ≤ d then n − Y (i) < dMi, so

mj, nj ≤ 2dMi in cn for all i ≤ j ≤ d.

Proof. We have that Y (i) − X(i) ≤ dMi implies that val(π[1, Y (i)], xi) ≤ dMi + 1,

and since val(π[1, Y (i) + k], yi) ≥ 2k we get that:

• val(π, yi) ≥ 2n−Y (i); and

• val(π, xi) ≤ dMi + n− Y (i) + 1.

Assume that n−Y (i) ≥ dMi. Then, 2n−Y (i)− (dMi +n−Y (i) + 1) > 2n−Y (i)− (2n−
2Y (i) + 1) > 0, if n − Y (i) ≥ 3. However, π is an accepting path, so val(π, xi) =

val(π, yi), and we get a contradiction. Thus, we must have that n − Y (i) < dMi

which implies that val(π, xi) ≤ 2dMi, so mi = ni ≤ 2dMi and for any j, i < j ≤ d,

mj ≤ mi and nj ≤ ni, so mj, nj < 2Mi in cn, for all i ≤ j ≤ d since π is an accepting

path.
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Let R0 := fV (π, 1, 1, . . . , 1). Note that R0 together with X and Y as defined above

adhere to Conditions (a)–(e) of reachability certificates.

Suppose Ri−1 and ℓ1, . . . , ℓi−1 have been constructed. If i > 1, and L(i−1) ≥ X(i)

or ℓi−1 = ⊤ then we choose ℓi := ℓi−1, L(i) = L(i−1) and Ri := fV (π, ℓ1, . . . , ℓi, 1, . . . , 1).

Otherwise, we distinguish two cases.

• Y (i)−X(i) < dMi: we choose ℓi := ⊤ and L(i) := X(i).

• Y (i)−X(i) ≥ dMi: then there is a segment in Ri−1[X(i), Y (i)] of length greater

than Mi on which no x-counter has its first ++ transition. Let Ni be the number

of different abstract configurations on this segment. Since ℓi−1 ̸= ⊤ we know

that mj, nj can take at most Mj different values for all 1 ≤ j < i, as they

can either be ⊥ or a residue class modulo Mj. Also, for all i ≤ j ≤ d the

values of mj, nj have a constant value, either 0 or ⊥, on this segment, and

ui = · · · = ud = 0 in all abstract configurations of this segment. So

Ni ≤ |Q|
∏

1≤j<i

M2
j · Uj

≤ |Q|
∏

1≤j<i

|Q|(1/4)·32
j−1+2+32j−1+4

≤ |Q|(1/3968)(5·32
i−23968)+6i+1

< |Q|(1/8)·32
i−1+1

= Mi

By the pigeonhole principle, there is a smallest k, X(i) ≤ k < Y (i), ℓ < Mi,

and a simple loop αk
tk−→ · · · tk+ℓ−−→ αk+ℓ+1 = αk in Ri−1. We choose L(i) := k,

ℓi := ℓ and let Ri := fV (π, ℓ1, . . . , ℓi, 1, . . . , 1).

By construction, (Rd, X, Y, L) is a reachability certificate. It remains to turn it into a

witnessing certificate. In particular, this requires to remove loops from Rd, to ensure

that the final segment of Rd is short, and to establish that Rd is consistent with the

implied y-constraints.

Let R := Rd = fV (π, ℓ1, . . . , ℓd) and a be the largest index such that ℓa ̸= ⊤. In

order to make R loop-free, we iterate the following process:

• Identify the first simple loop αk
tk−→ · · · tk+ℓ−−→ αk+ℓ+1 in R[1, Y (a)] and replace it

by αk; observe that for I := {k + 1, . . . , k + ℓ}, we have I ∩ {X(i), Y (i), L(i) :

1 ≤ i ≤ d} = ∅ since αX(i)−1
tX(i)−1−−−−→ αX(i) occurring in Rd means that xi has

value ⊥ in αX(i)−1 and a value different from ⊥ in αX(i), and thus αX(i) cannot
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be part of a loop; the same argument applies to any Y (i). Finally, since L(i)

was chosen as the index of the first configuration of the first cycle appearing

after X(i), we have L(i) ̸∈ I for all 1 ≤ i ≤ d as well.

• Update X, Y, L such that for all i such that X(i) > k, X(i) := X(i) − ℓ, and

analogously Y (i) := Y (i)− ℓ and L(i) := L(i)− ℓ for the respective i.

This process guarantees that R[1, Y (a)] is loop-free. It is easy to verify that (R,X, Y, L)

obtained in this way is a reachability certificate and that the last abstract configura-

tion of R is accepting.

We now show that the y-constraints induced by R are valid in the final config-

uration of R. To this end, we first show that for all 1 ≤ i ≤ d such that ℓi ̸= ⊤,

X(i+1)−X(i) < Ui. Consider the simple path αX(i)

tX(i)−−→ αX(i)+1

tX(i)+1−−−−→ · · ·
tX(i+1)−1−−−−−→

αX(i+1). If Y (i) ≥ X(i + 1) then clearly X(i + 1) − X(i) ≤ Ni < Ui, where Ni is

defined as above. Otherwise, there is a k ∈ N such that the path decomposes as

αX(i)

tX(i)−−→ · · ·αY (i)

tY (i)−−→ · · ·αY (i)+k

tY (i)+k−−−−→ · · ·
tX(i+1)−1−−−−−→ αX(i+1)

and

• ui = 0 in all abstract states αj with X(i) ≤ j ≤ Y (i);

• ui = Ui in all abstract states αj with Y (i) + k ≤ j ≤ X(i + 1); and

• k ≤ logUi.

Thus, the maximum length of R[X(i), X(i + 1)] is bounded by:

Ni ·Mi + logUi + Ni · 2Mi

≤ 2 ·M3
i + logUi

≤ |Q|(3/8)·32
i−1+4 + |Q|5(i−1)+1 + 4 |Q|

< |Q|32
i−1+4

= Ui

We can now show that R respects the induced y-constraints. Fix some 1 ≤ i ≤ d

such that ℓi ̸= ⊤. We distinguish two cases.

• There is no 1 ≤ j ≤ a such that X(i) ≤ L(j) ≤ X(i + 1). Thus, we know

that yi − yi+1 = δi is in the set of induced y-constraints. Also, val(π, yi) −
val(π, yi+1) = val(π, xi)− val(π, xi+1) = X(i + 1)−X(i) = δi since we did not
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remove any abstract loops on the segment of Rd between the first ++ update

for xi and the first ++ update for xi+1. Finally, since δi < Ui by the above

argument, we conclude that ui = δi in the last abstract configuration R[n] of R.

• Otherwise, X(i) ≤ L(i) ≤ Y (i), so yi − yi+1 ≥ δi is in the set of induced

y-constraints. However, val(π, yi) − val(π, yi+1) = val(π, xi) − val(π, xi+1) ≥
X(i+ 1)−X(i) = δi and again because δi < Ui we can conclude that ui ≥ δi in

R[n].

This establishes that the y-constraints are satisfied. Let n be the index of the last

abstract configuration of R. For the final step, we now argue that val(π(R), xa) ≤
val(π(R), ya) and n− Y (a) ≤ 2dMd+1. We make a case distinction:

• a = d: Note that val(π, xd) = val(π, yd). Since we only remove loops from

Rd[1, Y (d)], we have that val(π(R), xd) ≤ val(π(R), yd). If n− Y (d) ≤ 2dMd+1

we are done with (R,X, Y, L) as a witnessing certificate. Otherwise, assume

n − Y (d) > 2dMd+1. This implies that the path R[Y (d), n] must contain at

least one simple loop. Consider iterating the following process:

– remove the first simple loop from R[Y (d), n] and update n := n− ℓ, where

ℓ is the length of the simple loop that was removed; and

– stop if n− Y (d) ≤ 2dMd+1.

We argue that, n − Y (d) ≥ M2
d . Let R′ and n′ be the previous values of

R, n before the last iteration. It must be that n′ > 2dMd+1 and since the

length of any simple loop of R′[Y (d) + 1, n′] is bounded by Md+1, we get that

n−Y (a) ≥Md+1 ≥M2
d . Note that Y (d)−X(d) ≤Md·|Q|·

∏
1≤j<dM

2
j ·Uj ≤M2

d ,

so val(π(R[1, Y (d)]), xd) ≤ M2
d . It must be then the case that val(π(R), xd) ≤

val(π(R), yd).

• a < d: we know n − Y (a) ≤ 2dMd+1 by Lemma 23. Moreover, we must have

that val(π(R), xa) ≤ val(π(R), ya) since val(π, xa) = val(π, ya) and we do not

remove loops after the counter ya is incremented.

This concludes our proof of Proposition 22 and together with Proposition 21, we

conclude the proof of Theorem 20.
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3.6 Discussion

The main result of this chapter has been to show that the existential theory of gen-

eralised Semënov arithmetic is decidable in EXPSPACE. On a technical level, this

result was obtained by showing that a restricted class of labelled affine VASS has

an EXPSPACE-decidable language emptiness problem. The structural restrictions

imposed on those restricted LAVASS are rather strong, though necessary to obtain a

decidable class of LAVASS.

An interesting aspect of our approach is that it establishes a special type of auto-

maticity of the existential fragment of a logical theory that is different from traditional

notions of automaticity, which are based on finite-state automata or tree automata

over finite or infinite words and trees [16, 53], respectively. It would be interesting

to better understand whether there are natural logical theories whose (existential)

fragments are, say, Petri-net or visibly-pushdown automatic.

Another direction worth investigating would be to better understand the conse-

quences of our restrictions. All together they give us an EXPSPACE procedure, but

we do not fully understand what happens if we only use a subset of them. It seems

that separating counters into unary ones (x-counters) and binary ones (y-counters)

is crucial for decidability, and so is the restriction that the binary counters need to

grow continuously once initialised. However, it is unclear if this second restriction

is necessary for the unary counters which are less powerful. Dropping this condition

would enable us to model second-order logics with counting where the binary words

that the LAVASS reads correspond to sets and the unary counters would then count

the size of these sets.

We have ignored algorithmic lower bounds throughout this chapter, but it would,

of course, be interesting to see whether the upper bounds of the decision problems

we considered in this article are tight. It is clear that generalised Semënov arithmetic

is PSPACE-hard since it can readily express the DFA intersection non-emptiness

problem, but this still leaves a considerable gap with respect to the EXPSPACE

upper bound we established. In particular, the recent results of [12] showing an NEXP

upper bound for the existential fragment of Semënov arithmetic suggest that, if an

EXPSPACE lower bound for existential generalised Semënov arithmetic is possible,

it will require the use of regular predicates.

As an application of our EXPSPACE upper bound for existential generalised

Semënov arithmetic, it was shown in [33] that a certain class of string constraints

with length constraints is decidable in EXPSPACE. This class allows for existentially
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quantifying over bit-strings, and to assert that the value of a string variable lies in

a regular language, as well as Presburger-definable constraints over the lengths of

the bit-strings stored in string variables and the numerical values of those variables

(when viewed as encoding a number in binary). Decidability of this class was left

open in [13]. We settle this open problem by showing that it can be reduced to the

existential fragment of generalised Semënov arithmetic.
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Chapter 4

Bounded Arithmetic and VASS

In this chapter, similarly to the previous one, we study the connection between vector

addition systems with states (VASS) and two different arithmetic theories (Presburger

arithmetic and Rudimentary arithmetic). This connection enables us to obtain new

results related to the reachability problem for VASS, in the setting where the VASS

and the final configuration are fixed and only the initial configuration is variable.

The chapter starts by introducing the concept of counter programs. This is a new

formalism presented e.g., in [25], that allows for presenting VASS in a serialised way.

This formalism is not specific to VASS, as it can model general counter automata,

but we only use this formalism in this chapter, for reasons that we describe in the

next section.

Then, we introduce the validity problem for short Presburger arithmetic. For

this problem, we consider a formula Φ of Presburger arithmetic containing a Boolean

combination of inequalities of the form ax ≤ b, for which the structure of the for-

mula is fixed and the only inputs to the problem are the coefficients a and b in the

inequalities. A few year ago, it was shown in [71] that this problem is hard for every

level of the polynomial hierarchy. Next, we present a reduction from this problem to

the reachability problem for a fixed VASS. This gives us a first lower bound for fixed

VASS reachability in the case where the inputs are presented in binary. Later on, by

a series of reductions, we can establish a PSPACE lower bound, although the proof

is less informative.

We also study the setting in which the inputs are presented in unary. This

turns out to be a very delicate issue. As a first step, we establish a tight corre-

spondence between the reachability in VASS and the first-order theory of initial seg-

ments of N with the arithmetic relations of addition and multiplication, and counting

quantifiers, FOunC(+,×). Given a fixed rudimentary relation Φ(x1, . . . , xk), we

show how to construct a fixed VASS V and fixed polynomials p1, . . . , pm such that
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Φ(n1, . . . , nk) evaluates to true in N if and only if there is a run in V starting in

(p1(N, n1, . . . , nk), . . . , pm(N, n1, . . . , nk)) and ending in the zero vector. It thus fol-

lows that reachability in fixed VASS under unary encoding of configurations is at

least as hard as evaluating any rudimentary relation under unary encoding of num-

bers. Hence, reachability queries in fixed VASS can, e.g., determine primality and

square-freeness of a number given in unary.

Finally, we provide a PSPACE hardness result for the VASS reachability problem

when the VASS is fixed and the inputs are presented in binary. This is achieved via

a series of standard reductions and we include it in this chapter since the complexity

bound is tighter than the one obtained via the connection with short Presburger.

4.1 Related Work

To the best of our knowledge, the reachability problem for fixed VASS has not yet

been systematically explored. Closest to the topics of this paper is the work by

Rosier and Yen [76], who conducted a multi-parameter analysis of the complexity of

the boundedness and coverability problems for VASS.

However, the study of the computation power of other fixed machines has a long

history in the theory of computation. The two classical decision problems for a

computation model are membership (also called the word problem) and reachability.

Membership asks whether a given machine accepts a given input; the (generic) reacha-

bility problem asks whether given an initial and a target configuration, there is a path

in the transition system induced by a given machine from the initial configuration to

the target configuration. The most prominent example of a reachability problem is

the halting problem for different kinds of machines. Classically, the computational

complexity of such problems assumes that both the computational model and its in-

put word (for membership) or configurations (for reachability) are part of the input.

However, these are two separate parameters. For example, in database theory, the

database size and the query size are often considered separately, since the complexity

of algorithms may depend very differently on these two parameters, and the sizes of

these two parameters in applications can also vary a lot [86]. One approach to study

such phenomena is to fix either the database or the query. More generally, the field

of parameterised complexity studies the computational difficulty of a problem with

respect to multiple parameters of the input.

Returning to our setting, this means fixing either the machine or its input. In

this thesis, we concentrate on the former. The question can then be seen as follows:
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in relation to a problem such as membership or reachability, which machine is the

hardest one in the given computation model? For some models, the answer easily

follows from the existence of universal machines, i.e., machines which are able to

simulate any other machine from their class. A classical example here is a universal

Turing machine. Sometimes the ability to simulate all other machines has to be

relaxed, for example as for Greibach’s hardest context-free language [43]. Greibach

showed that there exists a fixed context-free grammar such that a membership query

for any other context-free grammar can be efficiently reduced to a membership query

for this grammar. Similar results are known for two-way non-deterministic pushdown

languages [22,77].

4.2 Counter programs

We start by introducing counter programs. A counter program is a primitive im-

perative program that executes arithmetic operations on a finite number of counter

variables. Formally, a counter program consists of a finite set X of global counter

variables (called counters subsequently for brevity) ranging over the natural num-

bers, and a finite sequence 1, . . . ,m of line numbers (subsequently lines for brevity),

each associated with an instruction manipulating the values of the counters or a

control flow operation. Each instruction is in of one the following forms:

• x += c (increment counter x by constant c ∈ N),

• x −= c (decrement counter x by constant c ∈ N),

• goto L1 or L2 (non-deterministically jump to the instruction labelled by L1 or

L2),

• skip (no operation).

We write goto L as an abbreviation for goto L or L, and also allow statements

of the form goto L1 or L2 or . . . or Lk. Moreover, the line with the largest number

is a special instruction halt. In our examples of counter programs, we usually omit

this last line if it is not referenced explicitly. Before we describe the semantics of a

counter program, we show an example of a counter program. In Figure 4.1, we present

a counter program that uses a single counter x and consists of five lines. Starting

in line 1, the program non-deterministically loops and decrements the counter x by

three every time, until it increments x by one and terminates. One can see that the

VASS on the right has the same behaviour. Also, we can easily model more complex
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arithmetic, or let the counters interact by allowing instructions of the type x = 2x+5,

or x = y − 3.

1: goto 2 or 4
2: x −= 3
3: goto 1
4: x += 1
5: halt

q0 q1

x −= 3

x += 1

Figure 4.1: A counter program and its coresponding VASS

Before we define the semantics of a counter program, we introduce the syntactic

operation of substitution which, substitutes a given line of a counter program (which

we always assume to have a skip instruction) with the instructions of another counter

program. This allows us to compose multiple counter programs. Formally, let C1, C2

be counter programs with m1 and m2 lines respectively. The result of substituting

line k, 1 ≤ k ≤ m1 − 1, of C1 with C2 is a counter program C ′1 with m1 + m2 − 1

lines obtained, intuitively, by calling C2 as a sub-routine in this line and when it halts

returning control back to C1. Formally, the instruction corresponding to a line L,

1 ≤ L < m1 + m2, is defined as follows:

• if L < k, it is the instruction of line L in C1,

• if k ≤ L < m2 + k − 1, it is the instruction of line L− k + 1 in C2,

• if L = m2 + k − 1, it is the instruction skip,

• if m2 + k ≤ L, it is the instruction of line L−m2 in C1.

The line numbers in goto instructions are changed accordingly. We also consider

a substitution of several counter programs. When specifying counter programs, to

denote substitution of another counter program we just write its name instead of an

instruction in a line. Also, we write C1;C2 for

1: C1

2: C2

and C1 or C2 as syntactic sugar for the counter program:

1: goto 2 or 4

2: C1

3: goto 5

4: C2
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When C is a counter program, we write loop C as an abbreviation for the counter

program

1: goto 2 or 4

2: C

3: goto 1

Hence, the counter program in Figure 4.1 corresponds to

1: loop

2: x −= 3

3: x += 1

We use indentation to mark the scope of the loop instruction. We also assume that

if several instructions share the same line and are separated by a semicolon, they all

belong to the scope of a loop.

4.2.1 Semantics of counter programs

Exactly as in the case of VASS, a configuration of a counter program is an element

(L, f) ∈ N × NX , where L ∈ N is a program line with a corresponding instruction,

and f :X → N is a counter valuation. The semantics of counter programs are defined

in a natural way: after executing the instructions on the line L, we either non-

deterministically go to one of the specified lines (if the instruction on line L is a goto

instruction), or, otherwise, we go to the line L + 1. After executing the last line, we

stop.

One can view a counter program as a VASS by treating line numbers as states

and defining transitions as specified by the counter program, each labelled with the

respective instruction. It is also easy to see how to convert a VASS into a counter

program.

A run of a counter program is a sequence ϱ: (L1, f1) −→ (L2, f2) −→ . . . −→ (Ln, fn)

of configurations defined naturally according to the described semantics. For example,

(1, {x 7→ 7}) −→ (4, {x 7→ 7}) −→ (5, {x 7→ 8}) is a run of the counter program in

Figure 4.1. Given a run ϱ: (L1, f1) −→ (L2, f2) −→ . . . −→ (Ln, fn), we say that ϱ is

terminating if L1 = 1 and the instruction on line Ln is halt, and zero-terminating if

additionally fn(x) = 0 for all x ∈ X . We denote by valend(ϱ, x) := fn(x) the value of

the counter x at the end of a terminating run. Sometimes, we also want to talk about

the value of a counter at a specific point during the execution of a run and define

vali(ϱ, x) to be the value of the counter x right before we execute the instruction on

line i in the run ϱ for the first time, i.e. vali(ϱ, x) := fk(x), where k is the smallest
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index such that Lk = i. For instance, in the example above, we have valend(ϱ, x) = 8

and val4(ϱ, x) = 7. We often construct counter programs that admit exactly one

run ϱ from a given initial configuration to a target configuration. In such a setting,

we may omit the reference to ϱ and simply write valend(x) and vali(x). The effect

eff(ϱ):X → Z of a run ϱ starting in (1, f1) and ending in (n, fn) is a map such that

eff(ϱ, x) = fn(x)− f1(x) for all x ∈ X .

Recall that we defined the VASS reachability problem (Problem 4) as deciding if

a VASS V admits a run from configuration c to configuration c′, where V , c, c′ from

the input of the problem. We can also define the VASS zero-reachability problem as

the problem where we fix c′ to be a configuration of the type (q,0). Now, we can

define an equivalent problem in the language of counter programs.

Problem 24. Counter program zero-reachability

Input: A counter program C and a vector x ∈ Nd of initial values of the counters.

Output: YES if and only C has a zero-terminating run from x.

4.2.2 Extending counter programs

As stated previously, one can easily extend the instruction set of counter programs

to allow for more complex arithmetic operations on the values of the counters. This

would be a first step towards allowing counter programs to represent more expressive

formal models such as LAVASS or Cost Register Automata. A major difference be-

tween VASS and these former models is that the transitions of VASS are not labelled.

It is not clear how one might deal with labelled transitions in a counter program. One

option would be to introduce some read instructions, but this would most likely make

the formalism cumbersome and hard to work with. Recall however, that in the case

of LAVASS, the problem that we study here, language non-emptiness, asks whether

or not there exists an accepting path. Thus, one can easily ignore the labels of the

transitions and we could rephrase the question in the language of counter programs.

This will also be the case for the next chapter when we look at CRA.

We briefly explain why we only use the formalism of counter programs in this

chapter, even though we claim that it can be extended to LAVASS and CRA. In the

language of counter programs, we get as input the “code” of a counter program, and

we are interested in finding out if the programs admits a specific run or not. This is

very similar to the classical setting of formal verification, where we have some piece

of code and we want to verify, for example, that there are no “bad” runs. In the case

of counter programs, the complexity comes from the non-deterministic behaviour
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generated by the goto instructions, that lead to a structure of runs that is very

complicated and hard to analyse. That is why, in formal verification, we generally use

formal models as tools for the task of analysing programs, mainly because analysing

runs in a program is somehow harder than analysing the coresponding runs in a

formal model. Pumping arguments, as the one used in the proof of Theorem 20, work

better on transition systems where we can talk about loops and the shape of a run.

This is one reason for which we designed formal methods: to have a better language

for lines of code. Now, when the task is to analyse properties of formal models, it

might seem strange that we go back to lines of code in the shape of counter programs.

The answer is the following. When we want to design an algorithm that finds these

specific runs (when we are looking for upper bounds for a decision problem), we use

the standard formalism because reasoning on counter programs would probably be

harder. However, in this chapter, we are looking for lower bounds, so we want to

have a VASS that computes something hard. Here, it is nicer to work with counter

programs, because when we want to compute things we generally prefer to use code,

rather than transition systems.

As a final note, in order to model Counter Automata with counter programs, we

also need an instruction that can test counters for zero. This is straightforward, but

we do not wish to study the properties of full Counter Automata since most of them

are known to be undecidable. However, without instructions that can test the values

of counters, it is very hard to have counter programs that can in a sense compute

something meaningful. This is why, in the next subsection we describe how we can

recover this ability for counter programs, but in a limited way.

4.2.3 Implementation of zero tests

One of the common ways to deal with the issue of simulating zero tests with a counter

program is to introduce some restricted zero tests, that is, some gadgets that guar-

antee that if a run reaches a certain configuration, then along this run, the values of

some counters are zero at prescribed positions. In this subsection, summarising [25],

we describe such a gadget in the case where the values of counters are bounded by

a given number. The number of zero tests that can be performed this way is also

bounded. For a counter v, we call this gadget zero-test(v), and later on we will use

it as a single instruction to test that the value of v is zero before executing it.

Let N ∈ N be an upper bound on the value of a counter v. Then, we can

introduce a counter v̂ and enforce the invariant f(v) + f(v̂) = N to hold in all the

configurations of any run of our counter program. We achieve this by ensuring that
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every line containing an instruction of type v += c must be followed by a line with a

v̂ −= c instruction.

We introduce auxiliary counters u1, u2 that will be tested for zero only in the final

configuration, and hence have no hat counterpart. In the following, the instruction

zero-test(v) denotes the following gadget:

1: loop

2: v += 1; v̂ −= 1;u2 −= 1

3: loop

4: v −= 1; v̂ += 1;u2 −= 1

5: u1 −= 2

Consider an initial configuration in which f(u1) = 2n and f(u2) = 2n · N for some

n > 0. Initially, it is true that f(u2) = f(u1) ·N .

Lemma 25 ( [25]). There exists a run of the counter program zero-test(v) that starts

in a configuration with f(u2) ≥ 2, f(u2) = f(u1) ·N , and ends in a configuration with

f(u2) = f(u1) ·N if and only if f(v) = 0 in the initial configuration.

Proof. The invariant f(v) + f(v̂) = N ensures that the loops on line 1 and line 3

can each decrease the value of u2 by at most N . Moreover, this can only happen if

f(v) = 0 in the initial configuration.

From a configuration with f(u2) = f(u1) ·N , a run that is “incorrectly” executing

the zero-test(v) subroutine can only reach a configuration with f(u2) > f(u1) · N .

Observe that from such a configuration, we can never reach a configuration respecting

the invariant f(u2) = f(u1)·N if the values of u1, u2 are only changed by zero-test(v)

instructions. Now, consider a counter v and a counter program C that modifies the

values of counters u1 and u2 only through the zero-test(v) instruction. If we start in

a configuration in which f(u1) = 2n and f(u2) = 2n ·N for some n > 0, and we are

guaranteed that any run of C cannot execute more than n zero-test(v) instructions,

then after any run of C, we have that f(u2) = f(u1)·N only if the value of the counter

v was zero at the beginning of every zero-test(v) instruction. If all the counters that

we are interested in are bounded by the same value N , we can use a single pair of

counters u1, u2 to perform zero tests on all our counters. We subsequently call the

counters u1 and u2 testing counters. To summarise, using this technique, we can

perform n zero tests on counters bounded by N via a reachability query in a VASS.

Given a configuration (L, f), we say that (L, f) is a valid configuration if f respects

the condition that f(u2) = f(u1) · N . A valid run is a run that starts in a valid
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configuration and ends in a valid configuration. Also, a counter program admits a

valid run if there exists a valid run that reaches the terminal instruction halt. Observe

that in every valid run the zero-test() subroutine does not change the value of the

counter which is tested for zero, that is, this value remains zero. Only the values of

the testing counters are changed.

From now on, we make the convention that the instruction v += c is an abbre-

viation for v += c; v̂ −= c. This allows us to remove the hatted counters from our

future counter programs whenever it is convenient for us, which will ease readability.

So, if we choose an initial configuration in which f(v) + f(v̂) = N , we have that this

invariant holds whenever the zero-test gadget is invoked.

We now introduce components. Informally, a component is a counter program

acting as a subroutine such that, if it is invoked in a configuration fulfilling the

invariants required for valid runs, upon returning, those invariants still hold. Formally,

a component is a counter program such that:

• there is a polynomial p such that every valid run performs at most p(N) calls

of zero-test() on all counters, where N is the bound on the counters; and

• the values of u1 and u2 are updated only by zero-test() instructions.

We conclude this section with Lemma 26, which states that sequential composition

and non-deterministic branching of components yields components. We will subse-

quently implicitly make use of this obvious lemma without referring to it.

Lemma 26. If C1, C2 are components then both C1;C2 and C1 or C2 are also com-

ponents.

4.3 Connection to arithmetic theories

In this section we describe the connection between VASS, presented as counter pro-

grams, and arithmetic theories. As noted, a counter program only has access to zero

tests for bounded counters. Thus, we can start by trying to model the rudimentary

arithmetic presented in the Preliminaries, where the universe is an initial segment of

N. The goal is that given a formula of Φ of FOk-aryC(+,×), a bound N , and some

input values x ∈ Nn, one can design a counter program such that ⟨N,+,×⟩ |= Φ if

and only if the counter program has a zero-terminating run from x′, where x′ depends

on x in a trivial way. The counter program aims to “implement” the computations in-

side Φ. This gives us some new insights into the expressive power of counter programs

and also a complexity lower bound.
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It is interesting that in a specific setting, we do not need to restrict ourself to

rudimentary arithmetic. We can also model a fragment of Presburger arithmetic.

This fragment has an infinite universe, but thanks to a clever technique, we can

reduce the search space to a finite domain.

4.3.1 Short Presburger arithmetic

As presented in the Preliminaries, Presburger arithmetic is the first-order theory of

the structure ⟨Z, 0, 1,+, <⟩. We follow [71] for the definition of short Presburger

arithmetic. The class of short Presburger sentences with m quantifier alternations

(Short-PAm) are formulas of Presburger arithmetic of the form

Ψ ≡ ∃x1∀x2 · · ·Qmxm Φ(x1, . . . ,xm),

with a fixed number of m quantifier alternations, and where each vector of variables

xi has fixed dimension ni, and Φ is a fixed positive Boolean combination of linear

inequalities of the form

a1 · x1 + · · ·+ am · xm ≤ b .

In other words, everything in Short-PAm is fixed, except for the coefficients a1, . . . , am, b ∈
Z. Denote by |Ψ| the size of Ψ, which is the number of symbols required to write

down Ψ assuming binary encoding of numbers.

Theorem 27 ( [71]). Deciding a sentence ∃x1∀x2 · · ·Qmxm+2 Φ(x1, . . . ,xm+2) of

Short-PAm+2 is ΣP
m-complete. The lower bound already holds when Φ consists of at

most 10m inequalities in 4m+ 1 variables x1 ∈ Z, x2,xm+2 ∈ Z2 and x3, . . . ,xm+1 ∈
Z4.

For the upper bound, it is well known that Presburger arithmetic relativises in the

sense that, in order to decide a sentence of Presburger arithmetic, it suffices to only

consider numbers in bounded intervals. The following proposition is a consequence

of [91, Thm. 2.2].

Proposition 28 ( [91]). Let Ψ ≡ ∃x1∀x2 · · ·Qmxm Φ(x1, . . . ,xm) be a sentence of

Short-PAm. Then there are polynomial-time computable constants c1, . . . , cm ∈ N that

are exponential in |Ψ| such that Ψ is valid if and only if

∃x1 ∈ [−c1, c1]n1 ∀x2 ∈ [−c2, c2]n2 . . . Qmxm ∈ [−cm, cm]nm Φ(x1, . . . ,xm)

is valid.
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Thus, for a formula Φ(x1, . . . ,xm), we can design a counter program that simulates

the formula by using bounded counters for x1, . . . ,xm. We do this in the next section

by designing different components that can simulate the atomic predicates inside the

formula and also the universal and existential quantifiers.

4.3.2 Components for arithmetic theories

To start, we observe that the variables of short Presburger arithmetic range over the

integers, but counter programs work with non-negative counters. Thus, we use two

counters to represent an integer-valued counter in the following way: for a values

v ∈ Z, we use non-negative counters v+ and v− such that v = v+ − v−. Also, we say

that the representation of a variable v is normalised in a configuration (L, f) if and

only if f(v+) = 0 or f(v−) = 0. If we want to be able to perform zero tests on this

variable, we also introduce variables v̂+, v̂− as described in Section 4.2.3.

For loops

The first component that we introduce is a new loop instruction, namely, for loops.

This can be seen as syntactic sugar for a larger program and it will be a useful tool for

future components. Let C be a counter program such that C does neither mention

the counters v nor t. Here, t is a temporary variable that is assumed to be initialised

with the value zero. Moreover, assume that C is deterministic with respect to valid

runs, i.e., when run starting from a valid configuration, there is exactly one valid

terminating run. We write

for v do

C

as an abbreviation for

1: loop

2: v −= 1;C; t += 1

3: zero-test(v)

4: loop

5: v += 1; t −= 1

6: zero-test(t)

The desired effect is that C is executed v times and at the end the value of v is

restored. The properties of this for loop are that if the initial configuration is valid

and val(t) = 0 in that configuration, then the following hold:
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1. The values of the counters v and t are not changed by any valid run: The loop in

Line 1 transfers the value of v to t, this is guaranteed by the zero test in Line 3.

The loop in Line 4 together with the zero test in Line 6 then re-establish the

value of v and ensure that t has value zero.

2. The effect of any valid run π is val1(v) · eff(π): Any accepting run must pass

the zero test on Line 3, so the loop on Line 1 is executed val(v) many times,

and thus the effect of any accepting run is val1(v) · eff(C).

A few comments are in order. If multiple for loops are sequentially composed,

we can clearly re-use the temporary variable t. However, whenever we nest multiple

for loops this is not possible, and we assume that we have n different temporary

variables, where n is the maximum nesting depth of the for loops.

We can now describe components that implement primitive arithmetic operations

and predicates.

Leq[u, v] : u ≤ v.

We define a component that enables testing whether the value of some variable is

less than the value of some other stored variable. Formally, we require the following

properties if I holds in the initial configuration:

1. The effect of any valid run is zero (except for the testing counters);

2. Leq[u, v] admits a valid run if and only if val1(u) ≤ val1(v); and

3. Leq[u, v] is a component.

The component Leq[u, v] implementing those requirements is as follows:

1: goto 2 or 9 or 16

2: zero-test(u−)

3: zero-test(v−) ▷ Case 1: val(u), val(v) ≥ 0

4: for u+ do

5: v+ −= 1
▷ Test if u+ reaches zero before v+

6: for u+ do

7: v+ += 1
▷ Restore the value of v+

8: goto 18

9: zero-test(u+)
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10: zero-test(v+) ▷ Case 2: val(u), val(v) ≤ 0

11: for v− do

12: u− −= 1
▷ Test if v− reaches zero before u−

13: for v− do

14: u− += 1
▷ Restore the value of u−

15: goto 18

16: zero-test(u+)

17: zero-test(v−) ▷ Case 3: val(u) ≤ 0 and val(v) ≥ 0

18: skip

Property 1. The effect of a valid run that branches to Line 2 is to decrease the

value of v+ by the value of u+ and then increase it again by the value of u+. Similarly,

a valid run that branches to Line 9 decrease the value of u− by the value of v− and

then increase it again by the value of v−. Finally, a valid run that branches to Line 16

has no effect on the value of the non-testing counters.

Property 2. Assume that Leq[u, v] admits a valid run. Any valid run is a result

of three different cases:

• Case 1: val1(u−) = val1(v−) = 0. We decrease the value of v+ by the value of u−

and then restore the value of v+. This can only happen if val1(v+) ≥ val1(u+)

and since val1(u−) = val1(v−) = 0 we get that val1(u) ≤ val1(v).

• Case 2: val1(u+) = val1(v+) = 0. Analogously.

• Case 3: val1(u+) = val1(v−) = 0. Then val1(u) ≤ 0 and val1(v) ≥ 0, and thus

we must have that val1(u) ≤ val1(v).

For the other direction, assume that val1(u) ≤ val1(v). By I we know that the

counter values are normalised, so it must the case that val1(u+) ≤ val1(v+) and

val1(u−) = val1(v−) = 0 or val1(v−) ≤ val1(u−) and val1(u+) = val1(v+) = 0 or

val1(u+) = val1(v−) = 0. For each case there exist a valid run of Leq[u, v] that

branches to Lines 2, 9 or 16 respectively.

Property 3. Notice that any valid run can perform at most three zero tests

for u and v, and two zero tests for t. Property 1 implies that the invariant I is

maintained by any valid run and the testing counters are updated only by zero-test()

instructions.
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Add[r, v] : r += v.

The next component Add[r, v] that we define enables us to add the value stored in

the counter v to the counter r. The properties we require are as follows:

1. After any valid run, all counter values are preserved apart from the testing

counters and the counters associated to r;

2. The effect of any valid run that starts in a configuration where I holds is that

once the run terminates, val(r) = val1(r) + val1(v); and

3. Add[r, v] is a component.

The component Add[r, v] is now defined as follows:

1: goto 2 or 6

2: zero-test(v−) ▷ Case 1: v ≥ 0

3: for v+ do

4: r+ += 1
▷ Add val(v+) to r+

5: goto 9

6: zero-test(v+) ▷ Case 2: v < 0

7: for v− do

8: r− += 1
▷ Add val(v−) to r−

9: loop ▷ Normalise r

10: r+ −= 1; r− −= 1

11: goto 12 or 14

12: zero-test(r+)

13: goto 15

14: zero-test(r−)

15: skip

Property 1. The values of counters v+, v−, t are preserved by the properties

of the for loop. Since, the only variables involved in Add[r, v] are r, v, t, all other

counter values are preserved by Add[r, v].

Property 2. Consider a valid run π, we distinguish two cases:

• val1(v) ≥ 0: Then π must branch to Line 2 in order to pass the zero test. The

loop on Line 3 increases the value of r+ by val3(v+), so val5(r) = val1(r)+val1(v)

since val3(v−) = 0. The only change that π performs on the counters of r after

Line 5 is on Line 10, but this operation does not change val(r).
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• val1(v) < 0: Then π must branch to Line 6 in order to pass the zero test.

Next, the loop on Line 7 increases the value of r− by val7(v−), so val9(r) =

val1(r) − val7(v−) = val1(r) = val1(r) + val1(v), since val1(v+) = 0. Again,

the only operation that π can perform on the counters of r after this step is on

Line 10, but this operation does not change val(r).

Property 3. It is clear that the values of the testing counters are only updated

by zero-test() instructions. Also, notice that any valid run performs exactly two

zero tests on the counters of v, one zero test on the counters of r, and one zero test on

t. Finally, the fact that the variable v remains normalised is implied by Property 1.

For the variable r, we observe that any accepting run must either pass the zero test

on Line 12 or the one on Line 14, so r must be normalised as well. Also, the value of

the counter t remains zero by Property 1.

Mul[r, u, v] : r += u · v.

We now define a component Mul(r, u, v) that enables adding the product of the

values of the counters u and v to the counter r. To simplify the presentation, we first

provide a component Sgn[u] : u = −u. The properties of Sgn[u] are:

1. After a valid run, all counter values are preserved apart from the counters

associated to the variable u;

2. When run in a configuration where I holds, we have that val(u) after the com-

ponent terminates is −val1(u); and

3. Sgn[u] is a component.

The definition of Sgn[u] is as follows:

1: goto 2 or 7

2: zero-test(u−) ▷ Case 1: val(u) ≥ 0

3: loop

4: u+ −= 1;u− += 1

5: zero-test(u+)

6: goto 11

7: zero-test(u+) ▷ Case 2: val(u) ≤ 0

8: loop

9: u+ += 1;u− −= 1

10: zero-test(u−)
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11: skip

Property 1. Clearly, Sgn[u] does not mention any counters apart from those

associated to u.

Property 2. Assume val1(u) > 0. Since u is normalised, it must be the case

that val1(u−) = 0 and val1(u+) ≥ 0, so any valid run must branch to Line 2 to pass

the zero test. Line 4 decreases the value of u+ by some non-deterministically chosen

n and increases the value of u− by the same n. To pass the zero test on Line 5,

we must have that n = val3(u+) = val3(u) since val3(u−) = 0 and thus val11(u) =

val3(u)−2n = val3(u)−2 val3(u) = − val1(u). If val1(u) = 0, val1(u+) = val1(u−) = 0

then any valid run can jump to either Line 2 or 7, but it cannot make any changes

to the values of the counters associated with u. Finally, if val1(u) < 0, any valid run

must jump to Line 7 to pass the zero test. Line 9 increases the value of u+ by some

non-deterministic n and decreases the value of u− by n. To pass the zero test on

Line 5 we must have that n = − val8(u−) = − val8(u) since val8(u+) = 0 and thus

val11(u) = val8(u) + 2n = val8(u)− 2 val8(u) = − val1(u).

Property 3. Sgn(u) is a component because any run can execute at most two

zero tests on the variable u, and any valid run must either pass the zero test on

Line 5 or the one on Line 10, so the effect of any accepting run cannot make variable

u un-normalised.

We are now fully prepared to introduce the component Mul[r, u, v]. The proper-

ties we require of any valid run of Mul[r, u, v] that starts in a configuration where I

holds are as follows:

1. The component does not change the value of counters that do not involve vari-

ables u, v, r, t, and once the component terminates, we have val(u) = val1(u),

val(v) = val1(v), and val(r) = val1(r) + val1(u) · val1(v); and

2. Mul[r, u, v] is a component.

The component Mul(r, u, v) is now defined as follows:

1: goto 2 or 6

2: zero-test(u−) ▷ Case 1: val(u) ≥ 0

3: for u+ do

4: Add(r, v)
▷ val(r) += val(u) · val(v)

5: goto 11

6: zero-test(u+) ▷ Case 2: val(v) ≤ 0

7: Sgn(v) ▷ val(v) = −val(v)
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8: for u− do

9: Add(r, v)
▷ val(r) += val(u) · val(v)

10: Sgn(v) ▷ Restore val(v)

11: skip

Property 1. It is clear that the effect of any valid run maintains the values

of all variables apart from r, u, v, t since the counters used for these values are not

mentioned in the counter program.

• Let π be a valid run that branches to Line 2. We have that val3(u−) =

val1(u−) = 0 since π passes the zero test on Line 3. Also, after the loop on Line 3,

by the properties of Add, we have that val5(r) = val1(r) + val1(u+) · val1(v).

Since val1(u−) = 0, we conclude that val5(r) = val1(r) + val1(u) · val1(v), so

val(r) = val1(r) + val1(u) · val1(v) once the component terminates. Finally,

because for and Add maintain the values of variables u and v, we can conclude

that val(v) = val1(v) and val(u) = val1(u) once the component terminates.

• Now, assume π branches to Line 6. Since π passes the zero test on Line 6,

we have that val1(u+) = 0. By the properties of Sgn we get that val8(v) =

− val1(v). Next, by the properties of for and Add we get that

val10(r) = val8(r) + val8(u−) · val8(v)

val10(v) = val8(v)

val10(u−) = val8(u−) .

Replacing val8(v) with − val1(v) gives us

val10(r) = val1(r)− val1(u−) · val1(v)

val10(v) = − val1(v) .

Because π does not change the value of u+ or u−, we can conclude that val(u) =

val1(u) once the component terminates. Moreover, val10(v) = − val1(v), so

val(v) = val1(v). Finally, since val1(u+) = 0, we have that val1(u) = − val1(u−),

so valend(r) = val1(r) + val1(u) · val1(v).

Property 2. It is clear that any valid run of Mul[r, u, v] updates the testing

counters only by zero-test() instructions, and the number of such zero tests per-

formed is bounded by 2 · umax for the variables r, v, and bounded by two for the

variables u and t. Moreover, the only changes to the counters associated to u, v and
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r are performed inside the components Add, Sgn and For, so the variables remain

normalised. Thus, Mul[r, u, v] is a component.

Having defined this last component, we are able to model atomic formulas of

short Presburger arithmetic. We now need to describe how we deal with Boolean

combinations of such predicates, and how to model quantification. Before we do this,

we make some remarks related to Rudimentary arithmetic. We can reuse most of

the components to model the predicates of Rudimentary arithmetic, with two small

changes. First, things are a a bit simpler since we do not have to deal with negative

integers. Secondly, we allow for multiplication between variables, i.e. we can write

formulas such as x2 + xy + y2 = 1. Before, our multiplication component dealt with

the multiplications of the type a · x, where a is a constant and x a variable and was

only preserving the result of a ·x inside the variable x. Now, we want to preserve both

values and use a third variable to store the result, thus we introduce the following

component.

Copy.

We provide a counter program Copy[x, x′] with the following properties:

1. it admits a valid run if and only if valend(x′) = valend(x) = val1(x); and

2. Copy[x, x′] is a component.

We implement Copy[x, x′] as follows:

1: loop

2: x′ −= 1

3: zero-test(x′)

4: loop

5: x −= 1;x′ += 1; t += 1

6: zero-test(x)

7: loop

8: t −= 1;x += 1

9: zero-test(t)

The loop on line 1 ensures that val4(x
′) = 0. We do not do this for the auxiliary

counter t because any valid run sets valend(t) = 0. Observe that Copy[x, x′] admits

a valid run if and only if the loop on line 4 is executed val1(x) many times and

the loop on line 7 is executed val4(t) = val1(x) many times which happens if and

only if valend(x′) = valend(x) = val1(x). Moreover, any valid run performs 3 calls to
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the zero-test() subroutine, so Copy[x, x′] is a component. The auxiliary counter

t is reused between different Copy components, so that we do not introduce new

counters every time we use the Copy component. Notice that the programs become

a lot simpler when we do not need to consider negative integers. As an example, the

component that models addition for Rudimentary arithmetic is the following. The

counter program Addition[x, y, z] enables us to check whether the value stored in

counter z is equal to the sum of the values stored in x, y. Formally, it has following

properties:

1. Addition[x, y, z] admits a valid run if and only if val1(x) + val1(y) = val1(z);

2. Addition[x, y, z] is a component; and

3. the effect of Addition[x, y, z] is zero on counters x, y, z.

We implement Addition[x, y, z] as follows:

1: Copy[x, x′];Copy[y, y′];Copy[z, z′]

2: loop

3: z′ −= 1

4: x′ −= 1 or y′ −= 1

5: zero-test(x′); zero-test(y′); zero-test(z′)

It is easy to see that the first property is fulfilled by the counter program and

that Addition[x, y, z] is a component because any run performs exactly 12 calls to

zero-test() (9 calls on line 1, and 3 calls on line 5). The last property is true based

on the properties of Copy. The component for the negation of the addition predicate

can be defined similarly.

4.3.3 Components for quantification

We now define components that allow us to existentially and universally quantify over

variables of a bounded range.

Exists[v].

We begin with the existential quantifier and design a new component Exists[v]. The

properties of Exists[v] we require are as expected:

1. for every u ∈ [−vmax, vmax], there exists a valid run π such that val(v) = u in

the terminating configuration of π; and
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2. Exists[v] is a component.

We define Exists[v] as the following counter program:

1: loop

2: v+ −= 1

3: loop

4: v− −= 1
▷ Non-deterministically decrement v+ and v−

5: loop

6: v+ += 1

7: loop

8: v− += 1
▷ Non-deterministically increment v+ and v−

9: goto 10 or 12

10: zero-test(v+)

11: goto 13

12: zero-test(v−) ▷ Ensure v is normalised

13: skip

Property 1. Assume u ≥ 0. Then there exists a run π that traverses the first

two loops to set v+ and v− to zero, uses the third loop to set v+ to u and does not

enter the fourth loop. Analogously, for u < 0 there exists run π that uses the first

two loops to set v+ and v− to zero, does not traverse the third loop and traverses the

fourth loop to set v− to |u|.
Property 2. Clearly, only one zero test is performed by any run on the variable

v. Also, assuming I(v) holds initially, this is still the case when the component

terminates since a valid run passes either the zero test on Line 10 or the one on

Line 12. Recall that the instruction v+ −= 1 is syntactic sugar for v+ −= 1; v̂+ += 1,

so val(v) ∈ [−vmax, vmax] once Exists[v] terminates.

ForAll[v] : C[v].

The construction for a component simulating a universal quantifier is more involved.

Let C[v] be a component that may access the counter v, test it for zero and change

its value on intermediate steps, but has overall net effect zero on counter v. We write

ForAll[v] : C[v] for the following counter program:

1: loop

2: v− += 1
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3: loop

4: v+ −= 1

5: zero-test(v+)

6: zero-test(v̂−) ▷ Initialise the value of v to −vmax

7: C[v]

8: v− −= 1

9: goto 7 or 10

10: zero-test(v−)

11: C[v]

12: v+ += 1

13: goto 11 or 14

14: zero-test(v̂+)

15: C[v]

16: skip

The properties of ForAll[v] : C[v] are as follows:

1. there is a valid run if and only if for all u ∈ [−vmax, vmax], C has a valid run

with val1(v) = u

2. ForAll[v] : C[v] is a component.

Property 1. Let π be a valid run. The first time π reaches Line 7, we have

val7(v̂−) = 0 and hence val7(v−) = vmax. Since a valid run of C[v] does not change

the value of v when it terminates, we have that π on Line 9 jumps to Line 7 vmax

many times. Subsequently, π jumps to Line 10 in order to pass the zero test there.

At this point we know that val11(v−) = 0 and that π executed three zero tests on v

and C[v] was executed vmax many times. Also, once π reaches Line 10, it must be

the case that for all u ∈ [−vmax,−1], C[v] admits a valid run with val1(v) = u.

The first time π reaches Line 10, we have that val10(v+) = 0 because π passes

the zero test on Line 5 and it cannot change the value of v+ before the first time it

reaches Line 10. So, in order for π to pass the zero test on Line 14, it must execute the

instructions 11→ 12→ 13 vmax many times. Thus, once π reaches Line 15, we know

that for all u ∈ [−vmax, vmax−1], C[u] admits a valid run and that π executes exactly

4 zero tests on v in order to reach Line 15 and executes C[v] 2vmax many times.

Finally, for π to be a valid run, we require that C has a valid run with val1(v) = vmax.

Putting everything together, if the program has a valid run then for all u ∈
[−vmax, vmax], C admits a valid run with val1(v) = u. Any valid run maintains I
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because it executes exactly four zero tests on v and executes C[v] exactly 2vmax + 1

many times.

Property 2. If C[v] is a component, the construct ForAll[v];C[v] is a compo-

nent since the number of zero tests performed is bounded by 2 + 2vmax · b, where b

is maximum number of zero tests performed by C[v]. Finally, one can see that the

values of the testing counters of v are changed only with the zero test instructions.

This is the first time we use a zero test for counters v̂−, v̂+, but there is nothing

special about this and we do not break the invariant by doing this. Also, since C[v]

is a component, we know that the values of the testing counters are only updated

by zero-test() instructions. The last thing that we need to argue is that if v is

normalised in the initial configuration, then v is normalised at the end. Notice that

any accepting run must pass the zero test on Line 10 and after that the run cannot

change the value of v−. So after any accepting run, valend(v−) = 0, so v is normalised.

Again, these two components can be also used to model the existential and uni-

versal quantifiers of Rudimentary arithmetic. In this case however, we also need to

have a counting quantifier. We design a component which is an extension of the

ForAll[v] : C[v] component. Formally, ExistsC[x, v] : C[v] component has the

following properties:

• it admits a valid run if and only if there exist more than val1(x) different integers

n ∈ N such that C has a valid run with val1(v) = n

• the overall effect on counter x is zero; and

• ExistsC[x, v] : C[v] is a component.

We write ExistsC[x, v] : C[v] for the following counter program:

1: loop

2: v −= 1

3: zero-test(v)

4: Copy[x, x′]

5: goto 6 or 9

6: zero-test(x̂′)

7: ForAll[v] : C[v]

8: goto 15

9: x += 1

10: loop

11: v += 1
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12: goto 13 or 10

13: C[v]; x′ −= 1

14: zero-test(x′)

15: halt

Observe that the counter program is very similar to the counter program ForAll[v] :

C[v]. The branching on line 5 checks whether val1(x) = N . If so, C[v] must have a

valid run for all values of v, which is checked on line 7. Otherwise, the instructions

on line 13 ensure that the value of x′ can be decremented if only if C[v] admits at

least one valid run with the current value of v. Moreover, the zero test on line 14 is

passed if and only if C[v] admitted a valid run for more than val1(x) different values.

Similarly to the ForAll case, since C[v] is a component, we have that it makes at

most a polynomial number of calls to zero-test(). If we denote this number by B,

the maximum number of calls to zero-test() performed by ExistsC[x, v] : C[v] is

bounded by N ·B + 5. Hence, it is indeed a component.

4.3.4 Putting it all together

Having defined all the building blocks above, we are now able to prove the following

proposition.

Proposition 29. For any formula Ψ of Short-PAm, there exists a component C and

an initial configuration (0, f) whose encoding is polynomial in |Ψ| such that Ψ is valid

if and only if C has a valid run starting in (0, f).

Proof. Let Ψ ≡ ∃x1∀x2 · · ·Qmxm Φ(x1, . . . ,xm) be a sentence of Short-PAm and let

x be the vector of all K variables in Ψ, and a the vector of all constants occurring in

Ψ. The matrix Φ is a positive Boolean combination of atomic formulas of the form

a′ · x′ ≤ b with all values in a′, b occurring in a and all variables of x′ occur in x.

Moreover, let p1, . . . , pm:N→ N be the polynomials obtained from Proposition 28.

The counters of the component C are defined to be:

• a counter in vector xC corresponding to every variable in Ψ;

• a counter in vector aC corresponding to every constant in Ψ; and

• the relevant auxiliary counter variables used in Section 4.3.2, in particular r

used in the component Mul(r, u, v).

We initialise them inside (0, f) as follows:
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• f(xC) = 0 and f(x̂C) = 2pi(|Ψ|) for all variables xC occurring in xC ;

• f(aC) = a and f(âC) = 0 for all variables aC occurring in aC ;

• f(r) = 0 and f(r̂) = 2pm(|Ψ|) · ||a||1; and

• for the testing counters, we pick as maximum value (2||x||∞)(mK+1) ·(||a||∞+1).

Note that (0, f) can indeed be computed in polynomial time, assuming binary encod-

ing of numbers.

For an atomic proposition a′ · x′ ≤ b, we can construct a fixed component

Leq(a′,x′, b, r) such that the inequality is true if and only if Leq(a′,x′, b, r) ad-

mits a valid run starting in (L, f). Thus, we can construct a component CΦ that

admits a valid run starting from some valid configuration (0, f) if and only if Φ eval-

uates to true under the assignment induced by (0, f), by simulating a conjunction via

sequential composition and disjunction by non-deterministic branching. Notice that

in particular the counter r used to evaluate a′ ·x′ ≤ b has r̂ large enough to compute

a′ · x′ for all values of x′ attained by the relativised quantifiers.

We now turn towards simulating the quantifiers in Ψ. For 1 ≤ i ≤ m and xi =

(x1, . . . , xmi
), the component Ci is obtained as follows:

• If Qi = ∃ then Ci is the compo-
nent

1: Exists[x1]

2:
...

3: Exists[xmi
]

4: Ci+1

• If Qi = ∀ then Ci is the component

1: ForAll[x1] :

2:
...

3: ForAll[xmi
] : Ci+1

Finally, we let C = C1 and Cm+1 = CΦ. By the properties established in Sec-

tion 4.3.2, it is clear that C admits a valid run starting in (0, f) defined above if

and only if Ψ is valid. Indeed, the sequential composition of the components C1

to Cm correctly implements the range-bounded alternating quantification required

in Proposition 28. Every time CΦ is executed, due to CΦ being a component it is

guaranteed that it is traversed by a valid run if and only if Φ evaluates to true under

the assignment encoded in the configuration when entering CΦ.

For valid runs to exist, it remains to be shown that any valid run of C1 cannot

perform more than (2||x||∞)(mK+1) · (||a||∞+1) zero tests. By the properties of Leq,

we know that any valid run in CΦ performs at most 2(||a||∞+1) zero tests on any

variable. Furthermore, if any valid run of Ci+1 performs at most B zero tests for any

variable then any valid run in Ci performs at most the following number of zero tests:
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• B + K ≤ 2B if Qi = ∃; and

• (2||x||∞)pm(|Ψ|)B if Qi = ∀.

Thus, any valid run of C performs at most (2xM)mN+1(aM + 1) zero tests on any

variable.

Finally, observe that C itself is fixed by the structure of Ψ. In particular, the

only variable part, the coefficients a, are fully encoded in the initial configuration

(0, f).

We are now ready to introduce the first complexity result of this chapter. Recall

the problem of Counter program zero-reachability and consider the setting in which

the counter program is fixed.

Problem 30. Fixed counter program zero-reachability

Input: A vector x ∈ Nd of initial values of the counters.

Fixed: A counter program C.
Output: YES if and only C has a zero-terminating run from x.

Using the above proposition, we get the following theorem.

Theorem 31. For any i > 0, there is a fixed counter program Ci such that deciding

whether Ci has a zero-terminating run is ΣP
i -hard.

An instance of an acceptance problem for a fixed counter program directly cor-

responds to a reachability query in a VASS. To prove the above theorem, it remains

to observe that the question of deciding whether C in Proposition 29 has a valid run

reduces to an instance of an acceptance problem by non-deterministically decrement-

ing all counters once C has terminated, and halting if all counters are equal to zero.

This concludes the proof of Theorem 31. In Section 4.5 we upgrade the result of The-

orem 31 by providing a PSPACE lower bound for the fixed VASS zero-reachability

problem, however, we believe that the connection to Short-PAis relevant on its own

and it also paves the way for the results in the next section.

By the use of similar arguments, one can obtain an almost identical version of

Proposition 29 for rudimentary arithmetic. Before presenting the result, we first need

a discussion on unary problems.
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4.4 Hardness for unary counters

In order to study decision problems whose input is, for some constant k, a k-tuple of

numbers presented in unary, and hence to analyse languages corresponding to them,

we need a notion of reductions that are weaker compared to the standard ones that

are widely used in computational complexity. The reason is that classical problems

involving numbers represented in unary, such as Unary Subset Sum [38], have as

an input a variable-length sequence of numbers given in unary. Hence, languages

of such problems are in fact binary, as we need a delimiter symbol to separate the

elements of the sequence. It is not clear how a reasonable reduction from such a

language to a language consisting of k-tuples of numbers for a fixed k would look

like. In particular, note that unary Fixed VASS zero-reachability is not the

unary “counterpart” of binary Fixed VASS zero-reachability in the classical

sense. Conversely, arithmetic properties of a single number, e.g. primality or square-

freeness, require very low computational resources if the input is represented in unary.

Hence, the notion of a reduction between such “genuinely unary” languages has to

be very weak.

In view of this discussion, we introduce the following kind of reduction. Given

k > 0, a k-tuple unary language is a subset L ⊆ Nk. We say that L is a tuple

unary language if L is a k-tuple unary language for some k > 0. Let L ⊆ Nk and

M ⊆ Nℓ be tuple unary languages, we say that L arithmetically reduces to M if there

are fixed polynomials p1, . . . , pℓ:Nk → N such that (m1, . . . ,mk) ∈ L if and only if

(p1(m1, . . . ,mk), . . . , pℓ(m1, . . . ,mk)) ∈M .

We believe that this reduction is sensible for the following informal reasons. Poly-

nomials can be represented as arithmetic circuits. To the best of our knowledge, there

are no known lower bounds for, e.g. comparing the output of two arithmetic circuits

with all input gates having value one [1], suggesting that evaluating a polynomial

is a computationally weak operation. Moreover, in the light of sets of numbers de-

finable in rudimentary arithmetic, it seems implausible that applying a polynomial

transformation makes, e.g. deciding primality of a number substantially easier.

For a formula Φ, let LΦ be the tuple unary language of yes-instances for Fixed

rudimentary FOk-aryC(+,×) validity. Also, for a counter program C, define

LC as the tuple unary language of yes-instance for the Fixed counter program

zero-reachability problem. Now we are ready to introduce the following theorem,

which is a consequence of a modified version of Proposition 29.
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Theorem 32. For every formula Φ of rudimentary FOk-aryC(+,×), there exists a

counter program C such that LΦ arithmetically reduces to LC.

This theorem can be viewed in two different contexts. On the one hand, it relates

the computational complexity of the two problems using a very weak reduction as

described above. On the other hand, it also relates the expressivity of two formalisms.

Namely, the set of satisfying assignments for formulas of rudimentary arithmetic is

at most as expressive as the composition of polynomial transformations with the sets

of initial configurations for zero-reachable runs in counter programs. In particular,

it shows that fixed VASS can, up to a polynomial transformation, decide number-

theoretic properties such as primality, square-freeness, see [39] for further examples.

Now, we present the modified version of Proposition 29.

Proposition 33. For any formula Φ(x) of FOk-aryC(+,×), there exists a compo-

nent C over k counters and polynomials p1, . . . , pk : N × Nn → N such that for any

N ∈ N and x ∈ Nn, ⟨N,+,×⟩ |= Φ(x) if and only if C admits a valid run from the

initial configuration (p1(N,x), . . . , pk(N,x)).

The proof of this proposition is very similar to the on of Proposition 29.

Proof. We prove this statement by structural induction on sub-formulas of Φ. As

shown in [10], rudimentary FOunC(+,×) has the same expressive power as rudimen-

tary FOk-aryC(+,×). Since in our setting the formula is fixed, we can thus assume

that Φ ∈ FOunC(+,×). Moreover, it is easy to see that we can assume that only ∃>x

is used as a counter quantifier, since ∃=x can easily be defined using it as described

above. Finally, we can assume that negations appear in Φ only in front of arithmetic

predicates. In particular, ¬∃>xy φ(y) is equivalent to (∃>x′
y ¬φ(y)) ∧ (x + x′ = N).

The counters of the component C are defined to be:

• a counter in vector xC corresponding to every free variable of Φ(x);

• a counter in vector yC corresponding to every quantified variable of Φ(x);

• a counter in vector aC corresponding to every constant of Φ(x); and

• the auxiliary counters tC ,x
′
C ,y

′
C , c

′
C used inside the components for predicates

and counting quantifiers described above.

We initialise them as follows:
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• f1(xC) = x and f1(x̂C) = N −x for each counter xC corresponding to a variable

x in x;

• f1(v) = 0 and f1(v̂) = N for all the counters corresponding to quantified vari-

ables and constants, and auxiliary counters; and

• for the testing counters, f1(u1) = 2N and f1(u2) = 2N · P (N), where the

polynomial P (N) will be defined later.

Assume first that a sub-formula φ of Φ consists of a single literal. Then, by

using the previously defined components, we can construct a fixed component C ′

corresponding to this literal. In C ′, for every valid initial configuration (L, f), there

exists a valid run starting in it if and only if φ is true under the assignment of the

values of the counters in (L, f) to the corresponding variables in φ. If φ is a Boolean

combination of multiple literals, by simulating conjunction via sequential composition

and disjunction by non-deterministic branching, we can construct a component Cφ

with the same property.

Assume with no loss of generality that Φ(x) is in Prenex form, i.e.

Φ(x) ≡ ∃y1∀y2 . . . Qmymφ(x,y1, . . . ,ym)

and that the negations are pushed to the predicate level. Let M be the number

of quantified variables, that is, the sum of the dimensions of y1, . . . ,ym, and K be

the number of literals in Φ(x).

We now need to show how to simulate the quantifiers. Let C be the component

constructed for φ. We then take

• for ∃y φ:

1: Exists[yC ]
2: C[yC ]

• for ∀y φ:

1: ForAll[yC ] :
2: C[yC ]

• for ∃>xy φ:

1: ExistsC[xC , yC ] :
2: C[yC ]

As noted above, to be able to use these components, we need to make sure that

C[yC ] has overall zero effect on the value of yC . This is indeed true, since the only

place where the value of a counter yC is changed by a subroutine is in the component

corresponding to the quantifier bounding y.

The counter program C starts with a component C0 that initialises the counters a

corresponding to the constants of Φ(x) by a sequence of instruction of the type a += c

for a corresponding constant c appearing in Φ(x). Finally, we let C = C0;C1. Indeed,

the sequential composition of the components C1, . . . , Cm correctly implements the

range-bounded alternating quantification. Every time Cφ is executed, due to Cφ

being a component it is guaranteed that it is traversed by a valid run if and only if
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φ(x,y1, . . . ,ym) evaluates to true under the assignment encoded in the configuration

when entering Cφ.

By the properties established in Section 4.3.2, it is clear that C admits a valid

run starting with f1 defined above if and only if Φ(x) is valid. To see that C is

a component, it remains to note that at every step of the structural induction the

number of calls to zero-test() is polynomial in N . Hence, there exists a polynomial

P (N) such that the overall number calls to zero-test() performed by C is bounded

by P (N). We conclude by reminding that we use this polynomial to initialise the

value of the testing counter u2.

We also show that any valid run of C cannot perform more than (K · (2N +12))M

zero tests. By the properties of our components, we know that any valid run in Cφ

performs at most K · (2N + 12) zero tests on any counter. Furthermore, if any valid

run of Ci+1 performs at most B zero tests for any counter, then any valid run in Ci

performs at most the following number of zero tests:

• B + 1 if Qi = ∃; and

• NmiB + 1 if Qi = ∀.

Thus, any valid run of C performs at most (K · (N + 12))M zero tests in total on

all counters. Finally, observe that C itself is fixed by the structure of Φ(x). In

particular, the only variable part, the values of the free variables x and the bound

N , are encoded only in the initial configuration f1.

4.5 A PSPACE lower bound for fixed VASS zero-

reachability

The goal of this section is to show that there is a fixed 5-VASS whose zero-reachability

problem is PSPACE-hard, provided that the initial configuration is encoded in binary.

We proceed with our construction as follows. We start with the halting problem

for Turing machines (TMs) working in polynomial space and show that this problem

is PSPACE-hard even if the space complexity of the TM is bounded by the length

of its encoding and its input is empty. In Proposition 35, we then reformulate the

halting problem as follows: given the encoding of such a machine as an input to a

universal one-tape TM U , does U accept?

We then use two consecutive simulations. First, we simulate U with a 3-counter

automaton A (Proposition 36), and then simulate A with an 5-VASS V (Theorem 38).
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To be able to apply the technique described in Section 4.2.3, we make sure that the

space complexity stays linear in the size of the input throughout these simulations.

This implies that both the upper bound on the value of the counters and the required

number of zero tests are polynomial in the size of the input, which enables us to

establish a polynomial time reduction. As a result we obtain a VASS V which, in a

certain sense, can simulate arbitrary polynomial-space computations.

To provide the reduction, we then show how to transform in polynomial time the

input of the problem we started with, the halting problem for polynomial-space TMs,

into a zero-reachability query for V .

4.5.1 The halting problem for space-bounded TMs

The goal of this subsection is to show that there exists a fixed polynomial-space TM

whose halting problem is PSPACE-complete. Note that using standard arguments,

we can assume that M below always halts.

Proposition 34. [8, Section 4.2] The following problem is PSPACE-complete: given

a TM M, an input word w and a number n encoded in unary, decide if M accepts

w in at most n space.

We fix some way of encoding, using an alphabet of size at least two, of Turing

machines and we denote by ∥M∥ the length of the encoding of M, which we call

the size of M. Given a TM M, we say that it is ∥M∥-space-bounded if on every

input it halts using at most ∥M∥ space. Given M, an input word w and a number

n encoded in unary, it is easy to construct a ∥M∥-space-bounded TM M′ such that

if M accepts w in space at most n, then M′ accepts on the empty input, otherwise

M′ rejects on the empty input. Moreover, the size of M′ is polynomial in ∥M∥, |w|
and 2n.

Indeed,M′ can be constructed as follows. When run on the empty input, it writes

w on some tape, and then runsM treating this tape as the input tape. Additionally,

it initialises another tape with n written in unary, and before each step ofM it checks

that the space used by the tape where M is simulated does not exceed n. If it does,

it immediately rejects. It is easy to see that such a TM is ∥M′∥-space-bounded and

satisfies the required conditions.

Hence we get that the following problem is PSPACE-complete: given a ∥M∥-
space-bounded TM M, does M accept on the empty input? Observe that from the

construction above we can assume thatM has a special representation such that the

fact that it is ∥M∥-space-bounded can be checked in polynomial time.
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Let U be a one-tape universal TM. This TM has a single read-write tape, which

in the beginning contains the input, that is, a description of a TM M it is going to

simulate. IfM is ∥M∥-space-bounded (and represented as mentioned in the previous

paragraph), U simulatesM on the empty input in space linear in ∥M∥ [8, Claim 1.6],

otherwise U rejects. That is, in this space, U accepts or rejects depending on whether

M accepts or rejects the empty word. Hence we get the following proposition.

Proposition 35. There exists a fixed linear-space TM U such that the question

whether U halts on a given input is PSPACE-complete.

4.5.2 From TMs to a counter automata

In the previous subsection, we obtained a PSPACE-complete problem which already

resembles the form of the reachability problem for a fixed counter program: given a

fixed linear-space TM U , does it accept a given input? In this section we show how

to simulate U with a fixed counter automaton A, and in the next section we show

how to simulate A with a fixed binary VASS V .

Let A be a counter automaton. We say that A is deterministic if for every

configuration (q, n1, . . . , nd) there is at most one transition that A can take from this

configuration. Suppose that A is deterministic, and that its final state qf does not

have any outgoing transitions. Let n = (n1, . . . , nd) ∈ Nd. We treat A as an acceptor

for such vectors. We say that A works in time t and space s on n if the unique

run starting in the configuration (q0, n1, . . . , nd) ends in a state without outgoing

transitions, has length t, and the bit length of the largest value of a counter along

this run is s. If this run ends in qf , we say that A accepts this vector, otherwise we

say that it rejects it. In all our constructions we make sure that there are no infinite

runs. Note that, as in the case of TMs, we measure space complexity in the bit length

of the values of the counters, and not in their actual values.

Let Σ be a finite alphabet. Let us bijectively assign a natural number to each

word over Σ as follows. First, assign a natural number between 1 and |Σ| to each

symbol in Σ. Then w can be considered as a number in base |Σ|+1, with the least

significant digit corresponding to the first letter of w. We denote this number by

num(w).

LetM be a TM, and w be its input. We can transform the input w into a vector

(num(w), 0, . . . , 0), which will be the input of a deterministic counter automaton A.

We say that A simulates M if w is accepted by M if and only if the corresponding

vector is accepted by A. We say that this simulation is in linear space if there exists
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a constant c such that if the space complexity of M is s on some input, then the

space complexity of A on the coresponding input is cs.

The proof of the following proposition uses the techniques described in the proofs

of [41, Theorem 4.3(a)] and [44, Theorem 2.4].

Proposition 36. For every one-tape TM M, there exists a deterministic 3-counter

automaton A that simulates it in linear space.

Proof. The idea of the proof is as follows. Two counters of A, call them ℓ and r,

represent the content of the tape of M to the left and to the right of the reading

head. They are encoded similarly to the way we encode the input word. Namely, let

w1aw2, where w1, w2 ∈ Σ∗ and a ∈ Σ, be the content of the tape at some moment of

time, with the working head in the position of the letter a. Denote by wR
1 the reversal

of the word w. Then ℓ stores num(wR
1 ), r stores num(w2), and a is stored in the finite

memory of the underlying finite automaton.

Now, to make a step to the left, we do the following. First, we need to add a to

the end of the word encoded by the value of r. This is done by multiplying the value

of r by |Σ|+1 and adding num(a) to it. Next, we need to extract the last letter of the

word encoded by the value of ℓ, and remove this letter. To do so, we do the opposite

of what we did for r: this letter is the residue of dividing the value of ℓ by |Σ|+1, and

the new value of ℓ is the result of this division. Notice that all of these operations

can be implemented by a fixed VASS as shown in the previous section.

The reason we need the third counter x is to perform these multiplications and

divisions. Namely, to divide the value of a counter ℓ by a constant c, we repeat the

following until it is no longer possible: subtract c from the value of ℓ and add one

to the value of x. When the value of ℓ becomes smaller than c, we get the result of

the division in the counter x, and the remainder in ℓ. Multiplication by a constant

is done similarly. Observe that by construction the largest value of a counter of A at

any moment of time is at most (|Σ|+1)S, where S is the maximal amount of spaceM
uses on given input. The bit length of this number is linear in S, hence A simulates

M in linear space.

By simulating U from Proposition 35 with a counter automaton A, we get the

following statement.

Corollary 37. There exists a fixed 3-counter automaton A working in linear space in

the bit length of the input such that the zero-reachability problem for it is PSPACE-

complete.
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Note that for 2-counter automata, no such result is known. Informally speaking,

such automata are exponentially slower than 3-counter automata: the known simu-

lation requires storing the values of the three counters x, y, z as 2x3y5z [69]. They are

also less expressive: for example, 2-counter automata cannot compute the function

2n [80], while for 3-counter automata this is trivial. It is worth noting the develop-

ments of the next subsection imply that a lower bound for fixed 2-counter automata

translates into a lower bound for fixed 4-VASS.

4.5.3 From counter automata to VASS

To go from a counter automaton to a VASS, we need to simulate zero tests with a

VASS. In general, this is not possible. However, the space complexity of the counter

automaton in Corollary 37 is linear, so the values of all its counters are bounded by a

polynomial in the bit length of the input. The number of zero tests A performs does

not exceed its time complexity, which is at most exponential in the space complexity.

However, this is not a problem, since all the values are provided and stored in binary.

The bit length of the number of zero tests is thus polynomial in the input, and hence

the testing counters described in Section 4.2.3 can be initialised with a polynomial

time reduction, hence obtaining PSPACE-hardness of the zero-reachability problem

in fixed 8-VASS.

Moreover, a more advanced technique of quadratic pairs described in [28] allows

to deduce the same result for 5-VASS. Namely, a slight variation of [28, Lemma 2.7]

states that given a 3-counter automaton A working in linear space, one can construct

a 5-VASS V such that fixed zero-reachability in A can be reduced in polynomial

time to fixed zero-reachability in V . We briefly explain how we use the technique

here. Assume A has counters x1, . . . , xd. We do not use the hatted counters since we

know that we construct A in such a way that the value of the sum x1 + · · · + xd is

bounded on any run of A. We introduce counters u1, u2 and keep the invariant that

(f(u1) + f(x1) + . . . f(xd))
2 = f(u2). We use the concept of flushing counters. By

flushing counter x1 to x2 which we represent by x1 → x2 we mean the counter program

loop {x1 −= 1; x2 += 1;u2 −= 1}. Then, when a zero-test is performed on counter

x1 for example, the following flushes are performed, u1 → xd → xd−1 → . . .→ x1 and

u1 ← xd ← xd−1 ← . . .← x1 and we increase the value of u1 by one and decrease the

value of u2 by one such that the invariant is kept if and only if all the flushes are full

and the values of the counter x1 was zero. After we perform all the necessary zero

tests, we only need to check if the final value of u2 is zero or not.
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The same reasoning as before shows that we can initialise the counters of V to

account for enough zero tests. Hence we get the main result of this section.

Theorem 38. There exists a fixed 5-VASS such that the problem of Fixed VASS

zero-reachability for it is PSPACE-hard, assuming that the input configuration

is given in binary.

4.6 Discussion

In this chapter, we presented an important connection between VASS and arithmetic

theories. This is an important step for having a better understanding of the expres-

sivity of VASS. This connection is formalised as Proposition 29 and Proposition 33

which state that given a formula of Short-PA or FOk-aryC(+,×), there is a counter

program that in a sense “models” the formulas. Similarly to the previous chapter, this

connection allowed us to discover two new complexity results for the reachability prob-

lem when we consider the VASS fixed, the PSPACE lower bound for binary encoding

and Theorem 32 for unary encoding. This is a fundamental problem in theoretical

computer science, and the setup where the VASS is fixed was a natural open problem

that has recently attracted significant attention within the research community. This

setup resembles the formalism of database theory, where the database size and the

query size are often considered separately. Also, the complexity of the reachability

problem with unary inputs turned out to be very low, so we had to design a new

type of reduction, in order to be able to analyse the problem and the corresponding

language.

We also provided a formalisation of the concept of counter programs. Although

the model is quite intuitive, we felt that having some clear semantics defined helped

with the more intricate parts of the proofs. We believe that this is a useful formalism

that can be used in the search for new lower bounds of other infinite state systems.

Concerning future directions, we think it would be important to also discover the

upper bounds of these problems. In the binary case, a recent conjecture of Jecker [51]

states that for every VASS V , there exists a fixed constant C such that if a target

configuration is reachable from an initial configuration, then there exists a witnessing

path whose length is bounded by C ·m, where m is the maximum constant appearing

in the initial and final configurations. Thus, assuming Jecker’s conjecture, reachability

in fixed VASS under binary encoding of configurations would be PSPACE-complete.

Regarding the lower bounds, one might wonder if we can still retain the PSPACE-

hardness for a fixed 3-VASS or 4-VASS. Clearly, we cannot obtain the same hardness
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for a fixed 2-VASS since then the reachability set becomes semi-linear. We conjecture

that a 5-VASS is needed since the hardness result comes from the simulation power

of a 3-counter automaton and we probably need at least 2 extra counters in order

to simulate a 3-counter automaton with a VASS. Also, it would be interesting if

one could use Theorem 31 in order to obtain a VASS whose reachability problem is

complete for any level of the polynomial hierarchy.

In the course of our work, we were not able to find any evidence that this conjecture

is false. It is also worth noting that while all our results assume that the final

configuration is fixed to a zero vector, we did not find any stronger lower bounds

for the case where the final configuration is variable, and only the VASS is fixed.

In the unary case, we believe that the concept of arithmetic reductions should be

explored further, since multiple problems have the property that the number of inputs

is fixed, in which case, it is very hard to discuss the complexity of such problems

when the inputs are given in unary. Another question in this area is whether one can

relate the complexity of unary Fixed rudimentary FOk-aryC(+,×) validity

to other known complexity classes. This might be quite a difficult task, since the

unary primality problem is not completely understood yet, but given the general

aspect of the problem, one might try to arithmetically reduce Fixed rudimentary

FOk-aryC(+,×) validity to other low complexity problems.
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Chapter 5

Cost Register Automata

In this chapter, we study the boundedness problem for Cost register automata (CRAs),

which are deterministic automata with registers taking values from a fixed semi-ring.

As mentioned in the Preliminaries, in Section 2.3.2, CRAs can be seen as VASS with

more powerful update functions and registers that can influence each other. All up-

date functions are substitutions over the tropical semiring K := (Z∪{+∞} ,min,+).

As such, a CRA computes a function from words to values from K. Given a CRA,

the boundedness problem asks if there exists an integer N , such that for every word,

the value computed by the CRA on this word is smaller than N . This problem is

known to be undecidable for the class of linear CRAs over K, but very little is known

about its subclasses. We focus on the subclasses of copyless linear CRAs with resets

and prove the following results:

1. for copyless linear CRAs with only two registers the problem is NL-complete

under unary encoding and coNP-hard under binary encoding,

2. for copyless linear CRAs with an arbitrary number of registers, but when substi-

tutions using minimum can only occur in the outputs, the boundedness problem

is PSPACE-complete and if in addition there are no transpositions between reg-

isters, then the problem becomes coNP-complete.

We also present a family of CRAs such that the shortest run of value N has

a fast-growing (non-elementary with 4+ registers) length. Namely, for each fi in

the hierarchy of fast-growing functions, we provide a stateless CRA with i registers

whose output exceeds N only on runs longer than fi(N). For all of these results, and

similarly to Chapter 3, we have to be very careful to analyse all the possible shapes of

runs that can lead to a witness of unboundedness. However, this time we also have to

deal with the flow of values between different registers. To solve these issues, we look
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at NFAs over the alphabet of types of substitutions. We associate with every word

over this alphabet a shape that depicts the flow of assignments to registers. Working

with this formalism enables us to describe different shapes of witnesses by using the

rich language of regular languages.

5.1 Related Work

CRAs are a fairly new computational model, but they are tightly related to well-

studied weighted automata (WAs) introduced by Schützenberger in [81], see also

surveys [36,37]. In general, CRAs are strictly more expressive than WAs [5]. However,

WAs are equally expressive to linear CRAs. Transforming a linear CRA into an

equivalent WA and vice versa can be done in polynomial time [5]. Hence, linear

CRAs can be seen as a deterministic model for inherently nondeterministic WAs.

WAs, and thus CRAs, find their applications in the areas of language and speech

processing [70], verification [20], image processing [24], and the analysis of on-line

algorithms [7] and probabilistic systems [87]. Functions computable by WAs are

exactly those that can be defined in weighted monadic second order logic, a natural

extension of monadic second order logic [34,35]. Functions computed by a subclass of

CRAs were also characterised in [67] by maximal partition logic, a logic with regular

quantifiers that allow to partition words into segments and then aggregate the values

computed for them.

To make decision problems tractable for WAs, it is usually required to restrict

their expressiveness. The most well-studied way of doing that is by bounding the

ambiguity, that is, the number of accepting runs labelled by a word. A WA is called

finitely (respectively, linearly, polynomially or exponentially) ambiguous if there exists

a constant (respectively, a linear, polynomial or exponential) function f(n) such that

for every word w the number of accepting runs labelled by w is bounded by f(|w|).
If f(n) = 1, a WA is called unambiguous. Most classical decision problems, such as

universality, inclusion and equivalence, are undecidable already for linearly ambiguous

WAs over the integer min-plus semiring [2, 29, 58]. For finitely ambiguous WAs over

this semiring, universality, inclusion and equivalence become decidable [48,89].

For the boundedness problem, the situation is very different. A seminal paper [2]

establishes undecidability of several classical decision problems for linearly ambiguous

WAs over the integer min-plus semiring in a uniform fashion. However, it only proves

boundedness to be undecidable for general (that is, exponentially ambiguous) WAs,
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and provides no classes with decidable boundedness. This indicates that boundedness

is somehow different to other mentioned decision problems.

We remark that boundedness is PSPACE-complete for WAs over the natural min-

plus semiring (N ∪ {+∞},min,+) [2, 47, 62, 84], which requires completely different

techniques than the integer case. We also remark that it is decidable for copyless

linear CRAs over the semiring of positive rational numbers with usual addition and

multiplication, and is undecidable for general WAs over the same semiring [26]. Trans-

ferring any such results to the min-plus semiring is unlikely, since these semirings has

very different properties.

One useful feature of CRAs is that, by adding syntactic restrictions on them, it

is possible to introduce subclasses whose expressiveness is incomparable to known

classes of WAs. This allows to obtain a finer decidability landscape compared to the

case where only the formalism of WAs is used.

One notable example of that is the class of so called copyless linear CRAs. Copy-

less linear CRAs are strictly less expressive than linearly ambiguous WAs, and their

expressivity is incomparable to unambiguous WAs [4]. A further restriction of copy-

less linear CRAs to the case where the minimum operation is only allowed in the

output function makes them equally expressive to finitely sequential WAs, which are

unions of WAs whose underlying NFAs are deterministic [6, 30].

Restricting the number of registers in a class of CRAs also usually provides a

subclass whose expressivity is incomparable to that of known classes of WAs. For

example, there exists a copyless (but not linear) CRA with only 3 registers that

computes a function not computed by any polynomially ambiguous WA [68]. For

copyless linear CRAs restricted to only three registers universality is undecidable

[32]. Moreover, there exist copyless linear CRAs with only two registers that are not

equivalent to any unambiguous WA [4], see Figure 2.1 on page 24 for one such CRA.

All these results indicate that CRAs with few registers are quite expressive. Results

on finding a CRA with the minimum number of registers computing a given function

are presented in [30,31,54,55].

5.2 Regular substitution languages

In the boundedness problem, the input alphabet of a CRA is redundant, since the for-

mulation is existentially quantified for the word and the underlying finite automaton

is deterministic. For this reason, in this paper we focus on sequences of substitutions

that a CRA can perform.
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A language of substitutions is an arbitrary subset of Subclr(X)∗. Every word w ∈
Σ∗ read by a CRA C induces a sequence of substitutions that C performs when reading

w. Fix a CRA C = ⟨X,Σ, Q, qini, δ, out⟩. We define the language of substitutions

Lx(C) induced by it. Observe that the set of substitutions that occur in the transitions

and output expressions of C is finite. We denote it by ΓC,x. The regular language

Lx(C) is then formally defined as the language of the following automaton NFAx(C).
To simplify the presentation, we assume that the last substitution in the sequence

corresponding to a word saves the output into a designated output register x ∈ X.

Definition 39 (NFAx(C)). Given a CRA C = ⟨X,Q,Σ, δ, qini, out⟩, define a nonde-

terministic finite automaton NFAx(C) := ⟨Q′,ΓC,x, δ′, qini, {qfin}⟩ where Q′ := Q∪{qfin}
and the transition relation δ′ ⊆ Q′ × Γx,A ×Q′ contains transitions:

(q, ν, q′) ∈ δ′ for every q, q′ ∈ Q, and ν, σ such that δ(q, σ) = (q′, ν),

(q, {x← out(q)} , qfin) ∈ δ′ for every q ∈ Q.

Fix an NFA A = (Q,S, δ, qini, Qfin) and a set of registers X = {x1, . . . , xd} for

the rest of this subsection. An alternating sequence π = q0
ν1−→ q1

ν2−→ q2 → · · · →
qn−1

νn−→ qn of states from Q and letters from S is called a run in A labelled by the

word w = ν1ν2 · · · νn. We write q0
π,w−−→→ qn to denote the fact that π is a run labelled

by w that begins in q0 and ends in qn. For such a run and µ ∈ Val(X), we define

evalµ(π) := evalµ(w). We identify words with compositions of the corresponding

sequences of substitutions. The set of runs of A is denoted by Runs(A). A run π is

accepting if qini
π−→→ qfin. An NFA A accepts w ∈ S∗ whenever there exists an accepting

run of A labelled by w. The language of A, denoted L(A), is the set of words accepted

by A.

To be able to refer to segments of runs, we combine the notation for single transi-

tions p
ν−→ q and runs q

π,w−−→→ r. For example, we may consider a run π = p
ν−→ q

π′,w−−→→ r

labelled by a word ν · w. When the labelling is not important, we write q
π−→→ r.

We mix the notation q
ν−→ q′ and q

π,w−−→→ q′ to introduce named segments of runs,

when it does not introduce any ambiguity.

Example 40 (Named segments of a run). Consider the following notation:

π = p
ν−→ q

π′,w−−→→ r

It means that π is composed of a single transition over ν followed by a sub-run π′

from q to r; π = pνπ′; it is over the word ν · w.
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There is an obvious correspondence between runs in eval(C) and in NFAx(C). In

particular, for k ∈ K, there exists w ∈ Σ∗ such that C(w) = k if, and only if, there

exists u ∈ L(A) such that eval0(u)(x) = k. This allows us to restate the boundedness

problems in terms of languages of substitutions. We say that a regular language

L ⊆ Subclr(X)∗ has bounded output in x ∈ X if there exists N ∈ N such that for

every w ∈ L we have eval0(x) < N .

Problem 41. Boundedness of regular d-register substitution languages

Input: NFA A over a finite set S ⊂ Subclr(X), |X| = d, output register x ∈ X.

Output: Yes if and only if L(A) has bounded output in x.

Note that boundedness for CRAs (Problem 9) easily reduces to this problem in

deterministic logarithmic space. Indeed, it suffices to compute NFAA for a given

CRA with Definition 39. This reformulation allows us to use a rich framework of

regular languages, which streamlines the proofs presented in later sections.

Next, we aim to decompose the linear copyless substitutions. When discussing

sections of a run of CRA it is useful to distinguish between a substitution that has

the effect of only adding a constant to a register, and one that transfers values from

one register to another, via a minimum operation.

Definition 42 (Elementary substitutions). We say that a substitution ν ∈ Subclr(X)

is elementary if it has one of the following forms for some x, y ∈ X, c ∈ K:

{x← x + c} (additive sub.) {x← y, y ← x} (transposition)

{x← min {x, y} , y ← 0} (minimum sub.) {x← 0} (reset sub.)

Let Subelem(X) ⊆ Subclr(X) be the set of elementary substitutions, and let TX ∪
RX ∪ AX ∪MX be its partition of Subelem(X) into sets of transpositions, and reset,

additive, and minimum substitutions, respectively.

The next lemma allows us to express copyless linear substitutions with resets in

the form of multiple elementary substitutions.

Lemma 43. For every ν ∈ Subclr(X) in a canonical form, there exists a word of

substitutions u ∈ Subelem(X)∗ of length O(d2) such that u ≡ ν.

Proof. Take arbitrary X of size k ∈ N. Fix ν ∈ Subclr(X). Let σ:X ⇀ X be a partial

function satisfying σ(x) = y if ν(x) has the form min {y + c1, . . . }, i.e. , ν(x) is linear

and the first register from the left appearing in it is y. Note that σ is injective due to
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copylessness, therefore it can be extended to a permutation σ′:X → X. Naturally,

σ′ is expressible as a composition of m ≤ k2 transpositions. Therefore, there exists a

sequence of m transposition substitutions u ∈ Tm
X such that ν ′ := ν; τ always assigns

expressions of the form min {y + c1, . . . } to y. Note that ν = ν ′;urev, where urev is

the reverse of u.

Finally, every mapping (x1 ← min {x1 + c1, x2 + c2, . . . , xn + cn}) ∈ ν ′ (n ≤ k)

can be realised by a sequence of length 2n = O(k):

{x1 ← x1 + c1} ; {x2 ← x2 + c2} ; . . . ; {xn ← xn + cn} ;

{x1 ← min {x1, x2}} ; {x1 ← min {x1, x3}} ; . . . ; {x1 ← min {x1, xn}}

and there are at most k of them, yielding a sequence of simple substitutions of length

O(k) equivalent to ν, which completes the proof.

Note that the statement of the above lemma is not true in the general setting

of Sub(X), as its proof relies on copylessness. Note also that Lemma 43 implies

the existence of a homomorphism to-elem: Subclr(X)∗ → Subelem(X)∗ such that ν ≡
to-elem(ν) for every ν ∈ Subclr(X). For a finite set S ⊂ Sub(X), we define maxc(S) :=

max {maxc(ν) such that ν ∈ S}. The following claim is immediate.

Claim 44 (Maximal constant grows linearly with respect to length). Fix a finite set

of substitutions S ⊂ Subelem(X). For every w ∈ S∗, we have maxc(w) ≤ |w|·maxc(S).

Finally, we rely on the following claim to restrict the alphabet to only elementary

subsitutions.

Claim 45 (Elementary substitutions assumption). We may assume without loss of

generality that the alphabet S of A consists only of elementary substitutions, i.e.,

S ⊂ Subelem(X).

Proof. Building on Lemma 43, we show that for any NFA A over S ⊂ Subclr(X) there

exists an NL-constructible NFA A′ such that L(A′) = to-elem(L(A)). Indeed, the

construction only requires subdividing every transition p
ν−→ s in A into

p
ν′1−→ q1

ν′2−→ q2 → · · · → qn−1
ν′n−→ r ,

where ν ′1ν
′
2 · · · ν ′n = to-elem ν, ‘qi’s are fresh states, and n = O(1).
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5.2.1 The structure of witnesses with additive and reset sub-
stitutions only

In this subsection, we show how to simplify and decompose runs that do not con-

tain any minimum substitutions or transpositions. We then use these results in the

complexity upper bounds and to analyse runs with a more complex structure.

For the rest of this subsection, fix a set of registers X = {x1, . . . , xd}, an output

register x ∈ X, and an NFA A over a finite alphabet S ⊂ AX ∪ RX ⊂ Subelem(X)

of elementary additive and reset substitutions. Similarly to Claim 45, this covers a

more general case where the alphabet of A consists of substitutions adding integer

values to some registers and resetting other registers.

Let w ∈ A∗X be such that w ≡ {x1 ← x1 + c1, . . . , xd ← xd + cd} for some c1, . . . , cd ∈
K. We define eff(w) := (c1, . . . , cd) ∈ KX , and we call it the effect of w. The integer

conic hull ConeN(V ) of a set of vectors V is the set of linear combinations of vec-

tors from V with nonnegative integer coefficients. The following theorem is a direct

consequence of a classical result by Carathédory, see, e.g., [79].

Theorem 46 (Only d vectors are sufficient to represent a positive point). Let V ⊆ Zd.

If all components of a vector b are strictly positive and b ∈ ConeN(V ), then there exists

V ′ ⊆ V with |V ′| ≤ d and a constant λ > 0 such that λb ∈ ConeN(V ′).

Claim 47. Let V ∈ QX . If b > 0 and b ∈ Cone(V ) then there exists V ′ ⊆ V and

b′ > 0 such that b′ ∈ ConeN(V ′) and |V ′| ≤ d.

We aim to use this result in order to obtain a small representation of long runs.

Intuitively, the effect of an additive cycle can be described by an integer vector, and

thus, the effect of a run that has many additive cycles can be described as a vector

inside the integer cone of the “cycle vectors”. Thus, we can argue that we only need

a small number of these cycles in order to obtain a more compact run with the same

effect. This intuition is formalised by the following lemmas describing the shape of

runs labelled by words over AX and AX ∪RX , respectively.

Lemma 48 (Decomposition lemma for additive runs). For every run q
π,w−−→→ q′ of A

such that w ∈ A∗X , there exist n ∈ N, words w1, . . . , wn, , w
′, z1, . . . , zn+1 ∈ A∗X , and

integers a1, . . . , an ∈ N such that

• for every word z ∈ z1w
∗
1z2 . . . znw

∗
nzn+1, there exists a run q

z−→→ q′,

• eff(w) = eff(w′) + a1eff(w1) + · · ·+ aneff(wn), and
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• |w1| , . . . , |wn| , |w′| ≤ |Q| and |z1 . . . zn+1| ≤ |Q|2.

The idea of the proof is that we iterate a process that eliminates all the simple

cycles from π. These simple cycles are labelled by some words w1, . . . , wd and the

process returns a cycle-free run π′ that is labelled by a word w′. We can describe

the additive effect of the run π as the effect of w′ plus the effect of all the simple

cycles that we eliminated. Finally, we argue there exists a short run from q to q′ that

contains a vertex from each of these simple cycles.

Proof. Consider the following iterative process on π. Initialise b = 0 ∈ QX .

• Identify the first simple cycle r
πi,wi−−−→→ r in π and replace it by r. By simple

cycle we mean a run where only the first and last states are equal.

• Update the value of the vector b to b + eff(wi).

Let q
π′,w′
−−→→ q′ be the resulting run. This process guarantees that π′ is cycle-free and

that eff(w) = eff(w′) + b = eff(w′) + a1eff(w1) + · · · + aneff(wn), where ai is the

number of times we have eliminated a simple cycle with effect wi, for all 1 ≤ i ≤ n.

Let Q′ ⊆ Q be the set of states visited by π. The shortest run that visits all states

of Q′ has length at most |Q|2. Since every word wi corresponds to a simple cycle

eliminated by the process, it follows that there exists words z1, . . . , zn+1 such that for

every word z ∈ z1w
∗
1z2 . . . znw

∗
nzn+1, there exists a run q

z−→→ q′ and |z1 . . . zn+1| ≤ |Q|2

even if n can be as large as 2|Q|.

Lemma 49 (Pumping lemma). If S ⊆ AX ∪ RX , then there exists a word w ∈
L(A) with eval0(w) > 2d |Q|C, where C := maxc(S) if and only if there exist words

α1, . . . , αd+1, β1, . . . , βd ∈ A∗X such that

• α1β
+
1 α2 . . . αdβ

+
d αd+1ηX ⊆ L(A),

• |β1| , . . . , |βd| ≤ |Q|

• |α1 . . . αd+1|< (d + 1) |Q|2, and

• for each N ∈ N, there are a1, . . . , ad ∈ N with eval0(α1β
a1
1 α2 . . . αdβ

ad
d αd+1ηX)(x1) >

N .

Proof idea. Given a run in A of sufficiently large value, we can split it into different

segments such that in each segment we know for every register if it is going to be

reset in the future or not. Thus, for every register, we can determine if a segment of
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the run is relevant for determining its final value. Subsequently, we identify all cycles

of this run and argue that since all the registers hold large values at the end of the

run, the total effect of the relevant cycles (the ones after the last reset of the register)

must be a large positive number for each register. This allows us to use Lemma 48

to conclude that we do not have too many such cycles and that we can pump them

up in order to achieve unbounded register values.

Proof. The right to left implication of this lemma is immediate, so we focus on the

left to right implication. Assume there exists a run π = qini
w−→ qfin, for some qfin ∈ Qfin

such that eval0(w)(x1) > 2d |Q|C.

We can assume that the value of each register is reset at least once along π, since

we can add additional reset substitutions to the beginning of w without changing the

value of eval0(w)(x1). For each i, 1 ≤ i ≤ d, the νi be the last reset substitution for

register xi in w. Without loss of generality, we can assume that in w, the registers

are reset for the last time in the increasing order of their indices. Then, π can be

represented as

π = qini
π1,w1−−−→→ q1

ν1−→ q′1
π2,w2−−−→→ q2

ν2−→ . . .
πd,wd−−−→→ qd

νd−→ q′d
πd+1,wd+1−−−−−−→→ qd+1

ηX−→ qfin .

Observe that for each i, 1 ≤ i ≤ d− 1, we can replace in wi all reset substitutions

of registers xi+1, . . . , xd with the identity substitution without changing the value

of eval0(w)(x1). Thus, w1, . . . , wd+1 become words over additive substitutions only.

Hence we now get that eval0(w1ν1 · · ·wd+1) = eff(w1) + · · ·+ eff(wd+1). By applying

Lemma 48 to each run π1, . . . , πd+1, we obtain that

eval0(w1ν1 . . . wd+1) = eff(w′1) + a
(1)
1 eff

(
w

(1)
1

)
+ · · ·+ a(1)n1

eff
(
w(1)

n1

)
...

...
...

eff(w′d+1) +a
(d+1)
1 eff

(
w

(d+1)
1

)
+ · · ·+a(d+1)

nd+1
eff

(
w(d+1)

nd+1

)
where w

(1)
1 , . . . , w

(d+1)
nd+1 , w

′
1, . . . , w

′
d+1 are all words of length smaller than |Q|. Since

eval0(w1ν1 · · ·wd+1)(x) > 2d |Q|C and eff
(
w′1 · · ·w′d+1

)
(x) ≤ (d + 1) |Q|C

for every x ∈ X, there must exists a vector b ∈ NX
+ such that b ∈ ConeN

({
w

(1)
1 , . . . , w

(d+1)
d+1

})
.

By Theorem 46, there exists a subset {β1, . . . , βd} ⊆
{
w

(1)
1 , . . . , w

(d+1)
d+1

}
such that

b′ ∈ ConeN({β1, . . . , βd}) and b′ > 0 (pointwise).

It remains to show that there exist words α1, . . . , αd+1 such that |α1 . . . αd+1| <
(d + 1) |Q|2 and α1β

+
1 α2 . . . αdβ

+
d αd+1ηX ∈ L(A). Indeed, consider a run πi for some
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1 ≤ i ≤ d + 1. Either πi contains no cycles from {β1, . . . , βd}, in which case there

exists a word w′i of length at most |Q| corresponding to the run π′i, or it does con-

tain some cycles {βj, . . . , βj+h} from {β1, . . . , βd}. In the latter case, we can use

Lemma 48 to argue that there exist words z′j, . . . , z
′
j+h+1 such that for every word

z ∈ z′jβ
∗
j z
′
j+1 . . . z

′
j+hβ

∗
j+hz

′
j+h+1, there exists a run q′i−1

z−→→ qi. In both cases, ei-

ther |w′| ≤ |Q| or
∣∣z′j . . . z′j+h+1

∣∣ ≤ |Q|2. Thus, we can obtain the required words

α1, . . . , αd+1 by possibly concatenating the w′i and z′i words that we identified.

5.3 CRAs with two registers

In this section, we prove the following result.

Theorem 50. The boundedness problem for CRAs with two registers is NL-complete

if the numbers in the substitutions are presented in unary, and in coNP if they are in

binary.

By the results of the previous section, this theorem is equivalent to the following

statement.

Proposition 51. Boundedness of regular 2-register substitution languages is NL-

complete if the numbers in the substitutions are presented in unary, and in coNP if

they are in binary.

The remainder of the section is devoted to proving Proposition 51. For the rest

of this section, fix the set of registers X := {x, y} and the output register x. Let

us also fix for the rest of the section an input NFA A = ⟨Q,S, δ, qini, Qfin⟩ such that

S ⊂ TX ∪ AX ∪MX ∪ RX ⊂ Subelem(X) (which we can assume by Claim 45). We

begin by providing a series of simplifying assumptions for the automaton A in the

input.

In this subsection, we introduce a normal form that significantly simplifies our

arguments.

Definition 52 (Graphical notation for Subelem(X)). We depict elementary substitu-

tions in Subelem(X) as shown in Figure 5.1; details of the notation are discussed in

its caption.

For a word w = ν1ν2 · · · νn ∈ Subelem(X)∗, we define the output derivation tree

out-tree(w) as the derivation tree of the expression w(x). This tree can have three

kinds of leaves: constants 0 originating from reset or minimum substitutions, arbitrary
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x

y{
x← y

y ← x
∈ TX

(a) transposition

x

y

0

{
x← 0

y ← y
∈ RX

(b) reset substitution

x

y{
x← x+ c

y ← y
∈ AX

(c) additive substitution

x

y0{
x← min {x, y}
y ← 0

∈MX

(d) minimum substitution

Figure 5.1: Pictorial representation of elementary substitutions in Subelem({x, y}). Register x is
always drawn above y. A black dot stands for adding a constant – our graphical notation disregards
the particular values of constants in the substitutions. A branching depicts the minimum operation.
For the operations on y, the diagrams are symmetric. Diagrams are mirrored vertically when we add
to y, reset it, or store the result of a minimum in it. The effect of gluing several drawings together
horizontally naturally corresponds to composition of depicted substitutions.

constants from K coming from additive substitutions of the form {r ← r + c} (for

c ∈ K, r ∈ X), and variables occurring in ν1(x) or ν1(y) of the first substitution

ν1. We say that a leaf has level i if it comes from substitution νi. We say that a

path from a leaf to the root in out-tree(w) is leading if its starting leaf comes from

a substitution νi with the smallest i among all leaves that have a path to the root

which has the minimal level. A path is called x-aligned if all its vertices originate

from expressions (νi(x))1≤i≤n. A word w is called x-aligned if the leading path of

out-tree(w) is x-aligned.

Example 53 (Depiction of out-tree(w)). For w ∈ Subelem(X)∗, out-tree(w) corre-

sponds to the tree rooted at the rightmost position corresponding to x in the pictorial

representation. Consider

w :=
{

x← x

y ← y + 3

{
x← x

y ← 0

{
x← x+ 2

y ← y

{
x← x

y ← y + 2

{
x← min {x, y}
y ← 0

{
x← y

y ← x

{
x← x+ 3

y ← y{
x← x+ 3

y ← y

{
x← min {x, y}
y ← 0

{
x← x

y ← y + 5

{
x← x

y ← 0

{
x← min {x, y}
y ← 0

The depiction of w, in line with Definition 52, is as follows:

x
y0 0 0 0 0

The out-tree(w) corresponds to the subgraph drawn in black. The leading path π of

out-tree(w) is marked with a blue outline. Expressions in w corresponding to vertices

of π are typeset on blue background. As not all of them come from x← e mappings,

path π is not x-aligned. An x-aligned word w′ such that w(x) ≡ w′(x) has the following

shape:

x
y0 0 0 0 0
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Lemma 54 (Leading branch x-aligned assumption). We can assume that each w ∈
L(A) is x-aligned.

Proof. Fix a finite alphabet S ⊂ Subelem(X). We close S with respect to swapping x

and y: let S↘↗ = S ∪ {x← ν(y), y ← ν(x) such that ν ∈ S}. First, observe that

Claim 55. For any 2-register elementary substitution word w ∈ S∗ there exists an

x-aligned w′ ∈ S∗↘↗ such that w(x) ≡ w′(x) and w′ does not feature any transpositions.

The simple yet technical proof of this claim is omitted, cf. Example 53. Intuitively,

it is enough to swap the registers and propagate this swap to straighten out the leading

branch.

Claim 56. The language of all x-aligned words equivalent to words in L(A) is regular,

and the corresponding NFA can be computed in deterministic logarithmic space.

It is easy to define the language L of x-aligned words over S↘↗. Indeed, since regu-

lar languages are closed with respect to reverse operation, we can start traversing the

word from the end and keep track of reachable nodes. It suffices to verify that the

path from the root to the final reachable node was x-aligned. Similarly easily, we can

define the language L↘↗(A) of words w′ which arise from w ∈ L(A) by vertically mir-

roring parts of their depictions. Intersection L ∩ L↘↗(A) contains all x-aligned words

equivalent to words from L(A) and an automaton recognising it is NL-constructible

from A.

Therefore, in the remainder of this section we assume that each w ∈ L(A) is x-

aligned. This means that only allow additive substitutions, reset substitutions only

for y, and minimum substitutions only for x.

5.3.1 Unboundedness witnesses

In this subsection, we define the shape of witnesses that prove unboundedness of

CRAs. Next subsection shows that if a CRA is unbounded, it must contain such a

witness. For the rest of this section, we fix two substitutions

η = {x← min {x, y} , y ← 0} and ρ = {x← x, y ← 0} ,

which will be referred to throughout the whole section. Let N := |Q| and C :=

maxc(S). We introduce two new notations for special types of runs of A:

r1 s1
α1, w1

and
r2 s2

α2, w2
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used to signify that w1 ∈ A∗X (i.e., has additive substitutions only), and w2 ∈
(AX ∪ {ρ})∗.

Definition 57 (Unboundedness witness). A run π in A is called a trivial unbound-

edness witness if it has the form

qini r r qfin
α1 θ α2

π =

such that |π| ≤ 3N , eff(θ)(x) > 0 and qfin ∈ Qfin.

A run π in A is called a nontrivial unboundedness witness if it has the form

π = qini
πa−→→ qa

πb−→→ qb
πc−→→ qc

such that |πa| ≤ N , |πb|, |πc| ≤ 3N2, run πb is pumpable, and πc is sustainable, where

pumpable and sustainable runs are defined below.

A trivial or nontrivial unboundedness witness is called just an unboundedness

witness.

Intuitively, πa from this definition is used to reach a gadget enabling pumping, πb

witnesses that we can pump up the value of x to an arbitrarily large number and then

end up in qb, and πc certifies that we can maintain a large value of x to be output in

qc ∈ Qfin.

Definition 58 (Pumpable run). A run πb is called pumpable if it has one of the four

forms:

• Type A.1 (a cycle with a positive effect on x, then a reset of y)

qa qa s qb
θ α ρ

πb =

0
( )

such that θ is a cycle with eff(θ)(x) > 0 and α is a run with no η substitutions.

• Type A.2 (a cycle with a positive effect on both x and y, then a minimum

substitution)

qa qa s qb
θ α η

πb =

0
( )

such that θ is a cycle with no η and no ρ substitutions and with eff(θ) ∈ N2
+,

and α is a run with no η and no ρ substitutions.
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• Type A.3 (two cycles combining for a positive effect on both x and y, then a

minimum)

qa qa r r s qb
θ1 α1 θ2 α2 η

πb =

0
( )

such that θ1, θ2 are cycles with no η and no ρ substitutions and with a1eff(θ1) +

a2eff(θ2) ∈ N2
+, for some a1, a2 ∈ N. Furthermore, α1, α2 are runs with no η

and no ρ substitutions.

• Type B (a cycle with a positive effect on x together with cycles supporting its

value)

π = p1
π1−→→ p2

π2−→→ p3 −→→ · · · −→→ pn−1
πn−1−−−→→ pn

πn−→→ p1

for some n ∈ N, where p1 = qa = qb, and for every i, 1 ≤ i ≤ n:

pi ri ri si pi+1

αi θi βi η
πi =

0

( )
such that αi is a run with no η substitutions, θi is a cycle with no η and no

ρ substitutions with eff(θi) ∈ N × N+ and βi is a run with no η substitutions.

Furthermore, we require eff(α1θ1β1α2θ2β2 · · ·αnθnβn)(x) > 0.

Definition 59 (Sustainable run). A run πc is called sustainable if it is labelled by

wc ∈ (AX ∪ {ρ, η})∗ and has the following form:

qb r1 r1 s1 t1 tn−1 rn rn sn tn qc
α1 θ1 β1 η αn θn βn η αn+1

. . .

. . .

. . .
0 00

for n ∈ N, runs αi, βi of the form as depicted in the picture, and cycles θi such that

eff(θi) ∈ Z× N+ for every i, 1 ≤ i ≤ n.

Proposition 60. Given A, deciding if there exists a run in it which is an unbound-

edness witness is in NL if the numbers in the substitutions are presented in unary,

and in NP if they are in binary.

Proof. Intuitively, using nondeterminism, we can guess a nontrivial witness π =

πaπbπc as in Definition 57 and verify that it has all the required properties. The

case of a trivial witness is handled in a similar way and is thus omitted.
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Indeed, starting in qini, we guess one transition at a time until we verify the

existence of a witness or exceed the bound N + 4N2 on its length. During the

traversal, we guess the positions of states qa, qb, qc at appropriate distances from qini.

This splits the search into three phases corresponding to πa, πb and πc. We need to

verify that πb is of one of four types of pumpable runs (cf. Definition 58). At any

point in time, if the definition of a pumpable run requires it, we can guess that the

current state r marks the start of the occurrence of a simple cycle θ. In this case, we

store r, follow only labels from AX ∪ {ρ} and compute the effect of the run until r

occurs again. This can easily be done in NL or NP depending on the representation

of the numbers in the substitutions.

In order to complete the proof of Proposition 51, we need to show that the exis-

tence of an unboundedness witness is equivalent to the fact that A is not bounded.

We show it by two implications stated below. We start with proving Lemma 61, and

Lemma 64 is proved in the next subsection.

Lemma 61. If there exists an unboundedness witness then L(A) is not bounded.

Proof. The proof is straightforward in case of a trivial unboundedness witness. Fix a

nontrivial unboundedness witness π as in Definition 57:

π = qini
πa−→→ qa

πb−→→ qb
πc−→→ qc .

Fix an arbitrary number N ∈ N. We construct a run π′ such that eval0(π′)(x) ≥ N .

We first prove that

Claim 62. For every M ∈ N there is a run π′b of A from qa to qb such that

eval0(πaπ
′
b) = (M ′, 0) for some M ′ > M .

First, by Claim 44 we have that −CN ≤ eval0(πa)(x) ≤ CN . The claim is

immediate if πb contains a certificate of type A.1, A.2, or A.3. Indeed, we simply

repeat the cycles that occur there a sufficient number of times. If πb contains a

certificate of type B, then πb = p1
π1−→→ p2

π2−→→ p3 −→→ · · · −→→ pn−1
πn−1−−−→→ pn

πn−→→ p1 is

a cycle such that the overall effect on x is positive. Since every sub-path π1, . . . , πn

contains a cycle with a positive effect on y and a non-negative effect on x, there is

a path π′′b that repeats each such cycle M + CN times. Note that π′′b is now a cycle

with positive effect on x for any value of x smaller than M +CN . Thus, we can take

π′b to be the cycle π′′b taken M + CN times.

This finishes the proof of the claim. Now, it suffices to show the following:
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Claim 63. For every M ∈ N there exists a run π′c such that eval0(πaπ
′
bπ
′
c)(x) ≥M .

We prove this claim by induction on the number of occurrences of η in πc. Assume

that πc does not contain any occurrences of η. By Claim 62, there exists a path π′b
such that eval0(πaπ

′
b)(x) ≥M +CN . Thus, eval0(πaπ

′
bπc)(x) ≥M by Claim 44, since

the length of πc is bounded.

Assume now that there is at least one occurrence of η in πc. Then πc can be

represented as follows:

πc = qb
ρ1,α1−−−→→ q1

ρ2,α2−−−→→ q2
ρ3,α3−−−→→ · · · ρr,αr−−−→→ qfin ,

where the cutting points are states reached after reading η. Assume that there is a

run qini
πi−1,wi−1−−−−−→→ qi−1 such that eval0(wi−1)(x) ≥ M ′, for every M ′ ∈ N. Then we

can use the cycle with positive effect on y inside ρi in order to conclude that there

exists a run qini
πi,wi−−−→→ qi such that eval0(wi) ≥M ′, for every M ′ ∈ N. This concludes

the proof.

5.3.2 Unboundedness implies the existence of a witness

Lemma 64. If L(A) is not bounded, there exists an unboundedness witness.

Proof. Assume that L(A) is not bounded. Let M := 15C2N3 and W := 12CN2. Let

π be the shortest accepting run of A such that eval0(π)(x) > M + W , and let w be

the word labelling π. Since π is x-aligned, it can be split into two parts

π = qini
πpre−−→→ q0

πsuf−−→→ qfin

for some q0 ∈ Q and qfin ∈ Qfin, such that πsuf is the shortest suffix of π satisfying

out-tree(π) = out-tree(πsuf). Note that eval0(πpref)(x) = 0, and πsuf features no

substitution ν that resets x (i.e., for which ν(x) = 0). Recall that we defined

η = {x← min {x, y} , y ← 0} and ρ = {x← x, y ← 0} .

Since π is x-aligned, we have that wsuf ∈ (AX ∪ {η, ρ})∗, where wsuf is the word

labelling πsuf . Let n ∈ N be the number of substitutions η in w. Split the run πsuf

into segments (some possibly empty)

q0
π1,w1−−−→→ q1

π2,w2−−−→→ q2 −→→ · · · −→→ qn
πn+1,wn+1−−−−−−→→ qn+1

such that q1, . . . , qn are all the states reached directly after reading η each time. Define

vi := eval0(πprefπ1 · · · πi)(x) for 0 ≤ i ≤ n+1. Observe that v0 = 0 and vn+1 ≥M+W .
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Example 65. Consider a run π partitioned into segments as defined above:

qini q0

v0

q1

v1

q2

v2

q3

v3

q4

v4

q5

v5

πpre, wpre π1, w1 π2, w2 π3, w3 π4, w4 π5, w5

πsuf

0

0 0 0 0 0 0

Let us overlook the slight inaccuracy that a run reaching a large value would have

many more additive transitions (cf. Claim 44). The out-tree(w) is drawn in black,

other (irrelevant) lines are drawn in light grey. Run πsuf is the shortest one that

contains all black lines. There are n = 4 occurrences of η in wsuf , thus πsuf is split

into 5 parts, and runs π1, . . . , π4 end with a transition labelled by η.

We first show that unboundedness guarantees the existence of a sustainable part

πc of a witness. The rest of the proof is done in three steps. First, we prove a claim

that allows us to find a sustainable part πc of a witness. With it, we can shift all

our attention to the construction of a pumpable run. Next, we consider two cases,

corresponding to two types of pumpable runs. Define m := max {i|vi < M}.

Claim 66. For every i > m and every transition s
ν−→ t in A such that t is a state

visited by πi and ν(y) = 0, there exists a sustainable run πc from t to qfin of length at

most 3N2.

We prove the claim by downward induction on i, the index of the segment πi

incident with the state t of ν. Base case (i = n+ 1) is trivial, as wn+1 ∈ A∗X . Assume

our claim holds for i + 1. Fix a transition s
ν−→ t such that t is a state visited by

πi, and ν(y) = 0. Similarly to the case of a trivial boundedness witness, a steep

increase on y implies existence of a run π′c = t
α−→→ r

θ,wθ−−→→ r
β,wβ−−→→ s

η−→ qi such that

wθ, wβ ∈ A∗X , α, β are simple paths and θ a simple cycle, and that eff(θ)(y) > 0.

Finally, by applying the inductive hypothesis to s
η−→ qi, we get a pumpable π′′c from

qi to qfin; we have thus constructed a sustainable run π′cπ
′′
c , as required.

It remains to show how to find πb, the pumpable part of the run. We consider two

cases.

Case 1: vi+1 − vi > 4CN for some i ∈ N ∩ [m,n]. (aim: pumpable run of type A)

Fix such i ∈ N. Let A′ = (S,Q∪
{
q′i+1

}
, qi,

{
q′i+1

}
, δ′), where δ′ is constructed from δ

by removing transitions with minimum substitutions, and adding q
η−→ q′i+1 whenever

q
η−→ qi+1 for some q ∈ Q. Note that wi ∈ L(A′) and that eval0(wi)(x) > 4CN , thus

automaton A′ satisfies the premises of Lemma 49. Using this lemma, we obtain a

short pumpable run π′b of type A of A′ – cases A.1, A.2 and A.3 were designed to

match all possible loop arrangements. It naturally induces πb in A from qi to qi+1
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of the same properties. Since qi is reachable from qini, there exists a short run πa

between them. Finally, by Claim 66, we obtain a sustainable part πc of the witness,

which completes the analysis of this case.

Case 2: vi+1 − vi ≤ 4CN for all i ∈ N ∩ [m,n].(aim: witness exists or contradiction)

This case proves to be more difficult, as it involves a more complicated type B

pumpable run. The proof is by contradiction. Here, since vn+1−vm > (M+W )−M =

12CN2 and each vi+1 provides an increase of at most 4CN compared to the previ-

ous value vi, any maximal increasing subsequence of (vi)m≤i≤n must have at least
12CN2

4CN
= 3N elements. Therefore, there exist k, ℓ ∈ N such that

m ≤ k < ℓ ≤ n, vk < vℓ, M < vi < M + W for k ≤ i ≤ ℓ, and qk = qℓ,

thus π(kℓ] := πk+1 · · · πl is a cycle.

For each i, k ≤ i ≤ l, define ci ∈ K to be the effect on x of the run πi without its last

transition labelled with η. We have vi+1 ≤ vi+ci, and therefore
∑ℓ−1

i=k ci > vℓ−vk > 0.

Assume that A has no pumpable run of type B from qk to qℓ (otherwise we obtain a

witness easily). Therefore, there exists i ∈ N ∩ [k, l] such that πi decomposes into

πi := qi−1
α,u−−→→ r1

β,v−→→ r2
η−→ qi,

where β is the run of maximal length labelled by some v ∈ A∗X without ρ, run

α is labelled by u ∈ (AX ∪ {ρ})∗ (possibly empty), and no simple cycle θ with

eff(θ) ∈ N × N+ is reachable from r1 and backwards-reachable from r2. Note that

eval0(πpreπ1π2 · · · πi−1α)(y) = 0.

Assume that α contains a simple cycle θ. If eff(θ)(x) ≤ 0, this cycle can be re-

moved from π without decreasing the output value, which contradicts the assumption

that π is the shortest. If otherwise eff(θ)(x) > 0, we obtain a pumpable run of type

A.1 featuring θ and a simple path to r1. Again, a sustainable run to the final state

qfin is guaranteed by Claim 66, and thus in this case the proof is finished.

Hence, we can assume that α does not have simple cycles. Due to Claim 44, we

have that eff(α)(x) ∈ [−CN,CN ]. By Lemma 48, eff(β) decomposes into eff(β) =

eff(β′)+(A,B) for a run β′ from r1 to r2 of length≤ N , and (A,B) ∈ ConeN(Θ), where

Θ is the set of simple cycles that are reachable from r1 and backwards-reachable from

r2 by transitions not involving ρ. By assumption, eff(θ) ̸∈ N × N+ for any θ ∈ Θ.

Thus, for each θ ∈ Θ, either eff(θ)(x) < 0 or eff(θ)(y) ≤ 0. Hence, for θ with

eff(θ)(y) > 0, we have eff(θ)(x) < 0. Take θ⟳ such that eff(θ⟳) = (a, b), b > 0 (and

hence a < 0) and b
−a is the largest possible among cycles satisfying these conditions.
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Every simple cycle has length at most N , therefore its effect belongs to [−CN,CN ]2.

Thus, CN
1
≥ b
−a . Let ℓ(t) := b

a
t. If there exists θ′ such that eff(θ′) lies above line ℓ,

then we have identified two cycles that span a cone having a nonempty intersection

with the positive quadrant; this yields a pumpable run of type A.3, and, by Claim 66,

we get a sustainable run starting at qi.

Otherwise, ConeN(Θ) lies below ℓ. Since πi ends with η and has effect at least M ,

eff(β)(y) > M , therefore B > 0. This in turn implies A < 0, because (A,B) is bellow

ℓ. Hence B < ℓA = b
a
A ≤ −CNA. We know that eval(vi−1,0)(πi) ≥M , therefore{

eval(vi−1,0)(αβ)(x) ≥M

eval(vi−1,0)(αβ)(y) ≥M
and thus

{
vi−1 + eff(α)(x) + eff(β′)(x) + A ≥M

0 + eff(β′)(y) + B ≥M

Since vi < M + W , and effects of simple runs α and β′ are bounded by Claim 44, we

get {
��M + W + 2CN + A ≥��M

CN + B ≥M
and

{
12C2N3 + 2C2N2 ≥ −CNA

B ≥ 15C2N3 − CN

Since B < −CNA, we have 15C2N3−CN < 12C2N3 + 2C2N2 and finally 3C2N3 <

2C2N2 + CN which yields a contradiction that concludes the proof.

5.4 Output-minimum CRAs

In this section, we consider CRAs in which minimum substitutions can only appear

in the output function. We call such CRAs output-minimum for brevity. The main

results of this section are as follows.

Theorem 67. Boundedness of output-minimum CRAs with no transpositions is coNP-

complete, even if the numbers in the substitutions are presented in unary.

Theorem 68. Boundedness of output-minimum CRAs is PSPACE-complete, even if

the numbers in the substitutions are presented in unary.

For the rest of the section, fix the set of registers X := {x1, . . . , xd}. Let ηX′ :=

{x1 ← min {x | x ∈ X ′}} for X ′ ⊆ X. Once again, we use the formalism of regu-

lar languages of substitutions presented in Section 5.2. Recall that Subelem(X) =

TX ∪ RX ∪ AX ∪MX . Since we are considering output-minimum CRAs, similarly to

Claim 45, we can assume that the alphabet contains only elementary substitutions

from TX ∪RX ∪AX , with the only exception of a minimum transition which comes at
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the end of the word. Thus, in Section 5.4.1 and Section 5.4.2 we consider the language

boundedness problem for NFAs A such that for some X ′ ⊆ X, we have, respectively,

L(A) ⊆ (AX ∪RX)∗ηX′ and

L(A) ⊆ (AX ∪RX ∪ TX)∗ηX′ .

As shown in Section 5.2, this is enough to prove Theorems 67 and 68.

5.4.1 Output-minimum CRAs with no transpositions

Proposition 69. Boundedness for regular subsets of (AX ∪RX)∗ηX′ is coNP-complete,

even if the numbers in the substitutions are presented in unary.

Proof. As a certificate of unboundedness, we consider substitutions α1, . . . , αd+1,

β1, . . . , βd respecting the conditions of Lemma 49, together with a run π of A witness-

ing that α1β
+
1 α2 . . . αdβ

+
d αd+1ηX′ ⊆ L(A). Checking the second and third conditions

of Lemma 49 is trivial and by having π in the certificate, it is also easy to check the

first condition in linear time.

Checking the last conditions requires a bit more work. As argued in the proof of

Lemma 49, all substitutions in β1, . . . , βd can be modified so that they become addi-

tive substitutions without changing the value of eval0(α1β
a1
1 α2 . . . αdβ

ad
d αd+1ηX′)(x1).

Now, let the vectors v1, . . . ,vd be the effects of the modified substitutions β1, . . . , βd.

By Theorem 46, we only need to solve the following linear program

∃a1, . . . , ad ∈ Q≥0 s.t. a1v1 + a2v2 + · · ·+ advd > 0,

which can be done in polynomial time.

To prove coNP-hardness, we reduce the satisfiability problem, which is NP-complete

[42], to the complement of the boundedness problem.

Problem 70. Satisfiability

Input: A set C = {c1, . . . , cm} of clauses over boolean variables p1, . . . , pn.

Output: Yes, if and only if there exists an assignment of Boolean values to the

variables satisfying all the clauses.

As registers, we take the set of all clauses: X = C = {c1, . . . , cm}. Let Cp :−
{c ∈ C|p ⊨ c} and C¬p :− {c ∈ C | ¬p ⊨ c} be the sets of clauses satisfied by p = ⊤
and p = ⊥, respectively. Also, for a literal x, let inc(x) := {c← c + 1|c ∈ Cx}.
Consider the generalised NFA A in Figure 5.2.
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q0 q1 q2 qn qf
ηX

inc(p1)
∗

inc(¬p1)∗

inc(pn)
∗

inc(¬pn)∗

· · ·

· · ·

Figure 5.2: Generalised NFA A for satisfiability. Transitions are labelled by regular
expressions.

It is readily seen that for any N ∈ N, there exists a word

w ∈
(

inc(Cp1)
N ∪ inc(C¬p1)

N
)
· · ·

(
inc(Cpn)N ∪ inc(C¬pn)N

)
ηX

such that eval0(w)(x1) ≥ N if and only if the variable assignment induced by w for

variables p1, . . . , pn satisfies all the clauses c1, . . . , cm.

5.4.2 Output-minimum CRAs with transpositions

Proposition 71. Boundedness for regular subsets of (AX ∪RX ∪ TX)∗ηX is in PSPACE.

The intuition for the proof is the following. We prove containment in PSPACE

by operating on an exponentially larger NFA PA, called permutation NFA. This NFA

encodes all possible register permutations inside its state space, and hence its alpha-

bet contains only additive and reset substitutions. It can be checked in NPSPACE

whether this larger NFA admits a certificate of the type presented in Lemma 49. By

Savitch’s theorem we get that the problem is in PSPACE [85].

Proof. Fix a finite alphabet S ⊂ AX ∪ RX ∪ TX and let C = maxc(S). Fix NFA

A = (Q,S ∪ {ηX′} , δ, qini, Qfin) such that L(A) ⊆ S∗ηX′ . Let GX be the set of all

permutations of the set X and let PA = (Q′, S ′ ∪ {ηX′} , δ′, q′ini, Q′fin), where Q′ =

Q × GX , S ′ = S \ TX , and Q′fin = Qfin × GX . We also take qini
′ = (qini, τ0), where

τ0 is the identity permutation. Let id ∈ S be the additive substitution that adds 0

to every register. For s ∈ TX and τ ∈ GX we define (τ ◦ s)(x) = s(τ(x)). Finally,

δ′contains transitions

((q, τ), id, (q′, τ ◦ s)) ∈ δ′ for every (q, s, q′) ∈ δ such that s ∈ AX ,

((q, τ), s, (q′, τ)) ∈ δ′ for every (q, s, q′) ∈ δ such that s /∈ TX .

Clearly, A is unbounded if and only if PA is unbounded if and only if there exist

words α1, . . . , αd+1, β1, . . . , βd that adhere to the conditions of Lemma 49 and run

π of PA witnessing that α1β
+
1 α2 . . . αdβ

+
d αd+1ηX′ ⊆ LPA. Since |Q′| = |Q| · d!, we
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can store one state with polynomial space. Hence, an NPSPACE algorithm can non-

deterministically search for the run π without constructing PA explicitly. Verifying

the first three conditions of Lemma 49 can be done on the fly in linear space. Also,

a non-deterministic algorithm can guess and verify that v1 . . . ,vd are the effects

of cycles β1, . . . , βd on the fly. Finally, it is easy to verify that a positive linear

combination of them has positive effect on all registers. Thus, we can conclude the

argument by recalling that NPSPACE=PSPACE by Savitch’s theorem [85].

Proposition 72. Boundedness for regular subsets of (AX ∪RX ∪ TX)∗ηX is PSPACE-

hard, even if the numbers in the substitutions are presented in unary.

Again, we start by giving the intuition for the proof. We reduce from the DFA

intersection problem, which is PSPACE-complete [57]. For every state of each DFA,

we create a separate register in the constructed CRA C. We simulate reading a letter

by all the DFAs by moving a large value to the registers corresponding to the new

active states of the DFAs, and keeping the values of all remaining registers zero.

These large values come from a self-loop transition in the initial state of C, and C
cannot return to the initial state afterwards. All DFAs accept the same word if and

only the large values can be simultaneously brought to the registers corresponding to

the final states of the DFAs. The output of C is thus set to be the minimum of these

registers.

Proof. We reduce from the following PSPACE-complete problem [57]:

Problem 73. DFA intersection

Input: n ∈ N, alphabet Σ, n DFAs Ai = (Qi,Σ, δi, q
(i)
ini , Q

(i)
fin), 1 ≤ i ≤ n.

Output: Yes, if and only if there exist a word accepted by all the DFAs.

We can assume that each DFA has only one final state, which can be ensured as

follows: add a new letter # to Σ and two new states q+i , q−i to each Ai. For each i,

make this new letter # send all states from Q
(i)
fin to q+i , and all other states of Ai to

q−i . Make the new letter induce a self-loop for both q+i , q
−
i and make q+i to be the

only final state in each DFA.

We construct an NFA A such that the language L(A) is bounded if and only if⋂
1≤i≤n L(Ai) is empty. Let X =

{
q
(j)
i | 1 ≤ j ≤ n, qi ∈ Qj

}
. The idea is that the

registers correspond to the states of the DFAs, and register r
(j)
i has a positive value

after reading w ∈ Σ if and only if the i’th state in Aj is active after reading w. Next,

we describe L(A) in terms of a regular language.
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Let νinc =
{
q
(i)
ini ← q

(i)
ini + 1 | 1 ≤ i ≤ n

}
be a substitution that increments the reg-

isters representing initial states for each Ai. Also, for every σ ∈ Σ, let

Ti,σ = {{q′ ← q} ∪ {q ← 0 | q ̸= q′} | (q, σ, q′) ∈ δi, q ̸= q′} and

Tσ = T1,σ · T2,σ · . . . · Tn,σ,

T =
⋃
σ∈Σ

Tσ.

There is a substitution in Ti,σ that simulates every transition inside Ai for letter

σ ∈ Σ. The idea is that after we guess the next letter σ ∈ Σ, for each Ai we need

to simulate the transition that is executed when reading this letter. If we pick the

correct transition, we move our positive value from register qi to q′i, and resetting all

other registers does not change their values. However, if we pick a wrong transition,

we reset our positive value and we can never recover. Then, a substitution from Tσ

simulates executing a transition labelled by letter σ in all Ai and a substitution from

T simulates choosing a letter σ ∈ Σ and executing a transition labelled by σ in all Ai.

Finally let νout =
{
x← min{q(i)fin | 1 ≤ i ≤ n}

}
. We argue that L(A) = ν∗inc · T ∗ · νout

is unbounded if and only if
⋂

1≤i≤n L(Ai) is non-empty.

Consider a word w = σ1 . . . σm ∈ Σ∗ and an integer N ∈ N. For every 1 ≤ i ≤ n it

follows inductively that there exists a word w′j ∈ incN+1 · Tσ1 · Tσ2 · . . . · Tσj
such that

eval0
(
w′j

)
(q(i)) = N + 1, for q ∈ Qi if and only if q

(i)
ini

σ1...σj−−−→ q(i). Thus, there exists a

word w′m ∈ ν∗inc · T ∗ · νout such that eval0(w′m) = N + 1 if and only if
⋂

1≤i≤n L(Ai) is

non-empty.

5.5 Stateless CRAs

In this section, for every d ≥ 2 we present a fairly restricted family of unbounded

CRAs with d registers such that the length of a shortest run outputting a value N ∈ N
is lower bounded by Fd−1(N), the (d− 1)st function in the hierarchy of fast-growing

functions. These functions are defined as follows. Let F1(n) = 2n and for every k ≥ 2

let Fk(n) = Fk−1◦. . .◦Fk−1(1), where ◦ denotes the composition of functions, and this

composition is taken n times. For example, F2(n) = 2n and F3(n) = 22·
··
2

= Tower(n),

where exponentiation is taken n times. We construct these CRAs inductively in the

following theorem.

Theorem 74. For every d ≥ 2, there exists a stateless CRA C with d registers and d

transitions such that for every N ∈ N+, any run of Cd that outputs a value of at least

N must have length at least Fd−1(N).
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Proof. For d = 2 and d = 3 consider the two CRAs in Figure 5.3.

q

min {x1, x2}

q

min {x1, x2, x3}

a1,

{
x1 ← x1 + 1

x2 ← 0

a2,

{
x1 ← x1 − 1

x2 ← x2 + 1

a1,


x1 ← x1 + 1

x2 ← 0

x3 ← 0

a2,


x1 ← x1 − 1

x2 ← x2 + 1

x3 ← x3

a3,


x1 ← min{x1, x2}
x2 ← 0

x3 ← x3 + 1

Figure 5.3: Unbounded CRAs C2 (left) and C3 (right) with 2 and 3 registers.

Let us prove that C2 and C3 satisfies the statement of the lemma. Let N ∈ N+

be an arbitrary positive integer. Since we are dealing with stateless CRAs, we de-

note a configuration ⟨q, {x1 ← k1, x2 ← k2, . . . , xn ← kn}⟩ by a vector ⟨k1, k2, . . . , kn⟩.
Clearly, for both C2 and C3, the transitions labelled by a1 are the only ones that can

increase the value of register x1 and since these transitions reset the values of all other

counters, any run outputting N must start by taking this transition m many times,

m > 0, reaching in C2 and C3 the configurations ⟨m, 0⟩ and ⟨m, 0, 0⟩, respectively. The

value m can be seen as the initial budget that is necessary for increasing the values

of other registers. Clearly, the shortest run that outputs N in C2 reaches the configu-

ration ⟨2N, 0⟩, then takes N times the transition labelled by a2 and outputs. Since it

must start by getting to the configuration ⟨2N, 0⟩, its length is at most F1(N) = 2N .

Let now π3 be a shortest run in C3 that outputs N . Clearly, π3 needs to increase

the value of register x3. The transition labelled by a3 is the only one that increases x3,

however, it contains a minimum update for x1. Since π3 is a shortest path outputting

N , before reading a3 it reaches a configuration in which the values of registers x2, x3

are equal, otherwise some transitions can be removed from it without changing the

output value.

Thus, π3 initialises the budget by reading am1 , and then, before reading a3, it reads

a word in a∗2 which applies the function F−11 (·) = ·
2

to the value of register x1. We

argue that in order to output N , m = F−12 (N) = 2N . Indeed, π3 must reach a value m

in register x1 and then apply N many times the function F−11 (·) to register x1, so

m = F−12 (N). Thus, the length of π3 must be longer than F2(N). Furthermore, we

see that π3 has the following shape ⟨0, 0, 0⟩ −→→ ⟨F2(N), 0, 0⟩ −→→ ⟨N,N,N⟩.
Assume now that there exists Cd−1 with the property from the statement of the

lemma. We modify it by adding a new letter ad to the alphabet Σ, and extend the

substitutions of the transitions as follows:

• add xd ← 0 to a1,
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• add xd ← xd to ai for 1 < i < d− 1, and

• let ad be {x1 ← min{x1, . . . , xd−1}, x2 ← 0, . . . , xd−1 ← 0, xd ← xd + 1}.

We know that there exists a shortest path πd−1 with the following shape ⟨0, . . . , 0⟩ −→→
⟨Fd−2(N), 0, . . . , 0⟩ −→→ ⟨N,N, . . . , N, 0⟩. So, in order to increase the register xd

by one, we need to have enough budget on register x1 to be able to apply the

function F−1d−2 to its value. Since we need to increase the value of xd by one N

times, it follows that we need to repeat this process N times so that πd has shape

⟨0, . . . , 0⟩ −→→ ⟨Fd−1(N), 0, . . . , 0⟩ −→→ ⟨N,N, . . . , N,N⟩. Thus its length must be at

least Fd−1(N).

5.6 Discussion

The most obvious open problem left by this work is the decidability of boundedness

for copyless linear CRAs with resets with more than two registers. We conjecture

that it is decidable for arbitrary number of registers. Our techniques and the shapes

of the witnesses for the two-register case might be useful for proving that. The crucial

aspect seems to be the notion that a register can support another one when taking

iterated minimums. Thus, one might attempt to create a hierarchy of registers such

that one has an unboundedness witness for a subset of registers before attempting to

increase an extra register.

As stated in the Preliminaries, we cannot model the behaviour of CRAs with

Presburger arithmetic dues to the presence of minimum operations in the update

functions. This makes the computed functions highly non-linear as they can compute

iterated minimums. However, it would be interesting to connect the subclasses of

CRAs with decidable properties to a suitable extension of Presburger arithmetic in

order to find new decidable extension as we do in Chapter 3.

Another interesting open problem is the precise complexity of the two-register

case where numbers in the substitutions are presented in binary. We have proved

that this problem is NL-hard and in coNP, but no better bound is known even if

minimum substitutions are only allowed in the output. In the latter case, it follows

from our results that the witness of unboundedness consists of at most two cycles and

some paths connecting them. This relates to the following natural problem whose

complexity we were not able to find in the literature. Let G = (V,E) be a digraph,

and ω : E → Z2 be a (bi-criteria) weighting function on its edges. Given G and ω,

find a cycle in G such that the sum of weights of its edges is component-wise positive.
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This is of course a generalisation of the problem of finding a cycle of negative weight

in a digraph, which can be solved in polynomial time by e.g. Bellman-Ford-Moore

algorithm [9].
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Chapter 6

Conclusions

The general motif of this thesis is model of computation with counters. In both

Chapter 3 and Chapter 5 we developed new pumping lemmas for the relevant models.

The process of removing the loops one by one from a path and understanding their

effect proved crucial for proving these lemmas and we believe that the process can

be applied to many other models of computation with counters. Also, the connection

between arithmetic theories and models of computation proved to be a lot more

general and we managed to extend the concept of automatic structures. We hope

that this concept can be extended even further, so that new results both in the area of

arithmetic theories and formal models can be obtained by leveraging this connection.
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[22] Dmitry Chistikov, Rupak Majumdar, and Philipp Schepper. Subcubic certifi-

cates for CFL reachability. Proceedings of the ACM on Programming Languages,

6(POPL), 2022.

[23] David C. Cooper. Theorem proving in arithmetic without multiplication. Mach.

Intell, 7:91–99, 1972.
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