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Chapter 1

Introduction

The thesis aims to use non-reductive geometric invariant theory (GIT) to study moduli prob-
lems involving vector bundles of fixed Harder-Narasimhan type on a nonsingular complex
projective curve, or more generally pure sheaves on a projective scheme over an algebraically
closed field of characteristic 0.

The construction of moduli spaces for such sheaves can be reduced to the construction
of non-reductive GIT quotients of subschemes of Quot schemes. Quot schemes are pro-
jective schemes which are in general not reduced, and so far non-reductive GIT has been
developed only for actions on projective varieties. So our first task in this thesis is to put
the relevant existing non-reductive GIT into a scheme-theoretic framework and extend the
results to this setting. In particular a scheme-theoretic version (Condition 3.3.2) is provided
of the condition that “semistability coincides with stability” (or “ss=s”) for the action on a
projective scheme X of a semi-direct product U ="U x)G,, where U is a unipotent group
graded by a one-parameter subgroup A : G,, — U of U. Tt is shown that under this con-
dition an open subscheme of X has a geometric quotient X// U which is itself a projective
scheme (possibly non-reduced), and that under a weaker condition (Condition 4.2.1) it is
possible to blow X up along a sheaf of ideals so that the condition “ss=s” holds. In con-
trast to the construction of [Bér+16] which involves a sequence of blow-ups, we only require
one blow-up to ensure that “ss=s” holds. Finally, it is shown that this weaker condition
always holds for sheaves of Harder-Narasimhan length two, and holds for sheaves of Harder-
Narasimhan length greater than two under some additional hypotheses. Moduli spaces of

sheaves of Harder-Narasimhan length 2 have been studied in [BMNO09] and [BS22] using



methods different from GIT, and the dimension of the space of unipotent endomorphisms
is also considered as an important discrete invariant.

To describe some of the contents in more detail, let k be an algebraically closed field of
characteristic zero. Let Sch/k be the category of schemes of finite type over k. Let C' be
a nonsingular projective curve over k. Let 7 be a Harder-Narasimhan type of length 2 and

let 9 € N be a natural number. In this thesis, we pose a moduli problem
'775 : (Sch/k)°P — Set (1.1)

classifying (7, d)-stable vector bundles on C' and construct the coarse moduli space of M’T 5
To this end, we develop existing non-reductive geometric invariant theory for algebraic
schemes over k, and apply it to a non-reductive GIT problem to produce a coarse mod-
uli space. Unlike the moduli spaces in [Jac21], our coarse moduli space of M’T 5 is not
automatically reduced by construction.

In [Jac21] Definition 7.1.2, a vector bundle E on C is called 7-stable, if E' has Harder-
Narasimhan type 7 and E 2% FE; @ E2 and each E; := HN;(E)/HN,;_;(F) is stable for
1 =1,2, where {HNi(E)}?:O is the Harder-Narasimhan filtration of E. In [HJ21] Definition
6.1, Hoskins and Jackson called (7,d) a refined Harder-Narasimhan type of length 2, and
the vector bundle E on C is called (7,0)-stable, if E is 7-stable and dim Hom(Es, E;) = 0.
For a vector bundle F of type 7, we refer to its space of unipotent endomorphisms as the
vector space Hom(Es2, F1). One key idea behind these new stability conditions is that we do
not only fix the Harder-Narasimhan type 7, but also fix dimensions of spaces of unipotent
endomorphisms, which are all regarded as discrete invariants. Moduli of (7, d)-vector bun-
dles were studied in [Jac21] Theorem 7.1.3. However, Jackson did not associate the moduli
spaces with moduli functors and his construction was in the category of varieties!.

To define the moduli functor M/ s, flat families of (7, §)-stable vector bundles are con-
sidered. For T € Sch/k, a flat family of (1,d)-stable vector bundles parameterised by T,

denoted by (E, {Egi}?:()), consists of the following data:

!The condition on irreducibility for varieties can be removed for existing non-reductive GIT. See [HJ21]
Section 5.4 for a discussion. However, the condition on reducedness are not easily removed, which will be
treated in Chapter 3.



e 0=F<)C E<i1 C E<y = E is a filtration of coherent sheaves on C7 := C Xy T}
o E;:=F<;/E<;_ is flat over T for i = 1, 2;

o for any closed point ¢t € T, the fibre Ej is 7-stable with Harder-Narasimhan filtration

{E<it}io:

o for any closed subscheme T" < T, the sheaf of unipotent endomorphisms of the

restricted family (E\T/, {ESi‘T/}?:0)7 defined as
(CT/ — T’)*HomoCT/ (EQ’T/7 EI‘T’) (12)
is locally free of rank 6 on 7T".

This notion generalises the concept of (7,d)-stable vector bundles in the sense that a flat
family of (7,0)-stable vector bundles parameterised by Spec(k) is exactly a (7,d)-stable
vector bundle.

A flat family of (7, d)-stable vector bundles parameterised by 7" is not simply a flat fam-
ily (E,{E<;}?_) such that closed fibres are (7, §)-stable vector bundles. One reason is that
the condition on closed points ¢t € T' that dim Hom(Esy, £y ;) = J is not an open condition
but only a locally closed condition. In this thesis, we generalise the notion of unipotent
endomorphisms such that they are defined for a flat family of vector bundles. It turns out
that spaces of unipotent endomorphisms of vector bundles generalise to coherent sheaves
of unipotent endomorphisms of families. The condition on unipotent endomorphisms we
impose for a flat family of (7, )-stable vector bundles is that the sheaf of unipotent endo-
morphisms of any pull-back of this family is locally free of rank é.

The moduli functor M'T s is defined as follows

75 [(Sch/k)°" — Set

{ flat families of (7, 0)-stable
vector bundles parameterised by T’

(1.3)
} / isomorphisms

and for a morphism g : 7" — 7" in Sch/k, the map M/ ;(f) is the map sending the isomor-
phism class of (E, {Egz‘}%zo) to the class of (gEvE, {géEgi}?:o) where go : Crr — Crp is the

morphism go = 1¢ X g.



We will apply non-reductive geometric invariant theory to construct the coarse moduli
space of M’T s- In [Sim94], GIT for reductive group actions was applied to the construction
of moduli spaces of semistable sheaves. For unstable sheaves, non-reductive GIT prob-
lems have been set up, and their moduli spaces have been studied in [HK12], [Jacl§],
[Jac21] and [HJ21]. New stability conditions have been considered for unstable sheaves,
such as 7-stability (Definition 7.12, [Jac21] and Definition 4.18, [HJ21]) and refined Harder-
Narasimhan type (Definition 6.1, [HJ21]). However, in [Jacl8], [Jac21] and [HJ21], moduli
functors and families of 7-stable or (7, d)-stable vector bundles were not considered. In this
thesis, we will set up and study a non-reductive GIT problem similar to that in [Jac21]
for the moduli space of M’T s+ GIT for non-reductive group actions has been studied in
[DKO7], [Bér+16], [BK17], [BDK18]|, [Bér+18b], [Bér+18a] and [HJ21], and many results in
non-reductive GIT have been applied to the study of moduli of unstable curves in [Jac18],
and the moduli of unstable sheaves in [Jac21], [HJ21]. The non-reductive GIT problem
we set up for the moduli of M’T s involves an action of a parabolic group on a projective
scheme, in the category Sch/k. However in the references listed above, non-reductive GIT
was only considered in the category of varieties. This motivates us to develop the existing
non-reductive GIT, especially the so-called U-hat theory in [Bér+16], [Bér+18b], for actions
on projective schemes.

The version of non-reductive GIT developed in this thesis has the potential to produce
non-reduced quotients. The moduli spaces constructed in [Jacl8], [Jac21] and [HJ21] are
necessarily reduced since the non-reductive GIT they applied in the construction only pro-
duces quotient varieties. Whether the moduli space is reduced is not a tautology for our
moduli space of M’T 5 and needs further research, in contrast to the moduli spaces in [Jacl§],

[Jac21] and [HJ21], where the answer is always “yes” if we ask this question.

The structure of the thesis is as follows.

Chapter 2 In this chapter, definitions and theorems of the classic reductive geometry
invariant theory are reviewed. Most of the contents can be found in [MFK94] and [Hos16].

Besides the classic material, we introduce some new definitions concerning Lie algebras



and infinitesimal actions. For a group action G ~ X in Sch/k, there is a morphism
¢ : Qx/ — ¢* @k Ox, which encodes the information of the action of the Lie algebra g on
X. The coherent sheaf Q := coker(¢) on X plays an important role in later chapters. We
also define T'-valued infinitesimal transformations in G and when they stabilise T-valued
points in X for T' € Sch/k. For f: T — X, we have a characterisation (Proposition 2.2.9) of
the condition that f*Q is locally free of rank r in terms of 7"-valued infinitesimal stabilisers

for T € Sch/T.

Chapter 3 In this chapter, the so-called U-hat theorem in [Bér+18b] and [Bér+16] is
generalised for U actions on projective schemes in Sch/k to Theorem 3.3.8 and Lemma
3.4.2.

The group U := U x) G,, is a semi-direct product of a unipotent group U and a
multiplicative group Gy, via a grading 1PS X : G,, — Aut(U), where a grading 1PS refers
to X : G, — Aut(U) such that the induced action A ~ u := Lie(U) has all weights positive.
Let wy > -+ > wy, be the A-weights on u := Lie(U). For 1 <1i < n, let u; := uy>,,, denote
the sum of weight subspaces whose A\-weights are greater than or equal to w;. Let U; C U
be the subgroup whose Lie algebra is u;.

Let X be a projective scheme in Sch/k with an ample line bundle L on X. Let

U~ (X,L). Let X°

min

C X be the non-vanishing locus of @, HO(X, L) y—max, Where

HOY(X, L) \—max € HO(X, LY) is the weight subspace of maximal A-weight. Let Z0. <

min
XO

min

[Fog73]. Assume Z°. # ().

be the fized point closed subscheme with respect to the action of A in the sense of

When X is reduced, the U-hat theorem in [Bér+16] requires the so-called “semistability
coincides with stability” condition (“ss=s”), which is that dim Staby,(x) is constant on

x e X0

min for 1 <4 < n (Remark 7.12, [Bér+16]). When X is not assumed reduced, it
turns out the condition “ss=s” needs to be replaced by the condition (Condition 3.3.2) that
coker(Q X/ — Ui Qx O X) is locally free of constant rank on Xgnn for 1 < i < n. These two
conditions coincide when X is reduced (Lemma 3.3.4).

With the generalised condition “ss=s” for non-reduced X assumed, the proofs in Section

7, [Bér+16] can be easily adapted for our U-hat theorem (Theorem 3.3.8).



For the construction of the moduli space of M’T 5» we consider a linearised action on
(X, L) of the group U x (T' x K), where U is unipotent, T" is a torus and K is semisimple.
Assume there exists an internal grading 1PS, i.e. a 1PS X\ : G,;, — T such that the
composition G, AT Aut(U) is a grading 1PS. With some assumptions specific to the
GIT problem associated to the moduli problem, we prove Lemma 3.4.2 about quotients by

Ux (T x K).

Chapter 4 In this chapter, we prove that when Condition 3.3.2 (“ss=s”) is not satisfied
for U ~ (X, L), but a weaker condition (Condition 4.2.1) is satisfied, we can perform a
equivariant blow-up to get “ss=s”. We call this condition the Weak Unipotent Upstairs
Stabiliser Condition (WUU), where the name is from [HJ21], Definition 4.42. For reduced
X, Section 8 in [Bér+16] described a sequence of equivariant blow-ups for “ss=s” under

the condition that for 1 < i < n, the minimum of dim Staby;,(z) for z € Z0

min

equals the

0

minimum of dim Staby, (z) for x € X, . The blow-up described in this chapter is different
from that in [Bér+16] even when X is reduced. Here we only need one blow-up rather than
a sequence of them.

Since X is not assumed reduced, the centre of the blow-up is not determined by the
underlying closed subset. We describe the centre scheme-theoretically and prove our result

(Theorem 4.4.1) in a more algebraic manner than [Bér+16].

Chapter 5 In this chapter, we describe a scheme-theoretic stratification according to
dimensions of unipotent stabilisers (Theorem 5.1.2). Let U be a unipotent group acting
on X € Sch/k. Let {u;}!' , be a filtration of u := Lie(U). Let § = (dy,--- ,d,) € N"™
There is a locally closed subset S5 C X such that closed points in S5 are x € X with
dim Staby, (z) = dy + --- + d; for 1 < i < n. We show that there exists a locally closed
subscheme structure on S5 such that Q; := coker (Q x/k = U QO X) pulls back to a locally
free sheaf of rank dy + --- + d; on Ss for 1 <4 < n. The subscheme Ss C X is U-invariant.
Moreover, the pull-back Q;|s; equals the cokernel of g, /k — ui ®k Og;. If X is projective
and U ~ X is linearised with respect to L, then under some hypothesis (Condition 5.1.6),
the scheme-theoretic image S5 of S5 < X, with the restricted line bundle L|ST;’ satisfies

Condition 4.2.1. So we can apply results from previous chapters and prove Theorem 5.2.1.



Chapter 6 In this final chapter, we start to consider the moduli problem M’T 5

Let C' be a nonsingular projective curve over k with a degree one line bundle £. Our
results can also be generalised to higher dimensional projective schemes. For the time being
we assume T is a general Harder-Narasimhan type of length n € N,.. Let P(t), P;(t) be the
Hilbert polynomials such that if F is a vector bundle of type 7 with Harder-Narasimhan
filtration {HN;(E)},, then P(t) is the Hilbert polynomial of E and P;(t) is the Hilbert
polynomial of HN;(E)/HN,_;(E).

Let m € N be such that £ is very ample. For [ > 0, let V; := k5" for 1 <i<n
and let V.=V, @.--®V,. Let P, C SL(V) be the parabolic subgroup stabilising the
filtration {V<;}_,, where V<; :=V1 & --- & Vj.

Let V(—Im) denote the coherent sheaf V @, £~ on C, and similarly for V;(—Im) and
V<i(—Im). Vector bundles of type 7 are bounded, and then any of them can be represented
by a closed point in Quot bt ) m)/C/k UP to SL(V')-action. There exist locally closed subspaces
Y CY®S C Quot ) m)/C K such that vector bundles of type 7 are represented by P -orbits
of closed points in Y*  and if E is a vector bundle of type 7 such that HN;(E)/HN,_;(F)
is stable for 1 < ¢ < n, then its P,-orbit is in Y*. The subspaces Y( C Qu ot )lm)/c/k
were described in [HK12], [Jac18], [Jac21] and [HJ21] to study moduli of vector bundles of
type 7.

In the references listed above, Y° C Y are only defined as locally closed subsets in
the Zariski topology and are equipped with the induced reduced subscheme structures for
the application of non-reductive GIT. We provide moduli-theoretic descriptions of Y.r(s)S C
Quot ) m)/C /K and then subscheme structures are determined. The author believes it

(s)s

is the natural way to define Y;° moduli-theoretically, since the natural way to define

Quot )lm) 10k is moduli-theoretic. The advantage is that we have a moduli-theoretic
(s)s

description of scheme-valued points of Y- ", which eventually motivates our definition of
flat families of (7,d)-stable vector bundles. The disadvantage is that without necessarily
being reduced, we need non-reductive GIT for non-reduced schemes, and many point-wise
statements need to be carefully adapted, such as the condition “ss=s” in [Bér+16].

Let U, C P, be the unipotent radical, and let K C P, be its semi-simple subgroup.

There exists a homomorphism 7' := (G,,)""! — P, such that U, x (T x K) — P, is



surjective with finite kernel. We can safely replace P, by U; x (T x K) in the non-reductive
GIT problem. Choose an internal grading 1PS X : G,,, — T'. There is an induced filtration

of u:= Lie(U;) of length N € N
O=uwCuyy C---Cuy=u (1.4)

where wq > --- > wy are all the weights of A ~ u and u; := uy>,,, the sum of weight
spaces whose A-weights are no less than w;.

We can stratify Y® according to dimensions of unipotent stabilisers with respect to
{u;}Y (Theorem 5.1.2). Let [[senn S5(YS) — Y7 be the stratification, where S5(Y) C Y
for 6 = (dy,--- ,dn) € NV is a locally closed subscheme whose closed points are y € Y such
that dim Staby, (y) = d1 + -+ d; for 1 < i < n. This stratification is a scheme-theoretic
version of the decomposition of Y according to dimensions of unipotent stabilisers in [Jac21]
and [HJ21].

Fix § € N¥. By Theorem 5.2.1, there is a P,-invariant open subscheme Y35 € Ss(Y7)
whose closed points are y € S5(Y?) corresponding to non-split vector bundles, i.e. closed
points in Y; 5 correspond to (7, 6)-stable vector bundles up to the Pr-action. Also YTS’ P
Y:s /P is a quasi-projective universal geometric quotient by P, which is the coarse moduli
space of M’T 5

We can not always apply Theorem 5.2.1, since Condition 5.1.6 does not hold in general.
However, when the Harder-Narasimhan type has length 2, and more generally when pu; —
Wiva > 2g—2for 1 <1 <i4+2 < n, we have Condition 5.1.6. So we can construct the moduli

spaces for Harder-Narasimhan type of length 2 and some special longer Harder-Narasimhan

types.



Chapter 2

Affine algebraic groups and
reductive Geometric Invariant
Theory

This chapter review some related material in reductive GIT, including definitions for groups,
group actions, notions of quotients and the main theorem in reductive GIT. Most contents
can be found in [MFK94] and [Hos16].

Besides, some new definitions and lemmas about Lie algebras and scheme-valued in-
finitesimal transformations are presented in Section 2.2, which will play a role in Chapter

5 and Chapter 6.

2.1 Affine algebraic groups

2.1.1 Definitions and examples

Definition 2.1.1. An affine algebraic group G is an affine scheme of finite type over k with

morphisms
pw:GxgG—G, e:Speck) -G, 1:G—GCG (2.1)
satisfying:
Gxp G xp G5 G G
 associativity: ll X l#

Gx,G—* @

G xi Spec(k xe, @ xk G T Spec(k) xx G

e unit: \ /



G G G e— G x G
X1

. inverse: l l” l

Spec(k) E G+ Spec(k).

We call the morphism p : G xxG — G the multiplication, the morphism e : Spec(k) — G

the unit, and the morphism ¢ : G — G the inverse.

Since G = Spec(O(G)) is affine, the morphisms p, e, ¢ are equivalent to the following

ring maps
p i OG) = OG) @y OG), € :0(G) =k F:0(G)— OG) (2.2)
and we call pu*, e*, " the co-multiplication, co-unit, co-inverse respectively.

Definition 2.1.2. Let G, H be affine algebraic groups with multiplications uqg, g respec-
tively. A group homomorphism f : G — H is a morphism of schemes over k such that the

diagram commutes
G xxG % G
lfxf lf (2.3)
Hxy H - 0.

A closed subgroup H C G is a subscheme such that the inclusion is a group homomorphism.
Ezxample 2.1.3. Many groups are affine algebraic groups.

e A torusis T := Spec (k[:ﬁl,xfl, “ee ,xn,xrjl]) with co-multiplication, co-unit and co-
inverse maps

p*:O(T) = O(T) @, O(T), x> 2, @y, x; " 2, @yt

et :O(T) =k, zja; 1 (2.4)

%

FO(T) = O(T), xi—a;t, a7t

In particular the multiplicative group Gy, is a torus of dimension 1, and 7' = (G,,)".
e An additive group of dimension n is U := Spec(k[xl, e ,a:n]) with maps
uw :OU) = O0OU)e2xOU), zi—1®z,+x;®1
e :0OU) =k, x;,—0 (2.5)

S :OWU) - OU), x;+— —a;.
In particular, the additive group of k G, is an additive group of dimension 1, and

U= (G,)"

10



e Let n € Ny. The general linear group of degree n is the affine scheme GL,, with affine
coordinate ring O(GLy) = klz;j : 1 < 4,5 < n]qet(a,;), which is the localisation of
k[zij : 1 <i,j < n] with respect to the multiplicative set {1, det(z;;), det(z;;)?, - }.

The ring maps defining the group structure are

p* :0(GLy) = O(GLy,) ®, O(GLy),  ij > > 2 @

k=1
. 1, 1=y
e :O(GL,) = k, x4 — o
/* :0(GL,) — O(GL,) '
(r11) o (w1a) R A
L* (xnl) ce L*(mnn) Tnl *° Tnn
For a vector space V of dimension n, choose a basis (v, -+ ,v,) of V and a dual basis

(1, ,xpn) of V*. Then z; ® v; is a linear function on V ®y V* = End(V). Identify
the symbol z;; with z; ® v; and then GL,, = GL(V') defines the general linear group
of V.

o The special linear group of degree m is the subgroup SL, — GL, cut out by the
equation det(z;;) —1 = 0. Similarly we can define SL(V) — GL(V) for a finite

dimensional vector space V.

e The unipotent group of upper triangular n X n-matrices is the subgroup U, — GL,

cut out by equations

which is a subgroup of SL,,.

Proposition 2.1.4. Recall k has characteristic zero. The following are some properties of

affine algebraic groups over k:

o Any affine algebraic group over k is smooth (Cartier’s theorem,).

o For an affine algebraic group G, its irreducible components are connected components,

and the irreducible component containing e € G is a closed subgroup G° — G.

11



o Affine algebraic groups are linear, in the sense that any affine algebraic group is

isomorphic to a closed subgroup of some GL,,.
2.1.2 Actions and linearisations

Definition 2.1.5. Let X be a scheme of finite type over k and let G be an affine algebraic
group over k with multiplication u : G xx G — G and unit e : Spec(k) — G. A (left)

algebraic action of G on X is a morphism

c:Gxg X —> X (2.8)
satisfying:
G xx G xx G LXl> G xx X
e associativity: ll xXo l"

Gxp X — 2 5 X;

Spec(k) x X LS NYe! X X

* unit: \ l

We call 0 : G X X — X the action morphism.

Definition 2.1.6. Let V be a finite dimensional vector space over k, and let G be an affine

algebraic group over k. A representation of G on V is a group homomorphism G — GL(V).

Definition 2.1.7. Let X, Y be schemes of finite type over k and let G be an affine algebraic
group over k with multiplication p : GxxG — G. Let ox : Gxx X — X and oy : G XY —
Y be actions of G on X,Y respectively. A morphism f : X — Y is called G-equivariant if

the diagram commutes
Gxp X 25 X

s lf (2.9)

Gx Y 2.
Definition 2.1.8. Let G be an affine algebraic group over k acting on a scheme X of finite

type over k by o : G xx X — X. Let z : Spec(k) — X be a k-point on X. We define:

e the orbit of x € X, denoted by G.x C X, is the set-theoretic image of 0, : G — X,

where o, is the composition G xi Spec(k) ELENYE: xg X 5 X
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e the stabiliser of x € X, denoted by G, C G, is the fibre of o, at x

Gy — G

l Jaz (2.10)

Spec(k) —— X.

Here are some properties of orbits and stabilisers. Statements and proofs can be found

in Section 3, [Hos16].

Proposition 2.1.9. e FEvery orbit G.x C G is locally closed, and G.x C G.x is open

dense.
e The boundary of an orbit G.x \ G.x is a union of orbits of strictly lower dimensions.

e Orbits of minimal dimensions are closed. FEvery orbit contains a closed orbit in its

closure.
e The dimensions have dim G = dim G.z + dim G,,.
e The function on closed points x — dim G, is upper semi-continuous.

When G acts on an affine scheme Spec(A) the action morphism can be described by the
corresponding ring map. We call such ring maps dual actions, and it is natural to define

invariant functions for dual actions.

Definition 2.1.10. Let GG be an affine algebraic group over k with co-multiplication map
w*: O(G) = O(G) @k O(G) and co-unit map e* : O(G) — k. Let V be a vector space over
k. Let A be a k-algebra. A dual action of G on V (resp. on A) is a morphism of k-vector

spaces (resp. k-algebras)

o V—=0G) @V (resp.o”: A— OG) @k A) (2.11)
satisfying:
V— 7 0@ @V
. la* Lﬁ@ (resp. similar diagram for A);

O(G) @ V 275 O(G) @k O(G) @, V

13



o the composition is the identity V' LA OG) @V el y (resp. similar for A).
We also call that G acts dually on V' (resp. on A).

Definition 2.1.11. Let ¢* : V. — O(G) ®k V be a dual action of G on V. A subspace
W C V is called invariant if o*(W) C O(G) ®@x W. A vector v € V is called invariant if
0*(v) =1®wv. For a dual action of G on a k-algebra A, we regard it as a dual action on a

vector space and define invariant subspaces and invariant vectors in the same way.

Let G be an affine algebraic group and let X be a scheme of finite type over k. Let
po: G X X = G and p; : G X X — X be projections. Similarly let

po1 :G Xxk G xx X — G xx G, (g,h,z)— (g,h)
(2.12)
p12 :G X G xx X — G x¢x X, (g,h,x) — (h,z)

be projections.

Definition 2.1.12. Let G act on X. Let F be a quasi-coherent sheaf on X. A G-
linearisation of F is an isomorphism ® : 0*F — p]F of quasi-coherent sheaves on G xi X,
satisfying:

(b x1)*® = (pjaP) o (1 x 0)*® (2.13)
where p : G X G — G is the multiplication and ¢ : G X X — X is the action morphism.

We also call that F is G-linearised or G linearises F.

Example 2.1.13. Let G act on X. There is a naturally induced G-linearisation of Ox. With
the natural identification p]Ox = Ogyx, x and the adjunction ¢* - o, we have
HomOkaX (O'*OX, pTOX) gHOHl(QX (Ox, O'*pTOX)
(2.14)
A:JHOIHOX (Ox, O'*OGX]kX)-
The linearisation ® : 0*Ox — p]Ox is then corresponding to o Ox — 0:O0Gx, X -
Ezample 2.1.14. Let G act trivially on Spec(k). Then o = p; since there is only one

morphism G xi Spec(k) — Spec(k). Let V be a vector space over k, defining a quasi-

coherent sheaf on Spec(k). A G-linearisation of V' is an isomorphism of O(G)-modules

3:0(G) @V — OG) @ V (2.15)
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which is determined by the k-linear map
¢V = OG) e V. (2.16)

The co-cycle condition (p x 1)*® = (pj,®P) o (1 x 0)*® is equivalent to that ¢ defines a dual

action of G on V.

Definition 2.1.15. Let G act on X. Let F,F be quasi-coherent sheaves on X with
G-linearisations

b:0"F - piF, &:0"F —piF. (2.17)

A morphism of G-linearisations is a morphism ¢ : F — F’ respecting G-linearisations

o F —2 s ptF

e [pie (2.18)

@l
o*F —— piF.
From existing linearisations, we can construct new linearisations:

o Let ¢ : F — F' be a morphism of G-linearisations. Then ker(¢), coker(¢),im(¢) have

natural G-linearisations.

e Let F,F' be G-linearised over X. Then F ®o, F', Sym¢ F and Ay, F are G-

linearised.

e Let f: X — Y be G-equivariant. Let F be G-linearised on Y. Then f*F is G-

linearised.

e Let f : X — Y be G-equivariant. Let F be G-linearised on X. Since we only
consider schemes of finite type over k, the higher direct images R'f,F for i > 0 are

quasi-coherent on Y and they have natural G-linearisations.

o A special case of direct images. Let X — Spec(k) be a scheme of finite type over k.
Let G act on X and let F be a G-linearisation. Then H°(X, F) admits a dual action

of G (cf. Example 2.1.14).
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o Let G act on X and let A be a quasi-coherent Ox-algebra. Let ® : 6* A — piA be a
G-linearisation of A. Assume @ is a morphism of Ogy, x-algebras. Then there is an

action of G on Spec (A) such that Spec, (A) — X is G-equivariant.

e Similarly as above, if A is a G-linearised quasi-coherent graded Ox-algebra, then

Proj . (A) has an action of G and Proj, (A) — X is G-equivariant.

The following constructs G-linearisations of very ample line bundles over projective
schemes, and all such linearisations are constructed this way. Let V be a finite dimensional
vector space with a dual action of G. Then G acts on P(V) and linearises Op(y-)(1). For any
G-invariant closed subscheme i : X < P(V), the very ample line bundle i*Op(y)(1) on X
is G-linearised. Conversely, let X be a projective scheme over k and let £ be a very ample
line bundle on X. Then i : X < P(V) for V := H°(X, £)*. Let G act on X and linearise L.
Then V* = H%(X, L) as the direct image of £ along X — Spec(k) is G-linearised, i.e. there
is a dual action of G on V*. Then G acts on P(V') and linearises O(1)p(1/)(1). Moreover the
closed immersion i : X — P(V') is G-equivariant and the isomorphism i*Op(yy(1) = £ is an

isomorphism of G-linearised line bundles.
2.1.3 Reductive groups and unipotent groups

Recall that k has characteristic zero.

Definition 2.1.16. An affine algebraic group G over k is unipotent if one of the following

equivalent conditions holds:

o Every non-trivial finite dimensional linear representation p : G — GL(V') has a non-

zero G-invariant vector;

o Every non-trivial finite dimensional linear representation p : G — GL(V') has a basis
such that the image of p is contained in the upper triangular matrices with diagonals

1;

e ( is isomorphic to a subgroup of U,, the unipotent group of upper triangular matrices

in GLy;
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o Every g € G(k) is unipotent, i.e. there exists a faithful representation p : G — GL,

such that p(g) is unipotent.

Definition 2.1.17. An affine algebraic group G over k is reductive if one of the following

equivalent conditions holds:
e Every finite dimensional linear representation p : G — GL,, is completely reducible;
— If V is a finite dimensional G-representation, and W C V is a G-invariant sub-

space, then there exists a G-invariant subspace W/ C V and V =W & W';

— If V. — W is a surjective G-equivariant linear map of finite dimensional G-
representations, then the induced map on subspaces of invariant vectors V& —
W is surjective;

— If V is a finite dimensional G-representation, and v € V a non-zero G-invariant

vector, then there exists a G-invariant linear function f : V' — k such that

fv) #0.

o If p: G — GL(V) is a finite dimensional linear representation and v € V is a non-
zero G-invariant vector, then there exists a G-invariant non-constant homogeneous

polynomial f € Sym®*V* such that f(v) # 0;
e Every unipotent normal algebraic subgroup is trivial.

Remark 2.1.18. For positive characteristics, the above conditions are not equivalent. The
first condition is the strongest, which defines linearly reductive groups. The second condition
defines geometric reductive groups and the last defines reductive groups. They coincide in

characteristic zero.

Definition 2.1.19. An affine algebraic group G over k is semisimple if:
e (G is connected;
o G#{e}
o the only connected closed normal Abelian subgroup of G is {e}.
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Theorem 2.1.20 (Hilbert, Mumford, Nagata, Popov). An affine algebraic group over k
is reductive if and only if for every dual action of G on a finitely generated k-algebra, the

G-invariant sub-algebra AC is finitely generated.
The following are some properties of dual actions of reductive groups, details in [MFK94].

Proposition 2.1.21. Let G be a reductive group and let A be a k-algebra. Let G act dually

on A. Let A C A be the sub-algebra of G-invariant elements. The following are true.

e Let I C A be a G-invariant ideal. Then

I=(INA%A, A%/(InA%) = (A/D)C. (2.19)

o Let {I,} be a collection of G-invariant ideals of A. Then

(D ra) na% =3 (1.0 4%, (2.20)

«

o Let A — R be a A®-algebra. Then R — R ® 4c¢ A is injective and
G
R~ (R®4c A)". (2.21)
2.2 Lie algebras and infinitesimal stabilisers

Let G be an affine algebraic group over k. Let X be a scheme of finite type over k. Let G
act on X with the action morphism o : G xx X — X, the unit morphism e : Spec(k) - G

and the inverse morphism ¢ : G — G.
2.2.1 Lie algebras and derivations

For Lie groups, their Lie algebras are their tangent spaces at their identity elements. For
affine algebraic groups, we define Lie algebras similarly.

For the group G, define the dual of the Lie algebra g* as the cotangent space of G at e
g* :=mg/mZ, m.:=ker(e*: O(G) = k) (2.22)

and define the Lie algebra g as the dual vector space g := Homy(g*, k).
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Let £ € g be a vector. It induces a k-derivation £ : O(G) — O(G) as the following

composition

0(G) 5 0(G) @4 0(G) <25 m/m2 @ O(G) “25

\/

where ¢ : O(G) — m./m? is the k-linear map f + f — f(e). It is easy to see:

0(G) (2.23)

e £:0(G) — O(G) is a k-derivation;
o The map g — Derg(O(G)) is k-linear and preserves Lie brackets.

Recall that G acts on X via 0 : G xx X — X. Consider the diagram

X 15 G@xp X (e,x)

vz (e,
X \Lp , p:(u,z)— (uz, x) (2.24)
0:x

X X]kX (l’,l’)

The following is exact by [Sta22, Lemma 01UX]

P Qx o x/k — Qaxx/k Q, 0 (2.25)

where Q, 1= Qgy, x/xx,x- The above exact sequence on G xi X pulls back to the following

exact sequence on X along v
5*QXXkX/k E— V*QGXkX/k E— ")/*Qp — 0. (226)

The morphisms v, d are locally closed immersions. Let C,,Cs denote the co-normal sheaves
of 7y, ¢ respectively. See [Sta22, Section 01R1] for co-normal sheaves. Consider the following

commutative diagram

0 > C§ > 5*QXXkX/ﬂ( — QX/]]( — 0
l(dp)* l H (2.27)
0 C»y > V*QGXkX/]k E— QX/]k — 0

where (dp)* : Cs — C, is induced from the commutative triangle p oy = ¢ and rows are

exact by [Sta22, Lemma 0474]. By the Snake Lemma, the cokernels of the left and middle

19


https://stacks.math.columbia.edu/tag/01UX
https://stacks.math.columbia.edu/tag/01R1
https://stacks.math.columbia.edu/tag/0474

vertical arrows are isomorphic. From sequence (2.26), we have that v*Q, is the cokernel of

the middle vertical arrow. Then the following sequence is exact

cs 9 e, 7, —— 0, (2.28)

By [Sta22, Lemma 08S2], we have C, = g* ®, Ox and Cs = Qx /. Then the following
sequence is exact

Qe 2 g% @, Ox —— 70y —— 0. (2.29)

Definition 2.2.1. Let G be an affine algebraic group over k. Let g be its Lie algebra. Let
X be a scheme of finite type over k. Let G act on X. We call the morphism (dp)* : Qx/, —
g* ®k Ox defined above the infinitesimal action of G on X, or the infinitesimal action of g

on X.

Let £ € g. Then it defines a k-derivation § € Dery(Ox) = Homo (Qx/x, Ox)

d *
Qx/x o, 0" @ Ox 25 Oy (2.30)

~ .

Let (&1,---,&n) be a basis of g and let (ug,--- ,uy) be the dual basis of g*. Each &;

defines a k-derivation §; : Ox — Ox. Then the morphism (dp)* has the form

(dp)*: Qe = 9" @ Ox, adbr > u; ®a(é.b). (2.31)
=1

2.2.2 Infinitesimal stabilisers
Let T be a scheme of finite type over k. A T-valued point of X is a morphism f: T — X.

In this subsection, we define T-valued infinitesimal transformations in G and T-valued
infinitesimal stabilisers of T-valued points.

Let kle] := k[t]/t? be the algebra of dual numbers. For T € Sch/k, let Te] := T x
Spec(k[e]). The underlying topological spaces of T' and T'[¢] are the same. We can think of

T'e] as a scheme on the topological space |T'| with the structure sheaf
Or(q := Or ®x kle] = Or @ eOr. (2.32)
There is a natural closed immersion T < T[e], corresponding to Orq =9, Or.
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Definition 2.2.2. Let G be an affine algebraic group over k. A T-valued infinitesimal
transformation in G is a morphism p : T'[e] — G satisfying the diagram

T — Tle]

l lp (2.33)

Spec(k) —— G.
Definition 2.2.3. Let G act on X. Let f : T — X be a T-valued point of X, and
let p : Tle] — G be a T-valued infinitesimal transformation in G. We say that the T-
valued infinitesimal transformation p stabilises the T-valued point f if the following diagram

commutes

T'el
(p,foprT)l Joprr (2.34)
G Xk X ‘25X

where prp : T'[e] — T is the projection.

Remark 2.2.4. If we take T' = Spec(k), then T-valued points of X are exactly closed points,
and T-valued infinitesimal transformations in G are vectors in the Lie algebra g. For a
T-valued point © € X and a T-valued infinitesimal transformation £ € g, the definition of
when & stabilises x in Definition 2.2.3 is equivalent to the requirement that the pull-back of

§: Qx/ — Ox along {z} — X is zero.

The set of all T-valued infinitesimal transformations and the set of all T-valued infinites-
imal transformations stabilising a certain T-valued point of X are both I'(T, Or)-modules

by the following lemma.
Lemma 2.2.5. Let G be an affine algebraic group over k acting on X € Sch/k. Then:

o For T € Sch/k, the set of all T-valued infinitesimal transformations in G forms a

(T, Or)-module;

o For (f : T — X) € Sch/X, the set of all T-valued infinitesimal transformations

stabilising f is a sub-module of the set of all T-valued infinitesimal transformations.

Proof. Let Y € Sch/k. A morphism p : T[e] — Y is equivalent to a pair (g,§) for a

morphism ¢g : T' — Y and a k-derivation £ : Oy — ¢.Op. The relation between p and
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(9,€) is that g : T — Y is the composition T < T[e] & Y and p# : Oy — p«Or(q equals
p" = g* ®ef, where we identify pxOr(q = 9+Or®€g Op. Therefore a T-valued infinitesimal
transformation p : T[e] — G is equivalent to (e,&) for e : T — Spec(k) = G and a k-
derivation £ : Og — e,Op. The I'(T, Or)-module on the set of all k-derivations £ : Og —
e«Or induces a I'(T, Or)-module on the set of all T-valued infinitesimal transformations.
This proves the first statement.

Let p; : T'[e] — G be a T-valued infinitesimal transformations for i = 1,2. For each 4, the
morphism (p;, f o pry) : Tle] = G xi X corresponds to the pair ((e, 1), &) for a morphism
(e,f): T — G xg X and a k-derivation & : Ogx,x — (€, f)«Or. The T-valued infinitesimal

transformation p; stabilises f : T'— X if and only if the following k-derivation is zero

o+ (&)

o#
Ox — 0.0gx,x — 0x(e, [)«Or = f.Or. (2.35)

Then p; + p also stabilises f, since 0. (£1 + &) 0 07 = 04(&1) 0 07 + 04(&) 0 0™ = 0, and
(p1+p2, fopry) : T[e] = G x X corresponds to ((e, f),& +&2). For any a € I'(T, Or), the
morphism (ap1, fopry) : T[e] = G xx X corresponds to ((e, f),a&1). Then o, (a&)oo™ =0,
i.e. app stabilises f. This proves that the set of all T-valued infinitesimal transformations

in G stabilising f is a sub-module. O

Lemma 2.2.6. Consider the following diagram in Sch/k such that i : Z — Y is an
immersion and j : T < T|[e] is the natural closed immersion:

T 1 T
o (2.36)
i
Z ——=Y.
Then p : Tle] — Y factors through i : Z — Y if and only if the morphism g*Cz/y — €Or

in [Sta22, Lemma 01R{] is zero, where eOr = Cp/pq-

Proof. Assume without loss of generality that T, Z, Y are affine schemes, and i : Z — Y is
a closed immersion. Let T' = Spec(A), Y = Spec(R) and Z = Spec(R/I). Let ¢ : R/I — A

correspond to g : T'— Z, and let ¢ : R — Ale] corresponds to p: T'[e] — Y.
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Since p o j =i o g, the right square in the following diagram commutes

0 I > R » R/I > 0
lwh fﬁ l“’ (2.37)
0 > €A > Ale] A » 0

and thus ¥|; : I — €A exists so that the left square commutes.

The morphism in [Sta22, Lemma 01R4] is the following
n:I/I? g1, A— €A, h@ 1 p|i(h). (2.38)

Then we have n = 0 if and only if ¢(I) = 0.
The morphism p : T[e] — Y factors as T[] — Z — Y if and only if the ring map
Y : R — Ale] factors as R — R/I — Ale], which is equivalent to ¢(I) = 0, and thus

equivalent to n = 0. This completes the proof. O

Lemma 2.2.7. Let 0 : G xx X — X be an action. Let f : T — X be a T-valued point.
Let Q := coker(QX/k 2 g Rk OX). Then we have the following commutative diagram of
(T, Or)-modules

{p: p is a T-valued infinitesimal transformation} = Homo, (g" @k Or, eOr)

o J

p: pis aT-valued infinitesimal tmnsformatz’on} o .
{ and p stabilises f — Homo, (f*Q,€0r)

(2.39)
where both horizontal maps are bijections and the top is given by [Sta22, Lemma 01R4).

Moreover, the maps are natural for T € Sch/X.

Proof. Tt is easy to see the maps are I'(T, Or)-linear and are natural for 7' € Sch/X.
We construct the inverse of the top map. Let 0 : g* ®x Or — €Or. Over T, we have a
map of I'(T', Or)-modules
nr: g* Rk F(T, OT) — GF(T, OT) (2.40)
Consider the ring map p* : O(G) — I'(T, Or)[€] such that for h € O(G)

p*(h) = h(e) ®nr(h —h(e) ® 1) € I(T,Op) & el (T, Or) = T(T'[e], Oryq) (2.41)
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*

where h — h(e) € m, := ker(e*) represents h — h(e) € m./m? = g*. The ring map p*
corresponds to a morphism p : T[] — G. It is easy to check that the map 1+ p provides
the required inverse.

Let p : Tle] — G be a T-valued infinitesimal transformation. The following diagram

commutes
T — Tl

lf |(eusoprr)

X 28 Gxp X (2.42)

s

Spec(k) —— G X —% 5 Xx X

where v : X — G xi X is the pull-back of e : Spec(k) < G in the bottom left parallelogram,
d: X — X xg X is the diagonal morphism, pry : T[] — T is the projection and pr :
G X X — X is the projection.

Note that ¢ : Qx/, — g* ®x Ox is the morphism of co-normal sheaves when [Sta22,
Lemma 01R4] is applied to the bottom right parallelogram. Consider the top square and

the bottom right parallelogram; we have by [Sta22, Lemma 01R4]
* 7o, «
f QX/]k — gk O —— eOp (243)

where the morphism g* ®, Or — eOr above is from the top square.
There is another morphism g* ®x Or — eOr associated to p, the one given by the

bijective map

{p: pis a T-valued infinitesimal transformation} = Homp,. (g* ®k Or, €Or) (2.44)
T — Tle]
where g* ®x Or — €Or associated to p is from the square l lp , which is the

Spec(k) —— G

composition of the top and bottom left parallelogram in diagram (2.42). Since the bottom
left parallelogram is Cartesian with southwest arrows flat, by [Sta22, Lemma 0473], these

two morphisms g* ®x Or — eOr are the same.
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We have that p stabilises f : T'— X if and only if the dashed arrow below exists in the

following diagram
T —— Tl

A - ”
X S0 X X

where the square (2.45) is the composition of the top and bottom right parallelogram in
diagram 2.42. By Lemma 2.2.6, we have that p stabilises f if and only if f*Qx/ — €Or is

zero, i.e. the following composition is zero:
T *Qx L g @p Op —— €O (2.46)
Therefore along the bijective map
{p: pis a T-valued infinitesimal transformation} = Homp, (g* ®k Or, €Or) (2.47)
the images of those p which stabilise f constitute the kernel of
Homo, (g" ®x Or) — Homo, (f*Qx /i, Or) (2.48)
which is Home,. (f*Q, Or). This completes the proof. O

Lemma 2.2.8. Let S be a scheme. Let

0 F

Q

> H (2.49)

be an exact sequence of locally free sheaves on S. Assume F,G are finite locally free of the

same rank. Then the injective morphism F — G is an isomorphism.

Proof. Without loss of generality, assume S = Spec(R) is an affine scheme and F, G, H are
free sheaves. Let

0 —— RO ¥, RO, R®J (2.50)

be the corresponding exact sequence of R-modules, where r € N is the rank of F and G.

By Theorem 5.10, [Con13], the following is injective

T

Ao /T\(R@T) - AR, (2.51)
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We can identify A\"(R®") = R and then A"¢ is the scalar multiplication by det(y) € R.
This shows that det(y) is not a zero-divisor.
We have that coker(¢) € R®’ and the sub-module coker(y) is annihilated by det () € R,

which is not a zero-divisor. This proves coker(¢) = 0 and then ¢ is an isomorphism. O

Proposition 2.2.9. Let G be an affine algebraic group over k. Let X € Sch/k and let G
act on X. Let Q := coker(¢) for ¢ : Qx/x — ¢" ®x Ox. Let (f : T — X) € Sch/X be a

T-valued point of X. Let r € N. Then the following are equivalent:
(1) f*Q is locally free of rank r on T';

(2) For any closed subscheme T' < T, if f' : T' — T Iy X denotes the composition, then

the pre-sheaf on T', which associates the following set to an open subset U' C T’

. . /_ . . . > Y
U s {p : p is a U'-valued infinitesimal transformation in G} (2.52)

p stabilises f’|y

is a locally free sheaf of rank r.

Proof. Choose a morphism (f' : 7" — X) — (f : T — X) in Sch/X. By Lemma 2.2.5
and Lemma 2.2.7, the pre-sheaf in (2) equals the coherent sheaf Homo_, ((f')*Q,Or).
Therefore (2) is equivalent to that for all (f': 7" — X) — (f : T — X) in Sch/X such that
T" — T is a locally closed immersion, the coherent sheaf Homo,, ((f')*Q, O7v) is locally
free of rank r on 7T".

Assume (1). Since f*Q is locally free of rank r, its pull-back (f')*Q is locally free of
rank r on 1", so is its dual Homo,, ((f')*Q, O7r). This proves (2).

Assume (2). For m € Z, let Z,, — T be the closed subscheme associated to Fit,,(f*Q) C
Or, the mth Fitting ideal of f*Q. By [Sta22, Lemma 05P8], the locally closed sub-
scheme T,,, := Z—1 \ Z, of T satisfies that f*Q|r, is locally free of rank m. The dual
sheaf Homo,, (f*Qlr,.,Or,) is then locally free of rank m. However (2) assumes that
Homo,, (f*Qlr,,,Or,,) is locally free of rank 7. Then T,,, = 0 if m # r. In particular, set
theoretically Z, = | |,,~, Tm = 0, i.e. Fit,(f*Q) = Or.
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By [Sta22, Lemma 0C3F], the equality Fit,(f*Q) = Or implies that 7" has an open
cover T' =, Uy such that f*Q|y, can be generated by r sections on each U,. Let U C T

be such an open subscheme and choose a local presentation of f*Q

ol L, o FQly —— 0. (2.53)

If we can show ¢ = 0, then f*Q|y is free of rank 7, and then f*Q is locally free of rank r,
which is (1). Since v is a morphism between locally free sheaves, for ) = 0, it suffices to
prove ¥* : HomoU((’)gr, Ou) — Homo, (O;‘?J, Ou), the induced morphism between dual
sheaves, is zero.

The following is exact

0 —— Homoy, (f*Qlu, O) —— Homoy, (OF, Oy) —— Home, (05, Op).
(2.54)
The sheaf Homo, (OF",Op) is locally free of rank r, and (2) assumes that the sheaf

Homo, (f*Qlu, Ov) is also locally free of rank r. By Lemma 2.2.8, we have that

Homo, (f*Qlu, Ov) = HomoU((’)gT, Oy). (2.55)
Therefore ¢* = 0, and by the argument above, this proves (1). O
2.3 Notions of quotients

Let G be an affine algebraic group over k acting on a scheme X of finite type over k. Let
Sch/k be the category of schemes of finite type over k with morphisms over k. References

for this section are [MFK94|, and [Hos16].

Definition 2.3.1. A categorical quotient by G of X is a G-invariant morphism ¢: X — Y
in Sch/k satisfying the universal property that for all G-invariant morphism ¢ : X — Z,

there exists a unique morphism ¢ : Y — Z such that ¢ o ¢ = ¢.
Definition 2.3.2. A good quotient by G of X is a morphism ¢ : X — Y such that:

e ¢ is G-invariant, affine and surjective;
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o the pull-back of functions ¢# : Oy — ¢.Ox factors through an isomorphism Oy =2

(¢* Ox )GQ
o for any G-invariant closed subset W C X | its image ¢(WW) C Y is closed;

e for any pair of disjoint G-invariant closed subsets Wi, Ws C X, their images are

disjoint ¢(W1) N ¢(Wa) = 0.

Definition 2.3.3. A geometric quotient by G of X is a good quotient ¢ : X — Y such that

each fibre ¢~!(y) C X is a single orbit for all closed points y € Y.

Definition 2.3.4. A categorical quotient (resp. good quotient, geometric quotient) is called
universal if any base change is also a categorical quotient (resp. good quotient, geometric

quotient).
The following are some properties.
Lemma 2.3.5. o A good quotient is a categorical quotient (Proposition 3.30, [Hos16]);

o Ifdo: X =Y isa good quotient by G with closed orbits, then ¢ is a geometric quotient

(Corollary 3.32, [Hos16]);

o If o: X =Y is a good quotient by G, then ¢(x1) = ¢(x2) if and only if G.x1 = G.x4

for any closed points x1,x9 € X (Corollary 3.32, [Hos16]);

e Good quotients and geometric quotients are stable under base change along open im-

mersions (Corollary 3.33, [Hos16]);

e Good quotients and geometric quotients are local in the target, in the sense that if
¢ : X — Y is G-invariant, and there is an open cover {U;} of Y such that ¢ pulls
back to a good quotient (resp. geometric quotient) along Uy — Y for each i, then ¢ is

a good quotient (resp. geometric quotient) (Remark 3.34, [Hos16]).
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2.4 Reductive GIT

Assume G is a (linearly) reductive group over k. Let X be a projective scheme over k and
let L be an ample line bundle on X. Let G act on X linearly with respect to L. For n € N

and f € H°(X, L"), let X; C X denote the nonvanishing locus of f.

Definition 2.4.1 ([MFK94| Definition 1.7, Definition 1.8). For the linear action of G on
X with respect to L, a closed point © € X is called semistable if there exists n € Ny and
a G-invariant section f € H(X, L") such that z € X;. A closed point z € X is called

stable if there exists n € N, and a G-invariant section f € H°(X, L")% such that:
e x € Xy
o the action of G on Xy has closed orbits and finite stabilisers.
Let X% 18 denote the set of stable points and let X% denote the set of semistable points.

Remark 2.4.2. In [MFK94], what we call stable points are called properly stable.
It is easy to see for any m € N, we have
XOLs = XxCL™s  xCLss — xGL™ss. (2.56)
In fact, for an ample line bundle L on X, the open subsets X% %5 and X% depend only

on the fractional linearisation class of L, in the sense of [Tha96].

Theorem 2.4.3 ([MFK94]| Theorem 1.10). Let G be a linearly reductive group over k. Let
X be a projective scheme over k and let L be an ample line bundle on X. Let G act on X

linearly with respect to L. Then:

o XGLs C XGLSS gre G-invariant open subsets of the topological space of closed points

of X in the Zariski topology;
e the subring of G-invariant sections eadzo HO(X,LYC is finitely generated;
o the inclusion P, HY(X,LHE C Do HO(X, LY induces a morphism
¢ XOLS X //G = Proj ( P (X, Ld)G> (2.57)
d>0

which is a projective universal good quotient;
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o the morphism ¢ : XL X//G restricts to a quasi-projective universal geometric
quotient

B xo.Ls : XGOS 5 xGLs /g, (2.58)

o the quasi-projective scheme X5 /G is open in the projective scheme X//G and the

following diagram is Cartesian

XG,L,S < XG,L,SS
l¢|XG,L,s id) (2.59)
XGLs /G —S 5 X//G.

We can replace the ample line bundle L by L™ for sufficiently large m € N such that
there exists a closed immersion i : X < P(V) for V = H°(X, L™)* such that i*Op(y(1) =
L™. The linearisation of G on L induces a linear action of G on P(V') with respect to
Op(v)(1) such that i : X — P(V) is G-equivariant. So we can define P(V)&OM.()s - By

[MFK94| Theorem 1.19, these open subsets of (semi)stable points satisfy
XG,L,(S)S — Z‘fl (P(V)G,O(l),(s)s) . (260)

The following is called the Hilbert-Mumford criterion, with which we can determine

(semi)stable points without knowing the subring of invariant sections €, H 0(X, LHE,

Theorem 2.4.4 ([MFK94] Theorem 2.1). Let G be a linearly reductive group. Let X be a
projective scheme and let L be an ample line bundle on X. Let G act on X linearly with

respect to L. Let x € X be a closed point. Then the following are equivalent:
= XG,L,S;

e for any non-trivial 1PS X : G,, — G, the weight of A acting on the fibre of L at

xo = limy_0 A\(t).x is positive.
and the following are equivalent:
= XG,L,SS.
)

o forany 1PS ) : G,, — G, the weight of X acting on the fibre of L at xo := limy_o A(t).x

18 non-negative.
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Let T be a torus. Define

ty = Hom(T, G,,) @7 Q. (2.61)

Let V be a finite dimensional vector space and let p : T'— GL(V') be a representation. By

[Bor91] Proposition 8.4, the representation p is diagonalisable, i.e. there is a decomposition

v= &

ac€Hom(T,Gn,) (262)
Vo :={v eV :p(t)(v) =a(t)v for t € T}.

We call o € Hom(T', G,,,) a weight of the representation if V, # 0. For any v € V, we can

decompose it according to V =@, Va
v = Zva, Vo € Vy for all o € Hom(T, G,y,). (2.63)
For v € V'\ {0}, define the :et weight(v) € Hom(T, G,,)
weight(v) := {a € Hom(T, G,,) : vq # 0} (2.64)

which is a non-empty finite set.

By equation (2.60), we can easily know X&) from P(V)%OM):()s The following is
a variation of the Hilbert-Mumford criterion for linearisations on (P(V'), O(1)).
Theorem 2.4.5 ([Dol03] Theorem 9.2, Theorem 9.3). Let G be a linearly reductive group.
Let T C G be a mazimal torus (Cartan subgroup). Let V' be a finite dimensional vector space.
Let G act on P(V) linearly with respect to O(1). Let [v] € P(V') denote the one-dimensional
subspace generated by v € V \ {0}. Then [v] € P(V) is (semi)stable with respect to the
G-linearisation if and only if g.[v] € P(V') is (semi)stable with respect to the T'-linearisation
for all g € G.

Moreover the following are equivalent:

. o] € PO,

o 0 €ty is in the interior of the conver hull of weight(v) C tf);
and the following are equivalent:

R [’U] c P(v)T,(’)(l),ss;

o 0 €ty is in the convex hull of weighty(v) C t5.
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Chapter 3

Non-reductive Geometric Invariant
Theory

Let k be an algebraically closed field of characteristic zero. An affine algebraic group H
can be written as H = U x R, where U < H is the unipotent radical and R = H/U is the
reductive Levi factor. Given a (linear) action of H, a natural strategy for constructing a
quotient by H is to first construct a quotient by U and then construct a quotient by R.
Geometric invariant theory for reductive linearisations has been well developed, so we focus
more on quotients by U in this chapter.

Let U be a unipotent group with Lie algebra u. A grading one-parameter subgroup is
A Gy, — Aut(U) such that the weight of A on u are all positive. We call U graded if
there exists a grading 1PS. Given a grading 1PS A, let U denote the semi-direct product
U %) G,,, or U x X\ alternatively. For a Levi decomposition H = U x R, the unipotent
radical U is called internally graded if there exists a 1PS X\ : G,, — Z(R) such that the
composition Gy, 2 Z(R) — Aut(U) is a grading 1PS, where Z(R) C R is the centre of
R. Geometric invariant theory for linearisations of U on projective varieties was studied
in [Bér+18b], [BK17], [BDK18]|, [Bér+16|, [HJ21], with conditions on dimensions of U-
stabilisers or conditions on an extension of the U-action to a suitable reductive group.

The so-called U-hat theorem and the so-called “semistability coincides with stability”
condition appear in [Bér+18b] and [Bér+16]. Let X be a projective variety and let L be
an ample line bundle on X. Let U ~ (X, L). Let X?

min © X be the non-vanishing locus of

Da-o HO(X, L% \—max and let Zpi, < X be the vanishing locus of Do HO(X, L%\ cmax.-
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In [Bér+18b], under the condition “ss=s” (Condition 3.1.10), it is proved that X°. \UZmin
is open and it has a projective geometric quotient by U. In [Bér+16], the condition “ss=s”
is replaced by a weaker version that Staby(z) = {e} for all closed points z € Zpy,. These
two versions of “ss=s” are actually equivalent for U-linearisations on projective varieties
(Corollary 3.1.13 below).

Let w; > -+ > w, be the positive weights of A ~ u. Let U; C U be such that
Lie(U;) = ur>y,, which is the sum of weight spaces whose A-weights are greater than or
equal to w;. As suggested in [Bér+16] Remark 2.8 and Remark 7.12, the condition “ss=s”
can be further relaxed to the condition that the minimal dimension of U;-stabilisers on Z,in
and the minimal dimension of U;-stabilisers on X gﬁn coincide for all 1 <4 < n. We split this
relaxation into two steps. The first relaxation of “ss=s” is the condition that the dimension

of Uj-stabilisers are constant on XY

min for 1 <4 < n, which is assumed in this chapter.

The second relaxation is that the minimal dimensions of U;-stabilisers on Z,;, and Xglin
coincide, which requires a blow-up to satisfy the first relaxation of “ss=s” above, which is
assumed in the next chapter.

In this chapter, we follow ideas in [Bér+16] Section 7, and generalise the so-called
U-hat theorem from projective varieties to projective schemes over k, and complete the
proof of the results stated in [Bér+16] Remark 2.8 and Remark 7.12 (See Theorem 3.3.8,
Theorem 3.3.9). The scheme-theoretic version of “ss=s” is Condition 3.3.2 (We call it the
‘constant dimension of relative stabilisers’ or CDRS condition), which says cokernels of
certain infinitesimal actions are locally free. More precisely, for an action G ~ Y over k,
the infinitesimal action is a morphism of sheaves ¢ : Qy /. — g*®k Oy, and for a closed point
y € Y, we have coker(¢) ®o, k(y) = Stabg(y)*. Therefore the condition that dim Stabg
is constant can be replaced by requiring that coker(¢) is locally free of constant rank. If

XO

imin 18 reduced, then Condition 3.3.2 is equivalent to the condition that U;-stabilisers have

constant dimensions on Xglin.
Fix U and denote the grading 1PS by \ : G, — Aut(U). Recall the grading 1PS X on

U induces a filtration of subgroups {U;}}",, where U; C U corresponds to ty>,, C u for

wy > -+ > wy being the weights of A on u. Let X be a projective scheme over k and let
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L be an ample line bundle on X. Consider a linearisation U ~ (X, L). Let X°. C X be

min

the non-vanishing locus of @ ;- HO(X, L) \—max, and let Zyi, < X0, be the fived point

min

0. in the sense of [Fog73]. Assume X?

subscheme with respect to A ~ X0, min > 0. Note

that without assuming that X is reduced, it is possible that X°. = () when sections in

min
DBao HO(X, L%) \—max are all nilpotent.

Our strategy is to construct quotients by U;/U;_1 successively. For this process, we as-
sume the CDRS condition (Condition 3.3.2), which generalises the condition “ss=s” scheme-
theoretically. With this condition, we prove that the universal geometric quotient by U of

XO

min

exists and the quotient is quasi-projective (Theorem 3.3.8). Moreover Xglin \ UZwmin

is a U-invariant open subscheme of X and there exists a projective universal geometric

quotient X//U of X0, \ UZuin by U (Theorem 3.3.9).

3.1 Fitting ideals and stabilisers

In this section, we introduce some useful exact sequences for actions by U (Lemma 3.1.4).
We can recover unipotent stabilisers of k-points from these sequences (Lemma 3.1.5). There-
fore conditions on unipotent stabilisers can be formulated in terms of these exact sequences.
As a result, two versions of the condition “semistability coincides with stability” for U-
linearisations, one in [Bér+18b], another in [Bér+16], are proved equivalent (Corollary

3.1.13).
3.1.1 Fitting ideals

This section gives definitions and properties of Fitting ideals ([Sta22, Section 07Z6], [Sta22,
Section 0C3C]).

Let R be a commutative ring and let M be a finite R-module. There exists a presentation

of M

R®/ R M > 0 (3.1)

where n € N is the number of generators, and J is the cardinality of generators of the kernel

of R®" — M. The R-linear map R®/ — R®" is represented by a matrix (a;;)1<i<n
jeJ

n
R@J — R@n, €; — Zaijei. (3.2)
i=1
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Definition 3.1.1. For k € Z, the kth Fitting ideal Fity (M) C R of M is the ideal generated

by (n—k) x (n—k)-minors of the the matrix (a;j)1<i<n. The ideals Fit; (M) are independent
jedJ
of the presentation.

Let S be a scheme, and let F be a quasi-coherent sheaf of finite type over S.

Definition 3.1.2. For k € Z, the kth Fitting ideal Fity(F) C Og is the quasi-coherent

sheaf of ideals such that for any affine open U C S
Fitg(F)(U) = Fitg(F(U)). (3.3)

The Fitting ideals form increasing chains
0=Fit_1(F) C--- CFity_1(F) C Fitg(F) C--- C Og.

The following proposition lists some properties of Fitting ideals.

Proposition 3.1.3. Let S,T be schemes. Let F,F' be quasi-coherent sheaves of finite type

over S. Then:

o F can be generated by k sections in a neighbourhood of s € S if and only if Fity(F)s =
Os,s ([Sta22, Lemma 0C3F));

o The closed subset Supp(F) is cut out by Fito(F) ([Sta22, Lemma 0CYX]);

o F is locally free of rank k if and only if Fity_1(F) = 0 and Fitg(F) = Og ([Sta22,
Lemma 0C3GJ);

e If f : T — S is a morphism, then Fity(f*F) = f~'Fit,(F)Or ([Sta22, Lemma
003D));

o If F — F is surjective, then Fity(F) C Fitg(F') ([Sta22, Lemma 07ZA]).
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3.1.2 Infinitesimal stabilisers

Let U be a unipotent group with Lie algebra u. Let Y = Spec(A) be an affine scheme of
finite type over k. Let U act on Y. Recall the infinitesimal action of U on Y is defined in

Definition 2.2.1 as a morphism on Y, corresponding to a map of A-modules
QA/IK —u* Q A. (35)

Let £ cuand let y € Y be a k-point. Let y* : A — k be the ring map corresponding to

y €Y. We say £ € u stabilises y € Y if the following composition is zero

A= —wed 2k (3.6)

where d : A — €2y is the derivation.

Let v C u be a subspace. Define A-modules K (v),Q(v) as the kernel and cokernel
0 —— K(v) — Qup —— 0" @ A —— Q(v) —— 0 (3.7)

where the morphism 4/ — v* @ A is the composition 24/ — u* @k A — v* @k A.
Let tv C v be subspaces of u. For y € Y a k-point, define

Staby(y) :={£ € v : { stabilises y} C o

_ Staby(y) (3.8)

Stab p:m) (¥) : C /1.

" Staby(y)
We call Staby(y) the stabiliser of y in v, and we call Stab(y.)(y) the stabiliser of y in v

relative to 1.

Lemma 3.1.4. Let U be a unipotent group. LetY = Spec(A) be an affine scheme of finite

type over k. Let U act on'Y. Let o C v be subspaces of u. Then there is an exact sequence
0 —— K(v) —— K(w) — (v/m) " ® A —— Q(v) —— Q(v) —— 0. (3.9)
Moreover if Q(w) is a flat A-module, then for any ring map A — B, the following is exact

K(w)®4B — (0/w)" ®4 B —— Q(0) ®4 B —— Q(w) ®4 B —— 0. (3.10)
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Proof. Consider the following diagram with splitting exact rows

0 0 >QA/k79A/k—>O

| | I

0—— (o/W) ' ®A —— v"®A —— w'®A —— 0.

Apply the Snake lemma to get the long exact sequence in the lemma.

Base change of the above diagram along A — B also has exact rows:

0 0 QA/JK(X)AB:QA/]](@AB*)O

| | Jser

0— (0/w)"®B —— v*"®B ——— W' ®B ——— 0.

Then by the Snake lemma the following is exact:

ker(p ® 1) —— (v/w)" ® B —— Q(v) ®4 B —— Q(w) ®4 B —— 0.

(3.11)

(3.12)

(3.13)

Since Q(w) = coker¢ is a flat A-module, the kernel of ¢®1: Q 4/, ®4 B — w*® B is the

image of K () @4 B — Q4 ®4 B, i.e. there is a surjective map K () ®4 B — ker(¢®1).

So the following is exact:

K(w)®4B — (0/w)"®4 B —— Q(0) ®4 B —— Q(w) ®4 B —— 0.

(3.14)

O

Lemma 3.1.5. Let U be a unipotent group. LetY = Spec(A) be an affine scheme of finite

type over k. Let U act on'Y. Let to C v be subspaces of u. Let y € Y be a k-point. Then

(1) The stabiliser of y in v is
Staby(y) = im(y*qzﬁn)l Co
where ¢y 1 Qg — ©* ® A is the infinitesimal action of b on Y;
(2) If Q(w) is a flat A-module, then
Stab(y.w) (¥) = im(y*<i5(n;m))l Co/m
where G(p) : K(10) = (b/10)* ® A is the map in Lemma 3.1.4.
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Proof. Let y” : A — k be the ring map corresponding to % : Spec(k) — Y.
We first prove Stab,(y) = im(y*d)n)L. For £ € v, it stabilises y € Y if and only if
(E®@y")opy =0, where € : v* — k is the linear map on v*. Consider the following diagram

with surjective vertical arrows

#
b@y# Jl@y# H (3.17)
Qaje @k —2s vt —£ 5k

Then (¢ ® y) o ¢, = 0 if and only if £ o (y*¢,) =0, i.e. £ € im(y*qbn)J'. This proves (1).
When Q(tvo) is a flat A-module, the following sequence is exact by Lemma 3.1.4

y*qb(bzm)
E—

y K (w) (v/w)* —— y*Q(v) — ¥ Q(w) —— 0. (3.18)

We have that v* — y*Q(b) and v* — (Staby(y))" are isomorphic quotients since they
have the same kernel im(y*¢,) = Staby(y)* C v* by (1). Similarly for . Therefore the

above exact sequence becomes
y*K(to) yﬂ) (v/r)* —— (Stabn(y))* — (Stabm(y))* — 0 (3.19)

that is the following is exact

*

YK () 2 (0 /m)* —— (Stabgou (1) —— 0. (3.20)

It is easy to check the linear map (v/1)* — (Stab(nzm)(y))* is dual to the inclusion

Stab .y (y) € b/to. Then the above exact sequence is equivalent to (2). O

Lemma 3.1.6. Let U be a unipotent group. Let'Y = Spec(A) be an affine scheme of finite
type over k. Let U act on Y. Letw C v be subspaces of u. Let Py : K (10) — (b/10)* ® A.

Let y € Y be a k-point and let k € Z. Then the following are equivalent:
(1) dimcoker(y*qﬁ(mm)) > k;

(2) Fity (qﬁ(u:m)) C kery#, where Fity, (gb(n:m)) denotes the kth Fitting ideal of coker(¢(n:m))

and y# : A — k corresponds to the k-point y € Y';
Moreover, when Q(ro) is flat, the above are equivalent to the following:
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(3) dim Stab(n:m)(y) > k.

Proof. Tt is easy to see that (1), (2) and (3) are equivalent when k£ < —1 or k > dim(v/tv).
Moreover when Q(tv) is flat, we have that dim Staby.)(y) = dim coker(y*qﬁ(mm)), so (1)
and (3) are equivalent. Therefore we only need to prove the equivalence of (1) and (2) when
0 < k < dim(v/1o).

Let 7 := dimv/ro. Choose a basis of (v/ m)*; this basis is naturally a set of generators
of (v/w)” @ A. Choose a set of generators of K(t). Let M be a matrix with entries
in A representing ¢(y.p) @ K(w) — (n/m)* ® A with respect to these generators. Then
y” (M) is a matrix with entries in k, representing Y* Do), and Fity ((l)(mm)) C A is the ideal
generated by (r — k) x (r — k)-minors of M. So Fity(¢w)) C ker y” if and only if any
(r — k) x (r — k)-minor of y# (M) is zero, i.e. y7 (M) has rank less than r — k. The rank of
y” (M) is the dimension of im(y*gb(u:m)). This proves dim im(y*qﬁ(mm)) < r —k if and only
if Fitg(¢) C kery*. O

Remark 3.1.7. The lemma shows that Fity (¢U:m)) C A cuts out the closed subset of k-points
where dim Stab y.)(y) > k when Q() is flat. In particular when ro = 0, we have Q(w) = 0.
The ideal Fity (gbu) cuts out the closed subset of k-points where dim Staby,(y) > k. These

ideals define closed subscheme structures on the closed subsets.

Corollary 3.1.8. Let U be a unipotent group. LetY = Spec(A) be an affine scheme of finite
type over k. Let U act onY. Letto C v be subspaces of u. Let d(yp) @ K(0) — (0/10)* @ A.

Assume Q(w) is a flat A-module. Let k € N. Consider the following conditions:
(1) coker(qﬁ(mm)) 1s locally free of rank k;
(2) dim Stab(y.)(y) = k for all k-points y € Y.

Then (1) = (2). When Y is reduced, they are equivalent.

Proof. By [Sta22, Theorem 00F V], the nilpotent radical of A is equal to its Jacobson radical.
The condition that Y is reduced is therefore equivalent to rad(A) = 0, where rad(A) C A
denotes the Jacobson radical, which is defined as the intersection of all maximal ideals.

Since Q(w) is flat, we have that (2) is equivalent to the following by Lemma 3.1.6:
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(27) Fitk,l(qS(n:m)) Crad(A) and Fity (¢(D:m)) = A.
By Proposition 3.1.3, we have that (1) is equivalent to
(1) Fitg—1(do)) = 0 and Fitg (d)) = A.
Obviously (1') = (2), i.e. (1) = (2). When Y is reduced, we have rad(4) = 0

and then (1) < (2/),ie. (1) <= (2). O

In our non-reductive GIT, we often consider a filtration {u;}}", of the Lie algebra u
of the unipotent radical, and require the condition that coker(gi)(ui:ui_l)) is locally free of
constant rank for 1 < ¢ < n. Here is a corollary about this condition. In particular, the

condition is equivalent to a condition on unipotent stabilisers of k-points when Y is reduced.

Corollary 3.1.9. Let U be a unipotent group. Let Y = Spec(A) be an affine scheme of

finite type over k. Let U act on Y. Let the following be a filtration of subspaces of u
O=uyyCu; C---Cu, =1 (3.21)

Recall that K(u;),Q(w;) are the kernel and cokernel of Qap — (u)* ®@ A. For 1 <i < mn,
let ¢; : K(u—1) = (u;/u;—1)* ® A denote the morphism. Let (ki,--- ,ky,) € N*. Then the

following are equivalent:

(1) coker(¢;) is locally free of rank k; for each 1 <i < n;

(2) Q(uw;) is locally free of rank ky + -+ k; for each 1 <i < n.
The above conditions imply the following:

(8) dim Staby, (y) = k1 + -+ k; for 1 <i<mn and all k-points y € Y.
When 'Y is reduced, all three conditions above are equivalent.

Proof. By Corollary 3.1.8, we have that (2) = (3) in general and (2) <= (3) when Y
is reduced.
We then prove the equivalence of (1) and (2). Let 1 < ¢ < n. By Lemma 3.1.4, the

following is exact
0 —— coker(¢;) —— Q(u;)) —— Q(u;—1) —— 0. (3.22)
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By [Sta22, Lemma 00HM], when Q(u;_1) is flat, the flatness of coker(¢;) is equivalent to
the flatness of Q(u;). Initially we have that Q(up) = 0 is flat. Then inductively we can
prove that coker(¢;) are flat for all 1 <14 < n if and only if Q(u;) are flat for all 1 <i < n.

By [Sta22, Lemma 05P2], finite locally free A-modules are equivalent to finite flat A-
modules. Ranks of coker(¢;) and Q(u;) can be read from the short exact sequences for

1 <1< n. O]
3.1.3 “Semistability coincides with stability”

Let A : Gy, — Aut(U) be a grading 1PS with weights w; > -+ > w,. Let u be the Lie
algebra of U and let uy—,, € u be the weight space of weight w;. Let X be a projective
scheme over k and let L be an ample line bundle on X. Let U act on X linearly with

respect to L. Let X0

min

C X be the non-vanishing locus of @ . H%(X, L) )\—max and let
Zmin < Xgnn be the fixed point subscheme with respect to A in the sense of [Fog73]. Then
Zymin < X is the vanishing locus of @, HO(X, L%\ cmax-

For the U-linearisation on (X, L), we will call the following condition “semistability
coincides with stability” (“ss=s”), which is the condition required in [Bér+18b] with a slight

modification. Note that in [Bér+16], the name “semistability coincides with stability” refers

to a different condition.

Condition 3.1.10 (cf. Definition 2.1, [Bér+18b]). There exists a positive integer n € N
such that HY(X, L") generates Do HO(X, L") and the representation of U on HO(X, L")

satisfies that if £, u’ satisfy the following conditions:
(1) v Cuis a Mdinvariant Lie ideal;
(2) € e u\ v is an weight vector of \;
(3) the weights of A on 1’ are all greater than or equal to the weight of &.

then

HO(X, L™) s—max C & HY (X, LMY, (3.23)
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Remark 3.1.11. Definition 2.1 in [Bér+18b] says that if £, v’ satisfy (1) and (2) above, then
HO(X, L") ymmax € &.HO(X, L")“,. Therefore Definition 2.1 in [Bér+18b] implies Condition

3.1.10. However, they both suffice to prove Theorem 2, the main theorem in [Bér+18b].

Consider the diagram

mm—>UXX211n 7:33'—)(671')
\ l , o:(u,z)— (uz, ) (3.24)
< X0 d:x v (z,1).

By Definition 2.2.1, the following sequence is exact

Qx0 specry — W O Ox0 gpecy — V' —— 0. (3.25)

min

Proposition 3.1.12. Let X be a projective scheme over k and let L be an ample line bundle

on X. Let U ~ (X,L). The following are equivalent:
(1) “ss=s
(2) v

Proof. Let m € N be any integer such that H°(X, L™) generates Do HO(X,L™). Then
X0, is the union of the open affine subschemes X’s for f € H%(X, L™)yax. The following

is exact

$2x0, /Spec() P W RO0x0 specr) — Ve —— 0 (3.26)

min

whose local version is
Qo — W O0(Xyp) — 7" Qe(Xy) — 0. (3.27)

So the condition v*Q = 0 is equivalent to the surjectivity of Qox,)x = u* ® O(Xy) for
all f € HY(X, L™)max-

For (1) = (2), assume “ss=s”. Let m € N be such that H°(X, L™) generates
Daso H O(X, L™ and HO(X, L") max C &.HO(X, L)Y for all &, satisfying conditions in
Condition 3.1.10. We want to show the following map is surjective

gf) : Q(’)(Xf)/]k —u* ®O(Xf)

adb Y ul @a(el”p)

i,J

(3.28)
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where (fy), e ,57(0?) is a basis of u,,, the weight space of u of weight w;, and (ugi), e ,ug))
is the set of basis of (u,)* dual to ( Y), e ,f,(,f)).
Take & := §J(-i) and
o =span{el) 1 1< <ri, 7 £ 5} + Dt - (3.29)
i<

Then &, v’ satisfies items in Condition 3.1.10, so HO(X, L") ax € &.HO(X, L™)¥ . In particu-
lar for f € HO(X, L™)max, there exists g € HY(X, L™), fixed by v/, and fj(-i).g = f. Without
loss of generality assume g € H%(X, L™)max —w,, since we can decompose g according to
weights and replace g by its eigen-component in H°(X, L™)yax —w;- Then % € O(Xy)—w,

and

(z) T 3 (f/)
B SN e b (3.30)

, i
The first equality is because that £J(f ).g = 0 when ¢ < i or { PR and the second is
J J

fj(.i).g = f. The above for 1 < j < r; together show that
()" ® O(Xy) Cim(d) + D (uw,)* ® O(Xy). (3.31)
i>i

In particular (4, )" ® O(Xy) C im(¢), and if (uy,,)* ® O(Xy) C im(¢) for all i’ > i, then
(Uy;)*®O(Xy) C im(¢). By induction, this proves (uy,)*®O(Xy) C im(¢) forall 1 <i < n,
i.e. ¢ is surjective. This proves (1) = (2).

For (2) == (1), assume 7*Q, = 0. Let m € N, be such that H°(X,L™) gener-
ates D y>0 HO(X,L™). For any non-nilpotent f € H%(X, L™ )max, the following map is
surjective

gf) : Q(’)(Xf)/]k —u* ®O(Xf)

adb Y ul @a(el”p)

i,J

(3.32)
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where (égi), e ,&E?) is a basis of u,,, and (ugi), e ug)) is the dual basis of (i, )*.

(4)

For u;”, there exists w( D e Qo(x;)/k such that gb( ) = ug-i) ® 1. Write

Zaw ), al) bl e o(xy). (3.33)
Recall qﬁ(w](-i)) = uéi) ® 1, that is

6705 =3 a0 (€ 80), 1< <n 1< < 1< < (3.39)

Let A : G,, — U be the grading 1PS. Then A acts on O(X;). Decompose a§L,b()

according to \-weights

(@ _ (Z) (@)
@ =% puA=0 + @5 uA<0

@ _p® (i) (@) (3.35)
b _b]u,)\f—w +b]u)\< —w; +bju/\> —w;
Then
0 —Za” ] u JM
_ (4) @) (3@ (%) (%)
Z ] u,)\ 0 + a] I, )\<0) g (b] LA=—w; + b] A< —w; + b] [ A>—w; ) (336)
—Za]u)\ 0 L)\__w)-i-err
where err € O(X¢)<o. Then 6;; = fj(.f).hgi) for
(&) ._ (@) (@)
= a b, € OX ) - (3.37)
“w
Since h") € O(X)_u,, it is fixed by u!” for
ug-i) = span{fj(f) 1<j <wm, j# G+ Zuwi,. (3.38)
i'<i
. . (4)
For hg-l), we can write hg-z) = gj for N € N} and g( g € HO (X, LmN)maX —w,- We have:

. 5]@ .g](-i) — " is annihilated by a power of f;

o for any £ € ug-i), the section & .gj@ c HY (X , LN )maX is annihilated by a power of f.
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. . . (%)
We can enlarge N and assume §J(.Z) .g](.z) = f¥ and gj(-z) c HY (X , LN )uj . We can enlarge N

further such that it is uniform for all 1 <7 < n and 1 < j <r;. In other words we have
; (%)
N e (X, L"), 1<i<n, 1<j<m. (3.39)

Choose a basis f1, -, f, of HO(X, L™)max, then there exists N; for each 1 < ¢

IN

- )
p such that £ € €7 HO(X, L") Take N = max{Ni,--,N,} and then f €

; (%)
fj(.z).HO(X, L™V for any 1 < t < p and any i,j. This implies that HO(X, L"™V) . C

k3

; (#)
¢ HO(X, L™N)%" for all 4, j, which is the condition “ss=s”

Corollary 3.1.13. Let X be a projective scheme over k and let L be an ample line bundle

on X. Let U ~ (X,L). Then the following conditions are equivalent:
(1) “ss=s”;
(2) v*Qy =0;

(3) Fito(7* Q) = Oxo

(4) Staby(z) = {e} for all k-points z € Zyin.

Proof. 1t is by definition that (2) <= (3). Proposition 3.1.12 proves (1) <= (2).
The application of Lemma 3.1.6 to K = 0 and v = 0 shows (3) is equivalent to that

Staby (z) = {e} for all k-points z € X?

min- 10 particular (3) = (4).
By the upper semi-continuity of dim Staby (z), we have that (4) implies that Staby (z) =

{e} for all k-points z € XV

min’

which is equivalent to (3). This proves (4) = (3). O

Remark 3.1.14. When “ss=s” fails, there exists closed point z € Z;, such that Staby (z) #
{e}. The locus in Zni, where Staby(z) # {e} is cut out by the sheaf of ideals Fito(v*,).

This gives a subscheme structure on the locus.

3.2 U-hat theory for affine schemes

Let U be a unipotent group with Lie algebra u and let A : G,,, — Aut(U) be a grading 1PS

with weights wy > --- > w,. Consider a A-invariant filtration of Lie ideals

O=upyCu; C---Cu, =1u (3.40)



where u; := u)>,, is the direct sum of A\-weight spaces whose weight is greater than or equal
to w;. Then each u;/u;_1 is Abelian, since it is graded with one weight w;. Let U; C U be
the normal Lie subgroup corresponding to u; C u.

Let Y := Spec(A) be an affine scheme of finite type over k. Let U act on Y. We prove
under certain conditions, a universal geometric quotient of Y by U exists and it is affine of
finite type over k.

If G,, acts on Y, with the dual action p* : A — k[t,t7!] ® A, then the weight space of
weight w € Z is defined as A, ;== {a € A: p*(a) =t~ " ® a}. If the action of G, on Y is
from G, — U x A, then denote by Ay—,, the weight space.

Define Ky, K1,--- , K, as the kernels

0 K; QA/]k (u)* @ A. (3.41)

Consider the following diagram for 1 <i <n

l \ (3.42)

0 — (/1) ®A — (W)*®A — (U 1)*®@®A —— 0
where the dashed arrow exists and denote it by ¢; : K;—1 — (ui /ui_l)* ® A.

Condition 3.2.1. Let A grade U with weights w; > --- > wy,, and let {u;}]", be the

filtration u; := uy>,,. Let U ~ Y. This condition for the action U ~ Y assumes that

« A=D,<0 =u;

o Foreach 1 <i < n, there exists a surjective linear map u; /u;_1 — s; such that (s;)*® A
is isomorphic to the cokernel of K; 1 — (ui /ui_l)* ® A in the following sense
(51')* QA
l \ (3.43)

K, 1 —— (uz-/ui_l)* ® A —— coker —— 0.

Remark 3.2.2. When Y is further assumed reduced, the second requirement above is equiv-
alent to that for 1 <4 < n and all k-points z € Y, the composition Stab,.,, ,)(z) —
u;/u;_1 — s; is an isomorphism, which implies that for 1 < i < n, the dimensions of

Stab(y,:y,_,)(®) are constant for k-points x € Y.

46



3.2.1 Length one filtrations

To construct the quotient of Y by U, the first step is to construct the quotient of Y by
U C U. Tt is equivalent to consider the case when the filtration has length one. In this

subsection, Condition 3.2.1 in the length one case for UAY is always assumed:

e ) acts on u with one positive weight;

« A= @wgo Ar—w;

o There exists a quotient u — s such that

sF® A
l \ (3.44)
Qap — WA coker 0.

Let wy € Ny be the unique weight of A on u. Let u' C u be the kernel

0 u/ u I > 0 (3.45)

and choose a splitting u = v’ @ 5. Let (§1, e ,fr) be a basis of u such that (51, e ,§T_k)

is a basis of /. Let (ul, e ,ur) be the basis of u* dual to (51, e ,é}).

Lemma 3.2.3. Assume Condition 3.2.1. Let u' be as above. Let U' C U be the subgroup
corresponding to W' C u. Then AV = AV’ where A" C A denotes the subring of U’-

tnvariant functions.

Proof. Since unipotent groups are connected, a function f € A is U’-invariant if and only
if it is /-invariant, i.e. AV = A and AV = A" for
AV ={fe A (E®1,¢(df)) =0 forall £ €'}
(3.46)
A :z{fEA:(f@l ,o(df)) =0 for allfeu}
where ¢ : 4/ — u® A is the infinitesimal action.

Let d: A — Q4 be the derivation. Let i : 1’ — u be the inclusion and let ¢ : u — s be

the quotient. Let i* : u* — (u')* and ¢* : s* — u* be the dual maps.
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Consider the following diagram with arrows labelled as ¢, ¢

sF R A

L;*N (3.47)

Qa/x LN w® A —2— coker — 0.

We prove ker ((i* ® 1) 0 ¢) C ker¢. Let w € ker ((i* ® 1) 0 ¢) C Q4. Then ¢(w) €
ker(i* ® 1) = im(¢* ® 1). There exists g € u* ® A such that ¢(w) = (¢* ® 1)(g). Since
po(¢* ®1) is an isomorphism and ¢ o (¢* ® 1)(g) = ¢ o ¢(w) = 0, we have g = 0. Then
$(w) = (¢* @ 1)(g) = 0. This proves ker ((i* ® 1) 0 ¢) C ker ¢.

Let f € AY, i.e. (i*®1)op(df) = 0. Since ker ((i* ® 1) 0¢) C ker ¢, we have ¢(df) =0,

i.e. f € A*. This proves AY C AY. Since ' C u, we have A" C AV, ]

Lemma 3.2.4. Assume Condition 3.2.1. Let wy, W', {&} and {u;} be as above. Then there

exist fi, -, fr—k € Ax=—y, Such that
&fj = 5ij7 1< i,j <r-— k. (348)

Proof. For any w € Z, and any £ € u, we have . Ayx—y, € Ax—y+w,, Where w; is the \-weight
on u. In particular elements in Ay—q are fixed by u.

Consider diagram (3.47). We have u* ® A = im¢ + im(¢* ® 1). In particular, for
1 <i<r—k, there exists

D aiy dbig € Qap (3.49)
"

such that
w@1= 3w @ (D ai(6rbiy)) €5 @A, (3.50)
=1 Q

Recall the surjective linear map i* : u* — (u')* dual to the inclusion i : 1" — u. Apply

1" ® 1 to the above equation, and compare the coefficients of u; ® 1
iyt = Zaw (&irbiy), 1<ii' <r—k. (3.51)
o

Decompose a; ,, b; , according to A-weights
Qi = p =0 t Qi pA<0
(3.52)

vaM :bi,‘u,)\>71,U1 + bi”u,)\szwl + bi,,LL,)\<7’LUl'
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Then

it = Z i (&ir-biy)
I

(3.53)
= Z Wi r=0 (&ir Diur——wy ) + Z @i r=0 (&7 Diur<—uwn ) + Z i r<o (&ir-biy).-
I I I
Compare the components of A-weight zero
5ii’ = Z Q5 11, A\=0 (Ez/ -bi,,u,)\:—wl) = Ei’ . ( Z ai,u,)\zobi,u,)\:—w1> . (354)
I I
Let f; := Zu @i 7=0Di p A=—w, € Ax=—w, and the lemma is proved. O

The following lemma is essentially from Lemma 4.7.5, [Dix96], adapted to a set of

commuting derivations.

Lemma 3.2.5 (cf. Lemma 7.2, [Bér+16], Lemma 4.7.5, [Dix96]). Let R be an algebra over
k with a dual action of (Gg)". Let &1, -+ & be commuting derivations on R generating the

dual action of (G,)". Assume there exists f1,--- , fr € R such that &.f; = 6;;, then:

e fi,---, fr are algebraically independent over R(C)";
e R= R(Ga)r[fla T aft];'

e Spec(R) — Spec(R(®)") is a trivial (G,)"-quotient

(=23

Spec(R) —— (Ga)" Xspec(k) Spec(R(G“)T)

\ lpr (3.55)

Spec (R(Ga)r) .

Proof. Let I C R be the ideal generated by fi1,---, fr. Let a« : R — R/I be the quotient

map. Consider the following linear map

¢:R— (R/I)[t1,- - ,t;]

1 N oun (3.56)
g— Z m@(f g)t
neN”
where
ni=(n, e yn)
n!:=nq! - n,!
(3.57)

g =g

£ =t
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We need to show that the summation defining ¢ is essentially finite. For any g € R, there
exists a finite dimensional invariant subspace V' C R containing g. Since (G,,)" is unipotent,
and V is a finite dimensional representation, {"|y = 0 if |n| :==n; +--- +n, > dimV. So
&".g = 0 for all but finite n € N".

The linear map ¢ preserves multiplication. For f,¢g € R, we have

b(fg) = 3 —al€" ()"

neN”
(2, (e
=D it Y wwmw@
neN” nt 0<m<n m (358)
1 1 U-r+v U v
= L Tae.fa(E’.g)
u,vENT
=o(f)o(9)-
So ¢ is a map of k-algebras. It is easy to check ¢(f;) = t;.
We show ¢ is an isomorphism by constructing its inverse. Consider
¢ Rlt1, - ,t;] > R
(3.59)

(=P |
g i S S (g I e,
neN” ’

By the same argument for ¢, we have that the summation defining ¢’ is finite, and ¢’ is a
ring map. It is easy to see ¢'(f;) =0 fori=1,--- ,r. So ¢ factors through R[t1,- - ,t;] —
(R/I) [tlv o 7t7"]7 induCing

o: (R/D[t, - ,t,] = R (3.60)

which is the inverse of ¢.
Via the isomorphism R = (R/I)[t1,- - ,t,], the derivation & on R corresponds to the
derivation a% on (R/I)[t1,--- ,tr]. Then
RCJ)" =R/, g~ alg). (3.61)
The isomorphism ¢ : R/I[t1,--- ,t,] = R then becomes
RE) [ty 4, ) =R, gt" s gf™t ... fr; (3.62)

I

that is

R=RE[f, - f] (3.63)
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and f1,-- -, f, are algebraically independent over R(Ga)",
There is an isomorphism kft1, - ,t] = O((G,)"). The left action of (Go)" on it-

self induces a dual action of (G,)" on O((G,)"). Through the identification O((G,)") =

k[t1,--- ,t;], the induced dual action of (G,)" on k[t1,--- ,t,] is generated by derivations
Q2 ... 9
ot1’ ) Oty

The following isomorphism is (G,)"-equivariant
RERE [ty 4]
gk[tla e 7t7"] Rk R(GG)T (364)

~0((Ga)") &1 RC)".

Geometrically, there is a (G,)"-equivariant isomorphism

[=23

Spec(R) —— (Gg)" X Spec(k) Spec(R(G“)r)

\ lpr (3.65)

Spec (R(Ga)r) .
O

Lemma 3.2.6. Assume Condition 3.2.1. The inclusion AV — A induces a universal
geometric quotient by U

Spec(A) — Spec (AU). (3.66)

Proof. By Lemma 3.2.4, there exist fi,---, fr—x € Ax=—y, such that &.f; = §;; for 1 <
1,7 < r — k. Since u is Abelian, the subspace u’ C u is a Lie sub-algebra. Let U’ C U be
the subgroup corresponding to ' C u. The derivations &1, -+ , &, on A generate the dual

action of U’ on A. By Lemma 3.2.3 and Lemma 3.2.5, we have:

e fi,---, fr_p are algebraically independent over AU;

e A= AU[f17 o 7f7"—k];
« Spec(A) — Spec(AY) is a trivial U’-quotient.

Let AY — B be any AV-algebra. Consider the Cartesian diagram

Spec(B’) — Spec(A)

l,r l (3.67)

Spec(B) —— Spec(AY)

o1



where

B' = B®u A. (3.68)

We first show that B — B’ is injective and B = (B’)Y. As a pull back of a trivial
U’-quotient, the morphism 7 : Spec(B’) — Spec(B) is a trivial U’-quotient. In particular,
7 is a geometric quotient by U’. Since 7 is surjective, B — B’ is injective. Since 7 is a

good quotient, (B')Y" = B. Consider U-invariant elements on both sides, and we have
(BYY =B (3.69)

since B is acted trivially by U.
We then show 7 : Spec(B’) — Spec(B) is a geometric quotient by U. The conditions to

check are:

o 7 is affine surjective and U-invariant. By the above argument, 7 is surjective, and

B = (B")Y, which implies that 7 is U-invariant.

o For any principal affine open V := Spec(By) — Spec(B) with f € B, we can replace
AUV — B by AV — By and apply the above argument to claim By C By @ qu A = B}
and

By = (By @0 A) = (B (3.70)

ie.

U

OSpec(B)(V) = OSpec(B/) (Wﬁl(v)) (371)

o For any U-invariant closed subset W C Spec(B’), it is also U’-invariant, so 7(W) is

closed since 7 is a good quotient by U’.

o For any pair of disjoint U-invariant closed subsets Wy, Wy C Spec(B’), they are also

U'-invariant, so m(W1) N w(Wa) = 0.

o For any closed point z € Spec(B), the fibre 7~!(z) < Spec(B’) is a union of U-orbits,
since 7 is U-invariant. Besides, 7=!(z) is a single U’-orbit, since 7 is a geometric

quotient by U’. So there is only one U-orbit in 771(2).
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We see that any affine base change of Spec(A) — Spec (AU) is a geometric quotient by
U. Since arbitrary base change is covered by affine base changes as open subschemes, and
geometric quotients are local on target, we claim any base change of Spec(A4) — Spec (AU) is
a geometric quotient by U. This proves that Spec(A) — Spec (AU) is a universal geometric

quotient by U. ]

Theorem 3.2.7. Let Y = Spec(A) be an affine scheme of finite type over k. Let \ : G, —
Aut(U) be a grading 1PS of one weight. Let U Y. Assume Condition 3.2.1 for the action

UAY. Then:
(1) Y/U = Spec(AU) is affine of finite type over k;
(2) Y = Y/U is a universal geometric quotient by U;

(3) There exists an affine space A™ such that Y = A™ x Y/U over Y/U, and m =

dimu — dim s;

(4) The map Qap — u* @ A induces an injective map Q /40 — u* ® A such that the

following diagram commutes

Qe —— W' @A
l / (3.72)

QA/AU’

Proof. Let w; € N be the unique A-weight on u. Let u — s be the quotient map in
Condition 3.2.1. Let v/ C u be the kernel of u — 5. Choose a decomposition u = v’ @ s.
Choose a basis (&,--- ,é}) of u such that § € v for 1 < j < r —k and & € s for
r—k < j <r,where r =dimu, k = dims.

Let U’" C U be the subgroup with Lie algebra Lie(U’) = u’. Consider the action of U’
on Y = Spec(A). We have that &, - ,&_ are commuting derivations on A generating
the dual action of U’ on A. By Lemma 3.2.4, there exist f1, -+, fr—x € Ax=—u, such that

&.fj = 0i; for 1 < 4,5 <r — k. By Lemma 3.2.3, Lemma 3.2.5 and Lemma 3.2.6, we have:

e fi, -, fr_i € A are algebraically independent over AY;
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s A= AU[fh T 7f7”7k];
o Spec(A) — Spec(AY) is a universal geometric quotient by U.

Then (1) and (2) are immediate.

For (3), let @1, -+ ,z,_j be free variables, and let
S =klxy, -,z (3.73)
be a polynomial ring over k. Then the following map is an isomorphism
AV @ S = A, g@pxr, - xe_p) = gp(f1, - s frek)- (3.74)

Let A™ := Spec(S). Then m = r — k = dimu — dims. Geometrically there is an

isomorphism over Y/U
Y =5 AmxY/U
ipr (3.75)
Y/U
which proves (3).

For (4), consider the diagram

QAU/k(X)AUA L QA/k E— QA/AU — 0

W f" e (3.76)
k

A
where the top row is exact by [Sta22, Lemma 00RS] and 1o¢$ = 0 by direct check. Therefore

p exists.
We have
r—k
Qv =P Adf (3.77)
j=1

since A = AY[f1,---, fr_i] and f1,---, fr_j are algebraically independent over AY. Let
r—k
w:=Y a;df; € Qa0 (3.78)
j=1
be an element in ker ¢. It suffices to prove a; =0 for 1 < j <r—k. Forany 1 < j' <r—kF,

the coefficient of uj ® 1 of p(w) equals

r—k
0= Z aj(fj/.fj) = ay (379)
j=1
where we have used ;. f; = d;,;. This proves (4). O
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3.2.2 Induction for general filtrations

Consider the general case when \ : G,, — Aut(U) has weights wy > -+ > w,. We will
prove in this subsection that if the action UnY = Spec(A) satisfies Condition 3.2.1, then
the induced action (U/U;) X A ~ Y/U; satisfies Condition 3.2.1. This will allow us to

iteratively apply Theorem 3.2.7 (See Theorem 3.2.9 below ).

Proposition 3.2.8. If U ~ Y := Spec(A) satisfies Condition 3.2.1, then so does the

induced action (U/U1) x A ~ Y /Uy := Spec(AY).

Proof. If Condition 3.2.1 is satisfied for U ~ Y, then this condition is also satisfied for

Uiy x A~ Y. Apply Theorem 3.2.7 to U; x A ~ Y to conclude:
o Y/U;y := Spec (AUl) is affine of finite type over k;
e Y — Y/Uj is a universal geometric quotient by Uq;
o YZA™xY/U; over Y/Uy;
o Qa0 — ()" ® A s injective.

The actions A ~ U/U; and (U/Uy) x A ~ Y/U; are induced naturally. We then check

Condition 3.2.1 for the action (U/U;) x A ~ Y/U;. The following are immediate:
o \isa grading 1PS on U/U; with weights wg > -+ > wp;

e The filtration {u;/u;},_| is such that u;/u; = (w/u1),. ;

« AN =B, (A", _,-

We check the last statement in Condition 3.2.1. Let u;/u;_; — s; be the quotient in
Condition 3.2.1 for 1 < i < n. We will prove that ¢ is an isomorphism in the following

diagram for 2 <i¢<n

(8;)* ® AU
i X (3.80)

Kl —— (u/u;1)" ® A" —— coker’ —— 0
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where coker’ is the cokernel and K] := ker (QAul k= (u;/ui—1)* ® AUl) for 1 <i<n.
By Theorem 3.2.7, the inclusion AY' — A is a polynomial ring, so faithfully flat. Then
¢ is an isomorphism if and only if its base change along AY' — A is an isomorphism. The

base change of diagram (3.80) is

()" ® A
i w@l) (3.81)

K | @ A—— (ui/ui_l)* ® A —— coker’ @ ,u, A —— 0.

Condition 3.2.1 assumes that ¢ is an isomorphism in the diagram
(s;)*® A
l &) (3.82)
K, 1 —— (ui/ui,l)* ® A —— coker —— 0
where coker is the cokernel such that the horizontal sequence is exact.

Consider the following diagram with exact rows:

QAUl/]k®AU1 A —_— QA/]]( _— QA/AUl —_— 0

l l l’“ (3.83)

0—— (ui,l/ul)* QA —— (u¢71)* QA —— (ul)* QA ——0

where the exactness of the top row is by [Sta22, Lemma 00RS]. By Theorem 3.2.7, the
right vertical arrow is injective. Since AUt — A is flat, the kernel of the left vertical arrow

is K| ® 4u; A. The following is exact by the Snake lemma

K/ | @4 A Kii 0. (3.84)

This surjective map fills the following diagram

(8" ® A

Kl @40 A —— (ui/uis1) A —— C®u0, A —— 0 (3.85)

] |

K,_41— (ui/ui_l)* ®R A

so an isomorphism between cokernels is induced. Therefore ¢ ® 1 is an isomorphism since

¢ is. This proves the last statement in Condition 3.2.1, and hence completes the proof. [
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Theorem 3.2.9. Let Y = Spec(A) be an affine scheme of finite type over k. Assume

Condition 3.2.1 for the action UAY. Then:

(1) Y/U = Spec(AU) is affine of finite type over k;

(2) Y = Y/U is a universal geometric quotient by U ;

(8) There exists an affine space A™ such that Y = A™ x Y /U over Y/U.
Proof. For 1 < i < n, we prove by induction on ¢ the following:

(1) Y/U; := Spec(AY%) is of finite type over k;

(2) Y — Y/U; is a universal geometric quotient by Us;

(3) There exists an affine space A™i such that Y =2 A™ x Y/U; over Y/Uj;

(4) The action (U/U;) x A ~ Y/U; satisfies Condition 3.2.1.

For i = 1, Proposition 3.2.8 proves (1) — (4). Assume the above are proved for some

1 <i < n. Apply Thereom 3.2.7 to the action (U;+1/U;) X A ~ Y/U; to conclude:
(1) Y/Uisq = Spec((AUi)U”l/Ui) = Spec(AYi+1) is of finite type over k;

(2’) Y/U; — Y /Uit is a universal geometric quotient by Uj11/U;, so Y — Y/Uiy is a
universal geometric quotient by U;11 as the composition of Y — Y/U; and Y/U; —

Y/Uit1;

(3') There exists an affine A™i+1 such that Y/U; = A™+ x Y/Ui4y over Y/Uiq, so

Y =A™ X Y)U; 2 A x Y U
Apply Proposition 3.2.8 to the action U/U; x A ~ Y/U; to conclude:
(4’) The action (U/Uit1) X X ~ Y /U, satisfies Condition 3.2.1.

This completes the induction and the proof. ]
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3.3 U-hat theory for projective schemes
Let A : G, — Aut(U) be a grading 1PS on U with weights wy > -+ > w,, on u. Let
O0=up Cup C--- Cup =1, Uy 1= Up>y, (3.86)

be the corresponding filtration of Lie ideals of u by A-weights. Let U; C U be the normal
subgroup whose Lie algebra is u;.

Let X be a projective scheme over k, and let I be an ample line bundle over X. Let
U act linearly on X with respect to L. Then @ a0 H 0(X, L% is finitely generated ([Sta22,
Lemma 0B5T]), and U acts on each HO(X, L%).

For d € Ny and w € Z, let HO(X,L%) =, C H°(X,L%) be the weight space for \
of weight w. When w € Z is not a weight, we can define the subspace HO(X, L%)\—,,
as zero. Let HY (X, Ld) A=max denote the A-weight space whose weight equals the maximal
weight on HO(X, LY). Let H(X, L%))cmax denote the sum of A-weight spaces whose weights
are less than the maximal weight on HO(X,L%). Then H°(X,L%) = H(X, L%))\—max ®
HO(X, L)\ cmax, and HO(X, L) y_pax # 0 if HO(X, LY) #£ 0.

Let XY

min

C X be the open subscheme where €9 a0 H O(X , Ld) A=max does not vanish. For

the action of A on X?°

min’?

let Zpin — X0 be the fized point subscheme in the sense of Fogarty

min
([Fog73]). It is easy to see that Zy;, < X is the closed subscheme associated to the ideal
D0 HO(X, L) \cmax- Let m € Ny be such that H°(X, L™) generates Da>o HO(X, L),

Then XY

min & X has an affine open covering

XI?liIl = UXf7 f € HO(X7 Lm))\:max. (387)

Remark 3.3.1. If all sections @, HO(X, L%)\—max are nilpotent, then Xr?lin = () by defi-

nition. We can assume there exists a section f € H 0(X , Ld) A=max for some d > 0 and f is

0. _
# (), or we regard statements as vacuous truth when X7, = 0.

not nilpotent for X0

min
Since A is a grading 1PS on U, sections of maximal A-weights are U-invariant, i.e.
HY(X, L) ycmax € HO(X, LYY for all d > 0. Then for f € H(X,L™))\—max, the open

subscheme X; C X is U-invariant .
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The ring of functions on Xy is O(Xy) := (®d>0 (X Lmd)> 0 There is an induced
action of A on O(Xy). Since f has maximal A-weight in H°(X, L), the A-weights on O(Xy)
are < 0, i.e.

= P O(Xf)r=uw- (3.88)

w<0

The closed subscheme Zyin f < Xy corresponds to O(Xy) = O(Xy)/O(Xf)r<o- Then
O(Zmin,f) = O(Xf)/O(Xf)r<0 = O(Xf)r=0. The closed immersion Zyiy ¢
— Xy has a left inverse Xy — Zyin, s, corresponding to O(Xf)r=o = O(Xy). They glue

min

over X to a morphism p : Xmln — Zmin. On k-points, the morphism p sends z € X°
p(z) = limy_0 A(t).x.

3.3.1 The CDRS condition

The condition Constant-Dimension-of-Relative-Stabilisers (CDRS) is a scheme-theoretic
version of the condition in [Bér+16] Remark 2.8 (and Remark 7.1, Remark 7.12).

For the action U ~ (X, L), consider the diagram

Xl’?lll’l U X XI?III’I ’7 : T (67 m)

\ l , o: (u,x)— (uzx,x) (3.89)

X0, 0: xzw— (x,2).

I’Illl’l min
where the fibre products are over k.

Recall the infinitesimal action of U on XY defined in Definition 2.2.1 is the following

min

morphism

QXU /Spec(k) —u* ® OXO . (390)

min min

For 0 <4 < n, consider the following composition of morphisms of sheaves

QXO /Spec(]k) — u ®OXO — ( ) ®OX0 (391)

min min min

and let K; be the kernel of the composition

0 lCl QXO /Spec(k) *)( ) ®0X0 . (392)

min min

There exists a morphism for each 1 <¢ <n

¢it Kim1 = (ui/uim1)" ® Oxo . (3.93)

min
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We write down the local version of the above morphism of quasi-coherent sheaves. Let

m € Ny be such that H°(X,L™) generates Do HO(X,L™). Then X

min 1S the non-
vanishing locus of H?(X, L™) —max. Let f € H°(X, L™) —max be a non-nilpotent section.

Then X; C X

min 15 an open affine subscheme invariant under U and A. On Xy, the

o is induced by the following map of O(Xf)-modules

min

morphism Qxo g0 = U QO

Qoxpy = u ®O0(Xy), adbe > uj®a(€;.bh) (3.94)
J

where {u;} is a basis of u* and {¢;} is the basis of u dual to {u;}.

We will call the following condition Constant-Dimension-of-Relative-Stabilisers.

Condition 3.3.2. Let U ~ (X, L). Let A : G, — Aut(U) be a grading 1PS on u with
weights wy > -+ > wy, on u. Let {u;}?", be the filtration u; := uy>,,. This condition for
the action U ~ (X, L) assumes that coker(¢;) for ¢; in (3.93) is locally free of constant

rank on X?°

min

forall 1 <37 <n.
Remark 3.3.3. The rank of coker(¢;) is dim Stab,, — dim Stab,, , at k-points.

Lemma 3.3.4. Let U ~ (X,L). Let {w;}?_, be a filtration of u. Let \ : G,, — Aut(U)
be a grading 1PS on U. Let 1 <i <n andr € N. When X is reduced, the following are

equivalent:

(1) coker(¢;) for ¢; in (3.93) is locally free of rank r on X

0 .
min’

(2) dim Stab(y,.,, )(z) =7 for all k-points © € X

min*

Proof. Let m € N, be such that H°(X, L") generates Do HO(X,L™). Let
f € H%(X, L™)\—max be a nonzero section. We have seen that f is U-invariant and then

X;CX 0 s a U-invariant open affine subset. The two conditions above are local, so we

min
only need to consider what happens on X;.

Let Fitg(¢;) be the kth Fitting ideal of coker(¢;) for k € Z. Then (1) is equivalent to
Fit,_1(¢;) = 0 and Fit,(¢;) = Oxo_ by Proposition 3.1.3. The local version of (1) on Xy

is equivalent to Fit,_1(¢;)(Xs) = 0 and Fit,(¢;)(Xs) = O(Xy).
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For (1) = (2), assume Fit,_1(¢;)(Xf) = 0 and Fit,(¢;)(Xy¢) = O(Xy). Let z € Xy
be a k-point and let 2* : O(Xy) — k be the corresponding map. By Lemma 3.1.6, we have
r —1 < dim Staby,.,, ,)(x) <7, ie. (2) holds.

Conversely, assume dim Stabyy,.,, ,)(x) = r for all k-points = € X;. Since X is reduced,
the zero ideal in O(Xy) is a radical ideal, which equals the intersection of all maximal
ideals by [Sta22, Theorem 00FV]. By Lemma 3.1.6, we have Fit,(¢;)(Xf) € keraz* and
Fit,_1(¢:)(X¢) C kerz*. By Hilbert’s Nullstellensatz, the ideals ker2* are exactly the
maximal ideals in O(Xy). Then Fit,(¢;)(Xy) is not contained in any maximal ideal, which
implies Fit,(¢;)(Xf) = O(Xy). Besides, Fit,_1(¢;)(X¢) is contained in the intersection of

all maximal ideals, which is the zero ideal. This proves (1). O
3.3.2 The Grassmannian

Let W be a finite dimensional vector space over k. Let r := dim W and let 0 < k < r be an
integer. Let Sch/k be the category of schemes of finite type over k.
Consider the functor

Grass(W, k) : (Sch/k)°? — Set (3.95)

which associates to a scheme S € Sch/k the set Grass(W, k)(S) of isomorphism classes of

surjections

q:W®k0s — Q (3.96)

where Q is a locally free sheaf of rank k on S. Given f : T' — S a morphism, let
Grass(W,k)(f) : Grass(W,k)(S) — Grass(W,k)(T) be the map sending the class of
q: W ®0Og — Q to the class of f*¢: W & Or — f*Q.

It is well known (cf. [Sta22, Section 089R]) that the functor above is represented by a
projective scheme over k. Denote the representative scheme by Grass(W, k).

The closed points of Grass(W, k) are surjective linear maps W — @ with dimQ = k.
Let V. C W be a subspace of dimension k. Consider the subset Grass(W, k)y C Grass(W, k)
of quotient spaces W — @ such that V C W — @ induces an isomorphism V = ). Then
Grass(W, k)y is an open subset. The open subscheme Grass(W, k)y C Grass(W, k) defines
an open sub-functor

Grass(W, k)y : (Sch/k)? — Set (3.97)
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which associates S € Sch/k to the subset Grass(W, k)y (S) C Grass(W, k)(S) of classes
of surjections ¢ : W ® Og — Q such that the composition V ® Og - W ® Og — Q is an

isomorphism.

Lemma 3.3.5. Let G be a reductive group over k. Let W be a representation of G, inducing
an action of G on Grass(W, k). Let Grass(W,k)® — Grass(W, k) denote the fived point
subscheme. Then there exist finitely many sub-representations V; C W with dimV; = k

such that Grass(W, k)¢ C |, Grass(W, k)y;.

Proof. Consider closed points, i.e. k-points. A k-point in Grass(W, k) is a quotient ¢ :
W — @ with dim @ = k. It is fixed by G if and only if ker(q) C W is invariant under
G. Since G is reductive, there exists a sub-representation V- C W and V @ ker(q) = W.
Then dim V' = k and [¢] € Grass(W,k)y. We only need a finite number of such V; since

Grass(WW, k)G is quasi-compact, as a subscheme of a Noetherian scheme. ]
3.3.3 Statement and proof of the first U-theorem

In this subsection, we will state and prove our first U -theorem, Theorem 3.3.8.

Lemma 3.3.6. For any m € Ny, let f € HO(X, L™)\—max, and let Y C X0

min b€ an open

subset. IfY is A-invariant and Zyin p €Y, then X; C Y.

Proof. The open affine Xy is A-invariant. Let I C O(Xy) be the radical ideal cutting out
X¢\Y. Then I is Mdinvariant. Since Xy \ Y and Zy,, s are disjoint, we have O(Xy) =
I+ O(X¢)r<o- There exists g € I and h € O(X¢)xr<o such that 1 = g+ h. The weight zero
component of g is gn—¢g = 1. Since I is A-invariant and g € I, we have 1 = gy—g € I. So

X\ Y =0. 0

Lemma 3.3.7. Assume Condition 3.3.2 for the action U ~ (X, L) with the grading 1PS

A : Gy, — Aut(U). Then there evists m € Ny and fi,--- , fr € HO(X, L™)x—max Such that:
. Xgnn = Up_y Xy, is a covering by U -invariant affine open subsets;

o Condition 3.2.1 is satisfied for the action U ~ Xy for fe{fi,--, fr}
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Proof. For 1 < i < n, let k; be the rank of coker(¢;), and let W; := (ui/ui_l)*. Then the
surjective morphism

q - W; ® OXO_ — coker(qbi) (398)

defines an isomorphism class in Grass(Wj, k;)(X2. ), corresponding to a morphism

min

0; : X2, — Grass(W;, k;). (3.99)

min
The product over k of the morphisms over 1 <14 < n is a morphism

0:Xx% — H Grass(W;, k;). (3.100)

min
i=1

Let ¢ @ Zpin — X°

min- The morphism ¢; is A-equivariant, so ©; and ©; o ¢ are -
equivariant. In particular ©; o ¢ is A-equivariant and A acts trivially on Zyi,. Then ©; o
factors through the fixed point subscheme Grass(W;, k;)* < Grass(W;, k;).

By Lemma 3.3.5, there exist a finite number of A-invariant subspaces V;; € W; for

j=1,---,m; such that Grass(W;, k;)* C U;n:ll Grass(W;, k;)v;,;. Then

HGraSS(Wi,ki))‘g U HGrass(Wi,ki)Vi,ji. (3.101)

=1 Jiysdn i=1

We then have a covering of Zy;, by open subsets invariant under A:

Zin = U (©o L)_l ( ﬁ Grass(W;, kZ)V”Z>
e -, (3.102)
= U Zmin N 9_1<HGTaSS(Wi7ki)w,ji>~
1575 i=1

J1ssIn

Since V;; € W; is A-invariant and ©; is A-equivariant for each 1 < ¢ < n and 1 < j < m;,
each preimage @_1( [T, Grass(W;, kl)Vzgz) is A-invariant open.

This covering can be reduced and refined to a finite covering

T
Zmin = U Zmin,f;c (3103)
k=1
such that f,---, fr € H(X, L™)x—max for some m € N, and each Zmin, f, is contained in

some ©~1 ( [T~ Grass(W;, kl)Vuz) The following is an open affine covering of X0,

T
Xoi = U X5, (3.104)
k=1
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and by Lemma 3.3.6, each Xy, is contained in some ©~! < [T, Grass(W;, k;) m)

Let f be one of fi,---, f, and assume X; C @_1<H?:1 Grass(ﬂ/i,ki)vi’ji) for some
Ji, - yJn- Then Xy is U-invariant and we show that Condition 3.2.1 is satisfied for the
action U ~ Xy

The inclusion ©;(X ) C Grass(W;, k;)v, ;. is equivalent to the following diagram

2Ji

Vij @ O(Xy)

(3.105)
$i(X ) l \‘

iz 1(Xf) *) W; ®0 Xf E— coker(gzﬁl)(Xf) — 0.

The quotient map u;/u;_; — s; in Condition 3.2.1 can be the quotient map u;/u;_; —
(‘/7:1ji)*'

These together show Condition 3.2.1 for the action Un X - O

Theorem 3.3.8. Let \ : G, — Aut(U) be a grading 1PS on U with weights wy > -+ > wy,.
Let {w;}1'_, be the filtration u; := uy>,,. Let X be a projective scheme over k and let L be
an ample line bundle over X. Let U act on X linearly with respect to L. Assume that the
CDRS condition (Condition 3.3.2) holds for the action U ~ (X,L). Then the universal

geometric quotient of X . by U exists

mll’l
¢ : mln - XI?HH/U (3'106)

and X2, /U is quasi-projective of finite type over k.

min

Moreover, there exists N € Ny such that

o the linear system W := H°(X, L)V is base point free on X°

min’

e the morphism XO.

min — P(W*) factors through a closed immersion

HllH/U — ]P)(W*)Hlln (3'107)

where P(W*)0. C P(W*) is the non-vanishing locus of H°(X, L) —max

X0 —— P(W*)

I: UIT (3.108)
JU —— P(W*)9

mln min*
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Proof. Condition 3.3.2 is unchanged if L is replaced by a tensor power. Assume without
loss of generality that H%(X, L) generates Do HO(X, L%).

By Lemma 3.3.7, there exists m € Ny and non-zero sections
frooe o fr € HY(X, L™) xmax (3.109)
satisfying:
o Xiin = Uio X5
e the action U ~ X 1, satisfies Condition 3.2.1.

By Theorem 3.2.7, each X7y, has a universal geometric quotient by U
¢k :ka —)Yk = ka/U (3.110)

and each Y} is an affine scheme of finite type over k.
The function fi//fr € O(Xy,) is U-invariant, so it corresponds to a function gy €
O(Yy) & (’)(ka)U. The pull back of ¢, along the open immersion Yj \ V(gxrx) — Yi is also

a geometric quotient, i.e.

Xy \V(fi/fr) = Ye \ V(gwr) (3.111)

is a geometric quotient. Since Xy, \ V(fr/fr) = X, \ V(f&/fr), their quotients by U are

isomorphic by a unique isomorphism
Vi \ V(gwi) = Yir \ V(gw)- (3.112)

The affine schemes {Y},} then glue to a scheme Y, and the morphisms ¢y, : Xy — Yj

0

glue to a morphism ¢ : X, — Y, which is a universal geometric quotient by U. Moreover,

Y is a scheme of finite type over k.

Since Zmin = Uj—1 Zmin, f,» for all m’ > 1 we have
T
HO (X’ rmm ))xzrnax = Z kaO (X7 Lm(m _1))/\:111&)(- (3113)
k=1
Let 1 < k < r. Since O(Xy,)V is finitely generated over k, there exists mj € N such

that ﬁH O(X, L™ )V generates O(Xy,)V. We can enlarge m), to m’ € N uniform for
k
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all 1 < k < r and further assume (3.113), i.e. HO(X, me/)A:max C (fi, -, fr). The

generating subspac (X, L)Y C O(X )Y induces a surjective ring map

Sym® (W), sy — O(X4,)Y (3.114)

(&)

where W := HO(X, L™™)V and the symmetric product is over k.

The linear system W = HO(X, me,)U is base point free on Xgnn since

V(W) N X°,

min

CV(H (X, ™™ ) rzmax) N X = 0. (3.115)

Then there is a morphism X°. — P(W*), which factors through X°. /U — P(W*), since

min l’IllIl

it is U-invariant
mln ]P)(W*)

l‘i’ / (3.116)

JU.

l’l’lln

We then prove that X0, /U < P(Wx)%. is a closed immersion.

l’Illn min

Observe that for any g € H°(X, L’ 1) \—max, the open affine subscheme X frg ©

Xy,

L 1S U-invariant and Condition 3.2.1 is satisfied for the action U ~ X f.g- There-

fore X, — Xyp.4/U is a universal geometric quotient by U and O(Xy,,)Y is finitely
generated by Theorem 3.2.9. We show that O(X fkg)U is generated by ﬁW for any
g € HOX,L™™=D)y_ .c. Any element in O(Xy,,) is of the form ﬁ for s € N
and h € H(X, mels). We can enlarge s € Ny such that (frg)® is U-invariant. Assume
ﬁ is U-invariant. Then &.h € HO(X,L™"'5) is annihilated by a power of fzg for all

& € u. We can test on a basis of u, and choose the power of frg uniformly. There exists

s’ € Ny such that (frg)*h € HO(X, L™ (+5))V Then f(f;"'g)s e O(Xy,)Y, which is in

"(s+s')
k
the image of Sym'(W)(fm/), ie.
k
(fkg)S,h _ Zily"'yit Wiy~ * Wi (3.117)
f;n/(s+8/) - (f]::n/)t .
for some t € Ny and w;,, -+ ,w;, € W. We also have
m/—1
gm' € HO(X'me,(m,_l) /\ max — H HO me )\ max & H w (3118)
I / / /
so g = Zjh-",jm/,l wy, cwy for some wjl, hwy o, € w.
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Then in O(Xy,4)Y

h :(fkm' s+ (fug)h
)

)SJFSI Zil»'“ d Wiy = Wiy
(F )
_(fLm)s-i-s’ (zil,“' i, Wiy wit)gm/t

(3.119)

)

(feg)™

t
s+s' (Zil,m it Wiy » - wit) ( Zﬁ,m I/ —1 w;j e w;'m/_l)

)

(frg)m't
which is generated by ﬁW. This completes the proof that ﬁW COX fkg)U is a gener-

ating subspace, i.e. the following ring map is surjective
Sym® (W) (5.9 = O(Xp0)Y. (3.120)
The surjective ring map above is equivalent to the closed immersion
Xpg/U = PW*) 4, g (3.121)

The union of P(W*);,, over k = 1,--- ,r and g € HO(X, L™™ D)\_,ax is the non-
vanishing locus of HO(X, L™ )\_pax € W, since we have assumed (3.113). The closed

immersions above then glue over 1 < k£ < r to a closed immersion

min-*

X0 /U = PV \V(HO (X, L™ )\ oax) = P(W")) (3.122)
O
3.3.4 Quotienting by U

The residual linearisation of A can be twisted to get a projective geometric quotient of X

by U when the CDRS condition (Condition 3.3.2) holds.

Theorem 3.3.9 ([Bér+18b]). Let X be a projective scheme over k and let L be an ample
line bundle over X. Let U act on X linearly with respect to L. Assume CDRS (Condition

3.8.2) holds for Un (X,L). Assume X°. +# (). Then the following is U -invariant open in

min
Xr?lin
Xgﬁn \ UZmin (3123)

which admits a projective universal geometric quotient by U.
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Proof. With Condition 3.3.2, by Theorem 3.3.8, the universal geometric quotient of X

min

by U exists
¢: X%, — X0 U (3.124)

and there exists N € N, such that for W := HO(X, LN)V there is a locally closed immersion

X0, /U = P(WH). (3.125)
Let p: X0, X0 /U < P(W*) be the scheme theoretic image of ¢. By [Sta22, Lemma 01R8],
the underlying closed subset of X0, /U C P(W*) is the closure of ¢ : X0. /U — P(W*).
Since X0, /U < P(W*)?. is closed, we have X0, /U = X /U NP(W*)0, .

The action of U on H°(X, L") induces an action of A on W. Then A ~ (P(W*),0(1))
and A n (XO /U, 7" 0(1)).

min

By Theorem 1.19, [MFK94]|, for any ample linearisation M of A on P(W*)

M,(s)s

X0 = X0 JU N P(W*)NM)s, (3.126)

mlIl min

The linearisation M will be a twist of O(1), such that P(W*)}M:6)s € P(W*)0 .
Characters of A are integers. Let Hom(\, G,,) be the Abelian group of characters. Call
elements in Hom(\, G,,) ®z Q rational characters. If 6 € Hom(\, G,,) ®z Q is a rational
character, then we denote the twisted linearisation by O(1)g.
Let max()\) € Z denote the maximal weight of A\ on H°(X,L). Let max(\, W) and

2nd max (A, W) denote the maximal and next maximal weights of A\ on W. Then we have

max(A, W) = N max(\). When e > 0 is small and max(\) — e < —0 < max(\), we have

2nd max(A, W) < =N < max(\, W) (3.127)
then
P(W*)MOWnoss — p(pr)AOWnes — =)0 (3.128)
For such 6, we have
X0 /U = X0 /U 0 POV \ (W), (3129)
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———\,Lg,(s)s

JU C X%, /U along ¢: X0, — X0, /U is

min min

The preimage of X9

min

X2\ UZmin (3.130)

which is U-invariant open. As a composition of universal geometric quotients the following

is a universal geometric quotient
X0\ UZmin — (X0 \ UZumin) /U (3.131)

For projectivity, observe that

———\,Lg,(s)s

(X2 \ UZumin) /U = X0, /U JA=X0 JU//\. (3.132)

3.4 Two lemmas for further application

In this section, we consider a group U x (T x K), where U # {e} is unipotent, T is a torus
and K is semisimple, and 7" x K acts on U via T' x K — Aut(U). Let A : G,,, = T be an
internal grading 1PS, i.e. the composition G, AN AN Aut(U) is a grading 1PS. Let X be a
projective scheme over k and let L be an ample line bundle on X. Let Ux(T'x K) ~ (X, L).

In this section, we denote Xglm by Xf\) min and similarly for Zy_i, to emphasise the

K (s)As

dependence on the internal 1PS \. Let Z, C Z—min denote the (semi)stable locus of

K~ (ZA—min’L‘ZA_ ). Assume zEs 2y,

A—min

Let r € N be the dimension of T'. The existence of an internal grading 1PS implies r > 1.

We fix an identification T' = (G,,)". For 1 <i < r, let ; : T — G,, be the projection to

the ith factor. Then aq,--- ,«, € Hom(T,G,,) are characters of T'. For simplicity denote
tg :==Hom(G,,,T) ®z Q
(3.133)
ty :==Hom(T,Gnn) ®z Q.
There is a Q-bilinear form
(=) tgxtg—=Q, (a,8) = (o, ) (3.134)

extending the pairing Hom(7T, G,,) x Hom(G,,,T") — Z.
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Define a cone in tgp = Q"
Coney :={B €tg:(a;B) >0forall 1 <i<r} (3.135)

For a subset I C {1,--- ,r}, define an open face of Cone;

(ai,m:OforallieI}

o= {B Clo: (i, By > 0foralli ¢ I (3.136)

Then we have:
. Cone+ frnd Ulg{l’ ,T‘} 0-17
o 07 = |_|IQI or, where the topology is the Euclidean topology on tg = Q";

« The minimal face is oy . ;3 = {0} and the principal face is oy, which is dense in

Coney .
Lemma 3.4.1. Let T x K ~ (P(V),0(1)). Let T = (Gy,)" and let o, Cone, o7 be as

above. Let X : Gy, = T be an arbitrary 1PS of T. Assume that when X\ € oy, the retraction

pa: P(V)Q — P(Va_min) does not depend on A, in the sense that if A\, \' € oy, then

A—min
P(V)S—min = POV) i P(Vacmin) = P(Vvmin),  Pa = D (3.137)
We can denote py : }P’(V)g_min — P(Va—min) when X\ € op by
Poy : P(V)gy —min = P(Voy —min)- (3.138)

Then:

(1) There exists 8 € Hom(T, Gy,) such that 0 is the T-weight on fibres of O(—1) at closed
points © € P(Vyy—min). The weight 0 is minimal with respect to a1, - - - , o, in the sense
that for any T-weight 7 € Hom(T,G,,) on fibres of O(—1) at T-fized closed points

z € P(V)T, we have 7 — 0 € Qo1 + -+ + Q00

(2) When \ € Coney, the retraction py : P(V)S — P(Vy_min) only depends on the

A—min

open face oy containing X, i.e. if \,\ € oy, then

IP)(Vv)())\fmin = P(V)(;\’fmim ]P)(V)\—min) = IP)(Vv/\’fmin% Px =DPx- (3139)
We can denote py : P(V)())\—min — P(V\_min) when X € o by
Po; ¢ P(V)gjfmin — P(Vﬂj—min)' (3140)
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(3) For any permutation p : {1,---,r} — {1,---,r}, let I,; = {p(l),---,u(@)} for
0 <4<, and write o,; = oy, for simplicity. Then there exists p € Hom(T', G,,)
such that p is positive on gy and for sufficiently small € € Qso and the rational

character 0. := 0 + €p, the following is T x K -invariant open in the stable locus

.z € P(V)g@—minv Poy (x) € P(VJQ—miH)K’S

zeP(V): » C PV T*XEOWoess (3141
{ v) p%,iﬂ(x) #Pam(ﬁ) for1<i<r } C P(V) ( )

Proof. We first prove (1). For any 1PS X : G,,, — T such that A € oy, we have V,, nin =
Vi—min- We claim that the T-invariant subspace Vi, —min has only one T-weight. Otherwise

let 0,6" € Hom(T, G,,) be T-weights on V, _min = Va—min. Then
(0,A\) =min {(r,\) : 7 € Hom(T, G,) is a weight of T ~ V} = (¢, \) (3.142)

and the equality (6, \) = (', \) holds for all A\ € oy, which implies # = #’. The unique
weight 6 on Vi, min is the T-weight on fibres of O(—1) at closed points x € P(Vo, —min)-

If 7 € Hom(7,G,,) is a T-weight on fibres of O(—1) at some T-fixed closed points
z € P(V)T, then 7 is a weight for 7'~ V. By the construction of 8, we have (6, \) < (1, )
for all A € oy. Since oy C Cone, is dense, we have (0, \) < (7, A) for A € Cone,. This is
equivalent to 7 — 0 € Q>paq + - - + Q>0

Next we prove (2). For any A € Coney = 7y, we have
(0,\) =min {(r,\) : 7 € Hom(T, G,,) is a weight of '~ V' }. (3.143)

For v € V, decompose v according to T-weights v = ZTeHom(Tma) vy where vy € V.
Let A € o;. Then we have the following description of closed points
PV)\P(V)S_in ={[v] € B(V) s v, = 0 if (7 — 0, \) =0}
={[v] eP(V):v, =0if 7 — 0 € of }
(3.144)
P(Vacmin) ={[v] € P(V) : v, =0 if (T — 6, \) # 0}
={] €eP(V):v, =0if7—0 ¢ U[L}.
The closed points of P(V){_ . and P(Vy_mn) only depend on o;. Since P(V)]_ . C

P(V') is open, the subscheme is determined by the closed points. By [FN77], the fixed

point subscheme P(Vi_min) = (P(V)3 )A is smooth and then the scheme structure is

A—min
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determined by the closed points. Therefore both P(V)3_ . and P(V)_pin) only depend on
gr.
The morphism py : P(V) — P(VA_min) is a rational map py : P(V') --» P(VA_pin)

A—min

corresponding to the map of homogeneous rings

Sym'( D (VT)*) C Sym*V* (3.145)

T—GEU%

0
A—min

which only depends on o7 and P(V) is the maximal domain of definition, thus inde-

pendent of A € o;. This proves that p) : ]P’(V)g_m-m — P(V\—min) only depends on the open
face oy containing .

Then we prove (3). Without loss of generality, assume p : {1,--- ,r} — {1,--- ,r} is the
trivial permutation. This can be achieved by choosing a different identification 7" = (G,,)".

In this case I,; = {1,---,i} and denote o; := oy, , for 0 < i < 7. Let af C tg be the

subspace of ty where o; vanishes. Then we have a complete flag
O=0p Cop € Cof =t (3.146)

ItiseasytoseeaiEJil\aiL_l for1 <4 <r.

Choose a Cartan subgroup Tx C K and let rg := dim Tx. Denote
ti @ = Hom(Tk, Gy) @7 Q= Q"% (3.147)
Let S C t @ tj¢ o be the finite set of weights
S:={(r,r) etH® t @ (7, k) is a weight of T' x Tie ~ Vi (3.148)

By (1) we have SN ({6} x t*KQ) # 0.

Consider the Euclidean topology on tj; o and tj & t}@. For a subset S’ C S, denote by
CH(S') C tg @ ty o the convex hull of S’, and IntCH(S’) C CH(S") the interior of CH(S")
as a topological subspace of t{@ @ t’k@. For a subset 8" C SN ({9} X t},(@), denote by
Int'CH(S’) € CH(S') the interior of CH(S') as a subspace of {0} x tj; o = tj o

The finite nature of S suggests the existence of 5o, -+, ¥, € tj¢ o satisfying:

* 0, Vi € t}{@ are in general position in the sense that v — 7, -+ ,Vr, — Y0 form

a basis of t*K,@?
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» 0 € tj o is the barycentre of v, -+, Yry;

« If 5" C SN ({6} x t*K,Q) and (6,0) € Int’CH(.S"), then (0,~;) € Int'CH(S’) for 0 <i <

K.
Let
there exists (71, k1), -+, (7r,Kr) €S
R={MecQ™*: r—-0colr\of forl<i<r : (3.149)
(Tl _97 77—’(‘_0) - (a17”‘ Ja’I‘)M
Then:
e R is a finite set. Since aq, - - , a, form a basis of t(*@, the matrix M in (11 —6,--- , 7 —

0) = (o1, - ,0p)M is determined by {r; — 6}]_,. There are only finitely many

{m — 0};_,, since S is finite.

e Matrices in R are invertible upper triangular. The condition that 7; — 6 € af \ O'Z-L_ 1
for 1 <4 < r implies that 71 — 0, , 7 — 6 form a basis of t. Since {ai}l_; and
{r; — 0}"_, are two bases compatible with the complete flag {c;-}7_,, the matrix M

in(rp—6,---,7—0)= (a1, -+ ,)M is invertible and upper triangular.

» Matrices in R have positive diagonals. By (1) we have 7, —6 € Q>pa1+- - - +Q>0, S0
diagonals of matrices M € R are all non-negative, thus positive since M is invertible

upper triangular.

Since R is a finite set of invertible upper triangular matrices with positive diagonals, we

can choose y; > --- > y, € Ny such that

n
M7t | €(Qs9)", forall M <€ R. (3.150)

Yr
We choose the character p € Hom(T, G,,,) as p = y1a1 + -+ - + yra,. It is easy to see p
is positive on oy.

Define a norm || — || on Q" by

(b1, b)) 0o := max{|b1],--- ,|bs|}, (b1, ,b.)" € Q". (3.151)

73



The norm || — ||oc on Q™ induces a norm on End(Q") by

| Av| oo

V]l

| Al 0o == sup{ veQ", v# 0}, A € End(Q"). (3.152)

Let N := rmax {||[M oo : M € R} - |(y1,-+ »yr)"]|oc € Q0. Let pr: t0Otko — tko

be the projection. There exists § > 0 such that
§- N -pr(CH(S)) C interior of the convex hull of {yo, -+, ¥y }. (3.153)

We claim that if e € Q and 0 < € < J, then

RS P(V)g@—min’ Poy (z) € P(Vagfmin)K’s

. C TXK,O(].)QE,S. .
{“P(V) Prics () # poy (@) for 1 i <7 }—P(V) (3.154)

The left-hand side is K-invariant, so by the Hilbert-Mumford criterion, it suffices to show
that the left-hand side is in P(V)T*Tx:O0)oes,

Let x = [v] € P(V) be a closed point in the left-hand side. Decompose v € V according
to T x Tk-weights v = Z(T’H)GS V() TOT V(7 ) € Vir ). Let weight(v) C S be the set of
(7, %) such that v(; ) # 0. Then:

« weight(v) N ({8} x tj o) # 0 since [v] € P(V)]

op—min’

« (,0) € Int'CH(weight(g.v) N ({6} x t’;{@)) for all g € K, since py,([v]) € P(V, ).

By the last property on 7o, - ,7r, We have
(0,7:) € Int'CH (weight(v) N ({0} x ti o)), 0<i<rg. (3.155)

o There exist (71,%1), - , (7, 5r) € weight(v) such that 7, —6 € ot \ ot for 1 <i <r.

This is because

o) = | Y v (3.156)
(r,k)ES
7'7¢9€0iL

and po, ([v]) 7 po; , ([v]) for 1 <@ <.

We prove that [v] € P(V)T*Tk:OMscs By the Hilbert-Mumford criterion, it suffices
to show that (f.,0) € IntCH(weight(v)). The following vectors in P(V)T*K:0Mecs are in

general position

(9770)7"' 7(97'77"1()7 (7_1751)7"‘ 7(7—7‘7'%7") (3157)
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Le. (0,7 —0), (0, %x —0), (11 = 0,k1 —0), -+, (77 — 0,k — 70) form a basis of
th ® ti - This is because (0,71 —70), -+, (0,7, — 7o) form a basis of 0 & tj o and
(r1 — 0,61 — ), , (17 — 0,k — Y0) project along to @ t}(,Q — 1) to a basis of t5. Note
that (0,~;) € CH(weight(v)) by (3.155) and (7, k;) € CH(weight(v)) obviously.

There exist unique ag, -, arx,b1,--- ,b1 € Q and M € R such that

TK r
Zai + sz =1
1=0 =1

S " (3.158)
Zai(e,%‘) + sz‘(ﬂ', ki) = (0, 0)
i=0 i=1
(=0, 7 —0) = (1, ,ap) M
and then
b1 Y1 - .
=eM7 | |, D ami==> bk (3.159)
b, " i=0 i=1
By (3.150), we have that by,--- ,b, > 0. Also by (3.153)
TK '
Z a;Yi = — Z biki
i=0 i=1
C Y b1y br) oo - pr(CH(S))
=1 ) . (3.160)
Ce v M oo l(y1s -y yr) [loo - pr(CH(S))
Cé-N-pr(CH(S))
C interior of the convex hull of {0, -+ , 7, }
which implies ag, - -+, ar, > 0. Then 0 < a;,b; < 1 for each a;, b;. This shows
(6e,0) eIntCH{(0,7), (15,K;) : 0 <i<rg, 1 <j<r}
(3.161)

C IntCH(weight(v))
where the inclusion is due to (6,7;), (75,K;) € CH(weight(v)). By the Hilbert-Mumford

criterion, this proves [v] € P(V)T*Tx:0Mocs and thus (3). O

Lemma 3.4.2. Let X be a projective scheme over k and let L be an ample line bundle on
X. Let Ux (T x K) act on X linearly with respect to L. Letr := dimT and let a;, Coney, oy

be as above. Assume:
o AIPS\:G,, — T grades U if and only if X € oy;
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0

o When X € 0y is a grading 1PS, the retraction py : X5_ . — Zx_min does not depend

on A, in the sense that there exists

Poy : Xey—min —* Zog—min (3.162)
and ngmin = ng_mjn; Z)\—min = op—min and py = Poy for all 1PS X\ € op;

o There exists a 1PS \ € oy such that CDRS (Condition 3.5.2) holds for UxX ~ (X, L).
Then:

(1) There exists 6 € Hom(T,G,,) such that 6 is the T-weight on fibres of L* at closed

points © € Zgy—min € X' ;

(2) For a 1PS X\ € Cone,, the retraction py : X — Zx_min 0nly depends on the open

A—min

face o1 containing A, i.e. there exists

Doy - XV

or—min

— Zo; —min (3.163)
equal to py for \ € or;

(3) Leto;:=oy.. ;) for0 <i <r. Then the following set of closed points is U x (T x K)-

invariant open

K,L;s
cex? . Py (2) € (Zoy—min) (3.164)
0T Upg,_ (2) # Upo,(x) for 1 <i<r

which admits a quasi-projective universal geometric quotient by U x (T x K).

Proof. Choose a 1PS A € oy such that Ux\ ~ (X, L) satisfies Condition 3.3.2. By Theorem

3.3.8, the universal geometric quotient of ngfmin = Xg_min by U exists

¢: X2 = X9 —min/U (3.165)

op—min o

JU — P(W*)S for W =

and there exists N € Ny and a closed immersion X° \—min

op—min

HO(X, N )U. The assumptions in this lemma verify the assumptions in Lemma 3.4.1 for

Tx K~ (P(HY(X,LM)"),0(1)), T xKn~ (P(W*),0(1)). (3.166)
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Then (1), (2) follow by Lemma 3.4.1.

For (3), note that

K,Ls
o= XO o pa@(m) € (Za@—min)
0T Upg, (2) # Upg, (z) for 1 <i <r
( 5 (3.167)
_ ! P(Weoy—min)*) "
—p(x0 sunleeparn? o Pool®) € PIWopomin
where pl, : P(W*)2 _ i, = P((Wo, —min)*). This proves (3). O
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Chapter 4

Blow-up

Let U ~ (X,L) and wy > --- > wy, and {u;}7, be as in last chapter. In this chapter, we
do not assume the CDRS condition (Condition 3.3.2) and describe a blow-up procedure to
achieve CDRS so that Theorem 3.3.8 and Theorem 3.3.9 apply to the induced action on
the blow-up of X. A weaker condition is needed for this process ( Weak Unipotent Upstairs

condition, Condition 4.2.1), and the main result is Theorem 4.4.1 and Corollary 4.4.2.
4.1 Examples with few grading weights

The general construction involves a tedious calculation (Lemma 4.3.3). It may help to
motivate the construction there by first considering some more tractable examples. In this
section, we consider the simple situations when there are one or two grading weights for A

on U. Consider the situation:

e A: Gy, — Aut(U) is a grading 1PS on U with grading weights wy > -+ > w, for

n=1or 2;
o Y =Spec(A) is a reduced affine scheme of finite type over k;

o U acts on'Y such that the action of X on A has all weights < 0 (cf. the first requirement

in Condition 3.2.1).

The dimensions of unipotent stabilisers are not assumed constant, and the blow-up is

to achieve this. Consider the exact sequence
Ki—l L (ui/ui_l)* QA —— coker(qﬁi) — 0 (4.1)
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where K; 1 C Q4 is the kernel of Q4 — uf | ® A. For simplicity, write Fity(¢;) for
Fit(coker(¢;)). A suitable U-equivariant blow-up ¥ — Y with an ample linearisation will

satisfy the condition that on Y79

min?

the dimensions of u;-stabilisers are constant for each
1 < i < n. By Proposition 3.1.3 and Corollary 3.1.8, the condition that u;-stabilisers
have constant dimensions is equivalent to that coker(qgi)’s are locally free of constant rank.
We will verify that Fitki_l(g?)i) = 0 and Fltkl((;zl) = (’)f,&n for each 1 < i < n for some

ki,--- ,k, € N. This condition is equivalent to dim Staby, (y) = k1 + --- + k; for k-points

yeYo

min

and 1 <4 < n by Proposition 3.1.3 and Corollary 3.1.9.

Let k1,--- ,k, € N be such that
k; == min{k € N : Fitg(¢;) #0}, i=1,--- n. (4.2)

Recall that Y = Spec(A) is a reduced scheme of finite type over k. If we assume
[T, Fitg, # 0, then the non-vanishing locus of [[\; Fity, (¢;) is non-empty. This non-
vanishing locus equals the intersection of the non-vanishing loci of Fit, (¢;) fori =1,--- ,n.
For 1 <i < n, the non-vanishing locus of Fit, (¢;) is the largest open subscheme such that
the restriction of coker(¢;) is locally free of rank k; by [Sta22, Lemma 05P8]. Therefore the
non-vanishing locus of []*; Fity, (¢;) is the largest open subscheme such that coker(¢;) is
locally free of rank k; for each i = 1,--- ,n. By Corollary 3.1.9, the closed points of the

non-vanishing locus of []?; Fity, (¢;) are exactly y € Y such that
dim Staby, (y) = k1 +---+ ki, i=1,---,n. (4.3)
4.1.1 One grading weight

Assume there is only one grading weight, i.e. n = 1. Let w > 0 be the grading weight. Let
r = dimU and choose a basis (§1,---,& ) of u with its dual basis (u1,---,u,) of u*. Let
¢ : Q4 — v ® A be the morphism of coherent sheaves and denote by Fity(¢) C A the kth
Fitting ideal of coker(¢). Let k € N be such that Fitx(¢) # 0 and Fity_1(¢) = 0.

We need an assumption on Fity(¢), that is Fitg(¢) € Ax<o, which is equivalent to that
dim Staby(z) = k for some k-points z € Spec(A/Axr<p) (cf. Condition 4.2.1). Let I C A be
the ideal

I :=Fitg(¢) + Ax<o = Fitg () x=0 © Axr<o- (4.4)
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Let J C A be the kernel of the composition A — O(U) ® A — O(U) ® (A/I). The closed
subscheme associated to J C A is the scheme theoretic image of U x V(I) — Y, where

V(I) — Y is the closed subscheme associated to I C A.

Remark 4.1.1. The k-points in V(I) are exactly z € V(A<p) such that dim Staby(z) > k.

By [Sta22, Lemma 01R8], the closed subset V(J) is the closure of the U-sweep of V(I).

We choose the centre C' — Y of the blow-up as the closed subscheme associated to J C
A. The extreme situation when J = 0 does not happen, since always 0 # Fity(¢)r—o C J.

The ideal J C A is U-invariant and Jy—yax = Jreo = Fitg(¢)r=0. Let Y — Y be the
blow-up. Then Y is constructed by

Bl,(A) =P =Aaie e
d>0 (4.5)
Y :=Proj <B1J(A)>

where Bl;(A) is called the blowup algebra associated to J C A. The degree on Blj(A) is the
natural one from the direct sum. Let F < Y be the exceptional divisor with its associated
line bundle O(E). The line bundle O(1) from the Proj-construction equals O(—FE) and it
is relatively ample very. Since Y ia affine, we have that O(1) is ample. The blow-up is

U-equivariant, and then U acts on Y and linearises O(1). With this ample linearisation,

we can define (Y)Y

min» Which is the union of the following open affine subschemes

(Y/)gﬁn = U Yfa

a€J =max

Y, :=Spec <A [g}) (4.6)

AZ) = (o)

(a
where A [ﬂ is the homogeneous localisation of Bl;(A) at a € J = Bl;(A)1, called the affine
blowup algebra.

Let a € Jy=max = Fitg(¢)r=0 be of the following form

S-fr o & frek
a = det : : (4.7)
S—k-f1 o Gk Sk
for f1, -+, fr—x € Ax=_y. We prove for such a € Jy—max
Fity_1(¢a) =0, Fitp(da) = O(Y,) (4.8)
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where ¢, is the morphism

Qo) /k L uw* ® O(Y,) — coker(¢,) — 0 (4.9)
and Fity(¢,) denotes the kth Fitting ideal of coker(gq).
Lemma. Fitk,l(qga) =0.

Proof. There is a surjective morphism

A[ﬂ = d(%) = Qo o ® d(ﬁ) - id<ﬁ> (4.10)

am a
where g € J™ h € J.

Let hy,--- ,hr—gy1 € J. Then bq on d(;l), e ,d(M) is represented by the following

matrix
&.hi . She—kn
hy hr—k41\) _ ¢ ) C.L
bald oo, d =(m®l, - ,u ®1) : : : . (4.11)
a a
&b Grhrpa
a a

To prove Fity(¢q) = 0, it suffices to show all (r — k+1) x (r — k+ 1)-minors of the above

matrix are zero. Without loss of generality we consider the top (r—k+1) X (r —k+1)-minor,

which is of the form dft(,f\ﬁ , where det(M) is the determinant of the following square matrix
§1.hy oo §1-hr k41
M= : : _ (4.12)
§r—ky1-hy - frkarl-hrkarl
Since Fit_1(¢) = 0, we have det(M) = 0. This proves Fity_1(¢q) = 0. O

Lemma. Fit(¢,) = O(Y,).

Proof. We need to prove 1 € Fitk(éa). For1<i<r—k, let

S-fr o & frk
b; := det f'l e fT,k €A (4.13)

ér—;cnfl T fr—k:fr—k

where (f1,---, fr—k) occupies the ith row. We see that b; € Ayx—_,,.
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It is easy to see &;.b; = d;ja for 1 < 4,5 < r — k. Moreover, we have U(u).b; C aA C I.
By Corollary 4.5.4 in Appendix 4.5.2, the map A — O(U) ® (A/I) sends b; to zero, i.e.

bj € J. Then d(%2) € Qp 5. -

The map ¢q : Qo = WO O(Y,) on d(bl),--- ,d(b“k) is represented by the

a a

following matrix

<z3a<d<%1),--- ,d(bz’“)) — (W ®L, e @1) (6’;2,’“) (4.14)

where I,_}, is the identity matrix of size (r — k) x (r — k), and M’ € O(Y,)**("=%) Then

the top (r — k) x (r — k)-minor is 1 € Fitg(¢q)- O

In the case when there is one grading weight, when proving Fity(¢,) = O(Yy), we

construct by, -+ ,b,_p € A with the following properties:
(1) by, b € J, s0 d(%) € QO(%)/k, the domain of definition of ¢q:

(2) &.bj = dijafor 1 <i,j < r—k, which realises I, _j as a sub-matrix of size (r—k) x (r—k)

of the matrix representing gga.

In the general case with multiple grading weights, property (1) above, b; € J, becomes
much more complicated, while property (2) and Fit,_;(¢;) = 0 can be verified in essentially
the same way. Part of the difficulty of (1) is the difficulty of describing scheme theoretic
images. The blow-up centre is such a scheme theoretic image, and the condition b; € J is
that b; pulls back to a zero function on the centre. Another non-trivial part for (1) is to

guess what is the form of b; in general.
4.1.2 Two grading weights

We focus on the construction of b; and the condition b; € J for cases with 2 grading weights.
Assume the condition that H?Zl Fitg, (¢s) € Ax<o-
Let r; := dimuy—,,. Choose a basis (59, R 7({)) of uy—, and let (ugi), e ,ug)) be

its dual basis on uj_,, . Let I := H?Zl Fitg, (¢i) + Ax<o and let J C A be the kernel of

A= OU)® (A/T).

82



It is easy to see H?zl Fitg, (¢;) is generated by a € H?Zl Fitg, (¢;) of the form a = aWa?

for a®®) € Fity, (¢;)

§§i)-f1(i) §§i).f(i) i
a :=det : :
5(2’) . ‘fl(i) 5(2’) . ‘f(i) . (4.15)
f1(2)7 T fr,E:)_kl S AA:—U)Z-'
Recall
¢1a5 y)/k—>u1®0( a)
3 . . . (4.16)
P2, K10 = (u2/u1)" @ O(Ya) = w5y, ® O(Ya)
where fﬁ,a = ker(dsl,a) - QO(Y@)/}]«‘ Let b(VQ) forv=1,---,r9 — ko be
2) (2 2) ,(2
1P o« )-fr(g)—kz
b = M . det f1(2) fr(j)_kQ (4.17)
: ) )
é57’2 ko fl o 67("2)—/% f(z) k2o
where (fl(Q), cee 7522)_,@) occupies the vth row. It is easy to check:

(1) b5 € Apmru;
2) €20 =60 for 1 < pv <1y — ky, and €207 € a) - Fity, (¢2) for 1 < p < ro;

(3) f;(Ll).bz(?) =0forl<pu<riand 1 <v<ry—ko.

2
.)€ Qo) /w0

(2) ~
and since it has A-weight —wo, we have d(b”T) € K1, We can write down the matrix
. 7 b(2) b(2>_k . .
representing ¢, , on d(lT), cee d(%) and the top sub-matrix of size (ro —ka) X (ro —k2)

The last two conditions above show that b € .J (Corollary 4.5.4). Then d(b

is I,,_, by condition (2) above. This proves Fity,(¢2.q) = O(Ya).

We need to show Fity, (¢1.4) = O(Y,). Before we prove it, we prove an identity.

Lemma. The following identity holds

ro—ka

(€D.1)a® = 37 (€PN (EDF), feAw 1<p<r (4.18)

w=1
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Proof. For f € Ayx—_, and 1 < pi < 19, consider the following matrix of size (ro —ka+ 1) X

(ro —ka+1)
2 2 2 2 2
R 1 PR Y A S
© O L @ @ (4.19)
6”@)’“2'(23 5”’(2)’” 3 6”(5)]“2'
1% 'fl fTQ ko 1% f

Since f € Ax—_q,, we have df € K; = ker(¢1). Then the above matrix has determinant

zero, since Fitg, 1(¢2) = 0. Its determinant can be expanded through the last column

2 2 2 2
R 2 Y A
ro—ks ) . :
0=(6@.1)a® — 3 (€9.1) det gff). S fm W | e #throw (4.20)
pw'=1 .
2 2
57“2 kg fl e 57’2) k2 f(2) k2

where the summand labelled by 4/ is the determinant a(? with the z/-th row replaced.

Equation (4.18) is the compact form of the above equation. O

For 1 <v <ry—kq, let ﬁ,gl)

R RS R A
'1 .o oe. 1:
B | 0 g )
) L0 1 : 1
gﬁl)—klfl( ) e éﬁl)—kl'ffl)—kl
where (fl(l), e ,f;ll)_kl) occupies the vth row. For 1 <v <ry — kyq, let b(yl) be

1) — g0a® _ ©2 'S (@ g0y

1) ._ p(1) (2 2 1 2
by = Bl — o= Z; (€810 (4.22)

p:

We have:
d bl(Jl) € AA:—wﬁ
. f&l).b(yl) = f&l).(ﬁﬁl)a@)) € H?Zl Fitg,(¢;) for 1 <p <rpand 1 <v <r; —ky;

e In particular, 5(1). ,(,) = 0pa for 1 < p,v <7y — k.
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(1) ~
If we can prove bl(,l) € J, then d(b”T) € QO(Y@)/H@ and the matrix representing ¢, on

Al a(m) i
b b, I,
<Z51a( ( o ), ,d(lTkl)) = (u§1)®1’...7 §1)®1) ( lekl) (4.23)

where M’ € O(Y,)¥1*("1=F1)_ Then 1 € Fity, (¢1.4), i-e. Fity, (951@) = O(Y,).
The final step is to verify b,(,l) € J. By Corollary 4.5.4 in Appendix 4.5.2, it suffices to

check:
. gﬁ(}).b,(,l) e H?:l Fity, (¢;) for 1 < p < rq, which is seen above;
o if wy/we € N4, then §( 5(2) bV ¢ H?zl Fitg, (¢;) for all 1 < pq, -+, pin, < 71

We have m > 2 since wy > wy. When m = 2, we have

D600 (€62 5o

k
17322 (4.24)
-3 Z (e .B0) (2.62) + (262 .50) (62 02) )
where we have used that 5“1)@,,2 ( 5;2).61(,1)) and f (2). 2 = .

Apply equation (4.18) to (5/“ 5,822).551))@ (2)

ro—ko
(e B)a® = S (g2 47) (6762 81Y)- (4.25)
p=1
Then
2) ¢(2 1T27k2 2 1) 2
5( )5 )b =5 Z ([gp 75( )} B )(5 b( ))
= (4.26)
5SS oy LS (00 50 2)
+3 Z 5pfuz'l/ (m' ))_§Z(§u1§ By )(f by )
p=1
We can exchange pq and uo to get a similar expression for 5#25 . V . Then
26 0€2) 0 =[6, 2] 00 + (€h)6ls) +)€l) ol
=g, &3]0 (4.27)

ro—ka

+Z( [662.621.80) (6242 + (1662, 62].80) (2.42) ).
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Since wy; = 2ws, we have [f,(f),ﬁﬁ)] € Upr—y,. We see that §,S21)§,S22).b(y1) e TIZ, Fity, (¢5)-

This proves b,(,l) € J when w; = 2ws.

When w; /we = m > 3, we have that u is Abelian, and apply equation (4.18) to get

gl(fl) e 5}%)1.()(”1) :(5;(121) . 5}(37)1'551))&2)

ro—ko m

, _
S DR ] DR ) (2 6
p=1 j=1
1 & o
- Z (f,%)fﬁ) .. .gl(j) ... 5&2.55”)&”
j=1
1 Fa 2 /(5 2 2 1 2 2
DR ) 62D (60 )
p=1 j=1 (4.28)
1 s 2 2 /(2\) 2 1 2 2
=30 (e a2 80) (62 57
j=1 p=1
1 ro—ko m /(2\)
2 2 2 1 2 2
D D (D g gD B (62 6)
p=1 j=1
2
=0 € [ ] Fite, (¢s)-
=1

This proves b(yl) e J.
In the case with 2 grading weights, the construction is no longer simple. In Lemma
4.3.3, the general construction of bl(,i) has to be formulated inductively, and equation (4.18)

in the general situation is Lemma 4.3.2. The assumption H?:o Fitg, (¢i) € Ax<o generalises

to Condition 4.2.1.
4.2 The Weak Unipotent Upstairs condition

In [HJ21], the so-called Weak Unipotent Upstairs Assumption (Assumption 4.42, [HJ21])
was assumed for the sequence of blow-ups described in that paper. In this subsection, we
describe a similar assumption for our blow-up procedure and call it the Weak Unipotent
Upstairs Condition as well.

Recall U = U xy Gy, for a grading 1PS A : G,, — Aut(U) with grading weights

wy > - > wy. For a linear action U ~ (X, L), the open subscheme X%, C X is defined

min
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as the non-vanishing locus of @, , H 0(X, L) y—max- Recall the notation

ICi = ker (QXO /]k — (ul)* ®]k OXo )

¢ K1 — (ui/ui,l)* Rk OXEmn (4.29)
Fity(¢;) := Fity (coker(¢;)).
We call the following condition Weak Unipotent Upstairs (WUU). The name comes from

Assumption 4.42, [HJ21].

Condition 4.2.1 (the Weak Unipotent Upstairs Condition). Let U ~ (X, L), {u;}7, and
¢; be as above. Let k; := min{k € N : Fitg(¢;) # 0}. This condition for the action
U ~ (X, L) assumes that there exists a closed point z € Zpi, such that dim Stab,(z) =

ki+---+k foralll<i<mn.
Remark 4.2.2. Condition 3.3.2 implies Condition 4.2.1 by Corollary 3.1.9.

Lemma 4.2.3. Let U ~ (X, L) with the grading 1PS X\ : G,, — Aut(U) with grading
weights w1 > -+ > wy. Let {w;}}', be the filtration of u such that w; = ux>,,. Let
k; :== min{k € N : Fitg(¢;) # 0} for 1 < i < n. Then for each 1 < i < n, the following

subsets of closed points of Xgl are the same:

in

i

SZ-(I) ::{x € X0 :x is a closed point in the non-vanishing locus of H Fitki,(gbi/)}

i'=1
@2 0o .xisa closed point and fori =1,--- i
Si —{SU S Xmln . dlm Stabui/ (x) é kl _|_ e + ki/ }
(3) ':{ 0o .Tisa closed point and fori =1,--- ,i}
Si . €T € Xmln . dlm Stabui/ (x) — k‘l + .+ ki’

(4.30)

Moreover the subsets are all non-empty if Xronin is integral, i.e. reduced and irreducible.

Proof. If Xgl is reduced, then the non-vanishing locus of Fity, (¢;) is an non-empty open

in
subset for each 1 <14 < n. Finite intersections of non-empty open subsets are non-empty if

XO

min

is irreducible. This proves SZ-(l) £ forall 1 <i<nif X% isintegral.

min
For every non-nilpotent f € H%(X, L™))—max, we will prove sWn Xy = 51(2) NXy =

(2

52(3) N Xy by induction on i =1,--- ,n.
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Since X is of finite type over k, open subsets are determined uniquely by their closed
points ([Sta22, Lemma 02J6], [Sta22, Lemma 005Z]). We will also denote the non-vanishing
locus of H 1 Fity, (¢ir) by S( ) , which is open in X0, .

Initially consider when i = 1. Let z : Spec(k) — X be a closed point in Xf C X2,
and let z# : O(Xy) — k be the associated ring map. Then z ¢ Sil) if and only if
Fitg, (¢1)(Xf) C ker 2%, which is equivalent to the condition that dim Staby, (z) > ki by
Lemma 3.1.6, i.e. = ¢ 5’52). This proves SF) NXy = 5’52) N Xy. Obviously Si?’) C 5’52).
Assume the closed point z is in S?) \5’{3). Let [; := dim Staby, () < k1. Then Fit;, (¢1) =0
since k1 is the smallest integer such that Fitg(¢1) # 0. We have Fity, (¢1)(X;) C kerz#
and then /; = dim Staby, (x) > 1 by Lemma 3.1.6, which is a contradiction. This proves
S x, =58 nxs, 0 W nxp=5Pnx; =58 nx;.

Assume Si(l) NXy = Si(z) NX;y = SZ-(3) N Xy for some 1 < i < n. If Si(l) NXy =
S x;=8%nX; =0, then S N x; =52 0 x; = 5% Xy = 0. Without loss of

generality, we assume Si(l) N X5 # 0. We have that coker(¢y)] is locally free of rank

S§l)ﬁXf

k; for each 1 <4/ < i by Proposition 3.1.3. By Corollary 3.1.9, we have that Q(uy)lsg)mxf

is locally free of rank ki + --- + ky for each 1 < ¢/ < i, where Q(u;) is the cokernel of

Qxo e = (w)" @k Oxo_ . In particular Q(w;)]

closed point. If x € Si(l)

sOnx; is flat. Let x : Spec(k) — Xy be a

, then the condition that dim Stab(y,.  ..)(%) < kiy1 is equivalent

to the condition that Fity,  (¢iy1)(Xy) € ker % by Lemma 3.1.6. Then we have

ze s =5 =g®

{dlm Stabu“rl (.%') <ki+--- 4k + ki
(2) _ o3
if and only if e S =5 =5
dim Stab R )(x) S ki+1 (431)

x € 51(42-)1 if and only if

2) _ ¢®
if and only if e S Si =5
Fity,,, (¢z+1)(Xf) Z ker z#

if and only if =z € S'l( +)1

This proves Si(}r)l NXy= S’i(i)l NXy.
Obviously we have Sﬁ)l C Sﬁ_)l. Let x : Spec(k) — Xy be a closed point in Sz+1 \S H—l

Then = € Si(g) and dim Staby,,,4,;)(z) < kit1. As above, we have that Q(u;)] is flat

Dnx,

and x € SZ-(l). Let ;11 := dim Stab y(z) < kit1. We have that Fity,_, (¢i+1) = 0 since

Uip1:U4
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ki1 is the smallest integer such that Fity(¢;41) # 0. In particular Fity, , (¢iy1)(Xy) C
ker z7. Then dim Stab(y,, ;) (®) > liy1 by Lemma 3.1.6, which is a contradiction. This

ﬂXf :Si(—?—)lme 25(3)

proves Sﬁ)l NXy= S¥ n Xy, 80 se i+1

i+1 i+1 NXry. O

4.3 Centre of the blow-up

Assume Condition 4.2.1. Let Zy, ... , := []iq Fitg,(¢i) € Oxo . By Lemma 4.2.3, Con-
dition 4.2.1 is equivalent to the condition that Z;, € V(Ikl,--~,kn)- The blow-up centre
C — X is a closed subscheme supported on the closure of the U-sweep of Zwmin "V (L, ... k)

In this subsection C' < X will be defined and C = C' N X?°

min» its intersection with the open

0
subscheme X,

C X will be studied locally.
Let m € N be such that H°(X, L™) generates Da>o HO(X,L™). Let f € HY(X,L™)

be a non-nilpotent section of maximal A-weight. Then X; C Xgnn is an affine open

subscheme. On Xy, let Iy := Zj, .. 1. (Xf) + O(Xf)rco. Then Iy C O(Xy) cuts out
Zonin t OV Ty i) I Zanin p € V(T ), then O(X )aco S I, ie. (1) remax = (I)a—o-
Else Zmin,t € V(Zk, - k), and then Iy = O(Xf)r<o. Let Jp C O(X¢) be the kernel of the
composition

O(Xy) = OU)®O(Xy) = O(U) ® (O(Xy)/1Iy) (4.32)

where O(Xy) — O(U) ® O(Xy) is the co-action map of U ~ Xy. Let Cf — Xy be
the closed subscheme associated to the ideal Jy € O(Xy). The ideals Jf C O(Xy) for

f € H°(X, L™) x—max glue to a sheaf of ideals 7 C Oyo_ . The closed subschemes C = Xy

min

glue to a closed subscheme C' — X 0. which is the closed subscheme associated to 7. Let

min’

C < X be the scheme theoretic image of C' < X°. C X, which is the blow-up centre.

min =

Remark 4.3.1. Let Z — Xgl-m be the scheme theoretic intersection of Zpyin — X°. and

min

V(Ziy o k) = X3

min» Where the subscheme structure on V(Zy, ... k, ) is associated to Zy, ... -

0

min*

Consider the morphism U x Z — X?

min?

such that it sends a k-point (u, z) to u.z € X
Then C — XU, is the scheme theoretic image of this morphism. By [Sta22, Lemma
01R8], the closed subset of C' is the closure of the image, i.e. the U-sweep of Z. Also by

[Sta22, Lemma 01R8], scheme theoretic images can be constructed locally. Then the scheme

theoretic image of U x Zy — Xy is Oy — Xy.
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Let 7 : X — X be the blow-up of X along C — X. Let E < X be the exceptional
divisor. For any z,y € N4, the line bundle 7*L* ® O(—yE) is ample on X. Naturally U

acts on X linearly with respect to 7*L* @ O(—yE). Then (X). is defined. Blow-ups are

min

constructed locally. Define the blowup algebra associated to Jy C O(Xy)

Bly, (0(Xy)) = P (Jp)* (4.33)
keN

where (Jf)k has degree k. For a degree one element a € Jy, define the affine blowup algebra

as the homogeneous localisation at a

Js

O(X/) [ﬂ = (Bl 5 (O(Xf))) : (4.34)

(a)
Let Xf — Xy be the blow-up of Xy along Cy < X;. It has an open affine covering

- - - J

Xp= U Krar K= Spec(0(Xy) [;fD (4.35)
aEJf

The open subscheme (X)%. C X is the union of the following affine open subschemes

(X)?nin = U Xf,a- (436)
feHO(X7Lm)>\=max
ac(Jy)a=o0
The open subscheme (X 0. C X is covered by those X .0 such that f € HO(X, L™)\—max
with Zins € V(Zi, . x,) and a = aM - -.a™ € (Jp)a=o for a¥ € Fity, (¢:)(Xf)r=0. We
focus on one such X f,a- For each 1 <4 < n choose a suitable basis (fy), e ,ffnf)) of Up—y, -
Assume without loss of generality that

80 LT UV AL

(3

a = det : : € Fit, (6:)(Xf)a=o (4.37)
g(i) i 'fl(i) g(i) i .f(i) i
where f;i) € O(Xf)r=—w;-
Let U(u) denote the universal enveloping algebra of u. For 1 <i¢ <nand 1 < p; <r;—k;,

define a linear map

ED :U®W) — O(Xy)

Hi
SR8 R NU
: i :i (4.38)
Arsdet | AfD A'fT(i)*’“i
el el g
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where (A.fl(i), e ,A.ff:)_ki) occupies the p;th row. For A, B € U(u), we have A.E,S?(B) =
E;(LZZ) (AB), since all entries in the matrix above are in O(Xf) =9 C O(X 7)Y except the p;th

Trow.

Lemma 4.3.2. Let f,a("),fj(-i) be as above. Let 1 < i < n and h € O(X¢)r=—w, and

A € Uy—y,. Then we have the following equation

ri—k;
Y (€D-n)ED(A) = (Ah)a. (4.39)
=1

Proof. Since fJ@, h € O(X¢)r=—uw,;, we have
dff), - dfl, dh € Kioa(X). (4.40)

Then the determinant of the following (r; — k; + 1) x (r; — k; + 1) matrix is in Fitg, _1(¢;)

SR (AR ()
Mi=| o I (4.41)
AR A Al
Expand det(M) along the right column
det(M) = (A.h)a!? — Y~ (£9).n)EQ)(A). (4.42)
pi=1

By the definition of k; we have Fity,_;(¢;) = 0, which implies that det(M) = 0. This

completes the proof. ]

Lemma 4.3.3. Let f, a("),fj(-i),lf, Jt be as above. Then for 1 <i<mnand1l < p <r;—k;,
there exists b,(f) € O(Xf)r=—w,; satisfying:
(1) §,(j).b(yi) = wibuw [ 15—, a(@) for1<i<nandl < pu,v<r;—k

(2) X0 € [Th_; Fity, (6:)(Xp)azo for all 1 < i <n and X € U)r—_y,;

(3) (Hi/<ia(i/)> bfj) c Jf for1<i<nandl <pu<r;—k;.
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Proof. 1f (2) is proved, then X. ( [T, a) ~b,(f)) € Iy for all X € U(u). By Lemma 4.5.4 in

i’ <i

Appendix 4.5.2, it follows that [[,; a bl(f) € Jy, which is (3).

For 1 < py, <1y — ky, we regard w, € U(u) as a scalar and define

b = E (w). (4.43)

We construct bl(ji) inductively for i = n,---,1. Assume bl(j;) is defined for i < i < n and
1 < pyr < ry — k. Define bffi) as

n n T',L'/—k’i/
b = EO(w) - T[ a®— Y Y EOE) . T ot 1), (4.44)
i =i+1 =i+l =1 i<l <i
We see bl(fi) € O(Xf)r=—w, and (1) is checked immediately.
By the Poincaré-Birkhoff-Witt theorem, the following elements form a basis of U(u)

(G G P ) e v, a e )

For simplicity denote
¢ ::(5(1))1)“)...(5(n>)p(">’ (€0 .= (gp) (g0 )pn

pe=(pW, - p™), p@ = P, D) eN, pO] = p 4 4 pl)

For (2) it suffices to consider X = &P € U(u)y=—_,, .

(@)
(4.46)

We construct a family of functions ﬁ(?(gp) € O(Xf)a=ofor1 <i<mand1 < p; <ri—k;

and &P € U(u) =y, inductively by
B (EP) = mas(p ““([gp]])

/3/41 (gp) _wmax(p u, gp H CL
=t+1 (4.47)

Ty — k/

- Yy (MEegn- IT o s
i =i+1 0<q<p =1 i<i"<i!
weight(£7)=w;/
where Wiax(p) = Wiax(j:pt) 0y and [—] : U(u) — u is the complete bracket defined in
Appendix 4.5.1, which respects A\-weights. It is easy to prove inductively that ﬁ;(ti) (&P) €
[15—; Fitg, (¢i)(Xf)a=0. We then prove for 1 < i < nand 1 < p; <7 —k; and &P €
U(“)>\=wi

&P = Bl (eP). (4.48)
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Let 1 < ¢ < n, and assume (4.48) is proved for ¢/ > i. Let & € U(u)y—y,, ie.

22:1 wy |P(i,)| = w;. We calculate §P_b/(f,)

(3

n T —kfil

.40 :gp‘<E£?(wi)' M- 3 29 () - 1 a(ﬂf).b%))

i'=i+1 i'=i+1 :L/—kl i< <! (4‘49)
) T -0 (S 5 B0 T o-1f)
> t'=i4+1 py=1 1< <3’

where we have used that a() € O(X )= is U-invariant, and X.E,(ji)(Y) = Eg) (XY) for all
X,Y € U(u). Write &2.5) =71 — T for

_E;(L? (w;€P) - H al@)

n T‘Z/ >]z i (450)
T ::gp.< >N EDED) T o bg;))‘
t'=i+1 py=1 i<i <’

For the term 77 we have by Lemma 4.5.1

Ty =E{) (wig?) - H ™)

P>
= Z <p> max E() gq gp q Ha(z
0<q<p q >4
max(p l) é‘p]] Ha(l + Z < > max(q)E;(ji)([gq]]gp_q) : Ha(l)
>4 0<g<p >4 (4_51)
=Wmax(p) E,L(tlz) ([Sp]] ’ H a(l )
>
£ 8 (D) e B (e T
i'=i+1 0<q¢<p q >
weight(£9)=w,/
=Ti1+Tip
where
Tl,l ::wmax(p)E,L(L?([gp]]) : H a(i/)
>
T1,2 = Z <Iq)> wmax(q z) iq gp q H a N . (452)
!> ">

0<q<p
weight(£9)=w,/
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For the term T5 we have

Ty —k,r

( zn: S E0E) - T a“"”%?)
'=i4+1 py=1 1<e" <!
T —kyr
- 3y (O)Ene s I o)
i'=i+10<q<p py=1 i<l <

i —k;r

-y Y Y <) (ergf)) - T ot ()

i =i+1 0<¢<p =1 i< <!

weight(£7)=w
T =k
p- "

- ¥ z() (X (" eee ) T1 o s
i > =1 0<r<p—q 1< <3’
0<q<p

weight (£9)=w;/

T'/ k/

— Z Z ( ) (&P~ qgul : H alt )'5,(2.,)(511)
i/ >q =1 i<i <’
0<q<p

weight (£7)=w;/

Ty =k
+ Z Z ( > fuz)fp 7y . H ali) '5&-/)(5(1)
i'>i 1<i <!
0<q<p
weight(£9)=w,/
T —kyr

DY M)z X (7 Yeree) - I o s

Y 0<r<p—gq i< <

0<q¢<p
weight (£9)=w;/

(4.53)

where we have used:

the generalised Leibniz rule

DS (’;) (9.1 g): (4.54)

0<g<p

« the induction hypothesis for i’ > i
¢b) = B (€7); (4.55)
o if weight(£9) > wy, then §q.b,(f;,) = 0, since b,(f;,) € O(Xf)r=—wy;

o if weight(£9) < wy, then weight(&P~9) > w; — wy, and then E (fp ‘15# , ) = 0, since
By (6647) € OX )ity
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e the identity in Lemma 4.5.2
el = (p B q) [gpael]er (4.56)
2 r 2 ’ :
0<r<p—q

We write Th = To 1 + T2 + T 3 for

Ty —k;r

no= Y% (M)t I o e
i'>q =1 i<i’ <3’
0<qg<p
weight(£9)=w,/
T —kyr
e XX (g)eene- T1 o s
i'>q i<l <!
0<q<p
weight (£9)=w;/
Tg’g =
T —k;r
> % (Mr( S (7 eae) - a0 e
P> pyr =1 0<r<p—q i<i <!
0<q<p

weight(£9)=w,/
(4.57)

Observe that B,Si)(fp) =T —T5,1. Then (4.48) is equivalent to T2 — Tho — T3 = 0.

For T, 3 by a change of indices we have

Tz 3
T —k;r B
= X (X (e T a0 se
/> 0<r<p—q i< <i!
0<q¢<p
weight (£9)=w;/
T —ky _yq
= > 2> <)< S)E,S%)([&S‘%,S@)W‘S)- I o 8%
i/ >1 q<s<p py=1 i<l <!
0<q<p
weight(£9)=w,/
T —kyr
- Y Y X (I ge) T o s
!> i<t < pir=1 i<s! <!
0<q<p q<s<p

weight (£9)=w,, weight(£°)=w,,
(4.58)
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T —k;r

- Y2 (OCC)Eee e T o s

> i/ > =1
0<s<p 0<q<s

weight(£%)=w, weight(£7)=w;/

i< <i!

7"// k/'ll

- 2 S ()@)mergnen T a0 a6

i'>i i/ >4 =1 i<t <
0<¢<p 0<r<g
weight (£9)=w,, weight(£")=w,n
(4.59)
For T, 2 by the inductive definition of ﬂl(f;,) (&), we have
T59
i —k;r
Z Z < ) ey T o) - 50
/> i<a! <i!
0<q<p
weight (£9)=w;/
ra—k,
S (e I1 o
i >4 =1 i<i <’
0<q<p
weight (£7)=w;/
" max( k:) E(Z ) ([§ ]]) ’ Hz”>z/ )a’(i”) .
- Zi“>i’ > 0<r<g Zui//:l (r) W ([ﬁq rfuw ]]) 1y 1< < all 5;%” (39)
weight (£7)=w;n
T —k;r
S % (M € ED D TT o
/> pyr=1 i >q
0<q¢<p i 4!
weight(£7)=w,
RSB KLkcao pe
-1/ X Hi<i,’/<’i,' CL /B,U U (57") ’
i’ >i pyr=1 i > =1 i !
0<q<p 0<r<q
weight(£7)=w,/ weight (£")=w,
(4.60)
By Lemma 4.3.2, we have the following equations
Ty —ky
> BB () = B (1))
a=1
o (4.61)
S (e B e = B (e e e
By =1
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Then for T5 2 we have

1o

)

= Z <§)wmax E(l gq é—p q H a )

!> 1>
0<g<p
weight (£7)=w,/
"" 7/ At k "
- X > % ( ) ( ) D(erreie - T o 5En
i >4 i’ >q! pyrr=1 i< <l
0<q<p 0<r<q
weight (£9)=w,s weight(§")=w,n
=T12—Tz3.
(4.62)
This completes the proof. ]

4.4 Statement and proof of the main theorem

We will state and prove Theorem 4.4.1 and Corollary 4.4.2. Let U ~ (X, L) with grading

weights wy > -+ > wy,. Let {u;}7, be the filtration u; := uy>,,. On Xmm, consider
coherent sheaves and morphisms
K = Ko (g, st~ ()" @ O, )
¢; K1 — (ui/ui_l)* & OXglin (4.63)
Fltk((z)z) = Fitk (coker(gbi)).
Let (k1,--- ,k,) € N be such that
k; = min{k €l: Fitk(¢i) #+ 0}, t1=1,---,n (4.64)

and let Ty, ... , := [[/—; Fitk, (¢), which is a coherent sheaf of ideals on X2

min*

Assume WUU (Condition 4.2.1), i.e. Zuin € V(Zk, . k,)- Let Z < X2, be the scheme

min

theoretic intersection Zwyin N V(Zg, ... k). Let C — Xgnn be the scheme theoretic image

of Ux Z — X0,

min-*

Let C — X be the scheme theoretic image of C — X%  C X. Let

min
7 : X — X be the blow-up of X along C < X. For any z,y € N, consider the ample

line bundle L := 7*L* ® O(—yE) on X. There is an induced action and linearisation

U~ (X , f)) Then similar constructions apply to Xrnln = (X )O

min
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min

K;i := ker (QXgin/Spec(k) — (;)" ® Og0 )
b Kio1 — (ul-/ui_1)>k ® (’)Xgm (4.65)
Fity,(¢;) := Fity, (coker(éi)).
Theorem 4.4.1. Let X be a projective scheme over k and let L be an ample line bundle
on X. Let U ~ (X,L) and let X : G,, — Aut(U) be a grading 1PS on U. Assume that
the WUU condition (Condition 4.2.1) holds. Let w : X — X be the blow-up described above
with the ample line bundle L. Let (ki,--- k), ¢; be as above. Then coker(¢;) is locally

free of rank k; on X0 o for 1 <i<n.

Proof. The statement is local. Let m € N be a large integer such that H°(X, L™) generates
B0 H(X, L™). Let f € H(X,L™)x=max such that Zuiny € V(Zp,,. k,). Let Iy :=
Thoy e o (X §) + O(Xf)rco € O(Xy) and let Jp C O(Xy) be the kernel of O(Xy) = O(U) ®
(O(Xy)/Iy). Then Jy is the ideal associated to Cy < X;.

A set of generators of Fity, (¢;)(Xf)r=0 as an ideal of O(Xf) = consists of (r; — k;) x

(r; — k;)-minors of the following matrices

<f§2), WY)) T <§1 ’ rz z> ) .
: : : cow -wﬁf)_ki € Kio1(Xf)r=—w;- (4.66)
< ﬁi%w% o <§£Z’,w£§)_ki>
Choose an (r; — k;) x (r; — k;)-minor of the above matrix. We can change the basis of uy—,,

and then assume this (r; — k;) X (r; — k;)-minor has the form

@ @)
a¥ = det : : . (4.67)
(€ Wty el Wl
1f ol = ¥, 6l abl’), then let £ =3, (al)), (%)), € O(X})s=—u,. We then

have every dfj € Ki—1(Xf)r=—w, and
él)‘ 1(Z) e él)fr(j)—kz
a? = det : : . (4.68)

i
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Let a = a® - a™ with o e Fitg, (¢i)a=o of the above form for f]@ € O(Xf)am—uw;-
Then a € (J;)a—o and such elements generate (J¢)x—o, i.e. X0 N Xy is covered by such
Xf,a’s.

The theorem is proved if we can show that on X fa, for 1 <i<n
Fit,—1(¢:)(Xfa) =0, Fity, (6:)(X1.a) = O(Xt.0). (4.69)

There is a natural surjective morphism

S J
Let (D(i) (Z)(i) ki1 € Ki—1(Xs). By the above surjective morphism, we can write
Nj(.i) =, a”d(g”) for N € N, h;g € (Jp)N and gj(zzb € Jy. The fact that (Z)](»i) €
Ki-1(X},) implies that there exists M € N4 such that w](-i) = aM Do hglidgj(li € Ki—1(Xy).
The matrix representing gzNSZ on (d)&i), e ’(:)7(”:)— ki +1) is
(@5 )
B, €0 60 B i1 €000 1
Z N S1 Yt Z T I%]Jr M T +1l,u
_ @) ) Hoa . a . 122 a ‘ a
= (@1, ul) ®1) : : :
h(z) €0 9, o §(z>. S
Zu e Zu S sl (4.71)
( gi),wy)) <51 Wy, 7k +1>
— (W @1, u ®1)
<£<l),wil)) <§7‘z ’ r —k: +1>
Let
GRS (€, ”,k )
A=
<£$?, ) (68 it i)
oMEINFT W (4.72)
<§§Z)7w§1)> e <§1 y W k +1>
A= : :
<€7(~:),w§l)> | 7{:)’ wﬁz)_k#l)

Let m be an (r; — k; + 1) x (r; — k; + 1)-minor of A. Then it is of the form

~ m
M= kA D(MAN+1) (4.73)
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where m € (J) iRt DMHENF) g the (r; — k; +1) x (r; — k; + 1)-minor of A with the same
columns and rows as m. By the definition of k;, any (r; — k; + 1) x (r; — k; + 1)-minor of

the matrix A is zero. In particular, the minor m is zero, so

m

ikt )(M+N+1) 0 (4.74)

m:

which proves Fity, 1(¢;)(Xf4) = 0.
We then prove Fity, (¢;)(Xf.4) = O(Xf4). By Lemma 4.3.3, for 1 <i<mnand 1< pu<

r; — k;, there exists c,(f) € (Jf)r=—w, such that

f(i).c(i) =widpa, 1<i<n, 1<pu<r,—k. 4.75
poCy u

(4) ~ ~
Then d(%) € (QO(Xf,a_)/k)Aszi C Ki—1(Xf,4). Foreach 1 < i < n the matrix representing

i c(l)
Boom (A(50).-- a(22) ) s

(4.76)
= (ugfl) ® 1’. . 7u£i) ® 1)
0 - w
A/
Then the top (r; — k;) X (r; — k;)-minor of the matrix is wzi_ki € Fity, (¢:)(X.q). Therefore

Fity, (ng)(Xfa) = O(X},4). This completes the proof. O

Corollary 4.4.2. Let X be a projective scheme over k and let L be an ample line bundle on
X. Let U ~ (X, L) and let X : Gy, — Aut(U) be a grading 1PS. Assume WUU (Condition
4.2.1) holds. Then there exists a U—equz’vam’ant blow-up 7 : X — X and the action U~ X

lifts to an ample line bundle L, such that:

. )N(gnn — X&in/U s a quasi-projective universal geometric quotient by U ;
. f(gﬁn \ UZA — (Xr(l)ﬁn \ UZA)/U is a projective universal geometric quotient by U.
Proof. This is obvious from Theorem 4.4.1, Theorem 3.3.8 and Theorem 3.3.9. O
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4.5 Appendix

4.5.1 Associative algebra and complete brackets

Let A be an associative algebra. Let m € Ny. Define the complete bracket of m elements

by
~ImJJA— A
i=1 (4.77)
[(11, e 7am]]m ::adal e adam_l(am) - |:a17 [GQ, e [am—la am} e ]i| .

When m = 1, the map [—]1 : A — A is the identity map.

Let g be a Lie algebra over k and let U(g) be its universal enveloping algebra. Let
(fl,--- ,é}) be an ordered basis of g. Then {5’1’1 & (prye,pr) € NT} is a basis
of U(g) by the Poincaré-Birkhoff-Witt theorem. We can define the complete bracket with

respect to the basis (51, e ,§n) by

[-]:U(g) > g
7] :=[§1,~- ELy ey gﬂ ‘ (4.78)
T \T p1++pr

Moreover if there is a representation of G,, on g, which induces a representation of
Gy, on U(g), and each &; in the basis (&1, -+ ,&) is a weight vector, then [—] : U(g) — g
preserves the weights, i.e. it is a morphism of G,,-representations.

The following two lemmas can be proved by induction, and we omit the proofs.

Lemma 4.5.1. Let n € Ny and let k{y1,--- ,yn) be the free associative algebra over k
generated by n variables. Let wy,--- ,w, € k be scalars in k. Let ki,--- ,k, € N. Then
- k
(Zkzwz)yk = Z <S>wmax{i:si#0}[ysﬂyks (479)
i=1 0<s<k
where

S 817"'7Sn)7é(07"'70)7 SiSki,fOTizl,"',n

@ () ()

4.80
[ys“ ::{yb"' s Yl s Yny e 7yn]]
N—— N——— 51+ F5n
s1 Sn
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Lemma 4.5.2. Let n € N and let k(x1,--- ,zn,y) be the free associative algebra over k

generated by n + 1 variables. Let k := (k1,--- ,kn) € N". Then

dhy =" (’;) [zF sy z® (4.81)

0<s<k
where
k—s
T = @, T, Ty 7 4.82
[y [L\,_i RN y“ 17 (ki—si) (4.82)
k’l—Sl k?n_sn
O

4.5.2 Unipotent action on affine schemes

Let U be an affine algebraic unipotent group over k. Let A be a commutative k-algebra
and let U acts on A dually by ¢ : A — O(U) ® A, where the tensor product is over k.
Identify O(U) = kuy, - - ,u,| and let p* : k[u] — k[u] ® k[u] be the co-multiplication. Let
U(u) be the universal enveloping algebra of u := Lie(U). The aim is to prove the following
proposition.

Proposition 4.5.3. For f € A, if

A=kul®A, [ > u'® fo (4.83)
aeN™

then fo € U(u).f for all .

Before the proof we state a useful corollary.

Corollary 4.5.4. Let U be a unipotent group over k and let A be a k-algebra of finite type.
Let ¢ : A — O(U) ® A be a dual action of U on A. Let I C A be an ideal. Then the

following are equivalent for a € A:
(1) X.a €l forall X € U(u);
(2) the map A — O(U)® A — O(U) @ (A/I) sends a € A to zero.

Proof. Identify O(U) = kluy,- - ,uy,]|. For a € A and a € N”, let a, € A be such that

A-OU)® A, a— Z u® ® aq. (4.84)
aeN™
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Assume (1). We have U(u).a C I, and then a, € I by Proposition 4.5.3, which proves

(2).
Assume (2). Let ¢ : A — A/I be the quotient ring map. Let J C A be the kernel of

A— OU)® (A/I). To prove (1), it suffices to show:
« JC I
e J C A is U-invariant.

Because if we assume they are proved, then for a € J and X € U(u) we have X.a € J since
J is U-invariant, and then X.a € I since J C I, which is (1).

We prove that J C I. Consider the diagram

A—"500)®
A

where e* : O(U) — k is the co-unit map. Since J = ker ((1 ® q) o ¢), we have ¢(J) =

l‘f*@ (4.85)

S BV

A 225 o) @ (A/T)
®1

gol(J)=(e"®1)o(1®q)op(J)=0,ie JCI.

We prove that J C A is U-invariant. Consider the following diagram

A z y O(U) @ A
Lﬂ Jies
OW)ye A —EL s O e OU) ® A (4.86)

l1®q l1®1®q

o) & (A/T) 25 O(U) ® O(U) ® (A/I).

Since J = ker ((1 ®q)o <p), by the diagram we have ¢(J) C ker ((1 R1Rqo(1® go)) The
composition of the right vertical arrows, (18 1®q)o (1®¢), is the base change of (1®¢q)op
along k — O(U). By the flatness of k — O(U), we have O(U)®J = ker ((101®¢)o(1®¢p)).

So ¢(J) C O(U) ® J, which proves that J is U-invariant. O

The action of u on A is such that for £ € u, the derivation £ : A — A is the following
composition

AL kuoA Y m/med 0% 4 (4.87)

3
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where m = (uq, -+ ,u,) C k[u] is the maximal ideal associated to the identity, and v is the

linear map
b k] = m/m2, p(u) o pu) — p(0). (4.88)

The action of U(u) on A is induced from that of u ~ A.

There exists cgﬁ € k for o, 5,7 € N” such that

w* o klu] = kfu] @ klu], u®— chﬁuﬁ ®u’. (4.89)
By

They satisfy the following properties:

e Since p* respects multiplication, we have

a1toan (6] (6 .

Cﬁ,lv P = Z 05117716522772’ (4.90)
B1+p2=p
Y1i+y2=Y

o The existence of identity in U implies

=082, Bo=735. (4.91)

Define a norm on N" via |a| :== a3 + -+ a;, for a € N, For 1 <i < mn, let e; € N" be

the vector whose ¢th entry is 1 and other entries are 0.
Lemma 4.5.5. If ¢ # 0, then |a| < |B] + |].

Proof. We prove ¢ = 0 if |a] > [8] + |7| by induction on |o|. When |a| = 1, we have
|B]+1v] = 0,ie. B=7v=0. Thencg = cfy =05 =0. Assumeci = 0ifk > |af > |B]+]y]|

for some k € Ny. If k+1 = || > |B]+]|7], write @ = o/ +e¢; for some |o/| = kand 1 <i < n.

Then
a _ ad+te;
8y =By
_ o’ e; 4.92
= Z 05/77/C5//’7,,. ( )
B'+p"=p
¥ +y"=y

If there exists a nonzero summand

Cg/7»y/ 7& 0; Cgi//7,y// # 0 (493)
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then by the induction hypothesis for |o/| = k and |e;| = 1

<18+ 1], 1<[B"1+ " (4.94)
which implies |a = |o/| + |ej| < [B] + |7], a contradiction. Then cj_ = 0 as a sum of
zeros. 0

Lemma 4.5.6. If || =|8| + 1 and 1 < j < n, then the following are equivalent:
(1) G, =1+ max{k € N : ke; < (};
(3) a=p+e;.

Proof. We prove the equivalence by induction on |a|. When |a| = 1, we have § = 0 and
then 08‘76], = 5§‘j, which proves the equivalence.

Assume for some k € N the equivalence is proved for |a| < k. Let |o| = k + 1.
Obviously (1) = (2).

For (2) = (3), assume c§ . # 0. Write v = o + e; for some |o/| =k and 1 < i < n.

Then

a o e; o e
O#cﬁvej_ Z 05/76]_05,,70-1— Z €p,0C8" ¢;

/8/+ﬂ//:ﬁ B/+ﬁ//:/3
S Y Same Y ay o
= Clg/ﬂj ﬁ” ﬁ/Cﬁ//7€j-
/8/+18//:ﬁ B/+IB//:6
If there exist ' + 8” = /8 such that cg,, ¢ dgn # 0, then
B'=e, B=18-18"1=k-1 (4.96)

So k = |&/| = || + 1, which implies o = 3’ 4 e; by the induction hypothesis. So o =
o +e =0 +ej+ " =P+ ej, which is (3).

Else, there exist 8’ + 3” = 3 such that 52‘,, cgz},,e # 0, and then o/ = . In particular

J

18" = 18] — 18| = 0, i.e. B” = 0. Then ¢

BN7€]‘

= ¢t # 0, ie. e; = e¢;. We have

a=dao +e =0 +e; =+ ej, which is (3).
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For (3) = (1), assume o = § + ¢;. Then

,3-}—6]
CB?CJ _6676]

= D CyeCoot Z 0%,
B+B7= 5 +B=
= D> e 05+ Z 55'%"

B'+6"=p B+6"=
_ B
= D o il
B +B"=5
If e; < B3, then

_ B
Cgvej - Cﬂ—ej,ej + 1

(4.97)

(4.98)

and cgfej .. = L+ max{k € N: ke; < 8 —e;} =max{k € N: ke; < 3} by the induction

hypothesis, which proves (1). Else we have e; £ 3, and then g e = 1, which is (1).

We can now prove Proposition 4.5.3.

O]

Proof of Proposition 4.5.3. We prove this by induction on |«|. When o = 0, we have fy = f.

When |a| =1, we have fo, = —=&.f € U(u).f.

Assume for some k € N, we have f, € U(u).f when |a] < k. Let |a| =k + 1.

Consider the ring map

ory1: A= klu] @ @k[u] ®A
k+1

which maps f € A to

‘Pk+1(f) = 0,7 %8172 B2,73 Bl Vke+1

ﬁ 1, 76k+1 Y1 Vk+1

Write o = e, + -+ + €, for 1 <y, ,;igp1 < n. Consider the map X

kfu]@--- @klu] ® A kju] @ --- @ k[u] ® A

lw®~~®w®1
X m/m?®---@m/m?® A
l(_§i1)®'“®(_fik+1)®1
A A
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which maps ¢p41(f) to &, ---&,.f € U(u).f by the definition of U(u) ~ A. We can
evaluate X o 41 (f) using the expression of pg11(f)

X o pry1(f)

— pr B Bre
XY X e oo, )

B, Bt V1o V41 (4,102)
k+1 3 k+1
=S (TT 0, (T =& e @) o,
By =1 i=1
where Sy = 0. We have
(=& @) =-b, j=1 k+1 (4.103)
SO
k+1
b = (~1)FH1x U 4.104
S (TTe81e )F0s = (CDFX 0 pa(f) € Ulw).f. (4.104)
5 =l
If B1,--- ,Bry1 are such that Hfill ng—laeij # 0, then
Bi=en, €F . #0forj>2 (4.105)

By Lemma 4.5.5, we have |3;| < [8;—1] + 1 for j > 2. In particular [B1| < K+ 1,
and |fBry1| = k + 1 implies |3;| = j for all j = 1,--- ,k + 1. By the induction hypothesis
J8epr € Uu).f if [Bes1]| < k. Then

k+1

5.
Z ( Cﬁ;,heij)fﬁk-s-l € Uu).f (4.106)
B1, Brt1 j=1
|8j]=j4 for all j

By Lemma 4.5.6, when |3;| = j for all j, we have cgj;l .. # 0if and only if 3; =
b 74]'
Bj-1+ e;;. Therefore only one summand above is non-zero

k+1

(IP%AQJﬁMJGU@Lf (4.107)
j=1

k+1

where 0 = ¢;, + -+ + ¢;;. The coefficient szl

0j . . 0
Coj_1,e;; 1S NONZETO SINCE Coj_;e;, % 0 by

Lemma 4.5.6. Notice that o1 =€ + -+ +¢;,,, = a. We have

fo € U).f (4.108)

which completes the induction. O
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Chapter 5

Stratifications by unipotent
stabilisers

Let k be an algebraically closed field of characteristic zero. For a connected affine algebraic
group H over k, there exists a group of the form U x (T' x K) with U unipotent, 7" a torus
and K semisimple, and a surjective homomorphism U x (T' x K) — H whose kernel is a
finite central subgroup of U x (T' x K). From a GIT point of view, we can without loss of
generality replace the group H by U x (T x K).

In this chapter, we consider groups of the form U x (T x K). Let A : G, — T be an
internal grading 1PS with grading weights wy > --- > w,. Let {u;}}, be the increasing
filtration with up = 0 and u; := uy>,, is the sum of weight spaces whose A-weights are no
less than w; for 1 <i < n. Each u; is U x (T x K)-invariant.

Let X be a projective scheme over k and let L be an ample line bundle over X. Let
U x (T x K) act on X linearly with respect to L. Let ngmin C X be the non-vanishing
locus of @ ;.0 H O(X, LY y—max and let Zy_pin < Xf\)_min be the fixed point subscheme
for the M-action on Xf\)fmin. Let Zf\i’(ms); C Z—_min denote the (semi)stable locus for K ~
(Z)—min, Lz, ). Assume Zf_’smin £ .

In this chapter we consider the quotient of X by U x (T x K). To meet the various
conditions on unipotent stabilisers, the CDRS condition (Condition 3.3.2) and the WUU
condition (Condition 4.2.1), we first stratify an open subscheme of X, such that on each

stratum, the unipotent stabilisers have constant dimensions. Next for each stratum, we try

to apply the blow-up construction (Theorem 4.4.1) and non-reductive GIT (Theorem 3.3.8).
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However, without further assumptions, not all strata satisfy WUU (Condition 4.2.1), the
condition required for blow-up. Therefore we impose Condition 5.1.6 for U x (T x K) ~
(X, L), which is verified for the non-reductive GIT construction of sheaves of a Harder-
Narasimhan type of length 2 in [Jac21], and for some special longer Harder-Narasimhan

types on curves (Condition 6.6.2 in next chapter).
5.1 Constructions and assumptions

In this section, we prove the stratification theorem (Theorem 5.1.2), and describe the as-

sumption (Condition 5.1.6) needed for further application.
5.1.1 The stratification

Let U be a unipotent group over k with Lie algebra u. Choose a filtration of Lie ideals
O=uyCu; C---Cu, =u. (5.1)

Let r; := dim(u;/u;—1). Assume n > 1 and r; > 1 for all 1 <i < n. Let X be a scheme of
finite type over k, not necessarily affine nor projective. Let U act on X.

The infinitesimal action (See Definition 2.2.1) of u on X is given by the morphism
Qx/x = uw* @k Ox of coherent sheaves on X. The infinitesimal action of u; is the composition

Qxp — v @ Ox — ()" ® Ox. Let K, Q; be the kernel and cokernel of Qy/ —

(u;)* @k Ox
ICi :=ker (QX/k — (uz)* Rk OX)
(5.2)
Q; :zcoker(QX/ﬂ‘RI — ()" Rk (’)X).
Then there is an exact sequence for 1 <i <n
0 K Ki—1 SN (wi/ui1)* @ Ox —2 Q; Qi1 0. (5.3)
The following is exact for 1 < i < n since coker(¢;) = im(y;)
0 —— coker(¢;) 0; 9,1 —— 0. (5.4)

Motivated by CDRS (Condition 3.3.2), it is desirable that coker(¢;) are locally free of

constant rank for 1 < i < n. On Noetherian schemes, flat coherent sheaves and finite locally
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free sheaves coincide (cf. [Sta22, Lemma 00NX]), and when Q;_; is flat, flatness of Q; and
flatness of coker(¢;) coincide (cf. [Sta22, Lemma 00HM]). Therefore if we have that Q; are
locally free for 1 < i < n, so are coker(¢;).

The formation of Q; is stable under base change along U-equivariant immersions, how-

ever coker(¢;) is not.

Lemma 5.1.1. Let U be a unipotent group and let {u;}?_, be an increasing filtration of Lie
ideals. Let f : X — X' be a U-equivariant immersion of schemes of finite type over k. For
0<i<mn,let Q; := coker(QX/k — (u;)* @k (’)X) and Q) := coker(QX//k — (u;)* @k (’)X/).
Then f*Q; = Q..

Proof. By [Sta22, Lemma 01UZ], the following is surjective

Consider the diagram

f*QX’/k e (Ul)* ®]k OX — f*Q; — 0

o -

Qx — ()" @k Ox » Qi 0

where the left square commutes since f is U-equivariant, and then the right vertical arrow
exists. The top row is exact as a pull-back of an exact sequence. Since the left vertical arrow
is surjective, by the Five Lemma, we have that the right vertical arrow is an isomorphism,

ie. [*Q = Q. O
For fixed 1 <i <nand k € Z, let Z;,(Q;) — X be the closed subscheme associated to
the kth Fitting ideal Fit(Q;) € Ox. Then we have a decreasing chain of closed subschemes
X =71(9i) 220(Qi) 2+ 2 Zpyyotr; (Qi) = 0. (5.7)

Let Sk(Qi) := Zk—1(Q;) \ Zx(Q;), which is an open subscheme of Z;_1(Q;), thus a locally
closed subscheme of X.
For 6 := (dy,--- ,d,) € N, define
S5 = [ Sarrtai(Qi) = S, (Q1) X x -+ XX Syt (Qn) (5.8)
i=1

which is a locally closed subscheme of X.

110


https://stacks.math.columbia.edu/tag/00NX
https://stacks.math.columbia.edu/tag/00HM
https://stacks.math.columbia.edu/tag/01UZ

Theorem 5.1.2. Let U be a unipotent group and let {u;}I', be an increasing filtration of
Lie ideals of u. Let X be a scheme of finite type over k. Let U act on X. Let Q; be as

above. Let Ss — X be immersions described above for 6 € N*. Then:
(1) Each Sy is U-invariant;
(2) The morphism [{5cnn S5 — X is a bijective monomorphism in Sch/k;

(3) Topologically S5 C Lsi~s Sss where (dy,---.d),) > (di, -+ ,dy) if and only if d; > d;

foralll <i<n;

(4) For any f : T — X in Sch/k, the sheaf f*Q; is locally free of rank di + --- + d; for

1<i<nifand only if f: T — X factors asT — Ss — X.

Proof. For (1), it suffices to show Z;(Q;) is U-invariant for all 1 < i < nand 0 < k <
r1+ -+ + r;. There is a natural U-linearisation on Qy . Since u; C u is invariant under
conjugation by U, there is a U-linearisation on (u;)* ®x Ox such that Qx/ — (u;)* ®x Ox
is U-equivariant. Then Q; as the cokernel has a U-linearisation, and then its Fitting ideals
are U-invariant, so is the associated closed subschemes, i.e. Z;(Q;) is U-invariant.

For (2), we have that S5 = () for all but finitely many § € N", because the related chains
of Fitting ideals have finite lengths bounded uniformly by dim U. In particular []s yn S5
is in Sch/k. Also, set theoretically X = | [} S;(Q;) for all 1 < i < n. The common
refinement of such decompositions over 1 < i < mnis X = || SeNn Ss. The morphism is a
monomorphism by [Sta22, Lemma 01L6].

For (3), we have Sq(Q;) C Zg—1(Qi) = UgsqSa(Qi) and for 6 = (dy,- -+ ,dp) € N"

E n n
Ss=Nsa@)cNSa@) <N U Sa(@) = s» (5.9)
i=1 i=1 i=1d>d; §'>6
and the union is disjoint by (2).
For (4), by [Sta22, Lemma 05P8], we have that f*Q; is locally free of rank dy +--- 4+ d;

if and only if f : T'— X factors as T' — Sy, +...4+4,(Q;) — X. Consider for all 1 < i < n and

we prove (4). O
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Remark 5.1.3. We can choose T' = Spec(k) in (4) and detect closed points of S5. By Lemma
3.1.6, we see that the k-points of S5 for § = (dy,--- ,d,) are exactly the k-points z € X
such that dim Staby,(x) = d; + -+ +d; for 1 < i < n. If we work in the category of
reduced schemes of finite type over k, the reduced subscheme structure on Sy is determined
by the underlying topological subspace, and the stratification X = | |5.n S5 is exactly the

stratification given by dimensions of unipotent stabilisers.

Remark 5.1.4. The construction of S5 only depends on the action U ~ X and the filtration
{u;}7. If there is an action of H = U x R on X and the filtration {u;}}" ; is H-invariant,

then the stratification [[;cyn S5 — X is H-equivariant, i.e. each Ss is H-invariant.

Corollary 5.1.5. Let U, {u;}j_, and X be as in Theorem 5.1.2. Let [[5onn Ss — X be
the stratification in the same theorem. Let f : T — X be a morphism in Sch/k. Let

d = (dy,--- ,dyp) € N". Then the following are equivalent:
(1) f:T — X factors as T — Ss — X;

(2) for any closed subscheme T" — T, if f' : T" — X denotes the composition T' —
T i) X, then for each 1 < i < n, the following defines a locally free sheaf of rank
dy+---+d; onT’

v/ }_){p : p is a V'-valued infinitesimal transformation in U}

p stabilises f'|y (5.10)

for open subsets V' C T’

where V' -valued infinitesimal transformations and they stabilising V'-valued points are

defined in Definition 2.2.2 and Definition 2.2.3.

Proof. By Theorem 5.1.2, the condition that f*Q; is locally free of rank dy + --- + d; for
each 1 < ¢ < n is equivalent to (1). By Proposition 2.2.9, the condition that f*Q; is locally
free of rank d; + --- + d; for each 1 < i < n is equivalent to (2). Therefore (1) and (2) are

equivalent. n
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5.1.2 A special assumption

Consider the group U x (T x K) with an internal grading 1PS A : G,,, — T. Let wy >

- > wy, be the weights of A ~ u and let {u;}!' ; be the filtration u; := uy>,,, where
Ur>y, C u is the sum of A\-weight spaces whose weights are greater than or equal to w;.
Let X be a projective scheme over k and let L be an ample line bundle over X. Let

Ux(TxK)~(X,L).

Condition 5.1.6. Let U x (T' x K) n~ (X, L). Let r := dimT. Choose an identification
T = (Gy,)". Let a;,Conet, oy be as in Lemma 3.4.1. Let py : X\ . — Zy_jin be the

retraction. This condition assumes that:
(1) A1PS XN : Gy, — T grades U if and only if X € oy;

(2) When X € oy is a grading 1PS, the retraction py: : Xg, — Z\/—min does not

—min

depend on \';
(4) dim Stab,(z) = dim Staby, (px(z)) for 1 < i < n and for closed points z € py ' (Z5).

The conditions (1), (2) and (4) above are verified in [Jac21] for the non-reductive GIT
problem associated to the moduli problem for sheaves of a Harder-Narasimhan type of length
2. They also hold for some special longer Harder-Narasimhan types on curves (Condition
6.6.2 below).

Apply Theorem 5.1.2 to U x (T x K) ~ py ! (ZK’S ) and {u;}7 to get a stratification

A—min

[T S5 = " (Z325) (5.11)
dEN™
where S5 C X for § = (dy,--- ,dy) is a U x (T x K)-invariant locally closed subscheme whose

closed points are those x € p/(l (Z f_’smin

) with dim Staby, (z) =dy +---+d; for 1 <i < n.
Let S5 # 0 be a non-empty stratum. Let S5 < X be the scheme-theoretic image of

S5 — X. For the linearisation U x (T x K) ~ (S, Llg;), it is easy to verify the following:
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« The non-vanishing locus of @, H°(Ss, (L]g)d) is

A=max
(g)g—min - Xg—min N Sfé = Xg\)—min XX 575 (512)
which contains Ss as an open subscheme.

o The fixed point subscheme of A ~ (S5)9 is

A—min
R A R ~ —
((55)())\—min) = Z—min N Ss = Z)_min Xx 5. (5.13)
a\0 dim Stab<¢ <\0 ;
o Let ((S5)%_ i) denote the open subset of (S5)5_,,;, Whose closed points

have dim Staby, () < dy + -+ +d; for 1 <i < n. As open subschemes of S5 we have

((S—(s)o )dimStab§5 = Ss. (514)

A—min

o If Condition 5.1.6 holds for U x (T'x K) ~ (X, L), then SsN Z)I\(jnin # (), and we will

prove that WUU (Condition 4.2.1) is satisfied for U x (T x K) ~ (Sj, L‘ST;) and the
1PS A\

Remark 5.1.7. Note that the last statement requires Condition 5.1.6, and the others are true
in general. Without Condition 5.1.6, we can work on those strata such that Ss ﬂZf_’Smin # ().

Remark 5.1.8. Condition 5.1.6 is independent of A as long as it grades U. The choice of A

affects the filtration u; := uy>,,, and then the stratification.

5.2 Quotients of strata

In this section, let U x (T'x K) ~ (X, L), A : G, — T and {u;} be as above. We assume
Condition 5.1.6.

We will prove that with Condition 5.1.6, the WUU condition (Condition 4.2.1) is satisfied
for U x (T x K) ~ (575,L|S—6) and the 1PS A. Then by Theorem 4.4.1, a blow-up S:(; — S5

with suitable ample linearisation satisfies CDRS (Condition 3.3.2). Moreover, the centre

0 dim Stab<g
)\fmin)

of the blow-up does not meet the open subscheme S5 = ((ST;) , SO we can
regard S5 as an open subscheme of (S:(;) iimin. Theorem 3.3.8 applies to the blow-up and
then (S:(;)?\_min admits a universal geometric quotient by U. We can restrict to the invariant
open subscheme S5 and claim that S5 — Ss/U is a universal geometric quotient by U. For

further quotients by 1" x K, we apply Lemma 3.4.2. See the following theorem for details.
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Theorem 5.2.1. Let X be a projective scheme over k and let L be an ample line bundle
on X. Let U x (T x K) act on X linearly with respect to L. Let X : G, — T be a grading
1PS with grading weights w1 > --- > wy, and let u; := Ux>y,. Choose an identification

T = (Gp)" and let o, Coney, o1 be as in Lemma 3.4.2. Assume Condition 5.1.6. Then:

(1) For a 1PS X € oy, the retraction py : Xf\) — Zx'_min 0Ny depends on oy, denoted

/—min

. YO0
by Doy ¢ Xg[_min — ZU[*Hlin‘

(2) For closed points v € X we have py, () € X9 for all oy.

A—min’ A—min

(8) For each 6 := (di,--- ,dy) € N, the following defines an open subset of closed points

in Ss, which is U x (T x K)-invariant and has a universal geometric quotient by

Ux (T x K)
o) € 250,
T € ngmin : d1mStabul(x) =dy+---+ dz fO?" 1<i<n (515)
U'pO'i (:E) 75 U~p0i,1($) fOT’ 1< <n

where o; := O(1, i}

Proof. The statements (1) and (2) are immediate from Lemma 3.4.2.

Stratify p/(l (Zf_’smin) with respect to the action of U and the filtration {u;} by Theorem
5.1.2
-1 Ks
IT S5 = pi (2350 (5.16)
deN”

Let S5 # 0 be a non-empty stratum. Let S5 < X be the scheme-theoretic image of
S5 — X. Let (575) g_min C S5 be the non-vanishing locus of Dao HO (575, (ng)d)

A=max"’
Then S5 C (Si(;)gimm, since (Si(g)?\imm =SsnN X/(\)—min' Moreover S5 C p)fl (Z)I\i’smin). Let
ICi, Q; for 0 < i < n be kernels and cokernels
K:Z' :=ker (QX/]]( — uf Rk OX)
(5.17)
Q; ::coker(QX/k — u; Rk OX).
There exists an exact sequence for 1 <i <mn
0 > IC; y ICi1 i> (ui/u,-,l)* Rk Ox L Q; > Qi q 0 (5.18)
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and in particular the following is a short exact sequence

0 —— coker(¢;)

Vv

Similarly for 0 < < n define K5 ,, Q5 , on S5 and Ks,i, Qs,i on Ss as follows
’Cgﬂ» :=ker (QST;/[K — u;k 2N 0575)

QSJ' ::Cokel“(ﬂsfé/]k — u;‘ Rk 05*5)

(5.20)
K:(Sﬂ' :=ker (QS(;/]k — u;‘ (S OS&)
Qs ::coker(QS(s/]k — u; 055)
and define ¢ ;, @5 ; on Ss and s, ps,; on S as follows
¢7¢i 507’1'
K3, —5 (wifuim1)* @ Og; d Qs Q5,1 —— 0
(5.21)

P,

s, "
Ksio1 —= (ui/ui1)* @ O, Qs Qsi—1 — 0.

)

We first check the WUU condition (Condition 4.2.1) for U x (T x K) ~ (Sj, L‘ST;) and
the 1PS X. Denote the pull-back of Q; along S5 — X by Q;|s, and similarly for other

immersions. By Lemma 5.1.1, we have
Qils; = Q545 5.lss = Qi (5.22)

By the universal property of Ss, we have that Qs .|s; = Q;ls; is locally free of rank d; +
- +d; for 1 <i<mn. On Ss, for 1 < i < n, consider the Fitting ideals Fity,(coker(¢g,)) C
Og; for k € Z, whose associated closed subschemes are denoted by Zj(coker(¢s;)) < Ss.

Since Ss C Ss is open, the following is exact for 1 <i < n
0 — coker(¢5,)|s; — Q5,lss — L5,4ls; — 0. (5.23)

Then coker(¢s ,)|s; is finite locally free, since Qs .[s;, Q5,4 |s; are finite locally free ([Sta22,
Lemma 00NX], [Sta22, Lemma 00HM]). The rank of coker(¢5 ,)|s; is d;. Since Fitting ideals

can be calculated locally, we have
Fitg, 1 (coker(¢;,))| 5 =0, Fitg, (coker(¢5,))| s, = Os;- (5.24)
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Therefore the open immersion S5 — S5 factors as S5 — Zg,—1(coker(¢s,)) — Ss. Since Sy
is the scheme-theoretic closure of S5 C S5, we have Zg;—1(coker(¢s,)) = Ss. This proves
that on Ss

Fitg,_1(coker(¢g,)) =0, for 1 <i<n. (5.25)

It is easy to see

d; :=min {k € N : Fity(coker(¢5,)) #0}, foralll1<i<n

no (5.26)
(H Fitg, (coker((ﬁg’i))) ‘Sa = Og;.
i=1
With Condition 5.1.6, we have
0 % S50 Zy_min C ST;\V( [ Fit (coker(%))) (5.27)

i=1
which verifies the WUU condition (Condition 4.2.1). Then a suitable blow-up S’:(; — S5
with a suitable ample linearisation Ls satisfies CDRS (Condition 3.3.2) by Theorem 4.4.1.
Moreover, the centre of the blow-up does not meet Ss.
Assumptions in Lemma 3.4.2 are satisfied for U x (T' x K) (S:(;, L;). Apply Lemma
3.4.2 and we have that the following is U x (T x K)-invariant and open in S':(; and it admits

a quasi-projective universal geometric quotients by U x (T' x K)

Z\0 ) Pa(z) is K-stable
{x < (S‘s))\*min "Upo, () # Upg,(x) for 1 <i<n (5.28)

where p,,, Py are retractions for the blow-up. Since S5 does not meet the blow-up centre,

we can view Ss as a U x (T x K) open subscheme of Ss. The intersection of S5 and the

above subset is open in S5 whose closed points form the set

K,Ls

pA(T) € Z37 0,

re X\ o dim Staby,(z) =di +---+d; for 1 <i<np CSs (5.29)
Upo, () # Upy, ,(x) for 1 <i<mn

which defines an open subscheme of Sg, and this open subscheme of S5 admits a universal

geometric quotient by U x (T' x K). This completes the proof. O
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Chapter 6

Moduli spaces of unstable sheaves

Let k be an algebraically closed field of characteristic zero. Let X be a connected projective
scheme and let £ be an ample line bundle on X. Let Sch/k be the category of schemes
of finite type over k. For a Harder-Narasimhan type 7 of length 2 and a natural number
6 € N, we will consider a moduli functor M/ 5 : (Sch/k)°P — Set classifying (7,d)-stable
sheaves (Definition 6.3.10). We will prove that M’T 5 has a coarse moduli space, which can
be constructed using non-reductive GIT developed previously (Theorem 6.5.7). We will
extend this construction to some special Harder-Narasimhan types of length greater than 2
(See Condition 6.6.2).

The moduli problem of sheaves of length 2 has been considered by Jackson in [Jac18§]
and [Jac21], and Brambila-Paz et al in [BMN09]. In [BMNO09], moduli stacks for vector
bundles of rank 2 over projective curves were described, and their moduli schemes were
constructed, using Lange’s universal extensions [Lan83]. Using NRGIT, Jackson constructed
moduli spaces of sheaves of length two over polarised projective schemes. The NRGIT
Jackson applied only produces quotient varieties, however as indicated in [BMNO09] Remark
7.8, moduli schemes of vector bundles of rank 2 over curves can be non-reduced in some
situations. Our results generalise theirs. We do not restrict to vector bundles of rank 2
over projective curves but can consider pure sheaves of length 2 over polarised projective

schemes. Also, our moduli schemes are not necessarily reduced.
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6.1 Preliminaries

6.1.1 Representable functors

Let Sch/k be the category of schemes of finite type over k. A presheaf of sets on Sch/k is a
contravariant functor F : (Sch/k)°? — Set. Let PSh(Sch/k) be the category of presheaves
on Sch/k where morphisms are natural transformations. Let h(_y : Sch/k — PSh(Sch/k) be
the Yoneda functor, sending an object X € Sch/k to the presheaf hx := Homgy, /i (—, X).

The Yoneda functor is fully faithful.

Definition 6.1.1. Let M : (Sch/k)°®? — Set be a presheaf. Let M € Sch/k be an object.

Then:

o We say that M represents M or M is represented by M, if M = hy; in PSh(Sch/k),

i.e. there exists a bijective map
M(T) = hp(T) = Homggy, /i (T, M) (6.1)
for any T' € Sch/k and the family of maps {M(T') — hps(T)} is natural in T € Sch/k;

e We say that M corepresents M or M is corepresented by M, if there exists a natu-
ral transformation 7 : M — hjs such that for every T € Sch/k and every natural
transformation M — hp, there exists a unique morphism f : M — T such that the

diagram commutes
M —— hy;

ln % (6.2)
hy '

o M is called representable if there exists M € Sch/k which represents M;

o M is called corepresentable if there exists M € Sch/k which corepresents M.

Definition 6.1.2. Let M, N be presheaves of sets on Sch/k. We call M a sub-functor of
N if there exists a natural transformation M — N such that on each T € Sch/k, the map
M(T) — N(T) is injective. We denote the sub-functor by M C N.

For a sub-functor M C N, we call it a sub-functor representable by open (resp. closed,

locally closed) subschemes if for any T' € Sch/k and any natural transformation & : hy — N,
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there exists an open (resp. closed, locally closed) subscheme Ty C T such that the following

diagram is Cartesian in PSh(Sch/k)

th é hT

l Jg (6.3)

M —= N.
Definition 6.1.3. Let M be a presheaf. A fine moduli space of M is an object M €
Sch/k which represents M. A coarse moduli space is an object M € Sch/k with a natural
transformation 77 : M — hjps such that M corepresents M with respect to n, and n: M —

has is a isomorphism on Spec(k)

TSpec(k) * M(Spec(k)) = hM(SpeC(k)) = HomSch/k(SpeC(k)a M) (64)

We see that if M represents M, then M corepresents M. Similarly, fine moduli spaces

are coarse moduli spaces, but the inverse implication is not true in general.
6.1.2 Definitions for sheaves

Recall that k is an algebraically closed field of characteristic zero, X is a connected projective
scheme over k and £ is an ample line bundle on X. We introduce some definitions for

coherent sheaves.

Definition 6.1.4. Let F be a coherent sheaf on X. The Fuler characteristic of F is

X(X, F) = (~1)' dimy H (X, F). (6.5)
€N

The Hilbert polynomial of F with respect to L is
P(F,t):=x(X,F® L") € Q] (6.6)

where £? is the tth tensor power of £ over Oyx.
Euler characteristics and Hilbert polynomials are additive ([Sta22, Section 0BEI]) in the
sense that if

0 Fi Fo Fs 0 (6.7)

is an exact sequence of coherent sheaves, then
X(X, F2) = x(X, F1) + x(X, F3), P(Fa,t) = P(F1,t)+ P(Fs,t). (6.8)
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Definition 6.1.5. Let F be a coherent sheaf on X. The support of F is a subset of X
Supp(F) :={z € X : F, # 0} (6.9)
which is a closed subset ([Sta22, Lemma 056J]). The dimension of F is
dim F := dim Supp(F). (6.10)
The dimension of F equals the degree of its Hilbert polynomial.

Definition 6.1.6. Let d € N. Let F be a coherent sheaf on X. It is called pure of dimension
d if dim(F’) = d for all non-zero coherent sub-sheaves 0 # F' C F. Let ag(F) € N4 and
aq-1(F) € Z be such that

td td_l
The slope (Definition 1.6.8, [HL10]) of F is fi(F) := ai;(lj(_.J):). The reduced Hilbert polynomial
is
P(F, 1)
Fot) = . 6.12

Consider the lexicographic order on Q[t], i.e. f(t) < g(t) if and only if f(m) < g(m) for

m > 0.

Definition 6.1.7. Let F be pure sheaf of dimension d. It is called semistable if p(F',t) <
p(F,t) for any non-zero coherent sub-sheaf 0 # F' C F. The sheaf F is called stable if

p(F',t) < p(F,t) for any proper coherent sub-sheaf 0 # F' C F.

Definition 6.1.8. Let F be a pure sheaf of dimension d. The Harder-Narasimhan filtration

of F is an increasing chain of pure sheaves of dimension d
0=HNy(F) C--- CHN,(F)=F (6.13)
such that:
o HN;(F)/HN;_1(F) is semi-stable for 1 <1i < n;
o p1 > --->p for pi(t) == pi(HNi(}“)/HNi_l(}"),t).
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Theorem 6.1.9 ([HL10] Theorem 1.3.4). Every pure sheaf has a unique Harder-Narasimhan

filtration.

Definition 6.1.10. Let F be a semistable sheaf of dimension d. A Jordan-Hdélder filtration
of F is a filtration

0=JHo(F)C--- CJH,(F)=F (6.14)
such that JH;(F)/JH;_1(F) are stable of the same reduced Hilbert polynomial for 1 < i < n.
Remark 6.1.11. Jordan-Holder filtrations are not unique.

Theorem 6.1.12 ([HL10], Proposition 1.5.2). Jordan-Hélder filtrations always exist. The
associated graded sheaf @), JH;(F)/JH;_1(F) does not depend on the choice of the Jordan-

Holder filtration.

A polynomial f € Q[t] is called numerical if f(Z) C Z. For a numerical polynomial of

degree d, we can define ay(f) similarly such that aq(f )%O!l is the leading monomial of f.
Definition 6.1.13. A Harder-Narasimhan type T consists of the following data:

e the length n € Ny;

e the dimension d € N;

o numerical polynomials Py (t),--- , P,(t) € Q[t] of degree d such that
pi(t) > >pult), pi(t) = Al (6.15)
For F a pure sheaf of dimension d, we say that its Harder-Narasimhan type is 7 if:
o the Harder-Narasimhan filtration of F has length n € N_;
o Pi(t) is the Hilbert polynomial of HN;(F)/HN;_1(F) fori =1,--- ,n

where {HN;(F)}_, is the Harder-Narasimhan filtration of F.
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6.1.3 Definitions for vector bundles on curves

Let C be a connected nonsingular projective curve on k of genus g € N. By wvector bundles,
we refer to locally free sheaves of finite rank. For non-zero coherent sheaves F on C, the

following are equivalent:
e F is a vector bundle;
e F is torsion free;
e F is pure of dimension one.

Therefore the definitions for sheaves above apply to vector bundles on the curve C. It turns
out the choice of ample line bundles does not make a difference.

Ranks are defined for coherent sheaves of top dimension when we consider general (X, £).
On the curve C, we can define ranks for all coherent sheaves. We define ranks, degrees and

slopes as follows. Let F be a coherent sheaf on C. Then:
e the rank of F is
rank(F) := dim ) Fp; (6.16)
where 1 € C is the generic point and F;, is the stalk at ;
e the degree of F is
deg(F) := x(C, F) — rank(F)x(C, O¢); (6.17)
o the slope of F when rank(F) # 0 is

deg(F)

w(F) = rank(F)’ (6.18)

It is easy to see the functions rank, deg are additive. The definitions justify their names

on vector bundles. Note that ranks, degrees and slopes are defined without an ample line

bundle L.

Remark 6.1.14. We have defined two slopes /i (in Definition 6.1.6) and u (at equation (6.18)).

Over a curve of genus g, they differ by a constant g =u+1—g.
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We calculate these discrete invariants for some coherent sheaves. Let x € C be a closed
point. Let Oc(—z) € O¢ denote the sub-sheaf of functions vanishing at x € C. Then

Oc(—) is a line bundle. Let k, denote the cokernel of O¢(—z) — O¢

~
e

0 —— Oc(—z) —— O¢ > ky (6.19)

Then k, is the skyscraper sheaf at x with value k. Let O¢(x) denote the dual line bundle
of O¢(—x). The tensor product over O¢ of the above short exact sequence with O¢(x) is
also exact

0 — O — Oc(x) ky 0. (6.20)

From the definition, we can easily write down the discrete invariants of O¢. The discrete
invariants of k, can be calculated by [Sta22, Lemma 0AYT]. Then by additivity we get the
discrete invariants of O¢(x). To sum up we have
X(C,0¢) =1 —g, rank(Oc)=1, deg(Oc)=0
X(C,O0¢(x)) =2 —g, rank(Oc(z)) =1, deg(Oc(x)) =1 (6.21)
X(C,kz) =1, rank(ky) =0, deg(ky)=1.

On a general projective scheme X, Hilbert polynomials depend on an ample line bundle,
but on the curve C, the choice of line bundle does not affect the Hilbert polynomials,
provided the line bundles have the same degree. By [Sta22, Lemma 0B5X], on the curve
C, a line bundle is ample if and only if its degree is positive. In particular, the line bundle
O(z) is ample.

Let £ be any line bundle of degree one on C. We have deg(L!) =t for t € Z ([Sta22,
Lemma 0AYX]). By [Sta22, Lemma 0AYV], we have

X(C, L' @ F) =rank(F) deg(L") + rank(L")x(C, F)
=rank(F)t + ( deg(F) + rank(F)x(C, O¢)) (6.22)
=rank(F)t + deg(F) + rank(F)(1 — g)
which is the Riemann-Roch theorem. The above function of ¢t € Z is a polynomial of degree

< 1, and it is independent of the choice of L. The Hilbert polynomial of F is this polynomial

P(F,t) := rank(F)t + deg(F) + rank(F)(1 — g) (6.23)
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which contains the same data as the degree and rank of F. The reduced Hilbert polynomial

of F when rank(F) # 0 is

p(F,t) ::m:tvLu(f)Jrlg (6.24)

which contains the same data as the slope of F. The notions of stability, semistability are
defined for vector bundles on C, i.e. pure sheaves of dimension one (Recall that we only
consider locally free sheaves of finite rank). Let E be a non-zero vector bundle over C. The
vector bundle F is semistable if for any non-zero coherent sub-sheaf 0 # F' C E, we have
w(F) < u(E). Tt is stable if for any proper non-zero coherent sub-sheaf 0 # F C F, we have
w(F) < u(E). Again, the choice of ample line bundle makes no difference.

For any non-zero vector bundle E over C, the Harder-Narasimhan filtration is the unique

filtration of sub-bundles
0 =HNo(E) C HN{(E) C --- CHN,(E) = E (6.25)
such that:
o each HN;(E)/HN;_1(E) is a semistable vector bundle;
o pn > > iy for pi = p(HNG(E) /HN; 1 (E)).

Let pimax = p1 and pmin = - In particular, pmax is the maximal slope of sub-bundles,
ie. u(F) < pmax for all non-zero vector sub-bundles 0 C F' C E, and piyiy is the minimal
slope of saturated quotient bundles, i.e. p(Q) > pmin for all nonzero saturated quotients
EF— Q.

We reformulate the notion of Harder-Narasimhan type for vector bundles on C' in terms

of slopes.
Definition 6.1.15. A Harder-Narasimhan type T consists of the following data:
e the length n € Ny;

e ranks ry,---,7, € Ny and slopes p1 > -+ > pp.
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For the type 7 of length n € N, define polynomials P(7,t), Pi(7,t) for 1 <i<mn

Pi(r,t) ==rit +rip +1i(1 —g) € Z[t], i=1,---,n
(6.26)
P(r,t) :==Py(1,t) + -+ + Pp(7,1).

We say a vector bundle E' has Harder-Narasimhan type 7, if the Harder-Narasimhan

filtration of F has length n and for 1 <i <n
rank(HNi(E)/HNi_l(E)) =r;, deg (HNi(E)/HNi_l(E)) = Till; (6.27)

where {HNi(E)}ZL:O is the Harder-Narasimhan filtration of E.

The following lists some facts about vector bundles over curves.

Lemma 6.1.16 (Section 8, [Hos16]). Let C be a nonsingular projective curve of genus g

over k. Let E,F be vector bundles over C. Then:
e The dualising sheaf over C' is a line bundle of degree 2g — 2;
o If pmin(E) > pimax(F), then Hom(E, F') = 0;
o fmax(E ® F) = pimax(E) + ftmax (F);

o If pmax(E) — ptmin(F) < 2 — 2g, then Ext!(E, F) = 0.
6.2 Quot functors and Quot schemes

In this section, we will introduce Quot functors and sketch their representability by Quot
schemes. We will also introduce some special properties of the Quot schemes we need for

the moduli of sheaves.
6.2.1 Quot functors and Quot schemes in general

Let k be an algebraically closed field of characteristic zero. Let S be a scheme of finite type
over k. Let Sch/S be the category of schemes of finite type over S. In other sections, we
only consider S = Spec(k).

Let f : X — S be a projective morphism of finite type. Let £ be an f- ample line

bundle, in the sense that there is a closed immersion X < P& and the pull-back of Opg(l)

126



is a positive tensor power of £. Let F be a coherent sheaf on X. Let P(t) € Q[t] be a
numerical polynomial.
For T — S in Sch/S, a family of quotients of F parameterised by T with Hilbert

polynomial P is a pair (£, q) where

o & is a coherent sheaf on X7 := X xg T, flat over T, and & on X xg Spec(k(t))
has Hilbert polynomial P with respect to £, where & is the pull-back of £ along
X xg Spec(k(t)) — X xg T}

e ¢ : Fp — & is surjective, where Fpr on X xgT is the pull-back of F along X xgT — X.

We also call (£, q) a family of quotients of F over T with Hilbert polynomial P. Define an
equivalence relation between such families over T such that two families (£, ¢) and (£, ¢’)

are equivalent if there is an isomorphism & — £’ compatible with ¢, ¢’

.FT#(‘:

& lnz (6.28)
o

For f: X — S, F, £ and P above, we define the Quot functor

Quot”’ : (Sch/S)°P — Set (6.29)

]—'/X/S
such that:

o For T' € Sch/S, the set Quot? (T') consists of equivalence classes of families (£, q)

.F/X/S

over T

e For T' — T a morphism in Sch/S, the map Quot™~, . (T) — Quot’%, (1) sends

f/X/S }'/X/S

the class of (£, q) to the class of its pull-back along 7" — T.

The Grassmannian functor is a special Quot functor. Let W be a finite dimensional

vector space over k, and let 0 < r < dim W be an integer. Then

7,08pec
Grass(W,r) = QuotW/gi’)eC())/SpeC(k). (6.30)

127



Grothendieck proved that the functor Quot

P.L

F/X/S is representable by a scheme which

P.L

is projective over S. Let Quot]_.’/X/S € Sch/S be the representative; we call it the Quot

scheme. For the construction of Quot schemes, we refer to [Nit05], and Section 2 in [HL10].

The Quot scheme Quot

P.L

7 /x/g can be embedded into a Grassmannian. We describe the

embedding of Quotl;’/ﬁX /s into a suitable Grassmannian given in [Nit05]. This embedding

can be described as a chain of sub-functors, each one is represented by a closed subscheme.

Here we describe the sub-functors and their inclusions.

(1)

Choose m € Ny and N € N such that i*(’)]pg(l) = L™ for the diagram

X s Py
Jf/ (6.31)
S.

Note that these choices are independent of F. Then we have the isomorphism and

embedding of functors

P(mt),0py (1)

- QUOtz’*]-'/IP’g /S

P@),L A~

P(mt),L™
Quot /g =

uot /g

(6.32)

The first isomorphism is obvious and the second arrow sends the class of families

[(£,9)] € Quoti(/n;t/)éﬁm (T') to the class of the family

(ir)wq : (i F )1 = (7)€ (6.33)
which is surjective since (i), is exact, and we have used the affine base change formula

for (ip)«Fr = (ixF)7p. Flatness and Hilbert polynomials are easy to check.

Choose a finite dimensional vector space W over k and M € N, such that the following

is surjective

W OP? —— (ixF) Q0. Opg(M) — 0. (6.34)
S
Then we have the following embedding of functors
P(mt).0px (1) P(m(t+M)).Opy (1)
Quoti*I/PJS\,/S — QUOtW@kaPg/Pg/S (6.35)
P(mt),0, (1)
which sends the class of families [(£,¢)] € Quot. f/IPN/; (T') to the class of the
Tk s
following composition
W @k Opn (M) = (ixF)7 @0_5 Opn (M) = € @0_ Opn(M). (6.36)
T PN T Py T
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(3) Choose M’ € Ny such that for any 7" € Sch/S and any class of families [(£,q)] €
P(m(t+M)) Oy (1)

QUOtW®kOPg /PN /S
— for 4 > 0, the higher direct image functor R(77). vanishes on W ®j Opg(M N,
& ®Op¥ OP¥(M’) and ker(q) ®@P¥ OP¥(M’), where ¢ : W @ Opy — & and

WT:PIJY%T;

— (m1)+(€ ®0,n (’)Pg(M’)) is locally free of rank P(m(M + M')).
T

Then we have the following embedding of functors

P(m(t+M)), Oy (1)

Qumwmoﬂ,, NG

— Grassg (W ®x W*OPJSV (M"), P(m(M + M"))) (6.37)

P(m(t+M)),0y x (1)

which sends the class of families [(£,q)] € QuotW®k Oy /PY/3

(T') to the following

locally free quotient
(W @k m.0py (M)
W i (1), Opy (M)
(6.38)
%(TFT)* (W Rk OP¥ (M/))

—(m7)« (€ D0, Opn (M')).
(4) We have the following isomorphism between Grassmannians
Grassg (W ®x T Opy (M"), P(m(M + M")))
~Grassg (W @k H @k Og, P(m(M + M"))) (6.39)
25 Xgpec(x) Grass(W @y H, P(m(M + M')))
where H := HO(PY, Opy (M")). We have used T Opy (M') =2 H ® Og, which gives

the first isomorphism above.

The existence of above choices (and the fact that such choices make sub-functors repre-

sentable by closed sub-schemes) is non-trivial and proofs can be found in [Nit05] and Section
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2, [HL10]. The embedding of Quoti(/t))(’/ﬁs into the Grassmannian is the composition

P(t),L ~ P(mt),L™
Quotf/X/S :Quotf/X/S

P(mt),O]Pgr(l)

i F/PY /S
P(m(t-i—M)),O]P]S\r (1)
W®koﬂ,,g /PY /S

—Grassg (W ®x 7 Opy (M"), P(m(M + M")))

—Quot

—Quot (6.40)

=S Xgpeo(x) Grass(W @y H, P(m(M + M'))).

6.2.2 Quot schemes for moduli of sheaves

Next we consider Quot schemes of the form Quoti(ﬁ;ﬁ,) /X /Spec(k)’ which were used in Simp-

son’s construction of moduli space of semistable sheaves ([Sim94]) and many studies of
moduli of unstable sheaves ([HK12], [Jac21]). For these Quot schemes, we introduce new
embeddings into smaller Grassmannians, very ample line bundles and linearisations.

Let S = Spec(k), and let X be a projective scheme over k with an ample line bundle L.

Choose m € N such that i*Opn (1) = L™ for

Xt 4 pN

if / (6.41)

Spec(k)
where PV := P(HY(X, £™)*) and we assume further that 7,0pn~ (d) — f..(£™?) is surjective
for each d € Ny. Let P(t) € Q[t] be a numerical polynomial. Let [ € Ny and let V be a

finite dimensional vector space over k. The vector space V' can depend on [,m € N, for

example V = kP Let F := V @, £L7"™. For simplicity denote V(—Im) := V @y L™,
These data define the Quot functor Quotgg?’lfn) Xk Follow the above steps we can embed
it into a Grassmannian:

(1) The integers m, N € N, are chosen as above. Note that PV = P(H"(X, £™)*);

(2) We can choose W =V and M = . Since we have
i F =i (V @ L71)
2V @y it Opn (—1) (6.42)
>V R ixOx ®O]P’N O]P)N(—l)

and a surjective morphism V ® Opn — V @k ixOx = ixF @0,y Opn (1).
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(3) We choose M’ € N sufficiently large.

(4) Denote H := HO(PN, Opn (M) = Sym{? HO(X, £™). Recall we choose m such that

1. Opn (M) — f.(L™M'Y is surjective, i.e. H — HO(X, £L™M') is surjective.

With these choices, we have the following closed embedding

(t),L

Quot (=lm)/X/k

— Grass(V @y H, P(lm +mM’)) (6.43)
which sends the class of families [(€, q)] € Quoty, b ) m)/ X /k( ) to the class of the quotient
(V @k mOpn (M) ;. —— (f1)+(€ ®oy,, L5TM) —— 0 (6.44)

where the quotient above factors as follows

(V @k mOpn (M), — (f1)(€ @0y, LT,

l / (6.45)

(V O f*EmM/)T
The existence of factorisation provides another embedding into a new Grassmannian

Grass(V @i m.Opn (M), P(Im + mM’"))

/ I (6.46)

Quot, P),C —— Grass(V LM P(Im + mM’)).

(—lm)/ X /k
The Grassmannians are projective, and there are natural choices of very ample line
bundles from Pliicker embeddings, which then pull back to very ample line bundles on

Quot schemes. For simplicity we denote the representatives by Quot and Grass

Quot () )/ Xk = = Homgy, /i (—, Quot)
(6.47)

Grass(V ®x LM P(Im + mM')) = Homg, i (—, Grass).
There exist universal elements for representable functors. Let

qu V(=Im)qQuot = U
/ (6.48)

represent the universal classes respectively, i.e. the classes

- W

Grass

[(ua QZ/I)] EQuot P ) /X/k(QUOt) HomSch/k(Qu0t7 Quot)
(W, qw)] €Grass(V @x F LM P(Im + mM'’))(Grass) (6.49)

= Homgy, /i (Grass, Grass)
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corresponding to the identity morphisms of Quot and Grass respectively.
The Pliicker embedding gives an embedding Grass — PV’ into some projective space

PN, The pull-back of Opn (1) is very ample on Grass, which is isomorphic to
P(lm+mM’)
detW:= A W, (6.50)
The very ample line bundle we choose on Quot is the pull-back of det W along Quot —
Grass, which is isomorphic to the anti-symmetric product of the pull-back of W. The
pull-back of (W, qpy) along Quot — Grass is a family in the image of [(U, qy)] along
QuotP(t)lﬁl /X/k(Quot) — Grass(V ®x Fo LM P (Im, 4 mM’))(Quot), and the image of

[(U, qu)] is the class of the following

(V @k FL™) s — (fuot)« (U @0, L™ ) — 0. (6.51)

The pull-back of W is isomorphic to the quotient above. So the very ample line bundle on
Quot is
M = det ((fQuot)* (U @0y, L ’)). (6.52)
Recall the notation that [(U, g;/)] is the universal class of families on Quot, and f : X —
Spec(k) is the structure morphism, and for 7' € Sch/k, we denote X7 := X x T and
fr:Xr—Tand Ly := (XT — X)*L for the related pull-backs.
We then describe an action of GL(V') on Quot. It is easy to see GL(V') represents the

following functor GL(V)
GL(V) : (Sch/k)°® — Group, T +— {g € Endo,(V @ Or) : g is invertible}  (6.53)

and the maps on morphisms are naturally defined as pull-backs. The action of GL(V') on
Quot is the morphism o : GL(V') xx Quot — Quot corresponding to the following natural
transformation of functors

P(t),C

iy e — Quoty; Pt).c (6.54)

o : GL(V) x Quot V(—lm)/X /K
which on T' € Sch/k is a map sending (g, [£, q]) to the class [, g.g] for g.q defined as follows

(V QK OT) R0y ,C;lm e 50
lgemﬁ_lm H (6.55)

(V &k Or) ®o, L™ T4 & —— 0.
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The maps on morphisms are pull-backs and it is easy to check the axioms for natural
transformations. We also see for each 7" € Sch/k, the natural transformation defines an

action of GL(V)(T) on QUOt‘P;E?}fn)/X/k(T) (cf. [Sta22, Definition 022Z]).
(t),L

Fix a family (U, q;7) in the universal class of Quot‘]j(ilm) Xk Consider the diagram of

functors

Homg (— GL(V) xi Quot) 22 Homga u(—, Quot)

lue luz (6.56)

P(t),L P(t),C
GL(V) x Quoty, 71" v V(=lm)/X k-

Let T'= GL(V) xg Quot and let ¢ : T'— GL(V) Xk Quot be the identity morphism. The

. ——— Quot

image of ¢ € Homgy, /i (T, GL(V) x Quot) in QUOt\IjEtl}fn)/X/k(T) can be calculated in two

ways. Along the top right arrows, the image of ¢ is the class of
oV (=Im) quot % o% U — 0 (6.57)

where ox : GL(V) xg X X Quot — X X Quot is the base change of o : GL(V') xj Quot —
Quot. Along the bottom left arrows, the image of ¢ is the class of the composition of

*Tfl_m
)T (=m)

P qu
V @y pi £m T V @ piLom 12 ey (6.58)

XQuot
where
o 7:V®xOr — V®gOr corresponds to the projection T' = GL(V') X Quot — GL(V);
* DX,PT,PXqu are projection morphisms
px :GL(V) xx X Xg Quot — X
pr :GL(V) xg X xi Quot — T (6.59)
PXauor “GL(V) X X X Quot — X X Quot.
In particular we have an isomorphism
Pxaud = oxU (6.60)

which defines a linearisation of GL(V') on Y. This linearisation on U and the trivial lineari-

sation on £ induce a linearisation of GL(V') on the very ample line bundle over Quot

M i=det ((fauot)- (U Boxg,, Lot™)). (6.61)
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6.3 Simpson’s and Jackson’s moduli spaces

In this section, we introduce Simpson’s moduli spaces of stable and semistable sheaves
([Sim94]) and Jackson’s moduli space of sheaves of Harder-Narasimhan length 2 ([Jac21]).
These moduli spaces were constructed by reductive GIT and non-reductive GIT respectively.
Simpson’s moduli spaces can be interpreted as coarse moduli spaces of naturally defined
moduli functors, so these moduli spaces are independent of the way we set up the GIT
problem. Jackson has not associated his moduli spaces with moduli functors, so it is not

clear whether his moduli spaces depend on associated non-reductive GIT problems.
6.3.1 Moduli of semistable sheaves

Let X be a connected projective scheme over k with an ample line bundle £. Let m € N
be such that £™ is very ample. Let i : X < PV be a closed immersion into a projective
space such that i*Opn (1) = L™. Let P(t) € Q[t] be a numerical polynomial. For j € Z and
a coherent sheaf F on X, we denote F(j) := F Qo £7. Moduli spaces of semistable pure
sheaves on X of fixed Hilbert polynomials were constructed by Simpson in [Sim94]. A more
recent reference is [HL10].

Let Sch/k be the category of schemes of finite type over k. For T' € Sch/k, a family on
T of (semi)stable sheaves of Hilbert polynomial P(t) is a coherent sheaf F on X7 := X xy T
such that F is flat over T' and Fj is a (semi)stable sheaf on X of Hilbert polynomial P(t) for
every closed point s € T, where F; is the pull-back of F along X = X xj Spec(k(s)) < Xr.
Two families F, 7’ on T are called equivalent if there exists a line bundle A on T' such that
F=F ®ox, (fr)*A, where fp: Xp — T is the pull-back of f : X — Spec(k). With the
notions of families and their equivalence relations, we consider the moduli functors

M5 2 (Sch/k)*P — Set
(6.62)

MUIE® 1 (Sch/k)*P — Set

which associate to T € Sch/k the sets

MP(t),L,(s)s(T) ::{families on T of (semi)stable sheaves

X/k of Hilbert polynomial () } / equivalence relation (6.63)

and the functors on morphisms are naturally pull-backs of coherent sheaves. These functors

(®),

are both corepresentable and Mi Ik £5 has a coarse moduli space.
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Definition 6.3.1. Let F be a coherent sheaf on PV. Let r € Z be an integer. The sheaf F

is called r-regular with respect to Opn (1) if
HI (PN, F ®0,y Opv(r—j)) =0, j>0. (6.64)

The Mumford-Castelnuovo regularity is reg(F) := min{r € Z : F is r-regular}. When F is
a coherent sheaf on X, it is called r-regular with respect to i - X < PN if i, F is r-regular

and its Mumford-Castelnuovo regularity is reg(F) := reg(i.F).

Recall £ = i*Opn(1). We refer to [HL10] Lemma 1.7.2 (cf. [Mum66]) for the following

properties for coherent sheaves F on X:
o If Fis r-regular, and r’ > r, then F is r’-regular;
o If F is r-regular, then F(mr) is globally generated and H’ (X, F(mr)) = 0 for j > 0;

o If Fis r-regular and n > 0, then the following is surjective

HY(X, F(mr)) @ HY(X, L™ — HY(X, F(m(r +n))). (6.65)

Definition 6.3.2 ([HL10] Definition 1.7.5). A collection of isomorphism classes of coherent
sheaves {F;}ier on X is bounded if there exists a scheme T of finite type over k and a
coherent sheaf F on X X T such that for each ¢ € I, there exists a k-point ¢ € T such that

Fi =2 Fy, where F; is the pull-back of F along X = X xi Spec(k(t)) — X xi T.
A bounded collection has a uniform regularity by the following lemma.

Lemma 6.3.3 ([HL10] Lemma 1.7.6). Let {F}ics be a collection of coherent sheaves on X .

The following are equivalent:
o {Fitier is bounded;
o There are finitely many Hilbert polynomials in {F;}icr, and max;er reg(F;) < oo.

The collection of semistable sheaves on X of Hilbert polynomial P(t) is bounded. A

more general boundedness result is the following.
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Theorem 6.3.4 ([Sim94] Theorem 1.1, [HL10] Theorem 3.3.7). Let X be a projective
scheme of finite type over k with an ample line bundle L. Let P(t) € Q[t] be a numerical
polynomial of degree d := deg P(t). Let b € Q. Consider the collection of coherent sheaves

such that each F in this collection satisfies:
o F is pure of dimension d;
o F has Hilbert polynomial P(t);

o (F') < b for all non-zero coherent sub-sheaf 0 #= F' C F, where [i is defined in

Definition 6.1.6.
Then this collection is bounded.

Theorem 6.3.4 applies to the collection of semistable sheaves with Hilbert polynomial
P(t), so we conclude they are bounded. By Lemma 6.3.3, their regularities are uniformly
bounded above. For [ >> 0, all semistable sheaves F of Hilbert polynomial P(t) are [-regular.

Then:
o dim HY(X, F(Im)) = P(Im);
o HYX,F(Im)) @ L7™ — F is surjective.

Let V = kP There is a non-canonical linear isomorphism V = H(X, F(Im)). With

one such isomorphism, we have a surjective morphism

q:V(=Ilm) - F (6.66)
which represents a closed point in Quot‘]j((tz}i) Xk
Let R C Quotig?}i) Xk be the open subscheme whose closed points are classes [(F, q)]

such that:
(1) F is semistable;

(2) the induced map V = H%(X,V) — H°(X, F(Im)) is an isomorphism.
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Let R®* C R be the open subset of classes [(F, ¢)] such that F is stable. Condition (2) above is
open since the function [(F,q)] — dim H°(X, ker(q)(Im)) is upper semi-continuous and the

condition that dim H°(X, ker(q)(Im)) = 0 is equivalent to the condition (2). Condition (1)

above is open by [HL10] Proposition 2.3.1. This justifies the claim that R C QuOtSE?}ﬁm) Xk

is open, and similarly R® C R is open.

/X /K and the group

lm)

Recall that there is a very ample line bundle M on Quot‘]jg?’c

GL(V) acts on Quotxljg?’lfn) Xk linearly with respect to M. We consider the linear action of

the subgroup SL(V). It is easy to see R is invariant under SL(V). Let R < Quotgg?}ﬁ)/X/k

be the scheme-theoretic image of R — Quot{jg?’lfn) /X ko which is a subscheme on the closure
of R by [Sta22, Lemma 01R8]. The linearisation on M pulls back to a linearisation M|z.
We can apply reductive GIT for the linear action of SL(V') on R with respect to M|g. Note

that M depends on two large numbers I, M’ € N,..
Theorem 6.3.5 ([HL10] Theorem 4.3.3, Theorem 4.3.4). For M' > 1> 0, we have

o GIT (semi)stable points are isomorphism classes [(F,q)] € R such that F is
(semi)stable and q : V(—Im) — € induces an isomorphism V = H%(X,&(Im)), i.e.

—SL(V),M,ss

R L(V),M,s

=R R = RS, (6.67)

o Two semistable points [(F,q)],[(F',q')] € R are (GIT) S-equivalent if and only if
gr(F) = gr(F'), where gr(F) denotes the associated graded sheaf of the Jordan-Holder

filtration of F (Definition 6.1.10);

o A semistable point [(F,q)] € R has closed SL(V)-orbit in R if and only if F is
polystable, i.e. F is a direct sum of stable sheaves;

e R//SL(V) corepresents Mi%z’ﬁ’ss and R®/SL(V') corepresents Mi%k)’ﬁ’s. Moreover
(t),L,s

R3/SL(V) is a coarse moduli space of Mi/k

Remark 6.3.6. The coarse moduli space of M;%’C’S has a natural compactification, which

is the corepresentative of Mi%ﬁ’ﬁ’ss, which is independent of the GIT problem.
Remark 6.3.7. If there exists a semistable sheaf F of Hilbert polynomial P(t) that is not

P(t),L,ss

P(t),L . .
(D:L55 qoes not have a coarse moduli space, since n : My /k

polystable, then M Ik

hgs1(vy is not bijective on Spec(k).
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6.3.2 Moduli of unstable sheaves

Let 7 be a Harder-Narasimhan type of length n € N;. Let P;(t) for 1 < i < n be the
Hilbert polynomials associated to 7 in the sense that if £ is a pure sheaf of type 7 on X,
and {HN;(&)}7, is its Harder-Narasimhan filtration, then P;(t) is the Hilbert polynomial
of HN;(E)/HN,;_1(€) for 1 < i < n. We have that P(t) := > | Pi(t) is the Hilbert
polynomial of £. Let V; := kFilm) for 1 < i <nandlet V =V, @ ---® V,. Denote
V<i=Vi@®---@ V. Let P, C SL(V) be the parabolic subgroup of g € SL(V') stabilising
the partial flag {V<;}I" .

It turns out that it is useful to refine the classification problem according to dimensions
of unipotent endomorphisms. In [Jac21] Definition 7.12 and [HJ21] Definition 4.18, the
so-called 7-stability of pure sheaves was defined. In [HJ21] Definition 6.1, the so-called
refined Harder-Narasimhan type was defined, which encodes information on dimensions of
unipotent endomorphisms.

Theorem 6.3.4 shows that sheaves of fixed Harder-Narasimhan type are bounded. In
the proof of [HK12] Proposition 6.8, a locally closed subscheme Y C QUOtXIZE?}fn) /X Was
described as a parameter space of sheaves of type 7. Closed points in Y:* are exactly
isomorphism classes [(€,q)] € Quotsé?’lfn) Xk such that each &; is semistable with Hilbert
polynomial P;(t) for 1 < i < n, where & = q(V<;(=Im))/q(V<i—1(—lm)). In the same
manner, one can define locally closed subschemes Y* and Y, such that Y? C Y* C Y, C

Quot‘ljgt)’ﬁ Closed points in Y, C Quot‘}jgt)’ﬁ are classes [(£, ¢)] such that & has

—Im)/X/k* —Im)/X/k
Hilbert polynomial P;(t), and closed points in Y are classes [(£,¢)] € Y=° such that &; is
stable. The locally closed subsets Y C Y, were studied in [HK12], [Jacl8], [Jac21] and
[HJ21], where moduli spaces of 7-stable sheaves were constructed as parabolic GIT quotients
of Y*.

P(t),C

We will recover the locally closed subschemes YT(S)S CY, C QUOtv(fzm) X/

i and actions
of P, on them from a more functorial perspective in this subsection. From this functorial
perspective, we do not only see closed points, but also view T-valued points of Y®s Cy,

as families of quotients over T'.
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For Y,, we describe the associated functor of points Y, C Quot‘ljg?’lfn) /XK B8 a sub-

functor represented by locally closed subschemes (See Definition 6.1.2 for representable

(t),£

sub-functors). Let T € Sch/k be a scheme and let [(£,q)] € Quoti(ilm)/x/k(T) be an
isomorphism class and choose a quotient in this class
V(=lm)p —— & —— 0. (6.68)
Define the following notation for 1 <i¢ <n
ggi ::q(Vgi(—lm)T) g &
(6.69)

EZ' 2:g§i/5§i,1.
There is a morphism ¢; : V;(—Ilm)r — &; such that the following diagram commutes

0 —— Vgi_l(—lm)T — Vgi(—lm)T — V;(—lm)T — 0

lQSi—l l‘ZSi lqz' (6-70)

0 —— E<in E<i & 0

where g<; = qly. i(—lm)r and then the Five lemma shows the surjectivity of g;.

The subset Y (7') consists of [(£,q)] such that each &; is flat over T" with Hilbert
polynomial P;(t) for 1 < i < n. By [Sta22, Lemma 00HM], we have that £<;_; is flat
it & and E<; are flat. Since & = £<,, is flat over T', inductively we see each E<; is flat over T’
if [(£,q9)] € Y-(T). Since flatness and Hilbert polynomials are preserved under pull-backs,
we have that Y defines a sub-functor of Quot‘ljgt_)’lfn) Xk

The following theorem of flattening stratification is important in the construction of
Quot schemes. Here we apply it to show that Y, C Quot‘lj.gt_)’lfn) /X /K is represented by

locally closed subschemes.

Theorem 6.3.8 (Theorem 2.1.5, [HL10]). Let X — T be a projective morphism of schemes
of finite type over k. Let L be a line bundle on X which is ample relative to X — T. Let

F be a coherent sheaf on X. Then:

o The set of Hilbert polynomials is finite

; (6.71)

= {P(t) e qp) : T(®) i the Hilbert polynomial of f}

at some closed point of T
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o For each P(t) € P the following functor is represented by a locally closed subscheme

Tp CT
Fri is flat over T”
P(t),L op ) {pt}, I .
Flaty ¢ /7 (Sch/T)°? — Set, T'+— with Hilbert polynomial P(t)
0, otherwise

(6.72)
where Sch/T is the category of schemes of finite type over T, and Fr+ is the pull-back
of F along T" — T

o The morphism [[pcpTp — T is bijective on points.

L

m)

Lemma 6.3.9. Y. C Quot‘ljgt_)’l Xk is representable by locally closed subschemes (Defi-

nition 6.1.2).

Proof. Let T € Sch/k and consider the following diagram in PSh(Sch/k)

hr
le (6.73)

(1),£

c P
Y- > Quoty, 7k

where £ : hr — Quotp(t)’ﬁ is identified with a class [(£, q)] € Quot‘}jgt_)’ﬁ )/X/k(T) by

V(=im)/X/k im
the Yoneda lemma.

Recall £<; = q(Vgi(—lm)T) and & = E<;/E<i—1. For each 1 < i < n consider the
functor Flatg_i/(t))(’ffT

subscheme T¢ p, € T'. Let

defined in Theorem 6.3.8, which is represented by a locally closed

Tg = T&p1 XT T&p2 X X Tg’pn (674)

which is a locally closed subscheme of T, since immersions are stable under base change
and composition.
For T — T in Sch/k, denote &|7 the pull-back of £ along X7 — X7, and similar for
&i,E<i. We have
T" — T factors through 7" — Tg — T

if and only if 7" — T factors though T¢ p, for each 1 <i <n

Eilr is flat over T” (6.75)

with Hilbert polynomial P;(t)
if and only if (7" — T)*¢ € Y (T').

if and only if { for1<i<n
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The above equivalences show the following diagram is Cartesian

hT5 % hT

J Jﬁ (6.76)

P(t),C

c
Y —— Quoty, 1 i

which proves the representability of Y, C Quot E) m)/ Xk by locally closed subschemes.
O

P (t)

Recall that Quot represents Quot Let T = Quot be the Quot scheme and

m)/X/k’

let £: hy — Quot Pt), l£ )/ Xk correspond to the universal family [(U, gi/)]. Then the locally
closed subscheme Ty C T represents the sub-functor Y., which defines the locally closed
subscheme Y, C Quotl‘jgt)’lﬁ )/ Xk

Consider []7; Quo P(t)ﬁ) Xk where the fibre product is over k. There is a mor-
phism ], Quot )lm) /X Quot E) lﬁ )/X ko whose associated natural transformation
sends [[;",[(&i, )], a product of isomorphism classes of families over T € Sch/k, to
[( D& Dy ql)] . This morphism is a monomorphism, and it is proper ([Sta22, Lemma
01W6]), thus a closed immersion ([Sta22, Lemma 04XV]). The closed immersion
I 1 Quoty, ()E) /X Quotpgt)l )/X/k factors through the locally closed subscheme

Y., which is easily seen from the associated functors of points. There is a retraction

Y = [, Quot ) m)/X/k such that the following diagram commutes

L -
[T, Quoti e\ ———— Y,

\ l . (6.77)

L
Hz—l QUOt e )lm)/X/Jk

where p; sends an isomorphism class [(£, q)] of families over T' € Sch/k to the isomorphism
class of [( D, &. D, qi)], where &; and ¢; are defined in equation (6.69) and equation
(6.70).

Consider (G,,)"™ — GL(V) such that (¢1,--- ,t,) — t1ly, @ - D t,1ly, € GL(V). Then

P (t)

(Gm)™ acts on Y;. With this (G,,)"-action, we have that [[;" ; Quo is the fized

m)/X/k
point subscheme (Y;)(®m)" < Y, in the sense of [Fog73]. It is easy to see if we consider
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A: Gy = (Gy,)™ given by ¢ — (t“1, -+ ,t"¥) such that wy; > -+ > wy,, then the fixed point

P;(t),L

subscheme of the action of X is also [[", Quotvi (—lm)/ X Jk

- P;(t),L ~ )™
HQHOtW((t—)lm)/X/k > (Y,) )" = (v2) (6.78)
=1

We then describe the open subschemes Y° C Y% C V.. For 1 < i < n, let RZ(S)S -

),L

Zim)/X/k be the open subscheme whose closed points are classes of quotients (&;, ¢;)

Quot‘]jj((
such that &; is a (semi)stable pure sheaf on X and ¢ : V;(—Im) — &; induces an isomorphism
V; & H%(X,&;(Im)) (cf. Theorem 6.3.5). We define Y** as the fibre product indicated in

the diagram below

N

VASH Y,
Jot> |- (6.79)

n s)s c n P;(t),L
| ) Rz( P = | Qu‘)tvig_)zm)/X/k'

We have that YT(S)S C Y, is open. So pSS)S : YT(S)S — H?zl Rgs)s are also retractions as base

(s)

changes of p,. In particular, p, and py’° are surjective.

The action of P on Y; is induced from the action of SL(V') on Quoti(t) c The

(—lm)/ X[k’

open subschemes Y? C Y*° of Y, are invariant under P., i.e. P, acts on YT(S)S.
In [Jacl8] and [Jac21], Jackson considered the induced reduced subscheme structure on
Y® for a Harder-Narasimhan type 7 of length 2, and stratify this reduced subscheme further

according to the dimension of the stabiliser in the unipotent radical of P.. Non-reductive

GIT could be applied to each stratum and the following theorem was proved.

Definition 6.3.10 (cf. [Jac21] Definition 7.1.2, [HJ21] Definition 6.1). Let X be a con-
nected projective scheme over k with an ample line bundle £. Let 7 be a Harder-Narasimhan

type of length 2. Let § € N. A pure sheaf £ on X is called (7,0)-stable if:
e & has Harder-Narasimhan type 7;

o if {5§i}?:o is the Harder-Narasimhan filtration, then & = £<;/€<;—1 is stable for

i=1,2:
o £EFEE D&y
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o dimHomp, (&,&1) = 6.

Theorem 6.3.11 ([Jac21] Theorem 7.1.3). Let X be a projective scheme over k with an
ample line bundle L. Let T be a Harder-Narasimhan type of length 2 and let § € N. Then
there exists a quasi-projective moduli space M 5 of (,0)-stable sheaves on X, in the sense

that closed points in M, s are exactly isomorphism classes of (7,0)-stable sheaves.

Remark 6.3.12. The moduli spaces M, s above are reduced schemes since they were con-
structed by the classic U-hat theorem (cf. Theorem 2.20, [Bér+16]), which only produces

reduced quotient schemes.

6.4 On the boundaries of Y; and Y

Let 7 be a Harder-Narasimhan type of length n € N. Let P;(t), P(t) be the Hilbert polyno-
mials associated to 7. For 1 < i < n, let P<;(t) := Pi(t)+---+PF;(t). Recall that P, C SL(V)

is the parabolic subgroup stabilising the flag {V<;}? , (See the first paragraph of Section

P(t),C

6.3.2). Recall that Y, C Quotv(_lm)/x/k

is the locally closed subscheme that represents the
Pi(t),L
Vi(=lm)/ X /k
Pi(t),L
Vi(=lm)/ X /k

sub-functor Y, (See Lemma 6.3.9). There is a retraction p, : Y; — []; Quot
(See diagram (6.77)), and Y? C Y, is the preimage of [[;"; R} C [[;"; Quot
under p, (See diagram (6.79)).

Let U, C P, be the unipotent radical and let K, C P, be its semisimple part K, =

[T, SL(V;). Let T, = (Gy,)" ! and let T, — P, be the following homomorphism

1y,

(1, tiyee,1) = i Vi p (6.80)

Ly,
where P; := P;(Im) = dimV; and (P;, P;11) := ged(P;, Piy1). Then U, x (T, x K;) = P,
is surjective with finite kernel.
We want to consider the P -quotient of Y*. However, Y is not projective and our non-

reductive GIT requires a linear action on a projective scheme. Therefore we need to consider
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the P,-action on a suitable projective completion Y5. We will take Y to be the scheme-
theoretic image of Y — Quot‘ljg?’lfn) Xk The main result of this section is Proposition
6.4.2, which says that we do not need to worry about the boundary of Y5 C V3.

For T' € Sch/k and a coherent sheaf F on X, recall the notation

Xr=XxxT
fr: Xy — T the projection (6.81)
Fr the pull-back of F along X7 — X.
For a family (&, q) of quotients parameterised by T', recall the notation
E<i = q(V<i(=Im)r)
Ei=E<if<i (6.82)
qi : Vi(=lm)r — & the induced surjective morphism.

Recall that there exist closed immersions

Quoti%?’lfn)/x/k — Grass (V @k H, P(Im + mM/))

P(lm+mM'")

< IP(( A (Ve H)))

where H := HO(X, £™M') = £,(£™M"). Note that points in the Grassmannian are quotients

(6.83)

while points in the projective space are one-dimensional subspaces. Recall that M denotes

a very ample line bundle on Quot}‘jgt_)’lﬁl) Xk which is the pull back of O(1) along the

immersions above.

P(t),C
V(=im)/X/k

P(t).C

Let Y; < Quot V(i) Xk

be the scheme-theoretic image of Y, — Quot

Proposition 6.4.1. For sufficiently large M' > 1> 0, and for any internal grading 1PS

A : Gy, = T, there exists a closed subscheme

P(lm+mM’)

PN IP’(( A (Ve H))) (6.84)
such that:
(1) PN "is a Tr-invariant linear subspace;

(2) the immersion Y; — P((/\P(lm+mM/)(V Rk H))*) factors through PN', and so does

X5 . . . . X~ /
Y,, i.e. there exists a closed immersion Y, — PN’ ;
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(3) (PN)) . NY, =Y.
Proof. Only in this proof, for simplicity we denote
P:=P(m+mM'), P;:=P(m+mM'), P<:=P<(lm+mM) (6.85)

and we simplify (—) ®x (=) to (=) ® (—)
We first construct the linear subspace PV, which is determined by a quotient space of

AP (V @ H). We have

;\V@)H ;\(éV@@H)

. (6.86)
= &6 /\ VieH)@--® \(Va® H)
(ma,,mp)EA
where the direct sum is over the index set A
A={(my, - ,my) EN" 1y + -+ my, = P(lm+mM')}. (6.87)
Let Ag C A be the subset
there exist 1 <4 < n such that
Ap = {(mh comg) e A O S Pgi(lm+mM’)}' (6.88)
and let W C A¥(V @ H) be the following subspace
mi Mn
we= @ NeHe o \V,.eH). (6.89)
(ml,---,mn)GAo
Then the following quotient space of A¥(V @ H)
P P
ANV @ HY —— A (V®H)/W*>O (6.90)
defines a linear subspace
P
PN’ <—>IP’((/\(V®H))*>. (6.91)

Since W C A¥(V ® H) is invariant under the torus T, we have that PN’ is invariant under

T.. This proves (1).
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Next we prove (2). Assume first we have proved that Y; — P(( AN (Ve H ))*) factors

through P ', then we have the following commutative diagram

(),£
(—Im)/ X /k

J j (6.92)

PV p((/\P(v ® H))*).

Y, —— Quot‘lj

It is easy to see that if we have morphisms T — Z; — Zs where Z; — Z is a closed
immersion, then the scheme-theoretic image of 7" — Z is canonically isomorphic to the
scheme-theoretic image of T — Zy. Apply this observation to the diagram above. Then Y,
is the scheme-theoretic image of all three morphisms from Y, in the diagram. In particular,
we have Y, < PV’ which is the second part of (2).

The first part of (2) is equivalent to the following

(2%) for any T € Sch/k and any 7" — Y7, the composition 7' — Y; — IP’((/\P(V ® H))*>

factors through PV’

Let T € Sch/k and let T'— Y, be a morphism. Let (£, q) be a family of quotients over
T whose classifying morphism is 7' — Y,. The composition T' — Y, — IP’(( A (Ve H))*>

is the classifying morphism of the following surjective morphism
APV & H) © Or N8 NP(fr). (E(m + mM")) —— 0 (6.93)
where
o E(lm+mM') =€ ®oy, LyTmM
e p: (VO H)®Or — (fr)«(E(Im +mM’)) is the morphism

p = (fT)* (q ®OXT 1£lnz+mA{/); (694)
T

o (fr)«(E(lm + mM’)) is locally free of rank P = P(lm +mM’) on T when M’ is

sufficiently large (See step (3) in Section 6.2.1).
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The morphism T" — IP’(( /\P(V ®H ))*) factors through PV’ if and only if the following

composition is zero

We0r —= NP(Ve H)®Or A A" (fr)«(E(Im +mM')). (6.95)

Since the isomorphism class of (£, q) corresponds to a morphism to Y;, we have that
E<; is flat over T with Hilbert polynomial P<;(¢t). We can enlarge M’ and assume that
(fr)«(E<i(lm +mM")) is locally free of rank P<; for all 1 < i < n and all T € Sch/k and

all families of quotients (£, q) over T (Again see step (3) in Section 6.2.1).

Let (my,---,my) € Ag. Let 1 < j < n be such that m; +--- +m; > P<;. Choose
S§1)7... 751(72 cVioH
(6.96)

ng)7_.. 737(723 ceVioH
mj41

SCDe N\ (Vi@ H)®- o \(Va® H).

Then vectors of the following form span the vector space A" (Vi@ H)®---@ N (V, @ H)

vi=(stV A AsDY @@ (s A A sE)) @ s, (6.97)
If we consider all (mq,---,m,) € Ag, then vectors of the above form span W. Therefore to

show (/\P p) (W ® (’)T) = 0, it suffices to show that v ® 1 € W ® O maps to zero under
A" p.
The image of v ® 1 under A” p is

(p(s§1> Q1) A--Ap(s) @ 1)) Ao A (p(sgj) D) A Ap(sh) @ 1)) A (Ap)>T) (6.98)
where (Ap)>7) = ( NP~ mttm;) p) (SG9) @ 1). We have
(p(sV @ 1) A np(si) @ 1)) Ao n (p(s @ 1) A np(sY) @ 1)) =0 (6.99)
since it is a section of the sheaf

mefm;

A () (E<itm +mM)) =0 (6.100)
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which is the zero sheaf since (7). (E<j(Im+mM’)) is locally free of rank P<;j < my+---+m;.
This proves (2)’, thus (2).

For (3), let A : G, — P, be an internal grading 1PS which factors through T, — P.
Then there exist integers wy > --- > w, such that w;dimV; +--- + w,dimV,, = 0 and
At) =t 1y, @---@t*¥1y,. By [Sta22, Lemma 01QV] and [Sta22, Lemma 01R8], we have
that Y, C Y, is an open subscheme. Then both sides of (3) are open subschemes of Y;, so
it suffices to show that they contain the same closed points.

Recall that

P
H(PY,0(1) = \(V @ H) /W
mi - (6.101)
~ P AwmeHe e A\V.oH)
(m1,,mn)EA\Ag
The weights for A ~ H° (}P’N/, O(1)) are
ZwimidimY/}dimH, (mq, - ,my) € A\ Ap. (6.102)
i=1
When (my,---,my) € A\ Ag, we have mj +---+m; < P<; for 1 <7 <n and
> " wim; dim V; dim H
i=1
n—1
=w, Pdim V dim H + Y (w; — wit1)(my + -+ + m;) dim Ve; dim H
i=1
= (6.103)
<w, PdimV dim H + ) " (w; — w;41) P<; dim Ve, dim H
i=1
=> w;P;dim V; dim H.
i=1
So the maximal A\-weight on H° (IP)N,, O(1)) is X1, w; P;dim V; dim H and
Py Pn
H®Y,000)), = \VioH) @ -0 AV, H). (6.104)

0 . NY; let [(£,9)] € Yr be a closed point.

For one direction of inclusion Y, C (]P’N /) N—mi

By [HL10] Lemma 4.4.3, we have when considered in Quot‘]jg?’lﬁl) Xk

lim (1) [(€, )] = [(@S@qzﬂ c HQuotﬁjgﬂii)/X/k. (6.105)
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The limit point is still in Y, and its image in PV ' represents the one-dimensional quotient

/P\(v ® H)/W ﬁ/}.\ (éHO(X, Ei(lm + mM')))
=1

Pl P’n
= \NH (X, & (Im+mM))®--- & [\ H (X, & (m +mM')).

(6.106)

The point im A(¢).[(£,¢)] is in (PV /)g_mm if and only if the following composition is not
7€ero
Py Pr
NvieH) e o \V,oH)
P
QA@%Mﬂ/W (6.107)

Py Py
- \H (X, & (lm+mM")) @ ® \ H(X,E,(Im + mM')).
The composition above is surjective since it is the tensor product of exterior products of

surjective morphisms

V@ H:=V; @ H (X, ™) - H(X,&(Im +mM')), 1<i<n. (6.108)
This proves lim A(¢).[(€, q)] € (]P’N/)(,)\_min and this shows [(£,¢q)] € (]P’N/)(/)\_min. This proves
N"\0 v
Y, < (BV)) . Y,

For the other direction (}P’N/)O NY, CY, let [(£,9)] € Quotigt)’ﬁ be a closed

A—min —lm)/X/k

0 NY;. The point [(£,q)] € IP’((/\P(V ® H))*) corre-

A—min

point such that [(€,¢)] € (PN)

sponds to the one-dimensional quotient
P P
m: AV e H) » \H(X,E(Im + mM’)) (6.109)
and 7(W) = 0 since [(€,q)] € PV

The following collection of coherent sheaves on X is bounded (Definition 6.3.2)

" P@t),L
g {.7: F =& or F =& for [(£,9)] € QUOtV((?lm)/X/k} (6.110)

By Lemma 6.3.3, the set of Hilbert polynomials of the above collection is finite, i.e. the

following set is finite
P = U {P(}', t): F=E& or F=E< for [(€,q)] € Quot‘}igt_)’lﬁl)/X/k}. (6.111)
i=1
Also by Lemma 6.3.3, regularities of & and £<; are bounded. We can enlarge M’ such that
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o higher cohomology groups of E<;(Im + mM’) and &;(Im + mM’") are zero;

 the following map is order-preserving and bijective

PN, P(F.t)— P(F,lm+ml). (6.112)

Let m; := dim H° (X, Ei(lm + mM’)) for 1 <7 <mn. When M’ is large, higher cohomol-
ogy groups of &;(lm + mM’) vanish, and then for 1 <i<n
m; = P(&L, Ilm + 'mM’)
(6.113)
mi+---+m; = P(Sgi,lm+mM’).

We claim that my + --- +m; > P<; for 1 <14 < n. Otherwise the following composition is

zero

P P,
AVieH)® o \(V,® H)

c /P\(V  H) (6.114)

P
5 NH (X, E(m +mM')).

which contradicts that [(£,q)] € (IP’N/);]_min.
Either m; = P; for 1 < i < n or (my,---,my,) € Ag. We exclude the case when
(my,--+,my) € Ag. Otherwise assume (mq,---,my) € Ag. There exist sgi) € V; ® H for

1<i<mnand1l<j<m;suchthat foralll1 <i<mn

Sgl)’“_ st o sgi),--' ’57(7@‘1)1_ ceVa®H (6.115)

y<mayo
are sent to a basis of H° (X, E<i(lm + mM/)) In particular the images of sgi) for1<i<n
and 1 < j <m; in H(X,E(lm + mM’")) form a basis. Then the following composition is

n/l\l(V1®H)®~-®K(Vn®H)
g/P\(V ® H) (6.116)

P
5 N\ HY (X, E(lm + mM'))
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which contradicts w(W) = 0. Therefore we have
P(&,lm +mM") = Pi(lm + mM’). (6.117)

Since P(&;,t), Pi(t) € P, we have P(&;,t) = P;(t) and this shows [(£,¢)] € Y;. This proves

(V) _, . NY; CY,, thus (3). O

Let Y2 < Y; be the scheme-theoretic image of Y* — Y.

Proposition 6.4.2. Assume [[;_; RS # 0. For M' > 1> 0, and any internal grading 1PS

A Gy, — T, we have the following:

(1) ( )/\ min Y

ny;;
(2) Let Zx min (Y7 ( A mm>>\. Then

Zx—min(Y7) YS“HQUOt : )lm)/X/k

=1 (6.118)

n

ﬁ Rs gZA—min(Y-rs) — HE’

i=1 =1

(3) Let Z5rs (Y?) € Zx_min(Y?) denote the stable locus for the K, -linearisation. Then

A—min

_ Kr,
23 min HR P (2 (YD) = Y2 (6.119)

Proof. We consider the ample line bundle M\Y—Tb on Y3, which equals the pull-back of O(1)
along Y3 < IF’((/\P(V ® H))*>, for P := P(Im +mM’). By Proposition 6.4.1, there is a
linear subspace PV IP(( ANV e H))*) containing Y;. Then Mlys = Opn (1) 3=

For (1), both sides are open in Y3, so we can check that the closed points coincide. We

have that @ # [, RS C Y5 N (]P’N,)g_min, and then

)i = T2 0 (PY) 3 (6.120)
By Proposition 6.4.1, ¥, 1 (PY')} =Y, and then
() i =77 0 (BY)
=V:nY,n (e, (6.121)
=YsnY;

151



which proves (1).

For (2), let Zy_pin(Y?) := ((YS) )\ mm>/\ denote the fixed subscheme with respect to A
for an internal grading 1PS X : G,,, — T,. Recall that (Y;)* = | Quot ) )/ Xk and
the intersection Y3 N (Y;)* is defined as the fibre product over Y;. For the first equality, it

suffices to show existence of following morphisms over Y,

Z)\—min(Yrs) - ?TS N (YT)A
o (6.122)
Yq—s N (YT))\ — Z)\—min(Yer)'

It is easy that the morphism Z) i, (V) — Y3N(Y;)? exists. The existence of YN (V) —

Zy—min(Y?) is from that the morphism Y5 N (Y;)* — (YTS)())\ is A-equivariant with the

—min
trivial Ad-action on YN (Y;)}. This proves Z) _min(Y?) = YN (Y;)*. Note that the equality
is scheme-theoretic.

The morphism [[ | RS — Zy_min(Y?) is from [}, RS — (YS))\ iy Which s A-
equivariant with trivial action on the source. It is an open immersion, since the composition
[T, B = Zyomin(YE) = T, QuotP i(1).£ m)/X/k 1 an open immersion.

We then construct the morphism Zy_pin(YS) — [[i; R;. By [Sta22, Lemma 01R8],
Y5NY, < Y, is the scheme-theoretic image of Y — Y,. We have that the morphism
Y? — Y, factors through p- 1<H?:1 E) — Y, so the dashed arrow below exists by the

universal property of scheme-theoretic image

S — = 5 VEAY, — Y,

\ | / (6.123)

;1<H?=1E>-

We obtain a morphism Zy_nin(YS) — H?ZIE by taking fixed point subschemes with
respect to A of Y3 NY, — po 1(]_[?:1 E) It is easy to see the morphism is a closed
immersion over Y,. This proves (2).

For (3), the second equality follows immediately from the first. Recall that K, =
[T, SL(V;). We have
ROV =] R (6.124)
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where the first equality is a formula on stable loci of product linearisations (See [HK12]
Lemma 6.6, Proposition 6.7), and the second equality is from Theorem 6.3.5 when M’ >

[ > 0. By [MFK94], Theorem 1.19 and (2) proved above, we have

n _ \Krs n
2375 (VE) = Zy in (V) N (H Ri) =1I= (6.125)
i=1 i=1

which proves (3).

6.5 Sheaves of length 2

Let 7 be a Harder-Narasimhan type of length 2. Let P(t), P;(t) € Q[t] for 1 <i < 2 be the
Hilbert polynomials associated to 7, in the sense that if £ is a sheaf of type 7, then P(t)
is its Hilbert polynomial and P;(¢) is the Hilbert polynomial of HN;(E)/HN;_1(£). Recall
that X is a connected projective scheme over k and £ is an ample line bundle on X.
Recall the linear action of U, x (T, x K,) on Y with respect to M \Y—Tb Let A: G, — T
be a grading 1PS. We will assume that there exists a (7, d)-stable sheaf (Definition 6.5.4)

for some § € N. In the case when 7 has length 2, we have:
e the torus T, has dimension 1.

o U, is Abelian and the adjoint action of T, on u := Lie(U;) has one weight, so any
internal grading 1PS A : G,;, — T has one weight on u, inducing the trivial filtration

of u;

Lemma 6.5.1. Assume there exists a (7,0)-stable sheaf. For M' > 1> 0, Condition 5.1.6
is satisfied for

Ur x (Tr x K;) ~ (Y2, Mlys). (6.126)

Proof. There are four requirements in Condition 5.1.6. Note that a 1PS X : G,, — P,
which factors through T, — P, grades U, if and only if there exist wy,ws € Z such that
wydimVj + wedim Ve = 0 and w; > wg and N(t) = t“*1y, @ t“21y,. For such grading
1PS X, the retraction py equals p;, which does not depends on \'. Then (1) and (2) in

Condition 5.1.6 are immediate.
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The existence of a (7,0)-stable sheaf implies that R} and RS are non-empty, and by

Proposition 6.4.2, when M’ > 1> 0

23T (YV2) # 0 (6.127)
which verifies (3) in Condition 5.1.6.
The last requirement (4) in Condition 5.1.6 comes from [Jac21] Corollary 7.2.6. O

We can apply Theorem 5.2.1 to the linear action of U, x (T, x K;) on Y with respect
to M|ps. Let the stratification in Theorem 5.2.1 be
I 5:(v) — v2 (6.128)
6eN
where we have applied Proposition 6.4.2 to get the identity p)fl (Zf_fflin(YTs)) =Y?5
Let Y5 C S5(Y7) be the subset of closed points x € S5(Y7) such that Ur.z # Ur.p;(z),
which defines a U, x (T, x K;)-invariant open subset by Theorem 5.2.1. Therefore Y has a

canonical open subscheme structure. Also by Theorem 5.2.1, there exists a quasi-projective

universal geometric quotient

Y35 = Y35/Pr. (6.129)

Similar to Y> and Y}, the schemes S5(Y?®) and Y?; also have moduli-theoretic descrip-

tions. We will describe their functors of points (Lemma 6.5.3) in Section 6.5.1. The relation
between the quotient Y5 — Y?*;/P; and the moduli functor M! ; (Lemma 6.5.5) will be

discussed in Section 6.5.2, where the main result (Theorem 6.5.7) is proved in Section 6.5.3.
6.5.1 Unipotent endomorphisms

Let U, C P, be the unipotent radical and let u denote its Lie algebra. Then u :=
Homy (Va, V7). The filtration induced by A is the trivial one of length one.

We will apply Corollary 5.1.5 and describe S5(Y?) and Y; s moduli-theoretically. Let
T € Sch/k. Recall that a morphism 7' — Y7 is equivalent to an isomorphism class [(£, q)]
such that

q:V(=lm)pr - & (6.130)
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is surjective, each &; if flat over T' with Hilbert polynomial P;(t), and fibres of each &; at
closed points of T" are stable.

If we have a filtration in an Abelian category A
0=FEcgCEcy C- - C By = (6.131)

then we call ¢ € End 4(E) a unipotent endomorphism if p(E<;) C E<;—; fori=1,--- ,n.
Recall Definition 2.2.2 and Definition 2.2.3 for scheme-valued infinitesimal transforma-

tions and when they stabilise scheme-valued points.

Lemma 6.5.2. When | > 0, we have the following commutative diagram of T'(T,Or)-

modules for any T € Sch/k and any T-valued point [(€,q)] in Y?

{T—valued inﬁnitesimal} ~ {17 :n € Endp, (V ® Or) and fori=1, 2}
transformations in U, n(V<; @k Or) C V<1 @k Or

UW U'T (6.132)

p:pis aT-valued
infinitesimal ¢ ¢ € Endoy (€)
transformation in U, 0(€E<i) CE<imq fori=1,2

and p stabilises [(€,q)]

M

where the horizontal maps are isomorphisms and vertical maps are injective. Moreover, the

top map is natural in T' € Sch/k and the bottom map is natural in T € Sch/Y?.

Proof. The left vertical map in diagram (6.132) is the inclusion. For the right vertical arrow,
let ¢ : & = & be Ox,-linear such that p(€<;) € €<;—1 for i = 1,2. For a coherent sheaf F
on X, let F(Im) denote F ®@o,. chn.

Consider the diagram on X7 for 1 <4, <2 with ¢(E<y) C E<;

Vgi/(—lm)T Vgi(—lm)T
qui/ qui (6133)
551" L ggi

where g<; and ¢;;» are the truncated morphisms.
Apply the functor F +— F(Im) — (fr)«(F(lm)) to the diagram above to obtain the

following diagram

Veip @ Op —=-----""------ » V<i @k Or
l(m*(qgi/(m)) l(fmqgi(zm)) (6.134)
(f7)+ (530 (Im))
(fr)u(E<ir(tm)) T2 f) o (E<i(im)).
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When [ > 0 is large, we have
o (fr)«(Ej(Im)) is locally free of rank P;(Im) for j =1,2;
o (fr)«(E<j(lm)) is locally free of rank P<;(Im) for j = 1,2

forall T' € Sch/k and [(€, q)] (See step (3) in Section 6.2.1). So (fr)«(g<i(lm)) is a morphism
between locally free sheaves of the same rank P<;(Im). For any closed point {t} — T,
the morphism (f7).(g<;(Im)) pulls back to an isomorphism V<; & H°(X, E<;(Im)|;). By
[Sta22, Lemma 0000], we have that (f7)«(¢<i(Im)) is an isomorphism since its pull-backs
at closed points are isomorphisms. Similarly (fr)«(g<i(Im)) is an isomorphism. Therefore
the morphism 7;; : V<jy @ Or — V<; ®k Or exists in diagram (6.134). Consider for all 1 <
i,7" < 2 such that ¢(E<ir) C E<;. These {n;i} glue to a morphism n: V @, Or — V & Or,
which satisfies n(V<y @k Or) C V<; @k Or if p(E<i) € E<;. The association ¢ — 1 defines
the right vertical map in diagram (6.132).

The right vertical map in diagram (6.132) is injective, since if ¢ — 7, then ¢, n satisfy

the following diagram
V(=tm)r "V (—im)y
lq lq (6.135)
E—*2 ¢
where 7(—Im) := ((fr)"n) @ox, 14
For the top map in diagram (6.132), let p : T[e] — U, be a T-valued infinitesimal
transformation in U;. A morphism p : T'[¢] — U, is equivalent to a morphism of coherent
sheaves on T[]

u:V @k Org — V & Orgq (6.136)
such that:
(1) w(Ve; @k Orp) € Vi @k Opyg, and we denote u<; : Vg @ Oppg = Vai @k Opyg;
(2) the induced morphism u; : V; ®y Orjq — Vi ®k O is the identity

0 —— V<io1 @k Opg —= Ve Ok Orjg —— Vi®x Opg —— 0
iugi_l iugi iuizl (6.137)

0 — V<i—1 @k Opg —=5 V<i @k Orpg —— Vi @k Opg —— 0.
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Note that the underlying topological spaces of T and T'[e] are the same, and Orq=0re
€Or as Op-modules. The morphism u : V @k Opq — V @k Or|q is equivalent to two

Or-linear morphisms
w:VekOr =-VeOr, n:VOr—=VOr (6.138)

in the sense that according to the decomposition V' ®k Opjq = V @ Or @ €V @k O, we

u= (57 u5> (6.139)

where pe : €V Q@ Or — €V ®k Or is the morphism equivalent to u.

have

For a morphism p : Tle] — U, to be an infinitesimal transformation, the diagram
T —— Tle]

J lp has to commute, which is equivalent to the following condition for w:

Spec(k) —=— U,

. 1
(3) n=1lvgop, le u= <€77 16).

Condition (3) for u says that u is determined by 7, so the association p +— 7 is injective.

With (3), condition (1) and (2) together for u are equivalent to the following
U(Vgi (S OT) - ng;l Rk Op, 1=1,2. (6.140)

Therefore the association p — 7 defines the top map in diagram (6.132), which is bijective
from its construction.

For the bottom map in diagram (6.132), let p : T[¢] — U, be a T-valued infinitesimal
transformation in U; and assume p is mapped to n : V ®x Or — V ®k Or along the top
map in diagram (6.132). We have n(V<; @k Or) C V<1 ® O for i = 1,2.

Let h : T — Y? be the morphism corresponding to [(€, q)]. Then p : T'[¢] — U, stabilises
[(£,¢)] if and only if the following diagram commutes

Tl —22 T

l(p,zwprT) lh (6.141)

g
Ur xg Y7 —— Y7
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where o : U, xi Y? — Y? is the action morphism of U, ~ Y?. There are two families of
quotients parameterised by T'[¢] corresponding to two morphisms hopry and oo (p, hopry).
The diagram above commutes if and only if Ao pry = oo (p, hopry), if and only if the two
families over T'[¢] are equivalent.

The family over T'[e] corresponding to h o pry is the following

)

V(=Ilm)r @ eV(=lm)p ——= EDeE —— 0 (6.142)

where g, : €V (—=Im)p — €€ is equivalent to q. The family corresponding to o o (p, h o pry)

1 q
—677(—17”) 1e qe

V(=Ilm)r @ eV (=lm)p ——— "V (=Ilm)r @ eV (=lm)p — £ P € (6.143)

is the composition

where n(—Iim) : V(=lm)p — V(=lm)p denotes n(—Im) := ((fr)*n) ®0y, Lp-tm. It is
T
easy to see the two families are equivalent if and only if n(—Im)(kerq) C kerq, which is

equivalent to the existence of ¢ : £ — £ such that the following diagram commutes

V(—im)r " v (Cim)r
lq lq (6.144)
E—*% ¢
which is equivalent to that 7 is in the image of the right vertical map in diagram (6.132),
i.e. the association p — ¢ defines the bottom map in diagram (6.132).
We have now defined all the maps in diagram (6.132), with horizontal maps being
bijective and vertical maps being injective. It is easy to check that they are all I'(T, Or)-

linear and natural in 7" € Sch/k and T € Sch/Y}? respectively. O

Recall that the locally closed subscheme S5(Y®) — Y? is defined in equation (6.128), and

) is defined in the paragraph following equation (6.128).

T

the open subscheme Y?*s C Ss(Y?
For a coherent sheaf & on Xp := X xi T and a morphism 7" — T, let £|7» denote the

pull-back of £ along X7 — Xrp.

Lemma 6.5.3. The scheme S5(Y?) represents the functor which sends T € Sch/k to the

T

set of isomorphism classes [(E,q)] such that:
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(1) q:V(=Ilm)r — &€ is a surjective morphism of coherent sheaves on X, and &; is flat

over T with Hilbert polynomial P;(t) fori=1,2;
(2) fibres of & at closed points are stable for i = 1,2;
(8) for any closed subscheme T' — T, the coherent sheaf
(fr)«Homoy_, (&l &) (6.145)
is locally free of rank 6 on T'.

The open subscheme Y5 C Ss(Y}) represents the sub-functor which sends T € Sch/k to

the set of isomorphism classes [(€,q)] such that (1),(2), (3) above hold and:
(4) fibres of € at closed points t € T are non-split, in the sense that & 2 E1|r B Ealt.

Proof. Recall in Section 6.3.2, the schemes Y? C Y, are defined moduli-theoretically. Let
T € Sch/k. Then (1) is equivalent to that [(€,¢)] corresponds to a T-valued point in Y-,
and (2) is equivalent to that [(€, ¢)] corresponds to a T-valued point in Y.

By Corollary 5.1.5, the morphism 7" — Y factors as T' — Ss(Y?) — Y7 if and only if

the following holds:

(3”) for any closed subscheme T" — T, the following defines a locally free sheaf of rank §

on T’
W s { p: pis a W-valued infinitesimal transformation in UT}
p stabilises W/ C T — T — Y3 (6.146)
for open subsets W’ C T".
By Lemma 6.5.2, the sheaf in (3') is isomorphic to the following sheaf on T”
W »—>{SO tp € EndoXW/ (Elw) and for i = 1,2}
P((Elwr)<i) € (Elwr)<i

~Hom ( Elwr Elwr)<1, (Elw )

ox,,, (Elw)<2/(Elw) <1, Elw)< (6.147)

=Homo, |, (Ealwr, Exlwr)

=Homoy (&l Exlrr) ((fr)~HW).
So (3) and (3') are equivalent. This proves the moduli description of Ss(Y?).
The morphism T — S5(Y7) factors as T' — Y5 C Ss(Y7) if and only if any closed point

t € T is mapped into Y5, which is equivalent to:
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(47) fibres of £ at closed points ¢t € T, denoted by &|;, satisfy the condition that the

following two closed points in Y® are not in one U -orbit

(€l qlr)] [(é&'lu éthﬂ € Vs, (6.148)

If (4) <= (4), then the moduli description of Y?; is proved, hence the lemma.
Obviously we have (4) = (4’). Conversely, it suffices to prove that if [(£,q)] € Y
is a closed point such that £ = @?:1 &;, then [(@22:1 &, @3:1 q,)} is in the U -orbit of

[(€,9)]. Let [(€,q)] € Y2 be such a closed point. Then the following diagram commutes

0 —— Vi(—Ilm) —— V(=Ilm) —— Vao(=lm) —— 0

LQI q lfh
& &
H I
& & @&
qlT 01002 qu

0 —— Vi(=lm) —— V(=lm) —— Va(—=Ilm) —— 0.

&
H (6.149)
&

Apply the functor F — F ®0, L™ = fu(F @0, L™) to the diagram above, and we

have the following

0 Vi 174 Va 0
|#-(aramy fulatm)) |#+taatom
0 —— fu(&1(lm)) ———— fiu(E(Im)) ——— fu(E(lm)) —— 0
H L H (6.150)
0 —— ful&1lm)) —— fu(&1(Im)) @ fu(E2(lm)) —— fu(E2(lm)) —— O
felam)| @ @m)of. am) fulaatim))]
0 Vi v Vs 0

where £(Im) = € ®p, L™ and q(Im) := ¢ ® 1zm and similarly for &(Im), ¢;(Im). We
denote by p : f (E(Im)) = f(E1(Im)) & fi(E2(lm)) the map induced from € — £ & E;. We
have that f.(¢(Im)) and f.(¢;(Im)) are isomorphisms.

Let g : V — V be the composition

9= (flar(m)) ' @ fulg2(im)) ") o po fu(q(Im)). (6.151)
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Then g € GL(V) and the following diagram commutes
1 —im

V(—im) Ly (<im)
I [ (0:152)

E— = L8068

ie. g.[(€,q)] = [( @?:1 &, @?:1 qzﬂ Finally we have g € U, since the following diagram

commutes
0 i |4 Vo 0
RN 0259
0 i |4 Vo 0.
This proves (4) < (4'). O

6.5.2 The moduli functor M’ ;

Recall that (7,0)-stability is defined in Definition 6.3.10. We view a (7, ¢)-stable sheaf £
as a family parameterised by Spec(k). To define the moduli functor M’T 5> we need the
notion of families of (7,0)-stable sheaves parameterised by T for T € Sch/k. Recall that

f: X — Spec(k) is the structure morphism.

Definition 6.5.4. Let 7 be a Harder-Narasimhan type of length 2 and let § € N. Let
P(t), P;(t) be the Hilbert polynomials associated to 7. Let T" € Sch/k. A family of (,9)-

stable sheaves on X parameterised by T is (5, {59'}12:0) such that:

(1) € is a coherent sheaf on X7 := X xi T, and {€<;}2_, is a length 2 filtration
0=EcoCEcy CEcy=E; (6.154)
(2) Each &; := E<;/E<i—1 is flat over T' with Hilbert polynomial P;(t);
(3) For any closed point ¢t € T, the fibre & is (7, d)-stable;
(4) For any closed subscheme 7" < T, the following sheaf
(frr)«Homoy , (&l &1lr) (6.155)

is locally free of rank 6 on T".
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We call (fT/)*’HomoXT, (Elrr,E1lrv) in (4) the sheaf of unipotent endomorphisms of the
pull-back family (€|, {E<i|r}7,)-
Two families (£, {€<;}2 ) and (&, {&4 ? ) parameterised by T are called isomorphic

if there is a filtration-preserving isomorphism £ = £’ on Xr.

The definitions above obviously generalise (7, d)-stable sheaves and their isomorphisms

to families. The moduli functor M’T s is defined as follows
’775 : (Sch/k)°P — Set (6.156)

which sends T € Sch/k to the set

, o isomorphism classes of families of }
ro(T) = {(T, 0)-stable sheaves parameterised by T' (6.157)
and for a morphism ¢ : 7" — T, the map
7o(9) : M7 5(T) — M7 5(T") (6.158)

sends the isomorphism class of (8 , {89}22:0) to the isomorphism class of the pull-back family
(Elrr, {E<ilr}i_y), where E|p := (1x x g)*E. It is easy to check that M 5 defines a functor.

Let m € N, be such that H(X, £L™) generates Do HO(X, £™). Let I > 0. Consider
Yf’ s defined in the paragraph following equation 6.128. There is a fully faithful embedding
Sch/k — PSh(Sch/k), and we will not distinguish between a scheme and its Yoneda functor.

We will define a P -invariant natural transformation
P Yf’é — M’T’é. (6.159)

Let T € Sch/k, and let T' — Y?; be a morphism. By Lemma 6.5.3, the morphism 7" — Y7
corresponds to an isomorphism class [(£, q)] satisfying (1) — (4) in Lemma 6.5.3. For the
family of quotients (£, q) over T, define £<; = q(Vgi(—lm)) C &. Then the isomorphism

class of (£,{€<;}%) is an element in M’ 5(T'). This defines a map
pr : Homgep i (T, Y7 5) — M7 5(T) (6.160)

It is easy to see pr is Homggy, /i (T, P7)-invariant and it is natural in 7' € Sch/k. This defines

a Pr-invariant natural transformation p: Y?; — M/ ;.
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Since p : YZis— M’T 5 is Pr-invariant, it factors through the quotient presheaf

Homg, /x (T, Y75)

P, : (Sch/k)°® — Set, T
Yoo [Pr /) Homgy, /i (7', Pr)

(6.161)

i.e. there exists a unique natural transformation 6 such that the following diagram in

PSh(Sch/k) commutes
Yo —— M,

lw % (6.162)
vz [P,
A Zariski covering in Sch/k is a collection of morphisms {7; — T'};c; such that each
T; — T is an open immersion and every point of 7" is in one of the images. A Zariski

covering is nothing but an open covering in the Zariski topology.

Lemma 6.5.5. When | > 0 is large, the natural transformation 0 : YS(; /P — M

satisfies:
(1) 6: 5 /P — M ; is injective.

(2) For any T € Sch/k and any x € M. 5(T), there exists a Zariski covering {Tj — T'}je,
such that x|7, € M/ s(T}) is in the image of O, : ( b /P WT;) — M’ 5(T}) for each

Jj € J, where x|r; is the pull-back of x along Ty — T}

(8) For all Z € Sch/k the following map is injective
(=) © 60 - Hompgp(sen/i) (M7 5, Z) — Hompgp(sen/i) (Yrg /Pr , Z). (6.163)

Proof. For i = 1,2 the collection of stable sheaves of Hilbert polynomial P;(t) on X is
bounded and then regularities of such stable sheaves are bounded by Lemma 6.3.3. Let [ > 0
be larger than the regularity of any stable sheaf of Hilbert polynomial in { P (t), P2(t)}. We
will prove the lemma for this [. For T' € Sch/k, recall that fr : Xy — T is the projection.
Denote E(Im) := € ®o, . £, For any morphism 7" — T in Sch/k, denote by |7 the
pull-back of £ along X7v — Xrp.

For (1), let T € Sch/k. It suffices to prove that if pr(h) = pr(h') for two elements

h,h' € Homga i (T,Y;;5), then h,h" are in one Homgg, (7, Pr)-orbit. By Lemma 6.5.3,

163



elements in Homg, (7', Y ) correspond to isomorphism classes [(€, g)] satisfying (1) — (4)
in Lemma 6.5.3. Let [(£,q)] and [(£',¢')] be two isomorphism classes corresponding to h
and h' respectively

q:V(=lm)r =&, ¢ :V(=lm)r — & (6.164)

The equality pr(h) = pr(h') is equivalent to that & = & on Xp and the isomorphism
preserves the filtrations {€<;}7_, and {€L,;}7_,.

Consider the following commutative diagram with exact rows

0 —— V1@ Or ——— Vi @y O ——— Vi@ Op ——— 0

|- (azica@m) |- (azitom)) [ asom (6.165)

0 —— (fr)«(E<ia(lm)) —— (fr)«(E<i(im)) —— (fr)«(&i(lm)) —— 0.
Recall that [ is larger than the regularity of &; for i = 1,2. By [Nit05] Theorem 3.7, we have
that (fr)«(E<i(lm)) and (fr)«(Ei(Im)) are locally free of ranks P<;(Im) and P;(Im) on T
for i = 1,2 respectively. Therefore (fr).(g<i(Im)) and (fr).(¢i(Im)) in diagram (6.165) are
morphisms between locally free sheaves. For any closed point ¢ € T', we have that [(£], gl¢)]

corresponds to a closed point in YTS, 5+ SO
(fry)«(qile(Im)) Vi = (fey)«(Eile(Im))

(frp)«(g<ile(m)) Vi — (friy)«(E<ile(Im))

are isomorphisms, i.e. fibres at ¢t € T of (fr)«(g<i(Im)) and (fr)«(¢i(Im)) in diagram (6.165)

(6.166)

are isomorphisms. This proves that (fr)«(¢<i(Im)) and (fr)«(¢;(Im)) are isomorphisms by

[Sta22, Lemma 0000]
(J7)«(g<i(lm)) V<i @k Or = (f)«(E<i(im))

(fr)«(gi(im)) :V<; @k O = (fr)«(&(Im)).

Similarly we have that (fr)«(¢%;(lm)) and (fr)«(g;(Im)) are isomorphisms for i = 1, 2.

(6.167)

Consider the morphism ¢ : V ®x Opr — V ®k Or defined as the following composition
onT

m «(¢' (Im))~1

v
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e the morphism g : V®x Or — V ® O preserves the filtration {ng‘}?zo, thus it defines
a morphism g € Homgy, /i (T, PGL,r), where Pgr,» € GL(V) is the parabolic subgroup

stabilising the flag {V<;}?_;
 the following diagram commutes

V(—im)r v (Cim)y
Js |+ (6.169)
&

that is g.[(,q)] = (€', )]

Thus h, b’ € Homgep, (T, Y 5) are in one Homgey, i (7', Par,-)-orbit, which is a
Homgy, /i (T, P7)-orbit, since the central G,, C GL(V') acts trivially. This proves (1).

For (2), let T' € Sch/k and let * € M 5(T'). Let (€,{€<i}?) represent the isomorphism
class x € M’Tﬁ(T). Note that £ and £<; are coherent sheaves on X7 and & 1= E<;/E<i—1 is
flat over T' with Hilbert polynomial P;(t).

By [Nit05] Theorem 3.7, we have that:

o (fr)«(E<i(lm)) and (fr)«(&i(Im)) are locally free of ranks P<;(Im) and P;(Im) on T

for ¢ = 1, 2 respectively;
o RI(fr)«(E<i(Im)) =0 and RI(fr)«(E(lm)) =0 for i = 1,2 and j > 0;

o (fr)*(fr)«(E<i(lm)) — E<i(Im) and (fr)*(fr)«(Ei(lm)) — &i(Ilm) are surjective for

i=1,2.

We choose a Zariski covering {T; — T'}je; such that (fr).(&i(lm))|r; is free of rank
Pi(lm) for i = 1,2. Then (fr)«(E<i(Im))|7; is free of rank P<;(Im) for i = 1,2. On each T},
we can choose generating global sections compatible with the filtration {(f7).(E<;(Im)) }?:0

and obtain isomorphisms in the following diagram

0 ;) Vfl ®]k OT]' ;) V§2 ®k OT]’ E———————— 4 ®]k OT

iuz luz iuz (6.170)

0 —= (fr)«(E<1(tm))lr; —=— (fr)«(E2(lm))lr, (fr)«(E(m))|r, -
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On each T and 7 = 1,2 we have a surjective morphism
Vai(—tm)r; =(f1,)" (V<j @ Or,) @0y, Ly)"
(2, () (Eilim)lry) B0, L™

(fT)*(fT)*(Egi(lm))’Tj Qy ﬁ}jlm (6.171)

[12

12

—»ggi(lmﬂTj QT ,Cilm

=E<ilTy-

When i = 2, let ¢; : V(=Im)r, — &|1; denote the surjective morphism. Then we have
¢j(V<i(=lm)1,) = E<ilr, for i = 1,2. Therefore [(€|r;, ;)] defines a morphism T; — Y, It
is easy to check that it actually defines a morphism h; : T; — Y25 for example by Lemma
6.5.3. We have that pr, maps h; to z|r, = [(€]r;, {E<i}ig)] € M’ 5(T}). Since the image
of PT; and the image of HTJ. coincide, we have that m|Tj is in the image of GT].. This proves
(2).

For (3), let Z € Sch/k and let p,v : M7 s — Z be two natural transformations such

that p o6 = v o6, which implies ;1o p = v o p. The equality u = v unfolds as follows
pr(z) = vp(z) € Homge, i (T, Z), for all T € Sch/k, x € M 5(T). (6.172)

Let T' € Sch/k and let © € M 5(T). By (2), there is a Zariski covering {T; — T'};es
such that x|z, € M’ ;(T}) is in the image of fr;, which equals the image of pr;. Let
h; € Homgg,/x(T,Y:5) be a morphism such that pr,(h;) = z|7; for each j € J. Since

Z € Sch/k, the following is injective

Homgp, x (T, Z) — | [ Homgax(T5, 2). (6.173)
JeJ
Therefore to prove ur(z) = vr(z) in Homgg, /i (T, Z), it suffices to prove pr(z)|r, = vr(z)|r;

in Homgg, /i (T, Z) for all j € J. We have
pr(z)|r, =pr; (z|7;)
=pr; (pr; (hy))
=(po p)z;(hy) (6.174)
=(v o p)r;(hy)
=vr ()T
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This proves (3). The argument also indicates that in (3) we can replace Z € Sch/k by

separated presheaves on the site (Sch/k)zar. O
6.5.3 Construction of the moduli

Let m € Ny be such that H°(X, L™) generates Da>o HO(X,L£m). Let | > 0 be large.
Recall that ¢ : Y35 — Y?;/P; is a geometric quotient by Theorem 5.2.1, thus a categorical

quotient. Recall the following diagram in PSh(Sch/k) in Lemma 6.5.5

s P /
YT,5 B MT,5

lﬁ % (6.175)

Y35 /Pr.

It is easy to see the geometric quotient g : YTS7 5 YTS7 s/P+ factors uniquely through 7, i.e.

that there exists a unique morphism ¢ in PSh(Sch/k)
C:Y5s [Pr—Y3s/Ps (6.176)

such that the following diagram commutes

Ys,
lﬂ \ (6.177)

Ve /Py — Y35/P,

In the construction of moduli of stable sheaves, the connection between GIT quotients
and co-representatives of moduli functors was shown in [HL10] Lemma 4.3.1. The following

is the analogue in the construction of moduli of unstable sheaves.

Lemma 6.5.6. When [ > 0, the natural transformation ¢ : Y /PT — Y25/P. factors
through 0 : YTS’(; /PT — M’m; uniquely, i.e. there exists a unique 7 : M/T,a — YTS,(;/PT such

that the following diagram in PSh(Sch/k) commutes

/
MT,5

/ l" (6.178)

¢
Vs [Pr —— Y25/Pr.
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Proof. Uniqueness of 7 comes from Lemma 6.5.5 (3).

We now construct the natural transformation 7 : M’/T75 - Y2 s/Pr. Let T" € Sch/k
and let x € M (7). By Lemma 6.5.5 we can find a Zariski covering {Tj — T'};e, such
that there exists g; € (YTS’(; /P-)(Tj) and 01,(g;) = x|z, for each j € J. If we denote
hj := (r;(g5) € Homg, (T}, Y7 5/P7) for j € J, then the relations of g;, h; and z|r; are as

follows

9 M (1)) ol
Y (6.179)

(Y25 /P )(T5) — Homsen (T3, Y75/Pr) g —— by

T;
Note that the equality 07,(g;) = 2|7, uniquely determines g; € (Y5 /P-)(T}), since 07,
is injective by Lemma 6.5.5 (1).
Let 7,7 € J be two indices. We have

Or,er, (95|1y0m,) = 015 (95) 501, = @101, = 013007, (957 |T3007,) - (6.180)

Since @ is injective by Lemma 6.5.5, we have gj|ijTj, = gj/]ijTj/. Then hj|ijTj, =
hj|r;nr, . This checks the gluing condition for {h; : T; — Y75/Pz}jcs. So there is a
morphism h € Homgy, /i (7, Yié/PT) such that h|r, = h; for j € J. Note that the con-
struction of h relies on a Zariski covering {T; — T'};cs, however the morphism h : T —
Homg, /i (7', Y /P;) does not depends on the covering, since any finer Zariski covering

defines the same element. Then the following map is well defined
nr s M 5(T) — Homg i (T, Y5 /Pr), w (h:T —Y25/Pr). (6.181)
It is easy to check:
o nrofp = (r for all T € Sch/k;
e 77 is natural in 7" € Sch/k.
The lemma is proved. O

This is the main theorem on the coarse moduli space of M’_;.

168



Theorem 6.5.7. Let X be a projective scheme over k and let L be an ample line bundle on
X. Let 7 be a Harder-Narasimhan type of length 2 and let 6 € N. Then the moduli functor

M/ - has a quasi-projective coarse moduli space.

Proof. We will prove that Y; 5/ P+ is the coarse moduli space, and the natural transformation
n:M 5 — Y?; /P in Lemma 6.5.6 defines the co-representative.
On Spec(k), consider the following diagram in Lemma 6.5.6
M’ 5(Spec(k))

% l"”‘ (6.182)

(Y25 /P-) (Spec(k)) —“— Homsay x(Spec(k), ¥;5/P-)
where we have simplified 7gpec(ic)s Ospec(i)s Cspec(i) tO 7k, Ok, Ck- Since Spec(k) has only one
point, there is no non-trivial Zariski covering. By Lemma 6.5.5, the map 8 is both injective
and surjective, thus bijective. Since ¢ : Y — Y J/PT is a geometric quotient by P
(Theorem 5.2.1), the map (i above is bijective. Then n is bijective.
Next we prove that n : M/ ;5 — Y?;/P. corepresents M/ 5. Let Z € Sch/k and let

§:M] 5 — Z be a natural transformation. Consider the diagram in PSh(Sch/k)

M’(;%Z

l (6.183)
5 /P BN Y35/Pr

Since ¢ : YTS; 5 Y; s/Pr is a categorical quotient by P, the natural transformation ( :
YTS: 5 / P, — YTS, 5/PT corepresents YTS’ 5 / P.. Then there exists a unique morphism h :
ZSL(S/PT—) Z such that ho{ =¢o 9.7 a
We have
(honm)of =ho(nof)=ho(=Eo0 (6.184)

8o h on = ¢ since the following map is injective by Lemma 6.5.5

(=) © 0 : Hompgn(sen/i) (M5, Z) — Hompsn(sensi) (Yo /Pr » Z). (6.185)

Ifh,h Y} /Pr — Z are two morphisms such that hon = hon =&, then ho( = 00 = h'oC.
Since ( corepresents Y? Y75 / P, we have h = h'.
We have proved that for any Z € Sch/k and any £ : M’ ; — Z, there exists a unique

morphism A : Yf; s/Pr — Z such that h on = £. This shows that 7 corepresents M’T 5+ O
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6.6 Moduli spaces of vector bundles on curves

In this section, we will try to generalise the results to Harder-Narasimhan types of general
lengths and finally prove Theorem 6.6.16. For simplicity in this section we only consider
vector bundles on curves, i.e. the base scheme is a nonsingular projective curve C over k.
Let g € N be the genus of C'. By vector bundles, we refer to locally free sheaves of finite
rank. On C, vector bundles are pure sheaves of dimension 1. In this section, the notation
E, rather than &, is preferred for vector bundles. Let FE be a vector bundle on C. Denote

its Harder-Narasimhan filtration by
0 =HNy(F) CHN(F)C--- CHN,(FE)=FE. (6.186)

Some discrete invariants are:
ri(E) ::rank(HNi(E)/HNi_l(E)), 1<i<n
di(E) :=deg (HN;(E)/HN;_1(E)), 1<i<n (6.187)
wi(E) :=d;(E)/ri(E), 1<i<n.

However, our previous methods relied on some properties specific to Harder-Narasimhan
types of length 2. For general lengths, we need some assumptions on the Harder-Narasimhan
type (Condition 6.6.2). One important property for Harder-Narasimhan types of length 2
is that if £/ is a vector bundle of length 2, then the dimension of its space of unipotent

endomorphisms only depends on the associated graded sheaf @?:1 HN;(E)/HN;_1(E)

{¢ € Endo,(E) : o(HN;(E)) C HN;_(E) for i = 1,2}
(6.188)
=~ Homo,, (HN2(E)/HN;(E),HN(E)).
This was proved in [Jac21] Corollary 7.2.6, followed by Remark 7.2.7 on its failure for
general length Harder-Narasimhan types. This was also discussed in the text following
[HJ21] Proposition 3.8 and our assumption on the Harder-Narasimhan type is motivated
by this discussion.

Let E be a vector bundle on C' with Harder-Narasimhan filtration {HN;(E)}?_,. We

will consider the following condition for FE.
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Condition 6.6.1. Let E be a vector bundle on C whose Harder-Narasimhan filtration has
length n € N4. This condition for E assumes

Ext' (HN;(E)/HN;/(E) ,HN;(E) /HN; (E)) =0
(6.189)
forall0<i' <i<j <j<n.

There is a condition on the Harder-Narasimhan type 7, which is easy to check.

Condition 6.6.2. Let 7 be a Harder-Narasimhan type of vector bundles over C. Let
n € N4 be the length of 7, and let p; > --- > u, be the associated slopes of 7. This

condition for 7 assumes
Wi — fiva >2g—2, foralll<i<i+2<n. (6.190)

Lemma 6.6.3. If 7 is a Harder-Narasimhan type satisfying Condition 6.6.2, then vector

bundles of type T satisfy Condition 6.6.1.

Proof. Let n € Ny be the length of 7 and let p; > --- > u, be the associated slopes. Let
E be a vector bundle of type 7 with Harder-Narasimhan filtration {HN;(E)}? .

Let 0 <4 <i<j <j<n. Assume i < i and j < j for non-triviality. For
Ext! (HN;(E) /HN,/(E) ,HN;(E) /HN;/(E)) = 0 (6.191)
by Lemma 6.1.16, it suffices to show
fimax (HN; (E) /HN;#(E)) — pmin (HN;(E) /HN; (E)) < 2 — 2g. (6.192)
The Harder-Narasimhan filtration of HN;(E)/HN;/(E) is
0 =HNy (E)/HNy(E) € NHy11(E) /HNy(E) € -+ C HN;(E) /HNy(E).  (6.193)

S0 fimax (HN;(E) /HN;/(E)) = pjr41. Similarly we have pumin (HN;(E) /HNy (E)) = p;. We

have
fomnin (HNG(E) /HN; (E)) — pmax (HN; (E) /HN; (E)) =115 — pj41
=i — Hit2 (6.194)
>2g — 2.
This completes the proof. ]
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6.6.1 (7,0)-stability

Let 7 be a Harder-Narasimhan type of length n € N,. In the length 2 case, we considered
the trivial filtration of the Lie algebra of U,. In general, the filtration of the Lie algebra of
U, can not be trivial and the choice of filtrations will affect the definition of (7, d)-stability.

There is a partially ordered set (5, <) only depending on n € N, such that filtrations

of the Lie algebra of U, correspond to increasing chains in (.5, <).
Definition 6.6.4. The partially ordered set (S, <) consists of the following data:

e S is the set of functions s : {1,--- ,n} — {0,--- ,n — 1} such that s is non-decreasing

and s(i) < i forall 1 <i<n;
e s< s in S if and only if s(7) < §'(i) for all 1 <i < n.
The partially ordered set (S, <) has unique minimal and maximal elements
Smin(%) =0,  Smax(z) =2 —1, forallze {1,--- ,n}. (6.195)
Definition 6.6.5. We call a non-trivial increasing chain of (S, <)
Smin = 80 < 81 < - < SN = Smax (6.196)
admissible if there exist 81 > --- > B, in Q such that:

e the length of the chain equals the number of positive differences among 51 > -+ > f,,
i.e.

N=#{8i—8:1<i<j<n} (6.197)

o If wy > --- > wy are the rational numbers in {#; — 3; : 1 < i < j < n}, then for

1<i<n,0<j<n—-—1land1l<k<N we have
si(i) = j if and only if 5]'4_1 < Bi + wg S,Bj (6.198)

where we set By = +oc.

172



Remark 6.6.6. Fix n € Ny and (S, <). Let ;1 > --- > (3, be rational numbers. Then they
determine a non-trivial increasing chain uniquely by equation (6.198). A chain is admissible

if and only if it arises this way.
Admissible chains in (S, <) can describe filtrations of Lie algebras of unipotent groups.

Ezample 6.6.7. Let n € N4 and (S5, <) be as above. Let 1 > --- > 3, be integers. Let
S0 < 51 < -+ < sy be the admissible chain determined by 81 > --- > ,. Let V be a
vector space with a decomposition V = V; @ --- @ V,, into non-zero subspaces. Consider the

representation \ : G, — GL(V') such that the weight on V; is ;. Let
u:={p € End(V): p(V<;) C Vg1, forall 1 <i < n}. (6.199)

Then A induces a representation on u with weight 3; — 5; on Hom(V}, Vi) C u, and w; >
- > wy are exactly the weights of G, on u. Let u; := uy>,, C u denote the sum of

weight spaces whose A-weights are greater than or equal to wi. Then
w, = {@ € End(V) : (V<) C Vg, ) for all 1 <i < n}. (6.200)
The following definition makes sense for filtrations of length n in any Abelian category.

Definition 6.6.8. Let A be an Abelian category. Let E € A be an object with a filtration
of length n

Let s € S. Define
End(E), := {¢ € End4(E) : (E<;) C E<y), forall 1 <i <n}. (6.202)

We call ¢ € Endy(FE)s a unipotent endomorphism of E of shape s.

When E is a vector bundle on C' whose Harder-Narasimhan filtration has length n € N,
we define End(F)s with the Abelian category of coherent sheaves on C' and the Harder-
Narasimhan filtration of E.

When FE is coherent sheaf on T' € Sch/k with a filtration of coherent sheaves {E<;}7
on T, we define a coherent sheaf Endp, (E)s on T, whose module of sections on an open
subset W C T is

Endoy, (E)s(W) := Endoy, (Elw), (6.203)
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where Endp,, (E ]W)S is defined in the Abelian category of coherent sheaves on W with

respect to the filtration {E<;|w }",.

Recall 7 is a Harder-Narasimhan type of length n. The partially ordered set (.5, <) is

defined for n € N;.

Definition 6.6.9. Let sp < 51 < --- < sy be an admissible chain of length N € N} in

(S,<). Let § = (dy,--- ,dy) € NV, A vector bundle E on C is called (7, d)-stable if:
e F has Harder-Narasimhan type 7;

o if {E<;} is the Harder-Narasimhan filtration, then E; := E<;/FE<;_ is stable for

1 <1< n;

o E<i 1 C Ecjisnon-split for 1 <i¢—1<1¢<mn;

dimEnd(E)s, =dj+---+dj for 1 <k < N.

Remark 6.6.10. When n = 2, the set S has two elements spin < Smax and there is only one

—_—

admissible chain in (5, <) of length N = 1. The definition of (7, §)-stability above reduces

to Definition 6.3.10.

6.6.2 Conditions in Theorem 5.2.1

Recall the surjective homomorphism U, x (T, x K;) — P, defined at the beginning of
Section 6.4. We want to apply Theorem 5.2.1 to the linear action of U, x (T, x K,) on Y?

with respect to M|ys. In this subsection, we will

o fix the filtration {u;}2Y, of u := Lie(U,) associated to an internal grading 1PS X :

Gm — Tr;
o write down explicitly a;, oy, which are defined in Section 3.4;
o verify Condition 5.1.6 (cf. Lemma 6.5.1);

o describe Y and S5(Y7) moduli-theoretically (cf. Lemma 6.5.3).
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Most proofs will be omitted if they are obvious modifications of proofs in the length 2 case.

Choose an admissible chain sy < s1 < -+ < sy in (5, <). By Definition 6.6.5 and

=

Example 6.6.7, we can find A : G, — T such that:
o \is a grading 1PS, i.e. the weights of A ~ u:= Lie(U;) are all positive;
e there are N weights of A ~ u;

o if wy > --- > wy are the N weights of A ~ u, then
Ur>y, = End(V)s, (6.204)

where uy>,, C uisthe sum of weight spaces whose A\-weighs are greater than or equal

to wg.

We write down «;, o7 for Theorem 5.2.1, which are defined in Section 3.4. By definition

T, = (G,,)" !, thus
a;:Tr = Gy, (t1,-+ tp—1) > t;, forl1<i<n-—1. (6.205)

Recall that tg := Hom(G, T-) ®2Q = Q" ' and for I C {1,--- ,n —1}

_ {ai,y) =0, foralli el
01_{76@ “{ag,y) >0, for auz'ﬂ}

0, forallv el (6.206)
& n—1.v =V, forallt e }
_{(71’ =) € QT 0 forall i ¢ 1)
In particular for 0 <7 <n — 1, the open faces o; := oy .. 3 C Q™! are
g0 :{(717 e 777’1—1) S Qnil Y1y s Yn—1 > O}
— i =m~N =0 (6.207)
;| = , s Yn—1) € n—1. M i }, 1<i<n-—1
g; {(71 Tn 1) Q Nitls Y1 > 0 <1<

If N :G,, — T; is a 1PS such that X' € o;, then the composition G,, L T, — P, is of
the form

Gm — P,y t=tN1y @@ty (6.208)

for some (B1,---,0n) € Z™ satisfying f1 = -+ = Biy1 > --- > fp and frdimV) + -+ +

BndimV,, = 0. We can calculate lim;,0 N (¢).[(E,q)] for closed points [(E,q)] € YS by
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[HL10] Lemma 4.4.3. It turns out the limits only depend on o;, so the retraction p,, in

Theorem 5.2.1 is

pe: ([(E,q)]) = [<E§i+1 DEi oD - DEy, g<it1 D2 D - D Qnﬂ : (6.209)

The following lemma describes when U;.po, ([(E,q)]) = Ur.po,_, ([E,q])). The proof

comes from [HJ21] Lemma 4.14 and Proposition 4.16.

Lemma 6.6.11. Let [(E,q)] € Y be a closed point. Let 1 <i < i+ 1<n. The following

are equivalent:
(1) E<; C E<iy1 splits;

(2) Urpo, ((E,q)]) = Urpo,_, ([E,q])), i.e. the following quotients represent two closed
points in one U -orbit
1<i®© 1 © - Dqy:V(~Ilm) > E<; 1@ E;D--- O E,

(6.210)
<it1 DGy ® - B qn V(=lm) > E<;®E;11 & - B E,

Proof. Assume (1), which is equivalent to that F<;y; — FE;y; splits, i.e. there exists a
morphism ¢ : E;;1 — FE<;y1 such that the composition Ej;iq Z E<it1 — Ejiqq is the
identity. We have the following diagram

1Vi+1(—lm)

T

Vigr(—=Im), ————— Veip1(=Im) —> Vig1(~Im)
(o (Im))®1,—im

J;QH»I L(Igﬂq iqzdrl (6'211)

(o
Eiq E<iy1 ——— Eiq.

\Eir/

Then fi(o(lm)) : Vig1 = V1 @ -+ - ® Vi4q is of the form

file(lm)) = <1 H ) o Vi — Vs (6.212)
Vig1
Let
1V§i H 0
g= 1y, 0 e U.,. (6.213)
1V>i+l
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Then
V(—Im) g(=tm) V(—Im)

lqgi@qwl@'“@qn lqgi+1@Qi+2€B“‘®Qn (6.214)

EﬁZ@EH—l@@En i) ES’L-‘rlEBEH—Z@@En
where the bottom morphism is the direct sum of the identity morphism of F; 1o ®--- & E,

and

([,, J) : Egi D Ei+1 — E§i+17 L: ESi - E§i+1~ (6215)

This proves (1) = (2).

Assume (2). There exists

/

W, B It
9= v, u | e€U; (6.216)
MV g

such that g(—Im) : V(—=lm) — V(—Im) maps ker (¢<; ® gi+1 ® -+ @ ¢n) in ker (g<ip1 @
Git2 © -+ ® gn). In particular g(—Im) maps ker(giy1) C Vi(—Im) in ker(g<;i1), ie.
g(=Im) v, (—im) * Visr(=Im) — V<ip1(=Im) descents to a morphism o : Ej11 — F<jy1.
It is easy to check that o : E; 1 — E<;y1 splits the quotient F<; 1 — E;y1. This proves

(2) = (1). O]

Recall Definition 2.2.2 and Definition 2.2.3 for the notions of T-valued infinitesimal

transformations and when they stabilise T-valued points.

Lemma 6.6.12. Let s € S. Let Uy s C U, be the subgroup whose Lie algebra is End(V')s
with respect to the filtration {V<;}i"y. When I > 0, the following diagram of T'(T',Or)-

modules commutes for any T € Sch/k and any T-valued point [(E,q)] in Y}

{ T-valued infinitesimal

transformations in Um} —— End(V @k Or)s

Ul
T u (6.217)
p:pisaT-valued
mﬁmteszmal % End(E)s

transformation in U 4
and p stabilises [(E, q)]

where End(V @k Or)s and End(E)s are defined for the filtrations {V<; @k O}y and
{E<i}ly. Moreover, the horizontal maps are bijective and vertical maps are injective, and

all maps are natural in [(E,q)] € Sch/YE.
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Proof. The lemma can be proved as Lemma 6.5.2. O
We can now verify Condition 5.1.6.

Lemma 6.6.13. Let 7 be a Harder-Narasimhan type of length n satisfying Condition 6.6.2.
Let sp < 51 < -+- < sy be an admissible chain in (S, <). Assume there exists a (T, 0)-stable
vector bundle for some 6 € NN. Then for M' > 1> 0, Condition 5.1.6 is satisfied for any

internal grading 1PS X\ : G, — T and
Ur x (Tr x K;) ~ (Y2, Mlys). (6.218)

Proof. The proof of Lemma 6.5.1 can be adapted to obtain a proof of this lemma, except
that for (4) in Condition 5.1.6, we can not cite [Jac21]. The retraction py does not depend
on A by [HL10] Lemma 4.4.3. When restricted on Y C (?ﬁ)gimin, we have p) = p-.

By Lemma 6.6.12, we have that for a closed point y := [(E,q)] € Y?
StabEnd(V)S(y) = End(E)s (6219)

The vector bundle E has Harder-Narasimhan type 7. Then F satisfies Condition 6.6.1 by

Lemma 6.6.3. By Proposition 6.6.19 in Appendix 6.6.4, we have
dim Stabgaq(vy, (y) = dim Stabg,qvy, (- (y)) (6.220)

which proves (4) in Condition 5.1.6. Note that Condition 6.6.2 is only used in Proposition
6.6.19. 0

With every condition verified, we can apply Theorem 5.2.1. Let the stratification in
Theorem 5.2.1 be

IT Ss(vp) = v (6.221)
JeNN
where we have applied Proposition 6.4.2 to obtain the identity p)_\1 (Ziﬁr’im(Yf)) = Y>.
Also by Theorem 5.2.1, there is an open subscheme Y75 C S5(Y?) whose closed points are
x € S5(Y?) such that U;.p,, () # Ur.ps,_,, which has been described in Lemma 6.6.11.

Here is the moduli-theoretic descriptions of Y and Ss(Y7).
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Lemma 6.6.14. Let 7 be a Harder-Narasimhan type of lengthn € Ny. Let P;(t), P(t) be the
Hilbert polynomials associated to 7. Assume Condition 6.6.2 for 7. Choose an admissible
chain so < 51 < -+ < sy in (S, <) and choose § = (d1,--- ,dn) € NN. Let m,1>> 0. Then
the scheme Ss(Y?) represents the functor which sends T' € Sch/k to the set of isomorphism

classes [(E,q)] such that:

(1) q:V(=lm)r — E is a surjective morphism of coherent sheaves on Cr, and E; is flat
over T with Hilbert polynomial P;(t) for i = 1,--- ,n, where E; := E<;/E<;_1 and

Eci:= q(Vgi(—lm)T);
(2) fibres of E; at closed points of T' are stable fori=1,--- n;

(8) for any closed subscheme T" — T, and for all 1 < i < N, the coherent sheaf

(Cr = T')Endo,, (E|r) (6.222)

is locally free of rank dy + ---+d; on T".

The open subscheme Y35 C Ss(Y?) represents the sub-functor which sends T' € Sch/k to

the set of isomorphism classes [(E, q)] such that (1), (2), (3) above hold and:

(4) for any closed point t € T and any 1 <1i < i+ 1 < n, the inclusion E<;|; C E<;y1]

does not split.

Proof. The lemma is proved in the same way as Lemma 6.5.3, and we need Lemma 6.6.11
for (4). O

6.6.3 The moduli functor M’ ;

We define flat families of (7,0)-stable vector bundles parameterised by T and the moduli

functor M/ ;. All contents are generalisations of those in Section 6.5.2 and Section 6.5.3.

Definition 6.6.15. Let 7 be a Harder-Narasimhan type of length n € N. Let P;(t), P(t)
be the Hilbert polynomials associated to 7. Choose an admissible chain s < 51 < -+ < sy
in (S, <) and choose 6 = (dy,--- ,dy) € NV. Let T € Sch/k. A family of (1, 8)-stable vector

bundles on C parameterised by T is (E, {Egz‘}?zo) such that:
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o [ is a coherent sheaf on Cp := C xi T and {E<;}?, is a length n filtration

0=FE<0CE<1C--CEcpy =E; (6.223)

o Each E; := E<;/FE<,_; is flat over T' with Hilbert polynomial P;(t);

e For any closed point ¢ € T, the fibre E|; is a (7,d)-stable vector bundle on C' =

C xg Spec(k(t));

e For any closed subscheme T” < T, and for any 1 < 7 < N, the following sheaf is

locally free of rank dy + --- +d; on T”

(Cpr — T’)*SndOCT/ (E|r) (6.224)

S’

Two families (E, {E<;},) and (E’, {EL, " ) parameterised by T are called isomorphic

if there is a filtration-preserving isomorphism F = E’ on Cr.

Let 7,6 and {s;}¥, be as in Definition 6.6.15. The moduli functor M/ , is defined as

follows
'775 : (Sch/k)°P — Set (6.225)
which sends T' € Sch/k to the set
, . isomorphism classes of families of }
rolT) = {(T, d)-stable vector bundles parameterised by T’ (6.226)
and for a morphism g : 77 — T the map
! 5(9) : ML4(T') — ML, (T) (6.227)

sends the isomorphism class of (E, {Egi}?zo) to the isomorphism class of the pull-back
family (E|r, {E<i|r}1), where E|p := (1x x g)*E. It is easy to check that M’ ; defines
a functor.

When m, [ > 0, and Condition 6.6.2 holds for 7, similar to the length 2 case, we have:
. YTS7 s has a quasi-projective universal geometric quotient by P by Theorem 5.2.1
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o The following diagrams in PSh(Sch/k) commute

Yo Y25 —— M 5
l \ l / l (6.229)
Yis /P Sy 55/ Pr. s /P Sy 25/ Pr

In essentially the same way, we can prove that 7 : M’T s Y5 /P is a coarse moduli

space.

Theorem 6.6.16. Let C be a nonsingular projective curve of genus g over k. Let T be
a Harder-Narasimhan type of length n € Ny. Assume Condition 6.6.2 for 7. Choose an
admissible chain sg < 51 < --- < sy in (S,<) and choose 6 = (d1,--- ,dy) € NN. Then

= =

the functor M/ - has a quasi-projective coarse moduli space.

Proof. The statements of Lemma 6.5.5, Lemma 6.5.6 are still true here, and proofs are
essentially the same. The proof of Theorem 6.5.7 is purely categorical and works to prove

this theorem as well. O
6.6.4 Appendix

The Appendix aims to prove Proposition 6.6.19.

Recall (5, <) is the set of all functions s : {1,--- ,n} — {0,--- ,n — 1} such that s is
non-decreasing and s(i) < ¢ for all 1 <i <n. Let P :={(s,t) € S x S :s <t}. The set P
is endowed with the partial order such that (s,t) < (¢',¢') if and only if s < &' and ¢t < ¢'.

Define an equivalence relation on P such that (s,t) ~ (¢/,t') if and only if

e t—s=t —g;

o for 1 <i<m,ift(i)—s(i) =1t (i) =s'(i) >0, then s(i) = §'(i) and t(i) = t' (7).
Lemma 6.6.17. In the set P, every equivalence class has a lower bound in the class.

Proof. An explicit construction of the lower bound (sg,ty) € P of the equivalence class of
(s,t) € P is given by
0, 1 S x § il
to(x) = { t(ip), dp < <ipya (6.230)
t(ix), g <x<n
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where i; < -+ < i are those i € {1,---,n} such that s(i) < t(i). The function sg is

determined by tg — sg =t — s. O

Recall that End(F)s is defined for s € S and vector bundles F on C whose Harder-
Narasimhan filtration has length n. It is easy to see:
o If s<s in S, then End(E)s C End(F)y;

o If (s,t) < (¢,t') in P, then there is a natural injective map gﬁgégz — Egg((gt’,

0 —— End(E)s — End(E), Ezﬁé?iz 0
Jﬂ J‘” l (6.231)
0 —— End(E)y —— End(E)y ’ Eﬁgggti 0.

Lemma 6.6.18. Assume Condition 6.6.1 for E. Let (s,t),(s',t') € P. If (s,t) < (¢,t)
and (s,t) ~ (s',t'), then the following map is a linear isomorphism

End(E);  End(E)y

. .232
End(E),  End(E)y (6.232)

Proof. For injectivity, it suffices to prove
End(E)y NEnd(FE); C End(E)s. (6.233)

Let ¢ € End(E)y NEnd(E);. Let i € {1,---,n}. If s(i) < t(i), then s(i) = s'(i) since
(5,t) ~ (s',1'), and then ¢(F<;) € E<y) = E<y4). Else s(i) = t(i), then p(E<;) C
Egt(i) = Egs(i)' In both cases, (P(ESZ) Q Egs(i)v i.e. Y < End(E)s

For surjectivity, it suffices to prove
End(E)y C End(E); + End(E)y. (6.234)
It is helpful to prove the following first

forallt e S (6.235)

End(E); = Y End(E)p,,
=2

where h; ; € S is defined for 0 <i < j <n as

0, z<j
hij i {l,+,n} = {0, n—1}, x»—){ e (6.236)

i, T 2>7.
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For t € S, and 1 <7 < n define the truncation functions

T<i(t) : {1,--- ,n} = {0,--- ,n—1}, j»—){t($)’ <1

t(i), x>1i
' (6.237)
o) {L ny 5 {0 1), e {S(x) .
The following properties are straightforward:
o 7<i(t) and 7;(t) are functions in S, so 7<; and 7, define maps S — S;
o T5;0Tsi 1 = Tsi for 2 < <m
o T<i0T5i—1(t) = My, for 2 <i <.
For t € S and 1 <i < n, apply Hom(—, Egt(i)) to the short exact sequence
0 —— E<i —— F —— E/E<;, —— 0 (6.238)

to get the exact sequence
—— Hom(E, E<y;y) — Hom(E<;, E<y;)) — Ext'(E/E<i, E<y)).  (6.239)

We have that Hom(FE, E<;)) — Hom(E<;, E<y;)) is surjective since Condition 6.6.1
assumes Ext'(E/E<;, E<y;) = 0. For any ¢ € End(E);, we have ¢le., € Hom(E<;, Ecy(y)-
There exists 1 € Hom(FE, E<;(;)) such that ¢|g_, = ¢|g_,. We consider ¢ : E' — E<;; as
a morphism ¢ : E — E via the inclusion E<y;) — E. We show ¢ € End(E)TSZ.(t). When
r < i, since Y|p_, = |, we have Y(E<z) = ¢(E<z) C E<y(y), and when z > i, we
have (E<z) C (E) C E<yy). This proves ¢ € End(E),_, ;). We next show ¢ — ¢ €

End(E);_,¢)- When x <4, we have (¢ —9)(F<;) = 0, and when x > 4, we have
(¢ = V) (E<z) € p(E<z) + Y(E) C E<ya) + E<is) = E<t(a)- (6.240)

This proves ¢ — ¢ € End(E),_ ). The above argument together with 7<;(t) < t and

7>i(t) <t prove the following identity

End(E); = End(E)TSi(t) + End(E)7—>i(t)~ (6.241)
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Replace t by 7-;_1(t) in the above equation and we have

End(E),., ¢ =End(E) + End(E)

TSiOT>i,1(t) T>Z~OT>¢,1(t)

(6.242)
:End(E)ht(i),i + End(E)T>i(t)'
Consider the following equations

End(E); :End(E)ht(Z),Q + End(E)7.>2(t)

El’ld(E)T>2(t) :End(E)ht(3),3 + End(E)T>3(t)
(6.243)

End(E)T>n71(t) =End(F) + End(E)

ht(n),n
which sum to

(6.244)

End(E), = » End(E)p,, -
=2

Now we prove End(E)y € End(E); + End(E)y. Since End(E)y = > , End(E),

t/(i),i°

it suffices to show

End(E) C End(E); + End(E)y, forall2<i<n. (6.245)

}Lt’(i),i

When s'(i) = t'(i), we have hy(;y; = hg(;); < s and then

End(E) C End(E)y C End(E); + End(E). (6.246)

ht/(i),i

When s'(i) < #'(i), since (s,t) ~ (s',') we have t(i) = '(i), 50 hy(;),; = hy(s),; < t and then

End(E)p, , . C End(E); C End(E); + End(E),. (6.247)

@,

This completes the proof. ]

Proposition 6.6.19. Let E be a vector bundle on C with Harder-Narasimhan filtration

{E<;}? . Assume Condition 6.6.1 for E. Let s € S. Then
dim End(E)s = dim End(gr(E))s. (6.248)

Proof. Recall the notation E; := E<;/FE<;_; for 1 < ¢ < n. The first step is to consider

when s = h; ; € S for 0 <i < j < n, where

0, z<j
h@j(af) = {z > j (6.249)



By definition

End(E)p, ; = {¢ € End(E) : p(E) C E<i, p(E<j—1) =0} = Hom(E/E<;j—1, E<;).
(6.250)
We show by induction on ¢ that
dim HOH](E/ESj_l, Egi) = Z dim HOIIl(E/ESj_l, Ei’)~ (6.251)

=1

When ¢ = 0, 1, the equation is immediate. Assume the equation holds for ¢ — 1 for 1 < i <
j < n. The following is exact since Extl(E/ESj_l, E<;_1) =0 by Condition 6.6.1

0—— HOHl(E/ESj_l,ESi_l) — Hom(E/Egj_l,Egi)

(6.252)
e HOHl(E/Egj_l,Ei) — 0.
Then
dim Hom(E/ESj_l, ESZ) =dim HOIH(E/ESj_l, Ez) + dim HOIH(E/ESj_l, Egi—l)
i—1
=dim Hom(E/E<; 1, E;) + »_ dimHom(E/E<; 1, Ey)
i'=1
i
=Y dimHom(E/E<; 1, Ey)
i'=1
(6.253)
which completes the induction.
We then show for all 1 < i < j < n the following equation by induction on j
dimHom(E/E<j_1, E Z dim Hom(Ej, E;). (6.254)

J'=i
When j = n, the equation holds immediately. Assume the equation holds for j + 1 for

1 <i < j <n. The following is exact since Ext!(E/E<;, F;) = 0 by Condition 6.6.1

0 —— Hom(E/ESj,Ei) E— Hom(E/Egj_l,Ei) E— HOII](Ej,Ei) — 0.

(6.255)
Then
dimHom(E/E<;_1, E;) =dimHom(Ej, E;) + dim Hom(E/E<;, E;)
=dim Hom(Ej;, E;) Z dim Hom(E,/, E;)
J1=j+1 (6.256)
= Z dim Hom(E,, E;)

Jj'=j
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which completes the induction.

With the two equations proved we have for 0 <¢ < j <n

[
dim Hom(E/E<;_1, E<;) = Y _ dim Hom(E/E<;_1, Ey)

i'=1
- Z Z dim Hom(Ej:, Ey) (6.257)
i'=1j'=j
=dim HOIH( @ Ej/ , @ Ez’)
= i"=1
that is
dim End(E)p, ; = dim End(gr(E))p, ;- (6.258)

The next step is to consider general s € S. We prove by induction on max{s(z) :
1 <z < n}. When max{s(z) : 1 <z < n} = 0, we have s = 0 and dimEnd(E)s; =
dim End(gr(E))s = 0. Assume for some 1 < i < n — 1 we have proved dimEnd(FE)s =
dim End(gr(FE))s if s € S and max{s(z) : 1 < z < n} < i. Let s € S be such that

max{s(z): 1<z <n}=1i+1. Let j :=min{x : s(x) =i+ 1}. Then
itl<j<n, s(G—1)<s() =i+l (6.259)
The function h;i; ; € S is defined and h;y1,; < s. Consider s’ : {1,--- ,n} — Z defined by
s'=s—hit1;+ hij. (6.260)

Then we have (h; ;,s") € P and max{s'(z) : 1 <z <n} <i.

We claim that (hit1,5,s) ~ (hij,s') in P. By the definition of s’ we have s — hj;1; =
s —h;j. For 1 <ax <n, if hjy1,(x) < s(x), then x < j and then s'(x) = s(x). This proves
(hit1,5,8) ~ (hij,s). It is easy to see (hi;,s') < (hiy1,5,s) in P. By Lemma 6.6.18, the

right vertical arrow in the diagram is an isomorphism

0 —— End(E)y,; —— End(E)s End(E), 0
¥
J l iuz (6.261)
End(E)s
0 — End(E)n,,,, —— End(E)s ’ End(Eghi)-s-lj PO
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Then
dim End(F)s; =dim End(FE)

hivr, +dim End(E)y — dim End(E), |
=dim End(gr(E))p,,, ; + dim End(gr(£))s — dim End(gr(E))s,;  (6.262)
=dim End(gr(E))s

where the first equality is from the diagram, and the second equality is from the induction
hypothesis on End(E)y and the equation (6.258), and the third equality holds since gr(E)
also satisfies Condition 6.6.1 and we can replace E by gr(FE) in the first equality. This

completes the induction and the lemma is proved. O
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