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1 | MAIN RESULTS

The Riemann zeta function is defined on the half-plane Re s > 1 by

(=Y n*= ] a-p™H7"

nx1 p prime

It can be continued to a meromorphic function on the whole complex plane C with a pole at
s = 1. The Riemann hypothesis states that all nontrivial zeros of the function lie on the critical
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line Re s = 1/2. This paper is concerned with the distribution of large values of the function on
the critical line and slightly to its right.

A good point of reference for the distribution of values of the function on the line is Selberg’s
Central Limit Theorem: if 7 is a random point sampled uniformly in [T, 2T], then we have the
following convergence in distribution:

log [$(1/2 + iT)|

1
5 VloglogT

for N'(0,1), a standard Gaussian random variable. It is not hard to see from the proof, see, for
example, [18], that the result also holds slightly off-axis, that is, Re s = % + @, 6 > 0. An impor-

- N(0,1), T - oo, ¢))

tant question, because of its relation to the moments of { and to the Lindeltf hypothesis, is to see
if the distribution of the values of log |{| remains Gaussian-like for values of the order of loglog T,
thus well beyond the standard deviation y/loglog T. It was established in [1] for V ~ aloglogT,
a € (0,2), that

© ,—y*/loglogT

—dy’
v y/mloglogT

for some constant K, that depends on « but not T', and where P stands for the uniform probability
on 7. This, in turn, implied another proof for a sharp upper bound for the fractional moments of
¢ between 0 and 4 as first proved in [9]. The large deviations of the imaginary part of log¢ for a
wide range values are investigated in [7].

Here, we prove an unconditional lower bound off-axis matching (2) up to constant.

P(log[{(1/2+it)| > V) <K, )

Theorem 1. Let a > 0 and V ~ aloglogT. Consider t sampled uniformly on [T, 2T]. There exists
&* () such that if § > §* (o), we have

e—y?/loglogT

i —
v/ mloglogT

P(log |£(1/2+6/logT +it)| > V) > Co((é)/oo
v

forsome C_(8) > 0.

The constant C,(5) is explicit, see Equation (19). So is §*, as given in Equation (33). For «
tending to oo, §* () is of order log ot, whereas 6* () remains bounded away from 0 as @ — 0. (For
technical reasons, 9§ is redefined in (13), but this does not change the asymptotic behavior.) Our
method of proof does not seem to apply at § = 0, although it does imply sharp lower bound on the
moments on the critical line. More precisely, it was conjectured by Keating and Snaith [13] that
forallk >0

1 2T )
T/ (172 +i0)*de = E[|¢(1/2 + i0)|*] ~ C; (log T)*, (3)
T

where C), = q, f.. The arithmetic part q is of the form

2 k ?
a = l;[(l -p Y <F’51T+(kn;)) p" )

m=0
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3 0f 40 | ARGUIN and BAILEY

(see also Equation (B.14)), and the random matrix part is given by

_G*(1+k)

Jie= G120’ )
where G is the Barnes G-function. Theorem 1 yields the following.
Corollary 1. For k > 0 fixed, we have
E[I£(1/2 +i0)1*] > ¢, (log T)7,
where the constant c;_ is proportional to
are’™ (k + 1), (6)

Sharp lower bounds of this kind were proved in [10] and [17]. The constant obtained by Heap
and Soundararajan is better for large k as it behaves like k=2k* For k approaching 0, their constant
tends to 0, whereas the one in Corollary 1 is bounded away from it, as it should. Although, as
mentioned in their paper, a modification of their argument would lead to the correct behavior for
small k. Note that the constant ¢, includes explicitly the arithmetic part a;, and this is, in fact,
necessary in our argument. However, this does not change the asymptotic behavior for large k,
since as shown in Conrey and Gonek [6], log a;, ~ —k? loglog k as k — 0. The correct asymptotic
behavior of f, is log f;, ~ —k?logk. It is unclear to us at this time how to improve the constant
¢y, though a better approximation of indicator functions in terms of polynomials seems necessary,
cf. Lemma 2 and the discussion following Equation (19). It is important to note that the same
constant Cj, as for the moments should appear in the large deviation of log |{|. Indeed, it was
conjectured by Radziwilt that for any « > 0 and V ~ aloglogT as T — oo,

®© o—y?/loglogT d
v 4/mloglogT

The paper is organized as follows. The proof of Theorem 1 is explained in Section 2. It is divided
in four propositions that are proved in Section 3. Corollary 1 is proved in Section 4. Finally, the
Appendix contains results needed in the proof that have appeared elsewhere in the literature.
One notable exception is the mollification result stated in Lemma A.1 that may be of independent
interest. It was developed with one of the authors and Bourgade and Radziwilt in an earlier version
of [4].

Notation. We write f(T) = O(¢g(T)) whenever limsup;_ . |f(T)/¢g(T)| < o with other
parameters fixed, such as o and k. We also use Vinogradov’s notation f(T) < ¢(T) whenever
JF(T) = 0(g(T)), and f(T) = g(T) if f(T) < g(T) and f(T) > g(T).

P(log|¢(1/2 +it)| > V) ~ C, @)

2 | STRUCTURE OF THE PROOF OF THEOREM 1
2.1 | Some definitions
As in [1], the proof relies on approximating log |{| by Dirichlet polynomials of the form:

Re p—if Re p—ZiT
Sp= Y — o (>0 (8)
To<p<T, P 1%
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Throughout we use the probability convention of dropping  in the notation. Also, o will be fixed
and its dependence often omitted. The small primes need to be treated with care to get a good
estimate on the constant. For the primes below T|,, we consider |M51| where

Mo=Mo+in =[] (1-p~)= ¥ —,Z(T) ©)

p<Ty plm=p<T,

The parameter T, cannot be too large to ensure that M, stays relatively short. An admissible
choice turns out to be:

T, =loglogT. (10)

The parameters T, are chosen to approach T fairly quickly:

1

T, =T 1< <L, an

The constant £ is the largest # for which log,,, T > e. By definition, we thus havee < log,,; T <
e?and 1 <log, ., T < e. The parameter 8 plays an important role in the analysis to estimate the
constant C,(8). The technical analysis requires 8 = 3(«) to be not too small, to be precise:

(log, 41 T)?

35
W > K(O( + 1) , (12)

where K is a large absolute constant independent of «. The power of 35 is imposed during the
proof of Proposition 2 (in particular, in Lemma 2), see (57) and the surrounding discussion for
further details.

It is convenient for the analysis to parametrize o > 1/2 in the following form:

o=14 2
T2 logT,’

13)

2.2 | Heuristic

By informally expanding the Euler product in the definition of ¢, we expect that log |{| at o + it
should behave like

log|¢(o +it)| = S, + log M| ™"

Moreover, since S, is a sum of weakly correlated terms, it should behave like a Gaussian random
variable for large T. With this in mind, we define the random variables

4 7?2
_ p p
Z, = 2 g + 5 1</ <CL. (14)

To<p<Ty,
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50f40 | ARGUIN and BAILEY

We effectively replaced p~'* by Z » Where (Z,, p prime) are centered Gaussian random variables
with variance 1/2. The contribution of very small primes is not Gaussian even in the limit T — oo.
Instead, for the small primes, we substitute the phase p~' in by ¢°r, where (6 > P prime) are IID
uniform on [0, 27]:

cos k6,
ZO_IOgH| == Z Z ko as)
p<Ty p<Ty k=1 kp
We thus expect for V ~ aloglog T, a > 0, that
P(log|{(c +it)| > V)= P(Zy+ Z, > V). (16)

The variance of Z is not exactly 1/2(loglog T, — loglog T,)) as one would expect from Mertens’s
theorem, since o > 1/2. In fact, we have for any 1 < £ < £ by the prime number theorem

logT, _(20—1
U; = E[Z?,] = 2 <L + L) = 1/ 7 e”Gou T du+ O(e—c\/logTo)
1

20 40
To<p<T, 2p 8p 2 og Ty u

logT
l(loglog T, —loglog TO) ) %8s + o(e—cvlogTo)_
2 logT,
17)

The conclusion of Theorem 1 is then simply the result of a Gaussian estimate, conditioning on Z,
and of expanding v,:

P(Z,+20> V) Ele—w—zwz/@@]

ay/loglogT

2aZ —V2/loglogT
= <E[e—0]2 . e20%0 (log, T)—a2§> e -7 (18)
(log Ty)* ay/loglogT

The term (log TO)_“zE[eZ“ZO] turns out to be exactly the arithmetic factor eyazaa by a short com-
putation on the random model, cf. Lemma B.7. We therefore obtain the lower bound claimed in
Theorem 1 with

C(8) =ea, - e 20 (q+1)736 (19)

by taking (log, ., T)® = K(a + 1), which satisfies the bound (12). The significance of each factor
constituting C,(9) is clear from the heuristic. The arithmetic factor a, is produced by the small
primes. The term ¢=29%% i5 due to the shift off-axis and should be 0 on the critical line (perhaps by
assuming the Riemann hypothesis). Finally, the factor (o + 1)-3¢¢" is due to the cutoff of the large
prime at T"/(08c+1 T)* The optimal cutoff should be expected to be T¢/ for some small constant
¢ > 0. Such a cutoff would yield a factor of (« + 1)~ corresponding to the asymptotics of f, in
(5) predicted by random matrix theory.
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM 6 of 40

2.3 | Proofof Theorem 1

We now outline the roadmap to establish a rigorous lower bound for (16). An approximation of
log |{| in terms of the partial sums S, and of the Gaussian sums Z, can be made precise on a good
event where the sums are constrained. Specifically, we define

Gy = {IMo|* € [Ly, Uy}, (20)

and
G, =G, N{L,(S)) <S, <U,Sh1<f <L, (21)
where the upper and lower barriers L,(z), U,(z) are defined and discussed below in (25), and

Sy = —log | M|, following the definition (9). The initial good event G, is defined in terms of M,
since it is a short Dirichlet polynomial, cf. (43). We take

L, = exp(—2aloglogT) U, = exp(—2aloglogT, + 24/loglog T). (22)

The factor of 2 in (22) is a direct consequence of taking the squared polynomial in (20). The final
event of interest is

G(V) ={log Myt + S, >VInG,. (23)
We define the corresponding events for the sums Z,,
Gy =1{Zy — aloglogT, € [0, y/loglog T, 1}
Cr=GC, UL,(Z) < Z, <UL (ZY} 1KLL,
and
C(V)={Zy+Z,>V}InG,. (24)
In G, and G, the upper bound is natural, coming from the standard deviation in both cases. It is
convenient to assume that the recentered sum in case is positive, and we use this fact in the proof

of Proposition 1, cf. (35). The (random) upper and lower barriers U,(z) and L,(z) are defined by

L,(z) = m(z)(loglogT, —loglogT,) — Clog,,, T,

(25)
U,(z) = m(z)(loglog T, —loglog T,y) + Blog,,, T,
where the slope m(z) is defined as
loglog T —
m(z) aloglog z (26)

- loglog T, —loglogT,’

where log, stands for the logarithm iterated ¢ times. In each case, the slope m(z) will be evaluated
at the (random) initial position, that is, S, or Z,. Taking the barriers randomly is necessitated by
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|fZ(T,) = 2+ m(z)log 1L

fog 7o

v o

!
Z()

T T
loglog Tp loglog T

FIGURE 1 [Illustration of the random sums starting at two distinct initial values, both ending at the same
point V. The lines f,(T';) have (distinct) slopes m(z) for z = Z,, Z;.

separating out the contribution from the small primes. On first reading, one can think of the

slope m(z) =~ « (since typically z is like a loglog T, in each case). However, we need to take in to

account the variance coming from the initial random sums that informs the slope depending on

the random position of Z, or S, see, in particular, the remark following (36). See also Figure 1,

where two different initial values Z, and Z| both reach level V" but elicit two different slopes.
The constants B will need to be larger than a8 and C a sufficiently large constant

B=as+L =100 7)
(04

We include the term 1/« in B to allow for small «, cf. Section 3.1.

The rationale behind the choice of restrictions is that either sum S, or Z,, whose total value
is V.~ aloglogT, should stay close to the linear interpolation with slope m(z) with some fluc-
tuations that are getting smaller with #. It is not hard to first establish this fact for the random
model.

Proposition 1. Forfixeda > 0andV ~ aloglogT, the probability of the event G(V') defined in (23)
is

P(CV) <P(Zy+ 2, > V).

To prove this for the partial sums S, is much trickier. To do so, we follow the idea of [3] and
[4] and approximate the events involving S, and M, in terms of short Dirichlet polynomials.
This allows us to explicitly compare the probability of the event G(V') with the event G(V') of the
random model. We ultimately show the following.

Proposition 2. Forfixeda > 0andV ~ aloglogT, the probability of the event G(V') defined in (24)
is

P(G(V) = P(Zy+ 2, > V). (28)

A ‘T 'Se0¢ ‘2YBLTYOT

wouy

IPUOD PUe SLLLB | 3U) 385 *[5202/60/9T] U0 ARIq1T2UIIUO AB]1M ‘80U [B9X3 28D PUE UIEBH J0J 21 iisu| UON ‘IDIN AQ 20002 IW/ZTTT OT/I0pAL0Y A 1M’

form:

35UB017 SUOLLILLIOD BAIES.1D 3|ed1|dde au) Aq peuenob ae ssp e YO ‘38N JO $ajn1 10§ Aiqi auljuO A3|1M uo
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It remains to connect the event G(V) to log |{|. This is done by defining the following short
mollifiers:

_ u(m)
M, = Z e 1< £ <L, (29)
plm=pe(T,_1,T;]
Q (Mm)<py

where Q,(m) is the number of prime factors of m in the interval (T,_,, T,], and we choose
1y =100(a v 1)(loglog T, —loglogT,_;), 1<¢<L. (30)

This is to ensure that the length of the mollifiers is not too long. Indeed, taking the product over
¢, we set (recalling the definition of M,, from (9))

M= T] M. (31)

0<£<L

Then, the definition of u, and the choice of $ in (12) imply that M is supported on integers smaller
than

1
H (T)H < T200(a+1)3(logy T)' % < TE@¥ < T1/100, (32)
0<C<L

for a sufficiently large K. The next proposition shows that { M is close to 1 on the event G(V).
Proposition 3. Let € € (0,1). For fixed « > 0 and V ~ aloglog T, we have
P(log [¢| > V) > P(flog M| > V —log(1 —€)} n G(V))

1 (e /0
_8_2 T+€ He P(Zo+Z£>V)-

The proposition establishes an interplay between € and §: if € is close to 0 or 1, then the expres-
sion could be negative. In the proof of Theorem 1, we find an optimal € and derive the threshold
&* from it. The last proposition relates the inverse of the mollifier to the partial sums, which can
then be compared to P(Z, + Z, > V) using Propositions 2 and 1.

Proposition 4. For fixed o« > 0 and V ~ aloglogT, we have for the event G(V') in (23)
P({log M7 > VInG(V)) >P(Zy+ Z, > V).

The above propositions combine to give a proof of the theorem.

Proofof Theorem 1. Consider V with V' ~ aloglog T. For some ¢ € (0, 1) to be picked below, define
V' =V —log(1 — ¢). Then, Propositions 3 and 4 directly imply

-26
Plog|l|>V)>»P(Zy+Z, >V —log(l —¢)) — E%(% + e"‘ﬁ/lO)P(Zo +2Z,>V).
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9 of 40 | ARGUIN and BAILEY

We have from (19) that this is

—V2/loglog T Y
> Ca(é)e—{(l — ) — 12 <e_ + e—m-/lo) }
ay/loglog T € 9

For a fixed «, we are looking for the smallest § that makes the quantity in the parenthesis positive.
The function £2(1 — £)?>* is maximal at ¢* = 1/(a + 1). We thus pick §* to be equal to a fraction
(say e71) of £2(1 — £)>*:

—26* 20
e _ 15*2(1 _ E*)Za — 10(—’
5* e e (ot + 1)Xa+D)
which gives
* 1 * -1 1
6" + 5 logé™ =log(a + 1) + alog(a™ + 1) + X (33)

—28
Since ET is a decreasing function of § and that (1 — *)** =< 1, we get that for § > §*, the above
is

> C,(6)

e—Vz/loglogT< a e—V?/loglogT
ay/loglogT *& +1 ay/loglogT

The term e #¢ does not contribute by the choice of u, in (30) by taking 8 large enough
independently of «, as mentioned below (12). O

)m > C,(6)

3 | PROOF OF THE PROPOSITIONS

Throughout the proofs, we use the following notations for conciseness:
t =loglogT,

and

to =loglog T, = log, T t, =loglogT, =t —8log,t, 1< < L.

3.1 | Proof of Proposition 1

The upper bound is immediate by dropping the event G,, so we focus on the lower bound.
Decomposing the event G, we inductively have

L£-1

PC(V) =P({Zo+ 2, >VINGy) — D PUZy+ 2, >VING, NG, ). (34)
=0
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM | 10 of 40

We subsequently bound the summands on the right-hand side of (34) for V ~ aloglogT = at.

Separately considering the two possibilities for Q;H, we have for the upper barrier

P{Zy+Z,>VING, N{Zs11 > Upa(Z0)D) S P{Zp41 + Zo > Upyy(aty) + atp}) (35)

<= —E|exp| — 3
O‘\/E 20

akin to (18). The first bound uses positivity of the recentered sum. Unfolding and using the
definition of U, ;(z) in (25), we have that the above is bounded by

2
1 1
<«<—=E leXP <—202 <L(tf+1(t —to) = to(t —tp)) + Blog,,  t — Zo> >]

ayvt o1 e o

<< ——¢
ay/t

tpi1—t
1 —a’t =ty [eZaZO] p2078e' 1T 20’8 log t | p(aP8—2aB)log, ;¢

<P(Zy+Z,>at)- e(a?8=2aB)logs 1

the final bound achieved by using Lemma B.7 and comparing to (18). The coefficient in the expo-
nent involving log, ,, ¢ is strictly negative by choosing B = a8 + 1/a (cf. Equation (27)), and the
implicit constant can be taken independent of .

To complete the bound, we estimate the exceedance of the lower barrier

PUZy+ Z, > at}nGynN{Z, 1 <Ly 1(Zp)D. (36)

If one uses a deterministic barrier L, = a(t,4; — ty) — Clog,, t here (corresponding to the
typical position of Z;), then the position of the process at # + 1 is at most L,,; + Z,. This
position could be as large as ~ at,,; + /t, + Clog,, t. This additional term coming from the
variance of the initial contribution does not permit a strong enough bound in the calculation
below.

First conditioning on the value of Z; and decomposing on the value at ¢, ;, we find

P{Z,—Zpp>at—Zpp —win{Z,p <Ly (w)h)

< Z P(Z, —Zpp >at—w+1)—w)P(Z,,, € (u,u+1]),

ULy (W)

using independence. By the Gaussian decay, this is therefore bounded by

_ (at—(u+)-w)? __u?

2_.,2 2

< 2 e Z(UE_U{/+1) +1 e 2vf+1

u
u<Ly (W)
_qlesten? o 2 sty g @Dty @2
1 202 -2 ) 202 202 202 —0v2 ) 202 -2 ) 202
<« ——e¢ L+l e ‘+1 e +1 Z e L+ e L+ e 41

ay/t u>Clog, q t
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11 of 40 | ARGUIN and BAILEY

achieved by shifting the sum by (t,,; — t,)m(w) and expanding. The prefactor simplifies to

1 exp (—a’t) - exp ((—a’ty + 2aw) — 2a*5 — a’8log,. t).
ay/t

After unconditioning on the value of Z,, this term is like P(Z, + Z, > at). Similarly, after
simplifying and estimating at the dominant u, the sum is bounded by

lo t Clo t—1)>2 2
<exp| 2a - 4aCdﬂ(l —elenley — —( Bt ) < ¢, exp (—C— log, ., t).
o=t 202 —v2,) 8

Again, the coefficient in the final exponent involving log, , t is strictly negative (and we implic-
itly use that C is strictly positive when estimating the sum above), resulting in a subdominant
contribution for most #. For the largest"' ¢, namely, £ — 2, notice thate < log,,; t < e2. The term
¢, is an explicit coefficient dependent on «,

Cy = €Xp (20(— §(4a5+Clog£t+2C5—2)>.

The coefficient will appear in the sum over # below. Recall 8 = 35log(c + 1) + log(2 - 10°) and
& > 8*(a) (cf. (57) and (33), respectively). Therefore, for small «, both C/8,25 > 1soc, < 1/100
say. For large o, we have §* /8 ~ 1 so again ¢, < exp(—10c) say.

Therefore, returning to the original probability, unconditioning, and comparing to (18), we have
for0<Z<L-2

C2
P{Zo+Z,>atinGyN{Zs41 <Ly(ZOH <P(Zy+ Z, > at) - c e w8l

Overall, from (34) (using the estimate (B.16) to remove G, in the first instance), we find

L£-1

L£-2
c2
P(G(V)) > B(Z, + 2, > V><1 - Qe g 3 e e t)

j=0 j=0

=P(Zy+Z,>V),

where the final bound follows from the rapid convergence of the sum and taking B, C as in (27)
(note that c,, is also small according to the discussion above) so that the term in brackets is strictly
positive and can be taken independent of a.

3.2 | Proof of Proposition 2

We first need two lemmas whose goal is to approximate quantitatively an indicator function by a
polynomial. The content of these lemmas can be found in [4, Lemma 3]. We reproved them here
for completeness, and also to get a clear dependence on the parameters, which is key in estimating
the constant C_(9).

TFor ¢ = L£ — 1, the probability involved is zero since the events {Z, + Z, > at}and Z, < L,(Z,) are incompatible.
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM | 12 of 40

Lemmal. Letc > b > a > 1and A large enough. There exist entire functions h™ and h™ depending
on these parameters such that for all x € R,

(i 0<h™ <h*<l,
(i) 1(x € [0, A‘1])(1 - e‘AHH) <Y () S Ux € [-A™4 AT 4 AT]) 4 o707
(i) 10 € a7 —aP(1-e" ) k@ < e 0.4 P+ e

(iv) forall ¢ € N, the Fourier transform hZ is such that

< AC(K+2)‘

/R £ R

Proof. We define h* as convolutions with a suitable kernel. Following [3, Lemma 5] based on a
classical construction of [11], we know that there exists a real function F such that 0 < F < 1 with
decay

F(x) < exp(—|x|/log*(|x| + 10)),

for which the Fourier transform is supported on [—1,1]. With this in mind, consider the
corresponding PDF ¢(x) = F(x)/||F||;, and the scaled version:

e (y) = A°p(A%Y).

Since ¢ > 1, the scale of ¢, is much smaller than the width of the interval [0, A71] to be
approximated. The function h* is defined by the convolution of an indicator function with ¢,:

() = / 10y € [~A, A7 + A7) (x — y)dy, @37)

and
() = / 10y € [A0, A7 — AP ])g,(x — y)dy. (39)

The functions h* should be thought of as smoothings of the indicator function 1(x € [0,A71]).
The slight overspill A~? must be added to properly bound the indicator function close to 0 and
AL Ttis necessary to take ¢ > b > 1, as this ensures that the effective width of the kernel is much
smaller than the overspill. Moreover, to bound it above (and h~ below) by an indicator function,
the interval has to be enlarged (or reduced) by A~?. For this, we need b > a to ensure that the
indicator function in the definition of h™ is bounded by 1(x € [-A~%, A~ + A=%]), and similarly
for h™.

Property (i) is obvious from the definitions (37) and (38). The first inequality in Property (ii) is
also clear when x ¢ [0, A™!]. The case x € [0, A~!] becomes

To prove this, note that for any 0 < x < A™!,

A~b A—b
ht(x) = / @ (u+ x)du > / p.(w)du >1— e A
—A-1_A-D —A—b
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13 of 40 | ARGUIN and BAILEY

where the last inequality follows by the decay of . The right-hand side inequality of Property (ii)
is also clear when x € [-A™%, A1 + A~¢]). If x < —A~¢, then we have

A~D A—b_p-a as
W= [ edwsndus [ plwduse™
—A-1_A-b —00

for A large enough and by the decay of ¢ (since b > a, we can ask for A= — A=% —%A‘” say).
Similarly, if x > A™! + A™%, we get

_Ac—a—l

A~D [+
ht(x) = / o.(u+ x)du < / e (u)du <e

A—1_A-D A—@_A-D

Property (iii) is proved exactly as Property (ii) by using the definition of 4~ in (38) instead.
For Property (iv), note that

REE) = (5 o a1 (&):
On the one hand, by integration, we have the simple bound
Tpat1(6) <A™k

This smaller than 1 for A large enough. On the other hand, since ¢ is supported on [—1, 1], we
have

[ saea| <o [inoe

By the Cauchy-Schwarz inequality and Parseval’s identity, we can bound the integral by

1/2
/l@(’f)ldﬁ < V2AC</ qoc(x)zdx> < A,

since ¢.(x) < A°. This can be made < A* by taking A large enough to absorb the implicit
constant. This gives the desired bound. O

In a second step, we approximate h* by polynomials.

Lemma 2. Let a > 2, X > 1 and A large enough. There exist polynomials D* and D~ of degree
smaller than 100X A3¢ with £th coefficient bounded by ({,#Aza(f *+2) such that for |x| < X, we have

1(x € [0, A—l])(1 - e—A“) <D TP <1x € [-A~C A + A" ) + e 27, (39)

and

2

1(x € [A~9, A1 — A—a])<1 - e_Aa_2> <D P <1Ux € [0,A ) +e 2. (40)
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM | 14 of 40

Proof. We consider the entire functions A* from Lemma 1. We pick b = 2a and ¢ = 3a. Expressing
h* in terms of their Fourier transform, we get

R0 = [ TR = > @ [ e - ¥ L [ £ Rz + v

720 <y

The cutoff v will need to be suitably picked. By Taylor’s theorem, the remainder term satisfies the
bound

ri< EE) [ orear] < Zl o,

where we used Property (iv) of Lemma 1. Using Stirling’s formula, we see that by picking
v = 100X A", (41)
we have
IR| < e7100XA%, (42)
Thus far, we have established the following decomposition
h*(x) = DX(x) + R(x),

where D* is a polynomial of degree at most 100X A°. The ¢th coefficient of D*, £ < v, satisfies

the bound
(Zm)
é—f
by Property (iv) of Lemma 1.

It remains to prove the inequalities (39) and (40). We prove the left-hand side inequality of (39),
the other ones are proved the same way. The case x & [0, A™!]is clear. When x € [0, A™!], we have
from Property (ii) of Lemma 1 and (42) that

(2” ) Q) pew+2),

ID*(0)] = () = R(x)| > 1 — ™2 — 710047,
Thisis 1 — e~ for A large enough. O
We now apply the last two lemmas to the proof of Proposition 2.
Proof of Proposition 2. For simplicity, we prove the case # = L. The proof when # < L is the same.
Also, without loss of generality, we can assume « > 1 by replacing a by a v 1 in what follows.

Define the increments

Yf:Sf_Sf_1,2<f<[:,
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15 of 40 | ARGUIN and BAILEY

and Y, = S, for £ = 1. For ¢ = 0, we set
Yo = Mgl (43)

The technical reason behind this is that M, is a short Dirichlet polynomial, but |M 1| and
log IMgll are not. Therefore, it is technically easier to approximate events involving |M,]|?.

Consider the events G, as in (21) and G(V) as in (20). We want to express these in terms of the
increments

{Y, €lupu, + A, 0< £ < L.

The set T = I(V) of tuples u = (u,,0 < ¢ < L) with u, € A;l N Z must be picked to mimic
the restrictions in the G,’s and G(V). For # = 0, from the definition of G, in (20), we take
uy € [Ly, Up]. Clearly, |u,| < 1. We discretize this interval with a step size of

Aal — e—lOOCCtO' (44)

Note that for Y, € [uy, u, + Agl], we then have by expanding the logarithm

1 1,-1/2 1 1
—5 loguy, — EAO < —ElogY0 < —Eloguo.
Fortheu,,1< ¢ < L,ands, = —% log u,, we ask that the u’s satisfy the “barrier” condition,
Lo(sp) <so+ ), e < Up(sp). (45)

1<k<?

In the preceding and following, we write L, = L,(s,). The condition (45) implies that for 1 < # <
L:
Ly =Upa Sup SUp =Ly

For 7 > 2, this yields the bounds

u, <U, —L,_; =(8m(sy) + C)log,_, t — (8 m(sy) — B)log, t,

uy, 2L, —Uyp_; =B m(sy) — B)log,_, t — (3 m(sy) + C)log, t.
From the choice of slope m(z) in (26) and B and C in (27), we can assume that
luy| < 2a8log,_t, 2<C<L (46)
and |u;| < 2at,. This is the important input for the choice of parameters. From this, we take
A, =10asglog,_,t, 2<C<L; A, = 10at;.

This ensures that
Y oad<at, 1ke<L (47)
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM | 16 of 40

This choice is also motivated by the condition quA;1| <1 arising later in (61). Finally, the
restriction {S, + log | M| > V} imposes the following condition on I:

Z uf—llogu0>V. (48)
1<EL 2

With these choices, it is not hard to check that we have the following inclusions:

Utv, € lwu, +a71,2 < £} C

uel

1 _ _ _
{Sﬁ—ilogY0>V—oc LS, €L, U, +a 1],1<£<£,Yoe[LO,U0+A01]}, (49)
and

U, elugu, +a71,0 <030
uel

{SE - %logYO SV+a S, ell, +a LU 1< < LY, €Ly +A51,U0]} . (50)

Note that the events on the left are disjoint for two different tuples u.

The lower and upper bounds in the statement of Proposition 2 are proved separately using the
two above inclusions. Both proofs consist in reexpressing the probabilities of the increments Y,
in terms of the ones of a random model where we effectively replace p~i* by a uniform random
variable on the unit circle. This will be achieved by converting the indicator functions in terms of
polynomials with Lemma 2 and using mean-value theorems for Dirichlet polynomials. The ran-
dom model is defined as follows: for (6, p primes) be IID random variables uniformly distributed
on [0, 27], we consider the random model for the Dirichlet sums S,

Re ¢ Re %%
> +

Sp = > 5 1</<L, (51)
To<p<exp(e'”)
and their corresponding increments
yf =Sf—5f_1, 2<f<£, (52)

with Y, = S,. For ¢ = 0, keeping in line with the choice in (43), we define

yo=H|1_e

i6, 2
= -
p<Ty p

Proof of P(G(V)) > P(Zy+ Z, > V).
It suffices to prove that

P(G(V)) > PGV +a™1)) (53)
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17 of 40 | ARGUIN and BAILEY

for the event G(V) given in (23). Indeed, note that the added terms +a~! to the barrier U, and
L, are irrelevant by Proposition 1. Moreover, the same proposition implies that P(G(V + a™1)) >
P(Zy+ 2, >V +a ). Thisis>P(Z,+ Z, > V) by (18).

To prove (53), we use the inclusion (49) to get

P(G(V) > Y P(Y, € [us,u, +A7'],0< 2 < L)

uel

To apply Lemma 2 to the indicator function [0, A;l], we introduce the restriction |Y, —u,| <
X, for a parameter X, < 100A‘;‘1. The justification of the constraint will be specified in (75). We
will also need to pick a = 5, to guarantee that A;_z > A;. Together with (57), this informs the
choice (12). With this, we havefor1 < Z < L

l(Yf E [u/, uf + A;l]) > l[O,A;]](Yf - uf)1(|Yf - u.fl < Xﬁ)
e (54)
> (ID; (v, —u)l? = e DAY, -, <X,),

where D (x) is a polynomial of degree < 100X, fAi“ as guaranteed by Lemma 2. For £ = 0, there
is no need to introduce the indicator function. Indeed, we have the pointwise bound

—it
vol= [T -5

P<Ty

2
< exp(lOTé/z).

Therefore, by picking X, = exp(lOT(l)/ 2) = exp(10+4/loglog T), we get
1Y, € [ug, g + A1) > 1D (Y —up) — e ™40 (55)

This means that [y, D, (Y, — u,) is a Dirichlet polynomial of length less than

av1)’%(3log, t)"
exp(2 - 100e': X, A3%) = exp <2 : 104( )" (8log, 1) > (56)
e3logpt
To ensure that the length is less than T'/1%, we are led to impose
3log, t — 7alog(8log, t) > 7alog(a v 1) + log(2 - 10°). (57)

For « large, this essentially imposes 8 log - ¢ larger than 7a log(a V 1). Our goal is now to get rid of
the indicator function for 1 < # < L. In this case, writing 1(|Y, —u,| < X,) =1-1(|Y, —u,| >
X,), we get by expanding the product

El [1 <|DE(YK—W)|2—‘3_A?72> I1 1(|Yf—“f|<Xf)]

0</<L 1<7<L

= Z (_I)ME[H (|D;(Yf—uzo)lz—e_A;_2>H1(|Yj—ujl>Xj)]. (58)

JC1,...,L} 0L Jjel
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM | 18 of 40

The dominant term will be the summand corresponding toJ = . Itis good to start with estimating
this term. By the mean-value theorem of Dirichlet polynomials, see Lemma B.2, the first term can
be expressed in terms of the random increments V,, which are now independent:

E l]‘[ (ID7v, —upP e )] = (@ +o@ ) [T B[ (D7 —ul? =) .
¢ ¢
(59)
We can apply Lemma 2 again to convert the polynomial back to an indicator function
E[|D; (Y, —u,)I’] 2 E[ID, (Y, — u)I1(Y, — us| < X,)]
>(1-e P, —u, € [A79, A7 — A79)),
where we noticed that Y, —u, € [A}7, A;l — A7 %] implies |V, — u,| < X,. The goal is to rewrite
the probability in terms of Gaussian increments and without the overspill A;a. This is evaluated

differentlyfor# = 0,7 =1and1 < ¢ < L.
For the range 1 < ¢ < L, by Lemma B.3, the probability is

PN, —u, € [A74, 871 = 87D+, (60)

for the Gaussian increment N, = Z, — Z,_;. To get rid of the overspills A~9, note that by the
choice of u, and A,, we have

lu 1A <1, (61)
so that
PN, —u, € [A%, A7 = AZ]) = 1+ O(A PN, —u, €[0,A71)). (62)
Moreover, we have trivially
PN, —up € [0,A71]) > AZle /2 s 780 (63)

by the choice of A,. This is much larger than the additive error in (60). We conclude that for each
1<?¢<L

E[|D; (Y, — u)?] > (1 + O, NPy € [uy,uy + A7) > 727 (64)
Putting this together with the choice a = 5 allows us to rewrite (59) as
B[ (1070 —up)P =™ 7)] > (1= 0 B[00, — )P
> (14 O(AP(Ny € [ug,uy + AL, (65)

For ¢ = 1, the additive error in Lemma B.3 is too big compared to the probability. Taking a
larger ¢, to reduce the error would cause the polynomial M, to be too long. To circumvent this
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19 of 40 | ARGUIN and BAILEY

issue, we estimate the probability using Lemma B.4. This is done at the cost of a multiplicative
constant, which is harmless when it appears for a single term in the product over #. We ultimately
get

E[ID; ) —w)P = e8| > POV, € [, + 47D, (66)

where N is a centered Gaussian with variance vf. We now establish a similar bound for Y.
Lemma 2 implies that

_ _ _ _ 1 _ _
E“DO Yo — u0)|2] > Py € [ug +A5% up + Aol -A,D 2 EP(yo € [uy + Aol,uo + ZAol])-

To bound the probability from below, note that

2 _
EV>1,  E=E[IM'=]] <1 +—-+0(p 3“)) < exp(2ty).
p<Ty p
This implies
-1 -1 -1 -1 —1 E[yo]z —AG—2
Py € [ug+ 4, uy +24, 1) > APV > ug +24,) > Ay ———>e 0 . (67)

E[)2]
This ensures that in (59)
E[ID; 0 — o) = 5| > B[ID; 0 — o) ] > PO € [y + Ay g +285™ ). (68)
Altogether, Equations (65), (66), and (68) show that the term for J = @ in (58) is

> PV € [ug + Ay Y ug + 285" [T POV, € lugup + 4710, (69)
1L

It remains to estimate the summands in (58) with J # . For each J, we get that each summand
is bounded by (using that 1{a < b} < (b/a)*?)

—2q; 2q;
<El H (df(Yf)_Ef)HXj 1|Yj—uj| qj]v (70)
0<C<L jeJ
for an appropriate choice of q;, j € J, and writing d,(y) = [D,(y — u, )l g, = e, We will

show that this is subdominant to the contribution from J = @J. Expanding the first factor, we
get

S I ae|[TaanT]x "1y, —ulP|. 71
J

Kc{o,...,L} keKe €K jeJ
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LOWER BOUNDS FOR THE LARGE DEVIATIONS OF SELBERG’S CENTRAL LIMIT THEOREM 20 of 40

The length of the polynomial in the expectation is then at most
exp ( Z 2-10%" X, A% + Z 2¢'i(2q j)>. (72)
0<Z<L i<t

The mean-value theorem of Dirichlet polynomials can be applied if g is not too large, for example,
g; < X;A; suffices. Passing to the random model, Equation (70) is

< X HEkHXj_qu I Ele-@nl [ Eld,opiy; —ui] T e[ly; —uw;i*].

Kc{o,...,.L} keKe  jeJ rekni¢ jekny jelnke
(73)
For the term with j € K nJ, we may split the expectation using
_ 41172 4q:11/2
<E[ID; ) —upl'| T E[; - uyt] (74)

We now estimate the moments of Djf(yj —u;) and |Y; — u;| separately. The fourth moment
for the former, for j > 1, is estimated using the bounds on the coefficients in Lemma 2 and the
elementary estimates on the random model, see Equation (B.12) in Lemma B.5,

4

(27rA§“)f
E[IDJ-_(yj - uj)|4] < A;%aE <Z — ;- uj|f>

>0 Z!
4 2
< AjaE[exp(SﬂAjalyj —u;))]

A0y |+8272A002 /2
< A?ae&r g Iuj|+8 T ] UJ/

< exp(lOOA‘}a),

since |u;| < A;. For the second factor in (74), Minkowski’s inequality implies

1/(4q;)) 41/(4q))
E[|YV; —u; "] < E[Y 1] 4 quy ).
(4 4a;

m I which by Stirling gives the estimate

Moreover, the bound (B.10) yields E[|Y; 1*9] <

E[|; "]/ < g2,

We are now in position to pick ¢; = X ;. Note that this satisfies the restriction q; <X jAj.’a imposed
by (72). With this choice, we have
e

u.
—1 > + L e ¥,
X/ X

XTMUE[Y; -l *] <
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Putting all these observations back in Equation (73) gives the upper bound
50A%—2X ;
< 2 IleIle™ ™ I1 Eld,o)]
Kc{o,....L£} keK® jeJ jeknJe

50A%0—2X ; 50A%0—2X ; c
J J J

- e ! e j
‘( Il de(yf)]) I G=rrea | K R=rroai § B=ryes)

0L Kc{o,...,.L} jeEKnNJ jekeny

(o) (2, 1 1L )

0<e<L jer {0,...C} jEKenT  jeKenJe

esm;?“—ZXj
< ( I [E[df(yf)]> I1 Eld;(V)I’

0<F<L jer

where we used the bound (64) and the value of ¢; in the last inequality. This leads to the choice
X; = 100477 (75)

This shows that the terms with J # {J are indeed subdominant to (69). The claim (53) follows after
summing over u € T and appealing to the inclusion (49) with ), and Z,,.

Proof of P(G(V)) < P(Z, + Z, > V). The proof of the upper bound follows the same method
using the polynomial D% instead of D~. The proof is, in fact, slightly easier as we do not need
to bound a long polynomial as in (70). The corresponding quantity needs to be estimated in the
random model where the factors are decoupled. 1

We will need the following spinoff of Proposition 1 in the proof of Proposition 4.

p—ir p—Zi‘r

F+2p25,1Sf<£.FO}’1<

Corollary 2. Consider the complex partial sums S, = ZTO <p<Ty
¢ < Land q <100a?(t, —t,_,), we have

E[IS, — S, _11M1(G,_ D] < E[IS; = S,_,I*1P({Z,_, > Ly, — (@ V1) '} Gy),

Proof. This is done the same way as the proof of Proposition 2 by approximating the indicator func-
tion 1(G,_;) by polynomials. The mean-value theorem for Dirichlet polynomial can be applied
with the additional (S, —S,_;)? since the total length is still admissible, as in Equations (56)
and (72), by the bound on g. Since we only need an upper bound, one can ultimately drop all
restrictions on Z,, 1 < ¢ < L, except for the lower bound on Z,_,. The restriction on Z, also
remains. O

3.3 | Proof of Proposition 3

The main tool to prove the proposition is Lemma A.1 from the Appendix. The following lemma
adapts it to our setting.
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Lemma 3. Consider the mollifier M defined in (31). For a > 0, let G(V') be the event in (23) for V ~
aloglogT and Z,,0 < ¢ < L, the random variables defined in (15) and (14). We have for § > §*(a)
given in (33)

2 e ® —up /10
E[|§M - 1| 1(G(V))] < <T +e M > P(Zg+Z,>V).

Proof. The result follows from Lemma A.1 after properly approximating the indicator func-
tion. To do this, we proceed as in the proof of Proposition 2 by writing 1(G,) as a Dirichlet
polynomial. Writing the event in terms of the increments Y, and using the inclusion (49)
yields

Z E|:|§M - 1|21(Yf S [ui,uK + A;l],f < E):l

uel

uel <L

<2 Y E UgM - 1|2 1o, —uf)lzl :

where the inequality follows by an application of Lemma 2. In view of the choice of 8 in
(57), the product is a well-factorable polynomial and of length admissible to apply Lemma A.1,
cf. Equation (56). The above is then

26
< (eT + e‘”"/w) D E lH IDL(Y, - “f)|2] :

uel <L
We can also replace Y, by ), at a cost of a small multiplication constant 1 + O(T~°°). It remains
to reexpress the polynomial in terms of the Y,’s as in the proof of Proposition 2. This proves the
claim. O

Proof of Proposition 3. By introducing the event that { M is close to 1, we have

P(log[¢| > V) > P({logIM ™| > V —log [ M} N {[¢ M — 1] <€)

> P({log| M| >V —log(1 — e} n{|{M — 1| < &}).
If we also intersect with G(V'), we get the lower bound
> P({log|M™!| >V —log(1 —)}n G(V)) —P{I[{ M — 1] > e} n G(V)).
The second term is bounded by Markov’s inequality
P({I{M — 1] > &N G(V) < E%E[KM —1PLUGV))].

The claimed bound then follows from Lemma 3. O
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3.4 | Proof of Proposition 4

The first step consists in applying Lemma B.1. For this, it is necessary to consider the complex
partial sums

—i —2it
p" p
—+

Sf = 2p26 N f > 0 (76)

To<p<Ty, p°
We consider the decreasing events
A=A, n{IS, =5, <10a(t, —t,_1)}, 1< £ <L,

with A, being the whole sample space. On A, Lemma B.1 applied with A = 10(x Vv 1) implies
c

IT M7 > exp (sg +0* (5T, - Y e‘l"‘“v”“f'—ff—ﬂ) > exp(S; — (@ v 1)),
1<<L =1

where we use the notation of Lemma B.1, writing O* for an error term with implicit constant
smaller than 1. These observations together mean that

P({logIM~'| > VInG(V)) 2 P(S; +1log | M| >V + (v 1) InG(V)) - P(G, N AS)
>P(GV +(a@vD™)) —P(G, nAS)

>P(Zy+2Z,>V)-P(G.nAS).

The second inequality is by the definition of G(V') and the third is by Propositions 1 and 2. It
remains to bound the second probability. It is smaller than

L
> P(Gyoy n{IS, = 8,11 > 10a(t, — t;_1)}),
=1

with the convention that G, is the whole sample space [T, 2T ]. Markov’s inequality for fixedq € N
can be applied to each summand to yield

- ElS, =8,,P1G, )] _ ElIS, =S, 1*]

P(Z,m1 2Ly —(@v D)L 20> aty),
100, — ot < oat, =1, _ypa DZem 2 Lo = @V 2o > aty)

for # > 1 by Corollary 2. The factor (a v 1)~! is irrelevant by (18). For # = 1, we simply use the
E[1S,—8,_1 %]
[10a(tp—tr_1)I2

t,_1)], this yields the upper bound

bound . The 2g-moment can be estimated using Lemma B.6. Picking g = |a?(t, —

—100a?(t, —t,_1)?

P

<K a4/ tzo — tf—l exp <

)P(Zf—l 2L, 4y, 20> aty)
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—2a%8
—99a%(t)—1, 1) €
< e Pl Z___ exp(—a®(t,_, — ty) + 2aClog,_, P(Z, > at,)
ay/t
—2a%8 ,—a’t
<& & prlaislogat o@hp(Z > ).

ayt

The second inequality follows by a Gaussian estimate and the variance estimate (17). The factor
ec‘ztOP(Z0 > aty) is < ac(e}’f"2 by (B.15). Summing the above bound on 1 £ Z < L yields

P(G nAS) < S8 et grioatston, 1
ay\/t

By the choice of 8, we thus have

a2t
P({log| M} > VING(V)) 3 P(Zo + Zp > V) — P(G, N A%) > ca(a)%,
ay\/t

as claimed

4 | PROOF OF COROLLARY 1
We first establish that, for k > 0, 0 = 1/2 + §e~'z, and § satisfying the conditions of Theorem 1,
E[[(0 +i0)*] > ¢ (log T)¥", (77)
with the coefficient proportional to
are’™ (k + 1), (78)
First, we have

E[|¢(o + i1)|%] = x**P(|¢ (0 + i) > x)|;° + Zk/ eP(|¢ (0 +iT)| > €¥)dy
R

+

a
> 2k/ ekt p(log |¢(o + ir)| > at)t da
¢4

a+

C. (6

> zk/ %ez"“te‘“zt\ﬁ da,
¢4

by localizing to a window around at and employing Theorem 1. The values ¢, a* can be taken
to be
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For a > 0, C,(9) is decreasing and therefore the above is greater than

O£+
> € (8)ek! / e @R\t da > €, (8)ek.
.
As noted in (19) the coefficient grows as (78) using the optimal § ~ log(« + 1), completing the
proof of (77).
The corollary follows by demonstrating that the moments on-axis are an upper bound for the

moments off-axis. To do so, we employ a result from [5], a generalization of a convexity result of
Gabriel [8].

Proposition 5 [5, Corollary 3.4]. Write z = v + it. Suppose that F is a complex valued function,
analytic in the half-plane v > 1/2, such that |F(z)| — O uniformlyinv > 1/2ast - oo and

/ |F(v +it)|*dt - 0
R

asv — oo, fork > 0. Then, foranyv > 1/2and k > 0

/ |F(v +it)|*dt < / |F(1/2 + it)|*dt.
R R

The purpose of the following lemma, an adaptation of [5, Lemma 3.5], is to construct an analytic
approximation for the indicator function of the rectangle

fv+it:ve [%,o-],t e [T, 2T].

Lemma 4 (Adapted from [5]). Let b; € (0,1) and A, T, A, b, > 0. There exists an entire function
@, 1(2) = ©(2) such that, for z = v + it with v > % andt € R,

4 2
(i) for |t = 3T| < 2(1 = byT, |@(2)] = 1+ 0, 4(A~) + O((v - )2,

2
(iii) for |t — 37| < 20+ by)T, [0(2)] < 1+ (v — HE,

(iv) ®(z) - Ouniformlyintasv — .

(i) for|t— %Tl > 3(1 + b,)T, uniformly inv > %, ®(z) <, b;AAA4,
<

In order to apply Proposition 5, we use a Dirichlet polynomial approximation of (o + it).
Define for o > % t=<T

. 100 1
] ) n“’“‘w(lo ¢ "), =<
D(o +it) = L S 27
o

—o—it
n<T n ’

where the smoothing w(x) is

() = 1 2+ico - 0?1 100%.
271 f5 i z z
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By [5, Lemma 2.8], we then have
{(0+it)=D(a+it)+O(%>. (79)

Set F(z) = D(z)®(z). By properties (i) and (iv) of Lemma 4, the requirements of Proposition 5 are
satisfied. Thus, for any k > 0, we have the “smoothed” version of the required bound:

/ ID(o + 1)@, 7 (o + it)[*dt < / ID(1/2 +i6)®, 1 (1/2 + ir)|**dt. (80)
R R

The aim is now to unsmooth both sides using Lemma 4.
By property (ii), with A < TlogT and b, = % and the approximation (79), we get the lower
bound

2T 2T
/ 1¢(o + it)|%Kdt < / ID(c + it)|?¥dt < / ID(o + it)®, (o + it)|*dt. (81)
T T R
The upper bound follows similarly, using properties (i), (iii), and (iv) of Lemma 4,

/ ID(1/2 +it)®, 7(1/2 + it)| K dt <, AZA-Ap2kA / o ID(1/2 + it)|*dt
R |t—5T|>ZT(1+b2)

+ / ID(1/2 + it)|**dt
lt=3T|<2T(1+b,)

< / ID(1/2 + it)|?*dt
lt=3T|<T

2T
< / 1€(1/2 +it)|*<dt
T

choosing A large enough and b, = 1/3. Combining with (77), (80), and (81), we arrive at the
claimed statement.

APPENDIX A: A MOLLIFICATION LEMMA

This section contains a mollification lemma that was first developed by one of the authors together
with Bourgade and Radziwilt in conjunction with the work [4]. The lemma was in the end no
longer needed in the proof and was therefore unpublished. We include it here as we believe that
it is of independent interest. The content of the lemma is to show that ¢ can be well approximated
by M~ for some appropriate mollifier M. The error of the approximation can be made smaller if
this approximation is made on an event represented by a Dirichlet polynomial Q. In that regard,
the lemma can be seen as a substantial extension of [2, Lemma 4.2], with additional technical
difficulties coming from the presence of the arbitrary Dirichlet polynomial Q. To state the lemma,
we first recall the following definition from [3].

We say a Dirichlet polynomial Q is degree-L well-factorable if it can be written as

IT 2.

0<r<L
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where
y.(k) 1
Q,(s) = Z s Vy = E,uf,
plm=pe(T,_,T/]
Qf(k)g"l//

and the coefficients y,(k) are arbitrary. Here, Q,(k) is the number of prime factors of k in the
interval (T,_;,T,], and u, defines the length of the mollifier in (29). Note that at # = 0, there are
no restrictions on the number of prime factors in M, given in (9), so u, = o effectively.

A degree-¢ well-factorable Dirichlet polynomial Q(s) = Zk y(k) is short for our purpose since
the length is

10(x v 1) 1o t
H TV exp( Z ( )8log/- )> <exp (e'20(a v 1)3(log,_; 1)' %) < T1/100,

/<L /<c (log,_, 1)

(A1)
for any # < L by the choice of 8 in (12).

Lemma A.1. Consider the mollifiers M, £ < L (see (29) and (31)) and write

for some fixed & > 0. For any degree-L well-factorable Q, we have for T large enough
28
[|§M - 1| 1Q1%(o, + 11')] <T + e—ﬂa/“’) -E[|Q* (o, +i1)].

Proof. To lighten the notation, we write throughout the proof ¢ = o, and recall that M =
[To<s<c M, We also sometimes drop the dependence on o, + it in the notation. The proof is
by evaluating the expectations for each term in the expansion

KM =117 = [EMP —¢M =M+ 1. (A2)

Estimating E[¢ M|Q|?].
We prove

E[¢M|QI?] = E[|Q[*] - 0 + O(T~V/3)). (A3)

The same obviously holds for E[leP]. We use the approximation (see, e.g., [12, Theorem 1.8])

SN 1 -1/2
(o+in) =) — o(T1/?). (A4)
n<T
We define a,(n) = 1if Q,(n) < 1, and all prime factors of n are in (T,_;,T,], and 0 otherwise.
For n € N, we also write n, =[], pecr,_, 1,1 p°™, where vp(n) stands for the p-valuation of
n. We then get a multiplicative function a(n) = [[,<, a,(n,). As p is also multiplicative, we can
now write the mollifier in a compact form

g = 3 o0t
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By redefining the coefficient y in the same way to include the restriction on prime factors, we can

also write Q(s) = Y 7;{3, so that

u(m)a(m)y(ky)y(k,)
(mkyk,)*

MIQP(s)= ), (A5)

m,kik,

The contribution from the error term in (A.4) is

2
<2 Y JACC TS <Z |y(k>|) <1 HE Y rOF
k k

ik, (mk,k,)° ke k2o

where we have used the bound (32) on m in the second inequality, and the Cauchy-Schwarz

ly(o|?
k20

ly ()2 (k¥ (ks) <k2>“ ly (ke y (k)| K,
= YR = A e A
BIOFI- 2 5% = 2 Ttokor [ w) | <2 GEr T

inequality in the third. We now observe that E[|Q|?] is close to Xk since

S+l oo ly(®)1?
<T 1oozk: e

We used E[(k2 )] < 1/(T|log(k, /k,)) <k , (A1) to bound k,, and the Cauchy-Schwarz
inequality. Th1s shows that

2
> POF —  + o Eiier (A7)
k

The above equation together with (A.6) then yields

E[{M|Q|*(c +i7)| =

pim)a(m)y(k)y(ky) [ [ ky \" PN
D ke El(nmlq) ]+0<T JE[1Q%].
(A8)
We first bound the terms nm # k, /k;, based on E[(—2— k2 )”] <1/(T|log =~ "mkl <2 and (A1)

and (32) as before:

n<T,m,kyk,

¥ u(m)a(m)y(ko?(kz)El( Ky )] . 7 )7(ks) ks

nmites ke, (mn)° (mn)y T

_12 oy lrR)1?
<T 1002}{: 120

< T - E[|Q]], (A.9)

where (A.7) was used for the last bound.
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It remains to estimate the contribution of the terms nm = k,/k,. Note that the restriction
n < T is no longer needed here since it is implied by n = k, /(k,m). Moreover, m = k,/(k,n) and
Q,(k,) < u, imposes a(m) = 1. With these simple observations, we are left to estimate, for fixed
k, dividing k,, the sum an:kz Jky u(m) = 1k, - With Equations (A.7)—~(A.9), this gives (A.3).

Estimating E[|{ MQ|?]

We will now prove the more delicate asymptotics

E[|¢ MQ[*] = E[|Q/*] - <1+0<_725+e “ﬂ)), (A.10)

relying on the expansion

2 plmumy)a(m)amy)y(e)y(ky) | o (lmy ™
Bicmort= 3 Cyryan: Elm (o) ] (A1)
and on the estimate (see [18, Lemma 4])
2T it
/ <ﬁ> ¢(o +in)|%dt
T n,
:/2T ¢Q20 )<(n1’n2) > +(i>1_20§(2 20 )<(n1’n2) ) T a
T nin, 2 nin,
+ O(T " **min(ny, n,)). (A.12)

Asky,my, ky,m, < T/ and |a(m,)|, |a(m,)| < 1, the contribution in (A.11) from the error term
in (A.12) is

T - E[|Q],

1 Y |7(k1)7/(k2)| . Z I}’(k)l2

<T 4
o (kl kz)a kza

where we have used (A.7) in the last inequality.
Contribution from the right of Re s = 1

We now consider the contribution to (A.11) from the term ¢(20) ( —)) in (A.12):

(kymy, kymy)™. (A13)

¢(20) z V(k1))/(i€2) Z M(ml)/l(mz)a(”;ll)a(mz)
K, (klkz) g mym, (m1m2) g

We first notice that we can estimate the sums for each interval of primes (T,_;,T,] and take
the product on # at the very end, by the definition of the a’s and the fact that Q is well-
factorable.

With this in mind, let us first estimate the sum without the restriction on Q,. Fix k; and k,.
Assume first that k; # k,. Without loss of generality, we can assume that (k;, k,) = 1; otherwise,
we can factor it out. We write P, for the set of prime factors of k; and similarly for k,. The sum
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over m; and m, without the restriction can then be expressed as an Euler product as follows:

Z u(myu(my,)

20
(mymy)*® )

(kymy, kom,
ml,mz
plm=pe(T,_y.T,]i=12

— H 1- p—ZU _ p—20 + p—ZU) H Q-1+ p—20 _ p—Zcr) H a1-1+ p—Zcr _ p—ZG)‘

PE(PUP,)* DEP; DEP,
(A.14)
This is obviously 0. With this crucial observation, we have that
(k) (k;) GG ——
(k k )20 (m m )20- 1 1> "2 2
plki=pe(Ty_1,T,li=12 172 plm=pe(T,_.T]i=12 2
_ Z ly(k)|? Z #(ml)ﬂ(mz)( 2o
- k20 (m m )25' my, m;
plk=pe(Ts_1,T/] plm=pe(Ty_1,T,]i=1,2 172
_ 1
—avorenorl I (1-2). (A15)
PE(Ty_1,T/] P

where we used (A.7).
We now bound the contribution from integers m; with Q,(m;) > u, for a fixed £ > 1. We use
Rankin’s trick, that is, 1(Q,(m) > u,) < e #¢ e (m) We get that the sum is bounded by

y(k)r(ky)  u(myu(my)]e® )

e He
(k1ky)?e (mymy)*

20
(kymy, kymy)=. (A.16)
my,my,kq,k,
plkim=pe(Ts_1.T¢]i=1,2

The sum over m,, m, is computed similarly to (A.14). It is

_ 2 2e l+e 2e+1
_<k1,k2>aH<z+p7>H<1+e+ ng) il <1+ = )

Py P, (PLUP,)¢

< (ko by (1 e)eererta)  TT <1 N 2e;r1>’
p g
PE(T,_1.T/]

where w,(m) stands for the number of distinct prime factors of m in (T,_;,T,]. Using the fact
that |y(ky)y(k,)| < (ly(ky)|? + ly(k,)|?)/2, the sum in (A.16) is bounded by

2
H | <1 + 2e + 1) Z |7/Eckztr)| 1+ e)CUf(kl)

p20’

PE(Ty 1Ty kq 1
plky=>pe(T,_1.T,]
k ,k 20
X > (11672)0 +e)erka), (A17)
iy 2

plky=>pe(T,_,T/]
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For k, fixed, we can express the sum over k, as an Euler product

=[[|1+a+ew, )+ +e) D p Utk H<1+(1+e)2p_2°j>

plky J>vpky) ptky Jjz1

< (1 + )2k H(l +v,(ky)) H <1 + 2;;;1>

plky ptky

<@+ et T (1 L2 ; 1>’
PE(Tr_1,T/] p

where we use the fact that 1 + x < e* to estimate the product over p|k;. Using the assumption
that Q,(k;) < v,, we can finally bound (A.16) by

2
<A +O(TV2)(1 + e)>eHe H <1 42 ;1> E[1Q,/7], (A.18)
pE(Ty_1,T/] p

where we used (A.7). By the choice of v,, we have that 3v, — u, < u,/2.
To estimate (A.13), it remains to take the product over # and multiply by
(o) =11 p(l — p~29)~L. We now apply the identity

[Ta-wem>un= 3 [][D"@Qm) > p)

¢<L IC{1,... 0} £El

to the sums in m; and m, in (A.13) to get that it is equal to

-1
piori{a+oa ) I (1--L%) -

p>Tg

o* Z | | e—Hel2 H <1+ 2e+1>4<1_L>_1 } (A.19)
20 20 : :
] p p

LUL,#0 £€lUI, pe(T,_1,T,

Here, the sum is over subsets I; and I, whose union is not empty. They represent the ¢’s for
which Q,(m) > u, for m; and m,, respectively. As in Lemma B.1, O* represents an error term
with implicit constant less than 1. We then use the estimate (A.15) when £ € (I; U I,)¢ and the
estimate (A.18) when # € I, U I,. Note that in the case where Q,(m) > u, for both m; and m,,

2e+1

2
we need to square the term (1 + p7> . The first product in the braces is estimated by the prime

number theorem:
0 o0 —v(20-1)
T o< o= [ ok o)
p>Tp p o T, U Ulogu logT, v

e _
<& +0(eVTe),
>3 (e )
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by the definition of o and §. Therefore, [],,.7, (1 - p‘2")_1 is 1 4 e=29/§ for T large enough.

4 -1
write p, = [l pecr,_, 1, (1 +(Q2e+1) p‘2‘7> (1 -p % ) . We have that locally the factors are

bounded by (1 + 100p~27). Moreover, Mertens’s theorem implies e #¢/2p, < e~#¢/* (for 8 > 100).
The O*-term is then

e_#['/zpf < H(l + e_:uf/4)2 -1 < e_l'{f/lo‘
LUl #@ £ €l Ul, ‘<L

2\0
This concludes the proof of the contribution in (A.11) from the term ¢ (20)(%) in (A.12).
172
Contribution from the left of Re s = 1
1-20 2\ 1—0
We now consider the contribution from <§ ) ¢(2-20) < % ) in (A.12). The integral
172

factor there is

2T
1 t \'7% 1-20 _ t—tp

For the other terms, we can work on each interval (T,_;,T,] for ¢ fixed as before. Without the
restriction on the number of prime factors, the sum over k’s and m’s is

¥ ¥y (ky) u(my)u(my)

k,my, k,m,)>%. A21
Kk, mym, (kymy, kym,) ( )

my,my,kq,k,
plki,mi=pe(T,_1,T,],i=1,2

We write k; = (ky, k,)ly, ky = (ky, k,)l, where [, and I, are coprime with corresponding prime
divisors sets P; and P,. The above sum over m;, m, is equal to
p(mu(m,) -
Z D 2 (kymy, kym, )P
my,m, mm,
plmy,my=p&(Ty_1,T/]

= (k> [ a-2p7'+p?) [[-p' =p"*+p7)
PE(PLUP,)* PEP,

x [Ja-p"=p">+p™). (A.22)
PEP,

As opposed to (A.14), the above product does not vanish when k; # k,. Therefore, estimating the
sum is slightly more involved. We define

¢, =20 —1)logT,.

On (P; U P,)°, we bound

-1 1

1-pl—pl4+p*<1-p,

and on P; U P,, we have when p < T,

1-p'=p"™4+p > =0-p ) -QA-p'"*)<=-pe,.
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This shows that the sum in (A.22) is

<y [ (1-1) e, (A23)
PE(Ty_1,T,] p

Moreover, bounding the y’s as before, we get that (A.22) is

[y (kc))|? 2wy rw,(ky)
< Z o (kpkz)z ZUC/ Vreei)
Iy ky 172
plky.ky=>pe(Ty_1,T,]

The sum over k, can be evaluated for fixed k; by reexpressing it as an Euler product. We get that

Z w, () (ky, kp) =20
C,

ky k,
plka=>p€e(Ty_1,T/]
Up(kl) c
_ j(1—20) v, (k)(2-20)  —j -t
o1 e [
pti j=1 J>vpky) pliy Jjz1
1-20 v, (ky)(1—-20) Cr
<H<1+cfvp(k1)p +c,p Pt )H<1+p—1>'
plky pky
We factor p(l'zg)“P(kl) from the first product to get k}_z". Combined with k;, this will get the factor

kT 29 needed to recover Q?. The second product is bounded by exp(2c,(t, — t,_;)) by Mertens’s

theorem. Putting this together yields the bound
Ki-2 o2 (tr—t_) H ( plptk)@o-1) | ¢rv, (k) pple)-DCo-1) | Cf)
plky
< k}_zaech(tf_[f—l)(cf +Cpv, etV etV g k%—ZUech(ff—t/—l)"'Cﬂzf’
where we used the definition of ¢, and the bound Q,(k;) < u, to get the inequality. Taking the
product over # and including the integral factor (A.20), we can now conclude that the contri-

bution to (A.21) of sums on m’s and k’s without the restriction on the number of factors of the
m’s is

=t 2
¢2-20) [J- plyeZrec 2eevim20ee D Irte)l”

20
p<T, ky kl

The first two factors are of order 1. The sum over k, is < E[|Q|?] by (A.7). Since ¢, = 28, the
exponential factor is

<exp (4051% —26e'~'t) < exp (85(108 log, 1)* — 25e§1°gﬂt) <e™,
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under the condition that 8log, ¢ > 100. This is the dominant contribution coming from Res = 2 —
20. Finally, we need to bound the contribution to the sum over m’s of the restrictions Q,(m) > u,

for each ¢. This is done exactly as before starting from (A.16).

APPENDIX B: AUXILIARY RESULTS

ad

The following lemma is an adaption of [4, Lemma 23] that gives upper and lower bound in

approximating M, by e~(S¢=S¢,-1) with precise error.

Lemma B.1. Consider the partial sums (76). Let £ > 1 and A > 0. If |S, — S,_;| < A(t, — t,_;),

then the mollifier M defined in (29) is satisfies

IM,| = (1 + O* <%>>e—(5[—sf_l) + e He+SATDE—te_ )+

Te
where O* stands for O with implicit constant smaller than 1.

Proof. We set s = o + it. We have by expanding the logarithm

(1-2
PE(Ty_1.T/] p

where

az3 pe(Ty_1,T,]

We estimate R, as follows:

1 _ 1 V2 <o _
IR/l < 2, Z —p~ <3 y=32dy < 2.5(T,_,) V2.
a3 pe(Ty_1.T¢] ¢ 2—=1JTr,

Using the fact thate* < 1+ 2xfor0 < x <1/2ande™ > 1 — x for x < 0, we get that
1— (T, ) <e® <1+ 5T, )72
It remains to relate the product over primes to the mollifier. By definition, we have
n
H <1—L>=Mf+ Z ’u( )
] pS nS

pe(Ty_1,T, pln=p&(T;_1.T;]
Qp_1(n)>u,

The last term is equal to

_1) _1
2D 2 (1P|

J> ke Typ1<p1<--<pj<Ty

(B.1)

(B.2)
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The Girard—-Newton identities (see, e.g., Equation 2.14’ in [15]) show that the inner sum is

P(ks))"«

( )s_( 1y Z H( ('kz'?k ’

Tp_y<pi<-<p;<Ty, Pr- pJ My oo, 20 k1 M
my+2my+---+kmy+(k+D)my +---=j

where the sum is over the partitions of j and

ZOEEEDY #.

Tp_1<p<Ty
Using this, we can bound the absolute value of (B.2) by

) [ 2™ |P(ks)| ™k

Z exp (—Hy + my +2my + - + kmy + - —yzn

My, M. 20 k>1

k k k)M
= e—WH( y (e IP(msk)!I/ ) ) (B3)

k=1 \m;=0

= exp <—uf + z ek|P(ks)|/k>.

k>1

For ¢ = 1, the assumption implies |P(s)| < A(t, — t,_;), giving a contribution to the sum of
SeA(ty —ty_y). (B.4)

For k = 2, Mertens’s theorem (see [20] for a precise bound) also implies

|P(2s)| <t, —t,_4 +0OF ( 2 ) <ty —t,_; +0.001,
log” Ty_q
by the definition of T,,. This gives an error of
2
%lP(Zs)I <5(t, —ty_;) +0.01. (B.5)

For k > 3, we have

Pks) < Y pTHP<2AT, )

PE(Tr1.T/]
This implies that
k
D ekIP(ks)| /k < 2Ty Y| —=| <0.001. (B.6)
k>3 k>3 To
The claim follows from (B.1), (B.4), (B.5), and (B.6). O
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The mean-value theorem for Dirichlet polynomials, see [16, Corollary 3], takes the following

form when expressed in terms of the random model 51. Let (6, p prime) a sequence of IID random
Ay

variables, uniformly distributed on [0, 277]. For an integer n with prime factorizationn = p‘l11 Py

with py, ..., py all distinct, consider
k .
6, = D6, (B.7)
j=1

The orthogonality relation E[e®®nei®n] = 1,,_,, is straightforward from the definition. This implies
that for an arbitrary sequence a(n) of complex numbers,

EU 2, alme® 2] = Yl

n<N n<N

The mean-value theorem for Dirichlet polynomials is as follows:

Lemma B.2[16, Corollary 3]. Let (a(n), n > 1) be any sequence of complex numbers. Then, for N > 1
and T > 1, we have with the notation above:

EU S, atn' ] ~(1+0 (g))EU 3 atwes ]

n<N
We need several lemmas controlling the distribution of the random model (51). The first one
compares it explicitly to the Gaussian random variables Z ,.

Lemma B.3. Consider the increments Y, =S, —S,_;, 1 < ¢ < L, defined in (52), and the corre-
sponding Gaussian variables N, = Z, — Z,_; as in (14). There exists a constant ¢ > 0 such that,
for any intervals A,

tp_1/2

P(Y, €A)=P(N, €A)+0(e ).

Proof. This follows similarly to [3, Lemma 20], based on the Berry-Esseen estimate as stated in [3,
Lemma 19]. The proof is actually more immediate because the covariances of (I, ') and (N, N')
exactly coincide. O

The error O(e‘cel”’l/z) is too large for # = 1 for our purpose. In this case, we resort to the weaker
estimate given in [3, Lemma 18].

Lemma B.4. Consider the random variables S, defined in (51). Let > 1. Then, for all A > o and
|u| < 100aZ, we have

—u2 /202
eu/2vf

T

P(S, € [u,u+A71)) =

B1=
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When an exact Gaussian comparison is not needed, it is sometimes useful to bound the
moments of the random model by Gaussian ones. The following statement is a direct consequence

of the fact that
Re a(p)X(p) la(p)|2
E |exp (/1 —>] I ( >, (B.8)
l x<2psy p° XDIK)’ ’
where
B s w2k

Lemma B.5. Leto > 1/2 and 1 < x < y. For any complex numbers a(p), we have for k € N,

LN 2k
Re a(p)e'®r 2k!
g Y =2 (k ')g( 2k, (B.10)
x<p<y p 2 k
where
20y _ 1 la(p)|?
#(0) = 3 D o (B.11)
X<p<y

In particular, we have for any A € R,

6
Elexp </1 Y MN < exp(1282(0)/2). (B.12)

x<p<y p
To bound the moments of actual Dirichlet polynomials, we have the useful [19, Lemma 3]:

Lemma B.6. Let2 < x < T. For any complex numbers a(p) and k € Nwith x* < T/log T, we have

for T large enough
k] <Z la(p)r )
p<x

Using Stirling, we get by picking k = |V2/ vfaj (assuming that V is not too large so the moment
condition is satisfied) that

b

psx

2 2
P(Sg—Sf_l > V) < %exp( V—>
Uy =V 2007 =07 )
The asymptotics of the moments of the random model with all the prime powers present, as in
the definition of Z, in (15), can be calculated explicitly.
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Lemma B.7. Let§ > O0ando = % + % Let T,y such thatlog T, = o(logT). Then, as T — oo, we
have forany k > 0

2k
ie, \ ~1 d my|2
1og To) ™ E| [ T] <1 - %) ~eCTJa-pHe Y #, (B.13)
p<Ty p p m=0 p
where d; (n) is the k-divisor function defined through the Taylor series
1-x)Fk= Z d;(m)x" = Z [(n+k) ——x". (B.14)

n!T'(k)

n=0 n=0

(For an integer k, d;(n) is the number of ways of writing n as the product of k factors.) The Euler
product on the right-hand side of (B.13) is a, cf- (4).

Proof. Let 2 < X < T,. We will take the limit T — oo then X — co. We have by expanding the
logarithm and the exponential

E

H (1—2—?) ‘ = H E[exp (—ZkRelog(l—eiQPp_o)ﬂ

X<p<Ty, X<p<T,
cos@, cos20,
= H E|exp| 2k — + L +o(p)
X<p<T, p 2p*
- 10 <1+k—+0(p—30)>
X<p<T, p?

= exp( Z kTZU + O(X‘l/z))

X<p<Ty

We can evaluate the sum over p as in (17) using the prime number theorem. This gives as T — oo

and X - o
i, \ 1
e'“p
I1 <1_ p”)
X<p<T,
logTo

7 0 by assumption. It remains to evaluate (logX K E[ 11 pex(1 = el p=o)=1|2k]

2k
E

~ (log To)* (log X) 7,

since 5

in the 11m1t T — o0 and X — oo. Taking T — oo simplifies o — 1/2. Hence, writing the random
Euler product as a random Dirichlet series yields

2
i, \ ~k d

P n) ., 2

E H 1-¢ NE| Z £619n|

p<X pg n>1 I’l1/2

pln=p<X
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where 6,, is defined by 6,, = Ggi 9;; if the prime factorization of n is p‘ll !...p,". The right-hand
side is easily evaluated by the orthogonality of the e®» and equals

44 d <p'">|
Y, — =l X=5—

n>1 p<X m>0
pln=p<X

Mertens’s third theorem, see, for example, [14], states that logX Hp <X(1 —p~ Y ~e7 This
implies that as X — oo

2 el \ 7!
(logX) 'E H<1—p1/2>

p<X

my|2
s H(l—p_l)kz 2 ldi(p™)I ’
p

mso P
as claimed. O
The lemma implies some useful estimates. First, Markov’s inequality yields
P(Z, > aty) < E[e220](log Ty) 2 < % a,(log Ty) ™. (B.15)

Second, the heuristic given in (18) remains almost unchanged on G, = {Z, — at, € [0, \/g}.
Indeed, let us consider the change of probability defined by g—g = Eijf ;0]. We have similar to
(18):

—a’t _
P({Z,+ 2 > at}nG,) = e—\[e‘“2§1°gﬁ (=20 = E[e2420] . B(Z, — aty € [0, v/T])
an/t

e—azt
= a\/;

by Lemma B.7. Under P, the random variables ¢ remain independent and E[Z,] = at, + o(1).
Therefore, by the Berry-Esseen theorem, we have that 1~5(Z0 —at, € [0, \/%]) = 1. We conclude
that

2 Sl =
e slog, t—28a’+ya - P(Z, — at, € [0, \/%])’

P({ZQ + Z£ > C(t} N QO) = P(Zo + ZC > CC[). (B16)
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