
Numerical Algorithms for

Differential Equations

with Periodicity

Hadrien Montanelli

Balliol College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Trinity 2017



To my grandfather.



Acknowledgements

I would like to thank my supervisor Nick Trefethen for his guidance, sup-

port and encouragement over the last four years. He is a fantastic mentor,

and his view of numerical analysis and his writing style have greatly in-

fluenced mine.

I have discussed and exchanged many ideas with my collaborators Grady

Wright, Mohsin Javed, Nikola Gushterov, Niall Bootland, and Yuji Nakat-

sukasa. It has been a pleasure working with and learning from them.

I thank my fellow Chebfun team members from over the years—Jared
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Abstract

This thesis presents new numerical methods for solving differential equa-

tions with periodicity.

Spectral methods for solving linear and nonlinear ODEs, linear ODE

eigenvalue problems and linear time-dependent PDEs on a periodic in-

terval are reviewed, and a novel approach for computing multiplication

matrices is presented.

Choreographies, periodic solutions of the n-body problem that share a

common orbit, are computed for the first time to high accuracy using

an algorithm based on approximation by trigonometric polynomials and

optimization techniques with exact gradient and exact Hessian matrix.

New choreographies in spaces of constant curvature are found.

Exponential integrators for solving periodic semilinear stiff PDEs in 1D,

2D and 3D periodic domains are reviewed, and 30 exponential integrators

are compared on 11 PDEs. It is shown that the complicated fifth-, sixth-

and seventh-order methods do not really outperform one of the simplest

exponential integrators, the fourth-order ETDRK4 scheme of Cox and

Matthews.

Finally, algorithms for solving semilinear stiff PDEs on the sphere with

spectral accuracy in space and fourth-order accuracy in time are proposed.

These are based on a new variant of the double Fourier sphere method in

coefficient space and standard implicit-explicit time-stepping schemes. A

comparison is made against exponential integrators and it is found that

implicit-explicit schemes perform better.

The algorithms described in each chapter of this thesis have been imple-

mented in MATLAB and made available as part of Chebfun.
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Chapter 1

Introduction

A large number of phenomena in natural and social sciences exhibit periodicity. Ex-

amples include day and night cycles, seasons, ocean waves, heartbeat and breathing,

economic and political cycles, and many others. These phenomena vary in time but

recur at intervals: these are examples of temporal periodicity. Another type of peri-

odicity is spatial periodicity : even if the phenomenon we are looking at is not periodic

in time, it might occur in a periodic domain, such as rows of turbine blades or Earth’s

surface. In both cases, periodicity is a special feature that we can take advantage of

when solving differential equations that model such phenomena. We present in this

thesis a collection of algorithms for solving linear and nonlinear differential equations

with periodicity in time or in space. These have been implemented in MATLAB and

made available as part of Chebfun [53].1 Each chapter contains new contributions to

numerical analysis and scientific computing.

In Chapter 2, we review trigonometric interpolation for approximating periodic

functions and spectral methods for solving linear and nonlinear ODEs, linear ODE

eigenvalue problems and linear time-dependent PDEs on a periodic interval. We

review the main theoretical results and algorithms, and introduce the key concepts

and notations that will be used throughout the thesis. We also present a new approach

for computing multiplication matrices, which will be crucial in Chapter 5 for the

discretization of the Laplacian operator on the sphere.

Chapter 3 explores the computation of choreographies, periodic solutions in time

of the n-body problem that share a common orbit. These are computed for the first

time to high accuracy using an algorithm based on approximation by trigonomet-

ric polynomials and optimization techniques with exact gradient and exact Hessian

matrix. We also present new choreographies on the sphere and on the Poincaré disk.

1We use MATLAB R2015b and Chebfun v5.6.0.
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Chapter 4 investigates exponential integrators for solving periodic semilinear stiff

PDEs in 1D, 2D and 3D periodic domains. We compare 30 exponential integrators

applied to 11 PDEs and show that the complicated fifth-, sixth- and seventh-order

methods do not significantly outperform one of the simplest exponential integrators,

the fourth-order ETDRK4 scheme of Cox and Matthews.

Chapter 5 develops numerical algorithms for solving stiff PDEs on the sphere with

spectral accuracy in space and fourth-order accuracy in time. These are based on a

new variant of the double Fourier sphere method in coefficient space and standard

implicit-explicit time-stepping schemes. A comparison is made against exponential

integrators and it is found that implicit-explicit schemes perform better.
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Chapter 2

Solving differential equations in 1D
periodic domains∗

2.1 Introduction

In this chapter trigonometric interpolation for approximating functions and spectral

methods for solving linear and nonlinear ODEs, linear ODE eigenvalue problems and

linear time-dependent PDEs on a periodic interval are discussed. We review the

main theoretical results and the standard algorithms, which we have implemented in

Chebfun, and present a new approach for computing multiplication matrices.

The theory of periodic differential equations goes back to the work of Floquet [59],

Mathieu [105] and Poincaré [133] in the late 19th century. Although it is absent

from many books, good treatments can be found in [39], [57] and [158]. As to the

mathematics and the algorithms, it is much like that of the familiar nonperiodic case

expect for the differences that nongeneric configurations corresponding to eigenmodes

have to be avoided to ensure existence and uniqueness, and that boundary conditions

are automatically satisfied if working with expansions in the Fourier basis.

Throughout this chapter, and more generally throughout this thesis, the interval

[0, 2π] should be understood periodically: θ = 0 and θ = 2π are identified and

any smoothness assumption applies across this point in the same way as for θ ∈
(0, 2π) [85, Chap. 1]. Therefore, functions on the periodic interval [0, 2π] are periodic

by construction, and we shall assume that they are complex-valued as well, unless

otherwise stated. Let us emphasise that the variable θ might be a space variable (for

spatial periodicity), as well as a time variable (for temporal periodicity).

∗This chapter is adapted from a paper with Grady Wright, Mohsin Javed and Nick Trefethen [174].
My contribution to the paper is mostly the section about periodic ODEs, operator exponentials and
eigenvalue problems, and the implementation of the algorithms for solving such problems.
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2.2 Approximating periodic functions

2.2.1 Theory

Fourier series are a powerful tool for the approximation of periodic functions. Using

finite Fourier expansions or (closely related) trigonometric interpolants, it is possible

to construct approximants to a function. This raises the following question, which has

attracted the attention of generations of mathematicians: will finite Fourier expan-

sions and trigonometric interpolants converge as the number of terms is increased,

and how fast? The convergence of finite Fourier expansions is of vital importance

from a theoretical point of view and will be addressed first, while the convergence of

trigonometric interpolants is crucial in practice and will be discussed second.

Let Lp([0, 2π]) denote the Banach space of functions f whose Lp([0, 2π])-norm

‖f‖p =

(∫ 2π

0

|f |p
)1/p

(2.1)

is finite. If f is in Lp([0, 2π]), 1 < p <∞, then the partial sums

fn(θ) =
n∑

k=−n

f̂ke
ikθ (2.2)

with coefficients

f̂k =
1

2π

∫ 2π

0

f(θ)e−ikθdθ (2.3)

converge to f in the Lp([0, 2π])-norm (2.1) [85, Th. 1.11 of Chap. 3], and we write

f(θ) =
∞∑

k=−∞

f̂ke
ikθ. (2.4)

The partial sum (2.2) is a trigonometric polynomial of degree n, i.e., a linear com-

bination of complex exponentials {1, e±iθ, . . . , e±inθ}. The coefficients (2.3) are the

Fourier coefficients of f and (2.4) is its Fourier series. When f is real-valued the

coefficients (2.3) satisfy f̂−k =
¯̂
fk for all k.

For pointwise convergence, continuity is not enough: there exist continuous func-

tions whose Fourier series diverge at a point [176, Th. 1.1 of Chap. 8]. However,

continuous functions of bounded variation have a unique and uniformly convergent

Fourier series [176, Th. 8.1 of Chap. 2], while Lipschitz continuous functions have a

unique, uniformly and absolutely convergent Fourier series [176, Th. 3.6 of Chap. 6].

Let us summarize the last two results in our first theorem, which uses the notion
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of functions f of bounded variation, functions whose total variation V—the supre-

mum of all sums
∑n

i=1 |f(xi)− f(xi−1)| with ordered points {xi} in [0, 2π] satisfying

x0 = xn—is finite.

Theorem 1.1. If f is a continuous functions of bounded variation on [0, 2π],

then it has a unique and uniformly convergent Fourier series (2.4) with Fourier coef-

ficients (2.3). If f is Lipschitz continuous, the convergence is uniform and absolute.

Proof. See [176, Th. 8.1 of Chap. 2] and [176, Th. 3.6 of Chap. 6].

We now state a theorem about the decay of Fourier coefficients of differentiable

and analytic functions.

Theorem 1.2. For an integer ν ≥ 0, let f and its derivatives through f (ν−1)

be absolutely continuous on [0, 2π] if ν ≥ 1, and suppose the νth derivative f (ν) is of

bounded variation V . Then for each k 6= 0, the k-th Fourier coeffcient f̂k of f satisfies

|f̂k| ≤
V

2πkν+1
. (2.5)

If f is analytic in a strip of half-width α around the real axis in the complex plane

with |f(θ)| ≤M , then for each k 6= 0

|f̂k| ≤Me−α|k|. (2.6)

Proof. Suppose ν = 0. The function f is merely of bounded variation V on [0, 2π],

so we cannot integrate by parts (2.3) in the classical sense. We have to use the theory

of Riemann–Stieltjes inegration; the proof can be found in [176, Th. 4.12 of Chap. 2].

Now suppose that ν > 0. Then f is ν − 1 times continuously differentiable, and

integration by parts gives

f̂k =
1

2π(ik)ν−1

∫ 2π

0

f (ν−1)(θ)e−ikθdθ. (2.7)

The function f (ν−1) is absolutely continuous with derivative f (ν) of bounded variation.

By the fundamental theorem of calculus for absolutely continuous functions, we obtain

f̂k =
1

2π(ik)ν

∫ 2π

0

f (ν)(θ)e−ikθdθ. (2.8)

We finally apply the case ν = 0 for f (ν), which yields

|f̂k| ≤
V

2πkν+1
. (2.9)

If f is analytic, the claimed result follows from shifting the interval [0, 2π] down-

ward in the complex plane for k > 0, or upward for k < 0, by a distance arbitrarily

close to α.
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It follows from (2.5) that the Fourier coefficients f̂k of a function that is infinitely

differentiable on [0, 2π] decay faster than any negative power of k. This property

is called spectral accuracy, infinite-order accuracy, or superalgebraic accuracy. For

analytic functions, the decay is exponential and the property (2.6) is called exponential

accuracy. The convergence rate improves further to superexponential if the function

is entire.

Let us now use Theorem 1.2 to prove a theorem about how fast Fourier series

converge.

Theorem 1.3. For an integer ν ≥ 1, let f and its derivatives through f (ν−1)

be absolutely continuous on [0, 2π], and suppose the νth derivative f (ν) is of bounded

variation V . Then the partial sums of its Fourier series satisfy

‖f − fn‖∞ ≤
V

πνnν
. (2.10)

If f is analytic in a strip of half-width α around the real axis in the complex plane

with |f(θ)| ≤M , then they satisfy

‖f − fn‖∞ ≤
2Me−αn

eα − 1
. (2.11)

Proof. The inequalities (2.10) and (2.11) follow from bounding the tail

f(θ)− fn(θ) =
∑
|k|>n

f̂ke
ikt (2.12)

using (2.5) and (2.6).

For approximating a function f on [0, 2π] by Fourier series, there are two standard

options: projection or interpolation. For an odd number N = 2n + 1, the degree n

trigonometric projection of f is the the partial sum (2.2) and corresponds to the least-

squares approximant to f in the N -dimensional space of such polynomials. Note that

this approximation depends on the values of f(θ) for all θ ∈ [0, 2π]. The degree n

trigonometric interpolant is a computationally simpler approximation of f , which

only depends on the values at certain points—therefore, we shall focus in this thesis

on interpolants. The interpolant is the unique trigonometric polynomial of degree n

that interpolates f at the N trigonometric points

θj =
2πj

N
, 0 ≤ j ≤ N − 1. (2.13)

If we write it in the form

pn(θ) =
n∑

k=−n

f̃ke
ikθ, n = (N − 1)/2, (2.14)
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its coefficients are equal to those of f approximated by the trapezoidal rule [166], i.e.,

f̃k =
1

N

N∑
j=0

f(θj)e
−ikθj ≈ f̂k. (2.15)

These can be computed in O(N logN) operations using the FFT. Note that the

coefficients of pn and those of f are related by the aliasing formula (or Poisson’s

summation formula),

f̃k =
∞∑

j=−∞

f̂k+jN . (2.16)

For an even number of points N = 2n, uniqueness of trigonometric interpolants

is guaranteed if we impose the additional condition f̃−n = f̃n. In this case, we write

pn as

pn(θ) =
n∑

k=−n

′ f̃ke
ikθ, n = N/2, (2.17)

where the prime on the summation sign signifies that the terms k = ±N are halved,

and the formulas (2.15)–(2.16) still hold.

We state now a theorem, analogous to Theorem 1.3 for the partial sums, about the

convergence of trigonometric interpolants. This theorem is crucial from the perspec-

tive of numerical computing with trigonometric interpolants: the smoother a function

is, the faster the convergence of its trigonometric interpolant.

Theorem 1.4. For an integer ν ≥ 1, let f and its derivatives through f (ν−1)

be absolutely continuous on [0, 2π], and suppose the νth derivative f (ν) is of bounded

variation V . Then its degree n trigonometric interpolant satisfies

‖f − pn‖∞ ≤
2V

πνnν
. (2.18)

If f is analytic in a strip of half-width α around the real axis in the complex plane

with |f(θ)| ≤M , then it satisfies

‖f − pn‖∞ ≤
4Me−αn

eα − 1
. (2.19)

Proof. The inequalities (2.18) and (2.19) follow from bounding f(θ)− pn(θ) using

(2.5) and (2.6) combined with the aliasing formula (2.16).

For more details about Fourier series and trigonometric interpolation, we recom-

mend the books of Henrici [71], Katznelson [85] and Zygmund [176].
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2.2.2 Algorithms

The key algorithms for numerical computing with trigonometric interpolants include

the FFT algorithm to compute Fourier coefficients [41], the trapezoidal rule to com-

pute integrals [166], Horner’s rule to evaluate trigonometric interpolants [80], and the

companion matrix and related algorithms to compute roots of trigonometric inter-

polants [23].

An alternative to Horner’s rule to evaluate trigonometric interpolants is the barycen-

tric formula of Henrici [70], given for N odd by

pn(θ) =
N−1∑
j=0

(−1)jf(θj)csc
(θ − θj

2

)/N−1∑
j=0

(−1)jcsc
(θ − θj

2

)
. (2.20)

Like Horner’s rule, this only requires O(N) operations, and stability has been estab-

lished (after a minor modification) in [12].

Let us end this section by mentioning that Javed and Trefethen have recently

extended the Remez algorithm to periodic problems, to compute best trigonometric

approximation of periodic functions in the L∞-norm [82].

2.3 Solving linear and nonlinear ODEs in 1D pe-

riodic domains

2.3.1 Theory

Let us consider the second-order linear ODE

Lu(θ) = u′′(θ) + a(θ)u′(θ) + b(θ)u(θ) = f(θ), θ ∈ [0, 2π], (2.21)

with periodic boundary conditions and continuous functions a, b and f . We look for

a twice continuously differentiable solution u. As we mentioned in the introduction

of this chapter, the theory of existence and uniqueness of solutions to periodic ODEs

goes back to Floquet [59], Mathieu [105] and Poincaré [133] in the late 19th century.

We state the main theorem.

Theorem 1.5. Let ∆ be the Hill discriminant associated with (2.21), defined by

∆ =
c(2π) + s′(2π)

2
, (2.22)

where c(θ) and s(θ) are the solutions of the homogeneous version of (2.21) correspond-

ing to the initial conditions c(0) = 1, c′(0) = 0 and s(0) = 0, s′(0) = 1. The equation

(2.21) has a unique periodic solution if and only if ∆ 6= 1.
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Proof. The key point is to avoid nongeneric configurations corresponding to eigen-

modes; see [57, Th. 1.3.2].

We present now Fourier spectral methods in coefficient space for solving (2.21),

and more generally for solving linear ODEs of order n and nonlinear ODEs of the

form N (u) = 0 for some nonlinear differential operator N . Fourier spectral methods

in value space are presented in detail in [164].

2.3.2 Algorithms

ODEs of the form (2.21) can be solved numerically by any standard finite-difference

scheme, which would generate sparse linear systems that can be solved in linear time

and give algebraic accuracy. Note that, in this case, periodicity would be imposed

by the boundary conditions u(0) = u(2π) and u′(0) = u′(2π). Another approach is

to use a Fourier spectral method in coefficient space, which has three advantages.

First, this leads to spectral accuracy for smooth variable coefficients and right-hand

sides. Second, no boundary conditions have to be imposed since the basis functions

(complex exponentials) are periodic. Third, this also generates sparse linear systems

when the variable coefficients are smooth.

Spectral methods were developed by Orszag in a series of papers from 1969 [120,

121, 122, 123, 124]; precursors include Arakawa [7], Lanczos [96] and Philips [130, 131].

Spectral methods have remarkable sability and accuracy properties [60, 91, 92, 155,

156]; there are today many reference books [22, 31, 61, 73, 129, 148, 164]. We review in

this section Fourier spectral methods for solving linear and nonlinear periodic ODEs

in 1D periodic domains. In Sections 2.4 and 2.5, we will apply these methods to the

solution of linear ODE eigenvalue problems and linear time-dependent PDEs.

Let us assume that a, b and f in (2.21) are continuous and of bounded variation,

and that we are looking for a twice continuously differentiable solution u with second

derivative u′′ of bounded variation. (These assumptions ensure that we can use Fourier

series.)

If we write a, b, f and u as Fourier series (2.4) with Fourier coefficients (2.3) âk,

b̂k, f̂k and ûk, then the Fourier series of u′′, au′, and bu are given by

u′′(θ) =
∞∑

k=−∞

(−k2)ûke
ikθ, a(θ)u′(θ) =

∞∑
k=−∞

(
∞∑

l=−∞

ilûlâk−l

)
eikθ,

b(θ)u(θ) =
∞∑

k=−∞

(
∞∑

l=−∞

ûlb̂k−l

)
eikθ.

(2.23)
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Fourier spectral methods in coefficient space require that u satisfies (2.21) in the weak

sense
1

2π

∫ 2π

0

Lu(θ)e−ikθdθ =
1

2π

∫ 2π

0

f(θ)e−ikθdθ, ∀k, (2.24)

which yields

− k2ûk +
∞∑

l=−∞

ilûlâk−l +
∞∑

l=−∞

ûlb̂k−l = f̂k, ∀k. (2.25)

Let û and f̂ denote the infinite vector of Fourier coefficients of u and f . The

equation (2.25) can be rewritten using operators,(
D(2) +M[a]D +M[b]

)
û = f̂ , (2.26)

where

D =



. . .

−2i
−i

0
i

2i
. . .


, D(2) =



. . .

−4
−1

0
−1

−4
. . .


(2.27)

are the first and second derivative operators, which map the coefficients of u to those

of u′ and u′′, and

M[a] =



. . . . . .

. . . . . . . . .

. . . â1 â0 â−1 . . .
. . . â1 â0 â−1 . . .

. . . â1 â0 â−1 . . .
. . . . . . . . .

. . . . . .


(2.28)

is the multiplication by a operator, which maps the coefficients of u to those of au

(with an analogous expression for M[b]).

The operators D and D(2) map, e.g., the spaces C1([0, 2π]) and C2([0, 2π]) of

complex-valued continuously differentiable and twice continuously differentiable func-

tions on [0, 2π] to the space C([0, 2π]) of complex-valued continuous functions on

[0, 2π]. These are examples of an unbounded operator,1 a linear map T : D(T ) ⊂
X → Y from a linear subspace D(T ) of X to the space Y .

1For details about functional analysis, we recommend the book of Brézis [24].
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Let us now replace a, b, f and u by their trigonometric interpolants (2.17) at an

even number N = 2n of trigonometric points (2.13), with coefficients ãk, b̃k, f̃k and

ũk, −N/2 ≤ k ≤ N/2− 1. (We shall only consider the even case; there are analogous

formulas for N odd.) The vector of unknowns is the vector of N+1 Fourier coefficients(
ũ−N/2

2
, ũ−N/2+1, . . . , ũN/2−1,

ũN/2
2

=
ũ−N/2

2

)T
. (2.29)

However, since FFT codes only store N coefficients, we shall define the vector of

coefficients as

ũ =

(
ũ−N/2

2
+
ũN/2

2
= ũ−N/2, ũ−N/2+1, . . . , ũN/2−1

)T
. (2.30)

To compute derivatives, we map the vector of N Fourier coefficients (2.30) to the

representation (2.29) with N + 1 coefficients, differentiate, and then map back to N

coefficients. Thus, the first-order differentiation matrix DN can be written as the

product of three matrices,

DN = QDN+1P, (2.31)

where the (N + 1)×N matrix P maps (2.30) to (2.29),

P =


1
2

1
. . .

1
1
2

0

 , (2.32)

DN+1 is the (N + 1)× (N + 1) first-order Fourier differentiation matrix,

diag(DN+1) = i
(
−N/2,−N/2 + 1, . . . , N/2

)T
, (2.33)

and Q is the N × (N + 1) matrix that maps back to N coefficients,

Q =


1 1

1
. . .

1 0

 . (2.34)

This gives a diagonal matrix with entries given by

diag(DN) = i
(

0,−N/2 + 1,−N/2 + 2, . . . ,−1, 0, 1, . . . , N/2− 1
)T
. (2.35)
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Note the zero in the the first entry of (2.35) to cancel the mode (−iN/2)e−iNθ/2 that

would lead to complex values for real data. Similarly we get

diag(D
(2)
N ) =

(
− (N/2)2,−(N/2− 1)2, . . . ,−1, 0,−1, . . . ,−(N/2− 1)2

)T
, (2.36)

and more generally

diag(D
(ν)
N ) = iν

(
(−N/2)ν , (−N/2 + 1)ν , . . . , (−1)ν , 0, 1, . . . , (N/2− 1)ν

)T
, (2.37)

with the first entry set to zero when the differentiation order ν is odd.

The same point of view can be adopted for multiplication matrices, with the

difference that multiplying by a or b will increase the length of the representation by

a factor of N since the products will now be trigonometric polynomials of degree 2N ,

i.e., linear combinations of complex exponentials {1, e±iθ, . . . , e±iNθ}. Therefore, to

multiply by, e.g., a, we map (2.30) to (2.29), multiply by a with an (2N+1)×(N+1)

matrix, and then truncate and map back to N coefficients. The resulting matrix for

multiplication by a, which we denote by T[a], is given by

T[a] = QM[a](:, N/2 + 1 : 3N/2 + 1)P, (2.38)

where M[a] is the (2N + 1)× (2N + 1) matrix defined by

M[a] =


ã0 ã−1 ã−2 . . . ã−2N

ã1
. . . . . . . . .

...

ã2
. . . . . . . . .

...
...

. . . . . . . . .
...

ã2N . . . . . . . . . ã0

 , (2.39)

P is defined as before and Q is the following N × (2N + 1) matrix,

Q =


0 . . . 0 1 1 0 . . . 0

1
. . .

1 0 . . . . . . 0

 . (2.40)

(There are N/2 zeros at the beginning and at the end of the first line.) We have used

MATLAB notation in (2.38): M[a](:, N/2 + 1 : 3N/2 + 1) is obtained from (2.39) by

removing the first and last N/2 columns. This approach for computing multiplication

matrices seems to be new and will be crucial in Chapter 5 for the discretization of

the Laplacian operator on the sphere.
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Using these matrices, the infinite system of equations (2.26) is discretized by the

following linear system of size N :(
D

(2)
N + T[a]DN + T[b]

)
ũ = f̃ . (2.41)

When the functions a and b are analytic or many times differentiable, they can be

approximated to high accuracy by trigonometric interpolants of the form (2.17) with

a small number of Fourier coefficients M � N . In these cases, the multiplication

matrices T[a] and T[a] are banded with bandwidth M . Hence, for a given N , the

system (2.41) can be solved in O(M2N) operations using a sparse direct solver [43].

To determine the grid size N that resolves u to high accuracy, a straightforward

approach is to solve (2.41) on grids of sizes N = 32, N = 64, and so on until the

coefficients ũ are small enough. Another approach is to use the the adaptive QR

algorithm of Olver and Townsend [119], which adaptively finds the right N and has

a total cost of O(M2N) operations.

To solve nonlinear ODEs of the form N (u) = 0, one can use Newton’s method

in function space, where instead of the standard Jacobian matrices, the derivatives

involve Fréchet derivatives, as described in [16]. The idea is to compute a sequence of

approximate solutions u0, u1, u2, . . . that converge to the true solution u. The iteration

is as follows:

uk+1 = uk − (N ′(uk))−1N (uk), (2.42)

where N ′(uk) is the Fréchet derivative of N at uk. Therefore, solving nonlinear ODEs

reduces to solving a sequence of linear ODEs.

2.3.3 Numerical examples

Chebfun has an automatic solver for linear and nonlinear ODEs based on Chebyshev

spectral methods, implemented in the chebop class [52] and based on MATLAB’s

backslash command and Newton’s method in function space. We have extended it

to periodic ODEs using a Fourier spectral method in coefficient space that uses the

matrices described in the previous section.

Let us consider the second-order linear ODE

Lu(θ) = u′′(θ) + sin(θ)u′(θ) + 1000 cos(2θ)u(θ) = 100, θ ∈ [0, 2π], (2.43)

with periodic boundary conditions. We can solve it using a Fourier spectral method

in coefficient space with a few lines of code:2

2For periodic problems, Chebfun uses by default a Fourier spectral method in value space. To
overwrite this, one can type cheboppref.setDefaults(’discretization’,’coeffs’).
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Figure 2.1: Solution of the linear periodic ODE (2.43) as a trigonometric interpolant
of degree n = N/2 = 69 (top) and its Fourier coefficients (bottom).

dom = [0 2*pi]; % domain

a = chebfun(@(x) sin(x), dom); % coefficient a

b = chebfun(@(x) 1000*cos(2*x), dom); % coeffiicient b

L = chebop(@(u) diff(u,2) + a.*diff(u) + b.*u, dom); % operator

L.bc = ’periodic’; % boundary cond.

f = 100; % right-hand side

u = L\f; % solve

The numerical solution of (2.43) and its Fourier coefficients are shown in Figure 2.1.

It satisfies the differential equation to high accuracy: the relative L2-norm of the

residual (relative L2-error) ‖Lu− 100‖2/‖u‖2 is 1.0× 10−10.

Suppose now that we want to solve the nonlinear ODE

N (u(θ)) = u′′(θ) + u(θ)u′(θ) + 1000esin(4θ)u(θ) = f(θ), θ ∈ [0, 2π], (2.44)

with right-hand side f(θ) = 1000 cos(10θ) and periodic boundary conditions. After

five steps of Newton’s method, the following Chebfun code produces the result shown

in Figure 2.2 with relative L2-error ‖N (u)− f‖2/‖u‖2 equal to 3.2× 10−9:
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Figure 2.2: Solution of the nonlinear periodic ODE (2.44) as a trigonometric inter-
polant of degree n = N/2 = 340 (top) and its Fourier coefficients (bottom).

dom = [0 2*pi]; % domain

b = chebfun(@(x) 1000*exp(sin(4*x)), dom); % coeffiicient b

N = chebop(@(u) diff(u,2) + u.*diff(u) + b.*u, dom); % operator

N.bc = ’periodic’; % boundary cond.

f = chebfun(@(x) 1000*cos(10*x), dom); % right-hand side

u = N\f; % solve

2.4 Solving linear ODE eigenvalue problems in 1D

periodic domains

2.4.1 Theory

Let us consider the Sturm–Liouville eigenvalue problem

− d

dθ

[
p(θ)

du

dθ

]
+ q(θ)u(θ) = λw(θ)u(θ), θ ∈ [0, 2π], (2.45)

with periodic boundary conditions. We assume that w > 0 and q are real-valued

continuous functions and that p > 0 is real-valued and continuously differentiable.

We look for complex eigenvalues λ and twice continuously differentiable real-valued
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functions u. The main theorem states that (2.45) is diagonalisable in the basis of

eigenfunctions with real eigenvalues.

Theorem 1.6. There exists a basis of real-valued continuous functions on [0, 2π]

that consists of eigenfunctions un(x) of the periodic Sturm–Liouville eigenvalue prob-

lem (2.45). They are orthonormal with respect to the inner product∫ 2π

0

um(θ)un(θ)w(θ)dθ, (2.46)

and have real eigenvalues λn of multiplicity one for n = 0 and at most two for n ≥ 1,

with λn →∞ as n→∞. Moreover, let ∆(λ) be the Hill discriminant associated with

(2.45) and defined by

∆(λ) =
cλ(2π) + p(2π)s′λ(2π)

2
, (2.47)

where cλ(θ) and sλ(θ) are the solutions of (2.45) for a given λ and initial conditions

cλ(0) = 1, p(0)c′λ(0) = 0 and sλ(0) = 0, p(0)s′λ(0) = 1. The eigenvalues λn are

precisely those numbers λ for which ∆(λ) takes the value 1.

Proof. Let C([0, 2π]) and C2([0, 2π]) denote the spaces of real-valued continuous

and twice continuously differentiable functions on [0, 2π], and let L be the symmetric

Sturm–Liouville operator defined by

Lu =
1

w(θ)

(
− d

dθ

[
p(θ)

du

dθ

]
+ q(θ)u

)
, (2.48)

with L : C2([0, 2π]) → C([0, 2π]). The operator L is not compact for the operator

norm associated with (2.46). However, its resolvent Rλ = (L−λI)−1 is compact, and

symmetric if λ ∈ R, and hence has real eigenvalues αn → 0 with orthonormal eigen-

functions un(θ) if λ ∈ R. From Rλun = αnun we get Lun = λnun, with eigenvalues

λn = λ + 1
αn
∈ R, and λn → ∞ as n → ∞. The proofs that they have multiplicity

one for n = 0 and at most two for n ≥ 1, and that they correspond to ∆(λ) = 1, can

be found in [158, Th. 5.28] or [39, Th. 3.1 of Chap. 8].

2.4.2 Algorithms

Spectral methods for eigenvalue problems were introduced by Orszag to compute the

eigenvalues of the Orr–Sommerfeld equation [122], using expansions in Chebyshev

polynomials.

We assume that all the functions we deal with (w, q, p′ and u′′) satisfy the as-

sumptions given below (2.45) and are of bounded variation. To solve the periodic
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Sturm–Liouville eigenvalue problem (2.45), we replace p, q, w and u by their trigono-

metric interpolants and use the Fourier matrices of Section 2.3.2 on a grid of size N .

The problem (2.45) is rewritten as a generalised (matrix) eigenvalue problem,(
−DNT[p]DN + T[q]

)
ũ = λT[w]ũ. (2.49)

As in the section about ODEs, we emphasise that if p, q and w are smooth functions

that can be resolved to high accuracy with M � N Fourier coefficients, then the ma-

trices T[p], T[q] and T[w] are banded. Note that since the matrix T[w] is Hermitian

positive definite3 a possible approach to solve (2.49) is to compute the Cholesky fac-

torization of T[w] (in O(M2N) operations) to reduce (2.49) to a standard eigenvalue

problem, and then use the QR algorithm, as in LAPACK [6]. The total cost would

be O(N3) operations.4 Another approach is to use the shift-invert Arnoldi method,

as in ARPACK [98]. The cost would be O(nLM2N) operations to find L eigenvalues,

n being the average number of Arnoldi iterations per eigenvalue, which is typically a

modest constant. In both cases, the process is repeated on grids of sizes 32, 64, and

so on until the coefficients ũ are small enough.

2.4.3 Numerical examples

Chebfun can solve linear ODE eigenvalue problems via the command eigs [52], which

uses the MATLAB command eig on the discrete systems of equations (2.49). (Note

that MATLAB’s command eig, for eigenvalue and generalised eigenvalue problems,

is based on the QR algorithm of LAPACK.) We have extended eigs to periodic linear

ODE eigenvalue problems using a Fourier spectral method in coefficient space.

If p(θ) = w(θ) = 1 and q(θ) = 0 in (2.45), we obtain

− u′′(θ) = λu(θ), θ ∈ [0, 2π], (2.50)

with eigenfunctions A cos(
√
λnx) + B sin(

√
λnx), and discrete and real eigenvalues

λn = n2, simple for n = 0 and double for n ≥ 1. Let us compute six eigenvalues and

eigenfunctions of the ODE eigenvalue problem (2.50) with Chebfun:

dom = [0 2*pi]; % domain

L = chebop(@(u) -diff(u,2), dom); % operator

L.bc = ’periodic’; % boundary cond.

[V, D] = eigs(L); % solve (6 by default)

3It is Hermitian because w is real-valued and positive definite because w > 0.
4In the special case where T[w] is the identity matrix, the cost of the QR algorithm would be

O(M2N)+O(N2), O(M2N) for reducing to tridiagonal form and O(N2) for solving the tridiagonal
problem.
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Figure 2.3: Six eigenfunctions of the linear periodic ODE eigenvalue problem (2.50).
These are linear combinations of sines and cosines.

The eigenfunctions are shown in Figure 2.3. The maximum absolute error between

the computed eigenvalues and the exact ones (1, 2, 2, 4, 4, 9)T is 1.5× 10−13, while the

maximum relative L2-error maxu ‖u′′ + λu‖2/‖u‖2 is 2.1× 10−13.

If p(θ) = w(θ) = 1 and q(θ) = 2q cos(2θ), we obtain the Mathieu equation

− u′′(θ) + 2q cos(2θ)u(θ) = λu(θ), θ ∈ [0, 2π]. (2.51)

This equation was derived by Émile Mathieu to model vibrations of elliptical drum-

heads [105]. Given q 6= 0, it can be shown that there exists a countably infinite set of

real eigenvalues λn(q), simple for n = 0 and double for n ≥ 1, with elliptic cosine and

sine eigenfunctions, the Mathieu functions. The first six eigenvalues are given by [1,

Chap. 20]:

λ0 = −1.513956885056520, λ1 = −1.390676501225323,

λ2 = 2.379199880488686, λ3 = 3.672232706497191,

λ4 = 5.172665133358294, λ5 = 9.140627737766440.

(2.52)

The following code computes approximations of (2.52) and produces Figure 2.4:

dom = [0 2*pi]; % domain

L = chebop(@(x,u) -diff(u,2) + 4*cos(2*x).*u, dom); % operator

L.bc = ’periodic’; % boundary cond.

[V, D] = eigs(L); % solve

The maximum error between the computed and exact eigenvalues is 1.6×10−13, while

the maximum relative L2-error is 7.2× 10−12.
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Figure 2.4: Six eigenfunctions of the Mathieu eigenvalue problem (2.51). These are
linear combinations of the Mathieu elliptic sine and cosine functions.

2.5 Solving linear time-dependent PDEs in 1D pe-

riodic domains

2.5.1 Theory

Let L be an unbounded linear operator L : D(L) ⊂ X → X in a function space

X of real-valued functions of one real variable,5 and let us consider the linear time-

dependent PDE

ut(t, θ) = Lu(t, θ), u(t = 0, θ) = u0(θ) ∈ D(L), (2.53)

on [0, T ]× [0, 2π] with periodic boundary conditions. The problem (2.53) is well-posed

if, for every initial condition u0(θ) ∈ D(L) and each time 0 < t ≤ T , there exists a

unique solution u(t, θ) ∈ X and this solution depends continuously on u0(θ).

A special case of well-posed problems corresponds to maximal monotone operators

in Hilbert spaces. Let X = H be a Hilbert space on [0, 2π] with inner product (· , ·)
and norm ‖ · ‖. The operator L is said to be maximal monotone if (Lu, u) ≥ 0,

∀u ∈ D(L), and for every f ∈ H, there exists u ∈ D(L) such that Lu + u = f .

In this case, the Hille–Yosida theorem [24, Th. 7.4] can be used to prove existence,

uniqueness, and continuous dependence on u0.

Theorem 1.7. Let L be a maximal monotone operator in a Hilbert space H.

Then, given any initial condition u0(θ) ∈ D(L), there exists a unique function

u(t, θ) ∈ C1([0,∞); H) ∩ C([0,∞); D(L)) (2.54)

5The results we review in this section can be generalised to complex-valued functions of several
real variables, as can the algorithms we shall present in the next section.
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that is a solution of (2.53). Moreover,

‖u(t, θ)‖ ≤ ‖u0(θ)‖, ‖ut(t, θ)‖ = ‖Lu(t, θ)‖ ≤ ‖Lu0(θ)‖, ∀t ≥ 0. (2.55)

Proof. See [24, Th. 7.4].

The constant coefficient operators

L : H1([0, 2π])→ L2([0, 2π]), L = a
∂

∂θ
, a ∈ R, (2.56)

and

L : H2([0, 2π])→ L2([0, 2π]), L = b
∂2

∂θ2
, b > 0, (2.57)

with standard Sobolev spaces H1([0, 2π]) and H2([0, 2π]), are examples of maximal

monotone operators; see [24, Th. 10.1] and [24, Th. 10.7]. These correspond to the

linear convection and heat operators. On the other hand, the variants of (2.56) and

(2.57) with variable coefficients are not maximal monotone. More sophisticated tools

have to be employed to ensure existence, uniqueness and continuous dependence on

the initial condition; see [24, Th. 10.9], [24, Th. 10.14] and the references therein.

Another case of well-posed problems corresponds to m-accretive operators in Ba-

nach spaces. Let X = B be a Banach space on [0, 2π] with norm ‖ · ‖ and operator

norm ‖·‖B. The operator L is said to be m-accretive if D(L) = B and for every λ > 0,

I + λL is bijective from D(L) onto B with ‖(I + λL)−1‖B ≤ 1. The Hille–Yosida

theorem is still valid [24, Th. 7.8] and the unique solution of (2.53) is given by the

operator exponential [24, Th. 7.9].

Theorem 1.8. Let L be an m-accretive operator in a Banach space B. Then,

given any initial condition u0(θ) ∈ D(L), there exists a unique function

u(t, θ) ∈ C1([0,∞); B) ∩ C([0,∞); D(L)) (2.58)

that is a solution of (2.53). Moreover,

‖u(t, θ)‖ ≤ ‖u0(θ)‖, ‖ut(t, θ)‖ = ‖Lu(t, θ)‖ ≤ ‖Lu0(θ)‖, ∀t ≥ 0, (2.59)

and the solution is given for each 0 < t ≤ T and θ ∈ [0, 2π] by the exponential formula

u(t, θ) = eLtu0(θ) = lim
n→+∞

[(
I +

t

n
L
)−1

]n
u0(θ). (2.60)

Proof. See [24, Th. 7.8], [24, Th. 7.9] and the references therein.
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2.5.2 Algorithms

To solve (2.53) numerically, we can use the matrix exponential on the discretized

version of (2.53) obtained using the Fourier matrices of Section 2.3.2. For example,

let us consider the linear convection equation

ut(t, θ) = a(θ)uθ, u(t = 0, θ) = u0(θ), (2.61)

on [0, T ]× [0, 2π]. We discretize space with N = 2n trigonometric points and obtain

ũ′ = T[a]DN ũ, ũ(0) = ũ0, (2.62)

where ũ(t) are the Fourier coefficients of the trigonometric interpolant pn(t, θ) of

u(t, θ) at time t defined by

pn(t, θ) =

N/2∑
k=−N/2

′ ũk(t)e
ikθ, (2.63)

and ũ0 are the Fourier coefficients of the trigonometric interpolant of u0(θ). Using

the matrix exponential we get

ũ(t) = etT[a]DN ũ0. (2.64)

This matrix exponential can be computed numerically by, e.g., the scaling and squar-

ing method in O(N3) operations [3, 74]. Note that the fact that the matrix T[a]

might be banded with bandwidth M does not help. (However, if all the eigenvalues

of the matrix are real, e.g., for the heat equation ut(t, θ) = uθθ, one can use the

Carathéodory–Fejér method to compute the action of the matrix exponential, which

reduces the cost to O(MN) operations [143].) As previously, the process is repeated

on grids of sizes 32, 64, and so on until the coefficients ũ are small enough.

Let us emphasise that no time-stepping is needed, i.e., the solution at large time

t can be directly computed from the initial condition. For a general linear opera-

tor L, explicit and implicit time-stepping schemes would cost O(N2) per time-step6

but many time-steps might be needed to compute the solution at large t. For the

convection equation (2.61) with matrix T[a] of bandwidth M , implicit and explicit

schemes might be competitive, since their cost would reduce to O(MN) operations

per time-step. We shall come back to this discussion in Chapter 5.
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Figure 2.5: Solution of the linear periodic time-dependent PDE (2.65). This example
from [164] shows the propagation at variable speed of the initial condition, which
remains coherent and clean.

2.5.3 Numerical examples

Chebfun can solve linear time-dependent PDEs with its command expm [52], which

applies the MATLAB command expm on the differentiation and multiplication ma-

trices, as in (2.64). (Note that MATLAB’s expm is based on the scaling and squaring

method.) We have extended this functionality to periodic linear time-dependent

PDEs using a Fourier spectral method in coefficient space.

Let us solve

ut =
(
− 1

5
− sin2(θ − 1)

)
uθ, u(0, θ) = e−100(θ−1)2 (2.65)

on [0, 8]× [0, 2π]. The following code produces the result shown in Figure 2.5:

dom = [0 2*pi]; % domain

T = 8; dt = 0.2; t = 0:dt:T; % time interval

c = chebfun(@(x) -(1/5 + sin(x-1).^2), dom); % variable coefficient

L = chebop(@(x,u) c.*diff(u), dom); % operator

L.bc = ’periodic’; % boundary cond.

u0 = chebfun(@(x) exp(-100*(x-1).^2), dom); % initial cond.

u = expm(L, t, u0); % solve

2.6 Discussion

We reviewed in this chapter spectral methods for solving linear and nonlinear ODEs,

linear ODE eigenvalue problems and linear time-dependent PDEs on a periodic in-

terval. Our main contribution is a novel approach—described in Section 2.3.2—for

computing Fourier multiplication matrices.

6Implicit schemes require a O(N3) precomputation step to compute the LU factorization of the
discrete version of L.
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Let us conclude this chapter by mentioning that it is possible to extend the theory

of m-accretive operators to semilinear PDEs

ut = Lu+N (u), (2.66)

where N : B → B is a nonlinear operator; see, e.g., [104]. Algorithms for solving

PDEs of the form (2.66) in several space dimensions will be the core of Chapters 4

and 5.
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Chapter 3

Computing choreographies∗

3.1 Introduction

We present in this chapter an application of trigonometric interpolation: the compu-

tation of choreographies. Choreographies are periodic solutions in time of the two-

dimensional n-body problem, in which the bodies share a common orbit and are

uniformly spread along it. The study of choreographies with unit masses is an old

one. For the two-body problem, the only choreography is a circle, and for the three-

body problem, the first one was found by Lagrange in 1772 [95], and is also a circle.

The second choreography of the three-body problem, a figure-eight, was discovered

numerically more than two centuries later by Moore in 1993 [115], while Chenciner

and Montgomery proved the existence of this class of orbits a few years later [36]. In

the early 2000s, many new choreographies for various n and unit masses were found

by Simó using a combination of numerical methods [149]. In 2008, Chen proved the

existence of infinitely many choreographies of the three-body problem with a certain

topological type for various choices of masses [35].

Following the work of Chernoivan and Mamev [38] and Kilin [87], there has been a

growing interest in the n-body problem in spaces of constant curvature, led by Borisov

and collaborators [18, 19, 20], Diacu and collaborators [44, 46, 47, 48, 49, 50, 128]

and others [33, 146]. Despite this interest, only a few noncircular choreographies have

been found previously in spaces of constant curvature [20, 45].

We present an algorithm to compute choreographies to high accuracy in the plane

and in two-dimensional spaces of constant curvature. It is based on approximation by

∗This chapter is adapted from two papers [111, 113]. In the paper with Gushterov [111], I derived
the closed-form expressions for the gradients and the Hessian matrices, designed and implemented
the algorithms and wrote the paper. Gushterov suggested to me to look at choreographies on the
sphere and helped me understand the physics of the n-body problem in spaces of constant curvature.
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trigonometric polynomials, stereographic projection and optimization methods with

exact gradient and exact Hessian matrix. The algorithm proceeds in two phases:

first BFGS quasi-Newton iteration to get close to a solution, then Newton iteration

for high accuracy. We have recomputed the planar choreographies of Simó to higher

accuracy and have found many new choreographies in spaces of constant curvature.

As the curvature of those spaces goes to zero, these new solutions converge to the

planar ones.

3.2 Planar choreographies

Let zj(t) ∈ C, 0 ≤ j ≤ n − 1, denote the positions of n bodies with unit masses in

the complex plane. The planar n-body problem describes the motion of these bodies

under the action of Newton’s law of gravitation, through the nonlinear coupled system

of ODEs

z′′j (t)−
n−1∑
i=0
i6=j

zi(t)− zj(t)∣∣zi(t)− zj(t)∣∣3 = 0, 0 ≤ j ≤ n− 1. (3.1)

We are interested in periodic solutions of (3.1) in which the bodies share a single orbit

and are uniformly spread along it, that is, solutions zj(t) such that

zj(t) = q
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1, (3.2)

for some 2π-periodic function q : [0, 2π] → C. Such solutions were named chore-

ographies by Simó, the n bodies being “seen to dance in a somewhat complicated

way” [149]. We shall refer to them as planar choreographies. The period can be

chosen equal to 2π because if q(t) is a T -periodic solution of (3.1), then λ−2/3q(λt),

λ = T/(2π), is a 2π-periodic solution. It has been well known since Poincaré [133, 134]

that the principle of least action, first introduced by Maupertuis in 1744 [106], can

be used to characterize periodic solutions of (3.1): choreographies (3.2) are minima

of the action functional, or simply action, defined as the integral over one period of

the kinetic minus the potential energy,

A =

∫ 2π

0

(
K(t)− U(t)

)
dt, (3.3)

with kinetic energy

K(t) =
1

2

n−1∑
j=0

∣∣z′j(t)∣∣2 =
1

2

n−1∑
j=0

∣∣∣q′(t+
2πj

n

)∣∣∣2 (3.4)
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and potential energy

U(t) = −
n−1∑
j=0

j−1∑
i=0

∣∣zi(t)− zj(t)∣∣−1
= −

n−1∑
j=0

j−1∑
i=0

∣∣∣q(t+
2πi

n

)
− q
(
t+

2πj

n

)∣∣∣−1

. (3.5)

Note that the action (5.57) depends on q(t) via U(t) and on q′(t) via K(t). Since the

integral of (3.4) does not depend on j and the integral of (3.5) only depends on i− j,
the action functional can be rewritten as

A =
n

2

∫ 2π

0

∣∣q′(t)∣∣2dt+
n

2

n−1∑
j=1

∫ 2π

0

∣∣∣q(t)− q(t+
2πj

n

)∣∣∣−1

dt. (3.6)

Planar choreographies correspond to functions q(t) that minimize (3.6).

We are also interested in solutions of (3.1) in which the bodies share a single orbit

q(t) rotating with angular velocity ω relative to an inertial reference frame, i.e.,

zj(t) = eiωtq
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1. (3.7)

Choreographies of the form (3.7) are said to be relative, as opposed to the absolute

choreographies (3.2). The action associated with relative planar choreographies is

A =
n

2

∫ 2π

0

∣∣q′(t) + iωq(t)
∣∣2dt+

n

2

n−1∑
j=1

∫ 2π

0

∣∣∣q(t)− q(t+
2πj

n

)∣∣∣−1

dt. (3.8)

Note that (3.6) is the special case of (3.8) with ω = 0.

3.3 Computing planar choreographies

Our method for computing planar choreographies is based on the minimization of the

action (3.8) and uses two key ingredients.

Ingredient 1. Trigonometric interpolation. The function q(t) is represented by

its trigonometric interpolant (2.14) in the exp(ikt) basis. The optimization variables

are the real and imaginary parts of its Fourier coefficients. The action (3.8) is then

computed with the exponentially accurate trapezoidal rule [166].

Ingredient 2. Closed-form expressions for the gradient and the Hessian. Formulas

for the gradient and the Hessian matrix of (3.8) with respect to the optimization

variables are derived explicitly and used in the optimization algorithms.

The numerical optimization of the action is then carried out in two phases.

Phase 1. Quasi-Newton optimization methods. Numerical optimization methods

based on the exact gradient and approximations of the Hessian are employed with a
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small number of optimization variables. The accuracy of the solution at this stage is

from one to four digits. This step is computationally very cheap.

Phase 2. Newton’s method. Once an approximation to a choreography has been

computed via a quasi-Newton method, one can improve the accuracy to typically ten

digits with a few steps of Newton’s method with exact Hessian, and a larger number

of optimization variables. This step is computationally more expensive.

3.3.1 Discretization with trigonometric interpolation

The approach used by Simó is to decompose the function q(t) into real and imaginary

parts, and to represent each of them by a trigonometric interpolant in the sin(kt)

and cos(kt) basis [149]. We use instead a trigonometric interpolant of the complex

function q(t) itself in the exp(ikt) basis with an odd number of points N , as in (2.14).

(The trigonometric interpolant problem goes back at least to the young Gauss’s cal-

culations of the orbit of the asteroid Ceres in 1801—it seems that planetary orbits

and trigonometric interpolation share a long and ongoing relationship.) Throughout

this chapter, the number of grid points N will always be odd; all our results have

analogues for N even.

If we replace q(t) by its trigonometric interpolant pn(t) with N = 2n + 1 Fourier

coefficients q̃k = ũk + iṽk, (3.8) becomes a function of the 2N real variables {ũk, ṽk}.
For example, the first term in (3.8), which corresponds to the kinetic energy and that

we denote by AK , becomes (using Parseval’s identity)

AK =
n

2

∫ 2π

0

∣∣p′n(t) + iωpn(t)
∣∣2dt = πn

N−1
2∑

k=−N−1
2

(k + ω)2(ũ2
k + ṽ2

k). (3.9)

The second term in (3.8) is discretized with the trapezoidal rule, which converges ex-

ponentially since the integrands are analytic (we are looking for solutions q(t) without

collisions).

Let us now say more about the second ingredient. We derive formulas for the exact

gradient and exact Hessian matrix in Appendix A. Using these formulas, the gradient

and the Hessian matrix can be computed in O(nN2) and O(nN3) operations. For

example, the first derivatives of (3.9) with respect to the optimization variables are

given by
∂AK
∂ũk

= 2πn(k + ω)2ũk,
∂AK
∂ṽk

= 2πn(k + ω)2ṽk, (3.10)
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while the second derivatives are given by

∂2AK
∂ũl∂ũk

=
∂2AK
∂ṽl∂ṽk

= 2πnk2δkl,
∂2AK
∂ũl∂ṽk

=
∂2AK
∂ṽk∂ũl

= 0, (3.11)

with Kronecker delta δkl.

3.3.2 Details about the optimization algorithm

The numerical optimization of the action is carried out in two phases. First, we apply

a quasi-Newton method [117, Chap. 6] with the exact gradient and a small number

of Fourier coefficients (N = 55 and 75 in our experiments). Quasi-Newton methods

are based on the approximation of the Hessian matrix (or its inverse) using rank-one

or rank-two updates specified by gradient evaluations; among them, we choose the

BFGS algorithm [145]. We take O(N) steps of the BFGS algorithm. The cost of

this first phase is thus O(nN3) since, at each step, BFGS computes the gradient in

O(nN2) operations and matrix-vector products in O(N2) operations.

Second, we perform a small number s = O(1) of iterations of an approximate

Newton method with exact Hessian and M Fourier coefficients, M > N . The starting

point of the approximate Newton method is the output of the BFGS algorithm,

padded with M −N zeros. An exact Newton method would have an O(snM3) cost,

since, at each iteration, it requires the computation of the exact Hessian (O(nM3)

operations) and the solution a linear system (O(M3) operations). To reduce this

cost, we use an approximate Newton method. We compute the exact Hessian at

the first iteration only, and compute its LDLT decomposition (O(M3) operations, a

generalization of Cholesky decomposition for symmetric matrices that are not positive

definitive, typically half as expensive as LU factorization). The subsequent iterations

of Newton’s method do not recompute the Hessian but use this factorization instead.

The solution of the linear system can then be computed in O(M2) operations at each

iteration. The total cost of this second phase is then O(nM3), and the total cost of

the optimization is O(n(N3 + M3)). The computational costs of the two phases are

summarized in Table 3.1.

Let us add four comments about this optimization process. First, since the ini-

tial guess of Newton’s method—the output of BFGS—is a good approximation of a

choreography, the Hessian matrix does not vary significantly from one iteration to

another. As a consequence, using the LDLT factorization of the Hessian of the first

iterate at each iteration does not affect the convergence very much. Second, at a

minimum of the action, i.e., a choreography, the Hessian is positive definite, so we
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Table 3.1: Computational costs of the two phases of the optimization process for n
bodies, N Fourier coefficients for BFGS and M > N Fourier coefficients for Newton’s
method. The main cost of the first phase is the computation of the exact gradient
(O(nN2) operations, at every step) while the dominant cost of the second phase is the
precomputation of the exact Hessian matrix (O(nM3), at the first step only.).

Phase 1: BFGS Phase 2: Newton

Number of coefficients 55 ≤ N ≤ 75 145 ≤M ≤ 455

Precomputation cost − O(nM3)

Cost per iteration O(nN2) O(M2)

Number of iterations O(N) O(1)

Total cost O(nN3) O(nM3)

Accuracy one to four digits 10 digits

could in principle use the Cholesky decomposition instead of the LDLT decomposi-

tion. However, in practice, because the Hessian is computed at an approximation of

a choreography, it often has some small negative eigenvalues. Third, we do not use

Newton’s method with exact Hessian from the beginning because it only converges

for initial guesses close enough to the solution. Fourth, another option would be to

use M > N coefficients with BFGS, and not use Newton’s method at all. However,

we found in practice that BFGS alone (with M coefficients) typically achieves an ac-

curacy of six digits at most, while BFGS (with N coefficients) plus Newton’s method

(with M > N coefficients) achieves an accuracy of 10 digits.

For both steps of the optimization, the accuracy is defined as the relative L2-norm

of the residual of (3.1). We also check that the l2-norm of the gradient divided by

the l2-norm of the gradient of the initial guess (relative l2-norm) is close to zero, and

that the Fourier coefficients of the solution decay to sufficiently small values.

3.3.3 Numerical results

The famous figure-eight, with action A ≈ 24.371926 [36], is plotted in Figure 3.1 and

its Fourier coefficients are plotted in Figure 3.2. These are obtained by running the

code of Figure 3.3. The code uses the actiongradeval and gradhesseval functions,

which compute the action and the gradient, and the gradient and the Hessian. These

functions can be found in the Chebfun cheb.choreo code, an interactive tool to find
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Figure 3.1: The figure-eight solution of the planar three-body problem, obtained by
running the code of Figure 3.3. The dots show the bodies at time t = 0. The action
A = 24.371926476242809 agrees with the eight digits given in [36].

Table 3.2: Computation of the figure-eight choreography of Figure 3.1.

Phase 1: BFGS Phase 2: Newton

Action 24.371926476245442 24.371926476242809

Number of coefficients 55 145

Computer time (s) 0.19 0.27

Number of iterations 51 2

Relative l2-norm of gradient 2.9e-07 3.9e-16

Smallest coefficient 3.2e-08 2.1e-18

Relative L2-norm of residual 2.1e-05 2.2e-11

choreographies starting with hand-drawn initial guesses. It is easy to use, fast, and

enjoyable—the reader is encouraged to try it!

Table 3.2 shows some numbers pertaining to the computation of the figure-eight,

including the relative norms of the solution and the gradient, and the amplitude of the

smallest (numerically nonzero) Fourier coefficient. After 51 iterations of the BFGS al-

gorithm, the solution is accurate to four digits, and two iterations of Newton’s method

gives six extra correct digits. The solutions found by BFGS and BFGS plus Newton

look the same to the eye; if they were plotted on the same graph, they would be per-

fectly superimposed. The difference is visible in coefficient space, see Figure 3.2. Since

choreographies are analytic functions, their Fourier coefficients decay geometrically.

The solution obtained by the BFGS algorithm only uses 55 coefficients (wavenumbers

|k| ≤ 27), which decay to about 10−8. The solution obtained by Newton’s method

uses 145 Fourier coefficients (|k| ≤ 72), which decay to machine precision.
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Figure 3.2: Absolute values of the Fourier coefficients of Figure 3.1, obtained by BFGS
(red dots) and BFGS followed by two iterations of Newton’s method (black circles).

% Initial guess:

n = 3; N = 55; M = 145;

q0 = chebfun(@(t)cos(t)+1i*sin(2*t),[0 2*pi],N,’trig’);

c0 = trigcoeffs(q0);

% BFGS algorithm:

options = optimoptions(’fminunc’); options.GradObj = ’on’;

options.Algorithm = ’quasi-newton’; options.HessUpdate = ’bfgs’;

c = fminunc(@(x)actiongradeval(x,n),[real(c0);imag(c0)],options);

% Two iterations of an approximate Newton method:

c = [zeros((M-N)/2,1);c(1:N);zeros(M-N,1);c(N+1:end);zeros((M-N)/2,1)];

mid = 1 + floor(M/2);

[G, H] = gradhesseval(c,n); [L, D] = ldl(H);

for k = 1:2

s = L’\(D\(L\(-G)));

cnew = c + [s(1:mid-1);0;s(mid:M+mid-2);0;s(M+mid-1:end)]; c = cnew;

G = gradhesseval(c,n);

end

% Reconstruct solution:

c = c(1:M) + 1i*c(M+1:2*M);

q = chebfun(c,[0 2*pi],’coeffs’,’trig’);

Figure 3.3: MATLAB code to compute Figure 3.1. This code gives results correct to
10 digits of accuracy in less than half a second on a 2.7 GHz Intel i7 machine.
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Figure 3.4: Planar choreographies of the five-body problem. The dots show the bodies
at t = 0. From top-left corner to bottom-right corner, these correspond to choreogra-
phies 1, 2, 4, 7, 16 and 18 of [149, Fig. 2].

Table 3.3: Computation of the absolute planar choreographies of Figure 3.4 with the
BFGS algorithm (phase 1).

1 2 4 7 16 18

Number of coefficients 75 75 75 75 75 75

Computer time (s) 0.89 0.63 0.59 0.62 1.73 0.83

Number of iterations 98 68 69 136 373 166

Relative l2-norm of gradient 3.3e-08 6.7e-08 3.4e-07 4.9e-09 3.2e-10 2.9e-09

Smallest coefficient 1.3e-05 6.1e-09 5.9e-06 8.1e-06 3.6e-05 6.5e-05

Relative L2-norm of residual 3.5e-02 1.1e-05 6.7e-03 2.2e-02 2.8e-01 3.6e-01

All the planar absolute choreographies of the five-body problem found by Simó

[149, Fig. 2] can be computed with this algorithm. We plot six of them in Figure 3.4.

Tables 3.3 and 3.4 show some numbers pertaining to their computation. The BFGS

algorithm leads to results accurate to a few digits, and two to six iterations of Newton’s

method lead to about 10 digits of accuracy.

The same method can be used to compute relative choreographies to high accuracy.

We plot three relative planar choreographies of the seven-body problem in Figure 3.5.

Let us conclude this section with a few words about the number of choreographies

for a given n. This number is not known, but there is an interesting result, due to

Simó [149, Prop. 5.1], about the (smaller) number of choreographies that consist of a

concatenation of “bubbles,” such as the ones in the first row of Figure 3.4. For n ≥ 3,

there are 2n−3 + 2b(n−3)/2c such choreographies.
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Table 3.4: Computation of the absolute planar choreographies of Figure 3.4 with New-
ton’s method using the outputs of BFGS as initial guesses (phase 2).

1 2 4 7 16 18

Number of coefficients 335 145 245 285 445 455

Computer time (s) 3.49 0.48 1.68 2.33 7.26 7.85

Number of iterations 4 2 3 4 5 6

Relative l2-norm of gradient 6.9e-16 1.9e-16 1.7e-13 1.5e-16 3.7e-14 3.8e-14

Smallest coefficient 3.4e-15 8.8e-16 8.0e-17 2.1e-14 1.3e-16 1.4e-14

Relative L2-norm of residual 8.3e-10 5.7e-11 7.3e-10 8.3e-10 1.5e-09 2.6e-09
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Figure 3.5: Relative planar choreographies of the seven-body problem with angular
velocity 2.8 (left), −2.9 (center) and 2.31 (right). The dots show the bodies at t = 0.
They can be computed to ten digits of accuracy with about 400 Fourier coefficients.

3.4 Spherical choreographies

Let Xj(t) ∈ R3, 0 ≤ j ≤ n−1, denote the Cartesian coordinates of n bodies with unit

mass on the sphere S2
R = {X ∈ R3, ‖X‖ = R}, where ‖ · ‖ is the Euclidean norm in

R3. The n-body problem on the sphere in a cotangent potential describes the motion

of these bodies via the n coupled nonlinear ODEs

X ′′j (t)−
n−1∑
i=0
i 6=j

R3Xi(t)−R(Xi(t) ·Xj(t))Xj(t)[
R4 − (Xi(t) ·Xj(t))2

]3/2 +R−2
∥∥X ′j(t)∥∥2

Xj(t) = 0, (3.12)

for 0 ≤ j ≤ n− 1. See [49] for details about the derivation of these equations. Note

that the potential associated with (3.12) is no longer the Newtonian potential (3.5).

It is a cotangent potential, a generalization of the Newtonian potential on the sphere,

and dates back to the 1820s with the work of Bolyai and Lobachevsky. The reader

can find a detailed history of the problem in Diacu’s 2012 book [44].
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We are looking for periodic solutions of (3.12) moving along the same orbit, i.e.,

solutions Xj(t) such that

Xj(t) = Q
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1, (3.13)

for some 2π-periodic function Q : [0, 2π] → S2
R ⊂ R3. Again, the period can be

chosen equal to 2π because if Q(t) is a T -periodic solution of (3.12) on the sphere

of radius R, then λ−2/3Q(λt), λ = T/(2π), is a 2π-periodic solution on the sphere of

radius λ−2/3R. We call these solutions spherical choreographies. They are minima of

the action associated with (3.12), defined again as the integral over one period of the

kinetic minus the potential energy, with kinetic energy

K(t) =
1

2

n−1∑
j=0

∥∥X ′j(t)∥∥2
=

1

2

n−1∑
j=0

∥∥∥Q′(t+
2πj

n

)∥∥∥2

(3.14)

and potential energy

U(t) = − 1

R

n−1∑
j=0

j−1∑
i=0

cot
d̂(Xi(t), Xj(t))

R
, (3.15)

where

d̂(Xi(t), Xj(t)) = R arccos
Xi(t) ·Xj(t)

R2
(3.16)

is the great-circle distance between Xi(t) and Xj(t) on S2
R. The potential (3.15) is the

cotangent of the (rescaled) distance on the sphere. Using the trigonometric identity

cot(arccos(x)) = x/
√

1− x2, the potential energy can be rewritten

U(t) = − 1

R

n−1∑
j=0

j−1∑
i=0

Xi(t) ·Xj(t)√
R4 − (Xi(t) ·Xj(t))2

. (3.17)

The action is then given by

A =
n

2

∫ 2π

0

∥∥Q′(t)∥∥2
dt+

n

2R

n−1∑
j=1

∫ 2π

0

Q(t) ·Q
(
t+ 2πj

n

)√
R4 −

(
Q(t) ·Q

(
t+ 2πj

n

))2
dt. (3.18)

Spherical choreographies correspond to functions Q(t) that minimize (3.18). Note

that since the cotangent potential (3.15) is singular not only when the distance be-

tween two bodies is zero but also for antipodal configurations. See [50] for details

about the singularities of the n-body problem in a cotangent potential.
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As in the plane, we are also interested in solutions of (3.12) in which the bodies

share a single orbit Q(t) that is rotating with angular velocity ω along the z-axis

relative to an inertial reference frame, i.e.,

Xj(t) =

cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1

Q(t+
2πj

n

)
, 0 ≤ j ≤ n− 1. (3.19)

Let Rω(t) denote the rotation matrix in (3.19). The kinetic part of the action asso-

ciated with relative spherical choreographies is

n

2

∫ 2π

0

∥∥Rω(t)Q′(t) +R′ω(t)Q(t)
∥∥2
dt. (3.20)

3.5 Computing spherical choreographies

3.5.1 Methodology

Our method for computing spherical choreographies is based on stereographic projec-

tion and on the algorithm used for planar choreographies. Points X = (x1, x2, x3)T

on the sphere S2
R are mapped to points z = PR(X) in the complex plane C via

z = PR(X) =
Rx1 + iRx2

R− x3

. (3.21)

The inverse mapping is given by

X = P−1
R (z) =

1

R2 + |z|2
(2R2Re(z), 2R2Im(z),−R3 +R|z|2)T . (3.22)

The Euclidean distance d(X, Y ) = ‖X − Y ‖ between two points on the sphere is

transformed into the distance d(z, ξ) between their projections z = PR(X) and ξ =

PR(Y ) defined by

d(z, ξ) =
2R2|z − ξ|√

(R2 + |z|2)(R2 + |ξ|2)
, (3.23)

and the great-circle distance (3.16) is transformed into

d̂(z, ξ) = 2R arcsin
d(z, ξ)

2R
. (3.24)

The complex plane endowed with the distance (3.24) is called the spherical plane. Let

q(t) = PR(Q(t)) denote the projection of the curve Q(t) onto C, and let

zj(t) = PR(Xj(t)) = PR

(
Q
(
t+

2πj

n

))
= q
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1, (3.25)
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denote the projections of the n bodies Xj(t). The action (3.18)–(3.20) can be then

reformulated as

A =
n

2

∫ 2π

0

(
2R2|q′(t) + iωq(t)|

R2 + |q(t)|2

)2

dt+
n

2R

n−1∑
j=1

∫ 2π

0

2R2 −Dj(t)
2

Dj(t)
√

4R2 −Dj(t)2
dt, (3.26)

with Dj(t) = d
(
q(t), q

(
t + 2πj

n

))
. Pérez–Chavela and Reyes–Victoria [128, Th. 2.3]

showed the equivalence of the formulations (3.18)–(3.20) and (3.26) when ω = 0.

Once the problem is reformulated in the spherical plane, we apply the two key

ingredients of Section 3.3 and also proceed in two phases. Formulas for the gradient

and the Hessian matrix of the action (3.26) are derived in Appendix A. As in the

plane, at convergence, we check that the relative l2-norm of the gradient of the action

is close to zero, that the Fourier coefficients of the solution decay to sufficiently small

values, and that the solution satisfies (3.12) projected into the plane (by computing

the relative L2-error). The projected equations of motion were first given by Pérez–

Chavela and Reyes–Victoria in 2012 [128, Lemma 2.1] and can be written as

z′′j (t) =
2z̄j(t)z

′2
j (t)

R2 + |zj(t)|2
+

4R

λj(t)

n−1∑
i=0
i6=j

Pj,i(t)

Θj,i(t)3/2
, 0 ≤ j ≤ n− 1, (3.27)

where λj(t) = 4R4/(R2 + |zj(t)|2)2 is the conformal factor that appears in the kinetic

part of (3.26), while Pj,i(t) and Θj,i(t) are defined by

Pj,i(t) =
[
R2 + |zj(t)|2

][
R2 + |zi(t)|2

]2[
R2 + z̄i(t)zj(t)

][
zi(t)− zj(t)

]
, (3.28)

and

Θj,i(t) = −
[
2R2zj(t)z̄i(t) + 2R2zi(t)z̄j(t) + (|zj(t)|2 −R2)(|zi(t)|2 −R2)

]2
+
[
R2 + |zj(t)|2

]2[
R2 + |zi(t)|2

]2
.

(3.29)

3.5.2 Numerical examples

As we mentioned in the introduction, only a few noncircular spherical choreographies

have been found previously. Diacu and collaborators [49], and Pérez–Chavela and

Reyes–Victoria [128] also characterized the solutions of the spherical n-body problem,

in which the bodies move along the same circle (such as Figure 3.6) or along different

ones—the relative equilibria.

We now present new noncircular spherical choreographies. The first one is the

spherical figure-eight, a solution of the three-body problem on the sphere of radius
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Figure 3.6: A circular choreography of the spherical three-body problem on the unit
sphere (left) and its projection in the plane (right). The dots show the bodies at t = 0.
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Figure 3.7: Spherical figure-eight choreography on the sphere of radius R = 1.4 (left)
and its projection in the plane (right). The dots show the bodies at t = 0.

Table 3.5: Computation of the spherical figure-eight choreography of Figure 3.7.

Phase 1: BFGS Phase 2: Newton

Action 18.948304138530286 18.948304135957898

Number of coefficients 55 195

Computer time (s) 0.51 3.19

Number of iterations 72 2

Relative l2-norm of gradient 5.2e-07 1.1e-13

Smallest coefficient 2.5e-07 1.1e-17

Relative L2-norm of residual 4.1e-04 8.8e-13
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Figure 3.8: Absolute values of the Fourier coefficients of Figure 3.7, obtained by BFGS
(red dots) and BFGS followed by one step of Newton’s method (black circles).

R, shown in Figure 3.7 for R = 1.4. Table 3.5 shows some numbers pertaining

to its computation. Combining the BFGS algorithm with Newton’s method leads

to 12 digits of accuracy. We plot the geometrically decaying Fourier coefficients

of the outputs of BFGS and Newton’s method in Figure 3.8. After BFGS, they

decay to 10−7, and after two iterations of Newton’s method, they decay to machine

precision. Numerically, we found that the spherical figure-eight exists on spheres of

radius R ≥ 1.32. Below this value, it cannot fit into a single hemisphere and would

therefore lead to antipodal singularities.1

Many new spherical choreographies can be found with our algorithm. We show

in Figure 3.9 three spherical choreographies of the five-body problem on the sphere

of radius 2. These are curved versions of the choreographies of Figure 3.4. Table 3.6

shows some numbers pertaining to their computation. We get one to four digits of

accuracy with the BFGS algorithm, and applying Newton’s method with the outputs

of BFGS as initial guesses leads to eight to 12 digits of accuracy.

Relative spherical choreographies can also be computed with this method. We

plot three relative spherical choreographies of the seven-body problem on the sphere

of radius 2.5 in Figure 3.10. These are curved versions of the relative choreographies

of Figure 3.5.

1The solution of Figure 3.7 exists for radii R < 1.32 but with a period T < 2π that can be
obtained from the scaling invariance R3/T 2 = (1.4)3/(2π)2 described below (3.13).
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Figure 3.9: Spherical choreographies of the five-body problem on the sphere of radius
R = 2, analogous to the planar choreographies of Figure 3.4.

Table 3.6: Computation of the spherical choreographies of Figure 3.9.

Left Center Right

Phase 1 Phase 2 Phase 1 Phase 2 Phase 1 Phase 2

Number of coefficients 75 375 75 205 75 245

Computer time (s) 2.35 33.13 1.05 6.08 2.14 9.44

Number of iterations 142 6 65 3 115 4

Relative l2-norm of gradient 3.6e-05 9.8e-11 3.5e-07 7.6e-14 2.0e-07 5.7e-14

Smallest coefficient 1.9e-05 2.9e-14 4.5e-08 1.2e-17 6.4e-06 2.5e-15

Relative L2-norm of residual 4.3e-02 1.7e-09 5.6e-05 7.3e-13 7.1e-03 9.3e-09
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Figure 3.10: Relative spherical choreographies of the seven-body problem on the sphere
of radius R = 2.5 with angular velocities 2.8 (left), −2.9 (center) and 2.31 (right),
analogous to the relative choreographies of Figure 3.5.
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Figure 3.11: Spherical choreographies of Figure 3.9 (multiplied by a factor 2) for dif-
ferent values of R, together with their planar analogues of Figure 3.4. As R increases,
the spherical choreographies converge to the planar ones.

Table 3.7: Convergence of spherical to planar choreographies in Figure 3.11.

R = 2 3 5 10 100 1000

Left 3.3e-01 1.1e-01 3.4e-02 8.1e-03 8.0e-05 8.0e-07

Middle 3.1e-01 1.0e-01 3.4e-02 8.2e-03 8.1e-05 8.0e-07

Right 3.3e-01 1.1e-01 3.6e-02 8.8e-03 8.7e-05 8.7e-07

An interactive tool to compute spherical choreographies using hand-drawn initial

guesses, cheb.choreosphere, is also available in Chebfun.

3.5.3 Limit of infinitely large radius

As its radius R gets bigger, the sphere gets flatter, and in the limit R → ∞, it

converges to the complex plane. Equivalently, the spherical plane converges to the

complex plane. The distances (3.23) and (3.24) converge to twice the absolute value,

and the action (3.26) on the sphere converges to four times the action (3.8) in the

plane, since it involves squares of distances. We might then expect that twice the

spherical choreographies converge to the planar choreographies as R → ∞, and this

is indeed the case.2 In Figures 3.11 and 3.12, we plot the spherical choreographies of

Figures 3.9 and 3.10 (multiplied by a factor 2) for increasing values of R and plot them

together with their planar analogues. Tables 3.7 and 3.8 report the ∞-norm of the

difference between analogous spherical and planar choreographies as R increases. It is

clear from the tables that spherical choreographies converge to their planar analogues

at a rate proportional to the curvature 1/R2.

2We are studying the convergence with a fixed period 2π. Similarly, T -periodic spherical chore-
ographies converge to T -periodic planar choreographies.
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Figure 3.12: Spherical choreographies of Figure 3.10 (multiplied by a factor 2) for dif-
ferent values of R, together with their planar analogues of Figure 3.5. As R increases,
the spherical choreographies converge to the planar ones.

Table 3.8: Convergence of spherical to planar choreographies in Figure 3.12.

R = 2.5 3 5 10 100 1000

Left 2.8e-01 1.7e-01 5.5e-02 1.3e-02 1.3e-04 1.3e-06

Middle 2.2e-01 1.4e-01 4.5e-02 1.1e-02 1.1e-04 1.1e-06

Right 1.7e+00 9.5e-01 2.4e-01 5.2e-02 5.0e-04 5.0e-06

3.6 Hyperbolic choreographies

While there really is only one model of two-dimensional spherical geometry (the sphere

S2
R with the great-circle distance), there are several models of hyperbolic geometry,

including the Beltrami–Klein disk, the Poincaré disk, the Poincaré half-plane and the

Lorentz hyperboloid models, with appropriate geodesic distances. In this chapter, we

first use the last of these and then we reformulate the problem on the Poincaré disk

using stereographic projection, following [48].

To describe hyperbolic geometry, the Lorentz model uses the forward sheet of a

two-sheeted hyperboloid, defined as

L2
R = {X = (x1, x2, x3)T ∈ R3, X �X = −R2, x3 > 0}, R > 0, (3.30)

with Lorentz inner product

X � Y = x1y1 + x2y2 − x3y3 (3.31)

and Lorentz distance

d(X, Y ) =
√

(X − Y )� (X − Y ) (3.32)
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Figure 3.13: On the left, a two-sheeted hyperboloid with R = 1. The space L2
R cor-

responds to the forward sheet only. The north pole (0, 0,−R) of the backward sheet
is indicated by a black dot. On the right, the Poincaré disk |z| < 1, obtained using
stereographic projection from the north pole of the backward sheet. The curves corre-
spond to the projections of the curves of the same colour on the forward sheet. The
black line, corresponding to |z| = 1, is the projection of the point at infinity.

for X = (x1, x2, x3)T and Y = (y1, y2, y3)T on L2
R. A two-sheeted hyperboloid with

R = 1 is shown in Figure 3.13 (left). The geodesic distance between X and Y on L2
R

is defined as

d̂(X, Y ) = R acosh
(
− X � Y

R2

)
. (3.33)

The forward sheet L2
R together with the geodesic distance (3.33) is called the Lorentz

hyperboloid model.

The n-body problem on L2
R describes the motion of n bodies on L2

R with Cartesian

coordinates Xj(t) ∈ R3, 0 ≤ j ≤ n− 1, via the n coupled nonlinear ODEs

X ′′j (t)−
n−1∑
i=0
i 6=j

R3Xi(t) +R(Xi(t)�Xj(t))Xj(t)[
(Xi(t)�Xj(t))2 −R4

]3/2 −R−2
(
X ′j(t)�X ′j(t)

)
Xj(t) = 0, (3.34)

for 0 ≤ j ≤ n − 1. The potential associated with (3.34) is a hyperbolic cotangent

potential. It is a generalization of the Newtonian potential and dates back to the

19th century with the work of Bolyai, Lobachevsky and Killing.

We are looking for hyperbolic choreographies, i.e., solutions Xj(t) such that

Xj(t) = Q
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1, (3.35)
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for some 2π-periodic function Q : [0, 2π] → L2
R. Again, we can choose the period

equal to 2π since if Q(t) is a T -periodic of (3.34) on L2
R then λ−2/3Q(λt), λ = T/(2π),

is a 2π-periodic solution in L2
R′ with R′ = λ−2/3R. As in the plane and on the sphere,

they correspond to minima of the action associated with (3.34), defined as the integral

over one period of the kinetic minus potential energy,

A =

∫ 2π

0

(
K(t)− U(t)

)
dt, (3.36)

with kinetic energy

K(t) =
1

2

n−1∑
j=0

X ′j(t)�X ′j(t) =
1

2

n−1∑
j=0

Q′
(
t+

2πj

n

)
�Q′

(
t+

2πj

n

)
(3.37)

and potential energy

U(t) = − 1

R

n−1∑
j=0

j−1∑
i=0

coth
d̂(Xi(t), Xj(t))

R
. (3.38)

Using the trigonometric identity cot(acosh(x)) = x/
√
x2 − 1, the potential energy

can be rewritten

U(t) =
1

R

n−1∑
j=0

j−1∑
i=0

Xi(t) ·Xj(t)√
(Xi(t)�Xj(t))2 −R4

. (3.39)

Since the integral of (3.37) does not depend on j and the integral of (3.39) only

depends on i− j, the action is given by

A =
n

2

∫ 2π

0

Q′(t)�Q′(t) dt− n

2R

n−1∑
j=1

∫ 2π

0

Q(t)�Q
(
t+ 2πj

n

)√(
Q(t)�Q

(
t+ 2πj

n

))2 −R4

dt. (3.40)

Hyperbolic choreographies correspond to functions Q(t) that minimize (3.40).

We are also looking for relative hyperbolic choreographies,

Xj(t) = Rω(t)Q
(
t+

2πj

n

)
, Rω(t) =

cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1

 , 0 ≤ j ≤ n−1, (3.41)

i.e., choreographies rotating with angular velocity ω along the z-axis. In this case,

the kinetic part of (3.40) is

n

2

∫ 2π

0

(
Rω(t)Q′(t) +R′ω(t)Q(t)

)
�
(
Rω(t)Q′(t) +R′ω(t)Q(t)

)
dt. (3.42)
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3.7 Computing hyperbolic choreographies

3.7.1 Methodology

Our method for computing hyperbolic choreographies is based on the reformulation

of the minimization problem (3.40)–(3.42) on the Poincaré disk using stereographic

projection. Points X = (x1, x2, x3)T on L2
R are mapped to points z = PR(X) on the

Poincaré disk D2
R = {z ∈ C, |z| < R} via

z = PR(X) =
Rx1 + iRx2

R + x3

. (3.43)

The inverse mapping is given by

X = P−1
R (z) =

1

R2 − |z|2
(2R2Re(z), 2R2Im(z), R3 +R|z|2)T . (3.44)

Note that (3.43) is a stereographic projection from the north pole (0, 0,−R) of the

backward sheet of the hyperboloid—see Figure 3.13 (right) for an example of such

a projection. The Lorentz distance (3.32) between two points on L2
R is transformed

into the distance d(z, ξ) between their projections z = PR(X) and ξ = PR(Y ) defined

as

d(z, ξ) =
2R2|z − ξ|√

(R2 − |z|2)(R2 − |ξ|2)
, (3.45)

and the geodesic distance (3.33) into

d̂(z, ξ) = 2R asinh
d(z, ξ)

2R
. (3.46)

The Poincaré disk D2
R together with the geodesic distance (3.46) is called the Poincaré

disk model. Let q(t) = PR(Q(t)) denote the projection of Q(t) ∈ L2
R onto D2

R, and let

zj(t) = PR(Xj(t)) = PR

(
Q
(
t+

2πj

n

))
= q
(
t+

2πj

n

)
, 0 ≤ j ≤ n− 1, (3.47)

denote the projections of the n bodies. The kinetic part (3.42) of the action can be

rewritten as
n

2

∫ 2π

0

(
2R2|q′(t) + iωq(t)|

R2 − |q(t)|2

)2

dt (3.48)

with conformal factor 4R4/(R2 − |q(t)|2)2. To derive the formula for the potential

part of (3.40) in intrinsic coordinates, let us come back to the potential energy (3.39).

On the Poincaré disk D2
R, this is given by

U(t) = − 1

R

n−1∑
j=0

j−1∑
i=0

coth
d̂(zi(t), zj(t))

R
= − 1

R

n−1∑
j=0

j−1∑
i=0

coth

(
2 asinh

d(z, ξ)

2R

)
. (3.49)
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Using the trigonometric identity coth(2 asinh(x/2)) = (x2/2 + 1)/(x
√
x2/4 + 1) and

integrating over one period, we find that the action is given by

A =
n

2

∫ 2π

0

(
2R2|q′(t) + iωq(t)|

R2 − |q(t)|2

)2

dt+
n

2R

n−1∑
j=1

∫ 2π

0

2R2 +Dj(t)
2

Dj(t)
√

4R2 +Dj(t)2
dt, (3.50)

with Dj(t) = d
(
q(t), q

(
t+ 2πj

n

))
.

To compute hyperbolic choreographies, we use the same strategy as before. For-

mulas for the gradient and the Hessian matrix of the action (3.50) are derived in

Appendix A and used in the optimization algorithms.

Once a choreography has been computed by our algorithm, we check that it is

a solution of the equations of motion (3.34) projected onto the Poincaré disk (by

computing the relative L2-error). These were first derived in [48] and are given by

z′′j (t) = −
2z̄j(t)z

′2
j (t)

R2 − |zj(t)|2
+

4R

λj(t)

n−1∑
i=0
i 6=j

Pj,i(t)

Θj,i(t)3/2
, 0 ≤ j ≤ n− 1, (3.51)

where λj(t) = 4R4/(R2 − |zj(t)|2)2 is the conformal factor mentioned below (3.48),

while Pj,i(t) and Θj,i(t) are defined by

Pj,i(t) =
[
R2 − |zj(t)|2

][
R2 − |zi(t)|2

]2[
R2 − z̄i(t)zj(t)

][
zi(t)− zj(t)

]
, (3.52)

and

Θj,i(t) =
[
2R2zj(t)z̄i(t) + 2R2zi(t)z̄j(t)− (|zj(t)|2 +R2)(|zi(t)|2 +R2)

]2
−
[
R2 − |zj(t)|2

]2[
R2 − |zi(t)|2

]2
.

(3.53)

We also check that the Fourier coefficients of the solution decay to sufficiently small

values and that the gradient of the action (3.50) has a small relative l2-norm.

3.7.2 Numerical examples

The first choreography that we present is the hyperbolic figure-eight of the three-body

problem with R = 1.5, see Figure 3.14. Table 3.9 shows that, after 87 iterations of

the first phase, the choreography satisfies (3.51) to six digits and after two iterations

of the second phase it satisfies it to twelve digits. Figure 3.15 shows the Fourier

coefficients of the solution, they decay to about 10−10 after the first phase and to

about 10−16 after the second phase.

Many choreographies can be found with our algorithm. We show in Figure 3.16

three hyperbolic choreographies of the five-body problem with R = 1.2. These are
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Figure 3.14: Hyperbolic figure-eight choreography with R = 1.5 (left) and its projection
on the Poincaré disk (right). The dots show the bodies at t = 0.

Table 3.9: Computation of the hyperbolic figure-eight choreography of Figure 3.14.

Phase 1: BFGS Phase 2: Newton

Action 27.840867421590943 27.840867421590929

Number of coefficients 55 105

Computer time (s) 0.7734 0.6427

Number of iterations 87 2

Relative l2-norm of gradient 8.1e-08 3.9e-15

Smallest coefficient 4.8e-10 1.0e-16

Relative L2-norm of residual 9.4e-07 3.5e-13
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Figure 3.15: Absolute values of the Fourier coefficients of Figure 3.14, obtained by
BFGS (red dots) and BFGS followed by two steps of Newton’s method (black circles).
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Figure 3.16: Hyperbolic choreographies with R = 1.2 (top) and their projections on
the Poincaré disk (bottom). The dots show the bodies at t = 0.

Table 3.10: Computation of the hyperbolic choreographies of Figure 3.16.

Left Center Right

Phase 1 Phase 2 Phase 1 Phase 2 Phase 1 Phase 2

Number of coefficients 75 305 55 155 65 245

Computer time (s) 2.52 17.54 0.75 3.02 1.03 10.88

Number of iterations 112 4 68 2 105 4

Relative l2-norm of gradient 2.8e-08 5.8e-13 1.0e-07 8.3e-15 3.0e-09 9.9e-15

Smallest coefficient 1.6e-06 1.3e-17 1.1e-09 3.5e-18 3.9e-08 5.9e-18

Relative L2-norm of residual 3.6e-03 3.5e-12 7.2e-06 3.6e-13 4.6e-03 2.0e-12
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Figure 3.17: Relative hyperbolic choreographies with R = 2 (top) and angular velocities
2.8 (left), −2.9 (center) and 2.31 (right), and their projections on the disk (bottom).
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Figure 3.18: Hyperbolic choreographies of Figure 3.16 (multiplied by a factor 2) for dif-
ferent values of R, together with their planar analogues of Figure 3.4. As R increases,
the hyperbolic choreographies converge to the planar ones.

Table 3.11: Convergence of hyperbolic to planar choreographies in Figure 3.18.

R = 2 3 5 10 100 1000

Left 1.6e-01 7.7e-02 3.0e-02 7.9e-03 8.0e-05 8.0e-07

Middle 1.6e-01 8.0e-02 3.1e-02 8.0e-03 8.1e-05 8.1e-07

Right 1.7e-01 8.5e-02 3.3e-02 8.6e-03 8.7e-05 8.7e-07

curved versions of the choreographies of Figure 3.4. As shown in Table 3.10, they can

be computed to high accuracy with a few hundred Fourier coefficients.

Relative choreographies can also be computed, see Figure 3.17. Again, a few

hundred coefficients are enough to get about 10-digit accuracy.

3.7.3 Limit of infinitely large radius

In the limit R→∞, the Poincaré disk converges to the complex plane. The distances

(3.45) and (3.46) converge to twice the absolute value and the action (3.50) converges

to four times the action in the plane. As a consequence, twice the hyperbolic chore-

ographies converge to the planar ones as R→∞, as shown in Figures 3.18 and 3.19.

Tables 3.11 and 3.12 report the ∞-norm of the difference between analogous hyper-

bolic and planar choreographies as R increases. As on the sphere, the convergence

appears to be at rate proportional to the absolute value of the curvature 1/R2.

3.8 Discussion

Choreographies are very special solutions of the n-body problem. They are not only

periodic but also share a single orbit. We have shown numerical evidence that chore-

ographies can be computed to high accuracy using trigonometric interpolation and
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Figure 3.19: Relative hyperbolic choreographies of Figure 3.17 (multiplied by a fac-
tor 2) for different values of R, together with their planar analogues of Figure 3.5. As
R increases, the hyperbolic choreographies converge to the planar ones.

Table 3.12: Convergence of hyperbolic to planar choreographies in Figure 3.19.

R = 2.5 3 5 10 100 1000

Left 1.7e-01 1.3e-01 4.9e-02 1.3e-02 1.3e-04 1.3e-06

Middle 1.4e-01 1.1e-01 4.1e-02 1.1e-02 1.1e-04 1.1e-06

Right 5.3e-01 4.1e-01 1.8e-01 4.9e-02 5.0e-04 5.0e-06

optimization algorithms, that many choreographies exist on spaces of constant curva-

ture for various n, and that curved choreographies converge to their planar analogues

at a rate proportional to the curvature.

Stability properties of choreographies have not been discussed. In the plane, the

only noncircular stable choreography is the figure-eight choreography of Figure 3.1.

We have found numerical evidence that the spherical and hyperbolic figure-eight

choreographies of Figure 3.7 and 3.14 are stable too. We have solved the curved three-

body problem on the sphere and on the Lorentz hyperboloid, with initial conditions

corresponding to the figure-eight choreographies. We ran them for a thousand full

orbits, i.e., from t = 0 to t = 2000π, and the solutions did not lose their structure.

All the other spherical and hyperbolic choreographies presented in this chapter lost

their structure after only a few full orbits. A systematic approach to study the

stability of choreographies would be to compute the eigenvalues of the derivatives of

the associated Poincaré maps.

50



Chapter 4

Solving semilinear stiff PDEs in
1D, 2D and 3D periodic domains∗

4.1 Introduction

Dozens of exponential integration formulas have been proposed for the high-accuracy

solution of stiff PDEs such as the Allen–Cahn, Korteweg–de Vries and Ginzburg–

Landau equations. We report in this chapter the results of extensive comparisons in

MATLAB and Chebfun of such formulas in 1D, 2D and 3D periodic domains, focusing

on fourth and higher order methods, and periodic semilinear stiff PDEs with constant

coefficients.

More specifically, we are interested in computing smooth solutions of stiff PDEs

of the form

ut = S(u) = Lu+N (u), u(0, X) = u0(X), periodic boundary conditions, (4.1)

where u(t,X) is a function of time t and space X, L is a linear differential operator

with constant coefficients on a spatial domain in one, two or three periodic space

dimensions and N is a nonlinear differential (or non-differential) operator of lower

order with constant coefficients and on the same domain.1 In applications, PDEs of

this kind typically arise when two or more different physical processes are combined,

and many PDEs of interest in science and engineering take this form. For example,

∗This chapter is adapted from a paper with Niall Bootland [112]. I selected the integrators and
the PDEs, ran the experiments, and wrote the paper. Earlier comparisons of exponential integrators
in 1D/2D can be found in Bootland’s thesis [17], though the experiments described here are more
extensive and challenging. In particular, we consider parameters that make the PDEs particularly
stiff, initial conditions that lead to more complicated solutions, and 3D as well as 1D/2D problems.

1X denotes a space variable in 1D, 2D or 3D. Throughout this chapter, we will use the variables
x in 1D, (x, y) in 2D and (x, y, z) in 3D. The domain will be an interval in 1D, a square in 2D and
a cube in 3D.
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Figure 4.1: First row (left to right): metastable solution of the Allen–Cahn equa-
tion (4.25), two-soliton solution of the KdV equation (4.31) and breather solution
of the NLS equation (4.40). Second row (left to right): real part of a frozen state
solution of the Ginzburg–Landau equation (4.48), spot solution of the Schnakenberg
equations (4.51), and convection rolls of the Swift–Hohenberg equation (4.54).

the Korteweg–de Vries (KdV) equation ut = −uxxx − uux, the starting point of

the study of nonlinear waves and solitons, couples third-order linear dispersion with

first-order convection, and the Allen–Cahn equation ut = εuxx+u−u3 couples second-

order linear diffusion with a nondifferentiated cubic reaction term. Often a system of

equations rather than a single scalar equation is involved, for example in the Gray–

Scott and Schnakenberg equations, which involve two components coupled together.

(The importance of coupling of nonequal diffusion constants in science was made

famous by Alan Turing in the most highly-cited of all his papers [169].) Fourth-order

terms also arise, for example in the Cahn–Hilliard equation, whose solutions describe

structures of alloys, and in the Kuramoto–Sivashinsky equation, related to combustion

problems among others, whose solutions are chaotic. Other examples of stiff PDEs

include the Ginzburg–Landau, nonlinear Schrödinger (NLS) and Swift–Hohenberg

equations. Figure 4.1 shows six examples of solutions of such PDEs.

Solving all these PDEs by generic numerical methods can be highly challenging.
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One of the main issues is stiffness, characterised by the need for an explicit method

to use small time-steps, much smaller than the condition required by accuracy. When

too many steps are required, this can result in an infeasibly long computation. There

are other important issues such as the numerical conservation of various properties

(e.g., for the KdV and NLS equations)—we shall not discuss this here; see, e.g., [30].

This chapter describes and compares specialized methods that take advantage of

two special features of (4.1). The first one is the periodic boundary conditions. This

allows us to discretize the spatial component of (4.1) with a Fourier spectral method

on N points, as described in Chapter 2; equation (4.1) becomes a system of N ODEs,

û′ = S(û) = Lû+ N(û), û(0) = û0, (4.2)

where û(t) is the vector of N Fourier coefficients of the trigonometric interpolant of

u(t,X) at time t, as in (2.63).2 Note that L (aN×N matrix) and N are the discretized

versions of L and N . (Stiffness is related to L having large eigenvalues since stability

of spectral methods for time-dependent PDEs requires that the eigenvalues of L,

scaled by the time-step, lie in the stability region of the time-stepping formula [164,

Chap. 10].)

The second special feature of (4.1) is that it is semilinear, i.e., the higher-order

terms of the equation are linear. Exponential integrators are a class of numerical

methods for systems of ODEs that are aimed at taking advantage of this. The linear

part L, responsible for the stiffness, is integrated exactly using the matrix exponential,

while a numerical scheme is applied to N.

According to the 2005 review of Minchev and Wright [109], the first exponential

integrators were constructed by Certaine in 1960 [34] and Pope in 1963 [136]. Sub-

sequently, however, Hochbruck and Ostermann noted, in a comprehensive theoretical

review of these schemes [77], that Hersch [72] had previously considered exponential

integrators in 1958 in an effort to find schemes that are exact for linear problems

with constant coefficients. The first use of the term exponential integrator was by

Hochbruck, Lubich and Selhofer [75] in a seminal paper of 1998. The extensive use

of these formulas for solving stiff PDEs seems to have been initiated by the papers

by Cox and Matthews [42] and Kassam and Trefethen [84]. A striking unpublished

paper by Kassam [83] showed how effective such methods can be also for PDEs in 2D

and 3D. A software package for such computations called EXPINT was produced by

Berland, Skaflestad and Wright [13].

2In this chapter we will assume that the grid size N is large enough so the Fourier coefficients
û(t) of u(t,X) and ũ(t) of its trigonometric interpolant are indistinguishable.
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One of the simplest exponential integrators, first derived by Pope in 1963 [136]

and commonly known as the Exponential Time Differencing (ETD) Euler method, is

given by3

ûn+1 = ehLûn + hϕ1(hL)N(ûn), (4.3)

where h = tn+1 − tn is the time-step and

ϕ1(z) =
ez − 1

z
. (4.4)

As Minchev and Wright [109] point out, this method has been rediscovered from many

different viewpoints and has been known by several other names. It can be derived

by considering the linearized version of (4.2) on [tn, tn+1],

û′ = S(ûn) + Sû(û
n)(û− ûn), û(tn) = ûn, (4.5)

with exact solution at tn+1 = tn + h,

ûn+1 = ûn + hϕ1(hSû(û
n))S(ûn). (4.6)

Approximating Sû(û
n) by L in (4.6) leads to (4.3). Note that (4.6) defines a time-

stepping scheme too, known as the exponential Euler method. The problem with

(4.6) is that the exact Jacobian Sû, and its value under the exponential-like function

ϕ1, need to be computed at each time-step. This would involve a high computational

cost, so typically one either does not compute ϕ1 but rather an approximation, such as

a Padé approximation, or else one uses an approximation to the Jacobian as opposed

to the exact Jacobian. The former approach contains the Rosenbrock methods [68,

69, 79, 101, 141, 172] and the Exponential Propagation Iterative methods of Runge-

Kutta type (EPIRK) [137, 138, 159, 160, 162]. The latter approach is what we shall

consider in this chapter.

As we just described, exponential integrators are characterised by the use of ex-

ponential and related functions of the matrix L. Standard methods for computing

the matrix exponential in the context of exponential integrators include the scaling

and squaring method [4], the Carathéodory–Fejér method [143] and Krylov subspace

methods [159]. There is recent work that shows that exponential integrators together

with Krylov methods are competitive, for instance see Tokman and Loffeld [99, 161].

In our case we consider periodic problems with constant coefficients so the matrices

are diagonal and the matrix exponential is trivial.

3Throughout this chapter and the next one, when introducing an exponential integrator such
as (4.3), ûn will mean û(t) at t = tn.
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We compare in this chapter 30 exponential integrators of fourth and higher order

on 11 model problems in 1D, 2D and 3D. Comparisons with other types of time-

stepping schemes are out of the scope of this chapter; see, e.g., [66, 84, 88, 89, 99].

Let us emphasize that we are interested in determining if one of the high order integra-

tors outperforms the others on a large class of problems. For a particular problem,

it might be possible to design a very specific scheme, of possibly lower order than

four, which performs extremely well. For example, Cano and Gonzáles–Pachón have

recently shown that the low-order Lawson methods, combined with orthogonal pro-

jections onto some invariants, can be very competitive for the nonlinear Schrödinger

equation [29, 30]. Let us also emphasize that since we only consider periodic problems,

we do not expect to see any order reduction in the convergence of the exponential in-

tegrators, as already observed in, e.g., [84]. For different types of boundary conditions

(e.g., homogeneous Dirichlet conditions), certain schemes (e.g., Lawson methods) do

not satisfy the so-called stiff order conditions [77]—which guarantee a certain order

of convergence independently of the considered problem—and can therefore exhibit

a strong order reduction in practice.

This chapter is structured as follows. We present the 30 exponential integrators

in Section 4.2 and the 11 model problems in Section 4.3. The numerical results are

presented in Section 4.4 and show that it is hard to do much better than one of the

simplest of these formulas, the ETDRK4 scheme of Cox and Matthews [42].

4.2 Thirty exponential integrators

4.2.1 Exponential general linear methods

We consider exponential integrators, based on the approximation of the Jacobian, that

belong to the large class of exponential general linear methods, introduced by Minchev

and Wright in 2005 [109]. This class contains the ETD Runge–Kutta (one-step), ETD

Adams–Bashforth (multistep), Lawson and exponential predictor-corrector methods.

For given starting values û0, û1, . . . , ûq−1 at times t = 0, h, . . . , (q−1)h, the numerical

approximation ûn+1 at time tn+1 = (n+ 1)h, n+ 1 ≥ q, is given by the formula

ûn+1 = ehLûn + h

s∑
i=1

Bi(hL)N(v̂i) + h

q−1∑
i=1

Vi(hL)N(ûn−i), (4.7)

with q steps ûn−i and s stages v̂i, with v̂1 = ûn and

v̂i = eCihLûn + h

i−1∑
j=1

Ai,j(hL)N(v̂j) + h

q−1∑
j=1

Ui,j(hL)N(ûn−j), 2 ≤ i ≤ s. (4.8)
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Table 4.1: Butcher tableau of an exponential integrator with q steps and s stages.

C2 A2,1 U2,1 . . . U2,q−1

...
...

. . .
...

...

Cs As,1 . . . As,s−1 Us,1 . . . Us,q−1

B1 . . . Bs−1 Bs V1 . . . Vq−1

Each scheme is characterised by its coefficients A, B, C, U , and V , which can be

conveniently listed in a Butcher tableau, as in Table 4.1. Note that these coefficients

(except C) depend on L—for instance, (4.3) uses one stage and one step, and its only

non-zero coefficient is B1 = ϕ1(hL). Note that, in practice, the nonlinear evaluations

N(v̂i) and N(ûn−i) are carried out in value space, e.g., N(v̂i) means F
(
N
(
F−1v̂i

))
,

with discrete Fourier transform F. Methods of the form (4.7)–(4.8) not only include

purely one-step methods (q = 1, s ≥ 1) and purely multistep methods (q ≥ 1, s = 1),

but also combinations of both.

The coefficients satisfy the following summation properties,4

B1 = ϕ1(hL)−
s∑
i=2

Bi(hL)−
q−1∑
i=1

Vi(hL),

Ai,1 = ψ1,i(hL)−
i−1∑
j=2

Ai,j(hL)−
q−1∑
j=1

Ui,j(hL), 2 ≤ i ≤ s,

(4.9)

where the ϕ- and ψ-functions are exponential and related functions that we shall

define in the next subsection. As a consequence, it is notationally convenient to

incorporate this condition by filling the corresponding entries of the Butcher tableau

with a dot on the understanding that these method coefficients are given by (4.9).

Note that exponential integrators of the form (4.7)–(4.8) do not include the EMAM4

scheme of Calvo and Palencia [28]. It has been shown in [17] that it often suffers from

stability problems.

Let us finish this section with a few words about the computational cost per time-

step. Since the matrices in (4.7)–(4.8) are diagonal, the matrix-vector products cost

only O(N) operations. The dominant cost per time-step is then the cost of an FFT,

i.e., O(N logN) operations. For exponential integrators of the form (4.7)–(4.8), the

4There are two exceptions: the coefficients of the Lawson4 and ABLawson4 schemes do not satisfy
the summation properties (4.9).
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total cost of the step is therefore O(2sN logN). As a consequence, purely multistep

methods have a low computational cost per time-step.

4.2.2 Evaluating the ϕ-functions

The coefficients A, B, U , and V involve the ϕ and ψ-functions applied to L. Because

L is diagonal, ϕ(L) and ψ(L) reduce to ϕ and ψ applied to the diagonal elements

λ of L, so all we have to be able to is to compute ϕ(λ) and ψ(λ) for λ ∈ C. The

ϕ-functions are defined by the recurrence relation,

ϕl+1(z) =
ϕl(z)− 1/l!

z
, l ≥ 1, (4.10)

with ϕ0(z) = ez. After ϕ0, the first few ϕ-functions are (4.4) and

ϕ2(z) =
ez − z − 1

z2
, ϕ3(z) =

ez − z2

2
− z − 1

z3
, (4.11)

while the ψ-functions are defined via the ϕ-functions and the coefficients C,

ψl,m(z) = C l
mϕl(Cmz), l ≥ 0, 1 ≤ m ≤ s. (4.12)

Equations (4.10) and (4.12) can be implemented recursively, but the accurate evalu-

ation of ϕ and ψ is not straightforward because it can suffer from cancellation error.

Following the idea of Kassam and Trefethen in [84], to compute the functions at some

λ ∈ C, we use Cauchy’s integral formula

ϕ(λ) =
1

2πi

∮
Γ

ϕ(z)

z − λ
dz, (4.13)

which can be approximated with exponential accuracy by the trapezoidal rule [166],

ϕ(λ) ≈ 1

M

M∑
k=1

ϕ
(
λ+ e2πi(k−0.5)/M

)
, (4.14)

taking Γ to be the circle of radius 1 centred at λ, oriented counter-clockwise, dis-

cretized with M equally spaced points. Note that the ϕ-functions satisfy ϕ(z̄) = ϕ̄(z)

for all z ∈ C. As a consequence, when λ is on the real axis, we can take Γ to be the

upper half of the circle of radius 1 centred at λ and take the real part of the result,

i.e.,

ϕ(λ) =
1

π
R

(∫ π

0

ϕ
(
λ+ eiθ

)
dθ

)
, (4.15)
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which can be discretized by

ϕ(λ) ≈ 1

M
R

(
M∑
k=1

ϕ
(
λ+ eπi(k−0.5)/M

))
. (4.16)

If this symmetry is not explicitly used in the computation of the ϕ-functions when

λ is real, rounding errors appear that lead to numerical instability. Note that the

evaluation of the ϕ-functions using (4.14) or (4.16) requires O(M) operations per λ.

Let us emphasize that we can use circles or radius 1 around each eigenvalue λ of

L because L is diagonal. When the matrix is not diagonal, one has to use a single

contour that encloses all the eigenvalues, and the best possible contour depends on

the problem. For example, for diffusive problems, all the eigenvalues are on the real

negative axis and the best contour is a Hankel contour [143, 167].

Using contour integrals is not the only possible remedy for cancellation error.

When Pope introduced (4.3), he suggested the use of Taylor series for small λ and the

direct formula for large λ. The problem with this approach is that, for some interme-

diate values, neither method gives full precision, as noted by Cox and Matthews [42]

and Kassam and Trefethen [84]. Another approach is to use Padé approximations,

combined with a scaling and squaring technique [14]. This method is also effective,

but the contour integral method is particularly appealing because of its greater gen-

erality for dealing with arbitrary functions.

4.2.3 Introducing the 30 exponential integrators

Table 4.2 lists the exponential integrators considered in this chapter. Their Butcher

tableaux can be found in Appendix B.

ETD Adams–Bashforth The first category of exponential integrators is the ETD

Adams–Bashforth schemes of order four to six. These are ETD (purely) multistep

methods, which reduce to Adams–Bashforth schemes when L = 0, and go back to

Nørsett in 1969 [118]. Since s = 1, (4.7)–(4.8) takes the simpler form

ûn+1 = ehLûn + hB1(hL)N(ûn) + h

q−1∑
i=1

Vi(hL)N(ûn−i), (4.17)

i.e., the only non-zero coefficients are B1 and those in V . Note that since these

schemes are purely multistep, (4.17) only requires two FFTs per time-step. We label

these methods as ABNørsettq, where 4 ≤ q ≤ 6 is the order and also the number

of steps. For more details on the derivation of ABNørsett methods see Minchev
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Table 4.2: A reference table for the exponential integrators considered in this chapter.
Note that some methods do not appear explicitly in the references listed but can be
derived using order conditions or recurrence formulas found there; these cases are
marked by asterisks. The Butcher tableaux can be found in Appendix B.

Method Type Order Stages s Steps q Ref.

ABNørsett4 ETD Adams–Bashforth 4 1 4 [118]∗

ABNørsett5 ETD Adams–Bashforth 5 1 5 [118]∗

ABNørsett6 ETD Adams–Bashforth 6 1 6 [118]∗

ETDRK4 ETD Runge–Kutta 4 4 1 [42]

Friedli ETD Runge–Kutta 4 4 1 [65]

Krogstad ETD Runge–Kutta 4 4 1 [93]

Minchev ETD Runge–Kutta 4 4 1 [108]

Strehmel–Weiner ETD Runge–Kutta 4 4 1 [153]

Hochbruck–Ostermann ETD Runge–Kutta 4 5 1 [76]

EXPRK5S8 ETD Runge–Kutta 5 8 1 [100]

ABLawson4 Lawson 4 1 4 [97]

Lawson4 Lawson 4 4 1 [97]

GenLawson41 Gen. Lawson 4 4 1 [93]

GenLawson42 Gen. Lawson 4 4 2 [93]

GenLawson43 Gen. Lawson 4 4 3 [93]

GenLawson44 Gen. Lawson 5 4 4 [93]

GenLawson45 Gen. Lawson 6 4 5 [93]

ModGenLawson41 Mod. Gen. Lawson 4 4 1 [126]∗

ModGenLawson42 Mod. Gen. Lawson 4 4 2 [126]∗

ModGenLawson43 Mod. Gen. Lawson 4 4 3 [126]∗

ModGenLawson44 Mod. Gen. Lawson 5 4 4 [126]∗

ModGenLawson45 Mod. Gen. Lawson 6 4 5 [126]∗

PEC423 Exp. Predictor-Corrector 4 2 3 [126]∗

PECEC433 Exp. Predictor-Corrector 4 3 3 [126]∗

PEC524 Exp. Predictor-Corrector 5 2 4 [126]∗

PECEC534 Exp. Predictor-Corrector 5 3 4 [126]∗

PEC625 Exp. Predictor-Corrector 6 2 5 [126]∗

PECEC635 Exp. Predictor-Corrector 6 3 5 [126]∗

PEC726 Exp. Predictor-Corrector 7 2 6 [126]∗

PECEC736 Exp. Predictor-Corrector 7 3 6 [126]∗
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Table 4.3: Butcher tableau for ETDRK 4. Note the dots in the first column, which
indicate that these coefficients are computed using (4.9). These coefficients are (from
top to bottom): A2,1 = ψ1,2, A3,1 = 0, A4,1 = ϕ1 − 2ψ1,2 and B1 = ϕ1 − 3ϕ2 + 4ϕ3.

1
2

A2,1 = ·
1
2

A3,1 = · A3,2 = ψ1,2

1 A4,1 = · A4,2 = 0 A4,3 = 2ψ1,2

B1 = · B2 = 2ϕ2 − 4ϕ3 B3 = 2ϕ2 − 4ϕ3 B4 = −ϕ2 + 4ϕ3

and Wright [109], who also show a connection between these schemes and the IMEX

schemes of Ascher, Ruuth and Wetton [8]. One can also derive methods based on

Adams–Moulton methods, known as AMNørsettq methods. These are implicit but

can be used within predictor-corrector pairs, as we will see when introducing expo-

nential predictor-corrector schemes (the last category in the table). A comprehensive

look at both the Adams–Bashforth and Adams–Moulton exponential integrators can

be found in the paper by Hochbruck and Ostermann [78].

ETD Runge–Kutta The second category is the ETD Runge–Kutta schemes of

order four to five. These are (purely) one-step methods and go back to Friedli

in 1978 [65] and Strehmel–Weiner in 1982 [153]. More recently, inspired by Cox

and Matthews’ ETDRK4 scheme [42], Minchev [108] in 2004 and Krogstad [93] and

Hochbruck and Ostermann [76] in 2005 derived ETD Runge–Kutta schemes of or-

der four. Luan and Ostermann proposed a scheme of order five (EXPRK5S8) in

2014 [100]. Overviews of ETD Runge–Kutta methods and some of their history

can be found in the reviews of Hochbruck and Ostermann [77] and Minchev and

Wright [109], where connections are described between ETD Runge–Kutta, gener-

alised Runge–Kutta and semi-implicit methods. Since q = 1, (4.7)–(4.8) reduces

to

ûn+1 = ehLûn + h
s∑
i=1

Bi(hL)N(v̂i),

v̂1 = ûn, v̂i = eCihLûn + h
i−1∑
j=1

Ai,j(hL)N(v̂j), 2 ≤ i ≤ s.

(4.18)

The only non-zero coefficients are those in A, B and C. The coefficients for the
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ETDRK4 scheme can be found in Table 4.3 and correspond to the following formula:

v̂1 = ûn,

v̂2 = eLh/2ûn + (h/2)ϕ1(Lh/2)N(v̂1),

v̂3 = eLh/2ûn + (h/2)ϕ1(Lh/2)N(v̂2),

v̂4 = eLh/2v̂2 + (h/2)ϕ1(Lh/2)[2N(v̂3)−N(v̂1)],

ûn+1 = eLhûn + hB1N(v̂1) + hB2[N(v̂2) + N(v̂3)] + hB4N(v̂4),

(4.19)

where B1 = B1(hL), . . . , B4 = B4(hL).

Lawson The third category is the Lawson methods. First developed by Lawson in

1967 [97], and often known as integrating factor (IF) methods, the motivation behind

Lawson methods is to use a change of variable in (4.2) to get rid of the stiff linear

part, and then apply a numerical solver to the transformed equation. The Lawson

transformation consists of the change of variables v̂(t) = e−Ltû(t). If we differentiate

this and substitute into (4.2), the transformed equation is

v̂′ = e−LtN(eLtv̂), v̂(0) = û0. (4.20)

The linear term is gone, and the transformed equation (4.20), while no longer stiff,

now has rapidly varying coefficients. Once we have decided on a scheme to solve

(4.20), we can transform back to û. Lawson, in his 1967 paper, used the classical

fourth order Runge–Kutta scheme on the transformed equation (4.20); we call this

method Lawson4. Using the classical fourth order Adams–Bashforth scheme gives

the ABLawson4 method. Ehle and Lawson observed in [58] that Runge–Kutta based

Lawson methods only work well when the problem is moderately stiff. Another prob-

lem with Lawson methods, as indicated by Krogstad [93], is that they do not preserve

fixed points of the differential equation.

Generalised Lawson Krogstad worked around these problems to derive gener-

alised Lawson methods, also called generalised integrating factor (GIF) methods, the

fourth category in the table. These are based on the transform

v̂(t) = e−Ltû(t)− e−Lt
q∑
l=1

tlϕl(tL)pl−1, (4.21)

where the pl are the coefficients, in a (scaled) monomial basis, of the polynomial

P (t) of degree q−1 that interpolates the values {N(ûn−l)}ql=1 at the points {tn−l}ql=1;
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see [77, 109] for details. Differentiating this and substituting into (4.2) leads to the

transformed equation

v̂′ = e−Lt
(
N
(
eLtv̂ +

q∑
l=1

tlϕl(tL)pl−1

)
− P (t)

)
, v̂(0) = û0. (4.22)

Note that (4.20) is the special case of (4.22) with P (t) = 0. The idea of Krogstad

is to apply, for various values of q, the classical fourth order Runge–Kutta scheme

on (4.22), and then transform back to û. It leads to methods with four stages and q

steps, called the GenLawson4q methods.

Modified generalised Lawson As we increase q in the generalised Lawson meth-

ods we incorporate more of the nonlinearity and the methods have improved accuracy.

However, this in part comes at the cost of stability, especially for dispersive problems,

as was demonstrated by Krogstad [93]. A modification, based on satisfying order con-

ditions, given by Ostermann, Thalhammer and Wright [126], significantly improves

stability. The modification is given by the requirement that

4∑
i=1

Bi(hL)
cji
j!

+

q−1∑
i=1

Vi(hL)
(−1)j

j!
= ϕj+1(hL), 0 ≤ j ≤ q − 1, (4.23)

where, as before, q− 1 is the degree of the polynomial approximation. These are the

modified generalised Lawson methods, labelled as ModGenLawson4q.

Exponential predictor-corrector Just as with the standard Adams–Bashforth

and Adams–Moulton multistep methods, the exponential versions can be used in

predictor-corrector pairs. These are the exponential predictor-corrector methods, the

last category in the table. For instance, using ABNørsett3 for a predictor step and

AMNørsett4 for the corrector step yields the fourth order method called PEC423 in

the MATLAB package EXPINT [13]. (PEC stands for predict-evaluate-correct, four

is the order, two is the number of stages and three is the number of steps.) One can

evaluate and correct again, that is, use the corrector twice. The name PECEC433 is

given in EXPINT for the fourth order method that uses ABNørsett3 for a predictor

step and AMNørsett4 for two corrector steps.

4.3 Eleven model problems

In this section we describe the PDEs used in the comparisons of Section 4.4, including

the initial conditions, the domains and the time intervals. There are five PDEs in 1D

and three PDEs considered in both 2D and 3D; see Table 4.4.
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Table 4.4: The model problems we consider in this chapter. The linear operator of
a diffusive PDE has real eigenvalues while it has purely imaginary eigenvalues for
dispersive PDEs. Note that we take A = 0 for the Ginzburg–Landau equation (4.48).
For A 6= 0, the linear part would have complex eigenvalues.

PDE Dimension Stiff linear Part

Allen–Cahn 1D second-order diffusive

Cahn–Hilliard 1D fourth-order diffusive

Korteweg–de Vries 1D third-order dispersive

Kuramoto–Sivashinsky 1D fourth-order diffusive

nonlinear Schrödinger 1D second-order dispersive

Ginzburg–Landau 2D & 3D second-order diffusive

Schnakenberg 2D & 3D second-order diffusive

Swift–Hohenberg 2D & 3D fourth-order diffusive

4.3.1 Model problems in 1D

In 1D we look for solutions of the form

u(t, x) ≈
N/2∑

k=−N/2

′ ûk(t)e
ikx, x ∈ [0, 2π], (4.24)

with appropriate rescaling for different domains, and we use the differentiation ma-

trices of Section 2.3.2.

Allen–Cahn The Allen–Cahn equation, derived by Allen and Cahn in the 1970s, is

a reaction-diffusion equation which describes the process of phase separation in iron

alloys (see, e.g., [5]). It is given in one dimension as

ut = εuxx + u− u3, (4.25)

with linear diffusion εuxx and a cubic reaction term u−u3. The function u is the order

parameter, a correlation function related to the positions of the different components

of the alloy. The Allen–Cahn equation exhibits stable equilibria at u = ±1 while

u = 0 is an unstable equilibrium. Solutions often display metastability where wells

u ≈ −1 compete with peaks u ≈ 1, and structures remain almost unchanged for long

periods of time before changing suddenly. This can be quantified: features with width
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L persist for time scales on the order of eL/ε. In Fourier space with a grid of size N ,

(4.25) becomes

û′ = εD
(2)
N û+ û− F

((
F−1û

)3)
. (4.26)

We take ε = 5× 10−2,

u(0, x) =
1

3
tanh(2 sin(x))− e−23.5.(x−π/2)2 + e−27(x−4.2)2 + e−38(x−5.4)2 , (4.27)

with x ∈ [0, 2π] and solve up to t = 60. This initial condition quickly converges to a

set of wells u ≈ −1 and peaks u ≈ 1 (at around t = 4) and eventually to a two-plateau

solution (at around t = 500). Figure 4.1 shows the solution at time t = 113, when

the peak on the far right is switching to u ≈ −1.

Cahn–Hilliard The Cahn–Hilliard equation,

ut = α(−uxx − γuxxxx + (u3)xx), (4.28)

is a fourth order reaction-diffusion problem which Cahn and Hilliard proposed in 1958

as a model for the process of phase separation in binary alloys [26]. It couples second-

order destabilizing diffusion −uxx with fourth-order stabilizing diffusion −uxxxx and

a differentiated cubic reaction term (u3)xx. The function u is defined as u = 1− 2cA

where 0 ≤ cA ≤ 1 and cB = 1− cA denote the concentrations of the two components

A and B of the alloy, that is, u = −1 means pure A while u = 1 means pure B. The

Cahn–Hilliard equation also exhibits metastable solutions. When quenched below a

critical temperature, alloys described by (4.28) become unstable in the sense that

small metastable pockets of relatively pure A and B may soon appear, corresponding

to wells u = −1 and peaks u = 1. These pockets may coarsen into larger pockets at

progressively larger times. In Fourier space, (4.28) becomes

û′ = α(−D
(2)
N − γD

(4)
N )û+ αD

(2)
N F

((
F−1û

)3)
. (4.29)

We take α = 10−2, γ = 10−3,

u(0, x) =
1

5
sin(4πx)5 − 4

5
sin(πx), x ∈ [−1, 1], (4.30)

and solve up to t = 12. This initial condition evolves to a four-plateau solution (two

wells u ≈ −1, two peaks u ≈ 1) at around t = 12 before switching to a two-plateau

solution (one well, one peak) at around t = 70.
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Korteweg–de Vries The Korteweg–de Vries equation,

ut = −uxxx − uux, (4.31)

was derived by Korteweg and de Vries in 1895 to model the propagation of waves

in shallow water [90]. It couples dispersion −uxxx with nonlinear convection −uux.
Among the solutions of (4.31) are solitary waves or solitons. These are waves that

maintain their shapes as they travel and are given by

u(t, x) = 3c sech2
(√c

2
(x− x0 − ct)

)
, c > 0. (4.32)

Waves of the form (4.32) have amplitude 3c and travel at constant speed c. This is

contrast to solutions of linear wave equations ut = −cux, which all travel at velocity

c, regardless of their amplitudes. In Fourier space, (4.31) becomes

û′ = −D
(3)
N û− DN

2
F
((

F−1û
)2)

. (4.33)

We take

u(0, x) = 3A2 sech2
(A

2
(x+ 2)

)
+ 3B2 sech2

(B
2

(x+ 1)
)
, x ∈ [−π, π], (4.34)

with A = 25 and B = 16, and solve up to t = 10−2. This is a superposition of two

solitons with speed A2 and B2 initially centred at x = −2 and x = −1, respectively.

The stronger wave (A = 25) catches up with the weaker one (B = 16) at around

t = 10−3. Both waves remain unchanged after the interaction, the only nonlinear

effect being a forward shift
1

A2
log
(A2 +B2

A2 −B2

)2

(4.35)

for the stronger wave and a backward shift

− 1

B2
log
(A2 +B2

A2 −B2

)2

(4.36)

for the weaker one. The interaction ends at around t = 3.5× 10−3. Figure 4.1 shows

the initial condition.

Kuramoto–Sivashinsky The Kuramoto–Sivashinsky equation,

ut = −uxx − uxxxx − uux, (4.37)

dates to the mid-1970s with the work of Kuramoto [94] and Sivashinsky [150]. It

couples destabilizing −uxx and stabilizing −uxxxx diffusions with nonlinear convec-

tion −uux. The nonlinear term shifts energy created at low wavenumbers by the
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second-order term to high wavenumbers where the fourth-order term stabilises. The

Kuramoto–Sivashinsky equation models various physical phenomena, from unstable

drift waves in plasmas to thermal instabilities in laminar flame fronts. In the latter,

the function u represents the perturbation of the flame front surface. The solutions

of (4.37) can demonstrate a wide range of spatio-temporal dynamics, including chaos.

In Fourier space, (4.37) becomes

û′ = (−D
(2)
N −D

(4)
N )û− DN

2
F
((

F−1û
)2)

. (4.38)

We take

u(0, x) = cos
( x

16

)(
1 + sin

( x
16

))
, x ∈ [0, 32π], (4.39)

and solve up to t = 100. This simple initial data progressively evolves into a much

more complicated superposition of wavenumbers and, even though the solution looks

quite complicated, a characteristic pattern emerges from t ≈ 50.

Nonlinear Schrödinger The (focusing) nonlinear Schrödinger equation,

ut = iuxx + i|u|2u, (4.40)

models several physical phenomena, including the nonlinear propagation of light in

optical fibres. A nonlinear variant of the Schrödinger equation, it couples dispersion

iuxx with a nonlinear potential i|u|2u. Note that the wave function u is complex-

valued. Among the solutions of (4.40) are breathers, given by

u(t, x) = A

(
2B2 cosh(θ) + 2iB

√
2−B2 sinh(θ)

2 cosh(θ)−
√

2
√

2−B2 cos(ABx)
− 1

)
eiA

2t, (4.41)

with θ = A2B
√

2−B2t and B ≤
√

2. These are nonlinear waves in which energy

concentrates in a localized and oscillatory fashion. In Fourier space, (4.40) becomes

û′ = iD
(2)
N û+ iF

(∣∣F−1û
∣∣2F−1û

)
. (4.42)

We take

u(0, x) =
2AB2

2−
√

2
√

2−B2 cos(ABx)
− A, x ∈ [−π, π], (4.43)

with A = 2 and B = 1, and solve up to t = 2. This is a breather whose amplitude

oscillates in time around A = 2. Figure 4.1 shows the (real) initial condition.
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4.3.2 Model problems in 2D and 3D

In 2D, we look for solutions of the form

u(t, x, y) ≈
Nx/2∑

k=−Nx/2

′
Ny/2∑

l=−Ny/2

′ ûk,l(t)e
i(kx+ly), (x, y) ∈ [0, 2π]2, (4.44)

with Nx and Ny points in the x- and y-directions, and appropriate rescaling for

different domains. The unknowns, at each time t, are the NxNy Fourier coefficients

ûk,l(t). In 3D, we look for solutions of the form

u(t, x, y, z) ≈
Nx/2∑

k=−Nx/2

′
Ny/2∑

l=−Ny/2

′
Na/2∑

m=−Nz/2

′ ûk,l,m(t)ei(kx+ly+mz), (x, y, z) ∈ [0, 2π]3, (4.45)

with NxNyNz Fourier coefficients ûk,l,m(t) at each time t. As in 1D, the primes on

the summation signs in (4.44)–(4.45) signify that the extreme terms are halved.

To construct differentiation matrices in 2D and 3D, we use Kronecker products and

the 1D Fourier differentiation matrices of Section 2.3.2. For example, the Laplacian

operator in 2D,

Lu = ∆u = uxx + uyy, (4.46)

is discretized by the NxNy ×NxNy matrix

L = INy ⊗D
(2)
Nx

+ D
(2)
Ny
⊗ INx , (4.47)

where IN denotes the identity matrix of size N .

Ginzburg–Landau The (complex) Ginzburg–Landau equation,

ut = (1 + iA)∆u+ u− (1 + iB)u|u|2, (4.48)

was first derived in 2D by Stewartson and Stuart in 1971 to study nonlinear insta-

bilities in plane Poiseuille flow [152], using concepts from Ginzburg–Landau theory

for superconductivity. The function u is the amplitude of a nonlinear perturbation

wave for values of the Reynolds number close to the critical value, above which per-

turbations may grow. Equation (4.48) admits solutions known as frozen states which

correspond to quasi-frozen spiral defects surrounded by shock lines. In this regime,

|u| is stationary in time. We take A = 0 and B = 1.5,

u(0, x, y) = e−0.1[(x−50)2+(y−50)2], (x, y) ∈ [0, 100]2, (4.49)
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and

u(0, x, y, z) = e−0.1[(x−50)2+(y−50)2+(z−50)2], (x, y, z) ∈ [0, 100]3, (4.50)

and solve up to t = 10 in both 2D and 3D. These two initial conditions generate

spiral waves. Figure 4.1 shows an example of a 2D frozen state solution at t = 30

(real part), obtained with an initial condition of amplitude 0.1 involving random noise

on the grid.

Schnakenberg The Schnakenberg equations,
ut = εu∆u+ γ(a− u+ u2v),

vt = εv∆v + γ(b− u2v),
(4.51)

are reaction-diffusion equations derived by Schnakenberg in 1979 to study limit cycle

behaviours of two-component chemical reactions [144]. The system (4.51) models the

chemical reaction 2U + V → 3U ; U 
 A ; B → V ; u and v are the concentrations of

U and V , and A and B are another two chemical species, assumed to be maintained

at constant concentrations a and b. We take εu = 1, εv = 10, γ = 3, a = 0.1 and

b = 0.9. The initial conditions are

u(0, x, y) = 1− e−2[(x−G/2.15)2+(y−G/2.15)2],

v(0, x, y) =
0.9

(0.1 + 0.9)2
+ e−2[(x−G/2)2+2(y−G/2)2],

(4.52)

with (x, y) ∈ [0, G]2 and G = 30 in 2D, and

u(0, x, y, z) = 1− e−2[(x−G/2.15)2+(y−G/2.15)2+(z−G/2.15)2],

v(0, x, y, z) =
0.9

(0.1 + 0.9)2
+ e−2[(x−G/2)2+2(y−G/2)2+2(z−G/2)2],

(4.53)

with (x, y, z) ∈ [0, G]3 and G = 30 in 3D. We solve up to t = 20 in both 2D and 3D.

Note that these initial conditions are small perturbations from the constant solution

(u, v) = (a + b, b/(a + b)2). They lead to a set of spots at around t = 500 in 2D and

t = 300 in 3D. Figure 4.1 shows the 2D solution at t = 500.

Swift–Hohenberg The Swift–Hohenberg equation,

ut = ru− (1 + ∆)2u+ gu2 − u3, (4.54)

was first derived in 2D by Swift and Hohenberg in 1977 to study thermal fluctua-

tions on a fluid near the Rayleigh–Bénard convective instability [154]. In 2D, the
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function u is the temperature field in a plane horizontal layer of fluid heated from

below. Equation (4.54) is another example of a PDE that exhibits pattern formation,

including stripes, spots and spirals. We take r = 0.1, g = 1,

u(0, x, y) =
1

4

(
sin
(πx

10

)
+ sin

(πy
10

)
+ sin

(πx
2

)
sin
(πy

2

))
, (4.55)

with (x, y) ∈ [0, 20]2 and

u(0, x, y, z) =
1

4

(
sin
(πx

10

)
+ sin

(πy
10

)
+ sin

(πz
10

)
+ sin

(πx
2

)
sin
(πy

2

)
+ sin

(πx
2

)
sin
(πz

2

)
+ sin

(πy
2

)
sin
(πz

2

))
,

(4.56)

with (x, y, z) ∈ [0, 20]3, and solve up to t = 20 in both 2D and 3D. Both of these two

initial conditions lead to a set of spots. Figure 4.1 shows the 2D solution at t = 1000

obtained with r = 0.1, g = 0 and an initial condition of amplitude 0.1 involving

random noise on the grid. This solution corresponds to the so-called convection rolls.

4.4 Numerical comparisons

4.4.1 Methodology

To compare exponential integrators, we follow the methodology of [84], though the

experiments described here are far more extensive. We solve a given PDE up to t = T

for various time-steps h and a fixed number of grid points. We estimate the “exact”

solution uex(t = T,X) by using a “very small” time-step (half the smallest time-step

h) and the PECEC736 scheme (one of the two seventh-order accurate schemes in

Table 4.2). We then measure the relative L2-error E at t = T between the computed

solution u(t = T,X) and uex(t = T,X), i.e.,

E =
‖u(t = T,X)− uex(t = T,X)‖2

‖uex(t = T,X)‖2

. (4.57)

For both u and uex we use N = 512 grid points in 1D, Nx = Ny = 128 grid points

in 2D and Nx = Ny = Nz = 128 grid points in 3D. (With these grid sizes, the

error due to the spatial discretization is small compared to the error due to the time

discretization; see Figure 4.2.) For the contour integrals, we use M = 64 points in 1D

and M = 32 points in 2D and 3D. We plot (4.57) against relative time-steps h/T and

computer times on a pair of graphs.5 The former gives a measure of the accuracy of

5The precomputation of the coefficients of the exponential integrators and the starting phase of
multistep methods are not included in the computing time. Timings were done on a 2.8 GHz Intel
i7 machine with 16 GB of RAM.
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Figure 4.2: Fourier coefficients of the initial condition (4.27) of the Allen–Cahn equa-
tion (left) and of the solution at t = 60 computed with time-step h = 10−2 (right).
With N = 512 grid points, the Fourier coefficients decay to about 10−16. In our
computations for the Allen–Cahn equation, the smallest error due to the time dis-
cretization is about 10−12 � 10−16.

the exponential integrator for various time-steps or, equivalently, for various number

of integration steps. (If the relative time-step is 10−3, it means that the integrator

performed 103 steps to reach t = T .) However, it is possible that each step is more

costly, so it is the latter that ultimately matters. We compare different families on

different pairs of graphs with curves for ETDRK4 included on all plots as a baseline.

We have tested every integrator on every PDE, but we shall only show graphs that

correspond to the characteristic behaviour of a family of integrators, or highlight

notable features such as instability or particularly good/bad performance. The rest

of the graphs can be found in Appendix C.

4.4.2 Starting multistep schemes

To start a multistep scheme with q steps, one needs q values: the initial condition

û0 and q − 1 extra values û1, . . . , ûq−1. It is suggested in [28] to use the following

strategy: first, compute an approximation of Û = (û1, . . . , ûq−1)T using a low-order

exponential integrator (e.g., ETDRK2, the second-order version of ETDRK4 [42]),

and second, use a fixed point iteration to refine this approximation. The fixed point

iteration is applied to the following system of nonlinear equations,

ûj = ejhLû0 + h

q−1∑
l=0

γl(j, hL)∆lN(û0), 1 ≤ j ≤ q − 1, (4.58)
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where ∆l is the forward difference operator,

∆0N(û0) = û0, ∆lN(û0) =
l∑

i=0

(−1)i
(
l

i

)
N(ûl−i), l ≥ 1, (4.59)

and the γ-functions are defined by the recurrence relation,

γ0(k, z) =
ekz − 1

z
,

γj(k, z) =

[(
j∑

m=1

(−1)m−1

m
γj−m(k, z)

)
−
(
k

j

)]/
z, 1 ≤ j ≤ k,

γj(k, z) =

(
j∑

m=1

(−1)m−1

m
γj−m(k, z)

)/
z, j > k.

(4.60)

Note that, like the ϕ-functions, the γ-functions can be evaluated by contour integrals

and satisfy the symmetry property γ(z̄) = γ̄(z) for all z ∈ C.

Let us write (4.58) as Û = F (Û). The fixed point iteration is then given by

Û[n+1] = F (Û[n]), (4.61)

where Û[n] = (û1
[n], . . . , û

q−1
[n] )T denotes the approximation obtained after n iterations

(Û[0] corresponding to the approximation given by ETDRK2). The fixed point iter-

ation (4.61) is carried out until the norm of the difference between two successive

iterations is of the order of hq, which guarantees convergence [28, Th. 1].

4.4.3 Results

We now report on the results of our numerical testing and present plots showing the

typical behaviours and notable features we see from each set of methods.

Figure 4.3 shows results for the ETD Adams–Bashforth methods for the 1D

Kuramoto–Sivashinsky equation. These formulas are often unstable for large time-

steps but can be competitive at high accuracies. For the Cahn–Hilliard and KdV

equations (Figures C.3 and C.5), we could not get them to work at all with the

spatial discretization that we used.

Figure 4.4 shows results for the ETD Runge–Kutta methods for the 1D Cahn–

Hilliard, 1D KdV and 2D Swift–Hohenberg equations. These formulas have good

stability properties. The fourth-order methods have similar performance to ETDRK4.

The fifth-order EXPRK5S8 integrator is impressively efficient in 1D, but exhibits
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Figure 4.3: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth methods for the 1D Kuramoto–Sivashinsky equation. The order 5 and 6
methods are more efficient than ETDRK 4 at high accuracies, but often unstable at
lower accuracies, as reflected in dots missing from the curves.

instability for the Cahn–Hilliard and KdV equations. In 2D and 3D, it is more

accurate than the fourth-order methods for the six PDEs we have considered, and

more efficient for the Ginzburg–Landau equation (Figures C.11 and C.17). However,

for the Schnakenberg (Figures C.13 and C.19) and Swift–Hohenberg equations, it is

not accurate enough to counterbalance its high cost per time-step.

Figure 4.5 shows results for the Lawson methods for the 1D NLS equation. These

formulas are not accurate enough to be competitive. For the ABLawson4 formula, this

lack of accuracy is partly compensated by its low computational cost per time-step

(it is a purely multistep method).

Figure 4.6 shows results for the generalised Lawson methods for the 1D Kuramoto–

Sivashinsky and 2D Ginzburg–Landau equations. In 1D, these formulas suffer from

instabilities for most PDEs. In 2D and 3D, the GenLawson41 formula has virtually

identical performance to ETDRK4, the GenLawson42 formula is always less efficient

than ETDRK4, while the other variants with three to five steps perform well for

the Ginzburg–Landau equation but are less efficient for the Schnakenberg and Swift–

Hohenberg equations (Figures C.14, C.16, C.20 and C.22).

Figure 4.7 shows results for the modified generalised Lawson methods for the 1D

Kuramoto–Sivashinsky, 1D KdV and 3D Swift–Hohenberg equations. In 1D, these

formulas are much more stable than the generalised Lawson schemes and are quite

efficient, but still suffer from instabilities for the 1D KdV equation. In 2D and 3D,

we reach the same conclusions as for the generalised Lawson methods: the ModGen-
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Figure 4.4: Accuracy versus time-step and computer time for the ETD Runge–Kutta
methods for the 1D Cahn–Hilliard (top), 1D KdV (centre) and 2D Swift–Hohenberg
(bottom) equations. The EXPRK 5S 8 scheme is impressively efficient in 1D but is
unstable at low accuracies for the Cahn–Hilliard and KdV equations. In 2D and 3D, it
does not beat the fourth-order methods for the Schnakenberg (Figures C.13 and C.19)
and Swift–Hohenberg equations.
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Figure 4.5: Accuracy versus time-step and computer time for the Lawson methods
for the 1D NLS equation. These formulas are too inaccurate to be competitive; the
constants involved in the convergence bounds are too great.
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Figure 4.6: Accuracy versus time-step and computer time for the generalised Law-
son methods for the 1D Kuramoto–Sivashinsky (top) and 2D Ginzburg–Landau (bot-
tom) equations. These methods are highly unstable for most PDEs in 1D. In 2D and
3D, the GenLawson 41 formula has virtually identical performance to ETDRK 4 while
the other variants with three to five steps perform well for some problems (e.g., 2D
Ginzburg–Landau equation above) but are less efficient for others (e.g., Figure C.14).
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Figure 4.7: Accuracy versus time-step and computer time for the modified generalised
Lawson methods for the 1D Kuramoto–Sivashinsky (top), 1D KdV (centre) and 3D
Swift–Hohenberg (bottom) equations. In 1D, these methods are much more stable than
the generalised Lawson methods but are still highly unstable for the KdV equation. In
2D and 3D, they are very similar to the generalised Lawson methods, i.e., they perform
well for some problems (e.g., Figure C.18) but are less efficient for others (e.g., 3D
Swift–Hohenberg equation above).
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Figure 4.8: Accuracy versus time-step and computer time for the predictor-corrector
methods for the 1D Allen–Cahn (top), 1D Cahn–Hilliard (centre) and 2D Schnaken-
berg equations (bottom). In 1D, these schemes are efficient, but do not clearly out-
perform ETDRK 4 for the Allen–Cahn equation and are unstable at low accuracies
for the Cahn–Hilliard equation. In 2D and 3D, they beat ETDRK 4 for the Ginzburg–
Landau equation (Figures C.12 and C.18) but have similar performance for the other
equations (e.g., 2D Schnakenberg equations above).
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Lawson41 formula has virtually identical performance to ETDRK4, the ModGenLaw-

son42 formula is always the least efficient and the other variants perform well for some

problems but are less efficient for others.

Figure 4.8 shows results for the exponential predictor-corrector methods for the

1D Allen–Cahn, 1D Cahn–Hilliard and 2D Schnakenberg equations. These formulas

are particularly efficient in 1D, especially for the Kuramoto–Sivashinsky and NLS

equations (Figures C.8 and C.10), but do not clearly outperform ETDRK4 for the

Allen–Cahn equation. Most of them are unstable at low accuracies for the Cahn–

Hilliard equation, especially the higher-order schemes, and some of them are also

unstable at low accuracies for the KdV equation (Figure C.6). In 2D and 3D, they

are more efficient than ETDRK4 for the Ginzburg–Landau equation (Figures C.12

and C.18) but most of them have similar performance to it for the other PDEs we have

considered. Note that the higher-order schemes with two steps (PEC625 and PEC726)

also beat ETDRK4 for the Swift–Hohenberg equations, but these are particularly

unstable for the Cahn–Hilliard and KdV equations.

4.5 Discussion

We have tested 30 exponential integrators on 11 model problems in 1D, 2D and 3D,

and have observed considerable differences in stability and efficiency. As expected,

the schemes did not exhibit any order reduction (periodic boundary conditions). The

main conclusion is that it is difficult to find a method that outperforms ETDRK4 for

all the PDEs we have considered.

Our experiments show that the ETD Adams–Bashforth and the generalised Law-

son methods are highly unstable while the Lawson methods are not accurate enough.

Within the ETD Runge–Kutta methods, it is hard to do much better than ETDRK4.

The fourth-order schemes are quite similar in terms of efficiency and stability. The

fifth-order EXPRK5S8 integrator is more efficient than ETDRK4 for most PDEs in

1D, but is unstable at low accuracies for the KdV and Cahn–Hilliard equations. In

2D and 3D, it outperforms ETDRK4 only for the Ginzburg–Landau equation. Since

it requires the precomputation of more than twice as many coefficients as ETDRK4,

it makes it much more complicated to implement and probably less appealing to gen-

eral users. The high-order modified generalised Lawson and exponential predictor-

corrector methods are competitive stiff solvers for some PDEs, but for others do not

outperform ETDRK4 or else suffer from instabilities.
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Our numerical experiments were performed using MATLAB and have been embed-

ded within Chebfun. More specifically, the spin, spin2 and spin3 codes implement

a Fourier spectral method and exponential integrators to solve PDEs in 1D, 2D and

3D periodic domains. (Note that spin stands for stiff PDE integrator.) These have

been one of the most major additions to Chebfun in recent years from a user point

of view. The simplest way to see spin in action is to type simply spin(’ks’) (for

the Kuramoto–Sivashinsky equation) or spin2(’gl2’) (for the 2D Ginzburg–Landau

equation) to invoke an example computation. It is also possible to define your own

PDE using the spinop class. To produce the graphs of Section 4.4.3, we have used

the spincomp code.

Let us mention three exciting articles that are particularly relevant to this chap-

ter and that we have learned about recently. In the first one, the spectral deferred

correction method of Dutt, Greengard and Rokhlin [56] is extended to exponential

integrators [25]. It is found that these schemes are more efficient than ETDRK4 at

high accuracy. The second one develops preconditioned implicit exponential integra-

tors for problems with stiff N [102]. (The exponential integrators we have presented

in this chapter are particularly efficient when the stiffness comes from L, as opposed

to N .) Finally, the third paper investigates algorithms for solving PDEs with spectral

accuracy in both space and time [103].

As we mentioned in the introduction of this chapter, comparisons of exponential

integrators with other time-stepping schemes can be found in, e.g., [66, 84, 88, 89, 99].

For example, Kassam and Trefethen showed in [84] that exponential integrators out-

perform implicit-explicit algorithms for several stiff PDEs in 1D. We shall reach quite

a different conclusion in the next chapter, which concerns the solution of semilinear

stiff PDEs on the sphere.
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Chapter 5

Solving semilinear stiff PDEs on
the sphere∗

5.1 Introduction

In this chapter, we are interested in the computation of smooth solutions of stiff PDEs

on the unit sphere of the form

ut = Lu+N (u), u(t = 0, x, y, z) = u0(x, y, z), (5.1)

where u is a function of time t and coordinates (x, y, z) with x2 + y2 + z2 = 1. In

Chapter 4, we considered 1D, 2D and 3D flat periodic domains; we consider here

a two-dimensional curved periodic domain. The function u can be real or complex

and (5.1) can be a single equation, as well as a system of equations. We restrict our

attention to Lu = α∆u and to a nonlinear nondifferential operator N with constant

coefficients, but the techniques we present can be applied to more general cases. As we

mentioned in Chapter 4, a large number of PDEs of interest in science and engineering

take this form. Examples on the sphere include the (diffusive) Allen–Cahn equation

ut = ε∆u + u − u3 with ε � 1 [55], the (dispersive) focusing nonlinear Schrödinger

equation ut = i∆u+ iu|u|2 [157], the Gierer–Meinhardt [15], Ginzburg–Landau [142]

and Brusselator [168] equations, and many others.

There are several methods to discretize the spatial part of (5.1) with spectral

accuracy, including spherical harmonics [10], radial basis functions (RBFs) [63] and

the double Fourier sphere (DFS) method [107, 125]. The DFS method is the only one

∗This chapter is adapted from a paper with Yuji Nakatsukasa [114]. I derived the Fourier ma-
trices, compared the time-stepping schemes from both a theoretical and practical point of view,
implemented the algorithms and wrote most of the paper. Nakatsukasa proved the realness of the
eigenvalues of the Laplacian matrix (Appendix D) and developed the numerical linear algebra of
Sections 5.2.3 and 5.3.1 jointly with me.

79



that leads to a O(N logN) complexity per time-step, where N is the total number of

grid points in the spatial discretization of (5.1). For spherical harmonics, the cost per

time-step is O(N3/2) since there are no effective “fast” spherical transforms,1 and for

global RBFs [63, Chap. 6], the cost per time-step is O(N2) since these generate dense

differentiation matrices.2 We focus in this chapter on the DFS method and present a

novel formulation operating in coefficient space.

Once the spatial part of (5.1) has been discretized by the DFS method on an

N = n×m uniform longitude-latitude grid, it becomes a system of nm ODEs,

û′ = Lû+ N(û), û(0) = û0, (5.2)

where û(t) is a vector of nm Fourier coefficients and L (an nm× nm matrix) and N

are the discretized versions of L and N . As in Chapter 4, solving (5.2) with generic

explicit time-stepping schemes can be highly challenging because of stiffness. Ex-

ponential integrators—studied in detail in Chapter 4—and implicit-explicit (IMEX)

schemes are two classes of numerical methods that are aimed at treating stiffness.

For exponential integrators, the linear part L is integrated exactly using the matrix

exponential while a numerical scheme is applied to the nonlinear part N. For IMEX

schemes, an explicit formula is used to advance N while an implicit scheme is used

to advance L. We show in this chapter that the DFS method combined with IMEX

schemes leads to O(nm log nm) per time-step algorithms for both diffusive and dis-

persive PDEs, that exponential integrators achieve this complexity for diffusive PDEs

only, and that IMEX schemes outperform exponential integrators in both cases. For

numerical comparisons, we consider two versions of the fourth-order ETDRK4 expo-

nential integrator (4.19) and two fourth-order IMEX schemes, the IMEX-BDF4 [81]

and LIRK4 [27] schemes.

By contrast, Kassam and Trefethen demonstrated in [84] that exponential integra-

tors (ETDRK4) outperform IMEX schemes (IMEX-BDF4); this can be explained by

two factors. First, they focused on problems with diagonal matrices L. (IMEX-BDF4

performed better than ETDRK4 for the only non-diagonal problem they considered.)

For diagonal problems, exponential integrators are particularly efficient since the com-

putation of the matrix exponential is trivial and the matrix exponential is diagonal

1Fast O(N logN) spherical transforms have received significant attention but require so far a
O(N2) precomputational cost [140, 170, 171]. Note that in a recent manuscript [151] Slevinsky
proposed a new fast spherical transform based on conversions between spherical harmonics and
bivariate Fourier series with a lower O(N3/2) precomputational cost. We shall see in Section 5.3.2
that for implicit-explicit schemes with the DFS method, the precomputation is O(N).

2RBF-FD [63, Chap. 7] generate sparse matrices but only achieve algebraic orders of accuracy.
Moreover, the solution time for these sparse matrices is not necessarily O(N).
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Figure 5.1: Initial condition and real part of the solution at times t = 10, 20, 100 of
the Ginzburg–Landau equation computed by the spinsphere code. This solution is
oriented in a direction at a π/8 angle from the north-south axis, so the symmetry
maintained in the computations is a reflection of global accuracy.

too (hence, its action on vectors can trivially be computed in linear time). Second,

IMEX-BDF4 is unstable for dispersive PDEs since it is based on the fourth-order

backward differentiation formula, which is unstable for dispersive PDEs—this is why

Kassam and Trefethen could not make it work for the KdV equation. In this chapter,

the matrices we work with are not diagonal but have a sparsity structure that makes

IMEX schemes particularly efficient, and we consider not only IMEX-BDF4 but also

LIRK4, which is stable for dispersive PDEs.

There are libraries for solving time-dependent PDEs on the sphere, including

SPHEREPACK [2] and FEniCS [139]. However, none of these are aimed at solving

stiff PDEs and easily allow for computing in an integrated environment. The algo-

rithms we shall describe in this chapter are aimed at solving stiff PDEs, and have

been implemented in MATLAB and made available as part of Chebfun. The recent

extension of Chebfun to the sphere [163] provides a very convenient framework for

working with functions on the sphere. For example, the function

f(λ, θ) = cos(1 + cosλ sin(2θ)) (5.3)

can be approximated to machine precision by the following command:

f = spherefun(@(lam,th) cos(1 + cos(lam).*sin(2*th)));

Using spherefun objects as initial conditions, the spinsphere code allows one to

solve stiff PDEs with a few lines of code (using IMEX-BDF4 for diffusive and LIRK4

for dispersive PDEs). Together with the spin/spin2/spin3 codes for solving PDEs

in 1D/2D/3D periodic domains, it is one of the most exciting additions to Chebfun in
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recent years. For example, the following MATLAB code solves the complex Ginzburg–

Landau equation3 ut = 10−4∆u+u−(1+1.5i)u|u|2 with 1024 grid points in longitude

and latitude and a time-step h = 10−1:

n = 1024; % number of grid pts

h = 1e-1; % time-step

tspan = [0 100]; % time interval

S = spinopsphere(tspan); % initialize operator

S.lin = @(u) 1e-4*lap(u); % linear part

S.nonlin = @(u) u-(1+1.5i)*u.*abs(u).^2; % nonlinear part

u0 = @(x,y,z) 1/3*(cos(40*x)+cos(40*y)+cos(40*z)); % initial cond.

th = pi/8; c = cos(th); s = sin(th); % pi/8 rotation

S.init = spherefun(@(x,y,z)u0(c*x-s*z,y,s*x+c*z)); % rotated initial cond.

u = spinsphere(S, n, h); % solve

The initial condition and the solution at times t = 10, 20, 100 are shown in Figure 5.1.

This chapter is structured as follows. In the next section, we review the DFS

method and present a new Fourier spectral method in coefficient space, which, using

multiplication matrices that differ from the usual ones, avoids the coordinate sin-

gularity, takes advantage of sparse direct solvers, and maintains smoothness at the

poles, The time-stepping schemes are presented in Section 5.3 while Section 5.4 is

dedicated to numerical comparisons on simple PDEs.

5.2 A Fourier spectral method in coefficient space

We present in this section a Fourier spectral method for the discretization of (5.1),

based on the DFS method and the Fourier multiplication matrices of Section 2.3.2.

The accuracy of the method is tested by solving the Poisson and heat equations.

5.2.1 The double Fourier sphere method

The DFS method uses the longitude-latitude coordinate transform,

x = cosλ sin θ, y = sinλ sin θ, z = cos θ, (5.4)

with (λ, θ) ∈ [−π, π]× [0, π]. The azimuth angle λ corresponds to the longitude while

the polar (or zenith) angle θ corresponds to the latitude.4 A function u(x, y, z) on

3As we mentioned in Chapter 4, the Ginzburg–Landau equation in 2D goes back to the 1970s with
the work of Stewartson and Stuart [152]. Rubinstein and Sternberg studied it on the sphere [142],
with applications in the study of liquid crystals [132] and nonequilibrium patterns [135].

4To be precise, θ is the colatitude, defined as “π/2 minus latitude” with latitude in [−π/2, π/2].
For simplicity, we will refer to it as latitude. Note that θ = 0 corresponds to the north pole and
θ = π to the south pole.
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the sphere is written as u(λ, θ) using (5.4), i.e.,

u(λ, θ) = u(cosλ sin θ, sinλ sin θ, cos θ), (λ, θ) ∈ [−π, π]× [0, π], (5.5)

and (5.1) with L = α∆ becomes

ut = α∆u+N (u), u(t = 0, λ, θ) = u0(λ, θ), (λ, θ) ∈ [−π, π]× [0, π]. (5.6)

Note that the function u(λ, θ) in (5.5) is 2π-periodic in λ but not periodic in θ. The

key idea of the DFS method—developed by Merilees [107] and further studied by

Orszag [125] in the 1970s, and recently revisited by Townsend et al. with the use

of low-rank approximations [163]—is to associate a function ũ(λ, θ) with u(λ, θ), 2π-

periodic in both λ and θ, defined on [−π, π] × [−π, π], and constant along the lines

θ = 0 and θ = ±π corresponding to the poles. Mathematically, the function ũ(λ, θ)

is defined as

ũ(λ, θ) =


u(λ, θ), (λ, θ) ∈ [−π, π]× [0, π],
u(λ+ π,−θ), (λ, θ) ∈ [−π, 0]× [−π, 0],
u(λ− π,−θ), (λ, θ) ∈ [0, π]× [−π, 0].

(5.7)

The function u is “doubled-up” in the θ-direction and flipped; see, e.g., [163, Fig. 1].

Since the function ũ is 2π-periodic in both λ and θ, it can be approximated by its 2D

trigonometric interpolant,5

ũ(λ, θ) ≈
m/2∑

j=−m/2

′
n/2∑

k=−n/2

′ ûjke
i(jθ+kλ). (5.8)

The numbers n and m are assumed to be even (this will be the case throughout

this chapter) and the primes on the summation signs mean that the boundary terms

j = ±m/2 or k = ±n/2 are halved. The Fourier coefficients are defined by

ûjk =
1

nm

m∑
p=1

n∑
q=1

ũ(λq, θp)e
−i(jθp+kλq), −m

2
≤ j ≤ m

2
− 1, −n

2
≤ k ≤ n

2
− 1, (5.9)

with ûj,n/2 = ûj,−n/2 for all j and ûm/2,k = û−m/2,k for all k, and correspond to a 2D

uniform grid with n points in longitude and m points in latitude,

λq = −π + (q − 1)
2π

n
, 1 ≤ q ≤ n, θp = −π + (p− 1)

2π

m
, 1 ≤ p ≤ m. (5.10)

The nm Fourier coefficients ûjk can be computed by sampling ũ on the grid and using

the 2D FFT, costing O(nm log nm) operations. In practice we take m = n since it

5As in Chapter 4, we assume that the grid sizes n andm are large enough so the Fourier coefficients
û(t) of ũ(λ, θ) and those of its trigonometric interpolant are indistinguishable.
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leads to the same resolution in each direction around the equator where the spacing

is the coarsest.

As mentioned in [163], every smooth function u(λ, θ) on the sphere is associated

with a smooth bi-periodic function ũ(λ, θ) on [−π, π]2 via (5.7), but the converse is not

true since smooth bi-periodic functions might not be constant along the lines θ = 0

and θ = ±π corresponding to the poles. To be smooth on the sphere, functions of

the form (5.7) have to satisfy the pole conditions, which asserts that ũ(λ, θ) is single-

valued at the poles despite the fact that latitude circles degenerate into a single point

there. For approximations of the form (5.8)–(5.9), this is given by

m/2∑
j=−m/2

′ ûjk =

m/2∑
j=−m/2

′ (−1)jûjk = 0, |k| ≥ 1. (5.11)

As we will see in the numerical experiments presented of Sections 5.2.4 and 5.2.5, when

solving a PDE involving the Laplacian operator, if the right-hand side (for Poisson’s

equation) or the initial condition (for the heat equation) is a smooth function on the

sphere, then the solutions obtained with our DFS method are also smooth functions

on the sphere. Therefore, we do not have to impose the conditions (5.11). Similarly,

we do not impose the “doubled-up” symmetry in (5.7), as it was preserved throughout

our experiments (we leave as an open problem to prove this). For brevity we only

illustrate the condition (5.11) in our experiments.

Let us finish this section with some comments about Fourier series for solving

PDEs on the sphere. One way of using them is to use standard double Fourier series

on a “doubled-up” version of u, i.e., the DFS method (5.7)–(5.9). This is what

Merilees did and, combined with a Fourier spectral method in value space, he solved

the shallow water equations [107]. Another way is to use half-range cosine or sine

series [21, 37, 125, 147, 175]—after all, spherical harmonics are represented as proper

combinations of half-ranged cosine or sine series. For example, Orszag [125] suggested

the use of approximations of the form

u(λ, θ) ≈
n/2∑

k=−n/2

n/2∑
j=0

ûjk sins θ cos jθeikλ, (5.12)

where s = 0 if k is even, s = 1 if k is odd. (Note that the Fourier series in (5.12)

approximates u directly, as opposed to ũ.) When using half-range cosine or sine terms

as basis functions, one must be careful that the pole conditions are satisfied. One can

either select basis functions that satisfy the pole conditions or impose a constraint

on the Fourier coefficients to enforce it. For solving PDEs involving the Laplacian
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operator (in both value and coefficient spaces), Orszag imposed certain constraints

on the coefficients ûjk in (5.12), analogous to those in (5.11),

n/2∑
j=0

ûjk =

n/2∑
j=0

(−1)jûjk = 0, |k| ≥ 2. (5.13)

Boyd [21] studied Orszag’s method and showed that the constraints (5.13) are actually

not necessary for solving time-independent PDEs in value space but mentioned that

the “absence of pole constraints is still risky” when working with coefficients.

The spectral method we present in this chapter is based on Merilees’ approach and

is similar to the method of Townsend et al. [163], but the Fourier multiplication ma-

trices we use are different. It is simpler to implement than the half-range cosine/sine

methods since there are no constraints to impose, and gives comparable accuracy.

5.2.2 Fourier multiplication matrices in coefficient space

The Laplacian operator on the sphere is given by

∆u =
1

sin θ

(
sin θ uθ

)
θ

+
1

sin2 θ
uλλ, (5.14)

which we write as

∆u = uθθ +
cos θ sin θ

sin2 θ
uθ +

1

sin2 θ
uλλ. (5.15)

In this section, we show how to construct a matrix for multiplication by sin2 θ that

is nonsingular, using the matrices presented in Section 2.3.2. This is crucial because

some of the time-stepping methods we shall describe in Section 5.3 need to compute

the inverse of such a matrix.

To multiply by sin2 θ we apply (2.38) with a(θ) = sin2(θ) and note that multiplying

by sin2 θ will increase the length of the representation by a factor of four. The resulting

matrix for multiplication by sin2 θ, which we denote by Tsin2 , is given by

Tsin2 = QMsin2(:, 3 : m+ 3)P, (5.16)

where Msin2 is the (m+ 1 + 4)× (m+ 1 + 4) matrix defined by

Msin2 =



1
2

0 −1
4

0 1
2

0 −1
4

−1
4

0
. . . . . . . . .

−1
4

. . . . . . . . . . . .

. . . . . . . . . . . . −1
4

. . . . . . . . . 0

−1
4

0 1
2


, (5.17)
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P is given by (2.32), and Q is the following m× (m+ 1 + 4) matrix,

Q =


0 0 1 1 0 0

1
. . .

1 0 0 0

 . (5.18)

This leads to

Tsin2 =



1
2

0 −1
4

−1
4

0

0 1
2

0 −1
4

0

−1
8

0
. . . . . . . . .

−1
4

. . . . . . . . . . . .

−1
4

. . . . . . . . . −1
4

. . . . . . . . . . . . −1
4

−1
8

−1
4

. . . 1
2

0

0 0 −1
4

0 1
2


. (5.19)

Using the Gershgorin circle theorem [173] we see that the m × m matrix (5.19) is

nonsingular since it is row diagonally dominant, with strict diagonal dominance in

the second row, and irreducible.

Let us add some comments about (5.19). If we operated in value space, we would

obtain a singular matrix, since the multiplication matrix in value space, Mv
sin2 , a

diagonal matrix with entries {sin2 θp}mp=1, has two zeros corresponding to θp = −π
and θp = 0. (The standard remedy in that case is to shift the θ-grid so that it does

not contain the poles [107].) From this matrix, we can obtain a multiplication in

coefficient space by multiplying by the DFT matrix F and its inverse,

FMv
sin2F−1 =



1
2

0 −1
4

−1
4

0

0 1
2

0 −1
4

−1
4

−1
4

0
. . . . . . . . .

−1
4

. . . . . . . . . . . .

. . . . . . . . . . . . −1
4

. . . . . . . . . . . . −1
4

−1
4

−1
4

. . . 1
2

0

0 −1
4

−1
4

0 1
2


. (5.20)

This matrix is indeed singular since F defines a unitary transformation, and its null

space contains the vectors (1, 1, . . .)T and (1,−1, 1,−1, . . .)T , which correspond to the

Fourier coefficients of the delta functions at θ = 0 and θ = −π.
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In [163], the authors use the m×m version of (5.17) (which is also nonsingular)

as opposed to (5.19); this leads to incorrect results for trigonometric polynomials of

degree m/2 − 2. To illustrate this, let us consider m = 6 and multiply sin2(θ) by

a trigonometric polynomial of degree m/2 − 2 = 1, e.g., cos(θ). In the representa-

tion (2.30), the function cos(θ) = 1/2(e−iθ + eiθ) has coefficients

c =
(

0, 0,
1

2
, 0,

1

2
, 0
)T
, (5.21)

while the product cos(θ) sin(θ) = −1/8(e−3iθ + e3iθ) + 1/8(e−iθ + eiθ) has coefficients

d =
(
− 1

4
, 0,

1

8
, 0,

1

8
, 0
)T
. (5.22)

For m = 6, we have

Tsin2 =



1
2

0 −1
4

0 −1
4

0
0 1

2
0 −1

4
0 0

−1
8

0 1
2

0 −1
4

0
0 −1

4
0 1

2
0 −1

4

−1
8

0 −1
4

0 1
2

0
0 0 0 −1

4
0 1

2

 , Tsin2 c =
(
− 1

4
, 0,

1

8
, 0,

1

8
, 0
)T

= d,

(5.23)

while

Msin2 =



1
2

0 −1
4

0 0 0
0 1

2
0 −1

4
0 0

−1
4

0 1
2

0 −1
4

0
0 −1

4
0 1

2
0 −1

4

0 0 −1
4

0 1
2

0
0 0 0 −1

4
0 1

2

 , Msin2 c =
(
− 1

8
, 0,

1

8
, 0,

1

8
, 0
)T
6= d.

(5.24)

Similarly, the matrix for multiplication by cos θ sin θ is the product of three ma-

trices,

Tcos sin = QMcos sin(:, 3 : m+ 3)P, (5.25)

with

Mcos sin =



0 0 i
4

0 0 0 i
4

− i
4

0
. . . . . . . . .

− i
4

. . . . . . . . . . . .

. . . . . . . . . . . . i
4

. . . . . . . . . 0

− i
4

0 0


, (5.26)
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Figure 5.2: Sparsity pattern of the matrix zTsin2 +wTsin2Li (left), and its L (middle)
and U (right) factors for m = 16. Triangular systems involving L and U are solvable
in O(m) operations.

and is given by

Tcos sin =



0 0 i
4

− i
4

0

0 0 0 i
4

0

− i
8

0
. . . . . . . . .

− i
4

. . . . . . . . . . . .

− i
4

. . . . . . . . . i
4

. . . . . . . . . . . . i
4

i
8

− i
4

. . . 0 0

0 0 − i
4

0 0


. (5.27)

5.2.3 Laplacian matrix and linear systems

We want to discretize the Laplacian operator (5.15) with a matrix L using a Fourier

spectral method in coefficient space on an n×m uniform longitude-latitude grid (5.10),

and we look for a solution of the form (5.8)–(5.9). Using Kronecker products, we can

write L as

L = In ⊗ (D(2)
m + T−1

sin2Tcos sinDm) + D(2)
n ⊗ (T−1

sin2), (5.28)

where Tsin2 and Tcos sin have been defined in the previous section, In is the n × n

identity matrix, and Dm and D
(2)
m are the differentiation matrices (2.35) and (2.36).

Note that L is block diagonal with n dense blocks of size m ×m. Let us emphasise

that the n blocks correspond to the n longitudinal wavenumbers −n/2 ≤ k ≤ n/2−1

and that the size m of each block corresponds to the m latitudinal wavenumbers

−m/2 ≤ j ≤ m/2− 1.
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Some of the time-stepping schemes we shall describe in Section 5.3 involve solving

linear systems of the form (zInm+wL)x = b, where Inm denotes the nm×nm identity

matrix. Fortunately, the matrix structure allows for a linear-cost direct solver. The

key observation is that L is block diagonal, and each m×m block Li of L,

Li = D(2)
m + T−1

sin2Tcos sinDm + D(2)
n (i, i)T−1

sin2 , (5.29)

is dense but (zIm +wLi)x = b can be solved in O(m) operations since it is equivalent

to solving

(zTsin2 + wTsin2Li)x = Tsin2b, (5.30)

and (zTsin2 + wTsin2Li) is pentadiagonal with two (near-)corner elements. There-

fore, using a sparse direct solver based on the standard LU factorization without

pivots [43], the L and U factors have the sparsity patterns indicated in Figure 5.2

(due to the diagonal dominance in most blocks, the LU factorization without pivot-

ing completes without breaking down6). Since L and U have at most three nonzero

elements per column and row respectively, each triangular linear system is solvable in

O(m) operations; thus once an LU factorization is computed, the linear system (5.30)

can be solved in O(m) operations. Therefore, linear systems of the form

(zInm + wL)x = b (5.31)

can be solved blockwise in O(nm) operations.7 Because of the structure of the LU

factors (every other term is zero, see Figure 5.2), the coefficients one gets when solving

systems of the form (5.31) have the property that the even modes in λ correspond to

even functions in θ and the odd modes to odd functions.

5.2.4 Poisson’s equation

To test the accuracy of (5.28), we first solve a time-independent PDE, Poisson’s

equation, with a zero-mean condition for uniqueness,

∆u = f(λ, θ), (λ, θ) ∈ [−π, π]× [0, π],∫ π

0

∫ π

−π
u(λ, θ) sin θdλdθ = 0,

(5.32)

6For the IMEX schemes of Section 5.3.2, we can prove that all the blocks but one are diagonally
dominant; for ETDRK4-CF (see Section 5.3.1), the diagonal dominance is violated much more
frequently. Nonetheless, diagonal dominance is merely a sufficient condition for the LU factorization
to not require pivoting, and in practice, all the methods result in linear systems for which the LU
factorization causes no stability issues.

7In practice we do not solve linear systems of the form (5.31) blockwise, i.e., by solving n linear
systems (5.30). (If we were solving these linear systems blockwise, we could use parallel computing.)
Instead, a more efficient approach is to store the left-hand sides of (5.30) altogether as a sparse
matrix and use MATLAB’s sparse linear solver.
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where f also has zero mean on [−π, π] × [0, π]. Using the DFS method, we seek a

solution ũ of the “doubled-up” version of (5.32),

∆ũ = f̃(λ, θ), (λ, θ) ∈ [−π, π]2,∫ π

0

∫ π

−π
ũ(λ, θ) sin θdλdθ = 0,

(5.33)

of the form (5.8)–(5.9). The true solution u can be recovered by restricting ũ to

(λ, θ) ∈ [−π, π]×[0, π]. (Note that the zero-mean condition in (5.33) is on the original

domain [−π, π] × [0, π] since ũ must coincide with u on this domain.) Townsend et

al. [163] showed that the zero-mean condition can be discretized as∫ π

0

∫ π

−π
ũ(λ, θ) sin θdλdθ ≈

m/2∑
j=−m/2

′
n/2∑

k=−n/2

′ ûjk

∫ π

0

sin θeijθdθ

∫ π

−π
eikλdλ

= 2π

m/2∑
j=−m/2

′ ûj0
1 + eijπ

1− j2
= 0.

(5.34)

Poisson’s equation (5.33) is then discretized by

Lû = f̂ , (5.35)

where û and f̂ are the vectors of nm Fourier coefficients (5.9) of ũ and f̃ , and L is

the Laplacian matrix (5.28). We impose the zero-mean condition by replacing the

(m/2 + 1)st row of the (n/2 + 1)st block of L by (5.34).8 Note that, given the Fourier

coefficients of ũ and f̃ , (5.35) can be solved in O(nm) operations since it is of the

form (5.31) with z = 0.

Since the Laplacian operator on the sphere has real eigenvalues −l(l + 1), l ≥ 0,

with eigenfunctions the spherical harmonics Y m
l (λ, θ) [10], a simple test is to take the

right-hand side f to be a spherical harmonic Y m
l . In this case, the exact solution is

u = −1/[l(l + 1)]Y m
l . A slightly more complicated test is given in [37] and this is

what we shall present here. We solve Poisson’s equation for a family of right-hand

sides fl defined by

fl(λ, θ) = l(l + 1) sinl θ cos(lλ) + (l + 1)(l + 2) cos θ sinl θ cos(lλ), l ≥ 1. (5.36)

The exact solution uexl (λ, θ) is given by

uexl (λ, θ) = − sinl θ cos(lλ)− cos θ sinl θ cos(lλ), l ≥ 1. (5.37)

8The (n/2 + 1)st block of L corresponds to longitudinal wavenumber k = 0 while the (m/2 + 1)st
row of this block corresponds to latitudinal wavenumber j = 0.
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Figure 5.3: Variation of the relative error log10E and of the error in the pole con-
ditions log10 P with wavenumber l for m = n = 128. The accuracy is excellent for
every wavenumber 1 ≤ l ≤ 64.

We compute the solutions ul for m = n = 128 grid points in each direction for

1 ≤ l ≤ 64 and, following [37, Fig. 1], we plot the logarithm (base 10) of the relative

L2-error E,

E =
||ul(λ, θ)− uexl (λ, θ)||2

||uexl (λ, θ)||2
, (5.38)

with (continuous) L2-norm on the sphere || · ||2, against l. (The L2-norm of a

spherefun can be computed in Chebfun with the norm command.) We also plot

the logarithm of the error P in satisfying the pole conditions (5.11), i.e.,

P = max

(
max
k 6=0

∣∣∣∣∣
m/2∑

j=−m/2

′ ûljk

∣∣∣∣∣,max
k 6=0

∣∣∣∣∣
m/2∑

j=−m/2

′ (−1)jûljk

∣∣∣∣∣
)
, (5.39)

where the ûljk are the Fourier coefficients of ũl; see Figure 5.3. The accuracy is

excellent; the results are similar to those shown in [37, Fig. 1] and to results we have

obtained with the Poisson solver of [163] (although the discretization matrices are

different as noted in Section 5.2.2, the effect on the solution is negligible when m and

n are taken large enough).

5.2.5 Heat equation

As we mentioned in the introduction, Orszag [125] and Boyd [21] showed that when

solving a time-dependent PDE involving the Laplacian with half-range cosine/sine
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series à la (5.12), it is crucial to impose the pole conditions (5.13); otherwise, they

observed that “the numerical solution still converged as the time step was shortened—

to a wildly wrong answer” [21]. Therefore, let us now test the accuracy of our method

with a time-dependent PDE, and illustrate that the pole conditions (5.11) is also

automatically satisfied in this case.

We consider the heat equation with a thermal diffusivity and an initial condition

that lead to a particularly simple exact solution,

ut =
1

l(l + 1)
∆u, u(t = 0, λ, θ) = Y m

l (λ, θ), (λ, θ) ∈ [−π, π]× [0, π]. (5.40)

The exact solution is uex(t, λ, θ) = e−tY m
l (λ, θ). Using the DFS method, we seek a

solution ũ of the “doubled-up” version of (5.40),

ũt =
1

l(l + 1)
∆ũ, ũ(t = 0, λ, θ) = Y m

l (λ, θ), (λ, θ) ∈ [−π, π]2, (5.41)

of the form

ũ(t, λ, θ) ≈
m/2∑

j=−m/2

′
n/2∑

k=−n/2

′ ûjk(t)e
ijθeikλ. (5.42)

We discretize the Laplacian operator with (5.28) and use the fourth-order backward

differentiation formula to march in time. We take l = 64, ũ(t = 0, λ, θ) = Y 64
64 (λ, θ),

m = n = 128 grid points and solve (5.41) up to t = 1 for various time-steps h. We

plot the relative L2-error E at t = 1,

E =
||u(t = 1, λ, θ)− uex(t = 1, λ, θ)||2

||uex(t = 1, λ, θ)||2
, (5.43)

and the error in the pole conditions (as defined in (5.39)) against h; the error E scales

as O(h4), see Figure 5.4. (With m = n = 128 grid points, the error due to the spatial

discretization is small compared to the error due to the time discretization, so we are

really measuring the latter.)

5.2.6 Bound for the eigenvalues of the Laplacian matrix

As mentioned in Section 5.2.4, the eigenvalues of the Laplacian operator are −l(l+1),

for integers l ≥ 0. What about the eigenvalues of the Laplacian matrix (5.28)? We

show in Appendix D that they are all real and nonpositive, and have observed numer-

ically that some of them are spectrally accurate approximations to the eigenvalues

−l(l+1), but some others, the so-called outliers [164, Chap. 10], are of order O(n2m2)

as n = m → ∞. We shall prove the latter fact below. These large eigenvalues are

92



10
-4

10
-3

10
-2

10
-1

time-step h

10
-16

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

O(h4)

E

P

Figure 5.4: Variation of the relative error E at t = 1 and of the error in the pole
conditions P with time-step h for m = n = 128. The error E scales as O(h4). Note
that the initial condition Y 64

64 (λ, θ) corresponds to the highest wavenumbers that can
be resolved on a 128× 128 grid.

meaningless physically but of crucial importance in practice since for time-stepping

algorithms applied to (5.2) to be stable, we need the eigenvalues of (5.28), scaled by

the time-step, to lie in their stability region.

We examine now the largest (in magnitude) eigenvalues of (5.28). It suffices to

examine each block

Li =
(
D(2)
m + T−1

sin2Tcos sinDm + D(2)
n (i, i)T−1

sin2

)
, (5.44)

whose largest eigenvalue can be bounded as

|λmax(Li)| ≤ ‖Li‖ ≤ ‖D(2)
m ‖+ ‖T−1

sin2‖‖Tcos sinDm + D(2)
n (i, i)Im‖. (5.45)

We trivially have ‖D2
m‖ = O(m2) and

‖Tcos sinDm + D(2)
n (i, i)Im‖ ≤ ‖Tcos sinDm‖+ |D(2)

n (i, i)| = O(m+ i2). (5.46)

It remains to bound ‖T−1
sin2‖; we claim that this is O(m2). To verify this, recall-

ing (5.16), we first examine Msin2 . Its eigenvalues are explicitly known to be

σj =
1

2

(
cos(πj/(m/2 + 1)) + 1

)
, 1 ≤ j ≤ m/2, (5.47)
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Figure 5.5: Variation of |λmax(L)| with m = n; the bound (5.50) is accurately reflected.

with each eigenvalue of multiplicity two. Since Msin2 is symmetric positive definite,

these are also its singular values. Now, using σmin(ABC) ≥ σmin(A)σmin(B)σmin(C),

σmin(P) = 1√
2

and σmin(Q) = 1, we have

σmin(Tsin2) ≥ 1√
2
σmin(Msin2(:, 3 : m+ 3)). (5.48)

The bottom m × m part of Msin2(:, 3 : m + 3) has singular values σj. Since the

singular values have the monotonicity property σi
([

A
B

])
≥ σi(B) if B is square (or

tall-skinny), we have

σmin(Msin2(:, 3 : m+ 3)) ≥ σmin(Msin2(3 : m+ 3, 3 : m+ 3)) = min
j
σj, (5.49)

with minj σj = O(1/m2). Therefore we obtain ‖T−1
sin2‖ = 1/σmin(Tsin2) = O(m2), as

claimed. We conclude that ‖Li‖ = O(i2m2); since this holds for every i, it gives

|λmax(L)| = O(n2m2 +m3) = O(n2m2), (5.50)

when m = n. We illustrate (5.50) in Figure 5.5, which suggests that it is sharp.

The fact that the largest eigenvalue has order n2m2 makes time-dependent PDEs

on the sphere particularly stiff. This is a consequence of the second order of the

Laplacian operator and the clustering of the points near the poles in (5.47). It would

imply severe restrictions on the time-steps for generic explicit algorithms—this is

why we use exponential integrators and IMEX schemes, which we describe next. (In
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the literature, the severe time-stepping restrictions due to uniform longitude-latitude

grids is sometimes called the pole problem [21, 125]). Note that the time-stepping

restrictions resulting from the clustering near the poles can be addressed by truncating

high-frequency terms in the space discretization (see, e.g., [61, Sec. 2.1.6] and [64]).

However, this approach does not overcome stiffness resulting from the second-order

operator.

5.3 Fourth-order time-stepping on the sphere

Using the DFS method, we seek a solution ũ of the “doubled-up” version of (5.6),

ũt = α∆ũ+N (ũ), ũ(t = 0, λ, θ) = ũ0(λ, θ), (λ, θ) ∈ [−π, π]2, (5.51)

of the form (5.42). Discretizing the Laplacian operator with the Laplacian ma-

trix (5.28), we obtain the system of nm ODEs (5.2) where L is (5.28) multiplied

by α. Time is discretized with time-step h and the problem is to find the Fourier

coefficients ûn+1 of ũ at tn+1 = (n+ 1)h from the coefficients ûn at tn = nh and also

coefficients at previous time-steps (for multistep schemes). Note that, in practice,

nonlinear evaluations N(ûn) are carried out in value space.

We present in this section four time-stepping algorithms for solving (5.2), and

show how it is possible to achieve O(nm log nm) complexity per time-step in most

cases. Two of them are based on the ETRDK4 exponential integrator (4.19) with

different strategies for computing the matrix exponential and related functions, while

the two others are IMEX schemes. As before, we have observed numerically that

these schemes combined with our spatial discretization preserve both the “doubled-

up” symmetry (5.7) and the pole conditions (5.11), i.e., if one starts with a smooth

“doubled-up” initial condition, then the solution at time t is also a smooth “doubled-

up” function.

5.3.1 Exponential integrators

Based on the experience of the last chapter, we take as representative exponential

integrator the ETDRK4 scheme (4.19). When all the eigenvalues of L are real (i.e.,

α ∈ R, diffusive PDE), matrix-vector products ϕl(hL)v can be evaluated using ratio-

nal approximations computed by the Carathéodory–Fejér (CF) method, as described

in [143]. If L has some imaginary eigenvalues—the extreme case being when all the

eigenvalues are imaginary (i.e., α ∈ iR, dispersive PDE)—methods based on rational
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approximations necessarily become expensive, and the ϕ-functions have to be pre-

computed before the time-stepping starts, e.g., using the eigenvalue decomposition of

L and contour integrals.9 We denote by ETDRK4-CF the method with CF approxi-

mations and by ETDRK4-EIG the method with eigenvalue decomposition. We shall

give details about the precomputation of the coefficients for both ETDRK4-CF and

ETDRK4-EIG below.

Note that Du and Zhu computed in [54] the stability region of (4.19) and showed

that it includes parts of both the negative real axis and the imaginary axis.

ETDRK4-CF When all the eigenvalues of L are real, one can compute matrix-

vector products ϕl(hL)v inO(mn) operations using near-best rational approximations

to the ϕ-functions on the negative real axis. For an efficient implementation, we use

the algorithm that uses common poles for approximating the exponential and other

ϕ-functions [143], as we summarize below. Using the CF method for the negative real

line [165], we obtain a rational approximant

ez ≈ r∞ +

p∑
j=1

cj
z − zj

, (5.52)

which has error decaying like ≈ 9.28903−p with a type (p, p) function. (We use the

MATLAB cf code of Trefethen, Weideman and Schmelzer [167] in our experiments.)

To obtain an approximant to ϕl(z) using the approximant (5.52) to ez = ϕ0(z), we

use the fact [143, Prop. 4.1] that defining

Bz =

(
z 1
0 0

)
(5.53)

we have

ϕl(Bz) =

(
ϕl(z) ϕl+1(z)

0 ϕl(0)

)
, l ≥ 0. (5.54)

Together with the identity

(Bz − zjI)−1 =

(
(z − zj)−1 (z − zj)−1z−1

j

0 −z−1
j

)
, (5.55)

we obtain the approximation

ϕl(z) ≈
p∑
j=1

cjz
−l
j

z − zj
, l ≥ 0. (5.56)

9A comparison of methods for computing the ϕ-functions can be found in [9].
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As suggested in [143, Prop. 4.1], we further incorporate a shift 1 in (5.52), which with

p = 12 gives accuracy ≈ 10−10 on the negative real axis for all ϕl, 0 ≤ l ≤ 3. (The

accuracy is ≈ 10−8 with p = 10.) Given (5.52) and (5.56), evaluating ϕl(hL)b for a

vector b as in (4.19) can be approximated as

ϕl(hL)b ≈
p∑
j=1

cjz
−l
j (hL− zjI)−1b, 0 ≤ l ≤ 3, (5.57)

which reduces to p = 12 shifted linear systems of the form (5.31), which we do with

linear cost, as described in Section 5.2.3. In practice, we compute and store the LU

factorizations of the matrices that appear in (5.57) before the time-stepping starts.

Note that computing different products ϕl(hL)v at once with the same v requires no

further linear systems.

Let us emphasize three aspects of this approach. First, it is not necessary to ex-

plicitly compute and store the ϕ-functions; instead, their action on vectors is directly

computed via (5.57). Second, the most expensive operation is the 2D FFT, which

costs O(nm log nm) operations; see Table 5.1. Third, this method is not applicable

when L has some imaginary eigenvalues; this is because low-degree rational functions

are unable to approximate the exponential on the imaginary axis, which is oscilla-

tory. In this case one has to compute and store the ϕ-functions, and the complexity

increases to O(nm2) per time-step, as we describe next.

ETDRK4-EIG To compute the ϕ-functions, one can use a method based on eigen-

values and eigenvectors. The idea is to diagonalize L = VΛV−1 and then apply the

ϕ-functions to the eigenvalues,

ϕl(hL) = Vϕl(hΛ)V−1, 0 ≤ l ≤ 3, (5.58)

with

ϕl(hΛ) =


ϕl(hλ1)

ϕl(hλ2)
. . .

ϕl(hλnm)

 . (5.59)

For a general nm × nm matrix L, this would require O(n3m3) operations, but for

the Laplacian matrix (5.28), this can be done blockwise in O(nm3) operations. Note

that this corresponds to Method 14 of [110]. Theoretically, this approach only works

when L is nondefective, that is, when it has a complete set of linearly indepen-

dent eigenfunctions—this is a well known result for the Laplacian operator on the
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therefore, an approach based on eigenvalues and eigenvectors for the computation of
the ϕ-functions is effective.

sphere [10]. In practice, difficulties occur when the discretizaion L is “nearly” defec-

tive, i.e., when the condition number cond(V) = ||V|| ||V−1|| is large. Fortunately,

we have observed numerically that the condition number is small and of order m as

m = n increases; see Figure 5.6.

Once we have computed the eigenvalue decomposition, we evaluate the ϕ-functions

at each scaled eigenvalue hλ using Cauchy’s integral formula, as in Section 4.2.2.

The precomputation step costs O(nm3) operations, while the cost per time-step

is O(nm2) since one has to compute block diagonal matrix-vector products ϕl(hL)v;

see Table 5.1.

5.3.2 Implicit-explicit schemes

We present in this section the two IMEX schemes we consider in this chapter. The

first one, IMEX-BDF4 [8], is a multistep scheme which is stable only for diffusive

PDEs. The second one, LIRK4 [27], is a one-step scheme, stable for both diffusive

and dispersive PDEs.

IMEX-BDF4 Following Kassam and Trefethen [84], we consider a scheme known

either as SBDF4 (in [8]), AB4BD4 (in [42]) or IMEX-BDF4 (in [81]), which combines

a fourth-order Adams–Bashforth formula and a fourth-order backward differentiation
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Table 5.1: Computational costs (per time-step) of the time-stepping algorithms with
p = 12 in the CF approximation. The IMEX-BDF 4 scheme is particularly cheap
while for ETDRK 4-CF one needs to solve an extremely large number of linear systems.
ETDRK 4-EIG is the only scheme that has a O(nm2) cost per time-step and a O(nm3)
precomputation step. Precomputations for the other schemes (LU factorizations) cost
O(nm) operations.

ETDRK4 IMEX

CF EIG BDF4 LIRK4

# O(nm log nm) FFTs 8 8 2 12

# O(nm) linear solves 9p = 108 0 1 5

# O(nm2) matrix-vector products 0 9 0 0

diffusive PDEs X X X X

dispersive PDEs × X × X

scheme in a nontrivial way. The method is given by:

(25Inm − 12hL)ûn+1 = 48ûn − 36ûn−1 + 16ûn−2 − 3ûn−3 + 48hN(ûn)

− 72hN(ûn−1) + 48hN(ûn−2)− 12hN(ûn−3).
(5.60)

At each time-step, one has to solve a linear system to get the Fourier coefficients ûn+1,

which we do with linear cost by multiplying each block of (5.60) by Tsin2 , as explained

in Section 5.2.3. Therefore, the dominant cost in (5.60) is the O(nm log nm) 2D FFT

for the nonlinear evaluations; see Table 5.1.

Let us add three comments about (5.60). First, the LU factorization of the left-

hand side is computed and stored before the time-stepping starts. Second, this is a

multistep formula so it has to be started with a one-step scheme—in the numerical

comparisons of Section 5.4, we initialize it with three steps of ETDRK4-CF. Third, it

is unstable for dispersive PDEs since the stability region of the fourth-order backward

differentiation formula does not contain the portion of the imaginary axis near the

origin. In these cases, one can use IMEX Runge–Kutta schemes [27, 86, 127] or

extrapolation-based IMEX schemes [32, 40]. We have decided to focus on the former.

LIRK4 IMEX Runge–Kutta schemes combine explicit Runge–Kutta formulas to

adavance the nonlinear part and implicit Runge–Kutta to advance the linear part [27,

86, 127]. In this chapter, we use the fourth-order LIRK4 scheme of Calvo, de Frutos
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and Novo [27]. This combines an implicit L-stable five-stage fourth-order Runge–

Kutta method, whose Butcher tableau is given in [69, Table 6.5], with a six-stage

fourth-order explicit Runge–Kutta method, whose coefficients were derived in [27].

The formula for this scheme is:

(Inm − 1
4
hL)ân = ûn + 1

4
hN(ûn),

(Inm − 1
4
hL)b̂n = ûn + 1

2
hLân − 1

4
hN(ûn) + hN(ân),

(Inm − 1
4
hL)ĉn = ûn + 17

50
hLân − 1

25
hLb̂n − 13

100
hN(ûn) + 43

75
hN(ân)

+ 8
75
hN(b̂n),

(Inm − 1
4
hL)d̂n = ûn + 371

1360
hLân − 137

2720
hLb̂n + 15

544
hLĉn − 6

85
hN(ûn),

+ 42
85
hN(ân) + 179

1360
hN(b̂n)− 15

272
hN(ĉn),

(Inm − 1
4
hL)ên = ûn + 25

24
hLân − 49

48
hLb̂n + 125

16
hLĉn − 85

12
hLd̂n + 79

24
hN(ân)

− 5
8
hN(b̂n) + 25

2
hN(ĉn)− 85

6
hN(d̂n),

ûn+1 = ûn + 25
24
hLân − 49

48
hLb̂n + 125

16
hLĉn − 85

12
hLd̂n + 1

4
hLên + 25

24
hN(ân)

− 49
48
hN(b̂n) + 125

16
hN(ĉn)− 85

12
hN(d̂n) + 1

4
hN(ên).

(5.61)

The LU factorization of the left-hand sides of (5.61) is computed and stored before the

time-stepping starts. Note that the most expensive operations in the computation of

the internal stages ân, b̂n, ĉn, d̂n and ên are the nonlinear evaluations (O(nm log nm)

work); see Table 5.1. The other operations, i.e., linear solves and matrix-vector

products in the right-hand side (each block being multiplied by Tsin2), can be carried

out in linear time. The computation of ûn+1 from ûn requires matrix-vector products

of the form Lv, which reduce to n dense matrix-vector products Liv; each can be

done in O(m) operations since Liv = T−1
sin2(Tsin2Li)v. (The LU factorization of Tsin2

is also computed and stored before the time-stepping starts.)

5.4 Numerical comparisons

5.4.1 Methodology

To compare time-stepping schemes, we follow the methodology of Chapter 4. We solve

a given PDE up to t = T for various time-steps h and a fixed number of grid points.
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Figure 5.7: Initial condition (5.64) and solution at times t = 1, 2, 10 of the Allen–Cahn
equation (5.63).

We estimate the “exact” solution uex(t = T, λ, θ) by using a very small time-step

(half the smallest time-step h) and ETDRK4-EIG (the most accurate time-stepping

scheme). We then measure the relative L2-error E at t = T between the computed

solution u(t = T, λ, θ) and uex(t = T, λ, θ),

E =
‖u(t = T, λ, θ)− uex(t = T, λ, θ)‖2

‖uex(t = T, λ, θ)‖2

. (5.62)

For both u and uex we use m = n = 256 grid points. (With these grid sizes, the

error due to the spatial discretization is small compared to the error due to the

time discretization.) We use p = 12 in the CF approximation for ETDRK4-CF and

M = 32 points to compute the contour integrals for ETDRK4-EIG. We plot (5.62)

against relative time-steps h/T and computer times on a pair of graphs.10

5.4.2 Results for the diffusive case

The Allen–Cahn equation (4.25) was studied in the ball and on the sphere in, e.g., [55].

It is given by

ut = ε∆u+ u− u3, ε� 1. (5.63)

We take ε = 10−2 and

u(t = 0, x, y, z) = cos(cosh(5xz)− 10y), (5.64)

and solve up to t = 10. The initial condition and the solution at times t = 1, 2, 10 are

shown in Figure 5.7. The initial condition quickly converges to a metastable u ≈ ±1

solution (at around t = 10) and eventually to the stable constant solution u = 1 (at

around t = 60).

10The precomputation of the coefficients of the exponential integrators, the LU factorizations for
the IMEX schemes and the starting phase of IMEX-BDF4 are not included in the computing time.
Timings were done on a 2.8 GHz Intel i7 machine with 16 GB of RAM.
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Figure 5.8: Relative error E at t = 10 versus relative time-step and computer time
for the Allen–Cahn equation (5.63).

The results are shown in Figure 5.8. All the schemes are stable for the time-steps

we have considered, except IMEX-BDF4 for the largest time-step. The ETDRK4

schemes and LIRK4 have similar accuracy, while IMEX-BDF4 is significantly less

accurate. However, IMEX-BDF4 is the most efficient scheme. This can be explained

by looking at Table 5.1: IMEX-BDF4 requires very few operations per time-step. Note

that in this experiment ETDRK4-CF (O(nm log nm) work per time-step) is not more

efficient than ETDRK4-EIG (O(nm2)). Again, the reason can be found in Table 5.1:

ETDRK4-CF requires the solution of 108 linear systems per time-step. (For m = n

sufficiently large, ETDRK4-CF will be indeed more efficient than ETDRK4-EIG.)

5.4.3 Results for the dispersive case

We consider the NLS equation (4.40) on the sphere, given by

ut = i∆u+ i|u|2u. (5.65)

A recent theoretical study of its solutions can be found in [157]. We take

u(t = 0, λ, θ) = A

(
2B2

2−
√

2
√

2−B2 cos(ABθ)
− 1

)
+ Y 3

3 (λ, θ), (5.66)

with A = B = 1, and solve up to t = 1. The initial condition and the real part of the

solution at times t = 0.3, 0.6, 1 are shown in Figure 5.9. The initial condition is the

superposition of two nonlinear waves in which energy concentrates in a localized and

oscillatory fashion, a breather and a spherical harmonic.

102



Figure 5.9: Initial condition (5.66) and real part of the solution at times t = 0.3, 0.6, 1
of the NLS equation (5.65).
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Figure 5.10: Relative error E at t = 1 versus relative time-step and computer time
for the NLS equation (5.65).

The results are shown in Figure 5.10. Both schemes are stable for the time-steps

we have considered. LIRK4 is less accurate than ETDRK4-EIG in this case, but

since it has a much lower cost per time-step, it is more efficient. Let us emphasize

that timings do not include the precomputation step, which takes significantly longer

for ETDRK4-EIG (O(nm3) versus O(nm)). Also, since LIRK4 and ETDRK4-EIG

have different scaling in m = n, the results ultimately depend on the size of the

discretization. For example, for m = n = 128 instead of 256, ETDRK4-EIG is

slightly more efficient.

5.5 Discussion

We have presented algorithms for solving stiff PDEs on the sphere with spectral ac-

curacy in space and fourth-order in time. For the spatial discretization, we have used
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Table 5.2: Computation costs per time-step for a grid with N points and most effi-
cient time-stepping scheme in each case. Diagonal problems were considered in [84].
In this chapter, we investigated non-diagonal problems that allow for fast numerical
linear algebra (i.e., linear systems can be solved in linear time). In the latter case,
IMEX schemes outperform exponential integrators. It is not clear which scheme would
perform best in the dense numerical linear algebra case.

diffusive PDEs dispersive PDEs

diagonal problems O(N logN) O(N logN)

ETDRK4 ETDRK4

non-diagonal problems O(N logN) O(N logN)

fast sparse direct solver IMEX-BDF4 LIRK4

non-diagonal problems O(N2) O(N2)

dense solver TBD TBD

a novel variant of the DFS method in coefficient space. The main advantages of our

method are that it is not necessary to numerically impose the pole conditions (5.11),

while operating in coefficient space avoids the coordinate singularity without using

shifted grids and leads to matrices L that can be computed and inverted efficiently.

We have tested our method with the Poisson and heat equations and obtained excel-

lent results.

For solving nonlinear time-dependent PDEs, we have used IMEX schemes and

exponential integrators to circumvent the time-stepping restrictions due to the large

eigenvalues of the Laplacian matrix. For diagonal problems, exponential integrators

are particularly efficient since the computation and the action of the matrix exponen-

tial can trivially be computed in linear time. For problems that allow for fast numeri-

cal linear algebra (fast sparse direct solver), as in this chapter, we have given numerical

evidence that IMEX schemes outperform exponential integrators. The IMEX-BDF4

time-stepping scheme is remarkably efficient for diffusive PDEs but since it is unsta-

ble for dispersive PDEs and needs to be started with another algorithm, it might

be preferable to use LIRK4 for both diffusive and dispersive PDEs. For problems

that generate dense matrices L, it is not clear which one would perform best. On a

grid with N points, both exponential integrators (dense matrix-vector products) and

IMEX schemes (triangular systems from precomputed LU factorizations) would have
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a O(N2) cost per time-step. Note that dense matrices correspond to, e.g., the DFS

method applied to (5.1) with highly oscillatory variable coefficients or a Chebyshev

discretization in value space of PDEs of the form (5.1) in 1D/2D/3D. However, as

recently shown by Aurentz in [11], it seems that all spectral differentiation matrices

(even the dense ones!) might allow for fast numerical linear algebra, which would

render IMEX schemes more efficient for value-based Chebyshev discretizations—this

is a story to be continued. We summarize these observations in Table 5.2.

We have not considered the “sliders” of Fornberg and Driscoll [51, 62]. While

this can be an efficient alternative to IMEX schemes and exponential integrators for

diagonal problems [84], it is not clear how it can be extended to non-diagonal ones.
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Chapter 6

Conclusions

In the preceding chapters, we studied algorithms for solving differential equations

with periodicity, and presented new contributions to the fields of numerical analysis

and scientific computing. In Chapter 2, we proposed a novel approach for computing

multiplication matrices. In Chapter 3, we developed an algorithm to compute chore-

ographies to high accuracy, and found new choreographies on the sphere and on the

Poincaré disk. In Chapter 4, we compared 30 exponential integrators applied to 11

PDEs in 1D, 2D and 3D periodic domains. We showed numerical evidence that it

is hard do to much better that one of the simplest of these formulas, the ETDRK4

scheme of Cox and Matthews. Finally, in Chapter 5, we studied algorithms for solving

stiff PDEs on the sphere with spectral accuracy in space and fourth-order accuracy in

time. These were based on a new variant of the DFS method that uses the multipli-

cation matrices of Chapter 2, and standard implicit-explicit time-stepping schemes.

We compared implicit-explicit schemes with exponential integrators, and found that

implicit-explicit schemes performed better.

There are many ways in which this work could be profitably continued. A pos-

sible extension of Chapter 3 would be to classify choreographies by looking at their

singularities in the complex plane. Choreographies are smooth solutions on a real

time interval, but invariably have singularities in the complex plane. Approximations

with rational functions allow one to capture these singularities, and looking at their

positions in the complex plane might tell us more about the structure of these very

special solutions.

We believe that the techniques described in Chapter 3 can be applied not only to

particle dynamics but also to other types of dynamics. Therefore, another extension

of this chapter would be the study of choreographies of the n-vortex problem [116],

which describes the motion of n vortices, complex potentials associated with the

two-dimensional, irrotational and incompressible Euler equations.
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The method described in Chapter 5 for solving stiff PDEs on the sphere could

be extended to hyperbolic problems, e.g., the barotropic vorticity equation or the

shallow water equations. Such problems involve nonlinear differential operators N
with large eigenvalues. While stiffness in the linear part (as in the Allen–Cahn and

NLS equations) can be treated by using IMEX schemes or exponential integrators, it

is not obvious how to deal with a stiff nonlinear operator. For the barotropic vorticity

equation,

ut = N (u) = −(∆−1u)θ
sin θ

uλ +
(∆−1u)λ

sin θ
(uθ − 2Ω sin θ), (6.1)

a possible approach would be to use the EPIRK schemes mentioned in the introduc-

tion of Chapter 4 [159], e.g., the EPIRK2 scheme given by

ûn+1 = ûn + J−1(ehJ − I)N(ûn), J =
dN

dû
(û),

with Arnoldi iteration for the matrix-vector products involving the Jacobian ma-

trix J of the discretization N of N—the cost per time-step would also be O(N logN)

operations. Another approach would be to use the preconditioned implicit exponen-

tial integrators of Luan, Tokman and Rainwater [102], which we mentioned in the

conclusion of Chapter 4.
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Appendix A

Closed-form expressions for the
gradient and the Hessian matrix to
compute choreographies

A.1 Gradient and Hessian matrix for planar chore-

ographies

Let pn(t) be the trigonometric interpolant (2.14) of a choreography q(t) at N = 2n+1

equispaced points on [0, 2π], and let q̃k = ũk + iṽk denote its Fourier coefficients. We

can decompose the action (3.8) into the sum A = AK + AU with q(t) and q′(t)

approximated by pn(t) and p′n(t), and

AK =
n

2

∫ 2π

0

∣∣p′n(t) + iωpn(t)
∣∣2dt, AU =

n

2

n−1∑
j=1

∫ 2π

0

∣∣∣pn(t)−pn
(
t+

2πj

n

)∣∣∣−1

dt. (A.1)

The two terms AK and AU depend on the 2N real variables {ũk, ṽk}, |k| ≤ (N−1)/2,

via pn and p′n.

Let ∇ denote the gradient of the action A with respect to the ũk’s and ṽk’s, i.e.,

∇ = (∇ũ,∇ṽ)
T with ∇ũ = (∂/∂ũk)

T and ∇ṽ = (∂/∂ṽk)
T . We wish to derive a closed-

form expression for ∇A = ∇AK +∇AU . (The closed-form expression for ∇AK was

derived in (3.10).) Let us write AU as

AU(ũk, ṽk) =
n

2

n−1∑
j=1

∫ 2π

0

dt√
fj(ũk, ṽk, t)

, (A.2)

with √
fj(ũk, ṽk, t) =

∣∣∣pn(t)− pn
(
t+

2πj

n

)∣∣∣. (A.3)
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Expanding pn(t) and pn(t+ 2πj/n) and regrouping real and imaginary parts lead to

fj(ũk, ṽk, t) =

( N−1
2∑

k=−N−1
2

ak,j(t)ũk + bk,j(t)ṽk

)2

+

( N−1
2∑

k=−N−1
2

ak,j(t)ṽk − bk,j(t)ũk

)2

(A.4)

with
ak,j(t) =

[
1− cos(2πjk/n)

]
cos(kt) + sin(2πjk/n) sin(kt),

bk,j(t) =
[
− 1 + cos(2πjk/n)

]
sin(kt) + sin(2πjk/n) cos(kt).

(A.5)

The partial derivatives of AU with respect to the ũk’s and ṽk’s can then be computed

with the chain rule,

∇AU =
n

2

n−1∑
j=1

∫ 2π

0

∇
(

1√
fj

)
dt = −n

4

n−1∑
j=1

∫ 2π

0

∇fj
f

3/2
j

dt, (A.6)

with

∂fj
∂ũk

= 2

N−1
2∑

l=−N−1
2

([
al,j(t)ak,j(t) + bl,j(t)bk,j(t)

]
ũl +

[
bl,j(t)ak,j(t)−al,j(t)bk,j(t)

]
ṽl

)
, (A.7)

and

∂fj
∂ṽk

= 2

N−1
2∑

l=−N−1
2

([
al,j(t)bk,j(t)− bl,j(t)ak,j(t)

]
ũl +

[
bl,j(t)bk,j(t) + al,j(t)ak,j(t)

]
ṽl

)
. (A.8)

Let us now derive the formula for the exact Hessian matrix H,

H =


∂2A

∂ũl∂ũk

∂2A

∂ũl∂ṽk

∂2A

∂ṽl∂ũk

∂2A

∂ṽl∂ṽk

 , A = AK + AU . (A.9)

H is a 2N × 2N matrix, and each block is N × N . Note that the ∂2A/∂ṽl∂ũk

block is the transpose of the ∂2A/∂ũl∂ṽk block, so we are going to derive formulas

for the ∂2A/∂ũl∂ũk, ∂
2A/∂ũl∂ṽk, and ∂2A/∂ṽl∂ṽk derivatives only. The closed-form

expressions for the second derivatives of AK with respect to the ũk’s and ṽk’s were

derived in (3.11). The second derivatives of AU can be obtained by differentiating

(A.6) one more time, e.g.,

∂2AU
∂ũl∂ũk

= −n
4

n−1∑
j=1

∫ 2π

0

∂2fj
∂ũl∂ũk

fj − 3
2

∂fj
∂ũl

∂fj
∂ũk

f
5/2
j

dt, (A.10)
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with
∂2fj
∂ũl∂ũk

= 2(al,jak,j + bl,jbk,j). (A.11)

There are similar formulas for the other derivatives, and these use

∂2fj
∂ṽl∂ṽk

=
∂2fj
∂ũl∂ũk

,
∂2fj
∂ũl∂ṽk

= 2(al,jbk,j − bl,jak,j). (A.12)

Note that all the second derivatives involving the real and imaginary parts ũ0 and

ṽ0 of the constant term q̃0 are zeros, i.e.,

∂2AK
∂ũl∂ũ0

=
∂2AK
∂ṽl∂v0

=
∂2AK
∂ũl∂v0

= 0, (A.13)

and
∂2AU
∂ũl∂ũ0

=
∂2AU
∂ṽl∂v0

=
∂2AU
∂ũl∂v0

= 0. (A.14)

To prove (A.13), take k = 0 in (3.11), and to prove (A.14), note that a0,j = b0,j = 0.

As a consequence, when using Newton’s method with the exact Hessian (A.9), one

needs to eliminate the lines and columns corresponding to those derivatives to obtain

a nonsingular matrix.

A.2 Gradient and Hessian matrix for spherical chore-

ographies

Again, let pn(t) be the trigonometric interpolant (2.14) of a spherical choreography

q(t) at N = 2n + 1 equispaced points on [0, 2π], and let q̃k = ũk + iṽk denote its

Fourier coefficients. We can decompose the action (3.26) into the sum of two terms

AK and AU . The first term comes from the kinetic energy,

AK =
n

2

∫ 2π

0

(
2R2|p′n(t) + iωpn(t)|

R2 + |pn(t)|2

)2

dt, (A.15)

while the second term comes from the potential energy,

AU =
n

2R

n−1∑
j=1

∫ 2π

0

AjU(t)dt, AjU(t) =
2R2 −Dj(t)

2

Dj(t)
√

4R2 −Dj(t)2
, (A.16)

with Dj(t) = d
(
pn(t), pn

(
t+ 2πj

n

))
.

Again, let ∇ = (∇u,∇v)
T denote the gradient of the action A with respect to the

ũk’s and ṽk’s. Let us first derive the closed-form expression for ∇AK . A straightfor-

ward calculation leads to

∇AK =
n

2

∫ 2π

0

∇
[(

2R2|p′n(t) + iωpn(t)|
R2 + |pn(t)|2

)2]
dt = 2nR4

∫ 2π

0

h∇g − g∇h
h2

dt, (A.17)
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with

g(ũk, ṽk, t) = |p′n(t) + iωpn(t)|2, h(ũk, ṽk, t) =
(
R2 + |pn(t)|2

)2
. (A.18)

The functions g and h are given by

g =

[ N−1
2∑

k=−N−1
2

(k+ω)
(
ũk sin(kt)+ṽk cos(kt)

)]2
+

[ N−1
2∑

k=−N−1
2

(k+ω)
(
ũk cos(kt)−ṽk sin(kt)

)]2
, (A.19)

and

h =

[
R2 +

( N−1
2∑

k=−N−1
2

ũk sin(kt) + ṽk cos(kt)

)2

+

( N−1
2∑

k=−N−1
2

ũk cos(kt)− ṽk sin(kt)

)2]2
. (A.20)

Their partial derivatives are given by the formulas

∂g

∂ũk
= 2(k + ω)

N−1
2∑

l=−N−1
2

(l + ω)
(
ũl cos

(
(k − l)t

)
+ ṽl sin

(
(k − l)t

))
,

∂g

∂ṽk
= 2(k + ω)

N−1
2∑

l=−N−1
2

(l + ω)
(
ũl sin

(
(l − k)t

)
+ ṽl cos

(
(l − k)t

))
,

(A.21)

and

∂h

∂ũk
= 4
√
h

N−1
2∑

l=−N−1
2

ũl cos
(
(k − l)t

)
+ ṽl sin

(
(k − l)t

)
,

∂h

∂ṽk
= 4
√
h

N−1
2∑

l=−N−1
2

ũl sin
(
(l − k)t

)
+ ṽl cos

(
(l − k)t

)
.

(A.22)

Let us now derive the closed-form expression for ∇AU , with

∇AU =
n

2R

n−1∑
j=1

∫ 2π

0

∇AjU(t)dt, ∇AjU(t) =
−8R4∇Dj(t)

Dj(t)2
[
4R2 −Dj(t)2

]3/2 . (A.23)

Let us write

Dj(t) =
2R2

∣∣pn(t)− pn(t+ 2πj
n

)
∣∣√(

R2 +
∣∣pn(t)

∣∣2)(R2 +
∣∣pn(t+ 2πj

n
)
∣∣2) = 2R2

√
fj

r0rj
, (A.24)

with
√
fj(ũk, ṽk, t) = |pn(t)−pn(t+ 2πj/n)| as defined in (A.4)–(A.5), and rj defined

by

rj(ũk, ṽk, t) =

√
R2 +

∣∣∣pn(t+
2πj

n

)∣∣∣2. (A.25)
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We can rewrite rj as

rj =

√√√√√√R2 +

( N−1
2∑

k=−N−1
2

ck,j(t)ũk + dk,j(t)ṽk

)2

+

( N−1
2∑

k=−N−1
2

ck,j(t)ṽk − dk,j(t)ũk

)2

, (A.26)

with
ck,j(t) = cos(2πkj/n) cos(kt)− sin(2πkj/n) sin(kt),

dk,j(t) = − cos(2πkj/n) sin(kt)− sin(2πkj/n) cos(kt).
(A.27)

This leads to

∇Dj(t) = 2R2 r0rj∇fj/2− fj∇(r0rj)

r2
0r

2
j

√
fj

. (A.28)

The derivatives of fj with respect to the ũk’s and ṽk’s are given by (A.7)–(A.8), while

the derivatives of rj are given by

∂rj
∂ũk

=
1

rj

[
ck,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ũl + dl,j(t)ṽl

)
− dk,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ṽl − dl,j(t)ũl

)]
,

∂rj
∂ṽk

=
1

rj

[
dk,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ũl + dl,j(t)ṽl

)
+ ck,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ṽl − dl,j(t)ũl

)]
.

(A.29)

Let us now derive the formula for the exact Hessian H on the sphere. Differen-

tiating (A.17) gives the second derivatives of AK with respect to the ũk’s and ṽk’s,

e.g.,

∂2AK
∂ũl∂ũk

= 2nR4

∫ 2π

0

∂pk
∂ũl
h− 2 ∂h

∂ũl
pk

h3
dt, pk = h

∂g

∂ũk
− g ∂h

∂ũk
, (A.30)

with
∂pk
∂ũl

=
∂h

∂ũl

∂g

∂ũk
+ h

∂2g

∂ũl∂ũk
− ∂g

∂ũl

∂h

∂ũk
− g ∂2h

∂ũl∂ũk
, (A.31)

and

∂2g

∂ũl∂ũk
= 2(k+ω)(l+ω) cos

(
(k− l)t

)
,

∂2h

∂ũl∂ũk
=

1

2h

∂h

∂ũl

∂h

∂ũk
+ 4
√
h cos

(
(k− l)t

)
. (A.32)

There are similar formulas for the other derivatives, and these use

∂2g

∂ṽl∂ṽk
=

∂2g

∂ũl∂ũk
,

∂2g

∂ũl∂ṽk
= 2(k + ω)(l + ω) sin

(
(l − k)t

)
, (A.33)
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and
∂2h

∂ṽl∂ṽk
=

1

2h

∂h

∂ṽl

∂h

∂ṽk
+ 4
√
h cos

(
(k − l)t

)
,

∂2h

∂ũl∂ṽk
=

1

2h

∂h

∂ũl

∂h

∂ṽk
+ 4
√
h sin

(
(l − k)t

)
.

(A.34)

The second derivatives of AU can be obtained by differentiating (A.23), e.g.,

∂2AjU
∂ũl∂ũk

=
16R4 ∂Dj

∂ũl

∂Dj

∂ũk

D3
j

[
4R2 −D2

j

]3/2 − 24R4 ∂Dj

∂ũl

∂Dj

∂ũk

Dj

[
4R2 −D2

j

]5/2 − 8R4 ∂2Dj

∂ũl∂ũk

D2
j

[
4R2 −D2

j

]3/2 , (A.35)

with

∂2Dj

∂ũl∂ũk
= 2R2

r0rjfj
∂qk
∂ũl
− qk

(
2r0fj

∂rj
∂ũl

+ 2rjfj
∂r0
∂ũl

+ 1
2
r0rj

∂fj
∂ũl

)
r3

0r
3
jf

3/2
j

, (A.36)

and

qk =
1

2
r0rj

∂fj
∂ũk
− fjrj

∂r0

∂ũk
− fjr0

∂rj
∂ũk

. (A.37)

The second derivatives (A.36) involve the derivatives of (A.37) with respect to the

ũl’s—the chain rule leads to nine terms, and only two of them are new, ∂2r0/∂ũl∂ũk

and ∂2rj/∂ũl∂ũk. These are given by

∂2rj
∂ũl∂ũk

=
ck,jcl,j + dk,jdl,j − ∂rj

∂ũl

∂rj
∂ũk

rj
. (A.38)

Similar formulas can be derived for the other derivatives, and these use

∂2rj
∂ṽl∂ṽk

=
ck,jcl,j + dk,jdl,j − ∂rj

∂ṽl

∂rj
∂ṽk

rj
,

∂2rj
∂ũl∂ṽk

=
cl,jdk,j − ck,jdl,j − ∂rj

∂ũl

∂rj
∂ũk

rj
. (A.39)

Note that, as in the plane, all the second derivatives involving the real and imag-

inary parts ũ0 and ṽ0 of the constant terms are zeros. As a consequence, when using

Newton’s method with the exact Hessian, one needs to eliminate the lines and columns

corresponding to those derivatives to obtain a nonsingular matrix.

A.3 Gradient and Hessian matrix for hyperbolic

choreographies

The expressions for the gradient and the Hessian matrix for hyperbolic choreographies

are very similar to those obtained for spherical choreographies. We decompose the
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action (3.50) into the sum of two terms AK and AU . The first term comes from the

kinetic energy,

AK =
n

2

∫ 2π

0

(
2R2|p′n(t) + iωpn(t)|

R2 − |pn(t)|2

)2

dt, (A.40)

while the second term comes from the potential energy,

AU =
n

2R

n−1∑
j=1

∫ 2π

0

AjU(t)dt, AjU(t) =
2R2 +Dj(t)

2

Dj(t)
√

4R2 +Dj(t)2
, (A.41)

with Dj(t) = d
(
pn(t), pn

(
t+ 2πj

n

))
.

Again, let ∇ = (∇u,∇v)
T denote the gradient of the action A with respect to the

ũk’s and ṽk’s. Let us first derive the closed-form expression for ∇AK . A straightfor-

ward calculation leads to

∇AK =
n

2

∫ 2π

0

∇
[(

2R2|p′n(t) + iωpn(t)|
R2 − |pn(t)|2

)2]
dt = 2nR4

∫ 2π

0

h∇g − g∇h
h2

dt, (A.42)

with

g(ũk, ṽk, t) = |p′n(t) + iωpn(t)|2, h(ũk, ṽk, t) =
(
R2 − |pn(t)|2

)2
. (A.43)

The functions g and h are given by

g =

[ N−1
2∑

k=−N−1
2

(k+ω)
(
ũk sin(kt)+ṽk cos(kt)

)]2
+

[ N−1
2∑

k=−N−1
2

(k+ω)
(
ũk cos(kt)−ṽk sin(kt)

)]2
, (A.44)

and

h =

[
R2 −

( N−1
2∑

k=−N−1
2

ũk sin(kt) + ṽk cos(kt)

)2

−

( N−1
2∑

k=−N−1
2

ũk cos(kt)− ṽk sin(kt)

)2]2
. (A.45)

Their partial derivatives are given by the formulas

∂g

∂ũk
= 2(k + ω)

N−1
2∑

l=−N−1
2

(l + ω)
(
ũl cos

(
(k − l)t

)
+ ṽl sin

(
(k − l)t

))
,

∂g

∂ṽk
= 2(k + ω)

N−1
2∑

l=−N−1
2

(l + ω)
(
ũl sin

(
(l − k)t

)
+ ṽl cos

(
(l − k)t

))
,

(A.46)

and

∂h

∂ũk
= −4

√
h

N−1
2∑

l=−N−1
2

ũl cos
(
(k − l)t

)
+ ṽl sin

(
(k − l)t

)
,

∂h

∂ṽk
= −4

√
h

N−1
2∑

l=−N−1
2

ũl sin
(
(l − k)t

)
+ ṽl cos

(
(l − k)t

)
.

(A.47)
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Let us now derive the closed-form expression for ∇AU ,

∇AU =
n

2R

n−1∑
j=1

∫ 2π

0

∇AjU(t)dt, ∇AjU(t) =
−8R4∇Dj(t)

Dj(t)2
[
4R2 +Dj(t)2

]3/2 . (A.48)

Let us write

Dj(t) =
2R2

∣∣pn(t)− pn(t+ 2πj
n

)
∣∣√(

R2 +
∣∣pn(t)

∣∣2)(R2 +
∣∣pn(t+ 2πj

n
)
∣∣2) = 2R2

√
fj

r0rj
, (A.49)

with
√
fj(ũk, ṽk, t) = |pn(t)−pn(t+ 2πj/n)| as defined in (A.4)–(A.5), and rj defined

by

rj(ũk, ṽk, t) =

√
R2 −

∣∣∣pn(t+
2πj

n

)∣∣∣2. (A.50)

Let us write rj as

rj =

√√√√√√R2 −

( N−1
2∑

k=−N−1
2

ck,j(t)ũk + dk,j(t)ṽk

)2

−

( N−1
2∑

k=−N−1
2

ck,j(t)ṽk − dk,j(t)ũk

)2

, (A.51)

with
ck,j(t) = cos(2πkj/n) cos(kt)− sin(2πkj/n) sin(kt),

dk,j(t) = − cos(2πkj/n) sin(kt)− sin(2πkj/n) cos(kt).
(A.52)

This leads to

∇Dj(t) = 2R2 r0rj∇fj/2− fj∇(r0rj)

r2
0r

2
j

√
fj

. (A.53)

The derivatives of fj with respect to the ũk’s and ṽk’s are given by (A.7)–(A.8), while

the derivatives of rj are given by

∂rj
∂ũk

= − 1

rj

[
ck,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ũl + dl,j(t)ṽl

)
− dk,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ṽl − dl,j(t)ũl

)]
,

∂rj
∂ṽk

= − 1

rj

[
dk,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ũl + dl,j(t)ṽl

)
+ ck,j(t)

( N−1
2∑

l=−N−1
2

cl,j(t)ṽl − dl,j(t)ũl

)]
.

(A.54)

Let us now derive the formula for the exact Hessian H. Differentiating (A.42)

gives the second derivatives of AK with respect to the ũk’s and ṽk’s, e.g.,

∂2AK
∂ũl∂ũk

= 2nR4

∫ 2π

0

∂pk
∂ũl
h− 2 ∂h

∂ũl
pk

h3
dt, pk = h

∂g

∂ũk
− g ∂h

∂ũk
, (A.55)
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with
∂pk
∂ũl

=
∂h

∂ũl

∂g

∂ũk
+ h

∂2g

∂ũl∂ũk
− ∂g

∂ũl

∂h

∂ũk
− g ∂2h

∂ũl∂ũk
, (A.56)

and

∂2g

∂ũl∂ũk
= 2(k+ω)(l+ω) cos

(
(k− l)t

)
,

∂2h

∂ũl∂ũk
=

1

2h

∂h

∂ũl

∂h

∂ũk
−4
√
h cos

(
(k− l)t

)
. (A.57)

There are similar formulas for the other derivatives, and these use

∂2g

∂ṽl∂ṽk
=

∂2g

∂ũl∂ũk
,

∂2g

∂ũl∂ṽk
= 2(k + ω)(l + ω) sin

(
(l − k)t

)
, (A.58)

and
∂2h

∂ṽl∂ṽk
=

1

2h

∂h

∂ṽl

∂h

∂ṽk
− 4
√
h cos

(
(k − l)t

)
,

∂2h

∂ũl∂ṽk
=

1

2h

∂h

∂ũl

∂h

∂ṽk
− 4
√
h sin

(
(l − k)t

)
.

(A.59)

The second derivatives of AU can be obtained by differentiating (A.48), e.g.,

∂2AjU
∂ũl∂ũk

=
16R4 ∂Dj

∂ũl

∂Dj

∂ũk

D3
j

[
4R2 +D2

j

]3/2 +
24R4 ∂Dj

∂ũl

∂Dj

∂ũk

Dj

[
4R2 +D2

j

]5/2 − 8R4 ∂2Dj

∂ũl∂ũk

D2
j

[
4R2 +D2

j

]3/2 , (A.60)

with

∂2Dj

∂ũl∂ũk
= 2R2

r0rjfj
∂qk
∂ũl
− qk

(
2r0fj

∂rj
∂ũl

+ 2rjfj
∂r0
∂ũl

+ 1
2
r0rj

∂fj
∂ũl

)
r3

0r
3
jf

3/2
j

, (A.61)

and

qk =
1

2
r0rj

∂fj
∂ũk
− fjrj

∂r0

∂ũk
− fjr0

∂rj
∂ũk

. (A.62)

The second derivatives (A.61) involve the derivatives of (A.62) with respect to the

ũl’s—the chain rule leads to nine terms, and only two of them are new, ∂2r0/∂ũl∂ũk

and ∂2rj/∂ũl∂ũk. These are given by

∂2rj
∂ũl∂ũk

=
−ck,jcl,j − dk,jdl,j − ∂rj

∂ũl

∂rj
∂ũk

rj
. (A.63)

Similar formulas can be derived for the other derivatives, and these use

∂2rj
∂ṽl∂ṽk

=
−ck,jcl,j − dk,jdl,j − ∂rj

∂ṽl

∂rj
∂ṽk

rj
, (A.64)

and
∂2rj
∂ũl∂ṽk

=
−cl,jdk,j + ck,jdl,j − ∂rj

∂ũl

∂rj
∂ũk

rj
. (A.65)

Note that, as in the plane and on the sphere, all the second derivatives involving

the real and imaginary parts ũ0 and ṽ0 of the constant terms are zeros. One can use

the same trick to obtain a nonsingular matrix.
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Appendix B

Butcher tableaux of the integrators

We present here a complete list of the Butcher tableaux for the exponential integrators

featured in Chapter 4. The format for the tableaux is given in Table 4.1. Within

each tableau any unspecified coefficient is defined directly below. As we mentioned

in Chapter 4, since almost all of the exponential integrators satisfy the summation

property (4.9), it is notationally convenient to incorporate this condition by filling

the first entry in the rows of A and B with a dot on the understanding that these

method coefficients are prescribed through this.

B.1 ETD Adams–Bashforth integrators

Table B.1: ABNørsett 4.

B1 = · V1 = −3ϕ2 − 5ϕ3 − 3ϕ4 V2 = 3
2ϕ2 + 4ϕ3 + 3ϕ4 V3 = −1

3ϕ2 − ϕ3 − ϕ4

Table B.2: ABNørsett 5.

B1 = · V1 = −(4ϕ2 + 26
3 ϕ3 + 9ϕ4 + 4ϕ5) V2 = 3ϕ2 + 19

2 ϕ3 + 12ϕ4 + 6ϕ5 V3 V4

with
V3 = −(4

3ϕ2 + 14
3 ϕ3 + 7ϕ4 + 4ϕ5), V4 = 1

4ϕ2 + 11
12ϕ3 + 3

2ϕ4 + ϕ5. (B.1)
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Table B.3: ABNørsett 6.

B1 = · V1 = −(5ϕ2 + 77
6 ϕ3 + 71

4 ϕ4 + 14ϕ5 + 5ϕ6) V2 V3 V4 V5

with
V2 = 5ϕ2 + 107

6 ϕ3 + 59
2 ϕ4 + 26ϕ5 + 10ϕ6,

V3 = −(10
3 ϕ2 + 13ϕ3 + 49

2 ϕ4 + 24ϕ5 + 10ϕ6),

V4 = 5
4ϕ2 + 61

12ϕ3 + 41
4 ϕ4 + 11ϕ5 + 5ϕ6,

V5 = −(1
5ϕ2 + 5

6ϕ3 + 7
4ϕ4 + 2ϕ5 + ϕ6).

(B.2)

B.2 ETD Runge–Kutta integrators

Table B.4: ETDRK 4.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = ψ1,2

1 A4,1 = · A4,2 = 0 A4,3 = 2ψ1,2

B1 = · B2 = 2ϕ2 − 4ϕ3 B3 = 2ϕ2 − 4ϕ3 B4 = −ϕ2 + 4ϕ3

Table B.5: Friedli.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 2ψ2,2

1 A4,1 = · A4,2 = −26
25ϕ1 + 2

25ϕ2 A4,3 = 26
25ϕ1 + 48

25ϕ2

B1 = · B2 = 0 B3 = 4ϕ2 − 8ϕ3 B4 = −ϕ2 + 4ϕ3
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Table B.6: Krogstad.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 4ψ2,2

1 A4,1 = · A4,2 = 0 A4,3 = 2ϕ2

B1 = · B2 = 2ϕ2 − 4ϕ3 B3 = 2ϕ2 − 4ϕ3 B4 = −ϕ2 + 4ϕ3

Table B.7: Minchev.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 4

25ψ1,2 + 24
25ψ2,2

1 A4,1 = · A4,2 = 21
5 ϕ2 − 108

5 ϕ3 A4,3 = 1
20ϕ1 − 33

10ϕ2 + 123
5 ϕ3

B1 = · B2 = − 1
10ϕ1 + 1

5ϕ2 − 4ϕ3 + 12ϕ4 B3 = 1
30ϕ1 + 23

5 ϕ2 − 8ϕ3 − 4ϕ4 B4

with

B4 =
1

30
ϕ1 −

7

5
ϕ2 + 6ϕ3 − 4ϕ4. (B.3)

Table B.8: Strehmel–Weiner.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 2ψ2,2

1 A4,1 = · A4,2 = −2ϕ2 A4,3 = 4ϕ2

B1 = · B2 = 0 B3 = 4ϕ2 − 8ϕ3 B4 = −ϕ2 + 4ϕ3

Table B.9: Hochbruck–Ostermann.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 4ψ2,2

1 A4,1 = · A4,2 = ϕ2 A4,3 = ϕ2

1
2 A5,1 = · A5,2 = 1

4ϕ2 − ϕ3 + 2ψ2,2 − 4ψ3,2 A5,3 = A5,2 A5,4 = ψ2,2 −A5,2

B1 = · B2 = 0 B3 = 0 B4 = −ϕ2 + 4ϕ3 B5

with
B5 = 4ϕ2 − 8ϕ3. (B.4)
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Table B.10: EXPRK 5S 8.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 2ψ2,2

1
4 A4,1 = · A4,2 = 0 A4,3 = 2ψ2,4

1
2 A5,1 = · A5,2 = 0 A5,3 = −2ψ2,2 + 16ψ3,2 A5,4

1
5 A6,1 = · A6,2 = 0 A6,3 = 0 A6,4 A6,5

2
3 A7,1 = · A7,2 = 0 A7,3 = 0 A7,4 A7,5 A7,6

1 A8,1 = · A8,2 = 0 A8,3 = 0 A8,4 = 0 A8,5 A8,6 A8,7

B1 = · B2 = 0 B3 = 0 B4 = 0 B5 = 0 B6 B7 B8

with

A5,4 = 8ψ2,2 − 32ψ3,2, A6,4 = 8ψ2,6 − 32ψ3,6

A6,5 = −2ψ2,6 + 16ψ3,6, A7,4 = −125
162A6,4

A7,5 = 125
1944A6,4 − 4

3ψ2,7 + 40
3 ψ3,7, A7,6 = 3125

3888A6,4 + 25
3 ψ2,7 − 100

3 ψ3,7,

A8,5 = −16
3 ϕ2 + 208

3 ϕ3 − 40Φ, A8,6 = 250
21 ϕ2 − 250

3 ϕ3 + 250
7 Φ,

A8,7 = 27
14ϕ2 − 27ϕ3 + 135

7 Φ, B6 = 125
14 ϕ2 − 625

14 ϕ3 + 1125
14 ϕ4,

B7 = −27
14ϕ2 + 162

7 ϕ3 − 405
7 ϕ4, B8 = 1

2ϕ2 − 13
2 ϕ3 + 45

2 ϕ4,

(B.5)

and
Φ = 5

32A6,4 − 25
28ψ2,6 + 81

175ψ2,7 − 162
25 ψ3,7 + 150

7 ψ4,6 + 972
35 ψ4,7 + 6ϕ4. (B.6)

B.3 Lawson integrators

Table B.11: ABLawson 4.

B1 = 55
24ϕ0 V1 = −59

24ϕ0(2hL) V2 = 37
24ϕ0(3hL) V3 = −3

8ϕ0(4hL)
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Table B.12: Lawson 4.

1
2 A2,1 = 1

2ψ0,2

1
2 A3,1 = 0 A3,2 = 1

2

1 A4,1 = 0 A4,2 = 0 A4,3 = ψ0,2

B1 = 1
6ϕ0 B2 = 1

3ψ0,2 B3 = 1
3ψ0,2 B4 = 1

6

B.4 Generalised Lawson integrators

Table B.13: GenLawson 41.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 1

2

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
6

Table B.14: GenLawson 42.

1
2 A2,1 = · U2,1 = −ψ2,2

1
2 A3,1 = · A3,2 = 1

2 U3,1 = −ψ2,2 + 1
4

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 = −ϕ2 + 1
2ψ0,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
6 V1 = −ϕ2 + 1

3ψ0,2 + 1
6

Table B.15: GenLawson 43.

1
2 A2,1 = · U2,1 = −2ψ2,2 − 2ψ3,2 U2,2

1
2 A3,1 = · A3,2 = 1

2 U3,1 = −2ψ2,2 − 2ψ3,2 + 5
8 U3,2

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 = −2ϕ2 − 2ϕ3 + 5
4ψ0,2 U4,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
6 V1 = −2ϕ2 − 2ϕ3 + 5

6ψ0,2 + 1
2 V2
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with
U2,2 = 1

2ψ2,2 + ψ3,2, U3,2 = 1
2ψ2,2 + ψ3,2 − 3

16 ,

U4,2 = 1
2ϕ2 + ϕ3 − 3

8ψ0,2, V2 = 1
2ϕ2 + ϕ3 − 1

4ψ0,2 − 1
6 .

(B.7)

Table B.16: GenLawson 44.

1
2 A2,1 = · U2,1 U2,2 U2,3

1
2 A3,1 = · A3,2 = 1

2 U3,1 U3,2 U3,3

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 U4,2 U4,3

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
6 V1 V2 V3

with

U2,1 = −3ψ2,2 − 5ψ3,2 − 3ψ4,2, U3,1 = U2,1 + 35
32 ,

U4,1 = −3ϕ2 − 5ϕ3 − 3ϕ4 + 35
16ψ0,2, V1 = −3ϕ2 − 5ϕ3 − 3ϕ4 + 35

24ψ0,2 + 1,

U2,2 = 3
2ψ2,2 + 4ψ3,2 + 3ψ4,2, U3,2 = U2,2 − 21

32 ,

U4,2 = 3
2ϕ2 + 4ϕ3 + 3ϕ4 − 21

16ψ0,2, V2 = 3
2ϕ2 + 4ϕ3 + 3ϕ4 − 7

8ψ0,2 − 2
3 ,

U2,3 = −1
3ψ2,2 − ψ3,2 − ψ4,2, U3,3 = U2,3 + 5

32 ,

U4,3 = −1
3ϕ2 − ϕ3 − ϕ4 + 5

16ψ0,2, V3 = −1
3ϕ2 − ϕ3 − ϕ4 + 5

24ψ0,2 + 1
6 .

(B.8)

Table B.17: GenLawson 45.

1
2 A2,1 = · U2,1 U2,2 U2,3 U2,4

1
2 A3,1 = · A3,2 = 1

2 U3,1 U3,2 U3,3 U3,4

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 U4,2 U4,3 U4,4

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
6 V1 V2 V3 V4

with
V1 = −4ϕ2 − 26

3 ϕ3 − 9ϕ4 − 4ϕ5 + 35
16ψ0,2 + 5

3 ,

V2 = 3ϕ2 + 19
2 ϕ3 + 12ϕ4 + 6ϕ5 − 63

32ψ0,2 − 5
3 ,

V3 = −4
3ϕ2 − 14

3 ϕ3 − 7ϕ4 − 4ϕ5 + 15
16ψ0,2 + 5

6 ,

V4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5 − 35

192ψ0,2 − 1
6 ,

(B.9)
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and
U2,1 = −4ψ2,2 − 26

3 ψ3,2 − 9ψ4,2 − 4ψ5,2, U3,1 = U2,1 + 105
64 ,

U2,2 = 3ψ2,2 + 19
2 ψ3,2 + 12ψ4,2 + 6ψ5,2, U3,2 = U2,2 − 189

128 ,

U2,3 = −4
3ψ2,2 − 14

3 ψ3,2 − 7ψ4,2 − 4ψ5,2, U3,3 = U2,3 + 45
64 ,

U2,4 = 1
4ψ2,2 + 88

96ψ3,2 + 3
2ψ4,2 + ψ5,2, U3,4 = U2,4 − 35

256 ,

U4,1 = −4ϕ2 − 26
3 ϕ3 − 9ϕ4 − 4ϕ5 + 105

32 ψ0,2,

U4,2 = 3ϕ2 + 19
2 ϕ3 + 12ϕ4 + 6ϕ5 − 189

64 ψ0,2,

U4,3 = −4
3ϕ2 − 14

3 ϕ3 − 7ϕ4 − 4ϕ5 + 45
32ψ0,2,

U4,4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5 − 35

128ψ0,2.

(B.10)

B.5 Modified generalised Lawson integrators

Table B.18: ModGenLawson 41.

1
2 A2,1 = ·
1
2 A3,1 = · A3,2 = 1

2

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = ϕ2 − 1
3ψ0,2

Table B.19: ModGenLawson 42.

1
2 A2,1 = · U2,1 = −ψ2,2

1
2 A3,1 = · A3,2 = 1

2 U3,1 = −ψ2,2 + 1
4

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 = −ϕ2 + 1
2ψ0,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 = 1
2ϕ2 + ϕ3 − 1

4ψ0,2 V1 = −1
2ϕ2 + ϕ3 + 1

12ψ0,2
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Table B.20: ModGenLawson 43.

1
2 A2,1 = · U2,1 = −2ψ2,2 − 2ψ3,2 U2,2

1
2 A3,1 = · A3,2 = 1

2 U3,1 = −2ψ2,2 − 2ψ3,2 + 5
8 U3,2

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 = −2ϕ2 − 2ϕ3 + 5
4ψ0,2 U4,2

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 V1 = −ϕ2 + ϕ3 + 3ϕ4 + 5
24ψ0,2 V2

with
U2,2 = 1

2ψ2,2 + ψ3,2, U3,2 = 1
2ψ2,2 + ψ3,2 − 3

16 ,

U4,2 = 1
2ϕ2 + ϕ3 − 3

8ψ0,2, V2 = 1
6ϕ2 − ϕ4 − 1

24ψ0,2,

B4 = 1
3ϕ2 + ϕ3 + ϕ4 − 5

24ψ0,2.

(B.11)

Table B.21: ModGenLawson 44.

1
2 A2,1 = · U2,1 U2,2 U2,3

1
2 A3,1 = · A3,2 = 1

2 U3,1 U3,2 U3,3

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 U4,2 U4,3

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 V1 V2 V3

with

U2,1 = −3ψ2,2 − 5ψ3,2 − 3ψ4,2, U3,1 = U2,1 + 35
32 ,

U2,2 = 3
2ψ2,2 + 4ψ3,2 + 3ψ4,2, U3,2 = U2,2 − 21

32 ,

U2,3 = −1
3ψ2,2 − ψ3,2 − ψ4,2, U3,3 = U2,3 + 5

32 ,

U4,1 = −3ϕ2 − 5ϕ3 − 3ϕ4 + 35
16ψ0,2, U4,2 = 3

2ϕ2 + 4ϕ3 + 3ϕ4 − 21
16ψ0,2,

U4,3 = −1
3ϕ2 − ϕ3 − ϕ4 + 5

16ψ0,2,

V1 = −3
2ϕ2 + 1

2ϕ3 + 6ϕ4 + 6ϕ5 + 35
96ψ0,2,

V2 = 1
2ϕ2 + 1

3ϕ3 − 3ϕ4 − 4ϕ5 − 7
48ψ0,2,

V3 = − 1
12ϕ2 − 1

12ϕ3 + 1
2ϕ4 + ϕ5 + 5

192ψ0,2,

B4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5 − 35

192ψ0,2.

(B.12)
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Table B.22: ModGenLawson 45.

1
2 A2,1 = · U2,1 U2,2 U2,3 U2,4

1
2 A3,1 = · A3,2 = 1

2 U3,1 U3,2 U3,3 U3,4

1 A4,1 = · A4,2 = 0 A4,3 = ψ0,2 U4,1 U4,2 U4,3 U4,4

B1 = · B2 = 1
3ψ0,2 B3 = 1

3ψ0,2 B4 V1 V2 V3 V4

with
B4 = 12

59ϕ2 + 50
59ϕ3 + 105

59 ϕ4 + 120
59 ϕ5 − 60

59ϕ6 − 157
944ψ0,2,

V1 = −116
59 ϕ2 − 34

177ϕ3 + 519
59 ϕ4 + 964

59 ϕ5 − 600
59 ϕ6 + 495

944ψ0,2,

V2 = 57
59ϕ2 + 121

118ϕ3 − 342
59 ϕ4 − 846

59 ϕ5 + 600
59 ϕ6 − 577

1888ψ0,2,

V3 = − 56
177ϕ2 − 76

177ϕ3 + 112
59 ϕ4 + 364

59 ϕ5 − 300
59 ϕ6 + 25

236ψ0,2,

V4 = 11
236ϕ2 + 49

708ϕ3 − 33
118ϕ4 − 61

59ϕ5 + 60
59ϕ6 − 181

11328ψ0,2,

(B.13)

and
U2,1 = −4ψ2,2 − 26

3 ψ3,2 − 9ψ4,2 − 4ψ5,2, U3,1 = U2,1 + 105
64 ,

U2,2 = 3ψ2,2 + 19
2 ψ3,2 + 12ψ4,2 + 6ψ5,2, U3,2 = U2,2 − 189

128 ,

U2,3 = −4
3ψ2,2 − 14

3 ψ3,2 − 7ψ4,2 − 4ψ5,2, U3,3 = U2,3 + 45
64 ,

U2,4 = 1
4ψ2,2 + 88

96ψ3,2 + 3
2ψ4,2 + ψ5,2, U3,4 = U2,4 − 35

256 ,

U4,1 = −4ϕ2 − 26
3 ϕ3 − 9ϕ4 − 4ϕ5 + 105

32 ψ0,2,

U4,2 = 3ϕ2 + 19
2 ϕ3 + 12ϕ4 + 6ϕ5 − 189

64 ψ0,2,

U4,3 = −4
3ϕ2 − 14

3 ϕ3 − 7ϕ4 − 4ϕ5 + 45
32ψ0,2,

U4,4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5 − 35

128ψ0,2.

(B.14)
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B.6 Exponential predictor-corrector integrators

Table B.23: PEC 423.

1 A2,1 = · U2,1 = −2ϕ2 − 2ϕ3 U2,2 = 1
2ϕ2 + ϕ3

B1 = · B2 = 1
3ϕ2 + ϕ3 + ϕ4 V1 = −ϕ2 + ϕ3 + 3ϕ4 V2 = 1

6ϕ2 − ϕ4

Table B.24: PEC 433.

1 A21 = · U2,1 = −2ϕ2 − 2ϕ3 U2,2

1 A3,1 = · A3,2 = 1
3ϕ2 + ϕ3 + ϕ4 U3,1 = −ϕ2 + ϕ3 + 3ϕ4 U3,2

B1 = · B2 = 0 B3 = 1
3ϕ2 + ϕ3 + ϕ4 V1 = −ϕ2 + ϕ3 + 3ϕ4 V2

with
U2,2 = 1

2ϕ2 + ϕ3, U3,2 = 1
6ϕ2 − ϕ4, V2 = 1

6ϕ2 − ϕ4. (B.15)

Table B.25: PEC 524.

1 A2,1 = · U2,1 = −3ϕ2 − 5ϕ3 − 3ϕ4 U2,2 = 3
2ϕ2 + 4ϕ3 + 3ϕ4 U2,3

B1 = · B2 V1 = −3
2ϕ2 + 1

2ϕ3 + 6ϕ4 + 6ϕ5 V2 = 1
2ϕ2 + 1

3ϕ3 − 3ϕ4 − 4ϕ5 V3

with
B2 = 1

4ϕ2 + 11
12ϕ3 + 3

2ϕ4 + ϕ5, U2,3 = −1
3ϕ2 − ϕ3 − ϕ4,

V3 = − 1
12ϕ2 − 1

12ϕ3 + 1
2ϕ4 + ϕ5.

(B.16)

Table B.26: PEC 534.

1 A2,1 = · U2,1 = −3ϕ2 − 5ϕ3 − 3ϕ4 U2,2 U2,3

1 A3,1 = · A3,2 U3,1 = −3
2ϕ2 + 1

2ϕ3 + 6ϕ4 + 6ϕ5 U3,2 U3,3

B1 = · B2 = 0 B3 = A3,2 V1 = −3
2ϕ2 + 1

2ϕ3 + 6ϕ4 + 6ϕ5 V2 V3 = U3,3
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with

A3,2 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5, U2,2 = 3

2ϕ2 + 4ϕ3 + 3ϕ4,

U2,3 = −1
3ϕ2 − ϕ3 − ϕ4, U3,2 = 1

2ϕ2 + 1
3ϕ3 − 3ϕ4 − 4ϕ5,

U3,3 = − 1
12ϕ2 − 1

12ϕ3 + 1
2ϕ4 + ϕ5, V2 = 1

2ϕ2 + 1
3ϕ3 − 3ϕ4 − 4ϕ5.

(B.17)

Table B.27: PEC 625.

1 A2,1 = · U2,1 = −4ϕ2 − 26
3 ϕ3 − 9ϕ4 − 4ϕ5 U2,2 U2,3 U2,4

B1 = · B2 V1 = −2ϕ2 − 1
3ϕ3 + 17

2 ϕ4 + 16ϕ5 + 10ϕ6 V2 V3 V4

with

B2 = 1
5ϕ2 + 5

6ϕ3 + 7
4ϕ4 + 2ϕ5 + ϕ6, U2,2 = 3ϕ2 + 19

2 ϕ3 + 12ϕ4 + 6ϕ5,

U2,3 = −4
3ϕ2 − 14

3 ϕ3 − 7ϕ4 − 4ϕ5, U2,4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5,

V2 = ϕ2 + 7
6ϕ3 − 11

2 ϕ4 − 14ϕ5 − 10ϕ6, V3 = −1
3ϕ2 − 1

2ϕ3 + 7
4ϕ4 + 6ϕ5 + 5ϕ6,

V4 = 1
20ϕ2 + 1

12ϕ3 − 1
4ϕ4 − ϕ5 − ϕ6.

(B.18)

Table B.28: PEC 635.

1 A2,1 = · U2,1 = −4ϕ2 − 26
3 ϕ3 − 9ϕ4 − 4ϕ5 U2,2 U2,3 U2,4

1 A3,1 = · A3,2 U3,1 = −2ϕ2 − 1
3ϕ3 + 17

2 ϕ4 + 16ϕ5 + 10ϕ6 U3,2 U3,3 U3,4

B1 = · B2 = 0 B3 V1 = −2ϕ2 − 1
3ϕ3 + 17

2 ϕ4 + 16ϕ5 + 10ϕ6 V2 V3 V4

with
A3,2 = 1

5ϕ2 + 5
6ϕ3 + 7

4ϕ4 + 2ϕ5 + ϕ6, B3 = A3,2,

U2,2 = 3ϕ2 + 19
2 ϕ3 + 12ϕ4 + 6ϕ5, V2 = U3,2,

U2,3 = −4
3ϕ2 − 14

3 ϕ3 − 7ϕ4 − 4ϕ5, V3 = U3,3,

U2,4 = 1
4ϕ2 + 11

12ϕ3 + 3
2ϕ4 + ϕ5, V4 = U3,4,

(B.19)

and
U3,2 = ϕ2 + 7

6ϕ3 − 11
2 ϕ4 − 14ϕ5 − 10ϕ6,

U3,3 = −1
3ϕ2 − 1

2ϕ3 + 7
4ϕ4 + 6ϕ5 + 5ϕ6,

U3,4 = 1
20ϕ2 + 1

12ϕ3 − 1
4ϕ4 − ϕ5 − ϕ6.

(B.20)

129



Table B.29: PEC 726.

1 A2,1 = · U2,1 = −5ϕ2 − 77
6 ϕ3 − 71

4 ϕ4 − 14ϕ5 − 5ϕ6 U2,2 U2,3 U2,4 U2,5

B1 = · B2 V1 = − 5
2ϕ2 − 17

12ϕ3 + 83
8 ϕ4 + 57

2 ϕ5 + 65
2 ϕ6 + 15ϕ7 V2 V3 V4 V5

with
B2 = 1

6ϕ2 + 137
180ϕ3 + 15

8 ϕ4 + 17
6 ϕ5 + 5

2ϕ6 + ϕ7,

U2,2 = 5ϕ2 + 107
6 ϕ3 + 59

2 ϕ4 + 26ϕ5 + 10ϕ6,

U2,3 = −10
3 ϕ2 − 13ϕ3 − 49

2 ϕ4 − 24ϕ5 − 10ϕ6,

U2,4 = 5
4ϕ2 + 61

12ϕ3 + 41
4 ϕ4 + 11ϕ5 + 5ϕ6,

U2,5 = −1
5ϕ2 − 5

6ϕ3 − 7
4ϕ4 − 2ϕ5 − ϕ6,

V2 = 5
3ϕ2 + 47

18ϕ3 − 8ϕ4 − 92
3 ϕ5 − 40ϕ6 − 20ϕ7,

V3 = −5
6ϕ2 − 19

12ϕ3 + 29
8 ϕ4 + 37

2 ϕ5 + 55
2 ϕ6 + 15ϕ7,

V4 = 1
4ϕ2 + 31

60ϕ3 − ϕ4 − 6ϕ5 − 10ϕ6 − 6ϕ7,

V5 = − 1
30ϕ2 − 13

180ϕ3 + 1
8ϕ4 + 5

6ϕ5 + 3
2ϕ6 + ϕ7.

(B.21)

Table B.30: PEC 736.

1 A2,1 = · U2,1 U2,2 U2,3 U2,4 U2,5

1 A3,1 = · A3,2 U3,1 U3,2 U3,3 U3,4 U3,5

B1 = · B2 = 0 B3 = A3,2 V1 V2 = U3,2 V3 = U3,3 V4 = U3,4 V5 = U3,5

with
U2,1 = −5ϕ2 − 77

6 ϕ3 − 71
4 ϕ4 − 14ϕ5 − 5ϕ6,

U2,2 = 5ϕ2 + 107
6 ϕ3 + 59

2 ϕ4 + 26ϕ5 + 10ϕ6,

U2,3 = −10
3 ϕ2 − 13ϕ3 − 49

2 ϕ4 − 24ϕ5 − 10ϕ6,

U2,4 = 5
4ϕ2 + 61

12ϕ3 + 41
4 ϕ4 + 11ϕ5 + 5ϕ6,

U2,5 = −1
5ϕ2 − 5

6ϕ3 − 7
4ϕ4 − 2ϕ5 − ϕ6,

(B.22)
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and
U3,1 = −5

2ϕ2 − 17
12ϕ3 + 83

8 ϕ4 + 57
2 ϕ5 + 65

2 ϕ6 + 15ϕ7,

U3,2 = 5
3ϕ2 + 47

18ϕ3 − 8ϕ4 − 92
3 ϕ5 − 40ϕ6 − 20ϕ7,

U3,3 = −5
6ϕ2 − 19

12ϕ3 + 29
8 ϕ4 + 37

2 ϕ5 + 55
2 ϕ6 + 15ϕ7,

U3,4 = 1
4ϕ2 + 31

60ϕ3 − ϕ4 − 6ϕ5 − 10ϕ6 − 6ϕ7,

U3,5 = − 1
30ϕ2 − 13

180ϕ3 + 1
8ϕ4 + 5

6ϕ5 + 3
2ϕ6 + ϕ7,

A3,2 = 1
6ϕ2 + 137

180ϕ3 + 15
8 ϕ4 + 17

6 φ5 + 5
2ϕ6 + ϕ7,

V1 = −5
2ϕ2 − 17

12ϕ3 + 83
8 ϕ4 + 57

2 ϕ5 + 65
2 ϕ6 + 15ϕ7.

(B.23)
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Appendix C

Comparison plots of the integrators
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Figure C.1: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 1D Allen–Cahn equation.
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Figure C.2: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 1D Allen–Cahn
equation.
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Figure C.3: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 1D Cahn–Hilliard equa-
tion.
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Figure C.4: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 1D Cahn–Hilliard
equation.
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Figure C.5: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 1D KdV equation.
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Figure C.6: Accuracy versus time-step and computer time for the generalised Law-
son, modified generalised Lawson and predictor-corrector schemes for the 1D KdV
equation.
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Figure C.7: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 1D KS equation.
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Figure C.8: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 1D KS equation.
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Figure C.9: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 1D NLS equation.
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Figure C.10: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 1D NLS equation.
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Figure C.11: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 2D Ginzburg–Landau
equation.
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Figure C.12: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 2D Ginzburg–
Landau equation.
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Figure C.13: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 2D Schnakenberg equa-
tions.
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Figure C.14: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 2D Schnakenberg
equations.
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Figure C.15: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 2D Swift–Hohenberg equa-
tion.
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Figure C.16: Accuracy versus time-step and computer time for the generalised Law-
son, modified generalised Lawson and predictor-corrector schemes for the 2D Swift–
Hohenberg equation.
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Figure C.17: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 3D Ginzburg–Landau
equation.
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Figure C.18: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 3D Ginzburg–
Landau equation.
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Figure C.19: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 3D Schnakenberg equa-
tions.
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Figure C.20: Accuracy versus time-step and computer time for the generalised Lawson,
modified generalised Lawson and predictor-corrector schemes for the 3D Schnakenberg
equations.
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Figure C.21: Accuracy versus time-step and computer time for the ETD Adams–
Bashforth, ETD Runge–Kutta and Lawson schemes for the 3D Swift–Hohenberg equa-
tion.
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Figure C.22: Accuracy versus time-step and computer time for the generalised Law-
son, modified generalised Lawson and predictor-corrector schemes for the 3D Swift–
Hohenberg equation.
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Appendix D

Eigenvalues of the Laplacian
matrix on the sphere

The Laplacian matrix (5.28) is a discretized Laplacian, so one might expect that the

eigenvalues are all real and nonpositive. For example, Gottlieb and Lustman [67]

give a nontrivial proof that the discretization of the second derivative operator in the

Chebyshev collocation method has real and negative eigenvalues. Here we show that

essentially the same holds on the sphere for (5.28). (A slight difference is that we

have one zero eigenvalue since the Laplacian of a constant is zero.)

Theorem D.1. The eigenvalues of L in (5.28) are all real and nonpositive.

Proof. It suffices to examine each block Li = D
(2)
m +T−1

sin2Tcos sinDm+D
(2)
n (i, i)T−1

sin2 .

We first note that the eigenvalues of Li are equal to those of the matrix pencil

Ai − λBi := Tsin2D(2)
m + Tcos sinDm + D(2)

n (i, i)Im − λTsin2 , (D.1)

which corresponds to the generalized eigenvalue problem Aix = λBix. We shall prove

that this pencil has negative real eigenvalues, regardless of i; we drop the subscript i

for simplicity. Our proof proceeds as follows:

1. The eigenvalues of A− λB are the values of λ0 for which the matrix A− λ0B

has a zero eigenvalue.

2. For any fixed λ0 ∈ (−∞, 0], all the eigenvalues of the matrix A− λ0B are real.

Therefore we can define m real continuous functions fj(λ0) := λj(A− λ0B) for

j = 1, . . . ,m.

3. For every j, we have fj(0) ≤ 0, and fj(λ0) ≥ 0 for negative λ0 with sufficiently

large |λ0|.
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4. By the intermediate value theorem to each fj(λ0), there is at least one root

fj(λ0) = 0 in λ0 ∈ (−∞, 0] for each j. It follows that A − λB has m real

eigenvalues (counting multiplicities), hence so does Li.

The only nontrivial parts are the second step and the claim fj(0) ≤ 0.

We first prove the second step, i.e., that the matrix C(λ0) := A − λ0B has only

real eigenvalues. To do this we apply the similarity transformation with the matrix

P = Im(:, [1:2:m, 2:2:m]), which gives PTC(λ0)P = diag(C1(λ0),C2(λ0)), a block-

diagonal matrix with two m
2
× m

2
:= `×` blocks. Here C1(λ0) is tridiagonal with extra

elements in the upper-right and lower-left corners (as in (D.3) below), and C2(λ0) is

tridiagonal.1

For C2(λ0), we can verify that the products of the neighboring off-diagonals are

positive,

C2(λ0)j,j+1C2(λ0)j+1,j > 0, (D.2)

for all j (when λ0 = 0 the product can be 0; we exclude this case for the moment and

assume λ0 < 0). Hence, C2(λ0) is diagonally similar to a symmetric matrix, thus its

eigenvalues are all real.

It remains to prove that the eigenvalues of C1(λ0) are all real. Note that C1(λ0)

is of the form

C1(λ0) =



α β′ β′

β α1 β1

β`−2 α2 β2

β`−3
. . . . . .
. . . . . . . . .

. . . . . . β`−1

β2 α2 β`−2

β β1 α1


. (D.3)

Several properties of C1(λ0) are worth noting: (i) the (` − 1) × (` − 1) submatrix

obtained by removing the first row and column is symmetric about the antidiagonal,

both in the diagonal and off-diagonal elements (note the double appearance of βi) and

(ii) the products of the neighboring off-diagonal blocks are all positive βjβ`−j−1 > 0

for all j, and ββ′ > 0. In Lemma D.2 below we prove that any matrix (D.3) with such

structure has only real eigenvalues, establishing that fj(λ0) is real for any λ0 < 0.

The claim extends to λ0 = 0 by continuity of the eigenvalues, completing the second

step in the proof.

1It is possible to use this structure in the linear solvers. We did not do this in our experiments,
as applying the permutation also requires O(nm) operations.
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It remains to show fj(0) ≤ 0 for every j, that is, A has only nonpositive eigenval-

ues. Since D
(2)
n (i, i) ≤ 0 for all i, it suffices to treat the case for which D

(2)
n (i, i) = 0.

We again examine C1(0) and C2(0) separately. For each of these, after deflating the

zero eigenvalue (if present) we can apply a diagonal similarity transformation so that

the Gershgorin disks, whose centers lie on the negative half line, do not contain the

origin, implying that all the eigenvalues are nonpositive. This completes the proof of

Theorem D.1.

It remains to prove that the eigenvalues of matrices of the form in (D.3) are all

real. A key fact is that a real tridiagonal matrix with the neighboring off-diagonals

having the same sign is diagonally similar to a symmetric tridiagonal matrix, and an

analogous result holds for arrowhead matrices.

Lemma D.2. For any real matrix of the form (D.3), with βiβ`−i−1 > 0 for all i

and ββ′ > 0, all the eigenvalues are real.

Proof. Denote the matrix by C. We can apply a diagonal similarity transforma-

tion to the bottom-right (` − 1) × (` − 1) part C2, to obtain a symmetric matrix

D−1C2D. Since C2 is symmetric about the antidiagonal, so is the diagonal matrix

D; thus D−1C2D is both symmetric and symmetric about the antidiagonal, and so

the transformation Ĉ =
[

1
D−1

]
C
[

1
D

]
preserves the property that the off-diagonal

parts of the first row and column are parallel (when one is transposed). Now let

Q be an orthogonal matrix of eigenvectors of D−1C2D such that QT (D−1C2D)Q is

diagonal, and consider the matrix C̃ =
[

1
QT

]
Ĉ
[

1
Q

]
. By the antidiagonal symme-

try of D−1C2D, each eigenvector (column of Q) has the property that it is either

in the form [v1, v2, . . . ,−v2,−v1]T or [v1, v2, . . . , v2, v1]T . Therefore, C̃ is an arrow-

head matrix with the property that for every j, we have either C̃j,1 = C̃1,j = 0, or

C̃j,1C̃1,j > 0. It follows that there exists a diagonal similarity transformation that

brings C̃ to symmetric form, hence has real eigenvalues.
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périodiques, Annales scientifiques de l’E.N.S., 12 (1883), pp. 47–88.

[60] B. Fornberg, On a Fourier method for the Iintegration of Hyperbolic Equa-

tions, SIAM J. Numer. Anal., 12 (1975), pp. 509–528.

163

www.chebfun.org


[61] , A Practical Guide to Pseudospectral Methods, Cambridge University

Press, Cambridge, 1998.

[62] B. Fornberg and T. A. Driscoll, A fast spectral algorithm for nonlinear

wave equations with linear dispersion, J. Comput. Phys., 155 (1999), pp. 456–

467.

[63] B. Fornberg and N. Flyer, A Primer on Radial Basis Functions with

Applications to the Geosciences, SIAM, Philadelphia, 2015.

[64] B. Fornberg and D. Merrill, Comparison of finite difference- and pseu-

dospectral methods for convective flow over a sphere, Geophys. Res. Lett., 24

(1997), pp. 3245–3248.

[65] A. Friedli, Verallgemeinerte Runge–Kutta Verfahren zur Lösung steifer Dif-

ferentialgleichungssysteme, in Numerical Treatment of Differential Equations,
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paru incompatibles, in Mémoires de l’Académie Royale des Sciences de l’année

1744, Paris, 1748, pp. 417–426.

[107] P. E. Merilees, The pseudospectral approximation applied to the shallow wa-

ter equations on a sphere, Atmosphere, 11 (1973), pp. 13–20.

[108] B. V. Minchev, Exponential integrators for semilinear problems, PhD thesis,

University of Bergen, 2004.

[109] B. V. Minchev and W. M. Wright, A review of exponential integrators

for first order semi-linear problems, Tech. Rep. 2/2005, Norwegian University

of Science and Technology, 2005.

167



[110] C. B. Moler and C. F. Van Loan, Nineteen dubious ways to compute the

exponential of a matrix, twenty-five years later, SIAM Rev., 45 (2003), pp. 3–49.

[111] H. Montanelli, Computing hyperbolic choreographies, Regul. Chaotic Dyn.,

21 (2016), pp. 523–531.

[112] H. Montanelli and N. Bootland, Solving periodic semilinear stiff PDEs

in 1D, 2D and 3D with exponential integrators, submitted (2016).

[113] H. Montanelli and N. I. Gushterov, Computing planar and spherical

choreographies, SIAM J. Appl. Dyn. Syst., 15 (2016), pp. 235–256.

[114] H. Montanelli and Y. Nakatsukasa, Fourth-order time-stepping for stiff

PDEs on the sphere, submitted (2017).

[115] C. Moore, Braids in classical dynamics, Phys. Rev. Lett., 70 (1993), pp. 3675–

3679.

[116] P. K. Newton, The N-vortex Problem, Springer, New York, 2001.

[117] J. Nocedal and S. J. Wright, Numerical Optimization, Springer, New

York, 2006.

[118] S. P. Nørsett, An A-stable modification of the Adams–Bashforth methods, in

Conference on the numerical solution of differential equations (Dundee, 1969),

Springer, Berlin, 1969, pp. 214–219.

[119] S. Olver and A. Townsend, A fast and well-conditioned spectral method,

SIAM Rev., 55 (2013), pp. 462–489.

[120] S. A. Orszag, Numerical methods for the simulation of turbulence, Phys.

Fluids, 12 (1969), pp. 250–257.

[121] , Transform method for the calculation of vector-coupled sums: appliaction

to the spectral form of the vorticity equation, J. Atmos. Sci., 27 (1970), pp. 890–

895.

[122] , Accurate solution of the Orr–Sommerfeld stability equation, J. Fluid

Mech., 50 (1971), pp. 689–703.

[123] , Numerical simulation of incompressible flows within simple boundaries:

Accuracy, J. Fluid Mech., 49 (1971), pp. 75–112.

168



[124] , Numerical simulation of incompressible flows within simple boundaries:

Galerkin (spectral) representations, Studies in Appl. Math., 50 (1971), pp. 293–

327.

[125] , Fourier series on spheres, Mon. Wea. Rev., 102 (1974), pp. 56–75.

[126] A. Ostermann, M. Thalhammer, and W. M. Wright, A class of explicit

exponential general linear methods, BIT, 46 (2006), pp. 409–431.

[127] L. Pareschi and G. Russo, Implicit-explicit Runge–Kutta schemes and ap-

plications to hyperbolic systems with relaxation, J. Sci. Comput., 25 (2005),

pp. 129–155.
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tiques, Gauthier-Villars et Fils, Paris, 1892.

[134] , Sur les solutions périodiques et le principe de moindre action, Comptes

Rendus de l’Académie des Sciences, 123 (1896), pp. 915–918.

[135] Y. Pomeau, S. Zaleski, and P. Manneville, Dislocation motion in cellu-

lar structures, Phys. Rev. A, 27 (1983), pp. 2710–2726.

[136] D. A. Pope, An exponential method of numerical integration of ordinary dif-

ferential equations, Communications of the ACM, 6 (1963), pp. 491–493.

169



[137] G. Rainwater and M. Tokman, A new class of split exponential propaga-

tion iterative methods of Runge–Kutta type (sEPIRK) for semilinear systems

of ODEs, J. Comput. Phys., 269 (2014), pp. 40–60.

[138] , A new approach to constructing efficient stiffly accurate EPIRK methods,

J. Comput. Phys., 323 (2016), pp. 283–309.

[139] M. E. Rognes, D. A. Ham, C. J. Cotter, and A. T. T. McRae, Au-

tomating the solution of PDEs on the sphere and other manifolds in FEniCS

1.2, Geosci. Model Dev., 6 (2013), pp. 2099–2119.

[140] V. Rokhlin and M. Tygert, Fast algorithms for spherical harmonic expan-

sions, SIAM J. Sci. Comput., 27 (2006), pp. 1903–1928.

[141] H. H. Rosenbrock, Some general implicit processes for the numerical solution

of differential equations, Computer, 5 (1963), pp. 329–330.

[142] J. Rubinstein and P. Sternberg, On the slow motion of vortices in the

Ginzburg–Landau heat flow, SIAM J. Math. Anal., 26 (1995), pp. 1452–1466.

[143] T. Schmelzer and L. N. Trefethen, Evaluating matrix functions for expo-
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