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Abstract

In this article we address the problem of projective reconstruction of structure
and motion given only image data. In particular we investigate three novel minimal
combinations of points and lines over three views, and give complete solutions and
reconstruction methods for two of these cases: “four points and three lines in three
views”, and “two points and six lines in three views”. We show that in general
there are three and seven solutions respectively to these cases. The reconstruction
methods are tested on real and simulated data. We also give tentative results for the
case of nine lines in correspondence over three views, where experiments indicate

that there may be up to 36 complex solutions.

1 Introduction

One of the core problems of computer vision is 3D reconstruction. Within the last

years, reconstruction methods have been successfully extended to projective recon-



struction within an uncalibrated framework [9]. In this article we will investigate some
minimal cases for projective reconstruction, where by a minimal case is meant that
omission of some data gives an infinite number of solutions. We assume that only im-
age data is given, and from this we seek projective solutions for the structure and the
motion of the cameras.

Solving minimal cases to perform 3D reconstruction is not only of theoretical in-
terest, it also is important in practice: solutions obtained from minimal cases can be
used to bootstrap robust estimation algorithms such as RANSAC or LMS schema
[4, 18, 25], and optimal estimation algorithms such as bundle adjustment [20]. In a
RANSAC framework for solving structure and motion problems, a number of hypo-
thetical matches are used to estimate a solution. Based on the rest of the available data
this solution will then be accepted or rejected. In order to minimize the complexity of
the procedure, one wants as small as possible sample size to estimate the initial solu-
tion. A minimal case is therefore a good way to get an initial estimate. A drawback
of using minimal cases in RANSAC is that they can have multiple solutions. This will
increase the complexity of the verification step.

One motivation for using lines to get initial estimates, is that they often can be
measured with much higher accuracy than points can. This due to that a line can be
estimated using a large number of extracted points in the image. The accuracy of the
initial solutions will then benefit from this.

For three views and a projective reconstruction, the minimum number of points is
6 [10, 15], and the minimum number of lines is 9.

Linear algorithms have been developed for over-constrained solutions of at least 13
lines [6], and for combinations of lines and points [7]. Non-linear maximum likelihood
estimators have also been developed for these over-constrained cases [18]. However,
there has been little work on minimal cases for lines, or combinations of lines and
points.

Over-constrained solutions have also been developed for other camera models for
lines, and combinations of points and lines, including calibrated cameras [11, 17, 22,
23, 24], and affine cameras [1, 12, 16].

In the following, we will assume that the lines and points investigated are in general



positions. The results will not hold for critical configurations, which do exist. For lines
cf. [2, 14], and for points, see [13]. We do not know of any work describing critical

configurations for projective reconstruction of combinations of lines and points.

2 Problem formulation

A line in space has four degrees of freedom. A point in space has three degrees of
freedom. In each image a point or a line gives two constraints on the unknown geome-
try. If we assume an uncalibrated pinhole camera then each camera has eleven degrees
of freedom, cf. [9]. Since we work in a projective setting everything is defined up to
a coordinate system with 15 degrees of freedom. A minimal projective structure and

motion problem in m images given n points and % lines should hence fulfill:
(2n 4+ 2k)m = 11m + 3n + 4k — 15. 1)

In table 1 the different minimal cases for two and three cameras are summarised. There
are other minimal problems for combinations of points and lines seen in four to nine
cameras. The number of solutions are also given in the known cases. One can see in the
table that as the size of the measured data-set increases, while holding the number of
constraints equal to the number of estimated parameters, the complexity of the problem
increases, with the result that a larger number of solutions occur. Our tentative results
on the nine lines give indication of up to 36 solutions in this case.

In general adding information, i.e. adding one or more line or point, without in-
creasing the number of images, or adding images without increasing the number of
lines or points, will give an over-constrained problem. This will in general lead to a
unique over-constrained solution. If we restrict ourselves to three images the minimal
cases for combinations of points and lines are: “6 points”, “4 points and 3 lines”, “2
points and 6 lines” and “9 lines”. In this article we give solutions to the “4 points and
3 lines” problem as well as the “2 points and 6 lines” problem. We also give some
tentative results on the case of nine lines.

Throughout the article, vectors are denoted in boldface and matrices in upper case

boldface. Scalars are any plain letters or lower case Greek.



Points | Lines | Solutions Points | Lines | Solutions

7 0 3 6 0 3
Two cameras

4 3 3
2 6 7
0 9 ?

Three cameras

Table 1: The number of solutions for different minimal problems for two and three

cameras.

We assume a perspective projection (uncalibrated pinhole camera) as the camera
model. Thus the object space may be considered as embedded in P2 and the image
space embedded in P2, The camera performs a projection from P2 to P2, and can be
represented by a 3 x 4 matrix P34 of rank 3 whose kernel is the projection centre. The

relation between a point X in P2 and a point x in P can be written
AX = P3><4X . (2)

An image line is represented by three homogeneous coordinates 1 = [ I, I, I.]" and
the line is given by 1" x = 0, where x = [ w v w] " denotes points on the line. We will
denote lines, points and cameras in view one without superscripts, in view two with
primes and in view three with double primes. For example, a line in view two that is a
projection of a line j in 3-space is denoted I’; = [ 1o lyj l’zj]T.

An important part of solving a minimal structure and motion problem is the choice
of parameterization. A badly chosen parameterization will lead to a problem that is
hard to solve and a good one may lead to the solution directly. In developing the
solutions given in the following sections we have experimented with several different
parameterizations and we only report the most tractable one for each case. Here we
mention some of the issues involved in choosing the parameterization.

A basis in projective space has 15 degrees of freedom. Defining a basis with points

in space is natural since five points have exactly 5 x 3 = 15 degrees of freedom. These

points can be chosen in a canonical form, that has been used in many instances to



parameterize structure and motion problems, and it often leads to nice problem formu-
lations.

Using lines and combinations of lines and points to parameterize the geometry is
a bit more tricky as compared to just using points. There is no natural or canonical
way to fix the coordinate system by specifying line coordinates. To fix a basis using
lines will lead to the use of a maximum of three lines which have in total 3 x 4 = 12
degrees of freedom. The other degrees of freedom must be determined by the cameras
or another point. In the case of fixing the degrees of freedom using the cameras this can
be done in a number of different ways. The most intuitive is maybe putting the camera
centres at specific points. In terms of the number of parameters that the cameras end
up being parameterized by it is desirable to use as many points as are available. This is
because a point gives just as many linear constraints on a camera as a line does, but it is
determined by one parameter less than a line in space. This is the reason why problems
involving many lines easily leads to polynomial equations of both high degree and with
many unknown variables.

In order to be sure that a chosen parameterization is well defined, one has to verify
that it defines a well defined homography so that any lines in general positions may be
transferred to the given basis. For points and cameras this is straight-forward. For lines
it is determined as follows: Each line will give four conditions on the homography.

These linear conditions on the homography H can be written in the following way:
I 'HX; =0, i=1,2, j=1,2, (3)

where H transfers a line defined by the two points (X1, X2) to a line defined by the
intersection of the two planes (I, II2). Four lines are not enough to define a homog-

raphy since there exists two invariants for four lines in P3, cf. [8, 5].

3 Thecaseof four pointsand threelines

In this section we give an algorithm for solving the case of four points and three lines
seen in three images. We will show that there is in general three solutions, of which

some may be complex. The algorithm becomes linear given four points and four or



more lines. This in contrast to algorithms that only use the linear constraints on the
trifocal tensor, which need at least four points and five lines. The methods are closely

related to multipolynomial resultants, cf [3, 19].

3.1 Parameterization

As we are working within an uncalibrated projective setting, we may without restric-
tion® introduce a projective coordinate system such that the 4 points in space are as-

signed to the canonical projective coordinates

1 0 0 O

01 0 0
X1 X2 X3 X4 =

0010

00 01

and the first 4 image points in each image are assigned to

1 0 01

Xp X2 X3 X[ =10 1 0 1

0 0 11
Using this choice of coordinates we get a special form of camera matrices. We have
only used four points in our projective basis, which leaves the freedom to choose one
more point. We fix the basis by letting the camera centre of camera one lie at the point

Ci=1|1 1 1 —1|7".Thisgives the following three cameras, parameterized with

six parameters (a1, . .., ag):
1 0 0 1 ap 0 0 1 asr 0 0 1
P=10 10 1|,P=]0 a2 0 1[,P"=]0 a5 0 1
0 0 1 1 0 0 a3 1 0 0 o 1

3.2 Problem solution

We have used the four points to parameterize the cameras. We will now use the three

lines to solve for the unknowns. The condition that three lines are images of a common

1We are implicitly assuming that the 4 object points are projectively independent as well as the 4 points
in each image.



3D lineis

rank M ; = rank Ple P’T1;. P”Tl;-’ =2 .
In our case we have explicitly for each line 5
lxj Ckll;j (¥4lgj
I "
Mj _ lyj aglyj Oé5lyj
lzj (Iglgj (X6l2}
S; Sj’- S;’

with

Sj=luj+lyj+ 1oy, Sj =1+ 1+ 15, ) =1+ 1, +17;.

Expanding the four 3 x 3—minors of M ; one gets the following four equations:

Bix12Y = 0441,
where

.
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and
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(4)
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Since I,;B1 — ;B2 +1.;B3 = S1,;B1 where B; denotes the ’th row of B we know

that at most three of the four equations are linearly independent when considered as

a system of equations in the unknown (Y7, ..

., Y12). We will only use the first three

equations. These can be verified to be linearly independent (take for instance the sub-

matrix of B consisting of rows one to three and columns two to four whose determinant



is clearly non-zero.) This results in 9 linear equations so we can express the first nine of
the unknowns in Y in (a4, as, ag) by the Gauss-Jordan factorization nglg of Bgx12.
Inserting these expressions in the nonlinear internal constraints of Y gives a system of

polynomial equations in {«4, a5, ag } which can be written in the following way:

Qsxs [1 a4 Qs ai ag Qq0 T = 0px1, ®)

where Qg Only depends on image data and «. In order to have a solution to equa-
tion (5), Q has to be rank deficient and hence det Q = 0. Expanding the determinant
of Q in ag gives a third degree polynomial in «g. Thus there are three solutions. In
section 5.1 experiments on simulated data shows that there are cases with three distinct
real solutions.

If we have four lines or more we can use equation (4) to get a linear solution. In
this case we get forn > 4

Bsnx12Y = O3 x1 - (6)

In order to have a non-trivial solution the matrix B has to be rank deficient so the
solution is given as the right null-space of B. The scale of the solution is given by

satisfying the nonlinear internal constraints inherited from Y.

4 The caseof two pointsand six lines

In this section we give a solution to the minimal case of two points and six lines viewed

in three perspective views. We will show that in general there are seven solutions.

4.1 Parameterization

We will use the two points and two of the lines to parameterize the cameras. Let the
two object points be given as X; = {1 0 0 O} T, X = [0 00 1} T, and
the first two linesas L, = [0 t 1 1}T, Ly = [1 1t 1}T, t € R.One

can not define a basis in P? using two points and two lines, cf. [9], so the basis in the



images will be defined by three lines and one point. We let the two points project to

u 1 u 1 u” 1
{xl X2:| =|v 1], {x’l x’Q} = (v 1], {x’l’ x’Q’} = (v 1},
w 1 w1 w” 1

1 0 1 0 1 0
o =o 1|, [non)l=]o 1|, | ul=1o 1
0 0 00 00
This gives each camera three parameters, of the following form:
U 0 a; —oq
P=lv ag—v 0 —o
w [6%) Q3 —Q1
Similarly P’ and P” are parameterized by avs, ..., g and aer, . . ., arg. The scales of the

camera matrices are inherited from x;, X} and x/’ respectively. We have fixed two lines
and two points in space. This correspondsto 2-4+2-3 = 14 degrees of freedom. This
leaves one degree of freedom in the projective structure which can be fixed by letting

Oélzl.

4.2 Problem solution

The two points and two of the lines have been used in the parameterization. We will use
the remaining four lines to solve the problem. We assume that we have made projective
I

changes in the images such that I3 = 15 = 15 = [0 0 1} T. We will again use the

fact that
rank M; = rank |PT1; P’T19 P”Tlﬂ =2 j=3...6.

We choose two equations for each line. These equations are obtained from M ; in the
following way. One equation is given by taking the determinant of rows 1,3 and 4. The

second equation is given by taking the determinant of rows 1,2 and 4. Since we are



only using two equations, a small number of spurious solutions are introduced (as will
be shown later). These spurious solutions are, however, easy to identify later.

This will give rise to the following system of equations:
Bsx16Y = Ogx1, (7)
with
YT16><1 = [a5 g (g (g 507 OleOl7 (X4 (g (Lalg Q47 Oi20lg OL30l4 (Lol (L3QL7T QL4 1]

and where Bgy 16 depends on image data only.

We use the Gauss-Jordan factorization of B in (7):

Bsx16Y = {ngg Agxg} YT = Ogx1, (8)

where | is the identity matrix and A only depends on image data. We use the first
four rows of B in (8) to express (as, ag, as, crg) in terms of (as, g, g, av7), and sub-
stitute these expressions into the last four rows of (8). This gives four equations in

(2, ag, g, ) Which have the following structure:

2 2 2
ka3 + *kQaqy + *kazaaar + xazar + xaf + xazjar + *aa + *xaqaar + xar =0

*a3a$ —+ ka3 + *kazaqar + xazar + *a% —+ *a4a$ + x4 + xaaar + *xar =0

©)

*azaﬁ —+ xaoay + koo + *aoar + *oe?l + *oz?low + *xaq + *aqar + ka7 +x =0

*agag + *kaoaq + kaoauaer + *oeor + *a? + *a4o¢$ + xquq + *xauor + ko +x =0

(10)
Equation (9) is linear in 5 and (10) is linear in «2, SO we can use these equations to
easily eliminate («e, ag). This leaves two polynomial equations in (g, «7) of total
degree five. Taking the resultant, cf. [3], of these two polynomials with respect to a4
gives a polynomial of degree eleven in a7. Four of the eleven solutions are not true
solutions, but arise from the fact that we can choose (a4, a7) so that row one and four
in M are linearly dependent. This choice of (a4, a7) gives a solution to our chosen
equations but will not lead to one for which all M ; have rank equal to two, and is
therefore not true a solution.
This leaves seven solutions. As is shown in the experimental part there are indeed

in some cases seven distinct real solutions to the problem.
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Four points and three lines Two points and six lines
Nrofrealsol. | 1| 3 Nrofrealsol. |1 |3 |57

Occurrences 10 | 30 Occurrences 1/8|61|6

Table 2: The number of real solutions for the two cases using simulated data.
5 Experiments

5.1 Resultsfor real and simulated data

The methods for solving the two minimal cases described in sections 3 and 4 were
implemented in Maple and tested on simulated data. The solutions give very small,
close to machine precision, reprojected errors. In table 2 the number of real solutions
for a number of runs on random data is shown. One can see that in some cases there
are indeed 3 and 7 real solutions respectively for the two cases.

We have tried our algorithms on real data as well as the simulated. Figure 1 shows
three images of a house complex. From these images we have manually extracted
two corresponding points and six corresponding lines. The two points and two of the
lines were used to make coordinate changes and parameterize the problem according
to section 4.1. We then use the method described in section 4.2 to solve for the camera
geometry. In this case three of the seven solutions were real.

Since it is a minimal problem the reprojection errors in the images are zero (except
for numerical inaccuracies), but this is not an indication of how good the solutions are.
To test our solutions eleven corresponding points were extracted in the three images.
Using the computed cameras, the 3D structure was reconstructed linearly from the
corresponding image points. The structure was then projected onto the images, using
the computed cameras. For one of the three solutions the RMS error between measured
and reprojected points was 2.099 pixels which was much smaller compared to the other
two solutions. In figure 2 the original eleven points are shown with the reprojected
points using this solution. Using a Newton-based optimization of the structure of the

eleven points while holding the cameras fixed reduced the RMS-error to 2.043 pixels.
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Figure 1: The three images used with six corresponding lines and two points.
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Figure 2: Reprojection errors of the eleven points. The data points are marked with "*”

and the reprojected points with "o”".

After a full bundle adjustment, [20], the final solution had an RMS error equal to 0.4096
pixels.

We also applied the algorithm to another scene, shown in figure 3. The two dashed
lines in combination with the two points shown in the figure were used in the param-
eterization. One should try to avoid choosing two lines that are close in direction in
the parameterization, since this may lead to an unstable solution. Again in this case
the image data gave rise to three real solutions. A number of additional lines, as well
as the two conics in the sculpture, were extracted. The three solutions to the camera
geometry were then used to compute 3D structure linearly from the image data. After
reprojection, one of the solutions had much smaller reprojection errors than the two

other solutions. The reprojection of this solution is shown in figure 4. The reprojection

13



Figure 3: Three images used with the six lines and two points used in the reconstruction

marked. The two dashed lines are the ones used to parameterize the problem.
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Figure 4: Reprojection of lines and conics — for the conics reasonable reprojection

errors and for the lines the errors are very small.

errors for the lines are small. The errors for the conics are somewhat larger, especially
the bottom one. A reason for this may be that the lines used in the estimation of camera
geometry were extracted from the top part of the sculpture.

We also extracted 25 points from the top conic of the sculpture. The RMS errors
for these points were 7.79 and 7.71 pixels for the linear and the optimized reconstruc-
tion respectively. After bundle adjustment the error decreased to 0.461 pixels. These
experiments indicate that the obtained solutions can be used to bootstrap non-linear

optimization methods or robust estimation schemes such as RANSAC.
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5.2 Ninelinesin threeimages

We will in this section give tentative results on the case of nine lines in correspondence
over three views. We will parameterize the problem in a special way, and then use a
numerical solver to solve this problem given some synthetic data.

Three of the lines are used in the parameterization. These lines are chosen as
le[o t 1 1}T, LQ:[1 0 t 1}1 ng[t 10 1}1 teR.

The basis is then fixed by choosing the point C; = [0 0 0 1} T as the camera
centre. A canonical bases in the images is chosen as described in section 4. This gives
three cameras, parameterized with 12 parameters. The rank constraints then give 12
equations in the 12 unknowns. These can be chosen so that 6 equations are of total
degree 3, and 6 others are of total degree 2.

Given a polynomial system an upper bound on the number of solutions is given
by Bezout’s theorem as the product of the total degrees of the polynomials. In our
case we have 6 equations of total degree 3 and 6 others of total degree 2 which means
a total of 26 - 36 = 46656 solutions. A better bound on the number of solutions is
given by the so called mixed volume of the system, cf. [3]. The mixed volume looks
at exactly which monomials that are present in each polynomial, as opposed to only
looking at the largest total degree of each polynomial. If the polynomial is full, i.e.
if all possible monomials up to the total degree have coefficients different from zero,
then the mixed volume is equal to the bezout bound. However many polynomials have
special structures and then the mixed volume gives a better bound on the number of
solutions.

To solve the equations we have used a polynomial solver called PHC, which is de-
scribed in [21]. This program starts with calculating the mixed volume of the system.
In our case this turned out to be 413, which means that there are maximally 413 solu-
tions to the nine lines problem. After the calculation of the mixed volume the solver
proceeds by constructing a more easily solved system with the same structure as the
original problem. It solves this system and the 413 solutions are propagated to the
solution to the original system by a homotopy continuation method. Some of these so-

lutions go out to infinity and are not solutions to the original problem. The PHC solver

16



Nr 1 2 3 4 5 6 7 8 9 10 11 12

PHCsol. | 264 | 263 | 264 | 264 | 263 | 263 | 263 | 263 | 263 | 263 | 263 | 263

OK sol. 36| 36| 36| 37| 36| 36| 35| 36| 32| 36| 36| 36

Real sol. 14 22 10 12 8 18 11 12 18 14 16 22

Table 3: The number of solutions in the nine lines case.

was used on a number of simulated nine lines cases. The resulting solutions were then
verified numerically by inserting the solutions into the camera matrices and verifying
the rank conditions by looking at the singular values. The spurious solutions that did
not fulfill the rank constraints were removed, as well as those that lead to camera ma-
trices with rank less than 3. The results on a number of runs is shown in table 3. In
the table one can see that the number of solutions coming out from the PHC solver is
quite stable. The verification is less stable since it depends on the threshold used to
determine whether a singular value is zero or not. Since the estimated number of true
solutions depends on this threshold it is hard to draw any conclusions on the exact num-
ber of solutions, even if we performed many more runs. Certainly in some cases there
are errors. In run number 4 for instance, the number of complex solutions is indicated
to be odd which clearly is not true. However these experiments give an indication that
there are around 30-40 solutions to the nine lines case.

Each run of the PHC solver took around one hour on a SUN Ultra 5 running under
Solaris. This means that this is not a viable method if one is interested in RANSAC for

instance, where many samples may be required.

6 Conclusions

We have in this article investigated three novel minimal cases for projective reconstruc-
tion in three views.

We have given the number of solutions as well as algorithms for solving two of the
cases. For the case of three lines and four points seen in three images there are up to

three real solutions, and for the case of six lines and two points in three images there

17



are up to seven real solutions.

Both cases seem to perform reasonably well on real data. The algorithms give fast
and accurate initial solutions, that can be used to bootstrap a RANSAC framework for
structure and motion estimation.

The case of nine lines has been tentatively investigated numerically with solutions
based on homotopy continuation methods. It is clear that there are no more that 413
solutions and the true number of solutions seems to be 36. However, more work is
needed in order to solve this case.

One other minimal case in three views, that might be worth investigating in the
future, is the case of three images of a quadric in combination with four points. This
is related to the “four points and three lines” case in that three lines in general position

define a ruled quadric.
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