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Abstract

Magnetic resonance imaging (MRI) is a notoriously slow imaging method compared
with other imaging modalities, for example computed tomography. It can, however,
produce contrasts and attain biophysical information that is unattainable by other
methods and is thus a valuable clinical tool.

In recent years, image acquisition times have been reduced through image
reconstruction methods that require less data than traditional methods. In this
thesis, these kinds of methods are used and extended upon for improved acquisition
speed of an MRI method that is particularly slow due to requiring multiple encoded
acquisitions to produce a single composite image: arterial spin labelling (ASL).

In conventional ASL, two encodings are used; one with "labelled" blood and
one without "labelling", such that subtracting one from the other gives an image of
just the blood signal. Angiography can be used to visualise blood flow through the
arteries, and perfusion imaging to assess oxygen and nutrient supply to the tissue.
Some advanced ASL methods require even more encodings that can be decoded to
reveal more information about the cerebral haemodynamics. An example of such
an advanced ASL method is vessel-encoded ASL, which allows for generation of
separate images of blood originating from different arteries.

In this thesis, modern MRI sampling and reconstruction methods are optimised
for vessel-encoded ASL and other ASL variants, with the aim of bringing these
modalities towards clinically feasible scan times, which would eventually allow
for more information-rich assessments of the cerebrovasculature and the perfusion
state of the brain in, for example, patients suffering from stroke, dementia, and
arteriovenous malformations.

By careful joint consideration of the multi-dimensional data, the data acquisition,
and the reconstruction, very high acceleration factors can be achieved. This is
demonstrated, first for vessel-encoded ASL angiography in 2D and 3D, then in
similar advanced ASL methods (time-encoded ASL angiography, and combined
angiography and perfusion imaging). A new radial sampling scheme is also presented
and assessed on ASL angiographic data, that could have impact on imaging methods
beyond ASL, in particular other dynamic MRI modalities.
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The length of exposure (one minute in sunlight) is
still too long for the portrait. It was fifteen minutes
when I first began my work. Progress may continue.
Life is short and progress is slow.

— Gabriel Lippmann on Colour Photography 1908

1
Introduction

Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1 Motivation

Just like photography during the 20th century evolved from a slow and cumbersome

method of imaging to a fast, portable, and readily available method, magnetic

resonance imaging (MRI) methods have been evolving rapidly during the 21st

century. Some of the greatest leaps have been in acquisition speed thanks to

revolutions such as parallel imaging (PI) [1, 2], and compressed sensing (CS) [3,

4]. These methods rely on inserting prior knowledge about the imaging system or

imaged object into the reconstruction algorithm. In PI this additional information

comes in the form of knowledge of the coil sensitivity profiles from pre-scans or

calibration data. In CS, the information is instead regarding the object’s sparsity

in some domain. The insertion of external information allows for reconstruction

with fewer sampled data points, and thus faster acquisition.

Similarly, like photography has improved going from black-and-white to colour,

1
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MRI methods are constantly improving to include more information about the

object. Often, however, this extra information is gained at the cost of increased

acquisition time as more encodings of the property of interest are needed. One such

method, and the main focus of this thesis, is dynamic vessel-encoded arterial spin

labelling (VE-ASL [5]). This imaging method provides detailed information about

blood flow in the brain, separating blood from different feeding arteries, and thus

allowing for more detailed cerebral haemodynamic investigations. Time-resolved

and vessel-selective imaging can be useful, for example, in assessment of stroke [6]

and complicated blood supply such as in arteriovenous malformations and other

lesions [7]. Because VE-ASL is completely non-invasive, and requires no exogenous

contrast agents or use of ionising radiation, it is safer than other methods for

studying the vasculature and perfusion of the brain. VE-ASL is, however, not yet

commonly used in clinical settings. One of the main drawbacks of VE-ASL is its long

acquisition time, both in comparison to other angiographic and perfusion imaging

methods and simpler non-vessel-encoded ASL (non-VE-ASL), the "black-and-white"

version of this versatile imaging method.

One reason to hypothesise that VE-ASL can be accelerated, is that VE-ASL

acquisition requires multiple encoded images that share a lot of information. By

elimination of redundancies in the acquisition, and instead sharing of information

across the encodings, each individual encoding could potentially be accelerated.

Angiographic methods are also known to be well suited to CS reconstruction

because of their inherent sparsity in image space. Sparsity based methods could

therefore be applied to VE-ASL angiography to bring it one step closer to clinical

use. Although CS reconstruction has been applied in similar settings, for example

to non-VE-ASL angiography [8] and time-of-flight (TOF) angiography [9], prior to

the work presented in this thesis, CS had not been combined with VE-ASL.

The aim for this thesis is thus to fill this gap, to: i) investigate the technical

hurdles and opportunities of applying non-linear reconstruction methods and

efficient, information sharing sampling methods to VE-ASL angiography, ii) explore

the potential benefits and limitations of these types of reconstruction and sampling
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methods, and iii) extend and generalise the methods developed for VE-ASL

angiography to other MRI methods.

1.2 Structure

This thesis is organised into seven chapters. Following this short introductory

chapter, the second chapter lays out the background information needed to put

this thesis into context and highlights relevant previous literature. Chapters 3 to

6 are research chapters describing both theoretical, simulation, and experimental

work that has been undertaken as part of this doctoral project.

The first research chapter, 3, describes a feasibility study on combining VE-

ASL angiography with a CS reconstruction and highlights both challenges and

opportunities related to combining the two. The content of chapter 3 has been

published as a full paper in Magnetic Resonance in Medicine [10].

In chapter 4 the ideas developed in chapter 3 are extended upon and new ideas

relating to encoding-sampling interactions are introduced. In this chapter, the

acceleration factors of VE-ASL angiography are pushed to their limits to produce

high quality 4D vessel-encoded angiograms in clinically feasible scan times. The

contents in this chapter have been published as various abstracts presented at the

International Society for Magnetic Resonance in Medicine’s (ISMRM ) annual

meetings [11–13].

In chapters 5 and 6, the developed framework is further generalised. In chapter

5 the reconstruction framework is applied to MRI methods beyond just VE-ASL

angiography. Here both time-encoded ASL angiography and combined angiography

and perfusion ASL are considered. The section on time-encoded ASL has been

presented at the ISMRM annual meeting [14]. In chapter 6 a novel radial sampling

scheme that improves upon golden angle sampling for dynamic MRI is presented

and evaluated. The framework is called SILVER (the Set Increment with Limited

Views Encoding Ratio) and improves sampling efficiency for dynamic acquisitions

that require flexibility of reconstructing multiple different temporal resolutions.

It is evaluated on non-VE-ASL angiography.
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The thesis is wrapped up in chapter 7 with a summary and discussion about

the ideas presented in the research chapters. Ideas for further work and research

directions are also presented.



An image of an object may be defined as a graphical
representation of the spatial distribution of one or
more of its properties.

— Paul Lauterbur on Magnetic Resonance Imaging
1973
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2.1 Introduction

This chapter outlines the underlying physics and mathematics of magnetic resonance

imaging, the signal processing required to reconstruct MRI, ways of analysing

5
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image quality, and common methods for imaging cerebral haemodynamics. This

background should be sufficient to put this thesis into context and guide the reader

through the reasoning of the following chapters.

2.2 Magnetic Resonance Imaging

Magnetic resonance imaging (MRI) was first described as an extension to nuclear

magnetic resonance (NMR), by which the NMR signal could be localised in space

by the addition of magnetic field gradients [15]. But what is the NMR signal,

and how is it generated? What is meant by addition of magnetic field gradients,

and how does that localise the signal? The next two sections will aim to answer

these questions briefly. For a more thorough description the interested reader

may consult, for example Bernstein [16] or Nishimura [17], from which most of

the material in this section is drawn.

2.2.1 Signal Generation

The origin of the MR signal is the quantum mechanical property spin. Any atomic

nucleus that has an odd number of protons and/or neutrons has non-zero spin

and can exhibit magnetic resonance. The most common atom to excite using MR

is 1H, because of its abundance in the human body, mainly as a component of

H2O. Spin gives rise to a magnetic dipole moment in charged elemental particles

(neutrons have a magnetic dipole moment because they are made up of charged

quarks). The magnetic moment follows the equation:

µ = γS (2.1)

where µ is the magnetic moment vector of a single nucleus, γ is a scaling factor

called the gyromagnetic ratio that depends on the species of nucleus, and S is the

nuclear spin angular momentum operator that is quantised. In the presence of a

magnetic field, a hydrogen nucleus has two spin eigenstates with different energy

levels. This phenomenon is known as Zeeman splitting. The spin state parallel

to the field has slightly lower energy than the anti-parallel state. The difference
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in energy, ∆E, between the parallel and anti-parallel spin state depends on the

external magnetic field strength, B, the gyromagnetic ratio of the species of nucleus,

γ (267.5× 106 rad s-1 T-1 for 1H), and ~, which is the Planck constant divided by

2π (1.054571817 × 10−34 J s), one of the fundamental constants of physics.

∆E = γ~B (2.2)

This energy difference results in two populations forming based on the Boltz-

mann distribution

nparallel
nanti−parallel

= e∆E/kT (2.3)

Where nparallel and nanti−parallel are the proportion of spins that would be found

in the parallel and anti-parallel state respectively if measured one-by-one, k is

the Boltzmann constant (1.38065 × 10−23 J K-1), and T is the temperature in

units of Kelvin. In a typical MR experiment, where T is body temperature, 37◦C

(310.15 K), the nucleus in question is 1H, and the magnetic field strength is 3 Tesla,

the fraction of spins in the parallel state (nparallel) outnumber the anti-parallel by

approximately 0.002%. This small difference in probability of finding one state over

the other results in a measurable net magnetic moment, M, when a large number

of nuclei (millions or more) are measured simultaneously. Most behaviour of the

net magnetic moment in the presence of both static and time-varying magnetic

fields can, however, be considered using classical physics by equating the net

magnetisation with a magnetic dipole.

At equilibrium, M will be aligned with the applied external magnetic field, B0.

By convention, the direction of B0 is chosen to be the z-direction in the coordinate

system, and the component of vectors along this direction are called longitudinal

components. Vector components perpendicular to this direction are called transverse

components. If the system conditions are changed such that the magnetic moment

vector points in a different direction than B0, according to classical mechanics,

a torque is applied that changes the angular momentum, which is proportional

to the magnetisation as per equation 2.1. The vector cross product between the
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magnetisation and the external magnetic field scaled by the gyromagnetic ratio

gives the rate of change of the magnetisation vector:

dM
dt

= M× γB0 (2.4)

By solving the differential equation, 2.4, it is found that M must precess around

B0 at an angular frequency, ω0:

ω0 = γ|B0| (2.5)

The relationship expressed in Eq. 2.5 is called the Larmor equation and ω0

is similarly called the Larmor frequency. This is the resonant frequency of the

system, and photons with this frequency have the same energy as the energy

difference of the two quantum eigenstates (equation 2.2) and can thus interact

with the magnetised nuclei.

If an additional magnetic field, B1, is added to the system, the magnetisation

M will follow equation 2.4 and start precessing around the new net magnetic

field (B = B0 + B1). If B1 is the magnetic component of an electromagnetic

radiofrequency (RF) field applied such that B1 is perpendicular to B0 and circularly

polarised such that it rotates around B0 at the Larmor frequency, resonance will

occur, such that the magnetisation will simultaneously rotate around B0 and B1

and spiral out of the equilibrium direction along B0 as shown in figure 2.1.

The duration and intensity of the RF pulse determines the flip angle (FA), how

far out of equilibrium the magnetisation is rotated from its equilibrium direction

along B0. The MR signal that can be detected arises from the time-varying magnetic

field caused by the precessing magnetisation, M, that induces a voltage in a receive

coil. The coil is only sensitive to the transverse component of M because it is

tuned to time-varying magnetic fields changing at the Larmor frequency of the

system. The transverse component of M can be expressed as either a vector

Mxy, or a complex number m:

Mxye
iω0t = m (2.6)
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Figure 2.1: An RF pulse at the Larmor frequency can tip the magnetisation out of
equilibrium (A) along B0 by rotating M around the net magnetic field B0 + B1 (B). On
the level of individual spins, the RF pulse only changes the probability of finding them in
the anti-parallel state by a very small amount.

If we consider the system in a frame of reference that is rotating at the Larmor

frequency, ω0, we can drop the eiω0t factor above. Unless the local magnetic field

strength is changed the spins and the frame rotate at the same frequency. Similarly,

the spiralling out of equilibrium when an RF pulse is applied, can in the rotating

frame be viewed as a simple tipping of the magnetisation vector. From now on

we shall consider the system in the rotating frame.

After excitation, the magnetisation will eventually return to an equilibrium

state aligned with the main magnetic field through various processes of relaxation

that will be discussed in more detail below. A simple MR experiment could look

something like what is shown in figure 2.2, with a simple RF pulse causing M to be
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RF
FA

Acquire

Figure 2.2: A simple MR experiment. An RF pulse at the Larmor frequency tips the
magnetisation by some flip angle (FA) and the receive coil starts picking up a signal
due to the resulting precessing magnetisation. Eventually the signal dies out as the
magnetisation returns to equilibrium. No localisation of the signal is achieved.

tipped by some FA and the signal then being measured as it returns to equilibrium.

The process of relaxation and return to equilibrium is explained by two separate

processes, spin-lattice, and spin-spin-relaxation. Spin-lattice relaxation, also called

T1 relaxation, governs the regrowth of Mz, the longitudinal component of M.

Spin-spin relaxation, also called T2 relaxation, on the other hand, governs the loss

of the transverse component, Mxy, as the spins in the ensemble lose rotational

coherence. Rotational coherence is also lost due to magnetic field inhomogeneities

in the sample as some spins experience a different local magnetic field, and thus

precess with a different angular frequency from the pure Larmor frequency. This

causes the signal to decay faster than it would with pure T2 relaxation. This

type of signal decay that combines the effects of spin-spin relaxation and local

field inhomogeneities is called T2* relaxation.

The measured complex signal intensity thus depends on the volume and density

of excited nuclei as well as time since excitation, and intrinsic T1 and T2(*)

values of the tissue, along with the flip angle of the excitation pulse. T1 and

T2(*) vary between different tissue types and in imaging, the sequence timings

are often designed to create contrast between tissues with different relaxation

properties (e.g. white and grey matter in the brain). Not all MR contrast is,

however, generated through these relaxation time constants. For example, in

arterial spin labelling that is presented further in section 2.5.2, the blood signal

is modified prior to image acquisition to generate contrast between blood and

static tissue. For this type of imaging it is worth sampling the signal as soon as
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possible after excitation to get as high signal as possible before the spins relax

and the magnetisation returns to equilibrium. Sampling the signal later causes

lower signal-to-noise ratios (SNR), which is a fundamental concept in MRI, and

will be examined more thoroughly in section 2.4.1.

2.2.2 Localisation

But what is the value of achieving contrast between different tissues if you cannot

separate them in space? Without localisation of signal there are no images. The

signal, s, that is measured by the scanner is simply the integral of all transverse

components of all spins in space weighted by the receive coil’s sensitivity profile.

The signal recorded at a specific time is then:

s(t) ∝
∫
x

∫
y

∫
z
m(x, y, z, t) dx dy dz (2.7)

Where m(x, y, z, t) is the transverse component of the magnetic moment vector

M as presented in equation 2.6, and it is a complex quantity. The constant of

proportionality, omitted above, can be derived from Faraday’s Law of induction

[18]. Here, without the addition of spatially or temporally varying magnetic fields,

m(x, y, z, t) changes as a function of time only due to the relaxation processes

described above. Figure 2.3(A) shows the spatial distribution of magnetisation at

some time t, and figure 2.3(B) shows the signal recorded by the scanner. Without

any localisation measures the magnetisation in each voxel can only be assumed

to be the average of the object’s total magnetisation.

There are two different ways of localising the signal, spatially selective excitation,

and phase encoding. Both methods rely on the addition of spatially varying magnetic

fields, most commonly linear gradient fields, that can be turned on and off. Linear

gradient fields causes the local field strength to vary linearly along one dimension

such that the precession frequency varies linearly across that dimension.

ω(x, y, z) = γ(B0 +Gxx+Gyy +Gzz) (2.8)
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Figure 2.3: Without localisation of the signal, (A), only the total signal within a volume
can be measured, (B). Slice selection, (C), can tell the average signal in a plane, but more
is needed to encode the signal in 3D.

Here, Gx,y,z is the gradient field strength along the x, y, or z dimension re-

spectively. Gx,y,z is measured in mT/m and most systems have gradient coils

that can produce gradient fields with amplitudes on the order of 50 mT/m [17].

Note that the direction of the magnetic field vector of the gradient fields is always

parallel or anti-parallel to the main magnetic field. In the rotating frame the B0

term in equation 2.8 can be omitted.

Spatially Selective Excitation

The first method for localising the signal is to simply only excite signal in a limited

portion of space, then one can be certain that the measured signal came from

there. The simplest, and most common form of this type of localisation is called

slice-selection, but more controlled spatial excitation is possible using parallel

transmission [19] and/or specially designed RF pulses [20]. However, a review of

these methods is beyond the scope of this thesis.

Slice selection is done by application of a gradient during excitation with a

band-limited RF pulse. Because different locations along the gradient direction

have different resonant frequencies, only spins at locations that correspond to the

frequency bandwidth of the RF pulse will experience resonance and get excited.
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This corresponds to a slice (or slab) of tissue perpendicular to the applied gradient

direction. The ideal slice selection pulse would excite a slice with equal flip angle

everywhere and a sharp cut-off to locations outside the slice (a box function). To

do this, however, an infinitely long RF pulse would be required. In the small flip

angle regime, the frequency content of an RF pulse is determined by the Fourier

transform of its amplitude envelope, and the Fourier transform of a box function is

a sinc function. Instead of an infinitely long sinc function, an apodised sinc function

with only a small number of side lobes is commonly used.

If slice selection is used along the z-axis, the measured signal equation will instead

be:

s(t) ∝
∫
x

∫
y

∫
z
m(x, y, z, t) ·R(z) dx dy dz (2.9)

where R(z) is a function describing the shape of the slice profile along z. By

acquiring data with different slice locations with different central frequencies of the

excitation RF pulses, a 1D representation of the object can be built up slice-by-slice

(figure 2.3(C)). Without additional encoding within the slices, this is not enough

to adequately represent a three dimensional object.

Phase Encoding

The other method of localisation that can be used either together with slice-selection

or without, is phase encoding. If phase encoding is used in combination with slice

selection of thin slices, it is often sufficient to do a 2D encoding and assume that

the signal across the slice select direction is constant within a slice. Phase encoding

can also be performed as a full 3D encoding with or without spatially selective

excitation. In phase encoding, multiple measurements are made with different 2D or

3D phase patterns imposed on the precessing magnetisation and the measurements

are combined to separate signal coming from different spatial locations.

As above, by application of linear gradient fields the resonant frequency will

vary linearly along the direction of the gradient. However, in phase encoding, the

gradient is applied after excitation of the signal and thus the spatially varying
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resonant frequencies will result in different amounts of phase accrual, φ, of the

transverse component of M.

φ(x, y, z, t) =
∫ t

0
ω(x, y, z) dτ (2.10)

which combined with equation 2.8, this becomes:

φ(x, y, z, t) = γ
∫ t

0
(B0 +Gxx+Gyy +Gzz) dτ (2.11)

again, in the rotating frame the B0 term can be omitted.

Over time sinusoidal phase patterns with increasing spatial frequencies emerge

along the gradient direction (figure 2.4). When the gradient field is turned off,

the accrued spatially varying phase remains although the frequency returns to the

Larmor frequency, ω0. The signal measured by the system can now be written:

s(t) ∝
∫
x

∫
y

∫
z
m(x, y, z, t) · e−γi

∫ t

0 (Gx(τ)x+Gy(τ)y+Gz(τ)z) dτ dx dy dz (2.12)

where Gx,y,z(τ) is the time course of the gradient fields. The time integral of

Gx,y,z governs the spatial frequency of the accrued sinusoidal phase pattern and

can also be interpreted as a location in a 3D space [21, 22], normally referred to as

k-space. With the k-space formalism, equation 2.12 can be rewritten as:

s(t) ∝
∫
x

∫
y

∫
z
m(x, y, z, t) · e−i2π[kx(t)x+ky(t)y+kz(t)z] dx dy dz (2.13)

with kx = γ
2π
∫ t

0 Gx(τ) dτ , referring to k-space kx coordinate. Similarly ky and

kz are the other k-space coordinates. The value of k is the number of cycles per

unit length the phase pattern has in each dimension.

The form of equation 2.13 is that of a 3D Fourier transform. If slice selection is

used, we can ignore one of the dimensions (usually the z-dimension) and only

consider the 2D problem.

Sampling a point in k-space is thus sampling of one Fourier component of the

spatial distribution of m. If the signal is sampled continuously whilst a gradient
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Figure 2.4: How a gradient field gives rise to a spatially varying phase pattern. The
longer the gradient is on for, or the stronger it is, higher frequency patterns will emerge.

field is turned on, a trajectory through k-space can be traced. If enough samples

are collected the Fourier transform can be inverted and the image reconstructed.

Further discussion on this point can be found in the following section.

2.3 Data Sampling and Image Reconstruction

In the previous section we saw how the addition of linear gradient fields can turn

the MRI scanner into a physical Fourier transform operation and alluded to how

that allows us to localise the signal in space. In this section we generalise the

concept of localisation and show how localisation of MRI signal, and thus image

reconstruction, can be considered an inverse problem. This allows us to use more

efficient tools from the field of signal processing to reconstruct the signal into images.

We also move from a continuous description of the signal to a discrete one since
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MRI scanners sample the signal at discrete time points whilst moving along the

k-space trajectory. The object m(x, y, z, t) is a continuous property and so is s(t),

but we can only record a sampled version of s(t). From now on we shall call the

sampled signal s, with each element of the vector representing a time point (or

equivalently a k-space location). We will also assume that the object, m, is finite

and discrete, such that it can be represented by a vector m.

To formalise image reconstruction as a discrete inverse problem, where the aim is

to reconstruct a number voxels that map out a property of interest (most commonly

the spatio-temporal MR signal distribution), the forward problem is formulated:

s = Em + n (2.14)

Where E is a linear operator that models the effect the imaging system has

on the property of interest. In general, this operator includes the sampling of the

magnetisation’s Fourier components (k-space trajectory), and spatial modulation

by multiple receive coil sensitivities. The coil sensitivities are complex maps of

space that define the receive coil’s weighting of magnetisation in each point in space.

Physically, they are governed by the Biot-Savart law [23], but in practice they are

mostly experimentally measured. n is a vector containing the system noise added

to the measurements (in k-space). We will initially consider n to be complex white

noise, but in reality, with crosstalk between the receive coils, and noise originating

in randomly occurring current loops in the imaged sample, this noise can also be

partially correlated between channels. Noise correlation affects, for example, parallel

imaging and SNR. For simplicity, this initial discussion will exclude consideration

of the multiple receive coils and assume a single coil with uniform sensitivity.

If the acquisition operator, E, is invertible, for example when it is a 2D or

3D discrete Fourier transform (DFT), we can simply multiply the acquired data

vector, s, with its inverse, E−1 to produce a reconstruction of the image, m. This

does not take into account the effect of noise from n, however, reconstruction

with an orthogonal transform, such as the inverse DFT, results in Gaussian noise

remaining Gaussian when transformed. In order for the acquisition operator to
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be a DFT, k-space samples have to be placed in a regular rectangular or cubic

pattern on a Cartesian grid.

The linear system can also be over or under determined (E has unequal numbers

of rows and columns). In these cases, the pseudo-inverse can be used instead of

the inverse to create an image with a least-squares fit: m = (EHE)−1EHs. Here,

the superscript H denotes the conjugate transpose of the matrix.

The form of the pseudo-inverse can be derived by starting from the forward

model (equation 2.14) and left multiplying both sides by EH, which gives

EH(Em + n) = EHs (2.15)

Even though E is not a square matrix, EHE is a square matrix, which can be

inverted to isolate m:

m = (EHE)−1EH(s− n) (2.16)

Again, assuming that the noise is Gaussian and the transform is orthogonal, the

noise term remains Gaussian and an unbiased estimate of m can be reconstructed

without knowledge of n.

Solving the pseudo-inverse analytically can be computationally intensive as it

includes multiple matrix multiplications and an inversion of a potentially large

matrix. More efficient algorithms have been developed. The most important one in

this context is the fast Fourier transform (FFT [24]), that can perform the operation

of a DFT operator in a time proportional to N logN , where N is the number of

sampled points, rather than N2 which a standard matrix multiplication would take.

Iterative methods are also often used to avoid inverting EHE directly.

The following sections will consider what happens when E is underdetermined

(more columns than rows) and/or non-orthogonal. To do this, we will introduce

the concept of a point spread function (PSF), which is a central concept in image

reconstruction, and present some common linear and non-linear approaches to image

reconstruction of underdetermined systems. In the final section some sampling

trajectories central to this thesis are presented.
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2.3.1 The Point Spread Function

The PSF, also called the system’s impulse response, is a common way to characterise

an imaging system. In MRI, it determines the intrinsic spatial resolution (ability

to separate two point sources in space) of the imaging system, as well as the field

of view, which is the maximum size the imaged object can be. In this section, we

will limit the discussion to the effects of the sampling trajectory on the PSF, but

this concept can be generalised to include more general models of the acquisition

operator, and is further elaborated upon in chapter 4.

Let us first consider MR imaging sampled on a regular (Cartesian) grid. For

simplicity, we will consider 1D sampling. The extension into 2D and 3D is trivial,

as higher dimensional Fourier sampling can be achieved by sequential 1D operations

along the different dimensions of the data. The fully sampled acquisition operator,

Efull can thus be defined as the unitary DFT, F:

F = 1√
N


e−i2π·(0·0)/N e−i2π·(0·1)/N . . . e−i2π·(0·(N−1))/N

e−i2π·(1·0)/N e−i2π·(1·1)/N . . . e−i2π·(1·(N−1))/N

... ... . . . ...
e−i2π·((N−1)·0)/N e−i2π·((N−1)·1)/N . . . e−i2π·((N−1)·(N−1))/N

 (2.17)

or equivalently

Fi,j = 1√
N
e−i2π·(ki·xj)/N (2.18)

with ki and xj ∈ [0, 1, 2, ..., (N − 1)]. Each row in F maps out a phase pattern

with increasing spatial frequency, and the matrix has N columns, corresponding to

the length of the object vector, m, that is modelled to be made up of N pixels. In

reality, the object is a continuous function. If more pixels of the object are modelled

(a longer vector) to better capture the continuous spatial variation of m, the DFT’s

rows can be elongated to allow for the matrix multiplication, but the problem

becomes under-determined as the number of columns now exceeds the number

of rows unless the ki values are extended too. If the problem is undersampled,

the object might contain spatial frequencies that have not been sampled, and the

information about their existence is fundamentally lost in the signal generation (s
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is a lower dimensional vector than m). The PSF, EHE, can be used to visualise

just what information has been lost. The effect of the PSF can be studied by

taking EHEmδ, with mδ being a vector of all zeros and a single element set to

one. In the simple case of E = F, the PSF is shift invariant it does not matter

which element is non-zero. In more elaborate models of the acquisition operator

(e.g. including coil sensitivity maps or using non-linear gradients [25]) the PSF

is no longer necessarily shift invariant.

In the Cartesian case, the extent of sampling (how high frequencies are included

in the DFT) directly determines the resolution, and the spacing between samples

directly determines the alias-free field-of-view, FOV, as demonstrated in figure 2.5.

When the signal is sampled on a regular grid with even spacing the continuous

Fourier transformed object can be thought of as being multiplied with a comb-

function (a function that is 1 at the sample locations separated by ∆k and 0

everywhere else). The Fourier transformed object can contain frequencies tending

towards infinity, whereas sampling is always done up to some maximum frequency.

This "windowing" can be modelled as a multiplication with a box-function that is

1 between −kmax and +kmax (here k is defined in physical units rather than an

index as in equations 2.17 and 2.18) and zero elsewhere. Because of the Fourier

convolution theorem we can see that the object will be convolved with a comb

function with each delta function separated by 1
∆k as well as a sinc function (the

Fourier transform of a box-function). Not sampling high enough frequencies thus

leads to blurring as each point in image space is spread out with a sinc function

and this sets the fundamental spatial resolution. Not sampling with small enough

∆k steps instead leads to copies of the object being reconstructed on top of the

object itself. The maximum FOV is thus defined by the distance between the

comb function’s non-zero points in image space.

The way imaging is sped up is by reducing the number of rows in the DFT (points

in k-space). This can be done for Cartesian trajectories either by ’skipping lines’ in k-

space, which leads to larger gaps in k-space (along one dimension) and thus smaller a

FOV, or acquiring data at a lower resolution, which leads to blurring. Other methods,
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Figure 2.5: In MRI a signal is first transformed into its Fourier transform by physically
imposing phase patterns across it. That Fourier transform is then sampled. Here, the
sampling is done with slightly too large gaps between the samples, which causes a
shifted copy of the signal to appear slightly overlapping with the original signal when
reconstructed). The windowing (not sampling infinitely many Fourier components) limits
the spatial resolution, but the effect cannot easily be seen in this example that is a very
smoothly varying signal. The system can also be analysed directly by convolving the
signal with the system’s PSF and sampling.

such as partial Fourier sampling [26] have more subtle effects on the PSF that also

lead to blurring of the images, unless special reconstruction approaches are utilised.

When samples are acquired off the Cartesian grid the acquisition operator

changes such that instead of the regularly sampled DFT, E has elements:

Ei,j = 1√
N
e−i2π·(ki·xj)/N (2.19)

ki and xj ∈ R (unlike for the DFT where the elements were regularly spaced integers).

The non-Cartesian samples can be ’re-gridded’ onto a Cartesian grid to allow for

reconstruction with the FFT, the PSF can then also be analysed as if Cartesian

sampling had been performed. Alternatively the acquisition and reconstruction can
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be modelled with E directly and the PSF can still be studied using the operator EHE.

2.3.2 Parallel Imaging

Multi-coil acquisitions allow for undersampling of k-space when the sensitivity

maps provide additional spatial information to the system. This is referred to as

parallel imaging (PI) and can be done in two main ways: One is to interpolate in

k-space and synthesize the missing samples based on some calibration data (e.g.

generalised autocalibrating partially parallel acquisitions, GRAPPA [2]). The other

is to reconstruct the corrupted images for each channel separately and combine

to recover the underlying signal using explicit knowledge of the coil sensitivity

distributions in image space (sensitivity encoding, SENSE [1]). These are both

linear reconstruction methods and are mathematically equivalent [27].

In this section, the focus will be on the second method, explicit use of coil sensi-

tivity maps in image space, as that is what have been used throughout this thesis.

The purpose of SENSE-like reconstructions is to untangle aliased signal from

multiple spatial sources that end up stacked on top of each other when k-space is

undersampled. The coil sensitivity profiles weight the object with different spatial

weights for each receive channel (figure 2.6(A)). The value in one pixel in one

coil channel is a superposition of aliased signals as determined by the system’s

PSF and the coil’s sensitivity profile. In Cartesian imaging, the result of regular

undersampling is shifted copies of the object (figure 2.6(B)), which makes the

’untangling’ problem somewhat easier as the number of mixed source locations

is limited to R, the acceleration factor. On the other hand, in non-Cartesian

imaging, the aliasing patterns are more complex, and energy from every pixel is

likely to end up on top of every other pixel (figure 2.6(C)). Including the coil

sensitivity maps into the forward model can make the problem well-posed and

allow for alias-free reconstruction. Let’s first consider the effect on the PSF, if

data from each channel were reconstructed separately.

PSFc = EH
c Ecmδ (2.20)
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with Ec = FSc, where F is the sampled Fourier operator, and Sc is the diagonal

matrix that describes the coil sensitivity for the cth coil. Here, E is of size Nk ×Nv

(same as F, with Nk equal to the number of k-space samples, Nv equal to the

number of voxels, and Nk < Nv). If, instead, each subproblem is stacked on top of

each other (E =


E1
E2
...

ENc

), E changes shape to NkNc×Nv, which makes the problem

well-posed as long as NkNc ≥ Nv, and all columns are linearly independent. The

coils are likely to be linearly independent, but less likely to be orthogonal.

Non-orthogonality leads to poorer conditioning of the matrix and noise amplifi-

cation. The amount of noise amplification is determined by the so-called geometry

factor (g-factor) and is spatially varying. Usually, the g-factor is highest in the

centre of the field of view where the coil sensitivity maps are the most similar.

Noise correlation between coils also leads to noise amplification. If the system’s

noise correlation matrix is known (e.g. from an independent noise scan), the noise

matrix can be included in the acquisition model and used to improve a SENSE

reconstruction. Details on this can be found in the original SENSE paper [1].

To solve a SENSE type reconstruction problem, iterative solvers are often used as

inversion of EHE is too computationally expensive for large matrices [28]. However,

in the Cartesian case, where the number of overlapping voxels is limited to R, EHE

will be extremely sparse and possible to break up into a much smaller unfolding

matrices for each pixel that can be easily inverted [1].

2.3.3 Compressed Sensing

Compressed sensing is a method that can be used for reconstructing images from

undersampled data, which relies on a-priori knowledge of an image’s sparsity in some

transform domain. This is possible when the data is undersampled in a incoherent

pattern that causes the aliasing to have noise-like characteristics and thus making

it possible to separate aliasing artifacts from the original signal. An image can be

said to have a sparse representation if it can be represented by mainly zeros in some

domain (and thus is compressible, hence the name compressed sensing). To find an
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(A)

(B)

(C)

Figure 2.6: The image in the middle of each group shows what the image would look
like reconstructed with a single uniform coil using a fully sampled acquisition, (A), an
undersampled Cartesian acquisition, (B), or an undersampled radial acquisition, (C). The
coloured lines on the middle images represent coil locations and the images around the
central image shows what eight different coil sensitivities do to the image.
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image that is both consistent with the data and sparse in some transform domain, a

cost function, f(x), is defined with the aim of minimising it to find the optimal fit.

f(x) = 1
2 ||Em− s||22 + λ||Sm||1 (2.21)

where E is the acquisition matrix, which describes the undersampled acquisition

of the data in k-space, m is the image that we are trying to solve for, S is an

operator that transforms x into a sparse domain, s is the acquired k-space data.

|| · ||p is the p-norm. In the case of a vector v it is calculated ||v||p = (∑i |vi|p)1/p.

Sparse images have a low 1-norm and are thus prioritised when this cost function

is minimised. The reason for using the 1-norm rather than the more intuitive

"0-norm" (which is not a true norm, but counts the number of non-zero elements in

a vector) as a regularisation factor is that solving a minimisation problem of the

0-norm is computationally hard to solve, but it has been shown that the 1-norm

works as a substitute [3]. The factor λ is a number weighting the first term (data

consistency) against the second term (sparsity of the image). If λ = 0, minimising

the cost function finds a solution that is consistent with the data, however, in

the noiseless case, there are infinitely many solutions, and in the noisy case the

solution with the shortest distance between Ex and s and thus the least-squares-fit

to the data is found. With λ 6= 0 a solution which is both consistent with the

data and sparse in some domain is chosen.

The cost function, as described above in equation 2.21, is a convex function,

but due to the second term, not fully differentiable. This means that a standard

gradient descent algorithms alone does not work on this type of problem. A

common algorithm for problems of this form is a fast iterative shrinkage-thresholding

algorithm (FISTA [29]) that combines gradient descent of the first smooth term

of the cost function with shrinkage or soft thresholding that pushes the solution

towards the minimum of the second term of the cost function.

FISTA is a modified version of an iterative shrinkage-thresholding algorithm

(ISTA) that is faster in terms of iterations required for convergence. The iterative

step of ISTA is described in figure 2.7. Mathematically it can be written as:
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mn+1 = Tt(mn − αEH(Emn − s)) (2.22)

here α is a step size parameter that can be anything smaller than the inverse

of the largest eigenvalue of EHE. Tt(z) is a function that performs the non-

linear soft thresholding operation on each element in z with a thresholding level

t ≥ 0, and is defined as:

Tt(z)i =


zi − t if zi ≥ t

0 if − t ≥ zi < t

zi + t if zi ≤ −t
(2.23)

in the case of complex valued z, such as in MRI, the thresholding is applied to

the magnitude of each element maintaining phase information.

FISTA has been shown to converge more quickly than ISTA because it utilises

a specific linear combination of the two previous steps instead of just the previous

step in its iterative update:

mn = Tt(wn − αEH(Ewn − s))

tn+1 =
1 +

√
1 + 4t2n
2

wn+1 = mn +
(
tn − 1
tn+1

)
(mn −mn−1)

(2.24)

2.3.4 Sampling Trajectories

The most common way of sampling k-space is on a Cartesian grid. When sampling

on a regular rectangular grid, the properties of the PSF are easily explainable with

Fourier relationships as shown above. It is also the sampling method that produces

the highest SNR as each point in k-space has equal weighting on the final image,

minimising the noise. For k-space interpolation methods (GRAPPA), Cartesian

imaging is also helpful as the same interpolation kernel can be used for every missing

k-space point. In compressed sensing type reconstructions Cartesian imaging is non-

optimal because of how the aliased signal generally only spreads in one dimension
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Figure 2.7: The iterative step of ISTA. Starting with an image estimate (top left) it is
possible to model what the output k-space data would be (top right). That estimate is
then compared to the collected data and the difference is found (bottom right). Using
the adjoint acquisition transform the difference is brought back to object space (bottom
middle), this is the local gradient of the cost function. The image estimate is updated by
moving the along the gradient to a solution that is more consistent with the data (bottom
left). Finally, the soft thresholding operation is applied to the resulting image enforcing
sparsity, and the process is repeated.

for 2D imaging, and two dimensions for 3D imaging, which generally makes it less

noiselike and harder to remove with CS, which is inherently a denoising method.

Other methods are better suited for CS, due to their incoherent aliasing patterns.

Radial sampling, which is the main focus in this thesis, is commonly used in dynamic
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Figure 2.8: A koosh ball (A) and a koosh ball trajectory (B), which is a 3D radial
k-space sampling trajectory.

imaging that needs high undersampling factors. The benefits of radial sampling

include reduced sensitivity to motion [30], and spatially incoherent aliasing when

sampled below the Nyquist limit [31].

Commonly, 2D radial sampling is performed with uniform angular gaps between

the spokes such that each window (spokes reconstructed together) is reconstructed

with N spokes 1
N
× 180◦ apart. In 3D, radial trajectories are often referred to as

koosh-ball trajectories because of their resemblance to a children’s toy with that

name (figure 2.8). Multiple methods for determining the placement and ordering

of spokes in 3D radial sampling have been proposed [32, 33] but we will limit

our discussion to 3D radial sampling with the multidimensional golden means

method [34] described below.

In the same way as the separation of k-space samples determines the alias free

FOV side length in Cartesian sampling, the largest gap between k-space samples in

a radial trajectory determines the alias free FOV diameter. The number of radial

spokes needed to achieve the same resolution and FOV as a Cartesian image with

N lines is N × π
2 [16]. This extends to 3D sampling too. Therefore, N × π

2 is the

number of spokes we will use as the R = 1 reference point when we define the

acceleration factor. If the spokes are not sampled uniformly, e.g. with the golden
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ratio sampling method as explained below, we shall still assume this number of

spokes for R = 1, although the true largest k-space gap might be slightly larger,

especially if the number of spokes is low.

Golden Ratio Based Sampling Methods

A 2D golden ratio based sampling trajectory [35] is used a lot in the thesis because

of its flexibility for reconstructing images with varying temporal resolution and/or

undersampling factors. Moving to 3D requires an extension of the golden ratio

method. Such an extension was presented by Chan et al. [34], and was coined

the multidimensional golden means method. In this section, the properties of

the golden ratio method and the extension into the multidimensional golden

means method is reviewed.

The idea behind golden ratio sampling is that each new spoke acquired with a

constant increment intersects the largest gap in k-space by the golden ratio, φ. In

1D, the golden ratio is a way of partitioning a line into two segments, such that the

ratio of the segments to each other is the same as the ratio between the two segments

combined and the longer segment (figure 2.9(A)). When the segment in question is

curved around the arc of a semi-circle, a golden angle can be derived from the golden

ratio (figure 2.9(B)). This relationship can also be expressed mathematically like this:

φ = 1
1 + φ

(2.25)

Equation 2.25 extends into a quadratic equation, φ2 + φ− 1 = 0 with solutions

φ = 1±
√

5
2 and the corresponding golden angles are 180◦ × φ. Normally, the smaller

solution of φ is used, (1−
√

5
2 ≈ −0.61803). The minus sign can be ignored as the

ordering of the two segments are irrelevant, only the ratio of segment lengths is

of interest. By placing the tip of each radial spoke on a unit circle in steps of

φ × 180◦ ≈ 111.246◦, golden ratio sampling in 2D is achieved.

To extend this method to 3D sampling, the concept of a golden ratio has to be

extended to 2D. Rather than picking points on a line segment and wrapping that

around a circle for spoke directions, points are chosen on a square and wrapped



2. Background 29

Figure 2.9: The 1D golden ratio (A) allows for 2D sampling (B) by wrapping the line
around a semi circle. The 2D golden mean (C), allows for 3D sampling (D) by wrapping
the plane around a hemisphere.

around a hemisphere with the same surface area and used as sampling spoke

directions (figure 2.9(C) & (D)).

The extension to 2D is easier to explain if we derive the golden ratio in a different

way. The golden ratio is the limit of the ratio between consecutive elements of the

Fibonacci sequence. In the Fibonacci sequence each element is the sum of the two

previous elements and can be written as a recursive relationship:

[
Fi−1
Fi

]
=
[

0 1
1 1

] [
Fi−2
Fi−1

]
(2.26)

From this relationship the same golden ratios as above can be found as the

eigenvalues of the Fibonacci matrix. To extend to higher dimensions an alternative

sequence, called Narayana’s cow sequence or the supergolden sequence, can be
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used instead of Fibonacci. In the supergolden sequence the previous number

of the sequence is added to the one two places before that. The recurrence

relationship is thus:

 Fi−2
Fi−1
Fi

 =

 0 1 0
0 0 1
1 0 1


 Fi−3
Fi−2
Fi−1

 (2.27)

and the eigenvalues of this matrix, when normalised such that the largest one is

equal to 1, can be used to sample a unit square with the same efficiency as a unit

line segment is sampled with the standard golden ratio. For more details see [34, 36].

To transform from 2D sampling of a square to radial 3D sampling in a sphere,

Chan proposes the following transform that maintains area around each point from

the square to the surface of the sphere:

θ = x× 2π (2.28)

ψ = sin−1 y (2.29)

Where θ is the azimuthal angle (direction along the equator of the circle), and

ψ is the elevation angle. x and y are the Cartesian coordinates on the unit square.

The 2D golden means method does, however, not provide all of the same

properties as the simple 1D golden ratio method because of this transform from a

2D plane to a 3D sphere. The sampling uniformity suffers from similar distortions

like flat maps of the Earth do. The transform from the unit square to the surface of

a sphere, as described by Chan et al., maintains the area coverage of each point, but

near the poles the areas get elongated, meaning that points are sampled more tightly

in one direction than another. Because of the non-linear nature of the plane-to-

sphere transform, unlike in 2D sampling with the 1D golden ratio method, the spoke

distributions of subsequent frames are not just rotations of the previous spoke frame.

Subsequent frames therefore have somewhat different sampling efficiencies. However,

as Chan et al. showed in their work, the multidimensional golden means method

still has good temporal stability, i.e. subsequent frames of arbitrary numbers of
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High SNR Medium SNR Low SNR

Figure 2.10: SNR affects the ability to distinguish a features in a signal. At high SNR,
(A), all features can be distinguished, at medium SNR, (B), some lower contrast features
are lost, and for very low SNR, (C), the object might be completely unrecognisable.

spokes have similar sampling efficiencies, compared with linear and bit-reversed

[37] radial sampling methods that work best when the number of spokes to use

in each frame is known a-priori.

2.4 Quantifying Image Quality

To quantify how well any one reconstruction method is working, some type of

metric that describes image quality is needed. Preferably the metric would correlate

with the qualitative assessment of a human viewer. It has been shown [38] that

simple metrics such as the absolute error between a reconstructed image and the

ground truth, or the peak signal-to-noise-ratio, which are commonly used metrics,

do not correlate well with human perception of image quality. So, what does?

This is still an unsolved problem in image processing and analysis, and human

perception cannot be easily digested into a single quality metric, so the choice of

metric must be based on the use case, with knowledge of its inherent limitations.

This section lists some metrics commonly used to assess image quality, and outlines

their suitability in different types of analyses.

2.4.1 Image SNR

One of the most common metrics in image analysis is signal-to-noise ratio (SNR).

In theory the metric is very simple: SNR is, as the name suggests, the ratio of the

signal to the noise level. A simple 2D example is shown in figure 2.10.
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SNR can be measured by averaging signal in a region of interest (ROI) and

assuming that the signal is constant such that the SNR numerator is the mean

signal in that area, and the denominator is the standard deviation of voxel values

in the same area. This method only really works in simple simulations as there

is almost always real signal variation within any ROI in vivo. In that case, the

standard deviation can instead be measured in another ROI in the background.

Alternatively, SNR can be measured on a pixel-by-pixel level by taking multiple

measurements with independent noise samples, e.g. across time (assuming the signal

stays constant), or, in simulations, running the simulation multiple times with many

instances of added noise. Any artifacts or non-Gaussian noise (e.g. physiological

noise) will hinder accurate SNR measurements. Often SNR of an image is reported

as mean SNR in some mask over the object or as peak SNR (pSNR).

SNR can be a useful metric to compare when no ground truth is available.

However, accurate measurement of SNR is often hard to do because of the issue

with artifacts mentioned above, and assumption of even signal in the ROI where

noise is measured (if the background is used in a magnitude image, Gaussian

noise becomes Rician and requires a correction factor to be comparable with SNR

measured on complex images). Comparisons between different subjects might not

be accurate, but comparisons between different reconstructions of the same data

can be indicative of image quality.

When non-linear reconstruction is used, SNR is not a very useful metric, as it

can be very biased towards, for example, over-regularised reconstructions, where the

noise variance is negligible, and the signal is highly corrupted but still measurable.

In the case where the noise variance tends to zero, SNR tends to infinity, as long as

there is some signal. This is an especially large problem if pSNR is reported.

2.4.2 Normalised Root Mean Square Error

Another common metric is the root-mean-squared error (RMSE), which has arbitrary

units, or a version normalised by the signal in the ground truth image (normalised-

root-mean-square error, NRMSE), which normally is reported as a percentage error.
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RMSE and NRMSE are calculated using the following equations:

RMSE(x, x0) =
√∑N

i (x0,i − xi)2

N
(2.30)

NRMSE(x, x0) = RMSE(x, x0)∑N
i x0,i/N

(2.31)

with x being the reconstruction and x0 being the ground truth.

RMSE is a metric similar to SNR but measures both bias and variance, instead

of variance alone. However, this requires ground truth, whereas SNR does not.

Although the metric is commonly reported as evidence of improved image

reconstruction and in training of deep learning reconstruction methods [39], it does

not always correlate well with perceptual quality [38].

2.4.3 Structural Similarity Index

Structural Similarity Index is a metric originally developed to compare digital

natural images with their compressed versions. It was specifically designed to

correspond with visual perception of image quality. It is calculated locally, but often

averaged across the whole image to give one single score for an image. It works

both for 2D and 3D data. The metric is calculated using the following formula:

SSIM(x, x0) = (2x̄x̄0 + c1)(2σx,x0 + c2)
(x̄2 + x̄0

2 + c1)(σ2
x + σ2

x0 + c2) (2.32)

where x̄ signifies the mean, σx the variance, and σx,x0 the covariance between the

two images. c1 and c2 are stabilising constants that have values that have been

experimentally determined along with the dynamic range, L. c1 = (0.01L)2,

c1 = (0.03L)2.

The formula takes into account the luminance, contrast, and structure of the

images, however, the formula for how these are related is not very intuitive. The

dynamic range parameter, L, contained within the constants c1 and c2, can change

the results drastically, so depending on whether the dynamic range in the data, or

the maximum dynamic range available based on the numerical data type, is used
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the results will vary. Most studies do not report how this parameter is chosen. If the

images, as in medical imaging, especially angiography, contains many background

pixels, the results can easily become biased too, i.e. the mean SSIM is dominated

by the values in the noisy background, which contains no useful information and is

easy to ignore visually. If images that are reconstructed have intrinsically different

image intensities, it can be hard to compare their results because of the strong

dependence on the dynamic range parameter. Another parameter that is hidden

within this formula, is the local neighbourhood that SSIM is assessed over. In

MATLAB the default setting of the kernel is an isotropic Gaussian with a standard

deviation of 1.5 pixels. However, if images with different resolution are compared,

again, this will bias the result if not corrected for.

If these parameters can be set up properly, and the data can be normalised

for a fair comparison, SSIM can be a useful metric, especially if focused in on the

relevant pixels (e.g. a vessel mask for angiography) [38].

2.4.4 Correlation

A metric that is not as commonly used is the correlation coefficient [40] between a

ground truth image and a reconstruction, however, it is used extensively throughout

this thesis as it was found to be a robust metric that generally agreed with visual

inspection of the images. It is invariant to absolute image scaling, and easier to

understand and interpret than for example SSIM explained above. It does not

take into account spatial features, just voxel values, but by masking the images

that are compared, it can be focused in on the relevant pixels. The correlation

coefficient between two images (or sets of voxels) is:

r(x, x0) = 1
N − 1

N∑
i=1

(xi − x̄
σx

)(x0,i − x̄0

σx0

) (2.33)

with x̄ signifying the average within the set, and σ being the standard deviation

within the set.
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2.5 Imaging Cerebral Haemodynamics

To understand the health and physiology of the brain, studying blood flow on

multiple scales is important. Angiograms can shed light on abnormal vessel anatomy

such as intracranial aneurysms [41], vascular malformations [42], and narrowings

such as carotid stenosis, and thromboembolisms [43]. It can also be useful in studying

blood supply to tumours [44] and help plan cerebrovascular surgery [45]. Perfusion

imaging, on the other hand, can be used to study the function and physiology of the

brain as there are strong correlations between, for example, perfusion, oxygenation,

and neural activity [46]. Abnormal neurovasculature does also not always lead

to abnormal tissue perfusion, which is often what is most crucial in terms of the

brain functioning normally, so combinations of both angiographic and perfusion

information are useful in a range of diseases [47].

Historically, imaging of cerebral haemodynamics have been performed with meth-

ods requiring ionising radiation that carry an inherent risk. Modern non-ionising

methods of imaging have emerged as alternatives utilising the flexibility of MRI.

Some common methods for imaging the cerebrovasculature and perfusion are

presented briefly below. Many other imaging methods and modalities also exist and

for example [48, 49] provide extensive overviews of both non-MR and MR methods.

2.5.1 Non-MR Methods
Digital Subtraction Angiography

The gold standard way of visualising the cerebral arteries is using subtraction

angiography, a method that relies on subtraction of two x-ray images acquired

before and after administration of a, typically iodine based, radio-opaque contrast

agent. Because the only difference before and after administration of contrast

agent is the appearance of the vessels, subtraction of the two images results in an

image of the contrast agent in the vessels only. This method is often referred to as

DSA, Digital Subtraction Angiography, as the subtraction is done computationally

nowadays, but the method was first described as a manual method with two x-ray

films, one with inverted contrast, taped to each other [50].
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On top of the risk associated with ionising radiation, DSA is an invasive method

that requires arterial access, use of contrast agents, and is often performed under

general anesthaesia to keep the patient immobile for the subtraction to work. It

has been shown to carry a risk of causing stroke or bleeding [51].

Computed Tomography Angiography and Perfusion Imaging

As an alternative to DSA, less invasive methods, such as computed tomography

angiography, CTA, can provide comparable diagnostic value without the need for

arterial access [52]. In CTA, the contrast is given intravenously, and a 3D image is

reconstructed to be able to see the vessels despite being surrounded by the skull.

CT can also be used for perfusion imaging, and is commonly used in acute

stroke imaging. Although MRI methods (often diffusion weighted imaging) of

assessing the core (dead tissue) and penumbra (tissue at risk) are more sensitive

and specific [53], CT is a fast and common alternative.

Although less invasive than DSA, CTA and CT perfusion still carry the inherent

risk involved with ionising radiation and the use of contrast agents.

2.5.2 MR methods
Dynamic Contrast Enhanced MRI

Dynamic contrast enhanced (DCE) MRI is a method often used for quantitative

or semi-quantitative perfusion mapping [54]. It is an imaging method where a

gadolinium based contrast agent is administered intravenously, which shortens

the T1 of the tissue due to being paramagnetic. The passage of contrast agent

through the brain vasculature can then be analysed using pharmacokinetic modelling

for perfusion quantification.

Alternatively, DCE can also be used for angiography. In this modality images

are acquired rapidly after injection of contrast agent, such that the first pass of

contrast agent can be captured. For subsequent passes the bolus will be dispersed,

as well as residing in the venous system, with the effect of worsened arterial contrast.



2. Background 37

Because the need to capture this first pass of bolus with high spatial and temporal

resolution, very high acceleration is required [55].

Gadolinium based contrast agents are generally considered safe for patients with

normal kidney function [56]. However, emerging evidence of gadolinium retention

in the brain a long time after injection has raised concerns regarding the safe use

of these exogenous contrast agents [57].

Time of Flight Angiography

There are also MR methods that do not require exogenous contrast agents. One

method for angiography is time-of-flight (TOF)[58]. In TOF imaging contrast is

generated by repeated saturation of a slab of tissue whilst non-saturated blood with

high signal intensity arrives into the slab producing angiographic contrast. This

method is a static method, as there is no way of following a bolus through the

arteries. It is also only sensitive to blood vessels arriving from outside the imaging

region, as any blood that starts off within the slab (e.g. in a vessel parallel to the

imaging plane) will experience the saturation pulses and thus not be enhanced in

the way fresh blood arriving from outside the imaging slab is.

Phase Contrast Angiography

Another contrast agent free MR method is phase contrast angiography [59]. It relies

on a pair of bipolar gradients that causes a shift in phase for moving spins, but leaves

stationary spins unaffected as the effect of the second gradient block undoes the

effect of the first if the spin is in the same location as when the first was applied. The

resulting acquired phase is directly related to the velocity the spins were moving at,

assuming constant velocity and bulk motion of blood within voxels. Phase contrast

angiography is thus a quantitative method of imaging moving blood. Normally,

the velocity encoding is only applied in one dimension, e.g. inferior-superior, but

multiple encodings can be performed to get a multidimensional vector of velocity.

Especially for 3D imaging, the scan time required compared with TOF is long.

Even 1D phase contrast angiography has generally longer scan times than TOF

because the increased TE and TR required to include the encoding gradients in the
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sequence, and because phase contrast imaging requires a reference scan to remove

background phase variation (either with no phase encoding, or phase encoding with

the opposite gradients) [16]. Phase contrast angiography can also suffer from partial

volume effects if a voxel includes both stationary and moving spins and thus require

very high spatial resolution, which also forces the scan times to be long.

Arterial Spin Labelling

The main topic of this thesis, is arterial spin labelling (ASL [60–62]), which is a

completely non-invasive imaging method, requiring no exogenous contrast agent,

that can be used both for angiography and perfusion imaging, much like DCE.

The origin of contrast is blood that has been "labelled" with an inversion pulse

before entering the imaging region. The total magnetisation in a voxel that will

give rise to a resonant signal when imaging is Mbrain + Mblood, where Mbrain is the

magnetisation coming from the static brain tissue, and Mblood is the magnetisation

from the blood (ignoring T1 decay between tagging and imaging). The magnitude

of Mblood is generally one to two orders of magnitude smaller than the magnitude

of Mbrain. However, by taking two images, one with Mblood inverted (= a tag

image) and one with it not inverted (= a control image), the signal 2|Mblood| can

be retrieved by subtracting the two images from each other. This relationship

can be shown more formally by the equation

svoxel = Amvoxel

svoxel =
[
s1
s2

]
,A =

[
−1 1

1 1

]
,mvoxel =

[
B
S

] (2.34)

where s1 and s2 represent the tagged and untagged voxel values respectively,

B is the signal coming from the blood, and S is the signal coming from static

tissue. A is the encoding matrix that describes the tagging and controlling of

blood. Note that the blood water signal can come either from blood in blood vessels

or from perfused tissue depending on the timing between tagging and imaging.

Assuming that the tag and control images have been reconstructed well, for each
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voxel one can then take the inverse (or pseudo-inverse if A is non-square) of A

to get the expected result that B = 1
2(s2 − s1).

mvoxel = A+svoxel

A+ = (AHA)−1AH = 0.5×
[
−1 1

1 1

] (2.35)

There are different methods for labelling and controlling the blood signal: pulsed,

continuous, and pseudo-continuous ASL (PASL, CASL, and pCASL). In PASL the

spins in a large volume (in the neck) are all inverted by a single RF pulse, then the

blood is allowed to travel to the imaging region (in the brain) and imaged there.

CASL, on the other hand, is based on a continuous flow-driven adiabatic inversion

pulse that labels blood in a labelling plane as the blood travels through that plane

before imaging it in the brain. CASL gives rise to stronger blood inversion signal

than PASL, but is hard to implement due to RF amplifier limitations. CASL also

has magnetisation transfer problems, which makes it harder to get a well matched

control condition. Therefore pCASL, a method that mimics CASL without the

need for a continuous RF pulse has been developed [63] and is the most common

ASL labelling method. CASL uses so-called flow driven adiabatic inversion pulses

to invert the spins flowing through the labelling plane. Flow driven adiabatic

inversion works by having spins experience a slowly varying net magnetic field

produced by a combination of a gradient and the B1 field (figure 2.11). The main

difference between CASL and pCASL is that in pCASL the RF pulse is broken

up into shorter pulses (and changed from rectangular pulses to Hanning pulses to

give a smooth variation in the effective flip angle experienced by the magnetisation

as it travels through the labelling plane). The splitting of the continuous RF to a

pulsed version leads to aliased labelling planes, whose separation is determined by

the average gradient applied during labelling. To make sure that aliased labelling

planes are outside the region that are affected by the RF, such that flowing spins

only experience one inversion, the gradient is strong during RF excitation which

leads to narrow RF pulses, and a gradient in the opposite direction is applied

between RF pulses, such that the average gradient strength still approximately
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Figure 2.11: Flow driven adiabatic inversion. In the rotating frame spins will precess
around the net magnetic field produced by the gradient and B1 field. If the net field is
slowly changed as the spin moves in the z-direction the magnetisation will follow the net
field and thus be inverted after having passed through the labelling plane.

RF

Gz

RF

Gz

Figure 2.12: Left: CASL, Right: pCASL. In both cases the "tag" condition is showed.
For "control", CASL can locate the labelling plane opposite the imaging region, whereas
pCASL can achieve a control condition by alternating the polarity of the RF pulses. In
the pCASL diagram the grey shading represents equal areas. The unshaded area in the
pCASL sequence is equal to the total area under the CASL gradient.

matches that of a CASL pulse. Pulse sequence diagrams for both CASL and

pCASL labelling are shown in figure 2.12.

As an extension to pCASL, it is possible to modulate the inversion efficiency

across the labelling plane by applying transverse gradients during the tagging [5]

(figure 2.13). This method is called vessel encoded ASL (VE-ASL). By taking

a number of images, where blood from different arteries are either labelled, not
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RF
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Gxy
Figure 2.13: VE-pCASL. Between each pulse a transverse gradient is applied such that
depending on the spins’ location within the labelling plane, the following pulse either
undoes the effect of the previous pulse or continues the inversion process. This results in
spatially varying labelling efficiency.

labelled, or partially labelled, one can theoretically reconstruct the blood signal

from each supplying artery separately by solving a similar problem to equation 2.34,

with the encoding matrix modified to reflect the tagging of individual arteries

for example like this:

yvoxel = Amvoxel

yvoxel =


s1
s2
s3
s4

 ,A =


−1 1 −1 1

1 −1 −1 1
−1 −1 1 1

1 1 1 1

 ,mvoxel =


R
L
B
S

 (2.36)

where yvoxel is the resulting selectively tagged images, and mvoxel is a matrix with

number of rows equal to number of components, and number of columns equal

to the number of voxels in the image. The components in this example are R

for the right carotid blood, L for the left carotid blood and B for blood supplied

by the the basilar arteries. S still stands for the static tissue signal. To find

mvoxel you can simply solve it using the pseudoinverse of the encoding matrix in
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the same way as shown in (2.35). Probabilistic methods for calculating the blood

flow from different arteries also exist [64].

A should be designed such that it is full rank and each component is labelled

or controlled an equal number of times for optimal signal to noise ratio. The ideal

choice is a Hadamard matrix like the one shown in (2.36). Wong [5] showed that

vessel-encoding using a Hadamard matrix results in the same SNR as a standard

pCASL acquition acquired with the same scan time. This can be understood by

how Hadamard encoding weights each component equally, and thus the combined

acquisition operator remains orthogonal and does not cause noise amplification.

The encoding operator can be included in the full signal acquisition operator

used in reconstruction by stacking the different vessel components (m1, m2, ...)

and the different vessel encodings (s1, s2, ...) in the vectors m and s as described

in equation 2.14 above. The acquisition operator, E then becomes FHS, with F

describing the Fourier sampling, H being the vessel encoding (same as A but with

blocks of ± the identity operator instead of ± ones), and S the coil sensitivities

The full size of E is then Nk−space−samplesNcoils × NvoxelsNvessel−components.

Although the static tissue is theoretically removed from the vessel image(s) by

the decoding process, background suppression methods are often used to lower the

intensity of the static tissue and thus the physiological noise related to it.

2.6 Summary and Conclusion

In this thesis, only a small corner of the vast field of magnetic resonance research

is explored. MRI is a versatile method of imaging with intricate localisation

and contrast mechanisms. It can, among many other things, provide clinical

information about the vasculature and perfusion state of the brain, with or without

the use of contrast agents. In this thesis, the focus is on a specific MRI method

called arterial spin labelling.

Arterial spin labelling comes in many flavours, and again, this thesis is mainly

about a very specific type of arterial spin labelling, namely vessel encoded ASL.

Vessel-selectivity is not generally attainable with other methods of imaging, and
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thus provides unique information that could be of clinical or other research value.

However, as vessel encoding increases the number of encoded images compared

to standard ASL, which is a fairly slow method of imaging already, acceleration

of the acquisition is of high importance.

Linear and non-linear approaches to acceleration through reconstruction of

undersampled MR acquisitions were briefly presented in this chapter. These methods

rely on both extension of the acquisition operator to make the problem better

posed, and inclusion of priors on the reconstruction to choose the most correct

reconstruction among all possible solutions that are compatible with the data.

In the next chapter a first attempt of combining vessel-encoded ASL with

non-linear reconstruction is presented.
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3.1 Introduction

In this chapter, a proof-of-principle study into combining radially sampled VE-ASL

angiography with compressed sensing and parallel imaging is introduced. This work

was published in Magnetic Resonance in Medicine [10].

As outlined in the background chapter, section 2.5.2, VE-ASL angiography is

a versatile method of imaging the cerebral vasculature. The main drawback of

VE-ASL is its longer acquisition times compared to other angiographic methods,

and in particular to non-vessel-encoded ASL (non-VE-ASL) because N + 1 images

are required to separate blood coming from N arteries compared with only a tag

and control image for non-VE-ASL. To achieve equal scan time, and thus equal

SNR, the VE images have to be acquired with higher undersampling factors than

non-VE. VE-ASL angiography is, however, well suited for acceleration.

The two main reasons why VE-ASL angiograms might be particularly well-

suited to undersampled reconstruction are related to intrinsic properties of an-

giographic data:

First of all, angiograms are spatially sparse. This can be exploited in a

compressed sensing (CS [3, 4]) acquisition and reconstruction framework. Compared

with non-VE-ASL angiograms, VE-ASL images have higher relative sparsity because

approximately the same number of non-zero voxels are distributed across multiple

vessel-selective images. If there is no mixing of blood from different arteries, the

number of non-zero voxels is exactly the same for VE and non-VE. However, if

there is some mixing, the number of non-zero voxels is slightly higher for VE, but

the overall relative sparsity would still be higher for VE unless the blood signal

from all separated feeding arteries was mixed completely. Because relative sparsity,

along with image dimensionality, and signal-to-noise ratio (SNR), contributes to

the performance of a CS reconstruction [65] VE-ASL angiograms should perform

better than non-VE angiograms in a sparsity-constrained reconstruction.

Secondly, at sufficiently high temporal resolution the signal varies smoothly

in time [66] as the bolus of labelled blood passes through the arterial tree. This

temporal smoothness can be exploited to further regularise the underdetermined
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image reconstruction problem. While exploiting redundancy in the temporal domain

is possible in the dynamic acquisitions provided by both VE and non-VE-ASL,

non-dynamic methods like time-of-flight angiography cannot benefit from this

extra dimension of information.

In this study, an accelerated acquisition and reconstruction method for dynamic

VE-ASL angiography is presented. The reconstruction approach is based on the

enhanced spatial sparsity of vessel-specific angiograms and the smoothness of their

temporal evolution. The proposed method produces VE-ASL images of comparable

quality to non-VE-ASL at matched scan duration at acceleration factors varying

from R = 2 to R = 34, providing vessel-specific information at no additional

scan time or image fidelity cost.

3.2 Methods

3.2.1 Forward Model

The imaging system was modelled with a linear equation as outlined in the

background chapter, section 2.3:

s = Em + n (3.1)

where s is a vector containing the complex signal measured by all the receive coils,

with each entry representing one point in k-space in one coil. Noise, n, is a vector

of complex noise, whose covariance depends on the coil noise covariance matrix.

For simplicity, in simulations, the added noise will be Gaussian and uncorrelated

between channels. The imaged object, m, is a vector containing the complex

magnetisation of blood from each vessel component as well as the static tissue for

every position in physical space. Its length is therefore the number of voxels by the

number of time points by the number of vessel components, i.e. a three-vessel VE

image would have four components (three vessels and static tissue) and a non-VE

image only two components (vessels and static tissue), thus making the vector m

twice as long in the VE case. In this work, a three-vessel VE encoding was used,
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separating blood originating from three main arteries: the right and left internal

carotid arteries (RICA, LICA), and the basilar artery (BA). E is the linear operator

that models the encoding and acquisition of the signal. It contains three parts: i)

the linear combination of signal from blood and static tissue components depending

on the applied vessel-encoding scheme, ii) the spatial coil sensitivity profiles for

each of the receive coils in the system, and iii) the Fourier sampling operator.

Simulations of the imaging system and subsequent reconstruction of both

simulated and in vivo data was performed using MATLAB (Release 2017a, The

MathWorks, Inc., Natick, Massachusetts, United States). The encoding operator

(E in equation 3.1) was implemented as a composition of functions instead of one

single linear operator because of the large size of the problem. The vessel-encoding

part of E was implemented directly as a pixel-wise matrix multiplication of either

a 2 × 2 Hadamard matrix (tag and control) for the non-VE case or a 4 × 4

Hadamard matrix for the VE case, as follows:

non− VE :
[
−1 1

1 1

] [
RICA+ LICA+BA

S

]
(3.2)

VE :


−1 −1 −1 1
−1 1 1 1

1 −1 1 1
1 1 −1 1



RICA
LICA
BA
S

 (3.3)

RICA, LICA, and BA represents signal from the blood coming from the respective

arteries, and S represents the static tissue signal intensity.

The coil sensitivity operator and its conjugate transpose were applied as pointwise

multiplication on the image and weighted combination of coils for the forward and

adjoint transform respectively. The transforms between non-uniform k-space samples

and image space were implemented using the non-uniform fast Fourier transform

(NUFFT [67]) in the Michigan Image Reconstruction Toolbox [68]. The k-space

sampling trajectory was a 2D golden angle radial trajectory [35].
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Figure 3.1: The simple numerical phantom used for sparsity experiments. The image
with the green border mimics blood flow from the RICA, orange mimics the LICA, and
purple mimics the BA. The "static tissue component" (grey border) has approximately
100 times higher intensity than the "vessel components". This colour scheme will be used
in all subsequent figures to depict the RICA, LICA and BA.

3.2.2 Simulations

Two data sets were used as ground truths for numerical simulations. One was

a simple numerical phantom and the other a fully sampled dynamic VE-ASL

angiogram from a previous study [69].

The numerical phantom consisted of a single frame of a hand-drawn “vessel-like”

image on a 96 × 96 pixel grid. It consisted of three "vessel components" and one

"static tissue" component. The first "vessel component" occupied primarily the

left part of the field-of-view; a mirror image of it, the second "vessel component",

occupied primarily the right part of the field-of-view; and the third component

occupied the lower space between the two. The "vessel components" overlapped in

only nine pixels. The vessel component images had pixel intensities ranging from

0.54 to 1.00, and the "static tissue component" was a simple filled circle covering all of

the “vessels,” with uniform intensity of 100.00. The phantom is shown in figure 3.1.

This simple phantom was used in the initial experiments to confirm that the

hypothesis regarding increased relative sparsity improving the reconstruction quality

holds in a simplified system. This phantom was used to generate both VE and

non-VE images (in non-VE the three "vessel components" were added together to

create a single "vessel component"). In terms of sparsity, the non-VE data had

14% non-zero values in the "vessel component" whereas the VE data contained only

5% non-zero values distributed across the three "vessel components". The levels of

sparsity in the phantom are realistic for 2D angiographic imaging at, or just above,
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the circle of Willis, as confirmed by the in vivo data presented in section 3.2.3. The

in vivo images had sparsity levels of 5.3% ± 0.7% for VE and 15.2% ± 2.2% for

non-VE. No noise was added in the simplified system, and only one receive coil

with uniform spatial sensitivity was modelled so that just the effect of differences

in sparsity between VE and non-VE angiography could be studied. The images

were transformed into k-space data using the forward model described in section

2.3 and reconstructed with 100%, 50%, 25%, 12.5%, 6.25%, and 3.125% of the

number of samples needed to reach the Nyquist limit.

The second simulated acquisition and reconstruction was done on a high SNR,

and fully sampled dynamic angiogram. It was used to mimic the in vivo system

as closely as possible, but with a well-defined ground truth and controlled noise

conditions. Coil sensitivity maps measured using a phantom in a 32-channel head

coil were included to generate multichannel data in the simulated acquisition,

however, for reconstruction the coil sensitivity maps were estimated directly from

the undersampled data, as explained further in section 3.2.3. Complex Gaussian

noise was added in k-space. k-space SNR was defined as:

SNRk = rms(I)
σnoise

(3.4)

where rms(I) represents the root-mean-square intensity of the noiseless k-space

measurements, and σ is the standard deviation of the added noise signal. Three

noise conditions were simulated on the second phantom: (1) no noise, (2) moderate

SNR (SNRk = 185.8), and (3) low SNR (SNRk = 92.9). These simulated data sets

were subsequently undersampled and reconstructed in exactly the same manner

as the in vivo data (see section 3.2.3). The high noise condition produced image

SNR comparable to the in vivo image (figure 3.2) when reconstructed with a linear

least-squares reconstruction on fully sampled data.

3.2.3 In Vivo Acquisition

Six healthy volunteers (all male, age range: 25 to 34, mean age: 29) were scanned

on a 3T Magnetom Verio (Siemens Healthineers, Erlangen, Germany) MRI scanner
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Figure 3.2: Image SNR comparison between the in vivo acquisitions and the simulations
in a fully sampled non-regularised reconstruction. Because both the VE and non-VE
acquisitions are fully sampled, the VE images have the expected factor of

√
2 higher SNR

than non-VE due to doubled acquisition time.

using a 32-channel head coil, with a dynamic 2D golden-angle radial VE-ASL and

non-VE-ASL sequence, similar to the implementation previously described by Okell

[70]. Data from five subjects were used for the main comparison of VE and non-VE

at matched scan times, and 1 subject was used to study the generalisability of

the method at higher spatial resolution. All in vivo data were acquired under a

technical development protocol approved by the local ethics committee.

Vessel-selective labelling was performed with pseudo-continuous ASL using

transverse gradients (Gxy) of alternating polarity applied between the RF pulses to

modulate the inversion efficiency across the labelling plane [5]. The labelling plane

was set just below the confluence of left and right vertebral arteries. For this study,
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the vertebral arteries were treated as a single artery to allow a 4-cycle Hadamard

encoding scheme to be performed. Hadamard encoding ensures SNR optimality,

but is limited to encoding matrices of size 1, 2, or multiples of 4 [71]. This means

that to encode the two vertebral arteries separately with optimal encoding would

require a Hadamard encoding of order 8, which again would double the number of

encodings needed compared to 3-vessel encoding. With more than three vessels, it

can also become challenging to fully tag or control all vessels based on the vessel

geometry. The labelling was performed inferior to where the vertebral arteries

merge to form the BA to ensure artifacts associated with the labelling plane did

not overlap with the imaging region. The location of the labelling plane, as well as

transverse modulation of inversion efficiency for VE, was set on subject-by-subject

basis based on a quick time-of-flight angiography pre-scan.

A spoiled gradient echo 2D golden angle radial readout (TR = 11.73 ms, TE

= 5.95 ms, FA = 7°) was initiated immediately after the pseudo-continuous ASL

labeling pulse train (labeling duration: 1000 ms) (figure 3.3). Each preparation was

preceded by a presaturation module for background suppression, and 108 radial

spokes were read out during the 1266.8-ms-long imaging period. These 108 spokes

were split into 12 frames of 9 spokes in the reconstruction. The same set of 108

spokes were read out for each encoding before moving on to the next set of 108

spokes that were ordered, such that for each frame, each shot (providing 9 new

spokes per frame), carried on the golden-angle ordering from the previous shot that

had finished, as described in [70], and summarised in table 3.1.

The images for the five subjects used to compare VE against non-VE at matched

scan time were reconstructed with 1.1 × 1.1 × 50.0 mm spatial resolution (matrix

size 192 × 192) and 105.57-ms temporal resolution. The high-resolution data set

was acquired with 0.68-mm2 isotropic in-plane resolution and a matrix size of 320

× 320. A total of 34 ASL preparations were needed for each encoding to fully

sample the 1.1-mm2 resolution images, and 56 for the 0.68-mm2 resolution images.

The ASL preparation module was repeated every 2400 ms, so for 34 shots and

4 encodings (VE) the total scan time to reach the Nyquist limit (306 spokes per
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Spoke: Data acquisition along a straight line through the centre of
k-space at some angle. If two spokes have the same angle,
they are referred to as the same spoke.

Frame: A number of subsequently acquired spokes. The number
of subsequent spokes in a frame along with TR sets the
temporal resolution.

Shot: Multiple frames acquired after an ASL preparation module.
Multiple shots are acquired so that frames with a set
temporal resolution can contain more spokes than limited
by the sequence TR. Each shot carries on the ordering of
spokes such that each frame has a set of spokes with a
golden ratio distribution.

Encoding: Different ASL preparation of the magnetisation. Each shot
is repeated for every encoding.

Table 3.1: Glossary for radial golden ratio ASL data acquisition method

frame) was 5 minutes 26 seconds, and for 2 encodings (non-VE) the total scan time

was 2 minutes 43 seconds. For the high-resolution VE data (56 shots, 4 encodings),

the total scan time for R = 1 was 8 minutes 58 seconds.

An oversampled 1.1 mm2 resolution data set (acquisition time 10 min 53 s) for

both the non-VE (R = 0.25) and VE (R = 0.5) cases were acquired to be used as

ground truth. Then, independently acquired test data sets for both VE and non-VE

(total acquisition time 5 min 26 s each) were used to assess the reconstruction

method. Before reconstructing, the test data were split into multiple subsets by

grouping sequentially acquired spokes, such that the number of spokes in a group

corresponded to a specific acceleration factor. For example, subset 1 at R = 2

would include the first 153 spokes in each frame (306 needed for R=1), and subset

2 would include the following 153 spokes. The images were reconstructed at three

different levels of acceleration with matched scan time between non-VE and VE:

i) High undersampling - R = 34 for VE (maximum acceleration as this only used

one single ASL preparation for each encoding) and R = 17 for non-VE, scan time

10 s, ii) Medium undersampling - R = 8.5 for VE and 4.25 for non-VE, scan

time 38 s, iii) Low undersampling - R = 2 for VE and R = 1 (no undersampling)

for non-VE, scan time 2 min 43 s.
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Figure 3.3: The imaging sequence consisted of a pre-saturation module for background
suppression, pCASL labelling, and a spoiled gradient-echo readout in a radial golden ratio
(GR) trajectory. The continuous readout was separated into 12 frames in reconstruction
such that each frame had the same but interleaved trajectory. Four different encodings
were used to encode the RICA, the LICA, and the BA that was tagged in the vertebral
arteries that were close together and therefore encoded as a single vessel. The encodings
were generated with transverse gradients within the pCASL pulse train that generates
spatial modulations of inversion efficiency across the labelling plane.

3.2.4 Pre-processing

The images were reconstructed and decoded in the complex domain throughout.

Therefore, the data were sensitive to phase errors. Because of this, the in vivo data

was pre-processed with a phase correction step that was applied to account for B0

drift during the scan. The aim of the phase correction is to minimise the phase

difference between the same spokes (kn) in different encodings (n = {0, 1, 2, 3})

with a scalar phase correction factor (eiθn). This problem can be written as:

min
θn

|k0 − kneiθn|22 (3.5)
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and it is minimised when θn = arg(kH0 kn). This cost is sensitive to phase changes

of the static tissue since the overwhelming majority of signal originates in the

static tissue, and not in the blood signal. By phase aligning the data from the

different encodings, complete static tissue cancellation is enforced, which cleans

the background and also improves the blood signal.

Coil sensitivity calibration images were reconstructed by combining k-space data

across temporal frames to give a fully sampled or near fully sampled temporal average

image per coil. These images were then used to estimate the relative coil sensitivity

profiles for every point in space using the adaptive combine method [72]. These

estimated coil sensitivity profiles were used for generating the encoding operator,

E, for each subject/simulation. To improve speed and reduce the memory burden

of the reconstruction, the 32 coil channels were compressed to just 8 channels

using singular value decomposition [73].

3.2.5 Reconstruction

Both the simulated and in vivo data were reconstructed using the same method.

Image reconstruction was achieved by the optimisation of a non-linear cost function:

c(m) = 1
2 |Em− s|22 + λ1 |m|1 + λ2 |∇tm|22 (3.6)

In the cost function m is the unknown image (with the vessel components

and the static tissue at all time points concatenated), E is the image acquisition

operator, ∇t is a finite difference operator in the temporal domain, and s is the raw

k-space signal. Here, the first term imposes data consistency on the reconstruction,

the second term imposes image domain sparsity, and the third term enforces

temporal smoothness. λ1 and λ2 weigh the importance of the regularising terms

against the data consistency term. This cost function was minimised using the fast

iterative shrinkage thresholding algorithm (FISTA [29]), using a Toeplitz embedding

formulation to replace NUFFTs with FFTs for reduced computation time [74]

(see appendix A for further details).
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The regularisation factors in equation 3.6, were determined experimentally by a

grid search across a range of potential values. The (λ1, λ2) search space was chosen

to be wide enough to ensure it fully characterised the target optima. The trialled

λ1’s ranged from 0 to 10-5 in steps of 10-6 for all acceleration factors both in vivo

and for the simulated data. For the highest undersampling factors (R = 17 and

34), λ2 was varied from 0 to 6 in steps of 0.2 for the in vivo search, and 0 to 2 in

simulations. For medium undersampling (R = 4.25 and 8.5), λ2 was varied 0 to

10 in steps of 1 for both the in vivo and simulation case. For low undersampling

(R = 1 and 2) it was varied in steps of 2 from 0 to 20.

For the simulations, the combination of λ1 and λ2 with the highest correlation

with the ground truth (as explained in section 3.2.6 below) for each acceleration

factor and noise level was used. In vivo, the average performance across all subjects

and eight subsets of data (except for the VE R = 2 and non-VE R = 1 case where

only two subsets of data were acquired) were calculated and the regularisation

factors that produced the highest correlation score on average were chosen and

used for all further analysis. Subject specific optimal ranges of regularisation

factors, that resulted in less than 1% quality reduction from the subject specific

optimum were also calculated. This was done in order to confirm that the group

optimum was reasonable for all subjects. The overlap of these subject-specific

optimal regularisation ranges was also inspected to see how subject dependent

the optimal regularisation factors were.

3.2.6 Analysis

All reconstructions were compared against ‘ground truth’ images. For the simula-

tions, the input image was used directly for comparison. For the in vivo data the

oversampled acquisition was reconstructed with minimal regularisation applied for

denoising (λ1 = 10−6, λ2 = 0) and used as ground truth.

For quantitative assessment of image quality, non-overlapping vessel-specific

masks (figure 3.4) were applied to both the reconstruction and the ground truth as

it was important that the quantitative assessment focused on the relevant pixels in
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Subject 1 Subject 2 Subject 3 Subject 4 Subject 5

Figure 3.4: Subject-specific masks used in the assessment of image reconstruction.
In pixels where blood supply was mixed, the most intense vessel component in the
ground-truth image was chosen.

the sparse images to avoid bias due to irrelevant artifacts far away from the vessels

(e.g. from eye motion). Focusing on the vessels does thus not capture the presence

of artifacts far from the vessels, which could be a weakness of using a mask for

assessment. However, the main artifacts that degrade image quality in radial imaging

with CS reconstruction are streaking and loss of faint vessels. Streaking would

appear near sources of signal (vessels), and loss of vessels are also local artifacts.

Masking, does therefore not substantially limit the image quality assessment.

The masks were generated by thresholding the fully sampled reconstruction

and then dilating the mask with a 3× 3 kernel,

0 1 0
1 1 1
0 1 0

, to include background

pixels surrounding the blood vessels. The masks were then applied to each frame of

each vessel component (or the total vessel component for non-VE). The Pearson

correlation coefficient (r) between the ground truth and reconstructed pixel values

across all time points within the masks were then calculated. This metric captures

signal variation, which allows for a joint assessment of faint vessels, arteries with

strong signal, and the signal-less background voxels within the mask. Before settling

on the correlation coefficient as the image quality metric, structural similarity index

[75] (section 2.4.3) and normalised-root-mean-squared error (section 2.4.2) were

trialled, but the results were inconsistent with visual assessment of image quality.

When comparing non-VE against VE, the correlation coefficients, r, for each

vessel mask were Fisher transformed to a z-score (z = arctanh(r)) to make the

distributions of correlation coefficients more Gaussian. This then allowed Student’s

t-tests to be performed to determine statistical significance at a 98.3% confidence
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Figure 3.5: Numerical phantom simulations comparing VE and non-VE with different
amounts of undersampling in a simple noiseless phantom. For R > 4, the quality of the non-
VE reconstruction starts to decrease rapidly. For VE, this only occurs at approximately
twice the undersampling factor, R > 8. The dashed line on the bottom graph shows
a shifted copy of the VE line, to illustrate the reconstruction quality of a 3-vessel VE
angiogram at the same acquisition time as the non-VE angiogram. The dashed arrows
connect the VE and non-VE angiograms that would have the same acquisition time.

interval (95% with added Bonferroni correction for multiple comparisons of the

three vessel components).

3.3 Results

3.3.1 Effect of Increased Relative Sparsity

In the simple numerical phantom, where the only difference between non-VE and

VE was the ratio of non-zero to zero voxels, the VE data was reconstructed more

robustly at higher undersampling factors than non-VE (figure 3.5). VE and non-VE

data could be reconstructed essentially perfectly at low undersampling factors, but

for R > 4 (less than 25% sampling), the reconstruction of the sparser VE simulation

outperformed the non-VE version, achieving approximately matched performance for

twice the undersampling factor, negating the factor of two time penalty that would

be needed to perform three-vessel VE instead of non-VE angiography. Qualitatively,

increased blurring and streaking artifacts were observed in the non-VE case.



3. Feasibility of Accelerating Vessel-Encoded ASL Angiography 58

VE, R = 2 non-VE, R = 1 VE, R = 8.5 non-VE, R = 4.25 VE, R = 34 non-VE, R = 17

0

1

2

3

4

z
-s

c
o
re

(A) Medium noise

  
  

  

VE, R = 2 non-VE, R = 1 VE, R = 8.5 non-VE, R = 4.25 VE, R = 34 non-VE, R = 17

0

1

2

3

4

z
-s

c
o
re

(B) High noise

    
 

Figure 3.6: Reconstruction quality in simulations with medium noise (A) and high
noise (B). Each scatter point represents the Fisher transformed correlation coefficient
calculated in a mask (RICA, green; LICA, orange; BA, purple) for one reconstruction.
Statistical significance between the time-matched non-VE and VE groups is represented
by an asterisk (∗) if VE had a higher correlation coefficient and a dot (•) if non-VE did.
Each pair of datasets, separated by dashed vertical lines, would have matched scan time.

3.3.2 Simulations on Real Data

Similar results to the numerical phantom were observed in the real data simulations

(figure 3.6). However, with no added noise the VE and non-VE reconstruction

quality was high (r > 0.99) at all acceleration factors, and no difference was found

between VE and non-VE. The realistic experiment included the use of multiple coils

and temporal regularisation that was not present in the simple experiment, which

could explain this discrepancy. With added noise and simulated matched scan times

(equal SNR, but twice the undersampling for VE), VE was reconstructed marginally,

but significantly, better (p < 0.01) than non-VE for low and medium acceleration

factors in both medium and high noise conditions. At high acceleration factors, the

results were more varied and VE performed better than non-VE in some vessels

but worse in others and for some there was no statistically significant difference.
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Figure 3.7: Optimal regularisation factors (marked with red “x”) were within the
optimal area (within 1% of optimum) for every subject. The colour scale represents how
many subjects had optimal reconstruction at each combination of regularisation factors

3.3.3 Regularisation Optimisation

The optimal regularisation factors for the in vivo reconstructions did not vary

considerably between different subjects and their optimal ranges (within 1% from

optimum) had considerable overlap at all acceleration factors. The group optimum

was within the subject specific optimal ranges for both VE and non-VE (figure 3.7).

Varying the regularisation factor within the overall optimal range resulted in

a sensitivity and specificity tradeoff, i.e. reduced noise against the cost of losing

visibility of small vessels. Some examples of this tradeoff are shown in figure 3.8.

For the sake of comparing VE with non-VE reconstructions in an unbiased way,

the group optimum regularisation factors for each acquisition method were used

for all further analyses. The optimal regularisation factors for each acceleration

factor and subject or noise level are summarised in table 3.2.

Using both regularisation terms improved the overall reconstruction quality in

all cases. Average correlation coefficients for the in vivo data improved 4.6-55.2%

by having a non-zero λ2 (difference between figure 3.9(C) and (D)), 2.3-8.9% by

having a non-zero λ1 (difference between figure 3.9(B) and (D)), and 15.3-98.7% by

having both regularisation factors non-zero(difference between figure 3.9(A) and
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Figure 3.8: The same raw data set (one of the in vivo vessel-encoded R = 34
subsets) reconstructed with 3 different combinations of regularisation factors: minimal
regularization, and therefore more noise (A); optimal regularisation based on the average
correlation coefficient (B); and maximal regularisation, resulting in a heavily denoised
reconstruction (C). (D) shows the average correlation coefficient across all subjects at
each combination of regularization factors. The black border in (D) represents the area
where the reconstruction was within 1% of optimum, and the black “x”s denote the
regularization factors used for (A), (B), and (C) respectively.

In vivo Subj 1 Subj 2 Subj 3 Subj 4 Subj 5 Overall
λ1 λ2 λ1 λ2 λ1 λ2 λ1 λ2 λ1 λ2 λ1 λ2

non-VE R = 1 4.00E-06 4 4.00E-06 4 4.00E-06 2 4.00E-06 2 5.00E-06 2 4.00E-06 2
VE R = 2 7.00E-06 6 7.00E-06 6 7.00E-06 6 7.00E-06 6 7.00E-06 4 7.00E-06 6

non-VE R = 4.25 4.00E-06 4 4.00E-06 4 5.00E-06 4 4.00E-04 3 6.00E-06 3 5.00E-06 3
VE R = 8.5 6.00E-06 5 6.00E-06 4 6.00E-06 4 6.00E-06 5 7.00E-06 4 6.00E-06 4

non-VE R = 17 3.00E-06 1.8 3.00E-06 2.2 4.00E-06 2.2 3.00E-06 1.6 4.00E-06 1.8 3.00E-06 1.8
VE R = 34 1.00E-06 0.8 4.00E-06 2 4.00E-06 2 4.00E-06 2 5.00E-06 2 4.00E-06 1.8

Simulations SNRk =∞ SNRk = 185.8 SNRk = 92.8
λ1 λ2 λ1 λ2 λ1 λ2

non-VE R = 1 0 0 1.00E-06 2 4.00E-06 2
VE R = 2 0 0 1.00E-06 2 7.00E-06 4

non-VE R = 4.25 1.00E-06 0 3.00E-06 1 5.00E-06 3
VE R = 8.5 1.00E-06 0 3.00E-06 2 7.00E-06 3

non-VE R = 17 1.00E-06 0.2 2.00E-06 0.6 4.00E-06 1.4
VE R = 34 1.00E-06 0.2 2.00E-06 0.6 5.00E-06 1.4

Table 3.2: Optimal regularisation factors for in vivo and simulation
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(D)). This suggests that the effect of a non-zero λ2 is somewhat greater for image

quality than a non-zero λ1, but that using both instead of just one has an even

greater effect on image quality (as can also be seen as the sharp difference between

the λ1 or λ2 = 0 row/column to the non-zero combinations in figure 3.8(D).

Similarly, in simulations with non-zero noise a 1.0-13.0% improvement was

observed for non-zero λ2, 0.1-10.0% improvement for non-zero λ1, and 2.2-88.3%

improvement by having both regularisation factors non-zero. Visually, the value of

having non-zero values for both regularising terms is clearly shown in an example

reconstruction in figure 3.9, with non-zero λ2 causing better delineation of the

vessels, and non-zero λ1 reducing noise and noise-like artifacts. The blurring caused

by having λ2 set to zero seems to reduce the correlation coefficient more than

background noise caused by λ1 = 0. The larger effect of a non-zero λ2 in vivo than

in simulation could be due to the presence of temporally varying physiological noise

in vivo, which benefits from temporal regularisation more than the simulations

that had no temporally varying noise component.

3.3.4 In Vivo Comparison of VE and non-VE

Generally, no statistically significant difference in image quality was found between

VE and non-VE images acquired at the same scan time despite VE requiring twice

the undersampling factor. A single exception was the high acceleration RICA

where the non-VE correlation coefficients were marginally higher (p < 0.01). The

in vivo results are summarised in figure 3.10.

Qualitatively, the image quality of time-matched VE and non-VE images were

similar as suggested by the quantitative results. Example reconstructions of all five

subjects are also shown in figure 3.10. At high R, a loss of faint features compared

with the ground truth was apparent for both non-VE and VE and some subsets

of the full data sets included artifacts potentially caused by motion.

The temporal dynamics were also generally well conserved across acceleration

factors. The signal was well preserved in the late frames at moderate acceleration

factors, but at the highest acceleration factors some residual aliasing remained in
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Figure 3.9: An example of the R = 34 VE-ASL reconstruction (temporal average)
with no regularisation (A), only the L2 temporal smoothness constraint (B), only the L1
sparsity constraint (C), and both regularizing terms included (D). The L2 term sharpens
the vessels, and the L1 term denoises the background. Both regularisation terms improve
the overall reconstruction quality.
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Figure 3.10: In vivo reconstructions: fully sampled non-VE versus R = 2 VE (A);
moderate acceleration (R = 4.25 non-VE versus R = 8.5 VE) (B); and high acceleration
(R = 17 non-VE versus R = 34 VE) (C). Below the quantitative graph examples of the
reconstruction quality for one subset in all subjects for time-averaged VE and non-VE.
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Figure 3.11: Temporal dynamics in an example subject at varying acceleration factors
for a non-VE acquisition (left) and a VE acquisition (right). The early time point is frame
1, the mid-timepoint is frame 6, and the late time point is frame 12.

the later frames (figure 3.11) for both the non-VE and VE images. Figure 3.12

shows the temporal profile of the signal averaged in two 3 × 3 voxel regions in

proximal and distal vessels in an example subject. In the distal vessel the SNR is

lower and the temporal signal is noisy even in the ground truth case. The temporal

regularisation smooths the signal and preserves overall shape.

3.3.5 High Resolution Imaging

In under a minute, (R = 9.33, scan time 58 s) very high-quality images could

be acquired at high resolution as can be seen in figure 3.13. The regularisation

factors used to create this image were on the lower end of the 1% optimal region

(λ1 = 2 × 10−6, λ2 = 2.0) as higher regularisation factors removed many of the

fainter vessels. This highlights the option of choosing regularisation factors based

on preferred tradeoff between sensitivity and specificity.
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Figure 3.12: Temporal profile in two regions of interest, in a proximal vessel (A,C) and
in a distal vessel (B,D), with blood supply from the RICA in one example subject. The
error bars indicate the SD of the signal measured from reconstructions of different subsets
of the raw data at each acceleration factor. (A), and (B) show points in the VE-ASL
angiogram, (C) and (D) show the same points in a non-VE-ASL angiogram.

(A) Scan time: 13 min 27 s (B) Scan time: 0 min 58 s

Figure 3.13: (A) High-resolution image from oversampled VE scan (R = 0.67). (B)
Highly accelerated scan (R = 9.33)
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3.4 Discussion

3.4.1 Relative Sparsity as Driving Factor

As hypothesised, the simple simulation experiment showed that relative sparsity

(proportion of non-zero voxels to total number of voxels reconstructed) can drive a

L1-regularised reconstruction. This agrees with underlying theory of compressed

sensing [65]. How much relative sparsity drives the reconstruction quality compared

to other factors such as SNR, and the spatial distribution of non-zero voxels, are

topics worth further consideration. The theoretical and practical limitations of

this method to get extra information "for free" in a system where relative sparsity

increases should be further explored beyond this initial feasibility study.

One potential extension that was not explored in this thesis is applying this

method to VE-ASL with labeling above the Circle of Willis, which would require

more encodings because there are more vessel branches, but each decoded image

would be sparser, allowing for potentially higher acceleration. However, practical

issues such as with achieving an ideal Hadamard encoding for more complicated

vessel geometries, might limit the improvements that the increased sparsity alone

buys. A strategy for optimising encodings for complex geometries has, however,

been proposed previously [76].

To further aid reconstruction, one could think that the non-sparse nature of

the static tissue needs to be considered. However, as will be shown in the next

chapter, the static tissue reconstruction does not interact with the reconstruction

of the vessels when the same sampling trajectory is used for every encoding, as was

the case in this chapter. If different sampling trajectories are used, the non-sparse

nature of the static tissue does require consideration. Although good images of the

static tissue signal are not necessary from a clinical perspective, the static tissue

component needs to be reconstructed well in order to correctly decode the blood

signal. Further improvements could be achieved by applying a sparsifying transform

such as the wavelet transform, or another prior. In similar work on non-VE pulsed

ASL (PASL) angiography wavelet regularisation on the control image was reported
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to improve vessel delineation [8]. By transforming the static tissue to a sparser

domain, it should allow for better reconstruction in a compressed sensing framework.

3.4.2 Temporal Regularisation

In the same vein as increasing the spatial dimensionality by increasing the number

of vessels encoded, the dynamic acquisition also allows you to take advantage of

structure and redundancy in the temporal domain. In this work, the L2 norm of

temporal finite differences was used to regularise the reconstruction. It greatly

improved the reconstruction results beyond the L1 spatial sparsity alone. We

observed that the introduction of the temporal regularisation mostly improved

spatial delineation, which could be explained by the sharing of high spatial frequency

k-space information across time frames. Over-regularised temporal finite difference

constraints cause temporal blurring of the signal, but that was not observed in

this work. The blood signal was changing smoothly enough, as predicted by the

physiological kinetic model of ASL angiography [66]. In previous works, temporal

constraints have been enforced by using sliding-window acquisitions [77] or with

compressed sensing using L1 constraints in temporal total variation (TV) frameworks

[78], or in the temporal frequency domain [79]. These approaches can, however, have

unwanted effects such as increased blurring for the sliding-window method, temporal

stair-casing artifacts for TV [80], or artificially introduced periodic behavior in the

temporal frequency domain. Model based non-linear reconstruction is another option

that has been explored in perfusion ASL [81], and whether any of these approaches

could improve reconstruction for VE-ASL angiography could be studied further.

3.4.3 Lambda Optimisation

Among the five volunteers scanned for the 1.1 mm2 resolution data, the difference

in optimal regularisation factors was marginal and there was considerable overlap

among their optimal regions. This suggests that once the reconstruction has been

optimised for an acceleration factor and imaging protocol it should be robust for

new subjects. To test this rigorously, a cross validation approach must be used on a
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larger number of subjects once this method is developed for clinical use. Because the

optimal regularisation factors depend on the properties of the data itself (inherent

sparsity and temporal smoothness), one has to be careful with extending this

conclusion to patients and other populations. There was some variability in head

size, angle of imaging slab, and two of the volunteers exhibited considerable mixing

of RICA and BA blood due to an asymmetrical Circle of Willis configuration, but

patients with, for example, arteriovenous malformations could have considerably

lower image domain sparsity due to the presence of additional abnormal vessels that

can affect optimal regularisation factors. Further studies in appropriate patient

groups are therefore also required to determine how generalisable this result is.

In this study the Pearson’s correlation coefficient, r, was used to objectively

optimise the regularisation parameters and define the quality of the reconstruc-

tion. We found the Pearson’s correlation coefficient to be a robust metric that

corresponded well with visual perception of image quality, which was not the case

for other metrics that were tested in preliminary work. As discussed in section

2.4, normalised-root-mean-square-error (NRMSE) is a straightforward metric but it

does not correspond well with perceptual quality, as also reported in[38]. Structural

similarity index (SSIM) [75] was developed specifically to correspond with visual

perception worked well within a data set to e.g. tune the parameters, but was not

suitable to compare different datasets as it was sensitive to the absolute scaling

of the signal. Often, the signal-to-noise ratio (SNR) is reported as a summary

metric for image quality, but it was also found to be unsuitable for this type of

reconstruction, as the non-linear nature of the reconstruction method can cause high

SNR when image fidelity is poor, by both attenuating the signal (high bias) and

removing all noise (low variance). The masking improved robustness as otherwise

the result was mainly driven by large areas with no signal and regions containing

artifacts such as eye motion. In future work, tuning of the regularisation factors

could be done manually by experts to balance specificity (i.e. noise removal) and

sensitivity (preservation of faint signals) for optimal clinical utility.
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3.4.4 Feasibility of Accelerating VE and non-VE-ASL

These results demonstrate the feasibility of acquiring vessel-encoded images without

increasing scan time compared to fully sampled non-vessel-encoded. Similar image

quality was obtained with R = 2 VE and R = 1 non-VE imaging in vivo. Further

reductions in scan time have also been shown to be possible, both for non-VE and

VE-ASL, with matched image quality. At the highest acceleration factor (R = 17 for

non-VE and 34 for VE) the main features were still visible with scan times as short as

10 s, although some loss of faint features and artifacts were observed. The required

image quality will depend on the clinical application of the technique. For example, if

the scan is acquired to add information about mixing of blood from different sources

to other angiographic images a highly accelerated scan of lower quality might be

sufficient, whereas if it is to be used diagnostically on its own, moderate acceleration

factors might be more appropriate (as shown in the high resolution data set).

In simulation the correlation coefficient, r, was consistently higher for VE at low

and medium R, indicating not only equivalent but also slightly improved performance

of VE over non-VE at matched scan time. However, although statistically significant,

this difference was small compared with the effect of increasing or decreasing scan

time or varying the SNR. At high R the performance results varied between being

in favor of VE and non-VE, and differences in the qualitative assessment of the

image quality were small. Therefore, this does not contradict the overall conclusion

of this study that VE and non-VE images of similar quality can be achieved at

matched scan times even at the highest acceleration factor.

Similarly, in vivo, the non-significant results at low and medium R indicate

similar performance level. One potential reason why non-VE achieved significantly

higher correlation coefficients in the RICA at high R is that two of the five subjects

exhibited mixing of blood supply on the right side (figure 3.10). Mixing provides

higher SNR for the non-VE reconstruction as the signal from multiple origins are

added together rather than split into two vessel components.
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3.5 Conclusion

This study has shown that the additional sparsity provided by vessel-encoding

allows us to generate vessel-selective dynamic angiograms of equal quality as

conventional non-vessel-selective ASL angiography acquired in the same scan time.

This suggests that the vessel-selective information is accessible with no cost of

either scan time or data quality, providing extra information about the cerebral

vasculature and haemodynamics for free.

This study also demonstrated a method to produce high resolution VE an-

giograms from less than a minute of scanning data, reducing scan time by ap-

proximately an order of magnitude (R = 9.3).

For many clinical applications it would be desirable to extend this technique to

3D. The main reason 2D imaging of a single slab was chosen for this feasibility study,

was to be able to acquire ground truth images in reasonable scan times. Extending

to 3D will increase the relative sparsity further and should therefore allow for higher

acceleration. The extension to dynamic 3D, or 4D, will be considered in the next

chapter along with some modifications to the acquisition and reconstruction scheme

designed to make the method even more sampling-time efficient.
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4.1 Introduction

In the previous chapter a feasibility study into the use of compressed sensing based

non-linear reconstruction methods to accelerate VE-ASL angiography was presented.

71
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The conclusion was that VE-ASL angiography is well suited to a compressed sensing

type reconstruction, and that its increased relative sparsity compared to non-VE-

ASL allows it to be accelerated more whilst retaining the same image quality using

the proposed reconstruction approach.

In this chapter, the framework is extended into 4D (dynamic 3D imaging). The

main benefit of acquiring data in 4D, from a clinical point of view, is the ability

to visualise the data from multiple angles, and thus get a better understanding of

the anatomy and any pathology to use for example in surgical planning [82]. 4D

images could also be achieved by acquiring multiple dynamic slices in 2D, however,

using a dynamic 3D acquisition also brings technical benefits, such as improved

SNR by acquiring data from a larger volume, isotropic resolution (i.e. not limited

by slice profiles), and increased relative sparsity of the vessels.

However, much higher acceleration factors are needed to acquire data in 4D with

feasible scan times. Dynamic angiography requires both high spatial and temporal

resolution to be useful, so fully sampled images could easily take many hours to

acquire if required to reach the Nyquist limit. This chapter focuses on improvements

to both the acquisition and reconstruction approach from the previous chapter to

make 4D imaging possible in clinically reasonable scan times (< 10 min).

Three areas of potential improvement were identified:

1. Improved sampling efficiency.

2. Finding a sparser representation of the object.

3. More tailored reconstruction.

Each of these has the potential to improve the image quality and allow for higher

undersampling factors, thus making 4D imaging possible, but they all come with

challenges and limitations too. The following sections introduce each one in turn

and present simulation experiments regarding their respective usefulness. The most

promising improvements are then combined to attempt 4D imaging in vivo.



4. Bringing VE-ASL Angiography to Higher Dimensions 73

4.2 Improved Sampling Efficiency

To improve the incoherence of the acquisition operator, and to better leverage

mutual information between the encoded images, the 4D image reconstruction

problem can be extended to a 5D problem by considering the vessel components as

their own dimension. The dimensions of the data are then: space (three dimensions),

time (one dimension), and vessel components (one dimension). By considering the

vessel components as its own dimension it is possible to begin considering how

undersampling artifacts can spread in space, time, and across components. The

more the aliased signal is spread out, the easier it is to remove through de-noising

based reconstruction methods such as compressed sensing [4]. In this section we

consider how to spread artifacts across the component dimension of VE-ASL.

The spreading of artifacts across the vessel components is controlled by jointly

varying the vessel encoding scheme and k-space sampling. Because each encoded

image is a combination of all the components, they contain complementary infor-

mation, and sampling each encoded image with a different trajectory in k-space

should better leverage this shared information than using the same trajectory for

each one, similar to how high frequency information was shared between frames in

the previous chapter because each frame used a different sampling trajectory. Using

different trajectories for each encoding causes the aliased signal from one component

to end up in the other components, as we shall see in section 4.2.1. However, when

signals from different components mix together, challenges arise if one component,

for example the static tissue component in the case of ASL, has much higher energy

than the others, and therefore can swamp the other components signal with its

aliased energy. For example, if one component has voxel values 10 times stronger

than another, even if there is only 1% residual aliasing from the strong component

into the weak component, the image of the weak component will be severely affected.

In this section a proposed solution to this problem that allows for aliasing to spread

out between the vessel components but not the static tissue component is presented.
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4.2.1 Theory

In MRI, the physical property of interest that is imaged is often not measured

directly, but is instead inferred from multiple measurements or encoded images; one

such example is ASL. In ASL, the blood signal is inferred from a linear combination

of encoded images. In non-VE-ASL there are only two encodings, the tag and

the control, and in VE-ASL the vessel encoding scheme determines the number of

encoded images to acquire. Many modern sampling and reconstruction methods

consider the sampling only in k-space, or k-space and time [79, 83–85], instead of

considering the sampling across the different encodings.

As shown in the previous chapter, the acquisition operator, E, for VE-ASL

angiography can be modelled as the matrix multiplication of three components:

1. The vessel encoding operator, H, that describes how the blood signal origi-

nating in different arteries have been modulated for each acquired dataset.

2. The coil sensitivity modulations transform, S, that weights each image

according to the spatial modulation of each receive coil.

3. The Fourier transform, F, taking the object between image space and k-space

and incorporating the effect of sampling.

Combining all three gives us this relationship:

E = FSH (4.1)

When treating reconstruction and decoding separately, the two simpler inverse

problems are solved using FS for reconstruction and H for decoding. S is determined

by the hardware design, so cannot be easily modified. Therefore, it will be excluded

in this proof-of-principle project, and a single receive coil with spatially homogeneous

sensitivity will be assumed. This is equivalent to setting S equal to the identity

operator, I. F is determined by the sampling trajectory, and this is normally

the only part of the acquisition operator that is optimised for the reconstruction

through use of a trajectory that produces incoherent artifacts. For example radial,
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spiral, or randomly undersampled Cartesian trajectories are often used for this

purpose. H is normally chosen to be a Hadamard encoding to optimise the SNR

[5] (because there is an equal contribution from all encoded images, and associated

noise averaging, to each final decoded image).

Since F is limited to be a Fourier sampling matrix when using linear gradients

for data acquisition, and k-space is sampled in continuous paths because it is time

inefficient to sample discrete points, there is only so much freedom in how it can be

optimised on its own. By combining it with H the incoherence of E can be better

controlled, and additional degrees of freedom in shaping the point-spread-function

(PSF) [86] are gained by choosing the trajectory and encoding scheme jointly.

The PSF is defined as the transform EHE, and is generally studied by applying

the transform to a point source (a vector of all elements equal to zero except for

one). When only F is included in E, the PSF is shift invariant in space and between

the encoded components, meaning that the effect of the PSF on a point source

does not depend on the position of the non-zero element in the vector. Including H

into the acquisition operator can make the PSF component dependent, meaning

that the effect of the PSF on a point source in one component can depend on

which component the non-zero element is in (the PSF remains shift invariant in

space). To distinguish the PSF that includes both F and H from the more common

definition of PSF that only includes F, and to visualise the effect of the PSF

on a delta function with the non-zero element in different components, the term

multidimensional point spread function (m-PSF) will be used in the rest of this

chapter. Visualisation of the m-PSF will show how the PSF applied to a point

source in one component affects itself and all other components.

In the previous chapter, F and H were both included into E, but the m-PSF was

still component invariant due to each encoded image being sampled with the same

trajectory. This can be explained by considering that artifacts from undersampling

behaved just like signal and cancelled out from the different encoded images when

decoded and thus aliasing was constrained to the same component as the signal.
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Figure 4.1: The effect of undersampling a VE-ASL signal with the same spokes every
encoding (top) causes aliasing artifacts to be decoded in the same way as signal is decoded
and thus artifacts do not ’spread’ across components. If different trajectories are used
to sample each encoding (bottom) the components mix, and especially the strong static
tissue component causes severe artifacts in the decoded images.

The aliased signal starts to spread across encodings if different trajectories that

create different aliasing patterns in each encoded image are used (figure 4.1).

Observations on the properties of the m-PSF are presented in the results section

below.
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4.2.2 Methods

Before going to 4D (section 4.5) the m-PSF was studied in a 2D numerical phantom.

The effect of varying the k-space trajectory between encodings in VE-ASL was

examined in the same phantom as used in chapter 3. It was resized to 64 x 64

pixels and its vessel components were randomly augmented with small changes in

location, orientation, and intensity. The translation of each vessel component in

each direction was drawn from Gaussian distributions (mean = 0, SD = 1), and then

rounded to the nearest whole pixel. The angle of rotation of each vessel was also

drawn from a Gaussian distribution (mean = 0, SD = 5◦). Finally, the intensity of

each vessel component was modulated by multiplying the original intensities (which

were between 0 and 255) with a number drawn from a Gaussian distribution (mean

= 1, SD = 0.5). Ten different versions of the phantom was used, and each version

had ten instances of complex Gaussian noise added to them in k-space (SD = 10).

First, three different decoding and reconstruction approaches were used on the

simple phantom to test the hypothesis that decoding and reconstructing jointly

gives the best results as it allows aliasing to spread in the component dimension.

The three approaches were:

1. Decode first then reconstruct – this can only be done when each encoding has

the same k-space sampling and H and F commute.

2. Reconstruct encoded images, then decode – can be done with any sampling

scheme but the images that are reconstructed are not sparse in image space.

This is the most conventional way of reconstructing and decoding.

3. Jointly reconstruct and decode – include the encoding (H) in the forward

model as per section 4.2.1. Here, the sampling operator (F) and encoding

operator (H) can interact.

For reconstruction of the simple phantom, a simple CS reconstruction with

sparsity enforced in decoded image space was used. The cost function was identical

to the approach used in chapter 3 except it was without temporal regularisation.
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Optimisation was done with FISTA with 300 iterations, and a step size of 0.01.

The regularisation factor was set to 5 for all reconstructions.

Instead of trialling fully general sampling and encoding interactions, this study

focused on three test cases that were all based on variations of 2D golden angle

radial trajectories. For the simple phantom, either a total of 16 or 64 spokes spread

across the encodings were used to reconstruct the images. The three approaches

are described in figure 4.2, and were:

1. The same spokes method: Golden angle sampling with fixed sampling across

all encodings with a 4 x 4 Hadamard encoding (4 or 16 spokes per encoding).

2. The varying spokes method: Golden angle with the trajectory rotated 45◦

for each encoding, still with a 4 x 4 Hadamard encoding (4 or 16 spokes per

encoding).

3. The hybrid method: Golden angle with the trajectory rotated every other

encoding with a paired 8 x 4 Hadamard encoding (2 or 8 spokes per encoding).

The paired encoding scheme, described in figure 4.2(C), is a hybrid between using

the same spokes for each encoding and varying the spokes. With this approach,

each pair of encoded images has the same trajectory and opposite encoding of

the vessels, such that if they were subtracted from each other the static tissue

background would be removed and a standard 4 x 4 Hadamard encoding would

be retained for the vessel components only. With the 8x4 Hadamard encoding

scheme, every pair of encoded images (e.g. rows 1 & 2) has a different trajectory

from the other pairs (e.g. 3 & 4, 5 & 6, or 7 & 8), but requires double the number

of encodings (8 instead of 4). Thus, half the number of sampling spokes can be

acquired for each encoding to maintain scan time. This scheme decouples the static

tissue component from the vessels, whilst still allowing for more unique k-space

samples to be acquired. More details on why this works will be explained through

examination of the m-PSF in the results and discussion sections.

To separate the effect of static tissue contamination from results that are due

to the sampling efficiency only, simple phantom trials with both the static tissue
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Figure 4.2: The proposed encoding and sampling methods. The four base components
of the numerical phantom to the right are added (pink line) and subtracted (green line)
according to a Hadamard encoding scheme (a simplified encoding matrix is shown at the
bottom of each subfigure. In reality each ± 1 entry in H is an identity matrix of the
size Nvoxels ×Nvoxels). The radial spokes on the left show the k-space trajectory for each
encoding. In (A), the same spokes are acquired four times. In (B), four sets of different
spokes are acquired. In (C), each matched sampling pair have the opposite tag-control
condition.

component set to zero, and trials with high static tissue intensity (approximately

10 times the vessel signal), were run.

The joint decoding and reconstruction approach was further examined in the

simple phantom by studying the effect of permuting the spokes acquired for each

encoding on image quality and on the m-PSF. Three different spoke orderings were

used, the same as used before, one where the spokes were as aligned as possible

in each encoding, and one random permutation.

Image quality was again assessed using the voxelwise correlation coefficient

between the ground truth and the reconstruction.
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4.2.3 Results

As hypothesised, joint reconstruction and decoding was found to have the best

image reconstruction quality for both 64 and 16 spokes, and both with or without

strong background signal (figure 4.3). It was however, only slightly, but statistically

significantly better (p� 0.001) than first decoding and then reconstructing when

the same spokes were used for each encoding. Reconstructing the encoded images

first and then decoding had the worst results. It is, however, worth keeping in

mind that the reconstruction method was not optimised for non-sparse images

such as non-decoded images.

Acquiring more unique spokes in k-space resulted in clear improvements com-

pared to acquiring the same spokes every encoding in the joint reconstruction and

decoding framework. The scheme with varying spokes every encoding performed

the best in all reconstruction methods as long as there was no contamination

by static tissue (figure 4.3(A,B)), but had the worst performance when realistic

static tissue was included in the data (figure 4.3(C,D)). When static tissue was

included, the hybrid method outperformed both the same spokes method (p <

0.01) and the fully varying spokes method (p � 0.001) with 16 spokes, for 64

spokes no significant difference between same spokes and the hybrid method was

found. A clear improvement in reconstruction of fine details was observed with the

hybrid method for 16 spokes, at 64 spokes all sampling approaches resulted in good

reconstruction with the joint reconstruction method, see figure 4.4.

The m-PSF of each trialled sampling and encoding combination for the 16 spoke

case is shown in figure 4.5. The m-PSF is symmetrical in all cases, meaning that

component A aliases onto component B in exactly the same way as component

B aliases into component A. In the case with same spokes every encoding, each

component only aliases into itself as predicted. With different trajectories all

components alias onto all other components, and with the hybrid approach, all

but component 4 alias onto each other. This visualises why the hybrid method

worked best when static tissue signal was present. The aliased energy of the static

tissue swamps the other components with the varying spokes approach, but is



4. Bringing VE-ASL Angiography to Higher Dimensions 81

0 0.2 0.4 0.6 0.8 1

corr coef

same spokes

varying spokes

hybrid method

16 spokes - no static tissue

decode - reconstruct

reconstruct - decode

joint reconstruction and decoding

0 0.2 0.4 0.6 0.8 1

corr coef

same spokes

varying spokes

hybrid method

16 spokes - realistic static tissue

decode - reconstruct

reconstruct - decode

joint reconstruction and decoding

0 0.2 0.4 0.6 0.8 1

corr coef

same spokes

varying spokes

hybrid method

64 spokes - no static tissue

decode - reconstruct

reconstruct - decode

joint reconstruction and decoding

0 0.2 0.4 0.6 0.8 1

corr coef

same spokes

varying spokes

hybrid method

64 spokes - realistic static tissue

(A)

(B)

(C)

(D)

decode - reconstruct

reconstruct - decode

joint reconstruction and decoding

Figure 4.3: Comparison of the trialled reconstruction and sampling methods without
(A,B) and with (C,D) strong static tissue background.
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Figure 4.4: Examples of the different approaches to sampling and reconstruction. (A)
shows the 16 spoke results with severe artifacts if not reconstructed and decoded jointly.
The varying spokes method shows residual aliasing from the static tissue, and the same
spokes approach is very streaky due to only 4 unique spokes being sampled. The hybrid
method produced the cleanest results with the best vessel definition. In (B) the images
are close to perfectly recovered using the joint and decode+recon methods with a total of
64 spokes sampled across all encodings.
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Figure 4.5: Example m-PSFs for the 16 spoke case. Acquiring the same spokes contains
aliasing within components (off diagonal elements are zero). Varying spokes spreads the
aliasing over all components and have more spread within the components due to more
unique spokes being sampled. The hybrid method nulls cross spreading from component
four thus mitigating the effect of static tissue contamination in VE-ASL but still allows
for spreading of aliased energy between components one to three.

nulled in the paired approach. This property can be can be represented in the

m-PSF framework by noting that component mixing is determined by energy of

off-diagonal blocks in the m-PSF.

By permuting the sampled spokes between the different encodings, it was

observed that the diagonal blocks are unaffected by which spokes are acquired in

which encoding, but that the off-diagonals change when different sampling schemes

are used. Permuting the spokes acquired across the paired encodings slightly

changed the m-PSF off-diagonal elements, which resulted in minor differences in

image quality (figure 4.6). The sampling with more closely aligned spokes in each

encoding achieved better image quality than the randomly permuted sampling

(p < 0.05), none of the other differences reached significance.

Although the regularisation factor, λ, was not optimised for each reconstruction

method and ground truth permutation, it was confirmed that the effect of varying λ

was smaller than the differences in reconstruction quality due to the reconstruction

approach or sampling trajectory used. This was done by manually tuning the

regularisation factor for one ground truth permutation using all reconstruction

and sampling-encoding methods.
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Figure 4.6: Effect on the m-PSF of acquiring the same spokes in different encodings.
the left-most column shows the ordering that was used for the earlier experiments, the
other two columns show sampling that have spokes acquired in a different order and small
differences in their m-PSFs. The bottom row shows zoomed in versions of the m-PSF
(zoomed in on the white box), differences are highlighted with red boxes.

4.3 Improved Sparsity

As shown in the previous chapter, improved relative sparsity can push sparsity based

reconstructions to higher acceleration factors. Although relative sparsity is improved

immediately by going to a full 3D acquisition, it is also somewhat reduced by the

introduction of the labelling plane into the imaging region when using a non-selective

excitation that causes a large non-sparse artifact. The artifact is due to modulation

of static tissue at the labelling plane, that varies for the different VE preparations.

This prompts consideration of other methods of improving sparsity of the image.

The vessel components are already very sparse in image space so let us focus our
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attention onto the static tissue component. Although it is not of interest clinically,

in a joint reconstruction the quality of the static tissue can affect the quality of the

vessel components. Previously, the static tissue had been left in the reconstruction

un-modified although it is non-sparse in image space. In this chapter the static

tissue component is considered more carefully to ensure that it does not interfere

with the reconstruction of the vessel components. Both the coupling between the

vessel images and the static tissue image and simple sparsifying transforms to move

the static tissue into a sparse domain are explored.

4.3.1 Methods

The m-PSF analysis showed that using the same spokes each encoding or using the

hybrid method decouples the static tissue from the vessel components. When the

static tissue and the vessel components are decoupled, improving sparsity of the

static tissue does not affect the vessel images. However, when varying spokes are

used, the static tissue causes problems if not dealt with properly. If the static tissue

could be fully reconstructed, its aliasing artifacts in the other components can be

suppressed and it might be possible to use the most efficient method of sampling

k-space and never repeat the same k-space locations. To get good reconstruction

of the static tissue in a compressed sensing based reconstruction, it needs to be

reconstructed in a sparse domain.

Two methods for sparsifying the static tissue were trialled and the effect measured

on image quality (correlation coefficient between ground truth and reconstruction)

of a realistic 2D simulation (the oversampled acquisition of subject 1 from chapter 3).

Again, the theory was trialled in a lower dimensional reconstruction problem before

moving to 4D (section 4.5) to be able to run many experiments with reasonable

reconstruction times on non-specialised hardware.

The first method for sparsifying the static tissue was the very common method

for sparsifying dense MR images, the wavelet transform. The second method was

a data driven method that relied on an average static tissue image (across frames

and encoded images) that could be reconstructed at a much lower undersampling
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factor when different spokes are acquired for each frame and encoding. The average

image was then used to create a sparse basis for the static tissue and a linear

sparsifying transform to be included in the compressed sensing framework. The

sparsifying transform was generated by taking the data from all frames and encodings

and reconstructing an average image using a simple sampling density weighted

NUFFT-based re-gridding. The non-zero voxels of the image were then divided

into a set number of patches. The assumption is then that the static tissue in

each time frame, st, is simply:

st =
N∑
i

ci,tpi (4.2)

where p is the vector defining each patch of the image and N is the number of

patches, which has to be small in comparison to the number of non-zero voxels to

define a sparse basis. ci,t is a scaling factor that can be individually set for each frame.

The square sparsifying operator is then built up by the combining the patch column

vectors, pi, with their null-space to form an orthonormal basis transform. This is

not a conventional approach to patch-based sparsification, which more commonly

uses learned over-complete dictionaries [87], rather than a basis determined by a

temporal mean, but this approach was taken as an initial exploration into static

tissue sparsification. This process is summarised in figure 4.7. Because the patches

were large and not optimised to contain only one tissue type per patch, this method

will struggle to capture tissue specific intensity changes due to T1 decay, and

thus mainly capture global signal attenuation between frames. This is a potential

weakness of this method, but was accepted as a simple proof of principle approach

to trial the effect of sparsification of the signal.

The cost function that was used for reconstructing VE-ASL angiograms was:

c(m) = 1
2 |Em− s|22 + λ1 |Pm|1 + λ2 |∇tm|22 (4.3)

The only difference between this cost function and equation 3.6 that was used

in the previous chapter, is the introduction of P, a sparsifying transform in the
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Figure 4.7: Schematic for patch based sparsification method. Green squares represent
k-space acquisitions, orange squares reconstructed static tissue images.

L1-term. P was set either to a level 4 Daubechies db2 wavelet transform applied

only to the static tissue component (an identity transform was applied to vessel

components), or the data driven patch based basis transform.

The data was reconstructed with FISTA, 300 iterations, step size 0.01, λ1 =

10−6. λ2 was set to 1 and to zero, to separate the effect of sparsity alone and

interaction with the temporal regularisation. These values were chosen to be of

similar magnitude as those optimised for in chapter 3.

The acquisition was simulated using the forward model, and white complex

noise (SD = 0.000003) was added in k-space to achieve a SNRk = 107.63 for the

realistic data, which is similar to the noise levels for a VE-ASL acquisition, as

measured in the previous chapter (section 3.2.2). k-space was undersampled with an

acceleration factor of R = 34 (9 spokes per frame per encoding for same spokes and

varying spokes) or R = 61 (5 spokes per frame per encoding for the hybrid method)

using a golden angle trajectory across time. For the varying spokes reconstruction
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the trajectory was rotated nine times the golden angle (111.24...◦) between every

encoding, and for the hybrid method five times the golden angle. With this

trajectory golden angle encoding across both time and encodings is achieved, which

is slightly different than the method used in section 4.2 where the sampling was

done using golden angle within each frame and uniform sampling across encodings.

The sampling patterns used in this section are summarised in figure 4.8).

The effect of varying the number of patches in the data driven sparsifying operator

was examined by running the reconstruction with 32, 128, and 1024 patches. Higher

number of patches allows for more non-zero components in reconstruction, and

thus lower image sparsity, which is bad for a compressed sensing reconstruction.

However, more patches (and thus smaller patches) makes the sparsifying operator

P sparser which is beneficial for reconstruction speed when using MATLAB’s

inbuilt sparse matrix data type.

In order to assess whether improved background suppression methods could

help in future work, image quality (of the vessel components) was assessed at

two different levels of background intensity; strong background suppression (the

maximum intensity in the static tissue set to the same as the maximum intensity

in the vessel components), and realistic static tissue (the acquired data used as it

was in chapter 3, the maximum value in the static tissue was approximately 7.6

times higher than the maximum value in the vessels).

4.3.2 Results

Image reconstruction quality for 32 and 128 patches was similar, but at 1024 patches

image quality was reduced. Time for the reconstruction of 1024 and 128 patches

were similar but the time was increased for 32 patches. For this reason 128 patches

were used in all further experiments (figure 4.9).

In the presence of weak static tissue all methods performed well, but the varying

spokes method with static tissue sparsification outperformed the same spokes and

hybrid method slightly. At the acquired background tissue intensity, decoupling

the static tissue from the vessels either using same spokes or the hybrid method,
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Figure 4.8: Sampling patterns used for simulated acquisitions. In black are the sampling
patterns for each frame and each encoding, in red is the combination of spokes across
frames (on the right) or across encodings (bottom). The bottom right green spokes shows
all spokes acquired in the experiment. Examples of encodings/frames with the same
sampling pattern are annotated with the green dashed box. (A) shows the "same spokes"
method where each frame has the same sampling pattern for each encoding. (B) shows the
"varying spokes method" where the sampling pattern is rotated across frames and time.
(C) shows the "hybrid method" where the same pattern is repeated in paired encodings.
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Figure 4.9: Reconstruction time and image quality for different number of patches used
to sparsify image.

improved the reconstruction quality significantly. Interestingly, the same spokes

method slightly outperformed the hybrid method when the L2 temporal smoothness

constraint was included. This could be explained by the fact that neighbouring

temporal frames in the hybrid method share some of the same spokes and thus have

more smoothly varying artifacts across time. The results with temporal smoothness

constraints are shown in figure 4.10(A).

If the temporal regularisation term was set to zero, the static tissue sparsifica-

tion through the patch based basis transform improved image quality when the

static tissue intensity was low. The wavelet transform did, however, provide no

improvement to image quality for weak static tissue, and made the reconstruction

quality worse for realistic static tissue. With the realistic static tissue intensity

levels, the patch based method still improved reconstruction compared to doing

nothing with the static tissue acquired with varying spokes. Again, decoupling

the static tissue from the vessels by using the same spokes or hybrid methods

of sampling and encoding performed the same in both cases, as they were not

affected by the static tissue strength. Without L2-smoothness the hybrid method

performed slightly better than using the same spokes, which is consistent with

the results from section 4.2. Figure 4.10(B) shows the results of reconstructing

without temporal smoothness constraints.
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Figure 4.10: Image reconstruction quality with different sampling and sparsification
approaches. With temporal smoothness constraints (A), and without (B).

In summary, both static tissue sparsification approaches seem to have limited

benefits, especially if better background suppression cannot be performed. The

conclusion from this section is therefore that decoupling static tissue is a more

promising avenue to pursue than sparsifying the static signal.

4.4 More Precise Regularisation Terms

The third and final avenue of extensions that was explored as part of this project was

the use of more tailored regularisation terms. In the previous chapter and sections,

the regularisation terms have relied on very general properties of the data; spatial

sparsity and temporal smoothness. Instead of these universal properties, new regu-

larisation terms that can constrain VE-ASL angiograms specifically were considered.

VE-ASL has a strong spatial prior with blood from the RICA likely to end

up in the right cerebral hemisphere, blood from the LICA in the left hemisphere,

and blood from the BA in the posterior circulation. Blood from the three feeding
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arteries are also generally not mixed in the majority of the vessels in the brain. This

information can be built into the reconstruction as a term that penalises signal that

ends up in the "wrong" place, as it is likely to be aliasing rather than actual signal.

But how is the "wrong" place defined? One could imagine splitting up space

into three boxes based on a localiser and forcing the signal from each vessel to

stay in some non-overlapping anatomical regions. However, with pathology and

non-standard configurations of the circle-of-Willis these types of hard constraints

on blood ending up on the right/left/posterior might not hold as well, so a softer

constraint is required. In this project, a low-resolution image was used to create

regional priors for each vessel component. The regions were also allowed to overlap.

Similarly, the images can be more constrained temporally, as the temporal

evolution of the VE-ASL signal follows a smooth dynamic model as described

by Okell et al. [66]. The model includes both physiological and MR parameters.

The physiological parameters include blood volume, bolus dispersion time to peak,

dispersion sharpness, and transit time from labelling plane to the imaged voxel,

whereas MR parameters include signal loss due to RF attenuation by early imaging

pulses and relaxation due to T1 decay.

By assuming that the signal will follow this model and simulating time courses

within physiologically plausible parameters and then performing a principal com-

ponent analysis the possible time courses can be reduced to a smaller subspace.

The temporal signal in each voxel can then be explained by only a few temporal

components, rather than a value in each time frame, and thus sparsifying the

signal in time. For a sparse signal, an L1-constraint can be used instead of L2-

smoothness as in chapter 3.

4.4.1 Methods

The two new regularisation methods were applied to the same dynamic 2D data

as was used in the static tissue sparsification experiments above with both same

spokes for each encoding and the hybrid method.
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Spatial Regularisation

The spatial regularisation was done by taking the data, and applying Gaussian

radial weighting (SD = 50) to each k-space line (length: 384), then combining data

across the 12 temporal frames, reconstructing the three vessel components, and

thresholding the result at each vessel’s 80th percentile to produce low resolution

masks for where the vessels were expected to be. The areas where the vessels were

expected to be were given no weighting (i.e. no additional cost or penalty), and

areas were the vessels were not expected to be were given an extra cost set by λ3

in the combined cost function using a diagonal matrix, W, which had entries 1

corresponding to voxels outside the masks and 0 inside. The cost function was then:

c(m) = 1
2 |Em− s|22 + λ1 |m|1 + 1

2λ2 |∇tm|22 + 1
2λ3 |Wm|22 (4.4)

λ1 was set to 10−6, λ2 and λ3 were set to 1. FISTA with a step size of

0.01 was run for 300 iterations.

Temporal Regularisation

Plausible time courses, based on the forward model derived in [66], with fixed scan

parameters and varying physiological parameters were simulated in order to find a

sparse basis to use in reconstruction. The temporal evolution was simulated for each

spoke (every 12 ms), but the signal time course was then averaged for all spokes

in the frame. The simulated parameters are summarised in table 4.1. A total of

4800 different time courses were simulated. A visualisation of the time courses are

shown in figure 4.11(A,B). The framewise time courses were then compressed using

singular value decomposition. The first four components (out of 12) are shown in

figure 4.11(C). They explained > 99% of all variance (figure 4.11(D)).

The temporal model was used instead of temporal smoothness and without

spatial priors. The cost function was thus:

c(m) = 1
2 |Em− s|22 + λ1 |Sm|1 (4.5)
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Scan parameters

Labelling duration (ms) 1000
Repetition time (ms) 12
Echo time (ms) 6
Flip angle (degrees) 7
Post labelling delay 0
Readout duration (ms) 1296
Spokes per frame 9

Physiological parameters

T1 of blood (ms) 1664
Time from labelling plane to imaging region (ms) 0
Time from labelling plane to voxel (ms) 0 to 1500 (steps of 100)
Dispersion kernel sharpness (a.u., low sharpness implies high dispersion) 0.001 to 0.015 (steps of 0.001)
Dispersion kernel time to peak (ms) 1 to 20 (steps of 1)

Table 4.1: Parameters used in simulation of plausible ASL angiography signal time
courses.
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Figure 4.11: Temporal basis function generation. (A) shows all the simulated time
courses with a resolution of one time point per spoke (TR = 12 ms). In (B) the signal from
(A) is averaged into 12 frames. (C) shows the first four components from the principal
component analysis, and (D) shows the amount of variance explained by each component.

With S being the basis transform to the simulated temporal bases. λ1 was set

to 10−6. The reconstruction parameters were otherwise the same as above.

4.4.2 Results

The spatial regularisation method did not improve results for either the hybrid or

same spokes method. Indeed, it made the reconstructions slightly worse (figure 4.12).

The lack of improvement can be explained by the aliasing from an undersampled

radial trajectory appearing as radial spokes, with high energy deposition closer to

the point itself than further away, so penalising signal far away from their sources
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Figure 4.12: Image reconstruction quality with and without the use of a spatial prior
using either the same spokes or hybrid method of sampling.

does not affect this as much as for example when aliased copies appear in a Cartesian

framework. Having the coil sensitivities included in the reconstruction also helps

with spatial localisation of the signal. There was simply not much to gain by such

non-specific spatial regularisation. Why it made the results worse is a more puzzling

question. Perhaps the bias produced by the spatial regularisation, even when broad

and overlapping regions were used, was enough to lose some of the more subtle details

around the edges of the penalised regions. However, this result suggests that for

more complicated vasculature, with more overlap of vessels, this technique would be

detrimental. For this reason, this type of cost function modification was abandoned.

Similarly, the temporal regularisation did not improve reconstruction quality

beyond what the temporal smoothness constraint did, although it improved re-

construction quality compared to using no temporal regularisation (figure 4.13).

The reason for these negative results is probably that the signal simply is not

sufficiently compressible along the temporal dimension. Only 12 frames were

used, and approximately four components were required to adequately represent

the signal. A relative sparsity of 4
12 = 1

3 is likely not sufficient for compressed

sensing to work effectively.
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Figure 4.13: Image reconstruction quality with and without the use of temporal
regularisation (either L2-smoothness or L1-sparse basis) using either the same spokes or
hybrid method of sampling.

4.5 Combining the Extensions to Acquire 4D VE-
ASL Angiography

Now, to combine the results of all of these extension experiments together and

apply to a 4D acquisition.

The m-PSF analysis showed the benefits of sampling different spokes in different

encodings as long as the static tissue can be dealt with. Of the two ways of "dealing

with" the static tissue, sparsification and decoupling, decoupling worked better and

more reliably when the static tissue was not artificially suppressed. The sparsification

methods also increased reconstruction time, which is even more of a problem for

4D imaging. For these reasons, decoupling the static tissue through either the same

spokes or hybrid method was chosen as the preferred approach for 4D imaging.

The move into a dynamic 2D phantom from the simple, single-frame, phantom,

also showed that when temporal regularisation is used, it is important to use

different spokes between frames in order to get any benefit from the hybrid spokes

method over just using the same spokes for each encoding. So, for the move to

4D, the sampling was modified again to ensure good temporal incoherence, as well

as complementary sampling across encodings.

The use of new spatial and temporal regularisation terms did not show any

benefits in dynamic 2D simulations, and were thus not included in the 4D exper-

iments. In particular, because the model based temporal sparsification method
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did not provide any benefits over the simpler temporal smoothness constraints

in the simulations that had 12 frames, it was unlikely to provide benefits in-vivo

where, to minimise the problem size, even fewer frames were reconstructed and

the temporal compressibility was further constrained.

The main question for these experiments was how far 4D VE-ASL can be

accelerated without meaningful loss of image quality. Can 4D VE-ASL angiography

be performed in clinically feasible scan times (preferably < 10 min)?

4.5.1 Methods
Sampling Trajectory

The first change from dynamic 2D imaging to 4D was the change from the golden

ratio method of sampling radial spokes, to the multidimensional golden means

method [34]. This is a straightforward change as the multidimensional golden means

method is a direct extension of 2D golden ratio sampling as discussed in chapter 2.

The other change with regards to sampling was to make the frames have as non-

overlapping trajectories as possible when the hybrid sampling method was applied.

In simulations this can simply be done by ordering the spokes by the golden means

method across encodings and, along the time dimension, carry on from the last

spoke used in the last encoding of the previous time frame (figure 4.14). With this

ordering the hybrid approach can be achieved and no overlap between trajectories

in subsequent frames occurs. However, in vivo, where the data is acquired in a

segmented acquisition with multiple shots, the ability to retrospectively choose the

undersampling factor by discarding later acquired shots and simultaneously have

golden means distributed spokes in each frame, can only be maintained if subsequent

repetitions carry on the ordering such that there is some overlap between frames.

The first shot is acquired with the same ordering as in simulations, and the next

subsequent shot carries on the ordering from the first shot, which results in the

same spokes being acquired in the first shot, second frame, and the second shot,

first frame, and so on. Figure 4.15 shows the ordering used for in vivo acquisitions.
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Figure 4.14: Spoke ordering in simulations. For the same spokes method, (A), the
golden angle index increases just from frame to frame (green arrows). In the hybrid
method, (B), the index is increased for every other encoding and the following frame
carries on where the last encoding in the first frame finished.

Computational Limitation Considerations

As shown above, there are benefits with reconstructing and decoding jointly, as

well as considering regularisation across both space and time. When moving to 4D,

these benefits come at the cost of memory usage when running the reconstruction

algorithm. The "image" that is reconstructed is a 5D dataset (three spatial dimen-

sions, time, and vessel components), where high spatial and temporal resolution is

required. This can be decoupled into smaller problems by decoding first and then

reconstructing (only possible with same spokes sampling, and not as efficient as

joint decoding as shown in section 4.2), or reconstructing each frame separately

(no temporal regularisation possible, which showed large benefits in chapter 3).

Because of the benefits of considering the full 5D dataset, rather than reducing the

dimensionality of the problem, other methods were used to reduce memory burden.
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Figure 4.15: Ordering of spokes for the hybrid method in the multishot sequence used in
vivo. Each shot follows the same ordering as was used in simulation (figure 4.14(B)), and
following shots use spoke indicies increased by the number of spokes used in each frame.
When spokes are combined across shots they have ideal golden ratio sampling within each
frame, but subsequent frames have a number of overlapping spokes that depends on the
number of shots combined.

The matrix needed to store the full 5D image, assuming the same resolution as

was used for dynamic 2D in chapter 3, would be 192×192×192×12×4. Assuming,

each matrix entry needs to store a complex number to double precision the total

memory size of the matrix would be 192× 192× 192× 12× 4× 16 Bytes, which

equals approximately 5 GB. To reduce the memory burden, the matrix size (and

resolution of the image) was reduced both for simulation (128× 128× 86× 6× 4)

and in vivo acquisitions (192 × 192 × 192 × 6 × 4).

However, it is not only the reconstruction that has to be stored and accessed

from memory multiple times. The acquisition operator E, which was implemented

as a MATLAB object also had to carry a lot of data. For example, the coil sensitivity

maps, that although coil compression was applied to reduce the number of coils

from 32 to 8, required storage of complex data of the same dimensions as the
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image’s spatial dimensions (up to 192× 192× 192× 8× 16 Bytes ≈ 0.8 GB). When

the acquisition operator or its transpose is applied, it also has to generate large

matrices internally to store the intermediate steps of the acquisition, for example

the vessel encoded images, which for the hybrid method is double the size than

for same spokes as the number of encodings are doubled. The raw k-space data

also had to be stored in memory. However, the size of the data varied based on

what undersampling factor was used.

One way to minimise memory usage is to use a lookup-table in the acquisition

operator, instead of storing the gridding interpolation kernels for each k-space point.

This reduces accuracy and speed of the operation slightly [67]. As in chapter 3,

to speed up the iterative reconstruction, EHE was implemented using Toeplitz

embedding and the FFT instead of the NUFFT. However, the Toeplitz embedding

requires the storage of a matrix with double the spatial dimensions of the image

for each time point and encoding. It also generates large temporary matrices

when applied (which happens every iteration). Both the lookup-table method and

Toeplitz embedding were used in all 4D reconstructions.

The simulations were run on a personal laptop computer (MacBook Pro, 2018,

16 GB RAM, quad-core 2.7 GHz Intel Core i7), whereas the in vivo reconstructions

were run on a computing cluster with jobs allocated two threads and 250 GB of

RAM on a 2.6 GHz 2x20-core Intel Xeon E5-2660. The cluster was used so that

multiple reconstructions could be run in parallel. Approximate memory usage was

recorded for the simulations by periodically checking the inbuilt "Activity Monitor"

application. In vivo reconstruction memory usage was also checked periodically

as the reconstructions were running on the cluster.

Simulation Experiments

4D simulations were performed on a 128× 128× 86 VE-ASL angiogram with six

temporal frames. This angiogram was acquired using an undersampled acquisition

(R ≈ 20, scan time ≈ 20 min) and reconstructed on a frame by frame basis using

a lightly L1-regularised SENSE reconstruction [11]. The ground truth image was
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downsampled and its matrix size was reduced from a previous in vivo acquisition

that had been reconstructed frame by frame (spatial resolution: 1.6 mm isotropic,

temporal resolution: 210 ms).

The images were reconstructed with 1024 spokes per frame (R ≈ 25) with either

the same spokes or hybrid method of sampling as described above.

Apart from different ground truth and sampling, the simulation and reconstruc-

tion was identical to the dynamic 2D experiments in the above sections with only

spatial sparsity and temporal smoothness constraints.

Since a ground truth was available for the simulated data, the different recon-

structions were compared to it with a masked correlation coefficient as previ-

ously described.

In Vivo Acquisition

The in vivo acquisition was performed on one healthy volunteer with the spoke

ordering as explained above. No ground truth was available since sampling to the

Nyquist limit would require the subject to lie in the scanner for approximately

8.5 hours. Instead data was acquired for approximately 10 minutes (R ≈ 40 for

same spokes and R ≈ 80 for the hybrid method) and retrospectively undersampled

and reconstructed from the first 5 min of scanning (R ≈ 80 for same spokes and

R ≈ 160 for the hybrid method) and 1 min of scanning (R ≈ 400 for same spokes

and R ≈ 800 for the hybrid method).

Since no ground truth data was available, the analysis was limited to visual

comparison of the reconstructions.

4.5.2 Results
Reconstruction Computational Requirements

The simulations required approximately 11 GB of memory and approximately

6.5 hours of reconstruction time (wall clock time) for the same spokes method.

The hybrid method required approximately 15 GB of memory, and ran in ap-

proximately 14 hours.
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Figure 4.16: Image quality in 4D simulations.

The in vivo reconstructions required approximately 36 GB of memory for same

spokes and took around 24 hours to reconstruct. The hybrid method required

54 GB and took approximately 50 hours to reconstruct. Again, the reported

times are wall clock times.

Simulations

As hypothesised, the new sampling approach with no spoke overlap between frames

resulted in a slight improvement by using the hybrid method over using the same

spokes for each encoding (figure 4.16). The difference was, however, small (same

spokes achieved a correlation coefficient of 0.90, the hybrid method 0.91), and the

reconstructed images showed no large differences.

In Vivo

The in vivo data showed similar quality for both same spokes and the hybrid method

for both 10 and 5 minutes of scanning (for the same spokes method R ≈ 40 and
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R ≈ 80 and for the hybrid method R = 80 and R ≈ 160 respectively), but with

some degradation of signal in the 1 min (R ≈ 400 for the same spokes method,

and R ≈ 800 for the hybrid spokes method) reconstruction (figure 4.17). The same

spokes method showed more degradation (noise and loss of small and faint vessels)

than the hybrid method did in the 1 minute case. Figure 4.18 shows additional

views of the 5 min hybrid data as well as its time course.

4.6 Discussion

The examination of sampling-encoding interactions in section 4.2 has shown that

spreading sampling incoherence across the encoding dimension is beneficial in

sparse multi-dimensional reconstructions. While optimal sampling distributions

are difficult to predict, m-PSFs are shown to be an intuitive tool for studying

these interactions. Sampling-encoding interactions cannot be exploited when the

decoding and reconstruction problems are treated separately, and this was shown in

a simplified VE-ASL phantom system. This is a simple proof-of-principle application,

and excludes considerations of coil sensitivity profiles that do interact with the

sampling patterns. These ideas could be further applied to other multi-dimensional

MR encoding techniques where traditionally multiple images are combined in

post-processing, such as 4D flow imaging [88] or relaxometry [89].

In terms of sparsity, the vessels are already very sparse, and using either the

same spokes every encoding, or the hybrid method, decouples the static tissue

from the vessels such that the sparsity of the static tissue does not matter for

reconstruction quality. To sample k-space without redundancies between encodings,

the static tissue has to be considered more carefully. If the static tissue isn’t

(close to) perfectly reconstructed, its aliased signal will swamp the vessel signals. In

section 4.3 it was demonstrated that sparsifying the static tissue using a patch based

approach improved reconstruction quality only if the static tissue was suppressed

to similar levels of intensity as thee vessels. The wavelet method did not provide

the same benefit. In future work, the varying spokes method could be revisited

combined with static tissue sparsification and better background suppression [90].
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Figure 4.17: Image quality in 4D in vivo experiments.
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Figure 4.18: Different views of the 4D acquisition (5 minute acquisition with the hybrid
method). The axial view is a MIP within the volume depicted by the dashed box in the
sagittal and coronal view. This is to exclude the labelling plane artifact that can be seen
in those views. The image series below shows the temporal evolution of the signal.

With current the acquisition method, decoupling the static tissue from the vessels

was the better approach. However, in these experiments, it became evident that the

same spokes method worked better than the hybrid spokes method when temporal

regularisation was used. This incidental finding prompted a redesign of the sampling

method for use in the 4D acquisitions to limit the amount of overlapping spokes

in subsequent frames. The 4D simulation experiments confirmed that the hybrid

method could bring small improvements when the frames used non-overlapping

trajectories in combination with the L2-smoothness constraint.

Two new methods for including prior knowledge into the reconstruction method

were trialled, one spatial and one temporal. Both could in theory have benefited

the reconstruction, and similar methods have shown benefits in other applications

[89, 91, 92]. However, the spatial method showed no benefit and carries the risk of

producing a bias towards non-mixing vessel components that that will make the

method even poorer if pathology is present. The temporal model could not constrain
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the signal sufficiently in a low dimensional subspace. Because four components

were needed to explain 12 frames it did not sufficiently compress the signal and

had inferior performance to L2-smoothness. For this reason it was not applied to

the 4D data, where the number of frames was reduced to only six, further limiting

the compressibility along that dimension. If the computational limitations can be

overcome, the method could be trialled on acquisitions with more frames, where

it would have a higher chance of producing benefits.

A large challenge with going to 4D imaging is the increase in data size, and thus

processing power and time required to reconstruct the images. The current methods

would not be suitable for clinical deployment due to the long reconstruction times

although the scan time is well within a plausible range (5-10 min). In future work,

the reconstruction code could be re-factored to use single precision throughout.

Other improvements could also be achieved by optimising and parallelising portions

of the code as currently it required looping through time points and encodings

multiple times each iteration, or rewriting it in a more efficient language than

MATLAB. The use of Toeplitz embedding should also be considered as the speed

gained from using FFTs instead of the NUFFT in the iterations need to be weighed

against the memory burden of the Toeplitz embedding.

The in vivo 4D acquisition was, nonetheless, promising. Especially the lack

of meaningful differences between the 10 min and 5 min data suggests that both

acquisitions fully managed to recover the signal and the difference in noise at these

levels can be overcome by the denoising effect of the reconstruction. The slight

improvement in quality of the hybrid method over the same spokes method at 1

min of scanning is also promising. It shows the benefit of considering all dimensions

of the data, and how valuable it can be at very high undersampling factors.

The faster the scans can be, the less likely they are to be affected by patient

motion due to, for example, discomfort during the scan. However, even in faster

scans motion can still be an issue, and this method of imaging can be sensitive to

subject motion. One way that motion can cause problems is if it occurs between

the pre-scan that is used to set the labelling plane and vessel locations for encoding



4. Bringing VE-ASL Angiography to Higher Dimensions 106

and the imaging sequence. Here, even relatively small changes in position can lead

to reduced labelling efficiency. The other way motion can affect the scan is during

imaging. Motion between encodings can cause imperfect decoding of the signal.

However, the sequence interleaves encodings between shots, so the time between

encodings is minimal. Motion correction methods [93, 94] could also be applied since

the sequence is self-navigating by regularly sampling the centre of k-space, allowing

a low resolution navigator to be reconstructed with a small number of spokes.

Both the 4D simulation and in vivo reconstructions were only assessed on a

single subject/ground truth image, so more work would be required to confirm

these results and explore extensions.

4.7 Conclusion

In this chapter, it has been shown that it is important to consider all dimensions of

the data, especially when the undersampling factors are very high. In particular,

regularisation across the temporal dimension was important for image quality, and

with that the sampling needs to be adapted for the reconstruction approach.

Similarly, the spreading of artifacts across the component dimension showed to

have small but visible benefits as long as the static tissue does not contaminate

the vessel signal. This type of controlled aliasing across the components could

also be applied in other types of MR imaging.

Finally, we have shown that it is possible to reach clinically feasible scan times

for 4D VE-ASL angiography, however, improvements in reconstruction time still

need to be achieved before it can take the step into clinical practice.



To infinity and beyond!

— Buzz Lightyear in Pixar’s Toy Story 1995

5
Applications beyond VE-ASL angiography

Contents
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.2 Time-encoded ASL angiography . . . . . . . . . . . . . 109

5.2.1 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.3 Combined Angiography and Perfusion ASL . . . . . . . 117
5.3.1 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.1 Introduction

The methods presented in chapters 3 and 4 were developed in particular for VE-

ASL angiography. However, many of the concepts used in those frameworks are

generalisable to other types of cerebrovascular MR imaging. In this chapter, the

basic reconstruction framework from chapter 3 is adapted and applied to two other

flavours of ASL imaging in an attempt to achieve similar improvements in image

quality at high acceleration factors that was found in VE-ASL angiography. The

two domains are time encoded ASL angiography [95], and combined angiography

107
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and perfusion imaging [70].

Time encoded ASL [96, 97], or TEnc-ASL, is an alternative method to acquiring

the temporal information of the bolus’ passage through the arterial tree. The more

common, and more straightforward method that has been used in previous chapters,

is to acquire continuously after each labelling (tag or control) block for the desired

readout duration and simply split up the data into a number of consecutively

acquired frames. This is called the Look-Locker method [98], and requires small

flip angles to prevent excessive signal attenuation from each RF pulse during the

readout. In TEnc-ASL, on the other hand, the labelling period is modulated to carry

the temporal information in a similar way to how the labelling plane is modulated in

VE-ASL to carry spatial information. In TEnc, the signal can be acquired during a

shorter readout period, and larger flip angles can therefore be used, which leads to a

higher SNR, especially when combined with a variable flip angle scheme [99]. Using

a simple re-gridding reconstruction, Woods et al. [99] demonstrated that TEnc-ASL

and the variable flip angle scheme produced improved image quality compared to

sequentially acquired angiograms even when the TEnc-ASL data was undersampled

to match scan time of the sequentially acquired, fully sampled, data. In that study,

only mild undersampling factors were used and the data was reconstructed linearly.

The introduction of non-linear reconstruction methods to TEnc-ASL angiography

should allow for further acceleration, which will bring the method towards clinical

feasibility. When limited by the Nyquist limit, TEnc-ASL takes longer than

sequentially read out ASL to acquire, and for this reason this method is often not

used despite its SNR benefit. In this chapter, an accelerated approach, again

leveraging spatial sparsity and temporal smoothness of angiographic data, is

developed based on the framework built for VE-ASL and assessed on TEnc-ASL

angiograms with greatly reduced scan time.

Secondly, the power of golden ratio based sampling is extended to its full potential

as the reconstruction methods are applied to combined angiography and perfusion

imaging. Golden ratio sampling allows a single data set to be reconstructed with

multiple spatial and temporal resolutions. The perfusion signal is much weaker
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than the angiographic signal because a longer PLD is needed to allow the signal to

leave the arterial tree and perfuse into the brain tissue. Because a longer PLD is

required, more T1 decay occurs. The perfusion signal in each voxel is also lower as

the signal spreads out throughout the brain tissue. For these reasons, lower spatial

and temporal resolution is generally needed to achieve sufficient SNR in perfusion

imaging. The perfusion signal is, however, not as sparse in image space as the

angiographic signal, so adaptations to the reconstruction method are needed.

The intrinsically low SNR of perfusion imaging makes accelerating it particularly

challenging. Furthermore, the perfusion maps from simultaneous angiography and

perfusion imaging suffer from further SNR-loss due to the early imaging pulses

for angiography that suppresses the perfusion signal in later PLDs. Being able

to remove undersampling artifacts, which add even more to the apparent noise

level, is particularly important in this type of imaging.

5.2 Time-encoded ASL angiography

In "pure" TEnc-ASL, images with different PLDs are acquired by encoding the

labelling period using a Hadamard encoding scheme, such that blood from different

times can be decoded by combining all encoded images, similar to how blood from

different vessels were encoded in VE-ASL. Figure 5.1 summarises three methods

of acquiring dynamic ASL data; the conventional Look-Locker method, where all

temporal information is contained in the readout period, pure time encoded ASL

where all temporal information is contained in the labelling period, and a hybrid

approach where some temporal information is contained in the labelling and some

in the readout. In hybrid TEnc-ASL each readout frame is decoded using time

encoding and labelling blocks have a longer duration to accommodate multiple

readout frames in each encoding block.

The main limitation of time encoding (both pure and hybrid), similarly to vessel

encoding, is that instead of just a tag and a control image, you need to acquire

multiple encoded images. At least one more encoding than the number of temporal

frames encoded in the labelling period is needed to also allow the separation of
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Figure 5.1: Three different approaches to achieveing dynamic ASL imaging. The purple
arrows between the ends of the labelling blocks to the centre of the readout blocks depict
the PLDs.

signal from the static tissue. This means that in order to maintain the same scan

time as a Look-Locker readout one needs to undersample each encoding to a greater

extent by repeating the sequence fewer times (using fewer shots and thus filling

k-space to a lesser amount). As seen in chapter 3, angiograms are spatially sparse

even without multiple vessel components, and non-VE-ASL angiograms could be

accelerated using sparsity based methods. TEnc can provide a small increase in

sparsity compared to a conventional sequential readout as the sub-boli are shorter

and, except for dispersion effects, fill up a smaller portion of the vascular tree

in each decoded frame. Furthermore, TEnc-ASL requires us to think about how

temporal smoothness is applied in a bit more detail, but otherwise it is well suited
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for acceleration using the same approach as used in chapter 3.

5.2.1 Methods

A single slab 2D TEnc-ASL dataset acquired for a previous project [99] on a 3T

Siemens Verio system, with a 32-channel head-coil, in four healthy volunteers, was

used in this study. The data had three readout frames (120 ms each) and three

time-encoded blocks (360 ms each). When decoded, this resulted in nine frames

with effective PLDs of 60 to 1020 ms in steps of 120 ms. Each readout frame

was radially fully sampled (552 spokes) with uniformly distributed spokes, for a

spatial resolution of 0.63× 0.63× 70 mm3, FOV = 220 mm2, and slice thickness

70 mm. This required 46 repeats of each encoding (total scan time 4.5 min to

reach the Nyquist Limit) as 12 spokes (TR = 10 ms) were acquired for each frame

after each labelling period. The data was acquired with the variable flip angle

scheme as proposed by Woods et al. [99] that compensates for signal attenuation

from the previous RF pulses, meaning that the signal should vary smoothly from

one TEnc block to the next, which does not happen if the flip angle is constant

during readout. This is because with constant flip angle the signal is attenuated

towards the end of the readout due to early excitations. So, unless this attenuation

is counteracted by slowly increasing the flip angle during the readout, the images

decoded from the latest block (frames 3, 6, and 9) will have lower baseline signal

than the decoded images from the first block (frames 1, 4, and 7), which causes

discontinuities between neighbouring frames (e.g. 3 and 4). VFA is therefore key

for the ability to use temporal smoothness across blocks in the reconstruction.

The acquired data were retrospectively undersampled at R = 12, 23, and 46,

which is the maximum acceleration factor, as the data is acquired in a single shot

for each encoding. The undersampling was performed such that the resulting

trajectory still had uniform coverage of k-space, and the three readout frames

each had a different trajectory. For example, for R = 12, every 12th spoke was

kept starting from the first spoke in the first readout frame, starting from the

fifth in the second readout frame, and the ninth spoke in the third readout frame.
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For simplicity, the same undersampling pattern was used for every encoding. In

future work, varying the trajectory across encodings could be explored for benefits

as were explored for VE-ASL.

Three methods were then used to reconstruct the data offline:

1. A naïve re-gridding of the non-Cartesian data using the NUFFT.

2. Non-Cartesian iterative SENSE parallel imaging reconstruction.

3. Compressed sensing reconstruction with sparsity in decoded image space and

a temporal smoothness constraint.

The cost function for the CS reconstruction was defined as in previous chapters:

c(m) = 1
2 |Em− s|22 + λ1 |m|1 + λ2 |∇tm|22 (5.1)

with no static tissue sparsification because the same spokes were used each encoding.

This cost function was minimised using FISTA, step size 0.01, 100 iterations. For the

SENSE reconstruction, both λ1 and λ2 were set to 0, but otherwise the reconstruction

was the same. For CS λ1 = 1× 10−6 and λ2 = 1. These regularisation factors were

chosen to be of similar magnitude as the high resolution data presented in chapter

3, that have similar appearance. For the naïve re-gridding, the data was simply

reconstructed using the adjoint of the acquisition operator after pre-weighting for

sampling density compensation using the weighting matrix W: m = EHW−1s. The

coil sensitivity profiles included in E were estimated from the data averaged across

readout frames and time-encodings using the adaptive combine approach [72].

A lightly regularised (λ1 = 10−7, λ2 = 0) reconstruction using all the data was

used as ground truth for analysis. Again, masks around the vessels were generated

(by thresholding and dilating the masks) and correlation coefficients between the

ground truth and the reconstructions were calculated.
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Ground truth Re-gridding SENSE CS

Figure 5.2: TEnc reconstructions (averaged across frames) at R = 12 compared with
the fully sampled ground truth image.

5.2.2 Results

As figure 5.2 shows, the re-gridding reconstruction suffers from severe blurring due

to the broadening of the PSF with undersampling. SENSE reconstructions are

sharper but have taken a severe g-factor penalty compared with the re-gridded

reconstruction. CS, on the other hand, retained both contrast and sharpness.

Figure 5.3 shows an example in another subject that again demonstrates the

improved sharpness and higher apparent SNR in the CS reconstruction compared

with SENSE and re-gridding.

In figure 5.4 the temporal reconstruction fidelity can be seen. The temporal

dynamics are not biased due to the temporal smoothness constraint in the CS

reconstruction framework. Again, the distal vessels in the late frames are both

sharper than in the re-gridding reconstruction and have higher apparent SNR

than the SENSE reconstruction.

Although the finer details are lost at very high undersampling factors, the CS
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Figure 5.3: (A) shows a detail from the reconstructed images (R = 12, time averaged).
(B) shows a line plot through two small vessels (marked with a line of matching colour in
(A)). Re-gridding (blue) produces wider peaks and SENSE (red) has a higher noise floor
than CS (magenta) that achieves both the narrowest peaks and low noise.

reconstruction method robustly reconstructs all the main arteries and showcases the

range of image qualities available depending on how much scan time can be used. CS

had consistently higher correlation coefficients than re-gridding and SENSE. Figure

5.5(A) shows how the image changes when the undersampling factor is pushed

to a single shot acquisition approach. Figure 5.5(B), on the other hand, shows

how the correlation coefficients vary as a function of R. The clinical significance

of the reduced correlation coefficient at higher R, should be studied further by

seeking expert opinions from radiologists.

5.2.3 Summary

This preliminary investigation into accelerating TEnc-ASL angiography has shown

that CS outperforms re-gridding and SENSE type reconstructions, and that large
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Figure 5.5: TEnc reconstruction quality at varying acceleration factors. (A) shows the
CS time-averaged reconstructions (note that the ground truth image used a much lower
regularisation factor in its reconstruction and thus has more residual background noise).
(B) shows the measured correleation coefficients between the reconstructions and the
ground truth. Each scatter point represents one subject.

acceleration factors can be achieved.

However, the CS method presented here was only assessed at a single combination

of regularisation factors, which was chosen based on previous similar reconstructions.

In future work the optimality of the regularisation factors would have to be assessed

further in a larger cohort.

The method that was used in this section was also the simpler version of

the reconstruction framework that was presented in chapter 3, but many of the

extensions presented in chapter 4 could also be applied to TEnc data. This will
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be discussed further in the Discussion section (5.4) below.

5.3 Combined Angiography and Perfusion ASL

Combined angiography and perfusion using radial imaging and arterial spin labelling

(CAPRIA) was first proposed by Okell [70], and initial work on reconstruction

using both re-gridding [70, 100, 101] and non-linear methods [102, 103] have been

presented. However, the non-linear reconstruction approaches have been limited to

either reconstructing only the angiography part of a dynamic 2D CAPRIA dataset

[102] or the perfusion of a 4D CAPRIA dataset [103]. In this chapter, the same

dynamic 2D dataset will be reconstructed for both angiography and perfusion, and

the limits of its acceleration factor to achieve good image quality for both types of

images will be studied. The optimal regularisation factors to use in reconstruction

of angiograms and perfusion imaging will also be studied; this aspect of non-linear

reconstruction was not studied in previous work.

5.3.1 Methods

Four axial slices of non-VE pCASL data acquired with nominal resolution of

1.1 × 1.1 × 10 mm3 in a healthy volunteer were used as the test dataset for this

study. The data was acquired on a 3T Siemens Verio system. Each slice was

acquired with golden ratio sampling that was ordered such that each encoding

had the same trajectory, but ideal golden ratio sampling was only achieved for

a temporal resolution of 336 ms. The ordering is referred to as the tmax-method

in the paper by Okell [70]. The labelling duration was 1.4 seconds, and readout

duration 2 seconds. 588 spokes per frame were acquired at the optimal temporal

resolution, 336 ms/frame (6 frames). Scan time of data acquisition was 2.5 minutes

per slice (21 repeats of both the tag and control condition).

The CAPRIA data were reconstructed with the same three different approaches

as used for TEnc-ASL; re-gridding, SENSE, and CS. Before reconstructing, subsets of

the data were removed to simulate shorter scan times, and the remaining raw k-space

data was split into either 18 frames (112 ms temporal resolution) for angiography,
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or kept at 6 frames (336 ms temporal resolution) for perfusion reconstruction. For

angiographic reconstruction, the spatial resolution was kept at 1.1 mm in-plane

(matrix size: 192×192), but the perfusion data were reconstructed with a spatial res-

olution of 3.3 mm in-plane (matrix size: 64×64) by discarding data in the periphery

of k-space. The data were reconstructed with all 21 repeats for reference, and then

reconstructed again with only 7, 2, or 1 repeat. This is equivalent to undersampling

factors of R192×192 = {1.5, 4.6, 17, 34} and R64×64 = {0.17, 0.51, 1.8, 3.6}.

For the CS based reconstruction, an L2 temporal smoothness constraint, as

well as an L1 spatial sparsity constraint in image space, were applied to both

angiography and perfusion data. The weighting between data consistency, image

sparsity, and temporal smoothness was expected to be different for angiography

and perfusion imaging, mainly due to lower sparsity and higher smoothness of the

perfusion data. Therefore, a rough grid search of the regularisation factors was

performed. The L1-sparsity regularisation factor, λ1, was varied from 0 to 2× 10−6

in steps of 2 × 10−7, and the temporal smoothness regularisation factor, λ2, was

trialled at 0, to 6 in steps of 0.5. The grid search was performed to optimise the

regularisation for the perfusion images that are very different to the angiograms

that have been considered in previous chapters. The perfusion images are expected

to have lower sparsity and higher temporal smoothness, and thus lower optimal

λ1 and higher λ2 than for the angiograms.

Despite the lower inherent sparsity, the perfusion images were also reconstructed

with sparsity in image space enforced by the CS algorithm. Previous preliminary

work [103] has shown that perfusion images with only temporal regularisation can

be reconstructed with CS methods. Other constraints, such as total variation [104]

or total generalised variation [105], that encourages piece-wise smoothness in image

space could also work in perfusion imaging. In this project, the simplest case,

image sparsity, was trialled as an initial approach.

The data was again analysed by measuring the correlation coefficient between

the ’ground truth’ (fully sampled reference image reconstructed with a lightly

regularised CS reconstruction, λ1 = 10−7, λ2 = 0) and the reconstructed images
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Figure 5.6: Regularisation factor grid search for CAPRIA. The colour represents the
mean correlation coefficient for the four slices. The black cross in each sub-plot shows the
optimum that was used in all further reconstructions.

in a brain mask for perfusion, and a dilated vessel mask for angiography. Only

the frames with PLD > 1 s (frames 4 to 6) of the perfusion data were analysed,

as earlier frames mainly contain blurred angiographic signal.

5.3.2 Results

The result of the regularisation factor grid search is shown in figure 5.6 averaged

across the four slices. For the angiograms, the optimal temporal regularisation

factor was λ2 = 4.5, 3.5, and 2.5 respectively for increasing acceleration factors (R

= 4.6, 17, and 34). λ1 maxed out at 2 × 10−6 for all acceleration factors, which

indicates that even higher λ1 could be beneficial. The results are, however, similar

to the results on non-VE angiograms in chapter 3 as expected. More interestingly,

the regularisation optimisation for the perfusion data showed that even when R < 1,

small amounts of regularisation for noise removal is beneficial. As expected, the

optimal λ1 for perfusion data was lower than for angiographic data.

With CS, for both perfusion and angiographic data, all acceleration factors and

achieved an average correlation coefficient > 0.6 across the four slices.
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Figure 5.7: CAPRIA reconstructions for different reconstruction methods. All using 7
repeats (50 s. acquisition, R = 0.51 for angiography and 4.6 for perfusion)

Figure 5.7 shows examples of the achieved data quality for 7 preparations (scan

time: approx 50 s per slice). The perfusion data is shown for a single slice averaged

across frames 4 to 6, which have PLD’s above 1 second. The angiographic data is

combined across the four slices with a maximum intensity projection (MIP) and

averaged across all 18 time frames. The denoising effect of CS is very clear in

both the perfusion and angiographic images.

Comparison across the different acceleration factors are shown in figures 5.8

(qualitative assessment) and 5.9 (quantitative assessment). The ground truth

angiography image has higher background noise level due to being reconstructed

with minimal regularisation, and thus less denoising.

The temporal dynamics (three of the 18 frames of angiography MIPs and all

three frames of single-slice perfusion weighted images) are shown in figure 5.10,

showing that the CS reconstruction denoises the signal, but does not alter the

temporal dynamics through excessive regularisation compared with the unbiased
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Figure 5.8: Qualitative result of reconstructing with different amounts of data. The
ground truth (GT) angiogram has a darker background because it was reconstructed with
a much lower regularisation factor, so has gone through less denoising.
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linear methods.

5.3.3 Summary

The proposed reconstruction framework works well on CAPRIA data. It appears that

although perfusion data is not as sparse in image space as angiography, it benefits

from the denoising properties as well as temporal regularisation in the framework.

The results showed that the single preparation (7 second acquisition) perfusion

data is unlikely to have sufficient SNR for any meaningful interpretation, but already

with two (14 second acquisition) or seven (50 second acquisition) preparations

anatomical and physiological details are discernible.

5.4 Discussion

In this chapter the reconstruction methods developed in chapter 3 have been applied

to new two applications: TEnc ASL angiography and CAPRIA imaging. Both

methods achieved large acceleration factors using the proposed reconstruction

framework without a large loss in image quality.

This is, however, very preliminary work, and for optimal performance both

TEnc and CAPRIA imaging could be combined with, for example, ideas from

previous chapters and with each other.

Since the mathematical framework for time-encoding is identical to that of

vessel-encoding, the same hybrid encoding and sampling scheme that was presented

in chapter 4 could be applied to time-encoded ASL angiography. Time-encoding

boosts the SNR of the images compared to the conventional Look-Locker readout

[99], and could thus provide benefits in other ASL methods. A varying spokes or

hybrid approach could similarly also be applied to CAPRIA.

Combining vessel-encoding with time-encoding would be an interesting extension.

However, to do full time- and vessel-encoding, the number of ASL preparations

required would grow again, which further increases the need for these kinds of

acceleration methods. Luckily, combination of TEnc with VE would increase relative

sparsity of the images in the same way as shown in chapter 3, and thus likely, again,
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allow for increased acceleration. Opportunities to control aliasing across space,

time, and vessel components by choosing trajectories and encoding approach jointly

could further boost the achievable acceleration for such an approach. An alternative

suggestion on how to combine vessel- and time-encoding was presented by Okell

et al. [106], where only a single sub-bolus was additionally vessel-encoded. The

increased SNR due to acquiring the data using time encoding could potentially push

CAPRIA type reconstructions further as well. ASL perfusion data are notoriously

low SNR and by optimising the acquisition protocol with time encoding, the

sampling pattern for optimal sampling between encodings and k-space coverage

(as will be discussed in the next chapter), and the reconstruction approach jointly,

many small increases in image quality could boost its performance, especially when

high acceleration is required. Improved SNR and/or reduced scan time for images

that contain (potentially vessel selective) angiographic and perfusion information

gives a very large amount of information from a single scan. This information

would allow for detailed examinations of, for example, blood supply to lesions [107],

distinction between arterial and venous phases in complicated blood supply [108],

distinction of major feeding arteries [7], and the presence of "steal" phenomena

affecting nearby tissue perfusion [109].

So far, the perfusion images have only been perfusion weighted, and no attempt

at perfusion quantification was performed. Non-linear reconstruction alters the

noise characteristics in the images, such that the noise cannot be assumed to be

Gaussian, which common quantification methods [110] assume. One way of getting

around this problem would be to include a perfusion model in reconstruction and

use it to fit perfusion model parameters directly.

TEnc and CAPRIA are just two additional ASL methods the reconstruction

framework was extended into. Further work could explore even more ASL methods.

An interesting direction could be to see how much acceleration could be achieved

in a standard perfusion ASL acquisition without the additional angiography of

CAPRIA that reduces the SNR of the perfusion images. For example, data could

be acquired following the white paper ASL perfusion protocol recommended by the
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ISMRM Perfusion Study Group and the European ASL in Dementia Consortium

[111], and the achievable acceleration factors could be explored. However, the

benefit of this method on data acquired with the white paper protocol might be

limited due to the recommendation of using a single PLD, and much of the benefit

of the proposed reconstruction comes from temporal regularisation.

Another method the reconstruction method could be trialled on is super-selective

ASL angiography [7]. VE-ASL has SNR benefits over sequential super-selective

acquisitions of multiple arteries, however, if only one feeding artery is studied,

this labelling approach could have benefits. Again, this could be combined with

time encoding and/or CAPRIA.

5.5 Conclusion

This chapter shows that the methods that were developed specifically for VE-ASL

angiography, can be generalised and applied in different, although related, settings.

The results presented here are preliminary but promising, and further work is

required to optimise and explore these extensions fully.
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6.1 Introduction

Radial k-space sampling is often used in highly accelerated and/or dynamic imaging

modalities, including in the work presented in the previous chapters. Among radial

sampling methods, uniformly distributed spokes are the most efficient in terms of

signal-to-noise ratio (SNR) because SNR scales with uniformity of sampling density

[112]. However, uniform sampling does not allow for flexibility in reconstructing the

126
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same dataset at multiple temporal resolutions as done, for example, in CAPRIA

(chapter 5). As shown in chapter 5, reconstructing the same data with multiple

temporal resolutions can be useful for retrospectively analysing the data at different

scales, for example through the angiograms and perfusion images. If all temporal

frames in a readout period are sampled with differently oriented spokes the data can

often be combined across those frames to create a fully sampled temporal average

image that can be used, for example, for coil sensitivity estimation [78]. In other

types of imaging applications, it can be impossible to know a priori how many

spokes will be combined to reconstruct an image. An example of this is when the

number of spokes per frame is unknown at the time of acquisition because data is

retrospectively binned based on respiratory or cardiac phases. This makes uniform

radial sampling unsuited for use in these applications.

In all previous chapters, versions of a commonly used alternative to uniform

sampling, the radial golden ratio (GR) method [35], have been used for flexibility in

both temporal resolution and retrospective undersampling. In GR based methods,

the direction of each k-space sampling spoke is determined as a set angle increment

from the previous spoke, such that each new spoke intersects the largest gap

in k-space by the golden ratio. This sampling approach results in relatively high

uniformity for any number of subsequently acquired spokes, with peaks in uniformity

at a number of spokes equal to a member of the Fibonacci sequence (1, 1, 2, 3, 5, 8,

13, 21, 35, 56...). This allows for good flexibility in reconstructing a dataset with

any number of spokes in each window. Additionally, subsequent frames are simply

sampled with a rotated version of the previous frame’s k-space sampling pattern, so

they have the same sampling SNR efficiency when considering the trajectory alone,

and ignoring coil sensitivity considerations. Subsequent non-overlapping frames

contain no repeats of the same spoke, which is beneficial when regularisation or view

sharing is applied in the temporal domain for dynamic imaging reconstructions.

In this chapter, a method of sampling is presented that maintains the favourable

aspects of golden ratio sampling (flexible temporal resolution, constant sampling

SNR efficiency for sliding windows, and non-overlapping subsequent frames), but
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optimises it for a user defined set of window sizes (numbers of spokes per frame)

instead of being limited to the Fibonacci numbers. GR sampling methods get

approximate uniformity for all possible window-sizes, however, this is unnecessarily

general for most applications. Imaging experiments are generally designed for

reconstruction with a set number of specific temporal resolutions, or, in the case of

retrospectively binned data, a small range of potential window sizes. The method

presented here is thus an alternative to GR sampling, where a restricted set of

window sizes is optimised for. The main aim of this work was to develop a method

of choosing the angle increment between subsequent spokes such that it maximises

the minimum uniformity of the sampling within a pre-defined, application specific,

set of window sizes. By relaxing the requirement for ‘near-uniformity’ to only

apply to a specific set of window sizes, it was hypothesised that one could find a

tradeoff between the flexibility of GR sampling with the SNR efficiency of uniform

sampling. The proposed method is here compared with both GR and with uniform

sampling in both simulations and in vivo non-VE-ASL angiography data. The

proposed sampling method will be referred to as SILVER, the Set Increment with

Limited Views Encoding Ratio method.

6.2 Theory

6.2.1 Properties of set increment sampling

A set increment for a 2D radial trajectory is simply a constant angle increment

(θ = α × 180◦) from the previous spoke. How the data sampled with a set

increment fills k-space depends on whether this step is a rational or irrational

fraction of the whole circle.

When the step ratio, α, is a rational fraction, the exact same spoke will eventually

be repeated, whereas if the step is irrational or rational with a very large denominator

in its simplest form (and thus practically irrational), no two spokes acquired within

the duration of the experiment will be the same. In dynamic imaging experiments

where the length of a frame is unknown a-priori, irrational increments are preferred

to avoid acquiring data from the same spoke location multiple times within the



6. Efficient Radial Sampling Beyond the Golden Angle Method 129

frame or leaving large gaps in k-space, both of which result in suboptimal image

SNR. Similarly, if multiple temporal resolutions are required it is also beneficial

to use irrational sampling to avoid duplicate spokes in the different window sizes,

especially if data are combined across frames to be reconstructed such that the

Nyquist criterion is met at some longer temporal resolution. For this reason, the

golden ratio, which is often referred to as the most irrational number [113], is

often used to sample when no periodicity is wanted, and every new spoke should

fill k-space with near-optimal uniformity.

As mentioned above, by acquiring radial k-space data with a set angular

increment, regardless of whether the step ratio is rational or irrational, images with

the same sampling efficiency can be reconstructed with any set of N subsequently

acquired spokes. Each k-space trajectory will simply be a rotated version of the

N previous spokes, rotated by Nα × 180◦ (figure 6.1). This allows for sliding

window [114] and view sharing [8] reconstructions with complete flexibility in

where to start and end each frame.

Uniform radial sampling with full width spokes can be achieved with set

increment sampling by choosing the angular increment between subsequently

acquired spokes to be αuniform = 1/N , where N is the number of spokes used to

reconstruct one frame. In GR sampling, on the other hand, the step is instead fixed

at approximately 111.25◦, which corresponds to αGR = 1/φ = (
√

5− 1)/2 ≈ 0.6180.

Alternatives to the GR method, such as the tiny golden angle method [115], use

a smaller increment but still achieves equivalent sampling to GR if the desired

window size is above a certain minimum number of spokes. The aim of SILVER

is to generalise further, and find a more optimal increment, 0 < α < 1, for an

arbitrary set of window sizes.

6.2.2 Sampling and SNR

It is well known that sampling with non-uniform density leads to noise ampli-

fication in MRI [112, 116]. This section will revise why and how that noise

amplification occurs.



6. Efficient Radial Sampling Beyond the Golden Angle Method 130

Figure 6.1: The effect of set increment radial sampling with rational and irrational
increments. (A) demonstrates four different groupings of subsequent spokes (I, II, III, and
IV) and gives each spoke a number. (B) shows how the subsequent spokes in the different
frames relate if α is rational (in this case 1/5), showing how both non-overlapping and
overlapping frames have repeats of the same spokes. (C) shows the effect of an irrational
α; Non-overlapping subsequent frames have no repeat spokes, and overlapping frames have
some of the same spokes. In both (B) and (C) a subsequent frame (whether overlapping
or not) is simply a rotation of the previous frame and will thus have the same level of
uniformity in each case.

When sampling k-space in a non-uniform manner there are two main approaches

to reconstructing the signal. The first is to re-grid the signal onto a Cartesian grid

and then proceed to use the conventional inverse fast Fourier transform for efficient

reconstruction. When re-gridding, the data need to be weighted based on their local

sampling density to avoid effectively filtering the output image by the sampling

density function. Assuming that each data point is sampled with uncorrelated

Gaussian noise with a variance σ2, the image variance, σ2
im depends on the local

sampling densities as they are used as weighting factors on each sampled point:

σ2
im ∝

N∑
i

σ2

D(si)2 =
N∑
i

w2
i σ

2 (6.1)
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where D(si) is the local sampling density around the ith k-space sample, N is the

number of sampled points, and wi = 1
D(si) is thus the weighting factor applied

to each sample.

Assuming the signal can be recovered fully, image SNR is fully determined by

the standard deviation of the image noise. Thus:

SNRim ∝ 1/σim

∝ 1/

√√√√ N∑
i

w2
i σ

2

∝ 1/

√√√√ N∑
i

w2
i

(6.2)

It can be derived from the Cauchy-Schwartz inequality in combination with

the assumption that ∑N
i wi = 1, that ∑N

i w
2
i always is greater or equal to 1/N

(which leads to the familiar relationship between SNR and the square-root of the

number of samples). However, the equality can only be achieved if wi = 1/N for

all i ∈ [1, 2, 3, ..., N ]. Since non-uniform density leads to non-constant weights,

non-uniform sampling results in worse SNR assuming that the total number of

samples remains constant. The derivation is available in appendix B.

When the acquisition is undersampled (some gaps in k-space are so large that

aliased signal ends up in the field of view) the situation is more complex as we

may no longer be guaranteed to recover the signal perfectly.

Re-gridding modifies the sampled data such that it can be assumed to have

been sampled on a regular grid in k-space. This makes the transform between

image and k-space orthogonal (regularly sampled DFT), and SNR penalty is

completely determined by the weighting that is applied to the data. Methods

such as the Pipe-Menon method for determining weighting factors [117], optimise

reconstruction fidelity for non-uniformly sampled data but take the SNR penalty

described by equation 6.1.

The other option is to invert (or pseudo-invert) the actually used acquisition

operator, either directly or through iterative methods. If k-space is sampled off a
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Cartesian grid, the acquisition operator, E, will be a non-orthogonal matrix, and

this method of reconstructing leads to noise amplification in a similar manner to how

non-orthogonal coil sensitivity maps lead to noise amplification in parallel imaging.

Assuming a pseudo-inverse reconstruction:

m̃ = (EHE)−1EHs (6.3)

with m̃ being the reconstructed image, E the acquisition operator and s the sampled

signal, and the signal being generated using the Gaussian noise model:

s = Em + n (6.4)

with m being the actual object, and n white Gaussian noise. Combining equations

6.3 and 6.4, we get:

m̃ = (EHE)−1EH(Em + n)

= (EHE)−1EHEm + (EHE)−1EHn
(6.5)

The variance of m̃, that determines image SNR is then:

σ2
m̃ = E[(m̃− E[m̃])(m̃− E[m̃])H] (6.6)

where E[m̃] is is the expectation value of m̃ and is:

E[m̃] = (EHE)−1EHEm = m (6.7)

Now, combining this result with equation 6.5 and 6.6. We can see that the

variance becomes:

σ2
m̃ = E[((EHE)−1EHn)((EHE)−1EHn)H] (6.8)

which, for uncorrelated noise (E[nnH] is identity scaled by the noise variance σ2
n) be-

comes:

σ2
m̃ = σ2

n(EHE)−1 (6.9)

which demonstrates how σ2
m̃ is dependent on the conditioning of E.
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Radial sampling in a linear acquisition and reconstruction framework thus has

intrinsically lower SNR than Cartesian sampling due to the variable density with

which k-space is sampled, whether or not it is reconstructed via re-gridding or

(pseudo-)inversion. The SNR predictions, regardless of which linear reconstruction

approach is taken, are comparable, with differences boiling down to practical

implementation relating to things like the interpolation kernel used in re-gridding

and the de-apodisation function, etc. This was confirmed using simple Monte-Carlo

simulations of a Shepp-Logan phantom using three different reconstruction methods:

density compensated re-gridding, pseudo-inversion, and an interative reconstruction

(figure 6.2). The simulations showed similar SNR for all three methods, but the

re-gridded image showed considerably more systematic errors. The fact that image

SNR depends primarily on the sampling density [116] can also be understood by

considering that all implementations approximate the same linear transformation

from k-space to image space, and any method that produces a nearly unbiased

image of the original object can be expected to transform noise in a similar way.

Among radial sampling methods, radially uniform sampling achieves the highest

SNR, and performance for a fixed number of spokes degrades the more non-uniform

the sampling is. This can be understood based on the arguments regarding

uniformity shown above. Along the spokes all radial trajectories have the same

uniformity, whereas for a set radius, the local sampling density will vary based

on the chosen spoke directions.

6.2.3 Measuring sampling efficiency

Because SNR intrinsically depends on the uniformity of the local sampling density,

different methods for estimating the local sampling density have been proposed. For

2D radial sampling in particular, Winkelmann et al. defined sampling density by the

inverse of the average azimuthal distance between adjacent spokes [35]. For spiral

imaging the sampling density has been estimated using the speed of spiralling around

k-space [118], and, for example, using voronoi cells [119]. For 3D radial sampling

numerically defined approaches using voronoi cells on spheres have also been used
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Figure 6.2: Monte Carlo simulations to measure SNR using different reconstruction
methods. The data was simulated with 36 uniformly sampled spokes, reconstructed onto
a 24 × 24 grid using only one uniform sensitivity coil. 1000 simulations were run to
measure the noise standard deviation. Re-gridding has the highest SNR, but considerable
bias. Pseudo-inversion (pinv) and iterative reconstruction (iter) solves the exact same
mathematical problem and thus have near-identical results.

[34]. An alternative to these methods of considering density distributions, specific

to radial sampling, is to consider a physical model based on electrostatic force or

potential between charges placed on the spoke tips. This constitutes a version of

the Thomson problem (how charges would naturally be distributed on a sphere with

minimal potential energy) where each charge has a pair on the opposite side of the

sphere [120, 121]. Methods like this are extensively used to choose diffusion sampling

directions in diffusion tensor imaging [122, 123]. Electrostatic methods, although

more commonly used in 3D sampling, can be generalised to 2D sampling. An

electrostatic potential minimising model was used in this version of SILVER because

of its easy extension to 3D in the future, and its high penalty for overlapping spokes.
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In the electrostatic potential model the radial sampling pattern is treated

as an ensemble of unit charges placed on both ends of each spoke, constrained

to the unit circle (or unit sphere if extended to 3D). The total energy of the

system is thus defined as:

U =
2N(i 6=j)∑
i,j=1

1/rij (6.10)

where rij is the distance between the ith and jth points, and N is the number of

spokes (2N is therefore the number of spoke tips).

Sampling efficiency compared to radially uniform sampling, η, was then defined

as the ratio of total electrostatic potential stored in the system of point charges,

U , to a system with the same number of spokes in the lowest possible energy

state (uniformly distributed spokes), Uref :

η = Uref/U (6.11)

Uref is included in the efficiency metric η as a normalising factor, so that

comparison of efficiencies at different N is possible. For sampling with a set

increment, U generalises to a function of only the set increment, α, and the number

of spokes, N . For a uniform radial distribution α = 1/N so Uref is simply a

function of N . The points are symmetrically distributed because each sampled

spoke has one perceptual charge on each end.

Combining this with equation 6.11 we get:

η(α,N) = (Uref (N))/U(α,N) (6.12)

6.3 Methods

6.3.1 Optimisation

The SILVER method was formulated as an optimisation problem, where the task

is to maximise the minimum efficiency, η, for a pre-defined set of window sizes,

S = {N1, N2, N3, . . . }. The objective function was therefore defined as:



6. Efficient Radial Sampling Beyond the Golden Angle Method 136

max
α

(min
N∈S

(η(α,N)) (6.13)

with η defined as in equation 6.11, N is the number of spokes in the window, and α

is the set increment (as defined in section 6.2.1). The optimization was performed

in MATLAB R2018b (The MathWorks, Inc., Natick, Massachusetts, United States)

using optimcon() in the Optimization Toolbox using the interior-point minimization

algorithm. To avoid local minima the optimisation algorithm was restarted 100

times with 99 initial values of α drawn from a uniform probability distribution

between 0 and 1 and one run with the golden ratio as the starting value for α.

SILVER was compared to GR sampling for a large range of plausible sets of

window sizes, S. The efficiency of both methods was measured using the electrostatic

potential method as described in section 6.2.3. First, continuous ranges of window

sizes were explored. These sets contained a minimum window size of M spokes,

and all intermediate window sizes up to a maximum window size, M + P , such

that S = {M,M + 1, . . . ,M + P}. M was set to 4, 16, and 32, and P was set

to all integers from 1 to 100.

Similarly, the effect of optimising for multiple specific temporal resolutions was

examined. The efficiency for sets with S = {M, 2M}, and S = {M, 2M, 3M}

were studied. Again, M was set to 4, 16, and 32. As a final case, where the

GR approach is expected to perform optimally, S was set to consist of Fibonacci

numbers (S = {5, 8, 13, 21, 34}).

6.3.2 Simulation experiments

To study how the theoretical benefit of a lower cost function (electrostatic potential)

translates into image quality, a range of simulations were performed.

First, a simple experiment with a simple 64 × 64 digital dynamic phantom

(figure 6.3) as ground truth was simulated with an oversampled acquisition on a

single channel system. This allows for analysis of the sampling efficiency in the

absence of undersampling artifacts and noise-amplification due to the coil sensitivity

profiles. Sampling was done either with radially uniform, GR, or SILVER sampling.
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frame 1 frame 2 frame 3 frame 4 frame 5 frame 6 frame 7 frame 8 frame 9 frame 10

frame 11 frame 12 frame 13 frame 14 frame 15 frame 16 frame 17 frame 18 frame 19 frame 20

frame 21 frame 22 frame 23 frame 24 frame 25 frame 26 frame 27 frame 28 frame 29 frame 30

frame 31 frame 32 frame 33 frame 34 frame 35 frame 36 frame 37 frame 38 frame 39 frame 40

frame 41 frame 42 frame 43 frame 44 frame 45 frame 46 frame 47 frame 48 frame 49 frame 50

frame 51 frame 52 frame 53 frame 54 frame 55 frame 56 frame 57 frame 58 frame 59 frame 60

Figure 6.3: Dynamic phantom used for SILVER experiments. It is temporally symmetric
with the first 30 frames being reversed in the last 30 frames. The "tongue-like" and "jaw-
like" structures move between frames, everything else is stationary.

The phantom had 60 frames, and each frame was reconstructed with 125, or 150

spokes (R ≈ 0.81, 0.67 respectively). For uniform sampling α was thus set to either

1/125, or 1/150. For GR α was by definition 1/φ ≈ 0.6180. . . , and the SILVER

optimisation for the set S = {125,150} resulted in α = 0.2080.... In k-space, complex

white noise with a standard deviation of 1000, SNRk = 37 (calculated the same

way as in chapter 3, equation 3.4) was added. Reconstruction was performed

iteratively with no regularisation until convergence (the L2-distance between the

forward transformed reconstructed image and the simulated data changed less

than 1% between consecutive iterations).

Then, an undersampled, multi-coil acquisition and reconstruction of the dynamic

phantom was performed. A set of eight coil sensitivity maps (compressed from a

32-channel phantom measurement) was used. The images were reconstructed with

iterative SENSE, again running the algorithm to convergence. This time, a slightly

more stringent convergence criterion than for the oversampled acquisitions was used;

to ensure convergence of the more poorly conditioned problem, the change in data
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consistency was required to go below 0.1% (based on preliminary experiments).

For these reconstructions, 48, or 64 spokes per frame were used, corresponding to

undersampling factors R = 2.10 or 1.58 respectively. The SILVER optimised α was

0.3539 (rounded). Everything else was kept the same as for the single coil experiment.

The reconstruction quality of the simulations was compared by measuring their

SNR using Monte-Carlo simulations. 100 different noise instances were simulated

for the oversampled single coil case, and 20 for the undersampled multi-coil data.

Maps of noise amplification due to acquisition operator non-orthogonality (similar

to g-factor [1]) were produced for SILVER, GR and uniform sampling trajectories.

To create noise amplification maps, the linear acquisition operator, E = FS, with S

being a set of eight coil sensitivities (compressed from a 32-channel sensitivity map

measured in a phantom) and F being the discrete Fourier transform operator for

samples along the trajectory, was calculated. The noise amplification maps were

then generated by analytic evaluation of the acquisition operator in the same way

as g-factors are calculated for SENSE as described by Pruessmann et al., which

is feasible for small matrix sizes with a small number of coils.

gρ = ((EHE)−1)ρ,ρ (6.14)

with ρ signifying the pixel under consideration.

Noise amplification maps were calculated for five different window sizes, N =

32, 48, 64, 128. For each window size the map mean intensity was evaluated for a

GR trajectory, a uniformly sampled radial trajectory, and for SILVER optimized

for seven different SILVER sets: S = {N, 2N}, {N, 2N, 3N}, {N − 1, . . . , N +

1}, {N − 2, . . . , N + 2}, {N − 3, . . . , N + 3}, {N − 4, . . . , N + 4}, {N − 5, . . . , N + 5}.

For example for N = 32, SILVER was optimised for S321 = {32, 64}, S322 =

{32, 64, 96}, S323 = {31, . . . , 33}, S324 = {30, . . . , 34}, S325 = {29, . . . , 35}, S326 =

{28, . . . , 36}, S327 = {27, . . . , 37}.
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6.3.3 In vivo experiments

Finally, in vivo dynamic non-VE-ASL angiography datasets were acquired from

three healthy volunteers using a 3 Tesla Verio scanner (Siemens Healthineers,

Erlangen, Germany). The matrix size was 192 × 192. Data was acquired with

5 different protocols:

1. Uniform sampling, 68 spokes per frame, 27 frames, α = 1/68 (acceleration

factor, R ≈ 4)

2. Uniform sampling, 153 spokes per frame, 12 frames, α = 1/153 (R ≈ 2)

3. Uniform sampling, 306 spokes per frame, 6 frames, α = 1/306 (R ≈ 1)

4. GR sampling, α = 1/φ ≈ 0.6180. . .

5. SILVER optimized for S = {68, 153, 306}, α ≈ 0.2770. . .

For all protocols, a 600ms labelling phase was followed by a 1288 ms continuous

GRE Look-Locker readout (TE = 5.95 ms, TR = 11.7 ms, FA = 7◦) where 108

spokes were acquired. A total of 1836 spokes (17 shots) were acquired for the tag

and control conditions respectively. The spokes were ordered such that combining

the 17 shots resulted in the expected set increment trajectory [124], similar to the

ordering described in chapter 4, figure 4.15(B), but with the same spokes for both

the tag and control condition (figure 6.4). This method of combining spokes does

not allow for retrospective undersampling by discarding repeats, as has been done in

previous chapters, but instead allows for flexible combination of subsequent frames

such as the total trajectory in each frame remains the same as if the spokes had

been acquired sequentially. Total scan time for each protocol was 1 min 8 s.

All in vivo data was first phase corrected and then the tag and control acquisitions

were pre-subtracted for increased reconstruction speed (less data to be held in

memory). The dynamic 2D images were reconstructed with both linear SENSE and

a non-linear CS reconstruction using a sparsity prior, but no temporal regularisation

because no optimisation had been performed temporally (i.e. the radially uniform
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Figure 6.4: Spoke ordering used in SILVER in vivo experiments.
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Subj 1 Subj 2 Subj 3

Figure 6.5: The masks used in vivo for SNR estimation. Signal was estimated as mean
intensity in the region shown in pink. Noise was defined as standard deviation of signal
in the region shown in yellow.

sampling pattern was the same for each frame). The sparsity term in the CS

reconstruction had a weighting factor of 10−5. The iterative reconstructions were

run until convergence (< 1% change in cost from previous iteration). The linearly

reconstructed in vivo reconstructions were also compared using SNR, whereas the

CS reconstructions were only studied qualitatively due to the lack of ground truth

and bias introduced by non-linear reconstruction, which makes SNR an unsuitable

metric for image quality assessment. SNR was measured by (i) applying a mask

to the vessels and averaging for signal, and (ii) estimating noise based on the

standard deviation in a mask covering non-vessel regions within the brain. The

masks are shown in figure 6.5. They were generated by thresholding the fully

sampled (306 spokes/frame) reconstructions with radially uniform sampling at

one level for the vessels and the inverse of thresholding at a lower level for the

noise (to remove partial vessel signal). An ellipse was inscribed within the brain

to remove areas of the noise mask such as the eyes where there can be significant

physiological noise from movement.

6.4 Results

Two examples of SILVER and GR theoretical efficiencies for specific window sizes are

shown in figure 6.6. The minimum efficiency of the SILVER trajectory within each

targeted set was higher or equivalent to the trajectory produced by the GR method.



6. Efficient Radial Sampling Beyond the Golden Angle Method 142

10 15 20 25 30 35 40 45 50

Window size

0.9

0.92

0.94

0.96

0.98

1

E
ff
ic

ie
n
c
y
, 
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Golden ratio:  = 0.61803

Figure 6.6: Two examples of SILVER efficiencies (light and dark grey) compared with
the golden ratio (orange) in a range of window sizes. The golden ratio has typical peaks at
the Fibonacci numbers, SILVER has much more irregular peaks. The minimum efficiency
for SILVER within the optimised range (shaded, round markers) is higher than for the
golden ratio.

SILVER minimum efficiency was higher than the GR method for both continuous

sets (figure 6.7a)), and multiple temporal resolutions (figure 6.7b)), although the

improvement was negligible for large window ranges and for the set containing five

Fibonacci numbers of spokes, as expected. The maximum observed improvement

over GR was 4.7% (for S = {4, 5}). For a minimum window size, M, of 16 spokes

the maximum efficiency increase was 3.8% (for S = {16, 17}), and remained above

1% for continuous sets with up to 10 members (S = {16, . . . , 25}). Similarly, for

a minimum window size, M, of 32, the maximum improvement was 2.2% (for

S = {32, 33}), and remained above 1% for continuous sets with up to 14 members

(S = {32, . . . , 45}). All multiple temporal resolution experiments except the set

of Fibonacci numbers had improvements of more than 1.8%, with the maximum

improvement being 4.2% (for S = {4, 8}).

The simulations showed SNR differences that were accurately predicted by the

electrostatic efficiency metric for the oversampled reconstructions, and although the

scaling of the SNR for GR, SILVER and uniform sampling did not closely follow
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Figure 6.7: For sets of continuous ranges of window sizes SILVER can outperform the
golden ratio if the range is short enough. How short the range has to be depends on
the minimum number of spokes as shown in (A). For pairs and triples of window sizes
SILVER performed much better than the golden ratio, but in the golden ratio optimal
case (Fibonacci numbers) they were equally good as shown in (B). The y-axis in both
graphs, η, represents the minimum efficiency within the SILVER targeted range. Note
that efficiency measured with the electrostatic potential method is not asymptotic and
rises slowly for more spokes per window (see figure 6.6) and thus the three different values
of M in (A) give rise to different minima for the GR efficiency.
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Figure 6.8: SNR predictions (A) and (C), and measurements in the dynamic phantom
(B) and (D).

the prediction for undersampled multi-coil reconstruction, the trend SNRuniform

> SNRSILVER > SNRGR was followed (figure 6.8).

The SNR was temporally stable for all simulations except the multi-coil GR

reconstruction, where the direction of the sampling pattern clearly interacted with

the spatial distribution of coil sensitivity maps. This can be seen both in figure 6.9(A)

that shows SNR across frames, and figure 6.9(H) that shows the reconstructed image.

The improvement of SILVER over GR was reflected in the noise amplification

maps as well. The noise amplification maps produced by the trialled SILVER

trajectories had on average only 7% higher noise amplification than uniform sampling,

but were on average only 55% of the GR noise amplification. Figure 6.10(A) shows

the result for the seven SILVER trials compared to uniform and GR. Figure 6.10(B)

shows an example of noise amplification maps (log-scaled) for a SILVER, GR, and

uniformly radial trajectories for the four different windows.

In vivo SNR measured across the three subjects (figure 6.11) follow the expected

pattern only for 68 spokes per frame, where the differences reached statistical

significance. For the other window sizes SNR was more variable among the



6. Efficient Radial Sampling Beyond the Golden Angle Method 145

0 10 20 30 40 50 60

frame

10

20

30

40

S
N

R

(A)

Uniform, oversampled (125 spokes/frame)

SILVER, oversampled (125 spokes/frame)

GR, oversampled (125 spokes/frame)

Uniform, undersampled (48 spokes/frame)

SILVER, undersampled (48 spokes/frame)

GR, undersampled (48 spokes/frame)

Ground truth(B)

Uniform, oversampled(C) SILVER, oversampled(E) GR, oversampled(G)

Uniform, undersampled(D) SILVER, undersampled(F) GR, undersampled(H)

Figure 6.9: SNR measurements across time (A), and the last frame from the
reconstruction along with a time series of the phantom experiments (C-H). The white
line on the ground truth image (B) shows where the image was sliced through time (right
part of every subfigure).

three subjects.

Figure 6.12 shows the time averaged angiograms of all subjects reconstructed with

both SENSE and CS. The reconstruction with uniform sampling exhibits streaking

when averaged across frames because each frame had the exact same trajectory and

thus even small amounts of residual streaking artifacts add up. This is artifact is

notably missing from both the SILVER and GR image whose trajectory rotates

between frames and have no overlap in trajectory. At 153 and 306 spokes/frame

some of the subjects exhibit significant artifacts, potentially due to motion. These

artifacts might explain the lack of significant results at these window sizes.

6.5 Discussion

We have presented a method of choosing an optimal angular increment for dynamic

radial MRI when the set of window sizes to consider is constrained. We have showed

that this method results in small but measurable and potentially valuable increases in

SNR, as well as large reductions in noise amplification, compared to the more general

golden ratio method, with only a minor change required to the acquisition protocol.

The in vivo experiment showed inconclusive results, especially at 153 and 306

spokes per frame. At 68 spokes/frame, however, the reconstructions followed the
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Figure 6.10: Noise amplification in multi-coil SILVER experiments, log-transformed
for visibility, as otherwise the difference between numbers of spokes overshadows any
differenced between the sampling methods. (A) shows the average result for different
optimisation sets and numbers of spokes per window, N. (B) shows an example of the
noise amplification maps for one specific SILVER optimisation range compared with
radially uniform sampling and GR.
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Figure 6.11: In vivo SNR measurements for the three subjects (each shown with a
round marker) and their averages (bars).

expected pattern (SNRuniform > SNRSILVER > SNRGR) and the differences reached

statistical significance. Multiple factors could give rise to the inconclusive results for

153 and 306 spokes/frame. First, for the reconstructions with more spokes per frame,

the images have fewer frames, and thus fewer pixels to measure SNR over, which

can explain the larger variance than for the 68 spokes per frame case. Additionally,

the less controlled real-life conditions might also contribute to the uncertainty in the

results. For example the placement of the subject with regards to the coil sensitivity

profiles, physiological noise, and subject motion that produced prominent artifacts

in some of the data sets. Future experiments in a larger cohort might show the

image improvements expected based on the theory and simulation results.

Because orthogonality of the acquisition operator depends on the coil sensitivities,
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as well as the sampling trajectory, optimising for sampling uniformity alone does

not always produce the optimal trajectory. This combination of coils and trajectory

could explain why, for S = {N, 2N} the noise amplification of SILVER were

unexpectedly marginally lower than for uniform spokes (figure 6.10). It can also

explain the results seen in figure 6.9 - when coils are included in the reconstruction

method the SNR for consecutive frames are no longer constant as the direction

of the spokes combined with the spatial distribution of coil sensitivities interact

closely. The golden angle method showed prominent drops in SNR approximately

every three frames. This could be explained by that for 48 spokes/frame every

three frames the sampling pattern is rotated a net 179.4◦ ≈ 180◦.

However, without a-priori knowledge of coil sensitivity profiles, optimising for

uniformity alone is a tractable step towards optimised imaging. In future work,

the SILVER framework could be extended to optimise for properties other than

trajectory uniformity through design of alternative cost functions, including cost

functions that consider the incoherence of the operator for compressed sensing

reconstructions [4] or include coil sensitivity maps acquired in a pre-scan for

SENSE like reconstructions.

One thing to note about the current implementation of SILVER, is that not all

windows in the optimised set of window sizes are guaranteed to have higher efficiency

than GR, as the optimisation was set up as a max-min problem. Within the set,

GR might have better performance than SILVER at certain windows, for example

if a Fibonacci number is included in the set. One could imagine instead optimising

for average performance within the set or uniformity of efficiency. Similarly, cost

functions that optimise the trajectory across time could be considered, for example

to have as little overlap as possible. The effect of different cost functions would

be an interesting follow-on experiment on the work so far.

Both SILVER and the golden ratio method only optimise for subsequently

sampled spokes, however, there is no guarantee that binned data from multiple

repeats of radial acquisitions are distributed optimally. This problem was not

directly addressed in this work, but suggestions for overcoming this problem have
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been proposed for golden ratio sampling with e.g. sector wise sampling [125]. With

sector wise sampling the number of repeats to sample and retrospectively bin based

on e.g. cardiac phase is pre-determined and rather than sampling over the whole

k-space, a single sector of k-space is sampled each repeat such that golden ratio

sampling is maintained within that section. When the sections are combined to a

single k-space higher uniformity than standard binned GR is achieved. Because

SILVER can achieve higher uniformity than GR when the number of spokes per

phase is only approximately known, it ought to work even better or equally well

as GR in sector wise sampled binned data.

To extend SILVER to 3D sampling, the definition of a set increment needs

further consideration. Chan et al. [34] proposed the multi-dimensional golden

means method, a 3D analogy of the golden ratio method with a constant azimuthal

angle increment and a constant kz-axis increment of the tip of the spoke constrained

to the surface of a sphere. However, subsequent frames generated with this method

are not simply a rotation of the spokes from the previous frame, and therefore not

all image frames are guaranteed to have the same sampling efficiency. Because

of the increased complexity of 3D radial sampling and the ambiguity of how to

define a set increment, we constrained the scope of this chapter to focus on the

more commonly used 2D case, although extension of SILVER to 3D trajectories

will be considered in future work.

6.6 Conclusion

SILVER is a method that generalises set increment sampling beyond golden ratio

derived methods when either a set number of temporal resolutions required, or an

approximate range of numbers of spokes to reconstruct jointly is known a priori,

as is commonly the case. It offers a trade-off between flexibility of golden ratio

based methods and efficiency of uniformly spaced sampling when the requirement

to be close to uniform for any window size is relaxed.

The experiments conducted on SILVER sampling with multiple coils reminds

us again that just like in previous chapters, one must not forget to consider all
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dimensions of a problem, as optimising the sampling alone might not always produce

the ideal sampling pattern for a specific set of coils sensitivity profiles. It is, however,

a tractable step in the right direction. Especially considering that scan sequences

that were previously set up with golden ratio, or other set increment sampling

methods, can easily incorporate SILVER. The incorporation is simple because

SILVER only changes a single parameter of those sequences.

SILVER applied to a large set of window sizes, whose uniformity cannot be

improved upon, simply returns the golden ratio (or a tiny golden ratio). Therefore,

one can conclude that sometimes SILVER is better than gold, and when it is

not, it is just as good.
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In this chapter, I will summarise and reflect on the work that has been presented

in this thesis, and share my ideas for future work that could push this line of

research further.

7.1 Summary

The main aims of this thesis, as presented in chapter 1, were to i) investigate the

technical hurdles and opportunities of applying non-linear reconstruction methods

152
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and efficient, information sharing sampling methods to VE-ASL angiography, ii)

explore the potential benefits and limitations of these types of reconstruction and

sampling methods, and iii) extend and generalise the methods developed for VE-ASL

angiography to other MRI methods. Now, have these aims been achieved?

7.1.1 Technical Development

We started off in chapter 3 by building a reconstruction framework based on

current but already established methods of MRI reconstruction, a parallel imaging

and compressed sensing approach. An additional temporal smoothness constraint

was also added, and the method was applied to a data type that had not been

accelerated using these types of methods before; vessel encoded ASL angiography.

The regularisation parameters in the method were calibrated and the impact of

the different terms in the cost function explored and the method was assessed

both in simulations and in vivo. It was found that including the vessel-decoding

into the reconstruction process made the reconstruction sparser, which allowed

for higher acceleration of VE than non-VE data.

Since the results in chapter 3 were encouraging, extensions of the framework

were considered, in order to optimise it and allow for even higher acceleration

factors and translation into 4D imaging (chapter 4). In this chapter, modifications

to both the acquisition and the reconstruction protocol were proposed, implemented,

and assessed, with the aim of taking the relatively general approach to image

reconstruction that was used in chapter 3 to a method more optimised for VE-

ASL angiography in particular. However, of the proposed techniques (varying the

trajectory across encodings, sparsifying the static tissue using wavelets or a data

driven approach, adding additional terms to the cost function to regularise the

image spatially or temporally), only varying the spokes across encodings using

the hybrid method brought benefits to VE-ASL angiographic imaging beyond the

simple method presented in chapter 3. This development, is, however, an interesting

one, since it could be extended to other methods of MRI, where the property

of interest is encoded into multiple acquisitions. In order to study this type of
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interaction between encoding and sampling, the m-PSF, was proposed as a tool

for visualisation and analysis of the interaction.

Chapter 5 was about application of the techniques discussed previously. The

reconstruction framework was optimised for use in two different scenarios: time-

encoded angiography and CAPRIA, both of which had specific technical require-

ments. TEnc-ASL required the smoothness constraint to be altered to bridge

across labelling blocks, and the perfusion part of CAPRIA required recalibration

of the regularisation factors due to the very different data characteristics of

perfusion images.

Throughout the thesis, the golden ratio radial sampling method had been

extensively used and modified to optimally spread aliasing across encodings and

the temporal dimension. In chapter 6, on the other hand, the optimality of this

sampling method was challenged, and an alternative, SILVER, was developed and

presented. SILVER is a simple method of choosing a fixed angular step in a radial

sampling trajectory such that the uniformity of the trajectory is optimal for the

reconstruction window sizes actually used. Trajectory development is often intricate

and requires optimisation of multiple parameters, the simplicity of SILVER (only

optimising for the step size) makes the optimisation simple to perform and the

result simple to apply to existing protocols.

7.1.2 Benefits and Limitations of Novel Methods

The methods presented in this thesis were assessed in both simple simulations, in

realistic simulations on real images, and on real scan data acquired in vivo.

The main benefit of these acceleration methods, is that imaging can be brought

to clinically feasible scan times. In chapter 4 high resolution 4D angiograms acquired

in only 5 minutes were presented. If the Nyquist limit would have had to be reached,

the scan would have had to last over 8 hours, which is clearly impossible even

for healthy subjects, let alone patients with neurovascular disorders. The main

limitation is now at the other end of the imaging pipeline, reconstruction time.
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In terms of applying non-linear reconstruction methods to VE-ASL angiography

in particular, the data itself provides benefits to the reconstruction by increasing

the relative sparsity compared to non-VE-ASL. This produced the net benefit of

being able to achieve higher acceleration of VE-ASL to match scan time with

non-VE-ASL, and thus making vessel-selectivity available for "free".

The static tissue component of a vessel-encoded angiogram was shown to be

a limitation for utilising efficient sampling (different trajectories each encoding),

however, the methods presented in this thesis showed that the static tissue re-

construction problem can be decoupled from the vessel components by using a

hybrid approach of sampling and encoding. This method provided small benefits

over using the same spokes for each encoding. Some promise of using static tissue

sparsification methods in combination with varying the spokes each encoding was

shown in simulations where the static tissue intensity was reduced. This shows the

potential of further improvements if better static tissue suppression can be achieved.

The methods presented have shown that considering data, acquisition, and

reconstruction jointly generally improves results. So, whilst being very focused on

VE-ASL angiography in chapters 3 and 4, the theoretical frameworks in this thesis,

such as considerations of the m-PSF or the sampling uniformity discussion related

to SILVER in chapter 6, benefit from being very generalisable and can be readily

applied to other types of MRI. In chapter 5 the methods developed for VE-ASL

angiography were already successfully applied to other ASL methods, but there

are also many possibilities for extension outside the field of ASL.

7.1.3 Extensions and Generalisations

The final aim of developing generalisable and extendible methods were, as mentioned

above, shown in chapters 5 and 6.

In chapter 5 the simpler approach from chapter 3 was applied to time-encoded

ASL angiography as well as combined perfusion and angiographic imaging.

The maths governing time encoding are the same as vessel encoding, so a direct

translation of the method was straightforward, with the only addition being that
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the smoothness constraint had to be applied between decoded images as well as

readout frames directly. Shorter sub-boli means that less of the arterial tree will be

filled in each frame compared with sequential acquisition, but because of dispersion

effects, this effect is likely smaller than the difference between VE and non-VE.

Time encoding does, however, improve intrinsic SNR of the data compared to

data acquired with sequential readout.

The big question when applying the framework that was developed for an-

giography to perfusion imaging was whether the sparsity constraint would hinder

the reconstruction. A grid search of regularisation factors showed that a small

L1-constraint can act as a denoiser, and be beneficial in perfusion imaging too. The

benefits from the temporal smoothness constraint, as shown in the angiographic

data earlier showed similar benefits in perfusion data. Overall, the framework was

very applicable to this, slightly different, type of imaging, and produced high quality

images even when the scan time was reduced to well below a minute per slice.

SILVER was the presented as a final generalisation of the acquisition method used

in the previous chapters. It is clearly not an ASL specific method, as the trajectory

improvement could easily benefit any dynamic MRI method that currently uses

the golden ratio by increasing performance, or any method with uniform sampling

by increasing flexibility. It was assessed in vivo for ASL angiography, but was

overall presented and developed as a general method.

7.2 Directions of Future Work

Based on the work presented in this thesis, a number of future projects can be

envisioned. I will list some of my ideas below, but I am sure that someone else

could think of many more directions this research could move in.

7.2.1 Multidimensional Analysis

The m-PSF analysis presented in chapter 4 only scratched the surface of optimising

the sampling and encoding jointly. Only slightly different versions of radial sampling

were considered, along with only Hadamard-like encoding matrices. Thus, only
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methods that fully suppressed or mixed signals from the different components were

studied. The fact that permuting which spokes were acquired in which encoding

did not affect the diagonal blocks in the m-PSF, but did change the off-diagonal

elements, raises questions regarding whether the reconstruction could be optimised

by choosing the right spokes in the right encoding, and whether the m-PSF can

be used to predict what spoke ordering will work best. Could analysis of the

off-diagonal elements in the m-PSF predict reconstruction quality based on, for

example, the energy distribution between components? Also, are there implications

for noise amplification if each encoded image is acquired with non-ideal trajectories

but the combination of trajectories (diagonal blocks) is good?

In future work on applying the m-PSF to ASL data, a more general joint

optimisation of sampling and encoding could be studied, for example to see whether

partial suppression of the static tissue signal is possible and desirable. Could a

sampling and encoding scheme be designed such that the mixing between components

can be controlled based on the energy of each component? What features of the

m-PSF could be used to predict reconstruction quality?

Should the m-PSF framework be extended to consider higher dimensional

data? As we saw in chapter 4, if the temporal dimension is neglected, the results

may not follow the predictions based on the m-PSF that at the moment only

considers spatial sampling.

There are many MRI methods beyond ASL that image a property that is

inferred from multiple encoded images. Examples include phase contrast imaging

[59], and different types of multiecho imaging for quantification of tissue parameters

(e.g. T1- or quantitative susceptibility mapping [126, 127]). Efficiency in acquiring

these types of images could likely be improved by jointly decoding the property

of interest and reconstructing the signal. Could these types of imaging methods

also benefit from m-PSF analysis?
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7.2.2 High Dimensional Reconstruction with Tensors

As we have seen throughout the thesis, it is important to consider the full dimen-

sionality of the data in order to optimise its acquisition and remove redundant data

sampling (e.g. acquiring data from the same k-space location for multiple encodings

or frames). The development of the m-PSF is a step in that direction, but the

reconstruction framework presented in this thesis could potentially benefit from a

low-rank tensor formalism. Low-rank methods can be used to consider space-time

correlations, or space-component correlations, or time-component correlations, which

have not been considered here. These can be encapsulated within a [space × time

× component] tensor model of the data. Some recent reconstruction methods have

been proposed using explicit tensor structure of the data within the reconstruction

framework rather than considering each dimension separately [128, 129].

7.2.3 Static Tissue Suppression Methods

In chapter 4 we saw potential benefits in using varying spokes every encoding if

the static tissue intensity was significantly lower than in the real scan. Tissue

sparsification methods also provided benefits in this regime. The question now is,

could the acquisition be modified such that the background intensity is low enough

to use these methods in vivo? Examples of improved background suppression

methods include using multiple inversion pulses [90] or interleaving background

suppression pulses with the labelling [130] or readout to maintain good BGS across

a reasonably long readout period, rather than optimising for just the beginning

or middle of the readout, as is done now.

7.2.4 Combining Vessel and Time Encoding

VE-ASL angiography and/or perfusion imaging could benefit from the SNR boost

of a time-encoded acquisition. In this thesis the two modalities were assessed

separately, but combining the two could provide mutual benefits. If both vessel and

time encoding were fully encoded, the number of encoding preparations would be
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at least (Nvessels)× (Nframes) + 1, which would quickly make the number required

encodings, and thus scan time, rise.

For 2D imaging with some temporal resolution attained from the readout (as

in chapter 5), this could still be feasible, especially for angiography that can

tolerate higher undersampling. Another alternative is to just vessel encode one

of the time encoded blocks as was proposed by Okell et al. previously [106].

This has the drawback of not providing temporal information for the individual

vessels/perfusion territories.

Again, the combination of encoding the two properties of interest (originating

vessel and PLD) and trajectory could be explored using the m-PSF framework

to minimise acquisition of redundant information and control aliasing across the

encodings. Now, aliasing across time frames would also be possible to consider, and

optimal regularisation to remove them could be developed further.

7.2.5 Clinical Protocol Development

A fast, vessel-encoded, and dynamic combined angiography and perfusion scan

in 3D would provide a very large amount of clinically relevant information. An

interesting project to pursue, would be to combine all the pieces presented in

this thesis and put them together into a clinical protocol in collaboration with

clinicians to assess the added value of such a scan in patients with, for example,

arteriovenous malformations or carotid stenosis. The acceleration methods presented

here could form the basis for accelerating the acquisition, but much work on

reconstruction speed would be required.

7.2.6 Faster Reconstruction

One large limitation with the current method, especially for 4D imaging, is the

large memory footprint and long reconstruction times.

The memory requirements could likely be reduced by optimisation of the

code, store data with single precision, avoid creating temporary copies within

the methods etc.
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The long reconstruction times are mainly driven by the large number of iterations

required by the iterative methods, as well as the size of the data and images. Part

of the method would likely be possible to parallelise and run on modern graphics

processing units (GPUs). For example, the non-uniform fast Fourier transform,

(NUFFT) has been implemented for GPU use [131]. Deep learning based approaches

have also been shown to accelerate reconstructions by ’unrolling’ iterative methods,

and reconstruct images with similar or superior quality in fewer iterations [132].

7.2.7 Quantitative Analysis of Physiological Parameters

ASL perfusion imaging is often referred to as a quantitative perfusion measurement

technique, from which absolute physiological measures, such as cerebral blood flow

and arterial transit time can be derived. Similarly, physiological measures related

to angiography like blood volume within arteries, transit times, and dispersion

parameters can be studied. Okell et al. [66] showed that the signal seems to be both

delayed and more dispersed distal to a stenosis in a patient with moyamoya disease.

The methods used for quantitative ASL analysis [64] normally assume unbiased

Gaussian noise statistics, so images reconstructed with non-linear methods might

not provide accurate results in these frameworks. As an alternative, the fitting

to biophysical models could be built into the reconstruction itself. Rather than

first reconstructing images that are then analysed, quantitative maps could be

reconstructed directly by modifying the acquisition operator to model the transforms

from physiological parameters of interest to the scanner’s sensor domain. However,

these models often include non-linear transforms, which could provide additional

challenges to the reconstruction.

7.2.8 Generalising the SILVER Framework Further

SILVER, in its current form assumes radial 2D sampling and it assumes that

optimality can be calculated using an electrostatic potential model. There is no

reason to limit the SILVER method to these constraints. 3D imaging could be
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optimised, other cost functions could be trialled and adapted for other trajectories

used in dynamic imaging.

Some cost functions that could be trialled include other methods of measuring

uniformity, e.g. Pipe-Menon weights [117], or not optimising for the minimum

uniformity in the set of window sizes, and instead optimising for the average

within the set.

Another direction for extension of the SILVER framework for optimising for set

windows could be extended to imaging with other trajectories previously derived

from the golden ratio, for example: multi-shot spirals [133, 134] or cones [135], where

SILVER could optimise the rotation of the interleaves. Or even Cartesian sampling

[136], if uniformity is beneficial (PI reconstructions) but the temporal resolution is

partially unknown. For these types of trajectories the cost function for measuring

uniformity (or any other property) would have to be redesigned accordingly.

7.3 Final Remarks

Research is often a painfully slow process, and often the steps into the unknown

are small and seemingly insignificant at the time they are taken. Parallel imaging

and compressed sensing were big leaps towards more efficient MRI acquisition.

This thesis, however, presents many little steps that together can chip off on the

long road towards fast and efficient MRI.

I started off by applying PI and CS, the "big leap" methods, to a specific problem;

advanced ASL methods, and vessel-encoded ASL in particular. Then I started

pushing forward myself and made forays into multiple different possible directions.

Steps towards sampling efficiency were taken in developing a new way to vary the

spokes across encodings to benefit from mutual information in the images (the

hybrid method), and a new way to choose the spoke directions more efficiently by

trading flexibility for uniformity (SILVER). Along the way, many more smaller

steps have been taken, from optimising regularisation factors, to trying things that

didn’t work (data driven temporal and spatial priors etc.).
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The main lessons I have learnt from this work, and I hope that you too can

appreciate, having made it to the end, is that in order to optimise, one needs to

consider the full dimensionality of the data, and that optimising one little bit at

a time often yields poorer results than considering the full problem. Start with

what you want to know, e.g. how blood from different feeding arteries fills the

cerebrovasculature, and work your way back to optimise the reconstruction and

acquisition jointly for your specific problem.
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A
Toeplitz Embedding

In ISTA and FISTA, each iteration the multiplication EH(Emn − s) has to be

performed. This can be expanded to EHEmn − EHs. That is three NUFFT’s

every iteration. However, EHs is a constant and can be pre-calculated. The

other two E’s can be partially replaced by fast Fourier transforms, FFT’s, via the

process of Toeplitz embedding. It works because E is built up of three parts, the

vessel-encoding (H), the coil sensitivity encoding (S) and the NUFFT (F):

E = FSH

EH = (FSH)H = HHSHFH

EHE = HHSHFHFSH

(A.1)

FHF is the non-uniform transform from image space to k-space and back. It has

a block Toeplitz structure (constant diagonals) which can be padded into a block

circulant matrix, B. Circulant matrices can be diagonalised by a discrete Fourier

transform matrix, U, which can be easily implemented using the FFT and its inverse,

the iFFT. The eigenvalues are easily calculated as a circulant matrix is fully defined

by its first column b. The entries of the diagonal matrix can be pre computed

(Ub = z) and applied as a point-wise multiplication between the FFT and iFFT.
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B = U−1DU

= U−1diag(Ub)U

= U−1diag(z)U

(A.2)

In conclusion, FHF can be replaced by U−1diag(z)U by adding an embedding

step before the first iteration that calculates the first column of B, and each iteration

can be sped up by using FFT’s instead of NUFFT’s.



B
SNR Optimal Weighting Factors

As laid out in chapter 6, in a re-gridding type reconstruction the image SNR

depends on the weighting factors, wi, that are added to the N sampling points

that all have an intrinsic uncorrelated variance, σ2:

SNRim ∝ 1/σim

∝ 1/

√√√√ N∑
i

w2
i σ

2

∝ 1/

√√√√ N∑
i

w2
i

(B.1)

Furthermore, we assume that the weighting factors add to one, such that there

is no net amplification of the signal:

N∑
i

wi = 1 (B.2)

We shall now show that optimal SNR is achieved when wi = 1/N for all

i ∈ (1, 2, 3, ..., N).

The Cauchy-Schwartz inequality states that:∣∣∣∣∣
n∑
k=1

ukvk

∣∣∣∣∣
2

≤
n∑
j=1
|uj|2

n∑
k=1
|vk|2 (B.3)

By setting uj to wi, and vi to 1/
√
N we can rewrite the previous equation to:
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(
N∑
i

wi√
N

)2

≤
N∑
i

w2
i

N∑
i

1
N

(B.4)

Expansion and combination with equation B.2 gives us:
(

N∑
i

wi√
N

)2

≤
N∑
i

w2
i(

1√
N

N∑
i

wi

)2

≤
N∑
i

w2
i

1
N
≤

N∑
i

w2
i

(B.5)

which, when inserted into the equation B.1 gives:

SNRim ∝
1√∑N
i w

2
i

≤
√
N (B.6)

Now, let’s explore when the equality holds. We have two simultaneous equations:
N∑
i

w2
i = 1

N
(B.7)

and
N∑
i

wi = 1 (B.8)

These can be combined to:
N∑
i

w2
i =

∑N
i wi
N

(B.9)

which can be rearranged to:
N∑
i

Nw2
i − wi = 0 (B.10)

Since we know that 0 < wi ≤ 1, we know that w2
i ≤ wi. Because of equation B.7,

we also know that 0 < w2
i ≤ 1

N
. So, Nw2

i − wi ≤ 0. Which means that in order

for equation B.10 to hold, every term must equal zero:

Nw2
i − wi = 0

wi(Nwi − 1) = 0
(B.11)

which has the trivial solution wi = 0 and the expected solution wi = 1
N
.



Do you not know that a man is not dead while his
name is still spoken?

— Terry Pratchett in Going Postal 2004
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