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Recent cutting-edge experiments have provided in situ structure characterization and measure-
ments of the pressure (P), density (p) and temperature (") of shock compressed silicon in the 100
GPa range of pressures and up to ~10,000K. We present first-principles calculations in this P, T, p
regime to reveal a plethora of novel liquid-liquid phase transitions (LPTs) identifiable via discontinu-
ities in the pressure and the compressibility. Evidence for the presence of a highly-correlated liquid
(CL) phase, as well as a normal-liquid (NL) phase at the LPTs is presented by a detailed study of one
LPT. The LPTs make the interpretation of these experiments more challenging. The LPT's preserve
the short-ranged ionic structure of the fluid by collective adjustments of many distant atoms when
subject to compression and heating, with minimal change in the ion-ion pair-distribution functions,
and in transport properties such as the electrical and thermal conductivities o and k. We match
the experimental X-Ray Thomson scattering and X-ray diffraction data theoretically, and provide
pressure isotherms, ionization data and compressibilities that support the above picture of liquid
silicon as a highly complex LPT-driven “glassy” metallic liquid. These novel results are relevant
to materials research, studies of planetary interiors, high-energy-density physics, and in laser-fusion
studies.

PACS numbers: 52.25.Jm,52.70.La,71.15.Mb,52.27.Gr

I. INTRODUCTION and thermal balance.

Laboratory-based study of extreme states of matter,
as found in planetary interiors, or matter produced in
high-energy laser-matter interactions etc., depends cru-
cially on the development of simultaneous-measurement
facilities coupled to advanced instruments, e.g., such as
the Linac Coherent Light Source and the the OMEGA-
EP laser facility [1]. The characterization of these
states of matter, usually named “warm-dense matter”
(WDM) [2, 3], by simultaneously measuring their pres-
sure (P), temperature (T'), and density (p), as well as
the ionic and electronic structure is a necessary step for
testing the applicability of available theories of WDM.
These theories, crucial even to nuclear-stockpile steward-
ship programs, are the only means of going beyond the
reach of laboratory-based studies which are limited by
the energy scales of terrestrial facilities.

Si, together with C, P, As etc., are light elements that
are insulators or semiconductors that become metallic
liquids when molten, with an increase in density. They
manifest transient covalent binding even after melting [4—
8]. Furthermore, Si is of fundamental importance in the
physics of planetary interiors, and in many areas of ma-
terials science, device fabrication and shock physics [9].
The electrical and thermal conductivities of [-silicon are
also of interest in the context of planetary magnetism
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It’s fundamental physics is also intriguing and chal-
lenging due to the presence of many liquid-liquid phase
transitions (LPTs) [10, 11]. The LPTs are also known as
plasma-phase transitions. The LPTs in liquid-Si include
a well-studied transition between a high-density branch
of the liquid and the low-density branch at a density of
~2.27-2.5 g/cm3 at ~1200-1800K, near its melting point.
A highly-correlated phase appears near the LPT and per-
sists even into the supercooled regime (1200K) [11-22].
We refer to this LPT as LPT(2.5/1200K) in the forego-
ing. The persistence of these LPTs even to temperatures
as high as 1 eV (11,604K) was predicted in Ref. [10] but
experimental studies of such WDM states have been lack-
ing.

The recent study of shock-compressed liquid silicon (I-
Si) by Poole et al [1] in the 100 GPa regime has pro-
vided simultaneously measured data for X-Ray Thom-
son scattering (XRTS) and X-Ray diffraction (XRD), as
well as pressure and temperature determinations. They
conclude that the WDM-Si created was at a density of
4.5640.07 g/cm?, with a pressure of 1066 GPa. How-
ever, these estimates need to be re-examined using a first-
principles atomic physics model.

A first-principles approach to the analysis of such data
is to use N-atom DFT calculations, coupled to molec-
ular dynamics (MD) simulations [23, 24], a method re-
ferred to here as ‘quantum molecular dynamics’ (QMD).
It is also sometimes referred to as MD-DFT in the lit-
erature. Poole et al [1] did not use QMD, pointing out
that “such methodologies [25, 26] are computationally
expensive and introduce varying degrees of complexity”.
Their study was conceived more as a proof-of-principle



application of a multi-messenger diagnostic approach. As
such, to maintain fast computations within a Markov-
Chain Monte Carlo analysis, they opted for a simple
pair-potential model [27] that uses a non-linear Hulthén
(NLH) potential. They analyzed the XRD and XRTS
data, with the pressure estimated from an equation of
state (EOS) model due to Vorberger et al [28], and Ebel-
ing et al [29]. They concluded using only velocity in-
terferometry measurements (VISAR) that the I-Si had a
density of 4.43+ 0.8 g/cm?, revised using XRD data to
~4.6 g/cm?®, with T =5300K, and a charge state with
Z = 1.3, i.e., each ‘average’ Si atom has given up 1.3
electrons to become Si'-3T ions.

In QMD, many silicon atoms, e.g., N = 64 — 216
or more are used to capture many-ion (Si-Si) interac-
tions, while an electron XC-functional reduces the many-
electron problem to an effective “non-interacting”, i.e.,
“single-electron” model as in a Lorentz plasma [30] where
only electron-ion interactions need to be dealt with. In
the same way, the N-ion problem can be reduced to an
effective “one-ion” problem by using an XC-functional
suitable for ion-ion interactions [31]. The XC-functionals
used in the NPA are discussed in more detail in the
appendix. It is this effective “one-ion” DFT approach,
known as the neutral-pseudo-atom (NPA) approach [31-
34] that we use in our calculations. A recent account of
the NPA method may be found in Ref. [10]. It is similar
to an average-atom (AA) model and hence computation-
ally very economical, unlike QMD. We also ascertain,
using limited QMD calculations, that the structure data
obtained from the NPA and from the QMD are in good
agreement.

Using the NPA technique we calculate the struc-
ture factors, pair-distribution functions (PDFs), pressure
isotherms, comprehensibility electrical and thermal con-
ductivities o, for [-Si for densities within 4.0 g/cm?-
5.0 g/cm3. The main peaks of the calculated structure
factors S;; (k) are found to be nearly self-similar and lo-
cated very nearly at ky = 1.5kp, where kg is the Fermi
wave vector. As discussed in the Appendix, the main
peak of S(k) gets positioned to take advantage of the
zero of the electron-ion pseudopotential Ue; (k). The in-
teraction potentials are very long-ranged due to Friedel
tails. Hence all charge distributions are calculated to
about ten Wigner-Seitz radii or more. When the fluid
is compressed or heated, small collective displacements
of many distant ions occur to preserve the short-ranged
ordering, by inducing many LPTs and discontinuities in
the compressibility and the pressure.

These LPTs have only a minimal impact on the con-
ductivites o, k. This arises since the main peak of S;;(k),
and the window of interaction of the electron-ion pseu-
dopotential around 2k, remain largely unaffected in the
range of small t = T/Ep, where Ef is the Fermi energy.
Thus, for p =4.6 g/cm?, T = 1 eV, t = 0.051.

It is hard to detect LPTs using QMD simulations (un-
less they directly affect short-ranged ordering) because,
even in a simulation using 216 atoms; the linear scale

is about 6 Wigner-Seitz radii. The central atom has no
more than two to three neighbours on each side. The inte-
rionic potentials generated in such QMD simulations are
thus very short ranged, compared to those from NPA cal-
culations, as was demonstrated in Ref. [35], for the pair-
potentials for carbon extracted from QMD calculations
of Whitley et al [36]. Machine-learnt potentials [37-39]
using multi-ion models (e.g., extensions of the Stillinger-
Weber model or effective-medium models), bond-order
potentials etc., have not been successful in their applica-
tions to these WDM systems [35, 40]. A similar problem
arises in the study of Martensitic transitions in iron [42]
where small collective modifications in positions of many
‘far-away’ ions interacting via long-ranged potentials oc-
cur. In contrast, if significant changes in short-range or-
der occur at an LPT, then QMD calculations with even
64 atoms using the PBE functional may be sufficient.
However simulations with 216 atoms and the SCAN func-
tional are recommended in Remsing et al. [21], for in-
stance, to obtain quantitative predictions of the melt line
of silicon.

Besides the LPTs that preserve the short-ranged or-
der, there are also correlated liquid phases that appear
between the high-density branch and the low-density
branch that form an LPT. Here even supercooled persis-
tent states, identified as somewhat solid-like correlated
liquid (CL) phases have been revealed in dynamic simu-
lations [22], as in the LPT at 2.5 g/cm? near the melting
point of Si.

In this study, directed more to a reinterpretation of
the XRTS and XRD data, a full analysis of the LPTs
will not be attempted. Instead, we will study just one
of them in some detail, to report the observation of a
correlated liquid state and to bring out the similarities
to the well-studied LPT(2.5/1200K) of normal-density Si
near its melting point [10].

The presence of LPTs in [-Si renders it highly viscous,
prone to hysteresis, and “glassy” to shock propagation,
slowing down shock speeds. This may lead to lower es-
timates of pressure and temperature for shocked media
if the LPTs are ignored. Our calculations simulate the
XRD and XRTS data of Poole et al [1] and show that
their estimate of T=0.4567 ¢V (5300K) and a pressure
of 100 GPa, with Z=1.3 are indeed lower estimates com-
pared to ours. We find 7'~ 1-1.2 eV, P ~ 150 GPa, and
Z=4.

We present first-principles pressure (P), compressibil-
ity (§), transport (o, k), and ionic structure data, as well
as XRTS and XRD intensity spectra. The notation for
ion-ion data will be simplified in the foregoing to, e.g.,
S(k) = Siu(k), g(r) = g:i(k) when no confusion is likely to
arise. The theoretical results show good agreement with
the available experimental data and QMD simulations of
structure data. Additional details of these calculations
are given in the Appendix.
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FIG. 1. (online color) EOS data implying large hysteresis

in compression/expansion, and in heating/cooling processes
in [-Si. (a) Pressure isotherms in the density range 4.1-4.7
g/ cm?® display many discontinuities due to liquid-liquid phase
transitions [10] The data point derived from the experiment,
Ref. [1], using their atomic model and only VISAR measure-
ments (4.43 g/cm®), and the data point for final density of
4.6 g/cm® based on VISAR, XRD and XRTS are also shown.
(b)The mean ionization Z as a function of compression 5/ po,
where po=2.33 g/cm?.
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FIG. 2. (online color) (a) Discontinuities in S(0) = &/&o, the
compressibility ratio, independently confirms the LPTs. (b)
The electrical conductivity o is only very weakly affected by
the LPTs. At T = 025 eV, o changes by less than 3% when
the density changes by about 25%. At T'= 1 eV the change
is only a fraction of a percent (c.f., Appendix).

II. STRUCTURE DATA AND EOS

We use Hartree atomic units i = |e] = m, = 1 in
a standard notation. The electron-sphere radius ry, =
[3/(477)]*/3, the ion Wigner-Seitz radius r,s = Z'/3r,,
and the Fermi wavevector kp = (27%7)/3 are used in
our equations and graphics.

As discussed in more detail in the Appendix, the NPA
provides electron-ion pseudopotentials Uy;(k), pair po-
tentials Vj;(r), pair-distribution functions (PDFs) g(r),

the structure factor S(k). It provides all electronic-
structure data necessary for the calculation of the total
Helmholtz free energy of the system as well as all other
properties including XRTS data and transport proper-
ties, from first principles.

The isothermal compressibility & of the fluid is directly
available from the k& — 0 limit of S(k), viz., S(0) =
&/&o, where & = 1/(pT) is the ideal-gas compressibility.
Discontinuities in the pressure and the S(0) reveal the
presence of a plethora of liquid-liquid phase transitions.
Unlike in QMD where the small-k limit of S(k) is not
accessible due to the finite size of the simulation cell, the
large radius of the correlation sphere used in the NPA
enables an accurate evaluation of the S(0) limit.

Fig. 1 provide EOS data for [-Si indicating abrupt
breaks due to LPTs similar to the well-know transition
near ~2.2-2.5 g/cm® at the melting line [10, 21]. The
figure also shows how the experimental data point (see
Table III [1]) evolves when only VISAR data are used in
the analysis, and when a more complete set of diagnostics
(XRD, XRTS) is used in the analysis.

In Fig. 2(a) we display the compressibility ratio £/&p of
[-Si, confirming the LPTs observed in the P-isotherms.
Usually, phase transitions also imply abrupt changes in
the electrical and thermal conductivities if changes oc-
cur at the Fermi surface. What is noteworthy here is
that while the density changes from ~ 4 g/cm3 to ~ 5
g/cm?, i.e., a change of 25%, the electrical conductivity
changes less than 3% at T = 0.25 eV, while at 1 eV,
the change is less than 0.3%. The same is true for the
thermal conductivity given in table II of the appendix.
Furthermore, as seen in Fig. 2(b), the LPTs have very
little impact on these transport properties. This is well
accounted by our theoretical results which show that (i)
the mean ionization Z remains unchanged across these
LPTs; (ii) any significant variation in the position of the
first peak of S(k) is suppressed as it remains tied to a
zero of the form factor of the pseudopotential, thereby
reducing the electron-ion interaction energy at the Fermi
surface. (iii) Although a g(r) of a highly-correlated lig-
uid (CL) is detected near LPTs through simulations, it
seems to have no impact on the conductivity [10].

Our analysis of the XRTS and XRD data favour a den-
sity of ~ 4.3 to 4.4 g/ecm3 T=1 to 1.2 eV, at a pressure
of ~ 150 GPa. This higher P,T compared to the esti-
mate of Ref. [1] is consistent with an extremely glassy
material, caused by the LPTs. Furthermore, panel (b)
of Fig. 1 show that a value of Z = 1.3 as in Ref. [1] is
not attained even at the lowest density of 0.93 g/cm?,
compression ~ 0.4 for temperatures of 0.4 eV to 10 eV.
We have confirmed this even at 0.25 eV, though not dis-
played in Fig. 1. Furthermore, it was shown [10] that the
Ganesh-Widom pressure data [18] along the melt line of
[-Si at 2.33 g/cm? is recovered in NPA calculations with
Z = 4 as the mean ionization. We also find that the NHL
potential is unable to generate the known structure data
(e.g., g(r)) for I-Si at, e.g., 2.5 g/cm?® and T' = 1800K, at
the Si-melt line.
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FIG. 3. (online color) Panel (a) The structure factor for [-Si
at 4.0 g/cm?®, and at 5.0 g/cm?® at T=0.4567 ¢V obtained from
the NPA approach, compared with the S(k) used in Ref. [1]
derived from the NLH potential at 4.56 g/crn3 at T=0.46 eV.
The k-axis is scaled with the appropriate kr. (b) Comparison
of the PDFs g(r). (c) Comparison of the pair-potentials in k-
space. (d) The real-space potentials V;;(r).

The comparison of the potentials and structure data
shown in Fig. 3 shows that there is a large difference
between the NPA results and the NLH model. The latter
is closely similar to the Yukawa model and hence this lack
of agreement with a first-principles atomic model is not
unexpected.

Furthermore, we show below that the XRTS ad XRD
profiles are in much better agreement with the NPA cal-
culation. The S(k) and g(r) calculated for various WDM
conditions using the NPA method has been shown to
agree very closely with those obtained by QMD simu-
lations in all instances where comparisons are available,
and more specifically for I-Si [10, 43] as well. As the cur-
rent study is concerned with compressed Si in the regime
of density p 4.3-4.6 g¢/cm?® and T in the range 0.46 eV to
1.2 eV, specific comparisons of the pair-distribution func-
tions g(r) obtained using the NPA, and QMD calcula-
tions using the Vienna Ab-initio Simulation code (VASP)
were carried out, and examples are given in the following
section where we discuss in detail the LPT at 4.3 g/cm?
and T =1eV.

III. THE LPT AT 4.3 g/cm® AND 1 eV

Fig. 1 reveals six LPTs on the three isotherms shown
there. A comprehensive study of all the LPTs, as was
done for LPT(2.5|1200K) [10] making extensive use of
QMD, is computationally costly and beyond the scope
of this work. Instead, we study just the prominent LPT
near p = 4.3 g/cm® and T = 1 eV, viz., LPT(4.3|1eV)
as this is closest to the density and temperature revealed
by our study of the XRTS data discussed in Sec. IV.

We note that the short-ranged structures of the LPTs
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FIG. 4. (online color) The PDFs g(r) obtained via NPA and
from QMD-VASP at densities near the LPT at 4.3 g/cm® and
T =1 eV. The NPA and VASP-QMD generated g(r) agree
closely for the normal-liquid (NL) phase. A highly-correlated
liquid (CL), with the 1st peak in g(r) closer in (< 2A), and
is found and displayed in panels (a) and (c¢). This was not
detected at the higher density of 4.6 g/cm?®, away from the
LPT, where only the normal liquid is found.
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FIG. 5. (online color) The PDFs g(r) obtained via NPA and
from QMD (216 atoms+SCAN functional [21, 22]) at densi-
ties near the LPT at 2.27 g/cm® and T = 1200K. The NPA
and QMD generated g(r) agree closely for the normal-liquid
phase. The highly-correlated liquid (CL) similar to those in
Fig. 4(c),(d), with the 1st peak in g(r) closer-in than the usual
Si-Si bond distance of 2.35 A, has been reported in [10, 22].

at 1 eV as revealed by the g(r) calculated via the NPA
for the stable liquid phase remain essentially unchanged
across the LPTs and even for the full range of p/gem=3
from 4.28 to 4.6, as seen in Fig. 4. The NPA ¢(r) and
the g(r) calculated via the VASP code agree very well for
the normal form of [-Si. Details of VASP calculations are
given in the Appendix. A more correlated liquid phase is
also detected at p/gem ™2 = 4.28 and 4.32. At first sight
it is surprising that such a correlated phase might exist



at as high a temperature as 1 eV. However, T' =1 eV is
only T/Er = 0.053 at this compression.

As with the LPT(2.5/1200K), the CL-phase is diffi-
cult to obtain via the NPA which seeks the lowest-energy
uniform-fluid phase. Whether this correlated phase plays
a role in hysteresis loops, and even under supercooling,
as was found for the LPT(2.5/1200K) using the SCAN
functional and QMD calculations, have not been inves-
tigated in this work. However, we conclude from this
limited study that the LPTs found here are similar to
the LPT(2.5|1200K) studied in Ref. [10] for I-Si. Further
discussions of the g(r) and S(k) of [-Si at the LPTs are
given in Sec. A 4.

IV. X-RAY DIFFRACTION AND X-RAY
THOMSON SCATTERING PROFILES

The NPA model has been successfully used already for
analyzing XRTS and XRD data [44]. The Kohn-Sham
calculation of the NPA provides the Fourier transform of
the bound, and free electron density, viz., ny(g), ny(q) re-
spectively. The ‘ion feature’ I .., (k) which is proportional
to the scattered signal is such that I..n(k) = |ny(k) +
ns(k)[2S(k). The observed signal includes an incoherent
scattering signal I;,.(k) as well. The scaled scattering
signal provided by the experiment of Ref. [1] and the re-
sults from the NLH model are shown in Fig. 3(a) of Poole
et al. We simulate their experimental data (Fig. 6) using
the NPA-calculated ion-feature W (k), to which L;,con (k)
has been added, following Ref. [1].

The experimental signal I;44 has been scaled to match
the very high-k limit of a calculated value of I,

Ilqd/'—}/ - Icoh{S(k) - 1} + Iic (1)
I = coh(k) + Iz‘ncoh(k‘) (2)

V. DISCUSSION

While the NPA-calculated XRD profile matches the
experimental XRD data closely, the intensity is overesti-
mated by ~ 6%. A better fit can be obtained by slightly
increasing the temperature of the fluid. However, given
the error bars of the experiment, and the strong likeli-
hood of hysteresis in this system, further optimization of
the fit adds little insight. In our view, the higher estimate
of P ~ 150 GPa, T ~ 1.2 eV, p = 4.35 g/cm?® obtained
here, compared to P ~ 100 GPa, T = 0.46 eV is con-
sistent with [-Si being a glassy LPT-ridden liquid rather
than a simple liquid, as assumed in currently available
Si-Hugoniots.

The existence of transient covalent bonds in liquid met-
als and plasmas such as [-carbon, [-Si and other low-Z
materials has been appreciated by many workers since
the 1980s. A description of such bonding states in terms
of Wannier functions [45] may be possible and might be
appropriate near the percolation threshold that would
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FIG. 6. (online color) The calculated scattered-light intensity
is compared with the experimental X-ray diffraction (XRD)
data and X-ray Thomson scattering (XRTS) data. The results
for the NLH potential is from Ref. [1] with p=4.6 g/cm®, Z =
1.3, and T = 0.4567 eV. The NPA calculation is at p=4.35
g/cm® Z = 4.0, and T=1.2 eV.

occur as Z decreases with decreasing density, as shown
in Fig. 1(b). A Wannier-function description may also
be appropriate for modeling the more-ordered CL-phase
found at LPT(4.3]1 eV) and at the LPT(2.5/1200K).
However, the normal-liquid phase is the most persistent
form of I-Si. The normal liquid S(k) has been used here,
in the interpretation of the X-ray scattering data. Given
that the WDM-Si studied here is in the strongly metallic
regime with Z = 4, the Kohn-Sham states of the contin-
uum electrons are well represented by phase-shifted plane
waves. This is attested by the fact that a simple weak
s-wave pseudopotential (constructed in situ from the dis-
placed Kohn-Sham density) is sufficient to describe ion-
ion interactions.

Furthermore, the low ionization of Z ~ 1.3 proposed in
Ref. [1] is a result of the use of the NLH model within the
Markov-Chain Monte-Carlo (MCMC) procedure. The
latter was developed mainly for analyzing plasmas in the
classical regime and hence the Z ~ 1.3 merely played the
role of a fitting parameter.

The result of the NPA calculations are in agreement
with the conclusions of Ref. [10] that [-silicon at ~ 4 — 5
g/cm? is a good metal at 1 eV, with about a third of the
conductivity of normal-density Al at the same temper-
ature. Snap shots of of ionic positions in QMD simula-
tions of [-Si are suggestive of complex transient bonding
similar to that see in [-carbon. However, the long-time
averaged (i.e., static) Si-Si pair distribution function of
[-Si, calculated using the “one-atom”-DFT approach of
the NPA agree well with that obtained from QMD cal-
culations, as demonstrated in Sec. III, and in Sec. A4 of
the Appendix detailing QMD simulations. These results
should have implications regarding planetary magnetism
due to the possibility of electrical currents in molten-Si
cores.



In conclusion, the present analysis, using the all-
electron DF'T approach as employed in the NPA model,
suggests that the WDM sample of [-Si created in the
study by Poole et al [1] is very likely to be at a density of
~ 4.35 g/cm?, at an ionization of four free electrons/ion,
and in the pressure range 140-160 GPa. The NPA study
presents a novel picture of [-silicon as a highly ionized
metal showing a plethora of liquid-liquid phase transi-
tions. Experimental pressure and temperature estimates
may have significant uncertainties due to hysteresis ef-
fects, posing a further challenge to future experiments
and theory.
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Appendix A

This appendix addresses the following topics.

(1) Brief description of the NPA calculations and the ion
XC-functional.

(ii) Pseudopotential, Structure data and the first peak
of S(k).

(iii) Details of the QND calculations using VASP.

(iv) The short-ranged ionic structure across LPTs.

(v) Test of the non-linear Hulthén potential.

(vi) The compressibility ratio, electrical and thermal
conductivities of [-Si.

1. Brief description of the NPA calculation

We do not consider well-defined ion configurations with
ion-positions Ry, Ry --- , Ry in an N-ion simulation cell.
Instead, the field ions are replaced by their smooth one-
body distribution p(r) since density functional theory
(DFT) posits that the free energy is a functional of just
the one-body density. Thus the N-body (multi-ion) prob-
lem is replaced by a one-body (i.e., one-ion) problem in
the sense of DFT. This becomes exact if the ion correla-
tion functional is exact. In practice it is approximate due
to uncertainties in the XC-functionals. The electron den-
sity is also a smooth spherically symmetric distribution
centered on the Si nucleus at the origin. We consider a
sphere of radius R, ~ 10r,s, i.e., a “correlation sphere”
such that all correlation effects have died of an the densi-
ties p(r), n(r) have reduced to their “bulk” average values
p,n respectively. The correlation sphere reduces to the
Debye sphere in the classical low-density high-T limit.

The central Si ion with its associated electron and ion
distributions constitute a neutral object (the NPA) with
bound and free electron states. The NPA can be applied
with equal validity from the extreme quantum limit of
high degeneracy at T' = 0 to the non-degenerate classical
limit, for fluids or solid phases [32].

Two coupled DFT variational equations appear in the
theory of the NPA, since the total free energy F([n], p] is
a functional of two densities, viz, n(r) and p(r) [31].

L oy
on dp

The first of this equation can be analyzed and re-written
as a Kohn-Sham equation for electrons subject to a one-
body potential V. (r) inside the correlation sphere. The
second equation can be treated using classical mechanics
and reduces to a Boltzmann-like equation where the ions
are subject to a one-body potential Vi(r) that includes
the nuclear potential, the Poisson potential and an ion
XC-potential VF¢(r). There are small e-i XC-potentials
that are neglected in this treatment [47, 48].

The Kohn-Sham calculation yields n(r), as well as the
Kohn-Sham eigenstates, eigen-energies and phase shifts
of the “free-electron” states. As only a single ion center
is used in NPA calculation, we do not have a highly inho-
mogeneous N-center electron distribution as in standard
DFT simulations (e.g., using VASP [24]) where several
hundred ions define a very complex electron distribution
in a simulation cell. Instead, just a single-center spher-
ical electron distribution n(r) and an ion distribution
p(r) dependent on electron-electron and ion-ion correla-
tion functionals occur in the NPA. This much smoother
single-center electron density n(r) can be conveniently
treated using the local density approximation (LDA), as
has been found from previous work. The electron ex-
change correlation functional used [49] in the LDA is a
finite-T" functional. Tests using other available function-
als, e.g., the functionals by Karasiev et al [50], or by
Groth et al [51] within the NPA code give essentially
indistinguishable results for the range of densities and
temperatures used in this study.

The XC-functional that reduces the multi-ion prob-
lem to a single-ion problem is known to be highly non-
local and hence an LDA approximation is useless. How-
ever, as ions are classical particles, several simplifications
arise. Although we use the generic name XC-potential,
the exchange part in taken as zero and there is on a
correlation functional to deal with. Furthermore, classi-
cal statistical mechanics and diagram techniques can be
used to provide a numerically very convenient and accu-
rate form for the ion-correlation functional FZ¢[p(r)] if
the irreducible “bridge” diagrams are neglected. When
bridge diagrams are important (e.g., in high-density lig-
uid Al near its melting point where hard-sphere-like pack-
ing effects are important), they can be included via the
Lado-Foils-Ashcroft (LFA) approach [52]. However, we
have shown ion previous work [10, 46] that bridge contri-
butions are completely negligible in WDM systems like



C,Si where packing effects are not important. This be-
cause the ion-ion short-ranged structure is determined
by electronic processes near the Fermi surface, and the
associated long-ranged Friedel oscillations in the ion-ion
pair potentials. The functional derivative of the XC-free
energy with respect to the density is the corresponding
ion-XC potential VZ¢[p(r)]. The latter is needed in the
density functional equations. It can be given in the HNC-
approximation as

BVEe(r) = — /dr
5‘/}( ) = —1n

7) + BVi(7)] A7 - 7])(A2)
], B=1/T. (A3)

This V;%¢(r) is a highly non-local quantity, dependent
on h(r) = g(r) — 1. In solving the coupled equations
A1, the g;;(r) is initially approximated by a cavity g(r)
defined only by 7,5 ; this r,s is adjusted to self con-
sistency via the two coupled DFT equations. Then the
ion-ion pair- potential Vi;(r), Eq. A6 is calculated via
the pseudopotential, Eq. A3, generated from the final
charge density n(r). Then an HNC equation, or a modi-
fied HNC equation with bridge corrections [52] is solved
to get a very accurate g(r) instead of the initial cavity-
g(r) where only the cavity radius 7,5 had been adjusted
to be consistent with the final Z that satisfies the Friedel
sumrule. This in effect provides a computationally conve-
nient partial decoupling of the Kohn-Sham equation for
electrons, and the corresponding classical DF'T equation
for ions [33].

The Kohn-Sham calculation provides bound states
¢ni(r) with energies €, and continuum states ¢ () with
energies €y = k?/2. These delocalized ¢y;(r) states be-
have asymptotically like plane waves with phase shifts
0ri. They obey the finite-T' Friedel sum rule [31], which
determines the number of free electrons associated with
each ion, namely Z. So, at self-consistency, Z = n/rho
satisfies the Friedel sumrule, charge neutrality while be-
ing a key quantity in the thermodynamic equilibrium of
the fluid, as it was evaluated via a minimization of the
total free energy via Eq. Al. It has a clear physical
meaning [31] and can be measured experimentally using
Langmuir probes (for suitable plasma conditions). In-
direct methods of determining Z are needed for WDM
conditions.

The Kohn-Sham states of a Si-atom immersed in its
ionic and electronic environment at p = 4.6 g/cm?® and
T = 0.46 eV are given in Table I. These results, as
well as the Friedel sum evaluated from the Phase shifts
unambiguously show that Z = 4.

2. Pseudopotential, Structure data and the first
peak of S(k)

The Kohn-Sham-Mermin calculation described above,
for a single ion of silicon immersed in its appropriate en-
vironment provides as with the bound density ny(r) from

TABLE I. The electronic structure at a silicon nucleus in its
fluid state for two cases. Case 1, p = 4.6 g/cm® and T=
5300K(~ 0.46 ¢V). Case 2, p = 4.35 g/cm® and T=1.2 eV.
The energies are in Rydberg, while the mean orbital radius
< Tp; > is in atomic units. The Wigner-Seitz radii are is 2.537
a.u., and 2.585 a.u. for the two cases. Hence all bound states
are seen to be compactly contained inside the Wigner-Seitz
sphere. The Fermi momenta kr and t = T/Er for the two
cases are: 1.2007, 1.1786, and t=0.0235, 0.0635 respectively.

case n,l €nl < Trpp > occupation
1 1,0 -128.5 0.1120 1.0x2
2 1,0 -128.6 0.1120 1.0x2
1 2,0 -8.315 0.5738 1.0x2
2 2,0 -8.381 0.5733 1.0x2
1 2,1 -5.192 0.5416 1.0x6
2 2.1 -5.260 0.5407 1.0x6

the bound wavefunctions, while the continuum wave-
functions provide a density ny(r) of free electrons, with
ny(r) — 7 as r — R.. Hence the free-electron density
pile up Ang(r) = nyg(r) — n. We take this all-order re-
sult obtained from the Kohn-Sham calculation to be a
result of a linear response to a weak electron-ion pseudo-
potential Ug;(k), Then, if x (k) is the full interacting elec-
tron response function at the density |7 and temperature
T, we have:

Uei(k) = Ang(k)/x (k).
Note that if a point ion of charge Z were considered, then
its potential would be

(A4)

UL(k) = =2V, Vi = 4 /K> (A5)

This point-ion interaction is a strong potential and
cannot be used in linear-response theory. The weak pseu-
dopotential that we use has a form factor W}, such that

Wi = Uei(k) /Ui (k).

Since the finite-T" response function of the uniform elec-
tron gas at finite-T" inclusive its local-field correction can
be constructed using the electron-electron XC-functional,
x(k) is a known quantity. Hence, the Kohn-Sham calcu-
lation can be processed to yield a weak electron-ion pseu-
dopotential. The full details of the calculation may be
found in Refs. [32, 33]. Furthermore, given the pseudopo-
tential U, (k), the corresponding pair-potential V;;(k) be-
comes

(A6)

Vii(k) = VilZ? + [Uei (k) Px(k), Vi = 4m /K>, (AT)
This pair-potential can now be used in MD or in
the hyper-netted-chain (HNC) equation to generate the
structure factor ion-ion S(k) and the corresponding PDF

g(r). In Ref. [35] it was shown that these pair potentials
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FIG. 7. (online color) Panel (a) of the figure shows the Si-
Si S(k) for p=4.0 g/cm® and p=5 g/cm® at T=0.5 eV. The
position of the first peak of S(k) in k-space (k1) remains un-
changed in spite of the variation in density by 25%, although
the position of the first peak in r-space in g(r) is affected.
Panel (b) shows that the k1 corresponds nearly to where the
pair potential approximates to a strong point-ion interaction.

can be accurately fitted to a Yukawa-Friedel-Tail (YFT)
form of the potential, viz:

Vi (r) = Vi (r) + Vi (r), (A8)
Vy = (ay /1) exp(—kyr), (A9)
Vie = (ag /73) exp(—kgr) cos(qer + ¢g ). (A10)

The Si-Si pair-potential taken in the form V;;(z)/T,z =
7 /Tws at the density of 4.35 g/cm? (r,, = 2.5849) and 1
eV can be fitted with the following values of the param-
eters. ay, = 1076.13,ky, = 4.18038,ag, = 7.60699, kg =
1.18818, gry = 5.75909, ¢p¢y = 0.291775.

In Fig. 7 we display the pseudopotential Ue;(k), the
structure factor S(k) and g(r) for liquid silicon at T' = 0.5
eV, and at two densities, viz., 4.0 g/cm? and 5.0 g/cm?.
These the XRD and XRTS data of the experiment falls
within these two densities. What is note-worthy is that
the main peak of S(k) has remained “pinned” at ky ~
1.499 which is in fact the value of k£ which makes the form
factor Wy to be essentially zero. That is, the first peak
of S(k) tries to remain pinned to the value of k such that
the pair-potential V;;(k) is strongest.

The relative stability of the short-ranged ionic struc-
ture over this density range is seen also in the g(r) shown
in the inset to Fig. 6. we find that the short-ranged
structure of the ions remains essentially unchanged over
large changes of temperature and density, and even across
LPTs.

3. Details of QMD calculations using VASP

The structure data (i.e., g(r), S(k))obtained from the
NPA have been established to be in good agreement in
previous published work, for a variety of materials that

include Al, Be, C, H, Li, Na, Si etc. In addition, in
the present study also we have checked that our NPA
calculations agree with results from QMD calculations for
test cases. For instance, in Fig. 4 we display the results
obtained for g(r) for [-Si at 4.28-4.6 g/cm? at 1 eV using
the Vienna Ab-initio simulation Package (VASP) [24].

The VASP simulations are for 64 atoms and carried out
in a standard way [53], showing good agreement with the
NPA results. An energy cutoff of ~ 300 eV was employed.
The (Monkhorst Pack) k-grid was used and calculations
were done at the T' point (0,0,0). Gaussian smearing
(ISMEAR=0) with a smearing of 0.1 eV was imposed.
The temperature was set using a Nosé-Hoover thermo-
stat. The Purdew-Burke-Ernzerhof XC-functional [506]
was used for electrons. It was ensured that the occupa-
tion in the highest energy state is less than 0.0001 even
at the highest temperature studied.

In a previous QMD study [21] of I-Si and its PDFs,
Remsing et al studied the convergence of PDFs and other
selected properties for N = 64, 216, and 512, for the
LDA, PBE and SCAN functionals. Best quantitative
accuracy required the use of the SCAN functional and
N=216, especially for obtaining good agreement with the
melt line near 2.33 g/cm3. Here we are considering [-Si at
higher density and a higher temperature of 1 eV, favour-
ing the use of smaller simulations. The N = 64 results,
though somewhat noisy, were sufficiently well converged
for our purpose of comparisons with the NPA. Increasing
N of course gave better convergence to the NPA values.
The larger N values, as well as the SCAN functional
were needed in previous studies to capture the correlated
phase of the liquid. In the present study (at the higher
p,T), the N = 64 calculations successfully recovered the
correlated phase reported in Fig. 4(a) and (d). Due to our
limited computational resources, only the N = 64-VASP
simulations using the PBE functional are presented in
this study, although some limited calculations weere done
at N = 125.

4. The short-ranged ionic structure across LPTs

We noted in Sec. A 2 that it is energetically optimal to
preserve the short-ranged ionic structure to position the
electron-ion interactions at a zero of the pseudopotential.
So, structural changes in the normal liquid occur in the
long-ranged tails of the distribution functions, somewhat
as in Martensitic transitions. These transitions appear
as discontinuities in the compressibility and the pres-
sure, while the short-ranged structure (r/ry,s < 5) re-
mains more or less intact. This is demonstrated in Fig. 8
We see that the g(r) and S(k) remain unchanged when
going from p = 4.28 g/cm?® to 4.32 g/cm? although the
pressure and compressibility data show a discontinuity at
4.3 g/cm3. Similar results are found for the other LPTs
studied here. The LPTs seem to be similar to the well-
known transition in 1-Si at 2.5g/cm? near the melting
point. However, we must note that the correlated liquid
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FIG. 8. (online color) Panel (a) The Si-Si g(r)) for p=4.28
g/cm® and 4.32 g/cm® at T=1 eV, calculated using the NPA
for the normal liquid phase. (b) The corresponding S(k) are
displayed.

(CL) phase has so far only been observed in numerical
simulations, and not in experiments.

This insensitivity of the short-ranged structure to the
LPTs makes them harder to detect via standard simula-
tion methods. This is probably one reason why the much
sought-after LPT in liquid carbon remained undetected
until it was revealed via detailed NPA calculations [46].

5. Tests of the applicability of the Hulthén
potential

The analysis of XRD and XRTS data given in Ref. [1]
used the NLH potential as it is very simple to use, and
has met with astrophysical applications in the past [27].
The first-principles potentials for silicon appropriate for
a liquid-environment derived via the NPA can be used to
test if the NLH potential is a satisfactory and simple sub-
stitute for use. Fig. 3 showed that NLH differed strongly
from the DFT-based potentials calculated at 4.6 g/cm3
and T'= 0.46 V.

As a further test, we used the QMD-generated g(r)
for [-silicon available for 2.5 g/cm?, at T=1200K, and at
T = 1800K where the SCAN functional has been used in
the calculations [10, 21]. The QMD generated g(r) agreed
very closely with that from the NPA. We tried the NLH
potential varying its Z to see if the QMD-g(r) could be
recovered, but this was not possible. This failure of the
NLH-potential is a further reason justifying the present
study.

6. The compressibility ratio, electrical and thermal
conductivites of [-Si

The isothermal compressibility ratio /£y and the elec-
trical conductivity o were displayed in Fig. 2 of the main

TABLE II. The isothermal compressibility ratio £/&o obtained
from the £ — 0 limit of the ion-structure factor, the electrical
conductivity o calculated via the T-matrix [54, 55|, and the
thermal conductivity calculated via the Lorentz number [57]
are tabulated below.

T — 0.25 eV 1eV

p /&  ox107 kx10® €/&% o x107 kx 10
g/cm® x0.1  [Sm] [Wm] x0.1  [Sm] [Wm]
4.20 0.1999 0.1064 0.7539 0.5390 0.1073 0.3043
4.22 0.1953 0.1063 0.7534 0.5338 0.1073 0.3044
4.24 0.1913 0.1062 0.7529 0.5278 0.1074 0.3045
4.26 0.1879 0.1061 0.7523 0.5226 0.1074 0.3047
4.28 0.2265 0.1059 0.7508 0.5168 0.1075 0.3048
4.30 0.2198 0.1058 0.7503 0.5126 0.1075 0.3049
4.32 0.2141 0.1057 0.7496 0.5454 0.1075 0.3050
4.34 0.2079 0.1056 0.7490 0.5404 0.1076 0.3050
4.36 0.2023 0.1056 0.7483 0.5351 0.1076 0.3051
4.38 0.1990 0.1055 0.7476 0.5302 0.1076 0.3052
4.40 0.1938 0.1054 0.7469 0.5249 0.1076 0.3052
4.42 0.1892 0.1053 0.7462 0.5199 0.1076 0.3053
4.43 0.1874 0.1052 0.7458 0.5175 0.1077 0.3053
4.44 0.1846 0.1052 0.7458 0.5140 0.1077 0.3053
4.46 0.1823 0.1050 0.7446 0.5101 0.1077 0.3053
4.48 0.1785 0.1049 0.7438 0.5049 0.1077 0.3053
4.50 0.1752 0.1048 0.7430 0.4989 0.1077 0.3053
4.52 0.1734 0.1047 0.7421 0.4946 0.1077 0.3053
4.54 0.1706 0.1046 0.7413 0.4889 0.1077 0.3053
4.46 0.1683 0.1045 0.7404 0.4835 0.1077 0.3053
4.48 0.1855 0.1044 0.7400 0.4782 0.1077 0.3053
4.60 0.1863 0.1043 0.7391 0.4744 0.1077 0.3053
4.62 0.1873 0.1041 0.7382 0.4692 0.1076  0.3052
4.64 0.1879 0.1034 0.7372 0.4732 0.1076 0.3052
4.66 0.1881 0.1038 0.7362 0.4705 0.1076 0.3051
4.68 0.1882 0.1037 0.7352 0.4694 0.1076 0.3051
4.70 0.1883 0.1036 0.7342 0.4666 0.1076 0.3059

text. Using p for the mean density p for simplicity, we
use the equations given below.

_Loe] _
e 5] -aso) (A1)
&0 =1/(pT), ideal gas. (A12)

In Table II we give a tabulation of £/&p,0 together
with the corresponding thermal conductivity & calcu-
lated via the Lorentz number, using the approach given
in Ref. [57]. As Z= 4 for silicon, the Spitzer-Harm [58]
analysis shows that e-e interactions can be neglected for
high-Z values in calculating transport coefficients.
What is note worthy here is that while the density
changes from ~ 4 g/cm? to ~ 5 g/cm?, i.e., a change of



25%, the electrical conductivity changes less than 3% at
T = 0.25 eV, while at 1 eV, the change is less than 0.3%.
The conductivity ¢ has been calculated using the phase-
shifts of the continuum states via a T-matrix. However,
we can understand the results more easily via the Zi-
man formula that uses a pseudopotential. The integrand
F(k) in the Ziman formula for the conductivity involves

10

a product of S(k) and the square of the pseudopoten-
tial |Ug;(k)|? in the neighbourhood of k = 2kp. When
the density changes, as seen from Fig. 7, F(k) remains
nearly invariant, with the changing density accommo-
dated by small but collective changes in distant coor-
dination shells. This happens in a cooperative manner
leading to LPTs, as witnessed by the discontinuities in
the pressure and the compressibility ratio.
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