SMALL GAPS BETWEEN PRIMES
JAMES MAYNARD

ABsTrACT. We introduce a refinement of the GPY sieve method for studying prime k-tuples
and small gaps between primes. This refinement avoids previous limitations of the method,
and allows us to show that for each k, the prime k-tuples conjecture holds for a positive pro-
portion of admissible k-tuples. In particular, lim inf,(p,+, — p,) < oo for every integer m. We
also show that lim inf(p,+; — p,) < 600, and, if we assume the Elliott-Halberstam conjecture,
that lim inf,,(p,+1 — pn) < 12 and liminf,,(p,+2 — p,) < 600.

1. INTRODUCTION

We say that a set H = {hy,..., ]} of distinct non-negative integers is ‘admissible’ if, for
every prime p, there is an integer a,, such thata, # h (mod p) for all h € H. We are interested
in the following conjecture.

Conjecture (Prime k-tuples conjecture). Let H = {hy,..., h} be admissible. Then there are
infinitely many integers n such that all of n + hy, ..., n + h; are prime.

When k > 1 no case of the prime k-tuples conjecture is currently known. Work on approx-
imations to the prime k-tuples conjecture has been very successful in showing the existence
of small gaps between primes, however. In their celebrated paper [S], Goldston, Pintz and
Yildirim introduced a new method for counting tuples of primes, and this allowed them to
show that

(1.1) liminf 224" P _ g,

n log p,,
The recent breakthrough of Zhang [9] managed to extend this work to prove
(1.2) liminf(p,.; — p,) < 70000000,

thereby establishing for the first time the existence of infinitely many bounded gaps between
primes. Moreover, it follows from Zhang’s theorem the that number of admissible sets of
size 2 contained in [1, x]*> which satisfy the prime 2-tuples conjecture is > x> for large x.
Thus, in this sense, a positive proportion of admissible sets of size 2 satisfy the prime 2-tuples
conjecture. The recent polymath project [7] has succeeded in reducing the bound (1.2)) to
4680, by optimizing Zhang’s arguments and introducing several new refinements.

The above results have used the ‘GPY method’ to study prime tuples and small gaps be-
tween primes, and this method relies heavily on the distribution of primes in arithmetic pro-
gressions. Given 8 > 0, we say the primes have ‘level of distribution Hﬂ if, for every A > 0,
we have

(1.3) Z max ‘JT()C; q,a) —

d (@q)=1

(x) - X
o(@)! " (log A

g<x

'We note that different authors have given slightly different names or definitions to this concept. For the
purposes of this paper, (I.3) will be our definition of the primes having level of distribution 6.
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The Bombieri-Vinogradov theorem establishes that the primes have level of distribution 6 for
every 6 < 1/2, and Elliott and Halberstam [1]] conjectured that this could be extended to every
6 < 1. Friedlander and Granville [2]] have shown that (T.3) cannot hold with x? replaced with
x/(log x)B for any fixed B, and so the Elliott-Halberstam conjecture is essentially the strongest
possible result of this type.

The original work of Goldston, Pintz and Yildirim showed the existence of bounded gaps
between primes if (I.3) holds for some 6 > 1/2. Moreover, under the Elliott-Halberstam
conjecture one had liminf,(p,+1 — p,) < 16. The key breakthrough of Zhang’s work was in
establishing that a slightly weakened form of (I.3) holds for some 6 > 1/2.

If one looks for bounded length intervals containing two or more primes, then the GPY
method fails to prove such strong results. Unconditionally we are only able to improve upon
the trivial bound from the prime number theorem by a constant factor [4], and even assuming
the Elliott-Halberstam conjecture, the best available result [5] is

(1.4) lim inf 2222~ P _ g,
n log p,,

The aim of this paper is to introduce a refinement of the GPY method which removes the
barrier of & = 1/2 to establishing bounded gaps between primes, and allows us to show the
existence of arbitrarily many primes in bounded length intervals. This answers the second and
third questions posed in [5]] on extensions of the GPY method (the first having been answered
by Zhang’s result). Our new method also has the benefit that it produces numerically superior
results to previous approaches.

Theorem 1.1. Let m € N. We have
lim inf(pusm — pn) < m>e*™.

Terence Tao (private communication) has independently proven Theorem|[I.T|(with a slightly
weaker bound) at much the same time. He uses a similar method; the steps are more-or-less
the same but the calculations are done differently. We will indicate some of the differences in
our proofs as we go along.

We see that the bound in Theorem is quite far from the conjectural bound of approxi-
mately m log m predicted by the prime m-tuples conjecture.

Our proof naturally generalizes (but with a weaker upper bound) to many subsequences of
the primes which have a level of distribution 6 > 0. For example, we can show corresponding
results where the primes are contained in short intervals [N, N + N7/'2*€] for any € > 0 or in
an arithmetic progression modulo g < (log N)*. In particular, our method gives results for
simultaneously prime values of linear functions, which might have specific interest. Given k
distinct linear functions L;(n) = a;n+ b; (1 < i < k) with positive integer coefficients such that
the product function I1(n) = Hf.‘zl L;(n) has no fixed prime divisor, the method presented here
shows that there are infinitely many integers n such that at least (1/4 + 0;_(1)) logk of the
L;(n) are prime.

Theorem 1.2. Let m € N. Let r € N be sufficiently large depending on m, and let A =
{a,as,...,a,} be a set of r distinct integers. Then we have
#{{hi,..., h,} C A forinfinitely many n all of n + hy, ..., n + h,, are prime}
#{h,..., h,} C A}

Thus a positive proportion of admissible m-tuples satisfy the prime m-tuples conjecture for
every m, in an appropriate sense.

>, 1.
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Theorem 1.3. We have
liminf(p,,; — p,) < 600.

We emphasize that the above result does not incorporate any of the technology used by
Zhang to establish the existence of bounded gaps between primes. The proof is essentially
elementary, relying only on the Bombieri-Vinogradov theorem. Naturally, if we assume that
the primes have a higher level of distribution, then we can obtain stronger results.

Theorem 1.4. Assume that the primes have level of distribution 0 for every 6 < 1. Then
lim inf(pn+1 - pn) < 12’

Hm inf(pasa — pa) < 600.

Although the constant 12 of Theorem appears to be optimal with our method in its
current form, the constant 600 appearing in Theorem and Theorem is certainly not
optimal. By performing further numerical calculations our method could produce a better
bound, and also most of the ideas of Zhang’s work (and the refinements produced by the
polymath project) should be able to be combined with this method to reduce the constant
further. We comment that the assumption of the Elliott-Halberstam conjecture allows us to
improve the bound on Theorem |[1.1{to O(m?e*™).

2. AN mMPROVED GPY SIEVE METHOD

We first give an explanation of the key idea behind our new approach. The basic idea of

the GPY method is, for a fixed admissible set H = {Ay, ..., h}, to consider the sum
k
2.1) SN.p) = D (D et )= p)w,.
N<n<2N i=1

Here yp is the characteristic function of the primes, p > 0 and w,, are non-negative weights.
If we can show that S (N, p) > O then at least one term in the sum over n must have a positive
contribution. By the non-negativity of w,, this means that there must be some integer n €
[N, 2N] such that at least [ p + 1] of the n + h; are prime. (Here | x] denotes the largest integer
less than or equal to x.) Thus if S (N, p) > O for all large N, there are infinitely many integers
n for which at least |p + 1] of the n + h; are prime (and so there are infinitely many bounded
length intervals containing |p + 1] primes).

The weights w, are typically chosen to mimic Selberg sieve weights. Estimating (2.1)
can be interpreted as a ‘k-dimensional’ sieve problem. The standard Selberg k-dimensional
weights (which can be shown to be essentially optimal in other contexts) are

22) wa=( > ). A=u@0ogR/d).

dITTE (n+hy)
d<R

With this choice we find that we just fail to prove the existence of bounded gaps between
primes if we assume the Elliott-Halberstam conjecture. The key new idea in the paper of
Goldston, Pintz and Yildirim [5] was to consider more general sieve weights of the form

(2.3) Aq = p(d)F(log R/d),

for a suitable smooth function F. Goldston, Pintz and Yildirim chose F(x) = x**! for suitable
[ € N, which has been shown to be essentially optimal when £ is large. This allows us to gain a
factor of approximately 2 for large k over the previous choice of sieve weights. As a result we
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just fail to prove bounded gaps using the fact that the primes have exponent of distribution 6
for any 6 < 1/2, but succeed in doing so if we assume they have level of distribution 8 > 1/2.
The new ingredient in our method is to consider a more general form of the sieve weights

(2.4) o= (Y )

d,'ln+h,'\/i

Using such weights with 4,4, 4 1s the key feature of our method. It allows us to improve
on the previous choice of sieve weights by an arbitrarily large factor, provided that & is suf-
ficiently large. It is the extra flexibility gained by allowing the weights to depend on the
divisors of each factor individually which gives this improvement.

The idea to use such weights is not entirely new. Selberg [8, Page 245] suggested the
possible use of similar weights in his work on approximations to the twin prime problem, and
Goldston and Yildirim [6] considered similar weights in earlier work on the GPY method, but
with the support restricted to d; < R'/* for all i.

.....

.....

.....

should produce essentially the same results.

3. NoOTATION

We shall view k as a fixed integer, and H = {hy,...,} as a fixed admissible set. In
particular, any constants implied by the asymptotic notation o, O or < may depend on k and
H. We will let N denote a large integer, and all asymptotic notation should be interpreted as
referring to the limit N — oo.

All sums, products and suprema will be assumed to be taken over variables lying in the
natural numbers N = {1,2,...} unless specified otherwise. The exception to this is when
sums or products are over a variable p, which instead will be assumed to lie in the prime
numbers P ={2,3,...,}.

Throughout the paper, ¢ will denote the Euler totient function, 7,(n) the number of ways
of writing n as a product of r natural numbers and u the Moebius function. We will let € be a
fixed positive real number, and we may assume without further comment that € is sufficiently
small at various stages of our argument. We let p, denote the n' prime, and #A denote the
number of elements of a finite set A. We use | x| to denote the largest integer n < x, and [x]
the smallest integer n > x. We let (a, b) be the greatest common divisor of integers a and b.
Finally, [a, b] will denote the closed interval on the real line with endpoints a and b, except
for in Section 5 where it will denote the least common multiple of integers a and b instead.

4. OUTLINE OF THE PROOF

We will find it convenient to choose our weights w,, to be zero unless 7 lies in a fixed residue
classvg (mod W), where W = [],<p, p. This is a technical modification which removes some
minor complications in dealing with the effect of small prime factors. The precise choice of
D, is unimportant, but it will suffice to choose

4.1) Dy =logloglog N,
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so certainly W < (loglog N)?> by the prime number theorem. By the Chinese remainder
theorem, we can choose vy such that vy + &; is coprime to W for each i since H is admissible.
When n = vy (mod W), we choose our weights w,, of the form (2.4). We now wish to estimate
the sums

2
4.2) S = Z ( Z ... dk] ,

N<n<2N diln+h;Vi
n=vy (mod W
k 2
(4.3) Sr= > (prmm))( > A dk].
N<n<2N i=1 diln+h;Vi
n=vg (mod W)

We evaluate these sums using the following proposition.

Proposition 4.1. Let the primes have exponent of distribution 6 > 0, and let R = N2 for

.....

l—l o, )d Z ,u(Hl ) (log T log rk)
’’’’ Flyeolk Qo(rz IOgR Y IOgR |
di|riVi

(ri, W)=1Vi

whenever (Hl 1di, W) =1, and let A4, 4, = 0 otherwise. Moreover, let F' be supported on
Re =1{(x1,...,xx) €[0,1]%: Zl , X; < 1}. Then we have

(1 + o(1))p(W)“N(log R)*

S = e I(F),
(1 + o(1)e(WN10g R} o
52 = Wkl log N Z ).

m=1

provided I,(F) # 0 and J(m)(F) # 0 for each m, where

I(F) = f fF(t1,~~ )dt .. dty,
J"(F) = f f ( f F(tl,...,tk)dtm) dt;...dt, dt,,, ...dt,.

We recall that if S, is large compared to S |, then using the GPY method we can show that
there are infinitely many integers n such that several of the n + h; are prime. The following
proposition makes this precise.

Proposition 4.2. Let the primes have level of distribution 8 > 0. Let 6 > 0 and H =
{hi,...,h} be an admissible set. Let I, (F) and J,(('")(F ) be given as in Proposition

and let Sy denote the set of Riemann-integrable functions F : [0,1]¥ — R supported on
Re = {(x1,...,x0) € [0, 17* : Z _ X < 1} with I,(F) # 0 and J(m)(F) # 0 for each m. Let
I oM.
M;. = sup —Zm_l  ( ), Tk = [_kw
Fes,  Ik(F) 2

Then there are infinitely many integers n such that at least ry of the n + h; (1 < i < k) are
prime. In particular, iminf,(p,.,—1 — p,) < max<; j<(h; — h;).
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Proof of Proposition[d.2] We let S = S, — pS, and recall that from Section 2 that if we can
show § > O for all large N, then there are infinitely many integers n such that at least |p + 1]
of the n + h; are prime.

We put R = N%27° for a small § > 0. By the definition of M;, we can choose F,, € S; such
that Z',;:l J,(Cm)(Fo) > (M — 0)I(Fy) > 0. Since F is Riemann-integrable, there is a smooth
function F; such that Z;zl J,(Cm)(Fl) > (M — 20)I(Fy) > 0. Using Proposition we can
then choose Ay, 4, such that

@(W)N(log R)* log R

5= Wkt log N Z JEED) = pl(F) + 0(1))
k k
(4.4) > #W) N(é‘fife) L(F) ((5 — 8)(Mi - 28) = p + o(1)).

If p = OM, /2 — € then, by choosing ¢ suitably small (depending on €), we see that S > 0 for
all large N. Thus there are infinitely many integers n for which at least [p + 1] of the n + A;
are prime. Since |p + 1] = [6M, /2] if € is suitably small, we obtain Proposition O

Thus, if the primes have a fixed level of distribution 6, to show the existence of many of the
n + h; being prime for infinitely many n € N we only require a suitable lower bound for M.
The following proposition establishes such a bound for different values of k.

Proposition 4.3. Let k € N, and M, be as given by Proposition Then

(1) We have M5 > 2.
(2) We have M5 > 4.
() If k is sufficiently large, we have M > logk — 2loglogk — 2.

We now prove Theorems and [1.4] from Propositions [4.2] and
First we consider Theorem[I.3] We take k = 105. By Proposition 4.3 we have M;os > 4.

By the Bombieri-Vinogradov theorem, the primes have level of distribution # = 1/2 — € for
every € > 0. Thus, if we take € sufficiently small, we have 6M,os/2 > 1. Therefore, by
Proposition [21;2], we have liminf(p,,; — p,) < max,q; j<io5(h; — h;) for any admissible set
H ={hy,...,hps}. By computations performed by Thomas Engelsma (unpublished), we can
chooseﬂ?—( such that 0 < hy < ... < hyos and hyps — hy = 600. This gives Theorem

If we assume the Elliott-Halberstam conjecture then the primes have level of distribution
0 = 1 — e. First we take £k = 105, and see that 6M,o5/2 > 2 for € sufficiently small (since
Mps > 4). Therefore, by Proposition liminf,(p,2 — p,) < Maxi; j<ios(h; — hj). Thus,
choosing the same admissible set H as above, we see liminf,(p,,» — p,) < 600 under the
Elliott-Halberstam conjecture.

Next we take k = 5 and H = {0,2,6,8, 12}, with 6 = 1 — € again. By Proposition
we have Ms > 2, and so §Ms/2 > 1 for € sufficiently small. Thus, by Proposition #.2]
liminf,(p,+1 — p,) < 12 under the Elliott-Halberstam conjecture. This completes the proof of
Theorem [L.4]

2Explicitly, we can take H = {0, 10, 12, 24, 28, 30, 34, 42, 48, 52, 54, 64, 70, 72, 78, 82, 90, 94, 100, 112,
114, 118, 120, 124, 132, 138, 148, 154, 168, 174, 178, 180, 184, 190, 192, 202, 204, 208, 220, 222, 232, 234,
250, 252, 258, 262, 264, 268, 280, 288, 294, 300, 310, 322, 324, 328, 330, 334, 342, 352, 358, 360, 364, 372,
378, 384, 390, 394, 400, 402, 408, 412, 418, 420, 430, 432, 442, 444, 450, 454, 462, 468, 472, 478, 484, 490,
492, 498, 504, 510, 528, 532, 534, 538, 544, 558, 562, 570, 574, 580, 582, 588, 594, 598, 600}. This set was
obtained from the website http://math.mit.edu/~primegaps/ maintained by Andrew Sutherland.


http://math.mit.edu/~primegaps/

SMALL GAPS BETWEEN PRIMES 7

Finally, we consider the case when k is large. For the rest of this section, any constants im-

plied by asymptotic notation will be independent of k. By the Bombieri-Vinogradov theorem,
we can take 8 = 1/2 — €. Thus, by Proposition we have for k sufficiently large
(4.5) % > (i - 5)(1ogk 2loglogk —2).
We choose € = 1/k, and see that OM,/2 > m if k > Cm?e*™ for some absolute constant C
(independent of m and k). Thus, for any admissible set H = {hy,...,} with k > Cm?*e™™,
at least m + 1 of the n + h; must be prime for infinitely many integers n. We can choose
our set H to be the set {pru)+1s- - -» Priy+k) Of the first k primes which are greater than k.
This is admissible, since no element is a multiple of a prime less than k (and there are k
elements, so it cannot cover all residue classes modulo any prime greater than £.) This set has
diameter prpyk — Prir1 < klogk. Thus liminf,(p,., — p.) < klogk < mPe*™ if we take
k = [Cm?e*"]. This gives Theorem 1.1]

We can now establish Theorem by a simple counting argument. Given m, we let
k = [Cm?e*™] as above. Therefore if {h,...,h} is admissible, then there exists a subset
{h,....h,} C{hy,..., i} with the property that there are infinitely many integers n for which
all of the n + A are prime (1 < i < m).

We let (A, denote the set formed by starting with the given set A = {a,,...,a,}, and for
each prime p < k in turn removing all elements of the residue class modulo p which contains
the fewest integers. We see that #A, > r [[,(1 — 1/p) >, r. Moreover, any subset of A,
of size k must be admissible, since it cannot cover all residue classes modulo p for any prime
p < k. We let s = #A,, and since r is taken sufficiently large in terms of m, we may assume
that s > k.

We see there are (,i) sets H C A, of size k. Each of these is admissible, and so contains
at least one subset {//,...,h,} C A, which satisfies the prime m-tuples conjecture. Any

admissible set 8 C ‘A, of size m is contained in (,:Z) sets H C A, of size k. Thus there are

1 .. . . . .
at least (v)(; Z) >, s >, r" admissible sets B C A, of size m which satisfy the prime

m-tuples conjecture. Since there are (,;) <r"sets{hy,...,h,} € A, Theorem holds.
We are left to establish Propositions 4.1]and 4.3]

5. SELBERG SIEVE MANIPULATIONS

In this section we perform initial manipulations towards establishing Proposition 4.1} These
arguments are multidimensional generalizations of the sieve arguments of [3]. In particular,
our approach is based on the elementary combinatorial ideas of Selberg. The aim is to intro-
duce a change of variables to rewrite our sums S and S, in a simpler form.

Throughout the rest of the paper we assume that the primes have a fixed level of distribution
is less than R and also satisfies (d, W) = 1 and u(d)> = 1. We note that the condition ,u(d)2 = 1
implies that (d;,d;) = 1 for all i # j.

Lemma 5.1. Let

..... ﬂu(n)so(r, dz H;'}"Z.

Loeenstlic
rild;Yi
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Letymax Suprl e Iyrl rk| Then

..........

yr ..... (W) N(log R)*
= Z I 0()’ ‘PWk+1D00g )

(5.1 S1= Z ( Z Aa...., dk)2: Z Ad,....diAer....er Z L.

N<n<2N diln+h;Vi dy,....dx N<n<2N
n=vy (mod W) €1,..,€k n=vy (mod W)
[d,-,e,-]ln+h,-\7’i

We recall that here, and throughout this section, we are using [a, b] to denote the least common
multiple of @ and b.

By the Chinese remainder theorem, the inner sum can be written as a sum over a single
residue class modulo g = W Hf;l [d;, e;], provided that the integers W, [d}, e1], ..., [dk, ex] are
pairwise coprime. In this case the inner sum is N/q + O(1). If the integers are not pairwise
coprime then the inner sum is empty. This gives

N < Ag...ade.... ’
(5.2) Si=3 0, =t 4 0 3 )
dy,....dx Hi_l [di’ ei] dy,....dx
€1,...,Ck €1,..sCk
where Z’ is used to denote the restriction that we require W, [dy, e1], ..., [dy, ] to be pairwise

...............

is non-zero only when []%, d; < R, the error term contrlbutes

(5.3) < 2.0 Tk(d)) < 22, R:(log R)*,

max max

d<R

which will be negligible.
In the main sum we wish to remove the dependencies between the d; and the e; variables.
We use the identity

1 1
5.4 - ;
G4 [di,ei]l  die; u%“e.cp(u)
to rewrite the main term as
/ld d/(/zel e

(5.5) — sﬂ(u) ot e ®

€158k

u,-ld,-,e,-Vl

We recall that A, 4 1s supported on integers dj,...,d; with (d;, W) = 1 for each i and
(di,d;) = 1 foralli # j. Thus we may drop the requirement that W is coprime to each of
the [d;, ;] from the summation, since these terms have no contribution. Similarly, we may
drop the requirement that the d; variables are all pairwise coprime, and the requirement that
the e; variables are all pairwise coprime. Thus the only remaining restriction coming from the
pairwise coprimality of W, [dy,ei],. .., [dk, e] is that (d;,e;) = 1 for all i # j.
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We can remove the requirement that (d;, e;) = 1 by multiplying our expression by 3., 4., 4(Si})-
We do this for all i, j with i # j. This transforms the main term to

A Lseees k/lel ..... ek
G0 va]q““ 2 (] we) 20 e

SSkk-1 1<i,j<k dy,....dx
1¢] €1 5eeny €k
u,-ld,-,e,-Vi

Si_j|di,ejVi¢j

We can restrict the Si.j to be coprime to uj and u;, because terms with s; ; not coprime to u; or
we can further restrict our sum so that s; j 1s coprime to s;, and s, ; for all a ;& Jj and b+i We
denote the summation over s ,, ..., si.—1 With these restrictions by }".

We now introduce a change of variables to make the estimation of the sum more straight-
forward. We let

Ad....d,
C3) ]medeILM

Loeeeslic
rild;Yi

This change is invertible. For dy, . .., d; with ]_[le d; square-free we find that

Z Vrire Z(n“(r')) Z €1 ,eensCh
k ! k
ook HI:MO(E') Floolk =1 T Hi:1 €;
dilriVi i|riVi rile;Vi
k
/le e, /ld od]
(5-3) = >, = ) [ [uow = 72—
€] 5ensCh Hi—l irla|'~"rk i=1 Hizlﬂi(di)dl
ilriVi
r,-tle;\v’l

Thus any choice of y,, _, supported on ry,...,r, with the product r = ]—If-‘:1 r; square-free
and satisfying » < R and (r, W) = 1, will give a suitable choice of A, 4. We let y,,, =
supr] v Vry...n- Now, since d/p(d) = X4 1/¢(e) for square-free d, we ﬁnd by taking ' =

..........

£ r:/d; that

k k 2
u(r:)
/lmax < sup ymax( dl) Z ( )
dy,....dy i=1 Flyeeostk i=1 (,0(1’,')
[1%, d; square-free djlri¥i

k
Hi: 1 r,-<R
k .
[T;=; ri square-free

k
di P Ti(r)
< Ymax sup (l;l M) rkR%{;l . (,0(7'/)

.15, d=1

ST ﬂ<d>2 3 M)

..... , @(r')
Do e o O R, 4
<r:n,-i1 dp)=1

2
(59) < e ) T <, g R

k
[1;~, di square-free

u<R
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In the last line we have taken u = dr’, and used the fact 7,(dr’) > 74(+’). Hence the error term
O(22, R*(log N)*) is of size O(y2,, R*(log N)*).

Substituting our change of variables into the main term (5.6)), and using the above
estimate for the error term, we obtain

: (@b
Si=w > nsa(u) D) ﬂg(z)g(b) PR

[ o | S1,2,8k k-1 1<i,j<k
(£}

(5.10) + 0( 2

2 4k
ViR (log RY),
where a; = u;[1;;;s;; and b; = u; [;4; si;. In these expressions we have used the fact that
we have restricted s; ; to be coprime to the other terms in the expression for a; and b;. For
the same reason we may rewrite p(a;) as p(u;) [ 1, u(si;), and similarly for ¢(a;), u(b;) and

@(b;). This gives us

( ')2 * ( i )
10 5025y ZIG), 5 (LG
z#]

We see that there is no contribution from s;; with (s;;, W) # 1 because of the restricted
support of y. Thus we only need to consider s;; = 1 or s;; > Dy. The contribution when
Sij > Dy is

4 ( ” 90(”)) ( Z SO(Si,j)z (s)2 WK D, .
(u,W)=1

5.12) <«

S,'wj>D()

Thus we may restrict our attention to the case when s; ; = 1 Vi # j. This gives

2 W) N(log R)*
(5.13) _N Z ..... O(ymast( k)ﬂ (logR) rznasz(logR)zlk)
,,,,, w(u) WD,
We recall that R?> = N("% < N'"20 and W <« N?, and so the first error term dominates. This
gives the result. O

We now consider S,. We write S, = ¥ _ S, where

m 2

(5.14) S = > xen+ by § Ady.t) -
N<n<2N  di,.., k
n=vy (mod W) d |n+h iVi

We now estimate S ;m) in a similar way to our treatment of S ;.

Lemma 5.2. Let
Ady...d
(m) oo k
Vi u(rig(r;) —_—,
‘ l_[ Z [T ¢(d)

.....

where g is the totally multiplicative function defined on primes by g(p) = p — 2. Let y%]x =

" |y(m) |- Then for any fixed A > 0 we have

..........

mo__N__ 3 ONn) o Ona)eW) 2 N(og N2\ of YinaxN )
i [T, g(ro) WDy (log NYA/
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Proof. We first expand out the square and swap the order of summation to give

(m) _
(515) S2m - Z &dl ..... dk/leq ..... ek Z XIP(” + hm)-
dy,....dx N<n<2N
€1,..,€k n=vy (mod W)
[d,-,e,-]ln+h,-\7’i

As with S, the inner sum can be written as a sum over a single residue class modulo g =
w Hf;l [d;, e;], provided that W, [d}, e1], ..., [dk, e;] are pairwise coprime. The integer n + h,,
will lie in a residue class coprime to the modulus if and only if d,, = e,, = 1. In this case the
inner sum will contribute Xy /¢(q) + O(E(N, q)), where

1
(5.16) EN,g)=1+sup| > xeln)——
(@g=1 N<n<2N ) Sty
n=a (mod gq)
(5.17) Xyv= ). xe(n).
N<n<2N

If either one pair of W, [dy, ], ..., [di, ex] share a common factor, or if either d,, or e, are not
1, then the contribution of the inner sum is zero. Thus we obtain

Ady...d ey
(5.18) s = e 1a,....d Aer...e |JE(N, )
¢<W> Z T eldeen | Zd -ad-al 0 0)
..... €1,...,€k

where we have written g = W Hle [d;, e;].

We first deal with the contribution from the error terms. From the support of 4,4, 4, We
see that we only need to consider square-free ¢ with ¢ < R?W. Given a square-free integer r,
there are at most 73,(r) choices of d,...,d;, ey, ..., e, for which W Hle[di, e;] = r. We also
recall from that A,4x < yuar(log R)*. Thus the error term contributes

(5.19) < Voallog R Y u(rPs(NEWN, 7).

r<R2W

By Cauchy-Schwarz, the trivial bound E(N, g) << N/¢(q), and our hypothesis that the primes
have level of distribution 6, this contributes for any fixed A > 0

(5200 <Y logR*( > urPrh(n— )1/2( D ueYEN, )" <2 narlV
" r<R2W $(r) r<R2W (log N)A

We now concentrate on the main sum. As in the treatment of S in the proof of Lemma
we rewrite the conditions (d;, ;) = 1 by multiplying our expression by > .., #(si ;). Again
we may restrict s; ; to be coprime to u;, u;, s;, and s, ; for all a # j and b # i. We denote the
summation subject to these restrictions by »,*. We also split the ¢([d;, ¢;]) terms by using the
equation (valid for square-free d;, e;)

1 1
5.21 = i)s
2D oldned)  e(d)e(e) ; ()
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where g is the totally multiplicative function defined on primes by g(p) = p — 2. This gives
us a main term of

: /11 ~~~~~ k/lel ..... ek
(5.22) (W) Z ]_[g(u)mz ([T wtsp) > m_

..... Uy Skh—1 1<i,j<k dy,....dx
i£j €lyeey €k
u;ld;,e; Vi
S,',_,'|d,',e_,'\7'l'¢j
dm=en=1

We have now separated the dependencies between the e and d variables, so again we make a
substitution. We let

..... d
(5.23) W = ﬂ(rl)g(rl —
r,'|d[Vl
dp=1
We note y\"” , = 0 unless r,, = 1. Substituting this into (5.22), we obtain a main term of
y(u) * u(sij) (m) (m)
(5.24) ([ =5 ) i
w(W) Z l—[ g(u;) MZ:*H i 8(Si )T
i#j

where a; = u; [];;; s and b; = u; [];;; si; for each 1 < j < k. As before, we have replaced
u(a;) with p(u;) [1;4; 1(s;;) (and similarly for g(a;), u(b;) and g(b;)). This is valid since terms
with a; or b; not square-free make no contribution.

We see the contribution from s; ; # 1 is of size

(V)N )2 Nkt pi(8)? k=11 (s )
< W) log ZR cw) (s ) 2 2(s:, P

wW)=1 $i.72Do
(5.25) « O ’p(W)N(log R}
' W1Dylog N '
Thus we find that

(m) 2 (m) \2 k-2 k-2 2
(m) (yul ----- Hk) (y max) QD(W) N (lOg R) y maxN
(5.26) S (W) Z T + 0 N )+O(—(1ogN)A)'

..... Ug

Finally, by the prime number theorem, Xy = N/log N + O(N/(log N)?). This error term
contributes

(5.27) <

_ OmaN D O G Pe(W)-2N(log R)*>
e(W)(log N)*\ &4 g(u) Wh-1 ;

(u,W)=1
which can be absorbed into the first error term of (5.26]). This completes the proof. O

Remark. In our proof of Lemmal(5.2lwe only really require Ay, . 4, to be supported ond,, ..., dx

satisfying [1;x;di < R for all j instead of [1%,d; < R. For k > 3, the numerical benefit of this
extension is small and so we do not consider it further.

Remark. As our result relies on the Bombieri-Vinogradov theorem, the implied constant in
the error term is not effectively computable. However, if we restrict the Ay, .4, to be supported
on d; which are coprime to the largest prime factor of a possible exceptional modulus of a
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primitive character then we can make this error term (and all others in this paper) effective
at the cost of a negligible error.

‘We now relate our new variables y » variables from §';.

..........

Lemma 5.3. Ifr,, = 1 then

yEA’;”) Z yrlv---srmfl»am»rerl ----- Tk + O(ymaxQD(W) log R).
e(am) WD,

.....

Proof. We assume throughout the proof that r,, = 1. We first substitute our expression (5.8)
into the definition (5.23)). This gives

u(d)d Yaro..a
(5.28) W = | |u(n)g<r, § ) Y, e
B G i P i [, e(a)

r,'|d,'\7'l a;vi

We swap the summation of the d and a variables to give

..... u(d;)d;
(5.29) yom o= [ ueer) —
! [I QZ;H”¢w>d;%II ¢ldi) -
rilaiVi dila;,rild;¥i
dm:]

We can now evaluate the sum over d, .. ., d; explicitly. This gives

k
Yay,..., ,u(ai)ri
(5.30) = (] [y _
- (lz:_ll )auiZ;;lk Hl 190(61) im e(a;)

,,,,,

1. Thus either a; = rj or a; > Dyr;. For j # m, the total contribution from a; # rj is

: pay)? u(an)? ()
< ymax(l;l g(ri)ri)(a _; o(a;)? )( L p(an) ) lrlk( | SD(Cli)Z)
oy (an)=1 iz

l—[ g(”z)’”z ymax‘p(W) log R ymax‘p(W) log R

5.31
(-31) (”:)2 WD, WD,

Thus we find that the main contribution is when a; = r; for all j # m. We have

(rl)rl yr wFm—1,m,t [y ymdx‘)D(W) logR
5.32 (m) — g LseeosPm=1>8msTm+15--5"'k + 0 .
G2 I = Loy Z oan) S, )

We note that g(p)p/¢(p)* = 1 + O(p~?). Thus, since the contribution is zero unless Hf: L Ti 18
coprime to W, we see that the product in the above expression may be replaced by 1+O(Dj").
This gives the result. O
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6. SMOOTH CHOICE OF y

We now choose suitable values for our y variables, and complete the proof of Proposition
4.1l

We first give some comments to motivate our choice of the y variables, which we believe
should be close to optimal. We wish to choose y so as to maximize the ratio of the main terms
of S, and §;. If we use Lagrangian multipliers to maximize this ratio (treating all error terms
as zero) we arrive at the condition that

(61) Qo(rl Z g(rm) (m)

..... (7’1 90(,, ) r1 wosFim=15 L3 i 15Tk

for some fixed constant A. The y terms are supported on integers free of small prime factors,
and for most integers r free of small prime factors we have g(r) ~ ¢(r) ~ r, and so the above
condition reduces to

k
~ (m)
(6.2) /lyrl """ ~ Z r Tm=1> L ey et

This condition looks smooth (it has no dependence on the prime factorization of the r;), and
should be able to be satisfied if y,, _,, 1s a smooth function of the r; variables. Motivated by
the above, when the product r = ]—[i-‘:1 r; satisfies (r, W) = 1 and u(r)> = 1 we choose

log ry log ry
6.3 o =F e, —— ),
©.3) riseon (logR logR)
for some smooth function F : R — R, supported on Ry = {(x1,...,x) € [0,1]F : 3F  x; <

1}. As previously required, we set y,, . = 0 if the product r is elther not coprime to W or is
not square-free. With this choice of y, we can obtain suitable asymptotic estimates for §; and
SH.

We will use the following Lemma to estimate our sums S| and S, with this choice of y.

Lemma 6.1. Let Ay, Ay, L > 0. Let 'y be a multiplicative function satisfying

0<7(p)<1_A1,

p

and

1

L< Z Y(p) ng—logz/wSAz
WSp<zZ

forany 2 < w < z. Let g be the totally multiplicative function defined on primes by g(p) =
Y(p)/(p—y(p)). Finally, let G : [0, 1] = R be smooth, and let G 4 = Sup 111G +|G' (D)).

Then |
Z,u(d) (d)G( d) S long G(x)dx + Ou, 4,(GLG ay)s
0

d<z

where

_M _1
G = ]_[1 (1 p).

Here the constant implied by the ‘O’ term is mdependent of G and L.

Proof. This is 3, Lemma 4], with « = 1 and slight changes to the notation. |
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We now finish our estimations of S| and S g”)

first estimate S ;.

, completing the proof of Proposition We

.....

on R, = {(xl,.. , Xx) € [0, 1]" Z, (X < 1}. Let

k

oF

Frax=  sup F(tcotl + ) It 10l
(11, ti)EL0, 1T = Ol

Then we have
e(W)EN(log R)*
Wk+1

1 1
Ik(F):fu-f F(ty,...,t)%dt, ...dt,

by Lemma. 5.1l This gives

S =

F2  o(W)N(log R)* )

I(F) + 0( WD
0

where

.....

p(u; ) 10g U log i \2 F2__o(W)*N(log R)*
64) S, = . o |
Y l Z l_l o(u; ) lOgR log R ) ( Wk D, )
(ul u]’) 1Vl¢]
(u;,W)=1Vi

We note that two integers a and b with (a, W) = (b, W) = 1 but (a, b) # 1 must have a common
prime factor which is greater than D,. Thus we can drop the requirement that (u;, u;) = 1, at
the cost of an error of size

Fo. N (u;)*
<<TZ > “(L;)

P|Mi,M/
(uj,W)=1Vi
6.5) - F .Y Z Z p(u)z)k - axgo(W)kN(logR)k
' = (p— D2 & p(u) WDy
(u,W)=1

Thus we are left to evaluate the sum

u(u; ) log u log uy\2
(6.6) yeens .
Zuk 1:[ go(u) logR logR)
(u; ,W)=1Vi

We can now estimate this sum by k applications of Lemma [6.1] dealing with the sum over
each u; in turn. For each application we take

Loptw,
6.7) V) = { PA

0, otherwise,

1
(6.8) L1+ Z 08P < log Dy,
214
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and A, and A, fixed constants of suitable size. This gives

2 (ﬁ pu)y plogm - loguye (W) QogRY,

U yeuey Uj i=1 So(ui) lOgR Y logR Wk
(ui,W)=1Vi

Frap(W)'(log Do)(log RY™!
Wk )
We now combine (6.9) with (6.4) and (6.5)) to obtain the result. o

(6.9) +0(

(W) N(log R)*"!
Wh+llog N

1 1 1
2
J,ﬁ’"kF):f---f(f F(ty,....t)dty) dty ... dty_dtys ... di.

Proof. The estimation of S ™ is similar to the estimation of S 1. We first estimate y(m) . We
recall that y(m) =0 unless r, = land r = Hf‘zl r; satisfies (, W) = 1 and u(r)> = 1, in
which case y

. 18 given in terms of y, . by Lemma We first concentrate on this case

..........

(m) _ (m)
S = J™(F)+ 0

maXQD(W)kN (log R)*
( Wk+1D B )’

where

.....

when y(m) # O. We substitute our choice (6.3) of y into our expression from Lemma
This gives
m  _ Z p(u)? F(log r logr,_; logu logry,. log rk)
y}’| ..... Tk - SD(I/[) IOgR,.'., lOgR ,IOgR, lOgR ,...,logR
(u,W Hl.=1 ri)=1
Fraxp(W)log R
(6.10) + o Lnet D Jog Ry
WD,

We can see from this that y%)x < e(W)F,..(logR)/W. We now estimate the sum over u in

(6.10). We apply Lemmal6.1] with
1’ W I'(— 2
61D ¥p)= { P WL

0, otherwise,

1 loglogR
(6.12) L<l+ Y logp _ <y 2L N %<<loglogN,
PIWTIL, ri peicgr P PIWTIL, ri ©8
p>logR

and with A, A, suitable fixed constants. This gives us

(m) _ ‘10( ) Qo(rl (m) Fmax‘p(W) log R
(6.13) Y = (logR) (ﬂ L+ O( =)
where
m ' odogr  logr,  logr.,.  logn
(6.14) F o= K s )dt,.
""" logR logR log R log R

Thus we have shown that if r,, = 1 and r = ]—[f-‘:1 r; satisfies (r, W) = 1 and u(r)> = 1 then

y" . is given by (6.13), and otherwise y" . = 0. We now substitute this into our expression
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from Lemma 5.2 namely

(6.15) S(zm) — N Z (y(m) rk)2 n 0((y)(7721)x)290(W)k_2N(10gN)k_z) 4 0( y%naxN )

e(W)logN 1%, g(r) Wk-1D, (log NYA”"
We obtain
(6.16)
(W)N(log R)* u(r)*e(r)? F} . o(W)YN(ogR)
S(m) — ¥ F(m) 2 O =max )
’ W?log N rZ 1—1[ g(rr? JERY + O WD, )
(ri, Vi/)’ 1V¥i =
(r,',rj):]\v’l:#j

rm=1

We remove the condition that (r;, 7;) = 1 in the same way we did when considering § ;. Instead
of (6.5)), this introduces an error which is of size

(6.17)
< PWIN(og R)’F a3 cp(p)“ (Y u(r)zsa(r)z - _ FaapV)'N(log N)*
W2log N 5 epypt/t GEE WDy '
(r,W)=1

Thus we are left to evaluate the sum

:u(ri)zgo(ri) ( ) 2
(6.18) S (] ey
FlseeosFm—15Ym+1 1---’rk(1§i§k g(rl)rl )
(i W)=1Vi Py

We estimate this by applying Lemma[6.1]to each summation variable in turn. In each case we
take

_ p?-3p+1
(6.19) yp ={ ! T PIW
0, otherwise,
lo
(6.20) L<1+Y 222 < 10eD,,
plwv
and Ay, A, suitable fixed constants. This gives
6.21 S(m) _ QD(W)kN(IOg R)k+1 J(m) 1) F,%wx(,D(W)kN(lOg N)k)
(6.21) 2 T Wh+l logN kot ( Wk+1D0 ’
where
1 1 pl 5
(6.22) Jm = f f (f F(t,.. .,tk)dtm) dty ...dty_dty., ... dt,
0 0 Jo
as required. O

Remark. If F(t,...,t;) = G(Zf.‘:1 t;) for some function G, then I,(F) and J,Em)(F) simplify to
L(F) = [ Gt dt/(k—1)! and J™(F) = [\([' G)dv)*#2dt/(k—2)! for each m, which
is equivalent to the results obtained using the original GPY method using weights given by

@3).

Remark. Tuo gives an alternative approach to arrive at his equivalent of Propositiond.1| His
approach is to define Ay, 4, in terms of a suitable smooth function f(t,...,t) as in [2.5).
He then estimates the corresponding sums directly using Fourier integrals. This is somewhat
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similar to the original paper of Goldston, Pintz and Yildirim [S]. Our function F corresponds
to f(ty,...,t) differentiated with respect to each coordinate.

7. CHOICE OF SMOOTH WEIGHT FOR LARGE k

In this section we establish part (3) of Proposition[d.3] Our argument here is closely related
to that of Tao, who uses a probability theory proof.

We let S; denote the set of Riemann-integrable functions F : [0, 1]¥ — R supported on
R = {(x1,...,x) € [0,11% : T8, x; < 1} with [(F) # 0 and J""(F) # 0 for each m. We
would like to obtain a lower bound for

Sk I(F)
(7.1) M, = sup =22k~ °
C e T L(F)

Remark. Let L, denote the linear operator defined by

k 1= iem i
(72) LkF(l/ll,...,uk) = Zf F(ul""’um—btm’ um+la-~-auk)dtm
m=1+0

whenever (uy,...,u;) € Ry, and zero otherwise. We expect that if F maximizes the ratio
Z’fn:l J,(Cm)(F )/ I (F), then F is an eigenfunction for L}, and the corresponding eigenvalue is
the value of ratio at F. Unfortunately the author has not been able to solve the eigenvalue
equation for Ly when k > 2.

We obtain a lower bound for M, by constructing a function F' = F; which makes the ratio
Zﬁ,:l J,((m)(F )/I(F) large provided £ is large. We choose F to be of the form

Loglkt), iYL <1,
otherwise,

(7.3) F(ty,....tx) = {0’

for some smooth function g : [0, c0o] — R, supported on [0, T']. We see that with this choice F'
is symmetric, and so J,(Cm)(F ) is independent of m. Thus we only need to consider J; = J,El)(F ).
Similarly we write I, = I;(F).

The key observation is that if the center of mass fow ug(u)*du/ fooo g(u)*du of g2 is strictly
less than 1, then for large k we expect that the constraints Zf-‘zl t; < 1 to be able to be

dropped at the cost of only a small error. This is because (by concentration of measure)
the main contribution to the unrestricted integrals I; = fo fo le g(kt)*dt, . ..dt;, and
Jy = J;) e fo ( fo le g(kty)dt,)?dt, . . . dt; should come primarily from when Zf: | ti 1s close
to the center of mass. Therefore we would expect the contribution when Y% # > 1 to be
small if the center of mass is less than 1, and so I; and J; are well approximated by I; and J;
in this case.

To ease notation we let y = fu -0 g(u)*du, and restrict our attention to g such thaty > 0. We
have -

0 k
(7.4) I, = f f F(ty,...,t)%dt ...dt, < ( f g(kt)zdt) = kT~
0
R

We now consider J;. Since squares are non-negative, we obtain a lower bound for J; if we
restrict the outer integral to Zf:z t; < 1 — T /k. This has the advantage that, by the support of
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g, there are no further restrictions on the inner integral. Thus

T/k _k )
(7.5) T > f f ( j; ([ [stken)dn) dzz ... .
i=1

12,0, 120
Sk, u<1-T/k

We write the right hand side of (7.5) as J; — E}, where

T/k _k )
J,;:fmf(fo ([ [ske)dn) as...dn
h i=1

250l =0

(7.6) = ( fo gtk ) fo gtkarar) ™ = fo g,
T/k _k )
E, = ff (fo ([ [stken)an) der...dx
i=1

t2,...,1x =0
Sk > 1-T/k
00 k
2
(1.7) =k f g(u)du) f f ([ [swn?)dus ... du.
0 u,...,ux =0 i=2
Zl.kzzu,->k—T

First we wish to show the error integral E} is small. We do this by comparison with a second
moment. We expect the bound (7.13)) for E; to be small if the center of mass of g? is strictly
less than (k — T")/(k — 1). Therefore we introduce the restriction on g that

7 ug(uydu T

=————X< .
Iy gw?du k

To simplify notation, we putnp = (k—T)/(k—1) —u > 0. If Zf-‘:z u; > k — T then Zf:z u; >
(k — 1)(u + i), and so we have

k
(7.9) 1< n—z(ﬁ Z u; — ,1)2.
i=2

(7.8) H

Since the right hand side of (7.9) is non-negative for all u;, we obtain an upper bound for E;
if we multiply the integrand by 7 2(X.*, u;/(k — 1) — ), and then drop the requirement that
Zle u; > k — T. This gives us

00 00 00 k ) k
(71.10)  E <kt fo gGwdu) fo fo (%— W) ([ ] ?)dus ... dus.
i=2

We expand out the inner square. All the terms which are not of the form u% we can calculate
explicitly as an expression in u and y. We find

24 k-1

V(2D ity 2u T T 2 —HY
7.11 —— - — + D7 )duy ... duy = .
(7.11) fo fo( T P ,U)(l;[g(u))uz =~
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For the u; terms we see that u7g(u;)* < Tu;g(u;)* from the support of g. Thus

(o] OO k (o]
(7.12) f f uﬁ(ﬂ g(u)?)dus ... duy < T f uig(u))du; = uTy*™".
0 0 ) 0

This gives
ety [ 2 Uy 2y Tk 2
(7.13) E.<n2k (fo g(u)du)(k_l - )< - ( 0 gudu) .

Since (k — 1)17* > k(1 — T/k — p)*> and u < 1, we find that putting together (7.4), (7.3), (7.6)
and (7.13)), we obtain

(7.14)

ke g(u)du)z( ) T
L fooo g(u)?du k(1 =T/k = pu)*”

o . . (T :
To maximize our lower bound (7.14)), we wish to maximize fo g(u)du subject to the con-

straints that fOT g(u)*du = y and fOT ug(u)*du = pry. Thus we wish to maximize the expression

T T T
(7.15) fo g(u)du — af fo g(uydu~y) - B( fo ug(uydu ~ jry)

with respect to @, and the function g. By the Euler-Lagrange equation, this occurs when
g—g(g(t) — ag(t)? — Btg(t)?) = O for all t € [0, T']. Thus we see that

1
7.16 )= ——— forO0<r<T.
(7.16) 0= "
Since the ratio we wish to maximize is unaffected if we multiply g by a positive constant,
we restrict our attention to functions g is of the form 1/(1 + A¢) for ¢ € [0, T] and for some
constant A > 0. With this choice of g we find that

’ _log(1 + AT) T, 1
(7.17) fo gudu = —=———. fo g(u)’du = Z(l_ 1+AT),
T
1
(7.18) fo ug(u)’du = E(log(l +AT) = 1+ - +AT).

We choose T such that 1 + AT = e* (which is close to optimal). With this choice we find
thatu = 1/(1 —e*)— A" and T < */A. Thus 1 — T/k —pu > A~'(1 = A/(e" — 1) — & /k).
Substituting (7.17) into (7.14]), and then using these expressions, we find that

k.]k A T AeA
e )= (1~ )
I, “1—e*4 k(1 = T/k — p)? k(1 —A/(eA = 1) — eA/k)?
provided the right hand side is positive. Finally, we choose A = logk — 2loglogk > 0. For k
sufficiently large we have

(7.19)

b

1 3 1
(ogh® )
k (log k)?
and so u < 1 — T /k, as required by our constraint (7.8)). This choice of A gives

T -1
(7.20) I-p-uzA (1

logk

m) >logk —2loglogk —2

kJ
721) M, > I—" > (logk — 2 loglog k)(1 -
k

when £ is sufficiently large.
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8. CHOICE OF WEIGHT FOR SMALL k

In this section we establish parts (1) and (2) of Proposition In order to get a suitable
lower bound for M; when k is small, we will consider approximations to the optimal function
F of the form

Pty,....t), if(t,....t) €R
8.1) F(tl,...,tk):{ (1 K, 1f (1 . ) € R

0, otherwise,
for polynomials P. By the symmetry of Y% _ 1J(m)(F ) and [;(F), we restrict our attention
to polynomials which are symmetric functions of t#,...,#. (If F satisfies L F = AF then
F, = F(o(t)),...,0(t)) also satisfies this for every permutation o of #,...,#. Thus the

symmetric function which is the average of F, over all such permutations would satisfy this
eigenfunction equation, and so we expect there to be an optimal function which is symmetric.)
Any such polynomial can be written as a polynomial expression in the power sum polynomials

P_Zzltj

Lemma 8.1. Let P; = Z'le ti denote the j" symmetric power sum polynomial. Then we have

al
ff(l— )Pdtl dt, = &+ bra)l Gy, j(k),

Gy () = b Z() z [z

r=1 br>1 =1
_ bi=b

where

is a polynomial of degree b which depends only onband j.

Proof. We first show by induction on & that

8.2 D AL o P @ [y

. _ f tidey ... dt, = = .

(8.2) fR f( Z )1:1[’ ! ¢ (k+a+2?=1ai)!
k

i=1

We consider the integration with respect to #;. The limits of integration are 0 and 1 — Zf:z L
for (f2, ..., 1) € Ri_1. By substituting v = £, /(1 — Y.*, ;) we find

k

1-35, 4 k k a+a +1
1- t; “’ dt; = 1 t; (1 =v)*““dy
[0 S-S [

i=1 =

k

alaq! k a+a1+1
8.3) ~a+a @raaT 1)'(H )1 =D 0)

i=2 i=2

Here we used the beta function identity fo (1 = )bdt = a'b!/(a + b + 1)! in the last line. We
now see (8.2) follows by induction.
By the binomial theorem,

(8.4) Ph= % ,?b !bi! ﬁ i,
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Thus, applying (8.2), we obtain

, bla! 7 b
8.5) f f(l—Pl)Pdtl U= Grar Z U b

S

For computations b will be small, and so we find it convenient to split the summation depend-
ing on how many of the b; are non-zero. Given an integer r, there are (1;) ways of choosing r
of by, ..., b, to be non-zero. Thus

(8.6) Z ]_[(’b)' Zb:() > ]_[(]b)'.

b1 =1
zi-‘ \bi=b Zl | bi=b

This gives the result. O

It is straightforward to extend Lemma8.1]to more general combinations of the symmetric
power polynomials. In this paper we will concentrate on the case when P is a polynomial
expression in only P, and P, for simplicity. We comment the polynomials G, ; are not prob-
lematic to calculate numerically for small values of 5. We now use Lemma to obtain a
manageable expression for [;(F) and J,(Cm)(F ) with this choice of P.

Lemma 8.2. Let F be given in terms of a polynomial P by (8.1)). Let P be given in terms of a
polynomial expression in the symmetric power polynomials P, = Zle tiand P, = Zle tl.2 by
P = Z?zl a;(1 - Pl)b"P;" for constants a; € R and non-negative integers b;, c;. Then for each
1 <m < kwe have

(Di + b))!Gpie;2(k)
I F — a; J ,
(= ), WU+ b+ by + 26, + 2¢))]

1<i,j<d
C Vb, bj.cincjsc c +c/ Z(k )
J(m) F Jj i-C s Py
e (F)= Z aa]ZZ(C )(c)k+b +b; +2c,+2c + 1
1<i,j<d ¢j=0¢, 17372 J
where
bilb;!(2c; — 2c)!2cj — 2 (bi + bj + 2¢; + 2¢; — 2¢] — 2¢), + 2)!
Yo, bj,ciCjisc] cé = )

(bj +2¢; = 2¢} + DI(b; + 2¢j — 2¢, + 1)!
and where G is the polynomial given by Lemma8.1]

Proof. We first consider I;(F). We have, using Lemma[3.1]

I(F) = f f P ...di = ) aa f f (1= PP ids, . diy

1<i,j<d
(i + b))!G i 2(k)
8.7 = : :
@7 Z WK+ by + b, + 26, + 2c )1

1<i,j<d
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We now consider J,Em)(F ). Since F is symmetric in ¢, . . ., t; we see that J,(c'”)(F ) is independent
of m, and so it suffices to only consider J (1)(F ). We have

k

1-35, 4 ¢ k =35, 4
fO 2t(l—Pl)ngdtl Z ; Zt f 8 I—Zti)btf"‘z"'dt]

c’=0 i= i=1

Cc

1
— Z C/ (P/Z)C'(l _ Pl] )b+20—2€’+1 f (1 _ u)bMZC—ZC’du
C 0

=0

S(c , ey b1Q2c=20)!
8.8 — P/ (4 1 _ Pl b+2c-2c"+1 ,
¢ C,Z;)c'(z)( v (b+2c—2¢" + 1)

where P/ = ¥}, t;and P, = 3, 2. Thus

d _yk ;
(fol th1)2 _ (Z . fl Lot (1- Pl)b"Pg"dh)z
Z a;a; Z Z (Cl)(cj)(P/ c +c2(1 P )b i+bj+2ci+2¢=2¢] =2¢5+2

1<i.j<d ¢|=0¢)=
bi'b;!(2c; — 2c)!(2c;j — 2¢))!
(b +2¢; = 2¢) + Db + 2¢; — 2¢, + DI
Applying Lemma 8.1 again, we see that

_ p'\bprN _ b! _
(8.10) f f(l POPY dty i = G Gealk = 1),

Ri-1

Combining (8.9) and (8.10) gives the result. o

We see from Lemma that I(F) and Z’,‘nzl J,((m)(F ) can both be expressed as quadratic
forms in the coefficients a = (ay,...,a,) of P. Moreover, these will be positive definite real
quadratic forms. Thus in particular we find that
et JU(F)  aTAja

L(F)  aTAa’
for two rational symmetric positive definite matrices A;, A,, which can be calculated explicitly

in terms of k for any choice of the exponents b;, ¢;, Maximizing expressions of this form has
a known solution.

(8.9)

(8.11)

Lemma 8.3. Let Ay, A, be real, symmetric positive definite matrices. Then

a’Aa

a’Aa
is maximized when a is an eigenvector of AIlAz corresponding to the largest eigenvalue of
A['As. The value of the ratio at its maximum is this largest eigenvalue.

Proof. We see that multiplying a by a non-zero scalar doesn’t change the ratio, so we may
assume without loss of generality that a’ Aja = 1. By the theory of Lagrangian multipliers,
a’ A,a is maximized subject to a’A;a = 1 when

(8.12) L(a, ) =a’Aa— A@’A;a—-1)
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is stationary. This occurs when (using the symmetricity of Ay, A,)

oL
(8.13) 0= P ((2A2 = 24Ay)a);,
a;
for each i. This implies that (recalling that A, is positive definite so invertible)
(8.14) A7'Asa = 2a.
It then is clear that a”’A;a = 1 'a’ Aa. O

Proof of parts (1) and (2) of Proposition To establish Proposition we rely on some
computer calculation to calculate a lower bound for M;. We let F be given in terms of a
polynomial P by (8.I). We let P be given by a polynomial expression in P; = Y~ # and
P, = Zle tl.2 which is a linear combination of all monomials (1 — Pl)”P; with b + 2¢ <
11. There are 42 such monomials, and with £k = 105 we can calculate the 42 x 42 rational
symmetric matrices A; and A, corresponding to the coefficients of the quadratic forms I;.(F)
and 22:1 J,(cm) (F). We then ﬁn that the largest eigenvalue of AIIAZ is

(8.15) A~ 4.0020697... > 4.

Thus M,os > 4. This verifies part (2) of Proposition 4.3l We comment that by taking a
rational approximation to the corresponding eigenvector, we can verify this lower bound by

calculating the ratio 3% _, J,(('")(F )/I(F) using only exact arithmetic.
For part (1) of Proposition[4.3] we take k = 5 and

7 , 1 3
(816) P—(l_Pl)PZ"'E(l_PI) +ﬁpz—ﬁ(l—P1).

With this choice we find that

St IV (F) 1417255
I(F) 708216

This completes the proof of Proposition 4.3] O

> 2.

(8.17) Ms >
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