EQUIVARIANT D-MODULES ON RIGID ANALYTIC SPACES

KONSTANTIN ARDAKOV

ABSTRACT. We define coadmissible equivariant D-modules on smooth rigid
analytic spaces and relate them to admissible locally analytic representations
of semisimple p-adic Lie groups.
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2 KONSTANTIN ARDAKOV

1. INTRODUCTION

Let K be a non-archimedean field of mixed characteristic (0,p), and let L be a
finite extension of Q, contained in K. In a series of papers including [62, [64] [63, [65],
Schneider and Teitelbaum developed the theory of locally analytic representations
of an L-analytic group G in locally convex (usually infinite dimensional) topological
vector spaces over K. These kinds of representations of G arise naturally in several
places in number theory, for example in the theory of automorphic forms [26] and in
the p-adic local Langlands program [18[20,[25]. Many of these representations enjoy
an important finiteness condition called admissibility, introduced in [65]; almost
by definition, the category of admissible locally analytic representations of G is
anti-equivalent to the category of coadmissible modules over the locally L-analytic
distribution algebra D(G, K) of G.

We would like to better understand these representations using the theory of D-
modules. The Lie algebra g of G acts naturally on every D(G, K)-module V; when
g is semisimple, it is then possible to localise the g-module V' to the flag variety
of the corresponding algebraic group in the sense of Beilinson and Bernstein [9]
without losing too much information about the g-action on V' in the process: for
example, localisation yields an equivalence of categories between the category of g-
modules with trivial infinitesimal central character and the category of D-modules
on the flag variety that are quasi-coherent as O-modules in the Zariski topology.

In the setting of infinite-dimensional representations of complex Lie groups, this
(purely algebraic) method of localisation was used in a spectacular way by Beilinson-
Bernstein [9] and Brylinski-Kashiwara [19] to prove the Kazhdan-Lusztig conjec-
tures [41]. However, applying the algebraic localisation functor D ®y () — directly
to a coadmissible D(G, K)-module V' only remembers information about the un-
derlying g-action on V and completely forgets about the G-action. Slightly less
naively, it is possible to remember the G-action on the localised D-module in the
form of a G-equivariant structure; however this still forgets the natural topology
carried by V as well as the coadmissibility of V', and it is not reasonable to expect to
be able to give a purely local characterisation of the essential image of coadmissible
D(G, K)-modules under this functor.

To address these topological issues, consider the closure U(gg) in D(G, K) of the
enveloping algebra U(gx ), where gi := g®p, K. This is the Arens-Michael envelope
of U(gk) considered by Schmidt in [57, £9]. It was observed already in [64] that
this closure consists precisely of non-commutative formal power series ", cna AaX,
where {z1,...,24} is any K-basis of gx and {)\, : a € N4} C K, that converge
everywhere in the sense that no matter how large the real number R > 0, we still

have |A\o|R!® — 0 as @ — co. In a more invariant formulation, U(gx) is naturally

in bijection with the K-vector space O(g}"®) of rigid analytic functions converging
everywhere on the rigid analytification g7"® of the affine variety g}, = Spec S(g).

*,rig

Thus, U(gx) is a “rigid analytic quantisation” of g2"'® in the same way that U(gx)
is an “algebraic quantisation” of gJ.

In a series of recent papers [3| [8 [7, 4], we have introduced a sheaf of rings D of
infinite order differential operators on any smooth rigid analytic space X. This sheaf
is morally a “rigid analytic quantisation” of the cotangent bundle 7*X, in the same
way that the sheaf of finite order differential operators Dx on any complex smooth
algebraic variety X is an algebraic quantisation of 7*X. We also introduced the
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abelian category Cx of coadmissible D-modules on X and showed that it behaves in
several ways analogously to the category of coherent D-modules on complex smooth
algebraic varieties.

The purpose of this paper is to introduce the category Cx o of coadmissible
G-equivariant D-modules on any smooth rigid analytic space X equipped with a
continuous actiorﬂ of a p-adic Lie group G. As the notation suggests, we would like
to think of an object in this category as a sheaf on the quotient space X/G. Since
X and G live in different categories — one is a set equipped with a Grothendieck
topology, the other is a topological group — a little care is required to make sense
of this. The category of abelian sheaves Abx on the rigid analytic space X is
equivalent to the category of abelian sheaves Abx on an honest topological space
X, namely the Huber space X := P(X) — see, for example, [30] [68]. By the
functoriality of this construction, the action of G on X induces a continuous action
of G on X, and we then have at our disposal the topological space X/G consisting
of the G-orbits of X, equipped with the quotient topology, as well as the abelian
category Abyx ¢ of abelian sheaves on X/G. Following Grothendieck [29], we regard
the category G-Abx of G-equivariant abelian sheaves on X to be a better-behaved
enhancement of Aby,g: there is always the forgetful functor G-Abx — Abx/q.
Our category Cx/q is a certain subcategory of G-Abx.

To define Cx /¢, we proceed in several steps, broadly analogously to [§]. First,
we consider the case where the pair (X, G) is small; roughly speaking EL this means
that the variety X is affinoid and the group G is compact. Whenever (X, G) is
small, in we introduce a K-Fréchet algebra

D(X,G)

which is a particular K-Fréchet space completion of the abstract skew-group algebra
D(X) x G. This construction is partly motivated by the fact that the locally
analytic distribution algebra D(G, K) can be viewed as a particular K-Fréchet
space completion of the abstract skew-group algebra Ul(g K) x G. In the case where
the group G is trivial, ’D(X G) reduces to the algebra D( ) from [8] and in the
case where X is a one-point space, D(X, G) reduces to the algebra D> (G, K) of
locally constant distributions on G from [62].

Theorem A. 6(X, G) is Fréchet-Stein whenever (X, Q) is small.

When the ground field K is discretely valued and either X or G is trivial, this is
a special case of results in [§] or [65], respectively. However, we give a completely
new proof that is powerful enough to deal with the case where the valuation of K
is not necessarily discrete, using deep results of Raynaud and Gruson [54].

After Theorem [A] and the constructions of [65], we have at our disposal the

abelian category C5x o) of coadmissible ﬁ(X,G)—modules. Still when (X, G) is
smalf} we construct in §3.4]3.5| a localisation functor

Loc : Cﬁ(X,G) — G—Dx—mod

lsee Definition [3.1.8
2see Definition [3.4.4]
3in fact, we define this localisation functor in a greater generality that will prove useful later
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from coadmissible 73(X, G)-modules to G-equivariant D-modules on X. This func-
tor is not full in general: for example, if X is a one-point space, the localisation func-
tor is then simply the restriction functor along the inclusion K[G] — D*(G, K).
In order to address this issue, we observe that the sections Loc(M)(U) of our lo-
calised sheaf Loc(M) over sufficiently small affinoid subdomains U of X carry a
natural Fréchet-space topology, being (by construction) coadmissible modules over
the Fréchet-Stein algebra ﬁ(U, H) for any compact open subgroup H of G stabil-
ising U. This leads us to consider the category Frech(G — Dx) of G-equivariant
locally Préchet D-modules for any pair (X, G), which, roughly speaking, allows us to
keep track of these Fréchet-space topologies on local sections over sufficiently small
affinoid subdomains of X. Our localisation functor takes values in Frech(G — Dx),
and for general (X, G) we define Cx ¢ to be the full subcategory of Frech(G —Dx)
whose objects are locally isomorphic to a sheaf of the form Loc(M) — see Definition
and Remarks for more details. Here is a summary of its properties.

Theorem B. Let G be a p-adic Lie group acting continuously on the smooth rigid
analytic space X, let H be an open subgroup of G and let' Y be a G-stable admissible
open subset of X.

(a) There is a faithful forgetful functor Cx,q — Cx/m-

(b) There is a forgetful functor Cx;c — Cy/c-

(c) Whenever (X, G) is small, the localisation functor

Loc : Cﬁ(X,G) — CX/G

is an equivalence of categories, with quasi-inverse I'(X, —).
(d) Cx,q is an abelian category.

We can now state our main result: an equivariant Beilinson-Bernstein locali-
sation theorem for admissible locally analytic representations. Recall that a gx-
module V is said to have trivial infinitesimal central character if the central elements
in U(gx) that annihilate the trivial representation also annihilate V.

Theorem C. Let L be a finite extension of Q, contained in K, let G be an affine
algebraic L-group such that Gg := G ®p K is connected and split semisimple, and
let G be an open subgroup of G(L). Then there is an equivalence of categories

admissible locally L—analytic
K—representations of G
with trivial infinitesimal
central character

. op
coadmissible

G—equivariant
D—modules on X

I

where X := (Gx /B)"8 is the rigid analytic flag variety associated with G .

In fact, in Theorem|[6.4.9]below we establish a more general version of Theorem [C]
where the hypothesis on the group G is significantly relaxed. This involves defining
a generalisation ﬁ(g K, G) of the locally analytic distribution algebra D(G, K) that
is a certain completion of the usual skew-group algebra U(gx) % G.

One invariant that emerges from our theory is the support of the coadmissible
G-equivariant D-module that is the localisation of some coadmissible D(G, K)-
module. This is a priori a G-stable subset of the Huber space P((Gx/B)"#),
and evidently two coadmissible D(G, K)-modules cannot be isomorphic if their lo-
calisations have distinct support. In our forthcoming work [2] we will construct
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examples of objects in Cx g having prescribed support. We also hope that the the-
ory developed in this paper will eventually shed some light on the locally analytic
representations that appear in the p-adic local Langlands program: for example,
it should be possible to prove the coadmissibility of the global sections of Drinfeld
coverings of the p-adic upper half plane as modules over the locally analytic dis-
tribution algebra of GLo(L) for any finite extension L of Q, using the rigid-local
methods of this paper. This was established by Dospinescu and Le Bras in [24] in
the case where L = Q, using Cerednik-Drinfeld uniformisation and Colmez’s p-adic
local Langlands correspondence.

Several works on locally analytic Beilinson-Bernstein localisation have already
appeared. This paper can be viewed as a natural continuation and enhancement
of our earlier work [5] with Simon Wadsley. That paper contains a localisation
equivalence for certain Banach-algebra completions of U(gx) and is concerned with
formal completions of flag varieties defined over a discrete valuation ring along the
special fibre. In [58], Tobias Schmidt explained how to use the constructions of
[5] to give a localisation equivalence for D(G, K). However, because the sheaves
appearing in [5, [68] only live on the smooth formal model of the rigid analytic flag
variety, they cannot immediately see the support of the localised D-module on the
rigid analytic flag variety itself. In a series of papers [51} 52} [39] [38] [37], Christine
Huyghe, Deepam Patel, Tobias Schmidt and Matthias Strauch address this issue
and localise coadmissible D(G, K)-modules onto the rigid analytic flag variety by
regarding it as an inverse limit of all possible G-equivariant formal models. We
expect that their construction can be shown to agree with ours; however they do not
give a local characterisation of the essential image of their localisation functor. Close
to the end of the preparation of this paper, we discovered that in her Chicago PhD
thesis [27], Tianqgi Fan develops yet another version of locally analytic localisation.
Whilst formally different and perhaps lighter on the details, her approach is much
closer to ours than those of [58, 52 B7]. We would like to remark at this point
that the statements of the main results of this paper were already presented by the
author at a conference in Miinster in January 2013.

Let us now make some comments on several technical aspects of this paper, that
may in part justify its length. As we have mentioned already, we do not assume
that our ground field is discretely valued. A large part of §4] is concerned with
extending the results from [§] to this more general setting. Just like [52} [37], we do
not make any restrictions on the prime p in contrast to our earlier work [5]; since
we rely on the main constructions of [5] we extend the results of that paper to any
(p, K) in § Although every coadmissible G- equlvarlant D-module in our sense is
also naturally aD- module, it will not be a coadmissible D-module unless the group
G is finite. Because of this, we chose to work with equivariant D-modules instead
of equivariant D-modules for simplicity. We work with general, not necessarily
compact, p-adic Lie groups G: also, the algebraic group G appearing in Theorem
[C] and the p-adic Lie group G appearing in Theorem [6.4.9] do not need to be split
semisimple. In order to keep the length of this paper down, we do not mention
equivariant twisted D-modules or non-trivial infinitesimal central characters; these
are treated in the Oxford DPhil thesis of Richard Mathers [46].

Acknowledgements. 1 would like to thank Michael Harris for the invitation to a
very inspiring workshop in Cérdoba, Argentina in 2011 and mentioning the words
‘G-equivariant D-modules’ whilst there. Thank you also to Ahmed Abbes, Oren
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Ben-Bassat, Joseph Bernstein, Thomas Bitoun, Florian Herzig, Kobi Kremnizer,
Arthur-César Le Bras, Vytas Paskunas, Tobias Schmidt, Peter Schneider, Matthias
Strauch, Otmar Venjakob and Simon Wadsley for your interest in this work.

I am very grateful to Peter Schneider and all the participants of his 2018 Obersem-
inar for studying this paper and correcting some inaccuracies. Finally, I would like
to thank the anonymous referee for providing several useful suggestions.

2. ALGEBRAIC BACKGROUND

Throughout this paper, K will denote a field equipped with a complete non-
archimedean norm |- |, R := {\ € K : |\| < 1} denotes the unit ball inside K and
m € R is a fixed non-zero non-unit element.

2.1. Enveloping algebras of Lie-Rinehart algebras. Let R be a commutative
ring, let A be a commutative R-algebra and let L be an (R, A)-Lie algebra [8], §2.1].
Recall that L is a left A-module and A is a left L-module via the anchor map oy,
of L. We denote these actions by

(a,v) = a-v and (v,a)—v-a=op(v)(a) forall ae€ Ave L.
We recall the details of the following important construction.
Construction 2.1.1. There is an associative algebra U(L) canonically associated
with L, called the enveloping algebra of L. It can be constructed as the quotient of

the free associative R-algebra (A, L) generated by the ring A and the abelian group
L, by the two-sided ideal J generated by

(1) {vw-wv—[|v,w], va—av—-v-a, a-v—a v,w € Lya € A}.

v
Here @ and T denote the images of a € A and v € L in (A, L), respectively.
The algebra (A, L) carries a natural positive filtration Fq(A, L) given by

FjA Ly =T
i<j

with the convention that I = A. We will denote the quotient filtration in U (L) =
(A,L)/J by FU(L), and the natural maps A — U(L) and L — U(L) by i4 and
i1,, respectively.

We recall universal property of U(L) from [8] §2.1].

Lemma 2.1.2. Let S be an associative R-algebra, and let jo: A — S, jp: L — S
be homomorphisms of R-algebras and R-Lie algebras, respectively. Suppose that

jo(av) = ja(a)jr(v) and [jr(v),ja(a)] =ja(v-a) forall ae€ AveL.

Then there exists a unique R-algebra homomorphism ¢: U(L) — S making the
following diagram commute:

AeL
) . l Jja®jL
1ADIL

U(L) —— 5.

Definition 2.1.3. Let ¢ : A — A’ be an R-algebra homomorphism, let L be an
(R, A)-Lie algebra and let L’ be an (R, A’)-Lie algebra. Then ¢ : L — L' is a
p-morphism if
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e ¢ is a homomorphism of R-Lie algebras,

@(a-v) = ¢(a) - §(v),
P(v) - pla) = p(v-a), for all a € A,v € L.

Example 2.1.4. Suppose that ¢ : A — A’ is an R-algebra isomorphism, let
L = Derg(A) and L' = Derg(A’), viewed as an (R, A)-Lie algebra (respectively,
(R, A")-Lie algebra) with the identity anchor map. Then

$:L— L, v povop !

is a p-morphism.

It is straightforward to verify that if A —2 A’ Ly A are R-algebra homo-
morphisms, ¢ : L — L’ is a ¢-morphism, and ¢ : L' — L” is a t¢-morphism,
then 1/?95 : L — L"” is a ¥p-morphism. In this way, pairs (4, L) consisting of a
commutative R-algebra A and an (R, A)-Lie algebra L naturally form a category
L AR, where a morphism (A4, L) — (A, L) is a pair (¢, @) where ¢ : A — A’ is an
R-algebra homomorphism and ¢ : L — L’ is a p-morphism. In particular, we have
at our disposal the automorphism group

Aut(A, L)
for every (R, A)-Lie algebra L.

Definition 2.1.5. Let G be a group. An action of G on the (R, A)-algebra L is a
group homomorphism G — Aut(A, L).

Example 2.1.6. Let A be a commutative R-algebra and let L = Derg(A). Suppose
that p : G — Autgr(A) is an action of the group G on A by R-algebra automor-
phisms, and for every g € G, let p(g) := p(.g) : L — L be the p(g)-morphism defined
in Example Then (p, p) : G — Aut(A, L) is a G-action on L.

Lemma 2.1.7. Let ¢ : A — A’ be a ring homomorphism, let L be an (R, A)-Lie
algebra and let L’ be an (R, A’)-Lie algebra. Then every @-morphism ¢ : L —
L’ extends uniquely to a filtration-preserving R-algebra homomorphism U(p, ) :
U(L) — U(L') which makes the following diagram of R-modules commute:

A@L%A’@L’

iA@iL\L liA’@iL’

UL) —=U(L).
Ul(p,®)

Proof. This follows immediately from Lemma [2.1.2 O

Thus U(—) is a functor from ZZp to the category of positively filtered associa-
tive R-algebras. We denote the group of filtration-preserving R-algebra automor-
phisms of U(L) by Aut U(L).

Remark 2.1.8. Recall that the (R, A)-algebra L is said to be smooth if it is finitely
generated and projective as an A-module. It can be shown that if L is smooth, then
the group homomorphism Aut(A4, L) — AutU(L) is injective, and in fact there is
a semi-direct product decomposition

AwtU(L) = Dery (L, A) x Aut(A, L).
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Corollary 2.1.9. Every G-action on L extends to a G-action on U(L) by filtration-
preserving R-algebra automorphisms, and we may form the skew-group ring

U(L) % G.
2.2. Trivialisations of skew-group rings. Let S be a ring and let G be a group

acting on S by ring automorphisms from the left. We denote the result of the group
action of g € G on s € S by g -s. Then we may form the skew-group ring

SxG@G.
This is a free left S-module with basis G, and its multiplication is determined by
(2) (sg)-(s'g") = (s(g-5))(gg’) forall s,s €S, g,¢¢€G.

See, for example, [50, Chapter 1] for more details about this construction. Note
that the basic relation

gsg l=g-s forall geG,seS

holds in the ring S x G.

Definition 2.2.1. Let S x G be a skew-group ring. A trivialisation is a group
homomorphism 8 : G — S* such that for all g € G, the conjugation action of
B(g) € S* on S coincides with the action of g € G on S.

Lemma 2.2.2. If §: G — S* is a trivialisation, then there is a ring isomorphism
B:8[G] = SxG
given by 3(s) = s for all s € S and 3(g) = B(g) g for all g € G.
Proof. Let g,h € G. Since B is a group homomorphism,
Blg)B(h) = (B(9)""g) Bh)~'h = B(h)~" (B(9)~'g) h = B(gh)

because 3(g)"1g € S x G commutes with all elements of S by assumption. Thus B
is a well-defined ring homomorphism. Because 3 is left S-linear by definition, and
because it sends the left S-module basis G for S[G] to an S-module basis for S x G,
it is a bijection. O

In general, skew-group rings do not admit trivialisations: a skew-group ring may
well be simple as a ring — see, for example, [47, Proposition 8.12] — whereas the
group ring S[G|] always has the augmentation ideal which is non-trivial whenever G
has more than one element. However it may happen that the sub-skew-group rings
S x N for sufficiently small normal subgroups N of G do admit trivialisations.

Definition 2.2.3. Let N be a normal subgroup of G, and suppose that §: N — §*
is a trivialisation of the sub-skew-group ring S x N.

(a) We define
SxG
S Nfi, G:= = .
(SxG)-(B(N)—1)
(b) We say that 8 is G-equivariant if
Bn)=g-B(n) forall ge G and ne€ N.

Here 9n := gng~! denotes the conjugation action of G on N.

Note that S ><11’i, G is a priori only a left S x G-module.
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Lemma 2.2.4. Suppose that N is a normal subgroup of G, and that §: N — §*
is a G-equivariant trivialisation. Then

(a) S N]Bv G is an associative ring.

(b) S x?v G is isomorphic to a crossed product S * (G/N).

Proof. Let G := G/N. Then S x G is isomorphic to some crossed product of
S x N with G by [50, Lemma 1.3]. It follows from Lemma that the image
I:=(SxN)-(B(N)—1) of the augmentation ideal of S[N] in S x N under f is a
two-sided ideal in S x N. This ideal is stable under conjugation by G inside S x G
because the trivialisation g is G-equivariant:

gB(n)g™" = (g-B(n)) " In=B(°n)~" 9n=B(“n) forall geG,néeN,

Now S x]’i, G is the factor ring of S x G = (S x N) * G by the two-sided ideal
IxG, and (S x G)/(I*G) = ((Sx N)/I)*G by [50, Lemma 1.4(ii)]. Finally,
(S % N)/I=S[N]/S[N](N —1) =S by Lemma[2.2.2] O

It follows that the natural map S — S ><1§3\, G is always injective, and we will
always identify S with its image in S X?v G. Letting

(3) v G — (8 x5 G)*

be the group homomorphism which sends g € G to the image of g € S X G in
S ><1§3V G, we see that every element of S ><11‘i, G can be written as a sum of elements
of the form sv(g) for some s € S and g € G. Note that we also have the following
relations in .S x]’i, G:

(4) v(g) s v(g)_1 =g-s forall seS,g€q,

(5) sv(g)=57¢) & ggleN and s=5B(dg").

Lemma 2.2.5. Let N < H be normal subgroups of G, and let 5 : N — S* be a
G-equivariant trivialisation.

(a) There is a G-action on S x7 H which satisfies
g-(svy(h)=(g-s)y(?h) forall geG,se€ S heH.
(b) The map v: H — (S ><11ﬁv H)* is a G-equivariant trivialisation.

Proof. (a) Note that § is also an H-equivariant trivialisation, so we may form
the crossed product S N]ﬁv H. The skew-group ring S x G contains S x H as a
subring, and conjugation by G inside S x G preserves S x H setwise because H is a
normal subgroup of G. Because 3 is G-equivariant, the ideal of S x H generated by
B(N) — 1 is stable under this conjugation action of G, so it descends to a G-action
on S xﬁ, H by ring automorphisms. This action is given explicitly in the statement
of the Lemma.

(b) Using together with the fact that ~ is a group homomorphism, we see
that for any s € S and h,h’ € H we have

¥(h) sy(B') v(h) ™t = A (R)sy(h) Py ("R) = (- s)y("h') = h- (s9(R')).

Hence 7 is a trivialisation of the H-action on S Nzﬁv H. Tt is G-equivariant because
Y(9h) = v(9)y(h)y(9)~" = g - v(n), by [©). O
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Using Lemma [2.2.5] and Definition 2.2.3] we form the iterated crossed product
(S x5 H) %}, G
whenever N < H are normal subgroups of G, f : N — S* is a G-equivariant
trivialisation, and v : H — (S ><1§3V H)* is given by .

Proposition 2.2.6. Let N < H be normal subgroups of G and let 3 : N — §*
be a G-equivariant trivialisation. Then there is a natural ring isomorphism

B (S xh H) %), G = S x5 G.

Proof. It follows from Lemma (b) that there is a natural inclusion S ><1]ﬁv H—
S X]IBV G, and we will identify S ><1 H with its image in S ><1ﬁ, G under this inclusion.
Using (4) together with the universal property of the skew-group ring (S >4’]BV H)xG,
we obtain a ring homomorphism
o: (SxHYxG — S§x%a
ug = uy(g) for all uESN’]B\,H, g €G.
For any h € H, ¢ sends the element v(h)h~! of (S Nzﬁv H) x G to 1, so ¢ descends
to a ring homomorphism
: (S H)x, G — Sx%aG
sv(h) 0(g) —  sv(hg) forall se€S he Hgecd,
where 6 : G — ((S xf’v H) %%, G) “is the group homomorphism which sends g € G
to the image of g € (S x5 H) x G in (S x5 H) %7, G.
In the other direction, there is a ring homomorphism
Y SxG — (Sx5 H)x} G
sg — s6(g) forall se€S,g€qG.
For any n € N, 9 sends the element 8(n)n~=! € S x G to 1, so it descends to a ring
homomorphism
U: Sxb G — (x5 H)x), G
sy(g) s6(g) forall seS,geG.

It is now straightforward to verify that ® and ¥ are mutually inverse. (I

Finally, we record a useful result on the functoriality of our construction S N]ﬂv G.

Lemma 2.2.7. Let f: S — S’ be a ring homomorphism, and let 7 : G — G’ be a
group homomorphism. Suppose that G acts on S and G’ acts on S’. Let N, N’ be
normal subgroups of G, G’ respectively, and let §: N — S* and ' : N’ — S’* be
equivariant trivialisations. Suppose that:

e 7(N)C N/,

e f(g-s)=7(g9) f(s) forall g € G,s € S, and

o fXoB=pory.

Then f and 7 extend to a ring homomorphism
Fxr: Sx3G— 8%, &

which is an isomorphism whenever f and 7 are bijective, and 7(N) = N'.
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2.3. Equivariant sheaves on G-topological spaces. Let X be a set equipped
with a Grothendieck topology in the sense of [I2], Definition 9.1.1/1]. Note that we
do not assume at the outset that there is a final object in the category of admissible
open subsets of X, as X is not itself required to be admissible open in a G-topology.

Let Homeo(X) be the group of continuous bijections from X to itself. We say
that a group G acts on X if there is given a group homomorphism p : G —
Homeo(X). If this action is understood, we write gU to denote the image of an
admissible open subset U of X under the action of g € G. For every g € G,
there is an auto-equivalence p(g). of the category of sheaves on X, with inverse
p(9)* = p(g71)«. To simplify the notation, we will simply denote these auto-
equivalences by g, and g*, respectively. Thus

(9 F)(U) = F(g~'U) and (¢*F)(U) = F(gU)

for all admissible open subsets U of X and all g € G.
Let R be a commutative base ring. We review some definitions from [29] §5.1].

Definition 2.3.1. Let G act on X, and let F be a presheaf of R-modules on X.

(a) An R-linear equivariant structure on F is a set {g” : g € G}, where

g Fog'F
is a morphism of presheaves of R-modules for each g € G, such that
(6) (gh)T =nh*(g7)oh” forall g¢g,heq.

(b) An R-linear G-equivariant presheaf is a pair (F,{g” }sec), where F is
a presheaf of R-modules on X, and {g” }gec is an R-linear equivariant
structure on F.

(¢) A morphism of R-linear G-equivariant presheaves

o (FAg™H = (F. {d"})
is a morphism of presheaves of R-modules ¢ : F — F’ such that
g (p)og” =g" 0p forall ged.

We will frequently use this abuse of notation, and simply write ¢(z) to mean
o(U)(z) if = is a section of F over the admissible open subset U of X. Note that
with this abuse of notation, the cocycle condition @ becomes simply

(7) g” (W (x)) = (gh)" (z) forall z€ F,g,heq.

When the base ring R and the R-linear equivariant structure on a sheaf F of R-
modules is understood, we will simply say that F is a G-equivariant sheaf, and omit
the equivariant structure from the notation.

Definition 2.3.2. Let G act on X, and let A be a sheaf of R-algebras on X. We
say that A is a G-equivariant sheaf of R-algebras if there is given an R-linear G-
equivariant structure {g“ : g € G} such that each g** : A — ¢g*A is a morphism of
sheaves of R-algebras.

Remark 2.3.3.

(a) If U is a G-stable admissible open subset of X, then there is a natural
G-action on A(U) by R-algebra automorphisms, given by

g-a=gta) forall ge G, ac AU).
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(b) If V C U are G-stable, then the restriction map A(U) — A(V) is G-
equivariant.

Definition 2.3.4. Let A be a G-equivariant sheaf of R-algebras on X.

(a) A G-equivariant sheaf of A-modules on X, or a G-A-module, is an R-linear
G-equivariant sheaf M on X, such that M is a sheaf of left A-modules and
g™ (a-m) = g*(a) - g™M(m) for all g € G, a € A and m € M.

(b) A morphism of G-A-modules is a morphism of sheaves of .A-modules, which
is simultaneously a morphism of R-linear G-equivariant sheaves.

(c) We denote the category of G-A-modules by G—A—mod.

By Remark [2.3.3((a), we have at our disposal the skew-group ring
A(X) % G.
We have the following important fact.

Proposition 2.3.5. If X is an admissible open in the G-topology, then T'(X, —) is
a functor from G-A-modules to A(X) x G-modules.

Proof. Let M be a G-A-module on X, and define
agem=a-gM(m) forall ac AX), g€ G and mec M(X).

Then g o (a-m) = g™(a-m) = g*(a) - g™(m) = (g*(a)g) ® m by Definition
2:3.4(a), and similarly we see that (gh) e m = g e (hem) for all g,h € G and
m € M(X). In this way, M(X) naturally becomes a A(X) x G-module via e, and
it is straightforward to verify that if ¢ : M — A is a morphism of G-.A-modules,
then o(X) : M(X) - N(X) is A(X) x G-linear. O

3. EQUIVARIANT DIFFERENTIAL OPERATORS ON RIGID ANALYTIC SPACES

3.1. Automorphisms of admissible formal schemes and rigid spaces. We
begin by recalling some notations and definitions from [I3] §1].

Notation 3.1.1. R will denote a valuation ring of rank 1, complete and separated
with respect to the (7)-adic topology, where 7 is a fixed non-zero element of the
maximal ideal of R. We will always denote the field of fractions of R by K.

Thus, the set of ideals in R is totally ordered with respect to inclusion, and R
has exactly one non-zero maximal ideal. We do not assume that R is Noetherian.

Definition 3.1.2. (a) An R-algebra A is said to be topologically of finite pre-
sentation if it is isomorphic to a quotient of the algebra of restricted formal
power series in finitely many variables over R by a finitely generated ideal:

A=R{xq,...,x,)/a.

(b) The algebra A is said to be admissible if it is topologically of finite presen-
tation, and flat as an R-module.

(c) A formal R-scheme X is said to be admissible if it is locally isomorphic to
an affine formal scheme Spf A for some admissible R-algebra A.

Definition 3.1.3. Let X be an admissible formal scheme.

(a) G(X) := Autr(X,Ox) denotes the group of R-linear automorphisms of X.
(b) For every n > 0, let R,, ;= R/7"R and X, := X Xgprr Spf R.
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(¢) The n-th congruence subgroup of G(X) is
Grn (X) :=ker (G(X) — Autg, (X, 0x,)) .

We keep 7 in the notation because G- (X') depends not only on n but also on
the choice of m. These congruence subgroups form a descending chain

G(X) =G1(X) D Ga(X) D Gr2(X) D -

of normal subgroups of G(X) whose intersection is trivial. Note that if X is affine,
then it follows from the discussion following the proof of [34, Chapitre I, Proposition
10.2.2] that for an automorphism ¢ € G(X),

© € G (X) ifand only if  (¢F(X) — 1)(O(X)) C 7" O(X).
Lemma 3.1.4. G is a sheaf of groups on X for all n > 1.

Proof. By replacing m by n™ if necessary, we may assume that n = 1. Note that
if (p,¢") € Gr(X) then ¢ = 1 x| because |X| = |X;]. Thus G(X) stabilises every
open formal subscheme U of X" set-theoretically, giving a natural group homomor-
phism G, (X) — G.(U). Similarly we have natural restriction maps G, (U) — G (V)
whenever ¥V C U are open formal subschemes of X. Thus G,(X) is a presheaf on
X, and the verification of the sheaf axioms is straightforward. ([

Now let X be a quasi-compact and quasi-separated (qcqs) rigid analytic variety
over K. We will view (X, Ox) as a G-ringed topological space over K, and study
its group Autg (X, Ox) of K-linear automorphisms.

By Raynaud’s Theorem [I3| Theorem 4.1], we can find a formal model for X:
this is a quasi-compact admissible formal scheme X such that X = X, is the
generic fibre of X. By statement (b) of the proof of [I3, Theorem 4.1], the generic
fibre functor is faithful. It therefore induces an injection

rig : G(X) — Autg (X, Ox)
whose image we denote by G(X)ig. Our next goal is to establish the following

Theorem 3.1.5. Let X be a qcgs rigid analytic variety over K.
(a) For any formal model X of X, the congruence subgroups
{Grr (X)rig cr >0}
form a filter base for a Hausdorff topology Tx on Autg (X, Ox), which is

compatible with the group structure on Auty (X, Ox).
(b) The topology Tx does not depend on the choice of X.

Let X be a quasi-compact admissible formal scheme, let Z be a coherent open
ideal of Oy and recall the admissible formal blow-up 6 : Y — X of 7 on X from
[13, §2]. The group G(X') acts on the set of coherent open ideals of Oy by pullback,
and we denote the stabiliser of Z in G(X') under this action by Stabgx)(Z).

For every ¢ € Stabg(x)(Z), the functoriality of admissible formal blow-ups in-
duces a morphism of formal R-schemes nz(¢) : Y — Y such that the diagram
Yy Yy
0i le
X X.

nz(p)
—_—

R
)
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is commutative. This defines a natural group homomorphism
nz : Stabgx)(Z) — G(V)

which is injective because the rig functor is faithful, and because
1z(©)rig = 055 © Prig © Orig

by construction.

Lemma 3.1.6. Let Z be a coherent open ideal of Oy and suppose that 7% € Z(X)
for some a > 0. Then

(a) Gra(X) C Stabg(xy(Z), and

(b) n7(Grn+a(X)) C Grn (V) for all n > 0.

Proof. If a = 0 then Z = Oy and Y = X, so we may assume that a > 1. Now,
because the construction of admissible formal blow-ups is local on X', using Lemma
we may assume that X = Spf A is affine. Write A := O(X) and I := Z(X).
(a) Let ¢ € Gra(X) and let f := ©f(X) so that (f —1)-.A C 7*A. Since 7°A C I
by assumption, we see that (f —1) -1 C I. Hence f -1 = I as required.
(b) Let ¢ € Grn+a(X) so that (f —1)- A C 7" A, Hence

(f—1)-IC(f-1)-ACr"T*AC "I

which implies that the induced action of f on the Rees algebra A" = @,,~o [t
satisfies (f —1)- A" C 7" A’. Let Autg 4 (A’) denote the group of graded R-algebra
automorphisms of A’ of degree zero, and let A/, := A’ @ R,,. By the functoriality
of Proj and m-adic completion, there is a natural commutative square

Authr (A/) Autnmgr(/l;l)

l |

I —— o —

Autg (Proj(A’)) —— Autgr (Proj(A%))

o —

where Pro/j(jl’) denotes the m-adic completion of Proj(A’). Now Y = Proj(A’) by

—

[13, Proposition 2.1(a)] and Y, = Proj(AZ,), and it follows that nz(¢) € G.»(Y). O

Thus, automorphisms of X that are sufficiently close to the identity automor-
phism lift to automorphisms of the blow-up ). Conversely, we will now see that
automorphisms of ) that are sufficiently close to the identity automorphism descend
to automorphisms of X.

Lemma 3.1.7. Let 7 : ) — X be an admissible formal blow-up, and suppose b > 0
is such that WbT*Oy - Tﬁ((’);(). Then for all m > 1 and all ¢ € G m+s(Y) there
exists a unique ((p) € Grm (X) such that the following diagram commutes:

y—sy

X —X.
¢(e)

Proof. Suppose first that X is affine, and let A := O(X) and A" := O(Y). Because
Trig @ Yrig — Mg 18 an isomorphism, Tate’s Acyclicity Theorem [12, Theorem
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8.2.1/1] implies that the map 7#(X) : A — A’ is injective. We may therefore
identify A with its image in A’ under 7#(X), so that

A CACA.
Now if ¢ € Grmis(Y) then f := (V) satisfies (f — 1)(A’) C 7™+PA’. Therefore
(f —1)(A) C 7™ A C 7™ A
which in particular shows that f stabilises A inside A’. Let

C(p) :=Spf(fla) : X = X
be the endomorphism of the formal R-scheme X induced by f|4. It is an isomor-
phism with inverse ((¢ 1), and in fact ((p) € Gzm (X).

Note that the homeomorphisms of | Y| and |X| defined by ¢ and {(¢) respectively
are trivial because m +b > m > 1 by assumption. Since 7#(X) ofia=f o7H(X) by
construction, it follows that 7oy = ((¢) o 7 by comparing the restrictions of these
morphisms to arbitrary affine open formal subschemes of ).

Returning to the general case, choose an affine cover {X;} of X, define Y; :=
X; xx Y =1"1X;) and let ¢ € G m+s(Y) as above. Since m+b > 1, ; := ¢|y, €
Grm+5(Y;) by Lemma so by the above we obtain ((¢;) € Grm(&X;) such that
Ty, © @i = C(@;) o Tpy, for all i. Let &y := &N A and Vi = 771 X;;); then

C(QDZ)\XM O TNyi; = TYi; ©Pilyi; = (T © SD)DQJ' = Tyi; © Pjlyv; = C((pj)\?fij O Ty,
for all 4, j. Because 7z is an isomorphism, and because the rig functor is faithful,
C(wi)ix,; = C(@j)|a,, for all 4, 5. Therefore these local automorphisms ((;) patch
to some global automorphism ((¢) € G,m(X) by Lemma which satisfies
70 = ((¢) o7 by construction. O

The faithfulness of the rig functor therefore induces a group homomorphism
C . g7r7n+b (y) — gﬂ-wt (X) for all m > 0
such that 70 @ = ((¢) o7 for all ¢ € G, m+v().

Proof of Theorem[3.1.5 (a) The set of congruence subgroups {Grr(X)yig : 7 > 0}
is a filter base for some topology Tx on Autk (X, Ox) in the sense of [I7, Chapter
I, §6.3, Definition 3]. By the discussion in [I7, Chapter III, §1.2], to show that this
topology is compatible with the group structure on Autg (X, Ox), it is necessary
and sufficient to show that for all ¢ € Autk (X, Ox) and any r > 0 there is s > 0
such that
gﬂ's (X)rig Co gﬂ'T (X)rig 90_1-
Now, it follows from the proof of [I3] Theorem 4.1] that we can find a diagram
xEyhzax

where ¢ is an isomorphism, 0, 7 are admissible formal blow-ups, and

@ = Orig 0 Orig © ngl.
It follows from [I Proposition 3.5.1(i), (ii)] that the cokernel of the morphism of
sheaves ¢ : Oy — 7Oy is a m-torsion coherent Oxy-module. Since X is quasi-
compact by assumption, coker 7% is bounded m-torsion, so there exists some b > 0
such that

77,0y C 74(Ox) C 7.0y,
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Thus the hypothesis of Lemma [3.1.7] is satisfied, and we obtain the inclusion
Triggﬂ7'+b (y)rlg'rr?gl c gﬂ” ( )rlg

by applying Lemma Next, let Z be the coherent open ideal of Oz blown up
by 6 : Y — Z and choose a > 0 such that 7% € Z(Z). Then

erlg gwr+a+b (Z)rlg rig = gﬂ'r+b (y)rig
by Lemma b). Putting these inclusions together gives

gﬂ.r+a+b (X)rig Uriggwr+a+b (Z)rlgdngl

Orig rlggw”b(y)ngengl ;gl

U“g rlngg gﬂ' ( )rlgT“gerlg U;gl

© G (X)rig ¢ -1

(b) Let X and X’ be two formal models of X. Again by the proof of [I3, Theorem
4.1], we can find a diagram

I aNIam|

xZiyhzax
where ¢ is an isomorphism, #, 7 are admissible formal blow-ups, and

!/
Y= Urig © erig rlg Xng — Xrlg

is the identity map X 1%, X. The same argument as in the proof of part (a) implies
that there are integers a,b > 0 such that for all » > 0

gﬂ—rﬁ-a#—b (X/)rig g "2} gﬂ” (X)rig 90_1 - gﬂ'T (X)rig

Thus every Txy-open subset of Autg (X, Ox) is also Ty/-open, and by symmetry
every Txy/-open subset is also Ty-open. O

Definition 3.1.8. Let G be a topological group, and let X be a rigid analytic
variety (not necessarily qcqs). We say that G acts continuously on X if there is
given a group homomorphism p : G — Autg (X, Ox) such that for every qcgs
admissible open subset U of X,
(a) the stabiliser Gy of U in G is open in G,
(b) the induced group homomorphism py : Gu — Autg(U,Oy) is contin-
uous with respect to the subspace topology on Gy and the topology on
Autg (U, Oy) constructed in Theorem

This notion enjoys the following closure properties.

Lemma 3.1.9. Let G be a topological group acting continuously on the rigid
analytic variety X.
(a) The restriction of the G-action to each subgroup of G is continuous.
(b) G acts continuously on every G-stable admissible open subspace of X.
(c) Suppose that G is another topological group containing G as an open sub-
group. Then any extension of the G-action on X to a G-action on X is
continuous.

Proof. This is straightforward. O

In the case where the rigid analytic variety X is already quasi-compact, a con-
tinuous G-action on X may be defined “globally”. More precisely, we have the
following
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Proposition 3.1.10. Let X be a qcgs rigid analytic variety, and let G be a topo-
logical group. Suppose that p : G — Autg (X, Ox) is a continuous group homo-
morphism. Then G acts continuously on X.

Proof. Let U be a quasi-compact admissible open subset of X. By [13, Theorem
4.1 and Lemma 4.4], we can find a formal model X for X and an open formal
subscheme X’ of X' such that A;, = U, and we may use the Tx-topology on
Autg (X, Ox) by Theorem We saw in the proof of Lemma [3.1.4] that G (X)
stabilises X”, s0 G (X)ig stabilises U, which implies that the stabiliser Stab(U)
of U in Autg(X,0x) is open. Since p : G — Autg(X,Ox) is continuous, it
follows that Gu = p~1(Stab(U)) is open in G. Moreover, since the restriction
map Stab(U) — Autg (U, Oy) sends Grr(X)yig to the open subset Grr(X”)yig of
Autg (U, Oy) for all » > 1, this map is continuous. So py : Gu — Autx (U, Oy)
is also continuous. O

We will next exhibit a large class of examples of such continuous group actions.

Definition 3.1.11. Let G be an affine R-group scheme. We equip its group of
R-points G(R) with the topology in which the congruence subgroups

G (R) :=ker(G(R) = G(R/7"R))
form a filter base; we call this the congruence-subgroup topology on G(R).

This topology is Hausdorff because the natural map G(R) — [[n2o G(Ry,) is
injective, as R < [[n—o Rn and as G is a left exact functor on R-algebras.

Proposition 3.1.12. Let G be an affine R-group scheme, acting on a flat R-scheme
X of finite presentation. Let G be a topological group and let o : G — G(R) be a
continuous group homomorphism.

(a) The formal completion X of X along its special fibre is a quasi-compact
admissible formal scheme.
(b) G acts continuously on the rigid generic fibre X := X, of X.

Proof. (a) Because X is of finite presentation over Spec(R), X is quasi-compact.
We may hence assume that X = Spec(A) is affine where A is a finitely presented
R-algebra which is flat as an R-module. Now X = Spf//l\ where A is the r-adic
completion of A. This R-algebra is topologically of finite presentation by [I, Corol-
laire 1.10.6], and it is flat as an R-module by [I, Corollaire 1.12.4] because A/7"™ A
is flat as an R,,-module for all n > 0. Thus A is an admissible R-algebra and X is
an admissible formal scheme.

(b) By [40, 1.2.6], the action G x X — X induces a morphism of R-group functors
G — aut(X). Now by [40, 1.1.5], 4ut(X)(R) = Autr (X, Ox) and Aut(X)(R,) =
Autr, (X, Ox, ) where X, := XX gpec(r)SPeC(R, ), whence a commutative diagram

G(R) Autg (X, Ox)

l l

G(Rn) — Autg,, (Xm Oxn)

for any n > 0. The functoriality of formal completion now induces a group ho-
momorphism p : G(R) — Autr(X,Ox) = G(X) which sends G,,(R) into G (X).
Applying the rig functor gives a group homomorphism priz : G(R) — Autg (X, Ox)
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which sends G (R) into Gn(X)yig and is therefore continuous by Theorem
Thus, prigoo : G — Autx (X, Ox) is a continuous group homomorphism, and it fol-
lows from part (a) that X is qcgs. Hence G acts continuously on X by Proposition
0. 1. 101 [

3.2. Actions of compact p-adic Lie groups on K-affinoid algebras. Let G
be a compact p-adic Lie group. By a theorem of Lazard [23, Corollary 8.34], G
contains at least one open subgroup N which is uniform pro-p; the definition and
basic properties of uniform pro-p groups can be found in [23, Chapter 4]. In fact,
we have the more precise

Lemma 3.2.1. Let H be an open subgroup of the compact p-adic Lie group G.
Then H contains an open uniform pro-p subgroup N which is normal in G.

Proof. By [23, Corollary 8.33], G contains an open subgroup J which is a pro-p
group of finite rank. Now H N J is an open subgroup of the profinite group G, so it
contains an open normal subgroup L of G by [23] Proposition 1.2(ii)]. This group
L is still pro-p of finite rank, and therefore contains an open normal characteristic
subgroup N which is uniform pro-p, by [23] Corollary 4.3]. Being a characteristic
subgroup of the normal subgroup L, N is normal in G. [

Recall [23] §4.5] that every uniform pro-p group N has a Z,-Lie algebra Ly =
(N,+,[,]) functorially associated to it. The Z,-module and Lie bracket structures
on Ly are extracted from the structure of N as a uniform pro-p group by the
formulas

r+y = lim (xp"yp")l/p"
n— oo
Az = lim a’»
n—oo n n n n 2n
[z,y] = lim (a7P"y =P zP"yr")1/r
n— o0

for any z,y € N and any choice of a sequence (\,)32, C Z converging to A € Z,.
The Z,-Lie algebra Ly is a powerful: Ly is a finitely generated free Z,-module
and [Ly, Ly] C p°Ly (here € := 1 if p is odd and € := 2 if p is even). In fact, it
follows from [23, Theorem 9.10] that the functor N + Ly is an equivalence between
the category of uniform pro-p groups and the category of powerful Z,-Lie algebras.
Next, we recall the definition of the Q,-Lie algebra of G following [23, §9.5].

Definition 3.2.2. Let G be a compact p-adic Lie group.

(a) N <! G means that N is an open uniform pro-p subgroup of G.

(b) N <, G means that N is an open normal subgroup of G.

(¢) N <¥ G means that N is an open normal uniform pro-p subgroup of G.

(d) The Lie algebra of G is defined to be Lie(G) := lim Q, ®z, Ln.
N<uG

The inverse limit is taken over the set of all open uniform pro-p subgroups of
G, which becomes a directed set under reverse inclusion. Whenever H < N are
two members of this set, then H contains N?" for sufficiently large m > 0, which
implies that p""' Ly < Ly < Ly. Therefore each transition map

Qp ®z, Ly — Qp ®z, Ln

appearing in this inverse limit is actually an isomorphism, and Lie(G) is a finite
dimensional Lie algebra over Q,,.
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Now let A be a K-affinoid algebra. Extending the terminology from [8], §3.1],
we say that an admissible R-algebra A is an affine formal model in A if there is an
isomorphism A & A®r K. Equivalently, the admissible formal scheme Spf A is an
affine formal model of the affinoid variety Sp A.

Lemma 3.2.3. Let A, B be two affine formal models in the K-affinoid algebra A.
Then their product A - B inside A = A is another affine formal model in A which
is finitely generated as an A-module and as a B-module.

Proof. This is [8, Lemma 3.1]. O
Let G(A) denote the group of R-algebra automorphisms of 4, let
Grn(A) :=ker(G(A) —» Aut(A®r Ry))

be its nth congruence subgroup, and let Autg(A) denote the group of K-algebra
automorphisms of A. There is a commutative diagram

G(Spf(A)) G(A)

rigl irig

Autg(Sp A, Ogp 4) —= Aut(A)

where the horizontal arrows are isomorphisms given by

(¢, 9%) = T(Spf(A), (¢F) ) and (o, ¢%) = T(Sp A, (¢%) ).
The rightmost arrow rig : G(A) — Autg(A) is given by rig(¢)(a ® A) = ¢(a) ® A
for all a € A and A € K. It is injective, and we will identify G(A) with its image
in Autg (A) under this map.
For any K-affinoid algebra A, we equip Autg (A) with the topology constructed
in Theorem [B.I.5} for any affine formal model A in A, the congruence subgroups
{Gxn(A) : n > 0} form a filter base for this topology.

Lemma 3.2.4. Let G be a compact topological group, and let p : G — Autg (A)
be a continuous group homomorphism. Then every affine formal model A in A is
contained in a G-stable affine formal model.

Proof. Because the map p : G — Autg(A) is continuous, the preimage of G(A) in
G is open. But this preimage is just the stabiliser of A in G. Because G is compact,
the G-orbit of A in A is finite, Ay, ..., A, say. Now A; - ---- A, is another affine
formal model in A by Lemma which is evidently G-stable. O

We will assume from now on until the end of this paper that our
ground field K is of mixed characteristic (0,p).

Until the end of §3.2] we fix a compact p-adic Lie group G together with a
continuous group homomorphism

p: G — Autg(A).
Let A be an affine formal model in the K-affinoid algebra A. We will be particularly
interested in the congruence subgroup
Gpe (A) = ker(G(A) — Aut(A/p°A)).
Lemma 3.2.5. Let A be an affine formal model in the K-affinoid algebra A.
(a) If ¢ € Gpe(A) then log ¢ € p® Derg (A).
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(b) There is an open uniform subgroup N of G such that p(N) < Gpe(A).

Proof. (a) Every p-adically complete and flat R-algebra S can be viewed as the unit
ball in the K-Banach algebra S ®z K. In this situation, because the characteristic
of K is zero, recall from [23] Corollary 6.25] that

log: 14+ p°S —» p°S and exp:p‘S—1+4+p<S

are well-defined mutually inverse bijections. Since A is m-adically complete and
R-flat, the same is true for the R-algebra £ := Endg (A). We therefore have at our
disposal the bijections

log: 14 p€ = p€ and exp:pE€ —1+p€.

Now since Gpe(A) C 1+ p°E, the logarithm series logy = — > 72, (17‘7)T con-
verges inside £. Because ¢ is an R-algebra automorphism, a well-known formal

computation shows that in fact log ¢ is an R-linear derivation:
(log p)(ab) = a (logp)(b) + (logp)(a) b for all a,b e A.

See [53] proof of Theorem 4] for details of this computation. Finally, pc€NDerg (A) =
p° Derg (A) because A has no w-torsion, so in fact log ¢ lies in p Derg (A).

(b) Because R is a valuation ring of rank 1 of residual characteristic p, we see
that 7" R C p°R for sufficiently large n. For such n, we have

Grn(A) = (14+7"E)NGA) € (1+pE)NGA) =Gpe(A).

Hence the congruence subgroup Gpe(A) is open in G(A). Its preimage in G is
therefore open because p is continuous. Now apply [23, Corollary 8.34]. O

Next, we recall some definitions from [§, Definitions 6.1 and 2.1].

Definition 3.2.6. Let L := Derg (A), and let £ be an A-submodule of L.

(a) L is an A-lattice in L if it is a finitely presented as an A-module, and spans
L as a K-vector space.

(b) L is an A-Lie lattice if [£, L] C £ and L(A) C A.

(¢) The A-Lie lattice is smooth if it is projective as an A-module.

(d) The A-Lie lattice is free if it is free of finite rank as an A-module.

Note that every A-Lie lattice in the above sense is automatically an (R,.A)-Lie
algebra. The terminology ‘smooth’ comes from the classical fact that if X is an
affine complex algebraic variety, then the (C, O(X))-Lie algebra T (X) is projective
as an O(X)-module if and only if the variety X is smooth.

Recall from Example that the G-action p on the K-algebra A induces in a
functorial manner a G-action (p, p) on the (K, A)-Lie algebra L = Derg(A) in the
sense of Definition .15

Definition 3.2.7. Let A be an affine formal model in A and let £ be an A-lattice
in L. We say that £ is G-stable if the affine formal model A is G-stable, and £
itself is invariant under the natural action of G on L.

If £ is a G-stable A-Lie lattice in L, then g — (p(9)|.4,/(9)|z) is an action of G
on the (R, A)-Lie algebra L. The existence of G-stable Lie lattices follows from
Lemma 3.2.8. Let A be a G-stable affine formal model in A.

(a) J :=Derg(A) is a G-stable A-Lie lattice in L.
(b) The stabiliser in G of any other A-lattice £ in L is open.
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Proof. (a) Note that J is an (R,.A)-Lie algebra. Because the .A-module of contin-
uous Kahler differentials Q}A /R 18 coherent by [II, §2.15.1], its A-linear dual J is the
kernel of a morphism between two free A-modules. Because A is a coherent ring
by [II, Proposition 1.10.3(i)], we see that J is a coherent, and in particular finitely
presented, A-module. There is a natural inclusion J < L which realises J as the
stabiliser of A in L. Now if S denotes a finite generating set for A as a topological
R-algebra and if v € L, we can find n > 0 such that 7"v(s) € A for all s € S.
It follows that 7"v € J and hence J is an A-lattice in L. Since A is G-stable by
assumption, its stabiliser J in L is automatically G-stable.

(b) Because any two A-lattices in L contain w-power multiples of each other, we
can choose n,m > 0 such that 7”7 C #™L C J. Because the G-action on A is
continuous, the subgroup H :={g€ G: (g—1)- A C 7" A} is open in G. Now if
g€ H,ve J and a € A, then

(9-v—w)(a) =gv(¢g~ a) —v(a) = (g—1)-v(g ta) +v((g”" —1)-a) € 7" 4,
which implies that (¢ — 1) - J C 77 for all g € H. Therefore
(g—1)-7"LC(g—1)-JCa"TJCa™L forall g€ H,
which shows that the A-lattice £ is H-stable. O

Definition 3.2.9. Let £ be an A-Lie lattice in L.
(a) Let U(L)tors be the m-torsion submodule of U(L).
(b) Let U(L) :=U(L)/U(L)tors be the m-torsion-free part of U(L).

—C

(c) Let U(L) denote the m-adic completion of U(L)/U(L)tors-

(d) We define m =U(L)®r K.
If the A-Lie lattice £ happens to be G-stable, then by the functoriality of the
above constructions, the group G acts by R-algebra automorphisms on each of the
following R-algebras:

e L —

UL), U(L), U(L), and U(L)gk.

— =

Note that U(L)k is a K-Banach algebra with unit ball isomorphic to U(L). Note
also that U(L)tors is zero whenever the L is projective as an R-module by [55]

Theorem 3.1], so in this case we have m = U(/E)K.
Lemma 3.2.10. Let £ be an A-Lie lattice in L, let £ := Endg(.A), and let

— —

Li=ig @i AL ->U=U(L)
denote the natural map.
(a) There is a unique R-algebra homomorphism
YU —E

such that ¥, (c(a)) = £(a) and ¥ (t(v)) =v for all a € A and v € L.
(b) The restriction of ¥z to (A @® L) is injective.
(c) The restriction of 1 to exp(¢(p°L)) is injective, with image exp(p°L).
(d) If A and £ are G-stable, then
velg - s) = plg) ve(s) plg) ™

for all g € G and s € U.
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Proof. (a) Let £ : A — & be defined by £(a)(b) = ab for all a,b € A, and let
7+ L — &£ be the natural inclusion. Then ¢ is an R-algebra homomorphism, j is
an R-Lie algebra homomorphism, j(av) = £(a)j(v) for all a € A,v € L, and

[7(v), £(a)](b) = v(ab) — av(b) = v(a)b = £(v(a))(b) for all a,be€ A.
Thus [j(v), £(a)] = £(v - a) for all v € £ and a € A, so by Lemma [2.1.2] there is an
R-algebra homomorphism ) : U(L) — & such that ¢(¢(a)) = a and ¥ (j(v)) = v

foralla e A,v € L.
Since A is m-adically complete and R-flat, the same is true for £. Hence v extends

to an R-algebra homomorphism ¢, : U(L) — £ with the required properties. This
homomorphism is unique because the R-subalgebra of U generated by (A @ L) is
dense in U, and any R-algebra homomorphism between two m-adically complete
R-algebras is automatically continuous.

(b) This follows immediately from part (a), since £ : A — £ is injective.

(¢) Apply part (b), together with the fact that exp and log are bijections.

(d) Let g € G and a € A. Then

p(g) £a) p(g)~" =g - a)
because (p(g) £(a)p(g)~1)(b) = g-(a (g71-b)) = (g-a)b = £(g-a)(b) for all b € A, since
p(g) is an R-algebra automorphism of A. Now define o : Y — £ and o/ : U — € by
a(s) =vc(g-s) and o'(s) = plg) ve(s) plg) ™"
for all s € Y. Then
o(a)) = velg-ila) =Pelly-a)) =Ug-a)

for any a € A, and similarly
a(e(v)) = Pelg-u(v)) =Yellg-v) =g-
= plg) v ple)™! = pg) Ye(u(v) p(g) ™" = o ((v)),
Thus the two R-algebra homomorphisms « and o’ from U to € agree on (A ® L),
and hence o = o’ by the argument in part (a). O

<

For our next definition, note that the exponential map
exp:p€ = 14p€C&”

can be evaluated on pL C p°€, and recall also that the image of our action map
p: G — Autg(A) is contained in £* because A is assumed to be a G-stable affine
formal model in A.

Definition 3.2.11. Let A be a G-stable affine formal model in A and let £ be a
G-stable A-Lie lattice in L = Derg (A). We define

Gei=p '(exp(p°L)) and Be:= (P7) op: G U™
It may be helpful to visualise these maps as follows:
Gr—G

o |

exp(pL) —U* 7 Ex.
L
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Theorem 3.2.12. Let A be a G-stable affine formal model in A and let £ be a
G-stable A-Lie lattice in L.

(a) G is an open normal subgroup of G.

- _—

(b) B¢ is a G-equivariant trivialisation of the Gc-actions on U(L) and U (L) k.

Proof. (a) Since & is a K-Banach algebra, the Campbell-Baker-Hausdorff series
1 1 1
does converge at (X,Y) = (pu, pv) for any u,v € L, and
exp(pu) exp(pv) = exp(P(p u, pv))

by [23l Proposition 6.27]. Moreover, since [£,£] C £ and since L is m-adically
complete, we see that ®(pcu, pv) € p°L. Thus exp(pL) is a subgroup of £*.

Let g € G, so that p(g) = exp(u) for some u € p°L. If © € G then z - u =
p(z)(u) = p(x)up(x)~! by definition, so

plzgr™") = p(z) exp(u)p(x) ™! = exp(x - u) € exp(p°L)

because L is G-stable. Thus zgz~' € G, and G, is normal in G.
Choose N <Y p~1(Gpe(A)) using Lemma ). Then log p(g) € p¢ Derg(A)
by Lemma a), and it follows from the proof of [23] Lemma 7.12] that
logop : N — p Derg (A)

is a Zy-Lie algebra homomorphism, where we consider now N as a Z,-Lie algebra
in the manner explained above after Lemma Using [23] Proposition 4.16],
we see that log p(IN) is a finitely generated Z,-submodule of Derg (A). Because £
is an A-lattice in Derg(A) we can find some n > 0 such that p™log p(N) C p°L.
Hence N?" < Gz, so G is open in G.

(b) B¢ is a well-defined group homomorphism by Lemma (c) Now

Ve (Be(g) s Be(9)™) = plg) ve(s) plg) ™" =2elg-9)
for any g € G and s € U by Lemma [3.2.10(d), so Lemma [3.2.10(b) implies that
Belg) s Be(g) ™ =g+
for all g € G, and s € L(A® L). But 1(A @ L) generates U as a topological R-

algebra, so this equation actually holds for all s € Y. Thus S is a trivialisation of
the Gc-action on Y. Finally, applying Lemma [3.2.10[(d) again gives

$e(Be("g)) = plage™) = p(x) v (Be(9) p(x) ™! = Yr(z - Belg))
for all x € G and g € G,. Note that exp : p°U — U* is G-equivariant, and that
Br(g) € exp(t(pcL)) by construction. Hence x - B.(g) € exp(c(pcL)), so Bc(*g) =

x - Be(g) by Lemma [3.2.10c).

We have shown that [, is a trivialisation of the G-action on U. It follows
— X

easily that when regarded as a map Gy — U(L)x = (U ®r K)*, it is also a

trivialisation of the G c-action on U (L) k. O

Definition 3.2.13. Let A be a G-stable affine formal model in A. We say that
(L,N) is an A-triwialising pair if £ is a G-stable A-Lie lattice in Derg(A) and
N is an open normal subgroup of G contained in Gz. We denote the set of all
A-trivialising pairs by Z(A, p, G) or simply by Z(G) if the other parameters are
understood.
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Recall that D(A) := U(Derg (A)) denotes the algebra of differential operators

on A of finite order, and let ¢ : A — A’ be an étale morphism of K-affinoid
algebras. Because A’ is an étale A-algebra, it is well known that there is a unique
map ¢ : Derg(A) — Derg(A’) which is a ¢-morphism in the sense of Definition
see, for example, [8, Lemma 2.4]. Lemma therefore induces a K-algebra
homomorphism U(p, @) : D(A) — D(A’) extending ¢ and ¢.
Lemma 3.2.14. Let N and N’ be compact p-adic Lie groups, acting continuously
on K-affinoid algebras A and A’, respectively, let ¢ : A — A’ be an étale morphism
and let 7: N — N’ be a group homomorphism such that ¢(n - a) = 7(n) - ¢(a) for
alln € N, a € A. Let A be an N-stable affine formal model in A and let A’ be a
N'-stable affine formal model in A’ such that ¢(A) C A’. Suppose that

p(N) C exp(p® Derg(A)) and p'(N') C exp(p® Derg (A)).
Then ¢ o logop =logop’ o 7.
Proof. For each m > 1, let £, (t) = = /2, @ € K|t] be the m-th partial

sum in the logarithm series log(t). Fix n € N and a € A. Because ¢ : A —
A’ is continuous by [I2, Theorem 6.1.3/1] and £,,(p(n))(a) — log(p(n))(a) in A,

@(tm(p(n))(a)) = ¢(log(p(n))(a)) in A’. Hence

¢ (log(p(n))) (p(a)) = p(log(p(n))(a) = lim_o(tn(p(n))(a)).
Now the N-equivariance of ¢ shows that ¢(¢,,(p(n))(a)) = £, (p'(n"))(p(a)). Hence
% (log(p(n))) (p(a)) = lim & (p'(n'))((a)) = log(p'(n))(p(a)).
o

Because ¢ : A — A’ is étale, it follows that the derivations ¢ (log(p(n))) and
log(p’(n’)) of A" are equal. O

By Theorem [3.:2.12] and Definition [2.2.3] we have the R-algebras

UL) iy G=U(L) xo™ G and U(L)x xn G = U(L)x x5~ G
at our disposal whenever (ﬁ, N) is an A-trivialising pair. We finish §n 3.2| by dis-
cussing the functoriality of the second construction in a rather general setting.

Proposition 3.2.15. Let G and G’ be compact p-adic Lie groups, acting continu-
ously on K-affinoid algebras A and A’, respectively, and suppose that 7 : G — G’
is a group homomorphism such that ¢(g-a) = 7(g) - ¢(a) for all g € G, a € A. Let
A be a G-stable affine formal model in A and let A’ be a G’-stable affine formal
model in A’. Let (£, N) be an A-trivialising pair, let (£, N') be an A’-trivialising
pair, and suppose that
e(A)C A, @(L)C L and 7(N)CT(N').
Then there is a unique continuous K-algebra homomorphism
(9K><17' U(E)KNNG—)UWKNN/G/

which makes the following diagram commute:

D(A) x G —ZET Dy @
mNNG — UWKNN/G/.

91( XT
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Proof. Note that ¢z : L — L' is a ¢ 4-morphism in the sense of Definition m
so Lemma induces an R-algebra homomorphism

0 :=U(pa,Pc) : UL) = UL

extending ¢4 and @|z. Let p: G — Autg(A) and p' : G — Autg (A’) be the given
actions, and write ¢’ := 7(g) for any g € G. The diagrams

A p(9))a A and r p(9)|c r
%(’Ai J/%A @zl J/@m
A —m s A L L
I),(gl)\A/ ﬁ/(g/)|L’

are commutative for any g € G, so 0 is G-equivariant with respect to the natural
G-action on U(L) and the 7-twisted G-action on U(L'):

(8) 0(g-r)=¢g -0(x) forall geG,zeU(L).

o~ —_—

Hence its m-adic completion 0 : U(L) — U(L’) is also G-equivariant. Next,
(9) B = ($5) o p = exporologop
from Definition [3.2.11] so consider the diagram

—~— X
N log op peﬁ exp oL 7U([,)
T l@ l;x
—X
N’ — p°L’ —U(L')
log op exp ot

The first square commutes by Lemma whereas the second square commutes
by the definition of #. Hence

AX
(10) 0 oBein = BN oT|N-

By and , we may apply Lemma to 0/1; : m — UmK and T :
G — @ to obtain the K-algebra homomorphism

@XT:mNNG—)UmKNN/G/

which makes the diagram in the statement of the Lemma commute. Any other
continuous map U(L)x Xy G — U(L')kg xns G’ making the diagram commute
agrees with 0 x 7 on the dense image of D(A) x G in U(L) g Xy G, and therefore

must be equal to 51; X T. O

3.3. The completed skew-group ring 5(X, G). We continue to assume through-
out this subsection that:
e X is a K-affinoid variety,

e (G is a compact p-adic Lie group acting continuously on X, and
o Ais a G-stable affine formal model in A := O(X),
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Recall that this means that we are given a group homomorphism
p: G — AutK(X, Ox)

satisfying certain continuity conditions spelt out in Definition Note that the
set of A-trivialising pairs Z(G) becomes directed when ordered by component-wise
reverse inclusion:

(,Cl,Nl) < (EQ,NQ) if and OIlly if El :_> LQ and N1 :_) NQ.
Whenever (£, N1) < (L2, Nz), Lemma and Lemma induce a canonical

connecting homomorphism

—

U(»CQ)K X N, G — U(ﬁl)[( XNy G.
Using these connecting maps, we can now give our first central definition.

Definition 3.3.1. We define the completed skew-group algebra

—

DX, G)4 = lim  U(L)x xn G.
(L,N)EZ(A,p,G)

Remark 3.3.2.

(a) We will shortly see that in fact 5(X, G) 4 does not depend on the choice of
A, up to canonical isomorphism.
(b) There is a canonical group homomorphism

v:G — D(X, G)u
and a canonical K-algebra homomorphism
i:D(X) = D(X,G)a.
These extend to a canonical K-algebra homomorphism
[i x )4 :D(X) x G — D(X,G)4.

Definition 3.3.3. Let (N,) := Ny > Ny > Na > --- be a chain of open normal
subgroups of G, such that ,—, N,, = {1}, and let £ be a G-stable A-Lie lattice in
Derg (A).

We say (No) is a good chain for L if (7L, N,) € Z(A,p,G) for all n > 0.

Lemma 3.3.4. For every good chain N, for £, there is a canonical isomorphism

D(X,G)a = Jim U(r" L)k #w, G

of K-algebras.

Proof. Let (N,) be a good chain for £, and let (£, N’) be some other member of
Z(A, p,G). Since N’ is open, its complement is closed and therefore compact. Be-
cause (n—; Ny, is trivial, G\N’ C | J,Z, G\ N, is an open covering, so by compact-
ness, G\N’' C G\ N, for some r > 0. In other words, N’ contains N,.. Also £’ con-
tains m°L for some s > 0. Taking n = max{r, s} we see that (7"L, N,,) > (L', N).
Thus {(7"L, N,,) : n > 0} is cofinal inside Z(A, p, G), and the result follows. O
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Remark 3.3.5. By Definition [3.2.13|and Theorem [3.2.12(a), (£, G) is always an
A-trivialising pair, so if the action of G is faithful in the sense that ker p is trivial,

then {(7"L,Grnz) : n > 0} is a good chain for £. Lemma now shows that in
this case D(X, G) can be defined in a slightly less elaborate way as follows:

—_ _ . //"’L\

D(X,G)a = (h_m U(mnL) gk :jw G
for any choice of G-stable A-Lie lattice £. However, this does not give the correct
definition when the action is not faithful, and keeping track of all A-trivialising
pairs will afford some extra flexibility.

Lemma 3.3.6. Let Hy, H1, Hs, ... be open subgroups of G. Then there is a chain
Ny = Ny > Ny > -+ of open normal subgroups such that ﬂfLO:O N, is trivial, and
N, < H, for all n > 0.

Proof. Choose any chain Jy > J; > Jo > --- of open subgroups of G such that
Nneo J» is trivial. Choose any open normal subgroup Ny of G contained in Hy.
Assuming inductively that N, _; has been chosen for n > 1, choose an open normal
subgroup N,, of G contained in H, N J, N N,_;. Since N, < J, for all n > 0,
Mneo Ny, is trivial. O

Corollary 3.3.7. Let Aq,..., A,, be a finite collection of K-affinoid algebras, let
pi : G = Autx (A;) be continuous group actions, let A; be a G-stable affine formal
model in A; and let £; be a G-stable A;-Lie lattice in Derg (A;) for each i. Then
there is a chain (N,) which is good for each L;.

Proof. Let H,, := (it Gang, for each n > 0. This is an open subgroup of G by
Theorem a). Using Lemma choose a descending chain Ny > Ny >
N5 > --- of open normal subgroups of G, intersecting trivially, such that N,, < H,
for all n > 0. Then (7"L;, Ny,) € Z(A;, pi, G) for each ¢ and each n > 0, and (N,)
is good for each L;. |

Proposition 3.3.8. 5(X, () 4 is independent of the choice of A.

Proof. Let A, B be two G-stable affine formal models in A. Choose a G-stable A-
Lie lattice £ and a G-stable B-Lie lattice J in L using Lemma [3.2.8(a). By Lemma
we can find an integer r such that 7" - A C B. By replacing £ by a m-power
multiple, we will assume that £ C 7.

Let x1,...,zq generate £ as an A-module. The universal property of U(—)
induces a G-equivariant R-algebra homomorphism 6y : U(L) — UT&T k- Now U(L)
is generated ~as an A-module by finite products of the z;, and 6y sends all these

elements to U(J). Because A C 7~ "B, we see that the image of 6 is contained in

7 "U(J). Hence 6, extends to a G-equivariant K-algebra homomorphism

b0 U(L)xc = U(T)xc.

Applying the same argument to 7L C "7 for each n > 0, we obtain a compatible
sequence of G-equivariant K-algebra homomorphisms

—_—

Op : UL - U@ T k.



28 KONSTANTIN ARDAKOV

Now, choose a chain (IN,) which is good for both £ and J using Corollary
Then 6 o Bxng.N, = Brng,n, for all n > 0, so Lemma m gives a compatible
sequence of K-algebra homomorphisms

Gnmlg:U@K NNRGHU@K X, G.

Passing to the limit and applying Lemma we obtain a commutative diagram

—_ 0 —_
D(X,G)a — D(X,G)s
lm U(m L)k »n, G T lim U7 T )k 2, G-

By construction, 64 50 [i X y]4 = [i X7]B, s0 05,4004 5 is the identity map on the
dense image of [i x 7] 4 inside D(X, G) 4. Because 04 5 and 63 4 are continuous, it
follows that they are mutually inverse isomorphisms. O

We will henceforth denote D(X, G) 4 simply by D(X, G).
Corollary 3.3.9. 5(X7 G) is a K-Fréchet algebra.

Proof. We can find a G-stable A-Lie lattice £ in T (X) and a good chain (N,) for L.
By Lemma/3.3.4] there is a K-algebra isomorphism D(X, G) = <ll_m U(rnL)gxn,G.

Each U (W"Z) Kk Xn, G is naturally a K-Banach algebra whose unit ball is given by
U(mnL) xn, G. In this way, 5(X, G) is isomorphic to a countable inverse limit of
K-Banach algebras and therefore carries a K-Fréchet algebra structure. It follows

from Proposition that this is independent of the choice of A, £ and (N,). O

Proposition 3.3.10. Let H be an open subgroup of G. Then Z(H) N Z(G) is
cofinal in both Z(G) and Z(H).

Proof. 1t follows from Definition [3.2.11]that H; = G N H. Let (£, N) € Z(G), and
choose some U <, G contained in the open subgroup NN H. Then U < NN H <
GeNH =Hg,s0 (L,U) € Z(H)NI(G). Now let (£,N) € Z(H). Choose some
U <, G contained in N. Then U < N < Hr < Gg, so (L,U) €e Z(H) NZ(G). O

Corollary 3.3.11. Let H be an open normal subgroup of G. Then there is a
natural isomorphism

D(X,G) — D(X,H) xp G.
Proof. For every (L, J) € Z(G) NZ(H), Proposition induces an isomorphism
UL)x %y G2 (U(L)K oy H) sy G

which is functorial in (£, J). Since (£, J) € Z(G)NZ(H) is cofinal in both Z(G) and
Z(H) by Proposition [3.3.10} the result follows by passing to the inverse limit. O

We finish §by discussing in what sense our construction 5(X, @) is functorial.
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Theorem 3.3.12. Let ¢ : A — A’ be an étale morphism of K-affinoid algebras,
let X = Sp(A),X’ = Sp(A’) and let G,G’ be compact p-adic Lie groups, acting
continuously on A and A’, respectively. Suppose that 7 : G — G’ is a group
homomorphism such that

o(g-a)=7(g9) - p(a) forall geG,ac A

Then there is a unique continuous K-algebra homomorphism

—

ox1:D(X,G) — DX, &)
which makes the following diagram commute:

D(X) x G — Lo

o) [

D(X,G) ———>D(X',@).

PNT

Proof. Let A C A and A’ C A’ be G-stable (respectively, G’-stable) affine formal
models. Then ¢(A)- A’ is another affine formal model in A’ containing p(A’), so by
Lemma we may find a G’-stable affine formal model A" containing p(A) - A’.
Replacing A" with A” we will assume that p(A) C A’.

Choose a G-stable A-Lie lattice in Derg (A), and a G'-stable A’-Lie lattice £ in
Derg (A’) using Lemma [3.2.8(a). Because L is a finitely generated .A-module and
P(av) = p(a)@p(v) for any a € A and v € Derg (A), we see that 7 @(L) C L' for
some m > 0. By rescaling £, we can assume that m = 0, so that ¢(£) C L.

Choose a good chain (N,) in G for £, and a good chain (N}) in G’ for £’ using
Lemma It follows from [23, Corollary 8.34 and Corollary 1.21(i)] that the
group homomorphism 7 is automatically continuous, so 7~!(N/) is open in G for
each n > 0. Applying Lemma m to the open subgroups N, N 7-}(N)), we
may assume that 7(N,) < N/ for each n > 0. Now Proposition produces a
compatible sequence of commutative diagrams

U(p,@) =T

D(X)x G DX x G

i |

U(W)K NN{L G

o —

U(r"L)k XN, G

n —

O,L,K XT

Passing to the limit and applying Lemma [3.3.4] produces the required map

—

ox1:D(X,G) — DX, Q).



30 KONSTANTIN ARDAKOV

¢ X T, together with the K-algebra map i Xy :=[i xy]4 : D(X) x G — ’13(X, Q)
from Remark b) fit into the following commutative diagram:

D(X U(e,@)xr >4 Vel
D(X,G) 2L DX, G")
th( "Lk Xn, G llmUw”E’KxN/G

im 0, kX7

Finally, if 1) : (X G) — D(X’ G’) is any other contlnuous K-algebra map such
that ¢ o (1 x7) = (i/ x7') o U(p, @), then 1 agrees with ¢ x 7 on the dense image
of D(X) x G in D(X, @), and therefore must be equal to ¢ x 7. O

3.4. Compatible actions. Until the end of §3] we will assume that:
e X is a smooth rigid analytic variety,
e (G is a p-adic Lie group,
e G acts continuously on X in the sense of Definition [3.1.8]

In particular, we do not assume that X is affinoid, nor that G is compact.

Definition 3.4.1. X,,/G denotes the set of G-stable affinoid subdomains of X.

Lemma 3.4.2. If G is compact, then ’5(—, @) is a presheaf of K-Fréchet algebras
on X,,/G.

Proof. Note that ’5(U, G) is a K-Fréchet algebra for each U € X,,/G by Corollary
3.3.90 Given V C U in X,,/G, the restriction map ¢ : O(U) — O(V) is étale,
and it is G-equivariant by Remark [2.3.3] -(b So by Theorem [3.3.12] m there is a
unique continuous K-algebra homomorphism 7§ := ¢ X 1¢ : (U G) — D(V QG)
extending U(p, @) X 1g : D(U) x G — D(V) x G. If W C V is another object
of X,,/G, the functoriality of D(—) ensures that 7 o 7 and 7y both extend the
restriction map D(U) — D(W), and are therefore equal by the uniqueness part of
Theorem O

Lemma 3.4.3. Let H be a compact open subgroup of G and let U € X,,/H. For
every g € GG, there is a continuous K-algebra isomorphism

guH {)\(U, H) — 5(gU7gHg_1)
such that the diagram

hU,H

D(U, H) D(hU,hHh™?)

D(ghU, ghHh~1g™1)

is commutative for all g, h € G.
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Proof. Fix g € G. The structure sheaf O on X, and the sheaf D of finite order
differential operators on X are naturally G-equivariant: if gy := ¢(V): O(V) —
O(gV) defines the G-equivariant structure on O, then

9°(V) :=U(gv,gv) : D(V) = D(gV)
defines the G-equivariant structure on D. Let
Ady:G—G
be the map z + grg~'; then Ad,(H) = gHg™!, and using @, we see that
gv(@-a) = g% (@%(a)) = (gzg~")?(9%(a)) = Ady() - gv(a)

for every z € H and a € O(V). Theorem [3.3.12| now induces the required continu-
ous K-algebra isomorphism

~ T . A o~ -1
gv.a =gv xAdy : D(V,H) - D(¢gV,gHg ")

which uniquely extends ¢gP(V) = U(gv, gv) : D(V) — D(gV). It is easily checked,
using the G-equivariance of D, that the diagram

D
D(U) x H I O)pAd D(hU) » hHh™

(gh)P (U)xAdgr W

D(ghU) x ghHh 1g~!

is commutative. The result follows from the uniqueness part of Theorem[3:3.12] O
Recall from Definition that Gy denotes the stabiliser of U in G.

Definition 3.4.4. We say that (U, H) is small if:

(a) U is an affinoid subdomain of X,

(b) H is a compact open subgroup of Gy,

(¢) T(U) has an H-stable free A-Lie lattice £ for some H-stable affine formal
model A in O(U).

If U is an affinoid subdomain of X, we say that H is U-small if (U, H) is small.
We refer the reader to Definition for the meaning of part (c).

Lemma 3.4.5. Suppose that (X,G) is small. Then (U, H) is small for every
U € X, and every compact open subgroup H of Gy.

Proof. Tt is clear that (X, J) is small for every compact open subgroup J of G.
Because the stabiliser Gy is open in G by Definition a), by replacing G by
H we may therefore assume that H = G and U € X,,/G. Choose a G-stable
affine formal model A4 in O(X) and a G-stable free A-Lie lattice £ in 7(X). By [8]
Lemma 7.6(b)] we may replace £ by a m-power multiple, and ensure that U is also
L-admissible. Now, if B is an L-stable affine formal model in O(U), then we saw
in the proof of Lemma [3:2.4] that the G-orbit of B is finite, By, ..., B, say. Then
C := By ----B, is again an affine formal model in O(U) by Lemma which is
both G-stable and L-stable. It is now easy to see that C ® 4 £ is a G-stable free
C-Lie lattice in 7(U). O

Definition 3.4.6.
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(a) Let X, (T) denote the set of affinoid subdomains U of X such that 7(U)
admits a free A-Lie lattice for some affine formal model A in O(U).

(b) Let X,,(T)/G C X,,/G denote the set of G-stable affinoid subdomains U
of X such that (U, @) is small.

Lemma 3.4.7. For every U € X,,(7), there is a U-small subgroup H.

Proof. Choose an affine formal model A in O(U) and a free A-Lie lattice £ in
T(U). The stabiliser of A in Gy is open because Gy acts continuously on U, so
we can find some compact open subgroup J of Gy such that A is J-stable. Now by
Lemma b) we can find an open subgroup H of J which also stabilises £. O

Recall the definition of two-sided Fréchet-Stein algebras from [8, §6.4].

Theorem 3.4.8. Suppose that (X,G) is small. Then ﬁ(X, G) is a two-sided
Fréchet-Stein algebra.

We postpone the proof until — it can be found immediately after Theorem
4.1.11] We will shortly see that when (X, ) is small, it is possible to localise a
coadmissible ﬁ(X, G)-module to a G-equivariant sheaf of D-modules defined on ev-
ery affinoid subdomain of X. In fact, we will give a construction of this localisation
functor in a more general, axiomatic, setting.

Recall the canonical map ¢ : G — 73(U7 G)* from Remark c).

Definition 3.4.9. Let G be a p-adic Lie group, acting continuously on a smooth
rigid analytic variety X, and let A be a K-algebra. We say that A acts on X
compatibly with G if there are given
e a group homomorphism 7 : G — A,
e a Fréchet-Stein subalgebra Ay of A for every compact open subgroup H of G,
e a continuous homomorphism o : Ay — 5(—, H) of presheaves of K-Fréchet
algebras on X,,/H, for every compact open subgroup H of G
such that for every pair H < N of compact open subgroups of G:

(a) Ay < Ay, the inclusion Ay < Ay is continuous, n(H) C A}, and the
canonical map Ay ® K[N] — Ay is a bijection,
K[H]

(b) the following diagram of presheaves on X,,/N is commutative:

AH4¢>5(—,H)

| |

An D(—, N),

N
e
(c) for every g € G, the conjugation-by-n(g) map
Adn(g) A A
sends Ay continuously into Agg,-1, and for every U € X,,/H, the diagram

Ad
n(9)
/1}{ flglfg"l

soH(U)J/ ls@gHg*l (gU)

D(U, H) —————=D(gU,gHg™")

g
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is commutative, and
(d) " omm =M.

Here is our first example of a compatible action.

Proposition 3.4.10. Suppose that (X,G) is small. Then 13(X,G) acts on X
compatibly with G.

Proof. As X is a G-stable affinoid variety, we may define the group homomorphism
n:=7%:G—=DX,G)".

For every compact open subgroup H of G, we set

—_

Ay = D(X, H)

which is a Fréchet-Stein subalgebra of A = ﬁ(X, G) by Lemma and Theorem
3-4.8] For every U € X,,/H, we let

o (U): Ay — D(U, H)

be the restriction map 7 in the presheaf 5(—, H) on X,,/H from Lemma
Viewing Ay as a constant sheaf on X,,/H, we see that o : Ay — 5(—, H)is a
continuous morphism of presheaves, again by Lemma [3.4.2]
We now check that axioms (a)-(d) of Definition are verified for these data.
(a) Let (£,J) € Z(N)NZ(H). Since @ Xy N is a crossed product of @
with N/J by Lemma [2.2.4b), we see that the canonical map

UlL)xx;H ® K[N]— U(L)x ;N
K[H]

is a bijection. Now consider the following commutative diagram:

D(U,H) ® KIN] D(U, N)
K[H]

i ——

lim (@ s K[N]) ————— lim U(L)x xs N.

The bottom horizontal arrow is a bijection, being the inverse limit over all (£, J) €
IZ(N)NZ(H) of the maps considered above. Since J has finite index in H and
inverse limits commute with finite direct sums, using Lemma [3.3.10] we see that the
left vertical arrow is a bijection. The right vertical arrow is also a bijection, again
by Lemma [3:3.10] So the top horizontal arrow is bijective, as required.

(b) Theorem induces a commutative diagram of K-algebra maps

Ay =D(X,H) —>D(U,H)

l |

Ay =D(X,N) —=D(U, N).
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(c) Because gP : D — ¢g*D is a morphism of presheaves, the diagram

D(X) % D(X)><1Ad
T g (X)xAd,
D(X) x (X)x
D(U)x H EETOTYS
(U)xAdy

—=DX)xG

T

——D(X,gHg™")

|

D(gU,gHg™ )

is commutative. Hence Ad, ) = m, sends D(X, H) into D(X,gHg™'), and

gu,m 0 o (U) = @99 (gU) 0 Ad,() -

by the uniqueness part of Theorem

(d) This follows directly from the definitions. O

We can now record some useful consequences of Definition [3.4.9]

Lemma 3.4.11. Suppose that A acts on X compatibly with G and let H < N be

compact open subgroups of G. Then

(a) Ap is a finitely presented left Ap-module,

(b) Ay is a coadmissible Ag-module, and

(¢) the multiplication map of 5(—, H)—Ap-bimodules on X,,/N

D(—, H) ® Ay — D(—, N)

is an isomorphism.

Proof. (a) This follows from Definition a) because H has finite index in N.

(b) Apply [65, Corollary 3.4v] and part (a),

noting that Ay is Fréchet-Stein.

(c) Fix U € X,,/N and consider the following commutative diagram:

D(U, N)

D(U,H) ® Ay
H

T

D(U, H) @ (4 & KIN)

D(U,H) ® KIN].
K[H]

The top horizontal arrow is induced by the commutative diagram in Definition
b), and is therefore a morphism of D(U, H)-Ap-bimodules. The vertical

arrow on the left is an bijection by Definition

'3.4.9|1 a), whereas the vertical arrow

on the right is a bijection by Proposition 3.%.1'0[ The result follows. O

Following [65], §6], we make the following

Definition 3.4.12. Suppose that A acts on X compatibly with G. We say that
the A-module M is coadmissible if it is coadmissible as an Ag-module for some
compact open subgroup H of G. We will write C4 to denote the full subcategory
of A-modules consisting of the coadmissible A-modules.



EQUIVARIANT D-MODULES ON RIGID ANALYTIC SPACES 35

Lemma 3.4.13. Let M be a coadmissible A-module. Then M is a coadmissible
Apn-module for every compact open subgroup N of G.

Proof. We are given that M is a coadmissible Apg-module for some compact open
subgroup H of G. Since the inclusion map Agnny — Apg is continuous by Definition

a) and since Ag is a coadmissible Agyny-module by Lemma [3.4.11{(b), M is
coadmissible as an Apny-module by [65, Lemma 3.8]. Applying [65, Lemma 3.8]

together with Lemma [3.4.11{(b) again to the inclusion Agnn — Axy now implies
that M is also coadmissible as an A pj-module. O

3.5. The localisation functor Loci. Throughout we will assume that:

e (G is a p-adic Lie group, not necessarily compact,

e A acts on X compatibly with G, and

e M is a coadmissible A-module.
Let (U, H) be small so that M is a coadmissible Ay-module by Lemma[3.4.13] Since
" (U): Ag — 73(U7 H) is a continuous homomorphism between two Fréchet-Stein
algebras by Theorem [3.4.8, D(U, H) is a D(U, H)-coadmissible D(U, H) — Ay-
bimodule in the sense of [8, Definition 7.3]. It follows from [8, Lemma 7.3] that in
this situation we may form the coadmissible 73(U, H)-module

D(U,H)® M.
Ap
Definition 3.5.1. Whenever (U, H) is small, we define
(11) M(U,H) := 73(U,H)§ M.
H

Recall that because we are assuming throughout that G is acting continu-
ously on X in the sense of Definition the stabiliser Gy in G of every affinoid
subdomain U of X is an open subgroup of G. We have the following basic functo-
rialities of this construction.

Proposition 3.5.2. Let H be a compact open subgroup of G and let U € X,,(T).

(a) M(U,—) is a covariant functor on the U-small subgroups of G.
(b) M(—, H) is a contravariant functor on X,,(7)/H.
(c) Let H < N be compact open subgroups of G and let V. C U be members

of X,,(T)/N. Then the natural diagram of ’5(U, H)-modules
(12) M(U, H) — M(U,N)

|

M(V,H) —= M(V,N)
obtained from parts (a) and (b) is commutative.

Proof. (a) Let J < N be U-small subgroups of G. By Definition b), there is
a commutative diagram of K-algebra homomorphisms

I U .
A, —2Y9 B,y

| |

Ay ————= D(U,N),
N (U)
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Hence the map Yf)\(U7 J) x M — M(U,N) given by (a,m) — a®m is A -balanced
and left ﬁ(U7 J)-linear. Since ﬁ(U7 N) is a finitely presented 6(U7 J)-module by
Proposition M(U, N) is a coadmissible D(U, J)-module by [65, Lemma 3.8],
so this map extends uniquely to a ﬁ(U, J)-linear map

M(U,J)=D(U,J)®M — D(U,N) @ M = M(U, N)
AJ AN
by the universal property of @ given in [8, Lemma 7.3]. The uniqueness of this map
makes it easy to see that the triangle

M(U,J) —= M(U, N)

S

M(U, N

commutes whenever N’ is a third open subgroup of Gy containing N.
(b) Let V C U be H-stable affinoid subdomains of X. By Definition we
have another commutative diagram of K-algebra homomorphisms

H —_
Ay —29 B )

e |

D(V, H).
Now the universal property of ® gives a ﬁ(V, H)-linear, i-)\(U7 H)-balanced map

L:D(V,H) x M(U,H)— D(V,H) ® M(U,H),
D(U,H)

whereas [8, Corollary 7.4] gives a D(V, H)-linear isomorphism

0:D(V,H) ® M(U,H)— M(V,H).
D(U,H)

Therefore we obtain a D(U, H)-linear map fo(1, —) : M (U, H) — M(V, H) which
fits into the commutative diagram

M(U,H) —— M(V, H)
.|
M(W, H)

whenever W is a third H-stable affinoid subdomain of X contained in V.
(¢) Theorem [3.3.12] gives a commutative diagram of Fréchet-Stein algebras and
continuous K-algebra homomorphisms

D(U,H) — D(U, N)
D(V,H) —=D(V,N).

It is now straightforward to verify that diagram is commutative. [
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Definition 3.5.3. For every U € X,,(7T), define
PR(M)(U) := lim M (U, H)

where in the inverse limit, H runs over all the U-small subgroups of G.
It is clear that Py (M)(U) is a D(U)-module.

Lemma 3.5.4. For every V,U € X,,(T) such that V C U, there is a D(U)-linear
restriction map 7y : Pg(M)(U) — PL(M)(V).

Proof. Let N be a V-small subgroup of G. Choose a U-small subgroup H of Ny
using Lemma m There is a natural D(U)-linear map

VNt PR(M)(U) = M(V,N)

which factors through the maps M(U,H) — M(V,H) — M(V,N) given by
Proposition a,b), and does not depend on the choice of H. If N’ < N is
another V-small subgroup and H' := N{;N H, then H' is a U-small open subgroup
of N{; by Lemma and the diagram

M(U,H)——— > M(V,Ny) ———— > M(V,N)

| | T

M(U, H') M(V, Ny) M(V,N)

commutes by Proposition c,a). Hence the triangle

7_U

Px(M)(U) M(V,N)

i |

M(V,N")

is commutative, and it induces the required D(U)-linear map

v : PR(M)(U) — PR(M)(V) = lim M(V, N)

by applying the universal property of inverse limit. ([

In fact, each arrow in the inverse system defining Pg (M) is an isomorphism.
This follows from our next result.

Proposition 3.5.5. Let H < N be compact open subgroups of G, and let U €
Xw(T)/N. Then for every coadmissible A-module M, the natural map

M(U,H) — M(U,N)
from Proposition a) is an isomorphism of coadmissible 5(U7 H)-modules.
Proof. By Lemma [3.4.11fc), the natural map
a:D(U,H)®4, Ay — D(U,N)

is an isomorphism of 5(U,H)—AN—bim0dules. On the other hand, there is an
obvious isomorphism S : AN§M — M of coadmissible left Apg-modules, and
N
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Ap is a coadmissible Ay — An-bimodule in the sense of [8, Definition 7.3]. These
maps combine to produce a commutative diagram
—_ 1® ~ —~
<AN ® M) L DUH)EM
AN AH

D(U,H)®

Apn

]

<5(U,H)E§AN> M —~D(U,N)&M
Ay a®1l AN

AN
where the vertical map on the left is the canonical associativity isomorphism given
by [8, Proposition 7.4]. The result follows, because o and 8 are isomorphisms. O

Corollary 3.5.6. Whenever (U, H) is small, the canonical map Pg(M)(U) —
M (U, H) is a bijection.

Next, we study the G-equivariant functoriality of M (—, —).
Proposition 3.5.7. Suppose that (U, H) is small and let g € G.

(a) There is a K-linear map
gUm = M(U,H) — M(gU,gHg™")

such that for every a € D(U, H) and every m € M(U, H), we have
g, (a-m) = guu(a) - g5 g (m).
(b) Whenever N is an open subgroup of H and V is an N-stable affinoid

subdomain of U, the diagram

(13) MU, H) —2"  M(gU, gHg™)
T gI];I,N T 1)

M(U, N) ———— M(9U,gNg~

|

M(V,N) — M(gV,gNg™")

where the vertical arrows are given by Proposition [3.5.2] is commutative.

9v,N

Proof. (a) We will regard the coadmissible left ﬁ(gU, gHg™1)-module
M(gU,gHg™!) =D(gU,gHg™") & M

gHg—1

as a coadmissible left 5(U, H)-module via the K-algebra isomorphism gy g. Now,

consider the map
M. D(UH)xM —  M(gU,gHg™")
(a,m) = gu,u(a) @1n(g)-m

It is evidently left 73(U,H )-linear; we will show that ¢™ is Apy-balanced. By

Definition ¢), we know that

N —1
gu,z 09" (U) =9 (gU) 0 Ad,y(y) -
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Let a € D(U,H),b € Ay and m € M. Then
¢M(a"bam)

gu,a(a e (b))@ﬁ(g)

gu,u(a) gu, H( ") ® 1(g) - m

= §U,HEQ§ SDgHg ( n(g)( )) ® (g) m
(

@\U,H a ® Adn(g (b) ( ( ) )
gu m(a) ® 1(g) - (bm)
— P (a, bm)

so ™M is Ay-balanced, as claimed. Therefore, by the universal property of @, ™
extends uniquely to a left D(U, H)-linear homomorphism
an  aMUH) = DUHSM —  MgUgHg™)
H
a®@m =  guun(a)@ng) m

Since the left 5(U, H)-module structure on M(gU,gHg™!) is given via gu u,
we see that g{f ;(a-m) = gum(a)-gif y(m) for all a € D(U, H),m € M(U, H) as
claimed.

(b) This is straightforward. O

Whenever Uy, ...,U,, is a finite collection of affinoid subdomains of X, we will
use Gy,,....u,, to denote the intersections of their stabilisers in G:
GU17~»-,Um = GUl n---N CTYUm-
Note that this is an open subgroup of G because G acts continuously on X.

Theorem 3.5.8. Let M be a coadmissible A-module. Then Py (M), equipped
with the restriction maps TV from Lemma“7 3.5.4L becomes a G-equivariant presheaf
of D-modules on X, (T).

Proof. Let W C V C U be members of X,,(7), and write M := Pg(M). Using
Lemma choose a U-small compact open subgroup H of Gy v, w, and consider
the following diagram:

M(W, H)
) M(TW)
27N
M(U) TS M(V)
/ \
M(U, H) M(V, H).

The large outer triangle commutes by Proposition a), and the three arrows
connecting the inner triangle with the outer triangle are isomorphisms by Corollary

3.5.6l Hence the inner triangle commutes, and M is a presheaf.
Next, fix g € G, and for every U € X,,(T) define

g*(U) : M(U) = M(gU)
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to be the inverse limit of the maps g{\fH :M(U,H) — M(gU, gHg™!) constructed
in Proposition m(a) Note that g™ (a-m) = gP(a) - g™ (a) for all @ € D and all
m € M by Proposition[3.5.7(a,b). Now let V C U be another affinoid subdomain of
X, choose a U-small compact open subgroup H of Gy, v, and consider the following
diagram:

M(U, H) o0 M(gU,gHg™")
\M(U) 1O mu /
9U)
/T\\:}V) ) M(lg;gfv)
/ \
M(V, H) o M(gV,gHg™").

In this diagram, the four trapezia commute by definition of the maps 75 and
g™ (U). The outer square commutes by Proposition ). Because the diagonal
arrows in this diagram are isomorphisms by Corollary the inner square also
commutes. Therefore g™ : M — g* M is a morphism of presheaves on X, (7).

Finally, it follows from Lemma that for every compact open subgroup H
of Gy and for every g,h € G, we have

/g\hU,hHh*1 © BU,H = gAhU,H'
Since M is an A-module, inspecting we see that
g (PMa@m)) = gM(h(a) @ n(h)-m)
= §(h(@) B n(g) - (n(h) - m)
= gh(a) @ n(gh) -m = (gh)*(a)
for all a ® m € M. Thus {g™ : g € G} is a G-equivariant structure on M. O
We have not yet used part (d) of Definition in our exposition. We will do so

crucially in the proof of our next result, which essentially states that our functors
P (—) enjoy a certain transitivity property.

Proposition 3.5.9. Suppose that (U, J) is small, write B := 73(U, J) and let N :=
B®24 ,M. Then N is a coadmissible B-module, and there is a natural isomorphism
P (M)u, — PH(N)

of J-equivariant presheaves of D-modules on U,,.

Proof. Note that U, (T) = U, because (U, J) is small. The algebra B acts on

U compatibly with J by Proposition |3.4.10; here By = ﬁ(U, H) for any compact
open subgroup H of J. Let V be an affinoid subdomain of U, and let H be a
compact open subgroup of Jy. Unravelling the definitions, we see that

M(V,H)=D(V,H)®M and N(V,H)=D(V,H) ® <13(U,J)®M).
An D(U,H) Ay
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Now consider the following diagram:

M(V,H) —> (ﬁ(V,H) ® 5(U,H)> ® <AJE§5M)
D(U,H)

AV, H \L

v —_ —_ —_ —_ —_
N(V,H)<=——D(V,H) ® ((D(U7H) ®AJ)®M>.
D(U,H) Aw Ay

The top horizontal map is given by ¢ ® m +— (a ® 1) @ (1 ® m); this is clearly an
isomorphism. The bottom horizontal map is induced by the isomorphism

5(U,H)§ A; =5 D(U,J)

from Lemma [3.4.11fc), therefore it is an isomorphism by functoriality. The ver-
tical map on the right is an isomorphism obtained by applying the associativity
isomorphism [8, Proposition 7.4] three times. Hence there is a left D(V, H)-linear
isomorphism Av g : M(V,H) — N(V,H) that makes the diagram commute.
This isomorphism is given by

(15) Awal@a®@m)=a® (1®m) acD(V,H),me M.

Let M = P£(M) and let N' = PE(N). Passing to the inverse limit over all H as
above, we obtain a D(U)-linear map

AV) = <h_m MV, H) : M(V) — N (V)

which makes the following square commute:

(V)

M(V) N(V)
M(V, H) —— N(V,H).

Next, let W be an affinoid subdomain of V, choose a compact open subgroup H
of Gu,v,w, and consider the following diagram:

AV, H

(16) M(V, H) ’ N(V,H)
\M A(V) /
(V) N(V)
o (M) iT\\zlv(N)
/ A N(W)\
M(W, H) N(W, H)
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where the vertical arrows in the inner square come from Lemma [3.5.4] The four
trapezia in this diagram commute by definition, and the outer square commutes
because of the formula . Since the diagonal maps are isomorphisms by Corollary
it follows that the inner square is also commutative. Thus

)\:MlUw — N

is an isomorphism of presheaves of D-modules on U,,,.
Next, we check that \ is J-equivariant. To see this, let g € J, let H be a compact
open subgroup of Jy and consider the following diagram:

A — —_ —~ _
D(V, H) ®M i D(V,H) ® (D(U, J)®M>
D(U,H) Ag
V) XN (w)
WNou M(V)J/ lgNM 9.1
M(g
/ /\( V) \
D(gV,9H) @ M D(gV,*H) ® (73(U, J)@M) .
AgH gV,gH D(U,QH) Ay

The map np : J — BX is~y/ : J — ﬁ(U, J)*, by the construction given in the
proof of Proposition |3.4.10, Hence, for any a € D(V, H) and any m € M, we have

WaAvala®m) = gfga®(1@m)
= gv.ul(a) ® ne(9) f(\l ® m)
= gv.a(a) ® (v/(9) ® m)
= gv.u(a) ® (¢’ (n(g) ®m)
— Gva@B (1&g m
= Ngv,or (gv,u(a) ® n(g) - m)

)‘gV,gH(Q\A;[,H(a ® m))

where on the fourth line we used part (d) of Definition Thus the outer square
of the above diagram commutes. The diagonal arrows in this diagram are isomor-
phisms by Corollary so the inner square is commutative and A : My, — N
is J-equivariant. O

Lemma 3.5.10. Suppose that (X,G) is small, and that M is a coadmissible
D(X, G)-module. Let H be an open subgroup of G and let N be the restriction of
M to D(X, H). Then there is a natural isomorphism

D(X,H D(X,G
PRIV = PO ()
of H-equivariant presheaves of D-modules on X,,,.

Proof. If U € X, and J is any open subgroup of Hy, the identity map is a 5(U, J)-
linear isomorphism M (U, J) — N(U, J). Passing to the inverse limit over all such
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. . . D(X,G = D(X,H .
J gives us an isomorphism of presheaves PX( ’ )(M ) = Px( ’ )(N ) on X, which
is readily checked to be H-equivariant and D-linear. O

We will now state the main result of §

Theorem 3.5.11. Let U € X,,(7). Then Pg(M)y, is a sheaf on U, with
vanishing higher Cech cohomology, for every coadmissible A-module M.

We postpone the proof until §4.4 Because X is smooth, the tangent sheaf 7°
is locally free. This means that X,,(7) forms a basis for X, and Theorem
implies that Pg (M) is a sheaf on X,,(7) in the sense of [8, §9.1]. We can now apply
a general result (see [8, Theorem 9.1]) to deduce that Pg (M) extends uniquely to
a sheaf on Xig, the strong G-topology of X.

Definition 3.5.12. We define LOC%(M) be the unique sheaf on X, whose restric-
tion to X,,(7) is the presheaf Pg(M).

It is straightforward to see that Loci (M) is in fact a G-equivariant sheaf of
D-modules on X,ig.

3.6. Coadmissible equivariant D-modules. We continue to assume that X is
a smooth rigid analytic variety, and that G is a not necessarily compact p-adic Lie
group acting continuously on X. In §3.6] we will give a ‘purely local’ definition of
coadmissible G-equivariant D-modules on X, by gluing together the categories of
coadmissible 5(U, H)-modules, as U varies over all affinoid subdomains in X,,(7)
and H varies over all possible U-small subgroups of G. To do this correctly, it
turns out that we need the local sections of morphisms between the G-equivariant
D-modules of interest to be continuous. This, in turn, necessitates keeping track
of certain topologies on certain local sections of these G-equivariant D-modules —
see Remark d) below. The following framework will turn out to be convenient
for our purposes.

Definition 3.6.1. Recall that X,,(7) is the set of affinoid subdomains U of X such
that 7 (U) admits a free A-Lie lattice for some affine formal model A in O(U).

(a) We say that a G-equivariant D-module M on X,ig is locally Fréchet if
e M(U) is equipped with a Fréchet topology for every U € X,,(7),
e the maps ¢™(U) : M(U) — M(gU) are continuous, whenever U €
Xw(T) and g € G.
(b) A morphism of G-equivariant locally Fréchet D-modules is a morphism
f: M — N of G-equivariant D-modules, such that f(U) : M(U) — N (U)
is continuous for every U € X,,(7). We call such morphisms continuous.

Notation 3.6.2. We denote the category whose objects are G-equivariant locally
Fréchet D-modules on X and whose morphisms are continuous maps by

Frech(G — Dx).
We denote the forgetful functor to G-equivariant D-modules on X by
® : Frech(G — Dx) — G—D—mod.
Remarks 3.6.3.
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Note that we are not equipping M(U) with a Fréchet topology for every
admissible open subset U of X: the choice of X,,(T) is the most economi-
cal because Theorem [3.5.11] tells us that we know what the restrictions of
our sheaf Locg (M) to U € X,,(T) look like. Instead of X,,(7), we could
also have chosen to work with quasi-compact admissible open subsets. Be-
cause the category of Fréchet spaces is stable only under countable and not
arbitrary projective limits, which are needed to compute local sections of
admissible open subsets that may be too large to admit countable admissi-
ble affinoid coverings, and it is certainly not stable under arbitrary filtered
inductive limits, which arise in the sheafification process. Of course, instead
of Fréchet spaces, we could have chosen to work with a category of topolog-
ical vector spaces that is large enough to be stable under every such limit,
such as locally convex vector spaces, or perhaps instead with the category
of bornological vector spaces. Since we are not particularly interested in the
topology of the local sections of our coadmissible G-equivariant D-modules
over arbitrary admissible open subsets in this paper, to keep matters as
simple as possible, we will not consider any topology on these spaces of
local sections.

The category Frech(G — Dx) is additive, and admits kernels. Other axioms
of abelian categories, even such basic ones as the existence of cokernels,
do not follow from the weak axiomatic framework of Definition [3.6.1} one
problem is that the D(U)-action on M(U) is not assumed to be separately
continuous. However, we will see that the category of coadmissible G-
equivariant D-modules is abelian.

The real technical reason why we need to keep track of these topologies is
as follows. In Definition [3.6.7] below, we define the category Cx ¢ of coad-
missible G-equivariant D-modules on X. One of its main properties should
be that T'(U, —) takes values in coadmissible 5(U, Gu)-modules for every
U € X, (7). Now even assuming we can show that M(U) is a coadmis-
sible lS(U7 Gu)-module for every M € Cx /g, a morphism ¢ : M — N of
G-equivariant D-modules will at best a priori only give rise to a D(U) X Gy-
linear map M (U) — N (U), which need not be D(U, Gy )-linear, in general.
However, because D(U) x Gy is dense in D(U, Gy), a D(U) x Gy-linear
morphism between two coadmissible f)\(U7 Guy)-modules is ﬁ(U, Guy)-linear
if and only if it is continuous with respect to the canonical topologies on
M(U) and N (U).

We do not require the restriction maps in, nor the D-module structure on, a
G-equivariant locally Fréchet D-module M to be continuous. This is done
to keep the exposition as simple as possible: in fact our coadmissible G-
equivariant D-modules do have continuous D-module structure, but these
are consequences of the far more stringent condition of being coadmissible.

Remark 3.6.4. If M is a G-equivariant D-module on X (respectively, X,, or
Xw(T)) and H is any closed subgroup of G, then we can always regard M as an
H-equivariant D-module on X (respectively, X,, or X,,(7)). In this way we obtain
the restriction functor

Res$ : Frech(G — Dx) — Frech(H — Dx)

and its obvious analogues on X, and X,, (7).
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Lemma 3.6.5. Let A be a Fréchet-Stein algebra. Then any A-linear map M — N
between two co-admissible A-modules is automatically continuous.

Proof. This follows from [65, Proposition 2.1(iii) and Corollary 3.3] — see the
remarks appearing immediately after the proof of [65, Lemma 3.6]. O

Proposition 3.6.6. Suppose that A acts on X compatibly with G. Then Loc§ is
a functor from coadmissible A-modules to G-equivariant locally Fréchet D-modules
on X.

Proof. Fix the coadmissible A-module M, and recall the G-equivariant presheaf
M := Pg(M) of D-modules on X,,(7) from Theorem Let U € X,,(T), and

~

choose a U-small subgroup J of G. There is a canonical isomorphism M(U) =
M(U,J) = ’2-5(U7 J)®a, M by Corollary so M(U) carries a canonical Fréchet
topology, being a coadmissible 5(U, J)-module. This topology is independent
of the choice of J. Now, let ¢ € G and consider the map g{‘fJ : M(U,J) —
M(gU,gJg~'). By Proposition W(a), this map satisfies g%{J(a -m) = gu,j(a) -
(g-m) foralla € ’5(U, J) and m € M, so when we regard M(gU) as a coadmissible
23(U, J)-module via the continuous ring isomorphism gy, s from Lemma g{\j{ J

becomes a 23(U, J)-linear map between two coadmissible 5(U, J)-modules. Hence
g™ (U) is continuous by Lemma The restriction of the functor Locyg (M) to
Xw(T) is M by Theorem so Loci (M) is a G-equivariant locally Fréchet
D-module on X.

Now if f: M — N is an A-linear map between two coadmissible A-modules,
then for any V € X,,(7) and any V-small subgroup H of G, the functoriality of
® induces a D(V, H)-linear map 1&f : M(V, H) — N(V, H), which is continuous
by Lemma [3.6.5] In this way we obtain a G-equivariant morphism of presheaves
PL(M) — Pg(N) on X,,(T) whose local sections are continuous, and after ap-
plying [8, Theorem 9.1], we get a morphism Lock (f) : Locg (M) — Lock(N)
of G-equivariant locally Fréchet Dx-modules. It is straightforward to verify that
Loci (g o f) = Lock(g) o Locy (f) whenever g : N — N’ is another A-linear map
to a coadmissible A-module V. O

We now come to another central definition of this paper.

Definition 3.6.7. Let M be a G-equivariant locally Fréchet D-module on X.

(a) Let U be an X, (T )-covering. We say that M is U-coadmissible if for each
U € U there is a U-small subgroup H of G, a coadmissible D(U, H)-module
M, and an isomorphism

Lol (1) =5 Ay,

of H-equivariant locally Fréchet D-modules on U.

(b) We say that M is coadmissible if it is U-coadmissible for some X, (7 )-
covering U.

(¢) We denote the full subcategory of Frech(G —Dx) consisting of coadmissible
G-equivariant locally Fréchet D-modules by

CX/G~
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We will abbreviate the term “coadmissible G-equivariant locally Fréchet D-
module” to just “coadmissible G-equivariant D-module”. As one may expect, we
have the following canonical source of examples of such modules.

Proposition 3.6.8. Suppose that A acts on X compatibly with G. Then the
functor Locj from coadmissible A-modules to Frech(G —Dx) takes values in Cx /G-

Proof. Choose any X,, (T )-covering U of X, fix U € U and choose a U-small sub-
group J of G using Lemma [3.4.7] Let M be a coadmissible A-module and let N
be the coadmissible D(U, .J)-module D(X, J)®, M. By [8, Theorem 9.1], the iso-

morphism Py (M) u,, = PS(X’J) (N) of J-equivariant presheaves of D-modules on
U,, from Proposition extends uniquely to an isomorphism LOCQ(M )|U., =,

Loc?(X’J)(N ) of J-equivariant D-modules on U. This isomorphism is continuous
by Lemma [3.6.5] so we see that Loci (M) is U-coadmissible. O

Coadmissible G-equivariant D-modules behave well under refinements.

Lemma 3.6.9. Let M be a G-equivariant locally Fréchet D-module on X, let U
be an X, (7T )-covering of X and let V be X,, (T )-refinement of ¢. Suppose that M
is U-coadmissible. Then M is also V-coadmissible.

Proof. Let V € V. Since V is a refinement of U, we can find some U € U which
contains V. Since M is coadmissible, there is a U-small subgroup H of G, a coad-

missible B := ﬁ(U,H)—module M and an isomorphism Locg (M) = My, of

H-equivariant locally Fréchet D-modules on U. Choose an open subgroup J ofr‘fg{V.
This restricts to a continuous isomorphism ’Pg (M), =, My, of J-equivariant
D-modules on V,,. On the other hand, letting C := ﬁ(V, J) and N := CQpM
and applying Proposition gives us an isomorphism P& (M )|V =, PG(N)
of J-equivariant D-modules on V,,. The local sections of this isomorphism are
automatically continuous by Lemma so by combining these two isomor-
phisms we obtain a continuous isomorphism P\C;(N ) = My, of J-equivariant
D-modules on V,,. Applying [8, Theorem 9.1] gives a continuous isomorphism

Loce(v"]) (N) = M,v,,, of J-equivariant D-modules on V. O
Coadmissible G-equivariant D-modules behave well under restriction.

Proposition 3.6.10. Let M € Cx/¢-

(a) Let H be an open subgroup of G. Then M € Cx,py.
(b) Let Y be an admissible open subset of X. Then M|y € Cy gy -

Proof. (a) The problem reduces in a straightforward way to the case where (X, G)

is small and M = LOCQ(X’G)(M) for some coadmissible f)\(X7 G)-module M. Let

N be the restriction of M to ﬁ(X, H), a coadmissible ﬁ(X, H)-module by Lemma

3.5.10, The isomorphism P)?(X’G) (M) 5 PQ(X’H)(N) on X,, from Lemma (3.5.10
is continuous by Corollary and Lemma so its canonical extension to X,ig

an isomorphism LOCQ(X’G)(M ) S LOCQ(X’H)(N ) of H-equivariant locally Fréchet

D-modules on X. Hence M is a coadmissible H-equivariant D-module on X.
(b) It follows from Remark that M is a Gy-equivariant locally Fréchet
D-module on X. Since Y is admissible open in X, Y,,(7) is a subset of X,,(7) so
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M|y is also a Gy-equivariant locally Fréchet D-module on Y, and it remains to
see that My is coadmissible.

Suppose that M is U-coadmissible for some X,, (T )-covering U. For every U € U,
choose an admissible affinoid covering Vy of Y NU and let V = UyeyyVu. Then V
is a Y (T )-covering of Y which refines . In this way we reduce the problem to
the case where both Y and X are affinoid, (X, G) is small, and M = LOCQ(X’G)(M)

for some coadmissible 23(X, G)-module M. Let H := Gy, an open subgroup of G.
It now follows from Proposition that

(17) My = Lock® (M)y = Locy ™™ (ﬁ(Y, H) ® M)
D(X,H)

as H-equivariant locally Fréchet D-modules on Y. (I

Theorem 3.6.11. Suppose that (X, G) is small. Then the localisation functor

D(X,G
LOCX( ) : C’B(X,G) — CX/G

is an equivalence of categories.

p = . ._ D(X,G)
roof. Let M, N be coadmissible D(X, G)-modules, and write Loc := Locy .

By Corollary [3.5.6/and Theorem [3.5.11] we can identify M (X, G) with Loc(M)(X),

functorially in M. Therefore, for any {)\(X, G)-linear morphism f : M — N we have

the commutative diagram

M N
M(X,G) s Vx.Q).

Because the map N — N(X, G) which sends n to 1 ® n is an isomorphism, we see
that Loc is faithful.

Suppose next that « : Loc(M) — Loc(N) is a morphism of G-equivariant locally
Fréchet D-modules on X. Now «(X) : Loc(M)(X) — Loc(N)(X) is D(X) x G-
linear by Proposition and continuous by Definition [3.6.1(b), so it must also
be D(X, G)-linear because M (X, G) and N(X,G) are both coadmissible D(X, G)-
modules. Letting f : M — N be defined by the commutative diagram

| |
M(X,G) = N(X,G)

we see that f is 5(}(7 G)-linear, and we claim that Loc(f) = «. To see this, let
U € X, recall that the map M (X, Gy) — M(X,G) is a bijection by Proposition
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and consider the commutative diagram

a(U)

M(U, Gu) N(U,Gu)
\ Loc(f)(U) /
M(X, Gu) N(X,Gu)
a(X)
M(X,G) N(X,G)
Loc(f)(X)

By construction, a(X) = Loc(f)(X), and the image of M(X,G) in M (U, Gy)
under the vertical map in this diagram generates a dense 5(U7GU)—submodule
of M(U,Gy) = Zf)\(U,GU)A ® M. Since a(U) and Loc(f)(U) are continuous
D(X,G)

D(U) x Gy-linear maps that agree on this submodule, it follows that they are
equal. Since X,, is a basis, we see that Loc(f) = «, and therefore Loc is full.

The proof of the fact that Loc is essentially surjective is quite long. In order to
not interrupt the flow of the paper, we have postponed it until §4.4] below — see
Theorem O

3.7. Cx,¢ is an abelian category. We continue to assume that X is a smooth
rigid analytic variety, and that G is a not necessarily compact p-adic Lie group act-
ing continuously on X. In we will prove that the category Cx ¢ of coadmissible
G-equivariant D-modules on X is abelian. Recall from [8, Definition 7.5(a)] that if
A — B is a continuous homomorphism of Fréchet-Stein algebras, then B is said to
be a right c-flat A-module if the functor B® 4— from coadmissible A-modules to
coadmissible B-modules is exact.

Theorem 3.7.1. Suppose that (X, H) is small and let U € X,,/H. Then ﬁ(U, H)
is a c-flat right D(X, H)-module.
We postpone the proof until §4.4] The category G—Dx—mod is abelian, and we
have the forgetful functor
® : Frech(G — Dx) — G—Dx—mod .
Corollary 3.7.2. If (X, G) is small then

D(X,G)
X

® o Loc — G—Dx—mod

: Cﬁ(x,G)
is an exact functor.

Iimof. Let 0 - My — My — M3 — 0 be a short exact sequence of coadmissible
D(X, G)-modules, let U € X,, and choose an open subgroup H of Gy. Then
(U, H) is small by Lemma so the sequence of D(U, H)-modules

0— M (U,H)— My(U,H) - M3(U,H) = 0

is exact by Theorem and [8, Proposition 7.5(a)]. Corollary and Theorem
3.5.11| now imply that PQ(X’G) is an exact functor from Cﬁ(x, &) to G-equivariant
D-modules on X,,. Since the extension functor from sheaves on X,, to sheaves on

X.ig is an equivalence of categories by [8, Theorem 9.1], we see that ® o Locg(x’c)

is also exact. O
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In an attempt to make this material more readable, if o : M — N is a morphism
in Cx,g we will continue to write ker o to mean the G-equivariant D-module that
is the kernel of ®(«) : ®(M) — P(N), rather than the more precise, but confusing,
ker ®(c). We adopt a similar abuse of notation with the sheaves im o and coker a.

Lemma 3.7.3. Let o : M — AN be a morphism in Cx,/a- Then the G-equivariant
D-module ker « is coadmissible, and the canonical morphism ker o < M is contin-
uous.

Proof. For any U € X,,(T), (ker a)(U) is the kernel of the continuous map a(U) :
M(U) = N(U) between two Fréchet spaces. Therefore it is closed, and we equip it
with the subspace Fréchet topology from M (U). For any g € G, the map g*°**(U) :
(ker ) (U) — (ker a)(gU) is the restriction of g™ (U) : M(U) — M(gU), which is
continuous. So the G-equivariant D-module ker « is locally Fréchet.

By choosing a common refinement and appealing to Lemma[3.6.9] we may assume
that M and A are both U-coadmissible for some X, (7 )-covering U. Fix U € U.
By Definition [3.6.7] and Theorem [3.6.11] we can find a U-small subgroup H of G,
a morphism f : M — N of coadmissible 23(U,H )-modules and a commutative
diagram of H-equivariant Dy-modules

Loc(M) Loetl) Loc(N)

Alu ulu

MlU Oé‘U MU’

where Loc := Locg(U’H) and the maps A, pu are continuous. The f)\(U7 H)-module
ker f is coadmissible by [65, Corollary 3.4(ii)]. Because Loc is exact by Corollary
[37:2] we obtain a commutative diagram of H-equivariant Dy-modules

0 —— Loc(ker f) — Loc(M) Loets) Loc(N)

[URE= Ai: ul:
\

0 ker v My

@|u

with exact rows. Since H—Dy—mod is an abelian category, the Five Lemma gives
an isomorphism of H-equivariant Dy-modules ¢ completing the diagram. For any
V € Uy, (V) is the restriction of the continuous map A(V) to Loc(ker f)(V),
and is therefore continuous. Hence ker « is U-coadmissible, and kera — M is
continuous by construction. (I

Lemma 3.7.4. Let M € Cx/g, U € X,,(T) and @ > 0. Then H (U, M) = 0.
Proof. Choose a U-small subgroup H of Gi. By Proposition|3.6.10(b), My € Cu,u
and H' (U, M) = H(U, M|y). So we may assume that (X, G) is small. But now

M= LOCQ(X’G) (M) for some coadmissible D(X, G)-module M by Theorem 3.6.11
so H'(U, My ) = 0 for any finite affinoid covering ¢ of any affinoid subdomain V' of
U by Proposition and Theorem [3.5.11] Now apply [67, Lemma 21.11.9]. O


http://stacks.math.columbia.edu/tag/03F9

50 KONSTANTIN ARDAKOV

Lemma 3.7.5. Let o : M — A be a morphism in Cx,/q- Then the G-equivariant
D-module coker o is coadmissible, and the canonical morphism N —» coker « is
continuous.

Proof. We first handle the special case where ker & = 0, so that we have the short
exact sequence 0 — M — N — cokera — 0 in G—D—mod. For any U € X,,(T),

the sequence 0 — M(U) o) N(U) — (cokera)(U) — 0 is exact by Lemma
3.7.4] so (coker )(U) = coker a(U). Now M(U) and N (U) are coadmissible
13(U,H )-modules for any U-small subgroup H of G, by Proposition and
Theorem The map «(U) is D(U) x H-linear by Proposition as well
as continuous, hence it is also D(U, H)-linear. Since D(U, H) is Fréchet-Stein by
Theorem (coker o) (U) = coker a(U) is a coadmissible D(U, H)-module by
[65, Corollary 3.4(ii)], and we will therefore equip it with the canonical Fréchet
topology. Let g € G. Since g®***(U) : (coker a)(U) — (coker a)(gU) is induced
by the 5(U,H)—linear map g™ (U) : M(U) = M(gU) (when we view M(gU) as
a D(U, H)-module via the isomorphism gu.m), it is also D(U, H)-linear and thus
continuous. So the G-equivariant D-module coker « is locally Fréchet.

By choosing a common refinement and appealing to Proposition [3.6.9] we may
assume that M and N are both U-coadmissible for some X, (7 )-covering Y. Fix
U € U. By Theorem and Corollary we can find a U-small subgroup
H of G, a morphism of coadmissible ﬁ(U, H)-modules f: M — N and a diagram
of H-equivariant Dy-modules

Loc(f
0 —— Loc(M) Loctd) Loc(N) —— Loc(coker f) ——=0

,\J{u ulu VR~
\

0 My oo Nu coker oy ——0
. . D(U,H)
with exact rows and continuous A, p, where Loc := Locy . Let V. € U,.

By Lemma and Theorem applying I'(V, —) to this diagram keeps the
rows exact and sends all objects to coadmissible D(V, Hy)-modules. Now A(V) and
(V) are continuous D(V) x Hy-linear maps by Proposition hence D(U, Hy )-
linear. Therefore (V) is also D(V, Hy )-linear by the exactness of the diagram,
and therefore continuous by Lemma So 1 is continuous, and it follows that
coker v is U-coadmissible. .

The map N (U) — (coker @)(U) is D(U, Gy)-linear by construction, and there-
fore continuous. It follows that the canonical map N — coker « is continuous.

Returning to the general case where ker « is not necessarily zero, we have two
short exact sequences of G-equivariant D-modules

0 —skera =M —-ima—0 and 0— ima — N — cokera — 0.

Now ker v < M is a morphism in Cx ¢ by Lemma so M — ima is also a
morphism in Cx ¢ by the special case applied to the first sequence.

Finally, consider the canonical map ima < N. For any U € X, (7T), the
canonical topology on (im «)(U) defined above agrees with the subspace topology
induced from N (U). Thus im « < N is continuous, and another application of the
special case completes the proof. O
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Lemma 3.7.6. Let A be a Fréchet-Stein algebra, and suppose given the following
commutative diagram of K-vector spaces

P Q
N,
7 T
\
0 ker ; M — N 7 coker o — 0.

Suppose that all objects in this diagram are coadmissible A-modules, that the maps
u, o, v are A-linear and that the maps ¢ and g are canonical. Then the dotted arrows
7 and r are continuous.

Proof. The maps u and i are continuous by Lemma [3.6.5] Equip imi with the
subspace topology from M. Then im¢ is closed in M by [65, Corollary 3.4(ii)
and Lemma 3.6], so the map 7 is a homeomorphism onto its image by the Open
Mapping Theorem [60, Proposition 8.6]. Hence every open neighbourhood of zero
in ker « is of the form i~!(V) for some open neighbourhood V of 0 in M. Hence
J7HE (V) =uY(V) is open in P and j is continuous.

Similarly, ¢ and v are continuous by Lemma [3.6.5] and ¢ is open by the Open
Mapping Theorem, so for every open neighbourhood V of zero in Q, r~1(V) =
q(g71r=1(V)) = q(v=1(V)) is open in coker a and r is continuous. O

Theorem 3.7.7. The category Cx ¢ is abelian.

Proof. Let o : M — N be a morphism in Cx/q. Then by Lemma [3.7.3] the
canonical map ¢ : ker &« < M is a morphism in Cx,g. Suppose that u : P — M
is another morphism in Cx /¢ such that o owu = 0. Since i is the kernel of « in
G—Dx—mod, there is a unique morphism of G-equivariant D-modules j : P — ker «
such that w =70 j. Now if U € X,,(T) and H is a U-small subgroup of G, then
all objects in the commutative diagram

P(U)

uw(U
\

0 —— (ker a)(U) o M(U) O

N(U)
are coadmissible f)\(U7 H)-modules by Theorem and it follows from Lemma
that j(U) is continuous. Hence j : P — ker a is actually a morphism in Cx /¢,
and if j : P — ker v is another map such that u = i o j' then 7 = j’ because the
forgetful functor @ is faithful. Thus i is the kernel of a in Cx/q-

We have shown that Cx,g has kernels, and an entirely similar argument using
Lemma [3.7.4] and Lemma [3.7.5) shows that it also has cokernels. Next, we verify
that every monomorphism o : M — N in Cx s is the kernel of its cokernel ¢ :
N — coker a. To this end, consider the commutative diagram in Cx ¢

0 M—25 N —% cokera — 0
J‘
\
0 ker g N - cokera ——0
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where j is induced by the universal property of ker g, and the rows are exact in
G—Dx-mod. The arrow ®(j) is an isomorphism by the Five Lemma in the abelian
category G—Dx—mod, so the local sections j(U) are continuous bijections for all
U € X, (7). By the Open Mapping Theorem, their inverses are also continuous
and we see that j is an isomorphism in Cx . An entirely similar argument shows
that every epimorphism in Cx ¢ is the cokernel of its kernel. According to [70,
Definition 1.2.2], we have verified that Cx ¢ is an abelian category. O

Proof of Theorem[B, Parts (a) and (b) follow from Proposition [3.6.10] Part (c) is
Theorem [3.6.11] and part (d) is Theorem [3.7.7] O

4. LEVELWISE LOCALISATION

4.1. Noetherianity and flatness over general base fields. In our earlier paper
[8] we worked throughout with a base field K which was discretely valued. We will
now recall and extend some of the results from that paper to the case where K is an
arbitrary field equipped with a complete, non-trivial, non-Archimedean valuation.
We continue with the notation established at the start of §2| and let R denote the
unit ball inside K, so that R is a possibly non-Noetherian, complete valuation ring
of rank 1. Our proofs will be based on the following deep result.

Theorem 4.1.1 (Raynaud-Gruson, 1971). Let R be a commutative ring with
finitely many weakly associated primes, and let S be a commutative R-algebra of
finite presentation. Then every finitely generated S-module which is flat as an
R-module is finitely presented as an S-module.

Proof. The definition of weakly associated primes can be found at [67, Definition
30.5.1]. This follows immediately from [54, Theorem 3.4.6]. A more modern account
of the proof can be found at [67, Lemma 37.13.7]. O

Corollary 4.1.2. Theorem [£.1.1] applies whenever R is a domain, or has finitely
many prime ideals.

Proof. In the case where R is a domain, the only weakly associated prime of the
regular R-module R is the zero ideal, and the second case is trivial. (]

We will work in the following setting.

Hypothesis 4.1.3.
e U is a m-adically complete and separated R-algebra,
e U is flat over R,
e U/mU is a commutative R/mR-algebra of finite presentation.

Following [I, Proposition 1.9.14], we can now give a very useful consequence of

Theorem 111

Theorem 4.1.4. Let M be a finitely generated U-module and let NV be a U-
submodule of M such that M /N is R-torsionfree. Then N is finitely generated.

Proof. Because M /N = U™ /N’ for some U-submodule N’ of U™ for some m € N,
we may assume that M = U™ is a free U-module of rank m. The short exact
sequence 0 — N — M — M/N — 0 consists of torsion-free R-modules by
assumption. Because R is a valuation ring, every finitely generated ideal in R is
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principal, so each term in tliis sequence is a flat R-module by [I6, Chapter I, §2.4,
Proposition 3(ii)]. Writing R := R/7R, [67, Lemma 10.38.7] implies that

0 NRR—->MRRR— (M/N)@r R —0

is also exact, and consists of flat R-modules. Now U /7l is also a finitely presented
commutative R/mR-algebra by assumption. Note that R /7R has exactly one prime
ideal because R is a valuation ring of rank 1. Because (M/N) ®% R is a finitely
generated module over U /7, we may now invoke Corollary to deduce that it
is in fact finitely presented.

The displayed exact sequence above, together with Schanuel’s Lemma [47], 7.1.2],
now implies that A'/7N = N ®x R is a finitely generated U /mld-module; this also
follows from [67, Lemma 10.5.3(5)]. Hence gr N := @,,5 7" N/7" '\ is a finitely
generated module over grif := @,,5o 7"U/ a"HY. Finally, U is m-adically complete
and separated by construction, so N is m-adically separated as it is contained in U™.
Hence the U-module N is finitely generated by [45, Chapter I, Theorem 5.7). O

Corollary 4.1.5. Suppose U satisfies Hypothesis Then U = U ®r K is
Noetherian.

Proof. By symmetry, it will suffice to show that U is left Noetherian. Let I be a
left ideal of U; then Z :=U N1 is a left ideal in U such that U/Z is R-torsionfree.
Hence 7 is finitely generated as a left ideal by Theorem [{.1.4] so I = K -Z is finitely
generated as a left ideal in U. g

We begin by adapting several results from [I], namely [T, 1.9.13, 1.8.27, 1.8.29]
to our non-commutative setting.

Proposition 4.1.6. Let M be a finitely generated /-module.
(a) For every U-submodule N' C M there is ng € N such that

T HMMAN =7 (7" MNN) forall n>ng.

(b) M is m-adically separated,
(¢) M is m-adically complete.

Proof. (a) Let N'/N be the 7-torsion submodule of M/N. As M/N’ is R-
torsionfree, Theorem implies that A/ is finitely generated over /. Hence
we can find ng € N such that 7N’ C N. Now, i" M NN = 1"N' NN = 7N’
whenever n > ng, so 7" PM NN = 7" PN = 7(7"N') = 7(7"M N N) for all
n > ng as required.

(b) Let x € Mp—o®"M and let N :=U - x. Then part (a) implies that for some
neN, N Ca"MMNN =nr(m"MNN) =N, so we can find a € 7l such that
x = ax. But U is m-adically complete, so 1 + 7l C U™ and therefore z = 0.

(¢) The proof of [I6, Chapter III, §2.12, Corollary 1 to Proposition 16] works. [J

Proposition 4.1.7. Suppose that V is another m-adically complete, separated and
flat R-algebra which contains U. Let y € V, and suppose that the map U/7U —
V /7Y extends to an R/mR-algebra isomorphism (U /7U)[Y] = V/7V which sends
Y to y + V. Let C be the centraliser of y in U := Ug. Then

(a) V := Vg is a flat U-module on both sides, and

(b) for every finitely generated U-module M there is a natural isomorphism of

C(Y')-modules nps: M(Y) S VeyM.
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Proof. (a) We will deduce this from [45, Chapter II, §1.2, Proposition 1]. Equip
U and V with the m-adic filtrations whose degree zero pieces are given by U and
V), respectively. We must show that good filtrations on V-modules are separated,
that the m-adic filtration on U has the left Artin-Rees property in the sense of [45]
Chapter 11, §1.1, Definition], and that grV is a flat gr U-module.

If M is a V-module with some good filtration FeM, then writing M = FoM
we necessarily have F,M = "M for all n € Z, and the associated Rees mod-
ule with respect to this filtration therefore has the form M = @,,c, T"1 "M =
M[T /7, w/T]. Now, M is a finitely generated U = U[T/m,7/T]-module. Setting
T = 7 implies that the /-module M is finitely generated. So the m-adic filtration
on M, and hence Fq M, is separated by Proposition b).

To see that the m-adic filtration on U has the left Artin-Rees property, we must
show that for every finitely generated left ideal I = Uxy + --- + Uxs of U there
is an integer ¢ such that F,,U NI C E;Zl ey - xz; for all n € Z. Writing
T:=Uxy+ -+ Uzxs and using the fact that I is a K-vector space, we see that it
will suffice to show that Y/ NI C 7°Z for some ¢ € Z. However, we can find a finite
generating set vy, ..., v, for U NI as a left ideal in U by Theorem Choose
d € N such that w%v; € Z for all j = 1,...,m; then 74U NI) = xS0 Uv; C T
and hence U NI C 79T as required.

Finally, V := V/7V is a free U := U /7l-module on both sides by assumption.
Hence gr V = V[s, s71] is flat over gr U = U[s, s~ 1].

(b) Because V/7V = (U/7U)[Y] by assumption, the R-algebra V also satisfies
Hypothesis Choose a finitely generated U-submodule M in M which gen-
erates M as a K-vector space. Then V @y M = (V @y M) ®r K. The finitely
generated V-module V ®; M is m-adically complete and separated by Proposition
b,c). So, for any sequence of elements m; € M tending to zero, the series
>520 Y7 ® my converges to a unique element ny (3520 Y7m;) € V @y M. This
defines a C-linear morphism 7y : M(Y) — V ®y M which is functorial in M. It
is straightforward to see that 7 is also C'(Y')-linear. Now, 7y is an isomorphism
by construction of V', and M is a finitely presented U-module because U is Noe-
therian by Corollary We may view 7 as a natural transformation between
two right exact functors and use the Five Lemma to conclude that 7, is always an
isomorphism. ([l

We now suppose further that

e y € U (possibly y ¢ U) is such that [y, U] C 7ld.

Let § : U — U be the restriction of ad(y) : U — U to U. This is an R-linear
derivation, so we may form the skew-polynomial ring U[Y; ¢], its m-adic completion

—

V :=U[Y; ]
and the skew-Tate algebra

—

V.= V@RK :L{[Y,é]K
We can now generalise [8, Theorem 4.5].

Theorem 4.1.8. Suppose that U satisfies Hypothesis and that y € U is such
that [y,U] C 7. Then V/(Y —y)V is a flat U-module on both sides.

Proof. By [8, Proposition 4.4], to show that V/(Y — y)V is a flat right U-module,
we have to show left-multiplication by Y —y on V is injective, that V' is a flat right
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U-module, and V @y M is (Y — y)-torsionfree for all finitely generated U-modules
M. Note that the first condition follows from the third condition by taking M = U.

—

Our assumptions on y ensure that V = U[Y; 0] satisfies the hypotheses of Propo-
sition[4.1.7] Hence, the second condition of [8, Proposition 4.4] holds by Proposition
a). In view of Proposition [£.1.7|(b), it remains to show that M(Y) is (Y —y)-
torsion-free for every finitely generated U-module M.

Suppose now that the element %7, Yim; € M(Y) is killed by Y —y. Then
_]ll>n()10 m; = 0, and setting m_; := 0, we deduce the equations

ymj =m;_, forall jeN

because y commutes with Y inside V. Consider the U-submodule N of M generated
by the m,;. Because M is Noetherian by Corollary N must be generated by
my, - ., mq for some d > 0, say.

Let M be a finitely generated U-submodule of M which generates M as a K-
vector space, and let N := Z?:O Um;. Because M/ M NN is R-torsionfree, Theo-
rem implies that M N N is a finitely generated U-submodule of N. Because
K-N=K-(MNN) = N, the U-modules MNN and N contain m-power multiples
of each other. So, as _llm m; = 0, for all n € N we can find j, € N such that

J o0

m; € m"N for all j > j,. Next, because [y,U] C U by assumption and because
d d
stjmj = Z[y,sj]mj +symj_1 € N forall sg,...,s0 €U
§=0 §=0
we see that 3’ ' C N for all i > 0. Therefore for any j,n € N we have
m; = yj"'mj_‘_jn S yj"ﬂ"/\/' Ca"N.

Hence m; € (o2 @"N for all j € N. But (72, 7" = 0 by Proposition [.1.6|b)
since NV is finitely generated, so m; = 0 for all j € N. Hence Yo Y7im; =0 and
V/(Y —y)V is a flat right U-module as claimed. O

Lemma 4.1.9. Let A be an admissible R-algebra and let £ be a smooth (R, .A)-Lie
algebra such that [£, L] C 7L and £- A C wmA. Then Hypothesis holds for the

m-adic completion U(L).

Proof. Tt follows from [55] Theorem 3.1] that U(L) is a flat .A-module. Because A
is an admissible R-algebra, Lt\ls also flat as an R-module. Since R is a valuation
ring, it follows that U := U(L) is also flat as an R-module, and it is m-adically
complete and separated by construction. Hence U /7ld =2 U(L)/wU(L).

By assumption, £/7L is a smooth (R/7R, A/mA)-Lie algebra with trivial Lie
bracket and trivial anchor map. Because £ is smooth, it follows from [8, Proposi-
tion 2.3] that the canonical map R/mR-algebra homomorphism U(L)/7U(L) —
U(L/wL) is bijective. However U(L/wL) is the symmetric algebra of the finitely
generated projective A/mA-module L/7L and is therefore a commutative A4/7.A-
algebra of finite presentation. It is therefore a commutative R /7w R-algebra of finite
presentation, because the R-algebra A is admissible. (Il
Corollary 4.1.10. Let A be an admissible R-algebra and let £ be a smooth (R, A)-

—

Lie algebra such that [£,£] C 7L and £ - A C mA. Then U(L)k is Noetherian.
Proof. Apply Lemma together with Corollary O
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We can now extend [8, Theorem 6.6] to our non-Noetherian setting under a mild
restrictions on the (R, .A)-Lie algebra L.

Theorem 4.1.11. Let A be an admissible R-algebra and let £ be an (R, .A)-Lie

algebra which is free of finite rank as an A-module. Suppose that [£, £] C 7L and
L-ACwA. Then U(L)K is a flat U(7L)x-module on both sides.

Proof. Choose an A-module basis {z1,...,z4} for £, and define
Li=Az1 & & Az; & A(mzjq1) - @ A(rzq)
for each j = 1,...,d. This gives us a chain
mL=LyCL, C---CLyg=L
of (R, A)-Lie algebras, which are free of finite rank as A-modules. Note that
(L, L] C L, L] Cr’L =nLyC L,

for all j > 0, so by Lemma | Hypothesis holds for each U(E ).

It will be sufficient to show that U(£j+1)K is a flat U := U(L;) k-module on
both sides for each j =0,...,d — 1. Now, because

[.’I;j+1,£j} - [AC,AC} - 2L C TLCj

we see that the element ;1 € U satisfies [xj11,U] C 7, where U := U/(,a) We

can now form the skew-Tate algebra V' = U[?;?]K as above, and by Theorem
it will be enough to see that

—

VIV —2j1)V 2 U(Lj+1)k
as a right U-module. Write B := U(L;) and C := U(L;4+1) and note that we may
view B and C' as R-subalgebras of U(L)x with B C C. Form the skew-polynomial
ring B[Y; 6], where § : B — B is the restriction of ad(z;11) on C to B. There is a
natural R-algebra homomorphism
p:B[Y;0] = C
which extends the embedding B — C' and which sends Y to z;41. Clearly ¢ is
surjective, and 7Y — z € ker ¢, where 2z := x4, € £; C B. We will show that
ker p = (7Y — 2)B[Y; d].
Now 7Y — z is central in B[Y’; 4], so
(7Y) = (24 (aY —2))' =2 mod (7Y —2)B forall icN.
Therefore for any u:= 7" Y'u; € B[Y;4] we have

:ti’ml Zz’mll mod (7Y — z)B.
=0

On the other hand, if u € kery then p(u) = Y% u; = 0 implies that
Sy 2™y, = 0 in B. Hence 7™u = (7Y — z)v for some v € B. We will
prove by induction on m € N that v € 7 B, the case m = 0 being trivial. Now if
m > 1 then 7(vY — 7™ lu) = 20 € wB. Since z is an element of an A-module basis
for £;, it follows from [55, Theorem 3.1] that its image in B/nB = U(L,;/nL;) is
not a zero-divisor. Hence v = 7o’ for some v’ € B. Hence 7™u = (7Y — z)(mv’)
so "1y = (7Y — 2)v as B is flat as an R-module. So v' € 7™~ 1B by induction,
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and hence v = v’ € 7™ B, completing the induction. Hence #™u = 7™ (7Y — 2)w
for some w € B and using the flatness of B as an R-module again we see that
u € (rY — 2)B. Thus ker p = (7Y — 2)B[Y; ] as claimed.

Because B[Y’;0] is contained in U(L)x[Y;ad(z;41)] and because Y — x;qq/7
is not a zero-divisor in this ring, we see that 7Y — z is also not a zero-divisor in
B[Y;¢]. Thus we have proved that

0— B[Y;0] =5 B[Y;5] & C =0
is an exact sequence of right B[Y’; §]-modules. Because C' is flat as an R-module,
this sequence remains exact after applying m-adic completion:

—— Y —2 —

0— B[Y;8) ™5 B[Y;6] -2 C =0

is exact. Finally, the inclusion B[Y;d] < U[Y; ] extends to an isomorphism

B/[Y,\é] & m] = V. Therefore
V/(Y = 2;31)V = V/(xY = 2)V = (V/(xY = 2)V)x = Ck = U(Lj41)x
as right E; = U(/E-j\)K = U-modules, as required. O

Proof of Theorem[3.4.8 and Theorem[4] Choose a G-stable affine formal model A
in O(X) and a G-stable free A-Lie lattice £ in T(X). By replacing £ by 72L if
necessary, we may assume that [£, £] C 72£, and that £- A C mA. Then 7L also
satisfies all of these conditions for each n > 0. .
Choose a good chain (N,) for £ using Corollary Letting U, := U(n"L) k,
Lemma [3.3.4] implies that 73(X, G) = (h—rn U, xn, G. Now each K-Banach algebra

U, is Noetherian by Corollary so U, Xy, G is also Noetherian, being a
crossed product of U,, with the finite group G/N,, by Lemma b). The image
of U,41 in U, is dense because it contains the dense image of D(X) in U, so the
image of Uy, 41 xn,,, G in U, %y, G is also dense because GG/N,, ;1 surjects onto
G/N,,.

It remains to show that U, %, G is a flat U, 1 X, ,, G-module on both sides.
To this end, consider the commutative diagram

Uni1 Uy

Un+1 ><]Nn+1GHUn AN, G.

The top arrow is flat by Theorem and the rightmost arrow is flat because
Un X, G is a free U,-module of rank |G : N,| on both sides. Hence the dotted
diagonal arrow is flat, and we conclude using [58, Lemma 2.2] that the bottom
arrow is flat. O

o —

4.2. The sheaf % (L)x on X, (£). In this subsection we extend the results of
[8, §3,4,5] to our setting, where we no longer assume that R is Noetherian. This
requires imposing some mild new hypotheses on the Lie lattice L.

Definition 4.2.1. Let X be a K-affinoid variety, and let £ be an (R, .A)-Lie algebra
for some affine formal model A in O(X). Let Y be an affinoid subdomain of X and
let o : O(X) — O(Y) be the pullback map on functions.
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(a) We say that the affine formal model B in O(Y) is L-stable if o(A) C B and
the action of £ on A lifts to B.

(b) We say that Y is L-admissible if it admits an L-stable affine formal model.

(c) We will denote the full subcategory of X,, consisting of the £-admissible
affinoid subdomains by X,,(£).

(d) We define an L-admissible covering of an L-admissible affinoid subdomain
of X to be a finite covering by objects in X,,(£).

Definition 4.2.2. Suppose that £ is a smooth (R,.A)-Lie algebra for some affine
formal model A in O(X). For any L-admissible affinoid subdomain Y of X and
any L-stable affine formal model B in O(Y), we define

SY)=%(L)x(Y):=UB®4 L) g K.
It is explained in [8] §3.3] that this does not depend on the choice of the affine

—

formal model B, and defines a presheaf % (£) g on X,,(£). The proof of [§, Propo-
sition 3.3] does not require R to be Noetherian.

Theorem 4.2.3. Let X be a K-affinoid variety, and let £ be a smooth (R, .A)-Lie
algebra for some affine formal model A in O(X). Then every L-admissible covering

—

of X is % (L) k-acyclic.

Proof. This is [8, Theorem 3.5]. The proof of this result does not require R to be
Noetherian. g

We will next work towards adapting a basic result about flatness from [8], namely
[8, Theorem 4.5] to our non-Noetherian setting. Granted Theorem the proof
of this generalisation of [8, Theorem 4.5] carries over to case where R is not Noe-
therian with minor modifications, but we will repeat it here nevertheless for the
benefit of the reader.

Let A be a K-affinoid algebra and fix f € A. Let A be an affine formal model
for A, and choose a € N such that 7¢f € A. Define

up =t —7%f and ws:=7wft — 7 € A(t).
Let X := Sp(A) and let C; = A(t)/u; A(t) be the K-affinoid algebras corresponding
to the Weierstrass and Laurent subdomains
Xy :=X(f)=5p(C1) and Xs:=X(1/f)=Sp(Cs)

of X, respectively. Now let £ be an (R, .A)-Lie algebra such that £- f C A. Recall
that by [8, Proposition 4.2], it is possible to lift the action of £ on A to an action of
L on A(t) in two different ways. These are given by R-Lie algebra homomorphisms

01,02 : L — Derg (A(t))
such that o;(z)(a) =x-aforallz € L, a € Aand i =1,2, and
o1(z)t)=z-f and oo(x)(t) = —t*(x-f) forall z€L.
Now [8, Lemma 2.2] implies that
L;:=A{l)®@aL
becomes an (R, .A(t))-Lie algebra with anchor map 1 ® o;.

Lemma 4.2.4. Let £ be an (R, .A)-Lie algebra and let f € A be a non-zero element
such that £ - f C A. Then the affinoid subdomains X; of X are L£-admissible.
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Proof. Remember that C; = A(t)/u; A(t) by construction, so the image C; of C; :=
A(t) Ju; A(t) in C; spans C; as a K-vector space. A direct calculation shows that

o1(x)(u1) =0 and og(z)(uz) = —(x - fltug forall z € L.

It follows that u;A(t) is a o;(L)-stable ideal of A(t), and therefore C; is an L-stable
R-subalgebra of C;. On the other hand, C; is R-torsionfree and a finitely generated
module over the admissible R-algebra A(t). Therefore it is a finitely presented
A(t)-module by Theorem applied to the zero A(t)-Lie algebra. Thus C; is
itself an admissible R-algebra and is therefore an L-stable affine formal model in
C;. Hence X; is L-admissible as claimed. [l

Proposition 4.2.5. Let £ be a smooth (R, .4)-Lie algebra such that [£, L] C 7L,
and let f € A be a non-zero element such that £ - f € A. There is a short exact
sequence

0= UL 5 U(L)x — % (L)x(Xi) =0
of right U(E ) x-modules.
Proof. Recall from the proof of Lemma the R-algebra C; = A(t)/u; A{t) and
its image C; in A(t)/u; A(t). Let J;/u;A(t) be the kernel of the canonical surjection

A(t) — C;; it follows from Theorem that it is killed by a power of 7. Then we
have the following commutative diagram of A(t)-modules

Uq*

0 Alt) Alt) Ci 0
|
0 i Alt) CJ/ 0

with exact rows. Here, the first vertical arrow sends 1 to u; € J;, so it is injective
with bounded m-torsion cokernel, and the third vertical arrow is surjective with
bounded w-torsion kernel. Tensoring this diagram on the right with the flat A-
module U(L) and appealing to [8, Proposition 2.3] produces a commutative diagram
of right U(L;)-modules

Ujg+

0

U(ﬁz) L; 4>U(C1®A[/)4>0

| |

0——= T, ®aU(L) —=U(L;)) —=U(C; ®4 L) —=0

with exact rows. Again, the first vertical arrow is injective with bounded 7-torsion
cokernel, and the third vertical arrow is surjective with bounded m-torsion cokernel.
Now apply the m-adic completion functor to this diagram, and invert 7. Because
U(C; @4 L) = C; @4 U(L) is a flat R-module, the bottom row stays exact after

m-adic completion, so we obtain a commutative diagram of U(L;) x-modules

—

) UL x — U(Ci @4 L)k

i |

— e

0*>._7Z®,4U w—UL)gk —=U(C; ®4 L)x —=0
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with exact rows. Since (—), sends morphisms with bounded m-torsion kernel
and cokernel to isomorphisms, the vertical arrows in this diagram are isomor-
phisms. This produces the required short exact sequence in the statement because

02//(£\)K(Xi) =~ U(C; ®4 L) by construction. O

We can now extend [8, Theorem 4.5] to the non-Noetherian setting, under mild
new restrictions on L.

Theorem 4.2.6. Let X be a K-affinoid variety and let f € O(X) be non-zero.
Let A be an affine formal model in O(X) and let £ be a smooth (R, .A)-Lie algebra
such that [£,£] C7nL and £ f C 7 A. Let Xy = X(f) and Xo = X(1/f). Then
U (L)k(X;) is a flat left and right % (L) x (X)-module for ¢ = 1 and ¢ = 2.

Proof. Write U := U/(E) and U := m = WK(X) Suppose first that ¢ = 1.
Since U(L) is generated by A+ £ as an R-algebra and [f, A+ L] C L f C 7 A we
see that [f,U(L)] C nU(L) and consequently [f,U] C nld. We can therefore form
the skew-Tate algebra V := U[Y; 0]k as above, where § : Y — U is the restriction

of ad(f) : U — U to U. We can now compute that inside U@K we have
[t,z] = —[z,t] = —x -t = —o1(2)(t) = —x - f = [f,2] and [t,a] =0=f,aq]
for all z € £ and all a € A. Hence there is homomorphism of K-Banach algebras

o — —

V — U(L1)x which is the identity on U and sends Y € V to t € U(L;)k. Using
the universal property of £, we can construct a K-Banach algebra homomorphism

—

U(L1)x — V which is the identity on U and sends ¢t to Y. Thus we may identify
V with U(ﬁl)K, and

U(L)x(X1) 2 U(L1)ie/(t— HU(L1)x ZV/(Y = IV

as U-modules by Proposition m Hence % (£)k (X1) is a flat U-module on both

sides by Theorem [{.1.8
Suppose now that ¢ = 2, and let V := U(L3). Now the element ¢ satisfies

[t,2] = —x -t = —09(x)(t) = t*(x- f) € A and [t,a] =0
for all z € £ and a € A, because L - f C mA. So, the h/yp\otheses of Proposition
are satisfied with y := ¢ € V; hence V := Vg = U(L2)k is a flat U-module
on both sides and there is an A(t)-linear isomorphism M (t) 2 V ®y M for every
finitely generated U-module M, by Proposition m Because M (t) is always
(ft—1)-torsionfree by [8, Lemma 4.1(a)], it follows that V @y M is us = n*(ft—1)-

torsionfree. Hence V/usV is a flat U-module by [8, Proposition 4.4], and the result
follows from Proposition O

Because R is no longer assumed to be Noetherian, we have to modify [8, Defini-
tions 4.6 and 4.8] slightly, as follows.

Definition 4.2.7. Let X be a K-affinoid variety.

(a) Let' Y C X be arational subdomain. If Y = X, we say that it is £-accessible
in 0 steps. Inductively, if n > 1 then we say that it is L-accessible in n
steps if there exists a chain Y C Z C X, such that

e 7Z C X is L-accessible in (n — 1) steps,
o Y =Z(f) or Z(1/f) for some non-zero f € O(Z),
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e there is an L-stable affine formal model C C O(Z) such that £- f C #C.

(b) A rational subdomain Y C X is said to be L-accessible if it is L-accessible
in n steps for some n € N.

(c¢) An affinoid subdomain Y of X is said to be L-accessible if it is L-admissible
and there exists a finite covering Y = Jj_; X; where each X; is an £-
accessible rational subdomain of X.

(d) A finite affinoid covering {X;} of X is said to be L-accessible if each X is
an L-accessible affinoid subdomain of X.

Theorem 4.2.8. Let X be a K-affinoid variety and let A be an affine formal
model in O(X). Let £ be a smooth (R,.A)-Lie algebra such that [£, L] C 7L and
L-ACTA.
(a) Let Y C X be an L-accessible affinoid subdomain.
Then S(Y) is a flat S(X)-module on both sides.
(b) Let X = {Xy,...,X,,} be an L-accessible covering of X.
Then @;~; S(X;) is a faithfully flat S(X)-module on both sides.

Proof. This is [8 Theorem 4.9] in the case where R is Noetherian. The proof
of [8, Proposition 4.6] carries over, using Theorem instead of [8, Theorem
4.5], to give part (a) when Y is an L-accessible rational subdomain. Because the
Noetherianity of R is not used anywhere else in the proof, the result follows. [

Definition 4.2.9. A Laurent covering of X is a covering of the form

{X(f o fm) oy € {£1}),
where fi,..., f, are elements of O(X).

For example, for any a,b € O(X), {X(a,b),X(a,1/b),X(1/a,b),X(1/a,1/b)} is
a Laurent covering of X. It follows immediately from the definitions that a Laurent
%

covering {X(f1'*, ..., f¥) :a; € {£1}} is L-accessible whenever
L -fiemA forall i=1,...,n.

Recall from [8, §5.1] the localisation functor Locs from finitely generated S(X)-
modules to presheaves of S-modules on X,.(£), given by

Locs(M)(Y) =S8(Y) ® M forall Y € Xuo(L).
5(X)

Proposition 4.2.10. Let X be a K-affinoid variety and let A be an affine formal
model in O(X). Let £ be a smooth (R,.A)-Lie algebra such that [£, L] C 7L and
L-AC mA. For every finitely generated S(X)-module M, the presheaf Locs(M)
is a sheaf with vanishing higher Cech cohomology.

Proof. This is [8 Proposition 5.1], whose proof is valid even when R is not Noe-
therian in view of Theorem and Theorem The proof uses the flatness
of S(Y) as a right §(X)-module. O

Theorem 4.2.11. Let X be a K-affinoid variety. Let £ be a smooth (R,.A)-Lie
algebra such that [£,£] C n£ and L - A C wA for some affine formal model A in
O(X). Let U be an L-accessible Laurent covering of X. Then every U-coherent
sheaf M of left (respectively, right) S-modules on X,.(£) is isomorphic to Locs (M)
for some finitely generated left (respectively, right) S(X)-module M.
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Proof. This is [8, Theorem 5.5] in the case where R is Noetherian. In the view of

Corollary [4.1.10}, Theorem Theorem and Proposition [4.2.10} the proof

of [8, Theorem 5.5] carries over with obvious modifications to the general case. O

—

4.3. The sheaf Z (L)x xny G on X,,(£,G). In this subsection we extend the
results of §4.2] to the equivariant setting. Throughout, we will assume that:

X is a K-affinoid variety,

G is a compact p-adic Lie group acting continuously on X,

A is a G-stable affine formal model in A := O(X),

(L, N) is an A-trivialising pair.

Definition 4.3.1.

(a) Let X,,/G denote the set of G-stable affinoid subdomains Y of X.
(b) Let Xy (L, G) :== Xy (L) N (X /G) denote the set of G-stable affinoid sub-
domains of X which are also £-admissible.

We refer the reader to Definitions and for the meaning of the terms
A-trivialising pair and L-admissible. We view X,,/G and X,, (£, G) as partially or-
dered sets under reverse inclusion, and consequently as categories whose morphism
sets have at most one member.

Lemma 4.3.2. X,,/G is stable under finite intersections.

Proof. Given U,V € X,,/G, let A and A’ be G-stable affine formal models in O(U)
and O(V), respectively. Because X is affinoid, it is separated. Thus it follows from
[12 Definition 9.6.1/1] that U NV is again an affinoid subdomain of X, and that
the natural map O(U)RxO(V) — O(U N'V) is surjective.

Now UNYV is clearly G-stable; let C be the complete R-subalgebra of O(UNV)
generated by the images of A and A" in O(U N V). Then C is a G-stable affine
formal model in O(U N'V), because O(U)RO(V) — O(UNV) is surjective. [

Corollary 4.3.3. X,,(£,G) is also stable under finite intersections.
Proof. This follows from [8, Lemma 3.2] and Lemma O

It follows that X,,/G forms a G-topology on X in the sense of [12] Definition
9.1.1/1] if we declare X,,/G-admissible coverings to be finite coverings by objects
in X,,/G.

Remark 4.3.4. In what follows, we will define several other similar-looking col-
lections € of subsets of X that will turn out to be stable under finite intersections.
In every such case, we will regard € as a G-topology on X by declaring that an
admissible covering of an object Y € % is a finite set-theoretic covering of Y by
other objects in %.

For example, X,, (£, G) is a G-topology on X by Corollary

Lemma 4.3.5. If Y € X,,(£,G), then every L-stable affine formal model B in
O(Y) is contained in an affine formal model B’ which is both L-stable and G-
stable.

Proof. We saw in the proof of Lemma([3.2.4]that the G-orbit of B is finite, By, ..., B,
say. Now B’ := By - By - --- - BB, is both L-stable and G-stable. [l
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Proposition 4.3.6. Let Y € X,,(£, @) and let B be a G-stable and L-stable affine
formal model in O(Y). Then

(a) L :=B®4 L is a G-stable B-Lie lattice in 7(Y), and
(b) Gz < Gpr.

Proof. (a) It follows from [8, Lemma 2.2 that £’ is a B-Lie lattice in 7(Y). Now,
G acts diagonally on O(Y) ®o(x) 7 (X) and the natural isomorphism O(Y) ®o(x)
T(X) = T(Y) is G-equivariant. It follows that £ = B® .4 L is G-stable.

(b) Let px : G — Autgx O(X) and py : G — Autg O(Y) be the continuous G-
actions on O(X) and O(Y), respectively; then the restriction map O(X) — O(Y)
is G-equivariant by Remark 2.3.3[b). Let g € G, so that px(g) € Gpe(A) and
u :=log px(g) € p°L by Definition

Nowv:=1Qu € p B4 L = p¢L’ is a K-linear derivation of O(Y), so exp(v) is
a K-linear automorphism of O(Y). Since the restriction map ¢ : O(X) — O(Y) is
continuous and since v"(¢(a)) = ¢(u™(a)) for all a € O(X) and n > 0, we see that

= 1 = 1
exp(v)(p(a)) = > —v v Z il = p(exp(u)(a)) = ¢(px(g)(a))
n=0 =
for all @ € O(X). Therefore, the following diagram is commutative:
oY)
/ W(g)

O(X).

Because Y is an affinoid subdomain of X, its universal property [12], §7.2.2] implies
that py(g) = exp(v). Since v(B) C p°B, it follows that py(g) € Gpe(B) and that
log py(g) = v € p°L’. Hence g € G+ as required. O

Corollary 4.3.7. Let Y € X,,(£, G), let B be a G-stable and L-stable affine formal
model in O(Y) and let £ := B® L. Then (L', N) is a B-trivialising pair, and
there is a commutative diagram of K-algebras

(18) D(X) % G D(Y) % G

i |

U(L)x x5 G ULk %™ G
Proof. Apply Proposition together with Proposition [3.2.15 O

We will assume until the end of § that £ is smooth.
Note that this hypothesis implies that our affinoid variety X is also smooth.

Definition 4.3.8. For any Y € X,,(£,G) and any L-stable and G-stable affine
formal model B on O(Y), we define

(%(L)k »n G)(Y) = U(BoA L)k xn G-

Proposition 4.3.9. %(ﬁ)K xn G is a presheaf on X, (£, G).
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Proof. We first check that (62//(£\) k XN G)(Y) does not depend on the choice of
B. So, let B’ be another L-stable and G-stable affine formal model in O(Y), and
suppose first that B’ contains B. Then B’ ® 4 L is a G-stable B’-Lie lattice in T(Y)
and Ggg ,c < Gpg o by Proposition applied to Y in place of X and B’ in
place of B. Hence (B’ ®4 L, N) is a B’-trivialising pair, and Proposition
induces a K-algebra homomorphism

0:UB®sL)k xn G — UB @4 L)k %y G.

Because L is smooth, the map U(BTX)A\E)K — U(B@E)K is an isomorphism by
[8, Proposition 3.3(b)], and it follows from Lemma/[2.2.4(b) that 6 is an isomorphism.
In general, B C B- B’ D B’ are all L-stable and G-stable, so we get isomorphisms

U(BTX;A\,ﬁ)K NNGiU(B'@AL:)K NNGiU(BTXJ-A\E)K Xy G

as required. Suppose now that Z,Y € X,,(£,G) with Z C Y. Choose an L-stable
and G-stable affine formal model B in O(Y), and an L-stable and G-stable affine
formal model C" in O(Z). Let C be the product of C’ with the image of B in O(Z);
then C is again an L-stable and G-stable affine formal model in O(Z). In this way
we obtain G-equivariant R-algebra homomorphisms A — B — C which produce
the restriction maps O(X) — O(Y) — O(Z) after applying — ®r K. Corollary
4.3.7| now produces the restriction map

uE (U (L)x xn G)Y) = (% (L)x xn G)(2Z)

as the bottom arrow in the commutative diagram (I8).
Finally, suppose that T C Z C Y are three objects of X, (£, G). It follows from
Corollary that p% o u¥ agrees with pX. on the dense image of D(Y) x G in

(%/(E\)K xn G)(Y), so the two maps are equal. Thus 02//(5;( xn G is a presheaf
on X, (L, G). O

—

Recall the presheaf % (L) on the L-admissible G-topology X,,(£) from Defini-
tion 4.2.2)

Notation 4.3.10. We define the following presheaves of rings on X,,(£, G):

— —

Q=%L)gk Xy G and T := %(E)K\xw(z:,c)-
Proposition 4.3.11. There is an isomorphism
T @7x) 2AX) =, Q
of presheaves of (.7, Q(X))-bimodules on X,, (£, G).

Proof. By construction, there is a morphism F : .7 — Q of presheaves of K-
algebras on X, (£,G). Let X' € X, (£,G) and abbreviate T := 7(X),T" :=
T(X"),Q:=9(X)and Q' := Q(X'),sothat Q =T xy G and Q =T xyG.
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There is a commutative diagram of K-algebras

where f:= F(X), f/:=FX')and A: T — T’ and p : Q@ — Q' are restriction maps
in the presheaves 7 and Q, respectively. The commutativity of this square induces
a well-defined map of (77, Q)-bimodules

aXNY:=f@ru: T @rQ — Q'
Define v: G — Q™ and 7' : G — Q' by equation in Then

1(v(g)) =~'(g) forall gea.

It now follows from Lemma [2.2.4(b) that a(X') carries a left T’-module basis for
T’ @7 Q to a left T'-module basis for )’, and is therefore a bijection. It is straight-
forward to check that «(X') is functorial in X’ € X, (£, G). O

Corollary 4.3.12. Q is a sheaf on X,,(£, G) with vanishing higher Cech cohomol-
ogy.
Proof. By Proposition 4.3.11| and Lemma b), Q is isomorphic to a free sheaf

of left .7-modules of rank |G : N|. Because X,,(£,G) is a coarser G-topology than
Xw(L), we may apply Theorem O

Recall L-accessible affinoid subdomains of X from Definition

Definition 4.3.13. X,.(L,G) denotes the set of G-stable L-accessible affinoid
subdomains of X.

With our standing convention on G-topologies explained in Remark 8
Lemma 4.8(a)] and Lemma imply that X,.(£, G) is a G-topology on X.

Theorem 4.3.14. Assume that [£,£] C 7L and £L- A C 7 A, and let Y be a
member of X,.(£, G).

(a) Q(Y) is a flat right Q(X)-module.
(b) If{Yy,.... Y} is an X,. (L, G)-covering of Y, then &7, Q(Y;) is a faith-
fully flat right Q(Y)-module.

Proof. 1t follows from Propositionthat there is an isomorphism of left .7 (Y)-
modules Q(Y) ®gxy M = 7 (Y) @7x) M for every left Q(X)-module M. But
F(Y) is a flat right .7 (X)-module, and & ,.7 (Y;) is a faithfully flat right .7 (Y)-
module by Theorem [4:2.8| O

Because Q is a sheaf of rings on the G-topology X..(L,G), we can make the
following
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Definition 4.3.15. The localisation functor Locg from finitely generated Q(X)-
modules to presheaves of Q-modules on X,.(£,G) is given by

Loco(M)(Y) = Q(Y) ((8 )M forall Y € X,.(L,G).
QX

The functor Locs from finitely generated 7 (X)-modules to presheaves of 7-
modules on X,.(£,G) is defined in a similar manner.

Lemma 4.3.16. Let Y € X,.(£,G), choose a G-stable and L-stable affine formal
model B in O(Y), and let L' :=B®4 L.

(a) Xac(£,G) N Yy, =Ya(l,G). o

(b) The restriction of Q to X,.(£,G) N Y, is isomorphic to Z (L' )k xn G.
Proof. (a) This is a straightforward (but long) exercise relying ultimately on some

properties of L-accessible rational subdomains given in [8, Proposition 4.7].
(b) This follows from [8, Lemma 4.6] together with Proposition [3.2.15 O

Thus Y. (£, G) in fact does not depend on the choice of B. Following [12], §9.4.3]
and [8, Definition 5.2], we make the following

Definition 4.3.17. Let U be an X,.(£, G)-covering of X. We say that a Q-module
M is U-coherent if for each Y € U, writing Y := X,.(L£, G)NY, there is a finitely
generated Q(Y)-module M, and a Q|y-linear isomorphism

LOCQD} (M) — MD;
U-coherent 7 -modules on X,.(£,G) are defined in a similar way.

Lemma 4.3.18. Let M be a finitely generated Q(X)-module, and let L denote
its restriction to .7 (X). Then Locg (M) is isomorphic to Locs (L) as a presheaf of
J -modules.

Proof. Since Q(X) is a finitely generated .7 (X)-module by construction, it follows
that M is also finitely generated as an .7 (X)-module. By Proposition [4.3.11] there

is an isomorphism .7 ® 7 (x) Q(X) =5 Q of presheaves of (7, Q(X))-bimodules on
Xac(£, G). Applying the functor — ®@¢(x) M yields an isomorphism

(7 @7x) QX)) @ox) M — Q@gx) M

of presheaves of .7-modules. Contracting the tensor product on the left hand side
gives the required 7-linear isomorphism Loc g (L) — Locg(M). O

Corollary 4.3.19. Suppose that [£,L] CwLand L-A C wA. Then the augmented
Cech complex C*"8(U, Locg(M)) is exact for every X, (L, G)-covering U and every
finitely generated Q(X)-module M.

Proof. The G-topology Xac(L,G) is weaker than X,.(£), so C*"8(U,Locs(N)) is

exact by Proposition Now apply Lemma ([l

Recall that S denotes the restriction of the sheaf % (£)k to X,.(L£). Note that
in this notation we have

T = 8X,.(£,G)-
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Proposition 4.3.20. Let U be an X,.(£, G)-covering of X, and let M be a U-
coherent Q-module on X,.(£,G). Then there is a U-coherent S-module A on
Xac(£) and a 7 -linear isomorphism

Nixoo(z.c) — M.
Proof. Let U = {Y1,...,Y,}, fix 1 <4,j <n and write Y;; :=Y,;NY,. We have
G-topologies V; := Y, N Xac(£) and Vij := Y5, N Xac(£) and sheaves S; := Sy,
and S;; := Sjy,; on them. Since M is U-coherent, M(Y;) is a finitely generated
9(Y;)-module, and hence also a finitely generated S(Y;)-module. So we can define
M = LOCS;‘ (M(YZ))a
a coherent sheaf of S;-modules on );. For every V € );;, the map
S(V) x M(Y;)) — S(V)S ® )M(Yij)

ij

(a,m) — a®my,,
is S(Y;)-balanced and therefore descends to a well-defined S(V)-linear map
Pi(V):S(V) @ M(Y:) —S(V) ®@ M(Yy).
S(Y4) S(Yi;5)

J

Thus we obtain a morphism of presheaves of S;;-modules on Y;;

VS @ M(Y) — S ®@ M(Yy).
S(Y3) S(Yij)

Since M is U-coherent, we see that actually @[J;: is an isomorphism. In this way, we
obtain S;j;-linear isomorphisms

¢ij = (wi)—l © "/}; :J\/—i\yij — '/vj\yij
and we omit the verification of the fact that these satisfy the cocycle condition
(d)jk)lyijk © (d)ij)\yijk = (¢ik)|yijk
where, of course, Vijr = (Y; N Y; NYy)w N Xao(L). Therefore by [67, Lemma
7.25.4], the sheaves N; glue together to give a sheaf A/ on X,.(£). Examining the

construction, we see that A/ is given by the formula
(19)
N(W)=ker | PSWNY;) @ MY;)>E@PSWNY,;) @ M(Yy)
i—1 S(Y4) i< S(Yij)

for any W € X,.(£). Using this description, it is straightforward to see that A
is in fact a sheaf of S-modules. It also comes together with a canonical S;-linear
isomorphism
bi : Ny, — N;
which is given on local sections by projection onto the ¢th component.
Let Vi/G =Y N Xy/G, let T := Sy, /G, and let w; := ¢y, /. Since M is a
U-coherent .7-module, we also have the canonical .;-linear isomorphism

ci : Nijy,ja — My, c-
Let W € V;; N X,,/G and take an element

E= (s, @m, ), e N(W) C éS(W nNY,) ® M(Y,).

r=1 S(Yr)


http://stacks.math.columbia.edu/tag/04TP
http://stacks.math.columbia.edu/tag/04TP
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Unravelling the notation, we see that for all 7 and £ € N (W) we have
(ciowi) (§) = si - myw.

The expression for (W) given by formula now implies that

(ci o wi)lyij = (cj © wj)|yij

for any 4,j. Thus, these local .Z;-linear isomorphisms
ciow; : Niy,ja — My,
glue to give the required .7-linear isomorphism anc( £,G) =M. O

Theorem 4.3.21. Suppose that [£,£] C 7L and £- A C 7 A. Let U be an
Xac(L, G)-covering which admits an L-accessible Laurent refinement, and let M
be a U-coherent sheaf of Q-modules on X,.(£,G). Then M(X) is a finitely gen-
erated Q(X)-module and the canonical Q-linear map Locg(M(X)) — M is an
isomorphism.

Proof. By Proposition [4.3.20] we can find a U-coherent S-module N on X,.(£)

and a Z-linear isomorphism ¢ : -A/IXBC(AG) =4 M. Let V be an L-accessible

Laurent refinement of &. Then N is also a V-coherent S-module, so N (X) is

finitely generated as an S(X)-module by Theorem[1.2.11] Since N'(X) is isomorphic

to M(X) as a .7 (X)-module via ¢(X), we see that the .7(X)-module M(X) is

finitely generated. Therefore the Q(X)-module M(X) is also finitely generated.
Finally, the diagram of sheaves of .7-modules on X,.(£, G)

Loco(M(X))| 7 Mz
Loco (N (X)) NiX.o(£,6)

is commutative, the left vertical arrow is an isomorphism by Lemma and the
bottom horizontal arrow is an isomorphism because the canonical map

Locs(N (X)) — N
is an isomorphism by Theorem |4.2.11} So the canonical map Locg(M (X)) — M

is also an isomorphism. (I

4.4. Theorems of Tate and Kiehl in the equivariant setting. In this subsec-
tion, we give proofs of Theorem [3.5.11] and Theorem and complete the proof
of Theorem B.6.171

Lemma 4.4.1. Suppose that X is affinoid and that £ is a smooth A-Lie lattice in
T(X) for some affine formal model A in O(X). Let U be a finite affinoid covering
of X. Then there is a compact open subgroup H of G which stabilises A, £ and
each member of U.

Proof. This follows from Lemma Lemma [3.2.8] and Proposition [3.1.10 ([

We now relate 5(7, G) and P (M) with the sheaves appearing in
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Proposition 4.4.2. Suppose (X,G) is small. Choose a G-stable affine formal
model A in O(X) and a G-stable smooth A-Lie lattice £ in 7 (X). Let (N,) be a
good chain for for £, and let

Q, = %W)K xpn, G foreach n >0,
viewed as a sheaf of K-Banach algebras on X,,(£,G).

(a) There is an isomorphism of presheaves on X, (£, G)
D(—C)xy(e.0) = lim Q,,.
(b) Let M be a coadmissible D(X, G)-module, and define
M, :=Locg, (9, (X) OB x.a) M) foreach n >0.

Then there is an isomorphism of presheaves on X,.(£, G)

M(_7 G)IXac(E,G) = h£ M.

Proof. (a) This follows from Lemma

(b) Let My, := 9, (X) @px,q) M and let U € Xac(L,G). Then
M(U,G) = D(U,G) ® M
. D(X,G)
- <h_m <(U) 6(53@*) M
= Jim Qn(U) Qf?x) (Qn(X) 5(;?0) M)
= <11_m 0,(U) QE?X) M, = <11_m M, (U)
functorially in U € X,.(£, G), and the result follows. O

Proof of Theorem|3.5.11 Using Lemma choose a U-small subgroup J of G.
Proposition [3.5.9| gives us an isomorphism

PR(M)u, = PG (D(U, 1)@ 4, M)

of presheaves on U,. By replacing G by J and M by 23(U, J)@AJM, we can
therefore assume that (X, @) is small and A = D(X,G). Let M = PL(M); it will
suffice to show that for any finite admissible covering U of X by affinoid subdomains,
the natural map M — H°(U, M) is an isomorphism.

Choose a G-stable affine formal model A in O(X) and a G-stable free A-Lie
lattice £ in T(X). By Lemma and Lemma we may assume that A,
L and each member of U are all G-stable. By Corollary [3.5.6] it will therefore be
enough to show that the augmented Cech complex CaugU, M(—,G)) is exact. by
replacing £ by 7L if necessary, we may ensure that [£,£] C 7L and £- A C 7L.
By the proof of [8, Proposition 7.6], we may further replace £ by a sufficiently large
m-power multiple and thereby ensure that every member of U is an L-accessible
affinoid subdomain of X. Thus, without loss of generality, U is an X,.(L,G)-
covering. With the notation from Proposition we have isomorphisms

73(—7G)|xac(c,c) = lim Q, and M(—,G)x,.c.c) = lim M,,.



70 KONSTANTIN ARDAKOV

The augmented Cech complex C®,. (U, M,,) is exact by Corollary 4.3.19, By [65}

aug

Theorem B, lim ¥ M,,(X) = 0 and lim @) M,,(U) = 0 for each j > 0 and each
— —
U € U. Consider the exact complex of towers of D-modules Cy,, (U, (My,)). An

induction starting with the left-most term shows that h£ () is zero on the kernel
of every differential in this complex, for all j > 0. Therefore <h_rn CaugU, M) is

exact. But this complex is isomorphic to Cg, (U, M(—, G)). O

aug

Proof of Theorem[3.7.1 Choose an H-stable free A-Lie lattice £ in T (X) for some
H-stable affine formal model A in O(X). By rescaling £, we may assume that U
is L-accessible, that [£, £] C L and £-A C wL. Choose some good chain (N,) for

L, and recall the sheaf Q,, := OZ/(/TF:”T)K xn, H on X,.(rm"L, H) from Proposition
4.4.20 By Lemma [3.3.4] there are compatible isomorphisms D(X, H) = <h_m 9, (X)

and D(U, H) h£ 0,,(U) , which give presentations of D(X, H) and D(U, H) as

Fréchet-Stein algebras. Now Q,,(U) is a flat right Q,,(X)-module for each n > 0 by
Theorem @ a), and Q,(X) is a flat right 5(X, H)-module by Theorem
and [65] Remark 3.2], so Q,(U) is a flat right ﬁ(X, H)-module for all n > 0. Hence
D(U, H) is a right c-flat D(X, H)-module by [8, Proposition 7.5(b)]. O

We now work towards completing the proof of Theorem [3.6.11} We will establish
the following result, which can be viewed as being an extension of Kiehl’s Theorem
for coadmissible D-modules, [8, Theorem 8.4], to the equivariant case.

Theorem 4.4.3. Suppose that (X,G) is small, and let M be a coadmissible G-

equivariant D-module on X. Then M(X) is a coadmissible 5(X, G)-module, and
there is an isomorphism

Loc? ®(M(X)) = M
of G-equivariant locally Fréchet D-modules.

The proof will require some preparation, and we begin with some topological
preliminaries.

Lemma 4.4.4. Let Ap be a dense K-subalgebra of a Fréchet-Stein algebra A. Let
M be a K-Fréchet space equipped with the structure of an Ag-module, and suppose
that ¥ : N — M is a continuous Ag-linear isomorphism for some coadmissible A-
module N. Then

(a) there is a coadmissible A-module structure on M with respect to which 1
is A-linear,

(b) the canonical topology on M induced by its structure as a coadmissible
A-module coincides with its given Fréchet topology,

(¢) the A-module structure on M is unique: it does not depend on .

Proof. (a) Since v is a bijection, we can transport the A-module structure on N to
M via v: that is, we define

aem:=(ay ' (m)) forall a€ A and me M.
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Then 9 is an A-linear bijection by construction, and hence M becomes a coadmis-
sible A-module.

(b) Since % is continuous by assumption, its inverse is also continuous by the
Open Mapping Theorem [60, Proposition 8.6]. Thus the given Fréchet topology
on M coincides with the canonical topology on M induced by its structure as a
coadmissible A-module.

(¢) Suppose w : L — M is another continuous Ap-linear isomorphism for some
coadmissible A-module L. Then w™! : M — L is continuous by the Open Mapping
Theorem, and hence w™! o1 : N = L is a continuous Ag-linear bijection between
two coadmissible A-modules. Since Ag is dense in A, w™! o1 is also A-linear
and it follows that the two A-module structures on M transported from N and L
respectively, coincide:

Plap™H(m)) =w (W (e~ (m)) =w (aw (Y~ (m))) = wla w ' (m))
foralla e Aand m e M. ([l

Proposition 4.4.5. Suppose that (X, G) is small. Let H be an open subgroup of
G, let M € Cﬁ(X,H) and suppose that « : LOCQ(X’H) (M) = Mis an isomorphism
of H-equivariant locally Fréchet D-modules on X.
(a) For every U € X,,, there is a unique coadmissible 13(U, Hy)-module struc-
ture on M(U) such that
(i) vY(g) -m = g™ (m) for all g € Hy and m € M(U),
(ii) the topology on M(U) induced by this coadmissible ﬁ(U, Hy)-module
structure coincides with the given K-Fréchet topology on M(U),
(iii) the ﬁ(U, Hy)-action on M(U) extends the given D(U)-action on
M(U).
(b) These ’f)\(U7 Hy)-module structures on M(U) do not depend on «.
(c) There is an isomorphism of H-equivariant locally Fréchet D-modules on X

8 : LocR ™ (M(X)) =5 M,
whose restriction to X,, is given by
H(U)(s@m) =s- (mu)
for any U € X, s € D(U, Hy) and m € M(X).

Proof. (a) Suppose first that U = X and write N := LOCQ(X’H)(M). Let v : M —
M(X) be the composite of the canonical map M — N(X) and a(X) : N(X) —
M(X); it is a continuous isomorphism by Theorem and the definition of the
topology on M/ (X). Now I'(X, —) is a functor from H-equivariant D-modules on X
to D(X) x H-modules by Proposition [2.3.5] so the continuous map o(X) : N'(X) —
M(X) is D(X) x H-linear. Hence ¢ : M — M(X) is also D(X) x H-linear. Since
D(X) x H is dense in 5(X,H) by construction, we may apply Lemma to
v M — M(X) to deduce that the D(X) x H-action on M(X) extends to an
action of ﬁ(X, H) which satisfies all the required properties.

The general case follows from this special case in view of .

(b) This follows from Lemma [£.4.4c).

(¢) By part (a), we know that M(X) is a coadmissible ﬁ(X, H)-module, and

the map ¢ : M — M(X) given by ¢(m) = a(X)(1 ® m) is a D(X, H)-linear
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isomorphism. Write P := PQ(X’H) and consider the diagram

P(M)
2
P(M(X) . Mix,

where 0(U)(s@m) = s - (my) for U € X,,, s € D(U, Hy) and m € M(U). We
identify P(M)(U) with 5(U, Hy) ® M for each U € X,, and compute

D(X,H)
(0o PNV Bm) = O(U)(sB p(m) = s- a(X)(1L B m)u
s - a(U)Q ®@m)=a(U)(s- (1 ® m))
= a(U)(s® m).

We have used that a(U) is 5(U,HU)—linear, and also that « is a morphism of
sheaves on X,, in this calculation. Since P(¢)) and « are morphisms of sheaves on
X, and since a(U) is an isomorphism, it follows that @ is also a morphism of sheaves
on X, and that the triangle above is commutative. Since v is an isomorphism, it
follows that 6 is also an isomorphism. By applying [8, Theorem 9.1], we see that 6

extends to the required isomorphism 6 : Loci(X’H)(./\/l (X)) —+ M of sheaves on
X, which is H-equivariant, D-linear and continuous because P () and a|x, both
have these properties. (Il

Until the end of the proof of Corollary [£.4.16] below, we will assume the following

Hypothesis 4.4.6.

X is an affinoid variety,

G is compact,

A is a G-stable affine formal model in O(X),

L is a G-stable free A-Lie lattice in 7(X).

(L, L] CrLand L- ACTA,

U is a finite X,.(L)-covering of X,

e U admits an L-accessible Laurent refinement,

e H is an open normal subgroup of G which stabilises every member of U,
e M is a U-coadmissible H-equivariant D-module on X.

Choose a good chain (N,) in H for £ using Lemma [3.3.6]

Notation 4.4.7. Let n > 0 and Y be an intersection of members of I/.
(a) X, :=Xae(n™L, H), a G-topology on X,
(b) Vi =Y (r"L, H) = X, N Yy, a G-topology on Y.
(¢) Qpn:= %(/W;E)K Xy, H, a sheaf of K-Banach algebras on A,
(d) Qoo :=D(—, H), a sheaf of Fréchet-Stein algebras on X, /H.

We refer the reader to Corollary [4.3.12) and Theorems 3.5.11| for assertions

(¢) and (d) above. Recall that the G-topologies X,, become finer as n increases:

XQCX1CX2C"'CXnC"'CXw/H,
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and that by Proposition [4.4.2[a) there is an isomorphism of sheaves on X

Qoo —> lim Q..

Since M is U-coadmissible, it follows from Proposition b) and Proposition
that My, /g is naturally a Q..y, /g-module, for each Y € .

Lemma 4.4.8. There is a unique structure of a Q..-module on Mx g which
extends the Q. |y,  z-module structure on M|y g for each Y € U.

Proof. Tt follows from Proposition b) that the action maps
ay : Qoojy,/H X Myy,/g0 — My, /u for Y el,

agree on overlaps: (ay)jyny’ = (ay)jyny: forall Y, Y’ € U. Since Q. v, /m and
M\Yw su are sheaves and since each ay is a sheaf morphism, it follows that they
patch together uniquely to a sheaf morphism a : Qoo x Mx, /g = Mix, /5. It
is now straightforward to verify that a defines the structure of a Q.,-module on
M |X./H - O

Lemma 4.4.9. Let n > 0 and let Y € 4.
(a) There is a presheaf P, on X, of Q,-modules given by

Po(Z)=09,(Z) ® M(Z) forall ZcAX,.
Qe (2)

(b) The canonical map Locg,, (P, (Y)) — Pyy, is an isomorphism.
(¢) The restriction of P, to Y, is a sheaf.

Proof. (a) Note that M(Z) is a Qy(Z)-module for each Z € X,, ¢ X,,/H by
Lemma so the formula defining P,(Z) makes sense. Because Q,, Qu|x,
and My, are all well-defined functors on &;,, the functoriality of tensor product
ensures that P, is a presheaf.

(b) Because M is U-coadmissible and Y € U, we have at our disposal the
isomorphism Oy : Locg(Y’H)(M(Y)) = M,y from Proposition c). Let
Z € Y, and consider the following diagram:

9,.(Z) @?)Pn(Y) Pn(Z)
H
on(Z) ® (QH(Y) ® M(Y)) n(Z) @ M(Z)
(YY) Qe (Y) Qo (2)
:l ng@GY(Z)
0.(2) & MY)————0,(2) & (gw(m B M(Y)).
Qoo (Y) Qo (Z) Q. (Y)

Ifb € Q,(Y) and m € M(Y), we have (b@m)|z = bjz®@mz by definition. It follows
that the diagram commutes and hence the top horizontal arrow is an isomorphism.

(c) Since M(Y) is a coadmissible Q. (Y )-module by Proposition a), Pn(Y)
is a finitely generated Q,,(Y)-module. Now apply Corollary O

Definition 4.4.10. M,, is the sheafification of the presheaf P,, on A,.
Corollary 4.4.11. Let n > 0.



74 KONSTANTIN ARDAKOV

(a) M, is a U-coherent Q,-module on X,,.
(b) M, (X) is a finitely generated 9, (X)-module.
(¢) The canonical Q,-linear morphism

o : Locg, (M (X)) — M,
is an isomorphism.

Proof. Part (a) follows immediately from Lemma and parts (b), (c) follow
from part (a) and Theorem [4.3.21] because we have assumed that & admits an
L-accessible Laurent refinement. O

Lemma 4.4.12. For each n > 0 there is a Q,,-linear isomorphism

7y : Locg, (Qn(X) ®a, ., (x) Mns+1(X)) — Locg, (M, (X)).

Proof. For every Z € X,,, by the definition of P, (Z) there is a canonical functorial
isomorphism

0.(Z) ® Popi(Z) = Po(Z).
Qn+1(z)

If Z happens to be contained in Y for some Y € U, then Lemma ¢) induces
a functorial isomorphism

Qu(Z) ® Muii(Z) =5 M,(Z)
Qn+1(Z)

which does not depend on the choice of Y and appears in the bottom row of the
following diagram:

Qn(X) Qn+1(X) Qn(X)
Qn(Z) ® (Qn+1(z) ® Mn+1(X)> = |on(2)
QnJrl(Z) Q,L+1(X)
1®0on+1(Z)

IR

Qnt1(Z2)
All solid arrows in this diagram are isomorphisms, so we obtain the isomorphism
TW(Z): Qu(Z) ® (Qn<x> ® Mn+1<x>> = Qu(Z) ® Ma(X)
Qn(X) Qnt+1(X) Qn(X)

as the top dotted arrow in the diagram. This morphism is functorial in Z. Now
both 9, (X) ®g, ., Mnp+1(X) and M,,(X) are finitely generated Q,,(X)-modules
by Corollary b) and U is an X,,-covering, so by Corollary [{.3.19| these 7,,(Z)’s
patch together to give the required Q,-linear isomorphism 7,. [

Corollary 4.4.13. The Q. (X)-module M, := <h_rn./\/ln(X) is coadmissible.
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Proof. By Lemma [4.4.12] the maps 7,,(X) induce Q,,(X)-linear isomorphisms

Q,(X) ®o,.,,(x) Mnt1(X) —+ My(X) foreach n > 0.
Therefore My, is a coadmissible (h_m 9,(X) = Qu(X)-module, by Proposition

4.4.2(a). O

If Y € U then M(Y) is a coadmissible Qu(Y)-module by Proposition a).
Hence the canonical map

M(Y) — Jim €,(Y) & M(Y)

is an isomorphism, and we will identify M(Y) with (h_m 2,Y) ® M(Y).
Qe (Y)

Lemma 4.4.14. For each Y € U, there is a Q. (X)-linear map
vy : Mo — M(Y)
such that vy (m)jyny’ = vy (m)jyny: for all m € M, and all Y’ € U.
Proof. Let m = (mp,), € Mo where m,, € M, (X), and define vy by
vy (m) := ((mn)y)n-

This is Qoo (X)-linear because the restriction maps in M,, are Q,,(X)-linear. Now
VY(m)|YnY/,n = (mn|Y)\YﬂY’ = Mp|yny’ = (mn\Y')|YmY/ = vy (m)\YmY/,n
for all n > 0. Hence vy (m)jyny’ = vy (m)jyny- for all m € M. O

Proposition 4.4.15. There is an isomorphism
Lock ) (n ) =5 M
of H-equivariant locally Fréchet D-modules on X.
D(X,H)

Proof. Because Locy (Ms) and M are sheaves, by [8, Theorem 9.1] it is suf-
ficient to construct an isomorphism of H-equivariant D-modules on X,,

a: PRI (ML) S Mk,

Let Y € U. Using Lemma [4.4.14] define
gy :D(Y,H) & My — M(Y)
D(X,H)
by setting gy (s®@m) = s - vy (m). This is a ﬁ(Y, H)-linear map. The diagram

gy

Q(Y) ® My M(Y)

li (Y M, (X li (Y MY
& Q ( ) Q:%X) ( ) g Q ( ) ro(g()y) ( )
@‘771(Y)l:
lim M,,(Y) — lim P, (Y)
— = —
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is commutative by construction. The bottom left vertical arrow is an isomorphism
by Corollary |4.4.11fc), and the bottom horizontal arrow is an isomorphism by
Lemma M(b) Hence gy is an isomorphism. Now consider the following diagram:

PQ(X’H)(MOO)\Yw ay - My,
:\L >~ | Oy
D(Y,H) /=~ — D(Y,H
PYYIDY, H) & Mu) ———— Py I (M(Y))
D(X,H) Py (gy)

where the left vertical arrow is the isomorphism given by Proposition [3.5.9] and
the right vertical arrow 8y is the isomorphism given by Proposition c). The
bottom arrow is an isomorphism by Proposition [3.6.6], and thus we obtain the
H-equivariant D-linear isomorphism

Qy . 'P)?(X’H) (Moo)\Yw i) M|Yw

which makes the diagram commute.
Recall from Proposition [1.4.5(a) that for any Z € Y,,, M(Z) is naturally a
coadmissible D(Z, Hz)-module. Using Corollary to identify P)?(X’H) (Moo )(Z)

with 73(Z, Hz) ® My, it is straightforward to verify that
D(X,Hz)

ay(Z) :D(Z,Hz) & My — M(Z)
D(X,Hz)

is given by
ay(Z)(s@m) = s (vy(m)z) forall se D(Z,Hz) and m € M.
Using Lemma [£:4.74] we see that the local isomorphisms ay satisfy
(ay)yny’ = (ay’)jyny’ for any Y. Y el

Since Mx, is a sheaf by assumption and since P)?(X’H)(MOO) is a sheaf on X,, by

Theorem |3.5.11} the ay’s patch together to give the required isomorphism «. [

Corollary 4.4.16. Suppose that (X,G, A, L,U, H, M) satisfies Hypothesis
Then there is a coadmissible D(X, H)-module M, and an isomorphism

Lock® M (ar) =5 M
of H-equivariant locally Fréchet D-modules on X.

Proof. My is a coadmissible Q. (X) = 13(X, H)-module by Corollary [4.4.13] Now
apply Proposition [{.4.15] O

Proof of Theorem[[-].3 Let U be an admissible affinoid covering of X and let M
be a U-coadmissible G-equivariant D-module on X. By [12] Lemma 8.2.2/2], U has
a rational refinement. Using Lemma we may replace U by this refinement
and thereby assume that U is itself a rational covering of X. Using [I2, Lemma
8.2.2/3], we can now find a Laurent covering V = {V1,...,V,,} of X such that for
any i = 1,...,m, the rational covering U}y, of V; is generated by units in O(V;).
We will first show that M is V-coadmissible.
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By [12, Lemma 8.2.2/4], for each ¢ we can find a Laurent covering W; of V,; which
refines U|y,. Because (X, G) is small, we can find a G-stable affine formal model A
in O(X) and a G-stable free A-Lie lattice £ in 7(X). By applying [8, Proposition
7.6], we may replace £ by a sufficiently large w-power multiple, and thereby ensure
that every member of U,V and each W, is an L-accessible affinoid subdomain of
X. We may also assume that [£,£] C 7L and L -.A C mA. By Lemma we
can find an open normal subgroup H of G which stabilises A, £ and each member
of U, V and of each W,.

Fix i and let M; := M)y, so that M, is a U}y,-coadmissible H-equivariant D-
module on V;. Using Lemma {4.3.5] choose an H-stable and L-stable affine formal
model A; in O(V;) so that £; := A; ® 4 L is an H-stable A;-Lie lattice in T(V;)
by Proposition By rescaling £ again if necessary, we may assume further
that [£;, L£;] C wL; and L; - A; C wA,;. Since W; is now an L;-accessible Laurent
refinement of Uy, the data (V;, H, A, L;, Uy, H, M;) satisties Hypothesis

Using Corollary we see that M is V-coadmissible as claimed. But since
V is itself a Laurent covering of X, we see that the data (X, H, A, L,V, H, M) also
satisfies Hypothesis Applying Corollary again together with Propo-
sition a,c) shows that M := M(X) is a coadmissible ﬁ(X,H )-module, and
that there is an isomorphism

0 : LOCE(X’H)(M) =M

of H-equivariant locally Fréchet D-modules on X, given by
0(U)(s ® m) = s - (mu)
forany U € X, s € ﬁ(U, Hy) and m € M. We will now upgrade these statements

from H to G.
First, note that M is a D(X)xG-module by Proposition and by Proposition

a), the actions of D(X, H) and D(X)x G are compatible in the following sense:
YI(h)-m=hM(m) forall he H and m e M.

Thus the 23(X, H)-action on M extends to an action of 5(X, H)xpyG = 5(X, G),
by Corollary [3.3.11} Since the restriction of M back to D(X, H) is coadmissible,
M is necessarily coadmissible also as a D(X, G)-module.
. D(X,QG) D(X,H) .
Note that by construction, Locy (M) = Locy (M) as H-equivariant
locally Fréchet D-modules on X. We will now verify that the isomorphism 6 is
G-equivariant. To this end, fix U € X, and g € GG, and consider the diagram

M(U, Hy) " M(U)
9 1y l lgM (U)
M(gU,gHug™") o0 M(gU).

Now M(U) is a coadmissible D(U, Hy)-module and M(gU) is a coadmissible
D(gU, gHyg~')-module by Proposition a), and it is straightforward to see
that §(U) is D(U, Hy)-linear, whereas §(gU) is D(gU, gHyg~!)-linear.
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Using the isomorphism gu gy, : ﬁ(U, Hy) = 6(gU,gHUg_1), we can regard
M(gU) as a coadmissible ﬁ(U,HU)—module. Because M is a G-equivariant D-
module, it follows from Definition M(a) that the map g™ (U) : M(U) — M(gU)
is D(U) x Hy-linear. Because it is also continuous by Definition [3.6.1(a), we

see that it is actually 5(U,HU)—linear. Similarly, regarding M (gU, gHyg™!) as
a coadmissible D(U, Hy)-module via gu g, the maps g{‘f{HU and 0(gU) become
5(U, Hy)-linear. Since the image of M in M (U, Hy) generates a dense ﬁ(U, Hy)-

submodule in M (U, Hy), to show that the diagram commutes it is enough to verify
that ¢™(U) 0 (U) and 6(gU) o g[]\f{HU agree on this image, by Lemmaw But

[gM (U)o b(U)1@m) = ¢M(U)(mu) = JMX)(mu
= 0gU)(1®g-m) = [0(gU)o gy ] & m)
for all m € M, which completes the proof. O

This completes the proof of Theorem |3.6.11

5. BEILINSON-BERNSTEIN LOCALISATION THEORY

5.1. Invariant vector fields on affine formal group schemes. We begin by
reminding the reader some basic facts from the theory of group schemes, follow-
ing Demazure and Gabriel, [22]. Let R be an arbitary commutative ring. Recall
that an R-functor is a set-valued functor on the category of (small, commutative)
R-algebras, and an R-group-functor is a group-valued functor on the same cat-
egory. We will always identify a scheme X over R with its R-functor of points
X = Schpr(Spec(—), X).

Let G be an R-group-functor. By [22] Chapter II, §4, 1.2], for every R-algebra
S we have the group

Lie(G)(S) = ker (G(S[7]) — G(9)),

where S[r] := S[T]/(T?) is the ring of dual numbers. This construction yields
another R-group functor Lie(G), and Lie(—) is functorial in G. If G is actually a
group scheme over R, then it is shown in [22] Chapter II, §4, Proposition 4.5] that
Lie(G)(S) is an S-Lie algebra for every R-algebra S. In this case, the Lie algebra
of G is defined to be Lie(G) := Lie(G)(R).

Let X be an R-functor. Its automorphism group Aut(X) is given by

Aut(X)(S) = Auts (X @5 S)

for every R-algebra S. Aut(X) is another R-functor, and X ® g S denotes the base-
change of X to S [22], Chapter II, §1, 2.7]. Explicitly, X®z .S is simply the restriction
of X to the category of commutative S-algebras, and Autg(X®p S) is the group of
invertible natural transformations X ® g S 2xX® rS.

By [22 Chapter II, §4, Proposition 2.4], there is homomorphism

Lie(Aut(X))(R) — Derg(Ox), ¢+ Dy

to the group of R-linear derivations Derr(Ox) of the structure sheaf Ox, [22] Chap-
ter I, §1, 6.1], of the R-functor X. It is given by the following formula:
(20) f(@s(zsir)) = fz) + 7Ds(Y)(),
where S is an R-algebra, ¢ € Lie(Aut(X))(R), ¢gs is its image in Lie(Aut(X))(S), Y
is an open subfunctor of X, f € O(Y), » € X(S) and z g7 is its image in X(S[r]).
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In the case where X is actually an R-scheme, Derg(Ox) is simply the space T (X)
of global vector fields on X.

Definition 5.1.1. Let G x X — X be an action of the R-group scheme G on the
R-scheme X, and let ¢ : G — 4ut(X) be the corresponding homomorphism. The
infinitesimal action of g := Lie(G) on X associated to ¢ is the R-linear map

o' g = T(X)
given by ¢'(u) = Dy where ¢ := Lie(¢)(R)(u™!) € Lie(Aut(X))(R).
Remarks 5.1.2.

(a) Note that our notation differs from the one used in [22, Chapter II, §4,
4.4] because of the minus sign in the exponent of u. With this modified
notation, [22, Chapter II, §4, Proposition 4.4] tells us that the infinitesimal
action ¢’ : g = T(X) is a homomorphism of R-Lie algebras, and not an
anti-homomorphism.

(b) The infinitesimal action is given by the intuitive formula

@l(g)(f)(x) = w, forall geg,feOx and z€G

which may explain the phrase “differentiating the G-action on X”.

Let ¢ : G — Aut(X) be an action of the R-group scheme G on the R-scheme X.
The structure sheaf O|x| on the underlying topological space |X]| of the R-functor X
is then naturally G(R)-equivariant in the sense of Definition [2.3.1] and similarly the
tangent sheaf x| is also G(R)-equivariant. In this way, we obtain a group action
of G(R) on T(X) = T(|X|) by R-Lie algebra automorphisms, which is determined
by the following property:

(g-0)(g-f)=g-v(f)
whenever g € G(R), v € T(X), Y is an open subfunctor of G and f € O(Y). We
will call this the conjugation action of G(R) on T (X). On the other hand, recall
from [22| Chapter II, §4, 1.2] that we have the adjoint representation

(21) Ad: G(R) — Autg(LieG)

given by Ad(g)(u) :=g-u:=gug ! for all g € G(R) and u € LieG. Here we
abuse notation and identify G(R) with its image inside G(R[7]).

Lemma 5.1.3. Let G x X — X be an action of the R-group scheme G on the
R-scheme X and let ¢ : G — 4ut(X) be the corresponding homomorphism. Then
the infinitesimal action ¢’ : g — T(X) is equivariant with respect to the adjoint
action of G(R) on g and the conjugation action of G(R) on T (X).

Proof. Let h € G(R), g € g, f € Oz and x € X. Then

(h-&"(@)(h- f) =h-£'(9)(f)
by the definition of the G(R)-action on T (X) given above, so

T(h-@(@)h-fx) = 7 (h-¢'(9)(f)) (x)

7' (9)(f)(h! - x)
flg7th=t-2) = f(h™" - x)

(h- f)(hg=th=t - 2) = (h- f)(x
(h-H)((h-g)~"-z) = (h- f)(2)
= 7¢'(h-g)(h- f)(z).

~
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Because this is true for all z € X and because multiplication by 7 on R[7] induces
a bijection R — 7R, we deduce that (h-¢'(g))(h-f) = ¢ (h-g)(h- f). Replacing f
by h=1- f, we conclude that (h-¢/'(9))(f) = ¢'(h-g)(f) for all f € Oyx|- Therefore
h-¢'(g) = ¢'(h-g) as required. O

Suppose now that ¢ : G — Aut(X) and ¢ : G — Aut(Y) are two actions of the
R-group scheme G on the R-schemes X and Y, respectively, and let £ : Y — X
be a G-equivariant map. Let H be an affine R-group scheme which is flat over
R, and suppose in addition that ¢ : Y — X is a Zariski locally trivial H-torsor
in the sense of [0, §4.3]. We assume that the G and H actions on Y commute.
Because H is flat over R, [5, Lemma 4.3] tells us that the pullback of functions map
¢4 Ox — (€,0¢)H is an isomorphism of Ox-modules. Recall from [5, §4.4] that in
this situation, we have the anchor map

(22) a: (6T — Tx
of the Lie algebroid (£,7y)™, which is defined by the rule
(23) & (a(v)(f)) = v(E(f))

for any v € (£, Ty)™ and any f € Ox. This map allows us to relate the infinitesimal
actions of g on X and on Y in the following way.

Lemma 5.1.4. We have ao ¢’ = ¢'.

Proof. Note that the image of ¢’ is contained in the H-invariants of &, 7y because
the G-action on Y commutes with the H-action by assumption. Let U be an affine
open subscheme of X over which £ is trivialisable. Let g € g, f € O(U) and
x € £71(U). Using the G-equivariance of £, we calculate using Definition that

T (9)(€F(f))(x) E()gt - 2) =€ (f)(x) FElg™" - 2)) = f(&(2))
flg™ - &(@) = f(&()) T ' (9)(F)(E(x))

and therefore that

a(¥'(9)(H)(E()) = € (@' (9)(N))(@) = ¢ (9) (€ (f)(z) = ¢"(9) () (E(x)).

Because £ is Zariski locally trivial, we deduce that a0 ¢’ = ¢’ as claimed. O

The group G acts on itself by left and right translations. The corresponding
homomorphisms of R-group-functors

v:G — Aut(G) and 0:G — Aut(G)

are given by the familiar formulas v(g)(x) = gz and §(g)(z) = zg~! for every
g,x € G. These actions induce G(R)-actions on O(G) by R-algebra automor-
phisms; see the end of [40] 1.2.7] for a discussion. Abusing notation, we will denote
the corresponding group homomorphisms G(R) — Autr_as O(G) by 7 and 4, re-
spectively: v(g)(f)(z) = f(g~'z) and d(9)(f)(z) = f(zg) for each f € O(G) and
g,z €G.

Assume from now on that our R-group scheme G is affine. We will next give
an explicit formula for the infinitesimal actions associated v and J, but first we
need to recall some language from the theory of Hopf algebras. The actions v and
0 induce two right O(G)-comodule structures, otherwise known as coactions, on
O(G). Following [40] 1.2.8], we denote these coactions by A, and Ay, respectively.
Using the sumless Sweedler notation A(f) = f1 ® f2 for f € O(G) to denote the
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comultiplication map A : O(G) — O(G) ®@r O(G) of the R-Hopf algebra O(G), it
follows from [40, 1.2.8(5) and 1.2.8(6)] that these coactions are given by

(24) Ay(f) = fa®@0(fr) and As(f) = f1® fo,

where 0 : O(G) — O(G) denotes the antipode of O(G).

Let € : O(G) — R be the counit of the R-Hopf algebra O(G). Recall that an e-
derivation is an R-linear map d : O(G) — R such that d(ab) = €(a)d(b)+d(a)e(b) for
all a,b € O(G). For every u € Lie(G) = ker (Hom(O(G), R[r]) — Hom(O(G), R)),
there is a unique e-derivation u : O(G) — R given by the formula
(25) u(f) =e(f)+7u(f) forall feO(G).

It follows from [69, Theorem 12.2] that v — u is a bijection from Lie(G) onto the
set of all e-derivations.
Lemma 5.1.5. Let u € g = Lie(G) and f € O(G). Then

Y (W)(f) =u(o(f)fe and &'(u)(f) = u(f2) fi.

Proof. We will only deal with the first equation, because the second one is entirely
similar. Let ¢ = Lie(y)(R)(u™!), let 2 € G and let f € O(G); then abusing
notation and applying we have
mDy(f)(x) = f(d(x)) — f(z) = flu™"z) — f(2).
Using , we can re-write this as follows:
fu™lz) = f(z) = u'(f)a(f2) = fz) = (u(o(fr) fo - f)(x)
= (ela(fr)) +ulo(f1) f2 = f)(z)

= (tu(o(f1)) f2)(x)
because € o 0 = € and because €(f1)fo = f. Hence
Y (W) (f) = Dg(f) = u(o(f1)) fo forall feO(G). O

Next, we remind the reader of some more standard definitions.

Definition 5.1.6. Let C be an R-coalgebra, and let (M, pyr), (N, pn) be right
C-comodules.

(a) A morphism of right C-comodules is an R-linear map £ : M — N such that
pno&=(§@1)opu.
(b) We will denote the endomorphism ring of (M, pps) in the category of right

C-comodules by End(M, par).
(¢) The set of left-invariant R-linear derivations of O(G) is

ST(G) := T(G) NEnd (O(G), A,).
(d) The set of right-invariant R-linear derivations of O(G) is
T(G)® := T(G) NEnd (O(G), As) .
Proposition 5.1.7. There is a commutative diagram of R-Lie algebras

Lie(G)
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in which all arrows are bijective.

Proof. By Definition a), an R-linear map £ : O(G) — O(G) is a morphism
of right O(G)-comodules for the coaction A, if and only if Ay of = (§®1)0 A,.
Using 7 this is equivalent to

(26) §(f)2@0(&(f)1) =&(f) @o(fr) forall feOG).

By applying the invertible endomorphism a ® b +— o~1(b) ® a of O(G) ®r O(G),
we see that is equivalent to

(27) ()1 ®&(fl2=H©&(f2) forall feOG),

or equivalently, to Aof = (1®&)oA. This agrees with the definition of left-invariant
derivations found on [69) p. 92]. Now if u € Lie(G) then for any f € O(G) we have

(Ao d'(u)(f) = Alfiu(f2) = (fr ® f2)u(fs) = f10'(u)(f2) = (1@ &"(w)) A(f)

by Lemma Hence §'(u) € T (G) for all u € Lie(G), and now the fact that ¢’
is a well-defined bijection follows from the proof of [69, Theorem 12.2].
The antipode map can be viewed as an isomorphism of right O(G)-comodules

o

o:(0(G),A,) — (O(G), As).
To see this, let f € O(G) and apply to obtain
(e@1DA(f) = (c@1)(f2®0(f1)) =0(f2) ®a(f1) = o(f)1 @ a(f)2 = Aso(f).

We have used here the fact that o is an anti-coalgebra morphism — see [48, Propo-
sition 1.5.10(2)]. It follows that & — o&o~! is an R-algebra isomorphism

End (O(G), A,) — End (O(G), As) .
Because o is also an anti-algebra morphism by [48] Proposition 1.5.10(1)], it follows
that this isomorphism preserves the subspace of R-linear derivations:

oo (ab) = o (((o™'b)o 'a+ 07D f(a_la)) =aocéo ' (b) + oo (a) b
whenever &(ab) = £(a)b+ a&(b) for all a,b € O(G). Hence the bottom arrow of the
triangle is a well-defined bijection. Finally, we will show that
(28) o6’ (u)o~!t =4/(u) forall wu € Lie(G).

Using and Lemma [5.1.5] we see that for any u € Lie(G) and f € O(G),

o(Y()(f)) = u(o(f1))o(f2) = (uw® L)(o(f1) ®o(f2))

= (w®)(o(f2@a(f) =ulo(f)2) o(f)1 =0"(w)(o(f))
Thus o o 7/(u) = §(u) o o which implies (28). So, the triangle in the statement
of the Proposition commutes, and v’ is a bijection. Finally, v/ and ¢’ are R-Lie

algebra homomorphisms by [22, Chapter II, §4, Proposition 4.4]. d

Recall [40] 1.7.9] that the group scheme G is said to be infinitesimally flat if I /1>
is a finitely presented and projective R-module, where I = ker e is the augmenta-
tion ideal of O(G). In view of [33, Corollaire 19.5.4], this is for example the case
whenever G is smooth over Spec(R).

Proposition 5.1.8. The canonical O(G)-linear maps
O(G)®r T(G)* — T(G) and O(G)&r“T(G) — T(G)

are isomorphisms whenever G is infinitesimally flat.
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Proof. Write A = O(G), let 7 : A — I/I? be the R-linear map given by m(a) =
a — e(a)l + I? and note that it is an e-derivation with values in I/I?:
w(ab) = e(a)m(b) + w(a)e(b) for all a,be A.
It follows that there is an A-linear map 6 : Hompg(I/I?, A) — Dergr(A), given by
0(f)(a) =a1f(m(az)) forall ae€ A

From the proof of [69, Theorem 11.3], we deduce that 8 is in fact an isomorphism,
whose inverse is given by the explicit formula

0= (d)(a+ I?) = o(ay)d(az) for any ac 1.

Let Ad(o) : Endg A — Endg A be the map £ — o&o~! and recall from Proposition
that Ad(c) maps ®T(G) onto T(G)®. Consider the following diagram of
R-modules:

m

A®rT(G)® Derg(A)
o® Ad(a)T TAd(a)
A®rCT(G) - Derp(A)
o sor| s
A®pHompg(I/I?, R) ———— Hompg(I/I?, A)

Here, p is given by p(a ® d)(b) = a d(b), n* : Homg(I/I?, R) — Lie(G) is the
isomorphism given by 7*(f) = fom, and w is given by w(a ® f)(x) = a f(z).
Using Lemma [5.1.5] it is straightforward to verify that this diagram commutes.
Now w is an isomorphism because G is infinitesimally flat and ¢’ is an isomorphism
by [69, Theorem 12.2]. Since Ad(c) and o are also isomorphisms, u is also an
isomorphism. [

We now specialise to the case where our ground ring R is complete with respect
to some nested family of ideals J;:

R =5 lim R/ J;.
H
We will write
R;:==R/J; and G;:=G Xgpee(r) SPeC(R;).
Lemma 5.1.9. Suppose that G is infinitesimally flat over R.
(a) For any index i, all arrows in the commutative diagram

w1,c®1

Lie(G) ®r R; T(G)® ®r R;
Lie(G;) e T(G;)C

are isomorphisms.
(b) The natural map Lie(G) — (h_m Lie(G;) is an isomorphism.
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Proof. (a) We identify Lie(G) with Hompg(I/I?, R) where I = ker ¢ is the augmen-
tation ideal of O(G). The discussion in [40, 1.7.4(1)] shows that
Lie(G ®g S) = Lie(G) ®g S

for any commutative R-algebra S, using the fact that G is infinitesimally flat over
R. Hence the vertical arrow on the left is an isomorphism, and in particular, G; is
infinitesimally flat over R;. The result now follows from Proposition [5.1.7]

(b) The required map fits into a natural commutative triangle

Lie(G) lim Lie(G;)

\/

h& Lle(G) ®Rr R;

Because R is complete, every finitely generated projective R-module is also com-
plete. Since G is infinitesimally flat over R, Lie(G) is a finitely generated projective
R-module, so the first diagonal map in the diagram is an isomorphism. The second
diagonal map is an isomorphism by part (a). O

Definition 5.1.10. (a) We denote the completion of G by G. This is an affine
formal scheme whose coordinate ring

A:=0G) = lim O(G))
is the completion of the R-algebra O(G).
(b) Let T(G) := Derr(.A) denote the set of R-linear derivations of A.

Proposition 5.1.11. Suppose that G is infinitesimally flat. Then the natural maps
B:T(G) — lim 7(G;)  and 0@G)®r T(G)® — T(G)

are isomorphisms.

Proof. These maps appear in the commutative diagram

O@) ®r T(G)® T(G)
lim (O(G) @ T(G)%) ©r R, 8
lim O(G;) @r, T(G:)* lim 7(G).

Suppose that 3(9) = 0 for some 0 € T(@) Then G(A) C J; A for all i. Because
the topology on A is separated, we see that S is injective.

Because G is infinitesimally flat, 7(G)® is a finitely generated projective R-
module by Proposition Hence O(@) ®@r T(G)C is a finitely generated projec-

tive O(G)-module, and is therefore complete. Hence the first vertical arrow on the



EQUIVARIANT D-MODULES ON RIGID ANALYTIC SPACES 85

left is an isomorphism. Now Lemma[5.1.9(a) implies that the second vertical arrow
on the left is an isomorphism, and the bottom horizontal map is an isomorphism
by Proposition Because 3 is injective, it follows that in fact all arrows in this
diagram are isomorphisms. [

The coactions
A, :OG) = OG)®r O(G) and A;:O(G) = O(G) ®r O(G)
from can be completed to obtain R-algebra homomorphisms
/A\A, t A= ABgA and As: A— ARDRA.

Definition 5.1.12. Let T(@)@ ={¢ € T(@) : Ag o0& = (£®1) o 35} denote the
R-Lie algebra of right-invariant derivations of G.

Proposition 5.1.13. Suppose that G is infinitesimally flat. The the natural map

T(G)® — T(G)®

is an isomorphism.

Proof. Consider the following diagram:

Lie(G) lim Lie(G;)
T(G)® lim 7(G;)®
\ /
T(G)®

The vertical arrows are isomorphisms by Proposition and the top horizontal
arrow is an isomorphism by Lemmal[5.1.9(b). So the middle horizontal arrow is also
an isomorphism. Because the restriction of the map 3 from Proposition [5.1.11] to
T(G)C is injective, the bottom triangle now implies that 7(G)¢ —s T(G)C is an
isomorphism. [l

Lemma 5.1.14. Suppose that G is integral and of finite type over R, and that R
is a complete valuation ring of rank 1. Then the natural maps

O(G) — O(G) and T(G) — T(G)
are injective.

Proof. Let A := O(G) and fix a non-zero non-unit 7 € R. We have to show that
(17" A is zero. Because of the assumptions imposed on R and because A is a
finitely generated R-algebra, [I, Corollaire 1.12.14(i)] implies the ideal wA satisfies
the strong Artin-Rees condition — see [1, Definition 1.8.25(a)]. Let a € 7" A4;
then by [Il Lemme 1.8.27] there exists b € A such that a(1 — 7b) = 0. Note that
1 —7b # 0 as otherwise €(b) would be an inverse to m in R. Because G is integral,
we deduce that a = 0. The second statement is now clear. O
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Remark 5.1.15. The first condition on G in Lemma cannot be replaced
with the weaker condition that G is reduced. To see this, let A be the finitely
presented R-algebra A := R[v]/(v — mv?). We may view A as an R-subalgebra of
the group ring K[Cy] := K|g]/{g*> — 1) of the cyclic group of order two over K, via
the R-algebra embedding which sends v to 1;79. It follows that A is isomorphic
to R x K, so A is reduced and flat over R, but it is not integral. Now K[Cy] is a
K-Hopf algebra in a standard way, where the element ¢ is grouplike. We can then

calculate that the structure morphisms €,0 and A on K[Cs]| satisfy

e(v)=0, ow)=v, and A@W)=vR1+1®v—-21vRQ .
It follows that A is an R-sub-Hopf algebra of K[Cs]. Hence G := Spec(A) is
a reduced, affine group scheme of finite presentation over R. However, because

v = 7"l € A for any n > 0, the kernel of the natural map A — A is the

non-zero ideal vA. The group scheme G above is even infinitesimally flat because
Av? C Av = Amv? C Av?. Thus Proposition [5.1.13|is applicable in this case, even
though both arrows appearing in the statement of Lemma fail to be injective.

5.2. The algebra 5(G,G)G. We will assume from now on that R = R is a
complete valuation ring of rank one and mixed characteristic (0, p), and work under
the following

Hypothesis 5.2.1.
e G is an affine group scheme, smooth over R,
e (G is a compact p-adic Lie group,
e 0: G — G(R) is a continuous group homomorphism.

We always write g := Lie(G) to denote the Lie algebra of G. We equip G(R)
with the congruence subgroup topology from Definition [3.1.11] For example, if G
is defined over the ring of integers O, of some finite extension L of Q, contained
in K, then o could be the inclusion of G(Op) into G(R).

Since G is smooth over R, G is locally finitely presented over R. Because G is
also affine, the R-algebra O(G) is finitely presented by [67, Lemma 28.20.2]. Also,
O(G) is flat as an R-module because G is smooth over R. Passing to the m-adic
completion shows that A := /(E) is an admissible R-algebra, so G = Spf/(@
is an affine fgrmal s/c\heme of topologically finite presentation, and its rigid generic
fibre G := Gyiz of G is a smooth affinoid rigid analytic variety over K. Since G
is infinitesimally flat by [33, Corollaire 19.5.4], we will use Proposition to

identify 7(G)® with the R-Lie algebra ’T(@)G of right invariant derivations of G.
Next, we have the group homomorphism 3 : G(R) — Aut(G, Og) from the proof
of Proposition b)7 arising from the left-translation action vy of G on itself.
Because G is affine, we may identify Aut(@, Og) with the group G(A) of R-algebra
automorphisms of A = O(@) as in %‘. via (p, ") = T(p")~!. Thus we obtain
the continuous group homomorphism p : G — G(A) given explicitly by
pl9) =T(Fa(9)") ™" 0G) = 0().

Via the natural embedding rig : G(A) — Autx(O(G)) appearing in the discussion
following Lemma this gives us a continuous action of G on the K-affinoid
algebra O(G) by K-algebra automorphisms, which we still denote by p:

p: G — Autg (O(G)).
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By Definition [3.3.1] we now have at our disposal the algebra
D(G,G)

and our aim is to define its subalgebra of right G-invariants 5(G, G)G. However,
because we will need to know its structure quite explicitly, we will give a defini-
tion which does not require making the notion of “right G-invariants” completely
precise.

Recall that we have at our disposal the action Ad oo of G on g by R-Lie algebra
automorphisms.

Definition 5.2.2.

(a) A Lie lattice in g is a finitely generated R-submodule J of g which is stable
under the Lie bracket on g and which contains a m-power multiple of g.
(b) The Lie lattice J is G-stable if it is preserved by Ad(c(g)) for all g € G.

Lemma 5.2.3. Let J be a Lie lattice in g, and let £ := A-~'(7).

(a) J is free of rk g as an R-module.

(b) L is free of rank rk g as an A-module.

(¢) L is an A-Lie lattice in T(G) = Derg O(QG).
(d) If J is G-stable, then so is L.

Proof. (a) Because G is infinitesimally flat, its Lie algebra g is a finitely generated
projective R-module. Since R is a local ring, it is actually free of finite rank.
Because R is a valuation ring, the same is true of any Lie lattice 7 in g.

(b) This follows from part (a) together with Proposition

(c) Tt is straightforward to verify that £L = A -+/(J) is closed under the Lie

bracket. It follows from Proposition that T(@) = Derg(A) = A-+'(g).
Because J contains a m-power multiple of g, it follows that £ contains a w-power
multiple of ’T(@)

(d) By Lemma the R-Lie algebra homomorphism ~' is equivariant with
respect to the adjoint action of G on g and the conjugation action p of G on T(@)
So +'(J) is stable under p. Now

p(g)(a-v) = p(g)(a) p(g)(v) forall acAveq(g),g€G
so L =A-~'(J) is also stable under p as required. O
Let J be a G-stable Lie lattice in g, and let £ := A-+/'(J). Then L is a free

A-module of finite rank by Lemma b), so U(L) is a flat A-module by [55
Theorem 3.1]. In particular it is flat as an R-module, so the algebra U appearing

in Lemma [3.2.10] is just U/(Z) By Definition |3.2.11, we now have at our disposal
the map
— X
Be = (p) P op:Ge=p~" (exp(pL)) = U(L)

which is a G-equivariant trivialisation of the G c-action on U/(E) by Theorem|3.2.12
On the other hand, by functoriality, the R-Lie algebra homomorphism ' : 7 — L
extends to an R-algebra homomorphism

6:=U(y): U(J) — U(L).

Proposition 5.2.4. Let J be a G-stable Lie lattice in g and let £ := A -+/(J).
(a) The map 6 is injective and G-equivariant.
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(b) For every g € G, there is a unique element v € J such that
p(g) = exp(p™y'(v)) and  Br(g) = O(exp(pL(v)))-

—

(c) 6710 B, is a G-equivariant trivialisation of the G-action on U (7).

Proof. (a) By Propositions and |5.1.11} the map 1 ®©~': A®g J —» L is an
A-linear isomorphism. By Lemma [5.2.3(a), we can choose a basis {v1,...,vq} for

J as an R-module. Let w; := +/(v;) € £; then {w1,...,wq} is a basis for £ as an
A-module. Now it follows from Rinehart’s Theorem [55, Theorem 3.1] that every

element of U(J) can be written uniquely as a restricted power series in vy, ..., v4

—

with coefficients in R, and also that every element of U (L) can be written uniquely
as a restricted power series in ws,...,wy with coefficients in A. Since R embeds
into A and since 1 ® v/ maps v; to w;, we conclude that 6 is injective.

The G-equivariance of @ follows from Lemma [5.1.

(b) Let g € G so that p(g) = ¥c(exp(pe(u))) = exp(pu) for some u € L.
Because the left translation action of G on itself commutes with the right translation
action, p(g) : A — A is a morphism of topological right A-comodules, in the sense
that the following diagram is commutative:

A p(g) A
N =
AR A > ADRA.

p(g)®1

The same is then true for the endomorphism log(p(g)) = pu of A. It follows that
pu € T(@) is a right-invariant derivation of G. Since A is flat over ‘R, this implies
that u is also right-invariant: u € T(@)ﬁ. Hence, by Propositions and
there exists v € g such that 4/(v) = u. Because L 2 A® +/(J), in fact v must lie
in J C g. Using equation (9) we see that

Br(g) = (exporologop)(g) = exp(pL(v'(v))) = O(exp(p(v))).
The uniqueness of v follows from the injectivity of 8, established in part (a) above.
(c) Let g € Gz and let h € exp(p€u(J)) be such that S.(g) = 6(h). The g-action
on U/(Z) is given by conjugation by 6(h) by Theorem b), and the map 6 is
G-equivariant, so §(hah™) = g-6(a) = (g - a) for all a € ﬁj\) So the g-action
on /(?) is given by conjugation by h, by part (a). Finally, 8. is G-equivariant by
Theorem b) and 6 is G-equivariant, so 6! o 3. is also G-equivariant. O

We can now mimic Definition and make the following
Definition 5.2.5. We define the completed skew-group algebra
D(G,G)¢ = lim U(7)k xn G.

The inverse limit is taken over the set I(G) all pairs (J, N), where J is a G-stable
Lie lattice in g and N is an open normal subgroup of G' contained in G 4., (7).

—

The G-equivariant trivialisation of the N-action on U(J)k is understood to be the
restriction to N of the map 67! o 84.,/(7) from Proposition c).
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Recall the definition of good chains from Definition [3.3.3]

Proposition 5.2.6. Let U, := U@;@ let A = O(@) and let (N,) be a good
chain for the A-Lie lattice A -+/(g) in 7(G). Then there is an isomorphism

D(G,G)¢ =~ lim U, x, G.

Proof. Each n"g is evidently a G-stable Lie lattice in g, so (7"g, N,) € K(G) for
each n > 0. The proof of Lemma implies that the set of these pairs is in fact
cofinal in K(G). O

Theorem 5.2.7. D(G, G)C is Fréchet-Stein.

Proof. Let J := w?g. This is a G-stable Lie lattice in g which satisfies [, J] C
72J. We may view J as an (R, R)-Lie algebra with the trivial anchor map. Then
for each n > 0, 7™ J also satisfies all these conditions, so in particular U, :=

U(?l\j);( is Noetherian by Corollary [4.1.10{and U, is a flat U,,41-module for each
n > 0 by Theorem {.1.11} Furthermore, the image of U, is dense in U,, because
it contains the dense image of U(gk) in U,. Now choose a good chain (N,) for

A-~'(J) using Corollary and apply Proposition to find an isomorphism
D(G,G)¢ =~ lim U, %, G.

The same argument appearing in the proof of Theorem using [58, Lemma
2.2], now completes the proof. O

Lemma 5.2.8. Let H be an open normal subgroup of G. Then there is a natural
isomorphism

D(G,G)% = D(G, H)® xy G.
Proof. Follow the proof of Corollary [3:3.11] O
We will now impose the following additional hypotheses on G.

Hypothesis 5.2.9.

e B is a closed and smooth R-subgroup scheme of G,
e X :=G/B is a scheme, smooth over R,
e the canonical map ¢ : G — X is a Zariski locally trivial B-torsor.

Since B and X are smooth over R, they are in particualr flat and locally of finite
presentation over R. We are interested in the m-adic completion X of X which is
an admissible formal R-scheme, and its rigid generic fibre

X = Xrig-
Because X is assumed to be smooth, we see that the rigid K-analytic variety X is
also smooth. The group G acts continuously on X by Proposition [3.1.12

Theorem 5.2.10. Assume that Hypotheses [6.2.1] and [5.2.9] are satisfied. Then
D(G,G)S acts on X compatibly with G in the sense of Definition 3.4.9l

We begin the proof of this result by fixing the following data:

e an affinoid subdomain U of X,
e an open subgroup H of Gy, and
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e an H-stable affine formal model B in O(U).

Because € : G — X is a Zariski locally trivial B-torsor by assumption, we have at
our disposal the anchor map «a : (£,75)® — Tx from equation (22). Let

au : T(G)F = T(U)

be the composite of the maps

T(G)® = T(G)F 8 7(x) > T(X) — T(X) — T(U).
In what follows, if H is acting on an affinoid variety Y we will denote the corre-
sponding action of H on O(Y) by
Y . H — Autg O(Y).

The actions p& and pY preserve the affine formal models A = O(@) and B, re-
spectively. On the other hand, we have at our disposal the congruence subgroups

Gpe (A) and G, (B) defined just before Lemma

Lemma 5.2.11. Let N be the intersection of the subgroups (p©)~! (G, (A)) and
(pY) 71 (Gpe(B)) of H. Then ay o log °p|cj;v = log 0,0“]{,.

Proof. We fix an affine covering {Xi,...,X,,} of X over which ¢ is trivialisable,
let X; :=X; and U, := X; NU for each i, so that {Uy,...,U,,} is an admissible
affinoid covering of U. Because N < Gpe(A), it acts on each O(X;) and these

actions are trivial modulo pf(’)( i). So A; :=B- O( ;) is an N-stable affine formal
model in O(U;), and N acts trivially on 4;/p°A; for each i.

Recall from Proposition b) that the image of log Opﬁv lies in T(@)@. Let
Y; = p1(X;) and let Y; := Yj,4,. Let us also write
py = log OPFJ(V N = T(Y)

whenever this makes sense. We may now consider the diagram

Now, U; is an affinoid subdomain of both U and X;, and Y is an affinoid subdo-
main of G. Therefore, the three triangles in this diagram that contain an unlabelled
arrow commute by Lemma The outer pentagon in this diagram commutes
because ay and ax, both factor through 7(X) by definition. Because the map
T(U) = @;T(U,) is injective, to show that ay o pe = pu it remains to show that
OZ/(SE‘) oy, = px,. We will drop the subscript ¢ to aid legibility.

Because ¢ is trivialisable over X, by [5l Lemma 4.3] we have the isomorphism
q:=&X): OX) — (’)( )E. Passing to the m-adic completion gives us the N-
equivariant map q : O( ) — O(Y ) so that p¥(n)oq = qo pX(n) for all n € N.
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It follows that
logp¥(n)og=gologp®(n) forall neN.

Finally, let n € N and write v := log p¥ (n) € T(Y) and a := a/(-Fz). Then appealing
to equations and , we see that

dla(v)(f)) = v(@(f)) = dllog pP*(n)(f)) for any f € O(X).

Since O(X) and O(Y) are flat as R-modules, we see that ¢ is injective, and it follows
that a ologopY = logop® as required. O

Let ¢ : G — Aut(X) denote the action of G on X, and consider the R-Lie algebra
map ¢y : ¢ — 7 (U) that is the composite of the following natural maps:

O g TX) — T(X) — T(X) — T(U).

It follows from Lemma together with the functorialities of m-adic completion
and the rigid generic fibre functor that the map ¢y, is H-equivariant.

Proposition 5.2.12. Let (7, J) be a B-trivialising pair. Then there is an H-stable
Lie lattice H in g and an open normal subgroup N of H 4.,/(3) contained in J such
that the map

U(y)  H : Ulge) x H — U(T ) »y H

—

factors through U(H)x xn H.

Proof. By Definition J is an H-stable B-Lie lattice in 7(U) and J is an
open normal subgroup of H contained in H;. Because g has finite rank as an
R-module and because ¢y, is H-equivariant, we can find a m-power multiple H of g
Containedﬁin the preimage (¢f;) "1 (J) of J in g. Then H is an H-stable Lie lattice

in g, and we have a K-algebra map ‘P/b\K : Uﬁ'lTK — U(/JTK. Let A := (’)(@),
L:= A+ (H), Ho := (pG) 71 (Gpe (A)) N (pY) 71 (Gpe (B)) and consider the subgroup
N :=H;NJNHyof H. It is open and normal in H, is contained in J and satisfies

(29) ay olog opﬁv =log Op\IZJV
— X
by Lemma [5.2.11} Now, 0~ 1o B, : N — U(H iK is an H-equivariant trivialisation

— X
of the N-action on U(H)x by Proposition [5.2.4(c), and 87 : J — U(J)k is
i b

an H-equivariant trivialisation of the J-action on U(J)k by Theorem ).

We aim to apply Lemma to the ring homomorphism (p’u K the identity map
1: H — H and the normal subgroups N and J of H. The first condition holds
because N < J and the second condition holds because ¢y, is H-equivariant. To
satisfy the third condition, we have to show that

—X
(30) (pIU,K 00~ oBr =Byg.
Let n € N so that B.(n) = exp ¢(u) where u := log p&(n) € L C T(G). Here we

Il -

abuse notation and use ¢ to denote the inclusions of H, £ and J into U(H) i, U(L) x

41f ¢’ was known to be injective we could simply take H to be this preimage. But without this
hypothesis this preimage contains a K-line and therefore cannot be a finitely generated R-module.
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and UTJTK, respectively. By Proposition b), we know that u = (w) = 7' (w)
for some w € ‘H. Hence

0= (B (n)) = 07 (exp 1(0(w))) = exp t(w).

Similarly, 37 (n) = exp t(v) where v := log pY(n) € J € T(U). Now
pu(w) = au(y'(w)) = au(u) = ay(log p%(n)) = log p” (n) = v

by Lemma and equation . Because EJ\K oL =10 gy, we see that

—X
/

Pox 007 0B)n) =y (exp s(w)) = exp 1(py(w)) = exp 1(v) = B (n)

for any n € N, which proves equation . Now we may apply Lemma to
obtain a K-algebra homomorphism

o —

P21 UH)x iy H — Uk sy H

——

whichextendsw/ij,\K:U(H)K—)UTjTK and 1: H — H. O

Proof of Theorem[5.2.10, Let A := 5(G, G)G. There is a canonical group homo-
morphism 1 : G — A*. For every compact open subgroup H of G, we define
Ap = ﬁ(G, H)%. We see from Definition hat this is a K-subalgebra of A,
which is Fréchet-Stein by Theorem

Now fix a compact open subgroup H of G and U € X,,/H. Fix an H-stable affine
formal model B in O(U) and let (7, J) be a B-trivialising pair. Then Definition
5.2.5| and Proposition [5.2.12| give a K-algebra homomorphisms

—

D(G, H) — U(H)x xn H — U(T)k g H

where H < (¢y;)~H(J) is some H-stable Lie lattice in g and N is the open normal
subgroup H 4./ (3)NJNHg of H. Here Hy is some open normal subgroup of H which
does not depend on (7, J). Choosing a different H-stable Lie lattice H' with these

properties will yield the same composite homomorphism 73((}, H)G — UTYT KXy H
because both candidates will factor through U(H")x xn~ H for H”" = HNH' and
N" = NN Hyppy. If (J',J') is another B-trivialising pair such that J' < J
and J' < J, then we can choose the corresponding pair (H', N') to satisfy H' < H
and N’ < N. Thus we obtain the commutative diagram

D(G, H)G —~ U(H)x »in H U(T)x %y H

T T

—

U(HI>K NN’HHUWK X g H.

We may now pass to the inverse limit over all B-trivialising pairs (7, J) to obtain
the continuous K-algebra homomorphism

o7 (U): Ay = D(G,H)® — D(U, H).
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required by Definition [3.4.9] Let V be an H-stable affinoid subdomain of U and
consider the diagram

—_

D(U) x H D(U, H)
\ oM (U)
Ulgx) x H D(G,H)G Y
/ m
D(V) x H D(V, H).

The two trapezia commute by definition of ¢ (U) and ¢ (V). The outer rectangle
commutes by definition of the restriction map 7 : 5(U, H) — 5(V, H) given in
Lemma and the triangle on the left commutes because oy, (v)jv = @5/ (v) for
any v € g. Hence 75 o ¢ (U) agrees with ¢ (V) on the image of U(gx) x H
in 5((}7 H)©. Because this image is dense and these two maps are continuous, it
follows that they are equal. Hence ¢ : Ay — 5(7, H) is a morphism of presheaves
of K-Fréchet algebras on X,,/H.

We must now check that axioms (a)-(d) of Definition are verified for these
data. This verification is quite similar to the one carried out in the proof of Propo-
sition it ultimately relies on Lemma [5.1.3] and on a modified version of
Proposition We leave the details to the reader. O
5.3. D;\L’K-afﬁnity of the flag variety. In [5], we constructed a sheaf D;,\L’K on
the flag variety G/B over R in the case where the ground ring R was assumed to

be Noetherian. We proved that G/B was Df‘l x-acyclic whenever A was p-dominant,
and that it was DA x-affine whenever A was p-dominant and p-regular. We also

related the global sections of this sheaf to affinoid enveloping algebras U(/g):K
under the hypothesis that the prime p is very good. In this subsection, we will
revisit [B], §4,5,6] in order to remove this assumption on p and remove the Noetherian
assumption on R from all of these statements.

We begin by recalling the main Beilinson-Bernstein construction from [5], §4].
Let G be a connected, simply connected, split semisimple, affine algebraic group
scheme over an arbitrary commutative base ring R, for now. Let B be a closed
and flat Borel R-subgroup scheme of G, let U be its unipotent radical and let
H := B/U be the abstract Cartan group. Note that B and U are smooth over R,
being direct products of finitely many copies of G,’s and G,,’s. Choose a Cartan
subgroup T of G complementary to U in B, and let ¢ : T — H be the natural
isomorphism induced by the inclusion of T into B. Let g,b,n, h and t be the
corresponding R-Lie algebras, and let ¢ : t = h be the isomorphism induced by
i T —» H. The adjoint action of T on g induces a root space decomposition
g=n®tdnT. The adjoint action of G on U(g) is by ring automorphisms, and we
have the invariant subalgebra U(g)®. We call the composite of the natural inclusion
of U(g)® < U(g) with the projection U(g) — U(t) with kernel n U(g) + U(g) n™
the Harish-Chandra homomorphism ¢ : U(g)® — U(t). Let B = G/B be the flag
variety and B = G/U the base affine space of G. The groups G and H act on B
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by left and right translations respectively, and these actions commute. Applying
Definition [5.1.1} we obtain the infinitesimal actions g — 7z and h — Tz The

natural projection & : B — B is a Zariski locally trivial H-torsor, and T = (&« 7'g)H
is a Lie algebroid on B. Because the actions of G and H commute with the action
of H on g, the infinitesimal actions of g and h on B therefore descend to give
homomorphisms of R-Lie algebras ¢ : g — 7 and j:h— T. The algebra U(7~')
is isomorphic to the relative enveloping algebra D= &U(Ty)® from [5l §4.6]. By
[5, Lemma 4.10], these maps fit together into the following commutative diagram

(31) U(g)® ——U(t)

T

U(g) U(T).

—_—
U(e)
Put another way, the restriction of U(y) to U(g)® is equal to j o i o ¢.

Next, we specialise to the case where R = R is a complete valuation ring of rank
one and mixed characteristic (0,p) and recall some definitions from [5], §3]. Let A
be a positively Z-filtered R-algebra with FyA an R-subalgebra of A. We say that
A is a deformable R-algebra if gr A is a flat R-module. A morphism of deformable
R-algebras is an R-linear filtered ring homomorphism. The n-th deformation of A
is the R-subalgebra

A= m"F;AC A
>0
of A. It becomes a deformable R-algebra when we equip A, with the subspace
filtration arising from the given filtration on A. By [5l Lemma 3.5], multiplication
by 7™ on graded pieces of degree j extends to a natural isomorphism of graded R-
algebras gr A = gr A,. The assignment A — A, is functorial in A. For example,
whenever g is an R-Lie algebra which is free as an R-module, the PBW-theorem
implies that its enveloping algebra U(g) is deformable, and U(g),, = U(n"g). Evi-
dently these concepts only depend on the ideal 7R in R.
Applying the deformation functor to diagram produces

(32) (U(8)%)n > U(),

\L \Lj"OiH

Ulg), ——D,.
(9) .

Let A : 7"h — R be a linear form. It extends to an R-algebra homomorphism
Uh)n = U(n™h) — R and gives R the structure of a U(h),-module which we
denote by Ry. Recall from [5, Definition 6.4] the sheaf
'Dz = 571 ® Ra.
U(b)n
Let S be the basis for B consisting of open affine subschemes of B that trivialise
the H-torsor & : B — B. It contains each Weyl-group translate of the big cell in B.

Lemma 5.3.1. Let Y € S.
(a) (DQ)IY is isomorphic to (Dy,)|y as a sheaf of filtered R-algebras.
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(b) D, is a sheaf of deformable R-algebras.
(c) There is an isomorphism of graded R-algebras gr D) = Sym,, 7 on B.
(d) D) is a quasi-coherent O-module.

Proof. In the case where R is Noetherian, parts (a,b,c) are [5, Lemma 6.4(a,b,c)].
The proof of [5l Lemma 6.4] in fact does not use the Noetherian assumption. By
part (c), D; is the direct limit of its subsheaves F;D;, which are finite iterated
extensions of the O-modules Sym?, 7. Therefore D) is O-quasi-coherent by [67,
§25.24, (9), (6) and (4)]. O
Definition 5.3.2. Z/)\T); := lim D)) /7*D)} and D) , := 7/)-5 ® K.
— "’ R

As in [5], we regard these objects as sheaves on the R-scheme B, supported only

on the special fibre of B. As such, they are also naturally sheaves of Og-modules

on the 7-adic completion B of B, but this structure will only come into play later.

Our first task will be to compute the derived global sections of Df;, ) in our
general setting. We begin by computing higher cohomology locally.

Lemma 5.3.3. HJ(Y,I/)Z) = HJ (Y,DQ’K) =0 for all j > 0 whenever Y € S.

Proof. We will apply [32], Chapter 0, Proposition 13.3.1] to the inverse system
(Fa)aen of abelian sheaves on Y, where F, is the restriction of D)) /7D to Y. Take
the basis B for Y be the set of affine open subschemes of Y; then H’(U, F,) = 0
for all j > 0 and all U € B by [32], Proposition 1.4.1] because each F, is O-quasi-
coherent by Lemma d). This implies condition (ii) holds. Now Dy (U) =
U(z"T(U)) for any U € B by Lemma [5.3.1a). Since this is a flat R-module, we
have the short exact sequence 0 — F; — Foy1 — Foq — 0 for each a > 0. This
gives condition (iii), and also implies that the maps T'(Y, Fo11) — T(Y,F,) are
surjective for all @ € N. Thus (I'(Y, F,))een satisfies the Mittag-Leffler condition
which yields condition (i). We conclude that HI(Y, D)) = <h_m HI(Y, Fa) =0.
For the second part, note that D%y ¢ 1s the inductive limit of the system (D}})q>0
where each transition map is multiplicati/on\ by 7. Because Y is an affine scheme,

[67, Lemma 20.20.1] implies that H7(Y, D} ) = lim H7 (Y, 6\7);) forallj >0. O
’ —

Let g := g ®r K. We write Z(gx) to denote the centre of U(gx).
Lemma 5.3.4. (U(9)%), ®r K = Z(gK).

Proof. By [0, 1.2.10(3)] we have (U(g)®), ®r K = U(g)® ®r K = U(gx)®*.
Because K is a field of characteristic zero, it follows from [40, 1.7.10(1), I1.1.9(4),
I1.1.12(1) and 1.7.16] that U(gx)®% equals the algebra of g-invariants in U(gx)
under the adjoint representation. But this is just Z(gx). O

The linear form A : 7"h — R extends to a R-algebra homomorphism A o ¢ :
(U(g)®)n — R, and hence to a K-algebra homomorphism Ao ¢ : Z(gx) — K. This
gives K the structure of a Z(gx)-module, which we denote by K.

Theorem 5.3.5.

(a) There is an isomorphism U@K (® )KA = 1(8B, D) x)-
Z(9x ’

(b) D;,\L’ i has vanishing higher cohomology.
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Proof. Let U be the finite affine covering of B given by the Weyl-translates of the big
cell in B. Because every finite intersection of members of ¢/ lies in S, the Cech-to-
derived functor spectral sequence [67), Lemma 21.11.6] together with Lemma m

implies that H7 (B, D,’;K) = Hj(U,Dﬁ,K) =0 for all j > 0.
Consider the Cech complex C* := C*(U, D)), and write U,, := U(g),. The map
U(pn) : Up = D, induces an R-algebra homomorphism

G U(@n = C% 2 U((z)®1€D, ® Ry=D).
U(h)n

Let m)y be the kernel of the K-algebra homomorphism Ao ¢ : Z(gx) — K. Choose
a finite set of generators X C my for the ideal U(gx)my in the Noetherian ring
U(gk). By Lemma we may assume that in fact X C (U(g)®),,Nmy. Diagram
implies that ¢ (X) = 0, so we have the augmented complex

D*=[0>U, X >Up 500 50— 0 0]

where d = || — 1. On the one hand, because D) ®x K is isomorphic to the usual
sheaf of twisted differential operators Dy on the generic fibre B of B, applying
the functor — ®z K produces the complex

0= U(gx) - mx — Ulgx) = C*(U, Dx)

which is acyclic by classical results in characteristic zero — see [9, Lemme 2.3] and
[66, Théoreme 3.2(iv)]. It follows that the complex D® has m-torsion cohomology.
On the other hand, because D; is O-quasi-coherent by Lemma d), we have
by [32, Proposition 1.4.1] that H7(C*) = H’/(U,D;) = HI(B,D;) for all j > 0.
Provided R is Noetherian, this is a finitely generated U,-module by [5, Proposition
5.15(b)]. Because H (D) = ker/U,, - X is a finitely generated U,,-module being
a subquotient of the Noetherian R-algebra U,,, we conclude that the complex D*®
has bounded m-torsion cohomology whenever R is Noetherian.

Let hq,...,h € b be the simple coroots corresponding to the simple roots in b
given by the adjoint action of H on g/b. Note that because G is assumed to be
simply connected, the Lie algebra b is generated as an R-module by the h; by [40,
I1.1.6, I11.1.11]. Using the elementary Lemma below, we can find a complete
discrete valuation subring R’ of R containing the finite set {\(h1),..., (), 7};
then M is defined over R’ in the sense the restriction X' of A to "R’ takes values
in R'. Let G',¢’, K', my and X’ be the corresponding objects defined over R’
instead of R. The isomorphism U(g/) ® k' K = U(gx) carries my into my, and
in fact my = my, - K. It follows that X’ generates U(gx)m, as a left ideal so we
may assume that /X\ = X'. Because m € R’ by construction, we can also form the
sheaves D;Y and Df{' o on the flag variety B’ defined over R’, which has the covering
U’ by the Weyl-translates of the big cell.

Consider the Cech complex of Df{l with respect to the covering U’. Forming the
augmented complex D'® as above, there is an evident map D'®* @' R — D® which
is in fact an isomorphism because X’ = X. We may now use the flatness of R as an
R/-module to conclude that H’(D®) = H(D'*) @z R. Because R’ is Noetherian,
we see that D® has bounded w-torsion cohomology, in general. Since D*® consists of
torsionfree R-modules by construction, we conclude from [§, Lemma 3.6] that D* K
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is acyclic. This implies that

— _ U, o
[(B,D) ;) = H'(C*x) = =25~ = U(mmg)x ® K,
' Uprx X Z(9r)
and also that H7(B,D) ;) = H/ (U, D)) ;) = 0 for all j > 0. O

Lemma 5.3.6. Let X be a finite subset of R. Then there is a complete discrete
valuation subring R’ of R containing X.

Proof. The subring S of R generated by X is Noetherian, being a homomorphic
image of a polynomial ring over Z in finitely many variables. On the other hand
it is a domain. Let m be the maximal ideal of R, so that m N .S is a prime ideal
of S. Because R is a local ring, the localisation 7" of S at m N S is contained in
R. It is a local Noetherian ring with maximal ideal J, say; because p € mN S
and because T is a ring of characteristic zero, we see that J cannot be zero. Let
F be a finite generating set for J as an ideal in 7. Because R is a valuation
ring, we see that J-R = F - R is principal. Because principal ideals are totally
ordered in a valuation ring, we can choose a non-zero element 7/ € F such that
J-R =7n"R. Now (J/7'T) @ R = 0 implies that (J/7'T) @ R/m = 0. Since
R/m is a field extension of T'/J, it is faithfully flat as a T'/.J-vector space. Hence
(J/7'T) @7 (T/J) = 0 which forces J = 7'T by Nakayama’s Lemma, since J is
finitely generated. Because NJ™ = 0 by Krull’s Intersection Theorem, we see that
T is a discrete valuation ring with maximal ideal #'T. Finally, since 7’ is a non-zero
non-unit in R, R is 7’-adically complete, which implies that the 7’-adic completion
R’ of T embeds into R. This R’ is the required complete discrete valuation ring
suchthat R’ 2T 2 S D X. O

Our next task will be to exhibit a well-behaved countable family of generators

—

for the category of coherent DQ -modules on B. This will extend [5, Theorem

6.3] to our non-Noetherian setting. First, we must recall some terminology due to
Fujiwara and Kato [28].

Definition 5.3.7. Let I be a finitely generated ideal in the commutative ring A.
(1) (A,I) is adhesive |28, Chapter 0, Definition 8.5.1] if:
(a) the scheme Spec A \ V(I) is locally Noetherian, and
(b) for any finitely generated A-module M, its I-torsion submodule

M _tor :={m € M : for all a € I there exists n > 0 such that a"m = 0}

is again finitely generated.

(2) (A, 1) is universally adhesive [28, Chapter 0, Definition 8.5.4] if for alln > 0,
(A[Xq, ..., X, TA[Xy,..., X,]) is adhesive.

(3) A is I-adically topologically universally adhesive |28, Chapter 0, Definition
8.5.17] if (A, I) is universally adhesive, and if the I-adic completion of
(A[Xq,...,X,), TA[Xy,..., X,]) is again universally adhesive for all n > 0.

(4) A is universally coherent [28, Chapter 0, Definition 3.3.7] if every finitely
presented A-algebra is coherent.

We begin with a generalisation of Serre’s Theorem.
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Lemma 5.3.8. Let Z be a closed subscheme of IP’g(g) and let F be a coherent Oz-

module. Then for sufficiently large n € N, the Serre twist F(n) of F is I'-acyclic
and generated by finitely many global sections.

Proof. We may assume Z = ]P’g(g). By [28, Chapter 0, Corollary 9.2.7], R is 7R~
adically topologically universally adhesive. Because it is also w-torsion-free, [28]
Chapter 0, Theorem 8.5.25(1)] implies that R is universally coherent. In particular,
the polynomial algebra B := S(g) is also universally coherent. In this situation,
[28, Chapter I, Proposition 8.2.2] tells us that for every coherent Opg—module F,
F(n) is T-acyclic for sufficiently large n and H4(PY,F) is a finitely presented B-
module for all ¢ € N. On the other hand, [31, Corollaire 2.7.9] tells us that F(n) is
generated by finitely many global sections for sufficiently large n. (I

The scheme B is projective over R by [40, I1.1.8]. Fix an embedding ¢ : B < P
into some projective space over R and let £ := *O(1) be the corresponding
very ample invertible sheaf on B. For any Op-module M and any s € Z, we let
M(s) := M ®p, L%* denote the Serre twist of M. Let A be one of the sheaves of

rings D), D) or DQ’K and define A®) 1= Q0 A®0,L®(~*). Asan Og-module
this sheaf is isomorphic to A, but it is also naturally a sheaf of rings which is not
isomorphic to A. For every A-module N, the twisted sheaf (s)N := Z%* @0, N is
naturally an A®)-module by contracting tensor products. We retain the notation

A(s) to mean the left A-module A ®p, £®* with A acting on the left factor.

Lemma 5.3.9. Write R := R/7R and B := B®x R, and suppose that n > 1.

(a) D) /7Dy = Syme_(Tg) as sheaves of graded R/mR-algebras.

(b) Let M be a coherent Syme_(7g)-module. Then for all sufficiently large
integers s, (s)M is I'-acyclic and generated by finitely many global sections
as a Symy_(7Tg)-module.

(c) 7/35 is a coherent sheaf.

(d) Every coherent Z/)Z—module is m-adically complete.

Proof. (a) Recall from Lemma MC) that we have an isomorphism grD;} =
Symy, T of graded R-algebras on B. Because each graded piece of grD; is flat
as an R-module, gr(D))/7D}) = (gr D)) ®r R = (Symy T) @ R = Syme_ Tg-

(b) Let 8 : T*B < B x g* be the closed embedding provided by the infinitesimal
action of g on B, and let p : B x g* — B be the projection onto the first factor.
Because Symog(Tg) = p«f:Or.5, there is a coherent Opyg--module N, killed by
m, such that M = p, N.

Let B := S(g) and let 15 : Bxg* = Bor B — PN @z B = PY be the base change
of « to B. It is still a closed embedding, and L*BO]P;g(l) =~ p*.Z is a very ample line
bundle on B x g*, so we may define N'(s) := N ®o,, .. (p*L)®° for each s € Z. In
this situation [30, §0.5.4.10] implies that p.(N ®oy, . p*L) = pN @0y £, s0

P«(N(s)) = M(s)
for all s € Z. Because p is an affine morphism, [32 Corollaire I11.1.3.3] tells us that
HY(B,M(s)) =2 H (B, p«(N(s))) = H'(B x g*,N(s)) for all i and 5. So M(s) is I'-
acyclic whenever N (s). Finally, if F is a coherent Opy 4«-module which is generated

by finitely many global sections, then p,F is a coherent Og ® g B-module generated
as such by finitely many global sections. We can now apply Lemma [5.3.8
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(c) Berthelot’s [I0, Proposition 3.1.1] has the following weaker form: if 2 is a
sheaf of rings on a topological space X and if S is a basis for X such that 2(U) is a

left coherent ring for each U € S, then Z is left coherent. So it is enough to see that
%(Y) is left coherent for each Y € S. By Lemma a), there is an isomorphism
D)(Y) = D,,(Y), and this R-algebra satisfies Hypothesis [4.1.3| because n > 1. Now
Theorem implies that every finitely generated left ideal in Dn( ) is finitely

presented so D,,(Y) is left coherent.
(d) Let Y € S and let D = D,,(Y). We will first show that the functor

M M> = lim Dy, @p (M/7"M)

is exact on finitely presented D-modules. Let 0 —+ A — B — C — 0 be an exact
sequence of finitely presented D-modules. For every D-module M, the isomorphism
D, ®p M = Oy ®o(y) M of sheaves of left Oy-modules shows that the functor
D,, ®p — is exact on D-modules. Therefore the sequence of towers of D,,-modules
A+ 7B }

0— |D,
Xp e

B C’}
D —_— D —
_>{ n®D7r“BL—>{n®D7T“CG_>O

is exact. The maps in the left-most non-zero tower are surjective, so it satisfies the
Mittag-Lefler condition. Taking inverse limits gives a short exact sequence

A+ 7B
B

a

0 — lim D, @p — B2 5 C”>0.

We saw in the proof of part (¢) that D satisfies Hypothebis Because B is
a finitely generated D- module, it follows from Theorem that we can find an

integer ng such that 7*A C AN7*B C 7" ™A for all n > ng. Therefore the

A 1 A . AJr ‘B . ) i t e
natural map A= = lim D,, ®p P lim D,, ®p ‘IT‘ZTB is an isomorphism, and

the functor M — M? is exact as claimed.

We will next show that every ﬁnltely presented D -module A on Y is W-adlcally
complete. So N is the cokernel of a D -linear map u between two free D -modules
of finite rank. Let D := Dn( ); then DA = D,, and it follows from the above
paragraph that N' 22 N2 where N is the finitely presented D-module coker (Y, u).

Now, the sequence N2 NA (N/m*N)A — 0 is exact, so
N[N =2 N2 /g N® 2 (N/7*N)* 2 D,, ®p, (v) N/7*N
for any a > 1. Hence N = N2 = hm Dy, ®@p, vy N/7*N = lim N/?TaN

Finally, the definition of coherent modules from [34, Chapitre 0, § 5.3.1] together
with the fact that B admits a basis of quasi-compact open subsets in S implies that

we can find an S-covering of B on which our coherent D}-module M is finitely
presented. The restriction of the canonical map M — h£ M /7% M to each member

of this covering is an isomorphism by the above, and therefore the map is itself an
isomorphism. O

Theorem 5.3.10. The sheaves {DQ (8) 1 s € Z} generate the category of coherent

—

Dﬁ x-modules whenever n > 1.
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Proof. Write A := D) to aid legibility. Let M be a coherent Agx-module. By the
proof of [10, Lemma 3.4.3], we can find a coherent A-submodule N of M such
that M = N ®r K. Using Lemma a,b), we can find an integer s such that
(8)(N/7N) is T-acyclic and generated as an .A(*)-module by its global sections. Be-

cause M has no w-torsion, the sequence 0 — N /7 A\ AN N /TN - N /7N =0
is exact for all i > 0. Since also H(B, (s)(N/7N)) = 0, twisting this sequence by
£%% on the left and taking cohomology shows that the arrow I'(B,K/7x*T1K) —
['(B,K/7K) is surjective for all i > 0, where K := (s)A. Because K is a coher-
ent A®)-module, it is 7m-adically complete by Lemma d). Thus we find an
A linear map 6 : (.A(S))a — K which is surjective modulo 7/XC. So C := coker(0)
satisfies C = mC. Because A is a coherent A-module by Lemma c), we see
that C is a coherent A®*)-module, so C is m-adically complete by Lemma d).
Therefore C = 0 and 6 is surjective. Twisting back by .#®~* on the left, we find a
surjective map ((—s)A®))* — N of left A-modules. But (—s)A®) = A(—s) as left
A-modules, so we obtain a surjective map (A(—s))* = N of A-modules, and after
inverting 7 a surjective map (Ag(—s))* = M of Ax-modules, as required. O

Let hq,...,h € b be the simple coroots corresponding to the simple roots in b
given by the adjoint action of H on g/b, let wy,...,w; € b} be the dual basis to
{h1,...,h} and recall that p:=wj + ...+ w;.

Definition 5.3.11. Let A € b}, = Homg (b, K).
(a) A is said to be integral if A(h;) € Z for all 4.
(b) Xis dominant if A(h) ¢ {—1,—2,—3,---} for any positive coroot h € b.
(¢) Xis p-dominant if A + p is dominant.
(d) A is regular if its stabiliser under the action of the Weyl group is trivial.
(e) Ais p-regular is A + p is regular.

Theorem 5.3.12. Suppose that n > 1 and tlﬁt\)\ is p-dominant and p-regular.

—

Then D;)’ i generates the category of coherent D;}L’ x-modules.
Proof. By Theor/eg m /i will be enough to show that for each s € Z there
is a surjection D;\LK — 'DAK(S) for some a € N. Because Dy (s) is a coherent
D> -module and because \ is p-dominant and p-regular, we can find a surjection
(D)* — Dx(s) for some a € N, by paragraph (iv) of the proof of [9, Théoréme
Principal]. By clearing denominators, we can find a D)}-module homomorphism
6 : (D)) — D)(s) with m-torsion cokernel C say. Because D)\(s) is locally on S a
free D}-module of rank 1 and because B is quasi-compact, we see that in fact C is
bounded m-torsion. L
If0 - A— B — C — 0is an exact sequence of R-modules, then 0 -+ A —+ B —
C —0is again exact whenever C is either m-torsion-free, or bounded w-torsion. It

follows from this that the sequence ﬁ)a — DWY) — C/(Y?) — 0 is exact for

—

any Y € S. Therefore f : D;\LK — D;\L’K(s) is surjective. O

Recall from [5], Definition 5.1] that a sheaf of rings & on a topological space X is
said to be coherently Z-affine if for every coherent Z-module M, M is generated
by its global sections, M is I'-acyclic, and M(X) is a coherent Z(X )-module.
Theorem 5.3.13. Suppose that n > 1 and that X is p-dominant and p-regular.

Then B is coherently D;i, -affine.
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Proof. Let M be a coherent Dg -module. It follows from Lemma [5.3.9(c) that

— —

DQ’ x 1s also a coherent Dﬁ’ x-module. Using Theorem [5.3.12, we can find a resolu-

tion --- — Py B, N Py — M — 0 of M, where each P; is a free D) ;--module
of finite rank. A dimension shifting argument together using Theorem m(b) now
implies that H/(B, M) = H’*"(B,imd,) for any j > 1 and r > 1. This vanishes
whenever r > dim B by [35], Theorem I11.2.7], so M is I'-acyclic. Hence im d,. is also
I-acyclic for each r > 1, and it follows that M is generated by its global sections.
We also obtain the exact sequence --- — ['(B,P;) — ['(B,Py) — I'(B, M) — 0 of

(B, DQ’K)—modules. Because F(B,DQ’K) is Noetherian by Theorem [5.3.5(a) and
Corollary [4.1.10} it follows that I'(B, M) is a coherent I'(5, D%‘/’K)—module. O

Corollary 5.3.14. Suppose that n > 1 and that A is p-dominant and p-regular.
Then T'(B,—) is an exact equivalence between the category of coherent D;\l7 K-

o —

modules and the category of finitely generated U(m"g) x-modules killed by m.
Proof. This follows from Theorems [5.3.13 a) and [5, Proposition 5.1]. O

5.4. The localisation functor is essentially surjective. We continue with the
notation and hypotheses of §5.3] Thus, G is a connected, simply connected, split
semisimple affine algebraic group scheme over R and B is a closed and smooth Borel
R-subgroup scheme of G. In [40, I1.1.10], Jantzen shows that the flag variety X
admits a finite Zariski covering by open affine subschemes each isomorphic to an
affine space A% over R, which trivialises the B-torsor ¢ : G — X := G/B. This
means that Hypothesis is satisfied []] for the data (B, X, ¢€).

Recall from Definition 1| that G~ (R) denotes the congruence kernel
Grn(R) = ker(G(R) — G(R/7"R)).
By definition of the topology on G(R), these form a descending chain of open

normal subgroups in G(R). We will assume that we are given a continuous group
homomorphism from a compact p-adic Lie group G to the first congruence kernel

0:G— G (R).

Certainly then Hypothesis [5.2.1] is satisfied. By Theorem [5.2.10] we know that
the K-algebra A := ﬁ(G,G)G acts on the rigid analytic flag variety X := Xrig
compatibly with G. Hence, by Proposition [3.6.8] we have at our disposal the
localisation functor
Lock : Ca — Cx/c-

For each K-linear character A : hx — K, we have a K-algebra homomorphism
Ao : Z(gx) — K, and we will denote its kernel by my. We are concerned here
only with the case where A is the zero map.

Theorem 5.4.1. The localisation functor Loc§ : Ca — Cx ¢ is essentially sur-
jective on objects.

We now start working towards proving Theorem below, which states that
['(X, Locyk (M)) 2 M/mg - M for every coadmissible A-module M. Our first task is
to extend the sheaves appearing in Definition to certain affinoid subdomains

5The smoothness of the flag variety X also follows from [2I], Chapter III, §3, Proposition 2.7].
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of the rigid analytic flag variety, which is itself not affinoid. Because our ultimate
goal is to relate this construction with the material in §5.3] we will work on the
(special fibre of) the R-scheme X for simplicity.

Recall from §5.2|that A = O(@) and that g = Lie(G). For each n > 1, we define
Gy = 0 G~ (R)) and note that
G=G1>2Gy>---

is a descending chain of open normal subgroups of G since ¢ is continuous.

Lemma 5.4.2. Let Y € S, write Y = Y, and T(Y) := Derg (O(Y)). Then

(a) OY), T(Y) and Vg are G-stable.
Suppose further that the integer n is large enough so that 7™ € p*R. Then

(b) p9(Gr) < Gye (A) and p%(Gr) < Gye (O(V)), and

(€) Gn < Gay(zng) N Gror(y)-
Proof. (a) We saw in the proof of Lemma that the open affine subscheme )
of X is G.(X)-stable. Because 0(G) C Gx(R) by assumption, the image of G in
G(X) lands in G.(X), so Y is G-stable. Therefore O(Y) and the affinoid subdomain
Vg of X are also G-stable. The O(Y)-Lie lattice 7(Y) in T (Jrig) is G-stable by
Lemma [3.2.8(a).

(b) The first inclusion follows directly from the assumption 7™ € p“R. Now,
¢€71(Y) is an open affine subscheme of G equipped with a B-action from the right,
and ¢£~1(Y) is non-canonically isomorphic to Y x B because Y € S. Therefore
O(£71(Y)) is an O(B)-comodule-algebra, and the corresponding subring of invari-
ants is precisely O(Y). These statements hold over a general base ring, and in
particular, over R/p‘R. Now G,, acts trivially on O(671(Y)) ®r R/p°R, and this
action respects the O(B) ®% R/p*R-comodule structure. It follows that G,, also
acts trivially on O(Y) ®% R/p“R as required.

(c) Let g € G,,. Then log p©(g) = n"u for some right-invariant R-linear deriva-

tion v : A — A. Now u = +/(v) for some v € g by Propositions [5.1.13| and
So log p©(g) € A-+'(7"g) and hence g € G 4.y/(zng) as required. Now by Lemma

5.2.11| (which is applicable in view of part (b)), and Lemma we have
log p”*% (g) = ay,,, (10g p%(9)) = ay,,, (17 (v)) = Py, (")
Therefore log p*<i=(g) € 7" T (Y) and g € Grny(y). O

By Lemma c), (7"T(¥),Gy) is an O(Y)-trivialising pair in O(Yig), so we
may form the crossed product U(7”T (Y))k X¢, G whenever Y € S.

Corollary 5.4.3. For each integer n such that 7™ € p“R, there is a unique sheaf
of K-Banach algebras

'Zjn,\K AaG, G
on X whose value on Y € S is U(W"/’f@));{ Xgq, G, where Y = Y. It is a finitely

generated free ﬁ—module of rank [G : G,].

Proof. Tt follows from Lemma and Proposition [3.2.15| that this construction
is functorial in Y € & and therefore defines a presheaf D, x %, G of K-Banach
algebras on S. Since U(ﬂ'”/TB)))K = ﬁl,\K(Y), it follows from Lemma M(b)
that D/n\K Xq, G is finitely generated and free of rank [G : G,] as a presheaf of



EQUIVARIANT D-MODULES ON RIGID ANALYTIC SPACES 103

ﬁ?{—modules. But D/,,\K is a sheaf on S, so ﬁL\K X @, G is also a sheaf on S. Since
S is a base for the Zariski topology on X, D,, x X¢, G extends uniquely to a sheaf
of K-Banach algebras on X, which we will also denote by D,, xk x¢, G. (]

In order to aid legibility, we will also denote this sheaf on X by
Q, =Dy x xa, G.
Theorem 5.4.4. X is coherently Q,,-affine.

Proof. It follows from Definition that A = 0 is p-dominant and p-regular.
Therefore X = G/B = B is coherently ﬁ—afﬁne by Theorem Now Q,, is a
free m—module of finite rank by Corollary It follows in a straightforward
manner from [5 Definition 5.1] that X is also coherently Q,-affine. |

We assume henceforth that 7™ € p*R. It follows from Lemma [5.4.2| and Propo-
sition that the algebra A = D(G,G)¢ admits a presentation of the form

A (h—mAm where A, :=U(m"g)x X¢, G,

and by Proposition there is a K-algebra homomorphism A,, — Q,(Y) for
each Y € S.

Given a coadmissible A-module M, we may on the one hand form the finitely
generated A,-module M,, := A, % M and then form the sheaf of Q,,-modules on X

On the other hand, we have the coadmissible G-equivariant D-module M :=
LOCQ(M ) on X. These constructions are related in the following way.

Lemma 5.4.5. For each coadmissible A-module M and each Y € S there is an
A-linear isomorphism

M(Tig) 2 Jim M,,(Y)
which is functorial in Y.

Proof. This is just a matter of decoding the definitions. Because (?rig, @) is small,

by Definition and Corollary we have

Now D(Yyig, G) = lim Q,,(Y) and 4 = lim 4, so

These isomorphisms are functorial in Y. ([

Lemma 5.4.6. The algebra Z(gx) remains central in A, so J - A is a two-sided
ideal of A whenever J is an ideal of Z(gx).

Proof. The G-action on U(gg) relevant to Definition is given by the adjoint
action of G(R) on U(gk). Hence G fixes Z(gx) pointwise under this action, so
Z(gK) is central in the skew-group algebra U(gx) x G. The result follows because

U(gr) x G is dense in A = 13(G, G)© by construction. O
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Theorem 5.4.7. Let M € C4. Then I'(X, Locy (M)) = M/mgy - M as A-modules.

Proof. Choose an S-covering U := {Y;,...,Y,,} of X and let Y; := §'i7rig- Then

Uig := {Y1,..., Y} is an X,,(7)-covering of the rigid analytic flag variety X.
Letting M := L0c§ (M), Lemma m then implies that

_ 770 A. ~ 770 . ~ 1 70 T
(X, M) = H (Urig, M) = H(U, lim M,,) = lim HU, M,,) = lim D(X, M.,).

Now, by imitating the proof of Lemma [4.3.18| we see that the Q,-module M,, is

isomorphic to EL\K ® M, as a D, g-module. Because the zero weight is
U(m™g) i

p-dominant, we may apply Corollary |5.3.14] and Theorem a) to deduce that

DX, M) 2Dy k(X)) ® M, = M,/moM,
U(r"g) K

as ﬁh\K(X)-modules for all n, and is it straightforward to see that the composite
isomorphism I'(X; M,,) & M,,/moM,, is in fact A,-linear. Since mpA is a two-sided
ideal in A by Lemma [5.4.6] moM is an A-submodule of M. By choosing a finite
generating set for the Z (g )-ideal mgy, we have an exact sequence M — M —
M/moM — 0 of A-modules, and because A is Fréchet-Stein by Theorem it
follows from [65, Corollary 3.4(ii)] that M/moM is a coadmissible A-module. Hence

M/moM = <ll_Infln ®Ra (M/moM) = (h_mMn/moMn

Putting everything together, we find an A-linear isomorphism

M/moM == lim M, /moM, = lim D(X, M,) = (X, M). O

We now start working towards proving Theorem The proof is very similar
to that of Proposition but we give the details for the convenience of the
reader.

Notation 5.4.8.
o U :={Y., : Y €S}, asubset of X,,(T).
o O (Y) :=D(Yyig,G) for each Y € S.
e M is a coadmissible G-equivariant D-module on X.
e The integer n satisfies 7" € p“R.

Let Y € Y. Then M|y € Cy,e by Proposition @ so by Theorem @
M(Y) is a coadmissible D(Y, G)-module and there is an isomorphism

Locy ™Y D (M(Y)) =5 My
of G-equivariant locally Fréchet D-modules on Y.

Lemma 5.4.9. There is a coherent sheaf M,, of Q,-modules on X, whose values
onY € S are given by

Qoo (Y)
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Proof. The formula on the right hand side of the displayed equation is evidently
functorial in Y € S and thus defines a presheaf M,, of Q,-modules on S. Let
U,Y € S be fixed with U C Y. By the remarks made above, there is an isomorphism
M(@rig) = QOO(U)Q@(WM({X\}@). Therefore

Mo(U) = Qu(U) & M(Usy)

Q.o (U)
~ 0,(U) ® [Qx(U) ® M(Yy
(33) ( )Qoow)( A( )me ( g)>
= QW) & M(Ty)
= 0,(U) ® M,u(Y).

Now ﬁrig is a G-stable affinoid subdomain of Y := %rig by Lemma Because
U is an affine Zariski open subscheme of Y, it is a finite union of basic open subsets,
and it follows directly from Definition that Uyig is an £ := 7T (Y)-accessible

affinoid subdomain of YA{'rig. Recall the sheaf Q := % (L) k Xq, G on Yuo (L, G) from
Definition [4.3.15] Now, formula shows that the presheaf N := Locg(M,,(Y))
on Y,.(£,G) is related to the restriction of M,, to Y via

N(Usig) 2 M, (U) forall UeS suchthat UCY.

It now follows from Corollary [£.3.19] that M,, is a sheaf on S. Because S is a basis
for X, M,, extends to a sheaf of Q,-modules on X, which is coherent in view of

formula . O

Lemma 5.4.10. There is a Q,-linear isomorphism

Tn:Qn ® (Qn(X)
X)

n

MnH(X)) =0, ® Mu(X).
0. (%)

&
Qn+1(X)

Proof. We omit the details which are very similar to the proof of Lemma[f4.12] [
Corollary 5.4.11. The Q. (X)-module M, := (h_m M., (X) is coadmissible.

Proof. By Lemma and Theorem the maps 7,(X) induce Q, (X)-linear
isomorphisms 9, (X) ®g,,,, x) Mn11(X) = M, (X) for each n. Therefore M is
a coadmissible hg 9, (X) = Qo (X)-module. O

IfYeSandY = YA{rig, then M(Y) is a coadmissible Q. (Y) = ﬁ(ﬁ?rig,G)-
module by Proposition a). Hence the canonical map

MY) — lim Q,(Y) ® M(Y)
A Qoo (V)
is an isomorphism, and we will identify M(Y) with lim Q,(Y) ® M(Y).
A Qoo (V)
Lemma 5.4.12. For each Y € U, there is a Q. (X)-linear map
vy i Mo — M(Y)
such that vy (m)jyny: = vy (m)yny for all m € My, and all Y’ € U.
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Proof. Let m = (my,),, € My where m,, € M,,(X), and define vy by

vy (m) := ((mn)y)n-

This is Qo (X)-linear because the restriction maps in M,, are M,,(X)-linear. Now

VY(m)|YmY',n = (mn|Y)\YmY/ = Mp|yny’ = (mn\Y')|YmY' = Vy’ (m)\YmY/,n

for all n > 0. Hence vy (m)jyny’ = vy/(m)yny for all m € M. O

Proof of Theorem[5.].1 Let M be a coadmissible G-equivariant D-module on X.
We have constructed a coadmissible Q. (X)-module M., above in Corollary|5.4.11
We will next construct an isomorphism of G-equivariant D-modules on U

o ’PQ(MOO)W =, My
Let Y € § so that Y := Y?rig € U. Using Lemma |5.4.12| define
gy : D(Y,G) § My — M(Y)

by setting gy (s®@m) = s - vy (m). This is a ﬁ(Y, G)-linear map. The diagram

0.(Y) ® My Al M(Y)
Quu(X)
lim Q,(Y) ® M, (X ~
fm Qn(¥) 8 Mn(X)
Jim M, () = lim Q,(Y) QSY) M(Y)

is commutative by construction. Now M,, is a coherent Q,-module by Lemma

so the bottom left vertical arrow is an isomorphism by Theorem The

bottom horizontal arrow is an isomorphism by the definition of M, given in the

proof of Lemma and the vertical arrow on the right is an isomorphism by the

remarks made just before Lemma [5.4.12] It follows that gy is an isomorphism.
Now consider the following diagram:

Pi(Meo)y, o =My,
E\L ETGY
D(Y,G) /R — D(Y,G
PO DY, GfMe) —— o Py MY)).
Yy 9y

Here the left vertical arrow is the isomorphism given by Proposition [3.5.9] and the

right vertical arrow fy is the isomorphism given by Proposition |4.4.5(c). Because

. . . . . . D(Y,G) .
gy is an isomorphism, the bottom arrow is an isomorphism because PY( )is a

functor by Proposition |3.6.6, Thus we obtain the G-equivariant D-linear isomor-
phism
Qy ,PQ(MOOMYU, i) M\Y

which makes the diagram commute.

w
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By Proposition a), M(U) is naturally a coadmissible D(U, Gy)-module for

any U € Y,,. Identifying Pg (Mo )(U) with ﬁ(U7 Gu) _ ® My using Corollary
D(X,Gu)
3.5.0, it is straightforward to verify that the map

ay (U) : Px(Mo)(U) — M(U)
is given by
(34) ay(U)(s®m)=s-(ry(m)y) forall seD(U,Gy) and m € M.
Using Lemma [5.4.12] we see that the local isomorphisms ay satisfy

(aY)|YﬂY’ = (aY’)|YﬁY’ for any Y,Y, eu.

Since LOC%(MOO) and M are sheaves on X and U contains an admissible covering of
X, the ay’s patch together to the required isomorphism « : LOCQ(MOO) - M. O

6. EXTENSIONS TO GENERAL p-ADIC LIE GROUPS

6.1. The associative algebra F(G). Let G be a group, and let k be a commuta-
tive ring. We fix a set C of subgroups of G which is closed under finite intersections
and conjugation. It may help to keep in mind the basic example where G is a p-adic
Lie group and C is the set of its compact open subgroups.

We will view C as a partially ordered set, ordered by inclusion, and hence as a
category whose Hom-sets have at most one member. Let k-Alg denote the category
of associative unital k-algebras, and let

F:C— k-Alg

be a covariant functor. We will write F'(a) for the image of a € F(J) in F(H)
under the canonical map F(J) — F(H) whenever J < H are members of C. A
basic example of such a functor is afforded by the group ring functor

kE[-]:C — k—Alg

which sends H € C to the subalgebra k[H] of k[G]. Suppose further that we are
given a morphism

L k[-] = F

of functors C — k—Alg as above. Whenever J < H are members of C, the natural
square in k—Alg

F(J)——= F(H)
turns F(H) into a F(J)-k[H]-bimodule, and there is a natural map

ton o F(J) @y k[H] — F(H)
a®b —  F(a)tg(b)

of F(J)-k[H]-bimodules. There is also a unique F(J)-k[G]-bimodule map

arg  F(J) @ klG] — F(H) @ k[G]
a®b — Fla)®b
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which makes the following diagram commute:

g, H

F(J) @ k[G]

F(H) ®gm) k[G].

=~ %’

(F(J) ®k(g) k[H]) @xi k[G]

The functoriality of F' makes it clear that
QO HOOL ] = OLH
whenever L < J < H are members of C. In this way, H — I'(H)®yq)k[G] becomes
a covariant functor from C to the category of right k[G]-modules.
Definition 6.1.1.
(a) Let V denote the right k[G]-module
V= lim F(H) ®xm k[G].
HecC

(b) For every H € C, let 7y : F(H) ®pm) k[G] — V denote the structure
morphism of the direct limit.
(c) We will work inside the k-algebra &£ := End(Vyq))-

Definition 6.1.2. We say that (F,¢) is sheafy if t; g is an isomorphism whenever
J < H are objects of C.

Remark 6.1.3. If (F,¢) is sheafy, the maps ajpy are all isomorphisms, and it
follows that the structure morphisms 74 : F(H) ®yz) k[G] — V are also isomor-
phisms of right k[G]-modules, for any H € C.

Suppose that (F,¢) is sheafy. By transport of structure, V' becomes naturally an
F(H)-k[G]-bimodule for every H € C, if we define

a-Tg(b®c):=7y(ab®c) forall a,be F(H) and c¢€k[G].
In this way, we obtain a family of k-algebra homomorphisms
given by pp(a)(v) =a-v for all @ € F(H) and v € V. These homomorphisms are
naturally compatible in the following sense.
Lemma 6.1.4. Suppose that (F,:) is sheafy and let J < H be in C. Then
ps(a) =pg(F(a)) forall ae€ F(J).
Proof. Let b € F(J) and ¢ € k[G] so that 7;(b®c) = T (0 m(b®c)) = .
Then a - 75(b® c¢) = 75(ab ® ¢) = Ty(F(ab) ® ¢) = T (F(a)F(b) ® ) F(a) -
TH(F(b) ® ¢) = F(a) - 77(b® ¢) so that py(a)(v) =a-v=F(a) -v=
forallv=7;(b®c) V. O
Definition 6.1.5. We say that (F,¢) is G-equivariant if for all g € G and H € C,
there is given a k-algebra homomorphism
q(H): F(H) — F(gHg™")
such that
(a) @g(hHR™Y) 0 @p(H) = @gn(H) for all g,h € G and H € C,
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(b) the diagram

F) —2 s pgag)

l |

F(H F(gHg™!
()W (gg)

commutes for all J < H in C and all g € G, and
(¢) tgrg-1(9ag™) = @g(J)(vs(a)) for all g € G, J € C and a € k[J].

We will abuse notation and write 9a to mean ¢,(H)(a) for any g € G, H € C
and a € F(H). Thus, (F,¢) is G equivariant if and only if
I(ha) =9"a, F(%a) =9F(a) and 1o7(%) =9;(a)
for all g,h € G, J < H in C and a € F(J). We will also abbreviate gHg~! to 9H.

Remark 6.1.6. We could enhance the category C by adding an arrow H —
gHg™! for each H € C and g € G. Formally, we could define

Home(J,H) :={g€ G:g9 'Jg < H}

and define composition using the multiplication law in G. With this terminology,
we see that (F,:) is G-equivariant if and only if ¢ : k[-] — F' is a morphism of
functors from C to k—Alg. However, we will not need to use this formalism.

Lemma 6.1.7. Suppose that (F,¢) is sheafy and G-equivariant. Then there is a
well-defined left G-action on V given by

g -TH(a®b) =Ty (a @ gb)

forallg e G, H €C,a € F(H) and b € k[G]. This action commutes with the right
G-action on V.

Proof. We first show that the map Q : (a,b) — 7o (9a ® gb) is k[H]-balanced. But
if x € k[H] then 9z € k[9H], so using Definition [6.1.5(c) we see that

Y arg(z)) @ gb=9a%g(x) @ gb="a teg(Y2) ® gb =9a ® 2 gb = Ya ® gxb.
Hence Q(ax,b) = Q(a,zb) as claimed. Next, we must show that
g-ta(v) =g -7;(w) whenever 7h(v) =T (w).
Because C is stable under finite intersections, we may assume that J < H. Since
Ty and 7y are isomorphisms, we see that oy g(w) = v. Without loss of generality,

we can assume that w = a®b for some a € F(J) and b € k[G]. We must then have
v=asg(w)=F(a)®b. Now,

g-mu(v) = g-tu(F(a)®D)
= 7on(7F(a) ® gb)
= 7o (F(%)® gb)
= Top(asu(fa® gb))
= 1j(%a®gb)=g-15(w),

where we have used Definition b) on the third line. In view of Definition
a), we now have a well-defined left G-action on V', and the last assertion is
clear. O
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Corollary 6.1.8. If (F, ) is sheafy and G-equivariant, then there is a well-defined
k-algebra homomorphism

n:k[G] — &
given by n(g)(v) =g-vforal g€ GandveV.

Definition 6.1.9. We define F(G) to be the k-subalgebra of £ generated by the
image of 7, and the images of py as H runs over all members of C.

The images of 7 and the py inside £ are related in the following manner.
Lemma 6.1.10. Suppose that (F,¢) is sheafy and G-equivariant. Then
n(9)pm(a)n(g)™ = peg(Ya) forall H€C,ac F(H) and ge€QG.
Proof. Let b € F(H) and ¢ € k[G]. Then

(n(g)opu(a)oT)(b®@c) = g-7Ta(ab®c) = 7om(?(ab)® gc)
= mu(9atb®gc) = (psu(Ya)on(g)otr)(b®c).

Hence 7n(g) o p(a) oty = pag(9a) on(g) o 7y and the result follows because 7g is
an isomorphism. (I

We will need the following stronger version of Definition c).
Definition 6.1.11. (F,.) is good if (F, () is sheafy, G-equivariant, and
Ya=1n(g) atu(g)™

whenever H € C,g € H and a € F(H).

Lemma 6.1.12. Suppose that (F,¢) is good. Then
Mk[H) = PH ClH

for all H € C.

Proof. Let g € H, a € F(H) and b € k[G]. Then

g-TH(@®b) = TH(9a® gb) = TH(LH(g)aLH(g)%@gb)
= 7u(tu(9)a® g 'gb) = pu(u(9))(ta(a@b))

son(g)oru = pu(tr(g))orh. The result follows because 7y is an isomorphism. O

Corollary 6.1.13. Suppose that (F,¢) is good. Then for every H € C there is a
well-defined morphism of F(H)-k[G]-bimodules

pr ®@n: F(H) @ k[G] — E.
Proof. This follows immediately from Lemma[6.1.12] O
Definition 6.1.14. Let Ag denote the image of py ® n inside &.

Theorem 6.1.15. Suppose that (F,¢) is good, and let H € C.

(a) Ag = Ay for all J €C.
(b) Ag is an associative k-subalgebra of £.
(c) The map pg @1 : F(H) @) k[G] — Ag is bijective.
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Proof. (a) Since C is closed under finite intersections, we may assume that J < H
But now the diagram

@ J,H

F(J) @y k[G] —————— F(H) @m) k[G]

&

is commutative, because pj(a) = pug(F(a)) by Lemma Thus A; = Ag
because «j g is an isomorphism.
(b) Since py and 7 are ring homomorphisms, it is enough to show that
n(g)pn(a) € An
for any g € G and a € F(H). However, Lemma [6.1.10| implies that

n(9)pu(a) = pau(Ya)n(g)

and this lies in Aqszr. Now use part (a).

(¢) The map py ® n is surjective by the definition of Ag, so suppose that
£ =Y i ,a; ® g; lies in the kernel, where we may assume that g; € G for all
i. Then on the one hand,

(pr @n)(€)(tr(1®1)) =0,
and on the other hand,
(pr @)@ (ra(l®1)) = i pala)n(g:)(te(1©1))
= Yic1pa(a)Ten(1® g;)
= Z?:l pH(az) ( ® gz)
= Yisita(a; ®g;) =T ().

Since 7y is an isomorphism, we conclude that & = 0 as required. g

Corollary 6.1.16. Suppose that (F,¢) is good, and fix H € C.

(a) There is an associative k-bilinear product x on F'(H) ®(g) k[G], uniquely
determined by the rule that

(a®g)*(b@h) = Za,gb'@)gh’

where a,b € F(H), g,h € G and
TasTa(b® h) = Zb’ ® hl
for some b}, € F(HY) and h} € G.
(b) The map pg @1 : F(H) @) k[G] — F(G) is a k-algebra isomorphism.

Proof. (a) We can transport the k-algebra structure on Ag to F(H) ®ym) k[G]
using the bijection pg ® 1, in view of Theorem [6.1.15
Let z = a®g,y = b®h and y = Y, b, ® hl = 75,7 (y) as above. Let
J:=HNHI, and let 3" € F(J) ®jy) k[G] be such that
y=as;a(y’) and v =asu(y’).
We saw in the proof of Theorem [6.1.15(a) that

(pH®@N)oasm=ps.
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Hence
(or@n)(y) = (pu@n)(y) = (pr @n)(esu(y"))
= (pr@n)") = (pus @n)(y).
Hence, using Lemma we see that

(pr @n)(x) o (pr @n)(y) = 3 pu(a)n(g)pus(b;)n(h;)
= > pu(a)pu (9V)n(g)n(h;)
> pr(a 90))n(ghy)
(prr @n) (X a 90, @ gh}) = (pa @ n)(x * y).

We are done because pp ® 1 is a bijection and Ay is an associative k-algebra.
(b) It remains to observe that F'(G) = Ag for any H € C. O

This construction was known to Emerton. A concise explanation of the particular
example where F(H) is the Iwasawa algebra A(H) can be found at [42] p. 6].

Example 6.1.17. Let L be a finite extension of Q,, let G be a locally L-analytic
group and let C be the set of compact open subgroups of G. For each N € C,
let vy : K[N] — D(N,K) be the inclusion of the group algebra of N into the
algebra D(N, K) of locally L-analytic distributions on N. Then (D(—, K),¢) is
good and the algebra D(G, K) given by Corollary agrees the algebra of
locally L-analytic distributions on G.

6.2. The algebra ﬁ(g, G). We will assume from now on that R = R is a complete
valuation ring of rank one and mixed characteristic (0,p), and work under the
following

Hypothesis 6.2.1.

e ( is an affine algebraic group of finite type over K,
e (G is a p-adic Lie group,
e 0: G — G(K) is a continuous group homomorphism.

We write g := Lie(G) to denote the Lie algebra of G, and we equip G(K) with
the topology where a fundamental system of neighbourhoods of the identity element
is given by the subsets Y (K) of G(K), as Y ranges over the affinoid subdomains of
the rigid analytification G := G"& of G containing the identity. Recall the adjoint
action Ad of G(K) on g by K-Lie algebra automorphisms.

Definition 6.2.2.

(a) A Lie lattice in g is a finitely generated R-submodule £ of g which spans g
as a K-vector space and which is closed under the Lie bracket.

(b) Let H be an open subgroup of G. We say that the Lie lattice £ is H-stable
if it is preserved by Ad(c(g)) for all g € H.

Lemma 6.2.3. Let H be a compact open subgroup of G. Then g has at least one
H-stable Lie lattice.

Proof. Fix a basis {z1,...,24} for the K-vector space g, and let £ be the R-
submodule spanned by this basis. By replacing each x; by a sufficiently large
m-power multiple, we may assume that £ is a Lie lattice. We can find an affinoid
subgroup H of GLJ% such that H(K) = GLq(R) is the stabiliser of £ in GLq(K).

The analytification Ad"® of the adjoint representation Ad : G — GLg is continuous,
so we can find an affinoid subdomain Y of G containing the identity such that
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Ad"8(Y) C H. Therefore the subset 0~ 'Y(K) of G is open, and as H is an
open profinite subgroup of G we can find an open subgroup J of H such that
o(J) C Y(K). This J then stabilises the Lie lattice £ under Adoc, and J has
finite index in H because H is compact. So the H-orbit of £ is finite, and the
intersection (,ex Ad(o(h))(£) of members of this orbit is an H-stable Lie lattice
in g. U

Now let H be an open subgroup of G and let £ be an H-stable Lie lattice in
g. The Campbell-Hausdorff-Baker formula converges on the R-Lie algebra pL
and defines a group operation * on this set. The adjoint representation ad : £ —
Dergr (£) exponentiates to a group homomorphism

expoad : (p°L,*) = Autg_ric(L).

Definition 6.2.4. Let H be an open subgroup of G and let £ be an H-stable Lie
lattice in g. We define H, to be the pullback of the two maps

g A4 Autr_1(L) opoad (p°L, *).

Thus we have the commutative diagram of groups and group homomorphisms

(35) Hy i (p°L, %)
l iexp oad
H Adoo AutR,Lie(ﬁ).

Letting ¢ : £ — U(L) denote the canonical inclusion of £ into its enveloping algebra,
the group (p¢L, ) is also isomorphic to the subgroup exp(p€(L)) of the group of

units of the 7-adic completion U/(E) of U(L).
For convenience and simplicity, we will work under the following

Hypothesis 6.2.5. The centre Z(g) = kerad of g is zero.

Under this hypothesis, the map expoad : p°L — Autgr_ri(£) is injective, and
we see that H, is a subgroup of H.

Proposition 6.2.6. Suppose Z(g) is zero, let H be an open subgroup of G and let
L be an H-stable Lie lattice in g. Then
(a) Hg is a normal subgroup of H,
(b) the map exporodg : H,c — U(E) “is an H-equivariant trivialisation of
the H,-action on U(.C)
Proof. (a) Let h € Hy and let ¢ € H. Letting u := 0z(h) € p°L, we have

Ad(o(h)) = exp(ad(u)). Now the adjoint representation of G preserves the Lie
bracket on g:

Ad(g)([u,v]) = [Ad(g)(u), Ad(g)(v)] forall g€ G(K),u,v€g

)
and it follows that Ad(g) o ad(u) o Ad(g)~! = ad(Ad(g)(u)) for all g € G(K) and
u € g. Therefore, if v := Ad(o(g))(u) = g - v then
X
)

)
Ado(ghg™") = Ad(o(g))oexp(ad(u)) o Ad(a(g)) "
= exp(Ad(a(g)) o ad(u) o Ad(a(g)) ") = exp(v).
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Because u € p°L and L is H-stable, we see that v € pL. So ghg~' € H, and
oc(ghg™") =g - dc(h).

(b) Let h € Hr and let u = dz(h) € p°L, so that Ad(o(h)) = exp(ad(u)). Let
v € L. Then e (w) - e = 244 (1) = 121" (v)) by applying [23, Exercise 6.12]
to the K-Banach algebra U/(E\K), and using the fact that ¢ is a w-adically continuous
R-Lie algebra homomorphism. Because ¢4 (v) = Ad(a(h))(v) = h - v, we see
that et - (w) - e = t(h-v) = h-(v) for all v € L. Because E/ggerates m

as a topological K-algebra, we deduce that the h-action on U(L)k is given by
— X

conjugation by exp(t(dz(h))). Thus exporody : He — U(L)k s a trivialisation

of the H -action on @ It is H-equivariant because the map §, satisfies
Sc(ghg™) = g-d.(h) as we saw above. O

We can now mimic Definition [3.3.1] and make the following

Definition 6.2.7. Suppose that Z(g) = 0 and that H is a compact open subgroup
of G.
(a) Let J(H) denote the set of all pairs (£, N), where £ is an H-stable Lie
lattice in g and NN is an open subgroup of H; which is normal in H.
(b) For each (L,N) € J(H), the restriction to N of the map expoco . from
Proposition [6.2.6(b) is an H-equivariant trivialisation of the N-action on

U(L)k, and we use this trivialisation to define the algebra

mNNH.
(c) Ulg,H):= lim U(L)x %y H.

(L,H)eJ(H)

Remark 6.2.8. We will see shortly that ﬁ(g, H) is closely related to the algebra

ﬁ(G, H)& which appeared in However it is important to note that ﬁ(g, H)
only depends on the K-group G and not on any particular affinoid subdomain of
G*i& such as G.

Theorem 6.2.9. ﬁ(g, H) is Fréchet-Stein for every compact subgroup H of G.

Proof. g admits at least one H-stable Lie lattice, by Proposition Now the
proof of Theorem [5.2.7] works with obvious modifications. O

We will now use the formalism of t to glue the algebras ﬁ(g, H) together, as
H varies over all compact open subgroups of G.

Lemma 6.2.10. Let J < H be compact open subgroups of G. Then J(H)NJ(J)
is cofinal in J(H) and in J(J).

Proof. It follows from Definition [6.2.4) that J; = Hz N J for any R-Lie lattice £ in
g. Now the proof of Proposition [3.3.10| works with obvious modifications. (]

Proposition 6.2.11. Let C denote the set of compact open subgroups of G.

(a) H s U(g, H) is a functor from C to K-algebras.
(b) There is a natural transformation ¢ : K[—] — U(g, —).
(¢) The pair (U(g,—),¢) is good in the sense of Definition |6.1.11
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Proof. Only the third statement requires proof. Fix compact open subgroups J <
Hof Gyand let (L,N) € J(H)NJ(J). Because U(L)x xn J is a crossed product
2.2.4]

of U(L)k with J/N by Lemma b), the canonical map

(36) (@ . J) ® K[H] — U(L)x xy H
K[J]
is a bijection. Now consider the following commutative diagram:
— tyH for
Ulg,J) ® K[H] Ul(g, H)
K[J] ‘

—

lim ((@ iy J) 2 K[H}) ————— lim U(L)x x H.

Here, the bottom horizontal arrow is the inverse limit of the maps in , taken
over all possible (£,N) € J(H) N J(J); therefore it is a bijection. Since J has
finite index in H and inverse limits commute with finite direct sums, using Lemma
we see that the left vertical arrow is a bijection. The right vertical arrow
is also a bijection, again by Lemma So the top horizontal arrow ¢ g is an
isomorphism, so that (fU\(g7 —),¢) is sheafy in the sense of Definition

Now fix ¢ € G. Then there is a bijection J(H) — J(gHg™!) which sends
(L,N) to (L',gNg~*') where L' := Ad(c(g))(£). The R-Lie algebra isomorphism
Ad(o(g)) : L — L extends to a K-Banach algebra isomorphism m{ = TETK,
which we will also denote by Ad(c(g)). Letting Ad, : H — gHg ™' denote conju-
gation by g, it follows from Lemma [2.2.7] that there is an isomorphism

Ad(o(g)) x Adg ULk v H— ULk MXgNg-1 gHgil.
Passing to the limit over (£, N) € J(H) induces a K-algebra isomorphism
wq(H) : Ulg, H) = Ulg,gHg ™).

It is now straightforward to verify that these maps satisfy Definition [6.1.5] as well
as Definition [6.1.11] 0

Because of Proposition [6.2.11] we may now apply Corollary [6.1.16| and conclude
that the tensor product

Ulg, H) © KI[G]
K[H]

carries the structure of an associative K-algebra, which contains both ﬁ(g, H) and
K|G] as K-subalgebras whenever H is a compact open subgroup of G.

Definition 6.2.12. We define /U\(g, G) to be the K-algebra ﬁ(g, H) ® KIG], for
K[H]
any choice of compact open subgroup H of G.
It follows from Theorem [6.1.15|that this algebra is independent of H in the sense

that it is isomorphic to the subalgebra of

End(ligl U(g,H) ® K[G])
HeC K[H] K[G]
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generated by the left-action of K[G] and the left-action of U(g,J) as J varies over
all compact open subgroups J of G.

6.3. Continuous actions on analytifications of algebraic varieties. In Propo-
sition we saw that if G is an R-group scheme which acts on a flat R-scheme
X of finite presentation and o : G — G(R) is a continuous group homomorphism
from some topological group G, then G acts continuously on the rigid generic fibre
X := Xz of X. This was our first example of continuous group actions. We will
now give a second example.

In preparation for this, we have the following useful result which tells us in
particular that it suffices to verify continuity on an affinoid covering.

Proposition 6.3.1. Let {X;} be an admissible covering of a rigid analytic space
X by qcgs admissible open subsets. Let G be a topological group and let p: G —
Aut(X, Ox) be a group homomorphism. Suppose that for each i we have

(a) Gx, is open in G, and

(b) Gx, — Aut(X;, Ox;) is continuous.
Then G acts continuously on X.

Proof. Let U be a qcgs admissible open subset of X, and choose an admissible
affinoid covering {U,;}; of each UN X;. Since U is quasi-compact, we can find a
finite subset {V1,...,V,,} C {U;;} which forms an admissible covering of U. For
each k =1,...,n, choose indices ¢, such that Vi, C X;, =: Y.

Now Gy, acts continuously on Yy, by assumption (b) and Proposition
Hence (Gy,)v, is open in Gy, and the map (Gy,)v, — Aut(Vy, Oy,) is contin-
uous. Since Gv, is open in G by assumption (a) and since (Gvy, )v, = Gy, NGv,
is contained in G, we see that G, is open in G. Hence Gy is open in G because
it contains the open subgroup ;_; Gv,.

Because U is qcgs, by [13, Lemma 4.4], we can find a formal model U for U
together with an open covering {V1,...,V,} such that Vi iz = Vi for each k. By
Theorem [3.1.5 it will suffice to show that the map Gy — Aut(U, Oy) is continuous
with respect to the Ty -topology. Write Vi; := Vi NV, and Vi := Vi NV} for each
k,l, and define H := ;_; Gv, N Gy,, an open subgroup of Gy by the above.
Note that each Vj, and each Vj; is then H-stable. Let o : H — Aut(U, Ouy),
o+ H— Aut(Vy, Ovy,) and ok : H — Aut(Vy, Ov,,) denote the actions of H on
U, Vi, and Vj,; respectively. It follows from Lemma a) that H acts continuously
on each Vj, and Vj;, so the group homomorphisms o, and oy; are continuous. Now
for each r > 0, define

Tei= () or'Ger Vi) 0 () 0k Grr (Via),
k=1 k<l

an open subgroup of H. Since G,- is a sheaf on & by Lemma we see that

J. < 071G (U). Hence 071G, (U) is open in H (and therefore also in Gy) for

each r > 0. So Gy — Aut(U, Oy) is continuous as required. O

Let G be an affine algebraic group of finite type over K. By [II Proposition
1.5.4/4], G admits a rigid analytification G := G*'&. Because rigid analytification
preserves fibre products by [43, Satz 1.8], the underlying set of G forms a group.
Suppose also that a : G x X — X is an action of G on a scheme X, locally of
finite type over K. Applying the rigid analytification functor, we obtain an action
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a8 : G x X — X of the rigid analytic group G on X := X'8, Let g-2 = a''8(g, z)
for g € G and z € X, and let T, := K(y1,...,yn) denote the Tate algebra.

Proposition 6.3.2. Let Y be an affine open subscheme of X, let K[y1,...,yn]/a =
O(Y) be a presentation of O(Y) and let U be the affinoid subdomain Sp(T;,/aT},)
of Y := Y"8 ¢ X. Then there is an affinoid subdomain T of G containing 1 such
that T-U C U.

Proof. By replacing G by the connected component of the identity, we may assume
G to be connected. Therefore it is irreducible by [69, Theorem 6.6]. Let W be the
fibre product of the inclusion Y < X and the action map a : G x Y — X:

GxY 4 X
\WY% Y.

Then W is an open subscheme of the affine scheme G x Y containing the closed
subscheme {1} x Y. Write W = UW; as a union of basic open sets. Since this
closed subscheme is isomorphic to Y and is therefore irreducible, we see that it is
already contained in some W;. Write W; = D(f) for some f € O(G x Y) and
note that restriction 7(f) of f to {1} x Y must be a unit. The augmentation map
e : O(G) — K is split by the inclusion of the ground field K into O(G), and it follows
that the restriction map 7 : O(G xY) — O({1} x Y) is a split surjection with right-
inverse s, say. By replacing f by f/s(f), we may assume that r(f) = 1. Choose a
generating set {ci, ..., cq} for the ideal ker e in O(G); then its image in O(G x Y)
generates the ideal ker r and we deduce that f —1 lies in Zle O(G xY)e; = kerr.

Now, consider the pullback of functions map a* : O(Y) - O(W;) = O(G x Y);.
The restriction of the action map W; — Y to {1} x Y is the projection onto the
second component, so af(y;) — y; € S0, O(W;)e; for each j = 1,...,n. Because
also f —1€ 3%, O(G x Y)¢; and the y;’s generate O(Y), we may write

_ Yj + ZQEN" Fo(fj)ya

ﬂ( ,
a*(y;) :
! 1+ZOA€N" G(()'Z)ya

S O(G X Y)f

where Féj), G&j) € kere = Z‘Ll O(G)c; and only finitely many of these are non-
zero. Because the ¢;’s generate O(G) as a K-algebra, we can choose N € N suf-
ficiently large so that each Fo(f)/w and G&J)/Tl’ lies in the R-subalgebra of O(G)

generated by c1 /7%, ... cq/m™N. If we now take T to be the affinoid subdomain of
G defined by
C1 Cd
T =0G){—,..., —),
(N

then we see that F(Ej),Gg) € 7O(T)° for each j = 1,...,n and o € N". Then
f € O(T x U)* so the restriction map O(G x Y) — O(T x U) factors through
O(W,) = O(G x Y);. Because the elements af(y;) now all lie in O(T x U),
we see that the action map a*™& : O(Y) — O(W;-ig) extends to an action map
O(U) — O(T x U). Now by definition, U is the subset of Y defined by the
inequalities {|y1] < 1,...,|yn| < 1};if t € T and u € U then y;(u) € R for each ¢
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and Fo(éj)(t) € ™R and G((lj)(t) € mR for each j, a by construction, so

Y () + Vaere F (B)y(w)®
L4 Yaen G (B)y(u)
for each j = 1,...,n. We conclude that T - U C U as required. O

Remark 6.3.3. The analogue of Proposition does not work in the Zariski
topology: there may not be any open neighbourhood U of the identity element in G
such that U-Y C Y. For example, let G be the additive group G = G, = Spec K|[¢]
acting on the projective line X = P! via the rule ¢-y = y/(cy + 1), where y is a
local coordinate on X. Then if Y = Spec K[y] is the affine open subset of X where
y is regular, we find that W = Spec K¢, y]¢y+1 cannot contain an open subset of
the form U x Y for some open neighbourhood U of the identity element in G. To
see this, write U = G\V (I) for some ideal I in K[c] and suppose for a contradiction
that Ux Y C W. Then V(cy + 1) = G x Y\W is contained in the closed subset
V(I) of G x Y. Therefore I is contained in {(cy + 1) by the Nullstellensatz. Since
(cy + 1) N K] is zero, it follows that U is the empty set and does not contain the
identity element.

yi(t-u) = a*(y;)(t,u) =

We can now give our second example of continuous group actions.

Theorem 6.3.4. Let G be an affine algebraic group of finite type over K, acting
on a scheme X which is locally of finite type over K. Then G(K) acts continuously
on the rigid analytification X := X8,

Proof. By [I1], Lemma 1.5.4/2], the canonical map G(K) — G(K) is a bijection, and
we will equip G(K) with the topology where a fundamental system of neighbour-
hoods of the identity element is given by the subsets T(K) of G(K), as T ranges
over the affinoid subdomains of G containing the identity. The action G x X — X
induces a homomorphism of group functors G — Aut(X), which in turn induces a
group homomorphism G(K) — Aut(X, Ox). On the other hand, the functoriality
of rigid analytification gives a group homomorphism Aut(X, Ox) — Aut(X, Ox)
and therefore an action G(K) — Aut(X, Ox) of G(K) on X. Of course the action
of G(K) on the underlying set of X agrees with the restriction of the action of G
on X to its subgroup of K-rational points G(K) = G(K) C G.

Let {Y;} be an affine covering of X with each Y; of finite presentation, and for

each index j fix a presentation K[ygj), . ,y%)]/aj = O(Y,). Then for each N € N,
U, =SpK (7, 7™y /(ay)

is an affinoid subdomain of Y := Y;-ig C X and {U, y} forms an admissible affinoid
covering of X. Fix the index j and the natural number N, write U := U; y and
drop the subscripts and superscripts j from the notation. By Proposition [6.3.1
it will be enough to check that the stabiliser G(K)y of U in G(K) is open in
G(K), and that the map G(K)y — Aut(U,Oy) is continuous. Now, because
K[mNyy, ..., 7Ny,]/(a) is still a presentation of O(Y), Proposition gives an
affinoid subdomain T of G containing 1 such that T-U C U. We also see from the
proof of this Proposition that the image of the resulting map T(K) — Endx O(U)
consists of invertible elements that preserve the closure of the R-subalgebra of O(U)
generated by y1,...,yn. It follows that T(K) is contained in G(K)y and that the
map T(K) — Aut(U, Oy) is continuous. O
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6.4. The Localisation Theorem for ﬁ(g,G). Let Gy be a connected, simply
connected, split semisimple affine algebraic group scheme over R and let G :=
Go ®r K be its generic fibre. Let G be a p-adic Lie group and let o : G — G(K)
be a continuous group homomorphism.

Because G is semisimple, the centre of its Lie algebra g is zero. Thus we see that
Hypotheses [6.2.1] and [6.2-5] - is satisfied, so we have at our disposal the completed
skew-group algebra U (g, G) from Definition On the other hand, whenever
Gy is a compact open subgroup of o IGO(R) Hypothesm is satisfied for
(Go,Gop, o) and thus we have at our disposal the completed skew—group algebra
23((?:07 Go)C° from Definition We will now relate the two constructions.

We continue with the notation from so that Gy = (@Tg)rig is an affinoid
sub/<\10main of the rigid analytic group G := G'® and A denotes the R-algebra
O(Gy).

Lemma 6.4.1. Let H be an open subgroup of Gy, let 7 be an H-stable Lie lattice
in g contained in go, and let £L=A-~+'(J). Then

(a) Hr < Hg, and

(b) the restriction of expoto 7 to Hy equals 6~ 1o ..
Proof. Let h € Hy. By Proposition ub there is a unique v € J such that
p(h) = exp(p*y'(v)) and B (h) = O(exp(pL(v))). Now if w € 7, then

7 (Ad(o(h))(w)) p(h) o' (w) o p(h)~!

exp(p®y'(v)) © 7' (w) 0 exp(=p*y(v))

exp(p ad(y'(v))) (7 (w))
= 7 (exp(p®ad(v))(w)).

Here we have used Lemma on the first line, [23, Exercise 6.12] on the third line
and the fact that 4/ is an R-Lie algebra homomorphism on the last line. Since v/ is
injective by Proposition we deduce that Ad(c(h)) = exp(p ad(v)). Applying
Definition we see that h € H7 and 0 7(h) = pSv. Therefore

exp(¢(d7(h))) = exp(u(pv)) = 07" (Bc(h))

as required. O

Proposition 6.4.2. There is a continuous K-algebra isomorphism
ki U(g, H) —s D(Go, H) S

for every compact open subgroup H of 0=1Gy(R), such that the diagram

U(g,J) 5 D(Gy, J)So

| |

77 ) G
Ulg, H) ———D(Go, H)™"

commutes whenever J < H are compact open subgroups of Gy.

Proof. Let (J,N) € K(H), where K(H) is the indexing set appearing in Definition
(235l Thus, J is an H-stable Lie lattice in g contained in go and N is an open
normal subgroup of H contained in H 4.,/(7). Hence N < Hz by Lemma 6.4.1|0 a),

so (J,N) € J(H) in the notation of Definition Thus, K(H) C J(H).

~—
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Now if (£, N) is some other member of J(H ), then because g is finite dimensional
over K, n"L C go for some n > 0. Therefore
IC(H) > (7Tn£, NN HA,,Y/(,H-HL)) < (L,N)
which means that K(H) is cofinal in J(H). Finally, for any (7, N) € K(H), the

two possible trivialisations of the N-action on U(J )k appearing in Definitions
and agree by Lemma b). The result now follows easily. O

We now recall a well-known relationship between the Raynaud generic fibre of
the formal completion of an R-scheme, and the analytification of its generic fibre.

Proposition 6.4.3. Let X be an R-scheme locally of finite type and flat over R.

(a) There is a canonical open immersion of rigid analytic spaces
. ri
X - Xrig — (XK) g,
(b) This immersion is an isomorphism whenever X is proper over R.

Proof. See the discussion at the end Part II, §7.2 in Bosch’s lecture notes [11]. O

We fix a closed smooth Borel R-subgroup scheme By of Gy, and we set B :=
BO QR K. Let XQ = (G()/BO7 X:= G/B, XO = (XO)rig and X := Xrig.

Corollary 6.4.4. The canonical map tx, : Xg — X is an isomorphism.

Proof. We saw at the start of that the flag variety Xg is smooth over R. In
particular, it is flat and locally of finite type. On the other hand it is well known
that Xg is a projective R-scheme — see [40], I1.1.8]. Hence it is proper over R by
[67, Lemma 28.41.5], and we may apply Proposition [6.4.3] O

We will henceforth identify Xy with X via the isomorphism ¢x, .

Theorem 6.4.5. /U\(g, @) acts on X compatibly with G.

Proof. By Theorem G(K) acts continuously on X. Since o0 : G — G(K)
is continuous, it follows from Definition that G also acts continuously on X.
By the construction of ﬁ(g7 G) — see Corollary — there is a canonical group
homomorphism 7 : G — ﬁ(g, G)*, and by Theorem the subalgebra ﬁ(g, H)
of ﬁ(g, G) is Fréchet-Stein whenever H is a compact open subgroup of G.

Fix a compact open subgroup Gg of 07 'Go(R). Then Hypotheses and
are satisfied by the affine R-group scheme G and the continuous homomor-
phism o : Gg — Go(R). Therefore ﬁ(Go, Go)G° acts compatibly on Xg by The-
orem [5.2.10, By Proposition there is a continuous K-algebra isomorphism
KGp ﬁ(g, Go) = ﬁ(Go, Go)G° which sends 6(97 N) onto ’B(GO, N)Go for every
compact open subgroup N of Gy. Hence ﬁ(g, Go) acts on X compatibly with Gy.
Since X = X by Corollary it follows that ﬁ(g, Go) acts on X compatibly
with Go. Thus we have a continuous homomorphism ¢? : ﬁ(g7 N) — 73(—, N)
on X,,/N whenever N is an open subgroup of Gj.

Fix a compact open subgroup H of G and an H-stable affinoid subdomain U of
X. Then H NGy is open in H. For any open normal subgroup N of H contained
in Gg, we have isomorphisms

U(g, H)=U(g,N) xy H and D(U,H)=D(U,N) xy H,
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the first by Proposition|6.2.11fc) and the second by Corollary(3.3.11} Using Lemma
2.2.7} we may therefore unambiguously define

o7 (U): U(g,H) — D(U, H)

to be ¢V (U) xy 1 for any choice of open normal subgroup N of H contained in
Gp. It is now straightforward to verify that these maps commute with restrictions
in X,,/H, and that conditions (a)-(d) of Definition are satisfied. O

Next, we record a general topological fact about coadmissible G-equivariant D-
modules.

Lemma 6.4.6. Let Y be a smooth rigid analytic variety with a continuous action of
a p-adic Lie group H, let Z be a quasi-compact open subset of Y and let M € Cy /g

(a) The K-vector space M(Z) carries a canonical K-Fréchet topology such that
the restriction maps M(Z) — M(U) are continuous for any U € Z,,.
(b) Forany f: M — N in Cy g, the map f(Z) : M(Z) — N (Z) is continuous.

Proof. (a) Because Z is quasi-compact, we can choose a finite Z,, (7 )-covering V
of Z. Now, it follows from Theorem that the restriction maps M(U) —
M(V) are continuous for any U € Z,,(7) and V € U,,. Because V is finite and
because M(U) is a K-Fréchet space for each U € V by Definition we see
that H 9(V, M) is the kernel of a continuous map between two K-Fréchet spaces.
Using the isomorphism M(Z) — H°(V, M) we can therefore equip M(Z) with
a K-Fréchet topology. It is easy to check that this topology is independent of the
choice of V.

(b) This follows immediately from the construction of the topologies on M(Z)
and N'(Z) in part (a) together with the fact that f(U) : M(U) — N (U) is contin-
uous for each U € X,,(T) by Definition [3.6.1|(b). O

Proposition 6.4.7. Let H be a compact open subgroup of G, let M € Cﬁ(g H)

and suppose that « : LOCQ(X7H)(M ) =5 M is an isomorphism of H-equivariant
locally Fréchet D-modules on X.
(a) There is a unique coadmissible f]\(g7 H)-module structure on M(X) such
that
(i) n(g)-m = g™ (m) for all g € H and m € M(X),
(i) the topology on M(X) induced by this coadmissible U (g, H)-module
structure coincides with the canonical K-Fréchet topology given by

Lemma [6.4.6{a),
(iii) the U(g, H)-action on M (X) extends the natural D(X) x H-action on
M(X) given by Proposition [2.3.5]
(b) This U(g, H)-module structure on M (X) does not depend on a.
(¢) There is an isomorphism of H-equivariant locally Fréchet D-modules on X

6 : Lock @ (M(X)) = M,
whose restriction to X,, is given by
0(U)(s @ m) =5 - (mu)
for any U € X,,, s € D(U, Hy) and m € M(X).
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Proof. (a) Because the rigid analytic flag variety X is quasi-compact, the space of
global sections M(X) carries a K-Fréchet space topology by Lemma (a). On
the other hand, M(X) is a D(X) x H-module by Proposition and hence also
a U(g) x H-module.

Write N := Locgj((g’H)(M) and let ¢ : M — M(X) be the composite of the
canonical map M — N(X) and a(X) : M(X) — M(X). Because the maps
M — M(U) are continuous for each U € X,,(T), we see that ¢ is continuous. It
is also U(g) x H-linear by construction.

Because U(g) x H is dense in Ul(g, H), we may apply Lemma to the map
¥ : M — M(X) to deduce that the U(g) x H-action on M(X) extends to an action
of ﬁ(g, H) which satisfies all the required properties.

(b) This now follows from Lemma [1.4.4c).

(c) After replacing 23(X,H) with U(g, H), the proof of Lemma c) carries
over word for word. O

Theorem 6.4.8. Let M be a coadmissible G-equivariant D-module on X. Then
M(X) is a coadmissible U(g, G)-module, and there is an isomorphism

Loc @D (M(X)) = M
of G-equivariant locally Fréchet D-modules on X.

Proof. Note first of all that ﬁ(g, G) acts on X compatibly with G by Theoremm7

so the localisation functor LOC)U{(B’G) is defined — see Definition |3.5.12 — and it
sends coadmissible 6(97 G)-modules to coadmissible G-equivariant D-modules on
X by Proposition [3.6.8

Fix a compact open subgroup H of 0!G »(R). Then M € Cx,m by Proposi-
tion [3.6.10|(a), so there is a coadmissible ﬁ(GO, H)%o-module M, and an isomor-
phism Loc)’é(c'o’H)GO (M) =5 M in Cx,m by Theorem Using the isomor-
phism xp : U(g, H) = D(Gg, H)° from Proposition we find a coadmissible
/U\(g, H)-module M and an isomorphism Loc;]((g’H)(M) = Min Cx,m- Now, by
Proposition [6.4.7((a), the U(g) x H-module structure on M(X) and the canonical

topology on M(X) given by Lemma a) extend to a coadmissible ﬁ(g,H)—
module structure. Moreover, by Proposition c), there is an isomorphism

6 : LOC)U((B’H) (M(X)) =M
in Cx,g given by the explicit formula
(U)(s @ m) = s - (my)

for any U € X,,, s € D(U, Hy) and m € M(X).

By Proposition M(X) is a D(X) x G-module and therefore a U(g) x G-
module. The restriction of this U(g) x G-module back to U(g) x H agrees with the
restriction of the ﬁ(g, H)-module to U(g) x H. Therefore the ﬁ(g,H) and K[G]-
actions on M(X) extend to an action of U(g,@). Since the restriction of M(X)
back to fj(g, H) is coadmissible, M(X) is coadmissible also as a ﬁ(g, G)-module.

Note that by construction, Locg((g’G)(M) = Locg((g’H) (M) as H-equivariant locally
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Fréchet D-modules on X. Finally, the exact same argument used in the proof of
Theorem [4.4.3| at the end of §4] shows that 8 is in fact G-equivariant. (]

We can finally state and prove our main result.

Theorem 6.4.9. Let G be a connected, simply connected, split semisimple affine
algebraic group scheme over K, and let X be the rigid analytification of the flag
variety of G. Let G be a p-adic Lie group and let 0 : G — G(K) be a continuous
group homomorphism. Then the localisation functor

Locg((g’c) A{M e Cﬁ(gﬁg) :my - M =0} — CX/G

is an equivalence of categories.

Proof. By the classification of connected split semisimple algebraic groups, it is
known [40l, IT.1] that G extends to an affine algebraic group scheme Gy over R
satisfying the conditions given at the beginning of §6.4] so that G = Gy @ K
is the generic fibre of Gg. Now in view of Theorem [6.4.8 it remains to show

that the restriction of Locg((g’c) to the full subcategory of Cﬁ(g &) consisting of

objects killed by mg is fully faithful. Let M, N € Cﬁ(g.G) be killed by mg, and

write Loc := Locg((g’G), M = Loc(M) and N := Loc(N). For any ﬁ(g, G)-linear

morphism f: M — N we have the commutative diagram

f

| |
MX) Loc(f)(X) NX)

where the vertical arrows are bijective by Theorem It follows immediately
that Loc is faithful.

Suppose next that o : M — N is a morphism in Cx,/a- Then because the rigid
analytic flag variety X is quasi-compact, a(X) : M(X) — M (X) is continuous.
On the other hand, it is follows from Proposition that it is U(g) x G-linear.
Since U(g) x G is dense ﬁ(ﬁand since M(X) and N (X) are coadmissible

—

U(g, G)-modules by Theorem [6.4.8 it follows that a(X) is ﬁ(g, G)-linear. Now let
f: M — N be defined by the commutative diagram

]
M(X) = N(X)

Then f is U(g, G)-linear, and we claim that Loc(f) = a. To see this, let U € X,,(T)
be arbitrary and choose a compact open subgroup H of G such that (U, H) is small,
using Lemma By construction, a(U) and Loc(f)(U) agree on the image of
M in M(U). Since both maps are ﬁ(U7 H)-linear and since this image generates
M(U) as a ﬁ(U,H)—module, we deduce that «(U) = Loc(f)(U). Since M and
N are sheaves and since X, (7)) is a basis for X, it follows that o = Loc(f) as
claimed. O
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Remark 6.4.10. Following a suggestion of the referee, it can be shown that in the
setting of Theorem every M € Cx/¢ has vanishing higher cohomology: use
Theorem the Cech-to-derived functor spectral sequence [67, Lemma 21.11.6]
and Lemma [3.7.4] then extend the proof of Theorem using Theorem [5.3.1

6.5. Connection to locally analytic distribution algebras. Our goal in this
subsection is to establish the following

Theorem 6.5.1. Let L be a finite extension of Q, contained in K and let G be an
affine algebraic group of finite type over L with Lie algebra g, such that Z(g) = 0.
Let G be an open subgroup of G(L) and let D(G, K) denote the K-algebra of locally
L-analytic distributions on G. Then there is a continuous K-algebra isomorphism

ne : D(G, K) = Ulgx, G).
where g :=g®1 K.

We fix the field L, the algebraic group G, its Lie algebra g and the open subgroup
G of G(L) for the remainder of

Recall from e.g. [49, Remark 2.2.5(ii)] that a uniform pro-p group N is said to
be L-uniform if the Qp-Lie algebra Q, ®z, Ly is in fact an L-Lie algebra, and if
the Zy-Lie algebra Ly is an Op-submodule of Q, ®z, Ly.

Lemma 6.5.2. Every compact locally L-analytic group has at least one open
normal L-uniform subgroup N.

Proof. This is [49, Lemma 2.2.4]. O

We begin the proof of Theorem by explaining how to remove the restriction
p # 2 from the material in [0, §5]; recall from §3.2]that € := 1 if p is odd and € := 2
if p = 2. Let N be an L-uniform pro-p group; we will denote its dimension as a
locally L-analytic group by dimz N. On the one hand, its Z,-Lie algebra Ly is
powerful, and on the other hand, it is an Op-module, by definition. We define the
R-Lie algebra associated with N to be

Ly =R ® iLN.
oL p*

Note that Ly is a Zy-module of rank dimy, V - dim@p L, and an Op-module of rank
dimy, N. Thus, Ly is an R-module of rank dimy, N. Because Ly is powerful, £y is
also an R-Lie algebra. Recall from [65], §4] that the algebra D(N, K) of K-valued
locally L-analytic distributions admits K-Banach space completions D,.(G, K) for
each real number 1/p < r < 1. We have the following version of the famous Lazard
isomorphism.

Theorem 6.5.3. Let N be an L-uniform pro-p group and let Ly := R ®0,, z%LN.
Then there is a natural isomorphism of K-Banach algebras

vy i D1p(N,K) — U(Ln) k.

Proof. When p is odd, this is precisely [0, Lemma 5.2]. We indicate how to extend
the argument given there to the case where p is also allowed to be 2.

Suppose first that L = Q,. Let |-| : K — R be the norm which induces the
topology on K, normalised by |p| = 1/p. Because N is uniform, we can regard N
as a p-saturated group in the sense of Lazard, by setting

w(g) :=sup{fm eN:ge NP} +¢ foreach ge N.
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Fix a minimal topological generating set {g1,...,ga4} for N, where d := dimg, N,
and write b; :== ¢g; — 1 as usual. Then {g1,...,g9q} is an ordered basis for N such
that w(g;) = e for all i = 1,...,d. Now, because L = Q,, it follows from the
description of D,.(G, K) given on [65, §4, p.162] that D,,,(N, K) consists of all
formal power series A = Y cne Aab® in b1,...,bq with coefficients A\, € K such
that |\o|(1/p)1*l — 0 as |a| — oco. In particular, for each \ € Dy;,(N, K),

||)‘H1/p ‘= Sup |>\a|(1/p)e\a|
aeNd

is finite. Thus, D, ,,(N,K) = K@A@p (N,w) where Ag,(N,w) is the Banach Q,-
Qp

algebra completion of the group ring Q,[N] introduced in [61, §30, p209]. This
algebra contains the elements u,; := log(g;)/p® for i = 1,...,d, and it follows from
[23, Lemma 7.12] that there is an isomorphism log between the Z,-Lie algebra
Ly = (N,+,[,]) and the Zy-submodule of Ag, (N,w) generated by {p“u1,...,p uq}
which sends g; to pcu; for each i. Letting v; ;== 1®¢g;/p® € Ly fori=1,...,d, this
isomorphism extends to a K-Banach algebra homomorphism

U&N\)K — Kg/\@p (N, w)

which sends v; to u; for each i = 1,...,d. Because L = Q,, {v1,...,v4} is a basis

for Lx as an R-module, so U(/ﬁN\)K consists of power series »_  cnd o VY Where

to — 0 as |a] = oo. On the other hand, it follows from [61, Theorem 31.5(ii)] that

every element of K ® Ag,(IN,w) can be written uniquely in the form ", cya pou®
Qp

with coefficients p, € K such that |uo| — 0 as || — oo. So the displayed map is
an isometric isomorphism and we can take vy to be its inverse.

To deal with the case of an arbitrary finite extension L of Q,, follow the last
part of the proof of [6, Lemma 5.2] using [56, Lemma 5.1] and [10, §3.2.3(iii)]. O

Corollary 6.5.4. Let N be an L-uniform pro-p group and let Ly := R®0,, #LN.
Then there is a natural isomorphism of K-Banach algebras

vner 2 Dy (NP K) = U(pLy)k
for each n > 0.

Proof. This follows immediately from Theorem because NP is again L-
uniform with £y,» = p" Ly, for each n > 0. O

We now fix an L-uniform open subgroup N of G until the end of the proof of
Corollary [6.5.12

Proposition 6.5.5. There is an N-equivariant isomorphism of L-Lie algebras
0:L Ko, Ly i) g
where N acts on g via the adjoint action of G(L) on g, and by conjugation on Ly.

Proof. Note that the group G(L) is locally L-analytic. Because G is smooth over
L, it follows from the Jacobian criterion for smoothness and a version of the
implicit function theorem (see, e.g. [I4l 5.8.10, 5.8.11]) that the canonical map
g = Lie(G) — Lie(G(L)) is a bijection.

Since N is open G which is open in G(L), the Lie algebra Lie(N) of N as a locally
L-analytic group coincides with Lie(G(L)). On the other hand, by [23, Theorem
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9.11(iii)] there is an isomorphism Lie(N) — L ®o, Ly. It is straightforward to
check that the composite map

g — Lie(G(L)) = Lie(N) — L ®0, Ly

respects Lie brackets and the given N-actions, and we take 6 to be the inverse of
this map. O

We also use the letter 8 to denote the induced isomorphism

Kor Ly =K®, (L®o, Ly) — K @, 9= gk

With this notation, we see that for each n > 0, p"0(Ly) is a Lie lattice in gx in
the sense of Definition [6.2.2((a).

Lemma 6.5.6. Write J := 6(Ly). Then for every n > 0 there is a commutative
diagram of groups

N® = Nprg

X\ Spn

(pn+6£N7 *) (pnﬂ—ej, *)

cxpoadl lcxpoad

Autp_rie(p"Ly) ——— Autr_rie(p"J)

fo—o060 "t
Adn m

N N.

Proof. We begin by explaining the various objects and solid arrows in this diagram.
The group (p" €Ly, *) is obtained from the powerful R-Lie algebra p"T¢Ly by
means of the Campbell-Baker-Hausdorff formula, and the map 6, sends z € N?" =
p"Ly to1®x € R®o, p" Ly = p"T¢Ly. Ady denotes the conjugation action of N
on p" Ly, o denotes the inclusion of N into G(L) and Ad : G(L) — Autr_r;c(p"J)
denotes the base change to K of the adjoint representation Ad : G(L) — Aut(g)
from . The trapezium on the right hand side is an instance of diagram .
Now, 6 : p"Ly — p"J is an isomorphism of R-Lie algebras by Proposition
It follows that the middle square commutes. The trapezium on the right
commutes by definition of the group N,»y;. The bottom trapezium commutes
because 0 : K ®zr Ly — gk is N-equivariant by Proposition [6.5.5] Finally, the
commutativity of the trapezium on the left can be deduced from [23] Exercise
6.12]. Therefore the restriction of Ad oo to N?" agrees with exp oadof o4, so the
universal property of the pullback Ny~ gives the horizontal dotted arrow at the
top of the diagram. ([

Corollary 6.5.7. With the notation of Lemma we have NP" < Nyn 7.
Proof. The dotted arrow is injective because both ¢,, and 6 are injective. O

The subgroup N?” is normal in N, and the conjugation action of N on N?"
extends by functoriality to an action of N on Dl/p(N”",K) by K-Banach alge-
bra automorphisms. The inclusion of N?" into D Jp(IN P" K) is an N-equivariant
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trivialisation of this action in the sense of Definitions and b), so using
Definition a) we may form the crossed product algebra

Dl/p(anvK) X e N.

Proposition 6.5.8. Let J := 0(Lx). Then for each n > 0, the isomorphism vp,»
from Corollary [6.5.4] extends to an isomorphism of K-Banach algebras

n o —_— Lépn
Ovnon X yen 1y 2 Dy (NP K) Xtypn N — U T )i 25 ~ N

Proof. The isomorphism 6 induces an isomorphism 6 : U(p"/L\N) K —U Wj) K of

K-Banach algebras, by functoriality. Let ¢ : p"J — U(p"J )k denote the natural
inclusion. Examining the construction of vp,» given in Proposition we see

that the composite map 6 o vypn : Dl/p(an,K) = U(p"TJ)k is given on group
elements as follows:

Ounem (z) = (exporof)(z) forall ze€ NP
Because 6 is N-equivariant by Proposition we see that
Ovnon (gzg™ ") =g - Ouyen (z) forall ze€ NP' and ge N.

For any fixed g € N, both sides of this equation are continuous functions in z.
Since K[N?"] is dense in Dy ,,(N?", K), it follows that

Ovpom (929~ 1) = g - Quyon () forall z € Dl/p(an,K) and g€ N.

On the other hand, by Lemma|6.5.6] we have d,n 7 (z) = 6(z) if we identify 2 € N?"
with its image §,(z) =1 ® z in p"T*Ly. Hence

vy (2) = (expor)(8(x)) = (exp o) (dpn 7 ().

The last two displayed equations are exactly the conditions needed to apply Lemma
which shows the existence of the required map

euipn 7

aprn )(]an 1N . Dl/p(an7K) Nan N i U(pnj)K Nan N

This map has to be an isomorphism of K-Banach algebras in view of Proposition
and Proposition [6.5.3] O

Corollary 6.5.9. There is an isomorphism of K-Fréchet algebras
lim Dy (N"", K) xer N = Ulgic, N)-

Proof. Apply Proposition and Definition c). O

In order to relate the inverse limit appearing on the left hand side of the isomor-
phism in Corollary to locally analytic distribution algebras, we will need the
following elementary result on the p-adic valuations of binomial coefficients.

Lemma 6.5.10. Let n and j be integers such that n > 1 and 1 < j < p" —1. Then

n p" .
pv . = €],
p((]))

with equality if and only if p =2 and j = 271
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Proof. Suppose first that p > 2. Then the binomial coefficient is always divisible
by p so p"v, ((pj )) > p™ > j = ej. Now suppose that p = 2 so that e = 2. By [15]
Chapter II, §8.1, Lemma 1], we know that va(j!) = j — s(j) where s(j) is the sum

of the 2-adic digits of j. Therefore

vy ((i)) —9m 1 (j - s() — (27— ) — 52" — )) = () + 52" — ) — 1.

Now s(j) > 1, with equality if and only if j is a power of 2, and the only way
of writing 2" as a sum of two other powers of 2 is 27 = 27! 4+ 27~1 Hence
s(4) + s(2" — j) is at least 3 unless j = 2"~! when s(j) + s(2" — j) = 2. So when
j # 2" we have

2”
2" g << )) >2"(3-1)=2""1>2j =¢j,
J

and when j = 277!, the left hand side is equal to 2" which is precisely €. O
Next, we extend the results of Schmidt [56, §6], [58), §5] to include the case p = 2.
Theorem 6.5.11. For each n > 0, there is a continuous K-algebra isomorphism
Dy p(N?", K) 3 yon N —3 D, (N, K)
where 7, := *\/1/p.

Proof. As in the proof of Theorem the statement reduces to the case where
L = Q,. As the statement is trivially true when n = 0, we may assume that n > 1.
Let {g1,...,94} be a minimal topological generating set for N, let b, :==g; — 1 €
K[N] and ¢; := gfn — 1€ K[N?"] for each i = 1,...,d.

Recall the notion of degree functions from [0, §2.2]. By the definitions given
in [65, §4] and the discussion in [5, §10.7] (extended naturally to include the case
p = 2 as well as the case of an arbitrary p-adic coefficient field K), the algebra
D, (N,K) =K ééDrn(N ,Qp) is the completion of the rational Iwasawa algebra

KN with respect to the degree function dcgz(,g) given by

degz(,%) ( Z )\abo‘> = min{p"v,(\o) + €la| : @ € N4}

a€eN?

where v, denotes the valuation on K normalised by v,(p) = 1. Similarly, the
algebra Dl/p(an, K) is the completion of the K NP" with respect to the degree

function p™ deggn) given by

p" deggn) < Z /\aca> = p" min{v,(\s) + €a] : @ € N9},

aeNd
Consider the inclusion ¢ : KN?" < KN. It sends ¢; to (1+b;)?" — 1, and
0 0 i m_ n n_
degyy)(9(c0)) = defs) (07" + 3005 (7))p" )
(37) = min{p"v, (7)) +e- (0" —5):0<j<p" —1}
pe
pn deggn)(ci)

WV
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by Lemma [6.5.10, It follows that KN?" < KN is a morphism of filtered K-
modules with respect to these degree functions, in the sense of [44], 1.2.1.4.1]:

dcgz(,g) & (D aend Aac®) = min{degég,)(ka) + dcgﬁ)(qﬁ(co‘)) :a € N9}
> min{p” - vp(A\a) + S0, ;- degﬁ)(qﬁ(ci)) :a € N4}
> min{p" - v,(A\a) +p"€ - |a| : a € N}

p" deg” (Laere Aac?).
Now, it follows from [44, Théoreme II1.2.3.3] and the discussion in [65, §4] that

grDl/p(NP"L7K) = U(gr N?") ®gr7,, 8L K.

Since n > 0, the Lie algebra gr NP" is commutative, so the algebra on the right
hand side is a polynomial ring over k := R/pR in d + 1 variables. More precisely:

grDl/p(an,K) = (gr K)[y1,..-,yd] = k[s,s_l,yl,...,yd]

where y; is the principal symbol of ¢; for each 7 and s is the principal symbol of p.
Note that because we are working with p” deg(ln) as opposed to degln), the degrees
of the graded generators of this algebra are as follows:

n

deg(s) =p" and deg(y;) = ep™ for each 1.

Next, because r, > 1/p as n > 0, it follows from [65, Theorem 4.5(i)] that
grD,, (N,K) = (gr K)[z1,...,24] = k[s, s, x1,...,24]
where x; is the principal symbol of b; for each 7. Note that we have

n

deg(s) =p" and deg(x;) =€ foreach 1.

Now, the associated graded morphism
gro:grDy (NP, K) — gr D, (N, K)
sends s to s, and by Lemma [6.5.10] and the calculation performed in , we have
2" it p>2
38 T i) = Y n—
( ) (g ¢)(y) {xg +S-$l2 1 if p:2

3

for each i. Consider the restriction of gr¢ to k[s,y1,...,y4]. The above formulas
show that this restriction sends y¥ to zf modulo s for each i, so this restriction
is injective modulo s. It follows easily that gr ¢ is also injective, and hence

deg!? (p(N)) = p" deg{™(\) forall A€ Dy, (N, K).
Thus the inclusion ¢ : KNP" — KN is an isometry, so it extends to an inclusion
¢: Dy /p(N?" K) < D,, (N, K),
which extends to a continuous K-algebra homomorphism
®: Dy /p(N?" K) xtypn N — D, (N, K).

Let N, := {a € N:a < p}. Using we also see that gr D, (N, K) is a finitely
generated free Dy /,(N?", K)-module of rank p? via gr ¢, with basis {x* : o € N¢}.
As grb® = x® for each o € N%, [44] Théoreme 1.2.3.17] implies that D, (N, K) is a
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finitely generated free D ,(N?", K)-module with basis {b® : o € N4}, Using [23,
Lemma 7.8], we see that

D, (N,K) = € Dy/,(N*",K) - g*.
aeNd

Using Lemma b) we conclude that ® is a K-algebra isomorphism. O

Corollary 6.5.12. There is an isomorphism of K-Fréchet algebras

nv s D(N, K) = U(gx, N).
Proof. Since r,, — 1 as n — oo, the discussion at [65, §4, p.162] shows that
D(N,K) = <ll_m D, (N,K). Now compose the continuous isomorphisms

—_

D(N,K) = lim D, (N, K) = lim Dy, (N*", K) 3o N — Ulgx, N)

given by Theorem [6.5.11] and Corollary O

Proof of Theorem[6.5.1 Let C denote the set of open L-uniform subgroups of G.
It is non-empty by Lemma [6.5.2] and it is straightforward to see that it is stable
under conjugation in G and finite intersections. For any H < N in C, consider the
following diagram:

D(H, K) "H Ulgr, H)
D(N, K) — U(gx, N).

Each arrow in this diagram is a continuous K-algebra homomorphism. For each
h € H, the images of ng (h) and 7y (h) in U(gx, N) coincide. Since K[H] is dense
in D(H, K), it follows that the diagram commutes.

Let ¢ denote the inclusions of K[N] into U(gx,N) and D(N, K). The pair

(Ul(gx, —),¢) is good in the sense of Definition |6.1.11| by Proposition [6.2.11} and
the pair (D(—, K),t) is good by Example [6.1.17} The result now follows from

Corollary [6.5.12] O

Proof of Theorem[Cl The ideal mg from the proof of Theorem [5.3.5] consists of the
central elements of U(gx) that annihilate the trivial representation of gg; now it
follows from [65, Theorem 6.3] that the category appearing on the left hand side
in Theorem [C| is anti-equivalent to the category of coadmissible D(G, K)-modules
killed by mg. We can finally apply Theorem [6.5.1] and Theorem [6.4.9] O
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