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Abstract

This thesis is a study of problems related to isometric immersions of Rie-
mannian manifolds in Euclidean space. We address three main questions:
the weak continuity of geometric invariants along sequences of immer-
sions of Riemannian manifolds; the construction of isometric immersions
by weak compactness methods; and the validity and regularity of the Gaufl

equation.

First, we investigate the validity of Cartan’s equations for W* coframes
on surfaces, for all 1 < p < oo, and employ this to derive a version of
the Gaul equation valid for W2? immersed surfaces in R3. Under some
additional regularity hypotheses, a distributional formulation of the Gaufl
equation on immersed surfaces in R3 is proved, and as a corollary, a new
local regularity result is established for isometric immersions of positively

curved surfaces.

Investigating the weak continuity properties of immersions of Riemannian
manifolds, we first prove a general weak continuity result for curvatures
of connections with I” bounds on principal bundles. As a corollary, it is
proved that when p > 2, curvatures are weakly continuous for the weak
W?2P convergence of immersions. In some cases, we also recover the weak

continuity of the general Gaufl equation when p = 2.

Finally, we give a general viscosity framework for constructing isometric
immersions in prescribed target spaces under natural boundedness as-
sumptions in L spaces. Assuming this set-up, we prove a new weak com-
pactness theorem for approximate solutions of the GauB—Codazzi—Ricci

equations.
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Chapter 1

Introduction

“Bekanntlich setzt die Geometrie den Begriff des
Raumes...”!

Riemannian manifolds are a central object of interest in differential geometry.
Recall that a Riemannian manifold (M, g) is a smooth manifold M equipped with
a metric g, which is a scalar product on the fibers of the tangent bundle. These
objects generalise in an intrinsic manner the differential study of curves and surfaces
in space, a point of view which historically was the earlier, classical perspective of
Euler, Lagrange, Gaufl and others. For instance, in Euclidean space R?, the Euclidean
structure induces a Riemannian metric on embedded surfaces, and one may study
their geometry in the abstract, without needing to consider a specific embedding in
space.

The notion of Riemannian manifold was formalised around the turn of the twen-
tieth century, following Riemann’s work; since then, an extensively studied question
has been whether every Riemannian manifold can be isometrically realised as a sub-
manifold in Euclidean space.

This thesis is a contribution to the study of isometric immersions from the point
of view of non-linear partial differential equations. A natural setting to study non-
linear PDE is Sobolev spaces and weak convergence, which are the main focuses of
our study.

Contrary to other problems of differential geometry such as minimal surfaces or
harmonic maps, the isometric immersion problem is not variational. Properties of iso-
metric immersions and embeddings depend significantly and in a non-trivial manner
on their regularity. A central issue in isometric immersions is the role and properties

of curvatures, which are the main objects of our investigation.

1Bernhard Riemann, “Uber die Hypothesen, welche der Geometrie zu Grunde liegen”, [150]



1.1 Isometric immersions: focal points

We start by reviewing the basic equations describing isometric immersions. The

reader is referred to Chapter 3 for a complete presentation of the general framework.

1.1.1 The equations of isometric immersions

Our starting point will always be a smooth, compact, Riemannian n-manifold without
boundary (M, g). An immersion u € C'(M,R") into some Euclidean space RY is
isometric if the Euclidean metric e on RY pulls back to the metric ¢ on M. In other
words, we require u*e = g, and this equation is the basic constraint of the problem.
Choosing local coordinates on M, this is a system of n(n — 1)/2 non-linear, first-order
PDE

N ouk ouk B

£~ Ot Ox’ = Ji

1<i,j<n (1.1)

We refer to this equation as the isometry constraint.

Depending on the regularity class of solutions, the isometry constraint has
markedly different behaviours, which we now discuss. First recall that by Whitney’s
theorems, every n-dimensional Riemannian manifold admits an immersion in R?"~!
(see §2.1.1). Since certainly there is no hope of constructing isometric immersions
when the set of immersions at large is empty (the topological obstruction), one looks
to construct isometric immersions in R*"~!. Nash’s C' theorem [134] asserts that this
is indeed possible, but the resulting isometric immersion will only be C! and in no fur-
ther C* space for 1 < k € N in general. A regularity improvement due to [43] shows
that the immersion may in fact always be taken to have some Holder differentiability.
Nash’s result is surprising in view of the fact that there are n(n — 1)/2 components
in the metric tensor, but only 2n — 1 components of u, so that in some sense the C*
theorem gives a solution to an over-determined problem. Following Gromov [77], a
possible interpretation of this fact is that the isometry constraint alone is flexible, and
that there is no further obstruction to the solvability of the isometry constraint in C*
than the topological one.

Looking for isometric immersions of higher regularity, additional constraints
emerge in the form of the Gaufi-Codazzi-Ricci equations: not only does the im-
mersion u have to satisfy the isometry constraint (1.1), but additionally the extrinsic
and intrinsic curvatures have to agree.

The main intrinsic invariant of Riemannian geometry is the Riemann curvature

tensor, which is entirely determined by the Riemannian metric. Cartan’s method of



moving frames is our dominant viewpoint in this thesis. Choosing a local orthonormal
coframe 0!, ..., 0", we define a connection form w and a curvature form Q by Cartan’s
structure equations,
i A pi i
do* = w; A&, Wi = —w;
i i kE_ o _ J
On a Riemannian manifold, the curvature form is related to the Riemann curvature

tensor by

Q= §Rj,m9’“ A O™ =: Rm(6% A O™). (1.3)

(Classical theorems characterise the local geometry of a Riemannian manifold in terms
of its curvature. In the smooth regime, the curvature therefore induces further con-
straints (curvature constraints).

The extrinsic geometry of an immersed manifold is described by the second fun-
damental form II, which is a tensor defined as the difference between the connection
on RY and the Levi-Civita connection on (M, g). The second fundamental form and
the Riemann curvature tensor have to satisfy a set of compatibility equations, the
GauB3—Codazzi—Ricci system. From a philosophical perspective, it links the intrinsic
and extrinsic geometries of a manifold.

Several formalisms are available to describe the Gaufl—Codazzi—Ricci system. Fol-
lowing Cartan’s moving frame method, let u : M™ — RY be an isometric immersion,
and let (9%,...,0™, 0", ... 6%) be an adapted moving coframe on u(M) (also called
a Darboux coframe for the immersion—see Chapter 3), in the sense that 6%, ... 0" is
tangent to M. To a coframe is associated a connection form; the adaptedness condi-

T €1

tion splits the connection into a tangential connection w', a normal connection w

and a second fundamental form term w™, which obey the following equations:

dﬁi:(wT);/\Gj + (fw™)i A OF, 1<i,j<n, n+1<k<N
A9 = (WA — (WL A0, n+1<ij<N, 1<k<n
The Gaufi—-Codazzi—Ricci system is the following system:
T A WT = 7" Rm, (1.4a)
do™ = w" AWt +wt AW (1.4b)
dwt = —wt Awt + Wt AT (1.4c)



The first equation (1.4a) is the generalised Gaufl equation, while the other two
(the Codazzi equations (1.4b) and the Ricci equations (1.4c¢)) can be considered com-
patibility conditions for the Gaufl equation. We refer the reader to Chapter 3 for
the notation and derivation of these equations. Here Rm is the curvature tensor on
(M, g), i.e. the intrinsic curvature tensor on M, given by (1.3); 7: u(M) C RN — M

is the projection onto M.

1.1.2 Some problems about isometric immersions

The contributions of this thesis are concerned with the analytic properties of such
systems. In its general form, the GauB—Codazzi-Ricci equations are a semi-linear,
mixed-type system with quadratic non-linearities. At the moment, there is no general
theory of existence and non-existence for the curvature constraints.

Special cases of the GauBli-Codazzi—Ricci equations, or other related equations,
have been studied, and are relevant to elasticity, general relativity, and many other
fields. In particular, the case of surfaces of positive or negative curvature immersed in
R?3 has received considerable attention. For instance, a question raised by Weyl [176]
asked to show that every positively curved metric on the sphere S? may be realised
as the boundary of a convex body in R3 (this was answered positively by Nirenberg
[137]). Another example is a question raised by Yau [178] to find sufficient conditions
for the realisation of complete surfaces with negative curvature. This was motivated
by a famous theorem of Hilbert [91, 118] asserting that a surface of constant negative
curvature cannot be smoothly isometrically immersed in R?. All such methods depend
heavily on additional properties of the curvature constraints in each special case: e.g.
when immersing a surface with positive curvature in R3, the curvature equation forms
an elliptic system of Monge-Ampere type.

Fundamental theorems due to Nash [134, 135, 136] have also been known for over
half a century, but much still remains to be understood about isometric immersions
and their regularity. In the subsequent paragraphs, we review several specific problems
in the theory of isometric immersions, which are essential motivations for the results
of the thesis.

Weak convergence methods

This thesis is part of an effort to establish a weak convergence framework to study
and describe isometric immersions and embeddings. Weak convergence methods refer

to a broad programme to tackle non-linear PDE (see e.g. [65] and the references



therein). These methods are flexible enough that they may used in a variety of
contexts, including mixed-type systems, which motivates developing the theory for
isometric immersions. Such methods were first applied in this context to treat the
special case of surfaces of negative curvature in R?® in [35]. There are significant
difficulties in extending the authors’ approach, either to the mixed-type case, or higher
dimensions and codimensions.

The basic problem that we hope to be able to address with such methods is the
existence of isometric immersions in prescribed target spaces. An avenue for existence
is to seek isometric immersions as solutions of the GauBB~Codazzi—Ricci equations
(1.4a), (1.4b), (1.4c). By the realisation theorem, this implies the existence of an
isometric immersion with the prescribed tangential and normal connection form, and
second fundamental form.

One of the questions to be addressed when implementing a weak convergence
framework is the weak compactness of approximate solutions to the system under
suitable bounds. Recall that in our description of isometric immersions, the main
invariants of the theory are the Riemann curvature tensor, which is prescribed by the
data, and the second fundamental form. Thus, one seeks to construct solutions of the
Gaufi—Codazzi—Ricci equations by taking limits of approximate solutions with second
fundamental form bounded in some L space. Such bounds are commonly obtained
through approximation schemes or viscosity methods.

Earlier efforts to address this question [33, 36] required additional a priori bound-
edness assumptions on the tangential and normal connections. We address the prob-
lem of removing such assumptions, and thus obtaining a general weak compactness

framework, in Chapter 8.

Flexibility and Rigidity for the Gaufl equation

Another important problem related to isometric immersions is the question of flexi-
bility and rigidity (see [43, 53, 77] and the references therein).

We mention a connection with fluid dynamics, and a source of inspiration for some
of our results. Onsager’s conjecture (now a theorem, [22, 42, 99]) is concerned with

conservation of energy for the motion equations of incompressible fluids

Oyu+ div,(u ®u) + Vp =0,
divu = 0.

Onsager [140] proposed that a-Holder continuous solutions of Euler’s equations con-

serve energy if @ > 1/3 and may dissipate energy for v < 1/3. In other words, regular



enough solutions of Euler’s equations satisfy an additional conservation law

u(t)lhz = 0.
This dichotomy is seemingly of the same nature as the isometric immersion problem,
as in both cases anomalous solutions can be constructed via convex integration. Fur-
ther connections between isometric immersions and fluid dynamics are discussed in
Section 7.A.

In the case of isometric immersions, the “dichotomy” between rigidity and flexibil-
ity is twofold. First, Nash’s theorems demonstrate that the isometry constraint is not
continuous for the weak* topology of Wh> (see Chapter 7). A natural question is to
understand under what conditions the isometry constraint is weakly continuous, and
if that is the case, whether the curvature constraint is also weakly continuous. This
mirrors the question of weak continuity for Euler’s equations, see e.g. [54, 58, 59, 60],
and many other problems in non-linear PDE, where some equations admit “wild” so-
lutions which may be constructed by a process similar to Nash’s C! construction (see
e.g. [52, 128, 129] and the references therein). This particular problem is addressed
in Chapter 7; we refer to it as weak continuity of the constraint equations.

Secondly, Nash’s C! theorem shows the existence of low regularity “wild” isometric
immersions, for which the curvature constraints do not make sense. Determining the
exact threshold between this regime and the “rigid” regime where curvature can be
made sense of is an open problem [53, 77]. In the case of surfaces in R?, which so
far has received the most attention, the threshold is conjectured to be a = 1/2 for
Holder spaces C1e.

More generally, recalling that curvature constraints are corollaries of the Cartan
framework (see Chapter 3), one may formulate a more general problem, namely, to
determine the validity of Cartan’s structure equations for low regularity coframes.
In the context of Sobolev spaces W', this question is addressed by the results of
Chapter 4.

A special case of interest is the case of surfaces with positive curvature. Indeed,
when the curvature is positive, classically the GauB—Codazzi equations form an elliptic
system. A long-standing question [7] is to make sense of this in low regularity, and
in particular to prove regularity theorems. Such results have been studied for some
regularity classes of isometric immersions, see e.g. [43, 95].

Relevant to these problems is the work of Chapter 5, where we prove a distribu-
tional version of the Gaufl equation for a class of Sobolev isometric immersions. Addi-

tionally, when the curvature is positive, we also prove a regularity result. Though we



do not settle the aforementioned conjecture, our result highlights the key role played
by the fractional 1/2-differentiability.

1.2 Main results

We now describe the results obtained in the thesis. All theorems indexed with letters
are the author’s work. Precise statements are given anew at the beginning of each

chapter.

1.2.1 Validity of Cartan’s equations

First, we address the validity question. The properties of isometric immersions depend
considerably on their regularity. In particular, Nash’s C'! isometric immersions do not
satisfy the Gaufi—-Codazzi—Ricci system; in fact, even writing the system for such low
regularity objects is problematic.

In view of the quadratic non-linearities, it is natural to expect the Cartan equa-
tions to hold for W2 coframes (and this is indeed the case, see Proposition 4.17),
and therefore the Gau-Codazzi-Ricci equations to hold for W?? immersions. On
the other hand, one does not expect the GauBB—Codazzi—Ricci equations to hold for
isometric immersions that would be only C!, as Nash’s theorem [134] shows. A nat-
ural question is therefore to investigate intermediate regimes, e.g. the validity of the
Gauf} equation for immersions that are also in some Sobolev space larger than W22,

From the point of view of coframes, a necessary preliminary is the validity of Car-
tan’s equation for rough coframes. We focus on the case of two-dimensional surfaces,

where a smooth coframe satisfies, in matrix notation,

do =w N8,
do=KON0,

where w is the connection form and K is the Gaufl curvature. When 6 is merely
WP the curvature equation can only be expected to be satisfied in the sense of
distributions. Moreover, when p < 2, we have to allow for the equation to only be
satisfied up to a defect term. Our first result makes this precise (see Chapter 4,
Theorem 4.1):

THEOREM A. Let (M,g) a smooth Riemannian surface, K the Gaufl curvature,
and E C M a domain. Consider an orthonormal coframe 0*,0*> € WYP(E, T*E),



with p = 1. Then there exists a connection form w € LP(E,T*E) such that
do* = w A 62, do* = —w N B
Moreover, defining the defect distribution s of the coframe as
(s,0) = /Ew Adop — /EQSKQI ANG*, Yo e CX(E),
there exists countably many points P; and N; in E such that

Zp(Pijj) < 00,
JEN
5 = QWZ(SPJ. — 5Nj7 (15)

JEN

and these points may be chosen in such a way that ZJEN p(P;, N;) is arbitrarily close
to the operator norm of (27)'s, as an element of Lipy(FE)*.

Finally, if p > 2 or if the coframe is continuous then s = 0.

In the statement of Theorem A, p(-,-) is a suitable pseudo-distance on E (see
Chapter 4).

Distributions of the form given by (1.5) have been well-studied, as they are rele-
vant to a number of other problems, such as Ginzburg-Landau equations, liftings of
manifold-valued Sobolev mappings, or harmonic maps: the reader is referred to e.g.
[11, 13, 15, 17, 19, 98, 145, 160] and the references therein.

In the higher-dimensional case, Cartan’s second equations include a quadratic

non-linearity in the connection form:

dd =w N0,
dw+wAw=Rm(0A0).

Here 0 is an SO(N)-valued one-form, w is so(N)-valued, and Rm is the curvature
endomorphism associated to the metric g.

Cartan’s equations are shown to hold in the sense of distributions for W2 coframes
(Proposition 4.17). The GauB-Codazzi-Ricci equations being consequences of Car-
tan’s equations (see Chapter 3), this also proves their validity for adapted W12

coframes.



1.2.2 Towards the rigidity-flexibility dichotomy

Recall that if u : M — R? is a regular enough isometric embedding, then its compo-
nents must satisfy the Darboux equation, which is another form of the Gaufl equa-
tion. Let us assume that in local coordinates (z',z?), u is given as a graph, i.e.

u = (z', 2%, f(z', 2?)). Then f verifies
det V2f = K(1 + |V f]*)%

We interpret this equation as the analogue of conservation of energy for isometric
immersions. It is seen to hold for W22 immersions by a direct approximation argument
(see e.g. [95]). In search of the ‘rigid-flexible’ dichotomy for isometric immersions,
we investigate the Gaufl equation in spaces of lower regularity. Note that in larger
regularity classes than W22, the pointwise Hessian determinant det V2f may fail
to be integrable; however we may still give meaning to the distributional Hessian
determinant Det V2. This notion of determinant was introduced by Ball [2] in the
context of elasticity. Using the coframe method and Theorem A, in Chapter 5 we

prove:

THEOREM B. Let (M, g) be a smooth Riemannian surface, K its Gaufl curvature,
and E C M an open domain. Let u : E — R3 be a locally isometric embedding,
locally parametrised by a function f € W*P(D) N WD), in such a way that
ud = f(u',u?), and D is the domain of f. Then the following hold: if p,q and «
satisfy

+ , 1<p<2, 4 < q< oo, Oz>1, (R)

q P 2

then the Gaufl equation holds in the sense of distributions, i.e.

Det V2f = (K o (u',u®) 1) (1 + |V f]*)*.

Moreover, in this case, the Gauf$ equation also holds almost everywhere, i.e. for a.e.
reD,
det V2 f(z) = (K o (u',u®) ™) () (1 + |V f(2)[*),

A similar motivation led the authors of [43] to study a “weak” form of the Gauf§
equation for surfaces. Specifically, when the embedding is C* for a > 2/3, the Gauf}
map of an embedded surface in R? satisfies an integral characterisation of the Gaufl
equation.

Recall that for a regular enough isometric immersion, the Gaufl equation is elliptic

when K > 0. It is natural to ask whether this is still the case in the class of regularity



of Theorem B. In particular, natural questions to consider are whether K > 0 implies
the convexity of the surface, and whether this implies additional regularity for the
isometric immersion considered.

Extending a classical theorem of Hadamard, several works [43, 95, 173] have in-
vestigated whether positive curvature implied convexity and regularity under various
regularity hypotheses; however the regularity class considered in Theorem B is not
covered by any of these theorems. Using Pogorelov’s theory of bounded extrinsic

curvature [144], we show:

THEOREM C. With the same notations and hypotheses as in Theorem B, if in
addition infg K > 0, then f is smooth and the Gaufl equation holds classically in D.

Along with similar results [43, 95, 144, 173], Theorem C suggests to think of the
regularity class given by condition (R), where the Gaufl equation holds, as “rigid”,

compared to the “flexible” regime of the Nash—Kuiper constructions.

1.2.3 Convergence of isometric immersions

A map v : M — RV is said to a be a weak immersion if it is a bi-Lipschitz home-
omorphism onto its image, and additionally v € W2?(M,RY). It is isometric if
(du, du) = g almost everywhere. Such immersions are said to converge weakly if they
converge in the weak topology of W2? and the weak* topology of W1,

One of the corollaries of Nash’s theorems [134, 135] is that the isometry constraint
is not weakly* continuous in W1, even if all the sequence of isometric immersions
are smooth. Seeking classes of isometric immersions for which the isometry constraint
is weakly continuous therefore requires some higher-order control. Our next theorem,
which is Theorem 7.4 in Chapter 7, addresses this question: if the generalised mean

curvatures are uniformly controlled, the isometry constraint is weakly continuous:

THEOREM D. Let (M,g) be a closed Riemannian manifold, and consider a se-

quence of weak isometric immersions . : M — RY such that

sup || (M) < oo, (16)
keN
where A = tr(g~'II) is the vector-valued mean curvature. Finally, let u be the weak*

limit of the u. (up to a non-relabelled subsequence). Then w is an isometric immer-

S10M.
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The boundedness hypothesis (1.6) of Theorem D naturally arises in a number of
geometric context, e.g. conformal immersions or the Weyl problem. In Chapter 7, we
use Theorem D to construct convex solutions to the Weyl problem with non-negative
curvature. Our approach contrasts with previous works on the subject [81] in that our
a priori estimate relies only on the Gaufl-Bonnet theorem rather than higher-order
estimates on the Gaufl curvature (see Theorem 7.10).

We now turn to the curvatures. Under uniform W?” bounds, the isometry con-
straint is always weakly continuous; in Chapter 7 we investigate the curvature con-

straints and prove the following:

THEOREM E. Let M be a closed, smooth manifold, and let g5 — g be a sequence
of smooth Riemannian metrics on M converging together with all its first and second
derivatives. Let u. be a sequence of immersions such that {(du.,du.) = g%, and assume
that

sup HIIEHLP < o0, p> 27
e>0

where II° is the second fundamental form of u.. Finally, assume that there exists a
W2P immersion such that up to a subsequence u. — u weakly in WP (M, RY).

Then u satisfies {(du,du) = g and on an arbitrary parallelisable subset of M,
any orthonormal coframe on (M, g) may be extended into an orthonormal Darboux
coframe satisfying the GaufS—Codazzi—Ricci equations (1.4a), (1.4b), (1.4c).

We show additionally that the Gauf} equation ‘w Aw™ = 7* Rm is weakly contin-
uous along sequences of isometric immersions weakly converging in W22 (see Theorem

7.2).

1.2.4 Connections with [.? bounds

Weak continuity theorems such as Theorem E are consequences of a general fact about
the curvature of an abstract connection on a principal bundle. More precisely, the
curvatures of a sequence of connections with uniform L? bounds converge in the sense

of distributions, provided we assume a very weak bound on the curvatures:

THEOREM F. Let (M,g) be a closed smooth Riemannian manifold, P — M be a

principal G-bundle, and V € A(P) a smooth reference connection.

11



Let V¢ =V + A° be a sequence of connections on P, €)° the associated curvature

forms, and assume that

sup [[A%||us < 00, p>2,
e>0

sup || Q:[[(M) < 0.
e>0

Finally let Vo = V + A be an LP connection such that A* — A in LP up to a
non-relabelled subsequence. Then Q. = Q4 in the sense of distributions, i.e. for all
¢ € T(M,Ad(P) ® N*T*M),

ing [ 4°,60) + 514 A 4%,0) = [ (400 + (AN AL )

e—0 M

The notation ||Q°||(M) refers to the total mass of ¢, viewed as a measure. The-
orem F is a div-curl-type result, and in some sense can be considered to extend the
classical div-curl theorems [130, 131, 153, 163].

We note that Theorem F may be applied to a broad range of problems, provided
one is able to recover a uniform L” bound on connections. One example of such
problems is the Yang-Mills equations, a variational theory of mathematical physics.
For a connection V4 on a principal bundle P — M, the Yang—Mills energy functional
is given by

Va = YM(A) = HQAH%P(M)'

Critical points of this functional are called Yang—Mills connections and satisfy the
Yang-Mills equation
D%y = 0.

The analysis of Yang—Mills equations is a rich field with far-reaching implications
(e.g. [61, 70]).

As an application of Theorem F we obtain a compactness result for Yang—Mills
connections with bounded L? norm. Though related, this result is quite different to
Uhlenbeck’s gauge-fixing and compactness theorems [168]. In particular, our esti-

mates are gauge-free.
1.2.5 Weak compactness of approximate solutions to the
Gaufi—Codazzi—Ricci equations

We now turn to the existence question, using the weak compactness method. As
mentioned earlier, we seek an isometric immersion as a weak limit of a sequences of

solutions of the Gaufi—-Codazzi—Ricci equations. For a sequence of exact solutions,

12



Theorem E lets us extract a further solution of the Gaui-Codazzi-Ricci system from
a sequence of connections with a uniform L” bound. However, in many applications
(even for surfaces), this situation is unrealistic. A more natural setting is to consider
approximate solutions, and only assume bounds on the second fundamental form.
The isometry constraint remains continuous along sequences with L? bounded second
fundamental form, as Theorem D shows; on the other hand, it is no longer possible

to apply the weak continuity theorem (Theorem E).

wi il
Wk = II >
—W Wi

defined on the bundle TM & N M, a sequence of approximate solutions of the Gauf3—

We call the connections

Codazzi-Ricci equations if there exist two-forms 7, such that
dwy, + Wi A Wy =Nk N 0,

where the RHS is assumed to converge in a suitably weak sense (see Chapter 8 for
our exact hypothesis).

Our next theorem shows that it is possible to control the tangential connection
form w, and normal connection form w;j- in terms of the second fundamental form

(see Section 8.1 for our precise set of assumptions).

THEOREM G. Let (M,g) be a closed Riemannian manifold, V. — M a vector
bundle over M, p > n = dim(M). We assume that there exists a sequence of tensors
I, uniformly bounded in LP and a sequence of connection forms wi on V' forming a
sequence of approximate solutions to the Gaufi—Codazzi—Ricci equations. Then there
exists a WP isometric immersion u : (M, g) — RY, unique up to rigid motions of

RY, such that its second fundamental form is II.

Using weak compactness methods to tackle the existence question was first pro-
posed in [35]. The subsequent paper [36] proved a local version of the above theorem,
under additional boundedness hypotheses. Theorem G generalises the main results
of [33, 36] using new arguments. The methods used in Chapter 8, where Theorem G
is proved, may also be generalised in a variety of other related contexts.

We comment briefly on the set of techniques employed to prove this theorem. An
approximate solution of the Gaufi—Codazzi—Ricci equation corresponds to a choice
of coframe on the product bundle TM & NM which just fails to be flat. Such a
coframe generates a connection on the bundle of coframes. A celebrated theorem

due to Uhlenbeck [168] shows that a sequence of connections with uniformly bounded
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curvature in a suitable P norm is gauge-pre-compact. Theorem G essentially states
that a similar fact holds while respecting the additional Darboux (or adaptedness)
structure.

Several generalisations of Theorems E, F, and G can be obtained in the case where
(M, g) is not necessarily a closed Riemannian manifold. For the sake of brevity these

questions are not included in the thesis.

1.3 Structure of the thesis

The remainder of this thesis is organised in seven chapters.

Chapters 2 and 3 are prolegomenous in nature. Chapter 2 is a survey of some of the
main results in the field of isometric immersions, starting with Nash’s theorems, which
may be considered “fundamental” theorems in the field. The remainder of the chapter
surveys known results on several specific problems of isometric immersions. Chapter
3 then derives the basic equations which are studied throughout the remainder of the
thesis. The presentation focuses on Cartan’s moving frames method.

In the next two chapters, we focus our attention on two-dimensional manifolds.
Chapter 4 investigates the validity of Cartan’s equations for coframes of Sobolev reg-
ularity, and proves Theorem A. First, Section 4.1 treats the case where the coframe is
assumed to be continuous. Section 4.2 then investigates the case where the continuity
hypothesis is removed. Section 4.3 treats the higher-dimensional case when p > 2.

Then, Chapter 5 applies the results of Chapter 4 to isometric immersions of sur-
faces in R3, with the aim of proving Theorem B. We first obtain a version of the
Gaufl equation for surfaces in Section 5.2. In the case where the surface has positive
curvature, we obtain a regularity result in Section 5.3, which is Theorem C.

Chapter 6 presents Theorem F. The key point of the argument is a div-curl esti-
mate, which is obtained in a very general context in Section 6.1. The proof of Theorem
F occupies Section 6.2, which is then applied to two problems: first, the Yang—Mills
equations in Section 6.3, and second, immersions of Riemannian manifolds, in the
next chapter.

Chapter 7 focuses on the convergence of isometric immersions of Riemannian
manifolds in the weak topology of W2? spaces. Theorem E, on the weak continutiy
of curvatures, is proved in Section 7.1, and Theorem D, on the weak™® continuity of
the isometry constraint, is proved in Section 7.2. We close this chapter by reviewing
a parallel between isometric immersions and transonic flow first observed by Chen,

Slemrod and Wang [35], which was also a motivation for the results of this chapter.
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The final chapter, Chapter 8, focuses on obtaining a weak convergence theorem
for the curvatures of isometric immersions, under the sole hypothesis of L? control on
the second fundamental form. The main result, Theorem G, is proved in Section 8.4.

The thesis includes two appendices for reference purposes. Appendix A collects
some facts about Sobolev spaces and embeddings theorems on Riemannian manifolds,
used throughout the thesis. Finally, Appendix B fixes basic notions and notations of
the theory of principal bundles.

Chapters 4 and 6 are self-contained. Chapter 5 only uses a particular case of the
main result of Chapter 4. Chapters 7 and 8 rely on the div-curl lemmas proved in
Chapter 6.
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Chapter 2

An Invitation to Isometric
Immersions

Die Beziehung zwischen “Idee” und “Wirklichkeit” is
hier also die denkbar vollkommenste. !

Even though, seemingly, the first paper to explicitly consider local isometric im-
mersions of a Riemannian manifold in Euclidean space is due to Schléfli [156], the
‘isometric embedding question’ certainly has its roots in B. Riemann’s work. In his
1854 habilitation thesis [150], he proposed the abstract notion of Riemannian mani-
fold; a later work of his from 1861 (see [149]) studies precisely the question of when
a Riemannian metric is locally Euclidean (see Section 2.5), though he stops short of
asking whether Riemannian manifolds may be “Euclidean in higher dimensions”, that
is, isometrically immersed in some larger Euclidean space RY.

This chapter surveys selected aspects of the question from the point of view of
partial differential equations. We do not have the ambition to present an exhaus-
tive account of the many developments of the last century and a half on the subject.
The reader is referred to [53, 79, 80, 84, 146, 161] for detailed expositions of a num-
ber of topics in the theory of isometric embeddings. Instead, this chapter embraces
subjectivity and follows particular threads that are motivations for the work of the

subsequent chapters. Quoting Gromov’s words [79],

The terrain of isometric embeddings and the fields surrounding this terrain
are vast and craggy with valleys separated by ridges of unreachable moun-
tains; people cultivating their personal gardens in these “valleys” [are] only

vaguely aware of what happens away from their domains.

"Hermann Weyl, [176]
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This chapter is organised as follows. In Section 2.1, we review the basic definitions
as well as Nash’s theorems, which are the main results on existence of isometric immer-
sions and embeddings in the large. The next sections review long-studied problems
pertaining to isometric embeddings: the local problem is reviewed in Section 2.2; some
specific results about global isometric immersions and embeddings, chiefly of surfaces
in R? are surveyed in Section 2.3. The notion of uniqueness, or rigidity, for isometric
embeddings is discussed in Section 2.4. The special case of equidimensional isometric
immersions is reviewed in Section 2.5. As a conclusion, some further generalisations

of the theorems of this chapter are mentioned in Section 2.6.

2.1 Nash’s theorems

This section reviews Nash’s isometric embeddings theorems, which address the ex-
istence problem in the large. We start with Whitney’s results on immersions and
embeddings, Theorem 2.1, addressing the topological obstructions to the existence of
isometric immersions. A precise definition of the concept of isometric immersion and
embedding is given in §2.1.2. Paragraphs §2.1.3, §2.1.4 and §2.1.5 present the main

theorems.

2.1.1 Whitney’s theorems

Let M be a smooth manifold. A map u € C*(M,RY) is called an immersion if du is
injective at every point of M; if moreover the map wu itself is injective, then u is said
to be an embedding.

Given a smooth manifold M, the set of immersions, respectively embeddings, of M
into RY is non-empty in general provided that N is large enough (clearly N > dim (M)
is a necessary condition). This is the content of Whitney’s theorems (see e.g. [161]

and the references therein).

THEOREM 2.1 (Whitney). Let M be a smooth manifold, and let n = dim(M).
Then there exists a smooth immersion of M into R*~', and a smooth embedding of
M into R*.

In this level of generality, the result is sharp, as the example of the projective plane
PR" shows. Specific classes of submanifolds may admit immersions and embedding
in lower-dimensional Euclidean spaces than the one prescribed by Whitney’s theorem:
e.g. the sphere S™ can be embedded in R™"*!.
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Morrey [123] later proved that if M is an analytic n-manifold, there exists an
analytic embedding of M into R?".

2.1.2 Definition of isometric immersions and embeddings

Let M be a smooth manifold. A Riemannian metric on M is a covariant, symmetric,

positive definite 2-tensor, given in local coordinates by

The tensor g defines an inner product on the fibers of the tangent bundle 7'M, and,
by composition with musical isomorphisms, it defines an inner product for all (p, q)-
tensors on M.

A locally isometric immersion is an immersion u € C*(M, RY) such that u*e = g,
where e is the Euclidean metric on RY. In local coordinates, this condition, referred

to as the isometry condition, takes the form

Ou Ou\ _
0 0xi ) I

To be precise, let p € M, and let X,Y € T),M be two tangent vectors at the point p.

The isometry condition is equivalent to
Gp(X,Y) = (u. X, u.Y) = (du(X), du(Y)). (2.1)

Alternatively, finding an isometric immersion v € C*(M,RY) is equivalent to finding

N scalar-valued functions u?, 1 < ¢ < N, such that
g=(du")®+ -+ (du™)?

We recall that when given two metrics spaces (X, d) and (Y, d’), a continuous map
u: X — Y is an isometry if u*d’ = d, in the sense that for any two points 1, x5 € X,

we have
d(zy, 1) = d'(u(z1), u(xs)).

In particular, u is Lipschitz. A Riemannian metric induces a metric structure on the
manifold M. If u is a C! isometric immersion, then it is locally distance-preserving.

In the sequel we shall need to deal with maps « that are not C' in general. A
map u € WH (M, RY) induces a bilinear form u*e € L*(M,TM ® TM) defined
as above by equation (2.1). Note that u : (M,g) — (M, u*e) is not necessarily a

distance-preserving isometry (see [77, 78]).
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Remark 2.1. A locally isometric immersion need not be a global isometry. For
instance, a flat cylinder is locally isometric to the plane; however they are clearly
not globally i1sometric, as the flat cylinder possesses closed geodesics, whereas the
plane does not. In this thesis, we are exclusively concerned with locally isometric

1MMErSIons.

2.1.3 Nash’s C! theorem

Parallel to Whitney’s theorem, the isometric embedding problem asks whether every
Riemannian manifold can be seen as a submanifold of some Euclidean space with the
metric inherited from the Euclidean structure.

There are known obstructions to the construction of smooth isometric embeddings:
we refer the reader to the survey presented in [161, V.13] or [84, Part III]. Nash’s first
theorem [134] states that if there exists an immersion in RY for N € N, then there
exists a C'! isometric immersion in R too. From this point of view, there are no

other obstruction for the existence of C!' immersion than the topological one.

THEOREM 2.2. Let (M,g) be a smooth Riemannian n-manifold. Then there
exists an isometric immersion u € C'(M,R*"), and an isometric embedding in
CI(M, R2n+1)‘

The isometric immersion of Theorem 2.2 is obtained as a perturbation of Whitney’s
immersion by adding “corrugations”, that is, smooth oscillatory perturbations which
eventually converge to a C'' map.

Theorem 2.2 has been much generalised. Kuiper [112] lowered the minimal codi-
mension required for Nash’s original construction. Gromov [77] introduced the frame-
work of convex integration as a more general approach for the corrugation construc-
tion mentioned above. Convex integration has many applications in partial differential
equations and beyond (see [53, 77, 162] and the references therein).

A question laid out in [77, §2.4.12] is whether convex integration produces solutions
of better regularity than C', for instance, additional Hélder continuity. This was
partially addressed, first by Borisov [8, 9], Kéllen [104], and more recently by Conti,
De Lellis and Székelyhidi [43]—for further results and improvements, see [49, 50]. The

following theorem is a condensed statement of the main results of [43, 112, 134].

THEOREM 2.3 (Nash-Kuiper). Let (M, g) be a compact smooth Riemannian man-
ifold, dim(M) = n < N € N, and let v € C*(M,RY) be an immersion such that
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v*e < g in the sense of bilinear forms. Then v can be uniformly (in C°) approximated

by CH(M,RN) isometric immersions, for

1 1
ST 2+ 1)Jn)  1+nam+ 12

o

If v is an embedding, the previous statement also holds for CY® isometric embeddings

approrimating v.

Here J(n) is the Janet dimension (see Section 2.2). Theorem 2.3 implies Theorem
2.2 by combining it with Whitney’s theorem (Theorem 2.1). Determining the optimal
« for which Theorem 2.3 holds is still an open problem. We note that for surfaces,
one may take advantage of the existence of conformal patches to have o < 1/5 (see
[50])-

Codimension and regularity may be traded one for the other. Killen [104] showed
that if one is willing to consider higher codimension, then better Holder continuity
may be expected. The gain in regularity in [43, 104] is obtained by introducing a

smoothing operator in the convex integration process of Nash, Kuiper and Gromov.

Remark 2.2. Smoothness of the metric tensor g is not required for any of the theorem
of this section. Theorem 2.2 holds for C° metrics. If g € CP for 0 < 3 <2, 8¢ N,

then the map u obtained in Theorem 2.3 is at most of class CYP/2,

2.1.4 Nash’s (*° and (% theorems

The regularity of the immersion given by Theorem 2.3 cannot be improved to C? or
above. Nash [135] proved another existence theorem for isometric immersions with

smooth regularity.

THEOREM 2.4. Let (M, g) be a smooth Riemannian manifold. Then there exists
an N € N and a smooth isometric embedding v € C(M,RN).

Nash later gave a statement for the analytic category in [136] (see [80] for the

non-compact case):

THEOREM 2.5. Let (M, g) be an analytic Riemannian manifold. Then there exists
an N € N and an analytic isometric embedding u € C*(M,RN).

In Theorem 2.4, the embedding obtained is smooth, contrary to Theorem 2.3,
but we may have to enlarge considerably the dimension of the target space. Sharper

dimensional conditions than Nash’s original calculations were subsequently obtained
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in [77, 80, 82, 102]. Up to further increasing the dimension N, one may even require
that the group of isometries of M coincides with that of RY [119] but this result does
not provide lower bound on N in terms of n.

The minimal dimension for which it is always possible to embed smoothly and
isometrically a (compact) Riemannian manifold is still an open question. The state

of the art [82] for compact manifolds without boundary is

1
Noin = @ + max {2n,n + 5} . (2.2)

The reader is also referred to the exposition in [84, Chapter 1]. Naturally, there are
classes of Riemannian manifolds for which this bound is not optimal, such as convex
2-spheres, which can always be smoothly isometrically embedded in R? (see Theorem
2.9), whereas for n = 2, (2.2) gives Ny, = 10. One might hope to improve this
dimension if some mild topological requirements are imposed on the manifold M.
In [79], it is conjectured that N =1+ n(n + 1)/2 for parallelisable manifolds. Some
known results in prescribed target spaces are reviewed in Section 2.3.

Nash’s theorem 2.4 is also valid for Hélder continuous metrics g € O for 8 > 2
(see [102]): any C” metric may be realised as a C* isometric embedding in some
Euclidean space. Thus C? appears as a threshold between the C! theorems of the

previous sections and the “smooth” theorems of this section.

2.1.5 Homotopy and approximations

Theorems 2.2 and 2.4 may appear somewhat unrelated to each other. Gromov [77, 80]
gave a very general framework which unifies both theorems into the h-principle—
which for concision shall not be discussed in these pages. Gromov’s reformulation
of Nash’s theorems may be summarised in the following theorem (from [80]). For
simplicity, we restrict ourselves to the case of compact manifolds M.

For a Riemannian metric g, an immersion v : M — R is said to be short if

u*e < g in the sense of bilinear forms.

THEOREM 2.6. Let (M, g) be a closed smooth Riemannian manifold, n = dim (M),

and u : M — RN a strictly short immersion.

1. if N > n+ 1, u may be uniformly approzimated by C* isometric immersions.
Furthermore any two isometric immersions that are homotopic through short

immersions may be deformed into one another by C' isometric immersions.
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2. if N = J(n)+n+5, u may be uniformly approzimated by C™ isometric immer-
stons. Furthermore any two isometric immersions that are homotopic through
short immersions may be deformed into one another by C* isometric immer-

550MS.
3. The same statements hold if « immersions » is replaced by « embedding ».

The C! part of the theorem gives solutions to a severely overdetermined system:;
while the C*° is an underdetermined system, as there are n(n — 1)/2 independent

components of the metric tensor.

2.2 The local problem (Schlifli’s problem)

The results of the previous section are global. A related question is the existence of
local isometric embeddings. More precisely, given a point p € (M, ¢) in a Riemannian
manifold, is there a neighborhood £ C M of p and an isometric embedding u : £ —
RN?

Counting the parameters of the metric tensor g;;, which is a symmetric two-tensor
of dimension n, suggests that one should take N = ("'QH) = %n(n +1). This is called
the Janet dimension J(n), and it is an open problem (known as the Schléfli problem)
whether every smooth Riemannian metric admits a smooth local isometric embedding
into R/™.

In the analytic category, a celebrated theorem due to Elie Cartan [29] states that

this is exactly possible.

THEOREM 2.7 (Cartan). Let (M, g) be an analytic Riemannian manifold. Then
for all points p € M, there exists a neighborhood E > p and a local analytic isometric
embedding u € C¥(E, R’™).

Remark 2.3. The dimension J(n) is optimal in general; see [80, §1.2.10]. We also
note that R7™ may be replaced by any analytic Riemannian manifold of dimension
J(n) in the statement of Theorem 2.7.

For a PDE-based proof using the Cauchy-Kowalevski theorem, the reader is re-
ferred to [80, 84]. Cartan’s original proof [29] relied on exterior differential systems.
A modern exposition of the proof is in [3] (see also [72]).

Cartan’s method may be summarised as showing that the constraint equations of
isometric embeddings (see Chapter 3) are involutive. In order to do so, the isometry

constraint alone is not sufficient and one needs to consider a suitable prolongation
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of the system. From the point of view of exterior differential systems, the Gaufl
equation then appears naturally when trying to complete the isometry constraint
into an involutive system. Although this work only deals with the C¥ regularity
class, we regard this as strong motivation to investigate the analytical structure of

the Gaul—-Codazzi—Ricci equations.

2.2.1 The smooth case

Cartan’s theorem is not known for the C'*° category, even in the case n = 2. To the
best of the author’s knowledge, at this level of generality the optimal result is due to
Gromov and Rohlin [80]:

THEOREM 2.8 (Gromov, Rohlin). Let (M, g) be an smooth Riemannian manifold.
Then for all points p € M, there exists a neighborhood E > p and a local smooth
isometric embedding v € C®(E, R/M+m),

Schlafli’s question has been studied for specific values of n. For n = 2, the Janet
dimension is J(2) = 3. Schlifli’s problem then reduces to the study of a single,

mixed-type scalar equation of Monge—-Ampere type
det VZu = Klg|(1 — |Vul?). (2.3)

Equation (2.3) is known as the Darboux equation. When K > 0 or K < 0, the
problem is elliptic, respectively hyperbolic, and the result can be obtained by implicit
function theorem. The question is in general still open when K changes sign. Further
results are known under specific hypotheses on K: see [84] for a detailed exposition of
works due to Q. Han, J.-X. Hong and C. S. Lin and others, and [85, 105] for further
recent work when the curvature is allowed to change sign. A common strategy of these
results is to construct a local solution for equation (2.3) via a perturbation argument,
using the Nash—Moser implicit function theorem.

When n = 3, the Janet dimension is J(3) = 6. Schlafli’s question has been studied
in [133] under a non-degeneracy hypothesis on the curvature. Related existence results
are given in [21, 74], again using the Nash-Moser technique, and in [177]. Another
approach is given in [30], where the isometry constraint is recast as a non-linear
hyperbolic system, and then solved by means of the Nash—Moser theorem.

For higher dimensions, very little seems to be known besides the aforementioned
result of Gromov and Rohlin. We note that the cases of M3 — RS and M* — R!?
have been studied specifically in [21, 74]. An obstacle for treating higher-dimensional

cases from the point of view of exterior differential systems is to understand the
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characteristic variety of the system (see [3, 21| for the relevant definitions). It was
conjectured in [21] that the characteristic variety is not generically smooth if n > 5;

this question has been investigated in [86].

2.3 Global problems

When looking at specific families of Riemannian manifolds, one may seek smooth
isometric immersions or embeddings in “better” spaces (i.e. Euclidean spaces with
fewer dimension) than those prescribed by Nash’s theorems (see Section 2.1). One
possible way to attack this global problem in prescribed spaces is to construct iso-
metric immersions by solving the compatibility equations for such specific families of
Riemannian manifolds. Natural classes of metrics to look to in order to apply such
a method are the classes where one may prove some uniqueness result. From this
viewpoint, convex surfaces are a natural candidate, as the Gaufi-Codazzi equations
are elliptic when curvature is positive. We delay the discussion of uniqueness and

rigidity theorems until the next section.

2.3.1 The Weyl problem

Let S? be the smooth 2-sphere. We consider a smooth Riemannian metric g on S?,
the Gaufi curvature of which is strictly positive K > 0. If (S?,g) is isometrically
embedded in R?, a celebrated theorem of Hadamard shows that it is a convex smooth
surface in R?, i.e. it bounds a convex body of R®. Weyl [176] asked the reciprocal
question: when does there exist a convex isometric embedding u : (S%, g) — (R3,¢e)?

A complete solution was given by Nirenberg [137], and independently by Pogorelov
[143]. Subsequent generalisations have been concerned with the case where the cur-
vature is allowed to vanish locally [81, 94, 97, 113]. [97, 132] also gave examples of
metrics with non-negative curvature that admit no global smooth isometric embed-

dings.

Remark 2.4. A necessary condition for the convexity of the target u(S?) C R3 is
that the metric g be non-negatively curved. Without the assumption of non-negative
curvature, [15] constructed a metric on S? that has no smooth isometric embeddings
in R3. In [80, Appendiz 8], it is showed that any Riemannian manifold diffeomorphic

to S? is representable in R.
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Nirenberg [137] used the continuity method to solve a non-linear elliptic PDE,
equivalent to the Gaufl equation: letting p = %(u, u), u is a convex isometric embed-
ding of (S?, ¢) in R? (containing the origin of R?) if and only if p is a convex function
solving

det(Vp — g) = K|gl(2p — [Vp*). (24)

This equation is related to (2.3). When u is convex and K > 0, equation (2.4) is a
Monge—-Ampere-type equation of elliptic type. The reader is referred to [84, Chapter
9] for a detailed study of this equation, and a proof of Theorem 2.9 below.

A metric g on S? is said to be realisable if there exists an isometric embedding

u: S? — R3. Nirenberg’s theorem states:

THEOREM 2.9. Let (S%, g) be a smooth Riemannian manifold with K > 0. Then
g is smoothly realisable in R3, i.e. there exists a smooth isometric embedding u of

(S%,9) in R3.

The proof makes use of the conformal structure of surfaces, and the continuity
method to tackle equation (2.4). Let o be the standard round metric on S? (inherited
from R? by the standard embedding of S? into R3). By the uniformisation theorem
there exists a smooth ¢ € C°°(S?) such that g = e?*%0. Let us define ¢° = ¢**%0 for
0 < e < 1. Observe that

Ke=e (1 —ecN, ¢) = 562(1_E)¢Kg + (1 —¢e)e™®? > 0.

Here K¢ is the Gauf8 curvature of ¢°, K, that of g, and A, is the Laplace-Beltrami
operator with respect to the metric o.

Clearly, when € = 0, the metric ¢° = ¢ is realisable in R3. After the work of Weyl
[176], Nirenberg [137] gave a complete argument showing that the set of ¢ for which
g° is realisable is both open and closed.

There has been related work on the question of isometrically embedding a “polar
cap”, i.e. a disk with positive Gaufl curvature and positive geodesic curvature on its
boundary. The reader is referred to [84, Chapter 11].

Another class of surfaces for which one might expect to construct isometric im-
mersions, in view of some uniqueness property, is the class of Alexandrov—Nirenberg

surfaces (see §2.4.1)—for recent progress on this question, see [83].
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2.3.2 Surfaces with negative curvature

As mentionned earlier, there are obstructions to the existence of a global isometric
embedding of a surface in R3. There are non-existence results due to Hilbert [91],
and subsequently generalised by Efimov [62, 118], showing that there are no smooth
isometric embedding of complete surfaces with constant negative curvature in R?.

A natural question is whether a decay condition on the curvature is a sufficient
condition to construct isometric immersions or embeddings of negatively curved com-
plete surfaces. This question was raised by Yau [178], and positive results were sub-
sequently obtained, assuming a decay rate on the curvature at infinity, in [92, 93] (see
also [41]). An argument for optimal decay rate has been proposed in [26].

In [25, 27, 35], the constraint equations are treated as a system of conservation
laws; using compensated compactness together with the method of invariant regions,
the authors construct C'! isometric immersions for certain classes of metrics with

negative curvature.

2.4 Rigidity problems

Nash’s isometric embedding theorems (see §2.1) may be read as non-uniqueness state-
ments: any short immersion may be uniformly approximated by arbitrarily close iso-
metric immersions, C* in codimension 1, and even smooth provided the codimension
is high enough. A natural question is to study uniqueness in the class of isometric
immersions in a given target space.

This leads naturally to considering the extrinsic geometry of the immersion in
addition to the internal geometry, which is entirely determined by the metric tensor.
Reconciling the extrinsic and intrinsic geometries of the manifold leads to the Gaufi-
Codazzi-Ricci equations (see Chapter 3).

Two isometric embeddings whose second fundamental form and normal connection
agree are identical up to rigid motions. This fact is commonly referred to as rigidity.
From this point of view, the Nash-Kuiper isometric immersions, for which one cannot
define an extrinsic geometry (a second fundamental form), cannot be expected to
satisfy any such rigidity property.

The Gauf} equation expresses the Riemann curvature tensor as a quadratic form of
the second fundamental form. In [3] it is proved that for a generic, analytic isometric
embedding with low enough codimension, the second fundamental form is entirely

determined by the Riemann curvature tensor and its derivatives.
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2.4.1 Uniqueness and rigidity of convex surfaces

In some cases, the intrinsic geometry of (M, g) may constrain the extrinsic geometry
in such a way that any two solutions of the compatibility equations have to agree,
and therefore, the class of (smooth enough) isometric immersions of (M, g) into a
prescribed target space is rigid. Two classes of Riemannian manifolds for which this
happens are convex surfaces, and equi-dimensional isometric immersions (which are
discussed in Section 2.5).

Recall that by virtue of Hadamard’s theorem, if u : (S?, g) — (R?,¢) is a smooth
isometric embedding and K > 0, then u(S?) is a convex surface, i.e. it is a the
boundary of a convex subset of R®. The converse is also true: if u : (S?,g) — (R?,¢)
is a convex isometric embedding and K > 0, then u(S?) is smooth.

The following statement is classical, and is due (in various forms) to Cohn-Vossen,

Herglotz, Alexandrov, Pogorelov and Sabitov (see [84, 144] and the references therein).

THEOREM 2.10. Let (S?,g) be a smooth Riemannian metric on S* with K > 0,
and u,v : S — R3 be convex C' isometric embeddings of (S%,g) into (R3,e). Then

w and v are smooth and differ by a rigid motion of R3.

A larger class of rigid surfaces is the class of Alexandrov—Nirenberg surfaces, which
one may think of as “torus-like”. A closed surface in R? is said to be Alexandrov—

Nirenberg if it satisfies

(A) letting K be its Gaufl curvature, there holds

/ KdV, = 4.
{zeM|K (z)>0}

(B) whenever K(z) =0, dK(z) # 0.
(C) each component of K~*(]—o0,0[) contains at most one closed asymptotic curve.

Note that condition (C) is extrinsic, whereas conditions (A) and (B) are intrinsic. An
example of a Alexandrov—Nirenberg surface is the standard embedding of the (non-
flat) torus T? into R®. Note also that convex surfaces are Alexandrov—Nirenberg, as
hypotheses (B) and (C) are empty, and (A) is simply the content of the Gaufi-Bonnet
theorem, and therefore always holds on surfaces with positive Gaufl curvature.

Nirenberg [138] proved the following theorem.

THEOREM 2.11. Alexandrov—Nirenberg surfaces are rigid, in the sense that any

two such smooth isometric immersions differ by a rigid motion of R3.
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It is conjectured in [138] that conditions (B) and (C) are superfluous for this
theorem to hold.

Note that C? isometric immersions of a domain with positive curvature are nec-
essarily locally convex. By contrast, recall that by the Nash—Kuiper theorem, there
exists many C! isometric immersions of such domains which are not convex. A natural
question is whether there exists a threshold between the “rigid” isometric immersions

of the sphere, which are convex, and the “flexible” ones, which cannot be.

2.4.2 A digression into fluid dynamics

A similar dichotomy occurs in the mathematics of fluid dynamics. A mathematical

description of an ideal, inviscid, incompressible fluid is given by the Euler equations

Oyu + div,(u ®u) + Vp =0,
divu = 0.

Here u = u(t,r) € R3 is the velocity field of a fluid at time ¢ > 0 and position
r € E CR? and p = p(t, ) is the pressure field. First written by Euler [63], their
analysis is a subject of active and extensive research. In particular, Onsager [140]
was studying hydrodynamics and turbulence, and conjectured a threshold in Holder
regularity between “conservative” solutions and “dissipative” solutions of the Euler
equations. Thanks to [22, 42, 52, 99], the conjecture is now a theorem.

A vector field u = u(t, x) is said to be a weak solutions of Euler’s incompressible
flow equations if for all solennoidal ¢(t,x) € C*([0,T] x E,R?), there holds

/OT /E ((u,000) +u @ u : Vo) dudt = /E<u(0, z), $(0, z))dz.

A solution u is said to be conservative if it conserves energy, that is,

d
EHU(”HL%E) =0.

Note that a solution need not be classically differentiable in time, so that this state-

ment is interpreted as

/ lu(t, z)|*dx :/ lu(0, z)|*dz WVt > 0. (2.5)
E E
A solution which fails to satisfy (2.5) is termed non-conservative.

THEOREM 2.12 (Onsager’s conjecture). 1. If u € C;C% is a weak solution for

a > 1/3, then u is conservative.
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2. There ezists non-conservative solutions u € CCS for all o < 1/3.

The first part of the theorem is due to [42] and may be interpreted as a rigidity
statement. The first results towards the second part of the theorem are due to Scheffer
[155] and Schnirelman [158, 159]. Following De Lellis and Székelyhidi’s successful
treatment of the Euler equations as a differential inclusion [52], the “flexible” part of

Theorem 2.12 was proved in [22, 99] (the statements differ between these two works).

2.4.3 Dichotomy for isometric embeddings

Motivated in part by the (recent) successful resolution of the Onsager conjecture,
much work has been dedicated to investigating the rigidity—flexibility dichotomy for
isometric embeddings. For surfaces in R?, a loose “meta”-conjecture is that there is
a critical threshold a, = 1/2 such that any isometric embedding u € Ch*(M? R?)
with a > a, is “rigid”; whereas for each o < a, there exist “flexible” Nash—Kuiper-like
isometric embeddings in Ch*(M? R3).

A precise meaning may be given to this statement for some classes of surfaces.
Let g be a smooth metric on the sphere S* with K, > 0. It is conjectured [49, 53]
that any isometric embedding v € C*(S? R?) with a > a, is convex (and hence
satisfies the Cohn-Vossen rigidity—see §2.4.1); whereas for each a < «, there exists
“flexible” Nash-Kuiper-like isometric embeddings in C1*(S? R?) that are not convex.
Borisov [7] proposed an argument for rigidity when a > 2/3 (see also [144, 170]); [43]
contains another argument for the same result. In a related work [95], the authors
build on unpublished work of Sverék [173] to show that W?? isometric immersions of
positively curved spheres are convex.

If D ¢ R? is a domain with a smooth metric g with vanishing curvature
K, =0, one may similarly conjecture that for o > «,, any isometric embedding
u € CY*(D,R?) is developable, whereas for each o < «, there exists “flexible” Nash—
Kuiper-like isometric embeddings in C**(S? R3) that are not developable. For recent
progress on this question, the reader is referred to [51] where the rigidity statement
is studied for o > 2/3, thus paralleling the aforementioned case of positively curved
spheres. Other works [103, 126, 141] have investigated isometric immersions of W22

regularity with vanishing curvature. It is proved that such immersions are in fact
C1/2 and developable.

Remark 2.5. The Holder regularity of the methods put forth in [43] to establish

flexibility or rigidity worsens with dimension: flexibility (Theorem 2.3) in known for
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1/ao > 1+ 2(n+1)J(n), and the calculations used in [43] for the rigidity part yield
heuristically 1/a < 1+ 2J(n).

2.5 Equidimensional isometric immersions

Let (M, g) be a Riemannian manifold, and assume that on a neighborhood V- C M
of a point p € M, the Riemann curvature tensor vanishes. Let n = dim(M). When
is V locally isometric to an open subset of R"?

This question was raised by Riemann in his habilitation thesis [150]. We view V/
as a subset of R™ equipped with the metric ¢ = g;;dz’ ® da? in the coordinates of
R™; the question then becomes whether there exists a map u : V' — R" such that
(Oju, Oju) = g;;. In the smooth category, Frobenius’ theorem yields the well-known
integrability condition Rm, = 0 for this system, where Rm, is the Riemann tensor
of g (see e.g. [161]). In other words, a metric with vanishing Riemann curvature
tensor is locally Euclidean. A result of Mardare [117] allows to extend this result to
the case where g € W for p > n, and the equation Rm, = 0 holds in the sense of
distributions.

As in Section 2.4, we may also ask about rigidity and flexibility. The basic rigid-
ity result is originally due to Liouville. Now, many versions and generalisations of
Liouville’s theorem are known in a variety of contexts (see e.g. [101]). We state one

relating specifically to the isometric immersion question.
THEOREM 2.13. Let u: (M,g) — R™ be a WH(M,R"™) map satisfying

(du,du) = g,
detdu > 0 a.e.

Then u is smooth and unique up to rigid motions of R".

The main part of the proof consists in showing that the map w is harmonic.
Regularity theory them implies smoothness. This theorem is an aggregate of many

results. For the convenience of the reader, a proof is provided.

Proof. The problem is local, so that we work without loss of generality in a neighbor-
hood E C M which is a coordinate patch. Thus we view £ C R" as equipped with
the metric g = g;;da’ @ da?. By a well-known result of Vodopaynov and Goldstein
[69, 169, 172], since detdu > 0, u € C'(E,R"™) and it satisfies the Lusin condition.
Writing u = (u!,...,u"), we claim that u* is weakly harmonic for all 1 < k < n;

then by regularity for harmonic maps, it follows that u is smooth. To show the claim,
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let us work in local coordinates on £ C M, and let ¢ € C°(E) be an arbitrary

compactly supported test function. The claim that u* is harmonic is equivalent to

/ (du¥, de¢)dV, = 0.
E

Here the scalar product (-,-) is the scalar product on T*M induced by g. Since

u*e = g, we apply the change of variable formula (see [69]) to calculate

[E (du, d6) AV, = / ¢ () By (2)0;6(x) v Tg|@)da

E

_ / €10, (w0 uY*; (¢ o u ) (z)dx

= O(pout)(z)dx

u(E)
=0.

k

Thus the functions u” are weakly harmonic. It is known that continuous harmonic

maps are smooth (see e.g. [90]). Q.E.D.

The sense-preserving condition det du > 0 plays for this particular problem the
same role as the convexity condition for the Weyl problem: it implies a topologi-
cal property (u being a homeomorphism) that makes the problem elliptic. However,
“anomalous” isometric immersions may be constructed in W*°: by a result of Gro-
mov [77, 78], there exists equidimensional isometric immersions in W that are not
homeomorphisms. For further results, the reader is referred to [107], which shows in
particular that equidimensional isometric immersions are residual, and hence dense,

among short immersions.

2.6 Generalisations

Let us conclude this survey chapter by remarking that many aspects of the discus-
sion of this chapter may be generalised to immersions and embeddings into more
general targets—instead of R. Nash’s theorems 2.2 and 2.4 may be generalised to
immersions and embeddings into arbitrary manifolds, as does the local isometric em-
bedding theorems of Section 2.2; the Weyl problem, discussed in Section 2.3, admits

an extension to manifolds of constant sectional curvature.
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The first theorem generalises Theorem 2.6; the reader is referred to [77, 80]. An
immersion u : (M, g) — (M , h) between smooth Riemannian manifolds is said to be

short if u*h < g in the sense of bilinear forms.

THEOREM 2.14. Let (M, h) be a smooth Riemannian manifold with dimension
N = dim(M), and let (M,g) be a compact Riemannian manifold with dimension

n = dim(M).

1. if N > n + 1, any short immersion may be uniformly approximated by C*

1sometric 1mmersions.

2. if N > J(n) +3n+5, any short immersion may be uniformly approximated by

C™ isometric immersions.
3. the previous two statements remain valid if “embedding” replaces “immersions”.

A generalisation of the Weyl problem to more general target manifolds was ob-

tained by Pogorelov and Alexandrov [144].

THEOREM 2.15. Let (M, h) be a 3-manifold of constant sectional curvature k € R,
and let (S%,g) be a Riemannian manifold with Gauf curvature K > k. Then there
exists an isometric embedding u : (S?,g) — (]\A/[/, h).

Further generalisations that are not considered here are the cases where (]Tj ,h)
is no longer assumed to be a Riemannian manifold, but rather a semi-Riemannian
manifold. In other words, h may be degenerate. Despite considerable interest and
relevance of this case in the study of general relativity, many basic questions remain
open in the semi-Riemannian case.

For further questions about isometric immersions or embeddings of Riemannian
manifolds, or related objects, the reader is referred to e.g. [77, 79, 80, 84, 90, 178].
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Chapter 3

The Basic Equations

...It is clear that [Cartan] had then all the essential
ideas of the method of moving frames, one of his
favorite subjects in later years, which has not been
fully exploited even now.

The main objective of this chapter is to write and justify the Gau—Codazzi—Ricci
equations (3.11). It also provides a concise introduction to Cartan’s moving frames
method and Darboux frames. Though the formalism of bundles was not available
then, there is no doubt that the general equations written in §3.2.3 were already
known of Elie Cartan [28]. A standard reference is [161]. Our presentation is taylored
towards the isometric immersion problem and the later treatment of this thesis, but
the Cartan moving frame method has been successfully used in numerous problems
of geometry (e.g. [20, 38, 39, 76]) and in applications (see e.g. non-linear elasticity
[179]).

The GauBi-Codazzi—Ricci system constitutes the main link between the primary
intrinsic invariant of the manifold, the Riemann curvature, and the extrinsic invariant,
the second fundamental form.

The general notions of frame bundle, connection form and curvature form in the
context of Riemannian manifolds are introduced in Section 3.1. Next, we aim to
write and prove the Gau—Codazzi-Ricci equations: in §3.2.1, the basic definition
of normal bundle are recalled, and the notion of adapted (or Darboux) coframe is
introduced in §3.2.2. Finally, the Gaul—Codazzi-Ricci equations in this framework
are stated in §3.2.3. Alternate but equivalent formulations to the Gaufi—Codazzi—

Ricci could be considered (see e.g. [33, 161, 165]). For reference purposes, Section

!Shiing-Shen Chern, Claude Chevalley, Elie Cartan and his mathematical work, Bull. Am. Soc.
1952
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3.3 contains these equations as well as equivalent statements for the specific case of
immersions M? < R3, which is the focus of Chapters 4 and 5. Finally, in Section
3.4, the compatibility equations are stated when the ambient space R" is replaced

by an arbitrary Riemannian manifold (M, h).

3.1 The coframe bundle % (T*M)

Let M be a smooth manifold, and V' — M a vector bundle of rank N € N. The
frame bundle .Z#V is the bundle defined as

FV = {(z,0",...,0") |z € M, 0" € (V),span(8',....0") = (V),}. (3.1)

Here, (V) is the fiber at point z, it is a vector space of dimension N, and definition
(3.1) states that the list 6',... 0" forms a basis of (V'), at x. This is a principal
GL(N)-bundle, where N is the rank of the bundle V. In a local trivialisation of V/,
GL(N) acts by multiplication: there is an isomorphism

GL(N) — (ZV),

Remark 3.1. Throughout this chapter (and this thesis), the strong Einstein conven-
tion is in use: a pair of identical lower and upper indices is summed over. When need

be, we shall explicitly write the interval over which indices range.

In the sequel, the reference to the base point x shall usually be implicit. In index-
free notation, an element A € GL(N) acts over a frame 6 by composition A#.

The coframe bundle of a manifold is the frame bundle of its co-tangent bundle
F(T*M). From definition (3.1), a family of 1-forms *,..., 0" € Q'(F) is a coframe
on B if the list #',...,0" is a basis of T*E at every point of £ C M. Note that a
globally defined coframe need not exist in general, unless the underlying manifold is

parallelisable.

Remark 3.2. The procedure described above constructs a principal GL-bundle from
a vector bundle. In the language of categories, we may regard # as a functor from

vector bundles to principal bundles.

Recall that a connection in a principal G-bundle may be represented locally by
a g-valued one-form, where g is the Lie algebra of the Lie group G (see Appendix

B). Thereby, geometric structures on coframes translate into algebraic properties of
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the connection form. Riemannian metrics are the main geometric structure under
consideration, and we investigate metric torsion-free connections.

When M is a Riemannian manifold, the fibers of the tangent bundle T'M are
equipped with a scalar product, denoted by ¢ or (,-,),, which we may extend to
tensors of arbitrary order, it being understood that it is composed with the required
musical isomorphisms when necessary. The coframe #',...,0" is an orthonormal

coframe if it satisfies
(0°,07), = &ij, 1<i,j <n=dimM. (3.2)

In other words, for any pair of tangent vectors X,Y € T, M,
9(X,Y) =) 0L (X)0(Y).
i=1

In coordinate-free notation, we shall write g = Trf ® 6.
Given an orthonormal coframe, there exists a unique skew-symmetric matrix-
valued 1-form w = w? € Q'(E), 1 <4,j < n such that
do" = w; NG, wj = —uwj. (3.3)

)

This form is the connection form. Its curvature form is the unique 2-form Qé € O*(E),
1 <7,7 < n such that

O = dw' + wi A wk, Q= -0l (3.4)

Equations (3.3) and (3.4) are the first and second structure equations. The curvature
form satisfies )
Q) = §R§.kme’f AO™, (3.5)

where R, is the Riemann curvature tensor. Similarly, the connection form may be
related to the Christoffel symbols by

i _ i pk
wi =T7%.0%.

Remark 3.3. In this thesis, we always work with oriented Riemannian manifolds, and
unless stated otherwise, the term ‘frame bundle’ shall always refer to the orthonormal

frame bundle, whose structure group is (a subgroup of) SO(N).

In index-free notations, we let # (T*M) — M be the coframe bundle of M. This
is the SO(n)-principal bundle given by the set of (local) orthonormal coframes on
M. Let E C M be a parallelisable domain; a coframe 6 is a section of #(T*M).
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The coframe 6 defines a connection form w as a section of the adjoint bundle
Ad(FT*M)®@T*M. In a local trivialisation, this bundle is so(n) ® T*M and w
is an so(n)-valued one-form, i.e. 'w = —w. Similarly, w defines a curvature form
Q2 as a section of Ad(FT*M) @ T*M AT*M, which, in a local trivialisation, is a
s0(n)-valued two-form.

Finally, recall that the Riemann curvature tensor R;k may be viewed as an

m
endomorphism on 2-forms, which we denote by Rm. We may restate equations (3.2),

(3.3), (3.4) and (3.5) in the following compact form:

Tré®0 =g,
dd =wANb, (3.6)
Q=dw+wAw=Rm(fdA0),

henceforth referred to as the Cartan system. In local coordinates, we have
Rm(0 A 0) = 5R%,.0% A 0™ Note that the anti-symmetry relations of equations (3.3)
and (3.4) translate into the properties of the Lie algebra so(n) (which we recall is the
set of anti-symmetric matrices).

In a local trivialisation over E C M of .Z(T*M), we may view 6 as a SO(n)-
valued one form, i.e. 6 € I'(E,SO(n) @ T*M), whence w € I'(E, s0(n) @ T*M) and
Q € T(E,s0(n) ® A°T*M). In the rest of the document, we consider the index-free
and component notations as equivalent and use either description whenever most

convenient.

3.2 Geometry of immersed manifolds

Our goal is now to write the Gaufl—Codazzi-Ricci equations for an immersed Rieman-
nian manifold in RY.

From now on and for the rest of this chapter we let M be an abstract closed
Riemannian manifold, and we assume that there exists a C! map u : M — R" which
is an immersion. We denote by u, : TM — TR lu(vry the tangent map of u, and
u* - T*RN| vy = T*M the cotangent map.

Remark 3.4. In this whole document, we write M exclusively for the abstract man-
ifold, and uw(M) C RN for the submanifold of RN given by a choice of immersion
of M in RN, it being understood that there may be several immersions which send
M to the same submanifold of RY. Therefore the notation TRN|U(M) refers to the
restriction of the bundle TR over u(M) C RN.
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3.2.1 The normal bundle NM

Recall that u being an immersion implies that it is a local topological embedding. In
particular, for a small enough neighborhood of any given point, u, is bijective onto its
image in TRY. This image is denoted by (TR"|,u))" and we have an isomorphism
of bundles TM =~ (TR"|,a))". The orthogonal complement of (TRM|,n)" in
TR |y (u) 18 denoted by (TR |yr)) ™

We define the normal bundle N M to be the quotient bundle

NM =TR" |, /TM. (3.7)

Let 7 : TRY — NM be the quotient map. As before, we have NM ~ (TRM)*.
There is a distinguished identification given by the scalar product induced on M by
RY.

Remark 3.5. The construction of the normal bundle presented here applies to general
C immersions between two differentiable manifolds M and M. Note that the normal
bundle is well-defined even without a notion of scalar product of either the base or the
target manifold (whereas (TM\H(M))L is not).

The co-normal bundle is defined as N*M = T*R" |, /T*M. Finally, we recall
that a Riemannian metric g on M induces a distinguished isomorphism between 7'M
and T*M given by X — ¢(X,-) for any X € T'M.

In the sequel we shall be concerned with differential forms in RY that are (co-
)tangent, respectively (co-)normal, to u(M). Let z € M; the one-form 6 € (T*RY) )
is normal if for any X € (T'M),, there holds 0(u.X) = 0, or equivalently u*0 = 0,
which we shall write 6|7y, = 0 by abuse of notation when it holds for all x.

A similar characterisation is possible for tangent forms. Let v : NM — TRY be
the map given by the identification of the quotient (3.7) with (TR™|,))*. A one-
form 6 € TR™|,(n) is tangent to M if v*0 = 0, which we shall refer to as 6]y = 0.

3.2.2 Adapted coframes and the Darboux bundle Z*(u(M))

A coframe 6',....0N € T*RY is adapted to an immersion u(M") C RY if it is
orthonormal in RY and moreover 6',... 0" are (co-)tangent to u(M). This implies

that 0", ... 6V are (co-)normal. Adapted coframes being orthonormal coframes on
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RY, which is flat, we find that § = (6',...,6") € T(M, Z(T*R"Y)) must satisfy

Tr(0 ®0) = e,
uwo* =0, n+1<k<N,
Tr(u*0 @ u*0) = g, (3.8a)
dd =wAN0,
Q=dw+wAw=0. (3.8b)

We recall that the notation Tr(f ® 0) = e expresses the fact that the coframe is

orthonormal in RY, i.e. whenever X,Y € T, u(@)M, we have

Letting Z,W € T, M be tangent vectors to M, equation (3.8a) states that u*f is
orthonormal on M, i.e.

N

9(ZW) =Y " (w0),(2)(u6'), Zem (. Z)0% 0 (W),

i=1
Adapted coframes are also referred to as Darboux coframes (see e.g. [3, 76]).

Working in a local trivialisation of the frame bundle, we may write
0=(0"...,0m0" .. 0N)=(0";0") € SO(n) ®SO(N —n).
The condition of being adapted (or Darboux) is equivalent to
0" |nar =0, 0+ |72 = 0.

The Darboux bundle 2*(u(M)) is the bundle of coframes on R" adapted to a par-
ticular immersion v : M — RY. Similarly one may define the bundle of Darboux
frames 2(u(M)) C F(TRY).

From the bundle-theoretic point of view, u : M — R induces a tangent map

: TM — TRY, and a frame map .#u, which we shall refer to—in a slight abuse of
notation due to the functorial nature of the construction—simply as u, : F(T'M) —
Z(TRYN). The restriction operator “|75,” considered above is the associated bundle
map

F(T*RY) S F(T* M),

If 0 € .Z(T*RY) is adapted, 6 := u*6 is an orthonormal coframe on M. In co-

ordinates, for 1 < i < n, 6" := u*#' is an orthonormal coframe on M, and for
n+1<k <N, we have u*6* = 0.
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Let @ be the connection form associated to 6; by uniqueness, w = u* (wT), where

in a local trivialisation we write

Wt
w= < 11 wi) € s0(N), (3.9)

—W

so that

AT =wT AT + WA G
Ao+ = — T A0 + wt A6,

3.2.3 The Gaul3—Codazzi—Ricci equations

From the adaptedness condition 8+ |7y = 0, we derive df* |7y = 0 = =T A 0T |7y
Cartan’s lemma implies that there exists a symmetric two-tensor on M, which we
denote IT € Hom(TM x TM,NM) ~ T*M @ T*M ® NM and call the second
fundamental form, such that

Wwt=T1I-0".

In index notations, (wII)é = II;ka = IIZij, where 1 < j,k<nbutn+1<i<N
Writing out equation (3.8b) using the notations (3.9), we find the system of equa-

tions given by
dwo” +wl AwT =W AWt =0,
dw™ + WA WT +wt AWt =0,
dwt + wt Awt — W AT =0,

Finally, recalling the adaptedness condition, we find that

Qli=dw' +w AW’
=7Q)
= 7"Rm(u*0 A u*0),

where 7* : T*M — T*RY is the pullback of the restriction map 7 : u(M) C RY — M.
This is the Gaufl equation, which relates the “intrinsic” curvature given by the Rie-
mann curvature tensor, and the “extrinsic” curvature given by the second fundamental
form.

We re-write the whole system of equations for reference. Let u : M — R” be an

immersion, and § = (0",604) € 2*(u(M)). Spelling out these conditions in equations,
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we have

(Tr(d ® 6) = e,
Tr(u*d @ u*0) = g,
w0t =0, (3.10)
0:=ud" € F(T*M),

(df =w N0

The first four equations are the adaptedness conditions. The final equation is sim-
ply the first structure equation for the coframe 6, and defines the connection form
w. These conditions imply that the following equations (the GauB-Codazzi-Ricci

equations) are satisfied (recall the convention (3.9)):

LM A W = 7* Rm,
doT + Wt AwT +wt AWt =0, (3.11)

dwt + wt Awt =T AT

The first equation, which is also the main constraint of the whole theory, is the Gaufl
equation. The second equation is the Codazzi equation, and the final one is the Ricci
equation, which in spirit is similar to the Gaufl equation in that it relates the “normal
curvature” dw' + wt A wt to the second fundamental form.

Summarising, we have shown that any Darboux coframe (i.e. verifying (3.10))
satisfies the GauB-Codazzi-Ricci equations (3.11). The converse is also true by virtue
of the realisation theorem: if (w', W™, w') satisfy the system (3.11), then there exists
an immersion realising M as a submanifold of RY. This theorem is known as the
fundamental theorem of surface theory for the case M? < R3. For a proof in the
general case, see e.g. [161, 165]. This fact shall be discussed in further detail in
Chapter 8.

3.3 Surfaces in R?

For reference, we spell out explicitely the GauB—Codazzi—Ricci equations in the special
case of embedded surfaces in three-dimensional Euclidean space M? — R3. In this
case, the normal bundle is a line bundle, and if the manifold is oriented, it is a trivial
line bundle. Thus there is no normal connection, and we view the second fundamental
form as a scalar-valued symmetric 2-tensor II = (IL;;), i, j = 1, 2.

Let u : M? — R? be an isometric immersion, and on a parallelisable subset of M,

let 0,62 be a tangent orthonormal coframe on M. When n = 2, Cartan’s structure
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equations reduce to

do* = wy A 62,
do* = W? NG,
dwy = KO0' N 02,

where K is the GauBl curvature. Note that the terms that are quadratic in the
connection form cancel in the two-dimensional case. Finally, let 2 be the covector
dual to (a choice of) GauBl map v : M — R3. Tt is clear that u*6®> = 0, so that
0',6%,6° is an adapted coframe. We let as usual df* = w? A 67 for 1 < 4,7 < 3, with
the anti-symmetry condition w! = —w;.

The Ricci equation is trivial; the GauB—Codazzi system (3.11) now comprises a

single Gauf} equation (3.12) and two Codazzi equations, taking the form

wi Awy = KO0 A 62, (3.12)
dw? = W? A w3,
dws = wi Nw?.
The second fundamental form may be recovered from the connection form w and the

coframe 6 as
II=w’®0" + w62

We recall that this system is equivalent to the following equations

det IT = K det g,

where II is the second fundamental form and V is the Levi—Civita connection.

3.4 The equations for an arbitrary ambient Rie-
mannian manifold

The method of moving frames developed in this Chapter may be easily adapted to
the case where the target manifold R is replaced by more general manifolds (see
also the conclusion of Chapter 2). Such manifolds may have non-vanishing curvature,
which translates into additional terms in the second structure equation. The Gauf3—
Codazzi-Ricci equations thus have an extra term which is simply the curvature form

of the ambient manifold.
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Let us consider the case of a Riemannian manifold (M, g) < (M, h) isometrically
immersed in another Riemannian manifold (M ,h). As before, we denote by Rm the
Riemann curvature tensor of g, and Rm that of h. Similarly, the curvature form of
an orthonormal coframe on (M, g) will be denoted by €2, and that of an orthonormal
coframe on (]TI/, h) by Q.

An orthonormal coframe 6 on (M , h) is said to be adapted if 4*6 is an orthonormal
coframe on (M, g). Writing out the curvature equations for such coframes, we find
that by definition Q = dw 4+ w A w = fi?n(@ A 8) for the connection form on M, i.c.
such that df = w A #. Writing out as before the curvature equation on M for the
induced frame u*6 on (M, g), we find the analogues of system (3.11) for a general

curved manifold:

7 Rm(u*0 A ur) = '™ A w™ + Q| rarsrar,
de—l—wH/\wT —|-(,LJL /\wH = §|TM><NM7 (313)

de' + wL A wL = (,UH VAN th + Q|NM><NM,

For clarity, let us write equations (3.13) with indices. Let ',... 6" be an orthonor-

mal coframe on M such that o, ...,0"

Equations (3.13) then reads

is an orthonormal coframe tangent to M.

i __ i kOt
Q) = wp Awi + Q5

k k j k i _ Ok
dwi +wj ANw] +wj ANw] = QF,

dwﬁl—i—wlk/\wﬁn:wf/\wfn—ir@fﬁl.

We recall that the strong Einstein convention is used, so that a pair of identical lower
and upper indices is summed. Indices have the following ranges: 1 < 1,7 < n for the

“tangent indices”, and n 4+ 1 < k,m,[l < N for the “normal indices”.
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Chapter 4

Cartan’s Equations in Low Sobolev
Regularity

We investigate the validity of Cartan’s equations for coframes in Sobolev spaces W2,

First, we consider the case of surfaces. Let (M, g) be a smooth Riemannian surface
(i.e. dim(M) = 2) and E C M an orientable domain. We denote by K the Gau8
curvature of g. Recall that if 8%, 0% is a smooth orthonormal coframe on a domain £,

there exists a unique connection form w € Q!(E) such that

46" = w A 62,
d6® = —w A 6, (4.1)
dw = K6 N\ 62,

System (4.1) is nothing more than the Cartan equations (3.6) for two-dimensional
coframes (see Section 3.3). Recall that in this case, the group SO(2) is abelian, so
that the non-linear terms in the curvature form (3.4) vanish. Moreover, in dimension
2, the Riemann curvature tensor has only one non-trivial component, which is given
by the (scalar-valued) Gaufl curvature K.

When 6,602 are W' coframes with p > 1, there exists an L? connection form w
satisfying df' = w A 6% and df? = —w A 0. We say that the second Cartan equation

holds in the sense of distributions whenever
/w/\d¢:/¢K91/\92 Vo € C°(E). (4.2)
E E

We note that (4.2) makes sense for connections forms w € L? for all p > 1. The aim
of this chapter is to prove (4.2) for coframes 0',0*> €¢ W' 0 C(E,T*E) with p > 1,
and to consider the validity of (4.2) for less regular coframes.

Specifically, we are interested in describing defects in the Cartan equation. Con-

sidering as before §', #% an orthonormal coframe, and w its connection form, we define
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the defect distribution s of the coframe as

((5,¢>>:/Ew/\dgb—/E¢K01/\«92, Vo € C=(E), (4.3)

for £ a bounded regular domain. It is clear that s € (Lipy(E))*, where Lip,(E) be
the closure of C2°(F) in Lip(£). When s = 0, the Cartan equation holds in the sense
of distributions. When 0!, 62 is a continuous Sobolev coframe, we prove that s = 0;
on the other hand, equation (4.2) may fail to hold if the continuity assumption is
dropped.

We shall show that s belongs to a specific class of distributions, the importance
of which has been recognised in other contexts, such as the study of harmonic maps,
Ginzburg-Landau equations, liftings of Sobolev mappings: see [11, 13, 15, 17, 19, 98,
145, 160].

We equip £ with the pseudo-distance p(z,y) = min(d(z,y), d(z,0F) + d(y, OF))
where d(-,-) is the Riemannian distance between two points of F, and OF is the

boundary of E. Let us introduce the set of distributions

Z(E) = {¢ € (Ling(E))" |
3(P))jess (Nj)jes € E,>  p(Py,N;) < 00,0 =Y op, — 5NJ}7 (4.4)
jed jed

where the index set J is countable. A distribution ( € £ need not be a measure;
rather, it is in the dual of Lipschitz functions on F, ¢ € (Lipy(£))*. In fact, a
distribution of the form (4.4) is a measure if and only if it has finitely many summands
that are Dirac deltas (see [145, 160]). Let us also note that even if ¢ may be written
as a finite sum of Dirac deltas, the representation of ¢ by a sequence of points (P}, IV;)

need not be unique (cf. [11, 98]).
For Sobolev coframes, our main result may be summarised by saying that Cartan’s

second structure equation holds up to an element of 27w.Z.

THEOREM 4.1. Let (M,g) be a Riemann surface, E C M a bounded reqular

domain, K its Gaufl curvature, and let p > 1.

(a) Let 0',6? € WYP(E, T*E) be an orthonormal coframe. If the coframe is contin-
uous or p = 2, then s = 0 (the Cartan equation (4.2) holds without defect).

(b) For 0',6> € W'"P(E, T*E) an orthonormal coframe, the defect distribution s
satisfies (2m)~'s € Z(E). Moreover, we may choose points P;, N; € E such
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that for any € > 0,

127) 8| wipy (- — D P(Py, Nj)| <e.

jeJ

5 = 271'261:3 _5Nj-

jeJ

Part (b) parallels similar results for the Jacobian determinant, using the theory
of minimal connections. The reader is referred see in particular to [11, 15, 17, 19]. In
fact, when E is a Euclidean domain, viewing ' as an R2-valued mapping, we find
that s = Det V01

This chapter is organised as follows. The first assertion of Theorem 4.1 about
continuous coframes is established in Section 4.1. The argument relies on the existence
of certain liftings of S'-valued maps. The proof of part (b) of Theorem 4.1 is the object
of Section 4.2. Finally, in Section 4.3 we examine the case of higher-dimensional W!»
coframes with p > 2. Proposition 4.17 shows that Cartan’s equations hold in the
sense of distributions. As a corollary, the compatibility equations hold for a Darboux

coframe adapted to an isometric W2 immersion.

4.1 Continuous coframes

We first consider the case where the coframe is continuous, and in this case, we
establish part (a) of Theorem 4.1. The case where p = 2 is dealt with in Lemma 4.3
and 4.4 in Section 4.2.

Lemma 4.2. Let (M,g) be a smooth Riemannian surface, E C M a domain, K
the Gauf$ curvature of g. For every orthonormal coframe 00> € WY (E T*E) for
p = 1, there exists a unique connection 1-form w € LP(E, T*FE) such that

dot = 62
WA, (4.5)
do? = —w N6
If in addition 6*,0* € C(E,T*E), we have
/ wAdp = / PKO' A 0 for all p € C(E). (4.6)
E E

Proof. Step 1: orthogonality of 8 and 6% implies uniqueness of w: if w and w’ both
satisfy equations (4.5) then (w — W) A0 =0 = (W —w) A#? and so w = W’ almost

everywhere.
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Step 2: we construct the form w for a coframe 6',6* € W'?(E, T*E).

It suffices to construct the form w on a parallelisable subset of E. Indeed, let E’
and E” be two parallelisable subsets of F such that E'NE"” # &, and assume that we
have constructed w’ and w” solving (4.5) on E’, respectively E”. Then by uniqueness
(step 1) '|pngr = W'\ gnEr, so that w' and w” extend to a well-defined 1-form w on
E'"UE".

Equation (4.5) is a linear system; in local coordinates, (4.5) is equivalent to the

I-form w = wydr! + wodz? satisfying

Wi = VL 0N, + 02(02), — 01(68), — 02(62).).
wy = VI (=03(03), — 63(62). + 03(61), + 63(62),).

where 0° = 0idx + 0idy for i = 1,2, and V = det g = 6103 — 0367 > 0. Thus we readily
check that w € LP(E,T*E).

Step 3: let us now assume additionally that the coframe is continuous. By orthogo-
nality and continuity, 6 = %0 or §> = — %6 on all of E (this can also be shown using
the Sobolev regularity hypothesis, see Lemma 4.3 below). Without loss of generality,
we consider the first case. Let us also assume F to be a parallelisable domain. Let
nt,n? = xnt € QY(E) be a smooth orthonormal coframe on E. We prove that there
is « € WHP(E) such that w = @ + da, where @ is the connection form of ', n?.

Let us now use the notation 65 = (0%,77),. We can view 6% ~ (0},605) as an
R?-valued mapping, and since |f|, = 1 and 7/ is orthonormal, 6% is an S'-valued
mapping. Continuity of #* implies the existence of a continuous lifting o* € C(E)
such that 0% = exp(ia®), where we identify R? ~ C, and use complex notation.

We fix any subset £/ C E such that 6%(E’) excludes at least one point of S*.
Choosing an appropriate branch of the logarithm, there holds o = —ilog§*. By the

chain rule, the following holds in the sense of distributions:
Vak = —0FVoF,

so that —0F V¥ is the weak derivative of o* on E’. Now covering F with two such sets

E’ and choosing an adapted partition of unity »_ ;Xj = 1, we have, for an arbitrary

¢ € CX(E),
/EO‘ ¢_Zj /EO‘ Vo) Zj /E%ka /EW ”

Hence —0%V6* is the weak derivative of o on E. Noting |V#*| = |[Va¥|, we have

IVa¥ || o) = [ VO] Lr().-
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Consider o := o' to be the lifting associated with ' as above. We have

6! = anj = cosan' + sin an?,
6? = «0' = —sinan' + cos an?,
whence we calculate
df* = —sin ada A n' + cos aw A n? + cosada An* —sinal An'
=0NA0+da N6
Similarly,
do® = - A 0" — da A 62,

Thus it is readily seen that the form
w+da e LP(E,T*E)

satisfy equations (4.5). By Step 1, w = @ + da.
Step 4: we now obtain equation (4.6).

We start by reducing to the case where E is parallelisable. Indeed, for a fixed
¢ € CX(F), supp ¢ is compact, and can be covered by finitely many parallelisable
subsets £ = U}_;F;. Assuming that equation (4.5) holds on each of the Ej for
compactly supported ¢; € C°(E;), we consider a partition of unity 1 = Z?Zl X

subordinate to F; and we have,
/ KO' A 6%p = Z/ ox; KO A 6
E j=1 " Ej
:Z/ w A d(dx;) :/w/\dgb.
j=1 " E; E

So we assume henceforth that E is parallelisable.
Let ¢ be a test function. Then one has, by Step 3,

/Ew/\dgb:/Eda/\dgva/EZJ/\dqﬁ

— /E d(adp — ¢) + /E GG,

The first integral vanishes by Stokes’ theorem, which holds as adp — ¢w €
W(l)’p(E, T*F). By the second Cartan structure equation, dw = *K and so fE pdw =
[p*K¢ = [, K6' A 6*¢. This proves equation (4.6). Q.E.D.
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4.2 Cartan’s equations for Sobolev coframes

We now consider arbitrary coframes in W?. Such coframes need not admit W'»
liftings in R, as the proof of Lemma 4.2; however, liftings in larger functional spaces
can be constructed.

In the proof of Lemma 4.2, there are two uses for the continuity of 6!, 62, first
to obtain a lifting of the coframe from SO(2) into R, and second to determine the
orientation of the coframe. The W'® hypothesis is sufficient to obtain a consistent

choice of orientation.

Lemma 4.3. Let 6',0% be an orthonormal W'?(E T*E) coframe for p > 1. Then

#(0' A\ 602) is a constant almost everywhere, and so either 0' = x6* or 62 = x0".

Proof. 0 N 0* € WYP(E, T*E A T*E). Moreover, as the coframe is orthonormal, we
have |0' A 6%| = 1, so that *(6' A %) is integer-valued. By e.g. [10, Appendix B] and
[16], a Sobolev Z-valued function is constant, and so *0 A6? is constant which defines

an orientation on FE. Q.E.D.
From the proof of Lemma 4.2 and Lemma 4.3, the following holds at once:

Lemma 4.4. Let E C (M,g) be parallelisable, K as before, and let 6*,0* = %0
be a WP orthonormal coframe, and p > 1. Finally, let n',n?> = *n* be a smooth

orthonormal coframe on E. If there exists a map o € WYP(E) such that
0! = cosan' + sin an?,

then the Cartan equation holds in the sense of distributions, i.e.

/w/\d¢—/¢K€l/\92 for all p € C°(E).
E E
In particular, if p > 2, the Cartan equation holds for all orthonormal coframes.

The lifting o depends on the choice of trivialisation n', n?. Note that if 1 < p < 2,
for a given W'? coframe (6!, 6?), there need not exist in general such a map a. This

problem has been extensively studied in the literature.

Proof. Let w be the one-form w € LP(E, T*E) satisfying the first structure equations
(4.5). If p > 2, the coframe is actually continuous, and the result is just given by
Lemma 4.2. If p = 2, it is known (by an unpublished result of R. Schoen and K.
Uhlenbeck, see [6]) that smooth S!-valued maps are dense in WH2(E, S!), and so by
[55] there exists WH2(E, R) liftings of the maps in Wh?(E, S!). Q.E.D.
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Let us now give a first argument to explain how defects arise in the Cartan equa-
tions. Recall from the proof of Lemma 4.2 that it suffices to construct the form w on
a parallelisable subset of E. Let n',n? be a smooth orthonormal coframe on F, and
let @ be its connection form. Thus 6|z may be written as a linear combination of 7
and 7% we write

0 =0,
and we note that the matrix formed by the coefficients of § in the frame n' n? is
orthonormal, and its coefficients are WPNL> functions. More generally, two coframes
0 and n differ from one another by an element s € SO(2), § = sn, which is in the
class WH? N 1> as above. Differentiating 6 = sn, we find

df = ds AN+ sdn
=dsAs 'O +s0An
=sds N0+ s 1s N0

and so the connection form is given by w = sds + @ € LP(E,s50(2) @ T*E).
We now turn our attention to the second Cartan equation. The main issue is that
the form sds need not be closed if s € WP for p < 2. Formally, if s is smooth, we

have

dw = d(sds) + dw
=dsNds+ KnAn
=dsNds+ KONG.

If ds A'ds = 0 in the sense of distributions, then the Cartan equation is satisfied
without defect, i.e. § = 0. This holds in particular when s € W2, as Lemma 4.4
shows; however, when p < 2 this term is not integrable and a more involved argument
is required. Note that T = d(sds) € W~1? is well-defined as a distribution. When 6
is continuous, Lemma 4.2 proves that sds = da is an exact form.

The rest of the section is organised as follows. We first give a very general state-
ment in Lemma 4.5, showing that there exists a measure-valued covector m such
that

<<s,¢>>:[Ed¢Am b€ C(E).

The rest of Section 4.2 is dedicated to strenghtening that result by studying the defect
term introduced in Lemma 4.5. §4.2.2 shows that the defect s does belong to the class

Z(F), defined in (4.4). This is the content of Lemma 4.7, which establishes the first
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part of assertion (b) in Theorem 4.1. Then, §4.2.3 and §4.2.4 give a proof of the final
claim of part (b) of Theorem 4.1 in Lemma 4.15. This last claim relies on the theory

of minimal connections, which is presented in detail in §4.2.3.

4.2.1 A first expression for the defect

Lemma 4.5. Let (M,g) and K as above, and let E C M be a parallelisable do-
main. Consider an orthonormal coframe 0*,0* € WY (E, T*E) with w € LP(E, T*E)
the connection form constructed in Lemma 4.2. Then there exists a measure-valued

covector m € M(E,T*E), singular with respect to the volume measure, such that

/w/\d¢:/¢[(91/\02+/d¢/\m Vo € C(E). (4.7)
E E E
Moreover the support of m is H!-rectifiable.

The meaning of the last term of the RHS of (4.7) is the following. m being a

1

measure-valued covector means that in local coordinates z', 2% on E, we can write

m = pda’, where p; is a measure on E. Writing d¢ = 9;¢da?, we have by convention
dp Am = 0;ouidr? A da?th,

where j € Z/27Z. This expression is a measure-valued two-form, which integrates in

/Ed¢Am: > /Eajgbdﬂjﬂ.

j=1,2

the following way:

As a corollary of Lemma 4.5, the Cartan equation is satisfied outside of a null-set.

Before coming to the proof we recall basic notions about measures and functions
of bounded variation.

M(E) is the space of real-valued measures on E; M(E,T*E) is the space of
measure-valued covectors. Namely, let 2!, ..., 2" be local coordinates on £, we have
p € M(E,T*E) if and only if

p=pde', ;€ M(E).

The set M(E, T*E) is independent of the choice of coordinates. For a smooth covector
field ¢ = ¢;dz’ € T'(E,T*E), we define

/Ecb/\uszaﬁidm,
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and this expression is again coordinate invariant. Note carefully our notation conven-
tion: when we write du, we mean integration against the measure p (not any exterior
derivative).

BV(E) is the space of functions f € L'(E) such that

sup {[Efdivgbdvg | ¢ €T(E,TE),|¢|, < 1} < o0.

Note also that the definition of BV (F) is independent of the choice of metric on M.
Standard arguments (see e.g. [66]) imply that if f € BV(E), then there exists a
Df =pe M(E,T*E) such that

/Efdivgdeg:—/Egb/\u.

Recall the decomposition

Df = [Df]* + [Df]™"
= D+ D°f + D'ax
=Df + (f+ — fOVH",

where [D f]*¢ is the absolutely continuous part of the Radon measure D f with respect
to the volume form dV,; D¢f is the Cantor part; D7 f is the jump part, with [D f]*"¢ =
Def+ D f; J is the jump set, v its measure-theoretical normal; H" ! is the Hausdorff
measure; Df := [Df] + D¢f is the diffuse part of Df; fi is the left (resp. right)
approximate limit on either side of J (with respect to v). The statement is well-
known in the case of Euclidean space (see [1, Section 3.9]). The same proof translates

to Riemannian manifolds.

Proof. Since E is parallelisable, let n',n?> = *n' be a local smooth orthonormal
coframe and @ its connection form. Without loss of generality, by Lemma 4.3 we
can assume 02 = x0'. Viewing 6! and 6? as S'-valued mappings as in the proof of
Lemma 4.2, there exists « € BV (F) such that

0! = cosan' + sin an?,

6* = —sinan' + cos an’.

This follows from the main result of [46, Theorem 1].

We claim that w = @ + [da]**. Here the notation [da]*® refers to the 1-form

[da]* = [01a)*dz" + [02a)*dz?.
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Assuming this claim for now, we have

/Ew/\d¢:/E(JJ+[da]aC)/\d¢
={(@+da—m, (>|<algb)jj h)

:/E*qu—[Eadivvlm/Edmm

:/E*K¢~I—/Ed¢/\m,

where we have defined m = da — [da?®.

It remains to prove the claim that w = © + [da]*.

Let a(x) be the approximate limit of « at every point not in the jump set J, (cf.
[66, Section 5.9] or [1, Section 3.6]). By the chain rule in BV (see [1, Theorem 3.96]),
for f € C'(E), we have

D(foa)=f(a)Da+ (f(ar) = fla))vH']s,.

We apply this formula to f = cos and f = sin to calculate the derivatives df*, d6?.
This yields

Dcosa = —sinaDa + (cos oy — cos a_ ) H| ;. v,

Dsina = cosaDa + (sinay — sina_ )H'| ;. v.

Dcosa € LP(E) since § € WH(E, T*E), and similarly for Dsina. Therefore

[D cosals"® = () = [D sin a¥"® and thus

D cos o = — sin a[Dal*,

D sin o = cos a[Dal*;
Moreover the values of v on each side of J, differ by multiples of 27

ay =a_+2knr, kez. (4.8)
Since 0! = cos an! + sinan? and 6? = —sin an' 4 cos an?, we have

do' = (& + d*a) A 62,
do* = (=0 — d*a) A 6,

whence the connection 1-form w satisfying equation (4.5) is
w =& + [Da*.

The measure m only contains the jump part of Do (see [46, Remark 4]), so that
the support of m is H!-rectifiable. Q.E.D.
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Remark 4.1. Lemma 4.5 does not define a unique measure m satisfying the Cartan
equation (4.7). For instance, if m is such a measure and I is a closed curve in E

such that I' N suppm = &, then the measure
/. 1
m=m+H|r

also satisfies equation (4.7).

To the reader familiar with geometric measure theory, s defines a 0-current, arising
as the boundary of the 1-current m. In general, the failure of a map from an n-
dimensional manifold to S* to admit a lifting in W' can be represented by a (n —2)-

current (see e.g. [13]). m is unique up to boundary-less currents t (i.e. such that

ot=92).

As a motivating example, we consider the case where m is supported on a finite
number of smooth curves. Recall that .J, is the jump set associated to the BV lifting

a. Assume that J, is a disjoint union of curves,

where T'; are embeddings of the interval I = [0,1] into E. We can assume that there
exist smooth parametric curves ~; : I — FE such that I'; = v;(I). Let P, = ;(0), and
Qi = 7i(1). Then there exist integers ¢; = ¢;(7;) € Z given by (4.8) such that

/E donm=2m " (6(P) — 6(@Q0) = /E ods.

Here, we denote by s the measure

m

s=21 ) ¢ (dp, —dg,). (4.9)

i=1
If the curves I'; are closed, i.e. 7;(0) = ~;(1), we have in fact s = 0. As noted in
Remark 4.1, adding closed curves I'; such that I'; N J, = @ to J, does not change the
Cartan equation (4.7), so that m cannot be unique. On the other hand, in this case

5 is unique: this is a consequence of the following general uniqueness statement.

Lemma 4.6. If there exists a Radon measure s such that ||s||(E) < oo and
/wAd¢:/¢K91/\92+/ pds Vo € C(E),
E E E
then s is unique.
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We recall that a Radon measure is a regular Borel measure (see [66]).

Proof. The measure s has finite total variation, so that by linearity, the difference of
two such s would have to vanish in the sense of distributions for any ¢ € C°(E). By
the Riesz representation theorem, which applies because s is Radon and C°(F) is

dense in Cy(F), two such s must therefore coincide. Q.E.D.

Therefore if the points P;, (); are in finite number, the measure s given by (4.9) is

of finite variation. If in addition P; # @); for all i, then they are unique.

4.2.2 Analysis of the defect

We now establish the main claim of Theorem 4.1, namely that modulo a constant,
the defect is an element of the class 2°(E), defined in (4.4).

Lemma 4.7. Let (M, g) be a Riemannian surface, E C M a bounded regular domain,
p=>1and 0',6° € WP (E, T*E) an orthonormal coframe, and s defined as in (4.3).
Then there holds (2m)~'s € Z(E). Moreover, if 5 is a Radon measure, then it is

unique.

First, we obtain another expression for w. As before, we work on a parallelisable
subset £ C M; let @ be the connection form associated with the coframe n', 7% = *n!.
Recall the first structure equations for a coframe 6%, 0?. Without loss of generality,

we write 0 := ' and 6? = x6:

df = w A %0 = x(w, §),
d(x0) = —w A0 = — x (w, *0).

It is clear that writing # = 6;n° and noting *n' = n?, we have *0 = —0yn' + 0,112
Thus

df = db; An' + 0;dn’
=do; A"+ 010 An? — 0.0 At
=df; At + @ A *0.

For an arbitrary covector field ¢ such that |(| = 1, we consider the mapping

Re = & (&N ¢+ () (%),
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where ¢ € T*E. The transformation R, rotates the pair (n*,n%) to (¢, *¢). We check
that for o, 8 € I'(T*M), we have

CY/\ﬂ:RgOé/\Rcﬁ.

Indeed, it suffices to verify this on the basis n',n? of T*M, which is clear in view
of the relation Ren* A Ren? = ¢ Ax¢ = 1 = n' An?. We apply this observation to

calculate the terms df; A n'. First, selecting R(.), we have
df, N 771 = R(*g)del A R(*g)nl = R(*g)d91 A (*9)

Similarly for the second term, choosing Ry, there holds df, A n* = Rydfy A x6. Com-
bining the previous expressions together, we have the following expression for the

connection form
df = db; A’ + & A6 = (Redfs + Rsgydby + @) A *0.
Similar calculation for x6 yields
d(x0) = —dfy At +dy A* — @D A O = —(Rgydfy + Rodby + @) A 6.
Thus the connection form is given by

w =&+ Rydby + R(*g)d(gl =: 0+ Ds.

Comparing with Lemmas 4.2, Dy is a closed form when § € W'?(E, T*E), for p > 2.
To show Lemma 4.7, we only need to prove that Ty = dDy € 27Z. Properties of Ty

are familiar (see [11, 17]).

Lemma 4.8. Let (M, g) be a Riemannian surface, E C M a bounded reqular domain,
and 0 € WY2(E, UT*M) for p > 1. Then Ty is a well-defined distribution of order

one satisfying

[ (T, o) | < ClIVO|lLr[@lLip,

Proof. We may assume that E is parallelisable, and write § = 6;n°. Recall that
Rodfy = (dfy,n")0 + (dbs,m2)(x0) by definition, and so taking modulus and noting
that |0] = 1, we have

| Rods||r1 < [[db: ||l < C|IVO||Lt,

and similarly for R.g)df). Hence we find

[ (To, 0| <

/ (Ro)df: + Rodbs) A do| < C||VO||11]|dd||re < C|IVO||ri[¢]Lip-
E

Q.E.D.
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The next lemma follows by a tedious but straightforward application of the chain
rule (see also [11, 17]).

Lemma 4.9. Let (M, g) be a Riemannian surface, E C M a bounded, parallelisable,
reqular domain, n*,n* be a pair of smooth orthonormal coframe, and let = 0;n" and
Kk = k' be two unit-length covectors in WY?(E, UT*M) for p > 1. Then

TH + Tn = TGn
Tg - —Tg.

In the statement of Lemma 4.10, we view # and x as S'-valued mappings, where
the unit cotangent bundle UT*M is trivialised by the coframe (n',7?), i.e. 0 = 0;n" —
(01,05). We use complex notation, embedding S! into C in the standard way. The
notation @ refers to the complex conjugate.

Next, we observe that Ty is continuous with respect to convergence in W1,

Lemma 4.10. Let (M, g) be a Riemannian surface, E C M a bounded, parallelis-
able domain, and let 0% be a sequence of orthonormal coframes such that 0% — 0 in
WYP(E UT*M) for p > 1. Then Tp. = Ty in the sense of distributions.

Proof. By Lemma 4.9, we may assume that § = 1 in complex notation, and hence
Ty = 0. Let ¢ € CX(E). As 0¥ — 1in WL we have ||V6*||,1 — 0, and so by Lemma
4.8 we have

| Ty, o) | < CIVO* [l [@]ip — 0.

The result follows by dominated convergence. Q.E.D.

The class of functions R (FE, S') is defined as the set of W!* functions that are
smooth apart from a finite set of points of the domain E. It is known [6, 11, 12]
that RYP(F,S!) is dense in WH?(E,S) for all 1 < p < oo (for the strong topology of
Wir(E,S1)).

Lemma 4.11. Let E C M be an open parallelisable domain, and assume that 6 €
RY(E,UT*M), 1 < p < 2. Then there exists finitely many points Q; € E and ¢; € Z
such that

Ty = 2w Z cj0Q; -

J
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Proof. Let A := {x1,...,2,} C E be such that § € C*(E\ A, UT*M). We claim
that

Ty = 2w Z deg(0, )0y,

z;€EA
Step 1: let us first deal with the case § € C*(FE,S'). Then it is clear that for
¢ € C(B),

(Too) = [

(Rodbs + Rupydr) N dop = /(w —w)ANdp = —/ pd(w —w) =0,
E E E
as the Cartan equation clearly holds for a smooth coframe (6, x0).
Step 2: we treat the case where the singular set A is reduced to a single point
A = {xo}. Let ¢ € C°(E), and let € > 0 be sufficiently small so that B.(x¢) C E.
Then

(Ty,0) = / (Reo)d0y + Rodbs) A do

E

— / (Riug)d0y + Rodfs) A dp + / (Riusd0y + Rodf) A dob,
B\B. (20)

B (xO)

By Step 1, the first integral vanishes, 6 being smooth on E \ B.(z(). To handle the

second term, we calculate

/ (R(*e)dél + Rgd@g) ANdo = 0] (R(*g)del + R@dez) .
B (o) OBe(x0)

Recalling that § € WYP(E, UT*M), it has constant norm 1, and therefore G :=
(R(0)db1 + Rodbs) € LP(E, T*M).

In order to evaluate the boundary term, we note that it defines a singular dis-
tribution of finite order at most 1, whose singular support is contained in {zo}.
By Schwartz’s theorem on finite order singular distributions, there exists coefficients
co € R indexed by the multi-indices o € N2, |a| < 1, such that

/ ¢ (Rioydbs + Rigydbs) = > co (001, 0)
9B (o) e

Take a test function ¢ such that ¢(zg) = 0, and consider a sequence of functions
o € C°(E \ {x0}) such that d¢p — d¢ and moreover ||doy| L~ < C. It is clear that
{(Ty, dr ) = 0; by application of the dominated convergence theorem, one obtains
{(Ty,0) = 0. Thus if @ # 0, ¢, = 0. Finally, taking a smooth compactly supported

test function ¢ such that ¢ =1 on %Bj and ¢ = 0 outside of Bj;, one easily calculates

/ Qb (R(*g)dgl + R(g)dgz) =27 deg(@, Sl, Ij).
0B;
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Step 3: in the general case, let A = {z1,...,2,,} C E, and let B; C E be small balls
such that B; N A = {z;} and ¢ € C°(E). Then 6 is smooth on E \ (Uy,caB;), so

that we calculate, as in Step 2,

(T, o) = /8 ) (Ru0)dfy + Rodby) .

x;€EA

The argument of Step 2 now applies to each boundary term. This yields the desired
conclusion. In the sequel we simply write deg(6,S!, z;) = deg(f, z;) € Z. Q.E.D.

Remark 4.2. It is not true in general that , deg(0,z;) = 0. By adding finitely

many boundary points {xmy1,...,xx} C OE (potentially non-distincts), we may write
Ty = ZJ 10p, — 0q,, where {Py,..., P, Qq,...,Qs} = {w1,..., 7t}

We are now ready to prove Lemma 4.7.

Proof of Lemma 4.7. Fixing a local trivialisation of UT*M on FE, which is parallelis-
able, we let n',n? = *n! be a smooth orthonormal coframe on T*E. Then we may
write € = 0;n°. Viewing 6 as the mapping (6, 6,), we consider § as an S'-valued map.

Recall that the class RM(E,S) is dense in WH(E, S!). Let us choose a sequence
of functions 0¥ € RYY(E, S') converging to # in the strong topology of Wi,

We now choose ¢ = 2717F for k € N and HaliTHH(Lipo)* < e. By Lemma 4.11 and
Remark 4.2, there exists finitely points P; and N; in E, non necessarily distinct, such
that

Sk+1
T9k+1 - Tgk =27 Z ((Spj - 5Nj)-
Jj=sk+1
By Lemma 4.15, we find
Sk+41 1 Sk+1
Z p(Pj, Nj) = 5— Z (0p; = On;)
Jj=si+1 Jj=si+1

(Lipg)*

— HTngrl — T0k||(Lip0)*
< | Torer = Tyllwipg)y + [1Tox — Tollwipg)»
<C27h,
where we have used Lemma 4.8 in the penultimate line. Therefore, the partial sums

> p(Py, Nj) form a Cauchy sequence, and the sum Y. p(P;, N;) < oo is well-
defined. As a corollary, so is the distribution ) i ) P — ) N
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Applying Lemma 4.10 to the sequence of 6%, it follows that Tys — Tp in D'(E),
and so

T@ =27 Z((;Pj — 5N7)

J

If Ty is a measure, or equivalently | {75, ¢)) | < C||¢||L~, then the summation is
finite by Lemma 4.16. In this case, uniqueness follows from the Riesz representation
theorem: the measure s has finite total variation, so that by linearity, the difference
of two such s would have to vanish in the sense of distributions for any ¢ € C°(E).
By the Riesz representation theorem, which applies because s is Radon and C°(FE)

is dense in Cy(F), two such s must therefore coincide. Q.E.D.

4.2.3 Minimal connections in the sense of Brézis—Coron—Lieb
In this section and the next, we prove the final assertion of Theorem 4.1:

Lemma 4.12. Let ¢ > 0. Then there exists a sequence of points P;, N; such that

12m) sl wipo(zns — Y (P, Nj)| <,
jeJ
5=21) (6p, — On,)-
jeJ

This statement follows from the more general framework of minimal connections,
first introduced by Brézis-Coron-Lieb [15] and Bourgain-Brézis-Mironescu [11], on
domains with boundaries. This subsection is dedicated to the basic definitions, given
in the general context of metric spaces. §4.2.4 focuses specifically on the case of
domains with boundaries. The reader is cautioned that “minimal connections” has
a different meaning than the geometric notion of connection form, used elsewhere in
this thesis.

Let (X, d) be a metric space. We write Lip(X) for the space of globally Lipschitz
functions on X, and Lip,(X) for the subspace of globally Lipschitz functions vanishing
at infinity. Namely, a function f € Lip(X) is in Lipy(X) if for any € > 0 there exists
a compact set K C X such that for all z € X \ K, |f(x)| < e. In practice, we shall
be concerned with bounded domains and their closure, i.e. compact metric spaces, so
that Lipy(X) is exactly the set of Lipschitz functions vanishing on the boundary 0X.

For f € Lip(X), we let [f]Li, be the Lipschitz constant of f, i.e.

[fluip == inf{k > 0|Va,y € X, d(f(2), f(y)) < kd(z,y)}.

We recall that []r;, defines a semi-norm on Lip(X) but a norm on Lip(X).
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We consider functionals 7' € (Lip(X))* of the form
(T,0) =D (6(Py) = o(Ny)), (4.10)
jeN
where P; and N; are sequences of points of X such that } .y d(P;, N;) < co. We
write functionals of the form (4.10) as T'= ;. dp, — On;-

Associated to the sequence of points (Pj, N;)jen, its minimal connection
L((P;, Nj)jen) is defined as in [11] as

L((P;, Nj) en) {Zd } (4.11)

JEN

where the sequences N ; range over all possible sequences of points in X such that

D> d(P;, Ny) < o0, (4.12a)
Z(% —0n;) = Z(% —0g,): (4.12b)

This last equality is to be understood in the sense of distributions: it means that
for every ¢ € Lip(X) there holds

D ((P) — 6(N)) =D _(6(P)) — 6(IN;)).

JEN JEN

Such a sequence of Nj is called a replacement of N;. For instance, if the sequence of
points (P, N;) is finite, then

L((B; Nyt om) = _inf {Zd } ,

and the replacements of NV; are simply the permutations N,(;. Note that when there
are infinitely many points (P;, N;), the infimum (4.11) is not necessarily achieved by
any replacement of the N; (see [145]).

We wish to relate the minimal connection of a sequence of points to the operator
norm of functionals of the form (4.11). From the definition, it is clear that if (P}, IV;)
are a sequence such that » . d(P;, N;) < oo, then for all ¢ € Lip,(X) C Lip(X),

D (61B) = V)| < LI6(R) — o) < Il (P

J

60



for any sequence of N such that (4.12a) and (4.12b) hold; hence for any & > 0,

< [lLip) (L((P5, N;)) + €),

from whence it follows that
1Tl wipy(x))= < L((Pj, Ny))- (4.13)

The reader is cautioned that the reverse inequality does not hold in general (but it is
true that ||T'||rip» = L((P;, Nj)), see [11]). To obtain the reverse inequality requires

carefully designing the metric spaces involved.

4.2.4 Minimal connections on a metric domain with bound-
ary

We consider the complete metric space (E,d,(-,-)), where d, is the geodesic distance
induced by the Riemannian metric g on M. We recall that Lip,(E) denotes the set of
Lipschitz functions on £ which vanish on 0F, and that [-].ip(g) is a norm on Lip,(F).

We recall that we defined the pseudo-metric
p(l’, y) = min (dg(l‘, y)7 dg(l‘, aE) + dg(y7 aE))

on E. Noting that x ~ y < p(z,y) = 0 is an equivalence relation for points z,y € E,
we may define the quotient £/ ~. In the quotient, the boundary OF is identified
with a single point [0F]. Thus we use the suggestive notation £/~ =: E/OFE. The
quotient space is a compact topological space which is equipped with a metric d'(-, -)
given by p on the base space . We note that the quotient map (E,d) — (E/OE,d')
is distance-decreasing.

When given a sequence of points (P}, N;)jen on E, the notation L'((P}, Nj)jen)
refers to the minimal connection of the points ([P;], [V;])jen in the quotient space
(E/OE,d").

The following lemma is clear.
Lemma 4.13. {f € Lip(E/OE)|f([OF]) = 0} ~ Lip,(E).
The next Lemma is inspired by (and partially adapted from) [15].

Lemma 4.14. Let (P;, N;) C E be a finite set of points, j =1,...,m. Then
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We note that in view of inequality (4.13), it suffices to show that there exists a
function ¢ € Lipy(F) such that

m

(T,¢) =D ¢(P) = C¢(Ny) = L'((Pj, Nj)j=a,..m),

j=1
where L' is the minimal connection with respect to the quotient distance on E/JFE.

Proof. Step 1: By Lemma 4.2 of [15], there exists real numbers «;, 8, € R, j =
1,...,m, such that

> (o= By) = Helisrizp(P],Na(a)),
j=1 j=1

i — o] < p(F;, P))

i — Bi| < p(F;, Nj),

|Bi — B5] < p(Ni, Ny),

for 1 <i,5 <m.

In view of the later steps, we note that if o, 8; satisfy these constraints, so do the
numbers o; + &, B + & for any £ € R.
Step 2: Let x1,...,2; be the set of distinct points of {[P1], ..., [Pu], [N1],-- -, [Vm]}-
If there are no points among the P;, N; that are in OF, we add a point zy = [0E] and
we define (o = 0.

In other words, we have defined a mapping 7: {1,...,2m} — {1,...,1} by

[Pl =20 1<

Y

1 <1< 2m.

+ A

[Nz—m] = Tr(3) m

We note that by Step 1, there are well-defined real numbers (, € R, k. =1,...,1,
given by Gy = az4) for 1 <o <m, and (- = Bru) for m +1 <@ < 2m. The
are well-defined: let ¢ # j such that 7(i) = 7(j); we need to verify that (- = G5).-
Let us assume that 4, j < m (the other cases are done similarly). Since 7(i) = 7(j),
we have [P;] = [P;], which is to say p(F;, Pj) = 0 and hence o; = «;. Thus we may
unambiguously define () = a; = ;.

Step 3: Without loss of generality, we may assune, up to translation by a finite real
number, that {; < 0 whenever ¢ > 0. We define the function

((z) =max{¢ — d'(z,2;)|i=0,1,...,1}, z€E/OE.
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The function ¢ is clearly Lipschitz with [(]Lp < 1. Moreover, ((z;) = ¢ for all
i =0,...,m: indeed, fix such an index 1 < ¢ < [. By definition, {(z;) > (;. Moreover,
for 4,57 > 0, by construction d'(z;,z;) > |¢; — ¢;| and so ¢; — d'(x;, ;) < (;. Since
((z) < (o =0, we have (([0F]) = 0.

Step 4: we note that there exist ¢; € Z such that

m l
> 0Or =) =) €0,
=1 k=1

where we understand the right-hand side as acting on functions on the quotient £/9F,

and the LHS as acting on Lip(£). We calculate

l l l m
(T.C) = (D ey O = D esG = D iy = 3 (e = i)
=0 =0 j=1 i=1
- Ll((-Pm Nz)z:l ,,,,, m)
Noting ¢ € Lipy(E), we conclude that [|T|ip, ) = L' (P, Ni)i=t,...m)- Q.E.D.

We use the case of finite sequences proved in Lemma 4.14 to prove the result for

infinite sequences. The following lemma corresponds to Lemma 12’ of [11]:

Lemma 4.15. Let (P;,N,)jen be two sequences of points and such that
> jen PPy, Nj) < o0, and T =3, Op, — On;. Then

L'((Pj, Nj)jen) = [IT| (Lipy(5))*-

Recalling the definition of L’ as the infimum of the norm of all possible represen-
tations of a distribution of the form T'= )" jeN dp, — On,, Lemma 4.12 follows at once
from Lemma 4.15. The proof is provided for completeness, but follows the lines of
[11].

Proof. Let ¢ € Lipy(E) be such that [¢]r;, < 1. By construction, ¢ descends to a
function ¢ € Lip(E/OE) with ¢([0E]) = 0. Then we have

D 16(P) = SN < Y d'(Py, Ny).
jEN jEN
Substituting any arbitrary other replacement of the N;, we find that
D 16(P) = 6(N))| < L'((Py, Nj)jen)s
jEN

and so ||T'||Lipg < L'((Pj, Nj)jen)-
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We now prove the reverse inequality. Let ¢ > 0 and let m € N be such that
S
ji>m

By Lemma 4.14, let 0 € Sy be such that

,,,,, zd' — Tl

Extending o to all N by o(i) = i whenever i > m, we find that }_;dp, — oy, =

J
Zj 51’1‘ - 5Na(j)'
Then we have

L'((P;, Nj)) < Y d'(Py, Nogy)

L'((P;, N;);

JEN
=Y (P, Nogy)) + D d' (P}, .
7j=1 ji>m
< sup D G(P) — ¢(Nag)| + &
[¢lLip<1 =1
\ sup Z(b 0’(] ) + Z (b(F)J) - (b(NJ) +e€
[¢]L1p<1 7>0 j>m

<7

’Lipg + 2¢.

As € > 0 is arbitrary, we deduce the conclusion.

Q.E.D.

The case where T is a finite sum of Dirac masses is very special. The following

lemma is due to [160] when X is compact, and [145] for the general case.

Lemma 4.16. Let (X, d) be a complete metric space, (Pj,Q;)jen two sequences of
points in X and such that -, d(P;,Q;) < 00, and T = ;. 0p; — 0q;. If T is
a measure on X, i.e. T € (C(X))*, then there exists finitely many distinct points
x; € X and integers c; € Z such that

m
E Cj T

It follows in particular from this last lemma that if the defect s is actually a
measure, it is a sum of finitely many Diracs, supported on a finite set S, which is
therefore closed. Hence the Cartan equation holds in the sense of distributions on
E\ S. However, in general, the support of a distribution belonging to the class 2(E)

need not be closed.
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4.3 Cartan’s equations in higher dimensions

We now examine the higher-dimensional case, and show that Cartan’s equation hold

for WP coframes, p > 2, irrespective of the dimension.

Proposition 4.17. Let (M, g) be a smooth Riemannian manifold, 6*,... 0" a local
W2 orthonormal coframe. Then there exists a L* so(n)-valued connection form

w = (W), and for any ¢ € C=(E), there holds

j
_[EwAd¢+/];¢WAw:/13¢Rm(0A9)7

where Rm : A’T*M — N>T*M is the Riemann curvature endomorphism acting on

two-forms.

Let 0',...,0" be a local orthonormal W'? coframe on a domain £ C M, which
we view as a map 6 € WH2(FE,SO(n) ® T*M|g). Then there exists a unique L? map
w € L*(E,s0(n) ® T*M|g) such that

dfd =w N 6.

Here so(n) is the Lie algebra of skew-symmetric matrices.
Furthermore, if # were smooth, so would w and the induced curvature form
dw+wAw €T (E,s0(n)@T*M|g ANT*M|g) would verify, in coordinates,

% ) % 1 ) m
dwj + wi Awy = O = SRy, 0 N 0™,

which is nothing else than the higher-dimensional analogue of the Cartan equation
(see Chapter 3). We give a proof based on the same approximation argument as
Lemmas 4.2, 4.5 and 4.7.

Proof. We recall that for all n the space SO(n) has vanishing second homotopy group
m9(SO(n)) = 0 for all n. Therefore, by a deep theorem due to Béthuel and Hang—Lin
[5, 87], smooth maps are dense in W?(E,SO(n)). Fixing a local trivialisation of
the coframe bundle, one obtains a sequence of maps #° and the associated connection

forms w® such that

0 — 60 in W-*(E,SO(n) ® T*M|g)
w® = w in L*(E,s0(n) ® T*M|g).

Furthermore, each w® satisfies dw® + w® Aw® = (). The latter equation passes to limits

in the sense of distributions. Q.E.D.
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Thus, in general, if p > 2, W2 coframes do not exhibit (curvature) defects. When
n > 2 such coframes are not necessarily continuous.
When n = 2, the group SO(2) is abelian, and so curvature is a linear operator of

the connection form, whereas in higher dimension the non-linear term w A w need not

1

make sense in Ly,

if w is in WP for p < 2.

4.3.1 GauBB—Codazzi—Ricci equations in W!?

Recall (see Chapter 3) that for an immersed Riemannian manifold (M, g) in R, the
Gaufi—Codazzi—Ricci equations are but a mere consequence of the validity of Cartan’s
equations in both (M, g) and R”.

Let u: (M,g) — RY be a W*? isometric immersion with bounded first deriva-
tives. Recall that on a domain u(F) C u(M) C RY, an orthonormal coframe
0= ...,0Y) € WY3(E,SO(N) @ T*M|g) of RN is Darboux if for 1 < i < n,
u*0" € WH2(E, T* M|g) forms an orthonormal coframe on F, viewed as a Riemannian
subdomain of (M, g). Proposition 4.17 shows that Cartan’s equation is then satisfied
on (M, g) for u*0; similarly 6 is a W2 orthonormal coframe of R, so that Cartan’s
equation dw + w A w = 0 is satisfied in the sense of distributions. Now recall that the

GauB3~Codazzi-Ricci equations are obtained from writing

Wt
W= (—wH WJ_) )
and Cartan’s equations on (M, g) and RY. Overall we have obtained:

Corollary 4.18. Let u € W22(M,RY) N WL (M, RN) be an isometric immersion
of (M,g) into RN, 01 ... 0N be a local W2 Darbouz coframe on a domain u(E) C
u(M). Let

Wl I ) e
w=_ o L € L*(u(E),50(N) @ T"R” |y(m))

be its connection form. Then the Gaufi—Codazzi—Ricci equations hold in the sense of

distributions.
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Chapter 5

Validity and Regularity of the
Gaull Equation

We study the validity of the Gaufl equation for embeddings u : M — R3 for a given
Riemannian surface (M, g) into Euclidean space. Such an embedding map w is locally
isometric if u*e = g, i.e. the metric induced on M by the Euclidean metric on R3

coincides with g. Here the pull-back notation means that in local coordinates,

<82'U, 8]U> = Gij-

Restricting our attention to a small open subset E C M, u(FE) can be represented
graphically by
W(E) = {(z,y, f(x,y))|(z,y) € D},

where D = {(u'(£),u?(£)) | € € E} C R?and f € C*(D). If uis a C? locally isometric
embedding, it follows that f € C?; in addition, f satisfies the Gaufl equation

det V2 f = (K o (u',u*) 1) (1 + |V f]?)*. (5.1)

Here K is the GauBl curvature of g on E.

The study of the Gaufl equation is a classical topic, relevant in many problems
of differential geometry. Since the work of Nash and Kuiper [112, 134, 135] (see also
[43]), it is known that C! isometric embeddings may have very different properties
than smoother ones. It is therefore a natural question to understand the validity of
the GauB equation for less regular isometric embeddings. In this case, det V2 f needs
to be defined appropriately.

We study the validity and properties of the Gaufl equation when the embedding
is in some Sobolev class; we assume throughout that v € W*P(M? R3). If p > 2,
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det V2f is an integrable L?/? function, and equation (5.1) is seen to hold by a direct
approximation argument. If p < 2, det V2f is only a measurable function which may
be not integrable. However, under the additional assumption that f is Lipschitz, one
can define a distributional Hessian determinant Det V2f for p > 1 (see [2]; we collect
the definition and some technical results in Appendix 5.A). Note that weaker notions
of Hessian determinants may be defined in suitable functional spaces: see e.g. [100].
Det V2f and det V2 f need not agree in general if p < 2, as standard examples show
(see e.g. [2, 101]). In fact, there exist examples [100, 115] of isometric embeddings of
a Euclidean disk in R? of WP regularity for all p < 2 such that (5.1) holds almost
everywhere, but the distributional Jacobian is not equal to the RHS of (5.1).

Our first result establishes the validity of the Gaufl equation in another regularity

class:

THEOREM 5.1. Let (M, g) be a smooth Riemannian surface, K its Gauf§ curvature.
Let u : E C M — R3 be a locally isometric embedding, locally parametrised by a
function f € WP N W4 in such a way that v® = f(u',u?), and D is the domain
of f. Then the following hold: if p,q and « satisfy

2 1 1
-+ =<1, 1<p<2, 4 < q < oo, a > —, (R)
q p 2

then the Gaufl equation holds in the sense of distributions, i.e.
Det V2f = (K o (u',u®) 1) (1 4+ |V f]*)*. (5.2)

Moreover, in this case, the Gaufl equation also holds almost everywhere, i.e. for a.e.
reD,
det V2 f(z) = (K o (u',u®) ™) () (1 + |V f(2)[*).

Let us briefly comment on the hypotheses of the theorem. We recall that by
Sobolev embeddings (see e.g. [56]), condition (R) implies that f is actually C't*~2/4,
In particular, the distributional determinant Det V2 f is well-defined. If p = 2, f is in
W3/24 by Sobolev embedding; moreover, det V2f = Det V2f € L!(D) and the Gauf
equation is seen to hold by a standard approximation argument, as mentioned earlier.
Thus, in this case, the assumption on o and ¢ may be dropped.

When p = 1, condition (R) mandates f to have a C1 representative, for o > 1/2.
For 1 < p < 2, the statement of (R) can be interpreted as interpolating between the
spaces W21 N CL® and W22,

The study of the Gaul equation in Sobolev regularity has been studied in the
literature: see e.g. [115, 116, 141, 173]. In particular, in [115], a suitable version of
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the GauB equation is proved for W21 isometric immersions of Euclidean domains into
Fuclidean spaces.

As an application of Theorem 5.1, using the theory of bounded extrinsic curvature
due to Pogorelov [144] and ideas from [43], we obtain a regularity result in the case
of positive Gaul curvature. In particular, we show that f is convex and (5.2) is an

elliptic Monge—Ampere equation.

THEOREM 5.2. With the same notations and hypotheses as Theorem 5.1, if in
addition infg K > 0, then f is smooth, and the Gaufl equation holds classically in

D. In particular, the Hessian of f is either positive definite in all of D or negative

definite in all of D.

The GauBl equation is used to prove the regularity of isometric embeddings of
positively curved spheres in R3: this has been studied extensively in the literature,
see [43, 49, 95, 173]. In Hélder regularity, when o > 2/3, C1* isometric embeddings
of positively curved spheres are smooth: see [7, 8, 43, 170, 171]. For o < 1/5, there
exist C1“ isometric embeddings of positively curved spheres that are not convex and
not smooth, see [43, 50] and the references therein. In Sobolev regularity, it is also
known that for p > 2, W?P isometric embeddings of positively curved spheres are
smooth: see [95, 173].

It is an open question whether the conclusions of Theorems 5.1 and 5.2 hold when
condition (R) is replaced by the weaker assumption of W*! N C! regularity. In our
proof, we use condition (R) to obtain certain cancellations. For example, in Lemma
5.8, we show that expressions of the form hdv® A dv vanish in the limit, where v° is
a suitable regularising sequence for v € WH? N W®4(D) and h € WA"(D); see also
Lemmas 5.7, 5.11 and 5.12 for the related cancellations. If similar cancellations hold
in the limit for v € WY N C?, then Theorems 5.1 and 5.2 would hold for W*! N C*
isometric embeddings.

This chapter is organised as follows. In Section 5.1, we obtain different versions
of Gaufl’ equation, first for rotationally symmetric surfaces, and second for graphical
surfaces. In the case of rotationally symmetric surfaces, validity of the Gaufl equation
implies regularity of the embedding. Section 5.2 is dedicated to the proof of Theorem
5.1. Section 5.3 contains the proof of Theorem 5.2.

As an addendum to the chapter, we have collected in Appendix 5.A several proofs

and facts about Hessian determinants which are used through this chapter.
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5.1 Coframes on surfaces of R?

Let (M,g) be a Riemannian surface. We study coframes on M arising from an
immersion u of M into R?® with low Sobolev regularity. First, as a motivation for
ulterior developments, §5.1.1 focuses on the special case of rotational symmetry, and
we show that if a smooth manifold is isometrically immersed in R? as a rotationally
symmetric surface, generated by an absolutely continuous curve, then this immersion
is necessarily smooth. The argument relies on proving a version of the Gaufl equation
on surfaces using the machinery of rough coframes of Chapter 4.

In §5.1.2, we obtain a similar equation on surfaces parametrised locally as graphs.
The rest of the chapter is then occupied by proving equivalent versions of the Gaufl

equation and a regularity result in the case of positive Gaufl curvature.

5.1.1 Rotationally symmetric surfaces

Let (M, g) be a smooth Riemannian manifold equipped with an S!-equivariant metric,
and assume that there is an equivariant C'! isometric immersion u : (M, g) — R3, in

the following sense: the action

Sy i (2, 22 2%) = (2!, 2% cos a, 23 sin @), aeR,

leaves u(M) C R? invariant, and moreover, there exists a mapping p : S' — R such
that to any element o € S! acting on (M, g) corresponds an element p(c) such that
(o) = Symu(§) for all £ € M. Thus we may write u(M) as the rotation of a curve
~ around the x!-axis. Finally, we assume in addition that ~ is absolutely continuous
(in particular, it is rectifiable).

To fix ideas, let D = [0,1] x [0,2x], and let us parametrise u(M) by the map
F:D c R? — R? given by

F(s,a) = (71(s),72(s) cos o, 72(s) sin av),

where we assume the curve v = (y1(s),7(s)) € W#1(0,1;R?) — C'(]0, 1[, R?) to be
parametrised by arc-length.
The induced metric on D by R3? is given by ds® + 73(s)da?. We select the or-

¢' = ds,
C? = y(s)da.

thonormal coframe given by
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Away from the x!'-axis, i.e. when y5(s) # 0, ¢!, ¢? is orthonormal. Calculating the

connection form w associated to ¢!, ¢? yields
w = 75(s)da.

Let us write v = uo F~!: M — D, which is a C* N W2! diffeomorphism onto its
image. Pulling back ¢!, ¢? onto M, we obtain an orthonormal coframe §* = v*¢* on

M, whose connection form is v*w, as we have
do* = d(v*¢t)
—_ U*dcl
= v*'w AV P
=v*w A 62,

and similarly for §%. Now 6!, 0% is a continuous Wh! coframe on £ = v=1(D) C M.

By Theorem 4.1, we conclude
/ v'w A do = / PKO' NO*, Yo € C(E). (5.3)
E E

It is not difficult to see that equation (5.3) holds for all ¢ € C}(F).
The special structure of rotationally symmetric surfaces, in combination with the

GauB equation (5.3) may be used to show that F' has improved regularity.

Proposition 5.3. Let (M, g), K, v = (71,7%) € W»Y(I,R?) as above, and let u be an
isometric embedding of (M, g) into R? given by the rotation of v around the z'-axis.

Then u is smooth away from the x'-axis.

Proof of Proposition 5.3. We choose test functions ¢ € C°(D) that are S'-invariant,
i.e., viewed in the (s, o) coordinates, we choose 1) = 1(s) to not depend on « and such
that ¥ (s,a) = 0 for all s € I such that v9(s) = 0. Then ¢ = v*) = ov € C}(E).
Applying Lemma 4.2 as in (5.3), we have

/ v OKO' N6 = / Yo(8)da A do

E D
_ /D Vi(s)da A ¢ (s)ds
= or [ 40t
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On the other side,

/ VKO A 02 = / (v ) KA
E D

=141%x@¢@>([f7v%rhﬂa)ds
= [ a1l R .

Thus we get the ODE

1 1
| Eolona(sids =2r [ 4516 (s)ds, (5.0
0 0
or, in other words,
2myy = K7,

in the sense of distributions. Regularity for ODE yields v, € C?; but now
1 =97 +1%,

whence v must be C? away from the z!-axis.
Recall that F' = (y1,72cosa,yasina). Then F itself is C? away from the z!
axis, and by the Myers-Steenrod theorem [164], so is u; hence so that K is C2.

Bootstrapping yields smoothness of w. Q.E.D.

Figure 5.1: A Lipschitz isometric immersion of a flat disk in R3. The cone is a W??
immersion for all p < 2.

If in addition we require the surface to be C!, then the same reasonning shows that
equation (5.4) holds everywhere; moreover in this case, the surface is smooth. The
condition that a rotationally symmetric surface be C'! is in this case a non-degeneracy
condition on the curve 7: for all s € I such that v,(s) = 0, we have 7j(s) = 0. As
is arc-length parametrised, this forces 74(s) = 1. Recall that v is C''; thus the points
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where v,(s) = 0 are isolated. Equation (5.4) holds for test functions supported away
from the x!-axis. By continuity the equation holds on isolated singularity points; C?
regularity on all of the interval follows.

If u is not necessarily C!, singularities may form on the points where v intersects
the line 22 = 2% = 0. We recall the following classical counter-example (see Figure
5.1). Let I = [—1,1] and for s € I, consider y(s) = \%(s, s). Then F is a W*? surface
for all p < 2 and in fact is given as the graph of the function (rcos@,rsin€) — r,
smooth everywhere apart from the origin where it is Lipschitz but not C'. Moreover
the form w = 27Y2da is globally defined. However, it fails to satisfy the second

structural equation and satisfies instead the equation

/Ew/\dgb:/E*K¢+27r¢(O).

The reader is invited to compare this situation to the main result of Chapter 4.

5.1.2 Surfaces given as graphs

Let us consider a C* embedded surface ¥ in R?. By the implicit function theorem, one
can locally parametrise it as the graph of a C! function over a open subset D C R2,
say f: D — R, so that locally ¥ = {(z,y, f(z,y)) ‘(:L’,y) € D}.

Moreover, we assume that > is the image of some smooth manifold M under a
C" isometric embedding u : M — R®. Then ¥ = {(z,y, f(z,y)) € R*|(z,y) € D} =
{(u(€), u*(€),u(€)) € R?| £ € E} for some open set E C M.

We first note the following well-known fact that under these hypothesis, if u is C*N
W21 then so is f. By definition, as u is a C'! embedding, u is a diffeomorphism onto
its image. Let D be the diffeomorphic image of F under the map & — (u!(£),u?(€)).
We denote this map by @ and its inverse by @~!.

Next, we seek an equation relating the Gaufl curvature and the function f.

We adopt the following short-hand notations:

Vi=1+fl+f,

X2=1+f;,
Yi=1+f,
Z:f:cfya

so that we have the relation X2Y? = V2 + 72,

73



Proposition 5.4. Let (M, g) be a smooth Riemannian manifold, K its Gauf$ curva-
ture. Let E C M, uw € W»'NCYE,R3) be a local isometric embedding, parametrised
locally graphically by f € W1 N CY(D,R). Then the following equation holds in the

sense of distributions.

~d (pyhody) = (@K,
that is, for ¢ € C.(D), we have

/ v ey N = / Ko, (5.6)

Proposition 5.4 follows directly from Lemmas 5.5 and 5.6. The proof consists of ex-
plicitly calculating a particular connection one-form on X that relates the embedding
map f to the connection form (Lemma 5.5); then we exploit the Cartan framework
of Chapter 4 to obtain an equation involving the Gaufl curvature. Since coframes on
T*3 pull back to T*E (Lemma 5.6) by the map u, we obtain the result of Proposition
5.4.

Lemma 5.5. Let f € W*P(D)NW*°(D), where D C R*> andp > 1, and let ¥ C R?
be the graph of f. Denote by (x,y) the coordinate system on D, and consider the
metric h induced by the Euclidean metric of R® on X. Then the connection form &

associated to the orthonormal coframe

dx

o Gl
‘dm‘g

¢t =

s given by
b= ! fodf, € LP(D, T M).

A+ fDVI+ 1+

Remark 5.1. A similar calculation can be done for surfaces in R™. In the proofs of

Theorems 5.1 and 5.2, we only use the case n = 3; thus we restrict our scope to the

special case of surfaces in R>.

Proof. The proof is a direct computation on the target manifold 3. Letting h be the

metric induced on D by R?, we have

h=(1+ f2)da® +2f, fydady + (1 + f7)dy’
= X2%dz? + 2Zdxdy + Y2dy?.

We want to obtain an expression for @, which by definition is the unique 1-form
such that

(5.7)

¢t = A,
dc = —o A (L
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We denote by r,s the components of w, so that @ = rdx + sdy. Inverting system

(5.7), which is linear, we find the following expressions for r and s:

{r = VA + Gy — HG)e — G(B)a), (5.8)

s = V=G (@) — GG+ Gy + (D))

where we write (' = (ldr+(idy, i = 1,2. By orthogonality and Pythagoras’ theorem,

we have
X? = |daf?
= (dz, ")} + (dx, %)
= () + (¢3)*
Hence,

1
GGy + GGy = 50, [(C)* + ()]
- %@J(XQ) = f:cf:cy

Similarly, we find that
—G(G)e = G (&) = = fyfay-

Inserting both expressions into (5.8), we have

)

For the particular coframe considered in the statement of the lemma, one can

v_1<fmfa:y - Cll(g21)27 - C12(C22)90)’

5.9
VU= f, fon + CLCH)y + CUCE),). (59)

calculate its components as

v
gl = ?dZE

Z
2= —?da: —Ydy.

By calculation we have

Z, Y, Z
2 y y )
d¢ ——( — 2)dx/\dy—dey/\da:,

Noting that 9,(Y)? = 2Y'Y,, we have that

fyfyy

<22(<12)y = (fxfyy + fyffry) +7Z y2 '’
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and similarly

e

Inserting in equation (5.9), and noting ¢ = 0, we have

1 fyf;ry
r= V (fxfxy - Z?)

_ 1 N fefs

Similarly,
S = é (_fyfxy + fxfyy + fyfxy o Zf?;f;/y>
B 1 f2 o fxfyy
= _V (fzfyy (1 - Y_y2)> o _W'
Thus
~ 1 1
b = g etz + fofyydy) =~ fodfy.

Q.E.D.

Lemma 5.6. Let u : (M,g) — R? be a locally isometric embedding parametrised
locally over E C M by a function f € CY(D) N W*P(D) over a domain D =
{(u'(€),u*(€)) € R*|¢ € E}. Consider @ € LP(D,T*D) to be the connection form

constructed in Lemma 5.5. For ¢ € C°(D), we have

/Dw/\dqp:/E*Kuw.

Here u*) = o (u',u?) is a C}(E) test function on E.

Proof. Pulling back the coframes ¢, (? from the proof of Lemma 5.5, we define ! =
w*¢t and 0% = u*¢% Since u € W2P N O and db* = d(u*¢*) = u*d¢* € LP(E, T*E),
we readily see that §',0*> € W'"?(E, T*E) N C(E,T*E). Moreover, 4 is an isometry
between (D, h) (where h is as in the proof of Lemma 5.5) and (E, g), whence 6, 6
is an orthonormal coframe. We now calculate the connection form of ', 2. Since by
definition, @ satisfies
¢t =w A ¢,
{d@ = —aACY,
we have that

do' = d(u*¢") = u*(d¢t) = a (W A CP) = u'o A 62,

76



and similarly for #2. By Lemma 4.2, we obtain for every ¢ € C°°(E) the equation

/u*dj/\dqb:/*K
E E

By density and continuity, this formula holds for ¢ € C}(E). Let ¢ € C*°(D); then
u* € C}(E) is a test function. By change of variable, one has

/D@/\dQ/J:/Eu*(cD/\d@b):/Eu*d)/\d(u*w):/E*K(u*w).

The function u*i has compact support inside E since u is a diffeomorphism into

supp . Q.E.D.

Remark 5.2. Selecting the coframe ¢t = —x (%, (? = |d ‘ , the same calculation as

m Lemma 5.5 may be run, yielding another version of Cartan’s equation:

~d (ggaht.) =@y, (5.10)

equation (5.10) being understood in the sense of distributions. It follows from Lemma

5.6 that all such expressions for the connection form differ by a closed form.

5.2 Proof of Theorem 5.1

We consider a locally isometric embedding v : £ € M — R3 parametrised by a
function f : D — R. For £ € E C M, we write without loss of generality u(§) =
(u (€),u?(€),u3(€)) = (u(é), f(u(¢)) and note that if v is C', the map u is a C!
diffeomorphism between E and D.

We aim to derive the equation det V2f = K(1 + |V f]?)?, where K = (a7 1)*K
is the pull-back of the Gaufl curvature on D. Our main result is Theorem 5.1, the
statement of which is recalled hereafter.

In order to prove Theorem 5.1, we now aim to derive the equation det V2f =
K1+ |Vf*)?, where K = (a~!)*K is the pull-back of the GauB curvature on D. To
illustrate its proof, we first provide an argument for the smooth case, which also gives
a proof for p = 2.

Recall that by Proposition 5.4, equation (5.6) holds on D. Letting as before
V2:1+f§—|—fy2, X2 =1+ f? andY2:1+f;,wehave

w0 K = ——d (VYQf“T df, — VX2fydfx> :
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As p = 2, the product rule for W'? functions applies and we have

1 1 1
——1\*
We test the above equation with the test function ¢ = V3. Noting the vanishing of

all terms of the form

dY?* A df, =0 (5.11)
as L! functions, we have the following calculation:

1 L 1 2,
d (VYQ) Ndfy = =1 dV Ndfy = V3Y2d<v2) Ny = e Ny

Hence we obtain

[vire= [ vt ndy+ [ o,
=AwmA%

:/DwdetVQf.

Hence from now on we focus on the case 1 < p < 2. The main argument is given
in §5.2.2. We rely on the structure of the equation to obtain cancellations for the

proof. The relevant estimates are proved in detail in §5.2.1.

5.2.1 Cancellation estimates

When p < 2, quadratic terms are no longer integrable. In particular, the cancellation
(5.11) is unclear, as the product is not even an L' function. We deal with this issue by
approximation. Our main observation is that anti-commutativity is still preserved in
the limit under our regularity hypothesis (R). By inspection of the proof, one needs
to understand whether dv A dv®, where v° is a suitable regularisation of v, converge
to zero in a suitable sense.

Lemma 5.8 addresses this question and it will be used in the proof of Theorem
5.1. Lemma 5.7 is a preliminary estimate of independent interest which is needed for

the proof of Lemma 5.8.
Lemma 5.7. Let 0 < o, 3 < 1 and v € WYP(D),h € WH(D),w € W"(D) on a
domain D C R?, such that

1 1 1
-+ -+ -=1, 1<p,q,r < oo
p q T
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In addition, let n be a compactly supported bump function, with suppn C By(0) and
unit mass [n =1, and define n.(x) = e *n(x/e), for e > 0. Then

y)(w(z) —w(y))(Vi(z —y), Vo(z))drdy

< CHhHWﬁﬂ ||w||wa,r ||VU||LP€Q+B_1.

Proof. We estimate the terms of the integral using fractional Sobolev norms. First
we note that if |z — y| > € then the integrand vanishes. Therefore the support of the
integrand is contained in a band of width ¢ around the diagonal x = y. We now view

the integrand as a function on D x D. Applying Holder’s inequality, we get

’//D (W) = b)) (w(z) = wy)) (Vi = y), VU(x))dxdy'
//D _Ih(@) = hy)llw(z) = wy)l[(Vi-(z —y), Vo) drdy

) { <//DD (Ve = y%Vv(x)Wda:dy)l/p
= (//Dw |x—y|2+5)| o )1/q
o )
<Mlsaltes ([ (om0, Seteppacay)

Here v = Q%F] + Qtﬂ The final integral can be estimated as follows:

I ot veanpaa < [ - gpwepd
= [1vewr ([ 19t - oray) ae
= [ wr ([, e Py ) da

< C7 |Vl

Inserting back, we get

’//Dxp<h($> = h(y))(w(z) — w(y))(Vn:(z — y), Vv(:v)>dxdy‘

< G207 B fywo.a ] [wer

VUHLP.
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Finally, we calculate v+ 2/p —3 = §+§+%+ﬁ+a—3:a+ﬁ—1. When p = oo,
we find straight away that

[ ) = nt)te) ~ w) Tl = ), Vel oy
DxD
< O || hllwsallwllwar [Vollie = Ce® | hl|we.ol[w]lwer | Vol 1.
Q.E.D.

Lemma 5.8. Let D C R? open, bounded, and consider two functions h € WP4(D)
and v € WH? N W (D), where

1 1 1
_+_+_:17 1<p7q7T<OO
p q T

ar > 2,

Bq > 2.

Let n € C’(‘fo(Bl(O)),fB1 n = 1, and for small enough ¢ > 0, consider the family of

1

mollifiers n. = e *n(e'x), and denote

Then

< Ce P ol lwer [[Pllwea [ V0l|Ls.

/ hdv A dv®
D

Proof. Recall that v° is a smooth, compactly supported function on R?. Its derivative
is given by

Vvt (z) = /DU(?J)VME(DS —y)dy,

We note that for ¢ > 0 sufficiently small such that B.(z) C D,

/ n-(z —y)dy = / n:(z —y)dy = / n,
D Be(z) R2

which is a constant, so that

Vm/ n-(x —y)dy =0
D

and hence



Therefore,

| Haver@). v

=,

/ B(a)(0(z) — () (Vyne (& — ), Viu())dyda

D

= /D/D(h(aﬁ) — h(y))(v(z) — v(y))(Van(z —y), Vio(z))dedy
+/ / xns( )7Vi_v(l’)>dxdy
-/ /D M0 () (Vo (& — ), V- o(2))dady

=1+ I+ I3

We claim that I, = 0 = I3. Indeed, rot V = 0, and so by integration by part,

/D (Varte(z — 4), V4o(a))de = 0,

as the function 7. is smooth. By Fubini’s theorem,

- /D /D h(y)o(y) (Varie(@ — y), Viu(@)) dedy

S /D h(y)v(y) (/D(sz(x - ), Viv(m))dw) dy = 0.

For I, since rot V = 0 and v € W1 N L™ we have

/D<Vx77€(:r; — 1), Vio?(z))dr = 0,

and thus

I = / / (Von.(x — y), VEo(a))dady

/ / Vene(z —y), Vivi(x))dody

— /Dh(y) (/D<ane(a: — ), vlv2(x)>dx> dy = 0.

Finally, we can estimate [; as follows:

1| =

(0(2) — v()) (Ve (& — 1), w<x>>dxdy'

< OEOH_ﬁ_l HhHwﬂq HU”WO‘” HVLUHLP’

by Lemma 5.7. Q.E.D.
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Remark 5.3. The bound on I, in the last part of Lemma 5.8 is the only part of the
proof that relies on a fractional Sobolev estimate to obtain the conclusion, whereas the

vanishing of Iy and I3 only require v € W' N L™ to show the identities

/D(Vina(x — ), Vo(x))dx =0, /D(ang(:v — 1), Vo2 (z))dz = 0.

Some effort has been spent trying to weaken the reqularity requirement of Lemma 5.8.

So far this has failed.

5.2.2 Proof of Theorem 5.1

We come to the proof of Theorem 5.1 in the case 1 < p < 2. Recall that under
hypothesis (R) the function f is then C*.

Our argument is divided in five steps. First we test the equations obtained from
Proposition 5.4 with a suitable test function. Contrary to the case p = 2, ¢ = V31
cannot be used as a test function as its derivative lacks the required integrability;
we proceed by mollification. Step 2 identifies the relevant term for obtaining the
distributional Hessian, while Step 3 and 4 show that various remainder terms do
vanish in the limit. Lemma 5.8 is used to obtain the latter estimates. Step 5 proves
the remaining claim of Theorem 5.1, i.e. that the Gaufl equation holds pointwise

almost everywhere, by means of a regularisation argument presented in Lemma 5.9.

Proof of Theorem 5.1. First note that if strict inequality holds in the first part of (R),

we can select p < p such that

2 1
-+=-=1
q9 P

Replacing p by p, we may assume that (R) is an equality.
Step 1: by Proposition 5.4 and Remark 5.2, for every ¢ € C°(D).

/ VY2 —_fudf, Ndg = / <K',
/ T fudfa N do = / « K",

where V2 =1+ |Vf|*, Y? =1+ f2, and @ = (u',u*). Summing and averaging both

equations, we get

1
5/ (VYQfxdfy VXnydfm> Ndp = / xKu*¢. (5.14)

We proceed by selecting the test function ¢ = (V¢)3¢, where v» € C°(D), and
Ve = (1+|Vfe[2)Y2, where f¢ = f 1. is an approximation by convolution with a
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mollifier 7.(z) = e7?n(x/c), where n € C*(R?), n =0 for [z[ > 1 and [, 30 =1
Note that Ve — V = (1 + |V f|?)/2 uniformly on compacts.
Inserting ¢ = (V)3 into (5.14), we get

5[ (waxdfy VXnydfz) AP = [ s (o)

By uniform convergence of V¢ to V', we have

lim [ «Ka* (Vo)) = /E K (V)*) = /

e—0 E D

(@) KV = / RV,
D
To prove the theorem, it suffices to show

iy [ (Gt gt ) Ad(VP0) = [ Adi(T0)vF -V

e—0

Step 2: from now on, and for convenience of writing, we drop the £ superscript
notation in favour of a tilde above the quantities X,Y and V that are built from f¢
rather than f.

We calculate
dp = d (VE)*) = wd(V?) + Vidy = ;Wd(ﬁz) + V3dip.
This yields
1 Jy Je
§/Ddgz5/\ (Vdefx VYQdfy) _
2/ g@u <d)~(2 +d172) A ( Jy L df, + o dfy)
D

1 17 f fx
+3 /D V3dip A (V;’(Qdfx + 7y dfy> . (5.15)

The first integral in the RHS of equation (5.15) can be split as

i/ vw(;@dxwfw P )
D
3 fy f.Z‘
+Z/DV¢ <X2dy2Adfm dXzAdfy> =L+ 1
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Noting the identity V2 = X2+ Y2 — 1, the second integral in the RHS of (5.15) is

1 =~ f fa: o 1 ‘7 7 f fa?
§/Dv3d¢/\ (vi@df” vwdfy) - é/DdeAVZ (v—)z'?df”” " vwdfy)
1 [V X2 Y2

2
1 [V P2fdfe F2Adf
oy (B )
= 13+I4.

We claim that
B g [ oA+ ) = 5 [ AGT VS0
To see this, it is sufficient to look only at the first term of the integral I5. We have
v X
V X2

uniformly as € = 0. So the error term p. is uniformly controlled in €, we have

:1+p6_>]-7

B
/——ﬁwwmma/wAmm+/%WAmm%/dwwwa
D V X D D D
as by Holder’s inequality,
/ S A A fdf
L\ VX vz

The rest of the proof consists in proving that the remaining terms in equation (5.15)

B

<o -1
V X?

ldy A fydfsllr — 0.
L>(D)

all vanish as ¢ — 0.
Step 3: we verify that as e — 0, I; — 0. Indeed, X2 = 1+ f2, and so dX? = df>2.
Moreover, V /V'— 1 uniformly. Thus we are left with

/wmA%7
D

where the function h is defined to be
_3V
4V X2
Recall that h depends on €. We have

h € C*724(D)NW"P(D).

< Ce™H|hllweal|vllwes [ VollLr-

/WWAM
D
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by Lemma 5.8. This vanishes as ¢ — 0 as 2a > 1.
Step 4: we claim that I, + I, — 0. To see this, first notice that up to an error term

of uniform size ¢ (which therefore vanishes by Lemma 5.8), I, is equal to
LV (T
Is=—- | —d Zd =df, | .
; Q/ZDV%D/\(XQfﬁ fy)
Integrating by parts and noting that d? = 0, we have
~ ~3
v f fr / f
— | AN Ldfe + = dfs d| = | Ndf,
[ < T > v ( f
f [V
=d| = | Ndf,
" /DwXQ V)
v (5
+ —d| = | Ad
|y <Y2 y,
o [oa(D) na
p Y2 \V Y

~ ~ ~ ~3
30 VT - Vi
:5/ %édymczfﬁz/@w—f%dx%dfx

/w— dXZAdfy+2/¢— dYQ/\dfy

/¢d< > (fz dfy+fy dfx>

=Ji+Jo+ Js+ i+ Js

As in Step 3, we now have that J; — 0 for ¢ = 2,4, 5, by Lemma 5.8. In addition, up
to an error term o(1) as € — 0, we have J; + J3 = I, so that overall I, + I, — 0.
Step 5: the final claim that the Gaufl equation holds pointwise follows from a regu-

larisation argument for the Jacobian determinant, specifically, Lemma 5.9.

Lemma 5.9. Let Q C R? be an open, bounded reqular set, p > 1, and f € W*P N
Whee(Q). If Det V2f € LY(Q) then det V2 f = Det V2f.

Applying Lemma 5.9 and the Morrey inequality to the first claim of Theorem 5.1,
we prove the final claim of Step 5 of the proof of Theorem 5.1. Q.E.D.

Results such as Lemma 5.9 are known in the literature: see [47, 100, 125]. As
the authors were unable to locate a proof of the precise statement of Lemma 5.9, the

details of the proof of are presented in Appendix 5.A.
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5.3 Convexity and proof of Theorem 5.2

We investigate the properties of the embedding if the underlying manifold has positive
curvature. Here we show the analogue of the classical fact that an embedded surface
with positive Gaufl curvature is convex.

Let us sketch the proof of Theorem 5.2. Starting with an embedded surface of
positive curvature in R?, and having obtained the Gauf equation in Theorem 5.1, we
aim to use the positivity of the Gaufl curvature to show convexity of the embedding
map. A step of this proof is to verify that the immersed surface contains densely
many regular points that are elliptic points, in the sense of Pogorelov [144] (see the
precise definitions in §5.3.4. This occupies the core of this section.

Several ingredients enter the proof. First, we obtain an integral characterisation

of the Gauf} curvature:

THEOREM 5.10. Let (M, g) a smooth Riemannian surface, K its Gaufl curvature.
We consider a locally isometric embedding v : E C M — R3? parametrised by a
function f: D — R. For { € E C M, we write without loss of generality u(§) =
(' (€),u*(€),u3(&)) = (u(§), f(u(€)) and we assume further that f satisfies condition
(R) and K is non-negative. Then there holds

| e r By = [ o)K@ e CHRA\ VIOB)),

We note that this theorem implies in particular that the degree of V f is integrable.
The reader is invited to compare the result to [48] and [139], where some integrability
results are obtained for the Brouwer degree. In the context of the proof of Theorem
5.2, Theorem 5.10 is used to show that regular points are elliptic.

Second, we show that if the Gaufl curvature K is strictly positive, the immersion
map f cannot be developable on a set of non-zero measure (see Lemma 5.20). This
is a delicate point that requires an analysis of some properties of singular Sobolev
mappings. Lemma 5.20 implies that the set of regular points is dense. The proof of
Theorem 5.2 can then be completed using some ideas from [43, 144].

We recall that there are several notions of Hessian determinant (see Appendix
5.A). We denote by det V2f the pointwise determinant; if f € W??(D) for D C R?,
det V2f € LP/? is a measurable function but may not be integrable when p < 2. We
denote by Det V2f the distributional determinant, which is defined as a distribution

as

(Det V2f,0) = /D Vi Adj(V? )V 1.
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Finally, if f is convex, we denote by M the Alexandrov measure of f (see Appendix
5.A.4 for the definition).

This section is organised as follows. First, the main regularisation estimates
needed for the proof of Theorem 5.10 are proved in §5.3.1, and the proof itself is
presented in §5.3.2. In §5.3.3, some properties of singular Sobolev mappings are

studied to obtain Lemma 5.20. Finally, the proof of Theorem 5.2 is given in §5.3.4.

5.3.1 Regularisation estimates

First let us recall the following standard mollification estimates (see e.g. [56, 65]).
Let D be a domain, B CC D, ¢ € W*P(D), and ¢° = ¢ *n°, where 7° is a Friedrich
mollifier. Then for ¢ > 0 sufficiently small, on B there holds:

16°]le < ll¢llLr, (5.16)
V6L < Ce*Hplwean, (5.17)
16 — ¢ [lLr < e%[d]war. (5.18)

The next lemma is a regularisation result for Jacobians of mappings satisfying con-
dition (R).

Lemma 5.11. Let ® € WY»NW4(D) where p, q, a satisfy condition (R). We define
as above ®° = O x1n° on D. C D, and we consider ¢ € CX(B) for B C D.. Then

/w(qf)dcpi A dDS — / O(D)dDy A dbs.
B B

Proof. Let & = 1 o ®°. Since 1 has compact supported, it is globally Lipschitz and
therefore
Vel < [¢]wree [ VOS]

We apply estimate (5.23) to & and U = ®°: this yields

/(detV(b—detV\If)g‘ g/ D — W[ VE|(| VD] + V)
B B

C||® — & L) Vo) | VEllLas)
Ce?[@lwaa || VO||Lre® ™ [EJwens
Ce* Dol [ VO 1o

NN N

Thus as 2a — 1 > 0 and € — 0, the RHS converges to zero. Q.E.D.
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We now study the degree of mappings satisfying condition (R). Recall (see e.g.
[69]) that for a continuous map ¢ € C(D,R"), there exists a notion of topological
degree on a bounded open set B such that B C D, the Brouwer degree, which we
denote by deg(®, B,-). If ® € C*(D,R"), for p ¢ ®(0B) U ®(Zy),

deg(®, B,p) = Z sgn(det V& (x)).
z€®—1(p)NB
Here Zg C D is the set of critical points of ®. Recall that by Sard’s theorem, |Z3| = 0
for a C* function.
If ® is a C* function on B, by [66, Lemma 3.2], the counting function y
n(®, B,y) = H(BN ®!(y)) is measurable. Since it is non-negative, it is integrable,

and moreover the area formula [66, Theorem 3.8] holds. Now for any y ¢ Zs,
deg(®, B,y) = n(®, B;,y) —n(P, B_ U By, y).

Here we write B, = B N {det V® > 0}, respectively B_ = BN {det V® < 0} and
By = BN {det V& = 0}. As Zg is a null-set by Sard’s theorem, y — deg(®, B,y)
is measurable, and being the difference of two integrable functions, it is integrable.

Moreover it satisfies the change of variable formula, i.e. for all B C D such that
|0B| = 0, there holds

| des(® Bapoln)iy = [ w(@) dee Vo, v e CHR™\(OB)),
(5.19)

We now prove an analogue of (5.19) for functions within the regularity class (R).

Lemma 5.12. Let D C R? be a bounded domain, and ® = Vf for f € W?P N
WHea(D) for p,q,a satisfying condition (R), and Det V& € LY(D) then for all
B € D such that OB is Lipschitz, and for all v € C*(R?\ ®(0B)), the function
z = (z)deg(®, B, 2) is integrable. Moreover

[ 0(0) des(. B.y)dy - /B H(®(x)) det V() da. (5.20)

Remark 5.4. The set B is bounded, and hence OB is a compact set. Condition (R)
implies that the map ® is continuous and hence the image ®(0B) is compact. As a
result, R? \ ®(0B) is open, and therefore the set of smooth functions with compact
support in R?\ ®(OB) is non-empty.
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Recall that the statement Det V® € L! means that there exists a function
J € LY(D) such that for any test function ¢» € C>°(D), we have

(Det Vo, ) = /D 3.

We note that for gradient maps ® = V[ satisfying condition (R), we have
Det VO = det VP almost everywhere (by Lemma 5.24). Moreover, as W*?(D) —»
C(D) for ag > n = 2, the degree of ® is well-defined.

Proof of Lemma 5.12. Step 1: Fix aset B € D. C D and a test function ¢ €
C>(R?\0B). We consider mollifications of ® by a standard mollifier. Let n € C*°(B;)

such that [, n = 1, and consider 7.(z) = e ?n(z/¢). Finally, we define, for all
x € D. C D such that B.(x) C D,

P (x) = / B(y)n.(x — y)dy € C(Ds).

Formula (5.20) holds for ¢, for ¢ > 0. Furthermore, since ®¢ converges uniformly on
compacts to @, for y € suppy C R?\ ®(9B), and for € > 0 sufficiently small,

deg(®°, B,y) = deg(®, B, y).

Hence the mapping y — ¥ (y) deg(®, B, y) is measurable, and for any test function 1),

we have
Y(y) deg(®°, B, y)dy = [ (y) deg(®, B,y)dy.
R2 R2

Remark 5.5. The above also shows that deg(®, B,-) € L} (R?\ ®(dB)). Recall that
for all y ¢ ®(B), we have deg(®, B,y) = 0.

Resuming with the proof of Lemma 5.12, the next step is dedicated to the con-
vergence of the RHS of (5.20).
Step 2: From now on, we write ¢° = ¢(®°(z)) € C(D.), and we note that as
suppy € R?\ ®(9B), the functions 1) o ® and 1) o ®° have compact support: the
pre-image of a closed set by a continuous function is closed, and a bounded closed set
in R? is compact by the Heine-Borel property.

Recall that det V& = d®; A d®y € LY(D). First we claim that

B

This is clear since d®; A d®y = det V® € L(B), by Theorem 5.1, the regularisation

Lemma 5.24, and uniform convergence. Hence

/ wgdq)l VAN dq)g — / l/Jd(I)l VAN dq)g,
B B
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Moreover, we recall Lemma 5.11, which holds since condition (R) implies the hypoth-

esis of the Lemma. This shows

/ YEADE A dDS — / »d®y A dDs.
B B

End of the proof: Returning to the RHS of (5.20), by definition we have
/Bw@a(x))Det V& (z)dr = /Bw(@‘e(x))det Vo* (z)dx
= [ 0@ @) (z) 7 di(a)ds
= /BQ/J(CID)dq)l A dDy = /sz(di)) det V.

Along with Step 1, this completes the proof. Q.E.D.

5.3.2 Proof of Theorem 5.10

We derive improvements of Lemma 5.12 and the proof of Theorem 5.10 under the
additional hypothesis that the Jacobian of ® be non-negative. The next lemma is

clear:

Lemma 5.13. Let ® satisfy condition (R) and let B C D such that Det V& €
LY(B) and is non-negative almost everywhere on B. Then deg(®,B,-) > 0 and
deg(®, B,-) € LY(R?*\ ®(0B)).

The non-negativity of the degree follows from Lemma 5.12 by testing against non-
negative test functions. One may then apply the monotone convergence theorem and
Lemma 5.12 to conclude the L! integrability. This lemma contrasts with Remark 5.5

in that we are able to obtain global integrability.

Remark 5.6. Applying Lemma 5.13 (together with Theorem 5.1) to the mapping
& = Vf parametrising an embedded surface, this also proves that on a surface with

non-negative Gaufs curvature, a reqular point is elliptic in the sense of Pogorelov (see
Lemma 5.21).

Lemma 5.14. Let ® satisfy condition (R) and let B C D such that Det V® € L'(B)
and is non-negative almost everywhere on B. Then for all ¢ € L>=(R?) there holds

¥(y) deg(®, B, y)dy = / Y(®(z)) det VO(z)dz.
R?2 B\®—1®(dB)
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Proof. OB is a compact set, so that by continuity of ®, ®(JB) is also compact.
Consider the boundary ®(0B) =: C C R?. We define the open sets C5 = {x €
R? | d(z,C) < ¢} for § > 0 sufficiently small. Clearly Ns~oCs = C, and R? \ Cjs is
closed. Note additionally that B = B U dB is also a compact set, so that we may
assume it is contained in a large enough ball A € R2.

We now take ¢% = xa(B)(1 — Xxc;), which converges pointwise to xa(py\aop) and
supp¢® € R?\ Cs. By Lemma 5.12, density of step functions in L*°, linearity, Lemma

5.13 and the dominated convergence theorem, and noting that

/BXQ(B)\Q(aB)<I')¢((I)(ZL‘))d@tV@((L’)d(L’:/ (P(x)) det VO (x)dx,

B\®~1®(0B)

we obtain the conclusion of Lemma 5.14. Q.E.D.

Proof of Theorem 5.10. We apply Lemma 5.14 to the map ® = V f where f is the
graphical parametrisation of the embedding considered. Noting that by Theorem 5.1,

det VO = det V*f = K o (u',u?)"' >0

almost everywhere, the result follows. Q.E.D.

5.3.3 Mappings with singular gradients

Before proving Theorem 5.2, we study the local structure of a map ® € Wi?(B, R?*)N
C%(B,R?) such that B\ ®7'®(dB) is a null-set. To do so, we assume (as we may,
in view of our later application) that ® has a gradient structure ® = V f. We shall
prove that det V& = 0 on a set of full Lebesgue measure.

Being a null-set, B\ ®~'®(dB) has empty interior int®(B) = &. The main result
of [109, 110] characterises the local structure of such a gradient map ¢ = V.

Before stating the result, let us fix some terminology for this section. A line
L C R?is a one-dimensional affine subspace of R?. A segment is a bounded connected
subset of a line. A pair of non-parallel lines determine four sectors of R?, which are

each identified by the pair of half-lines bounding them.

THEOREM 5.15 (Korobkov). Let ® = Vf, f € CY(D) and B C D such that
|®(B)| = 0. Then for any small open convezr subset V. C B and any v € V, there

exists a line L such that | ny is a constant.

We shall refer to maps satisfying the conclusion of Theorem 5.15 as being devel-

opable. A classical theorem of Hartman and Nirenberg [88] shows that immersed C?
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surfaces with vanishing curvatures are developable; in particular, a map parametris-
ing a developable surface is developable according to our definition. Equivalently, the
pre-image of a point x € ®(B) contains at least a segment in B.

As in Theorem 5.15, let L be a line, and let L' = L N B be the maximal segment

in B. We now show the following alternative:

Lemma 5.16. Let ® be developable, in the sense of Theorem 5.15. Then either ® is
constant on all of L' (which stretches to OB), or there exists an open set V C B such

that ®|y is constant.

In other words, either L is a segment of constancy, or it is not but it is contained
in a open set of constancy.

Figure 5.4 presents a typical behaviour of ® on B. For related works, see [106,
116, 141].

Figure 5.2: An example of typical behaviour of ® on the ball B, according to Lemma
5.16. The map P is constant along the black lines, and across the coloured areas.

Proof of Lemma 5.16. Assume that ® is not constant on all of L', and let L” C L’ be
the maximal (connected) segment such that ®|~ is constant. As & is continuous, L”
is closed. Let y be one of its ends. Then there exists a line L, and an open convex
set V,, 3 y such that @[z ~y, is a constant.

By maximality and connectedness, L # L,, as otherwise L, NV, would be an
extension of L” C L. But now by constancy ®|; v, = @[ = ®(y).

The line L divides R* into two halves, denoted by R? and R?. It is clear from
L # L, that the triangle A C V, formed of the segments L” NV, and L, NV, NR2

92



is non-degenerate. Thus, for any point z € A, any line L, 5 z must intersect either
L"NV, or L,NV,NRL. In any case, by constancy along lines, ®(z) = ®(y) and so
®|p = P(y) is constant. Thus if L” does not stretch to the boundary 0B, then A is

a non-empty set such that ®|5 is constant. Q.E.D.

L,

Yy

Figure 5.3: Sketch of the proof of Lemma 5.16. Any line L, containing z € A must
intersect either L, or L, and hence ® is constant on A.

If L” stretches to 0B, then ®|.» takes the value it has on the boundary 0BN L' =
0B N L". By connectedness and convexity, either B can be swept by parallel lines, or
it contains two segments of constancy that are not parallel but do not intersect in B.
Let ¥ C R? be the sector spanned by the two half-lines to which belong these two

segments.

Lemma 5.17. Let ® € W'?(B,R?), and let 3 be a sector of R* such that ®|snp is
developable (in the sense of Theorem 5.15), but no segment of constancy intersect in
YN B. Then there exists a r > 0 such that Q =] —r,r[?C ¥ N B, and two functions
¢ € WHP(] — 4, 4r[; R?) and vy(z,y) € W (Q) such that ®|g = ¢ o 7.

Proof. Step 1: up to a rotation of the axis, we may assume that ®|g,—qy € WhP(BN
XN{z=0}). Let ¢ = ro—qy.

Up to another rotation, we may also assume that no line of constancy is vertical,
i.e. parallel to the {x = 0} axis. Therefore each such line of constancy admits a

parametrisation as y = mx + b. As by hypothesis any point in 3 belongs to at most
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one line of constancy, the point (0,b) determines the line, and hence the parameter
m = m(b).
Step 2: we claim that m is a Lipschitz function.

For a fixed point b on {x = 0} NX, m(b) +b is the y-coordinate of the intersection
of the line L = {y = m(b)x + b} and the line {z = 1}.

Now for a pair of such b, 0’ and the lines L' = {y = m(b')x+b'}, if LNL' # & then
we must have by hypothesis LNL'NB =@. Let pe LNL. If pe RZ = {z > 0},
it is clear that |m(b) — m(b)| < |b—V/|. If p € R?, there exists a constant C' > 0
depending on Y. such that

Im(b) — m(b)| < C[b -V,
If LN L' = @ the two lines are parallel and therefore
Im(b) — m(t)| = [b— ],

hence proving the claim.
Step 3: there exists a Lipschitz function v(x,y) such that & = ¢ o~.
Fix z sufficiently small. We first note that the map

b— m(b)z + b,

is injective. This is obvious provided m(b)z + b € ¥ N B, as lines of constancy may
not intersect in X N B. As by Step 2, m is Lipschitz, the image of this map is closed
and connected. Thus we may construct an inverse of this map on its image. Let v, (y)

be this map. we have
(@,y) = (z,m((y))z + 7))

We now claim that v(z,y) = v.(y) is Lipschitz. For a fixed x, v,(-) is Lipschitz by
Step 2. Now notice that for a pair of points (x,y) and (z,y) for a fixed y, v satisfies

m(72(y))x +72(y) = m(:(y)z + 7:(y)-
This construction may be extended on all of ¥ N B. Q.E.D.

Recall that a function v : E — F is said to satisfy the N~! property if for every
null set Z C F, its pre-image v~ !(Z) C E is also a null-set.

Lemma 5.18. Under the same notations and hypotheses as in Lemma 5.17, v satisfies

the N=! property.
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Figure 5.4: The construction of the proofs of Lemma 5.17 and Lemma 5.18.

Proof. Let us consider [a,b] C @, and let L and L’ be the lines of constancy through
(0,a) and (0, b) respectively. We denote by ¥’ the sector defined by these two lines.
Then v~ *(Ja,b]) C ¥’ N B, and hence

v (Ja, b))] < 2]b - al.
Let Z C R be a null-set, and let us consider a cover of Z by disjoint intervals
Z C UaeAIaa

and such that > __, |1,| < € for arbitrary ¢ > 0. Then

acA

Y (Uaeala)] <Y u (L) < 20La] < 26

a€cA acA

Therefore v~ (Z) is a nullset.
Q.E.D.

Lemma 5.19. Assume that ® € W'*(B,R?) is developable in B (in the sense of
Theorem 5.15). Then det V® = 0 almost everywhere.

Proof. The only case we need to consider is the case where the function is not piece-
wise constant. Let U C B an open set where the function is non-constant. By
Lemma 5.16, there is a sector Y such that U C ¥ N B. By Lemma 5.17, there exists

95



two functions ¢ € WP and v € WH* such that ®|y = ¢ o y. We now claim that for

almost every point in B, there holds
Vo = ¢'(7)® V7.

As an immediate corollary, det V® = 0 pointwise outside of a set of measure 0.

Let us now show the claim. As ® is WP, on almost every line in B it is classically
differentiable. We wish to calculate V& in terms of ¢ and . Fix a coordinate line,
without loss of generality L,, = {(x,y0) € R*}. For almost every such y, fixed,
®[, € WHP(L,,, R?) (see Appendix A.1).

Let Z be such that ¢ is classically differentiable outside of Z; Z is a nullset
and a subset of R. Similarly, let Z' C L,, be such that « is classically differ-
entiable on L, \ Z’. Then the composition ¢ o v is classically differentiable on
C =Ly, \ (Z'Uy1(Z)) for almost every yo. The chain rule holds on C; noting
that v~!(Z) is a null set by Lemma 5.18, we conclude that for almost every (z, ),

9,0 (,y0) = ey (2, y0)d' (7(2, %0))-

The same reasonning applied to the y-derivative proves the claim. Q.E.D.

5.3.4 Proof of Theorem 5.2

We recall the setting, which is assumed in the statements of Lemmas 5.20, 5.21 and
5.23. We consider a locally isometric embedding v : £ C M — R? parametrised
by a function f : D — R. For & € E C M, we write without loss of generality
u(€) = (u'(€),u*(€),v?()) = (a(§), f(u(£)) and note that if u is C*, the map u is a
C! diffeomorphism between E and D. The function f is assumed to be in the spaces
W2P N Wited where p, o, ¢ satisfy condition (R).

The proof of Theorem 5.2 requires to show that the immersed surface is convex,
or equivalently that (up to a change of coordinates), the function f is a convex
function on its domain. We argue using the theory of bounded extrinsic curvature
due to Pogorelov [144], which shows that on neighborhoods of well-behaved points of
positive curvature, the surface is indeed convex. Lemma 5.20 first shows that such
points are dense, which is required in order to make the surface globally convex.

A point z € D is said to be a regular point for ® = V f if 71 (®({x})) is a finite
set. Note that our definition diverges slightly from [144], but up to restricting on a

smaller subset, a regular point in the above sense in also regular in the sense of [144].
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Lemma 5.20. For D bounded and ® as above, the set of reqular points of ® in D is

dense.

The proof of the lemma hinges on the fact that the Gaufl map of a surface with
bounded extrinsic curvature is well-behaved. Recall that for a C' embedding u :
M — R3, the (vector-valued) GauB map is defined as

O1u X Osu

v |O1u x Oqul|

If u is given as the graph of a function f € C*(D), then we obtain

—— | -o
Y ()

so that |v| = 1. Using the notation Vf = &, we have v = ﬁ ( 1

) , so that
v(z) =v(y) & ®(x) = ®(y) for any z,y € D.

Finally, we recall that a surface is said to be of bounded extrinsic curvature if its
Gaufl map is a BV function with finite total mass. A simple fact arising from our
regularity hypothesis is that as D is bounded and ® € WH!(D), the mapping v has
finite total mass, and so the surface has bounded extrinsic curvature in the sense of

Pogorelov.

Proof of Lemma 5.20. By [144], Theorem 3 p. 590, [q, n(v, D, a)da < oo for a surface
of bounded extrinsic curvature. Here the notation n(v, D, a) refers to the Banach
indicatrix function on D, i.e. the number of pre-images of a for v in D.

Let S C S? be the set of points a such that v~!({a}) C D is infinite. It follows
that S is a null set. Furthermore S is in one-to-one correspondence with the set
S={acR? |n(®, D,a) = oco}. As ®(D) is bounded, there is a bi-Lipschitz mapping
between ®(D) and v(D) mapping S onto S. Thus S is a null-set too.

By definition, the set of non-regular points for ® is given by CID_I(S' ). We have
lv(r=1(S))| = 0, and so as above |®(®~1(S5))| = 0.

We now claim that ®=*(R?\ S) is dense in D. If not, there is an interior point
contained in a ball By, C D such that ®(By,) C S. Moreover, the set ®(B,) C ®(By,)
being in S, it is a null-set: |®(B,)| = 0. Being a null-set, it cannot have a non-empty
interior. But then ® is developable in the sense of §5.3.3, and hence by Lemma 5.19,
we must have det V& = 0 almost everywhere on B, a contradiction with Theorem

5.1, as K > 0 by assumption. Q.E.D.
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Once density of the regular points in D is established, we may follow the arguments
of Pogorelov [144] and Conti-De Lellis-Székelyhidi [43] to establish convexity on the

domain.

Lemma 5.21. Up to a global affine change of coordinates, f is locally convex on D,

in the sense that in any convex subset C' C D, f|c is conver.
For the convenience of the reader, we sketch the arguments proving Lemma 5.21.

Sketch of proof. By Lemma 5.13 and the hypothesis that infg K > 0 (see Remark
5.6), the surface is elliptic in the sense of [144, Chapter IX, §3], i.e., every regular
point has degree greater or equal to 1; moreover by [144, Chapter IX, §5, Lemma
2], every elliptic point has a neighborhood which is a convex surface, up to an affine
change of coordinates.

As such regular, elliptic points are dense by Lemma 5.20, it follows from Step 2 and
3 of [43, Appendix A] (see also [144, 154]) that the whole neighborhood u(E) C u(M)
considered is in fact convex, up to a further change of coordinates. In other words,

the graph (z,y, f(z,y)) is convex up to a local affine change of coordinates. Q.E.D.

Recall that for a convex function, the notion of Alexandrov measure gives a mean-
ing to the Hessian determinant. More precisely, for D C RY a domain and f € C(D)
a convex function, we recall that its Alexandrov measure My is defined as follows:
forall £ C D,

My(E) = | ] 0f(x)

zel

Here 0f(x) refers to the sub-differential of f at the point x, namely the set

Of(x) = {pe R |Vy e D, (p,y —x) <uly) —u(z)}.

The Alexandrov measure is a non-negative Radon measure. When both Alexandrov

measure and distributional Hessian are defined, we have the following relation between

M and Det Vf.

Lemma 5.22. Let D C RY be an open domain and f € W NW2N=L(D). Assume
that f is convex. Then Det V2f is a non-negative Radon measure and moreover

M = Det V2if.

The proof of the lemma follows at once from two facts: first, mollifications of a

convex function are convex; and second, distributional determinant and Alexandrov
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measure coincide for smooth, convex functions, so that the equality is preserved when
passing to limits.

Lemma 5.23 relates the Alexandrov measure of f to the Gaufl curvature.

Lemma 5.23. Let (M, g),u, f, K, K be as above, and assume that f is convex. Then
for E.C D Borel, there holds

MyE) = [ BV
E
where V2 =1+ |V f]2

Proof. By Theorem 5.1, we have Det V2f = KV*, which is non-negative. The result
now follows from Lemma 5.26, which states that M; = Det V2f in the sense of

measures. Q.E.D.

Proof of Theorem 5.2. By Lemma 5.21, up to restricting ourselves to a smaller neigh-
borhood and a change of coordinates, we can assume that f is convex without loss of
generality. By Lemma 5.23, the Gaufl equation holds in the Alexandrov sense.

Strict convexity follows from the fact that the RHS is uniformly bounded from
below (see e.g. [67]). Interior regularity for the Monge-Ampere equation implies
that, as KV?3 € C?, f must be C*>*. But then u is C*® by the Myers-Steenrod
theorem (see [164]). So the RHS is C1%; bootstrapping shows smoothness.  Q.E.D.
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5.A Appendix: On Hessian determinants

This appendix collects facts about the Jacobian and Hessian determinants, det V&
and det V2f respectively, and their distributional pendants, denoted by Det V® and
Det V2 f respectively.

5.A.1 The distributional Jacobian determinant

Let A = (v1,...,vy) € RV be a square matrix, where v; € RY for 1 < i < N.

Identifying—as we may— alternate N-vectors with scalars, we may write

det A=vi A--- Awy,
(det A)T = Adj(A)A.

Let Q € RY an open domain. For a smooth vector field ® € C*((2), the Jacobian
matrix A = V® is an N by N matrix, with v; = ®*. It is well-known (see e.g. [124])
that div(Adj(V®)) = 0, from which one may write

1 1
det V& = = Adj VP - Vb = - div(Adj VP - ).

It is an observation of J. Ball [2] that this defines a distributional Jacobian, denoted
by Det V&:

{(Det VO, ) N/ )Adj(VP)Ve for ¢ € C°(Q). (5.21)

Here (( -, -)) refers to the duality pairing. Using differential forms, equation (5.21) can

also be written as

(Det V@, ¢ ) Z/ AD' A - AdDTE A DG A - A dDY, (5.22)

for ¢ € C°(Q). This distribution is well-defined for ® € W'?(Q, RY) for p > ]\],le,
or ® € Wh(Q RN)NL>*(Q,RY) for ¢ > N — 1.

5.A.2 Regularisation of the distributional Hessian determi-
nant

First we recall an identity for Jacobians which is used throughout (seee.g. [101,
Chapter 8]): for two smooth vector-valued functions ® and ¥ and a test function &

compactly supported in €2, we have

/(det Vo — det v\p)g‘ < / |® — U||VE(VE| + [TV (5.23)
Q Q
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Applying Holder’s inequality with p > N — 1 yields

| (@t Ve — det V| < (90 + V) (10 = W], g [VE])
The reader is referred to [18] for further inequalities involving the Jacobian determi-
nant.

We now focus on the case where ® is a gradient field, i.e. there exists a function
f such that ® = Vf. As above, the distributional Hessian Det V2 f is well-defined
for f € W27(Q) and p > 2= or for f € W2N-1 n Whe(Q).

N+1?

Remark 5.7. “Weaker” forms of the distributional Hessian may be defined using
further cancellations in equation (5.22) arising from the gradient structure. The reader
is referred to the survey [100)].

A natural question is when the distributional Hessian agrees with the pointwise
value of the determinant of the Hessian. By a result of S. Miiller [125], if f € W?(Q)
for p > NN—jI and moreover Det V2 f € L1(Q) then Det V2 f = det V2 fdx. However, the
arguments of [125] do not cover the case where f € W2V =1 W1 The next lemma

may be known but I was unable to locate this precise statement in the literature. It
is closely related to [100, 125].

Lemma 5.24. Let f € W2V"1Q) n Wh>(Q). If DetVif € L' then
det V2f = Det V2f pointwise almost everywhere. In particular, the pointwise Hes-

sian determinant det V2 f is integrable.

This lemma is the analogue of the “det = Det” equality proved in [125] (see also
[47]).

Proof. The proof consists in showing that (Det V2f)¢ — det V2f (o) almost every-

where. Here (Det V2f)¢ is a regularising sequence given by
(Det V2 £)¢(z0) = ( Det V2u,n. ),

for a sequence of mollifiers y — n.(xz¢ — y) which is an approximation of identity, i.e.
D)
such that as ¢ — 0, we have 1. —— 0.
Let 2o € Q be a point of LNt density for V2f. Then for small enough balls

B.(xg), there exist quadratic polynomials P. of the form

P(2) = co + o1 (& — o) + %@; _ 20, V2 f(20) (@ — o).
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such that supg_ 2 |f — P.| < o0, by Calderén-Zygmund estimates, as in [23, Theo-
rems 8, 10 and 12| and [100, Theorem 6].
Let ¢ > 0 be sufficiently small (so that d(zo,0€2) > ¢), n. be a mollifier, and

denote 1. (y) := n-(xog — y). Testing against ), we have on one hand
(Det V2f,4) = Det V2 f * 1.,

where the convolution is taken in the sense of distributions, and on the other hand,

integrating by parts yields
{(Det V2f, 4. ) =
XN

Z—NZ/& oy JOD N MO S) N OS) A N dBiiaf) - A O]

d(Oi1 f) Nd(Oyoe) N+~ ANd(On f)

= |

ZI
EMz ||Mz ||Mz ”MZ HMZ

1
N

(zo)
(f — P)w +/ Pgwi)
Be(wo) Be(zo)

(f - Pt +/B( )m(alf)w--m(aia)A---Ad(am)

2
!
>/,
()

= |

Bs $O)

</BE($O)<JC e +/”’E (01f) /\(daif>(55o)/\~'-/\d(8Nf)>.

==

The second term goes to Adj(V?f)(z)V2f (o) = det V2 f(xq) as € — 0. For the first

integral, we can estimate

[ = Pl <1 = Pl lelaca
BE(Z'O)

< C|f = Pelluoe o | Adj(V2 )|l (8l Ve || Low (8.
< ONf = Pellem @IV AN ) Ve e 82 -

The first term of the product is o(e~ ) by the Calderén—Zygmund theorem; the second
is O(e"); and the third one is O(e7"~2). Overall this vanishes as ¢ — 0. This yields

the conclusion that
Det V2f xn. = (( Det V2f, 1. ) — det V2 f (o).

Q.E.D.
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5.A.3 Alexandrov measure

Let D C RY be a domain. If D is convex, we say that f € C(D) is convex if for all
z,y € Dand 0 < A <1 wehave f(Az+ (1 —N)y) < Af(z) + (1 — ) f(y). Otherwise,
f is said to be convex if there exists a convex function f € C(conv(D)) such that
flp = f. Here conv(D) is the convex hull of D in R™.

For a convex function f € C(D), its Alexandrov measure M is defined as follows.
For all £ C D,

My(E) = | ] 0f (x)

zelR

Here 0f(z) refers to the sub-differential of f at the point x, namely the set

Of(x)={peRY |y e D, (py—z) <uly) —u(z)}.

The Alexandrov measure is a non-negative Radon measure. Finally, we recall the

following important fact.

Lemma 5.25. Let (fy)ren C C(D) be a sequence of convex functions converging
uniformly on compacts to a convex function f € C(D). Then My — M; converges

in the weak* topology of measures, i.e. for any ¢ € C.(D),

lim [ gamy, = [ oiny.

A proof of this fact can be found in e.g. [67].
When both Alexandrov measure and distributional Hessian are defined, we have
the following relation between My and Det V f.

Lemma 5.26. Let D C RY be an open domain, f € WH° N W2N=1(D). Assume
that f is convex. Then Det V2f is a non-negative Radon measure and moreover

Mf = Det V2f

Proof. The proof of the lemma follows from two facts: first, mollifications of a convex
function are convex; and second, distributional determinant and Alexandrov measure
coincide for smooth, convex functions. For completeness, the details of the proof are
provided.

Step 1: we give a proof of the first fact. Let f € C(D), and consider a mollifier
n € C(By) such that

[ wwde=1. g=0
By
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Let D. C D be the set of points such that dist(z,dD) > e. Writing n. = ¢~ Vn(-/¢),

we define the regularisation f€ of f as

f@%j@fwmxm—w@==B@f@—@m@ﬂt v e D..

If D is not convex, we consider a convex function f € C(conv(D)) such that f|p = f.
Here conv(D) is the convex hull of D. We note that if x € D., B. C D and so

Fo(a) = ﬂwm@—yMyz/’ Fne(e — y)dy = (o).
Be(z) B (z)

Let 0 < A< 1and z,y € D.. Writing z, = Az + (1 — \)y, there holds

Faa) = [ flan —t)n-(t)dt

B:

-/ FM@ =)+ (1= Ny — t)n-(t)dt

<AL flaz —t)n:(t)dt + (1 = \) ; fly —tn-(t)dt

=AM (z) + (1 =X f(y).

Therefore the regularisation f¢ of a convex function is convex.
Step 2: we consider the regularisation f¢ of f. Then f¢ is convex and My =
Det V2 f¢. Moreover, by Lemma 5.25, we have

My 2 M,

in the weak™® topology of measures on D.. In particular, for all ¢ € C°(D), there

exists an € > 0 such that supp¢ C D.,

D, De

li
e—0
D/(D) .
so that M ——= M. On the other hand, it is clear that
Det V2 15 2P Dot v2 .
By uniqueness of limits in D'(D), Det V2f = M;. Q.E.D.

5.A.4 Gaufl equation in the sense of Alexandrov

We note that to obtain the statement of Lemma 5.23, the regularity condition (R) is

superfluous: one can by-pass Theorem 5.1 and obtain directly:
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Proposition 5.27. Letp > 1, f € W?PNCY(D) be a convex graphical parametrisation
of a locally isometric embedding with Gauf$ curvature K, and let My the Alexandrov
measure associated to f. Then for all E C D, My(E) = [, 2%

Lemma 5.23 is a corollary of Proposition 5.27. Furthermore, by Lemma 5.26, if

the function is convex, Proposition 5.27 in fact implies Theorem 5.1.

Proof of Proposition 5.27. Proposition 5.4 showed that in the sense of distributions,

div(AVf) = KV.

Here the matrix A is given by

(Y2, —X72f
— 1 yy Ty
A=V (—Y‘Qfxy X7 fou > ’

and the operators div and V are the Euclidean operators d, + 0, and (0, 0,) respec-
tively.
Approximate by smoothing f to f¢, and define the following:

1
L+ VP A+ (D))

1
A+ VP +(f5)?)

€ fe _ € fe
A = T Yy — Jxy
_ ’I‘s £ —e fe .
Ty —

rr

—e

T =

By C! regularity of f, we have uniform convergence of the regularisations V f¢ —
V[, and therefore of =5 — = (and similarly for T¢). Moreover by smoothness the
following algebraic identity holds (see Section 5.2):

e ey det(V2fF)
The argument is now similar to that of Lemma 5.24. Recall that f being convex

implies that the regularised f¢ are convex. Thus, by convexity we have

*

det(V2f°) = M;

in the weak™ topology of measures. On the other hand, by our regularity hypothesis
on f, we have

ATV 5 AV f
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!
in Ly,.

Thus
div(A°V f%) — div(AVf)

in the sense of distributions. Finally, since V¢ — V uniformly on compacts, we have
M=KV

Q.E.D.
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Chapter 6

Connections with LY Bounds

Let P — M be a principal G-bundle; throughout this chapter we assume that G is
a matrix group, i.e. a (Lie) subgroup of GL. A central object of study is the set of
connections on a bundle. Let A(P) be the (affine) set of connections on P — M, and
recall that for a connection V4 € A(P), one can define a curvature 4 = V40V 4. We
investigate the behaviour of the curvature form 24 along a sequence of connections
converging weakly in some Sobolev space.

The main result of this chapter shows that for a sequence of connections with LP
bounds, the curvature tensor passes to limits in the sense of distributions. Before
stating the result precisely, let us recall that the space of connections A(P) on a
principal bundle P — M is affine. We fix a reference smooth connection V € A(P).
Then for any connection V4 € A(P), there exists an Ad(P)-valued one-form A such
that

Va-V=AeT(M,Ad(P)®T"M).
Recall that Ad(P) is the adjoint bundle of P (see Appendix B), whose fiber is
the Lie algebra g of G. In a local trivialising domain £ C M, we may write

Ael(E,gT*E) ~ E x g x R", which we therefore view as a matrix-valued one-

form. The curvature form €24 may now be expressed as
1
Q4=Qv+VA+ 5[A ANA] € T(M,Ad(P) ® N*T*M),

where (v is the curvature of the reference connection V.

A sequence of connections V¢ = V + A®, indexed by ¢ > 0, is said to converge
weakly in L? if A° — A weakly in LP(M, Ad(P) ® T*M) (see Appendix A for the
relevant definitions of Sobolev spaces).

We now state the main theorem of this chapter:
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THEOREM 6.1. Let (M, g) be a closed smooth Riemannian manifold, P — M be
a principal G-bundle, and V € A(P) a smooth reference connection.

Let Ve =V + A® be a sequence of connections on P, Q° the associated curvature
forms, and assume that

sug | A%||Lo(ary < 00, p > 2, (6.1)
>

sup || Q2 ||(M) < cc.

e>0

Finally let Vo = V + A be an LP connection such that A* — A in LP up to a
non-relabelled subsequence. Then Q. = Q4 in the sense of distributions, i.e. for all
¢ € T'(M,Ad(P) @ N*T*M),

tim [ (4%,66) + (1A% A A7), 6) = /M<A, 56) + 3{[AA A]6).

e—0 M

Here the notation [|2||(M) refers to the total mass of the curvature form.

Remark 6.1. By the Banach—Alaoglu theorem, the ball is weakly compact in LP; thus,
under hypothesis (6.1), there exists an A € LP(M, Ad(P) ® T*M) such that A> — A
i the weak topology of LP, up to a subsequence. We focus on identifying the weak
limit of the non-linearity [A® N\ A®]

The main ingredient of the proof is a div-curl estimate (see Lemma 6.5), which is
needed to deal with the limit of the non-linearity [A% A A°].

Theorem 6.1 yields weak continuity results for several systems of equations of
differential geometry and physics. As a first application, we give a weak continuity
result (Theorem 6.9 below) for Yang—Mills equations under the assumption of uniform
L? bounds.

The second application, which is also the most relevant to the core of the thesis,
is the study of the constraint equations for immersions of Riemannian manifolds
in Fuclidean space. We obtain weak continuity results for the Gaufl-Codazzi-Ricci
equations generalising the results of [33, 36]. This occupies the next chapter, Chapter
7; the main results are Theorems 7.1 and 7.2.

This chapter is organised as follows. In Section 6.1, we present the required
preliminaries and prove a general div-curl lemma, which is then employed in Section
6.2 to prove Theorem 6.1. As an application, in Section 6.3, a compactness theorem

for weak Yang-Mills connections is proved (c¢f. Theorem 6.9).
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6.1 A general framework for div-curl lemmas

The main results of this section are Lemmas 6.5 and 6.6. These are the main ingredi-
ents of the proof of Theorem 6.1. Since the result is inspired by—and extends—many
other div-curl lemmas [33, 44, 111, 130, 153|, we have embedded its proof in a more
abstract framework which highlights the similarities and links between our theorem
and other existing results, exposed in the first two pragraphs of this section. The

proofs of Lemmas 6.5 and 6.6 are in §6.1.3.

6.1.1 Differential complexes and functional spaces

We start by recalling basic notions about elliptic complexes, which are the natural
framework to consider. The material in this section is standard and the reader is
referred to e.g. [142].

Let M be a closed Riemannian manifold and let {E(i) — M |i € N} be a sequence
of fiber bundles on M. A complex is a sequence of maps {D(i) : I'(M, E(i)) —
I'(M,E(i +1))|i € N}. The complex D is differential if D(i + 1) o D(i) = 0, or

equivalently if the sequence

D(i—1)

' I'(M, E(i)) &) D(M,E(i+1)) D(i+2)

PED p, B+ 2)) 252

1s exact.

We are interested in the case where F is a complex of vector bundles and D is
a sequence of linear differential operators. We assume that F is also equipped with
an inner product. Let * denote the associated Hodge duality operator, and (1) the
volume form. For a element ¢ € I'(M, E(i)) and 1 < p < oo, we can define the L?

norms
P, = P(x1).

The Lebesgue spaces on E are then the completion of I'(M, E(i)) with respect to the
above norm. We also assume that ['(M, E(i)) is equipped with a sequence of fixed,
smooth connections V(i), so that one may define Sobolev spaces W*?(M, E(i)) by
acting with V, so that e.g. the W? Sobolev norms are given by

16l2, = /M 6P(x1) + /M Vo (x),

and the spaces WP are defined by duality in the standard way (see Appendix A for

further details on Sobolev spaces on vector bundles).
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T B(i) —— E(i)

| |

"M ——— M

Figure 6.1: Pull-back of the bundles E(i) — M on the cotangent bundle by the
fibration 7 : T*M — M. This diagramme is commutative.

Fix local coordinates on M; in the associated local trivialisations {0; ‘ 1 <7<

dim(E(i))} of E(i) — M, the operators D(i) take the form
D(i)= Y P,
|| <he(d)

where o € N4™(E®) is 3 multi-index and P* = P%(i) € I'(M,Hom(E (i), E(i+1))) =
(M, Z(E(i), E(i+1))). We use the multi-index notation 0, = ®1<j<dim(z(:))0%. The
operator D(i) is of order k(i).

Recall that the symbol of D(i), denoted by op, is a vector bundle complex

. op(i—1) 7T*<E<Z>> op(i) W*(E(Z‘i‘l)) op(i+1)

where we write T*M 5 M for the cotangent bundle, 7*E for the vector bundle
7*E(i) — T*M pulled back over T*M by the fibration map 7 (see Figure 6.1). Thus
for a fixed £ € Ty M, opi)(§) : E(i), — E(i + 1), is a linear map, given as the symbol
of the differential operator D(i) in coordinates on E(i). Alternatively, it may be
defined directly as follows. Let f € I'(M, E(i)) be such that f(x) = v; let g € C°(M)
be such that g(z) = 0 and dg|, = &. Then opg)(&)v = D) (g*D f/k(i)!)(z) € E(i+1)
and so op)(§) € L (E(i), E(i 4+ 1)). The complex D is elliptic if op is exact.
The L? adjoint of D is denoted by D* and forms a new complex

D*(2)

2 pov, BG4 1) 22 rv, BG))

D*(i—1)
—> .« e

which is also exact if the complex D was differential; similarly for its symbol op-.

The Hodge Laplacian of D is the sequence of operators given by
A(@)=D(i—1)D@E— 1)+ D(i)*D(i) : I'(M, E(i)) — I'(M, E(i)).

It is well-known that if D is an elliptic complex, the Hodge Laplacian is elliptic as o

is an isomorphism. We also note the following commutation property.

Lemma 6.2. Let M be a smooth closed Riemannian manifold, (E, D) be an elliptic
complex on M, D* its adjoint complex, and /\ the associated Hodge Laplacian. Then
A D = DA. Moreover, letting A" denote the inverse Laplacian, we have A™' D =
DA™,
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Proof. The proof is a simple calculation: we have
DA =D(DD*+ D*D)=(D*D+ DD*)D = A D.
The second assertion follows immediately from the first as follows:
AT'D=AT"DAAT =AT"ADAT = ATD.
Q.E.D.

For our purpose it is sufficient to consider the case where all the operators D(i) are
first-order operators. We note that it is possible to derive the entire theory expounded
in this section for general elliptic complex of arbitrary order £ € N, in which case the
Hodge Laplacian is in general an operator of order 2k, and first-order Sobolev spaces

need to be replaced with suitable spaces.

6.1.2 The div-curl lemma

By standard elliptic theory, the Hodge Laplacian A of a first-order elliptic complex
admits a continuous inverse A~ : W=P(M, E(i)) — W'P(M, E(i)), for 1 < p < oc.

The next observation is essentially due to [153].

Lemma 6.3. Consider a sequence of sections o° that is bounded in LP and such
that Daf is compactly contained in WP, Then there exist p° € T'(M, E(i)) and
e € T(M,E(i — 1)) satisfy p° — p and ¥ — 1 strongly in 1P, and in addition
Dy — Dy weakly in LP, such that of = Dy + p*, and o = DY + p.

Proof. We note the following algebraic identity:
of =AANTf =DD*A o+ DDA AF.

Letting ¥° = D* A~ of and p° = D*D A~ of, we have of = Dy + p°.

By Lemma 6.2, p° = D*DA "o = D* A Da®. Recalling that Da® is com-
pactly contained in W=7, since A™! is continuous, p° is compactly contained in
LP(M, E(i)), and thus converges strongly to a limit p.

On the other hand, ¢¢ is in a bounded set of W'*(M, E(i — 1)), and therefore
converges to a limit ¢ weakly in W' (M, E(i — 1)) and strongly in L”, by compact

emebdding. Finally, by uniqueness of weak limits we have
a= Dy +p.

Q.E.D.
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This observation allows us to obtain the following general div-curl lemma for

elliptic complexes.

Lemma 6.4. Let p,q > 1 be such that % +% =1 and of € L’(M, E(i)) and B¢ €
LM, E(i)) be bounded sequences, such that

Do € W HP(M, E(i + 1)),
D*p* e W (M, E(i — 1)).

[ w310 [ @

The notation (af, 5°) = (a, ) is also used in the rest of the text when there is

no ambiguity.

Then for all ¢ € C*(M),

Proof. We view the sequence o € LP(M, E(i)) as part of the complex (£, D) and
pe € I'(M, E(i)) as part of the complex (E, D*). Applying Lemma 6.3 yields o =
DuyF + pf, B¢ = D*C° + £°. We now take ¢ € C°(M). Then there holds

[ @50 = [ (w0 o [ v
[ o [ (0.

By Hoélder’s inequality, (p°, &%) — (p,&) strongly in L', so that [, (p°,&)p —

The second terms and fourth terms of the RHS are treated similarly. D con-

verges weakly in LP, while £° converges strongly in L9. Therefore

| oo [ Du.go

Finally, we focus on the first term. Recall that D(7) is a first-order linear differ-

ential operator, so that we may write for all - € N
D(i) = Pu(i)d"
lul<1

By the Leibniz rule, we have
DG+ 1)(¢D() =Y. Y (“) D¢ P, (i + 1)0" " D(i)i).

K
W‘<1 K<

= ¢D(i+ 1)D(i)the + > > ¢P(i+ 1)0" “D(i)..

|u|<1 0#r<p
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Notice that © is an exact complex so that D(i + 1)D(i) = 0. Thus, we are left with
D(i+1)(¢D(i)e) = Y Y 0"¢P,(i + 1)0" *D(i)y.. (6.2)
lu|<10#R<p

We note that D(i) is a first-order operator so that, whenever 0 # x < p and |p| < 1
we conclude that p = k. Then the right-hand side of (6.2) simplifies further to

D(i + 1)(¢D(i)p.) = Y 0"¢Pu(i + 1)D(i))..
<1

We now integrate by parts to obtain
| @Dliyse 07(06) = = [ (D@D, )
= - Z / aﬂ(b Z + )D(Z)Q/JE,CJ :

|ul<1

Recall that, by construction, (. converges to ¢ strongly in LZ. Furthermore, D(i)t.

converges weakly in LP. Therefore, we have

| @nlis.. 76 Z/&w (i + D)D), )

|pu|<1

/ 0" (P(i + 1)D (i), C)

|ul<1

AWMWJO

where we have integrated by parts once more for the last equality. This completes

the proof. Q.E.D.

Lemma 6.4 generalises the standard div-curl lemma. Indeed, as an example of the

approach of this section, let us consider the complex

grad

0— I(M) &5 D(M, TM) > D(M, TM @ TM) —

whose adjoint complex is

— (M, TM) &% (M) = 0,

For instance, if dim M = 3, we have the short exact sequence

0 — (M) 224 D(M, TM) 25 (M, TM) &% T(M) -0, dim M = 3.
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Applying Lemma 6.4 to these complexes, we obtain the classical div-curl lemma: let
u® and v° be sequences of vector fields bounded in L? and L? respectively, for Holder
conjugate indices 1 < p,q < oo, such that divu® €@ W=1* and rot v* € W14, Then
(us, v%) = (u,v).

We now focus on the de Rham complex

o S T(M, AT M) S T(M, AT M) S (6.3)
where A*T*M is the alternate k-th power of the cotangent bundle (i.e. k-forms on
M), and d is the exterior derivative. We denote by § the adjoint of d. M being a
Riemannian manifold, A*T*M is equipped with an inner product.

We obtain a div-curl lemma for products of differential forms. As before, let
af € LP(M,A\*T*M) and 3¢ € L4(M, A\*T*M), such that da® € W=LP(M, AMHT* M)
and 03° € W=14(M, A¥=YT*M). Then, by Lemma 6.4, for all ¢ € C=(M),

[ @m0 [ o

[ @so= [ otans,

and moreover the confinement hypothesis for §3° is equivalent to the statement
that d(x3°) € W14(M, A""**1T*)M). Thus, using the graded structure of the de
Rham complex, we see that the following result holds true: let af € LP(M, A*T*M)
and 3 € LI(M,AN"T*M), such that do® &€ W P(M,AFFIT*M) and dp° €
WL M, A™HIT*M). Then for all ¢ € Q" *™(M) smooth, compactly supported
test (n — k — m)-form, there holds

/AJ¢Aa8A58—>/Al¢AaAﬁ.

This is a special case of the main result of [153]. By induction one obtains the general

Note that

result of [153], which concerns general alternating products of differential forms.

6.1.3 Lie algebra-valued differential forms
Let g be a Lie algebra. We consider the complex of g-valued differential forms
E(i)=T(M,g @ AN'T*M),

and the differential given by D(i) = d, the exterior differential. g is equipped with
the Lie bracket, which makes F into a non-associative bundle. Additionally, it is

equipped with an inner product.
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The situation is quite different from the case of the complex (6.3). Here, anti-
commutativity of the Lie algebra g implies that g-valued differential forms need not
satisfy alternativity, e.g. for A a g-valued one-form, the product [A A A] need not
vanish (see Appendix B).

The main aim of the discussion is the following result, of which we now give a

detailed proof.

Lemma 6.5. Let (M, g) be a Riemannian manifold with n = dim M, let 1 < p; < n
and 1 < p; < oo such that

1 k
— =1, i =18 < n,
and let g be a Lie algebra. Assume that AL € LY

(M, g @ NMT*M) is a sequence of
differential forms such that

Al —~ A weakly in LY as e — 0, (6.4)
dAL € W, 17, (6.5)

loc

Then, for an arbitrary smooth, compactly supported test form ¢ € T'(M, gA"*T*M),

lim <[A;A[---AA§1---1,¢>=/<[A1A[---AM---1,¢>. (6.6)

e—0 M M

Proof. The proof is based on an induction argument. There is nothing to prove when
kE=1.

Step 1. We now prove (6.6) for k = 2. Let Al and A? be g-valued forms of degree
w1 and o, respectively. The complex E(i) = T'(M,g ® AN“T*M), equipped with the
exterior differentiation d, is an elliptic complex. Thus, by Lemma 6.3, for p;,ps €
(1,00), for each AL satisfying conditions (6.4)—(6.5), there exist U¢ and p’ such that

AL = d¥ + gL,

7 i : Pi
v — v in Li;.
7 7 : Pi
Ay, — dv in L
i i : Pi
pe = p' in LY .

Thus, as in the proof of Lemma 6.4, every product [AL A AJ] can be decomposed as

the sum of a product of form [d¥% A d¥?], a product of a weakly-strongly converging

1
loc

[pL A pi]. Therefore, the only term we have to deal with is [dU} A dP2].

sequence of form [dW! A p!] (that converges in L), and a strongly convergent product
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Integrating by parts, we obtain that, for an arbitrary smooth, compactly supported
test form ¢ € I'(M, g @ A" *T*M),

/M (4T} A dv?], ) = /M (AU, 4V A 5]} = /M (1,6 % [dT2 A #g)
- /M (UL #d]dV? A ) = /M (WL A dw?], 66),

by virtue of Stokes’ theorem and Jacobi’s identity, where § is the co-differential on

M. Using that W! converges strongly to W' in L” = we conclude that,

loc»

/([Q/;Ad\llg],égzﬁ)%—/ <[\Ifl/\d\lf2],5¢>:/ (AU A dT2, 6)  as e — 0,

M

Step 2. We now deal with the general case. For g-valued forms A% i = 1,....k,
each of degree p;, assume by induction that the statement holds for the product of
k — 1 forms. By Lemma 6.3, we may write A = dVU’ + pi for all i = 1,..., k. Thus,
the product [AL A [--- A A*]---] may be expressed as a sum of products involving
dV® and p'. In this sum, the only term we have to treat is the product, Q° :=
[dULA[--- AdPF]---]; all the other terms are treated by the induction hypothesis,
the Banach—Alaoglu theorem, and the uniqueness of weak limits.

Note that, for each fixed e, the form Q. is closed, i.e., dQ. = 0. Integrating
by parts, we obtain that, for an arbitrary smooth, compactly supported test form
pel(M,ge A" 5T*M),

/Qs,cﬁ /del A[AW2 AL A AW -] A xg))

/M<\111 A[AUZA [ AdUE] - ]),60)
— - M<[ A[AT* A [ AdEY -], 69)
:/M<[d\111/\[d\IﬂA[--~/\d\I”“]-~]]7¢>

by virtue of Stokes’ theorem and Jacobi’s identity.
By induction, we complete the proof. Q.E.D.

The hypothesis of compact confinement (6.5) can be relaxed if we assume in ad-
dition that the non-linear term is equi-integrable. In the case of the classical div-curl

lemma, this observation is due to [44].
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Lemma 6.6. Let (M, g) be a Riemannian manifold, n = dim M, 1 < p; < n, and
1 < p; <00 so that

k k

Zizl, Z,uizzsgn.

i=1 p =1

~

Assume that AL € LV (M, g @ ANMT*M) be sequences of differential forms such that,

loc

as e — 0,

AL~ A weakly in LY

loc?

dAL € W, PH(M, g @ AT M),

loc

[ALAN[A2A--ANAR -] s locally equi-integrable.
Then
AN nAF s AP AN AR in the sense of distributions.

The proof follows the structure of that of [44].

Proof. We deal with the case where £ = 2 and py = py = 1. The general argument
follows exactly the same lines as in Lemma 6.5 and [153].

Step 1: by the biting lemma, for each 1 < ¢ < k = 2, there exists subsets £ C M
such that ,

e |[Ef| > 0ase—0.
o |A5[PxanEe s equi-integrable.

We note that | US_; Ef| — 0.

We consider the modified sequences Bf := Afxyngs. The B; converge weakly to
B; € LPi| and they are LPi-equi-integrable.
Step 2: we claim that dB; € WP for each 1 < i < k. Indeed, without loss of
generality it suffices to prove that if dBf — 0 in W=1! then dBf — 0 in W=7t In
view of the fact that B are uniformly bounded in L?i | it is clear that ||dBS||y-1»; < 00
for all e; it suffices to show that ||dB5||w-1r; — 0, i.e. for any arbitrary compactly
supported ¢ € Q""~1(M,g) with |[V¢|[rr. < 1, there holds | [,,[Bf A d¢]| — 0
uniformly in ¢.

To do this, following [44], we let x > 0 be a fixed real number (to be chosen), and

we consider a compactly supported x-Lipschitz approximation 1 of ¢, such that
{z € M|¢(x) # ¢(2)} U{z € M| Ve(x) # Vi(z)}] = |S| < C(M)xP=.
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One can estimate

’/ BE/\dgb‘ ‘/ [BS A (dp — d@b‘ ‘/ BSAd@u‘

| Blinas - d¢)]'+\|d¢|’Lm||dBEHw11

1/p1 1/p2
< ( / IBTI’“) ( [ 1as - dwl’”) R B
S S

1/p1
< (/ |B§|p1) (||dgb||Lp2(s) + K|S|1/p2) + k|| dB; ||w-1.1.
S

\

Since |Bf|"* = |Af|["*xangs is equi-integrable, we may assume that there exists a
positive function p = p(s), defined for s > 0, which does not depend on ¢, satisfies

p(s) = 0 whenever s — 0 and such that

/S BEP < p(1S)).

Inserting this into the previous line of estimate, we obtain

'/M[BiAdd)]‘gp

(C(M)KP2) P ([|d||oa(s) + £ISIP2) + k]l dBf |l w1
< p(C(M)RP2) P (14 C(M)YP2) + K| dBE [lw-11.

Note that if we let £ go to infinity, then p(C(M)x~7?) — 0; if in addition 1/k grows
slower than ||dB;||w-1.1, the whole of the RHS goes to zero. Thus we take

1

K =k() = —F/———.
© VldBi|[w-11

This proves the claim.
Step 3: applying Lemma 6.5, we obtain [Bf A B;] — [B; A By] in the sense of
distributions.

Note that by the above, B — B; in L?. Since |Ef| — 0, B; = A; in L?. Similarly,
|ES U E5| — 0, so that [Bf A B5] = [By A By] = [A; A Ay]. This concludes the
proof. Q.E.D.

6.2 Proof of Theorem 6.1

Recall that for two connections V and V4 =V + A, their curvatures are related by

Oy = Oy +VA+ = [A/\A]
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Given a sequence of connections V¢ = V 4 A®, verifying convergence in the sense of
distributions of the sequence of associated curvature therefore amounts to showing
the convergence of the quadratic term [A® A A%].

At first, one might be tempted to apply Lemma 6.5 to the complex formed by

E(i) = Ad(P)® N"T*M, D(i)=V.

However, this complex is not exact, unless VoV = 0, which is to say, unless {2y = 0.
This in turns implies that the E(i) are trivial bundles. Instead, a localisation argu-

ment is necessary.

Proof of Theorem 6.1. Step 1: we consider the local result first.

Fix a local trivialisation of the bundle P, so that locally P ~ G x B"™. The
parameters of this trivialisation induce a trivialisation of Ad(P) as g x R™. Here g is
the Lie algebra associated to the Lie group G (recall that P is a principal G-bundle).
In this trivialisation, we consider the trivial connection V= d, which acts by exterior
differentiation. Then the complex formed by F(i) = I'(B,g ® A'R") and D(i) = d is
exact and elliptic. Moreover, the trivial bundle g x A'R™ is an algebra bundle with
internal multiplication given by the Lie bracket.

With respect to 6, we can write V¢|p = d + A¢, and similarly Valp =d+ A.
Since A° — A weakly in L?, we have A° — A in L7,

Moreover, in this trivialisation, we have

0F = Qc +dA® + %[215 A A%] = dA° + %[[lf A A9,

It is clear that dA° = dA in the sense of distributions. Moreover, there holds
dA® = QF — %[/IE A A¢], and so dA° is in a bounded subset of Radon measures, which
compactly embeds into W4 for ¢ < 1*. On the other hand A¢ is uniformly bounded
in L? and so dA¢ is bounded in W17, By interpolation, as ¢ < 1* < 2 < p, we obtain
dAs € W12, By Lemma 6.5, we conclude that [A° A A°] = [A A A] in the sense of
distributions.

Overall, for a compactly supported ¢ € I'(B, Ad(P) @ A*T*M), we have

[ wo= [ @

:/_Mw@+;WAfW>

B
= [ (Qa,9).
B
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Step 2: we now wish to globalise the argument. To do, we cover M by local triv-
ialisable subsets B;, and consider trivialisations P|p, — B;, and similarly for the
bundle Ad(P) ® T*M. By compactness, we can extract a finite subcover of local
trivialisations. The local argument applies on each of them.

Let 1 = >" x; be a partition of unity adapted to the local trivialisations, such
that supp x; C B;. For a smooth ¢ € T'(B, Ad(P) ® A*T*M), we have

/M<Qf,¢> =§;/B Xi(§, &)
:i/B (050 + A A )
N Xm;/B Xi{Qa, @) /M<QA7¢>-

Q.E.D.

We note immediately a corollary.

Corollary 6.7. Let M, P — M, V as in Theorem 6.1, and let (V) C A(P) be a
sequence of flat connections on P. Assume that sup, | A%||L» < 0o, and up to passing

to a subsequence, A* — A. Then the connection V + A is flat.

Proof. By hypothesis, V! is a flat connection. Moreover, V¢ — V! = A¢ is bounded
in LP, and therefore weakly convergent in L, up to a non-relabelled sequence.

As the connection V! is flat, we have Q! = V! o V! = 0 and so the complex
T(M, Ad(P) @ A°T*M) <5 T(M, Ad(P) @ A**'T* M)
is exact. The rest of the proof follows as in the proof of Theorem 6.1, Step 1. Q.E.D.

Theorem 6.1 does not extend to the borderline case p = 2. However, under the
additional assumption that the sequence [A° A A%] is equi-integrable, one may repeat
the proof of Theorem 6.1, substituting Lemma 6.6 for Lemma 6.5 in Step 2 of the

proof, thus proving the following statement:

Corollary 6.8. Let (M,g), P — M and V € A(P) be as in Theorem 6.1, and let
Ve =V 4 A C A(P) be a sequence of connection forms such that

sup || A%z < oo,
e>0

sup ||| (M) < oo,
e>0
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and assume in addition that [A® N\ A% is equi-integrable. Finally let V4 =V + A be
an LP connection such that A — A in LP up to a non-relabelled subsequence. Then

Q. = Qyu in the sense of distributions

6.3 Yang—Mills connections

Assuming an L? bound on a set of connections, even with no assumption about the
first derivatives, yields compactness results for non-linear PDE. Our first application

of Theorem 6.1 is a compactness theorem for Yang—Mills equations.

6.3.1 The Yang—Mills functional

Recall (see e.g. [61]) that a connection V4 € A(P) is a Yang-Mills connection if it is
a critical point of the Yang—Mills action integral YM(V 4), defined by

VMV = 1l = [ (0P (6.7
M
The Euler-Lagrange equation of this functional is the Yang—Mills equation,
D3Qa =0, (6.8)

where D7 refers to the adjoint of D4, the covariant derivative associated with V4.

Recall that, for any k-form w € T'(M, g @ AFT* M), its covariant derivative is given by
Daw = dw + [ANw].
Thus, the adjoint covariant derivative is given by
Diw = 6w — (=1)PED L T4 A s

for any arbitrary k-form w € T'(M, g®@ A¥T* M), where § is the co-differential operator
on k-forms, and * is the Hodge duality operator for n = dim(M).

On a compact Riemannian manifold without boundary, the Yang—Mills functional
(6.7) is finite for connections V4 € A%?(P) N A%*(P). By Sobolev embeddings, W?
connections for p > maX(Tf‘—L, 2) are in this class. Indeed, such connections are in L*
so that [A A A] € L? and Q4 € L?. In such a space, the critical points of (6.7) satisfy

equation (6.8) in the weak sense; that is, for all ¢ € A*(M, Ad(P)),

/M (Qa, Dad) = 0. (6.9)

This is the weak form (or distributional form) of equation (6.8).

We now state our theorem.
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THEOREM 6.9. Let P be a principal G-bundle over M, and let V be a fixed connec-
tion. Consider a sequence of weak Yang-Mills connections V 4. € A% (P), which can
be written as V4. = V + A. for the Ad(P)-valued one-form A., so that D Q4. = 0.

Assume that

A, — A weakly in L}, (M, Ad(P) @ T*M), (6.10a)
sup [|Qa, [Jr2g) < 00 for any bounded domain E C M. (6.10Db)
e>0

Then ¥V + A is a weak Yang—Mills connection.

The first hypothesis (6.10a) is the weak convergence hypothesis. The second

hypothesis (6.10b) states that the sequence considered has local finite energy. We

2

e Connections.

recall that, as a distribution, the curvature form makes sense for L
Hypothesis (6.10b) states that this distribution is in fact an L3

io. function, for each

e > 0. This does not imply that the connection itself is bounded in Wllog in general.
We remark that the same result in Theorem 6.9 holds if the sequence of Yang-Mills
connections V 4_ is relaxed as a sequence of approximate Yang-Mills connections that
satisfy
D% Q4. =0 in 7,
beside conditions (6.10a)—-(6.10b); that is, the weak limit is still a weak Yang-Mills

connection.

Remark 6.2. In dimension n = 4, much attention has been devoted to anti-self-
dual connections, which form a special class of solutions to the Yang—Mills equations.
A connection A is anti-self-dual if it satisfies *Q24 = w A Qu. Applying Theorem
6.1 to the anti-self-duality equation, it is straightforward to check that anti-self-dual
connections are stable under weak LP-convergence for p > 2.

Stmilarly, in higher dimensions, n > 4, the anti-self-dual condition *Q0y = )y
generalises in the following way. Let w be a closed (n — 4)-form. A connection A is

said to be w-anti-self-dual if it satisfies
*QA = —wA QA.

Theorem 6.1 thus shows the weak stability of the class of w-anti-self-dual connections.
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6.3.2 Proof of Theorem 6.9

The main point in the proof of Theorem 6.9 is to verify the weak continuity of

quadratic terms appearing in the Yang—Mills equations. Those terms are of the form

Q4. N Al

i.e. the non-linear terms pass to the limit in the sense of distributions. To this effect,

we use a weak version of the Bianchi identity (Step 1 of the proof).

Proof of Theorem 6.9. We divide the proof into four steps.

1. Let p > ;25 and V, = V+Ae ALP(P), and let Q4 be the curvature form. It is

easy to see that
D04 =0 in the sense of distributions; (6.11)

that is, for any smooth, compactly supported ¢ € A3(M, Ad(P)),

[ (@00 = siansa) =o. (6.12)

Indeed, recall that the curvature form €24 of a smooth connection A € A(P) satisfies
the Bianchi identity D4Q4 = 0. For A € AP(P), Q4 € L2 (M, Ad(P) ® A2T*M)

loc

so that, by Young’s inequality,

[QA/\A] e L!

1 (M, Ad(P) ® N*T*M) for . = + %,
where p* = n"—i is the Sobolev conjugate of p.
To ensure the integrability of the product, we need ¢ > 1, which is equivalent to

the condition
3n

n+2

D=

1,p

Thus, taking a sequence of smooth connections approximating A in A%,

we call pass

to the limit in equation (6.12).

2. Consider the sequence, {A.}.-o, satisfying D% 4. = 0 in the sense of distribu-
tions. Then, for any smooth, compactly supported ¢ € A'(M, Ad(P)), A. satisfy

AfMsz—AfuJ&AW (6.13)
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(also see equation (6.9)). By Proposition 6.1, the left-hand side of (6.13) passes to
the limit in the sense of distributions.
3. We now focus on the right-hand side term. Let us fix a bounded domain F

such that ¢ is compactly supported inside E. By the triple product identity, for
¢ € A'(M, Ad(P)), we have

[ @aacna) = [ 6bn AL o).

Then the question reduces to the weak continuity of the non-linear term [«Q4_ A A.].

By the Bianchi identity (see equation (6.11)), we have

[ @asv) = [ @ slacn )

M
for any compactly supported 1 € A*(M, Ad(P)). By Young’s inequality, we find that
dQ4. € LY(E) and

1492, [lL1 () < 1942 () | Aelleo ) < Cl€24,
so that {dQ4_} is uniformly bounded in L!(E), which implies that

12(e) || Ae||La ey,

{dQ4.} is compactly contained in W= (E) for r < 1* = -2 (6.14)

n—1"

by the Rellich-Kondrachov theorem. On the other hand, the curvature form sequence

is uniformly bounded in L2 so that d§4. is uniformly bounded in ng’q for ¢ < 2.
By interpolation, df2,4_ is compactly contained in W;)i%
Furthermore, by definition, we have
dA. = Qq. — %[AE N A,
so that dA. is in a bounded subset of L3 (E) which implies that
{dA.} is compact in W™5(E) for s < 52%=. (6.15)
As A, is uniformly bounded in Lj,
{dA.} is bounded in W, - (6.16)
By interpolation, we combine (6.15) with (6.16) to obtain
{dA} e W H(E). (6.17)

4. We are now in a position to apply Lemma 6.5 to the product [Q4. A A.] with
p1 = %, po = 3, and k = 2. Using (6.14) and (6.17), we conclude the proof.  Q.E.D.

Remark 6.3. The proof carries in the same way if one considers approximate solu-
tions of the Yang—Mills equations, i.e. connections such that there exists a sequence

of one-forms n. such that d Q. =n. andn. — 0 in D',
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Chapter 7

Weak Convergence of Isometric
Immersions

We study the stability of the isometry and the curvature constraints for weakly con-
verging sequences of isometric immersions. Our basic setting in this chapter is a
sequence of isometric immersions u. converging weakly in W*?, for p > 1. We inves-
tigate whether the limit is still isometric, and whether it satisfies the Gaufi—Codazzi—
Ricci equations.

We first define a notion of weak immersion. For p > 1, we say that a map
u: M — RN is a Wi¥ immersion if it is both a W (M, RY) map and a bi-Lipschitz
homeomorphism onto its image. d It is clear that, under the above hypothesis, u(M)
is a Lipschitz submanifold of RY. If p < n, u is not C' in general, so that u may
fail to be a differentiable immersion in the classical sense. Moreover, when u is an
isometric immersion in the classical sense, u is necessarily a homeomorphism onto its
image and is also Lipschitz by the isometry condition.

The notion of weak immersions arises naturally in the study of Sobolev immersions
whenever the immersions are not be assumed to be C' a priori; see e.g. [151, 152].
In the case that M is a two-dimensional surface given as the graph of a W22 R-
valued function (so that we take N = 3), it is known [127, 166] that the manifold
induced by the graph admits a bi-Lipschitz parametrization. The definition given
above generalizes this fact; see e.g. [166] for examples of weak immersions of surfaces
in R? that are not C*.

A weak immersion of a Riemannian manifold (M, g) is isometric if it satisfies
(du, du) = g pointwise almost everywhere; this is equivalently written as u*e = g. We
note that the induced metric g;; = (Jju, O;u) is an LY, function on M. Similarly, it

is easy to see that, for a local basis of the normal bundle {vy,...,vn_p},

I, = (Oyu, ), 1<k<N-n, 1<ij<n,
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which are L _ functions.
A sequence of immersions u, : M — RY is said to be weakly convergent in

2 1,00 : : 20 - .
Wil W22 if there exists a W2 immersion u (as above) such that

1,00
loc »

U = u in the weak™ topology of W

and

Vu, — Vu weakly in L |

which will be written as u. — u in WIQO’ICJ N Wllozo from now on. It is straightforward to
verify that if u. converges weakly to an immersion u in W?? for p > 2, then the first
fundamental forms of u. converge in LY, to that of u (see Section 7.2 for a further
discussion on this question). We note that the notions defined above for immersions
into RY may be extended in the usual way to the case where (R, ¢) is replaced by
an arbitrary N-dimensional Riemannian manifold (]Téf ,§), by isometrically embedding
(M, §) into a larger Euclidean space RY, by Nash’s theorem [135].

We give weak continuity results for the Gaufi—-Codazzi—Ricci equations along such

sequences of weakly converging isometric immersions.

THEOREM 7.1. Let (M,g) be a Riemannian manifold. Let u. be a sequence of
weak Wi;f isometric immersions of (M, g) into a Riemannian manifold (M, g), and
let 11, € LY (M, Hom(TM x T M, NM)) be the second fundamental forms associated

to each u..

Assume that, for any bounded domain E C M,

ssliloo 1| r(p) < 00 forp > 2.
Then, up to a subsequence, u. — u weakly in Wiﬁ such that u s a weak W?&f 1sometric
immersion and any orthonormal coframe on (M, g) may be extended into a Darbouz
coframe on (M, g), adapted to u and satisfying the Gauffi—Codazzi—Ricci equations
(3.11) in the sense of distributions.

We remark that the Cartan equations are always verified by a sufficiently regular
coframe (6 € W' is sufficient, see Chapter 4); the point of the theorem is to construct
the Darboux coframes along the sequence u, so as to pass to limits in the non-linear
term of the Gaufl equation, which depends only on the intrinsic geometry of M. Thus
it represents a higher-order obstruction to the existence of isometric immersions.

This result is related to the convergence theorems for Sobolev immersions with

bounded second fundamental form and volume in [14, 114], whose main result is
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the following: comsider a sequence u, of W*?P immersions with p > n from closed

Riemannian manifolds M, into (R", e) such that

sup || TL||Le(as.) + sup Vol(M,) < oo,

e>0 e>0

fixing a common point ¢ € u.(M.) C RY. Then there exist a manifold M, C* diffeo-
morphisms ¥, : M — M., and a WP immersion u such that, up to a subsequence,
u. o W, — v in the C'-topology. As an immediate consequence, the metric sequence
(ue o W.)*e induced by the Euclidean structure on M converges uniformly.

In our context, if the manifold is closed, given a sequence of isometric W*? immer-
sions, the isometry condition clearly implies volume constancy. Thus, when p > n,
the C'—convergence of the immersions is clear from the main theorem of [14]; so is the
fact that the limiting immersion is isometric. Therefore, the key point of Theorem
7.1 is about the convergence of curvatures along sequences of isometric immersions
for p > 2 (p > n is not necessary).

A stronger result, including the case p = 2, may be derived in the case of codi-

mension 1.

THEOREM 7.2. Let (M, g) be a smooth closed, Riemannian n-manifold, u. : M —
RY, N = n+1, be a sequence of weak isometric immersions, and assume that u. — u
weakly in W*2(M,RY), u satisfies (du,du) = g and on an arbitrary parallelisable
subset of M, any orthonormal coframe on (M, g) may be extended into an orthonormal

Darbouz coframe satisfying the Gaufi—Codazzi—Ricci equations.

Compared to Theorem 7.1, the main difficulty for the proof of Theorem 7.2 is to

1

verify that the quadratic term ‘w! A W™ which is only bounded in L,

a priori, is in
fact weakly continuous in the sense of distributions. In this case, Lemma 6.5 fails to
provide the desired conclusion. Instead, we rely on Lemma 6.6 above, motivated by
Conti-Dolzmann-Miiller [44] for the classical case in Euclidean spaces.

Theorems 7.1 and 7.2 may be interpreted as compactness theorems for weak iso-
metric immersions. Before stating the next corollary, let us recall that a sequence
of immersions u. : M — RY is said to fix a point of RY if there exists £ € M and

q € RY such that for all indices ¢, u.(£) = ¢.

Corollary 7.3. Let (M, g) be a closed Riemannian manifold, and let u. be a sequence

of weak isometric immersions in RN such that the u. fix a point of RN, and moreover

sup VU e(ary < o0, p> 2. (7.1)
e>
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orp>=2if N=n+1. Then all accumulation points of the sequence u. are isometric

and satisfy the Gaufs—Codazzi—Ricci equations.

Such bounds as (7.1) are commonplace. For instance, if the second fundamental
forms of a sequence of isometric immersions are uniformly bounded in some L space,

by definition this implies a uniform L? bound on V?u.

Proof of Corollary 7.3. As the u. are isometric, there holds (du.,du.) = g, and so
||dus||Le < Hg||ig By the Banach—Alaoglu theorem and estimate (7.1), up to a
subsequence, u, — u weakly in W?? and weakly* in W, Theorem 7.1 shows that

u satisfies (du, du) = g and the Gaufi—Codazzi—Ricci equations. Q.E.D.

Theorems 7.1 and 7.2 are closely related to [33, 36]. These works studied the weak
continuity properties of the Gaufi—Codazzi-Ricci equations for a sequence of solutions
with a uniform bound in L”. Our result extends and generalises the point of view of
[33], but instead of considering the weak continuity of the equations themselves, we
investigate weak continuity of immersions. Note that as exposed in Chapter 3, the
GauBl-Codazzi-Ricci equations are a consequence of the curvature equation in RY,
so that weak continuity of the equations is a corollary of Theorem 6.1 (or specifically
of Corollary 6.7).

A variety of extensions and generalisations of Theorems 7.1 and 7.2 may easily be
obtained, treating e.g. the case of manifolds with boundaries, or semi-Riemannian
manifolds. For the sake of brevity, these arguments have been left out of the body of
this Chapter.

When p < 2, curvature may fail to be integrable, but the metric remains weakly
continuous. The second main result of the chapter, Theorem 7.4, provides a general
argument for the weak continuity of the isometry constraint under a mild boundedness

assumption on the mean curvature.

THEOREM 7.4. Let u. be a sequence of weak WP isometric immersions converging
in the weak™* topology of WH* to u. Finally, let A® be the generalised mean curvatures

of u. in RN, and assume that for any bounded domain E C M,

sup | A% (B) < .

e>0

Then u is isometric.
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Such bounds occur naturally in several problems related to immersions of surfaces:
as an example, we apply Theorem 7.4 to obtain weak compactness results for the Weyl
problem (see Theorem 7.10).

Theorem 7.4 contrasts with Nash’s theorems [134, 135], which show that the isom-
etry constraint is not continuous with respect to the weak* topology of Wh*—see a
more precise discussion in §7.2.

This chapter is organised in two main sections. In Section 7.1, we establish the
weak continuity of curvatures along weakly convergent sequences in W2?. The reader
will find the proofs of Theorems 7.1 and 7.2 in §7.1.4-87.1.5, respectively §7.1.6.
Section 7.2 then focuses on the isometry constraint and proves the weak continuity
of the constraint under a mild boundedness hypothesis (see Theorem 7.4). In §7.2.2,
we give an application of Theorem 7.4 to isometric embeddings of spheres with non-
negative curvature. Finally, Appendix 7.A concludes this chapter by surveying some
parallels between the Gaui-Codazzi equations of surfaces in R? and the problem of
transonic flow. In particular, we show how the results of this chapter mirror results

of the theory of transonic flow.

7.1 Weak continuity of curvatures

7.1.1 Tangent bundle and normal bundle

Let (M, g) and (M , §) be Riemannian manifolds of dimensions n and N respectively,
with N > n, and let v : M — M be a weak isometric immersion, i.e. a local
bi-Lipschitz homeomorphism onto its image.

We recall (see Chapter 3) that the normal bundle is defined as the quotient bundle
NM = TM\H(M)/TM. By orthogonality, at every point x € M, the fiber (T]T/f/\u(M))x

decomposes into an orthogonal sum
~ ~ T ~ 1
(TMluan), = (TMluan), ® (TM o), = TM: & NM,.

Additionally, we recall that the normal bundle is independent of the metric on M.
Let E C M be an open domain, and X € I'(E,TM). The tangent mapping u.
defines u, X as an element of (TM )T cTM , as the vector u, X is clearly tangent to
w(M) C M. By isometry
G X, wY) = g(X,Y),

and hence |u,X| = |X|, where the norm is taken with respect to TM, respectively
TM.
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7.1.2 Weak continuity of the metric tensor

First we deal with the isometry condition under the hypotheses of Theorems 7.1, and
7.2. Indeed, it is immediate that the isometry condition passes to limits, by Sobolev

embeddings (one may also directly apply Theorem 7.4).

Lemma 7.5. Let (M,g) be a smooth closed Riemannian manifold, and let u® be a

sequence of weak immersions such that
sup ([[u”[wree + [|VZu%[|r) < o0, p=1 (7.2)
e>0

Finally assume that up to subsequence, u® converges weakly in WP to u. Then

(duf, du®) — (du,du) almost everywhere.

Hypothesis (7.2) holds under the weak convergence hypotheses of Theorems 7.1
and 7.2. The result of the Lemma follows simply from standard compactness argu-
ments. W?P embeds compactly in W for ¢ < 1* = n/(n — 1), and hence du® — du
strongly in L. As duf = du, it is clear that du® — du almost everywhere and hence
the convergence is strong in L2. In particular, if we are given a sequence of weak

isometric immersions, any weak W?? limit point of the sequence is also isometric.

7.1.3 Construction of the Darboux coframes

Recall that a choice of Riemannian metrics fixes an identification between the tangent
and cotangent bundle. In this manner, to each tangent vector X is associated a dual
one-form 6 via the Riemannian metric g; similarly, to each vector u,X is associated

an extension of 6, denoted by 0. Then, at a point z € M, we have

oY) =g9(X,Y) for any Y € TM,,

0(2) = §(u. X, 2) for any Z € (T'M ) ().

The isometry condition on w implies that |#| = |§|. Note in particular that 6 €

(T*M )T since, by definition,
0(Z) = g(u.X,Z) =0 for any Z € (T]\A/T)L.
Let
T T*M = T* M|y,
01— 0.

130



Similarly, we denote its dual map 7 : T™M lu(rry — T'M, which is the orthogonal

projection onto the tangent space, satisfying
O(XT)=0(rX) = (7*0)(X)  for O € T*M, and X € (T'M), ().

Standard properties of the quotients imply that there exist bundle morphisms v :
NM —TM and 7 : TM — NM (the latter being the quotient map) such that the

following short sequences are exact:

0= TM 5 TNy = NM ~ TM|yoan/TM — 0, (7.3)
0— NM 2 TM|yun = TM = 0. (7.4)

Ifu: (Myg) — (M, g) is isometric (i.e., u, is an isometry onto its image) and
N M is equipped with the pull-back metric v*g, then all four maps v, 7, u,, and 7 are
isometries.
Finally, for notational reference, we write out the dualized versions of the sequences
(7.3) and (7.4):
0— T*M 55 T* M|, < N*M — 0,
0= N*M 5 T* M|y - T*M — 0.
We now describe how to obtain bounds on mappings 7 and v.

Lemma 7.6. Let u : (M,g) — (]\7, g) be a weak W*P isometric immersion, p > 1,
and let E be a bounded parallelisable domain of M. Then there exists a constant
C > 0 depending only on the C%' norm of g and the C*' norm of § such that, for
any one-form 6 € T*M on F,

170l wrr ) < C(IIVOlLem) |Vl m) 4+ 101 @) | VullLe ) -

Stmilar bounds also hold for v*.

Proof. Let 0* = X € TM, let 6 = 70, and let Z and W be local vector fields defined
in a neighborhood of u(M). We calculate

Vwd(Z) = §(u.X,VwZ) + §(Vw (0. X), Z),

where V denotes here the Levi-Civita connection induced by g. By a crude application

of Young’s inequality, recalling that u is a bi-Lipschitz homeomorphism, we obtain

IV0llee < C(1gler) (VX o Vulles + 1 X |l | Vullwe)
< C(lgler, gleon) (IVOlLr [ Vullee + 110]< [ Vulle ),

where C' depends only on ¢ and the first derivative of g. Q.E.D.
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We now extend these operators to frame bundles. Let X € Z(u(M)) be an
adapted Darboux frame. In a local trivialization, we may write X = (X!, ..., X").
Then 7X = (X',...,X") = X' is a tangent frame on TM. Similarly, 7X =
(X7t XN) = X* is a normal frame in NM. As usual, we abuse notation and
denote by the same symbol 7 (respectively 7) the map on frames .#1 (respectively
F).

By duality, for a tangent coframe o = (a!,...,a") in T*M and a normal coframe

n=(n'...,n"N"") in N*M,

Tra+ 1 = (tFat, .. R L N

is an adapted coframe.

Lemma 7.7. Let (M, g), (M, g) and u be as in Lemma 7.6, and let TM and N M be
equipped with the metrics induced by g. Then any choice of local orthonormal coframe
a on T*M and n on N*M yields a local Darboux coframe 6 € Z*(u(M)). Moreover,
for any bounded domain £ C M:

10]lwre(e) < C((lallwiom) + Inllwee) | Vulle @) + | Vullwisgy).  (7.5)

Proof. The coframe 8, when viewed as a coframe on T*M , is given by 0 = 7*a 4 7).

Then 6 is a Darboux coframe; in particular,
lo'| = |m"af| = 1 = || = |[7*| fori=1,...,nand j=1,...,N —n.

Moreover, Lemma 7.6 applied to 7* and v* implies (7.5). Q.E.D.

7.1.4 Proof of Theorem 7.1 in the flat case

We can now provide the proof of Theorem 7.1. For simplicity of notation, we first

consider the case (M, g) = (RY,e); the general case is presented in §7.1.5.

Proof. We divide the proof into four steps.

1. Let u, be a sequence of weak WIZO’Z isometric immersions of (M, g.) in RY for p > 2.
Then there is a sequence of maps v, : NM — TRY, which induces a sequence of
metrics §. = v'e € L2, N WL? on the normal bundle N M.

loc loc

. 2,p 1,00 : 1.p oo
As u. — uwin W2l N W, there exists a map v € W2, N LS, such that v. — v
. 1 . . LA
in W, 22 N L2, which induces a metric § = v*e on NM.

Let E C M be a bounded domain, and let o be an orthonormal tangent coframe

on TM|g with respect to g. By hypothesis, g. — g. Then orthonormalizing o with
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respect to each g. yields a sequence a, of coframes on T'M such that a. is orthonormal
with respect to ¢g. and a. — a.

If necessary by restricting E to a smaller domain, we fix a trivialization of N M over

aneighborhood E C M. This trivialization fixes coordinate vectors {0"*!, ... 0"} on
NM . Orthonormalizing this basis with respect to g. yields a sequence of orthonormal
coframes in N M, say 7., such that n. — 7 in Wllt;f N LY.

2. We now define the following sequence of the Darboux coframes. For € > 0, let
0. = T 0 + TN, 0=1"a+7"n.

By Lemma 7.7, it is clear that 6, — 6 in W> N L. Let

loc*
df. = w. N6, for e > 0. (7.6)

Recall that, for the Darboux coframes, the connection form w. splits into a tangential

T a normal connection form w®. and a second fundamental form

connection form w, , =

w!. Then we claim that, for any bounded domain £ C M,

sup || (w., Wi, wH)||Le ) < oo
>0

This follows from the general fact that a sequence of uniformly bounded orthonor-
mal coframes in W1? locally generates a sequence of uniformly bounded connection
forms in LY . More precisely, let 6. = (6., 02) be a sequence of the Darboux coframes
indexed by ¢ > 0. Then system (7.6) is linear in w.. Inverting and recalling that
|0:| = 1 since the coframe is orthonormal by definition, we conclude that, for any

bounded domain £ C M,

[wellLe ) < Cll0:[[wrr(e)-
3. From Step 2, we conclude from the weak convergence and linearity that

p

We — w weakly in L.

Moreover, for each € > 0,

dw, +w: Nw, = 0.

We conclude by the weak continuity of curvature (Proposition 6.1) that

dw+w A w = 0. (7.7)
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Recall that

L
W= (_wn wl) € s0(N);
as the Cartan equations (7.7) are satisfied, the Codazzi and Ricci equations are thus
satisfied in the limit.

4. We now claim that w' = 7*3, where 3 is the connection form of coframe «, i.e.,

da = B N\ a, which follows from a uniqueness argument. Then we have
0" |y = d(m*a) = 7"da = T (B A @) = T BN rar

Recall that a is a coframe on (M, g) and g is a C* metric, so that the connection

form [ satisfies the curvature equation
df + A B =Rmy(aAa) in the sense of distributions,

where the right-hand side is understood as the curvature endomorphism acting on

two-forms. Thus, we recover the Gaufl equation:
AW = dw" +wT Aw" =7%dB+ B AB) =7 Rmy(a A a).

This completes the proof. Q.E.D.

7.1.5 Proof of Theorem 7.1

As mentioned earlier, there is nothing special about R" in Theorem 7.1, and thus
the proof may be given for a general ambient Riemannian manifold (]Tf . 4)-

As before, we denote by Rm the Riemann curvature tensor of g, and Rm that of
g. Similarly, the curvature form of an orthonormal coframe on (M, g) is denoted by

(2, and that of an orthonormal coframe on (M, §) by €.

Proof. Let u. be a sequence of isometric immersions u. : (M,g) — (M ,g). Let
E C M be any bounded domain, and let o be an orthonormal coframe on 7'M |g.
Restricting domain £ if necessary, we may consider a local trivialization of NM]|g.
As in the proof of Theorem 7.1, maps v. induce the metrics on NM by pull-back,
namely g. = v2§. Thus, we find as earlier that there is a sequence of coframes 7).
defined on N*M, orthonormal with respect to g..

Moreover, by weak convergence, there is a map v : M — M , a metric g = v*g,
and a coframe 7 orthonormal with respect to ¢ such that n. — n weakly in Wh?(FE)

and weak-* in L*>°.
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We define the Darboux coframe
0. =1 o+ min. for e > 0.

Let df. = w. A 0. for ¢ > 0. The weak convergence of 6. — 0 and linearity imply
that w. — w weakly in LP(E).

By construction, 6. is a W'?(E) coframe on (M ,§) so that it must satisfy the
curvature equation:

dw, + w. N w, = ﬁE(eE NG.).

Recalling that 6. is orthonormal and uniformly bounded in L>*(FE), the curvature
term f{\r/n(ﬁ6 A 6.) is uniformly bounded in L>°(£). Thus, we find that, for ¢ > 0, the
term

—w. Aw. + Rm(6; A 6.)

is uniformly bounded in L% (E), which implies that

{dw.} embeds compactly into W=4(E) for ¢ < (75’)* — P

2n—p°

As w, is uniformly bounded in LP(E),
{dw.}  is uniformly bounded in W'?(E).

Then, by interpolation, dw, is compactly contained in W=12?(E). We conclude, as in
Proposition 6.1, that
dw+w Aw=Rm(fAb).

Decomposing the connection form w along its tangential, normal, and II part yields
the Gaufi-Codazzi-Ricci equations, which are therefore satisfied in the limit as e — 0,

as in the earlier proof. Q.E.D.

7.1.6 Proof of Theorem 7.2

In order to prove Theorem 7.2, we rely on the second div-curl lemma proved in

Chapter 6, namely, Lemma 6.6, instead of Lemma 6.5.

Proof of Theorem 7.2. Let u. be a sequence of weak isometric immersions of (M, g)
in RV = R™! for p > 2. We recall that, in the codimension one case, the normal
bundle NM is a line bundle. Hence, we may view v, : NM — TR,y simply as
the Gaul map. We divide the proof into four steps.
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1. Let £ C M be any bounded domain, and let a be an orthonormal coframe on
T M| with respect to g. As in the proof of Theorem 7.1, we now have the following

sequence of the Darboux coframes for € > 0:
'95 = T: Q0 + 7,
where 7. is the co-vector dual to v. for each fixed € > 0. Similarly, let § = 7"a + 7).

It is clear that 6. — 6 weakly in W'?(E) and weak-star in L®(E).

2. Let w. be the connection form of 6, for ¢ > 0. As usual, we decompose the
connection form into its tangential, normal, and IT parts; however, in codimension
one, the normal connection is always zero, so that

“ ) oot n)
W, = so(n .
c —wit 0

3. We now claim that w] = 77 for € > 0, where 3 is the connection form associated
to the tangent coframe «, i.e., da = B A «.

Indeed, we have
d0] |rar = d(T7a) = TFda = X (B A @)

By uniqueness, this leads to the claim.
As a consequence, we conclude that w.! converges to w' in WP(E) and strongly
in L?(E). In addition, we have

do! +wl Nw!] =7 dB+BAB) =70 =7"Rm(aAa),

where Rm is the Riemann curvature endomorphism associated to g.

Furthermore, recall that 6. is weakly convergent in W?(E). Hence, the connection
form w, is uniformly bounded in L?(F), so that w!! is uniformly bounded in L*(E).
This implies that the week limit still obeys the Codazzi equation.

4. We now prove that ‘w! Aw!! is equi-integrable. Fix ¢ > 0 and an arbitrary F C E.
By the Gaufl equation, we have

/]twgl/\w?\:/|dw§+w§/\w§]:/ IRm(a A o),
F F ja

which is an L! function that is independent of ¢, so that

lim sup sup/ "Wt AWl = 0;
FCE,|F|—»0e>0 JF
that is, ‘wIt A w!! is equi-integrable.
The conclusion now follows from Lemma 6.6, as in the proof of Theorem 7.1.

Q.E.D.
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Remark 7.1. The calculation for showing the equi-integrability of 'w'™ A W™ holds
for arbitrary codimension N —n > 1, and hence the Gauf$ equation is always weakly
continuous along a sequence of isometric immersions converging weakly in W?oi How-
ever, if N > n + 1, the Ricci equation contains a further quadratic term w* A w™,
for which the argument of the proof is unavailable, as the “normal curvature” is not

controlled a priori.

7.2 Weak continuity and the isometry constraint

We continue our study of weak continuity of isometric immersions in Sobolev spaces.
Motivated by the results of the previous section, one would like understand the W?2»
regime for p < 2. Theorem 7.4 gives a very mild sufficient condition for weak conti-
nuity of the metric tensor.

Before giving a proof, we first recall that the isometry constraint is not continuous
for the weak* topology of W1,

Let u: M — RY be a smooth short immersion of (M, g) in RY, i.e. {du,du) < g
in the sense of bilinear forms. As M is compact, this is always possible provided the
codimension N — n is large enough. By the Nash—Kuiper theorem (see Chapter 2), u
may be uniformly approximated by a sequence of immersions u, € C'(M,R"), such
that

CO
Ue — U,

(ue)*e = (du., du.) = g.

Taking sup norms on both sides, we have ||du.||L~ < |g|li2. Therefore, up to a

subsequence we have u, — u in the weak-* topology of W, Overall this shows
that the isometry constraint is not continuous with respect to the weak™* topology of
Whee,

Remark 7.2. This follows from the more general framework of convex integration.
For simplicity, let us assume that we are on a bounded domain EE C R", unknowns
Z:E — RY, and a constraint set K C RN. We consider systems of the form

{ S A0, Z(x) =0,

7.8
Z(z) e K C RN for almost every x € E. (7.8)

where the A; are constant coefficient matrices.
Convex integration is a technique to construct solutions to such a system by de-

forming or iterating from a set of subsolutions. To be more precise, let us fiv Xg # @
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to be a bounded space of subsolutions, and X its closure in some topology. A problem

18 said to satisfy the analytical h-principle if the set

{Z €X| ZAZ&-Z(:E) =0,Z(z) e K a.e.}
i=1

is dense in the topology of X (see [162]—note carefully that this notion of h-principle,
though related, is distinct from Gromouv’s h-principle, see [77]). In other words, every
element of Xy can be obtained as the limit of solutions of the problem in the topology
of X. In particular, if Xy is formed of functions that are not solutions to (7.8), we
see that the problem (7.8) is not continuous with respect to the topology of X, as
solutions may converge in X to non-solutions. This may be achieved under quite
general hypotheses on (7.8) and X, (see e.g. [45, 128, 129, 162]).

In the particular case of isometric immersions w : M — RN, we write Z = du

and the setting is
dz =0,
. oN (7.9)
Z(x) eK:={0eT,MT; R"|[(6,0)=g}, xcM,
Xo = {u € C®(M,RY) | u is an immersion and (du, du) < g}.
The reader is referred to Chapter 3 for the meaning of the system (7.9). Here we
consider only the isometry constraint. Note that if N > 2n, Xy # @ by Whitney’s
embedding theorem (see Chapter 2), and we define X to be the weak™ closure of X,

in L.

7.2.1 Proof of Theorem 7.4

To prove Theorem 7.4, two lemmas are required.

Lemma 7.8. Let (M, g) be a Riemannian manifold, and u : (M, g) — RY be a weak

isometric immersion. Then
A, u= A(Vu,Vu), (7.10)

where A is the trace of I1. In coordinates, A = gijII?;Vm, where the v,, are RN -valued

orthornormal vectors, normal to w(M).

Lemma 7.8 is classical if u is C?. The reader will recognise equation (7.10) as the

harmonic map equation.
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Proof of Lemma 7.8. It is easy to verify that in any local coordinate system on M, a

weak W?2P isometric immersion u satisfies

8fju = Ffj@ku + I v,

where the indices range over 1 < 4,7,k <n and 1 < m < N —n, and the v, are R"-
valued orthonormal vectors, normal to u(M). Recalling that in any local coordinates,

the Laplace—Beltrami operator is given by
i a2 ijk
it follows immediately from tracing by ¢ that
ANju= gL V.

In particular, as the v, are normal to u(M), we have A u L (TRU(.))T almost

everywhere, in the sense that for almost every x € M,
Agu(z) L (TR,
Q.E.D.

Lemma 7.9. Let (M, g) be a smooth Riemannian manifold, let E C M be a bounded
smooth domain, and let p > 2. Let {u.} C W"P(E) be a bounded sequence of func-
tions, and assume that

sup || A, u[|(E) < oo.
e>0
Then the u. are pre-compact in W?(E).

Proof of Lemma 7.9. Let us fix n > 0. Up to a non-relabelled subsequence, by

Egorov’s theorem there exists a measurable set £, C E such that
o |E \ E77| < 777
e u. — u converges to 0 uniformly on F,.

We can now choose k such that |u. —u| <  for some arbitrary v > 0.

Let 7, be the truncation function defined for all x € R by

7,(2) = min(y, max(—v, x)).
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Finally, we pick a test function ¢ such that (|g, = 1. We calculate
/ |du, — dul? < / (du. — du, dry(u. — u))
E, E
— [ (e aer ue - )
E
- / (¢, duz)yr (uz — u)
E
- / ¢(du, dr(us: — u))
E

Note that 7, (u. — u) — weakly in WHP(E), so that the third term vanishes in the
limit ¢ — 0. For the second term, as the u. are bounded in LP(F) and 7, (u. — u)
converges uniformly to 0, the second integral vanishes as well. For the first term,
recall that by hypothesis, there exists measures m® of finite total variation on M,

namely sup, ||m®||(F) < oo, and such that
Au, =m°,

in the sense that for any ¢ € C(F),

/E (du, dp) = /E ddme.

As 7, (ue —u) € WHP N L™, we have

[ . iter o / ¢ (u

(E)sup |CT’Y(UE —u)|
= qysup [[m°[[(E) =0

as k — o0o. Overall we have gained the estimate

|du. — du|* < ysup ||m®||(E) — 0.
E, e

Hence on F,, du. converges pointwise almost everywhere to du in E,. This holds for
arbitrary 7, and hence pointwise almost everywhere in M; as du, is bounded in LP(E),
we conclude that du is pre-compact in WH4(E) for 1 < ¢ < p. As by hypothesis p > 2,
we have the result. Q.E.D.

Once these two lemmas are established, the proof of Theorem 7.4 follows imme-

diately.
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Proof of Theorem 7.4. Let u. : (M, g) — RY be a sequence of isometric immersions
with L! second fundamental form. By Lemma 7.8, the A 4 Ue have uniformly bounded
total mass. Applying Lemma 7.9 componentwise, they are pre-compact in Wh2, and
in fact in W for all p < oo. This is sufficient to pass to limits in the isometry

constraint. Q.E.D.

7.2.2 The Weyl Problem with continuous, non-negative,
Gaufl curvature

As an illustration of Theorem 7.4, we construct convex isometric immersions of spheres

with non-negative curvature.

THEOREM 7.10. Let g be a C** metric on S?, satisfying K > 0. Then there
ewists a convex isometric immersion u : S> — R3 such that u*e = g, where e is the

Eucliean metric on R3.

This theorem is closely related to a celebrated theorem due to Nirenberg [137],
which gave a complete answer to the Weyl Problem [176]. Where other approaches
require a C* bound [81, 84, 97] on the metric g, the proof of Theorem 7.10 requires
only C%“ control of the conformal factor.

When K > 0, the Weyl problem reduces to solving a non-linear uniformly elliptic
PDE. The ellipticity depends on a lower bound on the Gaufl curvature. When K > 0
is allowed to vanish somewhere, ellipticity is not uniform and may be lost.

To illustrate this fact, we note that both Weyl’s and Nirenberg’s approaches rely on

a C? estimate [137, 176] (see also [40]) giving a uniform bound on the mean curvature

AK 1/2
o0 < e . .
Il < € (suptr - 450 (7.11)

Here the notation /A refers to the Laplace-Beltrami operator with respect to the

metric g on S2. The bound was subsequently improved in [81] to

3 1/2
|H|~ < C (sup(K2 - §4AK)) . (7.12)
SQ

The bound (7.12) allowed the authors to deal with the case of metrics on S? with
non-negative curvature. Note that both (7.11) and (7.12) require AK € L>°(S?). By
contrast, the arguments used in the proof of Theorem 7.10 requires no higher-order
estimates.

The idea of the proof of Theorem 7.10 is an approximation argument, where

we substitue Theorem 7.4 for Weyl’s estimate (7.11). We construct smooth metrics
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g° approximating g, apply Nirenberg’s theorem 7.12 and seek the desired isometric
immersion as a limit.

The first lemma constructs a sequence of approximate solutions for the problem.

Lemma 7.11. Let (S% g) be as in Theorem 7.10. Then there exists a sequence of
smooth metrics g° such that g — g in C** and a sequence of smooth convexr embed-

dings u. such that (du.,du.) = g°.

The proof relies on Nirenberg’s theorem for strictly convex isometric immersions

(see also Section 2.3):

THEOREM 7.12 (Nirenberg). Let g be a smooth Riemannian metric on S* with
positive Gaufl curvature K, > 0. Then there exists a smooth isometric embedding u
of (S%,g) in R? such that u(S?) is the boundary of a convex body.

Recall that if g is a smooth Riemannian metric on S?, there exists a smooth
function ¢ such that g = e??o, where o is the standard round metric on the sphere.
¢ can be obtained by calculating the Gauf§ curvature of g and o (recall that K, = 1):

¢ must satisfy the equation
K, =e (1 - 4¢).
Recall also that if ¢ is a smooth metric on S?, its GauBl curvature satisfies the Gaufi—

Bonnet formula

KdA = 2rx(S?) = 4r.
S2

Proof of Lemma 7.11. Let ¢ be the conformal factor such that ¢ = e??c. As ¢ satisfies
Ap =1— Ke* using elliptic regularity, we obtain ¢ € C**(S?).

We construct approximations of g by strictly positively curved smooth metrics.
To do so, we consider a sequence ¢° approximating ¢.

First consider a function w satisfying Aw = —1 on the set Z := K~!(0). Note
that this set is closed, and by the Gaufi—~Bonnet theorem, there exists at least a point
of positive curvature, so that we can find such a w by solving Poisson’s equation with
Dirichlet boundary condition on an open set U such that Z c U C S2.

Then we take a sequence ¢° of smooth functions converging in C?“ to ¢ + nw,
where 7 > 0 is a small number such that as ¢ — 0, n — 0. Then the metrics ¢>*" are
smooth, positively curved metrics converging in C%“ norm to g.

We now apply Nirenberg’s theorem to each ¢g°. Then there exists a sequence of
embeddings u. : S> — R3 such that (du.,du.) = ¢g°, and moreover the u. are convex

and smooth. Q.E.D.
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To prove Theorem 7.10, we now obtain a priori bounds on the u., which are given
in Lemma 7.13 below. The C! estimate is standard. Note that as (S?,e*?0) is a
complete compact Riemannian manifold, by the Hopf-Rinow theorem it must have

bounded intrinsic diameter. Therefore we see that

¢ = sup min max |u.(z) — Y| < oc.
¢ YeRS3 zeS2

Assuming from now on and without loss of generality that the barycenter of the
convex spheres u.(S?) is the origin in R?, we have a uniform bound on each map ..

Observe that as (u.)*e = (du,,du.) = g° = €**<0, we have
Ve |re < e < oo
Overall we have shown part (a) of the following lemma:

Lemma 7.13. Let us consider a sequence of u. obtained as in Lemma 7.11. Then

1. there holds

sup [|uel[cr < oo.
e>0

2. there holds:

sup || Aue||r < o0
e>0

We prove part (b), which is a Laplace estimate. The key estimate is due to
Minkowksi. Let M be a closed Riemannian manifold, u be a smooth embedding
uw: M — R? and v: M — Gy3 the GauBl map. Then

/M HdA = /M K (u, v)dA.

For a proof, the reader is referred to [96, 161].

Proof. Let v, : 8 = Ga3 ~ S? C R? be the GauB map. Writing H = Hv, we choose
the orientation of v consistent with the sign of K¢, so that K¢ > 0 and H® > 0. Since
u.(S?) is convex, the support function is positive (v.,u.) > 0,

Recall that o and ¢g° are conformally related, i.e.

gs — €2¢EO_
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Thus the Laplacians A and A . are conformally related by /A = e 2" A .. Letting

dA® be the volume element associated to g%, we have

/ |Au.|dVol, = / e 2 |H|dV ol,
S2 E;

= HedA*
S2

= K (uz, v.)dA®
SQ

<sup |ue| [ K°dA®
S2

= 4 sup |u.|,

by the GauB3—~Bonnet formula. The conclusion follows from Lemma 7.13. Q.E.D.

Proof of Theorem 7.10. For each g%, Nirenberg’s theorem guarantees the existence of
a smooth convex isometric immersion of (S?, ¢°) — R3.

Applying Lemmas 7.13 and 7.9, there exist a convex map wu such that u. — u uni-
formly; moreover the u. are pre-compact in W2, Because of the C'! bound (Lemma
7.13) they are therefore pre-compact in any W' space for p < oo. Thus up to a
subsequence the limit u satisfies u*e = (du, du) = ¢**c = g almost everywhere, and

hence is a convex isometric immersion of (S?, g). Q.E.D.

Remark 7.3. Lemma 7.13 relies on the fact that the total mean curvature is a con-
formal invariant. The proof may be adapted to show that the first fundamental form is
converging along weakly™ convergent sequences of conformal immersions. For brevity,

such considerations are left out of this document.
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7.A A parallel with continuum mechanics

In the works of Chen—Slemrod-Wang [35, 37|, a parallel was drawn between the
equations of balance of momentum in two and three dimensions, and the compatibility
equations for isometric immersions for the cases M? — R? and M? — RS We
highlight this parallel in light of the results of this chapter.

7.A.1 Transonic flow

For simplicity, let us fix a domain £ C R?. The equations of steady compressible

flow on E ask for a pair (p,u) solving

div(pu) = 0, (7.13)
rotu = 0. (7.14)

Equation (7.13) expresses the conservation of mass along the flow; equation (7.14) is
the additional potential flow condition. In other words, we assume that the flow is
irrotational.

Furthermore, in isentropic flow p and |u| =: ¢ are linked by the Bernoulli relation
p = p(q), the exact form of which depends on the precise choice of gas dynamics. For
instance, if one studies y-law gas, i.e. gas where the pressure depends on the density

as p(p) = % p?, then the Bernoulli relation takes the form

pla) = (1 - VT_lcf) . :

The local speed of sound is given as

When ¢ = |u| < ¢, system (7.13), (7.14) is elliptic; when ¢ > ¢, (7.13), (7.14) is
hyperbolic.
In addition to conservation of mass, classically one must preserve momentum along

the flow. This gives rise to the equation
div (pu ® u+ pl) = 0. (7.15)

The system (7.13), (7.14) has been studied by Morawetz [120], where it is shown
that smooth flows past profiles are not stable in general and hence will develop shocks,

even in the elliptic regime. More precisely, we assume that there is a region P C E
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(e.g. an airfoil profile) and consider solutions of the system (7.13), (7.14) in E \ P.
A transonic flow past P is not continuous in general.

In [4, 68, 157], it is showed that if the prescribed flow on the boundary OF is
sufficiently subsonic supyg [u| < gs, then there exists a regular flow past the profile
P. However, in the regime ¢, < supyy |u] < ¢, one already expect a supersonic flow
region and the presence of shocks. This is referred to as transonic flow. The critical
flow problem refers to solving the boundary-value problem when supyg [ug| = ¢..

In [121, 122], Morawetz proposed to study transonic flow through weak compact-
ness methods, and specifically the compensated compactness approach of Tartar [163]
and DiPerna [57]. Equation (7.15) is considered as an entropy condition which may
relaxed to an inequality to account for shocks, while equations (7.13) and (7.13)
are solved exactly in L*>°. For some polytropic gas and under the assumption of
non-stagnation, the paper [34] obtains L> entropy solutions, based on Morawetz’
framework.

The critical flow problem was solved in [31] using a different compensated com-
pactness framework. Consider a sequence of approximate subsonic boundary data ug
on OF such that u§ — uy. By the existence theorem for subsonic flow [4, 68, 157],
there exists a sequence of solutions u® such that sup, p [u®| < c. In [31], the authors
showed that the conservation of momentum acts as entropies, which may be used to
show the pointwise convergence of the u® to a function u which is a weak L. solution
of the boundary-value problem. The method was generalised to the n-dimensional
case in [32]. A celebrated theorem due to Uhlenbeck [167] shows that this solution
has interior Holder regularity.

Minimal surfaces in R? solve a non-linear elliptic equation which has many formal
similarities with transonic flow, and many of the theorems that apply to one translate
to the other: e.g. in [4, Appendix III}, a Bernstein-type theorem is proved for transonic
flow. We now describe a more recent correspondence with another geometric PDE

system, the Gaufi—-Codazzi system, due to [35].

7.A.2 Gaul3—Codazzi equations

Let us now assume that £ C R? is equipped with a Riemannian metric

g = gi;dz' ® dz?. The GauBi—~Codazzi equations on E take the following form.

detII = Klg| = K det g.
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Defining the correspondence IT = pu ® u + pl, it is easily seen (see [35]) that p,u

rotu ="Rq, (7.17)
div pu = R, '

solves a system of the form

where the R; are zero-th-order non-linear terms in p and u (compare (7.16) and

(7.15)). The Gau$ equation translates into a Bernoulli-type relation
1

p=——
V@ + Klg|

and a Chaplyagin-type gas law p(p) = —1/¢?> + K|g|. This yields a “speed of sound”
given by

(p) =1 (p) = ¢* + Klg],
so that the system is (indeed) elliptic when K > 0, i.e. “subsonic”, and hyperbolic
when K < 0, i.e. “supersonic”. With respect to system (7.17), the Codazzi equations
play the same role as the momentum equations (7.15) for Euler’s equations.

From this point of view, the Weyl problem (for non-negative curvature K > 0)
and the critical low problem have many formal similarities, as both are concerned
with the degenerate case of an elliptic problem. Thus, Nirenberg’s theorem about
the Weyl problem [137] mirrors the existence theorems of Bers [4] and Gilbarg-Finn
[68]. Theorem 7.10, which generalises [81], parallels the critical flow theorem of [31].
In both cases, the proof consists in exploiting additional conservation laws to show
pointwise convergence almost everywhere.

We note that by Theorem 7.2, the Gaul—Codazzi equations are weakly continuous
along sequences of L2-weakly converging distributional solutions, independently of the
type of the equation (i.e., the sign of the Gaufl curvature). The picture is sensibly
different in the case of transonic flow: the equations are known to be continuous in the
weak™ topology of L> in the subsonic-sonic region [31], or across the transonic line if
the flow excludes both cavitation and stagnation [122]. It is an open question whether
Morawetz’ weak* continuity result extends to include flows with either stagnation or

cavitation.
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Chapter 8

Weak Compactness of
Approximate Solutions to the
Gaufl—Codazzi—Ricci Equations

A general strategy for constructing solutions of a non-linear partial differential equa-
tion or system of equations is the weak compactness method. Given a system of PDE,
one seeks a solution as a limit (in a suitable topology) of a sequence of “approximate
solutions” of the system. Such approximate solutions may be constructed by a variety
of ways; a typical example is the vanishing viscosity method.

In this chapter, we develop parts of such a programme for isometric immersions. A
possible approach is to obtain isometric immersions through the realisation theorem
(see §8.1), that is, to find solutions of the GauB—Codazzi-Ricci equations. This ap-
proach was initiated by Chen—Slemrod-Wang [35]. The main contribution of this
chapter is a weak compactness theorem for approximate solutions of the Gaufi—
Codazzi—Ricci system (Theorem 8.1) which lets us construct an isometric immersion
out of a sequence of approximate solutions with mild boundedness assumptions.

Recall that a solution to the Gaufi—Codazzi-Ricci equations is a triplet
(w', W wh), where w' and w are connection forms, and w!! is formed from the
second fundamental form. From the work of Chapter 6, if one can construct uniform
L? bounds on a sequence of such solution triplets, then their weak limits will also
solve the equations.

From the point of view of the viscosity method, it is natural to assume to be
able to construct approximate solutions with a priori uniform L? bound on their
second fundamental form, but not on the tangential or normal connections. Were
this possible, one could use the result of Chapter 6 to obtain a weak compactness

result (see also [36] where a local weak continuity result is proved, [33] for the global
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case). In addition, were we able to construct directly ezact solutions, uniform L?
bounds on the second fundamental form would then imply uniform W2? bounds, as
in Chapter 7 (see also [14, 114]). However, in the viscosity method, dealing with
merely approrimate solutions prevents such reasoning.

Informally, our main theorem (Theorem 8.1) states that a sequence of weak ap-
proximate solutions of the Gaufi—Codazzi—Ricci equations with uniform L? bounds
on the second fundamental, for p > dim(M), is weakly pre-compact, and that there
exists a W2? isometric immersion realising the limit point of the sequence of second
fundamental forms. The proof combines a div-curl argument, as in Chapters 6 and
7, with Uhlenbeck’s gauge theorem [168] to recover suitable bounds on the sequence
of approximate solutions.

The method of proof of Theorem 8.1 may be generalised and adapted to a number
of related cases: manifolds with boundaries, non-compact manifolds with compact
exhaustions, manifolds with varying metrics, or even immersions into curved targets
(instead of RY). For the sake of brevity, these arguments are not part of the present
chapter.

The novelty of our approach in Theorem 8.1 is the introduction of elliptic tech-
niques to deal with the lack of control on a mixed-type system, as in general, the
GauBB—Codazzi—Ricci system has no fixed type. Interestingly, related phenomena have
recently been discovered in the context of Lorentzian manifolds, where the curvature
system is also not elliptic a priori (see [147, 148]).

This chapter is organised as follows. In Section 8.1, we present in detail the
viscosity framework considered in this chapter, and state the main theorem (Theorem
8.1). The proof of Theorem 8.1 is then broken down into four steps. The first step,
which is a local construction, is presented in details in Section 8.2. In Section 8.3,
this local construction is then patched together on the manifold M. Finally, Section

8.4 completes the proof of the main theorem.
8.1 A weak compactness framework for isometric
immersions

Let us first recall the broader framework of weak convergence methods. A non-linear

partial differential equation is a relation of the form

Zu, f] =0, (8.1)
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where f is some data (which, to fix ideas, we can assume smooth), u is the unknown,
and Z is a relation involving derivatives of u. Weak convergence methods propose
to study these equations by means of approximations: one considers a sequence of

modified problems of the form
i, [ =0, 82)

indexed by a parameter € — 0, where f¢ — f and #Z° — Z in some reasonable topol-
ogy, and then hope to obtain u as a limit of u®. Typically, the modified problems are
designed so that it is easy—or easier—to produce solutions u° satisfying (8.2): e.g.
Z° is an approximation procedure such as a numerical scheme, or a minimising se-
quence, if the problem (8.1) is variational. While there are many ways of constructing
such approximate problems, this approach pre-supposes a choice of topology for the
convergence of the u®, and some continuity properties of the operator # with respect
to this chosen topology.

This description is both too abstract and too vague to encompass all problems one
might hope to tackle with such a method; the proposed procedure requires careful
tailoring to each problem. The reader is referred to the survey [64], which presents
an overview of some of the main techniques and applications.

In the case of isometric immersions, we seek to apply this method to construct
solutions of the GauB—Codazzi—Ricci equations from approximate solutions through

weak compactness in Sobolev spaces.

8.1.1 Approximate solutions of the Gaufi—Codazzi—Ricci
equations

Let (M, g) be a closed Riemannian manifold. Recall (see Chapter 3) that an isometric
immersion of (M, g) in RY may be described in terms of a connection on the tangent
bundle (the Levi-Civita connection), a connection on the normal bundle, and a second
fundamental form I1: TM x TM — NM.

In terms of coframes, the existence of an isometric immersion is equivalent with

the existence of a flat connection

T ot 10
w w
W= (_WII wJ_) (8.3)
on the bundle TM @ NM. Here w™ is a contraction of II, and w' and w™ are the
tangential and normal connection forms. The flatness condition dw + w Aw = 0 gives

rise to the Gaufi—Codazzi—Ricci equations when written in terms of the components
of w (see Chapter 3).
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A sequence of approximate solutions wy, is a sequence of connections of the form
(8.3) on the bundle TM @& NM such that

dwk + wp AN wg = Nk -

As 1y is a so-valued two-form, we may decompose it into three components

= ( e tm?) .
—n; i

Concretely, given a vector bundle and a sequence of approximate solutions of the
GauBi-Codazzi-Ricci equations (i.e. such that 7 vanishes in some reasonable sense),
we seek to construct an exact solution.

In this chapter, we shall assume the following “approximate solutions” framework

whenever referring to approximate solutions of the Gaufl-Codazzi-Ricci system.

(A) w, is a sequence of connections on .ZT*M;
(B) V' — M is a metric vector bundle on M of rank m € N;

(C) wit is a sequence of connections on .ZV*, the coframe bundle of V| which is a

principal SO(m) bundle;

(D) IIy : TM x TM — V is a sequence of symmetric tensors, which is uniformly
bounded in L? for p > n = dim(M);

(E) n¢ is pre-compact in W14, ¢ > 2, and n{ X0 in the sense of distributions.

Moreover n¢ — 0 and nff — 0 weakly in LP.

The vector bundle V' — M is the putative normal bundle, with wi- being putative
normal connections. The sequence of tensors II; are approximate second fundamental
forms. The terms ¢, nS and nff are error terms, or viscosity terms.

We emphasize that we do not assume any boundedness a priori on w, and wi;
our only boundedness assumptions are (D), on the sequence of approximate second
fundamental forms, and (E), on the viscosity terms. Assumption (E) is the vanishing
viscosity assumption. It is possible that in applications, one can take n{’ = 0 and
nf = 0, in which case the proof simplifies mildly.

Our main theorem is as follows.
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THEOREM 8.1. Let (M,g) be a closed Riemannian manifold, and assume that
the framework (A)—(E) above holds. Let II be an accumulation point of II. Then
there exists a W?P isometric immersion u: (M, g) — RY realising 11 as its second

fundamental form, which is unique up to rigid motions of RY.

For the case of immersing surfaces in three-dimensional space, such a framework
was fully implemented in [25, 35]. These works are limited to constructing isometric
immersions of surfaces of negative curvature. L* bounds are obtained on approximate
second fundamental forms by the method of invariant regions. In this case, the Ricci
equation is trivial and one takes ¢ = 0. The L> bound obtained in these papers
ensures that the viscous terms 1 are compactly contained in W14 as in (E). Thus
the framework (A)—(E) presented above may be considered a generalisation of the

compactness theorem of [35].

8.1.2 Method of proof

The proof may be decomposed in four steps. First, one obtains local bounds on
the tangential and normal connections. Second, these are patched globally to ob-
tain global bounds. Third, one passes to limits (up to subsequences) in the triple
(w), Wi wib). Finally, one uses the realisation theorem to deduce the existence of an
isometric immersion realising the above triple.

The first step relies on putting both the tangential and the normal connection
in Coulomb gauge on suitably small domains of M. Our proof employs Uhlenbeck’s
gauge theorem [168]. We shall show that locally, both the tangential and normal
connections admit Coulomb gauges—which we refer to as adapted Uhlenbeck gauge,

in the context of the GauB—Codazzi—Ricci equations.

THEOREM 8.2. Let E C M be an open trivialising domain, p > n and
w=(wwtwh) e LP(E,s50(N)®T*M|g) a weak approzimate solution of the Gauf—
Codazzi-Ricci equations, i.e. dw +w Aw =n. Then if [n%||ror2 + |07 ez + || 1T 1o
18 sufficiently small, w 1s gauge-equivalent to a weak approximate solution © =

(@7, @™ &1 such that 6w’ =0 and &t = 0.

The reader is referred to Theorem 8.7 for a more precise statement of this theorem.
The second step follows Uhlenbeck’s strategy for patching together local Coulomb
gauges. Using elliptic regularity, we may use the previous theorem to obtain uniform

bounds on the approximate solutions. This leads to a global pre-compactness result:
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THEOREM 8.3. Let p > n and wy = (w, ,wit,wit) € L be a sequence of global
weak approrimate solution of the Gaufs—Codazzi—Ricci equation, and assume that 11y,
respectively 1S and nf, are uniformly bounded in LP spaces, respectively in LP/2, for

p >n. Then the wy are weakly pre-compact in 1P.

The reader is referred to Theorem 8.16 for a more precise statement of this theo-
rem.

The third step of this proof outline is a corollary of the work of Chapter 6. We
shall need a div-curl lemma for g-valued one-forms, where g is a Lie algebra (which
we will take to be s0). The following statement is a specific case of the main result
of Chapter 6 (see Lemma 6.5)

THEOREM 8.4. Let E C M be an open trivialising domain of a smooth closed
Riemannian manifold, p > 2 and o € LP(E,g ® T*M) be a sequence of one-forms
satisfying

do® € WP,

a* —=a in LP.
Then [af A af] = [a A a] in the sense of distributions.

As a corollary of this theorem, and following similar lines of argumentation as in
Chapter 7, we shall verify that the accumulation points of the sequence wy satisfies
the Gauli-Codazzi-Ricci equations.

The last step of the aforementioned proof outline was essentially completed by
Mardare [117], who proved that the classical solvability theorems for Pfaff systems
remained true in L” spaces (p > n), and as a corollary obtained the following state-
ment (see also [33], which follows the proof of the realisation theorem given in [165],

using Mardare’s theorem).

THEOREM 8.5 (Realisation Theorem). Let (M, g) be a closed, simply connected,
smooth Riemannian manifold and let V' be its Levi-Civita connection. Let V. — M
be a wvector bundle, together with a bundle metric and a compatible LP connection
VL. Finally let I : TM x TM — V be a symmetric LP tensor, such that the
Gaufi-Codazzi—Ricci equations are satisfied for (V1,IL, V). Then there exists a
W2P jsometric immersion of (M, g) into RN such that NM ~ 'V, and moreover that

immersion is unique up to rigid motions of RV .

The realisation theorem is a corollary of the following more general fact (see e.g.

[61]):
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THEOREM 8.6. Let P — M be a principal G-bundle. If there exists a connection
D with flat curvature Qp = 0 on P, then P is the trivial bundle, i.e. there exists a
bundle isomorphism taking P — M to the trivial bundle G x M — M, and moreover

D s taken to the product connection.

This theorem extends verbatim to connections D € A*P(P), for p > n = dim(M).

The remainder of this chapter is dedicated to giving a proof of Theorem 8.1 fol-
lowing this proof outline. Section 8.2 gives a proof of Theorem 8.2, and in Section 8.3,
the local construction is used to obtain global bounds on the sequence of connections.
Applying Theorems 8.4 and 8.5 lets us complete the proof of the main result of the
chapter in Section 8.4.

8.2 The local result: proof of Theorem 8.2

Let us fix a local trivialisation of the tangent bundle T'M and of the putative normal
bundle V', over a domain B" ~ E C M, so that TM|g ~ R"xB" and V|g >~ R x B".
Let II be the approximate second fundamental form, which is a symmetric two-tensor
I1:TM x TM — V. Finally, let #" and 6+ be coframes on TM and V respectively,
realising the connection forms w' and wt. The local trivialisations of TM and V
induce local trivialisations of their coframe bundles, so that #T*M ~ SO(n) x B"
and ZV* ~ SO(m) x B™.
We say that the matrix-valued one-form

T ot 0
w:(wn :jl)eso(nntm) (8.4)

—w

is an approximate solution of the GauB—Codazzi—Ricci equations if there exists a
matrix-valued two-form
= ( e t”;) € so(n +m), (8.5)
-nn
such that dw +w Aw =17.
This section is dedicated to proving Theorem 8.2, of which we now give a more

precise statement.

THEOREM 8.7 (Adapted Uhlenbeck gauge). Let us consider w = (w',w™ wt) €
LP(B" s0(n + m) ® T*M|gn), p > n, to be a weak approrimate solution of
the Gaufi—Codazzi—Ricci equations. Then there exists v > 0 such that if

Lo + |0 Loz + (0Bl 1or2 < 7, then there exists an adapted Uhlenbeck transfor-
mation s = (s',st) € W2P/2(B" SO(n) ® SO(m)) such that & = s*w satisfies
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3. We have

1@ &) llwiwrz < CallTle + 0% lorz + 0" llLor2).

The proof consists of seeking a suitable transformation s by means of the Uhlen-
beck local gauge theorem. In [168], local Coulomb gauges are constructed for WP
connections with L” bounded curvature [168, Theorem 1.3]. This is then employed to
show weak gauge-convergence of a sequence of Sobolev connections with LP-bounded
curvature [168, Theorem 1.5] (commonly referred to as “weak Uhlenbeck compact-
ness”, see e.g. [175]).

In §8.2.1, we introduce Darboux transformations, among which we hope to select
a suitable transformation s in which to obtain additional bounds on the tangential
and normal connections. Then, §8.2.2 introduces a regularity lemma necessary in
order to apply Uhlenbeck’s theorem, which is done in 8.2.3 to complete the proof of

the Theorem. Finally, §8.2.4 gives a first local weak compactness result.

8.2.1 Darboux transformations

Recall from Chapter 3 that a coframe 0',...,0Y € .Z(T*RY) is said to be adapted
to an isometric immersion v : M — RY if §',...,0" is cotangent to M and is a
coframe on M. In a local trivialisation of the Darboux bundle, we write as usual
0= (0,...,0m 0" . 0N) = (7;61). Such coframes transform into one another
through elements of SO(n) & SO(N —n) C SO(N). This group acts matricially as
= (SOT S‘l) € SO(N), s' €SO(n),s" € SON —n),

so that if @ = (07, 0+) is an adapted coframe, so is s* = s, where the last product
is understood as a matrix product in a local trivialisation of the Darboux bundle
(see Chapter 3). Indeed, assume that 6 is a Darboux coframe. Viewing s' and s*
as matrix operators with respect to this fixed trivialisation as we may, we have by
linearity u*(s"0") = sTu*0", while u*(st6+) = stu*6+ = 0, so that the coframe s6
is adapted.

By analogy with gauge theory, we shall refer to the group SO(n)®&SO(N —n) as be-
ing the Darboux group, or “gauge group” of the Darboux bundle associated with a par-

ticular isometric immersion, and s as a Darboux transformation, or “adapted gauge”.
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Thus a Darboux transformation is a (local) section of the bundle Aut(Z*(u(M))) of
automorphisms of the Darboux bundle. The fiber of this bundle is SO(n)®SO(N —n).
Let us consider an adapted coframe 6, and let w be the associated connection
form, i.e. df = w A 6. Recall that we may write
Wl T
W= (—wH wL) c€so(N), w' €so(n),w’ €so(N —n).

A Darboux transformation s acts on the connection form by conjugation, namely
s‘w=s5"'o(d+w)os
=s'ds+ s ws
(sT)"'dsT 0 (sT)wTsT  (sT) Mwlst

= ( 0 (s1)'dst )+ (_(SJ_) 1 11 T (SJ_)le_SJ_>

B (( ) 1d8 + (ST) 1 T T (ST)—lthISJ_ )

= —(sh)lwMsT (s1)~Tdst + (s1)lwhst )
Recall that the GauB-Codazzi—Ricci equations are but the curvature equations for
connections forms on RY. As curvature is tensorial, it is immediate that the equa-
tions are invariant under the action of the Darboux group. It also follows from the
realisation theorem that the isometric immersion generated by a triplet w ', w'™, w is
unique up to rigid motion along an orbit of the Darboux group.

We now consider coframes on T'M and V' respectively, where V' — M is the
putative normal bundle. In the local trivialisation considered in this section, we have
TM ~R"x B" and V ~ R™ x B™. The gauge group of the cotangent frame bundle
is SO(n), while that of the coframe bundle of V is SO(m). For s’ a gauge on the

cotangent frame bundle, and s+ a gauge of the coframe bundle of V, we form

s = (SOT ﬁ) , (8.6)

to be an adapted transformation on TM @ V. As before, if w is a connection as in

(8.4), and 7 is an error term of the form (8.5), s acts by conjugation, so that

i ((ST)ldsT+( )ty TsT (sT) Ml )

—(sH)ttsT (st)tdst + (st)lwtst
Lemma 8.8 (Regularity). Let w and @ be two approximate solutions of the the Gaufs—

Codazzi—Ricci equations, as in (8.4), in a fized trivialisation. Let s be a local adapted
transformation of the form (8.6) such that s*w = &. Then for all 1 < p < oo,

lds]lLe < flw" e + 10" Lo + llw* flee + |0 [|Ls.
Moreover, if w' and @™ are WP connection forms, then s is a W*? transforma-

tion.
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Proof. We start from the equation
ds = sw — ws,

which is simply the conjugacy relation re-written symmetrically. Writing out the

components of w and @, we have
dsT 0\ [ sTwl sTtwl wlsT  tolgl
0 dst) T\ _glll gLt T plel )
whence it follows that

lds " [l <l lweo + lw™ e,

for k = 0,1, and similarly for s*. Here we have used crucially that s is orthogonal.
Using the multiplication theorems in Sobolev spaces over Lie groups, the result follows,
as in [168, Lemma 1.2]. Q.E.D.

8.2.2 WP/2 regularity

In order to be able to apply Uhlenbeck’s theorem (quoted below as Theorem 8.12),
we need to construct gauge-equivalent connections with higher Sobolev regularity. To
do so, we apply a slice theorem on the space of connections. The procedure described
here is more general than is needed (see e.g. [174]).

The first lemma concerns the regularity of connections with curvature in L.

Lemma 8.9. Let G C SO(N) be a Lie group, P — M a principal G-bundle,
p > max(n,2), and D € A% (P) be such that the associated curvature verifies Qp €
LP/2. Then there exists a smooth connection Dy € A(P) and a global gauge transfor-

mation s such that s*D € AY/%(P) and moreover
||S*D - DOHLP < CHD — D0||Lp.

The idea of the proof is to turn the curvature equation into an elliptic system
so that elliptic regularity gives the claimed regularity on D. To do so, we seek a
Coulomb gauge for D. As the connection is only P, the Coulomb condition has to
be understood in the weak sense.

We rely on the following local slice theorem. The reader is referred to [175] for

the proof.
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THEOREM 8.10 (Local LP-slice). Let Dy € A%(P) be a fived connection. Then
there exists am > 0 such that for all D € A"P(P) with |D — Do||rr < n, there exists

a global WY gauge transformation s such that
|s*D — Do|lLr < C||D — Do||Le-
and in addition, D§(s*D — Dy) = 0 in the sense of distributions, i.e.
/M<S*D — Do, Do) =0 Vo € C*(M,Ad(P)). (8.7)

This theorem states that in a small enough LP-neighbourhood, every connection
admits a representative in Coulomb gauge.

We are now ready to prove Lemma 8.9.

Proof of Lemma 8.9. We apply the local slice theorem to the connection D. There
exists a connection Dy € A"P(P) such that ||D — Dyl|r» < 1 and a global W gauge
transformation s such that (8.7) holds.

The connection form w satisfies the following equation: for all ¢ € Q*(M, Ad(P)),
there holds

[ wss =1 slonso) = [ (@0) o€, Ad(P)),

which is simply the weak formulation of the curvature equation Q = dw+ 3 [wAw]. We
apply the local slice theorem. Let s be a W? gauge transformation for w such that

(8.7) holds, and let @ = s*D — Dy. As s is continuous, the curvature form satisfies

Q = s*Q € LP/2. Then & solves, in a local trivialisation,

[ @so—swnseh = [ @.0) 6 € (M. A(P))

M
/ (0, dy) =0, Y € C*(M,Ad(P))
M
This system of equations is the weak formulation of the problem
do+ono=QeLl?
0w = 0.

This problem is elliptic. Note that @ A & € LP/?; thus the problem takes the form of

a Cauchy—Riemann system

do =a € Lr/?,
ow =0.

As p > 2 and M is closed, elliptic regularity implies that @ € Wh?/2, Q.E.D.
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Applying Lemma 8.9 to the tangential and normal connection forms, we shall from
now on assume that the sequence of connections w; on TM and wi- on V — M are

WHP/2 connections:
Lemma 8.11. Let w = (w',w! wh) be an approzimate solution of the Gaufi—
Codazzi—Ricci equations. Then there exists an adapted transformation s such that

s*w =: & satisfies & € WHP/2 and o+ € Wi»/2,
Proof. We apply Lemma 8.9 to the Gaufl equation
doT + 0T AwT =W AT 4 6.

As IT is in L?, %™ A W' € LP/2. Lemma 8.9 gives a global gauge transformation s

such that s*w' € Who/2,

1

For w—, we proceed similarly with the Ricci equation

dwt + wt Awt =0T AT+ 77R.
Q.E.D.

8.2.3 Uhlenbeck’s construction

Recall Uhlenbeck’s theorem on the existence of local Coulomb gauge [168, Theorem
2.1]:

THEOREM 8.12 (Uhlenbeck gauge). Let B™ C M, a closed Riemannian manifold.
Let d +w € AY(B) be a connection on B, w € W (B, T*M ® so(N)) for p > n/2
and Q := dw + w Aw. Then there ezists k = k(n) such that if

12 e (m) <,

then there exists a gauge transform sy such that the connection form
W= s(}ldsU + s(}lwsU satisfies
ow =0,
<ZL’, ('D>|8B - Oa
[@llwies) < C()[QLe(s),

sy € W*P(M, G).

We are now ready to prove Theorem 8.7. The idea is clear: we apply Uhlenbeck’s

theorem to both the tangential and normal connection.
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Proof of Theorem 8.7. Recall the setting: we consider a local trivialisation of the
tangent bundle TM ~ R"™ x B"™ and the putative normal bundle V" ~ R™ x B",
and an approximate solution w = (w',w™ wt) € LP(B", s0(n +m) @ T * M) of the
GauB3—Codazzi—Ricci equations, for p > n.

By Lemma 8.11, we may assume that w' € W'/2(B" SO(n) ® T*M), and simi-
larly, wt € WhP/2(B" SO(m) @ T*M).

The Gaufl equation expresses the curvature of w' in terms of the second funda-

mental form w™, and the error term n®:

do" +w' Aw' =W AT+ 7%,

Taking LP/? norms on both sides, we have

QTP < / T A T P2(1) / € P2 (x1)

<(/ |w“|p<*1>) + [ 1epe
<o [ mp *1) + [ )

If we choose C||T||1» + |[n€]|1p/2 < K(n), where & is given by Theorem 8.12, then there
exists a W?P gauge transformation s;; of 7*M such that s*w’ is in Coulomb gauge,
in the sense of Theorem 8.12.

Applying the same reasoning to the Ricci equation, one finds a W2? gauge trans-
formation sf; of the (putative) normal bundle such that (s3)*w" is in Coulomb gauge,
provided C||II||p + |77z < K(n).

Thus, selecting v = k(n) and taking

o= (305 8%) € SO(n) @ SO(m)

yields the desired adapted gauge transformation. Q.E.D.

8.2.4 A local existence theorem

Theorem 8.7 is already sufficient to state and prove a local version of the theorem,
working in a fixed trivialisation of the tangent bundle and the putative normal bundle,

up to possibly shrinking the domain.

THEOREM 8.13 (Local statement). Let (M,g) be a closed Riemannian mani-
fold, E C M a triwvialising open domain, p > n = dim(M), and for all k € N let
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wr = (w,wil wi) € LP(E,50(N) @ T*M|g) be a sequences of approzimate solutions

of the Gaufi—Codazzi—Ricci equations, i.e. assume that there exists a sequence of
two-forms n, = (S, n<, nf) € LP2(E,s50(N) @ A°T*M) such that

dwk + wp AN wg = Nk
in the sense of distributions, and moreover
=0,
n =0,

wllcl it

in the weak topology of LP, and n{ € W14 for some q > 2, n¢ X0 in the sense of
distributions.
Then there ezists a domain E' C E and a WP isometric immersion u : E' — RN

which is unique up to rigid motions.

The proof consists in verifying that there exists an exact solution of the Gaufi—

Codazzi—Ricci equations on E, which we extract as a weak limit of the wy.

Proof. Up to shrinking the domain B", we may assume that

lwi e + |05 o2 + 1nE||1p2 <7y, where « is given by Theorem 8.7. Then

there exists a sequence of gauge transform s; on TM and s; on V such that (s} )*w,

satisfies supgen [|(s5) W] lwir < 0o, and similarly for wit. By compact Sobolev

embeddings, (s, )*w, converges strongly in L for all ¢ < p*, and similarly for the

si 0
Sk:(g SJ‘>'

As wil are bounded in I? and the s;, are orthogonal transformations, sjwy, is bounded

normal connection.

Let us denote

in L. Let w be its weak limit, up to a possible non-relabelled subsequence.
Recall that as wy are approximate solutions of the Gau3—Codazzi—Ricci equations,

so are sjwi. As dwy + wi A wg = 1y, we have
* * * *
d(sjpwr) = —Srwk A Spwk + Sink-

and as s*wy, is bounded in L?/2) which embeds compactly into W17 for r < (p/2)*,
the RHS is compactly contained in W~1¢. Applying the div-curl lemma (Theorem
8.4), stwr A Sjwg 2w A w, where w is the weak limit of spwg, up to a subsequence,
by the Banach-Alaoglu theorem. By hypothesis ¢ — 0, % — 0, and ¢ = 0 in
the sense of distributions, so that w is a flat connection. The L? realisation theorem,

Theorem 8.5, then applies, which yields the conclusion. Q.E.D.
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8.3 Global weak compactness: proof of Theorem
8.3

We now wish to apply the construction of the previous section to control the full
connection form, and thus to be able to pass to limits. The basic idea is to choose
a cover of M by sufficiently small local trivialisations in adapted Uhlenbeck gauge.

This is possible thanks to the uniform bound on IT* and the compactness of M.

8.3.1 Good covers of M

The basis of our argument follows Uhlenbeck’s [168, Theorem 3.6]. First, by consid-
ering geodesic balls and shrinking them if necessary, the following holds, as M is a

compact manifold:

Lemma 8.14. Let M be a closed Riemannian manifold, and let F' € LP(M), where
p > n/2. Then M may be covered by finitely many geodesic balls U, of M such
that the metric on U, s equivalent to the Fuclidean metric and fUa |F|P < & for any

arbitrary € > 0. The cover depends on p and €.

Uhlenbeck [168] proved that such a cover may be refined in such a way that any
sets of co-cycles may be related by a family of transformation maps on the subcover.
More precisely, recall that a principal G-bundle on M may be described by a set

of co-cycles, or overlap maps over a cover {U, C M ‘ a € o/} of M, which are maps
hop : UsNUg = G,
satisfying the co-cycle conditions

haﬁhﬁa =1 on Ua N Uﬁ, (88)
hagh/g,y = ho,y on Ua N Ug N U,Y. (89)

Here o, 3,v € .

The main case of interest for us will be the case where the co-cycles are given as
product of trivilisations of the bundle: let 7, be a family of trivialisations over U,.
Letting hag := Ta(Tﬁ)*l, the h, are a family of co-cycles associated to the cover U,.

One needs to relate two families of such co-cycles on M. Uhlenbeck proved [168]:

THEOREM 8.15. Let M be a closed manifold, G a compact Lie group, (Uy)acw
a finite cover of M, and gas and h.g two families of W*P(U,,G) co-cycles (i.e.
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satisfying equations (8.8) and (8.9)). Then there exists a subcover V, of U, and a
family of functions p, € W*P(V,,, Q) such that on V,, N Vj, there holds

Jap = pahaﬁpgl'

Moreover, if for all 8 # « such that V, NV # &, the W2 norms of hag and gas are
bounded by 1 > 0, then there exists a k(p) such that || exp™"(pa)|lw2rva,c) < k().

We now describe the proof strategy of Theorem 8.3 (reformulated below as The-
orem 8.16). We start with a putative normal bundle on M, and a sequence of ap-
proximate solutions of the GauBB—Codazzi—Ricci equations. We want to leverage the
uniform bounds on the second fundamental form in order to construct a suitable
cover of M by subset U, such that on each U,, one may apply the local adapted
gauge theorem, Theorem 8.7. This gives, for each £ € N and each o € &7, a local
trivialisation o*. We then use the machinery of Theorem 8.15 in order to construct a

global limiting tangent and normal connections on M.

8.3.2 Proof of Theorem 8.3

We first give a precise statement for Theorem 8.3.

THEOREM 8.16. Let (M, g) be a closed Riemannian manifold, V- — M a metric
vector bundle, and wyp = (w,wil,wi) a sequence of approzimate solutions of the

Gaufi—Codazzi—Ricci equations, such that

sup || I || < o0, (8.10)
keN
sup || ||Lr/2 < 0o, (8.11)
keN
sup ||n8| o2 < 00. (8.12)
keN

Then there exists a sequence s, of W>P/2 adapted gauge transformations such that

spwy, 18 pre-compact in the weak topology of LP.

The proof will yield slightly more than the claimed weak LP compactness. We shall

show that there exists a sequence of W2?/2 adapted gauge transformations s, such

that up to subsequences, (5] )*w, converges weakly in W'#/2 to a global connection w "
on .FT*M, and similarly, (s )*wj- converges weakly in W'?/2 to a global connection

wt on FV*.
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Proof of Theorem 8.3. Step 1: selection of a good cover.
By virtue of the bounds (8.10), (8.11) and (8.12), and Lemma 8.14, we cover M
by geodesic balls U, such that for each o € o7, we have

(] meren) s (f meveen) o ([ mreen)” <

where v > 0 is the constant given by Theorem 8.7. Note that the sets U, do not
depend on k but do depend on the uniform bound assumed in (8.10),(8.11) and
(8.12).

We may now apply Theorem 8.7 to each U, and each k € N, putting our sequence
of connections forms into adapted Uhlenbeck gauge. Thus on each U,, we have a
trivialisation o® : (T*M ® V)|y, ~ U, x R™™ and such that in this trivialisation,
(O’k a)*wk is in adapted Uhlenbeck gauge, in the sense of Theorem 8.7. More precisely,

we have
(02) (@) |va = Whas

where 00, , = 0 = 6@,

Let us write the overlap functions as

oy = ool (5.13)

For o # 3, we have
(955) Oklua = Delu,.

By Lemma 8.8 and the bounds on & given by Theorem 8.7, we have

ldgasllee < lloklv e + okl lle
< C (gl llwrr + 1@ v, ltwre + 107 T e + 107 o, lwee)
<

2Csup (Ll + 19K oz + I llar2)

and similarly for the I”/2 norm of the second derivatives of g’;ﬁ. Thus the family
(g%5) are bounded uniformly in k& € N in W2P/2(U, N Us, G), where G is the group

of adapted Darboux transformations.

Step 2: Definition of a global gauge transformation.
First we note that up to non-relabelled sequences, we may assume that the
(@*) |y, converge weakly in W'?/2 to a limit (©)|y, for each fixed , and simi-

larly for the normal parts (@*)* |y, — (@©)*|y,, while the second fundamental forms
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converge weakly in L? in any trivialisation @iy, — @My, . Moreover, we may also
assume that the overlap transformations gﬁﬁ — gop weakly in W2P/2(U, N Us, G).
By the compact embedding of W?P/2 into continuous functions, the g§5 converge
uniformly to gas.

We now apply Theorem 8.15. This yields a cover of M by open sets V,, C U, and
functions pf € W2P/2(V,, G), for all k > m, where m is fixed but sufficiently large,

such that the p? are uniformly bounded in W2?/2 and moreover, for all & > m,

gks = phas(ps) . (8.14)

Philosophically, for k£ > m, the sequence of overlap functions gflﬁ stabilises.

As before, we shall assume that up to a non-relabelled sequence, the p¥ converge
uniformly and weakly in W2?/2 to limits p, € W>P/2(V,,, G).

We may now define global gauge transformations for each k£ > m, given on each
Va by

S|V = O 1PakOam- (8.15)

Our gauge transforms are precisely chosen to be well-defined globally. Indeed, on
Vo NV for a # 3, we have

5k|vamvﬁ = U;}gpa,kffa,mwamvﬁ
= 0o kP ka5 8.m|Varvs
= U;,}gggﬁpgaﬁ,mwaﬁv,@
= 05 P80 8m|varvs

= $k|vﬁmva,

where we use (8.13) and (8.14). Thus the s are globally defined. Moreover, by
construction, s, € W2P/2(M,G). Note carefully that we do not have a uniform

bound on the s, though, as there are no uniform bounds on the local trivialisations
Ok,a-

We claim that sjwy, is weakly convergent. This is a calculation using the definition
of the s; and the weak convergences of the wy , and the p; , obtained above. Noting

-1 _ -1
(8.15), we have si|v, 0., = 0, 1Pak and so

(Oamn) " stwklve = Ph (00 %) Wk

= P xWk| v

- pZ(D|Va
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The last step follows from the fact that w, — @ and p o — po. Pre-composing with

Oa,m, We have

ShWk Ve = T (O 1Ok

.
- O-a,mpawh/a:

weakly in L?, and weakly in W?/2 for the tangential and normal parts. Q.E.D.

8.4 Construction of isometric immersions: proof
of Theorem 8.1

Having constructed uniform W!* bounds on the tangential and normal connections,

we may now verify the validity of the Gau3-Codazzi-Ricci equations in the limit.

Proposition 8.17. Let p > n and wy = (w),wil,wi) € LP be a sequence

of global weak approrimate solution of the Gaufi—Codazzi—Ricci equations, and let
w= (w", W wh) be an accumulation point of the wy given by Theorem 8.16. Then

w solves the Gaufi—Codazzi—Ricci equations.

Proof. By Theorem 8.16, there exists a (non-relabelled) subsequence of indices, a
sequence of adapted gauge transforms s, and a limit w = (w',w!™, wt) such that

sjwp — w. Locally, one may write each s; as
(S; 0 )
Sk = I )
0 sy

(5 ) wy = w',

(s3) wy = w,

and we have

weakly in W7 while sjw™ — w™ weakly in L.
Recall that for every k € N the Gaufi—Codazzi—Ricci equations hold approximately

for (w; ,wil wil), in the sense that there exist two-forms 7 such that locally, one may

nk:(nf tm?)
—ng i)’

and dwy, + wi A wy = ;.. By hypothesis, we have (s )*n¢ — 0 up to a subsequence,

write

and similarly (si)*nf — 0.
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Let us write sjw := wy, and s;n, = 7. We now show that the Gaufi-Codazzi-Ricci
equations hold in the limit as an application of Lemma 6.5. This follows closely the
argument of Theorem 7.2.

Recall that Gaufi—Codazzi—Ricci equations

T TaA, T _t I, I _ G
dwy, +w, ANw, —'w, ANwp =105,

I 01, 7 LA II_ C
dwy, +wy ANwy, +wi Awy =1y,

1 1 1 IT , ¢t II _ R

are invariant under the action (by conjugation) of adapted Darboux transformations.

We have uniform W'#/2 bounds on @, and @j-; moreover, we have uniform LP
bounds on @. Moreover, n¢ is compactly contained in W14 for ¢ > 2, and n{ and
n? are bounded in [”. Hence the whole RHS is compactly contained in W=¢ for
q > 2.

Apply the div-curl lemma (Theorem 8.4), we see that @y Adx — wAw in the sense of
distributions. In particular, (O A@DI =t AWM and similarly OFEATOE = WA,
As 7, = 0 in the sense of distributions, we conclude that dw + w A w = 0, that is,
w=(w,w! wh)is a weak solution of the GauB—Codazzi-Ricci equations.

Q.E.D.
This concludes the proof of the main result of the chapter.

Proof of Theorem §.1. By Proposition 8.17, there exists a global L” solution of the
GauBi-Codazzi-Ricci equations on M. By the realisation theorem (c¢f. Theorem
8.5), there exists a global isometric immersion of M into RY with prescribed second
fundamental form II, tangential connection w' and normal connection w=, which is

unique up to rigid motions of RV, Q.E.D.
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Appendix A

Sobolev Spaces

Sobolev spaces are standard spaces for the analysis of partial differential equations,
see e.g. [56, 66, 73]. The purpose of this appendix is to summarise basic facts
about Sobolev spaces in various contexts. These facts are used throughout the thesis
without further reference. For the ACL characterisation, the reader is referred to
[124]; Sobolev spaces on vector bundles are reviewed in e.g. [175, Appendix CJ; for
a detailed exposition on Sobolev spaces on manifolds, see e.g. [89]. Finally, for

fractional Sobolev spaces, see [56].

A.1 ACL characterisation of Sobolev spaces

We recall the characterisation of Sobolev spaces through restrictions on lines in a
domain of R".

Let I C R be an interval. Recall that a function f € L'(I) is said to be
absolutely continuous if for all ¢ > 0, there exists 6 > 0 such that whenever
ay < by <ay <---<bg such that a;,b; € I and Zle(bi — a;) < 0, there holds
S () = flag)] <e.

An absolutely continuous function f on [ is differentiable almost everywhere and
its derivative f’is LY([).

Let E C R" be adomain. A function f € L'(E) is said to be absolutely continuous
on lines if for almost every (one-dimensional) line L parallel to the axes of R", f| is
absolutely continuous. The next theorem gives a characterisation of Sobolev functions

in terms of absolute continuity on lines.

THEOREM A.1. Let 1 < p < oo and let Ly = {(2%, ..., 27 ¢, 2T o0 am) |t €
R} N E be a line parallel to the i-th axis of R™. . Then f € WYP(E) & there

exists a measurable function f such that f = f almost everywhere, and for all i =
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1,...,n and almost every line L;, f 1, 18 absolutely continuous, and moreover (f|L)’ €

LP(E). Furthermore, in this case, its partial derivatives (f|r,) coincide with the weak

derivatives O; f almost everywhere.

For the proof of this exact statement, we refer the reader to [124].
This theorem seems to have several attributions—to Nikodym for the one-
dimensional case, and Morrey and Calkin, and sometimes also to Gagliardo (though

his work [71] appeared 18 year after Morrey’s and Calkin’s [24]).

A.2 Sobolev spaces W*?(M,V), s € N, on vector
bundles

We consider a closed Riemannian manifold M and a vector bundle V. — M. As-

sume that V is equipped with an inner product of the fibers and a smooth covariant

derivative V. For E C M let I'(E, V') be the set of smooth sections of V| — E.
For 1 < p < oo, s € N, the L” and W*? norms of ( € I'(E,V) are given by

I = [ 16BaVss 16T = S IO,
respectively, for p = oo,
¢l = ess sup [Clg,  [[¢flwoe = D IV ee.
5=0

The Sobolev spaces W*?(E, V) are defined as the completion of I'(E, V) with respect
to the norm || - ||ws». Similarly, the WJ*(E; V) spaces are defined as the completion
of T'(E, V) with respect to the norm || - ||ws». The spaces C(E,V) and C"™*(E,V)
for m € N and 0 < a < 1 are the spaces of continuous, respectively C"™ %, sections
over L.

Negative-order Sobolev spaces are defined as dual spaces. For 1 < p,q < oo, p

and ¢ = p/(p — 1) being Holder conjugate exponents, we define
WP (E, V) = (W(E, V]E))".

As an example, we consider the case of k-forms over M. Let V = AFT*M. M
being a Riemannian manifold, V' is equipped with a scalar product, inherited from the
Riemannian metric, and a covariant derivative, defined by extending the Levi-Civita
connection to covariant tensors on M. The above shows that one can define Sobolev
spaces W*P(M, AET* M) of k-forms.
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Remark A.1. If the base manifold M is compact, the Sobolev spaces W*P(M, V)
do not in fact depend on the choice of inner product on V', as on a compact man-
ifold, any two continuous metrics g and h are equivalent, i.e. there exists a con-

stant C° > 0 such that for any point p € M and any vector X € V,, we have
Cgy(X, X) < hy(X, X) < C7 gy (X, X).

A.3 Fractional Sobolev spaces W*?(E), s € R, \ N

We now restrict our attention to the case of real-valued functions. Let 0 < s < 1 and
1 < p < oo. For a smooth, compactly supported function v € C°(E), we define the

fractional Sobolev semi-norm as

[V ysp 1= /E : —|U($) — )l dxdy.

o = gl
The Sobolev space W(*(E) is defined as the completion of smooth compactly sup-
ported functions under the norm

H'U”gvs,p(E) = ”U“Zf,p(E) + [vfiysr-

If F is bounded and v € C1*(E) then v € W*?(E) forall s < e and all 1 < p < oo.

We recall the following form of the Gagliardo—Nirenberg inequality (see e.g. [10,
Appendix D] and the references therein for a proof of this particular inequality). Let
ve W PNL® for 0 < s < ooand 1< p < oosuch that (s,p) # (1,1). Then for all
0<t<l,

[Wllwstore < CllVlIL 0 ]yes-

If £ is a Lipschitz domain, the Morrey embedding theorem states that when
sp > n = dim(E), there holds W*?(E) — C*(E) for a = s — n/p. The space
Cl? "*(E) is the space of bounded, continuous functions on F such that Va,y € E,

u(z) —u(y)] < [ulcoalr -yl

A.3.1 Regularisation estimates

The following lemma gives estimates on mollifications of functions in Sobolev spaces.

Lemma A.2. Let 1 < p < oo, E C R" an open domain, ¢ € LP(D). Let e > 0; we
consider the domain D. = {z € D|d(z,0D) > €} and the mollification ¢° = ¢ * 1,
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where n. = e "n(-/¢) a non-negative mollifier with [n =1 and suppn C B1(0). Then
the following holds:
16" ||Le .y < 9lle(p)- (A1)

Moreover, if 0 < s <1 and ¢ € W*P(D), there holds.

IVO© e,y < Ce™Hglwen(n), (A.2)
¢ — ¢°|lLo(0.) < €°[Plwsn(p)- (A.3)

Proof. Proof of (A.1): This estimate is standard [73]. Noting that n. = na/Ppi= e

and using Holder’s inequality,

1= | [ st - y)dy\

<(/ e - y)dy)l_l/p ( R i) "

= ( . |¢(@) [P (z — y)dy) Up-

Integrating over D, and using Fubini’s theorem, we have
@pde < [ [ ot - y)dyds
€ BS

< /D 6()Pda.

D,

Proof of (A.2): We first note that as in the proof of Lemma 5.8, we have

Vi (x) = — /D (6(x) — 6()) V(e — y)dy.

Integrating by parts and using Holder’s inequality one has

Vo™ (2)]| <

[ ¢<y>m<x—y>dy]

/ (0(y) — ¢(2))Vn-(z — y)dy‘

£

1/p

<( [ 1Vata- y>|dy)“/p (f 16ly) = )P V(o — iy

. 1-1/p 1y
Vn (xg y)’dy) =Cer .

We note that

</ V(2 — y)ldy)l_l/p < (/ gt
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Integrating in x and using the definition of fractional Sobolev spaces, we have

x j— p
[ @i <catr [ [ D= G0E gy o -y
< C€_p€sp[¢]€vs,p([))-

Proof of (A.3): As for the proof of (A.1),

|9(x) — ¢° ()] =

[ (6te) = ot - y)czy\

< ( B 16(2) — (3)Pre(a — y)dy) "

Integrating in x, we have

[ Jotw) - (@) < / / 6(2) — 6(v) ne (& — y)dyda

p
et

< gspw]ng-
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Appendix B

Principal Bundles and Connections

This appendix establishes background material on connections; standard references
on the subject are [70, 161, 175].

B.1 Vector bundles and principal bundles

Let M be a smooth manifold. A fiber bundle on M is a topological space X together
with a surjective map X =+ M such that Vp € M, 77'(p) ~ F where F is a fixed
topological space. The space F' is the fiber space, while 77!(p) is termed the fiber
over p. When F is a vector space, the bundle is called a vector bundle.

Let G be a topological group, e.g. a Lie group. A principal G-bundle is a fiber
bundle with fiber G together with a continuous, free and transitive action of G' onto
the fibers. If GG is a matrix group, G acts by multiplication on the fibers.

Finite dimensional vector bundles and principal G-bundles, where G is a matrix
group, are in some sense equivalent structures. To a vector bundle V' — M, one may
construct its frame bundle #V — M, which is a principal GL(N)-bundle, where
N = dim V' (the dimension of the fiber). Similarly, to a principal G-bundle, a choice

of linear representation of G generates a vector bundle.

B.2 Lie algebras

Throughout this thesis we assume M to be a compact smooth Riemannian manifold
without boundary, M = &. Let P — M be a principal bundle, and assume that
the structure group G of P is a matrix group. We shall assume that G is a subgroup
of the special orthogonal group preserving the prescribed inner product on the fiber.
Aut(P) is the automorphism bundle, with fiber G; finally Ad(P) is the adjoint
bundle, whose fiber is the Lie Algebra g generated by GG. By definition g ~ T7G. The
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notation I'(M, P) refers to the sheaf of sections of the bundle P — M (cf. list of
notations).

Furthermore, as g is a Lie algebra and G is a compact Lie group, there exists a
unique G-equivariant scalar product on Ad(P), denoted by (-,-). The scalar prod-
uct is compatible with the Lie bracket, in the sense that the triple product identity

([,-],") = (-,[-,-]) holds. In addition, we rescale it in such a way that for arbitrary
¢, ¢ € g, there holds [[¢, C][ < [¢][¢].

B.3 Differential forms

Let A,B € QF(M,Ad(P)) := T'(M,Ad(P) ® A*T*M) be Ad(P)-valued k-forms.
We denote by [, -] the Lie bracket on the Lie algebra g, which induces a Lie bracket
defined fiberwise on Ad(P). The notation [A A B] denotes the wedge product of two
k-forms, the values of which are combined through the Lie bracket.

Recall that for two g-valued one-forms a = A;dx’ and 8 = B;da?, their product is
defined as

[ A B == [A;, Bjlda' Ada? = ([Ai, Bj] — [A;, Bi]) da’ A da?.
ij=1 i<j
We note in particular that [aAa] =23, _[A;, Aj]dz* Ada? # 0, unless the Lie bracket

is trivial (i.e. the Lie group is abelian).

i<y

More generally, this defines a wedge product on g-valued forms. Let o € QP (M, g)
and 8 € Q1(M, g). We define [a A 8] € QPTI(M, g) by

[a A BI(Xas .. Xpg) = Z e(@)a(Xoq), -+ Xow): B(Xo+1)s - - - s Xopra)]s

O'EShp+q

where £(0) is the signature of the shuffle o € Sh,,,, i.e. monotone bijections of Z,,.
There holds

[ A B = (=1)"H[B Aal,
HO"O‘LO‘] =0,

dla A B] = [da A B] + (=1)P[a A df).
Finally, for three g-valued one-forms «, # and ~, the Jacobi identity implies

[aAN[BAA] = [y Aa] AB]+[lanB]AY].

The Jacobi identity gives a quantitive statement of the non-associativity of (g, [+, ]),
and thus of (g @ A*T*M,[- A -]).
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Recall that there is a scalar product on g, which induces a scalar product on the
space of sections T'(M, Ad(P) @ A¥T*M), defined as (-, -) ®g(-,-). Here g(-,-) = (-, ),
is the scalar product induced on T*M by the Riemannian metric on M (and given
componentwise by the inverse of the metric tensor g). For one-forms A = A;dz’, B =

Bjdy’ as before, we have

(A, B) = (Ai, B) ® (da', dy’),
=(A;,Bj) ® *(dz" A (xdy?))
el'(M,R)=C>(M).

This defines a norm |A]*> = (A, A) on k-forms.

B.4 Connections

A connection is a way of relating the fibers of a bundle intrinsically. There are several
equivalent ways of defining a connection (see e.g. [161, 175]). Recall that for a
fiber bundle P = M, the vertical bundle of P is the bundle U — M defined as
U = Ker(dr : TP — TM). Any subbundle H of P such that P = U @& H is called
horizontal. An Ehresmann connection, or horizontal connection, is simply a choice of
horizontal space together with the projection P — H. A connection on a principal
G-bundle is a G-equivariant horizontal connection. We call A(P) the space of smooth
connections on the bundle P — M. Note that A(P) is an affine space.

Let us fix a smooth base connection Dy. Then any connection in A(P) differs
from Dy by a Ad(P)-valued one-form. Up to choosing a local trivialisation of P, we

can therefore view any connection D € A(P) as being given by a potential
D=Dy+A, AcT(M,goTM).

The description of the connection D in terms of potential depends on the trivialisation
of Ad(P), and Dy. Any other choice leads to a different gauge potential A. Equiva-
lently, we may consider a covering of P — M by trivialising sets U,; a connection D
is then given as a list of g-valued one-forms A,,.

Recall that a gauge transformation is an equivariant fiber-preserving automor-
phism of P, i.e. a section of the bundle Aut(P), which, fiberwise, is the group G.
The gauge transformation group acts on connections in the following way: letting as

before D = Dy + A locally, and s a gauge transformation, we have

s*D = s 'Dys + s As,
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where s is a gauge transformation, and s*D = s~ o D o s is the pull-back of D under
s, namely, for a section o € I'(M, P), (s*D)o := s~ 'D(sc). In a local trivialisation, s
is a G-valued map. We view D and s*D as being equivalent as connections, and we
say that they are gauge-equivalent.

The main invariant of a connection is its curvature. For a connection D € A(P),
its curvature is the two-form Qp € I'(M, Ad(P) ® A*T*M) representing the action
of the mapping D o D. In a local trivialisation U,, we may write D = d + A, and its
curvature is

1
Qplu, = dAs + §[Aa N Ayl

Note that contrary to connections, {1p is a tensor: under a gauge transformation, its
transforms as

s*Qp = s 1Qps.

In this thesis, we consider weak continuity properties of {2p for sequences of con-
nections in Sobolev spaces, which we now define. Let k € N and 1 < p < oo; AP(P)

denotes the the spaces of connections on T, defined by

ARP(P) = Dy + WFP(M, Ad(P) ® T*M)
={Do+ A|A e WH"(M,Ad(P) @ T*M)}.

Recall that Ad(P) ® T*M is a vector bundle equipped with a scalar product. Thus
for all £ € N and 1 < p < oo, the Sobolev space of W*? sections of the bundle
Ad(P) ® T*M — M is well-defined (see Appendix A). Spaces of connections are
affine. Thus all L? norms of connections are with respect to a base connection Dy as

above, so that we can write
Do + Allre == [[Alls,

where we identify the one-form A with the connection Dy + A in a convenient abuse
of notation. One defines Sobolev norms of connections in a similar manner. Note
carefully that although the Sobolev norms depend on a choice of origin Dy (and a
metric), the Sobolev spaces A®?(P) do not.
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