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Abstract
The cosmological principle asserts that on sufficiently large scales the Universe
is homogeneous and isotropic on spatial slices. To deviate from this principle
requires a departure from the FLRW ansatz. In this paper we analyze the cos-
mological evolution of two spatially homogeneous but anisotropic universes,
namely the spatially closed Kantowski–Sachs Universe and the open axisym-
metric Bianchi type III Universe. These models are characterized by two scale
factors and we study their evolution in universes with radiation, matter and
a cosmological constant. In all cases, the two scale factors evolve differently
and this anisotropy leads to a lensing effect in the propagation of light. We
derive explicit formulae for computing redshifts, angular diameter distances
and luminosity distances and discuss the predictions of these models in rela-
tion to observations for type Ia supernovae and the CMB. We comment on
the possibility of explaining the observed luminosity distance plot for type Ia
supernovae within the context of cosmologies featuring late-time anisotropy
and a vanishing cosmological constant.
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1. Introduction

The picture painted by the standard Λ Cold Dark Matter (ΛCDM) model about the Universe is
built on the assumptions of spatial homogeneity and isotropy on very large scales and through-
out the entire cosmological evolution, collectively referred to as the cosmological principle [1,
2]. These assumptions are validated a posteriori by the success of the model in explaining
the accelerated expansion of the Universe, the structure of the cosmic microwave background
(CMB), the abundances of the light elements and the large-scale structure. On the other hand,
the ΛCDMmodel, essentially a six-parameter fit to current observations [3], relies on ingredi-
ents that still lack solid theoretical understanding such as dark matter [4] and dark energy [5–
7]. Moreover, tensions between early-Universe and late-Universe measurements, such as the
Hubble and the S8 tensions [8, 9] as well as the presence of large angle anomalies in the CMB
data [10] motivate exploring models beyond the scope of the standard ΛCDM model [11].

Of particular relevance to this work are a number of observations that directly challenge
the two pillar assumptions of homogeneity and isotropy. These include the discovery of struc-
tures [12] significantly larger than the scale of homogeneity found in ΛCDM simulations [13],
as well as various findings of large-scale anisotropies, such as direction-dependent scaling rela-
tions of x-ray galaxy clusters [14, 15], excess dipolar modulations of number counts of radio
galaxies [16, 17] and mid-IR quasars [18–20], and anisotropies in expansion as well as acceler-
ation from type Ia supernovae [21–23], to name a few (see also [24]). Despite being faced with
a plethora of challenges [11], the ΛCDM model retains its unquestionable advantage of com-
putational simplicity; the relatively simple picture provided by the model is to a large degree
consistent with observations, while any departure from homogeneity and isotropy necessarily
complicates the analysis, making it difficult to infer and test observational consequences of
non-Friedmann-Lemaître-Robertson-Walker (FLRW) models. Nevertheless, pursuing such an
analysis seems worthwhile in the attempt to resolve the current tensions between astrophysical
data and ΛCDM-predictions. Since FLRW models provide a good first approximation to cur-
rent observations, it makes sense to consider only those models that include an FLRW limit,
either parametrically or for a range of their cosmological evolution.

In the present study we concentrate exclusively on homogeneous, non-isotropic models,
relaxing the cosmological principle but retaining the Copernican principle [25, 26]. For a
review of inhomogeneous cosmological models generalizing the FLRW Universe see [27].
Homogeneous cosmologies fall into two classes. The first class consists of the Bianchi mod-
els, for which the isometry group admits a three-dimensional simply transitive subgroup. There
are nine Bianchi-type models, two of which form uncountable classes. Out of these, types I,
V, VIIh, and IX can be studied as homogeneous linear perturbations on top of an isotropic
Universe [28]. For instance, the potential use of Bianchi models in explaining the large-angle
anomalies in the CMB has been known for a while, for instance in [29, 30] it has been shown
that the quadrupole-octupole alignment and the low quadrupole moment are simultaneously
reduced by a significant amount in the Bianchi type VIIh model. However, CMB data turned
out to be inconsistent with this model [31]. CMB constraints on Bianchi I models [32–34],
Bianchi V models and Bianchi IX models [35, 36] have also been obtained.
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The second class of homogeneous non-isotropic cosmologies corresponds to the
Kantowski–Sachs (KS) models [37, 38], for which the isometry group is neither simply trans-
itive nor does it admit a simply transitive subgroup [39–42]. Concretely, these can be found
among those space-times where the topology of the space-like hypersurface is of the form
X1 ×X2 = R× S2 or other topologies derived from this by identifications of points under trans-
lations in the X1-direction or identifications of antipodal points in S2 or a combination of these.
A prominent example is S1 × S2. In particular, we will consider cases where the metric on X1

is maximally symmetric. If X2 is replaced by a flat two-dimensional maximally symmetric
space, one recovers the axisymmetric Bianchi type I model. If X2 is replaced by a closed 2-
dimensional maximally symmetric space, the result is an axisymmetric Bianchi type III model.
In this paper we will focus on the spatially closed and the open cases, from here onwards
referred to simply as the closed and open cases. Written in a synchronous frame, the metric
for these models takes the form:

ds2 =−dt2 + b(t)2 r21dχ
2 + a(t)2 r22

(
dθ2 + si2 (θ)dϕ2

)
, (1)

where t is the time coordinate, χ ∈ [0,∞) is the radial coordinate and θ ∈ [0,π] and ϕ ∈ [0,2π]
are the spherical angular coordinates. We use a system of units where c= 1. The constants r1
and r2 are introduced such that χ,θ and ϕ are dimensionless. In the flat case, si(θ) = 1; in the
open case si(θ) = sinh(θ), while si(θ) = sin(θ) corresponds to the closed KS Universe.

The KS Universe may arise in string cosmology [43, 44] by considering models where
all space dimensions are initially compact and small and three dimensions become macro-
scopic through spontaneous de-compactification. The closed KS Universe and the axisymmet-
ric Bianchi type III Universe (which, by slight abuse of terminology, we will refer to as the
open KS Universe) do not contain FLRW as a special case, as the two-dimensional curvature
is always present and breaks maximal three-dimensional symmetry. However, an approxim-
ate FLRW model is obtained if the two-dimensional curvature is small compared to the other
terms in the Einstein equations (see below), in which case the two scale factors a and b evolve
at approximately the same rate.

Anisotropy is typically studied as a feature of the early Universe. In this study, however, we
explore the possibility that anisotropy is a recent phenomenon by studying the open and closed
KS universes. The propagation of light in an increasingly anisotropic background necessar-
ily influences all cosmological observables, in particular the CMB. However, since the CMB
temperature anisotropies are of approximate 10−5 amplitude, the present-day deviation from
isotropy must still be very small. Our aim here is to provide certain bounds on the open and
closed KS universes filled with an isotropic perfect fluid moving orthogonally to the hypersur-
faces of homogeneity. Lastly, it is important to note that the maximal symmetry of X2 does not
allow for a tilted cosmology, in which the fluid vector would not be normal to the hypersurfaces
of homogeneity. In this context we emphasize that this work does not attempt to perform an
exhaustive coverage of all possible homogeneous models with late-time anisotropy. Instead,
we explore to a deeper extent the present subset of models in terms of their theoretical and
observational implications.

The paper is organized as follows. In section 2 we begin by writing the Einstein equations
for the closed and the open KS universes and then proceed to solving them in the three cases
of matter domination, matter and cosmological constant mixture, and radiation domination.
In section 3 we discuss the propagation of light in such backgrounds, deriving explicit formu-
lae for the red-shift, the angular diameter distance and the luminosity distance as measured
by an observer in an open/closed KS Universe filled with matter or matter and cosmological
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constant. The observational consequences of the lensing effect caused by the anisotropic geo-
metry are explored in section 4. In particular we show that the accelerated expansion of the
Universe can be seen as an apparent phenomenon caused by the lensing properties of the back-
ground. However, the required amount of anisotropy turns out to be in conflict with the CMB
anisotropy. We conclude in section 5.

2. Einstein equations

We consider a KS Universe with topology R×X1×S2 or R×X1×H2 where X1 is S1 or R. The
metric gµν corresponds to the choice si(θ) = sin(θ) in the line element of (1), for the closed
KS Universe and si(θ) = sinh(θ) for the open KS Universe. The model is characterized by two
scale factors, a(t) and b(t) and two Hubble rates

Ha =
1
a(t)

da(t)
dt

, Hb =
1
b(t)

db(t)
dt

. (2)

In the following, it will be convenient to write

a(t) = eA(t) , b(t) = eB(t) . (3)

and to introduce a new time coordinate τ related to t by dt= eN(τ)dτ . Suitable choices of the
lapse function N(τ) will lead to certain simplifications below. With these redefinitions, the
metric becomes

ds2 =−e2N(τ)dτ 2 + e2B(τ)r21dχ
2 + e2A(τ)r22

(
dθ2 + si2 (θ)dϕ2

)
. (4)

For simplicity we set r1 = r2 (that is, by absorbing their ratio into the definition of χ).
Assuming that the Universe is filled with a co-moving isotropic perfect fluid3 with energy
density ρ, pressure p, and equation of state p= ωρ, the conservation of the stress-energy tensor
implies the continuity equation

ρ ′ +(2A ′ +B ′)(ρ+ p) = 0 , (5)

where the prime indicates a derivative with respect to τ . This integrates to

ρ= ρ̂e−(1+ω)(2A+B) =
ρ̂

a2(1+w)b1+w
, (6)

where ρ̂ is a positive integration constant.
The Einstein field equations take the form

A ′2 + 2A ′B ′ = κρe2N− k

r22
e2N−2A

2A ′ ′ + 3A ′2 − 2A ′N ′ =−κpe2N− k

r22
e2N−2A

A ′ ′+B ′ ′+A ′2+B ′2+A ′B ′−A ′N ′−B ′N ′=−κpe2N

(7)

where κ= 8πG, k= 1 for the closed KS Universe and k=−1 for the open KS Universe.

3 A fluid velocity in the χ direction is, a priori, possible but given our choice of coordinates this velocity is forced to
zero by the t-χ component of the Einstein equation.
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If we introduce an ‘averaged’ Hubble rate H̃ by

H̃2 =
1
3

(
H2
a+ 2HaHb

)
, (8)

then the first Einstein equation can be written in the usual form

3H̃2 := H2
a+ 2HaHb = κρ− k

r22a
2
. (9)

or, alternatively, as

Ω− 1=
k

3r22a
2H̃2

, Ω=
ρ

ρc
, ρc =

3H̃2

κ
. (10)

However, note that the ‘critical density’ ρc is defined relative to this averaged Hubble rate H̃
and, therefore, has a different meaning than in the standard case. In particular, the quantity
H̃2 can become negative. As such, the usual relationship between k and Ω only follows under
the assumption that H̃2 is positive and this is certainly the case whenever X2 and X1 are both
expanding or both contracting.

Another obvious approach towards ‘averaging’ the two Hubble parameters is to define the
averaged scale factor

ā :=
(
a2b
)1/3 ⇒ H̄ := e−N ā

′

ā
=

1
3
(2Ha+Hb) . (11)

Clearly, if a= b, then the two averaged Hubble rates are the same, H̄= H̃, but otherwise we
can write

3H̃2 = 3H̄2 − 1
3
(Ha−Hb)

2
= 3H̄2 −σ2 (12)

where σ2 is simply the shear scalar [28]. The Friedman equation can then be re-written in
terms of H̄ as

3H̄2 = κρ+σ2 − k

r22a
2
, (13)

which shows that interpreting such a Universe in the FLRW paradigm with some averaged
Hubble rate may lead to a Friedman equation with an additional ‘energy density’ σ2κ−1. As
the explicit solutions below show this has an expansion of the form

σ2/κ=
ρ̄2

ā2
+

ρ̄1

ā
+ ρ̄0 + · · · (14)

where the ρ̄i are constants. The leading term proportional to ā−2 contributes to the curvature
term, as expected from a model whose primary source of anisotropy is curvature, but there
are further terms with lower inverse powers of ā, including an effective cosmological constant
term. It is, therefore, not far-fetched to think that the anisotropy of the model, when interpreted
in the context of an FLRW model, can mimic a cosmological constant.

In the following, we present special solutions to the Einstein equations (7) for the vari-
ous cases considered here, before we proceed to compute cosmological observables such as
luminosity and angular diameter distances. At the present stage, the interested reader is referred
to [45] where an exhaustive list of general solutions is collected; for the presented cases see
also [46].
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2.1. Solutions with matter

In this case p= 0, ρ= ρ̂e−2A−B and it is useful to choose the gauge N=A. The Einstein
equations (7) then become

A ′2 + 2A ′B ′ = κρ̂e−B− k

r22

2A ′ ′ +A ′2 =− k

r22

A ′ ′ +B ′ ′ +B ′2 = 0.

(15)

The choice N=A implies that the second equation can be directly integrated to obtain A(τ).
Inserting the result into the first equation then leads to B(τ).

The closed KS Universe.We discuss first the case k= 1 case and write the solutions in terms
of the variable η = τ/r2:

a(η) = eA(η) = amax sin
2
(η
2

)
,

b(η) = eB(η) = bmax

[
1− η− η∗

2
cot
(η
2

)]
,

(16)

where bmax := κρ̂r22, while amax, η∗ are integration constants and the trivial time-shift integra-
tion constant has been set to zero (but can be re-instated by replacing η → η− η0). The rela-
tion between time τ (or η) and co-moving time is obtained by integrating dt= a(τ)dτ which
leads to

t
tmax

=
1
2π

(η− sin(η)) , tmax := π r2amax . (17)

The time parameter η runs in the range η ∈ [0,2π], which corresponds to the co-moving time
range t ∈ [0, tmax]. The S2 scale factor vanishes at either end of the interval, a(0) = a(2π) = 0.
It increases in the first half, η ∈ [0,π], to a maximum of a(π) = amax, and then collapses in
the second half η ∈ [π,2π], as expected for a closed Universe. Depending on the behavior
of the scale factor b near η= 0, we distinguish between two types of solutions that have an
approximate FRLW limit:

Type I solutions: η∗ = 0. It is convenient to set amax = bmax/3 in order to match the asymptotic
behavior of the two scale factors near t= 0. In this scenario the Universe starts in the isotropic
regime a(t)≃ b(t)∼ t2/3 and the degree of anisotropy increases monotonically in time (see
the discussion below). The evolution of the scale factors a(t) and b(t) is shown in figure 1.

Type II solutions: η∗ ̸= 0. When η ≫ |η∗|, the evolution of b is similar to the case η∗ = 0.
On the other hand, for small values of η the evolution depends on the sign of η∗. Thus, for
η∗ > 0, the X1 scale factor b diverges at η= 0 due to the singularity of the cotangent. Initially
b contracts from infinity, while a expands from zero. For η∗ ≪ 1, there is an intermediate
regime, corresponding to η∗ ≪ η ≪ 1, in which the two scale factors evolve approximately
at the same rate. At later times the scale factors diverge again, due to the effect of the two-
dimensional curvature term in Einstein’s equations. An illustration of this scenario is shown in
the left hand side plot in figure 2 for η∗ = 0.01. Note, the ‘bouncing’ behavior of the scale factor
b does not constitute a theoretical problem, for example in view of the weak energy condition.
For multiple scale factors, this behavior is, in fact common. For a realistic cosmology, the
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Figure 1. The evolution of the scale factors a(t/tmax)/amax (orange curve, corresponding
to the S2 part of themetric) and 3b(t/tmax)/bmax (blue curve, corresponding to theX1 part
of the metric) in matter dominated closed KS Universe. By choosing amax = bmax/3, the
scale factors a(t) and b(t) have the same asymptotic form near t= 0, a(t)≃ b(t)∼ t2/3.

Figure 2. The evolution of the scale factors in matter dominated closed KS Universe
when η∗ ̸= 0. On the left η∗ = 0.01, while on the right η∗ =−0.01. Both plots
show a(t/tmax)/amax (orange curve, corresponding to the S2 part of the metric) and
3b(t/tmax)/bmax (blue curve, corresponding to the X1 part of the metric). The Universe
is nearly isotropic in the range 1≫ η ≫ η∗.

matter-dominated solution from figure 2 should be patched onto a radiation dominated one at
early times. It remains to be seen whether this can lead to a uniformly expanding b.

For η∗ < 0, b goes to zero at a finite positive value of η, which we denote by ηmin. As
such, the range for η should be restricted to [ηmin,2π]. In this scenario the Universe starts in a
two-dimensional phase. An illustration of this scenario is shown in the right hand side plot in
figure 2 for η∗ =−0.01.

It will be useful to expand the solutions (16) around η= 0. The expansion for the scale
factor b(η) has a regular part which depends on η alone and a singular part proportional
to η∗/η:

a(η) =
amax

4
η2

(
1− η2

12
+

η4

360

)
+O

(
η8
)
,

b(η) =
bmax

12

[
η2

(
1+

η2

60
+

η4

2520

)
+

12η∗
η

(
1− η2

12
− η4

720
− η6

30240

)
+O

(
η7
)]

.

(18)
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In the regime η∗ = 0 or η∗/η ≪ 1 such that the part dependent on η∗ from equation (18)
drops out, we can work out the dependence of the scale factors on the cosmological time. Thus,
for the relation between η and cosmological time we have

ξ :=
12π t
tmax

= η3

(
1− η2

20

)
+O

(
η7
)

and hence

η = ξ1/3 +
ξ

60
+O

(
ξ5/3

) (19)

so that

a(ξ) =
amax

4
ξ2/3

(
1− ξ2/3

20

)
+O

(
ξ2
)
,

b(ξ) =
bmax

12
ξ2/3

(
1+

ξ2/3

20

)
+O

(
ξ2
)
.

(20)

Hence as long as

ξ2/3

20
=

1
20

(
12π t
tmax

)2/3

≃
(

t
4tmax

)2/3

≪ 1 , (21)

the S2 and the χ direction are expanding with a scale factor proportional to t2/3, the typical
behavior for stress energy frommatter. Of course, as t grows and approaches tmax the evolution
of a slows and eventually turns into contraction, while b continues to grow.

A quick calculation based on the approximate solution (20) shows that the two Hubble rates
are

Ha =
2
3t

(
1− ξ2/3

20

)
, Hb =

2
3t

(
1+

ξ2/3

20

)
(22)

and hence

t=
4

3(Ha+Hb)
. (23)

In particular, the age, t0, of the Universe is related to the present Hubble rates Ha,0 and Hb,0

by

t0 =
4

3(Ha,0 +Hb,0)
, as long as

t0
4tmax

≪ 1 . (24)

Note, the age is determined by the mean (Ha,0 +Hb,0)/2 of the two Hubble rates.
We find, to leading order in the η expansion, for the ratio of shear to matter energy density√

σ2/κ

ρ
≃ 2

15
ā

amax
≃ η2

30
. (25)

with the ‘average’ scale factor ā as defined in (11). As expected, for small anisotropy, η ≪ 1,
the shear is negligible.

The open KS Universe. Formally, one can convert between the two sets of equations cor-
responding to the open/closed universes by r2 → i r2. This leads to the following negative
curvature solutions

8
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Figure 3. Scale factors in matter dominated open KS Universe. The plot shows
a(t/tmax)/amax (orange curve, corresponding to the H2 part of the metric) and
3b(t/tmax)/bmax (blue curve, corresponding to the X1 part of the metric). By choos-
ing amax = bmax/3, the two scale factors have the same asymptotic form near t= 0,
a(t)≃ b(t)∼ t2/3.

a(η) = eA(η) = amax sinh
2
(η
2

)
,

b(η) = eB(η) = bmax

[
η+ η∗

2
coth

(η
2

)
− 1

]
.

(26)

Integrating dt= a(τ)dτ leads to the relation

t= tmax [sinh(η)− η] , tmax =
amaxr2

2
, (27)

between co-moving time t and τ (or η = τ/r2). Both η and t run in the interval [0,∞). The
scale factor a ofH2 vanishes at η= 0 and increases forever. As before, we distinguish between
two types of solutions that have an approximate FRLW limit, depending on the behavior of b
near η= 0:

Type I solutions: η∗ = 0. The Universe is nearly isotropic at early times and the degree of
anisotropy increases monotonically in time. With amax = bmax/3, we have a(t)≃ b(t)∼ t2/3

at early times. The evolution of the scale factors is shown in figure 3.

Type II solutions: η∗ ̸= 0. As in the closed KS case, when η ≫ |η∗|, the evolution of b is
similar to the case η∗ = 0. However, for small values of η the evolution depends on the sign
of η∗. For η∗ > 0, the X1 scale factor diverges at η= 0. The cosmological evolution sees b
contracting from infinity to a minimal value and then expanding again. As in the closed KS
case, for η∗ ≪ 1, there is an intermediate regime, η∗ ≪ η ≪ 1, in which the scale factors evolve
approximately at the same rate. An illustration of this scenario is shown in the left hand side
plot in figure 4 for η∗ = 0.01. For η∗ < 0, b goes to zero at a finite positive value of η = ηmin

and the range for η should be accordingly restricted to [ηmin,2π]. The Universe starts in a
two-dimensional phase. An illustration of this scenario is shown in the right hand side plot in
figure 4 for η∗ =−0.01.
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Figure 4. The evolution of the scale factors in matter dominated open KS Universe
when η∗ ̸= 0. On the left η∗ = 0.01, while on the right η∗ =−0.01. Both plots
show a(t/tmax)/amax (orange curve, corresponding to the S2 part of the metric) and
3b(t/tmax)/bmax (blue curve, corresponding to the X1 part of the metric). The Universe
is nearly isotropic in the range 1≫ η ≫ η∗.

The solutions (26) can be expanded around η= 0:

a(η) =
amax

4
η2

(
1− η2

12
+

η4

360

)
+O

(
η8
)
,

b(η) =
bmax

12

[
η2

(
1− η2

60
+

η4

2520

)
+

12η∗
η

(
−1− η2

12
+

η4

720
− η6

30240

)
+O

(
η7
)]

.

(28)

We can work out the dependence of the scale factors on the cosmological time in the regime
η∗ = 0 or η∗/η ≪ 1. The relation between η and co-moving time is

ξ :=
6t
tmax

= η3

(
1+

η2

20

)
+O

(
η7
)

and hence

η = ξ1/3 − ξ

60
+O

(
ξ5/3

)
.

(29)

Re-writing the above small-η expressions for a and b in terms of co-moving time gives

a(ξ) =
amax

4
ξ2/3

(
1+

ξ2/3

20

)
+O

(
ξ2
)
,

b(ξ) =
bmax

12
ξ2/3

(
1− ξ2/3

20

)
+O

(
ξ2
) (30)

so an approximate expansion with the power 2/3 for both scale factors as long as

ξ2/3

20
=

1
20

(
6 t
tmax

)2/3

=

(
3 t

20
√
5 tmax

)2/3

≪ 1 . (31)

Interpreted in the FLRW paradigm, such a Universe would appear to be filled not only with
matter, but with an additional fluid with ωσ =−2/3, similar to the case of the closed matter
dominated KS Universe above.
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2.2. Solutions with matter and cosmological constant

As before, we choose the gauge N=A and introduce the dimensionless time coordinate η =
τ/r2. The energy density and pressure are given by

ρ= ρM+ ρΛ = ρ̂e−2A−B+ ρΛ (32)

and p=−ρΛ, with Λ = κρΛ. The Einstein equations, written in terms of a(η) and b(η),
become

a ′2

a2
+ 2

a ′b ′

ab
=
bmax

b
+λ

a2

a2max
− k

2
a ′ ′

a
− a ′2

a2
= λ

a2

a2max
− k

a ′ ′

a
− a ′2

a2
+
b ′ ′

b
= λ

a2

a2max

(33)

where the prime now denotes d/dη, amax is an arbitrary value for the scale factor and

bmax := κρ̂r22 , λ= r22a
2
maxΛ . (34)

These equations can be solved by starting with a power series ansatz for a(η) and b(η) of the
form

a(η) = α0η
2 +α1η

4 +α2η
6 +α3η

8 +O
(
η10
)
,

b(η) = β0η
2 +β1η

4 +β2η
6 +β3η

8 +O
(
η10
)
.

(35)

The ansatz is motivated by the solutions obtained in the previous case of matter domination.
Inserting this into the field equations and matching terms order by order in η leads to the
solutions

a(η) =
amaxη

2

4

[
1−kη2

12
+

η4

360
+

(
λ− k

15

)
η6

1344

]
+O

(
η10
)

b(η) =
bmaxη

2

12

[
1+

kη2

60
+

η4

2520
+

(
λ+

k
75

)
η6

1344

]
+O

(
η10
)
.

(36)

The first three terms are exactly as in the solutions (18) without a cosmological constant
which only comes in at the fourth order. The ratio f = a/b will be required frequently and is
given by

f =
a
b
=

3amax

bmax

[
1− kη2

10
+

17η4

4200
− 11kη6

126000
+O

(
η8
)]

. (37)

Interestingly, the cosmological constant dependence in the term proportional to η6 drops out.
The two associated scale factors are

Ha =
8

amaxr2η3

[
1− η4

240
+
(9λ− 2k)η6

6048
+O

(
η8
)]

Hb =
8

amaxr2η3

[
1+

kη2

10
+

17η4

2800
+

(
λ+

221k
1125

)
η6

672
+O

(
η8
)]

.

(38)

11
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Figure 5. Left: evolution of a(η) for different values of λ and amax = 1, calculated to
O(η12) in the series expansion. Right: evolution of b(η) for different values of λ and
bmax=1, calculated toO(η12) in the series expansion. Values of λ (from top to bottom):
1.0, 0.8, 0.6, 0.4, 0.2, 0.0.

Further, the co-moving time t=
´ τ
0 dτ a(τ)=r2

´ η
0 dηa(η) is given by

t=
r2amaxη

3

12

[
1−kη2

20
+

η4

840
+

(
λ− k

15

)
η6

4032
+O

(
η8
)]

. (39)

For the energy densities ρM, ρΛ and ρk of matter, cosmological constant and curvature,
respectively, this implies

ρM =
ρ̂

a2b
= ρ̄

a2maxbmax

a2b
= ρ̄

192
η6

[
1+

3kη2

20
+

13η4

1050
−
(
λ− 1133k

3375

)
η6

448
+O

(
η8
)]

ρΛ =
Λ

8πGN
= ρ̄λ

ρk =− k

8πGNr22a
2
=−kρ̄a

2
max

a2
=−ρ̄

16k
η4

[
1+

kη2

6
+

11η4

720
−
(
λ− 31k

45

)
λ6

672
+O

(
η8
)]

ρ̄ : =
1

8πGNr22a
2
max

(40)

and for the ratios of energy densities

ρΛ
ρM

=
λη6

192

[
1−3kη2

20
+

17η4

1680
+

(
λ−124k

675

)
η6

448
+O

(
η8
)]

ρk
ρM

=−kη2

12

[
1+

kη2

60
+

η4

2520
+

(
λ+

k
75

)
η6

1344
+O

(
η8
)]

.

(41)

For orientation, the scale factors a and b for the positive curvature case, k= 1, are shown
in figure 5 for values λ= 0,0.2,0.4,0.6,0.8,1, and setting amax = bmax = 1. Note that in the
presence of a cosmological constant the η range is finite and the scale factors diverge as we
approach the upper limit for η. The above approximation to order η6 breaks down close to this
point.

12



Class. Quantum Grav. 40 (2023) 245015 A Constantin et al

2.3. Solutions with radiation

In this case the equation of state is p= ρ/3 and the useful gauge isN=−B, so that the Einstein
field equation (7) become

A ′2+2A ′B ′ = κρe−2B− k

r22
e−2B−2A

2A ′ ′+3A ′2+2A ′B ′ =−κ

3
ρe−2B− k

r22
e−2B−2A

A ′ ′+B ′ ′+A ′2+2B ′2+2A ′B ′ =−κ

3
ρe2N

(42)

with ρ= ρ̂e−8A/3−4B/3.

The closed KS Universe.We discuss first the case k= 1 case. Subtracting the second equation
from the first and adding four multiples of the last equation gives

A ′ ′ + 2B ′ ′ +A ′2 + 4B ′2 + 4A ′B ′ = 0 . (43)

Introducing the linear combination C= A+ 2B, this becomes C ′ ′ +C ′2 = 0 with solution

C(η) = ln(η) , η :=
τ − τ0
τ3

, (44)

where τ 0 and τ 3 are integration constants. Replacing 2B= C−A in the first equation leads to
an equation purely for A with solution

A(η) = ln
(
α2η

1/3−α1η+α0

)
, α2:=3κρ0 τ

2
3 , α1:=

τ 2
3

r22
, (45)

and α0 is arbitrary. It follows that

B(η)=
1
2
(C(η)−A(η))=1

2
ln(η)−1

2
ln
(
α2η

1/3−α1η+α0

)
. (46)

The co-moving time can be found from the relation dt=±τ3e−Bdη but integrating this directly
leads to a very complicated result in terms of elliptical functions. This being case, it is better to
keep the solutions in terms of τ and use numerical results for the relation to co-moving time,
when needed.

Things simplify considerably if we assume the initial condition a(η = 0) = 0 which means
that α0 = 0. In this case, the time parameter η is in the range

η ∈ [0,ηmax] , ηmax =

(
α2

α1

)3/2

. (47)

In this case, both scale factors a= eA and b= eB vanish at η= 0, a expands initially, then re-
collapses and becomes zero at η = ηmax, while b expands throughout and diverges at η = ηmax.
With α0 = 0 we can also integrate dt=±τ3e−Bdη and this leads to

1−
(

η

ηmax

)2/3

=

(
1− t

tmax

)2/3

, tmax =
τ3α

3/2
2

α1
, (48)
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Figure 6. Evolution of the scale factors in the radiation dominated closed KS Universe.
The plot shows a(t/tmax)/ai (orange curve, corresponding to the S2 part of the metric)
and b(t/tmax)/bi (blue curve, corresponding to the S1 part of the metric).

so that the interval [0,ηmax] is mapped to the co-moving time interval [0, tmax]. In terms of ηmax,
the solution (46) can be re-written as

a(η) = eA(η) =
α

3/2
2

α
1/2
1

(
η

ηmax

)1/3
(
1−

(
η

ηmax

)2/3
)

,

b(η) = eB(η) = α
−1/2
1

(
η

ηmax

)1/3
(
1−

(
η

ηmax

)2/3
)−1/2 (49)

while in terms of the co-moving time, this becomes

a(t) = ai

(
1−

(
1− t

tmax

)2/3
)1/2(

1− t
tmax

)2/3

,

b(t) = bi

(
1−

(
1− t

tmax

)2/3
)1/2(

1− t
tmax

)−1/3

,

ai =
α

3/2
2

α
1/2
1

, tmax = r2ai , bi =
(
3κρ0 r

2
2

)3/4
a−1/2
i .

(50)

The evolution of the scale factors is shown in figure 6.
Setting ϵ= t/tmax we can study the ϵ≪ 1 early-time limit of this solution which is

a(ϵ) = ai

√
2
3
ϵ1/2

(
1− 7ϵ

12
+O

(
ϵ2
))

,

b(ϵ) = bi

√
2
3
ϵ1/2

(
1+

5ϵ
12

+O
(
ϵ2
))

.

(51)

To leading order, this is a power law with exponent 1/2 for both scale factors, as expected for
radiation in an isotropic Universe. Keeping the first two terms in the expansion, the Hubble
rates are

Ha =
1
2t

− 7
12tmax

, Hb =
1
2t

+
5

12tmax
. (52)
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Interpreted in the FLRW paradigm, this Universe appears to be filled not only with radiation,
but also with a fluid with equation of state p=−ρ and energy density

σ2

3
=

(Ha−Hb)
2

9
≃ 1

9t2max
≪ κρrad

3
=

1
4t2

. (53)

The open KS Universe. The Einstein equations differ from the ones for positive curvature
only by the sign of the curvature term and they can be obtained from the k= 1 equations by
the formal replacement r2 → i r2. This means the solutions is now given by (46) with r2 → i r2,
that is

A(η)= ln
(
α2η

1/3+α1η+α0

)
B(η)=

1
2
(C(η)−A(η))=1

2
ln(η)−1

2
ln
(
α2η

1/3+α1η+α0

)
η :=

τ − τ0
τ3

, α2 := 3κρ̂τ 2
3 , α1 :=

τ 2
3

r22
.

(54)

As before, working out co-moving time by integrating the relation dt=±τ3 e−Bdη leads to
a complicated result involving elliptic functions. Adopting again the initial condition a(η =
0) = 0, that is, α0 = 0, this simplifies significantly and leads to

(
1+

t
t1

)2/3

=1+

(
η

η1

)2/3

, η1=

(
α2

α1

)3/2

, t1=
τ3α

3/2
2

α1
, (55)

and both η and co-moving time t now run in the range [0,∞). In more concise terms, the
solution (54) for α0 = 0 can now be written as

a(η) = eA(η) = ai

(
η

η1

)1/3
(
1+

(
η

η1

)2/3
)

,

b(η) = eB(η) = bi

(
η

η1

)1/3
(
1+

(
η

η1

)2/3
)−1/2

,

ai :=
α

3/2
2

α
1/2
1

, bi := α
−1/2
1 .

(56)

In terms of co-moving time this becomes

a(t) = ai

((
1+

t
t1

)2/3

− 1

)1/2(
1+

t
t1

)2/3

b(t) = bi

((
1+

t
t1

)2/3

− 1

)1/2(
1+

t
t1

)−1/3

t1 = r2ai , bi =
(
3κρ0 r

2
2

)3/4
a−1/2
i .

(57)

The evolution of the scale factors is shown in figure 7.
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Figure 7. Evolution of the scale factors in the radiation dominated open KS Universe.
The plot shows a(t/tmax)/ai (orange curve, corresponding to the H2 part of the metric)
and b(t/tmax)/bi (blue curve, corresponding to the S1 part of the metric).

For ϵ= t/t1 the early-time limit, ϵ≪ 1, becomes

a(ϵ) = ai

[√
2
3
ϵ1/2 +

7

6
√
6
ϵ3/2 +O

(
ϵ5/2
)]

,

b(ϵ) = bi

[√
2
3
ϵ1/2 − 5

6
√
6
ϵ3/2 +O

(
ϵ5/2
)]

.

(58)

As before, to leading order these are power laws with exponent 1/2, as it is characteristic for
radiation.

2.4. Solutions with more general perfect fluids

The solutions a(η) and b(η) obtained in the case of a radiation-filled Universe (equations (49)
for the closed KS Universe and equations (56) for the open KS Universe) can be directly
rendered as solutions for the case of a perfect fluid with equation of state p= wρ with w> 0
or w<−1, provided that we choose the lapse function as

N=−B+ 1
2
log

1+ 1/w
4

. (59)

3. Propagation of light

Drawing any quantitative conclusions from the anisotropic cosmologies discussed above
requires an understanding of how light propagates in such backgrounds. Similar studies on the
propagation of light in anisotropic and homogeneous universes have been present in the literat-
ure for several decades (see, for instance the early [47, 48] or the more recent [49–51]), demon-
strating that anisotropy can lead to a cosmological lensing effect. In the following sections we
will derive explicit formulae for the red-shift, the angular diameter distance and the luminosity
distance as measured by an observer in a closed or open KS Universe.
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3.1. Redshift

Consider a co-moving observer with four-velocity given by Uµ = (n,0,0,0), such that
gµνUµUν =−1, and a photon propagating along a null-geodesic

Xµ (s) = (τ (s) ,χ(s) ,θ (s) ,ϕ(s)) (60)

with tangent vector Vµ(s) = dXµ/ds. As discussed in appendix A, setting the initial condition
Vϕ(sin) = 0, the geodesic equation implies that the photon propagates along the corresponding
constant-ϕ curve. The remaining components of Vµ(s) are given by

Vµ (s)=

(
±

√
r21v

2
1

b(s)2 n(s)2
+

r22v
2
2

a(s)2 n(s)2
,

v1

b(s)2
,

v2

a(s)2
, 0

)
(61)

where v1 and v2 are constants of integration.
The photon frequency ω, as measured by the co-moving observer, is then

ω = VµUµ =

√
r21v

2
1

b2
+
r22v

2
2

a2
. (62)

In particular, for photons propagating in the χ and ϕ directions we have, as expected,

ω =


r1v1
b

for photons in χ direction (v2 = 0) ,

r2v2
a

for photons in θ direction (v1 = 0) .

(63)

The above formulae can be recast in a simpler form by introducing the angle measured
in the (χ,θ)-plane between the θ-direction, corresponding to the vector eθ = (0,1)T, and the
tangent vector V= (Vχ,Vθ). This angle can be computed with the spatial part of the metric

ĝ := r21b
2dχ2 + r22a

2dθ2 , (64)

which then gives

cos(∢(V,eθ)) =
ĝ(V,eθ)√

ĝ(V,V)
√
ĝ(eθ,eθ)

=
r2v2b√

r21v
2
1a

2 + r22v
2
2b

2
=: cos(α) . (65)

In particular, the angle α0 between the incoming ray and the θ-direction as measured at the
present time τ 0 is

tan(α0) =
r1v1a0
r2v2b0

, (66)
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where a0 = a(τ0) and b0 = b(τ0). With this notation, the redshift z of a photon propagating
from an early time τ with scale factors a= a(τ), b= b(τ) to the present time τ 0 is given by

1+z(τ,τ0,α0) =
ω (τ)

ω0
=

√
sin2 (α0)

b20
b(τ)2

+cos2 (α0)
a20

a(τ)2

=
a0
a(τ)

(1+Fz (τ,τ0,α0)) ,

1+Fz (τ,τ0,α0) :=

√
cos2 (α0)+sin2 (α0)( f(τ)/f0)

2

(67)

where f0 = a0/b0 and f(τ) = a(τ)/b(τ).
We illustrate the effect of the anisotropic background on the redshift in the case of the closed

matter-dominated KS Universe. Recall that in this case it is useful to set n(τ) = a(τ) and to
parametrize time in terms of the variable η = τ/r2. We first consider solutions of type I, in
which the Universe is isotropic at early times and becomes increasingly anisotropic at later
times. To lowest order in η, we have a(η) = b(η), a0 = b0, so that f = f0 = 1 and Fz = 0. The
redshift formula becomes

1+ z(0) (η,η0,α0) =
a0
a(η)

, (68)

independent of the angle α0. This, of course, is the standard FLRW result. To the next order
in η, we have

f(η) =
a(η)
b(η)

= 1− kη2

10
+O

(
η4
)
. (69)

where we have set bmax = 3amax to simplify expressions (since we still keep the reference sizes
r1 and r2 arbitrary, this is not actually a restriction of the solution). Then it follows that

Fz (η,η0,α0) =
kη2

0

10

(
1− ζ2

)
sin2 (α0) , ζ :=

η

η0
(70)

so that

1+z(1) (η,η0,α0) =
a0
a

[
1+

kη2
0

10

(
1−ζ2

)
sin2 (α0)

]
. (71)

The deviation from the FLRW result varies with the angle α0 and is proportional to η0
2. Since

the CMB temperature anisotropies are of 10−5 amplitude (after subtracting the dipole), this
limits the range for η0 to roughly η0 ⩽ 10−2. Consequently, the variation of the redshift with
the angle α0 is very small. However, for values of η0 close to unity, a significant variation of
the redshift with the angle α0 can be achieved. Figure 8 shows this variation for η0 = 2. For
photons propagating from a fixed, small value of η, the variation of the redshift z(η,η0,α0)
with α0 is significant.

An interesting possibility arises in the case of type II solutions, relying on the observation
that the angular dependence in the redshift formula (67) drops out provided that f(trec) = f(t0),
where trec is the recombination time. Such a coincidence can be arranged when the integration
constant η∗ is set to a non-zero value in the matter domination solutions for both the closed and
the open KS universes. A plot of the ratio f(t) = a(t)/b(t) is shown in figure 9 for the closed
KS Universe and in figure 10 for the open KS Universe. Of course, this scenario needs further
investigation, which we defer to future work.
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Figure 8. Plot of the redshift 1+ z(η,η0,α0) in matter-dominated closed KS Universe,
for η0 = 2 and 10 equally spaced values of α0 between 0 and π/2. The lower curve
corresponds to α0 = 0 and the upper curve corresponds to α0 = π/2.

Figure 9. Evolution of the scale factors (left: orange curve shows a(t), blue curve shows
b(t)) and evolution of the ratio f(t) = a(t)/b(t) (right) for the matter-dominated closed
KSUniverse with η∗ = 0.01. The shape of f (t) allows for a ‘coincidence’ scenario where
f(trec) = f(t0).

Figure 10. Evolution of the scale factors (left: orange curve shows a(t), blue curve shows
b(t)) and evolution of the ratio f(t) = a(t)/b(t) (right) for the matter-dominated open KS
Universe with η∗ =−0.01. The shape of f (t) allows for a ‘coincidence’ scenario where
f(trec) = f(t0).
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3.2. Angular diameter distance

The angular diameter distance is defined by considering the angular sizes of objects in the
night sky. In an FRLW background, given an object that fills out an angle δθ in the sky, while
being extended over a proper distance D, the angular diameter distance dA is given by

dA =
D
δθ

. (72)

In the FRLW setting (more generally, in any isotropic cosmology), the orientation of the arc
along which the angular diameter distance is measured is irrelevant. This, of course, is no
longer true in the anisotropic setting.

The effect of the anisotropic background on the angular diameter distance can be demon-
strated by considering different orientations of the arc. In this section we look at two extreme
cases: (1) the arc and the direction of sight are contained in a plane of constant ϕ and (2) the
arc is perpendicular to the plane of constant ϕ. In both cases the direction of sight makes an
angle α0 with the θ-direction and light travels along geodesics of constant ϕ. In the first case
the angular diameter distance will be sensitive to the evolution of both scale factors, while in
the second case it will only depend on the evolution of the a-scale factor. A general formula
for the angular diameter distance for an arbitrary orientation of the arc can also be derived
following a similar procedure as described below.

In appendix B we present a detailed discussion of the angular diameter distance computa-
tion. Here we collect the relevant information. For case (1), consider two photons with para-
meters α0 and α̃0 = α0 + δα0 which end up at the same location (χ0,θ0) at time η0, having
been emitted at time τ 1 from (χ1,θ1) and (χ̃1, θ̃1) = (χ1 + δχ1,θ1 + δθ1), respectively. The
two geodesics are contained within the same (χ,θ)-plane.

Null geodesics in the (χ,θ)-plane are described by the equations

θf− θi =± 1
r2

ˆ τf

τi

dτ
n(τ)/a(τ)√
1+ tan(α(τ))

2

χf−χi =± 1
r1

ˆ τf

τi

dτ
tan(α(τ)) n(τ)/b(τ)√

1+ tan(α(τ))
2

,

(73)

where

tan(α(τ)) =
r1v1a(τ)
r2v2b(τ)

=
r1v1
r2v2

f(τ) (74)

and α(τ) is the angle between the tangent vector at time τ and the θ-direction. It follows that

tan(α(τ)) = tan(α0) f(τ)/f0 , (75)

hence we can write

θ (τ,α0) = θ0±
1
r2

ˆ τ

τ0

dτ ′ n(τ ′)/a(τ ′)√
1+ tan(α0)

2
( f(τ ′)/f0)

2

χ(τ,α0) = χ0±
1
r1

ˆ τ

τ0

dτ ′ tan(α0)( f(τ ′)/f0) ·n(τ ′)/b(τ ′)√
1+ tan(α0)

2
( f(τ ′)/f0)

2
.

(76)
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The physical extension of the source D(α) is given by

D(α) (τ1, τ0,α0) =

√
r21b(τ1)

2
δχ2

1 + r22a(τ1)
2
δθ21

= δα0

√
r21b(τ1)

2 ∂χ

∂α0

∣∣∣∣
τ=τ1

+ r22a(τ1)
2 ∂θ

∂α0

∣∣∣∣
τ=τ1

,
(77)

where the partial derivatives are obtained by inserting the cosmological solutions of interest
in the above expressions for θ and χ. The superscript (α) indicates that the arc along which
the distance is measured corresponds only to a variation of the angle α. The angular diameter
distance is then obtained as the ratio

d(α)A (τ1, τ0,α0) =
D(α) (τ1, τ0,α0)

δα0
, (78)

which is a function of the time τ 1 and, implicitly, for a given angleα0, a function of the redshift
through (67).

We now turn to case (2) where the arc is oriented perpendicular to the plane of constant ϕ
and, as before, the direction of sight makes an angle α0 with the θ-direction and light travels
along geodesics of constant ϕ. The arc corresponds to an angle δϕ cos(α0) measured by the
observer. The physical extension of the source is

D(ϕ) (τ1, τ0,α0) = a(τ1)r2 si(θ (τ1))δϕ . (79)

Since the two rays travel along geodesics of constant ϕ, the only way in which they can meet at
the observer is that θ(τ0) = 0, which fixes the value of θ(τ1) through (73). The corresponding
angular diameter distance is then

d(ϕ)A (τ1, τ0,α0) =
D(ϕ) (τ1, τ0,α0)

cos(α0)δϕ
. (80)

The angle α0 is in principle measurable, assuming that the observer has knowledge of how
the maximally symmetric two-dimensional subspace is embedded in three dimensions. The
value of the present time τ 0 is a measure of the current degree of anisotropy in the Universe
and has to be derived from astrophysical observations. The time τ 1 is then obtained from the
redshift via (67).

3.3. Luminosity distance

The luminosity distance is defined through the flux-luminosity relationship,

f =
L

4πd2L
. (81)

In flat-space, dL is simply the space distance between the source and the observer. In curved
space this is not necessarily true. The flux measured by a detector of area ∆A coming from a
bundle of rays emitted under a solid angle ∆Ω is

f =
L∆Ω/(4π)

∆A
1

(1+ z)2
, (82)
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where the two factors of (1+ z)−1 account for the redshift in frequency and for the change in
the rate of arrival of photons. The luminosity distance then takes the form

dL =

√
∆A
∆Ω

(1+ z) . (83)

The name of the game is to compute the cross sectional area ∆A at time τ 0 for a bundle of
rays emitted at time τ 1 under a solid angle∆Ω. But first we need to choose an appropriate set
of spherical coordinates centered around the source place at (χ1,θ1) = (0,0). The local spatial
metric in a neighborhood of (χ1,θ1) = (0,0) can be written as

ĝ1 = b21r
2
1dχ

2 + a21r
2
2

(
dθ2 + si2 (θ)dϕ2

)
θ≪1≃ b21r

2
1dχ

2 + a21r
2
2

(
dθ2 + θ2dϕ2

)
,

(84)

where si(x) = sin(x) for k= 1 and si(x) = sinh(x) for k=−1, a1 = a(τ1) and b1 = b(τ1).
Introducing re-scaled coordinatesZ = b1r1χ andR= a1r2θ this metric becomes the flat-space
metric in cylindrical coordinates, which can be re-written in terms of spherical coordinates

ĝ1 = dZ2 + dR2 +R2dϕ2 = dr2 + r2
(
dϑ2 + sin2 (ϑ)dϕ2

)
r=

√
R2 +Z2, cos(ϑ) =

Z
r
, sin(ϑ) =

R
r
.

(85)

In these spherical coordinates, we consider a bundle of null-geodesics between ϑ, ϑ̃ and
ϕ, ϕ̃, with widths δϑ= ϑ̃−ϑ and δϕ = ϕ̃−ϕ. This bunch intersects a sphere with radius r
around the origin in an area r2 sin(ϑ)δϑδϕ. Given the total luminosity L of the source, the
energy flow f 1 through this area on the sphere is given by

f1 =
Lr2 sin(ϑ)δϑδϕ

4π r2
=
Lsin(ϑ)δϑδϕ

4π
=
Lcos(α)δαδϕ

4π
, (86)

where the last equality follows from ϑ= π
2 −α, a relation which holds at ϑ= 0, as can be

checked by transforming between the two frames.
Since f1 = L∆Ω/(4π), it follows that

dL =

√
D(α)D(ϕ)

cos(α)δαδϕ
(1+ z) , (87)

whereD(α) andD(ϕ) correspond to the physical extension of the bundle in the α- and, respect-
ively, ϕ-direction, as measured at τ 0 (present time). For the size D(α) we write a similar for-
mula as in the computation (77) for the angular diameter distance performed in the previous
section

D(α) =

√
r21b(τ0)

2
δχ2

0 + r22a(τ0)
2
δθ20

= δα

√
r21b(τ0)

2 ∂χ

∂α

∣∣∣∣
τ=τ0

+ r22a(τ0)
2 ∂θ

∂α

∣∣∣∣
τ=τ0

.
(88)

In the notation of (77), this is D(α)(τ0, τ1,α1), i.e. the role of the source and observer are
swapped. The angle α1 = α(τ1) is not measurable, however it can be related to α0 via (75).
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The size D(ϕ) of the bunch in the ϕ-direction is given by

D(ϕ) = a0r2si(θ0)δϕ , (89)

while the redshift can be computed using (67).
To compare with empirical data for the redshift vs. luminosity distance plots, we need to

evaluateH0dL, where today’s Hubble rateH0 can be taken as the averaged valueH0 = (2Ha,0 +
Hb,0)/3. Recall from section 2 that different notions of averaging for the Hubble parameter
can be considered, however, the qualitative conclusions of the discussion below remain the
same. For a matter-dominated KS Universe, today’s Hubble rate Ha,0 for the scale factor a is
given by

Ha,0 =
1
a0

da
dη

1
dt/dη

∣∣∣∣
η=η0

=
1

r2amax

co(η0/2)

si3 (η0/2)
, (90)

where si(x)was defined above, while co(x) = cos(x) for k= 1 and co(x) = cosh(x) for k=−1.
On the other hand, today’s Hubble rate Hb,0 for the scale factor b is given by

Hb,0 =
1
b0

db
dη

1
dt/dη

∣∣∣∣
η=η0

=
1

r2amax

si(η0)− η0

si2 (η0/2)(η0si(η0)+ 2co(η0)− 2)
. (91)

To first non-trivial order in η expansion, the luminosity distance is given by

d(1)L = d(0)L

(
1+

kη2
0

40

(
h0 (z)+ h2 (z)sin

2 (α0)
))

(92)

where the zeroth order result d(0)L is given by the flat, matter-dominated FRLWUniverse result,

H0d
(0)
L = 2(1+ z)

(
1− 1√

1+ z

)
, (93)

and the functions h0(z) and h2(z) are of order 1 for 1≲ z≲ 10.
Of course, this formula provides a good approximation only for η ≪ 1. Note from (36) that

the cosmological constant enters the expression for dL at order λη6 and, while this term can
be large, it is α-independent and, hence, does not contribute to the anisotropy in dL.

For reference, we also give the luminosity distance formula valid in the ΛCDM context:

H0d
ΛCDM
L (z) = (1+ z)

ˆ z

0

dt√
Ωm (1+ t)3 +ΩΛ

, (94)

where ΩΛ = 0.75 and Ωm = 0.25.
Finally, we remark that the usual Etherington reciprocity relation between the angular dia-

meter distance and the luminosity distance does not hold, in general, in anisotropic universes,
given the definitions (72) and (87). The reason is simple: as discussed in section 3.2, the expres-
sion for the angular diameter distance depends on the orientation of the arc along which it is
measured. Our formula in (87) can be considered as a generalized Etherington reciprocity
relation and would schematically read

dL =
√
d(α)A d(ϕ)A (1+ z) . (95)
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More precisely

dL (τ1, τ0,α0) =

√
d(α)A (τ0, τ1,α1) d

(ϕ)
A (τ0, τ1,α1)

× (1+ z(τ1, τ0,α0))
(96)

where α1 and α0 are related by (75). For a generalized Etherington reciprocity relation valid
for more general (anisotropic) backgrounds, under the same definitions of dA and dL, see [51].

4. Outlook on observational constraints

In this section we provide some qualitative remarks on the expected observational signatures
of the open and closed KS universes as well as relations to the existing constraints.

4.1. Luminosity distance versus redshift

Our earlier discussion around (12) suggests that, due to the presence of shear, the anisotropy of
the background might lead to effects similar to that of a cosmological constant. To investigate
this further, we consider ourmodels with a vanishing cosmological constant,λ= 0, and plot the
luminosity distance dL as a function of redshift z. In this context the value η0 of the conformal
time today should be interpreted as a measure of the anisotropy of the model. The luminosity
distance curves for a moderately large value η0 = 1.5, for the open and closed case are shown
in figure 11.

For small η0 ≪ 1 our models lead to a dL curve approximately equal to the FLRW matter
curve (the dashed blue curves in the above plots), as (92) shows. For the larger value, η0 = 1.5,
the dL curves for the closed KS Universe move ‘in the wrong direction’, further away from the
ΛCDM curve (the blue curve in figure 11). However, for the open KS model, the modification
is in the right direction, bringing the dL curve for our model closer to the ΛCDM one.

This can bemademore pronounced by increasing η0 even further to η0 = 3.5, as in figure 12.
In this case, the ΛCDM luminosity distance curve falls in the center of the H0dL(z) band
corresponding to the variation with α0, as shown in figure 12. It is, of course, not clear if
such a considerable variation with α0 is consistent with supernova data, although this could
be studied in detail [52, 53]. However, as we will now argue, the large anisotropy, η0 =O(1),
required for a significant change in the luminosity distance redshift curves, is in conflict with
CMB data, at least for solutions of type I. We postpone the discussion of type II solutions to a
future publication.

4.2. CMB constraints

For solutions of type I, in which the Universe is isotropic at early times and becomes increas-
ingly anisotropic at later times, the physical observables receive quadrupolar corrections com-
pared to the isotropic case. Even though those recent observations that most strongly describe
conflicts with the principles of spatial homogeneity or isotropy are dipolar in nature, quadru-
polar modifications are interesting in their own regard, see, for example, [10, 54]. As we will
see below, any such anisotropies are heavily constrained by the near-isotropy of the CMB,
despite our models being essentially isotropic in the early Universe.
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Figure 11. Parametric plots of luminosity distance H0dL as a function of z for the closed
KS model (left) and for the open KS model (right) with η0 = 1.5. The pink bands indic-
ate the variation with α0. For comparison, the plots also contain the result for a flat
FLRW Universe with matter (blue dashed curve) and for a flat FLRW Universe with
25% matter and 75% cosmological constant (blue curve).

It can be argued that the CMB frequency spectrum n1(ν1) is a blackbody spectrum every-
where at the time of decoupling t1

n1 (ν1)dν1 =
8πν2

1dν1
exp(hν1/(kBT1))− 1

, (97)

where anisotropies from primordial sources will beO(10−5) effects. Measuring this today, one
needs to account for two effects: the redshift ν1 = (1+ z)ν0 of the frequency and an overall
volume factor 1/v from the expansion of the Universe reducing the intensity. Putting this all
together, one finds

n0 (ν0)dν0 =
n1 ((1+ z)ν0) d((1+ z)ν0)

v

=
(1+ z)3

v
8πν2

0dν0
exp(hν0/(kBT))− 1

,

(98)
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Figure 12. Parametric plot of luminosity distanceH0dL as a function of z for the openKS
model with η0 = 3.5. The pink band indicates the variation with α0. For comparison,
the plot also contains the result for a flat FLRW Universe with matter (blue dashed
curve) and for a flat ΛCDM FLRW Universe with 25% matter and 75% cosmological
constant (blue curve). The lensing effect of the anisotropic background can account for
the apparent cosmological constant.

where T= T1/(1+ z) and

v=
a20b0
a21b1

=
a30
a31

f1
f0

. (99)

For the open and closed KS universes with k=−1 and, respectively, k= 1, this spectrum
can be written as

n0 (ν0)dν0 = (1+Fn)
8πν2

0dν0
exp(hν0/(kBT))− 1

, (100)

where

1+Fn =
f0
f1
(1+Fz)

3
, T=

a1T1

a0 (1+Fz)
. (101)

The leading order of the series expansion implies

1+Fn ≈ 1+
kη2

0

10

(
3sin2 (α)− 1

)
,

T≈ a1T1

a0

(
1− kη2

0

10
sin2 (α)

)
.

(102)

These are intensity and temperature quadrupole variations of order kη2
0/10. Therefore, to be

compatible with measurements of the CMB quadrupole, η2
0 ∼ 10−4, which strongly limits the

anisotropy today.
In addition to a temperature quadrupole, CMB anisotropies of all scales inherit structure

via a corresponding quadrupolar modulation [44], that is, correlations between multipoles ℓ
and ℓ+ 2, as well as changes in polarization [30]. In this context it is interesting to point
out a nuance in the constraining power of the CMB anisotropy on anisotropic cosmologies.
For this effect we resort to a common characterization of anisotropic models of the Bianchi
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type, the shear amplitude, σ, which describes the deformation of a fluid element due to aniso-
tropic expansion. Of particular interest is its ratio with a measure of the average expansion
rate measured at present time, (σ/H), which, in our notation, is of order η2/30, as indicated
by equation (25). An initially decaying background anisotropy implies a larger shear amplitude
at recombination than today, so would produce larger polarization anisotropies, and hence lead
to tighter constraints for given polarization measurements. However, we consider models with
growing background anisotropy, where, conversely, measurements of CMB polarization are
less constraining by a factor of a0/a1. Naively applying the results of [35] to our model, we
would nevertheless find tighter bounds, η2

0 ≲ 10−8. We remark, however, that such conclu-
sions demand a more detailed calculation, in which also large-scale adiabatic or iso-curvature
perturbations may influence the viability of considered models, e.g. [55].

To summarize, despite this model being nearly isotropic in the early Universe, the evolution
of the spectrum till today strongly constrains the current anisotropy. It appears that this problem
would be difficult to avoid in any anisotropic cosmological model, with the potential exception
of one that gives rise to a dipole only.

5. Conclusion

With increased precision measurements of astrophysical observables, detailed tests of the
ΛCDMparadigm have become possible. A growing number of observations point towards ten-
sions, which, if taken seriously, indicate the need to revise the standard cosmological model.
A popular avenue to address these tensions is to introduce additional structure in the ΛCDM
model, such as fields with various equations of state whose dynamics affect both the evolution
of the background and the CMB fluctuations.

In this work we have adopted the perspective of relaxing the requirement of spatial isotropy
and explored a number of ways in which the analysis of cosmological observations needs to
be revisited in this context. In particular we focused on selected models with a growing aniso-
tropy, specifically the closed KS model and the open axisymmetric Bianchi III model, which
we referred to as the open KS model. The source of anisotropy in these models is essentially
topological and can be traced back to the non-vanishing curvature of the maximally-symmetric
two-dimensional subspace. A prominent example of KS topology is S2 × S1. By studyingmod-
els with growing anisotropy, late time observablesmay be used to infer the degree of anisotropy
present in the Universe.

The closed and the open KS models are characterized by two scale factors and we have
studied their evolution in universes with radiation, matter and a cosmological constant. In all
cases, the two scale factors evolve differently and this source of anisotropy leads to a lensing
effect in the propagation of light. We have derived explicit formulae for computing redshifts,
angular diameter distances and luminosity distances in these anisotropic universes.

We have shown that an anisotropic Universe, when interpreted as an FLRW cosmology can
affect the value of the cosmological constant inferred from the dependence of the luminosity
distance of type Ia supernovae on the redshift. This fact can have implications for the Hubble
tension (the discrepancy between the local measurements of the Hubble parameter and the
CMB value), as well as the dipole tension (the discrepancy between the amplitude of the dipole
present in number counts of quasars and the amplitude of the CMB dipole). We have also
shown that, in principle, the accelerated expansion of the Universe can be seen as an entirely
apparent phenomenon caused by the lensing properties of the background. To accomplish this,
the value of our order parameter η0 (today’s value of the time parameter) measuring anisotropy,
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must be of order η2
0 =O(1). However, this value turns out to be far larger than the bounds

inferred from the CMB temperature field.
Indeed, even though the geometry is only modified at late times, the CMB is sensitive to

this anisotropy through the line of sight (in a way similar to how the CMB is sensitive to
the cosmological constant, which is a late time effect). Consequently, in these models which
produce a quadrupolar anisotropy, a large anisotropy is in conflict with the measurement of
the CMB anisotropies and constrains η0 to satisfy η2

0 <O(10−4). A possible exception are
solutions of type II where the value of f = a/b can be arranged to be similar today and at
recombination. In this case, the CMB anisotropy due to redshift can be kept small even for
values η0 =O(1), while there are substantial anisotropic redshift effect for supernovae which
can mimic the effect of a cosmological constant. A more detailed study of this scenario is
postponed to future work.
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Appendix A. Null geodesics

Given a null geodesic curve Xµ(s), its tangent vector Vµ(s) = dXµ(s)/ds must satisfy

dVµ

ds
+Γµ

νρV
νVρ= 0 ,

gµνV
µVν = 0 .

(A.1)

We write the metric gµν from (1) in the form

g=−n(τ)2 dτ 2 + b(τ)2 g1 + a(τ)2 g2 ,

n(τ) = eN(τ) , a(τ) = eA(τ) , b(τ) = eB(τ) ,
(A.2)

where g2 is the maximally symmetric metric on X2,

g2 =


r22
(
dθ2 + θ2dϕ2

)
k= 0

r22
(
dθ2 + sin2 (θ)dϕ2

)
k= 1

r22
(
dθ2 + sinh2 (θ)dϕ2

)
k=−1

(A.3)
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and g1 is the maximally symmetric metric on X1:

g1 = r21dχ
2 . (A.4)

The non-zero components of the g2 connection Γ2 are given by

Γθ
2,ϕϕ =

 −θ for k= 0
−cos(θ)sin(θ) for k= 1

−cosh(θ)sinh(θ) for k=−1
, (A.5)

Γϕ
2,θϕ =

 θ−1 for k= 0
cot(θ) for k= 1
coth(θ) for k=−1

(A.6)

and the connection Γ for the 4d metric g is

Γτ
ττ = N ′ , Γχ

τχ = B ′ ,

Γβ
τα = A ′δβα Γτ

αβ = e2A−2N g2,αβA
′ ,

Γτ
χχ = r21e

2B−2NB ′ Γγ
αβ = Γγ

2,αβ . (A.7)

where the prime denotes d/dτ .
We write (Xµ(s)) = (τ(s),χ(s),xα(s)), where x1 = θ and x2 = ϕ. The geodesic equation

and the null-curve constraint above become

dVτ

ds
+N ′Vτ 2+r21e

2B−2NB ′Vχ2+e2A−2NA ′g2,αβV
αVβ = 0

dVχ

ds
+ 2B ′VτVχ = 0 ,

dVα

ds
+ 2A ′VτVα +Γα

2,βγV
βVγ = 0 ,

− e2NVτ 2 + r21e
2BVχ2 + e2Ag2,αβV

αVβ = 0.

(A.8)

These equations can be integrated (once) without explicit knowledge of the metric. We
start with the third equation (containing the ϕ- and the θ-geodesic equations) and consider a
geodesic in the direction θ, so we set Vϕ = 0. Given the connection components (A.5) this
means the ϕ-geodesic equation is satisfied while the θ-equation becomes

d
(
e2AVθ

)
ds

= 0 ⇒ (Vα) =
(
Vθ,Vϕ

)
=
(
v2 e

−2A,0
)
, (A.9)

where v2 is a constant. The χ-equation can be integrated immediately and this leads to

d
(
e2BVχ

)
ds

= 0 ⇒ Vχ = v1 e
−2B , (A.10)

where v1 is another constant. Inserting this into the constraint fixes Vτ and the complete solu-
tion becomes

Vτ 2 = r21v
2
1 e

−2B−2N+ r22v
2
2 e

−2A−2N ,

Vχ = v1 e
−2B , Vθ = v2 e

−2A , Vϕ = 0 .
(A.11)
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Formally, the solution (A.11) can be integrated further for the geodesic solution

θ− θ0 = v2

ˆ s

s0

ds ′ e−2A =±v2
ˆ τ

τ0

dτ ′ eN−2A√
r21v

2
1e

−2B+ r22v
2
2e

−2A

χ−χ0 = v1

ˆ s

s0

ds ′ e−2B =±v1
ˆ τ

τ0

dτ ′ eN−2B√
r21v

2
1e

−2B+ r22v
2
2e

−2A
.

(A.12)

Alternatively, introducing the angle α defined in section 3.1, these integrals can also be
written as

θ− θ0 =±a0 cos(α)
r2

ˆ τ

τ0

dτ
n(τ)

a(τ)2 (1+ z(τ))

χ−χ0 =±b0 sin(α)
r1

ˆ τ

τ0

dτ
n(τ)

b(τ)2 (1+ z(τ))

(A.13)

where a0 and b0 are the values of the scale factors at τ 0 (‘today’s time’) and z(τ) is the redshift
at time τ , defined in (67).

The same expressions can also be written as

θ− θ0 =± 1
r2

ˆ τ

τ0

dτ ′ n(τ ′)/a(τ ′)√
1+ tan(α(τ ′))

2

χ−χ0 =± 1
r1

ˆ τ

τ0

dτ ′ tan(α(τ ′)) n(τ ′)/b(τ ′)√
1+ tan(α(τ ′))

2
,

(A.14)

where

tan(α(τ)) =
r1v1a(τ)
r2v2b(τ)

. (A.15)

Defining f(τ) = a(τ)/b(τ), it follows that

tan(α(τ)) = tan(α0)
f(τ)
f0

, (A.16)

where f0 = a(τ0)/b(τ0). Consequently, we have

θ (τ,α0) = θ0±
1
r2

ˆ τ

τ0

dτ ′ n(τ ′)/a(τ ′)√
1+ tan(α0)

2
( f(τ ′)/f0)

2

χ(τ,α0) = χ0±
1
r1

ˆ τ

τ0

dτ ′ tan(α0)( f(τ ′)/f0) ·n(τ ′)/b(τ ′)√
1+ tan(α0)

2
( f(τ ′)/f0)

2

(A.17)

Appendix B. Angular diameter distance

In this section we derive a formula for the angular diameter when the arc along which the dis-
tance is measured is contained in the (χ,θ)-plane. A general formula which takes into account
the orientation of the arc can be derived following similar steps (see, e.g. [51] for a detailed
discussion).
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Consider two light rays which arrive at (χ0,θ0) at time τ 0, with different directional para-
meters α0 and α̃0 = α0 + δα0. What angle do these light rays form at χ0,η0? To work this out,
consider the two tangent vectors

V(τ0) =±n0


sin(α0)

r1b0
cos(α0)

r2a0

 , Ṽ(τ0) =±n0


sin(α̃0)

r1b0
cos(α̃0)

r2a0

 . (B.1)

Defining the spatial metric at τ 0 as ĝ0, the physical angle between the two light rays ε is
given by

cos(ϵ) =
ĝ0
(
V, Ṽ

)√
ĝ0 (V,V) ĝ0

(
Ṽ, Ṽ

) = cos(α0 − α̃0) , (B.2)

⇒ ϵ= |δα0|. (B.3)

To find the angular diameter distance, we need to trace these null geodesics back to times
τ 1 and τ̃1 = τ1 + δτ1 when light was emitted at (χ1,θ1) and, respectively, (χ̃1, θ̃1) = (χ1 +
δχ1,θ1 + δθ1), where

δχ(τ1,α0) =
∂χ

∂τ

∣∣∣∣
τ=τ1

δτ1 +
∂χ

∂α0
δα0 , (B.4)

δθ (τ1,α0) =
∂θ

∂τ

∣∣∣∣
τ=τ1

δτ1 +
∂θ

∂α0
δα0 , (B.5)

such that the arc between these two locations is perpendicular to the direction of sight, i.e.

ĝ0 (V(τ1) ,(δχ1, δθ1)) = 0 , (B.6)

which implies the relation

δτ1
δα0

=−
tan(α0)

f0
r1
r2

∂χ
∂α0

+ ∂θ
∂α0

tan(α0)
f0

r1
r2

∂χ
∂τ + ∂θ

∂τ

. (B.7)

However, this ratio is very small, as it can be checked directly from the cosmological solutions
discussed in section 2. As such, the two rays are essentially emitted at the same time τ 1.

The physical extension of the object D is then given by

D=

√
r21b(τ1)

2
δχ2

1 + r22a(τ1)
2
δθ21 (B.8)

= δα0

√
r21b(τ1)

2 ∂χ

∂α0

∣∣∣∣
τ=τ1

+ r22a(τ1)
2 ∂θ

∂α0

∣∣∣∣
τ=τ1

(B.9)

We can calculate δχ1 and δθ1 using the integrals in (A.17) after plugging in the solutions of
interest for the scale factors. The angular diameter distance is then obtained as the ratio

dA =
D
δα0

(B.10)

which is a function of the time τ 1 and, implicitly, a function of the redshift through (67).
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More concretely, focusing on the k=±1 solutions, for which we used the gauge n= a and
the time parameter η = τ/r2, one can consider the quantities∆θ = θ1 − θ0 and∆χ = χ1 −χ0,
as

r2∆θ = r2 cos(α0)∆η (1+F(α,η0,η1)) , (B.11)

r1∆χ = r1 sin(α0)∆η (1+G(α,η0,η1)) , (B.12)

where F and G, which go to zero in the FRLW limit, are given by

F(α,η0,η) =
1
∆η

ˆ η0

η

dη ′ a0
a(1+ z)

(B.13)

=
1
∆η

ˆ η0

η

dη ′ 1√
cos2 (α0)+sin2 (α0) f 2/f20

−1, (B.14)

G(α,η0,η) =
1
∆η

ˆ η0

η

dη ′ ab0
b2 (1+ z)

(B.15)

=
1
∆η

ˆ η0

η

dη ′ f 2/f0√
cos2 (α0)+sin2 (α0) f 2/f20

−1, (B.16)

and ∆η = η0 − η, f = a/b, f0 = a0/b0.
The coordinate separation between the two geodesics is given by

r2δθ1 = r2 (∆θ (α̃0)−∆θ (α0)) (B.17)

= r2 sin(α0)ϵ∆η(1+F(α0,η0,η1) (B.18)

− cot(α0)F
′(α0,η0,η1))+O(ϵ2), (B.19)

r1δχ1 = r1 (∆χ(α̃0)−∆χ(α0)) (B.20)

= r2 cos(α0)ϵ∆η(1+G(α0,η0,η1) (B.21)

+ tan(α0)G
′(α0,η0,η1))+O(ϵ2), (B.22)

where the primes indicate a derivative with respect to α.
Inserting these results into (B.8) gives for the angular diameter distance

dA = a1r2 (1+FA) , (B.23)

where

1+FA = [cos2 (α0) f
−2
1 (1+G+ tan(α0)G

′)
2 (B.24)

+ sin2 (α0)(1+F− cot(α0)F
′)

2
]1/2. (B.25)

To lowest order in the η expansion we should set F= G= F ′ = G ′ = 0 as well as f1 = 1
so that the entire expression in the square bracket becomes one. This means the lowest order
expression for the angular diameter distance is

d(0)A = a1r2∆η . (B.26)

In this lowest order limit, where a= b, and in the gauge n= a, the metric is given by

g= a2
(
−r22dη2 + r21dχ

2 + r22dθ
2 + · · ·

)
(B.27)
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so r2∆η for a light-like geodesic has the simple interpretation of the Euclidean coordinate
distance ∆R :=

√
r21∆χ2 + r22∆θ2 travelled by the geodesic. Hence, the lowest order angular

diameter distance can also be written as d(0)A = a1∆R.
We can re-write this in terms of the Hubble rate H0, associated to a and defined by

H0 =
1
r2a20

da
dη

(η0) . (B.28)

This leads to

H0dA =
a1
a20

da
dη

(η0) η0

(
1− η1

η0

)
(1+FA) . (B.29)

A calculation of FA to first order in the η0 expansion gives

1+FA = 1+
k
30

(
∆η2 + 3η0 (η0 + η1)sin

2 (α0)
)
, (B.30)

so we have, to this order,

H0dA =
a1
a20

da
dη

(η0) η0

(
1− η1

η0

)[
1+

k
30

(
∆η2 + 3η0 (η0 + η1)sin

2 (α0)
)]

. (B.31)
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