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The imperfection ratio is a graph invariant which indicates how good a lower
bound the weighted clique number gives on the weighted chromatic number, in the
limit as weights get large. Its introduction was motivated by investigations of the
radio channel assignment problem, where one has to assign channels to trans-
mitters and the demands for channels at some transmitters are large. In this paper
we show that the imperfection ratio behaves multiplicatively under taking the
lexicographic product, which permits us to identify its possible values, investigate
its extremal behaviour and its behaviour on random graphs, explore three upper
bounds, and show that it is NP-hard to determine.  © 2001 Academic Press
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1. INTRODUCTION

We are interested in a graph invariant called the imperfection ratio. This
concept arose in investigations of the radio channel assignment problem,
where one has to assign radio channels or frequencies to transmitters and
some of the demands at transmitters are large; see [ 12, 22]. The imperfec-
tion ratio of a graph G=(V, E) may be defined as

%r(G, x)

imp(G) = max {a)(G, x)

:OyéxeNV}. (1)
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Here the maximum is over all integral weight vectors x, where a weight vec-
tor is a non-zero non-negative vector indexed by the nodes. Also y (G, x)
denotes the weighted fractional chromatic number, that is the value of
the following linear program with a variable yg for each stable set S of
G: min Y g yg subject to > 5., Vs=x, for each node ve V(G), and y3=0
for each stable set S of G. Furthermore, w(G, x) denotes the weighted
clique number, which is the maximum of Y, . x x, over all cliques K in G.
In [12] several alternative descriptions are given, for example

imp(G) =min{s: QSTAB(G) =t STAB(G)} (2)
=max{y(G, x): x is a vertex of QSTAB(G)} (3)
—max{x-y: xe OSTAB(G), y € OSTAB(G)}. (4)

Here the stable set polytope STAB(G)<[0,1]” is the convex hull of the
incidence vectors of the stable (or independent) sets in G; the fractional
node-packing polytope OSTAB(G)<[0,1]" is the set of non-negative real
vectors x =(x,: ve V) such that Y, xx,<1 for every clique K in G; and
we denote by ¢P the scaled set {7x: x € P}. Recently, the imperfection ratio
was also characterised in terms of graph entropy [25]; see also [22].

It was noted in [ 12] that imp(G) =1 if and only if G is perfect, and that
imp(G) = imp(G) for any graph G and its complement G. Another fact we
will use is that the imperfection ratio of a triangle-free graph G equals
1r(G))2 where x(G)=y,(G, 1) is the fractional chromatic number. In this
paper we investigate the imperfection ratio further.

In Section2 we show that the lexicographic product G[ H] of two
graphs G and H satisfies the equation imp(G[ H]) =imp(G) imp(H). This
extends the well known result that G[ H] is perfect if and only if both G
and H are perfect [ 17]. We use this equation to identify the possible values
of imp(G): we find that there is a graph G with imp(G) =r if and only if
r is rational and at least 1.

In Section 3 we investigate the extremal behaviour of the imperfection
ratio and its behaviour on random graphs. We prove that the maximum
value of imp(G) over all graphs G on n nodes is O(n log log n/log® n). (We
denote by log the binary logarithm and by In the natural logarithm.) The
maximum value of imp(G) over all graphs G with maximal degree d is o(d),
and the corresponding maximum over all triangle-free graphs on n nodes
in O(\/n/logn). On the other hand the imperfection ratio of the random
graph G, ,, is usually close to n/(4log”>n). We obtain corresponding
results for sparse random graphs and for random regular graphs.

In Section 4 we consider three upper bounds on the imperfection ratio.
The first bound asserts that imp(G) <b/c if every induced subgraph of G
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contains a node the neighbourhood of which can be covered ¢ times by b
cliques. This bound yields for example the result that imp(G) <6 for any
disk graph G. The second bound is the fractional perfect covering number
pc,(G), which is the minimum value of p/q over all p and ¢ such that the
nodes of G can be covered ¢ times by p induced perfect subgraphs. We see
that imp(G) < pc(G). Clearly, imp(G) =pc,(G) for perfect graphs G, and
the same holds for minimal imperfect graphs. On the other hand the ratio
pc,(G)/imp(G) can grow like n° for n node graphs G. The third bound is
in terms of the cochromatic number z(G), which is the least number of
stable sets or cliques to cover the nodes of G. For any non-trivial graph G
we have pc,(G) < z(G)/2 and hence imp(G) < z(G)/2. On the other hand we
show that imp(G) = z(G)?/(4n) if G has n nodes.

In Section 5 we prove that it is NP-hard to determine imp(G). If we
could determine imp(G) then we could tell whether G is perfect, since
imp(G) =1 if and only if G is perfect: but it is not known whether this is
hard to do. We show that it is NP-hard to determine the fractional
chromatic number of triangle-free graphs, which implies the result since for
these graphs imp(G) = x,(G)/2, as we noted earlier.

2. LEXICOGRAPHIC PRODUCT

Let G[ H] denote the lexicographic product of the graphs G and H, that
is the graph G[ H] with node set V(G) x V(H), and two nodes (u,, v;) and
(u,, v,) are adjacent if either {u,,u,} € E(G) or u;=u, and {v,,v,} €
E(H). For an example see Fig. 1.

THEOREM 2.1.  For any two graphs G and H, imp(G[ H]) =imp(G) imp(H).

Since imp(G) =1 if and only if G is perfect, this theorem extends the well
known result that G[ H] is perfect if and only if G and H are perfect [17].
It also yields the next result, which we prove before it.

FIG. 1. C,K.].
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THEOREM 2.2. There exists a graph G with imp(G) =r if and only if r is
rational and at least 1.

Proof. That r is rational and at least 1 if there is a graph G with
imp(G)=r follows immediately from the definition (1). Recall that for
positive integers a and b with 2b <a, the Kneser graph K,., has a node
for each b-element subset of {1, .., a}, and two nodes are adjacent when
the corresponding subsets are disjoint. If ¢ and 5 are integers with
0<2b<a<3b, then the Kneser graph K,., has no triangles, and so

1 a

imp(Ka:b) =§Xf(Ka:b) ZZ

—see, for example, [24]. But any rational number greater than 1 is a
product of rationals in the open interval (1, 3/2), and so Theorem 2.1 yields
the result. ||

We break the proof of Theorem 2.1 into an upper bound part
(Lemma 2.2) and a lower bound part (Lemma 2.3). Before we can do this
we need some more notation and one preliminary lemma from [12].

We denote by G[ H": ve V'] the graph which is constructed by replacing
each node v of G=(V, E) by the graph H®. Here, replacing a node v of G
by H” means that all the nodes of H" are joined to the nodes adjacent to
v in G and v is deleted. The lexicographic product of G and H is therefore
the graph where each node of G is replaced by a copy H* of H. If we are
given a weight vector x of G, we abuse notation by using x also for its
restriction to the node set of an induced subgraph H of G. In the same vein
we say that a node of G[ H”: ve V] is an element of V(H?"), if this node
belongs to the copy of H” in G[H”: ve V].

Lemma 2.1 [12]. For any weight vector x of G[H" ve V], we have
1 (GLH” ve V], x)=y/(G, X) where X is the weight vector of G with £,=
Lr(H", X) for all ve V.

Lemma 2.2. imp(G[H": ve V])<imp(G) max{imp(H"): ve V}.

Note that it follows from this lemma that G[ H": ve V7] is perfect if and
only if G and each graph H" are perfect.

Proof. Let x be a weight vector for G[ H": ve V. Define the weight
vector X for G by setting X, = y,(H", x) for each ve V. By Lemma 2.1 and
the definition of the imperfection ratio,

1 (GLH" ve V], x)=yq(G, X) <imp(G) o(G, X). (5)
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Let K be a maximal weight clique for (G, X), and let p =max{imp(H"):
ve V}. Then

(G, X)= ), X,= ) x/(H,x)<p Y, o(H",x).
vekK vekK vekK
Now the union of maximal weight cliques of (H", x) over all ve K forms
a clique in G[ H” ve V], and so
po(G[HveV],x)=p Y w(H’x)=w(G,X).

vekK

By (5) and the last inequality,
1(GLH" ve V], x)<imp(G) p o(G[H": ve V], x).
Therefore for any weight vector x,

1AG[H ve V], x)
o(G[H ve V], x)

<imp(G) max{imp(H"): ve V},

which yields the required inequality. ||

Lemma 2.3. imp(G[H": ve V])=imp(G) min{imp(H"): ve V}.

Proof. Let xe QSTAB(G) satisty imp(G) = y+(G, x), and for each ve V,
let y’e OSTAB(H?") satisfy imp(H") = x,(H", y”). Note that such vectors
always exist by (3). We abbreviate min{imp(H"): ve V'} by p. Denote by z
the weight vector of G[ H”: ve V] with

Z,=X, )Y for each ue V(H?).

Since w(H®, y’)=1, we have w(H", z)=x,. Thus imp(H")=%,/x, where
X,=x,x,(H",y") =) (H" z). Therefore

px,<imp(H’) x,=£%,.
This together with Lemma 2.1 implies that
1/(GLH ve V], 2) = x,(G, X) = 1,(G, px) = y(G, X) p.
In addition, o(G[ H*: ve V], z) = w(G, x) = 1. Hence
imp(G[H”: veV]) =y (G[H"ve V], z) =y, (G,x) p
=imp(G) min{imp(H"): ve V'}

as required. ||
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The above two lemmas establish Theorem 2.1. A result which can be
proved in a similar way to them is the following proposition.

ProposiTiON 2.1 [11].  The imperfection ratio of G[ H": ve V] depends
only on the graph G=(V, E) and the values imp(H"), ie., imp(G[ H"
ve V])=imp(G[ H* ve V]) if imp(H") = imp(H"®) for each ve V.

3. EXTREMAL RESULTS AND RANDOM GRAPHS

In this section we show that there exists a constant ¢ such that for every
graph G on n >3 nodes

n(loglogn)

>

imp(G)<c¢ >
log”n

see Theorem 3.1. We see that the maximum value of imp(G) over all graphs
on n nodes with maximal degree d is o(d), and the corresponding maxi-
mum over all triangle-free graphs is ©(./n/log n).

Recall that the random graph G, , has n nodes 1,..,n and the (%)
possible edges appear independently with probability p. We see in
Theorem 3.3 that a.s. imp(G,,, 1 ,) ~ n/(4 log® n), which shows that the upper
bound on imp(G) given above is at most a factor log log n too large. We
also investigate the imperfection ratio for sparse random graphs, and for
random regular graphs. In addition we see that imp(G,, ,) is concentrated
around its mean value.

Before we consider the results just mentioned, we give an upper bound
on the imperfection ratio in terms of the logarithm of the clique number
and the binary imperfection ratio imp,(G), that is the maximum of
Xxr(H)/w(H) over all induced subgraphs H of G, or equivalently

. G,
imp,(G) = max {);;((G,;()) 0+~xe{0,1} V}.

Clearly, imp,(G) <imp(G) for any graph G.

Lemma 3.1. For any graph G, imp(G) < (2] log w(G)7) imp,(G).

Proof. Denote [log w(G)7] by L First we claim that for each point x of
OSTAB(G) there exist positive numbers a; and vectors x‘e {0, j;} V'
OSTAB(G), j;>0, i=1, .., [, such that x<¥!_, a;,x" and 3/ _, o; <2L
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Assume for now that the claim is true. By (3) there exists a vertex x of
OSTAB(G) such that imp(G) = x4(G, x). Hence

1 1
imp(G) = (G, x)<){f<G, > aixi>< Y. axr(G,xY)

i=1 i=1

1
< Y o;impy(G) < (27 log o(G) ) impy(G).
i=1

1

Proof of the claim. Fori=1,2,..,1—1, let
A;={veV:27<x,<270=}

and let

-1

A=\ 4,

i=1

Then 0<x":=27"1, <xfori=1,2,..,/—1 and hence x’'e QSTAB(G). In
addition, if ve 4; then x,<2x!. If ve 4, then x,<2~=D<2/w(G). Set
x'=1/w(G)1,. Observe that x'e QSTAB(G) and if ve 4, then x,<2x].
Hence x <Y!_, 2x’, and each x’ belongs to OSTAB(G)n {0, j;}” with
j;=2""fori=1,..,1—1and j,=1/w(G). |

THEOREM 3.1. There exists a constant ¢ such that for all graphs G with
n =3 nodes,

imp(G)<c n(log logn) 120g n).

log”n

Proof. In [8] Erdés showed that there exists a constant ¢, such that for
any graph G on n>2 nodes, x(G)/w(G)<cyn/log?n. When n=2 the
bound is 2¢y, and ¢, > 1/2. We take ¢ =10cy, = 5. We shall prove by induc-
tion on n that for any graph G on n>3 nodes and any integral weight
vector x for G

x(G,x) _ n(loglogn)
<c .
(G, x) log?n

(6)

To begin, we note that every graph G on 3 nodes is perfect, so by [17] we
always have y(G, x)/w(G, x) =1, and hence (6) holds for n=3.

Now let n >4, and suppose that (6) holds for all graphs G on at most
n—1 nodes and all corresponding integral weight vectors x. Let G=(V, E)
be a graph of order n, and let x be an integral weight vector for G. Let x;,
denote min{x,: ve '} and let x,,,, denote max{x,: ve V'}. We may assume

max
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that x,,;, #0 since otherwise the result follows directly from the induction
hypothesis (as 7 log log n/log? n is an increasing function). We consider two
cases, depending on the ratio of x,,, t0 X, .

Case 1. Xpax/Xmin <log?n. If w(G)=1log*n then w(G, X) = x,;, log* n,
and we obtain

x(G, x) X max 1 n nloglogn
&S x < C
(G, X) ~ Xpin log*n ~log?n log?n

If w(G) <log* n then by Lemma 3.1 and Erdés’ result mentioned above, we
have

Col

2

imp(G) <2l log w(G) 7 impy(G) < (8 loglogn + 2) Tog? 1

10¢yn loglogn
<= =
log?n

Case 2. Xpax/Xmin >10g? n. Let v be a vertex with x, = x,;,, and denote
by G — v the graph obtained from G by deleting v. If follows that

X(Gax)<xmin+X(G_Uax)<xmin+X(G_Uax)
C()(G, X)\ CO(G, X) \xmax CO(G—U,X)'

Now the function f(n) =n/log? n is concave so f(n—1)< f(n)— f'(n), and
f'(n)=(logn—21n2)/log® n. Hence by the induction hypothesis

(G, x) 1 (n—1)
< log 1 —_—
(G, x) Slogen T OB og? (1)
- +eloglo < n logn—2ln2>
< c n -
log?n glog log?n log*n
<Cnloglzog.f,n
log“n

since n=4. |

THEOREM 3.2. For each ¢>0, there exists a constant d, such that, for
each d>=d, and each graph G with maximal degree A(G)<d,

imp(G) < é&d.
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Proof. For graphs H with uniformly bounded clique number w(H), we
have [15]

x(H) = O(d(log log d)/log d),

where d = A(H). Let ¢ >0. Then there exists d, such that for all d>d, and
all graphs H with w(H) <2 and A(H)<d we have y(H)<4(d—1).

Let d>d, and let G be a graph with 4(G) <d. Let xe QSTAB(G) satisfy
21r(G, x) =1imp(G). Let y denote the vector indexed by the nodes v of G,
with y,=x, if x,> 5 and y,=0 otherwise. The subgraph H of G induced
by the nodes v with y,> 0 has clique number w(H) <2/e, and hence

(G y) <y (H)<x(H) <7 (d—1).

N ™

Also

Hence
imp(G) =G, X) < 1, (G,y) + x,(G, x—y) <ed,

as required. ||

It is known [ 16] that for a triangle-free graph G on n nodes we have y(G) <

)2 f /n/log n and hence that imp(G) < f /n/log n.

There is also a matching lower bound, that is there are trlangle free graphs G

on n nodes with imp(G) > ¢ W where ¢ >0 is a constant. This follows
from the fact that there exists for # sufficiently large a triangle-free graph G on

nnodes with a(G) <9 /n log n; see [ 16]. Thus the maximum value of imp(G)
over all triangle-free graphs G with n nodes is O(,/n/log n).

We now consider random graphs. As remarked earlier, the next result
shows that a.s. imp(G,, ;) ~n/(4 log? n).

THEOREM 3.3. For any (fixed) 0 <p <1, and any n>0 a.s.

n

— <imp(G, ,) <(1
4log,, nlog,, n imp(G,, ;) < (1+7)

4log,,, nlog,,n’

where ¢ =1— p.



88 GERKE AND MCDIARMID

Proof. First we consider the lower bound. If G is a graph on 7 nodes
which satisfies

a(G)<2log,, n (8)
and
o(G)<2log,,,n, 9)
then
n n

imp(G) = = .
PG> (G (G)~ 4 logy, nlogyy n

A simple first moment argument shows that the random graph G, , as.
satisfies the conditions (8) and (9) (see for example [5]), and so the lower
bound in (7) follows.

Now we consider the upper bound. Let #>0, and let £>0 satisfy
(1+&)/(1 —g)+e<1+n. Let [ =I(n) =n/log n. Note that /(log log /)/log? [ =
o(n/log?n). Thus by Theorem 3.1 we have that for any graph G, on at
most / nodes

n

imp(G) (10)

<ée
4logy,, nlog, n

for all sufficiently large n. For the remainder of this proof we assume that
n is large enough such that (10) is fulfilled.
Consider the following two conditions on a graph G with n nodes:

n

2G)<(1+e) (11)

2logy,n’
and for all induced subgraphs H of G on at least / nodes
w(H) = (1—e¢)2logy), n. (12)

The random graph G, , as. satisfies these conditions: Condition (11) is
essentially a celebrated theorem of Bollobas’ [6] and Condition (12) (for
stable sets rather than cliques) is a natural step towards proving that
theorem—see also [ 2, 21].

Suppose that G is a graph on n nodes satisfying (11) and (12). We show
that

imp(G)<(1+n) (13)

4log,,, nlog,,n’

which proves the upper bound in (7).
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Let x be any integer weighting for G with imp(G) = (G, x)/w(G, x). Let
Vix)={ve V(G):x,>i}, and let G, be the subgraph of G induced by
Vi(x) for i=0, 1, .., so that Vo(x)=V, Go=G. Let k =max{i: |V;(x)| >1}.
If k=0 then (13) follows from (10), and thus we may assume that k> 1.
Let y,=min{x,, k} and z,=x,— y, for each ve V, so that x =y + z. Now
by (11)

HGy) <G k1) <O
and by (12)
(G, y) = ka(Gy) = k(1 —¢) 2logy, n;
and so

1G.y) _1+e n
w(G,y) 1—¢ 4log,,nlog,,n

Also, since |V, (x)| </, by (10)

17(G, z)<. n
< G <e——m—.
(G, z) mp(Gr1) 8410g1/pnlog1/qn
But
p, G, G, Ga
imp(G):/{f( x) 1G.y) 406G, 7)

and the required inequality (13) follows from the last two inequalities. ||

Since log plog(l—p)<1 for all 0<p<1, we have log?n <log;,, n
logy,, n for all n and all 0 <p <1, and hence the best choice is p =1/2 if one
is interested in a large imperfection ratio.

It is known that (11) and (12) are not only a.s. satisfied but that the
probability that either of these conditions fails is o(1/n) (and indeed is far
smaller) [ 6, 21]. This, together with the fact that imp(G) < |V(G)| for any
graph G, yields that the expected value E(imp(G,, ,)) of the imperfection
ratio of G, , satisfies

. n
E(imp(G, ,))=(1+o0(1)) dlog, nlog, n
1/p 1/q

The next theorem states that the imperfection ratio is concentrated around
its expected value.
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THeOREM 3.4.  P(|imp(G,, ,) — E(imp(G,, ,))|=1)<2e =2 for t>0.

Proof. Let G be a graph with at least two nodes, let v be a node in G,
and let G — v denote the graph which is obtained from G by deleting v. Let
X € OSTAB(G) satisty imp(G) = (G, x). Then

lmp(G) :Xf(Ga X) <){f((;_ v, X) +xv<1mp(G_U) + l’
and so
imp(G —v) <imp(G) <imp(G —v) + 1.

Now let G and G’ be two graphs which differ only in edges incident to a
single node v. Then by the above

imp(G —v) <imp(G), imp(G') <imp(G —v) + 1,
and hence
limp(G) —imp(G')| < 1.

The result now follows from Lemma 3.3 of [20], which says that if the
graph function f satisfies | f(G)— f(G')| <1 whenever G’ can be obtained
from G by changing edges incident with a single node, then the correspond-
ing random variable Y = f(G, ,) satisfies

P(|Y—E(Y)| >1) <2e 2
for t=0. |

We next determine the behaviour of the imperfection ratio also for sparse
random graphs, at least if the average degree is not too small.

THEOREM 3.5. Suppose p = p(n) satisfies p=o(n=??) and np —» o as
n— oo. Then for every >0 a.s.

np

1— .
(1—e) 41n np

np .
<imp(G, ,)<(1
Ty SIP(G ) <(140)

Proof. 1If p=o(1) and np - oo as n — oo, then for any ¢>0, a.s.

np
2Innp’

(G, ) <(1+¢) (14)

see [ 18]. But imp(G) < x(G)/2 for any graph G with at least one edge, by
Proposition 3.4 of [ 12], and the required upper bound on the imperfection
ratio follows.
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Let 0 >0 satisfy (1 —0)/(1+0J)=(1—¢), and let G be any graph on n
nodes satisfying

qug1+mzﬁmf (15)

Then for any induced subgraph H of G on at least n — Jdn nodes

np
2Inmp

n—5n>1—5 np >(1—e)

H)> > >
1 H) 2 G P T30 2innp

(16)

By [9], the random graph G, , as. satisfies (15). Also, the expected
number of triangles in G, , is less than (np)?/6, and hence the probability
that the number of triangles in G, , is greater than Jn is at most n’p3/66 =
o(1). Hence there as. is a triangle-free induced subgraph H with at least
n—on nodes. Since imp(G) > imp(H) = y,(H)/2 the result follows by (16).

There is a similar result for random r-regular graphs G, ,, that is graphs
taken uniformly at random from the set of all r-regular graphs on the n
nodes {1,2,..,n} (where rn is even). The limit in the following theorem
refers to n — oo with n restricted to even integers if r is odd.

THEOREM 3.6. There exists e =¢(r) >0 for integers r =2 with &(r) - 0 as
r— o0, such that for each fixed r =2 a.s.

r r
<i <(1+e¢ .
4Inr mp(G,, ) < (1+¢) 41Inr
Proof. We may argue much as in the proof of Theorem 3.5. To do this,
the upper bound (14) has to be replaced by the statement that for each
r>=2 there exist e =¢&(r) >0 with ¢(r) > 0 as r > oo such that

5 < 1 ,
G ) <(1+8) 37—

which is proved in [10].
For the lower bound we need the results that for each fixed r>2 there
exists ¢ =¢(r) > 0 such that a.s.

2Inr
r

{x’(Gn,r) <(1 _8)

n’
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which can be found in [4] or [5, p.277, Corollary 28], and that the
expected number of triangles in G, , — (r —1)?/6 as n — o0; see [3] or [5,
p- 53, Corollary 19]. A simple calculation similar to (16) now yields the
lower bound. ||

4. UPPER BOUNDS ON THE IMPERFECTION RATIO

In this section we consider three upper bounds on the imperfection ratio.
The first bound is motivated by the well known fact that one can colour
a graph G with ¢+ 1 colours if every induced subgraph of G contains a
node of degree at most #; see, for example, [ 14]. It follows that one can
colour a graph G with #(w(G)— 1)+ 1 colours if every induced subgraph of
G contains a node the neighbourhood of which can be covered by ¢ cliques.
(Graphs for which this is true with =1 are known as chordal or tri-
angulated graphs: it is well known that such graphs are perfect.) This
method also yields a bound on the chromatic number of a disk graph G,
that is a graph the nodes of which can be represented by open disks in the
plane such that two disks intersect if and only if the represented nodes are
adjacent. It is not hard to verify that the neighbourhood of a node which
is represented by a smallest size disk can be covered by 6 cliques, and
clearly any induced subgraph of a disk graph is a disk graph. Hence
x(G) <6w(G)—5 for every disk graph G. The following proposition yields
that imp(G) < 6 for these graphs.

ProPOSITION 4.1.  For each graph G and t > 1, if each induced subgraph
of G contains a node the neighbourhood of which can be covered at least p/t
times by a family of p cliques ( for some p=1), then imp(G) <t.

Proof. Let G have n nodes. We can order the nodes of G in such a way
that, for each i=2, .., n, the nodes of {v,, .., v;_;} which are adjacent to
v; can be covered ¢; times by a family of p; cliques, where p;/q;<t. We
claim that, for any integral weight vector x, we need at most w(G, Xx) ¢
colours to colour each node v with x, colours, if we greedily colour the
nodes of G in the order above. To see this, let w(i) denote the sum of the
values Xy, such that j<i and v; is adjacent to v;. Observe that for each
i=2,..,n we have p;(w(G, X) —x,) = ¢,w(i), and so w(i) <#(w(G, X) —x,).
When we come to colour v;, at most w(i) <w(G, x)7—x, colours are
already used for the neighbours of v;. Thus we can colour v, with x,
colours using at most w(G, x) ¢ colours all together. Therefore x(G, x) <
(G, X) t, as required. ||

The last result does not always yield good bounds. For the complete
bipartite graph K, ,» on n nodes (with n even), the smallest # which fulfils
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the conditions in Proposition 4.1 equals »n/2, and hence the best bound
which can be derived from this proposition for a graph on n nodes can be
n/2 times bigger than the imperfection ratio.

A unit disk graph is a disk graph which has a representation with unit
diameter disks. Since any induced subgraph of a unit disk graph is a unit
disk graph, and since the neighbours of the left-most bottom node can be
covered by 3 cliques, Proposition 4.1 shows that the imperfection ratio of
such graphs is at most 3. However, this bound can be improved. In [12]
it is shown by a method involving coverings by perfect graphs that
imp(G) < 2.155 for any unit disk graph G. This leads to the second general
bound on the imperfection ratio we discuss in this section.

The fractional perfect covering number is defined by

pc (G) :=inf {p each node of G can be covered ¢ times by p perfect}
4 g induced subgraphs

The infimum in the definition of pc,(G) can be replaced by minimum, since
it is not hard to verify that pc,(G) is the value of the following linear
program with a variable y, for every induced perfect subgraph P of G:
min >, yp subject to > 5., vp=1 for each node v of G and y, >0 for each
induced perfect subgraph P.

It is known [17] that, given any integral weight vector x for a perfect
graph H, each node can be covered x, times by w(H, x) stable sets. It
follows that, if each node of G can be covered ¢ times by p perfect induced
subgraphs, and x is an integral weight vector then each node v can be
covered x,q times with w(G, x) p stable sets. Hence y (G, x) <w(G, X) p/q,
which implies that

imp(G) < pe,(G). (17)

Clearly imp(G) = pc,(G) for any perfect graph G. It follows from results in
[12] that imp(G) = pc,(G) for minimal imperfect graphs, too. The discus-
sion on unit disk graphs in [12] which was mentioned above in fact
establishes the given upper bound on pc,(G) and hence on imp(G).

The third bound we consider in this section involves the cochromatic
number z(G), that is the least number of stable sets and cliques needed to
cover the nodes of G; see, for example, [ 14]. Since G is perfect if z(G) < 2,
it follows that pc,(G)<z(G)/2 provided G contains at least one edge and
is not the complete graph (i.e., z(G)>=2), and so imp(G) < z(G)/2 for such
graphs. The following proposition gives an upper bound on z(G) (and thus
on pc,(G)) in terms of imp(G).
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ProPOSITION 4.2.  For each graph G on n nodes which is neither complete
nor the complement of a complete graph,

2G)*_ pef(G)*

i G)=
imp(G) 4n n

Proof. Fort>=1,letf(n)=max{z(H):|V(H)| =n,imp(H) <t}. We show
by induction on »n that f,(n)<2\/l; for all positive integers n. Clearly
f(n)<n<2 ﬂ for n=1, 2, 3, 4. Now let n>5, and assume that f,(k) <
Zﬂ for all I<k<n—1. Let H be a graph on n nodes with imp(H) <.
Then

«(H) o(H) <imp(H)<t,

and so a( H) w(H) = n/t. Therefore max{a(G), o(G)} =[+/n/t7]. Hence

Hm <V fn =T/l <1+2 /1 /1 Jui]

<1+2/m /1—\/%

<1+2\/§<1—2\1/E> since /1 —x<1—x2for0<x<1
=2 /m. 1

This proposition yields z(G) <2 ﬁ /1mp(G) which extends the result
[7] that for a perfect graph G, z(G) <3/2+./2n + 9/4, apart from a factor
of about ﬂ Let us remark that there are perfect graphs G with

2(G) 2\/;1. For example the interval graph H on {1, 2, .., k*} with inter-
vals {1, ...k}, {2, .. k+1}, ., {kK*—k+1,..,k*} is perfect, and

K —k+1 k—1
:k—
k k °

Z2(H) >

and so z(H)=k.

There can also be a gap between pc,(G) and imp(G). Consider, for
example, the Petersen graph P shown in Fig. 2. The maximum number of
nodes in an induced bipartite subgraph is 7, and since there are no tri-
angles, this is also the maximum number of nodes in an induced perfect
subgraph. Hence pc,(P) = | V(P)|/7=10/7. (In fact pc,(P)=10/7 since P is
node-transitive, see [11].) But imp(P) = y(P)/2=5/4 since the Petersen
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@- -

FIG. 2. The Petersen graph.

graph is triangle-free. The next proposition allows us to increase the gap
between pc,(G) and imp(G).

ProrosiTiON 4.3.  For any two graphs G and H, the lexicographic
product G[ H] satisfies pc,(G[ H]) =pc,(G) pc,(H).

Proof. Let pc,(G)=a/b, and let P,, P,,.., P, be a family of perfect
induced subgraphs of G which cover each node of G b times. Let pc (H) =
c¢/d, and let Q,, Q,, ..., Q. be a family of perfect induced subgraphs of H
which cover each node of Hd times. Then the graphs P,[Q;], i=1, ..,
Jj=1, .., c are perfect and cover every node bd times. Hence pc (G[ H]) <
ac/bd =pc,(G) pc(H).

For the reverse inequality, let pc,(G[ H]) =e¢/f, and consider a covering
of GLH]=G[H" ve V(G)] with a family P, ..., P, of perfect induced sub-
graphs of G[ H] such that each node is covered f times. This covering gives
rise to a covering of G by perfect induced subgraphs of G: for i=1, ..., e, let
P} be the subgraph of G induced by the nodes v of G such that P, contains
at least one node from the copy H" of H corresponding to v. Since every
node of H" is covered f times by the graphs P, ..., P,, the node v is covered
at least fpc,(H) times by P, .., P,. Hence pc (G) <e/(fpc,(H)), which is
equivalent to pc(G[ H]) = pc,(G) pc(H). |

There is a corresponding result for the maximum number of nodes in an
induced perfect subgraph, that is if we let pn(G) be the maximum number
of nodes in a perfect induced subgraph of G, then pn(G[H])=
pn(G) pn(H). Each of these extends the result that G[ H] is perfect if and
only if G and H are perfect (as did Theorem 2.1).

PROPOSITION 4.4. For every positive integer i, there is a graph G on
n=10" nodes with pc,(G) =n’imp(G), where 6 =1n(8/7)/In 10 ~0.058.
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Proof. Let P denote the Petersen graph (see Fig. 2), let G' = P, and let
G'*'=G'[P] for i=1,2,... Then |WV(G")|=10" pc,(G’)=(10/7)" by
Proposition 4.3; and imp(G’) = (5/4)° by Theorem 2.1. Hence

pe (G _ . 8\ _In G|, (8 _ ,
n<imp(Gi)>_lln<7>_ 10 ln<7>—5ln(|V(G)|),

which gives the required result. |

The last result shows that the ratio pc,(G)/imp(G) can grow like n° for
a graph on n nodes. In fact the ratio usually grows with n, but like log n
as also does the ratio z(G)/imp(G). To prove this we need one preliminary
lemma. For any graphs G and H, let ex,(G) be the maximum number of
nodes in an induced subgraph G’ of G such that G’ has no induced sub-
graph isomorphic to H. (Here ex stands for excluding.)

LemMA 4.1. For any grhaph H with h nodes, as. exy(G, 1,)<clnn,
where we may take ¢ =h*2®,

Proof. Fix a graph H with A nodes. For each n, in the complete graph
K, on n nodes there is a packing of ¢, edge-disjoint copies of K, such that
t, ~ (;)/h(’;), and so t,>n?/h® for n sufficiently large [2,23]. Now let
c=h*2%, and let z=z(n) =[cIlnn7. We denote by H = G the event that H
is (isomorphic to) an induced subgraph of G. Then

P(HZ G ) <1 —2-®),
and hence

P(H¢ Gz, 1/2) < (1 — 2_(3))12 < (6—2*(9)&.

It follows that
P(eXH(Gn, 1/2) 2z)< <n> P(H¢ G, 1/2) < <ne> eitﬂi(/p
z z

ne —m\© .
< ( e G2 <2)> for sufficiently large n

asn— oo. |
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Recall that the fractional perfect graph covering number pc,(G) and the
cochromatic number z(G) satisfy pc,(G) < z(G)/2 for every graph G with at
least an edge which is not complete.

ProrosiTION 4.5.  For any ¢ >0, the random graph G, ,, a.s. satisfies

(Gn 1/2)

(1—¢)logn<——>2—
g 21 mp(Gn,l/Z)

<(l1+¢)logn,

and there is a constant ¢ >0 such that a.s.

clogn< Pcf(Gn, 1/2)

imp(G,, 1/2).

Proof. We have seen in the proof of Theorem 3.3 that G, , almost

surely satisfies (8), (9) and (11). Hence

n, p

n

<G, p) <(1+e)

2logn 2 logn

since z(G) < y(G) dlw&ys Also by Lemma 4.1 as. ex¢(G,, 1) <c¢; Inn for
a constant ¢; <52® = 25600, and hence a.s. pci( G, 12) =n/(c;In n). The
result now follows from Theorem 3.3. ||

5. HARDNESS RESULT
In this final section we prove the following theorem.
THEOREM 5.1. It is NP-hard to determine the fractional chromatic
number of a triangle-free graph.
Since imp(G) = x,(G)/2 for any triangle-free graph G [12], we obtain:
COROLLARY 5.1. It is NP-hard to determine the imperfection ratio of a

graph.

Before we prove the theorem we need some preliminaries. First we con-
sider what happens to the fractional chromatic number when two graphs
overlap in a clique.
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LeMMA 5.1. Let the graph G be formed from two graphs H' and H?*
which overlap in a clique. Then

Xf(Gs X) zmaX{Xf(Hla X)a Xf(st X)}
for any weight vector X.

Proof. Without loss of generality we may assume that the weight vector
x is integral because otherwise we could consider the vector Nx where N
is chosen such that Nx is integral. Let y(G, x) denote the chromatic
number of the replicated graph G,, where each node v is replaced by a
clique with x, nodes. Clearly x(G)=max{y(H"), x(H?)}, and similarly we
have (G, x) =max{y(H', x), x(H? x)}. But x.(G,x)=lim,_, , x(G, 1x)/t
(see, for example, [24]), and the lemma follows. |

Next we introduce the notion of a tight node. Denote the set of all stable
sets of a graph G by ;. We call a non-negative vector y=(ys: S€.9%) a
fractional stable set cover for G if > ¢, ys=1 for all ve V(G). The cost of
Y is X gcov, Vs- A fractional stable set cover is called optimal if its cost is
minimal, that is if it equals y,(G)(=x,(G, 1)). A node v of a graph G is
called tight if every optimal fractional stable set cover y satisfies
> s5» Vs= 1. The next lemma shows that every graph G has a tight node.

LEMMA 5.2. Let U be a minimal set of nodes in G such that the corre-
sponding induced subgraph H satisfies y(H)= y,(G). Then each node in U
is tight.

Proof. We may assume that G has at least one edge. Let ve U. Assume
for a contradiction that there exists an optimal fractional stable set cover
y for G with > 5., ys=1+0J > 1. Then there is an optimal fractional stable
set cover ¥ for H with > ¢_, 7s=1+ 6. But by the minimality of U there
is a fractional stable set cover z for H—wv with cost<y,(G). Then
1/(1+0)y+0/(1+)z is a stable set cover for H with cost <y.(G), a
contradiction. ||

Tight nodes v can be characterised as follows. Let G, be the graph
obtained from G by adding a node © with exactly the same neighbours as
v (so v and ¥ are not adjacent). Then the node v is tight if for every optimal
fractional stable set cover y of G, and every stable set S with y¢> 0, either
both v, 7€ S or neither do. For a node ve V(G), consider the graph G -v
which is obtained by adding two nodes # and # to V(G) and connecting ¢
to all nodes adjacent to v in G and to 7; see Fig. 3.

Observation 5.1. 1If vis a tight node of a graph G with at least one edge,
then y,(G)=yx,(G-v); and for every optimal stable set cover y of G- v, and
every stable set S with y¢> 0, at most one of the nodes v, 7 is in S.
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FIG. 3. The graph G-v.

Let G[E<« H-v] denote the graph obtained by replacing each edge
{u,w} of G by a copy of H-v and identifying u with v and identifying w
with 7. Observe that if the graph H is triangle-free, then G[ E < H - v] must
be triangle free.

LemMA 5.3. Let H be a graph with at least one edge and let y,(H) = c.
Then for all graphs G

1(GLE—H-v])<c forallve V(H) <= y,(G)<c.

Proof. Let v be a tight node of H. Denote G[ E < H -v] by G. Suppose
that )(,-(G) <c. Let y be an optimal fractional stable set cover of G. For
each stable set S in G, let xg be the sum of the values yz over the stable
sets S of G such that V(G)nS=35, ie.,

Xs= Z V5.
§EV6
MG)nS=S
Since v is a tight node of H, Observation 5.1 shows that the set V(G)n S
is a stable set in G for each stable set S of G with y5>0. Thus we have

Y xg=) yz=1 for all ue V(G).

Ssu Ssu

Also Y sc 0. Xs=25c9; ¥5=c and therefore x,(G) <c.

Suppose now that y,(G)<c. Let v be any node of V(H) and let H: v be
the graph obtained by adding the edge {v,#} to H-v. Observe that
Lr(H:v) =y (H-v)=c by Observation 5.1. Hence by Lemma 5.1,

)(,-(G) <y (GLE« H:v])=max{y,(G), x,(H:v)} =c,

and thus y,(G)<c. 1
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Proof (of Theorem 5.1). We want to reduce the problem of approximat-
ing the fractional chromatic number of a graph up to a constant, to the
problem of finding the fractional chromatic number for a triangle-free
graph. The former problem is known to be NP-hard [19]. (Indeed it is
shown that it is hard to approximate the fractional chromatic number of
a graph G up to a factor |V(G)|° for some §>0.)

Assume we have a subroutine to determine the fractional chromatic
number of a triangle-free graph. Let G be any graph of order n. Following,
for example, [ 1], one may construct a triangle-free graph H of order N
such that N>n> N = O(n?), and «( H) <n”, and thus y,(H) = n. By remov-
ing nodes of H one by one, we may construct a sequence of triangle-free
graphs H=Hy, .., H;, with y,(H) <y (H, )<y (H)+1,i=1,.., N—-1,
Jr(Hy)=1and y,(Hy)>n.

For all i=1, .., N, we can determine y,(H,), and for each node v of H;
we can calculate y(G[ E < H,-v]) by means of the subroutine, since these
graphs are triangle-free as we observed earlier. By Lemma 5.3 we can find a
number c¢ such that ¢ < y,(G) <c+1, and thus approximate y,(G) within 1.

The subroutine is called O(nN)= O(n*) times and each triangle-free
graph involved contains O(n°) nodes. Thus the reduction can be performed
in polynomial time. ||

Finally, let us note that Lemma 5.1 which we needed above yields the
following (unsurprising?) result.

PROPOSITION 5.1. Let the graph G be formed from two graphs H' and
H? which overlap in a clique. Then imp(G) = max{imp(H"), imp(H?)}.
Proof. Since each H' is an induced subgraph of G, imp(G):=
max{imp(H"), imp(H?)}. For the reverse inequality we use Lemma 5.1: for
every weight vector x
Xf(Ga X) _ max{)(f(Hl, X)5 Xf(HZ» X)}

o(G, x) (G, x)

Xf(Hls X) Xf(H27 X)}
w(HY, x)” w(H? X)

<max{imp(H"), imp(H?)},

<max{

which completes the proof. |I
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