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Abstract

This thesis discusses recent progress in the development of path-integral methods
for non-adiabatic reaction rates in large-scale atomistic simulations. Electronically
non-adiabatic reactions are important in a wide range of phenomena, including electron
transfer in DNA, enzymatic oxygenation reactions, and the function of light-emitting
diodes. Imaginary-time path integrals provide an ideal way to simulate these complex
condensed phase reactions, as they are both linearly scaling and capable of accurately
describing zero-point energy and tunnelling.

The thesis begins by considering methods for calculating reaction rates in systems
that are not fully in either the adiabatic or non-adiabatic limits. Recent work in
this area is reviewed, before two new approaches are introduced. The first of these,
the non-adiabatic quantum instanton (NAQI), generalises Wolynes theory (valid in
the non-adiabatic limit) and the projected quantum instanton (valid in the adiabatic
limit) to arbitrary values of electronic coupling. The second approach is a simple
formula for interpolating between the results of golden-rule and Born-Oppenheimer
rate calculations. This formula can immediately be applied to calculate reaction
rates in condensed phase reactions, by combining it with pre-existing path-integral
methods in each limit.

Following this, the thesis focusses on the calculation of reaction rates in the golden-
rule limit. Again, two new approaches are introduced. The first is an implementation of
Wolynes theory which can be used to numerically analytically continue Wolynes theory
into the Marcus inverted regime. The second is an alternative path-integral method
called the linear golden-rule (LGR) approximation, a size consistent modification of
the recently proposed GR-QTST. LGR overcomes the known deficiencies of Wolynes
theory, and can be directly applied to calculate reaction rates in the inverted regime.
The thesis concludes with a fully atomistic simulation of aqueous ferrous-ferric
electron transfer, which addresses recent questions about the nature of the tunnelling
in this system.
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1
Introduction

Rate processes which involve both nuclear quantum effects and the breakdown of the

Born-Oppenheimer approximation are important in a wide variety of contexts, ranging

from device physics to biology.1–9 For systems with more than a few degrees of freedom,

exact wave-function based approaches are impractical due to the exponential scaling of

quantum mechanics with dimensionality. Imaginary-time path-integral techniques,10–12

which can accurately capture zero-point energy and tunnelling effects and yet scale only

linearly with system size, have therefore become popular for studying more complex

reactions. Whilst there now exist several such methods which are routinely used to

study electronically adiabatic reactions,13–22 the development of path-integral methods

for non-adiabatic reactions is still an area of active research.23–34

Under the Born-Oppenheimer approximation, nuclear and electronic motion is sepa-

rated by assuming that, due to their relatively low mass, the electrons are able to adjust

instantaneously to changes in the nuclear positions, always remaining in the ground

electronic state.35 The electronic energy at each nuclear configuration thus gives rise to a

potential energy surface on which the nuclei evolve, commonly referred to as the Born-

Oppenheimer or adiabatic potential.36–38 Motion of nuclei on a single potential energy

surface underlies the traditional transition state theory perspective of chemical reactions

developed by Eyring and others in the 1930s.39–42 The success of this approach reflects

the fact that for many chemical reactions the electronic density changes gradually during

1



1. Introduction 2

the course of the reaction, and the Born-Oppenheimer approximation is valid. However,

if the reaction involves a sudden change in electronic configuration, the electrons may not

have time to respond to the nuclear motion and the Born-Oppenheimer approximation

may breakdown.43, 44 This can result in transfer of population between electronic states,

resulting in a non-adiabatic reaction.*

The prototypical example of a reaction where there is a sudden electronic rearrange-

ment, and which illustrates the key concepts in non-adiabatic rate theory, is electron

transfer in solution. The picture of electron transfer, famously developed by Marcus and

others,46–49 consists of two electronic states, which represent the reactant and product

electronic configurations and are coupled by the matrix element ∆. These states are not

therefore adiabatic states, but rather diabatic states. The energies of these diabatic states

at each nuclear configuration give rise to diabatic potential energy surfaces, which unlike

their adiabatic counterparts may cross in energy.36–38 A schematic illustration of this for

a one dimensional problem with reactant and product diabatic potentials, labelled V0(q)

and V1(q), and ground and first excited Born-Oppenheimer potentials, labelled U0(q)

and U1(q), is shown in Fig. 1.1. The coordinate, q, can be thought of in the Marcus

picture as corresponding to a collective solvent polarisation coordinate.† Values of q

close to the reactant minimum correspond to solvent configurations which stabilise the

reactant electronic configuration and values of q near the product minimum to those which

stabilise the product electronic configuration. In order for electron transfer to take place

thermal fluctuations of the solvent polarisation must take the system to the region near q‡,

corresponding to the inset of Fig 1.1. If the timescale associated with the tunnelling of the

electron from the reactant to product configuration, τe, was much faster than the timescale

associated with the nuclear motion through the region, τn, then the system would evolve

adiabatically and the electron density would change continuously from the reactant to the

product configuration. However, due to the large energy barrier typically associated with

*The term adiabatic here refers to the fact the system remains in the same electronic state during the
nuclear motion and should not be confused with the concept of adiabatic heat transfer in thermodynamics.45

As such a non-adiabatic process is just one in which transfer between two or more adiabatic electronic
states is important.

†Note that this one dimensional model is just an illustrative example, and in the full multidimensional
Marcus theory V0(q) and V1(q) are actually free energy surfaces, which are assumed to be harmonic with
equal curvature. A formal discussion of Marcus theory is given in Sec. 2.2.3.
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V0(q)

V1(q)
V0(q)'V ‡+κ0(q−q‡)
V1(q)'V ‡+κ1(q−q‡)

2|∆|

U0(q)

U1(q)

D2++A3+ D3++A2+

lLZ = |∆|
|κ0−κ1|

U0(q)

qq‡

Figure 1.1: Schematic illustration of diabatic (solid lines) and adiabatic (dashed lines) potential
energy surfaces for an electron transfer reaction in solution. Inset highlights transition state region,
where the character of the adiabatic states change, and shows both the Landau-Zener length, lLZ
and the tunnel splitting, 2|∆|. Note that lLZ = |qa − qb| where under the linear approximation
V0(qa) − V1(qa) = |∆| and V1(qb) − V0(qb) = |∆|.

the electron tunnelling from one molecular fragment to the other, the timescale associated

with the tunnelling is often very slow and the electrons cannot respond to the change in

the nuclear configuration. This means that there is only a small probability of the electron

transferring each time a thermal fluctuation takes the system to this region.

Estimates for both of these timescales can be obtained for this simple one dimensional

model from the Landau-Zener picture in which the the system moves with constant

velocity v = |q̇| through the transition region.43, 44 At the crossing point of the two diabatic

states, q‡, the timescale associated with population transfer between the two states is

τe = ~/∆. Since the length scale associated with this region is given by lLZ = |∆|/|κ0 − κ1|,
where κ0 and κ1 are the derivatives of the diabatic potentials at the crossing point, it

follows that the timescale associated with the nuclear motion through the region is
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τn = |∆|/v |κ0 − κ1|.* A formal analysis leads to the famous Landau-Zener formula,43, 44

PLZ = exp
(
−2π

τn

τe

)
= exp

(
− 2π∆2

~v |κ0 − κ1|
)
, (1.1)

which gives the probability for the system to stay on the same diabatic surface as it

moves a constant velocity through the region.† Hence if the nuclear timescale is much

slower than the electronic timescale, τn/τe � 1, then the system does not stay on the

same diabatic state, but instead evolves adiabatically on the ground Born-Oppenheimer

potential and the reaction is said to be in the adiabatic limit. However, for many electron

transfer reactions the tunnelling matrix element ∆ is very small, and can be treated

perturbatively, such that the reaction occurs in the opposite non-adiabatic limit, where

τn/τe � 1 and PLZ ∼ 1 − 2πτn/τe. In this limit the rate obeys Fermi’s golden rule,50

where the probability of the electron transferring (corresponding to the system staying

on the same adiabat) and hence the rate of reaction is proportional to ∆2.

Beyond simple electron transfer reactions in solution, non-adiabatic processes can

be important in any reactions which involve a sudden change in electronic configuration.

There are many important examples of non-adiabatic reactions in the gas phase,37 such

as the famous F + H2 → HF + H reaction,51 where coherence effects can be observed

due to interference between parts of the wave function which have evolved on different

electronic states.52 These kinds of reactions are interesting in their own right but will

not be the focus of the present thesis, in which we will be principally concerned with

reactions in the condensed phase where coupling to the thermal environment typically

causes rapid decoherence between parts of the wave function on different electronic

states. These kinds of reactions are by no means less important, and as well as traditional

electron transfer reactions in solution non-adiabatic reactions occur in a wide range of

biological processes such as proton coupled electron transfer in enzymes, electron transfer

*Here, as is done throughout the thesis, multiplication is taken to be performed before division such
that a/bc = a/(bc).

†Formally it is the probability for a system, prepared initially in state ψ0 = (1, 0)T at t = −∞, and
which evolves under the time dependent Hamiltonian

Ĥ(t) =

(
κ0vt ∆

∆ κ1vt

)
.

to be in state ψ1 = (0, 1)T as t → ∞.
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in photosynthesis, and in electron transfer in DNA,1–4 as well as in device physics where

energy and electron transfer processes in both organic and inorganic semiconductors are

important for the function of light emitting diodes and photovoltaics.6–9

The use of Marcus theory, which gives a simple analytical expression for the elec-

tron transfer rate in the golden-rule limit, to describe this wide range of problems is

ubiquitous.1–9 However, Marcus theory is limited by its assumption that the nuclear

motion can be treated classically, by assuming that the resulting diabatic free energies

are purely harmonic, and by its perturbative treatment of the electronic coupling, ∆.

Due to the cusped nature of the crossing between diabatic surfaces, nuclear tunnelling

is often particularly important in non-adiabatic reactions, and there exist many simple

analytical theories which extend Marcus theory to allow for the inclusion of nuclear

quantum effects.53–62 However these theories are not generally able to treat complex

anharmonic systems, or to capture the non-adiabatic to adiabatic transition; analytical

theories which can do the later exist, but again they are generally unable to treat

anharmonic problems.63–72 General simulation techniques, such as Tully’s fewest switches

surface hopping (FSSH) approach, provide a way to study complex multidimensional

and anharmonic atomistic models, however FSSH and other mixed quantum classical

treatments typically treat the nuclei classically and hence are not able to describe nuclear

tunnelling and zero-point energy effects.73–77

In the adiabatic limit path-integral methods have become a popular way to include

the effects of both zero-point energy and tunnelling in the calculation of reaction rates

in complex multidimensional and anharmonic systems.13–22 Originally proposed by

Feynman, imaginary-time path integrals provide an exact way to calculate thermal

expectation values of quantum systems using the classical statistical mechanics of n

copies of the system connected by harmonic springs. Importantly, n is independent

of the number of physical degrees of freedom in the system and is typically on the

order of 10-1000 in chemical applications.78, 79 The resulting simulation is thus no more

than n times more expensive than the classical simulation, and hence using modern

computer simulation techniques can be applied to complex condensed phase problems.

More recently the development of methods such as ring-polymer molecular dynamics
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(RPMD),17–19, 80, 81 have extended path integrals to calculate approximate dynamical

properties whilst accurately describing the effects of zero-point energy and tunnelling.

The success of RPMD in the adiabatic limit, particularly for the calculation of reaction

rates, and the now routine application of path-integral approaches to large complex

systems such as reactions in proteins,21, 22 has led to renewed interest in the use of path

integrals to treat non-adiabatic systems.

The earliest application of path-integral techniques to treat non-adiabatic reactions

was suggested by Wolynes in 1987.82 This approach, known as Wolynes theory, is

based on making a steepest descent approximation to the time integral of a reactive flux

autocorrelation function in the non-adiabatic limit, and leads to a simple imaginary-time

path-integral expression for the rate constant that can readily be applied to electron transfer

reactions in complex systems.83–85 More recently, there have been a series of attempts

to generalise RPMD to treat non-adiabatic systems.23–34 Although these methods are in

principle applicable to more general problems than Wolynes theory, such as reactions

which are intermediate between the adiabatic and non-adiabatic limit, they are typically

much more complicated and have shown variable accuracy. In this thesis we will explore

the successes and failures of this old and new work, and attempt to develop simple path-

integral methods for non-adiabatic reaction rates that are applicable to realistic condensed

phase simulations with anharmonic force fields.

The thesis is organised as follows. In Chap. 2 we introduce the background theory

which underpins all subsequent chapters. In Chap. 3 we discuss recent attempts to

generalise RPMD rate theory to treat non-adiabatic systems, highlighting the challenges

associated with the development of a general non-adiabatic rate theory. In Chap. 4 we

show that it is possible to develop a non-adiabatic quantum instanton approximation,

which can treat reaction rates with arbitrary coupling strength and which reduces to

Wolynes theory and the newly proposed projected quantum instanton approximation86 in

the non-adiabatic and adiabatic limits respectively. In Chap. 5 we discuss an alternative

approach in which we use a simple interpolation formula to approximate the rate at

arbitrary coupling strength from the reaction rates in the Born-Oppenheimer and golden-

rule limits. In Chap. 6 we return to focus on the non-adiabatic limit and discuss the
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difficulties associated with using Wolynes theory to calculate reaction rates in the inverted

regime, suggesting a numerical analytic continuation procedure which overcomes this

issue. We continue to explore some of the flaws of Wolynes theory in Chap. 7, where we

discuss recent work showing that Wolynes theory breaks down for systems with multiple

transition states. We suggest an alternative approach, which we call the linear golden-

rule approximation (LGR), that is a size consistent modification of the newly proposed

GR-QTST method. Unlike Wolynes theory, LGR, is exact in the high temperature

limit and is also capable of calculating reaction rates in the inverted regime without

the need for analytic continuation. Chap. 8 applies the methods from the previous two

chapters to a fully atomistic model of ferrous-ferric electron transfer, and addresses recent

suggestions that multiple tunnelling pathways lead to a breakdown of Wolynes theory

and the assumption that the diabatic energy gap can be treated using linear response in

this system. Chap. 9 concludes the thesis, and discusses possible future work.
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Summary

In this chapter we review the basic theory necessary to understand the remainder of

the thesis. The first section will introduce basic electronic structure theory, covering

the adiabatic basis and the Born-Oppenheimer approximation. We will then go on to

briefly discuss the breakdown of the Born-Oppenheimer approximation and some of the

difficulties associated with using the adiabatic basis to study non-adiabatic processes.

The first section concludes by introducing the idea of a diabatic basis, which will be

the starting point for the development of the non-adiabatic methods discussed in the

remainder of the thesis. In the second section we will then go on to discuss reaction

rate theory, focussing in particular on unimolecular reactions in the condensed phase

which is the main focus of this thesis. In addition to giving an overview of reaction

rate theory, we will detail the simplifications which can be made in both the adiabatic

and non-adiabatic limits, as well as briefly discussing the connection to scattering rate

theory which will be used to provide simple exactly soluble test problems later in the

thesis. The final section of the chapter will introduce the theory behind imaginary-time

path-integral techniques, before going on to discuss two well established methods, RPMD

rate theory and Wolynes theory, which can be used to calculate reaction rates in the

adiabatic and non-adiabatic limits respectively.

2.1 Adiabatic vs. diabatic representations

2.1.1 Adiabatic basis

The starting point for understanding the coupled motion of electrons and nuclei is the

molecular time dependent Schrödinger equation

∂

∂t
Ψ (r, x, t) = − i

~
ĤmolΨ (r, x, t) (2.1)

where Ĥmol is the molecular Hamiltonian. The non-relativistic molecular Hamiltonian

(ignoring spin-orbit coupling) can be written in the form,87

Ĥmol = T̂n + T̂e + V̂nn + V̂ee + V̂ne (2.2)
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where T̂n and T̂e are the nuclear and electronic kinetic energy operators respectively,

and V̂nn, V̂ee and V̂ne describe the nuclear-nuclear, electron-electron and nuclear-electron

interactions. These Coulombic potential energy operators can be written explicitly as

V̂nn =

Nn∑
ν=1

Nn∑
µ>ν

ZνZµe2

4πε0|xν − xµ| (2.3a)

V̂ee =

Ne∑
ν=1

Ne∑
µ>ν

e2

4πε0|rν − rµ| (2.3b)

V̂ne = −
Ne∑
ν=1

Nn∑
µ=1

Zµe2

4πε0|rν − xµ| (2.3c)

where Ne is the number of electrons in the system, Nn is the number of nuclei in the

system, xν = (xνx, xνy, xνz) is the 3 dimensional position vector of the νth nucleus, rν =

(rνx, rνy, rνz) is the 3 dimensional position vector of the νth electron, e is the elementary

charge, Zν is the number of protons in nucleus ν and ε0 is the vacuum permittivity.

The kinetic energy terms are

T̂n =

Nn∑
ν=1

p̂2
n,ν

2mn,ν
(2.4a)

T̂e =

Ne∑
ν=1

p̂2
e,ν

2me
(2.4b)

in which me is the mass of an electron, mn,ν is the nuclear mass of the νth atom, pe,ν is the

momentum of the νth electron, and pn,ν is the momentum of the νth nucleus. As we are

working here in the position representation, the momentum operators are given by

p̂n,ν = −i~∇n,ν (2.5)

and

p̂e,ν = −i~∇e,ν, (2.6)

where ∇n,ν = (∂/∂xνx, ∂/∂xνy, ∂/∂xνz) and ∇e,ν = (∂/∂rνx, ∂/∂rνy, ∂/∂rνz).

The usual adiabatic picture of quantum chemistry begins by separating the molecular

Hamiltonian into the electronic Hamiltonian,

Ĥe = T̂e + V̂nn + V̂ee + V̂ne (2.7)



2. Background theory 11

and the nuclear kinetic energy

Ĥmol = T̂n + Ĥe. (2.8)

For a fixed set of nuclear coordinates, x, one can then solve the time independent

Schrödinger equation for the electronic degrees of freedom

Ĥeψ j(r; x) = U j(x)ψ j(r; x), (2.9)

to obtain a complete set of orthonormal (appropriately symmetrised) adiabatic electronic

wave functions, {ψ j(r; x)}, and their corresponding electronic energies, {U j(x)}. As the

electronic Hamiltonian Ĥe is dependent on the nuclear coordinates, the wave functions

and also the eigenvalues U j(x) are also parametrically dependent on x. Importantly, as

Ĥe is Hermitian, for each x these electronic wave functions form a complete set over the

electronic space, and this allows us to expand the total wave function for the nuclei and

electrons as a sum over the adiabatic states (the Born-Huang expansion) as88

Ψ (r, x, t) =
∑

j

χ j(x, t)ψ j(r; x). (2.10)

Inserting this into Eq. 2.1, followed by left multiplying by ψ∗j(r; x) and integrating

over the electronic coordinates we can write

i~
∂

∂t
χ j(x, t) =

∑
k

(
T̂n, jk + U j(x)δ jk

)
χk(x, t). (2.11)

where

T̂n, jk =

∫
ψ∗j(r; x)

 Nn∑
ν=1

− ~
2

2mn,ν
∇2

n,ν

ψk(r; x) d3Ner (2.12)

is the nuclear kinetic energy operator in the adiabatic basis. This gives a matrix equation

for the time evolution of the nuclear expansion coefficients χ j(x, t) in the adiabatic

basis. Importantly, although the term coming from the electronic Hamiltonian, U j(x),

is diagonal, the nuclear kinetic energy operator, T̂n, jk, is not.

In discussing the properties of the nuclear kinetic energy operator it will be helpful

to recast Eq. 2.12 in Dirac’s bra-ket notation as

T̂n, jk = 〈ψ j|
Nn∑
ν=1

− ~
2

2mn,ν
∇2

n,ν |ψk〉 , (2.13)
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where we have suppressed the dependence of the states on the nuclear coordinates, but

we stress that throughout they should be read implicitly as |ψk〉 ≡ |ψk(x)〉. By acting the

Laplacian operator on the electronic wave function this is often written in the form37

T̂n, jk =

Nn∑
ν=1

− ~
2

2mn,ν

(
〈ψ j|∇2

n,νψk〉 + 2 〈ψ j|∇n,νψk〉 ∇n,ν + δ jk∇2
n,ν

)
, (2.14)

which can then be simplified by defining the derivative coupling vector dνjk = 〈ψ j|∇n,νψk〉
and the second derivative coupling Dν

jk = 〈ψ j|∇2
n,νψk〉 to give

T̂n, jk =

Nn∑
ν=1

− ~
2

2mn,ν

(
Dν

jk + 2dνjk · ∇n,ν + δ jk∇2
n,ν

)
(2.15)

where the dot product is over the 3 dimensional vector of cartesian components. Note

again that Dν
jk ≡ Dν

jk(x) and dνjk ≡ dνjk(x).

This can be rewritten in a more symmetric form using the identity,[
∇n,ν, dνjk

]
= 〈∇n,νψ j|∇n,νψk〉 + 〈ψ j|∇2

n,νψk〉 =
∑

l

dν∗l j · dνlk + Dν
jk, (2.16)

where [A, B] = AB − BA denotes a commutator, to give

T̂n, jk =

Nn∑
ν=1

− ~
2

2mn,ν

∇n,ν · dνjk + dνjk · ∇n,ν −
∑

l

dν∗l j · dνlk + δ jk∇2
n,ν

 , (2.17)

or by reintroducing the momentum operators as

T̂n, jk =

Nn∑
ν=1

−i~
( p̂n,ν

2mn,ν
· dνjk + dνjk ·

p̂n,ν

2mn,ν

)
− ~2

2mn,ν

∑
l

dνjl · dνlk + δ jk
p̂2

n,ν

2mn,ν

 . (2.18)

Note that we have here also used the fact that ∇n,ν 〈ψ j|ψk〉 = 0 = dνjk + dν∗k j. (This

is just an expansion of

T̂n, jk =

Nn∑
ν=1

∑
l

1
2mν

(
p̂n,νδ jl − i~dνjl

)
·
(
p̂n,νδlk − i~dνlk

)
, (2.19)

which can be obtained simply by inserting 1̂ =
∑

l = |ψl〉〈ψl| into the middle of the

Laplacian in Eq. 2.13.)

The derivative coupling, dνjk, thus couples the nuclear wave function associated with

state j, χ j(x, t), to the nuclear wave function associated with state k, χk(x, t). The strength

of this coupling is dependent on both the nuclear velocity and on the magnitude of the



2. Background theory 13

derivative coupling vector dνjk. Considering the overlap between two adiabatic states

for different nuclear coordinates x and x + δx,

〈ψ j(x)|ψk(x + δx)〉 = δ jk +

Nn∑
ν=1

dνjk(x) · δxν + . . . , (2.20)

it is clear that a large derivative coupling, dνjk, corresponds to a rapid change in the

electronic configuration of the electronic state k, resulting in the physical character of the

state changing quickly to look like state j as the νth nuclear degree of freedom is displaced.

Qualitatively therefore, we see that the magnitude of the coupling, dνjk · p̂n,ν/2mn,ν,

corresponds to how rapidly in time the character of the electronic states is changing.

2.1.2 Born-Oppenheimer approximation

In much of chemistry, Eq. 2.11 is simplified by making the Born-Oppenheimer approxi-

mation, in which it is assumed that the derivative coupling terms can be ignored35, 87

− i~
( p̂n,ν

2mn,ν
· dνjk + dνjk ·

p̂n,ν

2mn,ν

)
− ~2

2mn,ν

∑
l

dνjl · dνlk ' 0. (2.21)

This then results in a totally decoupled set of equations for the nuclear wave functions,

χ j(x, t), given by

i~
∂

∂t
χ j(x, t) =

 Nn∑
ν=1

p̂2
n,ν

2mn,ν
+ U j(x)

 χ j(x, t). (2.22)

The nuclear wave function χ j(x, t) therefore evolves under an effective Born-Oppenheimer

Hamiltonian,

ĤBO, j =

Nn∑
ν=1

p̂2
n,ν

2mn,ν
+ U j(x), (2.23)

where U j(x) acts as a potential energy surface on which the nuclei evolve, and is therefore

often referred to as the Born-Oppenheimer potential energy surface of state j. The

standard justification for this approximation is that the nuclei, being much heavier than

the electrons, mp/me ' 1836, move much more slowly, and hence the electrons are able

to adjust essentially instantaneously to changes in the nuclear coordinates.35 This is

equivalent to saying that the electronic motion is adiabatically separated from the nuclear

motion, and hence the regime in which the Born-Oppenheimer approximation is valid is

known as the adiabatic limit, and the U j(x)’s are also referred to as the adiabatic potentials.
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This is normally a reasonable approximation for nuclear motion near equilibrium,

where the nuclear frequencies are usually on the order of 1000 cm−1 and the electronic

excitation energy is typically greater than 10, 000 cm−1.89 However, when the nuclear

momentum is particularly high, or if two electronic states come close in energy then the

Born-Oppenheimer approximation is expected to break down, and the nuclear dynamics

becomes “non-adiabatic”. Both of these effects are reflected in the form of the left hand

side of Eq. 2.21, which is referred to as the non-adiabatic coupling. However, whilst

the dependence of the non-adiabatic coupling on the nuclear momentum is explicit in

Eq. 2.21, the influence of electronic energy not immediately apparent. To bring it out

we consider the adiabatic representation of the operator

〈ψ j| ∇n,νĤe |ψk〉 = 〈ψ j| [∇n,ν, Ĥe] |ψk〉 + 〈ψ j| Ĥe∇n,ν |ψk〉
= 〈ψ j| [∇n,ν, Ĥe] |ψk〉 + 〈ψ j| Ĥe |∇n,νψk〉 + 〈ψ j| Ĥe |ψk〉 ∇n,ν

= 〈ψ j| [∇n,ν, Ĥe] |ψk〉 + U j(x)dνjk + Uk(x)δ jk∇n,ν

(2.24)

which is of course equivalent to

〈ψ j| ∇n,νUk(x) |ψk〉 = [∇n,ν,Uk(x)]δ jk + Uk(x)dνjk + Uk(x)δ jk∇n,ν. (2.25)

Thus combining these two equations, the derivative coupling can be written explicitly

in terms of the adiabatic energy gap Uk(x) − U j(x) as

dνjk =
〈ψ j| [∇n,ν, Ĥe] |ψk〉

Uk(x) − U j(x)
. (2.26)

This highlights the fact that when the adiabatic states come close in energy, the non-

adiabatic couplings can become large and the Born-Oppenheimer approximation can break

down.

2.1.3 Diabatic basis

Modelling non-adiabatic dynamics in the adiabatic basis, is unfortunately not straight-

forward. Part of the reason for this is that the derivative coupling can be numerically

very poorly behaved, in particular by considering Eq. 2.26, it is clear that the coupling

will diverge at conical intersections, where the energy gap between two states goes to

zero.37 For the path-integral methods that we consider in this thesis, a more fundamental
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challenge to directly using the adiabatic basis is that we require the kinetic energy

operator to be diagonal.

For these reasons it is common when considering non-adiabatic dynamics to work in

what is known as a diabatic basis, in which the kinetic energy operator is diagonal.37, 38, 90

The transformation from the adiabatic basis considered above, to a diabatic basis is

therefore formally defined by a transformation

∑
jk

Ω∗ja(x)T̂n, jkΩkb(x) =

Nn∑
ν=1

p̂2
n,ν

2mn,ν
δab (2.27)

where Ω(x) is a unitary matrix with elements (Ω(x)) ja = Ω ja(x). Expanding the left hand

side of this expression in terms of bra-ket notation we have that

∑
jk

Ω∗ja(x)T̂n, jkΩkb(x) =
∑

jk

〈ψ j|Ω∗ja(x)

 Nn∑
ν=1

− ~
2

2mn,ν
∇2

n,ν

Ωkb(x) |ψk〉

= 〈ψd
a|
 Nn∑
ν=1

− ~
2

2mn,ν
∇2

n,ν

 |ψd
b〉 ,

(2.28)

where we have defined the new diabatic basis as |ψd
a〉 =

∑
j Ω ja(x) |ψ j〉. Evaluating this

expression in the same manner as Eqs. 2.13-2.19, it is clear that the right hand side of

Eq. 2.27 will be satisfied if the diabatic basis obeys,

〈ψd
a|∇n,νψ

d
b〉 = 0, (2.29)

known as a strict diabatic basis.90, 91 Therefore a diabatic basis is one in which the physical

character of the electronic states remains unchanged with nuclear displacement.

Of course, diagonalising the kinetic energy operator comes at the price of the potential

energy becoming non-diagonal,

∑
jk

Ω∗ja(x)E j(x)δ jkΩkb(x) = Vab(x), (2.30)

where Vab(x) = (V(x))ab is an element of the diabatic potential matrix. Importantly,

although the diabatic potential is not diagonal, it is independent of the nuclear momentum,

and does not exhibit the divergent behaviour seen in the derivative couplings.37 Hence,

it is much easier to handle than the adiabatic kinetic energy matrix. Confusingly the
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off diagonal elements of the diabatic potential matrix are also often referred to as non-

adiabatic couplings, it is important to stress that they are fundamentally different to the

non-adiabatic couplings in the adiabatic basis discussed above. For the avoidance of doubt

we will use non-adiabatic coupling to refer only to the couplings in the adiabatic basis,

and we will use the term diabatic coupling or electronic coupling for those in the diabatic

basis. Defining the nuclear diabatic wave function on diabat a, according to the relation

χd
a(x, t) =

∑
j

Ω∗ja(x)χ j(x, t), (2.31)

we can thus transform Eq. 2.11 into the diabatic basis to give

i~
∂

∂t
χd

a(x, t) =
∑

b

 p̂2
n,ν

2mn,ν
δab + Vab(x)

 χd
b(x). (2.32)

This has the same form as the time dependent Schrödinger equation given by the Born-

Oppenheimer approximation (Eq. 2.22), except that the nuclear wave functions on each

of the diabatic states are now coupled by the potential energy and hence can be thought

of as moving on a matrix potential energy surface. In the case of zero diabatic coupling

these equations again decouple, however, now the nuclei evolve on the diabatic potentials

Va(x) = Vaa(x) and not the adiabatic potentials.

So far, other than saying that they are related to the adiabatic basis via a transformation

matrix, Ω(x), we have not addressed how one might obtain the diabatic states. In general

there is no unique way of calculating diabatic states,90 and as such there are many different

approaches that can be taken. Broadly these approaches can be grouped into those which

attempt to directly transform from the adiabatic basis to a diabatic basis,92–96 and those

in which the diabatic states are arrived at directly.97–105 As the calculation of diabatic

states is not the focus of this thesis we will just give a brief discussion of some of the

difficulties involved, and the methods that can be used.

The simplest choice of diabatic basis is the so-called crude adiabatic basis,106 in

which one simply fixes the parametric dependence of the adiabatic basis on x to some

reference value x̃, such that

ψd
a(r) = ψa(r; x̃). (2.33)
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It is immediately clear that there are a potentially infinite number of choices for a diabatic

basis. It is also clear that, unlike in the adiabatic basis where the lowest few adiabatic

states are expected to give a good description of most of chemistry, this simple diabatic

basis cannot be truncated on the basis of the energy U j(x̃) as this will have little to do with

the energy of the system away from x̃. Ideally then, one would first select the adiabatic

states that are relevant in the system of interest, and then transform to a diabatic basis

within this subspace. (Note that it is not possible to construct a crude adiabatic basis

in this reduced space as they will no longer form a complete set). One method that has

been suggested to achieve this, is to use Eq. 2.29 to derive a differential equation for the

transformation matrix, Ω(x), which can then be integrated from a reference geometry

to give the transformation matrix at a new set of coordinates.92 This is achieved by

using the unitarity of the transformation matrix∑
a

Ω ja(x) 〈ψd
a|∇n,νψ

d
b〉 = 0, (2.34)

to give the following differential equation∑
k

(
dναjk (x)Ωkb(x) + δ jk

∂Ωkb(x)
∂xνα

)
= 0, (2.35)

where dνjk(x) = (dνx
jk (x), dνyjk(x), dνzjk(x)). However, integration of this differential equation

is expensive,37, 90 requiring knowledge of the derivative couplings along the path. Fur-

thermore, the resulting transformation matrix is not guaranteed to be uniquely defined,

or even to produce a set of strict diabatic states.90 Hence, in general one can only

obtain approximately diabatic states. There exist similar, but more efficient, methods

which attempt to minimise the coupling, 〈ψd
a|∇n,νψ

d
b〉, in other ways but we will not

consider them here.93–96

Whilst the transformation from the adiabatic to diabatic representations is in general

ill defined, the reverse transformation is not, and is simply given by diagonalisation

of the diabatic potential energy matrix V(x). As such, we shall side-step the issue of

transforming from the adiabatic basis to the diabatic basis, by working from the outset

in a diabatic basis. For non-adiabatic reactions such as electron transfer, it is relatively

straightforward to construct diabatic potentials using simple empirical valence bond
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approaches.105 These approaches make use the fact that the electronic character of the

diabatic states should remain (at least approximately) independent of the nuclear motion,

and hence the diabatic states can be identified with standard force fields corresponding to

different electronic configurations.107–112 These potential energy surfaces can be combined

with and modified using additional empirical or ab initio data, to ensure that key features

of the potentials are captured correctly, such as reproducing barrier heights on the ground

adiabatic potential. A natural extension to this approach is provided by ab initio methods

which construct diabatic states based on applying constraints to the electron density, or

by identifying diabatic states as eigenstates of operators which are expected physically

to remain relatively insensitive to nuclear rearrangements, such as the dipole moment

operator.97–104 As the focus of this thesis is on the development of path-integral methods

for the calculation of non-adiabatic reaction rates in condensed phase systems, we will

only consider model diabatic systems and atomistic models constructed using empirical

force fields. However, in principle the methods that we will discuss can also be applied

to diabatic potentials calculated using ab initio techniques.

In developing methods to simulate non-adiabatic reaction rates we will restrict

ourselves to consider systems which can be described using two diabatic states. This

is sufficient for the description of many processes, such as electron transfer reactions

in solution, for which two well defined charge transfer states can be identified.46–49 We

will, however, therefore not explicitly consider reactions which involve many electronic

states, such as reactions on the surface of metals113, 114 (where there exist a continuum

of electronic states), or reactions where superexchange with higher lying states are

important.67, 106, 115–118 Despite this, the methods that we will discuss can of course

be applied to study reactions which involve population transfer between a sequence

of different diabatic states, provided each step can be considered separately, and also

to study superexchange reactions which can be treated using a two state model with

an effective diabatic coupling.

The Hamiltonian for the two state systems we will consider in this thesis can thus

be written in the diabatic representation as

Ĥ = Ĥ0|0〉〈0| + (Ĥ1 − ε)|1〉〈1| + ∆(q̂)(|0〉〈1| + |1〉〈0|), (2.36)
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where (in a simplification of notation) |0〉 and |1〉 represent the two diabatic states, Ĥi

is the nuclear Hamiltonian on state i,

Ĥi =

f∑
ν=1

p̂2
ν

2mν

+ Vi(q̂), (2.37)

with diabatic potential Vi(q), and ∆(q) is the diabatic coupling between the two states.

Here we have also introduced a single compressed coordinate vector, q = (q1, . . . , q f ),

whose elements correspond to the coordinates of each the f degrees of freedom in the

system, along with their conjugate momenta p = (p1, . . . , p f ). Note that to simplify

notation we have dropped the subscript, n, from the label of the masses and momenta

of the nuclear degrees of freedom as we will not be explicitly considering electronic

coordinates in the remainder of the thesis. Finally we have also included the possibility

of an additional external thermodynamic bias, ε, towards diabatic state |1〉. This could of

course be included in the definition of the diabatic potential, V1(q), however it will be

useful at various points to consider explicitly the effect of a changing driving force on the

reaction rate, and hence we include it here to aid discussion in later sections.

Having defined the diabatic potentials it is straightforward to diagonalise the potential

energy matrix and obtain the adiabatic potential energy surfaces,

U j(q) =
V0(q) + V1(q) − ε

2
− (−1) j

2

√
(V0(q) − V1(q) + ε)2 + 4∆(q)2, (2.38)

where (as we shall do throughout) we have assumed that the diabatic coupling ∆(q) is

purely real. Finally to simplify later discussion of the non-adiabatic limit we define

the supremum of the diabatic coupling as

∆ = sup
q∈R f

∆(q), (2.39)

and adopt the convention that ∆ → 0 implies that the supremum is being taken to zero

whilst ∆(q)/∆ remains constant for all q.

2.2 Exact rate theory

2.2.1 Condensed phase unimolecular rate theory

The central problem that we will be concerned with in this thesis, is calculating the

thermal quantum mechanical rate constant, at a temperature T , for transfer from the
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reactant state, |0〉, to the product state, |1〉. For an arbitrary normalised initial density

operator, ρ̂(0), we define the populations of reactants and products as

Pr(t) = Tr[ρ̂(0)P̂r(t)] (2.40a)

Pp(t) = Tr[ρ̂(0)P̂p(t)], (2.40b)

where Tr[. . . ] denotes a trace over the full Hilbert space, P̂r and P̂p are operators which

project onto the reactants and products respectively, and

Â(t) = e+iĤt/~Âe−iĤt/~ (2.41)

denotes the Heisenberg time evolved operator. We will mostly be considering the case

where the reactants are defined by P̂r = |0〉〈0| and the products by P̂p = |1〉〈1|, however it

will be useful at various points to consider more general definitions, and hence for now

we will simply assume that P̂r and P̂p are projection operators which satisfy P̂r + P̂p = 1̂.

As such the rate theory developed in the following section is applicable to any system

which can be separated into two regions of phase space corresponding to reactants, r, and

products, p. Provided the system obeys rate like behaviour at long time, the dynamics

will eventually settle down to satisfy the kinetic equations

Ṗr(t) = −kPr(t) + k′Pp(t), (2.42a)

Ṗp(t) = −k′Pp(t) + kPr(t), (2.42b)

where k and k′ are the forward and reverse rate constants respectively. Using the fact

that Pr(t) + Pp(t) = 1 in these equations gives

Ṗp(t) = k − (k + k′)Pp(t) = (k + k′)
(〈

Pp
〉 − Pp(t)

)
(2.43)

and therefore119

k = lim
t→∞

Ṗp(t)
1 − Pp(t)/

〈
Pp

〉 , (2.44)

where (by detailed balance)

〈
Pp

〉
=

k
k + k′

= lim
t→∞

Pp(t) =
Tr

[
e−βĤ P̂p

]
Tr

[
e−βĤ

] (2.45)
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is the thermal equilibrium population of the product state, with β = 1/kBT . We have

introduced the limit as t → ∞ in Eq. 2.44 to stress that the kinetic description only

becomes appropriate after an initial transient period. (As t → ∞, both the numerator

and denominator of Eq. 2.44 tend to zero, but their ratio remains finite and tends to k.)

During this transient period the time dependent rate constant,

k(t) =
Ṗp(t)

1 − Pp(t)/
〈
Pp

〉 , (2.46)

may exhibit complex behaviour, characteristic of the molecular processes involved in

the relaxation of the initial state, and as such the timescale of this transient period is

often referred to as the molecular timescale, τmol.120, 121

Note that, as is implied by this definition of the rate constants (Eq. 2.42), we will not

be considering systems for which the dynamics remains oscillatory in the long time limit.

Furthermore, we shall assume that there exists a separation of timescales, such that the

timescale associated with the long time decay of the populations towards equilibrium

τrxn = 1/(k + k′) is much longer than all other timescales present in the system.120–124

For a particular initial density, this means that the reaction timescale will be much

longer than the molecular timescale which characterises the transient behaviour in k(t),

i.e. τrxn � τmol. Provided this is true, a rate like description is valid and relaxation towards

equilibrium, at a temperature T , will always be described by the same rate constants, k

and k′, independent of the precise details of the initial density ρ̂(0). It is these kinds of

systems which we shall restrict ourselves to consider in this thesis. Therefore, in addition

to systems where the dynamics is oscillatory, we shall not be considering systems for

which the dynamics is rate-like but multi-exponential, or systems in which there are

additional degrees of freedom which relax more slowly than the rate process - giving

rise to non-equilibrium rate constants.125–129

Although the rate fundamentally describes a non-equlibrium process, since it is

associated with the specific temperature, T , to which the initial density is relaxing, it can

also be thought of as a property of the equilibrium ensemble at that temperature. We

can therefore remove explicit reference to the actual non-equilibrium initial density of

the system, using linear response theory.121, 130–135 This will allow us to relate the rate to
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equilibrium correlation functions, by considering the relaxation of the system due to an

infinitesimal perturbation from equilibrium. The resulting expression for the rate will

therefore depend only on equilibrium properties of the system at temperature T , and will

form the basis of the rate theory in the following sections.

To derive the linear response expression for the rate we begin by considering an

initial density of the form,

ρ̂(0) =
e−β(Ĥ−ηP̂r)

Tr[e−β(Ĥ−ηP̂r)]
, (2.47)

in the limit as the perturbation parameter goes to zero, η→ 0. (Note that, provided the

assumptions stated above are satisfied we need not necessarily use P̂r as the perturbation,

but we do so here as this gives the canonical form of the rate theory). In order to obtain a

series expansion for Pp(t) in powers of η, we first make use of the expansion

Tr[e−β(Ĥ−ηP̂r)Â] = Tr[e−βĤ Â] + η

∫ β

0
dλ Tr[e−(β−λ)Ĥ P̂r e−λĤ Â] + O(η2), (2.48)

to express both

Tr[e−β(Ĥ−ηP̂r)P̂p(t)] = Tr[e−βĤ P̂p] + η

∫ β

0
dλ Tr[e−(β−λ)Ĥ P̂r e−λĤ P̂p(t)] + O(η2) (2.49)

and
1

Tr[e−β(Ĥ−ηP̂r)]
=

1
Tr[e−βĤ]

(
1 − ηβTr[e−βĤ P̂r]

Tr[e−βĤ]
+ O(η2)

)
. (2.50)

Combining these then gives the time dependent population of the product as

Pp(t) = 〈Pp〉 + ηβ〈Pr〉 c̃ss(t)
Qr
− ηβ〈Pp〉〈Pr〉 + O(η2), (2.51)

where we have defined the Kubo-transformed132 side-side correlation function

c̃ss(t) =
1
β

∫ β

0
dλ Tr[e−(β−λ)Ĥ P̂r e−λĤ P̂p(t)], (2.52)

and the reactant partition function as

Qr = Tr
[
e−βĤ P̂r

]
. (2.53)

Taking the time derivative we find that the rate of change of the product population can

also be expressed in terms of an equilibrium correlation function as

Ṗp(t) = ηβ〈Pr〉 c̃fs(t)
Qr

+ O(η2), (2.54)
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where

c̃fs(t) =
1
β

∫ β

0
dλTr

[
e−(β−λ)Ĥ F̂p e−λĤ P̂p(t)

]
(2.55)

is now the Kubo-transformed flux-side correlation function (just the time derivative of

c̃ss(t)), with F̂p corresponding to the flux onto products

F̂p = − i
~

[
Ĥ, P̂r

]
= +

i
~

[
Ĥ, P̂p

]
. (2.56)

From this we can see that the pre-limit expression for the rate constant can be written as

k(t) =
Ṗp(t)

1 − Pp(t)/
〈
Pp

〉 =
c̃fs(t)

Qr − c̃ss(t)/
〈
Pp

〉 + O(η). (2.57)

Hence, truncating at lowest order in η gives the linear response expression for the rate

constant, solely in terms of equilibrium correlation functions,119

k = lim
t→∞

c̃fs(t)
Qr − c̃ss(t)/

〈
Pp

〉 . (2.58)

This expression will be taken as the formal definition of the rate constant, that will be used

in the remainder of the thesis. Note that the pre-limit expression for the linear response rate

k(t) =
c̃fs(t)

Qr − c̃ss(t)/
〈
Pp

〉 (2.59)

is equivalent to the the non-equilibrium expression given by Eq. 2.46, when the initial

density is defined as

ρ̂(0) =
1
βQr

∫ β

0
dλ e−(β−λ)Ĥ P̂r e−λĤ. (2.60)

Therefore this initial density, which corresponds to a finite perturbation of Pr and Pp from

equilibrium, relaxes in the same way as the infinitesimal perturbation considered above.

In order to arrive at the standard expression for the rate we need to make one additional

approximation, by introducing the idea of a “plateau time”, tp for which120–122, 134

k ' c̃fs(tp)
Qr

. (2.61)

This plateau time is supposed to be sufficiently short that very little population has

been transferred to the product state (Pp(t) � 1), and yet sufficiently long that the

population dynamics has settled down to conform to the kinetic behaviour in Eqs. 2.42.
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Clearly, therefore, Eq. 2.61 rests on the separation of time scales discussed earlier, and is

defined as a time much longer than the molecular time scale associated with the transient

behaviour τmol � tp, but much shorter than the timescale of the reaction tp � τrxn such

that the relaxation to equilibrium appears approximately linear in time. Hence it will

be most accurate for slow reactions.

2.2.2 Scattering rates

Although the focus of this thesis is on the development of approximate methods for the

study of condensed phase reactions of the kind described by Eq. 2.42, it will be useful

at various points to consider simple low dimensional models for which exact results can

be calculated for comparison. As such we now briefly make the connection between

Eq. 2.58 and the calculation of scattering rate constants. Rather than considering the

original formal statistical mechanical arguments of Yamamoto,134 we will just give a

simple qualitative argument to connect the two types of rate constants.

We consider a simple gas phase scattering reaction of the form

AB + C
 A + BC. (2.62)

The phenomenological kinetic scheme for such a bimolecular gas phase reaction can be

written as

d[AB]
dt

= −k+[AB][C] + k−[A][BC] (2.63a)

d[A]
dt

= k+[AB][C] − k−[A][BC], (2.63b)

where k+ and k− are the usual bimolecular gas phase rate constants and [X] denotes

the concentration of species X. The relation between the unimolecular rate constants,

k and k′, defined by Eq. 2.42 and these bimolecular scattering rate constants can be

found by considering a cubic box of volume V , containing just one of each of the

molecular fragments A, B and C, in the limit of the box size becoming very large.*

*There is, of course, the implicit assumption here that there is some other process which maintains
thermal equilibrium, such as collision with walls of the container, and that this process occurs on a timescale
faster than τrxn but slower than τmol.
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In this case we can rewrite Eq. 2.42 as

dPAB

dt
= −kPAB + k′PA (2.64a)

dPA

dt
= kPAB − k′PA, (2.64b)

where PAB and PA are now the probabilities that A will be found forming part of a

molecule of AB or isolated as a molecule of A respectively. Generalising this to the case

where there is only one A molecule, but nBC BC molecules and nC C molecules it is clear

that, assuming V is large enough that the interactions of molecules of BC and C as well

as 3 body collisions can be ignored, the kinetic scheme in Eq. 2.64 simply becomes

dPAB

dt
= −kPABnC + k′PAnBC (2.65a)

dPA

dt
= kPABnC − k′PAnBC. (2.65b)

Finally to connect this to Eq. 2.63 we need to consider the case of multiple A molecules,

NA in total. Labelling each with an index i, the number of AB molecules in the

box is given by

nAB =

NA∑
i=1

PAB,i (2.66)

and the number of isolated A molecules by

nA =

NA∑
i=1

PA,i. (2.67)

Assuming that the density of A and AB is also sufficiently low that they can be treated as

independent and non interacting, it follows that Eq. 2.65 can be taken to hold for each i

individually. Hence, summing over i and dividing by the volume we find that

dnAB/V
dt

= −kV
nAB

V
nC

V
+ k′V

nA

V
nBC

V
(2.68a)

dnA/V
dt

= kV
nAB

V
nC

V
− k′V

nA

V
nBC

V
. (2.68b)

Therefore, using the definition of the concentration nX/V = [X], and comparing Eqs. 2.63

and 2.68 we can see that the rate constants are simply related by kV = k+ and k′V = k−.
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Using this (perhaps rather obvious) result, we can now make connection with Ya-

mamoto’s original linear response expression for the scattering rate constant k+ in terms

of the flux-side correlation function.134 We begin by considering the pre-limit linear

response expression for k multiplied by V ,

k(t)V =
c̃fs(t)V

Qr − c̃ss(t)/
〈
Pp

〉 , (2.69)

and note that in the limit of a large volume Qr → QABQC, where QAB and QC are the

molecular partition functions of AB and C respectively. This means that Qr is proportional

to V2, whereas the correlation functions c̃ss(t) and c̃fs(t), are only proportional V (due to

their dependence on the centre of mass motion). Hence it follows that

lim
V→∞

k(t)V = lim
V→∞

c̃fs(t)
Qr/V

. (2.70)

By taking the limit as V → ∞ before taking the limit as t → ∞ we arrive at the

standard expression for the scattering rate constant in terms of the Kubo-transformed

flux-side correlation function as

k+ = lim
t→∞

lim
V→∞

c̃fs(t)
Qr/V

. (2.71)

Note that taking the limits in this order is physically justified as the molecular timescale

τmol approaches a constant as V → ∞. Hence, comparing with Eq. 2.61 we see that, for

scattering rates the plateau time approximation becomes exact, even as tp → ∞. This

reflects the fact that the probability of encounter for a single pair of molecules goes to

zero as V → ∞, hence from the point of view of the unimolecular rate constant the

reaction is infinitely slow, i.e. τmol/τrxn → 0.

The close connection between the calculation of scattering rates and unimolecular

rates in the condensed phase will prove particularly useful throughout the thesis for

testing approximate methods. This is because rate constants are typically ill defined for

bound systems consisting of a small number of degrees of freedom due to the presence of

recurrences. In contrast, a one dimensional scattering model will not recur, as there exists

a continuum of product and reactant states, and hence the rate is always well defined.

For the sake of simplicity, in the remainder of the thesis we will use the same notation

to refer to scattering quantities and their unimolecular counter part, leaving which is
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meant to be determined from context. Hence from now on, for scattering problems

we will use k to refer to the scattering rate constant instead of k+, and we will use Qr

instead of limV→∞ Qr/V for the reactant partition function per unit volume (or strictly

per unit length since all scattering problems we will consider will be one dimensional).

Furthermore, we note that since the centre of mass motion can be separated out of

both of the reactant partition function and the flux-side correlation function it does not

enter the expression for the rate, hence from here on all quantities are defined with

the centre of mass motion removed.

Properties of flux correlation functions

Before we conclude this section, we briefly review some important properties of the flux-

side correlation function and its time derivative, the flux-flux correlation function. Firstly

we note that, since the Kubo-transformed flux-side correlation function is a continuous,

real and odd function of time, we can write

lim
t→∞

c̃fs(t) =

∫ ∞

0
c̃ff(t)dt =

1
2

∫ ∞

−∞
c̃ff(t)dt, (2.72)

where

c̃ff(t) =
1
β

∫ β

0
dλTr

[
e−(β−λ)Ĥ F̂p e−λĤ F̂p(t)

]
(2.73)

is the Kubo-transformed flux-flux correlation function (the time derivative of c̃fs(t)).

However, one need not use the Kubo-transformed version.136 In particular by expanding

the correlation function in the energy eigenbasis,

Ĥ | j〉 = E j | j〉 , (2.74)

we find∫ ∞

−∞
c̃ff(t)dt =

1
β

∫ β

0
dλ

∫ ∞

−∞
dt

∑∫
j,k

e−(β−λ)E j−λEk | 〈 j| F̂p |k〉 |2e−i(E j−Ek)t/~, (2.75)

where ∑∫
j,k

should be understood as being a double sum over the bound states of Ĥ and a

double integral over all continuum states. Recognising the integral over time as giving
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the Fourier representation of the delta function, this can be rewritten as∫ ∞

−∞
c̃ff(t)dt =

2π~
β

∫ β

0
dλ

∑∫
j,k

e−(β−λ)E j−λEk | 〈 j| F̂p |k〉 |2δ(E j − Ek)

= 2π~
∑∫

j,k

e−(β−λ)E j−λEk | 〈 j| F̂p |k〉 |2δ(E j − Ek),
(2.76)

where the second line now holds for arbitrary λ.* Reinserting the Fourier representation

of the delta function, we then see that the time integral of the Kubo-transformed flux-flux

correlation function is equivalent to that of alternative equilibrium correlation functions136∫ ∞

−∞
c̃ff(t)dt =

∫ ∞

−∞
Tr

[
e−(β−λ)Ĥ F̂p e−λĤ F̂p(t)

]
dt. (2.77)

A particularly important example, which we will make use of later, is the “thermally

symmetrised” form, which we define as

c̄ff(t) = Tr
[
e−βĤ/2F̂p e−βĤ/2F̂p(t)

]
. (2.78)

Just as with the Kubo-transformed correlation function this is a real and even function of

time, and this is the form that was preferred by Miller in his alternative, scattering theory

based derivation of the flux correlation function formulation of the rate.136, 137 Starting

from Eq. 2.76 we can also make the connection to the expression for the scattering rate

in terms of the cumulative reaction probability by introducing the identity

1 =

∫ ∞

−∞
dEδ(Ek − E) (2.79)

to give136

1
2

∫ ∞

−∞
c̃ff(t)dt = π~

∫ ∞

−∞
dE

∑∫
j,k

e−βE | 〈 j| F̂p |k〉 |2δ(E j − E)δ(Ek − E)

= π~

∫ ∞

−∞
dEe−βE Tr

[
δ(Ĥ − E)F̂pδ(Ĥ − E)F̂p

]
=

1
2π~

∫ ∞

−∞
dEe−βEN(E),

(2.80)

where N(E) is the cumulative reaction probability, which for a simple one dimensional

scattering model is equivalent to the barrier transmission probability.

*Provided that the sums are convergent, which will certainly be true for λ ∈ [0, β]
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2.2.3 Golden-rule limit

As discussed earlier many electronically non-adiabatic reactions can be very accurately

described using Fermi’s golden rule, where the rate is proportional to ∆2.46–49 The

golden-rule rate can therefore be formally defined according to the relation*

kGR = β2∆2k2 (2.81)

where

k2 = lim
t→∞

lim
∆→0

k(t)
β2∆2 . (2.82)

As with the scattering rates we define these limits to be taken in such a way that ∆ →
0 before t → ∞, which can be justified by noting that lim∆→0 τmol/τrxn = 0. This

means that the plateau time approximation (Eq. 2.61) becomes exact and the plateau

time can be taken to infinity,

k2 = lim
t→∞

lim
∆→0

c̃fs(t)
β2∆2Qr

. (2.83)

Following the same reasoning as Eq. 2.72-2.77 this can be equivalently rewritten in terms

of the thermally symmetrised flux-flux correlation function as

k2 =
1

2Qr

∫ ∞

−∞
lim
∆→0

c̄ff(t)
β2∆2 dt. (2.84)

In this limit it is natural to define P̂r = |0〉〈0| and P̂p = |1〉〈1| such that the flux

operator becomes

F̂p =
i∆(q̂)
~

(|0〉〈1| − |1〉〈0|). (2.85)

Inserting this into Eq. 2.84, and using the fact that 〈i| e−iĤt/~ | j〉 = O(∆) for i , j, it is then

straightforward to see that the correlation function can be expanded as

c̄ff(t) = 2 Re
(
trn

[
e−(β/2+it/~)Ĥ0

∆(q̂)
~

e−(β/2−it/~)(Ĥ1−ε) ∆(q̂)
~

])
+ O(∆4), (2.86)

where trn[. . . ] denotes a trace over nuclear coordinates only. Inserting this into Eq. 2.84

it follows that the golden-rule rate is given by,

kGR =
1
~2Qr

∫ ∞

−∞
trn

[
e−(β/2+it/~)Ĥ0∆(q̂)e−(β/2−it/~)(Ĥ1−ε)∆(q̂)

]
dt, (2.87)

*We include the factor of β2 here such that k2 also has the units of a rate constant.
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note that we are able to drop the Re(. . . ) as the imaginary part of the integrand is odd.

Again, following a similar argument to the scattering case above (Eqs. 2.74-2.77) we

can expand using the eigenvectors of Ĥ0 and Ĥ1 to show that the golden-rule rate can

also equivalently be written as,138, 139

kGR =
1
~2Qr

∫ ∞

−∞
trn

[
e−(β−λ+it/~)Ĥ0∆(q̂)e−(λ−it/~)(Ĥ1−ε)∆(q̂)

]
dt, (2.88)

independent of the choice of λ.

Much of the thesis will be focussed on systems for which the diabatic coupling is

defined or assumed to be a constant, such that ∆(q) = ∆, allowing us to simplify the

notation. For example the golden-rule rate can then be written as138, 139

kGR =
∆2

~2Qr

∫ ∞

−∞
cGR(t + iλ~)dt, (2.89)

where we have introduced the golden-rule “correlation function”

cGR(t + iλ~) = trn

[
e−(β−λ+it/~)Ĥ0e−(λ−it/~)(Ĥ1−ε)

]
. (2.90)

Note in passing that cGR(t) as defined in Eq. 2.90 is a convergent representation of an

analytic function of complex time t, for 0 ≤ Im(t) ≤ β~, and that, although in general it is

not convergent outside of this strip, it does always have a unique analytic continuation.

This is an important point that we will come back to later.

Instead of writing the rate in terms of cGR(t) we can highlight the effect of the bias,

ε, on the golden-rule rate by writing it as

kGR(ε) =
∆2

Qr~2 e λε
∫ ∞

−∞
cλ(t)e−iεt/~dt (2.91)

where

cλ(t) = trn

[
e−(β−λ+it/~)Ĥ0e−(λ−it/~)Ĥ1

]
. (2.92)

This illustrates the fact that changing the bias simply alters the correlation function

cGR(t + iλ~) by introducing a sinusoidal oscillation, e−iεt/~, and a multiplicative factor

of e+λε . Of course e−iεt/~ can also be recognised as the kernel of a Fourier transform,

and this allows us to write the rate in the form

k(ε) =
2π∆2

Qr~
ρλ(ε)e−βF(λ)+λε , (2.93)
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where ρλ(E) is a probability distribution given by the Fourier transform

ρλ(E) =
1

2π~

∫ ∞

−∞

〈
e−iĤ0t/~e+iĤ1t/~

〉
λ
e−iEt/~dt, (2.94)

in which 〈
e−iĤ0t/~e+iĤ1t/~

〉
λ

=
cλ(t)
cλ(0)

(2.95)

is just the correlation function (for ε = 0) normalised to one at t = 0, and the Boltzmann

factor,

e−βFGR(λ) = trn

[
e−(β−λ)Ĥ0e−λĤ1

]
= cλ(0), (2.96)

is just the correlation function evaluated on the imaginary axis. Note that to prove ρλ(E)

is a probability density one can first show that it is positive everywhere by expanding

the correlation function in eigenstates of Ĥ0 and Ĥ1,140 or by recognising that it is

proportional to the rate constant, and then simply using the inverse Fourier transform

to identify that it is normalised. Importantly, as the distribution is just the Fourier

transform of the normalised correlation function, moments of the distribution are related

to time derivatives of the correlation function at t = 0, and hence by analyticity to

derivatives of the free energy, FGR(λ).

For completeness we will now give a brief derivation of the relation between the

first two moments of the exact distribution ρλ(E) and the first two derivatives of the free

energy FGR(λ), as these derivatives will play an important role in approximate theories

discussed later. We begin by considering the 1st central moment of the distribution

which is defined as,

µ1,λ =

∫ ∞

−∞
Eρλ(E)dE. (2.97)

Inserting the definition of the distribution into this expression this gives

µ1,λ =
1

2π~

∫ ∞

−∞

∫ ∞

−∞

〈
e−iĤ0t/~e+iĤ1t/~

〉
λ
Ee−iEt/~dEdt. (2.98)

Then replacing the multiplication by E with a derivative with respect to time and

integrating by parts leads to

µ1,λ =
−i
2π

∫ ∞

−∞

∫ ∞

−∞

〈
∂

∂t
e−iĤ0t/~e+iĤ1t/~

〉
λ

e−iEt/~dEdt, (2.99)
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which can then be integrated over E to give

µ1,λ = −i~
∫ ∞

−∞

〈
∂

∂t
e−iĤ0t/~e+iĤ1t/~

〉
λ

δ(t)dt. (2.100)

This then immediately simplifies to

µ1,λ = −
trn

[
(V̂0 − V̂1)e−(β−λ)Ĥ0e−λĤ1

]
trn

[
e−(β−λ)Ĥ0e−λĤ1

] = βF′GR(λ), (2.101)

and hence we see that the first moment is directly proportional to the first derivative of the

free energy at λ. We can apply the same process to evaluate the second central moment,

µ2,λ =

∫ ∞

−∞
(E2 − µ2

1,λ)ρλ(E)dE (2.102)

from which it follows that

µ2,λ = −~2
∫ ∞

−∞

〈
∂2

∂t2 e−iĤ0t/~e+iĤ1t/~

〉
λ

δ(t)dt − µ2
1,λ. (2.103)

This then simplifies to give the second central moment in terms of the second derivative

of the free energy,

µ2,λ =
trn

[
(V̂0 − V̂1)e−(β−λ)Ĥ0(V̂0 − V̂1)e−λĤ1

]
trn

[
e−(β−λ)Ĥ0e−λĤ1

] − µ2
1,λ = −βF′′GR(λ). (2.104)

Classical golden-rule

In the high temperature (β→ 0) limit the golden-rule expression for the rate simplifies

significantly and reduces to the classical golden-rule expression141, 142

kcl-GR(ε) =
2π
Qr~

〈
∆2(q)δ(V−(q) + ε)

〉
cl,λe

−βFcl-GR(λ)+λε (2.105)

where V−(q) = V0(q) − V1(q) is the diabatic energy gap,

e−βFcl-GR(λ) =
1

(2π~) f

∫
d f p

∫
d f qe−(β−λ)H0(p,q)−λH1(p,q) (2.106)

is the high temperature limit of the correlation function on the imaginary axis,* and the

expectation value is taken in the classical ensemble with

〈A(q)〉cl,λ =

∫
d f p

∫
d f q A(q)e−(β−λ)H0(p,q)−λH1(p,q)∫

d f p
∫

d f q e−(β−λ)H0(p,q)−λH1(p,q)
. (2.107)

*Note that throughout the thesis we will adopt the convention that,∫
dN x ≡

∫ ∞

−∞
dx1· · ·

∫ ∞

−∞
dxN .
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In the case of constant diabatic coupling this simply becomes

kcl-GR(ε) =
2π∆2

Qr~

〈
δ(V−(q) + ε)

〉
cl,λe

−βFcl-GR(λ)+λε (2.108)

and hence we see that in the classical limit the probability distribution, ρλ(ε), is just the

probability density at the diabatic crossing point V−(q) = −ε,

ρcl,λ(E) =
〈
δ(V−(q) + E)

〉
cl,λ. (2.109)

Marcus theory

Starting from the exact classical golden-rule expression we can derive the famous Marcus

theory expression for the rate46–49 by simply assuming that the free-energy in the reactant

or product ensembles is a parabolic function of the diabatic energy gap, consistent with

the central limit theorem. The free energy in the reactant ensemble as a function of

the diabatic energy gap is defined as

Φ0(E) = −1
β

ln
(〈δ(V−(q) − E)〉cl,0

)
= −1

β
ln

(
ρcl,0(−E)

)
(2.110)

and in the product ensemble as

Φ1(E) = −1
β

ln
(
〈δ(V−(q) − E)〉cl,β

)
− (∆F + ε) = −1

β
ln

(
ρcl,β(−E)

)
− (∆F + ε), (2.111)

where ∆F is the classical free energy difference between reactants and products,

∆F = −1
β

ln

 trcl,n

[
e−βH0

]
trcl,n

[
e−βH1

]  . (2.112)

Hence we see that the Marcus assumption of parabolic free energy surfaces is equivalent

to assuming that ρcl,λ(E) is Gaussian,

ρMT,λ(E) =

√
β

4πΛ
e−

β
4Λ

(
E+∆F−Λ

(
1− 2λ

β

))2

, (2.113)

where Λ is the Marcus theory reorganisation energy, and is equivalent to assuming that

the central limit theorem can be invoked. By comparison with Eq. 2.108 we then arrive

at the famous Marcus theory expression for the golden-rule rate46–49

kMT =
∆2

~

√
πβ

Λ
e−β(Λ−∆F−ε)2/4Λ. (2.114)
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In order to relate the Marcus reorganisation energy, which appears in this expression,

to classical expectation values of the system, we note that the relationship between

ρcl,λ(E) and Fcl-GR(λ) means that the Marcus approximation is equivalent to assuming

that the classical free energy obeys

− β(Fcl-GR(λ) − Fcl-GR(0)) ' −β(FMT(λ) − FMT(0)) = λ∆F + βΛ

(
λ2

β2 −
λ

β

)
. (2.115)

Hence, by differentiating with respect to λ and comparing to F′cl-GR(λ = 0) we see that

the Marcus reorganisation energy can be defined as

Λ = ∆F − 〈V−〉cl,0. (2.116)

This definition is obviously not unique, in particular we could alternatively compare

to the derivative at λ = β giving

Λ = −∆F + 〈V−〉cl,β. (2.117)

For systems in which Marcus theory is exact these two definitions will give the same

result, but in general they will be different. We will give a more detailed discussion of the

different possible definitions of the Marcus reorganisation energy in Chap. 8, however,

for now we take Eq. 2.116 as the definition of the reorganisation energy unless stated

otherwise. The definition of the Marcus inverted regime, ε + ∆F > Λ, for which the rate

decreases with increasing driving force, can thus be equivalently defined as ε > −〈V−〉cl,0.

The implications of this inequality will be discussed later in the thesis.

2.2.4 Born-Oppenheimer rate constant

Although the focus of this thesis is on the calculation of electronically non-adiabatic

reaction rates, having discussed the limit of weak electronic coupling, ∆ → 0, we

now consider the opposite regime in which one can assume the Born-Oppenheimer

approximation is valid.35 The Born-Oppenheimer approximation to the rate can be

calculated whenever the reactants and products can be separated by a position space

dividing surface. This is certainly the case for an activated reaction in the normal Marcus
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regime, where the projection operators P̂r and P̂p onto the reactant and product states

can equally well be replaced by

P̂r = θ
( − s(q̂)

)
and P̂p = θ

(
s(q̂)

)
, (2.118)

where θ(x) is the Heaviside step function, and s(q) = 0 defines a position space dividing

surface, which separates the reactants, s(q) < 0, from the products, s(q) > 0. The

operator describing flux onto products then becomes

F̂p =

f∑
ν=1

{
δ
(
s(q̂)

)∂s(q̂)
∂qν

p̂ν
2mν

+
p̂ν

2mν

δ
(
s(q̂)

)∂s(q̂)
∂qν

}
. (2.119)

Assuming the population on the upper adiabatic state is negligible and making the

Born-Oppenheimer approximation one then arrives at the thermally symmetrised Born-

Oppenheimer flux-side correlation function,

c̄BO-fs(t) = trn

[
e−βĤBO/2F̂pe−βĤBO/2e+iĤBOt/~P̂pe−iĤBOt/~

]
, (2.120)

or the Kubo-transformed version

c̃BO-fs(t) =
1
β

∫ β

0
dλ trn

[
e−(β−λ)ĤBO F̂pe−λĤBOe+iĤBOt/~P̂pe−iĤBOt/~

]
, (2.121)

where

ĤBO = T̂ + U0(q̂) (2.122)

is just the Born-Oppenheimer Hamiltonian for the lower adiabatic surface. We note that

for the two state systems considered here s(q) = V0(q)−V1(q) provides a natural choice of

dividing surface, although as will be discussed later it may not always be the best choice.

Classical limit

The classical (β→ 0) limit of the Born-Oppenheimer flux-side correlation function is sim-

ply121

cfs(t) =
1

(2π~) f

∫
d f p

∫
d f qe−βHBO(p,q)θ̇(s(q(0)))θ(s(q(t))), (2.123)

where the classical flux through the dividing surface, s(q) = 0, at t = 0 is given by

θ̇(s(q(0))) = δ
(
s(q)

)
ṡ(q(0)) =

f∑
ν=1

δ
(
s(q)

)∂s(q)
∂qν

pν
mν

, (2.124)
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and the coordinates are evolved according to the classical equations of motion

q̇ν =
∂HBO

∂pν
(2.125a)

ṗν = −∂HBO

∂qν
. (2.125b)

The classical Born-Oppenheimer rate is then given by

kcl−BO = lim
t→∞

cfs(t)

Qr −
∫ t

0
cfs(t) dt/

〈
Pp

〉
cl

, (2.126)

where the classical equilibrium population of products is

〈
Pp

〉
cl =

∫
d f p

∫
d f qe−βHBO(p,q)θ(s(q))∫

d f p
∫

d f qe−βHBO(p,q)
, (2.127)

and the classical reactant partition function is

Qr =
1

(2π~) f

∫
d f p

∫
d f qe−βHBO(p,q)θ(−s(q)). (2.128)

Classical transition state theory

Starting from the exact expression for the classical Born-Oppenheimer rate given by

Eq. 2.126 we can derive the classical transition state theory expression for the rate by

considering the t → 0+ limit rather than the t → ∞ limit of kcl-BO(t). To do this we note that

lim
t→0+

δ
(
s(q(0))

)
θ(s(q(t))) = lim

t→0+
δ
(
s(q(0))

)
θ(s(q(0)) + ṡ(q(0))t + . . . )

= δ
(
s(q(0))

)
θ(ṡ(q(0)))

(2.129)

and therefore the classical transition state theory rate is given by121

kcl-TST = lim
t→0+

cfs(t)
Qr

(2.130)

with

lim
t→0+

cfs(t) =
1

(2π~) f

∫
d f p

∫
d f qe−βHBO(p,q)δ

(
s(q)

)
ṡ(q)θ(ṡ(q)). (2.131)

By considering the behaviour of a trajectory as it moves away from the dividing surface,

one can see that the transition state theory approximation is equivalent to assuming

that trajectories do not recross the dividing surface. Unlike the exact classical rate,
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the transition state theory rate is therefore strongly dependent on the precise choice of

dividing surface used to define the reactants and products. Despite this, transition state

theory is a very useful and popular method because it does not require the propagation of

classical trajectories and hence just depends on static equilibrium properties of the system.

Furthermore, provided the dividing surface is chosen so that it minimises recrossing,

the transition state theory rate can be very accurate.

2.3 Imaginary-time path-integral approaches to reaction
rates

Unfortunately, for all but simple model problems, direct evaluation of the exact quantum

rate is not possible due to the exponential scaling of the Hilbert space with the number

of degrees of freedom. However, for static equilibrium properties, it is possible to avoid

this exponential scaling by using imaginary-time path integrals,10–12 which allow one to

calculate quantum thermal expectation values using an extended classical phase space.78, 79

This approach is therefore linearly scaling and hence applicable to arbitrarily complex

condensed phase systems. Whilst reaction rates are fundamentally a time dependent

property, the success of classical transition state theory illustrates that they are often

dominated by short time behaviour in a small region of phase space, which can be thought

of as the bottleneck of the reaction. By generalising the ideas of classical transition state

theory, one might therefore hope that imaginary-time path integrals would provide an

accurate approach to calculating quantum mechanical reaction rates. This idea has been

at the heart of the development of many approximate quantum rate theories,13–16, 82, 143–148

and will form the basis for the development of non-adiabatic rate theories discussed in

this thesis. This section begins by introducing the basic theory of imaginary-time path

integrals, before discussing two important reaction rate theories which are applicable in

the Born-Oppenheimer and golden-rule limits respectively, and will provide a foundation

for the methods discussed in later chapters.
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2.3.1 Background theory

For notational simplicity we begin by just considering a single surface Hamiltonian of the

form

Ĥ = T̂ + V(q̂) (2.132)

where T̂ is the kinetic energy operator

T̂ =

f∑
ν=1

p̂2
ν

2mν

, (2.133)

and we will leave the generalisation to multiple electronic states to the following chapter.

In order to derive the path-integral expression for a matrix element of the Boltzmann

operator one begins by splitting the operator into n parts according to

〈q| e−βĤ |q′〉 = 〈q| (e−βĤ/n)n |q′〉 . (2.134)

Then by introducing n − 1 identity operators, in the form

1̂ =

∫
d f q j|q j〉〈q j|, (2.135)

between each of the n terms, and defining βn = β/n we can write

〈q| e−βĤ |q′〉 =

∫
d f q1· · ·

∫
d f qn−1 〈q0| e−βnĤ |q1〉 . . . 〈qn−1| e−βnĤ |qn〉 (2.136)

where we have defined q = q0 and q′ = qn. The benefit of having separated the Boltzmann

operator into n parts is that we can then use the symmetric Suzuki-Trotter expansion149, 150

e−βnĤ = e−βnV̂/2e−βnT̂ e−βnV̂/2 + O(β3
n) (2.137)

in order to approximate the matrix elements as

〈q j| e−βnĤ |q j+1〉 ' e−βnV(q j)/2e−βnV(q j+1)/2 〈q j| e−βnT̂ |q j+1〉 , (2.138)

which can be made as accurate as necessary by simply increasing the value of n. In order

to evaluate the matrix element of the kinetic energy term we introduce a resolution of

the identity in terms of the momentum eigenstates,

1̂ =

∫
d f pj|pj〉〈pj|, (2.139)
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to give

〈q j| e−βnT̂ |q j+1〉 =

∫
d f pj 〈q j|pj〉 〈pj|q j+1〉 e−βn

∑ f
ν=1 p2

ν, j/2mν

=
1

(2π~) f

∫
d f pj e ip j·(q j−q j+1)/~e−βn

∑ f
ν=1 p2

ν, j/2mν .

(2.140)

This is a simple Gaussian integral which can be done by completing the square and

shifting the contour of integration to give

〈q j| e−βnT̂ |q j+1〉 =

f∏
ν=1

√
mν

2πβn~2 exp
(
−βnmν

(qν, j − qν, j+1)2

2β2
n~

2

)
. (2.141)

Defining ωn = 1/βn~ and reintroducing the integral over momentum we can then insert

this into Eq. 2.138 to give

〈q j| e−βnĤ |q j+1〉'
1

(2π~) f

∫
d f pje

−βn
[∑ f

ν=1

{
p2
ν, j/2mν+mνω

2
n(qν, j−qν, j+1)2/2

}
+(V(q j)+V(q j+1))/2

]
, (2.142)

which when combined with Eq. 2.136 gives a discrete path-integral approximation to

〈q| e−βĤ |q′〉, with an error of O(β2
n) (since we have made n approximations of O(β3

n)).

The utility of this expression can be seen by considering the quantum partition

function in terms of position eigenstates,

Q = trn

[
e−βĤ

]
=

∫
d f q 〈q| e−βĤ |q〉 , (2.143)

which when combined with Eqs. 2.136 & 2.142 allows us to write

trn

[
e−βĤ

]
= lim

n→∞
1

(2π~)n f

∫
dn f q

∫
dn f p e−βnHn(p,q), (2.144)

where we have introduced the notation q = {q0, . . . , qn−1} and similarly for the momentum

p = {p0, . . . , pn−1} and due to the cyclic permutation of the trace we have q0 = qn and

p0 = pn. The corresponding classical Hamiltonian is then given by

Hn(p,q) = hn(p,q) +

n∑
j=1

V(q j) (2.145)

where hn(p,q) (the free ring-polymer Hamiltonian) is given by

hn(p,q) =

n∑
j=1

f∑
ν=1

[ p2
j,ν

2mν

+
1
2

mνω
2
n
(
q j+1,ν − q j,ν

)2
]
. (2.146)
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Considering the terms in this Hamiltonian we see that each set of position coordinates, q j,

is connected to its neighbours via harmonic springs, and that, due to the cyclic symmetry

of the trace, the n different sets of coordinates thus form a ring. This ring can be thought of

as a classical ring-polymer, and each of the q j’s are often referred to as “beads” of the ring.

We therefore see that the exact quantum partition function is “isomorphic” to the classical

partition function of an n bead ring polymer in the limit that n goes to infinity.78, 79 The

utility of this expression, however, is that for practical purposes in chemistry, the number

of beads, n, needed to converge the calculation of properties of interest is typically on

the order of 10-1000 and importantly is independent of the size of the system.22 To

understand why this is the case note that for a system to be in the high temperature limit it

should be approximately true that β~ωmax � 1, and correspondingly for the path-integral

system one requires β~ωmax � n, hence for ~ωmax ' 2000 cm−1 and kBT ' 200 cm−1 (i.e.

near 300 K) we have β~ωmax ' 10. With a naive implementation path-integral methods

are thus typically 10-1000 times more expensive than the equivalent classical simulation,

and, whilst they will not be a focus of this thesis, there now exist a large number of

methods which can be used to significantly reduce this cost, allowing path integrals to

be applied to large scale atomistic simulations.151–157

In general the calculation of even classical absolute partition functions is a very hard

problem, fortunately however, one is usually only interested in calculating thermal

expectation values,

〈A〉 =
trn

[
Âe−βĤ

]
trn

[
e−βĤ

] . (2.147)

Provided the operator of interest is simply a function of position, the path-integral

expression for the thermal quantum expectation value is straightforward to obtain using,

trn

[
A(q̂)e−βĤ

]
=

∫
d f qA(q) 〈q| e−βĤ |q〉 , (2.148)

in conjunction with the path-integral expression for 〈q| e−βĤ |q〉 to give

trn

[
A(q̂)e−βĤ

]
= lim

n→∞
1

(2π~)n f

∫
dn f q

∫
dn f p A(q0)e−βnHn(p,q)

= lim
n→∞

1
(2π~)n f

∫
dn f q

∫
dn f p

1
n

n∑
j=1

A(q j)e
−βnHn(p,q),

(2.149)
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where in the second line we have made use of the cyclic symmetry of the ring polymer.

We can therefore approximate the quantum expectation value as an expectation value

in the ring-polymer ensemble as

〈A(q̂)〉 '
〈

1
n

n∑
j=1

A(q j)
〉

=

∫
dn f q

∫
dn f p 1

n

∑n
j=1 A(q j)e−βnHn(p,q)∫

dn f q
∫

dn f p e−βnHn(p,q)
. (2.150)

Hence the calculation of quantum thermal expectation values is equivalent to the calcula-

tion of a classical expectation value in the extended phase space of the ring polymer.

It will also be helpful at various points to work with continuous (rather than discrete)

path-integral notation. To understand the connection between the continuous path-integral

notation and the discrete form we recognise that, in the limit as n→ ∞ the ring-polymer

beads can be considered as forming a continuous set of points on a cyclic path. We can

thus define the corresponding path as a function of imaginary time, τ,* according to

the relation10–12

q(τ j) = q( j∆τn) = q( jβn~) = q j, (2.151)

such that q(0) = q(β~). With this definition we can also use the Riemann definition of an

integral to relate a sum over beads to an integral around the ring according to∫ β~

0
A(q(τ))dτ = lim

n→∞

n∑
j=1

A(q(τ j))∆τn = lim
n→∞

n∑
j=1

A(q j)βn~, (2.152)

and the definition of a derivative to identify the imaginary-time velocity

q̇(τ j) = lim
n→∞

q(τ j + ∆τn) − q(τ j)
∆τn

= lim
n→∞

q j+1 − q j

βn~
. (2.153)

Hence functions which depend on a finite fraction of the ring-polymer beads become

functionals of the imaginary-time path in the infinite n limit. We can therefore view

the discrete path-integral expressions given in Eq. 2.149 above as corresponding to

*Note the use of the term imaginary time is simply a reflection of the fact that the real time propagator
is equivalent to the Boltzmann operator,

〈q| e−βĤ |q′〉 = 〈q| e−itĤ/~ |q′〉 ,

when t = −iβ~.



2. Background theory 42

a functional integral over all possible cyclic paths in the limit as n → ∞, which

we write as10–12

trn

[
A(q̂)e−βĤ

]
=

∮
Dq(τ) A(q(0))e−S [q(τ)]/~

=

∮
Dq(τ) A[q(τ)]e−S [q(τ)]/~.

(2.154)

Here the position dependent part of the ring-polymer Hamiltonian has been replaced

by the Euclidean action around the path

S [q(τ)] =

∫ β~

0

f∑
ν=1

1
2

mνq̇2
ν(τ) + V(q(τ)) dτ, (2.155)

the average around the ring of A has been replaced by the functional

A[q(τ)] =
1
β~

∫ β~

0
A(q(τ))dτ = lim

n→∞
1
n

n∑
j=1

A(q j), (2.156)

and the kinetic energy of the beads has been integrated over to give the functional

integration measure

lim
n→∞

 f∏
ν=1

√
mν

2πβn~2


n

dq1 . . . dqn ≡ Dq(τ), (2.157)

with the integral sign,
∮

, indicating that all paths form closed loops. We will not attempt

to give a more rigorous mathematical foundation to the meaning of these continuous

path-integral expressions, and for the purpose of this thesis the continuous path-integral

expression can just be thought of as a convenient short hand for the n → ∞ limit of

the discrete path-integral expression. Note that as has been done here, throughout the

thesis we will adopt the convention of using square brackets to denote a functional of

the imaginary-time path, and brackets to denote a function.

Before we conclude this subsection we note that at various points it will be helpful

to work, not in terms of the bead coordinates but instead, in the normal mode represen-

tation of the free ring polymer. The transformation to the normal mode representation

can be written as,

q̃k =

n∑
j=1

C jkq j (2.158)
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p̃k =

n∑
j=1

C jk pj (2.159)

where the q̃k and p̃k are the positions and momenta of the kth normal mode. For an even

number of beads, n, the transformation matrix is given by

C jk =



√
1/n if k = 0√
2/n cos(2π jk/n) if 1 ≤ k ≤ n/2 − 1√
1/n(−1) j if k = n/2√
2/n sin(2π jk/n) if n/2 + 1 ≤ k ≤ n − 1.

(2.160)

This transformation is useful as it diagonalises the spring term in the free ring-polymer

Hamiltonian, such that

hn(p,q) =

n−1∑
k=0

f∑
ν=1

[ p̃2
k,ν

2mν

+
1
2

mνω
2
k q̃2

k,ν

]
, (2.161)

where the normal mode frequencies ωk are given by

ωk = 2ωn sin(kπ/n). (2.162)

Note that k = 0 normal mode is proportional to the centroid of the ring polymer

q̄ =
1
n

n∑
j=1

q j =
1√
n

q̃0. (2.163)

2.3.2 RPMD rate theory

Before we discuss ring-polymer molecular dynamics (RPMD) rate theory,17–19 we first

give a short discussion of Born-Oppenheimer (adiabatic) quantum transition state theories.

The development of a quantum generalisation of classical transition state theory turns

out to be a rather challenging task, and as such there are many different approaches that

have been taken over the years. We will not have time to discuss all of these approaches

here, but instead will focus on highlighting approaches most closely related to RPMD,

which has become a “go to” way for including nuclear quantum effects in the calculation

of chemical reaction rates, particularly in the condensed phase.20, 21, 158, 159

The difficulty in generalising classical transition state theory can be understood by

considering the behaviour of the flux-flux and flux-side correlation functions for the

simple one dimensional Hamiltonian

ĤBO =
p̂2

2m
+ V‡. (2.164)
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This is obviously a rather artificial problem, but it is helpful to illustrate the behaviour of

the flux correlation function in the limit of a wide barrier where there is no tunnelling.

In this case the thermally symmetrised flux-side correlation function can simply be

evaluated to give

c̄fs(t) =
e−βV‡

2πβ~
2t/β~√

1 + (2t/β~)2
(2.165)

and hence the thermally symmetrised flux-flux correlation function is given by

c̄ff(t) =
e−βV‡

4π[1 + (2t/β~)2]3/2(β~/2)2 . (2.166)

Importantly, we see that it is only in the limit as β~ → 0 that the flux-side correlation

function becomes discontinuous and hence, unlike in the classical limit, c̄fs(t) tends to zero

as t → 0+. This means that finding a quantum generalisation of transition state theory is

not straightforward, and as such there are a variety of different methods which attempt to

generalise the ideas of classical transition state theory to include nuclear quantum effects.

The difficulties associated with developing a quantum generalisation of transition state

theory were recognised as far back as Wigner, who identified the lack of a configurational

analogue of the classical Boltzmann factor, and the fact that the uncertainty principle

precludes defining the velocity of the system when it is confined to the transition state as

fundamental challenges to the development of a quantum transition state theory.41, 160, 161

Of course Wigner did not know about path integrals, which, as we have just seen, certainly

overcome the first of his barriers to the development of a quantum transition state theory.

Over the past 50 years there has been a steady development of imaginary-time path-

integral methods for including the effects of nuclear tunnelling and zero-point energy on

adiabatic reaction rates. The earliest of these was the thermal instanton approximation

introduced by Miller in 1975, which uses a single imaginary-time trajectory to capture

the effect of nuclear tunnelling.143 Although this approximation can be very accurate,

it is only applicable to problems in which the rate is dominated by a single tunnelling

path.144–146 It cannot be used for reactions in solution, in which the configuration space

of the solvent leads to multiple contributing tunnelling paths. In order to overcome this

problem, methods which use statistical sampling of imaginary-time paths (as described
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above) are required. One of the earliest methods to do this was centroid density quantum

transition state theory (QTST),13 which uses the potential of mean force on the centroid of

the imaginary-time path in place of the classical potential energy surface in classical TST.

Whilst successful, QTST has two main drawbacks, firstly although it is very accurate for

systems with symmetric barriers, QTST is much less accurate for asymmetric barriers in

the deep tunnelling regime, and secondly for liquid systems the exponential sensitivity on

the choice of dividing surface can lead to significant over estimation of the rate. RPMD

rate theory, improves on QTST in both of these areas.18, 19 Firstly and perhaps most

importantly, it is a fully dynamical method and like classical rate theory it gives a rate

which is rigorously independent of dividing surface. Secondly, it is also more accurate

than QTST in the deep tunnelling regime. Its accuracy in the deep tunnelling regime

has been explained in terms of the short time accuracy of RPMD by showing that the

optimum ring-polymer transition state theory is connected to the semi-classical instanton

approximation, and more recently has been shown to correspond to the t → 0+ limit of

a generalised quantum flux-side correlation function.147, 148 This short discussion has of

course not been able to cover all of the path-integral methods for calculating reaction rates,

in particular we have not discussed the quantum instanton approximation,15, 16 which

uses a short time approximation to the flux-flux correlation function to approximate the

rate, and to which we shall return in Chap. 4.

In the remainder of this section we give an overview of the theory behind the Born-

Oppenheimer version of RPMD rate theory, leaving non-adiabatic generalisations to

Chap. 3. RPMD is not only applicable to reaction rates, but gives a general prescription

for approximating Kubo-transformed correlation functions132 for operators which depend

solely on position,

c̃AB(t) =
1
β

∫ β

0
dλ trn

[
e−(β−λ)ĤA(q̂) e−λĤ B(q̂(t))

]
. (2.167)

The RPMD approximation to this Kubo-transformed correlation function is given by17

c̃AB(t) ' 1
(2π~)n f

∫
dn f p

∫
dn f qe−βnHn(p,q)An

(
q(0)

)
Bn

(
q(t)

)
, (2.168)
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where An
(
q
)

and Bn
(
q
)

are just the average of the respective operator around the ring

An
(
q
)

=
1
n

n∑
j=1

A(q j) (2.169)

and

Bn
(
q
)

=
1
n

n∑
j=1

B(q j). (2.170)

For a system evolving solely on the ground adiabatic state, the ring-polymer Hamil-

tonian is given by,

Hn(p,q) = hn(p,q) +

n∑
j=1

U0(q j). (2.171)

RPMD approximates the true quantum dynamics by simply evolving the ring-polymer

according to the classical dynamics generated by Hn(p,q), such that

q̇ j,ν =
∂Hn

∂p j,ν
(2.172a)

ṗ j,ν = − ∂Hn

∂q j,ν
. (2.172b)

Hence, RPMD is simply classical dynamics in the extended classical phase space of

the ring polymer. It is straightforward to show, using the results from Sec. 2.3.1, that

at t = 0 the correlation function gives the exact quantum result. For non-zero time it

can be shown that for non-linear operators of position RPMD gives correlation functions

with a leading error term of O(t3).162, 163

One can use this prescription to directly approximate the Kubo-transformed side-side

(and hence by differentiation also the flux-side) correlation functions.18 However, as

RPMD is just classical dynamics in the extended phase space of the ring polymer, the

RPMD approximation to the rate is independent of the precise choice of dividing surface,

provided that it separates reactants from products. One is therefore free to use a dividing

surface, s(q) = 0, which is an arbitrary function of the bead positions.19 The n-bead

RPMD approximation to the Born-Oppenheimer rate constant is therefore119

kBO ' kRPMD = lim
t→∞

cfs(t)

Qr −
∫ t

0
cfs(t) dt/〈Pp〉

, (2.173)
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where cfs(t) is an RPMD flux-side correlation function

cfs(t) =
1

(2π~)n f

∫
dn f p

∫
dn f qe−βnHn(p,q)θ̇

(
s(q)

)
θ
(
s(q(t))

)
, (2.174)

the flux through the dividing surface s(q) = 0 at time t = 0 is given by

θ̇
(
s(q)

)
= δ

(
s(q)

) n∑
j=1

f∑
ν=1

∂s(q)
∂q j,ν

p j,ν

mν

, (2.175)

Qr is the reactant and product partition function

Qr =
1

(2π~)n f

∫
dn f p

∫
dn f q e−βnHn(p,q)θ

(−s(q)
)
, (2.176)

and 〈Pp〉 is the equilibrium population of the products

〈Pp〉 =

∫
dn f p

∫
dn f q e−βnHn(p,q)θ

(
s(q)

)∫
dn f p

∫
dn f q e−βnHn(p,q)

(2.177)

both of which of course RPMD gets exactly correct as they are just time indepen-

dent properties.

Since the RPMD rate is just a classical rate in the extended phase space of the ring

polymer, it can be calculated using any of the techniques that have been developed over

the years for overcoming the rare event problem in the calculation of classical reaction

rates, such as the Bennett-Chandler method.120, 164 RPMD rate theory also has a number

of other desirable features, including the following:

1. It is a full-dimensional theory in which all degrees of freedom are treated on an

equal footing.

2. It is parameter-free: a given reaction at a given temperature has a unique RPMD

rate, which can be converged simply by increasing the number of ring-polymer

beads.

3. The RPMD rate constant is independent of the choice of the dividing surface,19

and it is rigorously consistent with the quantum mechanical equilibrium constant

(i.e., the forward and reverse RPMD rates exactly satisfy the quantum mechanical

detailed balance condition).
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4. The theory becomes exact in the high-temperature (classical) limit, and it is also

exact for the shallow tunnelling through a parabolic barrier.18

5. In the low temperature (deep tunnelling) regime, where the classical rate is too

small by several orders of magnitude, the RPMD rate is typically within a factor of

two of the exact quantum mechanical result. Moreover it provides an approximate

bound on the exact result, because RPMD is known to underestimate the rates of

symmetric reactions and to overestimate those of asymmetric reactions. This has

been found to be the case for a variety of reactions for which the exact quantum

mechanical rates could be computed for comparison,165–168 and also established

theoretically from the connection between RPMD rate theory and semiclassical

instanton theory.144

No other electronically adiabatic reaction rate theory shares all of these desirable features

and is also routinely applicable to the calculation of chemical reaction rates in complex

(anharmonic and multidimensional) systems such as liquids.

2.3.3 Wolynes theory

Before we discuss non-adiabatic generalisations of RPMD in the next chapter, we first

discuss a much older path-integral method applicable to the golden-rule limit, Wolynes

theory.82 The Wolynes theory approximation is different in spirit to RPMD rate theory, as

it does not try to directly approximate the correlation function, but instead uses a steepest

descent approximation to the integral in Eq. 2.89 resulting in an approximate expression

which only depends on the correlation function and its derivatives at t = 0. The resulting

expression can then be evaluated exactly using imaginary-time path integrals.

Starting from the exact expression for the golden-rule rate given in Eq. 2.89 Wolynes

suggested evaluating the rate using the steepest descent (saddle point) approximation.169

Noting that the correlation function, cGR(t), is purely real on the imaginary axis, it follows

that one expects there to be a saddle point of the function on this axis. Additionally due to

the relation between cGR(t) and the flux-flux correlation function, it is also expected that

this will be the dominant saddle point, and hence using the saddle point approximation
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to the integral about this point is expected to give a good approximation to the rate. The

saddle point approximation can be understood by considering the cumulant expansion

of the golden-rule correlation function

ln
(
cGR(t + iλ~)

cGR(iλ~)

)
=

i(µ1,λ − ε)t
~

− µ2,λt2

2~2 + . . . . (2.178)

Since the exact rate is independent of the choice of λ we we are free to choose λ such that

ln
(
cGR(t + iλsp~)

cGR(iλsp~)

)
= −µ2,λspt

2

2~2 + . . . , (2.179)

due to the analyticity of the function this point is therefore a minimum on the imaginary

axis (i.e. in λ) and a maximum of the function along the real axis. Hence it is a saddle point

of the function, with the saddle point condition given by µ1,λsp ≡ βFGR(λsp) = ε. Close

to this point along the real axis the function therefore looks approximately Gaussian,

and hence, provided the function decays sufficiently quickly we may truncate this at

second order to give

kGR ' kWT =
∆2

~2Qr

∫ ∞

−∞
cGR(iλsp~) exp

−µ2,λspt
2

2~2

 dt

=
∆2

~2Qr

∫ ∞

−∞
exp

−µ2,λspt
2

2~2

 dt e−βFGR(λsp)+λspε .

(2.180)

Performing the integral over time and using the fact that −βF′′GR(λsp) = µ2,λsp then gives

the Wolynes expression for the rate82

kWT =
∆2

Qr~

√
2π

−βF′′GR(λsp)
e−βFGR(λsp)+λspε . (2.181)

More formally the steepest descent approximation is an asymptotic expansion of an

integral of the form169

I(α) =

∫
C

f (z)eαg(z)dz (2.182)

where f (z) and g(z) are complex analytic functions. The steepest descent approximation

is (in the case of a single saddle point) defined as

I(α) ∼ f (z0)

√
2π

α|g′′(z0)|e
αg(z0) as α→ ∞ (2.183)
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where z0 is the saddle point of g(z0) defined such that g′(z0) = 0. As we will see in

Appendix 2.A in the case of the spin-boson model the asymptotic parameter that we are

assuming is very large in Wolynes theory is the Marcus reorganisation energy βΛ, hence

Wolynes theory is expected to be most accurate in highly activated systems.

The advantage of the steepest descent approximation is that the resulting rate constant

can be evaluated in a straightforward way using imaginary-time path-integral techniques.

To see this we can begin by expanding the imaginary-time correlation function in the

position eigenbasis as

e−βFGR(λ) = trn

[
e−(β−λ)Ĥ0e−λĤ1

]
=

∫
d f q

∫
d f q′ 〈q| e−(β−λ)Ĥ0 |q′〉 〈q′| e−λĤ1 |q〉 . (2.184)

Then using an n − l bead path-integral approximation to 〈q| e−(β−λ)Ĥ0 |q′〉 and an l bead

path-integral approximation to 〈q′| e−λĤ1 |q〉, where l/n = λl/β, gives

e−βFGR(λl) ' 1
(2π~)n f

∫
dn f p

∫
dn f q e−βnH(l)

n (p,q), (2.185)

where the Hamiltonian is given by

H(l)
n (p,q) = hn(p,q) +

l∑
j=0

w jlV1(q j) +

n∑
j=l

w jlV0(q j) (2.186)

in which the w jl are just the usual trapezium rule weights

w jl =


0 if j = l and l ∈ {0, n}
1
2 if j ∈ {0, l, n} and l < {0, n}
1 otherwise.

(2.187)

When l = 0, this Hamiltonian is simply the standard ring-polymer Hamiltonian on the

reactant diabat, and when l = n it is the ring-polymer Hamiltonian on the product diabat.

But for intermediate values of l, beads l + 1 to l − 1 are on the reactant diabat, beads

1 to l − 1 are on the product diabat, and beads 0 and l are on the average of the two

diabats, as illustrated for a specific case in Fig. 2.1.

Using the definitions of F′GR(λ) and F′′GR(λ) given in Eqs. 2.101 and 2.104, it is

straightforward to show that

− βF′GR(λl) =
〈
V−(q0)

〉
λl
, (2.188)
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Figure 2.1: Schematic illustration of the ring-polymer Hamiltonian H(l)
n (p,q) in Eq. 2.186 for a

problem with f = 2, n = 8, and l = 4. Beads 5 to 7 are on the reactant diabat (white), beads 1 to 3
are on the product diabat (black), and beads 0 and 4 are on the average of the two diabats (grey).

and

−βF′′GR(λl) =
〈
V−(q0)V−(ql)

〉
λl
−

〈
V−(q0)

〉2

λl
, (2.189)

where

〈A(q)〉λl
=

∫
dn f p

∫
dn f q e−βnH(l)

n (p,q)A(q)∫
dn f p

∫
dn f q e−βnH(l)

n (p,q)
. (2.190)

Hence, recognising that for unimolecular reactions the reactant partition function is

given simply by,

Qr = trn

[
e−βĤ0

]
= e−βFGR(0) (2.191)

it follows that the Wolynes expression for the rate can be evaluated in three stages:

1. Evaluate F′GR(λ) at a series of different values of λ to find the saddle point λsp,

which satisfies βF′GR(λsp) = ε.

2. Integrate ∫ λsp

0
F′GR(λ)dλ = FGR(λsp) − FGR(0), (2.192)

to obtain the Boltzmann factor e−βFGR(λsp)/Qr.

3. Evaluate the prefactor using F′′GR(λsp).
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The simplicity with which these quantities can be evaluated makes it straightforward

to apply Wolynes theory to arbitrarily complex (anharmonic and multi-dimensional)

condensed phase problems.83–85 The theory exactly recovers Marcus theory in the high

temperature limit for the spin-boson model, and it is known to be very accurate even at

extremely low temperatures, where nuclear quantum effects can increase the rate over

the Marcus theory prediction by several orders of magnitude.

As it does not involve any real time dynamics, Wolynes theory can be thought of

as a kind of quantum transition state theory. Importantly however, in contrast to the

adiabatic limit, the difficulty of choosing an optimum dividing surface is avoided in the

non-adiabatic limit, as the bottleneck of the reaction is by definition the non-adiabatic

transition from |0〉 to |1〉. This is reflected in the classical limit, where the golden-rule

rate (Eq. 2.105) is given exactly by a transition state theory like expression (i.e. it just

depends on a time independent configurational average). Note however that although

Wolynes theory can be thought of as a kind of quantum transition state theory (in the

sense that it does not involve real time), it does not in general recover the classical

golden-rule rate in the high temperature limit.170

One might hope that it was also possible to develop an exact transition state theory

expression for the quantum rate, and Appendix 2.B discusses this idea in more detail.

Unfortunately in the quantum case the transition state dividing surface involves the

kinetic as well as potential energy and hence an exact purely configurational imaginary-

time transition state theory is not possible. An alternative approach to Wolynes theory

would therefore be to try and develop an approximate imaginary-time transition state

theory, which does reduce to the classical golden-rule expression, by finding a purely

configurational approximation to the exact quantum golden-rule expression. We will

return to this idea in Chaps. 7 and 8.

Note that just as with the adiabatic case, the discrete path-integral expressions can

be written in continuous form as

e−βFGR(λ) = trn

[
e−(β−λ)Ĥ0e−λĤ1

]
=

∮
Dq(τ) e−S (λ)[q(τ)]/~

(2.193)
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where now the Euclidean action is given by

S (λ)[q(τ)] = S (λ)
0 [q(τ)] + S (λ)

1 [q(τ)] (2.194)

with

S (λ)
0 [q(τ)] =

∫ β~

λ~

f∑
ν=1

1
2

mνq̇2
ν(τ) + V0(q(τ))dτ (2.195)

and

S (λ)
1 [q(τ)] =

∫ λ~

0

f∑
ν=1

1
2

mνq̇2
ν(τ) + V1(q(τ))dτ. (2.196)

Equally we can also therefore write the derivatives of the free energy FGR(λ) as

− βF′GR(λ) =
〈
V−

(
q(0)

)〉
λ

(2.197)

and

− βF′′GR(λ) =
〈
V−

(
q(0)

)
V−

(
q(λ~)

)〉
λ
−

〈
V−

(
q(0)

)〉
λ

〈
V−

(
q(λ~)

)〉
λ

(2.198)

where now the expectation value is defined as

〈A[q(τ)]〉λ =

∮
Dq(τ)e−S (λ)[q(τ)]/~A[q(τ)]∮
Dq(τ)e−S (λ)[q(τ)]/~

. (2.199)

We introduce these expressions now as we will make use of them at various points in

later chapters to help simplify the presentation of other imaginary-time path-integral

methods in the golden-rule limit.

Finally before we conclude the chapter, for completeness we note that it is relatively

straightforward to generalise the Wolynes approximation to systems with non-constant

diabatic coupling. This can be achieved by simply rewriting the exact rate as

kGR =
1

Qr~2

∫ ∞

−∞

trn

[
e−(β−λ+it/~)Ĥ0∆(q̂)e−(λ−it/~)Ĥ1∆(q̂)

]
trn

[
e−(β−λ+it/~)Ĥ0e−(λ−it/~)Ĥ1

] cGR(t + iλ~)dt (2.200)

and applying the steepest descent approximation, as in Eq. 2.183, identifying cGR(t + iλ~)

with eαg(z) to give

kWT =

〈
∆(q(0))∆(q(λsp~))

〉
λsp

Qr~

√
2π

−βF′′GR(λsp)
e−βFGR(λsp)+λspε . (2.201)
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Physically this is equivalent to assuming that the time dependence of ∆(q) is slow

compared to the transient behaviour of cGR(t + iλsp~).171, 172 Alternatively one can of

course include the coupling in the cumulant expansion, which then requires the calculation

of additional terms involving the time derivatives of the coupling. As we will only study

systems in this thesis for which the coupling is taken to be a constant, i.e. satisfying the

Condon approximation,173 we shall not consider this matter in any more detail.

2.A Appendix: Exact rate for the spin-boson model in
the golden-rule limit

The spin-boson model assumes that from the perspective of the electron transfer the

nuclear potentials in both charge transfer states can be modelled as being purely harmonic

with the same frequencies in both states,53, 54, 59, 60, 173

V0(q) =

f∑
ν=1

1
2

mω2
ν

(
qν +

cν
mω2

ν

)2

(2.202a)

V1(q) =

f∑
ν=1

1
2

mω2
ν

(
qν − cν

mω2
ν

)2

. (2.202b)

To derive the exact expression for the rate in this system we note that

trn

[
e−(β−λ)Ĥ0e−λĤ1

]
=

f∏
ν=1

trν
[
e−(β−λ)Ĥ0,νe−λĤ1,ν

]
(2.203)

where trν[. . . ] denotes a trace over the νth nuclear degree of freedom and

Ĥi,ν =
p̂2
ν

2mν

+ Vi,ν(q̂ν) (2.204)

with

V0,ν(qν) =
1
2

mω2
ν(qν + ξν)2 (2.205a)

V1,ν(qν) =
1
2

mω2
ν(qν − ξν)2, (2.205b)

in which mω2
νξν = cν. Hence we need only consider a single degree of freedom, with

the multidimensional case a simple generalisation. Hence for notational simplicity in the
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following we consider first just a one dimensional model f = 1 with the potentials

V0(q) =
1
2

mω2(q + ξ)2 (2.206a)

V1(q) =
1
2

mω2(q − ξ)2. (2.206b)

We begin by writing

trn

[
e−(β−λ)Ĥ0e−λĤ1

]
=

∫ ∞

−∞
dq

∫ ∞

−∞
dq′ 〈q| e−(β−λ)Ĥ0 |q′〉 〈q′| e−λĤ1 |q〉 (2.207)

and make use of the imaginary-time propagator for a harmonic oscillator12 which gives

〈q| e−(β−λ)Ĥ0 |q′〉 =

√
mω

2π~ sinh((β − λ)~ω)
exp

(
g(q, q′)

)
(2.208)

where

g(q, q′) =
−mω

(
((q + ξ)2 + (q′ + ξ)2) cosh((β − λ)~ω) − 2(q + ξ)(q′ + ξ)

)
2~ sinh((β − λ)~ω)

(2.209)

and

〈q′| e−λĤ1 |q〉 =

√
mω

2π~ sinh(λ~ω)
exp

(
h(q, q′)

)
(2.210)

where

h(q, q′) =
−mω

(
((q − ξ)2 + (q′ − ξ)2) cosh(λ~ω) − 2(q − ξ)(q′ − ξ)

)
2~ sinh(λ~ω)

. (2.211)

Performing the Gaussian integrals over q and q′, followed by some tedious algebra one

arrives at the following expression for the correlation function on the imaginary axis

trn

[
e−(β−λ)Ĥ0e−λĤ1

]
=

exp
(−2mξ2ω

~

[
1−cosh(λ~ω)
tanh(β~ω/2) + sinh(λ~ω)

])
2 sinh(β~ω/2)

. (2.212)

This can then be straightforwardly analytically continued (λ = −it/~) to give

trn

[
e−βĤ0e−itĤ0/~eitĤ1/~

]
=

exp
(−2mξ2ω

~

[
1−cos(ωt)

tanh(β~ω/2) − i sin(ωt)
])

2 sinh(β~ω/2)
. (2.213)

Hence generalising to the full multidimensional case gives

trn

[
e−βĤ0e−itĤ0/~eitĤ1/~

]
=

exp
(∑ f

ν=1
−2c2

ν

mω3
ν~

[
1−cos(ωνt)

tanh(β~ων/2) − i sin(ωνt)
])

∏ f
ν=1 2 sinh(β~ων/2)

, (2.214)
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where we have also replaced the displacements, ξν, with the couplings, cν using the

identity mω2
νξν = cν.

Dividing by the reactant partition function,

Qr =
1∏ f

ν=1 2 sinh(β~ων/2)
, (2.215)

and introducing the spectral density

J(ω) =
π

2

f∑
ν=1

c2
ν

mων

δ(ω − ων). (2.216)

we can rewrite the exact correlation function for the spin-boson model in the form53, 54, 59, 60

cGR(t)
Qr

= exp (−iεt/~ − φ(t)/~) (2.217)

where

φ(t) =
4
π

∫ ∞

0

J(ω)
ω2

[
1 − cos(ωt)
tanh(β~ω/2)

− i sin(ωt)
]
dω. (2.218)

It is therefore straightforward to obtain the exact golden-rule rate for the spin-boson

model by simply numerically integrating the correlation function. Note that to improve

the numerical accuracy it is often helpful to shift the contour of integration to pass

through the saddle point t = iλsp~.

In the high temperature limit (β~→ 0) the exact golden-rule rate for the spin-boson

model simply reduces to the Marcus theory expression Eq. 2.114. To see this we begin

by defining the Marcus theory reorganisation energy

Λ =
4
π

∫ ∞

0

J(ω)
ω

dω. (2.219)

Then making the substitution x = β~ω

cGR(t)
Qr

= exp
(
−iεt/~ − 4β

π

∫ ∞

0

J(x/β~)
x2

[
1 − cos (xt/β~)

tanh(x/2)
− i sin (xt/β~)

]
dx

)
. (2.220)

and using the fact that

lim
β~→0

J(x/β~)
x

=
πΛ

4
δ(x) (2.221)

along with the Laurent expansion

coth(x/2) =
2
x

+
x
6

+ O(x3), (2.222)
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we can simplify the correlation function in the high temperature limit as

cGR(t)
Qr

= exp
(
−iεt/~ − βΛ

(
t2

β2~2 − i
t
β~

))
. (2.223)

Integrating this over time then gives the Marcus expression for the rate46–49

kMT =
∆2

~

√
πβ

Λ
e−β(Λ−ε)2/4Λ. (2.224)

Before we conclude this section we briefly comment on the accuracy of the saddle

point approximation made in Wolynes theory. Defining the normalised spectral density as

J̃(ω)
ω

=
J(ω)
Λω

(2.225)

and the relative driving force as ε̃ = ε/Λ, we can rewrite the correlation function as

cGR(t)
Qr

= exp
(
βΛ

(
−iε̃t/β~ − φ̃(t)/β~

))
(2.226)

where

φ̃(t) =
4
π

∫ ∞

0

J̃(ω)
ω2

[
1 − cos(ωt)
tanh(β~ω/2)

− i sin(ωt)
]
dω. (2.227)

Hence we see that for the spin-boson model Wolynes theory is asymptotic to the exact

rate as βΛ → ∞.

2.B Appendix: Exact path-integral golden-rule transi-
tion state theory

In this appendix we explore the formal development of a path-integral generalisation

of the classical golden-rule expression for the rate given in Eq. 2.108. The aim is to

derive a path-integral expression for the exact golden-rule rate, which, analogous to the

classical theory, has the form of a transition state theory. None of the remaining chapters

relies on the theory developed in this section. The resulting theory is also not directly

applicable to realistic simulations, and hence is therefore at the present time of purely

theoretical interest as an illustration of the challenges associated with the development

of a practical path-integral rate theory in the golden-rule limit. However, we note that

the theory developed here is similar both in spirit and in form to the theories discussed
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in Chap. 7, which at present have no first principles derivation. Throughout this section

we shall employ the Condon approximation, assuming that ∆ is constant.

We begin by considering the generalisation of the exact path-integral expression for

the correlation function on the imaginary axis (Eq. 2.185) to a general complex time,

trn

[
e−τ0Ĥ0/~e−τ1Ĥ1/~

]
= lim

n→∞
1

(2π~)n f

∫
dn f p

∫
dn f qe−S (l)

0,n(p,q,τ0)/~−S (l)
1,n(p,q,τ1)/~ (2.228)

where

S (l)
0,n(p,q, τ0) =

τ0

n − l

n−1∑
j=l

 f∑
ν=1

 p2
j,ν

2mν

+
mν(q j+1,ν − q j,ν)2

2τ2
0/(n − l)2

 +
V0(q j+1) + V0(q j)

2

 (2.229)

and

S (l)
1,n(p,q, τ1) =

τ1

l

l−1∑
j=0

 f∑
ν=1

 p2
j,ν

2mν

+
mν(q j+1,ν − q j,ν)2

2τ2
1/l

2

 +
V1(q j+1) + V1(q j)

2

 (2.230)

with l/n = Re(τ1/(τ0 + τ1)) and τ0 + τ1 = β~. Now making use of the relations

1
τ0/(n − l)

=
1

βn~ + it/(n − l)
=

1
βn~

(
1 − it

(n − l)βn~
− t2/(n − l)2β2

n~
2

1 + it/(n − l)βn~

)
(2.231)

and
1
τ1/l

=
1

βn~ − it/l
=

1
βn~

(
1 +

it
lβn~

− t2/l2β2
n~

2

1 − it/lβn~

)
(2.232)

it follows that we can separate the exponent into those terms which involve real time

and those which do not as,

S (l)
0,n(p,q, τ0)/~ = βnH(l)

0,n(p,q) +
it

(n − l)~
E(l)

0,n(p,q) − t2/(n − l)2~2

βn + it/(n − l)~
W (l)

0,n(p,q) (2.233)

and

S (l)
1,n(p,q, τ1)/~ = βnH(l)

1,n(p,q) − it
l~

E(l)
1,n(p,q) − t2/l2~2

βn − it/l~
W (l)

1,n(p,q). (2.234)

Here, H(l)
n (p,q) = H(l)

0,n(p,q) + H(l)
1,n(p,q) is just the Hamiltonian from Wolynes theory

(Eq. 2.186) separated into contributions from state |0〉,

H(l)
0,n(p,q) =

n−1∑
j=l

 f∑
ν=1

 p2
j,ν

2mν

+
mνω

2
n(q j+1,ν − q j,ν)2

2

 +
V0(q j+1) + V0(q j)

2

 , (2.235)
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and state |1〉,

H(l)
1,n(p,q) =

l−1∑
j=0

 f∑
ν=1

 p2
j,ν

2mν

+
mνω

2
n(q j+1,ν − q j,ν)2

2

 +
V1(q j+1) + V1(q j)

2

 , (2.236)

with the W (l)
j,n(p,q) terms corresponding to the contributions to the spring energy from

beads associated with state |0〉,

W (l)
0,n(p,q) =

n−1∑
j=l

f∑
ν=1

mνω
2
n(q j+1,ν − q j,ν)2

2
, (2.237)

and state |1〉

W (l)
1,n(p,q) =

l−1∑
j=0

f∑
ν=1

mνω
2
n(q j+1,ν − q j,ν)2

2
. (2.238)

The remaining terms are analogous to the primitive energy estimator,12 with the spring

terms having the opposite sign to the ring-polymer Hamiltonian

E(l)
0,n(p,q) = H(l)

0,n(p,q) − 2W (l)
0,n(p,q) (2.239)

E(l)
1,n(p,q) = H(l)

1,n(p,q) − 2W (l)
1,n(p,q). (2.240)

Now we make use of the integral identity∫ ∞

−∞
e−(a+ic)x2+bxdx =

∫ ∞

−∞
e−(a+ic)x2

e
b2

4(a+ic) dx (2.241)

for a, b, c ∈ R and a > 0, which will allow us to rewrite the exponent as a solely linear

function of time. This is achieved by recognising that∫ ∞

−∞
dp j,ν exp

− (
βn +

it
(n − l)~

) p2
j,ν

2mν

+
t2/(n − l)2~2

βn + it/(n − l)~
mνω

2
n(q j+1,ν − q j,ν)2

2


=

∫ ∞

−∞
dp j,ν exp

− (
βn +

it
(n − l)~

) p2
j,ν

2mν

+
t

(n − l)~
p j,νωn(q j+1,ν − q j,ν)


(2.242)

and ∫ ∞

−∞
dp j,ν exp

− (
βn − it

l~

) p2
j,ν

2mν

+
t2/l2~2

βn − it/l~
mνω

2
n(q j+1,ν − q j,ν)2

2


=

∫ ∞

−∞
dp j,ν exp

− (
βn − it

l~

) p2
j,ν

2mν

− t
l~

p j,νωn(q j+1,ν − q j,ν)

 ,
(2.243)
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such that we can replace the time dependent spring terms in Eqs. 2.233 and 2.234 with

t2/(n − l)2~2

βn + it/(n − l)~
W (l)

0,n(p,q)→ t
(n − l)~

n−1∑
j=l

f∑
ν=1

p j,νωn(q j+1,ν − q j,ν) (2.244)

and
t2/l2~2

βn − it/l~
W (l)

1,n(p,q)→ − t
l~

l−1∑
j=0

f∑
ν=1

p j,νωn(q j+1,ν − q j,ν). (2.245)

It follows that we can write

trn

[
e−τ0Ĥ0/~e−τ1Ĥ1/~

]
= lim

n→∞
1

(2π~)n f

∫
dn f p

∫
dn f qe−S̃ (l)

0,n(p,q,τ0)/~−S̃ (l)
1,n(p,q,τ1)/~ (2.246)

with

S̃ (l)
0,n(p,q, τ0)/~ = βnH(l)

0,n(p,q) +
it

(n − l)~

E(l)
0,n(p,q) −

n−1∑
j=l

f∑
ν=1

ip j,νωn(q j+1,ν − q j,ν)


(2.247)

and

S̃ (l)
1,n(p,q, τ1)/~ = βnH(l)

1,n(p,q) − it
l~

E(l)
1,n(p,q) −

l−1∑
j=0

f∑
ν=1

ip j,νωn(q j+1,ν − q j,ν)

 . (2.248)

This gives an expression in which the exponent is purely linear in real time. However,

due to the terms of the form

ip j,νωn(q j+1,ν − q j,ν), (2.249)

we cannot integrate over time to give a delta function as the coefficient of time in the

exponent is not pure imaginary, and the resulting expression therefore suffers the usual

sign problem, which plagues real time path-integral methods.

We can, at least, integrate over time analytically if we first make use of another

integral identity ∫ ∞

−∞
e−ax2−ib(x+ic)2

dx =

∫ ∞

−∞
e−a(x−ic)2−ibx2

dx (2.250)

for a, b, c ∈ R and a > 0. As, having factorised the kinetic energy terms, this al-

lows us to rewrite∫ ∞

−∞
dp j,ν exp

−βn

p2
j,ν

2mν

− it
(n − l)~

(
p j,ν + iωnmν(q j+1,ν − q j,ν)

)2

2mν


=

∫ ∞

−∞
dp j,ν exp

−βn

(
p j,ν − iωnmν(q j+1,ν − q j,ν)

)2

2mν

− it
(n − l)~

p2
j,ν

2mν


(2.251)
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and ∫ ∞

−∞
dp j,ν exp

−βn

p2
j,ν

2mν

+
it
l~

(
p j,ν + iωnmν(q j+1,ν − q j,ν)

)2

2mν


=

∫ ∞

−∞
dp j,ν exp

−βn

(
p j,ν − iωnmν(q j+1,ν − q j,ν)

)2

2mν

+
it
l~

p2
j,ν

2mν

 .
(2.252)

Hence we can then analytically integrate over time to give

1
2π~

∫ ∞

−∞
trn

[
e−((β−λ)+it/~)Ĥ0e−(λ−it/~)Ĥ1

]
dt

= lim
n→∞

1
(2π~)n f

∫
dn f p

∫
dn f qe−βnH (l)

n (p,q)+iβnθn(p,q)δ
(
H̄ (l)
−,n(p,q)

) (2.253)

where the Hamiltonian is given by

H (l)
n (p,q) = H (l)

0,n(p,q) +H (l)
1,n(p,q) (2.254)

and the argument of the delta function is the difference in the average energy between

the beads associated with state |0〉 and state |1〉,

H̄ (l)
−,n(p,q) =

1
n − l

H (l)
0,n(p,q) − 1

l
H (l)

1,n(p,q), (2.255)

with

H (l)
0,n(p,q) =

n−1∑
j=l

 f∑
ν=1

p2
j,ν

2mν

+
V0(q j+1) + V0(q j)

2

 , (2.256)

and

H (l)
1,n(p,q) =

l−1∑
j=0

 f∑
ν=1

p2
j,ν

2mν

+
V1(q j+1) + V1(q j)

2

 . (2.257)

Unfortunately this does not remove the practical difficulties associated with the real time

path integral, as we are still left with the phase term

θn(p,q) =

n−1∑
j=0

f∑
ν=1

ωn p j,ν(q j+1,ν − q j,ν). (2.258)

The resulting path-integral expression for the golden-rule rate,*

kGR =
2π∆2

~Qr
lim
n→∞

1
(2π~)n f

∫
dn f p

∫
dn f qe−βnH (l)

n (p,q)+iβnθn(p,q)δ
(
H̄ (l)
−,n(p,q)

)
, (2.259)

is therefore impractical without further approximation.

*Defined here just in the case of ε = 0.
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We note that Eq. 2.259 is closely related to the expression for the Born-Oppenheimer

Matsubara dynamics time-correlation function.174 This is of course not a coincidence, and

can be explained by noting that we have essentially performed several of the steps used in

Ref. 175 in reverse. In fact it is also possible to derive this expression following essentially

the same arguments as in the original Matsubara derivation174 by using a modified

version of the generalised Wigner transform from that work. Matsubara dynamics is a

purely classical dynamics that conserves the exact quantum Boltzmann distribution, and

can be systematically derived from an exact generalised Kubo-transformed correlation

function.174 It has been used to provide a unified framework to understand approximate

path-integral methods such as RPMD and CMD, that can be shown to correspond to

making different approximations to the Matsubara Liouvillian.175 The key difference

here is that there is no real time dynamics, i.e. no Liouvillian appears, and in this sense

Eq. 2.259 corresponds to an exact path-integral transition state theory expression for

the golden-rule rate. Just as RPMD and CMD can be related to the Matsubara time-

correlation function, one might speculatively hope that it would be possible to develop

accurate approximations to this expression which were applicable to the simulation of

condensed phase non-adiabatic reactions. Apart from noting the connection between

this expression and the approximate methods discussed in Chap. 7, further analysis is

unfortunately beyond the scope of this thesis.
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Summary

In this chapter we discuss non-adiabatic generalisations of ring-polymer molecular

dynamics, focussing on methods which are designed for the calculation of non-adiabatic

reaction rates. We will begin by giving a brief summary of some of the different

approaches that have been taken to generalising RPMD to treat non-adiabatic systems,

before discussing the simplest non-adiabatic generalisation of RPMD, Mean Field RPMD

(MF-RPMD). This will provide the theoretical foundation for a discussion of three

methods which have been explicitly designed for the calculation of non-adiabatic reaction

rates: Kinetically Constrained RPMD (KC-RPMD), State Space Path Integrals (SS-PI)

and isomorphic RPMD (iso-RP). We will discuss each of these methods in turn, focussing

on their limitations and highlighting the difficulties associated with developing an accurate

path-integral method for calculating non-adiabatic reaction rates.

3.1 Introduction

Because of the success of RPMD in the adiabatic limit, there have been several attempts

to generalise it to treat non-adiabatic systems.23–34 Unfortunately however, at present

each of these methods has its limitations. The simplest way to calculate non-adiabatic

reaction rates using RPMD is to avoid finding a non-adiabatic generalisation altogether.

This can be done for electron transfer reactions by explicitly including an electron as a

distinguishable particle, however this is limited to systems where using a one electron

pseudo-potential is valid,23, 24 and as such we will not consider it further here. One of the

first non-adiabatic generalisations of RPMD was an extension of Tully’s fewest switches

surface hopping,73 in which the ring polymer is evolved on the usual adiabatic surfaces

and the electronic variables are either evolved using the centroid potential energy and

derivative couplings, or using the average around the ring.25 This approach does not

however use the exact Boltzmann distribution, a flaw which the “isomorphic RPMD”

method33, 34 (discussed in Sec. 3.5) attempts to fix. A non-adiabatic generalisation of

RPMD, known simply as Non-adiabatic RPMD,26 which is based on the well-known

(Meyer-Miller,74 Stock-Thoss75) classical electron mapping approach has also been
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proposed. This method does not correctly preserve the quantum mechanical Boltzmann

distribution,26, 176 and hence is not well suited to the calculation of rates. Mapping variable

RPMD27 is a modified version of non-adiabatic RPMD which does preserve the quantum

Boltzmann distribution, but it introduces a pathological sign problem that arises from

a cancellation between positively and negatively weighted regions of the ring-polymer

phase space in the mapping basis. In the remainder of this chapter we will discuss in

more detail three of the most recently proposed non-adiabatic generalisations of RPMD:

Kinetically Constrained RPMD, the State Space Path Integral method and isomorphic

RPMD. We will see that each of these methods has issues which limit their applicability

to the calculation of non-adiabatic reaction rates, highlighting the challenges associated

with developing an accurate path-integral method for these rates.

Sec. 3.2, introduces the most primitive non-adiabatic generalisation of RPMD, Mean

Field RPMD.177 This will provide the theoretical basis for brief discussion of both the

Kinetically Constrained RPMD approach29–31 in Sec. 3.3, and the State Space Path Integral

rate method28 in Sec. 3.4. Finally, in Sec. 3.5, we will give a detailed analysis of the

golden-rule limit of the newest non-adiabatic generalisation of RPMD, the “isomorphic”

RPMD method.33, 34

3.2 Mean Field RPMD

The most basic generalisation of RPMD is Mean Field RPMD (MF-RPMD), in which the

electronic degrees of freedom are integrated out to give a single thermally averaged (or

“mean field”) ring-polymer potential on which the nuclei evolve. Although this formalism

is in principle applicable to systems with many electronic states, in line with the rest

of this thesis we will consider just a two level system, for which the Hamiltonian can

be written in the diabatic representation as

Ĥ =

f∑
ν=1

p̂2
ν

2mν

1 + V(q̂) (3.1)

where 1 is the 2 × 2 identity matrix and V(q̂) is the diabatic potential matrix

V(q̂) =

(
V0(q̂) ∆(q̂)
∆(q̂) V1(q̂) − ε

)
. (3.2)
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To derive MF-RPMD we begin by performing an imaginary-time path-integral discretisa-

tion of the Boltzmann operator following the same argument as in Chap. 2. The point at

which the derivation differs is in Eq. 2.138 where in the multi-level case,

〈q j| e−βnĤ |q j+1〉 ' e−βnV(q j)/2e−βnV(q j+1)/2 〈q j| e−βnT̂ |q j+1〉 , (3.3)

and since the diabatic potential matrices at different values of q do not in general

commute it follows that

e−βnV(q j)/2e−βnV(q j+1)/2 , e−βnV(q j)/2−βnV(q j+1)/2. (3.4)

Using this the resulting expression for the full quantum partition function can be written as

Tr
[
e−βĤ

]
= lim

n→∞
1

(2π~)n f

∫
dn f q

∫
dn f p e−βnhn(p,q)µ(q), (3.5)

where hn(p,q) is the free ring-polymer Hamiltonian (given in Eq. 2.146), the potential

term is given by

µ(q) = tre

[
T

n∏
j=1

e−βnV(q j)
]
, (3.6)

in which tre[. . . ] denotes a trace over the electronic degrees of freedom only, and T
denotes the fact that the product is ordered by bead index j. Provided µ(q) > 0, we can

define the mean field ring-polymer Hamiltonian as177–180

HMF
n (p,q) = hn(p,q) + VMF

n (q), (3.7)

where the potential is given by

VMF
n (q) = − 1

βn
ln (µ(q)) , (3.8)

such that177–180

Tr
[
e−βĤ

]
= lim

n→∞
1

(2π~)n f

∫
dn f q

∫
dn f p e−βnHMF

n (p,q). (3.9)

Assuming that a position space dividing surface, s(q) = 0, can be used to separate the

reactants and products then the MF-RPMD approximation to the rate is just given by

k ' kMF = lim
t→∞

cfs(t)

Qr −
∫ t

0
cfs(t) dt/〈Pp〉

, (3.10)
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where cfs(t) is a MF-RPMD flux-side correlation function

cfs(t) =
1

(2π~)n f

∫
dn f p

∫
dn f qe−βnHMF

n (p,q)θ̇
(
s(q)

)
θ
(
s(q(t))

)
, (3.11)

and the dynamics is simply the classical dynamics generated by the mean field Hamilto-

nian

q̇ j,ν =
∂HMF

n

∂p j,ν
(3.12a)

ṗ j,ν = −∂HMF
n

∂q j,ν
. (3.12b)

Although the MF-RPMD rates can be reasonably accurate when the reaction is close

to the adiabatic limit, they will clearly break down in the golden-rule limit. This can

be understood by noting that the exact rate satisfies k(∆ = 0) = 0, however the MF-

RPMD rate will clearly always be non-zero, as it is just an adiabatic rate on the thermally

averaged potential, and so kMF(∆ = 0) , 0.

Before we discuss other non-adiabatic generalisations of RPMD it is helpful to

introduce the idea of ring-polymer “kinks”.61 To do this we consider expanding the

matrix product in terms of individual matrix elements as

µ(q) = tre

[
T

n∏
j=1

e−βnV(q j)
]

=

n∏
j=1

( 1∑
σ j=0

〈
σ j

∣∣∣ e−βnV(q j)
∣∣∣σ j+1

〉 )
, (3.13)

where as with the positions and momenta the state variable obeys cyclic boundary

conditions σ0 = σn. Each set of possible values {σ j}n−1
j=0 can be thought of as a different

imaginary-time path in the state space, and every time σ j+1 − σ j , 0 can be considered

as a hop from one diabatic state to the other, and is referred to as a kink. Due to the

cyclic symmetry there must always be an even number of kinks, and hence they are

also often grouped together as so-called kink pairs. In the two level case the only paths

which have no kinks are those in which the system stays entirely on the reactant diabat

or entirely on the product diabat, and we can therefore define the contribution to the

distribution from paths which contain kinks as

µkinks(q) = µ(q) − e−βn
∑

j V0(q j) − e−βn
∑

j

(
V1(q j)−ε

)
. (3.14)
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3.3 Kinetically Constrained RPMD

The Kinetically Constrained RPMD (KC-RPMD) approach is rather complicated, and

as such we will not give a full description of the method here, instead we will just

give a brief summary of the main idea behind the method and discuss the accuracy it

has shown in simple test cases.29, 30 The key idea behind the KC-RPMD method is to

introduce an additional continuous variable, y, which reports on the existence of kinks

in the ring-polymer distribution by writing the exact distribution as

µ(q) =

∫ ∞

−∞
µkinks(q) f (y, 0) + e−βn

∑
j V0(q j) f (y,−1) + e−βn

∑
j

(
V1(q j)−ε

)
f (y, 1)dy, (3.15)

where the integral of f (y, a) over y is 1. In the simplest version this function is chosen to

be a limit representation of the rectangular function f (y, a) = rect(y − a) with

rect(x) =


0, if |x| > 1

2
1
2 , if |x| = 1

2

1, if |x| < 1
2 .

(3.16)

The idea is to then introduce an associated mass and momentum for y leading to a

dynamical variable, and to fit the mass to give the correct golden-rule rate in the

classical limit.30 However, as this would not work in the Marcus inverted regime

(where kinked configurations between the minimum of the reactant well and the product

surface dominate) an additional modification is required, and this is where the method

becomes rather complicated. To avoid the problem in the inverted regime, µ(q) is

replaced with µKC(q) where

µKC(q)=

∫ ∞

−∞
µkinks(q) f (y, 0)δ

(
w(q̄)
η

)
+ e−βn

∑
j V0(q j) f (y,−1) + e−βn

∑
j

(
V1(q j)−ε

)
f (y, 1)dy,

(3.17)

in which the kinked contribution has been modified by the introduction of a delta function

which constrains the configurations for which kinks can exist to those where the centroid

of the ring polymer obeys w(q̄) = 0, with the constraint function given by29

w(q) =
V0(q) − V1(q) + ε

∆(q)
. (3.18)

The parameter η is then determined numerically such that the probability density for the

system to be found at the crossing points of the diabats is unchanged; the resulting
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expression is rather complicated and does not add to the present discussion so we

will not include it here.

Note that by modifying the distribution, KC-RPMD no longer obeys the exact quantum

statistics, and hence loses one of the most important features of the original Born-

Oppenheimer RPMD. It is therefore clear that as the reaction approaches the adiabatic

limit KC-RPMD will not reduce to the original RPMD rate theory. Due to the number

of parameters which must be determined numerically it is not very easy to perform a

theoretical analysis of the accuracy of KC-RPMD, however we note that the results

given in the original two papers outlining the method showed variable accuracy.29, 30 In

particular, in the second paper on KC-RPMD (Ref. 30) KC-RPMD is compared to the

exact rates for a simple spin-boson model which is approximately in the golden-rule limit

(system A3 of that paper), and it was found that KC-RPMD overestimates the exact rate

by as much as a factor of 6 in the case of moderate to strong friction. In contrast for the

same system the Marcus theory rate is only 30% too small and the Wolynes theory rate is

within 5% of the exact rate. It thus appears that KC-RPMD is not a generally reliable

approach for including nuclear quantum effects in non-adiabatic reaction rates.

3.4 State Space Path Integrals

A conceptually much simpler approach, is the State Space Path Integral (SS-PI) method,

proposed by Duke and Ananth.28 In this approach the initial distribution in the mean

field correlation function is modified, so that it only contains kinked configurations.

The SS-PI approximation to the rate is defined in terms of the plateau time of this

modified correlation function as

kSS-PI(∆) =
cSS-fs(tp)

Qr
. (3.19)

There are two different variants of the approach, the simpler of the two is the “solvent re-

action coordinate” version, in which the flux-side correlation function is approximated as

cSS-fs(t) =
1

(2π~)n f

∫
dn f p

∫
dn f qe−βnhn(p,q)µkinks(q)θ̇

(
s(q)

)
θ
(
s(q(t))

)
, (3.20)
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where the dividing surface is given by

s(q) = V−(q̄) + ε (3.21)

with V−(q) = V0(q) − V1(q), and importantly the dynamics is still generated by the mean

field Hamiltonian (Eq. 3.12). To get a better understanding of this approach we note that

µkinks(q) is just the difference between µ(q) evaluated at the true ∆ and at ∆ = 0, i.e.

µkinks(q) = µ(q,∆) − µ(q,∆ = 0). (3.22)

Hence, by assuming the dynamics generated by HMF
n (p,q) is approximately independent

of ∆, we can write the SS-PI rate in terms of the MF-RPMD rate as

kSS-PI(∆) ' kMF(∆) − kMF(∆ = 0). (3.23)

Note that this approximation becomes exact as one approaches the golden-rule limit.

We thus see that the SS-PI approximation can be thought of as a modified version of

MF-RPMD where the unphysical zeroth order contribution to the rate is removed.

The SS-PI rate is certainly an improvement on the MF-RPMD rate, as it correctly

predicts that the rate is proportional to ∆2 in the golden-rule limit, however it is not clear

in general what approximation one is making and hence how accurate it will be. One

notable deficiency of the method is that it breaks down in the high temperature limit. To

see this we consider a simple one dimensional scattering model with diabatic potentials

V0(q) = Ae+q/L

V1(q) = Ae−q/L,
(3.24)

with ε = 0 and a constant ∆. Noting that the classical (one bead) limit of µ(q) is given by

µcl(q) = 2e−β(V0(q)+V1(q))/2 cosh
(
β

2

√(
V0(q) − V1(q)

)2
+ 4∆2

)
(3.25)

it follows straightforwardly that the mean field rate in the classical limit is given by

β~Qrkcl-MF(∆) =
1

2π
2e−βA cosh(β∆). (3.26)

Using this, in conjunction with Eq. 3.23, we see that in the classical limit the SS-PI

approximation to the golden-rule rate is given by

β~QrkSS-PI(∆) =
β2∆2

2π
e−βA. (3.27)
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In contrast the exact classical golden-rule rate for this system is given by,

β~Qrkcl-GR(∆) =
β2∆2

2π

√
2π3mL2

β3A2~2 e−βA. (3.28)

Hence we see that there is an uncontrolled error in going from the exact result to the

SS-PI rate. Whilst for some systems the factor of
√

2π3mL2/β3A2~2 may be close to 1,

this will not be true in general. Without a formal argument explaining the general regime

in which SS-PI gives a good approximation to the rate, it thus seems that it does not

provide a viable approach to calculating reaction rates in complex systems. Despite this

we note that Duke and Ananth did find reasonably close agreement between the exact

rate and the SS-PI rate for a spin-boson model showing moderate quantum enhancement,

when the reaction was approximately symmetric. The reasons for this agreement will

be discussed in more detail in the following chapter.

Duke and Ananth also proposed an alternative approach involving a further modifi-

cation to the flux-side correlation function, in which the distribution is restricted to just

contain imaginary-time paths which spend an equal amount of imaginary time on each

of the surfaces. This allowed them to calculate reaction rates in the Marcus inverted

regime, however they found that this approach significantly under-predicted the rate,28

essentially failing to capture nuclear tunnelling.

3.5 An analysis of iso-RPMD in the golden-rule limit

Recently Tao, Shushkov and Miller have proposed a new method, called isomorphic

ring-polymer molecular dynamics (iso-RPMD or iso-RP),33, 34 which aims to extend the

Born-Oppenheimer ring-polymer molecular dynamics (RPMD) method17–21 to systems

with multiple electronic states. The iso-RPMD ansatz is to construct an “isomorphic”

multi-state Hamiltonian for a ring polymer of classical nuclei that is consistent with

the quantum mechanical partition function, and then to combine this with a pre-existing

mixed quantum-classical (MQC) dynamics approximation such as Tully’s fewest switches

surface hopping.73

One potential application for iso-PRMD is the study of thermal reactions which

involve transitions between two different electronic states.181 In the adiabatic limit, in
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which excited electronic states do not make any contribution to the canonical quantum

mechanical partition function, it is clear that iso-RPMD will work well, since it reduces

in this limit to the standard RPMD approximation (in which the dynamics of the ring

polymer takes place on the ground adiabatic Born-Oppenheimer potential energy surface).

However, how well it can be expected to work in the opposite non-adiabatic limit is less

clear. This is what we shall investigate in the remainder of this chapter.

3.5.1 Isomorphic RPMD

To set the scene for this investigation, let us begin by introducing the iso-RPMD

formalism.33, 34 Again although this formalism is in principle applicable to systems

with many electronic states, it will be sufficient for our purposes to consider just a two

level system. The “isomorphic” RPMD for this two level system is based on writing

the exact quantum partition function

Q = Tr
[
e−βĤ

]
(3.29)

in the form

Q = lim
n→∞

( n
2π~

)n f ∫
dn f p

∫
dn f q tre

[
e−βHiso

n (p,q)
]
, (3.30)

where tre[. . . ] denotes a trace over the electronic degrees of freedom. The isomorphic

ring-polymer Hamiltonian Hiso
n (p,q) is

Hiso
n (p,q) = hiso

n (p,q)1 + Viso
n (q), (3.31)

where

hiso
n (p,q) =

n∑
j=1

f∑
ν=1

{ p2
j,ν

2mn,ν
+

1
2

mn,νω
2
n
(
q j+1,ν − q j,ν

)2
}

(3.32)

is the isomorphic free ring-polymer Hamiltonian, with mn,ν = mν/n. The isomorphic

diabatic potential energy matrix is

Viso
n (q) =

(
V iso

0,n(q) ∆iso
n (q)

∆iso
n (q) V iso

1,n(q) − ε
)
, (3.33)

where the diagonal elements are chosen to be33

V iso
i,n (q) =

1
n

n∑
j=1

Vi(q j). (3.34)
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We note that, in this formalism the simulation is performed at a temperature T rather than

nT , and this is balanced by a change in the definition of the mass of the particles, which are

reduced by a factor of n. These two ways of thinking about the path-integral simulation are

equivalent in the adiabatic case, but the definition used in iso-RPMD is more appropriate

in this context as it means that the total potential energy converges with bead number,

which is important due to the influence of the potential energy on the electronic dynamics.

In order to ensure that the iso-RP partition function exactly reproduces the quantum

partition function in the infinite n limit, Tao et al.33 require that ∆iso
n (q) is chosen so that

tre

[
e−βHiso

n (p,q)
]

= e−βhiso
n (p,q)µ(q). (3.35)

This leads to the following expression for the isomorphic coupling33

∆iso
n (q)2 =

1
β2 acosh2

[
µ(q)

2
e β(V iso

+,n(q)−ε)/2
]
−

(
V iso
−,n(q) + ε

)2

4
, (3.36)

where

V iso
±,n(q) = V iso

0,n(q) ± V iso
1,n(q). (3.37)

Note that in general µ(q) can become negative,182 which leads to a complex ∆iso
n (q) and

a non-hermitian Viso
n (q). However, when ∆(q) has a constant sign, one can show that

µ(q) > 0,182 so ∆iso
n (q) is real and Viso

n (q) is real and symmetric for all values of q. We

shall therefore assume that ∆(q) has a constant sign from this point on.

All of the above is simply a rearrangement of a formally exact expression for the

quantum mechanical partition function. The isomorphic RPMD ansatz is to take the

classical multi-state Hamiltonian Hiso
n (p,q) and use it with a mixed quantum classical

(MQC) dynamics method, such as Tully’s fewest switches surface hopping.73 This is an

appealingly simple idea, but how well does it work? In the following we will consider

the more specific question of whether or not iso-RPMD can give accurate reaction rates

in the non-adiabatic (golden-rule) limit, and in particular whether it can capture nuclear

quantum effects such as tunnelling and zero-point energy in this limit.
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3.5.2 Golden-rule limit

As we saw in Chap. 2 the exact quantum mechanical rate constant for transfer from state

|0〉 to state |1〉 in the golden-rule limit can be written as

kGR =
1

Qr~2

∫ ∞

−∞
trn

[
e−βĤ0e−iĤ0t/~∆(q̂)e+i(Ĥ1−ε)t/~∆(q̂)

]
dt, (3.38)

where Qr is the reactant partition function. The classical limit of Eq. 3.38, which

becomes exact at high temperatures where the ring polymer can be replaced by a single

bead, is simply141, 142

kcl-GR =

〈
2π
~

∆2(q)δ
(
V−(q) + ε

)〉
cl,0
, (3.39)

where V−(q) = V0(q) − V1(q) is the diabatic energy gap. Unfortunately, it is well

known that many MQC dynamics methods do not give the correct rate in the high-

temperature, non-adiabatic limit (i.e., are not consistent with Eq. 3.39). In particular,

the original formulation of Tully’s fewest switches surface hopping73 suffers from “over

coherence”. There has been a concerted effort to fix this problem with decoherence

corrections,183–191 but that is not the focus of the present study. Here we shall simply

sidestep the issue by assuming that the MQC method used with iso-RPMD does reduce

to Eq. 3.39 in the one bead limit.

Having made this assumption, we need not consider the specific details of the MQC

dynamics, and can simply make use of the isomorphism to write down the iso-RP

expression for the golden-rule rate

kiso = lim
n→∞

〈
2π
~

∆iso
n (q)2δ

(
V iso
−,n(q) + ε

)〉iso

0,n
, (3.40)

where the ring-polymer thermal average is defined as

〈A(q)〉iso
0,n =

∫
dn f p

∫
dn f q e−βHiso

0,n(p,q)A(q)∫
dn f p

∫
dn f q e−βHiso

0,n(p,q)
, (3.41)

with Hiso
0,n(p,q) = hiso

n (p,q) + V iso
0,n(q).

We can further simplify Eq. (3.40) by taking the golden-rule limit of the iso-RP

coupling ∆iso
n (q)2. To keep the notation as simple as possible, we shall do this only
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in the special case where ∆(q) = ∆ is a constant (the Condon approximation173). The

more general case of a coordinate-dependent ∆ can also be treated but it does not add

anything useful to our discussion.

The golden-rule limit of ∆iso
n (q)2 is worked out for constant ∆ in Appendix 3.A, where

it is shown to lead to a golden-rule iso-RP rate in the infinite n limit that can be written

in the path-integral notation introduced in Sec. 2.3.3 as

kiso =
2π
β~Qr

∫ β

0
dλ

〈
∆2δ

(
V iso
− [q(τ)] + ε

)〉
λ
e−βFGR(λ)+λε . (3.42)

Where the isomorphic diabatic energy gap in Eq. 3.37 has become

V iso
− [q(τ)] = V iso

0 [q(τ)] − V iso
1 [q(τ)], (3.43)

with

V iso
i [q(τ)] =

1
β~

∫ β~

0
Vi(q(τ)) dτ. (3.44)

3.5.3 Example calculation

In order to assess the accuracy of Eq. 3.42, and facilitate our analysis, we shall consider

the prototypical model of condensed phase electron transfer, the spin-boson model

V0(q) =

f∑
ν=1

1
2
ω2
ν

(
qν +

cν
ω2
ν

)2
(3.45)

V1(q) =

f∑
ν=1

1
2
ω2
ν

(
qν − cν

ω2
ν

)2
, (3.46)

again with constant ∆. The effect of the nuclear motion on the electronic dynamics of this

model (and hence the rate of transfer from state 0 to state 1) is fully characterised

by the spectral density

J(ω) =
π

2

f∑
ν=1

c2
ν

ων

δ(ω − ων), (3.47)

in which we have chosen to work in mass-scaled coordinates such that mν = 1.

Due to the simplicity of this problem it is possible to obtain closed form expres-

sions for each of the terms appearing in Eq. 3.42. The λ-dependent Boltzmann factor

can be written as

e−βFGR(λ)

Qr
= e−β(FGR(λ)−FGR(0)) = e−β∆FGR(λ) (3.48)
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where, using the exact expression given in Appendix 2.A, we have

∆FGR(λ) =
4
π

∫ ∞

0

J(ω)
β~ω2

[1 − cosh(ωλ~)
tanh(ωβ~/2)

+ sinh(ωλ~)
]
dω. (3.49)

Furthermore, using the fact that V iso
− [q(τ)] only depends on the average (centroid) of the

imaginary-time path, q̄ = 1
β~

∫ β~

0
q(τ) dτ, it is straightforward to show that

〈
δ
(
V iso
− [q(τ)] + ε

)〉
λ

=
1
2

√
β

πΛ
e−β

(Λ−ε)2
4Λ

+Λλ
(

1− λβ
)
−λε , (3.50)

where

Λ =
4
π

∫ ∞

0

J(ω)
ω

dω (3.51)

is the Marcus theory reorganisation energy.

Note that in the high temperature limit ∆FGR(λ) → Λλ
β

(
1 − λ

β

)
, and hence the λ

dependence of Eq. 3.48 exactly cancels the λ dependence of Eq. 3.50. In this limit the

isomorphic rate correctly reduces to the rate given by Marcus theory: kiso → kMT as

β → 0 where46–49

kMT =
∆2

~

√
βπ

Λ
e−β

(Λ−ε)2
4Λ . (3.52)

Unfortunately, however, it is already clear that there is an issue with the iso-RP rate at

lower temperatures. Since ∆FGR(λ) is independent of ε we see that the iso-RP rate retains

the Marcus theory dependence on ε at all temperatures. Hence the ratio of the iso-RP

rate to the Marcus rate is independent of the driving force, kiso/kMT = A, and so on a plot

of the logarithm of the rate as a function of the driving force the iso-RP rate is simply a

vertically shifted version of the famous Marcus parabola. This clearly does not capture

the behaviour of the correct quantum mechanical rate at low temperatures.

To demonstrate this, we shall consider two models with Brownian Oscillator spectral

densities64, 192, 193

J(ω) =
Λ

2
γΩ2ω

(ω2 −Ω2)2 + γ2ω2 , (3.53)

and with parameters chosen to be representative of typical condensed phase electron

transfer reactions. Model 1 is weakly quantum mechanical with βΩ = 2, γ = Ω, and

βΛ = 60, corresponding to a reaction coordinate frequency of Ω ≈ 400 cm−1 and a
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Figure 3.1: Reaction rate constants as a function of the driving force for model 1, a spin-boson
model with βΩ = 2, γ = Ω, and βΛ = 60. Although it may seem as though the curvature of the
iso-RP curve is larger (more negative) than that of the Marcus curve, this is an optical illusion: the
logarithm of the iso-RP rate is in fact just vertically shifted from the Marcus theory parabola.

Marcus reorganisation energy of Λ ≈ 1.5 eV at 300 K. Model 2 is more strongly quantum

mechanical with βΩ = 6, γ = Ω, and βΛ = 60, corresponding to a reaction coordinate

frequency of Ω ≈ 1200 cm−1. These parameters are roughly comparable to those obtained

in the classic experimental paper on the Marcus inverted regime by Miller et al.,194

who extracted 1500 cm−1 as the characteristic inner sphere frequency, along with a total

reorganisation energy of 1.2 eV, for a series of organic electron transfers in tetrahydrofuran.

The approximately 40% to 60% split of the reorganisation energy into inner-sphere and

outer-sphere contributions they obtained experimentally is also broadly compatible with

the Brownian Oscillator spectral density for model 2, in which 60% of the reorganisation

energy comes from modes with frequencies less than ω ≈ 1000 cm−1 at 300 K.

Figure 3.1 compares the iso-RP rate for model 1 as a function of the driving force,
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Figure 3.2: As in Fig. 3.1 but for model 2, a more strongly quantum mechanical spin-boson
model with βΩ = 6, γ = Ω, and βΛ = 60.

ε, with both the exact quantum mechanical rate and the classical rate (given by Marcus

theory). The isomorphic rate is unable to capture the dependence of the exact rate on the

driving force, retaining the parabolic form seen in Marcus theory and failing to reproduce

the large increase in the rate in the inverted regime due to nuclear quantum effects. The

largest error is in the inverted regime: when the bias is twice the reorganisation energy

the iso-RP rate is too small by nearly 2 orders of magnitude. In contrast it is reasonably

accurate in the case of zero bias (ε = 0), where kiso/kMT = 1.7 compared to kGR/kMT = 2.6

for the exact rate. Perhaps the most worrying aspect of the results in Fig. 3.1, however,

is that the iso-RP rate seems to be significantly less accurate than the Marcus rate in

the activationless case (ε = Λ), where it predicts a quantum enhancement whereas the

exact rate is actually slightly smaller than the Marcus rate.

The overestimation of the rate in the activationless case is even more striking in
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model 2, as shown in Fig. 3.2. Here the iso-RP rate is over 30 times larger than the

exact rate at ε = Λ. Moreover the error is again largest deep in the inverted regime,

with the iso-RP rate underestimating the exact rate by nearly 3 orders of magnitude

at ε = 2Λ, and it is again smallest for symmetric electron transfer (ε = 0), where the

iso-RP rate is a factor of 4 too small.

3.5.4 Analysis

To understand the behaviour of the iso-RP rate it is helpful to consider another approximate

method for calculating reaction rates in the golden-rule limit, namely Wolynes theory,82

kWT =
∆2

Qr~

√
2π

−βF′′GR(λsp)
e−βFGR(λsp)+λspε . (3.54)

Wolynes theory is well known to be very accurate for the spin-boson model. It correctly

recovers the Marcus theory rate in the high-temperature limit (kWT → kMT as β→ 0), and

it is also remarkably accurate at lower temperatures, where the path-integral distribution

corresponding to e−βFGR(λsp) is dominated by imaginary-time paths close to the golden-rule

instanton.170, 195, 196 For example, for our strongly quantum mechanical model 2 at zero

bias, kWT/kGR = 0.98, and in the activationless case kWT/kGR = 1.00.

It is clear that one of the main differences between kWT and kiso is that in Wolynes

theory the Boltzmann factor e−βFGR(λ) is evaluated at λ = λsp, whereas the iso-RP rate

[Eq. 3.42] involves an integral over all values of λ in the interval [0, β]. This difference

can be used to explain the behaviour of the iso-RP rate. We begin by noting that the (ε

independent) ratio of the iso-RP rate to the Marcus theory rate is given by

kiso

kMT
=

1
β

∫ β

0
dλ

e−β∆FGR(λ)

e−β∆FMT(λ) , (3.55)

where ∆FMT(λ) = Λλ
β

(
1 − λ

β

)
is the high temperature limit of ∆FGR(λ). Then since

kWT → kMT as β → 0 we can write

kWT(ε)
kMT(ε)

=

√
F′′MT(λMT)
F′′GR(λsp)

e−β∆FGR(λsp)+λspε

e−β∆FMT(λMT)+λMTε
(3.56)

where

λMT(ε) =
β(Λ − ε)

2Λ
(3.57)
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is the high temperature limit of λsp. Now assuming that both λsp(ε) ≈ λMT(ε) and

F′′GR(λsp) ≈ F′′MT(λMT) continue to hold at lower temperatures (at least approximately), we

see that

e−β∆FGR

(
β(Λ−ε)

2Λ

)
e−β∆FMT

(
β(Λ−ε)

2Λ

) ≈ kWT(ε)
kMT(ε)

≈ kGR(ε)
kMT(ε)

. (3.58)

Finally, making the substitution λ = λMT(ε) to convert the integration variable from λ

to ε in Eq. 3.55, and using the approximation in Eq. 3.58, we can rewrite the quantum

enhancement in the rate predicted by iso-RPMD as

kiso

kMT
≈ 1

2Λ

∫ Λ

−Λ

dε
kGR(ε)
kMT(ε)

. (3.59)

For both models considered above (model 1 and model 2), this approximation is within

1% of the actual ratio, indicating that the assumptions in Eq. 3.58 are valid and that this

does indeed provide a useful way to understand the behaviour of the iso-RP rate.

From Eq. 3.59 we see that the quantum enhancement predicted by iso-RPMD can

be interpreted as the average of the true quantum enhancement over the entire Marcus

normal regime, ε ∈ [−Λ,Λ]. This can be used to understand why, for example, iso-

RPMD underestimates the rate in the symmetric case and overestimates the rate in the

activationless case. Symmetric reactions (with ε = 0) have a larger quantum enhancement

than other driving forces in the normal regime, due to nuclear tunnelling. The iso-RP rate

for a symmetric reaction is therefore contaminated by imaginary-time paths for which the

tunnelling is weaker, which leads to an underestimation of the quantum mechanical rate.

Conversely in the activationless case, where the exact rate is typically very close to the

Marcus theory rate, iso-RPMD considerably overestimates the rate as it is dominated by

the large nuclear tunnelling seen around ε = 0. In both cases, iso-RPMD is dominated by

unphysical imaginary-time paths, which leads to an inaccurate rate. This is in contrast

to the situation in the adiabatic limit, where RPMD rate theory accurately captures

deep tunnelling due to its connection to the semiclassical instanton approximation.144

Modifying iso-RPMD so that it is dominated by the correct (non-adiabatic) instanton

path in the golden-rule limit may well therefore provide a useful route to improving

its accuracy for non-adiabatic reactions.
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3.6 Conclusion

In this chapter we have discussed some of the different approaches to generalising Born-

Oppenheimer RPMD to calculate non-adiabatic reaction rates. We have seen that at

present each of these methods has its limitations. For example KC-RPMD does not

reduce to the standard Born-Oppenheimer RPMD in the adiabatic limit and SS-PI fails to

recover the exact rate in the high temperature limit. Whilst iso-RPMD is an improvement

in both of these regards, our analysis has shown that it is still unable to quantitatively

describe reaction rates in the golden-rule limit in systems where nuclear quantum effects

are important. We have shown that for the spin-boson model the ansatz leads to a uniform

quantum enhancement over the Marcus theory rate, independent of the thermodynamic

driving force. Hence it does not capture the quantum asymmetry that is seen in a plot of

the logarithm of the rate constant against the thermodynamic driving force. (However,

since it correctly describes the high temperature limit, iso-RP will capture the classical

asymmetry seen in anharmonic systems.) Furthermore, we have shown that the quantum

enhancement predicted by the iso-RP ansatz is approximately the average of the true

quantum enhancement over the entire Marcus normal regime. This explains why iso-RP

tends to underestimate the rate for symmetric reactions and to overestimate the rate for

activationless reactions. Since the average quantum enhancement in the normal regime

is typically dominated by reactions near the symmetric limit, iso-RPMD may prove

qualitatively useful in describing these reactions. However, it is clear that applying the

method to reactions with driving forces nearer the activationless limit, or those in the

Marcus inverted regime, would be inadvisable.

By design we have only considered the golden-rule limit of iso-RPMD and it is clear

that the failings seen in this regime will not be universal to all coupling strengths. In

particular, provided a sensible MQC method is used, iso-RPMD should still accurately

describe systems which are close to being electronically adiabatic. Furthermore, even

for systems in which there are significant non-adiabatic effects, provided these effects

are not rate limiting in the process considered, iso-RPMD may provide accurate results.

It does share the single most important feature of standard adiabatic RPMD, in that it
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obeys quantum detailed balance by construction (provided a MQC method with this

property is used).33, 34 We also expect that iso-RPMD will be accurate for systems in

which the non-adiabatic transition is effectively classical and nuclear quantum effects

are important for crossing a barrier away from this transition. In fact, the accuracy of

iso-RPMD has already been demonstrated in such a situation by Tao et al. in their

calculation of state-resolved reaction rates for a one-dimensional two-state model of the

F + H2 reaction.33, 34 Application of the method to similar but more complex systems

will no doubt provide physical insight in the future.

For systems in which nuclear quantum effects are important and the rate limiting step

involves passage through the through the diabatic crossing, such as many biological and

inorganic electron transfer reactions, more work is clearly needed to make iso-RPMD

an accurate method for calculating reaction rates. In order to apply iso-RPMD to such

systems one would need to modify the isomorphic Hamiltonian or the dynamics to make

it more closely related to an accurate approximation to the exact quantum rate in the

golden-rule limit. This might be achieved by making a connection to Wolynes theory,82

or to one of the newer path-integral based approaches that we will discuss in Chap. 7,

which have a very similar functional form to Eq. 3.42. But whether or not such an

improvement is possible remains to be seen.

3.A Appendix: Golden-rule limit of ∆iso
n (q)2

Here we evaluate the golden-rule limit of the iso-RP coupling, ∆iso
n (q). In order to keep

the argument as simple as possible, we will consider a position independent ∆(q) = ∆.

It is also simpler to work in path-integral notation, where ring-polymer configurations

q (in the infinite n limit) become cyclic paths q(τ) parameterised by imaginary time τ.

Consequently functions of a single ring-polymer configuration, A(q), become functionals

of the imaginary-time path, A[q(τ)]. Making this notational change we can recast Eq. 3.40

in the infinite n limit as

kiso =

〈
2π
~

(∆iso[q(τ)])2δ
(
V iso
− [q(τ)] + ε

)〉iso

0
, (3.60)
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where

V iso
− [q(τ)] = V iso

0 [q(τ)] − V iso
1 [q(τ)] (3.61)

V iso
i [q(τ)] =

1
β~

∫ β~

0
Vi(q(τ)) dτ, (3.62)

and the expectation value is given by

〈A[q(τ)]〉iso
0 =

∮
Dq(τ) e−S iso

0 [q(τ)]/~A[q(τ)]∮
Dq(τ) e−S iso

0 [q(τ)]/~
, (3.63)

with

S iso
0 [q(τ)] =

∫ β~

0

f∑
ν=1

1
2

mνq̇2
ν(τ) + V0(q(τ)) dτ. (3.64)

Note that the integrals over the positions of the ring-polymer beads have become a “path

integral” over all possible paths q(τ). The circle indicates that the paths are cyclic,

q(τ + β~) = q(τ), and the measure Dq(τ) contains the integrals over the ring-polymer

momenta (which can be done analytically).

In this notation, the isomorphic coupling in Eq. 3.36 becomes

∆iso [
q(τ)

]2
=

1
β2 acosh2

[
µ[q(τ)]

2
e β(V iso

+ [q(τ)]−ε)/2
]
−

(
V iso
− [q(τ)] + ε

)2

4
, (3.65)

where

V iso
+ [q(τ)] = V iso

0 [q(τ)] + V iso
1 [q(τ)] (3.66)

and

µ[q(τ)] = tre

[
T exp

(
− 1
~

∫ β~

0
V(q(τ)) dτ

)]
, (3.67)

in which the T is now an imaginary-time ordering operator and V(q(τ)) is just the

diabatic potential matrix evaluated at q(τ).

To find the golden-rule limit of ∆iso[q(τ)]2, we first note that the only term in Eq. 3.65

which depends on the physical coupling, ∆, is µ[q(τ)]. Hence we begin by expanding

µ[q(τ)] to second order in ∆ as

µ[q(τ)] = µ0[q(τ)] + ∆2µ2[q(τ)] + O(∆4). (3.68)
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In order to evaluate each term in this expansion one can expand the trace as

µ[q(τ)] = lim
n→∞

n∏
j=1

( 1∑
σ j=0

〈
σ j

∣∣∣ e−βnV(q(τ j))
∣∣∣σ j+1

〉 )
, (3.69)

where τ j = jβn~ and σn+1 = σ1. Then noting that

〈0| e−βnV(q) |0〉 = e−βnV0(q) + O(β2
n) (3.70)

〈1| e−βnV(q) |1〉 = e−βn(V1(q)−ε) + O(β2
n) (3.71)

and

〈0| e−βnV(q) |1〉 = −βn∆e−βn[V0(q)+V1(q)−ε]/2 + O(β2
n), (3.72)

we see that each off-diagonal matrix element in the product in Eq. 3.69 contributes one

power of ∆. Equivalently, noting that the set {σ j} in the infinite n limit corresponds to a

stochastic path σ(τ), we see that every time σ(τ) changes from 0 to 1 (known as a kink)

we pick up one power of ∆. Since the path σ(τ) has cyclic symmetry it must have an

even number of kinks and hence µ[q(τ)] is an even function of ∆.

It is immediately obvious that the only paths which contribute to the zeroth order

term are those which do not contain any kinks

µ0[q(τ)] = e−βV iso
0 [q(τ)] + e−β(V iso

1 [q(τ)]−ε), (3.73)

corresponding to σ(τ) = 0 and σ(τ) = 1 for all τ in the trace over diabatic states in

Eq. 3.67. Similarly the only paths which contribute to µ2[q(τ)] are those which contain

two kinks. Each of these paths can be characterised by two parameters, the total time

which the path spends on diabat 1, which we denote λ~

λ~ =

∫ β~

0
σ(τ) dτ, (3.74)

and the time at which σ(τ) changes from 0 to 1, which we label τ′. We can thus

write the second order term as

µ2[q(τ)] =
1
~

∫ β

0
dλ

∫ β~

0
dτ′e−(β−λ)Vλ

0 [q(τ+τ′)]−λ(Vλ
1 [q(τ+τ′)]−ε), (3.75)
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where

Vλ
0 [q(τ)] =

1
(β − λ)~

∫ β~

λ~

V0(q(τ)) dτ (3.76)

Vλ
1 [q(τ)] =

1
λ~

∫ λ~

0
V1(q(τ)) dτ. (3.77)

Now by first recognising that

µ0[q(τ)]
2

e β(V iso
+ [q(τ)]−ε)/2 = cosh(β(V iso

− [q(τ)] + ε)/2), (3.78)

and then making use of

acosh2[cosh(a) + b∆2] − a2 =
2b∆2a
sinh(a)

+ O(∆4), (3.79)

it is straightforward to show that we can write the coupling as

∆iso[q(τ)]2 = ∆2 µ2[q(τ)]
µiso

2 [q(τ)]
+ O(∆4), (3.80)

where

µiso
2 [q(τ)] =

2β sinh
(
β(V iso

− [q(τ)] + ε)/2
)

e β(V iso
+ [q(τ)]−ε)/2 (V iso− [q(τ)] + ε)

, (3.81)

or equivalently

µiso
2 [q(τ)] =

1
~

∫ β

0
dλ

∫ β~

0
dτ′e−(β−λ)V iso

0 [q(τ)]−λ(V iso
1 [q(τ)]−ε). (3.82)

Next recognising that

δ
(
V iso
− [q(τ)] + ε

)
µiso

2 [q(τ)]
=
δ
(
V iso
− [q(τ)] + ε

)
e−βV iso

0 [q(τ)]β2
, (3.83)

and also that

e−S iso
0 [q(τ)]/~µ2[q(τ)]

e−βV iso
0 [q(τ)]

=
1
~

∫ β

0
dλ

∫ β~

0
dτ′e−S (λ)[q(τ+τ′)]/~+λε , (3.84)

where

S (λ)[q(τ)] = S (λ)
0 [q(τ)] + S (λ)

1 [q(τ)] (3.85)

S (λ)
0 [q(τ)] =

∫ β~

λ~

f∑
ν=1

1
2

mνq̇2
ν(τ) + V0(q(τ))dτ (3.86)

S (λ)
1 [q(τ)] =

∫ λ~

0

f∑
ν=1

1
2

mνq̇2
ν(τ) + V1(q(τ))dτ, (3.87)
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we see that we can rewrite Eq. 3.60 in the golden-rule limit as in Eq. 3.42,

kiso =
2π
β~Qr

∫ β

0
dλ

〈
∆2δ

(
V iso
− [q(τ)]

)〉
λ
e−βFGR(λ)+λε , (3.88)

with

〈A[q(τ)]〉λ =

∮
Dq(τ)e−S (λ)[q(τ)]/~A[q(τ)]∮
Dq(τ)e−S (λ)[q(τ)]/~

(3.89)

and
e−βFGR(λ) = trn[e−(β−λ)Ĥ0e−λĤ1]

=

∮
Dq(τ) e−S (λ)[q(τ)]/~

(3.90)

and
Qr = e−βFGR(0) = trn

[
e−βĤ0

]
=

∮
Dq(τ) e−S (0)[q(τ)]/~.

(3.91)



4
A general non-adiabatic quantum

instanton

Contents

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.2 Exact reaction rate theory . . . . . . . . . . . . . . . . . . . . . . . 90
4.3 Flux-flux based quantum transition state theories . . . . . . . . . 95

4.3.1 Wolynes theory . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.3.2 Adiabatic quantum instanton . . . . . . . . . . . . . . . . . . 96
4.3.3 Non-adiabatic quantum instanton . . . . . . . . . . . . . . . 98

4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.A Appendix: Diabatic projection operator . . . . . . . . . . . . . . . 105

87



4. A general non-adiabatic quantum instanton 88

Summary

In this chapter we present a general quantum instanton approach to calculating reaction

rates for systems with two electronic states and arbitrary values of the electronic coupling.

This new approach, which we call the non-adiabatic quantum instanton (NAQI) approxi-

mation, reduces to Wolynes theory in the golden-rule limit and to a recently proposed

projected quantum instanton (PQI) method in the adiabatic limit. As in both of these

earlier theories, the NAQI approach is based on making a saddle point approximation

to the time integral of a modified reactive flux autocorrelation function, although with a

generalised definition of the projection operator onto the product states. We illustrate the

accuracy of the approach by comparison with exact rates for one dimensional scattering

problems and discuss its applicability to more complex reactions.

4.1 Introduction

When developing new path-integral methods for studying non-adiabatic systems a

common approach has been to generalise a pre-existing adiabatic method. One of the

most successful path-integral techniques for electronically adiabatic reactions is ring-

polymer molecular dynamics (RPMD) reaction rate theory,18, 19 and because of this, as

we saw in the previous chapter, much of the work in this area has focussed on trying to

extend it to treat non-adiabatic systems.25–34 The success of RPMD in the deep tunnelling

regime has been explained by showing it is connected to the semiclassical instanton

approximation,144 which uses a periodic imaginary-time trajectory through the reaction

barrier to describe the tunnelling process.143 While it is not as generally applicable

as RPMD, the semiclassical instanton formula is known to provide a highly accurate

description of tunnelling in situations where there is a single dominant tunnelling path.

Early work extending the semiclassical instanton approach to treat non-adiabatic reactions

was based on assuming that the “Im-F” premise197–201 could be applied to non-adiabatic

systems, and succeeded in providing a theory which bridged between the golden-rule and

Born-Oppenheimer limits.202–204 More recently, Richardson and coworkers170, 195, 196 have

provided a rigorous derivation of the semiclassical instanton rate in the golden-rule limit,
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and found some important differences between the resulting expression and that given by

the Im-F formulation. However, their derivation has yet to be extended beyond the golden-

rule limit so that it can be applied to reactions with arbitrary electronic coupling strengths.

In this chapter we shall focus on another well known method, the quantum instanton

approximation. Unlike the other methods discussed above, this approximation was in

fact first suggested in the golden-rule context by Wolynes82 in 1987 (resulting in the

Wolynes theory approximation discussed in Chap. 2), before the adiabatic counterpart was

suggested by Miller et al.15 in 2003 (who gave it the name quantum instanton). Wolynes

theory and the quantum instanton are both closely related to the semiclassical instanton,

and all three can be interpreted as steepest descent approximations to the flux-flux

correlation function expression for the reaction rate. However, whereas the semiclassical

instanton simultaneously approximates integrals over both position and time, Wolynes

theory and the quantum instanton involve just a single steepest descent approximation

to the time integral. The resulting expressions only involve time-independent quantities,

which can be evaluated by sampling imaginary-time paths.

Recently Vaillant et al.86 have suggested a slight modification of the original adiabatic

quantum instanton which they have called the projected quantum instanton (PQI). This

enforces sampling of paths close to the semiclassical instanton and results in an expression

that is even more closely related to Wolynes theory. In the following we shall present a

generalised approach to electronically non-adiabatic reactions that is applicable to arbi-

trary electronic coupling strengths between the golden-rule and adiabatic limits and which

reduces to Wolynes theory and the PQI approximation in these two limits, respectively.

We begin in Sec. 4.2 by discussing how the choice of the projection operators that

are used to define the reactants and products affects the functional form of the reactive

flux-flux correlation function of an electronically non-adiabatic reaction. Motivated by

this discussion, we introduce a simple projection operator onto the product states which

can be tuned so as to minimise the recrossing of the transition state dividing surface for

any electronic coupling strength. In Sec. 4.3, we summarise the Wolynes theory and

quantum instanton approaches to the golden-rule and Born-Oppenheimer limits, before

introducing a more general approach for the calculation of reaction rates for arbitrary
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electronic coupling strengths, which we shall call the non-adiabatic quantum instanton

(NAQI) approximation. In Sec. 4.4 we investigate the accuracy of the NAQI formula

for a series of simple one-dimensional scattering problems for which the exact quantum

mechanical reaction rates can be computed for comparison. Sec. 4.5 concludes the

chapter, discussing several possible applications of the NAQI approach and the scope

for further theoretical developments.

4.2 Exact reaction rate theory

Since it suffices for our present purposes, we shall restrict our attention to simple one-

dimensional scattering problems, such that the Hamiltonian can be written as

Ĥ = Ĥ0|0〉〈0| + (Ĥ1 − ε)|1〉〈1| + ∆(|0〉〈1| + |1〉〈0|), (4.1)

with

Ĥi =
p̂2

2m
+ Vi(q̂), (4.2)

in which Vi(q) is the diabatic potential on electronic state |i〉. We shall also assume that

the electronic coupling ∆ is a constant, independent of the nuclear configuration q. Within

this simple framework, the adiabatic potentials, U j(q), are

U j(q) =
V0(q) + V1(q) − ε

2
− (−1) j

2

√
(V0(q) − V1(q) + ε)2 + 4∆2. (4.3)

Everything we shall have to say can readily be generalised to treat more complex multi-

dimensional reactions, and to include non-Condon effects. However, Eqs. 4.2 and 4.3

are all we shall need to make the points we would like to make here.

Following from Sec. 2.2.2, we will work with the flux-flux correlation form of the

exact quantum mechanical rate134, 136, 137

kQr =
1
2

∫ ∞

−∞
c̄ff(t) dt, (4.4)

where Qr =
√

m/2πβ~2 is the reactant partition function per unit length and

c̄ff(t) = Tr
[
e−βĤ/2F̂pe−βĤ/2e+iĤt/~F̂pe−iĤt/~

]
(4.5)
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is the thermally symmetrised reactive flux autocorrelation function. As discussed in

Chap. 2 this formulation applies equally well in both the adiabatic and non-adiabatic

limits with appropriate definitions of the projection operator P̂p.

In the adiabatic limit where the Born-Oppenheimer approximation is valid, it is

usual to define P̂p as

P̂p = θ(s(q̂)), (4.6)

where θ(x) is a Heaviside step function and s(q) = 0 is a position space dividing surface

between the reactants [s(q) < 0] and products [s(q) > 0]. The flux operator then becomes

F̂p =
p̂

2m
∂s
∂q
δ(s(q̂)) +

∂s
∂q
δ(s(q̂))

p̂
2m

. (4.7)

In the golden-rule limit where ∆ → 0, it is more usual to define the rate in terms of a

transition between the diabatic states |0〉 and |1〉, which gives

P̂p = |1〉〈1|, (4.8)

and

F̂p =
i
~

∆(|0〉〈1| − |1〉〈0|). (4.9)

In situations where the reactants and products can equally well be distinguished using

either definition of P̂p, the rate constant is independent of the definition used. However,

while the choice of projection operator does not change the rate, it does change the

functional form of the flux-flux correlation function. To illustrate this we shall consider

a simple symmetric curve crossing problem

V0(q) = Ae+q/L, (4.10a)

V1(q) = Ae−q/L, (4.10b)

with βA = 48, mL2/β~2 = 1/4, ε = 0, and three different values of the electronic

coupling strength (β∆).

Figure 4.1 shows the flux-flux correlation functions for this model problem with

log10(β∆) = 1.5 (approximately in the adiabatic limit), as calculated using both the

adiabatic and non-adiabatic projection operators. The position space projection operator
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Figure 4.1: Flux-flux correlation functions for an exponential crossing model in the adiabatic
regime (with βA = 48, mL2/β~2 = 1/4 and log10(β∆) = 1.5). Note the different scales on the
y-axes in the two panels. The areas under both curves are the same. However the non-adiabatic
projection operator clearly leads to a much longer-lived correlation function with a negative tail,
which indicates recrossing of the dividing surface between reactants and products.205

leads to a correlation function which decays quickly with almost no negative correlation,

whereas the diabatic projection operator gives a correlation function that is much larger at

t = 0 and has a slowly decaying negative tail. The position space projection operator is

thus seen to lead to far less recrossing than the diabatic projection operator in this regime.

Figure 4.2 shows the flux-flux correlation function for log10(β∆) = −2, which is in

the opposite (non-adiabatic) limit. In this case the amount of recrossing is reversed,

with the diabatic projection operator leading to an approximately Gaussian flux-flux

correlation function with minimal recrossing, whereas the position space projection

operator gives rise to significant recrossing. Here the recrossing arises from the high

probability that when the system passes through the dividing surface it will remain on
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Figure 4.2: Flux-flux correlation functions for an exponential crossing model in the golden-rule
regime (with βA = 48, mL2/β~2 = 1/4 and log10(β∆) = −2). Note the different scales on the
y-axes in the two panels. The areas under both curves are the same. However the adiabatic
projection operator clearly leads to a correlation function with a negative tail, which indicates
recrossing of the dividing surface between reactants and products.205

the same diabatic surface, and hence will a short time later be reflected by the potential

wall and return through the dividing surface.

The projection operators in Eqs. 4.6 and 4.8 are clearly quite different. However

we note that it is possible to recast the projection operator on to the products in the

golden-rule limit in a form that more closely resembles Eq. 4.6,

P̂p = θ(−σ̂z), (4.11)

where σ̂z is the Pauli spin operator σ̂z = |0〉〈0| − |1〉〈1|. This suggests an obvious

generalisation in which the argument of the Heaviside step function is taken to be a

linear combination of s(q̂) and σ̂z,

P̂p(α) = θ(cos(α)s(q̂) − sin(α)σ̂z), (4.12)
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Figure 4.3: Flux-flux correlation functions for an exponential crossing model with parameters
intermediate between the golden-rule and the adiabatic limits (βA = 48, mL2/β~2 = 1/4 and
log10(β∆) = −0.25). Note the different scales on the y-axes in the two panels. The plot clearly
illustrates that in this regime the adiabatic projection operator leads to a correlation function with
significant recrossing of the dividing surface and the non-adiabatic projection operator leads to a
much longer lived correlation function with a negative tail. The generalised projection operator is
seen to give a correlation function with almost no recrossing.

or equivalently, provided 0 ≤ α < π/2, using the properties of the step function,

P̂p(α) = θ(s(q̂) − tan(α)σ̂z). (4.13)

This P̂p(α) is diagonal in the electronic basis with diagonal matrix elements

〈0| P̂p(α) |0〉 = θ(s(q̂) − tan(α)), (4.14a)

〈1| P̂p(α) |1〉 = θ(s(q̂) + tan(α)), (4.14b)

and so we see that we can also think of the generalised projection operator as effectively

giving rise to two separate position space dividing surfaces, one for each diabatic state.
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In the Born-Oppenheimer limit it is clear that α → 0, and in the non-adiabatic

limit that α → π/2. In Figure 4.3 we show the flux-flux correlation functions for the

system with log10(β∆) = −0.25, which is intermediate between the adiabatic and non-

adiabatic limits. The results for all three projection operators are shown, with s(q) = q/L

and tan(α) = 12/5 in the case of the generalised projection operator in Eq. 4.12. We

see that with this choice of α the correlation function is approximately Gaussian with

minimal recrossing. In contrast both the purely position space and purely diabatic state

projection operators have significantly higher initial values, along with regions of negative

correlation corresponding to recrossing.

4.3 Flux-flux based quantum transition state theories

The advantage of writing the rate in terms of the integral of a flux-flux correlation

function with minimal recrossing is that one can then use this to develop a kind of

quantum transition state theory, i.e. an approximate expression for the rate which depends

only on time independent quantities. The approach we take here follows the Wolynes

theory approximation, introduced in Chap. 2, and the closely related quantum instanton

approximation to the Born-Oppenheimer rate. We begin this section by recapping

the derivation of Wolynes theory82 and giving a summary of the quantum instanton

approximation,15 before showing how they can be generalised to give a method that is

applicable to electronically non-adiabatic reactions with arbitrary coupling strength.

4.3.1 Wolynes theory

As discussed in Chap. 2, in order to derive the Wolynes theory expression for the rate

one begins by taking the golden-rule limit of the flux-flux correlation function, with

the flux operator defined as in Eq. 4.9, to give

c̄ff(t) =
2∆2

~2 Re
(
cGR(t + iβ~/2)

)
, (4.15)

where

cGR(t + iβ~/2) = trn

[
e−βĤ0/2−iĤ0t/~e−β(Ĥ1−ε)/2+i(Ĥ1−ε)t/~

]
. (4.16)
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Hence, a non-zero bias to products, ε, introduces an oscillatory component into the

correlation function, e+βε/2−iεt/~. In order to remove this oscillation and restore the approx-

imately Gaussian behaviour seen for the symmetric problem in the lower panel of Fig. 4.2,

one makes use of the relation, cGR(−t + iβ~/2) = c∗GR(t + iβ~/2) to rewrite the rate as

kQr =
∆2

~2

∫ ∞

−∞
cGR(t + iβ~/2) dt, (4.17)

and then performs the integration over time by shifting the contour of integration to

pass through a saddle point of cGR(t) on the imaginary-time axis. This leads to the

Wolynes theory approximation to the rate82

kWTQr =
∆2

~

√
2π

−βF′′WT(λsp)
e−βFWT(λsp), (4.18)

where

e−βFWT(λ) = trn

[
e−(β−λ)Ĥ0e−λ(Ĥ1−ε)

]
= cGR(iλ~) (4.19)

and the saddle point condition is βF′WT(λsp) = 0.*

4.3.2 Adiabatic quantum instanton

In the adiabatic limit, for reactions which can be considered to proceed on the lower

adiabatic surface, the flux-flux correlation function becomes

c̄ff(t) = trn

[
e−βĤBO/2F̂pe−βĤBO/2e+iĤBOt/~F̂pe−iĤBOt/~

]
, (4.20)

where

ĤBO =
p̂2

2m
+ Û0(q) (4.21)

and the flux operator is defined by Eq. 4.7. The original paper by Miller et al.15 proposed

two closely related “quantum instanton” methods. The conceptually simpler of the two

makes a second order cumulant approximation to the flux-flux correlation function,

c̄ff(t) ' c̄ff(0) exp
( ¨̄cff(0)
2c̄ff(0)

t2
)
, (4.22)

*Note that for consistency of notation with the PQI and NAQI approaches introduced later we have
here defined the free energy to include the external bias FWT(λ) = FGR(λ) − ελ/β.
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and then integrates over time to give

kQIQr =

√
πc̄ff(0)
−2¨̄cff(0)

c̄ff(0). (4.23)

The problem with this approach is that the second order cumulant expansion of the

flux-flux correlation function can be a poor approximation for asymmetric reactions. This

can be understood as arising for essentially the same reason as we have discussed above

for Wolynes theory. Vaillant et al.86 have recently examined the problem in detail with

a semiclassical analysis in which they showed that neither Eq. 4.23 nor the alternative

formulation of the quantum instanton method in the original paper by Miller et al.15

reduces to the semiclassical instanton approximation in the limit as ~ → 0.

In order to fix this problem, Vaillant et al. have suggested a modified method,

the projected quantum instanton (PQI), in which the flux-flux correlation function is

approximated as86

c̄ff(t) ' 2Re
[
cPQI(t + iβ~/2)

]
, (4.24)

where

cPQI(t + iβ~/2) = trn

[
Ŵr(iβ~/2 − t) F̂pŴp(iβ~/2 + t) F̂p

]
, (4.25)

with

Ŵs(t) = e+iĤBOt/2~P̂se+iĤBOt/2~ (4.26)

for s = r and p, with P̂r = 1̂ − P̂p. The difference between Eqs. 4.20 and 4.24 is that

the exact c̄ff(t) contains two additional terms of the form

trn

[
Ŵs(iβ~/2 − t) F̂pŴs(iβ~/2 + t) F̂p

]
with s = r and p. However, Vaillant et al. argue that since the time integrals of these

terms vanish in the semiclassical (~ → 0) limit, they can safely be neglected when

calculating the reaction rate.86

Substituting Eq. 4.24 into Eq. 4.4 and noting that cPQI(−t + iβ~/2) = c∗PQI(t + iβ~/2)

gives

kQr '
∫ ∞

−∞
cPQI(t + iβ~/2) dt. (4.27)
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This time integral can be evaluated by steepest descent as in Wolynes theory to give

kPQIQr =
1
β2~

√
2π

−βF′′PQI(λsp)
e−βFPQI(λsp), (4.28)

where

e−βFPQI(λ) = (β~)2trn

[
Ŵr(i(β − λ)~) F̂pŴp(iλ~) F̂p

]
= (β~)2cPQI(iλ~), (4.29)

in which the factor of (β~)2 has been introduced to ensure dimensional consistency

in Eq. 4.29 and then compensated for in Eq. 4.28. The saddle point condition is

now F′PQI(λsp) = 0, which is satisfied by the value of λ that maximises FPQI(λ) and

minimises cPQI(iλ~).

4.3.3 Non-adiabatic quantum instanton

It is clear from the above discussion that the PQI method is very closely related to

Wolynes theory.82 This connection can be made more explicit by noting that Wolynes

theory and the PQI method can be regarded as the golden-rule limit and adiabatic limit,

respectively, of a more general non-adiabatic QI method.

In order to derive this NAQI method one simply proceeds as in Eqs. 4.24 to 4.29,

but using the flux operator corresponding to the generalised projection operator, P̂p(α),

in Eq. 4.12. The final result has the same form as Eq. 4.28,

kNAQIQr =
1
β2~

√
2π

−βF′′
α?

(λsp)
e−βFα? (λsp), (4.30)

where

e−βFα(λ) = (β~)2 Tr
[
Ŵr(i(β − λ)~) F̂Ŵp(iλ~) F̂

]
= (β~)2cα(iλ~) (4.31)

and we have defined α? and λsp as the values of α and λ that maximise Fα(λ) and

minimise cα(iλ~). Note that now the projected propagators are

Ŵs(t) = e+iĤt/2~P̂se+iĤt/2~. (4.32)
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When ∆→ 0 and α? → π/2, as is the case in the golden-rule limit, Eq. 4.30 reduces

to Wolynes theory,82 and when the upper adiabatic electronic state becomes thermally

inaccessible and α? → 0, it reduces to the adiabatic PQI of Vaillant et al.86 The NAQI

method is thus a generalisation of these pre-existing methods which can be applied to

reactions that are intermediate between the two limiting regimes.

4.4 Results and discussion

To illustrate the accuracy of the NAQI approach we shall again consider the exponential

curve crossing model from Sec. 4.2, now with a series of different values for the bias,

ε. Defining the transition state, q‡, as the solution to the equation V0(q‡) = V1(q‡) − ε,
and the value of the potential at the crossing point as V‡ = V0(q‡), the behaviour of

this model can be fully characterised by the four dimensionless parameters, β∆, βV‡,

βε and mL2/β~2. Note that A =
√

(V‡ + ε/2)2 − ε2/4.

To demonstrate the behaviour of the NAQI method in different regimes we shall

consider three systems in which the values of βV‡, βε and mL2/β~2 are fixed while β∆

is varied so as to span the range from golden-rule to Born-Oppenheimer like behaviour.

For each value of β∆, the NAQI rate was evaluated using a sine finite basis representation

(FBR) in the barrier region, with α and λ optimised along with the location of the position

space dividing surface, s(q) = (q − q0)/L, so as to minimise cα(iλ~). The exact rate was

computed for comparison by integrating the cumulative reaction probability

kQrβ~ =
1

2π

∫ ∞

0
e−βEN(E) βdE, (4.33)

with N(E) calculated using the coupled channel log derivative method (code written

by Prof. David E. Manolopoulos).206

In order to illustrate the importance of nuclear quantum effects, we shall compare

the exact and NAQI results with the classical Born-Oppenheimer rate

kcl-BOQrβ~ =
1

2π
e−βU‡0 , (4.34)
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where U‡0 = 1
2

( √
4(A − ∆)2 + ε2 − ε

)
is the maximum on the lower adiabatic potential,

and with the classical golden-rule rate

kcl-GRQrβ~ =
∆2

√
2πmβ

~|V ′0(q‡) − V ′1(q‡)|e
−βV‡ , (4.35)

where |V ′0(q‡) − V ′1(q‡)| = (2V‡ + ε)/L. In terms of the four dimensionless parame-

ters this is simply

kcl-GRQrβ~ =
β2∆2

(2βV‡ + βε)

√
2πmL2

β~2 e−βV‡ . (4.36)

The first system we shall consider is the symmetric problem from Sec. 4.2, with

βε = 0, βV‡ = 48 and mL2/β~2 = 1/4. These parameters were chosen so that when

log10(β∆) = 1.5 the Born-Oppenheimer problem on the lower adiabatic potential is

similar to the 300 K symmetric Eckart barrier problem considered by Vaillant et al. in

Ref. 86. Figure 4.4 compares the NAQI rate with the exact rate for this system. Excellent

agreement is obtained for the full range of β∆ considered. The error in the NAQI rate

is approximately independent of β∆, and is slightly less than 5%. Comparison with the

classical golden-rule and Born-Oppenheimer rates highlights the importance of nuclear

quantum effects, showing in particular that the effect of tunnelling on the rate is strongly

dependent on the electronic coupling strength. The tunnelling enhancement of the rate

ranges from a factor of 30 at the largest value of electronic coupling, log10(β∆) = 1.5, to

12 orders of magnitude in the golden-rule limit. Clearly there is very efficient tunnelling

through the narrow, nearly cusped potential energy barrier at small values of the coupling.

It is interesting to note that the rate constant for the intermediate value of coupling

considered in Fig. 4.3, log10(β∆) = −0.25, is actually very well described by the golden-

rule limit in this system. Hence we see that the electronic coupling at which the transition

from Born-Oppenheimer to golden-rule behaviour occurs is larger for the rate than the

flux-flux correlation function. This results in the optimum value of α remaining close to

the adiabatic value while the rate exhibits an approximately quadratic dependence on the

electronic coupling characteristic of the golden-rule limit. We do not expect this to be a

general feature – it occurs here because this is a symmetric problem in the deep tunnelling

regime. In fact, we believe this helps to explain the success of “mean field” methods
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Figure 4.4: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(β∆)
for a symmetric exponential crossing model with βε = 0, βV‡ = 48 and mL2/β~2 = 1/4. The
classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

for such problems.28, 178 These methods exploit the fact that at intermediate values of

the electronic coupling the dominant contribution to the partition function in the barrier

region is the ∆2 term. The ∆0 terms have a larger action due to lack of tunnelling whereas

the ∆2 term is dominated by paths near the golden-rule instanton which only spend a brief

amount of time near the crossing point and have a smaller action. Note that the mean

field instanton based methods all involve some kind of ad hoc approximation in which

the ∆0 term is thrown away, whereas this is unnecessary in the present NAQI approach.

Figure 4.5 shows the various rates as a function of the electronic coupling for the

second system we shall consider, a strongly asymmetric system with βε = 50, βV‡ = 44.5

and mL2/β~2 = 16/49. Again the parameters were chosen such that when log(β∆) = 1.5

the lower adiabatic potential is similar to that in one of the systems studied by Vaillant

et al., in this case the most asymmetric system with α = 4 at 300 K in Fig. 5 of Ref.86.

As with the first system we see large nuclear quantum effects at all values of electronic
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Figure 4.5: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(β∆)
for an asymmetric exponential crossing model with βε = 50, βV‡ = 44.5 and mL2/β~2 = 16/49.
The classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

coupling, with the largest quantum enhancement in the golden-rule limit. We find

excellent agreement between the exact rate and the NAQI rate, with the largest error

near log(β∆) = −0.5 where the NAQI rate underestimates the exact rate by around 20%.

Interestingly the rate is again well described by Fermi’s golden rule at this value of β∆

despite the correlation function and the optimum value of α being intermediate between

the Born-Oppenheimer and golden-rule regimes. However, in contrast to the symmetric

system considered above, the optimum value of α moves significantly away from zero

before the rate has begun to exhibit a quadratic dependence on the electronic coupling.

The high accuracy of the method for such an asymmetric system at all values of

the electronic coupling is particularly encouraging as it indicates that we are correctly

capturing the instanton in this system. In particular, it shows that the introduction

of the projection operators into the flux-flux correlation function works not only in

the golden-rule and adiabatic limits but also at intermediate values of the electronic
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Figure 4.6: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(β∆)
for an asymmetric exponential crossing model with βε = 50, βV‡ = 44.5 and mL2/β~2 = 160/49.
The classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

coupling. In this regard the present method provides a significant improvement over

previous theories, such as the QTST of Schwieters and Voth,178, 204 which break down

for strongly asymmetric systems.

The final system we shall consider is significantly less quantum mechanical while

still being strongly asymmetric. This is achieved by increasing the dimensionless mass

parameter by a factor of 10 relative to the previous model, so that βε = 50, βV‡ = 44.5

and mL2/β~2 = 160/49. Figure 4.6 compares the exact rate with the NAQI rate as well as

the classical golden-rule and Born-Oppenheimer rates for this system. We see that for

the largest values of electronic coupling the classical adiabatic rate becomes a very good

approximation to the exact rate, indicating that nuclear quantum effects are minimal in

this regime. The NAQI rate again agrees very closely with exact rate for all values of the

electronic coupling, with errors less than 5% for log10(β∆) < 1. The largest errors are

observed at the largest coupling strengths, in the range 1.25 ≤ log10(β∆) ≤ 1.5. We find
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that the NAQI approximation underestimates the exact rate by about 40% at the upper

end of this range, where the reaction is approximately classical and adiabatic. This is

a well known deficiency of the adiabatic quantum instanton,15, 16, 86 and arises because

in the classical limit the correlation function (Eq. 2.166) is not well approximated by

a Gaussian due to the presence of a long time polynomially decaying tail. Analysis of

the free particle correlation function predicts that the adiabatic PQI underestimates the

exact rate by 37%,86 which is entirely consistent with the error seen here in the NAQI rate.

Simple fixes have been suggested in the past to correct the adiabatic quantum instanton

for this error,15, 16 and it may be possible to apply similar fixes to the NAQI.

4.5 Conclusion

We have demonstrated that it is straightforward to generalise the PQI approximation

and Wolynes theory, which are applicable in the Born-Oppenheimer and golden-rule

limits respectively, to treat non-adiabatic reactions with arbitrary electronic coupling

strengths. The resulting NAQI approximation has been shown to be highly accurate for

both symmetric and strongly asymmetric systems at low temperatures where nuclear

quantum effects are important. However, as is expected from its connection with the

adiabatic quantum instanton, we find that it underestimates the exact rate by approximately

40% in the adiabatic limit at high temperature, where the flux-flux correlation function

is not well approximated by a Gaussian but instead exhibits a polynomially decaying

tail. This problem has previously been overcome by assuming a different functional form

for the correlation function or by going to a higher order asymptotic approximation, and

these are both interesting avenues to explore to improve the present method.15, 207–209

Here we have only applied the NAQI approach to simple one dimensional systems in

order to demonstrate the basic features of the method. In order to apply the method to

multidimensional systems it will be necessary to develop a path-integral implementation,

which we expect to be straightforward to do starting from the standard path-integral

implementation of Wolynes theory discussed in Sec. 2.3.3. The path-integral implementa-

tion may then be able provide direct information about the imaginary-time trajectories

that are important in the reaction, and how these trajectories change as a function of
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the electronic coupling. One of the main difficulties associated with the calculation of

multidimensional quantum instanton rates in the adiabtatic limit is locating the optimum

position space dividing surface. Although the natural reaction coordinate in a two level

system is expected to be the diabatic energy gap, this may not always provide a good

reaction coordinate, in particular as it is well-known that solvent friction can often drive

electron transfer away from the non-adiabatic limit.63–67 In the next chapter we will

suggest an alternative approach to calculating non-adiabatic reaction rates which avoids

the need to find an optimum dividing surface altogether.

Finally, we note that by making steepest descent approximations to the integrals over

position in PQI and Wolynes theory one can obtain the semiclassical instanton in the

Born-Oppenheimer and golden-rule limits respectively.86, 195 Hence, we expect that a

steepest descent approximation to the NAQI should lead to an accurate semiclassical

instanton which is valid for arbitrary electronic coupling strengths. More speculatively,

because the semiclassical instanton in the adiabatic limit has a close connection to (and

has been shown to provide a justification for) RPMD rate theory,144 one might hope that

the resulting non-adiabatic semiclassical instanton may help in the development of an

accurate generalisation of RPMD for calculating non-adiabatic rates.

4.A Appendix: Diabatic projection operator

The alternative expression for the diabatic projection operator in Eq. 4.11 can be de-

rived by noting that

θ(−σ̂z) = lim
ε→0+

1
2πi

∫ ∞

−∞

e−ixσ̂z

x − iε
dx (4.37)

and

e−ixσ̂z = e−ix|0〉〈0| + e+ix|1〉〈1| (4.38)

immediately give

θ(−σ̂z) = |1〉〈1|. (4.39)
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Summary

In this chapter we present a simple interpolation formula for calculating non-adiabatic

reaction rates as a function of the electronic coupling strength. The formula only requires

the calculation of golden-rule and Born-Oppenheimer rates and so can be combined with

any methods that are able to calculate these rates. We first demonstrate the accuracy of

the formula by applying it to a one dimensional scattering problem for which the exact

quantum mechanical, golden-rule, and Born-Oppenheimer rates are readily calculated. We

then describe how the formula can be combined with the Wolynes theory approximation

to the golden-rule rate, and the ring-polymer molecular dynamics (RPMD) approximation

to the Born-Oppenheimer rate, and used to capture the effects of nuclear tunnelling,

zero-point energy, and solvent friction on condensed phase electron transfer reactions,

provided the Born-Oppenheimer rate is well-defined. Comparison with exact hierarchical

equations of motion (HEOM) results for a demanding set of spin-boson models shows

that the interpolation formula has an error comparable to that of RPMD rate theory in

the adiabatic limit, and that of Wolynes theory in non-adiabatic limit, and is therefore as

accurate as any method could possibly be that attempts to generalise RPMD to arbitrary

electronic coupling strengths.

5.1 Introduction

We saw in Chap. 2 how RPMD can be used to calculate reaction rates in the adiabatic

limit and Wolynes theory can be used to calculate reaction rates in the golden-rule limit.

The previous two chapters have explored extensions of each of these methods and found

challenges with both. In the case of non-adiabatic generalisations of RPMD we saw that

the predicted reaction rates in the golden-rule limit are often not very reliable, as they do

not correctly sample the imaginary-time paths involved in non-adiabatic tunnelling. With

the non-adiabatic quantum instanton developed in the previous chapter this difficulty is

avoided, and the theory was found to be very accurate for arbitrary values of coupling.

Unfortunately, unlike RPMD, the resulting theory is dependent on a good choice of

dividing surface when one moves away from the non-adiabatic limit. This is expected
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to be particularly important for electron transfer in solution, where it is well known

that solvent friction can drive a reaction away from the non-adiabatic limit even when

the electronic coupling is very small.63–67

Here we suggest a simple method for including nuclear quantum effects in the

calculation of reaction rates between the adiabatic and non-adiabatic limits, that avoids

the need to find a non-adiabatic generalisation of RPMD, and hence also all the difficulties

with doing so. In particular, we show how one can perform separate golden-rule and

Born-Oppenheimer simulations and then interpolate between their results to calculate the

electron transfer rate for an arbitrary electronic coupling strength. Since there already

exist well established methods for calculating the Born-Oppenheimer and golden-rule

rates, the method we are suggesting is immediately applicable to realistic simulations

of condensed phase electron transfer reactions. Importantly, when used with RPMD to

calculate the Born-Oppenheimer rate, it is therefore independent of the choice of dividing

surface. Furthermore, we shall show that using the interpolation formula gives an error

comparable to that of RPMD rate theory in the adiabatic limit, and Wolynes theory in

the non-adiabatic limit, and is therefore as good as one could possibly hope to do by

generalising RPMD to treat non-adiabatic reactions. The interpolation formula we use

here is also closely related to pre-existing theories for the high-temperature limit of the

spin-boson model,63–72 in particular to approaches based on Padé resummations of the

perturbative series in ∆, and as we show in Sec. 5.2 our formula reduces to a known

analytical result, namely Zusman theory,63 in the appropriate limit.

Sec. 5.2 introduces our new formula for interpolating between the results of golden-

rule and Born-Oppenheimer rate calculations to obtain an expression for the rate at

intermediate electronic coupling strengths, and highlights some of its properties. Sec. 5.3

investigates the accuracy of the interpolation formula for a simple one-dimensional

scattering problem for which the exact quantum mechanical, golden-rule, and Born-

Oppenheimer rates are straightforward to calculate. Sec. 5.4 combines the formula

with the RPMD approximation to the Born-Oppenheimer rate and the Wolynes theory

approximation to the golden-rule rate and applies it to the spin-boson model in a

demanding set of regimes – with small and large nuclear quantum effects, low and
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high electronic coupling strengths, weak and strong solvent frictions, and two very

different thermodynamic driving forces. The results are shown to agree well with exact

quantum mechanical rate constants obtained using the hierarchical equations of motion

(HEOM) method210–216 in all of these regimes. Sec. 5.5 concludes the chapter, leaving

Appendix 5.B to describe an efficient implementation of RPMD for system-bath problems

such as the spin-boson model considered in Sec. 5.4.

5.2 Interpolation formula

In Chap. 2, we have given expressions for the exact electron transfer rate constant k(∆),

the golden-rule rate constant kGR(∆), and the Born-Oppenheimer rate constant kBO(∆),

all of which can clearly be calculated as a function of the electronic coupling strength

∆. For an electron transfer reaction in solution, Wolynes theory can be used to provide

an estimate of kGR(∆), and RPMD rate theory an estimate of kBO(∆), for any value of ∆.

However, there is as yet no equally simple and reliable way to estimate the exact electron

transfer rate constant k(∆) for values of ∆ away from the non-adiabatic (golden-rule,

β∆ � 1) and adiabatic (Born-Oppenheimer, β∆ � 1) limits.

To solve this problem, let us now consider combining the results of the golden-rule

and Born-Oppenheimer calculations with the simple interpolation formula

k(∆) ' kIF(∆) =
kGR(∆)kBO(∆)

kGR(∆) + kBO(∆ = 0)
. (5.1)

This has the correct limiting behaviour for both small and large ∆, as illustrated in Fig. 5.1.

As β∆ → 0, kBO(∆) and kGR(∆) + kBO(∆ = 0) both tend to kBO(∆ = 0), which then

cancels top and bottom in Eq. 5.1 to leave kIF(∆) ' kGR(∆), the correct non-adiabatic

rate constant. And when β∆ � 1, kGR(∆) + kBO(∆ = 0) tends to kGR(∆), which then

cancels with the kGR(∆) in the numerator to leave kIF(∆) ' kBO(∆), the correct adiabatic

rate constant. In effect, the right-hand side of Eq. 5.1 is a Padé-like approximant to k(∆)

which is straightforward to compute even for a liquid phase electron transfer reaction,

and which interpolates correctly between the non-adiabatic and adiabatic limits.

It is clear that the interpolation formula in Eq. 5.1 can only be used when the Born-

Oppenheimer rate constant is well defined for all relevant values of ∆. So the formula
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Figure 5.1: Illustration of the behaviour of the interpolation formula in Eq. 5.1. For small
β∆, kIF(∆) approaches the golden-rule rate constant kGR(∆), and for large β∆ it approaches the
Born-Oppenheimer rate constant kBO(∆), as discussed in more detail the text.

cannot be used in the Marcus inverted regime. In the normal regime, we require that

the reaction barrier is large compared to kBT , at least in the non-adiabatic limit. More

formally, we require that defining the reactants and products using a position space

dividing surface on the lower adiabatic surface is not significantly different to using the

diabatic projection operators in the non-adiabatic limit, so that to a good approximation

Qr(∆ = 0) = trn

[
e−βĤ0

]
' trn

[
e−βĤBO(∆=0)θ(−s(q̂))

]
, (5.2)

Qp(∆ = 0) = trn

[
e−βĤ1

]
' trn

[
e−βĤBO(∆=0)θ(s(q̂))

]
, (5.3)

where ĤBO(∆ = 0) is the Born-Oppenheimer Hamiltonian on the (cusped) lower adiabatic

surface with zero electronic coupling. With this expected range of validity in mind we

can now consider two important properties of the interpolation formula.

The first of these properties is that the formula satisfies detailed balance. That is

kIF(∆)
k′IF(∆)

=
Qp(∆)
Qr(∆)

, (5.4)
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where kIF(∆) and k′IF(∆) are the forward and backward rate constants and Qr(∆) and

Qp(∆) are the reactant and product partition functions. This can be seen by first noting

that Eq. 5.1 gives

kIF(∆)
k′IF(∆)

=
kBO(∆)
k′BO(∆)

· 1 + k′BO(∆ = 0)/k′GR(∆)
1 + kBO(∆ = 0)/kGR(∆)

. (5.5)

Provided Eqs. 5.2 and 5.3 are satisfied, we also have

Qp(∆ = 0)
Qr(∆ = 0)

=
kBO(∆ = 0)
k′BO(∆ = 0)

=
kGR(∆)
k′GR(∆)

, (5.6)

because the Born-Oppenheimer and golden-rule rates each satisfy detailed balance. Hence

kBO(∆ = 0)
kGR(∆)

=
k′BO(∆ = 0)

k′GR(∆)
, (5.7)

and combining this with Eq. 5.5 gives

kIF(∆)
k′IF(∆)

=
kBO(∆)
k′BO(∆)

=
Qp(∆)
Qr(∆)

. (5.8)

The second important property of Eq. 5.1 is that it reduces to a known analytical result,

the Zusman equation,63 under the appropriate conditions. The Zusman equation gives an

analytical expression for the rate constant in the classical limit for the spin-boson model,

extending Marcus theory to include the effect of friction along the reaction coordinate.

The Zusman equation is given explicitly in Section 5.4 but for now we simply note that

it can be written in a form reminiscent of Eq. 5.1 as

kZUS(∆) =
kMT(∆)kA(∆ = 0)

kMT(∆) + kA(∆ = 0)
, (5.9)

where kMT(∆) is the Marcus theory rate and kA(∆ = 0) is the classical rate on the cusped

ground adiabatic potential in the limit of high friction. The obvious difference between

this and Eq. 5.1, which for the classical spin-boson model becomes

kIF(∆) =
kMT(∆)kA(∆)

kMT(∆) + kA(∆ = 0)
, (5.10)

is that it predicts kZUS(∆)→ kA(∆ = 0) rather than kA(∆) for large ∆. Hence the Zusman

equation misses the fact that increasing ∆ lowers the adiabatic reaction barrier. This

is because the derivation of the Zusman equation assumes that β∆ � 1. Under these
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circumstances kA(∆) ' kA(∆ = 0), and the classical limit of our interpolation formula

reduces to the Zusman equation.

The breakdown of the Zusman equation for large electronic coupling is well known,

and there already exist classical theories which can be used to calculate rates in this

regime.68–72 Our approach is naturally closely related to several these methods, when

applied to the high temperature limit of the spin-boson model. In particular we note

that our interpolation formula is very similar to an interpolation formula proposed by

Gladkikh et al.,72 which corrects the Zusman equation by interpolating between the

rates for the cusped and parabolic barriers in the adiabatic limit. The present approach

can thus also be viewed as a generalisation of these previous interpolation formulas,

which is capable of treating general anharmonic condensed phase problems and including

the effects of tunnelling and zero-point energy. A simple qualitative perspective on the

physical picture which underlies Zusman theory as well as our interpolation formula

is given in Appendix 5.A.

5.3 Scattering model

As a first test of the accuracy of the interpolation formula in Eq. 5.1, we shall again

consider the simple one-dimensional exponential curve crossing model from Chap. 4

with the following diabatic potential energy curves:

V0(q) = Ae+q/L, (5.11)

V1(q) = Ae−q/L. (5.12)

This provides a useful test problem because not only can we calculate the exact rate

to go from state |0〉 to |1〉, but we can also calculate each of the components of the

interpolation formula exactly. The exact rate k(∆) and the ground adiabatic Born-

Oppenheimer rate kBO(∆) can each be calculated as Boltzmann averages of appropriate

cumulative reaction probabilities,

k(∆)β~Qr =
1

2π

∫ ∞

0
e−βEN(E) βdE, (5.13)
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Figure 5.2: Contour plot of the maximum error as defined in Eq. 5.15 for the scattering model.
The exact rate k(∆) was calculated using the log derivative method, as were kGR(∆) and kBO(∆).
The log derivative code was written by Prof. David E. Manolopoulos.

where Qr =
√

m/2πβ~2 is the reactant partition function per unit length. The cumulative

reaction probability N(E) that determines the exact non-adiabatic rate k(∆) can be

calculated using the coupled channel log derivative method,206 and the golden-rule rate

kGR(∆) can be extracted from the ∆2 dependence of k(∆) in the limit as ∆ → 0 (the log

derivative code was written by Prof. David E. Manolopoulos). For the Born-Oppenheimer

rate kBO(∆), N(E) can be calculated using a single channel log derivative method on the

ground adiabatic potential energy surface. The fact that all three rates k(∆), kGR(∆) and

kBO(∆) can be calculated exactly allows us to test the accuracy of the interpolation formula

in Eq. 5.1 separately from that of the approximate path-integral techniques (Wolynes

theory and RPMD rate theory) which are required for condensed phase problems.

The behaviour of this model system (at ε = 0) is completely determined by three

dimensionless parameters: β∆, βA, and mL2/β~2. Keeping the last two of these parameters

fixed we define the error in the interpolation formula as a function of β∆ using the equation

E(β∆) =

∣∣∣∣∣ log2

(kIF(β∆)
k(β∆)

)∣∣∣∣∣. (5.14)

This allows us to define the maximum error for a particular βA and mL2/β~2 as

Emax = max
β∆<0.8βA

E(β∆), (5.15)
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where the range of β∆ is limited to ensure that the reaction is always activated. This is a

more useful measure of the error than the percentage error as it treats underestimation and

over estimation on an equal footing, and is in keeping with the usual way that errors are

discussed for RPMD, which is expected to be within a factor of 2 of the exact rate in the

deep tunnelling regime. Note that Emax = 1 corresponds to the interpolation formula being

out by at most a factor of 2 and Emax = 0 corresponds to it being exact for all values of β∆.

Figure 5.2 shows Emax as a function of the two remaining free parameters, which we

take to be βA and the dimensionless parameter Φ defined as

Φ = βA

√
2β~2

π3mL2 . (5.16)

This parameter can be related to the instanton action for a linear approximation to the

diabatic potentials in the non-adiabatic limit and it quantifies how “quantum mechanical”

the reaction is. We see that in the classical regime, log10(Φ) < 0, the error is essentially

solely a function of Φ and approaches a plateau with Emax just above 0.1, corresponding

to the interpolation formula being within a factor of 1.1 of the exact rate for the full

range of β∆. For log10(Φ) > 0, the error grows as the problem becomes more quantum

mechanical. However Emax remains below 1 for log10(Φ) < 1.5, corresponding to the

interpolation formula being within a factor of 2 of the exact rate throughout this regime.

As an illustration of the physical regimes that the plot spans, note that the point labelled (a)

corresponds to a strongly quantum mechanical system with βA = 18, T = 50 K, L = 0.5 a0,

and m ' 1000 me, point (b) corresponds to a system where the mass associated with the

nuclear motion has been increased to m ' 25000 me and point (c) to m ' 1.3 × 108 me.

Figure 5.3 shows the rate as a function of β∆ for the three labelled points in Fig. 5.2.

The plot shows the exact rate as well as the result of the interpolation formula evaluated

using the exact Born-Oppenheimer and golden-rule rates. To illustrate the importance

of nuclear quantum effects we also include the classical limit of the golden-rule rate

which is given by

kcl-GR(∆) =
∆2

~2Qr

√
πm
2β

L
A

e−βA. (5.17)
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Figure 5.3: Plots demonstrating the accuracy of the interpolation formula for the three points
labeled in Fig. 5.2. All three systems have βA = 18, with (a) Φ = 22.4, (b) Φ = 4.54, and (c)
Φ = 0.0635. The exact rate k(∆) was calculated using the log derivative method, as were kGR(∆)
and kBO(∆). The classical golden-rule rate was calculated using Eq. 5.17. The log derivative code
was written by Prof. David E. Manolopoulos.

We see that the interpolation formula is capable of capturing the full range of behaviour,

from the highly quantum mechanical in system (a) to the essentially classical in system

(c). It is also of note that as Φ decreases the value of β∆ at which the reaction begins to

behave adiabatically also decreases. This can be understood by noting that Φ is related

to the Landau-Zener adiabaticity parameter173

P(∆) =
2π∆2

~〈|v|〉cl|δF| (5.18)

where 〈|v|〉cl is the classical average thermal velocity,

1
2
〈|v|〉cl =

1√
2πmβ

, (5.19)

and δF = 2A/L. We see that Φ = 1/P(kBT ) and so gives a measure of how non-adiabatic

the reaction is expected to be at β∆ = 1. In system (a), Φ � 1, and the rate is firmly

non-adiabatic at β∆ = 1, whereas in system (c), Φ � 1, and the rate is firmly adiabatic

at β∆ = 1. This connection between Φ (or equivalently the instanton action) and the

Landau-Zener adiabaticity parameter can be thus be used to account for the fact that

increased nuclear tunnelling tends to make a reaction more non-adiabatic.217, 218
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5.4 Spin-boson model

The spin-boson model is the prototypical non-adiabatic system that is used to model

electron transfer reactions in condensed phase environments. Written in the “reaction

coordinate” form, the diabatic potentials of this model are given by64

V0(Q, q) =
1
2

Ω2
(
Q +

√
Λ

2Ω2

)2

+ Vsb(Q, q), (5.20)

V1(Q, q) =
1
2

Ω2
(
Q −

√
Λ

2Ω2

)2

+ Vsb(Q, q), (5.21)

where

Vsb(Q, q) =

Nb∑
ν=1

1
2
ω2
ν

(
qν − cνQ

ω2
ν

)2

, (5.22)

and Λ is the Marcus theory reorganisation energy (note that we shall work throughout this

section with mass-weighted coordinates). The influence of the bath on the reaction coordi-

nate, Q, is fully described by the associated spectral density, which is formally defined as

J(ω) =
π

2

Nb∑
ν=1

c2
ν

ων

δ(ω − ων). (5.23)

The bath is then taken to be infinite, corresponding to a continuous spectral density. Here

we choose to consider a purely Ohmic spectral density,

J(ω) = γω, (5.24)

which gives rise to Langevin dynamics along the reaction coordinate in the classical

adiabatic limit. This model problem allows us to investigate the accuracy of our newly

proposed method in a variety of different regimes, from underdamped (γ < 2Ω) to

overdamped (γ > 2Ω) motion along the reaction coordinate, from high frequencies

(large Ω) to low frequencies (small Ω), and for the full range of non-adiabatic (small

∆) to adiabatic (large ∆) behaviour.

The reaction coordinate form can be related to the conventional spin-boson model by

a normal mode transformation.64, 192, 193 In the conventional form, the diabatic potentials

are just sums of uncoupled displaced harmonic oscillators,

V0(x) =

Nb∑
ν=0

1
2
ω̄2
ν

(
xν +

c̄ν
ω̄2
ν

)2
, (5.25)
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V1(x) =

Nb∑
ν=0

1
2
ω̄2
ν

(
xν − c̄ν

ω̄2
ν

)2
, (5.26)

where xν, ω̄ν and c̄ν are the transformed (mass weighted) coordinates, frequencies and

couplings respectively. In order to map between the two forms one simply needs to

know the relation between the spectral density for the coupling of nuclear coordinates

to the electronic state

Jσ(ω) =
π

2

Nb∑
ν=0

c̄2
ν

ω̄ν

δ(ω − ω̄ν), (5.27)

and the spectral density J(ω) for the coupling of the bath to the reaction coordinate.*

This mapping is given by64, 192, 193

Jσ(ω) =
Λ

2
Ω2J(ω)

(ω2 −Ω2 + R(ω))2 + J2(ω)
, (5.28)

where

R(ω) =
2ω2

π
P
∫ ∞

0

J(u)
u(u2 − ω2)

du, (5.29)

and P denotes the Cauchy principal value. For the Ohmic spectral density considered

here, R(ω) = 0, and the electronic spectral density becomes

Jσ(ω) =
Λ

2
γΩ2ω

(ω2 −Ω2)2 + γ2ω2 , (5.30)

which is typically referred to as the Brownian oscillator spectral density.

The spin-boson model provides a useful system for testing new methods because it is

possible to obtain exact numerical results for this model for comparison. Despite this,

previous attempts to extend RPMD to treat non-adiabatic rates have only been tested in

certain limiting regimes, for example by comparison with Zusman theory or the quantum

golden-rule rate. Here we test the validity of Eq. 5.1 by comparison with numerically

exact results generated using the hierarchical equations of motion (HEOM) method,210–216

which allows us to examine a wider range of physically relevant regimes. The HEOM

calculations used in this chapter were performed by Dr. Lachlan P. Lindoy.

In order to calculate the rate using HEOM we again make use of Eq. 2.44 with

P̂r = |0〉〈0| and P̂p = |1〉〈1|. Since it is computationally impractical to prepare the initial

*Note that we have changed notation here relative to the previous chapters, and Jσ(ω) is now the
spectral density that was introduced in Chap. 2.
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Figure 5.4: Plot comparing the rates predicted by the interpolation formula [Eq. 5.1], Zusman
theory [Eq. 5.1], and the numerically exact HEOM method, for the symmetric spin-boson model
with Brownian oscillator spectral density [Eq. 5.30]. The Born-Oppenheimer and golden-rule
rates used in the interpolation formula were calculated using RPMD rate theory and Wolynes
theory, respectively. All HEOM calculations were performed by Dr. Lachlan P. Lindoy.

density matrix in the form of Eq. 2.60, we instead follow the procedure of Shi et al.,219

in which the system is initially prepared on the reactant diabat with the bath in thermal

equilibrium on the average diabatic potential, and is then equilibrated in the absence of

coupling (∆ = 0). The resulting initial condition can be expressed as

ρ̂(0) = lim
t→∞

e−iĤ0t/~e−βĤ+ |0〉〈0|e+iĤ0t/~

Tr[e−βĤ+ |0〉〈0|] . (5.31)

where

Ĥ+ =
Ĥ0 + Ĥ1

2
. (5.32)

With this modified initial condition the time-dependent populations of the two electronic

states again eventually settle down to conform to Eqs. 2.42, allowing the exact HEOM

forward electron transfer rate to be calculated from Eq. 2.44.

To highlight the importance of nuclear quantum effects, and the effect of the changes

in shape and height of the adiabatic barrier with ∆, we also compare the results of
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Figure 5.5: Plot comparing the rates predicted by the interpolation formula [Eq. 5.1], Zusman
theory [Eq. 5.1], and the numerically exact HEOM method, for the asymmetric spin-boson model
with Brownian oscillator spectral density [Eq. 5.30]. The Born-Oppenheimer and golden-rule
rates used in the interpolation formula were calculated using RPMD rate theory and Wolynes
theory, respectively. All HEOM calculations were performed by Dr. Lachlan P. Lindoy.

the interpolation formula to the Zusman equation, which for the spin-boson model

as described here is63, 220

kZUS(∆) =
β∆2

~
Ω2

4γ

(
1 − ε2

Λ2

)
exp

(
−β (Λ−ε)2

4Λ

)
∆2

~

√
πβ

Λ
+ Ω2

4γ

√
βΛ

π

(
1 − ε2

Λ2

) . (5.33)

This can be seen to be identical to Eq. 5.9 with the identifications

kMT(∆) =
∆2

~

√
πβ

Λ
exp

(
−β (Λ − ε)2

4Λ

)
, (5.34)

and

kA(∆ = 0) =
Ω2

4γ

√
βΛ

π

(
1 − ε2

Λ2

)
exp

(
−β (Λ − ε)2

4Λ

)
. (5.35)

In the following we use RPMD to calculate the Born-Oppenheimer rate constant, kBO(∆),

and Wolynes theory to calculate the golden-rule rate constant, kGR(∆), although we

reiterate that the interpolation formula can be used with any methods which are applicable
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to these two limits. Previous path-integral studies of system-bath models have opted to

discretise the spectral density using a procedure such as that described in the original

RPMD rate theory paper,18 increasing the number of modes in the discretisation until the

results were converged to the infinite bath limit. Here instead we note that, working in

the reaction coordinate form, we can analytically integrate out all but one nuclear degree

of freedom.221 This results in an effective renormalised ring-polymer Hamiltonian for

the single remaining nuclear coordinate (the reaction coordinate, Q), which makes the

calculations trivial. In the case of RPMD the dynamics of the full system plus bath are

then recovered using a generalised Langevin equation (GLE). Full details of the derivation

of this GLE and the renormalised Hamiltonian, along with how they are implemented

numerically, are given in Appendix 5.B.

Figures 5.4 and 5.5 compare the rates obtained using the interpolation formula with

the exact HEOM results for the spin-boson model described above. In these calculations

we used a typical Marcus reorganisation energy of Λ = 60 kBT , with a series of different

driving forces (ε), solvent frictions (γ), and reaction coordinate frequencies (Ω). The

interpolation formula is seen to give excellent agreement with the exact results in all

of the regimes considered, with the largest error, of just under 30%, observed in the

overdamped high frequency systems at intermediate values of β∆ (β~Ω = 4, γ = 32Ω,

βε = 0 and 15). The interpolation formula is also seen to be most accurate for the

overdamped low frequency systems. This is to be expected from its connection with the

Zusman equation (see Section 5.2), which is derived in the limit of low frequency and

high friction. It is of note, however, that the interpolation formula is much more accurate

than the Zusman equation at even moderate values of β∆, due to the failure of Zusman

theory to capture the effect of ∆ on the adiabatic reaction barrier. As we have already

discussed, more accurate classical theories for the spin-boson model exist,70, 72 but this

breakdown illustrates the advantage of testing new methods against numerically exact

results, as we do here, rather than relying on comparison to simple analytical formulas

which can turn out to have rather limited accuracy.

The Zusman equation also fails to capture the effects of nuclear tunnelling and zero-

point energy, which for the underdamped high frequency systems lead to over an order of
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Figure 5.6: Plot of the exact HEOM rate versus β∆ for a spin-boson model with a Brownian
oscillator spectral density, deep in the Marcus inverted regime (ε = 2Λ). The interpolation formula
in Eq. (38) cannot be used for this problem because the Born-Oppenheimer rate is not well-defined.
Calculations performed by Dr. Lachlan P. Lindoy.

magnitude increase in the rate constant in the non-adiabatic limit. Since both Wolynes

theory and RPMD are able to accurately capture the effect of tunnelling and zero-point

energy, so too is the interpolation formula when these two theories are used as input.

The success of the interpolation formula in this regime (large Ω and underdamped) is

particularly encouraging as it is the opposite of the regime where the Zusman equation

is valid. We note that, as was seen in Section 5.3, the greater nuclear tunnelling in this

regime means that the golden-rule expression for the rate continues to be accurate even

for β∆ > 1. The much smaller increase in the rate observed for the overdamped high

frequency systems illustrates the reduction of nuclear tunnelling due to friction.192 This

can be understood in the ring-polymer perspective by considering the renormalisation

of the normal mode frequencies of the ring-polymer due to friction, ωk →
√
ω2

k + γωk

(see Appendix 5.B). It follows from this renormalisation that a larger value of γ leads to a

smaller radius of gyration of the ring-polymer and a more classical-like dynamics.

The success of the interpolation formula in such a wide range of parameter regimes is

clearly encouraging. However, it is important to remember its limitations. The formula is
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only expected to be accurate when the reactants and products can equally well be defined

using either a position space dividing surface or diabatic state projection operators in

the non-adiabatic limit. In the most extreme case of the Marcus inverted regime there

is no position space description of the reaction and a Born-Oppenheimer rate cannot be

defined. Figure 5.6 illustrates the behaviour of the exact HEOM rate as a function of

β∆ for an underdamped high frequency system with a driving force of ε = 2Λ, deep

inside the inverted regime. At small β∆ the rate is well described by the golden-rule,

but at large β∆ the rate begins to decrease as it approaches an adiabatic limit in which

there is no transfer of population between the upper and lower adiabats. This kind of

system clearly cannot be studied with the interpolation formula in Eq. 5.1. We have

included it here to provide both an honest illustration of one of the limitations of the

current approach and a challenge for future work.

Despite this limitation we would like to stress that the interpolation formula can still

be very accurate even when the barrier to reaction is low. For example, in Fig. 5.5 the

barrier on the lower adiabatic surface becomes very small as β∆ becomes large, dropping

all the way to 1.2 kBT when β∆ = 10. But the rate predicted using the interpolation

formula still agrees very well with the exact rate calculated using HEOM with diabatic

state projection operators.

5.5 Conclusion

In this chapter, we have shown how the RPMD rate theory and Wolynes theory ap-

proximations to Born-Oppenheimer and golden-rule rates can be combined in a simple

interpolation formula that accurately predicts the rates of non-adiabatic reactions with

arbitrary electronic coupling strengths. The accuracy of the interpolation formula has

been demonstrated by comparison with exact results for both a simple one-dimensional

scattering problem and a demanding series of spin-boson models. In particular, the use of

the exact HEOM method to provide benchmark results for these spin-boson models has

allowed us to explore a wide range of chemically relevant regimes, from underdamped

to overdamped dynamics, small to large nuclear quantum effects, and the full range
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of electronic coupling strengths, from the non-adiabatic to adiabatic limits. Previous

methods have not been tested in such wide ranging and challenging regimes.

Since RPMD rate theory and Wolynes theory are both readily applicable to truly

complex (anharmonic and multidimensional) problems, it will be interesting in future

work to apply the interpolation formula to more realistic models of electronically non-

adiabatic reactions and use it to answer some chemically interesting questions. We

note in particular that the formula is well suited to quantifying the degree of electronic

non-adiabaticity in a reaction, as well as assessing the relative importance of electronic

coupling and solvent friction in driving a reaction away from the non-adiabatic limit, as

we have shown in some of our examples. Further qualitative insights into the reaction

mechanism can also clearly be gained from the Born-Oppenheimer and golden-rule

calculations that the interpolation formula combines.

Having said this, there are clearly still some open issues which warrant further

theoretical work. In addition to the inability of the interpolation formula to treat systems

in the Marcus inverted regime, we still need to investigate its accuracy for systems

which can have multiple competing reaction pathways such as proton-coupled electron

transfer reactions. Further work is also needed in order to treat systems in which multiple

electronic states are involved, such as in superexchange mediated electron transfer, and to

develop approaches that can treat both the incoherent rate processes considered in this

thesis and also the coherent dynamics relevant to condensed phase electronic spectra,

which current non-adiabatic methods such as Wolynes theory cannot describe.

5.A Appendix: A qualitative perspective of the interpo-
lation formula

A qualitative perspective of the Zusman rate equation and the interpolation formula

can be gained by noting that the functional form of both corresponds to a consecutive

reaction scheme of the form,

r
k+

0


k−0

TSr
ke


ke

TSp

k+
1


k−1

p, (5.36)
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where r corresponds to reactants, TSr and TSp correspond to two reactive intermediates

and p corresponds to the products. Physically this is tantamount to assuming that the

reaction can be described as consisting of a series of steps consistent with the qualitative

description of a non-adiabatic reaction given in Chap. 1, along with the assumption

that each of these steps can be treated via an incoherent rate constant. Following this

perspective k+
0 and k−0 correspond to the rates for thermal fluctuations to take the system to

and from the transition state region on the reactant surface, ke corresponds to the rate for

transfer between the reactant and product electronic states in the transition state region,

and k+
1 and k−1 correspond to the rates for thermal fluctuations to take the system to and

from the transition state region on the product surface.

Solving the rate equations, under the assumption of steady state for the populations

of TSr and TSp, gives the rate constant for transfer from r to p as

k =
k+

0 kek+
1

k−0 ke + k−0 k+
1 + kek+

1
. (5.37)

With the identification of ke as corresponding to the electronic transition, it follows that in

the adiabatic limit ke � k+
1 and ke � k−0 such that the Born-Oppenheimer rate is given by

kBO(∆) =
k+

0 (∆)k+
1 (∆)

k−0 (∆) + k+
1 (∆)

. (5.38)

In the opposite non-adiabatic limit, it follows that ke � k+
1 and ke � k−0 , such that

the golden-rule rate obeys the relation

kGR(∆) = ∆2 lim
∆→0

[
ke(∆)k+

0 (∆ = 0)
∆2k−0 (∆ = 0)

]
. (5.39)

Making use of the first of these two identities it is simple to show that Eq. 5.37

is equivalent to

k(∆) =
ke(∆)kBO(∆)

ke(∆) + k−0 (∆)kBO(∆)/k+
0 (∆)

. (5.40)

This now has a form more reminiscent of the interpolation formula. To simplify further

we write the Born-Oppenheimer rate in the Arrhenius form as,

kBO(∆) = ABO(∆)e−∆F‡(∆), (5.41)
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and define the exponential term to be equivalent to the ratio of forwards and reverse

rate constants between the reactants and transition state

e−∆F‡(∆) =
k+

0 (∆)
k−0 (∆)

. (5.42)

Using this in Eq. 5.40 and multiplying the numerator and denominator by e−β∆F‡(∆=0) then

gives

k(∆) =
ke(∆)e−β∆F‡(∆=0)ABO(∆)e−β∆F‡(∆)

ke(∆)e−β∆F‡(∆=0) + ABO(∆)e−β∆F‡(∆=0)
. (5.43)

To arrive at the final result we now make two simplifying approximations, the first

of which is to assume that the transition between TSr and TSp can always be treated

using Fermi’s golden rule, such that ke(∆) ∝ ∆2 and

kGR(∆) ' ke(∆)k+
0 (∆ = 0)

k−0 (∆ = 0)
= ke(∆)e−β∆F‡(∆=0). (5.44)

The second approximation is that the pre-exponential factor ABO(∆) ' ABO(∆ = 0), such

that

kBO(∆ = 0) = ABO(∆ = 0)e−β∆F‡(∆=0) ' ABO(∆)e−β∆F‡(∆=0), (5.45)

which corresponds classically to assuming that changes to the curvature of the potential

surface do not change the rate of passage through the transition state region. Inserting

these two approximations into Eq. 5.43 we then arrive at the interpolation formula

given in Eq. 5.1,

k(∆) ' kGR(∆)kBO(∆)
kGR(∆) + kBO(∆ = 0)

. (5.46)

The interpolation formula can thus be thought to rest on four basic assumptions. Firstly

that the reaction can be considered as a stepwise process, involving motion to and from a

high energy transition state region where the electronic transition takes place. Secondly

that each of these steps can be treated as an incoherent rate like process. Thirdly that the

electronic transition in the transition state region can be treated using Fermi’s golden rule,

and finally that the prefactor of the Born-Oppenheimer rate is approximately independent

of the electronic coupling, ∆. Hence the interpolation formula is most likely to be accurate

if these approximations can be justified. However, the interpolation formula is guaranteed
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to reduce to the golden-rule and Born-Oppenheimer rates in the appropriate limit even

when these approximations are not well justified, and so the formula may still give rate

predictions which are practically accurate in a much wider regime.

To arrive at the Zusman equation one makes the approximation,

ABO(∆)e−β∆F‡(∆) ' ABO(∆ = 0)e−β∆F‡(∆=0) or equivalently kBO(∆) ' kBO(∆ = 0), (5.47)

in place of Eq. 5.45, and then replaces each of the rate constants by the classical rates for

the spin-boson model in the limit of high friction along the diabatic energy gap coordinate.

The assumption of a consecutive reaction mechanism is of course valid classically in this

high friction limit, just as assuming ke is given by the golden-rule is consistent with the

assumption that kBO(∆) ' kBO(∆ = 0). However, due to the exponential sensitivity of the

barrier height on ∆, assuming that the entire Born-Oppenheimer rate is independent of ∆

rather than just the pre-exponential factor is of course a much more drastic approximation.

In fact, in situations where one can analytically separate the rate expression into

exponential and pre-exponential components one need not make the second of the two

approximations at all, and instead one can simply approximate the rate as72

k(∆) ' AGR(∆)ABO(∆)
AGR(∆) + ABO(∆)

e−β∆F‡(∆), (5.48)

where

kGR(∆) = AGR(∆)e−β∆F‡(∆=0). (5.49)

This could, for example, be used as a simple way to combine the semiclassical instanton

approximations in the golden-rule and Born-Oppenheimer limits.143, 146, 170, 195

5.B Appendix: Efficient implementation of RPMD for
system-bath problems

In this appendix we describe an efficient implementation of RPMD and other path-

integral based methods for system-bath problems with a harmonic bath, which is based on

analytically integrating out the effect of the bath in the ring-polymer picture. In Sec. 5.B.1

we give an overview of the approach, detailing the key equations that were implemented.

In Sec. 5.B.2 we show how one can integrate out the effect of the bath in RPMD/Wolynes
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theory for the general case of an arbitrary number of system coordinates coupled to a

harmonic bath. In Sec. 5.B.3 we specialise the general result for the model problem

considered in Sec. 5.4. Finally, in Sec. 5.B.4, we describe how we numerically integrated

the GLE satisfied by the system variables in RPMD.

5.B.1 Overview

Both RPMD and Wolynes theory calculations for system-bath models such as the spin-

boson model can be transformed into trivial problems, which only explicitly include

one nuclear degree of freedom, the reaction coordinate.* Starting from the diabatic

potentials [Eqs. 5.20-5.22], we can write both the RPMD and Wolynes theory Hamil-

tonians in the form

H(n)(P,Q,p,q) = H(n)
s (P,Q) + H(n)

sb (Q,p,q) (5.50)

where

H(n)
sb (Q,p,q)=

n∑
j=1

Nb∑
ν=1

[ p2
j,ν

2mν

+
1
2

mνω
2
n(q j+1,ν − q j,ν)2

+
1
2

mνω
2
ν

(
q j,ν −

cνQ j

mνω2
ν

)2]
.

(5.51)

Integrating out the effect of the bath on the system allows us to write an effective

Hamiltonian which only contains the reaction coordinate. For the Ohmic spectral density

this renormalised ring-polymer Hamiltonian is simply

H̃(n)
s (P,Q) = H(n)

s (P,Q) +

n−1∑
k=0

1
2
γωkQ̃2

k (5.52)

where Q̃k and ωk = 2ωn sin(kπ/n) are the position and frequency of the kth normal mode

of the free ring-polymer along the reaction coordinate. We see that friction has the effect

of increasing the stiffness of the ring-polymer springs. As discussed in the main part of

this chapter, this is consistent with the well known effect of friction in reducing tunnelling

and making the system behave more classically.192

*Note that in the case of the spin-boson model itself the exact expression for FGR(λ) can be used to
evaluate Wolynes theory without the use of path integrals, however the approach described here can be
used to calculate the Wolynes rate for anharmonic system coordinates.
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For static quantities such as the Wolynes rate and the quantum transition state theory

(QTST) part of the RPMD rate, one can simply do path-integral molecular dynamics

(PIMD) with the renormalised system Hamiltonian in Eq. 5.52. However, when evaluating

dynamical quantities such as the RPMD transmission coefficient, the dynamical effect

of the bath must also be included. This results in a generalised Langevin equation

(GLE) for the motion along the reaction coordinate, which for the problem considered

in Sec. 5.4 takes the form

˙̃Qk =P̃k (5.53a)

˙̃Pk = − ∂H̃(n)
s

∂Q̃k
−

∫ t

0
Kk(t − τ)P̃k(τ)dτ + Fk(t) (5.53b)

where
Kk(t) = 2γδ(t) − γωk

+ γω2
ktJ0(ωkt)

(
1 − π

2
H1(ωkt)

)
− γωkJ1(ωkt)

(
1 − π

2
ωktH0(ωkt)

) (5.54)

is the friction kernel, Jn(x) is the nth Bessel function of the first kind, and Hn(x) is the

nth Struve H function. To integrate these equations of motion we use a modified form

of the algorithm suggested by Berkowitz, Morgan and McCammon222 which makes use

of the exact evolution of the free ring-polymer (as detailed in Sec. 5.B.4). Note that,

since ω0 = 0, the centroid friction kernel is proportional to a delta function, and so the

non-Markovian behaviour originates in the internal ring-polymer modes. This reflects the

fact that whilst the Ohmic spectral density in the classical limit corresponds to Markovian

dynamics of the reaction coordinate, this is not true quantum mechanically.

5.B.2 Derivation

Here we derive the generalised Langevin equation (GLE) for a ring-polymer Hamiltonian

with Ns physical system coordinates which are linearly coupled to Nb harmonic oscillators,

applying the approach of Cortés et al.221 to the ring-polymer system bath model. We

begin by writing the total ring-polymer Hamiltonian as

H(n)(P,Q,p,q) = H(n)
s (P,Q) + H(n)

sb (Q,p,q) (5.55)
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where (Q,P) and (q,p) denote coordinates and momenta of the system and bath respec-

tively, and

H(n)
sb (Q,p,q) =

n∑
j=1

Nb∑
ν=1

[ p2
j,ν

2mν

+
1
2

mνω
2
n(q j+1,ν − q j,ν)2

+
1
2

mνω
2
ν

(
q j,ν −

Ns∑
µ=1

cµνQ j,µ

mνω2
ν

)2]
.

(5.56)

Throughout we use Latin subscripts to denote ring-polymer coordinates and Greek

subscripts for physical degrees of freedom. Transforming from the bead representation

to the normal mode representation of the free ring-polymer gives

H(n)
sb (Q̃, q̃, p̃) =

n−1∑
k=0

Nb∑
ν=1

[ p̃2
k,ν

2mν

+
1
2

mνω
2
k q̃2

k,ν +
1
2

mνω
2
ν

(
q̃k,ν −

Ns∑
µ=1

cµνQ̃k,µ

mνω2
ν

)2]
, (5.57)

where again ωk = 2ωn sin(kπ/n) are the normal mode frequencies of the free ring-polymer.

From this it is clear that the bath does not couple the normal modes of the system ring-

polymer and hence it is straightforward to integrate out the effect of the bath on the

system in this representation. The equations of motion are

˙̃Qk,λ =
P̃k,λ

mλ

, (5.58a)

˙̃Pk,λ = −∂H(n)
s

∂Q̃k,λ
+

Nb∑
ν=1

cλν

(
q̃k,ν − cν · Q̃k

mνω2
ν

)
, (5.58b)

˙̃qk,ν =
p̃k,ν

mν

, (5.58c)

˙̃pk,ν = −mνω̃
2
k,νq̃k,ν + cν · Q̃k, (5.58d)

where ω̃k,ν =

√
ω2
ν + ω2

k and we have rewritten
∑Ns
µ=1 cµνQ̃k,µ = cν · Q̃k.

The equations of motion for the bath degrees of freedom

¨̃qk,ν + ω̃2
k,νq̃k,ν =

cν · Q̃k

mν

, (5.59)

can be solved using the standard method of undetermined coefficients. The corresponding

homogeneous differential equation is

¨̃qk,ν + ω̃2
k,νq̃k,ν = 0, (5.60)
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giving the complementary function

q̃k,ν(t) = ak,ν cos(ω̃k,νt) + bk,ν sin(ω̃k,νt). (5.61)

Hence we consider the particular solution

q̃k,ν(t) = ak,ν(t) cos(ω̃k,νt) + bk,ν(t) sin(ω̃k,νt), (5.62)

and require that

ȧk,ν(t) cos(ω̃k,νt) + ḃk,ν(t) sin(ω̃k,νt) = 0. (5.63)

Differentiating Eq. 5.62 twice and using Eq. 5.63 gives

˙̃qk,ν(t) = − ω̃k,νak,ν(t) sin(ω̃k,νt)

+ ω̃k,νbk,ν(t) cos(ω̃k,νt)
(5.64)

and then

¨̃qk,ν(t) = − ω̃2
k,νak,ν(t) cos(ω̃k,νt)

− ω̃2
k,νbk,ν(t) sin(ω̃k,νt)

− ω̃k,νȧk,ν(t) sin(ω̃k,νt)

+ ω̃k,νḃk,ν(t) cos(ω̃k,νt).

(5.65)

Hence using Eq. 5.59 it follows that

cν · Q̃k(t)
mν

= − ω̃k,νȧk,ν(t) sin(ω̃k,νt)

+ ω̃k,νḃk,ν(t) cos(ω̃k,νt),
(5.66)

which can be rearranged using Eq. 5.63 to give

cν · Q̃k(t)
mνω̃k,ν

sin(ω̃k,νt) = −ȧk,ν(t) (5.67a)

cν · Q̃k(t)
mνω̃k,ν

cos(ω̃k,νt) = ḃk,ν(t). (5.67b)

Integrating gives

ak,ν(t) = ak,ν(0) −
∫ t

0

cν · Q̃k(τ)
mνω̃k,ν

sin(ω̃k,ντ)dτ (5.68a)

bk,ν(t) = bk,ν(0) +

∫ t

0

cν · Q̃k(τ)
mνω̃k,ν

cos(ω̃k,ντ)dτ, (5.68b)



5. A simple interpolation formula 131

which when substituted into Eq. 5.62 gives

q̃k,ν(t) =

∫ t

0

cν · Q̃k(τ)
mνω̃k,ν

sin(ω̃k,ν(t − τ))dτ

+ ak,ν(0) cos(ω̃k,νt) + bk,ν(0) sin(ω̃k,νt).
(5.69)

Finally, integrating by parts and inserting the appropriate boundary conditions gives

q̃k,ν(t) =
cν · Q̃k(t)
mνω̃

2
k,ν

− cν · Q̃k(0)
mνω̃

2
k,ν

cos(ω̃k,νt)

−
∫ t

0

cν · ˙̃Qk(τ)
mνω̃

2
k,ν

cos(ω̃k,ν(t − τ))dτ

+ q̃k,ν(0) cos(ω̃k,νt) +
p̃k,ν(0)
mνω̃k,ν

sin(ω̃k,νt).

(5.70)

Having solved for q̃k,ν(t), we can now substitute this back into Eq. 5.58b to obtain

the GLE for an arbitrary system bath model,

˙̃Pk(t) = −∂H̃(n)
s

∂Q̃k

−
∫ t

0
K(k)(t − τ) · ˙̃Qk(τ)dτ + F(k)(t). (5.71)

Here we have defined

∂H̃(n)
s

∂Q̃k

=
∂H(n)

s

∂Q̃k

+ α(k) · Q̃k (5.72)

with

α(k)
λµ =

Nb∑
ν=1

(
cλνcµν
mνω2

ν

− cλνcµν
mνω̃

2
k,ν

)
, (5.73)

which accounts for the renormalisation of the system Hamiltonian due to the presence

of the bath, and we have collected together the remaining effects of the bath into

a friction kernel

K(k)
λµ (t − τ) =

Nb∑
ν=1

cλνcµν
mνω̃

2
k,ν

cos(ω̃k,ν(t − τ)) (5.74)

and a fluctuating force

F(k)
λ (t) =

Nb∑
ν=1

cλν

((
q̃k,ν(0) − cν · Q̃k(0)

mνω̃
2
k,ν

)
cos(ω̃k,νt) +

p̃k,ν(0)
mνω̃k,ν

sin(ω̃k,νt)
)
. (5.75)

It is straightforward to show that, for a system at thermal equilibrium, the fluctuating

force and the friction kernel are related by the fluctuation-dissipation theorem

〈F(k)
λ (0)F(k)

µ (t)〉 =
1
βn

K(k)
λµ (t). (5.76)
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The easiest way to see this is to note that the ring-polymer Hamiltonian in Eq. 5.55

can be rewritten as

H(n) = H̃(n)
s + H̃(n)

sb (5.77)

where each term is written in renormalised form as

H̃(n)
s = H(n)

s +

n−1∑
k=0

1
2

Q̃T
k α

(k)Q̃k (5.78a)

H̃(n)
sb =

n−1∑
k=0

Nb∑
ν=1

[ p̃2
k,ν

2mν

+
1
2

mνω̃
2
k,ν

(
q̃k,ν − cν · Q̃k

mνω̃
2
k,ν

)2]
. (5.78b)

Hence integrating first over the q̃k,ν it is straightforward to see that the correlation function

of the fluctuating force in Eq. 5.75 leads directly to Eq. 5.76. Note also that, in the

infinite bath limit, the fluctuating force is Gaussian (by the Central Limit Theorem),

and since
〈
F(k)
λ (0)

〉
= 0, a knowledge of the friction kernel completely specifies the

form of the fluctuating force.

Finally, we note that the expressions for α(k)
λµ and K(k)

λµ (t) in Eqs. 5.73 and 5.74 can

be recast in terms of the spectral density

Jλµ(ω) =
π

2

Nb∑
ν=1

cλνcµν
mνων

δ(ω − ων), (5.79)

either as

α(k)
λµ =

2
π

∫ ∞

0

Jλµ(ω)
ω

− Jλµ(ω)ω
ω2 + ω2

k

dω (5.80)

and

K(k)
λµ (t) =

2
π

∫ ∞

0

Jλµ(ω)ω
ω2 + ω2

k

cos
(√

ω2 + ω2
k t

)
dω, (5.81)

or equivalently as

α(k)
λµ =

2
π

∫ ∞

0

Jλµ(ω)
ω

−
J(k)
λµ (ω)

ω
dω (5.82)

and

K(k)
λµ (t) =

2
π

∫ ∞

0

J(k)
λµ (ω)

ω
cos(ωt)dω, (5.83)

where we have defined

J(k)
λµ (ω) = θ(ω − ωk)Jλµ

(√
ω2 − ω2

k

)
(5.84)

with θ(x) being the Heaviside step function.
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5.B.3 One dimensional system with Ohmic spectral density

The problem considered in Sec. 5.4 consists of a single system coordinate (the reaction

coordinate) coupled to a bath with an Ohmic spectral density J(ω) = γω. The frequencies

which enter the renormalisation of the system Hamiltonian are therefore simply

αk =
2
π

∫ ∞

0

γω2
k

ω2 + ω2
k

dω, (5.85)

where, since there is only one physical system coordinate, we have changed nota-

tion slightly so that the subscript refers to the normal mode. This integral is easily

evaluated to give

αk = γωk. (5.86)

The friction kernel can also be evaluated analytically for this problem by considering

Kk(t) =
2
π

∫ ∞

0

Jk(ω)
ω

cos (ωt) dω (5.87)

with

Jk(ω) = θ(ω − ωk)γ
√
ω2 − ω2

k . (5.88)

This can be rearranged into the form

Kk(t) =
2
π

∫ ∞

ωk

γ
√
ω2 − ω2

k − γω
ω

cos(ωt)dω + 2γδ(t) − 2
π

∫ ωk

0
γ cos(ωt)dω, (5.89)

and then straightforwardly evaluated to give

Kk(t) =2γδ(t) − γωk

+ γω2
ktJ0(ωkt)

(
1 − π

2
H1(ωkt)

)
− γωkJ1(ωkt)

(
1 − π

2
ωktH0(ωkt)

)
,

(5.90)

where Jn(x) is the nth Bessel function of the first kind and Hn(x) is the nth Struve H function.

The GLE for each internal mode of the ring polymer in a one-dimensional system

coupled to a bath with Ohmic spectral density can thus be written as

˙̃Qk =
P̃k

m
(5.91a)

˙̃Pk = − ∂H̃(n)
s

∂Q̃k
− 1

m

∫ t

0
Kk(t − τ)P̃k(τ)dτ + Fk(t), (5.91b)

where
∂H̃(n)

s

∂Q̃k
=
∂V (n)

s

∂Q̃k
+ ω2

kQ̃k + γωkQ̃k. (5.92)
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5.B.4 Generalised Langevin equation: Numerical integration

The standard integration scheme used to evolve RPMD can be written in the form

P̃′k ← P̃(i)
k +

∆t
2

f (i)
k (5.93a)

Q̃(i+1)
k ← cos(ωk∆t)Q̃(i)

k +
1

mωk
sin(ωk∆t)P̃′k (5.93b)

P̃′k ← cos(ωk∆t)P̃′k − mωk sin(ωk∆t)Q̃(i)
k (5.93c)

P̃(i+1)
k ← P̃′k +

∆t
2

f (i+1)
k (5.93d)

where f (i)
k is the external force on the the kth normal mode (excluding the ring-polymer

spring force) at time step i, and P̃′k is a temporary value of the momentum (between the two

time steps). For simplicity we shall consider just a single system coordinate; the extension

to more degrees of freedom is straightforward but notationally cumbersome. Following

Berkowitz et al.,222 we start by considering the standard ring-polymer integration scheme

in its position only form (analogous to the difference between the Verlet and velocity

Verlet algorithms)

Q̃(i+1)
k ← 2CkQ̃(i)

k − Q̃(i−1)
k + f (i)

k

∆t2

m
S k (5.94a)

P̃(i)
k ←

m
S k

Q̃(i+1)
k − Q̃(i−1)

k

2∆t
, (5.94b)

where Ck = cos(ωk∆t) and S k = 1
ωk∆t sin(ωk∆t).

Firstly we incorporate the renormalisation of the Hamiltonian in the exact ring-

polymer evolution by replacing Ck → C̃k = cos(ω̃k∆t) and S k → S̃ k = 1
ω̃k∆t sin(ω̃k∆t),

with ω̃k =

√
ω2

k + γωk. Then we use the fact that the external force

fk(t) = −∂V (n)
s

∂Q̃k
− 1

m

∫ t

0
Kk(t − τ)P̃k(τ)dτ + Fk(t) (5.95)

can be discretised using the trapezium rule to give

f (i)
k ' −

∂V (n)
s

∂Q̃(i)
k

− 1
m

i∑
j=0

w jK
( j)
k P̃(i− j)

k ∆t + F(i)
k , (5.96)

where w j are the integration weights and F(i)
k is a particular realisation of the fluctuat-

ing force, the generation of which is discussed later. Using this with Eq. 5.94b for
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the momenta gives

Q̃(i+1)
k

(
1 +

∆t2

4m
K(0)

k

)
=2C̃kQ̃(i)

k − Q̃(i−1)
k

(
1 − ∆t2

4m
K(0)

k

)
− 1

m

i∑
j=1

w jK
( j)
k P̃(i− j)

k ∆t
∆t2

m
S̃ k

− ∂V (n)
s

∂Q̃(i)
k

∆t2

m
S̃ k + F(i)

k

∆t2

m
S̃ k.

(5.97)

Finally, we rearrange this into a form analogous to the usual ring-polymer integration

scheme to obtain

P̃′k ← P̃(i)
k

(
1 − ∆t2

4m
K(0)

k

)
(5.98a)

P̃′k ← P̃′k −
∆t2

2m

i∑
j=1

w jK
( j)
k P̃(i− j)

k +
∆t
2

F(i)
k (5.98b)

P̃′k ← P̃′k −
∆t
2
∂V (n)

s

∂Q̃(i)
k

(5.98c)

Q̃(i+1)
k ← cos(ω̃k∆t)Q̃(i)

k +
1

mω̃k
sin(ω̃k∆t)P̃′k (5.98d)

P̃′k ← cos(ω̃k∆t)P̃′k − mω̃k sin(ω̃k∆t)Q̃(i)
k (5.98e)

P̃′k ← P̃′k −
∆t
2

∂V (n)
s

∂Q̃(i+1)
k

(5.98f)

P̃′k ← P̃′k −
∆t2

2m

i+1∑
j=1

w jK
( j)
k P̃(i+1− j)

k +
∆t
2

F(i+1)
k (5.98g)

P̃(i+1)
k ← P̃′k

(
1 +

∆t2

4m
K(0)

k

)−1

. (5.98h)

This can be implemented by noting that Eqs. 5.98c-5.98f are just the usual integration

scheme with modified spring constants, to which one simply needs to add the ther-

mostatting steps in Eqs. 5.98a, 5.98b, 5.98g and 5.98h. We also note that, since the

dynamics of the centroid (k = 0) mode is Markovian, we can simply use the usual

path-integral Langevin equation (PILE)223 integration scheme for this mode with the

appropriate friction constant.

As described by Berkowitz et al.,222 the fluctuating force Fk(t) can be obtained on

the necessary time grid using a discrete Fourier transform. This can be achieved by



5. A simple interpolation formula 136

first writing the fluctuating force as

Fk(t) =

∫ ∞

0
Gk(ω)

(
ξa(ω) cos(ωt) + ξb(ω) sin(ωt)

)
dω, (5.99)

where ξa(ω) and ξb(ω) are Gaussian random noise terms satisfying

〈ξa(ω)〉 = 〈ξb(ω)〉 = 0 (5.100a)

〈ξa(ω)ξa(ω′)〉 = δ(ω − ω′) (5.100b)

〈ξb(ω)ξb(ω′)〉 = δ(ω − ω′) (5.100c)

〈ξa(ω)ξb(ω′)〉 = 0, (5.100d)

and

Gk(ω) =

√
2
πβn

Jk(ω)
ω

. (5.101)

More formally ξa(ω) and ξb(ω) are derivatives of Wiener processes, wa(ω) and wb(ω)

respectively, and as such we can write

Fk(t) =

∫ ∞

0
Gk(ω) cos(ωt)dwa(ω) +

∫ ∞

0
Gk(ω) sin(ωt)dwb(ω). (5.102)

Here the integrals are Stratanovich stochastic integrals defined as∫ ωmax

0
g(ω)dw(ω) = ms-lim

N→∞

[ N−1∑
j=0

g(ω j) + g(ω j+1)
2

(
w(ω j+1) − w(ω j)

)]
, (5.103)

in which the nodes ω j form an ordered subdivision 0 = ω0 < ω1 < · · ·ωN = ωmax

of the interval [0, ωmax] and ‘ms-lim’ denotes a limit in mean square. Note that from

the definition of a Wiener process

w(ω j+1) − w(ω j) =
√

(ω j+1 − ω j)ξ( j) (5.104)

where {ξ( j); j = 0, . . . ,N} is a Gaussian stochastic process with zero mean and unit vari-

ance.

Since we wish to obtain Fk(t) on a discrete time grid, with spacing ∆t, we truncate

the integrals in Eq. 5.102 at the Nyquist critical frequency

Fk(i∆t) '
∫ π

∆t

0
Gk(ω) cos(ωi∆t)dwa(ω) +

∫ π
∆t

0
Gk(ω) sin(ωi∆t)dwb(ω) (5.105)
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and then take a finite N approximation to each integral, using a evenly spaced grid in

frequency space with ω j = j∆ω and ∆ω = π
N∆t . This gives

Fk(i∆t)'F(i)
k =

N∑
j=0

a( j)
k cos(i jπ/N) + b( j)

k sin(i jπ/N), (5.106)

where we have defined

a( j)
k =

Gk(ω j)ξ
( j)
a

√
∆ω if 0 < j < N

Gk(ω j)ξ
( j)
a

√
∆ω
2 if j = 0 or N

(5.107a)

b( j)
k =

Gk(ω j)ξ
( j)
b

√
∆ω if 0 < j < N

Gk(ω j)ξ
( j)
b

√
∆ω
2 if j = 0 or N,

(5.107b)

in which {ξ( j)
a } and {ξ( j)

b } are independent sets of uncorrelated normal deviates with zero

mean and unit variance. Since this has the form of a discrete half-complex-to-real Fourier

transform it is straightforward to implement numerically. This will return a series of 2N

time points, of which only the first N should be used since the average of the force-force

correlation function will recur. Hence N must be at least as large as the number of

time-steps. Note that one must also ensure that N is sufficiently large to avoid aliasing.

This scheme is very simple to implement and proved efficient enough for the present

calculations. However, we note that if one were to consider a problem with a larger

system dimension it might become advantageous to use a multivariate Ornstein-Uhlenbeck

process, in a manner analogous to that adopted by Ceriotti et al.224 in their construction

of methods for solving GLEs.
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Summary

In this chapter we discuss the difficulty associated with applying Wolynes theory to the

Marcus inverted regime. Wolynes theory is based on a saddle point approximation to

the time integral of a reactive flux autocorrelation function in the non-adiabatic (golden-

rule) limit. The dominant saddle point is on the imaginary-time axis at tsp = iλsp~, and

provided λsp lies in the range 0 ≤ λsp ≤ β, it is straightforward to evaluate the rate

constant using information obtained from an imaginary-time path-integral calculation.

However, if λsp lies outside this range, as it does in the Marcus inverted regime, the path

integral diverges. This has led to claims in the literature that Wolynes theory cannot

describe the correct behaviour in the inverted regime. Here we show how the imaginary-

time correlation function obtained from a path-integral calculation can be numerically

analytically continued to λsp < 0, and the continuation used to evaluate the rate in the

inverted regime. Comparisons with exact golden-rule results for a spin-boson model and a

more demanding (asymmetric and anharmonic) model of electronic pre-dissociation show

that the theory it is just as accurate in the inverted regime as it is in the normal regime.

6.1 Introduction

Up to this point in the thesis we have focussed on the difficulty associated with calculating

reaction rates between the golden-rule and adiabatic limits, however we now turn our

attention to the non-adiabatic limit. We have seen that Wolynes theory82 is very accurate

in a wide range of physical regimes, and that it compares favourably to non-adiabatic

generalisations of RPMD23–34 in the calculation of golden-rule rates. Unfortunately,

the path-integral implementation of Wolynes theory cannot be directly applied to the

Marcus inverted regime.

The difficulty in applying Wolynes theory to the Marcus inverted regime stems

from the fact that 〈q| e+αĤi |q′〉 diverges for Hamiltonians Ĥi that are not bounded from

above when Reα > 0. This means that for λ outside the range [0, β] the path-integral

representation of the correlation function,

cGR(t + iλ~) =

∫
d f q

∫
d f q′ 〈q| e−(β−λ+it/~)Ĥ0 |q′〉 〈q′| e−(λ−it/~)(Ĥ1−ε) |q〉 , (6.1)
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does not converge. To see why this presents a problem in the Marcus inverted regime, note

that the saddle point condition requires that βF′GR(λsp) = ε, and that for the spin-boson

model the reorganisation energy Λ is defined as

Λ =
〈(

V1(q0) − V0(q0)
)〉

0
= βF′GR(0). (6.2)

Hence, when ε > Λ, corresponding to the Marcus inverted regime, it follows that λsp < 0

and the quantities needed to evaluate the Wolynes rate cannot be directly calculated using

the path-integral expressions given in Sec. 2.3.3. However, as the path-integral expression

for cGR(t + iλ~) is a convergent representation of an analytic function for 0 ≤ λ ≤ β, it

follows that in principle it can be analytically continued from this line to any nonsingular

point in the complex t plane. In the following we describe a simple numerical procedure

by which the Wolynes theory rate can be calculated for λsp in the range [0, β], and then

discuss how this can be used to perform a simple numerical analytic continuation to

calculate the Wolynes rate for λsp outside this strip.*

6.2 Numerical evaluation of Wolynes theory

We begin by writing the Wolynes rate in the form

kWT =
∆2

~

√
2π

−βF′′GR(λsp)
e−β∆FGR(λsp)+λspε . (6.3)

where we have eliminated the reactant partition function by defining ∆FGR(λ) to be the

free energy at λ minus the free energy of the reactants

∆FGR(λ) = FGR(λ) − FGR(0). (6.4)

It is clear from this that the required quantities are λsp, ∆FGR(λsp), and F′′GR(λsp). The

method we propose begins by assuming a suitable (physically motivated) functional form

∆F̃GR(λ) for ∆FGR(λ), and least-squares fitting the parameters in this functional form

to the path-integral data
{
F′GR(λl)

}
and

{
F′′GR(λl)

}
. The choice of a suitable functional

*Note that an alternative to this approach is to use the well-known maximum entropy analytic
continuation method, this has been suggested before and used to directly calculate reaction rates in
the normal regime (i.e. without making the Wolynes theory approximation) where it was found to suffer
from quite large statistical errors.225
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form will be discussed in detail for each of the model problems we shall consider

below. For each required ε, we then solve βF̃′GR(λsp) = ε for λsp, and use ∆F̃GR(λsp)

and F̃′′GR(λsp) in Eq. 6.3 to calculate kWT.

It is clear that this procedure will work when λsp lies in the range 0 ≤ λsp ≤ β, for

two reasons. First, one can show, by expanding Eq. 2.104 in terms of the eigenvalues

and eigenstates of Ĥ0 and Ĥ1, that F′′GR(λ) ≤ 0 for all 0 ≤ λ ≤ β. This implies that

F′(λ) is a monotonically decreasing function of λ in this range and that the equation

βF′GR(λsp) = ε has a unique solution for λsp. Secondly, the use of ∆F̃GR(λsp) and F̃′′GR(λsp)

in Eq. 6.3 is tantamount to interpolating the path-integral data to the saddle point when

0 ≤ λsp ≤ β, and interpolation is generally quite reliable.

It is less clear that the same procedure will work when λsp < 0, as occurs in the Marcus

inverted regime. One reason to suspect that it might work is that the exact FGR(λ) for the

spin-boson model [see Eq. 6.9 below] satisfies F′′GR(λ) < 0 for all λ, and not just in the

strip 0 ≤ λ ≤ β. The solution of βF′(λsp) = ε is therefore unique for this model in both the

normal and inverted regimes. Another reason is that the physically-motivated functional

form for ∆F̃GR(λ) for the second (asymmetric and anharmonic) model problem we shall

consider below also satisfies F̃′′GR(λ) < 0 for all λ < β, and so again gives a unique saddle

point in both the normal and inverted regimes. But one cause for concern is that the use

of ∆F̃GR(λsp) and F̃′′GR(λsp) in Eq. 6.3 is tantamount to extrapolating the path-integral data

when λsp < 0, and extrapolation is typically less reliable than interpolation.

This difference between the normal and inverted regimes is illustrated in Fig. 6.1, with

data from the spin-boson model we shall consider in Sec. 6.3.1. Again the reorganisation

energy Λ is defined as

Λ =
〈(

V1(q0) − V0(q0)
)〉

0
= βF′GR(0), (6.5)

from which it is clear that the transition to the inverted regime at ε = Λ occurs when λsp =

0. Defining the reorganisation energy of a general system in terms of the average energy

gap, it is clear that this result carries over more generally to systems other than the spin-

boson model. In the normal regime where ε < Λ, the solution of βF′GR(λsp) = ε is in the

range between the dotted vertical lines in Fig. 6.1, where the path-integral data {F′GR(λl)}
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Figure 6.1: Solutions of βF′GR(λsp) = ε, for a spin-boson model. Systems in the normal regime,
ε < Λ, are solved by interpolation, while systems in the Marcus inverted regime ε > Λ require the
fitted curve to be extrapolated. But it does not have to be extrapolated very far beyond the dotted
lines within which the path-integral data is available, even when ε = 2Λ.

and {F′′GR(λl)} has been calculated and fitted to obtain the red curve. In the inverted regime

where ε > Λ, the curve has to be extrapolated to find the solution of βF′(λsp) = ε. But

fortunately, for this problem, which has physically reasonable parameters as a model

for condensed phase electron transfer, the extrapolation does not extend very far beyond

the region where the path-integral data is available, even deep in the inverted regime at

ε = 2Λ. This suggests that, while extrapolation can in general be problematic, it is on

relatively safe ground in this case and can indeed be used in conjunction with Eq. 6.3

to calculate Wolynes rate constants in the Marcus inverted regime.
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Figure 6.2: Comparison of the path-integral data for the spin-boson model with ε = 0 and the
fit obtained to it using Eq. 6.10 with N = 3. The standard errors in the path-integral results are
smaller than the size of the dots.

6.3 Results and discussion

6.3.1 The spin-boson model

The first system we shall consider is the spin-boson model. Although very simple,

consisting of two sets of displaced harmonic oscillators with a constant coupling (∆),

this model contains much of the important physics of condensed phase electron transfer

and is commonly used in the study of real physical problems.109–111 For clarity we

give the diabatic potentials again here

V0(q) =

f∑
ν=1

1
2

mω2
ν(qν + ξν)2, (6.6)

and

V1(q) =

f∑
ν=1

1
2

mω2
ν(qν − ξν)2, (6.7)

with the spectral density defined as

J(ω) =
π

2

f∑
ν=1

c2
ν

mων

δ(ω − ων) (6.8)

where cν = mω2
νξν.
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Figure 6.3: A comparison of the exact ∆FGR(λ) [calculated using Eq. 6.9] and the result of fitting
the ansatz in Eq. 6.10 to path-integral data, for the spin-boson model. The solid black circle in
each panel shows the saddle point, which moves from λsp = 0 for symmetric electron transfer
(ε = 0) to λsp = −β/2 for activationless electron transfer (ε = Λ) to λsp < −β/2 in the Marcus
inverted regime (ε > Λ).

Using the exact expression for ∆FGR(λ) given in Eq. 3.49 it follows that in its

discretised form, ∆FGR(λ) is given exactly by

∆FGR(λ) =

f∑
ν=1

2cνξν
β~ων

cosh
(

1
2β~ων

)
− cosh ((λ − β/2)~ων)

sinh
(

1
2β~ων

)  . (6.9)

This suggests an obvious ansatz for ∆F̃GR(λ) of the form

∆F̃GR(λ) = −λ
β
∆F +

N∑
i=1

ai

b2
i

(
cosh

(
1
2biβ

)
− cosh (bi(λ − β/2)

)
, (6.10)

in which {ai} and {bi} are real fitting parameters with ai > 0, and we include the possibility

of an intrinsic free energy difference between reactants and products ∆F = −∆FGR(β).

Eq. 6.10 is clearly capable of giving an accurate fit to the path-integral data when N = f .

However, we expect that it will also give a good fit that can be extrapolated some way
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outside 0 ≤ λ ≤ β for N � f . This is because the exact function contains information

about the behaviour of cGR(t) well away from the imaginary-time axis, which is not

important for the evaluation of Eq. 6.3.

Given the success of the spin-boson model in describing real physical systems,226 we

expect that this ansatz will also work well for other “symmetric” problems, i.e. those

for which −β∆FGR(λ) + λε is symmetric about λ = β/2 when ε = −∆F. Systems

which do not have this property will require an extension of the ansatz, and this is

discussed in Sec. 6.3.2.

To test the method described in Sec. 6.2, we consider a spin-boson model with

Debye spectral density

J(ω) =
Λ

2
ωωc

ω2 + ω2
c
, (6.11)

with reorganisation energy Λ = 50 kcal/mol and characteristic frequency ωc = 500 cm−1,

at 300 K. These parameters are similar to those used in several earlier studies and

they were chosen here because they give a significant quantum mechanical effect on

the rate constant: they lead to a rate constant for symmetric electron transfer (ε = 0)

around two orders of magnitude larger than the Marcus theory prediction, which is at

the upper limit of earlier estimates of the quantum enhancement for the ferrous-ferric

system in aqueous solution.84, 111

The spectral density was discretised in the standard way, with227

ων = ωc tan
(ν − 1

2 )π
2 f

, (6.12)

and

cν =

√
mΛ

2 f
ων, (6.13)

and

ξν =

√
Λ

2m f
1
ων

, (6.14)

for ν = 1, . . . , f . (Note that since neither ων nor cνξν in Eq. 6.9 depends on m this

is a redundant parameter that does not need to be specified to define the problem.) It

was found that f = 12 degrees of freedom were sufficient to converge the exact rate

to graphical accuracy for all ε considered.
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The parameters ai and bi were determined by simultaneously fitting {F′GR(λl)} and

{F′′GR(λl)} to the ansatz in Eq. 6.10. This was done by minimising the objective function

L(a,b) =

∑
l
[
F̃′GR(λl) − F′GR(λl)

]2

2
∑

l
[
F̄′GR − F′GR(λl)

]2 +

∑
l
[
F̃′′GR(λl) − F′′GR(λl)

]2

2
∑

l
[
F̄′′GR − F′′GR(λl)

]2 , (6.15)

where F̄′GR = 1
Nl

∑
l F′GR(λl) and F̄′′GR = 1

Nl

∑
l F′′GR(λl) with Nl being the number of l values

at which the derivatives were calculated.

As this is a non-linear optimisation problem there may be many local minima. We

therefore used a global optimisation algorithm228, 229 on the domain defined by 0 ≤ ai ≤
|F′′GR(β/2)| and 0 < bi ≤ ~ωmax, with ωmax = 22000 cm−1. The path-integral results were

calculated using path-integral molecular dynamics with the PILE thermostat223 at 65

equally spaced points in the interval 0 ≤ λl ≤ β, with n = 256 path-integral beads. We

found that N = 3, corresponding to 6 free parameters, was sufficient to fit the results

to within their statistical error bars. Fig. 6.2 shows the first and second derivatives

of ∆FGR(λ) along with the corresponding fit obtained for N = 3, for which β3a =

(1.4205×10−5, 1.0787×101, 9.6756×101) and βb = (3.4972×101, 7.0368, 9.5562×10−1).

As ∆FGR(λ) is known analytically for this problem we can compare the exact curve

to the result of fitting to the path-integral data. Fig. 6.3 shows ∆F̃GR(λ) − ελ/β (with the

parameters given above) and the exact ∆FGR(λ) − ελ/β for a variety of driving forces,

ranging from the normal regime to activationless electron transfer and on into the Marcus

inverted regime. The agreement is clearly excellent even for ε = 2Λ, deep inside the

inverted regime. This justifies the assertion that the behaviour on the imaginary axis can

be captured by including only a small number of terms N � f in Eq. 6.10.

Having found the parameters in ∆F̃GR(λ), we are now in a position to evaluate Eq. 6.3

for arbitrary ε, as described in Sec. 6.2. Fig. 6.4 compares the exact rate constants to those

calculated using Eq. 6.3 with ∆FGR(λ) replaced by ∆F̃GR(λ). The exact rate constants

were obtained by numerically integrating the exact spin-boson rate in given in Eq. 2.217.

For comparison the rate constants predicted by Marcus theory (Eq. 2.114), which is

exact in the classical (β→ 0) limit for this problem, are also included. Since all the rate

constants in Fig. 6.4 are given relative to the classical rate at ε = 0 we do not need to

specify the value of ∆. However, for the results to be accurate ∆ must be small enough for
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Figure 6.4: Rate constants for the spin-boson model, relative to the Marcus theory result for ε = 0.
The exact results were calculated using Eq. 2.217 and the Wolynes results were calculated using
Eq. 6.3 with the fitted ∆F̃GR(λ).

the golden rule to apply. It is apparent that Wolynes theory gives excellent agreement with

the exact rate for all physically relevant values of ε. Note that this is a situation in which

nuclear quantum effects are vitally important: the quantum mechanical rate is 7 orders of

magnitude larger than the classical rate at ε = 2Λ. The success of the ansatz in Eq. 6.10

for this problem is striking and suggests that the same approach is likely to work for a

wide variety of “symmetric” condensed phase electron transfer reactions. The extension

of the approach to more general (asymmetric and anharmonic) problems is discussed next.

6.3.2 An electronic pre-dissociation model

The second system we shall consider is a one-dimensional model of electronic pre-

dissociation that was introduced by Richardson and Thoss to illustrate the oscillatory

nature of non-adiabatic reactive flux correlation functions.230 Analogous to a condensed
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Figure 6.5: The diabatic potential energy curves for the one-dimensional electronic pre-
dissociation model, along with the driving force ε and reorganisation energy Λ.

phase problem, this system has a continuum of product states, and it provides a useful test

case because the exact non-adiabatic rate constant can again be calculated for comparison

(in this case using quantum scattering theory).

The diabatic potential energy curves of the model are

V0(q) =
1
2

mω2q2, (6.16)

and

V1(q) = De−2α(q−ξ), (6.17)

in which we shall use the same parameters as Richardson and Thoss:230 m = 1, ω = 1, D =

2, α = 0.2, ξ = 5, β = 3, and ~ = 1. Note that for this problem the reorganisation energy

as defined (at ε = 0) in Eq. 6.5 is temperature-dependent, because although V0(q) is still

harmonic V1(q)−V0(q) is no longer a linear function of q. When presenting our results as a

function of ε/Λ we shall therefore simply define Λ as Λ = De2αξ, as illustrated in Fig. 6.5.

This model presents two obvious challenges which will require modifications of the

ansatz for ∆F̃GR(λ) in Eq. 6.10. Firstly the system is not symmetric and secondly, since

V1(q) is unbounded, the product partition function is infinite and the imaginary-time

correlation function cGR(iλ~) diverges at λ = β. Assuming a power law divergence,

cGR(iλ~) ∼ A(β − λ)−γ as λ→ β (6.18)



6. Analytic continuation of Wolynes theory into the Marcus inverted regime 149

-0.5 -0.25 0 0.25 0.5
λ/β

-100

-50

0

50

β
2 F

′ GR
(λ

)

-0.5 -0.25 0 0.25 0.5
λ/β

-2000

-1500

-1000

-500

0

β
3 F

″ GR
(λ

)

PI results
Ansatz

Figure 6.6: Comparison of the path-integral data for the electronic pre-dissociation model with
ε = 0 and the fit obtained to it using Eq. 6.20 with N = 3. The standard errors in the path-integral
results are smaller than the size of the dots.

for some positive constant γ, it follows from the definition of FGR(λ) that

FGR(λ) ∼ γ

β
ln(β − λ) as λ→ β. (6.19)

On the basis of these observations, we arrive at the following generalisation of

Eq. 6.10:

∆F̃GR(λ) = d ln
(
1 − λ

β

)
− λ
β
∆F +

N∑
i=1

ai

b2
i

(
cosh

(
bi

[
1
2β + ci

])
− cosh

(
bi
[
λ − 1

2β − ci
]))
.

(6.20)

Here again ai > 0, and in addition to the logarithmic term we have accounted for

asymmetry in ∆FGR(λ) by adding the additional parameters ci which shift the origins

of the hyperbolic cosines.

The parameters were again determined by minimising the objective function

L(a,b, c, d) =

∑
j
[
F̃′GR(λ j) − F′GR(λ j)

]2

2
∑

j
[
F̄′GR − F′GR(λ j)

]2 +

∑
j
[
F̃′′GR(λ j) − F′′GR(λ j)

]2

2
∑

j
[
F̄′′GR − F′′GR(λ j)

]2 , (6.21)

with the same non-linear optimisation algorithm.228, 229 The search was performed on the

domain defined by 0 ≤ ai ≤ |F′′GR(β/2)|, 0 < bi ≤ ~ωmax (with ωmax = 10), −β < ci < β,
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Figure 6.7: Rate constants for the electronic pre-dissociation model, relative to the classical
golden-rule rate at ε = 0. The exact results were calculated using Eq. 6.22 and the Wolynes results
were calculated using Eq. 6.20. The code used for the exact rate calculations was written by
Prof. David E. Manolopoulos.

and 0 ≤ d ≤ 15/β. The path-integral results were calculated in the same way as for

the spin-boson model at 32 equally spaced points in the interval 0 ≤ λl ≤ 31β/32, with

n = 256 path-integral beads. λn = β was not included because ∆FGR(β) is undefined.

We found that N = 3 in Eq. 6.20 was again sufficient to fit the path-integral results

to within their statistical error bars. Fig. 6.6 shows the first and second derivatives of

∆FGR(λ) along with the corresponding fit, for which β3a = (1.8281 × 101, 3.4729 ×
10−2, 2.8976 × 101), βb = (8.4376 × 10−3, 1.9063 × 101, 4.6062), c/β = (7.4223 ×
10−1, −6.1285 × 10−2, −8.9571 × 10−2) and βd = 1.3762.

The exact golden-rule rate for this problem was also calculated for comparison. This

was done by using a Lobatto shape function discrete variable representation231 (code
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written by Prof. David E. Manolopoulos) to calculate

kQr = −2∆2

~

∑
ν

e−βEν Im 〈ν| Ĝ+
1 (Eν) |ν〉 , (6.22)

and

Qr =
∑
ν

e−βEν , (6.23)

where

Ĥ0 |ν〉 = Eν |ν〉 , (6.24)

and

Ĝ+
1 (Eν) = lim

η→0+

(
Eν + iη − Ĥ1 + ε

)−1
. (6.25)

For this problem the appropriate classical limit of the rate constant is given by the

classical golden rule, which here reduces to

kcl-GR =
∆2

~

√
2πβmω2 e−βV0(q‡)

|V ′0(q‡) − V ′1(q‡)| , (6.26)

in which q‡ is defined by the equation V0(q‡) = V1(q‡) − ε.
Fig. 6.7 compares the exact, Wolynes and classical golden-rule rate constants for

this problem relative to kcl-GR(ε = 0). Once again Wolynes theory gives excellent

agreement with the exact rate well into the Marcus inverted regime. The quantum

mechanical enhancement of the rate is not as pronounced as it was for the spin-boson

model considered in Sec. 6.3.1, but it is still almost an order of magnitude at ε = 2Λ.

And this problem is more challenging in many other respects, including its asymmetry,

its anharmonicity, and the divergent behaviour of its free energy as λ→ β. We therefore

regard the results in Fig. 6.7 to be just as encouraging for future applications of the theory

as those in Fig. 6.4.

6.4 Conclusions

In this chapter, we have established that an appropriate implementation of Wolynes

theory82 works equally well in both the normal and inverted electron transfer regimes.

The only difference between the two regimes is that, whereas the treatment of the normal
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regime involves the interpolation of imaginary-time path-integral data, the treatment of the

inverted regime involves its extrapolation. While extrapolation can often be problematic,

this is not the case in the present context, because one does not have to extrapolate very

far along the imaginary-time axis to reach the saddle point that determines the Wolynes

rate. This is certainly true for both of the model problems we have considered – a typical

spin-boson problem and a one-dimensional model of electronic pre-dissociation – and

we would expect it to be true more generally.
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Summary

In this chapter we present a simple method for the calculation of reaction rates in the

golden-rule limit, which accurately captures the effects of tunnelling and zero-point energy.

The method is based on a modification of the recently proposed golden-rule quantum

transition state theory (GR-QTST) of Thapa, Fang and Richardson. We show that whilst

GR-QTST is not size consistent, leading to the possibility of unbounded errors in the

rate, our modified method has no such issue and so can be reliably applied to condensed

phase systems. Both methods involve path-integral sampling in a constrained ensemble;

the two methods differ, however, in the choice of constraint functional. We demonstrate

numerically that our modified method is as accurate as GR-QTST for the one-dimensional

model considered by Thapa and coworkers. We then study a multi-dimensional spin-boson

model, for which our method accurately predicts the true quantum rate, while GR-QTST

breaks down with an increasing number of boson modes in the discretisation of the spectral

density. Our method is able to accurately predict reaction rates in the Marcus inverted

regime, without the need for the analytic continuation required by Wolynes theory.

7.1 Introduction

Despite its success there are several remaining issues with Wolynes theory. The first

is that, although it recovers Marcus theory in the high temperature limit for the spin-

boson model, it does not recover the correct (classical golden rule) expression for the

high-temperature rate of an anharmonic reaction.170 The second issue, which we met

in the previous chapter, is that the path-integral representation of the Wolynes rate is

only valid when λsp lies in the interval [0, β]. In the Marcus inverted regime, where

the driving force is larger than the reorganisation energy, it turns out that λsp < 0, and

hence Wolynes theory cannot be directly applied to reactions in this regime. We have

shown, in the previous chapter, that it is possible to evaluate the Wolynes rate even when

λsp < 0, by analytically continuing along the imaginary-time axis. However, it would

clearly be desirable to have a method which avoided the need for this kind of numerical

analytic continuation. The third issue, which has recently been pointed out by Richardson
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and coworkers, is that for systems with multiple transition states, Wolynes theory can

significantly overestimate the rate.232, 233 This is again because the Wolynes rate must be

evaluated at iλsp~. For systems with only one transition state, evaluating the Wolynes

expression away from the correct value of λsp leads to a significant overestimation of

the rate. Hence when applied to systems with two or more transition states, which when

treated separately would have different values of λsp, Wolynes theory is forced to take

an intermediate value which overestimates the rate via both channels.233

In the high temperature limit, one can simply use the classical golden-rule expression

for the rate.141, 142 This is independent of the imaginary time iλ~ at which it is evaluated,

and can therefore be used both in the inverted regime and for systems with multiple

transition states. One might hope that it would be possible to find a quantum generalisation

of the classical golden-rule expression that is applicable to lower temperatures and remains

independent of the imaginary time at which it is evaluated. Recently Thapa, Fang and

Richardson have suggested such a generalisation, which they call golden-rule quantum

transition state theory (GR-QTST).232, 233 This is based on introducing an energy matching

constraint which is satisfied by the semiclassical instanton. Unlike Wolynes theory, GR-

QTST correctly captures the classical golden-rule rate in the high temperature limit for

all systems (with harmonic or anharmonic potentials). For a one dimensional system of

linear crossing potentials, it is also exact at all temperatures and is independent of the

imaginary time iλ~ at which it is evaluated. Thapa et al.232 demonstrated that for other

one dimensional problems the GR-QTST rate remains approximately independent of λ,

which enables the calculation of rates in the Marcus inverted regime without the need for

analytic continuation (when λsp < 0 the GR-QTST rate can be calculated using λ = 0.)

Despite these attractive features, GR-QTST has a major drawback which limits its

applicability to multidimensional problems: it is not size consistent. The multidimensional

generalisation of GR-QTST is affected by adding additional degrees of freedom, even

when they are not coupled to the degrees of freedom that participate in the reaction.

For a small but finite number of uncoupled degrees of freedom this makes the method

more sensitive to the value of λ at which the rate is evaluated, which poses problems

when λ = 0 is used to calculate rates in the Marcus inverted regime. However, for
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a realistic condensed phase system, the problem is more severe: the calculation can

become dominated by the physically unimportant degrees of freedom, leading to an

unbounded error in the rate. This means for example that the results do not converge

for a spin-boson model as one increases the number of bath modes in the discretisation

of the spectral density, as we shall show below.

In this chapter we suggest a modified method which fixes the size consistency problem.

Unlike GR-QTST our expression for the rate only involves the diabatic energy gap and

projections onto its gradient. This means that adding uncoupled modes does not affect

our approximation to the rate. The modified method retains the desirable features of

GR-QTST, being exact in the high temperature limit and in one dimension for two linear

crossing potentials. For want of a better name we will therefore refer to the method as

the “Linear Golden-Rule” (LGR) approximation. We shall show that this method gives

rates that are approximately independent of λ, and hence that it is able to calculate rates

deep in the inverted regime (without any analytic continuation). Although LGR is very

similar to GR-QTST, we do not base our constraint on an energy matching condition.

As such the two methods are not equivalent even in one dimension, except in the high

temperature and linear crossing cases. This means that the LGR approximation does not

have the same connection to the semiclassical instanton170, 195, 196 as GR-QTST, and so

it may become less accurate at very low temperatures. This does not however appear

to be the case for the problems studied here, which we believe to be representative of

typical chemically relevant regimes.

Sec. 7.2 summarises existing theory. Sec. 7.3 introduces the GR-QTST approximation,

and elaborates on its size inconsistency. Sec. 7.4 introduces the LGR approximation, and

explains how it solves the size consistency problem. Sec. 7.5 discusses the numerical

implementation of the LGR. Sec. 7.6 presents example applications to two model

problems for which exact results are available for comparison: a one dimensional

model of electronic pre-dissociation and a multidimensional spin-boson model. Sec. 7.7

concludes the chapter.
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7.2 Background theory

7.2.1 Exact theory

In order to understand the approximate theories we shall discuss below it is helpful

to consider the exact golden-rule rate in terms of the distribution ρλ(E). As such we

recap this form of the exact golden-rule rate, and for simplicity we continue to focus on

systems for which ∆(q) = ∆ is a constant, briefly discussing the generalisation beyond

this in Appendix 7.A. As was shown in Sec. 2.2.3 the exact golden-rule rate can be

written in the form,

kGR(ε) =
2π∆2

Qr~
ρλ(ε)e−βFGR(λ)+λε , (7.1)

where ρλ(E) is a probability distribution given by the Fourier transform

ρλ(E) =
1

2π~

∫ ∞

−∞

〈
e−iĤ0t/~e+iĤ1t/~

〉
λ
e−iEt/~dt, (7.2)

with 〈
e−iĤ0t/~e+iĤ1t/~

〉
λ

=
cλ(t)
cλ(0)

, (7.3)

and the Boltzmann factor can be written in terms of a path-integral as

e−βFGR(λ) =

∮
Dq(τ)e−S (λ)[q(τ)]/~. (7.4)

Importantly we stress that the exact rate is independent of the shift in imaginary time iλ~.

This is an important property of the exact rate and as we shall see later it is a desirable

property for any approximate theory. Note also that knowledge of the distribution, ρλ(E)

in Eq. 7.1, calculated with ε = 0, allows one to calculate the rate at any other driving force.

7.2.2 Wolynes theory

The Wolynes theory approximation to the non-adiabatic rate constant is normally thought

of as a steepest descent approximation to the integral of cGR(t + iλ~) in Eq. 2.89. This

gives82

kWT =
∆2

Qr~

√
2π

−βF′′(λsp)
e−βF(λsp)+λspε , (7.5)
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in which λsp is given by the saddle point condition

βF′(λsp) = ε. (7.6)

We note here that Wolynes theory can equivalently be thought of as a Gaussian

approximation to the distribution ρλ(E) in Eq. 7.2 that is constructed so as to reproduce

the 0th, 1st and 2nd moments of the exact distribution:

ρWT,λ(E) =

√
1

2πµ2,λ
exp

(
− (E − µ1,λ)2

2µ2,λ

)
, (7.7)

where

µ1,λ =

∫ ∞

−∞
Eρλ(E) dE = βF′GR(λ) (7.8)

and

µ2,λ =

∫ ∞

−∞
(E2 − µ2

1,λ)ρλ(E) dE = −βF′′(λ). (7.9)

Viewed from this perspective we see that the saddle point condition is equivalent to

choosing the distribution which is peaked at the driving force, ε, which (provided that

the exact distribution is also singly peaked) is likely to be where the approximation

is most accurate.

Although Wolynes theory is very accurate for many systems, including the spin-boson

model, recent work by Richardson and co-workers has demonstrated that it can breakdown

for systems with multiple transition states.233 This can be understood by considering a

reaction which can be separated into two distinct reaction pathways a and b, such that

the rate can be written in terms of a contribution from each as,

kGR(ε) = ka,GR(ε) + kb,GR(ε). (7.10)

For such a system it follows that the distribution can be written as,

ρλ(E) = ρa,λ(E) + ρb,λ(E), (7.11)

and hence approximating ρλ(E) as a single Gaussian may become very inaccurate, leading

to significant overestimation of the rate. An important corollary of this is that the

correlation function at λsp is also poorly approximated by a Gaussian. Since Wolynes

theory is exact at short time, this means that the exact correlation function, cGR(t + iλsp~),

typically exhibits significant oscillatory behaviour leading to a large reduction in the

rate compared to using the short time approximation.
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7.2.3 High temperature limit

As discussed in Sec. 2.2.3, in the high-temperature limit the exact rate tends to the

well-known classical golden-rule rate141, 142

kcl-GR(ε) =
2π∆2

Qr~

〈
δ
(
V−(q) + ε

)〉
cl,λe

−βFcl-GR(λ)+λε , (7.12)

with

e−βFcl-GR(λ) =
1

(2π~) f

∫
d f p

∫
d f q e−(β−λ)H0(p,q)−λH1(p,q), (7.13)

and where ρcl,λ(E) =
〈
δ
(
V−(q) + E

)〉
cl,λ is the classical limit of the distribution, ρλ(E),

which is the probability density for the system to be found with V−(q) + ε = 0. As it is just

the high temperature limit of the exact rate, it is clear that the classical golden-rule rate is

also entirely independent of the λ at which it is evaluated, (although Eq. 7.13 may not be

convergent for λ outside the interval [0, β]). This is in stark contrast to the Wolynes rate,

which not only fails to give the correct result in the high-temperature limit but must still

be evaluated at λsp in this limit. This also means that classically there is no issue with the

evaluation of rates in the inverted regime, where one can simply set λ = 0 in Eq. 7.12. It

would clearly be desirable to find a path-integral generalisation of this equation that was

capable of accurately capturing the effects of tunnelling and zero-point energy on the rate.

7.3 GR-QTST

7.3.1 Formulation

Recently Thapa, Fang and Richardson have attempted to do precisely this. They have

proposed a new method (GR-QTST) for calculating golden-rule rates, which like Wolynes

theory involves path-integral sampling.232, 233 They argued that the rate could be approxi-

mated by introducing an energy constraint into Eq. 7.4, which would be exactly satisfied

by the semiclassical instanton.170, 195, 196 Following this logic, for a system with no external

bias ε = 0, they suggested the following approximation to the rate232

kGR-QTST(λ) =
2π∆2

Qr~

〈
δ
(2
3
E(λ)
− [q(τ)]

)〉
λ
e−βFGR(λ), (7.14)
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where the constraint functional is given by

E(λ)
− [q(τ)] = T (λ)

− [q(τ)] +V(λ)
− [q(τ)]. (7.15)

Here the first term corresponds to the difference of the virial estimator for the kinetic

energy,12, 234 averaged around each segment of the ring-polymer

T (λ)
− [q(τ)] = T (λ)

0 [q(τ)] − T (λ)
1 [q(τ)] (7.16)

with

T (λ)
0 [q(τ)] =

∫ β~

λ~

∇V0(q(τ)) · (q(τ) − s(q+))
2(β − λ)~

dτ (7.17a)

T (λ)
1 [q(τ)] =

∫ λ~

0

∇V1(q(τ)) · (q(τ) − s(q+))
2λ~

dτ (7.17b)

and

s(q+) = q+ − V−(q+)∇V−(q+)
|∇V−(q+)|2 (7.18)

with q+ = 1
2

(
q(0) + q(λ~)

)
. The second term in Eq. 7.15 corresponds to the difference

between the potential energies averaged around the two segments

V(λ)
− [q(τ)] = V(λ)

0 [q(τ)] −V(λ)
1 [q(τ)] (7.19)

where

V(λ)
0 [q(τ)] =

∫ β~

λ~

V0(q(τ))
(β − λ)~

dτ (7.20a)

V(λ)
1 [q(τ)] =

∫ λ~

0

V1(q(τ))
λ~

dτ. (7.20b)

Comparison with Eq. 7.1 allows us to identify the approximation that GR-QTST

is making to ρλ(E) as

ρGR-QTST,λ(E) =

〈
δ

(
2
3
E(λ)
− [q(τ)] + EG(λ)[q(τ)]

)〉
λ

(7.21)

where

G(λ)[q(τ)] =
2
3

+
G(λ)

0 [q(τ)] − G(λ)
1 [q(τ)]

3
(7.22)
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with

G(λ)
0 [q(τ)] =

∫ β~

λ~

∇V0(q(τ)) · ∇V−(q+)
(β − λ)~|∇V−(q+)|2 dτ (7.23a)

G(λ)
1 [q(τ)] =

∫ λ~

0

∇V1(q(τ)) · ∇V−(q+)
λ~|∇V−(q+)|2 dτ. (7.23b)

One can show from these expressions that, unlike Wolynes theory, GR-QTST does not

in general give the exact 1st, 2nd or even 0th moments of ρλ(E).

As with Wolynes theory, GR-QTST is expected to be most accurate when ρλ(0) is

near the peak of the distribution and so ideally kGR-QTST(λ) should be evaluated at λ = λsp.

However, when λsp is outside the interval [0, β], such that evaluation at λsp is not possible,

Thapa et al. suggest evaluating the rate at the end point closest to λsp.232

In low dimensions Thapa et al. found their method gave very good agreement with

exact quantum mechanical golden-rule rates, and that since kGR-QTST(λ) is approximately

independent of λ it gives accurate predictions of rates in the Marcus inverted regime and

for systems with multiple transition states.232, 233 Unfortunately, however, their method is

not size consistent. Although this size inconsistency has been discussed previously by

Fang et al.,232, 233 its origins and implications have not yet been fully explored.

7.3.2 Size inconsistency

To explain the lack of size consistency in GR-QTST, we shall consider a system for which

the coordinates can be separated into two uncoupled sets qa and qb, and for which only

qa are coupled to the diabatic states. We note that this is not a physically unreasonable

model as in a real atomistic simulation there may be many degrees of freedom which are

essentially uncoupled from the non-adiabatic reaction of interest. The diabatic potentials

for such a system can be written as

V0(q) = U0,a(qa) + Ub(qb) (7.24a)

V1(q) = U1,a(qa) + Ub(qb), (7.24b)

with corresponding diabatic Hamiltonians

Ĥ0 = Ĥ0,a + Ĥb (7.25a)

Ĥ1 = Ĥ1,a + Ĥb. (7.25b)
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It is clear physically that the rate of transfer from state |0〉 to state |1〉 is completely

independent of the “b” degrees of freedom. This can be confirmed by considering

Eq. 2.89 and noting that since [Ĥi,a, Ĥb] = 0

cλ=0(t) = trn

[
e−βĤ0e−iĤ0t/~e+iĤ1t/~

]
= tra,n

[
e−βĤ0,ae−iĤ0,at/~e+iĤ1,at/~

]
trb,n

[
e−βĤb

] (7.26)

such that the “b” dependent terms cancel exactly with those in the reactant partition func-

tion

Qr = tra,n

[
e−βĤ0,a

]
trb,n

[
e−βĤb

]
, (7.27)

where tra,n[. . . ] denotes a trace just over the a degrees of freedom and trb,n[. . . ] just

the b degrees of freedom.

The GR-QTST expression for the rate, however, does not have this property. To

see this we first define the probability distribution

pλ(E) =

〈
δ
(2
3
E(λ)
− [q(τ)] − E

)〉
λ

(7.28)

which is equivalent to the pre-exponential term in kGR-QTST(λ), for ε = 0, when evaluated

at E = 0. (Note that, this is not quite the same as ρGR-QTST,λ(−E) in Eq. 7.21). Noting that

the constraint functional can be separated into two parts, each of which only depends

on one of the two uncoupled sets of degrees of freedom, we can write

E(λ)
− [q(τ)] = E(λ)

−,a[qa(τ)] + E(λ)
−,b[qb(τ)]. (7.29)

It then follows straightforwardly that

pλ(E) =

∫ ∞

−∞
pa,λ(E − E′)pb,λ(E′) dE′, (7.30)

where

pα,λ(E) =

〈
δ
(2
3
E(λ)
−,α[qα(τ)] − E

)〉
λ

(7.31)

with α = a or b.

If it were true that E(λ)
−,b[qb(τ)] = 0, then pb,λ(E) would simply be δ(E), and GR-QTST

would correctly predict that the spectator degrees of freedom did not affect the rate.

However, this is not in general the case as the instantaneous quantum fluctuations in the
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virial energy estimators for these degrees of freedom averaged around the two segments

of the ring polymer do not perfectly cancel. It follows that pb,λ(E) is a distribution with

non-zero standard deviation. Hence, when it is convoluted with pa,λ(E), the resulting

distribution will not in general satisfy pλ(0) = pa,λ(0). This problem becomes worse

with increasing system size, as the variance of the distribution pb,λ(E) grows linearly

with the number of uncoupled degrees of freedom. While the fluctuations may be small

when there are only a few uncoupled degrees of freedom, they will clearly eventually

come to dominate the rate. Although Richardson and coworkers have discussed the size

inconsistency of GR-QTST previously,232, 233 the analysis presented here clarifies under

what circumstances the GR-QTST rate will break down. In particular we can see that

the rate will be significantly affected when the variance due to fluctuations in degrees

of freedom uncoupled to the reaction becomes comparable to the variance of the exact

distribution. As the variance of the exact distribution is on the order of Λ/β, where Λ is

the Marcus reorganisation energy, it is simple to assess whether uncoupled degrees of

freedom are likely to dominate the rate. The size inconsistency will be most pronounced

in the tails of the distribution, and for singly peaked ρλ(E) the error is thus expected to

be smallest when the GR-QTST rate is evaluated at λsp.*

We shall show in the following chapter that, for a realistic atomistic simulation of

aqueous ferrous-ferric electron transfer, the solvent degrees of freedom that are uncoupled

from the reaction do indeed dominate the GR-QTST approximation to ρλ(E), leading to a

spurious prediction of the rate. Unfortunately, even in relatively small systems, where

all degrees of freedom are significantly coupled to the diabatic electronic states, the lack

of size consistency in GR-QTST can lead to large errors in the predicted rates, as we

shall illustrate for a spin-boson model in Sec. 7.6.

*Whilst we have only here considered the case of ε = 0, the same argument can of course be made for
any other value of the driving force.
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7.4 An improved method

7.4.1 Linear crossing potentials

GR-QTST does have some desirable features which would make it quite attractive if it

were not for its size inconsistency. We believe the most important of these is that, for

a one-dimensional system of linear crossing potentials,

V0(q) = κ0(q − q‡) + V‡ (7.32a)

V1(q) = κ1(q − q‡) + V‡, (7.32b)

the method gives the exact quantum mechanical rate constant195

kGRQr =

√
2πm
β~2

∆2

~|κ0 − κ1|e
−βV‡ exp

(
β3~2κ2

0κ
2
1

24m(κ0 − κ1)2

)
, (7.33)

independent of the choice of λ. In order to show this, Thapa et al.232 demonstrated that

for this system the exact rate can be written in terms of an imaginary-time path integral as

k =
2π∆2

~Qr

∮
Dq(τ) e−S (λ)[q(τ)]/~δ(V(λ)

− [q(τ)]) (7.34)

where

V(λ)
− [q(τ)] = V(λ)

0 [q(τ)] −V(λ)
1 [q(τ)] (7.35)

with

V(λ)
0 [q(τ)] = V0(q̃) +

∫ β~

λ~

κ0(q(τ) − q̃)
(β − λ)~

dτ (7.36a)

V(λ)
1 [q(τ)] = V1(q̃) +

∫ λ~

0

κ1(q(τ) − q̃)
λ~

dτ, (7.36b)

for any choice of q̃. Instead of merely being a step on the way to showing that GR-QTST

is exact in the linear case, we believe that this result is instead fundamental to the success

of the method for more general one-dimensional problems.
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7.4.2 Linear golden-rule approximation

Following this perspective, let us now suggest a modified method which directly gener-

alises Eqs. 7.34 to 7.36 for multidimensional and non-linear potentials. The most obvious

generalisation of Eqs. 7.35 and 7.36 would be to simply use the difference between

diabatic potential energies averaged around each segment of the imaginary-time path,

V(λ)
− [q(τ)] =

∫ β~

λ~

V0(q(τ))
(β − λ)~

dτ −
∫ λ~

0

V1(q(τ))
λ~

dτ. (7.37)

However, for the reasons we have already discussed, this is not size consistent. For a

two dimensional system described by the diabats

Vi(q) = Ui,a(qa) + Ub(qb) (7.38a)

Ui,a(qa) = κi(q − q‡) + V‡, (7.38b)

it is clear that the multidimensional generalisation of Eqs. 7.35 and 7.36 that avoids the

size consistency problem would need to be equivalent to

U(λ)
− [qa(τ)] =

∫ β~

λ~

U0,a(qa(τ))
(β − λ)~

dτ −
∫ λ~

0

U1,a(qa(τ))
λ~

dτ, (7.39)

rather than Eq. 7.37. This suggests that we would ideally like to “project out” degrees of

freedom uncoupled to V−(q). In this simple example this can clearly be achieved by letting

U(λ)
− [q(τ)] =

∫ β~

λ~

V0(τ, τ′)
(β − λ)~

dτ −
∫ λ~

0

V1(τ, τ′)
λ~

dτ (7.40)

where

Vi(τ, τ′) = Vi(qa(τ), qb(τ′)), (7.41)

i.e. by fixing degrees of freedom orthogonal to the diabatic energy gap coordinate at

some specified imaginary time iτ′.

In order to generalise this to more complex multidimensional systems we first define

the local diabatic energy gap coordinate as

xτ′(τ) = V−(q(τ′)) + ∇V−(q(τ′)) · (q(τ) − q(τ′)), (7.42)
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and then consider changes in the diabatic potentials as a function of xτ′(τ) whilst keeping

orthogonal degrees of freedom fixed at τ′,

Vi(τ, τ′) = Vi(q(τ′)) +
∂Vi

∂xτ′

∣∣∣∣∣
τ′

(
xτ′(τ) − xτ′(τ′)

)
+ . . . . (7.43)

In order to obtain a practical expression for the constraint functional we assume that along

the imaginary-time path the diabatic potential can be treated as a harmonic function

of xτ′ , such that

∂2Vi

∂x2
τ′

∣∣∣∣∣
τ′
'
∂Vi

∂xτ′

∣∣∣∣
τ
− ∂Vi

∂xτ′

∣∣∣∣
τ′

xτ′(τ) − xτ′(τ′)
, (7.44)

and

Vi(τ, τ′) ' Vi(q(τ′)) +

∂Vi

∂xτ′

∣∣∣∣
τ

+
∂Vi

∂xτ′

∣∣∣∣
τ′

2
(
xτ′(τ) − xτ′(τ′)

)
. (7.45)

This can then be rewritten explicitly in terms of the original coordinates by noting that

xτ′(τ) − xτ′(τ′) = ∇V−(q(τ′)) · (q(τ) − q(τ′)) (7.46)

and
∂Vi

∂xτ′

∣∣∣∣∣
τ

=
∇Vi(q(τ)) · ∇V−(q(τ′))
|∇V−(q(τ′))|2 , (7.47)

which having defined the projected diabatic gradients

κi,τ′(τ) =
∇Vi(q(τ)) · ∇V−(q(τ′))
|∇V−(q(τ′))|2 ∇V−(q(τ′)) (7.48)

allows us to rewrite Eq. 7.45 in the form

Vi(τ, τ′) ' Vi(q(τ′)) +
κi,τ′(τ) + κi,τ′(τ′)

2
· (q(τ) − q(τ′)

)
. (7.49)

It is clear that in general this approach depends on the value of τ′ about which the

expansion is taken. We suggest averaging τ′ over the two hopping times, λ~ and β~,

which we have found generally gives the most accurate results. Our approximation to

the rate, in the case of ε = 0, can then be written as

kLGR(λ) =
2π∆2

~Qr

〈
δ
(
V̄ (λ)
− [q(τ)] + K̄ (λ)

− [q(τ)]
)〉
λe
−βFGR(λ), (7.50)
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in which the argument of the delta function consists of two terms. The first of these is

simply the diabatic energy gap averaged over the two bridging beads,

V̄ (λ)
− [q(τ)] =

V−(q(λ~)) + V−(q(β~))
2

, (7.51)

and the second is a gradient-based correction of the form

K̄ (λ)
− [q(τ)] = K̄ (λ)

0 [q(τ)] − K̄ (λ)
1 [q(τ)] (7.52)

where

K̄ (λ)
i [q(τ)] =

K (λ)
i,λ~[q(τ)] +K (λ)

i,β~[q(τ)]

2
(7.53)

with

K (λ)
0,τ′[q(τ)] =

∫ β~

λ~

κ̄0(τ, τ′) · (q(τ) − q(τ′)
)

(β − λ)~
dτ (7.54a)

K (λ)
1,τ′[q(τ)] =

∫ λ~

0

κ̄1(τ, τ′) · (q(τ) − q(τ′)
)

λ~
dτ (7.54b)

and

κ̄i(τ, τ′) =
κi,τ′(τ) + κi,τ′(τ′)

2
. (7.55)

Since this method is based directly on the exact result in the linear case and only

involves the gradients of the diabatic potentials we call it the linear golden-rule (LGR)

approximation. In view of the assumption we have made we expect it will be most

accurate when the gradients of the diabatic potentials do not change dramatically around

the imaginary-time path. The LGR approximation does not have the same connection to

the semiclassical instanton that Thapa et al.232 chose to prioritise in their definition

of GR-QTST, and hence is likely to be less accurate for low dimensional systems

at low temperatures. It is however clear by construction that it retains the property

of being exact for a one dimensional system of two linear crossing potentials, as

well as reducing to Eq. 7.12 in the high temperature limit (where |q(τ) − q(τ′)| → 0

and K̄ (λ)
− [q(τ)] → 0). In addition to this we note that, unlike GR-QTST, the LGR

approximation to the distribution ρλ(E),

ρLGR,λ(E) =
〈
δ
(
V̄ (λ)
− [q(τ)] + K̄ (λ)

− [q(τ)] + E
)〉
λ, (7.56)
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correctly integrates to one, and hence is a true distribution.

Except in the linear case and the high temperature limit, kLGR(λ) will not be completely

independent of λ. Hence, just as with Wolynes theory and GR-QTST, we expect that

kLGR(λ) will be most accurate when evaluated at the saddle point λsp. As with GR-QTST,

we thus suggest that the LGR rate is evaluated at λsp or at the closest end point when

λsp falls outside the range [0, β].

We note that the first of the two terms appearing in the delta function in Eq. 7.56 is

precisely the same as arrises from making the static approximation,67

e−iĤ0t/2~e+iĤ1t/2~ ' e−iV̂−t/2~ (7.57)

symmetrically in Eq. 2.90 to give

cGR(t + iλ~) ' trn[e−(β−λ)Ĥ0e−iV̂−t/2~e−λĤ1e−iV̂−t/2~]eε(λ−it/~). (7.58)

Although it is exact at high temperature, the static approximation is generally only valid

at short time. Hence at low temperatures the static approximation to the distribution,

ρst,λ(E) =
〈
δ
(
V̄ (λ)
− [q(τ)] + E

)〉
λ, (7.59)

is typically not accurate in the tails of the distribution. The second term in the argument

of the delta function in Eq. 7.56, K̄ (λ)
− [q(τ)], acts to correct the static approximation to the

tails of the distribution, and makes the rate approximately independent of λ. The LGR

approximation therefore combines the exact quantum statistics of the system with a local

linear approximation to predict how tunnelling and zero-point energy will affect the rate.

7.4.3 Size consistency

The main theoretical improvement of the LGR approximation over GR-QTST is that

it is not affected by adding uncoupled modes to the system. To highlight this we shall

again consider a system with diabatic potentials

V0(q) = U0,a(qa) + Ub(qb) (7.60a)

V1(q) = U1,a(qa) + Ub(qb), (7.60b)



7. Breakdown of Wolynes theory - Alternative path-integral methods 169

in which the “b” degrees of freedom are not coupled (directly or indirectly) to the diabatic

state and hence should have no effect on the rate. Since the diabatic energy gap is

then (by definition) independent of qb,

V−(q) = U0,a(qa) − U1,a(qa), (7.61)

it follows straightforwardly that so too is its average around the imaginary-time path,

V̄−[q(τ)] = V̄−[qa(τ)]. For the correction term we note that since the derivative of the

energy gap is independent of qb it follows simply that both

∇Vi(q(τ)) · ∇V−(q(τ′)) = ∇Ui,a(qa(τ)) · ∇V−(qa(τ′)), (7.62)

and

∇V−(q(τ′)) · (q(τ) − q(τ′)) = ∇V−(qa(τ′)) · (qa(τ) − qa(τ′)), (7.63)

and hence that the correction term, K (λ)
− [q(τ)] = K (λ)

− [qa(τ)], is also independent of

the uncoupled modes. (Note that the gradient operator in Eqs. 7.62 and 7.63 is ∇ =

(∂/∂qa, ∂/∂qb), and that cross terms between the “a” and “b” coordinates do not contribute

to the dot products.) Hence, our method does not suffer the same size consistency

issue as GR-QTST. This key difference arrises because of the projection of ∇Vi onto

∇V−, which ensures that degrees of freedom which are not coupled to V−(q) do not

enter the constraint functional.

7.5 Numerical implementation

There are clearly two components to evaluating kLGR(λ), the first of which is the evaluation

of the Boltzmann factor, e−βFGR(λ)/Qr. This is common to all of the methods we have

discussed: Wolynes Theory, GR-QTST and LGR. Since

e−βFGR(λ)

Qr
= e−β[FGR(λ)−FGR(0)] = e−β

∫ λ
0 F′GR(λ′) dλ′ , (7.64)

and since −βF′GR(λl) is given by the simple path-integral expectation value in Eq. 2.188,

this factor is straightforward to calculate by evaluating −βF′(λl) on a grid of points

and doing a numerical integration.
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The second component in kLGR(λ) is the probability density, ρLGR,λ(ε). Since ρλsp(E)

tends to be peaked around E = ε, this can be evaluated at the same time as −βF′(λl) by

histogramming the the n bead discretisation of V̄−[q(τ)] +K (λ)
− [q(τ)] to give ρLGR,λl(E).

Hence in the normal regime one needs to do no additional calculations beyond those

required by Wolynes theory.82 However, in the inverted regime, for reactions which

are sufficiently activated, direct evaluation of ρLGR,λl=0(ε) in this way will be insufficient.

Instead one will need to use an enhanced sampling technique to sample configurations

around the crossing seam V0(q) = V1(q) − ε. This added complexity is mitigated by the

fact that there is no need in this case to do any simulations for values of λl > 0, and the

fact that one immediately knows the Boltzmann factor e−βFGR(0)/Qr = 1. Hence, for a

similar activation energy, the inverted regime does not introduce any greater simulation

effort than that required in the normal regime.

7.6 Results and discussion

In order to test the LGR approximation we have considered two different model problems

for which exact results are available for comparison. The first of these is the one

dimensional electronic pre-dissociation model considered by Thapa et al. in their

first paper introducing GR-QTST,232 and which we also considered in the previous

chapter. The second is a multidimensional discretisation of a spin-boson model with

an exponentially damped Ohmic spectral density, with parameters chosen to provide a

demanding test case exhibiting significant nuclear quantum effects.

7.6.1 One-dimensional pre-dissociation model

The first model we consider is the pre-dissociation model originally introduced by

Richardson and Thoss to demonstrate the oscillatory nature of flux-flux correlation

functions.230 This model was also considered by Thapa et al.232 in their paper introducing

GR-QTST, and for ease of comparison with their results we consider the same parameter

regimes as they did in their paper.
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For this system the diabatic potentials take the form

V0(q) =
1
2
ω2q2 (7.65)

and

V1(q) = De−2α(q−ξ). (7.66)

The model parameters are m = 1, ω = 1, D = 2, α = 0.2, and ξ = 5, in units where

~ = 1, and the calculations are performed over a range of values of β and ε. We again

define the reorganisation energy for this problem as Λ = De2αξ.

In order to highlight the relative importance of nuclear quantum effects in different

regimes, we shall compare our results with the classical rate in Eq. 7.12. For this simple

one dimensional model this can be expressed as173

kcl-GR =
∆2

~

√
2πβmω2 e−βV0(q‡)

|V ′−(q‡)|
, (7.67)

where q‡ satisfies the equation V0(q‡) = V1(q‡) − ε. The exact quantum mechanical rate

kGR = −2∆2

~Qr

∑
j

e−βE j Im 〈 j| Ĝ+
1 (E j) | j〉 , (7.68)

with

Qr =
∑

j

e−βE j (7.69)

where

Ĥ0 | j〉 = E j | j〉 (7.70)

and

Ĝ+
1 (E j) = lim

η→0+

(
E j + iη − Ĥ1 + ε

)−1
, (7.71)

was calculated using a Lobatto shape function discrete variable representation, using

code written by Prof. David E. Manolopoulos.231

Figure 7.1 compares the rate as a function of the driving force for this model at a

fixed temperature, with all rates plotted relative to the classical rate at zero driving force.

We do not include the GR-QTST results in Fig. 7.1 as they are the same as the LGR

rates to graphical accuracy. The LGR rates are also almost graphically indistinguishable

from the exact rates for this problem, both in the normal regime and all the way out to



7. Breakdown of Wolynes theory - Alternative path-integral methods 172

0 0.5 1 1.5 2
ε/Λ

0

1

2

3

4

5

6
lo

g 1
0[k

G
R
(ε

) /
 k c

l-G
R
(0

)]

Exact
Classical
LGR

Figure 7.1: Rate constants for the electronic pre-dissociation model at β = 3, relative to the
classical result at ε = 0 . The exact results were calculated using Eq. 7.68 and the LGR results as
described in Sec. 7.5, using 256 ring-polymer beads. Exact results were calculated using code
written by Prof. David E. Manolopoulos.

ε = 2Λ in the inverted regime. The accuracy of the method in the inverted regime is

particularly pleasing given the simplicity with which the LGR calculation is performed,

in particular when compared with the approach of the previous chapter, which requires

numerical analytic continuation to obtain the Wolynes theory rate in the inverted regime.

Comparison with the classical rate shows that at this temperature nuclear quantum effects

only have a moderate effect on the rate, with the largest difference, occurring at ε = 2Λ,

corresponding to less than an order of magnitude speed up relative to the classical rate.

Figure 7.2 shows how the rate constants vary as a function of temperature at zero

driving force, ε = 0. We see clearly the break down of Wolynes theory at high

temperature, as is highlighted in the inset of the figure. GR-QTST and LGR do not suffer

from this problem, and instead correctly recover the exact rate in the high temperature
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Figure 7.2: Rate constants as a function of inverse temperature for the pre-dissociation model,
with ε = 0. The exact results were calculated using Eq. 7.68. The results for Wolynes Theory
and LGR were calculated using 512 beads at the lowest temperature. The inset shows the break
down of Wolynes theory at high temperature. The GR-QTST results are not included as they are
essentially indistinguishable from the LGR rates on this plot. They can be found in Ref. 232.
Exact rates were calculated using code written by Prof. David E. Manolopoulos

limit. At lower temperatures we see that both LGR and Wolynes theory are graphically

indistinguishable from the exact rate (which is hidden under the LGR and Wolynes curves

in the figure). We find that the LGR rates are very accurate for this problem, with an

error of less than 5% for all values of β considered. This is particularly impressive

considering that at the lowest temperature there are 3 orders of magnitude difference

between the classical and quantum rates. The LGR rate is in fact slightly more accurate

at this temperature than the GR-QTST rate, which has an error of about 8% at β = 6.232
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7.6.2 Multi-dimensional spin-boson model

The second system we shall consider is a multi-dimensional spin-boson model,

V0(q) =

f∑
ν=1

1
2

mω2
νq

2
ν + cνqν (7.72a)

V1(q) =

f∑
ν=1

1
2

mω2
νq

2
ν − cνqν, (7.72b)

in which the bosonic bath modes are described by an exponentially damped Ohmic

spectral density

J(ω) = Λ
πω

4ωc
e−ω/ωc , (7.73)

with a reorganisation energy of Λ = 50 kcal mol−1 and a cutoff frequency of β~ωc = 8 at

300 K.

This model was chosen to be strongly quantum mechanical, so as to provide a

stringent test of the accuracy of GR-QTST and LGR. The exact quantum mechanical

golden-rule rate can be calculated for comparison by numerical integration of the exact

expression for cGR(t) given by Eq. 2.217, and the classical limit of the rate is given

by Marcus theory (Eq. 2.224).46–49

In order to calculate the exact, GR-QTST, and LGR rates for this problem we use

a discretised form of the spectral density with f modes, which in the limit as f → ∞
becomes equivalent to the continuous form:

J(ω) =
π

2

f∑
ν=1

c2
ν

mων

δ(ω − ων). (7.74)

The discretisation we employ is defined by

ων = −ωc ln(xν), (7.75)

and

cν = ων

√
mΛwν

2
, (7.76)

where wν and xν are the weights and nodes of an f -point Gauss-Legendre quadrature

on the interval [0, 1]. Discretising using Gauss-Legendre quadrature rather than the
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Figure 7.3: Exact, LGR and Marcus theory reaction rate constants as a function of the driving
force for a multi-dimensional spin-boson model. All three rate constants are plotted relative to the
classical (Marcus theory) rate at zero driving force (ε = 0). The LGR rates were computed using
256 path-integral beads and the exact rate was calculated by numerical integration of Eq. 2.217.
Both the exact and LGR rates are converged to graphical accuracy with f = 16 bath modes.

more commonly used midpoint rule227 leads to more rapid convergence of the exact

golden-rule rate with respect to the number of bath modes. Since GR-QTST is not size

consistent the GR-QTST rates do not converge with increasing f , and by using a rapidly

convergent discretisation we will be able to more clearly illustrate the breakdown of

GR-QTST with increasing system size.

Figure 7.3 shows the exact, LGR and classical (Marcus theory) rates as a function

of driving force for this model, relative to the classical rate at zero driving force. We

find that both the exact rates and the LGR rates are essentially converged to graphical

accuracy using f = 8 bath modes, and that they are very well converged with the f = 16

modes that we use in this figure. Comparison of the classical rate and the exact quantum
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mechanical rate highlights the importance of nuclear quantum effects. We see that the

exact rate is well over 3 orders of magnitude larger than the classical rate at ε = 0, and 7

orders of magnitude larger at ε = 2Λ. While the logarithm of the classical rate exhibits

the famous parabolic dependence on the driving force, the exact rate is not symmetric

about ε = Λ. This asymmetry of the quantum rate as a function of driving force is well

known, and occurs due to the increased efficiency of tunnelling in the Marcus inverted

regime. We also note that the large decrease in the quantum compared to the classical

rate near the activationless reaction, ε = Λ, is an indication of the importance of high

frequency modes in this system. It can be attributed to zero-point energy broadening

the quantum distribution relative to the classical distribution at the same temperature,

resulting in a reduced probability of the system being found at the diabatic crossing point.

We see that LGR reproduces the main qualitative features of the exact rate as a

function of driving force. The largest errors exhibited by LGR are at ε = 0, where it is

just over a factor of 2 smaller than the exact rate, and at ε = 2Λ where it is just under

a factor of 2 larger than the exact rate. Considering the large difference between the

classical and quantum rates for these systems, we feel that these are not unreasonable

errors. Encouragingly LGR is also most accurate for values of ε where the difference

between the quantum and classical rates is smallest, showing an error of less than 10%

at ε = Λ. The accuracy of LGR for this system even in the inverted regime, where

λsp < 0 and the rate must be evaluated at λ = 0, is perhaps the most encouraging feature

of Fig. 7.3. Especially since this calculation avoids the numerical analytic continuation

needed to apply Wolynes theory to the inverted regime. We would conclude from Fig. 7.3

that the LGR provides an accurate approximation to quantum mechanical golden-rule

rates for condensed phase systems in both the normal and inverted regimes.

Figure 7.4 shows the GR-QTST results for discretisations with f = 8, 16 and 32 bath

modes, illustrating the failure of this method to converge with increasing system size.

While GR-QTST provides reasonably accurate results for the 8 mode discretisation, as we

move to 16 and 32 mode discretisations the error in the GR-QTST rate grows significantly.

This is in stark contrast to both the exact and LGR rates which show no significant change

with increasing system size. We see that the size consistency error is most pronounced
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Figure 7.4: Comparison of GR-QTST reaction rate constants as a function of the driving force
for the spin-boson model with an increasing number of bath modes, relative to the classical
(Marcus theory) rate at zero driving force (ε = 0). The GR-QTST rates were computed using 256
path-integral beads and the exact rate was calculated by numerical integration of Eq. 2.217. This
plot illustrates that GR-QTST does not converge as the size of the system increases, due to the
lack of size consistency discussed in Sec. 7.3.2

in the inverted regime, where the GR-QTST rate is out by as much as a factor of 3 for

f = 16 and by almost an order of magnitude for f = 32. Although the error in the normal

regime is not as pronounced, it is important to stress that since the GR-QTST rates do not

converge as f → ∞ it is possible to obtain an arbitrarily large error by going to sufficiently

large f . We shall demonstrate in the following chapter that, for more realistic atomistic

models of condensed phase electron transfer with thousands of degrees of freedom rather

than only 32, the error even in the normal regime can become very significant indeed.
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7.7 Conclusion and future work

In this chapter, we have proposed an alternative to Wolynes theory for calculating non-

adiabatic reaction rates in the golden-rule limit. This alternative, which we have called

the “Linear Golden-Rule” approximation, improves on the recent “Golden-Rule Quantum

Transition State Theory” approximation of Richardson and coworkers by eliminating its

size consistency issues. Like GR-QTST, but unlike Wolynes theory, the method we have

proposed recovers the correct classical golden-rule result in the high-temperature limit,

and it is exact at all temperatures for the special case of two linearly crossing potentials

in one dimension. Its advantage over GR-QTST is that it is size consistent, and can

therefore be used without issue in large-scale simulations of condensed phase reactions:

the uncoupled “spectator” modes that are not involved in the reaction do not contribute to

the calculated reaction rate. Its advantages over Wolynes theory are threefold: it is exact

in the high-temperature limit, it can be applied to reactions with more than one transition

state, and it can be used to calculate electron transfer rates in the Marcus inverted regime

without the need for any numerical analytic continuation.

In the previous section we have demonstrated the accuracy of LGR for both a one

dimensional anharmonic pre-dissociation model and a multidimensional spin-boson

model. The approximate independence of the LGR approximation to the rate on λ allows

for direct evaluation of reaction rates in the Marcus inverted regime. It also means

that LGR can be applied to systems with multiple transition states, which when treated

separately would have different values of λsp. Application of LGR to System I from

Ref. 233 at β = 3 reduced units, which was designed to exhibit two transition states,

confirms the accuracy of LGR for such systems, with kLGR/∆
2 = 2.2±0.2×10−28 reduced

units compared to kGR/∆
2 = 1.98 × 10−28 for the exact golden-rule rate, kcl-GR/∆

2 =

1.1 ± 0.2 × 10−29 for the classical golden-rule rate and kGR-QTST/∆
2 = 2.3 ± 0.2 × 10−28

for the GR-QTST rate.233 In contrast, Wolynes theory overestimates the rate by more

than a factor of 300 for this system.233 Although LGR eliminates the size inconsistency

seen in GR-QTST, it also loses the connection to the semiclassical instanton.170, 195, 196, 232

As such, in low dimensional models, LGR is expected to become less accurate than
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GR-QTST at sufficiently low temperatures. However, we feel that for simulations of

condensed phase reactions, such as electron transfer in solution, size consistency is more

important than a formal connection to the semiclassical instanton. It may of course be

possible to develop a method which is both size consistent and has a close connection

to the semiclassical instanton, and this is an interesting avenue of future work.

As we showed in Chap. 4, Wolynes theory can be generalised to calculate reaction rates

beyond the golden-rule limit, to give a non-adiabatic quantum instanton approximation,

which reduces to the projected quantum instanton in the adiabatic limit.15, 16, 86 The

development of a generalisation of LGR, capable of treating systems with arbitrary

couplings, is an important target of future work. In particular, one might speculatively

hope that this would provide further insight into the development of an accurate non-

adiabatic generalisation of RPMD, which is an area of active research in the field.25–34

However, we note that, LGR can already be used to calculate reaction rates in systems with

arbitrary coupling strength, by combining it with Born-Oppenheimer RPMD using the

simple interpolation formula introduced in Chap. 5. Future work will look to investigate

the accuracy of this approach in systems where Wolynes theory is known to break

down in the golden-rule limit.

For now, LGR provides an accurate approach to calculating reaction rates in the

golden-rule limit, which is straightforward to apply to condensed phase systems in

both the normal and inverted regimes. In the following chapter, we shall apply it to an

atomistic model of aqueous ferrous-ferric electron transfer, and compare the results to

those of Wolynes theory and GR-QTST. This will allow us to assess the recent suggestion

that ferrous-ferric electron transfer exhibits a range of qualitatively different tunnelling

pathways, leading to a breakdown of Wolynes theory and also the assumptions of linear

response inherent in the Marcus picture of electron transfer.235 The conclusions of this

study will turn out to be entirely consistent with what we have found here.

7.A Non-constant diabatic coupling

A detailed investigation of the effects of non-constant diabatic coupling, ∆(q), is un-

fortunately beyond the scope of this thesis. However, we note that an obvious general-
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isation of Eq. 7.50, which reduces to the correct high temperature limit (Eq. 2.105)

is simply given by

kLGR(λ) =
2π
~

〈
∆(q(0))∆(q(λ~))δ(V̄ (λ)

− [q(τ)] + K̄ (λ)
− [q(τ)] + ε)

〉
λ
e−βFGR(λ)+λε . (7.77)

7.B Ring-polymer discretisation

For completeness we give here the n bead discretisation of Eqs. 7.51-7.54. The diabatic

energy gap averaged over the two bridging beads is simply

V̄ (l)
−,n(q) =

V−(q0) + V−(ql)
2

, (7.78)

and the correction term is given by

K̄ (l)
−,n(q) = K̄ (l)

0,n(q) − K̄ (l)
1,n(q) (7.79)

in which

K̄ (l)
i,n(q) =

K (l)
i,n(q, q0) +K (l)

i,n(q, ql)

2
(7.80)

where, for l = 1, . . . , n − 1,

K (l)
0,n(q, q j) =

n∑
k=l

wkl
κ̄0(qk, q j) ·

(
qk − q j

)
(n − l)

(7.81a)

K (l)
1,n(q, q j) =

l∑
k=0

wkl
κ̄1(qk, q j) ·

(
qk − q j

)
l

, (7.81b)

and wkl are the weights in Eq. 2.187. Here the effective diabatic gradients are

κ̄i(qk, q j) =

(∇Vi(qk) + ∇Vi(q j)
) · ∇V−(q j)

2|∇V−(q j)|2
∇V−(q j). (7.82)

The end points l = 0 (λ0 = 0) and l = n (λn = β) are special cases, for which

K̄ (l)
0,n(q) =

n−1∑
k=0

κ̄0(qk, q0) · (qk − q0
)

n
(7.83a)

K̄ (l)
1,n(q) = 0, (7.83b)

and

K̄ (l)
0,n(q) = 0 (7.84a)

K (l)
1,n(q) =

n−1∑
k=0

κ̄1(qk, q0) · (qk − q0
)

n
, (7.84b)

respectively.
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Summary

In this chapter we revisit the well-known aqueous ferrous-ferric electron transfer reaction

in order to address recent suggestions that nuclear tunnelling can lead to significant

deviation from the linear response assumption inherent in the Marcus picture of electron

transfer. A recent study of this reaction by Richardson and coworkers has found a large

difference between their new path-integral method, GR-QTST, and the saddle point

approximation of Wolynes (Wolynes theory). They suggested that this difference could

be attributed to the existence of multiple tunnelling pathways, leading Wolynes theory

to significantly overestimate the rate. This was used to argue that the linear response

assumptions of Marcus theory may break down for liquid systems when tunnelling is

important. If true, this would imply that the commonly used method for studying such

systems, where the problem is mapped onto a spin-boson model, is invalid. However, as

we showed in the previous chapter, a size inconsistency in GR-QTST can lead to poor

predictions of the rate in systems with many degrees of freedom. Here we demonstrate

that the GR-QTST results for ferrous-ferric electron transfer are indeed dominated by

its size consistency error. Furthermore, by comparing the results of LGR and Wolynes

theory, we confirm the established picture of nuclear tunnelling in this system. We then go

on to compare our path-integral results to those obtained by mapping onto the spin-boson

model, in order to reassess the importance of anharmonic effects and the accuracy of

this commonly used mapping approach. Finally we consider the effect of introducing

an artificial bias towards the products, and use this to test the applicability of both the

LGR approach and analytic continuation of Wolynes theory for calculating reaction rates

in the inverted regime in a fully atomistic simulation.

8.1 Introduction

The most commonly used approach to understand electron electron transfer, in biological,

inorganic and materials chemistry, is Marcus theory.1–9 In its basic form, the Marcus

picture of electron transfer consists of two steps: spontaneous thermal fluctuations of

the solvent polarisation (assumed to be harmonic) first bringing the reactant and product
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charge transfer states to the same energy, followed by a golden-rule transition from one

charge transfer state to the other.46–49 While there are many analytical theories which go

beyond the simplest form of Marcus theory, for example by including nuclear quantum

effects,53–62 the majority still assume that the relaxation of the solvent polarisation (or

diabatic energy gap) can be treated within linear response theory, which is equivalent to

assuming a harmonic (spin-boson) model for the diabatic potentials.236

Perhaps the prototypical example of electron transfer, commonly used to introduce

Marcus theory in undergraduate text books,237, 238 is the aqueous ferrous-ferric electron

transfer reaction,*

Fe2+(aq) + Fe3+(aq)→ Fe3+(aq) + Fe2+(aq), (8.1)

which, along with other similar self-exchange reactions, has been the subject of numerous

theoretical studies.84, 107, 109–111, 239–245 In the classical limit the pioneering atomistic studies

of ferrous-ferric electron transfer by Chandler and coworkers demonstrated that the

assumptions of Marcus theory are well founded.107, 241 By calculating the free-energy as a

function of solvent polarisation they showed that the resulting surfaces were essentially

parabolic in line with the Marcus assumption,107 and by studying the solvent relaxation

immediately after electron transfer they were able to illustrate the close agreement

between the exact and linear response results.241

In addition to investigating the ferrous-ferric system in the classical limit, Chandler

and coworkers also carried out one of the first atomistic studies of the influence nuclear

tunnelling on electron transfer.84 In this work, they used imaginary-time path-integral

simulations to directly calculate the Wolynes theory82 approximation to the electron

transfer rate, as well as performing classical equilibrium simulations to map the problem

onto the spin-boson model. Mapping the problem onto the spin-boson model provides

an alternative approach to calculating the influence of nuclear tunnelling on the electron

transfer rate, as once the problem has been mapped the exact quantum mechanical golden-

rule rate can simply be evaluated using Eq. 2.217. Mapping to the spin-boson Hamiltonian

is equivalent to assuming the relaxation of the solvent polarisation can be described via

*Note that consistent with previous studies we will take ferrous-ferric electron transfer to be well
described by the golden-rule limit throughout this chapter.
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linear response. It provides a simple way to estimate nuclear quantum effects from

classical atomistic simulations, by calculating the spectral density from the classical

energy gap autocorrelation function in the reactant ensemble.246, 247 This approach has

since become a popular way to use atomistic simulation to study electron transfer, finding

application in a diverse range of problems from electron transfer in enzymes to device

physics.3, 109, 248–251 Using both methods Chandler and coworkers found surprisingly

large tunnelling enhancements of the ferrous-ferric electron transfer rate, with Wolynes

theory predicting a quantum enhancement factor of ∼60 and the spin-boson mapping a

factor of ∼40 at room temperature.84 These large quantum enhancements proved quite

controversial and have since been the focus of several papers.111, 242, 243 The general

consensus that has emerged from these papers is that the large enhancement is due to

a lack of polarisability in the SPC water model that Chandler and coworkers used in

their calculations.84 Unfortunately, unlike in the classical limit where the approximations

of Marcus theory can be validated using the exact classical golden-rule rate, in the

quantum regime it is not possible to calculate the exact quantum rate for anything beyond

simple model systems and hence the accuracy of Wolynes theory and mapping onto the

spin-boson model can only be inferred indirectly.

As we discussed in the previous chapter, Richardson and coworkers have reassessed

the accuracy of Wolynes theory, and have pointed out that its Gaussian (saddle point)

approximation can breakdown severely for systems with multiple transition states.233 As

an alternative to Wolynes theory, they have suggested a new path-integral based approach,

GR-QTST.232, 233 They have shown that, for low-dimensional model systems designed to

exhibit multiple transition states as well as significant nuclear quantum effects, GR-QTST

gives accurate rate predictions, while Wolynes theory can overestimate the rate by more

than two orders of magnitude.233 On applying GR-QTST to a fully atomistic model

of ferrous-ferric electron transfer, they found a tunnelling enhancement around 7 times

smaller than that of Wolynes theory, and used this to argue that Wolynes theory may be

overestimating the rate due to the presence of multiple tunnelling pathways.235 This is a

significant claim, because if true it would imply that the picture offered by the spin-boson

model was not only quantitatively inaccurate, but also qualitatively incorrect.235
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In the previous chapter, however, we have demonstrated that GR-QTST can suffer

from a serious size inconsistency issue for large systems. Here we argue that it is

this size inconsistency that is responsible for the large difference between the Wolynes

and GR-QTST predictions of the rate in ferrous-ferric electron transfer, rather than

a breakdown of Wolynes theory. To support this argument, and help assess both the

accuracy of Wolynes theory and the spin-boson mapping for this system, we also apply

an alternative path-integral method, the linear golden-rule (LGR) approximation. Since it

is both size consistent and does not assume the correlation function is Gaussian, LGR

provides an independent way to assess whether the assumptions of Wolynes theory break

down in ferrous-ferric electron transfer and to assess the accuracy of the spin-boson

mapping method for including nuclear quantum effects in condensed phase electron

transfer reactions.

Sec. 8.2 gives an overview of the mapping approach. Sec. 8.3 provides some details

of our simulations of the ferrous-ferric system. Sec. 8.4 analyses how a lack of size

consistency in GR-QTST affects its prediction of the ferrous-ferric rate, and investigates

the recent suggestion that Wolynes theory is breaking down for this reaction.235 Sec. 8.5

reassesses the validity of the spin-boson mapping in the light of the preceding sections.

In Sec. 8.6 we consider the effect of an external bias on the reaction rates and investigate

the applicability of these methods to calculate reaction rates in the inverted regime.

Sec. 8.7 concludes the chapter.

8.2 Mapping to the spin-boson model

The spin-boson model assumes that from the perspective of the electron transfer the

nuclear potentials in both charge transfer states can be modelled as being purely harmonic

with the same frequencies in both states,

V0(q) =

f∑
ν=1

1
2

mω2
νq

2
ν + cνqν (8.2a)

V1(q) =

f∑
ν=1

1
2

mω2
νq

2
ν − cνqν − ∆F, (8.2b)
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where we have introduced the intrinsic bias ∆F = FGR(0) − FGR(β); note that for the

ferrous-ferric electron transfer considered here ∆F = 0. The effect of the nuclear

dynamics on the electronic coordinate is then completely described by the spectral

density, which is formally defined as

J(ω) =
π

2

f∑
ν=1

c2
ν

mων

δ(ω − ων), (8.3)

and the exact rate can be calculated using53, 54, 59–61

cGR(t)
Qr

= exp(−i(ε + ∆F)t/~ − φ(t)/~), (8.4)

where

φ(t) =
4
π

∫ ∞

−∞

J(ω)
ω2

[
1 − cos(ωt)
tanh(β~ω/2)

− i sin(ωt)
]
dω. (8.5)

To map a real system onto the spin-boson model one must therefore choose a method

for defining the spectral density of the system. There are many ways that this can be

achieved, using either simulation or experimental data.59, 243, 252 The approach we will

focus on here is the use of classical molecular dynamics to define the spectral density

according to the relation3, 84, 246

J(ω)
ω

=
Λ

2

∫ ∞

0

〈
δV−(0) δV−(t)

〉
cl,0〈

δV2−(0)
〉

cl,0

cos(ωt)dt. (8.6)

Here the averages are taken in the classical canonical ensemble of the reactants, V−(t) =

V0(t) − V1(t) is the energy gap between the reactant and product diabats at time t

along a microcanonical trajectory sampled from this ensemble, and the energy gap

fluctuation is defined as

δV−(t) = V−(t) − 〈V−〉cl,0. (8.7)

The Marcus theory reorganisation energy Λ in Eq. 8.6 is taken to be

Λ = ∆F − 〈V−〉cl,0, (8.8)

with the driving force given by

∆F =
1
β

ln
(
trcl

[
e−βH1

]
trcl

[
e−βH0

]) , (8.9)
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which is clearly zero for the symmetric ferrous-ferric system we shall consider here.

(We note in passing that an alternative choice of mapping gives the Marcus theory

reorganisation energy as

Λ2 =
β

2
〈
δV−(0) δV−(0)

〉
cl,0. (8.10)

While this is equivalent to Eq. 8.8 for the spin-boson model, the two expressions differ for

more realistic (atomistic and anharmonic) models of electron transfer. For completeness

Appendix 8.A gives a detailed discussion of the origin of this choice of mapping, including

a discussion of why Eq. 8.8 is to be preferred over Eq. 8.10).

There are a number of obvious difficulties with trying to map a complex anharmonic

system onto a model as simple as the spin-boson model. While it may be reasonable for

a symmetric reaction such as ferrous-ferric electron transfer to treat the reactants and

product states as having the same frequencies, it is not clear that this should be valid

for asymmetric reactions. Furthermore it is not clear how well in general, even for a

symmetric reaction such as ferrous-ferric electron transfer, the motion to the transition

state can be described by a collection of small fluctuations from equilibrium, given that

the underlying potential is anharmonic.

8.3 Computational details

The model of ferrous-ferric electron transfer we consider here is chosen to be the same as

that considered in the study of Richardson and coworkers in which they found a large

difference between the GR-QTST and Wolynes theory rates.235 The system consists of

265 water molecules in a periodic cubic box of length 20 Å at 300 K. The Fe2+ and Fe3+

ions are fixed at a distance of 5.5 Å in the centre of the box, with the internuclear axis

parallel to the edge of the box. The water model is the flexible q-TIP4P/F model (designed

for use with path-integral simulations),253 and the interatomic potential for the water-

Fe interaction is the same as in the original study by Chandler and coworkers.84, 107, 241

Consistent with these previous studies we assume that the diabatic coupling can be taken

as a constant and that the reaction can be treated as being in the golden-rule limit. As was

discussed by Richardson and coworkers, this model is not designed to give a quantitatively
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accurate description of the real system. In addition to artificially fixing the positions of the

Fe ions, the lack of polarisability and the relatively small size of the system are expected to

lead to significant errors in the predicted reorganisation energy.111, 242, 243 Despite this, the

model provides a useful test of methods for calculating reaction rates in complex systems,

and a qualitative representation of the physical system that will be sufficient to address

the key questions of this chapter (whether the assumptions of Wolynes theory are valid,

and whether ferrous-ferric electron transfer can be mapped onto the spin-boson model).

The system was first equilibrated for 1 ns in the classical canonical ensemble, from

which we took 10 configurations equally spaced in time from the final 0.5 ns to initialise

the path-integral simulations. Following Ref. 235 all path-integral simulations were found

to be converged using n = 24 beads and a time step of 0.5 fs was used throughout. Each

of the 10 initial configurations was equilibrated in the path-integral ensemble for a further

7 ps before the production runs were performed. Calculations of F′(λ) were performed

for 13 equally spaced points with λ ∈ [0, β/2]. At each value of λ an additional 7 ps of

equilibration was performed starting from the final configuration from the previous value

of λ. All the necessary ensemble averages were then accumulated in a final production run

at each value of λ amounting to 700 ps of simulation time. All path-integral simulations

were performed using the Cayley integrator with a Langevin thermostat.254, 255

We find the Marcus reorganisation energy calculated using Eq. 8.8 to be Λ = 110.3 ±
0.3 mHartree, and that calculated using Eq. 8.10 to be Λ2 = 113.7 ± 0.3 mHartree. Both

are the same to within the error bars as those found by Richardson and coworkers.235 The

close agreement between the two definitions of the reorganisation energy indicates that

in the classical limit ferrous-ferric electron transfer is well described by the spin-boson

model, in agreement with previous studies.107, 241 As discussed above the large value of

the reorganisation energy for the present model, 3.0 eV, compared to the experimental

estimate of 2.1 eV, can be attributed in large part as being due to the lack of polarisability

of the q-TIP4P/F water model.111, 242, 243
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8.4 In defence of Wolynes theory

In this section we shall address the recent finding, in the study by Richardson and

coworkers,235 of a large discrepancy between the rates predicted by Wolynes theory and

GR-QTST for ferrous-ferric electron transfer. This was used to argue that the assumptions

of Wolynes theory may be breaking down for this system, leading to an overestimate of

the exact rate. Here we will demonstrate that the opposite is true. In fact it is GR-QTST

which is breaking down and the assumptions of Wolynes theory are well justified. We

begin by demonstrating that the lack of size consistency in GR-QTST dominates its

estimate of the rate, before using a comparison of the results of Wolynes theory and LGR

to demonstrate that the Wolynes theory result is highly accurate for this system.

8.4.1 Size consistency error in GR-QTST

As we have shown in the previous chapter, GR-QTST is not size consistent: its prediction

of the rate can be affected by degrees of freedom which are entirely uncoupled from the

reaction. We found that this issue has only a relatively small effect on the GR-QTST rate

for low dimensional models, however we expect it to become much more pronounced

for realistic simulations which contain thousands of degrees of freedom. We thus believe

that this size consistency issue is leading GR-QTST to underestimate the exact rate for

the model of ferrous-ferric electron transfer described above.

To understand this issue we need to consider the pre-factor in the GR-QTST rate.

To this end let us define the probability distribution

pGR-QTST,λ(E) =

〈
δ
(2
3

(
E(λ)

0 − E(λ)
1

)
+ E

)〉
λ
, (8.11)

for which pGR-QTST,λ(0) = ρGR-QTST,λ(0). In order to evaluate the probability distribution

pGR-QTST,λ(E), one simply histograms the constraint functional 2
3

(E(λ)
0 − E(λ)

1
)

in the

appropriate ensemble. The lack of size consistency of GR-QTST arises because the

value of pGR-QTST,λ(0) – the probability density for the virial energy on one half of the ring

polymer to be the same as that on the other – is in general dependent on all of the degrees

of freedom in the simulation, and not just those which are involved in the reaction. To see

why this leads to a lack of size consistency note that, even for an electronically adiabatic
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reaction with only one electronic state, the two halves of the ring polymer do not have

the same instantaneous virial energies. Because the spontaneous energy fluctuations are

size extensive, for a large enough system, the difference in virial energy between the

two halves of the ring polymer will be dominated by these fluctuations rather than the

difference between the diabatic potentials. Therefore, instead of constraining the system

to the transition state, the GR-QTST constraint becomes dominated by quantum energy

fluctuations in degrees of freedom entirely uncoupled from the reaction.

To show that this lack of size consistency is dominating the GR-QTST calculation for

ferrous-ferric electron transfer, we need to demonstrate that the spontaneous fluctuations

are indeed dominating pGR-QTST,λ(E). To do this we consider a modified system in which

the reactant and product electronic states are the same, and hence the nuclear dynamics

are uncoupled from any electron transfer reaction. We define the nuclear potentials for

this uncoupled system as the average of the two diabatic potentials in the real system,

Vu,0(q) = Vu,1(q) =
V0(q) + V1(q)

2
, (8.12)

which of course just corresponds to both iron ions being Fe2.5+. Since both electronic

states are the same, Ĥu,0 = Ĥu,1, and the exact distribution for the uncoupled model

is simply ρλ(E) = δ(E). It is clear that GR-QTST cannot satisfy this exactly, but in

order for it to be accurate when applied to the real ferrous-ferric electron transfer, it

must hold approximately. This means that we must have pGR-QTST,λ(E) ' δ(E) for the

uncoupled model, i.e. the variance must be much smaller than the variance of the exact

distribution (which is on the order of Λ/β).

Figure 8.1 compares the distribution pGR-QTST,λ(E) for both the real ferrous-ferric

system and for the uncoupled system, in which the two diabatic electronic states are the

same. We see that, not only is the variance of pGR-QTST,λ(E) in the uncoupled system

not significantly smaller than in the real system, but it is actually essentially the same,

indicating that spontaneous quantum fluctuations in the energy are dominating the GR-

QTST constraint functional and hence the GR-QTST approximation of ρλ(0). This

demonstrates clearly that the GR-QTST rate is not a reliable approximation to the exact

rate for this system, and hence cannot be used to assess the accuracy of Wolynes theory

or mapping to the spin-boson model.
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Figure 8.1: Comparison of the GR-QTST distribution (Eq. 8.11) for both the real Fe(II)-Fe(III)
system and for an uncoupled system in which the nuclear potentials are the same in both diabatic
states (corresponding to both iron ions having a charge of 2.5). The close agreement between the
two curves illustrates that the size consistency error of GR-QTST is dominating the calculation of
the rate in ferrous-ferric electron transfer. Note for reference that βΛ ' 116.

8.4.2 Accuracy of Wolynes theory

Although we have demonstrated that the GR-QTST rate is not reliable for ferrous-

ferric electron transfer this does not, by itself, disprove the suggestion that Wolynes

theory is overestimating the exact rate. One way to address this possibility is to apply

a method which does not assume that the correlation function is Gaussian and compare

the results with Wolynes theory. Whilst GR-QTST cannot be used for this purpose, we

can apply the LGR approximation, which although closely related to GR-QTST is size

consistent. In addition to providing a useful way to independently assess the assumptions

of Wolynes theory, this will also serve as the first demonstration of the applicability

of LGR to a fully atomistic simulation.

Table 8.1 compares the rate constants for ferrous-ferric electron transfer calculated

using each of the methods under consideration. Just as in the study by Richardson and
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Table 8.1: Comparison of the rate constants for each of the methods considered, given in atomic
units. Note that errors are given as two standard errors in the mean.

kGR/∆
2

Classical 5.4 ± 0.6 × 10−11

Marcus 4.3 ± 0.4 × 10−11

Wolynes 3.9 ± 0.6 × 10−9

LGR 3.7 ± 0.6 × 10−9

SB Mapping 2.8 ± 0.3 × 10−9

GR-QTST 5.3 ± 0.8 × 10−10

coworkers,235 we find that Wolynes theory predicts a rate which is around 7 times larger

than that predicted by GR-QTST. In contrast, the Wolynes rate is only about 5% larger

than the LGR rate. The close agreement of Wolynes theory and LGR, which are based

on very different approximations, is a strong indication that the assumptions of Wolynes

theory are likely to be valid for ferrous-ferric electron transfer. We would also note that

the errors given in Table 8.1 are dominated by the thermodynamic integration of F′GR(λ) to

give e−βFGR(λsp), and hence we can give a much more detailed comparison of the methods

by separately considering their approximations to ρλsp(E).

The upper panel of Fig. 8.2 compares the LGR and Wolynes theory approximations

to ρλ(E) with λ = λsp = β/2. It is clear that both agree very closely, with LGR having

an approximately Gaussian functional form. Using the fact that the distribution is just

the Fourier transform of the correlation function we can also compare the Wolynes

and LGR approximations to the normalised correlation function, by taking the inverse

Fourier transform to give

cλ(t)
cλ(0)

=

∫ ∞

−∞
ρλ(E)e+iEt/~dE. (8.13)

The LGR and Wolynes correlation functions are shown in the lower panel of Fig. 8.2

and unsurprisingly we find that the LGR correlation function looks essentially like a

Gaussian in the time domain as well, again indicating that the assumptions of Wolynes

theory are valid. The small 5% difference in the rates of the two methods is visible in
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Figure 8.2: LGR and Wolynes theory approximations to ρλ(E) (upper panel) and Re[cλ(t)/cλ(0)]
(lower panel) for the present atomistic model of ferrous-ferric electron transfer. In both panels
calculations are done with λ = λsp = β/2, using 24 path-integral beads.

both panels, from the relative heights of the distributions and areas under the correlation

functions. What is difficult to see by eye is whether this difference is due to the LGR

correlation function not being perfectly Gaussian, or if it is due to a small error in the

LGR approximation to the second moment of the exact distribution, ρλ(E).

Since LGR does not in general give the exact first and second moments of the

distribution ρλ(E),* one test of its accuracy is to compare the rates obtained using the

original LGR distribution with those obtained using a corrected LGR distribution in which

*For ferrous-ferric electron transfer, the LGR approximation to the first moment of the distribution
ρλ(E) is correct at λ = λsp = β/2 by symmetry, but the LGR approximation to the second moment is slightly
off.
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the first and second moments are adjusted to the exact results. This can be achieved by

defining the “moment corrected LGR” distribution according to

ρmc-LGR,λ(E) =

√
µ̃2,λ

µ2,λ
ρLGR,λ

(√
µ̃2,λ

µ2,λ
(E − µ1,λ) + µ̃1,λ

)
(8.14)

where

µ̃1,λ =

∫ ∞

−∞
EρLGR,λ(E)dE (8.15)

and

µ̃2,λ =

∫ ∞

−∞
(E2 − µ̃2

1,λ)ρLGR,λ(E)dE. (8.16)

We find that the moment corrected LGR rate agrees with the Wolynes theory rate to

within 1%, indicating that the small difference between the LGR and Wolynes theory

rates is almost entirely due to the small error in the LGR approximation to µ2,λ. This

therefore strongly supports the assertion that the Wolynes theory approximation is valid

for ferrous-ferric electron transfer.

It is now clear that the difference between the GR-QTST rate and the Wolynes

rate for ferrous-ferric electron transfer is due to GR-QTST underestimating the exact

rate rather than Wolynes theory overestimating it. The error in GR-QTST originates

from the fluctuations in the virial energies of modes uncoupled to the reaction, which

dominate the GR-QTST constraint functional. Given this perspective it seems natural

to ask whether these background fluctuations can be subtracted from the GR-QTST

calculation to yield an accurate rate. In particular, the above discussion would seem to

suggest that the small difference between the GR-QTST distribution for the real system

and the uncoupled system in Fig. 8.1 should be related to the “correct” GR-QTST result.

That is, the result that would be obtained if the contribution from the uncoupled modes

could be removed. A detailed discussion of how this can be done is left to Appendix

8.B, but the result is that one can indeed approximately remove the spurious background

signal from the GR-QTST distribution. In doing so, we find that the resulting corrected

GR-QTST rate is about 10% larger than the Wolynes rate, rather than 7 times smaller.

This further confirms our assertion that it is GR-QTST and not Wolynes theory that

is breaking down for this problem.
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8.5 Validity of mapping to the spin-boson model

The study by Richardson and coworkers also concluded that the common practice of

mapping to the spin-boson model is invalid for ferrous-ferric electron transfer.235 In

this section we give an overview of their arguments, and discuss how their results can

be reinterpreted in the light of our present findings. We then go on to reassess the

validity of mapping to the spin-boson model for ferrous-ferric electron transfer and

discuss what conclusions can be drawn for more general systems. When it comes to

assessing the validity of the mapping there are two main questions one might ask: is the

spin-boson perspective qualitatively accurate, and can it give quantitatively accurate

predictions of the rate?

Richardson and coworkers used the difference between the Wolynes theory results and

GR-QTST results to argue that mapping to the spin-boson model was invalid.235 Their

argument focussed on the close agreement between GR-QTST and Wolynes theory in a

previous study, which consisted of a series of different spin-boson models, as evidence that

the ferrous-ferric system could not be spin-boson like. However, that previous study only

looked at spin-boson models with up to 8 degrees of freedom,232 compared to the over

2000 degrees of freedom in their atomistic model of ferrous-ferric electron transfer.235 As

we have demonstrated in the previous chapter, the size consistency error of GR-QTST only

becomes apparent when there a large number of uncoupled degrees of freedom. Hence

the difference between GR-QTST and Wolynes theory for ferrous-ferric electron transfer

cannot be used to argue that mapping to a spin-boson model is invalid for this problem.

In order to provide further evidence that Wolynes theory was breaking down in

their ferrous-ferric simulation, and to justify the claim that it is not valid to map this

problem onto a spin-boson model, Richardson and coworkers also performed an instanton

analysis.235 They took a series of configurations from an equilibrium simulation and

fixed all atoms more than 5Å away from the Fe ions, before performing an instanton

optimisation on the remaining degrees of freedom. They found that the resulting

instantons had a wide range of different saddle point values, λsp, which they used to

argue that the system exhibits a continuum of different transition states with different
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Table 8.2: Quantum correction factors for the different methods considered in this chapter. In
order to provide a fair comparison, the quantum correction factors for the atomistic methods
are defined relative to the atomistic classical golden-rule rate, whereas the spin-boson quantum
correction factor is defined relative to the classical golden-rule rate for the same spin-boson model
(i.e. Marcus theory).

Γ

Wolynes 73 ± 14

LGR 69 ± 13

SB Mapping 66 ± 2

GR-QTST 10 ± 2

tunnelling characters.235 However, we note that if one were to do the same thing to the

spin-boson model, for example by fixing the coordinates of some of the bath modes at

configurations sampled from an equilibrium simulation, one would also see a range of

different saddle points. Fixing some degrees of freedom stops them from relaxing and

reduces the reorganisation energy, while also giving a random bias either to products or

reactants. The different biases then lead to a range of different saddle points, and the

distribution of these saddle points is further broadened by the reduced reorganisation

energy. Since the spin-boson model is known to have just a single instanton at any given

temperature, this seems to us to refute the claim that the same analysis can be used to

show that the ferrous-ferric problem has multiple transition states.

With this established, let us now return to the qualitative Marcus picture of electron

transfer, in which collective solvent motion takes the system to the transition state. This

picture is strongly supported by the close agreement between the classical golden-rule

and Marcus theory rates, and the Wolynes theory and quantum mechanical spin-boson

rates, in Table 8.1. However, this close agreement is not perfect in either (classical

or quantum) case: we find small but significant quantitative differences between the

atomistic and spin-boson-mapped calculations, reflecting the fact that the real potential

energy surface is anharmonic.

Anharmonic effects are also apparent in the difference between the two definitions of

the Marcus reorganisation energy, Λ and Λ2 [Eqs. 8.8 and 8.10, respectively]. Although
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there is only a 3% difference between the two, the rates predicted by Λ2 are significantly

less accurate – more than a factor of 2 smaller in both the classical and quantum cases

– because using Λ2 overestimates the activation energy of the reaction. This highlights

the fact that the quality of the mapping is strongly dependent on how well it captures the

activation energy. In fact, if we adjust the reorganisation energy so that Marcus theory

agrees with the exact classical golden-rule rate (corresponding to Λ = 109.45 mHartree),

this also brings the quantum rate predicted by the spin-boson model up to agree with

the Wolynes and LGR predictions to within their error bars, giving kGR/∆
2 ' 3.5 × 10−9

atomic units. Hence, we find that accounting for the small anharmonic effects in an

average manner can make mapping to the spin-boson model essentially quantitative for

this model of ferrous-ferric electron transfer.

Table 8.2 shows the quantum correction factors, Γ = kGR/kcl-GR, obtained using each

of the methods discussed in this chapter. It is worth noting that the quantum correction

factors predicted by Wolynes theory, LGR and the spin-boson mapping, are much larger

than the experimental estimates. As we have now demonstrated the accuracy of these

approaches, it follows that this difference is caused by deficiencies in the atomistic model

we have used, and as has been discussed at length before this is likely due in large part

to a lack of polarisability in the water model.111, 242, 243 The inclusion of polarisability

is expected to significantly reduce the reorganisation energy and hence the importance

of tunnelling in the system. These changes are likely to make the assumptions behind

mapping to a spin-boson model more rather than less reliable, and hence we expect that

the results found here are transferable to more realistic models.

Despite the fact that we find mapping to the spin-boson model can be quantitatively

accurate for ferrous-ferric electron transfer, our results have highlighted the sensitivity

of the mapping to the exact approach used. It is clear that for any system in which there

are modes involved in the reaction that are strongly anharmonic the mapping will be

less reliable. Furthermore, even for systems in which the reactants and products can

be treated as essentially harmonic, there may be situations in which they have different

frequencies, which will again make the spin-boson model less reliable. Whilst there

exist many asymmetric generalisations of basic Marcus theory,256–258 the importance of
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nuclear quantum effects in electron transfer can be very pronounced, and hence for any

theory to be quantitatively accurate it must be able to capture both asymmetry and nuclear

tunnelling. Unlike mapping to the spin-boson model, the path-integral methods we have

used in this chapter have no difficulty in dealing with more complicated systems, and

hence provide a useful tool in the study of complex electron transfer reactions in solution.

8.6 Effect of an external bias to products

Before we conclude the chapter we briefly consider the effect of an external bias to

products ε on the reaction rate. This will allow us to demonstrate the applicability of

the methods discussed for calculating reaction rates in the Marcus inverted regime in the

previous two chapters to a fully atomistic simulation. The LGR rates are thus calculated

using λ = 0 for λsp < 0, and the Wolynes theory rates are calculated by fitting the

imaginary-time data for F′GR(λ) and F′′GR(λ) to Eq. 6.10 using Eq. 6.15 with N = 3 terms.

As well as the LGR and Wolynes rates we also calculate the Marcus theory rate, with a

reorganisation energy of Λ = 110.3 mHartree, in order to illustrate the relative importance

of nuclear quantum effects at different driving forces. Unlike in the previous chapters

we are of course unable to calculate the exact rates in order to validate the results of

LGR and Wolynes theory. In the absence of exact results, we also calculate the rates

predicted by the spin-boson mapping in order to further validate the LGR and Wolynes

results. To ensure that they are as accurate as possible, the mapping rates are calculated

using the adjusted reorganisation energy, Λ = 109.45 mHartree, chosen to reproduce

the correct classical activation energy at ε = 0.

Figure 8.3 compares the LGR, Wolynes theory, spin-boson mapping and Marcus

theory rates as a function of the external driving force relative to the Marcus theory

reorganisation energy, Λ = 110.3 mHartree. The LGR and Wolynes theory rates show

very close agreement at all values of the driving force considered, with the largest

difference occurring at ε/Λ = 2, where the LGR rate is just over a factor of 2 larger

than the Wolynes results. This is not an unreasonable difference, particularly considering

that the quantum rates are around 8 orders of magnitude larger than the Marcus theory

rate at this driving force. In fact the Wolynes and spin-boson mapping results agree
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Figure 8.3: Comparison of Wolynes, LGR and Mapping rates as a function of the external driving
force, ε/Λ, for the ferrous-ferric system, where the Marcus theory reorganisation energy has been
defined as Λ = 110.3 mHartree. Wolynes theory rates are calculated by the fitting procedure
described in Chap. 6, using Eq. 6.10 with N = 3 terms. Note that the SB mapping results given
here are those with the reorganisation energy, Λ = 109.45 mHartree, adjusted so that the classical
and Marcus rates agree at ε = 0.

even more closely, and are differ by no more than a factor of 1.5 at all driving forces

considered. This close agreement is perhaps unsurprising given that the ansatz used to

fit the imaginary-time data is based on the exact result for the spin-boson model, and

hence both approaches can be considered as mapping to a spin-boson model. However,

the two approaches use different information, and hence the close agreement between the

Wolynes and spin-boson mapping results further support the view that the ferrous-ferric

system is very well described by a spin-boson model. As such it seems likely that the

LGR results are the least accurate of the three approaches deep in the inverted regime,

and this would be consistent with the results in the previous chapter where for a similar

quantum enhancement the LGR rate was also about a factor of 2 too large.
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8.7 Conclusion

For at least 30 years the standard picture of ferrous-ferric electron transfer has been

based on linear response theory. Whilst this has been rigorously tested in the high

temperature limit where it is possible to calculate all quantities exactly,84, 107, 241 it has

previously just been assumed that the same approach would carry over to the quantum

regime. This assumption has recently been thrown into doubt by the study of Richardson

and coworkers,235 which has suggested that when nuclear tunnelling is important the

assumptions of linear response theory may break down due to the existence of a range

of tunnelling paths with qualitatively different behaviour. This would imply that, not

only was the common practice of mapping electron transfer reactions onto the spin-boson

model quantitatively wrong, but also qualitatively so. In this chapter we have addressed

these suggestions and confirmed that the linear response assumption in aqueous ferrous-

ferric electron transfer is well justified, even in the presence of significant tunnelling.

Richardson and coworkers have previously shown that the saddle point approximation

of Wolynes theory can breakdown for systems which exhibit multiple distinct transition

states.233 By showing that GR-QTST and Wolynes theory give very different predictions

of the electron transfer rate in ferrous-ferric electron transfer, they argued that this may

be due to the existence of multiple transition states, which would be at odds with the

assumptions of linear response and hence mapping onto the spin-boson model. Here we

have demonstrated that the difference between GR-GTST and Wolynes theory is due to

a size consistency error on the part of GR-QTST, and by comparing with an alternative

path-integral method, LGR, we have confirmed the accuracy of Wolynes theory. Just as in

the original study by Chandler and coworkers,84 we have found a tunnelling enhancement

that is much larger than inferred from experiment. This is most likely due to the lack

of polarisability in the water models used in this study and in Ref. 84, and also to

the relatively small sizes of the simulations. The model we have investigated is thus

not entirely realistic. However, it is clear from the error it has revealed in GR-QTST

that it provides a useful test for methods designed to treat non-adiabatic systems, and

given that the Wolynes theory results are very accurate for this model it could provide
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a useful benchmark for testing other methods in the future. In this spirit, by applying

an external bias, we have also tested the LGR and numerical analytic continuation

approaches, developed in the preceding chapters, to the calculation of reaction rates in the

Marcus inverted regime. The close agreement between both methods, despite quantum

enhancements of more than 7 orders of magnitude, indicates that these approaches provide

a viable approach to calculating reaction rates in the inverted regime in complex systems.

Comparison of our path-integral results with those from mapping to the spin-boson

model show small deviations from the harmonic assumption. We find that these deviations

are sufficiently small that they can be essentially accounted for, in an average sense, by

choosing the Marcus reorganisation energy so as to give the correct classical activation

energy. However our results highlight that even small anharmonic effects can lead to

significant changes in the rate, and we note that these effects are likely to be much more

pronounced in systems which are more complex than aqueous ferrous-ferric electron

transfer. In particular if the reactants and products have different frequencies or if there

are modes important in the electron transfer which show more pronounced anharmonicity,

such as conformational changes which couple to the electron transfer, then mapping onto

the spin-boson model is likely to breakdown.259, 260 In contrast path-integral approaches

such as Wolynes theory and the LGR approximation provide a simple approach to the

calculation of electron transfer rates in complex systems.

8.A Mapping to the spin-boson model

In this appendix we give a discussion of the basis for mapping electron transfer onto a

spin-boson model via classical equilibrium simulation. In order to derive the standard

mapping we begin by writing the rate in the form

k =
∆2

~2

∫ ∞

−∞

〈
e−iĤ0t/~e+iĤ1t/~

〉
0
e−iεt/~dt, (8.17)

where 〈Â〉0 = tr[e−βĤ0 Â]/Qr. Noting that

e−iĤ0t/~e+iĤ1t/~ = Texp
(
− i
~

∫ t

0
e−iĤ0t′/~V̂−e+iĤ0t′/~dt′

)
(8.18)
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where Texp denotes the time ordered exponential, we can then make use of Kubo’s

generalised cumulant expansion261 to write

k =
∆2

~2

∫ ∞

−∞
e−i〈V̂−〉0t/~− 1

~2

∫ t
0 (t−t′)〈δV̂−(0)δV̂−(t)〉0dt′+...dt (8.19)

where

δV̂−(t) = e+iĤ0/~(V̂− − 〈V̂−〉0)e−iĤ0/~. (8.20)

In general there exist infinitely many non-zero cumulants in the exponential, however

for the spin-boson model the series truncates at the second cumulant. Hence in order to

map onto the spin-boson model one truncates at second order to give〈
e−iĤ0t/~e+iĤ1t/~

〉
0
' e−i〈V̂−〉0t/~− 1

~2

∫ t
0 (t−t′)〈δV̂−(0)δV̂−(t)〉0dt′ . (8.21)

To simplify this into a form which can be evaluated using classical molecular dynamics,

one begins by introducing the Kubo transformed energy gap fluctuation operator

δV̂ (K)
− =

1
β

∫ β

0
dλ eλĤ0δV̂−e−λĤ0 , (8.22)

from which one can define the spectral density, J(ω), as

J(ω)
ω

=
β

4

∫ ∞

0

〈
δV̂ (K)
− (0) δV̂−(t)

〉
0 cos(ωt) dt. (8.23)

Then making use of the relation between the standard correlation function C(t) =〈
δV̂−(0)δV̂−(t)

〉
0

and its Kubo transformed variant C(K)(t) =
〈
δV̂ (K)
− (0)δV̂−(t)

〉
0
,

C(t) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
eiω(t′−t) β~ω

eβ~ω − 1
C(K)(t′) dt′dω, (8.24)

we can write

〈δV̂−(0)δV̂−(t)〉0 =
4
π

∫ ∞

−∞
e−iωt ~

eβ~ω − 1
J(ω) dω. (8.25)

Finally using the relations∫ t

0
(t − t′)e−iωt′dt′ = − it

ω
+

1 − e−iωt

ω2 (8.26)

and
2

eβ~ω − 1
= coth(β~ω/2) − 1 (8.27)



8. Application to aqueous ferrous-ferric electron transfer 203

along with the definition of the reorganisation energy

4
π

∫ ∞

0

J(ω)
ω

dω = Λ, (8.28)

we can rewrite Eq. 8.21 in the form

〈
e−iĤ0t/~e+iĤ1t/~

〉
0
' exp(−i∆Ft/~ − φ(t)/~), (8.29)

where

φ(t) =
4
π

∫ ∞

−∞

J(ω)
ω2

[
1 − cos(ωt)
tanh(β~ω/2)

− i sin(ωt)
]

dω (8.30)

and the thermodynamic driving force is

∆F = 〈V̂−〉0 + Λ. (8.31)

For an accurate mapping it is sensible to require this to be the same as the free energy

difference between the reactants and products in the system of interest,

∆F =
1
β

ln
 tr[e−βĤ1]
tr[e−βĤ0]

 . (8.32)

At this stage the only approximation that has been made is to truncate the cumulant

expansion to second order in δV̂−, which is exact for the spin-boson model. Typically

one makes a further simplification by using classical quantities in place of their quantum

counterparts, which again is exact in the case of the spin-boson model. In particular,

this means using the classical correlation function in place of the Kubo transformed

correlation function in the definition of the spectral density

J(ω)
ω
' β

4

∫ ∞

0

〈
δV−(0) δV−(t)

〉
cl,0 cos(ωt) dt, (8.33)

which is straightforward to compute using standard MD codes.

Now comparing Eq. 8.28 with Eqs. 8.31 and 8.32, we note that there are effectively

two different definitions of the Marcus reorganisation energy, which can be computed

either as the difference between the driving force and mean diabatic energy gap

Λ = ε − 〈V−〉cl,0, , (8.34)
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Figure 8.4: Logarithmic plot of the spectral density calculated using Eq. 8.36. This was used to
evaluate the spin-boson mapping results in the text.

or from the integral of the spectral density

Λ2 =
β

2
〈
δV−(0) δV−(0)

〉
cl,0. (8.35)

Since the reorganisation energy appears in the exponent in Marcus theory, even small

changes in it can result in large changes to the rate. This means that choosing the correct

definition is important. Since mapping to the spin-boson model is equivalent to assuming

that the free energy Fcl-GR(λ) is parabolic, the most consistent way to define Λ for ferrous-

ferric electron transfer is such that it passes through the three known points at λ = 0,

β/2 and β, which corresponds to using Eq. 8.34. Hence for consistency in the main

text we define the spectral density such that

J(ω)
ω

=
Λ

2

∫ ∞

0

〈
δV−(0) δV−(t)

〉
cl,0〈

δV2−(0)
〉

cl,0

cos(ωt)dt, (8.36)

which ensures that the integral of the spectral density now gives the more accurate version

of the Marcus reorganisation energy in Eq. 8.34. The calculated spectral density is

shown for reference in Fig. 8.4.
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We note that alternatively one could use RPMD to approximate the Kubo transformed

energy gap correlation function. Whilst this may improve the accuracy of the calculated

rates near activationless, ε ∼ Λ, for anharmonic reactions, it still does not allow one to

overcome the fundamental limitations of mapping onto a spin-boson model. In particular

it is fundamentally limited to sampling equilibrium configurations of the reactants, and

hence cannot capture anharmonic features of the potential away from equilibrium that

may be important in reaching the transition state. We also note that the above argument

can equally be applied to give expressions evaluated in the product rather than the

reactant ensemble. Whilst this is the same for the spin-boson model for any realistic

asymmetric system there may be significant differences in the reactant and product

potential energy surfaces and this can lead to a serious failure of the mapping approach

for significantly activated reactions.

8.B Removing the uncoupled modes from GR-QTST

Here we discuss how the spontaneous quantum fluctuations can be approximately removed

from the GR-QTST approximation to the ferrous-ferric electron transfer rate. As we

discussed in the previous chapter, the GR-QTST approximation to ρλ(E) is affected

by degrees of freedom which are not coupled to the electronic transition. As we have

argued in the main text, in a large system such as the atomistic model of ferrous-ferric

electron transfer there will be many such degrees of freedom, which will contaminate

the GR-QTST distribution leading it to underestimate the true rate.

Let us therefore suppose that we can identify a relatively small subset of degrees of

freedom, labelled a, which are involved in the reaction, and a large remainder which

are effectively uncoupled from the reaction, labelled b, such that we can write the

diabatic potentials in the form

V0(q) = U0,a(qa) + Ub(qb) (8.37a)

V1(q) = U1,a(qa) + Ub(qb). (8.37b)

Note that we will not actually need to find the coordinate transformation or identify the

coordinates a and b for which this is true, but only assume that it is in principle possible.



8. Application to aqueous ferrous-ferric electron transfer 206

Having made this assumption we can simply decompose the contributions to pGR-QTST,λ(E)

according to〈
δ
(2

3E(λ)
−,a + 2

3E(λ)
−,b + E

)〉
λ =

∫ ∞

−∞

〈
δ
(2

3E(λ)
−,a + E′ + E

)
δ
(2

3E(λ)
−,b − E′

)〉
λ dE′, (8.38)

where 2
3E(λ)
−,a + 2

3E(λ)
−,b = 2

3E(λ)
− is just the GR-QTST constraint functional, separated into

contributions from the a and b degrees of freedom. Since the a and b degrees of freedom

are uncoupled, it follows that the expectation value in the integrand of Eq. 8.38 can

be separated into two terms,〈
δ
(2

3E(λ)
−,a + E′ + E

)
δ
(2

3E(λ)
−,b − E′

)〉
λ =

〈
δ
(2

3E(λ)
−,a + E′ + E

)〉
λ

〈
δ
(2

3E(λ)
−,b − E′

)〉
λ.

If we now define

pa-GR-QTST,λ(E) =
〈
δ
(2

3E(λ)
−,a + E

)〉
λ, (8.39)

and note that GR-QTST is generally very accurate for systems with a small number of

degrees of freedom,232, 233 we are led to speculate that pa-GR-QTST,λ(0) will provide a good

approximation to the exact ρλ(0) and hence give a good approximation to the rate.

In order to extract pa-GR-QTST,λ(E) from pGR-QTST,λ(E), we can consider the uncoupled

Fe2.5+-Fe2.5+ system, for which in the present notation

V0(q) = V1(q) =
U0,a(qa) + U1,a(qa)

2
+ Ub(qb). (8.40)

Since we have assumed that there are only a few a degrees of freedom, it follows that

the GR-QTST distribution for this uncoupled system will be

pun-GR-QTST,λ(E) ' 〈
δ
(2

3E(λ)
−,b − E

)〉
λ. (8.41)

Hence we could in principle numerically deconvolute Eq. 8.38 to give an approximation

to pa-GR-QTST,λ(E). However, since we know from the central limit theorem (and from

our simulation) that pun-GR-QTST,λ(E) will be a Gaussian, and as we have shown that the

exact ρλ(E) is approximately a Gaussian, we can reasonably assume that pa-GR-QTST,λ(E)

will also be Gaussian. Hence, we can simply use the analytical expression for the

convolution of two Gaussians to find that

pa-GR-QTST,λ(E) '
√

1
2πµ2

2,a

exp

− E2

2µ2
2,a

 , (8.42)
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Figure 8.5: Comparison of the corrected GR-QTST distribution obtained via the approximate
deconvolution described in Appendix C (a-GR-QTST), with the raw results for the physical (Fe2+-
Fe3+; GR-QTST) and uncoupled (Fe2.5+-Fe2.5+; un-GR-QTST) systems, and with the Wolynes
distribution.

where

µ2
2,a =

∫ ∞

−∞
E2[pGR-QTST,λ(E) − pun-GR-QTST,λ(E)

]
dE (8.43)

and we have made use of the symmetry of the ferrous-ferric system at λ = λsp = β/2,

which implies that the mean of all of the distributions must be zero. Figure 8.5 shows

graphically the result of this approximate deconvolution, illustrating the close agreement

between the a-GR-QTST results and those of Wolynes theory.



9
Conclusion

In this thesis we have explored some of the challenges associated with the development

of accurate path-integral methods for non-adiabatic reaction rates. We have looked to

develop simple solutions to these problems which are immediately applicable to realistic

condensed phase simulations. This is by no means the first study in this area, and having

introduced the established theory in Chap. 2, we continued in Chap. 3 to analyse some

of the most recent attempts to solve this problem. We focussed on approaches which

aim to generalise RPMD to treat non-adiabatic systems. Standard RPMD rate theory

is known to accurately describe the effects of tunnelling and zero-point energy in the

adiabatic limit, and one might hope that these non-adiabatic generalisations of RPMD

would be able to transfer this accuracy to weaker electronic coupling. Unfortunately,

we found that, even the most promising of these approaches, the newly proposed iso-

RPMD,33, 34 is not able to accurately describe nuclear quantum effects in the golden-rule

limit, highlighting the need for further work in this area.

In Chap. 4 and Chap. 5 we introduced two approaches for calculating non-adiabatic

reaction rates, in systems which are intermediate between the golden-rule and Born-

Oppenheimer limits. The first of these, the non-adiabatic quantum instanton (NAQI),

reduces to Wolynes theory82 in the golden-rule limit and to the projected quantum

instanton86 in the adiabatic limit. The results for a series of one dimensional scattering

models illustrated the accuracy of the method. Having established this, it should be

208
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relatively straightforward to develop a path-integral implementation of NAQI by starting

from the existing path-integral versions of Wolynes theory and the adiabatic quantum

instanton. Unfortunately, a detailed study of the properties of the path-integral version of

the theory was beyond the scope of this thesis. Future work will look to develop the theory

further and use it to answer mechanistic questions in condensed phase reactions. An

important limitation of the NAQI approach however, is that (like the adiabatic quantum

instanton) it requires knowledge of the optimum position space dividing surface. In

order to avoid this problem we suggested an alternative approach for calculating reaction

rates at arbitrary coupling strength, using a simple interpolation formula. This formula

interpolates between the Born-Oppenheimer and golden-rule rates, and can be combined

with any method applicable to these two limits, such as Wolynes theory and RPMD.

By comparing to exact HEOM results for a series of different spin-boson models,*

we demonstrated that the formula gives accurate results in a wide range of physically

relevant regimes, and that, in combination with path-integral methods in the adiabatic and

non-adiabatic limits, it is immediately applicable to complex multidimensional reactions.

In the second half of this thesis we returned to focus on the golden-rule limit. In

Chap. 6 we addressed the difficulty of applying Wolynes theory to the Marcus inverted

regime, and showed how this could be overcome using a numerical analytic continuation

procedure. Interestingly, since we published this work in 2018, this idea has been

carried over by Heller et al. to the semiclassical instanton approximation,170, 195 where it

was shown196 that the instanton formula can be directly analytically continued into the

inverted regime. In Chap. 7 we addressed the recent work by Richardson and coworkers

which showed that Wolynes theory breaks down for systems with multiple transition

states.232, 233 We demonstrated that GR-QTST, an alternative to Wolynes theory proposed

by Richardson and coworkers to solve this problem,232, 233 itself suffers from a size

consistency issue which limits applicability to large scale simulations. We suggested a

simple modification to GR-QTST, the linear golden-rule (LGR) approximation, which

fixes this size inconsistency, and provides an alternative approach to calculating reaction

rates in the inverted regime without the need for analytic continuation. In Chap. 8 we

*HEOM calculations were performed by Dr. Lachlan P. Lindoy.
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applied Wolynes theory, LGR and GR-QTST to a fully atomistic model of aqueous ferrous-

ferric electron transfer, in order to assess the recent suggestion that Wolynes theory breaks

down in this system due to the presence of multiple transition states.235 We demonstrated

that in fact Wolynes theory is very accurate for this system, and that it is actually GR-

QTST which breaks down due to its size inconsistency. We also investigated the effect of

an artificial bias in the ferrous-ferric system, and used this to illustrate the applicability of

both Wolynes theory and LGR to the calculation of reaction rates in the Marcus inverted

regime in a realistic condensed phase simulation with anharmonic force fields.

There is still clearly much work to be done in the development of path-integral meth-

ods for non-adiabatic reaction rates. In particular, the ultimate goal of the development

of an accurate non-adiabatic generalisation of RPMD rate theory is still some way off.

However, the methods we have explored in this thesis are capable of tackling many of

the questions that one might want to answer with such a method. It will be interesting

in the future to apply the methods developed here to study more complex condensed

phase reactions, in order to quantify the contribution of nuclear quantum effects, assess

the degree of non-adiabaticity, and uncover new reaction mechanisms.
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