Path-integral methods for non-adiabatic
reaction rates

EERET

oo

R s
~ NVs | TIO 'l
Al iy | MEA

\s.#.-;

ey

Joseph E. Lawrence
The Queen’s College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2020






Path-integral methods for non-adiabatic reaction rates

Joseph E. Lawrence

The Queen’s College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2020
Abstract

This thesis discusses recent progress in the development of path-integral methods
for non-adiabatic reaction rates in large-scale atomistic simulations. Electronically
non-adiabatic reactions are important in a wide range of phenomena, including electron
transfer in DNA, enzymatic oxygenation reactions, and the function of light-emitting
diodes. Imaginary-time path integrals provide an ideal way to simulate these complex
condensed phase reactions, as they are both linearly scaling and capable of accurately
describing zero-point energy and tunnelling.

The thesis begins by considering methods for calculating reaction rates in systems
that are not fully in either the adiabatic or non-adiabatic limits. Recent work in
this area is reviewed, before two new approaches are introduced. The first of these,
the non-adiabatic quantum instanton (NAQI), generalises Wolynes theory (valid in
the non-adiabatic limit) and the projected quantum instanton (valid in the adiabatic
limit) to arbitrary values of electronic coupling. The second approach is a simple
formula for interpolating between the results of golden-rule and Born-Oppenheimer
rate calculations. This formula can immediately be applied to calculate reaction
rates in condensed phase reactions, by combining it with pre-existing path-integral
methods in each limit.

Following this, the thesis focusses on the calculation of reaction rates in the golden-
rule limit. Again, two new approaches are introduced. The first is an implementation of
Wolynes theory which can be used to numerically analytically continue Wolynes theory
into the Marcus inverted regime. The second is an alternative path-integral method
called the linear golden-rule (LGR) approximation, a size consistent modification of
the recently proposed GR-QTST. LGR overcomes the known deficiencies of Wolynes
theory, and can be directly applied to calculate reaction rates in the inverted regime.
The thesis concludes with a fully atomistic simulation of aqueous ferrous-ferric
electron transfer, which addresses recent questions about the nature of the tunnelling
in this system.
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Introduction

Rate processes which involve both nuclear quantum effects and the breakdown of the
Born-Oppenheimer approximation are important in a wide variety of contexts, ranging
from device physics to biology. '™ For systems with more than a few degrees of freedom,
exact wave-function based approaches are impractical due to the exponential scaling of
quantum mechanics with dimensionality. Imaginary-time path-integral techniques,’’*
which can accurately capture zero-point energy and tunnelling effects and yet scale only
linearly with system size, have therefore become popular for studying more complex
reactions. Whilst there now exist several such methods which are routinely used to
study electronically adiabatic reactions,***? the development of path-integral methods
for non-adiabatic reactions is still an area of active research.?*3*

Under the Born-Oppenheimer approximation, nuclear and electronic motion is sepa-
rated by assuming that, due to their relatively low mass, the electrons are able to adjust
instantaneously to changes in the nuclear positions, always remaining in the ground
electronic state*> The electronic energy at each nuclear configuration thus gives rise to a
potential energy surface on which the nuclei evolve, commonly referred to as the Born-
Oppenheimer or adiabatic potential *°**% Motion of nuclei on a single potential energy
surface underlies the traditional transition state theory perspective of chemical reactions

developed by Eyring and others in the 1930s.°***2 The success of this approach reflects

the fact that for many chemical reactions the electronic density changes gradually during
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the course of the reaction, and the Born-Oppenheimer approximation is valid. However,
if the reaction involves a sudden change in electronic configuration, the electrons may not
have time to respond to the nuclear motion and the Born-Oppenheimer approximation
may breakdown **#* This can result in transfer of population between electronic states,
resulting in a non-adiabatic reaction[

The prototypical example of a reaction where there is a sudden electronic rearrange-
ment, and which illustrates the key concepts in non-adiabatic rate theory, is electron
transfer in solution. The picture of electron transfer, famously developed by Marcus and

others 202

consists of two electronic states, which represent the reactant and product
electronic configurations and are coupled by the matrix element A. These states are not
therefore adiabatic states, but rather diabatic states. The energies of these diabatic states
at each nuclear configuration give rise to diabatic potential energy surfaces, which unlike
their adiabatic counterparts may cross in energy.2®=% A schematic illustration of this for
a one dimensional problem with reactant and product diabatic potentials, labelled Vj(q)
and V,(g), and ground and first excited Born-Oppenheimer potentials, labelled Uy(q)
and U,(g), is shown in Fig. [I.I] The coordinate, ¢, can be thought of in the Marcus
picture as corresponding to a collective solvent polarisation coordinateﬂ Values of ¢
close to the reactant minimum correspond to solvent configurations which stabilise the
reactant electronic configuration and values of ¢ near the product minimum to those which
stabilise the product electronic configuration. In order for electron transfer to take place
thermal fluctuations of the solvent polarisation must take the system to the region near g,
corresponding to the inset of Fig If the timescale associated with the tunnelling of the
electron from the reactant to product configuration, 7., was much faster than the timescale
associated with the nuclear motion through the region, 7,,, then the system would evolve
adiabatically and the electron density would change continuously from the reactant to the

product configuration. However, due to the large energy barrier typically associated with

*The term adiabatic here refers to the fact the system remains in the same electronic state during the
nuclear motion and should not be confused with the concept of adiabatic heat transfer in thermodynamics >
As such a non-adiabatic process is just one in which transfer between two or more adiabatic electronic
states is important.

"Note that this one dimensional model is just an illustrative example, and in the full multidimensional
Marcus theory Vjy(g) and V| (g) are actually free energy surfaces, which are assumed to be harmonic with
equal curvature. A formal discussion of Marcus theory is given in Sec. @
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U1(q)
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Figure 1.1: Schematic illustration of diabatic (solid lines) and adiabatic (dashed lines) potential
energy surfaces for an electron transfer reaction in solution. Inset highlights transition state region,
where the character of the adiabatic states change, and shows both the Landau-Zener length, /1 7
and the tunnel splitting, 2|A|. Note that l;z = |q, — q»| where under the linear approximation
Vo(ga) — Vi(ga) = |Al and Vi(gp) — Vo(gp) = |Al.

the electron tunnelling from one molecular fragment to the other, the timescale associated
with the tunnelling is often very slow and the electrons cannot respond to the change in
the nuclear configuration. This means that there is only a small probability of the electron
transferring each time a thermal fluctuation takes the system to this region.

Estimates for both of these timescales can be obtained for this simple one dimensional
model from the Landau-Zener picture in which the the system moves with constant
velocity v = |¢| through the transition region ***# At the crossing point of the two diabatic
states, g*, the timescale associated with population transfer between the two states is
7. = hi/A. Since the length scale associated with this region is given by [y 7 = |A|/|ky — k1],
where ky and k; are the derivatives of the diabatic potentials at the crossing point, it

follows that the timescale associated with the nuclear motion through the region is
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7, = |Al/v ko — k1|] A formal analysis leads to the famous Landau-Zener formula 34
To 2nA?
Py = exp|-27222) = exp[-—Z2 |, (1.1)
Te Twv ko — ki

which gives the probability for the system to stay on the same diabatic surface as it
moves a constant velocity through the region Hence if the nuclear timescale is much
slower than the electronic timescale, 7,,/7. > 1, then the system does not stay on the
same diabatic state, but instead evolves adiabatically on the ground Born-Oppenheimer
potential and the reaction is said to be in the adiabatic limit. However, for many electron
transfer reactions the tunnelling matrix element A is very small, and can be treated
perturbatively, such that the reaction occurs in the opposite non-adiabatic limit, where
T,/Te < 1 and Pyz ~ 1 — 21, /7.. In this limit the rate obeys Fermi’s golden rule,>
where the probability of the electron transferring (corresponding to the system staying
on the same adiabat) and hence the rate of reaction is proportional to A%.

Beyond simple electron transfer reactions in solution, non-adiabatic processes can
be important in any reactions which involve a sudden change in electronic configuration.
There are many important examples of non-adiabatic reactions in the gas phase,*” such
as the famous F + H, — HF + H reaction,”! where coherence effects can be observed
due to interference between parts of the wave function which have evolved on different
electronic states.>” These kinds of reactions are interesting in their own right but will
not be the focus of the present thesis, in which we will be principally concerned with
reactions in the condensed phase where coupling to the thermal environment typically
causes rapid decoherence between parts of the wave function on different electronic
states. These kinds of reactions are by no means less important, and as well as traditional
electron transfer reactions in solution non-adiabatic reactions occur in a wide range of

biological processes such as proton coupled electron transfer in enzymes, electron transfer

“Here, as is done throughout the thesis, multiplication is taken to be performed before division such
that a/bc = a/(bc).

TFormally it is the probability for a system, prepared initially in state o = (1,0)” at t = —co, and
which evolves under the time dependent Hamiltonian

Aon [Kkove A
H(t)_(A Klvt)'

to be in state 1 = (0, 1)” as t — oo.
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in photosynthesis, and in electron transfer in DNA,* as well as in device physics where
energy and electron transfer processes in both organic and inorganic semiconductors are
important for the function of light emitting diodes and photovoltaics.®™

The use of Marcus theory, which gives a simple analytical expression for the elec-
tron transfer rate in the golden-rule limit, to describe this wide range of problems is
ubiquitous.’™ However, Marcus theory is limited by its assumption that the nuclear
motion can be treated classically, by assuming that the resulting diabatic free energies
are purely harmonic, and by its perturbative treatment of the electronic coupling, A.
Due to the cusped nature of the crossing between diabatic surfaces, nuclear tunnelling
is often particularly important in non-adiabatic reactions, and there exist many simple
analytical theories which extend Marcus theory to allow for the inclusion of nuclear
quantum effects>*"®* However these theories are not generally able to treat complex
anharmonic systems, or to capture the non-adiabatic to adiabatic transition; analytical
theories which can do the later exist, but again they are generally unable to treat
anharmonic problems.®**’# General simulation techniques, such as Tully’s fewest switches
surface hopping (FSSH) approach, provide a way to study complex multidimensional
and anharmonic atomistic models, however FSSH and other mixed quantum classical
treatments typically treat the nuclei classically and hence are not able to describe nuclear
tunnelling and zero-point energy effects.”**//

In the adiabatic limit path-integral methods have become a popular way to include
the effects of both zero-point energy and tunnelling in the calculation of reaction rates
in complex multidimensional and anharmonic systems.'***? Originally proposed by
Feynman, imaginary-time path integrals provide an exact way to calculate thermal
expectation values of quantum systems using the classical statistical mechanics of n
copies of the system connected by harmonic springs. Importantly, n is independent
of the number of physical degrees of freedom in the system and is typically on the
order of 10-1000 in chemical applications.”” The resulting simulation is thus no more
than n times more expensive than the classical simulation, and hence using modern
computer simulation techniques can be applied to complex condensed phase problems.

More recently the development of methods such as ring-polymer molecular dynamics
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(RPMD) AP8U8I have extended path integrals to calculate approximate dynamical
properties whilst accurately describing the effects of zero-point energy and tunnelling.
The success of RPMD in the adiabatic limit, particularly for the calculation of reaction
rates, and the now routine application of path-integral approaches to large complex
systems such as reactions in proteins,>*22 has led to renewed interest in the use of path
integrals to treat non-adiabatic systems.

The earliest application of path-integral techniques to treat non-adiabatic reactions
was suggested by Wolynes in 1987.5% This approach, known as Wolynes theory, is
based on making a steepest descent approximation to the time integral of a reactive flux
autocorrelation function in the non-adiabatic limit, and leads to a simple imaginary-time
path-integral expression for the rate constant that can readily be applied to electron transfer
reactions in complex systems.®"® More recently, there have been a series of attempts
to generalise RPMD to treat non-adiabatic systems.>**** Although these methods are in
principle applicable to more general problems than Wolynes theory, such as reactions
which are intermediate between the adiabatic and non-adiabatic limit, they are typically
much more complicated and have shown variable accuracy. In this thesis we will explore
the successes and failures of this old and new work, and attempt to develop simple path-
integral methods for non-adiabatic reaction rates that are applicable to realistic condensed
phase simulations with anharmonic force fields.

The thesis is organised as follows. In Chap. 2] we introduce the background theory
which underpins all subsequent chapters. In Chap. [3] we discuss recent attempts to
generalise RPMD rate theory to treat non-adiabatic systems, highlighting the challenges
associated with the development of a general non-adiabatic rate theory. In Chap. 4 we
show that it is possible to develop a non-adiabatic quantum instanton approximation,
which can treat reaction rates with arbitrary coupling strength and which reduces to
Wolynes theory and the newly proposed projected quantum instanton approximation®® in
the non-adiabatic and adiabatic limits respectively. In Chap. [5| we discuss an alternative
approach in which we use a simple interpolation formula to approximate the rate at
arbitrary coupling strength from the reaction rates in the Born-Oppenheimer and golden-

rule limits. In Chap. [6] we return to focus on the non-adiabatic limit and discuss the
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difficulties associated with using Wolynes theory to calculate reaction rates in the inverted
regime, suggesting a numerical analytic continuation procedure which overcomes this
issue. We continue to explore some of the flaws of Wolynes theory in Chap. [/, where we
discuss recent work showing that Wolynes theory breaks down for systems with multiple
transition states. We suggest an alternative approach, which we call the linear golden-
rule approximation (LGR), that is a size consistent modification of the newly proposed
GR-QTST method. Unlike Wolynes theory, LGR, is exact in the high temperature
limit and is also capable of calculating reaction rates in the inverted regime without
the need for analytic continuation. Chap. [§|applies the methods from the previous two
chapters to a fully atomistic model of ferrous-ferric electron transfer, and addresses recent
suggestions that multiple tunnelling pathways lead to a breakdown of Wolynes theory
and the assumption that the diabatic energy gap can be treated using linear response in

this system. Chap. [9] concludes the thesis, and discusses possible future work.
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Summary

In this chapter we review the basic theory necessary to understand the remainder of
the thesis. The first section will introduce basic electronic structure theory, covering
the adiabatic basis and the Born-Oppenheimer approximation. We will then go on to
briefly discuss the breakdown of the Born-Oppenheimer approximation and some of the
difficulties associated with using the adiabatic basis to study non-adiabatic processes.
The first section concludes by introducing the idea of a diabatic basis, which will be
the starting point for the development of the non-adiabatic methods discussed in the
remainder of the thesis. In the second section we will then go on to discuss reaction
rate theory, focussing in particular on unimolecular reactions in the condensed phase
which is the main focus of this thesis. In addition to giving an overview of reaction
rate theory, we will detail the simplifications which can be made in both the adiabatic
and non-adiabatic limits, as well as briefly discussing the connection to scattering rate
theory which will be used to provide simple exactly soluble test problems later in the
thesis. The final section of the chapter will introduce the theory behind imaginary-time
path-integral techniques, before going on to discuss two well established methods, RPMD
rate theory and Wolynes theory, which can be used to calculate reaction rates in the

adiabatic and non-adiabatic limits respectively.

2.1 Adiabatic vs. diabatic representations

2.1.1 Adiabatic basis

The starting point for understanding the coupled motion of electrons and nuclei is the

molecular time dependent Schrodinger equation

0 i ~
£y Y(r,x,1) = —%ﬁmol Y(r,x,1) 2.1

where 7:(m0] is the molecular Hamiltonian. The non-relativistic molecular Hamiltonian

(ignoring spin-orbit coupling) can be written in the form,®’

A A

7_{mol =T, + 7A—'e + Vnn + ‘A/ee + ‘A/ne (22)
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where T, and T, are the nuclear and electronic kinetic energy operators respectively,
and V,,, V.. and V,. describe the nuclear-nuclear, electron-electron and nuclear-electron

interactions. These Coulombic potential energy operators can be written explicitly as

Nn  Na 2

N 2,7,

Von = — 2.3a
Z_:‘ Z dreolx, — x| ( )
v=1 u>v
Ne N 2

N e

Vee = _— (2.3b)

e ; = 4neolr, — 1yl
Ne My 2
N Z,e
Ve = — — 2.3
; ; dreolr, — X, (2.3¢)

where N, is the number of electrons in the system, N, is the number of nuclei in the
system, X, = (Xyx, Xyy, X,;) is the 3 dimensional position vector of the v nucleus, r, =
(Tyx» Ty, Iyz) 18 the 3 dimensional position vector of the v electron, e is the elementary
charge, Z, is the number of protons in nucleus v and g, is the vacuum permittivity.

The kinetic energy terms are

Ny A2
7. = Z; 2m (2.42)
Ne 22
& pe,v
T, = Z::‘ o (2.4b)

in which m, is the mass of an electron, m,, is the nuclear mass of the v atom, p, , is the
momentum of the v electron, and P, 1s the momentum of the v? nucleus. As we are

working here in the position representation, the momentum operators are given by
P, = —ihV,, (2.5)

and
Do, = —ihVe,, (2.6)
where V,, = (0/0x,y,0/0x,,,0/0x,;) and V., = (8/0r,y,d/0r,y,0/0r,,).

The usual adiabatic picture of quantum chemistry begins by separating the molecular

Hamiltonian into the electronic Hamiltonian,

A

Ho=T.+ Vo + Vee + Voo (2.7)
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and the nuclear kinetic energy

A A A

Hor = Ty + He. (2.8)

For a fixed set of nuclear coordinates, X, one can then solve the time independent

Schrodinger equation for the electronic degrees of freedom
Her(1:%) = U;(0,(1; ), (2.9)

to obtain a complete set of orthonormal (appropriately symmetrised) adiabatic electronic
wave functions, {¢;(r; x)}, and their corresponding electronic energies, {Uj(x)}. As the
electronic Hamiltonian 7:{e is dependent on the nuclear coordinates, the wave functions
and also the eigenvalues U ;(x) are also parametrically dependent on x. Importantly, as
H. is Hermitian, for each x these electronic wave functions form a complete set over the
electronic space, and this allows us to expand the total wave function for the nuclei and

electrons as a sum over the adiabatic states (the Born-Huang expansion) as®®
P(r,%,1) = ) X% D). (2.10)
J

Inserting this into Eq. IZ;I", followed by left multiplying by ¢7(r; x) and integrating

over the electronic coordinates we can write

. 0 5
i j(%.1) = ; (T + U ®085) xa(x. ). 2.11)
where N
A - h?
Tojp = f w,’;(r;x)[Z—Zm Vi,y)m(r;x)dmr (2.12)
v=1 n.v

is the nuclear kinetic energy operator in the adiabatic basis. This gives a matrix equation
for the time evolution of the nuclear expansion coeflicients y;(x,7) in the adiabatic
basis. Importantly, although the term coming from the electronic Hamiltonian, U ;(X),
is diagonal, the nuclear kinetic energy operator, T, jk» 18 NOt.

In discussing the properties of the nuclear kinetic energy operator it will be helpful

to recast Eq. 2.12] in Dirac’s bra-ket notation as

3 &
Toj =Wl ). ~5—V2, W), (2.13)
v=1

2m,,
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where we have suppressed the dependence of the states on the nuclear coordinates, but
we stress that throughout they should be read implicitly as [;) = [¥x(X)). By acting the

Laplacian operator on the electronic wave function this is often written in the form*’

which can then be simplified by defining the derivative coupling vector djk = WiV i)

IV ) + 2 AVl Yy + 64V2 ), (2.14)

and the second derivative coupling Dy = jIVﬁ,V:,bk} to give

N,

R R

Tojp = E —5— (D;k +2d" -V, +6 jkvﬁ,y) (2.15)
y=1 n,v

where the dot product is over the 3 dimensional vector of cartesian components. Note
again that D = D' (x) and dy = dy(x).

This can be rewritten in a more symmetric form using the identity,
(Voo @] = (Va1 Vostb) + WIVE ) = > )y - dy + Dy, (2.16)
]

where [A, B] = AB — BA denotes a commutator, to give

N,

) N .

Tk = Z 5 (vn,v A A Z 4 dj+ 5,V ) (2.17)
v=1 o,y I

or by reintroducing the momentum operators as

Ny A
A pnv 2 v pn,V v pnv
Ton = Z‘ (—zh(zm A+ d T ) T Zd d + 65 m] (2.18)

Note that we have here also used the fact that V,,, (y;lyx) = 0 = d;k + df; (This

is just an expansion of

— ind}) - (P, On — ihdy), (2.19)

Na

=2 Y

which can be obtained simply by inserting 1= > = Xyl into the middle of the
Laplacian in Eq. 2.13])

The derivative coupling, d’;, thus couples the nuclear wave function associated with

state j, y (X, 1), to the nuclear wave function associated with state k, y(X, 7). The strength

of this coupling is dependent on both the nuclear velocity and on the magnitude of the
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derivative coupling vector d’;. Considering the overlap between two adiabatic states
for different nuclear coordinates x and x + 0x,
Nn
Wi X)X + 6X)) = 6 + Z dp(x)-ox, + ..., (2.20)
v=1
it is clear that a large derivative coupling, d’, corresponds to a rapid change in the
electronic configuration of the electronic state &, resulting in the physical character of the
state changing quickly to look like state j as the v nuclear degree of freedom is displaced.
Qualitatively therefore, we see that the magnitude of the coupling, d’; - p,,/2my,,

corresponds to how rapidly in time the character of the electronic states is changing.

2.1.2 Born-Oppenheimer approximation

In much of chemistry, Eq. is simplified by making the Born-Oppenheimer approxi-

mation, in which it is assumed that the derivative coupling terms can be ignored>>*’

. i’n,v v ” i’n,v h2 y v
_Zh(ﬁ' it jk'ﬁ)_ 2.4y di =0, (2.21)
n,v n,v 1

2my,,
This then results in a totally decoupled set of equations for the nuclear wave functions,

X (x,7), given by

No 22
ih(%)( X0 = (Z; 2m + U(x) | j(x, 1. (2.22)
The nuclear wave function y ;(x, ) therefore evolves under an effective Born-Oppenheimer
Hamiltonian,
No a2
Hgo, = Z:; zm + Uj(x), (2.23)

where U ;(x) acts as a potential energy surface on which the nuclei evolve, and is therefore
often referred to as the Born-Oppenheimer potential energy surface of state j. The
standard justification for this approximation is that the nuclei, being much heavier than
the electrons, m,/m. ~ 1836, move much more slowly, and hence the electrons are able
to adjust essentially instantaneously to changes in the nuclear coordinates*> This is
equivalent to saying that the electronic motion is adiabatically separated from the nuclear
motion, and hence the regime in which the Born-Oppenheimer approximation is valid is

known as the adiabatic limit, and the U ;(x)’s are also referred to as the adiabatic potentials.
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This is normally a reasonable approximation for nuclear motion near equilibrium,
where the nuclear frequencies are usually on the order of 1000 cm™! and the electronic
excitation energy is typically greater than 10,000 cm™' 2 However, when the nuclear
momentum is particularly high, or if two electronic states come close in energy then the
Born-Oppenheimer approximation is expected to break down, and the nuclear dynamics
becomes “non-adiabatic”. Both of these effects are reflected in the form of the left hand
side of Eq. [2.21] which is referred to as the non-adiabatic coupling. However, whilst
the dependence of the non-adiabatic coupling on the nuclear momentum is explicit in
Eq.[2.21] the influence of electronic energy not immediately apparent. To bring it out

we consider the adiabatic representation of the operator
Wil Vi He W) = Wl [V Fe W) + 0l F Ty )
= Wl [V Hel W) + Wil Fle (Vs + Wl He i) Vo, (2.24)
= Wl [V el W) + U0 + Ur(X)6 1V

which is of course equivalent to
Wil Vo, UdX) W) = [V, UdX)16 j + Ur(X)dy + Ur(X)6 5 Vi y- (2.25)

Thus combining these two equations, the derivative coupling can be written explicitly

in terms of the adiabatic energy gap Ui(x) — U;(x) as

oW Vs el W)
4= =T (2.26)

This highlights the fact that when the adiabatic states come close in energy, the non-
adiabatic couplings can become large and the Born-Oppenheimer approximation can break

down.

2.1.3 Diabatic basis

Modelling non-adiabatic dynamics in the adiabatic basis, is unfortunately not straight-
forward. Part of the reason for this is that the derivative coupling can be numerically
very poorly behaved, in particular by considering Eq.[2.26] it is clear that the coupling
will diverge at conical intersections, where the energy gap between two states goes to

zero ! For the path-integral methods that we consider in this thesis, a more fundamental
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challenge to directly using the adiabatic basis is that we require the kinetic energy
operator to be diagonal.

For these reasons it is common when considering non-adiabatic dynamics to work in
what is known as a diabatic basis, in which the kinetic energy operator is diagonal 223820
The transformation from the adiabatic basis considered above, to a diabatic basis is

therefore formally defined by a transformation

Ny 22
Z Q5 (0T 4 Q2u(x) = Z znl;’v Oab (2.27)
Jk v=1 ny

where £(x) is a unitary matrix with elements (2(x));, = Q;,(x). Expanding the left hand
side of this expression in terms of bra-ket notation we have that

Nu

A . hZ
Z Q2 X)Ty j (X) = Z Wil Q5,(x) [Z ~m Vﬁ’v] Qup(X) i)
Jjk ik n,v

v=1
N,
n hz
_ _
—w%;2%V

where we have defined the new diabatic basis as |wg> = 2;9a(X) ). Evaluating this
expression in the same manner as Eqgs. 2.19] it is clear that the right hand side of
Eq. will be satisfied if the diabatic basis obeys,

(2.28)

Vﬁ,v) 798

WAV 45y = 0, (2.29)

known as a strict diabatic basis ®*?! Therefore a diabatic basis is one in which the physical
character of the electronic states remains unchanged with nuclear displacement.
Of course, diagonalising the kinetic energy operator comes at the price of the potential

energy becoming non-diagonal,
D" QUXE(X)6 5 Qu(X) = Vap(X), (2.30)
Jk

where V,,(x) = (V(X))u 1s an element of the diabatic potential matrix. Importantly,
although the diabatic potential is not diagonal, it is independent of the nuclear momentum,
and does not exhibit the divergent behaviour seen in the derivative couplings.*” Hence,

it is much easier to handle than the adiabatic kinetic energy matrix. Confusingly the
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off diagonal elements of the diabatic potential matrix are also often referred to as non-
adiabatic couplings, it is important to stress that they are fundamentally different to the
non-adiabatic couplings in the adiabatic basis discussed above. For the avoidance of doubt
we will use non-adiabatic coupling to refer only to the couplings in the adiabatic basis,
and we will use the term diabatic coupling or electronic coupling for those in the diabatic

basis. Defining the nuclear diabatic wave function on diabat a, according to the relation
X0 = > 25, (0%, 1), 2.31)
J

we can thus transform Eq. [2.11]into the diabatic basis to give

9 pr.
i Xa(%.0) = Z( Do s+ Vab(X))Xi(X). (2.32)

p 2my,

This has the same form as the time dependent Schrddinger equation given by the Born-
Oppenheimer approximation (Eq.[2.22), except that the nuclear wave functions on each
of the diabatic states are now coupled by the potential energy and hence can be thought
of as moving on a matrix potential energy surface. In the case of zero diabatic coupling
these equations again decouple, however, now the nuclei evolve on the diabatic potentials
V.(x) = V,(x) and not the adiabatic potentials.

So far, other than saying that they are related to the adiabatic basis via a transformation
matrix, £(x), we have not addressed how one might obtain the diabatic states. In general
there is no unique way of calculating diabatic states,”” and as such there are many different
approaches that can be taken. Broadly these approaches can be grouped into those which

92796l and those

attempt to directly transform from the adiabatic basis to a diabatic basis,
in which the diabatic states are arrived at directly®!%" As the calculation of diabatic
states is not the focus of this thesis we will just give a brief discussion of some of the
difficulties involved, and the methods that can be used.

The simplest choice of diabatic basis is the so-called crude adiabatic basis, '’ in
which one simply fixes the parametric dependence of the adiabatic basis on X to some

reference value X, such that

YAr) = Y (15 %). (2.33)
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It is immediately clear that there are a potentially infinite number of choices for a diabatic
basis. It is also clear that, unlike in the adiabatic basis where the lowest few adiabatic
states are expected to give a good description of most of chemistry, this simple diabatic
basis cannot be truncated on the basis of the energy U ;(X) as this will have little to do with
the energy of the system away from X. Ideally then, one would first select the adiabatic
states that are relevant in the system of interest, and then transform to a diabatic basis
within this subspace. (Note that it is not possible to construct a crude adiabatic basis
in this reduced space as they will no longer form a complete set). One method that has
been suggested to achieve this, is to use Eq.[2.29|to derive a differential equation for the
transformation matrix, £(x), which can then be integrated from a reference geometry
to give the transformation matrix at a new set of coordinates®” This is achieved by

using the unitarity of the transformation matrix

D Q) WalVa,u) =0, (2.34)
to give the following differential equation
00
> (d;;;(x)gkb(x) 45, 220 _ (2.35)
- 0Xyq

where d;k(x) = (d}f,f(x), d}vlf (%), djv.lf(x)). However, integration of this differential equation

is expensive,>20

requiring knowledge of the derivative couplings along the path. Fur-
thermore, the resulting transformation matrix is not guaranteed to be uniquely defined,
or even to produce a set of strict diabatic states”” Hence, in general one can only
obtain approximately diabatic states. There exist similar, but more efficient, methods
which attempt to minimise the coupling, (t//gan,yl//g), in other ways but we will not
consider them here 2

Whilst the transformation from the adiabatic to diabatic representations is in general
ill defined, the reverse transformation is not, and is simply given by diagonalisation
of the diabatic potential energy matrix V(x). As such, we shall side-step the issue of
transforming from the adiabatic basis to the diabatic basis, by working from the outset

in a diabatic basis. For non-adiabatic reactions such as electron transfer, it is relatively

straightforward to construct diabatic potentials using simple empirical valence bond
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approaches.!’” These approaches make use the fact that the electronic character of the
diabatic states should remain (at least approximately) independent of the nuclear motion,
and hence the diabatic states can be identified with standard force fields corresponding to
different electronic configurations'*7*112 These potential energy surfaces can be combined
with and modified using additional empirical or ab initio data, to ensure that key features
of the potentials are captured correctly, such as reproducing barrier heights on the ground
adiabatic potential. A natural extension to this approach is provided by ab initio methods
which construct diabatic states based on applying constraints to the electron density, or
by identifying diabatic states as eigenstates of operators which are expected physically
to remain relatively insensitive to nuclear rearrangements, such as the dipole moment
operator®71% Ag the focus of this thesis is on the development of path-integral methods
for the calculation of non-adiabatic reaction rates in condensed phase systems, we will
only consider model diabatic systems and atomistic models constructed using empirical
force fields. However, in principle the methods that we will discuss can also be applied
to diabatic potentials calculated using ab initio techniques.

In developing methods to simulate non-adiabatic reaction rates we will restrict
ourselves to consider systems which can be described using two diabatic states. This
is sufficient for the description of many processes, such as electron transfer reactions
in solution, for which two well defined charge transfer states can be identified ** We
will, however, therefore not explicitly consider reactions which involve many electronic
states, such as reactions on the surface of metals!'>14 (where there exist a continuum
of electronic states), or reactions where superexchange with higher lying states are
important.Z10USAUS Degpite this, the methods that we will discuss can of course
be applied to study reactions which involve population transfer between a sequence
of different diabatic states, provided each step can be considered separately, and also
to study superexchange reactions which can be treated using a two state model with
an effective diabatic coupling.

The Hamiltonian for the two state systems we will consider in this thesis can thus

be written in the diabatic representation as

H = Hol0X0| + (H, = e)l1X1] + A@)(0X1] + [1X0D), (2.36)
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N
i

where (in a simplification of notation) |0) and |1) represent the two diabatic states, H

is the nuclear Hamiltonian on state i,

f
H=Y L1 vi@, (2.37)

with diabatic potential V;(q), and A(q) is the diabatic coupling between the two states.
Here we have also introduced a single compressed coordinate vector, ¢ = (q1,...,qy),
whose elements correspond to the coordinates of each the f degrees of freedom in the
system, along with their conjugate momenta p = (py, ..., py). Note that to simplify
notation we have dropped the subscript, n, from the label of the masses and momenta
of the nuclear degrees of freedom as we will not be explicitly considering electronic
coordinates in the remainder of the thesis. Finally we have also included the possibility
of an additional external thermodynamic bias, €, towards diabatic state |1). This could of
course be included in the definition of the diabatic potential, V;(q), however it will be
useful at various points to consider explicitly the effect of a changing driving force on the
reaction rate, and hence we include it here to aid discussion in later sections.

Having defined the diabatic potentials it is straightforward to diagonalise the potential

energy matrix and obtain the adiabatic potential energy surfaces,

Vo(g) + Vi(g) — €
2

Uij(q) =

1)/
-CE VW@V s e aagr @3

where (as we shall do throughout) we have assumed that the diabatic coupling A(g) is
purely real. Finally to simplify later discussion of the non-adiabatic limit we define

the supremum of the diabatic coupling as
A = sup A(q), (2.39)
geR/

and adopt the convention that A — 0 implies that the supremum is being taken to zero
whilst A(q)/A remains constant for all q.

2.2 Exact rate theory

2.2.1 Condensed phase unimolecular rate theory

The central problem that we will be concerned with in this thesis, is calculating the

thermal quantum mechanical rate constant, at a temperature 7', for transfer from the
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reactant state, |0), to the product state, |1). For an arbitrary normalised initial density

operator, p(0), we define the populations of reactants and products as
P,(1) = Tr[p(0) P, (1)] (2.40a)

P,(t) = Tr[p(0)P (1], (2.40Db)

where Tr[. .. ] denotes a trace over the full Hilbert space, P, and f’p are operators which

project onto the reactants and products respectively, and
A(t) — e+iﬂt/hAe—iﬁt/h (241)

denotes the Heisenberg time evolved operator. We will mostly be considering the case
where the reactants are defined by P, = |0X0| and the products by f’p = |1X1], however it
will be useful at various points to consider more general definitions, and hence for now
we will simply assume that P, and 13p are projection operators which satisfy P, + f’p = 1.
As such the rate theory developed in the following section is applicable to any system
which can be separated into two regions of phase space corresponding to reactants, r, and
products, p. Provided the system obeys rate like behaviour at long time, the dynamics

will eventually settle down to satisfy the kinetic equations
P.(1) = —kP.(1) + k' P, (), (2.42a)

P,(1) = =k'P,(1) + kP.(), (2.42b)

where k and k" are the forward and reverse rate constants respectively. Using the fact

that P.(t) + P,(f) = 1 in these equations gives

Po(t) = k = (k + K)P,(1) = (k + K)(P,) = Pp(0) (2.43)
and therefore!®
P(t
k = lim ¢, (2.44)
im0 1 = PL(1)/{P,)
where (by detailed balance)
k _ Tr [e‘ﬁﬁf’p]

<Pp> = m = tll)lg Pp(l) = (245)
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is the thermal equilibrium population of the product state, with 8§ = 1/kgT. We have
introduced the limit as + — oo in Eq. [2.44] to stress that the kinetic description only
becomes appropriate after an initial transient period. (As ¢ — oo, both the numerator
and denominator of Eq. @] tend to zero, but their ratio remains finite and tends to k.)
During this transient period the time dependent rate constant,

P,(1)

Ky = — D
O=T28,01P)

(2.46)

may exhibit complex behaviour, characteristic of the molecular processes involved in
the relaxation of the initial state, and as such the timescale of this transient period is
often referred to as the molecular timescale, Ty 12212

Note that, as is implied by this definition of the rate constants (Eq. [2.42)), we will not
be considering systems for which the dynamics remains oscillatory in the long time limit.
Furthermore, we shall assume that there exists a separation of timescales, such that the
timescale associated with the long time decay of the populations towards equilibrium
Ten = 1/(k + k') is much longer than all other timescales present in the system 120124
For a particular initial density, this means that the reaction timescale will be much
longer than the molecular timescale which characterises the transient behaviour in (%),
1.e. Trxn > Tmol. Provided this is true, a rate like description is valid and relaxation towards
equilibrium, at a temperature 7', will always be described by the same rate constants, k
and k', independent of the precise details of the initial density p(0). It is these kinds of
systems which we shall restrict ourselves to consider in this thesis. Therefore, in addition
to systems where the dynamics is oscillatory, we shall not be considering systems for
which the dynamics is rate-like but multi-exponential, or systems in which there are
additional degrees of freedom which relax more slowly than the rate process - giving
rise to non-equilibrium rate constants 12712

Although the rate fundamentally describes a non-equlibrium process, since it is
associated with the specific temperature, 7', to which the initial density is relaxing, it can
also be thought of as a property of the equilibrium ensemble at that temperature. We

can therefore remove explicit reference to the actual non-equilibrium initial density of

the system, using linear response theory!2E1304135 Thig will allow us to relate the rate to
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equilibrium correlation functions, by considering the relaxation of the system due to an
infinitesimal perturbation from equilibrium. The resulting expression for the rate will
therefore depend only on equilibrium properties of the system at temperature 7', and will
form the basis of the rate theory in the following sections.

To derive the linear response expression for the rate we begin by considering an
initial density of the form,

e‘ﬁ(ﬁ_ﬂpr)

p(0) (2.47)

in the limit as the perturbation parameter goes to zero, n — 0. (Note that, provided the
assumptions stated above are satisfied we need not necessarily use P, as the perturbation,
but we do so here as this gives the canonical form of the rate theory). In order to obtain a

series expansion for P,(f) in powers of 7, we first make use of the expansion
N - s o -
Tr[e PH1PD A] = Tr[e P A] + 1 f dA Tr[e #VEP, e Al + OGp), (2.48)
0
to express both

Tr[e PH1P ()] = Tr[e P P,] + 1 fo dA Te[e @YP, P (D] + OG)  (2.49)

and

1 1 ( | Tile ]
Tr[e-BH-PD]  Tr[eH] Tr[e#H]

Combining these then gives the time dependent population of the product as

+ O(nz)). (2.50)

Css()

r

Pp(1) = (Pp) + 13(P;) — nB(P,)(P,) + OGP), 2.51)

where we have defined the Kubo-transformed!? side-side correlation function
1 (* y y
Eeo(t) = = f dA Tr[e” @Y P e P (1)], (2.52)
B Jo
and the reactant partition function as
0, =Tr[e#P,]. (2.53)

Taking the time derivative we find that the rate of change of the product population can

also be expressed in terms of an equilibrium correlation function as

Efs(t)

0 +O0@p), (2.54)

P,(t) = nB(P,)
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where
1 7 A 5 A
Cro(t) = 3 ff dATr [e-W-MF,, e—ﬂHPp(z)] (2.55)
is now the Kubo-transformed flux-side correlation function (just the time derivative of

¢(1)), with F » corresponding to the flux onto products
|A.2,|. (2.56)

From this we can see that the pre-limit expression for the rate constant can be written as

Py(1) Crs(1)

k — =
(t) 1- Pp(t)/<Pp> Qr - Ess(t)/<PP> i

) (2.57)

Hence, truncating at lowest order in i gives the linear response expression for the rate

constant, solely in terms of equilibrium correlation functions,

k = lim — b0 (2.58)

t—o0 Qr - qu(t)/<PP>

This expression will be taken as the formal definition of the rate constant, that will be used

in the remainder of the thesis. Note that the pre-limit expression for the linear response rate

Efs(t)
Qr - z'ss(z‘)/<P‘p>

k(t) = (2.59)

is equivalent to the the non-equilibrium expression given by Eq. [2.46] when the initial

density is defined as

1 B - ;
30 f dle PVEp o= (2.60)
r JO

Therefore this initial density, which corresponds to a finite perturbation of P, and P, from

p0) =

equilibrium, relaxes in the same way as the infinitesimal perturbation considered above.
In order to arrive at the standard expression for the rate we need to make one additional
approximation, by introducing the idea of a “plateau time”, f,, for which! 20122132

- Efs(tp)

o,

(2.61)

This plateau time is supposed to be sufficiently short that very little population has
been transferred to the product state (P,(f) < 1), and yet sufficiently long that the

population dynamics has settled down to conform to the kinetic behaviour in Egs. [2.42]
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Clearly, therefore, Eq. 2.61] rests on the separation of time scales discussed earlier, and is
defined as a time much longer than the molecular time scale associated with the transient
behaviour 1, < 7, but much shorter than the timescale of the reaction #, < 7y, such
that the relaxation to equilibrium appears approximately linear in time. Hence it will

be most accurate for slow reactions.

2.2.2 Scattering rates

Although the focus of this thesis is on the development of approximate methods for the
study of condensed phase reactions of the kind described by Eq.[2.42] it will be useful
at various points to consider simple low dimensional models for which exact results can
be calculated for comparison. As such we now briefly make the connection between
Eq. [2.5§| and the calculation of scattering rate constants. Rather than considering the
original formal statistical mechanical arguments of Yamamoto,** we will just give a
simple qualitative argument to connect the two types of rate constants.

We consider a simple gas phase scattering reaction of the form
AB+C = A+BC (2.62)

The phenomenological kinetic scheme for such a bimolecular gas phase reaction can be

written as
@ = —k,[AB][C] + k_[A][BC] (2.63a)
% = k. [AB][C] — k_[A][BC], (2.63b)

where k, and k_ are the usual bimolecular gas phase rate constants and [X] denotes
the concentration of species X. The relation between the unimolecular rate constants,
k and k', defined by Eq. [2.42] and these bimolecular scattering rate constants can be
found by considering a cubic box of volume V, containing just one of each of the

molecular fragments A, B and C, in the limit of the box size becoming very large[]

*There is, of course, the implicit assumption here that there is some other process which maintains
thermal equilibrium, such as collision with walls of the container, and that this process occurs on a timescale
faster than 7., but slower than 7.
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In this case we can rewrite Eq. [2.42] as

dp
d/;B = —kPAg + K'Py (2.64a)
dpP
d—tA = kPxp — k' Py, (2.64b)

where Pag and P, are now the probabilities that A will be found forming part of a
molecule of AB or isolated as a molecule of A respectively. Generalising this to the case
where there is only one A molecule, but ngc BC molecules and nc C molecules it is clear
that, assuming V is large enough that the interactions of molecules of BC and C as well

as 3 body collisions can be ignored, the kinetic scheme in Eq. [2.64] simply becomes

dPap

P = —kPABI’lC + k,PAI’lBC (2653)
dP
d_tA = kPABI’lC — k/PAl’lgc. (265b)

Finally to connect this to Eq.[2.63| we need to consider the case of multiple A molecules,
Nya in total. Labelling each with an index i, the number of AB molecules in the

box is given by

Na
nAB = Z P, (2.66)
i=1

and the number of isolated A molecules by

na = Z PA’,'. (267)

Assuming that the density of A and AB is also sufficiently low that they can be treated as
independent and non interacting, it follows that Eq. [2.65| can be taken to hold for each i

individually. Hence, summing over i and dividing by the volume we find that

d \%
dr vV Vv vV V

dna/V
na/ — kvnﬁn_c - k’Vn_AnE, (2.68b)
dr Vv a4

Therefore, using the definition of the concentration nx/V = [X], and comparing Eqs. [2.63|

and [2.68| we can see that the rate constants are simply related by kV =k, and K’V = k_.
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Using this (perhaps rather obvious) result, we can now make connection with Ya-
mamoto’s original linear response expression for the scattering rate constant k.. in terms
of the flux-side correlation function.!** We begin by considering the pre-limit linear

response expression for k£ multiplied by V,

Efs(t)V
Qr - 5ss(t)/<Pp>,

and note that in the limit of a large volume Q, — QapQc, Where Qxp and Q¢ are the

k(®)V =

(2.69)

molecular partition functions of AB and C respectively. This means that Q, is proportional
to V2, whereas the correlation functions &(f) and &(¢), are only proportional V (due to

their dependence on the centre of mass motion). Hence it follows that

. IRT E'fs(t)
&I_IEO KOV = &I_IEO 0,V

(2.70)
By taking the limit as V — oo before taking the limit as # — oo we arrive at the
standard expression for the scattering rate constant in terms of the Kubo-transformed

flux-side correlation function as

e
k. = lim Tim 229
t—oo V—ooo Qr/V

(2.71)
Note that taking the limits in this order is physically justified as the molecular timescale
Tmol @pproaches a constant as V — oo. Hence, comparing with Eq.[2.61] we see that, for
scattering rates the plateau time approximation becomes exact, even as f, — oo. This
reflects the fact that the probability of encounter for a single pair of molecules goes to
zero as V — oo, hence from the point of view of the unimolecular rate constant the
reaction is infinitely slow, i.e. Tyo1/Tixn — 0.

The close connection between the calculation of scattering rates and unimolecular
rates in the condensed phase will prove particularly useful throughout the thesis for
testing approximate methods. This is because rate constants are typically ill defined for
bound systems consisting of a small number of degrees of freedom due to the presence of
recurrences. In contrast, a one dimensional scattering model will not recur, as there exists
a continuum of product and reactant states, and hence the rate is always well defined.

For the sake of simplicity, in the remainder of the thesis we will use the same notation

to refer to scattering quantities and their unimolecular counter part, leaving which is
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meant to be determined from context. Hence from now on, for scattering problems
we will use k to refer to the scattering rate constant instead of k,, and we will use Q,
instead of limy_,, Q,/V for the reactant partition function per unit volume (or strictly
per unit length since all scattering problems we will consider will be one dimensional).
Furthermore, we note that since the centre of mass motion can be separated out of
both of the reactant partition function and the flux-side correlation function it does not
enter the expression for the rate, hence from here on all quantities are defined with

the centre of mass motion removed.

Properties of flux correlation functions

Before we conclude this section, we briefly review some important properties of the flux-
side correlation function and its time derivative, the flux-flux correlation function. Firstly
we note that, since the Kubo-transformed flux-side correlation function is a continuous,

real and odd function of time, we can write

00 1 (o)
lim Z,(1) = f en(dr = 3 f Er(n)dt, (2.72)
—00 0 —oo
where
1 (* A ah
e(t) = 3 fo dATr [e_(ﬁ_/l)HFp e-*HFp(t)] (2.73)

is the Kubo-transformed flux-flux correlation function (the time derivative of &(?)).
However, one need not use the Kubo-transformed version.™*® In particular by expanding

the correlation function in the energy eigenbasis,

Hlj) = E;lj), 2.74)
we find
00 1 ﬁ 00 " .
f éff(t)dt:B f da f dtie—(ﬁ-m-mw(ﬂ F, |ky [Pe " Em B (2.75)
—00 0 —00
Jk

where fj , should be understood as being a double sum over the bound states of Hand a

double integral over all continuum states. Recognising the integral over time as giving
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the Fourier representation of the delta function, this can be rewritten as

= 2nh (* —(B-DE;=AEr | / 3| £ 2
Enldr = == | dd ) e IR IGIE, I PO(E; - E
_ 0
ik

(%)

’ (2.76)
— oh I e EVESE (1 E 1y PS(E,; — Ey),

Jik
where the second line now holds for arbitrary 4[| Reinserting the Fourier representation
of the delta function, we then see that the time integral of the Kubo-transformed flux-flux
correlation function is equivalent to that of alternative equilibrium correlation functions°

f (s = f K R R HOIR (2.77)

(9] (o)

A particularly important example, which we will make use of later, is the “thermally

symmetrised” form, which we define as
Ca(t) = Tr|ePI12F, e PI12E (1) (2.78)

Just as with the Kubo-transformed correlation function this is a real and even function of
time, and this is the form that was preferred by Miller in his alternative, scattering theory
based derivation of the flux correlation function formulation of the rate.**!37 Starting
from Eq. we can also make the connection to the expression for the scattering rate

in terms of the cumulative reaction probability by introducing the identity

1= f dES(E, — E) (2.79)
to givel?®
T o0 .
3 f Ce(t)dt = nh f dEIe—ﬁEu jIF, kY P6(E; — E)S(E; — E)
—00 —00 j’k
= h f dEe#E Te [8(A - E)F,6(H - E)F, | (2.80)
1 (o}
= — EePEN(E
T _md e ""N(E),

where N(E) is the cumulative reaction probability, which for a simple one dimensional

scattering model is equivalent to the barrier transmission probability.

*Provided that the sums are convergent, which will certainly be true for A € [0, 8]
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2.2.3 Golden-rule limit

As discussed earlier many electronically non-adiabatic reactions can be very accurately
described using Fermi’s golden rule, where the rate is proportional to A?4¢# The

golden-rule rate can therefore be formally defined according to the relation’
ker = B A%k, (2.81)

where

S ()
o= par

(2.82)
As with the scattering rates we define these limits to be taken in such a way that A —
0 before + — oo, which can be justified by noting that lima_,g Tme1/Tixan = 0. This
means that the plateau time approximation (Eq. [2.61) becomes exact and the plateau

time can be taken to infinity,

T . Efs(t)
kp = lim lim BA2Q,

(2.83)

Following the same reasoning as Eq. this can be equivalently rewritten in terms

of the thermally symmetrised flux-flux correlation function as

I T ()
=55 I lim (2.84)

In this limit it is natural to define P, = |0X0| and Pp = |1X1] such that the flux

operator becomes

. IA(Q)
F,= -

(I0X1] = [1X01). (2.85)

Inserting this into Eq. [2.84] and using the fact that (il e/ | jy = O(A) for i # j, it is then

straightforward to see that the correlation function can be expanded as

ce(t) =2Re (trn

S~ 612t/ A;‘AI) e_(ﬁ/z-n/hxﬂl—e)%]) + ()(A4), (2.86)

where tr,[. .. ] denotes a trace over nuclear coordinates only. Inserting this into Eq.[2.84]

it follows that the golden-rule rate is given by,

kar f tr, [ @2+ DR A (G)e PRI A G)] dr, (2.87)

120,

“We include the factor of 82 here such that k, also has the units of a rate constant.
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note that we are able to drop the Re(...) as the imaginary part of the integrand is odd.
Again, following a similar argument to the scattering case above (Eqs. [2.74{2.77) we

can expand using the eigenvectors of Hy and H, to show that the golden-rule rate can

also equivalently be written as, 13813
e o -
kor = 70 f tr, [e—(ﬂ—/lﬂl/h)Ho A(g)e"it/mE=6) A(Q)] dr, (2.88)

independent of the choice of A.
Much of the thesis will be focussed on systems for which the diabatic coupling is

defined or assumed to be a constant, such that A(g) = A, allowing us to simplify the

notation. For example the golden-rule rate can then be written ag>%1%
A? «
kgr = th f cgr(t + iAh)dt, (2.89)
where we have introduced the golden-rule “correlation function”
Car(t + i) = tr, | @M=t/ | (2.90)

Note in passing that cggr(?) as defined in Eq. 1s a convergent representation of an
analytic function of complex time ¢, for 0 < Im(#) < A, and that, although in general it is
not convergent outside of this strip, it does always have a unique analytic continuation.
This is an important point that we will come back to later.

Instead of writing the rate in terms of cgr(#) we can highlight the effect of the bias,

€, on the golden-rule rate by writing it as

A? ” :
kar(e) = 5 e f cate M dr (2.91)

where

ca(t) = tr, | MMt | (2.92)

This illustrates the fact that changing the bias simply alters the correlation function

—iet/h

cgr(t + idh) by introducing a sinusoidal oscillation, e , and a multiplicative factor

+Ae —iet/h

of e™€. Of course e can also be recognised as the kernel of a Fourier transform,

and this allows us to write the rate in the form

2

k() = 2nA

o pa(e)e P, (2.93)
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where p,(E) is a probability distribution given by the Fourier transform

1 0 A A .
,O/l(E) — ﬁf <€—1Hor/he+zH1t/h>/le—zEt/hdt, (2.94)
T J_w
in which
<€_iﬁ0t/h€+iﬂlt/h> — C/l(t) (2 95)
1 cy(0) .

is just the correlation function (for € = 0) normalised to one at ¢t = 0, and the Boltzmann
factor,

ePFor®) — g1, [ Vo] = ¢ (0), (2.96)

is just the correlation function evaluated on the imaginary axis. Note that to prove p,(E)
is a probability density one can first show that it is positive everywhere by expanding
the correlation function in eigenstates of H, and A, or by recognising that it is
proportional to the rate constant, and then simply using the inverse Fourier transform
to identify that it is normalised. Importantly, as the distribution is just the Fourier
transform of the normalised correlation function, moments of the distribution are related
to time derivatives of the correlation function at ¢+ = 0, and hence by analyticity to
derivatives of the free energy, Fgr(A).

For completeness we will now give a brief derivation of the relation between the
first two moments of the exact distribution p,(E) and the first two derivatives of the free
energy Fgr(A), as these derivatives will play an important role in approximate theories
discussed later. We begin by considering the 1st central moment of the distribution
which is defined as,

Hia = f Ep (E)AE. (2.97)

[ee)

Inserting the definition of the distribution into this expression this gives

1 S R o .
Hia = ﬁf f <e_’H°’/he+’H"/h>AEe_’E’/thdt. (2.98)
T —00 J —00

Then replacing the multiplication by E with a derivative with respect to time and

integrating by parts leads to

s —_l foo foo <Qe_iﬁoz/he+iﬁlt/h> e—iEt/thdt’ (2_99)
2 Joo Jooo \OF A
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which can then be integrated over E to give

00 a I .
g = —ih f <§e-'H°f/he+'H”/h> S(t)dt. (2.100)
oo .

This then immediately simplifies to
tr, [(‘70 - ‘71 )e_(ﬁ_/l)ﬂ"e_ml]
tr, [e‘(ﬂ‘ﬁ)ﬁoe‘m 1]

and hence we see that the first moment is directly proportional to the first derivative of the

pia = - = BFGr(A), (2.101)

free energy at 4. We can apply the same process to evaluate the second central moment,

Mo = f (E* - 11 Ypa(E)AE (2.102)
from which it follows that
00 82 = =
foq = 1 f <(ﬁeﬂ°’/heﬂfh’/h> S(dt — i . (2.103)
oo A

This then simplifies to give the second central moment in terms of the second derivative
of the free energy,
try [(Vo — Ve =i — Vl)e_m‘]

tr, [e‘(ﬂ‘ﬂ)ﬁoe‘m l]

Mo = — 117 4 = —BFR(A). (2.104)

Classical golden-rule

In the high temperature (8 — 0) limit the golden-rule expression for the rate simplifies

significantly and reduces to the classical golden-rule expression!#!142
2
kmﬂd=;%M@WW@HdMﬁWMWW€ (2.105)

where V_(q) = Vy(q) — Vi(q) is the diabatic energy gap,

o BFeaor() ﬁ f d’ p f d/ qe—(ﬁ—/l)Ho(p,q)—AHu(p,q) (2.106)
b

is the high temperature limit of the correlation function on the imaginary axis[f|and the
expectation value is taken in the classical ensemble with
f d’p f d’ g A(q)e”F-PHo @9~ (p.q)

A@))ers =
A@)a [d/p [ df geB-VHpa-ithipg)

(2.107)

“Note that throughout the thesis we will adopt the convention that,

defo dxl---f dxy.
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In the case of constant diabatic coupling this simply becomes
2

A
on (S(V_(q) + €)), e Preoriirte (2.108)

and hence we see that in the classical limit the probability distribution, p,(€), is just the

kegr(€) =

probability density at the diabatic crossing point V_(q) = —¢,

pa(E) = (6(V_(q) + E)) - (2.109)
Marcus theory

Starting from the exact classical golden-rule expression we can derive the famous Marcus
theory expression for the rate*** by simply assuming that the free-energy in the reactant
or product ensembles is a parabolic function of the diabatic energy gap, consistent with
the central limit theorem. The free energy in the reactant ensemble as a function of

the diabatic energy gap is defined as
DuE) =~ In(OV-(@) = ENan) = ~g I (pus(-E) 2110
and in the product ensemble as
@, (E) = —/‘% In ((6(V_(q) = E))aip) — (F + €) = —é In(pas(—E)) = (AF +€), (2.111)

where AF is the classical free energy difference between reactants and products,

1 trcl,n [e‘ﬁHO]
AF = _B In —trcl,n (o] | (2.112)

Hence we see that the Marcus assumption of parabolic free energy surfaces is equivalent

to assuming that p.,(E) is Gaussian,

pmtA(E) = \/MiAe_“ﬁA(E”F_A(I‘ZﬁA)) , (2.113)

where A is the Marcus theory reorganisation energy, and is equivalent to assuming that

the central limit theorem can be invoked. By comparison with Eq. [2.108] we then arrive

at the famous Marcus theory expression for the golden-rule rate***

2
kit = | TP grpia-ar-erian, (2.114)

h VA
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In order to relate the Marcus reorganisation energy, which appears in this expression,
to classical expectation values of the system, we note that the relationship between
Pea(E) and F gr(4) means that the Marcus approximation is equivalent to assuming
that the classical free energy obeys

22

= B(Fecr(A) = Facr(0)) = =B(Fur(A) — Fmr(0)) = A4F +,3A(E - [—3) (2.115)

Hence, by differentiating with respect to A and comparing to F/, 5, (1 = 0) we see that

the Marcus reorganisation energy can be defined as
N =AF — (V_)qp. (2.116)

This definition is obviously not unique, in particular we could alternatively compare

to the derivative at 1 = [ giving
A = —AF +(V_)qp. (2.117)

For systems in which Marcus theory is exact these two definitions will give the same
result, but in general they will be different. We will give a more detailed discussion of the
different possible definitions of the Marcus reorganisation energy in Chap. [§| however,
for now we take Eq. [2.116] as the definition of the reorganisation energy unless stated
otherwise. The definition of the Marcus inverted regime, € + AF > A, for which the rate
decreases with increasing driving force, can thus be equivalently defined as € > —(V_) .

The implications of this inequality will be discussed later in the thesis.

2.2.4 Born-Oppenheimer rate constant

Although the focus of this thesis is on the calculation of electronically non-adiabatic
reaction rates, having discussed the limit of weak electronic coupling, A — 0, we
now consider the opposite regime in which one can assume the Born-Oppenheimer
approximation is valid*® The Born-Oppenheimer approximation to the rate can be
calculated whenever the reactants and products can be separated by a position space

dividing surface. This is certainly the case for an activated reaction in the normal Marcus
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regime, where the projection operators 2, and 131, onto the reactant and product states

can equally well be replaced by
P =6(-s@) and P,=6(s@), (2.118)

where 6(x) is the Heaviside step function, and s(q) = 0 defines a position space dividing
surface, which separates the reactants, s(¢q) < 0, from the products, s(q) > 0. The

operator describing flux onto products then becomes

f AN A A
. 0 v v -
o= D@ Gl v oty

9s(q)
e 5 } (2.119)

v

Assuming the population on the upper adiabatic state is negligible and making the
Born-Oppenheimer approximation one then arrives at the thermally symmetrised Born-

Oppenheimer flux-side correlation function,
Caos(1) = try [e P02 fr o P02 g iMluot/h p o=ifluor/h| (2.120)
or the Kubo-transformed version
1 (7 e
Cpo-s(1) = 3 fo dA tr, |0 7 ¢~ Hno gtifiotih p p=iMlsot/h | (2.121)

where

Hgo =T + Uy(@) (2.122)

is just the Born-Oppenheimer Hamiltonian for the lower adiabatic surface. We note that
for the two state systems considered here s(q) = V(q)— V,(q) provides a natural choice of

dividing surface, although as will be discussed later it may not always be the best choice.

Classical limit

The classical (8 — 0) limit of the Born-Oppenheimer flux-side correlation function is sim-
ply2!
1

(2nh)!
where the classical flux through the dividing surface, s(g) = 0, at ¢ = 0 is given by

ci(t) = f d'p f df gePoPDY(5(g(0)))6(s(q(t))), (2.123)

9s(q) pv

2.124
py— ( )

f
B(s(9(0) = 6(s(9)5(g(0) = ) (s(q))
v=1
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and the coordinates are evolved according to the classical equations of motion

0H
g, = —2 (2.1252)
op,
OH
p, = ——2. (2.125b)
dq,
The classical Born-Oppenheimer rate is then given by
(1
kaso = lim cult) (2.126)

== 0, — [Len(D)dt/(Py)y

where the classical equilibrium population of products is

df p df qe—ﬁHBo(p,q) 9( s(q))
<&A=f I : (2.127)
f d/p f d/ geBHsop.0)

and the classical reactant partition function is

1
(2nh)/

0, = f d’p f d/ ge P0G (—s(q)). (2.128)

Classical transition state theory

Starting from the exact expression for the classical Born-Oppenheimer rate given by
Eq.[2.126  we can derive the classical transition state theory expression for the rate by

considering the t — 0" limit rather than the t — oo limit of k.50 (). To do this we note that

Tim 6(s(g(0))0(s(q(1))) = lim 6(s(q(0))0(s(q(0)) + 5(q(O)r +...)

(2.129)
= 6(s(¢(0)))0(5(q(0)))
and therefore the classical transition state theory rate is given by!4!
T Cfs(t)
keitst = }gg} 0, (2.130)
with
1
lim ¢ (1) = f d’p f d/ ge PO 5(5(9))5(g)0(5(q)). (2.131)
-0 Q2rh)/

By considering the behaviour of a trajectory as it moves away from the dividing surface,
one can see that the transition state theory approximation is equivalent to assuming

that trajectories do not recross the dividing surface. Unlike the exact classical rate,
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the transition state theory rate is therefore strongly dependent on the precise choice of
dividing surface used to define the reactants and products. Despite this, transition state
theory is a very useful and popular method because it does not require the propagation of
classical trajectories and hence just depends on static equilibrium properties of the system.
Furthermore, provided the dividing surface is chosen so that it minimises recrossing,

the transition state theory rate can be very accurate.

2.3 Imaginary-time path-integral approaches to reaction
rates

Unfortunately, for all but simple model problems, direct evaluation of the exact quantum
rate is not possible due to the exponential scaling of the Hilbert space with the number
of degrees of freedom. However, for static equilibrium properties, it is possible to avoid

10H12

this exponential scaling by using imaginary-time path integrals, which allow one to

calculate quantum thermal expectation values using an extended classical phase space.”8”
This approach is therefore linearly scaling and hence applicable to arbitrarily complex
condensed phase systems. Whilst reaction rates are fundamentally a time dependent
property, the success of classical transition state theory illustrates that they are often
dominated by short time behaviour in a small region of phase space, which can be thought
of as the bottleneck of the reaction. By generalising the ideas of classical transition state
theory, one might therefore hope that imaginary-time path integrals would provide an
accurate approach to calculating quantum mechanical reaction rates. This idea has been
at the heart of the development of many approximate quantum rate theories,'>71%821437138
and will form the basis for the development of non-adiabatic rate theories discussed in
this thesis. This section begins by introducing the basic theory of imaginary-time path
integrals, before discussing two important reaction rate theories which are applicable in

the Born-Oppenheimer and golden-rule limits respectively, and will provide a foundation

for the methods discussed in later chapters.
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2.3.1 Background theory

For notational simplicity we begin by just considering a single surface Hamiltonian of the
form

H=T+V(@) (2.132)

where T is the kinetic energy operator

. L P
T:Z , (2.133)

and we will leave the generalisation to multiple electronic states to the following chapter.
In order to derive the path-integral expression for a matrix element of the Boltzmann

operator one begins by splitting the operator into n parts according to

(qle g’y = (gl (eP"my gy . (2.134)

Then by introducing n — 1 identity operators, in the form

i= [ daa e 2.135)

between each of the n terms, and defining 8, = §/n we can write

(qle* gy = f d'q,- f &g, 1 (ol 1g,) .. (g, e 1q,) (2.136)

where we have defined g = g, and ¢’ = ¢,. The benefit of having separated the Boltzmann

operator into n parts is that we can then use the symmetric Suzuki-Trotter expansion **120

e Pl = g PV I2o Bl o=PVI2 1 (83 (2.137)
in order to approximate the matrix elements as

_ﬁn V(qj)/ze_ﬁn V(qj+l)/2

(gle?g;,) ~e @le® g, (2.138)

which can be made as accurate as necessary by simply increasing the value of n. In order
to evaluate the matrix element of the kinetic energy term we introduce a resolution of

the identity in terms of the momentum eigenstates,

i~ [ poxp (2139



2. Background theory 39

to give

e _ o2 m
(qle®" g, = f d'p;(q,lp;) (p)lq;. ) e P 2= Pl

1 : ;o2
= d/ p, im0/t Zyey Py 2my
(rh)! f /

(2.140)

This is a simple Gaussian integral which can be done by completing the square and

shifting the contour of integration to give

(gle? g = ]_[ 2,8h2 (ﬁn V(q”zﬁzqu’“) ) (2.141)

Defining w, = 1/B,h and reintroducing the integral over momentum we can then insert

this into Eq. [2.13§] to give
(qj|e_ﬁ"]:] qu“pﬁ f dfpje—ﬁn[zf;l{pi_,./zmv+mvw%<qv,j—qv.,-+1)2/2}+(V(qj)+V<qj+1))/z]’ (2.142)
T

which when combined with Eq. [2.136] gives a discrete path-integral approximation to
(q| e P lg’), with an error of O(82) (since we have made n approximations of O(52)).
The utility of this expression can be seen by considering the quantum partition

function in terms of position eigenstates,

0=t [e#] = [datae™ ), (2.143)

which when combined with Egs. 2.136] & [2.142] allows us to write

g 1
BH| _ 1; nf nf —BnH,(p.q)
tr, [e ] = ’}1_&10 iyt fd qfd pe , (2.144)
where we have introduced the notation q = {g,, ..., ¢,_,} and similarly for the momentum
p = {py,-...P,_,} and due to the cyclic permutation of the trace we have ¢, = ¢, and

Po = p,- The corresponding classical Hamiltonian is then given by

Hy(p, @) = (P, @) + ) V(g)) (2.145)

=1

where h,(p, q) (the free ring-polymer Hamiltonian) is given by

h(pq)—ZZ[

j=1 v=1

g1y — 4 j,y)z]. (2.146)
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Considering the terms in this Hamiltonian we see that each set of position coordinates, ¢,
is connected to its neighbours via harmonic springs, and that, due to the cyclic symmetry
of the trace, the n different sets of coordinates thus form a ring. This ring can be thought of
as a classical ring-polymer, and each of the ¢;’s are often referred to as “beads” of the ring.
We therefore see that the exact quantum partition function is “isomorphic” to the classical
partition function of an n bead ring polymer in the limit that n goes to infinity”” The
utility of this expression, however, is that for practical purposes in chemistry, the number
of beads, n, needed to converge the calculation of properties of interest is typically on
the order of 10-1000 and importantly is independent of the size of the system.** To
understand why this is the case note that for a system to be in the high temperature limit it
should be approximately true that Shwn,x < 1, and correspondingly for the path-integral
system one requires Shiwme < 1, hence for fiwp., =~ 2000cm™" and kg7 ~ 200cm™! (i.e.
near 300 K) we have Shwn,, =~ 10. With a naive implementation path-integral methods
are thus typically 10-1000 times more expensive than the equivalent classical simulation,
and, whilst they will not be a focus of this thesis, there now exist a large number of
methods which can be used to significantly reduce this cost, allowing path integrals to
be applied to large scale atomistic simulations. 121127

In general the calculation of even classical absolute partition functions is a very hard
problem, fortunately however, one is usually only interested in calculating thermal

expectation values,

tr, [Ae‘ﬁﬁ ]
(Ay = ————. (2.147)
tr, [e*ﬂH]
Provided the operator of interest is simply a function of position, the path-integral

expression for the thermal quantum expectation value is straightforward to obtain using,

tr, [A@)e ] = f & gAq) (gl e Ig) (2.148)
in conjunction with the path-integral expression for (q| e PH |g) to give

1 . )
try [A(q)e 'BH] = lim AT fd qud Ip A(gy)e PrHn @

1 : 1
— |4 nf nf —_ *ﬁan(PJI)
= 21_{2) iy fd q fd p - ;A(qj)e )

(2.149)
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where in the second line we have made use of the cyclic symmetry of the ring polymer.
We can therefore approximate the quantum expectation value as an expectation value

in the ring-polymer ensemble as

1 n dnf dnf l Zn: A( ) —,Ban(P,(I)
(A@)) = <; ZA(qj)> _J¢"a)d%, X Aa)e : (2.150)
J=1

f dnfq f dnfp e Brt @0
Hence the calculation of quantum thermal expectation values is equivalent to the calcula-
tion of a classical expectation value in the extended phase space of the ring polymer.
It will also be helpful at various points to work with continuous (rather than discrete)
path-integral notation. To understand the connection between the continuous path-integral
notation and the discrete form we recognise that, in the limit as n — oo the ring-polymer
beads can be considered as forming a continuous set of points on a cyclic path. We can
thus define the corresponding path as a function of imaginary time, [ according to

the relation!V*12

q(t)) = q(j47,) = q(jB.1) = q;, (2.151)

such that g(0) = g(B%). With this definition we can also use the Riemann definition of an

integral to relate a sum over beads to an integral around the ring according to
B n n
f A(g(t))dr = lim ZA(q(Tj)) At, = lim ZA(qj),Bnh, (2.152)
0 n—oo = n—oo =

and the definition of a derivative to identify the imaginary-time velocity

q(t; +A4t,) — q(7;) - Im 91 -4 ‘
AT, n—oo Bk

¢(t;) = lim (2.153)

Hence functions which depend on a finite fraction of the ring-polymer beads become
functionals of the imaginary-time path in the infinite n» limit. We can therefore view

the discrete path-integral expressions given in Eq. [2.149] above as corresponding to

*Note the use of the term imaginary time is simply a reflection of the fact that the real time propagator
is equivalent to the Boltzmann operator,

(qleP g’y = (qle ™ |q'y,

when ¢ = —iBh.
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a functional integral over all possible cyclic paths in the limit as n — oo, which

we write asioH2

try, [A(i])e‘ﬁﬁ ] = SB Dq(1) A(q(O))e‘S lg(D]/h
(2.154)

= 9§Dq<r>A[q(r)]e-“q“”/h.

Here the position dependent part of the ring-polymer Hamiltonian has been replaced

by the Euclidean action around the path

B S 1
staol= [ 3méio + Vg (2.155)
(UN——" 2
the average around the ring of A has been replaced by the functional
1 Gh . 1 n
Alq(1)] = —f A(g(1))dt = lim — ZA(qj), (2.156)
lBh 0 n—oo N j:]

and the kinetic energy of the beads has been integrated over to give the functional

f n
. [ m,

with the integral sign, 95, indicating that all paths form closed loops. We will not attempt

integration measure

to give a more rigorous mathematical foundation to the meaning of these continuous
path-integral expressions, and for the purpose of this thesis the continuous path-integral
expression can just be thought of as a convenient short hand for the n — oo limit of
the discrete path-integral expression. Note that as has been done here, throughout the
thesis we will adopt the convention of using square brackets to denote a functional of
the imaginary-time path, and brackets to denote a function.

Before we conclude this subsection we note that at various points it will be helpful
to work, not in terms of the bead coordinates but instead, in the normal mode represen-
tation of the free ring polymer. The transformation to the normal mode representation

can be written as,

a4 = chkqj (2.158)
=1
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P=) Cup, (2.159)
=1

where the §, and jp, are the positions and momenta of the k™ normal mode. For an even

number of beads, n, the transformation matrix is given by

Vi/n ifk=0
_ | V2/ncos@njk/n) if1<k<n/2-1
Cix = Ny ik = n/2 (2.160)

V2/nsinQnjk/n) ifn/2+1<k<n-1.
This transformation is useful as it diagonalises the spring term in the free ring-polymer

Hamiltonian, such that

n-1 f ~2

_ Prv 1 2~2
ha(p,q) = Z 1 [2mv + MWy | (2.161)

where the normal mode frequencies wy are given by
Wy = 2w, sin(kn /n). (2.162)

Note that £ = 0 normal mode is proportional to the centroid of the ring polymer

1 ¢ 1

n 4 N
2.3.2 RPMD rate theory
Before we discuss ring-polymer molecular dynamics (RPMD) rate theory, "™ we first

give a short discussion of Born-Oppenheimer (adiabatic) quantum transition state theories.
The development of a quantum generalisation of classical transition state theory turns
out to be a rather challenging task, and as such there are many different approaches that
have been taken over the years. We will not have time to discuss all of these approaches
here, but instead will focus on highlighting approaches most closely related to RPMD,
which has become a “go to” way for including nuclear quantum effects in the calculation
of chemical reaction rates, particularly in the condensed phase 2%2H158159

The difficulty in generalising classical transition state theory can be understood by
considering the behaviour of the flux-flux and flux-side correlation functions for the
simple one dimensional Hamiltonian
7,

Hgo = %3 (2.164)
2m
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This is obviously a rather artificial problem, but it is helpful to illustrate the behaviour of
the flux correlation function in the limit of a wide barrier where there is no tunnelling.
In this case the thermally symmetrised flux-side correlation function can simply be

evaluated to give

eV 21/Bh
2nBh \[1 + (2t/Bh)?

and hence the thermally symmetrised flux-flux correlation function is given by

crs(t) = (2.165)

eV

4nll + (2t/Bh)*1PI*(BR/2)*

ca(r) = (2.166)

Importantly, we see that it is only in the limit as S — 0 that the flux-side correlation
function becomes discontinuous and hence, unlike in the classical limit, ¢ (¢) tends to zero
as t — 0*. This means that finding a quantum generalisation of transition state theory is
not straightforward, and as such there are a variety of different methods which attempt to
generalise the ideas of classical transition state theory to include nuclear quantum effects.
The difficulties associated with developing a quantum generalisation of transition state
theory were recognised as far back as Wigner, who identified the lack of a configurational
analogue of the classical Boltzmann factor, and the fact that the uncertainty principle
precludes defining the velocity of the system when it is confined to the transition state as
fundamental challenges to the development of a quantum transition state theory*:160:161
Of course Wigner did not know about path integrals, which, as we have just seen, certainly
overcome the first of his barriers to the development of a quantum transition state theory.

Over the past 50 years there has been a steady development of imaginary-time path-
integral methods for including the effects of nuclear tunnelling and zero-point energy on
adiabatic reaction rates. The earliest of these was the thermal instanton approximation
introduced by Miller in 1975, which uses a single imaginary-time trajectory to capture
the effect of nuclear tunnelling!'** Although this approximation can be very accurate,
it is only applicable to problems in which the rate is dominated by a single tunnelling
path 1447140 Tt cannot be used for reactions in solution, in which the configuration space
of the solvent leads to multiple contributing tunnelling paths. In order to overcome this

problem, methods which use statistical sampling of imaginary-time paths (as described
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above) are required. One of the earliest methods to do this was centroid density quantum
transition state theory (QTST)," which uses the potential of mean force on the centroid of
the imaginary-time path in place of the classical potential energy surface in classical TST.
Whilst successful, QTST has two main drawbacks, firstly although it is very accurate for
systems with symmetric barriers, QTST is much less accurate for asymmetric barriers in
the deep tunnelling regime, and secondly for liquid systems the exponential sensitivity on
the choice of dividing surface can lead to significant over estimation of the rate. RPMD
rate theory, improves on QTST in both of these areas!™™!° Firstly and perhaps most
importantly, it is a fully dynamical method and like classical rate theory it gives a rate
which is rigorously independent of dividing surface. Secondly, it is also more accurate
than QTST in the deep tunnelling regime. Its accuracy in the deep tunnelling regime
has been explained in terms of the short time accuracy of RPMD by showing that the
optimum ring-polymer transition state theory is connected to the semi-classical instanton
approximation, and more recently has been shown to correspond to the t — 0* limit of
a generalised quantum flux-side correlation function'*?148 This short discussion has of
course not been able to cover all of the path-integral methods for calculating reaction rates,
in particular we have not discussed the quantum instanton approximation,’>!% which
uses a short time approximation to the flux-flux correlation function to approximate the
rate, and to which we shall return in Chap. {4

In the remainder of this section we give an overview of the theory behind the Born-
Oppenheimer version of RPMD rate theory, leaving non-adiabatic generalisations to
Chap.[3] RPMD is not only applicable to reaction rates, but gives a general prescription

132

for approximating Kubo-transformed correlation functions*“ for operators which depend

solely on position,
1 (° N ;
Capt) = 3 f da tr, [e—w—@HA(Q) e-ﬂHB(Q(z))]. (2.167)
0

The RPMD approximation to this Kubo-transformed correlation function is given by’

1
Qrnhy

Cap(t) =

f ap f &7 ge PP A ((0))B,(q() (2.168)
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where A,(q) and B,(q) are just the average of the respective operator around the ring

1 n
AQ) =~ > Ag) (2.169)
j=1
and
1 n
B/@)=~ ) Blg). (2.170)
j=1

For a system evolving solely on the ground adiabatic state, the ring-polymer Hamil-

tonian is given by,

H(p, @) = h(p, @) + ) Us(g)). 2.171)

j=1
RPMD approximates the true quantum dynamics by simply evolving the ring-polymer

according to the classical dynamics generated by H,(p, q), such that

oH,

iy = (2.172a)
/ 0pj,v
OH,

iy = —n, (2.172b)
g aqj,v

Hence, RPMD is simply classical dynamics in the extended classical phase space of
the ring polymer. It is straightforward to show, using the results from Sec. [2.3.1] that
at t = O the correlation function gives the exact quantum result. For non-zero time it
can be shown that for non-linear operators of position RPMD gives correlation functions
with a leading error term of O(z>) 162163

One can use this prescription to directly approximate the Kubo-transformed side-side
(and hence by differentiation also the flux-side) correlation functions'¥ However, as
RPMD is just classical dynamics in the extended phase space of the ring polymer, the
RPMD approximation to the rate is independent of the precise choice of dividing surface,
provided that it separates reactants from products. One is therefore free to use a dividing
surface, s(q) = 0, which is an arbitrary function of the bead positions:*® The n-bead
RPMD approximation to the Born-Oppenheimer rate constant is therefore!”

s(F
kgo = krpvp = lim (!

=00, - fot crs(1) dl/<PP>’

(2.173)
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where cg(f) is an RPMD flux-side correlation function

1
Qrhynf

f dp f d"/ qe P ®OY(5(q))0(s(q(1))),

Cfs(t) =

the flux through the dividing surface s(q) = O at time ¢ = O is given by

. Lo "
Os(@) = o(s(a) Y Y DL

b
dqj, m,

j=1 v=1
0, is the reactant and product partition function

1 _
(nhy fdnfpfdnfqe ﬁnH"(p’q)g(_s((I))’

and (P,) is the equilibrium population of the products

0 =

f dv p f anf q e—ﬁan(p,q)g( s(q))
f d”fp f dnfq g—ﬁan(p,q)

<Pp>:
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(2.174)

(2.175)

(2.176)

2.177)

both of which of course RPMD gets exactly correct as they are just time indepen-

dent properties.

Since the RPMD rate is just a classical rate in the extended phase space of the ring

polymer, it can be calculated using any of the techniques that have been developed over

the years for overcoming the rare event problem in the calculation of classical reaction

rates, such as the Bennett-Chandler method'2%1%% RPMD rate theory also has a number

of other desirable features, including the following:

1. It is a full-dimensional theory in which all degrees of freedom are treated on an

equal footing.

2. It is parameter-free: a given reaction at a given temperature has a unique RPMD

rate, which can be converged simply by increasing the number of ring-polymer

beads.

3. The RPMD rate constant is independent of the choice of the dividing surface,

and it is rigorously consistent with the quantum mechanical equilibrium constant

(i.e., the forward and reverse RPMD rates exactly satisfy the quantum mechanical

detailed balance condition).



2. Background theory 48

4. The theory becomes exact in the high-temperature (classical) limit, and it is also

exact for the shallow tunnelling through a parabolic barrier!'®

5. In the low temperature (deep tunnelling) regime, where the classical rate is too
small by several orders of magnitude, the RPMD rate is typically within a factor of
two of the exact quantum mechanical result. Moreover it provides an approximate
bound on the exact result, because RPMD is known to underestimate the rates of
symmetric reactions and to overestimate those of asymmetric reactions. This has
been found to be the case for a variety of reactions for which the exact quantum

1601681 and also established

mechanical rates could be computed for comparison,
theoretically from the connection between RPMD rate theory and semiclassical

instanton theory 144

No other electronically adiabatic reaction rate theory shares all of these desirable features
and is also routinely applicable to the calculation of chemical reaction rates in complex

(anharmonic and multidimensional) systems such as liquids.

2.3.3 Wolynes theory

Before we discuss non-adiabatic generalisations of RPMD in the next chapter, we first
discuss a much older path-integral method applicable to the golden-rule limit, Wolynes
theory.®2 The Wolynes theory approximation is different in spirit to RPMD rate theory, as
it does not try to directly approximate the correlation function, but instead uses a steepest
descent approximation to the integral in Eq. [2.89|resulting in an approximate expression
which only depends on the correlation function and its derivatives at ¢ = 0. The resulting
expression can then be evaluated exactly using imaginary-time path integrals.

Starting from the exact expression for the golden-rule rate given in Eq.[2.89 Wolynes
suggested evaluating the rate using the steepest descent (saddle point) approximation 1
Noting that the correlation function, cgr (%), is purely real on the imaginary axis, it follows
that one expects there to be a saddle point of the function on this axis. Additionally due to
the relation between cgr(?) and the flux-flux correlation function, it is also expected that

this will be the dominant saddle point, and hence using the saddle point approximation
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to the integral about this point is expected to give a good approximation to the rate. The
saddle point approximation can be understood by considering the cumulant expansion

of the golden-rule correlation function

t+idh j — et ?
(CGR(+1 )):l(ﬂm €) _ M2 + (2.178)

cor(idh) h 2n?

Since the exact rate is independent of the choice of A we we are free to choose A such that

t+idh Na
n(—CGR( e )) = (2.179)

cor(AT) o
due to the analyticity of the function this point is therefore a minimum on the imaginary
axis (i.e. in 4) and a maximum of the function along the real axis. Hence it is a saddle point
of the function, with the saddle point condition given by u; a4, = BFcr(4sp) = €. Close
to this point along the real axis the function therefore looks approximately Gaussian,
and hence, provided the function decays sufficiently quickly we may truncate this at

second order to give

Az 00 . t2
kGR ~ kWT = f CGR(i/lsph) exXp (—qu’/l 2 )dt

nQ, 2n?

A? ® o, 1 Pl (2.180)
— S - sp)FAsp€
=720, f:mexp(— 72 ]dte ORsp T s

Performing the integral over time and using the fact that —BF;, (As,) = po,,, then gives
the Wolynes expression for the rate®

A? 2

— —ﬁFGR(/ISp)"'/ISPE_ 2181
07 \| BF ()’ A

kw

More formally the steepest descent approximation is an asymptotic expansion of an

integral of the form!®

I(a) = f f(2)e™@dz (2.182)
C

where f(z) and g(z) are complex analytic functions. The steepest descent approximation

is (in the case of a single saddle point) defined as

I(@) ~ f(z0) 4 / %e‘m) as @ — o (2.183)
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where z; is the saddle point of g(zy) defined such that g'(zp) = 0. As we will see in
Appendix [2.A]in the case of the spin-boson model the asymptotic parameter that we are
assuming is very large in Wolynes theory is the Marcus reorganisation energy SA, hence
Wolynes theory is expected to be most accurate in highly activated systems.

The advantage of the steepest descent approximation is that the resulting rate constant
can be evaluated in a straightforward way using imaginary-time path-integral techniques.
To see this we can begin by expanding the imaginary-time correlation function in the

position eigenbasis as
e PR — ¢ [e—(ﬁ—ﬁ)ﬁoe—ml] - fdqudfq/ (q o~ B-DHo |ql><ql|e—/U:I1 Ig). (2.184)

Then using an n — [ bead path-integral approximation to {g| e~ B-DHo |g’) and an [ bead

path-integral approximation to {(¢q’| e~ M lg), where [/n = A;/B, gives

— 1 nf n - %
e BFaR() W fd fpfd fq PRI (p,q)’ (2.185)

where the Hamiltonian is given by

! n
HY (B, 9) = ha(P.@) + Y wiVilg) + D wiVo(q)) (2.186)

j=0 j=l

in which the wj; are just the usual trapezium rule weights

o

if j=1and [ € {0, n}
if j €{0,,n}and [ ¢ {0, n} (2.187)

otherwise.

Wﬂ =

—_ =

When / = 0, this Hamiltonian is simply the standard ring-polymer Hamiltonian on the
reactant diabat, and when / = n it is the ring-polymer Hamiltonian on the product diabat.
But for intermediate values of [, beads [ + 1 to [ — 1 are on the reactant diabat, beads
1 to [ — 1 are on the product diabat, and beads 0 and [ are on the average of the two
diabats, as illustrated for a specific case in Fig. 2.1]

Using the definitions of F((1) and F{, (1) given in Egs. 2.101] and 2.104] it is

straightforward to show that

~BF () = {V-(a)) (2.188)
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Figure 2.1: Schematic illustration of the ring-polymer Hamiltonian H,(,l) (p,q) in Eq. fora
problem with f =2, n = 8, and / = 4. Beads 5 to 7 are on the reactant diabat (white), beads 1 to 3
are on the product diabat (black), and beads 0 and 4 are on the average of the two diabats (grey).

d
an i
~BFar() =(V-(40)V-(a), = (V-(40)), - (2.189)

where
[dvp [dVq e P D A (q)
f dvp fdnfq e Bl (p.)

Hence, recognising that for unimolecular reactions the reactant partition function is

(A(Q)),, = (2.190)

given simply by,
0, = tr, [¢Ph] = ¢ Prex® (2.191)
it follows that the Wolynes expression for the rate can be evaluated in three stages:

1. Evaluate F(z(1) at a series of different values of A to find the saddle point A,

which satisfies BF(, (Asp) = €.

2. Integrate
Asp
f Fr()dA = Fer(4sp) — For(0), (2.192)
0

to obtain the Boltzmann factor e #f&r(») /0.

3. Evaluate the prefactor using F( (Asp).
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The simplicity with which these quantities can be evaluated makes it straightforward
to apply Wolynes theory to arbitrarily complex (anharmonic and multi-dimensional)
condensed phase problems.®¥% The theory exactly recovers Marcus theory in the high
temperature limit for the spin-boson model, and it is known to be very accurate even at
extremely low temperatures, where nuclear quantum effects can increase the rate over
the Marcus theory prediction by several orders of magnitude.

As it does not involve any real time dynamics, Wolynes theory can be thought of
as a kind of quantum transition state theory. Importantly however, in contrast to the
adiabatic limit, the difficulty of choosing an optimum dividing surface is avoided in the
non-adiabatic limit, as the bottleneck of the reaction is by definition the non-adiabatic
transition from |0) to |1). This is reflected in the classical limit, where the golden-rule
rate (Eq. [2.105)) is given exactly by a transition state theory like expression (i.e. it just
depends on a time independent configurational average). Note however that although
Wolynes theory can be thought of as a kind of quantum transition state theory (in the
sense that it does not involve real time), it does not in general recover the classical
golden-rule rate in the high temperature limit ™"

One might hope that it was also possible to develop an exact transition state theory
expression for the quantum rate, and Appendix discusses this idea in more detail.
Unfortunately in the quantum case the transition state dividing surface involves the
kinetic as well as potential energy and hence an exact purely configurational imaginary-
time transition state theory is not possible. An alternative approach to Wolynes theory
would therefore be to try and develop an approximate imaginary-time transition state
theory, which does reduce to the classical golden-rule expression, by finding a purely
configurational approximation to the exact quantum golden-rule expression. We will
return to this idea in Chaps. [7] and [§

Note that just as with the adiabatic case, the discrete path-integral expressions can
be written in continuous form as

e PR — tr, [e—(ﬁ—/l)Ho e—/lHl]
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where now the Euclidean action is given by

SDVg(0)] = Sl + S Ig(D)] (2.194)
with
sh S 1
S lg(0)] = f 2., 5@ + Volg()de (2.195)
S —]
and
an S 1
S\ Vlg(n)] = f Ziqus(T)‘i‘Vl(Q(T))dT- (2.196)
0 v=1

Equally we can also therefore write the derivatives of the free energy Fgr(A) as
- BFer(D) = (V-(90)), (2.197)
and
- BFER() = (V-(gO)V_(g(am)) —(V-(q(0)) (V-(g(n))) (2.198)
where now the expectation value is defined as
Dy(r)e™ 1 Alg(0)]

56 Dg()es 14OV

(Alg(D)Da = (2.199)
We introduce these expressions now as we will make use of them at various points in
later chapters to help simplify the presentation of other imaginary-time path-integral
methods in the golden-rule limit.

Finally before we conclude the chapter, for completeness we note that it is relatively
straightforward to generalise the Wolynes approximation to systems with non-constant

diabatic coupling. This can be achieved by simply rewriting the exact rate as

cor(t + iAn)dt (2.200)

1 o tI‘n [e—(ﬁ—/Hit/h)FIoA(Q)e—(ﬂ—it/h)lfllA(Q)]
- |

= -thz . tr, [e—(ﬁ—/l+it/h)1:10 e—(/l—it/h)ﬁl]
and applying the steepest descent approximation, as in Eq.[2.183| identifying cgr(? + iAh)
with ¢ to give

_ (Ag(ODA(g(Ap)),, 21
wr = o ~BF (L)

e—,BFGR(/ISp)"'/lSPé. (2201)
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Physically this is equivalent to assuming that the time dependence of A(gq) is slow
compared to the transient behaviour of cgr(z + idgph) ¥ 12 Alternatively one can of
course include the coupling in the cumulant expansion, which then requires the calculation
of additional terms involving the time derivatives of the coupling. As we will only study
systems in this thesis for which the coupling is taken to be a constant, i.e. satisfying the

Condon approximation,™”® we shall not consider this matter in any more detail.

2.A Appendix: Exact rate for the spin-boson model in
the golden-rule limit

The spin-boson model assumes that from the perspective of the electron transfer the

nuclear potentials in both charge transfer states can be modelled as being purely harmonic

with the same frequencies in both states 2324220073

f 2
1 c
Volg) = ) —mw? (qv+ . ) (2.2022)
; 2 mw?
f 1 c 2
Vilg) = ) 5me] (qv - mwz) . (2.202b)

v=1

To derive the exact expression for the rate in this system we note that
A A f A A
try [ 7@V = | tr, [e70- MM (2.203)
v=1

where tr,[...] denotes a trace over the " nuclear degree of freedom and

A2
by

2m,

A, = + Vi (gy) (2.204)

with

1
Vor(q,) = Emwi(qv +&,)° (2.205a)

1
Vil(q,) = Emwi(qv - &), (2.205b)

in which mw?é, = ¢,. Hence we need only consider a single degree of freedom, with

the multidimensional case a simple generalisation. Hence for notational simplicity in the
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following we consider first just a one dimensional model f = 1 with the potentials

Vo(g) = %mwz(q +¢)? (2.206a)
Vi(g) = %maﬂ(q - &> (2.206b)

We begin by writing
tr, [~V gmth | = f g f " dg’ (gl gy e g) (2.207)

and make use of the imaginary-time propagator for a harmonic oscillator'? which gives

~(B-DH0 | 1y — maw '
S = [t e ) (2208

where

—maw (((q + € + (g’ + &) cosh((B — Vhw) — 2(q + £)(q’ +£))

8(q:9) = 2 snh(G— Dh) (2.209)

(@l |g) = 1/#@6@ (h(g: ) (2.210)

—mw (((q = £ + (¢’ — £) cosh(Mhw) — 2(q - £)(g' - £))
27 sinh(Afiw) '

and

where

hq.q") = (2.211)

Performing the Gaussian integrals over g and ¢’, followed by some tedious algebra one

arrives at the following expression for the correlation function on the imaginary axis

] - P (P | Leohti) 4 sinh(Afew) )

try - 2212
: 2 sinh(Bhw)2) (2.212)
This can then be straightforwardly analytically continued (1 = —it/h) to give
“2méw [ 1-cos(wt) -
tr, [e—ﬁﬂo omitholh ity /h] _ eXP( h [tanhwhwm) ’Sm(“”)])_ (2.213)

2 sinh(Bhw/2)

Hence generalising to the full multidimensional case gives

foo=2¢ [ 1—cos(wy) . -
A A ) exp (ZV: > | e s — i sin(w, 1) )
[P0 Lt [m‘fhwh P | , (2.214)
[1,., 2sinh(Bhw,/2)
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where we have also replaced the displacements, &,, with the couplings, ¢, using the
identity mw?é, = c,.

Dividing by the reactant partition function,

1
0, = . , (2.215)
[1/_, 2sinh(Bhw, /2)
and introducing the spectral density
f 2
n c?
Jw) =7 Z‘ 0w =) (2.216)
we can rewrite the exact correlation function for the spin-boson model in the form?>#2%5%60
cor(l) .
0 = exp (—iet/h — ¢(t)/h) (2.217)
where
4 ~ J(w)| 1 —cos(wt) . .
fH)=— — ) |dw. 2.218
() by f w? [tanh(ﬁhw/ 2) isin(wr) dw ( )

It 1s therefore straightforward to obtain the exact golden-rule rate for the spin-boson
model by simply numerically integrating the correlation function. Note that to improve
the numerical accuracy it is often helpful to shift the contour of integration to pass
through the saddle point 1 = idgh.

In the high temperature limit (57 — 0) the exact golden-rule rate for the spin-boson
model simply reduces to the Marcus theory expression Eq. [2.114] To see this we begin

by defining the Marcus theory reorganisation energy

A= 4 foo de. (2.219)
0

/s w

Then making the substitution x = Shw

Car(®) _ (_ia . 47ﬁ f‘” J(x/Bh) [1 — cos (xt/Bh)
0

0, x2 tanh(x/2)

and using the fact that

—isin (xt/,Bh)] dx) . (2.220)

. J(x/ph) _ wA
ﬂl;r_n}o Fan Té(x) (2.221)

along with the Laurent expansion

coth(x/2) = % + g +0(xX), (2.222)
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we can simplify the correlation function in the high temperature limit as

car(?) , £t
Cgr = exp (—zet/h - BA (W - lﬁ_h)) (2.223)
Integrating this over time then gives the Marcus expression for the rate*#
A2
kit = = %e-ﬁm*)z/‘m. (2.224)

Before we conclude this section we briefly comment on the accuracy of the saddle

point approximation made in Wolynes theory. Defining the normalised spectral density as

M = J@) (2.225)

w Aw

and the relative driving force as € = €/A, we can rewrite the correlation function as

ccg(f) = exp (ﬁA (—i%t/,Bh _ (Z)(t)/ﬁh)) (2.226)
where
-4 (T Jw)| 1=cos(wr) . .
o(t) = - fo e [tanh(/j’ nwol2) zs1n(wt)]dw. (2.227)

Hence we see that for the spin-boson model Wolynes theory is asymptotic to the exact

rate as A — oo.

2.B Appendix: Exact path-integral golden-rule transi-
tion state theory

In this appendix we explore the formal development of a path-integral generalisation
of the classical golden-rule expression for the rate given in Eq. [2.108] The aim is to
derive a path-integral expression for the exact golden-rule rate, which, analogous to the
classical theory, has the form of a transition state theory. None of the remaining chapters
relies on the theory developed in this section. The resulting theory is also not directly
applicable to realistic simulations, and hence is therefore at the present time of purely
theoretical interest as an illustration of the challenges associated with the development
of a practical path-integral rate theory in the golden-rule limit. However, we note that

the theory developed here is similar both in spirit and in form to the theories discussed
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in Chap.[7] which at present have no first principles derivation. Throughout this section
we shall employ the Condon approximation, assuming that A is constant.
We begin by considering the generalisation of the exact path-integral expression for

the correlation function on the imaginary axis (Eq.[2.185)) to a general complex time,

fy /j . _¢D _¢D
tr, [e_TOHO/he_TIHI/h] = lim it fd”fpfd"fqe S 0., (P-4.70)/A=5" (p.q, T/ (2.228)
n—oo T,

where
n—1 f 2 2
pP v mv(q i+1y — 4 'V) VO(q ‘+1) + VO(‘I )
SO (p.q.79) = —° LA J L / 1 (2229
0P+ 4. T0) = 7 ; Zi\2m, " 22— 1P 2 (2.229)
and
S(l)( 7)) = l i i 2v mv(QjH,v - CIj,v)z + Vl(qj+1) + Vl(q]) (2.230)
PATET 4|4 am, T 20)P 2 '
with I/n = Re(1, /(79 + 71)) and 7y + 71 = Bh. Now making use of the relations
1 1 1 't ?/(n - )*B2h?
_ _ L PO oA Gl 7 (2.231)
To/(n—=10 B.ha+it/(n—-1) B,k (n—-DB.A 1+it/(n— DB,k

and

1 it PR
_ 11 (1+ it IPB; ) (2.232)

T/l Bah—it/l ~ Buh B 1—it/IBah

it follows that we can separate the exponent into those terms which involve real time

and those which do not as,

S (.9, 70)/l = B,H (p,q) + ———E{ (p, q) — MW”) '(p.q) (2.233)
Oy (n l)h Eon By +it/(n — Dk
and
% | Pi?
SV (p.q.7)/h = B,H (p.q) - E”) P -z eV 2234)

Here, Hf,l)(p, qQ = H(l) (P, Q) + H(l) (P, @) is just the Hamiltonian from Wolynes theory
(Eq. [2.186) separated into contributions from state |0),

f
Hy, (0, Q) = Z [Z

=1

p]v mvwz(QJ?l,v - Qj,v)2 + VO(qj+l) + VO(q])
2mv 2 2

] ,  (2.235)
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and state |1),
-1

f
H,(- ) Z [Z
=1

ij vw;%(qjﬂ,v - Qj,v)2 n Vl(qj+]) + Vl(qj)
2mv 2 2

] ,  (2.236)

. 0 . . . .
with the W} (p, @) terms corresponding to the contributions to the spring energy from

beads associated with state |0),

n—-1 f 2 2
myw,(qj+1v = 4jv)
whma=> > o (2.237)
j=l v=1
and state |1)
-1 f 2 2
mvwn i+1,v — Yjv
Whew=), ) (q’; 9 (2.238)
j=0 v=1

The remaining terms are analogous to the primitive energy estimator,’? with the spring

terms having the opposite sign to the ring-polymer Hamiltonian

ES) (p.q) = Hy\(p.q) — 2W,)(p, q) (2.239)
EV (p.q) = H" (p.q) - 2W" (p. q). (2.240)

Now we make use of the integral identity
00 00 ) )
f g @O DXy = f e~ o T (2.241)

for a,b,c € R and a > 0, which will allow us to rewrite the exponent as a solely linear

function of time. This is achieved by recognising that

00 . 2
f dpj,v exp (—( .+ i ) pjsv + t2/(n - l)th mva)rzl(qjﬂ,v — Qj,v)z)

(n—Dh/)2m, .+ it/ (n— Dh 2
h 5 (2.242)
—food-ex -8, + i pj’v+ ! SW(Gis1y —qiy)
- . pj,v p n (l’l _ l)h 2mv (l’l _ l)hpj,v n q]+],V QJ,V
and
2
o0 it\ Piy t2/12h2 mvwz(q '+lv_Q‘v)2
d . _ - — Js n Jt+1, Js
Lo b eXp[ G lh)Zm,, " B —it/n 2
(2.243)

2
0 lt p',y t
= f dpj,y exp [—( n— E) j - Epj,vwn(Qj+l,v - qj,V)) >
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such that we can replace the time dependent spring terms in Eqs. [2.233]and [2.234] with

-1

2/ (n — D*hH? (1)
—Yjy 2.244
and L
| Ph? o ;e
Bn— it/th (P.q) = - i Z Z Pivwn(qjr1y = qjv)- (2.245)

j=0 v=1
It follows that we can write

[e—‘roﬁo/he—ﬂﬁl /71] —

tr,

lim ) ffd”fpfd”fqe—ggl,:(qu,TO)/h—SE{L(P,q,ﬁ)/h (2.246)
n— oo Th)"

with

So(P.q.70)/h = B,HY (p. q) +

it -1 f
T l)h( <z>(p,q) ZZ ipvwn(qjsry — qﬂ)J
(2.247)
and

$V.(p,q.7)/h = B,H, (. q) - (E‘” (P, - ZZzp,ywnwm q,y)) (2.248)

Jj=0 v=1

This gives an expression in which the exponent is purely linear in real time. However,

due to the terms of the form

iPjv0n(qjsty = Gjv)» (2.249)

we cannot integrate over time to give a delta function as the coefficient of time in the
exponent is not pure imaginary, and the resulting expression therefore suffers the usual
sign problem, which plagues real time path-integral methods.

We can, at least, integrate over time analytically if we first make use of another

integral identity

f e—axz—ib(x+ic)2 dx = f e—a()C—iC)z—ibx2 dx (2.250)

for a,b,c € R and a > 0. As, having factorised the kinetic energy terms, this al-

lows us to rewrite

2 . 2
0 Piy it (P v T lwnmv(q i+1,y — ¢ V))
dpjvexp| i - : —
Lo bi eXp[ Prom, ~ =D 2m,

(2.251)

© (pjv - iwnmv(qj+l v = ij))z it p?"
= d v —Pn ’ : : - :
j:oo Pij. exp[ B 2m, (n—Dh2m,
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and ) )
* Py it (pjv+iwnmv(qj+lv_ij))
d Y —Pn ! + = - - .
I N P, CXP[ B om, " Ih om, 252
_ food . ex _ﬁ (pj,v - iwnmv(‘IjH,v - Qj,v))z n Epiv '
B N W 2m, 1h2m, |
Hence we can then analytically integrate over time to give
L tr [e—((ﬁ—/l)ﬂf/h)ﬂo e—u—it/h)ﬂl] dr
2rth !
(2.253)
= darf nf By (0@ +iB,0,(P.0) 0
= im (27Th)nf f f d*qe 0 (W (P, Q))
where the Hamiltonian is given by
H(p, q) = Hy.,(p, @) + H,(p, Q) (2.254)

and the argument of the delta function is the difference in the average energy between

the beads associated with state |0) and state |1),

H (p,q) = 7—{5’2,@, q) - ﬂ“ (0, 9), (2.255)
with
n—1
P’ Vo(‘I' D+ Volg))
(0] Jv J+ J
H (. q) = ,Z{ ot . , (2.256)
and
HO (p.q) = 1—21 ! Piv N Vi(q;1) + Vilg)) 2.257)
1,n p’q - S\ & 2mv 2 . .

Unfortunately this does not remove the practical difficulties associated with the real time

path integral, as we are still left with the phase term
-1 f
0u(p. q) = Z > bty = 4 (2.258)
j=0 v=1
The resulting path-integral expression for the golden-rule rate [

21A? lim
hQ, n—ow (27175) nf

kGR =

fdnf fdnfqe —BuH (9.Q)+iB,6n (D, Dg (7,{(1) (p, q)) , (2.259)

is therefore impractical without further approximation.

*Defined here just in the case of € = 0.
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We note that Eq. [2.259)is closely related to the expression for the Born-Oppenheimer
Matsubara dynamics time-correlation function.'™ This is of course not a coincidence, and
can be explained by noting that we have essentially performed several of the steps used in
Ref.|175/in reverse. In fact it is also possible to derive this expression following essentially
the same arguments as in the original Matsubara derivation'’* by using a modified
version of the generalised Wigner transform from that work. Matsubara dynamics is a
purely classical dynamics that conserves the exact quantum Boltzmann distribution, and
can be systematically derived from an exact generalised Kubo-transformed correlation
function.™ It has been used to provide a unified framework to understand approximate
path-integral methods such as RPMD and CMD, that can be shown to correspond to
making different approximations to the Matsubara Liouvillian.'”*' The key difference
here is that there is no real time dynamics, i.e. no Liouvillian appears, and in this sense
Eq. [2.259] corresponds to an exact path-integral transition state theory expression for
the golden-rule rate. Just as RPMD and CMD can be related to the Matsubara time-
correlation function, one might speculatively hope that it would be possible to develop
accurate approximations to this expression which were applicable to the simulation of
condensed phase non-adiabatic reactions. Apart from noting the connection between
this expression and the approximate methods discussed in Chap. [/, further analysis is

unfortunately beyond the scope of this thesis.
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Summary

In this chapter we discuss non-adiabatic generalisations of ring-polymer molecular
dynamics, focussing on methods which are designed for the calculation of non-adiabatic
reaction rates. We will begin by giving a brief summary of some of the different
approaches that have been taken to generalising RPMD to treat non-adiabatic systems,
before discussing the simplest non-adiabatic generalisation of RPMD, Mean Field RPMD
(MF-RPMD). This will provide the theoretical foundation for a discussion of three
methods which have been explicitly designed for the calculation of non-adiabatic reaction
rates: Kinetically Constrained RPMD (KC-RPMD), State Space Path Integrals (SS-PI)
and isomorphic RPMD (iso-RP). We will discuss each of these methods in turn, focussing
on their limitations and highlighting the difficulties associated with developing an accurate

path-integral method for calculating non-adiabatic reaction rates.

3.1 Introduction

Because of the success of RPMD in the adiabatic limit, there have been several attempts
to generalise it to treat non-adiabatic systems>**** Unfortunately however, at present
each of these methods has its limitations. The simplest way to calculate non-adiabatic
reaction rates using RPMD is to avoid finding a non-adiabatic generalisation altogether.
This can be done for electron transfer reactions by explicitly including an electron as a
distinguishable particle, however this is limited to systems where using a one electron

d.22% and as such we will not consider it further here. One of the

pseudo-potential is vali
first non-adiabatic generalisations of RPMD was an extension of Tully’s fewest switches
surface hopping,” in which the ring polymer is evolved on the usual adiabatic surfaces
and the electronic variables are either evolved using the centroid potential energy and
derivative couplings, or using the average around the ring*® This approach does not
however use the exact Boltzmann distribution, a flaw which the “isomorphic RPMD”
method**>¥ (discussed in Sec. attempts to fix. A non-adiabatic generalisation of
RPMD, known simply as Non-adiabatic RPMD,?® which is based on the well-known

(Meyer-Miller,”™ Stock-Thoss”®) classical electron mapping approach has also been
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proposed. This method does not correctly preserve the quantum mechanical Boltzmann

distribution 217

and hence is not well suited to the calculation of rates. Mapping variable
RPMD?” is a modified version of non-adiabatic RPMD which does preserve the quantum
Boltzmann distribution, but it introduces a pathological sign problem that arises from
a cancellation between positively and negatively weighted regions of the ring-polymer
phase space in the mapping basis. In the remainder of this chapter we will discuss in
more detail three of the most recently proposed non-adiabatic generalisations of RPMD:
Kinetically Constrained RPMD, the State Space Path Integral method and isomorphic
RPMD. We will see that each of these methods has issues which limit their applicability
to the calculation of non-adiabatic reaction rates, highlighting the challenges associated
with developing an accurate path-integral method for these rates.

Sec.[3.2] introduces the most primitive non-adiabatic generalisation of RPMD, Mean
Field RPMD "7 This will provide the theoretical basis for brief discussion of both the
Kinetically Constrained RPMD approach®**!in Sec.[3.3| and the State Space Path Integral
rate method®® in Sec. Finally, in Sec. we will give a detailed analysis of the

golden-rule limit of the newest non-adiabatic generalisation of RPMD, the “isomorphic

RPMD method?223%

3.2 Mean Field RPMD

The most basic generalisation of RPMD is Mean Field RPMD (MF-RPMD), in which the
electronic degrees of freedom are integrated out to give a single thermally averaged (or
“mean field”) ring-polymer potential on which the nuclei evolve. Although this formalism
is in principle applicable to systems with many electronic states, in line with the rest
of this thesis we will consider just a two level system, for which the Hamiltonian can

be written in the diabatic representation as

. f ﬁZ
f= Z 2mv1 + V(@) (3.1)

v=1

where 1 is the 2 X 2 identity matrix and V(§) is the diabatic potential matrix

V@) = (Vo(@) A(g) ) (3.2)

Ag) Vi@ -e€



3. Non-adiabatic generalisations of RPMD rate theory 66

To derive MF-RPMD we begin by performing an imaginary-time path-integral discretisa-
tion of the Boltzmann operator following the same argument as in Chap. 2] The point at

which the derivation differs is in Eq. 2.138| where in the multi-level case,

BnV@)/2 p=BuV(qj41)/2

(gjlePf g,y ~e (qjle?T1g,,.), (3.3)

and since the diabatic potential matrices at different values of ¢ do not in general

commute it follows that

e PV BV G012 4 o PV @NI2BiV (@02, (3.4)

Using this the resulting expression for the full quantum partition function can be written as

iy . 1 n i —
Tr [e ﬁH] = r}l—{l;lo Ol fd qud fpe ,Bnhrz(p7q)#(q), (3.5)

where £1,(p, q) is the free ring-polymer Hamiltonian (given in Eq.[2.146)), the potential

term is given by

n

u(q) = tre ['r e—ﬁmqﬂ], (3.6)

=1
in which tr.[...] denotes a trace over the electronic degrees of freedom only, and 7~
denotes the fact that the product is ordered by bead index j. Provided u(q) > 0, we can

define the mean field ring-polymer Hamiltonian as™7~150

H™(p,q) = h,(p,q) + V)™ (q), (3.7)

where the potential is given by

1
‘¢Wm:—ﬁ4nwm», (3.8)
such that7-180
'y l MF
BH| _ 13 nf nf —BnH, (p.q)
Tr e ]‘Jir?o(znh)nffd qfd pe . (3.9)

Assuming that a position space dividing surface, s(q) = 0, can be used to separate the

reactants and products then the MF-RPMD approximation to the rate is just given by

k =~ kg = lim Cis(?)

o0, - [0 di/(Py)

(3.10)
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where cg(f) is a MF-RPMD flux-side correlation function

1
Q2rhyt

cr(D) = f d"p f dV qe P A" PO 5(q))0(s(q(1)), (3.11)

and the dynamics is simply the classical dynamics generated by the mean field Hamilto-

nian
aHMF
Gjv = ap’;,v (3.12a)
OHMF
Pjyv = _—3qj,v . (3.12b)

Although the MF-RPMD rates can be reasonably accurate when the reaction is close
to the adiabatic limit, they will clearly break down in the golden-rule limit. This can
be understood by noting that the exact rate satisfies k(A = 0) = 0, however the MF-
RPMD rate will clearly always be non-zero, as it is just an adiabatic rate on the thermally
averaged potential, and so kyr(A = 0) # 0.

Before we discuss other non-adiabatic generalisations of RPMD it is helpful to
introduce the idea of ring-polymer “kinks”*!' To do this we consider expanding the
matrix product in terms of individual matrix elements as

n 1

u(q) = tre [7‘ ﬁ e—ﬁnV(‘Ij)] — rl ( Z <0'j| e PVa) |0'j+1> ), (3.13)

j=1 j=1 ;=0
where as with the positions and momenta the state variable obeys cyclic boundary
conditions oy = 0,. Each set of possible values {o j}’};é can be thought of as a different
imaginary-time path in the state space, and every time o j,; — 0; # 0 can be considered
as a hop from one diabatic state to the other, and is referred to as a kink. Due to the
cyclic symmetry there must always be an even number of kinks, and hence they are
also often grouped together as so-called kink pairs. In the two level case the only paths
which have no kinks are those in which the system stays entirely on the reactant diabat
or entirely on the product diabat, and we can therefore define the contribution to the

distribution from paths which contain kinks as

,Ukinks(Q) — ,U((I) _ e—ﬁn 2 Volgy) _ e_,Bn 2 (Vl(q]')_f)' (3.14)
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3.3 Kinetically Constrained RPMD

The Kinetically Constrained RPMD (KC-RPMD) approach is rather complicated, and
as such we will not give a full description of the method here, instead we will just
give a brief summary of the main idea behind the method and discuss the accuracy it
has shown in simple test cases.2*? The key idea behind the KC-RPMD method is to
introduce an additional continuous variable, y, which reports on the existence of kinks

in the ring-polymer distribution by writing the exact distribution as

B = [ @000+ 00 5,1 4 B G0 5 1y, (3.9

where the integral of f(y,a) over y is 1. In the simplest version this function is chosen to

be a limit representation of the rectangular function f(y,a) = rect(y — a) with

0, iflx> 1
rect(x) =14, if|x =1 (3.16)
1, iflx <.

The idea is to then introduce an associated mass and momentum for y leading to a
dynamical variable, and to fit the mass to give the correct golden-rule rate in the
classical limit®" However, as this would not work in the Marcus inverted regime
(where kinked configurations between the minimum of the reactant well and the product
surface dominate) an additional modification is required, and this is where the method
becomes rather complicated. To avoid the problem in the inverted regime, u(q) is

replaced with ugxc(q) where

* w(q) S Vea. 5.5 (Vi(a e
Hxe(@)= f Hiins (@) (v, 0)5 (%) + €2 fy, —1) + e 2 0190 1y, 1yay,
(3.17)
in which the kinked contribution has been modified by the introduction of a delta function

which constrains the configurations for which kinks can exist to those where the centroid

of the ring polymer obeys w(g) = 0, with the constraint function given by

_ V@) - Vilg) + €
Mg

The parameter 7 is then determined numerically such that the probability density for the

w(q)

(3.18)

system to be found at the crossing points of the diabats is unchanged; the resulting
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expression is rather complicated and does not add to the present discussion so we
will not include it here.

Note that by modifying the distribution, KC-RPMD no longer obeys the exact quantum
statistics, and hence loses one of the most important features of the original Born-
Oppenheimer RPMD. It is therefore clear that as the reaction approaches the adiabatic
limit KC-RPMD will not reduce to the original RPMD rate theory. Due to the number
of parameters which must be determined numerically it is not very easy to perform a
theoretical analysis of the accuracy of KC-RPMD, however we note that the results
given in the original two papers outlining the method showed variable accuracy?*?Y In
particular, in the second paper on KC-RPMD (Ref. 30) KC-RPMD is compared to the
exact rates for a simple spin-boson model which is approximately in the golden-rule limit
(system A3 of that paper), and it was found that KC-RPMD overestimates the exact rate
by as much as a factor of 6 in the case of moderate to strong friction. In contrast for the
same system the Marcus theory rate is only 30% too small and the Wolynes theory rate is

within 5% of the exact rate. It thus appears that KC-RPMD is not a generally reliable

approach for including nuclear quantum effects in non-adiabatic reaction rates.

3.4 State Space Path Integrals

A conceptually much simpler approach, is the State Space Path Integral (SS-PI) method,
proposed by Duke and Ananth.?® In this approach the initial distribution in the mean
field correlation function is modified, so that it only contains kinked configurations.
The SS-PI approximation to the rate is defined in terms of the plateau time of this
modified correlation function as

Css-fs (1)

kSS—PI(A) = Q

(3.19)

There are two different variants of the approach, the simpler of the two is the “solvent re-

action coordinate” version, in which the flux-side correlation function is approximated as

1
Q2rhy

Css-is(f) =

f d/p f d" qe PO (@)(s(q)E(s(q(D)), (3.20)
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where the dividing surface is given by

s(q) =V_(q) + € (3.21)

with V_(q) = Vy(q) — V1(q), and importantly the dynamics is still generated by the mean
field Hamiltonian (Eq. [3.12). To get a better understanding of this approach we note that

Miinks(q) 1s just the difference between u(q) evaluated at the true A and at A = 0, i.e.

Hiinks(qQ) = u(q, A) — u(q, A = 0). (3.22)

Hence, by assuming the dynamics generated by HM(p, q) is approximately independent

of A, we can write the SS-PI rate in terms of the MF-RPMD rate as
kss-pi(A) = kyp(A) — kvp(A = 0). (3.23)

Note that this approximation becomes exact as one approaches the golden-rule limit.
We thus see that the SS-PI approximation can be thought of as a modified version of
MF-RPMD where the unphysical zeroth order contribution to the rate is removed.
The SS-PI rate is certainly an improvement on the MF-RPMD rate, as it correctly
predicts that the rate is proportional to A” in the golden-rule limit, however it is not clear
in general what approximation one is making and hence how accurate it will be. One
notable deficiency of the method is that it breaks down in the high temperature limit. To
see this we consider a simple one dimensional scattering model with diabatic potentials

Vo(g) = Ae* "
3.24
Vi(g) = Ae™t, oy

with € = 0 and a constant A. Noting that the classical (one bead) limit of u(q) is given by

ei(g) = 2 PV@VDI2 cogh (§ V(@) - Vi@ + 4A2) (3.25)

it follows straightforwardly that the mean field rate in the classical limit is given by
1
BhO ke (A) = 2—2e—ﬁA cosh(BA). (3.26)
v

Using this, in conjunction with Eq. [3.23] we see that in the classical limit the SS-PI

approximation to the golden-rule rate is given by

2 A2

o e P, (3.27)

BhQ, ksspi(A) =




3. Non-adiabatic generalisations of RPMD rate theory 71

In contrast the exact classical golden-rule rate for this system is given by,

BPA* [2m3mL?
BhO, ka.gr(A) = A\ yers e P, (3.28)

Hence we see that there is an uncontrolled error in going from the exact result to the

SS-PI rate. Whilst for some systems the factor of +/273mL2/33A2h2 may be close to 1,
this will not be true in general. Without a formal argument explaining the general regime
in which SS-PI gives a good approximation to the rate, it thus seems that it does not
provide a viable approach to calculating reaction rates in complex systems. Despite this
we note that Duke and Ananth did find reasonably close agreement between the exact
rate and the SS-PI rate for a spin-boson model showing moderate quantum enhancement,
when the reaction was approximately symmetric. The reasons for this agreement will
be discussed in more detail in the following chapter.

Duke and Ananth also proposed an alternative approach involving a further modifi-
cation to the flux-side correlation function, in which the distribution is restricted to just
contain imaginary-time paths which spend an equal amount of imaginary time on each
of the surfaces. This allowed them to calculate reaction rates in the Marcus inverted
regime, however they found that this approach significantly under-predicted the rate,*®

essentially failing to capture nuclear tunnelling.

3.5 An analysis of iso-RPMD in the golden-rule limit

Recently Tao, Shushkov and Miller have proposed a new method, called isomorphic
ring-polymer molecular dynamics (iso-RPMD or iso-RP),2*3% which aims to extend the
Born-Oppenheimer ring-polymer molecular dynamics (RPMD) method* " to systems
with multiple electronic states. The iso-RPMD ansatz is to construct an “isomorphic”
multi-state Hamiltonian for a ring polymer of classical nuclei that is consistent with
the quantum mechanical partition function, and then to combine this with a pre-existing
mixed quantum-classical (MQC) dynamics approximation such as Tully’s fewest switches
surface hopping.”

One potential application for iso-PRMD is the study of thermal reactions which

involve transitions between two different electronic states.'*! In the adiabatic limit, in
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which excited electronic states do not make any contribution to the canonical quantum
mechanical partition function, it is clear that iso-RPMD will work well, since it reduces
in this limit to the standard RPMD approximation (in which the dynamics of the ring
polymer takes place on the ground adiabatic Born-Oppenheimer potential energy surface).
However, how well it can be expected to work in the opposite non-adiabatic limit is less

clear. This is what we shall investigate in the remainder of this chapter.

3.5.1 Isomorphic RPMD

To set the scene for this investigation, let us begin by introducing the iso-RPMD
formalism>*3% Again although this formalism is in principle applicable to systems
with many electronic states, it will be sufficient for our purposes to consider just a two
level system. The “isomorphic” RPMD for this two level system is based on writing

the exact quantum partition function
Q = Tr[e ] (3.29)
in the form

nf iso
0 = lim (5] f d'/p f &g tr, [P0, (3.30)
n—o0 Tt

where tr.[. .. ] denotes a trace over the electronic degrees of freedom. The isomorphic

ring-polymer Hamiltonian H™°(p, q) is

H(p,q) = iX°(p, @)1 + VE°(q), (3.31)
where
) n [ pz.y 1 )
IXCXESIDY {znj + 5 (@je10 = 45) } (332)
j=1 v=1 ny

is the isomorphic free ring-polymer Hamiltonian, with m,, = m,/n. The isomorphic

diabatic potential energy matrix is

(3.33)

) Viso Aiso
V}fo(q):( @ AX() )

AX(@ Vi@ -e

where the diagonal elements are chosen to be®*

. 1 <
Vi@ =~ > V). (3.34)
=1
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We note that, in this formalism the simulation is performed at a temperature 7 rather than
nT, and this is balanced by a change in the definition of the mass of the particles, which are
reduced by a factor of n. These two ways of thinking about the path-integral simulation are
equivalent in the adiabatic case, but the definition used in iso-RPMD is more appropriate
in this context as it means that the total potential energy converges with bead number,
which is important due to the influence of the potential energy on the electronic dynamics.

In order to ensure that the iso-RP partition function exactly reproduces the quantum

partition function in the infinite n limit, Tao et al.*¥ require that A*°(q) is chosen so that
tre [e—ﬁHin”(p,q)] — e—ﬁhif"(p,q)#(q)_ (3.35)

This leads to the following expression for the isomorphic coupling*

(V@ e

e 1 iso
A°(q)* = — acosh’ [,u_(2q) ePVen@=e)/ 2] 1 : (3.36)

)z
where

VE(q) = Vid(q) + ViAq). (3.37)

Note that in general u(q) can become negative,'®* which leads to a complex A*°(q) and
a non-hermitian Vifo(q). However, when A(q) has a constant sign, one can show that
u(q) > 08250 Ai°(q) is real and V*°(q) is real and symmetric for all values of q. We
shall therefore assume that A(q) has a constant sign from this point on.

All of the above is simply a rearrangement of a formally exact expression for the
quantum mechanical partition function. The isomorphic RPMD ansatz is to take the
classical multi-state Hamiltonian Hif"(p, q) and use it with a mixed quantum classical
(MQC) dynamics method, such as Tully’s fewest switches surface hopping”¥ This is an
appealingly simple idea, but how well does it work? In the following we will consider
the more specific question of whether or not iso-RPMD can give accurate reaction rates
in the non-adiabatic (golden-rule) limit, and in particular whether it can capture nuclear

quantum effects such as tunnelling and zero-point energy in this limit.
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3.5.2 Golden-rule limit

As we saw in Chap. 2] the exact quantum mechanical rate constant for transfer from state

|0) to state |1) in the golden-rule limit can be written as

kor f tr, [P0 o A(g)e -9 A(g) |dr, (3.38)

1

- o
where Q, is the reactant partition function. The classical limit of Eq. [3.38 which
becomes exact at high temperatures where the ring polymer can be replaced by a single

bead, is simply!4h142

mm{%ﬁmmwwﬁ, (3:39)
cl,0

where V_(q) = Vio(q) — Vi(q) is the diabatic energy gap. Unfortunately, it is well
known that many MQC dynamics methods do not give the correct rate in the high-
temperature, non-adiabatic limit (i.e., are not consistent with Eq. [3.39). In particular,
the original formulation of Tully’s fewest switches surface hopping”® suffers from “over
coherence”. There has been a concerted effort to fix this problem with decoherence
corrections,'#Pl but that is not the focus of the present study. Here we shall simply
sidestep the issue by assuming that the MQC method used with iso-RPMD does reduce
to Eq. [3.39] in the one bead limit.

Having made this assumption, we need not consider the specific details of the MQC
dynamics, and can simply make use of the isomorphism to write down the iso-RP
expression for the golden-rule rate

2r . » 0
b = Jim (Fa @0 5@+ ) (340)

where the ring-polymer thermal average is defined as
[dvp [dqeFHin®oA(q)

A iso _ :

, (3.41)

with Hy°(p,q) = h3°(p,q) + Vio(q).
We can further simplify Eq. (3.40) by taking the golden-rule limit of the iso-RP

coupling A°(q)?>. To keep the notation as simple as possible, we shall do this only
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in the special case where A(q) = A is a constant (the Condon approximation'”?). The
more general case of a coordinate-dependent A can also be treated but it does not add
anything useful to our discussion.

The golden-rule limit of Al*°(q)? is worked out for constant A in Appendix 3.A] where
it is shown to lead to a golden-rule iso-RP rate in the infinite » limit that can be written

in the path-integral notation introduced in Sec. 2.3.3] as

o = X f " dA(N6(V*°[q(1)] + €)) eProxheie, (3.42)
‘ ﬁhQr 0 - 4

Where the isomorphic diabatic energy gap in Eq. has become

VE[g(n)] = V5 lg(@)] - Vi*[g(D)], (3.43)
with
. 1
velgol = o [ Vi (3.44)
B Jo

3.5.3 Example calculation

In order to assess the accuracy of Eq.[3.42] and facilitate our analysis, we shall consider

the prototypical model of condensed phase electron transfer, the spin-boson model
f

1 Cy\2

@ = Swi{as + w—g) (3.45)
/ 1 Cy\2

Vi(g) = Z 29ilan = i) (3.46)

again with constant A. The effect of the nuclear motion on the electronic dynamics of this
model (and hence the rate of transfer from state O to state 1) is fully characterised

by the spectral density

n Zf: 2
J(w) = = 25w — wy), (3.47)
2 ~w,

in which we have chosen to work in mass-scaled coordinates such that m, = 1.
Due to the simplicity of this problem it is possible to obtain closed form expres-
sions for each of the terms appearing in Eq.[3.42] The A-dependent Boltzmann factor

can be written as

e PFar(D)

Or

= ¢ BFGRWD-FGr(O) _ ,~pAFer(D) (3.48)
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where, using the exact expression given in Appendix [2.A] we have

4 7
AFcr() = = fo ﬁ;‘c‘:ﬁ

1 — cosh(wAh)
tanh(wph/2)

+ sinh(wA#) [dw. (3.49)

Furthermore, using the fact that V'*°[g(7)] only depends on the average (centroid) of the

imaginary-time path, g = l% foﬁh q(7)dr, it is straightforward to show that

(5(v*1q(e + o)) = % \ %e‘ﬁmﬁ en1-g)-te (3.50)
where
A:if'ﬂﬂw) (3.51)
T 0 w

is the Marcus theory reorganisation energy.

Note that in the high temperature limit 4Fgr(1) — Aé(l - %), and hence the A
dependence of Eq. [3.48|exactly cancels the A dependence of Eq.[3.50] In this limit the
isomorphic rate correctly reduces to the rate given by Marcus theory: ki, — kur as

B — 0 where®™

A? B _pie?
kMT = — —e B .

A (3.52)

Unfortunately, however, it is already clear that there is an issue with the iso-RP rate at
lower temperatures. Since 4Fgr(A) is independent of € we see that the iso-RP rate retains
the Marcus theory dependence on € at all temperatures. Hence the ratio of the iso-RP
rate to the Marcus rate is independent of the driving force, k;s,/kmt = A, and so on a plot
of the logarithm of the rate as a function of the driving force the iso-RP rate is simply a
vertically shifted version of the famous Marcus parabola. This clearly does not capture
the behaviour of the correct quantum mechanical rate at low temperatures.

To demonstrate this, we shall consider two models with Brownian Oscillator spectral

densities®® 192193

A yQ*w
J(w) == ,
(W) 2 (w? — Q2)2 + 22

(3.53)

and with parameters chosen to be representative of typical condensed phase electron

transfer reactions. Model 1 is weakly quantum mechanical with SQ = 2, y = Q, and

1

BA = 60, corresponding to a reaction coordinate frequency of Q ~ 400 cm™ and a
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Figure 3.1: Reaction rate constants as a function of the driving force for model 1, a spin-boson
model with SQ = 2,y = Q, and A = 60. Although it may seem as though the curvature of the
iso-RP curve is larger (more negative) than that of the Marcus curve, this is an optical illusion: the
logarithm of the iso-RP rate is in fact just vertically shifted from the Marcus theory parabola.

Marcus reorganisation energy of A = 1.5 eV at 300 K. Model 2 is more strongly quantum
mechanical with fQ = 6, y = Q, and SA = 60, corresponding to a reaction coordinate
frequency of Q ~ 1200 cm™!. These parameters are roughly comparable to those obtained
in the classic experimental paper on the Marcus inverted regime by Miller et al.**
who extracted 1500 cm™! as the characteristic inner sphere frequency, along with a total
reorganisation energy of 1.2 eV, for a series of organic electron transfers in tetrahydrofuran.
The approximately 40% to 60% split of the reorganisation energy into inner-sphere and
outer-sphere contributions they obtained experimentally is also broadly compatible with
the Brownian Oscillator spectral density for model 2, in which 60% of the reorganisation

energy comes from modes with frequencies less than w ~ 1000 cm™! at 300 K.

Figure [3.1) compares the iso-RP rate for model 1 as a function of the driving force,
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Figure 3.2: As in Fig. but for model 2, a more strongly quantum mechanical spin-boson
model with BQ = 6, y = Q, and SA = 60.

€, with both the exact quantum mechanical rate and the classical rate (given by Marcus
theory). The isomorphic rate is unable to capture the dependence of the exact rate on the
driving force, retaining the parabolic form seen in Marcus theory and failing to reproduce
the large increase in the rate in the inverted regime due to nuclear quantum effects. The
largest error is in the inverted regime: when the bias is twice the reorganisation energy
the iso-RP rate is too small by nearly 2 orders of magnitude. In contrast it is reasonably
accurate in the case of zero bias (e = 0), where kiso/kmt = 1.7 compared to kgr /kmt = 2.6
for the exact rate. Perhaps the most worrying aspect of the results in Fig. 3.1 however,
is that the iso-RP rate seems to be significantly less accurate than the Marcus rate in
the activationless case (€ = A), where it predicts a quantum enhancement whereas the
exact rate is actually slightly smaller than the Marcus rate.

The overestimation of the rate in the activationless case is even more striking in
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model 2, as shown in Fig. [3.2] Here the iso-RP rate is over 30 times larger than the
exact rate at e = A. Moreover the error is again largest deep in the inverted regime,
with the iso-RP rate underestimating the exact rate by nearly 3 orders of magnitude
at e = 2A, and it is again smallest for symmetric electron transfer (e = 0), where the

is0-RP rate is a factor of 4 too small.

3.5.4 Analysis

To understand the behaviour of the iso-RP rate it is helpful to consider another approximate

method for calculating reaction rates in the golden-rule limit, namely Wolynes theory,>*

A? 2n
kwt = “BFGR (dsp)+Asp€ 3.54
VT = 0\ =BF () (3.54)

Wolynes theory is well known to be very accurate for the spin-boson model. It correctly

recovers the Marcus theory rate in the high-temperature limit (kwt — kyr as 8 — 0), and
it is also remarkably accurate at lower temperatures, where the path-integral distribution
corresponding to e PFcrs) j5 dominated by imaginary-time paths close to the golden-rule
instanton M2 For example, for our strongly quantum mechanical model 2 at zero
bias, kwr/kgr = 0.98, and in the activationless case kwt/kgr = 1.00.

It is clear that one of the main differences between kwr and k;g, is that in Wolynes
theory the Boltzmann factor e #¥&™ ig evaluated at 1 = Ag,, whereas the iso-RP rate
[Eq. involves an integral over all values of A in the interval [0, 8]. This difference
can be used to explain the behaviour of the iso-RP rate. We begin by noting that the (e

independent) ratio of the iso-RP rate to the Marcus theory rate is given by
kiso e PAFaR(
knt - ﬂ f e BAFT (D) (3.55)

where AFyr(1) = Ag(l - g) is the high temperature limit of AFgr(1). Then since

kwr — kur as B — 0 we can write

kWT(E) Fl/\;[T(/lMT) e‘ﬁAFGR(/lsp)+/lspe
knr(€) - FgR(/lsp) e~ BAFvT(Avr)+AmTe (3.56)

BA—€)
2A

where

Amr(€) = (3.57)
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is the high temperature limit of Ag,. Now assuming that both Ag,(e) ~ Avr(€) and
Flr(Asp) = Fiip(Ayr) continue to hold at lower temperatures (at least approximately), we

see that

BA-€)
e—ﬁAFGR( w) kwr(€) N kgr(€)

o BAFwr (2452 kvr(e) — kvr(e)

(3.58)

Finally, making the substitution 4 = Ayr(€) to convert the integration variable from A
to € in Eq.[3.55] and using the approximation in Eq. [3.58] we can rewrite the quantum
enhancement in the rate predicted by iso-RPMD as

kiso 1 A kGR(E)
N — de .
kvt 2N J_pn kwr(e)

(3.59)

For both models considered above (model 1 and model 2), this approximation is within
1% of the actual ratio, indicating that the assumptions in Eq. [3.58]are valid and that this
does indeed provide a useful way to understand the behaviour of the iso-RP rate.
From Eq. [3.59 we see that the quantum enhancement predicted by iso-RPMD can
be interpreted as the average of the true quantum enhancement over the entire Marcus
normal regime, € € [-A, A]. This can be used to understand why, for example, iso-
RPMD underestimates the rate in the symmetric case and overestimates the rate in the
activationless case. Symmetric reactions (with € = 0) have a larger quantum enhancement
than other driving forces in the normal regime, due to nuclear tunnelling. The iso-RP rate
for a symmetric reaction is therefore contaminated by imaginary-time paths for which the
tunnelling is weaker, which leads to an underestimation of the quantum mechanical rate.
Conversely in the activationless case, where the exact rate is typically very close to the
Marcus theory rate, iso-RPMD considerably overestimates the rate as it is dominated by
the large nuclear tunnelling seen around € = 0. In both cases, iso-RPMD is dominated by
unphysical imaginary-time paths, which leads to an inaccurate rate. This is in contrast
to the situation in the adiabatic limit, where RPMD rate theory accurately captures
deep tunnelling due to its connection to the semiclassical instanton approximation.**
Modifying iso-RPMD so that it is dominated by the correct (non-adiabatic) instanton
path in the golden-rule limit may well therefore provide a useful route to improving

its accuracy for non-adiabatic reactions.
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3.6 Conclusion

In this chapter we have discussed some of the different approaches to generalising Born-
Oppenheimer RPMD to calculate non-adiabatic reaction rates. We have seen that at
present each of these methods has its limitations. For example KC-RPMD does not
reduce to the standard Born-Oppenheimer RPMD in the adiabatic limit and SS-PI fails to
recover the exact rate in the high temperature limit. Whilst iso-RPMD is an improvement
in both of these regards, our analysis has shown that it is still unable to quantitatively
describe reaction rates in the golden-rule limit in systems where nuclear quantum effects
are important. We have shown that for the spin-boson model the ansatz leads to a uniform
quantum enhancement over the Marcus theory rate, independent of the thermodynamic
driving force. Hence it does not capture the quantum asymmetry that is seen in a plot of
the logarithm of the rate constant against the thermodynamic driving force. (However,
since it correctly describes the high temperature limit, iso-RP will capture the classical
asymmetry seen in anharmonic systems.) Furthermore, we have shown that the quantum
enhancement predicted by the iso-RP ansatz is approximately the average of the true
quantum enhancement over the entire Marcus normal regime. This explains why iso-RP
tends to underestimate the rate for symmetric reactions and to overestimate the rate for
activationless reactions. Since the average quantum enhancement in the normal regime
is typically dominated by reactions near the symmetric limit, iso-RPMD may prove
qualitatively useful in describing these reactions. However, it is clear that applying the
method to reactions with driving forces nearer the activationless limit, or those in the
Marcus inverted regime, would be inadvisable.

By design we have only considered the golden-rule limit of iso-RPMD and it is clear
that the failings seen in this regime will not be universal to all coupling strengths. In
particular, provided a sensible MQC method is used, iso-RPMD should still accurately
describe systems which are close to being electronically adiabatic. Furthermore, even
for systems in which there are significant non-adiabatic effects, provided these effects
are not rate limiting in the process considered, iso-RPMD may provide accurate results.

It does share the single most important feature of standard adiabatic RPMD, in that it
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obeys quantum detailed balance by construction (provided a MQC method with this
property is used).**** We also expect that iso-RPMD will be accurate for systems in
which the non-adiabatic transition is effectively classical and nuclear quantum effects
are important for crossing a barrier away from this transition. In fact, the accuracy of
1s0-RPMD has already been demonstrated in such a situation by Tao et al. in their
calculation of state-resolved reaction rates for a one-dimensional two-state model of the
F + H, reaction>*3% Application of the method to similar but more complex systems
will no doubt provide physical insight in the future.

For systems in which nuclear quantum effects are important and the rate limiting step
involves passage through the through the diabatic crossing, such as many biological and
inorganic electron transfer reactions, more work is clearly needed to make iso-RPMD
an accurate method for calculating reaction rates. In order to apply iso-RPMD to such
systems one would need to modify the isomorphic Hamiltonian or the dynamics to make
it more closely related to an accurate approximation to the exact quantum rate in the
golden-rule limit. This might be achieved by making a connection to Wolynes theory,*
or to one of the newer path-integral based approaches that we will discuss in Chap.
which have a very similar functional form to Eq. [3.42] But whether or not such an

improvement is possible remains to be seen.

3.A Appendix: Golden-rule limit of A*°(q)?

Here we evaluate the golden-rule limit of the iso-RP coupling, A*°(q). In order to keep
the argument as simple as possible, we will consider a position independent A(g) = A.
It is also simpler to work in path-integral notation, where ring-polymer configurations
q (in the infinite n limit) become cyclic paths ¢g(7) parameterised by imaginary time 7.
Consequently functions of a single ring-polymer configuration, A(q), become functionals
of the imaginary-time path, A[g(r)]. Making this notational change we can recast Eq.[3.40]
in the infinite n limit as
iso

o ,
kiso = <%(A“O[q(T)])zé(V‘_”[q(T)] + €)> ; (3.60)
0
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where
Vilg(n)] = Vi®lg(D)] - Vi*lg(D)] 3.6
i L d 3.62
V}so — Vz : .
Fla = 2 fo (g())dr (362)

and the expectation value is given by

96 D7) e S04V AL g(7)]

(Alg(Dg° = . , (3.63)
SE Dq(7) e S0 la@l/n
with
_ Bsh S 1
S5°la(m] = f 2, 5mA®) + Vo(g(n) dr. (3.64)
0 v=1

Note that the integrals over the positions of the ring-polymer beads have become a “path
integral” over all possible paths q(7). The circle indicates that the paths are cyclic,
q(t + ph) = q(7), and the measure Dq(7) contains the integrals over the ring-polymer
momenta (which can be done analytically).

In this notation, the isomorphic coupling in Eq. [3.36 becomes

MA@ pvioigmr-ap| - VL@ + &)’

A [g(D)]* = ,é acosh’ > 2 , (3.65)
where
Vg = Villg(m] + Vi°lg(T)] (3.66)
and
1
ula(] = tr.|Texp( - 1 f Vig@)dr). (3.67)
0

in which the 7~ is now an imaginary-time ordering operator and V(q(7)) is just the
diabatic potential matrix evaluated at q(7).

To find the golden-rule limit of A [g(7)]?, we first note that the only term in Eq.
which depends on the physical coupling, A, is u[q(7)]. Hence we begin by expanding

ulg(7)] to second order in A as

pulg(m)] = polg()] + Aualq()] + O(AY). (3.68)
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In order to evaluate each term in this expansion one can expand the trace as

n 1

tim [T(D e o, ). (3.69)

n—oo

j:1 O'j:O

ulg(7)]

where 7; = jB,h and 0,,; = 0. Then noting that

] e BV @ |0y = e PVl 4 0(3;21) (3.70)
| e PV @ 1) = e PrVi@-6) 4 O(ﬁﬁ) (3.71)

and
(0| e BV @ 1) = _ﬁnAe_,Bn[VO(q)+Vl (@—el/2 0(,32), (3.72)

we see that each off-diagonal matrix element in the product in Eq. [3.69| contributes one
power of A. Equivalently, noting that the set {o;} in the infinite n limit corresponds to a
stochastic path o (1), we see that every time o(7) changes from O to 1 (known as a kink)
we pick up one power of A. Since the path o(7) has cyclic symmetry it must have an
even number of kinks and hence u[¢(7)] is an even function of A.

It is immediately obvious that the only paths which contribute to the zeroth order

term are those which do not contain any kinks
wolg(™)] = e BV la@1 e—,B(V}S"[q(T)]—E)’ (3.73)

corresponding to o(7) = 0 and o(7) = 1 for all 7 in the trace over diabatic states in
Eq. Similarly the only paths which contribute to u,[g(7)] are those which contain
two kinks. Each of these paths can be characterised by two parameters, the total time

which the path spends on diabat 1, which we denote A7

Bh
Ah = f o(t)dr, (3.74)
0

/

and the time at which o(7) changes from O to 1, which we label /. We can thus

write the second order term as

1 * Bh ’ ) ) )
ﬂz[g(T)] — ﬁf d/lf dr e—(ﬁ—/l)VO [gx+T)]-AV{[q(r+T )]—E)’ (3_75)
0 0
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where

Vilg(r)] =

S
T ﬁ V(g dr

1 Al
Vilgol = fo Vi(g(r) dr.

Now by first recognising that

ﬂO[qz(T)] eﬁ(Viso[q(‘r)]—e)/Z — COSh(ﬁ(Vi_SO[q(T)] + 6)/2),

and then making use of

2bA’a
sinh(a)

acosh’[cosh(a) + bA*] — a® = +O(AY),

it is straightforward to show that we can write the coupling as

» H2[q(7)] +OAY),

Aiso 2 — A :
4Ol = A olg)

where i
2B sinh (B(V°[g(0)] + €)/2)
ePVIlO=02 (Vi g(7)] + €)

pslq(r)] =

or equivalently

i . .
1q(r)] = + fﬂ da f dr/e OV a1 AV lamI-9
h 0 0 .

Next recognising that

S(VE[g(m] +€) _ 8(V[g(D)] + €)
5°1q()] P2

and also that

_Siso h h
T pnlg@) 1 (g0 (Ve s uoma
BV la@)] i Jo 0 ’

where

SPlg0)] = SPlg] + SPlg(r)]

Bh S 1
Siamn = ) Smao + Vlg(enr
-

an S
1
S"lg(m)] = f > AT + Vi(g(D)dr,
0

85

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)
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we see that we can rewrite Eq. [3.60]in the golden-rule limit as in Eq. [3.42]

2 (7 2 o1 7is0 “BFGR(DHA
ko = zro- | dUATVlg(DD) e o, (3.88)
rJo
with
Dy(r)e S 4NV A[g(7)]
(Alg(m)Da = (3.89)
9€ Dg(r)e s laonn
and A )
e_ﬂFGR(/l) — '[I‘n [e—(,B—/l)HQe—/lHl]
and )
0, = e—ﬂFGR(O) = tr, [e—ﬁHo]
(3.91)

— %@q(T) e—S(O)[q(T)]/h_
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Summary

In this chapter we present a general quantum instanton approach to calculating reaction
rates for systems with two electronic states and arbitrary values of the electronic coupling.
This new approach, which we call the non-adiabatic quantum instanton (NAQI) approxi-
mation, reduces to Wolynes theory in the golden-rule limit and to a recently proposed
projected quantum instanton (PQI) method in the adiabatic limit. As in both of these
earlier theories, the NAQI approach is based on making a saddle point approximation
to the time integral of a modified reactive flux autocorrelation function, although with a
generalised definition of the projection operator onto the product states. We illustrate the
accuracy of the approach by comparison with exact rates for one dimensional scattering

problems and discuss its applicability to more complex reactions.

4.1 Introduction

When developing new path-integral methods for studying non-adiabatic systems a
common approach has been to generalise a pre-existing adiabatic method. One of the
most successful path-integral techniques for electronically adiabatic reactions is ring-

1819 and because of this, as

polymer molecular dynamics (RPMD) reaction rate theory,
we saw in the previous chapter, much of the work in this area has focussed on trying to
extend it to treat non-adiabatic systems.>=* The success of RPMD in the deep tunnelling
regime has been explained by showing it is connected to the semiclassical instanton
approximation,'** which uses a periodic imaginary-time trajectory through the reaction
barrier to describe the tunnelling process.!*? While it is not as generally applicable
as RPMD, the semiclassical instanton formula is known to provide a highly accurate
description of tunnelling in situations where there is a single dominant tunnelling path.
Early work extending the semiclassical instanton approach to treat non-adiabatic reactions

197H201

was based on assuming that the “Im-F” premise could be applied to non-adiabatic

systems, and succeeded in providing a theory which bridged between the golden-rule and

202204 170,|195}{196 have

Born-Oppenheimer limits. More recently, Richardson and coworkers

provided a rigorous derivation of the semiclassical instanton rate in the golden-rule limit,
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and found some important differences between the resulting expression and that given by
the Im-F formulation. However, their derivation has yet to be extended beyond the golden-
rule limit so that it can be applied to reactions with arbitrary electronic coupling strengths.

In this chapter we shall focus on another well known method, the quantum instanton
approximation. Unlike the other methods discussed above, this approximation was in
fact first suggested in the golden-rule context by Wolynes®? in 1987 (resulting in the
Wolynes theory approximation discussed in Chap. [2), before the adiabatic counterpart was

suggested by Miller et al'>

in 2003 (who gave it the name quantum instanton). Wolynes
theory and the quantum instanton are both closely related to the semiclassical instanton,
and all three can be interpreted as steepest descent approximations to the flux-flux
correlation function expression for the reaction rate. However, whereas the semiclassical
instanton simultaneously approximates integrals over both position and time, Wolynes
theory and the quantum instanton involve just a single steepest descent approximation
to the time integral. The resulting expressions only involve time-independent quantities,
which can be evaluated by sampling imaginary-time paths.

Recently Vaillant et al.% have suggested a slight modification of the original adiabatic
quantum instanton which they have called the projected quantum instanton (PQI). This
enforces sampling of paths close to the semiclassical instanton and results in an expression
that is even more closely related to Wolynes theory. In the following we shall present a
generalised approach to electronically non-adiabatic reactions that is applicable to arbi-
trary electronic coupling strengths between the golden-rule and adiabatic limits and which
reduces to Wolynes theory and the PQI approximation in these two limits, respectively.

We begin in Sec. 4.2 by discussing how the choice of the projection operators that
are used to define the reactants and products affects the functional form of the reactive
flux-flux correlation function of an electronically non-adiabatic reaction. Motivated by
this discussion, we introduce a simple projection operator onto the product states which
can be tuned so as to minimise the recrossing of the transition state dividing surface for
any electronic coupling strength. In Sec.§.3] we summarise the Wolynes theory and
quantum instanton approaches to the golden-rule and Born-Oppenheimer limits, before

introducing a more general approach for the calculation of reaction rates for arbitrary
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electronic coupling strengths, which we shall call the non-adiabatic quantum instanton
(NAQI) approximation. In Sec. 4.4 we investigate the accuracy of the NAQI formula
for a series of simple one-dimensional scattering problems for which the exact quantum
mechanical reaction rates can be computed for comparison. Sec. i.5] concludes the
chapter, discussing several possible applications of the NAQI approach and the scope

for further theoretical developments.

4.2 Exact reaction rate theory

Since it suffices for our present purposes, we shall restrict our attention to simple one-

dimensional scattering problems, such that the Hamiltonian can be written as

H = HylOX0| + (H, — ©)|1X1] + A(OX1] + [1X0)]), 4.1)
with
. p?
H; = — + Vi(qQ), 4.2)
2m

in which V;(g) is the diabatic potential on electronic state |i). We shall also assume that
the electronic coupling A is a constant, independent of the nuclear configuration g. Within

this simple framework, the adiabatic potentials, U;(g), are

_ Volg) + Vi(g) — €
2

1)/
Uj() - @i er e @)

Everything we shall have to say can readily be generalised to treat more complex multi-
dimensional reactions, and to include non-Condon effects. However, Egs. @] and @]
are all we shall need to make the points we would like to make here.

Following from Sec. [2.2.2] we will work with the flux-flux correlation form of the

exact quantum mechanical rate!3#136/137

l 00
kQ, = 3 f c(t) dt, (4.4)
where Q, = \/m/2nBh? is the reactant partition function per unit length and

Cp(r) = Tr|e P12 E e P2 IR o=ifiin] (4.5)
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is the thermally symmetrised reactive flux autocorrelation function. As discussed in
Chap. [2] this formulation applies equally well in both the adiabatic and non-adiabatic
limits with appropriate definitions of the projection operator ISP.

In the adiabatic limit where the Born-Oppenheimer approximation is valid, it is

usual to define P, as

P, = 6(s(3)), (4.6)

where 6(x) is a Heaviside step function and s(g) = 0 is a position space dividing surface

between the reactants [s(g) < 0] and products [s(g) > 0]. The flux operator then becomes

2= P05 s+ Lsesan L
Fr = 2 agd @) + 5-06@)7 . 4.7)

In the golden-rule limit where A — 0, it is more usual to define the rate in terms of a

transition between the diabatic states |0) and |1), which gives
P, =1X1], (4.8)

and

A

Fp= %A(IOXII = [1XO0D. (4.9)

In situations where the reactants and products can equally well be distinguished using
either definition of 13,,, the rate constant is independent of the definition used. However,
while the choice of projection operator does not change the rate, it does change the
functional form of the flux-flux correlation function. To illustrate this we shall consider

a simple symmetric curve crossing problem
Vo(g) = Aet, (4.102)

Vi(g) = Ae ", (4.10b)

with BA = 48, mL?/Bh* = 1/4, € = 0, and three different values of the electronic
coupling strength (BA).

Figure 4.1] shows the flux-flux correlation functions for this model problem with
log,,(BA) = 1.5 (approximately in the adiabatic limit), as calculated using both the

adiabatic and non-adiabatic projection operators. The position space projection operator
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Figure 4.1: Flux-flux correlation functions for an exponential crossing model in the adiabatic
regime (with BA = 48, mL?/Bh> = 1/4 and log,,(BA) = 1.5). Note the different scales on the
y-axes in the two panels. The areas under both curves are the same. However the non-adiabatic
projection operator clearly leads to a much longer-lived correlation function with a negative tail,
which indicates recrossing of the dividing surface between reactants and products2%

leads to a correlation function which decays quickly with almost no negative correlation,
whereas the diabatic projection operator gives a correlation function that is much larger at
t = 0 and has a slowly decaying negative tail. The position space projection operator is
thus seen to lead to far less recrossing than the diabatic projection operator in this regime.

Figure {.2] shows the flux-flux correlation function for log,,(8A) = -2, which is in
the opposite (non-adiabatic) limit. In this case the amount of recrossing is reversed,
with the diabatic projection operator leading to an approximately Gaussian flux-flux
correlation function with minimal recrossing, whereas the position space projection
operator gives rise to significant recrossing. Here the recrossing arises from the high

probability that when the system passes through the dividing surface it will remain on
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2e-13 — Adiabatic projection operator

Bgy(t)

Non-adiabatic projection operator —

1 15 2
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Figure 4.2: Flux-flux correlation functions for an exponential crossing model in the golden-rule
regime (with A = 48, mL?/Bh* = 1/4 and log,,(BA) = =2). Note the different scales on the
y-axes in the two panels. The areas under both curves are the same. However the adiabatic
projection operator clearly leads to a correlation function with a negative tail, which indicates
recrossing of the dividing surface between reactants and products2%

the same diabatic surface, and hence will a short time later be reflected by the potential
wall and return through the dividing surface.

The projection operators in Eqs. 4.6 and 4.8 are clearly quite different. However
we note that it is possible to recast the projection operator on to the products in the

golden-rule limit in a form that more closely resembles Eq. {.6]
P, =0(-6), (4.11)

where &, is the Pauli spin operator 6, = |0X0| — |[1X1|. This suggests an obvious
generalisation in which the argument of the Heaviside step function is taken to be a

linear combination of s(§) and &,

P, (@) = 6(cos(a)s(§) — sin(a)d), (4.12)
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Figure 4.3: Flux-flux correlation functions for an exponential crossing model with parameters
intermediate between the golden-rule and the adiabatic limits (BA = 48, mL?/Bh> = 1/4 and
log,o(BA) = —0.25). Note the different scales on the y-axes in the two panels. The plot clearly
illustrates that in this regime the adiabatic projection operator leads to a correlation function with
significant recrossing of the dividing surface and the non-adiabatic projection operator leads to a
much longer lived correlation function with a negative tail. The generalised projection operator is
seen to give a correlation function with almost no recrossing.

or equivalently, provided 0 < a < 7/2, using the properties of the step function,
P, () = 6(s(g) - tan(@)d). (4.13)
This Pp(a) is diagonal in the electronic basis with diagonal matrix elements
0] Pp(a) |0) = 8(s(q) — tan(a)), (4.14a)

1] IA’I,(a/) 1) = 6(s(g) + tan()), (4.14b)

and so we see that we can also think of the generalised projection operator as effectively

giving rise to two separate position space dividing surfaces, one for each diabatic state.
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In the Born-Oppenheimer limit it is clear that « — 0, and in the non-adiabatic
limit that @ — x/2. In Figure 4.3] we show the flux-flux correlation functions for the
system with log,,(8A) = —0.25, which is intermediate between the adiabatic and non-
adiabatic limits. The results for all three projection operators are shown, with s(q) = ¢g/L
and tan(e) = 12/5 in the case of the generalised projection operator in Eq. We
see that with this choice of a the correlation function is approximately Gaussian with
minimal recrossing. In contrast both the purely position space and purely diabatic state
projection operators have significantly higher initial values, along with regions of negative

correlation corresponding to recrossing.

4.3 Flux-flux based quantum transition state theories

The advantage of writing the rate in terms of the integral of a flux-flux correlation
function with minimal recrossing is that one can then use this to develop a kind of
quantum transition state theory, i.e. an approximate expression for the rate which depends
only on time independent quantities. The approach we take here follows the Wolynes
theory approximation, introduced in Chap. 2] and the closely related quantum instanton
approximation to the Born-Oppenheimer rate. We begin this section by recapping
the derivation of Wolynes theory®® and giving a summary of the quantum instanton
approximation,'® before showing how they can be generalised to give a method that is

applicable to electronically non-adiabatic reactions with arbitrary coupling strength.

4.3.1 Wolynes theory

As discussed in Chap. [2] in order to derive the Wolynes theory expression for the rate
one begins by taking the golden-rule limit of the flux-flux correlation function, with
the flux operator defined as in Eq. to give

N .

ce(t) = =y Re (cor(t + iBR/2)), (4.15)
where

CGR(t + lﬁh/Z) = tr, [e—ﬂﬂo/Z—iﬂot/he—ﬁ(ﬁl—6)/2+i(ﬂ1—6)t/h] . (416)
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Hence, a non-zero bias to products, €, introduces an oscillatory component into the
correlation function, e™#¢/>=/" In order to remove this oscillation and restore the approx-
imately Gaussian behaviour seen for the symmetric problem in the lower panel of Fig. 4.2}

one makes use of the relation, cgr(—1 + iBh/2) = cx (¢ + iBh/2) to rewrite the rate as

2 00
ko, = & f car(t + iBR/2) dt, 4.17)

= hz .
and then performs the integration over time by shifting the contour of integration to
pass through a saddle point of cgr(?) on the imaginary-time axis. This leads to the

Wolynes theory approximation to the rate®
kn0y = 2 | 2E g (4.18)
h _IBF {{/T(/lsp) ’

e PRI — ¢ [e—w—wo e—/l(Hl—e)]

where

= cgr(idh) 4.19)
and the saddle point condition is SF{ (1) = 0[]

4.3.2 Adiabatic quantum instanton

In the adiabatic limit, for reactions which can be considered to proceed on the lower

adiabatic surface, the flux-flux correlation function becomes

C(1) = tr, [e P02 o P02 ifisot N piflvot/h] (4.20)
where
. " .
Hgo = 2— + Uo(q) 4.21)
m

and the flux operator is defined by Eq. The original paper by Miller et al’* proposed
two closely related “quantum instanton” methods. The conceptually simpler of the two
makes a second order cumulant approximation to the flux-flux correlation function,

cr(0) tz)
2eq(0) )’

c(t) = cg(0) exp ( 4.22)

*Note that for consistency of notation with the PQI and NAQI approaches introduced later we have
here defined the free energy to include the external bias Fywr(4) = Fgr(1) — €4/B.
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and then integrates over time to give

/ @ ()
kqiQr = _ﬂzcgff(g)gff(o)- (4.23)

The problem with this approach is that the second order cumulant expansion of the

flux-flux correlation function can be a poor approximation for asymmetric reactions. This
can be understood as arising for essentially the same reason as we have discussed above
for Wolynes theory. Vaillant et al.®® have recently examined the problem in detail with
a semiclassical analysis in which they showed that neither Eq. 4.23| nor the alternative
formulation of the quantum instanton method in the original paper by Miller et all>
reduces to the semiclassical instanton approximation in the limit as 7 — 0.

In order to fix this problem, Vaillant et al. have suggested a modified method,
the projected quantum instanton (PQI), in which the flux-flux correlation function is

approximated as®®

cr(t) = 2Re [cpou(t + iBR/2)], (4.24)
where
coqult + iB1/2) = try [W,(iBh/2 — 1) F, W, (iBh/2 + ) F, |, (4.25)
with
W‘(t) — €+iFIBot/2hISS€+iHB()t/2h (426)

for s = rand p, with P, = 1 — P,. The difference between Eqs. and is that

the exact cg(¢) contains two additional terms of the form
tra |[Wo(iB1/2 = 1) F, W,(iB1/2 + D) F |

with s = r and p. However, Vaillant ef al. argue that since the time integrals of these
terms vanish in the semiclassical (7 — 0) limit, they can safely be neglected when
calculating the reaction rate.*®

Substituting Eq. into Eq. #.4)and noting that cpqi(~ + iBh/2) = cjo,(t + iBh/2)
gives

kQ, ~ foo cpqi(t + iBh/2) dt. (4.27)
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This time integral can be evaluated by steepest descent as in Wolynes theory to give

1 2r
k == —— _ﬂFPQI(/Isp), 4.28
P00 = B\ B *2%

PP = (BR)tr, [W,Gi(B — k) F,W,(ian) F, |

where

= (Bh) cpqu(idh), (4.29)

in which the factor of (87)* has been introduced to ensure dimensional consistency
in Eq. B.29) and then compensated for in Eq. #.28] The saddle point condition is
now Fl’,QI(/lsp) = 0, which is satisfied by the value of A that maximises Fpqi(4) and

minimises cpr(idh).

4.3.3 Non-adiabatic quantum instanton

It is clear from the above discussion that the PQI method is very closely related to
Wolynes theory.®# This connection can be made more explicit by noting that Wolynes
theory and the PQI method can be regarded as the golden-rule limit and adiabatic limit,
respectively, of a more general non-adiabatic QI method.

In order to derive this NAQI method one simply proceeds as in Eqs. {.24] to [4.29]
but using the flux operator corresponding to the generalised projection operator, Isp(a),

in Eq. 4.12] The final result has the same form as Eq. #.2§]

1 2r o BFor(Asp) (4.30)

knaQiOy = —— A |——— :
Nl = g —BF”,(1y)

where

e PP = (BR)? Tr [Wr(i(ﬁ — Dh) EW,(iAh) F ]

= (Bh)’cq(idh) 4.31)

and we have defined a* and A, as the values of @ and A that maximise F,(1) and

minimise ¢, (id%). Note that now the projected propagators are

Ws(t) — e+iﬁz/2h Ps e+i1:1t/2h' (4.32)
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When A — 0 and a* — 7/2, as is the case in the golden-rule limit, Eq. [4.30|reduces
to Wolynes theory,** and when the upper adiabatic electronic state becomes thermally
inaccessible and a* — 0, it reduces to the adiabatic PQI of Vaillant et al.%® The NAQI
method is thus a generalisation of these pre-existing methods which can be applied to

reactions that are intermediate between the two limiting regimes.

4.4 Results and discussion

To illustrate the accuracy of the NAQI approach we shall again consider the exponential
curve crossing model from Sec. @, now with a series of different values for the bias,
e. Defining the transition state, ¢*, as the solution to the equation Vy(g%) = Vi(¢*) — €,
and the value of the potential at the crossing point as V¥ = Vy(g*), the behaviour of

this model can be fully characterised by the four dimensionless parameters, SA, SV*,

Be and mL?/Bh*. Note that A = (Vi + €/2)> — €2/4.

To demonstrate the behaviour of the NAQI method in different regimes we shall
consider three systems in which the values of BV*, Be and mL?/Bh* are fixed while SA
is varied so as to span the range from golden-rule to Born-Oppenheimer like behaviour.
For each value of SA, the NAQI rate was evaluated using a sine finite basis representation
(FBR) in the barrier region, with @ and A optimised along with the location of the position
space dividing surface, s(q) = (¢ — qo)/L, so as to minimise c¢,(iA%). The exact rate was

computed for comparison by integrating the cumulative reaction probability

kQ,Bh = L f ) e PEN(E)BdE, (4.33)
27T 0

with N(E) calculated using the coupled channel log derivative method (code written
by Prof. David E. Manolopoulos).?%
In order to illustrate the importance of nuclear quantum effects, we shall compare

the exact and NAQI results with the classical Born-Oppenheimer rate

1 .
ke-8oQ.Bh = 27 s, (4.34)
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where Ug = %( VA(A = A)? + €2 — e) is the maximum on the lower adiabatic potential,

and with the classical golden-rule rate

R

e,
nVi(q®) - Vig®)

kecr QR = (4.35)

where |V|(¢") — Vi(¢*)] = (2V* + €)/L. In terms of the four dimensionless parame-
ters this is simply

BN 2emL? e

ke-crQ:Bh = opvi 1 po \ B

(4.36)

The first system we shall consider is the symmetric problem from Sec. with
Be = 0, BV* = 48 and mL?/Bh*> = 1/4. These parameters were chosen so that when
log,;,(BA) = 1.5 the Born-Oppenheimer problem on the lower adiabatic potential is
similar to the 300 K symmetric Eckart barrier problem considered by Vaillant et al. in
Ref. [86 Figure .4 compares the NAQI rate with the exact rate for this system. Excellent
agreement is obtained for the full range of SA considered. The error in the NAQI rate
is approximately independent of SA, and is slightly less than 5%. Comparison with the
classical golden-rule and Born-Oppenheimer rates highlights the importance of nuclear
quantum effects, showing in particular that the effect of tunnelling on the rate is strongly
dependent on the electronic coupling strength. The tunnelling enhancement of the rate
ranges from a factor of 30 at the largest value of electronic coupling, log,,(8A) = 1.5, to
12 orders of magnitude in the golden-rule limit. Clearly there is very efficient tunnelling
through the narrow, nearly cusped potential energy barrier at small values of the coupling.

It is interesting to note that the rate constant for the intermediate value of coupling
considered in Fig. log,,(BA) = —0.25, is actually very well described by the golden-
rule limit in this system. Hence we see that the electronic coupling at which the transition
from Born-Oppenheimer to golden-rule behaviour occurs is larger for the rate than the
flux-flux correlation function. This results in the optimum value of @ remaining close to
the adiabatic value while the rate exhibits an approximately quadratic dependence on the
electronic coupling characteristic of the golden-rule limit. We do not expect this to be a
general feature — it occurs here because this is a symmetric problem in the deep tunnelling

regime. In fact, we believe this helps to explain the success of “mean field” methods
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Figure 4.4: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(8A)
for a symmetric exponential crossing model with e = 0, BV* = 48 and mL?*/BH> = 1/4. The
classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

for such problems **’® These methods exploit the fact that at intermediate values of
the electronic coupling the dominant contribution to the partition function in the barrier
region is the A? term. The A° terms have a larger action due to lack of tunnelling whereas
the A? term is dominated by paths near the golden-rule instanton which only spend a brief
amount of time near the crossing point and have a smaller action. Note that the mean
field instanton based methods all involve some kind of ad hoc approximation in which
the A° term is thrown away, whereas this is unnecessary in the present NAQI approach.

Figure [4.5] shows the various rates as a function of the electronic coupling for the
second system we shall consider, a strongly asymmetric system with Se = 50, BV* = 44.5
and mL?/Bh* = 16/49. Again the parameters were chosen such that when log(BA) = 1.5
the lower adiabatic potential is similar to that in one of the systems studied by Vaillant
et al., in this case the most asymmetric system with @ = 4 at 300 K in Fig. 5 of Ref.[86.

As with the first system we see large nuclear quantum effects at all values of electronic
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Figure 4.5: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(8A)
for an asymmetric exponential crossing model with Se = 50, BV* = 44.5 and mL?/Bh> = 16/49.
The classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

coupling, with the largest quantum enhancement in the golden-rule limit. We find
excellent agreement between the exact rate and the NAQI rate, with the largest error
near log(BA) = —0.5 where the NAQI rate underestimates the exact rate by around 20%.
Interestingly the rate is again well described by Fermi’s golden rule at this value of SA
despite the correlation function and the optimum value of @ being intermediate between
the Born-Oppenheimer and golden-rule regimes. However, in contrast to the symmetric
system considered above, the optimum value of @ moves significantly away from zero
before the rate has begun to exhibit a quadratic dependence on the electronic coupling.

The high accuracy of the method for such an asymmetric system at all values of
the electronic coupling is particularly encouraging as it indicates that we are correctly
capturing the instanton in this system. In particular, it shows that the introduction
of the projection operators into the flux-flux correlation function works not only in

the golden-rule and adiabatic limits but also at intermediate values of the electronic
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Figure 4.6: Comparison of the exact and NAQI rates as a function of the diabatic coupling log(8A)
for an asymmetric exponential crossing model with Be = 50, BV* = 44.5 and mL?/Bh> = 160/49.
The classical Born-Oppenheimer and golden-rule rates are included to illustrate the importance of
nuclear quantum effects.

coupling. In this regard the present method provides a significant improvement over
previous theories, such as the QTST of Schwieters and Voth,/7%2% which break down
for strongly asymmetric systems.

The final system we shall consider is significantly less quantum mechanical while
still being strongly asymmetric. This is achieved by increasing the dimensionless mass
parameter by a factor of 10 relative to the previous model, so that Be = 50, BV* = 44.5
and mL?/Bh* = 160/49. Figure 4.6{compares the exact rate with the NAQI rate as well as
the classical golden-rule and Born-Oppenheimer rates for this system. We see that for
the largest values of electronic coupling the classical adiabatic rate becomes a very good
approximation to the exact rate, indicating that nuclear quantum effects are minimal in
this regime. The NAQI rate again agrees very closely with exact rate for all values of the
electronic coupling, with errors less than 5% for log,,(8BA) < 1. The largest errors are

observed at the largest coupling strengths, in the range 1.25 < log,,(6A) < 1.5. We find
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that the NAQI approximation underestimates the exact rate by about 40% at the upper
end of this range, where the reaction is approximately classical and adiabatic. This is

LII6B6 and arises because

a well known deficiency of the adiabatic quantum instanton,
in the classical limit the correlation function (Eq. [2.166) is not well approximated by
a Gaussian due to the presence of a long time polynomially decaying tail. Analysis of
the free particle correlation function predicts that the adiabatic PQI underestimates the
exact rate by 37%,%¢ which is entirely consistent with the error seen here in the NAQI rate.
Simple fixes have been suggested in the past to correct the adiabatic quantum instanton

15}|16

for this error, and it may be possible to apply similar fixes to the NAQI.

4.5 Conclusion

We have demonstrated that it is straightforward to generalise the PQI approximation
and Wolynes theory, which are applicable in the Born-Oppenheimer and golden-rule
limits respectively, to treat non-adiabatic reactions with arbitrary electronic coupling
strengths. The resulting NAQI approximation has been shown to be highly accurate for
both symmetric and strongly asymmetric systems at low temperatures where nuclear
quantum effects are important. However, as is expected from its connection with the
adiabatic quantum instanton, we find that it underestimates the exact rate by approximately
40% in the adiabatic limit at high temperature, where the flux-flux correlation function
is not well approximated by a Gaussian but instead exhibits a polynomially decaying
tail. This problem has previously been overcome by assuming a different functional form
for the correlation function or by going to a higher order asymptotic approximation, and
these are both interesting avenues to explore to improve the present method 12297720
Here we have only applied the NAQI approach to simple one dimensional systems in
order to demonstrate the basic features of the method. In order to apply the method to
multidimensional systems it will be necessary to develop a path-integral implementation,
which we expect to be straightforward to do starting from the standard path-integral
implementation of Wolynes theory discussed in Sec.[2.3.3] The path-integral implementa-
tion may then be able provide direct information about the imaginary-time trajectories

that are important in the reaction, and how these trajectories change as a function of
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the electronic coupling. One of the main difficulties associated with the calculation of
multidimensional quantum instanton rates in the adiabtatic limit is locating the optimum
position space dividing surface. Although the natural reaction coordinate in a two level
system is expected to be the diabatic energy gap, this may not always provide a good
reaction coordinate, in particular as it is well-known that solvent friction can often drive
electron transfer away from the non-adiabatic 1limit.®***” In the next chapter we will
suggest an alternative approach to calculating non-adiabatic reaction rates which avoids
the need to find an optimum dividing surface altogether.

Finally, we note that by making steepest descent approximations to the integrals over
position in PQI and Wolynes theory one can obtain the semiclassical instanton in the

Born-Oppenheimer and golden-rule limits respectively.S122

Hence, we expect that a
steepest descent approximation to the NAQI should lead to an accurate semiclassical
instanton which is valid for arbitrary electronic coupling strengths. More speculatively,
because the semiclassical instanton in the adiabatic limit has a close connection to (and
has been shown to provide a justification for) RPMD rate theory,'** one might hope that

the resulting non-adiabatic semiclassical instanton may help in the development of an

accurate generalisation of RPMD for calculating non-adiabatic rates.

4.A Appendix: Diabatic projection operator

The alternative expression for the diabatic projection operator in Eq. can be de-

rived by noting that

1 00 —ixG;
0(=6-) = lim — f ¢ dx (4.37)

e—0, 271 oo X — i€

and

efixa“Z — e*iX|OXO| + e+iX|1X1| (4.38)

immediately give

0(=6) = |[1X1]. (4.39)



A simple interpolation formula

Contents
5.1 Introduction| . ......... ..., 107
[5.2 Interpolationformulal . .................. .. ... 109
[5.3 Scatteringmodel| . . . ... ... ... .. .. .0 0 o oo, 112
5.4 Spin-bosonmodell . ......... ... . . 000 0o 116
B5 Condusionl . .. ... ...ttt e e e e 122

[5.A Appendix: A qualitative perspective of the interpolation formula| . 123
[5>.B  Appendix: Efficient implementation of RPMD for system-bath |

problems| . . . . . ... e e e e e e e e e 126
BBI _Overviewl . . . . . .o oot 127
B5.B.2 Dervation|. . . . . . .. ... 128
[5.B.3  One dimensional system with Ohmic spectral density| . . . . . 133
[5.B.4  Generalised Langevin equation: Numerical integration| . . . . 134

106



5. A simple interpolation formula 107

Summary

In this chapter we present a simple interpolation formula for calculating non-adiabatic
reaction rates as a function of the electronic coupling strength. The formula only requires
the calculation of golden-rule and Born-Oppenheimer rates and so can be combined with
any methods that are able to calculate these rates. We first demonstrate the accuracy of
the formula by applying it to a one dimensional scattering problem for which the exact
quantum mechanical, golden-rule, and Born-Oppenheimer rates are readily calculated. We
then describe how the formula can be combined with the Wolynes theory approximation
to the golden-rule rate, and the ring-polymer molecular dynamics (RPMD) approximation
to the Born-Oppenheimer rate, and used to capture the effects of nuclear tunnelling,
zero-point energy, and solvent friction on condensed phase electron transfer reactions,
provided the Born-Oppenheimer rate is well-defined. Comparison with exact hierarchical
equations of motion (HEOM) results for a demanding set of spin-boson models shows
that the interpolation formula has an error comparable to that of RPMD rate theory in
the adiabatic limit, and that of Wolynes theory in non-adiabatic limit, and is therefore as
accurate as any method could possibly be that attempts to generalise RPMD to arbitrary

electronic coupling strengths.

5.1 Introduction

We saw in Chap. 2Jhow RPMD can be used to calculate reaction rates in the adiabatic
limit and Wolynes theory can be used to calculate reaction rates in the golden-rule limit.
The previous two chapters have explored extensions of each of these methods and found
challenges with both. In the case of non-adiabatic generalisations of RPMD we saw that
the predicted reaction rates in the golden-rule limit are often not very reliable, as they do
not correctly sample the imaginary-time paths involved in non-adiabatic tunnelling. With
the non-adiabatic quantum instanton developed in the previous chapter this difficulty is
avoided, and the theory was found to be very accurate for arbitrary values of coupling.
Unfortunately, unlike RPMD, the resulting theory is dependent on a good choice of

dividing surface when one moves away from the non-adiabatic limit. This is expected



5. A simple interpolation formula 108

to be particularly important for electron transfer in solution, where it is well known
that solvent friction can drive a reaction away from the non-adiabatic limit even when
the electronic coupling is very small %>’

Here we suggest a simple method for including nuclear quantum effects in the
calculation of reaction rates between the adiabatic and non-adiabatic limits, that avoids
the need to find a non-adiabatic generalisation of RPMD, and hence also all the difficulties
with doing so. In particular, we show how one can perform separate golden-rule and
Born-Oppenheimer simulations and then interpolate between their results to calculate the
electron transfer rate for an arbitrary electronic coupling strength. Since there already
exist well established methods for calculating the Born-Oppenheimer and golden-rule
rates, the method we are suggesting is immediately applicable to realistic simulations
of condensed phase electron transfer reactions. Importantly, when used with RPMD to
calculate the Born-Oppenheimer rate, it is therefore independent of the choice of dividing
surface. Furthermore, we shall show that using the interpolation formula gives an error
comparable to that of RPMD rate theory in the adiabatic limit, and Wolynes theory in
the non-adiabatic limit, and is therefore as good as one could possibly hope to do by
generalising RPMD to treat non-adiabatic reactions. The interpolation formula we use
here is also closely related to pre-existing theories for the high-temperature limit of the

spin-boson model,***/>

in particular to approaches based on Padé resummations of the
perturbative series in A, and as we show in Sec. @ our formula reduces to a known
analytical result, namely Zusman theory,®® in the appropriate limit.
Sec.[5.2]introduces our new formula for interpolating between the results of golden-
rule and Born-Oppenheimer rate calculations to obtain an expression for the rate at
intermediate electronic coupling strengths, and highlights some of its properties. Sec.[5.3]
investigates the accuracy of the interpolation formula for a simple one-dimensional
scattering problem for which the exact quantum mechanical, golden-rule, and Born-
Oppenheimer rates are straightforward to calculate. Sec. [5.4] combines the formula
with the RPMD approximation to the Born-Oppenheimer rate and the Wolynes theory

approximation to the golden-rule rate and applies it to the spin-boson model in a

demanding set of regimes — with small and large nuclear quantum effects, low and
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high electronic coupling strengths, weak and strong solvent frictions, and two very
different thermodynamic driving forces. The results are shown to agree well with exact
quantum mechanical rate constants obtained using the hierarchical equations of motion
(HEOM) method?!%"21%in all of these regimes. Sec.|5.5|concludes the chapter, leaving
Appendix to describe an efficient implementation of RPMD for system-bath problems

such as the spin-boson model considered in Sec. [5.4]

5.2 Interpolation formula

In Chap. 2] we have given expressions for the exact electron transfer rate constant k(A),
the golden-rule rate constant kgr(A), and the Born-Oppenheimer rate constant kgo(A),
all of which can clearly be calculated as a function of the electronic coupling strength
A. For an electron transfer reaction in solution, Wolynes theory can be used to provide
an estimate of kgr(A), and RPMD rate theory an estimate of kgo(A), for any value of A.
However, there is as yet no equally simple and reliable way to estimate the exact electron
transfer rate constant k(A) for values of A away from the non-adiabatic (golden-rule,
BA < 1) and adiabatic (Born-Oppenheimer, SA > 1) limits.

To solve this problem, let us now consider combining the results of the golden-rule
and Born-Oppenheimer calculations with the simple interpolation formula

kar(A)kpo(A)

k(A) = kir(A) = kor(A) + kgo(A = 0)°

6.1

This has the correct limiting behaviour for both small and large A, as illustrated in Fig.[5.1]
As BA — 0, kgo(A) and kgr(A) + kgo(A = 0) both tend to kgo(A = 0), which then
cancels top and bottom in Eq. [5.1]to leave kr(A) =~ kgr(A), the correct non-adiabatic
rate constant. And when BA > 1, kgr(A) + kgo(A = 0) tends to kgr(A), which then
cancels with the kgr(A) in the numerator to leave kir(A) = kgo(A), the correct adiabatic
rate constant. In effect, the right-hand side of Eq. is a Padé-like approximant to k(A)
which is straightforward to compute even for a liquid phase electron transfer reaction,
and which interpolates correctly between the non-adiabatic and adiabatic limits.

It is clear that the interpolation formula in Eq.[5.1]can only be used when the Born-

Oppenheimer rate constant is well defined for all relevant values of A. So the formula
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Figure 5.1: Illustration of the behaviour of the interpolation formula in Eq. For small
BA, kir(A) approaches the golden-rule rate constant kgr(A), and for large SA it approaches the
Born-Oppenheimer rate constant kgo(A), as discussed in more detail the text.

cannot be used in the Marcus inverted regime. In the normal regime, we require that
the reaction barrier is large compared to kg7, at least in the non-adiabatic limit. More
formally, we require that defining the reactants and products using a position space
dividing surface on the lower adiabatic surface is not significantly different to using the

diabatic projection operators in the non-adiabatic limit, so that to a good approximation
O(A = 0) = tr, [eP] = tr, [ PHot=V0(-5(g))] (5.2)

0p(A = 0) = try [ 1] = tr, [ P04 (5(g)) ] (53)

where Hpo(A = 0) is the Born-Oppenheimer Hamiltonian on the (cusped) lower adiabatic
surface with zero electronic coupling. With this expected range of validity in mind we
can now consider two important properties of the interpolation formula.

The first of these properties is that the formula satisfies detailed balance. That is

k() _ 0,(4)
Ke®) ~ 0A)

(5.4)
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where kip(A) and kj(A) are the forward and backward rate constants and Q,(A) and

0,(A) are the reactant and product partition functions. This can be seen by first noting

that Eq. gives
kir(A) _ kpo(A) 1+ kpo(A = 0)/kgp(A)

’ ) . (55)
kip(A) k(D) 1+ kpo(A = 0)/kgr(A)
Provided Eqgs. [5.2] and [5.3] are satisfied, we also have
Op(A=0) kgo(A=0) kcr(A) (5.6)

0(A=0)  kyo(A=0)  kgp(A)
because the Born-Oppenheimer and golden-rule rates each satisfy detailed balance. Hence

k]go(A = 0) _ k;BO(A = 0)

i ; (5.7)
ker(A) ker(A)
and combining this with Eq. [5.5] gives
kie(A) — kso(A) — Op(A) (5.8)

ke Ko(d) ~ O/(A)

The second important property of Eq. [5.1]is that it reduces to a known analytical result,

the Zusman equation,®® under the appropriate conditions. The Zusman equation gives an

analytical expression for the rate constant in the classical limit for the spin-boson model,

extending Marcus theory to include the effect of friction along the reaction coordinate.

The Zusman equation is given explicitly in Section [5.4]but for now we simply note that
it can be written in a form reminiscent of Eq. [5.1] as

kvr(A)ka(A = 0)
knt(A) + ka(A = 0)’

kzus(A) = (5.9)

where kyr(A) 1s the Marcus theory rate and ka (A = 0) is the classical rate on the cusped
ground adiabatic potential in the limit of high friction. The obvious difference between
this and Eq. [5.1] which for the classical spin-boson model becomes

kvt (A)ka(A)
knr(A) + ka(A = 0)°

kie(A) = (5.10)

is that it predicts kzys(A) — ka(A = 0) rather than ks (A) for large A. Hence the Zusman
equation misses the fact that increasing A lowers the adiabatic reaction barrier. This

is because the derivation of the Zusman equation assumes that SA < 1. Under these
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circumstances k4(A) =~ ks(A = 0), and the classical limit of our interpolation formula
reduces to the Zusman equation.

The breakdown of the Zusman equation for large electronic coupling is well known,
and there already exist classical theories which can be used to calculate rates in this
regime.®®"2 Our approach is naturally closely related to several these methods, when
applied to the high temperature limit of the spin-boson model. In particular we note
that our interpolation formula is very similar to an interpolation formula proposed by
Gladkikh et al.,”® which corrects the Zusman equation by interpolating between the
rates for the cusped and parabolic barriers in the adiabatic limit. The present approach
can thus also be viewed as a generalisation of these previous interpolation formulas,
which is capable of treating general anharmonic condensed phase problems and including
the effects of tunnelling and zero-point energy. A simple qualitative perspective on the

physical picture which underlies Zusman theory as well as our interpolation formula

is given in Appendix

5.3 Scattering model

As a first test of the accuracy of the interpolation formula in Eq. [5.1} we shall again
consider the simple one-dimensional exponential curve crossing model from Chap. {4

with the following diabatic potential energy curves:
Volg) = Ae™/t, (5.11)

Vi(g) = Ae™7'E. (5.12)

This provides a useful test problem because not only can we calculate the exact rate
to go from state |0) to |1), but we can also calculate each of the components of the
interpolation formula exactly. The exact rate k(A) and the ground adiabatic Born-
Oppenheimer rate kgo(A) can each be calculated as Boltzmann averages of appropriate

cumulative reaction probabilities,

k(A)BRQ, = %T fo ) e PEN(E)BdE, (5.13)
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Figure 5.2: Contour plot of the maximum error as defined in Eq. for the scattering model.
The exact rate k(A) was calculated using the log derivative method, as were kgr(A) and kgo(A).
The log derivative code was written by Prof. David E. Manolopoulos.

where Q, = \/m/Tr,th is the reactant partition function per unit length. The cumulative
reaction probability N(E) that determines the exact non-adiabatic rate k(A) can be
calculated using the coupled channel log derivative method,**® and the golden-rule rate
kgr(A) can be extracted from the A?> dependence of k(A) in the limit as A — 0 (the log
derivative code was written by Prof. David E. Manolopoulos). For the Born-Oppenheimer
rate kgo(A), N(E) can be calculated using a single channel log derivative method on the
ground adiabatic potential energy surface. The fact that all three rates k(A), kgr(A) and
kso(A) can be calculated exactly allows us to test the accuracy of the interpolation formula
in Eq. [5.1] separately from that of the approximate path-integral techniques (Wolynes
theory and RPMD rate theory) which are required for condensed phase problems.
The behaviour of this model system (at € = 0) is completely determined by three
dimensionless parameters: SA, SA, and mL?/Bh?. Keeping the last two of these parameters

fixed we define the error in the interpolation formula as a function of SA using the equation

kir(BA) )‘
k(BA)

This allows us to define the maximum error for a particular 8A and mL?/Bh? as

E(BA) = ‘ log, ( (5.14)

Epnax = 55?(%% E(ﬁA), (5.15)
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where the range of SA is limited to ensure that the reaction is always activated. This is a
more useful measure of the error than the percentage error as it treats underestimation and
over estimation on an equal footing, and is in keeping with the usual way that errors are
discussed for RPMD, which is expected to be within a factor of 2 of the exact rate in the
deep tunnelling regime. Note that E,,,x = 1 corresponds to the interpolation formula being
out by at most a factor of 2 and E,,,, = 0 corresponds to it being exact for all values of SA.

Figure [5.2] shows E,x as a function of the two remaining free parameters, which we

take to be BA and the dimensionless parameter @ defined as

~ [ 2pn2
D =pAN 5 T3 (5.16)

This parameter can be related to the instanton action for a linear approximation to the
diabatic potentials in the non-adiabatic limit and it quantifies how “quantum mechanical”
the reaction is. We see that in the classical regime, log,,(®) < 0, the error is essentially
solely a function of ®@ and approaches a plateau with E ,,, just above 0.1, corresponding
to the interpolation formula being within a factor of 1.1 of the exact rate for the full
range of BA. For log,,(®) > 0, the error grows as the problem becomes more quantum
mechanical. However E,,x remains below 1 for log,,(®) < 1.5, corresponding to the
interpolation formula being within a factor of 2 of the exact rate throughout this regime.
As an illustration of the physical regimes that the plot spans, note that the point labelled (a)
corresponds to a strongly quantum mechanical system with A = 18,7 = 50K, L = 0.5 ay,
and m ~ 1000 m., point (b) corresponds to a system where the mass associated with the
nuclear motion has been increased to m ~ 25000 m, and point (c) to m ~ 1.3 x 108 m.
Figure shows the rate as a function of SA for the three labelled points in Fig.
The plot shows the exact rate as well as the result of the interpolation formula evaluated
using the exact Born-Oppenheimer and golden-rule rates. To illustrate the importance

of nuclear quantum effects we also include the classical limit of the golden-rule rate

A*  [mmL _
kaar(8) = 55175 20 (5.17)

which is given by
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Figure 5.3: Plots demonstrating the accuracy of the interpolation formula for the three points
labeled in Fig. All three systems have SA = 18, with (a) ® = 22.4, (b) ® = 4.54, and (¢)
@ = 0.0635. The exact rate k(A) was calculated using the log derivative method, as were kgr(A)
and kgo(A). The classical golden-rule rate was calculated using Eq. The log derivative code
was written by Prof. David E. Manolopoulos.

We see that the interpolation formula is capable of capturing the full range of behaviour,
from the highly quantum mechanical in system (a) to the essentially classical in system
(c). It is also of note that as @ decreases the value of SA at which the reaction begins to
behave adiabatically also decreases. This can be understood by noting that @ is related

to the Landau-Zener adiabaticity parameter’?

27A?

where (|v|) 1s the classical average thermal velocity,

1
\2mmp ’

and 0F = 2A/L. We see that ® = 1/P(kgT) and so gives a measure of how non-adiabatic

1
7 Vha = (5.19)

the reaction is expected to be at SA = 1. In system (a), ® > 1, and the rate is firmly
non-adiabatic at SA = 1, whereas in system (c), ® < 1, and the rate is firmly adiabatic
at BA = 1. This connection between @ (or equivalently the instanton action) and the
Landau-Zener adiabaticity parameter can be thus be used to account for the fact that

increased nuclear tunnelling tends to make a reaction more non-adiabatic 217218
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5.4 Spin-boson model

The spin-boson model is the prototypical non-adiabatic system that is used to model
electron transfer reactions in condensed phase environments. Written in the “reaction

coordinate” form, the diabatic potentials of this model are given by®*

1 [AY
Vo(Q, q) = EQZ(Q + @) + Va(QO, q), (5.20)
1, AV
Vi(Q,9) = EQ Q- ﬁ) + V(0. 9), (5.21)
where
N X .0 2
Va(Q,q) = Z va(q,, - 2 ) , (5.22)

v=1

and A is the Marcus theory reorganisation energy (note that we shall work throughout this
section with mass-weighted coordinates). The influence of the bath on the reaction coordi-

nate, Q, is fully described by the associated spectral density, which is formally defined as

T i 2
J(w) == 5w — wy). (5.23)
2 i w,

The bath is then taken to be infinite, corresponding to a continuous spectral density. Here

we choose to consider a purely Ohmic spectral density,
J(w) = yw, (5.24)

which gives rise to Langevin dynamics along the reaction coordinate in the classical
adiabatic limit. This model problem allows us to investigate the accuracy of our newly
proposed method in a variety of different regimes, from underdamped (y < 2Q) to
overdamped (y > 2€)) motion along the reaction coordinate, from high frequencies
(large Q) to low frequencies (small ), and for the full range of non-adiabatic (small
A) to adiabatic (large A) behaviour.

The reaction coordinate form can be related to the conventional spin-boson model by
a normal mode transformation.**1°2°3 In the conventional form, the diabatic potentials

are just sums of uncoupled displaced harmonic oscillators,

N, —
Vo(x) = Zb: %ai(xy + %)2 (5.25)

v=0 v
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Np —
1_, Cy\2
Vix) = Z:(; iwy(xv - E) : (5.26)
where x,, @, and ¢, are the transformed (mass weighted) coordinates, frequencies and
couplings respectively. In order to map between the two forms one simply needs to

know the relation between the spectral density for the coupling of nuclear coordinates

to the electronic state

Ny, —
> & (w - @), (5.27)
Wy

v=0

Jo(w) =

N

and the spectral density J(w) for the coupling of the bath to the reaction coordinate[]

This mapping is given by®#1921%
A Q2 J(w)
Jolw) =7 : 5.28
(w) 2 (w? — Q2 + R(w))? + JX(w) ( )
where
2 2 ) J
T 0 u(u2 — LL)Z)

and P denotes the Cauchy principal value. For the Ohmic spectral density considered

here, R(w) = 0, and the electronic spectral density becomes

A y Q2w
Jo(w) = E RV T (5.30)

which is typically referred to as the Brownian oscillator spectral density.

The spin-boson model provides a useful system for testing new methods because it is
possible to obtain exact numerical results for this model for comparison. Despite this,
previous attempts to extend RPMD to treat non-adiabatic rates have only been tested in
certain limiting regimes, for example by comparison with Zusman theory or the quantum
golden-rule rate. Here we test the validity of Eq. [5.1| by comparison with numerically
exact results generated using the hierarchical equations of motion (HEOM) method 210210
which allows us to examine a wider range of physically relevant regimes. The HEOM
calculations used in this chapter were performed by Dr. Lachlan P. Lindoy.

In order to calculate the rate using HEOM we again make use of Eq. [2.44] with

P, = |0X0| and f’p = |1X1]. Since it is computationally impractical to prepare the initial

*Note that we have changed notation here relative to the previous chapters, and J,(w) is now the
spectral density that was introduced in Chap. E}
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Figure 5.4: Plot comparing the rates predicted by the interpolation formula [Eq. , Zusman
theory [Eq.[5.1]l, and the numerically exact HEOM method, for the symmetric spin-boson model
with Brownian oscillator spectral density [Eq.[5.30]. The Born-Oppenheimer and golden-rule
rates used in the interpolation formula were calculated using RPMD rate theory and Wolynes
theory, respectively. All HEOM calculations were performed by Dr. Lachlan P. Lindoy.

density matrix in the form of Eq.[2.60, we instead follow the procedure of Shi et al.,*"
in which the system is initially prepared on the reactant diabat with the bath in thermal
equilibrium on the average diabatic potential, and is then equilibrated in the absence of

coupling (A = 0). The resulting initial condition can be expressed as

e—iﬁol/he—ﬁﬂ+ |0XO|e+iﬂot/h

50) = lim : 531
p0) = lim (531)

where A A
A, = w (5.32)

With this modified initial condition the time-dependent populations of the two electronic
states again eventually settle down to conform to Eqgs. [2.42] allowing the exact HEOM
forward electron transfer rate to be calculated from Eq. [2.44]

To highlight the importance of nuclear quantum effects, and the effect of the changes

in shape and height of the adiabatic barrier with A, we also compare the results of
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Figure 5.5: Plot comparing the rates predicted by the interpolation formula [Eq. , Zusman
theory [Eq.[5.1]], and the numerically exact HEOM method, for the asymmetric spin-boson model
with Brownian oscillator spectral density [Eq.[5.30]. The Born-Oppenheimer and golden-rule
rates used in the interpolation formula were calculated using RPMD rate theory and Wolynes
theory, respectively. All HEOM calculations were performed by Dr. Lachlan P. Lindoy.

the interpolation formula to the Zusman equation, which for the spin-boson model

as described here is®>220

BEL(1 - £)exp(-pLEL)

kzus(A) = T o o I — (5.33)
A 7 Q €
VR EVE(I-9)
This can be seen to be identical to Eq. [5.9) with the identifications
bn@) = 2 L exp-p L (534)
= — | —exp|-B———], :
M n VA PP A
and
Q> [BA € (A —¢€)?
ka(A=0)=—/—|1-— —-—]. 5.35
Al ) 4)/\, - ( Az)eXp( B A (5.35)

In the following we use RPMD to calculate the Born-Oppenheimer rate constant, kgo(A),
and Wolynes theory to calculate the golden-rule rate constant, kgr(A), although we

reiterate that the interpolation formula can be used with any methods which are applicable
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to these two limits. Previous path-integral studies of system-bath models have opted to
discretise the spectral density using a procedure such as that described in the original
RPMD rate theory paper,® increasing the number of modes in the discretisation until the
results were converged to the infinite bath limit. Here instead we note that, working in
the reaction coordinate form, we can analytically integrate out all but one nuclear degree
of freedom.**! This results in an effective renormalised ring-polymer Hamiltonian for
the single remaining nuclear coordinate (the reaction coordinate, ), which makes the
calculations trivial. In the case of RPMD the dynamics of the full system plus bath are
then recovered using a generalised Langevin equation (GLE). Full details of the derivation
of this GLE and the renormalised Hamiltonian, along with how they are implemented
numerically, are given in Appendix

Figures [5.4]and [5.5| compare the rates obtained using the interpolation formula with
the exact HEOM results for the spin-boson model described above. In these calculations
we used a typical Marcus reorganisation energy of A = 60 kg7, with a series of different
driving forces (€), solvent frictions (y), and reaction coordinate frequencies (2). The
interpolation formula is seen to give excellent agreement with the exact results in all
of the regimes considered, with the largest error, of just under 30%, observed in the
overdamped high frequency systems at intermediate values of SA (BAQ = 4, y = 32Q),
Be = 0and 15). The interpolation formula is also seen to be most accurate for the
overdamped low frequency systems. This is to be expected from its connection with the
Zusman equation (see Section [5.2)), which is derived in the limit of low frequency and
high friction. It is of note, however, that the interpolation formula is much more accurate
than the Zusman equation at even moderate values of SA, due to the failure of Zusman
theory to capture the effect of A on the adiabatic reaction barrier. As we have already
discussed, more accurate classical theories for the spin-boson model exist,”%’2 but this
breakdown illustrates the advantage of testing new methods against numerically exact
results, as we do here, rather than relying on comparison to simple analytical formulas
which can turn out to have rather limited accuracy.

The Zusman equation also fails to capture the effects of nuclear tunnelling and zero-

point energy, which for the underdamped high frequency systems lead to over an order of
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Figure 5.6: Plot of the exact HEOM rate versus SA for a spin-boson model with a Brownian
oscillator spectral density, deep in the Marcus inverted regime (€ = 2A). The interpolation formula
in Eq. (38) cannot be used for this problem because the Born-Oppenheimer rate is not well-defined.
Calculations performed by Dr. Lachlan P. Lindoy.

magnitude increase in the rate constant in the non-adiabatic limit. Since both Wolynes
theory and RPMD are able to accurately capture the effect of tunnelling and zero-point
energy, so too is the interpolation formula when these two theories are used as input.
The success of the interpolation formula in this regime (large Q and underdamped) is
particularly encouraging as it is the opposite of the regime where the Zusman equation
is valid. We note that, as was seen in Section [5.3] the greater nuclear tunnelling in this
regime means that the golden-rule expression for the rate continues to be accurate even
for BA > 1. The much smaller increase in the rate observed for the overdamped high
frequency systems illustrates the reduction of nuclear tunnelling due to friction*** This
can be understood in the ring-polymer perspective by considering the renormalisation
of the normal mode frequencies of the ring-polymer due to friction, w; — \/M
(see Appendix [5.B]). It follows from this renormalisation that a larger value of  leads to a
smaller radius of gyration of the ring-polymer and a more classical-like dynamics.
The success of the interpolation formula in such a wide range of parameter regimes is

clearly encouraging. However, it is important to remember its limitations. The formula is
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only expected to be accurate when the reactants and products can equally well be defined
using either a position space dividing surface or diabatic state projection operators in
the non-adiabatic limit. In the most extreme case of the Marcus inverted regime there
is no position space description of the reaction and a Born-Oppenheimer rate cannot be
defined. Figure [5.6]illustrates the behaviour of the exact HEOM rate as a function of
BA for an underdamped high frequency system with a driving force of € = 2A, deep
inside the inverted regime. At small SA the rate is well described by the golden-rule,
but at large SA the rate begins to decrease as it approaches an adiabatic limit in which
there is no transfer of population between the upper and lower adiabats. This kind of
system clearly cannot be studied with the interpolation formula in Eq.[5.1] We have
included it here to provide both an honest illustration of one of the limitations of the
current approach and a challenge for future work.

Despite this limitation we would like to stress that the interpolation formula can still
be very accurate even when the barrier to reaction is low. For example, in Fig.[5.5|the
barrier on the lower adiabatic surface becomes very small as SA becomes large, dropping
all the way to 1.2kg7T when SA = 10. But the rate predicted using the interpolation
formula still agrees very well with the exact rate calculated using HEOM with diabatic

state projection operators.

5.5 Conclusion

In this chapter, we have shown how the RPMD rate theory and Wolynes theory ap-
proximations to Born-Oppenheimer and golden-rule rates can be combined in a simple
interpolation formula that accurately predicts the rates of non-adiabatic reactions with
arbitrary electronic coupling strengths. The accuracy of the interpolation formula has
been demonstrated by comparison with exact results for both a simple one-dimensional
scattering problem and a demanding series of spin-boson models. In particular, the use of
the exact HEOM method to provide benchmark results for these spin-boson models has
allowed us to explore a wide range of chemically relevant regimes, from underdamped

to overdamped dynamics, small to large nuclear quantum effects, and the full range
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of electronic coupling strengths, from the non-adiabatic to adiabatic limits. Previous
methods have not been tested in such wide ranging and challenging regimes.

Since RPMD rate theory and Wolynes theory are both readily applicable to truly
complex (anharmonic and multidimensional) problems, it will be interesting in future
work to apply the interpolation formula to more realistic models of electronically non-
adiabatic reactions and use it to answer some chemically interesting questions. We
note in particular that the formula is well suited to quantifying the degree of electronic
non-adiabaticity in a reaction, as well as assessing the relative importance of electronic
coupling and solvent friction in driving a reaction away from the non-adiabatic limit, as
we have shown in some of our examples. Further qualitative insights into the reaction
mechanism can also clearly be gained from the Born-Oppenheimer and golden-rule
calculations that the interpolation formula combines.

Having said this, there are clearly still some open issues which warrant further
theoretical work. In addition to the inability of the interpolation formula to treat systems
in the Marcus inverted regime, we still need to investigate its accuracy for systems
which can have multiple competing reaction pathways such as proton-coupled electron
transfer reactions. Further work is also needed in order to treat systems in which multiple
electronic states are involved, such as in superexchange mediated electron transfer, and to
develop approaches that can treat both the incoherent rate processes considered in this
thesis and also the coherent dynamics relevant to condensed phase electronic spectra,

which current non-adiabatic methods such as Wolynes theory cannot describe.

5.A Appendix: A qualitative perspective of the interpo-
lation formula

A qualitative perspective of the Zusman rate equation and the interpolation formula
can be gained by noting that the functional form of both corresponds to a consecutive

reaction scheme of the form,

ky ke ki
r=TS, =TS, = p, (5.36)
ky ke ky
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where r corresponds to reactants, TS, and TS, correspond to two reactive intermediates
and p corresponds to the products. Physically this is tantamount to assuming that the
reaction can be described as consisting of a series of steps consistent with the qualitative
description of a non-adiabatic reaction given in Chap. [I} along with the assumption
that each of these steps can be treated via an incoherent rate constant. Following this
perspective kj and k; correspond to the rates for thermal fluctuations to take the system to
and from the transition state region on the reactant surface, k. corresponds to the rate for
transfer between the reactant and product electronic states in the transition state region,
and k] and k| correspond to the rates for thermal fluctuations to take the system to and
from the transition state region on the product surface.

Solving the rate equations, under the assumption of steady state for the populations

of TS, and TS, gives the rate constant for transfer from r to p as

k= fokeky 5.37
 kyke + kSkt + ke 637

With the identification of k. as corresponding to the electronic transition, it follows that in
the adiabatic limit k. > k| and k. > k; such that the Born-Oppenheimer rate is given by

ko (Mk7(A)

kpo(A) = ks (M) + kT (A)

(5.38)

In the opposite non-adiabatic limit, it follows that k. < k| and k. < kj, such that

the golden-rule rate obeys the relation

ke(A)KH(A = 0
kcr(A) :AZEL%[ (B )].

NGO (5.39)

Making use of the first of these two identities it is simple to show that Eq.

is equivalent to

ke(A)kpo(A)
ke(A) + kg (Mkpo(A)/k5 (D)

k(A) = (5.40)

This now has a form more reminiscent of the interpolation formula. To simplify further

we write the Born-Oppenheimer rate in the Arrhenius form as,

kgo(A) = Ago(A)e ™) (5.41)
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and define the exponential term to be equivalent to the ratio of forwards and reverse
rate constants between the reactants and transition state

k(D)
k@)

-AFH(A) _

(5.42)

Using this in Eq. and multiplying the numerator and denominator by e PAF (D=0 then
gives

ke(A)e_,BAFi(A=0)ABO(A)e_ﬁAF'+‘(A)
ko(A)eBAFFA=0) 4 Ap o (A)eBAFH(A=0)"

k(A) = (5.43)

To arrive at the final result we now make two simplifying approximations, the first
of which is to assume that the transition between TS, and TS, can always be treated
using Fermi’s golden rule, such that k.(A) o« A% and

k(MK (A = 0)
ks (A = 0)

kor(A) ~ = ko(A)e PAF (4=0) (5.44)

The second approximation is that the pre-exponential factor Agp(A) ~ Ago(A = 0), such
that
kgo(A = 0) = Ago(A = 0)e 7= = Agg(A)e A=), (5.45)

which corresponds classically to assuming that changes to the curvature of the potential
surface do not change the rate of passage through the transition state region. Inserting

these two approximations into Eq. [5.43] we then arrive at the interpolation formula
given in Eq. [5.1]

kar(A)kgo(A)
ker(A) + kpo(A = 0)

k(A) ~ (5.46)

The interpolation formula can thus be thought to rest on four basic assumptions. Firstly
that the reaction can be considered as a stepwise process, involving motion to and from a
high energy transition state region where the electronic transition takes place. Secondly
that each of these steps can be treated as an incoherent rate like process. Thirdly that the
electronic transition in the transition state region can be treated using Fermi’s golden rule,
and finally that the prefactor of the Born-Oppenheimer rate is approximately independent
of the electronic coupling, A. Hence the interpolation formula is most likely to be accurate

if these approximations can be justified. However, the interpolation formula is guaranteed
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to reduce to the golden-rule and Born-Oppenheimer rates in the appropriate limit even
when these approximations are not well justified, and so the formula may still give rate
predictions which are practically accurate in a much wider regime.

To arrive at the Zusman equation one makes the approximation,
Apo(A)e P ~ Ap (A = 0)ePFA=0 or equivalently kpo(A) = kgo(A = 0), (5.47)

in place of Eq.[5.45] and then replaces each of the rate constants by the classical rates for
the spin-boson model in the limit of high friction along the diabatic energy gap coordinate.
The assumption of a consecutive reaction mechanism is of course valid classically in this
high friction limit, just as assuming k. is given by the golden-rule is consistent with the
assumption that kgo(A) = kgo(A = 0). However, due to the exponential sensitivity of the
barrier height on A, assuming that the entire Born-Oppenheimer rate is independent of A
rather than just the pre-exponential factor is of course a much more drastic approximation.

In fact, in situations where one can analytically separate the rate expression into
exponential and pre-exponential components one need not make the second of the two

approximations at all, and instead one can simply approximate the rate as’>

AGr(A)Ago(A) o BAFH)
AGr(A) + Ago(A)

k(A) ~ , (5.48)

where
ker(A) = Agr(A)e PAFA=0), (5.49)

This could, for example, be used as a simple way to combine the semiclassical instanton

approximations in the golden-rule and Born-Oppenheimer limits 14314617019

5.B Appendix: Efficient implementation of RPMD for
system-bath problems

In this appendix we describe an efficient implementation of RPMD and other path-
integral based methods for system-bath problems with a harmonic bath, which is based on
analytically integrating out the effect of the bath in the ring-polymer picture. In Sec. [5.B.]]
we give an overview of the approach, detailing the key equations that were implemented.

In Sec. we show how one can integrate out the effect of the bath in RPMD/Wolynes
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theory for the general case of an arbitrary number of system coordinates coupled to a
harmonic bath. In Sec. we specialise the general result for the model problem
considered in Sec.[5.4] Finally, in Sec. we describe how we numerically integrated
the GLE satisfied by the system variables in RPMD.

5.B.1 Overview

Both RPMD and Wolynes theory calculations for system-bath models such as the spin-
boson model can be transformed into trivial problems, which only explicitly include
one nuclear degree of freedom, the reaction coordinate[]| Starting from the diabatic
potentials [Eqgs. 5.22]], we can write both the RPMD and Wolynes theory Hamil-

tonians in the form

H™(P,Q,p,q) = H”(P,Q) + H)(Q, p,q) (5.50)
where
HY(Q.p, q)= Z Z[ - 4,0
' ) (5.51)
1 CVQJ'
+ 2myw qjv— mvwﬁ .

Integrating out the effect of the bath on the system allows us to write an effective
Hamiltonian which only contains the reaction coordinate. For the Ohmic spectral density

this renormalised ring-polymer Hamiltonian is simply

i S N
AP®P.Q) = H'®.Q) + ) syw; (5.52)

k=0
where Oy and w; = 2w, sin(kr/n) are the position and frequency of the k™ normal mode
of the free ring-polymer along the reaction coordinate. We see that friction has the effect
of increasing the stiffness of the ring-polymer springs. As discussed in the main part of
this chapter, this is consistent with the well known effect of friction in reducing tunnelling

and making the system behave more classically.’*>

*Note that in the case of the spin-boson model itself the exact expression for Fgr(12) can be used to
evaluate Wolynes theory without the use of path integrals, however the approach described here can be
used to calculate the Wolynes rate for anharmonic system coordinates.
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For static quantities such as the Wolynes rate and the quantum transition state theory
(QTST) part of the RPMD rate, one can simply do path-integral molecular dynamics
(PIMD) with the renormalised system Hamiltonian in Eq.[5.52] However, when evaluating
dynamical quantities such as the RPMD transmission coefficient, the dynamical effect
of the bath must also be included. This results in a generalised Langevin equation
(GLE) for the motion along the reaction coordinate, which for the problem considered

in Sec. 5.4 takes the form

O, =P, (5.53a)
. OH™
k=" =

00«

- f t K (t = DPy(t)dt + Fi (1) (5.53b)
0
where
Ki(1) = 2y6(1) — ywy

+ ywitlo(wit) (1 - ng(wkt)) (5.54)

~ yordi(wun) (1 = SentHoenn)
is the friction kernel, J,(x) is the n™ Bessel function of the first kind, and H,,(x) is the
n™ Struve H function. To integrate these equations of motion we use a modified form
of the algorithm suggested by Berkowitz, Morgan and McCammon*** which makes use
of the exact evolution of the free ring-polymer (as detailed in Sec. [5.B.4). Note that,
since wy = 0, the centroid friction kernel is proportional to a delta function, and so the
non-Markovian behaviour originates in the internal ring-polymer modes. This reflects the
fact that whilst the Ohmic spectral density in the classical limit corresponds to Markovian

dynamics of the reaction coordinate, this is not true quantum mechanically.

5.B.2 Derivation

Here we derive the generalised Langevin equation (GLE) for a ring-polymer Hamiltonian
with N; physical system coordinates which are linearly coupled to N, harmonic oscillators,
applying the approach of Cortés et al**!" to the ring-polymer system bath model. We

begin by writing the total ring-polymer Hamiltonian as

H™P,Q,p,q) = H"(P,Q) + H"(Q,p,q) (5.55)
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where (Q, P) and (q, p) denote coordinates and momenta of the system and bath respec-

tively, and

—-q j,v)2

HY(Q.p,q) = Z Z [

j=1 v=1

| N 0, 2
wju
+ 2my(l) (qjv - Z W) ]

pu=l1

(5.56)

Throughout we use Latin subscripts to denote ring-polymer coordinates and Greek
subscripts for physical degrees of freedom. Transforming from the bead representation
to the normal mode representation of the free ring-polymer gives

Ny

1 N, f’l% 1 c Qk 2
Hy(Q.4,p :ZZ[ vy Sy, + 3w, (qu Zﬁ) ] (5.57)

2m, = myw,

where again wy = 2w, sin(krr/n) are the normal mode frequencies of the free ring-polymer.
From this it is clear that the bath does not couple the normal modes of the system ring-
polymer and hence it is straightforward to integrate out the effect of the bath on the

system in this representation. The equations of motion are

Oua = =2, (5.58a)
my
. aH(n) Np, ) c,- Q
1= 4 cw(qu ;‘) (5.58b)
k,A =1 m,wy,
Gey = 2&, (5.58¢)
Pry = —m@p, Gy + ¢, - O (5.58d)

~ _ 2 2 . N, ~ _ ~
where @y, = |w? + w; and we have rewritten ZM;I Cuv Qi = €y - O

The equations of motion for the bath degrees of freedom

cv'Qk
b

4

Gy + D, Gy = (5.59)

can be solved using the standard method of undetermined coefficients. The corresponding

homogeneous differential equation is

ék,v + @i,vqu = 0’ (560)
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giving the complementary function
Gy (1) = agy COS(D 1) + by SIN(@y 7).
Hence we consider the particular solution
Gry (1) = ag, (1) coS(Wxyt) + by (1) SIN(Wy 1),
and require that
g, (1) cOS(@pyt) + by, (1) sin(@y 1) = 0.

Differentiating Eq. [5.62] twice and using Eq. [5.63] gives
Gy (1) = = Dpytaye, (1) SIN(Dy 1)
+ @y by, (1) cOS(Dy 1)
and then
G (1) = — @ A (1) COS(D 1)
— @2 by (1) Sin(@s )
= @y (1) SIN(Wp 1)
+ @ ybr, () cOS(@p1).
Hence using Eq. [5.59] it follows that

¢, - Q(t)

my

= — Qg g (1) SIN(@y 1)
+ @y by, (1) cOS(@x 1),
which can be rearranged using Eq. [5.63] to give
¢, - QD)

m, Wy, y

SIN(@y 1) = =y (1)

Cy- Qk(t)

COS((I)k,Vl‘) = bk,v(t)-
mvwk,v

Integrating gives

f 0
ak,v(t) = ak,v(o) - f M Sin(a)k,vT)dT
0 m, W,y

bk,v(t) = bk,v(o) + f M COS(G)k,vT)dT’

0 mvwk,v
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(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67a)

(5.67b)

(5.68a)

(5.68b)
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which when substituted into Eq. [5.62] gives

"¢y 0,()
G = | —=—Zsin(@y,(t — 1))d
Gry (1) I) — sin(@y,, (1 — 7))dr (5.69)
+ ax(0) cos( 1) + by, (0) sin(@y,1).
Finally, integrating by parts and inserting the appropriate boundary conditions gives

Cy- Qk(t) Cy- Qk()

mvwkv I’I’L‘,(,L)ky

f 0, 0,0 L ZR T cos(@n, (t — T))dT (5.70)
0

mva)k y

kv()_

cos(Wy, 1)

ka( )

v k,v

+ Giv(0) cos(@y 1) + sin(@y ).

Having solved for g ,(f), we can now substitute this back into Eq. to obtain

the GLE for an arbitrary system bath model,

Fy(n) ! .
Put) = _9H, f K®(t - 1) - @ (t)dr + FO(r). (5.71)
BQ 0

k

Here we have defined

oH"  OH"

® . A
2 = +a%.0, (5.72)
00, 00,
with N
b
k) _ CavCuy CuvCuy
o) = Z_; (mvwi it ) (5.73)

which accounts for the renormalisation of the system Hamiltonian due to the presence
of the bath, and we have collected together the remaining effects of the bath into

a friction kernel

Np
KO0 -1)= > 2 cos(@g, (1~ 1) (5.74)
v=1 m"wk,v
and a fluctuating force
S ¢, - 0,(0) Pro(0)
~ v kv
FO@) = Zch((qk,v(m - == ) cos(@iyt) + sin(ax Vt)) (5.75)
y=1 m" kv v k,v

It is straightforward to show that, for a system at thermal equilibrium, the fluctuating

force and the friction kernel are related by the fluctuation-dissipation theorem

(FPOFP@) = z K“‘)(t) (5.76)
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The easiest way to see this is to note that the ring-polymer Hamiltonian in Eq. [5.553|

can be rewritten as
H™ — Hi") + gif (5.77)

where each term is written in renormalised form as

n—1
~ o . 1.7 ~
AP =HY + 35000, (5.783)
n-1 N, A \2
pkv ~ cV : Q
AY = § § [ + mvwzv(qk,y - ") ] (5.78b)
k=0 v=1 ; mvw,iv

Hence integrating first over the gy, it is straightforward to see that the correlation function
of the fluctuating force in Eq. leads directly to Eq. Note also that, in the
infinite bath limit, the fluctuating force is Gaussian (by the Central Limit Theorem),
and since (Fik)(O)) = 0, a knowledge of the friction kernel completely specifies the

form of the fluctuating force.

Finally, we note that the expressions for a(k) and K(k)(t) in Egs.|5.73|and [5.74{ can

be recast in terms of the spectral density

Np
T CuvCuy
Jp(w) = = o(w — w,), (5.79)
2 VZ::I m,w,
either as
2 Ju(w Ju(ww
o) = —f G TG (5.80)
L)y w W? + W7
and

©
K@ == w(@)w > cos | AJw? + W 1) dw, (5.81)
2 k
0 wr+ a)k

or equivalently as

(k)
2 (™ J g, (w)
NONE IO (5.82)
Wy w w
and
® 2 (o
K, (t) f cos(wr)dw, (5.83)
0 w
where we have defined
T@) = 0 = w0y (o - o) (5.84)

with 6(x) being the Heaviside step function.
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5.B.3 One dimensional system with Ohmic spectral density

The problem considered in Sec. [5.4]consists of a single system coordinate (the reaction
coordinate) coupled to a bath with an Ohmic spectral density J(w) = yw. The frequencies

which enter the renormalisation of the system Hamiltonian are therefore simply

2 00 (1)2
o = _f T, (5.85)
TJo W +(L)k

where, since there is only one physical system coordinate, we have changed nota-

tion slightly so that the subscript refers to the normal mode. This integral is easily

evaluated to give
a; = YWwy. (5.86)

The friction kernel can also be evaluated analytically for this problem by considering

K1) = % f ) ch(:") cos (wt) dw (5.87)
0

Ji(w) = 0w — wy)y A|w* — Wi (5.88)

This can be rearranged into the form
2 [ Y AW - wp —Yw
o

and then straightforwardly evaluated to give

Ky () =2y6(1) — ywy

with

Ky (1) = cos(wt)dw + 2y5(t) — 7% f - y cos(wt)dw, (5.89)
0

+ yw,%t]o(a)kt) (1 — ng (wkl)) (5.90)

Vs
~ youdi(xn) (1 = SoxtHo(nn).
where J,,(x) is the n™ Bessel function of the first kind and H,,(x) is the n* Struve H function.
The GLE for each internal mode of the ring polymer in a one-dimensional system

coupled to a bath with Ohmic spectral density can thus be written as

. P
O =— (5.91a)
m
. o™ 1 (! 3
k== ~s - — f Kk(l — T)Pk(T)dT + Fk(l), (591b)
00k m Jo
where
oa" oV - 5
= —— + w; O + Yy Or. (5.92)

00r 90,
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5.B.4 Generalised Langevin equation: Numerical integration

The standard integration scheme used to evolve RPMD can be written in the form

- <o At
P, P+ > 0 (5.93a)
~(; (i 1 ~
D cos(wANQY + —— sin(wAnP, (5.93b)
mawy
P}, « cos(wiAnP, — mwy sin(wAD QY (5.93c)
(i At i
PUY — P+ — 5 P (5.93d)

where fk(’) is the external force on the the k™ normal mode (excluding the ring-polymer

spring force) at time step i, and P,’( is a temporary value of the momentum (between the two
time steps). For simplicity we shall consider just a single system coordinate; the extension
to more degrees of freedom is straightforward but notationally cumbersome. Following
Berkowitz et al.,*** we start by considering the standard ring-polymer integration scheme
in its position only form (analogous to the difference between the Verlet and velocity

Verlet algorithms)

Y 20,00 - OV + f<’> (5.94a)
~i+1)  Ai-1)
O S S 5.94b
k Sk 2At ( )
where C;, = cos(wiAf) and S} = ” At sin(wyAt).

Firstly we incorporate the renormalisation of the Hamiltonian in the exact ring-
polymer evolution by replacing C; — C = cos(@Af) and Sy — Sy = ﬁ sin(@;Ar),

with @ = /wi + ywy. Then we use the fact that the external force

avm 1 3
fil) = ————— — | Ki(t —1)Pi(7)dT + Fi(2) (5.95)
00 mJo
can be discretised using the trapezium rule to give
o VL Z wiK P At + F (5.96)
k 9 Q/({l) m = Ik Tk k

where w; are the integration weights and F, “is a particular realisation of the fluctuat-

ing force, the generation of which is discussed later. Using this with Eq. [5.94b] for
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the momenta gives

o1+ 2 0) 2000 - 0 1 - 2)
m

4
i AP?
_ Z K(])P( ])Al, S (597)
j=1
AV AR SAP
— S+ F"=—§,.
GQ(') m K m

Finally, we rearrange this into a form analogous to the usual ring-polymer integration

scheme to obtain

P pi1 Az KO 5.98
e Pl - 7K (5.98a)
Y ey A
P Pi—5- > wik/'F+ ZF (5.98b)
j=1
_ o Arov™
PoeP-S 5 (5.98¢)
a0\
iy 1 N
D cos(@pAn QY + —— sin(@At) P, (5.98d)
mawy
P}, — cos(@An P, — may, sin(@AD Q) (5.98¢)
L o At oV?
P, — P, - (5.98f)
2 aQ(H-l)
Af o i+l At
P, — P, - — Z wK P S FEY (5.98¢)
-1
iy _ At
(i+1) , 0
P <—Pk(1+%Kk ) : (5.98h)

This can be implemented by noting that Egs. are just the usual integration

scheme with modified spring constants, to which one simply needs to add the ther-

mostatting steps in Egs. [5.984], [5.98b], [5.98¢g] and [5.98h] We also note that, since the

dynamics of the centroid (k = 0) mode is Markovian, we can simply use the usual

path-integral Langevin equation (PILE)**? integration scheme for this mode with the
appropriate friction constant.
As described by Berkowitz et al.,*** the fluctuating force F;() can be obtained on

the necessary time grid using a discrete Fourier transform. This can be achieved by
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first writing the fluctuating force as

Fu(t) = f ) Gi()(£u(w) cos(wi) + &(w) sin(wr))dw, (5.99)
0

where &,(w) and &,(w) are Gaussian random noise terms satisfying

(Ei(w)) =(&(w)) =0 (5.100a)
Euw)é(w)) = 6w — ) (5.100b)
Epw)ép(w)) = 6w — ') (5.100c)
Ea(w)sp(w) =0, (5.100d)
and
Gi(w) = ﬂ;n J"c(:“). (5.101)

More formally &,(w) and &,(w) are derivatives of Wiener processes, w,(w) and wj(w)

respectively, and as such we can write

Fi(t) = f ) Gir(w) cos(wr)dw,(w) + f ) Gir(w) sin(wt)dwp(w). (5.102)
0 0

Here the integrals are Stratanovich stochastic integrals defined as

Wax L[5 gw) + g(win)
‘fo glw)dw(w) = m}gjolom[ Z > W(wjs1) = w(w))| (5.103)
=0

in which the nodes w; form an ordered subdivision 0 = wy < W; < '+ Wy = Wpax
of the interval [0, wm.x] and ‘ms-lim” denotes a limit in mean square. Note that from

the definition of a Wiener process

W((-Uj+l) - W(wj) = \/(wj+1 - wj)f(j) (5.104)

where {£Y); j =0,..., N} is a Gaussian stochastic process with zero mean and unit vari-
ance.
Since we wish to obtain F(f) on a discrete time grid, with spacing At, we truncate

the integrals in Eq. [5.102] at the Nyquist critical frequency

s

Fi(iAt) ~ fm Gi(w) cos(wiAt)dw,(w) + fm Gi(w) sin(wiAt)dwy(w) (5.105)
0 0
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and then take a finite N approximation to each integral, using a evenly spaced grid in

frequency space with w; = jAw and Aw = . This gives
N
Fi(iA~F\ = Za( cos(ijn/N) + b sin(i jn/N), (5.106)
j=0

where we have defined

() 1/ : :
G) _ Gk((,l)])g Aw 1f0<]<N
a; = ) \/A—w L (5.107a)
Grlwjé; 1f]:00rN
(]) 1/
b, = (j)m (5.107b)
Gi(w))é; if j=0orN,

in which { flj)} and {g,(j)} are independent sets of uncorrelated normal deviates with zero
mean and unit variance. Since this has the form of a discrete half-complex-to-real Fourier
transform it is straightforward to implement numerically. This will return a series of 2N
time points, of which only the first N should be used since the average of the force-force
correlation function will recur. Hence N must be at least as large as the number of
time-steps. Note that one must also ensure that N is sufficiently large to avoid aliasing.

This scheme is very simple to implement and proved efficient enough for the present
calculations. However, we note that if one were to consider a problem with a larger
system dimension it might become advantageous to use a multivariate Ornstein-Uhlenbeck
process, in a manner analogous to that adopted by Ceriotti et al.*** in their construction

of methods for solving GLEs.
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Summary

In this chapter we discuss the difficulty associated with applying Wolynes theory to the
Marcus inverted regime. Wolynes theory is based on a saddle point approximation to
the time integral of a reactive flux autocorrelation function in the non-adiabatic (golden-
rule) limit. The dominant saddle point is on the imaginary-time axis at fy, = idgh, and
provided Ay, lies in the range 0 < Ay, < B, it is straightforward to evaluate the rate
constant using information obtained from an imaginary-time path-integral calculation.
However, if A, lies outside this range, as it does in the Marcus inverted regime, the path
integral diverges. This has led to claims in the literature that Wolynes theory cannot
describe the correct behaviour in the inverted regime. Here we show how the imaginary-
time correlation function obtained from a path-integral calculation can be numerically
analytically continued to Ay, < 0, and the continuation used to evaluate the rate in the
inverted regime. Comparisons with exact golden-rule results for a spin-boson model and a
more demanding (asymmetric and anharmonic) model of electronic pre-dissociation show

that the theory it is just as accurate in the inverted regime as it is in the normal regime.

6.1 Introduction

Up to this point in the thesis we have focussed on the difficulty associated with calculating
reaction rates between the golden-rule and adiabatic limits, however we now turn our
attention to the non-adiabatic limit. We have seen that Wolynes theory®? is very accurate
in a wide range of physical regimes, and that it compares favourably to non-adiabatic
generalisations of RPMD?*™* in the calculation of golden-rule rates. Unfortunately,
the path-integral implementation of Wolynes theory cannot be directly applied to the
Marcus inverted regime.

The difficulty in applying Wolynes theory to the Marcus inverted regime stems
from the fact that (g etatli |g’) diverges for Hamiltonians H; that are not bounded from
above when Re @ > 0. This means that for A outside the range [0, 5] the path-integral

representation of the correlation function,

car(t + idh) = f d'q f &' g’ (gl e EAN g7y (g A=) gy (6.1)
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does not converge. To see why this presents a problem in the Marcus inverted regime, note
that the saddle point condition requires that SF(, (4s,) = €, and that for the spin-boson

model the reorganisation energy A is defined as

A = ((Vi(gy) = Vo(q0))), = BF s (0). (6.2)

Hence, when € > A, corresponding to the Marcus inverted regime, it follows that Ay, < 0
and the quantities needed to evaluate the Wolynes rate cannot be directly calculated using
the path-integral expressions given in Sec.[2.3.3] However, as the path-integral expression
for cgr(t + idh) is a convergent representation of an analytic function for 0 < A < 3, it
follows that in principle it can be analytically continued from this line to any nonsingular
point in the complex ¢ plane. In the following we describe a simple numerical procedure
by which the Wolynes theory rate can be calculated for Ag, in the range [0, 8], and then
discuss how this can be used to perform a simple numerical analytic continuation to

calculate the Wolynes rate for Ay, outside this strip[]

6.2 Numerical evaluation of Wolynes theory

We begin by writing the Wolynes rate in the form

2
N SR (6.3)

h _ﬁF gR(/lsp)
where we have eliminated the reactant partition function by defining 4Fgg(1) to be the

free energy at A minus the free energy of the reactants
AFGr(A) = Fgr(A) — Fr(0). (6.4)

It is clear from this that the required quantities are Ag,, 4Fgr(Asp), and F(p(Ag,). The
method we propose begins by assuming a suitable (physically motivated) functional form
AFgr() for AFgr(A), and least-squares fitting the parameters in this functional form

to the path-integral data {F E}R(/b)} and {F 8R(/ll)}. The choice of a suitable functional

“Note that an alternative to this approach is to use the well-known maximum entropy analytic
continuation method, this has been suggested before and used to directly calculate reaction rates in
the normal regime (i.e. without making the Wolynes theory approximation) where it was found to suffer
from quite large statistical errors /%%
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form will be discussed in detail for each of the model problems we shall consider
below. For each required €, we then solve ﬁF Gr(dsp) = € for Ay, and use AF, Gr(Asp)
and F7, (1) in Eq. to calculate kwr.

It is clear that this procedure will work when Ag, lies in the range 0 < Ay, < 3, for
two reasons. First, one can show, by expanding Eq. [2.104]in terms of the eigenvalues
and eigenstates of Hy and H,, that F Gr(A) < O forall 0 < A < B. This implies that
F’(A) is a monotonically decreasing function of A in this range and that the equation
BF((As) = € has a unique solution for Ag,. Secondly, the use of AFgr(Ayp) and Fig(Asp)
in Eq. is tantamount to interpolating the path-integral data to the saddle point when
0 < Ay < B, and interpolation is generally quite reliable.

It is less clear that the same procedure will work when A, < 0, as occurs in the Marcus
inverted regime. One reason to suspect that it might work is that the exact Fgr(A) for the
spin-boson model [see Eq. @below] satisfies F{p (1) < O for all A, and not just in the
strip 0 < A < . The solution of BF’(Ay,) = € is therefore unique for this model in both the
normal and inverted regimes. Another reason is that the physically-motivated functional
form for AF gg(2) for the second (asymmetric and anharmonic) model problem we shall
consider below also satisfies F Gr(A) < Oforall A <, and so again gives a unique saddle
point in both the normal and inverted regimes. But one cause for concern is that the use
of AF, 6r(Asp) and F Gr(4sp) In Eq. is tantamount to extrapolating the path-integral data
when Ay, < 0, and extrapolation is typically less reliable than interpolation.

This difference between the normal and inverted regimes is illustrated in Fig.[6.1] with
data from the spin-boson model we shall consider in Sec.[6.3.1] Again the reorganisation

energy A is defined as

A = ((Vi(go) - Vo(4o))), = BF i (0), (6.5)

from which it is clear that the transition to the inverted regime at € = A occurs when Ay, =
0. Defining the reorganisation energy of a general system in terms of the average energy
gap, it is clear that this result carries over more generally to systems other than the spin-
boson model. In the normal regime where € < A, the solution of SF(;(4s,) = € is in the

range between the dotted vertical lines in Fig. @ where the path-integral data {F (1))}
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Figure 6.1: Solutions of SF; (Asp) = €, for a spin-boson model. Systems in the normal regime,
€ < A, are solved by interpolation, while systems in the Marcus inverted regime € > A require the
fitted curve to be extrapolated. But it does not have to be extrapolated very far beyond the dotted
lines within which the path-integral data is available, even when € = 2A.

and {F(;(4;)} has been calculated and fitted to obtain the red curve. In the inverted regime
where € > A, the curve has to be extrapolated to find the solution of SF’(Ay,) = €. But
fortunately, for this problem, which has physically reasonable parameters as a model
for condensed phase electron transfer, the extrapolation does not extend very far beyond
the region where the path-integral data is available, even deep in the inverted regime at
€ = 2A. This suggests that, while extrapolation can in general be problematic, it is on
relatively safe ground in this case and can indeed be used in conjunction with Eq.[6.3]

to calculate Wolynes rate constants in the Marcus inverted regime.
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Figure 6.2: Comparison of the path-integral data for the spin-boson model with € = 0 and the
fit obtained to it using Eq.[6.10|with N = 3. The standard errors in the path-integral results are
smaller than the size of the dots.

6.3 Results and discussion
6.3.1 The spin-boson model

The first system we shall consider is the spin-boson model. Although very simple,
consisting of two sets of displaced harmonic oscillators with a constant coupling (A),
this model contains much of the important physics of condensed phase electron transfer

1094111

and is commonly used in the study of real physical problems. For clarity we

give the diabatic potentials again here

!
1
Vo(g) = D, zmwi(gy + &), (6.6)
v=1
and
L1
Vilg) = ) zmwi(gy = &), (6.7)
v=1
with the spectral density defined as
f 2
Vi c,
Jw) =3 Z:; @ =w) (6.8)

where ¢, = mw?,.
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Figure 6.3: A comparison of the exact 4Fgr(A) [calculated using Eq. and the result of fitting
the ansatz in Eq.[6.10]to path-integral data, for the spin-boson model. The solid black circle in
each panel shows the saddle point, which moves from Ay, = 0 for symmetric electron transfer
(e = 0) to Ay, = —B/2 for activationless electron transfer (€ = A) to A, < —B/2 in the Marcus
inverted regime (e > A).

Using the exact expression for 4Fgr(4) given in Eq. [3.49] it follows that in its

discretised form, 4Fggr(A) is given exactly by

L\ 2c,¢, (cosh (3Bhw,) = cosh (A - B/2)hw,)

AFGr(A) = (6.9)
VZ::‘ Bhw, sinh (%ﬁhwy)
This suggests an obvious ansatz for 4F (1) of the form
AFgr(A) = Ly ZN: “—2 (cosh (35;8) = cosh (b - B/2)). (6.10)
B b

i=1 Vi
in which {a;} and {b;} are real fitting parameters with @; > 0, and we include the possibility
of an intrinsic free energy difference between reactants and products AF = —AFgr(f).
Eq.[6.10]is clearly capable of giving an accurate fit to the path-integral data when N = f.

However, we expect that it will also give a good fit that can be extrapolated some way
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outside 0 < A < B for N < f. This is because the exact function contains information
about the behaviour of cgr(f) well away from the imaginary-time axis, which is not
important for the evaluation of Eq. [6.3]

Given the success of the spin-boson model in describing real physical systems,?*® we
expect that this ansatz will also work well for other “symmetric” problems, i.e. those
for which —BAFgr(1) + A€ is symmetric about 4 = /2 when € = —AF. Systems
which do not have this property will require an extension of the ansatz, and this is
discussed in Sec.

To test the method described in Sec. [6.2] we consider a spin-boson model with

Debye spectral density

J(w) A ww,
w)=— ,
2 W+ w?

(6.11)

with reorganisation energy A = 50 kcal/mol and characteristic frequency w, = 500 cm™!,

at 300 K. These parameters are similar to those used in several earlier studies and
they were chosen here because they give a significant quantum mechanical effect on
the rate constant: they lead to a rate constant for symmetric electron transfer (e = 0)
around two orders of magnitude larger than the Marcus theory prediction, which is at
the upper limit of earlier estimates of the quantum enhancement for the ferrous-ferric
SAUITT

system in aqueous solution.

The spectral density was discretised in the standard way, with*%/

Y — 1 T
wV:than( 2]3) , (6.12)
and
A
¢, = ”Z’—fwv, (6.13)
and
A1
N 14
& mf o (6.14)

forv = 1,..., f. (Note that since neither w, nor ¢,&, in Eq. [6.9 depends on m this
is a redundant parameter that does not need to be specified to define the problem.) It
was found that f = 12 degrees of freedom were sufficient to converge the exact rate

to graphical accuracy for all € considered.
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The parameters a; and b; were determined by simultaneously fitting {F, (4;)} and

{FRr(A)} to the ansatz in Eq. This was done by minimising the objective function
Tl For() = Fop@I | By [Fg() — Fgu(I
25 [Fop = Fer@l 25 [Fog = Fa()

where F{, = NL, Y FLp(A) and FYy = + 3, Ff, (4) with N, being the number of / values

1

L(a,b) =

(6.15)

at which the derivatives were calculated.

As this is a non-linear optimisation problem there may be many local minima. We
therefore used a global optimisation algorithm?2#22 on the domain defined by 0 < a; <
|FGr(B/2)] and 0 < b; < Tiwmax, With wpye = 22000 cm™!. The path-integral results were
calculated using path-integral molecular dynamics with the PILE thermostat**® at 65
equally spaced points in the interval 0 < A; < 8, with n = 256 path-integral beads. We
found that N = 3, corresponding to 6 free parameters, was sufficient to fit the results
to within their statistical error bars. Fig. [6.2] shows the first and second derivatives
of AFgr(A) along with the corresponding fit obtained for N = 3, for which f*a =
(1.4205%x107°,1.0787%x 10',9.6756x 10") and 8b = (3.4972x 10", 7.0368,9.5562x 1071).

As AFgr(A) 1s known analytically for this problem we can compare the exact curve
to the result of fitting to the path-integral data. Fig. shows AFgr(A) — €1/B (with the
parameters given above) and the exact AFgr(A) — €4/ for a variety of driving forces,
ranging from the normal regime to activationless electron transfer and on into the Marcus
inverted regime. The agreement is clearly excellent even for € = 2A, deep inside the
inverted regime. This justifies the assertion that the behaviour on the imaginary axis can
be captured by including only a small number of terms N < f in Eq. [6.10}

Having found the parameters in 4F g (1), we are now in a position to evaluate Eq.
for arbitrary e, as described in Sec.[6.2] Fig.[6.4|compares the exact rate constants to those
calculated using Eq. with 4Fgr(4) replaced by AFGr(Q). The exact rate constants
were obtained by numerically integrating the exact spin-boson rate in given in Eq.
For comparison the rate constants predicted by Marcus theory (Eq. [2.114), which is
exact in the classical (8 — 0) limit for this problem, are also included. Since all the rate
constants in Fig. are given relative to the classical rate at e = 0 we do not need to

specify the value of A. However, for the results to be accurate A must be small enough for
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Figure 6.4: Rate constants for the spin-boson model, relative to the Marcus theory result for € = 0.
The exact results were calculated using Eq.[2.217]and the Wolynes results were calculated using
Eq.[6.3| with the fitted 4Fgr(A).

the golden rule to apply. It is apparent that Wolynes theory gives excellent agreement with
the exact rate for all physically relevant values of €. Note that this is a situation in which
nuclear quantum effects are vitally important: the quantum mechanical rate is 7 orders of
magnitude larger than the classical rate at e = 2A. The success of the ansatz in Eq. [6.10]
for this problem is striking and suggests that the same approach is likely to work for a
wide variety of “symmetric” condensed phase electron transfer reactions. The extension

of the approach to more general (asymmetric and anharmonic) problems is discussed next.

6.3.2 An electronic pre-dissociation model

The second system we shall consider is a one-dimensional model of electronic pre-
dissociation that was introduced by Richardson and Thoss to illustrate the oscillatory

nature of non-adiabatic reactive flux correlation functions.?*Y Analogous to a condensed
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V(@)

Figure 6.5: The diabatic potential energy curves for the one-dimensional electronic pre-
dissociation model, along with the driving force € and reorganisation energy A.

phase problem, this system has a continuum of product states, and it provides a useful test
case because the exact non-adiabatic rate constant can again be calculated for comparison
(in this case using quantum scattering theory).

The diabatic potential energy curves of the model are
1 2 2
Vo(g) = Mg (6.16)

and

Vi(q) = De 479, 6.17)

in which we shall use the same parameters as Richardson and Thoss:** m = 1,w =1, D =
2,a=02,6=5,6=3,and 2 = 1. Note that for this problem the reorganisation energy
as defined (at € = 0) in Eq.[6.5]is temperature-dependent, because although V(g) is still
harmonic V;(q)—Vy(g) is no longer a linear function of g. When presenting our results as a
function of €/A we shall therefore simply define A as A = De**, as illustrated in Fig.

This model presents two obvious challenges which will require modifications of the
ansatz for AFgr(A) in Eq. Firstly the system is not symmetric and secondly, since
Vi(g) is unbounded, the product partition function is infinite and the imaginary-time

correlation function cgr(iAh) diverges at 4 = 5. Assuming a power law divergence,

cr(id) ~ AB— )7 as 1 > B (6.18)
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Figure 6.6: Comparison of the path-integral data for the electronic pre-dissociation model with
€ = 0 and the fit obtained to it using Eq. [6.20| with N = 3. The standard errors in the path-integral
results are smaller than the size of the dots.

for some positive constant 7, it follows from the definition of Fgg(A) that
For(d) ~ %ln(ﬁ “Dasd— B (6.19)

On the basis of these observations, we arrive at the following generalisation of

Eq. [6.10}

(cosh (bi [%ﬁ + c,-]) — cosh (bi[/l - % - c,-])) .
(6.20)

AR al
AFer(A) = dln(l _ E) _ EAF + Z

a;
2
=1 i

b?
Here again a; > 0, and in addition to the logarithmic term we have accounted for
asymmetry in 4Fgr(4) by adding the additional parameters c¢; which shift the origins
of the hyperbolic cosines.

The parameters were again determined by minimising the objective function
Zi[Fer() = Fa@F | 2 [Fg() — Fgg@I

L(a, b’ ¢, d) = '/ ’ 2 ' 12 2
2 Zj [FGR - FGR(/lj)] 2 Zj [FGR - FGR(/lj)]

6.21)

with the same non-linear optimisation algorithm 22422 The search was performed on the

domain defined by 0 < a; < [F(R(B/2)], 0 < bi < Mwpax (With Wpe = 10), =8 < ¢; < B,
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Figure 6.7: Rate constants for the electronic pre-dissociation model, relative to the classical
golden-rule rate at € = 0. The exact results were calculated using Eq. [6.22]and the Wolynes results
were calculated using Eq. [6.20] The code used for the exact rate calculations was written by
Prof. David E. Manolopoulos.

and 0 < d < 15/B. The path-integral results were calculated in the same way as for
the spin-boson model at 32 equally spaced points in the interval 0 < A; < 318/32, with
n = 256 path-integral beads. A, = 8 was not included because 4Fgr(8) is undefined.

We found that N = 3 in Eq. was again sufficient to fit the path-integral results
to within their statistical error bars. Fig. [6.6] shows the first and second derivatives of
AFGgr(A) along with the corresponding fit, for which g*a = (1.8281 x 10!, 3.4729 x
1072, 2.8976 x 10%), b = (8.4376 x 1073, 1.9063 x 10!, 4.6062), ¢/B = (7.4223 x
107!, —6.1285 x 1072, —8.9571 x 1072) and Bd = 1.3762.

The exact golden-rule rate for this problem was also calculated for comparison. This

was done by using a Lobatto shape function discrete variable representation®! (code
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written by Prof. David E. Manolopoulos) to calculate

2A? .

kQ, = 5 Z ePE Im (v| GT(E,) vy, (6.22)

and
0 =) e, (6.23)

where

Hyv) = E, vy, (6.24)

and
G(E,) = lim (E,+in—H, +¢) . (6.25)

For this problem the appropriate classical limit of the rate constant is given by the

classical golden rule, which here reduces to

2 e BYola)

A
ka.gr = — V2npmw?

h IVo(g®) = Vi(gH)I’

(6.26)

in which g* is defined by the equation Vy(¢*) = Vi(¢%) — €.

Fig. compares the exact, Wolynes and classical golden-rule rate constants for
this problem relative to k.gr(e = 0). Once again Wolynes theory gives excellent
agreement with the exact rate well into the Marcus inverted regime. The quantum
mechanical enhancement of the rate is not as pronounced as it was for the spin-boson
model considered in Sec. [6.3.1] but it is still almost an order of magnitude at € = 2A.
And this problem is more challenging in many other respects, including its asymmetry,
its anharmonicity, and the divergent behaviour of its free energy as 4 — . We therefore
regard the results in Fig. [6.7]to be just as encouraging for future applications of the theory
as those in Fig. [6.4]

6.4 Conclusions

In this chapter, we have established that an appropriate implementation of Wolynes
theory®” works equally well in both the normal and inverted electron transfer regimes.

The only difference between the two regimes is that, whereas the treatment of the normal
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regime involves the interpolation of imaginary-time path-integral data, the treatment of the
inverted regime involves its extrapolation. While extrapolation can often be problematic,
this is not the case in the present context, because one does not have to extrapolate very
far along the imaginary-time axis to reach the saddle point that determines the Wolynes
rate. This is certainly true for both of the model problems we have considered — a typical
spin-boson problem and a one-dimensional model of electronic pre-dissociation — and

we would expect it to be true more generally.
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Summary

In this chapter we present a simple method for the calculation of reaction rates in the
golden-rule limit, which accurately captures the effects of tunnelling and zero-point energy.
The method is based on a modification of the recently proposed golden-rule quantum
transition state theory (GR-QTST) of Thapa, Fang and Richardson. We show that whilst
GR-QTST is not size consistent, leading to the possibility of unbounded errors in the
rate, our modified method has no such issue and so can be reliably applied to condensed
phase systems. Both methods involve path-integral sampling in a constrained ensemble;
the two methods differ, however, in the choice of constraint functional. We demonstrate
numerically that our modified method is as accurate as GR-QTST for the one-dimensional
model considered by Thapa and coworkers. We then study a multi-dimensional spin-boson
model, for which our method accurately predicts the true quantum rate, while GR-QTST
breaks down with an increasing number of boson modes in the discretisation of the spectral
density. Our method is able to accurately predict reaction rates in the Marcus inverted

regime, without the need for the analytic continuation required by Wolynes theory.

7.1 Introduction

Despite its success there are several remaining issues with Wolynes theory. The first
is that, although it recovers Marcus theory in the high temperature limit for the spin-
boson model, it does not recover the correct (classical golden rule) expression for the
high-temperature rate of an anharmonic reaction”¥ The second issue, which we met
in the previous chapter, is that the path-integral representation of the Wolynes rate is
only valid when Ay, lies in the interval [0,5]. In the Marcus inverted regime, where
the driving force is larger than the reorganisation energy, it turns out that A, < 0, and
hence Wolynes theory cannot be directly applied to reactions in this regime. We have
shown, in the previous chapter, that it is possible to evaluate the Wolynes rate even when
Asp < 0, by analytically continuing along the imaginary-time axis. However, it would
clearly be desirable to have a method which avoided the need for this kind of numerical

analytic continuation. The third issue, which has recently been pointed out by Richardson
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and coworkers, is that for systems with multiple transition states, Wolynes theory can
significantly overestimate the rate 2223 This is again because the Wolynes rate must be
evaluated at id,,7i. For systems with only one transition state, evaluating the Wolynes
expression away from the correct value of Ay, leads to a significant overestimation of
the rate. Hence when applied to systems with two or more transition states, which when
treated separately would have different values of Ay,, Wolynes theory is forced to take
an intermediate value which overestimates the rate via both channels.?*

In the high temperature limit, one can simply use the classical golden-rule expression
for the rate. %142 This is independent of the imaginary time iA% at which it is evaluated,
and can therefore be used both in the inverted regime and for systems with multiple
transition states. One might hope that it would be possible to find a quantum generalisation
of the classical golden-rule expression that is applicable to lower temperatures and remains
independent of the imaginary time at which it is evaluated. Recently Thapa, Fang and
Richardson have suggested such a generalisation, which they call golden-rule quantum
transition state theory (GR-QTST).2#23 This is based on introducing an energy matching
constraint which is satisfied by the semiclassical instanton. Unlike Wolynes theory, GR-
QTST correctly captures the classical golden-rule rate in the high temperature limit for
all systems (with harmonic or anharmonic potentials). For a one dimensional system of
linear crossing potentials, it is also exact at all temperatures and is independent of the
imaginary time iA% at which it is evaluated. Thapa et al.*** demonstrated that for other
one dimensional problems the GR-QTST rate remains approximately independent of A,
which enables the calculation of rates in the Marcus inverted regime without the need for
analytic continuation (when Ay, < 0 the GR-QTST rate can be calculated using 4 = 0.)

Despite these attractive features, GR-QTST has a major drawback which limits its
applicability to multidimensional problems: it is not size consistent. The multidimensional
generalisation of GR-QTST is affected by adding additional degrees of freedom, even
when they are not coupled to the degrees of freedom that participate in the reaction.
For a small but finite number of uncoupled degrees of freedom this makes the method
more sensitive to the value of A at which the rate is evaluated, which poses problems

when A = 0 is used to calculate rates in the Marcus inverted regime. However, for
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a realistic condensed phase system, the problem is more severe: the calculation can
become dominated by the physically unimportant degrees of freedom, leading to an
unbounded error in the rate. This means for example that the results do not converge
for a spin-boson model as one increases the number of bath modes in the discretisation
of the spectral density, as we shall show below.

In this chapter we suggest a modified method which fixes the size consistency problem.
Unlike GR-QTST our expression for the rate only involves the diabatic energy gap and
projections onto its gradient. This means that adding uncoupled modes does not affect
our approximation to the rate. The modified method retains the desirable features of
GR-QTST, being exact in the high temperature limit and in one dimension for two linear
crossing potentials. For want of a better name we will therefore refer to the method as
the “Linear Golden-Rule” (LGR) approximation. We shall show that this method gives
rates that are approximately independent of A, and hence that it is able to calculate rates
deep in the inverted regime (without any analytic continuation). Although LGR is very
similar to GR-QTST, we do not base our constraint on an energy matching condition.
As such the two methods are not equivalent even in one dimension, except in the high
temperature and linear crossing cases. This means that the LGR approximation does not
have the same connection to the semiclassical instanton /%2296 356 GR-QTST, and so
it may become less accurate at very low temperatures. This does not however appear
to be the case for the problems studied here, which we believe to be representative of
typical chemically relevant regimes.

Sec.[7.2]summarises existing theory. Sec.[7.3|introduces the GR-QTST approximation,
and elaborates on its size inconsistency. Sec.|/.4|introduces the LGR approximation, and
explains how it solves the size consistency problem. Sec.[7.5]discusses the numerical
implementation of the LGR. Sec. presents example applications to two model
problems for which exact results are available for comparison: a one dimensional
model of electronic pre-dissociation and a multidimensional spin-boson model. Sec.[7.7]

concludes the chapter.
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7.2 Background theory

7.2.1 Exact theory

In order to understand the approximate theories we shall discuss below it is helpful
to consider the exact golden-rule rate in terms of the distribution p,(E). As such we
recap this form of the exact golden-rule rate, and for simplicity we continue to focus on
systems for which A(g) = A is a constant, briefly discussing the generalisation beyond
this in Appendix As was shown in Sec. [2.2.3] the exact golden-rule rate can be
written in the form,

2

2nA
kor(€) = = p,(€)e Pranric (7.1)

O/h

where p,(E) is a probability distribution given by the Fourier transform

1 © 9 ,
p/l(E) — % f <e—lH0t/he+lH1 t/h>/1€_lEt/hdl', (72)
with
~iftgefh ridtan A0 73
(e ) = Cor 7

and the Boltzmann factor can be written in terms of a path-integral as
e #1x) —  Dg(rye> (7.4

Importantly we stress that the exact rate is independent of the shift in imaginary time iA%.
This is an important property of the exact rate and as we shall see later it is a desirable
property for any approximate theory. Note also that knowledge of the distribution, p,(E)

in Eq. calculated with € = 0, allows one to calculate the rate at any other driving force.

7.2.2 Wolynes theory

The Wolynes theory approximation to the non-adiabatic rate constant is normally thought
of as a steepest descent approximation to the integral of cgr(? + iA%) in Eq.[2.89] This

gives®
S 2r
th _ﬁF”(/lsp)

kwr e Pt e, (7.5)
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in which Ay, is given by the saddle point condition
BF' () = €. (7.6)

We note here that Wolynes theory can equivalently be thought of as a Gaussian
approximation to the distribution p,(E) in Eq. [7.2]that is constructed so as to reproduce

the Oth, 1st and 2nd moments of the exact distribution:

1 (E - p11.0)?
pwia(E) = exp (—ﬁ) : (7.7)
277#2,A 2142,1

pia= [ Epu(E)AE = B (1.8)

(9]

where

and

po = f (E? - 122 Jpu(E) dE = —BF"(A). (7.9)

(9]

Viewed from this perspective we see that the saddle point condition is equivalent to
choosing the distribution which is peaked at the driving force, €, which (provided that
the exact distribution is also singly peaked) is likely to be where the approximation
1S most accurate.

Although Wolynes theory is very accurate for many systems, including the spin-boson
model, recent work by Richardson and co-workers has demonstrated that it can breakdown
for systems with multiple transition states.*** This can be understood by considering a
reaction which can be separated into two distinct reaction pathways a and b, such that

the rate can be written in terms of a contribution from each as,

kgr(€) = kycr(€) + kp gr(€). (7.10)

For such a system it follows that the distribution can be written as,

PAE) = paa(E) + ppa(E), (7.11)

and hence approximating p,(E) as a single Gaussian may become very inaccurate, leading
to significant overestimation of the rate. An important corollary of this is that the
correlation function at Ay, is also poorly approximated by a Gaussian. Since Wolynes
theory is exact at short time, this means that the exact correlation function, cgr(f + idsh),
typically exhibits significant oscillatory behaviour leading to a large reduction in the

rate compared to using the short time approximation.



7. Breakdown of Wolynes theory - Alternative path-integral methods 159

7.2.3 High temperature limit

As discussed in Sec. 2.2.3] in the high-temperature limit the exact rate tends to the

well-known classical golden-rule rate!#%142
2mA?
ke.gr(€) = on (S(V_(g) + €)) e PFerarirte, (7.12)
with
1 .
—BFacr(A) — f f o4 ,—B—DHo(p,q)-AH(p,q)
e - (2ﬂh)ffd pfd ge , (7.13)

and where p(E) = (6(V_(q) + E)),,, is the classical limit of the distribution, p,(E),
which is the probability density for the system to be found with V_(gq) + € = 0. As itis just
the high temperature limit of the exact rate, it is clear that the classical golden-rule rate is
also entirely independent of the A at which it is evaluated, (although Eq.[7.13]may not be
convergent for A outside the interval [0, 5]). This is in stark contrast to the Wolynes rate,
which not only fails to give the correct result in the high-temperature limit but must still
be evaluated at A, in this limit. This also means that classically there is no issue with the
evaluation of rates in the inverted regime, where one can simply set 1 = 0 in Eq. [7.12] It
would clearly be desirable to find a path-integral generalisation of this equation that was

capable of accurately capturing the effects of tunnelling and zero-point energy on the rate.

7.3 GR-QTST
7.3.1 Formulation

Recently Thapa, Fang and Richardson have attempted to do precisely this. They have
proposed a new method (GR-QTST) for calculating golden-rule rates, which like Wolynes
theory involves path-integral sampling.?#23> They argued that the rate could be approxi-
mated by introducing an energy constraint into Eq. which would be exactly satisfied
by the semiclassical instanton X122 Following this logic, for a system with no external

bias € = 0, they suggested the following approximation to the rate*>

2aA% ) (2
kgr-qrst(A) = < (

oo géz(f’[q(r)])>Ae—ﬁ1”6f<<ﬂ>, (7.14)
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where the constraint functional is given by
&Vq(] = T g1 + VP[q(0)]. (7.15)

Here the first term corresponds to the difference of the virial estimator for the kinetic

energy, 2% averaged around each segment of the ring-polymer
TOlg@)] = 73 lg(0)] - T [q()] (7.16)
with
M VVo(q(n)) - (q(1) — s(g"))
(D _ 0
T, [q(D)] = fM 2B h dr (7.17a)
" VVi(g(1) - (g(1) — s(qh))
(D _ 1
7, "[q(1)] = fo > dr (7.17b)
and
S(q+) — q+ _ V—(q+)VV—(q+) (718)

IVV_(g")P
with ¢* = 1(g(0) + g(Ah)). The second term in Eq. corresponds to the difference

between the potential energies averaged around the two segments
V@] = Vi la@] -V [g(@)] (7.19)

where

" Vo(gq(r))

() —
Vi lam] = G- o (7.20a)
AR
VD[g(1)] = f —Vl(g;))dr. (7.20b)
0

Comparison with Eq. allows us to identify the approximation that GR-QTST
is making to p,(E) as
2. W
Pcr-QrsTA(E) = {6 38_ [g(D)]+ EG7[q(7)] (7.21)
bl

where

2 Gg()]-6"1g(0)]
() _ = 0 1
G7lq(1)] = 3 + 3

(7.22)
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with

7 VVog(@) - VV_(q")
) - L

o W= | NV R

" VVi(q(1) - VV_(q*)
(1) _ 1
G"1g(0)] = fo F AT (7.23b)

(7.23a)

One can show from these expressions that, unlike Wolynes theory, GR-QTST does not
in general give the exact 1st, 2nd or even Oth moments of p,(E).

As with Wolynes theory, GR-QTST is expected to be most accurate when p,(0) is
near the peak of the distribution and so ideally kgr-qgrst(4) should be evaluated at A = A,
However, when Ay, is outside the interval [0, 5], such that evaluation at A, is not possible,
Thapa et al. suggest evaluating the rate at the end point closest to Ag,.**>

In low dimensions Thapa et al. found their method gave very good agreement with
exact quantum mechanical golden-rule rates, and that since kgr-qrst(4) 1s approximately
independent of A it gives accurate predictions of rates in the Marcus inverted regime and
for systems with multiple transition states.2>233 Unfortunately, however, their method is
not size consistent. Although this size inconsistency has been discussed previously by

L ’232,233

Fang et a its origins and implications have not yet been fully explored.

7.3.2 Size inconsistency

To explain the lack of size consistency in GR-QTST, we shall consider a system for which
the coordinates can be separated into two uncoupled sets g, and g,,, and for which only
q, are coupled to the diabatic states. We note that this is not a physically unreasonable
model as in a real atomistic simulation there may be many degrees of freedom which are
essentially uncoupled from the non-adiabatic reaction of interest. The diabatic potentials

for such a system can be written as

Vo(q) = Uoulq,) + Up(q,) (7.24a)

Vi(@) = Uiu(q,) + Up(q,), (7.24b)
with corresponding diabatic Hamiltonians

Hy=Hy,+H, (7.25a)

H =H ,+H,. (7.25b)
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It is clear physically that the rate of transfer from state |0) to state |1) is completely
independent of the “b” degrees of freedom. This can be confirmed by considering

Eq. and noting that since [H;,, H,] = 0
Ca=o(t) = tr, [e_ﬁﬂoe_iﬁ()’/he*'igl t/h]

NN i R (7.26)
= [ ¢ BHoap=iHoat/h e+zH1,uz/h] Ty [ e—ﬁH;,]

such that the “b” dependent terms cancel exactly with those in the reactant partition func-
tion

O, = tryn [ |t |, (7.27)

where tr,,[...] denotes a trace just over the a degrees of freedom and tr,,[...] just
the b degrees of freedom.
The GR-QTST expression for the rate, however, does not have this property. To
see this we first define the probability distribution
pa() = (o(36 g0 - E)) (7.28)
which is equivalent to the pre-exponential term in kgr-grst(4), for € = 0, when evaluated
at £ = 0. (Note that, this is not quite the same as pgr-grsT(—E) in Eq. . Noting that
the constraint functional can be separated into two parts, each of which only depends

on one of the two uncoupled sets of degrees of freedom, we can write
&V q()] = EX)1g,(0] + EY g, (). (7.29)

It then follows straightforwardly that

pu(E) = f pad(E — ENpya(E')dE', (7.30)
where
2
Pan(E) = <6(§8£%L[qa(f)] - E))ﬂ (7.31)

with @ = aorb.
If it were true that ) [g,(7)] = 0, then pj, 1(E) would simply be §(E), and GR-QTST
would correctly predict that the spectator degrees of freedom did not affect the rate.

However, this is not in general the case as the instantaneous quantum fluctuations in the



7. Breakdown of Wolynes theory - Alternative path-integral methods 163

virial energy estimators for these degrees of freedom averaged around the two segments
of the ring polymer do not perfectly cancel. It follows that p, ,(E) is a distribution with
non-zero standard deviation. Hence, when it is convoluted with p,,(E), the resulting
distribution will not in general satisfy p,(0) = p,.(0). This problem becomes worse
with increasing system size, as the variance of the distribution p, ,(E) grows linearly
with the number of uncoupled degrees of freedom. While the fluctuations may be small
when there are only a few uncoupled degrees of freedom, they will clearly eventually
come to dominate the rate. Although Richardson and coworkers have discussed the size
inconsistency of GR-QTST previously,2>2233 the analysis presented here clarifies under
what circumstances the GR-QTST rate will break down. In particular we can see that
the rate will be significantly affected when the variance due to fluctuations in degrees
of freedom uncoupled to the reaction becomes comparable to the variance of the exact
distribution. As the variance of the exact distribution is on the order of A/S, where A is
the Marcus reorganisation energy, it is simple to assess whether uncoupled degrees of
freedom are likely to dominate the rate. The size inconsistency will be most pronounced
in the tails of the distribution, and for singly peaked p,(E) the error is thus expected to

be smallest when the GR-QTST rate is evaluated at /lsp

We shall show in the following chapter that, for a realistic atomistic simulation of
aqueous ferrous-ferric electron transfer, the solvent degrees of freedom that are uncoupled
from the reaction do indeed dominate the GR-QTST approximation to p,(E), leading to a
spurious prediction of the rate. Unfortunately, even in relatively small systems, where
all degrees of freedom are significantly coupled to the diabatic electronic states, the lack
of size consistency in GR-QTST can lead to large errors in the predicted rates, as we

shall illustrate for a spin-boson model in Sec.

“Whilst we have only here considered the case of € = 0, the same argument can of course be made for
any other value of the driving force.



7. Breakdown of Wolynes theory - Alternative path-integral methods 164

7.4 An improved method

7.4.1 Linear crossing potentials

GR-QTST does have some desirable features which would make it quite attractive if it
were not for its size inconsistency. We believe the most important of these is that, for

a one-dimensional system of linear crossing potentials,

Vo(q) = ko(q — ¢*) + V* (7.32a)

Vi(@) = ki(g — ¢") + V7, (7.32b)

the method gives the exact quantum mechanical rate constant™®>

k = A ——— BV S Vet S , 7.33
RO =\ B ko — 1l e"p(24m<xo Y (7:33)

independent of the choice of A. In order to show this, Thapa et al.**> demonstrated that

for this system the exact rate can be written in terms of an imaginary-time path integral as

2
} zhﬂg 95 Dy(r) "MV (o)) (734)
where
VO] = VP[] - VV[g()] (7.35)
with

P ko(q(t) — )

V'la®l =Vo@ + | = (7.362)
Ah ~

Vi lg(0)] = Vi(@) + f Wdﬁ (7.36b)
0

for any choice of §. Instead of merely being a step on the way to showing that GR-QTST
1s exact in the linear case, we believe that this result is instead fundamental to the success

of the method for more general one-dimensional problems.
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7.4.2 Linear golden-rule approximation

Following this perspective, let us now suggest a modified method which directly gener-
alises Eqs. [7.34] to [7.36] for multidimensional and non-linear potentials. The most obvious
generalisation of Egs. and would be to simply use the difference between
diabatic potential energies averaged around each segment of the imaginary-time path,

7 Vo(g(r)) " Vig@)
@) _ 0 B
VPg(0)] = L N fo . (7.37)

However, for the reasons we have already discussed, this is not size consistent. For a

two dimensional system described by the diabats

Vi(q@) = Uia(qa) + Us(qp) (7.38a)

Uia(qa) = k(g — q) + V7, (7.38b)

it is clear that the multidimensional generalisation of Egs. and that avoids the

size consistency problem would need to be equivalent to

UL [qu(1)] =

Sh Ah
Youga(®) , f Y1a4a@) (7.39)
0

w B=Dh Ah ’

rather than Eq.[7.37] This suggests that we would ideally like to “project out” degrees of

freedom uncoupled to V_(q). In this simple example this can clearly be achieved by letting

P Vo(r, ) Vi1, 7)
o) _ 0 B I
UV [g(1)] = L N ~dr fo o (7.40)
where
Vi(1, ') = Vi(qu(1), (7)), (7.41)

i.e. by fixing degrees of freedom orthogonal to the diabatic energy gap coordinate at
some specified imaginary time i7’.
In order to generalise this to more complex multidimensional systems we first define

the local diabatic energy gap coordinate as

xe(7) = Vo(q(™) + VV_(q(T) - (q(7) — (7)), (7.42)
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and then consider changes in the diabatic potentials as a function of x,-(7) whilst keeping

orthogonal degrees of freedom fixed at 7/,

%
axr’ T

Vi(r,7') = Vi(q(1)) + (xp (1) = x (7)) + ... (7.43)

In order to obtain a practical expression for the constraint functional we assume that along
the imaginary-time path the diabatic potential can be treated as a harmonic function

of x., such that

aV; oV;
(92Vi % T B Oxp v
~ Tk i 7.44
(9xf, T X (T) - Xy (T,) ( )
and
aV; aV;
Oxp It * Oxp v
Vi(r,7') = Vi(q(1)) + — —(x (1) — x(7)). (7.45)

2

This can then be rewritten explicitly in terms of the original coordinates by noting that

xo(7) = x0(7') = VV_(q(7)) - (q(7) — q(7')) (7.46)
and
oV, VVi(q(1)) - VV_(q(7'))
= 7.47
oxcl T T NV (747
which having defined the projected diabatic gradients
_ VVi(q(7)) - VV_(q(7)) ,
Kir(T) = YV (a))P VV_(q(7") (7.48)
allows us to rewrite Eq. [7.45]in the form
Vite.7) = Vi + S0 T gy gy, (7.49)

2

It is clear that in general this approach depends on the value of 7 about which the
expansion is taken. We suggest averaging 7’ over the two hopping times, A% and 7,
which we have found generally gives the most accurate results. Our approximation to

the rate, in the case of € = 0, can then be written as

2
%Q(V@[q(r)} + KPLg()])) e Prer, (7.50)

kLGR(/l) = 7 Q
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in which the argument of the delta function consists of two terms. The first of these is

simply the diabatic energy gap averaged over the two bridging beads,

and the second is a gradient-based correction of the form
K0 = K lg®)] - K [g(™)] (7.52)
where W W
K K.
Kq(r)] = (90 ; 9] (7.53)
with
ﬁh 7% 4 ’
) _ Ko(r,7') - (q(7) — q(7")) 4
Ko lg(1)] —Lh G- h dr (7.54a)
Ah — N . _ ’
7(1(/1)/[q(7_)] :f Ki (T’ T ) (q(T) Q(T )) dr (754b)
& 0 /lh
and
Rz, 7) = S KelT) (7.55)

2
Since this method is based directly on the exact result in the linear case and only
involves the gradients of the diabatic potentials we call it the linear golden-rule (LGR)
approximation. In view of the assumption we have made we expect it will be most
accurate when the gradients of the diabatic potentials do not change dramatically around
the imaginary-time path. The LGR approximation does not have the same connection to

the semiclassical instanton that Thapa et al.?*?

chose to prioritise in their definition
of GR-QTST, and hence is likely to be less accurate for low dimensional systems
at low temperatures. It is however clear by construction that it retains the property
of being exact for a one dimensional system of two linear crossing potentials, as
well as reducing to Eq. in the high temperature limit (where |g(7) — q(7')] — O
and 7_(9)[q(7')] — 0). In addition to this we note that, unlike GR-QTST, the LGR

approximation to the distribution p,(E),

prera(E) = (5(V ()] + K [g(0)] + E)), (7.56)
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correctly integrates to one, and hence is a true distribution.

Except in the linear case and the high temperature limit, k; gr (1) will not be completely
independent of A. Hence, just as with Wolynes theory and GR-QTST, we expect that
ki gr(A) will be most accurate when evaluated at the saddle point Ay,. As with GR-QTST,
we thus suggest that the LGR rate is evaluated at A, or at the closest end point when
Asp falls outside the range [0, 5].

We note that the first of the two terms appearing in the delta function in Eq. [7.56]is

precisely the same as arrises from making the static approximation,®’

e—iﬁoz/zhe+iﬁlt/2h ~ e—iV_t/Zh (7.57)
symmetrically in Eq. 2.90] to give
CGR(t + l/U"—l) ~ tr, [e—(ﬂ—/l)Hoe—iV_l/Zhe—/lH] e—iV_t/Zh]eE(/l—iI/h). (758)

Although it is exact at high temperature, the static approximation is generally only valid

at short time. Hence at low temperatures the static approximation to the distribution,

ps(E) = (6(VP[q(0)] + E)),, (7.59)

is typically not accurate in the tails of the distribution. The second term in the argument
of the delta function in Eq. 7_(9)[q(7)], acts to correct the static approximation to the
tails of the distribution, and makes the rate approximately independent of 1. The LGR
approximation therefore combines the exact quantum statistics of the system with a local

linear approximation to predict how tunnelling and zero-point energy will affect the rate.

7.4.3 Size consistency

The main theoretical improvement of the LGR approximation over GR-QTST is that
it is not affected by adding uncoupled modes to the system. To highlight this we shall

again consider a system with diabatic potentials

Vo(q) = Uoa(q,) + Us(qy) (7.60a)

Vi(@) = Uiu(q,) + Up(q,), (7.60b)
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in which the “b” degrees of freedom are not coupled (directly or indirectly) to the diabatic
state and hence should have no effect on the rate. Since the diabatic energy gap is

then (by definition) independent of ¢,

V() = Uoa(q.) — U1a(q.), (7.61)

it follows straightforwardly that so too is its average around the imaginary-time path,
V_[g(1)] = V_[qa(T)]. For the correction term we note that since the derivative of the

energy gap is independent of g, it follows simply that both

VVi(g(1) - VV_(q(T) = VUi a(q,(7)) - VV_(g,(T)), (7.62)

and

VV_(q(™) - (q(1) = q(1")) = VV_(q,(1") - (4,(7) — q,(T")), (7.63)

and hence that the correction term, ‘Kfﬁ)[q(T)] = 7(9)[%(7)], is also independent of
the uncoupled modes. (Note that the gradient operator in Egs. and isV =
(0/0q,,0/0q,), and that cross terms between the “a” and “b” coordinates do not contribute
to the dot products.) Hence, our method does not suffer the same size consistency
issue as GR-QTST. This key difference arrises because of the projection of VV; onto
VV_, which ensures that degrees of freedom which are not coupled to V_(q) do not

enter the constraint functional.

7.5 Numerical implementation

There are clearly two components to evaluating k gr(A), the first of which is the evaluation
of the Boltzmann factor, e #*®*@/Q,. This is common to all of the methods we have
discussed: Wolynes Theory, GR-QTST and LGR. Since

e PFar()

O

Z ’ ’ ’
= ¢ PIFRW-FrON — =B [ )l (7.64)

and since —BF (1)) is given by the simple path-integral expectation value in Eq. [2.188]
this factor is straightforward to calculate by evaluating —SF"(4;) on a grid of points

and doing a numerical integration.
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The second component in ki gr(4) is the probability density, pr.a(€). Since p, (E)
tends to be peaked around E = ¢, this can be evaluated at the same time as —SF’(4;) by
histogramming the the n bead discretisation of V_[g(7)] + Wfﬁ)[q(r)] to give pror, (E).
Hence in the normal regime one needs to do no additional calculations beyond those
required by Wolynes theory.®® However, in the inverted regime, for reactions which
are sufficiently activated, direct evaluation of prgr_4,=0(€) 1n this way will be insufficient.
Instead one will need to use an enhanced sampling technique to sample configurations
around the crossing seam V(gq) = V,(q) — €. This added complexity is mitigated by the
fact that there is no need in this case to do any simulations for values of A; > 0, and the
fact that one immediately knows the Boltzmann factor e #7*©®/Q. = 1. Hence, for a
similar activation energy, the inverted regime does not introduce any greater simulation

effort than that required in the normal regime.

7.6 Results and discussion

In order to test the LGR approximation we have considered two different model problems
for which exact results are available for comparison. The first of these is the one
dimensional electronic pre-dissociation model considered by Thapa et al. in their
first paper introducing GR-QTST,*** and which we also considered in the previous
chapter. The second is a multidimensional discretisation of a spin-boson model with
an exponentially damped Ohmic spectral density, with parameters chosen to provide a

demanding test case exhibiting significant nuclear quantum effects.

7.6.1 One-dimensional pre-dissociation model

The first model we consider is the pre-dissociation model originally introduced by
Richardson and Thoss to demonstrate the oscillatory nature of flux-flux correlation
functions.>*" This model was also considered by Thapa et al** in their paper introducing
GR-QTST, and for ease of comparison with their results we consider the same parameter

regimes as they did in their paper.
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For this system the diabatic potentials take the form
L,
Volq) = Sw'q (7.65)

and

Vi(g) = D179, (7.66)

The model parameters are m = 1, w = 1, D = 2, @« = 0.2, and € = 5, in units where
h = 1, and the calculations are performed over a range of values of S and €. We again
define the reorganisation energy for this problem as A = De*?.

In order to highlight the relative importance of nuclear quantum effects in different
regimes, we shall compare our results with the classical rate in Eq. For this simple

one dimensional model this can be expressed as'’

2 e BVl

A
kagr = — V2 2 —,
o = Ty VAR

(7.67)

where ¢* satisfies the equation Vy(g%) = V1(¢*) — €. The exact quantum mechanical rate

2N A .
kow = =357 ¢ "M GIGHEN ), (7.68)
"
with
0 =) e (7.69)
J
where
Holj) = E; 1)) (7.70)
and
GI(E)) = lim (E; + i~ Hy + e, (7.71)
n—07

was calculated using a Lobatto shape function discrete variable representation, using
code written by Prof. David E. Manolopoulos.**!

Figure compares the rate as a function of the driving force for this model at a
fixed temperature, with all rates plotted relative to the classical rate at zero driving force.
We do not include the GR-QTST results in Fig. [7.1] as they are the same as the LGR
rates to graphical accuracy. The LGR rates are also almost graphically indistinguishable

from the exact rates for this problem, both in the normal regime and all the way out to
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Figure 7.1: Rate constants for the electronic pre-dissociation model at 8 = 3, relative to the
classical result at € = 0 . The exact results were calculated using Eq.[7.68|and the LGR results as
described in Sec. using 256 ring-polymer beads. Exact results were calculated using code
written by Prof. David E. Manolopoulos.

€ = 2A in the inverted regime. The accuracy of the method in the inverted regime is
particularly pleasing given the simplicity with which the LGR calculation is performed,
in particular when compared with the approach of the previous chapter, which requires
numerical analytic continuation to obtain the Wolynes theory rate in the inverted regime.
Comparison with the classical rate shows that at this temperature nuclear quantum effects
only have a moderate effect on the rate, with the largest difference, occurring at € = 2A,
corresponding to less than an order of magnitude speed up relative to the classical rate.

Figure shows how the rate constants vary as a function of temperature at zero
driving force, € = 0. We see clearly the break down of Wolynes theory at high
temperature, as is highlighted in the inset of the figure. GR-QTST and LGR do not suffer

from this problem, and instead correctly recover the exact rate in the high temperature
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Figure 7.2: Rate constants as a function of inverse temperature for the pre-dissociation model,
with € = 0. The exact results were calculated using Eq. The results for Wolynes Theory
and LGR were calculated using 512 beads at the lowest temperature. The inset shows the break
down of Wolynes theory at high temperature. The GR-QTST results are not included as they are
essentially indistinguishable from the LGR rates on this plot. They can be found in Ref. 232,
Exact rates were calculated using code written by Prof. David E. Manolopoulos

limit. At lower temperatures we see that both LGR and Wolynes theory are graphically
indistinguishable from the exact rate (which is hidden under the LGR and Wolynes curves
in the figure). We find that the LGR rates are very accurate for this problem, with an
error of less than 5% for all values of S considered. This is particularly impressive
considering that at the lowest temperature there are 3 orders of magnitude difference
between the classical and quantum rates. The LGR rate is in fact slightly more accurate

at this temperature than the GR-QTST rate, which has an error of about 8% at 8 = 6.2
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7.6.2 Multi-dimensional spin-boson model

The second system we shall consider is a multi-dimensional spin-boson model,

s
1
Volg) = VZ:; Emwiqf + ¢y (7.72a)
f
Vi = Y 2mwie’ - 2b
1(q) = MWy = Cvdy, (7.72b)

—_

in which the bosonic bath modes are described by an exponentially damped Ohmic

spectral density

J(w) = A:‘” el (7.73)

c

with a reorganisation energy of A = 50 kcal mol™' and a cutoff frequency of Sfiw, = 8 at
300 K.

This model was chosen to be strongly quantum mechanical, so as to provide a
stringent test of the accuracy of GR-QTST and LGR. The exact quantum mechanical
golden-rule rate can be calculated for comparison by numerical integration of the exact
expression for cgr(?) given by Eq. [2.217] and the classical limit of the rate is given
by Marcus theory (Eq. [2.224) H6-

In order to calculate the exact, GR-QTST, and LGR rates for this problem we use
a discretised form of the spectral density with f modes, which in the limit as f — oo

becomes equivalent to the continuous form:

2

f
J(w) = g > Y Sw - w,). (7.74)
y=1

mow,

The discretisation we employ is defined by

w, = —w:In(x,), (7.75)
and
A
¢, = wy | 2WV, (7.76)

where w, and x, are the weights and nodes of an f-point Gauss-Legendre quadrature

on the interval [0, 1]. Discretising using Gauss-Legendre quadrature rather than the
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Figure 7.3: Exact, LGR and Marcus theory reaction rate constants as a function of the driving
force for a multi-dimensional spin-boson model. All three rate constants are plotted relative to the
classical (Marcus theory) rate at zero driving force (e = 0). The LGR rates were computed using
256 path-integral beads and the exact rate was calculated by numerical integration of Eq.[2.217]
Both the exact and LGR rates are converged to graphical accuracy with f = 16 bath modes.

more commonly used midpoint rule**” leads to more rapid convergence of the exact
golden-rule rate with respect to the number of bath modes. Since GR-QTST is not size
consistent the GR-QTST rates do not converge with increasing f, and by using a rapidly
convergent discretisation we will be able to more clearly illustrate the breakdown of
GR-QTST with increasing system size.

Figure shows the exact, LGR and classical (Marcus theory) rates as a function
of driving force for this model, relative to the classical rate at zero driving force. We
find that both the exact rates and the LGR rates are essentially converged to graphical
accuracy using f = 8 bath modes, and that they are very well converged with the f = 16

modes that we use in this figure. Comparison of the classical rate and the exact quantum
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mechanical rate highlights the importance of nuclear quantum effects. We see that the
exact rate is well over 3 orders of magnitude larger than the classical rate at € = 0, and 7
orders of magnitude larger at e = 2A. While the logarithm of the classical rate exhibits
the famous parabolic dependence on the driving force, the exact rate is not symmetric
about € = A. This asymmetry of the quantum rate as a function of driving force is well
known, and occurs due to the increased efficiency of tunnelling in the Marcus inverted
regime. We also note that the large decrease in the quantum compared to the classical
rate near the activationless reaction, € = A, is an indication of the importance of high
frequency modes in this system. It can be attributed to zero-point energy broadening
the quantum distribution relative to the classical distribution at the same temperature,
resulting in a reduced probability of the system being found at the diabatic crossing point.
We see that LGR reproduces the main qualitative features of the exact rate as a
function of driving force. The largest errors exhibited by LGR are at € = 0, where it is
just over a factor of 2 smaller than the exact rate, and at € = 2A where it is just under
a factor of 2 larger than the exact rate. Considering the large difference between the
classical and quantum rates for these systems, we feel that these are not unreasonable
errors. Encouragingly LGR is also most accurate for values of € where the difference
between the quantum and classical rates is smallest, showing an error of less than 10%
at € = A. The accuracy of LGR for this system even in the inverted regime, where
Asp < 0 and the rate must be evaluated at A = 0, is perhaps the most encouraging feature
of Fig. Especially since this calculation avoids the numerical analytic continuation
needed to apply Wolynes theory to the inverted regime. We would conclude from Fig.
that the LGR provides an accurate approximation to quantum mechanical golden-rule
rates for condensed phase systems in both the normal and inverted regimes.
Figure[/.4|shows the GR-QTST results for discretisations with f = 8, 16 and 32 bath
modes, illustrating the failure of this method to converge with increasing system size.
While GR-QTST provides reasonably accurate results for the 8 mode discretisation, as we
move to 16 and 32 mode discretisations the error in the GR-QTST rate grows significantly.
This is in stark contrast to both the exact and LGR rates which show no significant change

with increasing system size. We see that the size consistency error is most pronounced
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Figure 7.4: Comparison of GR-QTST reaction rate constants as a function of the driving force
for the spin-boson model with an increasing number of bath modes, relative to the classical
(Marcus theory) rate at zero driving force (€ = 0). The GR-QTST rates were computed using 256
path-integral beads and the exact rate was calculated by numerical integration of Eq.[2.217] This
plot illustrates that GR-QTST does not converge as the size of the system increases, due to the
lack of size consistency discussed in Sec.[7.3.2]

in the inverted regime, where the GR-QTST rate is out by as much as a factor of 3 for
f = 16 and by almost an order of magnitude for f = 32. Although the error in the normal
regime is not as pronounced, it is important to stress that since the GR-QTST rates do not
converge as f — oo it is possible to obtain an arbitrarily large error by going to sufficiently
large f. We shall demonstrate in the following chapter that, for more realistic atomistic
models of condensed phase electron transfer with thousands of degrees of freedom rather

than only 32, the error even in the normal regime can become very significant indeed.
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7.7 Conclusion and future work

In this chapter, we have proposed an alternative to Wolynes theory for calculating non-
adiabatic reaction rates in the golden-rule limit. This alternative, which we have called
the “Linear Golden-Rule” approximation, improves on the recent “Golden-Rule Quantum
Transition State Theory” approximation of Richardson and coworkers by eliminating its
size consistency issues. Like GR-QTST, but unlike Wolynes theory, the method we have
proposed recovers the correct classical golden-rule result in the high-temperature limit,
and it is exact at all temperatures for the special case of two linearly crossing potentials
in one dimension. Its advantage over GR-QTST is that it is size consistent, and can
therefore be used without issue in large-scale simulations of condensed phase reactions:
the uncoupled “spectator” modes that are not involved in the reaction do not contribute to
the calculated reaction rate. Its advantages over Wolynes theory are threefold: it is exact
in the high-temperature limit, it can be applied to reactions with more than one transition
state, and it can be used to calculate electron transfer rates in the Marcus inverted regime
without the need for any numerical analytic continuation.

In the previous section we have demonstrated the accuracy of LGR for both a one
dimensional anharmonic pre-dissociation model and a multidimensional spin-boson
model. The approximate independence of the LGR approximation to the rate on A allows
for direct evaluation of reaction rates in the Marcus inverted regime. It also means
that LGR can be applied to systems with multiple transition states, which when treated
separately would have different values of Ay,. Application of LGR to System I from
Ref. 233|at 8 = 3 reduced units, which was designed to exhibit two transition states,
confirms the accuracy of LGR for such systems, with k; gr /A2 = 2.2+0.2 x 10728 reduced
units compared to kgr/A> = 1.98 x 1072® for the exact golden-rule rate, k..gr/A? =
1.1 £ 0.2 x 107 for the classical golden-rule rate and kgr.grst/A* = 2.3 + 0.2 x 1078
for the GR-QTST rate.>** In contrast, Wolynes theory overestimates the rate by more
than a factor of 300 for this system.**¥ Although LGR eliminates the size inconsistency
seen in GR-QTST, it also loses the connection to the semiclassical instanton 1791221196232

As such, in low dimensional models, LGR is expected to become less accurate than
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GR-QTST at sufficiently low temperatures. However, we feel that for simulations of
condensed phase reactions, such as electron transfer in solution, size consistency is more
important than a formal connection to the semiclassical instanton. It may of course be
possible to develop a method which is both size consistent and has a close connection
to the semiclassical instanton, and this is an interesting avenue of future work.

As we showed in Chap. 4] Wolynes theory can be generalised to calculate reaction rates
beyond the golden-rule limit, to give a non-adiabatic quantum instanton approximation,
which reduces to the projected quantum instanton in the adiabatic limit/!>1%8% The
development of a generalisation of LGR, capable of treating systems with arbitrary
couplings, is an important target of future work. In particular, one might speculatively
hope that this would provide further insight into the development of an accurate non-
adiabatic generalisation of RPMD, which is an area of active research in the field.*>*
However, we note that, LGR can already be used to calculate reaction rates in systems with
arbitrary coupling strength, by combining it with Born-Oppenheimer RPMD using the
simple interpolation formula introduced in Chap. [5| Future work will look to investigate
the accuracy of this approach in systems where Wolynes theory is known to break
down in the golden-rule limit.

For now, LGR provides an accurate approach to calculating reaction rates in the
golden-rule limit, which is straightforward to apply to condensed phase systems in
both the normal and inverted regimes. In the following chapter, we shall apply it to an
atomistic model of aqueous ferrous-ferric electron transfer, and compare the results to
those of Wolynes theory and GR-QTST. This will allow us to assess the recent suggestion
that ferrous-ferric electron transfer exhibits a range of qualitatively different tunnelling
pathways, leading to a breakdown of Wolynes theory and also the assumptions of linear
response inherent in the Marcus picture of electron transfer.>*> The conclusions of this

study will turn out to be entirely consistent with what we have found here.

7.A Non-constant diabatic coupling

A detailed investigation of the effects of non-constant diabatic coupling, A(g), is un-

fortunately beyond the scope of this thesis. However, we note that an obvious general-
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isation of Eq. [7.50, which reduces to the correct high temperature limit (Eq. [2.105])
is simply given by

2 _ _
kior(D) = = (AqONAGm)ST [g(0)] + K [q(r)] + ) e ox b (71.77)

7.B Ring-polymer discretisation

For completeness we give here the n bead discretisation of Eqs. [7.51H7.54] The diabatic

energy gap averaged over the two bridging beads is simply
V_(q,) +V_(q)

VO = > , (7.78)
and the correction term is given by
K@) = K@)~ K@ (7.79)
in which
. K"(q, q0) + K (q, q)
Kin(@) = — T (7.80)
where, for [ = 1,...,n — 1,
N Ko(gr.9) - (4 — q))
K (q.q,) = : d 7.81
CRD ;hw oD (7.81a)
1 —
Ki(q-9;) (g, — q;)
K@, q) = D wa = Z, (7.81b)
=0
and wy, are the weights in Eq. Here the effective diabatic gradients are
(VVi(g) +VVi(g)p) - VV_(q))
Ki(qr.q,) = VV_(q)). 7.82
k(4> q;) AV (g, (q;) (7.82)
The end points / = 0 (1o = 0) and [ = n (4,, = B) are special cases, for which
70 S Ko(qx 90) - (4, — q0)
Ko@) = Z " (7.83a)
k=0
%" (q) =0, (7.83b)
and
K (q) =0 (7.84a)
n—-1 —
el (q) = Z Ki(q;,90) - (q, — q0) (7.84b)
Ln - ) .
=0 n

respectively.



Application to aqueous ferrous-ferric
electron transfer

Contents

BI1 Imtroduction] . ...... ... .00ttt 182
[8.2 Mapping to the spin-bosonmodell . ................. 185
8.3 Computationaldetails| . . . . ..................... 187
(8.4 In defence of Wolynestheory| . . . . . ... ... .......... 189

[8.4.1  Size consistency error in GR-QTST| . . . ... ... ... .. 189

[8.4.2 Accuracy of Wolynestheory| . . . . ... ... ........ 191
(8.5  Validity of mapping to the spin-bosonmodel| . ... ........ 195
(8.6 Effect of an external bias to products|. . . . ... .......... 198
B.7 Conclusion| . ............. 0 i, 200
[8.A  Mapping to the spin-bosonmodell . ... .............. 201
[8.B Removing the uncoupled modes from GR-QTST| . . . . . ... .. 205

181



8. Application to aqueous ferrous-ferric electron transfer 182

Summary

In this chapter we revisit the well-known aqueous ferrous-ferric electron transfer reaction
in order to address recent suggestions that nuclear tunnelling can lead to significant
deviation from the linear response assumption inherent in the Marcus picture of electron
transfer. A recent study of this reaction by Richardson and coworkers has found a large
difference between their new path-integral method, GR-QTST, and the saddle point
approximation of Wolynes (Wolynes theory). They suggested that this difference could
be attributed to the existence of multiple tunnelling pathways, leading Wolynes theory
to significantly overestimate the rate. This was used to argue that the linear response
assumptions of Marcus theory may break down for liquid systems when tunnelling is
important. If true, this would imply that the commonly used method for studying such
systems, where the problem is mapped onto a spin-boson model, is invalid. However, as
we showed in the previous chapter, a size inconsistency in GR-QTST can lead to poor
predictions of the rate in systems with many degrees of freedom. Here we demonstrate
that the GR-QTST results for ferrous-ferric electron transfer are indeed dominated by
its size consistency error. Furthermore, by comparing the results of LGR and Wolynes
theory, we confirm the established picture of nuclear tunnelling in this system. We then go
on to compare our path-integral results to those obtained by mapping onto the spin-boson
model, in order to reassess the importance of anharmonic effects and the accuracy of
this commonly used mapping approach. Finally we consider the effect of introducing
an artificial bias towards the products, and use this to test the applicability of both the
LGR approach and analytic continuation of Wolynes theory for calculating reaction rates

in the inverted regime in a fully atomistic simulation.

8.1 Introduction

The most commonly used approach to understand electron electron transfer, in biological,
inorganic and materials chemistry, is Marcus theory.™ In its basic form, the Marcus
picture of electron transfer consists of two steps: spontaneous thermal fluctuations of

the solvent polarisation (assumed to be harmonic) first bringing the reactant and product
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charge transfer states to the same energy, followed by a golden-rule transition from one
charge transfer state to the other.**** While there are many analytical theories which go
beyond the simplest form of Marcus theory, for example by including nuclear quantum
effects,>*° the majority still assume that the relaxation of the solvent polarisation (or
diabatic energy gap) can be treated within linear response theory, which is equivalent to
assuming a harmonic (spin-boson) model for the diabatic potentials.?*®

Perhaps the prototypical example of electron transfer, commonly used to introduce

237238

Marcus theory in undergraduate text books, is the aqueous ferrous-ferric electron

transfer reactionf]
Fe’*(aq) + Fe’*(aq) — Fe**(aq) + Fe**(aq), (8.1)

which, along with other similar self-exchange reactions, has been the subject of numerous
theoretical studies $#1VZI0ORIIZOA Ty the classical limit the pioneering atomistic studies
of ferrous-ferric electron transfer by Chandler and coworkers demonstrated that the
assumptions of Marcus theory are well founded '%”22!! By calculating the free-energy as a
function of solvent polarisation they showed that the resulting surfaces were essentially
parabolic in line with the Marcus assumption,’*” and by studying the solvent relaxation
immediately after electron transfer they were able to illustrate the close agreement
between the exact and linear response results. 4

In addition to investigating the ferrous-ferric system in the classical limit, Chandler
and coworkers also carried out one of the first atomistic studies of the influence nuclear
tunnelling on electron transfer®* In this work, they used imaginary-time path-integral
simulations to directly calculate the Wolynes theory®? approximation to the electron
transfer rate, as well as performing classical equilibrium simulations to map the problem
onto the spin-boson model. Mapping the problem onto the spin-boson model provides
an alternative approach to calculating the influence of nuclear tunnelling on the electron
transfer rate, as once the problem has been mapped the exact quantum mechanical golden-
rule rate can simply be evaluated using Eq. Mapping to the spin-boson Hamiltonian

is equivalent to assuming the relaxation of the solvent polarisation can be described via

*Note that consistent with previous studies we will take ferrous-ferric electron transfer to be well
described by the golden-rule limit throughout this chapter.
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linear response. It provides a simple way to estimate nuclear quantum effects from
classical atomistic simulations, by calculating the spectral density from the classical
energy gap autocorrelation function in the reactant ensemble 2%247 This approach has
since become a popular way to use atomistic simulation to study electron transfer, finding
application in a diverse range of problems from electron transfer in enzymes to device

physics 31109248251

Using both methods Chandler and coworkers found surprisingly
large tunnelling enhancements of the ferrous-ferric electron transfer rate, with Wolynes
theory predicting a quantum enhancement factor of ~60 and the spin-boson mapping a
factor of ~40 at room temperature.®* These large quantum enhancements proved quite
controversial and have since been the focus of several papers!1242243 The general
consensus that has emerged from these papers is that the large enhancement is due to
a lack of polarisability in the SPC water model that Chandler and coworkers used in
their calculations.®* Unfortunately, unlike in the classical limit where the approximations
of Marcus theory can be validated using the exact classical golden-rule rate, in the
quantum regime it is not possible to calculate the exact quantum rate for anything beyond
simple model systems and hence the accuracy of Wolynes theory and mapping onto the
spin-boson model can only be inferred indirectly.

As we discussed in the previous chapter, Richardson and coworkers have reassessed
the accuracy of Wolynes theory, and have pointed out that its Gaussian (saddle point)
approximation can breakdown severely for systems with multiple transition states > As
an alternative to Wolynes theory, they have suggested a new path-integral based approach,
GR-QTST#%23 They have shown that, for low-dimensional model systems designed to
exhibit multiple transition states as well as significant nuclear quantum effects, GR-QTST
gives accurate rate predictions, while Wolynes theory can overestimate the rate by more
than two orders of magnitude.”*® On applying GR-QTST to a fully atomistic model
of ferrous-ferric electron transfer, they found a tunnelling enhancement around 7 times
smaller than that of Wolynes theory, and used this to argue that Wolynes theory may be
overestimating the rate due to the presence of multiple tunnelling pathways.>*> This is a
significant claim, because if true it would imply that the picture offered by the spin-boson

model was not only quantitatively inaccurate, but also qualitatively incorrect.?*>
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In the previous chapter, however, we have demonstrated that GR-QTST can suffer
from a serious size inconsistency issue for large systems. Here we argue that it is
this size inconsistency that is responsible for the large difference between the Wolynes
and GR-QTST predictions of the rate in ferrous-ferric electron transfer, rather than
a breakdown of Wolynes theory. To support this argument, and help assess both the
accuracy of Wolynes theory and the spin-boson mapping for this system, we also apply
an alternative path-integral method, the linear golden-rule (LGR) approximation. Since it
is both size consistent and does not assume the correlation function is Gaussian, LGR
provides an independent way to assess whether the assumptions of Wolynes theory break
down in ferrous-ferric electron transfer and to assess the accuracy of the spin-boson
mapping method for including nuclear quantum effects in condensed phase electron
transfer reactions.

Sec.[8.2] gives an overview of the mapping approach. Sec. [8.3]| provides some details
of our simulations of the ferrous-ferric system. Sec. [8.4] analyses how a lack of size
consistency in GR-QTST affects its prediction of the ferrous-ferric rate, and investigates
the recent suggestion that Wolynes theory is breaking down for this reaction.?*> Sec.
reassesses the validity of the spin-boson mapping in the light of the preceding sections.
In Sec.[8.6]we consider the effect of an external bias on the reaction rates and investigate
the applicability of these methods to calculate reaction rates in the inverted regime.

Sec. [8.7] concludes the chapter.

8.2 Mapping to the spin-boson model

The spin-boson model assumes that from the perspective of the electron transfer the
nuclear potentials in both charge transfer states can be modelled as being purely harmonic

with the same frequencies in both states,

f
1
Vo(q) = Z} S, + 0 (8.2a)
f
Vi(q) = L e — —A 8.2b
(g) = ) 5mwid; = cqy = AF, (8.2b)

Il
—

v
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where we have introduced the intrinsic bias 4F = Fgr(0) — Fgr(B); note that for the
ferrous-ferric electron transfer considered here AF = 0. The effect of the nuclear
dynamics on the electronic coordinate is then completely described by the spectral

density, which is formally defined as

- f 2
Jw)=3 ) —=dw=-w), 8.3
(w) > ; — (w - wy) (8.3)
and the exact rate can be calculated using2*°#2271
t
CGS( - exp(—i(€ + AF)t/h — (1) /), (8.4)

where

4 foo J(w)[ 1 —cos(wt) i sin(w?) |dw. (8.5)

o) = P tanh(B7iw/2)

To map a real system onto the spin-boson model one must therefore choose a method
for defining the spectral density of the system. There are many ways that this can be
achieved, using either simulation or experimental data.>*2**2>2 The approach we will
focus on here is the use of classical molecular dynamics to define the spectral density

according to the relation>&#22¢

ﬂﬁ_éjmwlwwlwho
w ~2Jo (VA0

Here the averages are taken in the classical canonical ensemble of the reactants, V_(7) =

cos(wr)dr. (8.6)

Vo(t) — Vi(¢) is the energy gap between the reactant and product diabats at time ¢
along a microcanonical trajectory sampled from this ensemble, and the energy gap

fluctuation is defined as
OV_(1) = V_(t) = (V-)aro- (8.7)
The Marcus theory reorganisation energy A in Eq. [8.6is taken to be
AN =AF = (V_)ap, (8.8)
with the driving force given by

1 Uude%Hﬂ) (8.9)

AF = 1
B ey [e0]
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which is clearly zero for the symmetric ferrous-ferric system we shall consider here.
(We note in passing that an alternative choice of mapping gives the Marcus theory

reorganisation energy as
2 2 < ( ) ( )>c]’0 . ( . )

While this is equivalent to Eq. |8.8| for the spin-boson model, the two expressions differ for
more realistic (atomistic and anharmonic) models of electron transfer. For completeness
Appendix[8.A|gives a detailed discussion of the origin of this choice of mapping, including
a discussion of why Eq. [8.8]is to be preferred over Eq. [8.10).

There are a number of obvious difficulties with trying to map a complex anharmonic
system onto a model as simple as the spin-boson model. While it may be reasonable for
a symmetric reaction such as ferrous-ferric electron transfer to treat the reactants and
product states as having the same frequencies, it is not clear that this should be valid
for asymmetric reactions. Furthermore it is not clear how well in general, even for a
symmetric reaction such as ferrous-ferric electron transfer, the motion to the transition
state can be described by a collection of small fluctuations from equilibrium, given that

the underlying potential is anharmonic.

8.3 Computational details

The model of ferrous-ferric electron transfer we consider here is chosen to be the same as
that considered in the study of Richardson and coworkers in which they found a large
difference between the GR-QTST and Wolynes theory rates.>* The system consists of
265 water molecules in a periodic cubic box of length 20 A at 300 K. The Fe?* and Fe**
ions are fixed at a distance of 5.5 A in the centre of the box, with the internuclear axis
parallel to the edge of the box. The water model is the flexible q-TIP4P/F model (designed
for use with path-integral simulations),?>? and the interatomic potential for the water-
Fe interaction is the same as in the original study by Chandler and coworkers S#197241
Consistent with these previous studies we assume that the diabatic coupling can be taken

as a constant and that the reaction can be treated as being in the golden-rule limit. As was

discussed by Richardson and coworkers, this model is not designed to give a quantitatively
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accurate description of the real system. In addition to artificially fixing the positions of the
Fe ions, the lack of polarisability and the relatively small size of the system are expected to
lead to significant errors in the predicted reorganisation energy 11242243 Degpite this, the
model provides a useful test of methods for calculating reaction rates in complex systems,
and a qualitative representation of the physical system that will be sufficient to address
the key questions of this chapter (whether the assumptions of Wolynes theory are valid,
and whether ferrous-ferric electron transfer can be mapped onto the spin-boson model).

The system was first equilibrated for 1 ns in the classical canonical ensemble, from
which we took 10 configurations equally spaced in time from the final 0.5 ns to initialise
the path-integral simulations. Following Ref.|[235|all path-integral simulations were found
to be converged using n = 24 beads and a time step of 0.5 fs was used throughout. Each
of the 10 initial configurations was equilibrated in the path-integral ensemble for a further
7 ps before the production runs were performed. Calculations of F’(1) were performed
for 13 equally spaced points with A € [0,8/2]. At each value of A an additional 7 ps of
equilibration was performed starting from the final configuration from the previous value
of A. All the necessary ensemble averages were then accumulated in a final production run
at each value of A amounting to 700 ps of simulation time. All path-integral simulations
were performed using the Cayley integrator with a Langevin thermostat 224222

We find the Marcus reorganisation energy calculated using Eq.[8.8to be A = 110.3 +
0.3 mHartree, and that calculated using Eq.[8.10]to be A, = 113.7 + 0.3 mHartree. Both
are the same to within the error bars as those found by Richardson and coworkers.?*> The
close agreement between the two definitions of the reorganisation energy indicates that
in the classical limit ferrous-ferric electron transfer is well described by the spin-boson
model, in agreement with previous studies Y224l As discussed above the large value of
the reorganisation energy for the present model, 3.0 eV, compared to the experimental
estimate of 2.1 eV, can be attributed in large part as being due to the lack of polarisability

of the q-TIP4P/F water mode] 111242243
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8.4 In defence of Wolynes theory

In this section we shall address the recent finding, in the study by Richardson and
coworkers,>** of a large discrepancy between the rates predicted by Wolynes theory and
GR-QTST for ferrous-ferric electron transfer. This was used to argue that the assumptions
of Wolynes theory may be breaking down for this system, leading to an overestimate of
the exact rate. Here we will demonstrate that the opposite is true. In fact it is GR-QTST
which is breaking down and the assumptions of Wolynes theory are well justified. We
begin by demonstrating that the lack of size consistency in GR-QTST dominates its
estimate of the rate, before using a comparison of the results of Wolynes theory and LGR

to demonstrate that the Wolynes theory result is highly accurate for this system.

8.4.1 Size consistency error in GR-QTST

As we have shown in the previous chapter, GR-QTST is not size consistent: its prediction
of the rate can be affected by degrees of freedom which are entirely uncoupled from the
reaction. We found that this issue has only a relatively small effect on the GR-QTST rate
for low dimensional models, however we expect it to become much more pronounced
for realistic simulations which contain thousands of degrees of freedom. We thus believe
that this size consistency issue is leading GR-QTST to underestimate the exact rate for
the model of ferrous-ferric electron transfer described above.

To understand this issue we need to consider the pre-factor in the GR-QTST rate.
To this end let us define the probability distribution

2
pararsta®) = (3(5(e5" - &) + E)>A (8.11)

for which pgr-grst.1(0) = pcr-grst,2(0). In order to evaluate the probability distribution
por-qrsT.A(E), one simply histograms the constraint functional %(Sff) - 8(14)) in the
appropriate ensemble. The lack of size consistency of GR-QTST arises because the
value of pgr-qrst.1(0) — the probability density for the virial energy on one half of the ring
polymer to be the same as that on the other — is in general dependent on all of the degrees
of freedom in the simulation, and not just those which are involved in the reaction. To see

why this leads to a lack of size consistency note that, even for an electronically adiabatic
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reaction with only one electronic state, the two halves of the ring polymer do not have
the same instantaneous virial energies. Because the spontaneous energy fluctuations are
size extensive, for a large enough system, the difference in virial energy between the
two halves of the ring polymer will be dominated by these fluctuations rather than the
difference between the diabatic potentials. Therefore, instead of constraining the system
to the transition state, the GR-QTST constraint becomes dominated by quantum energy
fluctuations in degrees of freedom entirely uncoupled from the reaction.

To show that this lack of size consistency is dominating the GR-QTST calculation for
ferrous-ferric electron transfer, we need to demonstrate that the spontaneous fluctuations
are indeed dominating pgr-grst.(E). To do this we consider a modified system in which
the reactant and product electronic states are the same, and hence the nuclear dynamics
are uncoupled from any electron transfer reaction. We define the nuclear potentials for

this uncoupled system as the average of the two diabatic potentials in the real system,

Volg) + Vi(q)

Vuo(g) = Vui(g) = > , (8.12)

which of course just corresponds to both iron ions being Fe**. Since both electronic
states are the same, I:Iu,o = I:Iu,l, and the exact distribution for the uncoupled model
is simply p(E) = O6(E). It is clear that GR-QTST cannot satisfy this exactly, but in
order for it to be accurate when applied to the real ferrous-ferric electron transfer, it
must hold approximately. This means that we must have pgr.grsT(E) = 6(E) for the
uncoupled model, i.e. the variance must be much smaller than the variance of the exact
distribution (which is on the order of A/pB).

Figure @ compares the distribution pgr.grst(E) for both the real ferrous-ferric
system and for the uncoupled system, in which the two diabatic electronic states are the
same. We see that, not only is the variance of pgr-grst.1(E) in the uncoupled system
not significantly smaller than in the real system, but it is actually essentially the same,
indicating that spontaneous quantum fluctuations in the energy are dominating the GR-
QTST constraint functional and hence the GR-QTST approximation of p,(0). This
demonstrates clearly that the GR-QTST rate is not a reliable approximation to the exact
rate for this system, and hence cannot be used to assess the accuracy of Wolynes theory

or mapping to the spin-boson model.
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Figure 8.1: Comparison of the GR-QTST distribution (Eq. for both the real Fe(II)-Fe(III)
system and for an uncoupled system in which the nuclear potentials are the same in both diabatic
states (corresponding to both iron ions having a charge of 2.5). The close agreement between the
two curves illustrates that the size consistency error of GR-QTST is dominating the calculation of
the rate in ferrous-ferric electron transfer. Note for reference that SA =~ 116.

8.4.2 Accuracy of Wolynes theory

Although we have demonstrated that the GR-QTST rate is not reliable for ferrous-
ferric electron transfer this does not, by itself, disprove the suggestion that Wolynes
theory is overestimating the exact rate. One way to address this possibility is to apply
a method which does not assume that the correlation function is Gaussian and compare
the results with Wolynes theory. Whilst GR-QTST cannot be used for this purpose, we
can apply the LGR approximation, which although closely related to GR-QTST is size
consistent. In addition to providing a useful way to independently assess the assumptions
of Wolynes theory, this will also serve as the first demonstration of the applicability
of LGR to a fully atomistic simulation.

Table [8.1| compares the rate constants for ferrous-ferric electron transfer calculated

using each of the methods under consideration. Just as in the study by Richardson and
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Table 8.1: Comparison of the rate constants for each of the methods considered, given in atomic
units. Note that errors are given as two standard errors in the mean.

ker/A?

Classical 5.4 +0.6x 107!
Marcus 43+0.4x 107!
Wolynes 3.9+0.6%x107°
LGR 3.7+0.6%x107°

SB Mapping 2.8 +0.3 x 107
GR-QTST 53+0.8x 10710

coworkers,*** we find that Wolynes theory predicts a rate which is around 7 times larger
than that predicted by GR-QTST. In contrast, the Wolynes rate is only about 5% larger
than the LGR rate. The close agreement of Wolynes theory and LGR, which are based
on very different approximations, is a strong indication that the assumptions of Wolynes
theory are likely to be valid for ferrous-ferric electron transfer. We would also note that
the errors given in Table(8.1|are dominated by the thermodynamic integration of F(;p () to
give e PFrw) and hence we can give a much more detailed comparison of the methods
by separately considering their approximations to p, (E).

The upper panel of Fig. [8.2]compares the LGR and Wolynes theory approximations
to p(E) with A = Ay, = /2. It is clear that both agree very closely, with LGR having
an approximately Gaussian functional form. Using the fact that the distribution is just
the Fourier transform of the correlation function we can also compare the Wolynes
and LGR approximations to the normalised correlation function, by taking the inverse

Fourier transform to give

ch(((t))) - f (B I, (8.13)

The LGR and Wolynes correlation functions are shown in the lower panel of Fig. [8.2]
and unsurprisingly we find that the LGR correlation function looks essentially like a
Gaussian in the time domain as well, again indicating that the assumptions of Wolynes

theory are valid. The small 5% difference in the rates of the two methods is visible in
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Figure 8.2: LGR and Wolynes theory approximations to p,(E) (upper panel) and Re[c,(¢)/c1(0)]
(lower panel) for the present atomistic model of ferrous-ferric electron transfer. In both panels
calculations are done with 4 = As, = 3/2, using 24 path-integral beads.

both panels, from the relative heights of the distributions and areas under the correlation
functions. What is difficult to see by eye is whether this difference is due to the LGR
correlation function not being perfectly Gaussian, or if it is due to a small error in the
LGR approximation to the second moment of the exact distribution, p,(E).

Since LGR does not in general give the exact first and second moments of the
distribution p,(E)[] one test of its accuracy is to compare the rates obtained using the

original LGR distribution with those obtained using a corrected LGR distribution in which

*For ferrous-ferric electron transfer, the LGR approximation to the first moment of the distribution
pa(E)is correct at A = Ag, = 5/2 by symmetry, but the LGR approximation to the second moment is slightly
off.
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the first and second moments are adjusted to the exact results. This can be achieved by

defining the “moment corrected LGR” distribution according to

/ﬂ , I i
Prme-LcrA(E) = ﬂpLGR,A( ZAE — ) + /Ju) (8.14)
M2 4 M2 2

ﬂuzf Eprgra(E)AE (8.15)

where

and
s = f (B> — i Dprora(E)IE. (8.16)

We find that the moment corrected LGR rate agrees with the Wolynes theory rate to
within 1%, indicating that the small difference between the LGR and Wolynes theory
rates is almost entirely due to the small error in the LGR approximation to p, ;. This
therefore strongly supports the assertion that the Wolynes theory approximation is valid
for ferrous-ferric electron transfer.

It is now clear that the difference between the GR-QTST rate and the Wolynes
rate for ferrous-ferric electron transfer is due to GR-QTST underestimating the exact
rate rather than Wolynes theory overestimating it. The error in GR-QTST originates
from the fluctuations in the virial energies of modes uncoupled to the reaction, which
dominate the GR-QTST constraint functional. Given this perspective it seems natural
to ask whether these background fluctuations can be subtracted from the GR-QTST
calculation to yield an accurate rate. In particular, the above discussion would seem to
suggest that the small difference between the GR-QTST distribution for the real system
and the uncoupled system in Fig. [8.1should be related to the “correct” GR-QTST result.
That is, the result that would be obtained if the contribution from the uncoupled modes
could be removed. A detailed discussion of how this can be done is left to Appendix
but the result is that one can indeed approximately remove the spurious background
signal from the GR-QTST distribution. In doing so, we find that the resulting corrected
GR-QTST rate is about 10% larger than the Wolynes rate, rather than 7 times smaller.
This further confirms our assertion that it is GR-QTST and not Wolynes theory that

is breaking down for this problem.
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8.5 Validity of mapping to the spin-boson model

The study by Richardson and coworkers also concluded that the common practice of
mapping to the spin-boson model is invalid for ferrous-ferric electron transfer>> In
this section we give an overview of their arguments, and discuss how their results can
be reinterpreted in the light of our present findings. We then go on to reassess the
validity of mapping to the spin-boson model for ferrous-ferric electron transfer and
discuss what conclusions can be drawn for more general systems. When it comes to
assessing the validity of the mapping there are two main questions one might ask: is the
spin-boson perspective qualitatively accurate, and can it give quantitatively accurate
predictions of the rate?

Richardson and coworkers used the difference between the Wolynes theory results and
GR-QTST results to argue that mapping to the spin-boson model was invalid.>*> Their
argument focussed on the close agreement between GR-QTST and Wolynes theory in a
previous study, which consisted of a series of different spin-boson models, as evidence that
the ferrous-ferric system could not be spin-boson like. However, that previous study only
looked at spin-boson models with up to 8 degrees of freedom,*? compared to the over
2000 degrees of freedom in their atomistic model of ferrous-ferric electron transfer.>*> As
we have demonstrated in the previous chapter, the size consistency error of GR-QTST only
becomes apparent when there a large number of uncoupled degrees of freedom. Hence
the difference between GR-QTST and Wolynes theory for ferrous-ferric electron transfer
cannot be used to argue that mapping to a spin-boson model is invalid for this problem.

In order to provide further evidence that Wolynes theory was breaking down in
their ferrous-ferric simulation, and to justify the claim that it is not valid to map this
problem onto a spin-boson model, Richardson and coworkers also performed an instanton
analysis.** They took a series of configurations from an equilibrium simulation and
fixed all atoms more than 5A away from the Fe ions, before performing an instanton
optimisation on the remaining degrees of freedom. They found that the resulting
instantons had a wide range of different saddle point values, Ay,, which they used to

argue that the system exhibits a continuum of different transition states with different
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Table 8.2: Quantum correction factors for the different methods considered in this chapter. In
order to provide a fair comparison, the quantum correction factors for the atomistic methods
are defined relative to the atomistic classical golden-rule rate, whereas the spin-boson quantum
correction factor is defined relative to the classical golden-rule rate for the same spin-boson model
(i.e. Marcus theory).

r

Wolynes 73+ 14
LGR 69 £ 13

SB Mapping 66 + 2
GR-QTST 10+2

tunnelling characters.>* However, we note that if one were to do the same thing to the
spin-boson model, for example by fixing the coordinates of some of the bath modes at
configurations sampled from an equilibrium simulation, one would also see a range of
different saddle points. Fixing some degrees of freedom stops them from relaxing and
reduces the reorganisation energy, while also giving a random bias either to products or
reactants. The different biases then lead to a range of different saddle points, and the
distribution of these saddle points is further broadened by the reduced reorganisation
energy. Since the spin-boson model is known to have just a single instanton at any given
temperature, this seems to us to refute the claim that the same analysis can be used to
show that the ferrous-ferric problem has multiple transition states.

With this established, let us now return to the qualitative Marcus picture of electron
transfer, in which collective solvent motion takes the system to the transition state. This
picture is strongly supported by the close agreement between the classical golden-rule
and Marcus theory rates, and the Wolynes theory and quantum mechanical spin-boson
rates, in Table [8.I] However, this close agreement is not perfect in either (classical
or quantum) case: we find small but significant quantitative differences between the
atomistic and spin-boson-mapped calculations, reflecting the fact that the real potential
energy surface is anharmonic.

Anharmonic effects are also apparent in the difference between the two definitions of

the Marcus reorganisation energy, A and A, [Eqgs.[8.8]and [8.10] respectively]. Although
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there is only a 3% difference between the two, the rates predicted by A, are significantly
less accurate — more than a factor of 2 smaller in both the classical and quantum cases
— because using A, overestimates the activation energy of the reaction. This highlights
the fact that the quality of the mapping is strongly dependent on how well it captures the
activation energy. In fact, if we adjust the reorganisation energy so that Marcus theory
agrees with the exact classical golden-rule rate (corresponding to A = 109.45 mHartree),
this also brings the quantum rate predicted by the spin-boson model up to agree with
the Wolynes and LGR predictions to within their error bars, giving kgr/A? ~ 3.5 x 107°
atomic units. Hence, we find that accounting for the small anharmonic effects in an
average manner can make mapping to the spin-boson model essentially quantitative for
this model of ferrous-ferric electron transfer.

Table 8.2 shows the quantum correction factors, I' = kgr/kc1.or, Obtained using each
of the methods discussed in this chapter. It is worth noting that the quantum correction
factors predicted by Wolynes theory, LGR and the spin-boson mapping, are much larger
than the experimental estimates. As we have now demonstrated the accuracy of these
approaches, it follows that this difference is caused by deficiencies in the atomistic model
we have used, and as has been discussed at length before this is likely due in large part
to a lack of polarisability in the water model 11222223 The inclusion of polarisability
is expected to significantly reduce the reorganisation energy and hence the importance
of tunnelling in the system. These changes are likely to make the assumptions behind
mapping to a spin-boson model more rather than less reliable, and hence we expect that
the results found here are transferable to more realistic models.

Despite the fact that we find mapping to the spin-boson model can be quantitatively
accurate for ferrous-ferric electron transfer, our results have highlighted the sensitivity
of the mapping to the exact approach used. It is clear that for any system in which there
are modes involved in the reaction that are strongly anharmonic the mapping will be
less reliable. Furthermore, even for systems in which the reactants and products can
be treated as essentially harmonic, there may be situations in which they have different
frequencies, which will again make the spin-boson model less reliable. Whilst there

exist many asymmetric generalisations of basic Marcus theory,>**>>® the importance of
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nuclear quantum effects in electron transfer can be very pronounced, and hence for any
theory to be quantitatively accurate it must be able to capture both asymmetry and nuclear
tunnelling. Unlike mapping to the spin-boson model, the path-integral methods we have
used in this chapter have no difficulty in dealing with more complicated systems, and

hence provide a useful tool in the study of complex electron transfer reactions in solution.

8.6 Effect of an external bias to products

Before we conclude the chapter we briefly consider the effect of an external bias to
products € on the reaction rate. This will allow us to demonstrate the applicability of
the methods discussed for calculating reaction rates in the Marcus inverted regime in the
previous two chapters to a fully atomistic simulation. The LGR rates are thus calculated
using 4 = 0 for Ay, < 0, and the Wolynes theory rates are calculated by fitting the
imaginary-time data for F(;,(4) and Fip (1) to Eq. [6.10using Eq. [6.15|with N = 3 terms.
As well as the LGR and Wolynes rates we also calculate the Marcus theory rate, with a
reorganisation energy of A = 110.3 mHartree, in order to illustrate the relative importance
of nuclear quantum effects at different driving forces. Unlike in the previous chapters
we are of course unable to calculate the exact rates in order to validate the results of
LGR and Wolynes theory. In the absence of exact results, we also calculate the rates
predicted by the spin-boson mapping in order to further validate the LGR and Wolynes
results. To ensure that they are as accurate as possible, the mapping rates are calculated
using the adjusted reorganisation energy, A = 109.45 mHartree, chosen to reproduce
the correct classical activation energy at € = 0.

Figure [8.3] compares the LGR, Wolynes theory, spin-boson mapping and Marcus
theory rates as a function of the external driving force relative to the Marcus theory
reorganisation energy, A = 110.3 mHartree. The LGR and Wolynes theory rates show
very close agreement at all values of the driving force considered, with the largest
difference occurring at /A = 2, where the LGR rate is just over a factor of 2 larger
than the Wolynes results. This is not an unreasonable difference, particularly considering
that the quantum rates are around 8 orders of magnitude larger than the Marcus theory

rate at this driving force. In fact the Wolynes and spin-boson mapping results agree



8. Application to aqueous ferrous-ferric electron transfer 199

14 : | : | : | :
12
= |
= 10}
o
~ 8
<t
o 6
=
@9' 44/ —— Wolynes \\ .
° / — — Marcus \
24/ —— LGR \
/ e SB Mapping \
0 ] ] ] ] ] ] ]
0 0.5 1 15 2

A

Figure 8.3: Comparison of Wolynes, LGR and Mapping rates as a function of the external driving
force, €/ A, for the ferrous-ferric system, where the Marcus theory reorganisation energy has been
defined as A = 110.3 mHartree. Wolynes theory rates are calculated by the fitting procedure
described in Chap. [6] using Eq.[6.10]with N = 3 terms. Note that the SB mapping results given
here are those with the reorganisation energy, A = 109.45 mHartree, adjusted so that the classical
and Marcus rates agree at € = 0.

even more closely, and are differ by no more than a factor of 1.5 at all driving forces
considered. This close agreement is perhaps unsurprising given that the ansatz used to
fit the imaginary-time data is based on the exact result for the spin-boson model, and
hence both approaches can be considered as mapping to a spin-boson model. However,
the two approaches use different information, and hence the close agreement between the
Wolynes and spin-boson mapping results further support the view that the ferrous-ferric
system is very well described by a spin-boson model. As such it seems likely that the
LGR results are the least accurate of the three approaches deep in the inverted regime,
and this would be consistent with the results in the previous chapter where for a similar

quantum enhancement the LGR rate was also about a factor of 2 too large.
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8.7 Conclusion

For at least 30 years the standard picture of ferrous-ferric electron transfer has been
based on linear response theory. Whilst this has been rigorously tested in the high
temperature limit where it is possible to calculate all quantities exactly,** 197241l j¢ hag
previously just been assumed that the same approach would carry over to the quantum
regime. This assumption has recently been thrown into doubt by the study of Richardson
and coworkers,>* which has suggested that when nuclear tunnelling is important the
assumptions of linear response theory may break down due to the existence of a range
of tunnelling paths with qualitatively different behaviour. This would imply that, not
only was the common practice of mapping electron transfer reactions onto the spin-boson
model quantitatively wrong, but also qualitatively so. In this chapter we have addressed
these suggestions and confirmed that the linear response assumption in aqueous ferrous-
ferric electron transfer is well justified, even in the presence of significant tunnelling.
Richardson and coworkers have previously shown that the saddle point approximation
of Wolynes theory can breakdown for systems which exhibit multiple distinct transition
states.>** By showing that GR-QTST and Wolynes theory give very different predictions
of the electron transfer rate in ferrous-ferric electron transfer, they argued that this may
be due to the existence of multiple transition states, which would be at odds with the
assumptions of linear response and hence mapping onto the spin-boson model. Here we
have demonstrated that the difference between GR-GTST and Wolynes theory is due to
a size consistency error on the part of GR-QTST, and by comparing with an alternative
path-integral method, LGR, we have confirmed the accuracy of Wolynes theory. Just as in
the original study by Chandler and coworkers,** we have found a tunnelling enhancement
that is much larger than inferred from experiment. This is most likely due to the lack
of polarisability in the water models used in this study and in Ref. 84, and also to
the relatively small sizes of the simulations. The model we have investigated is thus
not entirely realistic. However, it is clear from the error it has revealed in GR-QTST
that it provides a useful test for methods designed to treat non-adiabatic systems, and

given that the Wolynes theory results are very accurate for this model it could provide
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a useful benchmark for testing other methods in the future. In this spirit, by applying
an external bias, we have also tested the LGR and numerical analytic continuation
approaches, developed in the preceding chapters, to the calculation of reaction rates in the
Marcus inverted regime. The close agreement between both methods, despite quantum
enhancements of more than 7 orders of magnitude, indicates that these approaches provide
a viable approach to calculating reaction rates in the inverted regime in complex systems.

Comparison of our path-integral results with those from mapping to the spin-boson
model show small deviations from the harmonic assumption. We find that these deviations
are sufficiently small that they can be essentially accounted for, in an average sense, by
choosing the Marcus reorganisation energy so as to give the correct classical activation
energy. However our results highlight that even small anharmonic effects can lead to
significant changes in the rate, and we note that these effects are likely to be much more
pronounced in systems which are more complex than aqueous ferrous-ferric electron
transfer. In particular if the reactants and products have different frequencies or if there
are modes important in the electron transfer which show more pronounced anharmonicity,
such as conformational changes which couple to the electron transfer, then mapping onto
the spin-boson model is likely to breakdown 22%2% [n contrast path-integral approaches
such as Wolynes theory and the LGR approximation provide a simple approach to the

calculation of electron transfer rates in complex systems.

8.A Mapping to the spin-boson model

In this appendix we give a discussion of the basis for mapping electron transfer onto a
spin-boson model via classical equilibrium simulation. In order to derive the standard

mapping we begin by writing the rate in the form

2 (o'}
k= % <e—i1310t/he+il?1 t/h>0€_iét/hdt, (8.17)

where (A)) = tr[e?®A]/Q,. Noting that

. !
A JN 1 Bt 1H iHot
e—zHO[/heHH] t/h — Texp (_ﬁ f e—lH()l /hv_e+1Hol /hdti) (818)
0
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where 7exp denotes the time ordered exponential, we can then make use of Kubo’s

generalised cumulant expansion®!' to write

A? [ —i(V_yot/h—-5 [ (=1 {EV_(0)6V_(1))odr +
k= = e nZ o IRt hatiar's T4 (8.19)
where
SV_(t) = e ™M — (V_yg)e o/t (8.20)

In general there exist infinitely many non-zero cumulants in the exponential, however
for the spin-boson model the series truncates at the second cumulant. Hence in order to

map onto the spin-boson model one truncates at second order to give

< o Hot/ e+iﬁllz/h>o ~ e—i(\l)ot/h_hiz for(z—y)«sf/,(omfcu»odtr. (8.21)

To simplify this into a form which can be evaluated using classical molecular dynamics,
one begins by introducing the Kubo transformed energy gap fluctuation operator
~ (K 1 ﬁ 'y A 'y
sV = 3 f dAetosy_e=HHo, (8.22)
0

from which one can define the spectral density, J(w), as

J(w) ,Bf (6V5(0) 6V_(1)), cos(wt) dr. (3.23)

Then making use of the relation between the standard correlation function C(f) =

(5&7_(0)5\7_@))0 and its Kubo transformed variant C¥)(r) = (5\7£K>(0)5V_(z)>0,

1 h
=5 f f N Bfw‘i’ M) dr do, (8.24)
we can write
{7 ( 4 ” —iwt h
@V OBV (1=~ | e J(w)dw. (8.25)
T J oo ebho — 1

Finally using the relations

H 1 - —iwt
f (-t rdr = -2 4 =2 (8.26)
w w
and
= coth(Bhw/2) — 1 (8.27)

ebho — 1
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along with the definition of the reorganisation energy

4 (o]
4 f @) 4 = AL (8.28)
T Jo w
we can rewrite Eq. [8.21] in the form
<e"'ﬂ0’/he+"ﬂ1‘/h>o ~ exp(—idFt/h — ¢(t)/h), (8.29)
where
4 = Jw)| 1-cos(wt) ..
1) =— - |d 8.30
o=z Lo w? [tanh(ﬁhw/Z) rsin(wn) | de (8.30)
and the thermodynamic driving force is
AF = (V) + A. (8.31)

For an accurate mapping it is sensible to require this to be the same as the free energy

difference between the reactants and products in the system of interest,

-BH,
AF = l111(“[6 i ]). (8.32)
B \tr[ePHo]

At this stage the only approximation that has been made is to truncate the cumulant
expansion to second order in §V_, which is exact for the spin-boson model. Typically
one makes a further simplification by using classical quantities in place of their quantum
counterparts, which again is exact in the case of the spin-boson model. In particular,
this means using the classical correlation function in place of the Kubo transformed
correlation function in the definition of the spectral density

Jw) _p

~ f " (5V(0) 8V (1), cos(en) b, (8.33)
w 4 0 ’

which is straightforward to compute using standard MD codes.
Now comparing Eq. with Egs. and[8.32] we note that there are effectively
two different definitions of the Marcus reorganisation energy, which can be computed

either as the difference between the driving force and mean diabatic energy gap

A =€=(Vo)ao,, (8.34)
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Figure 8.4: Logarithmic plot of the spectral density calculated using Eq. This was used to
evaluate the spin-boson mapping results in the text.

or from the integral of the spectral density
A, = §<5V_(0) 6V_(0))10- (8.35)

Since the reorganisation energy appears in the exponent in Marcus theory, even small
changes in it can result in large changes to the rate. This means that choosing the correct
definition is important. Since mapping to the spin-boson model is equivalent to assuming
that the free energy F.gr(A) is parabolic, the most consistent way to define A for ferrous-
ferric electron transfer is such that it passes through the three known points at 4 = 0,
B/2 and B, which corresponds to using Eq. [8.34 Hence for consistency in the main

text we define the spectral density such that

Jw) A VA0V (1)
"1, Vs cos(wt)dt, (8.36)

which ensures that the integral of the spectral density now gives the more accurate version
of the Marcus reorganisation energy in Eq. [8.34 The calculated spectral density is

shown for reference in Fig. [8.4]
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We note that alternatively one could use RPMD to approximate the Kubo transformed
energy gap correlation function. Whilst this may improve the accuracy of the calculated
rates near activationless, € ~ A, for anharmonic reactions, it still does not allow one to
overcome the fundamental limitations of mapping onto a spin-boson model. In particular
it is fundamentally limited to sampling equilibrium configurations of the reactants, and
hence cannot capture anharmonic features of the potential away from equilibrium that
may be important in reaching the transition state. We also note that the above argument
can equally be applied to give expressions evaluated in the product rather than the
reactant ensemble. Whilst this is the same for the spin-boson model for any realistic
asymmetric system there may be significant differences in the reactant and product
potential energy surfaces and this can lead to a serious failure of the mapping approach

for significantly activated reactions.

8.B Removing the uncoupled modes from GR-QTST

Here we discuss how the spontaneous quantum fluctuations can be approximately removed
from the GR-QTST approximation to the ferrous-ferric electron transfer rate. As we
discussed in the previous chapter, the GR-QTST approximation to p,(E) is affected
by degrees of freedom which are not coupled to the electronic transition. As we have
argued in the main text, in a large system such as the atomistic model of ferrous-ferric
electron transfer there will be many such degrees of freedom, which will contaminate
the GR-QTST distribution leading it to underestimate the true rate.

Let us therefore suppose that we can identify a relatively small subset of degrees of
freedom, labelled a, which are involved in the reaction, and a large remainder which
are effectively uncoupled from the reaction, labelled b, such that we can write the

diabatic potentials in the form

Vo(q) = Uoa(q,) + Us(qy) (8.37a)

Vi(@) = Uiu(q,) + Up(q,). (8.37b)

Note that we will not actually need to find the coordinate transformation or identify the

coordinates a and b for which this is true, but only assume that it is in principle possible.
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Having made this assumption we can simply decompose the contributions to pgr-qrst.1(E)

according to

(6(38Y, + 38", + E)), = f (638, + E' + E)o(38", - E')), dE’,  (8.38)
where 28, + 26, = 28 is just the GR-QTST constraint functional, separated into

contributions from the a and b degrees of freedom. Since the a and b degrees of freedom
are uncoupled, it follows that the expectation value in the integrand of Eq. [8.38] can

be separated into two terms,

(0, + E' + E)o(38Y) — E')), = (6(38%), + E' + E)) (638", — E")),.

37 —a 37 —a

If we now define

Pa-Gr-QrsTA(E) = (5@8% +E)),, (8.39)

and note that GR-QTST is generally very accurate for systems with a small number of

degrees of freedom,222233

we are led to speculate that p, gr-grst.1(0) will provide a good
approximation to the exact p,(0) and hence give a good approximation to the rate.
In order to extract p,.gr-qrst(E) from pgr-grst.a(E), we can consider the uncoupled

Fe**-Fe’* system, for which in the present notation

UO,a(qa) + Ul,a(qa)
2

Volg) = Vi(g) = + Us(qy). (8.40)

Since we have assumed that there are only a few a degrees of freedom, it follows that

the GR-QTST distribution for this uncoupled system will be

DPun-GR-QTSTA(E) = <5(%8(_A)b - E)>A (8.41)

Hence we could in principle numerically deconvolute Eq. [8.38|to give an approximation
to pa.cr-qrsT.a(E). However, since we know from the central limit theorem (and from
our simulation) that py,gr-grst,A(E) Will be a Gaussian, and as we have shown that the
exact p,(E) is approximately a Gaussian, we can reasonably assume that p,.gr-qrst.1(E)
will also be Gaussian. Hence, we can simply use the analytical expression for the

convolution of two Gaussians to find that

(E) ! [ £ ] (8.42)
Pa-GR-QTST, A = (| T e&Xp|— , .
23, 243,
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Figure 8.5: Comparison of the corrected GR-QTST distribution obtained via the approximate
deconvolution described in Appendix C (a-GR-QTST), with the raw results for the physical (Fe**-
Fe**; GR-QTST) and uncoupled (Fe?”*-Fe?>*; un-GR-QTST) systems, and with the Wolynes
distribution.

where

1, = f E*[per-qrsTA(E) = puncrqrst.a(E)] dE (8.43)

[0e]

and we have made use of the symmetry of the ferrous-ferric system at A = Ay, = 3/2,
which implies that the mean of all of the distributions must be zero. Figure [8.5]shows
graphically the result of this approximate deconvolution, illustrating the close agreement

between the a-GR-QTST results and those of Wolynes theory.



Conclusion

In this thesis we have explored some of the challenges associated with the development
of accurate path-integral methods for non-adiabatic reaction rates. We have looked to
develop simple solutions to these problems which are immediately applicable to realistic
condensed phase simulations. This is by no means the first study in this area, and having
introduced the established theory in Chap. 2] we continued in Chap. [3|to analyse some
of the most recent attempts to solve this problem. We focussed on approaches which
aim to generalise RPMD to treat non-adiabatic systems. Standard RPMD rate theory
is known to accurately describe the effects of tunnelling and zero-point energy in the
adiabatic limit, and one might hope that these non-adiabatic generalisations of RPMD
would be able to transfer this accuracy to weaker electronic coupling. Unfortunately,
we found that, even the most promising of these approaches, the newly proposed iso-
RPMD #2345 not able to accurately describe nuclear quantum effects in the golden-rule
limit, highlighting the need for further work in this area.

In Chap. d and Chap. [5| we introduced two approaches for calculating non-adiabatic
reaction rates, in systems which are intermediate between the golden-rule and Born-
Oppenheimer limits. The first of these, the non-adiabatic quantum instanton (NAQI),
reduces to Wolynes theory®® in the golden-rule limit and to the projected quantum
instanton®® in the adiabatic limit. The results for a series of one dimensional scattering

models illustrated the accuracy of the method. Having established this, it should be

208
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relatively straightforward to develop a path-integral implementation of NAQI by starting
from the existing path-integral versions of Wolynes theory and the adiabatic quantum
instanton. Unfortunately, a detailed study of the properties of the path-integral version of
the theory was beyond the scope of this thesis. Future work will look to develop the theory
further and use it to answer mechanistic questions in condensed phase reactions. An
important limitation of the NAQI approach however, is that (like the adiabatic quantum
instanton) it requires knowledge of the optimum position space dividing surface. In
order to avoid this problem we suggested an alternative approach for calculating reaction
rates at arbitrary coupling strength, using a simple interpolation formula. This formula
interpolates between the Born-Oppenheimer and golden-rule rates, and can be combined
with any method applicable to these two limits, such as Wolynes theory and RPMD.
By comparing to exact HEOM results for a series of different spin-boson models[]
we demonstrated that the formula gives accurate results in a wide range of physically
relevant regimes, and that, in combination with path-integral methods in the adiabatic and
non-adiabatic limits, it is immediately applicable to complex multidimensional reactions.

In the second half of this thesis we returned to focus on the golden-rule limit. In
Chap. [6| we addressed the difficulty of applying Wolynes theory to the Marcus inverted
regime, and showed how this could be overcome using a numerical analytic continuation
procedure. Interestingly, since we published this work in 2018, this idea has been

70095 where it

carried over by Heller et al. to the semiclassical instanton approximation,
was shown!'®® that the instanton formula can be directly analytically continued into the
inverted regime. In Chap. [/|we addressed the recent work by Richardson and coworkers
which showed that Wolynes theory breaks down for systems with multiple transition
states 2*2233 We demonstrated that GR-QTST, an alternative to Wolynes theory proposed

232233 jtself suffers from a size

by Richardson and coworkers to solve this problem,
consistency issue which limits applicability to large scale simulations. We suggested a
simple modification to GR-QTST, the linear golden-rule (LGR) approximation, which
fixes this size inconsistency, and provides an alternative approach to calculating reaction

rates in the inverted regime without the need for analytic continuation. In Chap. [§| we

*HEOM calculations were performed by Dr. Lachlan P. Lindoy.
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applied Wolynes theory, LGR and GR-QTST to a fully atomistic model of aqueous ferrous-
ferric electron transfer, in order to assess the recent suggestion that Wolynes theory breaks
down in this system due to the presence of multiple transition states.**> We demonstrated
that in fact Wolynes theory is very accurate for this system, and that it is actually GR-
QTST which breaks down due to its size inconsistency. We also investigated the effect of
an artificial bias in the ferrous-ferric system, and used this to illustrate the applicability of
both Wolynes theory and LGR to the calculation of reaction rates in the Marcus inverted
regime in a realistic condensed phase simulation with anharmonic force fields.

There is still clearly much work to be done in the development of path-integral meth-
ods for non-adiabatic reaction rates. In particular, the ultimate goal of the development
of an accurate non-adiabatic generalisation of RPMD rate theory is still some way off.
However, the methods we have explored in this thesis are capable of tackling many of
the questions that one might want to answer with such a method. It will be interesting
in the future to apply the methods developed here to study more complex condensed
phase reactions, in order to quantify the contribution of nuclear quantum effects, assess

the degree of non-adiabaticity, and uncover new reaction mechanisms.
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