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The thesis centres around two problems in the enumeration of p-groups.
Define f3(p™) to be the number of (isomorphism classes of) groups of order
P™ in an isoclinism class . We give bounds for this function as ® is fixed
and m varies and as m is fixed and & varies. In the course of obtaining these
bounds, we prove the following result. We say a group is reduced if it has no
non-trivial abelian direct factors. Then the rank of the centre Z(P) and the
rank of the derived factor group P/P’ of a reduced p-group P are bounded
in terms of the orders of P/Z(P)P' and P' N Z(P).

A long standing conjecture of Charles C. Sims states that the number of

groups of order p™ is )
3 2
i 00, )

We show that the number of groups of nilpotency class at most 3 and order

p™ satisfies (1). We prove a similar result concerning the number of graded
Lie rings of order p™ generated by their first grading.
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Chapter 1

Introduction

This introductory chapter is divided into two sections. The first section gives

an outline of the history of group enumeration. The second section lists and

gives motivation for the new results included in the later chapters.
Throughout, p will denote a prime. All groups are finite unless specified

otherwise.

1.1 Enumeration of Groups: A History

If n is a positive integer, define f(n) to be the number of (isomorphism classes
of) groups of order n. We will concentrate on those papers within group
enumeration which investigate this function. Papers which do not address
this subject but nevertheless fall within the demesne of group enumeration
include (2, 4, 12, 14, 15, 17, 18, 19, 22].

The first substantial progress in group enumeration came with Graham

Higman’s 1960 paper [11], in which he shows that the number f(p™) of groups



of order p™ satisfies
p(%—em)m?’ S f(pm) S p(1—2'5'+€m)m3

where €,, depends only on m and tends to 0 as m tends to co. Higman obtains
the lower bound by counting a certain class H, of groups of nilpotency class
2. In 1965, Charles Sims [24] showed that the groups in H, provide the
leading term for f(p™) when he proved that

m 2 m3 m8/3
fp™) = prm O,

I hear from Mike Newman that the error term has been brought down to
O(m®/?) in joint work by Craig Seeley and himself.

Inspired by Sims’ beautiful theorem, a clutch of papers appeared in the
late sixties ([5, 8, 21]) which attempted to generalise the result to groups
of arbitrary order. These results were sharpened in Mclver and Neumann’s

1987 paper [16] in which, amongst other things, they show that
f(n) < pi 2

where p 1s the largest integer such that p* divides n for some prime p. More
recently, Pyber shows [23] that the number of groups of order n with specified
Sylow subgroups is at most

7
n 5u+16'

This theorem has the corollary, when taken together with Sims’ Theorem,
that

f(n) < nF#+0G)



1.2 An Overview of the Thesis

The remainder of the work is divided into seven chapters and two appendices.
Chapter 2 contains some background material: All the results and meth-
ods contained in this chapter are either contained in [11] or are trivial modi-
fications of the work there. The construction of groups of ®-class 2 is used in
Chapter 4, the results concerning enumeration of ‘small’ varieties of p-groups
are used in Chapter 8.
Chapter 3 concerns itself with the proof of the following theorem con-

cerning reduced groups:

Definition 1 A group P is reduced if whenever there exist groups @ and D
such that D s abelian and P = @) x D, then D 1s trivial.

Theorem 1 Let P be a reduced p-group and suppose that |P' N Z(P)| = p»
and |P/P'Z(P)| = p*. Then:

(i) The rank of Z(P) is at most a + n.

(ii) The rank of P/P' is at most a + n.

We include this theorem both because it is of interest in its own right and
because we use part (1) in Chapter 4.
Chapter 4 contains results concerning enumeration of isoclinism classes

of p-groups. Two groups P, and P, are said to be isoclinic if there exist

isomorphisms ¢ : P,/Z(P,) — P;/Z(P,) and 9 : P — P, such that the



diagram

P./Z(P) x P,JZ(P,) Y, P

¢x ¢ l I 9

Py/Z(P,) x P,/Z(Py) L. P
commutes, where the horizontal maps are induced in the natural way from
the commutator maps in P; and P,. The relation of being isoclinic is an
equivalence relation: We will call equivalence classes under this relation ¢so-
clinism classes. Isoclinism was introduced by Philip Hall in [10] in order to
simplify the classification of p-groups (he calls isoclinism classes families of
groups). There are two very natural questions to ask concerning isoclinsm

which we address here.

Question 1 Suppose we fiz a prime p and a positive integer m and consider
groups of order p™. How large can we expect a single isoclinism class of

groups of order p™ to be?
We prove:

Theorem 2 Given any isoclinism class ®, the number of groups of order p™

in ® is at most
L2 m
P fan(P™), (1.1)

where fap(p™) is defined to be the number of abelian groups of order p™.

It is known (see [1, Chapter 6]) that

m 1 w\/?ﬁ
fab(p ) 4m\/§e



so Theorem 2 says that the number of groups of order p™ in ® is at most
py™+O(m?)  We will give an example of an isoclinism class ® (depending
on m) which contains at least pe(™* =9 groups, so Theorem 2 is reasonable.

By the Higman—Sims result that f(p™) = p%m3+o("‘s/3), Theorem 2 has the

corollary that

Corollary 1 The number of isoclinism classes of p-groups of order p™ 1is

Question 2 Suppose we fiz a prime p and an isoclinism class of p-groups ®.

What can we say about the number of groups of order p™ in ® as m varies ?
We prove:
Theorem 3 Let ® be an isoclinism class. Define fs(p™) to be the number

of groups of order p™ in ®. Then

fa(p™) om
Falr™) =

where ¢ and k are constants depending only on ®.

k

In fact, if in the above theorem we have P € & with |P/(Z(P)P')| = p* and
|P' N Z(P)| = p™, then we show we may take ¢ and k to be

¢ = (a4 n + 1)23(@tm)platn)’

and
k—-l(
=3 a+mn).

The theorem has the following simple corollary.
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Corollary 2 Let ® be an isoclinism class. Then
f@(pm) — e‘rr\/gﬁ+0(logm).

The proof of Theorem 3 shows that the leading term in fs(p™) is provided
by the variety of abelian groups which can be chosen for the centre of a group
in ®, rather than by the number of groups in ¢ having a given centre, when
we consider large values of m.

My D.Phil Examiners have kindly pointed out that the results contained
in Chapter 4 may be proved more slickly using the Universal Coefficients
Theorem (See 3, page 34]). This method of proof still relies on the results
contained in Chapter 3.

The results contained in Chapters 5,6 and 7 surround a conjecture — now
more than 27 years old — published by Sims in [24]:
Conjecture 1 (Sims) The number of groups of order p™ is

pz—z.,-ms +O(m2) .

If this conjecture is true, Pyber’s Theorem would imply that
F(n) = #4000

We prove two results, both strongly suggesting that Sims’ conjecture is true.

In Chapter 5 we prove:
Theorem 4 Let p > 2. The number of groups of exponent p, nilpotency
class at most 3 and order p™ 1s

p—%ms +0(m?) .



This is a weaker result than that contained in Chapter 7: It is included be-
cause the proof contains all of the essential ideas developed in full in Chapters
6 and 7, without many of the obscuring details.

Chapter 6 is concerned with proving:

Theorem 5 The number of graded Lie rings
L = L1 AP Lc

of order p™ and where L is generated by L, is at most

p—227m3+0(m2) '

This theorem is proved by a straightforward extension of the methods devel-
oped in the proof of Theorem 4.

Chapter 7 proves the extension of Theorem 4:

Theorem 6 The number of groups of class at most 3 and order p™ 1is

p%ms +O(m2) .

An extension of Theorem 6 to groups of nilpotency class more than 3
or of Theorem 5 to arbitary nilpotent Lie rings by a naive generalisation of
their methods has proved difficult, although it is quite possible that a small
improvement in these methods might provide a proof of the Sims conjecture.
This is a project for the future.

Chapter 8 investigates the enumeration functions of the two smallest non-

abelian varieties of p-groups when p > 2. Define B, to be the variety of

9



groups of exponent p and nilpotency class at most k. Define H, to be the
variety of groups whose Frattini subgroup is central and of exponent p. For
a variety U, define U(m) to be the set of groups in U of order p™. We prove
that

Theorem 7 If p is odd, then

IHP(m)I _<_ p—g-mz +O(m3/2).
|Bp,2(m)|

It is to be hoped that more results of this type — concerning the ratios of
enumeration functions of varieties of p-groups — could be proved once Sims’
conjecture is settled.

The two appendices contain results used in earlier chapters which have
been postponed to an appendix due to a combination of their length and
their comparative lack of depth. Appendix A contains the proof, deferred
from Chapter 3, that a function & is a homomorphism. Appendix B contains
the proof that a binary operation defined in Chapter 4 is, in fact, a group
operation.

Any background material concerning p-groups which we use (such as prop-
erties of the Frattini subgroup and construction of the associated Lie ring of
a group) can be found in [9]. The basic theory of varieties can be found in
the early chapters of {20]. All the work that follows is original, excepting
Chapter 2.

10



Chapter 2

Background Material

2.1 Enumeration of p-Groups of Class 2

All the results in this section are either contained in G. Higman’s paper
[11] on the enumeration of groups of order p™ or are obtained by trivial
modifications of his methods. We begin by reproducing the bounds given in
[11] for the number of groups of order p™ with a central, elementary abelian
Frattini subgroup. Higman derives these bounds from estimating the number

of a certain class of p-groups, namely groups of ‘®-complexion (r, s)’.

Definition 2 A p-group G is of ®-complezion (r,s) if ®(G) is central, ele-

mentary abelian of order p* and has index p” in G.

Let p™ be a prime power. Define f, ,(p™) to be the number of (isomor-
phism classes of) groups of order p™ and of ®-complexion (r,s). The next

theorem gives bounds for f, ,(p™).

Theorem 8 If s+ 7 =m and s < 37(r + 1) then

p%'ra(r-i-l)—rz—s2 < fr,s(pm) < p%rs(r+1)—s(s—1).

11



Proof: Let X, be the free group on r generators zi,...,z, and let R
be the subgroup of X, generated by z?°,[z,y]?, [z?,y] and [z,y, 2] for all
z,y,z € X,. Define H = X, /R. Note that a group P can be expressed as a
quotient of H if and only if it is a p-group generated by at most r elements
and ®(P) is both central and elementary abelian.

Let G be a p-group of ®-complexion (r,s). Since |G/®(G)| = p", G is
generated by r elements. Since ®(G) is central and elementary abelian, G is
a quotient of H: Let G = H/N, say. Since a generating set of G containing
r elements is irredundant, N is contained in ®(H).

Since all the groups that we are counting correspond to quotients of H
by subgroups of ®(H), we investigate the structure of ®(H). We have that
®(H) is elementary abelian by definition of R, and so it remains to find the
dimension of ®(H). Suppose hy,...,h, is a free generating set of H. We
have that ®(H) is generated by h%,... h? together with the derived group
H'. Now H'is generated by the elements [h;, h;] where 1 < i < j < r and
their conjugates, i.e. by these elements themselves since H' is central. Hence

®(H) is generated by the 2r(r + 1) elements:
h? where 1 <i < r and [h;,h;] where 1 <i < j<r.

Suppose that this generating set is not minimal. Then there exists a non-

trivial relation:

[1 A7 [1(h:, 5] =1 (2.1)

12



for some integers 0 < ;,8;; < p not all 0. Since this is a relation between

free generators of H,

[T1g7* [llg:, 95 =1
for any elements g; in a p-group which is a quotient of H. But putting g;
generating a cyclic group of order p?> and g; = 1 for j # i gives a; = 0,
and then taking g; and g; generating a non-abelian group of order p® gives
Bi;; = 0. Hence no non-trivial relation (2.1) holds and so ®(H) is of order
paT(r+1),

Consider a subgroup N of ®(H) such that H/N is of ®-complexion (r, s)
and hence of order p"**. Then since |H/®(H)| = p", we have the index of
N in ®(H) is p*. Conversely, if N is a subgroup of ®(H) of index p* then
H/N is a group of ®-complexion (r, s). The number of subgroups of ®(H) of
index p* is equal to the number of subgroups of ®(H) of order p*, by duality
(since we may regard ®(H) as a vector space over [F,,). Hence the number of
such subgroups is:

(pEr(r+1) — 1)(pr(r+1) — p) . (phr(+1) — po-1)
(p* = 1)(p*—p)...(p* —p* %)

Since any p-group of ®-complexion (7, s) occurs as a quotient of H by one of

these subgroups, there are at most

Lo(r Le(r 3r(r 8-
(P2 (r4+1) _ ]_)(pz (r+1) _ p) ca (p2 (r+1) _ P 1) < p%n(r+1)—s(s—1)
(p* — 1)(p* —p)...(p* — p*71)

p-groups of ®-complexion (r,s) and the upper bound follows. If we can put

an upper bound on the maximum number of subgroups of index p* in ®(H)

13



that produce isomorphic quotients of H, then we have found a lower bound
for the number of p-groups of ®-complexion (r,s).

Let N; and N, be subgroups of ®(H) of index p* and suppose
. H/N]_ — H/N2

is an isomorphism which maps h;N; to k;N,, say. Since the h; are a free
generating set, the map h; — k; can be extended to an endomorphism 3 of H.
The k; generate H modulo N, so certainly they generate H modulo ®(H).
Hence the k; generate the whole of H and B is an isomorphism. Trivially,
if B € Aut(H) then H/N = H/B(N), so there is a 1-1 correspondence
between groups of ®-complexion (r,s) and orbits of the set of subgroups of
®(H) of index p° under the action of Aut(H). If we can find an upper bound
for the length of an orbit, then we can find a lower bound for p-groups of
®-complexion (r, s).

The length of any given orbit is at most |Aut(H)/X| where we define X
to be the set

{B € Aut(H) : B is the identity on ®(H)}

Hence the number of p-groups of ®-complexion (7, s) is at least:

the number of subgroups of ®(H) of index p*
|Aut(H)/X|

We show that |Aut(H)/X| < |Aut(H/®(H))|. Define the natural map
¢ : Aut(H) — Aut(H/®(H)). Then if B € ker ¢ we have Bh; = h;z; for
some z; € ®(H). Hence B is the identity on ®(H) (as it is the identity on

14



Ry, 1 <i<rand [hi,h;], 1 <i<j<r). Therefore ker ¢ < X,s0:

Aut(H) Aut(H)
X ’ - ker¢
< |Aut(H/S(H)

-1 —-p)...(0" — 7).

Hence we have that the number of p-groups of ®-complexion (r,s) is at
least:

(p%r(r+1) _ 1)(p%r(r+1) —p)... (p§r(r+1) —p 1)
(=1 —p)...(7 —p ) = 1)(p" —p)... (7" — )

which is greater than pz("+1)*="*~s" anq the result follows. O
We use the bounds given above to enumerate groups with a central, ele-

mentary abelian Frattini subgroup.

Theorem 9 Let p™ be a prime power. If we define Hy(m) to be the number
of (isomorphism classes of) groups of order p™ with a central, elementary

abelian Frattini subgroup, then

2

p%(mi’_ﬁmz) S Hp(m) S (m _ 1)p§7m3+%m
if m > 2.

Proof: The lower bound is trivially true for m < 6, so we may assume
m > 6. Obviously, Hy(m) > f,,(p™) for any r, s such that r + s = m. If we
put r = (2m — §)/3 and s = (m + 8)/3 where § is one of 0,1 or 2 chosen so as

to make 7 and s integral then since s < 2r(r + 1) we can apply the previous

15



theorem to obtain:

pr(m*=6m?) if§=0
fra(p™) = { pm-em)ti(m=5) if § =1
pH(m=om)tm=%) if § = 2

and the lower bound follows since we are assuming that m > 6.

We turn our attention to the upper bound. We have that

Hy(m) = mz F(rm —7) < (m — 1)p™

where M is the maximum of irs(s + 1) — s(s — 1), s = m — r such that

0 <7 <m. It is easy to show that the maximum occurs when r = %m + 6

where 0 < § < 3, hence that M < Zm? + 1m.O
The methods used above can be used, with virtually no modification, to

prove the following results.

Theorem 10 Let p be an odd prime. If B, (7, s) is the number of groups of

®-complexion (r,s) and exponent p, then
p%r(r—l)s—s"’—r2 < Bp,g(’l’,é') < pir(r—l)s—s(s—l).

Theorem 11 Let p be an odd prime. The number of groups of exponent p

and order p™ with a central, elementary abelian Frattini subgroup is

p22_7m3 +O(m2).

16



Chapter 3

Reduced Groups

3.1 An Overview of the Chapter

This chapter is divided into two sections. In the first, we prove two lemmas
which concern themselves with the structure of abelian p-groups. In the

second, we use these lemmas to prove Theorem 1.

3.2 Some Abelian p-Group Theory

Lemma 1 Let A be an abelian p-group. Suppose H < A such that |H| = p™.
Then A = A; ® A, where H < A; and where A, has rank at most n.

Proof: We use induction on n: the case n = 0 is trivial.

Assume the result holds for subgroups of order strictly less than p™. Let
z € H be an element of order p. Any element of order p is contained in a
cyclic direct summand of A (this is a special case of [13, Lemma 10, Page

23]). Hence there exists h € A such that = € (h) and
A=(h)®B

17



for some B < A. Let H; < B be the projection of H onto B. We have that
H < (h) @ B. Since ¢ € HN (h), |Hy| < |H|. By our inductive hypothesis,
B = B1® B, where H; < B; and where rk(B;) < n—1. Setting A; = (h)® B,
and A; = B,, we have that A = A; ® A; where H < A; and rk(4;) < n, as

required.O

Lemma 2 Let A be an abelian p-group. Suppose that H < A such that
|A/H| = p*. Then A = A, ® A; where Ay < H and A; has rank at most a

Proof: The lemma follows by duality of finite abelian p-groups. (See [7, pages
311-312]).0

3.3 The Rank of the Centre of a Reduced
Group

We are now in a position to prove the main result of the chapter. The

definition of ‘reduced’ is given in the introduction.

Theorem 1 Let P be a reduced p-group and suppose that |P' N Z(P)| = p™
and |P/P'Z(P)| = p*. Then:

(i) The rank of Z(P) is at most a + n.
(i1) The rank of P/P' is at most a + n.

Proof: We prove part (i). By Lemma 1, Z(P) = A; X A, where P'NZ(P) <
A, and rk(A4;) < n. Set
B:= P/P'A,.

18



Consider 7 : A, — B given by restricting the natural map from P to B.

Since

7l'(A2) = PlAlAz/P,Al = PIZ(P)/PlAl,
we have that

P/P'A,
P'Z(P)/P'A,

|B/(Az)| =

| — |P/P'2(P)| = 5.

Hence, by Lemma 2, we have that B = B; x B, where w(A;) > B, and where
B, has rank at most a. Set D := n71(B;). Set @ to be equal to the inverse
image of B; under the natural map from P to B. We claim that P = Q) x D.

Now @ 1s normal as it contains P’ and D is normal as it is central. Suppose

that z € QN D. Then z € D < Z(P), so

Butz€e D<A;,sor € AiNA;=1. Hence QN D =1andso P =@ x D.
Since P is reduced, we may deduce that D = 1, hence that B, = 1. But

in this case,

tk(Z(P)) < tk(A:) + tk(Z(P)/A1) < r1k(4:) +1k(B)
= rk(4,:) + tk(B;)

< a+n.

So the rank of Z(P) is at most a + n, as required.
We now turn our attention to part (ii) of the theorem. The proof is

similar to part (i). Let P be a reduced p-group as in the statement of the

19



theorem. Applying Lemma 2 to the image of Z(P) in P/P’, we find that
there exist subgroups A; and A; of P such that P = A;A4,, A, < Z(P),
P'< Ay, AyNA; < P'NZ(P) and rk(A;/P') < a. Applying Lemma 1 to
A,, we find that A; = B, x B, where P'N Z(P) < B, and such that B, has
rank at most n. Set Q = B,A; and D = B,;. Asin part (i), we have that D

1s a direct factor of P, hence that D = 1. But now
tk(P/P') < tk(A;/P') + k(B P'/P') < a +1k(B;) < a + n,
and so part (i1) of the theorem follows.O

Corollary 3 Let ® be an isoclinism class of p-groups and suppose that S € ®
with |S'NZ(S)| = p™ and |S/S'Z(S)| = p*. Then for any reduced group
P € ®, the rank of Z(P) and the rank of P/P' are at most a + n.

Proof: This follows from part (i) of the previous theorem once we note that
the orders of P' N Z(P) and of P/P'Z(P) are invariants of the isoclinism

class. O

20



Chapter 4

Enumeration within Isoclinism
Classes

4.1 An Overview of the Chapter

The object of this chapter is to prove the enumeration results concerning
isoclinism stated in Chapter 1: namely Theorems 2 and 3 and their corollar-
ies. In order to prove Theorems 2 and 3, we need to know something about
the structure of a group in an isoclinism class ®. In Section 4.2, we asso-
ciate several triples (A, p,v) with P € ®, and prove that any one of these
triples defines the isomorphism class of P uniquely. Counting triples of the
appropriate type gives an upper bound for the number of groups of order
p™ in ®. Section 4.3 proves Theorem 2 using this method. The section also
contains an example which shows that Theorem 2 gives a reasonable bound.
Section 4.4 uses the triples defined in Section 4.2 to prove Theorem 3 and its
corollary. Finally, Section 4.5 contains a shorter proof of Theorem 3, which

produces slightly cruder bounds than the proof contained in Section 4.4.
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4.2 The structure of isoclinic groups

Let p be a fixed prime number and let & be a fixed isoclinism class. We
associate several triples (A, u,v) with each group in this isoclinism class, and

then prove that a triple defines the isomorphism class of a unique group in

P.

We require a standard p-group in ® which we will use to define triples
associated with each member of ®. Let S be a fixed p-group in ®. Set
L=2S8/Z(S), M =85 and N = 5N Z(S). Let

y:LXL—M

be the map induced by forming commutators in S. Suppose that L/L’ has

rank d and order p®. Choose elements sq,...,85 € L such that
L/L' = (s;L") x -+ x {saL').

Set s to be the d-tuple (s1,...84). For 7 such that 1 <1 < d, let ¢; be the
least integer such that s? “ € L'. Then Y4, & = a. We will fix all the above

notation for the rest of the chapter.

Definition 3 We say the triple (A,p,v) ts an s-triple if A is an abelian

group, p is an injective homomorphism mapping N into A and
v = (v1,v2,...,0q)

where v; € A/p%A for 1 <1< d (here we are writing A additively).

22



Two s-triples (A, py, (v1,...,v4)) and (Az, pa, (w1,...,wq)) are isomor-
phic if there exists an isomorphism 6 : A, — A, of abelian groups such that

p2 = 0py and such that 0(v;) = w; for 1 < i < d.

Fix a transversal {7)}xca of N in M. Note that there is a natural iden-
tification of the elements 7, with elements of L': Set 7 = 1, Z(S) € L' for
all A € A. The following lemma consists of results concerning the structure

of a p-group isoclinic to S.

Lemma 3 Let P be a p-group in ®. Let ¢ and ) be isomorphisms such that

the following square commutes.

LxL 2. M
P X ¢ | I ¥ (4.1)
P/Z(P) x P/Z(P) L, P

Then
(i) (N) = P'NZ(P)
(i1) Y(m)Z(P) = ¢(Fa) for any A € A.

(111) of we pick z; € P such that

for 1 <1 < d then every element of P can be uniquely expressed

in the form
2 2Bhp(n)z
where 0 < B; < p%, A € A and z € Z(P).
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Proof: We first prove a stronger version of part (ii), namely that for any
ce s,

¥(c)Z2(P) = ¢(cZ(5)). (4.2)
Since ¥ and ¢ are homomorphisms, it is sufficient to prove the result for

¢ = [g1, 92| where g1, g, € S. By commutivity of Diagram (4.1), we have that

P((9:12(5),9:2(5)]) = [¢(9:2(5)), ¢(9:4(5))]

i P and hence that

¥((912(5),9:2(5))Z(P) = #([9:2(5), 922(5)])
in P/Z(P). So
$(cZ(S)) = ¢(lg1,9]2(5))
= #([912(5),922(5)])
= P((912(5),9:2(5)])Z(P)
= ¥([91,92])Z(P)

= 9(c)Z(P)

and hence (4.2) follows. Part (ii) of the lemma now follows immediately,
since 7\, € §' and T\ = 7\ Z(S5) for any X € A.

We now prove part (i). We have that
N={ce S |cZ(S)=Z(S)}.
Since ¢Z(S) = Z(S) if and only if ¢(c)Z(P) = Z(P), by (4.2), we have

Pp(N) = {¥(c) € P'| cZ(S) = Z(5)}
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{ib(c) € P'| 9(c)Z(P) = Z(P)}
= {c€ P'|cZ(P)= Z(P)}

= P'NZ(P)

and part (i) follows.
We prove part (iii). Every element of L/L’ can be uniquely expressed in
the form
s sg"L'
where 0 < ; < p%, by definition of the s;. Hence every element of P/Z(P)P'

can be uniquely expressed in the form
o Lr

for some z € Z(P)P'. Since {7r}xea is a transversal of N in S’, we have,
by part (i), that {¢(72)}rea is a transversal of P' N Z(P) in P’, hence a

transversal of Z(P) in Z(P)P'. So z can be written uniquely in the form

z=1YP(m\)z

where A € A and z € Z(P). Hence the result follows. O

We now explain how we associate an s-triple with a group in ®. Let
P € &, and let ¢, ¥ be isomorphisms such that diagram (4.1) commutes.
Let z;,...,zq be chosen in P such that z;Z(P) = ¢(s;). We define an s-
triple (A, p,v) as follows.

Set A = Z(P). Define p as the restriction of ¢ to N. We have

€

:c? e ¢(TAi)zi
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for some unique \; and z; where \; € A and z; € Z(P). Writing Z(P)
additively, set v; = z; + p% Z(P). We say that (A, u,v) is the s-triple induced
from P via (¢,%). Note that the definition of this triple depends upon the
choice of ¢, 1 and the z;, so a given group may give rise to more than one
triple. However, as the following will show, a given isomorphism class of

triples is induced by at most one group in 9.

Lemma 4 Let P, and P, be p-groups isoclinic to S that induce s-triples

isomorphic to (A, p,v). Then Py = P,.

Proof: Let Py and P, be as above, and suppose they induce triples isomorphic
to (A, p,v) via the isomorphisms (¢1,%1) and (P2, ¥2) respectively. We have
that the diagram

P/Z(P) x P./Z(P)) -2 P!

1 X P 7 T
LxL s M (4.3)
¢2 X ¢2 ! L v

P/Z(Py) x Po/Z(Py) L P
commutes. For ¢ = 1,2, let 6; : Z(P;) — A be the isomorphism between

the s-triple induced by P; and the s-triple (A, p,v). We have that

Yi(z) = 07 p(z) (4.4)

for any ¢ € N, by definition of the s-triple induced by P;.
Clearly we have that P; & P} via the isomorphism ,%; ', and Z(P;) &
Z(P,) via the isomorphism 63 16,. We will first extend these isomorphisms

to an isomorphism a between Z(P,)P| and Z(P,)P,.
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Define a : Z(P,)P] — Z(P2)P, by

a(zc) = 050, (2)pap7 ()

for an element zc € Z(P,)P| where z € Z(P;) and ¢ € P]. We check that a
is well defined. Let z € Z(P;)P| and suppose that & = z1¢; = 2z2¢; for some
21,22 € Z(P,) and c;, ¢, € P|. Clearly there exists z € Z(P;) N P{ such that

21 = 2,z and ¢, = z-1¢,. Then we have
a(zier) = 63 6:1(z1)p297 " (1)
= 0;'01(z22)2; (27 c2)
= 0;161(22)0; ™ 01(2) 2t (27 Yoty M (c2)
= 60y 01(2z2) P2t (2)%297 (27 )by (c2)
= 65601(z2) 2 (c2)
= a(ne)

Hence o i1s well defined. We check that o is a homomorphism. Let 2,2z, €

Z(P,) and let ¢1,c; € P!. Then since 8526(z,) € Z(P;) we have
a(zic1)a(zace) = 05101(z1)apy " (e1)05  01(22) Y2ty (c2)
= 0;7601(21)05 " 01(22)hatp1 (1) 2ty ' (c2)
= 87" 01(z122)p29;  (crc2)
= a(z1z2¢c103)
= af(z1c1)(22¢c2))
and thus a : Z(P,)P! — Z(P,)P} is a homomorphism. Clearly, Z(P;)

is the image of Z(P;), and P, is the image of P| under a. Since Z(P,)P,
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is generated by Z(P,) and P,, we have that a is onto. To prove that a
is an isomorphism, it is sufficient to show that |Z(P;)P|| = |Z(P:)P,|, for
then a is an onto homomorphism between finite sets of the same size. Since
P,/Z(P,) = P,/Z(P;) and Z(P,) & Z(P,), we have that |P;| = |P,|. Since
P/Z(P)P! = (P./2(P.)/(P./Z(P)) = L/1, we have |Z(P,)P}] = |Z(P;) P}
and hence a is an isomorphism as required.

It remains to extend a to an isomorphism from P; to P,. Let z1,...,z4 €
P, be fixed such that z;Z(P;) = ¢1(s;) for 1 < i < d. Define z; € Z(P,) and
A; € A where 1 <1 <d by

22" = (1) 7

We know that z?" can be written in this form because of Lemma 3 (111)
together with the definition of the elements s;. By the definition of the

s-triple induced by P;, we may specify in addition that
601(z) + p¥ A = v;

for 1 <1 < d. We show that we can find y; € P, where 1 < ¢ < d such that

¥: Z(Py) = ¢2(s:) and such that

y?" = (1)) (4.5)

Consider, for 1 < 7 < d, an arbitrary u; € P, such that u;Z(P,) = ¢,(s;).
Then

W Z(P) = ost)
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= 267 a(si)"

= $o97} (8" Z(P1))
= ¢2(Tx)

= Pa(mr,)Z(P2).

By the definition of the s-triple induced by P, we may pick uy,...,uq such
that u;Z(P,) = ¢2(s:) and such that

uf = P2 )t
where t; € Z(P,) and 0,(t;) + p A = v;. Now
01(z:) + p“ A = v; = 6,(8;) + p“ A.

Hence 0;(z;)—02(%;) € p5 A, s0 ;1 (61(2;)—02(t;)) € p5 Z(P,). Set w; € Z(P,)

to be an element such that
piw; = 05 (61(2;) — 02(8:)) = a2;) — ¢s.
Set y; = u;w;. Then
pei P

g7 =l Wl = a2 )t = a(my, ) 2i)

Hence v, ..., yq satisfy (4.5), as required.
We are now in a position to define the candidate for our isomorphism

between P, and P,. Define & : P, — P, by
a2 .. Z0e) = o yBa(c)
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where 0 < B; < p% for 1 < ¢ < d and where c € Z(P,)P;. Clearly & is well

defined and is a bijection. It is immediate from the definition of & that
a(zfz) = a(ef)a(z) (4.6)
where 0 < 8 < p% and z € (@i11,...,z4) Z(Py)P]. It 1s also clear that
&) = &(af)a(al) (47)
where 0 < 3,8’ < p% and B + ' < p%. We also have that
&(af") = a(z:)r" (4.8)
for 1 <i < d by (4.5). We now check that
[z, z7]) = [&(@), &(a?)] (4.9)

wherez € P,,0< B8 <p“and 1<1i<d.

Let z € P; and let 8 be an integer such that 0 < 8 < p%. Then
z =2z 2h ()2
where 0 < 3; < p%, A € A and z € Z(P,). Then
&(le,2f]) = &([=2(Py), =i Z(Py)))
= G($195 (4207 (22(P1)), 281 (20 Z(P1))))
since P, and P, are isoclinic. Since y?Z(P,) = ¢»¢7 (z? Z(P;)) and
6207 (2Z(P)) = 267 (21" .. 2ta(n)Z(P))
= 3. yha(¥ (1)) Z(Py)
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we have that

&le,ef]) = a(ys ([ - vi a($i(m)),9)))
= &y ([&(2), &(2:)°]))
= [8(e), &l
since & = 97! on P!, as required.
Define
Hy = (Ta—kt1,---,24) Z(P,) P}

for 1 < k < d and define Hy = Z(P;)P]. Using the properties (4.6), (4.7),
(4.8) and (4.9) of &, it is an easy exercise to prove that & is an isomorphism
on P; by using induction on k to show that & restricted to Hj is an injective
homomorphism: We do this in Appendix A. Since we have constructed an

isomorphism between P; and P,, the result follows.O

4.3 Proof of Theorem 2

Theorem 2 Given any isoclinism class ®, the number of groups of order p™

in P s at most

™ fab(P™),
where fop(p™) ts defined to be the number of abelian groups of order p™.
Proof: Let ® be an isoclinism class containing a group S. Let §/Z(S5)S’ have

rank d and order p?, let |S/Z(S)| = p' and suppose |S'N Z(S)| = p". Set
N = §'NnZ(S). Let P € ® with |P| = p™. Since |P/Z(P)| = |S/Z(S5)],
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we have that |Z(P)| = p™~'. Hence P will give rise to an s-triple (4, p,v)
where |A| = p™~!. Counting the number of isomorphism classes of triples of
this form gives an upper bound for the number of groups of order p™ in P,
by Lemma 4.

We first consider the number of possibilities for A. If we identify N with
its image in A under p, A is an abelian group which is an extension of N
by a group A/N of order p™~'~". The number of possibilities for A/N is at

most far(p™'""). Suppose that A/N has presentation
(al, R ¢ 2% | a,;n‘ = 1, [a,i,a,j] = 1)

for some integers k,m, ..., m; and that N has presentation (X | R). Then

A has a presentation of the form
(Xa azy ..., ak I R, a':ni = b;, [ai’a'.‘i] =1, [a’i’X] = 1>

where the b; € N. Hence the number of possibilities for A as an extension
of N once A/N has been chosen is at most p™™~!=™) corresponding to the
number of choices for the b;. Once A has been fixed as a particular extension
of N, p is determined as the inclusion map u : N — A. The number of

™=l Hence the number of

possibilities for each v; € A/p%A 1s at most p
possibilities for v is at most p™~!). Therefore we have that the number of

possibilities for triples of the form (A, p,v) with |A| = p™~! is at most

pd(m—l)+n(m—-l——n) fab(pm—l—n )

IA

pn(m—l—n)+a(m—l——n+n) fab(pm )

Lm? m
S p? fab(p )



and Theorem 2 follows.O

We now give an example to show that Theorem 2 gives a reasonable
bound. Let X, be the free group on r generators z;,...,z, and let R be
the subgroup of X, generated by all elements of the form z*’, [z, y]?, [z?, y]
and [[z,y], z] where z,y and z range over all the elements of F. Set H =
X./R. Define h; := z;R. One may show (see the proof of Theorem 8) that
|H/®(H)| = p" and that ®(H) is elementary abelian of order pz"("+1) and
generated by the elements

p?
for 1 <1 < r together with
[hi, Bj]

for1 <i< j <r. If Nisasubgroup of ®(H) of index p*, H/N is a group of
order p"**. It is shown in the proof of Theorem 8 that at most p”° quotients
of this form are isomorphic to any given group.

We construct a number of isoclinic groups of order p™**. Define V < &(H)
by

V ={([hyhj]|1<i<ji<r).
Let K be a subgroup of V of index p* in V. For vy,...,v, € V, define
N(vy,...v,) = (K, hjv, hYv,, ... hPv,) .

It is clear that N(vy,...v,) = N(vi,...v.) if and only if v; € v!K for 1 <
i < r. Hence we have a collection of p°" subgroups of ®(H), all of index p°
in ®(H). Define

G(vi,...v,) = H/N(vy,...v,).
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Since at most p" quotients of H of this form are isomorphic, we have a
collection of at least p*~"" distinct isomorphism classes of groups. We show
that any two of these groups are isoclinic.

Let vy,...,v,,v1,...,v. € K. We show that G(v,...,v,) is isoclinic to
G(vy,...,v!). Consider the subgroup Z(v,,...,v,) of H corresponding to the
centre of G(vy,...,v,). Then

Z('U]_, “ee ,'U,.)

{h€ H|[h,z]|€ N(vq,...,v,) forall z € H}

{h€ H|[h,z] € N(v1,...,v. )N H forall z € H}

{h€ H|[h,z] € K for all z € H}.

Hence Z(v1,...,v,) is independent of v;,...,v, and so the identity map
on H induces a map ¢ between the central quotients of G(v,...,v,) and
G(vy,...,v}). Since G(v1,...,v,)" corresponds to H'/(N(vy,...,v,) N H') =
H'[K, the identity map on H also induces a map 1 between the derived sub-
groups of G(vq,...,v,) and G(v3,...v.). It is clear that G(vy,...,v,) and

G(vy,...,v.) are isoclinic via the isomorphism pair (¢, ¥).

sr—r

We have found p"~" distinct isoclinic groups of order p"**. Setting r =

3

im+ 6§ and s = $m — §, where § is chosen from the set {0

1 1 3

’Z’E’Z} so as to

make r and s integers, we find there are at least

p%mz——z&z > p%‘(mz—-Q)

groups of order p™ which are contained in the same isoclinism class.
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4.4 Proof of Theorem 3

We are now in a position to prove:

Theorem 3 Let ® be an isoclinism class. Define fs(p™) to be the number

of groups of order p™ in ®. Then
fe(p™) k

fab(pm) S o

where ¢ and k are constants depending only on ®.

Proof: Let ® be a fixed isoclinism class, let S € & and suppose that
|S/Z(S)| = p' and that §/5'Z(S)is of rank d and order p*. Set N = Z(S)NS’
and suppose |N| = p". Choose s1,...,54 € S/Z(S) as in Section 4.2.

The theorem 1is trivial if m < [, so we may assume m > [. Let P € &
be a group of order p™. Then P = @ X D where @ is reduced and D is
abelian. Now by Corollary 3, Z(P) = Z(Q) x D, where tk(Z(Q)) < a + n.
The isomorphism class of P is, by Lemma 4, determined by the isomorphism
class of Z(P), the isomorphism class of a direct summand Z(Q) of Z(P) and
the isomorphism class of an s-triple (Z(Q), g, v)-

The number of possibilities for Z(P) is at most fop(p™™). Let Z(P) be
fixed. We determine the number of possibilities for Z(Q) as a direct summand
of Z(P).

We have that

Z2@Q)=(91) & & (gr)

for some elements g; and for some r < a + n. Suppose that |g;| = p* for

1 < i < r. The isomorphism class of Z(Q) is determined by the r-tuple
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(k1,...,k). The number of choices for each k; is at most f where f is the

number of distinct orders of non-trivial cyclic direct summands of Z(P). But

for Z(P) to have f distinct orders of this kind,
Z(P)| > pp*...p" = p2fUHD),

Hence 2 f(f +1) < m —I. Since in this case, 3P <m-—1landso f <

v/2(m — 1), the number of choices for each k; is at most (/2(m — [). Hence

there are at most
23" (m — 1)3" < 230" (m — 1)3(e+m)

possibilities for Z(Q)) once r is fixed. Since there are at most a+n+1 choices

for r, there are at most
(a4 n + 1)27@+) (m — [)7(etm)

possibilities for Z(Q).
Let Z(P) and Z(Q) be fixed. We now find the number of isomorphism
classes of s-triples of the form (Z(Q),p,v). We determine the number of

possibilities for p. Since |N| = p", we may write
N: (hl) ®'°'®<hr>

for some elements k; and some r < n. If h; has order p*, then Y}_, k; = n.

Now u is determined by the elements pu(h;) where 1 < ¢ < r. We have

u(hi) < Z(Q)p"]
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< (p*)*t", since

where Z(Q)[p""] = {z € Z(Q) | p*¥z = 0}. Now 'Z(Q)[Pk']

it is generated by at most a + n elements of order at most p*. Hence there

are at most p*(2+™) choices for each u(h;) and so there are at most

pzi=1 ki(a+n) — pn(a+n)

choices for u.

Let Z(P), Z(Q) and u be fixed. We find the number of possibilities for v.
We have that the number of possibilities for each v; is at most |Z(Q)/p% Z(Q)|
and that

12(Q)/p%Z(Q)] < pHt*™.

Hence the number of possibilities for v 1s at most

d rlat+n a\ar+n
p2i=1€"( + ):p(+ ).

The number of possibilities for P € ® of order p™ is therefore at most
fab(pm—l)(a +n + 1)2%(a+n)p(a+n)2 (m . l)%(a-{-n).

Since a and n are invariants of ®, we have that

fo(p™) _ fan(p™)
fab(pm) N fab(pm)

where ¢ = (a+n+1)22(atm)pletn)® and | = 2(a+mn) are constants depending

c(m — 1)F < em”

only on ®, so Theorem 3 follows. O

We now prove the corollary to Theorem 3 (see the introduction). Suppose

that ® is an isoclinism class and that P € ® with |P' N Z(P)| = p™ and with
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|P/P'| = p'. It is shown in [10] that there exists a group S in ® of order
p™*! where S is of minimal order subject to being in ®. Clearly, S does not
have any non-trivial abelian direct factors, so by the Remak—Krull-Schmidt
Theorem, if A and B are abelian groups the groups S x A and S x B are
1somorphic if and only if the groups A and B are isomorphic. Since Sx A € ®

for any abelian group A, the set of groups
{S x A| A is an abelian group of order p™ ™'}

is a collection of fop(p™ ™!) groups in & of order p™, provided that m > nl1.

Hence

fa(@™ ) < fo(P™) < fan(p™)em”.

By the asymptotic formula (1.2) for the number of abelian groups of order

p™, we have

fa(p™) = o/ IO

and the corollary follows.O

4.5 A Short Proof

This section gives a sketch of a short proof of Theorem 3. The bound that
this shorter proof gives is not quite as good as that in Section 4.4, and the
proof is not as amenable to the alterations required to prove Theorem 2.

Let ® be an isoclinism class of p-groups. Let S € ® be fixed. As in
Section 4.2, define a, n, I, and M by |S'NZ(S)| = p", |5/Z2(S)| = 7,
|5/5'Z(S)| = p* and M = §'. Define t by |S'| = p*.
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Let P € ® be of order p™. Then P = @ x D where Q is reduced and
where D is abelian. Clearly, P’ = Q' and, since P, Q and S are isoclinic,
Q@' = M. Let z,,...z, be elements of Q such that

Q/Q' = {ma) x - x {2,) Q"

By Corollary 3, we have that » < a + n. For 7 such that 1 <7 < r, define ¢;
to be the smallest integer such that z? “ € Q'. Then the 1somorphism class
of P € ® is determined by the isomophism class of P/P’, the isomorphism
class of @ /@’ as a direct summand of P/P’ and the extension of @' by Q/Q’
corresponding to ). The extension of @' by @/Q’ is in turn determined by
the powers z% = Q' where 1 < ¢ < 7, the commutator relations [z;, c| where
1 < < 7 and where ¢ € Q' together with commutators of the form [z;, z;]
where 1 <:1< 3 <.

We find an upper bound for the number of possibilities for P as follows.
Since |P'| = p*, P/ P’ has order p™~t. We may argue just as in Section 4.4
to show that the number of possibilities for P/P’ together with the number

of possibilities for @/Q’ as a direct summand of P/P’ is at most
Fa(P™ ) (@ n + 123 (m — )5+,

It remains to determine the number of possibilities for the p%-powers and the
commutators given above. The number of possibilities for the p%-powers is

at most

plr < pt(a+n)

since there are at most |Q’| = p* possibilities for each z;* where 1 < ¢ < r.
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We now give a rather crude upper bound for the number of possibilities for
the commutator relations given above. The number of possibilities for the

value of each commutator is at most |Q’| = p*. Since there are 3r(r — 1)

commutators of the form [z;,z;] where 1 < i < 7 < r and p’r commutators

of the form [z;, c] where 1 <7 <r and ¢ € @', there are at most

ptrp'-{-;—tr(r—l)

possibilities for the commutators we are seeking. Hence there are at most
(a +n+ 1)2%(a+n)pt(a+n)p%(a+n)(a+n—1)tpt(a+n)p'(m — t)z(atn) fun(P™)

choices for P. Hence Theorem 3 follows:

f@(Pm) < emk

fab(pm) N

where we may take c and k to be k = J(a +n) and

c = (a +n+ 1)2%(a+n)pt(a+n)+;—(a+n)(a+n-—1)tpt(a+n)p'.

Our constant c is considerably worse than that given in the first proof of
Theorem 3. This is mainly due to our having made virtually no use of the
commutator information given by the isoclinism class. With some extra work,

we may show that we may take ¢ to be

((L Lp4 1)2;—(a+n)p(l+t)(a+n).
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Chapter 5

Enumeration of Groups of
Exponent p and Class 3

5.1 An Overview of the Chapter

This chapter concerns itself with the proof of Theorem 4 referred to in the
introduction. Section 5.2 reduces the enumeration of groups of exponent p
and class at most 3 to the enumeration of graded Lie algebras. Section 5.3
provides an upper bound for the number of Lie algebras of dimension m
and class 3. Section 5.4 draws on the results contained in the previous two

sections to prove Theorem 4.

5.2 The Number of Groups of Exponent p
and Class 3 Associated with a Given Lie

Algebra

Recall from the introduction that we denote the variety of groups of exponent

p and class at most 3 by B, 3. In this section we aim to prove the following
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result.

Theorem 12 Let p be an odd prime. Let P € B, 3 be a fized group of order

m

p™. If we denote the i th term in the lower central series of P by v;(P).

Define integers r, s and t by

[P/(7=(P))] = 7
[(72(P)/73(P))| = p° and

[vs(P)] = p".

Let L be the associated graded Lie algebra of P. Then the number of groups

in B, 3 with associated Lie algebra L is pM where

1

§tr(r —1)—st—r(m—t)< M < —tr(r — 1).

1
2
The proof of the theorem is contained in the following two lemmas.

Lemma 5 In the notation of Theorem 12, there are at most p%t’("“l) mem-

bers of B, 3 with associated Lie algebra L.

Proof: Since L is associated with P, L has a grading of the form L = L; &

L, @ L3 where the dimensions of L;, L, and L3 are r, s and ¢ respectively.

Pick a basis e;,..., e, for L such that

L, = (e1,...,er)
L2 = (€r+1,...,6,.+,>

L3 = (€r+,+1,...,6m>.
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Define A;j, € F, by
€;€; = Z A,-jkek.
Suppose that Q € B, 3 has associated Lie algebra L. There exist elements

z; in ) which map to the elements e; under the natural map

Q/(7(Q)) — L fl1<i<r

(12(@))/(15(Q)) — Ly ifr+1<i<r+s

v3(Q) — Lz ifr+s+1<i<m.

Every element of @) is uniquely expressible in the form

am

oy, 00
¢ Al DR o

where 0 < a; < p. Since we are assuming that @) is of exponent p, we know
that z¥ = 1 for all 7. The Lie algebra structure determines the commutators

[z;,z;] when1 < j <randr+1 <i<mandalsowhenr+1<j<i<m.In

addition, the Lie algebra determines [z;, z;] modulo v3(Q) = (Tr4st1,- - -, Tm)
when 1 < 7 <1< r. Hence z,,...,z, satisfy the relations
¥ = lwherel<i<m )
[z:, 2] = H:z:,}c‘ijk where 1< j<randr+1<:<m | (5.1)
(zi,z;] = [Iz;* wherer+1<j<i<m '
[z5,2;] = I, o0 [Iie, 0%, where 1< j <i<r |

for some elements (;;, € F, and furthermore these generators and relations
give a presentation for ). The power and commutator information given
above uniquely determines the isomorphism class of ) once we specify the

%r(r — 1)t elements B;;, € F, where 1 < j < ¢ <rand 1l <k <t There
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are at most p choices for the value of each §;;., hence there are at most
patr("=1) choices for a presentation of the form (5.1). Since any Q € B,
with associated Lie algebra L must have a presentation of the form (5.1), the

lemma follows. O

Lemma 6 In the notation of Theorem 12, the number of members of B,

with associated Lie algebra L is at least patr(r—1)-r(m—t)=st

Proof: We will first show that all choices for the ;r(r — 1) commutators of
the form [z;,z;] where 1 < j < 7 < r give members of B, s with associated
Lie algebra L. We pick elements z;,...,z,, € P as in Lemma 5. We will
use these elements to define the pz("=1) groups in B, s with associated Lie
algebra L that we require. To this end, suppose that 3;;; is an element of F,
for1<j<i<rand1<k< 1t We define a group P,y as follows. The
underlying set of our group is the set of m-tuples (ay,..., o) of elements of

F,. If we have that

(231232 .. .mfﬁ[")(m?img; xlm) = (zPxP .z

in P, we define

(al,...,am)*(a'l,...,a:n):(71,...,7,._,_3,51,...,&)

in P{Bej +} where

Sk="m+Y. D, ;B

J=11i=741

It is an easy, but rather long, exercise to show that this binary operation on

the set of all m-tuples of elements from F, is in fact a group operation: We
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relegate the work required for this to Appendix B. Suppose that z;,...,z,, €

P are subject to the relations

2 = lwherel<i<m
m ..
[zi,2;] = ][] zy™ where1<j<i<m.
k=1

Then we prove in the appendix that Ps..,y has a presentation consisting of

generators ¥, ..., ¥y, and relations
y? = 1wherel <i<m
¥i,¥;] = Ilr v wherel<j<i<mandi>r+1 5.2
i k=1 Yk e
oyl = TGds v Moy 97" where 1 <j<i <

In order to prove the lemma, it remains to show that at most p*tt7(m-t) of
these groups fall into a single isomorphism class. It suffices to show that, for a
group @ € B, 3, there are at most p**+"(™~t) ways of choosing ¥1,...,ym € Q
such that the y; satisfy commutator relations of the form (5.2) for distinct sets
of elements {B;;r}. Suppose that we choose the elements y,, ...,y modulo

v3(Q): there are at most
pr(m—t)

ways of doing this. Since the elements y; must satisfy commutator relations
of the form (5.2), we find that the elements y,,1,...,y,+, are determined
modulo 73(Q) and the elements y,4,41,-..,Ym are completely determined,
once we have specified y;, . .., yr modulo v3(Q). We now choose the elements
Yr+1y---»Yrss- Since they are already specified modulo 73(Q), there are at

most

st
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ways of choosing these elements. Since the power-commutator presentation

for @ depends only on the choice of yi, ... ,y, modulo v3(Q), we have shown

that there are at most

pst+r(m—t)

possibilities for presentations of @ of the form (5.2). Hence the result follows.

a

5.3 Graded Lie Algebras of Class 3

Let X, Y and Z be vector spaces over some field and let
v:Y XX —Z
be a bilinear map. For z € X, we define the breadth b(z) of z to be
b(z) = dim((Y, z)y).

Define b(y) by
b(v) = max{b(z) | z € X}.
Then we have the following result.

Lemma 7 Let b be a positive integer. Let X, Y and Z be vector spaces over

F, of dimensions r, s and t respectively. Then the number of bilinear maps

v defined as above with b(v) < b is at most

pbr(s+t—-b+1).
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Proof: Let {z,,...,z.} be a basis for X and let {yi,...,y,} be a basis for

Y. Since v is bilinear, v is determined by the images
(yi,z;)y where 1 <:<s,1 <5<
Since b(y) < b, we have that
dim(Y,z;)y < b

for 1 < 7 < r. We choose 7 subspaces W; of Z of dimension b in which the

subspaces (Y, z;)y are to be contained. There are at most

(pt—l)(pt“P)...(pt_pb—l) e
(pb—l)(pb“P)---(Pb—pb—1)SP( (6-1))

choices for each of the W}, hence at most

pbr(t—b+1)

choices for all the W;. Once the W, have been chosen, there are at most p°

choices for the value of each of the elements (y;, z;)7, so there are at most

brs

p

choices for the elements (y;, z;)y once the W, are fixed. Hence there are at

most

pbr(t—b+1)+b1's — pbr(s+t—b+1)

choices for v.0

We are now in a position to prove the main result of the section.
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Lemma 8 The number of graded Lie algebras [ = L @® Ly @ L3 over F,
generated by L, and such that the dimensions of Ly, Ly and L3 are equal to
r, 8 and t respectively is at most

sp

where

F= max {br(s+t—b+1)+s(r—1)+%(s—b)(r—1)(r—2)}.

0<b<min{s,t}

Proof: Let L be a graded Lie algebra of the form above. Then L is determined

by the two bilinear maps
« L1 X L]_ — L2

and

~:Lyx Ly — Lj

which are induced by the Lie multiplication on L. These maps satisfy
(z,z)a =0 (5.3)

for all ¢ € L; and (since the Lie multiplication in L satisfies the Jacobi
identity)

(5 0), )y = (2, v), )y — (&), o). (5.4)
If we can find an upper bound for the number of maps a and 4 which satisfy

the conditions (5.3) and (5.4), then we have found an upper bound for the
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number of graded Lie algebras of the type we are considering. Suppose that

b(v) = b. By Lemma 7, there are at most

pbr(s+t-—b+1)

possibilities for y. Suppose we have chosen b and 4 such that b(y) = b.
We estimate the number of possibilities for a such that (5.3) and (5.4) are
satisfied. Since b(y) = b, there exists z; € L; such that b(z,) = b. Extend
{z1} to a basis {z;,...,z,} of L. Since we require a to be bilinear and to

satisfy (5.3), it is determined by the elements
(zi,z;)

for 1 <1< j < r. We next pick » — 1 elements of L, which correspond to

the elements
(z1,2;)

where 2 < 7 < 7. There are at most

ps(r—l)

choices for these elements. Once these elements have been chosen, since we

have already chosen «, the elements of L; given by

((ml’ mk)aa :Bj)’)’ - ((ml’ mj)av wk)'7

are determined for all 2 < 5 < k < r. Since we require that a and ~ satisfy
(5.4), the elements

((mj’mk)a>m1)7
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have been determined for all 2 < j < k < r. Hence, since b(z;) = b, there
are at most p*~° choices for each of the elements (x;, zx)c once b, y and the

elements (z1,z;)a have been chosen.Since there are 2(r — 1)(r — 2) pairs of

the form (7, k) where 2 < j < k < r, there are at most

p%(s—b)(r—l)(r—Z)

choices for the (z;,zx)a where 2 < j < k < r. Once these elements have
been picked, we have completely determined a and 4. Hence the number of

bilinear maps a and + satisfying (5.3) and (5.4) and with b(y) = bis at most

pbr(s+t—b+1)+s(r—1)+ 15(.3—1))(‘:‘—1)(‘:‘-—2) '

Since 0 < b < min{s,t}, the result follows.O

5.4 Proof of Theorem 4

Theorem 4 Let p > 2. The number of groups of ezponent p, nilpotency

class at most 3 and order p™ 1s

p22—7m3 +O(m2).

Proof: The following result is the upper bound of Theorem 12.

Lemma 9 Let L = Ly @ L, @ L3 be a graded Lie algebra over the field of p
elements where the dimensions of Ly, L, and L3 are v, s and t respectively.

Then the number of groups in B, s with associated Lie algebra L is at most

p%—tr(r—l).
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We use this result and Lemma 8 to prove Theorem 4. These two results
clearly imply that the number of groups in B, ; with an associated Lie algebra

whose first, second and third gradings are dimensions r, s and ¢ respectively

1s at most

1 -
spF+2tr(r 1).

Hence we have that B, 3(p™) is at most

m3 pG

where G is the maximum of the function H(r,s,t,b) defined by
1 1
H(r,s,t,b)=br(s+t—b+1)+s(r—1)+ 5(3 —b)(r—1)(r—-2)+ Etr(r —1)
where 7, s, t and b are positive integers subject to
r+s+t=m

and

0 < b < min{s, t}.
Clearly, since r,s,t < m, we may write
1 2 L, 2
H(r,s,t,b)=br(s+t—b)+ 5(3 +t)r® — Ebr + O(m?®).
Hence Theorem 4 follows if we can show that M(r,s,t,b) < %ms where

1 1
M(r,s,t,b) =7 |b(s +t) — b* + §(s+t)r— §br

subject to

rt+s+t=m (5.5)
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and

0 < b < min{s, t}. (5.6)

In fact, we will weaken condition (5.6) to 0 < b. Setting s+t = m —r in the

above expression for M(r,s,t,b) gives that
s 1 1
M(r,s,t,b) = r[b(m —r) — b* + §(m —7)r — gbr]. (5.7)

We first check the values of any internal maxima of M. We have that % =0

when

1 1
b:—i(m—r)—zr.

Substituting this value of b into (5.7) gives that

1 1
M(r,s,m—r—s,i(m—r)—— Zr):

[(m — 7Y 4+ (m—7)r + irz :

>3

Setting r = cm for some ¢ such that 0 < ¢ <1 we have that the value of M

M __n:
when 5 =0 1s

1 1
:1' [C e 62 + 103] m3.

This maximises when ¢ = £, and substituting this value of ¢ into our formula

for M gives that

2
M< —mb
- 27
when %l = 0 as required. We now need to check that M is at most =m?

on the boundary of its range. When r =0, M =0 < -227 as required. When

r=m,



Finally, setting b = 0 in (5.7) gives that

1
M(r,s,t,0) = i(m — 7).

2

This maximises when r = 2m at Zm? as required. Hence Theorem 4 follows.

a
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Chapter 6
Graded Lie Rings

We aim to prove:

Theorem 5 The number of graded Lie rings
L=L1®---® L.

of order p™ and where L is generated by L, is at most

p22—7m3+0(m2).

The bulk of the proof of this theorem is contained in the following four

lemmas.

Lemma 10 Let L = L, ® Lo @ --- ® L., where L is generated by L,. Then

L 1is determined by
1. the groups L; where 1 <1 < c.

2 the mapy: LQ®L, —> Ly @ -+ ® L. induced by the Lie operation in
L.
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Proof: Clearly the structure of L as an abelian group is determined by the
L;. It remains to prove that the Lie operation in L is determined by ~. It is
sufficient to show that ab is determined by « for all a € L; and b € L;. We
prove this lby induction on j: for j = 1, ab = (a ® b)y as required.

Suppose now that j > 1 and that zy is determined by v forall z € Ly €
Ly where k < j. Since b€ L; = L;_1L;, we have that

b= anda

for some ¢4 € L;_q, dy € L;. But now, using the Jacobi identity, we have

that

ab = Za(cada) = — Z(cada)a == Z(daa)ca + Z(aca)da.
But (dqa)cq and (ac,)d, are determined by 4 since ¢, € L;_1, dy € Ly, and
so ab is determined by v as required.O

We define the ith grading breadth b;(L) of a graded Lie ring L; @ --- & L,
to be

max{a | |L;z| = p* for some = € L;}.

If |L;| = p™, it 1s clear that
0 S bz(L) S min{r,-,riﬂ}.

We will use the concept of second grading breadth to enumerate graded Lie

rings of the type we are considering.
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Lemma 11 Let L be a graded Lie ring such that b;(L) = b;. Let
Y Li @ Ly — Ly

be the map induced by the Lie operation in L. Then there are at most

pfl bi(ri+rip1—bi+1)

possibilities for ~;, where |L;| = p™.

Proof: The proof of this lemma is exactly the same as that of Lemma 7, after
noting that the number of subgroups of an abelian group of order p" is at

most the number of subspaces of a vector space over F, of dimension r. O
Lemma 12 Let M be the number of graded Lie rings
L=L1®L®---® L,

generated by L, such that by(L) = u and such that |L;| = p™. Then

F(ra—u)ri4riu(ra+rs—u)+ - riririp1 +O((r1+--+rc)?)
M S p2 =3

Proof: By Lemma 10, we need only specify the isomorphism classes of the
L; and the maps
v L; ® Ly — Ly,

where 1 <1 < ¢ — 1 1in order to specify L completely.
The number of abelian groups of order p™ is, using a very crude estimate,

at most p™. Hence the number of choices for the isomorphism class of each
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L; is at most p™, so the number of choices for the isomorphism classes of the

L; 1s at most

pn tratetre

The number of choices for each 4; where 7« > 3 is at most p™"+1™ since =;

is determined by the images in L;,; of the r;r; elements of a generating set
Of Li ® Ll.

The number of choices for v, is at most

riu(ra+r3—u+1)

p

by Lemma 11.
Suppose now that the 4; are fixed for « > 2. We find the number of

possibilities for v;. Since 4; is induced from a Lie operation, it satisfies
(z,z)y1 =0 (6.1)

and also the Jacobi identity, namely

(z2@yY)Mm®2)1+(¥®2)1®z)r+((2@2)1 ®y)y2 =0 (6.2)

for all z,y,z € L;.
Choose a subset {z;,...,z, } of L; such that the set generates L, and
such that

(L2 ® z1)72| = p*.

This element exists since by(L) = u. Choose the elements (z; ® z;)y; for

2 < j < ry: There are at most p™2("~1) choices for these elements. Once
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these elements are chosen, we have severely restricted our choice of 4, since

we know, by (6.2), that

((z: ® ;)M ® z1 )72 = ((21 ® z5)71 ® zi)72 — (21 ® )1 ® )72

Hence, once the (z; ® z;)y;, have been chosen, there are at most p™~* choices

for each of the elements (z; ® z;)7; where 2 <7 < 7 < r;. Hence there are

at most

72 (1‘1 —1)-{-%(1’1 —1)(1’1 —-2)(1‘2—1&)

p

choices for the elements (z; ® z;)y; where 1 <17 < j < r;. Since 7; satisfies

(6.1), the images of these elements define v; completely and so we have found

the maximum number of possibilities for v;.

In summary, there are at most

p%(rz —u)(r1—1)(r1-2)+r2(r1—-1)+r1u(r2+rs —u+1)+(2§=—; PIPiTi41 )+r1 +tre

< p%(’2 —u)ri+riu(ra+rs —U)+(Ef;; riririt1)+O0((r14-47¢)?)

choices for the isomorphism classes of the L; and the maps «;, hence the

result follows.O

Lemma 13 Define M (rq,...,7.,u) by
1 0 c~1
M.(r1,...,7c,u) = 5(7'2 —u)r] +ury(ry + 73 —u) + > miririga.
1=3

Then Mc('rl,...,rc,u) < 527 on the region defined by r; > 0, u > 0, u < 7y,

u<rgandri+re+ - +7r.=1
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Proof: We prove the assertion for the cases ¢ < 5 individually, and then use
induction to prove the general assertion.
The case ¢ < 3 follows by the same argument as that in the proof of

Theorem 4.

Assume ¢ = 4. We must maximise

1
M4 = 5(7’2 — 'Ll,)’f'f + ’U,’l"l('rz + r3 — 'U/) + T17T37T4

where ry +ro+r3+rs=1,7>0,u >0, u <7y and u < 7.
We check for internal local maxima. By using Lagrange multipliers (see,

for example, [25, Section 7H]), at an internal local maximum there exists A

such that
oM
a'r 4 = 7'1(7’2 - ’U,) + ’U,(’f'z + r3 — 'U/) + T3T4 = A (63)
1
oM 1
(97‘24 = 57’? +ur; = A (6.4)
oM, = ury+rirg = A (6.5)
87’3
8M4 = MTr3 = A (66)
67’4
1
oM, = —=r2 4 ri(ry +73) —2ur; =0 (6.7)
Ou 2

Equations (6.4) and (6.5) imply that

1
=T1 = Tq

2

and equations (6.5) and (6.6) imply that

U+ T4 = T3.
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Equalities (6.6) and (6.3) give that

1
7’1(7‘2 - U) + 'U,(’f'z + 7’4) - 57’17’3 =0

or, substituting our values for r3 and r4 into this equation, that

1
ri(ry — u) + ury — er = 0. (6.8)

Now (6.7) implies that
1

r2=2u—r3+§r1=u

and substituting this value of r; into (6.8) we get that 72 = 1r? or that

re = %7'1. Hence we have that r3 = %Tl + %7’1 = r;. We know that

1 1
7’1+7’2+7’3+7'4=7’1+§7’1+7'1+57’1=37’1=1

and hence that r{ = 2 and \ = %. This implies, by Euler’s formula for

M L

homogeneous equations, that

124: oM, 1, 1
’"’ar,“3 = o7

at this local maximum. In summary, we have shown that if M, has an internal
local maximum, then M, is strictly less than 57 at this point. It remains to
check the values of M, on its boundary.

When r, =0, My =0. If r, =0, then v = 0 and M = rirzry < % If
r3 = 0, then v = 0 and M = Jror? < 2. If ry = 0, the result follows by the

c = 3 case. If u = 7y, then M = ry73(7y + 74) S . If w = r3 then
1 2
M = 5(7'2 —r3)r; + rir3(ry + 74).
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But in this case, replacing r, by r; +4 and 74 by 0, we always obtain a larger
value for M. Hence the maximum occurs when r4 = 0 and the result follows
by the ¢ = 3 case. We are left with the case where « = 0. In this case we

have to maximise

1
M = §r2rf + P173Ty
subject to the »; > 0 and r; + 7 + 73 + 74, = 1. We know that M < %

27

on the boundary of this region, by the above cases, so it remains to check
for internal local maxima. By Lagrange multiplier theory, an internal local

maximum occurs when the following equalities hold.

ZTA/;[ = 7ory + 734 = A (6.9)
%Tﬂf = %Tf-—-)\ (6.10)
%Tj\f = rre= A (6.11)
%{‘{- = ryry= A (6.12)

Equalities (6.11) and (6.12) imply that r; = r4. Equalities (6.10) and (6.11)
imply that ;r; = 74, hence that r3r4 = ir?. Equalities (6.9) and (6.10) now

imply that

"’Tf =TT

hence ;11-7'1 = r5. We have that

1 1 1
™M+ T2+ T3 +Ta=1 (1+Z+§+§>:1
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hence r, = g, Ty = % and 73 = r4 = %. Putting these values of the r; into

(6.12) we have, by Euler’s formula, that

1. 142 92
M=:)=_-22_2
3" =399 <37

This completes our result for the case ¢ = 4.

Now consider the case ¢ = 5. We need to maximise

1
My = '2-(7’2 - u)rf + ury(ry + 73 — u) + rirzry + 1747
subject to 7y + 73 + 73+ 74+ 75 = 1, ther; > 0, u > 0, v < r, and
u < r3. Lagrange multiplier theory gives that %—Aff = %—1:455 at an internal local

maximum, i.e. that
Ury + r1T4 = T1734.
This implies that w = 0 or »; = 0, 1.e. that the maxima occur on the

boundary of M5;. We now check the values of M5 on the boundary. When
ry =0, Ms = 0. When r, = 0, we have that w = 0 hence that

1 2
= — < + 2
M5 7’1(7'37'4 + 7’47'5) 7~17=4(7a3 + ,,,5) < o < =
When r3 = 0, then u = 0 so we have
1, .
Ms = 72Tt + TiTars = My(ry,72,75,74,0) < o

by the case when ¢ = 4. When r4 = 0, we have that

Ms(ry,72,73,0,75,u) < My(ry,72,73,75,u) < —
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again by the case when ¢ = 4. When r; = 0, the case ¢ = 4 shows that

My < -22—7 It remains to check the cases u = 0,75 or r3. Suppose now that
u = 0. Then

! 2
My = -2—7'sz + r1rary + TaTars = My(r1, 72,74, 73 + 75,0) < 57

by the case ¢ = 4. Now suppose that u = r,. We need to maximise

M= ToT17T3 + T1T3T4 + T17T47s.

At an internal maximum, we must have that % = gr—ﬂf, hence
Ti73 = T1T3 + T175.
This implies that r; = 0 or 75 = 0, hence our function has no internal

maxima. We have dealt with the case r; = 0 for some i above, hence we have
that My < 527 in this case. Finally we consider the case when u = r;. We

need to maximise

1

2
—(r2 — 73)r] + rar1Ty + TiTaPy + TITaTs

2
subject to 7y + 72+ 73+ 74+ 75 = 1 and the r; > 0. Using Lagrange multiplier

theory we have that the following equations hold at an internal maximum.

OM;

5 = 7172 — 7173 + TaT3 + 3Ty + 7475 = A (6~13)
1
oM, 1

6.7,25 = 57’% + T3y = A (614)
oM, 1

87’35 - _57'% + 11Ty + Ty = A (6.15)
oM,

> = rrs+rrs =\ (6.16)

87'4

M
OM; = rire= A (6.17)
87’5
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We have that (6.17) and (6.15) imply that

1

Ty = —7Ty.
Also (6.17) and (6.16) imply that
ry =5+ T3
Equalities (6.16) and (6.14) give that
rs = =T
and (6.14) and (6.13) imply that
2r 73 = 1973 + T374 + T4Ts.

Setting ry = -;-7'1 4+ r3 and 7y = r5 = %rl in the above equation gives that

1 1
57‘17‘3 = 7’; + Z’I’f (618)

We also have that

5
7’1+7'2+7”3+7'4+7'5=§7'1+27'3=1

hence that r; = % — %’rl. Substituting this value for r; into (6.18), we find

that
1 5, 1 5 +252+12
—-Pr]— =T =T — =T —T -7
L L T
or that
39
er—6r1+1:0.
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But this equation has no real solutions, hence our equation has no internal
local maxima. M; < % when any of the r; = 0 by the work above, hence
our equation maximises to a value at most % Hence the case ¢ = 5 follows.

We now consider the case ¢ > 5. We prove that M, < % by induction
on c. By the work above, the result holds for ¢ = 1,2, 3,4 and 5, so we may
assume, by induction, that M. ; < % and that ¢ > 5. If M, has an internal

local maximum, we have in particular that

oM. OM,

a’rc_z - (97',: .

Hence
T1T¢—3 + T1Tc—1 = T1Tc—1
or that ry7._s = 0. Hence M, has no internal local maxima. We now check

that M. < 22—7 on the boundary. If »; = 0, then M, = 0 and we are done. If

re = 0, then M, < —2-2; by induction. If »; = 0 for < > 3 then

M.(ri,72, .. ,7i21, 0,740, 7o w) < Me(71,72, -y Pic1, Tig1, - - - Te, 0, 1)

which is less than 22—7 by induction. If r, or u are at the extreme of their
range, the same argument as above implies that this equation maximises on
the boundary, hence the result follows. O

We are now in a position to prove the theorem:
Proof of Theorem 5: Let ¢ and u be fixed integers such that 0 < ¢,u < m.
Then we have, by Lemma 12, that the number of graded Lie rings of class ¢

and second graded breadth u is at most

m3 m2
b +0(m?)
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where k is the maximum value of M, as defined in Lemma 13. Hence, by

Lemma 13, k = 527 and the result follows. O
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Chapter 7

Enumeration of Groups of
Class 3

In the introduction, we stated that it was possible to extend Theorem 4 to

prove:

Theorem 6 The number of groups of class at most 3 and order p™ is

p2—27—m3+0(m2) .

The aim of this chapter is to give the proof of this extended theorem. We first
prove an analogue of Lemma 5, which gives an upper bound on the number

of groups associated with a given Lie ring.

Lemma 14 Let L = Ly ® L, @ L3 be a graded Lie ring of order p™ such that

L] = p"
|L2| = p° and
|Ls| = p".



Then L is the associated graded Lie ring of at most

p%tr2+0(m2)
groups.

Proof: Pick elements e,,...,en € L such that

L = (e1,...,€)

L, = (e;41,.-.,€r4,) and
Ly = (eryst1s---s€m)
and such that
pe; € (€ig1,.-.,€m)

where 1 < i < m. Then every element of L can be expressed uniquely in the
form

ae; + -+ amenm

where 0 < o; < p. Define )\ € {0,1,...,p— 1} by

€i€; = Z A,-jkek.

Suppose P has associated Lie ring L. Then there exist elements z,,...,z,, €

P such that z; maps to e; under the natural maps

P/v(P) — L, fl<i<r
v2(P)/73(P) — L, ifr+1<i<r+s
¥3(P) — Ls ifr+s+1<i<m.

Every element of P can be uniquely expressed in the form

ag [+ 2779
bz,
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where 0 < o; < p.

By our choice of the elements e;, we know that

P Ga4l aim
:B,‘- = CC,‘-_H_ .. :cm

where 0 < a;; < p. The Lie ring structure determines [z;, z;] where1 < j < r

and r+1 <4 < m and also when r+1 < j < ¢ < m. In addition, the Lie ring

also determines [z;, z;] modulo y3(P) = (z,1441,...,2:) when 1 < j < i < 7.
Hence z,,...,z,, satisfy the relations
zf = a7 . .zm™ where 1 <i<m )
[z;, ;] = Ha:z‘j" where 1 <j<randr+1<:<m > (11)
[z:,z;] = [[2,”* wherer +1<j<i<m '
Ai' 13 . .
oo = Ty 0 Ty oy, where 1< <i <7 |

for some elements «; j, Bi;k €F,, and furthermore these generators and rela-
tions give a presentation for P. The number of choices for relations of the
form (7.1) is equal to the number of choices for the 7(r — 1)t elements Sijx
when 1 < j <4 < 7and 1<k <t together with the m(m — 1) elements
a;; where 1 < i < 7 < m. The number of possibilities for each f;;. or each

a; ; is at most p, hence there are at most

p%tr(r—l)-’r %m(m—l) — p%tr2+0(m2)

choices for a presentation of the form (7.1). Since any group P with as-

sociated Lie ring L must have a presentation of the form (7.1), the result

follows.O

We may now use Lemma 12 in the case ¢ = 3 which states that the

number of graded Lie rings L = L; & L, @ L3 of order p™, generated by L,
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such that b,(L) = b and such that

L] = pf
|Lz| = p° and
|Ls| = p'

1s at most

p%(s—b)‘r2 +rb(s+t—b)+0(m?) .

Our proof of the extended version of Theorem 4 now goes as follows. Let
P be a group of order p™ of class at most 3. Suppose that r, s and t are
defined by |P/1:(P)| = o', ya(P)/45(P)| = p* and |s(P)| = 5. Let L be
the associated graded Lie ring of P. Since L, to be an associated graded Lie
ring of P, must be generated by its first grading we have, by Lemma 12, that

there are at most

p3(a=)r? +rb(s+-b)+0(m?)

possibilities for L, where by(L) = b. Hence, by Lemma 14, there are at most

p%(s-}-t—b)'r2 +rb(s+t—b)+0(m?)

possibilities for P for a particular choice of 7, s, ¢t and b. Hence there are at

most

m2

possibilities for P, where M is the maximum of the function
2, 1 1
M(r,s,t,b):=r[b(s +1t) - b°+ -2—(5 +t)r — Ebr]
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subj
Ject to 7,8,8 2 0, 7+ s+t = m and 0 < b < min{s,t}. But now

M = 2.3 . .
5>m°, by the work in Section 5.4, and so Theorem 6 follows.O
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Chapter 8

Small Varieties of p-Groups

We aim to prove Theorem 7 of Chapter 1.

Let p be an odd prime. Let H, be the variety defined by the set of laws
{[,v, 2], [2?,y], [z,y]P, 2"’} i.e. the variety of p-groups with an elementary
abelian, central Frattini subgroup. Let B, , be the variety defined by the set
of laws {[z,y, z], z?}. We have that B, is the variety of groups of exponent
p and nilpotency class at most 2, and that B, is a subvariety of H,,.

Let U be any variety, and let m be a positive integer. We will denote by

U(m) the set of groups of order p™ in U. Our object is to prove:

Theorem 7 If p 1s odd, then

IHP(m)I < %m2+0(m3/2).
1Bp2(m)|

We use the following notation. If &/ is any variety, we denote the set of all
members of I that have order p"** and possess a minimal generating set of

r elements by U(r,s). So we have, in particular, that

Hy(m)] = 3 g, m 7). (8.1)
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Define S,, to be the set of isomorphism classes of antisymmetric bilinear
maps from V x V — W, where V and W are vector spaces over F, of

dimension r and s respectively.

Lemma 15 Let p be an odd prime and let r, s be positive integers. Then

lSr,3| = Z |Bp,2("'vi)| .

1=0

Proof: We define a series of maps ¢; : B,(r,i) — S,, for 0 < i < s. The
lemma follows if we can show these maps are injective, that their images are
disjoint and that any element of S, , is in the image of some ;.

We define the v; as follows. Let P € B,,(r,7). Then the commutator
map from P/®(P)x P/®(P) onto ®(P) gives an antisymmetric bilinear map
from V X V to Wy where V and W, are vector spaces of dimension r and 3
respectively. If we define W; to be a vector space of dimension s — ¢, then the
commutator map induces a map a from V x V to Wy @ W; in the obvious
way. We define ¥;(P) = a. This map is well defined since P determines the
isomorphism class of the commutator map [,] : P/®(P) x P/®(P) — &(P)
uniquely.

The maps 1; are injective, since the commutator map completely deter-
mines the isomorphism class of a group in B, s(r,2). Since the image of every
a € im(%);) is of dimension ¢, the images of the 9; are disjoint. Finally, if
ac S,, maps VxV — W, then W = im(a) @ W, for some W, of dimension
s — 1 for some 2. Then a is the image of P € B, »(r,t) where the commutator
map of P is determined by the map a : V xV — im(«a). Hence every element

of S, , is in the image of some 7; and the lemma follows. O
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Lemma 16 Let p be an odd prime and let 7 and s be positive integers. Then
Ho(r, )| < p7° |Srsl-

Proof: We define a map % : H,(r,s) — S,, by mapping P € H, to the map
from P/®(P) x P/®(P) to ®(P) given by forming commutators. Since the
isomorphism class of P € H,, is determined by the commutator map together
with the linear map from P/®(P) to ®(P) given by z +— z? for all z € P,
the number of elements of H,(r, s) which map under v to the same element
of S, is at most the number of linear maps from a vector space of dimension
r to a vector space of dimension s. Since the number of such maps is p"*,

at most p"* members of H,(r,s) correspond to each member of S, , under 7.

Hence the result follows. O

Lemma 17 Let p be an odd prime, and let m be a positive integer. Define

f(r,3) = P By (r, 1)
for any integers r and t. Let the mazimum value of f when 1 < r < m and

0 <1< m—r be attained when r = ry, say. Then

IHP(m)I 2_ro(m—rg)
P < mPp" 0)
|Bp,2(m))|

Proof: We have
|Hy(m)| = Z |Hp(r,m — )| by (8.1)
r=1

< Zp’("‘_’) |Srm—r| by Lemma 16

r=1
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m m-—r

Z Z Pr(m—r) |Bp,2(r,1)| by Lemma 15

r=1 =0
< m?pm=T) |B_ 4(7o,1)| for some i
< mlptmTr) B, o(m)

The above lemma already gives

lHP(m)I 2 _1m?

< m*p+

|Bp2(m)| ~

using none of our knowledge of |B, »(r,7)|. We give a better bound than this

by using the fact that
p§r(r-1)i—i2—r2 < |Bp,2(7’,i)| < p;—r(r—l)i-—i(i—l) (8.2)

(see Theorem 10) to estimate 7.

Proof of Theorem 7: We use the notation given in the statement of Lemma
17. If we can show that ro = 2m + § where |§| < \/m for sufficiently large m
the result follows by Lemma 17. By (8.2) we have

p%r(r-—l)i-—iz—-rz-{-r(m—r) < pr(m—r) pr,Z(T,i)I — f(’f',?.) < p-zl—r(r—l)i—i(i—l)—i-r(m—r)

where 1 <r <mand 0 <: < m — 7. Let € be chosen such that 0 < e < 1

2 : : _ 2 .1
and so as to make m+ ¢ an integer. Then putting r = m+eand < = ;m—e
into the lower bound given above shows that the maximum value of f(r,1)

is at least

p%( %m-{-e)( %m—e)—( :l,-m—e)2 ~( %m+€)2+( %m‘*'é)( g—m—e)
= pHm-im—(FetieIm—(fé+e)

2 ,3_4 1 7
7™M —gMm —3m—3

Vv
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Set M = Zm? — 4m? — 2m — I. Then the maximum value of f(r,%) is at

least p™. The maximum value of f (r,1) occurs at some point when our upper

bound for f(r,1) is greater than p™. Define
N1 C .
g(r,i) = 57'(7' —1)i—(i—1)+r(m—r)

for1 <r <mand 0 <i<m—r. Then we have that f(r,i) < p("9). To show
that ro = Zm + § where |§] < \/m, it is sufficient to show that g(r,i) < M
forOﬁiSm—randeitherlSr_{%m—\/-rﬁor %m—{—ﬂﬁrgm. It is

therefore enough to show:
1. g(r,) has no internal local maxima for 1 <7 <m, 0<i <m —r.
2. g(r,0) <K Mforl1<r<m. Also g(1,i)) < M for0 <i<m— 1.
3. g(rrm—7r)< Mfor1<r<2m— /mandfor im+/m <r <m.
4, g(%m + ¢cy/m,i) < M where 1 < i < im — c¢y/m and where ¢ = £1.
We will proceed to do this, assuming that m > 15.

1. g(r,%) has no internal local maxima.

We have
1
%z—ér(r—l)—%—kl
and
1
-g—‘z =(r—§)i+m—2r.
Now %‘} = 0 gives
1 1
z———r(r—l)—{—a



Hence if a_g = -aa—g = (0 we have

1.1 1
Multiplying by 8 and rearranging we get
2% —3r2 —11r +8m — 2 = 0.

Does this equation have any solutions? Differentiating with respect to

r we find that the extrema of the cubic occur when
6r: —6r —11 =0

so the cubic has a local maximum at 3’"24 < 0 and a local minimum at
3—""(55&. Since we are assuming that m > 15, then the cubic is positive
at » = 0 and at its minima, so has no solutions for 1 < r < m. Hence

g(r,1) has no internal local maximaon 1 <r<mand 0<i<m—r.

. g(r,i)<Moni=0andr=1
We have
9g(L,9) = —i(t —1)+m — 1.
This is maximal at : = ;. Since ¢ must be an integer, we have that

¢ = 0 or ¢ =1, so the maximum value that g(1,:) attains is m — 1 which

is less than M for m > 15. Now consider

g(r,0) =r(m —7).

There is a local maximum when r = -;-m where g has the value %mz,

again less than M.
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3. g(r,m—r) < Mifor1<r<2m—/mand for Zm + /m <r <m.
If we define h(r) = g(r,m — r) we have that

A(r) = Sr(r+1)(m =) = (m—r)(m -7 — 1)

1 3., .5
—37 +(§m—§)r +(—2—m—1)r—m(m—1).

We find the extrema of h. We have

dh 3, 5
7 = 5" +(m—3)r—|—§m—1
and so h has a local minimum at
3
7.:m_l_\/m —0—9'rn-+—3<0

and, since m < vm?2 +9m +3 < m + 5, h has a local maximum at

2
r:§m+5

where 0 < § < % Hence to show that A(r) < M for the ranges of r
required, it is sufficient to check that h(2m + cy/m) < M for ¢ = +1.
We have

h(r + cv/m) —

1 8 4 , 22, 2
< _i(ﬁm +3cm vVm + 2¢*m? + c*my/m)

4
+(—m——)(——m —|—3cm\/_+cm)
2
+(gm—1)(§m+c\/r_n)—m2+m—M
15 7

= —i—;mz-{-%(c—l)m\/'r_n———fs—m—c\/rz—i (8.3)



which is negative for ¢ = 1 for any m and for ¢ = —1 for the case

m > 15 that we are considering.

4. g(3m + cy/m,i) < M where 0 <i < lm — cy/m.

Since we know from (8.3) that g(r,m —r) < M when r = gm + c\/m,
1t 1s sufficient to show that % > 0 when r = %m—{-c\/m, 0<z<m-r
or equivalently that % = (0 when r = %m + ¢y/m only when 2 > m —r.

When r = %m + ¢y/m and % = 0 1t 1s easy to show that, since m > 15,

. 1,12 2
T = §(§(§m+c\/m)(§m+c\/m—1)+1)
1 s 1 1 1 1
= §m —I—gcm\/m—i— ﬁm—zc\/m+§

1

§m - C\/E.

A

Hence we have shown 4.

We have proved 1 to 4, hence the result follows. O
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Appendix A

Checking that « is a
Homomorphism

We show that &, defined in the proof of Lemma 4, is a homomorphism. We
use induction, proving that & is a homomorphism on an ascending series

Hy, ..., Hy of subgroups of P;. Assume that & is a homomorphism on
Hi = (wd—i+1, sy :Bd> Z(PI)P{

This is certainly true for ¢ = 0. Set k := d — 2. We prove that & is a homo-
morphism on Hiyy = (zk,...,zq) Z(P1)P|{. Let z,y € (zk,...,zq) Z(P,)P].
Then

z=zhh

and

y=z" R
where 0 < 3,8’ < p* and h,h' € (zpy1,...,2q) Z(P1)P]. We have that

a(z)aly) = a(zh)a(h)a(=l )a(h')



= &(zf)a(zh )a(h)[a(h), a(=f )&(h")

= &(2f)a(a} )a(h)a([h, 2§ 1)a(h')
by (4.9). Suppose that 8 + 8’ < p**. Then we have that
&(2)a(y) = a(zf " )a(hlh, z{ ')
by (4.7) and because
h, [h,2¥] and k' € (2pys, .. .,z4) Z(P,)P..
Hence, by (4.6),

&(z)a(y) = &<} hlh, o} 1)
= &(zPha?n)
= a(zy).

Finally, suppose that 8 + 8’ > p*. Then

a(zp)a(ey) = v’
= y£+ﬂ —p°k y;:Ek

= (2P V(P

R CABSICS
by (4.8). Hence

&z)a(y) = a(zp™ ™ )a(l")a(h)a((h, 2 1)a(h')
= a&(zf* " )a(al *hlh, =} |B)
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since
22 h, [h,z%] and &' € (Trt1,...,2q) Z(P)P;.

Therefore using (4.6) we can deduce that

a(z)a(y) = a(zf® "™ 22" hlh, 250
= &(zy).
Hence & is a homomorphism on (zy,...,z4) Z(P1)P!, so by induction we

have that & is a homomorphism from P; to P, as required. O
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Appendix B

Construction of Groups with a
Given Associated Lie Algebra

In this appendix, we verify that the binary operation defined in Section 5.2
1s in fact a group operation. We first recall the definition of our binary
operation.

Let P be a group of exponent p, nilpotency class at most 3 and order
p". Let L = L) & L, @ L3 be the associated graded Lie algebra of P. Let

€i1,...,em be a basis for L such that

L1 = (61,...,6,.)

Lg = (e,.+1, .« ,6r+3>
L3 - <er+s+1> IR er+s+r> .
Let z1,...,%m be fixed elements of P such that z; maps to e; under the

natural maps

P/(72(P)) — Liif1<:<r
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(72(P)/(vs(P)) — Lyifr+1<i<r+s

v3(P) — Lyifr+s+1<i<m.

Every element of P can be uniquely expressed in the form

ay 02 am
CC]_ a:2 :cm

for some elements a; € F,. Suppose that
{Bij€Fp|1<j<i<r1<k<t}

1s fixed. We define an object Pg..,} by defining a binary operation * on the

set of m-tuples in F, as follows. If we have that
(z$125? .. 22 (2 2,2 ... 20m) = 2l ey? .2
in P, we define

(1. yom)* (A, oy @) = (Y1y- -y Yrtsy 01y - -5 6¢)

1n P{ Biji} where

Ok = Yk t+ Z Z aia;’ ijk-

j=li=7+1

For brevity, we will define

o(a,a', k) ZZa,a k-

j=li=3+1

We also define a function 9 : Pgg,,,; — P by

¢((a1) o ’am)) = m?l . .CC:,:".
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We check that Pg,;,} is a group. Clearly we have an identity element,
namely (0,0,...,0). Suppose that

w=(0g,...,am) € Pg.y-

We find the inverse of w. If

is an inverse for 9¥(w) in P, consider the element

W= (01,0, Apyypy —0(a,0,1), .. 0l —o(a, b))

Then

(@) = P(w) 2 e
SINCE Tpist1y---,&m € Z(P). Hence

P(w)p(@) = 2770z .

So
w*w = (0,0,...,0)

in Pg, .}, as required.

Finally, we check that * is associative. Let

w = (al,...,am)
w = (a,...,0,)
w" = (of,...,a)



be arbitrary elements of Pyg, ,}. Suppose that

(230, 25m) (23 .. 2%m) = g1
(a5h . am)(agt L a2h) = ol
in P. Note that
Y = a; + a

and
' "
= o+ o

for 1 <1 < 7. Finally, suppose that

(2.2 ) (2 ) = (2 .. 22 (e

in P. Then

(w* w') * w"

= (Y1, Vrdsr Yrtst1 T 0(a, 0, 1), o Ypore + 0@, 0, 8)) *xw

(B.1)

(B.2)

n

= (61, . -)5r+3)6r+s+t + O'(a,a', 1) + a('y,a", 1), ceey

brpstt + o(a,a',t) + a(y,a"t))

since, because &,;441,...,&n are central in P, we have

Plwx w)p(w") = Plw)p(w (w2l enm .. 2

61’+a 6T+3+1+a(aia,)1)

§
= z .. . T T 00

in P. Now, by (B.1) and (B.2) we have

o(a,a’ t)

*rtstt

51+,+¢+U(a,a’,t)
o s » mr+’+t

/ " . ! .Il 1 n s — 'I” I.II”
;0 8:5% + Yio; Bije = (o + azo + oga )Bijk = Y Bijk + ;0 Bijk-
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In other words
o(a, o k) + o(y,a" k) = o(a, 7', k) + o(a,a" k).
Hence we have that
(w* w') % w"
= (81,-. 16045y 0r451 + (a7, 1) + o(a',a")1),...,
Srpare + oy t) + o(alra” 1)
= wx*(7,... ,'y,',+,,'y,+,+1 +o(a,a")1),.. . Yryaps + o(a, ", t))
= wx(w *w").

Hence Pyg, ..} 1s a group as required.
We now check that Pyg..,} € By 3 and find a presentation. Set y; € Pyg,,}
to be
(0,0,...,0,1,0,...,0,0)

where the ‘1’ is in the 7 th place. The set {y1,...,ym} generates Pig,y. It

is clear, from the fact that
y¥ =(0,0,...,0,k,0,...,0,0)

that the elements yi,...,ym are of order p. We want to find [y;,y;] where

1 < 7 <1< m. Suppose that
20y 25) = 2.2

in P (where ;5. = 0 if k <1). Then if i > r + 1, we have that

Vil = Yo Y
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where

3
8

.
Il
8

—

MR o (B.3)

— . ¥ij
-_— watmi_‘_l « e o mmjm
Hence,if 1+ > r + 1, then
P L [CE 3 | Yijm
Yi¥; = Y5iY:iY; 41 Y™,
SO
. N - Yijt Yizm
oyl =y ..y

in this case. Similarly, if ¢ < r we have that

g orgs Orgat1+Bijn artstt+Bije
yly.‘l - yl e yr+s yr+s+1 cer yr+a+t

where the elements a; are defined as in (B.4). Hence

Y Yij(r+s) 'Yij(r+a+1)+ﬂij1 'Yij(r+a+t)+ﬂijt
[yi, '!/j] =Y - Yrgs r4s+1 e Yrgstt

when ¢ < r. Hence Pg,,,} has a presentation of the form (5.2) as required.
Finally, we use this presentation to show that P, .} € B,3. By examining

the presentation, we see that

72(P{ﬂijk}) = <y1'+1> < )ym>

73(P{ﬁ.'jk}) = (yr+s+1a R ,ym)

and that
74(P{ﬂijk}) =L
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Hence our group is of nilpotency class at most 3. Since Py, ) is generated

by elements of order p, Pg,,} is of exponent p when p > 3. When p = 3, let
w = (al, ce ,am) € P{ﬂ.‘jk}'

We must show that w® = 1. As in the proof of the associativity of %, we can

calculate, since ¥(w)® = 1 in P, that

w® = (0,0,...,0,0(a, @, 1) + 0(20, , 1),...,0(e, o, t) + 0(2a, a, t)).

But
o(a, o, k) + 020, 0,k) = ) > (osay + 20405)Bi6 = 0

j=1i=j+1
hence w® = 1. We therefore have that Pg...y € By3 for any odd prime p and

the result follows.
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