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Abstract

We consider moduli spaces of d-dimensional manifolds with embedded
particles and discs. In such a moduli space, the location of the particles
and discs is constrained by the d-dimensional manifold. We will compare
this moduli space with the moduli space of d-dimensional manifolds in
which the location of such decorations is no longer constrained, i.e. the
decorations are decoupled. We generalise work by Bodigheimer—Tillmann
for oriented surfaces and obtain new results for surfaces with different
tangential structures as well as to higher dimensional manifolds. We also
provide a generalisation of this result to moduli spaces with more general
submanifold decorations and specialise in the case of decorations being

unparametrised unlinked circles.

The moduli space of oriented surfaces with one boundary component can
be made into a topological monoid with the operation of gluing surfaces
along a section of their boundary. This operation can be extended to the
spaces of configurations on surfaces with labels. We show that the group
completion of this monoid splits as a product of the group completion of
the moduli space of oriented surfaces and labelled configuration spaces of
points in R>. We further generalise this result for the configuration spaces
on surfaces with partially summable labels, where particles are allowed to

collide whenever their labels are summable.

The final project consists of endowing normalized cacti with the structure
of an oo-operad by showing that its existing composition laws are asso-
ciative up to all higher homotopies. The higher homotopies are encoded
by a new topological operad of bracketed trees which we relate both to
an enrichment of the dendroidal category €2 and to the Boardman-Vogt

W -construction on the operad of operads.
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Chapter 1
Introduction

In broad terms, this work is on the classifying space of manifolds with marked points.
From a geometric viewpoint, this involves abstract manifolds in R* with particles
that are constrained to the manifold. On the one hand, this relates to configuration
spaces of manifolds, and monoids of configurations on manifolds. On the other hand,
this can be seen as a classifying space for a manifold with punctures. The relation
between these two viewpoints lies in the centre of this work. Crucially, we use one of
these approaches to derive a decoupling result for such spaces: from the perspective of
the stable homology, the condition that the particles be restrained to the underlying
manifold can be lifted, and this splits as the space of submanifolds and the space
of labelled points in R*. This is what we refer to as the decoupling result (for an
illustration of this decoupling see Figure .

BDIft® (S,)

ROO

pe  BDIff(S,) Con(R) Con(R; BSO(2))

. . ° eSS G U
e e o .‘> Y"L'

Figure 1.1: Geometric representation of the decoupling map for the oriented moduli
space of a surface S; as the product of three maps: forget the decorations, record
the centre of the m marked discs, and record the k& marked points and their oriented
tangent spaces. For more details on the geometric interpretation see Section m



We start by looking at this space from the perspective of being a classifying
space for a manifold with punctures or, as we refer to it during this dissertation,
a manifold with decorations. The diffeomorphism group of a smooth manifold and
its classifying space are fundamental objects in topology. In particular, for a closed
smooth manifold W, the space BDiff(W) classifies the smooth fibre bundles with
fibre W. When W is a manifold with non-empty boundary, we consider Diff(1W)
to be the group of those diffeomorphisms which are the identity near OW. The
classifying spaces of such groups are also extremely important, as they are crucial
for instance to the construction of topologically enriched categories of bordisms. To
completely understand the classifying space of a diffeomorphism group is known to
be extremely difficult and such a description is only available for very few manifolds.
One key strategy when studying BDiff (V) is to understand how its homology behaves
when changing the manifold W by operations such as the connected sum or gluing of
cobordisms. In this paper, we use this strategy to study the stable homology of the
decorated diffeomorphism group.

A d-dimensional smooth manifold W is said to be decorated if it is equipped
marked points pi, ..., p; and disjoint parametrized discs @1, ..., ¢m : D? < W. The
decorated diffeomorphism group of W, denoted Difffn(W), consists of those maps
v : W — W which preserve the marked points and parametrized discs up to permu-
tation. This notation is justified by the fact that the isomorphism type of Diff* (1)
does not depend on the choice of the k£ points and m embedded discs that comprise
the decorations (see Lemma . The classifying space BDiff* (1) has been stud-
ied from many different perspectives, for instance, considering the behaviour after
increasing the number of marked points or discs (see [8§]).

When W = F,; is an oriented surface of genus g with b boundary components,
the diffeomorphism group Diff(F} ;) has contractible path components, and therefore
BDiff(F, ;) is weakly equivalent to the classifying space of the mapping class group
Lo
and some of the most famous results include Harer’s stability theorems [37] and the
Madsen-Weiss theorem [56].

Bodigheimer and Tillmann [12] studied the comparison between BDiff* (F,,) and

= moDiff(F,;). This group has been vastly studied from several perspectives

BDift(F, ;). They used a decoupling map

fxemXe

d: BDiffHH(F,,) —2%y BDifft(F,,) x BSw x B(Z:180(2))  (1.0.1)

where the map f is induced by the inclusion Diff® (F,,) — Diff(F,,;), the map e,



is induced by Diff* (F,;) — %,, recording the permutation of the marked discs, and
e* is induced by the map Diff* (F, ;) — % 1 SO(2) recording the permutation of the
marked points together with the induced map on their tangent space (see Figure
for a geometric representation of the decoupling map). Bodigheimer and Tillmann
showed that d induces a homology isomorphism in degrees < £, therefore, in this
range, we say that the decorations, which were bound to the manifold, get decoupled.

One of the main goals of this thesis is to address the following:

Question 1. How does the decoupling theorem of Bodigheimer and Tillmann gener-

alises to other manifolds?

One of the ways BDiff*(W) relates to the classifying space BDiff(T) is via the

following fibre sequence (which follows from Palais’ theorem [68, [54])
Cw(W) —— BDiftf*(W) —— BDiff(W) (1.0.2)

where Cy (W) is the configuration space of k points in W. Recall that the ordered

configuration space of k points in W is defined as

and Cy,(W) is the quotient Cy,(W) /%, where ¥, acts by permutation.

Configuration spaces are important constructions in topology and can be consid-
ered in a more general setting: given a pointed space X, the space of configurations
in W with labels in X is the quotient

CW;X) = (]_[ Cr(W) x5, Xk> / ~

k>0

under the relation (wq,...,wg; 1, ..., x) ~ (W1,...,Wg_1;T1,...,2T_1) if z is the
basepoint of X. We can interpret this space geometrically by considering it as the
space of particles in W where each particle is labelled by an element of X, and a
particle is allowed to disappear if labelled by the basepoint. This space has been
of interest since the 70’s, appearing on the works of May [59] and Segal [80] taking
W = R". They constructed what today is called a scanning map C(W; X) — Q"¥"X
and showed that for path-connected X this is a weak-homotopy equivalence, while
in general it is the group completion of C(W; X) (with multiplication given roughly
by the disjoint union). This type of result has been generalised in many directions:

Bodigheimer [IT] showed a similar result for general manifolds W, and more general

3



spaces of labels with more structure, such as (partial) multiplications, were considered
in [63], [82], 34, 47, [76].

More recently this space has been expanded to sophisticated constructions in
factorization homology [I] on the one hand and, on the other, in the form of config-
uration spaces of manifolds, has been used to compute the stable homology of the
moduli spaces of Riemann surfaces [56] and higher dimensional manifolds [31], 30].

The spaces C (W) admit an action of the group Diff (W) given by

¢ (p1y---50K) = (@(p1), - - 7¢(pk:))

and we look at the Borel constructions (homotopy quotients) Cy (W) /Diff (W'). This
action of Diff (W) can be further extended to an action on configuration spaces with
labels C'(W; X). The fibre sequence ([1.0.2)) implies a weak homotopy equivalence

Cr(W) //Diff (W) ~ BDiff*(W).

This gives a bridge between results about the classifying space of decorated diffeo-
morphism groups of W and homotopy quotients of configurations on W.

We previously mentioned that the space C'(R"; X') can be given the structure of
an (A.-)monoid by taking multiplication to be roughly given by stacking configura-
tions side by side (see [80] for details of this construction). More generally, given a
multiplication rule on a collection of manifolds, we can look at the induced multipli-
cation on the homotopy quotients of their configuration spaces. We now discuss this
induced multiplication and, for simplicity, restrict to the case of oriented surfaces F}
(for details see Chapter [g)).

It was shown in [86] that the operation of gluing surfaces of the form Fy; along a

section of their boundary induces a multiplication
p = BDiff(F, 1) x BDiff(F},1) — BDiff (Fy4p1)
making IEIBDiff (F,1) into a topological monoid. This multiplication induces a map
p: C(Fy1; X)) Dt (Fyq) x C(Fpq1; X)) Diff (F 1) = C(Fyyn; X) ) Dt (Fyinq)

making [IC(Fy1; X) /Diff(Fy 1) into a topological monoid. This monoid is automati-
cally an algebra over Tillmann’s surface operad, so its group completion is an infinite

loop space.



Question 2. Does the decoupling result of Bodigheimer and Tillmann imply a split-
ting for the infinite loop space QB (IEIC’(Fg,l; X)//Diff(FgJ))?

Questions[I] and 2] are the core of the thesis. Chapters [2}{7]focus on the perspective
of classifying spaces of decorated diffeomorphisms groups and Question [I], while the
last chapters (8 and[J)) explore monoids of configurations on surfaces and Question [2]

We now discuss in more detail the main results related to these topics.

1.1 Statement of results

1.1.1 Decorated diffeomorphism groups

For manifolds in high dimensions, Harer’s stability theorems [37] and the Madsen-
Weiss theorem [56] have been generalised to statements about the homology of the
moduli spaces of manifolds with tangential structures [311 [30]. It is for these spaces
that we provide a generalisation of the decoupling theorem of Bodigheimer and Till-
mann.

Orientation, framings, spin structures and maps to a background space are all
examples of a more general type of structure which can be described just from data
on the tangent bundle of a manifold. A tangential structure is a topological space ©
equipped with a continuous GL; action. A ©-structure on a d-dimensional manifold
W is a GLg-equivariant map py : Fr(TW) — O, where Fr(T'W) denotes the space of
framings of the manifold W. A canonical example is O = {£1} with action given
by multiplication with the sign of the determinant, and it is simple to see that a
O -structure on a manifold is a choice of orientation.

The space of all ©-structures has an action of Diff (W) given by precomposition
with the differential. Given a closed compact connected smooth manifold W equipped
with a ©-structure py, the moduli space M® (W, py) of W with ©-structures con-

cordant to py is defined as the path component of py, in the Borel construction
{GLg-equivariant maps p : Fr(TW) — ©} //Diff(W).

Examples of this construction are the classifying spaces BDiff(W) and, when W is
orientable, BDiff*(W).
Analogously, the decorated moduli space of (W, py/), denoted MEF(W, py/), is



defined as the path component of py, in the Borel construction
{GLg-equivariant maps p : Fr(TW) — ©} //Dift® (W).

If W is a manifold with non-empty boundary, the moduli spaces M® (W, py) and
MEF(W, pw) are defined analogously but only considering the GLg-equivariant maps
p: Fr(TW) — © which agree with py on Fr(TWaw).

We start by noting that many results obtained for classifying spaces of decorated
diffeomorphism groups of surfaces can be adapted to results on decorated moduli
spaces of manifolds with tangential structures. For instance, the following is a gener-

alisation of Tillmann’s result in [88].

Theorem A. For any compact connected smooth manifold W, we have maps
MOHW) = MO (W) Mo (W) = Mg (W)

which induce homology isomorphisms on degrees x < k/2 and m/2, respectively.

However, our focus is on constructing a decoupling map analogous to (|1.0.1)). For

a d-dimensional oriented manifold W with non-empty boundary, this map is given by
D MKW, puy) =250 MO, piy) X O /S0 x (8 [/ GLT)* /.

In particular, taking W to be a surface and © the orientation structure, D is precisely
the map d of equation (|1.0.1)).

The image of D is a path-component of the codomain, which we denote
MO(W, pw) x OF [/ By x (8 ) GL )5 // i

and we show that, when a stabilisation condition is satisfied, the decoupling induces
a homology isomorphism onto its image, in a range depending on the genus of W.
The decoupling theorem relies on the comparison between the moduli space of a
manifold W and the moduli space of W'\ Ilint(D?). For W a compact connected d-
dimensional manifold, and py a fixed ©-structure on W, the manifold W\ Llint(D?)
is naturally endowed with a ©-structure pj, given by the restriction of py. Then

there is a natural map

MO (W \ Wint(DY), ply, ) = MO(W, pw) (1.1.1)



induced by extending a ©-structure by pW]D , and a diffeomorphism by the identity.

Theorem B. Let W be a compact, connected, orientable manifold with non-empty
boundary and py be a fized O-structure on W. If the map (1.1.1)) induces a homology

1somorphism in degrees i < « then the decoupling map
D : M*(W, pw) — MO(W, pw) x OF' /S x (8 ) GLT)5 /| S

induces homology isomorphisms in degrees i < «.

A more general version of Theorem [B]is given in Theorem for manifolds W
with empty boundary and also for non-orientable manifolds.

In particular, the theorem above gives us new results on moduli spaces of surfaces
with tangential structures, generalising the decoupling result of Bodigheimer and
Tillmann to surfaces with, amongst others, spin structures, maps to a background
space, and framings.

The main corollary of Theorem [B]is obtained in the context of manifolds of even
dimension d = 2n > 6, where the assumption on the map has been shown to

hold whenever py is n-connected [30].

Corollary C. For W compact, connected, orientable manifold of dimension d =

2n > 6 with non-empty boundary, and py an n-connected O-structure on W,
D Ma* (W, pw) — MO(W, pw) x O [/ S x (8 ) GLT)G /S,

induces homology isomorphisms in degrees i < %, where g is the stable genus of W'.

We also show that this condition is necessary, namely that there exists a manifold
W and a tangential structure py, which is not n-connected, for which the decoupling
theorem does not hold (see Chapter @ Although this connectivity assumption is
quite restrictive, we still obtain further results for more general tangential structures

using the techniques of [30, Section 9]. In particular, we prove the following;:

Theorem D. Let W, = #,5" x S"\ D*", for 2n > 6. Then for all i < %
H;(BDiftF (W, 1)) & H;(BDiff (W, 1) x SO[0,n — 1]™ /2, x BSO(2n)(n)* /)

where SO[0, n—1] is the n-truncation of SO and BSO(2n)(n) is the n-connected cover
of BSO(2n).



We also provide a computation of the cohomology of BDiﬂ“;’k(Wg,l) using Theo-
rem [DI

Finally, we provide a generalisation of the decoupling result for more types of
decorations. When studying surfaces, it is natural to look at marked points and
discs, however for high dimensional manifolds, one is allowed to explore more general
types of decorations. This has been studied in recent work such as [69, 50, [70, [71].
We generalise the definition of the decorated moduli space of a manifold with more
general marked submanifolds, we define a decoupling map and show that, under a
homology stability hypothesis, it induces a homology isomorphism in a certain range.
We analyse more closely the case that the decorations are unlinked circles, because
of its relation to the literature and also its relevance for string theory. The space
M,?Sl(I/V, pw) is defined to be the moduli space of manifolds diffeomorphic to W,
equipped with a ©-structure and k& marked unparametrised circles. As in Theorem
[B], we also get a splitting result, now in terms of the space of configurations of circles
in R* with labels on a space £ (see Definition [5.4.10), which we denote Cyg1 (R, £).

Theorem E. Let W be a simply-connected spin manifold of dimension 2n > 6 with
non-empty boundary, equipped with k marked unparametrised unlinked circles and
with a ©-structure py : Fr(TW) — © which is n-connected and such that © [/ GLy is

simply-connected. Then for all i < 93;4
Hi (Mg (W, pw)) 2= Hy(MO (W, pw) x Csr (R (LO /) L GLif_,)o))

where L— is the free loop space, Ly is the subspace of nullhomotopic loops, and (—)g

indicates a path-component that is specified in the proof.

Geometric Interpretation The spaces and maps used in the decoupling result all
have a very concrete geometrical interpretation, which we briefly introduce.

Let ©* = x be the point with the trivial GL4-action. Then any manifold W admits
a unique ©*-structure py,. By definition, the moduli space M®" (W, py/) is a model
for BDiff (V). A geometric interpretation for this moduli space can be obtained from
the specific model of BDiff(W) given by the quotient Emb(WW, R>)/Diff(W). With
this model, M®" (W) can be seen as the subspace of all submanifolds of R* that are
abstractly diffeomorphic to W. Analogously, fixing an arbitrary ©-structure, py,, on
a manifold W (for instance a choice of orientation), the moduli space M® (W, py/) has
a model as the space of all submanifolds of R* that are diffeomorphic to W together

with a choice of ©-structure concordant to py,. A detailed description of this model



can be found in sections 6 and 7 of [31].

From this perspective, the decorated moduli space MK (W, py,) is the space of
all submanifolds of R* that are diffeomorphic to W together with & marked points,
m marked parametrized discs, and a choice of ©-structure concordant to pyy .

Moreover, note that the spaces O /¥, and (0 //GLy)% /¥y also have geomet-
ric models in terms of unordered configuration spaces with labels, which we denote
respectively by C,,(R*, 0¢) and C(R*>, (© //GL4)o).

The decoupling map in Theorem [B| is the product of three maps. The first

MEE(W, pw) = MO (W, pw),
is the map that simply forgets the decorations; the map
M E (W, pw) = Cr(R*, ©9)

records the centre of the marked discs together with local tangential structure infor-
mation; and finally
ME(W, pw) — Ch(R*, (O | GLg)o)

is the map that records the positions of the marked points in R* together with their
tangent spaces and tangential structure information. See Figure[I.1]for an illustration.

With this geometric interpretation, the decoupling result tells us that the homol-
ogy of the space of decorated submanifolds of R*> of a fixed diffeomorphism type, in
which the points and discs are constrained to our manifolds, can be understood in
terms of the homology of a space where these points and discs are not constrained

anymore, i.e. they are decoupled.

1.1.2 Monoids of configurations on surfaces
As discussed previously, the gluing of surfaces of the form F,; along their bound-
ary induces a multiplication

p: C(Fy1; X)) D (Fyq) x C(Fpq1; X)) Diff (F 1) = C(Fyyn; X)) Dt (Fyinq)

making [IC(Fy1; X) /Diff (Fy,1) into a topological monoid.
This construction can be extended further by allowing the diffeomorphism group

to act non-trivially on the space of labels. Namely, if Z is a pointed GLy-space, we



can define an action of Diff(F ;) by

& (1, o2y 2k) = (O(P1)s -, 0Pk); Dpy @ - 215+ o, Dy - 21).

As before, gluing of surfaces of the form Fj; along their boundary induces a multi-

plication
o O(Fg’l; Z) //Dlﬂ‘(Fg’l) X O(Fh,l; Z)//DIH(F}ZJ) — C(Fg+h71; Z)//Diﬂ‘(Fg_,_h’l)

making [IC(Fy1; Z) /Diff (Fy 1) into a topological monoid.

Theorem F. For any path-connected pointed GLJ -space Z, there is a homotopy

equivalence
7% 8: QB(MC(Z)) = Z x BDiff (Fs)* x Q((EGL]) 4 Aquy 2).

In the above, Q(—) denotes the functor Q2*°¥>°(—). On the one hand, Z x
BDiff(F,, )" was shown in [87] to be the group completion of the monoid qI;IOBDiff(FgJ),
while Segal showed in [80] that the space Q(X) is the group completion of the monoid
C(R*; X). Therefore the above theorem can be seen as a decoupling result in the

context of monoids of configurations on surfaces.

1.1.3 Configuration spaces with partially summable labels

We finish by considering the more general construction of configuration spaces
with labels in a framed partial 2-monoid, where particles are allowed to collide if their
labels are summable. This is an important construction which has been developed in
[63, 82], 34], 47, [76]. A partial 2-monoid P is, in essence, a space with a multiplication
that makes it similar to an Fs-algebra, but with the restriction that this multiplication
does not need to be defined between every pair of elements in P. Whenever P is
equipped with a compatible action of GLo, we call it a framed partial monoid, and
we can define the space of configurations in F,; with partially summable labels in P,
denoted Cx,(Fy1; P). See Chapter [J] for details.

The definition Cyx(F,;; P) requires much more machinery then the case for non-
summable labels, such as the Fulton-MacPherson configuration spaces and operad,
and yields more complicated models for configuration spaces. To prove the decoupling
theorem for the space Cy(F,1; P), we develop a different model for this space in sec-
tion , which we refer to as the disc model for configurations, denoted | Dx;(Fy 1; P)a|.
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In the decoupling context, we naturally encounter another space of discs with con-
figurations, which we refer to as the 2-discs model for configurations in R*, denoted
| D3R P)|.

Denote by F., the surface of infinite genus, i.e. the limit of the surfaces Fy ;. The

main result for configurations with partially summable labels is the following:

Theorem G. The decoupling map induces a homology isomorphism
Cs(Fu; P) )/ Diff (Fy) =~ | Ds(Fso; P)o| J/ Diff (Fy) — BDiff(F.) x |DE(R>; P),|.

Denoting by MCyx(P) the monoid for configurations in surfaces with partially

summable labels in P, the above result implies the following generalisation of Theorem

I3

Corollary H. For any path-connected framed partial 2-monoid with unit P, there is

a homotopy equivalence

QB(MCsx(P)) ~ 7 x BDiff(Fy )" x |D%(R>; P),|.

1.2 Structure of the thesis

Chapters relate to the decorated moduli spaces of manifolds with tangential
structures, while Chapters [§ and [9] focus on monoids of configurations on manifolds.
For a diagram of the chapters and how they relate to one another, see Figure [1.2]

Chapter [ recalls the basic concepts and results needed to construct the decorated
moduli spaces with tangential structures. We start by defining and giving examples
of tangential structures and the topological moduli space of manifolds. Further,
we prove auxiliary results on fibre sequences of Borel constructions and a spectral
sequence argument which will be needed throughout the thesis.

We define the decorated moduli space of manifolds and the decoupling map, and
we prove Theorem [B]in Chapter [3] Subsequently, in Chapter [ we prove the corollar-
ies of Theorem |B| which provide decoupling results for surfaces with many tangential
structures, as well as Corollary [C], for manifolds of dimension 2n > 6.

In Chapter [5| we define the generalisation of the decorated moduli space for more
general types of submanifold decorations, define the decoupling map and prove the
decoupling theorem in this case. We look closer at the case when decorations are

embedded unlinked circles and prove Theorem [E]

11



DECORATED MONOIDS OF CONFIGURATIONS

DIFFEOMORPHISM GROUP ON MANIFOLDS

Decoupling
Increasing the decorations Decoupling
number of from the = monoids of
decorations manifold 3 configurations

(Chap. (Chap. (Chap.

AN ,,

Corollaries Generalisation: [ Generalisation:
(Chap. 7 submanifold configurations
non-examples decorations and with partially
and computations decoupling summable
(Chap. EI) circles labels
(Chap. |Eb (Chap. |§I)

Figure 1.2: Thesis Structure and Chapter Dependencies.

Chapter [6]looks at non-examples of the decoupling theorem, i.e. high dimensional
manifolds with tangential structures that fail to satisfy the hypothesis of Theorem [B]
We show that there are manifolds with tangential structures for which the decoupling
does not hold, and discuss the techniques to understand the homology of the decorated
moduli spaces in these cases. In particular, by applying this result to the manifolds
Wy.1, we prove Theorem [D]

Excluding Section [3.4] Chapters effectively constitute the paper [2] on arXiv.

Chapter [7] is the last one which focuses on decorated moduli spaces of manifolds
and it contains the proof of Theorem [A] on increasing the number of decorations on
the moduli spaces.

We finish by discussing the monoids of configurations on surfaces. In Chapter
we introduce the monoid for non-colliding labels and prove Theorem [F]

Finally, in Chapter [9] we discuss the case of configurations with summable labels.
We start by recalling the definitions of framed partial d-monoids and configuration
spaces with partially summable labels. We develop different models for this space of

configurations and use them to prove Theorem [G] and Corollary [H]
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1.3 Appendix: The co-operad of normalised cacti

A second project included in this dissertation relates to the algebraic structures
that are determined by graphical models for moduli spaces of oriented surfaces. Since
the results of this project have already been peer reviewed and accepted for publi-
cation at the Journal of Topology and its Applications, we defer it to the appendix.
This project started as part of the Women in Topology Workshop and it is joint work
with Safia Chettih, Abigail Linton, Sophie Raynor, Marcy Robertson and Nathalie
Wahl.

The operadic structure defined by oriented surfaces and cobordisms has been stud-
ied previously in [86]. There, it was shown that the moduli space of oriented surfaces
with at least one boundary component can be modified to define an operad. However,
without the modification, the composition fails to be associative and therefore does
not define an operad. This project shows that graphical models of moduli spaces of
genus zero oriented surfaces with the operation of gluing along cobordism naturally
define an oc-operad.

On the one hand, understanding the algebraic structure determined by gluing
along cobordisms is quite central to the study of Topological Field Theories. From
a different perspective, these moduli spaces would provide a rare example of an oo-
operad that does not arise via the application of a nerve construction to a known
operad. Only a few such examples exist in the literature, as the weak operad of
configuration spaces [35, Corollary 5], the configuration categories of [10], or examples
that arise as a result of completion as in [8, Proposition 5.1].

In our work [3], we study normalised cacti, a graphical model for the moduli space
of genus 0 surfaces with at least one boundary component [92, Remark 2.8]. This
model can be given a composition that corresponds to gluing along cobordisms, and
this is known not to be associative [48, Remark 2.3.19]. We show that normalised cacti
with this operation have the structure of an oo-operad by showing that its existing
composition law is associative up to all higher homotopies.

To show that normalised cacti produce such an example, we develop a new tech-
nique to express and identify co-operads. We do this by defining an operad of bracketed
trees BO and relate it to two well-known models for oco-operads: dendroidal Segal
spaces and W (O-algebras, using the Boardman-Vogt W-construction on the operad

of operads. In particular, we have the following:

Theorem 1.3.1. There is a canonical operad map WO — BQO. In particular, any
BO-algebra is also a WO-algebra, and therefore an oco-operad.

13



The algebras over BO are precisely oo-operads with a strict composition, unit and

symmetric action. With this new technique, we showed that:

Theorem 1.3.2. Normalised cacti with the cobordism composition extend to a BO-

algebra, and therefore are part of the structure of an oco-operad.

My participation in this project included major contributions to: the definition of
the operad BO of bracketed trees (Definition , the relation between the oper-
ads BO and WO (Theorem[A.6.4), the relation between BO-algebras and dendroidal
spaces (Theorem , and on the relation between cacti and the M S-operad (Sec-

tion |A.5.1)).
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Chapter 2
Preliminaries

In this section we recall some crucial definitions such as tangential structures and
the moduli space of manifolds with tangential structures. We will also give examples
that will be used in Section 4l Finally, we recall basic results about descending fibre
sequences to homotopy quotients as well as a spectral sequence argument that will
be used throughout the thesis.

2.1 Tangential structures

Throughout, we consider W to be a smooth compact connected d-dimensional
manifold, possibly with non-empty boundary. If W is a closed manifold, we denote
by Diff(W) the group of diffeomorphisms of W with Whitney C* topology. If W
has non-empty boundary, we assume it to be equipped with a collar neighbourhood
of OW and we denote by Diff (W) the group of diffeomorphisms of W which restrict
to the identity on this collar. If moreover W is an orientable manifold, we denote by
Diff* (W) the subgroup of orientation preserving diffeomorphisms. Note that if W is
orientable and has a non-empty boundary, any element of Diff (W) is automatically
orientation preserving.

Given a vector bundle p : E — B, the frame bundle of F over B will be de-
note by Fr(E). Recall that the fiber of Fr(E) — B over a fixed b is the space
of ordered bases of p~!(b), and this forms a GLg-principal bundle, with the action
A-(vy,...,0,) = (A1), ..., A(vp)), for A € GLg and (vy, . .., v,) an ordered basis of
p~1(b). Throughout this paper, we denote by TW the tangent bundle of the manifold
W, and by €” — B the trivial n-dimensional vector bundle over some base space B.
In this thesis, we will consider only real vector bundles and denote by GL, the general

linear group GL,4(R).
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We now define tangential structures following the terminology established by
Galatius and Randal-Williams in [32].

Definition 2.1.1. A tangential structure for d-dimensional manifolds is a space
© with a continuous action of GL;. A O-structure on a d-manifold W is a GLg4-

equivariant map p : Fr(TW) — ©.

Manifolds are usually equipped with data that can be described using tangential

structures:
Example 2.1.2. Let W be a connected manifold.

(a) An orientation consists of a coherent choice of which oriented bases of the
tangent spaces are considered positive. Namely, this is the data of a GLg4-
equivariant map Fr(TW) — {%1}, where the action on ©°" := {£1} is given
by multiplication by the sign of the determinant. Therefore, a ©@°"-structure on

a manifold is equivalent to a choice of orientation.

(b) If we want to consider all manifolds with no extra data, we can use the trivial
tangential structure ©* = {x} with the trivial action. Any manifold admits a

unique ©*-structure, and therefore it encodes no extra data.

(c) Framings on a manifold also are a tangential structure described by O = GL,,
since the data of a framing is precisely a continuous choice of basis for the

tangent space at each point, which can be expressed as a GLg-equivariant map
Fr(TW) — GL4.

(d) Given a space X, we define the tangential structure of maps to X, by taking
Ox = X with the trivial action of GL;. Then a © x-structure on a manifold W

is the data of a continuous a map W — X.

Remark 2.1.3. Many authors approach tangential structures in a different way, namely
by defining it as a fibration 6 : B — BO(d), and by setting a #-structure on a manifold
W to be a map W — B lifting the map W — BO(d) which classifies TW. There is a
clear way of exchanging the two approaches using the correspondence between spaces
with a GL, action and spaces over BGL,; ~ BO(d), made through the principal GL4-
bundle EGL; — BGL,4. Both the spaces © and B associated to a given tangential
structure will come into the decoupling result, so it is worth making precise the
relation between them: given a fibration 6, the pullback space

0= EGLd X dB

BGL
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is naturally equipped with a GL,; action. On the other hand, given a GL4-space O,
we can define B as the Borel construction © /GL, (ie. the quotient of EGLy x © by
the diagonal action of GL;). Then EGLy; x © — B is a principal GL4-bundle, which
means B comes equipped with a map # : B — BGL,;. Since EGLy is contractible,

these processes are inverse up to equivariant fibre-wise weak equivalence.

Example 2.1.4. Spin structures on an d-dimensional manifold are known to be classi-
fied by lifts along the fibration fgp, : BSpin — BO(d) ~ BGL4. So the corresponding
©5Pin js the pullback space

EGLng;LdBSpin

and it fits into the following diagram of fibre sequences

{£1} x BZ/2 —— ©%" — EGL,

| 7]

{£1} x BZ/2 —— BSpin —— BGL,

which implies that the space ©°P™ is homotopy equivalent to {+1} x BZ/2.

Definition 2.1.5. Let W be a closed manifold and © a fixed tangential structure.
We define the space of ©-structures on W, denoted Bune(W), to be the space of all
GLg-equivariant maps Fr(TW) — © equipped with the compact-open topology.

Let W be a manifold with non-empty boundary and a collar together with a GLg4-
equivariant map py : Fr(TOW @ e) — O©. We define the space of ©-structures on
W restricting to pg, denoted Bun?a(W), to be the space of all GLj-equivariant maps
Fr(TW) — © that restrict to pg on OW.

Given a manifold W with non-empty boundary together with a GLg4-equivariant
map py : Fr(TOW @ e) — O, it is possible that the space Bun?a(W) is empty, in the
case where the chosen map py cannot be extended to Fr(TW). For instance if W is
an orientable manifold with disconnected boundary and py assigns non-compatible
orientations for the different components of OW. These are not the cases we are
interested in, and therefore throughout the paper, whenever W is a manifold non-
empty boundary we assume it comes equipped with a map ps which is the restriction

of a ©-structure in W.
Example 2.1.6. Let W be a manifold.

(a) If ©* is the trivial tangential structure of Example [2.1.2(b)| then there is only

one ©*structure for any manifold, so Bun® (W) is a single point.
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(b) Consider the tangential structure ©°" for orientation described in Example[2.1.2f(a)|
If W is a closed connected orientable manifold, it admits two O -structures
which implies that Bun®” (1) consists of two points. On the other hand, if W
has a non-empty boundary and pj is a fixed © structure on OW, then Bung (W)
consists only of those GLg-equivariant maps Fr(7TW') — © which restrict to pg,

and therefore consists of a single point.

(c) Given aspace X, consider the tangential structure O x defined in Example[2.1.24(d).
As discussed before, a © x structure on a manifold W is just a continuous map
W — X, and therefore, if W is closed, Bun®x (W) is the space of continuous
maps from W to X.

2.2 Moduli spaces of manifolds

The action of the diffeomorphism group of W on the tangent bundle TW induces

an action on the space Bun@(W) for any tangential structure ©. Explicitly, given
¢ € Diff(W) and p € Bun®(W),

¢-p=poDy~t

where D¢ : Fr(TW) — Fr(TW) is the map induced by the differential of ¢.

Definition 2.2.1. Let W be a closed manifold and fix py a ©-structure on W, we
define Bun®(W, pyy/) to be the orbit of the path-component of py in Bun® (1) under
the action of the diffeomorphism group Diff(W). If W has non-empty boundary
Bun® (W, py) is defined to be the orbit of the path-component of py in Bun?a(W),
where pg is the restriction of py to the boundary.

We define the moduli space of W with ©-structures concordant to py to be the

Borel construction (ie. homotopy orbit space)

MOW, pw) := Bun® (W, pw,) J/ Diff(W).

In other words, the moduli space M® (W, py) is the path-component of the Borel
construction Bun® (W) //Diff (W) that contains the classes represented by py .

Remark 2.2.2. In the above definition, when W is a manifold with boundary and

pw a fixed O-structure, we have omitted the symbol py from the notation for the
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space Bune(W', pw ). However, it should always be understood that there is a fixed
boundary condition which is determined by the restriction of the fixed py  to the

boundary.

The most important examples of these moduli spaces come from the simplest tan-
gential structures: for the trivial tangential structure ©, the space Bun® (W) consists
of a single point for any W and therefore M®” (W, py,) will be simply the classifying
space BDiff(W). On the other hand, if W is an orientable manifold Bun®" (W, py)
consists of either one or two points depending on whether Diff(1¥) has an element
that reverses the orientation of W. In either case, the moduli space M®” (W, py/) is
homotopy equivalent to BDiff*(W).

2.3 A lemma on fibre sequences and homotopy

quotients

In this section we prove a lemma that will be used throughout the paper to
construct fibre sequences of moduli spaces from equivariant fibre sequences of diffeo-

morphism groups and spaces of ©-structures.
Lemma 2.3.1. Given a commutative diagram
X
[N
vy 2 7

such that f and h are Serre fibrations and h is surjective, then g is also a Serre
fibration.

Proof. We will show that g has the homotopy lifting property with respect to any
inclusion D! x {0} < D" x I using that both f and h have this property.

X

[#

Dix{O}—;Y f

j el lg

Dix] —— 7
Given a lift of D' x {0} — Y to X, we can construct a lift £ : D x I — X using
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that f is a Serre fibration. Then hof: D' x I — Y is a lift with respect to g. It only
remains to see that any map D x {0} — Y admits a lift to X, which we can prove
by induction on i: for ¢ = 0, this is precisely the condition that h is surjective, for
i > 0, this lift can be obtained using the identification D ~ D*~! x I and the fact
that h is a Serre fibration. O

Lemma 2.3.2. Let G; be a topological group and p; : M; — M;/G; be a G;-principal
bundle, fori=1,2,3.

(a) If ¢ + Gy — G3 is a continuous homomorphism and f : My — Ms is a ¢-

equivariant fibration, then the induced map
w : MQ/GQ — Mg/Gg

s a fibration.

(b) Given a short exact sequence
0—>G —-Gy—G3—0

and a fibre sequence of equivariant maps My — My — Ms, the induced maps

on quotients form a fibre sequence

Ml/Gl — MQ/G2 — M3/G3

Proof. @ By assumption, the map ps is a surjective fibration and the composition
1 o pg is equals the composition of fibrations p3 o f. Therefore, by Lemma [2.3.1} v is

a fibration.
@ Diagrammatically, we want to show that given the diagram of fibre sequences

below, there exists a fibre sequence fitting into the bottom row:

G1 = > G2 ¢ > G3
Y Y ; @)
Ml : > M2 > M3

Ml/G]_ sy M2/GQ """ ’[p> M3/G3

By item @ the map 1 is a fibration, so all that remains is to identify its fibres. The
composition ps o f is a fibration with fibre Gy - i(M;) C M. Then the fibre of v is
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po(Ge - i(M7)) = po(i(My)). Since the action of G5 on Mj is free, we know that for
any g € G5 which is not in the kernel of ¢, the intersection (g - i(My)) Ni(M;) is
empty. So pa(i(My)) is simply the quotient of i(M;) by the action of ker ¢ = ¢(Gy).
Then the map M;/G1 — Ms/Gs is precisely the inclusion of the fibre of 1. O

Corollary 2.3.3. Let G; be a topological group and S; be a G;-space, fori=1,2,3.

(a) If ¢ : Go — G3 is a continuous homomorphism and f : Sy — Sz is a ¢-
equivariant fibration, then we can choose a model for the Borel constructions

such that the induced map
77/) : SQ//GQ — Sg//G3

s a fibration.

(b) Given a short exact sequence
0—)G1—>G2£>G3—>O

such that ¢ is a principal bundle, and a fibre sequence of equivariant maps

S1 — Sy — S3, the induced maps on quotients form a homotopy fibre sequence

51//G1 —>SQ//G2 —)83//G3

Proof. Both statements follow from Lemma and the following observations: fix
EG,, then the inclusion ¢ : Gy — G4 induces a Gy action on EG,y and since ¢ is a
principal G-bundle, then so is EGy — EG5/G1. Therefore the space EG5 is a model
for EG, as well. Also, any model for the space (G5 carries an action of G5 via the
map ¢ : Gy — (3, and in particular, the quotient of EGy x EG3 by G is still a
G>-principal bundle. Then the proof follows directly from applying Lemma to
the diagram

@ N @
! l !

where the middle row is the product of the fibre sequence S; — Sy — S3 with the
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trivial fibre sequence
EGQ — EG2 X EGg — EG3

and the action of the groups is the diagonal action. The commutativity of the diagram
follows from the fact that the action of G; on EGj3 induced by ¢ o ¢ is trivial. O

In particular, applying the above corollary to the trivial fibration * — %, gives us
the well-known result that a short exact sequence of groups G; — G5 — G5 induces

a fibre sequence on classifying spaces

BG1 — BG2 — BGg

2.4 The spectral sequence argument

The decoupling result will be deduced from the comparison of the homology spec-
tral sequence associated to fibre sequences of moduli spaces. The result then follows

from a well-known spectral sequence result which we recall (for a proof see [94]):

Lemma 2.4.1 (Spectral Sequence Argument). Let f : E5 —— E}:’q be a map of

homological first quadrant spectral sequences. Assume that
f:EiqiEi,q Jor0<p<ooand0<q<I.

Then f induces an isomorphism on the abutments in degrees x < .

Using the result above, we obtain the result which is in the centre of the decou-

pling:

Proposition 2.4.2. Given a homotopy fibre sequence F LS E Y Banda map
f B — M such that a the composite foi: F — M induces a homology isomorphism
in degrees < a. Then the map f X p: E — M x B induces a homology isomorphism

in degrees 1 < «.

Proof. The following is a map of fibre sequences

F—* sgp—* 4B
ol e |

M — MxB —— B.
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This induces a map of the respective Serre spectral sequences f : ES =~ — E‘;’q, and

since f o1 is a homology isomorphism in degrees < o, the map between the E? pages
Eg’q =H,(B; H(F)) —— H,(B; Hy(M)) = Ez’q

is an isomorphism for all ¢ < «. Then by the Spectral Sequence Argument (Lemmal2.4.1),
f x p induces an isomorphism Hy(E) = Hy(M x B) for all k < . O
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Chapter 3
The Decoupling Theorem

In this section we introduce decorated manifolds, the decorated moduli space, and
the maps that are in the centre of the decoupling theorem: the forgetful map and
evaluation map. We end by defining the decoupling map and proving the decoupling
theorem.

For now, we focus on decorations being points and discs. These are the extreme
cases: the simplest embedded manifolds of lowest and highest possible dimension. In
section [5| we show how this can be extended to more general submanifold decorations,

focusing on the case of manifolds decorated with embedded unlinked circles.

3.1 The decorated moduli space and the forgetful
map

Throughout this section, let W be a compact connected smooth manifold. We

will study manifolds equipped with decorations:

Definition 3.1.1. A d-dimensional manifold with decorations consists of a manifold
W together with a set of distinct marked points in its interior py,...,pr € W\ OW
and disjoint embeddings ¢1, ..., ¢, : DT — W\ (OW U {p1,...,pr}), with k,m € N.
If W is orientable, we require all embeddings to be oriented in the same way. We
refer to these choices as decorations on our manifold.

Given a manifold W with decorations, we define the decorated diffeomorphism

group Diff* (W) to be the subgroup of Diff (W) of the diffeomorphisms ¢ such that

Y0 0j =Pa()) V(i) =ps)

24



for some a € ¥, and [ € .

In other words, we are looking at the diffeomorphisms that preserve the marked
points and parametrized discs up to permutations. Note that the notation Diff* (17/)
does not record which points and embedded discs comprise the decorations. The

following lemma justifies this notation.

Lemma 3.1.2. If d > 2, the isomorphism type of Diff* (W) does not depend on the

choice of the k points and m embedded discs that comprise the decorations.

Proof. For any two collections of decorations in W denoted

(p17"'7pk)¢17"‘7¢m) and (p/177p;g7¢,17)¢:n>7

there exists a diffeomorphism v of W such that
V(pi) = p; Yo ¢ = ¢

which can be constructed recursively by extending isotopies of the points and discs to
diffeotopies of W as described in [67, Theorem B| and [23 Proposition 6.2.4]. Then

conjugation with ¢ defines an isomorphism between the group of diffeomorphisms

preserving (pi, ..., Pk, @1, ..., ¢m) and the one preserving (p!, ..., pL, ¢), ..., ¢h,). O

We are now ready to define the analogue of the moduli space including the deco-

rations:

Definition 3.1.3. Given a manifold W with a ©-structure py, we define the decorated

moduli space of W with k points and m discs to be

MEEWV, pw) == Bun® (W, py) J/ Difft (W).

Recall that, if W has non-empty boundary, then Diff (W) consists only of those
diffeomorphisms fixing a collar of the boundary and the elements of Bun®(W, py,)
agree with py on OW.

We define the forgetful map

F: MOEW, pw) = MO(W, pw) (3.1.1)

to be the one induced by the identity map on Bun®(W) and the subgroup inclusion
Dift? (W) — Diff(W).

25



3.2 The evaluation map

Let W be a decorated manifold with & marked points and m marked discs. For
each marked point p;, we choose once and for all a frame of 7, W, and if W is
oriented, we ask that these frames have the same orientation. We also fix throughout
this section N C W which is the union of a tubular neighbourhood of the marked
points and the interiors of the parametrized discs. We denote by W,,, ., the manifold
W\ N. The decoupling result follows from understanding the difference between the
decorated moduli space of W and the moduli space of W, 1.

For instance, assume k = 0 and m = 1, then there is a group isomorphism

given by extending a diffeomorphism on W; by the identity on the marked disc. More
generally, if W is a manifold with m embedded discs, the map

em : Diff (W) = S,

taking a diffeomorphism ¢ to the a € ¥, recording the permutation induced on the
discs by ¢, is a surjective homomorphism with kernel Diff (W,,,), where, as above, W,
is the manifold obtained from W by removing the interior of the m embedded discs.

Assume now W has k marked points {pi,...,pr} and no marked discs. We still
get a homomorphism

Diff (W},) — Diff* (W)

by extending a diffeomorphism on W} by the identity on the removed neighbourhood
of the points, but this is not an isomorphism, since the elements of Diﬁ"k(W) are not
required to fix the entire neighbourhood of the marked points. A way to understand
the diffeomorphisms around these is by looking at the differential map on the chosen

frames at the marked points. So we define a map to the wreath product

" : Diff* (W) — 231 GLy (3.2.1)
¢ (Dp, @, ..., Dy 9, B) (3.2.2)

where 3 € Y is the permutation induced on the marked points by ¢. The image of
e® depends the manifold .

Definition 3.2.1. An orientable decorated manifold W with k& marked points and m

marked discs is called decorated-chiral if every ¢ € Diff® (W) preserves the orientation.
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Remark 3.2.2. If the manifold W is decorated by m > 0 discs or W # () then it
is immediately decorated-chiral. There are also many manifolds for which any dif-
feomorphisms (not necessarily decorated) are orientation preserving, these are called
chiral manifolds. A classical example is CP?, which can be deduced by analysing
the automorphisms of its cohomology ring. Trivially, any chiral manifold is always

decorated-chiral.

It follows from [88, Lemmas 2.3 and 2.4] that:
Lemma 3.2.3 ([88]). Let W be a compact connected decorated manifold, then:

(a) the map
e Diff (W) % 5, x (2,1 GL))

1s a surjective principal bundle, where the group GLZ! is GLY of W is decorated-

chiral, and GLg4 otherwise.
(b) Dift(W,,1x) is the homotopy fibre of e.

Remark 3.2.4. Identifying the image of e is important because we want to use a Serre
spectral sequence to compare the homology of the total spaces of two fibre sequences.

Therefore it is important to identify precisely the images of the fibrations we define.

A generalisation of the above lemma provides a fibre sequence on moduli spaces

with tangential structures which is the key to the proof of the decoupling.

Proposition 3.2.5. Let W be a compact connected decorated manifold and pyw a fixed

O-structure on W, then:

(a) the homomorphism e induces an evaluation map
E: MO*W,pw) —— O™ /S, x (0 /GL)* /5

which is a Serre fibration onto the path component which it hits, where the group
GLZI is GL} if W is decorated-chiral, and GL, otherwise.

(b) let Winik be equipped with the ©-structure pw, ., given by the restriction of pw .
Then

M@(Wm+k7 me+k)

s the homotopy fibre of E over its image.

To prove the Proposition, we will need the following lemma:
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Lemma 3.2.6. Let W be a connected manifold and S a smooth submanifold, then

the restriction map
rg: Bun®(W) — Mapgy,, (Fr(TWs), ©)

1s a Serre fibration.

Proof. For any ¢ > 0, a lift for the diagram

D' x {0} ———— Bun®(W)

D x I —— Mapg,,(Fr(TW/s), ©)
is equivalent to a GLg4-equivariant extension of the following

(D' x {0} x Fr(TW)) U (D' x I x Fr(TW|s)) —— ©

D' x I x Fr(TW)

Since the inclusion S < W is an embedding, there exists a strong deformation
retract
r:D'x I xW — (D" x {0} x W)U (D' x I x S).

If i denotes the inclusion of (D x {0} x W)U (D' x I x S) into D x I x W, we have

an isomorphism
f:D' x I xFr(TW) = r**(D' x I x Fr(TW))

which is the identity on (D x {0} x Fr(TW))U (D" x I x Fr(TW]|s)).

Therefore the composite
Dl x I x Fr(TW) —Ls 7**(Di x I x Fr(TW)) ——— i*(Di x I x Fre(TW)) —2— ©

gives a lift to diagram m This implies that the map Bun® (W) — Mapg,, (Fr(TW|s), ©)

is a Serre fibration. O]

Proof of Proposition[3.2.3. [(a)] Let P C W be the union of the k marked points and
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the centres of the m marked discs. By Lemma the restriction map
rp : Bun®(W, pw) — Mapgy,, (Fr(TW/|p), ©)

is a Serre fibration. For each marked point, we chose a frame of its tangent space.
Each point in the centre of a marked disc, comes with a preferred frame induced by
the parametrization of the disc. So every point in P is equipped with a frame of its
tangent space, and this gives us a diffeomorphism Fr(TW|p) = GL; x P. Therefore
the space of GLg-equivariant maps Fr(TW|p) — O can be identified with the space of
continuous maps P — O, which is just ©™ x ©%. The result then follows by applying
Corollary to combine the fibration rp with the homomorphism of Lemma |3.2.3

Diff* (W) 5 2., x (2, 1 GLY). (3.2.4)

We apply Corollary by taking G = Diff* (W) and Sy = Bun® (W, py), with
the usual action by precomposition with the differential. On the other hand, we
take G5 = X, X (242 GLL), and S; = O™ x ©F with the following action: the space
O™ x OF can be spit into the m factors corresponding to the marked discs and k factors
corresponding to the marked points. Then we have an action of ¥,, x (342 GLL) on
O™ x ©F induced by the actions

S C O™ NGLLC Ok

Then the fibration Bun® (W, pyy) — ©™ x ©F is e-equivariant and therefore, by Corol-

lary , we have a fibration
E: MEHW, pi) — O /T, x 6 /(1 GLY).
Since EX, x (EGLg)* is a model for E(X; 2 GLY), then
(©//GLY* /=1

is a model for ©F /(2,2 GLY), and the result follows.
@ Recall that W, is defined as the submanifold W \ N, where N is the union

of a tubular neighbourhood of the marked points and the interiors of the marked

discs. The restriction pw, ., of py is a ©-structure on W,,;;. In the remainder of

+k

the proof, we will show that M®(W,,.1, pw.. ,,) is the homotopy fibre of £.
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A description of the fibre of E can be obtained using Corollary [2.3.3(b)| with the

short exact sequence of groups being
ker e — Difff (W) 5 %, x (2 GLY) (3.2.5)

and the fibre sequence of S; — Sy — S3 being the one associated to the fibration rp of
item @ The fibre of rp over rp(py) is the subspace of all elements of Bun® (W, py,)
which restrict to rp(pw) over P, which we here denote Bun®(W, pyy). This space
carries an action of kere by precomposition with the differential, and it is simple
to check that this fibre sequence is equivariant with respect to (3.2.5). Then by
Corollary , the fibre of the evaluation map E is given by

Bun (W, pyw) // ker e.

Applying Lemma to both submanifolds P and N, we obtain two fibrations

fitting into the following commutative diagram

Bun®(W, ow) ELEEN MapGLd(Fr(TW|N), O)

! !

Bun®(W, pw) —— Mapg,,, (Fr(TW|p),0) = O™ x OF

where the right-hand vertical map is induced by the inclusion 7 : P — N. Since
Fr(TD?) is isomorphic to GLy x D? as GLg-bundles, and the spaces GLg x D¢ and
GL4 x {*} are homotopy equivalent as GLg-spaces, the map i* is a homotopy equiv-
alence. In particular, this implies that the map from the fibre of ry to Bung(W, ow)
is a homotopy equivalence.

The fibre of r, over r,(pw) is by definition the space of all © structures on
W which agree with py on N. We claim that this space is homeomorphic to
Bun® (W41, pw,,,, ), since the restriction map Tw,.,, takes the fibre of 7 bijec-

tively to Bun@(Wm+k, pw,,,,,) and it has an inverse given by extending an element by

'y (pW)
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So we have a commutative diagram of principal fibre bundles

~

Diff (W, 1x) — > kere

! |

Bun® Wik, pw,.,,.) X EDHE(W) —=— Bunp(W, pw) x EDiff(W)

l l

MO Woniks pw, ) > Bun® (W, pw) // ker e

where the top horizontal map is a homotopy equivalence by Lemma and the

middle map is a homotopy equivalence by the discussion above. Therefore the map
MO Wirs pw,, ) — BunD (W, pw) //ker e

is also a homotopy equivalence, as required. O

3.3 Proof of the Decoupling

In this section we prove the decoupling result by comparing the homotopy fibration
sequence from Proposition to the product fibre sequence via the aforementioned

spectral sequence argument.

Definition 3.3.1. The decoupling map
D MEHW, pw) =5 MOW, pw) x O™ /%, x (O ) GLYF /%,

is the product of the forgetful map (3.1.1) and the evaluation map E defined in
Proposition [3.2.5
We now restate the decoupling theorem:

Theorem 3.3.2. Let W be a smooth connected compact manifold equipped with a
O-structure py . If the map

7 Hy(M® Wik, o)) = Hi( MO (W, pw))

induces a homology isomorphism in degrees i < «, then for all such i the decoupling

map D induces an isomorphism

Hy(Mp (W, pw)) 22 Hi( MO (W, pw) x OF [/ S x (O | GLY)G /i)
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where (=)o denotes a path component of the image of pw, and the group GLL is GL}

if W is orientable and decorated-chiral, and GLg otherwise.

Proof. By Proposition m, E is a fibration. Since MZ*(W, pyy) is connected by

definition, we know that the image of F is precisely the path component
OF //m x (O GLYG // S
So we have a homotopy fibre sequence
MOWasr, prw,,1) ——+ MEHW, pw) —F= OF i % (6 QLY /S
By assumption, the composition
MO Wi o) = MW pw) = MO(W. pw)

induces a homology isomorphism in degrees ¢ < a. Therefore, by Proposition [2.4.2]

the decoupling map D induces a homology isomorphism in the same range of degrees.
]

We now discuss how the decoupling result can be re-stated with a geometric
interpretation. As discussed in Section , the space Emb(W,R>) is a model
for EDiff(W), and therefore it is also a model for EDiff* (1W). With this model,
the elements of MW, py,) are decorated submanifolds of R diffeomorphic to W
with & marked points and m disjoint embedded discs, with a choice of ©-structure

concordant (ie. equivariantly homotopic) to py,. With this model, the forgetful map
F: MO*W, pw) — MO (W, pw) (3.3.1)

simply forgets the marked points and discs.

To interpret the evaluation map F with this model, we need also a geometric
model for EY,. Recall that the configuration space of s points in a manifold M is
defined as

Cs(M) := Emb({1,...,s}, M) /%

where the action of ¥ is given by permutation of the points in {1,...,s}. In other
words, C4(M) is the space of unordered collections of s distinct points in M. More

generally, given a space X, the configuration space of s points in M with labels in X
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is defined as
Cs(M; X) := (Emb({1,...,s}, M) x X*)/%,

where > acts by permuting the factors of X*, and acts on the product diagonally.
In other words, C4(M) is the space of unordered collections of s distinct points in M,
where each point is labelled by a point in X.

Since the space Emb({1,...,m},R>) is weakly contractible, it is a model for the
total space E%,,. Therefore a model for ©™ //3,, is precisely the space of unordered
configurations of m points in R*> with labels in ©. Analogously, a model for the
(©//GLL* /%y is given by the space of unordered configurations of &k points in R>
with labels in (© //GL).

Then the evaluation map E takes a decorated submanifold S in R* together with
a tangential structure p to the configurations given by the centres of the m marked
points, and the & marked discs. The labels of such configurations are determined by
the tangential structure p: let p be the centre point of a marked disc and let V,, be
the canonical frame of the tangent space of W at p induced by the parametrization
of the disc. Then the label of the point corresponding to p in the configuration space
Cn(R>; ©) is given by p(V},) € ©. Analogously, if p is a marked point and V}, is our
chosen frame of its tangent space, then the label of the point corresponding to p in
Cr(R*; 0 /GL}) is simply the class of p(V,) in the Borel construction © /GL}.

With these models, the decoupling map can be interpreted geometrically (see
Figure , and the decoupling theorem can be re-stated as:

Corollary 3.3.3. Let W be a smooth connected compact manifold equipped with a
O-structure py . If the map

7 Hy( MO (Wonik, pw,.,)) = Hi( MO (W, pw))

induces a homology isomorphism in degrees i < «, then for all such i the decoupling

map D induces an isomorphism
H (MW, pw)) = Hi(MO(W, p) x Cp (R O9) x Ch(R™; (6 / GL])o))

where (=)o denotes a path component of the image of pw, and the group GLL is GL}

if W is orientable and decorated-chiral, and GLg4 otherwise.

33



3.4 Stable decoupling with non-trivial coefficients

We finish this chapter discussing the implications of the decoupling theorem for
the colimit of a manifold after stabilising by increasing the genus. For surfaces this
gives a result on the homology of the BDiffk(Foo), where F is the surface of infinite
genus. This result will be central in chapter [§

In this section we assume W to be an d = 2n-dimensional smooth manifold with
non-empty boundary decorated with k points pq, ..., pr. As before, we fix trivializa-
tions of the tangent spaces of the marked points, positively oriented if W is orientable,
and fix a tubular neighbourhood N of the marked points. As before, we denote by
Diff* (W) the subgroup of diffeomorphisms fixing a collar of the boundary, and fixing
the set of marked points but allowing permutations.

To make the stabilisation precise, define S to be the connected sum of [0, 1] x OW

with S x S™. We define stabilisation homomorphisms
o : Diff(W) — Diff(W U S), o : Dift* (W) — Diff*(W Ugw S)

by extending a diffeomorphism by the identity on S. We define the stable diffeomor-
phism group Diff (W) as the colimit

Diff (W) = colim(Diff (W) < Diff(W Uy S) = ...)

And define analogously the subgroup Diffk(Woo) as the respective colimit. This sta-
bilisation is compatible with the forgetful map and evaluation maps of the previous

section and also with the map
Diff (W \ D%) — Diff(W)

induced by extending diffeomorphisms by the identity. Similarly, let py be a ©-
structure on W and fix pg a ©-structure on S which agrees with py, on the boundary.
We define

Bun®(Wa, poo) == colim(Bun® (W, py) = Bun® (W U S, pwus) = ...)

This definition only makes sense when such a O-structure in S exists. From now
we will assume this is the case. The space Bun® (W, ps) carries an action of the
group Diff (W) and we can define the stable moduli space M® (W, pso) as the Borel
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construction

Bun® (W, poo ) J/ Diff (Wo).

In this section we discuss the decoupling for these colimits and we also allow some
extra information encoded by a X, ! GLg-space X. Any such X can be endowed
with an action of Diff*(TW): using the fixed trivializations of the tangent space of the
marked points and restricting a diffeomorphism to the action on the marked points,

we get the evaluation homomorphism
ek Diff* (W) — ¥, 1 GLE

as discussed in (3.2.1)). This map commutes with the stabilisation map o, thus any

DI GLL—Space X is via e also a Diff*(WW)-space. Moreover ¢ induces a map
X J/Dift* (W) — X J/Dift*(W Uy, S)
and we can consider the (homotopy limit space) X //Diff*(1W).
Theorem 3.4.1. Assume the map
7 Hi(MO(WA\ N, pw\w)) = Hi(M(W, py))

induces a homology isomorphism in degrees increasing with the genus of W. Then for

any i GLL space X, the decoupling map D induces a homology isomorphism
(Bun® (Wi, poo) x X))/ Difff (W) = MO (W) x (0F x X)) J/ (241 GLY)

onto the path component which it hits. Here the group GLL is GL] if W is orientable

and decorated-chiral, and GL4 otherwise.

Remark 3.4.2. This stable result can also be generalised to include marked discs
and the proof is essentially the same. We choose to just discuss the points case for

simplicity and because this is the only case we will need in the future sections.

Proof. By Proposition |3.2.5| and Corollary [2.3.3, the evaluation map induces
(Bun® (W, poo) ¥ X))/ Diff* (W) —E— (0F x X) J/ (£, 1 GL))

which is a Serre fibration onto the path component which it hits. We also know that

its fiber is of the homotopy type /\/l@(VVoo \ N, Poc\N) Where poo\n is the restriction
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of peo to W \ N. The composition with the forgetful map F'
Foi: MO(Wy \ N, poorn) — (Bun® (W, poo) x X) J/Dift* (W) — MO (W, poo)

is precisely the map 7 and therefore it induces a homology isomorphism, by assump-
tion. Therefore, by Proposition the map

FxE
—

(Bun®(Wae, pw) x X) // Diff* (W) MO (W) x (0F x X) /(2 GLY)

is a homology isomorphism. O]

In the next chapter we will discuss applications and examples of this decoupling
theorem. This result will also be central in Chapter [§ when studying the group
completion of monoids of configuration spaces on manifolds.

We finish the chapter by exploring further this result when W is an oriented
surface and the tangential structure is just orientation, which will be an important
case used in chapter [§] We denote the surface of genus g, b boundary components

and k£ punctures by F ;b. As before, we define
Diff (Fi) :=co lim(Diff (F, ;) % Diff (Fy1 Ugp,, S) = ...)

where S is the torus with the interior of two discs removed. In this case, the theorem
above can be upgraded to a stronger statement.

Let P(G) denote the maximal perfect subgroup of a group G. It is well-known
that the maximal perfect subgroup of the symmetric group is the alternating group,
P(Xk) = Ay, for k > 5, while the mapping class groups F’g“,b = WODiff(Fg’fb) are perfect
when g > 3 (for a nice exposition see [49, Section 5]). Then the maximal perfect

subgroup of mDiff*(F,,) is the group extension
I, — P(mDiff*(Fy,)) — Ay

For any space Z, let Z* denote the Quillen plus construction with respect to the

maximal perfect subgroup of the fundamental group 7 2.

Corollary 3.4.3. For any GLj -space X, the decoupling map induces a homotopy

equivalence

(X J/Diff*(Fy)) " = (BDiff(Fe))™ x (X /(S0 81)*
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Proof. As discussed in [12, Section 2] the plus construction has the following property:
if F - E % B is a fibration of connected spaces then so is F+ — Et — Bt
provided p is quasi-nilpotent and F'* is nilpotent. Quasi-nilpotent here means that
the fundamental group 7 B of the base space acts nilpotently on the homology H,F
of the fibre. We want to apply this to the fibre sequence

BDiff(Fy ) —— X J/Diff*(F,.) —2— X //(Zx 2 GLY) (3.4.1)

which is a specialisation of the fibre sequence in the proof of theorem to the
case of surfaces with orientation. The fundamental group of the fibre is simply the
stable mapping class group 'y which is perfect, so the plus construction of the fibre
has trivial fundamental group by and is in particular nilpotent. The action of the
fundamental group of the basespace on the homology of the fibre factors through the
surjection

However, by [12, Lemma 3.3], ¥, acts trivially on the homology of the fibre. Therefore,
after application of the plus construction on ([3.4.1]) we still get a fibre sequence fitting

into the following diagram

(BDIff (Foo 1)) ™ : » (X /Diff*(Fic))* e (X /(SR GLY))

~ l(FXE')* H

(BDiff (Foo )™ —— (BDiff(Fio))* x (X /(251 GL3 )" —— (X /(22 GL3))*

The map between the fibres is a homology isomorphism by Harer’s theorem [3§].
Therefore the maps between the base and the fibre are both homotopy equivalences,

hence so is the map between the total spaces. O

The following is an example of the above Corollary for specific X which will be
relevant in Chapter [§|

Example 3.4.4. If Y is an GLj-space then the k-fold Cartesian product X = Y* is

naturally a X ! GLy -space. The right hand term in the theorem can be written as
BDiff(Fy) x (Y JJGL3)" )/ S

If Y is a pointed GLJ-space, then the k-fold wedge product X = Y"* is an ¥, 1 GL -
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space and the right hand term in the theorem can be written as
BDiff (Fi) x (EGLY )4 Agrz Y™ )/ 2.

Here Z, = Z U {+} denotes the space with a disjoint basepoint.
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Chapter 4

Applications of the Decoupling

Theorem

The main hypothesis of the decoupling theorem is that the map
7 Hy( MO (Woik, rw, o)) = Hi(MO (W, pw)

induces an isomorphism in a certain range ¢+ < . We know this condition holds in
many circumstances for a variety of manifolds dimensions and tangential structures.
In this section we recall some of these cases and discuss the applications of the de-
coupling theorem, focusing on the results for dimension 2 and for even dimensions
greater than 4.

We remark that, for odd higher dimensions, many stability results on the homology
of the moduli space have also been proven, but it is not yet known whether the map

7 needed for the decoupling induces isomorphisms in a stable range.

4.1 Applications for surfaces

We now consider the 2 dimensional case, where the stability holds in many cir-

cumstances.

4.1.1 Orientation

For orientations, the classical stability result of Harer on the homology of map-
ping class groups of surfaces shows that the hypothesis of the decoupling theorem

is satisfied for every oriented surface of genus g and b boundary components, Sy .
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The range in which the isomorphism holds has been improved throughout the years
[38, 144, 45], 146, 13], [75]. The most recent bound, by Randal-Williams in [75], im-
plies that the map H;(BDiff*(S, ;1)) — H;(BDiff"(S,;)) is an isomorphism for all
31 < 2g. Then applying the decoupling theorem, we recover the result of Bodigheimer

and Tillmann, now with an improved isomorphism range:

Corollary 4.1.1 ([12]). For all 3i < 2g
H;(BDift*(S,,)) = H;(BDiff*(S,,) x BE,, x B(X1S0(2))).

Proof. This is a direct application of the decoupling theorem. In this case, ©°" =
{£1} and therefore ©F" = *. Moreover, ©°" //GL3 is the disjoint union of two copies
of BGLj ~ BSO(2), so (0°"J/GL3 ) ~ BSO(2), and therefore

(O J/GL3 )g /2 ~ B(X4:150(2))

as required. O

4.1.2 Non-orientable surfaces

Let N, be the decorated non-orientable surface #,RP> \ ]EIDQ. Wahl showed
in [91] that the map H,;(BDiff(N,11)) — H;(BDiff(N,)) is an isomorphism for all
4i < g — 3. Applying the decoupling theorem, we recover the result of Hanbury in
[36]:

Corollary 4.1.2 ([30]). For all4i < g—5
H;(BDift? (N, ;) = H;(BDiff(N, ;) x B, x B(Z:210(2))).

Proof. The result follows from applying the decoupling theorem for ©* = %. Then
©* //GLy is homotopy equivalent to BGLy ~ BO(2), and the result follows. ]

4.1.3 Framings

In [74], Randal-Williams showed that for the oriented surface S, with a framing
p, the map H;(M™(Sy 441, ps,,4,1)) = Hi(M™(Sg,p)) is an isomorphism for all 6; <
2g — 8.
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Corollary 4.1.3. Let p be a framing on Sy, then for all 61 < 2g — 8
Hi(Mi" (S0, p)) 2= Hi(M (g, p) x SO(2)™ /Sy x BEy).

Proof. The result is a direct application of the decoupling theorem, together with the
fact that any path-component of ©F = GL, is homeomorphic to GL; ~ SO(2) and
that ©F J/GLJ is equivalent to two points. ]

4.1.4 Spin structures

In [40] 4, [74] it was shown that for the oriented surface S,; with spin structure
p, the map H;(MSP(S, 1, ps . ) — Hi(MBP(S,, p)) is an isomorphism for all
51 < 29— 7.

g,b+1

Corollary 4.1.4. Let p be a spin structure on Sy,. For all 41 < g — 2, the group
H;(MEPINE(S 4 p)) is isomorphic to

H; (M (S, p) X B(E, 1 Z/2) x B(Zx 1 Spin(2))) .

Proof. From Example[2.1.4] we know that ©5P" is weakly equivalent to {£1} x BZ/2,
and therefore (©5P); is weakly equivalent to BZ/2. On the other hand, ©5P™ /GLJ

is the disjoint union of two copies of BSpin(2) and therefore

(©%°™ JGL3 )5 /| Zx = BSpin(2)" /£y =~ B(%4 1 Spin(2)).

4.1.5 Maps to a background space

Consider the tangential structure given by maps to a simply-connected background
space X. It was shown in [21], 22] [75] that if X is a simply-connected space, then the
map H;(M™(Sgps1,ps,,.1)) = Hi(M*(Syp, p)) is an isomorphism for all 3i < 2g,
and all ©x-structure p. Applying the decoupling theorem in this case, we obtain a

generalisation of [22]*Theorem 8:

Corollary 4.1.5. Let p : S;p — X be a continuous map and let Xy be the path
component containing the image of p. Then for all 3i < 2g,

Hi(M3"(Sgp, p)) = Hi (M*(Sgp,p) X (Xo)™ [/ Em x (Xo)" [/ (5 250(2))) -
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Proof. The result follows from applying the decoupling theorem together with the fact
that © x = X with the trivial action and O //GL] ~ X x BGL] ~ X x BSO(2). O

4.1.6 Spin" structures

The tangential structure called Spin” is a generalisation of Spin which was thor-
oughly studied in [74]*Section 2. In this paper, Randal-Williams showed that for the

oriented surface Sy, with a Spin” structure p, the map
Hi(MPPR(Sy 11, 05,,,,)) = Hi(MPP(Sy s, p))

is an isomorphism for all 67 < 2g — 8.

Corollary 4.1.6. Let p be a Spin" structure on Sy;. For all 6i < 2g — 8, the group
H;(MEPk(S 4 p)) is isomorphic to

H; (MM (S, 4. p) x B(S,,1Z/r) x B(X), 1Spin”(2))) .
Proof. Using the fibre sequence

{£1} x BZ/r —— BSpin"(2) —— BGLy

we can apply the procedure described in Example to deduce that a path com-
ponent of ©5P™" is weakly equivalent to the Lens space BZ/r and ©5°" JGL is the
disjoint union of two copies of BSpin"(2). O

4.1.7 Pin® structures

The tangential structures called Pin™ and Pin~ are generalisations of Spin for
non-orientable manifolds, and they were thoroughly studied in [74]*Section 4. In this
paper, Randal-Williams showed that for the non-orientable surface N, , = #,RP>\

LID? with a Pin*-structure, the map
inT int
Hy(M™™ (Ny i1, N 1)) = Hi(MT™ (N, p))

is an isomorphism for all 4i < g — 6, and Pin*-structure p.

It was also shown in [74] that the map

Hi<MPin7 (Ng,b-i-la PNy p41 )) — H; (MPiIr (Ngﬂ?v p))
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is an isomorphism for all 5; < g — 8, and Pin™-structure p.

Corollary 4.1.7. Let p be a Pin™ structure on Ny, then for all 4 < g — 6
Hy(M™ * (N, p)) = Hy(MP™ (N, p) X B(Em 1 Z/2) % B(5 1 Pin* (2))).

Corollary 4.1.8. Let p be a Pin™ structure on Ny, then for all 5i < g — 8

I

Hy(My" (N, p)) 2= Hi(MT™ (Nyp, p) x B(Em 1 Z/2) x B(2, 1 Pin™(2))).

Proof of Corollaries|/.1.7 and|/.1.8 Using the fibre sequence

BZ/2 —— BPin*(d) —— BGL4

we can apply the procedure described in Example to deduce that a path compo-
nent of OF* is weakly equivalent to BZ/2, and OF"" //GL, is the space BPin*(2). O

4.2 Applications for high dimensional manifolds

One of the most interesting applications of the decoupling result appears when
looking at higher dimensional manifolds. In [30], it was shown that the hypothesis
of the decoupling theorem holds for many manifolds W of even dimension greater or
equal to 6, and many tangential structures. The range of the homology isomorphism
is given in terms of the stable genus of W, which we now recall, following the notation
of [32].

Analogously to the surface case, the genus will be measured by disjoint embeddings
of the space (S™ x S™) \ {*}, but now taking into account the tangential structure as
well. Namely, Galatius and Randal-Williams define what it means for a ©-structure
on (S™ x S™)\ {*} to be admissible (see [32]*Section 3.2) and define the genus of a
manifold W with ©-structure py to be

there are g disjoint embeddings j : (S x S™) \ {x} = W }

w, = max eN
g< pW) {9 such that j*pw is admissible

The stable genus of (W, py/) is defined to be

GV, pw) = maxc {g (W Wier, piy)) — klk € N}
where W#W,; is obtained from W by removing k discs and attaching k copies of
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(8™ x S™) \ int(D*") along the new boundary. The ©-structure pgf,) is obtained by

extending the restriction of py, by any admissible structure on (S™ x S7) \ int(D?").

Lemma 4.2.1. Let W be a smooth compact manifold of dimension 2n > 2, L C

int(W) a closed submanifold of dimension < n — 1, and N a tubular neighbourhood
of L. Then the genus of W \ N is equal to the genus of W.

Proof. Sard’s theorem implies that for any submanifold L' C (S™ x S™) \ {*} with
dim(L') < n — 1 there is an embedding (S™ x S™) \ {*¥} — (S™ x ™) \ {*} that
avoids L' and is isotopic to the identity. In particular, this implies that for any

¢+ LI(S™ x S") \ {x} = W, there is an embedding
¢+ LI(S™ x ™)\ {x} > L(S" x S\ {x} —Z W
that avoids L and is isotopic to ¢. Since W\ L is diffeomorphic to int(W \ N) via a

diffeomorphism fixing everything but a collar of L, the result follows. O]

Let W be a manifold with non-empty boundary P, and py a ©-structure on W.
Given M a cobordism from P to () together with a ©-structure p,; on M which

restricts to py over P, there is an induced map
—UP (M,pM) : M®<W,pw) E— MQ(W Up M,qupM) (421)

which is induced by the Diff(W)-equivariant map Bun® (W, py) — Bun®(W Up
M, pw U par) given by extending a map by pys, and the homomorphism Diff (W) —
Diff(W Up M) given by extending a map by the identity on M.

Theorem 4.2.2 ([30], Corollary 1.7). Assume d = 2n > 6, and © is such that
© J/ GLy is simply-connected. Let py be an n-connected O-structure on W and let
g = gW,pw). Given a cobordism (M, pyr) as above such that (M, P) is (n — 1)-

connected, the map
(= Up (M, pu))s - Hi(Me(W7 pw)) — Hz‘(Me(W Up M, pwupnm))

1s an isomorphism for all 31 < g — 4.

We recall that a map is called n-connected if the map induced on homotopy groups

m; is an isomorphism for ¢ < n and a surjection for i = n.
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Remark 4.2.3. In [30]*Corollary 1.7, the result above is given in much more generality,
allowing arbitrary coefficient systems and providing a better stability range depending
on the coeflicient system and the tangential structure. We restrict ourselves to the case
above, for simplicity, but remark that such generalisations can also be immediately

carried out in the decoupling theorem.

Corollary 4.2.4. Assume d = 2n > 6, and © is such that © J/ GLy is simply-
connected. Let py be an n-connected ©-structure on W and let g = g(W, pw). Then

. 4 . .
for all i < %= we have an isomorphism

Hy(MSMW, pw) 22 Hi(MO (W, pw) x OF [/ S x (8 ) GLY, )5 // i)

where GL;R equals to GL3,, if W is decorated-chiral, and is GLa, otherwise.

Proof. First notice that since the map py is n-connected and the pair (W, W, 1) is

(2n — 1)-connected, then the restriction py, ., is still an n-connected O-structure.

+k
The map 7 : Hi(M® Wik, pw,,.,.)) = Hi(M®(W, pw)) in the hypothesis of the
decoupling theorem, is induced by attaching m]{kD% along the m+k boundary sphere

components of W, . Since
_ 2n 2n
(M, P) = (ml_lkD ,8ml_+IkD )

is (n—1)-connected, the hypotheses of Theorem are satisfied, which implies that
7 induces a homology isomorphism in degrees 3¢ < g — 4. Applying Theorem |3.3.2]
the result follows. ]

Example 4.2.5. Let W, ; = (S™ x S™)#D*". Since TW,; is trivialisable, we know
W1 admits a framing pyw, , : Fr(TW, ;) — GLg, fitting into the following pullback
diagram:

W,

Fr(TW,,) —2 GLay,
L
Wy1 — EGLy,

The bottom arrow is necessarily n-connected because Wy ; is (n — 1)-connected and
EGLs,, is weakly contractible. Therefore, p is n-connected as well.

Let g denote the stable genus g(Wjy 1, pw, ). By Corollary , for all 7+ < §%47
the group H;(ME*(W, 1, pw,,)) is isomorphic to

H; (M" (W1, pw,,) x SO(2n)™ /S, x By).
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Example 4.2.6. Let V; € CP* be a smooth hypersurface determined by a homo-
geneous complex polynomial of degree d. This is an orientable chiral 6-dimensional
manifold whose diffeomorphism type depends only on the degree d. In section 5.3 of
[32], Galatius and Randal-Williams show that, if d is even, there exists a 3-connected
Spin‘-structure py, on V;. They also compute an expression for the stable genus
9(Va, pv,) in terms of d.

Applying the procedure of Example to the fibre sequence

{£1} x BU(1) —— BSpin‘(d) —— BGL,

we get that ©5P° ~ {41} x BU(1), and ©°P™°/GL{ ~ {£1} x BSpin‘(6). Therefore,
by Corollary for all ¢ < d4_5d3+12d2_10d+4, the group H;(MEPRR(V, py)) is

isomorphic to

H; (MPP™(Vy, py,) x B(E,, 1U(1)) x B(Zx 1 Spin“(6)))

The conditions on the tangential structure in Theorem are quite restrictive,
for instance the trivial tangential structure ©* does not satisfy the hypothesis because
BGL, is not simply connected for any d. Moreover, the condition that we start with
an n-connected O-structure py excludes many of the cases we are interested in.
For instance, it implies that the manifold W, ; with an orientation does not satisfy
the hypothesis of Theorem [£.2.2] However, in [30]*Section 9, Galatius and Randal-
Williams provided a generalisation of this result for general tangential structures. In
Section [0 we use their techniques to prove a generalisation of Theorem [B] for high

dimensional manifolds with any tangential structure.
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Chapter 5
Decoupling Submanifolds

In Section (3, we proved a decoupling result for the decorated moduli space of a
manifold with marked points and discs, following the works of [12] 36, 22]. Recently,
in [69, [70, [71] Palmer has studied manifolds equipped with more general decorations,
allowed to be any embedded closed manifold P. In this section, we show that there is
a decoupling result for these generalised decorations. As a specific example, we focus
on the case where the decorations are unlinked circles, which have also been closely

studied in dimension 3 by Kupers in [50].

5.1 The L-decorated moduli space

In this section, we generalise the definition of a decorated manifold to allow more
general submanifolds as decorations. Throughout, let W be a smooth connected

compact d-dimensional manifold.

Definition 5.1.1. A d-dimensional L-decorated manifold is a pair (W, L) of a mani-
fold W together with a closed submanifold L C W.

Given a L-decorated manifold (W, L), we define the decorated diffeomorphism
group Diff (W) to be the subgroup of Diff (W) of the diffeomorphisms % such that

W(L) = L.

In other words, we are looking at the diffeomorphisms preserving the marked

submanifold, but not necessarily pointwise.

Definition 5.1.2. Given a closed manifold W and a ©-structure py on W, we define
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the L-decorated moduli space of W to be

MOW, pw) := Bun® (W, pw,) /) Diff ,(W).

The inclusion of groups Diff (W) — Diff (W) induces a map
Fr : ME(W, pw) — MO (W pw) (5.1.1)

which we call the forgetful map.

5.2 The evaluation map £,

Let (W, L) be an L-decorated manifold and let vz := (TW)y)/TL be the normal
bundle of L in W. Let N be the tubular neighbourhood of the decoration identified as
the image of an embedding ® : v, — W, and denote by Wy the manifold W\ N. The
theorem for decoupling submanifolds relies on understanding the difference between
the L-decorated moduli space of W and the moduli space of Wy.

We start by constructing an equivariant fibre sequence relating the decorated
diffeomorphism groups Diff (W) and Diff(Wy). Recall that Diff (W) consists only of
those diffeomorphisms fixing a collar neighbourhood of the boundary of Wy, including
the newly formed boundary obtained by removing N. Extending a diffeomorphism

by the identity on N, gives us a homomorphism

On the other hand, since any diffeomorphism ¢ € Diff (W) fixes L, the differential
of ¢ induces an isomorphism of the tangent bundle T'W);, fixing T'L (not necessarily

pointwise). This gives a map:

ey - DIHL(W) — ISO(TVVM, TL) (521)
¢ — D9|p, (5.2.2)

where D¢|;, denotes the isomorphism of TW), induced by the differential of ¢, and
Iso(TW,,TL) denotes the group of bundle isomorphisms of T'W|;, fitting into the
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following diagram:
7L —2L 5 TL

| |

Wi, —L TW,

| |

L—1 .

Definition 5.2.1. For any subgroup G C Imey, we define Diff (W) to be the sub-

group e;'(G). Given a closed manifold W and a ©-structure py on W, we define
ME(W, pw) == Bun® (W, pw) /| Diffo(W).

Note that taking G = Im ey, one recovers precisely the definition of M@ (W, pw/).
The kernel of e, consists precisely of those elements of Diff; (W) which fix the sub-
manifold L pointwise and whose differential D,¢ is the identity on every point of the
submanifold L. We denote the kernel of ey, by Diff (W, TW|.).

Lemma 5.2.2. Let (W, L) be a compact connected L-decorated manifold, then

(a) the homomorphism
er, - DIHL(W) E— ISO(TVVM,TL)

1s a principal bundle;

(b) the map
i Diff(Wy) —— Diff(W, TW]|y)

1s a homotopy equivalence.

Proof. Throughout this proof, we will use a generalisation of Palais’ theorem in [6§]

proved by Lima in [54], which gives us a principal bundle
Diff(Wy) —— Diff(W) —— Emb(N, W).

Let Emb (N, W) be the subspace of embeddings f : N < W such that the core of
N is taken to our marked submanifold L in W. Then taking the pullback along the
inclusion Emby, (N, W) < Emb(N, W) gives as the principal bundle:
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Part (a): Write N as the image of an embedding expo® : v, — W, where
® : vy — TW). Consider the forgetful map

d: Emby (N, W) — Iso(TW,TL)

taking an embedding to the map induced on the normal bundle of the zero section
L C N. Then e, = dor. We will show d is a fibre bundle, which implies e, is a
principal bundle. It is enough to exhibit a local section of d at a neighbourhood of
the identity (for details see [84, Part I, Section 7.4]).

Given f : TW, = TW in Iso(TW)z, TL) we can define

spi v —2 TW, — TW), -2 W

Since the assignment f — sy is continuous and Emb(v, W) is an open subset of
C>®(vy,, W), then the space of maps f € Iso(TWy, TL) such that s; is an embedding,
is an open neighbourhood U of the identity. Therefore, the map

U — Emb(v,, W)

Tl—>8f

is a local section for d at the identity.
Part (b): We will show the map i is a homotopy equivalence, from the fact that

it fits into the following commutative diagram of fibre sequences:

| I L+

Diff(W, TW|,) — Diff (W) —*— Iso(TW,,TL)

The fiber of the forgetful map d over the identity is simply the space of tubular
neighbourhoods of L in W, which is contractible. This implies d is a homotopy

equivalence and therefore so is 7. O

Proposition 5.2.3. Let W be a compact connected manifold and pw a fixed O-

structure on W, then:

(a) the homomorphism ey, induces an evaluation map
Er: MW, pw) —— Mapg, (Fr(TW].),0) /G
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which is a Serre fibration onto the path component which it hits.

(b) Let Wx be equipped with the ©-structure pw, given by the restriction of pw .
Then
MG(WN7pWN)

s the homotopy fibre of Ey, over its image.

Proof. [(a)] By Lemma [3.2.6] the restriction map
rp Bune(I/V, pw) — Mapg,, (Fr(TW]L), ©)

is a Serre fibration. Then the result follows by applying Corollary to combine

the fibration r; with the homomorphism
er, : Diff (W) — G. (5.2.4)

We apply Corollary [2.3.3{(a)| by taking Ga = Diffq(W) and Sy = Bun®(W, py/), with

the usual action by precomposition with the differential. On the other hand, we take

G3 = G, and S3 = Mapg,,, (Fr(TW|),©) with the action induced by
Iso(TW,;,, TL) C Fe(TW|p).

Then the fibration Bun® (W, py) — Mapg,, (Fr(TW|L),©) is er-equivariant and
therefore, by Corollary [2.3.3(a), we have a fibration

ME(W, pw) —2 Mapgy,, (Fr(TW|1),0) /G

onto the path components which it hits.

[(b)] Recall that Wy is defined as the submanifold W \ N, where N is a tubular
neighbourhood of the submanifold L. Then the restriction pyw, is a ©-structure on
Wy In the remainder of the proof, we will show that M®(Wy, pw,, ) is the homotopy
fibre of Ey.

A description of the fibre of E, can be obtained using Corollary with the

short exact sequence of groups being
ker ey, — Diffo(W) & @ (5.2.5)
and the fibre sequence of S; — Sy — S35 being the one associated to the fibration ry,.

o1



The fibre of r, over r1(pw) is the subspace of all elements of Bun®(W, pyy) which
restrict to 71 (pw) over L, which we here denote Bun (W, py). This space carries an
action of ker e;, by precomposition with the differential, and it is simple to check that

this fibre sequence is equivariant with respect to (5.2.5). Then by Corollary [2.3.3(b)|

the fibre of the evaluation map E, is given by
Bun® (W, pw) //ker ey

Applying Lemma to both submanifolds L and N, we obtain two fibrations

fitting into the following commutative diagram

Bun®(W, pw) —— Mapgy, (Fr(TW|y), ©)

) ;

Bun® (W, py) —~— Mapgy,, (Fr(TW|.), ©)

where the right-hand vertical map is induced by the inclusion i : L < N. Since i is a
strong deformation retract, the map ¢* is a homotopy equivalence. In particular, this
implies that the map from the fibre of ry to Bun?(VV, pw) is a homotopy equivalence.
The fibre of r, over r,(pw) is by definition the space of all © structures on
W which agree with py on N. We claim that this space is homeomorphic to
Bun® (W, pw, ), since the restriction map ry, takes the fibre of r, bijectively to
Bune(WN, pwy) and it has an inverse given by extending an element by r, pw.

So we have a commutative diagram of principal fibre bundles

~

Diff(Wy) — > kerey,

l J

Bun®(Wy, pw,) x EDiff(W) —=— Bun® (W, pw) x EDiff(W)

| |

MO Wy, pwy) s Bun? (W, pyw) [/ ker e,

where the top horizontal map is a homotopy equivalence by Lemma and the

middle map is a homotopy equivalence by the discussion above. Therefore the map
MO Wy, pwy) — Bun (W, pw) [ ker ey,

is also a homotopy equivalence, as required. O
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Proposition [3.2.5] can be recovered as a special case of Proposition [5.2.3} let L be
comprised of m + k points (which are the & marked points and the centres of the m
marked discs), then T'L is a zero-dimensional bundle and TW);, is a trivial bundle
of dimension d. Defining G C Iso(TW,,TL) = ISO(lede) to be the subgroup
(3 1 GLy) x X,,, we recover precisely the case analysed in Proposition Note
that an element of Diff(11) can permute the k marked points with no restrictions
on the map induced on their tangent bundle, on the other hand, the m points are
allowed to be permuted, but the map induced on their tangent spaces has to be the

identity.

5.3 Decoupling L-decorations

In this section we prove the decoupling result by comparing a homotopy fibre
sequence constructed in Proposition to the product fibre sequence via the afore-

mentioned spectral sequence argument.
Definition 5.3.1. The decoupling map

FLXEL

Dy : M(C?’(Wa pW) B M@(W7 /OW) X MapGLd(Fr<TW‘L> 6))//G

is the product of the forgetful map and the evaluation map FE, defined in Propo-
sition £.2.3

We now state the decoupling theorem:

Theorem 5.3.2. Let (W, L) be an L-decorated manifold, with W a connected compact
manifold equipped with a ©-structure py, and G C Imey. If T : H(M® Wy, pwy)) —
H;(M® (W, pw)) is an isomorphism in degrees i < a, then for all such i the decoupling

map Dy, induces an isomorphism
Hy(ME(W, pw)) = H;(M®(W, pw) x (Mapgy,, (Fr(TW|),0) [/ G)o)

where (=)o denotes a path component of Er(pw).

Proof. By Proposition [3.2.5, E}, is a fibration onto the path-components which it
hits, therefore the restriction of Ey to the subspace ME(W, py) is a fibration onto
the path-component of Mapg;,,(Fr(TW|.), ©)//G which it hits. We denote it

(Mapgy, (Fr(TW|L),©) // G)o.
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Therefore, we have a homotopy fibre sequence
MO(Wy, pwy) —— ME(W, pw) — (Mapgy,, (Fe(TW11),0) /G)o

The proof of the theorem follows from the comparison between this homotopy fibre

sequence and the one associated to the trivial fibration
MO(W, pw) x (Mapgy, (Fr(TW|L),0) ) G)o —— (Mapgy, (Fr(TW|L),0)//G)o

By definition of the maps in Proposition [5.2.3, the following is a commutative diagram

of homotopy fibre sequences

MO (W, pwy) > MG(W, pw) » (Mapgy,, (Fr(TW|L),0) )/ G)o

! J7- |

MOW, pw) — MO(W, pw) x (Mapgy, (Fr(TW|),©)/G)o + (Mapgy, (Fr(TW|L),0) //G)a

where the middle vertical map is the decoupling map. This induces a map of the

respective Serre spectral sequences f : ES — ES , and since 7 is a homology isomor-

phism in degrees i < «, the map between the E? pages

B, = H, (Mapgy, (Fr(TW|1),©) [/ G)o ; HA(M® (Wi, pwy)))

J

E2, = H, (Mapgy, (Fr(TW|L),0) // G)o 5 H(MO(W, pw)))

is an isomorphism for all ¢ < a. Then by the Spectral Sequence Argument recalled

in Lemma [2.4.1] D induces an isomorphism
Hy(MEW, pw)) —— Hi(MO(W, pw) x (Mapgy, (Fr(TW|1),0) [/ G)g

for all 7 < a. O

We give an application of this theorem for high even-dimensional manifolds using
[30, Corollary 1.7], which we recalled in Theorem |4.2.2|

Corollary 5.3.3. Let (W, L) be an L-decorated manifold, with W a compact simply-
connected manifold of dimension 2n > 6, and L of dimension less than n. Let py be

an n-connected O-structure on W, and denote by g the stable genus of W. Then for

o4



all 1 < 97_3 and G C Imey, the decoupling map Dy, induces an isomorphism
Hy(ME(W, pw)) = H; (MO (W, pw) x (Mapgy, (Fr(TW|.),0) //G)o)

where (—)g is the path component of the image of pw .

Proof. We know that NV is homotopy equivalent to L, and that the boundary of N is
a sphere bundle over L with fibre S¢~!, where c is the codimension of L and W. The
dimension assumption on L implies that ¢ < n+ 1, and therefore the pair (N,0N) is
(n — 1)-connected. Moreover, by Lemma the stable genus of Wy is equal to g.
Hence we are under the hypothesis of Theorem [{.2.2] and

T: Hi(./\/le(WN,PWN» - HZ(MG(VV, pw))

is an isomorphism for all 7 < %. By Theorem , the result follows. O

5.4 Decoupling unlinked circles

In this section, we apply Theorem to the specific case where L is a collection
of k£ unlinked circles. Therefore, throughout this section, we assume W to be a
compact simply-connected manifold of dimension 2n > 6, to satisfy the hypothesis of
Corollary [5.3.3] Note that, since W is simply-connected, it is always orientable.

Definition 5.4.1. An embedding f : ]EISl — W\ OW is said to be unlinked if it
extends to an embedding f : LkID2 — W\ OW. If W is oriented and 2-dimensional

we also assume that the embedding f is orientation preserving.

Notation 5.4.2. Throughout this section, we let £S* denote the space s ! and kD?
denote the space LID?.

In this section, we will repeatedly use the following result, which follows from [42]
Chapter 8, Theorems 3.1, 3.2].

Lemma 5.4.3. Let W be a connected d-manifold and and f, g : kD?* — W embeddings
of k disjoint discs into W. Ifd =2 and W 1is oriented, assume also that f and g both
preserve, or both reverse, orientation. Then there is a diffeomorphism ¢ of W which
is diffeotopic to the identity, such that po f =g.

An immediate consequence of the result above is the following
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Lemma 5.4.4. The isomorphism type of Diff y,51(W) does not depend on the choice
of the unlinked embedding f : kS* — W.

Proof. For any two unlinked embeddings f,g : kS!' — W, there are embeddings
£,G: kD?> < W extending f,g. By Lemma there is a diffeomorphism ¢ of W
with ¢ o f = ¢g. Then conjugation with ¢ defines an isomorphism between the group

of diffeomorphism preserving f(kS') and the one preserving g(kS*). O

From here on, we denote by Diff 1 (W) the isomorphism type of Diff ;1) (W) for
any embedding f : kS' < W, which is well-defined by Lemma [5.4.4]

We want to use Theorem [5.3.2]for the case where the submanifold L is an collection
of unlinked circles, but instead of choosing a subgroup of GG, we will take G = Im 41,
so we start by analysing what this image is. Fix an unlinked embedding of £S* in W
(we will refer to it as kS' C W), since W is orientable and by fixing a Riemmannian

metric we get an explicit isomorphism
kasl & Tk:Sl EB Vg1

Lemma 5.4.5. There is a quotient map q : Iso(TW g1, TkS") — Iso(vgs1) which is

a homomorphism, a Serre fibration and a homotopy equivalence.

Proof. Any isomorphism f € Iso(TWyg1, TkS) satisfies f(TkS') = TkS'. There-
fore, it induces a map on the quotient bundle [f] : TWist/TESY = vps1 — vgg.
Using the inclusion vpg1 — T'W)g1 induced by the choice of a Riemannian metric,
it is simple to check that this map satisfies the homotopy lifting property of Serre
fibrations. Moreover, using the identification TWs1 = TkS' & v4s1, we can verify
easily that the fibre of ¢ over the identity is the space of sections of the vector bundle
Hom (vys1, TkS') — kS* which is contractible. O

Since the normal bundle of the marked circles is also orientable and any orientable
vector bundle over a circle is trivial, we know there is a bundle isomorphism ;g1 =

kES' x R4 giving a short exact sequence
(S, GLy_1)* — Iso(vkS') —— Diff(kS")

where f takes an isomorphism of v,g:1 to the underlying diffeomorphism of the base
kS!. The map Diff(kS') — Iso(rvkS') defined by taking ¢ to the isomorphism ¢ x Id

is a section for f, and therefore
Iso(vggt) = OC(SY, GLg_1)* x Diff (kS"). (5.4.1)
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Fixing such isomorphism, the evaluation map (5.2.1)) together with the quotient map

of Lemma [5.4.5 induce a homomorphism
€rgt - Dlﬂksl(W) e COO<Sl,GLd_1)k X lef(k‘Sl)

We want to determine the image of the map e,g1, which is equivalent to identifying
the isomorphisms of the normal bundle of the circles that can actually be realised by

a diffeomorphism of W.

Figure 5.1: A non trivial isomorphism of the normal bundle of S! in a 3-dimensional
manifold.

For simplicity, we first look at the surface case:

Lemma 5.4.6. Let Let Sy be the oriented surface of genus g and b > 1 boundary

components. Then the image of €g1 18
C*>(S', GL) x Diff " (kS1).

Proof. Fix once and for all an embedding f : kD* < S,,;, and consider f(dkD?)
to be the kS decoration in S,;,. We start by showing that any diffeomorphism
of Diff*(kS') can be realised by an element in Diffys1(S,s). Any diffeomorphism
¢ € Diff " (kS") can be extended to ¢ € Difft(kD?) [42, Chapter 8, Theorem 3.3], so
it is sufficient to find a diffeomorphism v of W such that ¢ o f = f o ¢. But this can
always be done, by Lemma [5.4.3]

This implies that the coset exg1(/d) - Diff t(kS?) is contained in the image of €41,
and since this map is surjective on path components, we know that C> (S, GL{)* x
Diff*(kS!) is contained in the image of €,g1. Moreover, since we assume b > 1, then
for any k, all elements of Diffys1(S,,) are orientation preserving and fix f(kD?) as
a set, which means that Imeggr is contained in C*°(S',GLT )F x Diff *(kS?), as

required. O

We now analyse Ime,g1 for a manifold W of higher dimension. In particular, we

need to understand when there exists a diffeomorphism of W that induces a loop with
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non-trivial homotopy class in 71 (GL4_1) as depicted in Figure It is clear that
determining this image does not only depend on the orientablity of W, as it was for

the case of points and discs, but it will also depend on the spinnability of W.

Lemma 5.4.7. Let W be a simply-connected manifold of dimension d > 5. Then the
image of €pg1 1S
C(S*, GLyg_1)* x Diff (kS*)

where C°(S1, =) is equal to the subspace C°°,,(S, —) of nullhomotopic loops if W is

null

spinnable, and is equal to C*(S, —) otherwise.

Here we are not thinking of the spaces as pointed, so we consider a nullhomotopic

loop to be one that is homotopic to a constant loop, not necessarily at a base point.

Proof. Fix once and for all an embedding f : kD? — W, and consider f(9kD?) to
be the £S! decoration in W. By the same argument as in the proof of Lemma ,
we know that any diffeomorphism of Diff(kS') can be realised by an element in
Diff;s1(W). Without loss of generality, we assume from now on that k = 1.

Since g1 is surjective on path components, we know that C,(S',GLY |) x
Diff (S') is contained in the image of g1 because it is the path component of egi(Id).

By Lemmathere exists an orientation preserving diffeomorphism ¢, € Diff g1 (1)
that restricts to complex conjugation along the marked circles. This implies that ¢,
induces an orientation reversing diffeomorphism on the normal bundle of S!. Since
the marked circle bounds an embedded 2-disc, we can define such a ¢. by taking an
embedded disc D? in W containing the marked circle in its equator, and applying a ro-
tation that flips the circle. By the Isotopy Extension Theorem, such a rotation can be
extended to an isotopy in W. Then eg1(¢.) is contained in C2,,(S*, GLy_1) x Diff (S1).

Since €g1 is surjective on path-components, we conclude that

> (S',GLq 1) x Diff(S') C Imegr.

null

We now show that a smooth curve v ¢ C°,(S*, GLy_1) is in the image of eg1 if,
and only if, W is not spin.

First, assume W is spin, and choose ¢ € Diffg1 (V). We know that any diffeo-
morphism of the circle is isotopic either to the identity or to complex conjugation, so
without loss of generality, we can assume that ¢ restricts to one of these two maps on
the marked circle. Start by assuming that ¢ restricts to the identity on the marked
circle. Then using the embedding f : D? < W bounding the marked circle, we can

define a continuous function g : S? — W by sending the bottom hemisphere D? to
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f(D?), and the top hemisphere Di to ¢ o f(D?). Since we assume W to be spin,
we know that we(g*(TW)) = g*(we(TW)) = 0. Since d > 5, the class wy detects
the only obstruction to lifting to to ESO(d) the map S? — BSO(d) classifying the
bundle ¢*(TW). Since wy(g*(TW)) = 0, this implies that ¢*(TW) is a trivial bundle,
and in particular, its clutching function S — GL} is nullhomotopic. But note that
D¢ along the marked circle is a clutching function of ¢*(TW), and therefore €g1(¢)
is contained in C22,(S*, GLY ) x Diff(S1).

On the other hand, if ¢ restricts to complex conjugation on the marked circle, then
composing with the map ¢, constructed above, we get a map restricting to the identity.
By the same arguments as above, we can conclude that egi(¢) € C°, (S, GLy_1) %
Diff(S1).

Now assume W is not spin. Since W is simply-connected, by Hurewicz theorem,
all its second homology classes are represented by maps S? — W and by [85, Theorem
I1.27] we can always pick a representative given by an embedding. Since W is not
spin, there exists an embedding h : S* — W such that wq(h*(TW)) # 0, and since
d > 5, we can pick one such h not intersecting f(D?) by the Transversality Theorem
(see [51, Corollary 12.2.7]). By Lemma [5.4.3] we know there exists a diffeomorphism
¢p, of W taking ¢y 0 h|p2 to hl D2 and which restricts to the identity on the image of
f(D?). By definition, D¢y|xs1) is a clutching function for A*(TW) and therefore is
not nullhomotopic as A*(TW) is non-trivial.

Let ¢ be a diffeomorphism taking f(D?) to h|p2. Then ¢! o ¢, 0 ¢ is a diffeo-
(S*, GL} ) x Diff(S*). Since
€g1 is surjective on path components, we conclude that the image of €gr contains
C>(S*, GL;_,) x Diff (S1). Analogously, looking at the composition )" o ¢ o) o ¢,,
we conclude that the image of egr is C*°(S!, GLy_;) x Diff(S1). O

morphism of W whose image through eg1 is not in C%

Remark 5.4.8. Lemmalb.4.7]can be generalised for dimension 4 assuming the manifold

is spin, using exactly the same argument as above.

Now that we have analysed the image of ;g1 we apply Theorem [5.3.2l As before,

we start by looking at the surface case.

Corollary 5.4.9. Let S, be the oriented surface of genus g and b > 1 boundary
components. Then for all 3i < 2g

H,(BDiffys1(S,3)) = Hi(BDiff(S,5) x B(S,180(2))).

Proof. Start by fixing an unlinked embedding f : kS' < S, and f : kD? — S,
extending f. The proof follows from applying Theorem taking L to be the
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embedded circles. To do this, we start by verifying that the hypothesis of the Theorem
are satisfied, ie. that the map defined by extending diffeomorphisms by the identity

EN - Diﬂ‘(Sg’b \ N) — lef(sgb)

induces isomorphisms on the homology groups of the classifying spaces in the range
31 < 2g.

Since the embedded circles are unlinked, we know they are nullhomotopic and
therefore Sy, \ N is diffeomorphic to Sy p4x U IEIDQ. Then

Diff(S,, \ N) = Diff(S, 5,1) x Diff(D?).
The inclusion S, \ N — Sy, induces maps
£g - Diﬂ‘(8975+k) — Dlﬂ‘(SgJ))

ep : Diff(D?)* — Diff(S, ;)

given by extending the the diffeomorphims by the identity, and it is simple to check

that the following diagram commutes

Diff(S, ;) x Diff(D?)*

Diff (S, 4. 1) x Diff(D?)* =l > Diff(S,)

where ¢(¢, 1) := ¢ oep(1).

By [75, Theorem 7.1], we know that the map eg induces a homology isomorphism
in the range 3i < 2g. Moreover, the map c is a homotopy equivalence since the space
Diff(D?) is contractible. Therefore, €y induces a homology isomorphism in the range
31 < 2g.

Hence we are under the hypothesis of Theorem [5.3.2 Moreover, we know that

TW kst is trivial so
Mapgy, (Fr(TW|is1),07) ~ Map(S", {+1})*
is simply a disjoint union of points. And, by Lemma [5.4.6]

Imepgr =~ Imeggr 22 C°(S*, GL)* x Difft(kSt) ~ Diff " (kS") ~ % 1 SO(2).
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Applying Theorem [5.3.2] the result follows. ]

Corollary can be re-stated with a geometric interpretation. As discussed in
Section [I.1.1], the space Emb(S,;, R™) is a model for EDiff(S,;), and therefore it is
also a model for EDiffyg1(S,;). With this model, the elements of BDiff;q1(S,;) are
oriented submanifolds of R* diffeomorphic to S;; with k& marked unlinked circles.
With this model, the forgetful map

Frq: Blefksl (Sg,b) — BDIH(Sg’b) (542)

simply forgets the marked circles.
To interpret the evaluation map FEjs1 in this model, we recall a definition that
will also be useful for the interpretation of the evaluation map for the moduli space

in higher dimensions with general tangential structures.

Definition 5.4.10. Let W be a manifold and X be a space with an action of Diff (S'),
the space of k-unlinked circles in W with labels in X is defined to be

Crsr (W3 X) == Emb™ (kS*, W) x X*/Diff (kS")

where Emb™ denotes the space of unlinked embeddings.

Note that if W is a simply connected manifold of dimension d > 5, all embeddings
of kS into W are unlinked.

Then a model for BDiff* (kS!) is precisely the configuration space Cyg1 (R>; {£1})
of k circles in R> with labels in {£1}, and the evaluation map Ejg: simply takes an
oriented decorated submanifold S in R*, to the configurations given by the marked

k oriented circles.

Corollary 5.4.11. Let S;; be the oriented surface of genus g and b > 1 boundary
components. Then for all 3i < 2g

H;(BDiffys:(S,3)) = Hi( BDiff(S,4) % Crst (R {£1})).

Analogous results for other tangential structures can be obtained by the same
arguments. We now look at how the result above generalises for higher dimensions.

From now on, we let L(—) := Map(S', —) denote the free loop space.

Corollary 5.4.12. Let W be a compact simply-connected manifold of dimension 2n >
6, pw an n-connected O-structure on W, and denote by g the stable genus of W. Then
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for all i < %, the decoupling map Dys1 induces an isomorphism
H;i(Mys: (W, pw)) = Hy (MO (W, pw) x Crgr (R (L(O) /] Lo (GL4-1))0))

where (=)o is the path component of the image of pw, Lo(—) is equal to the subspace

Lyuu(—) of nullhomotopic loops if W is spinnable, and is equal to L(—) otherwise.

Proof. The result follows from applying Corollary [5.3.3] taking G = Imepg ~
Imeggr, which was identified in Lemma . Moreover, since TkS' is orientable,
it is a trivial bundle and therefore the space Mapgy, (Fr(T'kS'),©) is equivalent to
the space of continuous maps kS! — ©, which is precisely L(©)*.

Then, by Corollary , for all ¢ < %, the decoupling map Djq1 induces an
isomorphism

Hy(Misi (W, pw)) 2= Hy (M®(W, pw) x (L(©)* ) C(S", GLa-1)" » Diff(kS"))o)

Moreover, the space (L(©)F /C(S, GLg_1)* x Diff(kS')) is homotopy equivalent
to

(L(©) [/ C(S', GLa-1))* // Diff (kS*))o (5.4.3)

Taking Emb(kS!,R>) as the model for EDiff(kS'), we get a model for the space
in [5.4.3] which is precisely the configuration space of k circles in R>* with labels in
(L(®) ) C (S, GLg_1))o, as required. Since the space of smooth loops is homotopy

equivalent to the free loop space, the result follows. n
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Chapter 6

Decoupling for general tangential

structures in higher dimensions

In this section we show how Corollaries |4.2.4] and [5.3.3| can be generalised for other

tangential structures, based on the techniques used by Galatius and Randal-Williams
in [30, Section 9]. Recall that the decoupling theorems (3.3.2) and [5.3.2)) relied on the
hypothesis that the map

MG(WN, Pwy) — MQ(W pw)

induces a homology isomorphism in a range. In even dimensions at least 6, this
assumption was shown to hold in several cases in [3I]*Corollary 1.7 as recalled in
[1.2.2] but only when the ©-structure py : Fr(TW) — © is n-connected (ie. the
induced map m;(Fr(TW)) — m;(©) is an isomorphism for ¢ < n and an epimorphism
for i = n). In [31, Section 9] Galatius and Randal-Williams provide a generalisation
of the result to general tangential structures. In this section we introduce the tools
used to construct this generalisation and show how they also provide an extension of
the decoupling result in higher dimensions for general tangential structures.

One could hope that for any manifold W and any ©-structure py, the decoupling
map would still induce a homology isomorphism, but this is not the case, as it is

shown by the following example.

Example 6.0.1. Consider the manifold W, = #,5" x S™ with one embedded disc as

a decoration. Let W, 1 = #,(S™ x S™) \ int(D?") and recall there is an isomorphism

Diff ™ (W,1) = Diff{ (W,)



given by extending the diffeomorphism of W, ; by the identity on the marked disc
(see Lemma [3.2.3).

Therefore, the decorated moduli space M (Wy, pw) ~ BDiff{ (W,) is weakly
equivalent to M (W, 1, pw) ~ BDiff*(W, ;). In this case, the decoupling map

M (Wy, pw,) —L— M (Wy, pw,) x OF
12 1R (6.0.1)

MOT(WQ,D pr,1) MOT(meWg)

does not induce a homology isomorphism on integral coefficients in a stable range as
was shown in [32] Sections 5.1 and 5.2]. This implies that the decoupling as stated
in Corollary is not true for general tangential structures.

Let W be a 2n-dimensional manifold, 2n > 6, with possibly non-empty boundary,
and Ay a A-structure on W. If the map Ay : Fr(TW) — A is not n-connected we
will use an “intermediate” tangential structure © which is better behaved. Precisely,

let the following be the Moore-Postnikov n-stage of Ay,

©

V X (6.0.2)

Fr(TW) W LA

This means that © is a GLg-space, u is an n-co-connected (ie. the induced map
mi(Fr(TW)) — m;(0) is an isomorphism for ¢ > n and a monomorphism for i = n)
equivariant fibration and py an n-connected equivariant cofibration. Such a factor-
ization always exist and it is unique up to homotopy equivalence.

Denote by ps and Ay the restriction of py and Ay respectively to Fr(TW)|aw .
Any O-structure on W induces a A-structure by postcomposition with u, giving us a
map

Bun® (W, py) — Bun™(W, Aw).

Lemma 6.0.2 ([30], Lemma 9.4). If W is a manifold equipped with a A-structure Ay
and Fr(TW) 2% © % A is a Moore-Postnikov n-stage of A\w, then the stable genus
g(W, pw) is equal to (W, Aw).

We now define a topological monoid that is crucial to the comparison between the
moduli spaces M*(W, \yy) and M® (W, py).

Definition 6.0.3. If W is a closed manifold, denote by hAut(u) the group-like topo-

logical monoid consisting of equivariant weak equivalences © — © over u, ie. GLy4-
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equivariant maps © — © fitting into the following commutative diagram

If W has non-empty boundary, let ps be the restriction of py to dW. Denote by
hAut(u, ps) the group-like topological monoid consisting of equivariant weak equiva-

lences ©® — © over u and under py

FY(TW) |8W

2N

© = >y 0.
A

The monoid hAut(u, py) acts on the space of ©-structures on W by post-composition,

and the following result shows that this action encodes precisely the relation between
© and A-structures on W.

Lemma 6.0.4 ([30], Lemma 9.2). In the context defined above, the map induced by

postcomposition with u
Bun® (W) /hAut(u, ps) — Buny, (W)

1s a homotopy equivalence onto the path components which it hits.

Let hAut(u, pa)[w,pyy denote the components of hAut(u, ps) that map Bun® (W, py,)
to itself. By the orbit-stabiliser theorem

Bun®<W7 pw)//hAllt@L, pa)[W,pW] - BUDA(VV, )‘W)

is also a homotopy equivalence onto the path components which it hits. Taking a
further Borel construction with the groups Diff(W), Diff* (W), Diff, (W), we get
that the induced maps

MG(W, pW)//hAut(u, pa)[wﬁw] — MA(VV, Aw) (603)
M27k(W7 pW)//hAut(u, p@)[W,pW] — Mﬁ}{k(Wa )\W) (604)
M (W, pw) /hAut(u, po) o) — MW, Aw) (6.0.5)
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are weak homotopy equivalences. Therefore, analysing hAut(u, ps)w,p,) and applying
Corollaries [£.2.4] and [5.3.3] we get decoupling results for general A.

Lemma 6.0.5 ([32]). If (W,0W) is c-connected for some ¢ < n—1, then the monoid
hAut(u, pg) is a non-empty (n—c—2)-type. In particular, it is contractible if (W, 0W)

is (n — 1)-connected.

We now focus on applying these techniques to the manifold W, ; = #,5™x.S™\ D*",
for n > 3.

Proposition 6.0.6. Let W, = #,5" x S"\ D*", forn > 3, and \w a A-structure on
W. Let g denote the stable genus g(W, Aw). For alli < 2%, the group Hy(MAF(W, 1, Aw))

18 1somorphic to
Hi (M (W1, Aw) X OF ) S x (8 ) GL3, )5 // i)

where (=)o denotes the path-component of E(pw), for pw as in (6.0.2).

Note that in the above proposition, the decorations on M (W) get decoupled
into components depending on O, the tangential structure that appeared in the
Moore-Postnikov n-stage factorisation of A\y,. This is quite different than what was
obtained in Corollary as well as in the other decoupling theorems of sections
and [4, where the decoupled components corresponding to the marked points and

discs depended on the original chosen tangential structure A.

Proof. By Lemma [6.0.5, we know that hAut(u, ps) is contractible, and therefore

MO (W1, pw) = M Wy 1, Aw)
MEFWy, pw) 22 MoF(Wy 1, Aw)

are weak homotopy equivalences. Since py is n-connected, we can apply Corol-
lary to understand the homology of M&*(W, 1, pw ). Putting this together with
the above identifications we get that the group H;(M2AF(W, 1, Aw)) is isomorphic to
1th homology group of

MAWya, Aw) X OF" [/ S % (O ) GL3, )6 // Sk
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We now look at the case where A is the tangential structure for orientations: a
GLg-equivariant map Ay : Fr(TW, 1) — {£1} determines, up to a contractible choice,
a map (y, : W, 1 — BSO(2n) fitting into the following homotopy pullback square

Fr(TW,) —% s {41}
| - |

WgJ E'—> BSO(Q’/Z)

Then an equivariant Moore-Postnikov factorization of Ay can be obtained from a
Moore-Postnikov factorization of £};,. Since Wy ; is (n — 1)-connected and paralleliz-

able, we know that the n-stage of this factorization is given by maps
W,1 —%5 BO(2n)(n) — BSO(2n)

where BO(2n)(n) is the n-connected cover of BO(2n). Taking the pullback of {+1} —
BSO(2n) along these maps, we get

Fr(TW,1) — O[0,n — 1] —— {1}
| - | - |

where O[0,n — 1] is the (n — 1)-truncation of O. Note that a path-component of
O[0,n — 1] is homotopy equivalent to SO[0,n — 1], the (n — 1)-truncation of SO.

Corollary 6.0.7. Let W, = #,5" x S™\ D*", forn > 3. Then for all i < 93;4, the
group H;(BDiff}"F(W, 1)) is isomorphic to

H(BDiff* (W, 1) x SO[0,n — 1]™ /%, x BO(2n){(n)* J/%;).

The proof is a direct application of Proposition using the factorization de-
scribed above, and the fact that for an orientation pyw, , : Fr(TW,,) — {£1}, the
stable genus g(Wy.1, pw, ) is equal to g (see [32]*Section 3.2).

We end by using the result above to explicitly compute the cohomology of BDiff,* (W, ;)
with rational coefficients, in the stable range. As an immediate consequence of Corol-
lary and Kunneth Theorem, the elements of H*(BDiff}*(WW,); Q) of degree
i < 22 are given by the elements of such degrees in the tensor product of the

3
cohomology rings of BDiff ™ (W, 1), SO[0,n — 1]™//%,, and BO(2n)(n)* /3.
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By [B1]*Corollary 1.8, in degrees i < %, the ring H*(BDift* (W, ;); Q) is isomor-
phic to
Qlkclc € B,|c| > 2n]

where B denotes the set of monomials in the classes e, p,_1, Pn—2; -, Pty of
H*(BSO(2n)) and |k.| = |c| — 2n.

By the Cartan-Leray spectral sequence, we also know that
H*(BO(2n)(n)* [/ 2x; Q) = H*(BO(2n)(n)*; Q)™

the fixed points by the action of X; which permutes the factors of (BO(2n)(n))*.
We know that H*(BO(2n)(n); Q) is simply the subalgebra of H*(BO(2n);Q) =
Q[p1,---,Pn_1,€] with no generators of degrees < n. So

H*(BO(2n)(n); Q) = @[@P[“Tﬂp ooy D1l

Then H*(BO(2n){n)*; Q)** is isomorphic to

Xk
(® Q[evp(”TH]a s 7pn—1]>
k

the fixed points by the action of ¥; which permutes the factors of the k-fold tensor
product.
Analogously,

H*(SO[0,n — 1]™ )/ £; Q) = H*(SO[0,n — 1]™; Q)®™.
Using the fibre sequence
SO(2n){n — 1) —— SO(2n) —— SO[0,n — 1]
then by the Leray-Hirsch Theorem, we have a Q-module isomorphism
H*(SO(2n); Q) = H*(SO[0,n — 1]; Q) ® H*(SO(2n)(n — 1); Q).
Together with the fact that we have a canonical ring monomorphism

H*(SO(2n)(n —1); Q) —— H*(SO(2n); Q)
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we conclude that
H*(SO[0,n — 1];Q) = Alu, - .- Yoz ]

with |y;| = 40 — 1.
Then H*(SO(2n)[0,n — 1]™; Q)* is isomorphic to

<®/\[yla---7ytn4ﬂ]>

the fixed points by the action of ¥,, which permutes the factors of the m-fold tensor
product.
Therefore in degrees i < %4, the ring H*(BDiff1"(W,,)) is isomorphic to the

graded commutative algebra

Sm g
Qlkc|c € B, |c| > 2n] ® <®/\[y1""’yL"ZlJ]> ® (@Q[e,p[T1,...,pn1]> :
m k
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Chapter 7

Increasing the number of

decorations

In the previous chapters, we discussed the behaviour of the homology of the moduli
space of manifolds when stabilising by increasing the genus. For completeness, we
show in this section that the decorated moduli spaces of manifolds with tangential
structures also have homology stability with respect to increasing the number of
decorations. This is a direct generalisation of Tillmann’s result in [8§].

Throughout this section, we assume W to be a smooth, compact, path-connected
manifold of dimension d > 2 with non-empty boundary. Unlike in previous chapters,
here we can work with the moduli spaces with tangential structures without restricting
to path components. Namely, let Bun®(1W) be the space of ©-structures on W as
defined in Definition We denote by Mk (W) the Borel construction

Bun® (W) // Diff* (W).

The space MOF(W, py,) used previously is the collection of path components of
MEF(W) containing the orbit of py via the Diff(W) action.

A collection of k£ marked points in the interior of a manifold W is precisely an
element of the configuration space Cy(W), and similarly, a collection of m marked
discs in W can be identified with a configuration of m points in W with labels.
Therefore any stability of the homology of the moduli space with respect to increasing
the number of decorations is closely related to the stability of the maps between
configuration spaces in W with labels.

Such a stabilisation map Cy(W) — Cii1(W) can be intuitively described as

adding a marked point via the boundary of W in a prescribed way. Precisely, fix a col-
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lar of W, a marked point py € OW x (0, 1), and an isotopy e of W := WUgy (OW xI)
onto W mapping OW x I into the collar of OW while leaving the complement of the

collar in W fixed. Then we get a stabilisation map
O’k : Ck(W) — Ck+1(W+) — Ck+1(W>

where the first map adds the particle py to the configuration and the second map is
the one induced by e. This map was shown to induce an isomorphism on homology
in degrees * < k/2 (see [80, [63], 82, [73], 20]). The same procedure gives a stabilisation
map o,, for increasing the number of marked discs, and this was also shown to induce
an isomorphism on homology in degrees * < m/2 (see [16], 52]).

In [88], Tillmann used these maps between configurations to construct stabilisation

maps for any k,m
Dift* (W) — Diff**! (W) Diff,,,(W) — Diff,,, 1 (W).

These maps are defined by first extending diffeomorphisms by the identity to get a
map to the decorated diffeomorphism of W and using the fixed isotopy to obtain a
diffeomorphism of W. Since we look only at diffeomorphisms fixing the collar of OW,
this construction produces diffeomorphisms that indeed preserve the marked points.
Tillmann showed in [88, Theorems 1.2 and 1.3] that these maps induce homology
isomorphisms on classifying spaces in degrees * < k/2 and * < m/2, respectively.
We show that these maps also induce homology isomorphisms of decorated moduli

spaces with tangential structures.

Theorem 7.0.1. The maps
S* L MOFW) — MOFH (W) S s M (W) = MS (W)

induced by o* and o,,, respectively, induce homology isomorphisms on degrees * < k/2

and m/2, respectively.

Proof. The proof is essentially the same for increasing the number of points or discs,
so we discuss only the points case, for simplicity.

Fix once and for all a model for EDiff(W). We start by constructing, for each k
a fibre sequence: let pq, ..., py be k marked points in W. The diagram below denotes
the application of Lemma with Gy = Diff* (W), G5 = Diff(W) and f the
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identity on Bun® (W) x EDiff (W)

Diff* (W) ! > Diff (W)
(@ (@Y
Bun® (W) x EDiff(W) =——= Bun®(W) x EDiff(W)
! l

. Q .
Bun®(W) X pig gy EDtE (W) —== Bun®(W) Xpig(w) EDIff (W)

where i is the subgroup inclusion. By Lemma [2.3.2(a)} the map @ is a fibration for
every k.

The projections onto the EDiff (W) induce a commutative square of fibrations

. Q .
Bun®(W) X pigr () EDIff (W) —== Bun®(W) xpigw) EDiff (W)

! l (7.0.1)

BDift* I/ » BDiff ().

Since the vertical fibers are both Bun® (1) and the map between them is the iden-
tity, this is a homotopy pullback square, which implies the horizontal fibers are also

equivalent.
Palais’ fibre sequence [68] [54]

Diff (W, {p1,....pr}) — Diff(W) —— Emb(Ilx, W).
implies that the bottom map of diagram (7.0.1)) fits into the fibration sequence
Ce(W) —— BDiff*(W) —— BDiff(W).

Therefore, for each k, the map @, is a fibration with homotopy fibre Cy (W) and

the map ¢* induces a map of fibre sequences

Cro(W) ——— MOF(W) —25 MO(W)

| L |

Cropt (W) —— MOFL) L5 Ao ()

The left-hand map induces a homology isomorphism in degrees * < k/2 (see for
instance [73, Theorem A]) and therefore by Zeeman’s comparison theorem [94], so

does the middle map. O
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A generalisation of the study of homology stability for configuration spaces has
been recently carried out for configurations of more general submanifolds in W as
seen in [69, (70, [7T], [50]. For instance, it was shown that the stabilisation map between

configuration spaces of unlinked circles
opst : Crsr (W) = Crqnysr (W)

induces a homology isomorphism in degrees * > k/2 if the dimension of W is > 5
[69, Main Theorem, Chapter 5], and in degrees > [%2] if the dimension is 3 [50,
Theorem 1.3].

Proposition 7.0.2. The map Sps1 : MPe, (W) — Ma+1)51(W) induced by o5
gives a homology isomorphism on degrees * > k/2 if the dimension of W is > 5, and

in degrees x > |52 | if the dimension is 3.

The proof is analogous to the proof of Theorem [7.0.1}
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Chapter 8
Decoupling Configuration Spaces

Let Z be a pointed GLJ -space with a good point denoted by 0. The configuration
space C(F,1; Z) is the quotient

HCW(M) x5, Z" ] ~

where C,,(M) denotes the ordered configuration space on M, and
(mla sy Mps 21, .- 'azn> ~ (mla ey Mp_15 215 - - 'azn—l)

whenever z, = 0. Since Z is a pointed GLj-space, C(Fy 1; Z) carries a natural action
by the diffeomorphism group of F,;: for ¢ € Diff(F,)

¢ ' (mla ey My 21, - - 7Zn) = (¢(m1)7 s '7¢<mn);Dm1¢(21)7 cee 7Dm1¢(zn))

The basepoint relation is preserved by this action as Z is a pointed GLj -space. Denote

the associated Borel construction by

MC(Z), = C(Fyq1;Z) )/ Diff(Fy ).

Gluing the boundary circles of surfaces Fy ; and Fj, 1, to two of the three boundary

circles of Fp 3 defines a map of topological groups
Diﬂ‘(FgJ) X Dlﬂ‘(thl) — Diff(Fg_;,_h’l).

Up to homotopy, the above gluing process is equivalent to gluing the two surfaces
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Figure 8.1: Example of the map p : MC(C)s x MC(C);s — MC(C)s where C is the
space of colours, with white as the basepoint.

F,, and F},; along part of their boundary. This way the product can be made
strictly associative by fixing embeddings F,; — R*"! x [0,g] C R® = colimR"
that commute with the stabilisation map Diff(F, ;) — Diff(F,;4+1). An example of
such embeddings and multiplication is depicted in Figure [8.1} This product extends

naturally to a map on the Borel constructions
p:MC(Z)y x MC(Z)p — MC(Z) gy

and makes the disjoint union MC(Z) = omc (Z), into a topological monoid, which
we refer to as the monoid of configurations labelled by Z. Consider its group comple-
tion QBMC(Z).

Theorem 8.0.1. For any path-connected pointed GLJ -space Z, there is a homotopy

equivalence
Tx8:QB(MC(Z)) = Z x BDiff(Fy)" x Q((EGLJ)+ Narg Z)-

In the above, Q(—) denotes the functor Q°¥>°(—). Segal showed in [80] that the
space Q(X) is the group completion of the monoid C'(R*; X) where the operation
is roughly given by the disjoint union. The space Z x BDiff(F,,)" was shown by
Tillmann in [87] to be the group completion of the monoid QIEIOBDiff (Fy1). The proof
of the above theorem will consist of creating a monoidal map between M C(Z) and the

monoids of Segal and Tillmann, and to show that this induces a homotopy equivalence
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on group completions.

8.1 Construction of the map

Let X be any ¥, ! GLj-space. The space én(ngl) x X comes equipped with two
actions: >, acts diagonally by permuting the points in the configuration and by the
action on X, and Diff(F}, ;) acts by

§Z5 ’ (mh s ,mn;x) - <¢(m1)7 SR ’gb(mn); (d¢m17 ce ad¢mn)<x))
These two actions commute. Hence,
(Co(Fy) x5, X) J/Diff (Fy1) = [(Cu(Fy1) x X) J/Diff(Fy1)]/ S0

In Theorem we take X = Z", but it will be convenient for the proof to construct
the map for more general X. To define the map of monoids, we will use a specific

model for the Borel construction
(Co(Fy1) x X) /I Diff (Fy1) = EDiff(F, 1) Xpii(r, ) (Co(Fy1) % X). (8.1.1)

Namely, we will take the model for EDiff(F, ;) given by the geometric realisation of
the nerve of the groupoid with objects Diff (F, ;) and a unique morphism between any
two objects. Similarly we will take the model for BDiff(F), ;) given by the geometric
realisation of the nerve of the groupoid with a unique object and automorphism group
Diff(F, ;).

The Borel construction in (8.1.1]) can then be described as the geometric realisation
of the simplicial space with k-simplices uniquely written as (¢1, . . ., ¢x; (m;);, ©) where
¢; € Diff(F,;), mi,...,m, are n distinct points of F,;, and z € X. Note that X,

acts freely by permutations of (m;); and the action on X.

We first define a map (C,,(F, 1) x X)//Diff(F, 1) — BDiff(F} ), as the realisation
of the simplicial map given on the k-th skeleton by

(¢17 BRI ¢k> (ml)hw) = (¢17 . >¢k)

This map is trivially ¥,-equivariant and for X = Z", it induces

7 C(F,.; Z) |/ Diff (1) — BDiff(F,,) (8.1.2)
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We refer to 7 as a forgetful map, since it simply forgets the extra data of the labelled
configurations. This gives a map from MC(Z) to the monoid of oriented surfaces
with one boundary component.

To construct the other monoidal map we start by constructing for any (3, GL3)-

space X, a Y,-equivariant map
0+ (Cu(Fy1) x X) /Diff (Fy1) — Cu(R™) x (EGL)" X (gpsyn X. (8.1.3)

Recall that we have fixed embeddings F,; < R™™ x [0,¢9] C R*® = colimR" that
commute with the stabilisation map ¢ and the monoidal product structure. These
induce a Y,-equivariant inclusion map ¢ : an(FgJ) — C,(R). Analogous to what we
did before before, we use a model for the Borel construction (EGL3 )™ x (GLf)n X given
by the geometric realisation of a simplicial space with k-simplices uniquely written
as (Ay,..., A,,x) where A; € (GL])*, and z € X.

The map is the geometric realisation of the simplicial map given on k-

simplices by

(D15 -y Ors (Mi)iy ) = (L(m4)i, (Al gy (ma)s - - - > APk

The map 5 is clearly ¥,-equivariant and for X = 2", 5 respects the basepoint. Then

0 induces a map

8+ C(Fy; Z) | Diff(F,1) — C(R™; (EGL3 )4 Agys 2)- (8.1.4)

8.2 Relation to the decoupling map

Consider the surface F,; equipped with n marked points pi,...,p,. As in the
previous chapters, we consider the decorated diffeomorphism group Diff"(F,;) to
be the subgroup of those diffeomorphisms which fix the set of marked points, but
allows them to be permuted. Crucial to the relation between the maps above and the

decoupling map is the well-known weak equivalence

BDIfi™(F, ) ~ Cy(F, ) /| Diff (Fy). (8.2.1)
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This can be derived from Palais’ fibre bundle [67) [54]
Diff(F, 4, {p1,...,pn}) — Diff(F,3) —— Emb({p1,..., 0}, Fys)
which induces the homotopy fibre sequence
Diff(Fy ) —— Ci(F,p) — BDiff"(F,)

The projection EDIiff(F, ;) x Cy,(Fyp) = Cn(Fyp) is Diff (F, ,)-equivariant and there-

fore it induces a map of fibre sequences

lff(ng 1H(ng

)

EDiff(F, ;) x C,(F,p) —=— Cn(F,)

| |

Cn(Fyp) ) Diff (Fyp) ——— BDiff"(F ;)

Since the map between fibers and total spaces are weak equivalences, so is the bottom
map, as required.

Recall that fixing trivialisations of the tangent bundle of Fj;, the action of an
element of Diff"(F};) on the tangent space of the marked points induces a homomor-

phism on the wreath product
e. lefn(FgJ,) — En l GL;—

which surjects onto X, ! GL, as discussed in Lemma . Thus any %,,? GLj -space
X is via e also a Diff"(F,;)-space. As in section , we consider the (homotopy)
limit space X J/Diff"(F,) obtained via the map

X /D" (Fyp) = X JJ D" (Fyi1)

induced by the stabilisation map o : Dift"(F, ;) — Diff" (F,41,).
By comparing fibrations over the homotopy equivalence (8.2.1)) with fibre a ¥,?

GL; -space X, one proves

X JJDiff"(F,1) = (Co(F,1) x5, X) //Diff(F, ).

78



Under this homotopy equivalence, the map 0 can be identified up to homotopy with
the evaluation map F of section [3.4]

Similarly, the forgetful map F' : BDift"(F, ) — BDiff(F, ;) corresponds to map
7:Cy(F,1)//Diff(F, ;) — BDiff(F, ). Summarising, we restate Corollary as

Corollary 8.2.1. For any %, GL] -space X, the maps 7 and § induce a homology

1somorphism
(Co(Fa) x5, X) /Diff (Fy) =% BDiff(Fyo) x (Co(R™) x (EGL3)") Xy qrs X.

Remark 8.2.2. This result may be interpreted in physical terms: in the high genus
limit, the constraints in a two-dimensional sigma model for the particles to stay on
the underlying surface is lifted when the theory is coupled to gravity; the particles

are now free.

8.3 A group completion argument

By [87] the space Zx BDiff (F,,)™ is the group completion of the monoid g]EIOBDiff(FgJ).
Moreover, in [80], Segal showed that the space Q(X) is the group completion of the
monoid C(R*; X)) where the operation is roughly given by the disjoint union. We
show that the maps defined above are compatible with these structures.

Some care has to be taken into making the configuration spaces into actual topo-
logical monoids (see [80]). Namely, instead of C,(IR*; X), we use the homotopy equiv-

alent space
CHR* X) = {(c,t) € C,(R¥, X) x R:t>0,cC (0,t) x R},

The monoidal structure is given by juztaposition, ie. (c,t), (', t') = (cUT(c),t+1')
where T;(—) is the map that translates a configuration by ¢ on the first direction.
The monoidal structure of I BDiff (F,1) is constructed very similar to the one
of Uy (P). When constructing Cy,(P), we fixed representatives of the surfaces F;
embedded in [0, g] x R>~! compatible with the stabilisation maps Fy 1 X Fj,1 — Fyyp1.
These representatives induce maps between the respective classifying spaces which are

associative and make Il BDiff(Fy,) into a topological monoid.

Lemma 8.3.1. The map 0 and the forgetful map T are compatible with these monoidal

structures.
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Proof. The map ¢ takes an element in MC(Z), to a pair (¢, g) € C,(R>), for some
n, and that the definition of the monoidal structure in Cx(P) is compatible with the
monoid structure of juxtaposing configurations as defined in above. Moreover, on the
underlying surfaces, our definition of the monoidal structure in MC(Z), was defined
using the same representatives and composition rule as gIEIOBDiff (F, 1) above, making

the forgetful map compatible with these monoidal structures. O

To prove Theorem is thus enough to show that the map of monoids induces
a homotopy equivalence on group completions. As the group completions are loop
spaces, they are in particular simple and, by the Whitehead theorem for simple spaces,
it suffices to show that it induces a homology equivalence on the group completions.
Both monoids are homotopy commutative, hence the group completion theorem [62]
can be applied. It implies that it is enough to prove that the induced map on the
limit spaces (defined in section

7% 61 C(Fx; Z) | Diff(Foo) — BDiff(Fu) x C(R; (EGL{)4 Agpy Z)  (8.3.1)

is a homology equivalence. We will show this in the next subsection.

8.4 Homological argument

In this section, we will show that:
Proposition 8.4.1. The map (8.3.1) is a homology equivalence.
The limit spaces in (8.3.1)) consist of configuration spaces with arbitrary number

of points. These they have natural filtrations

X, = C="(FL; 7))/ Diff (F.,)
Y, = BDiff(F,,) x C="(R*>; (EGLJ), AaLy Z)
with respect to the number of points in the configuration. These filtrations are pre-

served under the map 7 x §. We will inductively show the restrictions X,, — Y, are

homology isomorphisms for all n.

Proof. Since the basepoint of Z is a good point, the inclusions X, ; — X,, and

Y, 1 — Y, are cofibrations. Their subquotients are

Xn/Xn—l = (EDIH(FOO>)+ /\Diﬁr(poo) Cn(Foo)+ NAs, A
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and
Y,/Yoot = (BDHE(Fi))s A Cu(R®)4 As,, (EGLS )+ Ay 2)™

Comparing the spectral sequences associated to these filtrations, it is enough to show
that the induced map on these subquotients is a homology isomorphism. Consider

the map of cofibrations:

EDiff(Fy) X Co(Fy) ——— EDiff(Fy) x  (Cu(F) X ZM) —— X,/ X0y
Diff(Foo) Diff(Fno) S l

| !

BDiff(Fx) x C(R™, BGL]) — BDiff(Fx) x (Co(R®) x ((EGL{)y A Z)") — Yo /Yo
GL;

Z n

By corollary with X = x the left-hand map is a homology isomorphism, and
by the same result with X = Z”", so is the middle map. Then by the five lemma,

the right-hand map is also a homology isomorphism, as required. O
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Chapter 9

Decoupling Configuration Spaces

with Partially Summable Labels

In this chapter we discuss how to extend the result on monoids of configuration
spaces developed in the previous chapter to the case where the points are given
partially summable labels and the particles are allowed to collide whenever their labels
can be added. The space Cs(W; P) of configurations in W with partially summable
labels in P has been defined in [76] and its definition requires more sophisticated tools
such as the Fulton-MacPherson configuration spaces and operad. In section we
recall these definitions and the concept of a partial d-monoids.

To prove the decoupling theorem for the space Cs,(W; P), we develop a different
model for this space in section [9.2] which we refer to as the disc model for configura-
tions, denoted |Ds(W; P).|. In Proposition we show that indeed this space is
weakly equivalent to Cx(W; P). In the decoupling context, we naturally encounter
another space of discs with configurations, which we refer to as the d-discs model for
configurations in R, denoted | DE(R>; P),|, which is constructed in definition [0.2.5]

All the constructions above are carried out in any dimension. When proving
the decoupling in this context in section [0.3 we specialise to d = 2 for clarity of

exposition. The main theorems are:

Theorem 9.0.1. The decoupling map induces a homology isomorphism
Cs(Fu; P) J/Diff (Fy) =~ | Ds(Fso; P)o| J/ Diff (Fy) — BDiff(F.) x |DE(R™; P),|.

Denoting by MCyx(P) the monoid for configurations in surfaces with partially

summable labels in P, the above result implies the following:

Corollary 9.0.2. For any path-connected framed partial 2-monoid with unit P, there
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15 a homotopy equivalence

QB(MCx(P)) ~ Z x BDiff(F.)™ x |D&(R*; P)|.

9.1 Fulton-MacPherson configuration space and par-

tially summable labels

In this section we recall the concept of a configuration space with summable labels
in a partial monoid as described in [76].

A partial monoid P consists of a space with a continuous operation that is not
defined on all collections of elements, but only on a subset of composable elements.
The data defining such a partial monoid consists of the subset of composable elements,
together with an operation on this subset which is associative. We are interested in
partial monoids that moreover have the structure of an Fj-algebra. We make this
precise in this section, using the concepts developed by Salvatore in [76].

Crucial to our construction is Fy, the Fulton-MacPherson operad in dimension d
(for a detailed exposition see [83]). This is a cofibrant replacement for the little d-discs
operad and therefore will be used to make precise the notion of a E4-partial monoid.
Crucially for us, the Fulton-MacPherson operad is defined in terms of configuration
spaces of points, in which the particles in the configuration are allowed to collide,
but keeping track of the relative position of the particles before they collided and the
order in which collided.

We follow the definition of the Fulton-MacPherson configuration space C,(W) of
a manifold W as described in [83]. To make it precise, we consider W as embedded in
some R™ and we denote by n the set {1,...,n}. We record the directions of particles
in a collision, by defining for (i,j) € 52@), a map m;; 6H(Rm) — 5™~ sending
a configuration £ = (x;) to the unit vector in the direction x; — x;. The order of
collision is recorded by defining for (i, j, k) € Cs(n) the map Sijk - Co(R™) — [0, o0]

sending & = (z;) to |z; — x;|/|z; — x|

Definition 9.1.1 (|83], Definition 1.3). The Fulton-MacPherson configuration space
Cn(W) of the manifold W is the closure of the image of the map

i % (migle, ) X (Sigkla, ) 1 Ca(W) — W™ x (S™71)"®7D 5 [0, oo] P~ D(n=2),

The space C,(W) is homotopy equivalent to the ordered configuration space
5n(W) [83, Corollary 4.5] and whenever W is compact, C,,(W) is a compactifica-
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tion of 5H(W) Moreover, this construction is functorial with respect to embed-
dings [83, Corollary 4.8], i.e. any embedding f : W < N induces an embedding
fr: Co(W) — CL(N).

The following result gives a convenient way to represent elements of C,, (W), which

will be used throughout the chapter.

Proposition 9.1.2 ([83], Theorem 3.8). Each element in C,,(W) is uniquely deter-

mined by:

1. A configuration of points Py, ..., P, in the interior of W, with 1 <1 < n (we

refer to these as the infinitesimal configuration),

2. For each 1 < i < [, a tree T; with f; leaves (twigs), no bivalent vertices,
so that Zﬁzl fi = n, and for each vertex in T; of valence m an element in
Con(Tp, W) /G(d), where G(d) is the group of affine transformations of R¢ gen-

erated by translations and positive dilations.

3. A global ordering of the k leaves of the trees.

This interpretation of the elements of C,,(W) also provides a way of describing the
map f, : C,,(W) — C,(N) induced by an embedding f : W < N into a d’-manifold
N: it takes a point with infinitesimal configurations P;,..., P, € W to one with
infinitesimal configurations f(P),..., f(P) € N, it preserves the trees and ordering
of the leaves, but changes the labels of the vertices of the trees by taking a label
£ € Cp(TpW)/G(d) to the label Dp, f(&) € Cp(TypyN)/G(d').

The Fulton-MacPherson operad JF; uses a specific subspace of this construction.
Intuitively, for each & > 0 the space F;(k) is the subspace of the ordered configurations
of k points in RY, in which the points have collided at the origin.

Definition 9.1.3. The Fulton-MacPherson operad in dimension d, denoted Fy, is
defined by taking F4(k) to be the pullback

I

0 —— (R~
In other words, it is the subspace of C(R?) with infinitesimal configuration given by
a single point at the origin.

With the description of this space as in Proposition [9.1.2] the composition of this

operad is given by grafting of trees.
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Figure 9.1: Representation of an element in the space F5(12) in terms of a tree of
infinitesimal configurations.

Pictorially, we will often represent elements of F4(k) as trees of configurations
such as in the rightmost picture of Figure 0.1l The composition is given simply by
grafting (ie. stacking a tree on top of another along the specified leaf).

As shown in [76], there exists a model structure on the category of topological
operads in which F is a cofibrant replacement of the little d-discs operad. An algebra
over JF,, called by Salvatore a d-monoid, consists of a space A together with >-

equivariant maps
Fak) x AF — A

which commute with the structure maps of F;.

Definition 9.1.4 ([76], Definition 1.7 and 2.6). A partial d-monoid is a space P

together with monomorphisms of Y,-spaces
i: Compy — Fa(k) xx, P*.

and composition maps p : Comp, — P such that

1. The unit n x P : P — Fy(1) x P factors uniquely through 1 : P — Comp; and
the composition p(77) = idp is the identity;

2. For f € Fy(k) and [f;;p;] C Compy,,, for j =1,... k, the element

[fip(f1:B1)s -, p(fii Bi)] € Falk) xs, P
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belongs to Compy, if and only if

[M(f;flw--afk);plw"vz_?k]

belongs to Compy, +...+m,. Moreover, if that is the case, then their image by p

coincide.
A pointed space (P,0) is a partial d-monoid with unit if in addition it satisfies

3. For every k there is an inclusion u : Fy(k) x5, V, P <= Comp;, such that the
composition with iow is the subspace inclusion, and poi : F4(k) x5, \/,, P — P

is the projection onto the P coordinate.

The definition above is better understood when in comparison to d-monoids.
Given a d-monoid M and a infinitesimal configuration f € Fy(k), we can always
compose any k elements of M via the composition rule described by f. In a partial
d-monoid P, that is not the case. We instead are given a subset of the k-tuples of P
which are composable via the operation described by a given f € Fy(k). The space
Compy, should be then thought of as the pairs of possible composition rules (given
by F4) together with the tuples of elements of P which can actually be composable
with this composition rule. The map p is the evaluation map that actually computes

the results of compositions, whenever they are defined.

Example 9.1.5. (a) Any space X admits the structure of a trivial partial d-monoid,
by defining Comp, = {[1,z] : x € X} and Compy = 0, for all k¥ # 1. In this
case, the only composition rule that can be performed is the identity and no

other collection of points in X is composable in any way.

(b) When X is a space equipped with a basepoint %, we can define a unital partial
d-monoid by setting Compy, = Fy(k) x Vi X and p(f,T) = x;, where x; is the
unique non-basepoint coordinate, or * otherwise. In this case, the basepoint

acts as a unit and compositions are only defined when done with the unit.

(c) In [80], Segal defines a partial monoid of ordered configuration spaces with
composition given by the union of particles. Precisely, P = klgloék(R"), and
two configurations p = (p1,...,pn), ¢ = (q1,.-.,Gm) are composable if they
are disjoint. In this case, their multiplication p - § is defined as the union
(P1y--yDnyq1y- -+ qm). Thisis a partial 1-monoid, where [f,p; ..., p,] € Compy,
if p;, ..., D, are disjoint, and composition is given by the union of all configura-

tions, with the new ordering determined by f.
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(d)

(e)

Every d-monoid is trivially a partial d-monoid. In particular, every Q-space is

a partial d-monoid.

Any partial m-monoid is also a partial d-monoid for any d < m. The canonical
inclusion R < R™, for m > d, induces an injective map of operads Fy — Fn,.

If P is a partial m-monoid, the pullback of the diagram

Compy,

I

Fa(k) x5, P¥* —— F.(k) xg, P*

is a space Compy with a monomorphism to Fy(k) xx, P* and a composition
map

Compr — Compy, 2 P.

It is simple to check that this gives P the structure of a partial d-monoid. Intu-
itively, this is as if we have forgotten how to perform some of the compositions
in P, the ones that are not given by composition rules of configurations in

R < R™,

The canonical inclusion ¢4, : RY — R also allows us to construct see a
partial d-monoid P as a partial (d + n)-monoid with a trivial n composition
directions. We denote this trivial upgrade of a partial d-monoid P by T}, P.
The underlying space of Ty, P is P, and we define Comp,::d’"P to be the image
of

(in,k

)R
Compl, — Falk) x5, P* "5 Fuin(k) x5, P* = Fyin(k) xs, (Ty,,P)F.

In [76], it was always assumed that the partial d-monoids were good, in the sense

described below.

Definition 9.1.6. A partial n-monoid P is good if for every k the inclusion Compi <
Fa(k) xx, P* is a cofibration.

From now on, we always assume partial n-monoids to be good and to have a unit.

For future applications, we are further interested in partial d-monoids with compatible

actions of GLg, so we introduce this concept here and perform our constructions in

this more general setting.
Recall from Proposition that an element of F;(k) is described by a tree with

k ordered leaves and a decoration of the vertices by elements of GM(R”’) /G(d). The
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action of GLg on R? induces an action on 5|U|(Rd) /G(d). This gives an action of this
group on Fy(k) for every k, and it is simple to check that the operad maps p are all

GL4 equivariant.

Definition 9.1.7 ([76], Definition 4.3). The framed Fulton-MacPherson operad de-
noted fJFy, is the operad defined by fF,(k) = Fa(k) x GL% with structure map

/j((xaglv cee 7g/€);($17.g%7 cee 79?“)7 ey (mk7g]17 cee 7g£nk))
= (@ 11, - GkTk) 101 - - - G-

The construction above is an instance of the construction A x G, the semi-direct
product of an operad A and group . This construction, and the proof that the

above indeed defines an operad can be found in [78, Definition 2.1].

Definition 9.1.8 ([76], Definition 4.8). A framed partial d-monoid with unit is a
pointed GLg4-space P together with monomorphisms of Y5, ! GLg4-spaces

i fCompy — fFa(k) x5, P*.

and GLg-equivariant composition maps p : fComp, — P satisfying properties 1-3 of
Definition [9.1.4]

The GLg-bundle of frames on W induces a (GLg)*-bundle fC(W) on C(W),
acted on by Y. This is called the framed configuration space of k points in W. Using
the description of Proposition , an element of the space fC (W) can be uniquely
determined by an infinitesimal configuration in W with labelled trees, together with
additional k frames of the tangent planes associated to the k leaves of the trees.

Then the space of framed configurations fC(W) = I fOLW) is a right fFgu-

module, with GLg-equivariant multiplication maps
m: fC(W) Xz, (fFa(ny) x - x fFa(ng)) = FCnytin, (W).

defined by grafting the element of fF,(n;) on the i-th leaf of the element of fC (W),
for all i = 1,...,k and using the frame on the leaves to identify C,,(R?)/G(d) with
a configuration on the tangent space of W ([76, Proposition 4.5]). It is simple to

verify that any co-dimension zero embedding e : W < N induces a right fFy-
homomorphism e, : fC(W) < fC(N).

Definition 9.1.9 ([76], Definition 4.14). Let P be a framed partial d-monoid, and

let W be a manifold of dimension d. Then the space of configurations in W with
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partially summable labels in P, denoted Cx(W; P) is defined as the co-equalizer of
the following

I

k

: k
FOLW) xs, < I fCompf_l(i)>] —— s [ fOL(W) x5, P}
reMap(n,k) i=1 (mxid)o(id xi) g

An element of Cx(W; P) is then an equivalence class of elements in 11 FOLW) x5,
P*. From the description of C,, (W) above, we can see that an element in Cx(W; P)
can be represented by an infinitesimal configuration P, ..., P, of | < k points in W
together with trees T;, for : = 1, ..., [, where the vertices of T; are labelled by elements
in fF,, and the leaves of the trees are labelled by elements of P. The equivalence
relation defining Cy(W; P) implies that if some leaves labelled by ay, ..., a; are de-
parting from a vertex labelled by ¢ € fFy(k) and the composition p(c;ay,...,ax)
is defined, then we identify this configuration with the one in which such leaves are
removed and their vertex is replaces by a leaf labelled by p(c;ay, ..., ax).

With this description, it is simple to verify that for a framed partial d-monoid P

and a co-dimension zero embedding f : W < N, the induced map
fo i [T FCkW) x5, P* = T] fOR(N) x5, P*
k k

preserves the equivalence classes described above. Therefore any such co-dimension

zero embedding induces a map
f«: Cs(W; P) = Cx(N; P).

Seeing the group Diff(1¥) as a subspace of Emb(W, W), we can see that the above
construction shows that Csx,(W; P) admits an action of Diff(1W'). We will be interested
in a decoupling theorem for the space Cx(W; P) //Diff (W).

9.2 Disc models for configuration spaces with par-

tially summable labels

Let W be a smooth compact d-manifold, possibly with boundary, and P a framed
partial d-monoid. The group (¥ GL,4) has a canonical inclusion into Diff (]EURd). We
consider Emb(LIR?, W) to be a (X4 GLg)-space with action given by pre-composition
by the inverse, and Cx(IR% P) to be a (3 ! GLg)-space with action induced by the
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action of Diff(LIR?), as described in the previous section.

Definition 9.2.1. The disc model for configurations in W with summable labels in
P, denoted Dx(W; P) , is the quotient

(H Emb(LkURd,W) X (£RGLg) CZ(];HRCI; P)) /N

k>0

where (e : IRY — W, &) ~ (¢/ : URY — W,¢') if there are injections k — m and
k < n such that the induced inclusions ; : Ikle — HRd and iy : ]E[Rd — ng satisfy

EC Imiy, & CImiyand eoiy =€ oi.

Since the Fulton-MacPherson configuration spaces are functorial for co-dimension

zero embeddings, we get a map
p: Dg(W;P) — Cs(W;P)

taking a class (e,§) to the configuration e,(£). It is simple to verify that this map
does not depend on the choice of representative (e, £). We equip the space Dx(W; P)
with a partial ordering by declaring (e, &) < (€/,’) if, for some representative of the
classes, e(§) = €/(¢') and Ime D Ime'.

The space we will use in the decoupling theorem is the geometric realisation of
the semi-simplicial nerve of the poset Dy (W; P). We quickly recall the definitions of
augmented semi-simplicial spaces and their realisation, for a detailed exposition see
[21].

A semi-simplicial space is a functor AP

in; — Top, where A;,; is the category
with object the linearly ordered sets [p] = {0 < --- < p} and morphisms the injective
monotone maps. We denote such a functor by X, and write X, = X,({1,...,p}). The
datum of a semi-simplicial space is equivalent to the collection of spaces X, p > 0,
together with face maps d; : X, = X, for ¢ = 0,...,p, satisfying d;d; = d;_.d; if
1< 7.

Denote by AP the standard p-simplex

p
AP = {(to,...,tp) RV t;=1and t; > 0 for all z}
i=1

To each morphism ¢ : [p| — [q] in A;;,;, there is a continuous map ¢, : AP — A? such
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that ¢.(to,....tp) = (S0, .., 8q) With s; = 37,1 ti. The geometric realisation of

a semi-simplicial space X, is the quotient space

| X| = (];[Xp x Ap)/w

where (z, ¢.t) ~ (¢p*x,t), and ¢ is a morphism of A;,;.

An augmented semi-simplicial space is a triple (Xo, X_1,&,), where X, is a semi-
simplicial space, X_; is a space and &, is a collection of continuous maps ¢, : X, —
X_; satistying d;e, = €,1 for all p > 0 and all face maps d;. We also say that
€e 1 Xo — X _1 is an augmentation for X,. It is simple to verify that an augmentation
induces a continuous map |gq] : | Xo| = X_;.

Any topological poset () defines a semi-simplicial space ()o by setting ), to be
the subspace of tuples (go < -+ < ¢,) € QP*', and face maps

di - Qp — Qp for0<i<p

(q()<"'<qp)'—>(q()<"'<@;<"'<qp)-

We refer to (), as the semi-simplicial nerve of the poset Q.

Let Dx(W; P), be the semi-simplicial nerve of the poset Dx(W;P). By the
definition of the partial order, the map p induces an augmentation Dx(W; P), —
Cs(W; P). It might be helpful to keep in mind the following visualisation for ele-
ments in the space |Dx(W; P),|: any point can be expressed by a tuple

((e0, &) < -+ < (ew,&k)ito,---»th) to -+t = 1.

The poset construction implies that for such a tuple eg(&y) = -+ = ex(&) and Im ey D
-+ D Imeg. We can visualise it as a collection of descending embedded discs around
the configuration e;(&;) in W. Each collection of embedded discs has weights adding
up to 1 and when the weight associated to a collection of embeddings goes to zero,
that collection disappears. The equivalence relation guarantees that we can always
get a representative for the collection of discs such that each component has at least

one particle of the configuration inside it. See Figure (9.2

Proposition 9.2.2. The map p : Ds(W; P) — Cs(W; P) induces a weak homotopy
equivalence

|Dsy(W; P)o| = Cs(W; P).

The proof of the above will be a direct application of [29, Theorem 6.2]. For
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Figure 9.2: Element in a 2-simplex of |Dx(F3)|.

completeness, we quickly recall the statement of this result to clarify the conditions
that will be checked in the proof of Proposition We follow the notation and
definitions of [29].

An augmented topological flag complex [29] Definition 6.1] is an augmented semi-
simplicial space € : X, — X_; such that

(i) The map X,, = Xo Xx_, - -+ Xx_, Xp taking an n-simplex to its (n + 1) vertices

is a homeomorphism onto its image, which is an open subset.

(ii) A tuple (vo,...,v,) € XoXx_, - Xx_, X lies in X,, if and only if (v;,v;) € X
for all ¢+ < j.

The result below is a criterion to determine when an augmented topological flag

complex X, — X_; induces a weak equivalence | X,| = X_;.

Theorem 9.2.3 ([29], Theorem 6.2). Let Xy — X_1 be an augmented topological flag
complex. Suppose that

(i) The map € : Xo — X_1 has local sections (in the strong sense that given any
x € Xy, there is a neighbourhood U C X_y of () and a section s : U — Xy
with s(e(x)) = .

(ii) € : Xo — X _1 is surjective.

(iii) For any p € X_y and any non-empty finite set {vy,...,v,} € e (p) there exists
av € e Yp) with (v,v) € X_y for all i.

Then | Xo| — X_1 is a weak homotopy equivalence.

The proof of Proposition [9.2.2] consists of showing that the augmented semi-
simplicial space p : Ds(W; P)y — Cx(W; P) satisfies all the hypothesis above.

Proof of Proposition[9.2.3. 1t is simple to verify that Ds(W;P)s — Cx(W;P) is
an augmented topological flag complex. We need to verify that the hypotheses of
Theorem [9.2.3 are satisfied:
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(i) To see that p : Dyy(W; P) — Cs(W; P) has local sections, fix (e, &) € Dx(W; P)
and let U C Cy(W; P) be the subset of configurations which are contained in the
image of the embedding e. Then s : U — Dx(W; P) defined by x — (e,e !(x))

is a local section.

(ii) p : Du(W;P) — Cx(W; P) is surjective, since any configuration ¢ admits a
tubular neighbourhood e. Then (e,e™!(£)) is an element of Dx(W; P) in the

pre-image of &.

(iii) For a configuration ¢ € Cx(W; P) and a non-empty finite subset {(e1, &), ..., (ex, &)}

in its pre-image, we can always find e an embedding of R%’s containing e;(&;)
and contained in all e;. For instance by taking e to small open discs around the

points in the configuration.

Then by [29] Theorem 6.2], the map |Dg(W; P)s| = Cx(W; P) is a weak homotopy

equivalence. O

The space Dx(W; P) is equipped with an action of Diff(W): for ¢ € Diff(W), an
embedding e : %I]Rd — W, and £ = (z1,...,Zn;P1,.-.,Pn) a configuration of points in
LR with labels in P, we define

(b : [675] = [6 © ¢,£L‘1, s 7$n;De(x1)¢ “P1, .- 7De(mn)¢ pn]

It is simple to verify this action is well-defined and preserves the partial order in
Ds,(W; P). Moreover it follows directly from the definition that the augmentation
map p : Ds(W; P) — Cx(W; P) is Diff(W)-equivariant.

Since the partial order in Dx(W; P) is compatible with the Diff(1¥)-action, it
induces a fibrewise partial order on Dy (W; P) Xpigayy Emb(W,R>) over BDiff(IV).
Then the semi-simplicial nerve of the poset Dx,(W; P) X pig(wy Emb(W, R*) is simply
is the fibrewise semi-simplicial nerve Dx,(W; P)s X pigwy Emb(W,R*).

Corollary 9.2.4. The map Ds(W; P) — Cx(W; P) induces a weak homotopy equiv-
alence

|Ds(W; P)e X ity Bmb(W, R®)| —s Cs(W; P) / Diff (W)

The above follows directly from the definition of the definition of the partial order
on Ds;(W; P) Xpigg(w) Emb(W,R>) and Proposition [9.2.2]

Corollary allows us to use a disc model for the space of configurations with
partially summable labels when proving the decoupling in this setting. We finish this

93



section by introducing another space of discs and configurations which will be used

in the decoupling.

Definition 9.2.5. Let M be a smooth compact manifold of dimension n > d. The
d-discs model for configurations in M with summable labels in P, denoted DZ(M; P),

is the quotient
(H Emb(];[Rd;M) X (ZGL) Cz(];[Rd§P)) / ~
k>0
where (e : IRT — M, &) ~ (¢ : IRY — M, ¢') if there are injections k& — m and
k < n such that the induced inclusions 7, : IR? — IR and i, : IR — LIR? satisfy

EC Imiy, & CImiyand eoiy =€ oi.

We equip this space with a partial ordering by declaring (e, &) < (€/,¢’) if, for some
representative of the classes, e(§) = €/(¢’) and Ime D Ime’. We denote the semi-

simpicial nerve of this poset by D&(M; P),.

9.3 The decoupling theorem

In this section we prove the main theorem of this chapter, which is a decoupling
result for Cx(Fw; P) //Diff (F).

For every g > 0, we have a splitting map

Dyx(F,1; P) x Emb(F, ;,R®) — Emb(F,;,R>) x D%(R>; P)
((e:IIR? = Fi, &), [ Foo = R®) — (f, (f 0 ¢,8)).

This map is Diff (F} ;)-equivariant with respect to the diagonal action on the left and
the action on Emb(F} ;,R*>) on the right, and it preserves the poset structures. This
map is compatible with the stabilisation F,; — Fj 111, so it induces a map D between

the limit spaces fitting into the following diagram
|Ds;(Fioo; P)e Xpifi(po) Emb(Fioe, R)|

COs(Fu; P) Xpi(r.) Brb(Fa, R®) |BDiff (F0) x D%(R™; P),|
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Theorem 9.3.1. The map
D : |Ds(Fu; P)e Xpii(r) Emb(Fu, R®)| — | BDiff (F) x D5, (R>; P),|

15 a homology isomorphism.

The proof will consist on showing that D is a level-wise homology isomorphism
of semi-simplicial spaces and then show that this implies a homology isomorphism of
geometric realisations, as done in [30, Section 4]. We quickly recall below the spectral
sequence defined in [79, Proposition 5.1] associated to a semi-simplicial space, which
is the key for the homology argument used in the proof of Theorem m (see |27,
Section 1.4] for a detailed discussion).

For any semi-simplicial space X,, the geometric realisation | X,| admits a filtration
by its skeleta, with |X,|(¥) = X, and

‘Xo‘( |X | UXarAq X x A9,
This filtration yields a spectral sequence
By = Hpro(| X9, 1X[7Y) = Hpyy(| X))

and by excision and the Kunneth isomorphism, the left-hand term can be re-written

to give a spectral sequence with
E;,q = Hp(Xq> == Hp+q(|X0|)'

Therefore a map of semi-simplicial spaces inducing a level-wise homology isomorphism
gives an isomorphism of the first pages of the respective spectral sequences, and
therefore a homology isomorphism between the geometric realisations.

The proof of Theorem will use the decoupling result proved in Chapter [§| for
C(F; L), the space of non-colliding configurations with labels in L, where particles
are allowed to vanish when labelled by the basepoint (Proposition . We will
further use that the space C'(Fy; L) is Diff(F,)-homotopy equivalent to the space
of tubular configurations in F,, labelled by L [57], denoted E(F.;L). The space
E(Fy; L) is defined as follows: for a configuration £ of points in Fi,, let Tub(§)
denote the space of tubular neighbourhoods of £&. Then we define

En(Fu; L) = [ Tub) xs, L*

geck Foo)
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and

E(Fy; L) = (HEk(FOO;L)>/z (9.3.1)

k>0

where (f1,..., fk;s1,---,sk) =~ (f1,..., fr—1;51,...,8k—1) if s is the basepoint of
L. In [57, Proposition 2.7, 3.6], it was shown that the map Tub(§) — ¢ induces a

Diff (F. )-equivariant homotopy equivalence
E(Fx;L) —— C(Fx; L)

which will be essential in the proof below.

Throughout the proof, it will be helpful to keep in mind the following picture

Figure 9.3: Correspondence of (9.3.2) between an element of Dy (Fjs; P)y (top) and
E(F3,D,y) (bottom). The dotted regions represent the tubular neighbourhoods and
the arrows indicate their labels.

Proof of Theorem [9.5.1. We start by showing that
Dy (Fuo; P)e Xpiti(r) Emb(Fao, R®) — BDiff (Fiy) x D5.(R>; P),

is a level-wise homology isomorphism.
As before, we can fix for every g > 0 compatible trivialisation of the tangent
bundle T'F; ;. This gives a fixed trivialisation of the tangent bundle of F,. Then

96



every class (e : R? — I, &) € Dx(F4; P) admits a unique representative (¢’, £’) such
that
To)Foo —— R 2 TyR? 225, T,

is the identity map. Similarly, for every class (e : IEIRZ — F, &) € Dg(Fu; P), there
is only one representative (¢/,£’), up to permutation of the path components of IE[RQ,
such that

1%

k ' k
Q Tor0,) Foo —— ]E[R2 ~ ]E[TORQ % 11 Tuop Fro

is the identity map. We call such a pair (¢/,¢’) a tubular representative of the class.
Let D, be the subspace of Dyx(R?; P), consisting of those tuples e = ((eg, &), - - -, (€, &p))
with eq = id. This space is pointed by the unique class on the empty configuration.

We show there is a homeomorphism
Ds(Fy; P), = E(Fx; D)) (9.3.2)

where E(F.;D,) is the space of tubular configurations with labels in D, (see (9.3.1])),
where a tubular neighbourhood is allowed to disappear if it is labelled by the basepoint
of D,, the empty configuration. To describe the homeomorphism, we denote by
ij : R? — LIR? the map induced by the inclusion {j} < {1,...,k}, forall 1 <j <k.
The map Dx(Fx; P), - E(Fx;D,) takes a sequence ((eo,&o),---, (e, &), where
(e : IkJRQ — F,&) is a tubular representative, to the class represented by the
tubular neighbourhood
k e

1 Teoton Foo —— TIR? <2 F,
=1 k

k
and the label associated to the jth component Tt ;) Foc C ] Teo(0,) Foo given by

((id, &), ((eg © ij)_l oe,&1)...,((eoo ij)_l oep&p)) €D,

For intuition behind this homeomorphism, see Figure 0.3 It is simple to explicitly
construct an inverse for this map and check this is a Diff (F, )-equivariant homeomor-
phism.

By [57, Proposition 2.7, 3.6], the map taking a tubular neighbourhood to the
image of its zero section defines a Diff(F)-equivariant map to the space C'(Fu;D,)

which is a weak-equivalence of Diff (F,,)-spaces. Together with the homeomorphism
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this implies that
Dsy(Foo; P)p Xpifi(r) Emb(Fo, R®) = C(Fy; Dp) Xpisi(r.,) Emb(Fy, R™)  (9.3.3)
Similarly, we now show that
D3(R*; P), = C(R™; (EGLS )4 Agrs Dp)- (9.3.4)

Using the same idea as above, we can see there is a homeomorphism

D%(Roo3p>p = (H Emb(];[RQ’ROO> X (SRGLY) (Dp>k> / ~
k>0

where the relation ~ allows embeddings labelled by the empty configuration to dis-
appear (this is very similar to the construction of the space of tubular configurations,
with the difference that the embedded submanifolds are not of the same dimension
as the ambient manifold). Sending an embedding to the image of the origin and the

standard frame gives a homotopy equivalence
Emb(IIR?, R*) ~ Cy(R*) x (EGLJ )

which implies the homotopy equivalence (9.3.4)).

Then we have a commutative diagram

DZ(FOO7 P)p X Diff (Fso) Emb(FOO,ROO) —= C(FOO,DP) X Diff (Foo) Emb(Foo,]Roo)

Dy | =

BDiff (Fy) x D&(R>; P), —=—— BDiff(Fx) x C(R; (EGL3)+ Agy+ D)

where the top and bottom maps are weak equivalences by and , re-
spectively. The right-hand map induces homology isomorphisms by Proposition [8.4.1
with Z = D,,. Therefore D, also induces isomorphisms in homology.

This implies that the map between the spectral sequences associated to the semi-
simplicial spaces X, = Dy (Fi; P)e Xpii(r..) Emb(Fu, R™), and Y, = BDiff(F,,) x
D(R>; P),

E;,q = Hq(Xp) = Hp+q(|X-|)

| J

By = Hy(Y;) == Hpyq(|Ys]).
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induces an isomorphism of E'-pages, and therefore the right-hand map is also an

isomorphism. O

9.4 Monoids of configurations on surfaces with par-

tially summable labels

In this section, we show that Theorem implies a splitting for the group
completion of the monoid of configuration on surfaces with partially summable labels,
analogous to Theorem [8.0.1]

As described in Section , for (P,0) a framed partial 2-monoid with unit, the
configuration space Cx(F, 1; P) carries a natural action of the diffeomorphism group
Diff(F,1). Analogous to the construction of Chapter [8] we denote the associated

Borel construction by
MCs(P), = Cs(F,q1; P) J/Diff (F, ).

As in the previous chapter, fixing embeddings F,; < R x [0, g] C R™® = colimR"
that commute with the stabilisation map Diff(F, ;) — Diff(#,4+1) we can define a

product
M MCE<P)Q X MCE(P>h — MCE<P)g+h

and makes the disjoint union MCyx(P) = oM Cx(P), into a topological monoid,

which we refer to as the monoid of configurations with summable labels in P.

Corollary 9.4.1. For any path-connected framed partial 2-monoid with unit P, there

1s a homotopy equivalence
QB(MCs(P)) ~ 7 x BDiff(F,,)* x |D%(R>; P),|.
The proof of the above result consists of constructing a zig-zag of monoids

[ [Ds(Ey; P)e J/ Diff (Fy 1)

_/ x (9.4.1)
MCsx(P) [ BDiff(Fy,1) x |[DE(R>; P).|.

920

The left-hand arrow is induced by Corollary while the right-hand arrow is in-
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duced by the decoupling map. We describe the monoidal structures using a general
construction for posets.
Given a space () with a partial order <, the space Q) x @) is equipped with a partial

order where
(g1, 42) < (@1, )
if ¢ < ¢; and q; < ¢}, for {4, 7} = {1,2}. With say that a pointed such Q is a partially

ordered topological monoid if it is equipped with a multiplication

H:QxQ—=Q

which is strictly associative, unital and order preserving. The geometric realisation
of the semi-simplicial nerve @, is naturally endowed with a multiplication |u| defined

by

(g0 < - < @mitos- -y tm)(@ < < Tuito,.-.,tn)) =

where ¢; - ¢ = pu(q;, Qo) < -+ < u(q;, @) and t; - t = t;tg, . .., tit,, for all i = 0,... m.
It is straightforward to verify that this is well-defined.

Lemma 9.4.2. For (Q,<,u) a partially ordered topological monoid, (|Q|,|u|) is
a topological monoid. Moreover, any map of partially ordered topological monoids

f:Q — Q' induces a map of topological monoids

fe Qe = 1Q4]

The proof is a straightforward computation and follows directly from the definition
of the semi-simplicial nerve of a poset, |u| and the properties of a partially ordered

topological monoid. We omit the proof for simplicity.

Proof of Corollary[9.4.1. The space ]_[ |Ds:(F,1; P)e //Diff (F, 1) is homotopy equiv-

alent to the geometric realisation of the semi-simplicial nerve of the poset

[ Ps(Fyu; P) /Dt (F, 1)

g>0

with partial order defined component-wise. The fixed the embeddings Fy; < R®~! x
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[0, 9] € R>® = colimR" defined before allow us to define a product

Dyx(Fy1; P) ) Diff (Fy 1) x Ds(Fp1; P) Dt (Fh1) — Ds(Fyna; P) /D (Fyina)

which makes gI;IODg( 1;P) //Diff(F, 1) into a partially ordered topological monoid.
Moreover, one can verify that the augmentations Dy (F,1; P)e — Cx(F,1; P) induce

a map of monoids. Together with Lemma [0.4.2] this gives a map of monoids

[ 1Ds(Fya; P)a jDift(Fy1)| — MCs(P). (9.4.2)

920

On the other hand, the poset D%(R*; P) can be modified to be a partially ordered
topological monoid, using the same strategy Segal used to define a topological monoid
equivalent to C(R>, X), as we recalled in section [8.3] One can then verify that the

decoupling map gives a map of topological monoids

[1|Ds(Fy: P)a jyDift(Fy1)| — [ BDiff(Fy1) x [DE(R™; P),| (9.4.3)

g>0 g>0

just as in Lemma [8.3.1}
All that remains is to verify that the maps (9.4.2) and (9.4.3)) induce homotopy

equivalences on group completions. As the group completions are loop spaces, they are

simple and, by Whitehead’s theorem, it suffices to show the maps induce homology
equivalences on the group completions. All monoids are homotopy commutative,
hence the group completion theorem [62] can be applied. It implies that it is enough

to show that the induced maps on limit spaces

| Ds;(Fi; P)a J/Diff (Foo)| — Cs:(Fo; P) J/Diff (Fix) (9.4.4)
| Ds;(Fi; P)a /Diff (Foo)| — BDIff(Fl) x | DA(R™; P).| (9.4.5)

are homology equivalences. The first map is a weak equivalence by Corollary [9.2.4],

while the second map is a homology equivalence by Theorem [9.3.1 O
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Appendix A

Infinity operads and normalized

cacti

This chapter consists effectively of the paper [3], which is to be published in the
Journal of Topology and its Applications. This project started as part of the Women
in Topology Workshop and it is joint work with Safia Chettih, Abigail Linton, Sophie
Raynor, Marcy Robertson and Nathalie Wahl.

A.1 Introduction

Gluing surfaces along their boundary allows us to define composition laws that
have been used to define cobordism categories, as well as operads and props associated
to surfaces. These have played an important role in recent years, for example in con-
structing topological field theory or computing the homology of the moduli space of
Riemann surfaces. Of particular interest is the cobordism category whose morphism
spaces are moduli spaces of Riemann surfaces. It has long been known that such
moduli spaces admit a graph model: they have the homotopy type of spaces of met-
ric fat graphs [14, 39, [72]. The composition of moduli spaces induced by the gluing of
surfaces was modeled using graphs in [28, Construction 3.29]. Though the resulting
composition is associative on the associated cellular chain complex, it is not associa-
tive on the space level, and, at present, it is not known how to make it associative,
or even coherently homotopy associative [28, Remark 3.31]. In genus 0, this graph
model of the cobordism category includes normalized cacti (eg. [92, Remark 2.8]),
whose composition was also known not to be associative [48, Remark 2.3.19]. The
goal of our paper is to show that the composition of normalized cacti is associative

up to all higher homotopies, and hence normailzed cacti form an oo-operad in the
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way detailed below. We expect that the technique presented here can be extended to
likewise show that the composition in the graph model of the cobordism category is

also associative up to all higher homotopies.

Figure A.1: Spineless cactus with 7 lobes, with its outside the dotted line.

A cactus is a treelike configuration of circles (Figure . The cactus operad,
originally introduced by Voronov [89, Section 2.7], and its spineless version, intro-
duced by Kaufmann [48], Section 2.3], are models for the framed and unframed little
disc operads respectively [48, Section 3.2.1]. Operadic composition is by insertion:
identifying the outside contour of one cactus with the lobe of another cactus and
scaling the inserted cactus appropriately. Here we work with the spineless version for
simplicity.

A cactus is mormalized if each circle in the cactus has circumference of length
one. The space of all normalized cacti with k-lobes is denoted by cact!(k) and
these spaces assemble into the symmetric sequence cact' = {cact!(k)};>0, with each
cact! (k) C cact(k) a homotopy equivalent subspace, for cact(k) the space of all cacti
with k& lobes. (See [48, Section 2.3].) Composition of normalized cacti is defined
by insertion as for the cactus operad, but instead of scaling the inserted cactus to
the size of the lobe it is inserted in, one scales the lobe to the size of the inserted
cactus. Surprisingly, as illustrated in Figure [A.16] this new composition is not as-
sociative ([48, Remark 2.3.19]). So, normalized cacti do not form an operad. This
non-associative composition is, however, the one relevant to the graph model of the
cobordism category, as we explain in Remark [A.5.1]

Operads can be described as algebras over the operad of operads O, an operad
whose elements can be represented by certain trees (Definition [A.2.8)). In Section [A.3]
we define a bracketing of a tree and use it to construct a new topological operad BO

(Definition |[A.3.9) whose algebras are homotopy associative versions of operads: Any
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BO-algebra has an underlying symmetric sequence and a preferred composition, but
the composition is only associative up to coherent homotopy. The operad BQO is the
realization of an operad whose operations lie in the poset of bracketings of the trees
in O.

Given a composition on a symmetric sequence, an action of the operad BO gives
a hands-on way to keep track of the homotopies required to show that it is coherently
homotopy associative. We illustrate how to construct a BO-algebra in practice by

showing:

Theorem A.1.1 (Theorem [A.5.12). The symmetric sequence {cact'(k)}i>o of nor-
malized cacti, together with the cact! composition described above, extends to a BO-

algebra structure.

In this paper, we show that this hands-on notion of an operad up to homotopy
is related to more well-known notions of oc-operads. There exists several models
of co-operads in the literature: lax operads, obtained by resolving the operad of
operads [15], dendroidal sets or spaces satisfying an inner Kan or Segal condition [I8],
Proposition 6.3, Theorem 8.15] and [I8], Definition 8.1], Lurie’s co-operads [41], Section
2.5], [17, Corollary 1.2] and Barwick’s complete Segal operads [I7, Theorem 1.1].
These models are all Quillen equivalent, and also Quillen equivalent to topological
operads themselves [I9, Theorem 8.15]. We compare our construction with two of
these notions of co-operads. In Section [A.4] we show that any BO-algebra defines a
dendroidal space satisfying a weak Segal condition, and in Section [A.6, we show that

any BQO-algebra is also a lax operad in the sense of [15].

To associate a dendroidal space to a BO-algebra, we first construct a topological
enrichment 2 of the dendroidal category €). The objects of Qo are trees, as for 2, but
morphisms are the realisation of certain posets of bracketings in trees, defined in a
similar fashion to the operad BO. Diagrams over this thickened dendroidal category
§~20 are types of homotopy coherent dendroidal spaces. By defining a nerve functor
that takes a BO-algebra to the category of reduced ﬁo—diagrams that satisfy a strict

Segal condition, we prove the following:

Theorem A.1.2 (Theorem |A.4.8)). There is an isomorphism of categories between
BO-algebras and the category of reduced Qo—diagmms that satisfy a strict Segal con-

dition.

In Proposition|A.4.10 we show that a Qg—diagram can be rectified to an equivalent

()—diagram, i.e. an actual dendroidal space. Moreover, we show that this rectified
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dendroidal space satisfies a weak version of the Segal condition if, and only if, the
original ﬁgfdiagram satisfies such a condition. We describe this rectification explicitly
in the case of normalized cacti in Corollary [A.5.13]

The other notion of co-operads we consider are a more classical notion of an operad
up to homotopy obtained by resolving the operad of operads O via the Boardman-
Vogt W-construction. A W (O-algebra is an operad up to homotopy, where the sym-
metric group action, the unit and associativity relation are all assumed to hold only
up to coherent homotopy. For this reason, W O-algebras are called lax operads in the
Ph.D. thesis [15]. Algebras over the operad WO are a model for co-operads: there
exists a zig-zag of Quillen equivalences between the category of W(-algebras and
reduced dendroidal Segal spaces. (For example this can be seen by combining Theo-
rem 4.1 of [5] with either Theorem 1.1 of [7] or Theorem 8.15 of [19].) However, the
operad WO is not easy to work with directly. Indeed, its elements are trees (from the
W—construction) whose vertices are themselves decorated by trees (from the operad
O), where the first trees compose by grafting and the second trees compose by vertex
substitution. In Section [A.6] we show that the operad BO is actually isomorphic to
a quotient WO of WQO:

Theorem A.1.3. [ Theoremm/ There exists an isomorphism of topological operads
WoO = BO, for WoO an explicit quotient of the operad WO. In particular, any BO-
algebra is also a WO-algebra.

A WyO-algebra (or equivalently BO-algebra) is a homotopy operad where the
composition is still only homotopy associative, but where the symmetric group action
and unit are strict. We show in Corollary that every BO-algebra is homotopy

equivalent to a strict operad.

The relationship between the operad BO = WO and the dendroidal category 2 is
detailed in Theorem [A.1.2] in which we show a “bracketed version” of the equivalence
between O-algebras and appropriate 2-diagrams. As the operad WO is a more
complete resolution of O, it is natural to ask if an even larger resolution of the
dendroidal category {2 extends this relationship. For a category IC, there exists a
resolution similar to the W—construction, namely the “explosion” K of the category, as
studied by Segal [81, Appendix B] and Leitch [53]. This “explosion” has the property
that szdiagrams are coherently homotopy K-diagrams. Applying this construction
to the category €2, one could expect that W (O-algebras are related to ﬁ—diagrams
in the same way that BO = W,O-algebras are related to Qo—diagrams. We show
in Theorem that this does not quite hold, proving instead that there is an
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embedding of the category of W O-algebras as a full subcategory of the category of

Qfdiagrams satisfying a strict Segal condition.

By combining Theorem and Theorem or Theorem [A.1.3] normalized

cacti are a rare example of an oo-operad that does not arise via the application of
a nerve construction to a known (discrete or topological) operad. Indeed, to our
knowledge, only a few such examples exist in the literature; see the weak operad of
configuration spaces [35, Corollary 5], the configuration categories of [?] or examples

that arise as a result of completion as in [8, Proposition 5.1].

The input of the construction of our explicit infinity operad structure on normal-
ized cacti is a pre-given composition that we show to be associative up to coherent
homotopy by using the operad BO = WO/ ~. The homotopies are constructed
using the contractible space of basepoint preserving monotone reparametrizations of
the circle (see the proof of Theorem [A.5.12). To extend the results to the cobordism
category of graphs described above, one would need to replace O by the operad PO,
whose algebras are all symmetric properads [93, Section 14.1.2], define a resolution
“BPQ”, as the appropriate quotient of the W-construction applied to PO. Our ex-
pectation is that these same reparametrisations of the circle will likewise provide all
the necessary homotopies to provide an infinity composition in the graph model of

the cobordism category.
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A.2 Preliminaries on Operads

A symmetric sequence in a symmetric monoidal category S is a collection P =
{P(k)}r>0 of objects in S in which each P(k) comes equipped with an action of the
symmetric group ;. In this paper, our symmetric monoidal category S will either
be the discrete category of sets, the category of simplicial sets, or the category of
topological spaces with their standard Cartesian products.

An operad in S is a symmetric sequence P = {P(k)},r>o together with a distin-

guished element ¢ € P(1), called the unit, and a collection of composition maps
oj : P(k) x P(j) —— P(k+j—1),

1 <7 < k, which are associative, unital, and equivariant. For more complete details
see, for example, [58, Definition 11]. Given an operad P, a symmetric sequence
Q = {9Q(k) C P(k)}rk>o is a suboperad of P if the restriction of the composition maps
in P induce an operad structure on Q. A morphism of operads f : P — Q is a family

of equivariant maps

{f(k) : P(k) = Q(F) }r=0
that are compatible with composition and units.

Remark A.2.1. It is equivalent to work with individual compositions

or with all o;-compositions simultaneously. In the latter case, the simultaneous com-

positions are denoted by a map
vp: P(k) x P(j1) x ... x P(j) = P(Eyji).

(eg:[58, Proposition 13]).

More generally, we will use colored operads. For any non-empty set &€, a €-
colored symmetric sequence is a family of objects P := {P(c;c1,...,ck) k>0 in S,
where (¢;eq,...,¢) ranges over every list of colors in € together with a map o* :
P(cicr,... ) = Pleicoqy, -, Comy) for each o € ¥ A C-colored operad is a

¢-colored symmetric sequence P together with a family of partial composition maps

0;: P(c;cl,...,ck) XP(d;dl,...,dj) _>P(C;Cly-H;Cifl,dl;---adjacz#l---;Ck)
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defined only when ¢; = d, together with an element ¢, € P(c;c) for each ¢ € €,
which satisfies unit, equivariance and associativity conditions. For more details see,
for example, [, Definition 1.1]. When the color set is € = {x}, a €—colored operad is
a one-colored operad. In this paper we will refer to both operads and colored operads
as “operads”, only mentioning the color set when necessary.

An algebra over a (€—colored) operad P is a collection of objects {X(¢)}eee in S

together with evaluation maps
a: Pleer, ..o c) x X(ep) x - x X(ep) — X(c)

satisfying appropriate associativity, unit and equivariance conditions, see e.g. [5], Def-
inition 1.2]. The category of P-algebras in S is denoted P—Algg.

Our main example of a colored operad will be the N-colored operad O, whose
algebras are the (non-colored) operads, see Definition [A.2.8] In Section [A.5] we will

also make use of the following operad:

Example A.2.2. Let X be a fixed space in S. The coendomorphism operad of X,

CoEnd(X), has an underlying symmetric sequence with arity k& spaces
CoEnd(n)(X) := Map(X, X*¥).

The symmetric groups act by permuting the factors of f = (f1,..., fx) € CoEnd(k).
If f=1(fi,...,fx) € CoEnd(k)(X) and g = (g1,...,9;) € CoEnd(j)(X) the partial

compositions
o; : CoEnd(k)(X) x CoEnd(j)(X) —— CoEnd(k+j — 1)(X)
are given by

foz‘Q:(fla---afzeuglofi,---7gj0fiafi+17---7fk)-

A.2.1 Trees

Throughout this paper, we use trees to model operad compositions and as the
basis of our main constructions. A graph G is a tuple (V(G), H(G), s,i) where V(G)
is a set of vertices, H(G) a set of half-edges, s : H(G) — V(@) is the source map and
i H(G) — H(G) is an involution. Orbits of the involution i are called edges of G
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and the set of edges is denoted by F(G). An edge represented by a pair {h,i(h)} with
i(h) # h is called an internal edge, and the set of internal edges is denoted iFE(G).
Edges corresponding to orbits of fixed points of the involution are external.

A tree is a simply connected graph. All our trees will be rooted, i.e. they come
with a distinguished “outgoing” external edge called the root. All other external edges
are “incoming” and called leaves. The set of leaves is denoted L(T'). The arity of T
is the number of leaves |L(T")|. The root of the tree is denoted R(T).

Note that a rooted tree can be canonically made into a directed graph by setting
all the edges to point towards the root. Then note that the set of edges incident to a

vertex always has a unique outgoing edge, the one closest to the root, and all other

edges are incoming edges. The number of incoming edges of a vertex v is called the
arity of the vertex and denoted by |v|, with |v| > 0 any natural number.

We allow the special tree n = |, with no vertices and a single edge. The trees
with a single vertex and n leaves are called n-corollas and denoted C,. A rooted
tree S is a subtree of T if V(S) C V(T') preserving the arity, H(S) C H(T'), and the
structure maps for S are restrictions of the structure maps for 7', defining i(h) = h
in Sifi(h) =h in T with b’ ¢ H(S). A planar tree is a rooted tree together with
a preferred isotopy class of embedding into the plane. Note that this is equivalent to
defining a planar tree as a tree with a canonical ordering of the incoming edges at

each vertex.

We use planar trees to model operad compositions via an operation called grafting.
Given trees T and 7", of arity n and m respectively, and a leaf i € L(T'), the grafting
of T onto T along the leaf i is defined to be the tree T o; T” obtained by attaching
the root of 7" to the leaf i of T' so that they form a new internal edge in the grafted
tree (Figure [A.2). Grafting of trees is also used to model the free operad generated
by a symmetric sequence, as we will explain now. To avoid confusion later, when we
will have to decorate vertices of trees by other trees, we will use blackboard fonts for
the trees in the free operad construction (and later the associated W-construction in
Section , as we will soon apply this construction to a symmetric sequence of

trees, which will give (blackboard) trees of (plain) trees.

Definition A.2.3. Let P = {P(c;c1, ..., ck)}e; ceec be a €-colored symmetric sequence
in §. A planar tree T is €-colored if it is equipped with a map f : E(T) — €, we
refer to f(e) as the color of the edge e. A €-colored planar tree T is decorated by P
if each vertex v € V(T) is labeled by an operation in p, € P(out(v);in(v)), where
out(v) is the color of the outgoing edge of v, and in(v) is the list of colors of the

incoming edges of v, ordered by the planar structure. The free operad F(P) on P is
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7
T
T/
(a) Example trees T and T’ (b) The grafting T o;
T/
Figure A.2: Grafting of trees.

the €-colored operad whose k-ary operations are the €-colored, P decorated, planar
trees T of arity k with leaves labeled by a bijection A : {1,...,k} — L(T).
Explicitly, for each ¢, cq,...,¢c; € €,

F(P)(c;cry. .. cx) = < H H P(out(v);in(v)))/ ~,

(T,f,\) veV(T)

where (T, f, A) runs over all isomorphism classes of leaf-labeled €-colored planar trees
with k leaves such that f(\(i)) = ¢;, f(R(T)) = ¢, and where the equivalence relation
is generated by the following:

x) two labeled trees (T, f, A, (po)vev(m) and (T, ', N, (p) )wev(ry) are equivalent
(T) w (T)

if there exists a non-planar isomorphism « : T — T’ such that foa = f,

aoX =N, and 0,(a)py = Pa(w), for o,(a) the permutation on in(v) induced by

Q.

The symmetric group acts on F'(P) by permuting the labels of the leaves, acting
on A, and composition in F(P) is given by grafting of trees, with o; grafting at the

leaf A(7). For full details see, for example, the construction under Corollary 3.3 [5].

We now employ the free operad construction to define a class of free operads (7T)
generated by a planar tree T. This will play a fundamental role in the definition of
the dendroidal category (Section [A.2.2)), which describes a model for co-operads.

Example A.2.4. A planar tree T generates a free colored operad Q(7') as follows.
The set of colors of (T) is the set of edges € = E(T). We define a discrete E(T)-

coloured symmetric sequence X (T') by

{ov} if (e;eq,...,e,) = (out(v);in(v)), forv e V(T),
X<T)(e? 60(1)7 s 7€U(n)) = .
0 otherwise,
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with its built in free symmetric group action. Then Q(T') := FX(T) is the free operad
on the collection X (7"). Explicitly, Q(T") is an E(T')-coloured operad with

oS if (e;eq,...,e,) = (R(S); L(S)), SCT,
Q(T) (6; 60(1), C.e ,eg(n)) = ]
0 otherwise.

for S C T a subtree of T'. Composition, as in the free operad, is given by grafting of

subtrees. For further details, see Section 2.2 and just above Definition 2.3.1 in [64].

A.2.2 The dendroidal category (2

The model we use for oco-operads is that of dendroidal Segal spaces that satisfy
the weak Segal condition. Dendroidal spaces are diagrams of the dendroidal category.
The dendroidal category €2 is the full subcategory of colored operads whose objects
are the free operads Q(T') generated by trees (as in Example [A.2.4). In other words,
objects of €2 are planar isomorphism classes of planar rooted trees and morphisms in

Q) are defined to be operad maps
Homgq (S, T) = Homg,(2(5), Q(T)).

Morphisms in 2 can be described as a composition of four types of elementary mor-
phisms: isomorphisms, degeneracies, inner and outer face maps. In terms of trees,
isomorphisms are non-planar tree isomorphisms, inner face maps are of the form
0. : T/e — T, where T'/e is the tree obtained from T by contracting an inner edge
e € iE(T). If v is a vertex of T" with only one inner edge attached to it then 7'/v is
the tree obtained from 7" by chopping off the vertex v and the inclusion 9, : T'/v — T
is an outer face map. A degeneracy is a map s, : T/v — T where T'/v is obtained
from T by deleting a vertex v, with |[v| =1, 1in T.

In the opposite category Q°P, outer face maps correspond to restriction to certain
allowed subtrees, while inner face maps correspond to edge collapses. For more details

and plenty of examples see [65, [64].
Remark A.2.5. Our definition of €2 differs slightly from the usual definition in that

we have chosen our objects to be planar trees. Technically, what we have described

here is the equivalent category €' from [64, 2.3.2].

Definition A.2.6. A dendroidal space X is an -diagram X : Q% — S, where S is

either the category of simplicial sets or topological spaces.
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The evaluation of X at a tree T' is denoted X (7). A dendroidal space is called
reduced if X (n) = *, where n = |. We will write S for the category of dendroidal

spaces.

For any vertex v in a tree T € €2, we have an associated outer face map in €2
C,—T

taking the unique vertex of the corolla to v € V(T), where C, is the corolla with
|v| leaves. Likewise, for any internal edge between vertices u and v in T, there is a
commuting diagram in €2

—.C,

N
C,—T.
Let Sk;(7T') be the category whose objects are the edges and vertices of T', thought of
copies of 1 and corollas C,,, and whose morphisms are associated to edge inclusions
in T', as in the top left corner of the above diagram.
For a dendroidal space X, the Segal map is the unique map from X (7°) to the limit
limgy, (7)e» X induced by the corolla inclusions. When X (7)) = *, this limit becomes a

product over the value of X at the corollas, and the Segal map becomes the map

X: X(T) — [loevir) X(C)

veV
with components the restriction to the value of X at each corolla.

The category of 2-diagrams admits two Quillen model category structures: the
Reedy model structure and the projective model structure which are Quillen equiva-
lent (see e.g. [9, Remark 2.5]). Throughout, we take the projective model structure in
which a morphism of €)-diagrams is a weak equivalence or fibration if it is entrywise

a weak equivalence or fibration.

Definition A.2.7. A dendroidal space X € S®” satisfies a strict Segal condition if
the Segal map is an isomorphism for each n # T € Q.

A.2.3 The operad of operads

One of the main constructions in this paper is the operad BQO. This operad builds
on an N-colored operad O called the operad of operads, whose algebras are one-colored

operads.

112



Let T be a planar tree. For a vertex v € V(T') with arity |v| = m and a planar
tree T" with m leaves, the substitution T e, T’ is obtained by removing the vertex v
from T and identifying the incoming and outgoing edges of v with the leaves and root

of T", respectively. An example is shown in Figure [A.3]

i
T i
T/
(a) Example trees T and T’ (b) The substitution T e,
T/
Figure A.3: Tree substitution (Compare with grafting in Figure .

A labelled planar tree is a triple (7', 0,7), consisting of a planar tree T" equipped
with bijections o : |V(T)| — V(T) and 7 : |L(T)| — L(T). Two such triples (T, 0, 7)
and (T",0',7") are isomorphic if there is a planar tree isomorphism 7" — T” that
respects the labelling o, 7. We represent a labelled planar tree (T, 0,7) by writing
above each leaf ¢ € L(T) the number 771(¢), and writing by each vertex v € V(T
the number o~ !(v), as depicted in Figure[A.4]

2 3
4@ 45
79811
2 6 10
) 3
1

Figure A.4: Example of a labelled planar tree in O(11;5,3,4,2).

We also define a tree substitution that is compatible with the labellings of the
leaves. Let (T,o,7) and (T",0’,7’) be two planar labelled trees with |V(T)| = k,
\V(T")| =1 and |L(T")| = |o(i)] = m;. The map 7" encodes a permutation in the
symmetric group with m; elements. We obtain a new planar tree (Té(i))T by applying
the permutation 7 on the m; incoming edges of the vertex o(i) € V(T'). We then
define

T ooy T = (10,)T 0oy T'. (A.2.1)
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In particular, V(T e,4) . T") = {V(T) — o(i)} H V(T"). The labelling on the
vertices of T e,(;) 1" is given by the map o o; ¢/, which is the induced bijection
{1, k+1-1} = V(T ey 1)

o (j) 1<j<i
Jr g o —i+1) i<j<i+l
o(j—1l+1) i+l<j<k+I1-1.

An example is shown in Figure[A.5] In the case where the order induced by 7’ on the

2 3
3 2
49 45 2
79811 1 1
2 6 10 00(2)77_/ =
1 3 2
1

Figure A.5: Example of composition in O where 7’ is different to the planar order of

in(o(2)).

54 2 3

m; incoming edges of (i) is the same as the order induced by the planar structure,
then T' (i), =T .a(i) T

Definition A.2.8. The operad of operads O is the N—colored operad, for which
O(”a my, ... 7mk>

is the discrete space whose elements are isomorphism classes of labelled planar rooted
trees (T, 0,7) where T is a planar tree with k vertices and n leaves, with bijections
o: |\V(T)| = V(T), 7: |L(T)| — L(T), such that the vertex o(7) has arity m, for each

1 <17 < k. The composition operation

O(n;ml,...,mk) XO(mi;bl,...,bl) L> O(n;ml,...,bl,...,bl,...,mk)

(T,o,7),(T",0',7")) + » (T,o,7)0; (T, 07, 7)

is induced by tree substitution that is compatible with the labelling as in (A.2.1)),
where
(T,0,7)0; (T, 0", 7") = (T ®y5,» T',0 050", 7).
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The unit for this composition, for the color n, is the element of O(n;n) represented
by the corolla C),, equipped with the canonical left-right labelling. The symmetric
group X acts on (T,0,7) € O(n;my,...,my) by precomposition on the labelling o
of the vertices V(7).

We further observe that, for each m,n € N,

¥, form =n,

Om;n) = { ) when m # n.

The isomorphism O(n;n) = ¥, corresponds to labelling the leaves of a corolla C,
in all possible ways. The unique arity 0 operation in O is represented by the special
tree n € O(1;0). An O-algebra, P, is precisely a one-colored operad. That is to
say, P has an underlying N-graded object P = {P(n)},en in S. Moreover, P admits
actions O(n;n) x P(n) — P(n) for all n and thus P has an underlying symmetric

sequence. By definition, we have
O(n;my,...,mg) X P(my) x ... x P(my) C FP(n),

where F'P is the free operad on the symmetric sequence P, and

FP(n) = H H O(n;ma,...,my) x P(mqy) x ... x P(my)

keN \ (mi,...,my)ENF pof

so the action maps
a:O(m;ma,...,mg) x P(my) x ... x P(my) = P(n)

induce maps F'P(n) — P(n) for all n, and by the algebra axioms, this is precisely the
data of a symmetric operad in S (See [0, Example 1.5.6]). Note that, in particular,
the o;-compositions of an operad P are governed by the trees with one internal edge

in O(n;my, ms), where n = my +mgy — 1.

A.2.4 The relationship between operads and dendroidal spaces

Dendroidal spaces with X (n) = * that satisfy a strict Segal condition are closely

related to one-colored operads. Explicitly, every operad P can be viewed as a den-
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droidal space via the dendroidal nerve construction that defines a functor
NYP)(T) = Homoy(Q(T), P)

as T ranges over ). The nerve of the free operad (T is just the representable
dendroidal space Q[T] := Homgq(—,T). A dendroidal space X is the nerve of an
operad if, and only if, the Segal map of Definition is an isomorphism for all T’
[19, Lemma 6.4; Proposition 6.5]. To put this altogether, there is an isomorphism of

categories
O_AlgS = (Sgop)strict

where O is the colored operad whose algebras are one-colored operads (Definition|A.2.8]
below) and (SQOP)Smct denotes the category of reduced dendroidal spaces satisfying

the strict Segal condition. We will prove similar statements for “thickened” versions
of Q in Theorem [A.4.§ and Theorem [A.7.6]

A.3 The operad of brackets BO

In this section we introduce a new topological operad called the operad of bracketed
trees. In short, the operad BO captures a weak notion of an operad in the sense that
a BQO-algebra is a symmetric sequence with o;-operations that are only associative
up to higher homotopy. The construction of the operad BQO allows one to check with
relative ease whether a symmetric sequence with compositions assembles into an oo-
operad. In Theorem [A.5.12] we use this to show that normalized cacti admit such
a structure. Moreover, we expect that this construction provides a general method
that one can use to construct other examples of co-operads.

One could instead use the classical Boardman-Vogt W-construction on the operad
O to obtain an operad WO whose algebras are homotopy operads (lax operads in the
language of [I5]). It is known to experts that bracketings in trees are related to this
operad WO, but the precise details are difficult to find in the literature. (However,
see [60, Section 2.3], in particular Theorem 4, together with Remarkbelow, for
an algebraic version of this in the case of non-symmetric operads.) In Section we
will show that BO identifies with a quotient of the operad W . Bracketings in trees

have also appeared elsewhere, see eg. [24], 25], and the parenthesizations of [83] 2.6].
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A.3.1 Bracketings of trees

We define in this section the poset of bracketings of a tree, starting with the

definition of a bracketing:

Definition A.3.1. A tree is called large if it has at least two vertices (or equivalently,
at least one internal edge). A set {S;};cs of subtrees of a tree T' is nested if, for any
i,j € J, the set of common vertices V(S;) NV (S;) is either V'(S;), V(S;) or empty. A
bracketing B of a tree T is a (possibly empty) collection B = {S;},c, of nested large

proper subtrees of T'.

Recall from Section [A.2.1] that a subtree of T is a tree S whose vertices are a
subset of the vertices of T, and whose half-edges are all the half-edges in T" attached
to such vertices. Therefore, a subtree is completely determined by its vertices. With

this in mind, we will represent bracketings as in Figure [A.6]

Figure A.6: Example of a tree bracketing with 3 nested subtrees.

Definition A.3.2. Bracketings of a tree T' form a poset of bracketings B(T') with
the relation B’ < B if B’ C B.

We denote the geometric realisation of the nerve of the poset B(T') by |B(T)|. A
point in
B(T)| = [[ N.B(T) x A"/ ~
r>0
is a pair (B, t) with B = By C --- C B, a sequence of bracketings and ¢t € A”. Such a
pair (B, t) can be interpreted as a weighted bracketing with underlying set of brackets

B, = U]_,B; and weights given by

t:<]—7t177t'r)€AT:{1:t02t12Ztrzo}
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where we assign the weight ¢y = 1 to all brackets in By, and for each 1 < i < 7,
the weight ¢; to all brackets in B;\B;_1. In particular, a weighted bracketing with all
brackets having weight 1 corresponds to a vertex B = By in the nerve of the poset.
Also, the equivalence relation on the realization implies that a bracket of weight 0
can be discarded. (See also Section and in particular the proof of Lemma
where this point of view is used to relate BO to the operad WO.)

Example A.3.3. If T' = (), then T does not admit any large subtree, therefore
B(T) = {0} only has the empty (or trivial) bracketing.

Example A.3.4. Let T' be the tree %, then the space |B(7T')| is depicted in Figure
m (left). Note that the initial object in the poset is the empty bracket, in the centre
of the pentagon (the 4th associahedron).

Figure A.7: Geometric realization of the poset B(T') of Examples [A.3.4 and [A.3.5]

More generally, let T,, be a tree with n vertices such that no vertex is connected
to more than two inner edges. For such trees, the set of vertices can always be given
a total ordering, for instance by constructing a list starting with a vertex v connected
to only one internal edge, and defining the next element of the list to be the vertex
sharing an edge with v that has not yet been listed. Then a bracket of T;, can be
immediately identified with a meaningful placement of parentheses on a word with
n letters where the word is represented by the ordered set of vertices. Therefore,
|B(T,)| can always be identified with the n-th associahedron (see also Remark

for another approach to this statement).
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Example A.3.5. Consider a tree T" with three inner edges all meeting at a single
vertex. Note that the poset of bracketings depends only on the relative positions of
the vertices (or analogously, the inner edges) of the tree T', and is independent of the
number of leaves at each vertex. Therefore, the realization poset of bracketings of T’
is the hexagon (two-dimensional permutahedron) depicted in the Figure (right),

using as an example the tree 7' =},

Example A.3.6. Figure depicts the realisation of the poset of bracketings of
a tree T with four inner edges meeting at a single vertex. Note that by fixing a
large subtree S of T', the realisation of the subposet of bracketings of T" containing
S will correspond to a subspace of the boundary of |B(7)|. Each boundary face
of top dimension is then associated to a subtree S of T', and two such faces Sy, .5,
share a subface if {S1,S52} is nested. In this case, |B(T)| is the three-dimensional

permutahedron.

Figure A.8: Tree satisfying the conditions of Example together with the geo-
metric realisation of its poset of bracketings.

Lemma A.3.7. For any tree T, the space |B(T)|, is contractible.

Proof. The contractibility of the space |B(T)| follows directly from the fact that the

poset B(T') has a minimal element, namely the empty bracketing. O]

Remark A.3.8. The spaces |B(T)| are related to the family of nestohedra that were
first described by Feichtner and Sturmfels [?] and Postnikov [?]. Examples of nestohe-
dra include simplices, permutahedra, Stasheff’s associahedra and more generally Carr
and Devadoss’ graph associahedra [?]. Hypergraph polytopes are an interpretation of
nestohedra by Dosen and Petri¢ [?], with the advantage that they have a convenient

tree notation (called constructs) to label the faces of the polytope and that encode
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the face inclusions. The space |B(T')| can be identified with a hypergraph polytope
as follows. Using the definition and notation by Obradovié¢ [66, Section 2.2.1], the
edge-graph Hy of T is the graph whose vertices correspond to the inner edges of T,
and two vertices of Hy share an edge if the corresponding inner edges of 1" have a
common vertex. A subgraph S of Hy uniquely defines a subforest (S) of T" whose
internal edges correspond precisely with the vertices of S, and each tree in this for-
est is necessarily large because it has an inner edge (see [66, Section 2.2.1, Lemma
3]). Then we have an order reversing bijection b between the hypergraph polytope
of the edge-graph Hy and B(7T') that can be recursively defined as follows: we take
the construct V(Hr) given by the vertex set of Hy to the empty bracketing, and
if Hp \ Y for Y € V(Hyz) decomposes into n connected components Hp,, ..., Hr,,
then for constructs C; of Hr, we take the construct Y{C},...,C,} to the bracket-
ing {(Hp,),...,(Hg,),b(Cy),...,b(C,)}. The definition of constructs guarantees that
these sets are nested and therefore define a bracketing, and it is simple to check that

this is an order reversing bijection.

A.3.2 An operad of bracketings

We'll use the bracketings B(T") to construct a topological operad. Let the collection

(T,0,7)EO(N;MA,...;mK)
define the N-coloured symmetric sequence BO. So, elements of BO(n;my,...,my)
are tuples (T, 0,7, B,t) where (T,0,7) is an element of O(n;my,...,my) (Defini-

tion and (B, t) is a weighted bracketing of T (ie. a point in |B(T)]).

To define operadic composition in BO, we use the composition of trees in O
and induce a bracketing of the resulting tree. Let (7,0,7,B) and (T",0’,7', B’) be
labeled trees with bracketings. The composition in O (Definition is given by
the substitution of 7" into the vertex o (i) € V(T),

(T,0,7)0; (T, 0", 7") = (T &5, T', 0 0; 0", 7).

Since T" is canonically a subtree of T" e,(; .+ 1", the bracketing B’ on T" defines a
nested collection of subtrees of T" e, - T . We also construct a nested collection of
subtrees B = {gj}jej on T e, T' that is induced by the bracketing B = {S;};cs
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on T. If T' # n, then B = B is given by
~ S, if (i) ¢ V(S;
Sj (i), T if U(Z) € V(SJ)

If 7" =7, then B = {S,},c; is defined in the same way, unless o (i) € V(S;) and S;
has two vertices, in which case S; e,(;) 7 is a corolla and is discarded as it is not
large. That is, we replace J with another indexing set J' C J, which is the subset of
indices j such that S is large.

We define a bracketing of the tree T" e, ;) . T" by

B — { B;U B'U{T"} if T"is large (A.3.2)

B else.

See Figure[A.9] This defines a composition of bracketings of trees. This composition
is associative as follows. Suppose S; C T is a bracket with only two vertices v and
w, and T" is a tree with at least two vertices. If we first compose 1 in v and then
T" in w, the bracket S; is discarded during the first composition, and then replaced
by a new bracket T". Reversing the order of these two compositions yields the same
result because first composing 7" in w will create a new bracket 7", and S; will not
be discarded, but composing further 7 in v will equate S; and 7”. Otherwise, the
associativity of the composition follows from the associativity on the composition in
0.

The composition also respects inclusions and thus is a poset map
B(T) X B(T’) — B(T 5 (i), T/) (ASS)

The realization of the poset map induces a map between the geometric reali-
sations of the nerve of the posets.

Also recall that the unary elements of O, i.e. the elements of O(n; n) for some n, are
given by labeled corollas. Since there are no non-trivial bracketings of corollas, unary
elements of BO have the form (C,, 0, *,0,0) € BO(n;n) with o € X,,. In particular,
the n-coloured identity for the composition o in BO is given by (C,,id,,*,0,0) €
BO(n;n). Therefore BO is an operad.

Definition A.3.9. The operad of bracketed trees BO is the N-coloured topological
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2 3
1 2 3 4
4 5
79 811
6 10 ®5(3),7 =
L 3

Figure A.9: Example of composition in BO with labelling of the vertices omitted for
simplicity.

operad with underlying symmetric sequence

BO(n;my, ... ,my) = 1T |B(T)|

(T,O’,T) Eo(n7m1 7"'7m]€)

and composition given by combining the composition in O with the map (A.3.3)

described above.

Remark A.3.10. 1. Note that there is an isomorphism of operads O = myBO and,
by Lemmal[A.3.7] the projection BO — O is a homotopy equivalence of operads.

2. The topological operad BQO is the realization of an operad in posets. Indeed,
the space BO(n;my, ..., my) is the realization of the poset of elements (7', o, 7)
of O(n;my,...,my) together with a bracketing of 7', where two elements are
comparable only if they have the same underlying element of 0. Likewise, the

operad structure is defined as the realization of a map on the level of posets.

A.3.3 BQO-algebras

A BO-algebra is an operad whose o;,-compositions are associative up to all higher
homotopies. In particular, a BO-algebra P = {P(n)},en has an underlying sym-
metric sequence. To see this, we note that the labelling of the leaves of a corolla
(Ch, 7, %,0,0) € BO(n;n) identifies with elements of the symmetric group and we
have isomorphisms

BO(n;n) = O(n;n) = %,.

The action
BO(n;n) x P(n) —— P(n)
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makes P = {P(n)}nen into a symmetric sequence.

BO-algebras also have a notion of operadic o; composition. To see this, recall that

such compositions are encoded in the operad O by the trees with exactly two vertices,
one attached to the ith incoming edge of the other. As such trees admit no large,
proper subtrees, they admit no non-trivial bracketing and we have isomorphisms for

any n,m >0
BO(m+n—1,m,n)|vm<e = O(m+n—1;m,n)|vm<

between the components of the tuples (T, 0,7,0,0) (resp. (T,0,7)) with T having at
most two vertices. It follows then that P is equipped with operadic o;-compositions.

A BQO-algebra is not in general an operad, however. The brackets that arise in
trees with more than two vertices capture the different choices one has in iterated
compositions of o; operations. More explicitly, if {P(n)},en is a BO—-algebra, then for
any collection of elements x; € P(m;) that decorate the vertices of a tree (T, 0,7) €
O(n;my,...,my), we have a chosen composition of those elements, namely the one
determined by (T,0,7,0,0) € BO(n;my,...,my). This “unbracketed” tree sits in
the middle of a polytope of all possible elements (T, 0,7, B, s) for any bracketing B,
as in Figure The corners of this polytope correspond to the possible maximal
bracketings of 7' (the maximal elements of B(7")). Just like the corners of the Stasheff
polytopes give all the possible ways to bracket a k—fold multiplication, these maximal
bracketings correspond precisely to the possible ways to bracket the composition of
o, operations, which are those defined using trees with exactly two vertices. The
polytopes arising from the posets of bracketing in trees can be thought of as an

operadic analogue of the Stasheff polytopes.

Remark A.3.11. In [48, Definition 1.1.1], a quasi-operad is a symmetric sequence
P = {P(n)}nen together with operadic o;~compositions and no further structure. In
this way, a BO-algebra is an extension of a quasi-operad. The operad BO is closely
related to the W-construction of O, whose algebras go under the name lax operads, see
Section [A.6], where we show that BO-algebras can be described as strictly symmetric

lax operads.

A.4 Thickening the category ()

We have seen that operads are O-algebras. Also recall from Section that

operads can be described as strict Segal dendroidal spaces. The dendroidal category
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Q) is defined as a full subcategory of the coloured operads generated by trees. To
obtain a similar description of BO-algebras as certain “homotopy dendroidal Segal
spaces,” we construct a topological category (NZO that is a category with the same
objects as €2 but its spaces of morphisms are built using posets similar to the posets
used to define BO. Theorem establishes that this category, Qo, has the desired
property that reduced Segal Qgp —spaces are precisely BO-algebras. In Section ,
we then show how rectification of diagrams can be used to produce an actual Segal
dendroidal space from such a homotopy version of a dendroidal space.

Given any category K with a discrete set of objects, Leitch [53] constructed a new
category K with the property that lgfdiagrams are homotopy coherent K-diagrams.
A similar enrichment (the explosion category) was also used by Segal [81, Appendix
B] to relate his I'-space approach to infinite loop spaces to the operadic approach of
Boardman-Vogt and May. Because (Nlo—diagrams are homotopy coherent Qy—diagrams,
one can expect that the category §~20 is related to this construction of Leitch applied
to Q. In Section [A.7, we construct an equivalence between these two categories, and

show that strict Segal ﬁ—spaees are closely related to W (O-algebras.

A.4.1 Bracketing 2 and the category ?20

Recall from Section that the objects of () are planar isomorphism classes of
planar rooted trees. Morphisms in {2 are compositions of inner and outer face maps,
degeneracies and isomorphisms of trees. Inner face maps 0. : T'/e — T create inner
edges and correspond to operadic composition, while outer face maps are subtree
inclusions and are associated to projection maps. A degeneracy creates a vertex that
is adjacent to exactly two edges. The category SNZO is a version of €2 with the same set
of objects, but with the realization of a poset of bracketings over each composition of
inner face maps.

We define the morphism spaces of SNZO as follows. Let g : S — T be a morphism in
2. For each vertex v € V(S), let C, C S denote the corolla of the vertex v that is,
Cy = iy(Clin(w)|) Where iy, @ Clipw) — S is the composition of outer faces in Q sending
the vertex of the corolla Cji,) to v. Since g is alternatively considered as a map
of operads between §2(S) and Q(T"), the image in S of C, under g is a subtree in T,
which we denote

9(Cy) C T

Note that the trees g(C,) are precisely the subtrees of T that correspond to expansion
of vertices into subtrees, going from S to T, or collapsed by g7 : T — S in the opposite
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category 2°P. These subtrees correspond to the part of g made out of inner face maps.

For a vertex v € V(S), let BY be a bracketing of ¢(C,) as defined in Defini-
tion . We define a poset £, whose objects are tuples (BY),cv(s) of bracketings
of the trees g(C,). The poset relation is componentwise inclusion. Taking the real-

ization of these posets, for each morphism g we associate the space

veV(95)

where B(g(C,)) is the poset of bracketings of the tree g(C,) as defined in Defini-
tion |A.3.2l Note also that [B(g(C,))| = * if g(C,) admits only the trivial bracketing.

Example A.4.1. Consider the morphism f € Homgq(R, S) of Figure Since the

image of each corolla under f only admits a trivial bracketing,

Ly =[B(Y)| < [B)] < |BY)[ > [B(Y)] =+

vy

Figure A.10: Example of map f in Q and the subtrees f(C

Example A.4.2. Let s be the morphism in Figure |A.11(a)l By Example [A.3.4] if
s(C,) has 3 vertices such that no vertex is connected to more than two inner edges,

then |B(s(C,))| is the 3rd associahedron, which is an interval. As in Example [A.3.5]
when s(C,) is a tree whose three internal edges meet at a single vertex, the realization

poset |B(s(C,))| corresponds to a hexagon. Thus L; is identified with the hexagonal

prism of Figure [A.11(b)]

The space of morphisms between any two objects in (NZO is

Homg (S, 7)= [] Ls

g€Homq (S,T)
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)

(a) Map s in © and the subtrees s(C). (b) Space Lg for the map s of Figure
Figure A.11: A map s in () and its corresponding space L.

It remains to define composition in ﬁo. To do this, we first define a map of posets
Lg X Ef E— Egof (A41)

for any two morphisms f: R — S and g : S — T in 2, then we take the realization
of this composition map to get a composition of spaces L,. Let (BY),cv(s) € Ly
and (BI)wev(r) € L be two collections of bracketings. So for each v € V(S), BY
is a bracketing of ¢g(C,) C T and for each w € V(R), B/ is a bracketing of the tree
f(Cy) C S. To define the image of (A.4.1]), we construct a bracketing of the tree
(go f)(Cy) from the bracketings of f and g.

Fix a vertex w € V(R). For each v € f(C,) C S, there is the subtree ¢g(C,) C
(g0 f)(Cy), as well as a bracketing BY of g(C,). Also, for each bracket in S; € B{, the

image ¢(5;) is a subtree of (g o f)(Cy). Therefore we have the following collections
of subtrees in (g o f)(C,):

B?(w) = U By = {S;: S; e Bl and v e f(Cy,)}

vEf(Cw)
BT = {9(Cy) : v e f(Cy) and g(C,) S (g0 £)(Cy) is large}
Bg; = {g(S;): S; € B and 9(Sy) € (go f)(Cy) is large}.

All of these are collections of proper large subtrees of (g o f)(C,). We set the
bracketing B,, of (g o f)(C,) to be the union

Y pgof | Rf
B, = Bf(w)UBw U By,
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To see that B,, is a bracketing of (g o f)(Cl,), it remains to verify that this collection
is comprised of nested subtrees. First, each B C é?(w) is a bracketing of ¢(C,) C
(g o f)(Cy), so it is nested. Moreover, the subtrees g(C,) are all disjoint and each
tree of B?(w) is contained in a tree of B9/, so the union B?(w) U B/ is nested too.
The B! U B{; is also nested, since each bracket g(C,) in the first set is included in
each g(S,) of the second set whenever v € S, and otherwise is disjoint from it. Hence
B}](w) U B is also nested, and thus B, is nested.

Define the composition (B{),ev(s) © (BY)wev(r) to be the collection

(Bw>w€V(R) € Loy

Associativity of this composition is analogous to the associativity of the BO compo-
sition in Section [A.3.2] In most cases, the composition is associative because vertex
substitution is associative. In a composition with a degeneracy, a vertex is removed
and so a bracket may be discarded if it is no longer large. Any discarded bracket
is recreated in a subsequent composition if it should not have been discarded in the
total composition.

Furthermore, this composition definition respects componentwise inclusion and
thus defines the poset map . The realization of this poset map induces a map

Lg X Lf — Lgof- (A42)

This defines a composition on the morphism spaces of €.

Example A.4.3. Let f: R — S and g: S — T be the morphisms in Figure [A.12]
Then R is a corolla Cy, = Cy, and f(C,,) C S is the proper subtree of S whose vertices
are v1,vs,v3. The images g(Cy, ), 9(Cyy),9(Cy,) C T are the corollas C,, C,., Cy
respectively and ¢(C,,) is the subtree with vertices us,us,uy. The only images of
corollas that admit a non-trivial bracketing are f(C,,) and ¢g(C,,). If the bracketing
of f(Cy) consists of the bracket B; in Figure and the bracketing of ¢g(C,,)

consists of By in Figure [A.13(b)|, then
By = B2y B =1{9(C)}. Bl ={9(B)}.

The bracketing B, € B((g o f)(Cy)) is illustrated in Figure
By Example [A.3.4] if T, is a tree with n vertices such that no vertex is con-

nected to more than two inner edges, then |B(7},)| is the nth associahedron. The 3rd
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% (%) L>
w us3
U3 Ug
5
Figure A.12: Morphisms f and g in §2.
(% u
U9 U9
(%
2 Uus us
U3 Ug U
Us
(a) Bracketing B; of (b) Bracketing By of (¢) Bracketing By, of go f(Cly).
f(Cw)- g(cvg)~

Figure A.13: Example of a bracketing induced by f and g in Figure .

associahedron is an interval. Thus,

Ly = [B(f(Cu))| = |B ()| = [0,1]
Ly =B (9(Cu,)) x |B ()| x 1B (9(Cuy))| = [0,1].

Again by Example and since (g o f)(C,) is a tree on five vertices, Ly =
IB((g o f)(Cy))| is the 5th associahedron, which is a three dimensional polytope

called an enneahedron.

Definition A.4.4. The category (NZO has the same objects as 2. Morphism spaces in

Qg are

Homg (5,7T) = H Ly = H H 1B(g(Cy))]

g€Homq (S,T) gEHomq (S,T) veV (S)

with composition (A.4.2)) as described above.

Example A.4.5. Suppose T, is a planar tree with (n + 1) leaves and n vertices,
each of which is connected to at most two inner edges. Let the inner edges of T,

be named ey, ..., e, 1. Morphisms g € Homg(C,,11,T},,) are compositions of inner
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face maps 0O,,,...,0 but since the order of the composition does not affect the

» YEen—1

total composition, there is only one such morphism g. Hence Homg (Cyy1,T5) =
Ly, = |B(T},)|. Thus Homg (Cpy1,7T),) is the nth associahedron by Example ;
the centre point of the polytope is defined by the empty bracket, which is the initial
object in the poset B(7},).

Lemma tells us that each bracketing space |B(g(C,))| is contractible, which
implies that each L, is contractible. Let p : ﬁo — () be the functor that is the identity
on objects and projects each morphism space L, to g. By considering (2 as a discrete

topological category, we have the following proposition.

Proposition A.4.6. The functor p : ﬁo — Q induces a homotopy equivalence on

morphism spaces. [

This proposition will allow us to associate an actual dendroidal space to any
homotopy dendroidal space in Section

A.4.2 Homotopy dendroidal spaces

In Section [A.2.2] we defined a Segal condition for dendroidal spaces X : Q% — S
using the Segal map
X: X(T) e thkl(T)Op X.

We recall that the category Sk;(7) has the vertices and edges of T' as objects, with
morphisms given by edge inclusions ¢, : n — C), into the corollas of adjacent vertices.
The Segal map x is the unique map to the limit induced by the edge and corolla
inclusions

te:n—T and 1, :Cp —T.

Note that the spaces L,, and L,, in Qgp which lie above the morphisms ¢, and ¢, are
always just a single point, so the Segal map exists unchanged for functors X : Qg” —

S. This allows us to make the following definition:

Definition A.4.7. A homotopy dendroidal space X is a diagram X : ﬁgp — S.
A homotopy dendroidal space is reduced if X(n) = % and satisfies the strict Segal

condition if the Segal map is an isomorphism for each n # T € Q.

Recall from Section that one-colored operads are identified with reduced

dendroidal Segal spaces via the dendroidal nerve
N: O-Alg — 8%,
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The following theorem is a version of this nerve theorem for homotopy dendroidal

spaces. We construct a functor
®: BO-Algs — S’

and show that a reduced homotopy dendroidal space X € S’ s strictly Segal if,
and only if, X = ®(P) for some BO-algebra P.

Write (S ﬁgp)sm-ct for the full subcategory of Qo—diagrams whose objects are reduced
homotopy dendroidal spaces satisfying the strict Segal condition. Then we have the

following result:
Theorem A.4.8. There exists an isomorphism of categories

Sop

®: BO-Algg — (8% ) strice-
Proof. Given a BO-algebra P = {P(n)},>o with structure maps
ap : BO(nymy,...,mg) X P(mq) X -+ x P(my) — P(n)

we will define

O(P) = B(P,ap): Q¥ — S

as follows. We set ®(P)(n) = %. On objects T # 1 of €, we set

H P!w[

weV (T

Given a morphism ¢ : S — T in €2, we need to define maps

o(P) LxHP!w|—>HP!v

weV(T) veV(S)

We proceed one vertex v at a time. As Ly = [,y () [B(9(Cy))l, at each v € V/(S5)

we have projection maps

m:Lyx [ Pwl) — Ba@)lx T P(ul).

weV(T) weV (9(Cv))
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An application of the structure map ap defines a map

a (Bl x 1T P(wl) — P(jo)). (%)

weV (9(Cyv))

Indeed, an element of |B(g(C,))| is a weighted bracketing (B, t) of the subtree g(C,) C
T. Because T is a planar tree, g(C,) inherits a planar structure. We consider g(C,)
as an element of O by picking an ordering o of its vertices {wy, ..., wy}, and labeling
its leaves via the map 7 ordering them according to its planar structure. This way
((9(Cy),0,7), B,t) is an element of BO(|v|;|wi],. .., |wg|). To define the map (),
we first order the factors P(|w|) for w € V(g(C,)), in accordance with our chosen
o, and then apply ap noting that our choice of ordering does not affect the result
by the equivariance of ap. Finally we act on the resulting element of P(|v|) by the
permutation induced by ¢ that identifies the inputs of v with the leaves of g(C,),
comparing the labeling 7 from the planar structure of T" to the planar ordering of

in(v) (which comes from the planar structure of S). We now set

®(P)(g) = (o Ty )uev(s)-

The fact that ®(P) commutes with composition follows from the fact that compo-
sition in ﬁo is defined exactly as the operadic composition of BO by taking the union
of the brackets from the first morphism which remain large after applying the second
morphisms, the brackets from the second morphism, and new “middle brackets”, the
images of the middle corollas, if they are large. It follows then that ®(P) : ﬁo - S
is a functor. Since ®(P)(n) = *, the Segal map is the map

e(P)T) — ] @(P)C)

veV(T)

induced by the inclusions of the corollas. It is an isomorphism by definition of ®(P).

The data required in the definition of the homotopy dendroidal space ®(P) is the
underlying symmetric sequence P = {P(m)}, the BO-algebra structure maps ap and
the projection maps m,, all of which are natural under maps of BQO-algebras. Thus,

the assignment P — ®(P) defines a functor

P : BO—AIgS — <S§8p>strict-

It remains to show that the functor & is an isomorphism of categories. Given
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two BO-algebras P and Q with ®(P) = &(Q), the underlying symmetric sequences
{P(n)}n>0 and {Q(n)},>o are necessarily equal, being the value at the corollas C,,
and the corolla isomorphisms Homﬁo(Cn, C,) = Homg(C,, C,) = X,,. Moreover, the
structure maps ap and ag likewise must agree as they agree with the evaluation of

®(P) = ®(Q) at corresponding morphisms in QF. It follows that & is injective.

On the other hand, given any X € (Sﬁgp)strict, we can construct a BQO-algebra
Px by setting Px(n) = X(C,) with a symmetric group action induced by the image
under X of the isomorphisms of C), in Qo. The BQO-algebra structure maps of Px are
defined using the above identification of the spaces BO(n;my, ..., my) with morphism
spaces in Qo. The fact that X is a functor will then give that Py is a BO-algebra.

Thus the functor ® is surjective. O

A.4.3 Rectifying homotopy dendroidal spaces

We have just seen that BQO-algebras correspond to homotopy dendroidal spaces
satisfying the strict Segal condition. In this section we will show how to produce,
from a BO-algebra, an actual dendroidal space satisfying a weak version of the Segal

condition.

A commutative diagram in a topological category § is a functor from a discrete
category K to S. A homotopy commutative diagram can be similarly described as a
functor from a topological category K toS , with the homotopies encoded as paths
in the spaces of morphisms. In this language, a homotopy commutative diagram

X : K — S can be rectified, or strictified, to a functor X’ : L — S precisely when

there is an equivalence p : K — K. We briefly recall this rectification of diagrams,
which was used by Segal in [81], and treated in great generality by Dwyer and Kan
[26]; see also [90, Sec 2] for a detailed account of what we will use here. Our examples
will be K = Q with K = Q.
Let p : K — K be a functor between categories enriched over topological spaces.
There is an induced functor
p St — Sk

defined by precomposition with p. The homotopy left Kan extension defines also a
functor
D SIC — S’C

that can be explicitly given as follows: given a diagram Y € 8’6, its evaluation at an
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object d of K is the realization of a simplicial space with space of k—simplices

(pY(d))r = H Y (co) x Homg(co, 1) X -+ x Homg(cg—1, cx) x Homg(cx, d).
€o,y--yCr EOD(K)

Lemma A.4.9. [90, Proposition 2.1] Let p: K — K be a functor inducing a homotopy

equivalence of morphism spaces, and letY : K—Sbea diagram, with p)Y : I — S its

rectification as defined above. Then there exists a zig-zag of natural transformations

ppY < p'pY — Y, which induces a homotopy equivalence on objects: p*pY (d) ~

ppY(d) ~Y(d).

In the statement, p*pY is an explicit functor from K to S associated to Y given

by a two-sided bar construction (details in the proof of [90, Proposition 2.1]).

Proposition states that the functor p : QO — €2 induces a homotopy equiv-
alence of morphism spaces. Below, we apply Lemma to describe weak Segal
dendroidal spaces that arise as the rectification of a homotopy dendroidal Segal space

Y € 8% in the following sense:

Consider the functors
y4
QSP —3 Qop
S o S

*

p

For any small category K, the category of diagrams S*” admits a projective model
structure in which weak equivalences and fibrations are defined entrywise [43), 11.6.1].
In particular, when § is the category of topological spaces, every object is fibrant in
this model structure. An application of [55, Proposition A.3.3.7] implies that p and

p* are the left and right Quillen functor of a Quillen equivalence.

Proposition A.4.10. Let S be the category of topological spaces, and let Y & S
be a homotopy dendroidal space. Then the rectification pY € S is a dendroidal
space such that pY (n) ~ x, and such that the weak Segal map

)Z : puY(T) i) holimgkl(T)op puY(Cv)

1s a homotopy equivalence for each n # T € Q if, and only if, the same two properties

hold for the homotopy dendroidal space Y .

Proof. Note first that, because p is the identity on objects, we have p* X (T') = X (7))
for any X : Q® — S and any T € Obj(Q) = 0bj(Qo). It follows that pY (1) ~ = if
and only if Y(n) ~ *x as pY'(n) =p*pY (n) ~ Y(n) ~ *.
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We are left to show that the weak Segal map x is a weak equivalence for every
T # n for pY : Q% — S if and only if it is the case for the original functor Y :
SNYSP — §. Recall that the Segal map y and its weak version y for both (2°P—spaces
and @8” —spaces are induced by corolla and edge inclusions ¢, and ¢, in ﬁo and €2,
respectively. As p takes each map ¢, and ¢, in ﬁo, to the corresponding map in €2,

and p is the identity on objects, for any X : Q? — §, we have

X(T) X hOlimSkl(T)op X(Ov>
p* X (T ‘

) L hothkl (T)op p*X(Cv>

in which the two horizontal maps describe the exact same map in S.
The natural equivalences of functors p*pY + p*pnY — Y of Lemma give

us the vertical homotopy equivalences in the following commuting diagram in §

p*p!Y(T> —X> hOlimSkl(T)op p*ng(C'U)

:T Tg

p*puY(T) —52} holimSkl(T)op *p;Y(C’U)

:l |=

Y (T) X > holimgy, (7yor Y (Cy).

which gives the result using the previous remark in the case X = pY. O

Remark A.4.11. We used in the proof of Proposition that every topological Qo
diagram is projectively fibrant to obtain that the homotopy limits preserve homotopy
equivalences.

As the dendroidal category is a generalized Reedy category [6l Example 1.6], there
is a Reedy model structure on the category of reduced dendroidal spaces. We do
not currently have an enriched generalized Reedy model structure on ﬁo—spaces. An
advantage of the Reedy model structure is that homotopy limits of fibrant objects are
weakly equivalent to the limit. One expects that, using such Reedy model structures,
one could prove a version of Proposition[A.4.10 with the actual Segal map x replacing
the weak Segal map Y.
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A.5 Normalized Cacti as an infinity operad

The first goal of this section is to define an operad M S™ and show that, despite
not being an operad itself, normalized cacti and their composition can be described as
elements and compositions inside M.S*. In Section [A.5.2] we will use M S* to show
that normalized cacti and the normalized composition extends to define a BO-algebra
structure. Using the results of Sections and [A.4] this implies that we have an

explicit construction of an oco-operad with underlying sequence the spaces cact!(n).

A cactus is a configuration of circles of various lengths attached to each other
in a treelike fashion. In the original definition by Voronov [89, Section 2.7], there
is a global basepoint associated to the “outside circle” of the cactus, as well as a
basepoint for each circle (or lobe). A spineless cactus is a variant introduced by
Kaufmann [48, Section 2.3|, where the basepoint of each lobe is its closest point to
the global basepoint along the outside circle. See Figure for an example. The

3
2

I
|
|

Figure A.14: Cactus with 8 lobes, its outside circle indicated by the dotted line.

space of all spineless cacti with k lobes is denoted cact(k). The symmetric group
acts on this space by permuting the labels of the lobes. The symmetric sequence

cact = {cact(k)}r>o is given a composition
o;: cact(k) x cact(j) — cact(k+j — 1)

that is defined by inserting the second cactus into the ith lobe of the first cactus and
aligning its global basepoint with the basepoint of the ith lobe. The insertion is done
by rescaling the second cactus so that its total length is equal to the length of the ith
lobe of the first cactus, then identifying the outside circle of the second cactus with

the 7th lobe of the first cactus. This composition makes cact into an operad, which
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is equivalent to the little 2-discs operad [48, Section 3.2.1]. A rigorous definition of
this composition requires close attention to subtleties and we refer to [48, Section 2]

for precise definitions.

1 ¢

—_

ol
Wi

[

[

N

Figure A.15: A composition of normalized cacti.

The space of normalized cacti cact(k) C cact(k) is the subspace of spineless cacti

whose lobes all have length equal to 1 ([48] Definition 2.3.1]). They form a symmetric

sequence cact’ = {cact! (k)},>0. Composition of normalized cacti
o;: cact' (k) x cact'(j) — cact!(k +j — 1), (A.5.1)

is defined by reparameterizing the ith lobe of a cactus z € cact!(k) to have length j,
then identifying this lobe with the outer circle of the second cactus y € cact!(j) and
aligning their basepoints. In contrast to cact, the ith lobe of the first cactus is scaled
instead of scaling the second cactus to the length of the ith lobe. See Figure for
an example. This composition is not associative [48, Remark 2.3.19], as illustrated in
Figure[A.16] Thus cact! is not an operad.

G Q) - B
%®@

Figure A.16: Non-associativity in cact!

W=

Remark A.5.1 (Composition in the graph cobordism category). This composition of
normalized cacti is highly relevant to the graph model of the cobordism category of

Riemann surfaces mentioned in the introduction of the paper. To model the gluing of
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cobordisms, we use graphs to represent surfaces with potentially many incoming and
outgoing boundary components. Normalized cacti are a simple case of this model,
representing surfaces of genus zero with potentially many inputs but always just one
output. Two surfaces are glued by attaching the incoming boundaries of the first
surface to the outgoing boundaries of the second. According to [33] (see also [28|
Theorem A]), we may assume that all incoming boundaries of a surface are disjoint
embedded circles in the corresponding graph (like the lobes of the cactus, if they where
pulled apart a little bit). Since these boundary circles are disjoint in the graph, they
can be scaled independently to each match the length of an outgoing boundary in the
graph of the second surface, just like scaling the ith lobe of the first cactus in cact!
composition. There is no obvious way to define a “cact-like” composition for such
more general graphs, because the outgoing circles of the second surface cannot be
assumed to be disjoint, and hence cannot be scaled independently to the appropriate

length. (See [28] Section 3.3] for more details about this gluing of fat graphs.)

A.5.1 An operad MS* that contains cact!

In their proof of the Deligne conjecture, McClure and Smith [60] [61] introduced
an operad M S equivalent the little 2-discs operad.[] Later, Salvatore [77, Section
4] used similar methods to show directly that the operad M S is equivalent to the
non-normalized cactus operad cact. Here we will define a variant of M S called M ST,
and, following [77], start by showing that it is an operad by proving that it embeds
in CoEnd(S'). We then show that normalized cacti are a subspace of the underlying
symmetric sequence of M ST and that their composition can be written in terms of

compositions in M ST,

The space of operations MS™ (k) is built from a space F(k), which we will show
is homeomorphic to cact! (k). In fact, we can think of an element of F (k) as the outer

circle of a cactus.

Definition A.5.2. [77, Definition 4.1] Let S* = [0,1]/0~1 be the circle of circum-
ference equal to 1. Define F(k) as the space of partitions x = ([1(x), ..., Ix(x)) of S*
into closed l-manifolds [;(z) C S, each of which have total length %, with pairwise

disjoint interiors, and such that

(%) there does not exist a cyclically ordered 4-tuple (z1; 29; 23; z4) € S* with 2q, 23 €
I](m) and 2y, 24 € I;(x), for j # i.

!The operad M S is denoted C’ in [60, Section 5].
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For an example, see Figure [A.17(a)l The topology of F(k) is induced by the metric

measuring the size of the overlap between partitions: for z,y € F(k), d(z,y) =
1- 25:1 ((I;(x) N I;(y)) for ¢ the length function on submanifolds of S*.
The symmetric group ¥y acts on F(k) by reindexing the labels of the 1-manifolds.

1 2 3
7 I3(x) 1 1 1
18
2
13 1 °
I () 18 3
1 15
6 18 1 7 13 15 7 13
I (x : B § 18 1818 is 18
(a) z € F(3). (b) Maps ct.

Figure A.17: Element of z € F(3) and associated projections

Definition A.5.3. Given an element x € F(k), we associate to each [;(x) a pro-

jection map ¢/ : S' — S! that takes the quotient of S' under the identification of

all the points in the same path component of ST\ I ; and then scales this circle by a
factor of k. See Figure |A.17(b)| for an example. The cactus map c,: S* — (S1)* is

the collection of maps ¢, := (cl,...,c). Then there is a map

c: F(k) ———— Map(S*, (SH¥)

T cp = (ck, ..., cF): ST — (Sh)R.

x?

For any = € F(k), we also use = to denote the configuration of circles in the image
of the cactus map ¢, : S* — (S')*. Condition () in Definition guarantees that
this configuration is treelike, as it forces the submanifolds I;(z) to be nested. The
global basepoint of x is the image of the basepoint of S* and a planar structure is
induced by the orientation of the source S' (see [77, Definition 4.2]). Since each
part of a partition z € F(k) has equal length, = is a normalized cactus as shown in

Figure [A.18 This is the sketch of the proof for the next lemma.

Lemma A.5.4. [77, Section /] For each k > 1, the space F(k) is homeomorphic to
cact! (k).

Recall the coendomorphism operad CoEnd(S!) from Example [A.2.2) whose un-
derlying symmetric sequence is a collection of CoEnd(k)(S') := Map(S?t, (S1)¥). We
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use the map
c: cact! (k) = F(k) — Map(S*, (S")*) = CoEnd(S*) (k)

to define an embedding of symmetric sequences.

Lemma A.5.5. The map c: F(k) — Map(S*, (SY)¥) is a topological embedding.

! c®) in the image of ¢, we

by

Proof. We first check injectivity. Given a map ¢, = (c
can completely determine z € F (k). We know that each ¢/ is a “step-map” with linear
of slope k over its non-constant parts, by the definition of c¢. (See Figure )
Then I;(x) is precisely the subset of points of S* where the derivative (¢]) equals k.
Continuity of ¢ follows from the fact that the topology in the mapping space can be
defined using the convergence metric, using likewise the metric on S?.

]

This embedding of symmetric sequences does not extend to an embedding of
operads. As already mentioned, cact! is not an operad and one can check that the
image of ¢ is not a suboperad of CoEnd(S!). Indeed, if we compose two elements in
CoEnd(S!) that came from elements of F, their composition will not be in the image
of any F(k) because all elements in the image of F(k) are piecewise linear graphs of

slope 0 or k, and this property is not preserved by the composition in CoEnd(S!).

T I3(z) 1

Wi

Iy(x) i

W=

1 15
6 18
Il (ZL‘

N
|

Figure A.18: An element x of F(3) and the corresponding normalized cactus c,.

Here we define the symmetric sequence M St = {MST(k)}r>0, which is built
from F(k) and a collection Mon™(I,01) of scaling maps on the interval I. It has the
important property that cact!(k) C MS™(k) for each k > 0.

Definition A.5.6 (MS™ as a symmetric sequence). For each & > 0, we define the
space M ST (k) as

*

MSH(0)
MS*(k) = F(k) x Mon*(I,01)
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where Mon™(I,0I) is the space of strictly monotone self-maps of I that restrict to
the identity on 0I. We consider Mon™(I,0I) as a subspace of the space of self-maps
of S' = I/9I. For each k, there is an action of the symmetric group % on MS™ (k)
by the reindexing of the labels of the 1-manifolds in F(k).

Remark A.5.7. The operad M S that appears in [60, 61, [77] has an underlying sym-
metric sequence obtained by replacing Mon™(1,0I) by the larger space Mon(I,0I)

of weakly monotone maps. The inclusion M ST < MS is a homotopy equivalence as
both Mon(I,0I) and Mon™(I,0I) are contractible (in fact, they are both convex).

In order to show that MS* is an operad, we start by showing that each space
of operations MST(k) embeds in CoEnd(S')(k). We also check that the operad
composition of CoEnd(S') preserves the image of MS™, and hence is a suitable
composition for M ST, thus making M S™ a suboperad of CoEnd(S?).

Proposition A.5.8. There is a topological embedding ¢ : MS* (k) — CoEnd(S')(k)
that sends (x, f) € MST(k) to the composite

st Ly gt e (st
where ¢, is the cactus map as in Definition[A.5.3

A version of Proposition is stated for the operad M S in [77, Section 4]. As

we rely heavily on this result we give more complete details here.

Proof. The fact that ¢ is continuous follows from Lemma|A.5.5, so we are left to check
that ¢ is injective. Let x € F(k). Recall that the map ¢, = (cl, ..., c¥): St — (ShH)k
is a collection of “step-maps” of linear of slope k over its non-constant parts. Each
map ¢ : S' — S! identifies points in the same path component of S1\ Ij(x) and
linearly takes I;(z) (of length 1/k) to a circle of circumference 1. So, these maps

satisfy that

f=(

k

N—

|
S
NE
—~
U

[e)

Q
N—

I

Yy
| =
Mk
<
N—

[e)

Q

I
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Moreover, as f, g are strictly monotone and hence invertible, for each j =1,... k,
d=(dof)oft=(dog ol =(doglog™ =

This shows that ¢, = ¢, and therefore the map is injective. O]

Proposition shows that M ST is a symmetric subsequence of CoEnd and this

next lemma shows that the operad structure maps of CoEnd preserve this structure.

Lemma A.5.9. The operad structure maps of CoEnd preserve the symmetric subse-
quence MS™.

Proof. 1t suffices to consider the composition operations o; in CoEnd as defined in
Example|A.2.2l Given (z, f) and (y, g) in M ST, we need to check that the composition

St L gt Loy (gryk XX (gryk DX, (g yitket (A.5.2)

is in the image of M ST, where 1 x g x 1 denotes the map where ¢ acts only on the

1th circle. For this, we will show two things:
(i) (I1xgx1)oc, =cz0g, for some g € Mon™(I,0I) and & € F(k),
(i) (1 x ¢y x1)oc¢, =c; 0 hy, for some hy,, € Mon™(1,0I) and z € F(j + k —1).

For statement (i), the map (1 x g x 1) acts only on the ith circle, so in the composition
with ¢, it only affects points in I;(x). Recall that we identify S with I/0I. Suppose
Ii(z) = JyU---UJ, with each J, a subinterval of [0,1] and I;(z) of total length +. We
obtain & € F(k) from x by replacing each subinterval J; by an interval J, of length
20(g(ct(Js)))) and shifting each path component of [0,1] \ I;(x) accordingly. Then
I;(z) = JyU---UJ,. This makes sense as, by construction, the total length of I;(z) is
again % The map g is defined as the canonical identification of x with  that maps
Ii(x) to I;(z) for all : € {1,...,k}. See Figure for an example.

For statement (ii), we consider a composition (1 x ¢, x 1) o ¢, : St — (S1)7Hr~1
with ¢, on the ith position. Such a composition maps the rth partition ,(x), for
r # i, to the rth (if r < i) or (r + k — 1)st (if » > i) component in the target by a

slope k map, while I;(z) is mapped by slope jk maps to the remaining Components.

Let hy, : ST — S! be the rescaling map that scales each I,.(z) by a factor m for
r # 4, and I;(x) by a factor +j)€ . Then the image under h,, of each I,(x) will be

of size j+]1_1 for r # 4, while [;(x) will have image of total size j+k‘_1. Note that

this gives a well-defined map in Mon™(I,0I) as the sum of the length of the images
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0 1 0 1
£ K

Pd b A gl s(é)

o R 0 ‘ 1

Figure A.19: An example of the commutative diagram go ¢! = ct o g

hey (I (z)) is (k— 1)j+ﬁ + j+i—l = 1. Subdividing the image under h,, of I;(z) into

J parts as prescribed by y, together with the images of the other I,(x)’s, then defines

z € F(j +k —1). The relation (1 x ¢, x 1) o ¢, = ¢, 0 h,,, holds by construction.
By putting (i) and (ii) together, the composition in (A.5.2)) is given by (hz, 0 go

f,z) € MS™. ]

Therefore we have shown that M ST is a suboperad of CoEnd(S!) via the embed-
ding ¢ in Proposition [A5.8]

Definition A.5.10 (M S as an operad). The symmetric sequence MST = {M S (k) }ren

becomes an operad with composition

(2, f) & (y,9) == ¢ (o(z, f) 0 9y, 9)) (A5.3)

where o; is the composition in CoEnd(S?) defined in (A.5.2), and the pre-image exists
as a consequence of Lemma [A.5.9]

We will often use scaling maps in Mon™ (I, 0I) to encode the scaling of lobes in the

composition of normalized cacti. Given a partition = = (I1(z), ..., Ix(z)) € F(k) =
cact! (k), and natural numbers my, ..., my > 0, we let
g=g(x;m,...,my): St — S* (A.5.4)

be the element of Mon*(I,dI) that scales I;(x) by the factor ——=4— 1 < j < k.

my+-+my

Each I;(z) has total length ;, so the image of I;(z) will have length m1+m—]+mk

each 1 < j < k. Note that g(x;1,...,1) = id is just the identity map on S*.
We will now show that the o;~compositions of normalized cacti from (A.5.1),

for

o; : cact’(k) x cact’(j) —— cact’(k+j—1),
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9L () 3
I(z) o g(z;2,1,1) 1 3
1 1
2 15
' 9(L(x))
Ii(x)
(I (2)=3% U(I2(2))=5 Ug(1(x))=3% (g(I2(2))=7%
(I3(x))=5 (g(I3(x))=7%

Figure A.20: Map g(z;2,1,1), for z from Figure .

and, more generally, the cact!-composition maps
Yeactt : cact' (k) x cact'(my) x - -+ x cact' (my,) — cact' (X m,),

are restrictions of the corresponding compositions of appropriately chosen elements
of MSt.

For a collection of cacti = € cact’(k) and y; € cact'(m;), 1 < j < k, the quasi-
operad composition Ve, (T; Y1, - - -, Yg) scales each lobe of = so that the ith lobe now
has length m;, and then inserts (without any further scaling) each y; in place of the
1th scaled lobe.

Under the homeomorphism cact! (k) & F(k) in Lemma[A.5.4] a normalized cactus
x € cact!(k) precisely corresponds to a partition z € F (k) of [0, 1] into k& submanifolds
I;(x) of equal lengths +, satisfying the conditions of Definition [A.5.2] Since the
ith lobe of x corresponds to the submanifold I;(z), there is a scaling by % in the
identification cact!(k) to take a lobe of length 1 to I;(z). In the next lemma we will
use © € F(k) and y; € F(m;) for 1 < j < k to represent a sequence of cacti in
cact’(k) and cact!(m;) respectively. We will still denote the composition by o; or

Veact! -

Lemma A.5.11. Let yys+ and Vet denote the (quasi-)operad compositions in M S™
and cact!, respectively. Then for x € F(k) and y; € F(m;), with 1 < j < k, we have

ryMSJ"((xvg_l(I; mi,... Jmk>)7 <y17 Zd)7 ceey (ylﬂld)) - (r)/cact1 (‘T7 Y1, ;yk)7 Zd)
in MST (> m;). In particular,

(m,g_l(x; Loooymy, .., 1)) e (y;,1d) = (2 0; s, 1d)
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where o; denotes the composition (A.5.3) of MS™ and o; represents the composition
(A.5.1) of cact!.

Proof. Let Fip,,..,

I;, now has length m; instead of % In particular, we have that F(k) = f(; l)(k:)
kkkkkkk

and cact'(k) = Fq,..1)(k). Thus the homeomorphism cact' (k) = F(k) implies that

the composition Yt on cact! can be interpreted as a map in F, written as

my) (k) denote the scaled version of F(k) where the ith partition,

-----

-----

where S and N are scaling and normalising maps and the map labelled v is the
insertion map.
Our task is to write the composition Yeet in terms of the operad MS™. To do

this, we will use scaling maps inside Mon™(I,0I). More precisely, define a map
F(k) x (F(my) x -+ x Flmy)) == MST(k) x (MS*(mq) x -+ x MS*(my))

that takes (z;91,...,yx) to ((z,97Y); (y1,id), . . ., (yk,id)) where g = g(x;my, ..., my) €
Mon™(I,01) is the map in equation (A.5.4]). The statement we want to prove is that

(Veact1, 1d) can be written as the composition

F(k) x (F(my) x -+ x Flmy)) =S MS*(k) x (MS*(my) x - - x MS*(my))

In particular, we claim that the resulting element of M S* (3", m;) is in the image of
cact!, that is, of the form (z,id).
To prove this, we start by expressing GG as a composition G’ o S, where S is the

scaling map in the description Y.t = N oy 0 S given above and



is the map that takes a tuple (z;y1, . . ., yx) to the tuple ((N(z),g71); (N(y1),id), ..., (N(y),id)),
with N the normalization also as above. In order to compare Y.t = N oy o S with

Yus+ o G o S, we have to show that the diagram

Flms ) (B) X (Fla,y(ma) X o X Fa oy () —= Faa,ey (32, m3)

G’j l(N jid)

MS*(k) x (MST(my) x - x MST(my)) —25 = MSH(S, my)

commutes, where the right vertical map takes z to (N(z),id). To see this, let
(z;91,...,yk) be an element in the top left corner of the square. Its image vyss+ ©
G'(x;y1,. .., yr) along the bottom composition is the element of M St (mq+---+my)

given by the following composition:

—1
g Cyp XXy
——

Sl AN Sl C_z> (Sl)kz (Sl)m1+~~~+mk

since we consider MS™(my + - -+ + my) as a subspace of CoEnd(m; + - -+ + my) and
use the composition in (A.5.3). The jth factor S* in the above (S")* is subdivided
into submanifolds /,(y;) according to c,,.

Their inverse image g o (¢,); ' (Ls(y;)) in the source S* of the composition is thus

taken to the (m; 4+ -+ 4+ mj_1 + s)th factor S in (S)™+ +7  being first scaled

by a factor %T";” (using g~ 1), then by a factor k (via the jth component of ¢,) and

finally by a factor m; (via the sth component of ¢,,). So in total the composition
takes g o (¢;); ' (Is(y;)) to S* = I/8I linearly by a factor _m;, and is constant on

the connected components of the complement of g o (CI)JI(IS(yj)). In particular,

go(co); (Is(y;)) has length ﬁ, which is independent of j and s. Thus we see that

the resulting element does indeed live in the image of cact!. As the scaling is always

independent of s and j, the proportion of each g o (Cw);l(ls(yj)) inside the source S?
m;

the composition is the same as following the other side of the square, which inserts

is always as dictated by ¢,,, with each g~'(I;(«x)) having total length Hence

I(y;) inside I;(x), scaling each I;(x) to length m;, then scales it by ﬁ to be inside
MST.
]

Therefore up to scaling in accordance with the homeomorphism cact! = F in
Lemma [A.5.4] we have shown that both cact! and its composition are contained
within the operad M.S*, but not as a suboperad.
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A.5.2 cact! is a BO-algebra

Here we will construct an action of BO on normalized cacti using the fact that
cact! ¢ MS*, and that its composition can also be described in terms of the com-
position in MS*. In Theorem , we show that the quasi-operad structure on
normalized cacti cact' = {cact!(k)}x>o is part of a BO-algebra structure. In Corol-
lary we conclude that cact' determines a dendroidal Segal space X € S
with X (C,) = cact!(|v]).

Recall from Section that a BO-algebra is a symmetric sequence with o;—
operations that are homotopy associative up to all higher homotopies. Elements from
BO are (T, 0,7, B,t) where T is a planar tree equipped with bijections o : |V(T)| —
V(T) and 7 : |L(T)| — L(T), and (B, t) is a weighted bracketing of T

Let

R: MST — F (A.5.5)

denote the projection map that forgets the Mon™*(I,0I) component, R(zx, f) = z.
This is a map of symmetric sequences. If we think of elements of MS™ as cacti, the
map R has the effect of renormalizing, that is, rescaling the lobes so that they all

have the same length. Since M ST is an operad, it is an O-algebra. The O-action

Mg+ 2 O(kymy, ... omy) x MST(my) x ... x MST(my) — MS+(Zmi)

takes a sequence of elements
(T,0,7), (21, f1), -, (@1, fr)) € O(k;my, ... ,mg) x MSt(my) x ... x MST(my)

to the composition of the elements (1, f1), ..., (zx, fx) according to y,,5+, in the order
prescribed by the labeled tree (T, ¢), acting by the permutation 7 on the resulting
element of MS* (3. m;). This composition can be depicted by labeling the ith vertex
of (T,o0,7) by (x;, f;) € MS*(m;). This action is compatible with the composition in
O because M ST is an operad. We will use this existing O-algebra structure to define

the BO-algebra structure of cact! by representing the cact!-composition by Ro A+
Theorem A.5.12. The cact!-composition (A.5.1)) is part of a BO—-algebra structure.

Proof. In order to construct a BO-algebra structure on the sequence {cact!(n)},>o,
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we want to define a map

BO(k;my,...,my) x cact’(my) x ... x cact’(my,) — cactl(z m;)
that restricts to the ¥,—action on cact!(n), which permutes the labels on the lobes,

and its already defined o;—compositions. Using the homeomorphism cact! = F from
Lemma [A.5.4] we will equivalently construct a map

A BO(k;my,...,mg) X F(my) X ... x F(my) —>.7:(Zmi).

Firstly, the X,,-action on the n—space of a BO-algebra is encoded by the labeled
corollas

(Cn,1,7,0,0) € BO(n;n) 2 O(n;n) 2%,

where 7 labels the leaves of the corollas C,, which are thought of as elements of the
symmetric group X,, and the identity corresponds to the planar ordering. This fixes
the action of such elements of BO as we have already fixed the ¥,,—action on cact!(n).

The cact! o;-composition is encoded in BO by the trees with exactly two vertices,
one attached to the ith incoming edge of the other. These trees admit no non-trivial

bracketings so such elements of BO have the form
(T0,7,0,0) € BO(m +n —1;m,n)

where o labels the two vertices of T" and 7 labels its n+m—1 leaves. The compatibility
with the pre-chosen operadic composition of cact! dictates the action of such elements
of BO: (T,0,7,0,0) acts on z; € cact'(m) and x5 € cact!(n) by taking their o,-
composition, as dictated by the tree, and then acting by 7 on the lobes of the resulting

element of cact’(m +n —1). Flgure A 21| illustrates an example of this action.

Yoy §ri

Figure A.21: Example of the BO-action on cact!.

By Lemma [A.5.11] this cact!-composition can be defined in terms of the M ST
composition:

R o Ays+ ((T, o,7); (x1, 1), (72, 92))
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where R is the projection map (A.5.5), and g1 = g(z1,1,..., k..., 1) and go =
g(z2,1,...,1;,...,1) are the rescaling maps of (A.5.4), with k; = n and I; = 1 if first
vertex is the bottom vertex and the second is attached to its ith input, or k; = 1 and
[; = m if the second vertex is the bottom vertex with the first attached to its jth
input. Let (yr, fr) € M ST denote the element Ay;g+ ((T, o,7); (x1,91), (xg,gg)).

We will now extend this definition of the BO-action of trees with at most two
vertices to an action of the whole operad. We start by defining an explicit expression
for the action of bracketings of trees (7,0, 7, B,1) with brackets of weight 1, and
afterwards extend this definition to the remaining elements of BO, whose brackets
have weight strictly between 0 and 1.

Let T = (T,0,7,B,1) be an element of BO(n;my,...,my) with all brackets of
weight 1, and let z; € F(m;) = cact!(m;) for each 1 < i < k. We first construct
scaling maps g € Mon™*(I,0I) as in (A.5.4). Recall from Definition that a
bracketing B = {S,};es consists of large, nested proper subtrees of 7. Here we allow
B to be empty. Recall that o orders the vertices of T'. For a fixed i € {1,...,k}, let
S € B be the smallest bracket that contains the vertex (i), allowing S = T if there
are no such bracket. Recall that in(o(7)) is the set of incoming edges of o(i), and
L(S) is the set of leaves of the bracket S. We define a map

¢ :in(o(i)) — N (A.5.6)
by setting
(i) £(e) =1if e e L(S);

(i) &(e) = |L(S")| if e is the root of a bracket S” C S in B, with S’ C S the largest

such bracket;

(ili) &(e) = |w| if e € iE(S) is not the root of any S’ € B, where |w| denotes the
arity of the vertex w € V() for which e is the outgoing edge.

Figure shows an example of the map £. We then set

gi ‘= g(xi; 5(61>a s 76(6m1)) (A57)

for ey, ..., e, the incoming edges of o(i) ordered by the planar ordering of T

We define the action of BO inductively on the size of the bracketing B.
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Figure A.22: An example of €.

If B is empty, then we define

)\(T;'fla s 7'1:]{?) '=Ro >\MS+((T7 g, 7—); (xlagl)a sy (ij?gk’))

and use (yr, fr) € MST to denote the image of A\j;g+. Note that when & =1 or 2,
this is the same as the BO-structure already defined above.

If B is not empty, then we define additional scaling maps for each bracket, using
the inductive hypothesis that the action has already been defined action on subtrees
with fewer brackets.

Let T” be the tree obtained from T by adding a binary vertex at the root of each
bracket S; € B. Extend the order o of the vertices of T" to an order o’ of vertices of 7"
by setting the |J| = |B| new vertices last. An example of 7" is shown in Figure[A.23]
We will use each additional vertex of T” to assign a scaling map to the associated
bracket.

Figure A.23: An example of T for the bracketing of T" in Figure

Let w; € V(T") \ V(T) be the jth vertex of 7" not in T, according to the chosen

order o’. Let S; € B be the bracket associated to w;. Since the number of brackets
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of B that lie inside S; is less than |B|, we have an element
(ija ij) S MS+

defined by the inductive assumption by restricting T = (T, 0,7, B, 1) to the subtree
S;. Consider the tree 7'/S; in which all vertices in S; are identified and internal
edges between them are collapsed. The tree T'/S; has a vertex [S;] associated to the
collapsed tree S;. We have an induced bracketing Bof T /S; from the bracketing B
of T', and thus can define a map &; : in([S;]) — N as in by replacing (7', B)
by (T/S;, B). Then define

hj = g(ys;; &i(er), -, &le)) o fs)! (A.5.8)

for eq,...,e the incoming edges of [S;] in 7/S;. We define the action of BO by
setting

MT; 2, ., 2) == Ro Mg+ (T, 0", 7); (w1, 1), - -+, (ks i), (1, ha), -, (L, )
(A.5.9)
for the rescaling maps g; and h; defined above.

We claim that the formula for the action is indeed compatible with compo-
sition of bracketings of trees of weight 1. It is enough to check this for a o;-composition
in BO, so consider Ty = (T3, 01,71, B1,1) and Ty = (T, 09, T2, B2, 1) in BO. We need
to check that

MTys 1,0 2o, MTos 2, -, Zigio1), Tigty - - -5 Tagi—1) = MT10:Toy 20, .0 Tpgi—1).
(A.5.10)
From the above definition, we have A(Tq1; 21, ..., 2i—1, M(Ta; T4y oo, 1), Tig1y -+ s Thop1—1) =

Ro )\MS7L ((Tlla 0—17 7—1); (xlv gl)a ) (xiflv 9171)7
(yT27 gl)7 (x’i+l7 gi+l>7 R (l’k, gk)? (17 h1)7 SRR (17 h’|Bl|))

for

yr, = R o s+ ((Ty, 0, 72); (@i, 91)s - - - (Tii—1, 91), (L, RY), .-, (1, i)

where the maps ¢; and h; are those associated to (77, By) and the maps ¢, and h}
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associated to (T3, By). In the above notation, we also have

(yTza sz) = AMS+ ((TQI’ O‘é’ 7—2>; (:Eiv g:)a sy ('Ii-i-l—l) g;—l—l—l)? (17 hll)’ ceey (17 hTB2|>)

Note that one can change the Mon™(I,0I) component of an element of MS™ by

doing a o;—composition in the operad. In particular,

(yTzagi> = (Lgi o fT_Ql) 01 (yT27 sz)

in M St ane we can rewrite the left hand side of (A.5.10)) as the first component of
the M S*—composition

AMs+ ((T1/7 o1,71) 0 (T5,55,72); (21, 91), - - -, (Tiz1, gi1),
(xi,gg), ceey ($i+l—lag£+l71)a (17 hll)v te (17 hTBZ\)v (1791' © f;gl)ﬂ
(xi+lagi+l)7 B (xk,gk)7 (17 h1>’ RS (17 h|B1|>)

where T has an extra vertex at the bottom of the tree to encode the change of
Mon™(I,0I)—component for the To composition. If Ty is large, this extra vertex
corresponds exactly to the extra bracket T5 arising in the BO—composition, and one
checks that the corresponding scaling map h defined by the formula (A.5.8]) is precisely
the map g; o fr, ! As the other labels of the vertices of the composed tree agree with
those of the right hand side, we see that we recover the right hand side of .
If Ty is not large, then there is no such additional bracket in the BO-composition,

but in this case fr, =id and the left and right hand side agree directly.
Recall from Remark that we may consider BO as the geometric realization

of the simplicial operad of bracket trees. Then the above definition of A on bracketings
of weight 1 defines the action of the vertices of BO. We finally extend this action
to all bracketings of a tree T' by linear interpolation on the rescaling maps g;. For a
fixed tree T" and a point ((By C -+ C B,),t) in the realization of the poset B(T), let
g:(T, B;) denote the definition of the rescaling map g; with respect to the bracketing

B; on T in (A.5.7), and likewise for the maps f; in (A.5.8). We set
9i = t0gi(T, Bo) + ... + t,g:(T, B;).

This is well-defined as Mon™(I,0I) is convex. Also note that this is continuous in
BO as going to the [th face of the simplex (By C --- C B,) corresponds to t; going
to 0, that is, dropping the bracket B;.Then we define (yr, fr) and AT, 0,1, B,t) :=
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R(yr, fr) as in (A.5.9) but with this definition of g; instead.

This defines the action of BO on cact!. It is compatible under composition because
the composition in BO is the realization of the composition in the poset operad, and
we have already checked the compatibility under composition there.

O

Given that normalized cacti, together with the cactus composition (A.5.1)), forms
a BO-algebra we can now use the rectification results from Proposition to

define an oo-operad.

Corollary A.5.13. Normalized cacti define dendroidal spaces of the following two

flavors:

(i) There exists a reduced homotopy dendroidal space X € Sﬁgp, satisfying the strict
Segal condition, such that X(C,) = cact'(n) and with value on the inner face

maps 0. given by the cact' —composition.

(ii) There exists a weakly reduced dendroidal space Y € S, satisfying the weak
Segal condition (in the sense of Proposition|A.4.10), such that Y (C,) ~ cact!(n)

and with value on the inner face maps 0, homotopic to the cact' —composition.

Proof. Theorem shows that cact! is a BO-algebra. Applying the construction
from Theorem , we define a homotopy dendroidal space X := ®(cact!) € S
By construction, ®(cact!)(C,,) = cact!(n), and by the theorem it is a reduced homo-
topy dendroidal space satisfying the strict Segal condition. The evaluation of ®(cact!)
on an inner edge is the o; composition, as encoded by the BO-structure, which in
the present case is the cact'-composition by Theorem . This proves (i) in the
statement.

For (ii), we set Y := p X = p®(cact’) € S to be the rectification of X, as
constructed in Proposition [A.4.10f By Lemma [A.4.9 Y(C,) = p®(cact!)(C,,) ~
®(cact!)(C,,) = cact!(Jw|) and the value of Y on inner face maps is identifies under
these homotopy equivalences with the value of X on inner face maps, and hence
identifies with the cact'-composition. By the proposition, Y is weakly reduced and

satisfies the weak Segal condition. n

A.6 Relation between the operads BO and WO

The Boardman-Vogt W-construction is a construction on operads with the prop-

erty that, for any topological operad P, algebras over WP are “up-to-homotopy”
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or “weak” P-algebras. A lax operad [15] is an algebra over the operad WO, the
Boardman-Vogt W—construction applied to the operad of operads O (Deﬁnition,
and is a notion of a “weak” or “infinity” operad. It is known that there exists a zig-
zag of Quillen equivalences between the category of W (O-algebras and the category of
reduced dendroidal spaces by, for example, combining Theorem 4.1 of [5] with either
Theorem 1.1 of [7] or a restriction of Theorem 8.15 of [19].

Here we show how the operad BO can be identified with a variant W, of the
W-construction of the operad O of operads (see Theorem . From this, it will
follow that BO-algebras are lax operads that are strictly symmetric and with a strict
identity (see Example . We start by recalling the W-construction.

A.6.1 The W-Construction

The Boardman-Vogt W-construction is an enlargement of the free operad con-

struction. Given an operad P, there are canonical morphisms of topological operads
FP— WP = P,

where the map p : WP — P is a surjective homotopy equivalence. Algebras for WP
are up-to-homotopy P-algebras. We briefly recall the construction here and refer the
reader to [15, Section 17] or [B, Section 3] for full details.

Definition A.6.1. Let P be a €—colored (discrete or topological) operad. The operad
WP is a topological operad with the same set of colors €, built from the free operad
F(P) (Definition by adding length in [0, 1] to the internal edges of the trees
that define the elements of F'(P). More precisely, for each list of colors c¢;cq, ..., ¢y

in €, we have

WP(ccr,...,ch) = ( H ([0, 1] x H P(out(v);in(v))))/ ~

(vav)‘) ’UEV(T)

where the disjoint union, as for the free operad, runs over the isomorphim classes of

leaf-labeled €—colored planar trees
(T, f: E(T) - &, A: {1,...,k} — L(T))

with &k leaves such that f(A(i)) = ¢;, f(R(T)) = c¢. The equivalence relation is
generated by the relation (x) in Definition in addition to the following additional

relations that capture “weak” operadic composition and units:
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1. any tree with an internal edge of length of zero is identified with the tree where
that edge has been collapsed and the operations labelling its end vertices com-

posed;

2. any tree that has a vertex with only one input and one output, both colored
by ¢ € €, labeled by the identity in ¢, € P(c;c), is identified with the tree
where that vertex is deleted. The resulting new edge, if internal, has length
the maximum length of the two original internal edges connected to the deleted

vertex.

See [I5, p 75] for a pictorial version of these relations. The symmetric group acts
on WP by relabeling the leaves, as for the free operad. Composition is by grafting,
giving length 1 to the newly created internal edge.

We will denote elements of WP by (T, f, A, s,p), where T is a planar tree, f :
E(T) — € is the map coloring its edges, A : {1,...,k} — L(T) is the bijection
labeling its leaves, s € [0, 1]"P(Ml is a collection of weights, and p = (Pv)vev(m) is a
labeling of the vertices by operations in P. An example is shown in Figure [A.24]
There is a canonical projection map 7m : WP — P defined by sending all the edge
lengths to 0 and composing the operations of P as dictated by the trees.

1 5 6 9

4 € P(n;0)
a
P(f;a,e) > € P(j;k,l,m,n)

P(p; f.g,h,i,5) 3

Figure A.24: Example of an element of WP(p;a,b,c,d,g,i,k,{,m, o).
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A.6.2 A variant on the IV-construction

Given a (discrete or topological) €-coloured operad P, the topological operad WyP
is defined as the quotient of WP by replacing relation (2) in Definition by the

following stronger relations for arity one vertices, as well as a version for arity zero

vertices:

(2)

any tree that has a vertex v with only one input and one output both colored
by ¢, adjacent to at least one other vertex w, with v labeled by any element
P(c; ), is identified with the tree where the vertex v is deleted, and the label
of v and w are composed in P (Figure |A.25)).

If the resulting new edge is internal, then its length is the maximum length of

the two original (then necessarily internal) edges adjacent to v.

w
w el
max{s,t}
t
¢
w owv
ne

Figure A.25: Local representation of the relation (2') on a tree.

any tree that has a vertex v with no input, adjacent to another vertex w, with
v labeled by any element of P(c; ), is identified with the tree where the vertex

v and the edge between v and w are deleted, and the labels of v and w are

composed in P (Figure [A.26).

Figure A.26: Local representation of the relation (3’) on a tree.
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So a WyP-algebra is a weak P-algebra (WP-algebra) for which the nullary and
unary operation are strict. And in particular, one has that WyP(c;c) = P(c;¢) and
WoP(c;0) = P(c; ) for any color c. Also, one can always choose representatives of
elements of WP using trees with no valence 0 or 1 vertices (unless it only has 0
or 1 vertex). In a tree that defines an element of WyP, an arity one vertex lying in
between two other vertices can be slid up or down to either of its neighboring vertices,
composing its label with that of the chosen vertex, while an arity zero vertex can be

“pushed down” to the vertex it is attached to.

Example A.6.2. The example relevant to us here is when we set P = O is the
operad of operads. In this case, € = N is the natural numbers and an O-algebra
is a (monochrome) operad. The nullary operations in O(1;() encode the identity
operation in the O-algebra, while the unary operations in O(n;n) encode the action
of the symmetric groups. It follows that a WyO-algebra is a strictly symmetric weak

operad with a strict identity.

By construction, the canonical projection p : WP — P factors through the quo-
tient map q : WP — WyP. Moreover, both WP and WP are homotopy equivalent
to P:

Proposition A.6.3. There are operad maps WP — WyP — P, inducing homotopy

equivalences
q D
WP(cie, ... cp) —— WoPl(cici, ..., cn) —— Plcicr,. .. cp)
for each n > 0 and each c¢;cq,...,c, in €.
Proof. For each n > 0 and c; ¢y, ..., ¢, the map

q:WP(c;cry. .., cn) = WoPl(c;eq, ... cp)

is the projection on to the quotient. It is an operad map because if elements of WP
are equivalent in WP before being composed, they are necessarily also equivalent in
WP after composition. The map py : WyP — P contracts the remaining edges in the
trees of WP by sending the lengths to 0 (and composing the operations in P). This
map is well-defined, as it is compatible with the relations (2’) and (3’), and respects
the operad structure. These maps induce homotopy equivalences, with homotopy
inverses given by including P(cy, ..., c,;c) as labelled corollas in WoP(c;cq, ..., ¢p)

or WP(c;eq, ..., cp). ]
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A.6.3 BQ-algebras are strictly symmetric lax operads

In this section we prove that there is an isomorphism of topological operads BO =
WyO.

Theorem A.6.4. The operads WoO and BO are isomorphic.
The combination of Theorem with Example [A.6.2] describes BO-algebras

as strictly symmetric lax operads with strict identity. Moreover, the isomorphism
BO = W,0 allows us to observe that any BO-algebra will receive a canonical WO-
structure via the quotient map ¢ : WO — W,O. In fact, Theorem together
with Proposition gives homotopy equivalences

WO = BO = 0O,

where O = 1oW0O = 1yBO and the latter equivalence is the one already considered
in Remark [A.3.10] Each of the topological operads WO, BO and O are admissible
in the sense of [5 Theorem 2.1] and thus the natural projection maps induce Quillen
adjunctions

WO—-Alg —— BO—Alg —— O—Alg.

We expect that these adjunctions induce Quillen equivalences, though the operad BO
is not Y-cofibrant so we can not immediately apply [5, Theorem 4.1]. We nonetheless

have the following:
Corollary A.6.5. Every BO-algebra is homotopy equivalent to a strict operad.

Proof. Every BQ-algebra is canonically a W(-algebra via the quotient map ¢ :
WO — BQO, and every W(O-algebra is homotopic to a strict operad, i.e. an O-
algebra, using e.g. Theorem 4.1 of [5] that gives a Quillen equivalence between the
categories WO —Alg and O—Alg (using that the operads WO and O are well-pointed,
Y-cofibrant admissible operads).

Given a BQO-algebra P, one can alternatively directly construct such a strict op-

erad P’ homotopic to P using the following double bar construction:
P < B(BO,BO,P) = B(O,BO,P)=:P,

where P’ is an O-algebra and hence a strict operad. In the above zig-zag, we use the
notation of e.g. [?, Const 9.6 and Thm 9.10], identifying an operad with its associated
monad. The leftmost map is an equivalence by properties of the bar construction and

the rightmost because of the equivalence BO = O of Remark |A.3.10 O
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Combining Theorem with Theorem |[A.6.4] we can also relate BO-algebras
with reduced, strictly Segal ﬁgp -diagrams.

Corollary A.6.6. There exist isomorphisms of categories
WoO—Algs = (8%") yier.

The proof of Theorem will be given in Section Though not saying
this explicitly, the proof uses the natural association of a bracketing to a clustering
tree, which is described for instance in [83, Definition 2.7].

Since the W-construction is built out of cubes, to prepare for the proof, we start

by giving an alternative description of BO in terms of cubes as well.

Definition A.6.7. We can define a weighted bracketing of a tree T' to be a pair (B, )
with bracketing B = {S;};es of T and ¢ € [0,1]7. The jth coordinate ¢; € ¢ is the
weight of S;. The addition of weights associates to each bracketing a cube [0, 1]!81,

These cubes fit together to form a space:

B(T)= [ [0.1"/.

BEB(T)

where the equivalence relation is by identifying any bracketings with weights that
only differ by a bracket of weight 0 (see Figure [A.27(b)).

Y

) A bracketing B of T with 2 brackets (b) All bracketings of T and

and its associated cube [0, 1]'%! in B(T). their associated cubes assem-
bled to make B(T') a hexagon.

Figure A.27: A tree T" and its corresponding space of bracketings B(T').

Recall from Definition the poset B(T') of bracketings of a tree 7" under the

inclusion relation.
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Lemma A.6.8. Let T be a tree. There is a homeomorphism |B(T)| = B(T'), between
the realization of the nerve of the poset B(T') and the cubical space B(T).

Proof. We consider the topological k—simplex as the space
AP ={(s1,...,8,) ERF: 1=59> 5>+ > s, >0}.

Fix a tree T and let o denote a k—simplex By C --- C By, of the nerve of the poset

B(T). To each o we associate a map
Xo @ AF — B(T)

where x,(s1,...,8k) is the weighted bracketing of T in which all trees of By have
weight 1 = s and all trees of B;\B;_1 have weight s; for i > 1.

The maps x, assemble into a continuous map

B = (TTB@w x AF) /o — BT = T 0.1/

k>0 BEB(T)

This map is a homeomorphism with inverse defined by mapping a cube [0, 1]/7!
in B(7) to the realization of the sub-poset B<p, which is a cube whose dimension
is the cardinality |B| of the bracketing. Explicitly, given an element (B,t) € B(T)
with B = (By, ..., Bx), we order the coordinates of ¢ = (t1,...,tx) so that they are

in decreasing order
1= ta(l) == ta(rl) > ta(m—l—l) == ta(rl-i—m) >
> ta(r1+~--+rl+1+1) == to(r1+‘-~+n+2) = 0.

This defines an [-simplex By C By C --- C B; by setting

B; = BoyU - U Bo(ry4oogri 1) ]

A.6.4 Proof of Theorem [A.6.4]

In order to prove BO = WO, we first recall some definitions. Recall that elements
(T, f, A\, s,p) € WoO(n;my,...,my) are represented by a planar tree T with k leaves
ordered by the bijection A\ : {1,...,k} — L(T) and with an edge colouring f :
E(T) — N that, in particular, colours the leaves by my, ..., my. In addition, T is
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equipped with a collection of lengths s € [0, 1]"#(DI and a decoration of the vertices
P = (pv)vev(m) by operations by p, in O(out(v);in(v)).

We call a representative (T, f, A, s, p) reduced if the tree T has no vertices of arity
zero or one, unless such a vertex cannot be removed using the equivalence relation
in WO, i.e. if T is the corolla Cy or C;. In particular, every element of WyO has a
reduced representative, which in general is not unique. It greatly simplifies the proof
of Lemma to work with reduced representative.

For a given tree T, and vertices v, w € V(T), we say that w is above v if the unique
shortest path between w and the root of the tree goes through v. In this case v is
below w. Every other vertex of T is above the root vertex vy whose outgoing edge is
the root of T.

Lemma A.6.9. There is a map of topological operads ¥ : WO — BQO.

The map V is illustrated in Figure [A.28]

3 10 12 13 2 16

Figure A.28: Element of W,O and corresponding element of BO(16;2,3,4,3,4,3,3).

Proof. Given a reduced element (T, f, A, s,p) € WoO(n;my, ..., my), we construct
U(T, f,\,s,p) = (T,0,7,B,t) € BO(n;my,...,mg),
where (B, t) is a weighted bracketing on the labelled tree
(T,o,7) =po(T, f, A\, s,p) € O(n;my,...,my)
that is the image of (T, f, A, s, p) under the canonical projection py: WoO — O.
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The bracketing B is constructed from the set of vertices of T. If T has at most
one vertex, then set B = () to be the trivial bracketing, in which case there are no
weights to chose so t is the empty map.

Otherwise, since (T, f, A, s,p) is reduced, and T is not a corolla, all its vertices
have arity > 2. Let vy be the root vertex of T. For each v € V(T)\{vo}, let

(Sw Oy, Tv) = pO(Tw f|’]1"v’ A|Tv?p|’]rv)7

where T, is the subtree of T with v as its root vertex, and containing all the vertices
above v. Observe, in particular, that, since v # vy, the outgoing edge e, of v — that
is the root of S, — is internal in 7". Since the vertices of T have arity at least 2, each

S, is a large proper subtree of T, and because composition in O is by substitution,
B=A{S, : ve V(T)\{vw}}

is a collection of nested subtrees, and hence a bracketing.
To define the weight function ¢ of B, we associate, to each S, the weight ¢, = s(e,),
the length of e, € iE(T). This completes the definition of W (T, f, \, s, p).

We need to check that the defined bracketing is independent of our choice of
(reduced) representative (T, f,\,s,p) € WoO(n;myq,...,mg), and continuous. In
particular, we must check that it is compatible with the relations (1), (2") and (3’) in
Definition [A.6.1] and Section [A.6.2l

To prove that ¥ is well defined with respect to relation (1), and hence also con-
tinuous, let s; be the length of an internal edge of T with end vertices v, w, where
v is above w. Then if s; goes to 0 in WO, the vertices v, w are identified and their
labels are composed in O. Applying W, this will precisely have the effect of taking
the weight of the bracketing S, to 0, which is equivalent to simply forgetting the
bracketing S, in BO.

Relation (2’) allows that a vertex v with only 1 input in T, labeled by a per-
mutation a € O(n;n) = X, to be composed to either of the vertices it shares an
edge with. So suppose T is the reduction of a tree T with an arity one vertex v
attached to two vertices w and w’, with w’ below w. We may assume that w and
w’ both have arity at least two. We let T be the tree obtained from T by collaps-
ing the edge between w and v and let T’ be the tree obtained from T by collaps-
ing the edge between v and w’. We need to check that the brackets S, and S,

are the same if computed using the representative (T, f, A, s,p) associated to T or
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(T', f', A, s, p’) associated to T’. This is immediate for the bracket S, because w’
is below v and thus po(Tw, flr,,, At Plr,,) = po(TZU,,f’|TZM,)\]T;,,p’hriﬂ,). For the
vertex w, the two representatives in general do not have the same image under py,
but if po(T,,, f'lr, , Alr,, 0 |r,) = (S, 00,T,), we still have that S, = 5,. In fact,
only 7/, might differ from 7, as the vertex v is a permutation a € O(n;n) = ¥,, that
acts on a labeling p € O(n;ky, ..., k) by permuting the leaves of the labeled tree
representing p.

For relation (3’) in the definition of W}, the relation gives a unique way to reduce
a tree if an arity zero vertex is attached to another vertex, so the representative with

no arity 0 vertices is unique and nothing needs to be checked.

Finally, we check that W is a map of operads. Consider a composition (T4, fi, A1, s1,p1)0;
(Tq, fa, A2, 82, p2) of reduced representatives in WyO, and let U(T;, f;, A;, sj,p;) =
(Tj,04,7j, Bj, t;) for j = 1,2. Composition in WO is induced by grafting a tree T
onto the ith leaf of Ty, creating a new internal edge of length 1. If Ty has at least
one vertex of arity 2, this corresponds exactly under ¥ to adding a new bracket T5 of
weight 1 in the composed tree T} e, (;) -, T> where the composition here is by insertion.

If not, then, since (Tq, fa, A2, S2,p2) is reduced, Ty has either no vertices or a single
arity 1 vertex, so T5 is either the exceptional tree n or a corolla C),. In each case, the
newly added edge in the composed tree T; o; Ty will be collapsed when going to a

reduced tree, corresponding under ¥ to a composition in BO where no extra bracket

is added. This finishes the proof. m
Lemma A.6.10. For every (n;mq,...,my) the map ¥ : WoO(n;my,...,my) —
BO(n;my,...,mg) is a bijection.

Proof. We start by checking that W is surjective. Solet (T, 0, T, B,t) of BO(n;my, ..., my)
with B = {S;};e; and t € [0,1]/. We may always choose a representative where
all brackets have non-zero weight, so we assume that t; # 0 for any j € J. We
will construct an element (T, f, A, s,p) € WoO(n;my,...,my) in the preimage of
(T,o,7,B,t).

If B = () is the empty bracketing then define T to be the corolla with k leaves,
with f coloring its leaves my,...,my in the ordering given by A, and the root by n
and p labeling the unique vertex by (7,0, 7). The weights s are trivial in this case.
By definition, ¥ takes this element to (7', 0,7,0,0) as required.

We now assume that B = {S;},c; is non-empty. To encode the leaf labelling 7
on T’ it is convenient to choose a non-reduced representative of its preimage, using

a tree T with one valence 1 vertex at its root. We define T as follows: we set
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V(T) = {vrs,vr} U{v;}jes, where the vertex v; corresponds to the bracket S; € B,
v corresponds to an additional “trivial bracket” Sp := T, and v, will be associated
to the permutation 7. To construct the tree, we set v; above v; if S; C .5}, connecting
the two vertices by an edge e; if there is no k € J such that S; C Si C S}, where we
allow S; = Sp. This edge e; is colored by the number |L(.S;)| of leaves of the smaller
tree S; and we define its length by setting s; = t; is the weight of the corresponding
bracket. The nesting condition on the brackets implies that no cycles are formed this
way. We also connect vr and v, by an edge of length 1, colored by n = |L(T)|, which
is also the color of the root of the tree.

Finally for each vertex v of T, we attach a leaf [, to the vertex v; € V(T) if S; is
the smallest tree of the bracketing containing v, attaching it to vy if v is contained in
no bracket. This leaf is colored by the arity of v in T'. This defines the tree T, with
edge lengths s and edge coloring f.

We pick some planar structure for T. (Recall that elements of WyO are only
defined up to non-planar isomorphism, which is why there is some freedom here.)
Note that the leaves of T correspond exactly to the vertices of T'. The ordering
A Al,...,k} = L(T) is determined by o and this identification. This defines the
tuple (T, f, A, s).

All that remains is to define the decoration p of the vertices of T by elements of
O. We need to have that (T, 0, 7) is given by the composition of the elements of the
vertices of T so to determine the decorations in T, what we need is to “undo” the
compositions in 7" marked by the bracketings.

Let v; € V(T). We define p(v;) to be the element (S;/ ~, 0, 7;) € O(out(v;);in(v;))
where S;/ ~ is the planar tree S; with each subtree S; C S} collapsed to a corolla with
the same set of leaves, o; orders the vertices according to the above chosen planar
ordering of T, where we note that the incoming edges of v; correspond precisely to
the vertices of S;/ ~, and 7; labels the leaves of S;/ ~, which are also the leaves of
S;, in the order given by the planar embedding of 7". (Here it is important that the
chosen planar structure of T is compatible with the chosen order o; of V/(S;/ ~). On
the other hand, the chosen order 7; of L(S;/ ~) is not important, as we will fix it
below using the vertex v,.) This determines p uniquely on all vertices {v;};esU{vr}.
Finally, the vertex v, is labeled by the permutation 7 € ¥,,, considered as an element
of O(n;n).

This finishes the construction of (T, f, A, s, p). To compute its image under ¥, we
have to pass to a reduced representative, which means collapsing the edge between

v, and vy and composing their labeling. (The length of that edge is forgotten.) We
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have that W(T, f,\,s,p) = (T, 0,7, B,t), by our choice of p for the tree T and its
leaf-labeling 7, our choice of A for the ordering o of the vertices, our choice of vertices
of T for B, and with a direct correspondence between the length s; of the edge e; and
the weight ¢; of B;.

To finish the proof, we check that WU is injective. We will check that, up to
the equivalence relations defining WO, there is a unique reduced (T', f'; X', s',p’) in
the preimage of (T, 0,7, B,t). Note that the number of vertices of such a reduced
representative is determined by the tree T and the cardinality of B. We consider first
the cases where T’ has 0 or 1 vertex.

If T has no vertices, then T” = 7 representing the identity element in O(1;1),
B =0, and, up to the equivalence relations of Wy, there is only one possibility for
(T, f, N, s, p).

Suppose now that T’ = C} has exactly one vertex of arity k. The leaves of T’
are in one-to-on correspondence with the vertices of T, with X ordering its leaves,
and f’ coloring them my, ..., mg,n, with m; the color of XN(7). We can choose a
representative of (T’ f', N, s, p’) so that the planar structure of T/ = C} is given by
the ordering o of the vertices of T. Then the labeling p of the vertex is necessarily
precisely (T, 0, 7). So there is only one possibility for (T', f', N, s, p).

Finally, if T’ has at least two vertices, then it must have precisely |B| + 1 vertices
arranged in a tree according to the nested structure of the bracket, and k leaves, with
each leaf attached to the vertex corresponding to the appropriate bracket. The root
vertex of T corresponds to the whole tree T'. The coloring of the edges is determined
by the arity of the vertices and brackets in 7', and the labeling of the leaves \ is
determined by the ordering o. The vertices are decorated by tuples (1}, 0;, 7;), with
T; determined by the bracketing B, o; determined by the nesting of the bracketing
once a planar structure for T’ is chosen. Choosing a different planar structure will
give an equivalent element of WO (in fact also of WO). The ordering 7; is likewise
not uniquely determined by the situation, but a different choice that does yield the
same tuple (T, 0,7, B, s) under ¥ will be equivalent in WO, using relation (2’). This
finishes the proof of injectivity.

m

We are now ready to prove our main result in this section, namely that WO and

BOQO are isomorphic as topological operads.

Proof of Theorem[A.6.4 In Lemma we constructed a map of topological oper-
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ads
P WOO — BO.

Combining this with Lemma [A.6.10] we know that, for each tuple (n;mq,...,my), the
map
U WoO(n;my,...,mg) — BO(n;my, ..., my)

is a continuous bijection. As the source of this map is a compact space (moWoO(n; my, ..., my) =
O(n;my, ..., my) is finite and there are finitely many reduced representatives (T, f, A, s, p)
defining a cube in each component), and the target is a Hausdorff space, ¥ is therefore

a local homeomorphism and hence an isomorphism of topological operads. O

Remark A.6.11. A corollary of the result we just proved is that WO is the realization
of an operad in posets, namely the operad BO. The operad WO can likewise be seen
as the realization of an operad in posets, namely the poset of elements of the free
operad F'O, with poset structure generated by edge collapses. The map of operads
q: WO — WyO is the realization of a map of posets. Indeed, the map ¢: WO —
WoO = BO respects the poset structure because collapsing an edge in T, which
defines the poset structure underlying WO, corresponds under the map ¢ to forgetting
a bracket, which defines the poset structure underlying W,O = BO.

A.7 The explosion category of ¢

In Section we introduced an enriched version of the dendroidal category Qo
which is closely related to the category of BO-algebras. As mentioned in the intro-
duction of Section , the idea of the category (NZO is to encode homotopy coherent
()-diagram, and hence (20 should be connected to the explosion category of €2, as
defined by Leitch [53] and Segal [81, Appendix B].

In this appendix we describe the explosion category of €2, denoted SN), and show
that our topological category QO sits between €2 and © in the sense that there exist

equivalences of topological categories

The explosion construction and the W-—construction are very closely related in
spirit. One might thus expect a relationship between Segal ﬁfdiagrams and WO-

algebras, similar to the relationship between Segal dendroidal spaces (Q—diagrams)
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and O-algebras, and between Segal homotopy dendroidal spaces (ﬁgfdiagrams) and
WoO- or BO-algebras. Theorem below will show that such a relationship
exists, but without being as close as in the other cases: W (O-algebras identify with

a full subcategory of the category of reduced strict Segal ﬁfdiagrams.

A.7.1 The explosion of )

For each morphism g : S — T in 2, we define a poset of paths Pathqg(S,T'), whose
objects are the factorizations of g : S — T in

ST . s Ty gﬁ T,

where we identify two factorizations if they differ only by identity morphisms. In
particular, each such factorisation (gi,...,¢,) has a unique reduced representative
containing no identity morphisms unless n = 1 and ¢ is the identity on S. (Such a
factorisation can be thought of as a path in the nerve of €2.) The poset structure
is by refinement of factorisation: (g1,...,9n) < (91,...,4,,) if n < m and there is a
monotone map « : {0,...,n} — {0,...,m} such that «(0) = 0, a(n) = (m), and
gi:g;[(i)o---og;(ifl)Jrl for each 1 <7 < n.

We denote the geometric realization of this poset by
K, := |Pathq(S,T),|.

Definition A.7.1. The topological category ) has the same objects as 2. Morphism

spaces in {2 are defined as

Homg(S,T)= [[ K,= ][] [Patho(S,T),l.

g€Homq (S,T) g€Homq (S,T)

Composition of morphisms of Q is given by concatenation of factorizations.

Example A.7.2. Fix a tree T with |L(T")| = n leaves and three inner edges: ey, es,
es. Recall that C,, denotes the corolla with n leaves. Let 0,,, O.,, 0., denote the inner
face maps in 2 associated to each inner edge, and let g = 0, 0,,0,, : C,, = T be their

composition. Then g admits a factorization




as a composition of three inner face maps for each permutation of {1,2,3}. The ele-
ments of Pathqg(C,,, T), that involve only these three inner face maps form a subposet

with ([1], %) as minimum, and for each permutation o € X3 the elements

O05(1) O5(2)00 05(1)05(2) 0o
([2]7 (1) (2) (3)) ([2]’ (1)%(2) (3) )

95(1) Os(2) O5(3)
(3, — )

Each permutation ¢ this way contributes to a square

30(1)@7(2) 30(3) a(l) 05(2) av(3>)

/d(l) (9(7(2)86(3)

in this subposet, and the dendroidal identities tell us that these squares together form

the following hexagon inside |Pathq(C,,,T'),|:

Oey Oy e
L
/ A \
)0y e Doy Doy Oes
L, T, it K e
Ocg  Ocq  Oey B \ Oey ey ey
NN =3
A \
Oey  Oecy O ey Oy O
2 193 g i} > 193 2
Y (
ey Oeg  Oey Oeg  Oey  Oey
=, s a =,
OepOey e Oy ey ey
N e,
A
Oey Bey Doy
=,

Additional elements of Pathq(C,,, T'), can be obtained by inserting tree isomorphisms
This example should be compared to Examples [A.3.4] and [A.3.5] which can be inter-
preted as computing morphism spaces in the category ﬁo likewise associated to trees

with three internal edges, where in one case a pentagon occurs, and in the other it is

a hexagon.
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Lemma A.7.3. For each g € Homgq(S,T') the space K, = |Pathq(S,T),| is con-

tractible.

Proof. The poset Pathg(S,T), has the trivial factorisation S s T as a minimal

element. u

Let p : Q — Q be the functor that is the identity on objects and projects each
morphism space K, to g. Considering € as a discrete topological category, the lemma

immediately gives the following proposition.

Proposition A.7.4. The functor p : Q — Q induces a homotopy equivalence on

morphism spaces.

Note that the proposition identifies €2 with the “path component category” WOQ,
which has the same objects as Q and Hom_ (S, T) := mo(Homg (S, T)).

A.7.2 The relationship between Q and ﬁo

The category Qo sits between  and € in the sense of the following proposition.

Proposition A.7.5. There is a functor q : Q — SNIO, which s the identity on ob-
jects and induces a homotopy equivalence on each morphism space. Moreover, the
composition poq =1p : Q — Q is the projection functor of Proposition .

Proof. Fix two objects S, T € Q. Recall from Definition that

Homg(S,T)= [ K,

geHomq (S,T)

for K, = |Pathq(S,T'),| is the realization of the poset of factorizations of g, and K|,
is contractible. Likewise by Definition [A.4.4]

Homg, (S,T) = ]_[ L,

g€Homq (S,T)

and L, = [[ |B(g(C,))| is the realization of the poset £, of bracketings of the
veV(S)
trees ¢g(C,), with L, likewise contractible. So to prove the proposition, it is enough

to produce a functor ¢ which is the identity on objects and takes K, to L, for each

g. We will define the functor by defining a poset map
qy : Patho(S,T), — L,
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and show that it is compatible with composition.

Fixamap ¢ : S — T in 2. An object of Pathq(S,T), is a factorization (g1, ..., g»)
of g and to such a factorization of g, for each v € V(.S), we associate a bracketing of

g(C,) as follows: set

By ={Sw = gno-0gi11(Cy) }1<i<n—1
Sucatcn tuse”

This is a (possibly empty) bracketing as these sets are by definition nested. We then
define q4(g1,...,9n) = (By)vev(s). Note that this association is a map of posets as
refining a factorization will correspond under ¢, to an inclusion of bracketings.

We are left to check that the maps g, assemble to define a functor, i.e. that they
are compatible with composition in Q and Q. Let f: R — S be another morphism
in 2. We need to check that

PathQ(S, T)g X PathQ(R, S)f I PathQ(R, T>gof

QgX‘Ifl lqwf

Lo x L ce

gof

commutes. Because the target is a poset, it is enough to check that it commutes on ob-
jects. Let (g1,...,9,) and (f1,..., fim) be objects of Pathq(S,T"), and Patho(R, S);.
By definition, their composition is (f1,..., fm, 91, .., 9n) € Pathg(R,T)4s. We have

qr(fr-o o fm) = (Bl)aevim) and (g1, -, 9n) = (Bf)uev(s) with
Bj: = {Sy = fmo---o0 fi+1(Cy)}1§i§m—1

y€fio--of1(Cy)
SyCf(Cz) large

and bracketing of f(C,) C S, and

Bg = {Sw pr— g’I’L O +«++0 gz+1(cw>}1§z§n—1
weg;o---0g1(Cy)
SwCg(Cy) large

a bracketing of ¢(C,) C T'. By definition, ¢,(g1, ..., gn)oqs(f1, ..., fm) is the collection
(By)zev(r) of bracketings of each tree g o f(C;) C T defined by

= U B)u( U wer)u( U s,

vef(Ca) vef(Cy) S,eBl
9(Cv)Cgof(Ce) large g(Sy) large
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where BY is considered as a bracketing of go f(C,) via the inclusion g(C,) C go f(C,).
Now we see that this is exactly the bracketing of go f(C,) defined by the factorization
(fiy--+ fms 91, -5 9m), which indeed is the union of the sets

{9(Sy) = go fmo--o fita(Cy) hr<icm— UA{Ss = 9(Co) }boesica)
y€fioof1(Cq) SvCgof(Cz) large
9(Sy)Cgof(Cq) large
U{Sw =9gno-00i11(Cu)bi<i<n— -
weg;o--0g10f(Ca)
SwGgof(Cy) large
Hence the poset maps g, assemble to define a functor ¢ : Q— ﬁo as claimed. More-
over, one readily checks that the composition with the projection p : Qo — Q is the

canonical projection p : Q— Q. O]

A.7.3 W(QO-algebras as ﬁ—diagrams

In Section we showed that B(O-algebras describe dendroidal Segal spaces.
For completeness, we now show how homotopy dendroidal spaces S are related to
W O-algebras.

We will only need to consider ﬁfdiagrams X : Q% — S that are reduced, i.e. such
that X (n) = *. Recall that in this case, for X : Q@ — S, the Segal map becomes the
map

X = ] X
veV/(T)
induced by the restriction maps T" — C,, in Q°. Considering these morphisms as
morphisms of ﬁ, we likewise have a Segal map for X : Q — S in the reduced case.

In analogy to the case of dendroidal and homotopy dendroidal spaces, let (S 50p>8m0t
denote the full subcategory of S of Q-diagrams X : Q% — S such that X (1) = x
and such that the Segal map y as above is an isomorphism for every T # 1. We have

the following:

Theorem A.7.6. There exists a functor
A WO—Alg — (Sﬁop)strict

that embeds the category of WO-algebras as a full subcategory of the category of

reduced Qfdiagmms satisfying the strict Segal condition.

As we will see in the proof, ﬁ—diagrams are governed by a version of WO where

the trees T have an additional level structure, and W O-algebras identify then as the
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subcategory of diagrams where this level structure does not matter. If one wished
to describe a category of homotopy dendroidal spaces which is isomorphic to WO-
algebras, one could use this observation to take an appropriate quotient of Q. As this
is particularly messy, and not the main focus of this article, we have elected not to

include such a construction.

Proof. The proof is similar to that of Theorem[A.4.8|treating the case of BO-algebras.
We start with the definition of the functor W. Let P = {P(n)},>0 be a WO-algebra

with structure maps
ap : WO(n;ma, . ..,my) x P(my) x -+ x P(my) — P(n).
We associate to this data an ﬁfdiagram
U(P) = U(P,ap): QP = S
as follows. Set W(P)(n) =  and, for T # 7 in €, set

v(PNT)= ][ P(wD.

weV(T)

For every morphism ¢g : S — T in (), we need to define maps

V(P)g): Ky x [] Pllwl) — T (D).

weV(T) veV(S)

As in Theorem [A.4.8] we do this one vertex of S at a time.
Recall that K, is the realisation of the poset Pathq(S,T'), of factorizations

ST S ST, ST
of g in Q. For each v € V(5), we consider the restriction of these maps to C, € S:
In—1 gn

C’Ug—1>gl(Cv)g—2>...—>gn_10---ogl(C’U)——>g(CU)CT. (%)

Recall from Remark that WO is the realization of an operad in posets, whose
elements are those of the free operad FO (identifying elements of F'O with elements

of WO in which all weights of internal edges are 1). We will now use the restriction
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of (g1,...,9n) to C, to construct a labeled planar tree

(T, f, X\, p) € FO(Jvl; (|w])wevgc,))

by induction on the height of the tree:

Starting at the root, we attach a vertex v of valence |V (¢1(C,))|. The incoming
edges of v are labelled in accordance with (g1(C,), 04, 7»), where oy, is a chosen ordering
of the vertices of the tree g,(C,), and 7, is induced by the planar structure of ¢;(C,) C
Ty. Specifically, the incoming edges of v are labeled by the vertices of ¢;(C,) and

ordered via the map o,,.

For each vertex w € ¢1(C,), which is now an incoming edge of v, we can attach
a vertex w of valence |V (g2(Cy))|. These incoming edges are labeled with the tuple

(92(Cy), 0w, Tw), as in the previous case.

More generally, for vertices with height 2 < ¢ < n, the tree T has a vertex g for
every vertex y in (g;—1 0---0¢1)(C,), attached to the previously constructed vertex z
associated to the vertex x € (g;_o0---0¢;1)(C,) satisfying that y € g;_1(C,). We label
y by the tuple (g;(y), 0y, 7,) with 7, induced by the planar structure of T;, giving Cj

the planar structure dictated by the chosen o,.

We now set f: E(T) — N to be the unique meaningful colouring which makes T
an element of FO(|v]; |w:], ..., |wk|). We set the ordering o of the vertices wy, . .., wy
of g(C,) in accordance to the resulting planar structure on T. As the set of vertices
of g(C,) is also the set of leaves of the tree T, this also defines \. We note that the
tree constructed this way is in no way reduced and will, a priori, have many arity one
vertices labelled by identities. We can use relations defining F'O, however, to remove

such vertices and give an equivalent element in F'O.

This assignment of the restriction of a factorisation () to a labelled tree T respects
the poset structure of Pathq(S,7), and WO as refining the factorisation corresponds
to undoing the collapse of edges, namely if (g1,...,9,) < (¢, -.,4.,), then the image
(T, f, A\, p) of the first factorisation can be obtained from the image (T’, f', N, p’) of
the second by collapsing the edges corresponding to the added levels, as collapsing
level in the tree correspond in this construction to composing consecutive maps g;.

In this way we can apply the structure map ap one vertex at a time and define a
map

oy ¢ [Pathg(S,T),l x  [[  P(wil) — P(|v]) (A.7.1)
wi €V (g(Cy))
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and we can define
U(P)(g) = (av)vEV(S)-

By construction, the action of W(P) on morphisms commutes with composition in
Q, and thus U(P) : Q% — S defines a functor. That the Segal map for W(P) is an

isomorphism for every T' # n follows immediately from our definition of ¥ (P).

The assignment P +— W(P) requires only the data of underlying symmetric se-
quence of P and the algebra structure maps ap. This data is natural under maps of
W O-algebras and thus

U:WO-Algs — S

is a functor.

It remains to check that ¥ is an embedding of a full subcategory. Injectivity on
objects follows from the fact that if P and Q satisfy that W(P) = ¥(Q), then we
necessarily have that P(n) = Q(n) for each n, as given by the value at the corolla,
with agreeing symmetric group actions as given by the isomorphisms of corollas, and
the structure maps ap and ag likewise must agree as the value of the structure map
on every element of WO is the value of the functor ¥(P) = ¥(Q) on an associated
morphism of Q) obtained by choosing a level structure on the tree and interpreting
the collapse of each level of the tree as a morphism in 2. As morphisms of WO
algebras are determined by what they do on spaces P(n), we see that the functor is
faithful. It is also full as natural transformations between diagrams originating from
W O-algebras, will necessarily respect the W (O-algebra structure of their values at

the corollas.

]

Remark A.7.7. The reader might be tempted to compare the functor ¥(—) from
Theorem with the homotopy coherent nerve of a topological operad P. This is
a functor

w* 1 O—Alg — Set®”

defined by
(w*P)(T') = Homo,(WQ(T'), P),

where WQ(T') denotes the Boardman-Vogt W-construction applied to the free operad
generated by a tree T (Example [A.2.4]). The functors ¥ and w* are not equivalent
on operads, though if one has a WO-algebra P which happens to be an operad then

one can define a dendroidal space Xp € S /w*P, where the later denotes the slice
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category. For more on this point of view, see [65, Remark 6.2] or [0, Corollary 1.7].
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Tub(§), FS,b? | Xe |,

W1, [6 0[0,n — 1],[67] MO (W, pw),
W, 64 S0[0,n — 1], 7 MEFW, pw),
X, ©, [16 MW, pw),
A ©*, I C(W),
Bun® (W), SR p, 16
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augmentation .............. ... ... .. [o7]
augmented topological flag complex ..
C
configuration space
framed ......... ... .l 8

Decorated diffeomorphism group
decorated diffeomorphism group

L-decorated diffeomorphism group [47]

decorated manifold ................... 24
decorated moduli space ..............
decorated-chiral ...................... 26]
decorations ............. ..o 24
decoupling map ......................

disc model for configurations
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face maps

forgetful map 7

Forgetful map F' .....................
forgetful map Fr, .....................

Fulton-MacPherson configuration space
[SB]
Fulton-MacPherson operad

framed

G
geometric realisation .................

I

infinitesimal configuration

L
L-decorated diffeomorphism group ....[47]
L-decorated manifold ................. 47]
L-decorated moduli space ............
L-decoupling map ....................



M

manifold with decorations ............ 24
mapping class group ...................
Moduli space with ©-structures ...... 18]

Monoid of configurations with labels .

summable labels ................. 99

P
partial d-monoid ................ .. ...
with unit ...... ... .. o oL 86
framed ......... ... .. L 88
g00d ..

partially ordered topological monoid

Q

Quillen plus construction .............
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S

semi-simplicial nerve .........
semi-simplicial space .........
augmented .......................
Space of ©-structureson W ..........
concordant to py ...
restricting to pg ...
space of k unlinked circles ............

standard p-simplex ...................

T

Tangential structure ..................

tubular configurations ................

U

unlinked embedding of circles
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