OPTIMAL ADAPTIVE CONTROL WITH SEPARABLE DRIFT
UNCERTAINTY
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Abstract. We consider a problem of stochastic optimal control with separable drift uncertainty
in strong formulation on a finite time horizon. The drift of the state Y is multiplicatively influenced
by an unknown random variable A, while admissible controls u are required to be adapted to the
observation filtration. Choosing a control actively influences the state and information acquisition
simultaneously and comes with a learning effect. The problem, initially non-Markovian, is embedded
into a higher-dimensional Markovian, full information control problem with control-dependent filtra-
tion and noise. To that problem, we apply the stochastic Perron method to characterize the value
function as the unique viscosity solution of the HJB equation, explicitly construct e-optimal controls,
and show that the values in the strong and weak formulation agree. Numerical illustrations show a
significant difference between the adaptive control and the certainty equivalence control, highlighting
a substantial learning effect.
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1. Introduction. Active learning in stochastic control is a topic of considerable
interest, particularly in situations where unobservable components can affect the state
evolution. In Feldbaum’s seminal work [21], the concept of the dual effect was intro-
duced (see [3] for a treatment in the field of stochastic control). The dual effect is the
interplay between the control’s effect on the state and its influence on the estimation of
unobservable components through the controlled state. Consequently, the dual effect
plays a key role in problems with a learning effect in stochastic control, as it describes
a case of what is called, in “modern” language, the much-studied trade-off between
exploration and exploitation. Here, exploration is in terms of knowledge / uncertainty
about the unobservable component and exploitation refers to cost optimization.

In this paper, we investigate the problem of Bayesian adaptive optimal stochastic
control in continuous time on a finite time horizon with separable drift uncertainty
introduced via a hidden, static random variable. We take a Bayesian view of the
estimation problem, that is we assume the prior is known and subsequently update
our beliefs. In this context, e-optimal controls are constructed using stability of
viscosity solutions, and strong and weak formulations are shown to agree in value.

1.1. Problem description. In the following, the controlled state Y* satisfies
dY = ATb(s, Y us)ds + o (s, Yy, us ) dWs, Yi=0

where u is the control and A is an unobservable random variable with prior distri-
bution p. For each control, the state generates a filtration Y* = o(Y") called the
“observation filtration” which is explicitly control-dependent in the strong formula-
tion. As a result of the nonlinear drift, the separation principle first formulated in [47]
generally does not hold. The separation principle roughly says that, under certain
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conditions (typically linearity of the state dynamics), control and estimation can be
decoupled, and the problem of simultaneous control and estimation separates into two
problems; this does not apply here. The goal is to minimize the cost functional
T
T =E[ [ k.Y u, Nt + g(¥#,N)
0
over a class of controls u which are adapted to their own generated filtration Y%, that
is, they only rely on the information on A and W generated from observing Y™.

In this formulation, the control is of closed-loop type and directly influences the
controller’s knowledge of the hidden parameter A, resulting in a learning effect. More
precisely, a trade-off between exploration and exploitation arises, as the control must
balance improving the estimation and minimizing the cost functional.

Mathematically, the dependence of the observation filtration Y* on the control
u is a result of the strong formulation of the control problem. To make the problem
approachable using techniques of stochastic optimal control, especially dynamic pro-
gramming, we rewrite the state dynamics in the filtration Y*. It turns out that, by
introducing two control-dependent auxiliary states, we can fully describe the condi-
tional distribution of A given Y* in a Markovian way. As such, the original problem
is embedded into a finite-dimensional Markovian problem, and we can apply the tech-
niques of dynamic programming.

To gain further insight, we also study an alternative weak formulation of the
problem. A priori, given the effects of controlling the information flow and the depen-
dence of the filtration on the control in the strong formulation, it is not clear if the
optimal cost in the weak and strong formulation agree. Nevertheless, we link the two
formulations using the stochastic Perron method [6], which yields a characterization
of the strong and weak value functions as the unique viscosity solution of the same
HJB equation, that is, the two value functions agree. The stochastic Perron method
allows for the derivation of the viscosity characterization of the value functions with-
out explicitly proving the dynamic programming principle (DPP) in continuous time.
Instead, one uses suitable notions of sub- and supersolutions carrying the necessary
intertemporal structure required for the proof.

Choosing a family of auxiliary control problems with the control set restricted to
piecewise constant controls as the class of supersolutions, we establish the DPP for
these controls and then build an approximation scheme in the sense of [4] converg-
ing from above to a viscosity subsolution of the HJB equation which dominates the
value function in the strong formulation. Regarding the approximation from below,
we consider stochastic subsolutions (in the weak formulation) and show that their
pointwise supremum is a viscosity supersolution dominated by the value function in
the weak formulation. Consequently, a comparison principle for the HJB equation
implies that the limit of the control problems with piecewise constant controls and
the value functions of the problems in strong and weak formulation agree, which is to
say that additional randomization does not decrease the value of the control prob-
lem. Moreover, by establishing existence of optimizers for the problems with piecewise
constant controls, we are able to construct e-optimal controls which can be efficiently
computed.

Problems with unknown dynamics and cost have highly relevant applications
in, for example, the problem of optimal execution in mathematical finance. In this
context, Y represents the asset price under price impact and b(t, y, u) = w is a simple
model for unobservable permanent price impact A (see the monographs [13, 24, 45]
for an introduction to problems of this type). This is a challenging issue in problems
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of optimal execution, as price impact factors are generally unobservable and have to
be estimated from the affected price. Another field of application is in motion control
of robots; we solve a stylized example numerically in section 6 to demonstrate and
compare our results to a naive control obtained by replacing A by its expectation E[A]
and a certainty equivalent (CE) control (c.f. [23]) which uses the current conditional
mean as the best estimate, but neglects the control of future available information.
This can be considered as a very specific continuous time continuous space version of
a POMDP ([34]), which have a wide range of applications.

The HIB equation is solved numerically using the deep Galerkin method [43]
combined with policy iteration; convergence of this method in the linear case was
established recently in [29].

1.2. Related literature. Previous studies involving unobservable components,
for example in other problems of adaptive control or partially observable control (e.g.
[9, 10, 22]), usually pose the problem in a weak formulation such that the filtration
does not depend on the control. There, the probability space and filtration are fixed,
weak solutions to the state equation are considered, and the control is introduced via
a change of measure to the cost functional. Another approach is to require that for
a sufficiently large class of controls, the corresponding observation filtration agrees
with the uncontrolled observation filtration and then work with the latter one. In the
stochastic optimal control literature, direct dependence of the observation filtration
on the control is usually avoided or resolved via the separation principle, which has
a variety of technical formulations: Wonham [47] defines this as the existence of an
optimal feedback control, while [9, 3] define the principle as the ability to replace the
hidden variable with its conditional expectation. For a more in depth discussion, we
refer the interested reader to [23].

For the sake of clarity, we will interpret the separation principle as the state-
ment that ‘the optimal control problem can be posed in such a way that the relevant
filtration is fixed independently of the control’. With this formulation, we are not
aware of any work studying such problems in the strong formulation when the sep-
aration principle does not hold. In many works [22, 11, 20, 2], the control does not
directly influence the observation process (possibly due to additional randomization),
allowing weak formulations of their control problems via change of measure, under
which the separation principle (in our formulation) holds. In these contexts a different
‘separation principle’ is often given, where an extended state variable (based on the
conditional distribution) is constructed and used as a basis for analysis. We will see
in this paper that this approach is also valid for a problem where the control directly
alters the filtration.

In [9, 30] on an infinite horizon and in [31] on a finite horizon, a special case
of our control problem is considered in a weak formulation for quadratic cost on
the state variable in a class of what the authors refer to as “wide-sense” admissible
controls. They show the intriguing result that there does not exist an optimal control
in the class of “strict-sense” admissible controls in the weak formulation but construct
optimal controls in the class of “wide-sense” admissible controls. This, together with
the fact that the optimal wide-sense admissible control is Markovian, suggests also
that, in the strong formulation, in general there does not exist an optimal admissible
control, thus justifying our search for e-optimal controls.

A survey on the stochastic adaptive control problem from a control theory per-
spective is given in [37] and a recent broader view on adaptive control is, e.g., the
monograph [1]. Similarly, model predictive control deals with control of unknown



4 S. N. COHEN, C. KNOCHENHAUER, AND A. MERKEL

systems, usually in discrete time and only sometimes with noise (see [27] for an over-
view). There, the goal is generally not to find optimal controls but implementable
“good controls” having “good” asymptotic stability and robustness properties and to
prove suboptimality guarantees. They also treat non-Bayesian approaches. Often, for
example, an ergodic criterion is prescribed, and we mention [17, 18] as examples in
this direction.

The problem of adaptive control has also attracted attention over the last decade
due to the interest in reinforcement learning and, more generally, machine learning
and its applications in control theory. We mention two recent examples: [44] who ex-
amine the linear convex episodic reinforcement learning problem in continuous time
and [40] who derive suboptimality bounds for a certainty equivalent controller in the
linear-quadratic problem in discrete time. The reinforcement learning community
mostly considers asymptotic regret optimality and other types of asymptotic opti-
mality, whereas we consider optimality on a finite horizon. As a consequence, in
our formulation control effort matters at every point in time, whereas for asymptotic
optimality, control effort on every finite time interval is irrelevant.

Finally, regarding our construction of e-optimal controls, we point out that a way
to construct e-optimal controls in the class of piecewise constant controls was already
suggested in the seminal monograph [36]. In [35] the author approximates the value
function using value functions over the class of piecewise constant controls and proves
the DPP in that class. We use regularity results appearing in [36] to establish the
DPP for the case of unbounded cost functions over the class of piecewise constant
controls. As a consequence of measurable selection, we obtain optimal controls for
the approximating problems, which are Markovian “on a time grid”. Convergence, and
thus e-optimality, for the original problem is not shown via direct analysis of the cost
functional as in [36] and [35], but using instead the theory of viscosity solutions and the
main stability result of [4], allowing us to additionally characterize the value function
as the unique continuous viscosity solution of the HJB equation. The connection to
the HJB equation was not made in [35], but explicit convergence rates in terms of the
step size were obtained, something that is not included in our approach.

The rest of our work is structured as follows. In section 2 we formulate the optimal
control problem in strong formulation. In section 3 we rewrite the state’s dynamics
in its own filtration and introduce two additional auxiliary states. A dynamic Mar-
kovian optimal control problem in strong formulation is introduced into which the
original problem is embedded. In section 4 we furthermore introduce the Markovian
control problem in weak formulation. In section 5 we establish the main results of this
paper by showing that the weak and strong value functions coincide with the unique
continuous viscosity solution of the HJB equation and construct e-optimal controls.
Finally, in section 6 we present an application of our results to a toy problem of
optimal control in robotics, highlighting a substantial learning effect.

Notation. Throughout, we fix a complete probability space (2, §,P) and denote
by T' > 0 a finite time horizon. The symbols D, D, denote the gradient and Hessian
with respect to the (multivariate) components x,y, whereas 9, denotes the partial
derivative with respect to the (scalar) component z. Finally, S; denotes the set of
symmetric d X d matrices for any d € N.

2. The control problem. We pose the control problem beginning with an R™-
valued random variable A = (A1,...,\,)T with distribution g under P. We fur-
thermore suppose that (2, §,P) supports a one-dimensional Brownian motion W =
(Wt)eepo,r) independent of A, and we denote by F MW the filtration generated by A



OPTIMAL ADAPTIVE CONTROL WITH DRIFT UNCERTAINTY 5

and W, augmented by all P-nullsets.
Assumption 2.1. X is bounded, that is |A| < K for some K > 0.

This assumption guarantees that the estimator function introduced in the next
section is Lipschitz continuous. Next, we consider controls taking values in a compact
metric space Y. This is a standard assumption which allows us to construct controls
using measurable selection. With this, the set of pre-admissible controls is

AP = {u: Q x [0,T] = U : u is FW-progressively measurable}.

For any u € AP™¢, the controller observes a controlled one-dimensional state process
Y = (Y{")e[o,1], defined as the unique strong solution of

(2.1) AY;* = ATb(t, Yy ug)dt + o(t, Y, ug)dWs, Y =0,

where b: [0,T] x RxU — R™ and 0 : [0,T] x R x U — (0,00), and the initial state
Yy = 0 is chosen for simplicity.

Assumption 2.2. The functions b, o are jointly continuous in all arguments. Fur-
thermore, there exist constants L, M > 0 such that, for all t € [0, T],u € U,

|b(t7y13u) - b(tu y%“)‘ + |U(tay1>u) - U(tny,U” < L|Z/1 - y2‘7 Vylal/Q S Ru
[b(t,y, w)| + ot y, w)| + |o(t,y,u) ! < M, vy € R.

Lipschitz-continuity and boundedness ensure existence of a strong solution of (2.1)
and boundedness of b,c~! ensure that a certain Girsanov transform used to derive
an estimator for A is valid; boundedness of ¢ is for convenience. Uniformity of these
estimates is required for regularity of the approximating problems in subsection 5.2.

By a standard existence result such as [36, Theorem 2.5.7], for each pre-admissible
control u € AP, there exists a pathwise unique (FMW,P)-strong solution of (2.1)
which generates a filtration, called the observation filtration, which we highlight to be
control-dependent in the strong formulation.

DEFINITION 2.3. For u € AP™, the observation filtration Y* = (V{')¢cjor) is
defined as the completed filtration generated by Y™, that is Vi := o(Y,s € [0,t]) VN
for allt € [0,T), where N denotes the system of P-nullsets.

Remark 2.4. 1) By definition, for every u € AP, we have Y* C FMW.
2) In the state dynamics (2.1), the unobservable A does not appear in the diffu-
sion coefficient. If it did, the problem would be fundamentally different.

We now restrict the controls to those which are adapted to their corresponding
filtration Y*, that is, they only rely on the information on A and W obtained from
observing the controlled state.

DEFINITION 2.5. The set of admissible controls is defined as
A= {u € AP : u is Y"-progressively measurable}.
Admissible controls are therefore closed-loop controls in the sense that they can

utilize their effect on the observations; see [3] for an elaborate discussion.

Remark 2.6. Care must be taken in defining the set of admissible controls, as
can be seen from the example of the Tsirel’'son SDE (see, e.g., [41, p.362]). There,
a bounded, nonanticipating but path-dependent drift (potentially a feedback map) is



6 S. N. COHEN, C. KNOCHENHAUER, AND A. MERKEL

constructed, which introduces additional independent randomness in the generated
filtration, such that “Y* ¢ F»W”. Our choice of admissible controls, specifically
A C AP"¢| excludes these controls from being admissible.

In general, a definition of the set of admissible controls adapted to the filtration
of a solution of a controlled SDE is circular. Indeed, in order for the observation
filtration to exist, for each control there needs to exist a solution of the state equation
(2.1), but to ensure such an existence, one needs to specify the set of admissible
controls. To the best of our knowledge, there are three approaches:

e Fix an observation filtration F and work with weak solutions to the state
equation and controls w which are F-progressive (as in, e.g., [9, 22]).

e Choose as controls nonanticipative feedback maps @ : [0,7] x C([0,T]) — U,
regular enough to define the state process. This is an approach often followed
by the reinforcement learning community.

e Use a “reference” filtration, in our case FA"W, to define a superset of controls,
in our case AP"¢ and guarantee existence of the controlled state. Then restrict
to those controls that are adapted to a control-dependent subfiltration, in our
case Y.

Note that the set of controls A is not a nice set to work with. For example, it is
not closed under addition, even when the sum takes values in U; i.e. for uy,us € A it
is not clear whether u; + uo is Y%t T“2-progressive and thus admissible.

For a control u € A, we define the cost functional as
T
(2.2) J(u) = E[/ k(t, Y, ug, N)dt + g(Y7, )\)} subject to (2.1),
0

where k : [0,T] x RxU xR — [0,00) and g : Rx R — [0, 00). The goal is to minimize
the cost functional J(u) over all u € A.

Assumption 2.7. k and ¢ are jointly continuous. In addition, k(t,y,u, ) is con-
tinuous in y uniformly over u for each (¢,¢) € [0,7] x R and ¢(y,¢) is uniformly
continuous in y for each ¢. Furthermore, we assume that there exist C,p > 0 with

[t 9,0, 0] + 9y, )] < COL+ yl?)  V(t,y,u,0) € [0,T] x R x U x R.
DEFINITION 2.8. We say that a control u* € A is optimal if

2.3 inf = *

(2.3) 52,4‘7(“) J(u")

with J as in (2.2). Moreover, for everye > 0, a control u™* € A is e-optimal provided
that J(u*®) <infyeca J(u) +e€.

Remark 2.9. In the problem formulation considered here, Y* is generally not
a Y“-Markov process. In the next section, we derive a finite-dimensional control
problem under full information where for each control u € A the coefficients of Y* are
adapted to Y*, and which can be solved via dynamic programming in the sense of e-
optimal controls. We thus also obtain e-optimal controls for the original problem (2.3).

Remark 2.10. 1) Our results extend to the case of a multidimensional state
Y™ under suitably adjusted assumptions. Since this only adds to the notation,
we stick to the one-dimensional case.

2) A motivating example for a multidimensional hidden parameter A can be
constructed by considering A = (1, A\, A2,..., AY) for some real-valued \ and
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fixed N € N. This, together with suitable coefficients b;(-), ¢ = 0,..., N,
could be used for a polynomial approximation of a general drift function
b(-,\) ~ ATb(-). The validity of such an approximation is left open for
future research, but may provide a way to study the case of non-separable

drift uncertainty.

3. Transformation to a full information problem. We now embed the prob-
lem into one in which the coefficients and cost are adapted to the observation filtration.
Making use of techniques of Bayesian inference, we find a finite-dimensional param-
etrization of the conditional distribution of A by two Y“-adapted information states.
This suffices to transform the problem into a control problem under full information.

To begin with, we introduce a new probability measure Q% as follows. Let u € A
and define two density processes A" = (A} )icjo,7) and Z* := (Z{);e(o,1] Via

1 " ATH
u o — _ u
A} = 7 5( /0 — (s,Y; ,us)dws)t

AT 1 [P ATHHTA
= eXp(f/ 7(53 Y;uaus)dWS - 7\/ 2 (57Y9uaus)ds)
o O 0

2 o
L ATh u W L [EATRETA u
:exp(—/o ?(S,YS s ug)dY + 5/0 T(S,YS 7us)ds).

Since A is bounded by Assumption 2.1 and b,o~! are bounded by Assumption 2.2,
A" is an (FAW P)-martingale and defines a P-equivalent probability measure Q% on
(@, F3") with

QYA) :==E[A%1,] vAe M.

By Girsanov’s theorem [32, Theorem 3.5.1], we find that Y is a standard (F*W, Q%)-
Brownian motion independent of A and, as Y* C FMW it is also a (Y%, Q*)-Brownian
motion. Furthermore, A retains distribution p under Q%; see [33, Lemma 2.2]. With
this, we define another density process Zu = (ZAt“)tE[O’T], which is also a (Y*, Q%)-
martingale, by

. Leth . Lo[ftetoete,
a1z e [ Srevrua -5 [ s u)

= EQ" [eXp(/t )\Tb(&Ysua Us)dysu - 1 /t )\TbgT)\(S’ Ysu’us)ds) ‘y?}
0

0 02 2 o

=E¥ (2311 = E¥ [Z¢ )y,

where we used that A ~ p and is independent of Y* under Q".
In order to avoid having to deal with matrix-valued SDEs,! we introduce the
half-vectorization operator vech : S,,, — R™"+1/2 (see, for example, [25]) such that

1)/2
Sm 3 A= (aij)i<ij<m — vechA = (a11,a21,022,031, - -, )T € R/,

LOne could work with the matrix-valued version equally well, but vectorization allows us to ‘stack’
the components of our state variable into a single vector state, which is arguably more familiar from
the PDE perspective; ultimately this is a matter of taste. We observe that the half-vectorization
operator vech is linear and invertible, and so vech and vech™' can be manipulated as fixed linear
maps from the perspective of stochastic calculus and PDEs.
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With this, we define two additional information state processes T = (T¢);c[o,77 and
= (Ff)te[o,T] by

) t bbT
3.2 Ty = — (s, Y us)dY® and T} := vech —(s,Y", ug) )ds,
t 2 s s t 2 s
00 0 g

taking values in R” and R"(m+1)/2 regpectively. Note that the two processes are
related via (Y") = vech ™ (I'*).

Using this notation, for u € A, we define the unnormalized conditional distribution
of A under Q" given Y*, denoted by p* = (p})¢cjo,7], as

() == B (201D = [ exp(e70E - S (vech I ulde) VA € B(R),
A

where B(R) is the Borel o-field over R. Using Bayes’ rule [32, Lemma 3.5.3], we can
identify the normalized conditional distribution of \, denoted by 7" = (7}')¢c(o,17, a8

_pi4) _ETZr .y

mA) = ® T T Bz

=P() € A[YY).

In order to manipulate this (unnormalized) conditional distribution more simply,
we define a function F : R™ x R™Mm+1/2 4 R by

(3.3) F(v,v) := /Rexp<€Tv — %éT(vech_lfy)E)u(dﬁ)

and, for any sufficiently integrable function ¢ : R — R, the transformation F[¢] :
R™ x R™m+1)/2 _ R by

1
(3.4) Flg)(v,~) == / (0) exp(m - §€T(ve0h_17)€) 1(de).
R
We note that, by (3.1), we can express Z* in terms of F evaluated along T*, T, that

is Z& = F(Y®,T%), and similarly that p%(A) = F[14](T¥, T%).

Remark 3.1. In [19], F as defined in (3.3) is referred to as the Widder transform
of p (due to [46], see also [32, Section 4.3 B]). This should not be confused with the
Post-Widder transform common in the theory of Laplace transforms.

Noticing that the gradient of F' with respect to v is given by

Fuv.) = [ tesp (0o = 57 (vech™9)e) uldt) = Pldl(v. ).

we find that the conditional mean of A\ can be expressed in terms of the process
m" = (my)ieo,r) given by

(3.5) m = G(T¥,T¥) = BN = / (r(de),
where G : R™ x R™(m+1)/2 4 R is defined as

E,
(3.6) G(v,7) = 5 (v,7)-

By Assumption 2.1, we find that |G| is bounded by the same constant K > 0 as A.
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Remark 3.2. In the above definitions, we have always constructed continuous ver-
sions of the conditional expectations, which are therefore measurable. The other
identities then hold in a P-a.s. sense.

LEMMA 3.3. The function G is Lipschitz continuous.

Proof. Since G is continuously differentiable, it suffices to show that its gradient
is uniformly bounded. For this, we note that
)

As p is compactly supported by Assumption 2.1, for the mixed derivative we obtain

Fvv
|DG(|2 = ? - G2

Fou
F

2 Fg

2 F’U
Pl TF

F

2 |EF,
F2

’24_%

F _%G‘g SQ{’

1
| Foy(v,7)] < / K3 exp(ﬁTv - §€T (Vechflfy)ﬁ),u(df) < K3F(v,7),
R

and similar estimates hold for the other terms. It follows that G is Lipschitz. 0

Next, for all controls u € A, we now define the corresponding innovations process
Ve =(VH b
(Vi )te[o,T] Yy

t
u 1 u u u
(37) Vt ::/O O’(S YU u )(dYS - (ms)Tb(&)/s ’us)ds)

t
b

=W+ / A=—m)T—(s, Y, us)ds.
0 g

The following key lemma can be found in [39, Lemma 11.3] or [15, Lemma 22.1.7].

LEMMA 3.4. For all controls u € A, the corresponding innovations process V" is
a standard (Y*,P)-Brownian motion.

Using (3.5) and (3.7), we can rewrite Y* with dynamics in the observation filtra-
tion VY as

t t
(3.8) ve = [aerrms vtagds + [ ot v )iy
0 0

Similarly, the first auxiliary state T* can be written as
frb “b
Ty = / [72(87 Y us)G(YS, TY)Th(s, Y, US):| ds + / — (8, Y ug)dVy"
o Lto 0o 0

We now define the transformed running and terminal cost function k and § as

; Flk(t,y,u, -)](v,7) . Flg(y, -)](v,7)
k(t = A d and = S s
(t,y,v,7,u) Flo.) nd - g(y,v,7) Fo)
which are continuous as k and g are uniformly continuous in their last argument by
combining Assumption 2.1 and Assumption 2.7. Indeed, with z := (¢,y,v,v,u) and
2n = (tn, Yn, Un, Yn, Un) such that z, — z, we immediately have

F[k(tn,yn,um ')}(Um'yn) = / k(tn, Yn, tn, £) eXP<€Tvn - %ET(VeCh_l'Yn)g)/i(dg)
R

— Flk(s,y,u, -)l(v,7)
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by dominated convergence. This is justified as p is compactly supported, and the
integrand is jointly continuous and as a result bounded along (z,)nen. Thus, k is
continuous as a composition of continuous functions. Using Fubini’s theorem and
conditioning on Y in the cost functional, we obtain

T
T = [ B[y w0+ B [fov 03]
T~
:IEJ[/ Rt Y, TE T w)dt + (Y, T4, T5)|.
0

This is now a control problem under full information, but with control-dependent noise
and filtration, which we subsequently formulate dynamically. For ease of notation, we
let m := 14 m+ m(m + 1)/2 and define the drift and diffusion coefficient functions
£,X:SxU— R™ with 2 = (a,v,7) as

G(v,7)Tb(t, a,u) o(t,a,u)
ft,z,u) = %(t,a,u)G(v,w)Tb(ua,u) and X(t,x,u) = g(t,a, w)
vech(lg’—;(t,a,u))

For each fixed control u € A, the coefficient functions f(-,u),%(-,u) : S — R™ are
products of bounded, Lipschitz continuous functions, so they are also Lipschitz con-
tinuous. Hence, by a standard existence result (such as [36, Theorem 2.5.7]), for every
initial condition in the extended state space (t,z) € S := [0, T] x R™ and control u € A
there exists a pathwise unique ()%, P)-strong solution X%t® := (Awte Yuit.z Tuit,r)
to the m-dimensional extended state equation

(3.9) dX;“t’”” = f(s, X;“t’””, ug)ds + X(s, X;“m, ug)dVy

for s € [t,T] with initial condition X;%"* = z. For the sake of clarity, we highlight
that (3.9) can be seen simply as abbreviated notation for (3.8) and (3.2). Note that
the diffusion coefficient ¥ is degenerate, as the one-dimensional innovations process
is the only driving noise and the third state variable is not even diffusive.

With this, we define the extended cost functional as

T
(3.10) J(ust, x) = E{/ k(s, X55% ug)ds + g(X{ﬁ“”)] subject to (3.9)
t

and the value function of the control problem as

V(t,z) = Jgij(u;t,x).

The notion of (e-)optimality given in Definition 2.8 applies for each (¢,z) € S in the
obvious way. Further, the dynamic formulation of the value function is a (Markovian)
ansatz, based on the idea that the (e-)optimally controlled state should indeed be
Markovian, which will be shown to be valid later on. We will see that the auxiliary
processes Y and I' carry all information for the Bayesian estimation to lead to a
Markovian state and hence can follow the idea of verification, where we propose a
candidate (here V') for the value function.

Remark 3.5. 1) The extended control problem includes the original opti-
mization problem (2.3). Specifically, for the solution X%%9 of (3.9) we have
Yt = A%00 (as Y = 0) for all u € A, hence J(u) = J(u;0,0). This means
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that a (0,0)-optimal control for the extended cost functional (3.10) is also
optimal for the original cost functional (2.3), as the minimization is over A
in both cases.

2) In general V" does not generate Y* (this is the innovations problem, see
e.g. [26]) but is only adapted to it. However, we will see that, for the e-
optimal controls u® constructed below, the corresponding innovations process
generates the observation filtration, since the solution of the state equation
is strong and ¥ admits a left-inverse.

3) As the random variable A\ only appears explicitly in the innovations process
V*, one might be inclined to expect that the full information problem depends
on A only via its (conditional) distribution. A priori, it is however not clear
if this is indeed the case as swapping the innovations process with any other
Brownian motion might affect the value function as the innovations process
(and the filtration) is control-dependent. We argue below that V' coincides
with the value function in a weak formulation and construct e-optimal controls
by means of switching to another Brownian motion. Hence, a posteriori, V'
depends on A only via its distribution.

Remark 3.6. Obtaining a finite dimensional description of the conditional distri-
bution for a time-dependent hidden process A = (At):e[o, 1) is known only in two cases,
first in the conditionally Gaussian case (see [39, Chapter 12]) and second for a finite-
state Markov chain (see [38, Chapter 9]) for which sufficient conditions for optimality
are given in [12] in the form of a verification theorem. Since in our setting A is static,
we can work with a general distribution g and still obtain an (m + m(m + 1)/2)-
dimensional description of the conditional distribution due to the separable structure
of the drift.

In the following, for any x € R™, we write = (a,v,7) with a € R, v € R™, and
v € R™m+1)/2 With this, the HJB equation for the extended control problem reads

OV + f LV +K(- )} =0, V(T,) =3,

where for u € U, b =b(-,u),0 = o(-,u) the infinitesimal generator L* is given by

b bbT 1 9 boT
(3.11) £ = GTbu+ 5 GTOD, + (vech =)Dy + - tr [ (0 Daa+ - Dy +20D,0 )|
o o 2 o
The HJB equation is fully nonlinear and degenerate as the second-order coefficient
matrix is always of rank one, thus £* is not uniformly elliptic.

Remark 3.7. To the best of our knowledge, no explicit solutions of the HJB equa-
tion have been obtained beyond the special cases of [9, 30] (infinite horizon) and [31]
(finite horizon). Furthermore, there are no existence results which yield a solution
sufficiently regular to apply classical verification. Such a classical verification theorem
can nevertheless still be proved under the usual regularity assumptions. In [9, 30, 31],
explicit classical solutions to the respective HJB equations were obtained. They also
show that the optimally controlled state process does not admit a strong solution.

3.1. Connection of control and higher-order moments. In this subsection
we briefly elaborate on the connection of the control and higher order conditional
moments of A. In particular, we draw connections to the conditional variance and the
dual effect mentioned in the introduction. For simplicity, calculations are presented
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for one-dimensional A only. By definition of F', we see that with

okF
Gk('U,'Y) = F (Ua7)7

the conditional moments of k-th order are given by
my" = Gi(T{,TY) = ENYY].
As a consequence the conditional variance in the initial problem is given by
vary := VAV}] = Go(T}, TY) — G(T, T})?,

and straightforward computations detailed in Appendix A.1 show that

b’ b
dvary = — [G?(G2 + G| (0, T —5 (6 Y ) dt + Goo (Y1, 1Y) ~ (8, Y w) V.

o
From this, we see that the controls exhibit the dual effect according to the definition
given in [3]. There, the control is said to have no dual effect of order k (or neutral
in the language of [21]), if all moments of higher order are independent of the control
in the sense that they agree with the conditional moments given Y° with u = 0 (the
“inactive control”). The control is said to have a dual effect, if it affects any higher
order moment. Here, calculations similar to the above show that

. b
dmy™ = G20 (T}, TY) (1, Y, u)dVy",

o
i.e. the second moment is generally control-dependent and the dual effect is present.

4. Weak formulation. In this section we formulate the extended control prob-
lem in its weak formulation. We allow for the most general weak admissible controls
in which the underlying filtered probability space and Brownian motion are part of
the control, thereby introducing a control problem smaller in value than (3.10). The
problem is then transformed into one under full information, exactly as in section 3.
The purpose of this is to show that the values in strong and weak formulation agree
and to allow comparison of these approaches from a modeling perspective.

DEFINITION 4.1. For (t,z) € S, a weak admissible control is a seven-tuple U"* =
(Qt,z7%t,m7]:t,z7ﬂpt,z7 Wt,m,Xt,z7ut,ac) such that
1) (5% F4® PHY) 4s a probability space and the filtration F“% satisfies the usual
conditions;
2) W4 s a one-dimensional standard (F**,P*®)-Brownian motion;
3) ub® is FH*-progressively measurable and U-valued;
4) X4% is a continuous and F4*-adapted process defined on (%, FH% PH%) sat-
isfying
AX5" = f(s, X07, ul®)ds + S(s, X607 ul®)dWh”, s e [t,T], Xp* =u.
That is, the tuple (Qb®, Fb%, Fbe Phe Wht X4%) 4s a weak solution of the
SDE (3.9). The components of Xt® are written as X% = (AH* THT THe),

All objects above are understood with time index set [t,T]. The set of all weak admis-
sible controls is denoted by AV (t, ).



OPTIMAL ADAPTIVE CONTROL WITH DRIFT UNCERTAINTY 13

With this, the value function over the set of weak controls is defined as

T
Ve =t B[ X s+ (X))

where E® is the expectation under P“*. From the fact that the state equation (3.9)
admits a strong solution, it follows that the set of weak admissible controls is non-
empty. As any strong solution of (3.9) is also a weak solution and the filtration is
part of the control in this formulation, it is clear that we can embed A — A% (¢, x),
and hence

(4.1) VvV >Vywek  onS.

This is the first key inequality which allows us to bound V' from below by a “nicer”
problem, where there is no dependence of the filtration and noise on the control.

Remark 4.2. The case for a weak formulation, like the one in this subsection, is
the unobservability of the components of the state, in our case A\, W. Specifically,
we cannot identify the Brownian motion W by observing only the state Y* and,
as a consequence, should be comfortable allowing the distribution and the driving
Brownian motion to vary as part of the control, hence leading to the weak formulation.
Furthermore, as long as the filtration generated by the state is only extended by
independent “auxiliary” randomness, this does not violate the information pattern of
basing decisions only on observations of the state.

The case against a weak formulation can also be made, as the noise process in the
form of Brownian motion is generally control-independent and given “by nature”, i.e.
it is fixed. Furthermore, in order to make theoretical use of the above construction,
one might have to work in a filtration strictly larger than the filtration generated
by the state process Y, which in a sense violates a part of the idea behind the
model, namely that the decision has to be made only on the basis of the information
generated by the state Y. Another even more questionable point concerns the wide-
and strict-sense admissible controls considered in [9, 30, 31]. There, the “observation
filtrations” to which the controls are adapted are required to be independent of A.
But A is part of the dynamics of the observable state, and thus should certainly not be
independent of the observation filtration. In the strong formulation, Y* is generally
not independent of A under P.

5. Viscosity characterization and e-optimal controls. Since obtaining a
classical solution of the HJB equation is out of reach, as pointed out in Remark 3.7,
we consider solutions in the viscosity sense (see [16]) instead. Recall that the HIB
equation is given by

(HJB) OV + inf {L"V + E(-,u)}y=0, V(T,-)=3g

on S, where the infinitesimal generator £* is defined in (3.11). We show that the
value functions in the strong and weak formulation of the problem are equal to the
unique viscosity solution of (HJB) using the stochastic Perron method. Moreover,
we construct piecewise constant e-optimal controls, which are also Markovian on a
time-discretized grid. This allows us to link the strong and weak formulation in a
clean way.

Our agenda for the remainder of this section is to apply a version of the stochastic
Perron method [6]. More precisely, we
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e prove a comparison principle for semicontinuous viscosity solutions of the
HJB equation;

e using [4], show that the infimum of value functions of a family of auxiliary
control problems with piecewise constant controls is a viscosity subsolution
of the HJB equation;

e show that the supremum of stochastic subsolutions in the weak formulation
with weak admissible controls is a viscosity supersolution.

We can then use the comparison principle and the auxiliary control problems to
sandwich the value function V' and show that it is itself a viscosity solution of (HJB).

5.1. The comparison principle. The comparison principle for the HJB equa-
tion (HJB) is a standard result. The main difficulty in the proof consists in controlling
the viscosity sub- and supersolutions at infinity, which can be achieved by constructing
a strict classical subsolution which grows sufficiently fast. The proof of the comparison
principle is deferred to Appendix A.2.

THEOREM 5.1. Let U : S — R be an upper semicontinuous viscosity subsolution
and W : S — R be a lower semicontinuous viscosity supersolution of (HIB) for which
there exist C,q > 0 such that

0<o(t,z) <C(+z|)  Yue{U W} (tz)€S.

IfU(T, ) <W(T, -) on R™, then U < W everywhere on S.

Proof. Let ¢ > 2 such that § > ¢. A direct calculation shows that the function
Y :S = (—00,0) given by

Y(t,x) = —\x|‘jexp(C1(T — t)) —GA+T 1)

is a strict classical subsolution of the HJB equation provided that the constants
(1,(o > 0 are chosen sufficiently large. The comparison principle then follows us-
ing standard arguments as, e.g., in [7, Theorem 4.4]. O

5.2. The infimum of supersolutions. The most challenging step in our ap-
proach is the viscosity subsolution property of the value function V' in the strong
formulation. The main problem is that, in general, the set of admissible controls is
not closed under pasting. That is, given two controls uy,us € A and any ¢ € [0, 7],
the pasted control u := uiljg 4 + u2l ;1) can fail to be admissible. Since closedness
under pasting is fundamental for the DPP to be valid, it is not immediately obvious
if the value function V in the strong formulation can be linked to the HJB equation.

In a nutshell, our approach is based on the following two main ideas. First, by
using the stochastic Perron method, we do not have to work with the value function
directly, but can in fact resort to a sufficiently rich class of approximating functions
from above as long as their pointwise infimum is a viscosity subsolution of the HJB
equation. In what follows, this class of approximating functions is chosen to be the
set of value functions with piecewise constant controls on a given time grid. The
advantage of choosing these approximating functions is that it is relatively easy to
show that they admit optimal controls in feedback form that are stable under pasting,
which allows us to mitigate the problem of not being able to paste arbitrary controls.

Nevertheless, working with piecewise constant controls in our setting is still non-
trivial as, in the strong formulation, the noise and filtration are still control-dependent.
However, since the cost functional only depends on the distribution of the underlying
noise and there are optimal controls in feedback form, we can first study an auxiliary
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control problem with a fixed Brownian motion with respect to a fixed filtration to
construct optimizers and then replace the driving Brownian motion and filtration
with the appropriate control-dependent innovations process and filtration.

5.2.1. Piecewise constant controls. The control problem with piecewise con-
stant controls is formulated with respect to the original Brownian motion W on our
probability space (2, F,P) and with respect to the filtration F" generated by W and
augmented by the P-nullsets.

For each n € N let §,, := T2™™ be the dyadic step size of order n and define the
associated time and space-time grid

T :={kd,:k=0,...,2"} and S":=T" xR™,
With this, the set of piecewise constant controls is given by

A" = {u 20,T) x Q — U : uis FV-progressively measurable and
constant on ((k — 1)8,,ké,] for all k=1,...,2"}.

Observe that A" C AP™, but in general A" ¢ A since we assume the piecewise
constant controls to be FW-progressive. In any case, for u € A" and (t,x) € S,
the associated state process X%t@ = (Awt:e Tuitx Tuitr) given as the unique strong
solution of

(5.1) dX;“m = f(s,X;“t’I,us)ds + E(S,Xg;t’””,us)dWs, X;“t’z =z

with driving noise W is well-defined. With this, the cost functional for the piecewise
constant control problem is defined as

T
J(u;t,x) == E{/ k(s, XUbT u)ds 4 g(Xw"") subject to (5.1)
t

with associated value function V™ : S — R given by

V(t,x) = uleria{n J(ust, ), (t,x) €S.

By Theorem 3.2.2 in [36], for each ¢t € [0,7] fixed the mapping = — j(u;t,x) is
continuous, uniformly with respect to u € A", implying that also = — V"(t,x) is
continuous. With this and using the pseudo-Markov property for piecewise constant
controls established in [36, Lemma 3.2.14] (see also [14] for a discussion of the im-
portance of the pseudo-Markov property), it follows from classical arguments that
the piecewise constant control problem satisfies the following version of the DPP, see
Appendix A.3 for the proof.

~ PROPOSITION 5.2. Let (t,x) € S" with t < T, and for each u € U denote by
X the state process with constant control w. Then it holds that

t+8n . . it
(5.2) V() = inf E[ /t (s, X507 w)ds + V' (t + 6,, X fén)].

The advantage of the DPP is that it gives us a convenient way to construct optimal
piecewise constant controls.
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THEOREM 5.3. For each n € N, there exists a measurable function U : S — U
such that for each (t,x) € S the SDE

AX 7 = f(s, X300 U (s, X759))ds + B(s, X707, Up (s, X307) ) AW,

with X:;t,w =z for all s € [0,t] admits a unique strong solution and such that the

control process A
ut=Uk(s, X55"),  s€[0,T]

is admissible and optimal for the piecewise constant control problem, that is
u e A" and J"(uit x) = V(t ).

Proof. It is sufficient to construct U;; on S™ and extend it as a piecewise constant
function to S. In particular, this guarantees that the control v* is indeed piecewise
constant. Let therefore ¢ € T™ with ¢ < T. According to Corollary 3.2.8 in [36], the

mapping

t+0, _ . N o
(z,u) > E| / ks, X80 u)ds + V(¢ + 6, X750
t

is continuous on R™ x U. We may therefore apply the measurable selection result [42,
Theorem 2] to obtain a measurable optimizer U} : S™ — U of the right-hand side of
the DPP (5.2). Clearly, this function satisfies the desired properties. |

With our hands on an optimal feedback control for the piecewise constant control
problem, we can now draw the connection to the full information problem in the
strong formulation.

PROPOSITION 5.4. Letn € N and for (t,z) €S let u* € A" be the optimal control
for V™ (t,x) constructed in Theorem 5.3. Then u* € A and

Vite) < J(u'it,2) = T (u'st,2) = V(1 ).

Proof. Let us first observe that u* € AP™® and denote by X = (A, T,T) the state
process associated with u*. Since u* is given in terms of a measurable function of
X , it follows that u* is F~X-progressive. But FX = F4 and hence uv* € A. Finally,
since the cost functional depends on the underlying Brownian motion only through
its distribution, it follows that J(u*;t,x) = j”(u*, t,z) from which we conclude. O

5.2.2. Convergence of the value functions. Up to this point, we have solved
the piecewise constant control problem and argued that the constructed optimizer in-
duces an admissible control in the full information problem in the strong formulation.
It remains to argue that the value functions yn converge to a viscosity subsolution
of the HJB equation. This, however, is a standard argument since the DPP induces
a monotone, consistent, and stable approximation scheme in the sense of [4].

To make this precise, let us fix n € N and subsequently write 9(S™) for the space
of real-valued measurable functions on S™. We introduce the approximation scheme
at level n in terms of a mapping S(n, -) : S” x R x M(S™) — R given by

t+8, _ R .
S(nt,z,v,w) == v — in{{E[/ (s, X507 w)ds + w(t + 5n,xgggx)}, t<T
ue t "

and

S(n,T,z,v,w) :=v — g(x).
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Observe that the restriction of the piecewise constant value function V™ to S™ solves
this scheme in the sense that

S(n,t,x,f/"(t,x),f/") =0, (t,z)eS"

Following Example 2 in [4], the scheme S is monotone, consistent, and stable and
hence the relaxed limit V* : S — R of the value functions V", n € N, given by

V*t(t,z) ;= limsup V"(s,y)

S"3(s,y)—=(t,2)
n—o00

Is an upper semicontinuous function and a viscosity subsolution of the HJB equation
by Theorem 2.1 in [4]. Moreover, note that V™ >V since V* >V for all n € N.

THEOREM 5.5. The relazed limit VT .S = R of the piecewise constant value
functions V™, n € N, is an upper semicontinuous viscosity subsolution of the HJB
equation satisfying VY (T, -) = g and V* > V. Moreover, there exist C,q > 0 with

0<V*T(tz)<C+z|?)  V(az)€ES.

5.3. The supremum of subsolutions. It remains to show that the value func-
tion Ve is bounded from below by a viscosity supersolution of the HJB equation.
In order to achieve this, we rely on the notion of stochastic subsolutions associated
with the weak control problem as formulated in section 4. These stochastic subsolu-
tions are constructed in a way which guarantees that they are dominated by the value
function V%¢% and their pointwise maximum is a viscosity supersolution of the HJB
equation. Since the arguments leading to these results are standard and follow [6]
very closely, we keep the exposition to a minimum.

DEFINITION 5.6. The set of stochastic subsolutions of (HIB), denoted by V—, is
the set of all lower semicontinuous functions W : S — R such that
(1) there exist constants C,q > 0 such that
W(T,z) < glx) and 0<W(t,x) <C(1+ |z|) Y(t,z) €S;

(2) for all (t,x) € S, any weak admissible control UH* € AV*** and any pair of
Ft@_stopping times t <7 < p < T, we have

[
W(r, Xb) <E| / Bls, X7 ul)ds + W (p, X1%)| Foe .

-
Since the function W = 0 is clearly a stochastic subsolution, we see that V= # ().
Moreover, the submartingale property and the terminal inequality directly show that

T
Wit,2) SB[ [ R X0 0l)ds + (X5
t

for any weak control and hence W < V*¢e* In particular, it follows that the pointwise
supremum V'~ of all stochastic subsolutions
V7= (t,x) := sup W(t, x),
Wev-
is dominated by V*¢% and hence finite. Finally, as in [6, Theorem 4.1] with some

minor but well-known adaptations as in [5] to account for our definition of stochastic
subsolutions in terms of semicontinuous functions, we obtain the following key result.

THEOREM 5.7. The supremum V™~ of the set of stochastic subsolutions is a lower

semicontinuous viscosity supersolution of the HJB equation satisfying V—(T,-) = §
and V= < Yweak,
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5.4. Viscosity characterization and e-optimal controls. It remains to piece
together the results of the previous subsections to arrive at the main result of this
article. Up to this point, we have argued that

V- < V’weak < v < V+,

and V~, VT are, respectively, viscosity super- and subsolutions of the HJB equation.
Using the comparison principle, we therefore find that all functions above are in fact
equal, and we have constructed e-optimal controls.

THEOREM 5.8. It holds that V— = VWeek — V = V* s the unique continuous
viscosity solution of the HJB equation in the class of nonnegative functions of poly-
nomial growth with terminal value §. Moreover, for each € > 0 and (t,x) € S, there
exists n € N such that V"(t, x) < V(t,x)+e, and hence the optimal control associated
with V" (t,z) is e-optimal for V(t,z).

Proof. We have V— < yweak < 7 < YF by construction. Moreover, V= and V+
are, respectively, lower and upper semicontinuous viscosity super- and subsolutions
of the HJB equation satisfying V= (T, -) = g = VT (T, -). The comparison principle
hence applies, showing that V™ < V™, yielding the viscosity characterization. The
existence of e-optimal controls follows directly from the convergence VsVt =V
and Proposition 5.4. ]

Remark 5.9. The approach used in this paper in fact gives a general way to
construct e-optimal controls for other control problems using stability of viscosity
solutions and the stochastic Perron method.

6. Application to a robotics control problem. In this section, we present
a toy application of our control methodology to a simple robotics control problem in
a wind tunnel. The primary objective of this problem is to design an efficient and
adaptive control strategy for a robot that is subjected to dynamic uncertain wind
forces while moving on a horizontal one-dimensional plane. The goal is to maintain
the robot’s position as close to the center as possible while minimizing energy cost
and adapting to the uncertainty of the motor’s efficacy in the wind tunnel.

awaw A

N e U

The robot is newly built and the one-dimensional efficacy A of the motor is un-
certain in this environment. It is subject to wind dW pushing it back and forth on
the one-dimensional plane. Only the position Y* of the robot on the horizontal plane
can be observed, in particular we cannot directly observe the efficacy of the control
u through the motor or the wind W. As a consequence, A must be estimated online
from the position Y of the robot. The energy cost is taken into account quadratically
(cost of control) and the robot should be kept near the center. Deviation is penalized
quadratically during the task and at the end. We choose coefficient and cost functions

b(t,yvu) = u, U(tvyau) = 0o,
k(t y,u,€) = cy? + pu?, 9(y,0) = Cy?,
where the model parameters are given by

oo =1, T=1, p =2, c=2, and C =5.
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In the case of an observable efficacy A € R, the problem reduces to a standard stochas-
tic linear-quadratic control problem which can be solved explicitly up to the solution
of a system of Riccati differential equations. To be precise, the value function in the
observable case is of the form VL)‘Q(t,a) = fMt)a® + f5(t), where f, f3 : [0,T] = R

solve o oann
. N2(FN2(¢ )
0=~ 0w 0= R+ R
with terminal condition f*(T) = C, f3'(T) = 0. The feedback map u%Q ([0, T] xR —
R for the optimal control in this problem is given by

A0V (¢, A
u%Q(twb) == ;i( % = —/\flp(t)a.

The case of an unobservable A does not admit a closed-form solution and has to be
solved numerically. Here, we assume that A is uniformly distributed over [0, 1] and
compare the numerical approximation of an optimal control for this problem with two
benchmark controls obtained from the problem with observable A. The first one, the
naive control, is constructed by replacing the random A by its mean \ := E[\] = 0.5,
that is by considering the problem with observable efficacy chosen as A. In other
words, the naive control in feedback form is given by

MR ()

u" v (t a) = u’ZQ(t, a) =— ;

The naive control does no updating of the estimate of A\ and thus does not account
for learning. The second benchmark control, the certainty equivalent (CE) control,
is constructed by, at each time ¢ € [0, 7], acting as if the conditional mean was the
true A, that is by replacing A by its conditional mean E[A|Y}] in the problem with
observable efficacy. Using the Markovian representation of the conditional mean via
G, the CE control is hence given

uCE(t’ z) = uggm) (t,a).

The CE control is built on the idea that the conditional mean is the best approximation
of A but ignores the effect of the control on higher order moments, that is, it does
not optimize for the dual effect. The expected cost V"¢ and VEF associated with
the two benchmark controls ™**¢ and u“® is computed by solving the linear PDE
obtained by plugging the benchmark controls into the HJB equation.

6.1. Numerical implementation and results. The controls and the associ-
ated expected costs are computed using a combination of the deep Galerkin method
(DGM) and policy iteration on the respective PDEs. The choice of a deep learning
method over classical finite difference methods comes from the observation that the
latter methods are moderately inefficient due to the dimension of the state space being
equal to 1+ 3.

Regarding the implementation of the DGM, let us highlight that we do not ap-
proximate the value function directly, but rather approximate the value function by
(t,x) — (T —t)Vy(t, z) + g(x) where Vj is a neural network parameterized by 6. This
directly embeds the terminal condition into the approximating function. Second, we
use the same DGM architecture as suggested in [43] with two layers for Vy, and a
simple two layer feedforward neural network for the approximating control. Each
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sub-layer has 512 nodes. We use the Adam optimizer with learning rate of 0.001 for
value function and control and alternate gradient steps minimizing the infimum in
the Hamiltonian and the DGM loss functional in a 1:1 relation. We use batches of
7500 points and obtain a terminal loss below 0.001 after approximately 16 000 train-
ing epochs. As an activation function, we use Sigmoid for both neural networks. The
code is available on GitHub.?
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Figure 6.1a compares the expected cost as functions of the initial state y, for fixed
time and auxiliary states (¢,v,7) = (0,0,0). It shows a small difference between the
cost of the adaptive control and the cost induced by the naive and CE control, with
the adaptive control leading to the smallest total cost overall.

In Figure 6.1b, we fix time ¢ = 0.1 and state y = 1, and a target conditional
variance of 0.07. We then identify pairs (v,7) such that G, (v,7) = 0.07 and plot

2 https://github.com/AlexanderMerkel/Optimal-adaptive-control-with-separable-drift-uncertainty
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the expected cost with (¢,y) fixed as a function of the conditional mean G(v,v). A
similar process is used for Figure 6.1c, where we plot the expected cost as a function
of the conditional variance with a target conditional mean of 0.52. The numerical
results show that there is a substantial difference in the control actions and resulting
costs, thus suggesting a significant advantage of using the adaptive control over the
naive and CE control.

More precisely, Figure 6.1b and Figure 6.1c show that the CE control and the
adaptive control outperform the naive control. We furthermore observe in Figure 6.1b
that the expected cost is decreasing in conditional mean (which is expected, as we
plot for state y = 1). More significantly, we see in Figure 6.1c that the adaptive
control shows a substantial difference compared to the CE control. Moreover, for all
three controls the expected cost is increasing in the conditional variance, illustrating
the failure of the separation principle in this context.
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Appendix A. Additional Computations and Proofs.

A.1. Computations of Subsection 3.1. In this appendix we elaborate on the
calculations of subsection 3.1 on the effect of the control of higher order conditional
moments of A in the one-dimensional case for simplicity. By It&’s formula, we have

b2 1
dm = AG(YY,TY) = (V") [GuG + Gy + 5G| (1, Tt

o2

b
+ G (T, 1Y)

g

(£ Y, u ) AV,
Expressing the partial derivatives of G in terms of F, it follows that
1 10 /1 F, /1
v S Uov = = 7Fvu F)_i(fFuv F)
GuG+ 5Gos+ Gy = o (5Fw + By ) = T3 (350 + B,
A direct computation shows that F' satisfies the backward heat equation F, = —%Fw,
and we conclude that G,,G + %Gw + G, = 0 and therefore

b
dmi’ = G (T3, TY)

g

(t7 Ytu’ ut)d‘/tu'

Finally, again by It6’s formula, it follows that
dvary = dG, (T, T})

b2

o?

1
= [GuG o+ G + 5G| (TE. T3 5 (8 o)t

b
+ GUU(Ttuv F?);(L Ytuv ut)dvtu
Similarly to the calculations above, using the backward heat equation multiple times,

we find that 1
GU’UG + va + §vav = _GQ(G2 + G2)7

and we conclude that

2

dvary = — |:G2(G2 +GH|(TE,TY) b

b
S (0 Y )t + Gy (T, T~ (1Y )V
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A.2. Proof of Theorem 5.1. This appendix is dedicated to the proof of the
comparison principle Theorem 5.1. We follow the classical line of argument based
on perturbing the viscosity subsolution by a strict classical subsolution to control its
behavior at infinity, an idea which appeared in the literature as early as [28].

Proof of Theorem 5.1. Fix ¢ > 2 with ¢ > g and define ¥ : S — (—o0, 0] by
Y(t,x) = —|z|Texp(C(T —t)) — M(1+T —t), (t,z) €S.

If the constants {, M > 0 are chosen sufficiently large, a direct computation shows
that U is a strict classical subsolution of (HJB). For p > 1, define the perturbation

11
U =L U+ .
P p

As in [28], it follows that there exists a continuous function k : S — (0, 00) such that
U? is a viscosity subsolution of the perturbed HJB equation

F(.,0,U°, D, U DXU*) + % =0 on[0,T) x R™,
where F: S x R x R™ x Sz — R is given by
1 ~
F(t,z,p,q,Q) :== —p — irelg{f(t,x,u)q + B tr[(E(t,x,u)Z(t,x,u)TQ} + k(t,x,u)}

for all (t,z,p,q,Q) €S x R x R™ x S;. We proceed to show that UP < W, implying
that U < W by sending p — co. We argue by contradiction by assuming that there
exists (t*,2%) € S with

(A1) UP(t", x*) — W(t*, x*) > 0.
Next, for all £ € N, we then define a function

k
op(t,x, &) = UP(t,x) — W(t,&) — 5|:c — 32

on the domain & := [0, 7] x R™ x R™ and set

O := sup it z, ) and ©:= sup wo(t, 7, 7).
(t,z,2)€6 (t,z)es

Using (A.1), we find that
(A.2) 0<UP(t*, z") —W(t", z%) <O < Opp1 <O < Oy, keN.

Next, using that U and W are non-negative, the growth assumption on U, and ¢ > g,
we find that ©y < co. Now a standard argument as for example in step 1 of the proof
of Theorem 5.4 in [8] shows that there exists a sequence (tx,zk, &) € & such that
(tg, Tk, Tx) maximizes O, and a pair (¢,Z) € S such that

_ k
lim (tg, zx) = lim (tg, 2x) = (£, 7), lim —|zp — 2% =0,
k— o0 k—r o0 k—oo 2
lim U?(t, x) = Up(ﬂ z), lim W (tg,Zx) = W(i, z),
k— o0 k—o0

lim ©, =0 =U’(t,z) — W(t, ).
k—o0
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From this we also obtain that £ < T, as else we get the contradiction
0<©=U"@t7z)—W(,z)<UT,z)—W(T,z)+ %w(T, z) <0,
by the terminal inequality U(T), -) < W(T, -). Hence, without loss of generality, we

may assume tj, < T, that is (t, zx), (tr, Zx) € [0,T) x R™ for all k € N. From Ishii’s
lemma, see Theorem 8.3 in [16], for each k we find My, My, € Sy, satisfying®

My, 0 I, -1
. IS <
(4-3) < 0 —Mk> - (—Im Ly )
and constants g, = —d such that?

(qu, k(zy, — &%), My) € J*TUP(ty, ), (G, k(an — @), My) € T W (g, ).

Using the subsolution property of U”, the supersolution property of W, and let-
ting k := supyey max{k(ty, zx), K(tg, Zr} > 0, it follows from (A.3) and Lipschitz-
continuity of f and ¥ that there exists a constant C' > 0 such that
0 < & < F(ty, xp, qu, k(zr — @r), Mi) — F(tg, &, du, k(z, — @), My)
< Cklzg — 23> + sup{l;:(tk,xk,u) — l;:(tk,fck,u)}, ke N.
uclU

As the right-hand side tends to zero as k — oo, this is the desired contradiction. 0O

A.3. Proof of Proposition 5.2.

Proof of Proposition 5.2. Step 1: Let (t,z) € S* with ¢t <T, uw € Y and 4 € A"
such that @& = w on [0,¢ + J,]. According to Lemma 3.2.14 in [36], we have

T
B[ R X80, s + UK B = st K
t+0,

But then the tower property of conditional expectation yields

t+dn
> 7. uit,x rn o wit, T :|
Vit,z) > ;%E[/t (s, XU w)ds + V7 (£ 4 8,, X1552)

Step 2: We fix € > 0. Since J(u;t + 6y, ) and V(t + &,, -) are continuous
(uniformly in u € A) by Lemma 3.2.2 in [36], for any y € R™ there exists p > 0 with

N A ~ ~ 1
for all u € A and § € B,(y), where B,(y) is the open ball of radius p centered around
y. Observe that there exist sequences {yx }ren C R™, {pr}ren C (0,00) and a Borel-
partition { By }xen of R™ such that y, € By C B,, (yx) for all k € N. Next, choose an

(¢/3)-optimal control wuy € A™ for V(& + 6, yx), so that is follows that
A - 1 - 2 -
T (it +0n,y) < T (it + 00, ye) + 36 SV(E+bn, ) + 3 S VI(E+0n,y) +e

3Here, I_m denotes the ident_ity matrix in Sp,.
4Here, J>TUP(ty, 1) and J>~ W (ty, &1,) denote the closures of second order super- and subjets
of UP and W, respectively.
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for all y € By and k € N. Now fix © € U and consider the control 4 given by

t+dén

4:=wu on [0,t+d,] and U= Zukﬂ{Xu;t,meBk} on (t+ 6n,T).
k=1
Clearly, @ € A™ and we conclude that

t+0n _ R oo R .
V(L z) < E[/ Fs, X0 u)ds 30 Ty st 4 6, X005 |
t k=1

t+don
4o . .
< E[/ F(s, X0 w)ds + V™ (t+ O, X;f(;j)} v
t
Sending ¢ | 0 and taking the infimum over all u € U yields the result. ]
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