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Dissipation-induced non-equilibrium
phases with temporal and spatial order
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Understanding spatial and temporal order in many-body systems is a key challenge, particularly in out-
of-equilibrium settings. A major hurdle is developing controlled model systems to study these phases.
We propose an experiment with a driven quantum gas coupled to a dissipative optical cavity, realizing
a non-equilibrium phase diagram featuring both spatial and temporal order. The system’s control
parameteris the detuning between the drive frequency and cavity resonance. Negative detunings yield
a spatially ordered phase, while positive detunings produce phases with both spatial order and
persistent oscillations, forming dissipative spatio-temporal lattices. We also identify a phase where the
dynamics dephase, leading to chaotic behavior. Numerical and analytical evidence supports these
superradiant phases, showing that the spatio-temporal lattice originates from cavity dissipation. The
atoms experience accelerated transport, either via uniform acceleration or abrupt momentum
transitions. Our work provides insights into temporal phases of matter not possible at equilibrium.

Crystallization is usually understood as a phase transition, where a system of
many particles at initially random positions self-arranges to acquire order in
space'. Recently, the concept of temporal crystallization has also been
introduced’, where a system of many particles enters a state with repetitive
motion, that is, order in time. Since space and time are the two fundamental
continuous degrees of freedom required to describe nature and its evolution,
spatial and temporal order are also the two types of fundamentally possible
crystals.

Counter-intuitively, dissipation can be engineered to induce persistent
oscillations and temporal crystallization in quantum systems, such that non-
stationary states occur due to and not despite of dissipation’*. A promising
platform for realizing both spatial and temporal crystals is provided by
hybrid quantum optical setups combining quantum gases with dissipative
photonic systems' ™. Indeed, transitions to steady states of self-ordered
crystals in space have been broadly explored'”***, and both
continuous™ >’ and discrete dissipative time crystals’ "’ have been
recently identified as non-stationary states™"*~**. While so far, to the best of
our knowledge, only systems featuring a single time crystalline phase have
been considered, we here present a proposal for a dissipative system with a
phase diagram featuring spatial order as well as different flavors of temporal
order and also a transition to chaotic dynamics. The dissipation in our
system not only induces the time-periodic behavior, but also leads to an
acceleration of the self-ordered spatio-temporal crystal.

36—

In our envisioned setup, a bosonic quantum gas is dispersively coupled
with vacuum Rabi coupling strength g, to a dissipative optical cavity and
pumped with a transverse laser field with Rabi frequency ,, (see Fig. 1). In
contrast with most similar setups™**"***~*', we discuss a pure running-wave
field instead of a standing-wave field, providing a continuous symmetry
along the pump direction. Yet, dissipation given by photons leaking out of
the cavity unbalances the forward and backward photon scattering pro-
cesses, allowing for an acceleration of the atomic system. Since the laser
frequency is far detuned by A, from atomic resonance, the atoms act as
scatterers at which photons from the pump field can be scattered into the
cavity mode and vice versa. We consider a laser field detuned to a frequency
higher than the atomic resonance, such that the atoms are expelled from
regions with high intensities. In addition, opposite to the situation studied
in”, we consider a one-dimensional situation along the propagation
direction of the pumping field, and the atoms are coupled to an antinode of
the cavity field. This situation can be effectively realized using a A-periodic
lattice along the cavity axis, where A is the wavelength of the driving laser
field (see Supplementary Note 2). Employing the pumping strength
Hp = §02p/ A, and the detuning A, = w, — w between the laser frequency w,
and the cavity resonance w, as control parameters (with the dynamic dis-
persive shift” being absent in the considered one-dimensional situation), we
map out the phase diagram, see Fig. 2. Besides the normal phase without
spatial or temporal order, we predict for the pump-cavity red-detuned
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Fig. 1 | Setup. A running wave laser pumping a
Bose-Einstein condensate coupled to a lossy optical
cavity (right) induces a spatio-temporal lattice or a
co-moving optical lattice (left). We consider
dynamics in a one-dimensional system along the
pump beam. The laser is blue-detuned with respect
to the atomic resonance, providing a repulsive
optical potential. Depending on the detuning
between cavity and laser frequency, the system
enters either a phase where the atoms constantly
accelerate by a co-moving optical lattice (red), or a
phase where they are pumped in a periodic fashion
to increasingly higher momentum states, forming a

spatio-temporal lattice (blue). g O o
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Fig. 2 | Dynamical phase diagram. For negative cavity detuning, the system leaves
the normal phase (green) and enters a spatial lattice (red) above a threshold pump
strength. For the absolute value of the detuning A being smaller than the dissipation
rate «, |A.| < «, the system shows incoherent dynamics (white). For positive cavity
detunings, time dependent phases appear. Depending on the pumping strength 7,,,
the system shows temporal order in the single-photon or two-photon regime (blue)
or dephasing regimes (gray). The colored crosses are obtained by a numerical
simulation of the phase boundary, fixing A, and scanning #,. The black lines
represent the phase boundary obtained by fitting these numerical simulation results

with the function fny = b\/m .

situation (A, < 0) the formation of a spatial lattice along the pump direction
accompanied by a steady state of the cavity field. This spatial lattice is
constantly accelerated along the pump direction, which leads to a running
phase of the cavity field. For the pump-cavity blue-detuned regime (A. > 0),
we predict for small pumping strengths the formation of a dissipative spatio-
temporal lattice with an oscillating cavity field. For increasing pump
strengths this regime crosses over into phases with modified temporal order
displaying higher frequencies. For high enough pumping strengths, the
cavity field oscillations dephase due to an increasing number of incom-
mensurate frequencies that enter in the dynamics, giving rise to a chaotic
region in the phase diagram.

All self-ordered phases are leading to an accelerated transport of the
atoms™ in the propagation direction of the pumping field. Generally, in
the presence of a lattice and driving, one would expect Bloch oscillations™
and no transport. However, the acceleration observed in our system is a
result of momentum conservation in presence of cavity losses, and is
proportional to the cavity field dissipation rate x. Our results are given by
mean-field theory, which we prove to be exact in the relevant parameter

ranges and confirm with numerical simulations and a SU(3) Holstein-
Primakoff transformation.

Results

Driven Bose-Einstein condensate (BEC) in a dissipative cavity
We start our theoretical description with the time-dependent master
equation in the frame rotating at the pumping laser frequency and elim-
inating the excited level of the atoms

d N
Zp(0) = Lp(0)
—i[H, p(t)] + [2ap(D)a’ —

1

{a'a, p()]

with

H/h=—Aa'a+ Ty +1,(a'0 +a0"), ©)

where a (a") is the annihilation (creation) operator of a cavity photon
and Tamm q g?ﬂ cch is the kinetic energy of the atoms. The operator
0= ch k6 = Ik dx‘I’T(x)e’k"‘{’(x) characterizes the spatial overlap
of the atomic field with the electric field of the pump laser with
wave vector k = 277/A. Here, ¥(x) and ¢, are the annihilation operators of
an atom at position x and with momentum g, respectively.
The expression a'O captures the collective absorption of one recoil
momentum #k of the atoms by scattering one photon from the
pump field into the resonator, while aO' describes the inverse
process and both processes take place at the rate 7, Since also
cavity dissipation at rate « leads to the annihilation of cavity photons,
there is a net momentum transfer onto the atomic system in the
direction of the propagation of the pumping field. In our one dimen-
sional description, any momentum transfer in the direction of the cavity
is neglected.

The equations of motion for the atomic momentum and cavity photon
operators are

hZ
q Py +r1p(a Cqk T Cqri):

id,a = —(AC + ix)a+ 1, Z CarkCqr
q

i0, ¢
(3)

We move to a mean-field description by replacing the operators with
complex field amplitudes, a — a = (a) and ¢, > C, = N{c,) and
neglecting quantum fluctuations. The mean field equations of motion can
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also be written in real space equivalently,

h . .
DY) =~ RY(x) + ("™ + ae ™ )y(x) "
4

id,a = —(A, + iK)a + np/ dxy* (x)e* (),

where y(x) = (¥(x))/+/N. The main results in this article are derived
under this mean field approximation, whose validity can be proved with the
atom-only master equation requiring #%, /« to be smaller than all coupling
rates (see Supplementary Note 3). Moreover, since the cavity field dynamics
(x ~ MHz) is much faster than the time evolution of the atoms (given by the
recoil frequency w,=#hk’/(2m) ~ kHz), we adiabatically eliminate the
photon mode: (a) = 3 ,1+m (O), in analytical calculations later.

The atomic system scatters photons from the running wave pumping
field into the optical cavity, which accordingly becomes populated with a
coherent field. The interference between this field and the running wave
pump field gives rise to a A-periodic optical potential along the pump
direction in which the atomic cloud orders in a self-consistent fashion™.
Driving field and scattered field inside the cavity interfere destructively at the
positions of the atoms, such that these are trapped in the local minima of the
emerging optical potential. For red detuning (A. < 0) between the pump field
and the cavity resonance, where the cavity field follows the drive field in
phase, a steady state intra-cavity field can build up. In contrast for the blue-
detuned case (A, > 0), an additional 7 phase shift between the driving and
the scattered fields is introduced which gives rise to a non-stationary evo-
lution. We separate the following discussion into the red and blue-detuned
cases for A.. We set N=10° and x = 2 x 1 MHz for all numerical simula-
tions, and assume properties of *’Rb atoms.

In the following sections, we investigate the long-term dynamics of the
system in the red-detuned (A. < 0) and blue-detuned (A. > 0) regime by
numerically simulating the equations of motion Eq. (4) (see Methods),
providing results in Figs. 3, 4 and 5. To intuitively understand the physical
picture, we analytically study Eq. (4) in the red-detuned regime and Eq. (3)
in the blue-detuned regime, while applying adiabatic elimination, providing
an explanation for the numerical results.

Accelerating spatial lattice in the red-detuned regime
We start in the regime A, < 0 using a Bloch wave function modulated by an
envelope function centered at x;:

= fxr — x)e®u,(x — xo),

y(x) (©)

as an ansatz solution of Eq. (4). Here, g is the quasi-momentum and u,(x) is
an even, A — periodic function with its maximum located at x = 0. The slow-
varying envelope function f(x) satisfies |(0,f(x))/f(x)| < k. We adiabatically
eliminate the fast evolving cavity field and find the steady state cavity field
amplitude &, as well as the optical potential generated by it:

)|

For x = 0, each Wannier component of the function u,(x) are localized at the
minima of the self-consistent periodic potential, and both the cavity field
and the density modulated atomic cloud are stationary.

However, for non-zero cavity dissipation, a phase shift § =
tan~!(x/|A.|) is introduced, such that the maxima of the atomic wave
function do not coincide with the minima of the self-generated optical
potential, see Fig. 3b. This causes an effective force on the atomic wave
packet and leads to transport in the + x direction (see Supplementary

V, () = 1,Nla| cos {k(x —xg) — arg( ®

A+ ik

Note 5),
dP\ _xhk (N7,)’
F = —_— ~ — P 7
(F) <dt> A %)
where P = Z 644 1s the total momentum of all atoms. After building up

the intra- caVlty ﬁeld the periodic modulation of the atomic wave function
and the self-generated potential leading to transport remain co-moving.
Thus the force acting on the atomic system leads to a constant acceleration
of the atomic cloud which preserves its periodic pattern. We show the time
evolution of the atomic wave packet in real and in momentum space
together with the cavity field amplitude in Fig. 4a. While the cavity field after
self-organization stays approximately constant, the density modulated
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Fig. 4 | Time evolution of atoms and light. Time evolution of the atomic wave
packet in real space (upper row) and in momentum space (middle row) together with
the evolution of the mean cavity field amplitude (lowest row) in three different
regimes. Note the different time scales for the different regimes. a Red-detuned
regime (detuning A. = —2m x 10 MHz, 7, = 27 x 3.5 kHz). The atoms are con-
tinuously accelerated and the cavity is in a steady state. The wave function becomes
repeatedly strongly localized at the potential minima but is properly normalized

throughout the plot. b Blue-detuned regime with small pumping strengths 7,

(Ac =27 x 20MHz, #, = 27 x 1kHz). The atomic state is consecutively climbing up
the momentum ladder in a step like fashion, driven by a cavity field that periodically
switches on and off. ¢ Blue-detuned regime with large pumping strengths 7,
(Ac=2mx 10 MHz, 1, = 27 x 1.5 kHz). The strong driving strength induces simul-
taneous coupling to many momentum states which leads to a dephasing of the
cavity field.

Fig. 5 | Momentum state populations. Time evo-

lution of the momentum state populations (r1,)
shown for the blue-detuned case A, > 0 in the one-
photon regime (a), the dephased regime at inter-
mediate driving #,, (b), the two-photon regime (c),
and the dephased regime at high 7, (d). All odd
momentum states are plotted in dotted lines. The
parameters for these situations are indicated by
black crosses in Fig. 2.
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cloud is accelerated, and correspondingly higher momentum states are
occupied. Very close to cavity resonance (A, ~ «), the phase shift § induces
incoherent dynamics for A. < 0, as indicated by the white region in the phase
diagram, see Fig. 2. Since we assume the cavity dissipation to be much larger
than the recoil energy, this incoherent dynamics appearing close to A, =0
dominates over effects of the dynamic detuning of the scattered light due to
the acceleration of the atoms.

Dissipative spatio-temporal lattice in the blue-detuned regime

For blue detuning between pump frequency and cavity resonance (A, > 0),
the cavity field acquires an additional 7z phase shift. The atomic Bloch wave
packet in the emerging periodic potential thus becomes unstable, see Fig. 3d.

Each Wannier component of the atomic wave function now tries to localize
at the maxima of the optical potential and no stationary state is formed,
hence the previous description fails. Instead of applying ansatz Eq. (5) in real
space, we work in the momentum space and choose all N atoms to be
initially in the momentum state |q), which is only coupled to the neigh-
boring momentum states | — k) and |q+ k). Assuming a discretized
momentum space is well justified since the initial state is a BEC and further
momentum states can only be occupied via photon scattering processes. The
dissipation suppresses the transition |g) — |g — k) and only the |q) —
|q + k) transition is allowed in the short time dynamics in the blue-detuned
regime (see Supplementary Note 7). This ensures that in the blue-detuned
regime (A > 0), the atoms accelerate in + x direction.
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To gain some insight into the dynamics we first truncate the dynamics
accordingly to only two neighboring momentum states and write the
equations of motion for the states |q) and |q + k)

s ¢, _ wg M C, ®
' Cq+k r]pa* Wy ik Cq+k '

where w, = hg’/(2m) is the frequency corresponding to the atoj\rlnic kinetic
energy with momentum 7gq. The cavity field amplitude o = TEKCZ +4Cq
depends on the product of the amplitudes of the two involved momentum
states according to the adiabatic elimination. A finite initial occupation of
the state |g + k) is ensured in our simulation due to the finite size of the
chosen wave packet. In addition, due to the dissipative character of the
system only the state |q + k) experiences gain, while the transitions to
|q — k) are suppressed. In this 2-level system, r,a is the coupling depends
on the amplitude of both levels. Once all population are driven from |g) to
|g+ k) the occupation of the |q) state drops to zero and the driving
accordingly turns off. Now, the |g + k) state is macroscopically occupied
and a new cycle of transition between the states |g + k) and |q + 2k) begins
while dissipation again prevents a return to lower momentum states. The
simulated occupation of momentum states according to Eq. (3) is shown in
Fig. 5a. The atoms accelerate in a step-like fashion, while the cavity field
evolves periodically. The field is populated only during the transitions
between neighboring momentum states and vanishes when one momentum
state is fully occupied by all atoms, see Fig. 4b. The atomic cloud is
periodically changing its shape while atoms simultaneously populate two
different momentum states. We hence dub this non-stationary phase of the
system a dissipative spatio-temporal lattice. The truncation to two
momentum states fails for the red-detuned case, where always several
momentum states are occupied, see Fig. 4a.

The energy spacing between two neighboring momentum states is
given by the recoil energy and momenta as /w,(29/k + 1). Moving away

N 2

< i
strong pump 7, or a small cavity detuning A, also transitions to non-
neighboring momentum states can be induced, as characterized by the
parameter

from the weak coupling limit 7,a(t) <w, by either applying a

2

= &7 ©)
4w A, + ik

which also has been used in Fig. 2 for the regime A. > 0.

If such transitions become relevant, a truncation of the momentum
basis fails and we study the system numerically instead by evolving equa-
tions (3). We observe that for sufficiently strong pumping #,, processes set in
where the atoms absorb two photons and accordingly gain 22k momentum
in each cycle of the cavity evolution, as shown in Fig. 5¢c. For even stronger
pump rates, additional frequency components emerge and cause a
dephasing of the cavity field such that the oscillatory behavior breaks down.
In this situation the dissipative spatio-temporal lattice disappears and a
phase with a dephased cavity field and simultaneous occupation of multiple
momentum states with increasing momenta emerges, see Fig. 4c and 5d.
Such a dephased region also appears as a narrow stripe between the single-
photon and the two-photon phases. Its time evolution is shown in Fig. 5b.
The transition to these dephased regions can be explained by a leakage of the
population out of a few-mode model: Assume that the initial population in
two neighboring modes is (nj)=1-—c¢€ and (n1) = e. When most of the
atoms are transferred from mode g to q + k, for strong enough pumping a
fraction €’ of the atoms might already populate the next mode q + 2k.If ¢’ >¢,
this leakage will become more severe after each cycle of the cavity field
oscillation and thus the temporal order is not stable. This condition gives the
phase boundary between the one-photon spatial-temporal lattice phase and
the crossover area. Exploring the nature of the transition between the one-

photon and two-photon temporal order is intriguing but goes beyond our
approach.

Transitions between phases with different sign of A,

We studied the phase diagram additionally (see Methods) by mapping the
full model to a three-level Dicke-like model™’. While such an analytical
approach cannot elucidate the spatial nature of the phases—which we
instead captured using numerical simulations—it predicts in the large «
limit a phase transition at the critical line A. = 0, and diverging modes in all
phases. By contrast, for k¥ = 0 the analytical model reduces to a set of
equations identical to those for the standard two-level Dicke model™ further
confirming that the (spatio)-temporal order is dissipation induced. How-
ever, this three-mode approximation is not sufficient to capture the full
long-time dynamics leading to the accelerated transport in all regimes. In
particular, it cannot capture the dephasing regime, which occurs due to the
interference of a very large number of momentum modes with incom-
mensurate frequencies.

The phase transitions crossing the critical line A. = 0 can also be
explained semi-classically as disappearance of a stable potential minimum.
The potential energy that atoms experience in the accelerated frame is the
sum of the self-organized optical lattice potential (Eq. (6)) and the linear
potential from the inertial force (Eq. (7)):

V(x) =V, (x)+ <£>x (10)

dt

In the red-detuned regime, the extremal position x,, of the potential in each
lattice cell is a stable point with d*V(x.)/dx* > 0. Thus, the Wannier
component of the atomic wavefunction in each lattice well stays at the
minimum and spatial order forms. Crossing the boundary line A, =0, this
minimum x,, turns into an inflection point of the potential (d*V(x.)/
dx’ =0) and the system experiences a phase transition towards the blue-
detuned regime (A. > 0), where the extremum becomes the maximum point
of the potential energy (4°V(x.,)/dx* < 0). Therefore, the Bloch wavefunc-
tion ansatz Eq. (5) is not stable anymore, and the spatial order breaks down.
Similar to the Dicke model, and due to the infinite range character of the
interactions, this phase transition is captured by a mean field, with the
transition induced by the cavity™. A similar transition between red- and blue
detuned regimes has already been observed in a ring cavity, where the
redistribution of photons between two counter propagating modes can lead
to an acceleration™. That study however was limited to the situation A, < 0
of attractive light forces, where the time dynamics we discuss is absent.

Discussion

Many-body cavity QED setups with running wave drives have already been
realized**"', however so far only with red-detuned light fields. For an
experimental implementation of our model currently available
setups”*****%°! would additionally require confinement of the atoms in a A-
spaced lattice along the y-direction. The described phenomena should be
observable both via a heterodyne measurement of the field leaking from the
cavity providing access to the phase and the amplitude, as well as via time of
flight images of the atomic system revealing the occupied momentum states
or via atomic images in real space directly reflecting the transport of atoms.
Specifically the real-time access to the light field would provide deep insight
into the dynamics of the system. One could, for example, use the Fourier
transform of the field amplitude a(f) as order parameter to distinguish the
different phases.

Due to the finite extent of the cavity mode, the atoms will be eventually
transported out of the coupling region of the cavity, limiting the accessible
time evolution. However, the fundamental processes and phases described
in this work should be well observable (see Supplementary Note 2). In this
work, we neglected the influence of atomic collisional interactions, which we
expect however to only lead to small shifts of the transition lines for typical
atomic densities.
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Our work opens theoretical and experimental possibilities for studying
novel quantum optical phases far from equilibrium. It is an interesting
question to identify if there are universal principles governing the coex-
istence of spatial and temporal order in the same system, and to gain a
deeper understanding of processes breaking spatial translational and time
translational orders. Furthermore such a system may host unique quasi-
particles or collective excitations due to the interaction between spatial and
temporal ordering. Although our approach is exact in the weakly-
interacting limit, which is perfectly valid for the system studied, an inter-
esting theoretical question is if the persistent oscillations in the dissipative
spatio-temporal lattice survive interactions between the atoms. This, along
with the influence of quantum fluctuations (beyond mean-field effects),
could be studied in the strong dissipation limit analogously to” using the
theory of dynamical symmetries*”, i.e., order-by-order in inverse powers of
« allowing for incorporating quantum fluctuations (and finite-size effects)
fully. Studying the model in this way could demonstrate formation of non-
trivial entanglement in the system. Interactions between the atoms could
similarly induce synchronization inside the lattice along the proposals

+23,63,64
in™"%,

Methods

We here provide an overview of the different numerical and analytical

approaches we applied in this work. Detailed derivations are shown in the SL
Starting point for our numerical and analytical study is a mean-field

simulation of the Hamiltonian in Eq. (2) in real space, while the atomic field

and the cavity photon amplitude are governed by the equation of motion:

i0,y(x) = %Biv/(x) (e +@ycostky(d
+ iny(a" — a) sin(ko)y(x),
id,a=—Aa+rn, / dxy (x) cos(kx)y(x)
(12)

+ i, / ‘ dxy (x) sin(kx)y(x) — ixa.

By numerically solving these equations of motion, we obtain the phase
diagram in Fig. 2, as well as the dynamics of the atoms and the cavity photon
amplitude in the different phases (Fig. 4). Based on the ansatz solution for
this equation of motion (Eq. (4)), we derive the acceleration of the spatial
lattice in the red-detuned regime. In addition, it captures the phase
transition between spatial order and dephasing.

To get a better intuition for the temporally ordered phase and its
breakdown under increased pumping, we restrict the equations of motion to
discrete momentum modes:

2

, h S
id,c, = imcq + qp(afcq,k +ac, i),

5 (13)

id,a = —(A. +i)a+n, Z chcq. (14)
q

where the momentum g is an integer times the recoil momentum k. The
validity of these equations of motion for discrete momenta is verified
numerically. By truncating the equation of motion to two and three modes,
we explain analytically the dynamics of the temporal order (Eq. (7)) as well
as the breakdown of the temporal order (Eq. S27).

Based on the truncated model on the discrete momentum modes, we
also go beyond the mean-field approximation by studying quantum fluc-
tuations in a three-level Dicke-like model.

The Three-level Dicke-like model
We begin by taking the Hamiltonian from the main text,

H=—hAa'a+ Z he,cie, + 1y (aT {Z C;qu
q

q

+ h.c.). (15)

We reduce to the three mode approximation, i.e., we keep only the ¢, := ¢,
and ¢, := ¢4, €3+= ¢4 modes in tl;e Hjarmilto?ian. \J:Ve mz_iry then perforqu
SZU(3) STchwmgrer bos?n mzappln , Sh = 6c, S = 661, S, =S
S, = 636 — €363 — €161, ST; = €363 — €56, — ¢ ¢p, which obeys the SU(3)
algebra with representation N°** enforcing the total atom number
N =cle; + CZC2 + c}hcl. This allows us to rewrite the model, up to an
irrelevant constant Nw,, in terms of a three-level Dicke-like one,

H/h = wy(S5, + S53) — Aca’ka + 1, (aT(ST2 +85)+ h.c.), (16)

where w, = w We now switch to the large atom number limit N — oo

and perform a generalized Holstein-Primakoff transformation®** to obtain,

H/h = wy(Ny; + Ny3) — AcaTa +1, (“+(a;rz +ay3) + h~C~)a (17)

where we defined a, to be bosonic operators and N, = ala,. The full
model including the Lindblad jump operator is now quadratic and may
be exactly solved®. It is simplest to write the equations of motion for
one-point functions v = {(a), (a)*, <a12>, <a12>*, <a13>, <a13>*}. These
equations, of course, close into a set of six equations. Using Eq. (1) we
may find,

dav
- My, 18
0 V (18)
where,
A, —« 0 0 i, —in, 0
0 —x—iA, —in, 0 0 in,
0 in —iw, 0 0 0
P 0
= 19
M —iqp 0 0 iw, 0 0 (19)
—iz, 0 0 0 —iw, O
0 ir, 0 0 0 iw,
The eigenvalue equation det(M — A) = 0 for this matrix is
A?(A2+w§)2+4wOAC(A2 + @), 20
20

2
+(k+ A (A + wf)” + 4wy =0

Assuming k — oo as the experimentally relevant bad cavity limit, we expand
this equation in 1/x. We always have two eigenvalues with positive real part
(depending on the sign of A) Ag, = {1 (V3 +1)A,L (=3 +1)A}
implying that the model is always unstable. This is consistent with the
numerics which implies that we cannot truncate to a finite number of modes
in the long-time limit. However, we also see that at the point A. = 0 the two
unstable solutions interchange signaling the phase transition between the
red and blue-detuned regime from the numerical study in the main text.
This also suggests that the phase transition is a manifestation of quantum
Zeno dynamics””’. Indeed, setting x = 0, by looking at the linear stability
analysis of the trivial normal phase”, we find a standard Dicke phase
transition between a normal and superradiant phase, further confirming the
dissipation-induced nature of our spatio-temporal lattice. Crucially, in our
model, due to the mapping at momenta g and g + k, the oscillations are
accompanied by the formation of a spatial lattice, as well as a temporal one
(persistent oscillations).
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