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Abstract

Silicon is produced in submerged arc furnaces (SAFs), with the heat

needed for the endothermic chemical reactions provided by an electric

current. The interacting physical processes occurring in SAFs are tightly

coupled, and vary over a range of timescales. As a result, SAF modelling

efforts have generally neglected to include many of the chemical, thermal,

and electrical effects. In this thesis, we develop a mathematical framework

to understand the mechanisms by which these processes interact.

We propose a new, simplified model for electric arcs in a SAF, with heat

radiation as the dominant heat loss mechanism, based on dimensional

analysis of a magnetohydrodynamic model. To understand the alter-

nating current effects, we incorporate this arc model into an equivalent-

circuit model for the SAF electrical system. We investigate the effects of

hot gases flowing through the porous bed of raw materials in a SAF, by

studying the interaction of a counter-current flow with an endothermic,

temperature-dependent chemical reaction in the asymptotic limit of large

Péclet number. Having better understood these mechanisms, we then de-

velop a tractable model for the coupled processes taking place within a

SAF, combining our arc model with simplified models for the raw material

bed. In order to efficiently model processes on both the fast timescale of

the alternating current, and the slower timescale of heat transfer and flow

of the raw materials, we perform a multiple-timescale homogenisation.

Our modelling efforts give insight into the interaction of a counter-current

flow with an endothermic chemical reaction across a range of parame-

ter values for the heat transfer coefficient between the phases. Our arc

model is derived from first principles, and compares favourably with em-

pirical models currently used in the metallurgy literature and industry.

Our homogenised furnace model provides a simple framework to explore

interacting furnace processes of industrial relevance; solutions provide in-

sight into the distribution of current in the furnace, the evolution of the

internal structure, and how stoking may improve furnace efficiency.
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Chapter 1

Introduction

Submerged arc furnaces (SAFs) have many uses in the metallurgy industry. They are

used in the production of minerals such as silicon, phosphorus, and magnesium, as well

as iron and ferro-alloys. SAFs also find use in the production of compound chemicals,

such as titanium oxide, and for recycling applications [57]. Different furnace designs

and configurations are used for different applications. This includes the use of both

alternating and direct current, which may be provided by a single electrode or multiple

electrodes, depending upon the material produced and the scale of the process [57].

The motivation for this thesis is to better understand processes occurring within

a SAF for the production of silicon, although we note that some of our models and

results will also have relevance for other metallurgical processes. Our research has

been undertaken in collaboration with Elkem ASA, a major global producer of sil-

icon and ferrosilicon alloys, with activities spanning the whole production process

from quartz mining through to silicon production and also including silicone man-

ufacturing. Silicon is produced on an industrial scale by reducing quartz rock with

carbon in an alternating current (AC) SAF with three electrodes [104]. As with all

SAF applications, the energy required for the chemical reactions is generated by an

applied electric current. The majority of the current passes through a bed of raw-

and partially-reacted materials as an electric arc, a type of continuous gas discharge,

which forms in a cavity beneath the electrode, and is submerged in the material bed.

However, some current is also conducted directly through the material bed, in parallel

with the electric arc [88].

For efficient silicon production it is important that there is an appropriate dis-

tribution of electric current, and therefore of heat dissipated, between the current

paths in the furnace. Since the electrical properties in both the arc and the material

bed depend on the local temperature and material composition, the heat transfer,

chemical reactions, and material flow are closely linked to the current distribution.
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Indeed, we expect there to be a positive feedback between the electric current density

and the local temperature within both the electric arc and the alternative current

paths through the material bed. This is because in both cases the electrical conduc-

tivity increases with temperature, so that at higher temperatures more current flows,

generating more Ohmic heating, and so raising the temperature further still.

It is very difficult to measure the internal furnace dynamics during operation,

due to the extreme temperatures. Mathematical modelling is therefore a vital tool

for understanding the silicon-production process. Previous studies (outlined below

in Section 1.2.2) have investigated the distribution of current, but these generally

only model the electromagnetic effects, and do not account for the interaction with

heat transfer, chemical reactions, and material flow. Conversely, models focussed

on the chemical reactions and material flow generally neglect to include the electric

current. The goal of this thesis is to develop comprehensive models incorporating

electrical, thermal, and chemical processes in the silicon furnace, allowing for a more

complete understanding of the mechanisms driving the distribution of current within

the furnace, as well as the wider silicon production process.

In this introductory chapter, we first describe properties of the SAF used for silicon

production, including properties of the electrical current distribution problem, in

Section 1.1. We then provide a review of literature studying the current flow through

SAFs in Section 1.2, and the related processes of heat transfer, material flow, and

chemical reactions within such SAFs. We summarise our modelling approach and how

our work relates to literature beyond SAF applications in Section 1.3. We describe

the contents of the rest of this thesis in Section 1.4, and give a statement of originality

in Section 1.5.

1.1 Submerged arc furnaces for silicon production

A diagram of the submerged arc furnace used to produce silicon by Elkem ASA is

given in Figure 1.1. The raw materials used in the process are quartz rock, carbon-rich

coal, and woodchips. An electric current is passed through the material in the furnace

via carbon electrodes, generating the heat necessary for the endothermic, silicon-

producing chemical reactions. The three electrodes, two of which are illustrated in

Figure 1.1, provide a three-phase alternating current. Furnaces are usually circular,

with internal diameter of around 9 m, and the three electrodes are arranged in a

triangle, with centres approximately 3 m apart [1]. As described in [85] and [104],

a fully operational silicon SAF consists of many regions with distinct properties.
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Figure 1.1: Drawing of a silicon-producing SAF, adapted from [40], showing the main
regions within the furnace.

Around the base of each electrode is a cavity of hot gases, through which most of

the electric current passes as an electric arc, converting the electrical energy of the

system to heat. A single cavity at the base of each electrode is expected, as shown in

Figure 1.1. Temperatures in these cavities, known as the craters, reach over 2300 K,

and in the electric arcs themselves temperatures reach over 20,000 K, with the gas

ionised to a plasma.

Each crater is surrounded by hot, partially-reacted raw materials. These raw ma-

terials, known collectively as the charge material, are added to the top of the furnace,

and flow slowly down towards the craters. As the material heats up, the quartz rock

softens, and begins to react with the carbon, which is partially graphitised at such

high temperatures. Gases, primarily SiO and CO, are formed in these reactions, and

flow back up through the porous charge material. Some of the gases condense or

react with the solid materials within the charge bed, undergoing further reactions to

form liquid silicon. The remaining gas escapes out of the furnace, where it oxidises

again in the air, forming microsilica particles, as modelled in [36]. The full chemical

system is described in Chapter 2. The liquid silicon formed in the furnace has very

low viscosity, and flows easily down through the porous charge material, pooling in
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Figure 1.2: Illustration of the hottest region with the furnace, showing a single elec-
trode, along with the resulting crater, arc, and surrounding charge material, for the
part of the AC cycle when the electrode is the cathode. The flow of current is shown
by orange arrows, and the blue arrows illustrate streamlines of the gas flow in and
around the arc. These are reversed when the electrode is anode. Approximate lengths
(or ranges) of the geometry are given in Table 1.1.

the bottom of the craters. The molten silicon is continuously tapped out from these

crater pools.

The electric arcs that form in the craters beneath each electrode are a type of

continuous gas discharge, where the gas is ionised into a plasma of electrons and

ions which carry the electric current. The high current through each arc generates a

strong magnetic field, so that a Lorentz force is exerted on the charged particles in

the plasma. This generates an axial plasma flow along the electric arc from cathode

to anode [104]. The flow of current through the arc generates heat by Ohmic heating,

and the ionisation of the plasma — and so its electrical conductivity — increases with

temperature. Heat from the arc is transferred to the surroundings by radiation and

through convection of the crater gases. The highest temperature within the material

bed is expected to be located in the charge material immediately surrounding each

crater. The chemical reactions here are therefore the most intense, and the majority

of the material consumption is expected to take place very close to the boundary

between the charge and the crater. A diagram of a crater (under a single electrode)

and its immediate surroundings is given in Figure 1.2, with approximate lengthscales

provided in Table 1.1.

While most of the electric current passes through the arcs, some is also conducted

through the charge materials, between the electrode and the furnace base, bypassing

the crater. This electrical conduction primarily occurs in the hotter material sur-

rounding the crater, where the carbon materials are more highly graphitised, and
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Parameter ra ha rcr hcr re
Approximate range (m) 0.03− 0.1 0.05− 0.3 0.8− 1.2 0.2− 0.5 0.6

Table 1.1: Approximate crater dimensions as shown in Figure 1.2 for an industrial
silicon SAF, according to [1, 85, 104].

there is a greater abundance of electrically conductive silicon carbide (SiC). A small

amount of current may also be conducted from the electrodes to the furnace walls, or

between electrodes, although these current paths are expected to only carry around

1% of the total current [104]. Furnace operators attempt to control the ratio of cur-

rent in each arc to that conducted in parallel through the charge by altering the

height of the electrodes from the base of the furnace: the higher the electrode from

the furnace base, the greater the resistance in the crater, in which case less current

flows through the arc, and more through the charge. The raising and lowering of the

electrodes is a continual, automated control process, with the aim of keeping a con-

sistent proportion of current through both the arc and charge current paths, without

a runaway of current in either, in order to optimise furnace efficiency. Since it is not

possible to directly measure the proportion of current passing through the arc and

the charge, this proportion is inferred, in practice, from the electrical measurements

over the whole furnace. This electrical system and control process is described in

detail in [104].

1.2 Review of SAF literature

1.2.1 Models of chemical reactions, heat transfer, and mate-
rial flow in a SAF

There are various detailed models for the coupled chemical reactions, material flow,

and temperature in the silicon production process, used practically by Elkem ASA,

which do not include all of the electrical effects. For instance, SiMod — “a Silicon

Furnace Process Model” — is a dynamic model used by Elkem ASA to simulate the

furnace operation over days or weeks. Other chemical models in the academic lit-

erature include those presented in [5, 87]. Due to the heavy coupling between the

chemical, flow, and heat transfer processes, both [5, 87] rely on commercial Compu-

tational Fluid Dynamics (CFD) packages to simulate the furnace structure and the

production of silicon.
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The heat and mass transport and chemical reaction processes of silicon production

are studied mathematically in the thesis [92] and the related papers [93, 94, 95, 96].

The papers [93, 96] give a detailed analysis of the changing material compositions in

the different regions of the furnace, including modelling and analysis of the formation

of a crust in the charge material. The melting and flow of the charge material is

studied in [95], with the charge modelled as a single fluid with temperature-dependent

viscosity. In addition, models for the fine scale chemical processes are presented in

[94] which are then homogenised to describe the overall bulk reaction. Many aspects

of the furnace heat and mass transfer described in this work will be useful for our

study of the electrical distribution in the furnace.

None of these studies modelling the chemical processes take into account the effect

of the electric current: the models in [92] are for a laboratory scale pilot furnace

which is heated by an induction furnace, while [87] do not model the electric current

at all. In [5] the electric current in the arc is included, but with a prescribed current

distribution, and it is assumed that the current has little effect on the processes

elsewhere in the furnace.

1.2.2 Electrical current distribution in a SAF

Studies of the electrical conditions in SAFs may be found in the engineering and

metallurgical sciences literature. These range from empirical formulae for the over-

all “furnace resistance” discussed in [108], through equivalent-circuit models for the

electrical system including [86, 104], to full two- or three-dimensional simulations of

the electromagnetic fields in the furnace in [11, 28, 101, 102].

Some of the simplest models for the electrical current within silicon-producing

SAFs use analogies with electric circuits, with examples including [86, 104]. The

electrical properties are modelled using lumped voltages, currents, resistances, and

inductances, which are related using Kirchhoff’s laws to create an equivalent-circuit

(EC) model for the system. In [104], EC models are developed for the three-phase

current in a silicon furnace, and are used to study the electrical control problem. In

[86], a similar EC model to those of [104] is used, and a method is proposed to estimate

the proportion of the total current passing through the arc compared with the charge

from furnace measurements. This is done by measuring the furnace resistance at

the point in the AC cycle when the arc current is zero, in order to estimate the

resistance of the charge material. The study group report [19] also considers an EC

model for both single-electrode, and three-electrode SAFs. Fourier analysis of the

current variation over time gives insight into the effect of the arc on the three-phase
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circuit model. Spatial variation, or dependence of the electrical properties of the

charge material on the local temperature are not included explicitly in any of these

EC models.

A continuum model for the electrical conditions in a three-phase SAF is considered

in [28], in which the equation for conservation of charge is solved for the current

distribution in a SAF with fixed layers of prescribed conductivity. A similar model,

but with a more realistic geometry including electric arc regions, is solved in [102].

In [102] the arc, electrode, charge and crater regions are modelled as fixed regions

of space with given electrical conductivities. A similar model is used to study the

current and power distribution in an electric arc furnace (EAF) for smelting metals

in [38]. In [11], magnetic effects are also included: Maxwell’s equations are solved

for the electric and magnetic fields in and between the electrodes in a cross section

of the three-phase furnace, assuming that the current is vertical in the electrodes.

Numerical results are used to evaluate the forces exerted by each electrode on the

others. A similar electromagnetic system is solved in [100, 101]. In particular, in

[101] the distribution of current when an alternating current is used is compared

with a direct current (DC). Multiple arcs, or side-arcing (with the arc(s) forming

between the electrode and the side wall of the crater, rather than the base) are also

incorporated. Skin and proximity effects between the different electrodes and the

casing of the furnace are analysed in [41]. Induction and skin effects are simulated for

a ferro-manganese furnace in [33], in order to understand the effect of the alternating

current on the power production in these furnaces.

In all these electromagnetic models, whether based on an electrical circuit or

on Maxwell’s equations, the electrical problem is entirely independent of the heat

transfer, chemical reactions, and material flow, with the electrical conductivity of the

furnace regions being prescribed constants, and with a prescribed domain geometry.

1.2.3 Modelling electric arcs for SAFs

As described above, the electric arcs that form in submerged arc furnaces are compli-

cated processes involving tightly coupled electromagnetism, heat transfer, and high

velocity fluid flow. The term “electric arc”, however, covers a wide variety of phenom-

ena. As described by [47, 104], the arcs in a SAF are “high pressure” (in comparison

with vacuum arcs), in that they are at approximately atmospheric pressure. They are

“free-burning” in the sense that they are not confined to be within a narrow region

(compared with “wall-constrained” arcs, the subject of much of the arc literature and

described in [47]). Finally they are “thermal”, with shape and size self-determined
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by a balance of heat generation and transfer to the surroundings [8, 77, 104]. As

the current spreads out from the high current-density emitted at the cathode spot, it

interacts with the arc’s own magnetic field, generating a strong Lorentz force. This

generates a plasma flow radially inwards and axially away from the cathode, so that

there is an axial flow along the electric arc from cathode to anode. The fluid velocities

are expected to be around 1000 m s−1 [104], so that the gas flow has an important

effect on the temperature distribution through convection, and the movement of the

charged plasma material in the magnetic field induces a secondary current. The chem-

ical composition of the gas in which the arc forms affects the physical properties of the

system, including the dependence of the electrical conductivity of the gas/plasma on

the temperature. In SAFs for silicon production, the crater gas is composed mostly

of carbon monoxide and silicon monoxide, in an approximately 1:1 molar ratio [85].

The complicated flow, heat transfer, and electromagnetic forces within the arc

may be captured by magnetohydrodynamic (MHD) models, such as those used in

[85, 103]. Here, the Navier-Stokes equations for the fluid velocity are coupled with

the electromagnetic fields, modelled by Maxwell’s equations, via the Lorentz force

and the induced current due to the flow of charged particles. The temperature of

the fluid is modelled via the conservation of energy, with heating source term due

to the flow of current via Ohmic heating. The electrical conductivity of the fluid is

modelled as an increasing function of the local temperature, and thus the fluid flow,

electromagnetism, and heat transfer are all fully coupled. We present a MHD model

for a SAF arc in Section 2.2.

In the SAF literature, MHD models for electric arcs are usually built into CFD

packages and solved numerically for specific scenarios. The gas is generally modelled

as compressible, and turbulence models are often used due to the high Reynolds

numbers associated with the gas flows, as described in [4, 85, 107]. The heat radiation

through the arc and surrounding crater gas is also discussed in [85]. The simulations

from these models provide useful qualitative understanding of how we should expect

arcs at high currents to behave. The model presented in [103] is for the arc in a

circuit breaker, and makes use of simplifying assumptions for the heat radiation in

order to retain a tractable model. MHD arc models are complicated, requiring large

amounts of computing power to solve. They also have behaviour that varies over very

short timescales, which generally make them impractical to include in simulations of

the electrical conditions in the entire furnace, even over the fast timescale of the

alternating current.

8



In models of the full electrical system, it is more common to use a simplified arc

model. In [102], the arc is modelled as a prescribed region of the domain with constant

electrical conductivity. Within EC models for the furnace electrical system, empirical

arc models are often used, which describe the variation of the arc resistance over

time, due to the changing voltage across the arc. Commonly-used empirical models

include those due to Cassie [22] and Mayr [67, 68] which were originally developed

for circuit-breaker arcs.

Lying somewhere between the empirical models and largescale MHD simulations,

there is a plethora of simplified-physics arc models which attempt to capture the

dominant electrical and thermal properties without solving the full, coupled, physical

model [18, 26, 60, 64, 77, 80, 89, 105]. These model the arc as a cylindrical region

with a purely axial electric current, and do not include any effects due to the magnetic

field. The temperature within this cylindrical arc is affected by Ohmic heating, and

heat losses which may include radiation, convection, and conduction.

In several of these simplified-physics models, the cross-sectional area of the (uni-

form, cylindrical) arc must also be either prescribed or solved for along with the radial

temperature profile and the electric current. There has been much discussion about

the correct way to do this in the literature. Many models use Steenbeck’s minimisa-

tion principle, described in [79], which requires that the arc radius minimises both the

electric field, and power dissipated by the arc. However, this is not built on any phys-

ical principle, and has been shown to give inconsistent and unphysical results [23].

Nevertheless, it remains popular in the literature, used in [8, 85, 104]. A physically

consistent way to close the system is instead to couple the arc to the surrounding gas,

in which the heat equation can be solved with far-field boundary conditions, which

may be used to fix the position of the edge of the arc. This was done in [18], for a

low-current arc in which the heat transfer was primarily by radiation in the arc, with

a heat conduction transition layer at the interface with the surrounding gas.

1.3 Overview of our modelling approach, and links

to wider literature

As described in Section 1.2, models of SAFs generally focus on either the chemical

processes in the charge material, including a description of the heat transfer and

material flow, but neglecting the electrical effects, or they only consider the electrical

system, neglecting heat transfer and the chemical problem. This is partly because

of the disparate timescales involved in these processes: the electrical system varies
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on the alternating current timescale of around 10−2 s, whereas the chemical and heat

transfer processes in the charge material are much slower.

The aim of this thesis is to investigate how the electrical current interacts with

the other processes in the furnace, in order to determine the evolution of the internal

furnace structure. We present a general model for the dynamics within a furnace

including electromagnetic, chemical, material flow, and heat transfer processes, over

all relevant timescales. We then explore simplifications and reductions of this general

model, which still include the crucial physical processes, to gain insight into the

interactions between them. In particular, we justify our model simplifications by

dimensional analysis and asymptotic methods.

Coupled electrical and thermal processes of course occur in many other applica-

tions besides the study of SAFs. One area of literature which is of particular relevance

is the study of thermistors. A thermistor is an electrical component with tempera-

ture dependent electrical conductivity, and is often used in fuses. Studies including

[32, 58, 59] investigate the coupled electrical and thermal processes in thermistors,

and derive conditions on the temperature dependence of the electrical conductiv-

ity for the blow up of temperature and runaway of the current through the device.

Thermistor-like behaviours are found elsewhere in the metallurgy industry: current

and temperature runaway is observed in calciners, in which granular carbon material

is heated by an electric current to produce graphite [17]. Since both the electric arcs

and the charge material in a SAF have electrical conductivities that increase with

temperature, both may be viewed as thermistors.

The material flow and heat transfer processes in the charge material may be viewed

as a counter-current flow, with hot crater gas flowing out through the cooler porous

solid material, which itself flows inward towards the crater regions. In Chapter 5,

we investigate how this counter-current flow interacts with the mainly endothermic

chemical reactions. Mathematical analyses of endothermic systems do not appear to

be common in the literature. An endothermic silicon furnace system was analysed in

[93], but under the assumption that all chemical species had the same temperature

locally, and so counter-current effects were not investigated. The related process of

combustion in porous media, where the chemical reaction is exothermic, has been

studied with applications to catalytic converters and filtration combustion [13, 20,

21, 75], smouldering cigarettes [29], and the combustion of rocket fuels [55]. In these

studies, a two-temperature model including heat and mass transfer between the gas

and solid phases is considered. Due to the exothermic nature of the combustion

reaction, the reaction is found to take place in a hot reaction zone, which is shown
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to move as a travelling wave through the domain [13, 21, 75]. Combustion waves

were studied in [78] with a two-stage chemical reaction, the second of which may

be endothermic. Under certain conditions on this endothermic reaction, travelling

combustion waves were still found.

1.4 Summary of the rest of the thesis

In Chapter 2 we develop a general model for the coupled heat transfer, electromagnetic

fields, fluid flow, and chemical reactions taking place within a SAF. This general

model is fairly complicated, with processes happening over a wide range of timescales,

and we do not attempt to solve this model in its entirety. Instead, we discuss the

disparity of timescales, scaling choices, and the small parameters which motivate the

reductions and analysis in the remainder of the thesis. In Chapter 3 we reduce the

general model of Chapter 2. We use a simplified arc model with heat radiation as the

dominant heat-loss mechanism, and we make a rational reduction of the radiation

problem across the crater surfaces, in the limit that the radiation between these

surfaces is dominant. We simplify the geometry and chemical system, focussing on

the radially symmetric geometry surrounding a single electrode, and on the most

important chemical reactions. We take advantage of the disparate timescales by

homogenising over the fast timescale of the alternating current, obtaining an effective

furnace model, applicable over the slow timescale of the motion of the charge material

bed. The remainder of the thesis consists of analysis of this homogenised model.

The cell problem for the homogenised model describes the variation of the arc and

electrical system over the fast AC timescale. In Chapter 4 we find solutions of this

fast-timescale model, both by prescribing the electrode current, and by including an

EC model for the entire three-phase furnace into this cell problem. In this context,

our simplified arc model may be viewed as an alternative to empirical arc models

commonly used in the literature, and we provide a comparison of these arc models.

In Chapter 5 we formulate and analyse a model for an interacting counter-current

flow with an endothermic, temperature-dependent chemical reaction, based on the

homogenised model for the processes in the charge material derived in Chapter 3. We

derive reduced models using the method of matched asymptotic expansions, in the

limit of large Péclet number in the solid charge material, for different values of the

convective heat transfer coefficient. Using the model reductions derived in Chapter

5, the homogenised furnace model of Chapter 3 is solved in Chapter 6. Our solutions

of this model give insight into how the electrical, chemical, thermal, and material
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flow processes at play within a SAF interact and influence the natural steady-state

behaviours of the furnace. We also discuss how the industrial process of stoking the

furnace may disrupt this natural behaviour, and lead to improved efficiency of silicon

production. In Chapter 7 we summarise our results, highlight areas for future work,

and discuss the implications for industrial silicon production.

1.5 Statement of originality

The modelling, analysis and numerical results in this thesis are the work of E.K.

Luckins, under the supervision of J.M. Oliver, C.P. Please, and R.A. Van Gorder. A

simpler version of the reduced furnace model of Chapter 3, along with parts of both

Section 4.1 and Chapter 6, have been published in [65]. Section 4.2 is based on a

paper recently submitted to the IMA Journal of Applied Mathematics, authored by

E.K. Luckins, J.M. Oliver, C.P. Please, B.M. Sloman, A.M. Valderhaug, and R.A.

Van Gorder. The electrical measurements used in Figure 4.13 were collected by Elkem

ASA. At the time of submission, the asymptotic analysis of Chapter 5 has not yet

been submitted for publication.
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Chapter 2

Mathematical modelling of
submerged arc furnaces

In this chapter we present a model for the coupled electromagnetic and thermal

processes, chemical reactions, and flow of material within the furnace. A diagram

of the model domain is given in Figure 2.1. Within the craters, denoted Ωcr in

Figure 2.1, we use a magnetohydrodynamic model to describe both the electric arc,

and the cooler crater gases. In the electrodes, Ωe, we describe the electromagnetic

fields, and heat transfer, which is primarily by conduction. In the charge materials,

occupying region Ωch, we use a multiphase flow model to describe the interaction and

flow of the different chemical species, as well as the heat transfer between phases.

We impose continuity of the electric and magnetic fields, and appropriate heat and

mass flux conditions at the boundaries between regions, to fully couple the model.

In particular, the boundary Γi at the interface between the charge material and the

crater is modelled as a free boundary, with its position determined as part of the

solution.

Although we do not solve it in its entirety, the model presented in this chapter will

form the basis of the analysis and reduced models derived in subsequent chapters. As

discussed in Chapter 1, models for silicon furnaces tend to focus on a single aspect of

the process, or restrict to a certain region of the domain. Those taking into account

coupled behaviours are generally constructed in CFD software, and, even then, do not

attempt to capture processes on such varied timescales as the variation in the electric

arc, and the motion of the crater wall Γi. In writing down this fairly comprehensive

model, we hope to clarify how the processes interact. Our analysis in subsequent

chapters, under simplifying assumptions on both the geometry and chemical systems,

builds intuition for how solutions of this full model may behave, and we discuss these

ideas in Chapter 7.
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Figure 2.1: Diagram of the furnace, consisting of crater Ωcr, charge material Ωch, and
electrode Ωe regions. Only one electrode and crater are shown for simplicity.

2.1 Electromagnetism

Across all regions Ωcr, Ωch and Ωe of our domain, the electric field E and magnetic

field B are assumed to satisfy a simplified version of Maxwell’s equations (neglecting

the displacement current)

∇×B = µJ , (2.1)

∇ ·B = 0, (2.2)

∇×E = −∂B
∂t

, (2.3)

∇ ·E =
ρc
ε
, (2.4)

which are Ampere’s law, the solenoidal nature of B, Faraday’s law, and Gauss’ law,

respectively. Here J is the current density and ρc is the electrical charge density.

The parameters µ = µrµ0 and ε = εrε0 are the permeability and permittivity of the

medium, respectively. In particular, µ0 = 4π×10−7 m kg s−2 A−2 and ε0 = 1/(µ0c
2) =

9×10−12 A2 s4 kg−1 m−3 are the magnetic permeability and permittivity of free space,

respectively, where c = 3 × 108 m s−1 is the speed of light. The values of εr and µr,

and the constitutive law relating the current density J to the electric and magnetic

fields vary, in general, in the different regions of the domain. However, for simplicity,

and following [100], we take µr = 1 in all regions of the domain. This is justified in

the crater Ωcr as discussed in Section 2.2 below.

We have already simplified Ampere’s law (2.1) by neglecting the displacement

current term µε ∂E/∂t [27]. This is justified since the timescales of interest, including
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the rapid variation of the electric arc, are much slower than the displacement current

timescale.

We also introduce the electric and magnetic potentials, φ and A, respectively,

defined by

B = ∇×A, E = −∇φ− ∂A

∂t
, (2.5)

so that (2.2) and (2.3) are satisfied. There is freedom in these definitions, which we

fix by a Dirichlet boundary condition for φ and by imposing the Coulomb gauge

∇ ·A = 0. (2.6)

The remaining equations (2.1) and (2.4) then simplify to

−∇2A = µJ , (2.7a)

−∇2φ =
ρc
ε
, (2.7b)

in terms of the potential functions. In addition to (2.7), by taking the divergence of

Ampere’s law (2.1) we obtain the conservation of charge equation

∇ · J = 0. (2.8)

In Sections 2.2, 2.3 and 2.4, for each region of the domain, we will impose a con-

stitutive law expressing J in terms of the electric and magnetic fields (and the fluid

velocity, in the crater region Ωcr). Using (2.5), this gives J as a function of derivatives

of A and φ. This constitutive law, along with (2.8) and (2.7a) form an elliptic system

for A and φ. The electric charge density ρc may then be computed from (2.7b),

although we are not generally interested in this.

2.2 The electric arc and crater gas

In this section we present a magnetohydrodynamic model for the fluid flow, temper-

ature, and electromagnetism in the crater region Ωcr, which includes an electric arc.

The electrical conductivity of the crater fluid is taken to be an increasing function of

temperature, to describe the greater degree of plasma ionisation at higher tempera-

tures. We are thus able to model both the conducting arc and the surrounding fluid

with negligible conductivity using the same set of equations. We refer to the “arc”

as the region of plasma which is hot enough to conduct a significant electric current.

For a fixed electrode position, the shape and size of this region is determined entirely

by the heat generation and transfer processes.
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As described in [109], the relative permeability, µr, and permittivity, εr, of a

plasma may be shown to be extremely close to 1, and so ε and µ are replaced with

ε0 and µ0 in Ωcr. The crater pressure is around atmospheric pressure, and so it is

reasonable to assume that the gas is in local thermal equilibrium (LTE), meaning

that all the gas particles (ions, electrons, and neutral particles) collide frequently

enough to all have the same temperature. We also make the (physically-reasonable)

assumption that the electron mass is negligible relative to that of ions and neutral

particles. Under these assumptions, it is shown in [90, 97, 99], that one may combine

the equations of conservation of mass, momentum and energy of the electrons, ions,

and neutral particles, to derive the single-fluid MHD equations. These assumptions

may be justified everywhere except at boundaries of the domain. In particular, the

assumptions of LTE break down near to the cathode, where electrons are emitted,

with a very different temperature to the crater fluid. Sub-models accounting for the

processes in the thin layer next to the cathode are discussed in [85].

The single-fluid MHD model consists of Maxwell’s equations (2.1)–(2.4) above,

along with the Navier-Stokes equations, and the conservation of energy equation

[90, 97], namely

∂ρ

∂t
+∇ · (ρv) = 0, (2.9)

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇p+ J ×B + η∇2v +

(
ζ +

1

3
η

)
∇ (∇ · v) , (2.10)

ρcv

(
∂T

∂t
+ v · ∇T

)
+ p∇ · v = ∇ · (k∇T ) +

|J |2

σa
+R, (2.11)

where ρ, p, v, and T are the average density, pressure, velocity, and temperature of

the fluid, respectively.

The term J × B in (2.10) is the Lorentz force, which drives the fluid flow. If

the current in the arc is purely axial, then the magnetic field generated is purely

azimuthal, and so the Lorentz force only has a radially inward component. This is

sometimes referred to as the cylindrical pinch force [27]. In a SAF we expect the

arc to expand from the cathode spot, so that there is also a radial component of the

current density, and so an axial component to the Lorentz force. This generates a gas

flow in towards the centre of the cathode spot and then axially along the arc, which

is sometimes referred to as the “cathode jet” [104]. In high-current SAF arcs, the

Lorentz force drives a fast fluid flow, so that the Reynolds number is large, and we

may expect to see turbulent effects. In many simulations of high-current electric arcs

in the metallurgy literature, a standard k−ε turbulence model is used, for instance, in
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[4, 81]. The fluid shear and bulk viscosities are η, and ζ. As the arc plasma in a SAF

is highly collisional, we may assume the viscosities are isotropic, and independent of

the direction of the magnetic field [61]. We have also assumed they are independent

of temperature, for simplicity. We have ignored the gravitational force, as we expect

this to have negligible effect.

In (2.11), k is the thermal conductivity and cv is the specific heat capacity. The

source term J · J/σa accounts for the heat generated by Ohmic heating [61, p. 218].

The term p∇ · v is the work done by fluid expansion. The high temperatures in the

arc mean that heat radiation is an important energy transfer mechanism, summarised

in the term R, and discussed in Section 2.2.2. We have neglected the work done by

viscous dissipation, as this is expected to be relatively small, even for turbulent flows.

We have also neglected the Thomson effect, which is the thermoelectric transport of

heat due to electron drift. The Thomson effect is included in several simulations in

the metallurgical literature [4], but a dimensional analysis suggests this is negligible.

We assume that the pressure, density, and temperature are related via the ideal

gas law:

p = ρRsT, (2.12)

where Rs is the specific gas constant, given by Rs = R/Ms where Ms [kg mol−1] is

the molar mass of the gas and R = 8.314 J mol−1 K−1 is the gas constant. This is the

equation of state used in the MHD model in [103].

In addition to (2.9)–(2.11), Ohm’s law, namely

J = σa(T )(E + v ×B), (2.13)

may also be derived as part of the derivation of the single-fluid MHD model by

combining the individual equations of conservation of momentum of the electrons

and the heavier particles [90, 99]. Here σa(T ) is the temperature-dependent electrical

conductivity of the crater gas/plasma, which we discuss in Section 2.2.1. For the

partially-ionised plasma of the SAF arc we ought to include the slip velocity of the

ions relative to the neutral particles in (2.13) [56], but we neglect this effect for

simplicity. We have also neglected the Hall current and electron diffusion effects, as

these are expected to be small due to the high collisionality of the plasma [85].

2.2.1 Electrical conductivity of the arc

The gas in the crater is a mixture of approximately equal parts CO and SiO, al-

though small quantities of metallic impurities, including iron, calcium, aluminium,
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and titanium, may also contribute to the electrical conductivity of the plasma [1, 85].

Since the gas is only conductive when ionised to a plasma, σa is non-negligible only

at temperatures high enough for ionisation, and then continues to increase with tem-

perature, as more atoms are dissociated into charge carriers (electrons and ions). It

is stated in [14] that the arcs in steel-making furnaces — at similar currents and

pressures to those in SAFs — are likely to have low ionisation fraction, with many

neutral particles even at the hottest point of the arc.

From the derivation of Ohm’s law [99] (for a fully ionised gas), the electrical

conductivity is the ratio of the friction forces between electrons and heavier particles,

to the current density, giving

σa =
nee

2

meν
, (2.14)

where ν [s−1] is the collision frequency, ne [m−3] is the number density of electrons,

me [kg] is the electron mass, and e = −1.6×10−19 C is the charge on an electron. The

form for σa for a high-pressure, monatomic gas given in [45] is

σa(T ) ∝ 1
√
p
T 3/4 exp

(
eVi

2kBT

)
, (2.15)

where kB = 1.38×10−23 J K−1 is the Boltzmann constant, and Vi [eV] is the ionisation

potential of the gas. Discussion of how one might theoretically extend (2.15) to

polyatomic molecules, and to the case where there are radiative losses from the arc, is

given in [45, ch. 3]. The study group report [18], studying a furnace arc, also makes

use of the form (2.15), for constant pressure p.

A sensible general form for σa is therefore

σa(T ) = α1T
α2e−α3/T , (2.16)

for parameters α1, α3 > 0 and α2 ≥ 0. In our numerical solutions in later chapters

we will take α2 = 0 for simplicity, and use the values α1 = 2.5 × 104 S m−1 and

α3 = 1.4× 104 K, chosen to give reasonable qualitative agreement of (2.16) with the

data shown in [85, 107] for the crater gas of a silicon SAF.

2.2.2 Heat radiation

The temperatures in the arc are likely to be high, around 20,000 K [104] and therefore

heat radiation is an important heat transfer mechanism in the arc [47]. The steady

state radiative transfer equation for the radiation intensity I within the crater fluid

is [72]

Ω · ∇I = κ(ν)(B − I), (2.17)
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for each frequency ν [s−1] and direction vector Ω ∈ S2, and where we have ignored

scattering effects for simplicity. As derived in [72], the absorption of radiation is

proportional to the intensity I, while the emission of radiation is described by Planck’s

function, B(ν, T ), namely

B(ν, T ) =
2hν3

c2
(
ehν/kBT − 1

) , (2.18)

where h = 6.6× 10−34 J s is Planck’s constant, c = 3× 108 m s−1 is the speed of light

in a vacuum, and kB = 1.38 × 10−23 J K−1 is Boltzmann’s constant. The constant

of proportionality, κ(ν) [m−1], in (2.17), is the absorption coefficient of the medium,

which must be the same for both the emission and absorption terms [72]. As well as

the radiation frequency ν, κ also depends on temperature and pressure, in general.

The absorption and emission of radiation results in a source term in the energy

equation (2.11), which has the form [72]

R = −
∫ ∞
ν1

∫
S2

κ(B − I)dΩdν. (2.19)

Rather than solve the full problem for radiation intensity, we wish instead to

approximate (2.19). The appropriate simplification is determined by the size of the

absorption coefficient κ, or on the related (dimensionless) quantity of the optical

thickness τ , defined by

τ(ν) =

∫ s

0

κ(ν) ds, (2.20)

which is a measure of the amount of radiation absorbed along the path s. For low

values of τ , most radiation passing along path s is not absorbed, whereas for large τ ,

the majority of the radiation must be absorbed.

In the electric arc, we expect that κ ≈ 0.1 m−1 (using values for CO gas [82])

and we assume that κ is independent of ν (i.e., the grey-medium limit [72]) and of

temperature, and pressure. The lengthscale of radiation paths in the crater Ωcr has

a maximum of around 1 m. We therefore expect an optical thickness of τ ≈ 0.1. For

this relatively small value of τ , an optically thin simplification of (2.19) appears to be

appropriate [72]. In this case, the radiation intensity I = O(τ), so that the emission

term dominates in the volumetric heat loss R. Using the form (2.18) for B, we find

that (2.19) is approximated by

R = −4κσBT
4, (2.21)

where σB = 5.67 × 10−8 W m−2 K−4 is the Stefan-Boltzmann constant. The relation

(2.21) is correct up to O(τ), as derived in [44, 72]. (We have assumed that the
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refractive index of the medium is 1.) Thus radiation is only emitted by the crater

fluid at leading order, and is not absorbed. The energy emitted in this way must then

be accounted for at the solid boundaries of the crater domain, as we will discuss in

Section 2.5.3. This optically thin simplification is used in the arc models presented

in [5, 103].

2.3 The charge material

The charge material, occupying region Ωch in Figure 2.1, consists of all the raw

and partially reacted materials in the furnace, as well as all the fluids which fill the

porespace. The solid charge material forms a porous, granular structure, consisting

of a mixture of carbon (C) and quartz rock (SiO2), as well as silicon carbide (SiC).

As these are heated the quartz rock softens, so that it behaves like a highly viscous

fluid. The gases CO and SiO produced in the reactions flow through the porespace of

the granular material bed. Liquid silicon is produced by the reactions in the charge

material. This silicon flows easily down through the porous structure, as it has low

viscosity [5]. The solid materials are used up in the reactions, occurring mostly near

the crater, and so there is an overall flow of the solid material down towards the

crater under gravity, replacing the material consumed. Meanwhile, we expect a net

gas flow back up through the charge material as the gases are produced in and near

the crater.

We model the charge material in the framework of multiphase flow [16]. Many

aspects of our model are very similar to that in [92, 93, 96]. However, we additionally

model the electrical current in the charge, which provides an Ohmic heating source.

We also allow the solid/liquid and gas phases to have different temperatures locally,

rather than assuming the temperatures are the same as in [92, 93, 96]. The motivation

for this choice is that the gas flowing out of the charge material at the surface of the

furnace is generally seen to be hotter than the solid materials here [46], although it is

cooler than the gases in the crater. Thus, while we expect some heat transfer between

the different phases in the charge material, we do not restrict to a one-temperature

model. We explore the effect of heat transfer between the phases in Chapter 5.

2.3.1 Chemical species, reactions and conservation of mass

Following [92], we model the charge material as consisting of the seven chemical

species C(s), SiC(s), SiO2(s), SiO2(l), Si(l), CO(g), and SiO(g) related by the chem-
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ical reactions

(i = 1) SiO(g) + 2C(s)→ SiC(s) + CO(g), (2.22)

(i = 2→, 3←) 2SiO(g) 
 SiO2(l) + Si(l), (2.23)

(i = 4) SiO2(s)→ SiO2(l), (2.24)

(i = 5) SiO(g) + SiC(s)→ 2Si(l) + CO(g), (2.25)

(i = 6) SiO2(l) + C(s)→ SiO(g) + CO(g), (2.26)

(i = 7→, 8←) 2SiO2(l) + SiC(s) 
 3SiO(g) + CO(g), (2.27)

where s, l, and g represent the solid, liquid, and gas phases, respectively, and we

will refer to the reactions i = 1, . . . , 8 including the forward- and backward-reactions

separately.

At lower temperatures, away from the crater, the main reaction is expected to

be (2.22), the formation of SiC from the incoming carbon material and the SiO

gas flowing up from the crater [86]. Nearer the crater, however, the temperatures

become high enough for the quartz rock to melt via (2.24) (at around 1996K). For

temperatures greater than this, reactions (2.26) and (2.27) can occur, reacting the

solid materials away to produce gases. Reasonable functional forms for the reaction

rates of (2.22)–(2.26) are given in [92]. The reaction (2.27) is excluded due to a lack

of kinetic data, and the fact that the kinetic parameters for the system (2.22)–(2.26)

used in [92] have been calibrated to data from an operational SAF without including

the effect of (2.27). We include reaction (2.27) here for completeness but, following

[92], we will exclude it from our later analysis.

As in [92], we consider the charge material within the framework of multiphase

flow. Each solid or liquid species X has density ρX , occupies a volume fraction θX ,

and has velocity uX . Species X is produced by reaction i = 1, . . . , 8 corresponding

to (2.22)–(2.27) with rate

RX
i = νXi MXQi [kg m−3 s−1], (2.28)

where Qi [mol m−3 s−1] is the rate of reaction i, MX [kg mol−1] is the molar mass of

species X, and νXi , dimensionless, encodes the stoichiometry, and whether the species

X is consumed (νXi < 0) produced (νXi > 0) or unchanged (νXi = 0) by reaction i.

The values of νXi are given in Table 2.1. Neglecting mass diffusion, conservation of

mass for each solid or liquid species is then given by

∂

∂t
(ρXθX) +∇ · (ρXθXuX) =

8∑
i=1

RX
i . (2.29)
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X νX1 νX2 νX3 νX4 νX5 νX6 νX7 νX8
C(s) -2 0 0 0 0 -1 0 0

SiC(s) 1 0 0 0 -1 0 -1 1
SiO2(s) 0 0 0 -1 0 0 0 0
SiO2(l) 0 1 -1 1 0 -1 -2 0

Si(l) 0 1 -1 0 2 0 0 0
CO(g) 1 0 0 0 1 1 1 -1
SiO(g) -1 -2 2 0 -1 1 3 -3

Table 2.1: Stoichiometric constants νXi for the chemical system (2.22)–(2.27).

Each of the gases occupies the gas volume fraction θg, but with different densities,

ρG, and partial pressures, pG, for species G. The velocity of gas species G is uG, and

the gas is produced by chemical reactions with rate RG
i . Thus the conservation of

mass for gas species G is given by

∂

∂t
(ρGθg) +∇ · (ρGθguG) =

8∑
i=1

RG
i . (2.30)

The density and volume fraction of each solid or liquid X and gas G species are

related by

ρXθX = MXCX and ρGθg = MGCG, (2.31)

where CX and CG are the concentrations [mol m−3] of solid/liquid and gas species,

respectively. Making use of Dalton’s law, as described in [34], for the gas partial

pressures pG,
pG
pg

=
CG
Cg

, (2.32)

where pg = pCO +pSiO and Cg = CCO +CSiO are the total gas pressure and concentra-

tion, respectively, we may write our conservation of mass equations in terms of the

concentrations of each species:

∂CX
∂t

+∇ · (uXCX) =
8∑
i=1

νXi Qi, (2.33a)

∂

∂t

(
Cg
pG
pg

)
+∇ ·

(
uGCg

pG
pg

)
=

8∑
i=1

νGi Qi. (2.33b)

We also assume that the gases fill the porespace between the solid and liquid phases,

forming a connected phase, so that the volume fractions sum to 1:

θg +
∑
X

θX = 1. (2.34)

22



As in [93, 96], we refer to this condition (2.34) as the “no-voids” condition: there is

no gas-free “void” space in the mixture.

Finally, we assume as in [93, 96] that the concentration of the gas mixture is

related to the gas pressure and temperature, Tg by the ideal gas law,

pg =
Cg
θg
RTg, (2.35)

where R = 8.314 J mol−1 K−1 is the gas constant. (This is equivalent to assuming that

both gases CO and SiO are individually ideal.) Furthermore, making use of Dalton’s

law (2.32), the ideal gas law (2.35), and the relations (2.31), the no-voids condition

(2.34) may be expressed in terms of the species concentrations, as

R

pg
CgTg +

∑
X

MX

ρX
CX = 1. (2.36)

2.3.2 Conservation of momentum and species velocities

We make the reasonable assumption that uG = ug, so that the gas velocity is the same

for each species G. To determine the velocities of each species we should consider the

conservation of momentum in each species. We might expect that the solid materials

all move with the same velocity us. The liquid quartz may also be approximated as

having the same velocity, since it is very highly viscous, and so is not expected to flow

much relative to the solid materials over the relevant timescales. The liquid silicon

has low viscosity, similar to that of water at the furnace temperatures, and so we

would expect it to flow easily down through the porous solid structure with velocity

uSi, different to us, and drip into the crater pool.

We model the flow of gas through the porous structure by Darcy’s law,

ug − us = −κg
µg
∇pg, (2.37)

for permeability κg and gas viscosity µg. As in [92, p. 16], and the related papers

[93, 96], we expect the permeability of the charge material to be very high, and the

gas viscosity to be low, so that from (2.37) the gas pressure pg is approximately

uniform. Indeed, industrial measurements indicate that the pressure in the furnace

crater is only around 4% above atmospheric pressure, patm, [5, 49], justifying this

constant-pressure assumption, which is also used in [39]. The velocity ug of the gas

is then determined by the no-voids condition (2.36): the gas moves to retain the

approximately constant pressure field.
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The gas and liquid silicon flows are unlikely to significantly affect the solid flow,

and so we might model the solid material as a granular fluid, using constitutive

laws for the visco-plastic flow of cohesionless granular materials [31]. As the charge

material becomes hot, the quartz becomes sticky, while the carbon and SiC species

remain solid. Constitutive laws for the flow of cohesive granular materials are less

well-studied [31], and while constitutive laws for granular flow through a viscous fluid

[15] might be appropriate, it is unclear how the hot/sticky, and cold/dry regimes

might be reconciled. A simpler approach would be to simply model the solid charge

material as highly viscous fluid, with temperature dependent viscosity, as in [95].

We also have the added complication that the solid material is reacting away. It

is unclear how the loss of material to the other phases affects the material flow. We

might impose some kind of compaction law as used in the geophysical literature, for

instance [42, 70, 71], of the form

∇ · us = M. (2.38)

Here, M is proportional to the difference between the (hydrostatic) pressure in the

solid matrix, and the fluid pressure in the pores (which we might expect to be neg-

ligible in the furnace, relative to the hydrostatic pressure) [42, 70]. Furthermore, M

is often related to the effective bulk viscosity, and the volume fraction of the solid

phase [10]. In subsequent chapters of this thesis, for simplicity, we choose to pre-

scribe M = 0 so that the solid matrix is incompressible, and does not compact as the

material is reacted away. In the simple geometries used, this is sufficient to fix the

velocity us without modelling the conservation of momentum of the solid phase.

Finally, we must consider the conservation of momentum in the low-viscosity

liquid silicon phase, to derive an equation for uSi. It is likely that the flow of liquid

silicon would interact with the fast flow of gas in the opposite direction. Furthermore,

it is possible that the silicon has a lubricating effect on the granular solid material,

reducing the effective viscosity of the solid material in regions with high silicon volume

fraction, or causing it to more easily compact. In subsequent chapters we simplify our

model to neglect the liquid silicon entirely, retaining only the solid and gas phases,

implicitly assuming that these effects are negligible.

2.3.3 Conservation of energy

Within the multiphase flow framework, we consider the conservation of energy in

each species. We assume for simplicity that all the solid and liquid materials have

the same temperature, Ts, and that the gases have the same temperature Tg. By
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adding together the equations of conservation of energy of all the solid/liquid, or gas,

species, respectively, we obtain an expression of the conservation of energy in each of

two phases P = g the gas phase, and P = s the solid/liquid phase, namely

∂

∂t
((χs + χSi)Ts) +∇· ((χsus + χSiuSi)Ts)

=∇ · (ks∇Ts) +H − Ss + λ(Tg − Ts) +m, (2.39)

∂

∂t
(rgθgTg) +∇ · (rgθgugTg) =− Sg + λ(Ts − Tg)−m. (2.40)

Here we have used the notation

χs =
∑

X solid, SiO2(l)

ρXθXcp,X , χSi = ρSiθSicp,Si, rg =
∑
G gas

ρGcp,G, (2.41)

where cp,X [J kg−1 K−1] is the specific heat capacity of species X. We include the

conduction of heat within the solid phase, with effective thermal conductivity ks

[W m−1 K−1], but neglect heat conduction in the gas, as this is likely to be a neg-

ligibly small effect. In general, ks may depend on the constitutive species’ volume

fractions, as well as the temperature Ts. We could additionally include the effect of

heat radiation between particles with a nonlinear diffusion term ∇ · (bT 3
s∇Ts). This

form for the radiative transfer through a porous material is used in [20] and [92],

with b constant, and similar form is derived by a homogenisation analysis in [83].

Alternative forms are derived in [54] by considering Maxwell-type models.

The heat source H is the effective heat generated by Ohmic heating (with func-

tional form discussed below). Since the gases are not electrically conductive, there is

no Ohmic heating in the gas phase. The Ss and Sg terms are the heat lost to chemical

reactions in each phase. Specifically, if reaction i consumes energy ∆Hi [J mol−1] at

rate Qi, then the heat sink in phase P = s or g is

SP =
∑
i

αPi ∆HiQi, (2.42)

where αPi is the fraction of the total heat consumed by reaction i that is taken from

phase P . We have the fraction 0 ≤ αPi ≤ 1 for all i and P , and for any i, αgi +αsi = 1.

Data for the energy ∆Hi consumed in each reaction (2.22)–(2.26) are given in [48]. It

is not immediately clear what values the αPi should take. To explore this, we might

investigate the interacting chemical and heat transfer processes on the microscale, and

upscale to find the effective values αPi using homogenisation techniques. We suggest

this as an interesting and important area for future work. In subsequent chapters we

use a simplified chemical model, and assume αgi = 0 so that αsi = 1, so that all the
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heat for the reaction is taken from the solid reactant, rather than the surrounding

gas. We therefore implicitly assume that heat can be more easily drawn out of the

solid than the gas; since the thermal conductivity of the solid is likely to be greater

than that of the gas, this seems a reasonable assumption.

The final two terms in each equation (2.39)–(2.40) describe the inter-phase heat

transfer. Heat is not generated or consumed overall by either of these final two

terms, only exchanged between the phases. The convective heat transfer is modelled

to be linear in the temperature difference between the phases, with coefficient λ

[J m−3 s−1 K−1]. As described in [16, 51], for two phase flow λ generally depends

on the porosity, the porous structure, the relative velocity of the phases, and the

associated Reynolds number and Prandtl number of the flow. Estimates for λ vary

for different flow regimes and porous structures.

The net heat gained by phase s from phase g due to the transfer of mass (by

chemical reactions) between the two phases is m. This will depend on the temperature

of both phases, the chemical reaction rates, and the stoichiometry of the reactions. A

discussion of these processes is given in [74], with this heat transfer depending on the

interfacial temperatures (at the interface between the two phases on the microscale).

For simplicity, we assume that the heat content cp,PTP of phase P is carried with the

material as it changes phase due to the chemical reactions, with rate equal to the rate

of the reaction. This results in a simpler form for m than [74], and this form is also

used in [7].

We note that we have neglected kinetic energy of each phase, as well as any

kinetic energy exchange due to mass exchange, and any heat transferred between

phases due to drag or friction, since we anticipate these terms are negligible. We

have also neglected any work done by pressure in the gas phase, assuming that the

gas is incompressible in the charge.

2.3.4 Electromagnetism in the charge material

While most of the electrical current is expected to pass through the electric arc,

some passes through the charge materials. The raw materials of coal, woodchips

and quartz rock have negligibly small electrical conductivity, so we expect no current

conduction high up in the furnace. As the carbon materials are heated near the

craters, they become partially graphitised, with increased electrical conductivity [30].

Silicon carbide, which is also electrically conductive, is formed by reaction (2.22) at

sufficiently high temperatures. We therefore only expect large quantities of SiC near

the hot craters. The liquid silicon is also an electrical conductor. The overall electrical

26



conductivity of the charge material therefore depends on both the temperature and

chemical composition of the material. A number of experimental studies for the

electrical conductivity of the overall charge material are summarised in [104], although

studies of the functional dependence of the conductivity on temperature and material

composition are very limited.

The average effect of electrical conduction and Ohmic heating in an inhomoge-

neous medium may be studied using spatial homogenisation methods. For instance,

[83] studies problems of electrical conduction in a calciner, with the current flowing

through a periodic array of conductive spheres (representing carbon material), with

the void space acting as an insulator. The effective electrical conductivity tensor σeff

is shown to be proportional to the conductivity of the carbon material, with constant

of proportionality depending on the microscale geometry. Furthermore, the effective

Ohmic heating is shown to have the form

H = E0 · σeffE0, (2.43)

where E0 is the average electric field, which varies only over the macroscale. Several

chapters of [83] are devoted to the complicated issue of contact resistance, highlighting

the importance of accurate modelling of the geometry and resistance at the contact

points between particles, in order to obtain an accurate homogenised model.

For the furnace charge material, we have multiple electrically conductive materials

(the carbon, SiC, and liquid silicon), some of which have temperature dependent

electrical conductivities, contained in a matrix of insulators (the quartz and gases).

An effective electrical conductivity of the mixture might depend on volume fraction of

the conductive materials relative to the insulators, and also on the local arrangement

of these materials. The importance of contact resistance at the interface between

two particles of conductive material was noted by [30] as well as [83]. In particular,

we might expect this contact resistance to be considerably reduced if there is liquid

silicon surrounding the contact points between the solid conductors.

We could attempt to extend the analysis of [83] to our multiple-conductor system,

or we might use a Maxwell model for the effective electrical conductivity of the charge

[52, 62]. More complicated inclusion geometries, and sophisticated models for the

effective conductivity are also described in [62], and in particular the situation of

coated particles is discussed in [52], which might be of particular interest if we suppose

the liquid silicon is coating the charge particles.
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For a particularly simple model, in the remainder of the thesis we simply assume

that the electrical conductivity of the heterogeneous charge material is given by

σc(Ts) =

{
Sc exp

(
− Eσ
Ts−Tc

)
, for Ts > Tc,

0, otherwise,
(2.44)

for constants Sc, Eσ > 0 and critical temperature Tc. This form is similar to the

electrical conductivity of the carbon material that is used in [83], (although the carbon

materials in the furnace charge are likely to be different to those used in the calciner).

Since the contact resistance is expected to be of greatest importance we simply keep Sc

constant, rather than allowing this to depend on the volume fraction of conductors

as in the Maxwell or Bruggeman models. As described in [30] the conductivity of

furnace-charge carbon materials increases significantly for temperatures above around

Tc = 2300 K. From [102], the maximum charge conductivity is expected to be on the

order of 400 S m−1, which we take as the value of Sc. In [73] the conductivity of carbon

is seen to increase with heat treatment, but is bounded for large temperatures. For

qualitative agreement, we use Eσ = 300 K.

Given this effective electrical conductivity σc, the electric current density in the

charge material is related to the electric field by Ohm’s law, which takes the simple

form

J = σcE. (2.45)

We note that, unlike in the crater, the flow of electrically conductive materials is very

slow in the charge material, and so we neglect the small current correction σcu×B.

The heat generated by the passing current is included via the Ohmic heating terms

in (2.39), which, following [83], we assume has the form

H = J ·E = σc|E|2. (2.46)

2.4 The electrode

The electrodes used in silicon submerged arc furnaces, shown by region Ωe in Figure

2.1, are made of carbon, graphitised to be highly electrically conductive [88]. The

electrodes act as another source of carbon for the chemical reactions in and around

the crater, as they are gradually consumed by sublimation at the cathode spot, where

the electric arc forms. The electrodes may also be consumed in reactions with the

gas and liquid species in the charge or crater [88]. We have neglected these electrode

sublimation and reaction processes in our arc model in Section 2.2, but we might
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include them in boundary conditions at the surface of the electrode. The electrical

current through the electrode Ωe is governed by Ohm’s law

J = σeE, (2.47)

where the electrical conductivity σe is a prescribed constant.

In the electrode, heat is transferred predominantly by conduction, with thermal

conductivity ke. The electrodes can be raised and lowered as part of the control pro-

cess which attempts to ensure a good distribution of current between the arc and the

parallel current paths through the charge material. There is a net downwards motion

of the electrode, as the electrode is slowly consumed in the crater and the material

replaced from above. We suppose the electrode moves with prescribed (divergence-

free) velocity ue, and prescribe the position of the electrode-crater interface Γa. The

temperature, Te, of the electrode satisfies the equation of conservation of energy in

the electrode,

∂

∂t
(ρecp,eTe) + ue · ∇ (ρecp,eTe) = ∇ · (ke∇Te) + σe|E|2, (2.48)

where ρe and cp,e are the density, and specific heat capacity of the electrode material,

which are assumed to be known.

We note that the electrical conductivity of the electrode σe is large (relative to the

other regions modelled). When an alternating current is applied, we therefore expect

to observe the skin effect: the majority of the electric current passes through a thin

layer at the edge of the electrode, while the electric field in the core of the electrode

is negligible. The depth of the conducting layer is on the order of

skin depth =
1√

πσefACµ
, (2.49)

where fAC [s−1] is the frequency of the applied alternating current. Skin effects in

SAF electrodes are studied in [41].

2.5 Boundary conditions

In this section we present the boundary conditions for the dependent variables in each

of the regions of the domain. The boundaries Γ are shown in Figure 2.1.
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2.5.1 Electromagnetism

The electromagnetic fields satisfy Maxwell’s equations (2.1)–(2.4) throughout the

domain Ωe∪Ωcr ∪Ωch. However, these equations are over-specified, and so it is easier

to understand what constitutes appropriate boundary conditions for the equivalent

system for the potential formulation (2.7a) and (2.8), along with Ohm’s law, for φ and

A. This system is elliptic in both φ and A, and so we require a boundary condition

for each on all external boundaries.

We consider the conditions for φ first. At the top of the electrode Γt we impose

the effect of the external electrical system, either by applying a voltage

φ = V (t), (2.50)

as in [106], or by applying a normal current density

J · n = I(t), (2.51)

as in [33, 69], where n is normal to the interface pointing into the domain. If multiple

electrodes are modelled, we might prescribe an alternating three-phase current, as is

used industrially. At the base of the domain, Γm ∪ Γb, we prescribe the “ground”

condition

φ = 0. (2.52)

At the surface of the charge material, Γs, and at the furnace walls Γw, we impose no

normal current

J · n = 0. (2.53)

The boundary conditions for A are more complicated. Some numerical studies

including [69, 100] impose magnetic insulation,

n×A = 0, (2.54)

at the edge of the furnace domain. Other studies including [11], which focusses on

the electromagnetic fields in the electrodes, simply impose sufficiently fast decay of

the magnetic field in the far-field of the domain,

B = O
(
|x|−1

)
as |x| → ∞. (2.55)

As well as the above conditions on the external boundaries of the domain, we

also require conditions at the internal boundaries. In general, Maxwell’s equations
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(2.1)–(2.4) require that at any internal boundaries, E and B satisfy[
1

µ
B × n

]+

−
= JS, [εE · n]+− = ρS, (2.56a)

[E × n]+− = 0, [B · n]+− = 0, (2.56b)

where n is normal to this boundary, JS is a surface current, ρS is a surface charge den-

sity, and [x]+− = x+−x−, where x+/− is the value of x on either side of the boundary.

These boundary conditions follow directly from the integral forms of Maxwell’s equa-

tions (2.1)–(2.4). Since there is redundancy in Maxwell’s equations, the boundary

conditions (2.56) are also over-specified. It is easier to understand what constitutes

appropriate boundary conditions for φ and A. We impose continuity of φ, and con-

tinuity of normal current J · n across all internal boundaries Γa, Γe, and Γi. For the

A conditions, we impose continuity of both A and B.

However, we must consider the processes on the electrode–arc boundary Γa more

closely. When the electrode is the cathode, the arc forms from a cathode spot,

somewhere on the electrode surface Γa, shown as Γc in Figure 2.1. This cathode spot

is a relatively small, approximately circular region on the electrode surface, which

is hot enough to emit electrons by thermionic emission. The heat required for the

thermionic emission is generated by the Ohmic heating at a high current density.

Only a relatively small area can be maintained at the high temperatures necessary

for the thermionic emission of electrons. We assume that the normal current density

jc through Γa is related to the electrode temperature Te by the Richardson-Dushman

law [14, 50, 104], namely

jc = AT 2
e exp

(
− W

kBTe

)
, (2.57)

where W is the work function of the electrode material, kB is the Boltzmann constant,

and A is a material-specific fitting parameter. For graphitised-carbon electrodes,

W = 4.4eV, A ≈ 6 × 105Am−2K−2 [50]. For relatively low electrode temperatures,

the normal current density is negligible due to the exponential factor, and thus the

current is indeed restricted to a small cathode spot. The Richardson-Dushman law

only holds when the electron emission is thermionic: at much lower temperatures,

electron emission would be driven by the electric field, and a different emission law,

in terms of the applied electric field, would be appropriate.

The case when the electrode is the anode is less commonly studied in the SAF

literature, but it is suggested in [85] that the anode may be modelled similarly to the

cathode, by a relation between the surface temperature and the normal current.
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2.5.2 Chemical species and material flow

The flow of materials is solved for in the crater Ωcr and the charge Ωch. We require

boundary conditions for the concentrations of chemical species, the gas pressure, and

the phase velocities at the boundaries of the charge Γs, Γw, Γe, and Γi. We also require

boundary conditions for the crater gas velocity v and pressure at the crater boundaries

Γa, Γm, and Γi. The internal boundaries Γa and Γe have prescribed position, however

the position of the interface Γi between the crater and charge is a free boundary, and

so we must impose an extra condition to determine the position of this interface.

At the surface, Γs, of the charge material at the top of the furnace, we prescribe

the concentrations of the raw materials (carbon and quartz),

CC = Cs
C, CSiO2(s) = Cs

SiO2(s), (2.58)

and set CX = 0 for all of the other solid and liquid phases X = SiC, SiO2(l), and Si.

We prescribe a normal flux of the solid raw materials through Γs, by setting

us · n = U. (2.59)

This velocity U is chosen to model the addition of raw material into the furnace. On

Γs, we also prescribe the gas pressure to be atmospheric

pg = patm. (2.60)

On the furnace walls Γw, base Γb, and where the charge meets the electrode Γe,

we prescribe no normal flux for all phases of the charge material

us · n = ug · n = uSi · n = 0. (2.61)

Since all chemical species are transported purely by advection, these conditions ensure

that there is no flux of any species through these boundaries. Depending on the choice

of flow law for the solid and liquid-silicon phases, we may also need to impose a no

slip condition at these boundaries.

At the surface Γi separating the crater and charge domains, solid and liquid charge

material is expected to fall or drip into the crater, where it continues to react inside

the melt-pool at the base of the crater, producing gas which then flows back out

through the porous charge material. The dripping of material is included in the

furnace model of [5], at a “dripping-rate” dependent on the local temperature. In

[95] the melting and flow of the charge material is studied, with the charge modelled as

a single fluid, with temperature-dependent viscosity, and the free-boundary is defined
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as the isotherm where the material reaches the “dripping temperature”. Rather than

modelling the flow of the material, or prescribing the temperature of the surface Γi,

we choose instead to define the boundary Γi to be the point where enough of the solid

material has been reacted away that the structure loses integrity, and any remaining

material collapses into the crater. We therefore impose that the position of the surface

Γi is the first point (along characteristics of the flow of solid material) at which total

volume fraction of solid becomes critically small,

θSiO2(l) +
∑

solids X

θX = θ∗, (2.62)

for some prescribed constant θ∗. We also require a boundary condition for the silicon

velocity uSi at Γi, the form of which depends on the type of model used for uSi.

For a more realistic understanding of the furnace, we should model the heat trans-

fer, current conduction, fluid flow, and chemical reactions in the melt pool at the base

of the crater, as well as the silicon that is tapped from the melt pool, and then solve

for the position of the interface between this pool and the crater. For the sake of

simplicity, we instead assume that the boundary Γm has a fixed position, and that

there is a prescribed flux, Rm of the two gases CO and SiO out of this boundary, into

the crater Ωcr, representing the net production of gas from reactions (2.22)–(2.27) in

the melt pool. Thus, at Γm, the flux of crater fluid is given by

ρv · n = Rm, (2.63)

where n is the normal pointing into Ωcr. The electrode is impermeable, and so on

Γa, there is no flux of fluid,

v · n = 0. (2.64)

At the interface with the charge material, Γi, we impose continuity of gas pressure

and of gas flux, that is

p = pg, ρv · n = θgρgug · n on x ∈ Γi. (2.65)

At each of Γi, Γm, and Γa, we also impose a no slip condition for the crater fluid, by

setting

v × n = 0 on x ∈ Γi ∪ Γm ∪ Γa . (2.66)

33



2.5.3 Temperature and heat flux

We prescribe the temperature of the solid raw materials as they are added to the

furnace to be

Ts = T in on Γs. (2.67)

At the furnace walls we might impose a prescribed heat flux, modelling the heat loss

to the surroundings. For simplicity, we instead choose to set

Ts = Twall on Γw. (2.68)

At the interface Γe between the charge Ωch and the electrode Ωe, we require continuity

of temperature and heat flux between the solid charge material and the electrode

Ts = Te, ke∇Te · n = ks∇Ts · n on Γe. (2.69)

As in Section 2.2.2, we assume that the crater fluid occupying region Ωcr is op-

tically thin, and so does not absorb an appreciable amount of the radiation passing

through it. All the radiation emitted by the arc is therefore incident on the surfaces

on the edge of the crater, ∂Ωcr = Γm ∪ Γi ∪ Γa, which are also hot enough to radiate

energy themselves, and so we also consider radiation between the crater walls.

In reality, a certain fraction of the radiation incident on these surfaces is absorbed,

with the rest reflected. However, including reflection from surfaces quickly becomes

complicated, as this reflected radiation must then be taken into account as it hits other

surfaces, and is again partly reflected, as in [44, 72]. A discussion of this reflected

radiation in the context of silicon SAF models is given in [5]. The surface in the crater

which is likely to be most reflective is the base of the crater, Γm, where molten silicon

accumulates, along with the less reflective slag and unreacted material. In [5], it is

suggested that in reality 28% of incident radiation on the molten silicon is absorbed,

and the rest reflected. Since the geometry of the surfaces is likely to be very uneven,

it would not be sensible to try to predict the direction of reflected radiation. As a

simplification, we assume that all incident radiation is absorbed at the crater wall,

taking the absorption coefficient ε∂Ωcr = 1 [5]. The heat flux condition at any point

r on this boundary ∂Ωcr is then given by

[q · n]+− = ε∂ΩcrσBT
4 −

∫
∂Ωcr

ε∂ΩcrσBT
4(r′)FS(r, r′) dS ′

−
∫

Ωcr

4κσBT
4(r′)FV (r, r′) dr′. (2.70)
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The term on the left, [q · n]+−, is the difference in the (conductive, convective) heat

flux on either side of the boundary. On the right we have, respectively, the radiation

emitted by the surface at r, the incident radiation on r from the rest of the surface

∂Ωcr, and the incident volumetric radiation from the crater gas and arc.

The factors FS and FV in the integral terms in (2.70) are the surface and volumetric

view factors, respectively. These take the geometry of the crater into account. If the

region Ωcr is convex, so that there is no obstacle blocking the view of any point on

the surface from any other point on the surface, then these take the form [44, 72]

FS(r, r′) =
cos(γ) cos(γ′)

π|r − r′|2
, FV (r, r′) =

cos(γ)

4π|r − r′|2
. (2.71)

Here γ is the angle between the normal vector at r and the ray from r′ to r, and

similarly γ′ is the angle between the ray r′ to r and the normal vector at r′.

The integral form of (2.70) makes this boundary condition difficult to implement

in practice. We will simplify this condition in Chapter 3, under assumptions on the

relative sizes of the terms. We also note that the boundary condition (2.70) requires

knowledge of the temperature profile and heat flux through the base of the crater Γm,

which we do not model. We might therefore prescribe the rate of conductive heat

flux through this boundary to be q · n = Hm(T − Tm) for constants Hm and Tm.

The condition (2.70) may be thought of as a boundary condition for Ts at Γi, and

Te at Γa, and for the crater fluid temperature T at Γm. On Γa, we set T = Te. We

also require a boundary condition for the crater fluid temperature T on Γi to close

the problem for T in Ωcr. Finally, we assume that the gas flowing into the charge

material is the same temperature as the crater fluid, so that

T = Tg on Γi. (2.72)

2.6 Discussion

We do not yet nondimensionalise our full model, saving this analysis for the simplified

models used in the subsequent chapters. However, we provide here a brief discussion

of the relative sizes of various physical effects, to motivate the approaches taken in

the remainder of the thesis.

2.6.1 Timescales

Firstly, there are a wide range of different timescales of the different physical and

chemical processes.
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The shortest timescales of interest are in the hottest part of the electric arc, where

the timescale of the electromagnetic induction, fluid flow, and heat transfer is shown

in Chapter 3 to be on the order of tarc = 10−5−10−6 s. The next shortest timescale is

that of the applied alternating current, which has a frequency of around 50 Hz, and

thus a timescale of tAC = 2× 10−2 s. Given the disparity of these timescales, it may

seem reasonable to assume that the arc processes are quasi-steady, and so study the

arc in quasi-steady state, for a slowly varying applied current or voltage. We look

for such quasi-steady-state solutions in Chapter 4 but also note that the timescales

associated with the fluid flow and heat transfer in the cooler main body of the arc

and the crater gas are likely to be longer than tarc. Furthermore, at lower imposed

currents, the arc timescale increases. Thus a quasi-steady approach is unlikely to be

valid for the entirety of the crater domain, or for the entirety of the AC cycle. These

ideas are explored further in Chapters 3 and 4.

There are a number of timescales associated with material flow and chemical

reaction rates in the charge material. In particular, the timescale of the flow of solid

material through Ωch is on the order of hours, tcharge = 103− 104 seconds. This is the

same timescale over which the boundary Γi separating the charge and crater domains

must move. In Chapter 3 we perform a multiple-timescale analysis on a simplified

version of our model, homogenising over the fast variations in the arc and the flow

of gas through the charge material, to derive an average model for the motion of the

interface Γi.

At the other extreme, changes in the properties of the coal, woodchips, and quartz

rock used as raw material occur over weeks or months. The SAFs for silicon produc-

tion are run continuously for several years.

2.6.2 Temperatures and heat transfer

The temperature scalings in the furnace are largely determined by the current dis-

tribution, and we might expect different temperatures if the majority of the current

passes through the arc, compared to if no current passes through the arc. Since we

expect to be in the former case when the furnace is operating successfully, we may

determine the temperature scaling in the arc for a given current by balancing the

heat generation by Ohmic heating and the dominant heat loss mechanism, in (2.11).

In this case the dominant heating mechanism of the charge material is the radiative

or convective flux of heat from the arc, in the boundary condition (2.70) at Γi. We

may fix the appropriate temperature scalings for Ts and Tg here, in terms of the arc

temperature. We use these scaling ideas in the nondimensionalisation of Chapter 3.
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Within the charge material, region Ωch, heat is transferred by conduction in the

solid, and convection with the flow of each phase. In Chapter 3 we see that the Péclet

number of the heat transfer in the solid phase is expected to be large, so that the

advection of heat dominates over conduction in the solid phase on the lengthscale of

the furnace. We therefore anticipate that the heat provided to the charge material by

the arc at Γi does not conduct very far into the solid charge material, but is largely

contained within a conduction boundary layer of width O(Pe−1) compared to the size

of the furnace domain, at Γi. It must therefore be the heat transfer from the gas to

the solid phase that is the dominant mechanism by which the solid is heated outside

of this boundary layer. We explore these behaviours for a simplified version of the

model in Chapter 5.

Since the electrical conductivity of the solid charge material depends strongly on

Ts, we only expect current to flow in the hottest part of Ωch. Assuming, as we describe

above, that the majority of the current flows through the arc, the hottest part of the

charge material is the conductive boundary layer at Γi. The analysis in Chapters

3–6 is carried out on this basis. However, this might not be the case if the majority

of the current flows through the charge material, generating heat locally by Ohmic

heating. This scenario is briefly described in the further work section of Chapter 7,

but it would be very interesting to investigate this case further, as this is occasionally

seen in practice and is detrimental to efficient silicon production.
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Chapter 3

A reduced, homogenised model for
a submerged arc furnace

In this chapter we make a significant reduction of the model presented in Chapter 2,

in order to derive a model which is tractable analytically. We first present a simplified

model for the electric arc, motivated by a dimensional analysis of the MHD model

presented in Section 2.2. We next simplify the problem for the heat radiation over the

crater, and restrict to a two-phase model in the charge bed, justified by the analysis

in [92]. We then choose a greatly simplified geometry of the domain, which reduces

the problem in the charge material to just one spatial variable.

We nondimensionalise the simplified model in Section 3.2, and discuss the dimen-

sionless parameters, noting in particular a disparity of timescales between the fast

timescale of the alternating current, and the slower chemical, flow, and heat transfer

processes in the charge material. Motivated by this, we perform a multiple-timescale

homogenisation in Section 3.3, to average the effects of the alternating current, deriv-

ing a homogenised model valid over the much longer timescale of the motion of the

charge. This homogenised model will be analysed in detail in Chapters 4, 5 and 6.

3.1 Model simplification

3.1.1 The electric arc

3.1.1.1 Dimensional analysis of the MHD arc model

In order to motivate a simplified model for the electric arc, we give a dimensional

analysis of the MHD model, (2.1)–(2.3), (2.8), and (2.9)–(2.11), with constitutive

laws (2.12), (2.13), and (2.16), presented in Chapter 2.
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Figure 3.1: Axisymmetric, cylindrical coordinate system for the electric arc.

There are very few externally prescribed scalings for the electric arc, as its size,

shape, temperature, current density, and fluid velocity are all self-determined. The

hottest region in the arc, with highest current density, is expected to be at the cathode,

where the current density must be very high in order to maintain the high enough

temperatures in the electrode for the thermionic emission of ions. As discussed in

Section 2.5.1, the current emitted by the electrode can be modelled via (2.57). At the

hottest temperatures that the electrode can attain (before sublimation), of around

Tc = 4000 K [50], the current density J0 = jc(Tc) that can be emitted is given by

(2.57). We assume that, for all relevant furnace arcs, the cathode spot temperature

is always close to Tc, and so we have a fixed current density scaling J0, which does

not depend on the total applied current I. (For sufficiently low currents I, this

assumption will cease to be valid.) The cathode spot radius, rc, however, does vary

with I according to

rc =

√
I

πJ0

. (3.1)

We assume that rc is a reasonable lengthscale for the radius of the electric arc, al-

though in reality we expect the arc to grow away from the cathode spot. The other

externally prescribed lengthscale is the length of the arc, ha, which we expect to be

larger than the radius of the cathode spot, so that εa := rc/ha is small.

We choose to deduce the scalings for our arc variables from these parameters. We

use a cylindrical coordinate system (r, θ, z) with z along the axis of the arc and r, θ in

the cross-section of the arc as shown in Figure 3.1. For simplicity, we suppose the arc

is axisymmetric, so that there is no θ dependence. We also assume that the magnetic

field is purely azimuthal B = Bθeθ, and that all other vector dependent variables

have no azimuthal component, using the notation v = uer + vez, J = Jrer + Jzez,

and E = Erer + Ezez. We nondimensionalise the model in Ωcr by scaling

z = haẑ = ε−1
a rcẑ, r = rcr̂, t = t0t̂, (3.2a)

J = J0

(
εaĴrer + Ĵzez

)
, B = B0B̂θeθ, σa = σ0σ̂a, (3.2b)
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v = v0 (εaûer + v̂ez) , T = T0T̂ , ρ = ρ0ρ̂, (3.2c)

E = E0

(
Êrer + Êzez

)
, p = patm + p0p̂. (3.2d)

The radial velocity and current density are both expected to be smaller than the axial

components, in order for there to be a balance in the conservation of mass equation,

(2.9), and conservation of charge equation, (2.8), respectively.

Since the magnetic field is generated by the current, we fix

B0 = µ0rcJ0, (3.3)

in order to balance both the radial and axial components of Ampere’s law, (2.1). The

electrical field scaling is chosen to balance the current density in Ohm’s law, (2.13),

so that

E0 =
J0

σ0

. (3.4)

The high temperatures in the arc are due to the Ohmic heating, and so we can fix

the temperature scale by balancing this heat source with the dominant heat loss

mechanism. We assume that this is the heat loss to radiation, and we will see below

that this leads to a consistent nondimensionalisation. We therefore fix

4κσBT
4
0 = J0E0 =

J2
0

σ0

, (3.5)

where we have used (3.4). In the arc, there is a pressure associated with the Lorentz

force, and so we scale

p0 = rcJ0B0 = r2
cµ0J

2
0 , (3.6)

in order to balance the pressure gradient and Lorentz force in both the radial and

axial components of (2.10). The ideal gas law then fixes the density scaling

ρ0 =
p0

RsT0

. (3.7)

Since the fluid flow is generated by the Lorentz force, we balance the inertia and

Lorentz force terms in (2.10), and so choose v0 according to

ρ0
v2

0

rc
= J0B0. (3.8)

There are a number of possible timescales associated with this problem, but we

choose the timescale of the heat generation and loss in the arc, which is

t0 =
ρ0cvT0

J0E0

. (3.9)
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Dropping the hat notation, the dimensionless system therefore becomes

Jz =
1

r

∂

∂r
(rBθ), (3.10)

Jr = −∂Bθ

∂z
, (3.11)

−(γ − 1)
∂Bθ

∂t
= εa

∂Er
∂z
− ∂Ez

∂r
, (3.12)

Jz = σa(T )(Ez + εaβuBθ), (3.13)

εaJr = σa(T )(Er − βvBθ), (3.14)

p+ p∗ = ρT, (3.15)

β−1∂ρ

∂t
+

1

r

∂

∂r
(rρu) +

∂

∂z
(ρv) = 0, (3.16)

εaβ
−1ρ

∂u

∂t
+ ε2aρ

(
u
∂u

∂r
+ v

∂u

∂z

)
= −∂p

∂r
− JzBθ + εaRe−1

(
1

r

∂

∂r

(
r
∂u

∂r

)
+ ε2a

∂2u

∂z2

)
,

(3.17)

β−1ρ
∂v

∂t
+ ρ

(
u
∂v

∂r
+ v

∂v

∂z

)
= −∂p

∂z
+ JrBθ + ε−1

a Re−1

(
1

r

∂

∂r

(
r
∂v

∂r

)
+ ε2a

∂2v

∂z2

)
,

(3.18)

ρ

γ − 1

(
∂T

∂t
+ εaβ

(
u
∂T

∂r
+ v

∂T

∂z

))
= K

(
1

r

∂

∂r

(
r
∂T

∂r

)
+ ε2a

∂2T

∂z2

)
+

1

σa(T )

(
J2
z + ε2aJ

2
r

)
− T 4

− βεa(p∗ + p)

(
1

r

∂

∂r
(ru) +

∂v

∂z

)
, (3.19)

where the dimensionless parameters are

β = µ0σ0rcv0, Re =
ρ0v0rc
η

, K =
kT0

r2
cJ0E0

, p∗ =
patm

p0

, γ =
cp
cv
. (3.20)

The parameter β is the magnetic Reynold’s number of the fluid [27], characterising

the ratio of the current due to the flow of fluid in the magnetic field to that propor-

tional to the electric field, in Ohm’s law (3.13)–(3.14). Due to our choice of scalings,

this parameter also describes the ratio of the fluid flow timescale to the heat transfer

timescale, and appears in the heat convection term of (3.19).

Typical parameter values for industrial SAF arcs are given in Table 3.1. Using

these, we may compute the derived scales for the arc variables, which are given in

Table 3.2, and the sizes of the dimensionless groups, given in Table 3.3. We notice

that the magnetic Reynolds number β is less than one, but is not particularly small.

However, the reduced magnetic Reynolds number, εaβ, is reasonably small, due to the

small aspect ratio. This means that the vertical current Jz given by (3.13) (which is
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the dominant component of the electric current), is primarily due to the electric field

over the crater Ez. Even though the magnetic Reynolds number β is not small, we

have significantly simplified the electromagnetic problem so that there is no induced

vertical current, by assuming that the arc is long and thin.

We also note that K � 1, so that heat radiation is indeed the dominant heat loss

mechanism in (3.19), justifying our choice of scaling T0. In fact, in the limit that all

of εaβ, εa, and K are small, the heat equation (3.19) simplifies considerably, to

ρ

γ − 1

∂T

∂t
=

J2
z

σa(T )
− T 4, (3.21)

so that the dominant heat source is the Ohmic heating due to the vertical current,

and the dominant heat loss is by radiation. As well as simplified electromagnetic and

thermal problems, we may also obtain a reduction of the fluid flow problem from our

dimensional analysis, which is similar to the Prandtl boundary layer equations, but

with the additional Lorentz force in both the radial and axial momentum equations.

The reduction of the thermal problem to (3.21) is closely linked to the analysis

in the study group report [19]. In this report, the arc is modelled as a cylinder, with

axial current due to a uniform axial electric field. Heat losses are due to optically

thin radiation and radial heat conduction, and fluid flow is neglected. Steady-state,

axisymmetric solutions are sought. As in our dimensional analysis, in [19] the heat

conduction is small relative to the radiation, and so to leading order there is a balance

between Ohmic heating and radiative losses. At leading order, the arc temperature

is therefore piecewise constant, with a hot temperature T = Ta inside the arc, and

T = 0 outside the arc, both of which are steady states of (3.21). There is a thermal

conduction transition layer at the edge of the arc, where heat conduction smooths out

Parameter Value Reference
J0 107A m−2 (as described in Section 2.5)
rc 2.3× 10−2 m (as described in Section 2.5)
ha 1–1.5×10−1 m [85]
k 1 W m−1 K−1 [85, 107]
Rs 2.3× 102 J kg−1 K−1 using a 1:1 ratio of SiO:CO
η 10−4 kg m−1 s−1 [107]
cp 103 J kg−1 K−1 [107]
σ0 104 S m−1 [85, 107]
κ 10−1 m−1 [82]

Table 3.1: Parameter values for the arc.
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Variable Scale Expression Value

T0 (J2
0/4κσBσ0)1/4 3× 104 K

E0 J0/σ0 103 V m−1

B0 µ0rcJ0 3× 10−1 T
p0 rcJ0B0 105 Pa ≈ 1 atm
ρ0 p0/RsT0 10−2 kg m−3

v0 (rcJ0B0/ρ0)1/2 2× 103 ms−1

t0 µ0r
2
cσ0 7× 10−6 s

Table 3.2: Values of derived scalings.

Dimensionless Group Expression Value
β µ0σ0rcv0 0.6

Re ρ0v0rc/η 5× 103

K kT0/r
2
cJ0E0 6× 10−3

p∗ patm/p0 1
γ cp/cv 1.3
εa rc/ha 0.15–0.23

Table 3.3: Values of dimensionless groups.

the temperature jump, and the radius of the arc is determined from this transition

layer problem. Under our nondimensionalisation above, the MHD model reduces to

precisely the problem of [19], if ε2aβ
2 � K � 1.

From our dimensional analysis we expect that for a SAF arc ε2aβ
2 ≥ K, and so

heat convection is likely to be at least as important as heat conduction. In this case,

similarly to the conductive arc of [19], we might expect a uniform hot temperature,

the solution of (3.21), inside the arc, and T = 0 outside the arc. The radial extent

of the arc would be determined by consideration of both the fluid flow and heat

conduction at the boundary. Such analysis is beyond the scope of this thesis, but is

discussed as future work in Chapter 7. In the simplified arc model below, we simply

prescribe the radius of the electric arc to be constant.

As a final observation from the dimensional analysis, we notice that since β is

around order one, the timescales of the electromagnetic induction, fluid flow, and

heat transfer, are all very similar. We also note that this timescale, t0 ∼ 10−6 s, is

much shorter than the timescale of the alternating current on the order of 10−2 s.

We might assume, therefore, that the arc is quasi-steady over the timescale of the

alternating current. However, our scalings have all been derived assuming a high

current density J0. For smaller currents (near or at the point in the AC cycle when
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the current passes through zero), the temperature will be lower. Since both the

Ohmic heating and radiative heat loss terms are strongly dependent on T , we expect

much slower arc variation when it is cooler, at these lower currents. The arc will not,

therefore, behave quasi-steadily throughout the entirety of the AC cycle. We will

explore these ideas further in Chapter 4.

3.1.1.2 Statement of a simplified arc model

We now propose a simplified arc model based on the insight gained in the previous

section, returning to dimensional variables. The dimensional analysis suggests that

the current is primarily axial, and due to the applied electric field rather than in-

ductive effects. We also observed that heat radiation and Ohmic heating due to the

vertical current are the most important mechanisms determining the arc temperature.

We assume for simplicity that the arc occupies a vertical, cylindrical region, with

fixed, prescribed radius ra, and a purely vertical electric current. We also assume

the arc has fixed position in centre of the crater. The electrical-thermal problem for

the temperature Ta, of this cylindrical arc and the vertical electric field, Ea, over the

arc is given by conservation of energy including only radiative heat loss and vertical

Ohmic heating, and the equation of conservation of charge, namely

ρacp,a
∂Ta
∂t

= σa(Ta)E
2
a − 4κσBT

4
a , (3.22a)

∂

∂z
(σa(Ta)Ea) = 0. (3.22b)

Since there is no spatial dependence of Ta through (3.22a), we look for uniform so-

lutions Ta = Ta(t), a function of time only. In this case (3.22b) simply requires that

Ea = Ea(t) is also spatially uniform.

3.1.2 Simplification of the radiation problem in the crater

With the simplified arc model given above, all heat lost by the arc is lost as radiation.

As discussed in Section 2.5.3, this radiation is incident on the surfaces of the crater,

where it is absorbed, and partially re-emitted, modelled by the integral boundary

condition (2.70). This integral boundary condition greatly increases the computa-

tional complexity of the problem: the heat flux condition at every point on the crater

boundary ∂Ωcr requires knowledge of the temperatures and heat flux at all other

points of ∂Ωcr, and both surface integrals over ∂Ωcr and volume integrals over Ωcr. In

this section we make a rational reduction of (2.70), showing that, in the industrially
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relevant parameter regime, the surface temperature on the crater boundary ∂Ωcr is

uniform. This leads to a greatly simplified heat flux boundary condition (2.70).

We assume that the crater Ωcr is a convex domain, so that all radiating surfaces

have a line-of-view to all other points on the surface, with no obstacles blocking the

radiation path. The view factors then take the form (2.71). Using the data given

in Section 3.2, we may estimate the size of each of the terms in (2.70). Assuming

that the volumetric radiation is dominated by the arc (rather than the much cooler

surrounding crater gases), the volume integral

Ia : =

∫
Ωcr

4κσBT
4(r′)

cos(γ)

4π|r − r′|2
dr′ (3.23)

has approximate order of magnitude

[Ia] =
κσBT

4
aπr

2
aha

π × (distance from arc)2
≈ 6× 104 W m−2, (3.24)

where h is the length of the arc, and assuming the distance from the arc is approx-

imately 1 m [85]. The surface emission term ε∂ΩcrσBT
4(r), is the same size as the

incident radiation from the crater surfaces,

IS :=

∫
∂Ωcr

ε∂ΩcrσBT
4(r′)

cos(γ) cos(γ′)

π|r − r′|2
dS ′, (3.25)

the size of which may be estimated by [IS] = ε∂ΩcrσBT
4
S ≈ 6 × 106 W m−2, using

ε∂Ωcr = 1 [5]. Nondimensionalising (2.70) we therefore write

Q[q · n]+− = T 4 −
∫
∂Ωcr

T 4(r′)
cos(γ) cos(γ′)

π|r − r′|2
dS ′ − ν

∫
Ωcr

T 4
a (r′)

cos(γ)

π|r − r′|2
dr′,

(3.26)

where ν := [Ia]/[IS] and Q is the ratio of heat loss to the solid material at that point,

to the radiative heat loss term.

From our order-of-magnitude estimates we see that ν ≈ 0.01� 1 is small, so that

for industrially relevant parameters the surface radiation dominates the radiation

from the arc. We also expect that Q = O(ν), since if Q were O(1) then the crater

surfaces could not be maintained at the required temperatures, as there would be

too much heat lost from the system. In this case, expanding the surface temperature

T ∼ T0 + νT1 as ν → 0, at leading order we have

T 4
0 (r) =

∫
∂Ωcr

T 4
0 (r′)

cos(γ) cos(γ′)

π|r − r′|2
dS ′. (3.27)
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For ease of notation we define the radiation energy y(r) := T 4
0 (r), and the surface

view factor F (r, r′) := cos(γ) cos(γ′)/(π|r − r′|2), noting that, since Ωcr is convex

and closed, by definition F satisfies [44, 72]

F (r, r′) > 0 for r 6= r′ and

∫
∂Ωcr

F (r, r′) dS ′ = 1. (3.28)

We now prove that the only continuous, non-negative solutions T 4
0 (r) of (3.27), or

equivalently solutions y(r) of

y(r) =

∫
∂Ωcr

y(r′)F (r, r′) dS ′, (3.29)

where F satisfies (3.28), are spatially uniform, so that y(r) = y0 for all r ∈ ∂Ωcr. The

leading-order temperature T0, the solution of (3.27), is therefore spatially uniform on

the crater boundary. Our proof of this fact has been adopted by [84]. A similar result

is proved in [54] in a spherically symmetric geometry, and including heat conduction

into the surface in the dominant balance, using the Cauchy-Schwarz inequality.

Our proof is by contradiction. We suppose that y is a non-constant solution of

(3.29). Then, as the domain is bounded, y attains a minimum ym, and since y is

non-constant and continuous there exists a subset Γ of ∂Ωcr (with non-zero measure)

such that for r ∈ Γ, y(r) > ym. As y is a solution of (3.29), for any r ∈ ∂Ωcr \ Γ,

ym = y(r) =

∫
∂Ωcr

y(r′)F (r, r′) dS ′

≥
∫
∂Ωcr\Γ

ymF (r, r′) dS ′ +

∫
Γ

y(r′)F (r, r′) dS ′

>

∫
∂Ωcr\Γ

ymF (r, r′) dS ′ +

∫
Γ

ymF (r, r′) dS ′

= ym

∫
∂Ωcr

F (r, r′) dS ′

= ym using (3.28),

(3.30)

which gives the contradiction. Hence the only solutions of (3.29) are spatially uniform.

Physically, since the heat radiation between surfaces is the dominant process, the

temperature of these surfaces all equilibrate to the same, uniform temperature.

To fix the value of this uniform surface temperature T0, we must find a solvability

condition by continuing to next order in ν, where we see that

[q · n]+− = 4T 3
0 T1 −

∫
∂Ωcr

4T 3
0 T1(r′)

cos(γ) cos(γ′)

π|r − r′|2
dS ′ −

∫
Ωcr

T 4
a (r′)

cos(γ)

π|r − r′|2
dr′.

(3.31)
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Integrating (3.31) over the whole surface ∂Ωcr, and exchanging the order of integra-

tion, the first two terms on the right-hand side cancel, leaving∫
∂Ωcr

[q · n]+− dS = −
∫
∂Ωcr

∫
Ωcr

T 4
a (r′)

cos(γ)

π|r − r′|2
dr′dS, (3.32)

which may be interpreted as a global conservation of energy. The left-hand side

depends on the surface temperature T0, and hence this is a solvability condition,

fixing T0. Furthermore, since we assume Ta is uniform in a prescribed arc region,

(3.32) reduces to simply ∫
∂Ωcr

[q · n]+− dS = −T 4
a , (3.33)

by the definition of the volumetric view factor. The left-hand side of (3.33) may also

take a simple form, since T0 is uniform on ∂Ωcr. We note that even without the

assumption that ν � 1 we may integrate (2.70) over ∂Ωcr and regain (3.32), since the

two surface terms cancel by definition of the view factor. However, we require ν � 1

in order to justify taking the temperature T0 of the surface to be spatially uniform.

The boundary condition (3.33) allows us to include the radiation effects of an

optically thin arc contained in the crater in a relatively straightforward manner when

coupling the arc model with the heat transfer and electrical system in the surrounding

charge material.

3.1.3 Reduced chemical system

In Section 2.3.1, we presented a seven-species chemical system for the production of

silicon in the bed of charge material Ωch. This system has been analysed in detail

by Sloman et al. in [93]. In particular, it is shown that in the hottest part of the

furnace, the dominant behaviour is the melting of quartz via reaction (2.24), which

then further reacts with carbon via (2.26). As well as being the dominant change

of chemical species, the endothermic reaction (2.26) is also shown to be the most

significant energy sink in this region of charge material. In cooler regions of the

furnace, the dominant reactions are shown to be the condensation of the SiO gas via

(2.23), and its reaction with carbon to form SiC via (2.22). Both these reactions

occur higher in the furnace, and are exothermic, releasing energy into the system.

For a simplest possible model, we neglect the condensation reaction (2.23) and the

production of SiC (2.22) and focus on the dominant, endothermic behaviour due to

the melting of quartz and its reaction with carbon occurring in the hottest part of the
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furnace. This simplification, motivated by the findings of [93], reduces the chemical

process to just the two reactions (2.24) and (2.26), which we write again for clarity:

SiO2(s)→ SiO2(l), (3.34a)

SiO2(l) + C(s)→ SiO(g) + CO(g). (3.34b)

Furthermore, the rate of melting of the quartz (3.34a) is expected to be much slower

than that of reaction (3.34b) [93], so that reaction (3.34b) is limited by (3.34a). Thus

we may reduce the system to only the four chemical species, SiO2(s), C(s), SiO(g),

and C(g), related by the reaction

SiO2(s) + C(s)→ SiO(g) + CO(g), (3.35)

with reaction rate that of (3.34a). Since the solid materials are consumed in a 1:1

molar ratio by (3.35), and the gases likewise are produced in a 1:1 ratio, we make the

further simplification of modelling only two phases: solid and gas. In order for this

assumption to make sense we require that the raw materials fed into the furnace are

also in a 1:1 molar ratio of carbon and quartz molecules.

Thus we reduce the full chemical system described in Section 2.3.1 to simply two

phases, solid and gas, with the solid converted into gas,

solid→ gas, (3.36)

at the rate of reaction (3.34a). In [93], this rate of reaction (3.34a) is assumed to be

zero below a certain critical temperature, and linearly increasing with temperature

above this point. In contrast, here we choose to use an Arrhenius chemical reaction

rate for reaction (3.34a) of the form

Q = k̄QCSiO2e
−a/Ts = kQCse

−a/Ts , (3.37)

where kQ [s−1] is the rate constant, a [K] encodes the activation energy of the reaction,

and we have used the fact that the combined concentration of solid Cs = CC +CSiO2

may be expressed as Cs = 2CSiO2 , since CC = CSiO2 (thus we write the rate constant

kQ = k̄Q/2). Arrhenius reaction rates are commonly used for many types of reaction,

and are fitted to give good agreement with experimental data. Unlike a piecewise

linear model, the Arrhenius form (3.37) has the benefit of a smooth transition between

an exponentially small reaction rate at low temperatures, and, while increasing with

temperature, remains bounded, and so may be sensibly used over a wide temperature-

range. A shortage of experimental data means that the parameters kQ and a are not

well known. We take the values kQ = 5× 10−2 s−1 and a = 104 K to give reasonable

qualitative agreement with the model used in [92].
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Figure 3.2: Idealised, axisymmetric geometry of nested cylinders for the arc, crater,
and charge regions of the domain.

3.1.4 Cylindrical 1D geometry

We now restrict to a very simple, idealised domain geometry of axisymmetric nested

cylinders, as illustrated in Figure 3.2, focussing on the behaviour under and around a

single electrode, and using a cylindrical polar coordinate system (r, z). The geometry

consists of the cylindrical electric arc, radius ra and centred at r = 0, surrounded by

a region of crater gas in the annulus [ra, s(t)). The charge material Ωch forms another

annulus around the crater, in r ∈ [s(t), rf ], where the fixed position rf is a “furnace

radius”, representing the surface of the furnace Γs, while r = s(t) is the free boundary

Γi. We assume that the height ha of the domain is prescribed. The charge is heated

by the radiation from the arc and a vertical current passing through the charge. In

particular, we do not solve for the temperature profile or current density within the

electrode. We assume that both the solid and gas velocities are purely radial, so that

ug = uger and us = −user, (3.38)

for non-negative ug and us. The species concentrations, velocities, and temperatures

in the charge material are assumed to be independent of z, and are therefore functions

of r and t only. With the simplified arc model (3.22), the arc variables Ta and Ea are

uniform in space.

This 1D simplification is expected to describe well the case when charge material

is pushed in under the electrode. If the crater extends to outside the electrode, as il-

lustrated in Figure 1.2, the surface area of the interface Γi is increased, and a spherical

geometry might be a more appropriate simplification. The result from Section 3.1.2

that the temperature at the interface Γi is spatially uniform justifies the assumption

that the temperatures Ts and Tg in the charge material are independent of z, and

therefore that all the dependent variables in the charge material are independent of z.

By assuming 1D velocity fields we have lost any behaviours driven by the 3D material

flow but, as discussed in Section 2.3.2, modelling the flow of the solid material would
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not be straightforward. Our assumption that the solid material is being pushed in

underneath the electrode, rather than flowing down the side of the crater, results

in a fully 1D model. As we will see in Chapter 5, we often expect the majority of

the heating and chemical consumption to occur in a thin boundary layer at Γi. The

flow fields and geometry further away from the crater are therefore less important,

providing some justification for the flow-field simplification and 1D geometry, as well

as the choice to only study the region surrounding a single electrode, rather than the

three electrodes commonly used in silicon SAFs.

As discussed in Section 2.3.2, the no-voids condition (2.36) fixes ug in the high-

permeability limit of Darcy’s law. We make the assumption that the matrix of solid

charge material is incompressible, and does not compact as material is reacted away,

so that M = 0 in (2.38). Assuming the purely radial form (3.38) this fixes

us =
Urf
r
, (3.39)

with the flux Urf [m2 s−1] fixed by the imposed material flux at r = rf .

The electrical conductivity σc of the charge material, given by (2.44), is a function

of Ts, and therefore also varies radially. We assume that in our idealised geometry, the

upper and lower surfaces are equipotentials, so that the current through the charge

material is purely vertical,

J = σc(Ts)Echez, (3.40)

with vertical electric field E = Ech(z, t)ez over the charge material. By the conser-

vation of charge equation,

∇ · J = 0, (3.41)

this vertical electric field Ech must be independent of z, and thus Ech = Ech(t) is a

function of t only.

With this simplified geometry and the reduced chemical system presented in Sec-

tion 3.1.3, we may add together the equations of conservation of mass (2.33) for the

solids C and SiO2, and the gases CO and SiO, respectively, to give the equations of

conservation of mass in r ∈ (s(t), rf ),

∂Cs
∂t
− Urf

r

∂Cs
∂r

= −Q(Cs, Ts), (3.42)

∂Cg
∂t

+
1

r

∂

∂r
(rugCg) = Q(Cs, Ts), (3.43)

in the solid, and the gas phases. Here we have used our assumption that the gases

are in a 1:1 ratio, so that the partial pressures pCO = pSiO = pg/2. The equations of
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conservation of energy (2.39)–(2.40) in the solid and gas phases of the charge material

are similarly

cp,sMs

(
∂

∂t
(CsTs)−

Urf
r

∂

∂r
(CsTs)

)
=
ks
r

∂

∂r

(
r
∂Ts
∂r

)
+ σcE

2
ch −∆HQ

+ λ(Tg − Ts)− cp,sMsTsQ, (3.44)

cp,gMg

(
∂

∂t
(CgTg) +

1

r

∂

∂r
(rugCgTg)

)
=λ(Ts − Tg) + cp,sMsTsQ, (3.45)

assuming that the specific heat capacities and thermal conductivity of the solid ma-

terial are constants. In (3.44)–(3.45) we have used the notation

cp,sMs = cp,CMC + cp,SiO2MSiO2 , cp,gMg = cp,COMCO + cp,SiOMSiO. (3.46)

We have also assumed that all the heat ∆H for reaction (3.36) is taken from the solid

material, since the solid is the reactant of (3.36). We note that we may absorb the

heat transfer to the gas due to mass transfer term, cp,sMsTsQ into the advection term

of the left of (3.44), by using the conservation of mass equation (3.42). The equation

for conservation of energy in the solid, (3.44), then becomes

cp,sMsCs

(
∂Ts
∂t
− Urf

r

∂Ts
∂r

)
=
ks
r

∂

∂r

(
r
∂Ts
∂r

)
+ σcE

2
ch −∆HQ+ λ(Tg − Ts). (3.47)

Furthermore, with just the two species of solid and gas, the no-voids condition

(2.36) becomes
Ms

ρs
Cs +

R

patm

CgTg = 1, (3.48)

where we have used that fact that pg = patm is approximately uniform, and where we

write
Ms

ρs
=
MC

ρC

+
MSiO2

ρSiO2

. (3.49)

These five equations (3.42), (3.43), (3.45), (3.47), and (3.48) form a closed system

for Cs, Cg, Ts, Tg, and ug. In this geometry and chemical system, the boundary

conditions at the edge of the furnace Γs as described in Section 2.5, become

Ts = T in, Cs = C in
s at r = rf . (3.50)

The position of the free boundary r = s(t) is determined by (2.62), which we can

express in terms of the solid concentration as

Cs = C∗ at r = s(t), (3.51)

for some prescribed constant C∗ corresponding to θ∗ in (2.62).
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We interpret the heat flux condition (3.33) as a statement of conservation of

energy in the solid materials at the edge of the crater, and we therefore view this as a

boundary condition for Ts. Since we do not solve for the heat transfer within the crater

pool or electrode, we approximate the heat lost through a point on these boundaries

by a Newton-cooling term Hm(T − T∞), where T∞ is a constant, small temperature

(in Chapter 3 we will set T∞ = 0). As discussed in Section 2.5, we expect some gas

to be produced in reactions in the melt-pool at the base of the crater, Γm, via (2.63).

These reactions are endothermic so that this contributes a heat loss to (3.33). We

suppose these melt-pool reactions produce SiO and CO gases with constant rate Rm

[kg m−2 s−1], in a 1:1 ratio. We estimate Rm by assuming that the gas is produced

by reaction (3.36) in a thin volume depth dp ∼ 10−4 − 10−3 m in the pool, so that

Rm = [Q]Mgdp, where [Q] is the approximate size of the reaction rate (3.37). The

heat loss due to this reaction is Rm(cp,sTs + ∆H/Ms) per unit surface area of Γm.

This assumption that the reaction rate in the pool is constant is a simplification,

and means that we do not have to keep track of the mass of reactants lost from the

charge material (gained by the melt pool) when it collapses at r = s. If C∗ is small,

we expect that this simplification will not make significant changes to the results of

the model. However if large amounts of material are falling into the crater pool and

reacting here, so that a significant proportion of the material consumption occurs in

the melt pool, then we should include a more accurate model for this reaction rate

Rm. Extending the model in this way is an important area for future work.

We neglect any conductive heat transfer between the solid crater boundaries and

the crater gas, as this is expected to be relatively small. Using the fact that the

surface temperature on all the crater boundaries is the same as that on r = s(t), we

may compute the integral on the left of (3.33), leaving the boundary condition

πs2Hm(Ts − T∞) + πs2Rm

(
cp,sTs +

∆H

Ms

)
= 2πsha

(
cp,sMs

Urf
s
CsTs + ks

∂Ts
∂r

)
+ (πr2

aha)4κσBT
4
a at r = s(t). (3.52)

This is precisely the conservation of energy over the entire surface of the crater: the

total heat radiation from the arc must equal the total heat conducted into the crater

surfaces, and lost to the chemical reactions in the pool. The heat in the solid material

which collapses into the crater, effectively flowing through the boundary r = s, is lost

from the charge bed, but is gained by the material in the melt pool. Thus we include

the advection term (the first term on the right of (3.52)) in this boundary condition.

Due to our choice of cylindrical geometry, the heat losses through to the electrode
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and melt pool are quadratic in s, while the heat losses through r = s(t) are linear, or

constant, in s.

We also require boundary conditions at r = s(t) for Cg and Tg. In Section 2.5 we

imposed continuity of gas flux and temperature with the crater gases at the interface

Γi. However, we now have a much simpler model (3.22a) for the temperature of

the arc, and so we do not explicitly solve for either the flow or heat transfer within

the crater gas in r ∈ (ra, s(t)). Instead, we assume that the density of crater gas is

constant. Expressing the rate of change of the total gas in the crater in terms of the

rate, Rm per unit area, at which gas is produced in the pool Γm, and the rate of gas

flow through the charge surface Γi, we find that in our cylindrical geometry,

2πhaρgsṡ = πs2Rm − 2πshaρgθg(ug − ṡ). (3.53)

Making use of (2.31), we see that (3.53) implies the boundary condition for Cg given

by

Cg

(
ug +

1− θg
θg

ṡ

)
=

sRm

2haMg

at r = s(t). (3.54)

Using the approximate form of Rm and writing 1− θg = θs = MsC∗/ρs at r = s, we

find that

Cg

(
ug +

MsC∗
ρs −MsC∗

ṡ

)
=
s[Q]dp

2ha
at r = s(t). (3.55)

For the boundary condition for Tg at r = s(t), it might be intuitive to simply

assume that Tg = Ts at r = s(t). It is preferable, however, to instead impose conser-

vation of energy in the crater gas, in order to track and understand all the transfers of

energy in the system. We do not solve explicitly for the temperature of the crater gas,

but instead consider the overall conservation of energy in the crater gas, similarly to

the conservation of mass argument above. In our simplified arc model (3.22a), the arc

loses heat only by optically-thin radiation, which is incident onto the crater surface,

and so the electric arc does not directly heat the crater gas. (For a more accurate

crater model, we could assume that some proportion of the heat dissipated by the

arc is passed to the crater gas, with the remainder incident on the solid crater wall,

although it is not clear how this proportion should be determined.) The only heat

source for the crater gas is therefore the energy gained when it is produced in the

chemical reactions in the melt-pool. Arguing as for the mass flux above, the rate of

change of energy inside the crater must equal the flux of energy gained by the gas

as it is produced in the melt-pool at Γm minus the flux of heat as the gas flows out
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of the crater into the porous charge material at r = s(t). This gives the boundary

condition

cp,gTg (2πhaρgsṡ) = cp,sTs(πs
2Rm)− cp,gTg (2πshaρgθg(ug − ṡ)) at r = s(t).

(3.56)

Using (3.53), this condition reduces to a boundary condition on Tg, namely

Tg =
cp,s
cp,g

Ts at r = s(t). (3.57)

With this choice of boundary condition (3.57) for Tg, the only loss of energy from the

entire crater system is that to the electrode and melt-pool via the Newton-cooling

term in (3.52): all other heat transfers between the arc, crater gas, and solid charge

material are accounted for.

3.1.5 Electrical constraints

Finally, we consider the electrical constraints in our idealised system. Since we are

modelling only the region around the base of a single electrode, we assume that the

voltages across the two current paths (the arc and the charge) are equal, and hence

that

E := Ea = Ech. (3.58)

The electrode current I(t) must equal the sum of the currents through the arc and

the charge, according to

I =

∫
arc

σa(Ta)E dV +

∫
charge

σc(Ts)E dV = E

(
πr2

a σa(Ta) + 2π

∫ rf

r=s(t)

σc(Ts)r dr

)
.

(3.59)

The constraint (3.59) gives an equation relating E(t) to the total current I(t). To

complete the electrical model, we might couple our reduced model above into an

equivalent-circuit model for the furnace, such as those used in [104], and so solve for

the total current I(t). Alternatively, we might choose to prescribe the total current

I(t). Both approaches are investigated in Chapter 4 below. In either case, the current

through the arc is influenced by the amount of current flowing through the charge

according to (3.59), and the two regions are fully coupled.
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3.2 Nondimensionalisation

Under all these simplifications, our model reduces to the arc heat equation (3.22a) for

Ta(t), and the system (3.42)–(3.43), (3.45), (3.47), and (3.48) for the concentrations Cs

and Cg, temperatures Ts and Tg, and gas velocity ug in the charge region r ∈ (s(t), rf ).

These equations are closed with the boundary conditions (3.50) at r = rf and (3.51),

(3.55), (3.57), and (3.52) at r = s(t). Finally, the arc and charge regions are coupled

by the total current constraint (3.59).

In this section we nondimenionalise this model. We rescale our variables via

t = [t]t̂ s = [r]ŝ(t̂), r = [r]r̂, ug = [ug]ûg, E = [E]Ê,

Ta = [Ta]T̂a, Ts = [Ts]T̂s, Tg = [Tg]T̂g, Cg = [Cg]Ĉg, Cs = [Cs]Ĉs,

Q = [Q]Q̂, I = [I]Î , σc = [σc]σ̂c, σa = [σa]σ̂a.

(3.60)

The temperature scalings [Ts] and [Ta] will be fixed by a balance of the dominant

heat sources and losses in each of the arc and charge. We fix [Tg] = [Ts], however,

since these temperatures are expected to be similar.

The solid concentration scaling is chosen for the boundary condition at r = rf ,

[Cs] = C in
s , (3.61)

while the gas concentration is taken to be

[Cg] =
patm

R[Tg]
=

patm

R[Ts]
(3.62)

for a balance in the no-voids condition (3.48).

We define the dimensionless parameter δ to be the inverse Péclet number in the

solid material,

δ = Pe−1 =
ks

cp,sMs[Cs]Urf
, (3.63)

which is the ratio of the size of the heat conduction term to the heat advection in

(3.47). For physically relevant parameters (as we will see below), we expect δ � 1 to

be small. Since heat advection therefore dominates conduction in the solid material,

we expect that the radiative heat from the arc at r = s(t) only penetrates a short,

O(δ[r]), distance into the solid charge material. The hottest region of charge material

is therefore expected to be this O(δ[r]) conduction boundary layer at r = s(t), and

since the chemical reaction rate is temperature dependent, we expect the majority

of the solid material consumption to occur within this boundary layer. In order for

steady-state solutions of the system to exist, we expect that the rate of incoming solid
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material balances the rate at which material can be consumed in this hot thin layer

of charge material. This imposes a balance between advection and consumption of

material in (3.42), which fixes the lengthscale [s] of the crater radius

[s] =

√
[Cs]Urf
δ[Q]

. (3.64)

This is the natural lengthscale for the crater in our problem, and so we take [r] =

[s]. We note that for physically relevant parameters, the lengthscale of the furnace

domain, rf ≈ 4 m [1, 88] is likely to be on a similar order to [s].

We now fix the temperature scalings. The arc temperature scaling is fixed in terms

of the electric field scaling, by balancing the radiative loss with the Ohmic heating in

the arc temperature equation (2.11). This gives

[Ta] =

(
[σa]

4κσB

)1/4

[E]1/2, (3.65)

where [E] is not yet determined. In order to fix the electric field scaling, [E], and

temperature scaling, [Ts], we need to know whether the majority of the current passes

through the arc or the charge. A measure of the ratio of charge to arc current is given

by the parameter

α :=
2δ[s]2[σc]

r2
a[σa]

. (3.66)

If α < 1, then we expect more current to flow through the arc than through the

charge material. We will see in the following section that for industrially relevant

parameters, α ≈ 0.24, and so indeed we expect the majority of the current to pass

through the electric arc. In this case, we choose the electric field scaling

[E] =
[I]

πr2
a[σa]

, (3.67)

to balance the applied current in (3.59). We also see that the parameter α describes

the ratio of heating of the solid charge by volumetric Ohmic heating to the surface

radiation, and so for α < 1 the radiative heating from the arc dominates the Ohmic

heating within the charge. We choose

[Ts] =
2r2

aκσB[Ta]
4δ

ks
(3.68)

as an approximate balance of the radiative flux boundary condition (3.52). As well

as balancing the solid conservation of mass equation (3.42), we fix [ug] by a balance
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in the gas conservation of mass equation (3.43), again over the thin O(δ) layer at

r = s(t) in which Q is expected to be largest, which gives

[ug] =
[Q]δ[s]

[Cg]
. (3.69)

There are many timescales in our problem, but for now we choose the longest timescale

to nondimensionalise over — that over which s evolves — by balancing the time-

derivative and advection terms in (3.42). This gives

[ts] =
[s]2

Urf
. (3.70)

Using these scalings, and dropping the hat notation, the dimensionless model for Cs,

Cg, ug, Ts, Tg, s, E, and Ta is given by

δ

(
∂Cs
∂t
− 1

r

∂Cs
∂r

)
= −Q, (3.71a)

ξ
∂Cg
∂t

+
δ

r

∂

∂r
(rugCg) = Q, (3.71b)

CgTg + θinCs = 1, (3.71c)

δCs

(
∂Ts
∂t
− 1

r

∂Ts
∂r

)
=
δ2

r

∂

∂r

(
r
∂Ts
∂r

)
+ ασcE

2 − γQ+ δµ(Tg − Ts), (3.71d)

K

(
ξ
∂

∂t
(CgTg) +

δ

r

∂

∂r
(rugCgTg)

)
= TsQ− δµ(Tg − Ts), (3.71e)

in r ∈ (s(t), rf ) subject to the boundary conditions

Cs = 1, Ts = T in
s at r = rf , (3.71f)

and

s2H(Ts − T∞) + s2Rp(Ts + γ) = (1 + sṡ)CsTs + δs
∂Ts
∂r

+ T 4
a ,

Cs = C∗, Tg = K−1Ts,

(
ug + ξ

θinC∗
1− θinC∗

ṡ

)
Cg = Rps

 at r = s(t),

(3.71g)

along with the arc energy equation and electrical constraint (from (3.22a) and (3.59))

εχ
∂Ta
∂t

= σa(Ta)E
2 − T 4

a , (3.71h)

I = E

(
σa(Ta) + αδ−1

∫ rf

r=s(t)

σcr dr

)
. (3.71i)
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Parameter/Scaling Value/Range Reference
U 5× 10−5 m s−1 [1]
rf 4 m [1]

Mg = Ms 3.6× 10−2 kg mol−1 Average molar mass of
C and SiO2 in a 1:1 ratio

ρs 2.1× 103 kg m−3 [1]
C in
s 3.8× 104 mol m−3 θinρs/Ms taking the input

volume fraction θin = 0.65
for a random packed

structure [3]
pg 1 atm [5]
ks 10 W m−1 K−1 [5]

[σc] 4× 102 S m−1 Section 2.3.4
[Q] 102 mol m−3 s−1 [92]
cp,s 1.47× 103 J kg−1 K−1 [1]
cp,g 9.72× 102 J kg−1 K−1 [1]
∆H 7.9× 105 J mol−1 [48]
Rm ∼ 10−2 kg m−2 s−1 Section 2.3
Hm ∼ 10 W m−2 K−1 Estimated from thermal

conductivity data of the
electrode and melt-pool [5]

ρa 2× 10−2 kg m−3 [107]
cp,a 103 J kg−1 K−1 [107]
κ 10−1 m−1 [82]

[σa] 2.5× 104 S m−1 [85, 107]
h 0.1 m [85]
ra ∼ 0.1 m [85]
[I] 8× 104 A [1]
tAC 2× 10−2 s 50 Hz frequency

Table 3.4: Dimensional parameter values.

We have used the dimensionless parameters

K =
cp,g
cp,s

, γ =
∆H

cp,sMs[Ts]
, µ =

λδ[s]2

ks
, H =

Hm[s]2

2hacp,sMsUrf [Cs]
,

Rp =
dp

2haδ
, ξ = δ

[Cg]

[Cs]
, ε =

tAC

[ts]
, χ =

ρacp,a[Ta]

[σa][E]2tAC

,

(3.72)

along with δ given in (3.63), and α in (3.66), as well as the appropriately rescaled rf ,

T in
s , and C∗.

In Table 3.4 we present industrially relevant parameter values, typical for an oper-

ational furnace. We use these data to compute the variable scalings and dimensionless

parameters, which are given in Tables 3.5 and 3.6. For the industrial parameter val-
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Scaling Value/Range
[s] 1.7 m
[ts] 1.5× 104 s
[Cs] 3.8× 104 mol m−3

[Cg] 3.7 mol m−3

[Ts] 3.2× 103 K
[Tg] 3.2× 103 K
[Ta] 1.0× 104 K
[ug] 1.2 m s−1

[E] 1.0× 102 V m−1

Table 3.5: Derived scalings using the data in Table 3.4.

ues, we note that δ � 1, justifying our assumption that the hot layer of charge

material at the edge of the crater is thin. The scaling for the crater size [s] ≈ 1.7 m is

on the order of metres for the applied current chosen, which is reasonable for indus-

trial furnaces [85, 104]. We have determined the scaling for [s] by balancing the heat

radiated by the arc with the conductive heat lost into the charge material. There

are clearly several other heat loss mechanisms in (3.71g), and so in practice we will

expect to see solutions with dimensionless s < 1. Using these values of δ and [s],

we see that the thin, hot layer of charge material at the edge of the crater is on the

order of centimetres thick. We notice that α < 1, justifying our choice of temperature

scaling [Ts], but this is not particularly small. While there is likely to be more current

through the arc than through the charge, therefore, we expect that the charge current

is non-negligible. Like α, the parameters γ, K, H, and Rp are of order unity.

As mentioned previously, there are a variety of timescales in this model. The

timescale [ts], used for the nondimensionalisation is the timescale of the motion of

the free boundary r = s(t), which we see occurs over a timescale of hours. Since all

of ε, χ, ξ are less than 1, [ts] is the longest timescale in the model. The gas timescale

ξ[ts] is very fast, meaning that we might expect the gas flow to be quasi-static. We

have written the timescale of the arc temperature evolution as the product of the ratio

ε of the AC timescale to [ts], and the ratio χ of the timescale of the arc temperature

evolution to the AC timescale. Clearly ε � 1, as the current oscillates much more

quickly than the crater–charge boundary moves. Since χ < 1, we might expect the

arc to behave quasi-steadily over the AC timescale. However, as discussed in Section

3.1.1, it is helpful to consider χ = O(1), as we do not expect the behaviour to be truly

quasi-steady. We take advantage of these disparate timescales in Section 3.3 below.

The only dimensionless parameter we have not computed is µ. This is because the
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Dimensionless Parameter Typical Value
α 0.24
δ 2.5× 10−2

ξ 2.4× 10−6

ε 1.3× 10−6

χ 4.0× 10−2

γ 4.6
K 0.66
H 0.4
Rp 0.2

Table 3.6: Dimensionless parameters using the data in Table 3.4.

dimensional heat transfer coefficient λ is difficult to estimate, and it is not clear what

value µ should take. After the multiple-timescales analysis in Section 3.3 below,

our averaged model contains only order one parameters, except for δ � 1, and µ,

whose size we do not know. In Chapter 5 we look for asymptotic solutions of the

homogenised model for different distinguished limits corresponding to different sizes

of µ.

3.3 Multiple timescale homogenisation

As discussed above, there are many different timescales in our model. We chose

to nondimensionalise over the longest timescale, [ts], over which the crater radius

s(t) varies. The parameters δ ∼ 10−3, and ξ, ε ∼ 10−6 are the ratios of the charge

solid concentration timescale, gas concentration timescale, and AC timescale to [ts],

respectively. Finally, χ ∼ 10−2 is the ratio of the arc temperature timescale to

the AC timescale. In this section we exploit these disparate timescales, and the

expected quasi-periodicity of the system over the period of the alternating current, to

homogenise the model over the timescale of the alternating current, taking ε as the

small parameter.

We therefore introduce the fast timescale τ = ε−1t, and assume all dependent

variables are functions of both t and τ , independently, and that all variables are

periodic, period 1, in τ . For the purposes of the multiple scales analysis, we assume

that both δ and χ are O(1) in ε, since, while small, they are many orders of magnitude

greater than ε. By contrast, ξ is of a similar order to ε. If instead we had ξ � ε

then we might immediately consider the gas to be quasi-steady, before beginning the

multiple scales analysis, or if ξ � ε, we might suppose it to be O(1) for the purposes
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of the homogenisation. The most interesting and physically relevant case is when

ξ = O(ε), and this is the case we will consider. We let ξ = ζε, for ζ = O(1).

Since the electric current is assumed to vary periodically over the AC period, we

suppose that the total current takes the form

I(t, τ) = Î(t)IAC(τ), (3.73)

where IAC(τ) is periodic, with period one. Different choices of IAC are investigated

in Chapter 4 below.

To incorporate both timescales t and τ into the model we change variables, re-

placing all time derivatives in (3.71) with

∂

∂t
→ ∂

∂t
+ ε−1 ∂

∂τ
. (3.74)

We also expand all dependent variables F in powers of ε, setting

F ∼ F 0(t, τ, r) + εF 1(t, τ, r) + · · · (3.75)

as ε → 0. Using the change of time variables (3.74), and the expansions (3.75) we

find that at leading order in ε, (3.71) gives

∂C0
s

∂τ
=
∂T 0

s

∂τ
=
∂s0

∂τ
= 0, (3.76)

from (3.71a), (3.71d), and (3.71g) respectively. Thus the solid concentration and

temperature, and the position of the free boundary r = s, do not vary at leading

order over the timescale of the alternating current. The leading-order problem for

the gas variables, however, is

ζ
∂C0

g

∂τ
+
δ

r

∂

∂r
(ru0

gC
0
g ) = Q0, (3.77a)

C0
gT

0
g + θinC0

s = 1, (3.77b)

K

(
ζ
∂

∂τ
(C0

gT
0
g ) +

δ

r

∂

∂r
(ru0

gC
0
gT

0
g )

)
= T 0

sQ
0 − δµ(T 0

g − T 0
s ), (3.77c)

for r ∈ (s0, rf ), from (3.71b), (3.71c), and (3.71e), respectively. Here we have used

the shorthand Q0 := Q(C0
s , T

0
s ). Using the fact that s0 is independent of τ we see

that the boundary conditions for the gas variables (3.71g) become

u0
gC

0
g = Rps

0, T 0
g = K−1T 0

s at r = s0(t), (3.77d)

at leading order. Thus the gas dynamics play out on the fast AC timescale. Since

all of s0, C0
s , and T 0

s are independent of τ , it is intuitive that the leading-order gas
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variables u0
g, C

0
g , and T 0

g , given by (3.77) are actually independent of τ as well. We

can indeed prove that the leading-order gas variables are independent of τ by showing

that there exists a τ -independent solution of (3.77), and that the solution of (3.77)

is unique. The uniqueness proof is similar to the general proof of uniqueness for

quasi-linear hyperbolic systems presented in [25], adapted to use r as the time-like

variable rather than τ , and to allow for the periodicity of the solution in τ , rather

than τ initial conditions. Given this fact, we may drop the τ derivatives in (3.77),

leaving a quasi-steady system for the leading-order gas dynamics.

At leading order, the arc temperature equation (3.71h) and the total current

constraint (3.71i) become

χ
∂T 0

a

∂τ
= σa(T

0
a )(E0)2 − (T 0

a )4, (3.78a)

ÎIAC(τ) = E0

(
σa(T

0
a ) + αδ−1

∫ rf

r=s0
σ0
cr dr

)
. (3.78b)

These equations do vary over the τ timescale, and so E0 and T 0
a are genuine functions

of both τ and t. The system (3.78) may be solved numerically for E0(t, τ) and T 0
a (t, τ),

as functions of τ , for each value of the imposed current amplitude Î = Î(t) and charge

conductivity

σch(t) = αδ−1

∫ rf

r=s0
σ0
cr dr, (3.79)

which is independent of τ , since s0 and T 0
s are both independent of τ . The arc model

(3.78) is explored in more detail in the Chapter 4. For now, however, we assume that

we may solve (3.78) for E0 and T 0
a , and continue with the homogenisation analysis.

While the system (3.77), with the knowledge that C0
g is independent of τ , consists

of equations for u0
g, C

0
g , and T 0

g , the leading-order equations for the solid variables only

showed that these were independent of τ . To find equations for the solid variables we

must look at the next-order problem in ε. The next-order solid equations are

δ

(
∂C0

s

∂t
+
∂C1

s

∂τ
− 1

r

∂C0
s

∂r

)
= −Q0, (3.80a)

δC0
s

(
∂T 0

s

∂t
+
∂T 1

s

∂τ
− 1

r

∂T 0
s

∂r

)
=
δ2

r

∂

∂r

(
r
∂T 0

s

∂r

)
+ ασ0

c (E
0)2 − γQ0 + δµ(T 0

g − T 0
s ),

(3.80b)

for r ∈ (s0, rf ). The boundary conditions are

C0
s = 1, T 0

s = T in
s at r = rf , (3.80c)
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and

C0
s = C∗, (3.80d)

(s0)2H(T 0
s − T∞) + (s0)2Rp(T

0
s + γ)

=

(
1 + s0

(
∂s0

∂t
+
∂s1

∂τ

))
C0
sT

0
s + δs0∂T

0
s

∂r
+ (T 0

a )4, (3.80e)

at r = s0(t). Using the periodicity of all variables in τ , we may average each of the

equations (3.80) over the period (τ, τ + 1) of τ . Since all of C0
s , T

0
s , T 0

g , and s0 are

independent of τ , we obtain

δ

(
∂C0

s

∂t
− 1

r

∂C0
s

∂r

)
= −Q0, (3.81a)

δC0
s

(
∂T 0

s

∂t
− 1

r

∂T 0
s

∂r

)
=
δ2

r

∂

∂r

(
r
∂T 0

s

∂r

)
+ ασ0

c 〈(E0)2〉 − γQ0 + δµ(T 0
g − T 0

s ),

(3.81b)

and at r = s0(t)

(s0)2H(T 0
s − T∞) + (s0)2Rp(T

0
s + γ) =

(
1 + s0∂s

0

∂t

)
C0
sT

0
s + δs0∂T

0
s

∂r
+ 〈(T 0

a )4〉,

(3.81c)

while (3.80c) and (3.80d) remain unchanged. Here, we use the notation

〈 · 〉 :=

∫ 1

τ=0

· dτ (3.82)

to denote the average over a τ -period. This completes the homogenisation analysis.

3.3.1 Statement of the homogenised model

In summary, we have shown that the only leading-order variables which depend on

the fast timescale τ are E and Ta (dropping the superscript 0 notation), which solve

χ
∂Ta
∂τ

= σa(Ta)E
2 − T 4

a , (3.83a)

ÎIAC(τ) = E (σa(Ta) + σch) , (3.83b)

for a given Î. This fast scale problem depends on the averaged system for the re-

maining (τ -independent) variables via the overall charge conductivity

σch(t) = αδ−1

∫ rf

r=s

σcr dr. (3.84a)
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Conversely, the averaged equations in the charge material depend on 〈E2〉 and 〈T 4
a 〉.

Since the gas dynamics are now known to be quasi-steady at leading order, we may

re-write the equations in terms of the concentration flux, f = ugCg, of the gas. This

simplifies the system as we need not impose the no-voids condition (3.71c) (although

we may use this constraint after the fact to find Cg, and then ug = f/Cg, if desired).

We also therefore simplify the notation by setting C := Cs for the solid concentration,

dropping the subscript since this is now the only concentration remaining in the

model. The resulting system is given by

δ

(
∂C

∂t
− 1

r

∂C

∂r

)
= −Q, (3.84b)

δ

r

∂

∂r
(rf) = Q, (3.84c)

δC

(
∂Ts
∂t
− 1

r

∂Ts
∂r

)
=
δ2

r

∂

∂r

(
r
∂Ts
∂r

)
+ ασc〈E2〉 − γQ+ δµ(Tg − Ts), (3.84d)

Kδ

r

∂

∂r
(rfTg) = TsQ− δµ(Tg − Ts), (3.84e)

for r ∈ (s(t), rf ), with

s2H(Ts − T∞) + s2Rp(Ts + γ) = (1 + sṡ)CTs + δs
∂Ts
∂r

+ 〈T 4
a 〉, (3.84f)

C = C∗, f = Rps, Tg = K−1Ts, (3.84g)

at r = s(t), and

C = 1, Ts = T in, (3.84h)

at r = rf . Since we have two-way coupling between the slowly-varying charge prob-

lem, and the fast-varying arc problem, we must in general iterate between the two

problems in order to find a solution numerically. Alternatively, we may solve the

fast-timescale arc problem (3.83) for a range of (constant) values of σch and of the

prescribed Î. We may then generate a table of the numerical values of 〈E2〉 and 〈T 4
a 〉

as functions of σch (and Î), which can be used to solve the slow-timescale problem

(3.84). In this way, the fast-timescale arc problem (3.83) may be viewed as the “cell

problem” for the homogenised problem.

The homogenised model (3.83)–(3.84) derived in this chapter forms the basis of

Chapters 4, 5, and 6 below. In Chapter 4 we study the fast-timescale cell problem

(3.83) for various forms of the prescribed electrode current IAC(τ). In Chapter 5 we

study a simplified version of the slow-timescale model (3.84), neglecting the electrical

coupling, to understand the interaction between the thermal and chemical processes
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in the charge material. In Chapter 6 we then return to the full homogenised problem

(3.83)–(3.84), combining the solutions of the cell problem (3.83) from Chapter 4 with

the asymptotic reductions of the charge model (3.84) from Chapter 5. In this way, we

are able to investigate the steady states and slow-timescale dynamics of the silicon

furnace.
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Chapter 4

Alternating current effects

In this chapter we study the cell problem of the homogenised furnace model derived

in Chapter 3. The cell problem consists of the arc and electrical system, varying over

the fast timescale of the alternating current. In Section 4.1 we assume for simplicity

that the current in the electrode is known, and study solutions of (3.83) for both

DC and AC applied currents. In Section 4.2, rather than assuming a prescribed

electrode current, we incorporate an equivalent-circuit model for the entire furnace

system into the cell problem for the homogenised model, and thereby solve for the

electrode current as part of the solution of the cell problem. As discussed in Chapter 1,

different types of SAF incorporate different electrical set-ups, some with DC applied

currents, and with different numbers of electrodes, depending on the application.

In most industrial silicon furnaces an alternating three-phase current is used. It is

nevertheless instructive to study the simpler cases of prescribed DC and AC applied

currents, before taking the full three-phase electrical system into account, since the

AC behaviour is closely related to the DC solutions.

4.1 The fast-timescale arc model

In this section we study the system (3.83) for the τ -variation of E and Ta. In Section

4.1.1 we set the prescribed electrode current IAC to be constant, corresponding to

the case of DC applied current, while in Section 4.1.2 we use a prescribed sinusoidal

electrode current IAC as a model for an alternating current.

4.1.1 Direct (DC) applied current

In this section we impose a constant electrode current IAC = 1 so that the total

applied current I(t, τ) = Î(t), is a function of t only, and so does not vary over the
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fast timescale τ . In this way we model the scenario of a direct (DC) applied current.

To understand the fast-timescale arc dynamics, it is helpful to combine (3.83) into

a single equation for Ta by eliminating E, giving

χ
∂Ta
∂τ

= I2 σa(Ta)

(σa(Ta) + σch)2
− T 4

a . (4.1)

The heat loss by radiation is a simple quartic function of Ta, whereas the heat gener-

ated by Ohmic heating,

Ha := I2 σa(Ta)

(σa(Ta) + σch)2
, (4.2)

is not monotone in Ta, and depends on the values of I and σch. In this section we

assume both I and σch are prescribed constants, since these vary over the much slower

t timescale.

As discussed in Section 2.2.1, the arc conductivity is expected to take the form

σa(Ta) = α1T
α2
a exp

(
−α3

Ta

)
. (4.3)

for constants αi, i = 1, 2, 3, with α1, α3 > 0, and α2 ≥ 0. With this form of σa, we see

that Ha ∝ σa is exponentially small as Ta → 0 for non-zero σch. If conversely σch = 0,

so that no current can pass through the charge, then Ha ∝ σ−1
a , which blows up as

Ta → 0. We assume that σch > 0 hereafter, as this is the case of industrial interest.

We note that Ha is bounded as Ta →∞. Furthermore, σa is monotone increasing in

Ta, so that σ′a(Ta) > 0. We therefore see that

dHa

dTa
=

I2

(σa(Ta) + σch)3
(σch − σa)σ′a(Ta) (4.4)

has the same sign as σch − σa. Thus Ha increases with Ta up to a maximum at the

point T ∗a (σch), defined to be the point where σch = σa(T
∗
a ), while for Ta > T ∗a , Ha is

decreasing. A sketch of Ha(Ta), along with the radiation loss T 4
a , is given in Figure

4.1.

We notice that, for given values of I and σch, the equation (4.1) may have 1, 2, or

3 steady-state solutions, corresponding to the intersections of the curves Ha(Ta) and

T 4
a . There is always (for σch > 0) a steady state at Ta = 0, corresponding to the case

of a cold arc, conducting no electricity. For sufficiently large I, and sufficiently small

σch, the curves T 4
a and Ha may meet tangentially (so that there is a second steady

state), or intersect twice more (giving a total of three steady states, which we denote

Ta,0 = 0 < Ta,1 ≤ Ta,2), as shown in Figure 4.1.
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T 4
a

Ha(Ta)

Ha(Ta) for smaller
I, or larger σch

TaTa,2Ta,1 T ∗
a

Figure 4.1: Schematic of the radiative loss term T 4
a (blue), and Ohmic heating Ha(Ta)

(black, solid) as functions of Ta, assuming a DC applied current. The steady-state
solutions are marked at the intersection of the curves, with dynamics indicated by the
green arrows. The dashed black curves are Ha(Ta) for smaller values of I, or larger
σch, for which there are only 2, or only 1 steady-state solution.

We note from (4.1) that, in the case of three steady states, we have

∂Ta
∂τ

< 0, if Ta ∈ (0, Ta,1) ∪ (Ta,2,∞), (4.5)

∂Ta
∂τ

> 0, if Ta ∈ (Ta,1, Ta,2), (4.6)

as shown by the green arrows in Figure 4.1. The Ta,0 = 0 steady state is therefore

locally stable, since the radiative heat loss is greater than the Ohmic heating for small

Ta. The largest steady-state solution Ta,2 is also stable, while the intermediate state

Ta,1 is unstable. The timescale over which Ta approaches a steady state is χ, which

is very fast (even compared with the AC timescale). Thus for the purposes of the

overall furnace behaviour we expect that Ta(t) = Ta,2(I(t), σch(t)) is quasi-steady, so

long as I and σch remain at values which permit the existence of the steady state. We

note that our model has no capacity for arc ignition: if at some time t the values of

I(t) and σch(t) are such that only the Ta = 0 steady-state solution exists, then Ta = 0

for all later times.

We plot the non-zero, stable, steady-state solution Ta,2, and the corresponding

electric field E, as functions of σch for various values of I in Figure 4.2, taking α1 =

1, α2 = 0, and α3 = 1.4 (as discussed in Section 2.2.1). For easy comparison with the

sinusoidal applied current studied in Section 4.1.2, we use the “root mean squared”

values

I =

√∫ 1

τ=0

(
ÎAC sin(2πτ)

)2

dτ =
ÎAC√

2
, (4.7)
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Figure 4.2: The largest steady-state (DC) solution Ta,2 of (3.83), and the correspond-
ing value of E, as functions of σch.

where ÎAC are the values of the current magnitude used for the numerical solutions

in Section 4.1.2. We note that, as expected from our discussion above, for each I

there is maximum value of σch, above which there is no steady-state solution except

for Ta = 0, and this maximum σch increases with I.

For the slow-timescale homogenised problem (3.84), we require the τ -averaged

values 〈E2〉 and 〈T 4
a 〉. In this DC case, of course, E2 and T 4

a are independent of τ

and so are equal to their averages.

4.1.2 Alternating (AC) sinusoidal applied current

We now suppose that

IAC(τ) = sin(2πτ) (4.8)

is sinusoidal in τ , which is a simple model for an alternating electrode current.

As in the DC case, we solve the fast-timescale arc problem (3.83), for prescribed,

constant values of the total charge conductivity σch and current amplitude Î. The

numerical solutions of the differential-algebraic system (3.83) are calculated using

the MATLAB in-built solver ode15s, which is a multistep solver, using numerical

differentiation formulas (NDFs) of order 1-5 [91]. The simulations are initialised at a

non-trivial initial state, and run until the solution is periodic.
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Such periodic solutions are shown in Figures 4.3 and 4.4, in which we explore

varying the parameters σch and χ, respectively. The prescribed current is sinusoidal,

but, as seen in Figures 4.3a and 4.4a, the solution E(τ) is not sinusoidal. This is

because for low currents the arc is relatively cold and the majority of the current

flows through the charge material, but as the current increases a greater proportion

of current flows through the arc, as seen in Figures 4.3b and 4.4b. Here we define

Ia(τ) := E(τ)σa(Ta(τ)) and Ic(τ) := E(τ)σch (4.9)

to be the electric currents through the arc and charge, respectively.

As discussed in Section 3.1.1, we might naively have assumed that the arc system

(3.83) would be quasi-steady even in the AC case because χ ∼ 10−2 is quite small.

We see from these numerical solutions that this is not the case. In particular, we note

that, while the only DC solution of (3.83) when the current I = 0 is Ta = 0, in the

AC case we have non-zero Ta as the current I passes through zero. This is because

when I = 0 (and so E = 0), there is no arc heating, but the decay of Ta is due to the

radiation, scaling like T 4
a , and so is extremely slow.

The arc temperature Ta in Figures 4.3a and 4.4a oscillates over the AC cycle, with

period half of the AC period. We observe that there is a time-delay, with the arc

temperature minimum occurring after the current passes through zero. In Figure 4.3a

we see that for larger values of σch, less current passes through the arc, so that the

temperature Ta is lower. The time-delay of the arc temperature is more pronounced

for larger σch, and an asymmetry is visible: there is a faster increase in temperature

as the arc ignites, and a slower decay as the current passes through zero.

Arc signature plots (showing electric field E(τ) against arc current Ia(τ)) corre-

sponding to the solutions in Figure 4.3a are shown in Figure 4.3c. Industrially, these

arc signatures are used to visualise the electrical conditions in the furnace. Our arc

signatures are qualitatively similar to those seen in industrial furnaces [85, 88, 104],

in the asymmetry of the increasing- and decreasing-current parts of the cycle, which

cause the figure-of-eight shape. We see larger current and voltage maxima for smaller

σch, and a more sharply-pointed shape. In Figure 4.3d, Ta is plotted against the

magnitude of the electric field |E| for various σch. In Figure 4.3d we also plot, in

black, the steady-state solution of the arc temperature equation, Ta,2 as discussed

in the direct current (DC) case above. We observe that the τ -varying curves pass

through the steady-state curve at the maximum electric field. For smaller σch, when

a greater proportion of the current passes through the arc, the τ -varying curve more
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Figure 4.3: Solutions of (3.83), varying σch, with σa(Ta) = exp(−1.4/Ta), Î = 1.5,
and χ = 0.04 throughout.

closely follows the steady-state curve. It is this behaviour which may also be seen in

the variety of arc signature shapes in Figure 4.3c.

In Figure 4.4 we investigate varying the value of χ. We see in Figures 4.4a and

4.4b that the overall amplitudes of Ta, E, Ic and Ia do not vary much with χ, but

that for larger χ the arc adapts much more slowly, smoothing out the jumps caused

as the arc essentially turns on and off. This smoothing effect is most clearly visible

in the arc signatures, and the variation of Ta against |E| in Figures 4.4c and d.

From the τ -varying solutions computed for this sinusoidal IAC , we may compute

the averaged quantities 〈E2〉 and 〈T 4
a 〉 needed for the homogenised problem (3.84)

in the charge material, by averaging the periodic solutions over the AC period. As

in the DC case above, we compute these averaged quantities 〈E2〉1/2 and 〈T 4
a 〉1/4 for

a given applied current amplitude Î, and for a range of values of σch, as shown in

Figure 4.5a, with very similar results to the DC case, shown in Figure 4.2. In the DC
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Figure 4.4: Solutions of (3.83) varying χ, with σa(Ta) = exp(−1.4/Ta), Î = 1.5, and
σch = 0.5 throughout.

case, we saw that below a critical electrical field, 〈E2〉1/2crit, there is no non-trivial DC

solution of the arc temperature equation (for Î = 1.5 as in Figures 4.3d and 4.4d, this

critical value is 〈E2〉1/2crit ≈ 0.91). Below this same 〈E2〉1/2crit, we see in Figure 4.5a that

〈T 4
a 〉 = 0, and that there is therefore no arc in the AC case either. In Figure 4.5b we

show the fraction of the average of the magnitude of the currents passing through the

arc and charge material respectively, namely

Ĩa :=
π〈|σa(Ta)E|〉

2Î
and Ĩc :=

πσch〈|E|〉
2Î

, (4.10)

where we have divided by the average of the magnitude of the total current, 〈|I|〉 =

2Î/π, to impose Ĩa + Ĩc = 1. We observe that Ĩa decreases with σch, as more current

flows instead through the charge material. We also note that, as in the DC case

above, for each Î there is a critical value of σch above which 〈E2〉1/2 < 〈E2〉1/2crit and
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(a) Variation of 〈E2〉1/2 and 〈T 4
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Figure 4.5: Variation of the time-averaged quantities with σch and Î, with σa(Ta) =
exp(−1.4/Ta), Î = 1.5, and χ = 0.04.

the average arc temperature 〈T 4
a 〉 becomes zero, so that in Figure 4.5b we have Ĩa = 0,

and Ĩc = 1, and all current passes through the charge. The averaged quantities do

not depend strongly on the value of χ.

We note that, while our solutions generally appear to give good qualitative agree-

ment with industrial observations, we do not observe the phase shift expected in

practice between the current and electric field. This phase shift is caused by induc-

tance effects due to the three-phase current, explored in the following section.

4.2 Three-phase equivalent-circuit model

So far, we have focussed on the electrical behaviour around the base of a single

electrode, assuming that the current I through the electrode is known. However, we

may instead couple our model into the wider electrical system of the submerged arc

furnace, and solve for the electrode current I in terms of the voltages applied across

the furnace. To do this, we incorporate the three-phase equivalent-circuit (EC) model

for silicon furnaces presented in [104], into our cell problem.

In [104], the arc resistance is related to the voltage across the arc using a Cassie arc

model [22]. This is one of several empirical models for arc resistance commonly used

in the SAF literature. Others include the Mayr model [67, 68], and hybrid models,

discussed in [37, 76, 110]. These models have all been developed for the electric

arcs in circuit breakers, to understand short-circuiting phenomena. Nevertheless,

they are widely used for the arcs in SAFs and open-air electric arc furnaces (EAFs)

[6, 9, 12, 14, 35, 63]. Other semi-empirical arc models such as the “channel arc models”
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(CAMs) have been developed that are designed to take into account additional heating

and heat loss mechanisms [85]. Although simpler than MHD models, the CAMs are

much more detailed than the Cassie and Mayr models.

The Cassie and Mayr models are based on the assumption that the heat loss from

the arc is convective or conductive [76]. As discussed in Section 3.1.1 we expect

that the dominant heat loss from the furnace arcs is actually heat radiation. This

motivated our choice of simplified arc model (3.83a). We have not found arc models

of the form (3.83a), based on purely radiative heat loss, used in the literature of SAFs.

In this section we include our fast-timescale arc model (3.83a) into the electrical

circuit system of [104]. The analysis may be viewed in two ways: firstly as including

a more accurate electrical system into our homogenised model of Chapter 3, and

secondly as including a new arc model — our model (3.83a) based on radiative heat

loss — into the equivalent-circuit system, with the goal of comparing our radiation

model with the empirical Cassie and Mayr models currently used in the literature.

In Section 4.2.1 we introduce the (dimensional) EC model of [104], and show how

our radiation arc model (3.83a) may be combined into this model. We also intro-

duce the Cassie and Mayr models, and compare these with the radiation model. In

Section 4.2.2 we nondimensionalise the EC model, and numerical solutions are found

in Section 4.2.3. In order to compare the different arc models, we use a different

nondimensionalisation than that in Chapter 3 and Section 4.1 above. Results can

nevertheless be qualitatively compared with those of Section 4.1, and the averaged

quantities could be used in the homogenised problem (3.84) after appropriate rescal-

ing.

4.2.1 Equivalent-circuit model

The equivalent-circuit (EC) model used by [104] is illustrated in Figure 4.6. The

electrical power is supplied to the system via three transformers, to create the three

prescribed sinusoidal voltages vT1, vT2, and vT3, each 120° out of phase with the

others, as shown at the top of the diagram in Figure 4.6. The current passes through

each of the three electrodes, and through the arc and charge in parallel at the base of

the electrode, shown in more detail in Figure 4.7. The three current paths meet in the

base of the furnace, which consists of conductive carbon and silicon-rich materials. In

both Figures 4.6 and 4.7, the subscripts T , e, b, c, ec, a, and m refer respectively to

the transformers, electrode, base of the furnace, charge material, part of the electrode

in the crater, electric arc, and molten silicon in the pool at the base of each crater. We

will also refer to the hearth of each phase as the region of parallel currents (through
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the electric arc and charge material) at the base of each electrode, with subscript h.

We denote “phase j” for j = 1, 2, 3 as the overall current path from the junction with

the transformer circuit (at the top of Figure 4.6) to the point where the three current

paths meet at the base of the furnace.

Following [104], we assume for simplicity that the inductive effects due to the

magnetic fields from both the electrode’s own current (the “self-inductance”) and the

other currents in the furnace may be combined into the single parameter, Lj, for each

phase. Similarly, we assume that the each transformer has self-inductance LTj. All

the inductances are assumed to be prescribed constants.

The voltage, vTj, supplied to each of the transformers j = 1, 2, 3, is assumed to be

Figure 4.6: Diagram of the equivalent circuit for the three-phase electrical system in
the furnace, taken from [104]. Resistive, and inductive circuit elements are shown
as white, and black rectangles, respectively. The white circles denote applied volt-
ages, and the arcs (non-linear resistors) are shown by a black ellipse within a white
rectangle.
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Figure 4.7: Circuit diagram for phase j, showing the resistance of elements of the
electrode, and furnace hearth.

a prescribed function of time t. As in [104], we take this to be a standard three-phase

system, with

vTj(t) = VT sin

(
2π

(
fACt−

j − 1

3

))
, (4.11)

where VT is a prescribed, constant amplitude, and fAC is the frequency of the alter-

nating current. The resistance, RT , of each of the three transformers are assumed to

be equal.

To coincide with [104], we now change notation from the earlier part of this chap-

ter, and denote the current through phase j, equal to the current in electrode j, by

iej. The voltage across phase j is given by

vj = Rjiej + Lj
diej
dt

, (4.12)

where Rj is the total resistance of phase j, given by

Rj = Rej +Rbj +
1

1
Rcj

+ 1
Recj+Raj+Rmj

. (4.13)

Using Kirchhoff’s laws for the voltages and currents in the circuit, we may relate

the phase voltages vj to the voltages across the transformer circuit, and also relate

the currents iej through each phase to the transformer currents iTj. Combining and

manipulating these equations to eliminate all iTj and vj, we may derive the following
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differential equations for the phase currents

die1
dt

=
1

l∗

(
(l2 + l3)vT1 + l2vT2 + (l3r2 − l2r3)ie2 − [(l2 + l3)r1 + l2r3] ie1

)
, (4.14)

die2
dt

=
1

l∗

(
− l3vT1 + l1vT2 + (l3r1 − l1r3)ie1 − [(l1 + l3)r2 + l1r3] ie2

)
, (4.15)

in terms of the prescribed transformer voltages. The current in the third electrode is

simply given by ie3 = −ie1 − ie2. For ease of notation, we have here defined

lj = Lj +
LT
3
, l∗ = l1l2 + l2l3 + l1l3, rj = Rj +

RT

3
. (4.16)

The two equations (4.14)–(4.15), along with the form (4.13) of the total resistance

Rj of phase j, provide a system for the electric currents in each phase. Following [104],

we assume that all the components have constant, prescribed resistances, except for

the electric arc. To close the electrical circuit system, we require an equation for each

of the arc resistances Raj, which we discuss in the following subsection.

4.2.1.1 Models for the arc resistance

We now transform our (dimensional) arc temperature model (3.22a), assuming ra-

diation is the only heat-loss mechanism, into an equation for the arc resistance Ra,

in order to include it in the EC model. We also present the empirical Cassie and

Mayr models for Ra, commonly-used in the SAF literature, and compare these to our

radiation model.

Radiation arc model To make use of our arc model (3.22a), we assume that each

of the three arcs have temperature Taj satisfying (3.22a). To combine (3.22a) with

the electric circuit system, and for easy comparison with the Cassie and Mayr models,

we transform (3.22a) to be an equation for the electrical resistance of the arc Raj,

using the change of variables

Raj =
ha

πr2
aσa(Taj)

=
ha

α1πr2
a

exp

(
α3

Taj

)
, (4.17)

where ra is the arc radius and ha the arc height, and we have used the form (4.3) for

σa(Ta), with α2 = 0. We also use the voltage vaj across arc j, and so make the change

of variables vaj = haE. The equation (3.22a) then becomes

dRaj

dt
=

1

βr

Raj

(log(bRaj))2

(
1−

v2
aj log(bRaj)

4

PrRaj

)
, (4.18)
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where the parameters are

b =
α1πr

2
a

ha
Ω−1, βr =

ρacp,a
4κσBα3

3

s, Pr = 4κσBα
4
3πr

2
aha W m−3. (4.19)

From the electric circuit, the arc voltage vaj is given in terms of Raj, Rc, and iej, by

vaj = Rajiaj = Raj
Rcj

Recj +Raj +Rmj +Rcj

iej. (4.20)

This equation (4.20) is effectively the same as the current constraint (3.59), although

now we view iej as an unknown, and include additional resistances elements Rm and

Rec. The equation (4.18) for each phase j = 1, 2, 3 along with (4.20) closes the EC

system. The averaged quantities needed for the homogenised model are

〈T 4
aj〉 = 〈α4

3/ log(bRaj)
4〉 and 〈(vhj)2〉, (4.21)

where vhj, the voltage across the entire hearth region of phase j, is given by

vhj =
Rec +Rm +Raj

Raj

vaj. (4.22)

This is different from 〈E2〉 used in Section 4.1 only because there we neglected the

pool and electrode resistances, and so effectively assumed that Rm = Rec = 0.

Empirical models for the arc resistance Although it is not how they were

originally formulated, both the Cassie and Mayr arc models may be understood in

terms of the total conservation of energy in the arc, namely [37]

dQj

dt
= Pj − P loss

j =
v2
aj

Raj

− P loss
j , (4.23)

where Qj is the heat content in arc j, heat is lost through the P loss
j term, and the

power generated in the arc is given by the Ohmic heating term

Pj =
v2
aj

Raj

. (4.24)

The different arc models in the literature take different forms for Qj and P loss
j . For

instance, for our radiation-based model (4.18), we used the forms

P loss
j = 4κσBπr

2
ahaT

4
aj and Qj = πr2

ahaρacp,aTaj. (4.25)

We obtain the Cassie model if we take [37, 76, 104]

P loss
j =

U2

Raj

and Qj =
βc

U2Raj

, (4.26)
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Model radiation Cassie Mayr

Source Ra
βr log(bRa)2

Ra
βc

Ra
βm

Sink i2eR
2
c

βrPr

R2
a log(bRa)2

(Ra+Rc+Rm+Rec)2
i2eR

2
c

βcU2

R3
a

(Ra+Rc+Rm+Rec)2
i2eR

2
c

βmPm

R2
a

(Ra+Rc+Rm+Rec)2

Table 4.1: The source and sink terms in each of the arc models (4.18), (4.27), and
(4.29), as functions of the arc resistance Ra.

for constants βc and U2. This model is expected to give a good fit when heat loss from

the arc is “mainly convective” [37, 76], and is generally held to be a reasonable model

for high-current arcs [14, 76, 104]. With these functional forms, the conservation of

energy equation (4.23) may be written as

dRaj

dt
=
Raj

βc

(
1−

(vaj
U

)2
)
. (4.27)

The Mayr model, by contrast, may be obtained with the parameterisation

P loss
j = Pm and Qj = −βm

Pm
log(Raj). (4.28)

Here, the constant heat loss Pm is intended to be a good model for conductive heat loss

[37, 76]. The heat content Qj is logarithmic in Raj, which follows from an assumption

that Qj is proportional to T and that the arc conductivity σ = R−1
aj is proportional to

exp(T/constant). Using (4.28) in the conservation of energy equation, (4.23), gives

dRaj

dt
=
Raj

βm

(
1−

v2
aj

PmRaj

)
. (4.29)

This Mayr model, (4.29), is generally used for low-current arcs [37, 76], and so is

less-often used than the Cassie model in SAF applications.

Comparison of arc models Along with any of the Cassie (4.27), Mayr (4.29), or

radiation (4.18) models, the system of ODEs (4.14)–(4.15) comprise a closed, fully-

coupled system for the five unknowns ie1, ie2, Ra1, Ra2, and Ra3.

Since arc resistance decreases with increasing arc temperatures, the heat loss term

in (4.23) becomes a source term in each of the equations (4.18), (4.27), and (4.29)

for Raj, while the Ohmic heating becomes a sink term. Since vaj, given by (4.20),

depends on both Raj and iej, this Ohmic heating term is nonlinear for all three of the

arc models. The dependences of these terms on Raj are summarised in Table 4.1.

We may compare the three models by examining the steady-state solution(s) of

each model, in a similar way to the DC analysis of Section 4.1.1. (For our radiation
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model, the steady-state solutions are of course closely related to the DC solutions in

Section 4.1.1.) For each of the three arc models, the source term (due to heat loss)

and sink term (due to Ohmic heating), summarised in Table 4.1, are illustrated in

Figures 4.8a-c, as functions of the arc resistance, Ra. The values of Rc, Rm, Rec,

and the model parameters are considered constants, and we also suppose there is a

constant electrode current ie. Steady-state solutions are the intersection(s) of the

source and sink curves, and the stability is shown by the arrows in Figures 4.8a-c.

We note that — as for both the DC and prescribed-current AC models in Section

4.1 above — for all the arc models, there is no steady-state solution if ie is smaller

than some critical value icrit
e (which is different for each of the three arc models, and

may depend on the other parameters Rc, Rm, and Rec). For ie < icrit
e , we expect

Raj → ∞ for the dynamic solutions. The Cassie model has a single non-trivial

steady-state solution for ie ≥ icrit
e , whereas both the Mayr and radiation models may

have one non-trivial steady state (when the source and sink curves meet tangentially,

at ie = icrit
e ) or two non-trivial steady states for ie > icrit

e . All three of the models

have exactly one stable steady-state solution, labelled R∗a in Figures 4.8a-c (although

we note that for both the Mayr and radiation models, at the critical current icrit
e , the

single steady state is only an attracting point for Ra < R∗a, not for Ra > R∗a, as the

two steady states coalesce into one at this point).

It is helpful to consider the arc current-voltage relationship (or “IV characteristic”)

of these steady-state solutions. At a (non-zero) steady-state solution of the radiation

arc model we see from the equation (4.18), and the relationship iaj = vaj/Raj that

we must have

vaj = ±

√
PrRaj

log(bRaj)4
, iaj =

vaj
Raj

= ±
√
Pr√

Raj log(bRaj)2
. (4.30)

For the Cassie model, we see from the equation (4.27) that steady states require vaj =

±U to be constant, whereas for the Mayr model (4.29) we must have vaj = ±
√
PmRaj,

and so iaj = vaj/Raj = ±Pm/vaj. These steady-state IV characteristics are plotted

for each of the three models in Figure 4.8d. We note that since the arc resistance

equations depend on v2
aj, both the positive and negative solutions correspond to the

same steady state in terms of Ra: the arc resistance does not depend on the direction

of the current flow through the arc. All the non-trivial steady-state solutions (stable

and unstable) lie on the IV characteristic for that arc model. We may think of the

IV characteristic as being parameterised by the electrode current ie. The three arc

models have very different IV characteristics, with the arc voltage va decreasing for the
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(d) IV characteristics for each arc model.

Figure 4.8: Comparison of the arc models. In (a)–(c), for the radiation, Cassie, and
Mayr models, we give an illustration of the source and sink terms in the arc resistance
equation, as in Table 4.1 and the steady-state solution(s). Black arrows indicate the
direction of evolution of dynamic solutions. In (d) we show typical steady-state
current-voltage relationships (IV characteristics) for each arc model.

Mayr model, constant for the Cassie model, and increasing for the radiation model,

with increasing ia.

At high currents, and for sufficiently fast arc variation (corresponding to suffi-

ciently small βr, βc, or βm) we expect the AC simulations to follow the steady-state

IV characteristics closely, and indeed we observe this behaviour in the numerical sim-

ulations in Section 4.2.3 below. These differences in the steady-state behaviour are

important, as they give insight into the high-current behaviour of the dynamic AC

solutions. IV characteristics are found by [85] for AC simulations of both a magne-

tohydrodynamic (MHD) arc model, and also for a semi-empirical channel arc model

(CAM) designed for SAF arcs, which is simpler than the full MHD model, but still
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considerably more complicated than the Cassie, Mayr or radiation models. Both

these more sophisticated models in [85] show IV characteristics that are rising at high

currents, not falling or constant as for the Cassie or Mayr models. This provides some

validation for the radiation arc model, which is the only one of the three with a rising

steady-state IV characteristic.

4.2.1.2 Initial conditions

The EC model is a first order ODE system for variables iej and Raj and so requires

an initial condition for each of the iej and Raj. In the numerical solutions of Section

4.2.3 we prescribe the initial conditions

ie1 = ie2 = 0 and Ra1 = Ra2 = Ra3 = R0 at t = 0, (4.31)

and solve forward in time until the solution is periodic. As in Section 4.2.1.1, there is

exactly one non-trivial steady-state solution for each of the arc models (for sufficiently

high ie), to which the dynamic solution will evolve during the AC period. We therefore

expect that periodic solutions will not depend on the choice of initial conditions, and

we indeed find this to be the case in the numerical simulations of Section 4.2.3.

4.2.1.3 Industrial measurements

In an industrial setting, it is not possible to observe all variables in our model directly:

only the total current, iej, through each phase, and total voltage, vj, across each phase

j can be measured. The electrode currents iej are computed as the solution of the

model, and the phase voltages vj may be found from (4.12) using the forms of
diej
dt

from (4.14)–(4.15). For instance, v1 may be expressed as

v1 = R1ie1 +
L1

l∗
((l2 + l3)vT1 + l2vT2 + (l3r2 − l2r3)ie2 − [(l2 + l3)r1 + l2r3] ie1) .

(4.32)

4.2.2 Nondimensionalisation

We now nondimensionalise the equivalent-circuit model and each of the three arc

models presented in Section 4.2.1, using industrially relevant parameter values. The

nondimensionalisation is different to that in Section 4.1, in order to most easily un-

derstand the EC system. We discuss the dimensionless parameters at the end of this

section, before solving the dimensionless model numerically in Section 4.2.3.
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We nondimensionalise the system (4.13), (4.14)–(4.15), (4.20), and the arc resis-

tance equation (either (4.18), (4.27), or (4.29)) using the rescalings

Rcj =
VT
[i]
R̂cj, Raj =

VT
[i]
R̂aj, Rj =

VT
[i]
R̂j, rj =

VT
[i]
r̂j,

vaj = VT v̂aj, iej = [i]̂ij, t =
1

fAC

t̂,

(4.33)

where the hat notation denotes dimensionless variables. We have chosen the timescale

of the alternating current, prescribed the current scaling to be [i], and chosen the

scalings of the resistances so that the voltage drop due to resistance balances the

forcing due to the transformer voltages in (4.14)–(4.15). Using these rescalings, the

dimensionless system (dropping the hat notation) is

ζI
di1
dt

= (1 + λ2) sin(2πt) + λ2 sin

(
2π

(
t− 1

3

))
+ (r2 − λ2r3)i2 − ((1 + λ2)r1 + λ2r3) i1, (4.34a)

ζI
di2
dt

= − sin(2πt) + λ1 sin

(
2π

(
t− 1

3

))
+ (r1 − λ1r3)i1 − ((1 + λ1)r2 + λ1r3) i2, (4.34b)

where i3 = −i1 − i2, and

rj = rej +
1

1
Rcj

+ 1
rcrj+Raj

, vaj =
RajRcjij

Raj +Rcj + rcrj
, for j = 1, 2, 3, (4.35)

along with one of the following arc models:

Radiation: ζr
dRaj

dt
=

Raj

log(BRaj)2

(
1−

v2
aj log(BRaj)

4

prRaj

)
, (4.36a)

Cassie: ζc
dRaj

dt
= Raj

(
1−

v2
aj

pc

)
, (4.36b)

Mayr: ζm
dRaj

dt
= Raj

(
1−

v2
aj

pmRaj

)
. (4.36c)

Here we have introduced the dimensionless parameters for the electrical system,

ζI =
l∗fAC[i]

l3VT
, λ1 =

l1
l3
, λ2 =

l2
l3
,

rej =
[i]

VT

(
Rej +Rbj +

RT

3

)
, rcrj =

[i]

VT
(Recj +Rmj) , for j = 1, 2, 3,

(4.37)
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and, depending on the arc model used, the dimensionless parameters, for j = 1, 2, 3,

Radiation: ζrj = βrjfAC, prj =
Prj
VT [i]

, Bj =
bjVT
[i]

, (4.38)

Cassie: ζcj = βcjfAC, pcj =
U2
cj

V 2
T

, (4.39)

Mayr: ζmj = βmjfAC, pmj =
Pmj
VT [i]

. (4.40)

For comparison with industrial measurements, we also nondimensionalise (4.32), using

the additional scaling v1 = VT v̂1. Dropping the hat notation, this gives

v1 = (r1 − ρT )i1

+
λ1 − λT

λ1 + λ2 + λ1λ2

(
(λ2 + 1) sin(2πt) + λ2 sin

(
2π

(
t− 1

3

))

+ (r2 − λ2r3)i2 − ((λ2 + 1)r1 + λ2r3)i1

)
, (4.41)

and we have similar expressions for v2 and v3. Here we have introduced the additional

dimensionless parameters

ρT =
RT [i]

3VT
and λT =

LT
3l3

. (4.42)

We use the arc conductivity parameter α3 (defined in (4.3)) as the scaling for the

arc temperature Taj, and VT as the scaling for vhj. Dropping the hat notation, the

dimensionless averaged quantities (4.21) then become

〈1/ log(BRaj)
4〉 and 〈(vhj )2〉, (4.43)

where

〈·〉 :=

∫ 1

t=0

· dt (4.44)

is the dimensionless time-average.

Physically relevant data values are given in Table 4.2, including the sizes of the

radiation parameters given by (4.19) using data from Table 3.4. Since the parameters

for the Cassie and Mayr models are empirical, and must be chosen to fit data, we do

not include these in Table 4.2. Using the data of Table 4.2, the corresponding values

for the dimensionless parameters are listed in Table 4.3.

As expected, we note that both rcr and re are relatively small, so that the resistance

of the charge material or of the arc dominates the total resistance through each phase.
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Parameter/Scaling Value
fAC 50 s−1

VT 260
√

2 V
[i] 1.65× 105 A
Re 1× 10−4 Ω
Rb 3× 10−4 Ω
Rm 1× 10−4 Ω
Rec 2× 10−5 Ω
RT 1.0× 10−7 Ω
L 2.0× 10−6 Ω s
LT 6.3× 10−7 Ω s
Pr 1.1× 107 W m−3

βr 1.5× 10−4 s
b 5.2× 103 Ω−1

Table 4.2: Industrially relevant data values [1] used for the nondimensionalisation.
The arc parameters βr, Pr, and b are computed using data in Table 3.4.

Dimensionless Parameter Value
ζI 1.3× 10−1

re 1.8× 10−1

rcr 5.4× 10−2

ζr 7.6× 10−3

pr 1.8× 10−1

B 1.2× 10
ρT 1.4× 10−5

λT 1.1× 10−1

λ1, λ2 ≈ 1

Table 4.3: Dimensionless parameters, computed using the data in Table 4.2.

The value ρT is negligibly small, and so we may neglect the effect of the transformer

resistances when computing the phase voltages vj in (4.41). The inductance of the

transformers is small, but not negligible in comparison with the electrode inductances,

since λT ≈ 0.11. The asymmetry of the system is encoded in the parameters λ1, λ2

(which are both 1 if the electrode inductances are equal), the different values of rej,

rcrj, and the arc parameters Bj, ζrj, and prj (or equivalent arc parameters for the

Cassie or Mayr models). Since both the inductance parameter, ζI , and especially the

arc resistance time-constant, ζr, are small, we anticipate stiffness in the ODE system,

as in Section 4.1.2.

Compared with the cell problem studied in Section 4.1, there are many more

dimensionless parameters in this model. The parameter ζr plays the same role of arc
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time-constant as χ in Section 4.1.2, and the charge resistance Rc is inversely related

to the charge conductance σch in Section 4.1.2. We have two further parameters in

the radiation arc model, B and pr, compared with in Section 4.1.2, because of the

different choice of nondimensionalisation. The equivalent parameter in Section 4.1.2

is the electrode current magnitude Î, which we have here scaled out by assuming we

know the value [i].

4.2.3 Numerical solutions

In this section we solve numerically the system (4.34) with each of the arc models

(4.36), using ode15s in MATLAB, as in Section 4.1.2. As discussed in Section 4.2.1.2,

we initialise at the (appropriately nondimensionalised) initial conditions (4.31), and

solve forward in time until the solutions are periodic (usually within one or two

periods). We observe that the periodic solution is independent of the choice of initial

value R0, so long as this is sufficiently large that periodic solutions may be found.

We have made several simplifying assumptions in the model presented above, but

there are still a large number of dimensionless parameters in the model. For simplicity,

in the remainder of this section we restrict to a symmetric model, assuming that all

the parameters (including the arc parameters) for each of the three phases are equal.

Specifically, we set λ1 = λ2 = 1, and use the notation Rc, re, rcr, ζr, pr, B, ζc, pc,

ζm, and pm for each of Rcj, rej, rcrj, ζrj, prj, Bj, ζcj, pcj, ζmj, and pmj, for j = 1, 2, 3,

respectively. We only present solutions for phase 1; the solutions for the other phases

are the same up to phase shift.

4.2.3.1 The radiation arc model

Periodic numerical solutions of the system (4.34) using the radiation arc model (4.36a)

are shown in Figure 4.9, where we vary the arc-model parameters pr and ζr, while

holding B, and the parameters of the external electric circuit, constant. In Figures

4.9a, c, and e we show the currents through the electrode i1, arc ia1 = va1/Ra1, and

the charge material ic1 = vh1/Rc for various pr and ζr, and in Figures 4.9b, d, and f

we show the associated arc signature plots of arc current ia1 against arc voltage va1.

We observe very similar behaviour to in the prescribed-current AC case in Section

4.1.2, with the arc signature evolving towards the steady-state IV characteristic (dis-

cussed in Section 4.2.1.1), shown by the pink curves in Figure 4.9. Varying ζr, like

varying χ in Section 4.1.2, affects the rate at which the arc adapts to the changing

voltage across it, so that for small ζr (solid lines in Figure 4.9) the arc adapts very
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Figure 4.9: Numerical solutions using the radiation arc model (4.36a), varying pr and
ζr. In (a), (c), and (e), the currents are shown through the electrode (i1, blue), arc
(ia1, red), and charge (ic1, green) of phase 1. The insets in (a) and (c) show detail near
current zero. In (b), (d), and (f), the arc signature (arc voltage against arc current) is
shown. The thin pink curves show the “steady state” or DC solution of the radiation
arc model (4.36a). In all plots (a)–(f), solid lines correspond to ζr = 1×10−3, dashed
lines to ζr = 7.6×10−3, and dotted lines to ζr = 2×10−2. We take B = 12 and Rc = 1,
and choose the circuit parameters ζI = 0.13, rcr = 0.054, re = 0.18 throughout.
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Figure 4.10: Numerical solutions using the radiation arc model (4.36a), varying pa-
rameter B. In (a) the currents are shown through the electrode (i1, blue), arc (ia1,
red), and charge (ic1, black) of phase 1, with solid lines (B = 9), dashed lines (B = 12),
and dotted lines (B = 18) as in (b). In (b) the arc signature is shown for each value
of B in (a). In both plots we take pr = 1, ζr = 7.6 × 10−3, Rc = 1, and the circuit
parameters as in Table 4.3.

quickly, whereas for larger ζr (dotted lines) there is a much slower evolution. Varying

ζr does not appear to significantly affect the overall current distribution between the

arc and the charge, nor the total current i1 through that phase.

For small pr, the arc resistance drops very quickly after the total current passes

through zero, so that there is only a small time interval after the total current is zero

for which the arc current is low. As pr is increased, so that the Ohmic heat source is

smaller, we see that the current is charge-dominated for a longer time after the total

current passes through zero, as it takes longer to heat up the arc. Because the arc is

cooler for larger pr, it varies more slowly with the applied voltage, and so we see a

bigger effect of varying ζr. For larger pr we also observe that a smaller proportion of

current passes through the arc, and more through the charge. However, from Figures

4.9b, d, and f we see that the maximum arc voltage decreases with increasing pr, and

the maximum arc current increases, so that the overall gradient of the arc signature

is steeper. We also see from Figure 4.9a, c, and e that the amplitude of the total

current i1 decreases as pr increases.

In Figure 4.10 we investigate the effect of varying the parameter B, for fixed pr

and βr. We note that for larger B there is a higher amplitude of the total current i1,

as well as a larger arc current ia1. The amplitude of the charge current ic1 decreases

as B increases. From the definition (4.19) of the arc parameters, we see that B is
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proportional to the conductivity magnitude α1 of the gas forming the arc. It therefore

is natural that larger values of B, corresponding to more conductive gases, result in

larger currents through the arc. We note that for sufficiently small B (below around

8 for the parameters used in Figure 4.10), or for sufficiently large pr (larger than

the values chosen in Figure 4.9), the periodic solution of our model has no current

through the arc, so that ia1 = 0 for all time t, and ic1 = i1. Since B is proportional

to α1, a poorly conductive gas will correspond to small B, and so no arc forms. We

also note that pr is linearly proportional to ha, the height or length of the electric

arc, and B is inversely proportional to ha. For a fixed gas composition, increasing ha

therefore has the effect of both decreasing B and increasing pr. We therefore expect

no solution to exist for sufficiently big arc lengths ha, as is indeed seen in practice.

4.2.3.2 Cassie and Mayr arc models

Using the same electric circuit parameters as in the previous section, we now investi-

gate solutions of (4.34) using the Cassie (4.36b) and Mayr (4.36c) arc models instead

of the radiation arc model.

Solutions of (4.34) using the Cassie model (4.36b), and varying the Cassie pa-

rameters, are shown in Figure 4.11. We observe qualitatively similar behaviour of

solutions using the Cassie model and those using the radiation model in Figure 4.9.

In the same way as when increasing pr in the radiation model, we see that increasing

pc in the Cassie model has the effect of decreasing both the total current i1 and the

proportion of current through the arc. Increasing ζc also has the effect of increasing

the delay time of the arc, and therefore smooths out the arc signature plots. The

main qualitative difference between solutions using the Cassie model in Figure 4.11

and the radiation model in Figure 4.9 is the slope of the arc signature at high cur-

rent/voltage, which now follows the constant va steady-state IV characteristic, shown

in pink, as discussed in Section 4.2.1.1.

Solutions of (4.34) using the Mayr model (4.36c) are shown in Figure 4.12. We

find limited qualitative variation in the solutions with the parameters ζm and pm,

for the values of these parameters for which periodic solutions appear to exist. In

particular, the arc signatures do not seem to follow the steady-state (DC) curves

closely. This is likely to be because we require relatively large values of ζm in order

to observe periodic solutions numerically.
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(e) Distribution of currents, pc = 0.08
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(f) Arc signature, pc = 0.08

Figure 4.11: Numerical solutions using the Cassie arc model (4.36b), varying pc and
ζc. In (a), (c), and (e), the currents are shown through the electrode (i1, blue), arc
(ia1, red), and charge (ic1, green) of phase 1. The insets in (a) and (c) show detail
near to where the current is equal to zero. In (b), (d), and (f) the arc signature
(arc voltage against arc current) is shown, along with the steady-state (DC) solution
va1 = ±√pc in pink. In all plots (a)–(f), solid lines correspond to ζc = 5 × 10−3,
dashed lines to ζc = 1 × 10−2, and dotted lines to ζc = 5 × 10−2. We take Rc = 1,
and the circuit parameters ζI = 0.13, rcr = 0.054, re = 0.18 throughout.

90



0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

-1.5

-1

-0.5

0

0.5

1

1.5

0.1 0.2 0.3 0.4

-0.1

0

0.1

0.2

(a) Distribution of currents, pm = 0.03

-1.5 -1 -0.5 0 0.5 1

-0.1

-0.05

0

0.05

0.1

(b) Distribution of currents, pm = 0.03

0 0.5 1 1.5 2

-1.5

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4

-0.2

-0.1

0

0.1

0.2

(c) Distribution of currents, pm = 0.05

-1.5 -1 -0.5 0 0.5 1 1.5

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

(d) Distribution of currents, pm = 0.05

Figure 4.12: Numerical solutions using the Mayr arc model (4.36c), varying pm and
ζm. In (a) and (c), the currents are shown through the electrode (i1, blue), arc (ia1,
red), and charge (ic1, green) of phase 1. The insets in (a) and (c) show detail near to
where the current is zero. In (b) and (d), the arc signature (arc voltage against arc
current) is shown, along with the steady-state (DC) solution va1 = pm/ia1 in pink.
In all plots (a)–(d), solid lines correspond to ζm = 0.05, dashed lines to ζm = 0.1,
and dotted lines to ζm = 0.5. For all plots, we take Rc = 1, and choose the circuit
parameters ζI = 0.13, rcr = 0.054, re = 0.18.

4.2.3.3 Comparison with furnace data

Having explored the dependence of our solutions on the arc model parameters, we

now compare the solution of our EC model with measurements from an operational

silicon furnace, with data provided by Elkem ASA. We use our radiation arc model,

and parameter values based on the physical values in Table 4.3.

We note that there are two additional dimensionless parameters, ρT and λT , which

appear in the form of the phase voltages vj (4.41), which were not needed in the
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(c) Lissajous plots: current, i1, against volt-
age, v1, for various λT .

Figure 4.13: Comparison of furnace measurements (data collected by Elkem ASA
[1]) with numerical simulations using the radiation arc model, with arc parameters
pr = 0.2, ζr = 8 × 10−3, B = 10, circuit parameters ζI = 0.13, re = 0.22, and
rcr = 0.054, and where we have chosen Rc = 2.5 for reasonable agreement with the
data.

solution of the ODE system (4.34) with the arc model. The parameters ρT and λT

describe, respectively, the proportion of the phase resistance, and proportion of the

phase inductance that is due to the transformer circuit. As in Section 4.2.2,we expect

ρT ≈ 10−5 to be small, and so take the limit ρT = 0 for our simulations in this section.

The effect of the transformer inductance, while smaller than the electrode induc-

tance, is not negligible. In Figure 4.13 we plot the same solution of the (4.34) and

(4.36a), but for multiple values of λT , and compare these solutions with the furnace

data. Specifically, in order to compare with the furnace data we show the Lissajous

plot of total current i1 against the voltage v1 across phase 1 in Figure 4.13c, not the
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arc signature plots of ia1 against va1 used in Figures 4.9–4.12. In the (unphysical)

case of λT = 1 (where all of the inductive effect is in the transformer and none is

in the electrode), we see from (4.41) that the voltage is purely resistive, vj = ijRj.

The voltage v1 is therefore in phase with the electrode current i1, as seen in Figure

4.13b. For smaller λT , there is non-zero induction within the electrode, introducing

a phase shift in v1 relative to i1. This phase shift is most easily seen as the width of

the Lissajous plot, shown in Figure 4.13b. The overall gradient of the Lissajous plot

is loosely interpretable as the overall resistance.

The parameters of the arc model (4.36a) used in the solutions shown in Figure

4.13 are those listed in Table 4.3, based on physical values in Table 4.2. There is

reasonable qualitative agreement in the overall shape of the solutions, especially for

λT = 0.1. The predominant difference between the simulation and data is the shape

of the voltage curve near its peak, where our model solution is significantly below

the model data. This indicates that our arc model has a faster reduction in the

arc resistance at high voltage than is the case in reality. From our arc-parameter

investigation in Section 4.2.3.1, we might expect to get a better fit with the data in

Figure 4.13 for much larger values of both pr and ζr, so that the arc evolves more

slowly at high voltages, although the circuit parameters would then need to be altered

to compensate. In reality, it is likely that we are missing some physical effects in our

radiation arc model, which would slow down the arc evolution, and increase the rate of

heat loss from the arc at high voltages. One possibility is the heat loss to convection:

as in Section 3.1.1 the fluid flow in and around the arc is generated by the Lorentz

force, which increases in magnitude with the current flowing through the arc. Another

consideration may be the inductive effects of the arc itself, which may change through

the AC cycle, and are not captured by the constant inductance Lj of the phase. It is

important to highlight that the full model has many parameters, and so reasonable

agreement with the same data may be seen for parameter sets in different regimes of

the parameter-space.

4.2.3.4 Time-averaged quantities for the homogenised model

Finally, we compute the averaged quantities (4.43), which we might use (rescaled

appropriately) in the homogenised model (3.84). Using the same model parameters

as in Section 4.2.3.3 above, we compute these averaged quantities (4.43) for a range

of charge resistances Rc. For ease of qualitative comparison with the solutions found
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Figure 4.14: Plot of the time-averaged arc temperature 〈1/ log(BRa1)4〉1/4, time-
averaged hearth voltage 〈v2

h1〉1/2, and the amplitude of i1, as functions of the charge
conductance 1/Rc.

in Section 4.1, in Figure 4.14 we plot the values

〈1/ log(BRa1)4〉1/4 and 〈v2
h1〉1/2, (4.45)

as functions of the charge conductance 1/Rc. As for the DC and prescribed-current

AC cases, we see that as the charge conductance increases, the rms voltage across

the hearth decreases, and the average arc radiation also decreases, as less current

passes through the arc, and more passes through the charge. For sufficiently large

charge conductance, the only periodic solution of our model has ia = 0, so that all

the current passes through the charge, and there is no heat radiated by the arc.

With the full EC model, we solve for the electrode current i1 as part of the

solution of our model, and we see in Figure 4.14 that the amplitude of the electrode

current increases with the charge conductance. This is the main qualitative difference

between the averaged quantities computed from the EC model, and those from the

prescribed-current AC model in Section 4.1.2.

4.3 Discussion

In Sections 4.1 and 4.2 we studied the cell problem of the homogenisation analysis,

which describes how the electrical system, and in particular the electric arc, vary over

the timescale of the alternating current. In Section 4.1 we studied both the DC and

AC electrical system in and below a single electrode, assuming that the electrode
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current I was known. In Section 4.2 we incorporated an equivalent-circuit model for

the electrical system in the entire three-phase furnace, and so solved for the electrode

currents as part of the solution of the cell problem. Several more detailed equivalent-

circuit models (including more sophisticated inductance models, specified cathode

and anode voltage drops, and including electric current directly between electrodes

[104]) have been studied in the SAF literature; these might also be incorporated into

our homogenised model in much the same way.

In both Sections 4.1 and 4.2 we found that the arc(s) evolved over a faster timescale

than that of the alternating current, at least for high currents. The steady-state or

DC solutions of the arc models therefore gave a good indication of the behaviour of

the AC system for the high-current parts of the AC cycle. The AC system is not

truly quasi-steady, however, since the arc evolves much more slowly when it is cooler,

as the current passes through zero.

The EC framework of Section 4.2 allows comparison of our simplified arc model

based on heat loss by radiation, presented in Section 3.1.1, with commonly-used

empirical models for the arc resistance in the SAF literature. Our radiation arc

model has several advantages over the Cassie and Mayr models. It is derived from

first principles rather than semi-empirical, hence the model parameters have physical

meaning and may be estimated from properties of the arc gases. The radiation model

is also designed for SAF arcs (rather than for circuit-breaker arcs), taking into account

the heat radiation which is known to be important for such high-current arcs. The

radiation model is simple, with only one more parameter than either the Cassie or

Mayr models. It also has a rising steady-state IV profile at the low arc resistances

expected in a real furnace, which is also predicted by more sophisticated SAF arc

models in the literature [85]. In comparison, the Cassie model has a constant-voltage

profile, while the Mayr model has a falling profile. Our radiation model, of course, also

allows the EC system to be combined with the slow-timescale homogenised model:

it is not clear how the heat lost from the Cassie and Mayr arc models would be

transferred to the surrounding charge material.
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Chapter 5

Asymptotic analysis of a model
problem: counter-current flow and
endothermic chemical reaction

In this chapter, we employ the method of matched asymptotic expansions to anal-

yse a model of coupled counter-current heat transfer, and an endothermic chemical

reaction, similar to the homogenised model (3.84), derived in Chapter 3. We study

a slightly simpler system than (3.84) in this chapter, in a Cartesian 1D geometry,

and using an idealisation of the thermal coupling with the electric arc. The aim of

this simplification is to draw out the interaction between the counter-current flow,

and the endothermic chemical reaction, without unnecessary complications due to

the electrical system, or radiation over the crater.

As discussed in Section 1.3, asymptotic analysis of two-temperature, multiphase

models with endothermic reaction systems does not appear to be widely studied

in the literature. Endothermic, multiphase systems do, however, arise in several

metallurgical systems in addition to silicon furnaces, including the production of

rutile titanium dioxide [2], the pyrolysis of aluminium [66], and the production of

cement [98]. We anticipate that the asymptotic results found in this chapter would

be relevant to these systems, as well as to our intended furnace application.

In this chapter, we study the limit of large Péclet number in the solid material,

or of small δ, which we observed to be the industrially-relevant limit in the dimen-

sional analysis of Chapter 3. As discussed in Chapter 3, the size of the dimensionless

convective heat transfer coefficient, µ, is difficult to determine accurately. We there-

fore identify various distinguished limits for different sizes of µ (relative to the small

parameter δ), ranging from negligible µ to the limit µ → ∞, which give a range of

different asymptotic solution structures. From these asymptotic structures, we are
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able to identify the distinguished limits that appear most relevant to a silicon furnace.

In addition, by studying distinguished limits for large µ, we can understand how our

model approaches a single-temperature model, which has been used for simplicity in

other furnace models including [93, 96]. The analysis of this chapter may be extended

to the radial domain of the furnace problem (3.84). In Chapter 6 we summarise the

resulting reduced models for (3.84), and find solutions of these numerically.

In Section 5.1 we present the simplified model studied in this chapter. In Section

5.2 we give an overview of the asymptotic analysis, which is given in detail in Sections

5.3–5.8. Numerical solutions of the reduced models are computed in Section 5.9, and

our composite asymptotic solutions are compared with numerical solutions of the full

model in Section 5.10.

5.1 Statement of the simplified model

As a simplified version of (3.84), in this chapter we consider a Cartesian, 1D domain

x ∈ [s(t), 1], illustrated in Figure 5.1. We study the simplified model for the unknowns

C(x, t), f(x, t), Ts(x, t), Tg(x, t), and the position s(t) of the free boundary, given by

δ

(
∂C

∂t
− ∂C

∂x

)
= −Q, (5.1a)

δ
∂f

∂x
= Q, (5.1b)

C

(
∂Ts
∂t
− ∂Ts

∂x

)
= δ

∂2Ts
∂x2

+ µ(Tg − Ts)−
γ

δ
Q, (5.1c)

K
∂

∂x
(fTg) =

1

δ
TsQ− µ(Tg − Ts), (5.1d)

on the domain x ∈ (s(t), 1), where the dimensionless chemical reaction rate is

Q(C, Ts) = C exp

(
A

(
1− 1

Ts

))
, (5.1e)

and with boundary conditions

C = C∗, f = f∗, Ts = Tg =
ρ

s
at x = s(t), (5.1f)

C = 1, Ts = T in at x = 1. (5.1g)

As well as changing geometry, we have dropped the Ohmic heating term σc〈E2〉 from

the solid heat equation (5.1c). We have also simplified the boundary conditions at

the free boundary x = s(t), to reduce the complexity of the problem. In particular

we use the Dirichlet condition Ts = ρ/s, for some parameter ρ, as a crude model for
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x
x = s(t) x = 1

Ts = T in

C = 1

Ts = Tg =
ρ
s

f = f∗

C = C∗

Figure 5.1: Schematic of the simplified, dimensionless model domain x ∈ [s, 1], with
granular solid (grey) moving right-to-left as shown by the black arrows, surrounded
by gas (pale yellow) flowing left-to-right as shown by the yellow arrows. The solid
particles become smaller nearer to the free boundary x = s(t), as solid mass is reacted
away. The boundary conditions are shown at x = s(t) and x = 1.

a radiative heat source incident on x = s(t). However, all the analysis in this chapter

can also be done with the boundary conditions (3.84f)–(3.84h), without any change

to the solution structures.

In addition to (5.1), we require initial conditions for C, f , Tg, Ts and s. The

system (5.1) is a 5th order differential system of equations, with an additional degree

of freedom in the position s of the free boundary. The model is correctly specified

since we impose six boundary conditions.

Throughout this chapter, the dimensionless parameters K, γ, A, ρ, C∗, and f∗

in the model (5.1) are assumed to be order 1. The inverse Péclet number, δ ≈
10−3 − 10−2 � 1, is the smallest parameter in the system. We also assume that the

input temperature of the solid, T in, is small. Specifically, we require

δT in � exp

(
A

(
1− 1

T in

))
, (5.2)

so that the rate of reaction at this temperature is much less than the rate at which

material moves through the whole domain by advection. Thus if there were no heat-

ing, we would expect the solid material not to appreciably react away over the time

it spends moving through the domain. (When analysing the correction terms in spe-

cific cases, namely cases A, Ea, and Fa, we further assume that δ � T in.) The final

dimensionless parameter is µ; we will consider various sizes of µ relative to δ.

5.2 Overview of asymptotic analysis

In Sections 5.3–5.8, we will consider a range of different distinguished limits cor-

responding to different values of µ, in terms of functions of δ. We refer to these

98



distinguished limits as cases A–F, studied in Sections 5.3–5.8, respectively, in order

of increasing µ, with case A being the small-µ limit, µ→ 0, (which we show is valid

for µ� 1/ log(1/δ)), and case F the large-µ limit, µ� δ−1. A schematic of the solu-

tion structures in each of the cases A–F is shown in Figure 5.2. Detailed schematics

are given for each case in Sections 5.3–5.8.

The asymptotic results that we present in this chapter are mostly determined by

the various dominant balances of the equation of conservation of energy in the solid,

(5.1c). We label the terms in this equation as follows

C

(
∂Ts
∂t
− ∂Ts

∂x

)
︸ ︷︷ ︸

1

= δ
∂2Ts
∂x2︸ ︷︷ ︸
2

+µ(Tg︸︷︷︸
3

− Ts)︸︷︷︸
4

− γ
δ
C exp

(
A

(
1− 1

Ts

))
︸ ︷︷ ︸

5

, (5.3)

for explicit reference in our analysis. Terms 1 and 2 describe the advection and

conduction, respectively, of heat within the solid material. Terms 3 and 4 describe

the heat transferred to the solid by the gas, and are labelled separately since Ts and

Tg may have different sizes in different regions of the domain. Term 5 is the heat

absorbed by the endothermic chemical reaction.

Since δ � 1, heat conduction in the solid material (term 2 in (5.3)), has negligible

effect through most of the domain. However, for all sizes of µ, we will find a boundary

layer of width O(δ) at x = s(t), in which heat conduction (term 2) is important. It is

only in this thin layer that the heating of the solid material from the radiation incident

onto the boundary as in (5.1f) is felt. This boundary layer is the region of largest Ts

in the domain: in all other regions we will find Ts � 1. Since the chemical reaction

rate is temperature-dependent, the most intense material consumption also therefore

occurs in this O(δ) boundary layer at x = s(t). In all cases A–F, the reduced model

in this boundary layer determines the position s(t) of the free boundary. For some

moderate values of µ the behaviour in the outer regions is coupled to the boundary-

layer problem at leading order, and so also affects the position s.

Outside of this boundary layer there can be several types of behaviour depending

on the size of µ. For small µ (case A), very little happens outside the boundary layer,

with the solid temperature simply equal to its input value Ts = T in at leading order.

For moderate µ (cases B–D), there is a balance between the transfer of heat from the

gas to the solid (term 3 in (5.3)), and the energy consumed by the chemical reaction

(term 5). In these cases, this balance determines the natural solid temperature scaling

η :=
A

log
(

1
δµ

) , (5.4)
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Figure 5.2: Schematics of the different asymptotic solution structures (in steady state for cases D–F) for increasing µ. In each
case, the solutions, Ts red, Tg green, and C blue are illustrated in the domain x ∈ [s(t), 1], with boundary layers and transition
layers shown by the grey regions.
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Figure 5.3: The variation of η/A with δµ. The curve approaches the origin as δµ→ 0,
and becomes unbounded as δµ→ 1.

and we find that Ts ≈ η is uniform throughout such regions of the domain. Since η

depends on µ, for the different sizes of µ in cases B–D the value of η is different. The

ratio η/A is plotted as a function of δµ in Figure 5.3. We note that η is monotone

increasing in δµ, with η → 0 as δµ→ 0 very slowly, and that η blows up as δµ→ 1. In

all cases B–D we have δµ� 1, so that η � 1 is small, although due to the logarithmic

form of η, we have δ � η.

For large µ (cases D–F), we find that the heat transfer between phases, terms 3

and 4, dominate at leading order over an O(1) lengthscale, so that we obtain a single-

temperature model in the outer region of the domain. By combining the equations

of conservation of energy for the gas and solid phases, we derive a single equation for

the common, leading-order temperature Ts = Tg = T in the O(1)-lengthscale regions

of the domain. We observe interesting counter-current behaviour in these cases D–

F: since the gas and solid material flow in opposite directions, the net direction of

advection for the common temperature T may be in either direction, and the dominant

behaviour is different in either case. In particular, if the net heat flow is left-to-right

(with the gas flow) then the natural temperature scaling of the steady-state case is

determined by a balance of advection, term 1, and heat consumed by the chemical

reaction, term 5, giving the temperature scaling θ∗, the solution of

δθ2
∗ = exp

(
−A
θ∗

)
. (5.5)
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Conversely, if the net heat flow is right-to-left with the solid, the temperature remains

approximately uniform at the solid input temperature T in. These are referred to as

the subcases b and a respectively.

The asymptotic structures that we derive in cases B and C, characterised by the

balance of heat transfer between the phases and material consumption over an O(1)

lengthscale, are quite different to the single-temperature behaviour of cases E and

F. The analysis in case D includes aspects of both these types of behaviour, and so

demonstrates how the system varies from case C to E as µ is increased.

In each of the cases considered in Sections 5.3–5.8 below, we find explicit steady-

state solutions at leading order, in every region of the domain except the boundary

layer at x = s(t). We construct composite, leading-order solutions in each case

(restricting to steady state in cases D–F for simplicity).

5.3 Case A: µ = 0, no heat transfer

Firstly, we suppose that there is no heat transfer between the gas and solid phases

over the lengthscale of the entire domain, so that µ = 0. We will see that this case

is valid for µ� 1/ log(1/δ): in case B below we explore the case µ = O(1/ log(1/δ)).

The diagram in Figure 5.4 is a schematic of the asymptotic structure in this case, and

the changes of variable that we will make in each region of the domain are summarised

in Table 5.1. As in Figure 5.4, throughout this chapter we number the regions of the

domain with roman numerals I, II etc., from left-to-right within the domain.

Since µ = 0, the gas problem decouples from the solid problem, and we may study

the reduced problem for the solid variables only. This is, for x ∈ (s(t), 1), (5.1a) and

(5.1c) (with µ = 0) and the boundary conditions for C and Ts as in (5.1g)–(5.1f).

O(δ)

x = s(t) x = 1

x

T in

1
AI AII

C
Ts
Tg

Figure 5.4: Schematic of the solution structure in case A: µ = 0.
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Region Spatial Variable Size of Q Dominant Dependent
terms in (5.3) Variables

AI x = s(t) + δX Q = O(1) 1, 2, 5 C, f, Ts, Tg

AII x Q� δT in 1 C = Ĉ, f = f̂ ,

Ts = T inT̂s, Tg = T̂g

Table 5.1: Summary of the asymptotic regions of the domain, and the changes of
variable in these regions, for case A: µ = 0.

We may then integrate (5.1b) and (5.1d), using the boundary conditions for f and

Tg at x = s(t) given by (5.1f). This gives the gas variables f and Tg in terms of the

solution s, C, and Ts of the solid problem:

f = f∗ + δ−1

∫ 1

x=s

C exp

(
A

(
1− 1

Ts

))
dx, (5.6a)

Tg =
f∗Ts|x=s + (δK)−1

∫ 1

x=s
TsC exp

(
A
(

1− 1
Ts

))
dx

f∗ + δ−1
∫ 1

x=s
C exp

(
A
(

1− 1
Ts

))
dx

. (5.6b)

We will see in the following analysis that the integral terms in (5.6) are O(δ), and so

f and Tg are regular as δ → 0.

5.3.1 Region AII

We begin by considering the behaviour over an O(1) lengthscale, which we denote

region AII in Figure 5.4. We recall that T in � 1 is small, in the specific sense (5.2). At

the boundary x = 1 we have Ts = T in, and we therefore look for a solution expansion

of the form

Ts = T in
(
T̂ 0
s + o

(
T in
))
, C = Ĉ0 + o

(
T in
)
, (5.7)

and also expand the gas variables in region AII by

Tg = T̂ 0
g + o

(
T in
)
, f = f̂ 0 + o

(
T in
)
. (5.8)

(Here we use hat notation to differentiate from the variables used in region AI below.)

Since by (5.2) we have that Q(T in) � δT in, at leading order in (5.1a) and (5.1c) we

obtain

∂Ĉ0

∂t
− ∂Ĉ0

∂x
= 0, Ĉ0

(
∂T̂ 0

s

∂t
− ∂T̂ 0

s

∂x

)
= 0. (5.9)
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Solving, using the boundary conditions at x = 1, we must have, for all x:

T̂ 0
s = 1, Ĉ0 = 1. (5.10)

Since T̂s and Ĉ are constant to leading order, the gas variables in this region, given by

(5.6), are also uniform. The error in these leading-order solutions is O
(
δ−1Q

(
T in
))

=

o
(
T in
)
, since Q� δT in.

5.3.2 Region AI

We note that we cannot impose the boundary conditions at the free boundary x = s(t)

on the constant solution found in the previous section. We therefore look for a

boundary layer at x = s(t), denoted region AI, where Ts = O(1)� T in. Since δ � 1,

we change variables, setting x = s(t) + δX. Since T in � δ, we look for an expansion

in powers of T in in region AI, setting

Ts = T 0
s (X, t) + T inT 1

s (X, t) +O
((
T in
)2
)
, (5.11a)

C = C0(X, t) + T inC1(X, t) +O
((
T in
)2
)
, (5.11b)

s = s0(t) + T ins1(t) +O
((
T in
)2
)
. (5.11c)

We also expand the gas variables in powers of T in, taking

Tg = T 0
g (X, t) +O(T in), f = f 0(X, t) +O

(
T in
)
. (5.12)

Substituting the expansions (5.11) into (5.1a) and (5.1c), at leading order we obtain

− (ṡ0 + 1)
∂C0

∂X
= −C0 exp

(
A

(
1− 1

T 0
s

))
, (5.13a)

− (ṡ0 + 1)C0∂T
0
s

∂X
=
∂2T 0

s

∂X2
− γC0 exp

(
A

(
1− 1

T 0
s

))
, (5.13b)

where the dot notation denotes a time derivative, ṡ0 = ds0/dt. From (5.1f), we have

the boundary conditions

C0 = C∗, T 0
s =

ρ

s0

, at X = 0. (5.13c)

As X →∞ we match with the outer region AII, and so require

C0 → 1, T 0
s → 0 as X →∞. (5.13d)

This reduced system (5.13) in region AI determines T 0
s , C0, and also the position

s0(t) of the free boundary of the domain. The far-field temperature must approach
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zero in (5.13d) so that the chemical reaction rate Q approaches zero in this limit.

This is necessary for the problem to be correctly specified, as we show in Appendix

A. This system (5.13) may be solved numerically, to find the leading-order solution

in region AI, which is done in Section 5.9 below. In fact, we obtain similar boundary

layer problems to (5.13) in many of the non-zero µ cases explored below.

Given the solution of this solid problem (5.13), from (5.6) with the change of

variables x = s(t) + δX, we see that the leading-order gas variables in region AI are

f 0(X, t) = f∗ + (1 + ṡ0)(C0 − C∗), (5.14a)

T 0
g (X, t) =

f∗ρ
s0

+K−1
∫ X
X̄=0

T 0
sC

0 exp
(
A
(

1− 1
T 0
s

))
dX̄

f∗ + (1 + ṡ0)(C0 − C∗)
. (5.14b)

In region AII both T̂ 0
g and f̂ 0 are uniform. By matching with region AI at x = s0,

we find

f̂ 0(t) = Fs(t) := f∗ + (1 + ṡ0)(1− C∗), (5.15a)

T̂ 0
g (t) = Gs(t) :=

f∗ρ
s0

+K−1
∫∞
X̄=0

T 0
sC

0 exp
(
A
(

1− 1
T 0
s

))
dX̄

f∗ + (1 + ṡ0)(1− C∗)
. (5.15b)

5.3.3 Switchback error

Since Ts = T in � 1 in region AII, we must have an O(T in) correction to the leading-

order solution in the boundary layer AI. This type of correction in the boundary layer

due to the outer solution is termed a “switchback” correction in [43]. The problem for

the correction terms C1 and T 1
s in region AI is the O(T in) correction to the equations

(5.1a) and (5.1c) using the expansions (5.11), namely

− (ṡ0 + 1)
∂C1

∂X
− ṡ1

∂C0

∂X
= − exp

(
A

(
1− 1

T 0
s

))(
C1 + AC0 T 1

s

(T 0
s )2

)
, (5.16a)

− (ṡ0 + 1)

(
C1∂T

0
s

∂X
+ C0∂T

1
s

∂X

)
− ṡ1C

0∂T
0
s

∂X

=
∂2T 1

s

∂X2
− γ exp

(
A

(
1− 1

T 0
s

))(
C1 + AC0 T 1

s

(T 0
s )2

)
, (5.16b)

where ṡ1 = ds1/dt, and with the boundary conditions at X = 0

C1 = 0, T 1
s = −ρs1

s2
0

. (5.16c)

As X → ∞ we must match with the O(T in) solutions in region AII: the O(T in)

temperature is T̂ 0
s = 1 while there is no O(T in) correction to the concentration in
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region AII, hence the matching is

T 1
s → 1, C1 → 0, as X →∞. (5.16d)

Like the leading-order problem (5.13), this system (5.16) must be solved numerically.

Although we do not solve (5.16) in this thesis, this problem is correctly specified, as

proved in Appendix A.

5.3.4 Composite solution

We construct composite leading-order solutions for case A as follows. Since C, f , and

Tg are O(1) in all regions of the domain, and uniform to leading order in region AII,

the leading-order composite solutions in case A (which we denote by superscript A)

are simply

CA = C0

(
x− s0(t)

δ
, t

)
, fA = f 0

(
x− s0(t)

δ
, t

)
, TA

g = T 0
g

(
x− s0(t)

δ
, t

)
.

(5.17)

However, Ts is O(1) in region AI, but O(T in) in region AII. We therefore have some

freedom in how to choose the leading-order composite expansion [43]. For greatest

accuracy, we should solve the switchback problem (5.16) in region AI to find the

O(T in) correction, and then form a two-term composite expansion accurate to O(T in)

in the entire domain. However, for simplicity we choose to set the O(T in) correction

in region AI to be uniform, and equal to T in. Thus we form the composite expansion

TA
s = T 0

s

(
x− s0(t)

δ

)
+ T in, (5.18)

which has O(T in) error in region AI, and O
(
δ−1Q(T in)

)
error in region AII.

In case A, we have seen that all the material consumption (chemical reaction)

occurs within the boundary layer AI at x = s(t), and that all variables have constant,

uniform profiles in the outer region AII. We also notice that the behaviour is quasi-

steady throughout the domain, with the time-derivatives of s in region AI the only

time-derivatives in the reduced problem.

5.4 Case B: µ = O(η), small heat transfer

We now let µ > 0, and study the distinguished limit µ = O(η). In this section, we

write µ = MηB � 1, where M = O(1) and ηB = ηB(δ, A) is the solution of

ηB =
A

log
(

1
δηB

) . (5.19)
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BI BII BIII BIV

O(δ) O(ηB)

x = s(t) x = 1x = v(t)
x

ηB

T in = ηBT̄
in

1

C
Ts
Tg

Figure 5.5: Schematic of the solution structure in case B: µ = O(ηB).

We note that for sufficiently small δ there are two positive solutions of (5.19), namely

ηB,1 =
1

δ
exp(W−1(−Aδ)), ηB,2 =

1

δ
exp(W0(−Aδ)), (5.20)

where W0 and W−1 are (real) branches of the Lambert W function, and ηB,1 ≤ ηB,2.

Graphically, these solutions are the intersections of the curve η/A in Figure 5.3 with

the straight line of gradient 1/(δA) through the origin. We are interested in the small,

non-zero root ηB,1, and write ηB = ηB,1 hereafter. For real negative z, as z → 0 we

have [24]

W−1(z) = log(−z)− log(− log(−z)) +O

(
log(− log(−z))

log(−z)

)
, (5.21)

and we therefore see that

ηB = ηB,1 =
A

− log(Aδ)

(
1 +O

(
log(− log(Aδ))

− log(Aδ)

))
→ 0 as δ → 0. (5.22)

This case B with µ = O(η) is therefore equivalently expressed as the case µ =

O(1/ log(1/δ)). In this section, we will expand our dependent variables in powers of

ηB (rather than in powers of T in as in case A), but to leading order this is equivalent

to expanding in powers of 1/−log(δ). We choose to retain the ηB notation as it makes

for easy comparison with subsequent cases. A schematic of the asymptotic structure

in case B is shown in Figure 5.5, and the changes of variable are given Table 5.2.

5.4.1 Region BI

As in Case A, we look for an O(δ) boundary layer at x = s(t), denoted region BI in

Figure 5.5. We look for an expansion solution in powers of ηB in region BI, namely

Ts = T 0
s (X, t) + ηBT

1
s (X, t) +O(η2

B), C = C0(X, t) + ηBC
1(X, t) +O(η2

B), (5.23a)

Tg = T 0
g (X, t) + ηBT

1
g (X, t) +O(η2

B), f = f 0(X, t) + ηBf
1(X, t) +O(η2

B), (5.23b)
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Region Spatial Variable Size of Q Dominant Dependent
terms in (5.3) Variables

BI x = s(t) + δX Q = O(1) 1, 2, 5 C, f, Ts, Tg

BII x Q = O(δηB) 3, 5 C = Ĉ f = f̂ ,

Ts = ηB(1 + ηBT̂s), Tg = T̂g
BIII x = v(t) + ηBy Q = O(δηB) 1, 3, 5 C = C̃, f = f̃ ,

Ts = ηB(1 + ηBT̃s), Tg = T̃g
BIV x Q� δηB 1, 3 C = C̄, f = f̄ ,

Ts = ηBT̄s, Tg = T̄g

Table 5.2: Summary of the asymptotic regions of the domain, and the changes of
variable in these regions, for case B: µ = O(ηB).

s = s0(t) + ηBs1(t) +O(η2
B). (5.23c)

Substituting into (5.1), the equations (5.1b) and (5.1d) for the gas variables decouple

on this lengthscale, and so we obtain exactly the same system at leading order for

just the solid variables T 0
s , C0, and s0 as in case A, namely (5.13). We will find below

that C = 1 +O(ηB) everywhere outside of region BI, and so the matching conditions

as X →∞ are also identical to case A, given by (5.13d).

5.4.2 Region BII

Since µ > 0, unlike case A, the equations for the gas variables do not decouple in

(5.1) in the entire domain. Instead, outside the boundary layer BI, we must have heat

transfer between the solid and gas phases, and expect the solid temperature scaling

Ts ≈ ηB. We therefore make the rescaling

Ts = ηB(1 + ηBT̂s), (5.24)

in the O(1)-lengthscale outer region, denoted region BII, and for clarity of notation

we also write C = Ĉ, f = f̂ , and Tg = T̂g. The chemical reaction rate here is therefore

Q̂(Ĉ, T̂s) = Ĉ exp

(
A

(
1− 1

Ts

))
= ĈeAδηB

(
eAT̂s +O(ηB)

)
, (5.25)

and thus the heat consumed by the chemical reaction at this temperature ηB is the

same order (δηB) as the heat transferred from the gas to the solid. The equations

(5.1) in region BII therefore become

∂Ĉ

∂t
− ∂Ĉ

∂x
= −ηBĈ exp

(
A
(

1 + T̂s

))
+O(η2

B), (5.26a)

∂f̂

∂x
= ηBC exp

(
A
(

1 + T̂s

))
+O(η2

B), (5.26b)
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η2
BĈ

(
∂T̂s
∂t
− ∂T̂s

∂x

)
= δη2

B

∂2T̂s
∂x2

+MηB(T̂g − ηB(1 + ηBT̂s))

− γηBĈ exp
(
A
(

1 + T̂s

))
+O(η2

B), (5.26c)

K
∂

∂x
(f̂ T̂g) = η2

B(1 + ηBT̂s)Ĉ exp
(
A
(

1 + T̂s

))
−MηB(T̂g − ηB(1 + ηBT̂s)) +O(η3

B). (5.26d)

We expand all dependent variables in powers of ηB � 1, setting

T̂s = T̂ 0
s (x, t) +O(ηB), Ĉ = Ĉ0(x, t) +O(ηB),

T̂g = T̂ 0
g (x, t) +O(ηB), f̂ = f̂ 0(x, t) +O(ηB),

(5.27)

At leading order we see from (5.26b) and (5.26d) that f̂ 0 and T̂ 0
g are uniform in x.

Matching at x = s(t) with region BI, using the same notation as in (5.15), we find

f̂ 0 = Fs, T̂ 0
g = Gs. (5.28)

From (5.26a), Ĉ0 is conserved along characteristics travelling right-to-left through

region BII. As we will see below, C is uniform to leading order over all regions to the

right of this, and so by using the boundary condition at x = 1, and matching, we will

find that Ĉ0 = 1 is constant throughout region BII. The solid heat equation (5.26c),

at leading order (order ηB), reduces to

MT̂ 0
g = γĈ0 exp

(
A(1 + T̂ 0

s )
)
, (5.29)

so that T̂ 0
s is also uniform, and given by

T̂ 0
s =

1

A
log

(
MGs

γ

)
− 1. (5.30)

This completes the leading-order analysis in region BII. Physically, in this region all

the heat transferred from the gas to the solid is used for the chemical reaction, so

that the solid temperature remains uniform.

5.4.3 Region BIV

For this size of µ = O(ηB), there is also a second possible dominant balance on an O(1)

lengthscale, namely the balance of advection (term 1 in (5.3)) with the heat transfer

from the gas (term 3 in (5.3)), when the chemical reaction rate is small Q � δηB.

We see that this balance occurs at the right-hand side of the domain (denoted region
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BIV) since, near the boundary x = 1, Ts ≈ T in, and we note that ηB > T in, by the

assumption (5.2). In region BIV, we change variables

Ts = ηBT̄s, (5.31)

for T̄s < 1, and we write the boundary value T in = ηBT̄
in, where by (5.2) T̄ in < 1.

For clarity of notation we also write C = C̄, f = f̄ , and Tg = T̄g in this region BIV.

Then the chemical reaction rate in BIV is

Q = C̄ exp

(
A

(
1− 1

ηBT̄s

))
= C̄eA(δηB)1/T̄s � δηB. (5.32)

With this change of variables, the equations (5.1) in region BIV become

∂C̄

∂t
− ∂C̄

∂x
= −C̄eAδ(1−T̄s)/T̄sη

1/T̄s
B , (5.33a)

∂f̄

∂x
= C̄eAδ(1−T̄s)/T̄sη

1/T̄s
B , (5.33b)

C̄

(
∂T̄s
∂t
− ∂T̄s

∂x

)
= δ

∂2T̄s
∂x2

+M(T̄g − ηBT̄s)− γC̄eAδ(1−T̄s)/T̄sη
(1−T̄s)/T̄s
B , (5.33c)

K
∂

∂x
(f̄ T̄g) = ηBT̄sC̄e

Aδ(1−T̄s)/T̄sη
1/T̄s
B −MηB(T̄g − ηBT̄s). (5.33d)

Again we expand in powers of ηB, namely

T̄s = T̄ 0
s (x, t) +O(ηB), C̄ = C̄0(x, t) +O(ηB),

T̄g = T̄ 0
g (x, t) +O(ηB), f̄ = f̄ 0(x, t) +O(ηB).

(5.34)

At leading order in (5.33a), (5.33b) and (5.33d), we see that C̄0, f̄ 0, and T̄ 0
g are all

uniform through region BIV. From (5.33c) we find that T̄ 0
s satisfies

C̄0

(
∂T̄ 0

s

∂t
− ∂T̄ 0

s

∂x

)
= MT̄ 0

g . (5.35)

By the method of characteristics, applying the boundary conditions at x = 1, we find

T̄ 0
s = T̄ in +

∫ 1−x

ξ=0

MT̄ 0
g (t+ x− 1 + ξ)

C̄0(t+ x− 1 + ξ)
dξ. (5.36)

The integrand in (5.36) is positive, and so for any fixed t, T̄ 0
s increases monotonically

as x decreases from 1 into the domain. Thus in region BIV no chemical reaction

occurs since the solid material is below the critical temperature ηB, and the transfer

of heat from the gas to the solid has the effect of heating up the solid material.

110



5.4.4 Region BIII

The solution in region BIV is only valid so long as T̄ 0
s < 1. As T̄ 0

s approaches 1, there

must be a transition region, denoted region BIII, over which the chemical reaction

rate (term 5 in (5.3)) enters the dominant balance. To analyse this region we use the

change of variables

Ts = ηB(1 + ηBT̃s). (5.37)

The other variables are denoted C = C̃, f = f̃ , and Tg = T̃g in region BIII for clarity.

Since we require all of the heat loss to the chemical reaction (term 5 in (5.3)), heat

transfer from gas to solid (term 3), and advection of heat within the solid (term 1)

to balance, we require an O(ηB) lengthscale, and so make the change of variables

x = v(t) + ηBy, where y = O(1), and v(t), to be determined, is the position of the

transition layer BIII. The equations (5.1) in this region therefore become

ηB
∂C̃

∂t
− (v̇ + 1)

∂C̃

∂y
= −η2

BC̃ exp
(
A
(

1 + T̃s

))
+O(η3

B), (5.38a)

∂f̃

∂y
= η2

BC̃ exp
(
A
(

1 + T̃s

))
+O(η3

B), (5.38b)

C̃

(
ηB
∂T̃s
∂t
− (v̇ + 1)

∂T̃s
∂y

)
=

δ

ηB

∂2T̃s
∂y2

+M
(
T̃g − ηB(1 + ηBT̃s)

)
− γC̃ exp

(
A
(

1 + T̃s

))
+O(ηB), (5.38c)

K
∂

∂y
(f̃ T̃g) = η3

B(1 + ηBT̃s)C̃ exp
(
A
(

1 + T̃s

))
−Mη2

B

(
T̃g − ηB(1 + ηBT̃ )

)
+O(η4

B), (5.38d)

where we use the notation v̇ = dv/dt. We expand all dependent variables in powers

of ηB, setting
T̃s = T̃ 0

s (y, t) +O(ηB), C̃ = C̃0(y, t) +O(ηB),

T̃g = T̃ 0
g (y, t) +O(ηB), f̃ = f̃ 0(y, t) +O(ηB),

(5.39)

and, as in regions BII and BIV, we see from (5.38a), (5.38b) and (5.38d) that C̃0, f̃ 0,

and T̃ 0
g are all uniform through region BIII. Matching to both left (region BII) and

right (region BIV), we see that throughout regions BII–BIV

C̃0 = Ĉ0 = C̄0 = 1, f̃ 0 = f̂ 0 = f̄ 0 = Fs(t), T̃ 0
g = T̂ 0

g = T̄ 0
g = Gs(t). (5.40)

At leading order in region BIII, (5.38c) therefore reduces to the ODE

−(v̇ + 1)
∂T̃ 0

s

∂y
= MGs − γ exp

(
A
(

1 + T̃ 0
s

))
, (5.41)
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which has solution

T̃ 0
s = −1− 1

A
log

(
γ

MGs

(
1 +B exp

(
AMGs

v̇ + 1
y

)))
. (5.42)

The position, v(t), of the transition layer, and the constant of integration, B(t), must

be determined by matching with the neighbouring regions. We first note that

T̃ 0
s →

1

A
log

(
MGs

γ

)
− 1 = T̂ 0

s as y → −∞, (5.43)

and so the solution matches with region BII automatically, for any v and any B.

Since Ts = ηB(1 + ηBT̃
0
s ), the leading-order matching as y → ∞ with the solution

(5.36) in region BIV requires

1 = T̄ 0
s

∣∣∣
x=v

= T̄ in +M

∫ 1−v

ξ=0

Gs(t+ v − 1 + ξ) dξ, (5.44)

which fixes the position v(t). Since the integrand Gs > 0 is positive, the integral is

decreasing with v, and there is therefore a unique solution, v(t) < 1, of (5.44), for

every t. The value of B in (5.42) may be fixed by matching at higher order. We

do not explicitly give this analysis, but it is similar to that in case C, detailed in

Appendix B.

We notice that the position, v(t), of the transition layer lies within the domain

so long as v(t) > s0(t). From the equation (5.44) for v(t), we see that if any of M ,

Gs, or 1 − s0 are too small, then v(t) < s0(t). In this case there is no region BII or

BIII: region BIV fills the entire domain [s0(t), 1], except for the boundary layer at

x = s0. We see that our solution approaches the solution for case A in Section 5.3 as

M becomes small, since in this case v(t) < s0(t), and so everywhere in [s0(t), 1] we

must have

C ∼ 1, f ∼ Fs, Tg ∼ Gs, Ts = ηBT̄
0
s = ηB(T̄ in +O(M)) ∼ T in. (5.45)

5.4.5 Composite solution

Since C, f , and Tg are uniform at leading order outside region BI, the leading-order

composite solutions are simply

CB = C0

(
x− s0(t)

δ

)
, fB = f 0

(
x− s0(t)

δ

)
, TB

g = T 0
g

(
x− s0(t)

δ

)
.

(5.46)

As in case A, we note that Ts = O(1) in region BI, but isO(ηB) in all other regions. We

construct a leading-order composite solution by assuming that the O(ηB) correction
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in region BI is simply uniform, and equal to ηB, so that the composite Ts solution

is accurate with O(ηB) error in region BI, and with O(η2
B) error in regions BII–BIV.

The solution is defined piecewise on either side of the transition layer BIII, centred

at the point x = v(t), where the solution is continuous by construction. We therefore

use the composite solution

TB
s =

{
T 0
s

(
x−s0(t)

δ

)
+ ηB, if x < v(t),

ηBT̄
0
s (x, t), if x ≥ v(t),

(5.47)

where T̄ 0
s is given by (5.36).

Thus in case B, while µ = O(ηB) is non-zero and so there is some heat transfer

between phases, only an O(ηB) amount of chemical reaction occurs outside region BI,

and this only if v(t) > s0(t). The primary role of the heat transferred from the gas

to the solid is to heat up the solid material. While this does not affect the leading-

order problem in region BI, which is the same as that in AI in case A, it reduces its

accuracy: there is now an O(ηB) “switchback” correction term in region BI, greater

than the O(T in) correction in case A.

5.5 Case C: µ = O(1), moderate heat transfer

In this section we suppose µ = O(1), so that heat transfer from the gas to the solid

is significant over the domain [s(t), 1]. As in case B, over an O(1) domain we have a

balance between the heat transferred gas to solid (term 3) and the heat consumed by

the chemical reaction (term 5) in (5.3). Since now µ = O(1), both these terms must

be O(1), and the temperature scaling η, given by (5.4), is

ηC =
A

log
(

1
δ

) . (5.48)

We note that δ � ηB < ηC � 1. With Ts ∼ ηC , the chemical reaction rate has

O(1) effect in the equations of mass conservation (5.1a)–(5.1b). Thus, unlike in cases

A and B, we expect O(1) material consumption in both the boundary layer, region

CI, at x = s(t), and also in an O(1) region of the domain. In fact, as we will show

in Section 5.6 below, the analysis for case C holds so long as µ � O(log(log(1/δ))).

A schematic of the asymptotic structure in this case is given in Figure 5.6, and the

changes of variable in each region is summarised in Table 5.3.
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CI CII CIII CIV

O(δ) O(η2C)
O(ηC)

x = s(t)
x = 1

x = 1 − ηCw(t)

x

ηC

T in = ηCT̄
in

1

C
Ts
Tg

Figure 5.6: Schematic of the solution structure in case C: µ = O(1).

Region Spatial Variable Size of Q Dominant Dependent
terms in (5.3) Variables

CI x = s(t) + δX Q = O(1) 1, 2, 5 C, f, Ts, Tg

CII x Q = O(δ) 3, 5 C = Ĉ, f = F̂ ,

Ts = η(1 + ηT̂s), Tg = T̂g
CIII x = 1− ηw(t)− η2y Q = O(δ) 1, 3, 5 C = C̃, f = f̃ ,

Ts = η(1 + ηT̃s), Tg = T̃g
CIV x = 1− ηY Q� δ 1, 3 C = C̄, f = f̄ ,

Ts = ηT̄s, Tg = T̄g

Table 5.3: Summary of the asymptotic regions of the domain, and the changes of
variable in these regions, for case C: µ = O(1).

5.5.1 Region CI

As in the previous cases, there is an O(δ) conduction boundary layer (region CI) at

x = s(t). As before, we make the change of variables x = s(t) + δX, and expand the

dependent variables in powers of ηC , by

Ts = T 0
s (X, t) + ηCT

1
s (X, t) +O(η2

C), C = C0(X, t) + ηCC
1(X, t) +O(η2

C),

Tg = T 0
g (X, t) + ηCT

1
g (X, t) +O(η2

C), f = f 0(X, t) + ηCf
1(X, t) +O(η2

C),

s = s0(t) + ηCs1(t) +O(η2
C).

(5.49)

We obtain the same leading-order system of equations (5.13a)–(5.13c) in region CI

as in cases A and B. As X →∞, we still require T 0
s → 0 in order for the problem to

be correctly specified. However, since the chemical reaction rate is O(1) in the outer

region, we will no longer have uniform concentration at leading order in the outer

region. We must therefore impose the far-field conditions

T 0
s → 0, C0 → C∞(t) as X →∞, (5.50)

114



where C∞(t) is yet to be determined by matching with the outer region. Thus we

can no longer solve the region CI problem independently of the rest of the domain:

it is now intrinsically coupled with the outer problem, since C varies at leading order

over the outer region. The leading-order gas variables within region CI are given by

(5.14), but the far-field values as X →∞ are now

f 0 → Fs(t) := f∗ + (1 + ṡ0)(C∞ − C∗), (5.51a)

T 0
g → Gs(t) :=

f∗ρ
s0

+K−1
∫∞
X̄=0

T 0
sC

0 exp
(
A
(

1− 1
T 0
s

))
dX̄

f∗ + (1 + ṡ0)(C∞ − C∗)
. (5.51b)

5.5.2 Region CII

Outside region CI, over an O(1) lengthscale, we make the rescaling

Ts = ηC(1 + ηC T̂s). (5.52)

In this region, denoted region CII, we also use the notation C = Ĉ, f = f̂ , and

Tg = T̂g for clarity. The equations (5.1) become

∂Ĉ

∂t
− ∂Ĉ

∂x
= −Ĉ exp

(
A
(

1 + T̂s

))
+O(ηC), (5.53a)

∂f̂

∂x
= Ĉ exp

(
A
(

1 + T̂s

))
+O(ηC), (5.53b)

η2
CĈ

(
∂T̂s
∂t
− ∂T̂s

∂x

)
= δη2

C

∂2T̂s
∂x2

+ µ(T̂g − ηC(1 + ηC T̂s))− γĈ exp
(
A
(

1 + T̂s

))
+O(ηC), (5.53c)

K
∂

∂x
(f̂ T̂g) = ηC(1 + ηC T̂s)Ĉ exp

(
A
(

1 + T̂s

))
− µ(T̂g − ηC(1 + ηC T̂s)) +O(η2

C).

(5.53d)

We expand the dependent variables in powers of ηC , setting

T̂s = T̂ 0
s (x, t) +O(ηC), Ĉ = Ĉ0(x, t) +O(ηC),

T̂g = T̂ 0
g (x, t) +O(ηC), f̂ = f̂ 0(x, t) +O(ηC).

(5.54)

At leading order, (5.53) becomes

∂Ĉ0

∂t
− ∂Ĉ0

∂x
= −Ĉ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.55a)

∂f̂ 0

∂x
= Ĉ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.55b)

µT̂ 0
g = γĈ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.55c)

K
∂

∂x

(
f̂ 0T̂ 0

g

)
= −µT̂ 0

g . (5.55d)
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Combining (5.55b)–(5.55d) we obtain the reduced system

∂f̂ 0

∂x
=
µ

γ
T̂ 0
g , K

∂

∂x

(
f̂ 0T̂ 0

g

)
= −µT̂ 0

g , (5.56a)

for f̂ 0 and T̂ 0
g . Physically, this system describes how the convective heat loss from

the gas is all used in the endothermic chemical reaction to produce more of the gas.

Matching with region CI at x = s, we must have

f̂ 0 = Fs(t), T̂ 0
g = Gs(t), at x = s0. (5.56b)

Combining (5.56a), and using the boundary conditions (5.56b) we find the first inte-

gral

f̂ 0(γ +KT̂ 0
g ) = Fs(γ +KGs). (5.57)

Using (5.57) to eliminate f̂ 0 from the first equation (5.56a), we obtain a separable

equation for T̂ 0
g , namely

1

T̂ 0
g (γ +KT̂ 0

g )2

∂T̂ 0
g

∂x
= − µ

γKFs(γ +KGs)
. (5.58)

Integrating, making use of (5.56b), and rearranging, we find the implicit expression

log

(
KT̂ 0

g

γ +KT̂ 0
g

)
−

KT̂ 0
g

γ +KT̂ 0
g

= log

(
KGs

γ +KGs

)
− 1

γ +KGs

(
KGs +

µγ(x− s0)

KFs

)
,

(5.59)

for T̂ 0
g . We note that this equation (5.59) has the form ω + log(−ω) = c, where

ω =
−KT̂ 0

g

γ +KT̂ 0
g

, (5.60)

and c, the right-hand side of (5.59), is independent of T̂ 0
g . Equivalently, ω satisfies

ωeω = −ec, which has solution ω = W (−ec) where W is the principle branch of the

Lambert W function. Thus we see that the solution T̂ 0
g of (5.59) may be expressed

as

T̂ 0
g (x, t) = − γW (aC)

K(1 +W (aC))
, (5.61a)

where aC = aC(x, t) is given by

aC(x, t) = − KGs

γ +KGs

exp

(
− 1

γ +KGs

(
γµ

KFs
(x− s0) +KGs

))
, (5.61b)
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and from (5.57),

f̂ 0 =
Fs(γ +KGs)

γ +KT̂ 0
g

. (5.61c)

Given T̂ 0
g from (5.61), the leading-order concentration Ĉ0 satisfies (5.55a), or

∂Ĉ0

∂t
− ∂Ĉ0

∂x
= −µ

γ
T̂ 0
g . (5.62a)

Matching with region CI at x = s0(t), we require

Ĉ0 = C∞(t) at x = s0(t), (5.62b)

and we will see below that the correct matching condition for Ĉ0 at the right side of

region CII is

Ĉ0 = 1 at x = 1. (5.62c)

By the method of characteristics, (5.62a) with (5.62c) has solution

Ĉ0(x, t) = 1− µ

γ

∫ 1−x

ξ=0

T̂ 0
g (1− ξ, ξ + t+ x− 1) dξ, (5.63)

for T̂ 0
g (x, t) given by (5.61a). Evaluating at x = s0(t), the matching condition (5.62b)

becomes

C∞(t) = 1− µ

γ

∫ 1−s0(t)

ξ=0

T̂ 0
g (1− ξ, ξ + t+ s0(t)− 1) dξ. (5.64)

Since T̂ 0
g depends on s0, Fs, and Gs, we see that C∞ depends on these as well.

Physically, the heat and flux of gas leaving region CI determine the rate of solid

material consumption in region CII, which affects the position of the free boundary

s0 (found as part of the solution of the region CI problem), and therefore the gas

temperature. The processes in regions CI and CII are thus fully coupled. However,

since we have solved the region CII problem to find C∞(t), at leading order we are

left with the region CI problem (5.13a)–(5.13c) with far-field condition (5.50), with

C∞(t) given by (5.64).

Concluding the analysis in region CII, we find from (5.55c) that

T̂ 0
s =

1

A
log

(
µT̂ 0

g

γĈ0

)
− 1. (5.65)

given the forms (5.61a) of T̂ 0
g and (5.63) of Ĉ0.

117



5.5.3 Region CIV

In region CII, we have Ts = ηC + O(η2
C), and so we cannot impose the boundary

condition Ts = T in at x = 1 (as discussed for case B, the condition (5.2) ensures

T in < ηC). There must therefore be a second boundary layer at x = 1, within which

the solid temperature adjusts from ηC to T in. We denote this boundary layer region

CIV. In region CIV we change variables, setting

Ts = ηC T̄s, (5.66)

with T̄s < 1, so that

Q̄ := Q(C, ηC T̄s) = O
(
δ1/T̄s

)
� δ, (5.67)

and thus we cannot expect a dominant balance in the solid heat equation (5.1c)

between the heating from the gas and heat lost to chemical reaction. Instead, we find

a balance between the heating from the gas and the advection term, which fixes the

lengthscale of region CIV to be O(ηC). Within region CIV we therefore make the

change of variables x = 1 − ηCY , where Y = O(1) is positive. Setting, for clarity of

notation, C = C̄, f = f̄ , and Tg = T̄g, we obtain the system

ηC
∂C̄

∂t
+
∂C̄

∂Y
= −ηCδ−1Q̄, (5.68a)

− ∂f̄

∂Y
= ηCδ

−1Q̄, (5.68b)

ηCC̄
∂T̄s
∂t

+ C̄
∂T̄s
∂Y

= δη−1
C

∂2T̄s
∂Y 2

+ µ(T̄g − ηC T̄s)− γδ−1Q̄, (5.68c)

−K ∂

∂Y
(f̄ T̄g) = ηCδ

−1T̄sQ̄− ηCµ(T̄g − ηC T̄s). (5.68d)

We also rewrite the input temperature T in = ηC T̄
in, so that the boundary condition

becomes

T̄s = T̄ in at Y = 0. (5.69)

Again, we expand in powers of ηC , setting

T̄s = T̄ 0
s (Y, t) +O(ηC), C̄ = C̄0(Y, t) +O(ηC),

T̄g = T̄ 0
g (Y, t) +O(ηC), f̄ = f̄ 0(Y, t) +O(ηC).

(5.70)

At leading order in (5.68a), (5.68b), and (5.68d), we see that all of C̄0, f̄ 0, and T̄ 0
g

are uniform across region CIV. The boundary condition at Y = 0 (or x = 1) fixes
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C̄0 = 1, while f̄ 0 and T̄ 0
g must be fixed by matching to the left. At leading order in

(5.68c), the solid temperature T̄ 0
s satisfies

∂T̄ 0
s

∂Y
= µT̄ 0

g , (5.71)

and thus, using the boundary condition (5.69), we find that T̄ 0
s is linear in Y :

T̄ 0
s = T̄ in + µT̄ 0

g Y. (5.72)

5.5.4 Region CIII

The solution (5.72) in region CIV is valid only while T̄ 0
s < 1, and we cannot directly

match the linear profile (5.72) with the constant Ts ∼ ηC in region CII. Thus, as in

case B, we introduce a transition layer, region CIII, between regions CII and CIV. In

this transition layer, we must have Ts ≈ ηC , and we expect a balance between all three

of the heat advection (term 1), heat transfer from the gas (term 3), and heat loss to

the chemical reaction (term 5) in (5.3). We accordingly make the change of variables

Y = w(t) + ηCy, where y = O(1) is the scaled space variable, and w(t) = O(1), to

be determined, is the position of the transition layer CIII within the boundary layer

CIV. We also rescale the solid temperature, setting

Ts = ηC(1 + ηC T̃s), (5.73)

and write C = C̃, f = f̃ , and Tg = T̃g for clarity. The equations (5.1) therefore

become, in region CIII,

η2
C

∂C̃

∂t
+ (1− ηCẇ)

∂C̃

∂y
= −η2

CC̃ exp
(
A(1 + T̃s)

)
+O(η3

C), (5.74a)

− ∂f̃

∂y
= η2

CC̃ exp
(
A(1 + T̃s)

)
+O(η3

C), (5.74b)

η2
CC̃

∂T̃s
∂t

+ C̃(1− ηCẇ)
∂T̃s
∂y

= δ
∂2T̃s
∂y2

+ µ(T̃g − ηC(1 + ηC T̃s)

− γC̃ exp
(
A(1 + T̃s)

)
+O(ηC), (5.74c)

−K ∂

∂y
(f̃ T̃g) = η2

CC̃ exp
(
A(1 + T̃s)

)
− η2

Cµ(T̃g − ηC(1 + ηC T̃s)) +O(η3
C). (5.74d)

We expand all dependent variables in powers of ηC , setting

T̃s = T̃ 0
s (y, t) +O(ηC), C̃ = C̃0(y, t) +O(ηC),

T̃g = T̃ 0
g (y, t) +O(ηC), f̃ = f̃ 0(y, t) +O(ηC).

(5.75)
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We find from (5.74a), (5.74b), and (5.74d) that, as in region CIV, all of C̃0, f̃ 0, and

T̃ 0
g are uniform over region CIII. Thus, matching across regions CII–CIV, we see that

Ĉ0|x=1 = C̃0 = C̄0 = 1, F1(t) := f̂ 0|x=1 = f̃ 0 = f̄ 0, G1(t) := T̂ 0
g |x=1 = T̃ 0

g = T̄ 0
g .

(5.76)

This fixes the boundary condition for Ĉ0, (5.62c) in region CII. From (5.74c), the

solid temperature variation T̃ 0
s therefore satisfies

∂T̃ 0
s

∂y
= µG1 − γ exp

(
A(1 + T̃ 0

s )
)
, (5.77)

which has the general solution

T̃ 0
s = − 1

A
log

(
γ

µG1

(
1 +De−µG1Ay

))
− 1, (5.78)

for constant of integration D(t). Similarly to case B in Section 5.4, the values of D

and w must be fixed by matching with regions CII and CIV. As y →∞ we see from

(5.65) that for any w and D,

T̃ 0
s →

1

A
log

(
µG1

γ

)
− 1 = T̂ 0

s

∣∣
x=1

, (5.79)

and so the matching CII–CIII holds automatically. The position w(t) of the transi-

tion layer is found by matching Ts across regions CIII–CIV, which, at leading order,

requires

1 = T̄ in + µG1w, (5.80)

and so

w(t) =
1

µG1(t)
(1− T̄ in). (5.81)

The constant D in (5.78) is fixed by matching at O(ηC) between regions CIII–CIV,

which requires the O(ηC) correction in all regions CI, CII, CIII and CIV, and is

presented in Appendix B.

5.5.5 Composite solution

As in previous cases, we may construct a leading-order composite solution. Since C,

f , and Tg are O(1) in all regions, and uniform in regions CIII and CIV, the composite

solutions are

CC = C0

(
x− s0(t)

δ

)
+ Ĉ0(x, t)− C∞(t), (5.82)

fC = f 0

(
x− s0(t)

δ

)
+ f̂ 0(x, t)− Fs(t), (5.83)
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TC
g = T 0

g

(
x− s0(t)

δ

)
+ T̂ 0

g (x, t)−Gs(t). (5.84)

The solid temperature is O(1) in region CI but O(ηC) elsewhere. We therefore con-

struct a composite solution by setting the O(ηC) correction in region CI to be simply

ηC , so that the composite solution is accurate at leading order in all regions. As in

case B, the composite solution for Ts is defined piecewise about the centre, 1−ηCw(t),

of the transition layer CIII. Thus we use the composite solution

TC
s =

T
0
s

(
x−s0(t)

δ

)
+ ηC , if x < 1− ηCw(t),

ηC T̄
0
s

(
1−x
ηC

)
, if x ≥ 1− ηCw(t).

(5.85)

We have seen that case C is very similar to case B. In each, the solid is heated up

from its input temperature T in by heat transferred from the gas in region IV. Once

it has reached the critical temperature η the chemical reaction then starts to take

place, and the heat transferred from the gas to the solid in this region (II) is used

primarily for the reaction, with no change in the solid temperature at leading order

until it reaches the hot boundary layer (I) at x = s. The differences in case C are

that, since the convective heat transfer from the gas is now greater, the solid material

heats up much faster (over the O(ηC) lengthscale of region CIV, rather than the O(1)

lengthscale of BIV), and that the reaction rate in region CII is now high enough to

affect all of the solid concentration C, gas mass flux f , and gas temperature Tg at

leading order. As we increase µ still further, the gas temperature must lose so much

heat to the solid that it ceases to be O(1). This is the situation considered in case D

below.

5.6 Case D: − log(η)� µ� δ−1e−A, large heat trans-

fer

The analysis in case C above, with µ = O(1), holds so long as Tg remains O(1) over

the entirety of the domain. From the form (5.61) of T̂g in region CII, we see that for

large enough µ, T̂g will decay quickly enough to become O(η) within the domain, at

which point the equations (5.55) of region II are no longer valid.

In this section we study the case µ� 1 when this occurs. Since µ� 1, the heat

transfer between phases is fast enough that the two temperatures Ts and Tg become

near equal over a short lengthscale. We find that the lengthscale over which the

temperatures equilibrate in this way is O(− log(η)/µ). In this section, we therefore

restrict our attention to the case where µ is sufficiently large, µ � − log(η) �
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Region Spatial Size of Q Dominant Dependent
Variable terms in Variables

(5.3)

DI x = s+ δX Q = O(1) 1, 2, 5 C, f, Ts, Tg

DII x = s+ y/µ Q = O(δµ), 3, 5 C = Ĉ, f = f̂ ,

& DII’ Ts = ηD(1 + ηDT̂s), Tg = T̂g
DIII x = x1 + z/µ Q = O(δµηD) 3, 4, 5 C = C, f = F , Tg = ηDTg

& DIII’ Ts = ηD(1 + ηD log(ηD)/A+ ηDTs),
DaIV x = xc + ηDY/µ Q = O(δµηD) 1, 3, 4, 5 C = C̃, f = f̃ , Tg = ηDT̃g,

Ts = ηD(1 + ηD log(ηD)/A+ ηDT̃s),

DaV x = xc + Z/µ Q� δµηD 1, 3, 4 C = C̄, f = f̄ ,
(Z > 0) Ts = ηDT̄s, Tg = ηDT̄g

DaV’ x Q� δµηD 1 -

DbIV x = x2 + Z/µ Q = O(δµη2
D) 1, 3, 4, 5 C = C̃, f = f̃ ,

Tg = ηD(1 + 2ηD log(ηD)/A+ ηDτg),
Ts = ηD(1 + 2ηD log(ηD)/A+ ηDτs),

DbV x Q� δµη2
D 1 -

DbVI x = 1 + Z/µ Q� δµη2
D 1, 3, 4 C = C̄, f = f̄ ,

Ts = ηDT̄s, Tg = ηDT̄g

Table 5.4: Summary of the asymptotic regions of the domain, and the changes of
variable in these regions, for the steady-state cases D (a and b): − log(ηD)� µ� δ−1.

1, that the two temperatures equilibrate over a lengthscale smaller than O(1), i.e.

within the domain x ∈ [s, 1]. With µ � 1, the solid temperature scaling (5.4), is

denoted ηD, and we note ηD > ηC > ηB. We also require that µ � δ−1e−A, so

that ηD � 1. This ensures that the asymptotic expansion in powers of ηD remains

valid. Although not strictly a distinguished limit of the problem, it is interesting to

study this regime − log(ηD)� µ� δ−1e−A — which we may equivalently express as

log(log(1/δ)) � µ � δ−1e−A — in order to understand how the solution structure

evolves as µ increases from O(1) in case C to the distinguished limit µ = O(δ−1),

which we study in Case E below.

We note that we do not study the case 1 � µ � − log(ηD), since this limit has

the same structure as case C, as we will show below. We also do not deal fully with

the distinguished limit µ = O(− log(ηD)), since there are a plethora of subcases for

the asymptotic structure in this case, depending on whether the two temperatures

equilibrate over the domain or not, and how close the point at which they equilibrate

is to the boundary x = 1 of the domain. We discuss some of these possible subcases

in more detail in the discussion below.

For simplicity, we look for steady-state solutions only in this section. We find
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DII DaV’

O(δ)

O(η/µ)O(1/µ)

x = s x = 1x = x1

x

η

T in = ηT̄ in

1

x = xc

O(1/µ) O(1/µ)

η(1 + η log(η)/A)

DIII

DaIV

DaV

O(− log(η)/µ)

DI

DII’ C
Ts
Tg

(a) Case Da, KF∗ < 1

DI DII

O(δ)

O(1/µ)

x = s x = 1x = x1

x

η

T in = ηT̄ in

1

O(1/µ) O(1/µ)

η(1 + η log(η)/A)

DIII DbIV DbV DbVI

x = x2

O(1/µ)

η(1 + 2η log(η)/A)

O(− log(η)/µ)

DII’ DIII’
C
Ts
Tg

(b) Case Db, KF∗ > 1

Figure 5.7: Schematics of the steady-state solution structures in case D: µ = O(1).

that there are two separate steady-state behaviours in the regime − log(ηD) � µ �
δ−1e−A, depending on the model parameters. Specifically, in case Da we suppose

Kf < 1 near x = 1, so that the heat flux in the gas is smaller in magnitude than the

heat flux in the solid in the opposite direction. In case Db we consider the opposite

case, in which Kf > 1 near x = 1. The schematics illustrating the solution structure

in these two steady-state cases Da and Db are shown in Figure 5.7, and the changes

of variable for each region are summarised in Table 5.4.

5.6.1 Behaviour common to cases Da and Db

There are several regions of the domain near to the free boundary x = s where the

behaviour is the same for both cases Da and Db.

123



5.6.1.1 Region DI

As usual we find a boundary layer, region DI, of width O(δ) at x = s. Expanding the

dependent variables in powers of ηD, by setting

Ts = T 0
s (X) + ηDT

1
s (X) +O(η2

D), C = C0(X) + ηDC
1(X) +O(η2

D),

Tg = T 0
g (X) + ηDT

1
g (X) +O(η2

D), f = f 0(X) + ηDf
1(X) +O(η2

D),

s = s0 + ηDs1 +O(η2
D),

(5.86)

we obtain the same equations (5.13a)–(5.13c) at leading order since µ� δ−1 (although

with ṡ0 = 0, since we restrict to steady state). The far-field solid concentration must

satisfy (5.50) as in case C, where C∞ is yet to be determined by matching with the

outer problem.

5.6.1.2 Region DII

Outside region DI, we require Ts ∼ ηD, in order to balance the terms 3 and 5 in the

solid heat equation (5.3). However, since then Q = O(µ) � 1, this region, which

we denote region DII, must have a shorter lengthscale than O(1) in order to obtain

a balance in the gas temperature equation. Region DII is therefore a second, wider

boundary layer, width O(µ−1), about x = s0, and so we make the change of variables

x = s0 + y/µ. We look for a solution

Ts = ηD(1 + ηDT̂s), (5.87)

and we also use the notation C = Ĉ, f = f̂ , and Tg = T̂g in region DII for clarity.

The equations (5.1) in region DII then become

−dĈ

dy
= −Ĉ exp

(
A
(

1 + T̂s

))
+O(ηD), (5.88a)

df̂

dy
= Ĉ exp

(
A
(

1 + T̂s

))
+O(ηD), (5.88b)

−η2
DĈ

dT̂s
dy

= δη2
Dµ

d2T̂s
dy2

+ T̂g − γĈ exp
(
A
(

1 + T̂s

))
+O(ηD), (5.88c)

K
d

dy
(f̂ T̂g) = ηD(1 + ηDT̂s)Ĉ exp

(
A
(

1 + T̂s

))
− T̂g +O(η2

D). (5.88d)

We expand in powers of ηD � 1, setting

T̂s = T̂ 0
s (y) +O(ηD), Ĉ = Ĉ0(y) +O(ηD),

T̂g = T̂ 0
g (y) +O(ηD), f̂ = f̂ 0(y) +O(ηD).

(5.89)
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Substituting into (5.88), we find that at leading order

−dĈ0

dy
= −Ĉ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.90a)

df̂ 0

dy
= Ĉ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.90b)

T̂ 0
g = γĈ0 exp

(
A
(

1 + T̂ 0
s

))
, (5.90c)

K
d

dy
(f̂ 0T̂ 0

g ) = −T̂ 0
g . (5.90d)

Precisely as in (5.61) for region CII of case C, we find the solutions

T̂ 0
g = − γW (aD)

K(1 +W (aD))
, f̂ 0 =

Fs(γ +KGs)

γ +KT̂ 0
g

, (5.91)

of equations (5.90b) and (5.90d), where

aD = − KGs

γ +KGs

exp

(
− 1

γ +KGs

(
γ

KFs
y +KGs

))
, (5.92)

and the matching constants Fs and Gs are as defined in (5.51) (with ṡ0 = 0, since

we are in steady state). The leading-order solid concentration satisfies (5.90a), which

therefore becomes

−dĈ0

dy
=

W (aD)

K(1 +W (aD))
, (5.93)

along with Ĉ0 = C∞ at y = 0, and a matching condition to the right, as y becomes

large. We will find below that C is uniform to leading order in all regions to the right

of region DII, in both cases Da and Db. Thus the matching condition is

Ĉ0 → 1 as y →∞. (5.94)

From (5.91) we see that T̂ 0
g → 0 as y →∞, and so the solution of (5.93) is

Ĉ0 = 1−
KFs(γ +KGs)T̂

0
g

γ(γ +KT̂ 0
g )

. (5.95)

Applying the boundary conditions at y = 0, where T̂ 0
g = Gs, we therefore fix the

value of C∞ to be

C∞ = 1− KFsGs

γ
. (5.96)

Having found Ĉ0, the solid temperature variation, given by (5.90c), is then

T̂ 0
s =

1

A
log

(
T̂ 0
g

γĈ0

)
− 1

= −1− 1

A
log

(
K
(
1 +W (aD)

)( 1

−W (aD)
− Fs(γ +KGs)

γ

))
. (5.97)

125



We note that this region DII is exactly analogous to region CII in case C with

µ = O(1), except that since µ is now larger, the decay length of T̂ 0
g is shorter. We

see that the equations (5.90) hold until T̂ 0
g becomes order ηD, at which point term 4

must enter the dominant balance of equation (5.3). Since for small aD, W (aD) ∼ aD,

we see that T̂ 0
g ∼ ηD when −γaD/K = ηD, which occurs at the point y = y∗, defined

by γaD(y∗)/K = ηD. Rearranging, this gives

y∗ =
1

γ
KFs(γ +KGs)

(
− log(ηD) + log

(
γGs

γ +KGs

)
− KGs

γ +KGs

)
. (5.98)

We see that the point y∗ = O(− log(ηD)) is large. As y becomes larger than O(1),

we strictly leave region DII, and enter region DII’, an extension of DII, within which

the lengthscale is O(− log(ηD)/µ). The dominant physical processes in region DII’

are the same as in region DII, except that f is uniform at leading order, and thus Tg

is exponentially decaying.

In the original variables, the point y∗ is at x1 := s0 + y∗/µ. As mentioned at

the start of this section, we notice that if 1 � µ � − log(ηD) then x1 − s0 � 1

and so we revert to a structure like case C, since T̂g remains O(1) throughout the

domain. Conversely, in the regime − log(ηD) � µ studied in this section, we have

x1 − s0 � 1 and so T̂ 0
g becomes small within the domain. In the distinguished limit

µ = O(− log(ηD)), we see that x1−s0 = O(1), and we may be in either of these cases,

or instead have x1 close to 1, for which a number of additional subcases arise.

5.6.1.3 Region DIII

With µ � − log(ηD), the point x1 is an O(− log(ηD)/µ) � 1 distance from s0 (and

so is definitely contained within the domain). Around this point x1, there must be

an O(µ−1) transition layer, denoted region DIII, in which term 4 enters the dominant

balance in (5.3). In this region we use the change of spatial variables x = x1 + z/µ.

Since now Tg = O(ηD), the balance of terms 3 and 5 requires that term 5, the chemical

reaction rate, be O(δµηD). Thus, the solid temperature must be of the form

Ts = ηD

(
1 +

ηD log(ηD)

A
+ ηDTs

)
. (5.99)

We also use the change of variables Tg = ηDTg in region DIII, and set f = F , C = C
for clarity of notation. Substituting into (5.1), the resulting steady-state equations

in region DIII are

−dC
dz

= −ηDC exp (A (1 + Ts)) +O(η2
D), (5.100a)

dF
dz

= ηDC exp (A (1 + Ts)) +O(η2
D), (5.100b)
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−ηDC
dTs
dz

= δηDµ
d2Ts
dz2

+ Tg −
(

1 + ηD

(
log(ηD)

A
+ Ts

))
− γC exp (A (1 + Ts)) +O(ηD), (5.100c)

K
d

dz
(FTg) = ηD

(
1 + ηD

(
log(ηD)

A
+ Ts

))
C exp (A (1 + Ts))

− Tg +

(
1 + ηD

(
log(ηD)

A
+ Ts

))
+O(η2

D). (5.100d)

We expand in powers of ηD, setting

Ts = T 0
s (z) +O(ηD), C = C0(z) +O(ηD),

Tg = T 0
g (z) +O(ηD), F = F0(z) +O(ηD).

(5.101)

At leading order in (5.100a) and (5.100b), we find that both C0 and F0 are uniform

in region DIII. This is because the chemical reaction rate is now Q = O(δηDµ), and

so there is only an O(ηD) mass consumption over region DIII. Indeed, we will find

that in all regions to the right of region DIII (in either case Da or Db), C and f are

uniform up to O(ηD). Thus by matching to the right we will find that C0 = 1, and

matching at leading order with region DII, we have

F0 = F∗ :=
Fs(γ +KGs)

γ
= f̂ 0|y=y∗ +O(ηD). (5.102)

At leading order, the remaining equations (5.100c) and (5.100d) for T 0
s and T 0

g become

T 0
g −

(
1 + ηD

log(ηD)

A

)
= γ exp

(
A
(
1 + T 0

s

))
, (5.103)

KF∗
dT 0

g

dz
= −T 0

g +

(
1 + ηD

log(ηD)

A

)
. (5.104)

Here we have included the O(−ηD log(ηD)) terms, since these are larger than the next

order ηD, and we can find an explicit solution taking both O(1) and O(−ηD log(ηD))

terms into account together. The ODE (5.104) for T 0
g has the general solution

T 0
g = 1 + ηD

log(ηD)

A
+ c exp

(
− 1

KF∗
z

)
. (5.105)

The constant of integration, c, must be fixed by matching with region DII. To do

this, we use the intermediate variable ȳ, with y = y∗ − (− log(ηD))β ȳ in region DII,

and z = −(− log(ηD))β ȳ in region DIII, with β ∈ (0, 1) and ȳ > 0. Near y = y∗, aD
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is small, and so in region DII we find that Tg is approximated by

Tg ∼ T̂ 0
g ∼ −

γ

K
aD

=
γGs

γ +KGs

exp

(
− 1

γ +KGs

(
γ

KFs
y∗ +KGs

))
× exp

(
γ

KFs(γ +KGs)
(− log(ηD))β ȳ

)
= ηD exp

(
γ

KFs(γ +KGs)
(− log(ηD))β ȳ

)
, (5.106)

by the definition of y∗ in (5.98). Meanwhile, in region DIII we have

Tg ∼ ηDT 0
g = ηDc exp

(
1

KF∗
(− log(ηD))β ȳ

)
+ ηD

(
1 + ηD

log(ηD)

A

)
= ηDc exp

(
γ

KFs(γ +KGs)
(− log(ηD))β ȳ

)
+ ηD

(
1 + ηD

log(ηD)

A

)
,

(5.107)

by the definition of F∗ in (5.102). Since β > 0, the constant O(ηD) term is small

relative to the exponential. Matching the leading-order terms in these expansions we

see that c = 1.

Finally, from (5.103) we compute

T 0
s = − 1

A

(
log(γ) +

1

KF∗
z

)
− 1, (5.108)

completing the analysis in region DIII.

5.6.1.4 Region DaV and DbVI

Regions DI–DIII as described above are common to both cases Da and Db. We now

pause in our analysis moving left to right through the domain, and instead investigate

the behaviour near the x = 1 boundary. We will find different behaviour for the cases

Da and Db, depending on whether the overall heat flux Kf − 1 = KF∗ − 1 +O(ηD)

is negative or positive, respectively.

On the right side of the domain, the solid temperature must decrease from close

to ηD at the left of the domain to the input value T in = ηDT̄
in. We therefore rescale

Ts = ηDT̄s and Tg = ηDT̄g, (5.109)

noting that Tg must be O(ηD) in this region too because it is O(ηD) in region DIII,

and can only decrease through the rest of the domain. With T̄s < 1 + ηD log(ηD)/A,
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we notice that the chemical reaction rate Q̄ � δµηD is small. We set f = f̄ and

C = C̄ in this region for clarity of notation. In order to balance the heat advection

with heat transfer between phases in the gas heat equation, we must scale the space

variable to an O(1/µ) domain. Thus the region over which Ts changes must be a

boundary layer. We make the change of variables x = xc + Z/µ, where Z = O(1),

and xc (the position of this boundary layer) is an order 1 point in the domain, to be

determined. With these changes of variable, the equations (5.1) become

−dC̄

dZ
= −(δµ)−1Q̄, (5.110a)

df̄

dZ
= (δµ)−1Q̄, (5.110b)

−C̄ dT̄s
dZ

= δµ
d2T̄s
dZ2

+ T̄g − T̄s − γ(δηDµ)−1Q̄, (5.110c)

K
d

dZ
(f̄ T̄g) = (δµ)−1T̄sQ̄− (T̄g − T̄s). (5.110d)

We expand in powers of ηD, by setting

T̄s = T̄ 0
s (Z) +O(ηD), C̄ = C̄0(Z) +O(ηD),

T̄g = T̄ 0
g (Z) +O(ηD), f̄ = f̄ 0(Z) +O(ηD).

(5.111)

Since Q̄ � δµηD, we see from (5.110a) and (5.110b) that C̄0 = 1 and f̄ 0 = F∗ are

uniform over this region at leading order, fixed by matching with regions to the right

and left, respectively. At leading order (5.110c) and (5.110d) therefore become

−dT̄ 0
s

dZ
= T̄ 0

g − T̄ 0
s , KF∗

dT̄ 0
g

dZ
= −T̄ 0

g + T̄ 0
s , (5.112)

and these admit a general solution

T̄ 0
s = b1 +KF∗b2 exp

(
KF∗ − 1

KF∗
Z

)
, T̄ 0

g = b1 + b2 exp

(
KF∗ − 1

KF∗
Z

)
, (5.113)

where b1 and b2 are constants to be determined. We notice that the position of the

boundary layer, xc, must depend on the sign of KF∗ − 1, and we consider the cases

Da (KF∗ < 1) and Db (KF∗ > 1) separately below. In case Da with KF∗ < 1, we

find that this boundary layer must be at the left side of the domain (region DaV),

whereas in case Db with KF∗ > 1, we must take xc = 1 so that the boundary layer

is region DbVI, on the right side of the domain. From the nondimensionalisation, we

see that

KF∗ < 1 if cp,gf < cp,susCs, (5.114)

and vice versa. Thus we are comparing the heat flux in the gas (left-to-right) with

that in the solid (right-to-left).
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5.6.2 Case Da: KF∗ < 1

If KF∗ < 1, then the heat flux in the solid is greater than that in the gas, and so the

overall heat transport is right-to-left.

5.6.2.1 Region DaV

From the form of the solution (5.113), we require that xc is on the left side of the

domain, so that the solution remains bounded as Z →∞ and we leave the boundary

layer, which is denoted region DaV in Figure 5.7.

As Z →∞, we have T̄ 0
s , T̄

0
g → b1, so in this case we must take

b1 = T̄ in, (5.115)

in order to satisfy the boundary condition at x = 1. The value of b2 is fixed by

matching at Z = 0, or x = xc. We notice that the difference in solutions at Z = 0 is

(T̄ 0
g − T̄ 0

s )
∣∣∣
Z=0

= (1−KF∗)b2 = O(1), (5.116)

thus Tg − Ts = O(ηD) at Z = 0. We must therefore have xc within the O(1/µ)

transition layer DIII about x1, in which Tg − Ts = O(ηD). Since Ts = ηD(1 +

ηD log(ηD)/A) +O(η2
D) (by (5.99)) throughout region DIII, we fix b2 by

b2 =
1

KF∗

(
1 + ηD

log(ηD)

A
− T̄ in

)
, (5.117)

so that the solutions (5.113) in this boundary layer region DaV (to the right of x = xc)

are

T̄ 0
s = T̄ in +

(
1 + ηD

log(ηD)

A
− T̄ in

)
exp

(
−1−KF∗

KF∗
Z

)
, (5.118a)

T̄ 0
g = T̄ in +

1

KF∗

(
1 + ηD

log(ηD)

A
− T̄ in

)
exp

(
−1−KF∗

KF∗
Z

)
. (5.118b)

At x = xc, or Z = 0, we have T̄ 0
g = (1 + ηD log(ηD)/A)/(KF∗). Imposing continuity

of Tg at x = xc determines the position of xc within region DIII, i.e., xc is the point

at which

T 0
g =

1 + ηD log(ηD)/A

KF∗
. (5.119)

Using the form of T 0
g given by (5.105), we find that

xc = x1 +
1

µ
KF∗ log

(
1

(1−KF∗)(1 + ηD log(ηD)/A)

)
. (5.120)
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5.6.2.2 Region DaIV

In order to match between the O(1/µ) regions DIII and DaV on either side of xc, we

must introduce a narrower transition layer of width O(ηD/µ) at x = xc, which we refer

to as region DaIV. In this region, we make the change of variables x = xc + ηDY/µ,

and set

Ts = ηD

(
1 +

ηD log(ηD)

A
+ ηDT̃s

)
. (5.121)

We also write f = f̃ , C = C̃, and Tg = ηDT̃g in region DaIV for clarity. The equations

(5.1) in region DaIV therefore become

−dC̃

dY
= −η2

DC̃ exp
(
A
(

1 + T̃s

))
+O(η3

D), (5.122a)

df̃

dY
= η2

DC̃ exp
(
A
(

1 + T̃s

))
+O(η3

D), (5.122b)

−C̃ dT̃s
dY

= δµη−1
D

d2T̃s
dY 2

+ T̃g −
(

1 + ηD

(
log(ηD)

A
+ T̃s

))
− γC̃ exp

(
A
(

1 + T̃s

))
+O(ηD), (5.122c)

K
d

dY
(f̃ T̃g) = η2

D

(
1 + ηD

(
log(ηD)

A
+ T̃s

))
C̃ exp

(
A
(

1 + T̃s

))
− ηD

(
T̃g −

(
1 + ηD

(
log(ηD)

A
+ T̃s

))
+O(η2

D)

)
. (5.122d)

We expand in powers of ηD, setting

T̃s = T̃ 0
s (Y ) +O(ηD), C̃ = C̃0(Y ) +O(ηD),

T̃g = T̃ 0
g (Y ) +O(ηD), f̃ = f̃ 0(Y ) +O(ηD).

(5.123)

From (5.122a), (5.122b), and (5.122d) at leading order, we then see that all of

C̃0 = 1, f̃ 0 = F∗, T̃ 0
g =

1 + ηD log(ηD)/A

KF∗
, (5.124)

are uniform over region DaIV, and we are left with a single ODE for T̃ 0
s . So long as

µ� ηDδ
−1, the solid temperature variation, T̃ 0

s , therefore satisfies the ODE

−dT̃ 0
s

dY
=

1−KF∗
KF∗

(
1 + ηD

log(ηD)

A

)
− γ exp

(
A(1 + T̃ 0

s )
)
. (5.125)

Equation (5.125) has a solution of the form

T̃ 0
s = −1− 1

A
log

(
γKF∗

(1−KF∗)(1 + ηD log(ηD)/A)

×
(

1 + E exp

(
(A+ ηD log(ηD))(1−KF∗)

KF ∗
Y

)))
, (5.126)
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where E is an integration constant. As with cases B and C, this thin transition

layer (analogous to regions BIII and CIII, respectively) simply acts to smooth the

transition between the neighbouring regions DIII and DaV. As in those cases, (5.126)

matches automatically to the left by construction, and the integration constant E is

fixed by matching with the O(η2
D) correction to the right, although we do not perform

this analysis, since, as in the previous cases, we must go to next order in all other

regions of the domain. If instead µ = O(δ−1ηD), then this transition layer DaIV has

width δ, and so the heat conduction term also enters the dominant balance in this

layer (yet remains negligible in all other regions DII–DIII and DaV–DaV’).

To the right of region DaV is region DaV’, filling the remainder of the domain.

This is essentially an extension of region DaV, in which all variables are uniform at

leading order, with C = 1 + O(ηD), f = F∗ + O(ηD), Ts = ηDT̄
in + O(η2

D), and

Tg = Ts +O(η2
D).

5.6.2.3 Composite solution

We can form a leading-order, composite, steady-state solution as follows. Since C = 1

at leading order in regions DIII-DaV’, the leading-order composite solution is simply

CDa = C0

(
x− s0

δ

)
+ Ĉ0(µ(x− s0))− C∞. (5.127)

The gas temperature is O(1) in regions DI and DII, but O(ηD) in regions DIII–DaV’.

Since we have not computed the O(ηD) correction in regions DI–DII, we assume that

this correction is ηD(1 + ηD log(ηD)/A) so that the composite solution is correct to

O(ηD) in regions DIII–DaV’. The composite solution is defined piecewise on either

side of the transition layer DaIV. The centre of this transition layer is xc, given by

(5.120), which is defined so that there is a continuous transition between Tg = ηDT 0
g

in region DIII and Tg = ηDT̄g in region DaV. For the composite solution, we choose to

define a slightly different changeover point x∗c = xc +O(ηD/µ), so that the composite

solution is continuous at this point. We therefore use

TDa
g =


T 0
g

(
x−s0
δ

)
+ T̂ 0

g (µ(x− s0))−Gs

+ηDT 0
g (µ(x− x1))− exp

(
− µ
KF∗

(x− x1)
)
, if x < x∗c ,

ηDT̄
0
g (µ(x− x∗c)), if x > x∗c ,

(5.128)

which, from the form of T 0
g in (5.105), simplifies to

TDa
g =

{
T 0
g

(
x−s0
δ

)
+ T̂ 0

g (µ(x− s0))−Gs + ηD

(
1 + ηD

log(ηD)
A

)
, if x < x∗c ,

ηDT̄
0
g (µ(x− x∗c)), if x > x∗c .

(5.129)
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The solid temperature is similarly O(1) in region DI, but O(ηD) everywhere else. As

in previous cases, we set the O(ηD) correction in region DI to be ηD(1+ηD log(ηD)/A)

so that the composite solution is accurate to O(ηD) in regions DII–DaV’. We neglect

the O(η2
D) corrections in regions DII and DIII for this composite solution. We form

the leading-order composite solution:

TDa
s =

{
T 0
s

(
x−s0
δ

)
+ ηD

(
1 + ηD

log(ηD)
A

)
, if x < x∗c ,

ηDT̄
0
s (µ(x− x∗c)), if x > x∗c .

(5.130)

5.6.3 Case Db: KF∗ > 1

In the case KF∗ > 1, the heat flux in the gas is greater than in the solid. We therefore

require the position of the boundary layer over which Ts decays to T in
s to be at the far

right of the domain, at xc = 1. This is so that the variable Z < 0, and the solution

(5.113) is bounded as we leave the boundary layer (Z → −∞). This boundary layer

is therefore region DbVI in Figure 5.7.

In this case, we notice that as Z → −∞, both T̄ 0
s , T̄

0
g → b1, so that far from x = 1,

we have Tg − Ts = O(η2
D). In region DIII, we have Tg − Ts = O(ηD). We therefore

cannot match directly with region DIII: there must be another region within which

Ts − Tg = O(η2
D). We denote this region DbIV.

5.6.3.1 Region DbIV

We note that equations (5.100) of region DIII hold so long as Tg − Ts � η2
D. As Tg

is decaying through region DIII, Tg − Ts is decreasing. At the point where Tg − Ts =

O(η2
D), the advection (term 1 in (5.3)) must also be included in the dominant balance.

From (5.105), we see that Tg − Ts = η2
D when

exp

(
− 1

KF∗
z

)
= ηD, (5.131)

i.e., at the point

z∗ = −KF∗ log(ηD). (5.132)

Like y∗ given by (5.98), we note that z∗ = O(− log(ηD)) is large. Strictly speaking,

there is therefore another region DbIII’ with lengthscale O(− log(ηD)/µ) to the right

of region DIII, but since this is an extension of DIII (the same equations hold, simply

over a longer lengthscale), we do not analyse this region separately. Although z∗ is

large, in the original variables, this is the point x2 := s0 + (y∗ + z∗)/µ � 1, since
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µ � − log(ηD). Thus x2 remains within the O(− log(ηD)/µ) boundary layer around

x = s0.

Region DbIV is the transition layer around the point x2, in which all the terms 1,

3, 4, and 5 balance in the solid heat equation (5.3). Since Tg − Ts = O(η2
D) in region

DbIV, we make the change of variables

Ts = ηD

(
1 + 2ηD

log(ηD)

A
+ ηD

τs
A

)
, Tg = ηD

(
1 + 2ηD

log(ηD)

A
+ ηD

τg
A

)
,

(5.133)

so that at leading order both Ts and Tg are uniform through region DbIV. The heat

exchange terms (3 and 4) now combine to be O(µη2
D), and the heat lost to the chemical

reaction, term 5, is likewise O(µη2
D), since

Q(C, Ts) = δµ
(
η2
DCe

A+τs +O(η3
D)
)
. (5.134)

As in regions DII and DIII, we require an O(1/µ) lengthscale to balance advection

and heat transfer terms in the gas heat equation. With the change of variables

x = x2 + Z/µ, and writing C = C̄, f = F̄ for clarity of notation, equations (5.1) in

region DbIV become

− dC̄
dZ

= −η2
DC̄eA+τs +O(η3

D), (5.135a)

dF̄
dZ

= η2
DC̄eA+τs +O(η3

D), (5.135b)

−C̄dτs
dZ

= δµ
d2τs
dZ2

+ τg − τs − γAC̄eA+τs +O(ηD), (5.135c)

K
d

dZ
(F̄τg) = ηD(A+ 2ηD log(ηD) + ηDτs)C̄eA+τs − (τg − τs) +O(η2

D). (5.135d)

We expand in powers of ηD, taking

τs = τ 0
s (Z) +O(ηD), C̄ = C̄0(Z) +O(ηD),

τg = τ 0
g (Z) +O(ηD), F̄ = F̄0(Z) +O(ηD).

(5.136)

At leading order in (5.135a) and (5.135b), respectively, we find that C̄0 = 1 is constant,

fixed by matching to the right, while F̄0 = F∗ is uniform, fixed by matching with

region DIII to the left. At leading order, equations (5.135c)–(5.135d) become

− dτ 0
s

dZ
= (τ 0

g − τ 0
s )− γAeA+τ0s , KF∗

dτ 0
g

dZ
= −(τ 0

g − τ 0
s ). (5.137)

This transition region DbIV plays the same role as regions BIII, CIII, and DaIV, in

cases B, C, and Da, respectively. It is in this region that term 1 enters the dominant
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Figure 5.8: Phase plane for the steady-state system (5.138). Nullclines are in black
and trajectories in blue. The green dashed curve is the line τ 0

g = τ limit
g (τ 0

s ) given by
(5.141). We take physically relevant values γ = A = 1 and KF∗ = 1, so that c1 = 2,
and c2 = 5.44.

balance of (5.3), while term 5 leaves the dominant balance. However, while Tg is

uniform at leading order over the transition region DbIV, we must solve for the

variation, τ 0
g , simultaneously with the solid temperature variation, τ 0

s , via the coupled

system (5.137), rather than solving a single ODE for the solid temperature variation,

as we did in regions BIII, CIII, and DaIV.

While we cannot solve the system (5.137) explicitly, we can study solutions using a

phase-plane analysis. We first rescale Z̄ = KF∗Z so that the system (5.137) becomes

dτ 0
s

dZ̄
= −c1(τ 0

g − τ 0
s ) + c2e

τ0s ,
dτ 0

g

dZ̄
= −(τ 0

g − τ 0
s ). (5.138)

in terms of the two parameters c1 = KF∗ and c2 = KF∗γAe
A. Solutions of this

system (5.138) are shown as trajectories in the phase-plane diagram in Figure 5.8.

The black lines shown in Figure 5.8 are the nullclines

τ 0
g = τ 0

s and τ 0
g = τ 0

s +
c2

c1

eτ
0
s , (5.139)

on which dτg/dZ̄ = 0 and dτs/dZ̄ = 0, respectively. As Z̄ → −∞, both τ 0
s and

τ 0
g must grow exponentially, in order to match with region DIII. From the phase-

plane diagram in Figure 5.8, we see that all such trajectories follow just above the
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dτ 0
s /dZ̄ = 0 nullcline as Z̄ → −∞. This is to be expected, since the advection term

1 must become small as Z̄ → −∞ in order to obtain the dominant balance between

terms 3 and 5 in DIII. We observe in Figure 5.8 that these trajectories stay just

above the dτ 0
s /dZ̄ = 0 nullcline, before either peeling away to the left, or turning the

corner and crossing both nullcines, eventually approaching curves with τ 0
g equal to

a constant. In order to match to the right of region DbIV, the solution trajectory

must not cross the nullclines, so that τ 0
g > τ 0

s everywhere, and both τ 0
g , τ

0
s → −∞ as

Z̄ →∞.

The trajectories do not cross the nullclines for any Z̄, provided that the inequality

dτ 0
g

dZ̄

/
dτ 0

s

dZ̄
=

dτ 0
g

dτ 0
s

<
d

dτ 0
s

(
τ 0
s +

c2

c1

eτ
0
s

)
(5.140)

holds at all points on the solution trajectory. Substituting in the derivatives from

(5.138), we see that (5.140) reduces to the inequality

τ 0
g >

(c1τ
0
s + c2e

τ0s )
(

1 + c2
c1
eτ

0
s

)
− τ 0

s

c1 + c2eτ
0
s − 1

=: τ limit
g . (5.141)

The trajectory τ 0
g = τ limit

g (τ 0
s ) is plotted as the dashed green curve in Figure 5.8, and

is seen to divide the trajectories crossing the nullclines from those remaining above

them. As τ 0
s →∞, we have

τ limit
g ∼ τ 0

s +
c2

c1

eτ
0
s +

1

c1

+ · · · . (5.142)

Therefore, as long as τ 0
g > τ 0

s + γ exp (A(1 + τ 0
s )) + 1/c1 in the limit as Z̄ → −∞

(which must be true from the matching with region DIII), the trajectories never cross

the nullclines.

We notice that, on these trajectories, τ 0
s becomes negative as Z̄ → ∞, and so

the exponential term in (5.138), representing the heat consumed by the chemical

reaction, becomes exponentially small in this limit. As Z̄ → ∞, we therefore see

by combining (5.138) that τ 0
s − c1τ

0
g approaches a constant, so that the trajectories

approach straight lines, as can be seen in Figure 5.8. We also notice that some such

trajectories follow the curve τ limit
g (τ 0

s ) for a long time before peeling off to the τ 0
s −c1τ

0
g

behaviour. The curve τ limit
g (τ 0

s ) approaches the nullclines as both τ 0
s and τ 0

g decrease

below zero, and the nullclines become closer together. Thus on these trajectories

remaining close to τ limit
g (τ 0

s ), both the exponential chemical reaction term in (5.138)

and the heat transfer terms τ 0
g − τ 0

s are very small, so that both dτ 0
g /dZ̄ and dτ 0

s /dZ̄

are small. The solution we are concerned with must lie on one of these very slowly
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moving trajectories, since τ 0
g − τ 0

s cannot grow until we reach the boundary layer

region DbVI. Thus the transition layer region DbIV must actually extend fully into

region DbV, which may equally be considered a subregion of either DbIV or DbVI.

5.6.3.2 Regions DbV and DbVI

To the right of region DbIV, the heat lost to the chemical reaction, term 5 in (5.3),

is not included in the dominant balance, so the system is purely advective, until the

heat transfer between phases becomes important again in region DbVI. Thus in region

DbV all dependent variables are constant at leading order, namely

Ts = Tg = ηD

(
1 + 2ηD

log(ηD)

A

)
, f = F∗, C = 1, (5.143)

where we have fixed the constants f = F∗ by matching with region DbIV, and C = 1

by matching with region DbVI.

Using this behaviour in region DbV, we may complete our solution in region DbVI.

By matching between regions DbV and DbVI, we find

b1 = 1 + 2ηD
log(ηD)

A
, (5.144)

and applying the boundary condition T̄s = T̄ in at Z = 0, we find

b2 =
1

KF∗
(T̄ in − a1) =

1

KF∗

(
T̄ in − 1− 2ηD

log(ηD)

A

)
. (5.145)

Thus, in region DbVI,

T̄s = 1 + 2ηD
log(ηD)

A
+

(
T̄ in − 1− 2ηD

log(ηD)

A

)
exp

(
KF∗ − 1

KF∗
Z

)
, (5.146)

T̄s = 1 + 2ηD
log(ηD)

A
+

1

KF∗

(
T̄ in − 1− 2ηD

log(ηD)

A

)
exp

(
KF∗ − 1

KF∗
Z

)
, (5.147)

completing the analysis of case Db.

5.6.3.3 Composite solution

We can therefore construct a leading-order, steady-state composite solution for case

Db. Since C and f are everywhere O(1), and are constant to leading order in regions

DIII–DbVI, the composite expansions are simply

CDb =C0

(
x− s0

δ

)
+ Ĉ0 (µ(x− s0))− C∞, (5.148)

fDb =f 0

(
x− s0

δ

)
+ f̂ 0 (µ(x− s0))− Fs. (5.149)
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Both Ts and Tg are O(1) at x = s, but become O(ηD) as we move further into the

domain. As in the previous cases there is freedom to choose a composite solution.

Since Ts ∼ ηD is uniform through regions DII–DbV, we use the composite solid

temperature

TDb
s =T 0

s

(
x− s0

δ

)
+ ηDT̄

0
s (µ(x− 1)) , (5.150)

so that Ts is accurate with error O(ηD) in region DI, with error O(η2
D) in regions

DbIV–DbVI, but with O(ηD log(ηD)) error in regions DII–DbIII. Similarly, we choose

the composite gas temperature

TDb
g =T 0

g

(
x− s0

δ

)
+ T̂ 0

g (µ(x− s0))−Gs + ηDT̄
0
g (µ(x− 1)) , (5.151)

accurate to O(ηD) in regions DI–DII, to O(ηD log(ηD)) in region DIII, and to O(η2
D)

in regions DbIV–DbVI.

5.7 Case E: µ = O(δ−1), large heat transfer

In this section we study the behaviour of solutions of (5.1) for large µ = O(δ−1). As

for case D above, the heat transfer between the phases is large enough that over the

majority of the domain the solid and gas temperatures are the same. Now, however,

the two temperatures may only differ at leading order in regions of width O(δ).

In particular, heat is transferred between phases in the conduction boundary layer,

region EI, at x = s. Therefore, unlike in all previous cases A–D, we can no longer

decouple the gas and solid equations in region EI. In the previous cases, we used the

notation Fs and Gs given by (5.51) for the leading-order flux and temperature of gas

leaving region I, respectively. We use the different notation f∞ and T∞g for case E to

highlight that the far-field forms (5.51) no longer hold for case E.

As in case D, we find that the structure of the solution outside of region EI

depends on the direction of the characteristic curves for the temperature problem,

in relation to the speed of the free boundary ṡ. In particular, we find two distinct

steady-state regimes for the cases where Kf∞ − 1 either is negative (which we call

case Ea) or positive (case Eb). The case Da with KF∗ < 1 is related to the case Ea

with Kf∞ < 1, as µ increases, and we can similarly relate cases Db and Eb. The

structures of the two types of steady-state solution in case E are illustrated in Figure

5.9, and the changes of variable are summarised in Table 5.5. For non-steady solutions

there are a number of additional possible solution structures, which we will discuss
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(a) Case Ea, with Kf∞ < 1.

EbI EbII EbIII

O(δ)

x = s x = 1

x

θ∗

T in

1

O(δ)

Cs

Ts
Tg

(b) Case Eb, with Kf∞ > 1.

Figure 5.9: Schematic diagrams illustrating the asymptotic solution structures, in
steady state, for case E, where µ = O(δ−1). Time dependent solutions may have
these, or other structures.

Region Spatial Variable Size of Q Dominant Dependent
terms in (5.3) Variables

EI x = s+ δX Q = O(1) 1, 2, 3, 4, 5 C, f , Ts, Tg
EaII x Q� δT in 1 C = 1, f = f∞,

Ts = Tg = T in

EbII x Q = O(δθ2
∗) 1, 5 C = 1 + θ2

∗Ĉ,

Ts = Tg = θ∗(1 + θ∗T̂ )

EbIII x = 1− δY Q� δθ2
∗ 1, 2 C = 1, f = f∞,

Ts = θ∗T̄s, Tg = θ∗T̄g

Table 5.5: Summary of the notation in each asymptotic region in the cases Ea (µ =
O(δ−1), Kf∞ < 1) and Eb (µ = O(δ−1), Kf∞ > 1), corresponding to the diagrams
in Figure 5.9.

in Section 5.7.2, but for simplicity we will focus on the steady-state structures. Since

in this section we assume µ = O(δ−1), we change notation and write µ = Mδ−1, for

M = O(1).

5.7.1 Region EI

As usual we look for a boundary layer, region EI, of width O(δ) at x = s, setting

x = s + δX. Unlike the previous cases, we now have heat transfer between the solid

and gas phases on the O(δ) lengthscale, and so the solid and gas equations in region

EI do not decouple. At leading order in δ, the equations in region EI are quasi-steady,

so that we have f = f∗ + (1 + ṡ)(C − C∗) +O(δ) in region EI. To leading order in δ,

the equations for C, Ts, and Tg are

−(1 + ṡ)
∂C

∂X
= −C exp

(
A

(
1− 1

Ts

))
, (5.152a)
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−(1 + ṡ)C
∂Ts
∂X

=
∂2Ts
∂X2

+M(Tg − Ts)− γC exp

(
A

(
1− 1

Ts

))
, (5.152b)

K
∂

∂X
(fTg) = TsC exp

(
A

(
1− 1

Ts

))
−M(Tg − Ts), (5.152c)

with boundary conditions

C = C∗, Ts = Tg =
ρ

s
at X = 0. (5.152d)

We have neglected the O(δ) terms in (5.152), but the error may be greater than O(δ),

depending on the far-field behaviour/matching of this system, as we will discuss in

Section 5.7.2. We note that all the physical processes come into the dominant balance

in this boundary layer EI, except for the time derivatives.

The system (5.152) is closed by applying appropriate matching conditions as X →
∞, but it is not immediately clear what the correct conditions are. In the far field,

as X → ∞, we require that the chemical reaction rate becomes small in order that

the rate of change of C becomes small. This means we expect Ts to be small as we

leave the boundary layer. Using the far-field conditions

Ts → 0, C → C∞(t) as X →∞, (5.153)

as in cases C and D, where C∞(t) is to be determined, the system (5.152) may be

shown to be correctly specified by a similar argument to that in Appendix A, so long

as

K (f∗ + (1 + ṡ)(C∞ − C∗)) < (1 + ṡ)C∞, (5.154)

where, as always, s is found as part of the solution of the region-I problem. Since

ṡ and C∞ are functions of time, we note that (5.154) may hold for certain times,

and not others. This condition (5.154) is precisely the requirement that, in the far-

field of the moving boundary layer EI, the heat flux left-to-right in the gas is less

than the heat flux right-to-left in the solid. Thus the far-field conditions (5.153) can

only be imposed if the overall direction of heat flow is right-to-left within the moving

boundary layer, i.e., into the boundary layer. In this case, we note that the conditions

(5.153) ensure that Tg → 0 as X → 0 also, and so Ts − Tg → 0 in the far-field limit.

We restrict to the case K < 1 which is relevant for the silicon furnace (in Chapter

3 we found K = 0.66), noting that in this case

C∞ −K(C∞ − C∗) = C∞(1−K) + C∗ > 0 (5.155)

is positive. In this case, the inequality (5.154) may therefore be rearranged to

ṡ > −1 +
Kf∗

C∞ −K(C∞ − C∗)
=: U(C∞), (5.156)

140



i.e., the matching conditions (5.153) are appropriate if the position of the free bound-

ary does not decrease too rapidly.

We note that (regardless of the size of µ) for physically relevant solutions we

require ṡ > −1, since the fastest the free boundary can move inwards is the speed

of the solid material. Since K > 1, we see from (5.156) that U > −1. Thus we

expect both the situations when (5.156) does and does not hold to be possible, and

physically relevant. If (5.156) does not hold, so that ṡ < U , the far-field conditions

(5.153) cannot be imposed. The overall direction of heat transfer in the far field of the

boundary layer is now left-to-right, and so we must understand the decay behaviour

of the region EI problem, in order to choose the correct far-field conditions. Since

all physical effects are included in the region EI equations (5.152), in the far field

we will simply have some of these effects dropping out of the dominant balance as

the lengthscale becomes large. We will find the appropriate far-field behaviour of the

region EI model by examining the system on greater lengthscales.

5.7.2 The O(1) domain

We now investigate the behaviour in the majority of the domain for either of the

cases ṡ > U or ṡ < U . On an O(1) lengthscale, we note from the mass equations

(5.1a)–(5.1b) that the chemical reaction rate must be small, at most O(δ). Since the

chemical reaction rate is small, Ts must be small. We suppose that Ts = O(θ) for

some small θ � 1 to be determined. From the (dominant) M(Tg − Ts) term in either

energy equation (5.1c) or (5.1d), we must therefore have Tg = O(θ), as well. By

balancing the advection or chemical reaction terms in the solid heat equation, we see

that the difference Tg − Ts must be at most order

ε := max

(
δθ, exp

(
−A
θ

))
� θ, (5.157)

so that the two temperatures are equal at leading order in θ. Thus the model (5.1)

reduces to a single-temperature system over O(1) lengthscales.

Specifically, we write Ts = θT + εT 1
s and Tg = θT + εT 1

g . Adding the two heat

equations (5.1c) and (5.1d) together, the convective heat transfer between the phases

cancel, and we obtain a single equation for the leading-order temperature T , namely

δθ

(
∂

∂t
(CT ) +

∂

∂x

(
(Kf − C)T

))
= −γC exp

(
A

(
1− 1

θT

))
. (5.158)

Here we have absorbed the term for the heat transfer between phases due to the

mass transfer into the advection term, by using the solid mass equation (5.1a). We
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have neglected the heat diffusion term, which is always smaller than the advection

term on lengthscales greater than O(δ). Only the two remaining terms in (5.158)

— heat advection, and heat consumed by chemical reaction — can possibly enter

the dominant balance, and we must choose the appropriate θ to ensure the correct

balance. We will see that the O(ε) correction is smaller than the corrections due to

other effects, and so the single-temperature model (5.158) is indeed valid. We note

that equation (5.158) is a first-order, hyperbolic equation for T , and so our entire

system is hyperbolic on the O(1) lengthscale: the C characteristic curves travel right-

to-left, the f characteristic curves travel left-to-right, and the T characteristic curves

from (5.158) travel in direction Kf − C. The correct choice of scaling θ, and so the

balance in (5.158), depends on the direction of the T characteristics, and hence on

the sign of Kf − C.

We notice that the chemical reaction rate must be at most order δθ over this

O(1) lengthscale in order to be balanced by the advection term in (5.158). From the

equations of conservation of mass (5.1a)–(5.1b), this means that both C and f are

uniform at leading order in θ over O(1) domains. We will later see that there are no

regions of O(1) variation in C or f outside of region EI, and thus both

C = 1 + εCĈ and f = f∞(t) + εC f̂ (5.159)

are uniform at leading order over the entire O(1) domain x > s(t). Here the scaling

εC � 1 of the correction terms is yet to be determined. This depends on which

boundary the T characteristic curves originate: we will find εC ∼ δ−1Q(T in) = o(T in)

for when these originate at the x = 1 boundary, and εC is given by (5.170) when

these originate at x = s (in either case εC � ε, the error in the single-temperature

approximation, defined by (5.157)). In (5.159) we have fixed C∞ = 1 at leading order

using the boundary condition at x = 1, and the uniform (but not constant in time)

f∞(t) = f∗ + (1 + ṡ(t))(1− C∗), (5.160)

by matching with the boundary layer EI as X → ∞. Thus the direction of the

characteristic curves for T are uniform over the entire O(1) domain, and are given by

Kf − C = Kf∞(t)− 1 +O(εC). (5.161)

Since the characteristic curve slopes depend only on time and do not vary spatially,

we do not expect characteristic curves to cross anywhere in the domain.

We will have different behaviour (and different θ scalings) in regions where the

characteristics of (5.158) originate at different boundaries of the (x, t) domain. We
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note that these T -characteristic curves, with gradient Kf∞−1, can originate at x = 1

only if Kf∞ < 1, or equivalently only if

ṡ < V :=
1−K(f∗ + (1− C∗))

K(1− C∗)
. (5.162)

Also, characteristic curves can originate at x = s(t) only if Kf∞ − 1 > ṡ, or equiva-

lently (since we are assuming throughout that K < 1) only if

ṡ < U, (5.163)

where (in a slight abuse of notation) we write U := U |C∞=1 for the function U(C∞)

defined as in (5.156), evaluated at C∞ = 1. Thus characteristic curves in the outer

domain originate at x = s if and only if the heat transfer is left-to-right in the far-field

of the (moving) boundary layer EI. We note that U and V have opposite signs: if (as

in case Ea) K(f∗ + 1 − C∗) < 1 then V > 0, and by rearranging U given by (5.156)

(with K > 1) we have U < 0. Conversely if (as in case Eb) K(f∗ + 1− C∗) > 1 then

U > 0 > V . For either sign of K(f∗ + 1 − C∗) − 1, there are a variety of solution

structures depending on which, if any, of (5.162) and (5.163) hold, since (5.162)

and (5.163) are neither mutually exclusive nor mutually inclusive. In particular, the

steady-state solutions in the cases Ea and Eb, are illustrated in Figures 5.9a and

5.9b. The characteristic diagrams for the T problem (5.158), showing the different

structures possible (in the general, non-steady case), are presented in Figure 5.10. As

ṡ changes continuously in time, there are other structures possible than those shown

here.

We consider regions with characteristic curves originating at x = 1 and x =

s separately, as the temperature scaling θ, and so too the solution behaviour, is

different in these two cases. To fully determine the non-steady solutions, we should

also investigate the case when characteristic curves originate at the t = 0 axis in

the diagrams of Figure 5.10. The solution in this case is determined by the initial

conditions, in particular on the magnitude of the temperature, but for simplicity we

do not discuss this here.

5.7.2.1 T characteristics originate at x = 1

In a region with the characteristics originating from x = 1, since T = T in at x = 1,

we take θ = T in � 1. Since Q(T in)� δT in, the chemical reaction terms in both the

heat and mass equations are negligible, and so at leading order (expanding in powers

of T in) we find Ts = Tg = T in, and of course as above we have C = 1 and f = f∞
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U > 0 > V :

t
x = 1

V > 0 > U > ṡ V > ṡ > U ṡ > V > 0 > U

U > 0 > V > ṡ U > ṡ > V ṡ > U > 0 > V

case (a)

case (b)

x = s(t)
x

V > 0 > U :

Figure 5.10: Characteristic diagrams in the cases V > 0 > U and V < 0 < U , for
different sizes of ṡ. The red characteristics mark the boundaries between regions with
the characteristics originating at different boundaries of the domain, or at the initial
data. In general, we expect to have different dominant behaviour on either side of
these bounding characteristics.

throughout this region. This is true for the steady-state case Ea, with Kf∞ < 1. The

leading-order, steady-state, composite solution in this case is given in (5.185) below.

5.7.2.2 T characteristics originate at x = s(t)

In a region where the characteristics originate at x = s, then the temperature scaling

θ must be determined by the temperature leaving the boundary layer EI. We suppose

that the temperature is approximately constant, and make the changes of variables

T = θ(1 + εT T̂ ) for some small θ, εT � 1, and C = 1 + εCĈ and f = f∞ + εC f̂ , for

εC � 1. We look for values of θ, εT , and εC in terms of δ that give a valid dominant

balance in (5.158) with the mass equations on the O(1) lengthscale. Retaining only

the leading-order part of the each term (and neglecting the negligibly small diffusion

term), the equations of mass conservation (5.1a)–(5.1b) and equation (5.158) become

δεC

(
∂Ĉ

∂t
− ∂Ĉ

∂x

)
= − exp

(
−A
θ

)
exp

(
A
(

1 +
εT
θ
T̂
))

, (5.164)

δεC
∂f̂

∂x
= exp

(
−A
θ

)
exp

(
A
(

1 +
εT
θ
T̂
))

, (5.165)
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δθ

(
εC

(
∂Ĉ

∂t
+

∂

∂x
(Kf̂ − Ĉ)

)
+ εT

(
∂T̂

∂t
+ (Kf∞ − 1)

∂T̂

∂x

))

= −γ exp

(
−A
θ

)
exp

(
A
(

1 +
εT
θ
T̂
))

. (5.166)

Since T̂ may be positive or negative, we need εT ≤ θ for a valid balance. We take

εT = θ for the distinguished limit. Our scalings are only sensible in (5.164)–(5.165)

if δεC ≥ exp(−A/θ). For an overall dominant balance, the chemical reaction term

must balance the T̂ advection term in (5.166). We therefore require that θ = θ∗ is

the solution of

δθ2
∗e
A/θ∗ = 1. (5.167)

There are two positive solutions of (5.167), similarly to the two solutions for ηB given

by (5.20) in case B. As in case B, we require the smaller root, given in terms of the

Lambert W branch W−1. Expanding this root of (5.167) in δ � 1, we find

θ∗ =
−A

2W−1

(
−A

2

√
δ
) =

A

log(1
δ
)

(
1 +

log(log(δ)2)

log(δ)
+ · · ·

)
, (5.168)

so that θ∗ → 0 as δ → 0. As an aside, we also note that the temperature through the

majority of the domain in case Db is

ηD

(
1 + 2ηD

log(ηD)

A

)
=

A

log
(

1
δµ

) (1 +
log (log(δµ)2)

log(δµ)
+ · · ·

)
, (5.169)

which is the same as θ∗ to leading order, since we had µ� δ−1 in case Db. Indeed all

of ηB, ηC , ηD ∼ A/(− log(δ)) at leading order, although the correction terms differ,

and, being logarithmic, are not particularly small.

Given this balance in (5.166), we may choose εC to balance (5.164), and thus we

find that

εC = θ2
∗. (5.170)

We note that the correction terms in case Eb are therefore εC = θ∗εT = θ2
∗ � ε,

for the error ε defined in (5.157), in assuming that Ts = Tg = T , validating our

single-temperature model. At leading order in θ∗, the equations (5.164)–(5.166) then

become

∂Ĉ

∂t
− ∂Ĉ

∂x
= − exp

(
A
(

1 + T̂
))

,
∂f̂

∂x
= exp

(
A
(

1 + T̂
))

, (5.171)

∂T̂

∂t
+ (Kf∞ − 1)

∂T̂

∂x
= −γ exp

(
A
(

1 + T̂
))

. (5.172)
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Solving (5.172) by the method of characteristics, we find the characteristic curves,

parameterised by ξ and the time t0 at which x = s0,

t(ξ, t0) = ξ + t0, (5.173)

x(ξ, t0) = s(t0) +

∫ ξ

ξ̂=0

[
K
(
f∗ + (1 + ṡ(ξ̂ + t0))(1− C∗)

)
− 1
]

dξ̂. (5.174)

Along these characteristic curves,

T̂ (ξ) = − 1

A
log
(
AeAγξ

)
. (5.175)

Here we have fixed the constant of integration so that T̂ blows up as ξ → 0, i.e., as

the characteristic curve approaches x = s0. We may then find Ĉ and f̂ from (5.171),

with the requirements that Ĉ = 0 at x = 1 and f̂ = 0 at x = s(t).

In particular, in steady state, the full solution is

T = θ∗ −
θ2
∗
A

log

(
AγeA

KF∞ − 1
(x− s)

)
, C = 1 + θ2

∗
Kf∞ − 1

Aγ
log

(
x− s
1− s

)
, (5.176)

(and, as always in steady state, f = f∗ + C − C∗). Specifically, this is the region

EbII solution in the steady-state case Eb, illustrated in Figure 5.9b, since in case Eb,

characteristic curves originate at x = s and end at x = 1. Given this steady-state

solution, we may impose this as the far-field behaviour for region EbI. Since equation

(5.152a) is first order in C, we prescribe the leading-order far-field behaviour

C → 1 as X →∞, (5.177)

while for the Ts boundary condition, we can impose the correct far-field balance

(Kf∞ − 1)
dTs
dX

+ γ exp

(
A

(
1− 1

Ts

))
→ 0 as X →∞. (5.178)

We note that when characteristics of the outer problem move into region I, the

leading-order problem (5.152) is accurate to order θ � 1, because the temperature

(which is order θ) outside the boundary layer induces a switchback correction within

the boundary layer. In particular, in the steady-state case Ea, we found θ = T in, and

thus the switchback error in case Ea is O(T in). Conversely, when ṡ < U and so the

characteristics of the outer problem originate at x = s, the boundary conditions are

given by (5.177)–(5.178), and we do not have a switchback correction due to the outer

region. Instead the main source of error is the O(θ2
∗) error in the far-field boundary

condition (5.177) for C.
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5.7.3 Region EbIII

In situations where characteristics start at x = s and end at x = 1 (such as in the

steady-state case Eb in Figure 5.9b), we must introduce a boundary layer at x = 1 of

width O(δ), in order to impose the boundary condition T = T in at x = 1. (In steady

state, we denote this boundary layer region EbIII.) We make the change of variables

x = 1− δY , and set

Ts = θ∗T̄s, Tg = θ∗T̄g, (5.179)

for T̄s < 1. The chemical reaction rate is then

Q̄ ∼ exp

(
− A

θ∗T̄s

)
� e−A/θ∗ = δθ2

∗, (5.180)

by definition of θ∗. Thus the chemical reaction rate is small, so that C = 1 + O(θ2
∗)

and f = f∞ +O(θ2
∗) are uniform to leading order in the boundary layer. We expand

T̄s = T̄ 0
s (Y, t) +O(θ∗), T̄g = T̄ 0

g (Y, t) +O(θ∗). (5.181)

At leading order in the heat equations (5.1c) and (5.1d), we find the quasi-steady

equations

∂T̄ 0
s

∂Y
=
∂2T̄ 0

s

∂Y 2
+M(T̄ 0

g − T̄ 0
s ), Kf∞

∂T̄ 0
g

∂Y
= M(T̄ 0

g − T̄ 0
s ), (5.182a)

(the time-dependence is through f∞(t)), with boundary conditions

T̄ 0
s =

T in

θ∗
at Y = 0, T̄ 0

s , T̄
0
g → 1 as Y →∞. (5.182b)

The solution of (5.182) is

T̄ 0
s = 1−

(
1− T in

θ∗

)
exp (χY ) , T̄ 0

g = 1 +
χ− 1

Kf∞

(
1− T in

θ∗

)
exp (χY ) , (5.183)

where the function of time χ(t) is given by

χ =
1

2

(
M

Kf∞
+ 1

)
− 1

2

√(
M

Kf∞
− 1

)2

+ 4M. (5.184)

5.7.4 Composite solutions for cases Ea and Eb

In case Ea, the characteristic curves originate at x = 1, and so all dependent variables

are uniform to leading order outside region EI. In this case the steady-state composite

solution is

CEa = C0

(
x− s0

δ

)
, TEa

s = T 0
s

(
x− s0

δ

)
+ T in, TEa

g = T 0
g

(
x− s0

δ

)
+ T in.

(5.185)
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I II

O(δ)

x = s x = 1

x

θ

T in

1

O(
√
δ)

x = x0(t)

Cs

Ts
Tg

Figure 5.11: Schematic in a case where characteristics originate at both x = 1 and
x = s(t) (with initial condition T = T in for x > s).

The steady-state composite solution in case Eb, when characteristics originate at

x = s, is

CEb = C0

(
x− s0

δ

)
, (5.186a)

TEb
s = T 0

s

(
x− s0

δ

)
+ θ∗T̄

0
s

(
1− x
δ

)
− θ∗, (5.186b)

TEb
g = T 0

g

(
x− s0

δ

)
+ θ∗T̄

0
g

(
1− x
δ

)
− θ∗. (5.186c)

5.7.5 Additional structures in some time-dependent cases

Some time-dependent solutions will have the same structure as the steady-state cases

Ea and Eb. Additional structures are also possible in situations where characteristic

curves originate at both x = 1 and x = s. The boundary between these regions is the

characteristic curve (5.174) which comes from x = s at the point where ṡ = min(U, V )

and subsequently ṡ < min(U, V ) (shown in red in Figure 5.10). We denote this

dividing characteristic curve by x0(t). Around this characteristic curve, there must

be a thin layer in which diffusion comes back into the dominant balance, in order to

smooth out the discontinuity between the two regions. Changing variables to move

with the dividing characteristic curve, we set x = x0(t) + ξy for some lengthscale

ξ to be determined, and T = θ∗T̃ . The advection term is lost in this change of

variables, and thus we require a balance between diffusion and the time-derivative

of T̂ at leading order. The lengthscale of such a transition layer must therefore be

ξ =
√
δ, and in this transition layer we obtain the leading-order problem

∂T̃

∂t
=
∂2T̃

∂y2
, T̃ → 1 as y → −∞, T̃ → T in

θ∗
as y →∞, (5.187)
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along with an initial condition at the point where x0 = s. A similarity solution of the

form

T̃ = 1−
(

1− T in

θ∗

)
erf

(
y

2
√
t

)
(5.188)

may be appropriate at late times. A schematic of the solution structure in this case

is shown in Figure 5.11.

Combining the analyses above we can understand the time-dependent solutions

from a number of initial states and values of ṡ. Of course, ṡ is found as part of the

solution of the boundary layer problem (5.152), so that the solution structure may

change at different times, and not all ranges of ṡ considered in this chapter may be

obtainable from physically relevant initial conditions.

5.8 Case F: µ� δ−1, very large heat transfer

In this section we consider µ � δ−1, so that the heat transfer between phases is

the dominant term in each of the heat equations, unbalanced by any other term on

lengthscales greater than O(µ−1). Thus, on lengthscales greater than O(µ−1), we

must have a single temperature Ts = Tg =: T with O(µ−1) corrections. Writing

Ts = T + µ−1T 1
s and Tg = T + µ−1T 1

g , and adding the two heat equations at leading

order in µ−1, as in case E, we are left with a single equation for T ,

δ

(
∂

∂t
(CT ) +

∂

∂x
((Kf − C)T )

)
= δ2∂

2T

∂x2
− γC exp

(
A

(
1− 1

T

))
. (5.189a)

As in case E, we have absorbed the term for the heat transfer between phases due to

the mass transfer into the advection term, by using the solid mass equation (5.1a).

Since Ts = T +O(µ−1), the equations of conservation of mass, (5.1a) and (5.1b), may

be written, to leading order in µ−1, as

δ

(
∂C

∂t
− ∂C

∂x

)
= −C exp

(
A

(
1− 1

T

))
, (5.189b)

δ
∂f

∂x
= C exp

(
A

(
1− 1

T

))
. (5.189c)

The equations (5.189) are valid — at leading order in µ−1 — in the entirety of the

domain except in boundary layers of width O(µ−1), in which Ts and Tg may differ at

leading order. Since at x = s we have imposed Ts = Tg = ρ/s are equal, we do not

encounter any such regions, and the system (5.189) holds at leading order throughout

the domain. We would, however, need to include the O(µ−1) terms in order to look

for corrections to the leading-order solutions.
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FaI FaII

O(δ)

x = s x = 1

x
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1
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T

(a) Case Fa: µ� δ−1, with K(f∗+1−C∗) <
1.

FbI FbII FbIII

O(δ)

x = s x = 1

x

θ∗

T in

1

O(δ)

Cs

T

(b) Case Fb: µ� δ−1, with K(f∗+1−C∗) >
1.

Figure 5.12: Schematic diagrams illustrating the asymptotic solution structures, in
steady state, for case F µ� δ−1.

As in Section 5.7, we find different behaviour depending on the relative sizes of ṡ,

U , and V . The structure of solutions for large µ are very similar to those obtained in

the case µ = O(δ−1) as described in Section 5.7. We find identical behaviour to case

E in the O(1) region of the domain, but in the boundary layer(s) of width O(δ), the

gas and solid temperatures remain equal at leading order in µ−1.

Specifically, in the boundary layer of width δ located at x = s, denoted region FI,

we make the usual change of variables x = s+ δX. We find that f = f∗+ (1 + ṡ)(C−
C∗) +O(δ). We expand the remaining dependent variables as

C = C0(X, t) +O(ζ), T = T 0(X, t) +O(ζ), s = s0(t) +O(ζ), (5.190)

where the switchback error ζ � 1 is determined — as in case E — by the size of

the temperature in the outer problem in case Fa, so that ζ = T in, and by the error

in C in the outer region in case Fb, so that ζ = θ2
∗. At leading order, the equations

(5.189b) and (5.189a) then become

(1 + ṡ0)
∂C0

∂X
= C0 exp

(
A

(
1− 1

T 0

))
, (5.191a)

∂

∂X

((
K
(
f∗ + (1 + ṡ0)(C0 − C∗)

)
− (1 + ṡ0)C0

)
T 0

)
=
∂2T 0

∂X2
− γC0 exp

(
A

(
1− 1

T 0

))
. (5.191b)

The leading-order boundary conditions are

C0 = C∗ and T 0 =
ρ

s0

at X = 0, (5.191c)

along with appropriate matching conditions as X → ∞, which take the same forms

as in case E, depending on whether the T characteristic curves move into or out of

region FI.
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Region Spatial Variable Size of Q Dominant Dependent
terms in (5.3) Variables

FI x = s+ δX Q = O(1) 1, 2, 3, 4, 5 C, f ,
Ts = Tg = T

FaII x Q� δT in 1 C = 1, f = f∞,
Ts = Tg = T in

FbII x Q = O(δθ2
∗) 1, 5 C = 1 + θ2

∗Ĉ,

Ts = Tg = θ∗(1 + θ∗T̂ )

FbIII x = 1− δY Q� δθ2
∗ 1, 2 C = C̄, f = f∞,

Ts = Tg = θ∗T̄

Table 5.6: Summary of the notation in each asymptotic region in the cases Fa (µ�
δ−1, K(f∗ + 1 − C∗) < 1) and Fb (µ � δ−1, K(f∗ + 1 − C∗) > 1), corresponding to
the diagrams in Figure 5.12.

The only other region which differs from case E is the boundary layer of width δ

located at x = 1, in situations for which this boundary layer is needed. In this region,

denoted region FbIII in the steady-state case Fb, we set x = 1 − δY , and rescale

T = θ∗T̄ . As in case Eb, we see that for T̄ < 1, the chemical reaction rate is small,

O(δθ2
∗), and drops out of the dominant balance. Thus we find from (5.189b)–(5.189c)

that both C = 1+O(θ2
∗) and f = f∞+O(θ2

∗) are uniform at leading order. Expanding

T̄ = T̄ 0+O(θ∗), at leading order the temperature equation (5.189a) therefore becomes

(1−Kf∞)
∂T̄ 0

∂Y
=
∂2T̄ 0

∂Y 2
, (5.192)

which admits the solution

T̄ 0 = 1−
(

1− T in

θ∗

)
exp ((1−Kf∞)Y ) . (5.193)

Here we have used the boundary conditions at Y = 0 and matching as Y →∞, as in

region EbIII. The rest of the analysis for case F follows precisely as for case E, with

Ts = Tg in the majority of the domain. Steady-state solutions for each case Fa and

Fb are illustrated in Figures 5.12a–5.12b, and the changes of variable are summarised

in Table 5.6. The respective leading-order, steady-state composite solutions take the

form

CFa = C0

(
x− s0

δ

)
, TFa = T 0

(
x− s0

δ

)
+ T in, (5.194)

and

CFb = C0

(
x− s0

δ

)
, TFb = T 0

(
x− s0

δ

)
+ θ∗T̄

0

(
1− x
δ

)
− θ∗. (5.195)
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5.9 Numerical solution of the leading-order prob-

lems in region I

In all cases A to F, we have found leading-order solutions analytically in all regions

of the domain except for in region I. In this section, for all cases A to F we solve the

relevant region-I model numerically. In particular, in all cases A to F, we solve for

the leading-order position, x = s0, of the free boundary as part of the solution of the

region-I problem. The region-I problems are all quasi-steady in that the only time

derivatives in the leading-order models are the ṡ terms due to the moving interface.

However, in cases C to F, the values or the form of the boundary conditions for region

I depend on the genuinely time-varying behaviour in other regions of the domain. To

examine the region-I problem in isolation, we therefore restrict to the steady-state

region-I equations in all cases C to F. However, we will examine the quasi-steady

behaviour for cases A and B, by viewing ṡ0 as another parameter to solve for in the

system. We therefore still treat the quasi-steady region-I problem for cases A and B

as a boundary value problem.

The numerical solutions of the region-I boundary value problems studied in this

section are computed in MATLAB using the inbuilt solver bvp4c. This uses a Runge-

Kutta finite-difference formula and collocation method to choose and refine the mesh

[53]. The algorithm is fourth-order accurate as the mesh is refined, uniformly over

the domain [53].

5.9.1 Cases A–D

In cases A–D, we saw that the gas variables decoupled from the leading-order problem

in region I, and we obtained the system (5.13), although with different matching

conditions for cases C and D. The leading-order region-I problem in all cases A–D

may be summarised as

− (ṡ0 + 1)
∂C0

∂X
= −C0 exp

(
A

(
1− 1

T 0
s

))
, (5.196a)

− (ṡ0 + 1)C0∂T
0
s

∂X
=
∂2T 0

s

∂X2
− γC0 exp

(
A

(
1− 1

T 0
s

))
, (5.196b)

with the boundary conditions

C0 = C∗, T 0 =
ρ

s0

, at X = 0, (5.196c)
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and

T 0
s → 0, C0 →

{
1, in cases A and B,

C∞, in cases C and D,
as X →∞. (5.196d)

In Cases C and D, we found that the value of C∞ was given in terms of s0, Fs, and

Gs. In steady state, we have (from (5.64) and (5.96))

C∞ =

1− FsK
Gs−T̂ 0

g |x=1

γ+KT̂ 0
g |x=1

in case C,

1− KFsGs
γ

in case D.
(5.197)

The steady-state values Fs and Gs are

Fs = f∗ + C∞ − C∗, (5.198)

Gs =

f∗ρ
s0

+K−1
∫∞
X̄=0

T 0
sC

0 exp
(
A
(

1− 1
T 0
s

))
dX̄

f∗ + C∞ − C∗
, (5.199)

and in case C, T̂ 0
g |x=1 is given by

T̂ 0
g

∣∣∣
x=1

= − γW (aC(1))

K(1 +W (aC(1)))
, (5.200)

where

aC(1) = − KGs

γ +KGs

exp

(
− 1

γ +KGs

(
γµ

KFs
(1− s0) +KGs

))
. (5.201)

To reduce the required domain size for numerical solutions, we replace the far-field

condition T 0
s → 0 with the mixed condition

∂T 0
s

∂X
+ C0T 0

s → 0, (5.202)

derived by considering the limit X → ∞ in (5.196b). In Figure 5.13 we show the

numerical error in the solution parameter ṡ0 as the domain size is increased using the

far-field condition (5.202).

In steady state (setting ṡ0 = 0), the system (5.196) is a third-order system, with

four boundary conditions, allowing us to also solve for s0 as part of the solution. In

cases A and B we find quasi-steady solutions by prescribing the value of s0 in (5.196),

and solving for ṡ0 as part of the solution. We could equivalently prescribe ṡ0 (as we

do for the steady-state case) and solve for s0.
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Figure 5.13: The error in the solution parameter ṡ0 (relative to the solution s0 at the
largest domain size computed) as the domain size is increased, for the case A or B
region-I problem (5.196), with matching condition (5.202).

5.9.1.1 Numerical solutions in case A or B

Numerical solutions of (5.196) are shown in Figure 5.14 in case A or B. We sweep

through a range of values of s0, and so can understand the time-evolution of the

entire system by plotting the solution ṡ0 as a function of s0, as shown in Figure 5.14a.

We see that ṡ0 becomes large and positive as s0 → 0, and that as s0 becomes large,

ṡ0 → −1, which is the dimensionless speed of the solid material. We observe that

there is a single steady-state solution (where ṡ0 = 0) at s0 ≈ 0.106. Since ṡ0 > 0

for s0 below the steady state, and ṡ0 < 0 for s0 above the steady state, this unique

steady-state solution of (5.196) is stable. In Figure 5.14b, we show the quasi-steady

solution profiles T 0
s and C0 for three different values of s0, marked with circles in

Figure 5.14a, including the steady-state solution (dashed lines). For smaller s0, the

surface temperature at X = 0 is greater, as required by the boundary condition

(5.196c). We also see that T 0
s decays more slowly to zero for larger s0. The C0 profile

does not vary significantly with s0, although we see variation in C0 for a slightly

larger region of X for larger s0, since the temperature T 0
s decays more slowly.

In Figure 5.15 we investigate how the solution of (5.196) in case A or B depends

on the model parameters A and γ. In Figures 5.15a and b, we plot ṡ0 against s0,

and the steady-state solutions C0 and T 0
s , respectively, for three values of A, the

dimensionless activation energy of the chemical reaction. The temperature profile

T 0
s (X) at the steady state varies only slightly with A, but we see that for larger A the

rate of reaction is faster, so that the steady-state C0 varies from C∗ to 1 over a shorter
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Figure 5.14: Numerical solutions of the region-I problem (5.196) for case A or B,
taking parameter values γ = 1, A = 1, C∗ = 0.2, and ρ = 0.25.

region of X. We also observe from Figure 5.15a that for larger A the time-evolution

curve is steeper, so that the system evolves more quickly towards its steady state.

Increasing the dimensionless energy consumed in the reaction, γ, has the effect

of decreasing s0, as seen in Figure 5.15c. In particular, the steady-state position

s0 decreases as γ increases, so that the surface temperature T 0
s (0) increases with

increasing γ, as seen in Figure 5.15d. The temperatures must be higher at the steady

state in order for there to be enough energy in the system for the chemical reactions

to consume all of the incoming solid material.

We do not show the variation of solutions with the parameter ρ, as this simply

introduces a scaling of s0, as may be seen from the form (5.196) of the model, or

indeed of the full model (5.1).

5.9.1.2 Numerical solutions in case C

We show steady-state numerical solutions of (5.196) for case C in Figure 5.16. The

profiles of C0 and T 0
s are similar in shape to those plotted for case A or B in Figure

5.15, but now the far-field value C∞ < 1 is determined as part of the solution. Com-

pared with solutions for case A or B, the steady-state solutions have a larger s0, and

correspondingly cooler temperatures T 0
s . This is because some material consumption

occurs in the outer region CII, so C∞ is smaller and we do not require such high

temperatures in order for the chemical reaction to balance the influx of material.

There are additional parameters in the region CI model compared to case A and B,

namely µ, K, and f∗, which come into the problem through the value of C∞. In

Figure 5.16 we investigate varying f∗ and µ (while keeping µ = O(1)). We do not
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(a) ṡ0 as a function of s0, varying A.
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(b) Steady-state solutions, varying A.

0 0.2 0.4 0.6 0.8 1

-1

-0.5

0

0.5

1

1.5

2

(c) ṡ0 as a function of s0, varying γ.
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(d) Steady-state solutions, varying γ.

Figure 5.15: Numerical solutions of (5.196) for case A or B, varying the parameter
values A (top) and γ (bottom). Unless otherwise stated, we take parameter values
γ = 1, A = 1, C∗ = 0.2, and ρ = 0.25.

show the variation with K as this cannot easily be controlled in practice, and does

not affect the solution much so long as K is not too small.

As well as showing the solution profiles C0 and T 0
s for various f∗ and µ, in Figures

5.16a and c, respectively, we also show the variation of the solution parameters s0,

C∞, Fs, and Gs, sweeping through f∗ and µ, in Figures 5.16b and d, respectively. For

larger f∗, there is a greater flux of gas, and so more heat may be transferred from the

gas to the solid in the outer region of the domain. We see that C∞ decreases as f∗

increases, since more material is consumed in the outer region. Less heat is therefore

needed in region I, and so s0 increases. Similarly, we see that as µ increases, more

material consumption can occur outside of region CI, and so C∞ decreases, while s0

increases. The gas flux Fs leaving region CI is a linear shift of C∞ in this steady-state

case, so decreases similarly. As s0 increases with µ or f∗, the temperature T 0
s becomes
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(b) Steady-state solution parameters, vary-
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(c) Steady-state solutions, varying µ.
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(d) Steady-state solution parameters, vary-
ing µ.

Figure 5.16: Numerical solutions of (5.196) for case C, varying the parameter values
f∗ (top) and µ (bottom). Unless otherwise stated, we take parameter values γ = 1,
A = 1, C∗ = 0.2, ρ = 0.25, K = 0.66, f∗ = 1, and µ = 1.

cooler, and this is also reflected in the decreasing temperature Gs of the gas leaving

region CI.

5.9.1.3 Numerical solutions in case D

Solutions of the region-I problem (5.196) in case D depend on f∗ and K as in case

C, but do not explicitly depend on the size of µ, since the far-field concentration

is C∞ = 1 − KFsGs/γ. This is because the gas loses all its heat to the chemical

reactions (to leading order) in the outer region, and for the region-DI analysis it does

not matter exactly where in the outer region this happens.

The flux of gas through the x = s boundary, f∗, is a crucial parameter for de-
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Figure 5.17: Steady-state numerical solutions of (5.196) for case D, varying f∗. The
vertical black line in (b) at f∗ = C∗ − 1 + 1/K separates case Da (to the left) and
case Db (to the right). We take the other parameter values γ = 1, A = 1, C∗ = 0.2,
ρ = 0.25, and K = 0.66.

termining the gas flux F∗ at the right of the domain, and thus in separating the

cases Da and Db. We show the dependence of solutions to the leading-order region-I

model (5.196) on f∗ in Figures 5.17a and b. Since f = C − C∗ + f∗ everywhere

in steady state, we must have F∗ = 1 − C∗ + f∗ + O(η). Thus, to leading order,

KF∗ < 1 if f∗ < C∗ − 1 + 1/K. The vertical black line in Figure 5.17b shows this

value C∗ − 1 + 1/K, so that case Da is to the left of this line, while case Db is to the

right. As was true in case C, we see that C∞ decreases with f∗, although much more

quickly in case D, rapidly approaching C∗ = 0.2 for these solutions. Thus for large f∗,

the majority of the solid material is consumed outside of region I. Meanwhile, we see

that s0 increases with f∗, again much more quickly than in case C. By the relatively

small value of f∗ ≈ 4.6, s0 reaches the edge of the domain at x = 1.

5.9.2 Case E

In case E the leading-order region-I problem includes all the physics of the original

system. The form of the matching condition as X →∞ depends on the direction of

characteristic curves in the outer problem. In steady state, the form of the matching

condition is determined by the model parameters, with the steady-state case Ea when

K(f∗ + 1 − C∗) < 1, and Eb when K(f∗ + 1 − C∗) > 1. The steady-state region-EI
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model is given by f = f∗ + C − C∗, with

−dC0

dX
= −C0 exp

(
A

(
1− 1

T 0
s

))
, (5.203a)

−C0 dT 0
s

dX
=

d2T 0
s

dX2
+M(T 0

g − T 0
s )− γC0 exp

(
A

(
1− 1

T 0
s

))
, (5.203b)

K
d

dX

(
(f∗+C

0 − C∗)T 0
g

)
= T 0

sC
0 exp

(
A

(
1− 1

T 0
s

))
−M(T 0

g − T 0
s ), (5.203c)

with boundary conditions

C0 = C∗, T 0
s = T 0

g =
ρ

s0
at X = 0, (5.203d)

and in case Ea

C0 → 1, T 0
s → 0 as X →∞, (5.203e)

while in case Eb

C0 → 1, (K(f∗ + 1− C∗)− 1)
dT 0

s

dX
+ γ exp

(
A

(
1− 1

T 0
s

))
→ 0 as X →∞.

(5.203f)

To reduce the required domain size for the numerical solutions, in case Ea we

analyse the system as X → ∞ and hence replace the far-field condition (5.203e) for

T 0
s with

dT 0
s

dX
+ (K(f∗ + 1− C∗)− 1)T 0

s → 0. (5.204)

Numerical solutions for both cases Ea and Eb are shown in Figure 5.18, varying

the parameters f∗ and M , on the left and right of the plot, respectively. For our

choice of parameters K and C∗, we are in case Ea when f∗ < 0.7, and in case Eb

when f∗ > 0.7. We see that s0 increases with f∗ in both cases Ea and Eb, so that

temperatures are lower at X = 0. We also see that as f∗ increases, the decay rate of

the temperatures becomes much slower. The solutions appear to vary continuously

as we pass from case Ea to Eb, at the critical value 0.7. On the right of Figure

5.18, we see that the solution s0 decreases slightly with M , and the temperatures at

X = 0 correspondingly increase slightly. The rate of heat transfer between the two

phases increases with M , and the rate at which these temperatures decay to zero also

increases. We observe similar dependence on M for both cases Ea and Eb.
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0 5 10 15 20

0

0.2

0.4

0.6

0.8

1

(d) Steady-states in case Eb, varying M .

0 1 2 3 4 5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

(e) Steady-state s0, varying f∗.

0 1 2 3 4 5

0.15

0.2

0.25

0.3

0.35

0.4

(f) Steady-state s0, varying M .

Figure 5.18: Steady-state numerical solutions of (5.203) for cases Ea and Eb, vary-
ing the parameter values f∗ (left) and M (right). Unless otherwise stated, we take
parameter values γ = 1, A = 1, C∗ = 0.2, ρ = 0.25, K = 0.66, M = 1, and f∗ = 0.3
in case Ea, but f∗ = 1.5 in case Eb.
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5.9.3 Case F

In case F, both temperatures are equal throughout the domain. The leading-order

steady-state region FI problem is

d0C

dX
= C0 exp

(
A

(
1− 1

T 0

))
, (5.205a)

d

dX

((
K
(
f∗ + 1)(C0 − C∗)

)
− C0

)
T 0

)
=

d2T 0

dX2
− γC0 exp

(
A

(
1− 1

T 0

))
,

(5.205b)

with

C0 = C∗, T 0 =
ρ

s0
at X = 0, (5.205c)

and in case Fa (when K(f∗ + 1− C∗) < 1)

C0 → 1, T 0 → 0 as X →∞, (5.205d)

while in case Fb (when K(f∗ + 1− C∗) > 1)

C0 → 1, (K(f∗ + 1− C∗)− 1)
dT 0

dX
+ γ exp

(
A

(
1− 1

T 0

))
→ 0 as X →∞.

(5.205e)

To reduce the required numerical domain, in case Fa, we use the far-field condition

dT 0

dX
+ (K(f∗ + 1− C∗)− 1)T 0 → 0. (5.206)

Numerical solutions of (5.205) in both cases Fa and Fb are shown in Figure 5.19

where we vary the parameter f∗, with similar qualitative results to case E.

5.10 Comparison of composite and numerical steady-

state solutions

Having computed the solution of the region-I problem, we can then construct the

composite solution for each case A to F from the analytical forms found in Sections

5.3–5.8. We also compute numerical solutions of the full model (5.1) in steady state,

using the same MATLAB solver bvp4c, having rescaled the spatial variable x in order

to solve the system on a fixed domain. In this section, we compare the numerical

solutions of (5.1) with the steady-state composite asymptotic solutions. Since we have

restricted to steady-state solutions of the region-I model (except for the quasi-steady

solutions for cases A and B), we only consider steady-state solutions in this section.
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Figure 5.19: Steady-state numerical solutions of (5.205) for cases Fa and Fb, varying
the parameter f∗. We take the other parameter values γ = 1, A = 1, C∗ = 0.2,
ρ = 0.25, K = 0.66.

In Figures 5.20 and 5.21 we compare the steady-state composite solution to the

steady-state numerical solutions of the full model (5.1). For the numerical solutions

of both the full model (5.1), and of the region-I problem as discussed in Section 5.9,

we ensure the numerical error is two orders of magnitude smaller than δ, and so well

below the expected error in the composite solutions. In the insets for each figure we

show the same solutions but looking more closely at region I, which is too narrow to

see clearly otherwise.

In all cases, we observe that the error in s0 is larger than the width of the O(δ)

region I, as expected. In particular, the error is O(T in) in case A, O(η) in cases B, C,

and D, O(T in) again in cases Ea and Fa, and O(θ2
∗) in cases Eb and Fb. In all cases,

the maximal error is due to the switchback correction; in cases A–D, Ea and Fa this is

the size of the small but non-zero temperature in region II, while in cases Eb and Fb

this is the size of the error in C. Although the position of s0 has error greater than

O(δ), the function profiles in region I appear in all cases to have the correct shape.

We note that the leading-order problem (5.13) in regions AI and BI are identical,

and that region I contains the majority of the variation in the solutions in these

cases. In Figure 5.20a with µ = 0 we see very good agreement between the numerical

and composite solutions, since the error is O(T in) in this case. For case B, shown

in Figure 5.20b, there is a small O(µ) = O(ηB) amount of material consumption

outside of region I, but this is not taken into account in our leading-order asymptotic

structure. Thus in this case the leading-order solution s0 is below the true value,
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(b) Case B, µ = ηB = 0.09.
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(c) Case C, µ = 0.1.
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(d) Case C, µ = 1.
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(e) Case Da, µ = 25, f∗ = 0.3.
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(f) Case Db, µ = 25, f∗ = 1.2.

Figure 5.20: Numerical steady-state solutions of (5.1) (dotted lines) and composite
solutions as derived in Sections 5.3–5.6 (solid lines), with Ts red, Tg green, and C
blue. The insets show the same solutions, near the free boundary x = s. In all cases
we take δ = 10−4, A = γ = 1, ρ = 0.25, K = 0.66, C∗ = 0.2, T in = 0.01, and unless
otherwise stated f∗ = 1.
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(a) Case Ea, µ = δ−1, f∗ = 0.3.
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(b) Case Eb, µ = δ−1, f∗ = 1.2.
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(c) Case Fa, µ = 103δ−1, f∗ = 0.3.
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Figure 5.21: Numerical steady-state solutions of (5.1) (dotted lines) and composite
solutions as derived in Sections 5.7–5.8 (solid lines), with Ts red, Tg green, and C
blue. The insets show the same solutions, near the free boundary x = s. In all cases
we take δ = 10−4, A = γ = 1, ρ = 0.25, K = 0.66, C∗ = 0.2, and T in = 0.01.

since the material needs to be hotter in order for all the material consumption to take

place in region BI.

For cases C and D, an O(1) amount of material consumption occurs outside of

region I. The steady-state position of the free boundary s therefore increases, since the

temperatures in region I do not need to be so high, as less material consumption needs

to happen in region I. This can also be understood in terms of an energy balance:

since less heat is lost to the system through hot gas flowing out through x = 1,

the system needs less heating overall to stay in steady state. Unlike in case B, the

asymptotic composite solutions now account for the material consumption outside of

region I, and so the leading-order value s0 is seen to be within O(η) of the true value

in all cases. However, this value of s0 is now an overestimate for the true value of s
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(unlike in case B, where s0 is below the true value of s). In case C this is because

there is material consumption occurring throughout region CII, which is the entire

domain up to O(η). Since in reality no material consumption occurs within the O(η)

boundary layer CIV, the leading-order solution overestimates the amount of material

consumption occurring in region CII, and thus overestimates s0. In addition, as µ

becomes large, the leading-order gas temperature T̂ 0
g in region CII is assumed to stay

O(1) throughout the domain. However, even for the relatively small µ = 1, shown

in Figure 5.20d, by x = 1 we see Tg getting fairly small. As Tg gets close to Ts,

the leading-order asymptotic solution overestimates the heat transferred from the gas

to the solid, and thus overestimates the chemical reaction rate. In Figure 5.20c, we

take µ = 0.1 ≈ ηB, so that the numerical solution of the full model (5.1) is almost

identical to that shown in Figure 5.20b. The asymptotic composite solution using the

structure of case C does a reasonable job of capturing the Ts profile as well as the Tg

and C curves, despite the fact that the “boundary layer” CIV now fills the majority

of the domain.

For Case D, all the thermal energy leaving region DI in the hot gas is used for

chemical reactions in the outer domain (with a small error less than O(ηD)). Thus

we see better agreement between the asymptotic composite solutions and numerical

solutions of the full model than in case C, despite the error O(ηD) being larger for

case D than for case C. For cases E and F, the two temperatures are equal, or differ

only in the O(δ) regions. We see good agreement between the solution of the full

problem (5.1) and our composite solutions in all cases shown in Figure 5.21.

5.10.1 Solution dependence on the model parameters

Finally, we investigate how our composite solutions depend on some of the model

parameters. We have already explored some of the model parameters in Section 5.9

when solving the region-I problems. In this section we focus on two parameters which

are easiest to alter in a physical system, namely the input temperature of the solid

material, T in, and the gas flux through the free boundary, f∗ (although the flux of gas

out of the crater cannot be easily controlled for the silicon furnace, in other possible

applications such as rotary kilns, f∗ is an readily-varied parameter). The velocity

of the solid material — another variable that might be relatively easily altered in

practice — has been scaled out in the nondimensionalisation through the parameter

δ, which we have assumed is always small.
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(a) Steady-state solutions in case A
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(b) Steady-state solutions in case B

Figure 5.22: Numerical steady-state solutions of the full problem (5.1) for cases A
µ = 0) and B (µ = ηB = 0.09), varying T in. As usual Ts is shown in red, C in blue,
and Tg in green. We take parameter values δ = 10−4, f∗ = 1, γ = 1, A = 1, C∗ = 0.2,
and ρ = 0.25.

5.10.1.1 Input solid temperature T in

The input temperature, T in, of the solid material might vary in practice, for instance,

with the season or weather, or by deliberately pre-heating the raw materials. So long

as T in is sufficiently small that (5.2) still holds, our asymptotic analysis suggests that

this will have little effect on the system: in cases C, Db, Eb, and Fb, the size of T in

only affects the solution in a boundary layer at x = 1. In cases Da, Ea, and Fa, the

material has temperature T in through the majority of the domain, but this does not

have a significant effect on the solution in region I, as the error here is O(θ2
∗), which

is expected to be larger than T in.

The value of T in has the most significant effect on cases A and B. In case A,

the error in the leading-order asymptotic expansion is O(T in). From the numerical

solutions of the full model (5.1) in Figure 5.22a, we see that s increases slightly with

T in, since there is more heat entering the system in the warmer solid material, and

the temperatures at x = s decrease accordingly. In case B, the position v of the

transition layer BIII, given by (5.44), is

v = 1− 1− T̄ in

MG0
s

. (5.207)

in steady state, which increases linearly with T̄ in = T in/ηB. Thus, the warmer the

incoming material, the more quickly it is heated up to the reacting temperatureO(ηB).

This can be seen in the solutions of the full model (5.1) shown in Figure 5.22b.
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Figure 5.23: The leading-order steady-state position of the free boundary, s0, as a
function of the gas flux, f∗, for all cases A–F. We take parameter values γ = 1, A = 1,
C∗ = 0.2, K = 0.66, and ρ = 0.25 throughout, with µ = 1 in case C, and M = 1 in
case E.

5.10.1.2 Gas flux f∗ through the free boundary

In Section 5.9 we explored the effect of varying f∗ on the solution of the region-I

problems for cases C to F . We summarise these findings by showing the leading-

order position s0 of the free boundary as a function of f∗ for all cases A–F in Figure

5.23. We note that s0 increases with f∗ for all values of µ > 0, since there is a greater

flux of hot gas through the material, so that more energy is supplied to the system,

and hence there can be greater heat transfer from the gas to the solid.

We understand this behaviour by thinking about the heat balance in the model.

In all cases A to F, there are two sources of heat to the system: the heating of the

solid material at x = s, and also the flux of hot gas through x = s. In cases A to C,

energy is lost due to the hot gas escaping through the x = 1 boundary. This occurs

since µ is relatively small, so while more energy is supplied to the system at x = s for

greater f∗, more is also lost through x = 1. However, in cases D–F, all of the energy

entering the system at x = s is used for the chemical reaction to leading order, so that

s0 increases more dramatically with f∗ than for case C. The material consumption

occurs in region I for cases E and F, but in both regions DI and DII for case D.
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5.11 Discussion

In this chapter we have used the method of matched asymptotic expansions to inves-

tigate the solution structures of (5.1) characterised by an interacting counter-current

flow and an endothermic chemical reaction, with the reaction rate taken to be an

Arrhenius function of the solid temperature. We have considered δ > 0 small, and

found a range of distinguished limits corresponding to different sizes of µ.

For small µ ≤ O(ηB) and for large µ ≥ O(δ−1), we found that all chemical

reaction and material consumption at leading order occur in a boundary layer (region

I) of width O(δ) at the free boundary x = s, which is heated by the s-dependent

solid surface temperature. For O(1) ≤ µ � δ−1, however, we found O(1) material

consumption in both region I and in (part of) the outer region of the domain. For

µ ≤ O(ηB), the leading-order model is quasi-steady, and so the dynamics of the full

system may be easily understood. We found time-dependent solutions for cases A to

C, but restricted to steady state in case D for simplicity. For large µ in cases E and

F we saw that we may obtain very different structures of solutions depending on the

direction of flow of information, and discussed how the solution structure can vary in

time. We would expect similar time-varying structures in case D to those observed

in cases E and F.

For the numerical solutions in this chapter, we have almost always restricted to

the steady-state case. The leading-order steady-state solution in cases A and B was

shown to be stable to perturbations within the quasi-steady limit, but we should verify

that this is indeed stable under perturbations on the faster timescale. For cases C to

F, we have not investigated the stability of the steady-state solutions, but since they

reduce to the case A or B solutions in the limit as µ→ 0, we expect that these are also

stable. For cases C to F, the structure of the region-I problem becomes much more

complicated in the time-dependent case, as the form of the boundary conditions varies

in time, and we can no longer compute numerical solutions of the region-I problem

independently from the outer problem. Stability analyses, or numerical simulations

of the full time-dependent problem (5.1), could be undertaken in order to determine

the stability of the steady states we have found, and the more general time-dependent

behaviour of the system. The asymptotic structures that we have found in this chapter

give insight into how one might solve the model (5.1) numerically in the general time-

dependent case. Specifically, for large µ, a numerical solver must be able to take

into account the different directions of information transfer, which is different for the

solid, and gas dependent variables, and may also change both in time and in different
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regions of the domain. Stability analysis is also not expected to be particularly simple

due to the nonlinearity of the system.

We have assumed throughout that the chemical reaction rate has Arrhenius de-

pendence on the solid temperature Ts. This led to the logarithmic dependence of

the critical solid temperature η on δµ, in cases B to D, and the form of θ∗ in cases

Eb and Fb. Indeed, the slow logarithmic decay of the temperature in cases Eb and

Fb is due to the exponentially small behaviour of the Arrhenius form of Q at small

temperatures. Regardless of the form of the chemical reaction rate Q, we would still,

in cases B to D, expect a dominant balance in the solid heat equation between the

heat consumed in the chemical reaction, and the heat transferred from the gas to the

solid, in regions of the domain where Ts is small. Thus, while the form of the critical

temperature η would depend on the functional form of Q, we might still expect similar

solution structures, with regions of small, near-constant Ts, and the heat transferred

from gas to solid used for the chemical reaction. Similarly in cases E and F we would

still expect the vast majority of chemical reaction to occur in region I. However, the

balance of advection and heat consumed by chemical reaction in cases Eb and Fb

relied on the fact that the chemical reaction was exponentially small here. If the

chemical reaction rate took a different form, we might observe different behaviour,

such as the simple advection-dominated behaviour of cases Ea and Fa.

Many of the structures that we have found in this Cartesian geometry carry

through to the cylindrical radial case of our furnace model from Chapter 3: the

boundary layer structures remain the same, but the functional forms of the solutions

are different in the regions of O(1) lengthscale, although we may still solve for these

explicitly. From measurements of industrial furnace temperatures [1, 46] it seems that

the gas leaving the top of the furnace is likely to be significantly hotter than the solid

material at the surface, but much cooler than the crater gases. From the solution

structures we have found, the relevant regimes to the silicon furnace are therefore

µ = O(ηB) and µ = O(1). In Chapter 6, we return to our homogenised cylindrical

furnace model (3.84) derived in Chapter 3, and study the two distinguished limits,

µ = O(ηB) and µ = O(1), which are likely to be the most industrially relevant, as well

as the case 1� µ� δ−1 for the sake of comparison. The model (3.84) includes Ohmic

heating, coupling with the electrical problem, and more detailed boundary conditions

at the free boundary r = s(t), which we dropped from the simplified model (5.1) in

this chapter.
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Chapter 6

Solutions of the homogenised
submerged arc furnace model

In this chapter we study the idealised, homogenised furnace model developed in

Chapter 3, namely (3.83)–(3.84). Making use of the asymptotic reductions derived

in Chapter 5, we simplify the model (3.84) in the charge material, finding reduced

leading-order models for the ranges of µ that we expect to be most industrially rele-

vant, namely µ� δ−1. We find steady-state solutions of each of these reduced models

numerically, and compare the different models. In particular, we investigate how the

distribution of electric current between the arc and charge pathways depends on the

parameters µ and Î. We also investigate the quasi-steady dynamics in the case of

small µ, interpreting the dynamics in terms of an overall energy balance argument,

and investigating how the efficiency of the system may be improved by stoking.

6.1 Statement of reduced models

In the radial geometry of the idealised model derived in Chapter 3, we may perform

the same asymptotic analyses as for the simplified model (5.1) in Chapter 5, which was

on a Cartesian domain. Assuming throughout that the electrical conductivity of the

charge material only becomes non-zero for temperatures Ts well above η, we see that

there can be no electrical current conduction in the charge material except in the O(δ)

boundary layer at the free boundary r = s(t). Thus the asymptotic solution structures

of the charge model (3.84) are very similar to those of (5.1) derived in Chapter 5,

with the main differences being due to the radially varying solid velocity −1/r, and

the radial derivatives. As in Chapter 5, we find that the leading-order behaviour is

contained in the reduced model for the conduction boundary layer (region I) at the
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interface r = s, which may be coupled to the region II behaviour, depending on the

size of µ.

In the subsections below, we state the resulting leading-order models, for the

small-µ case (corresponding to cases A and B in Chapter 5), and for intermediate

µ = O(1), and log(η) � µ � δ−1 (cases C, and D in Chapter 5). We retain time-

dependence in the small-µ case as the system is quasi-steady, but reduce to steady

state for intermediate µ. We will only consider the leading-order behaviour in this

chapter, and so we drop the superscript 0 used in Chapter 5 to denote leading-order

variables.

6.1.1 Small µ ≤ O(ηB)

As in cases A and B of Chapter 5, when µ = O(ηB) or smaller, to leading order the

model (3.84) reduces to simply the region-I problem for the solid variables. With

the change of variables r = s(t) + δX, where δ � 1, the radial derivatives in (3.84)

become

1

r

∂

∂r
(·) =

1

s

∂

∂X
(·) +O(δ) and

1

r

∂

∂r
(r ·) =

∂

∂X
(·) +O(δ). (6.1)

Thus at leading order in region I, X ∈ (0,∞), we obtain

−
(
ṡ+

1

s

)
∂C

∂X
= −Q, (6.2a)

−
(
ṡ+

1

s

)
C
∂Ts
∂X

=
∂2Ts
∂X2

+ ασc〈E2〉 − γQ, (6.2b)

with boundary conditions at X = 0,

Cs = C∗, s2H(Ts − T∞) + s2Rp(Ts + γ) = (1 + sṡ)CTs + s
∂Ts
∂X

+ 〈T 4
a 〉, (6.2c)

and as X →∞,

Cs → 1, Ts → 0. (6.2d)

As in Chapter 5, the leading-order solution in the remainder of the charge domain,

and for both the gas variables in region I, may be computed from the solution of (6.2).

In particular, the boundary-layer gas variables are given by

f(X, t) = Rps+

(
1

s
+ ṡ

)
(C − C∗), (6.3)

Tg(X, t) =
RpsTs

∣∣
X=0

+
∫ X
X̄=0

TsQ dX̄

K
(
Rps+

(
1
s

+ ṡ
)

(C − C∗)
) . (6.4)
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6.1.2 Intermediate O(1) ≤ µ� δ−1

For intermediate values of µ, as in cases C and D in Chapter 5 we find that there is

O(1) solid material consumption in both regions I and II of the domain. At leading

order in region I the same equations (6.2a–c) hold as for the small-µ case, but with

boundary conditions as X →∞ given by

Cs → C∞(t), Ts → 0, (6.5)

for C∞s (t) < 1 determined by matching with region II.

In region II we find that at leading order

T̂g =
−γW (a)

K(1 +W (a))
, f̂ =

sFs
r

γ +KGs

γ +KT̂g
, (6.6)

with W the principal branch of the Lambert-W function, and where, in radial coor-

dinates,

a = − KGs

γ +KGs

exp

(
− 1

γ +KGs

(
KGs +

µγ

2sKFs
(r2 − s2)

))
. (6.7)

As in Chapter 5, we have used the notation

Fs := Rps+

(
1

s
+ ṡ

)
(C∞ − C∗), Gs :=

RpsTs
∣∣
X=0

+
∫∞
X̄=0

TsQ dX̄

K
(
Rps+

(
1
s

+ ṡ
)

(C∞ − C∗)
) , (6.8)

for the gas variable matching constants at r = s. The problem for the leading-order

solid concentration in region II, which retains the radial derivatives of (3.84), is then

∂Ĉ

∂t
− 1

r

∂Ĉ

∂r
=

µW (a)

K(1 +W (a))
, (6.9a)

with boundary conditions

Ĉ = C∞ at r = s, Ĉ = 1 at r = rf , (6.9b)

and an appropriate initial condition.

In steady state, we solve (6.9), and applying both the boundary conditions obtain

C∞C = 1− sFs
γ

(
KGs +W (a|r=rf )

(
γ +KGs

))
, (6.10)

which closes the steady-state system (6.2a-c), with (6.5) (taking ṡ = 0).

As in Chapter 5, the value (6.10) for C∞ is valid so long as Tg remains O(1)

at r = rf . For larger values of µ (as in case D of Chapter 5) region II becomes a
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boundary layer of width µ−1 at r = s. In radial coordinates we may solve for the

region II behaviour as in Section 5.6, and obtain the steady-state value

C∞D = 1− sFsGsK

γ
, (6.11)

to close the steady-state system (6.2a-c) and (6.5) (with ṡ = 0).

To summarise, in steady state the leading-order problem for O(1) ≤ µ� δ−1 is

1

s

dC

dX
= Q, (6.12a)

−1

s
C

dTs
dX

=
d2Ts
dX2

+ ασc〈E2〉 − γQ, (6.12b)

with boundary conditions at X = 0,

C = C∗, s2H(Ts − T∞) + s2Rp(Ts + γ) = CTs + s
dTs
dX

+ 〈T 4
a 〉, (6.12c)

and as X →∞,

Ts → 0, C →

{
1− sFs

γ

(
KGs +W (a|r=rf )

(
γ +KGs

))
, for µ = O(1),

1− sFsGsK
γ

, for 1� µ� δ−1.

(6.12d)

We note that as µ becomes large, W (a|r=rf ) decays exponentially to zero, and so the

µ = O(1) far-field condition approaches the condition for 1� µ� δ−1.

6.2 Numerical method

We now solve numerically the quasi-steady small-µ problem (6.2), and the steady-

state system for intermediate µ (6.12).

In each case, the reduced model in the charge material is coupled to the fast-

timescale arc model (3.83), which we rewrite here for convenience:

χ
∂Ta
∂τ

= σa(Ta)E
2 − T 4

a , (6.13a)

ÎIAC(τ) = E (σa(Ta) + σch) . (6.13b)

Since there is no electrical current conduction outside of region I, the charge conduc-

tivity σch is now given by

σch(t) = αs

∫ ∞
X=0

σc dX. (6.14)

Solutions of (6.13) for prescribed σch were found and discussed in Chapter 4. For all

the solutions in this chapter, we assume a sinusoidal, alternating applied current, as
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in Section 4.1.2. As described in Section 4.1.2, we solve (6.13) for prescribed values of

the current amplitude Î and charge conductivity σch, tabulating the resulting averaged

quantities 〈E2〉 and 〈T 4
a 〉. We then solve the boundary value problem ((6.2) or (6.12))

in the charge material for the concentrations and temperatures, as well as for 〈E2〉,
and 〈T 4

a 〉, and σch using our previously-computed look-up table.

In steady state, we also solve for the position, s, of the free boundary of charge

material. For small µ, when we solve for the quasi-steady dynamics, as in Chapter 5

we must prescribe one of s or ṡ and solve for the other. We choose to prescribe s and

solve for ṡ as this allows us to find unstable steady-state solutions. As in Sections 5.9

and 5.10, the numerical solutions in this chapter are computed using the MATLAB

in-built solver bvp4c. This solver enables us to solve for the parameters 〈E2〉, 〈T 4
a 〉,

σch, s (or ṡ in the small-µ case), and C∞ in the intermediate-µ cases, as part of the

numerical scheme.

We impose the integral constraint in (6.13) by introducing the additional variable

Z(X) = αs

∫ X

0

σc(X̂) dX̂, (6.15)

and converting the integral constraint to an additional differential equation, which

gives the boundary value problem

Z ′(X) = αsσc(X), Z(0) = 0, Z(∞) = σch. (6.16)

We use a similar method to compute the far-field gas temperatureGs in the intermediate-

µ case, which is required to solve for the value of C∞ via (6.12d).

For cases when the far-field behaviour requires that we impose Ts → 0, we replace

this with the mixed condition

∂Ts
∂X

+

(
1

s
+ ṡ

)
C∞Ts → 0 as X →∞, (6.17)

(with C∞ = 1 in the small-µ case, and ṡ = 0 in the intermediate-µ case), which

reduces the required domain size.

To initialise the numerical solutions we take a much narrower domain for X,

over which heat conduction dominates, and so we can compute the (linear) analytic

solution, which we use as an initial guess for the numerical solver. We then increase

the domain size until the solution converges. From this initialised solution we may

continue to different parameter values.

Throughout this chapter, unless otherwise stated, we use the values of α, χ, γ,

K, H, and Rp given in Table 3.6, which are expected to be reasonable for industrial
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operating regimes. Since the model (3.84) in the charge material reduces to the

region-I problems, we do not need to specify the value of δ, although of course this

must be small for our asymptotic reductions to be valid. We set T∞ = 0 (in the heat

flux boundary condition at X = 0, parameterising the heat flux to the electrode and

crater base). We also take the critical solid concentration to be C∗ = 0.2, the size of

the furnace to be rf = 3, and, following the nondimensionalisation in Chapter 3, we

use the dimensionless reaction rate and conductivities

Q = Cs exp

(
A

(
1− 1

Ts

))
, σa = exp

(
−α3

Ta

)
, σc = exp

(
− sc
Ts − Tc

)
, (6.18)

with dimensionless coefficients

A = 3, α3 = 1.4, sc = 0.1, Tc = 0.7. (6.19)

6.3 Steady-state solutions

We now present numerical, steady-state solutions of both of the small- and

intermediate-µ models (6.2) and (6.12), respectively, with (6.13). The temperature

and concentration profiles in the boundary layer at r = s are shown in Figure 6.1 for

both of these models, for a prescribed Î = 3 and the corresponding solution s is given

in the figure captions. In contrast to the Cartesian domain of Chapter 5, we find

two distinct steady-state solutions of the small-µ model (6.2), which we refer to as

the s1 and s2 > s1 steady states, respectively. (We will discuss the (quasi-)stabilities

of these steady states in Section 6.4 below.) However, for the intermediate-µ model

(6.12), we have only been able to find one steady-state solution numerically.

The temperatures and concentrations in region I of the charge material are very

similar to those observed in Chapter 5, with Ts decreasing monotonically as X in-

creases, and C increasing from C∗ to C∞ or 1. For our chosen parameter values, the

gas temperature Tg decreases monotonically to Gs. Since our solutions are steady

states, the gas flux is f(X) = 1
s
(C(X)−C∗) +Rps, and so is determined by the solid

concentration and position of s.

For the small-µ case, we see that the s1 solution is characterised by much larger

temperatures at X = 0 than for the s2 solution. This is because s1 is much smaller

than s2 and so the surface area over which the heat radiation from the arc is dis-

tributed is smaller for the s1 steady state. We also observe a larger maximum of

f for the s1 steady state, again because of the much smaller value of s. For the

intermediate-µ case, we see that the value of s increases with increasing µ, and that

175



the temperatures and concentrations reduce accordingly. The value of C∞ also de-

creases as µ increases, as in Chapter 5.

In Figure 6.2 we show the position, s, of the steady-state free boundary as µ is

varied, for both of the steady-state models. For small µ, the leading-order problem

(6.2) is independent of µ (we show here only the larger steady state s = s2). The

intermediate-µ problem (6.12) with C∞D also has no dependence on µ, but we find

a larger steady-state value s. In the intermediate-µ case with C∞C we see that the

steady-state s increases smoothly with µ, approaching the small µ solution as µ→ 0,

and the intermediate-µ solution with C∞ = C∞D as µ becomes large. We see that this
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(a) Small µ model, s2 ≈ 1.24.
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(b) Small µ model, solution s1 ≈ 0.25.
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(c) Intermediate µ, taking µ = 0.1 (dotted,
solution s ≈ 1.41), µ = 0.2 (dashed, solution
s ≈ 1.50), and µ = 1 (solid, solution s ≈
1.65).

Figure 6.1: Steady-state solutions of the small-µ (6.2), and intermediate-µ (6.12)
models, showing the profiles of the temperatures and concentrations in the boundary
layer (region I). The solution s is stated in the captions for each case. Throughout
we take Î = 3, rf = 3, and all other parameters as in Table 3.6.

176



10
-4

10
-2

10
0

10
2

1.2

1.25

1.3

1.35

1.4

1.45

1.5

1.55

1.6

1.65

1.7

Figure 6.2: The steady-state solution s as µ is varied, for each of the reduced models
(only the larger s2 steady state is shown for the small-µ case). Throughout we use
Î = 3, and the standard parameter values in Table 3.6.

variation occurs for µ below around 1. This is because the domain extends to rf = 3

(rather than to x = 1 in Chapter 5, as we have a different nondimensionalisation),

and so the rate of heat transfer over the entire domain is better captured by the value

of µrf than by µ.

Above, we have discussed the steady-state solutions for a fixed value of Î. In

Figure 6.3 we instead vary Î, the applied current magnitude, and show the values of

the steady-state solution s, for both of our reduced models. In fact, to compute this

figure we have interchanged the roles of s and Î in our numerics, and now prescribe

s and solve for Î. This allows us to find steady-state solutions for smaller values of s

than is otherwise feasible numerically, and in particular, this allows us to find both

branches of steady-state solutions for the small-µ case.

Firstly we note that for both of our reduced models, we are unable to find steady-

state solutions if Î is too small. Since the electric current is the source of energy to

the system, if Î is too small then there is insufficient energy to react away all the

incoming solid material, and thus there is no steady-state solution. We also notice

that the minimum value of Î for which steady states exist depends on the size of µ,

both in terms of which reduced model we use, and also the value of µ used within the

intermediate-µ model.
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Figure 6.3: Comparison of bifurcation diagrams for the two reduced models (6.2)
and (6.12), showing steady-state solution(s) s as the applied current magnitude Î is
varied. Throughout we take rf = 3, and all other parameters as in Table 3.6.

For the small-µ model we require a larger Î to obtain steady states. This is because

a large amount of the energy in the system is lost through the hot gases escaping the

furnace. Above the critical Î, we find the two steady states, s1 < s2, for each value of

Î. The stability of these steady states is discussed below in Section 6.4, but we note

here that the s1 steady state is unstable while the s2 steady state is stable.

For the intermediate-µ model (6.12) we have computed the bifurcation diagram for

various µ = O(1), and we generally only find one steady-state solution, corresponding

to the upper, s2 branch of the small-µ model. As we expect from Figure 6.2, for

smaller µ the intermediate-µ solution approaches the upper branch of the small-

µ solution. This occurs more quickly for larger values of Î, since the value of s

is larger, approaching the edge of the domain rf = 3, and so the outer region is

becoming too small for significant material consumption to occur. As µ increases in

the intermediate-µ model, the critical Î below which there is no steady-state solution

decreases, to a minimum around 1.7. There is only one steady-state solution for cases

with µ = 0.5 and greater. However we notice that for µ = 0.1 we have found a

very small range of Î for which there are two solutions, close to the critical value. It

almost appears that the bifurcation digram will turn back on itself, as it does in the

small-µ case, but on further decreasing s towards zero, we instead find solutions with
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Figure 6.4: Bifurcation diagrams corresponding to Figure 6.3 showing the fraction of
current passing through the charge Ĩc at the steady-state solution, as Î is varied.

Î decreasing again. We should note that our model is not expected to give valid or

physical results at such small values of s as this; at such small s the temperatures

are far higher than physically possible, and indeed for s < 0.1 the arc and charge

domains overlap.

One aim of our modelling approach has been to better understand how the two

electric current paths interact, both with each other and with the chemical and ma-

terial flow system. We have taken into account both the radiative heating from the

electric arc and the Ohmic heating within the charge material in determining the ma-

terial flow and chemical properties, and we also solve for the distribution of current.

The fraction Ĩc ∈ [0, 1], of the total current passing through the charge material, as

defined in (4.10) is shown in Figure 6.4 at the steady-state solution for varying Î,

with the solutions corresponding directly to those shown in Figure 6.3. In particular,

the lower branch of the small-µ solution in Figure 6.4 corresponds to the lower (s1)

branch in Figure 6.3. In this small-µ case we see that a smaller fraction of the total

current passes through the charge at the s1 steady state than at the s2 steady state.

We also see that Ĩc decreases with Î at the s1 steady state. However, at s = s2 we

observe that Ĩc increases with Î. For the intermediate-µ case we see Ĩc approaches

zero as Î decreases to its minimum, since s is also small here, and purely geometri-

cally we have σch ∝ s from (6.14). As Î (and s) increases we see Ĩc increases to a
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maximum, but thereafter decreases slightly. This is because for large Î we have large

s, and so the solid temperature Ts in the charge decreases, and so the charge becomes

less electrically conductive.

6.4 Quasi-steady dynamics for small µ

In the previous section we found steady-state solutions numerically for both of our

reduced models. Like in Chapter 5, of our reduced models, only the small-µ case

is quasi-steady, with the factors of ṡ in region I the only time-derivatives to appear

in the leading-order model throughout all the regions of the charge domain. This

quasi-steady property of the small-µ reduced model makes it much easier to study

the dynamics of the overall system in this case than in the intermediate-µ case. In

this section we analyse the quasi-steady model (6.2), finding numerical solutions in

Section 6.4.1, and interpreting these in terms of the overall energy balance of the

system in Section 6.4.2. In Section 6.4.3 we apply our understanding of the system

dynamics to investigate how the industrial procedure of stoking the furnace affects the

overall rate of material consumption. In Section 6.4.4 we discuss possible inferences

we can make for the intermediate-µ case.

6.4.1 Numerical quasi-steady solutions

As described in Section 6.2, we may solve the small-µ problem (6.2) numerically either

by imposing ṡ and solving for s, or by imposing s and solving for ṡ. In this section we

do the latter, with solutions presented in Figure 6.5 for various values of the imposed

current amplitude Î.

In Figure 6.5a we show the variation of ṡ with s for various values of Î. For small

Î, below the critical value Îcrit ≈ 2.55 observed in Figure 6.3, we see that ṡ < 0

for all s, so that there is no steady state: the crater collapses inwards since there is

insufficient energy for the chemical reactions to consume the incoming material. For

Î > Îcrit, we see that

ṡ < 0 if s < s1 or s > s2, and ṡ > 0 if s ∈ (s1, s2), (6.20)

so that all solutions evolve towards s2 unless initially s < s1. For s > s2, the solutions

all initiate near the curve ṡ = −1/s, which corresponds to the crater wall r = s moving

inward at the same speed, −1/s, as the inflowing solid material: at this value of s,

the solid material is too cold for the chemical reactions to take place. As we increase

Î, the stable steady state s = s2 increases, so that we expect larger craters in furnaces
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(a) Solution curves ṡ against s for various Î,
for ṡ > −1/s.
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(b) Profiles of Ts (solid line) and Tg (dot-
ted line) at various points along the solution
curve with Î = 2.75, marked in (a).
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(c) Profiles of C (solid line) and f (dot-
ted line) at various points along the solution
curve with Î = 2.75, marked in (a).
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Figure 6.5: Numerical solutions of the quasi-steady small-µ model (6.2) using param-
eter values in Table 3.6.

with higher currents. We discuss the structure and evolution of these solutions further

in Section 6.4.2, in terms of the overall balance of energy in the system.

The temperature profiles Ts and Tg are shown in Figure 6.5b, and the concentration

profiles C and f are shown in Figure 6.5c, in both cases at various points along the Î =

2.75 solution, marked with crosses in Figure 6.5a. As for the steady-state solutions

found in Section 6.3, the magnitude of the temperatures is largely determined by

the size of s, with rapidly growing temperatures as s becomes small. The rate of

decay of Ts with X is also faster for smaller s, so that the region of X for which Q is

non-negligible and C, f , and Tg vary, becomes narrower. The gas concentration flux

f =
(

1
s

+ ṡ
)

(C − C∗) + Rps is now given in terms of both ṡ and s (related by the
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solution curve in Figure 6.5a), as well as the solid concentration profile C.

In Figure 6.5d, we plot the fraction of the average of the current magnitude passing

through the charge material, Ĩc, as s varies. For large s, the charge material is

cold, and all the current flows through the arc. As s decreases and Ts increases

above Tc, the charge becomes electrically conductive and a significant fraction of

the current passes through the charge. However, as s decreases further, the local

conductivity σc(Ts) is bounded, while the volume of conductive charge material, which

scales with s, decreases. The overall fraction of current through the charge material

therefore decreases again, until all the current passes through the arc. For larger Î,

the maximum of Ĩc is greater, and occurs at a larger value of s.

6.4.2 Overall energy balance

We can understand the structure of the quasi-steady solutions of the small-µ model

found in the previous section by considering the overall balance of power in the system.

Adding the equations for conservation of energy in the gas and in the solid, the

terms modelling the heat transfer between the solid and gas cancel, and we obtain

∂

∂X

[
K

((
1

s
+ ṡ

)
(C − C∗) +Rps

)
Tg −

(
1

s
+ ṡ

)
C(Ts − γ)− ∂Ts

∂X

]
= ασc〈E2〉,

(6.21)

where we have also used the conservation of mass in the solid to write the heat lost

to the chemical reaction as a derivative of C. Integrating over the entire charge

domain X ∈ [0,∞), applying the boundary conditions at X = 0 and as X →∞, and

multiplying through by s we obtain a total energy balance of the system, namely

〈EI〉 = γ
(
(1 + sṡ)(1− C∗) +Rps

2
)

+KGs

(
(1 + sṡ)(1− C∗) +Rps

2
)

+ s2HTs(0),

(6.22)

where Gs is the gas temperature leaving region I, given by (6.8). On the left of (6.22)

we have the total electrical energy dissipated in the system per unit time over both

the arc and the charge which, by averaging the fast-timescale equations (6.13b), is

given by

〈EI〉 = 〈T 4
a 〉+ αs〈E2〉

∫ ∞
0

σc dX. (6.23)

The terms on the right of (6.22) are the power consumed by chemical reactions,

γ((1 + sṡ)(1 − C∗) + Rps
2), both in region I of the charge and in the melt-pool, the

power lost in the flow of hot gases out of region I, KGs ((1 + sṡ)(1− C∗) +Rps
2),

and the power lost by heat flux through the top and base of the crater, s2HTs(0).

The unknowns in (6.22) are therefore E, s, ṡ, Ts(0), and Gs. We may consider these
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(a) Variation of 〈EI〉 (solid line), Ts(0) (dot-
ted line), and Gs (dashed line) with s.
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Figure 6.6: Behaviour of 〈EI〉, Ts(0), Gs, and s2Ts(0)/Gs with s, corresponding to
the numerical solutions presented in Figure 6.5.

to be functions of the position of the free boundary s rather than of time t, since

(numerically) we have found a single solution, and so a single value of 〈EI〉, ṡ, Ts(0),

and Gs, for each value s.

Rearranging (6.22), we find

sṡ =
〈EI〉 −HR

HR

− HV

HR

s2, (6.24)

where

HR = (γ +KGs)(1− C∗), HV = HTs(0) +Rp(γ +KGs), (6.25)

are, respectively, the heat losses in the radial direction (the heat lost to the chemical

reaction in the charge material, and the heat lost in the hot gas that escapes region

I) and the heat losses per unit area in the vertical direction (chemical and conductive

heat losses in the melt pool at the base of the cylindrical crater, and through the

electrode at the top). We note that both HR and HV are positive.

In order for a steady-state solution, with ṡ = 0, to exist, we see from (6.24) that

we require 〈EI〉−HR > 0, and hence we need a sufficiently high electrical power 〈EI〉.
If the electrical power is too low, then the first term of (6.24) is negative, or small

and positive, and so ṡ < 0 for all s. In this case, the crater will collapse inward, as

the electrical power dissipated will be insufficient to react away the incoming flux of

solid material. This is the behaviour observed for the numerical solutions in Section

6.4.1, when the applied current had too small an amplitude Î < Îcrit.
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If the applied current is sufficiently large that solutions 〈EI〉−HR > 0 exist, then

we expect there to be steady-state solutions. In Figure 6.6a we show the variation

of Ts(0), Gs, and 〈EI〉 with s, from the numerical solutions computed in Section

6.4.1. For large enough s, all three of Ts(0), Gs, and 〈EI〉 vary slowly with s, so

that 〈EI〉, HR, and HV are approximately constants. Therefore, if there is a steady-

state solution s∗ in this range of sufficiently large s, then from (6.24), we see that

for s > s∗, we have ṡ < 0, while for s < s∗, we have ṡ > 0. Thus such a steady

state is stable. This describes the behaviour of the larger steady state s = s2 seen

numerically in Section 6.4.1. We note that it is the changing geometry of the system

that determines the stability of this steady state: since HR, HV , and 〈EI〉 are all

approximately constant, the increasing surface area of the crater top and base, which

behaves like s2, means that as s increases from s2 the heat loss in the vertical direction

increases while the total energy produced does not vary much, and hence ṡ decreases

through the steady state, making it stable.

From Figure 6.6a we see that as s becomes small, while 〈EI〉 remains roughly

constant, Ts(0) and Gs increase dramatically. This is because the energy radiated

from the arc remains roughly constant, but is distributed over an increasing small

surface area, causing Ts(0) to blow up, which causes a similar, but lesser, increase in

Gs. Since both HV and HR are linear in Gs or Ts(0), these blow up as s becomes

small, causing ṡ to become negative for small s. This is the cause of the second

steady state, s1, observed numerically. Specifically, from the numerical solutions in

Figure 6.6b we see that, even though Ts(0) increases faster than Gs as s becomes

small, (Ts(0)/Gs)s
2 is bounded, and approaches zero as s → 0. Thus the quadratic-

type term, (HV /HR)s2, in (6.24) remains bounded. The change in the sign of ṡ as s

becomes small is therefore due to the change in sign of the first term, or of 〈EI〉−HR.

Thus it is the blow-up in the heat, KGs(1− C∗), lost in the gas escaping region I as

X →∞, that creates the small steady state s1.

The above energy balance argument holds only for the small-µ model. However,

this interpretation of the s1 steady state as only existing because of the heat lost in

the gas escaping the boundary layer provides intuition for why a similar steady state

s1 does not appear to exist for the intermediate-µ cases: for µ = O(1) or larger, the

energy in the gas leaving the boundary layer is used for chemical reactions in the

outer regions of the charge domain, and so is not lost from the system.
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6.4.3 The effect of stoking

We have seen that when Î is large enough for steady states s1 and s2 to exist, the

small-µ system evolves from any initial state with s > s1 to the larger steady state

s2 over the timescale [ts] ≈ 4 hours (as in Section 3.2). However, the steady state s2

is unlikely to be attained in reality, due to the practice of stoking.

In realistic industrial configurations, the furnace is stoked at regular intervals (on

the order of 45 minutes to an hour). The stoking process involves manually breaking

up and mixing the top layer of charge material in the furnace, using a large pole

(in the same way as one might stoke a fire with a poker). The stoking machine is

illustrated on the left of the furnace diagram Figure 1.1 in Chapter 1. This practice

ensures the gases can flow out through the charge, preventing gas blows, and ensuring

efficient silicon production. Stoking is also seen to increase the flow of solid material

down towards the crater, and it is understood that during stoking the crater quickly

shrinks, before slowly growing back outwards until the next stoking.

While our model is not designed to capture rapid changes in the flux of solid ma-

terial to the crater, we can understand the stoking cycle in terms of an instantaneous

re-setting of the crater radius s during the stoking. Since in the small-µ case the tem-

perature and concentration fields are all quasi-steady on the [ts] timescale, we expect

to rapidly revert to the quasi-steady ṡ(s) solution curve of Figure 6.5a. Stoking can

therefore be thought of as rapidly reducing the crater radius to a smaller value of s,

and the system instantaneously reverting to the ṡ(s) solution curve for the new value

of s. The system then evolves slowly along the ṡ(s) curve, with s increasing towards

s2 until the next stoking period. The current distribution through the furnace varies

as we pass along the curve. Immediately after stoking, we would expect the fraction

of the current passing through the charge to be greater, and then to decrease steadily

again as s increases.

Within this framework, we can also understand the effect of stoking on the overall

reaction rate. We consider the total chemical reaction in the charge bed, defined by

QT = s

∫ ∞
X=0

Q dX, (6.26)

which, if redimensionalised, would have dimensions [mol s−1]. Since this is the rate

at which charge material is consumed, we may consider it a proxy for the silicon

production rate. By integrating the equation of conservation of mass in the solid, we

find

QT = s

∫ ∞
X=0

(
ṡ+

1

s

)
∂C

∂X
dX = (1 + sṡ)(1− C∗). (6.27)
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Figure 6.7: Total reaction rate and stoking. In (a) we show the variation of the
total reaction rate QT with s for various Î, corresponding to the quasi-steady, small-
µ numerical solutions presented in Figure 6.5. The dotted line shows the value of
QT = 1 − C∗ at the steady states s = s1 and s2. In (b) we fix Î = 3 and show QT

as a function of time for an example stoking pattern, compared with the steady-state
solution.

While this expression has no explicit dependence on the functional form of Q, we note

that the dependence is through the values of s and ṡ in the solution.

Taking partial derivatives of (6.27) with respect to s we see that

∂QT

∂s
= (1− C∗)

(
ṡ+ s

∂ṡ

∂s

)
. (6.28)

We suppose that the furnace is running at sufficiently high current that steady states

of our model exist: s = s1 and s = s2 > s1. At each of these steady states, QT =

1− C∗, and further, since

∂ṡ

∂s
> 0 at s = s1 and

∂ṡ

∂s
< 0 at s = s2, (6.29)

we see that

∂QT

∂s
> 0 at s = s1 and

∂QT

∂s
< 0 at s = s2. (6.30)

Hence the maximum value of QT must always be between s1 and s2. This is illustrated

in Figure 6.7a, in which we show the variation of QT with s.

By stoking the furnace, and so repeatedly pushing s below s2, we must increaseQT .

Thus, by integrating QT over the time of many stoking cycles, we see that the overall

rate of consumption of solid material will be increased by the stoking, compared with

the crater remaining at the s = s2 steady state. An example is shown in Figure 6.7b.
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Here we periodically stoke the system by resetting s to the value 1 < s2 at times

t = 0, 3, and 6. We see that as s evolves toward s2 we have QT decreasing towards

the steady state value 0.8, until the furnace is again stoked. The overall reaction rate

of the stoked system is greater than if s = s2 for all time. However, if the stoking

decreases s such that s < s1, the charge material will move inwards, extinguishing

the arc. Thus there is a limit to the improvement that can be made to the furnace

efficiency by stoking. In Figure 6.7a we see that the maximum of QT increases with

Î. Thus, while QT = 1− C∗ at s = s2 does not vary with Î, for larger values of Î we

would expect stoking to have a greater effect on the overall rate of chemical reaction,

since the maximum of QT is greater.

For the small-µ model, there is no dependence of the model on the size rf of the

furnace. In certain parameter regimes, such as a sufficiently large Î, we may actually

find that s2 > rf , and so the stable steady-state solution of the model is outside of

the furnace. In this case, our model predicts growth of the crater between stoking

events, with the stoking necessary to push material in towards the crater. Depending

on where the maximum of QT is relative to the size of the furnace, stoking in this

case may either increase or decrease the rate of material consumption.

6.4.4 Dynamics with non-zero µ

For the intermediate-µ case it is more difficult to understand the dynamics of the

system than in the quasi-steady small-µ case. However, due both to the ease with

which the numerical steady-state solution is found (it is much more difficult to find

the unstable branch s1 of the small-µ model), and also the fact that (as seen in Figure

6.2) the intermediate-µ steady-state solution approaches the s2 solution of the small-µ

model as µ→ 0, it seems likely that the intermediate-µ steady state is also stable.

Furthermore, the overall energy balance argument from Section 6.4.2 is almost

identical in the intermediate-µ case, except that C∞ is no longer 1 in general. Thus

the radial heat loss term in (6.25) becomes instead

HR = (γ +KGs)(C
∞ − C∗), (6.31)

while HV takes the same form as (6.25). If C∞ varies sufficiently slowly with s and

t about the steady-state solution, then we might still expect HR, HV , and 〈E2〉 to

be approximately constant around this steady state. If so, we may draw the same

conclusion as in Section 6.4.2: that such a steady state is indeed stable.

We could also investigate time-dependent behaviour of the intermediate-µ model

directly. For µ = O(1) this would require solving the quasi-steady region-I problem
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(6.2a–c) and (6.5), coupled with the fully time-dependent region-II problem (6.9).

A proper investigation of the dynamics of the intermediate-µ system is needed to

confirm these inferences, and to explore dynamics further from the steady state.
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Chapter 7

Discussion and conclusions

To conclude, we provide a summary and discussion of the research undertaken in this

thesis. We summarise our findings, highlighting key results in Section 7.1. In Section

7.2, we then discuss some possible areas for future work. Finally, in Section 7.3, we

discuss how our results apply to the production of silicon, both by contributing to

better models, and also directly, for furnace operators.

7.1 Summary of modelling and results

We have taken a high-level view of the interacting electrical, thermal, and chemical

processes in silicon furnaces. The detailed model presented in Chapter 2 is compli-

cated, with many different timescales, and it would be difficult and computationally

expensive to solve the full form of this model directly. We therefore looked for simpli-

fications of this model, which still included the crucial dominant physical processes

relevant to industry, in Chapter 3. Based on dimensional analysis of the MHD arc

model, we posed a simplified model for the electric arc as a cylinder of uniform tem-

perature, heated by Ohmic heating and with heat lost only to radiation. Another key

aspect of the reduced furnace model of Chapter 3 was the simplification of the heat

flux boundary condition at the edge of the crater. This simplification is based on

the observation that the surface radiation is likely to dominate over the volumetric

radiation from the electric arc. Taking advantage of the many disparate timescales

in the model, we performed a multiple-timescales homogenisation analysis to average

out the fast AC effects. The fast-timescale variation of the electrical system was then

incorporated into the slow-timescale system in a computationally efficient way.

In Chapter 4 we studied the fast-timescale model which forms the cell problem

used in our homogenisation analysis. This cell problem describes the variation of the

electrical system over the AC timescale, providing a bridge between the fast-timescale
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modelling of the electrical system and the slow-timescale analysis of the heat and mass

transfer in the furnace. Analysis of the simpler DC and prescribed-current AC versions

of the cell problem informed analysis of the more detailed equivalent-circuit problem,

and helped us to interpret the solutions. We then compared our simple radiation arc

model with commonly-used empirical arc models. At high currents the arc models

behave quasi-steadily, following their steady-state current-voltage relationship; of the

arc models considered, only our radiation arc model has a rising current-voltage rela-

tionship, which is expected from simulations of more complicated arc models in the

literature. This highlights the benefit of our “first-principles” derivation for the arc

model.

In Chapter 5 we studied a simplified version of our homogenised furnace model

derived in Chapter 3: an idealised system of counter-current flow and endothermic

reactions, without including the electrical effects or the heat transfer boundary condi-

tion at the edge of the crater. We also simplified the geometry to a Cartesian domain.

The goal of analysing this sub-problem was to understand how the counter-current

flow and endothermic chemical reactions interact, without unnecessary additional

complications. Using the method of matched asymptotic expansions, we studied the

limit of large Péclet number (small δ) in the solid material, and found a variety of

different structures across the full range of values of the heat transfer coefficient, µ.

Our asymptotic analyses reduce the computational complexity of the model, and give

insight into the dominant physical mechanisms at play in different regions of the do-

main, for each range of µ. Some features of our analysis were common for all sizes

of µ, such as a natural temperature scaling (depending on both µ and δ), as well

as a boundary layer at the free boundary of the domain. Our choice of an Arrhe-

nius chemical reaction rate resulted in logarithmic functional forms for the natural

temperature scalings. For small µ, the flow of gas played a limited role, with the dom-

inant heating mechanism for the solid material due to the radiation incident on the

free surface. At large µ, we found more typical counter-current behaviour, with the

solution structures dependent on the direction of net heat flux through the domain.

Our solutions for endothermic chemical reactions provide an interesting contrast to

asymptotic analyses of combustion, or other multiphase flow systems with exothermic

chemical reactions, present in the literature [13, 21, 75]. The asymptotic structures

identified in Chapter 5 also provide justification for the simplistic geometry of the

model assumed in Chapter 3. In particular, for parameter regimes where the majority

of the chemical reaction occurs in a boundary layer at the edge of the charge material,
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the wider geometry of the furnace will have relatively little effect, and we are justified

in our choice of a simple geometry.

In Chapter 6, we made use of the asymptotic reductions of Chapter 5 to simplify

the homogenised model of Chapter 3 for appropriate ranges of µ. The resulting

reduced models include all of the AC electrical effects, thermal and material flow

processes, and the dominant chemical reaction near to the crater, but are simple and

computationally efficient to solve compared with the general model of Chapter 2. In

Chapter 6, we found steady-state solutions of these reduced problems numerically,

and also analysed the dynamical system in the small-µ case, which is quasi-steady.

Analysis of the simplified furnace models in Chapter 6 allows us to better understand

the steady-state furnace operation, and, in certain parameter regimes, the dynamics of

a realistic SAF. Our findings are directly applicable to furnace operation, as discussed

in Section 7.3 below.

7.2 Future work

There are a number of areas of potential future work that we consider to be of interest,

both mathematically and to Elkem ASA. We discuss these below.

Reductions of the magnetohydrodynamic arc model Interactions between

the coupled electromagnetism, heat transfer, and fluid flow in the electric arcs might

be understood by asymptotic analysis of the MHD model presented in Chapter 2.

The dimensional analysis of the MHD model in Section 3.1.1 shows that both the arc

current and fluid flow are predominantly axial in the case that the arc is longer than

it is wide, and that the dominant heat loss mechanism from the arc is by radiation.

In the case that the heat conduction in the arc dominates over heat convection,

the steady-state MHD model reduces to the cylindrical model analysed in the study

group report [19], and illustrated on the left of Figure 7.1. For SAF arcs, we instead

expect that heat convection is at least as important as heat conduction, and we might

therefore look for arc structures more like that on the right of Figure 7.1, with the

arc temperature piecewise constant in r but varying in z, and with a transition layer

in which both heat conduction and convection play a role in determining the radial

extent of the arc a(z). From such an analysis of the arc structure, we could gain an

improved understanding of what determines the size and shape of the arc, and the

interactions between the heat loss mechanisms, as well as how these are influenced

by the amount of current through the arc.

191



T = 0

OUTER

TRANSITION
LAYER

r

z

r = a(z)

O(βεa)

T = Ta(z)

Lorentz
force

CORE

current
electric

fluid flow

streamlines

streamlines

cathoder

z

cathode

O(
√
K)

r = a

T = 0T = Ta

current
electric

streamlines

OUTER

TRANSITION
LAYER

CORE

Case K � ε2aβ
2 Case K = O(ε2aβ

2)

Figure 7.1: Possible asymptotic structures of an electric arc. Left: the cylindrical arc
structure found by [19]; right: the possible structure if heat convection is as important
as heat conduction.

Electrical circuits and AC effects The AC effects described by the equivalent-

circuit model in Chapter 4 merit further investigation. Electrical measurements are

usually asymmetric between the three phases, while for simplicity we only considered

the symmetric system: the asymmetric model is more complicated, with many more

parameters. Varying the model parameters and comparing solutions with industrial

measurements is the forward problem; ideally, we would like to understand the inverse

problem, and infer model parameters given the electrical measurements. One diffi-

culty with such an optimisation problem is the number of parameters in the model,

compared with the limited electrical measurements that can be obtained from an op-

erational furnace. Especially in the asymmetric case, it might be easy to over-fit the

data. Care should be taken to restrict to physical parameter ranges, and so physically

derived models like our radiation arc model may be better than empirical arc models.

Counter-current flows with multiple chemical reactions In Chapter 5 we

considered only a single, endothermic chemical reaction, converting solid material

to gas. In the silicon furnace there are multiple chemical reactions occurring, with

different temperature-dependent reaction rates. Depending on the relative rates of

the different endothermic reactions, we might expect to find multiple critical solid

temperatures, and nested boundary layer structures. Furthermore, in cooler regions of
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the furnace away from the crater, the SiO gas condenses onto the solid material, which

is an exothermic reaction. It would be interesting to investigate the interaction of

multiple chemical reactions, both endothermic and exothermic, within the framework

of the two-phase model explored in Chapter 5.

Further exploration of the homogenised models There are many ways we

could extend the analysis of Chapter 6 to investigate the workings of a silicon furnace

in more detail. Firstly, as discussed in Section 3.1.4, we have not been careful to

relate the mass lost through the crater wall r = s to the reaction rate in the melt

pool. Ensuring global conservation of mass in this way will introduce additional

coupling into the model which would be interesting to investigate. We should explore

the time-evolution of our solutions found in Chapter 6, as discussed in that chapter.

In the simulations of Chapter 6 we used solutions of the simplified cell problem in

which the electrode current was prescribed. It would be interesting to investigate the

effect of using the full equivalent circuit as the cell problem instead. Furthermore,

we could extend our model to investigate the asymmetric system, using the three-

phase EC electrical system, but also three versions of the homogenised model for the

charge material surrounding each of the three electrodes. In this case we might need

to investigate how the temperature and chemical reactions in the charge around one

crater might affect those around another, although in the small-µ case it might be

appropriate to assume that the three charge regions are independent of each other,

and coupled only by the electrical system.

Solutions with the majority of the current passing through the charge The

steady-state and quasi-steady solutions of our furnace model found in Chapter 6 seem

to agree well with the standard observed furnace behaviour, with the majority of the

current passing through the arc. However, a different type of furnace behaviour is oc-

casionally observed, in which there is a sudden and significant increase in the amount

of current passing through the charge. This results in poor silicon production: too

much quartz is melted at a slower rate and higher in the furnace, but without suffi-

cient energy for the reduction reactions near the crater. This spurious mode occurs

rarely, but is difficult to recover from, suggesting that it is a stable furnace behaviour.

We have not been able to find solutions of our model with these characteristics.

However, if the critical temperature Tc at which the charge becomes electrically

conductive (which is not well-known) is smaller, then we find solutions of the small-µ

model with non-monotone temperature profiles for ṡ 6= 0, as shown in Figure 7.2a.
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the current passing through the charge material.

Here, the Ohmic heating causes the Ts maximum to be in the interior of the charge

domain, and the heat generated here is used for the chemical reaction. Furthermore,

we notice that the current fraction, Ĩc, increases as Tc is decreased.

Our model cannot support a non-monotone solution such as that in Figure 7.2a

in steady state because we have prescribed the velocity of the solid material, which is

constant through the boundary layer. If we solved for the solid velocity in some way

rather than prescribing it, we might obtain solutions such as that sketched in Figure

7.2b. A large proportion of the current passes through the charge material, within

the hot region labelled B. The Ohmic heating generated by the current here provides

all the heat needed to consume the material moving in toward it. At smaller r, in

region A, the temperature is cooler, so very little material is consumed, but because

there is no material pushing it inwards, it sits there, stationary and not reacting. To

investigate if such solutions exist, a more detailed understanding of the flow of charge

material is needed, and we suggest this as an important area for future work.

What can we infer about the general furnace model? For the majority of this

thesis we have dealt with simplifications of the general model presented in Chapter 2.

Our multiple-timescales analysis of the simplified problem might be extended to more

complicated geometries, chemical systems, and fluid flows, and we might anticipate

similar structures with the charge material independent of the AC timescale, but

depending on averaged radiative and Ohmic heating terms. Complications could

arise in the gas flow, which might in fact vary on the AC timescale if coupled more

accurately to the changing fluid flow in the crater, driven by the Lorentz forces in the

electric arc. We might also expect to see boundary layer structures similar to those
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found in Chapter 5, with high temperatures and the majority of the consumption of

the solid material occurring near to the craters. However, a more detailed chemical

system including exothermic chemical reactions could give rise to additional structures

higher up in the charge material.

7.3 Industrial applications

The processes inside of a silicon furnace are both complicated and difficult to observe,

so that techniques such as mathematical modelling are important for understanding

the many interacting processes at play. Our modelling approach, which involves

deriving simpler sub-problems and asymptotic solutions, is quite different to the large-

scale simulations or empirical models more commonly found in the furnace-modelling

literature, and therefore provides a different type of insight into the operation of

SAFs, and the silicon production process. The applications of our work to silicon

furnaces may be grouped into fast-timescale dynamics, occurring over the timescale

of the alternating current, and the longer-timescale dynamics of the heating, flow and

chemical consumption of the charge material.

7.3.1 Fast-timescale (AC) effects

The electrical current and voltage across the furnace is one of the few things that

can be measured directly during furnace operation. Improved understanding of the

electric arc and the electrical system will enable silicon producers to better understand

the fluctuations in these electrical signals, and to interpret them in terms of the

conditions within the furnace. The simplified arc model with heat loss by radiation,

presented in Chapter 3 and based on a dimensional analysis of the MHD model, is

a new addition to the many arc models in the SAF literature. As we explored in

Chapter 4, it may be viewed as an alternative to the commonly-used empirical Cassie

and Mayr models for studying the fast-timescale electrical system, and interpreting

the electrical measurements of operational furnaces.

We showed that our radiation arc model has several advantages over the Cassie

and Mayr models. Firstly, it is derived from first principles rather than empirically-

derived, hence the model parameters all have a physical meaning and may be esti-

mated from properties of the arc gases. Secondly, the radiation model is designed for

SAF arcs (rather than for circuit-breaker arcs), taking into account the heat radiation

which is known to be important for such high-current arcs. Finally, the radiation arc
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model captures important features of furnace electric arcs, including a rising steady-

state current-voltage characteristic (unlike both the Cassie and Mayr models), while

being almost as simple, with only one additional parameter.

The homogenisation analysis of Chapter 3 incorporated the fast-timescale effects

into a model for the slower heat and mass transfer within the charge material. The

homogenisation analysis is valuable to users in industry for two reasons. Firstly, it

provides a rational justification for the assumption, often made in slower-timescale

models, that the temperatures and chemical concentrations in the charge material do

not vary on the timescale of the alternating current. While many studies assume that

there is no variation in the charge over the AC timescale, to the best of our knowledge

this has never been formally justified. This also justifies the assumption made in

fast-timescale EC models that the conductivity or resistance of the charge material is

constant over the timescale of interest. Secondly, the homogenisation analysis links

two separate bodies of furnace-modelling literature, by demonstrating how the fast

AC processes may be accurately and efficiently incorporated into a model of the

slower thermal and chemical processes in the charge material, through the values of

the averaged heat radiation, 〈T 4
a 〉, and averaged square of the electric field across the

crater, 〈E2〉. Our radiation arc model provides the link between these fast and slow

timescales: the heat radiated from the arc is incident onto the surrounding material,

providing a heat source for the slower-timescale processes in the charge.

7.3.2 Longer-timescale effects

Our homogenised model is unusual in the furnace literature in that it includes elec-

trical, thermal, and chemical processes: the majority of furnace models studying the

heat transfer and chemical processes neglect electrical effects. However, we have seen

that all three of these are closely linked processes, each affecting the other.

The observation that the Péclet number in the solid charge material is large indi-

cates that heating from the electric arc due to radiation cannot penetrate very far into

the charge material, since the conduction lengthscale is too small. This means that

the heating higher up in the furnace can only be due to the hot gases flowing through

the porous charge material (or due to exothermic chemical reactions, which we have

neglected from our simplified chemical system, although these would still need to be

initiated, as they have temperature-dependent reaction rate). The asymptotic anal-

ysis of Chapter 5 provides an understanding of the structure of the charge material,

in this large Péclet number limit. A range for the heat transfer coefficient may be

estimated by measuring both the gas and solid temperatures at the surface of the
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furnace charge: if these are quite different, then µ is O(1) or less, but if they are very

similar, then µ � 1. Our asymptotic analysis confirms the industrial expectation

that material consumption occurs fastest within a thin layer at the edge of the crater.

However, if µ = O(1), then a comparable amount of material consumption also occurs

within the entirety of the domain, with the heat from the gas providing the energy

for the endothermic reaction. While the model used in Chapter 5 is based on silicon-

producing SAFs, other applications may also be modelled through this framework.

For instance, the rotary kiln simulated in [2] has regions of constant solid tempera-

ture, while the energy for the chemical reactions — in this case the evaporation of

moisture — is provided by the counter-current flow of gas, reminiscent of our cases

B and C. Similar structure is seen in [98] for the reactions in a cement kiln. These

studies [2, 98] are numerical; further investigation is needed to understand how our

asymptotic results may provide insight into these different chemical systems.

The analysis of steady-state solutions of the reduced homogenised furnace models

we provide in Chapter 6 gives insight into the interaction of the coupled electrical,

thermal, and dominant chemical processes, and the position of the free boundary of

the crater wall. Firstly, we note that from an industrial perspective, the existence of

steady-state solutions of the models is an interesting concept in itself: it is difficult

to observe the crater structure during operation, but it is generally understood that

the crater grows between stoking events. Furthermore, we found that steady-state

solutions of the system only exist for sufficiently large applied currents. This is

physically intuitive, since if insufficient electrical power is supplied to the system,

then the reaction rate cannot balance the flow of material, and the crater falls inward.

For sufficiently large currents, we observed exactly one stable steady-state solution

for all relevant sizes of µ. At this steady state, there is a balance between the heat

energy provided to the system by the electric current and that consumed in the

chemical reactions, as well as a balance of mass provided by the steady in-flow of

charge material and the material consumed in the reaction. In the small-µ case, we

also found an unstable steady state at a smaller radius, characterised by much hotter

temperatures in the charge material. A steady state at such a small crater radius

cannot be supported by the moderate µ = O(1) model, since the heat in the gas is

not lost from the chemical system, but provides energy for material consumption in

the outer domain.

Knowledge of the dynamics of the quasi-steady (small-µ) model allows us to un-

derstand the natural evolution of the furnace, but also suggests how furnace operators
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might change this behaviour by stoking. We observed that the maximum rate of ma-

terial consumption is attained at a crater radius smaller than its stable steady-state

position, since there the material is hotter and so reacts more quickly. By stoking the

furnace and pushing more material in towards the crater, the system is kept closer to

this optimal radius, and so material is consumed at a higher rate overall. This also

explains the industrial observation that the crater grows between stoking cycles, as

our models predicts the crater evolves back towards its natural, stable, steady state.

However, we found that for very small crater radii the crater collapses, and so there

is a limit to the improvement to efficiency by stoking. In practice, stoking should be

carefully controlled to avoid pushing too much material into the crater, which will

stifle the arc. Indeed, this finding coincides with common industrial practice: furnace

operators are instructed not to stoke “too deeply”, as this is found to result in poor

silicon production [1].
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Appendix A

Degree of freedom count for the
region-I problems derived in
Chapter 5

In this appendix we show that both the O(1) problem (5.13) and the next-order

problem (5.16) (which is O(T in) in case A, and O(η) in cases B–D) are correctly

specified. Rather than the far-field boundary conditions C0 → 1 and C1 → 0 as

X → ∞, we use the general boundary conditions C0 → C∞0 (t), and C1 → C∞1 (t) to

cover all the cases A–D. Although we do not prove it here, the leading-order region-I

problems for cases E and F may be shown by a similar argument to have the correct

number of boundary conditions, and so are correctly specified, in the case that the

characteristics of the O(1) problem travel into the boundary layer (region I).

We examine the behaviour of (5.13) and (5.16) near the X = 0 boundary by

expanding

C0 = c0
0 + c1

0X +O
(
X2
)
, T 0

s = τ 0
0 + τ 1

0X + τ 2
0X

2 +O
(
X3
)
, (A.1)

C1 = c0
1 + c1

1X +O
(
X2
)
, T 1

s = τ 0
1 + τ 1

1X + τ 2
1X

2 +O
(
X3
)
, (A.2)

with all coefficients τ, c = O(1), and independent ofX. Using the boundary conditions

at X = 0, we fix

c0
0 = C∗, c0

1 = 0, τ 0
0 =

ρ

s0

, τ 0
1 = −ρs1

s2
0

, (A.3)

in terms of the unknown s0 at leading order, and both s0 and s1 at next order.

Substituting (A.1) into (5.13a)–(5.13b), and linearising, we find that

−(ṡ0 + 1)c1
0 = −C∗ exp

(
A

(
1− s0

ρ

))
, (A.4)

−(ṡ0 + 1)C∗τ
1
0 = τ 2

0 − γC∗ exp

(
A

(
1− s0

ρ

))
, (A.5)
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so that, upon rearranging, we may express c1
0 and τ 2

0 in terms of ṡ0, s0, and τ 1
0 ,

c1
0 =

C∗
ṡ0 + 1

exp

(
A

(
1− s0

ρ

))
, τ 2

0 = γC∗ exp

(
A

(
1− s0

ρ

))
− (ṡ0 + 1)C∗τ

1
0 .

(A.6)

By going to higher order in these equations, we can compute all higher-order coeffi-

cients, cn0 and τn0 , in terms of ṡ0, s0, and τ 1
0 . We note that, given an initial condition

for s0, we can compute s0 at all subsequent times from ṡ0. Thus, we actually have

just two degrees of freedom in the leading-order problem near X = 0, ṡ0 and τ 1
0 .

At next order, substituting (A.2) into (5.16a–b) and using the forms of solutions

found at leading order (A.6), we find precisely the same structure as at leading order,

and may express c1
1 and τ 2

1 as

c1
1 = − 1

ṡ0 + 1

(
ṡ1C∗
ṡ0 + 1

+
AC∗s1

ρ

)
exp

(
A

(
1− s0

ρ

))
, (A.7)

τ 2
1 = −C∗

(
(ṡ0 + 1)τ 1

1 + ṡ1τ
1
0

)
− γAC∗s1

ρ
exp

(
A

(
1− s0

ρ

))
, (A.8)

which are in terms of ṡ1, s1, and τ 1
1 , in addition to the degrees of freedom of the

leading-order problem. As at leading order, this is really just two degrees of freedom

for the BVP, since s1 may be expressed in terms of ṡ1 for a given initial condition.

Thus we have found that both (5.13) and (5.16) have two degrees of freedom near

X = 0.

In the far field, we make the expansions

C0 = c̄0
0 + c̄1

0(X), T 0
s = τ̄ 0

0 + τ̄ 1
0 (X), C1 = c̄0

1 + c̄1
1(X), T 1

s = τ̄ 0
1 + τ̄ 1

1 (X), (A.9)

with all c̄0
i , τ̄

0
i = O(1) and independent of X, and the correction terms small as

X →∞.

The boundary conditions as X → ∞ (in both the leading-order, and next-order

problems) result in

c̄0
0 = C∞0 (t), c̄0

1 = C∞1 (t), τ̄ 0
0 = 0, τ̄ 0

1 = 1, (A.10)

as well as

c̄1
0, c̄

1
1, τ̄

1
0 , τ̄

1
1 → 0 as X →∞. (A.11)

Since τ̄ 1
0 becomes small in the far field, the chemical reaction rate is exponentially

small in this limit. Thus by substituting the leading-order variables in (A.9) into the

equations (5.13a)–(5.13b), and linearising, we find that c̄1
0 and τ̄ 1

0 satisfy

−(ṡ0 + 1)
∂c̄1

0

∂X
= 0, −(ṡ0 + 1)c̄0

0

∂τ̄ 1
0

∂X
=
∂2τ̄ 1

0

∂X2
. (A.12)
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Using the boundary conditions (A.11) (and since we have, as always, that ṡ0 > −1)

we find that

c̄1
0 = 0, τ̄ 1

0 = b0 exp (−(ṡ0 + 1)C∞0 X) , (A.13)

where b0 is a constant of integration. This b0 is the only additional degree of freedom

in the far field. Together with the two degrees of freedom we found at X = 0, there

are three degrees of freedom in total. Since (5.13) is a third order system, we have

shown that the BVP (5.13) is correctly specified.

Similarly, substituting (A.9) into the equations (5.16a–b) and neglecting exponen-

tially small terms, we find

−(ṡ0 + 1)
∂c̄1

1

∂X
− ṡ1

∂c̄1
0

∂X
= 0, (A.14)

−(ṡ0 + 1)

(
C∞1

∂τ̄ 1
0

∂X
+ C∞0

∂τ̄ 1
1

∂X

)
− ṡ1C

∞
0

∂τ̄ 1
1

∂X
=
∂2τ̄ 1

1

∂X2
. (A.15)

Using the forms of the leading-order solutions c̄1
0 and τ̄ 1

0 , we find solutions

c̄1
1 = 0, τ̄ 1

1 = (b1 − b0X (C∞1 (ṡ0 + 1) + C∞0 ṡ1)) exp(−C∞(ṡ0 + 1)X). (A.16)

Here, b0 is the degree of freedom in the leading-order problem, so there is only one

additional degree of freedom, b1, in this next-order problem in the far field. Thus,

as for the leading-order problem, there are a total of three degrees of freedom for

the next-order problem (5.16), which is third order, and therefore (5.16) is correctly

specified.
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Appendix B

Matching at next order between
regions in Section 5.5

In this appendix we analyse the O(η) correction in case C, in order to fix the constant

of integration D in the region CIII solid temperature T̃ 0
s (5.78). To do this, we must

consider the O(η) corrections in all regions CI–CIV of the domain.

In region CI we find the O(η) problem is given by (5.16) with the far-field solid

concentration C∞1 that must be fixed by matching with the outer region.

The O(η) terms in the region CII equations (5.53) are

∂Ĉ1

∂t
− ∂Ĉ1

∂x
= −Q1,

∂f̂ 1

∂x
= Q1, µ(T̂ 1

g − 1) = γQ1, (B.1a)

K
∂

∂x

(
f̂ 0T̂ 1

g + f̂ 1T̂ 0
g

)
= Ĉ0 exp

(
A(1 + T̂ 0

s )
)
− µ(T̂ 1

g − 1), (B.1b)

where

Q1 = exp
(
A(1 + T̂ 0

s )
)(

Ĉ1 + AĈ0(T̂ 1
s − (T̂ 0

s )2)
)

(B.2)

is the correction to the chemical reaction rate.

Matching with region CI, we require

f̂ 1
∣∣
x=s0

= F 1
s − s1

∂f̂ 0

∂x

∣∣∣
x=s0

, T̂ 1
g

∣∣
x=s0

= G1
s − s1

∂T̂ 0
g

∂x

∣∣∣
x=s0

, (B.3)

where

F 1
s := lim

X→∞
f 1(X, t), G1

s := lim
X→∞

T 1
g (X, t). (B.4)

We note that, while region CI is O(δ), our asymptotic expansion is in powers of

η � δ, and therefore all terms in the region-CII expansion must equal those in the

CI expansion. However, since the boundary layer is positioned at x = s = s0 + ηs1,
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we obtain correction terms when evaluating the outer solutions at x = s0, which give

rise to the s1(∂T̂ 0
g /∂x)|x=s0 terms in these expansions.

The equations (B.1) reduce to the system

∂f̂ 1

∂x
=
µ

γ
(T̂ 1

g − 1), (B.5)

K
∂

∂x

(
f̂ 0T̂ 1

g + f̂ 1T̂ 0
g

)
= Ĉ0 exp

(
A(1 + T̂ 0

s )
)
− µ(T̂ 1

g − 1), (B.6)

for f̂ 1 and T̂ 1
g , in terms of the leading-order solution. Combining these equations, and

using the leading-order equation for f̂ 0, we may take a first integral, and find that

K(f̂ 0T̂ 1
g + f̂ 1T̂ 0

g ) + γf̂ 1 − f̂ 0 = H1 (B.7)

is constant. Using the matching conditions (B.3) we fix

H1 = KFs

(
G1
s − s1

∂T̂ 0
g

∂x

∣∣∣
x=s0

)
+
H0

Fs

(
F 1
s − s1

∂f̂ 0

∂x

∣∣∣
x=s0

)
− Fs. (B.8)

We similarly define the constant

H0 := Fs(KGs + γ) = f̂ 0(KT̂ 0
g + γ) (B.9)

by combining the leading-order equations. Rearranging (B.7) we see that

f̂ 1 =
1

H0
f̂ 0
(
f̂ 0 −Kf̂ 0T̂ 1

g +H1
)
, (B.10)

and so the equation of gas conservation of energy becomes an equation for T̂ 1
g :

∂T̂ 1
g

∂x
+ (T̂ 1

g − 1)

(
f̂ 0
x

f̂ 0
+

µH0

γK(f̂ 0)2

)
=

(
2

K
− 1 +

H0

Kf̂ 0

)
f̂ 0
x

f̂ 0
, (B.11)

using the shorthand f̂ 0
x = ∂f̂ 0/∂x. Equation (B.11) has the solution

T̂ 1
g = 1+ exp

(
−
∫ x

x′=s0

f̂ 0
x

f̂ 0
+

µH0

γ(f̂ 0)2
dx′

)

×

[
G1
s − s1

∂T̂ 0
g

∂x

∣∣∣
x=s0

+

∫ x

x′=s0

(
2

K
− 1 +

H0

Kf̂ 0

)
f̂ 0
x

f̂ 0
exp

(
−
∫ x′

x′′=s0

f̂ 0
x

f̂ 0
+

µH0

γ(f̂ 0)2
dx′′

)
dx′

]
,

(B.12)
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where we have fixed the integration constant using (B.3).

The gas flux correction f̂ 1 is then given by (B.10). The solid concentration cor-

rection, Ĉ1 then satisfies the problem

∂Ĉ1

∂t
− ∂Ĉ1

∂x
= −µ

γ

(
T̂ 1
g − 1

)
for x ∈ [s0, 1], (B.13a)

Ĉ1 = w
∂Ĉ0

∂x

∣∣∣
x=1

+ lim
y→∞

C̃1
s at x = 1, (B.13b)

Ĉ1 = 0 at t = 0, (B.13c)

Ĉ1 = C∞1 − s1
∂Ĉ0

∂x

∣∣∣
x=s0

at x = s0, (B.13d)

where the correction term w(∂C0/∂x)|x=1 is required for the matching with region

CIII, since here we have evaluated the region CII problem at x = 1. We will see below

that in region CIII we have C̃1 = 0, and so, just as at O(1), the region CI problem

(3.81) must be solved simultaneously with (B.13) (coupled via C∞1 , and the values

F 1
s and G1

s).

We may also find the O(η) correction to T̂ in the outer region,

T̂ 1
s =

µ

Ĉ0
sγ

(KT̂ 1
g − A)e−T̂

0 −

(
Ĉ1
s

Ĉ0
s

+ (T̂ 0
s )2

)
(B.14)

(although we do not need this to fix D).

In region CIV the O(η) terms in (5.68) are

∂C̄1

∂Y
= 0, C̄0∂T̄

0
s

∂t
+ C̄0∂T̄

1
s

∂Y
+ C̄1∂T̄

0
s

∂Y
= µ(T̄ 1

g − T̄ 0
s ), (B.15a)

∂f̄ 1

∂Y
= 0, −K ∂

∂Y
(f̄ 0T̄ 1

g + f̄ 1T̄ 0
g ) = µT̄ 0

g . (B.15b)

Using the leading-order solutions, and the boundary conditions C̄1
s = 0 = T̄ 1

s at Y = 0

(x = 1), we can solve (B.15) to find C̄1 = 0, and f̄ 1 = c1(t) is uniform, (the value of

c1 is fixed by matching to the left, as below). Using the leading-order solutions, and

the fact that T̄ 1
s = 0 at Y = 0, the temperature corrections are then given by

T̄ 1
g = − µG1

KF1

Y + c2, T̄ 1
s = µ(c2 − T̄ in)Y − µ

2

(
dG1

dt
+
µG1(1 +KF1)

KF1

)
Y 2, (B.16)

for constant c2(t) of integration, again to be fixed by matching to the left.

In the transition layer region CIII, the O(η) problem requires that all of C̃1, f̃ 1,

and T̃ 1
g are uniform over the transition layer. (We do not need to find the correction

T̃ 1
s in the transition layer, as this is O(η3).) Matching regions CII and CIII as y →∞,

f̃ 1 = f̂ 1
∣∣∣
x=1
− w∂f̂

0

∂x

∣∣∣
x=1

, T̃ 1
g = T̂ 1

g

∣∣∣
x=1
− w

∂T̂ 0
g

∂x

∣∣∣
x=1

, (B.17)

204



and (B.13b). Now matching the transition layer to the boundary layer as y → −∞,

since C̄0
s = 1, f̄ 0

g = F1, and T̄ 0
g = G1 are all uniform, we have

c1 = f̄ 1
g

∣∣∣
Y=w

= lim
y→−∞

(
f̃ 1
g − y

∂f̄ 0
g

∂Y

∣∣∣
Y=w

)
= f̃ 1

g , (B.18)

c2 −
µG1

KF1

w = T̄ 1
g

∣∣∣
Y=w

= lim
y→−∞

(
T̃ 1
g − y

∂T̄ 0
g

∂Y

∣∣∣
Y=w

)
= T̃ 1

g , (B.19)

0 = C̄1
∣∣∣
Y=w

= lim
y→−∞

(
C̃1
s − y

∂C̄0

∂Y

∣∣∣
Y=w

)
= C̃1

s . (B.20)

Thus using (B.17), we obtain

c1 = f̂ 1
∣∣∣
x=1
− w∂f̂

0

∂x

∣∣∣
x=1

, c2 =
µG1

KF1

w + T̂ 1
g

∣∣∣
r=rf
− w

∂T̂ 0
g

∂x

∣∣∣
x=1

. (B.21)

Except for D in (5.78), this fixes all the constants of integration to O(η) in regions

CII–CIV, in terms of the O(η) corrections in region CI. The value of D is fixed by

matching the solid temperature at O(η) between regions CIII–CIV, according to

T̄ 1
∣∣∣
Y=w

= lim
y→−∞

(
T̃ 0 − y∂T̄

0

∂Y

∣∣∣
Y=w

)
. (B.22)

The left-hand side of (B.22) is (B.16), evaluated at Y = w, with c2 as in (B.21) and

w as in (5.81). The right-hand side of (B.22) is

lim
y→−∞

(
T̃ 0 − y∂T̄

0

∂Y

∣∣∣
Y=w

)
= lim

y→−∞

(
− 1

A
log

(
γ

µG1

(1 +De−µG1Ay)

)
− 1− µG1y

)
= lim

y→−∞

(
− 1

A
log

(
γ

µG1

De−µG1Ay

)
− 1− µG1y

)
= lim

y→−∞

(
− 1

A
log

(
γD

µG1

)
+ µG1y − 1− µG1y

)
= − 1

A
log

(
γD

µG1

)
− 1. (B.23)

Therefore, D is given by rearranging (B.22), so that

D =
µG1e

−A

γ
exp

(
−A(1− T̄ in)

G1

[
T̂ 1
g

∣∣
x=1
− T̄ in

+ (1− T̄ in)

(
1−KF1

2KF1

− 1

µG1

(
∂T̂ 0

g

∂x

∣∣∣
x=1
− 1

2

dG1

dt

))])
.

(B.24)
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