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ABSTRACT

(For a more discursive and propagandist acoount of the contents I refer the 
reader to the introduction)

The purpose of this thesis is to present a fairly complete acoount 

of equi variant K- theory on compact spaces. 3 qui variant K-theory is a 

generalisation of ID-theory, a rather well-known cohomology theory arising 

from consideration of the vector-bundles on a spaee. Equivariant K- theory, 

or K^-theory, is defined not on apaoes but on G -spaces, i.e. pairs (X,a), 

where I is a apace and a is an action of a fixed group & on X, and it 

arises from consideration of &-vec tor-bundle a on X, i.e. vector-bundles on 

nhose total space G> acts in a suitable way (of 3*1)   In 'this thesis G- 

will always be a compact group.

But KQ- theory does not appear in the first three chapters, which are 

introductory. Chapter 1 consists of preliminary discussions of little 

relevance to the sequel, but which permit me to make a few propositions in 

the later chapters shorter or more elegant. It was intended to be amusing, 

and the reader nay prefer to omit it*

Chapter 2 is devoted to the representation- theory of compact groups. 

ihen X is a point a ^-vector-bundle on X is just a representation-module 

for G-, so the representation-ring, or character-ring, R(&) plays a funda­ 

mental role in %-theory. In chapter 2 I investigate its algebraic 

structure, and in particular when & is a compact Lie group I determine 

completely its prime ideals. To do t' is I have to discuss first the space 

of oonjugacy-classes of a compact Lie group, and outline an induced- 

representation construction for obtaining finite-dimensional modules for 

G from modules for suitable subgroups not of finite index*

Chapter 3 is a rather full collection of technical results concerning 

G-veotor-bundles: they are all essentially well-known, but have not been
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fttatad in tha equivariant case*

Chap tar 4 praaanta basic equivariant K~ theory. I ahem that it 
can be defined in three ways: by &-voo tor-bundles, by complexes of G-veotor- 
bundles, and by Fredholm complexes of infinite-dimensional G~v«otor-bundles. 
This chapter also traata tha oontinuitgr of K^ idth respect to inraraa limits 

of k-apaces, tha Thorn homomorphism for a G-vector-bundle and the 
periodicity-isomorphism, and tha question of extending K^ to non-compact 
spaces.

In ohaptar 5 I obtain for £g(x) a filtration and spectral sequence 
generalising those of [6], but without disaeoting the space X. My method 

is baaed on a Ceeh approach; for each open covering of X I construct an 
auxiliary space homotopy-equivalent to X which has the natural filtration 

that X lacks.

Also in ohaptar 5 I prove the localisation-theorem (5.3), which, 
together idth tha theory of chapter 6, is one of the most important tools 
in applied K^-theory. K$(X) is a module over the character-ring &(G), ao 
one can localise it at the prime ideals of R(&), nhioh I have determined 
in 2.5. The simplest and moat important case of the localisation-theorem 
states that, if <@ ia the prime ideal of characters of G vanishing at a 
oonjugaoy-class JT, and if X* is the part of X where elements in f have 
fixed-points, then the natural restriction-map K$(X)  * %(£*) induces an 
isomorphism when localised at $> .

In chapter 6 I show how to associate to certain maps f i X -* Y of 
(^-spaces a homomorpoiam f, : KQ.(X)  + %(?), It is the analogue of the 
Gysin homomorphiam in ordinary oohoaology-theory; but it can also be 
regarded aa a generalisation of the induced-representation construction of 
2.4* In the important special caae when f la a fibration whose fibre is 
a rational algebraic variety I prove that ft is left-inverse to the natural 

map f ! I Kg(Y)  * KQ(X)J and I apply that to obtain the general fhoa 
isomorphism theorem.
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Finally in chapter 7 I prove the theorem towards which my theeia waa 
originally directed. Juat aa a G-modul* defines a vector-bundle on the 
ol&ssifylng-spaoe B. for & (of [l]), ao a &~veotor-bundle on X defines a 
vector-bundle on the apace X» fibred over B& with fibre X* Thua one get* 
a homonorphiam a : 1U(X) -*  K(X^)« I prove that if K^(x) and K(Xg) are * 
given suitable topologies then in certain ciroumatanoea K(X(;)ia oomplete and 
a induces an iaoaarphiam of the completion of K$(X) with K(XQ). This 
generalises the theorem of Atiyah-Hirsebruoh that R(&)* *
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INTRODUCTION

Tho purpose of thia thoaia ia to develop equivariant K~theory. » 

thoory ia tho art of oonitnioting a oohooologythoory out of tho veotor- 

bundles on a space: I think it will nood no introduction to tho roador 

([6], [5]» I?], •to.)* fiquivariant K-theory ia a generalisation obtained 

aa followt . Ono fixes a topologies! group S, and consider* G-specee X,

i.e. apaooa X together with a given continuous action of & on X. A
pG-vaotor-bundle S on tfeo <r-epace X ia an ordinary vector-bundle 8 -=-^X

together with an action of & on B such that p ia equiveriant and such that 

tho map induced by g c & from tho vector-apace fibre S * p* (x) at x in 

X to tho fibre B ia linear for all g and x* &-veo tor-bundle* on X can

bo added fibrewiaoi (£ $ F)x m sx • ?XJ *nd their iaonorphiaa-'olaaaea 

fora an abalian semigroup wboao aaaooiatod abolian group ia K^(X) f tho 

baaia group of equivariant K-theory. Ono can form a tenaor-produot of 

G-vec tor-bundles, and it induces a structure of ring on Kg(X)»

By way of propaganda for equivariant K-theory I shall make hare just
fcL 

two remarks. Tho first ia thai ^-vector-bundles are Tory ooamon in

nature, for instance, if the baae-spaee X ia a point, a G-veotor-spaoe 

ia tho same thing aft a representation-module for G, and 3L(X) ia iaomorphio 

to tho Neharaetor*ringn R(&) of &| so 0-veotor-bundlee are a gonoraliaation 

of group-roproaontationa* Oa tho other hand they generalise ordinary 

veotor-bundlee (tho oaao & = h})f and whenever, say, a group acts on a 

differentiable manifold, all tho vector-bundles naturally aaaooiatod to
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tha manifold, aueh as tha tangent-bundle, ore G~v«c tor-bundles . Finally, 

there ia tha "homogeneous" vector-bundle: if H ia a subgroup of $, and 

M a module for H, ona oan form on tha quotiant-apaoa G/H a G-vector-bundle 

5 = (G x M)/H   H aata on G x M by (hf g, «) v-^ (gjT1,l»0 - which ia

important in oonneotion with group-representations as ita apaoa of flection* 

ia what ia usually celled the "representation of & induced from M" .

My second remark i» that equivariant K-theory ia oftan useful for 

obtaining, or for making perspiououa, result* in ordinary K-thaory. On 

tha simplest level this ia boeatiaa ona oan oftan regard a apaaa aa tha 

quotient of a aora convenient apaee by a group-action. It ia hard to 

produce a profound example without going too far afield, but I oan mention

tha oaaa of "eohoaology-operations in K-theory" [3*]* An obvious
th operation on vector-bundles ia the k tensor-power S v-> 2 <&,..& S

(k factors;. It induooa a map K(l) <  3^(1), whara G is the ayanatrio 

group on k symbols, and ia made to mot trivially on X* Baoauaa 6 aota 

trivially on X K^U) ^ R(G) » K(X) (of 4*1 below), ao for eaoh homomorphism 

R(&)  * ~7L ona gets a natural operation K(x) -* K(X) j and in f aot all auoh 

oporationa can bo obtained in this way. On tha other hand if one had 

not observed that tha tensor-power had a G-aotion ona would ha.ro obtained 

only tha uninteresting operation | H» f*

But from a mora oynioal point of view ona oan say that equlvariant 

K-th*ory ia interesting and non-trivial because tha Bott periodicity of 

ordinary K-theory, in tha font of [5], happens to extend - without change - 

to equivariant K-theory.

To turn to tha structure of tha present worki anyone writing about
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K*thaory la embarrassed by the faet that although thare is no proper 

exposition of tha subject In tha litaratura there have been a largo number 

of bites at tha apple, ao that moat results appear somewhere, but uaually 

only with ad hoo generality. I have decided without any conviction to 

present hare a fairly complete and general account in what seems to have 

emerged aa tha canonical presentation} because moat of the material la 

essentially well-known nay exposition la compressed, and will appeal at 

boat only to tha converted.

Chapter 1 consists of preliminary discussions which permit me to make 

a few propositions In the later chapters shorter or more elegant. It waa 

intended to bo amusing, but tha reader may prefer to colt it*

Chapter 2 la devoted to tha representation-theory of compact groups| 

I describe in detail tha structure of the character-ring R(&). Thia 

chapter la preliminary to tha body of tha thesis, and it goes into more 

detail than la subsequently required, ao I refer tha reader to the summary 

on page 2.1*

Chapter 3 It a rather full collection of technical results on G-veotor- 

bundlea: they ara all essentially well-known, but have not bean stated in 

the equivariant case.

Chapter 4 proaonta basic equivariant K-theory. I show that it can bo 

defined in three wayas by G-veetor-bundles, by complexes of &-veotor-bundles 

(of [7] Part II) 9 and by Fredholm complexes of infinite-dimensional G-veotor- 

bundles. All three methods are from time to time useful. Only my 

discussion of Fredholm complexes la original, though even there tha idea 

has been well-known for some time. The chapter also treats tha continuity
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of !L> the Thorn homomorphiaai for a G-vectox-bundle and the periodicity 

isomorphism, and the question of extending K& to non-compact spaces.

In chapter 5 I obtain for K-00 & filtration and spectral sequence 

generalising those of [6], but without dissecting the space X. To restrict 

oneself in classical K-theory to the oategory of triangulable spaces is, 

however ugly, not really disabling} but to restrict oneself to G-spaces 

with some kind of equivariant decomposition would be touch more embarrassing. 

The device I use to avoid dissecting the space is probably, I think, the 

most interesting novelty in this thesis. It is based on a Cech approacht 

for each open covering of X I construct an auxiliary space homotopy- 

equivalent to X which has the natural filtration that X lacks*

Also in ohapter 5 I prove the localisation theorem (5.2 , which, 

together with the theory of chapter 6, is one ef the most important tools 

in applied K^-theory. One should think of it as an attempt to describe 

•laments of K~(X) in the way that representations of & are described by 

their characters, functions on G, X-(X) is a module over the character^ 

ring E(&), so one can localise it at any prine ideal of £(&)• Now print 

ideals of E(&) correspond very roughly to eonjugaoy-classea of G (the proper 

statement is in 2.5), and looking at the image of an element of Kfi(X) in 

the localised modules can be regarded as the analogue of looking at the 

value of the character of a G-module at the oonjugaey-classes of &. The 

simplest and most important case of the localisation-theorem states that, 

if <g> is the prime ideal consisting of characters ef & whioh vanish at a 

oonjugaoy-class J% than an element of Ka(X) depends only on its restriction
W <£

jrto X , the part of X where elements in JT have fixed-points, in fact



Tha oontanta of eh&ptar 6 ia alao vary important; moat of tha more 

significant application! of equivariant K-theory depend on it* I ahow 

that one oan associate to certain map* f : X •» T of G-spaces a homottorphiem 

f, t K&(X) •» K^Y), not of ringa out of K^Y)-modules. It oorraaponda to 

tha Gysin homomorphism in ordinary cohomology-theory; but it ia more 

enlightening to regard it aa a generalisation of the "induced representation" 

construction of tha theory of group-representations (of 2*4)* In tha 

Important apaoial o&aa whan f ia a fibration whosw fibre ia a rational 

algabraie variety I prove that f, ia left-inverse to tha natural map
*

f' s Kfi (Y)  * XgUOs and I apply that to obtain tha ganaral Thoa isomorphism 

theorem*

For a preliminary account of some tha tha applications whioh hava 

baan made of tha theory of chapters 5 and 6 tha raadar oan refer to [8].

Finally in chapter 7 I prove tha theorem towards nhioh my thesis was 

originally directed. Just as a G-module defines a vector-bundle on tha 

olasaifying-apaoe B& for & (of [l]) f ao a G-vector-bundle on X defines a 

vector-bundle on the space )L fibrad over B& with fibre X. Thus one gets 

a homoaorphism a t K&(x)  * K(X& ). If these two groups are givan suitable 

topologies than a ia continuous, and I ahow that in suitable ciroumstanoes 

K(X& ) is complete and a induoaa an isomorphism ^(X)* » K(xr )» ^^i* 

generalises tha theorem of ;tiyah-Hir«ebruoh that R(G) A = K(B&); but I 

know of no applications, except tha following possibly empty ones if 

f : X  » Y ia a Ooap of compact G-spaoes whioh ia a homotopy-equivalence, 

though not necessarily a G-homotopy-equivalence, than in certain circumstances



f Induces an isomorphism of the completions £*(?)'

X should mention la conclusion that I bar* used (from chapter 3 on) 

a definition of ^-vector-bundle more general than that above: I have 

assumed that G is equipped with a homomorphism a into the Galois group of 

  over 1R, and that & acts on C whenever it occurs by means of a* That 

is to say, I consider "antilinear" actions of & on complex vector-spaces. 

By this device I have included without extra labour the "real It-theory" 

of [3]; but as ny subject is ooapleat K-theQry I have refrained from 

pursuing any question peculiar to the real ease*
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NOTATIONS

I shall use the following standard notation*.

, "2 , Q , ^ , C denote respectively] the natural number* 0, 1 ,2, . . ., 

the integers, the rational numbers, the real numbers, and the complex 

numbers.

D* denotes th« standard q-dlaenaional disc in 1R?, and Sq" la its

boundary (q-1) -sphere.

aq ia the standard q-simplex in 1R^1 , i.e.

« At > 0, r Ai - 1|.

T la the group of complex numbers of modulus one*

I use the sign il for too sum in any category (and 0 or x for the 

product) .
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Chapter Opt 

PRSLIMINAaiES

1*1 Realisation funotora

la this section I shall rawiaw briefly an abatraat oonatruction whose 

usefulness will ba shown, I hope, by tha examples below.

Lat F ba a category, and i t F  » T a funetor into a category with 

direct limits. F danotea tha category of preaheaves of aata on F, i.e. 

of fuaotora F  »

1 induces two functors, i, j  » T and i* : T «» F, as followai

if I e T, i*X is the presheaf S ^ Hor(iSj X)|

if A « F is a presheaf, than i,A, c«dled tha realisation of A, is Urn i,
P/A 

aiiara F/A la tha category whose objects ara pairs (s,a) with S a F and

a a A(3), and whose aorphiaas from (S,a) to (3' ,a») ara tha morphisms 

4 t 3 ^ S f of F such that ^(a*) « a; i la regarded aa a fonator oa F/A 

by l(Sf a) « i(S).

i, and i* are adjointi Mor(A, i*X)   kor(ivA; X), For tha Xaft- 

hand-eide is simply lim i*X » Ua Mor(iSj X) » Mordi, is, j)« Mor(i«As
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(i) * * Us * «*tagac? «* flaito sats (rosp. F * j&S * »*togory of finito 

totally ordorad aota)

T » Top * category of topologieal apaooa

1 * A i ?if  * Ton assigns to S « F tho standard aiaplex A« with S 

as its vartioos*

Than P is tfeo eatagoiy of iimplicial (rasp* sami-alaplloial) aata 

  in the saasa of Grothandltok [19] - and A* t Toy  * ? assigns to a spaoo 

its "aingular oomplax**, vhilo A, assigns to a "complex" its goonotrioal 

raalisatioii - as dofiood by Milnor [25] in the aami-siaplloial oaso*

(ii) F » category of opan subsats of a spaoa X 

T « Toj/X « category of apaoaa oror X

i t F  * T is the inclusion*

« 
Then F is the category of proshoavos on X* 1* assigns to a spaoo over

X its ahoaf of sections, and i, assigns to a proshoaf the assooiatod spaoo 

etal« over X constructed by Cartan ([18] page 110)*

(Hi) F * Cpt » oatogory of oovpaot spaoos

* Top if th* inclusion.
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Oao might oaU Cyt* tho oatogory of prs-quasi-spaoea. Thon 1* assigns 

to a spaoo tho associated quaai-spacs a* defined by Spanior [30], and 1, 

assigns to a pre-qaaai*spao* its natural goonotrieal realisation.

• oj

I havo o»plalnod how to extend a f unotor i t f ** f to tho oatogory of 

prtshoavot of sots on F, This is not ojuito gonoral onough for ay purposos

if thoro is fiToa anotaor oatogory C and a pairing C x T -» T thon ono oan

* 
dof ins a "roalisation" it t FC -» T of tho oatogory of oroaitoavo* on F with

valttos in C*

To too this obaorvo that tho definition LJk » Ua i
 of «bo roalimatioa

FA 

of a s«t-Talu«d proahoaf oan bo rowrltton aoro ozpli
eitly

whoro F/F° is tho oatogory whoao objoots aro morphiams S0 St of P and 

nhoso aorphisms froai t to t' aro pairs of aorphiana ^ s S0 -> S&,

i Si -» St such that o\ t1 fe « t. (If B is a sot and X is an object



of 10B0 category than B <g> X mean* the mm "of E copies of X" ; it exists 

here because I aaauiao T ha» direct limits* Similarly Hap(EjX) means the 

product *of K copies of XH .)

Tho advantage of the now f orwilation i» that it is Meaningful for a 

preaheaf A with values in C «h«n on* interprets (g> a* the given pairing*

Notioa that if X t T than iJl*X « lia i(So) <B UortiCSt)} X),
(S^i)

pots in aTidamoa 1ht adjuotlon-norphi»m iti*X -» X.

(i) Lat G ba a finite group, k a field of characterise jariait to the order 

of G, and k[$] the group^ring of & over k*

Lot T bo the category of k[c]-modulea f F the full auboategory of 

 inple k[&]««oditloat i x F  » T too incluaion, and C the category of vector- 

»paoe* orer k* Than an 6b joot S of T define* a preiheaf i*S oa F with Taluo* 

in C by W v-* Hoo^r G j(iU| S). Conrorooly a groahoaf A i f e  » C ha« a 

realiiation i,A in T. Because aaorphisma in F are either zero or iaomorphianui

it is eaay to »oo that i«A « 11 M «L A(M), nhere Du ia the skew-field 2nd(li).
Me? UU *

It ia well-known that i4 and i* are inrarto equivalencaa. (in particular if 

one takoa 1 » k[0]* 1*ton HotMikt&l*) » Hoa-dct&ljM*) « K*,»O oao obtai
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1L XadL (X) -* k[G]*, and dually k[s] -* n End.. (M), the deooaposition 
McK °M MoF 0M
of the group ring into "simple Matrix algebras".}

(ii) Lot G bo a topologioal group* Oao oan define a seal-siaplioial 

0-spaoe G, by <^(3) » M*p(S| ft), 8 Wing a fiaito ordered set. (It would 

seea BOTO natural to rogard &^ as a •ia^lioial &nipaoot but that tunui out 

to bo inoxpodioat*) If A s £r£ -»l2£ io a0 in 1*1 Sac.(i) toon

tho uaiToraal 0*opaoo SC dofinod by 

ttllaor [24]. To bo proeiaot it i» not quit* Milnorf » & * G * C * ... , but 

ii th« opaoo obtainod from that by collapsing dsgonorato siaploxos - i.«. 

those in which two oonsooutiTo Yortioos are the saas eloaont of C« In s»st 

eases - e.g. if & is ooaipaot * it has the saas hoaotopy-type as 

& * C * a « ... . I shall return to this point later.

(iii) Lot X bo a category. I shall dofino a topologies! spaoo BK suoh that 

if K is a group, regarded as a category with one object, then BK is a 

olassifying*spaoo for K«

Lot i t Ord * CfJ, tho emtegory of categories, bo the inclusion. It 

induces !*:£§$-» £rj* * i*K(8) - Funot (Sj K) - i*K oan bo thought 

of, according to taste, as tho "singular ooaplex" or as the "nerve" of K«

Dofino BK « A«i*K - IJa a « U« ^ x Puaot (841 R). Thus B is a*
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ftuiotors Cat •» TOP<

(a) If K "i*« a group ft, and S& ia defined at in oxaopla (ii) f then tho 

a»pt Map (S; G) -» Fttaat (Si 0) defined by f ̂  f(«^) ^ f(a)"1f()S)i 

indaoo a aap 10  » B& vhieh idtntifi«« BC with 3C/C.

(») la th« mjct   otion X ahaU oxtond thia definition ao that it will 

ia01udaf aaone othar thiaga, th« eaa« of a topologioal croup*

(if) Lot I to a apaoo, and i^^ » ooroxlac of X. If <r C £ dofina

Df « A u . Tha apaeoa U~ for « finito, togathar with thair inolution aa*

 apt, for* a full aufeoatofory ̂  of TojgA* i*a (notation aa ^ovo) ia 

the oaryeoatrio aobdiviaioa of tho nerro, ia tho usual aoaaot of tho 

oorerinci ao BE ia tho u»ual gooaotrio OOXTO« It will appear in ohaptor 

5 that it ia reasonable to define alto a "unirertal apaoo* 2R orer BR*
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1 -3 Topolo/tioe,Tl categories

A topologioal category ia a category C in tho category of topologioal 

apaoea (of [19]) i*e«it ia an ordinary category but with a topology on tho
>

aota ob(C) and «or(C) such that tho structural aaps ob(C) ^^ •or(C) and 

tho composition «or(C) x^/r) »or(C) •* aor(C) aro continuous*

Wo haTo aoon that an ordinary category dofinaa a aeni*siBplioial set, 

and oorroapondingly a topologioal category defines a »ead.-iimplioial tpaoo

where o = ob(C), • « aor(C). Aa before I shall write BC for tho realiiation 

At(C%) of this soai-siaalioial tpaoe, and oall it tho olassifying-spaoo for 

C*

I have pointed out already that the elaasifying*spaoos so defined aro 

a little squashed* Tho spaee defined by Milnor is spread out over tho 

infinite •implex A * tho realisation of any »emi-siiaplicial apace 3 v-» A(s)

can bo so spread out, if desired, by replacing A by S H* 11 A( coinage t).
tt»*W

Tho Tirtue of the squashed construction is that it ooaoutos with products*
•w

B(C x C 1 ) -^ BC x BO 1 ; to bo truthful, it commutes nith products when 

one works ia the category of coapactly generated Hausdorff spaces. (Tho
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proof ia tha sag* aa tha olaaaieal proof that tha realisation of a aeai- 

siaplioisl aat oosmutea with products.) 

Qua property of tha functor B iat

Proposition 1*3.1 If ?o> ?t t C -» C 1 ara two functor* and thara ia a 

norphisa of functors P j ifo  * f4 than BFo and &?* ara hamotopio.

f can be regarded aa a functor C x J  » C 1 , whara J ia tha category 

( -*  )  But B cowButes with product*, and BJ = I, tha unit interval, so 

BF t BC x I  * BC* ia a hoootopy.

Raaarka: Thoa C can ba raplaoad by an aquivalant oatagory without changing 

tha homotopy-typ* of BC. Anothar axaapla is: an innar autooorphiam of a 

topologieal group induces a nap hoaotopia to tha idantitgr ia tha classifying- 

apaea. But I think tha following axaapla ia tha aoat interesting. Tha 

tinivaraal space far a group & can ba written BC, whara C ia a category with 

ob(C) « G, s»r(C) = ft x C (1.2 Ix.(ii)). This category ia plainly equivalent 

to C* with ob(C') « point, mor(C') « point. Hence EC ia contractible.

X conclude with another exaaple. Tha elaaaifying*apaoa for a group 

& is B& whara 6 ia tha category with ob(&) « point, aor(G) = G. A locally 

trivial principal G*fibration over a space X ia determined by a functor



1.9

f i I « > ft, *here I la a oatogory with ob(I) « i\.U and mor(R) * ii 0 f• I^P*

[U } boing a cowing of X with respect to ffeiob the flbratlon la trivial* 
0

(Any equivalence-relation on a apaoo T oan bo Regarded aa a topologieal 

oatogory C with ob(C) « T.) tho fibration determines f up to equivalence. 

So it determines up to haootopy a map BR  * fift* If tho covering ia numerable 

tbon BR - tho universal apaoo mentioned in 1.2 Sx.(iv) * ia hoootopy* 

 quiT*l«nt to X (aoo 5.1), ao ono baa a amp X  + M dotominod up to honotopy.

course aoat ovoryday oatogorioa aro ao largo that it ia

oabarraaaing to pat a topology on taoir aot of objoota* Thi» oabarraaa- 

aoat oan bo roliovod by remarking that among all oatogorioa  quivalont to 

a oatogory C there ia a last ono C, nhose sot of objects is iaoa C t tho sot 

of isoaorphisa-elssses of objects of C* Frequently there is a sensible 

topology on C. Then C should be topologisod by oalliag a sot of ob(C) 

or aor(C) open if it is the inverse-image of aa open set by tho functor 

C -» C. Bvon then not enough categories are tepelogioal categories. For 

example one oan give the ast of isoaorphisa*olasses of topologioal spaces 

the discrete topology, but there ia no suitable way of topologising 

Map(X| T) for tno general spaces X, T. The problem disappears if one 

replaces the oatogory of topologieal spaces by tho oatogory of compactly
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gOBoratod Hauadorff apaooa, or by tbo oatogory of $iaai*»paooa of Spanior.

1*4 Obfiopti with group-aotioo

If G is a topologieal group and C i* a topologioal oatogory I shall 

writ* & - C for tho oatogory Fttaot(&; C) f ifeoro 0 1» rogardod aa a oatogory 

in tho uaual way* & - C 1» oallod tho oatogory of "objoot* of C with G- 

aotioa*.

To bo oxpliolts an objoot of & - G la a pair (X,aJ, ^loro X ia an 

objoot of C, and a i & -» SaaL(x) i» a hoaoaorphlAin of topologioal   ndgroupa 

a *orphi«a f j (X,a) - (X'^a 1 ) in C-C 1» a morphiwi f i X ^ x« ia C suoh 

that fe a(g) « a ( (g)   f   for all g « &.

& -» |1 ( ioduooa a funotor T t C -» ft - C. fbo loft- and right-adjointa 

of T, wfaon tlioy oxi»ti aro writton X v~» X/& and X H» r X re*p«otiToly. 

(But »o»oti»oa 1 writ* X° for A.)

If (X,a), (X',a») aro objoot* of G - C thoo Mor(Xj X') «U1 aluoys 

doooto Mor(X| X 1 )* It should bo rogardod aa a apaoo with &*aotioa,

donotod by *or°(Xj X«). Bvidoatly

Mor°(X| X») » Aor(X| X 1 ).
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Tha turn and the product C x C -*» C f if thay oxiat, induce the aua and 

tho prodttot (ft   C) x (£ - G)  » (ft - C). Thia moana that nany proportion 

of C oarry orar to a - C. For oxamplot if C ia additiYO, or abalian, 

than ao ia fr - C.

Bua I shall aaka tha following eonrontion. Whan I aa oonoomod with 

aatagoriaa of topologioal apaoaa for whioh th«rt ia no aanaiblo topology 

on BnA(X), I ahall ragard a nap & -» Bnd(l) aa oontinuoua whan tha adjoint 

amp & x X -> X ia oontinuoua.

1.5 S-apaooa and alioat

X ahall bo oonoarnad ^urougheut thia thaaia with apaoaa with &~aotion 

or £-»paog«« But tha only ganaral thaoram about than X ahall need to uao 

ia tho axiatanoo of aliooaf whioh I ahall now aaplain.

If X ia a &-»»paoo and x a X and & will always danoto tho atabiliiar 

of X, i.«. fr » I g a a i g.x   x!« If Ul it oloaod in X than C i« a 

oloaad subgroup*

Definition If X ia a 0*apaoo and x « X, a alioa at x ia a G ~atahla

 ttbtpaoo S of X containing x auoh that
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(i) C.£ la a nai«hbourhood of x, and

(11) tha ^-action & x S «+ X induoaa an iaoaorphian of &*ap*ooa:

* a.s.

Thus If thara la a alloa at x thai* la an aqulyariant rotraotlon of 

tha nai«hbourhood S*S of tfea orbit 0/fc of x. If I la locally ooapaot 

axlataaoa of aueh a ratraotloa la aaailjr aoaa to ba a<julvalant to tha 

•xlatanoa of a alloa*

Propoaltlon 1 >5»2 If I la a oomplataly ragular 0-apaoa thora la a alloa 

at aTary point of *•

Thla thoorao la duo to Moatow; a proof can bo found la ohaptar 7 of [9]*

1« Hoaotopy theory and K-theory

Tbara la a functor T i 3aa •* TOP which aaaig&a to a aot tha diaorato 

topology. Oao would dafIao r« t ^ojg •* Sna aa tha laf t^adjolat of Tf but
i

tinfortuaataly T la aot laft-axact (It doaaa*t ooaaiuta with produota), ao It 

caanot haya a laft-adjoint. Tha boat oaa oaa do la to doflao *o aa tha 

laft-odjoint of tha laalualon of tho oatagory of 0-dimenaional apaoea In
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TOP* (la Tofl tha 0-diaeaaioaal apaoaa - thoaa with a baala oonaiattng of 

opaa aad oloaad aata * for* tha anallaat foil aubcategory ooataiaiag tha 

diaorata apaeas and oloaad uadar inverse liaita.) *  will of oouraa ba 

right»o*aot.

w» acquirea waoh aoro interest aa a fuaetor oa tha category of 

topologioal group* (with vsluea ia tha category of totally dlaooaaeotod 

groupa). » (») ia than &/$*» wharo & ia tha idrotlty-ooaipoBoat of &. If 

&" *1iaa ahort oxaot aaq(itaaoo of topologioal groupa thaa 

 » 1 ia axaet, aad tha kamal of tho f irat aap ia ahaliaa*

Tha important thiag ia that oao eaa dafiaa laft-darivad funotora ». (i a 

oharaotariaod by a uaiYoraal loag exact aao>iaaoo

eatagery of topologioal groupa ia a full aitboatogory of tha category 

of aptoea-fdth-eoapoaition or H^apaooa. ao oao eaa extend *« to a funotor 

on tha latter, with value* still ia tha category of totally diaooanootad 

groupa. In thia fora it ia tha aubjaot of olaaaioal hoootopy- theory. 

(Oaa apaaka there uaually of tha ooapoait* of the f. with the trivial aacaot 

funator whioh aaaooiatoa to a apaoa ita H-«pace of loopa*)

The category of H~apaooa ia a full auboatagory of the category of
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tho category of topologioal catogori«B-with~compo»ition: a apace X •hould 

bo identified with tho category X ~ar X* it0 trivial prolongation aa a

•esi»siaplioial space* So *• oan bo oxtondod to a functor on tho category 

of topologioal oatogorioa with composition, with value* a till in the category 

of totally disconnected group* In this guise I shall write it K instead of 

»>, and oall it the ftrothondiook group. Thus if A is a category K(A) is 

the group *e(oji A/R), where R is tho equivalence relation nor A ± ojg A.

I shall be concerned only with tho oase of topologioal additire oategorie 

with the direot SUB aa composition. Then to got a non~zero K(A) one must 

agree to discard all tho morphisms except iaoaorphiaas. Thus 

K(A) * <r«(iso«A).

If A is a topologioal additive category I shall write C(A) for tho 

category of bounded complexes (K* td*) of A, with ohain-hoawtopy classes of

•orphismej i.e. lq is an objoot of A for q «^» with X* » 0 for |q| largo; 

dq i Kq -* I^1 i« such that d**1 « dq » 0| morphisms are families 

f* i liq ^ B,q oosnuting with di» d,\ but fo and f J are idontifiod if there 

aro hq i »£•* ar1 (q « ~Z-) «uoh that fS - f£ * d^1 o h* * h1**1 o dq 

(of [31])« C(A) is a topologioal additive category, and there is a 

canonical inclusion i t A •» C(A).
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Proposition 1>6 f 1 If A is a real topological additive category (i.e. 

mor(A) ia a raal veotor-apaoe ia the category of apaeea over ob A x ob A), 

than i s A  * C(A) induces aa isomorphism of Grothendieok group*.

Prooft Defiae a map ob C(A) -» »0(ob(A)) by (B*td*) H*

It evidently induces x \ K(C(A)) + K(A) such that x » K(i) » id* But

(B* fd*) ia Joiaad by a path ia ob C(A) to (B*,0), wfaoaa isa«» ia *0(ob C(A))

diffara fro* £(-lS by addition aad subtraction of oonplaacaa honotopie

id to alaat ntary ooaplaxaa ,..^0-»B-»S-»0-*... i^iioh ara iaomorphio

to aero ia C(A}» So also K(i) e % m i^«

There ara two reasons for considering C(A) ia preference to A. Tho 

first ia that the aat of path-co»pon«nts of the tot of isomorphism olaaaaa 

of C(A) haa aa inrerse operation for e s the translation T of a complex 

by oaa degree. la faot K* ® TE* ia the mapping-cone of 0 s B*  » B*, aad 

ia connected by a path to the mapping-cone of id i B*  * £*, which ia 

isoaorphio to sero ia C(A). This means that ob C(A)  * R(C(A)) ia aat- 

theoretically surjeotire, which ia convenient.

The aoooad raaaoa ia that oaa may hava a olaaa of preferred ahort 

exact sequences ia A, and would like to identify [2] with fa1 ] + [E"] ia 

K(A) whoa there ia a preferred ahort exact sequence 0-»S'«»B-*3n -»0
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in A. That oan bo done Tory aiaply by replacing C(A) by D(A), ita derived 

category with reapect to tho suboategory of complexes which are acyclic with 

respect to tho given notion of exactness. (S«e [31]) This will bo 

in 4*5*

What I haw aaid in thia aeotton for topologies! categories oan be said 

for categories in any category F. Inatoad of totally-disconnected space* 

one should use, I suppose, the auboatogory of F obtained by adjoining 

protective lisdta to the auboatogory of discrete objeeta. (An object ia 

diaerote if it ia a »u» of oopiea of the final object,) But I don't know 

any interesting application*.

Tho functor K, aa I have defined it, ia right-exeat, i.e.
•V

Xga K(A0) -^ K(li* A^). One would like to aay that it haa left-d»rlTed 

funetora (X** L ^ oharaeteriaed by a universe! "Mayer-Yietoria* sequence i

B) - K~(B) $ K(B) - lf(A) K (B K B)

whenever A ia a quotient of B* I don't know how to construct these in 

general. But if ob(A) and aor(A) are locally trivial spaces then one oan 

resaonebly define K~*(A) by a "singular** process analogous to tho definition
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of tha hoaotopy group* for a locally trivial H-apace Xs

w (X) » kort **•

th 
or oottort *QW ia tho q hoaology group of tho complex

X) * MapU* X) -» ..*

(A apaoo X ia locally trivial if vbonoTor B ia a oloaad eubapaoo of a ooapaot 

spaaa C, and tharo ia givan f s B  » x, than f ean bo oxtoo&od to a naighbour- 

hood of B ia C. If X ia locally trivial and oompaot it ia locally 

 oatraotifela, a* ona aooa by oxtoa&ing pr& iXxI-»Xtoa noighbourhcod 

of X x X ia X « X*)

1.7 Rasarka about topoloidQal T»otor-apaoe»

Tho porpoao of thi»  action ia to cetabliah aono ooaroBtioas for th* 

aoojual.

la thia thaaia MTtctor-apaoo" will ooaa "Hauadorff locally oonvox 

Toctor-apaea oror C *. Tha oatogory of footor-tpaooa ia a topologioal 

oatogoryi I ahall alwaya giTo HOB(K! F) tho topology of uniform ooarorgoaoo 

oa compact aota.
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HQB(S; (D) is called the dual of E, and denoted by B'« Evidently K f 

ia complete if S ia ooapaotly ganaratad, A aorphiaa f : S •+ F induoea a 

morphism f s ?• -» E*. It followa from the Hahn-Banaoh theorem that f is 

insecure (reap. eurJectiTa) if and only if f ia aurjeotiye (reap. injaotiva)i 

notioa that a aur Jeotion in the category ia a nap whoae iamga ia denae in 

the targe t-apaea,

X ahall oall a bilinear amp f * £ x B* •» F hvpooontiijuoua if f JC x B 1 

and f|K x C* are ooatinuaiia for all compact C C E, C 1 Cs f .

aapa E x S 1 •* F correapond preoiaely to norphiaoa E -* Hoa\(E'j F) if K 1 ia 

cenpaotly

Propoaition 1 »7.1 If X ia a eompact apace there ia a complete reotor-apaoe

eaataiaioc X aa a aubapaoe and oharaotericed by the f aot that the 

inaluaion X •• 1L naa the univaraal property far aapa of X into ooapleta 

Teotoi—apaoea. Furtheraora

(i) IL « C'» «hare GX ia the Banaoh apaea Map(lj e )

(ii) Cx» and therefore M , ia reflexire

(iii) if M£ • In « Mj * l<Mff>| < a| |f| | for all f e CX J for a

than M? ia ocwpact
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(!T) if K 1* a ooaploto vootor-spaoe then X x Map(X| B)  * B ia Induced 

by a hypoeoatinuoua nap aL. x Map(Xj B) -* B.

(v) if T la anothor compact space thoro ia a uaiquo hypoooatiauous 

x M -» M^ extending tho inclusion X x T  »

Prooft Lot uj dofiao IL «  C* . First obserro that because M? ia an equl- 

ooatiauous subset of M_ tho topology of oompaot oonvorgoneo ooinoidoa oa it 

w\ith tho woak topology (Bourbaki, Sap. Toot* top* XXI §3 no. 5 prop. 5). 

Aad M_ a ooapaot for tho woak topology* furthoxmoro any ooapaot aot S of 

H_ ia contained in aooo at_ f othorwiao one could ohooao for each integer k 

aoa» fk c GX auoh that | jfki | < k"" and | <M»fk>| > k" for some n c S, and 

that ia iapoaaible booauae lof fit f« 9 »  ) ia a ooapaot sot ia C ,

Xa general, ooapaot aota of C_ are those oloaod bounded aeta A with 

tho property that for each c > 0 there ia a finite partition of unity {e>. J 

on I, and point* UJ auch that | jf - £ fU^I | < t for all f e A. 

Reciproeally one finds that elementa of 1C oaa bo approxiaatod by neaauroa 

I X4 xi with X|At | 4 1.

X shall show that for any ooaploto rootor-apaoe i tho reatriotioa 

i* i Hoei(MJ[ i S) + Map(X) £) is aa iaoBorphiam. That will ia one atop pro** 

tho uaiToraal property, (ii) and (iT). Lot tho topology of B bo defined by
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sasdnoras p sueh thart p(f) « sup p(f(x)) 9 and that of Hom^j B) by seadnoras
xtt A

p there p(f) « sap p(f(rf). By th« approxiafttion property Just osntioasd

So i* is an imbedding. But the iaags oontains all 

f $ X -» K nhioh faotorise through finite-dioenaional spao«s 9 and theaa 

ara dense in Mmp(Xj S); and Hoad^j E) is ooeipleta. 

To prore (T)I X x T -» IL .-. induces X  * Map(Y;

And «iis induces * * + M* It 

is unique because X and Y generate IL. and ML.
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ChaPtar Two 

COMPACT & R 0 U P S

This oaaptor it dorotod to tao roproooatatioa theory of ooapact 

groups, oad in particular to tao dotoralaatloa of tho *truotiiro of tho 

roproaontatloa*riag t(fc). AJI this la of iatorost apart from it*
*

applioations to oottlrarlaat K-thaory I shall troat it aoro fully than 

i§ aoooooary for tao aoojuol,

Tho oontoato of tho oaaptor aro aa follow*.

§ 2.1 is a rovlow of tho olaaoloal taoory of oonpaot groups. Thoro 

aro only two ioportant taooroao - tao oaclatoaoo of Haar aoaauro, and tho

Potor~¥oyl thooroa • aad I fonaulftto thorn in a way oonvonioat for ay
•

purpoooo.

§ 2.2 contains tho dofinition aad tao aoat oloaoatary proportion of 

tho roproooatatioa-rlag R(G), all oaaontially woll~kaowa.

la j 2.3 I da tormina tao ooajugaoy-olaoao* of a ooapoot Llo group 

by obtalalag gonoraliaationa of tho woll-kaow propoaitiona about •*»i.nfti 

tori la ooanootod groups, l.o.

(1) oaoh group^loaoat is contained la a aailmaT torua (of. 2.3.3 bolow),
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(ii) any two maximal tori aro conjugate (of* 2,3.6)

(iii) too elements of a maximal toru* aro conjugate ia tho group if aad 

only if thoy aro conjugate ia the normal i»or of tho torua (of. 

2,5.8).

Soao of tao results of this seotlea have boon obtaiaod by Siebeataal 

but by completely difforoat methods*

§ 2.4 ia ooaooraod with goaoralisiag the "iaduood roproaoatatioa11 

homomorphiam t(3)  * &(&) which it familiar whoa H ia a subgroup of fiaito 

index ia C. Tao aothod ia rather profound, involving  lliptio differea* 

tial operators aad th« Laft chats formula of Atiyaa and Bott. I havo 

follovod tao liaos of a papor of Bott [10].

§ 2«5 ooataias tao roal matter of tao oaaptor» tht study of tao 

 truetur* of °.(<»)» I datarmino oompltt«ly tao aot of prim* idoala, aad 

givo Tarious applioationa, suoa aa a generalisation of Braaor*s theorem. 

ay method* aro a direct generalisation of those which have been used when 

a is fiaito ia [27], [11], aad [l],

Henceforth all groups will be compact unless the contrary is mentioned 

ordbvious. Ia particular, "subgroup" will moan "closed subgroup % aad 

"oyelie group" will moan "compact group containing an element whose powers 

are dense".
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2.1 Lot & bo a ooapaot group.

will denote tho ftpaoo of aoasuros oa G (of* 1*7) > dual of tho

ooaautativo riag C. * aap(G| C ). Tho ooapositioa G x G ** & iadtioos a 

composition (hypoooatiauous) a^, x K& •+ IL 9 amJdag M an alfsbra oror . 

It lo also a C -modulo*

Tho hoaoaorphisa G <• 1 iadaoos a morphia* of ria^i g i M& -* C . 

la faot o(*) » </*,1>. Tho first main thooroa of tho oubjoot atato* that 

• oplito* i.«. MC * C x 7 aa ring. Tho oontral idoapotoat /i& foooratiaf 

C C MC i« oallod tho Haar aoaouro of G. It it cloarly uxtlquaf and 

oharaotoriaod by K.I^ • <^»1>l^ f or all n « a^,. (o*g. g.K^

Booanoo IL is a aodtslo ovor C* oao oaa dof iao a aap Cfi •• M . 

f^f.M^. (f.|i& is dofiaod by *.j^,f> « <^fff»>,) It is 

booauso tho support of *u, boiag G-stablo, aost bo tno wholo of G* And 

tho is»fo is doaso» for Kg is goaoratod by its subsot G, mod g c & C 1L 

oaa bo approadaatod by aoasuros f-t*^ Tho aap C^ •» M^ is oqtiiYaloat to 

a qoadratie fora C^ x C& «» C iarariaat oador & x &• Thoro is also an

iorolutioa in C. indoood by iik^orsloa in G.s

Lot 1 bo a G-vootor-spaoo (tub Joe t to tho convention of 1.7). Tho 

aap G x S -» 1 dofiaiag tho &*aotioa oxtonds to a aap (bypooontinuous)
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x B -» B which aakaa B an K-~aodule. (For G x 1 -» E induces
w

B -» Map(GjB), hoaoo IL x B  * IL x Map(G{3), which aapa hypocontiauously 

Into B.) Aad conversely a hypocontinuoua action IL x S -* S induces a 

G-action G x B  * B baaausa G Is embedded la MQ . Henceforth I shall 

extend G-aationa to ML-aotloas without oosnoat^ so tha terms "G-rootor- 

apooa" aad "^-module" will bo interchangeable; bat X shall rosarvo

for a finito-dimensional G-Taator-apaaa. Tha abaliaa category

of (^-aoduloa will bo daootod by

If W IB a 0«odul*, tha doflaiac map a - Bad(M) oztoada to a 

hoaoaorphioa of flags* M& -» Bad(M). Lot ^ bo a aot of rapraaontatLroa 

of tha laoaorphiaa~olaaaos of •iapla G-«odul«i. Tha aacond fundaaantal

theorem ooaooralag oompaot groups isi

Theorem 2.1.1 (Patar-layl) The natural hoaoaorphism of rlags

M. -^ n Bad(M) is a bijootioa of Hattsdorff vootor*spaees, i.e. It is
Wr «^ A

^»

injaotiTa aad tha image is dense.

This oaa bo reformulated la Yarious ways. For instance oaa oaa 

dualisoi II Bad(M*) ^ CQ is a bijection of (G x G}«*ootor-spaoos. 

This is tha fora la which tha thooroa is usually proradt injactivity 

comes at once from the fact that tha aoduloa Snd(M*) ore aoa-isoaorphio
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siapls (G x &)-«odulos (2.2.5).

Saft(M*) e*& bo rowittoa as lim Hoa(K |Mj, warn (M_ -* to.)
(KjfV Z

run* through the oato«ory HbSJ/^Ital0 ( *  1 *2 )* Io P«-tloul*r thi» 

ahowa thmt it Iiftft ft rin«-»tru«tur« induood by Hom(M1 jM2 ) x Hoa(Rt |If2)  » 

Ho»(K1 & «1 1 «t » »2 ) ^ilch is oonofttiblo idth it» inj«oti«n into CQ. 

It is OftlXod tho "rlnf of i»pvoaoatfttivo funotlono" of &| I shall doaoto 

it by A_ . Tot ftaotaor »fty of witiag it i»t

for

By tho Stoao-Woiorotrftaa thoorw, to provo 2.1.1 Ottouato to 

that th» fuaotieao of 4 topftrato tho points of &.

la Yion of tho iajootioa Cft -» 1L oao oaa otftto a otroagor form of 

2.1»1i aofiao ft map ilsad(M) ^ M& »o na to mko tho

traaapoao

11 fiad(X)

ooamtatiTo. It turn* out to bo a morphia* of rings f sad a partial
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inverse to tho canonical nap it •* n Snd(M); tho proof amounts to shoving 

that tho quadratic form on Ca induce* the standard quadratic form on 

BnA(M*), which is easy. So one can says

Corollary 2»1.2 There are canonical bijoetlons of rings

H Knd(M) * |r - TT XaA(*),

whoso composite is tho inclusion*

Koto; Hero and olsowhero 11 , when used in tho category of rings, denote* 

not tho sua in that category, but tho sum in tho category of abolian groups, 

endowed with an obvious riBg~*truetura*

It follows fro* tho corollary that any simple MQ-oodule is finite- 

dlnonsional f for any sijayle module for 11 Snd(M) is finite-diaension*!. 

More generally

Proposition 2*1*3 For any G-vector-»paee S tho canonical amp 

• I 11 M »HoMfr(M;B) -» » is a bi^eetioa.

Tho proof will bo proeodod by a loama*

If M is finito«diaon*ioxial then any G~*urjootion p t 8 -*
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or G-iBJootioB i i M •* B, apllta,

Proof» CiroB a aurjoetioa p « Horn (Bjli), ehooao aay aplittia« j c Hoa(MjB), 

not maooaaarilj a G-ntap. Hom(if|I) ia on M^-aodule, 00 OJQO can form 

Thia ia tho roqitirod aplittia^ for p o (Mg«4) m

CoBToraolj, giron an iBJootioa i t Horn (**£)» ohooao a aplittias 

9 c HOB(SJM) « Bom(S <9 K*;C). It ia not claar, without aomo mild

roatrietioa on B, that thl» apaoo ia aa M&-«odult, ao dofiaa

q t Hoaa(B <» M*) C) fry *U) - q(-f)' If p « Ho*G(2fM) oorroaponla to

q than p » 1 » 1.

Proof of 2.1.5 If 1 ia a ataplo &-»odul« than

» ii toi^ilM) » «**&(ll!l)

Thia mhoiw that « ia iajtotiTo, for if It had a non-f»ro karaal thero 

would ao a ooa-wro amp from aomt aimplo JL into tho learoal. Om tho other 

hand, Homg(iiM <9 fiOB^M,*)^) - n 8omG(lf « HomC(M|S)|M0)

« fl Horn (HomG(ll|8)| ft»&(»iMA))o

« Homa(l,M0) whloh implioa that a
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la aurjootivo, for if it had a aoa-soro oofcomol thon thoro would bo by 

2.1.4 a non-soro amp froa I to aoao aiaplo KQ which vaoiahod on tho iaag* 

of «.

Proposition 2.1.5 Tho following conditions on a ooapaet group G aro 

oouivaloats

(a) tho aubgroupa of & aatiafy tho doaooadiag chain eooditioa

(b) thoro oziata a faithful G-moaulo MQ

(o) A i» a fiaitolygonoratod al«*obra oror € .

t (a) *^ (b)i Oao haa inJeoUona G - )dr -^ n Sad(ll). But
Mt£a

(a) iaplioa th»t one can fiad a f inito aot ^ C £ »uch that G -* n

ia iaJootiTO. Thoa Mft » n M ia faithful.0

(b) «^(o)t G ia^oota into tho vootor-opaoo Snd(M..), ao by tho 

Stoao-Woioratraaa thooroa S(Xad(lL))  * C_ ia an opiaorphiMi of topologioal 

Tootor-apaooa. (3 donoto* tho ayaaotric algobra.) But it faetoriMia 

through the injection A « U Hnd(M*) -. Cr , aad tho iaago of S(Snd(M'))
* Mt£ & 0

&
in A. ia a (& x &)*aubapaoo whoao iamgo ia n Bad(M^) ia doaao. ao it auat

C **t 
bo tha wholo of Aft . So A& ia fiaitolj^goaoratod.

(o) ^(a)» A. ia aoothoriaa9 aad to oaoh aubgroup H of G- thoro
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aorroiponda tha idoal of A* vanishing on H. So ont h&a only to show that 

I < H{ striatly thoro axiata f « Aft suoh that f jH1 » 0 but

Writ* n f n for tha isugos ia ll of

H. ^ H . one o&n find f* a Cft «uch that «jj ,f*> ^ <|t >fl*>. And baoaua* A_

la danaa ia Cft on« can find f 9 t A& aueh that <j* tf •> » 0 ^ <^2,f>. Lat

f « p «f f t AC « Than far any h c H. ona haa f(h) * 4^11 »f*> »<^i »atff > 

* 0* But f doaa not raniah oa H_, otharwiaa 

0,

PafinitJon 2«1«$ A coapaat group aatiafying tha aquiralaat oonditiana 

of 2*1*5 i* callad a ooapaot Lia

Raaarka (i) It ia olaar that aoagroupa and quotiant groupa of compact 

Lia groupa ara again ooapaet Lia groupa.

(ii) Tha ooaplax affina algooraio aohama Spao A& baooma, by 

virtuo of tha oo-ring atruotura of A* dual to tha rlng*atruetura of 

n Snd(M), an algabrala group dafinad orar 1R * Tha inoluaion A^ -» CA
V d

iaduaaa an aabadding & •* Spaon A&. C is prooiaaly tha raal part of 

Spaa* A_. (Saa [13) P.199.) So a ia a raal algebraic «anifold, 

naoaaaarily non-aingular.
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(ill) If & la ft compact group aad & i* the component containing 

the identity then G/& , called the group of components of &, ia profinito, 

and hence finite if G ia a ooapaet Lie group* ([26] pp.39*

2.2 Tfra repreeentation-ring

If ft la a ooBpaot group, th« Groth«ndi«ok group of tte category 

of (finita-dlm«n*ional) G-modul«» with roapoot to dirtot auat will 

bo doaotad by &(&)* The tan»or-produ«t iA &«Vact induc«§ a structure of 

ttativo ring ia R(&), and tha oxtorior power* MH* A M induce operation*

Xk t R(s) ^ i(C) luking it into a X-ring [1]. E(&; ia oallod the

repreBentaUoB-rinj? of &j it ia oaay to «ee it ia a eo&trararta&t functor 

from eoapaet groups to X-ringa.

following propoaition ia aa iaoediate ooaaequoaoa of 2.1.3*

2*2.1 Jt(&) oan bo identified canonioally with the free

aboliaa group generated by the aot £« of iaovorphiaav-olaaaoa of siaple 

(Hftoduloa.

If 0 ia aboliaa then R(&) aa (aa a ring) the group*ring oror
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*
of the dual G * He»(C; C«) of &.

There I* an iategral quadratic fora on !(&) induced ej (M,!! 1 

<M,M f > * dim HomC(M,M t ), It satisfies the relationei

>, *a*re * i» the iaroluUon IB H(a) induced by M^ M* in 

OVtot. It is po»itlT»-d«fiait«, and tiw eet £& of 2.2.1 U an ortho- 

normal basis of R(G) with rospoet to it* Duo ha* also:

To a O^aoinlo M ia associated its oharaator ^ i« C $ a^ is tno 

|*«4» of 1 M, under the (C x &)-«ap : Sn4(Mw ) -* C& dual to too struetural 

sap & - Bnd(K). 1* ia invariant undor too diagonal action of & C & x &, 

BO j^. is inrariant under the diagonal aotion ( H oon4u«atioaa ) of & on C..

Thus j^ can be regarded as a function on £&], tao space of oon^ugaoy 

classes of S. One can check that ttv~» x* indxices a morphia* of ring* 

X i £(&) "* CA (it faotorises, of coarse, through A., -* Cr ). And ^ isW w W

natural in a.

Proposition 2.2.^ ^ j R(a) -» C& is compatible vita the involutions aad 

quadratic forms oa l{£) aad C*«

(i)
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(11)
12

*» dl« M , aad banco to show that i** * ° *a*o ** *» non-

trlrlal and aiapla. But

(ft x C)-«ap Into € , and any anon aap la aoro aa It oorraeponda to an

oloaoat of Xnd(M) flxod uador G x fr.

Corollary 2.

CarolUrr 2.2^ If a - G' Is •ur>ctlva than R(G') ^ R(G) la

of

It auffleaa to ahow that If K la a »i»pla a.-sKxlula and N a

C2-»odul« than M Q H (l.a* pr* M «> pr* R) la a »l»pl« (&1 x 52)-^odul», and
a.xft_ 

that any alapla (^ K &2 )-«odttl« la of thla f«m* But Hon (M®NjM«>If) «

^4**» C4 ^ s« ao 
Bo* * *(M|H«s<»jM » W)) « Ho« XM|H«i 2(R|M « R)) « H« '(MI BMI Z(jf$H) ® M)

- gi Cl« Ron Xlfilf) « Hoa (W;N) « C , ao If (g) K la elapla.

Oa tha othar hand If P !• a (^ x »2)-«>Aila one haa
G, •%. Q

Ji M $) Ho. 1 (1| P) -i- P, aad Ho« 1 (M| ?) la a C

a(G/R) — v &(&)> ufaara P ruaa through tha oatagozy 
IT

of norval »«bgro«pa of & aiioh that a/H la Llo,
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Proof* InjootiYity ooaas from 2.2,4. Su reactivity iB obvioua.

Proposition 2«2 T| If {& } la any ftaHy of compact groups, thoa
"»

lia t( n G ) -A- *( n G )» whore, oil tho left, S run» throng tho 
3

category of finite subsats of A.

Broof: Inactivity cocoes again froa 2*2,4*

Oft iha othar hand may elaaant of ttoi rlfiht-hand-eida coaaa froa

•oaa a(Q/K), wtero N ii a normal oubgroup of C « n 6 . and G/K i*
««A

Sot Kc » kar t & -» n & , (K0 l 1§ a faaily of aoraal tubgroupa of G 
S (US* S

whoaa iat»raaetion la 1 1 ao K^/H A ^ » K^V^ i» a f tally of aubarottpt 

of the Lla grotip &/H uhleh also baa iat»ra«otion 1 booauao l|a la oxaet 

for ooapaot apaooa. So Kg C H for aoao flalta S, and G -» G/H faotorlaoa

throu^i G •» n G , «d too proposition la prorod. 
aaS *

IB Chap tar 4 I shall prora by aoro sophlatlcatod methods that
/

jfIip0l(6 } — ̂ t(ll« ft ) for any dlraetod Intorao ayatoa U.l of ooapaet
^ • *» v •---•• - ----- - a
a a

groups* (Z dom't know a dlroot proof.) In viaw of 2.2.5 thla aight 

load oao to oo&Jootura that tho functor a la right-oxaot la gonaral* But 

that la not traot if T is a subgroup of G such that R(0) -* R(T) la not

x T » T, but tho natural aap K(T) «> (T) •* R(T)
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la not an iaoaorphisra. But R is right-exact for abolian groups (2.5.4). 

2.2.6 shows that it is in ono sense sufficient to study &(&) «hon 

is a compact Lio group. For tlio rost of th« chapter I shall aako that 

assumption.

2.3 £__________________

In this sootion £ Is a co-paot Lit group, G la its idantt^eomponwat,

, 0 and I s 3/S is its group of componants.

2«3>1 A subgroup S of ft is oallod * Cartan subgroup if it is

ejelic and of fioito iadax in its aoraolisor W(s). Tho fiaito group 

W(S)/S is oollod th« I oyl group of S, and doaotod by ig.

Rtaarkt Carton subgroup is not a vorj good nas» t and it oonfliots with 

tho dofinition of Choralloy I15]| but tho groups sooa to ao to oorrospoad 

to Cartan subolgobras ia the tboorj of Lio alfiobras.

Proposition 2.3*2 Saoh ejelio subgroup C of 1 is oovorod by a Cartan 

subgroup S of C.
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Proof; Choose y s £ such that yC generate* C. Let f be a maximal torus 

of tho oentraliser 2(y) of y (I ahull not presuppose any properties of

maximal tori, however)* and lot S bo the subgroup generated by T and y*

0 
Tho identity-ooapoaent 8 of $ contain* T; but if it contained any

1 -parameter subgroup I* not in T tho» I* and 7 would gcnoratt a torus of 

atriotly contalniag f * 3/S i» «yeli«, geoaratod by y»3 , »o S ,

which i* itomorphio to (S/S ) x S i« also oyolio* finally

: S) * (5($) s 2(S))(^(S} i S)j but i(^)A(s) is a coapaot 

subgroup of tho diaoroto group of antoaerfidiMi of Sf oo it io finitoj 

and S(S)/3 is fiaito booanoo th« too group* hare tbo aano idonti^y- 

, So (H(S) s S) i» fiaito> aad S ia a Cartaa aubgroup.

Propoettion 2,5*5 laoh oXonoat g of G it contained in a Cartan aub group,

Tho proof nill bo based on th« following topologioal 

Loaom 2.^t4 If I is a eo«paet aotrio apaoot and f i X •» X a nap which 

ia homotopic to an iaoootry of X vita a fiaito nuabor of ftacod-pointa, then 

f has a fixed point*

I shall not prore this la»aa aorot though it is quite oloatntary, for 

in the ease I need X is a differentiablt manifold and tho result can bo 

deduced fro* tho sore profound Lofsohots flaed-point formula.
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Proof of 2«?*?» I^t gfc gooarato C lit r, and let 5 bo a Cartaa subgroup

-1 
of & coraring C, I shall ahow that g ia contained in a conjugate ySy

of n.

Consider tho nap f of tho compact awtric apaoo o/s dafinod ay
o

f (yS) « gyS. If yS ia a fixod-point tboa jr* gy « 3, aM g « /* 3y aa
a

roqulrod. But If x la a goaorator of S contain*! la gC than f la
o

to fx nhoao flxad-point aot ia H(s}/S, «bi*h ia finlto. AaA

out can oartalnly auppoae that f io an iaoo»tryt ao oni la la tho 

aiteatlon of 2 •3*4*

Propooitioa 2*3*3 oan bo afearpoaod alighUjrt aa followa.

Propoaitloo 2*5*5 If 3 is a Cartan aubgroup of G goaaratod by xf thoa 

any g a xC ia oonjngato by an aloaont of G to an aloaont of x$ .

/ 0 * (Hotloo that thoro aight bo oovoral ooapoaoata of S In afi .)

Proof i Procaod aa ia 2.3*3 but ooaaidor tho map h t 0°/ru ^ G0/ >°——— g

dafinoA by h (yS°) » gyx*13°* A flxod-point of a 1» * ooaot yS° with

0 ~1 O t G such that y gy a

Propoaition 2*3*6 Tho promotion {Cartan subgroups of G} •* {oyolio 

aubgroaps of f) indbaoes a bljootioa of conjugaoy-claawia*
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Prooft One half ef this ia 2.3.2, the other half, that two Cartan 

aubgroupa are conjugate if they have the asae projection into r, follow* 

from the proof of 2*3*3* (For a Cartan aubgroup cannot be conjugate 

to a proper aubgroup ef itaelf.)

2.3*5 haa the following oonaecuenee, which I include far future 

reference.

Proposition 2.3*7 If S ia A Cartan aubgroup of G projecting iato C in r. 

then the projection N(S) « H(C) ia turjectire.

It reailna to decide when tee eleaenta ef a Cartan aubgroup S are 

conjugate. I don*t know whether it ia true that two eleaenta ef S are 

conjugate ia & if aad only if they are conjugate ia N(s); but the following 

result aufficea fer all practical purpoaea*

Proposition 2*3*8 If S ia a Cartan aubgroup of & geaerated by xt then

0two eleaenta ef xS are conjugate ia & if aad only if they are conjugate

ia V(S).

~1 0 -1 Proof t If y and gyg are both ia xS then S aad g Sg are two Cartan

aubgroupa of Z(y), both oontaining y. They both have the aaae projection 

iato the group of coaponenta ef Z(y) - it ia the cyclic group geaerated
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- to thoy aro ooajugato la Z(y) f !••• thoro la a * c Z(y) 

•uch that ig"1 Sga~1 « &. Thoa ag~1 t K(S), aad (n'W^ir1)" &7(f1 f 

aa required.

Corollary 2,3«9 If [C-] la the apace of ooajugaoyelasaes of &§ and 

[F] la that of rt than la tho promotion [G] •» [r] tho latorao laa«a of 

ooajugaoy «!«§• [<t& 1 « [r] la iaonorphio to (g.S )/*FS, fdioro 3 la a 

Cartaa a\d>group of Or with a goaorator la g.fc f aad Wg la the subgroup of 

t g which aorvallaoa g*S .

Daflnlti on 2,3*10 Aa olonoat of & la oallod regular If It goaoratoa a 

Cartaa subgroup, aad singular othorwlao*

Cloarly rogular aloaoata ara doaao la &•

Propoaitlon 2.3.11 If g la a ragular olaaoat of Gf aad R la a aubgroup 

of &, than g aota with only a f lalto nuabor of fixed-point* oa G/H*

tot S bo tho Cartaa aubgroup ganaratad by g. Tha «oaat yH c G/H 

la flxad by g If aad only if y~ Sy < H. So thoro aro ao flaad-pointa at 

all ualoaa 3 la ooajugato to a subgroup of H9 la waloh oaaa ono may aa wall 

aaauao S < H. Booauao tfeoro aro only a flalto number of eoajugaoyolasaoa 

of Cartaa subgroup* of H oao oaa ohooao a flalto subsat A of & such that
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y" Sy < H =^ y~ Sy ia conjugate in H to a" 3* for sow a c A* The f ixed-

point aet F of the action of g can bo decomposed correspondingly into a

finitt diajoiat uaioa F « ii I . But y~18y » ha^Salf 1 with
a«A *

a t H 4=^yh c K(S).a§ 00 f^ - H(S).a.!0I « H(S)/aHa~1 A N(s), which la 

a quotient of the fiaito aot K(S)/3« So 9 ia fialto.

I eoaoludo this tection with tho following remarks. The reader 

ahould aot aaauao when 3 ia a Cartan »ubgroup of Or covering C in T 

that (S j S ) * (C : 1)i a counterexample ia given by tho Cartan subgroup 

C^ of (T1 x C^)/C2, where T1 x C^ ia the only aoa-trivial semi-direct 

product of tho oircle-grottp T and tho cyclic group C, of order 4, and 

C2 (cyclic of order 2) ia embedded diagonally. But one does have 

(C i O|(S i S )|(C s 1) y ao no "new* primes appear ia (S t S )• Thia 

emerges from tho following discussion, which has also aoae independent 

interest.

3/3 acts on tho ceniraliser Z(S } of 3 in G, and whenever a cyclic 

group acts on a compact group it leaves fixed a maximal torus T ([22]

lxp.24). But maximal tori of Z(S ) are the same as maximal tori of G

0 0 containing S . So T contains S and is normalised by S. Also
0 "*• 

SAG < T, as it commutes with 9. Thus T =» T.S ia an extension of T
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by C ooTorlng C : a "fattanlag* of Si and (S H a )/S la a cyclic 

aubgroup of tho group of aoBpoaanta of H (Cj T). But thia group of 

ooaponanta la annihilated by (C : 1)1 tha roador can oaaily ohook that 

whan a finito group F aota on a torua T tho group of ooBponaata of T 

la H1 (F| Kom(T1 i T)).

2*4 loducaA rgpraaaotatioBa

Lat 1 t H •» & ba an Inolualon of oonpaat groupa* Thara la a 

rtitrlotion-funotor 1* t G*Yo«t -* H-VjjJ Inducing a ho»o«orphiaa of riaga 

i* i E(G) -» l(g), ao that R(H) oan ba ragardod aa an ft(G)-»odaU.

Thoro la a funotor 10§ lof t*adjolat to 1% ufaioh aaalgna to an 

R-«odula X a Oraotor-apaoo 1,M idth tho property

- Ho«H(Mj i*N) for all G~ooduloa N,

It follow* from 2.1.3 that 1,M » ii p ® Ho«H(P; M) oaBonloally, vfearo
**** 

tho aua la ovor tho aot *•* of alaplo Oaodulaa. !„ dooa not dof Ino a nap

R(H) •* R(&), for 1«M haa laflnito dlAanalon unloaa (a : H) la flnlto. 

But If a*(G) donotoa tho group of formal Inflnlta au«a £ n^LP] (n^ a Z),
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i.a. a«(&) » mapCfy^), than i«* dofiaos an olamont of R'(G), and 

it : R(H) •» H«(C) i* a homomorphism of ft(G)-»oduloa. It follows at 

onoa fro* tho adjolatnaaa proparty that if J ; G -* P la anothar Inolosloa, 

and • c R(H) U »uoh that i,» t &(a) C *'(&), thin (ji),« » J*i,» « E*(F).

It la ^y obj«ot in -tola auction to dafine for oartain l&oluaiona 

i » H •• G of ooapaot Lia groups an aleaant &„ * t E(H) with tha proparlgr 

that !«,(*. A&/H) c H(a) C I'(G) for aU a t a(H). Whan (G i H) i« flnlta

ba n Thon I ah^ll daflna ij(») » la(«*^)l ^j * 

will ba a hoaottorphlaa of R(G)-»odulaa whloh will tako oror tha rola 

playad by 1^ ia tho analyaia of R(&) whan & la flnlta, I ahall sl^a a

formula for ooaputln^ !,(*)••

Lot T , T t T . bo tha tan«ant-opaeaa to 6, H, G/H at thair idantity- 

alaaanta. Chooao onoa for all a G-lnrarlant poaitlve-dftfinita quadra t$o 

form OB T&» T. <£>R €. Is a G-«odula, tho ** adjoint rapraaantatlon" of G. 

T •C and T «C aro H-«odulaa. I ahall abbraviata

will bo doflatd only whoa tho ralativa taaeoiitfapaoo T admits 

a <?la0«stmotiiroM [7]* A raal H*«odvao T with a quadratic form admits a 

Pin -struotura if thoro is a homomorphism ^ : H -» C(TJ of H into tho
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multipltcatiY* group of tbo complex Clifford algebra of Tc auoh that 

h.e » (-1)*** *^.$(a).e*4<hr1 for all h s H aad * « T^ . (Tho 

aultiplloiitiona on tho right aro ia C(TC); rocall that the algebra 

C(TC ) la gradad aodulo 2.) If T haa a ooaplox-atruoturo than it ha*

Qa Pin -etruetore, though that ia act obvioua* 

I auat dlatlaguiah two eaaoa*

Caat It tho diaoaaion of Q/H it oven. Than oaa aaat require alao that

o T ia oriaatablof i.e. T adaita a Spin -atructure* Dafiao

tA°^ ' [A^ * &(B)» wb*r* (^°»41 ) A» * «t«$ao gradod aodula for
' /\ A 

, aad d ,A aro rogardad aa B-aoduloa by aa&na of ^. Thoro aro too

auoh aiapla gradod aoduloa [7l» but taoj diff or only by iatorohaago of 

tho grading^ aad that affoota only tho aiga of AG AI*

If ^ i H -» C°(7C ) oxiata at all it ia onlqua up to Multiplication by 

a hoaoaorphiaa 9 i H •* C * C C (Tc ). Changing ^ by 6 roplacaa A by 

A &I<f» vhoro 1*^ ia tho ono«diaoaaioaal B«aodalo dofiaod by *. [L.] 

ia a unit ia l(R).

Caao 2: tho diaonaion of G/H ia odd* Oriantability ia no loogor 

roquirod* Thoro ia a uniquo aiaplo gradod nodulo (& ,A } for C(TC ); 

but A aad A f which aro laoaorphio aa C (Tc)«aodulo8, can bo oado into 

soforata ungraded C( )-ox>duloa by obaarriag that C(7^) « C°(Tc)[i]/(l2 - 1)
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and lettin* X act aa 1 oa A and as ~ 1 on A . Than A and A beoooe 

H-Bodules, and one con define A^ * [A ] - [A ] « H(H), aa before. Thero 

it the same ambiguous factor * [L-] a* before.

To understand tbaae definition* and to prove the results I need, 

one mat change one's viewpoint. If X ia an H-oodule one can fora a 

G-rec tor-bundle (aee chapter 3) (C x X)/B ever tho space G/H. Lot i^X 

bo the G-vootor-space of *nooth aectiona, i.e. of differential* aapa 

• j C/H - (C x M)/H aueh that p o a « id, where p t (G x M)/H - G/H i* 

projeotion. i.X » Hap (Gj M) aanonically, and by 2.1*3 one haa a bi*

Jootion i*« + i-M, for i.M » JLL P <8> Ro»g(P|
* P«2

Now it happeaa that thoro ia an equirariant olliptio differential 

operator, tho Dirao operator, a linear G-^ap d^ t i^(X <a> A°) * ift(X « A1 ), 

for any H-»odule a. I to definition oaa bo found, for example, in [10]. 

Booaaao it ia elliptic ita kernel and cokernel hare finite-dimension. 

Applying tho functor Sv* Jl P <g) Hon&(P} X), which ia exact, one finds 

that dM induces a nap i,(M » A°) - i^(M ® A1 ) which haa tho sane kernel

and ookomol as d)(. So i,([x].A^) « [i,(M® A°)] * [i,(M « A1 )] 

- [knar o^] • (ooker o^J a a(H) ia finite, aa desired.

Tho character ^ ̂ of i,X can bo computed by tho Lefsoheti formula
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of Attyah and Bott [4]. It suffices to determine it for regular eleaeats 

U fi Gf and then

t -1 v(x «x)

where F is the finite tot of fixed-point* of the translation of C/H induood

•*\ »1 by g (thus x t F 4^x gx t H, where x gx is defined up to conjugation),

and *»c /to(y) *w 7 t H noons too action of y on T. To see that this is 

tho Lef schets one has only to remark that x * (<* «») i* the trace of

the nap induced by g in the fibre of (C xM)/H over the fixed-point x c G/H, 

and that *&»/g(x' «») ia isoaorphio to tho action of g in tho tengent-spaoe 

to C/H at x* Tho formula reduces when (& t H) is finite (and o » t)

to the classical forvula for X**l *nd ^Ma & is connected we shall see 

that it is tho Weyl oheracter-fonajla.

Because i. is defined only up to Multiplication with a factor * U- 

in R(H) one must stats* its transitiTitypropertgr cautiously. If 

i t H -» a end J 9 G ^ y are inclusions and o*/^ sad 4L /- are defined thin

****/£ ^ * P^oiblo choice for &»>£» «Ad wi-tfc that ehoieo 

• i " (4 • i), • "Ph* P*** Mounts to observing that
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and that if Aj, A~ aro staple graded modules for C(T.), "(T_), than 

^ # a« is a simple graded module for C^ «> T^) » C^) 0 C(?2).

Sxamplos

(i) If H does not contain a CartaB subgroup of 6 then i. is sero 

whenever it is defined. For then any regular element of ft acta without 

f ixed~points oa G/H.

(ii) AG/H ia alvaya defined if R i» eyclie, prorided only that the 

relative adjoint*aotion a i H -> Aut(Tfi /„) is orientation-preaerrin« if

di«(G/H) ia eren. For the iaage of H liea in a Cartaa subgroup of 0(T)
0. . 

ooTorod by a Cartaa iubgrwip of Pin (Tc ), and the pro>otion of Cartaa

aubgroupe is aplit (it haa kernel T ) f ao a lifts* Furthermore the 

orientability-oondition is always satisfied if H is a Cartaa subgroop, 

for its generator acts with isolated f ijced-points oa G/H aad ao induces 

an orthogonal traasfors«tioa of T which doos not hare the eigenvalue •»• 1t 

and any suoh traaaf oraation of an eYen-dia»n*ional space has determinant 

* 1.

Of oourse any even-dime naional real orieatablo module for a cyclic 

group actually has a eonpl ex-structure.
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(iii) IfH-»H-»Pi*an extension by a group K of a p-group P, 

and p 7* 2, than A^ is dafiaad if and only if \Q^ is <fcf Ined.

ftpoofo Qritatsbilitgr prosoats no problem here, I*ot ad s H * 0(f)

bo the adjoiat-aotiea of Hj oao mist show that ad lifts to Pln°(Tc ) if

and only if ad|N doos. Now Ho«(K; 0{T)) oaa bo idoatifisd with

H (BHjo(T)), wharv BH is the elassifyiaf*spaoo for H* Coasldor tho

diagrasi

+ Pia(T) •* 0(T) + 1
I II

-» Pia*(Tc) -» 0(T) ^ 1,

ad c H1 (BH, 0(T)) lifts to H1 (BH| Pln°(Tc )) if aad only if its 

d(ad) c H2(BHj T1 ) 1* xero. Bat 2,d(ad) » 0 boosuso d(«d) is in tho 

of ^(BHj ^/2), so «(ad) Uos ia ths 2-prlJBary part H2

of H2(BH| T1 ). On the othar hand tao r«strlotlon H2(BHj 7

H (BH| T )y ?x is aa isomorphism booauso (R t 9) is prims to 2, so oao

finds that ad lifts if and only if ad|N lifts.
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2.5 tho structuro of

la this tootioa all groups will too ooapaet Lie groupa* 

I ahall begin with some oxaaploa.

(i) If 0 -

(ii) If G » T1 , 1(0) * ^[XfX"1 ], *••• 

(iii) If £ » T16 « T1 x ... x T1 (k factors), R((J) »

(!T) If & is the unitary group U(a), and T » T° is a nayljnal torus of 

U(a) - say tho diagonal aatriooa - thon tao restriction R(&) •» R(T) ia 

injectiya f for eaoh aloaaat of & ia oonjugata to an element of T« So 

R(C) can bo identified with a aubriac of R(T) « ^[X^X^1 j..., 

But tao entries of a diagonal amtrix oaa bo perautod by conjugation ia 

U(n), ao S(G) ooaaiata of syoaetrio expressions ia X, f •»•» X_. Ia foot

Proposition 2.5.1 R(U(a)) » ^t»4 ».••••.••.»]» whoro ». ia tho•'-"' r JT- U - ij--- - j - rr i a a *

syaaetric function in X^ **.« X& a R(T). la partioular H(U(n)) ia a 

aoothoriaa ring*

Prooft sk is in R(U(n)), for it ia tho character of tho exterior power

, where M » Ctt ia tho standard U(n)-s»dule. And s"1 ia tho charactera
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of A*)*. on tho other hand^te*..,** contains oil tho

syaaetric functions in ̂ [X,* •••»£* ], so E(U(n)) cannot bo any bigger. 

It it well~knoim that a, ..., § aro algebraically independent.

Tho following theorem of Atiyah is crucial for tho sequel,

Proposition 2«5«2 If H is a subgroup of Cr then tho restriction 

R(C) •» E(H) makes t(H) a fiaito R(&)-»odule.

Proof* Sabed G in a unitary group U * U(n). It suffices to show that 

&(H) is fiaito over R(U), i.e. ono oaa assume & » U. Furthoraore the 

restriction R(H) •» H R(s), where S runs through tho fiaito set of 

conjugaey classes of Cartan subgroups of H, is in>etiTet so - because 

R(U) ij noothorian - it suffices to show each R(S) i« fiaito over R(U).

?or givoa S ono can choose a aaxlmal torus T of U so that S < T < U» 

"" 1
R(T) m X[X ,...,X""] is fiaito over R(U), for each X. satisfies tho

IB X

integral equation £ (-O^* v * ° °**T fi(u)> •** •*^ X?1 a similar
te«0 l *"* *

ono. Pinallj, R(s) is finito over &(?), indood fi(T) -* R(S) is surjootivoj 

for R(T) «~Z[T]f R(S) »^[s], and 3 ^ T induces a aurjeotion T -» S

Corollary 2.5.3 fi(G) ia noetherian for any ooapact Lio group G.
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For it i» noothorian ovon as an &(u)-modul*.

It la easy to soe that 2.3*3 character!*** the eoapaot Lio croups 

a»ong the compact group**

Now I can b«gln to discuss the prlao idoa* of R(C). 

Coaaidar th* restriction &(*) * 0 R(S), vhoro 3 run* through tho 

(oonjtigaoy classes of) Cartaa subgroup* of &. It i* injootivo, and
*

fl R(s) i* fiaito oror R(0), *o by tho thooroa of Cohon-Soidonborg orory 

prim idoal <^ of R(C) i* of tho font |l t X|S e <$, J for *OM 3 and » 

priao c>0 of l(S)« I shall proro that for oaoh ^ thoro i* a niniania

eyolio subgroup S of S f uniquo up to ooajugaoy, *uoh that ff i* induood

by a priiBO ^>e of t(3)» 3 will bo oallod tho aupp^rt of

Loaaa 2.5.4 If S i* abolian^ and S. f S£ aro subgroup* t than
r>»

1 HS2 ) by tho natural nap*

Proof* For any subgroup A of 3 nrlt* JA » JX « a(S) i XjA ^ oj. 

t(A) « R(S)/JA t for R(3) -» E(A) Is surjootiv*. JA i»f a* idoal in E(S) f 

goasratod by tho oloaoat* a - 1 for all hoaooorphiaB* a : S -» C* suoh 

that «|A » 1. In faot if £ a^ « JA, with ̂  i S •» c*, and th* a^ 

all havo tho *SJM rostriotions to A, thon
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ia of the roquirod fora. But any oloaont of JA IB ft aua of oXomonta of 

that tgrpo.

Now tt» loft-hand-»ido of 2.5.4 la ft(S)/U« + JL ), ao ono anat

•how that J0 * Je • J0 ^-. . But if « t S* C* i» a hottoaorphiaa auoh 
81 S2

that 9)8^2 * 1 » OM *** ohooM « » S -» C* »o that ajS1 » a|S1 «ad 

i"|S2 » 1, for (S/S8) A ^ (a^nSg)^ la aurjaetiira. Th«i 

« - 1 » (•-•)*(•- 1) t Jfl * J. .

2.5.$ ?roa 2.5*4 and 2.2.5 it follova that if $ -» St S -» S aro

any hoaoaorphiama of abaliaa «roup« than

The roadar will rMMobor that tho aot of priat idaala of a ring ft 

can bo aadt into a tapologieal apaoo Spoo ft which dtpeoda ooatrarariantly 

on ft. ([20] Chap.1.) Furthormoro, if R -» ft,, ft -> ft. aro ajorphiaaa of 

rinca» tho indiiood aap 3pa«(ft1 «^ ftg) •* (Spoo ft 

ia aur^ooUwo. ([20] I 3*4.7) Thna

w iiLL a Ta

i Spoo &(S2 * )iMa«a t Spoo 

wJioro *lamgon in oaoh oaao rofora to tho natural map into Spae R(S).

Hotioo that if S1 and 82 ara oyolio it may bo that &1 H 32 it not
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cyclic. But any prise which oooes free S1 and Sg ooaea from S1 n 3^ 

and hsnoe froa aoae cyclic subgroup of S. H s«»

Key priae of R(fr) eoaas from a •iniaal cyclic subgroup of £» booauao 

aoapaot Lia groups obey tao descending chain condition, To prove that 

each prijaa coses froa a wall-dafinad ainloua oyelio subgroup of & it would 

now suf f loo to show that oaoh prias eonaa from a woll-dof iaod Cartan 

subgroup* But I shall provo first a ttora proelso rosultt and rotum to 

tfao pris» idoala aftorwarda*

Tho inclusion ~Z- C R(G) induoos » t Spoo l(s) -* Spoo Z f i*o» if 

<$ is a prime of B(&) thoa p « ^ A X is a pris* *($>) of ^ (BE 

ordinary prtos or sero}* It is oxpodioat to consider tbo fibres of w 

eeparatoly. Lot us fix p; then V (p) oaa bo identified with Spoo & (£}, 

where & (C) » R(&) <8>2k f and k is the priao field of characteristic p.

If <$ is a pris* of R(&) above pf «ad 3 is a •intmsl cyclic subgroup 

fro* which it arises, then (S t S ) is not divisible by p. For otherwise

one oaa write S » T x (^/pk ) 9 so that &(3) » R(T)UV(XP - 1), and
JK

Hp(S) S Ep(T)[x]/(X - 1)F . Then *p(S) «* lp(T). givon by I* 1 f has a 

nilpotoat kernel, and induces a hoaooaorpaisa of speotra, so ^ ooaos 

f roa T. I shall sell a eyolio group S p-regular if p does not divide
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t I S°).

If 3 la a oyolia group gaasratod by g I shall writ* <jg>s for tht 

priaw idaal of oharaotsrs of 3 which vanish at g* < doaa not dapond

on the gsaorator ohoaaat If (S t S } » a it la tha principal idaal

ifesra +m la tba 0th ayolotoaio polynomial and X i 3 + C* i» a 

with kernal 3°. (Ajjy «uch X giraa tto a&M ^(X).) If

8 ia a tensa, < ŝ * 0. I aball writ* t(S) « R(s)/^s , an i&tagral doamin; 

tba prlawa of R(S) ara praoiaaly tha pria»a of R(S) whioh do net o 

fro* subgroup, of finita indox. I put also Sp(S) « ?(S) « k » it

Th« wayl group W0 of S aota naturally on let (S).9 p

Af tar thes* prolioiaarios I aaa stats

«* W
Proposition 2.S.7 Cons ids r ths rsstriotion & (a) •» n f (S) 5 , «h«rs S — ----- ^ P *

runs through ths p~rsgular Cartan subgroups.

Its karnsl ia tha ailradiaal of E (ft) .P

If a is finita or if p =* 0 it is surjootivo* In gaaaral f givoa 

y t n I (S) 3 ooa oan find k »uch that / «oaoa from & (fi), 

In any oaaa tho
p S 

(ILdoaataa tepologioal am.)
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** .*— o

Eea*rka 1) Tho reader can obeok that R (s) s * £(s) <» *

»(S) /(*»(*)) <»* If 8 1« p-rogttlar. a p

2) The proof to follow la auoh eimpler whan p * Ot out one 

auat than aoaotiaea interpret p aa 1, In a faailiar way*

Tho proof will bo preceded by a loaam*

Loaaaa 2.5.8 Lot S -» H •* P bo an oxtoaaioa of p-group P of ordor q » p

P by a p-rogular oyolio group S* Than tho karaal of r t 1 (H) -* & (J)

la too ailradloal of 1 (H)| if tfeo oxtooaioa i« aplit r ia •urjaotiraj 

la ganarml, if x a & (S) than x* ooaiaa fro* ft. (R).

Proofi Wo know -tiiat any priao of &0 H ooooa f roa a p-ragular eyolio

atabgroup S 1 * But any auoh 3. liaa la J, ao oaoh priao of & (H) cornea

p froa a (S) . Thla lapliea that tho kernel oonaiata of nilpotent

OB tho other hand there are no ailpotent oloaaata ia & (S)«

Now I ahaU ahow that fi(H) <+ t(S)P ia surjeotire if the extension 

ia apllt. R(S) F oaa bo identified with tho f voo abelian group generated 

by the orbita of the aet 3 » hom (Sj C») under P. Given a « S, let X < H 

be ita atabiliaorv l.e* K * {h a H $ *(hah~1 ) » a(a) for all a a 8}»
«

Then a t S •» e* oxtonda to^ : K *^ C* In R(K) (beoauaa tho oxtaaaion ia
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hat0C

a typical basis eleawnt of ft(S)P .

In general the extension S -* H -» P correspond* to an element 

o c !T(Pj3)j and 4*0 * 0, Sot 8* » Is * S > q.s • 1 J f a finite p-grotip. 

Fro» the short exact sequence SQ -» S ^ S * S/SQ one find* that the induced 

extension S/SQ •* H/S0 -• V is split. Now eonsider the diagram

The top lifts is surjeottre. And if a a S than aq « (S/30)\ But 

^ aj sod p, »o the 9th power of an element of &p(S)P ooaes from

, and a fortiori fro. 1 (H),

Proof of 3* ft* 7 Wo knew that the aap induoes a snr jeetioa of speotra, so 

its kernel is nilpotent. And a^ain there are no nilpotent eleaents on

the ri*ht*
Wfi 

How suppose given x s R(S) . One oust find s a R(G) whioh has the

saas iam«e as x9 in tjs) end haa i»a«e 0 in the other 2 (&'). Lot P

bo a Sylow p-»ubgroup of Wg » ff(S)/S, and H its inrerse ia&ga in N(S)»
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I shall show that a suitable g can bo induood from H*

Let ua iuppoae first that p ^ 2 and dim (G/H) is eren* Than ono 

oan dafina an induction-homomorphiam i. s E(H) •* R(G) (§ 2.4 Sx.(iii))* 

In fact i,x lie* in R(&) if x it ditiaiblo by AQ/H in t(H) . Recall that 

if « t & 1* regular thon ,(«) «
y«G/H y

haa

x « E(B)« Chooaa a charaetar 0 of S which yaniahoa on ita subgroopa of

fiaito indox and alaawhara takaa a tingla integral Talua n not

by p. That i» poaaibla baoauaa 1 (s) * n R (S f ) whan S 1 nun through
* 3» *

tfeo tubgroup. of finlta iadox in S (for 1 (8) * & (S°)[xl/(XXI«lX with 

a » (S t 3°), and Xn - 1 ia aaparabla oror k )* If x t St(s) 3 than ao

ia a.xt and (o*x)* oan ba pullad baak to ft(R) (q » (H i S)). Conaidar

« H(C)* If g g»norata§ a p-ragular Cartan aubgroup 

of (r not conjugate to S than a(g) * 09 for any p-regular aubgroup of H 

it contained in S. But if g goneratea 8 than X§(«) " (H(8) sH)«* 

which ia good enough for our purpoae, as (N(S) i H)a^ ia iavortiblo ia k

If p ?< 2 and dim (Q/9) i* odd the argument ia the aamoi ono sets 

• « ^((e.*)'1 A) and ob.erre. that A 1 » 2A in S(H) - in
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faet the characters coincide on the odd component of 0(T~^)« 2 is
Vftr *•

inrertible in k •
P

When p - 2 I oa reduced to the following* I shall produce a central 

double covering C of G for which I oan prore the proposition. But if 

x c t2(8) then *2 OOMS froa R2(a). For if x » £ * [MI] with MI siaplo

then « « 2 [MI 9 MI ] (aed 2), end «1 ® »t oomes froa C becauae the 

kernel of C •» G act* as 1 1 on M. and henee triTially on M. <9 H^* How 

ooaaidor the diagram

is in>ctiTe. If y t n s one ean find x t ^) auoh that

u{a) with x t »jj(&). So **<*) » m(») » v(jr ) t 

and y * ?(*)§ ** required*

It reaaiaa to produce S" and prove the propoaitioa for it.

C ai the fibred proAwt G *Al|t(f ) W«(Tg), where a -> A»t(fc) i» the 

adjoint-action. Z ahell write from now on G for C. Then all poaaible 

have Pin-ttruoturee, for a eubmodule of a nodule with a Pin-atructure
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haa a Pin-atriicture. But one la la troublo about orientabilityi

dim (fi/H) la aiwaya even (aay 2r) IB thia oaae, Ut ^ be the part of

which proaervaa the orientation of ?„/«.* If H « H the argument above
*

applies. Otharwiaa on* auat define • • 4*((«««) VA, A

5 H. -> &. /LL. la not invariant uador W , In faot

C/H (-l) Ak Tc * A^*c , and tho 

olonaata of W oh«n«» it into £ (-I)'"16 Akfc * A* Tc f idwra are
«M|

the two aodulas into which A Tc apllta boeauao T ia orientable. (Notioo 

that A^o A21^^, of. [14], p. 96.) All in all, if « gaaaratoa S, 

^e(«) = (K(S) : H)a* ^(&)S aa boforo. ThU ooa^Xotaa the proof of 

tho bulk of 2.5*7.

When a la finite tha group* H am alwmya aplit, and thai* ia »»

o probla» of Spin -struoturea, ao tha •orphlam of 2*5*7 ia actually aur»

jeotlva.

The laat atatoaiantp about spectra, ia a coaaoqimaoo of tho earlier

m V
onoa. rhc only non-triTial point ia that (Spec &)/W — -*-. Spoc % f when 

W ia a finite group* But toat amp ia aurJoctiTc beoauae R la finite 

ovor RW. And If TP<f Tfy ara primea of E auoh that TP n»w » P2 f\ aW, 

but ^ ^ a. PZ for any a e W, than ohooao XB a a. #°2 , *§ / tf3 for each
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into a fiaito fiold K. Such a morpaisa Is induced by a aomomorpaism of

S oato a fiaito eyelie subgroup Srt of K*. Thoa H (S) •» K. faotorisos" P

through ft (S) •» ft (SQ)» *&*ro SQ is a fiaito cyclic subgroup of 3,

Conversely if S is finite cyclic then & (S) is a sum of fields, so 

is maximal*

(ill) (a) ^>(b) follow, from (i) 

(a) <^>(o) booauso

x|H • 0, vfailo (p^S,) ooaos from R(H) if aad only if it contains the

koraol of R(C) * R(H).

angle

Tho priao idoal IG ooasistiag of oaaraotors vanishing at too 

idontiigr^olowuit is oallod tao aujtT»nt»UQD-idoal . It will bo important 

in oaaptor f. la tao notation of 2.5«9, I& 0 (Of 1»0}« Booauso

R(G)/I& » Xt Ift is not Maximal, but any primo idoal containing it is

maximal, aad so of tao form (p»St^) with p f 0 aad S fiaito aad p-rogular. 

Cloarly this contains I& if and only if S « 1 (and <g> « 0). On* can road 

off now tao generalisation* of two propositions of [1],

Proposition 2.5.10 (of. [1] 6.7) If H is a subgroup of & taoa the primes
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of R(H) containing !„ are tho same at those containing too iaago of Ift . 

Haaoo tho Xg*adio topology of E(H) ufaon it it regarded aa an R(G)-»odule 

eoiaoidoa with ita Ig-adio topology.

Prooft Lot r i l(G) •* R(H) bo tho restriction, (p,S,£>) in R(H) ooataina 

rda) if and only if (p,St$>) in R(G) contain* 1^, i.e. if aad only if 

S » 1 . But then (p»S9 tf) 3 !„•

Proposition 2.5*11 (of. [1] 6.9) H if ooaaiata of tho element* whoao
. 0 

aharaotora Taniah oa all ooa^poaoata of priae-power ordor in G/G .

Prooft H in IB the iatoraootioa of thoao miniaal priawa (0,3,0) of
^^^^^^^^^W IJt ^

R(G) which are not eopria* to I-, i*o. are auoh that I& + (0,S,0) ^ R(G), 

whioh aeana that (0,S,0) ia contained in (p,1,0) for aoa* p. But that 

ia true if aad only if (p,S',0) ia contained ia (p,1,<^, where S 1 ia tho

p-regular part of S, aad ao if aad only if 3* ia connected, i.e.
«

(s J S ) * p for aoaa k. Aad finally wo know that tao generator* of 

Cartaa aabgroupa with (S i 3 ) a priaa-powar fora a dense subset of tho 

components of priae-power ordor ia G/G .

Brauor'a thooroa la the theory of tao representations of a finite 

group G one has tho following throe results, any or all of whioh 1 shall
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call Brauer'a theorem,

(B1) R(G) is generated MI abelian group by the modules induced fro* 

modules for elementary subgroups of <*•

(B2) R(Cr) it generated as abelian group by the nodules induced from 

one-dimenaional nodules for subgroups of G*

(B3) a ola«a«€ui)otion oa C is * efearaotor if its rostriotioa to oseh 

oaoatojry subgroup is a ohsraetsr,

I •hall now goatraliio thoso statosioats to compact Lio groups. Lot 

us for too pvosoat dof iao aa oloaoatary group as an oxtoasioa of a p-group 

by a p*rogular oyolio group - ta* usual definition prosoribos a 

oxtoasioa. Thoa oa* has

Propositioa 2*5*1^ If G is a group vhos* ad^otat-aetioa adbaits a 

Pin *«truotur*, thon (B1) and (B2) ar* tru*.

Propositioa 2*5*13 If 0- is any compact Li* group, thoa (B3) is tru**

Proof of 2*5*12 (Bl)t Th* aodulos induced froa *l*a*atary subgroups 

g*a*rat* aa id*al in R(C)* Th* subataao* of the proof of 2.5.7 vas to 

show that this idoal is aot contained in any prim* ideal of a(&).
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(B1) Implies (B2) in Tiow of tho following proposition, which was 

pointed out to M by Profossor J. Tits*

Proposition 2*5.14 Xf8*H*?lsan extension of a nilpotont group 

P by a cyclic group S then any staple H-«odule is •onoaial, i.e. induced 

fre* a one-dlmcnaional module of a subgroup of finite index.

Reaark; This result is well-known, and I shall quote it, when H is 

nil potent. ([22] Ixpoee"

Proof t Lot M bo a siaple K-module. Suppose 14 » IT «> ... <£ )t is its 

decomposition into isotjypical S-*cdule0.

m Let K » fh ft H s hM1 C M1 1. If 4 t K ^ H toon 4^ —*• M, so it

suffices to show MI is monomial.

Lot K be the iaage of K in Aut (M^. K is a central extension of m 

nilpotont group by a cyclic group, so it is oilpotent. Therefore 1L is 

•onosdal as a K-module, say K4 * ^^Kj^r- Jf. But that is tho saas as

Cficjsji^r Jff, so M1 is ttonooial also as K-«odule.

Proof of 2>5.15t First supposo that tho adjoint-action of G admits a 

Pin9*struoturs. Lot ft bo tho ring of elass-functions on & which restrict 

to characters of all elementary subgroups. R(&) is a subring of its it



2.43

auffiaoa to •how that it ia an idaal. But the obaraotara induood froa
i

elementary eubgroopa geaer&te an idaal in Rf aa ono aoaa by looking at 

too foraula for tha induced character, and oa tba otliar hand by 2.5*12 

thay generate 8(0).

Tba thaory I have daralopad in thia eeetion ia vary erode* for 

exaaple it doaa not yield, whan i ia eonneoted and T a aairlaal torua,
a *T

that R(&) —^ R(T) (though oaa can daduoo froa 2*5*7 that any alaaont
WT 

of R(T) baa a power ia R(&) ), Thia ia baoaoao ay "alaaantary aubgroupa"

ara auoh too largo. By ohooaing a aoro aonaibla a ia tho proof of 2.5*7

.0
ona can aako H a bit aaallor ao that a/H ia a olaaaloal alaaantary aubgroup,

s

i*o. ft/S * P x (S/S ) t and tban ay Brauor'a thooraa inoludac tba olaaaloal 

ono; but that ia only aeratoning tha probloa. Tha raal point ia that 

I havo uaod - aay »han & ia oon&oetad * only tha fact that G/T baa an 

alnoat-ooaplajc atruotora f taboraaa it ia actually a ooaplax aaaifoldf 

iadood a rational algabralo Tariaty. To pat it another way: I ordered 

tha roota of G raadoaly. Ignoring their remarkable propertiea of ooharenoo. 

Thia aaaat that I *rew awmy tha canoalling-powor of tha faotor

oharaoter, and ao had to



use a very largo H. For example whoa G ia connected there ia an identity* 

duo to Hermann Woyl,

ij1 •> } 1/».l./« * 1

ao one nerer needs to take H larger than T. The identity depend* on the 

fact that G/T is a rational algebraic variety*

By changing one's point of view, and looking at the complex algobraio 

group Gc of nhioh G ia the real part, one can do better. One oan find

subgroups H of G whieh are extension* of ordinary elementary subgroups of

,0 0 C/G by aaylnft'l tori of G - thus they are ia general not extensions of

p-groups by oyolio groups, and not nilpotent^ but by 2.5*14 their siaple 

modules are aoaosdal • sueh that G/H ia a oomplete algebraie variety* 

(Proof t I»ot B bo a Borol subgroup of G c [15], It oan bo shown that 

N(B)/B = G^/G^ » G/G°. tot RC < K(i) bo the inverse image of the 

olovaatary subgroup of G/G ; aad H « Hc n G, Then G/H » Gc /H c , 

so G/R ia a complete variety.)

Uaing these group* aa elementary subgroups one oan prove Brauor'a 

theorem without restriction oa Gt iadood the theorem reduces to the 

finite oaao whoa oao aaa shown that the diagram
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f* (Not. that H° = H

K(«/6°)

ia ooaaKttatira. Thla eoaBUtativity t» tha natural gaaaraliaation of 

Wayl'a idantitgr abova*

Oaa aan try to do battar itill. Inaida R ooa can ohooaa 1 whiah

0 ia an axtonaion by a Cartan aubgrotip S of a p»aubgr«ip of C/G oantralt ling

S/S A G°.

(Proof i 10! » C x P. Chooaa a Cartaa aubgroup 8 (of H and of

oovorin« C, NH(S) oorora "L^O<C) by 2.3-7. I*at S < NH(S) ba tha 

iairaraa iaaja of a Sylow p*aubgroiip of fL.(s)/Si it can ba ahom that

If V/ ia dafiaad, and j t S •* H ia tha iaclttaion, tha induction

S, by

which ia not ditriaibla by p* So if A^ wara aluaya dafinad than Brauer't 

thooraa would hold uaiAg group* lika S - axtanaioaa by a Cartan subgroup

S of a Sylow p~attbgroup of th« otntraliaar of 3/s A a° in tht group of 

oosponanta G/&°. fa know that axiata whan p / 2t but it naad not

whan p « 2* So wo ara baok to Propoaition 2.5*12 above, but with much 

anallar alaaantary aubgroupa*
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This ia a till not Tory aatisfactory, My latoat and boat elementary 

aubgroupa aro not characterised intrinsically, as groups, but only aa 

subgroups. Also one would like elementary subgroups to bo nilpotent, 

aa in tho elaaaioal theory. For tho statement (B1) that ia not possible. 

Kg* if G is tho orthogonal group 0(2) tho ailpotoat aubgroupa aro 0(1) 

and tho aubgroupa of 30(2), aad any character induced frosj then has an 

even Taluo at the identity-element, for tho statement (B3) it may mall 

bo possible -e.g. a class-function oa 0(2) ia a oharaotor if it restricts 

to characters of 0(1) aad 30(2) * but I haven't proved it*

It may bo worth mentioning another matter. One oaa road off from 

2,5.7 (tho case p » 0} tho structure of Spoo %(&) «XC * It ia a sum of 

quotients of algobraio tori C* x ••• * C* by Woyl groups. It oaa bo 

shown that this ia tho space of ooajugaoyclaaaoa of semi-simple elements 

of tho complex algobraio group Oe« (Aa element of a group ia semi-simple 

if it ia represented by a semi-simple transformation ia any representation. 

Thus any element of a compact group ia semi-simple.)

I shall oad with an amusing example. Lot & * U(2n), aad lot & 

bo tho seml-direet produot a° x( ^2), where 1Z/2 ••* (l,il and s acts oa 

G° by eomplex-ooajugation. Then Cc * &l (2at €) t and a acts on it by
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A H* ( A)~ , Tha contraliior of z ii 0(2n) x ("2/2), »o a Cartan subgroup

i» S * S0(2) x ... x S0(2) x (^/2). Writing donn tho condition that

0 00 an olomont of G .• ia ooajugato by an olomont of & to an olomont of S ,1

ono fiadat for any unitary matrix A thoro ia a unitary matrix B §uoh
^ /eoo $. - ain $.\

that a.A.B ia of tho fora fft i ^ * AAA A )* ^ho analoguevj-/ Vain 9* ooa 9* /\*1M W± WW Wj/

for tho eomplax group giroas for any non**aingular oomplax matrix A 

auoh that V^.A it ••mi-aiapla thoro la a matrix B »uoh that S*A.B is 

of tho form ££} ( . ). I ha?o not oomo aoroaa thi* roaislt in tho
>4 «4/

litoraturot though it oan proaumably bo pro-rod by aon-tranaeondontal 

method*.
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Chapter Three 

&-VECTOR-BUNDLES

Proa now on "group1* will »ean "coapaot group over Z/2 ** 9 i.e. 

each group C will b« equipped with a hoaoejorphiaa a : Cr •» 2/2 . 

i« the Galois group of C ov»r "R , and wherever the field € occur* I 

ahall aaauae that & aet0 on it by a*

3*1 A ooaplex reotor^apaoe 3 in the oategory of &-0pacea or*r a fixed 

ft**paoe X will be oalled a G-Tector-bundle on X if

(i) the fibre K^ ia finite diaenaional for all x e I, and 

(ii) S ia looally trivial in the aenae that, for aone numerable 

eorering RofX^TcR-^SxT^C xTaa Yector*»paoe over T (neglecting

the G-actton), where n can depend on !•

I emphaaiie that "ooaplex Yector-epace" aeana that the atruetural- 

amp C x 2 -» £ ia a Gnaap when & acta on both C and 5. I ahall usually 

only be interested in the oaae of a oospaot baae-spaoe X.

O-Yeot (X) will denote the category of &-veo tor-bundle* on X* 

C^Vect (point) will be identified with &~Veot«
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For any X thara la a funotor from G- Yaot to &~Vaot (X) which assigns 

to tha complex G-raodule M tha "trivial" G-rec tor-bundle M x X on X. I 

•hall abbreviate M x X to | whan tha baae-epaee la olaar froa tha con tart.

If f t (H,Y) *» (C,X) ia a «orphia« of apaoaa with group-action and 

S ia a G-vector-bundle on X than f *S « E x_ T ia an H-To«tor-bundl« on t* 

la fact f* la a functor from G-Vtqt (x) to H^aot (T). SoMtiaaa it ia 

eonraniant to co«bina all tha Cr~Yaot (X) for Tariabla (&,X) into a aia^La 

oatagory *~Vjoj(*). Ita ebjoota ara trlplaa (&,X,E) t and a iiorphiam 

fro. (&,X,i) to^SX*,! 1 ) ia a pair (f,*) unara f t (G,X) - (&',X') aoi 

^ t S •» f*3' ia a aorphiai in 0>Yaot (X).

If B ia a &-r«c tor-bundle on X than Maj>x(X|l) is by definition a

G-vaotor-apaca. It it called the apaoa of aaotiona of S, and will bo

A 
written FJI« Tha G-invariant aubapaoa r r S ia celled tha apace of

"aquiTariant iectiona", and written

If i i A -» X ii tha inolueion of a aubapaea, and B t &-Yaot (X), 

than i*S will ba written B|A.
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3«2 Daaoant or clutching

Supposa tha G-spasa X is a quotiant of tba H-apaea T by an opaa

P*t f
aqolTalaaea ralatioa j (H x H, T x- T) ^=35 (H,Y) — > (&,X) with

w A r

*» Pri> P's opaa« (la faati f opaa^> pr& opaa <^ pr« opaa.)

Lat B ba aa H-YaotoiM)undl« on T, and auppoaa giraa an iaoawrpaisa 

a t prf X •* pr| 1 satisfying tha conditions

(i) (rsftaadvitgr) A* (a) » idanUty, waara ^sT^TxTistaa diagonal

(ii) (ay«¥itry) t*(«) « a"1 , ^bara ttTKjT^Tx^T parautas tha 

faotora 

(iii) (tranaitivi^r) prla(«) *
th th 

pr.. tTx^Tx^T^Tx^Tia projaotion oa to tha i and J factors*

Than a dsfiaas aa aquiralanoa ralatioa & i B* =^ E on E. R is opaa,
r^
3ft

baaausa opaa aaps ara uniTaraally opaa* Tharafora (H x S)/(R x E) — ̂
!**•

sad (B J^ »)/(» KJ 1) -^ (V») ^ (V») (T»p.«aa. I.5)» sjid 

C-raotor-apaca on X. Furtharmora tha aap B •» f *(»A) * (V&) ^ T » 

vaish is claarly bi^activa, is an iaoaopraisa bacauaa both apacaa ara 

quotiant s ofSx..?. Iffisia addition locally split - not aaoassarily 

raspaotiac tha group-action - than V& i* locally triTial on X. So in 

this oasa thara is aquiralanea batvaaa <H[i£l ( x) «Ad tha category of



pairs (B,«) as abovo, aad oaa says that BA» which t shall normally writo 

(B,c)/f f or simply %/t f is obtaiaod by "descent" jfron S with "dasooat* 

datum" a, or by "clutching B aloag T x^ T by maaaa of a", Ona says also 

that f ia a "dosooat-morphism" for *-Vact (*).

If ooa triaa to carry through tho aboro roaaoaias whan f la a eloaod 

map ona fiada that it faila ualoaa f la alao oatroraally oloaad, i«o* 

proptr* for propor mapa taa argumoat la aa ahoro*

Whoa H » o tho following formulation ia of taa eoaroaiont. Lot X 

bo givoa ia tho form lim *• whoro (X ! ~ aro G-aubapaoaa of X - i.a.
^2S * * *****•ao

X ia a sjiottomt of T * 11 1 * Suppoao giToa B a G^Yoot (X ) for all
«a« * a •

%
a a 3, aad alao oohoroat iaomorphiama f, s S — ̂t*8. for oaoh arrow* tt p

t i • -» 0 in 3. ("Coharant" moaaa *u « id aad ^ » t*(^) o ^.) Then 

if tiio morphiam T •» X aatiaf ioa auitabla oonditiona ona eaa form a veotor- 

buadlo 14m B oa X by doaoaatt aad oao oaa aay

atS

(i) JX I , ia a numarabla oororiag of X by C-atabla opoa aaU. Than
a
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X » 14* X^, where £ la the category of finite aubaeta of 3, and
oc

n io 

ao O-Veot (x) « lla G~Yeot (X J
^^^^^^^^^^ _^ fy

» Hi* fiiix-»Xla open, and by definition loeally aplit, 
oco

(ii) [X 1 .. is a lo«*lly flait* «oT*rin6 of X by olod*d a*«tabl» act*. 
• (*•*»

Thou X » IJa X^ «a before. In tfeis oaae f i ii Xff -* X 1* proper, but not 

locally fplit. I »h*U aov«rtheXeaa abow ( 3.5*3) that if x la oo»p*etly 

taea &-Yeot (x) « IJm

(ill) Let & be a ooapaot Lie group, and X » T/H, i^erc » ia a normal 

•ubgroup ef & «hi«h aeta freely on X. Then f i (6,1) •• (»/K,X) ia both 

open and proper* If I ia paraooapeat than f la looaily aallt (by the 

existenoe ef alieea for the aotioa on 9 (1*5) ). There ia a unique 

po«§ible deaoent datuat aoA %/t m B/^» ^U proves part ef

Propoaition 5,2>1 If 6 ia a oceipaot croup and Y ia paraooapaet and 

ooapaotly geoeratedt and H ^ ft aeta freely on Y, tben

Toe proof when a la not a tie group will bo explained in 3.3*
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(!T) X ia obtained from the G-apaee T by shrinking to a point a compact 

G-subspace A. (I shall write X - T/JU) Thoa f i Y •» X ia proper. It 

ia not hard to §«e that a descent-datum for f ia aa isooorphiaa 

A x M ^ K|A, where M ia a coaplex G-oodulo. Ia faot

Proposition ^»2 T? If A ia a oeopaot G^atablo •ubapaoo of the ooapootly 

foooratoA &-»paoo T| and X « I/Af thoa S^Yoct (X) ia oquiTalaat to tho 

of triploa (B 9 Mt o:)» vhoro S c fr-Vtot (T; f M ia a GHBOdulo t and

Tho proof will bo fivoa ia 3*5* (It roaaiaa only to aaow that 

ia locally trivial.)

3*3 Teaaor roduota .

ft^Yoot (X) ia a l*onltia4ditiToN category: aa well aa aboliaa groupa

6 of Borphisme HoBCSj S f ) from S to S* there are aboliaa groupa

How^(K&>B9 |X'} of "Multilinear" norphiaaa 14 x^ S, ^ K ( . (of course this

ia ao ia tho category of vector-space* ia jgg category.) So it ia 

reasonable to ooaaider tho oxiatoaoo of fuaotora (K,B») \— * S ® E» f
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(X',B") *-+ HOJ^ (S'|S«) daflnad by

8") *

Tha fimotora axlat, but I •hall not glvo the proof hart. Tha flora 

of l «> B» at x t X ia B^ ca r j tliat of J&tgOEsK' ) la Ho^I^J^) • Similarly 

tha functor* £ n» <£>%, A%, 3% azlat.

Notloo that Ro^(Cgl) « FJl for aagr C-ractc^-buttdla B, and tbarofora

Lot laoa^StB*) ba tha opon mtbapaoa of Ho^(StS') ahoaa flbra orar 

x a X la Xaoa (B_}Bl)* It is - locally trivial oror I and haa tha proporigri 

F^ lao^dtl') * Iaoa£(3fS')* If B% haa constant diaonalon n f or x « X, 

'^Ma p a I»<yfff(cail) la callad tha priaoipal Umdlg aaaoelatad to 5* It 

la a (& x A)-«paea, ahara A » Aut (<ctt)j and X « P/A, 2 » (P x Cn)/A. 

Whan S haa a haradtlan »truotura (3»5*5) It haa a oubbundla PQ (alao locally 

trivial baoavua tha nap IfJBtl*) •* liSflClB) (lv«o V orthonoraaliaa-

tion la oontlanotta) which la a (a x U(n)}-9paao auoh that P - (PQ x A}/D(a), 

B » (PQ x Ctt)/0(n).

With tha aid of thla conatruotion ona can ooaplet* tha proof of 3*2*1: 

ona haa a G~vaotor-bundla S on T, and N < & aeta frooly on Tj ona want* 

to show that V i» locally trivial on X * Y/N. But
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((PQ xC)/tKn)V& » ((Pg/K) x<C)/&(n)» ao it aufficaa to ahow

that Pg/T? ia locally trivial on (Pg/Nj/fcU) « X. But U(n) la by 

oonatruotion a compact tit group, and P./N ia parocompaot, (For T 

paraooapact -^?0 paracompact =^> p Af parao<aapaot.)

Tha fuootorial propartiaa of ® f HQB. *to« are continually aaodod:

PropoaJUon 3>5>1 If f s T ^ X it a G-«ap, and I, B 1 c (^Vjcjt (X), 

<»S*) S f*««f*l%

srF.') a jRtojCf^Bjf^ 1 )! ^*Jia%(»isl ) «

and aiailarly for tha othar functor* nantidaad above, 

Propoaltion 5*3.2 If f j T -* X !• a &fBapf than

(This g«narmli*c», and in view of 3*3*1 ia ivpliad by,

I ahall wait tba proofa of 3*3*1 and 3*3*2*

Tba &-T«otor-bundla Hom^CSt C) ia oall«d tha dual of fi t and vrittoa 

1*. Tha fundaaoatal proportgr of duality in fr-Yoolf (X) ia
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Proposition 3.5.5 Jta,(B4 ;O
~~——~'--- - "^"^JL 1 *

OB* ean doduoo from thi» such fact*

S

Finally, I ahall nantion ta« most iaporUat praotioal oon»«qu«a<» 

of th« eon* traction* in this Motion. B«o«u»« th« iarorao *mp 

I»o«(lliMf ) *» !•«•()!' |M) la contlimoua th*r« ia a continuous iarora*
rt

oror X* Applying FX on* diacovora

Propoaition 3.3*4 A »orphia« ia &»V»ot(X) ia aa iaoawrpaiaa if ita 

r«atriotlon to «aoh fibr* ia aa iao*orphiaa»

Fro* now oa I aaall ooasit eontiaually th* following aauao of 

lancuaf*. X ahall eall a morphia* ia G«Y*o^(l) aa injootlon (roap. 

atir j*otioav bijootlon) if ita restriction to oaob flbro ia an in^ootion 

(roap* . ..). Thi» ia oloarly difforant fro* aa injootion (roap. «..) ia 

til* oatagory &-£toJ(X): ia faat it ia th* aaa* aa a atrlot injootion 

(roap. ...) ia taa oat*£ory. I aball ua« tho worda "oxaot aoquonoo" 

•imllarly. with thia abua« I oaa writ* Uonota£(S;E' ) » r^ Moaoa^g :£ M >

rj Mix(s>s '>t ^•^ ISsajSSxUjS 1 ), ililxdjs 1 ) aro eorttia
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aubapaoea of Horn (g;f•) whoae definition will bo clear. I ahaU iatroduco 
alto another aubapaee FroJ£W of Hgi^SjB) * Jte^Wi •» •!«••»* of tho 

fibre of Pro,jx(g) OTOP x * X ia a projection in 1^. Thua 
F*

3*4 S* tension of

Wo hav« ooon that a homoeorphioa of compact groupo <^ : G -» G' induooo 
adjoint funotoro ^ s lOopaoeol •* JG'~*paco»j and ^* t {G^opaooo! •* 
Jc-apaooo). Tho restriction 4* obvioualy luduoes a funotor 

** J g^oot (T) •* CHToot (^T) for a a«-opaoo T; but tho flame i* not 
true in general for ^- One ha*, however,

Proposition 3.4*1 If I is a paraooapaot G«»|>aoe and ^ t G •* G 1 ia an 
inoluaion - or, aero generally, if tor $ aeta freelj on X - thorn $+ 

iaditooa a funotor +* t C^ESfJ W •* &'~2tfJ (M) 1lhiah is
/•

of oatoforioo iarorao to tho roatriotioa i*, where i s (&,X) -*

Prooft ^ ia tho oonpotite of two func tores



(i) prf i S~Voct (X) -* (&' x a)"2fjgi (G f x X). Booattso &• act* frooly 

on C' x X 5*2.(Ill) show* that prf is iareree to tfco doseont fro* 

(G 1 x G, G* x X) to (&,X)» which is always split.

(it) duetnt frcMt (fi 1 x C) - V»ot (G 1 x X) to & 1 - Voot (G« x& X) f also 

an •quiTal»ao« by >*2.(iil) under tho oeoditiona stated.

R»»arki In Chapt«r 6 I shall d*fin»t uad«r wMh stronger ooaditloiMi on

•, a aero subtl* functor ^i 6 - foft (^*Y) - G» - Yoot (T) for a

Y.

3*3 Syt»Qsion of

If 1 it a &-Teetor-buadl« on a locally ooapaot G^opaoo X, tho

I (X$ 8) has a topology dof iaod by

Map&(T} rS) - r(l x T) for »ny G-spac« T. If X is coapaotly

C*a»ratod T^p "ojdLsta" only in tho oato^ory of oo»pactly gonoratod

Tho topology is of oouroo in oithor oaoo that of unifora eonvorgonoo on

eovpaot sots.
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Proportion 5«S»1 If X la compactly generated, F^B i* complete, If X 

la oowpaet it is nornable*

t X oaa bo written llm X , where |X i are ooapaot aubapaooa and
«2 *

BJX la trivial (aay » X x M ). (One can forgot about &.) Then• fl tt

Ma,x(X| I) « X|a Mo, (X IB) - 1^ Map (x^l M ). Bet oaoh Mop (X t M )
^* **^ IB w wo ^a* ^w

la eomplete and normabla, and an Inrerao linlt of oonploto apaooa la 

ooajjpleto* If X la ooapaot oao can ehooao S finite and than tho iororao 

limit will bo noraable.

Thua the action of & on r_X oan bo extended to an action of M (tho 

meaauree on C). la partieular tho Haar aeaaure ^ Indoooa a projection 

of rJi on to T* Kt ^iloh la therefore a oloood aabapace.

Conrention For tho roaudndor of tola chapter X will bo a oonpactly 

generated paraooeipact apaoo • though tho paraooapaotneaa aaaviaptioo could 

if Doooaaary bo avoided.

Propoaition 3«5»2 If A la a eloaod 0-aubapaoe of X then an equi variant 

aection of K|A oan bo extended to an eqaivariant aection of S.

Proof: Let |X J _ be oloaod nua»rable covering of X with BjX trivial*"•«••» M aoo a
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for each a. By Tietae's theorem T X (SjXa) -•• T 

(eet-theorotically). A partition of unity for

n •*) i« onto

ia a splitting of

the restriction TY(K) -» n r_ (S|X ), and it induces a partition for
* *« "

[X n A}» Tho proposition follows from tbo ooanttativo

2

. onto -^> rg onto -^ r. onto*

Corollary 1 If K, B* aro 0-reo tor-bundles on X, and A ia a olosod

of X, and f t K|A -* "'|A is a aorphiam, thon f extends to a

norphism f : B

(1; B«) '), etc.

Corollary If , ia the aaae eirouu tames ̂ f t KjA «» K*jA is an iaomorphii

then there ia a (^-neighborhood U of A in X such that f extends to an 

isomorphism f • i IJU —^ 2

Fvrtheraore, if f«» f { are two extensions of f then
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t H* (1 - t).f& 4 t.fj (t e I) definea ft horaotopy from ffc to fj through 

iaoaorphiaaa over aona (^-neighbourhood 0f of A contained ia U.

i Chooee aoa» extension f of f. Regard f a* a aeotion of

K»), and dafiaa U » f*1 laoaSi B»)i tfala will do* The Uat

atataaiaat ia prored by appljlag tho aaaa raa»onio^ to the tubapaoa 

JC 0) U (A x I) U (U M 1) Of X x I.

X oaa now prove two atateaenta X aade without proof ia J.2.

Fropoeition 5.5.3 If f i ilx -> X ie a loeally finite oloeed
•aS *

of X by Gfatablo: aeta, and 1 ia ft G-veotor-lmndle oa 11 Xm with deaoent- 

data for f, than S/f i* * G-veotor-bundle on X.

Proof t & ia irrelevant. Oao can aaauaw that 3 ia finite, and la faot 

that it haj two eleMnta; alae that S la trivial. Theji X » X4 U Xg, and 

one haa an iao»orphia« between |tlXt ^ X» and |»iXt A X»« Extend it to 

aa ia«a»r»him over U -> XA A Xa (tr open). Sot ^ » Xt u U (i « 1,2). 

Then 3/f ia alao defined by clutching Ut x X4 and Mt x X, alon« 0 * xt A 

bocaaaa Xi u. X* •* X f actoriaea throogh X4 JL X, •» x* But the latter 

locally aplit, ao S/t U locally trivial.
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Proof of Proposition 5.2.2

A is a compact G~aubapae« of X. E ia a &~vootor~bund}o on Xj 

a i jj ^ B|A i» a G-trivialiaation. f t X •* X/A*

I thall show that B/f it locally trivial.

Kxtond a to a j | •» I|U, whoro U i» opoa and contains A. Thou 

(*/t)\tV » fU x M, booauto doaooat it uhiquo* And fU la a noigbbour- 

hood of f(x) in X/A. So V* i« trivial noar f(x). Bat elaovhoro in 

f ia locally aplit, and thoro ia nothing to provo.

Propoaition 5.5,5 A fr-vaotor-bundlo £ on X oaa bo giron a G-invariant 

Hormitian aotrio - i.«. thoro ia a oorphiaa a I S ® B -* C auoh that

x 0.

Prooft Tho banal tian Bapa 1 «> I -» £ correspond to roal sectiona of tho 

G-vactor-bundlo F * HoaCs a B| c). Chooto a cloaad nuawrablo ooyoring

|I 1 of X auch that B|X it trivial* f |X it thoa alto trivial* and hat ft v •

roal potitivo tootlona. But tho aplittinga uaed oarlior

n

aro roal and poaltive, to ono obtaiat a auitablo tootioa of P.
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Corollary* B * B* as 0-rector bundle.

Proposition 5*5.4 If « s B' * B is a •oaomoi-pBis* of G-rootor-biindlos 

then the ookomol 0 i B •* B" is a &-v«otor-bundlt. Dually, if 0 « B -» S« 

is an epiaorphis* of Cr-*ootor-bundlss than tho kernel a t B f -* B is a &- 

T«C tor-bundle.

B H
Proof t C is irrelerant, and one oan supposo S* » £ , £ « c . If 

x s X one oan find a subspaee M of CH such that a(B^) * M « e". Consider 

the Borphism I* « | •* S. It is an isoworpaism at x, and so also In a 

neighbourhood of x. Therefore coker a » | near x, as required. The 

for kernels is precisely dual.

Proposition 3.5T6 A G-voo tor-bundle S on I is semi-siaple, i.e. if S* is 

a sub-G-reotor-bundle of 2 there is ooaplenentary sub-0-vector-bundle S" 

suoh that S * K 1 ^ E". Kquiralently, in Tiew of 3«5»4» erery injection 

sad surjeotion of G-reo tor-bundles splits*

first proof t A hermitian structure on 1 induces one on £*. K f •» B 

induces I* - X'*t and the diagram
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commutes* But tho vertical maps are isomorphisms, so we hare a splitting*

goooad proof: Choose, as ono can by tho proof of 3 .5.4, a olosod numerable

severing [X J of X and local splittings f s Horn.. (*U | B'|l ). Tho usual a • & ft •
a A& IfJ 

pull-backs Hom£ (If B') *e^ Born^ (Sj *« ) •— ** fl Hom^

prorids a global splitting*

(I awntion this proof because of its appHoation to infinite-dimensionAl 

bundles (cf. § 4*5 )» shea one doesn't have a Hermitiaa structure.)

Proposition 3*5*7 A C-reotor-bundle K on a ooapaot G^spaoo X is a 

qaotioat * hoaoo also a sub-bundle - of a trivial £~veo tor-bundle j|*

Proofi By 3*5*2 there is a eurjeotiou r_l x X -» Ej one must find a 

f iaite-di»enaional sub-0-aodule M of f^I sueh that tho induced nap | + B 

is surjeotive. But by 2*1*3 there is a bijeotlon i\. Mtf -» T^E with all M^ 

finite-dimensional. So 11 1^ -> I is surjeott**! one is reiuced to 

shoving that &-rector-bundl«s are "noetheriaa0 . Certainly for each point

x s X ono can find a finito set 3 sueh that 1L M -» 2 is eurJectiTO.
€§S3t 

But then 11 M -* X is surjective for all y in some neighbourhood 0 ofasS * y * * x
x, for M%( li- |CI S) ** open in HOJX( AL J^f £). Choose a finito sot

of points x suoh that the oorrospoading U^ oorer X, and lot S bo tho union
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of tho oorroapoadinf S « Than 1L •* I i« »urJootiTo«

s If M ia a G~aodolo I ahall write V(n,M) for the G-nanifold 

Moaoa (<C*| X), and pall It a (Mtiofol-aanifold. Ant («?) aota oa 

V(B,M), ooataitiag with the aotion of 6. Tho quotient V(n,U)/Aut (C?) 

I oall tho <r-£raaaaanaian Or(nfM). Tboro ia a canonical &-*ootor-fcundlo 

K(n,M) - (V(atM) x C*)/Attt (df) on Cr(ntM). If S la a G~rootor-fcundL» 

on X with a*dia*naion*l f ibroa than to a Booottorphiaa 1 •» | oorroapondUi 

a nap P s laa^Cdfi I) * Mono* (<t?| M) « V(nfM). But P/Ant ((f) » X, 

ao thia indoooa f * X -* Cr(n,M). And f* B(n,M) - (P x Ctt)/Aist (0? ) * £t 

i.a* "any G^rootorfbundla ean ao induood by a ft-«ap into a G^graaavanniaa" , 

if ono baa two injoatioaa S •» |0| * -* Jjt «>»• obtains two napa

B •* M» ($> Me whioh navo a ooaaon »plitUns» and ao aro linoarly hoaotopio 

through aonoaorphijaa, and indue* &-honotopio aapa X •* &r(n,Mo <®

PropoaiUon 3«5>8 If p t K «• 8 ia a promotion (i.e. p ° p » p) in 

(X), thon kor pf ookor p, in p all oxiat in C^foot (X),

Proofi Aa umial only looal triviality ia ia quoationi ono can diarogafd 

6 and aaauao £ * <Cn. p oomapoada to p t X «* Proj (df)« Now tho 

diaonaion of tho iaa§» ia lovor^aoai-oontinuoua on Bad (C&) 9 and thoraforo
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tha dimension of tha kernel ia upper-seai-continuous. But oa

ProJ (€*) im q * kar (1-q), ao tha dimension of tha image ia oontinuoua,

i.e. looally constant.

Let x a I, II « ker p 9 aad let M -» cn bo tha inclusion. 

(1-p) • i i jj •* C* la annihilated by p. It ia iajaotlva at x, and henoa 

ia a neighbourhood of x* But dia (kar p ) ia looally constant, ao 

0*| *ey** ^n { n̂ 40 •xaat near x. That is, kar p ia looally 

triTial near x; aad with its ooker « aad ia a are looally tririal by 

3.5*4*

Recaarki Tha sane ar^jaaat ahowa that any acyolio complex (not aooaaaarily 

bouadod) of &*Teotor*buadlas splits.

Proposition 3.5.9 If 5 is a Ovector-bundle oa X, aad A ia a closed 

C-subspaoe of X, aad p s SJA -* 8|A ia a projeetioa, then there is a G- 

atabla neighbourhood U of A such that p oaa be extended to a projection

i Let ? be the aubapaae of JaJB) oonaiatiag of endomorphiaaa 

idth ao eigOBTaluaa of aodultta i- It ia open, aad it ooataiaa
c

X *y y »-»• ^Jj J («.1 - y)
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(To bo prooiao one should write w « ~* / (a.d - y)~ da, regardingi /• w
MM

r,d,y aa elea»nta of the tepologioal ring ry(pr* lifl^S)). where

pr s V •» X ia the projection. d i V -» V x_ Bnd^CS) ia the diagonal nap.

The ring ia ooaplete because V ia ooapactly generated.) r ia an equivariant

retraction of V on to Pro^y(S)* one can look at each 2nd (S ) separately, 

and doooaqpoaa S « S* ® B*1 ao that £* and £" are stable under y, and

y|5* (reap* yjS0 ) Aaa no eigatrraluaa of au>dulua < i (reap. » i). Then 

«(y) - 0 ® id.

Now the giTon projection p corresponds to a section p of ££°J~(£)|A 

Extend p to r c f| Knd^B) and define U » r**1T. Then q • w o (r|U) s 

9 * ££8lr(3) axtends p end defines the required q.

Proposition 3.5.10 If A ia a compact G-subapace of X, and S ia a 

Tootor^bundle on A, then there ia a (^-neighbourhood U of A and a G-rector- 

bundle IS on D auoh that B|A » B«

Kipreaa S aa a suoaand of some Mj extend M orer X; extend the
"^ 

projection H •* S over 0; define 2 as its i»age.

It ia reasonable to define a topology on the aet is cm G>Vect (x) of 

iaoaorphiaa-olasses of G-TSCtor-bundles as follows: a subset B ia open
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If and only if, for any apaoa Y (with trivial G-aetion) and any &-rootor- 

bundlo B on X x Y, tha aat {y a Y i [B ] a B{ la opan la Y. Hara B 

maana i*B, whoro i iX*XxYiaxv-» (jefy). Than oaa haa

PropoaiUoQ }• ̂  1 1 If X la eoapaot, iaoa Q~Vaot (X) la dlaerata.

proof: Givan Y and B aa abova, and y0 e Y, one auat ahow tharo la a 

neighbourhood U of yo auoh that i « B for all y a rJ . Conaidar tha
*^

C-vactor-bundla pr*8 . (pr t X x Y •* X). One haa 3}X x ya »

(pr*S }|X x y», and oan axtond thla to an iaoaorphlaa SjX x U = (pr*£ )|X x
y* y°

But than 1*2 » if pr* K « B f aa raqalrady y

Propoaition 3>5>12 If X la ooapaet, and f o « f 4 t X •» Y aa G*ampat and 

B la a O^Tootor-bundla on Y, than f SK * f{i v by an iaoworphian nhioh la 

dataralnad up to hoaotopy by tha hoaotopy f ; X x I «* Y batwaan f 0 and f& .

Roaarkat (l) Two laoMorphlaaa Jo, Ja i f •* F 1 of &~Vf£i(X) aro aald 

to bo hoBotoplo if thara la an iaoaorphiam J i pr*F -* prV (pr s X x I -» x) 

auoh that Jo » i*U)» J* » i|U). (iiX^XKl iaxv^ (x,t).)

(11) Tha propoaition la actually truo for any X. [16]

Proofi Tha flrat atataBont follows at onoo fro« 3*5,11. But
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f • f a ° pr, ao also f • B » pr* f J &, and ana oan ohooaa tha iaoaorphiaa

£ » 
J i f I 3 — •• fj S of the form 1J(K), nhara K t pr* f $ S •—*• f * S and

-id. If J* la another isomorphism aatiafyiag thia oonditioa 

then (J')"1 * J ia homotopic to th» identity, ao J « J 1 .

Propoaitlop 3^5*13 ("Hoaotopy axtaaalon") If A la a oloaod 0-aubapaoa 

of Xf 1 and £* ara C-T«otor-bundl«a on X, and f* t X «• B' f at t B|A •* K'jA 

ara iao»orphiaaa anon that ho * f o|A » hit than ht ean bo axtandad to an 

iaoaorphiam ft s B -» 8* auoh that f o * fit

Proof t Ona haa an iaomorphia* Q s pr4 BJB -» pr* B'iB, whara

B » (X x 0) U (A x I) C X x Z. Bxtond Q to an isomorphism E orer

B * (I x 0) w (u x I) for ao«o opoa U D A, Chooao p s X -» I with aupport

in 9 aeon that X*) * 1 for x a A. Dofino r t X x I •+ B *y

r(x,t) • (x, t*(x)). Dofina f « r*(l) » pr*B -» jr^l 1 . Than ft » ij(f)

aa raquirad*

Scholium Tha hoootopy botvoon f o and f & ia datarainad up to hoaotopy 

by that botvaon he and a**



3*6 Triria Cr-apaoaa

X ia aaid to bo a trlrlal G-apaoe if G aota trivially on X and 

* i.e. on tha sheaf of eo»plex functions on X*

In thia caae (and not otherwise) there ia a functor

T s Vact (X) •* S-Vaot (X) which assigns to a vector-bundle the same bundle 

with triTial G-eetion. So it ia roaaoaitbla to imroatigato tha oxiatonoo 

of adjoint functor* F* and /C from G-V»ct (X) to Yoot (X) tuoh that

(3; T3»)

PropQBition 3»6<1 If X ia a &-rac tor-bundle on a tririal &*apaoo X, than 

tha G-inrariaat aubapaoa ia a Taetor-bundU on X which ia both T B and S/G »

Proofi Tha G^aotion G •* £adL(3) oxtonda to a aoMoorphiaa of ring* 

Mfi -» Iad_(K). Tha ittaga of tbo oontral idoapotont ^ « IL ia a G-projaction 

: B -» I. Ita iaa^o ia by 3*5*6 a G-T«ctor-bundl« which ia both a

aubbundl* and a quotiont-bundla of S, and olaarly aatiafioa tha uaivoraal

0 proportioa for T B and B/G. It contains all tha invariant pointa of B

booauao through any »uoh point there pasaea an aquivariant section, i.e.
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an element of H«4(C| S) « HoaJ£j
A — A —

3*6.2 If S, S f < fr-Voot (I) tnere la a vector-bundle

J|aj£(Si B') OB X with tfa* froparV rx 2sE^(«i S 1 ) » Hoa^(Kj «'

Propoaitiop ^.6.3 If C aota tririmlly on X tJban any 2 in C^Yo^t U)

can b« d*ooopoa*dt ii V (Jj) Hoar (if a 5) -^1, wh«re £ i* tba a«t of
Mt2a ~^

iaoAorphiaa olaaaoa of aiapla

)i The definition of tha *«p ia oXaar. And ita roatriotion to o«eh 

fibre ia bijoetiTe by 2«t*3* So it ia an
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Four

KQUIVARIANT K-THEORY

From now until motion 4.6 all G-apaoaa will INI auppoaod compact*

Daf inition of

Daf inition 4,1.1 If X ia a compact G-apaoe, K&(x) ia the fcrothondiook 

group (1.6) of tao topological oatogory fr-Yoft (X) with roajaot to 

ooapoaition 9 .

In f aot tha iaoaorphina*olaaaaa of &-Vaot (X) for* an abalian 

group undar ® , and K&(X) ia tha aaaoeiatad abalian group; in tha frana~

work I aot up in 1*6 thia ia not quit a triTial, out followa froai 3*5.11»

which aaya that tha aot of iaonorpfeU»~olaaaoa of C-VaeJ (x) haa tha 

diaorata topology*

If 6 » HI ono writaa K(X) for \W> 

SxaarPlo If I ia a point than O-Voot (X) » (^>Yoot. ao K&(x) » &(&)*

A G-«ap f i T -* X induooa a funotor f * t &~Voot (X) - CMToot (T) 

which ia additiTO and ao inducaa a honoaorphiaa f j KQ(l) -
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toy dof inin* K^f ) » f l one obtain* a funotor K^ J (G - Cj£)° •» *&.

More generally, ft *orphis« (f,f ) t (H9T) •* (G,X) in tho category of
» 

spaces-id th-group-action induce* a hononorphisa

Th* t»n«or*produot (R,B») v-» 8 <g> B 1 is ft functor from 

E~Yoot (X) x S^Yoot (X) to CMToot (X) which i* additiT« in both variable*, 

So it induooa ft hoaH»orphi*« ^(X) <» K^(X) •» K&(X) j 

X-(X) fttfuiroo thoroby ft struoturo of o<wwitatiT« rin<» Tho formula 

f*(S <»R f ) « f*J * f*3' impliat that f* t K&(x) ^ JC&(T) i« ft howMorphiBB 

of rin^t. That is, X. is • funotor into tho category of rin^«. In 

pftrtioulftr, booftuso any Cr-»pao« hfts ft uniqpt aap on to a point, Kg(X) h&a 

alvay* ft natural structure of R(&) -module. Moro generally, if X t X* are 

two &-spaoos there is ft natural aorphiaa of rings i

Bereral of tho propositions of Chapter 3 oan bo translated ionediately 

into stfttovonts about K.»
Cr

If ^ z G -» G 1 is ft hoaomorphia* of groups there is ft natural 

of rings $* s KtU) + K(^X) for ft &' -space X.

Proposition 4.1.2 If ^ j G ^ G 1 is a homoaorphisa, and N « ker t acts
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freely on the G-epace X, then there is a natural isomorphism of rings and 

of R(G) -module a

(** 3.2.1, 3.4.1).

Sxeaplest (1) (ft/H) « t(H) as R(a)-*odul«

(li) Kft(x) 3f K(X/&) if & aets freely on I

Proposition 4.1 • 3 If f 0 * f*. iT^Xas C-eapi, than 

fl - fi I

This follows fro* 3*5*12 because the Grothendleofc group is for*e& 

fro* the isoswrphisA*classes of G*Veot (X).

Proposition 4.1 »4 If A is a closed G-ooatractible £-subspace of X then 

p i X -* X/A induces an isoaorphis* p s K

Proof! By 3*2*2 &-?eet (X/A) is equivalent to the category of triples 

(S,M,«) vita K « C-yeet (X), li a C-«odule, and a j B|A ~"— |) and with 

this identification p* is (8,M,«) v-^1. Bat if A is oontractible every 

S foras part of a triple (l9 Mt«) by 3*5.12, So p* is surjeetive. But 

3*5*13 implies that any two triples with the sane S are isonorphiet 

given (»,Mt a) f (B,H^) t jT* • « I S^A ^-5|A is homotopio to the



because A is eontraotiblo, ao it can bo extended over X. Ilonce p* induces 

an isoaorphisa of semigroups* laom C-Veot (*/A) -^ icoa G>Vect (X).

If X is a trivial &~ep*oo there is an additiTO functor 

T * V*fj U) -» S-Toot (X) which was dieeuaaed in 3.6. It induoea a 

hoaoaorphisii of rings &(X) •* KG(X) . So in this oaso there is a natural 

•orphim of rings p s l(C) <8>X(x) «

Propoaition 4*1^ If X is a triTial G*apaoo than n t &(&) <» K(X) - 

an iaoBorpaiam of

Prooft If 9 is a G-aodule the functor B ^ Ho«![(|a K) fron G^Veot (x)

to Toot (X) induces a ttorphisai »„ : X^X) ^ K(X). R(G) is too free abolion

group generated by the sot £g of laoaorphiaa olaaaea of sia^lo Cyaodules,

so on* can define a aorpbisa v i K.(l) •* R(0) <» K(X) by

« v^ 2 [II] «> »Jx). It foUows froa 3.6.3 taat v is the required invars*
at A T* ^^

^a*

of «t.

oxiatonoo of ooaylaaiantary bundloa (3.5*7) givoa ono a 

•anagaabla doaoription of oloaenta of

Propoaition 4. 1.6 Aa ola»ant of K&(l) can bo written [K] • [|] t where
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ia a &-YOCtor-bundle on X, M ia a C-module t and [fi], [u] are their iaaga* 

in K&(X). tad [Kt ] - [Mj » [l§ ] - [«,] if and only if thera exiata a 

&-module M aueh that It © K. ® II •^ fi§ o M4
* ^r m • *

and the exact aequenoe

Propoaition 4.2,1 If jl I « ia a finite family of C~apaftaa9 thwi
——————————— a gas

«aS aaS 

Thia ia trivial. 

Propoaition 4.2.2 If X -» X4t X *» X» are inoluaiona9 then

Kfc(X4 Jij Xa) -* *c(*t) ® KgUe) * K&(X) ia exact.

Proofi One half of the exaotaeaa Juat expreeaea the funotorialit^r of 

On the other hand, an element of the middle group can bo written 

- [|]f [Sal * tjf])» and if ita two iaagea ia Kg(X) coincide then 

(B4 |X) <& H * (B§ |X) $i N for aome &-«odule N. Conatruot S on 

X4 -IL_. X, by clutching It ® | and Sa <i> H along Xs it ia clear that the
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of M - [|] - [K] in K^XJ ® KQ(X.) la ([Bj - [|J f 

aa r« quired.

Tha hoaottorphlaa JL(Xt Ji X,) •» !L(X4 ) $>K (X,) will not, normally, 

ba injaotiva; i.a. K* la net laft-axaat. Ona would Ilka to axtand tha 

aaquanea of 4«2»2 to tna laft to obtain a long axaot aaquaaoa

^ ara In aoaa saaia "laft*darlTad funotora" of 1L« Tola oaa 

ba doaa* but I don't know a aatlafyln* «aj of doing ltf and X ahall alanly 

follow tha alaaaleal di»cu»alon.

Lot G«?aot*"^(x) ba tha addltlva eatagory whoaa ob^aota ara palra

,«)t «i»ra 2 a fr-Vaot (X) and a j S point - Aut^(S), 1 It a wtp

(Ona can uaa tala "•Ingulajr11 daflnltloa baoauaa tha afaoaa In quoatlon ara 

locally trirlal (1*6)*) Thara la an arldont oontLnuoua functor 

-» fr>Vaot(8^ x X) obtalnad by ragardlag Sq x X aa

(D q x X) £* (Dq xX). Two objoata (29a*) t (B,«t ) daflna laomorphlo 3^" xX
objaota of &-Vaot(Sq x X; If and only If a« M «t » "If" baoauaa lao»

G»Vtot (Sq x X) la dlaorotof "only if" baeauaa if (R>a± ) v-^.? than aa
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isomorphism f j So •* Et consist* of two automorphisms ^ , ^ of E x Dq

such that (^(X x Sq~1 )o a0 » «a o (f Jx x S*"1 ) i.e.

ao * «I1 « (fj* * 3*~1 r1 o <H • (*JX x 3**1 ) o al1 and tho ri^ht-hand-

•id* of thia last i* nail-homotopio.
"V

So K(fr»Voot'*q{X)) -A- K&(Sq x X). Kow ^(x) la a canonical dlroot 

itiBMad of K(&~Yoot**(X^. I dofiat K^(X) aa the eMploMiitazy diroet

•uanand* That ata&a

« ooter :

-o 8" & 
AltornatiT«ly oaa oaa say $ &.^(X) —*» li» v 4 Ant (S) 9 vboro S runa

» ^"JS

tha oatogoiy of G-vootor-fetmdloa on X and inoluaiona. 

I ahall dofloo a oobotmdazy hoaomorphiw d t K^q(x) -+ ^(XaJLj X«). 

Lot (B 9«) roproaoat an olaaont of S«"Yoot"^(X) * Quo oan auppoao that S 

ia trivial! aay 8 » g»

(Xt it. X.) x S^1 » (X4 x S*~1 ) JL (X, x S^1 ). Clutoh two 
X 1 XxS^1

oopiaa of II aloog X x 3^*" »j a to fom a 0-raotor-buadle S on

Dofiat 4(|,«) - [«] - [] « l 1 (X X). Tha 

oxaotnoaa of K(X) 5 K^1 (Xt^ X.) ^

a feuadlo oa (Xf«-x *•) x 8**1 i*^« *• trivial 00X4* S and I. x 

ia of tao fom of 1 aboro.
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Th* axaotnaaa of K(X4 ^ X.) -> KX*) © K(X.) * KX) follows 

fro* 4.2.2.

Finally consider j£*(Xj <$> l£«(X,) * 

If a s S*~1 -» Ant^(|) oxtsnda over either IA or X« than S la trivial t 

this lapllaa ona half of tha axaotoaaa* On the othar hand if 1 * jj ona 

haa ifioaorphiaaa at t S^ -> Awt* (|), a* i 5q"1 ^ Att^(l{) auoh that

(aa |X) o (oiil)" « a; and tha raat follows froa the lasaa • nhich la

alao of Indepaadaiit Intaraatt

If (!,«}, (B^) define two elements of V*(X) t their su* 

Is defined by (S,

.£Proofs It suffices to show that tha two aapa S^ •+ Aut_(B $> I) repraaentad

f M 0- /tfaj 0\ by (o ) and ( ^ .) ara oanonloally honotopic. So It
\J jp v »

suffices to show that (£ ?•»«) Is canonieaLly null-hwtotopio. But It Is

llaaarly hoaotoplc to ( ? 1), for ( * ^~*l J m *+ oannot be-1 ^ y *J y

singular for t e IR , (Its Iwrarao Is

k ̂  O.)| and ( . 0) !• connected by an obvious path to 1.

This ooBpiotas tha construction of tha desired lone sxaot sequence (*).
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Lot A bo ft olo»«d &~*ub»p&o« of X. K»(X) is a canonical diroot 

suaaand of KX*-^* *)* *** ooaploaontory direct auaaaad is eollod

. t

d*fii»«: K^(x JL X) * l£*(x) ® X^ItA) f «r •ay q

Th* •x*ot ••qu«Ao« for A<IALX-»XAUX can b« written

Th*r« is ft "strew* •xoisi«Bw i«o»orphlia I(x T,T) — ̂ K(Xf A)

whan A -» X, A * T fti* iaolttsioas. For (X ^ T) ^y (X ^ I) * 

(X AL X) u^ (X iL T) and tb» oxftot toquwioo broftks upi

X) ® K(X T) -

booftiiso of tho aplittiaf X - X •» X.
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But an even stronger statement con be aadei

Propoaition 4«3«1 If f i Xf A -» T,B ia a relative hooeow>rphisa (by whioh 

I mean: f | (x-A) > X - A -^ Y - B) than

for all q * N »

Proofi It ia sufficient to oonaider the oaao of too projection

f i X,A -» I/A, point* That oan bo factoriced into the iacluaion

X9A -» X ii CA, CA (CA ia the cone on A) t whioh induces an iaomorphian

by the dismission above, and the projection X ^ CA, CA * (X^ ACA)/CA, point,

whioh induces an iaoAorphiam by the S-leaaa and 4*1.4*

4*4 CoupXoatoo of G^rootor^bundloa

In thia aootion I ahall doaeribo a new way of defining &rW *nd

which ia for many purpoaea acre oonreniont than the one I hare been
•) 

My diaouaaion ia an elaboration of Fart 2 of [?].

Lot CG(X) bo the category whoae objects are bounded ooaplexea 

\d*) in C^Voot (X) (i.e. l*q )qcX *re a-veotor-bondloa with



4*11

Iq - 0 for jaj largoj 4q : I* •* I**1 , and d**1 o dq * 0) and ifcoaa 

aorphl*M f * t Bi ^ gj are aapa f* i 2? + sj tuch that d^ o fq * f **1 o d?, 

but aodulo the equivalence-relation ( M chain-homo topy") dafinad by

i ~t; <a> 3hq i S? - lT1 (« « "Z) »w«a that f? - *$- dq<"1 * hq ^ h*1 o dq.

Ya taw in 3*5 that any complex nhioh ia pointniaa aayolia «plita v

i«a* it itoeorphio to a tua of "alaaeataxy aonplaxaa

id ... •» 0 -• I •* K -» 0 -».,., and ao ia hoaotopioally triTial, i.a* iao»orphia

to aaro in C-(l). This haa tha iaportant aonaaquaaea that any aorphiaa
V

f * s B* ••> F * vhiah inAaaaa 9 pointwite, itoworphitaa of tha homolo^y of 

tha aoaplaxaa ia in fact an iaoaarphia* in C&(X): one haa only to write 

down tha condition that tha •apping-oena of f * ia hoaotopioally trivial*

Tha functor X H» C.U) haa a clutchinf-property like that of 

X H^ &-Veejk (X)t it reaemblea, though not praaiaely, a ahaaf of categories.

Proposition 4>4*1 If a &-»pace is tha union of eoapaet &~subspeces X and 

Tt and A => X A Y. and thara ara giren B* a Cft(x) 0 F* a C&(Y) and an 

itoejorphitn « t 1*|A -» F'|A in C(A)> then there is an object H* of

Cg(X AX. T) and isomorphisea i* j 8* -> H*|Xf 4* t f' * H*|T in

(reap. Cg(T)) suah that (4*|A)*1 • (i*|A) « a. Furthermore H' is



4.12

ttniqua up to canonical iaoBOfphiaa ia CQ(X u_ Y)

X shall aatabliah a oottplo of othtr rasulta bofora proving 4.4*1.

Propoaitioa 4*4.2 If f * $ gj -^ g»* in C^U) than

qt

Proofi Tha •apping^eona Cl of f * ia an aoyolio ooa^Hox* But

c« * i • ». so £-i« + -i - s-lc - o.

Propoaition 4*4,^ If f ' i Bi -% BJ i» Cft(X), and f * i sj * Bj ia

aurjaotivo for all q c ^, than BI ia tha aappinfooaa of a amp

f* $ B," •» kar f '.

Hotai w i» tbo aapping-oona* Aoaa not naan maraly "up to ohain-lioaotopjr*

ooiiiTalaaaa* ia thia aaao*

Proof> Oaoo ona haa obaarrad that kor f * aadatat and that an/ short 

oxaot aaquama ia G-VjgJ (I) aplita, thia ia a formal triviality (aaa 

a.«* [31] § 2*4).
*

Proof of 4*4*1 OBO oaa writa a • ml e ao, nhara «• t Q* •* B*|A,

•t j Q* •* F *|A ara chain-hoaotopy-aquivalancas. By adding to Q* tha



•appiag-eoaoa «T id^M. and i^L... ona can auppoaa aS»«J eurjeottve for all 

4* And, by adding aaothar aoyolia complex, that Q* ia trivial for q. ^ 0. 

Than Q° mat extend over both 1 and T (perhapa after adding aaothor pair

of trivial bundle, to Q') for £(~)*[Qq] - JGt-)*[lVJ * *(-)VfiAl in 

X^(A) t to ia la tha iaage of both X^(X) and K&(Y). Thua o&a can a»sua» 

that all tha bundle* Qq extend orar X and T. Dafina U* » kar t Q* <• B*|A, 

T* » kar t Q* -» ?*|A. 0* (raap* T*} ia aayelia, and ita bundlaa axtoad 

oror X (raap. T) * porhapa aftar adding aoaa awra trivial buodLaa to Q*. 

V* ia aplitt i»a* U* » Z^(U*) ® B*^ (U*), and ona aeea by induction on q 

that Z*(17*) and &**1 (tl*) extend ovar X (p«rh*pa ...)• Suppoaa thaa that 

U* haa baaa aztandad to an aoyaiia aoq^lax oa I* Q* + B*|A ia tha

•appiag*oona of a amp u* i B*|A <* tJ*|A dotomiaad by tha choice of an 

iae«orphian Q* « B*|A «> 0*|A. Baaauaa U* ia aplit one oaa axtaad u*
•*^*

ovar I, and it will than determine a chain-hoBotopy-equiYalonce ao t C\ -» B* 

extending a«| aioilarly ona oan extend «4 to aA i C\ •» ?\ Define H* 

on X IL T by clutching C\ and C^«t ihioh both coincide with Q" on A. 

Aa to tha uai<pioaaaa of H*, tiia point ia to ahow that if H&,
m «

Hi a Ca(XoLA T) and if f* i H;|I —^> H»iX, f' : Hi|l •* BJlT are auoh that
•*• 

« f^|A ia CC(A) ^iaa them ia a well-defined f * i Hi -^ Hi aueh
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that f *|I » f jf f*|t « fy. Now there ia a ohaia-hoaotopy hq i HjJA^H 

•ueh that f^|A » f^JA * dV t h'd*. But h* oaa ta axtaadad avar I, to 

ona can dafiaa f * t Hi - Hj by f *|X * f *, f *JT » f ̂  * dV + h'd\

Raaall (fraa 1*6) that tha GrothanAiaak 0roap af a tapelagieal 

triaacttla^ad oatagoxy C can ba dafinad by K(C) « tr» (ia^f C). Tha 

main rasult af tola aaatian ia

Propoaitloo 4«4«4 Thax* ar« aatneal 

(i)

(ii) K^(XfA) > K(Ca(XfA))

(i) ia a formal triviality axplainad alraady ia 1*6* Tfe« proof of 

(ii) nill ba ptvaadad by ft laaaa.

4*4«5 If A ia a aloaad G~»ub»paaa of X and thara art giron

bundlaa S q (q t X) on X »uoh that I* » 0 for jq| larga, and morphias 

dq : Jq|A -* B^jA aakins S*|A into on aoyolic aonplaz* than tha dq oan 

ba axtaadad ovar X ao that (S*,d*) ia a ooo^laz.

> Lat Fq « k*r(dq|A). Bxtand Fq ta a bundla F? on a neighbourhood 

U of A indapandant af q* Chooaa 4 * *»A»X - U -• 1,0,1, and ehoaaa
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extension* d? of d* i (sqA?)i* "* 'IPV over C. Than dafina

dq j Sq -» X**1 aa aaro outeide 0 and aa 4(x)d? _ for x a U. Thia la at*

suitable extension.

Proof of 4.4 A (ii)t There ia an additive functor

a s CG(X»A) * Cg(X ̂  X) afaich takaa X* to X* obtalnad toy olutahint X* and

0 »j tha aalojiio iaoaorphlaa 0 -» X*|A| and taara ia anothar functor

I* s Ca(X) -* CC(X JL^ x) ladiiood by tha oodiafonal* It auff ieaa to ahow

that a«)«*s CQ(X) x Cg(X,A) •* C Jx Ji^ X) toduoaa i»<»orphlam of

Grothandleok groups. But there ia a nap jb C_(X _u. X) -» oh C_(X) x
*"* & A ^^ w

we isoa C (X,A) whoae firtt component ia restriction to the second f aotor 

and whose second component ia X* \-+ (f * 9d*) whore F « if X*® i| X^ 

(it, i« » X -» X JL^ X the inclusion*) and d* ia aa extension of the 

differential of tha amppinrHiona of tho identity* if s'jA •* 1} E*|A. I

leave it to tha reader to verify that this Inducas a amp of Crothendieok

I groups inverse to (a ® 9*) *

Tha only application I shall aake hero of tha new definition of 

;tA) ia to dafina ita wiltiplioative structure. The tensor-product 

of ooajpXoxas induces a biadditiva functor Cft(X,A) x C&(T,B) -+



x Tf (X x B) wf (A x T)), which induoos K^(Xf A) <g> K^Y, B) * 

Xg(X x Y, (X x B) U (A x T))* Furthowwo, booaufto

x J>q, (X x S**1 ) U (A x Dq)) f this lead* at oxaoe to 

^r(T,B) - *£*"*(X x t, (X x B) U (A x I)). By oo^oaii^ 

this •act«rior produot with th« diagonal X •» X x X oo» obtain* a •truotur*

of gradtd riaf on KCX) ^ It i» antlooaunutatlva: to »•« that 

Mounts to shoniag that a nap f ; Dq, 3q"1 -» D q, 8*"1 ia&aoos

tlon by its d»*r*o in x D, X x t and h«no« to showing that th» 

x f X x S is a homorphisa. But tho 

froup«law in » is induood by tho oogroup-strctoturo o t Dq. 3*** •*

map v (Dq, 3q~1 ) -* Snd

Q-1
, S , so oao nood only ohook tho ooaaoutatiTitgr of tho diagrosi:

(id^id)'

X>)X, fflt)

V

, 3X) -j —— >
f 4 $> * •

3X)

id*

ax)

sx)
id1

(Horo DX x Xf SX x X, oto.) But oxoopt tho
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right-hand triangle coosautes by functoriallty; and the right-hand triangle 

commutes beeause of the homotopy-properties of the cogroup-law - o&asldsr 

the diagram

»* *1*

t t 'Old*

T V

1 * *~*. M •

4 © la

,SX)

(Everything else commute*, 00 the bottom triangle coarautea.)

Siallarlj

over

t IN 

: I forbear the detalla.

* «raded rlng-wlthout-tanit, and a module

III this aectloa I ahall preaent a third way of defining KG for a compact
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•paoa X. I shall change (in thia section only) the maning of "G-rector- 

bundle" aa follows s

Definition 4.5.1 A complex veotor*spaee S ia the category of &-epaoes 

over a fixed C-apeee X will be called a S-Teotor^bui^dle if

(i) it ia locally trivial when one IB gleet* the a-«ction 

(ii) the fibres X (x € X) are locally convex, hauadorff, complete-, 

and hare the property* there ia a neighbourhood U of 0 in B such that

* e *, C .e C U =^> f • 0.

The laat condition is equivalent to the existence of a continuous 

norn on 1 s thus it is satisfied for Cy « Map(T | C ) when T is oonpeot, 

for £L B {smooth mapst T -» C 1 when I is a compact differentials manifold; 

but also by M= C ' when T is compact and me tri sable, and by the distribu­ 

tions D* on a oompaot diff erentiable manifold.

I shall writs $*2fc9XjU) 'or the category of such O-reetor-bundle* on 

X| a 0-vectcr-bundle ia the sense of 3*1 will now be oalled a " 

&-vec tor-bundle" .

Definition 4.5.2 A merphism f i B •* B« ^^llS^W i» oompaot if there 

is a neighbourhood U of the sero-seotion of B and a subapaee K of E' proper
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over X such that f (U) C K.

Definition 4.5.3 (i) A bounded complex (s',O in &-Vect (X) is nailed

a O-grefoola-ooiiPlex if tlioro exist oorpiiisas a i S -» B ~ (i « ^) s\ioh

that d1"1 a1 + a4*1 d1 » 1 • k1 t B1 -» B"1, unoro k1 8 I1 * I1 is compact; 

that is, if th* identity B* •* B* is chain-homo topic to a compact morphiaa.

(ii) (I*,d*) is of excess < a if for aoao at cZ B1 is finito for 

[*>s»n].

(iii) (S\d*) is aovolin if (2*, d^) is an »xaot s«qu«nce of Y«otor- 

spaets for •aoh x « X.

Th« oatogoiy of &«Frodh03ji ooaplojess on X and ohain»hoaotop3r»oXassss 

of ftorphiSBs is denoted by &~?red(x) . It is an additire category. But 

in contrast to the finite oase it is not true taat any aeyclio oomplex 

splits^ i.e* is isoaorphio to sero in G-fUS(x)* To oopo with this it is 

eonrenieat to adjoin aore morphJUas to <HProA(x). foraiag a new category 

called its derived category, so that acyclic complexes are isoaorphio to 

sero. Lot us call a aorpaissi of <H2£f£(X) a quaii-iaomorphisa if it induces, 

pointwise, isoaorpaisas of the aoaology of the complexes * or, equivelently, 

if its aapping-cone is aoyoUo. Then one quite siaply adjoina to S-
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inverses of all quasi-isomorphiama. For tho details the reader c*n refer 

to [31].

Propoaition 4.5.4 If X ia ooapaet, the inclusion CQ(x) •*

induces an equivalence of derived categories. Thua K-(X) ia the (irothendleok

group of the derived category of G-?red(x) *

The proof dependa on tho following proposition, whose proof I ahall 

postpone.

Propoaition 4.5.5 If B ia a G~vector-bundle on a oompaot apaoo Xt aod 

d i K -» 8 ia a aorphiam of tho fora 1 - k with k oompaot, then there la a 

C-awdulo H and aerphlaaa ^jK^|and^jB($)|^| avioh that

0 •• B^^k^M-^M -» 0

ia a aplit abort ajcaot aequenoe.

Proof of 4*5*4t If suffices to ahow how to aaaoolata to a ooaplex (K* fd*) 

in a-Frod(X) of excess n > 1 a coeiplex of exoeaa n - 1 to whioh it ia 

oanonioslly quaai-iaoawrphic in G^J£aJ(X) .

One can suppose that I1 ia finite f or i < 0 and that B° ia fnfinito. 

than on oaa choose the h of 4*5*3 »o that h • 0 for i « 0, and than
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1000 0 
hv d i S •* X la of the fora 1 - k * Chooea a G-module K and

0 i B •+ M aa in 4*5*5* Tho complex

B2

la the napplag-oon» of a nap of B* Into | — ̂ g, »o It la canonioalljr quaai- 

iaomorphic to S*«

By 4*5*5 on* can find $ « 00 «> *i t M -» K ^>| auoh that the map mhoao

/h * «-\ o•atrlx la { ) an auto»orphla« of B <$ M. Let Ita Invarao bo
V f « /

NC* Ct /

I auat now dlatinguiah two eaaoa* Flrat auppoao B* haa exo«aa > 2, 

i*a. B2 la laflalto.

Cooaldor tho morphiaa f* of ooapiloxaa (it la iajootivo)*

Q UJL ft
... «*> 0 —» Bw —•* BM —? 0 —^ 0 —* ...

f8 J/

ffeoro tho aooond oo*plox la tho direct aun of (*) and

.,.-» 0 •* B° ^ B° •* 0 •****)» and f *id(i)0f f »d
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la an autoaorphiaa * of B 1 <j> | ® 1° auoh that *±Q » f1 ,

is * 1 •» B ® | <$> S° is tho injection of tho third faotor. la fact a

la given by

1-d°Boh1 

which has tho inverse / Coh

Because of tho existence of a one knows that f * haa * cokerael iaonorphio 

in &-U) to

B V *• «Mh I ^ »— «•** ^_ ^^*^ ^M^T 
-»M-»S®II«»I®1 -*!-• •**»

ubioh haa oxooaa aaallor by one than that of B*. But the ookernel is 

oanonioally quaai-iaoaorphic to (*), and honoo to £*•

Tho other oaao 9 in which S* haa oxoeaa one, is treated in oxaotly tho 

aaao nay except that one does not add (»..*CHI -*8 -^K*.») to the taxgat of 

f*| and one uaoa 4.5.9 below instead of a.

I shall now prove a sequence of leaoaa loading to 4.5.5.

Lot d i K -» B be a morphisn of tho form 1 - kf where k is ocapaot. 

Let U be a olosod convex neighbourhood of tho sero-seation of B such that 

k(U) C K which is proper over X.



Laaaa 4.5.6 If d ia injootiro than it ia a oloaod map. 

Progf: d|U ia oloaod, for it it th« composite
•s.

0 &> 5 KX X A> 8 KJ K ~^» B, where the aiddlo Bap i» (x,y) t-* (x-yty).

o
It follow* that d(2U - 0) it a oloaod »et of E not containing 0* Chooco 

a neighbourhood V of 0 «ueh that d"V C U, «.g« 7 * (x t Ax / d(20 * 0) for 

0 < A « 1 )• Lot F bo olotod in S. df ia olosod if and only if

dF A n.dU ia oloaod for all intogora n. But dF A n.dlJ = a,d(**F A U), andn

tho lattor ia oloaod.

Loaaa 4>5^7 If d ia iajootivo for aona x « X thon d ia injootiyo for
* w

all y noar x.

t Ono can auppoaa that 0 haa tho property* C«^ C 0 -^ * 0, 

Now d"1 (0) A (2K - U) ia oloaod in 2K, ao C » pr[d"1 (0) A (2K - 0)} ia 

oloaod in X (pr t S -» X). Furthornoro x ia not in C, and d ia injootivo 

ovor the oomplonont of C, for if d ia not injootivo th«ro ia aom ^ in 

20 - 0 OTor y auoh that d(f) » 0. Than $ « k^, ao ^ e d*1 (0) A (2K - 0), 

and y t C.

LOBBM, 4.5.8 If X ia a point than tho iaago of d ia oloaod and tho kornol 

and eokomol haTo tha aaao (finito) diaonaion.
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Thia ift wall~kaownj see [20a] Thioriaw 5 p*272. She karnal and 

ookerael ar« finite because k induces tha identity on tham.

Lemma 4«5«9 Lat d : S -» F ba an infection such that there exists 

h t F «• S with hd « 1 - k, k compact. than d is split; and if also 

dh » 1 - k' with k 9 compact than ooker(d) is a finite <**vaotor~bundla and 

F « S <$ coker(d) •

Proofi It suffices to show that d is locally split (of 3*5), so it suffices 

to find for eaoh x a X a morphism h* * F «* S such that h d is an 

isomorphism naar x.

Lat H « kar(h* d } • ooker(h* d ) * H*. Define H' » dR(W^ 

choose ^ s F •* gl which is the identity on H 1 » Choose also f t 

which ia a splitting of hXd at x* Then, if h* * h + ^^ h*d ift of tha 

farm 1-(compact) aad ift injaotive at x, henoe isoaorphio naar x.

If also dh ift of tha form 1 * k9 than C^ » ooker d ift finite. Choose 

6 i C •* F which ift a splitting at x. d<&0iS$>C-»Fift than an 

isomorphism near x: for its composite, ia both senses, with h* ® x 

(where #* «• 1 locally) ift of tha form 1-fcoapaot) and is isomorphio at x*

Proof of 4*5«5i fciren d«1 -ki£-»Bit will now be clear how to



4.26

ahooaa 4> j S .* Jf so that d<s> $ la iajaotive. It ranaina only to ahow that 

aokarU ® *) « j| (for aultabla tf,t).

Lot pr i X x I •+ X bo tha projaotion, and daf ina d j pr*E -» pr*K by 

d/ tx « 1 - tk^. Chooaa M and ? i pr*K •* | auoh that J® ? la Injeotlra. 

Than d s> t^ (in aridont notation) la also InJoatiYa, ao Ita ookarnal la a 

G-T«otor-bujidle which la Jj at ona and of X x I and ooJcar(d ® $) at tha othart 

ao ookar(d <s

K* for gaaaral apaaaa

If ona vara to daflaat aa adght aaaa at firat aight roaaoaabla^ 

for a gaaaral apaoa X aa tha (rrothandlaok group of OVaot(l). than booauaa 

buadlaa no loagar haTa oo^plaaaataiy bundlaa and ona oan no longer add to 

a bundla on a aubapaoo A of X anothar bundla ao that the aum oan aa axtandad 

ovar X, ona would find that tha aaquonoo

vaa In ganaral not axaot, and K& would not bo a cohoaology thoory*

Now Utara la actually no raaaonablo doubt or oonfualon aa to what Kg(X)
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should bo (for, aay, paracempaet X). But there are at l«a»t three ways of 

defining it, all of which one would like to think unnecessarily cu»bersos»» 

They are:

(i) by the nethod of "stable bundles" presented balowj

(ii) by the use of frodholm complexes * but I haven't carried 

this through;

(ill) by considering G~hoaotopy*»ola»ses of &-aaps of X into a suitable 

infinite "grassoannian" - one obvious choice it the space of £redhol» 

operators in the Hilbert sun of the Hilbert apaooa M ® Ht where H la a 

fixed infinite separable Hilbert apace, and M runs through the set of 

siaple G-aodules. The virtue of this method in that for paraooapaot X 

it loada at once (by the arguaenta of Puppe) to a cohomology theory.

Lot X bo a G-spaoe; C a nuaermble covering of X by open G-setSj and 

R_ the category of all the open G~sets subordinate to C and their inclusions.

Lot CC(RC ) bo the category whose objects are familioa i s0! of objects

of GA (U) together with isomorphisms 4 t K * + fS* in Cr (U) for all
W * U V \t

f t U -» U 1 in R- satisfying the evident natural! ty condition.
V

Dofino
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Proposition 4.6.1 If C is a numerable open covering of X and there ia 

given for each U c IL an object (l* y j of G-Stab(U) defined with respect 

ao some covering C of U, and for each f s U •* U 1 in RC an isomorphism

v ! •» if*K^ f v .) in a-3tab(U). then there ia an object of G~3tab(X). 

unique up to isomorphisn, whose reatriotion to each U ia oanonieally 

to

Proof; Let C bo the numerable covering of X obtained by putting together 

all the C.. (U c C). If W e B£ then W « &„ for aome Ut and one haa anu c c0
object E of C.(U). the point ia to show that if W * S, A & then. S^, A &

ia oanonioally iaoaorphio to E* « But for aosie numerable covering

of V one haa iaoi^rphiama •* j ^ a + ** * Ut

bo a partition of unity subordinate to iw 1. Then £ Pm C ^ tlw? required
* mft tt

iaomorphia»: booauae tf*|w Air ia ohain-homotopic to ^IjW^ HW. one knows 
r a'a/i p* 9 p

that £ fL 9* ia ohaia-hoaotopio to •' in W 
? p p a « .

Aa analogous arguaent proves the uniqueneaa

An object [S^l of &-Stab(x) has a amffioir| «hioh ia a closed G-subnet 

of Xs it ia the ooapleaent of the union of all the open &*aubseta U in R. 

such that 2 » 0.
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If A is a &**ubapace of X let G-Stftb(X.A) be tho full suboategory of 

with objecta whoso supports do not aoot A. More generally, if 

* is a family of supports in I, lot G-atsjjU) bo tho full suboatogory

with object* whoso supports are in *. It is lim G-^tab(X,I-C). Finally,
Gs«

iA) ooasists of object* whoso supports aro in » but don't meet A. 

I shall only make uso of tho two eases $ » [all elosod &~subsots of *} 

and 9 « opt » iall ooapaot Osubsots}. 

0-Stab^X.A) is an additive oatogory.

Definition 4.6.2 Kg f(X,A) is the Grothondiook group of

whioh I interpret to nean K& A(X,A) « isoa (J-SJfi^CXjA)/*, where 

S« • Si if there is 2' e G-Stabjd x I, A x I) suoh that B« « iS B% 

Ki « if B*. (ie, it I X •» X x I).

(I have adopted this streamlined interpretation * looking, so to speak, 

at tho path-component* instoad of tho proper *0 - In order not to have 

to invoke tho extensibility of ooaploxos.)

One srnst show that tho groups so defined constitute in soaa sense a 

•ohomology theory: that is, have proportios of homotopy-invarlanoe, exaot- 

noss, exoi»ion, and additlvity.
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The homotopy-axioa la immediate; it was built into the definition* 

And additivity ia obTloua bacauae G~3ta^( Ai JC ) = n CHftaftCX } . Exoiaion 

la eaay * I ahall a tat* two raaultai

Proposition 4*6*^ If A •* X, A -* T ara oloaad embedding » than
«s»

JLA T, Y) -^^ &>Stab(X.A). so that
•>• 

T, T) -^- K

Propoaltloo 4*6*4. If X la ooapaot and A la oloa«d than

-A) ao that 

particular, if X la locally compact and X* ia Its ona-point ooapaotificatlon

(One ahould notioa la thla connaotion that If U •» X la an opaa •afeedding 

thara la a natural functor "extanaion by aaro** 1L oot(u ) •* K,& +W* )

finally, tha question of axaotnaaas

Proposition 4*6*5 If A ia a cloaed G-aubaet of X thaa

x- CA f polat) -» K(X) •* K(A) ia exaot. (CA aeana tha cone oa A.)

Proof> Coa half la trivial. For tha other, let E* e G-Stab(x) repreaent



an •lament of K-(X) whose roatriotioa in K&(A) vanishes. Then there ia

*' « &~Stmb(A x [7, «|j) *»«•• roatrietiona toAx|andAx<£ are
——• 25 55

iaoaorphio to K*|A and 0 respectively. Let pt i XOL^ (A x [Of •»[) -» X bo

tho projection, and define P» i A x H, •*[ + A x [•», *] by
55 55

(M) *-> (*» inf(aup(|,t), J)). Dofiao ?* in &-3tab(X^ A CA, point) by 

clutching pr £*, A{ F* f and 0 on A x j|f 1] C CA* Then E roatriota to S\

It ia now olaaaieal (of [2]) that ono oan define K^ to obtain a long 

exact sequence in which the role of tho relative group K^(X 9 A) ia playtd 

by (XAL CA, point). &*(X) (q > 0) oan be defined equally well aa

, point) or KXX x Dq, X x Sq""1 ) or K pPOJx « TR q) f where 2q denotes

tho q-fold auapenaion9 and prop denotes tho family of oloaod aubaota of 

X x IK which are proper orer X* But ono has a choice j either ono oan 

change tho definition of tho relative groups ao that exactness holds for 

any pair but not excision; or ono oan adopt tho definitions above, aa I

shall do, and forgo exactness oxoopt when ono knows that
•>» 

)L(X,A) -A- K (X -ILA CA, point) - which ia true, for example, when A ia a

C-neishbourhood-deformatton-retraot in X, for then X^CA, point — e»XJi
•%, 

while (X CA,CA) -^(X.A) by oxoiaion.

So far I haven't mentioned multiplicative properties, but thoy present
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no difficulty, lKJTq(x)! U a gradod ria*|

ring-without-unlt, which baa a unit if and only if X ia compact, and a gra&ad

•odulo oror iK~q(x)j, And thoro aro pairinga
Gr

x Y, X x B U T x A), oto.

4.7 Continuity

la thia aootioa I ahall proro that the functor K froa th« oatogozy 

of oompact &-apaooa to too eatafory of abolian groups ia oontinnoua in th* 

aonao that if fx I s2 ia an inrorao ayataa of ooi^>aot &-amao*a oror tha

dirootod aot £ than tha natural nap li» K.(X ) + Kp (lln X^) ia an
«l2 & • * «fc «

iaoaorphiaa*

4.7*1 To prore K oontinuoui it auffiooa to provo 4*7*2 and 4.7O-

Ua«a 4*7.2 ?or any family U^l^y of compact G~apae*a

^ V.fc V -
vhoro a runa through tho oatagory of finito aubaota of

any iororao ayata« *? elM«& G^aubapaooa of a



compact 0-apaoe X, orer a directed set

of 4«7»1 £iven a directed inverse »y*tea [X J . writ*
—— — - -I-" - - r-u-i ••••» g ggi,

n » n x £ » ii t s i < « n « n x_. D«rii»

n =* nx.xH *• th« idsntlty on to n and the

-» X -» HA X a on to th« other factor. n 1* thereby 
« a « identified with

a cloatd subftpaoe of n, and n , C n if a < a 1 . furth»raor«

A n « IJiiX. SobyJM?.3 lltKjn ) Kft(3JjiX J. 
«tl a ««i a * » « »*-«

<n« 
Now oonaidar ti» direct »et £ of pair0 (a, 0") with 9 a finite sublet of

£ and a a minimal element of a, ordered by (a,<0 < (a*,**) <^> a « «*

and 0 - £ f C o* « (a,*) t~* H X . ie an inrer»e systoa in aa erident 
a

orer 2. And

n • « « n

as above.
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On the other hand there la a morphia* I •* I dafinad by a v^ (a, (aj). 

(a,*) « (r,{ri) If ^ < r f or all ^ e a, so the morphiem ia oofinal, and

n *

Proof of 4.7.2i Lot X » H X t Xff » n I , and p i X -»

PT9 * xr •* xa ^ tha promotion (a C r). In riaw of tha existence of 

coapleaantary bundlea it auff iooa to prere that any bundle I on X ia of tha 

fora p E for aoao finite of and that if p B • p* than

Chooae < c I for each a a £. Dofino f j X -» 1 by (f JK) » x if• * 9 » a O

a a cr and » ^ if a /t ». (f a ia not a &-aap.) Lot i i X -» M^ bo too

embedding of X ia its apaoe of measures. The syatea of mapa [i o 

eOBTergea uniformly to i. So tha ayatom of G-mape \<t>a » 

obtained by averaging orer G alao converges uniformly to i. But the 

bundle B on X oan be extended over a (^-neighbourhood 0 of X in 1L,, and 

C 0 for large o, and i* furthermore linearly &-homotopio to i for 

large *. A* +g factori sea through pff thia proves the f irat half of the 

reault. If now 8 » p* % 0 * Pj Bi * K| OB« *** extend B, E 1 and a
a

over a (^-neighbourhood of X in l^. Then for large r ^(«) ia an iaomorphism
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K -» 3* homotopic to a induced from X * So p* B^ » p** Si, » as required.y *^TO" <? *r» w

(This would have been easier if G * hi, for then the inactivity is 

trivial.)

Leaem 4.7.4 If A is a closed &*subspaee of the ooapaot G~spaoe X then
•V

K^(U) ^-^ Kg(A) t where U runs through the &-neighbourhood» of A in X. 

This is iflsadiate.

of 4«7«3 xt »^^oo» to show that if UJae£ i« » family of closed 

(r»aubspaees of a ooapaot C-spaoe Tf and X0 « A X , X » X^, then

afiite

That follows from 4.7.4, the only point being to observe that if U is

open in T and contain* X then it contains Xff for largo finite *t otherwise 

JX - U] would bo a faaily of compact sots with the finite-intersection 

property but with empty intorsoetion*

Proposition 4.7.5 If {(X^, Aft)!ae£ *• ** *«*orso «y»tam of pairs of 

ooapaot C-spaoe«, over a directed sot £9 then

V -^ ̂ H?1 V HF V-

x.), -ii- Vs' " x«> - Vs' * ^ V-
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•o IJm KS) - l(ljii X). Similarly U*

•o lim l(Xa,Aa) -ilJ« Xa, IJji Aa).

Proposition 4«7»6 If (& } r is an inverse «y»tem of ooiapaot groups ever"• • • ~" ••••- ' a <ic*«
•>«

A dlr«ct«d set £, then 11« R(&) -%» R(l|ji G

Proof; Write 6 = llm G < n * n G . Also G = lim Ga can be"^

regarded aa a subgroup of 21 » n GA so that IJ/G -» n /G is a map* ^5<a P « *
«•»» 

of n-space». Clearly IV& -^ lim H /G . Applying Kn to both tides
•>« 

R(G) -^—

I don't know a more direct way of proving this*



The Thoa ftoaomorffhiaa and periodicity

Let X be a G~»pect and S a &*v«ctor-bundl« on X. X shall define an 

•lament A^, called the Thorn eloaeat, ia K« vro_(£}> where 'prop* aeaas the

family of eloeed set* of S which are proper ever X. K- _ _ (B) is aWfprop

module orer ^(S) * K-(X) f so one can define a hoaoiaarphisa of K_(X)- 

aodules $ t KCx) -» K ^B ^ ^ x ̂  *X* ^ ia osOled the Thorn homo-

is defined by the following eoaplex on St

o •» <C- •» r^l •* A2 3•» Ax

idiere pr j E •* X, and all the differentials are exterior sultiplioation by 

I, the diagonal amp E -* E K.. E regarded as a seetion of pr*S.

X have listed properties of the Thoa hoaoaorphisa ia [8]9 and X shall 

not repeat thea here*

The periodioity-theorea of Bott oaa be generalised and stated ia the 

following fern*

Proosition 4*6*1 If L. is a G-line-bundle on a ooapaet 0-apaoe X thea
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•••

Proofi Kj, Q t(L) » jr (P(L ©C), X), where P denote* the assooiatod 

protective bundle* The complex Ag extends to P(L ®C) as

£ "* H <$ Pr* L •* 0 -*• *.. f where H Is tho Hopf bundle (s*e [8] chap.

Tlioro is a split short exact sequence 

0 -» ^(PlL^C),!) -» K^PtL^g)) * Ka(X) -» Of so it is plain 

that 4.8.1 will bo implied by

Propoiitioa 4*6.2 K^(P(L ®C)) is generated as an algebra over

by y « [H], the class of tho Hopf bundle, subject to tho solo relation

(1 - y)d - Uly) « o.

Prooft P(L «C) is a fibr««bundle over X with fibre S2 . It can bo

21 1 1 written (P x S )/T , where P is a principal T -bundle, i.e. a (& x T ) -space,

1 2 and tho circle-group T acts on 8 keeping tho polos fixed. Now

On<>

•7

2 1 Proposition 4«8»3 If & sots on S by a hoaomorphism t : C -* T , then

x S) is generated as algebra over X^U) by an oleasat y subject to 

the solo relation (1 - y)(l - tgr) * 0, whore t » [|], and tf is tho G-aodulo

dofiaod by t i & •> T1 .
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Having performed the reduotlon aa far aa thia one oan now turn to the 

proof of Bott'a theorem given ia [5]* One finda that the proof feare goea 

through without ohanga in the preaenoe of a group-action. One doean't even 

need to aaaume that G aota trivially on the field € .

I have ahown in [8] how one gata froa 4.8.1 to tha following proposition.

Propoai tion 4. 8 . ft If X ia a oompect G-space and E = Lt e . . . <$ Lfc io a 

ia a O-veo tor-bundle on X which ia a sum of G-line-bundloa, then the Thorn 

hooomorphiam $ : XL(x) •* K. .(£) ia an isomorphism of K«(x)-modulea.
v tr, Opt far

Thia proposition holds even without the assumption that S la a aim 

of line-bundles, aa I shall prove in 6*7*

The most important consequence of 4*8*1 or 4*8.3 1*

Proposition 4*8*4 If X ia a ooapaet G-apace and & aota trivially on 

then ̂ THx) i» naturally laomorphlo to K^q (X) aa K^X) -module for any q

inIM*

Proofi K^2(X) * 1^ opt(X x IR ) m K0>cpt(X x<£), so the oaae q » 0 iaopt 

laaediate; the general oaae follows mechanically.
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Because of 4*8.4 it ia reasonable to define K(x) for positive q as 

K.(X) or K~ (X) according as q is even or odd* One will then have long 

exact sequences of the type

extending for all q e . . And because the psriodici-ty-isoaorphism is 

compatible with multiplication Ki(x) as so defined will be a graded ring* 

Alternatively one can regard it as graded modulo two.

The criterion of a satisfactory definition of K*(x) for non-compact 

spaces X is that, besides giving rise to a oohomology-thoory, it has the 

periodicity-property 4*8.4* I have not verified this for ay definition 

given in 4.6, and therefore I have essentially confined myself to oonpaet 

spaces in this thesis. But I should emphasize that when & * (1J it is 

possible satisfactorily to define K(X) as [XjB], the group of homotopy- 

olasses of maps of X into a suitable triangulable H*spaoe 5: for then 

K (X) » [X|B*] for aone other triangulable H-sp*ce B 1 , and the existence 

of a natural isomorphism [XjB] » [X;B f ] for all compact X implies that 

B * B f . (This argument appears to apply also to O-spaoes when a is finite.) 

But of course I haven* t proved that my definition of K ts representable in 

this way.
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In tha naxt chapter I shall oonstruet a number of spaetral saquenoas 

involving K^. Tha methods usad have nothing to do with compactness, and 

they would apply quite generally if K| were defined for all q c ^ (with 

tha properties verified in 4.6). And my results are new even in the cose 

G a ill, whan there is no difficulty defining K* So I have stated tha 

results of 5.1 and 5*2 in illegitimate generality: the reader should 

either assume that £ » Hi, or else observe throughout that tha construction* 

I make do not lead out of tha category of oompaot spaoes*
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Chapter

SPBCTRAL 3EQUSNCS and FILTRATION

5»1 Too •Pootral sequence for a 09 ye rime

In Chapter 1 I daf iaad a functor B fro* categories to topologioal

•paces. For a category a, BE waa too realisation of tho seai-siMpiioial

•at a^ s S »-+ Punct (Sj a), which can bo thought of at tho "singular complex* 

or tho "noire" of R, of bottor atiU can bo Idantifiod with ft.

Tho case I ahall bo concerned with here ia whoa ft ia a attboatafoiy 

of S~TqB/I for aoao &-§paoo I * for example a category of G-«table aubaota 

of X. I ahall write R for <0) whoa 9 i 8 + E ia a aiaplox of R0 and

0. i« tho initial objoot of the finite ordered set 8. One oan define a8

•uaiToraal objoot" HE ia frffif (X) aa tho realiiation of tho semi-aimplicial 

&-epaoe S H> Jl t-»
9 i s -» a

To bo quite explicit: BE ia tho quotient by a certain equivalence 

relation of the G-apaoe JJL Ae x 1 , where o runs through all fuaotors(s,«) s *
o i 3 •» a for all S e Ord> So a point of SR oan bo ronroaoatad

with ^ < A and x « Ri tho equiTalence relation is generated
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by tha identifications: (S,*,{,x) » (S 1 ,**,{', x'} if there ia a nap 

$ i S -» S f of ordered seta auoh that a « flr' « 0f {« * *„£, x » **x*. 

Similarly a point of BR can ba represented (3,**{)• Tha projection 

BR -* BR ia eridant.

ER and BR have natural increasing filtrationa JB*RJ, iBPRii 1PR

ia tha image in SR of the A x R with card (3) « p + 1| and similarlys "
for B?R.

Ona oan ba more explicit still. BR ia eonatruatad aa follows: 

S°R is tha disjoint union of tha objects of R, To fora B*R one attaebss, 

for each oorphism To •* T4 in R, a oylinder To x I by its ends to To and T*. 

But aaeh cylinder corresponding to an identity-morphia* To •» To ia to 

ba collapsed and oan ba omitted* Than to obtain £*R ona attaches, for 

aaoh diagram To •* Y4 -» T» in R, a prism To x A* t by its boundary To x d* 9 

to tha cylinders corresponding to Tt •* Tt , To -» T», To •* TA . But again, 

diagrams containing an identity oan ba ignored. All in all ona hast

map -U- (t? x R f sr x R ) •• (B R, B R), where a runa

through tha non-degenerate p-simpleaws a s [o,p] -* R,is a relatire 

homeoatorphisn.
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Heaarks: (i) a i s -» R it called "degenerato", if it factories 

* . <r»o $ ^th 0 : 3 -» S« not injectiye.

(li) By "relative hoasoBorphisa* I mean only that the BMP induce! 

a hoaooaorphiaa of the complements of the subspaees. However the Map 

induce* an isomorphism of K- because the two subspaoea art compatible 

neighbourhood-deformation-retracts, aa one see* by a very classical 

arguaent.

Proofi SxirJectiTitiy ia tririal. Injeotiritgr is "well-known" - one can 

use the arguaoat of Milnor ([23] Theorem 1)* Finally, the nap ia opons

for an open sot of A* x Rff is the intersection of A* x Rff with an opon

set of 11 a* x R_ saturated for the equivalence relation -• above, o ™

Proposition 5.1*2 There is a speetral sequence H(t) depending functorially 

on R with

(R) * H'(R,J IS) and« *

Proof: One has only to apply the method of Cartan-Silenberg ([12] p.333) 

with, in thoir notation, H(p,o.) « K^tS^R, ^R), and to observo that 

x Rff, & x *«) « Kj(aa) <* °«^M ̂(R.J XJ) ••«• ^ P^

A

eohomology group of the ooohain-oomplex into which the functor K^ transform*

(*) seo the remarks on page 4.4M This speetral soquenoo oan bo regarded 
as defined only when & » {lj or when £R is compact (of. oase 2 below).



tha aeaa>ai«plioial complex R 0 .

I ahall now ahow that in oartaln oirouMtanoea tha projection 

w i I* +> X induces an iaoa»rphiaa K*(X) ^ K«(SR) f »o that tha epectral 

•equenoe of 3*1*2 tandnataa with K*U)*

Let (X ) „ be a corering of X by fc-eubepacea. For any aubaet r

of £ f XT danotaa O X^. Let it ba tha full aubcatagory of &*Top/X whoae
atr

objaeta are the X for all finite aubaata r of -. In thia oaaa BR ampa 

inJaotiTaly into BR x X which is BR* for tha category R* iaoaorphia to R 

but with all the ob>rta Xr replaced by X. And SR can ba written 

U Af x XT, where r nina through tha finite aubaata of £«

Caae 1 Tha covering }X | £ ia

One can ehooaa a (r*inrariant aubordinata partition £f unity \<t>0

which ahould ba regarded aa a «ap ^:X-»BR.
»

it ia ianadiata that ^(X) C SR, and » « ^ » id^ But ^ • w » SR -* SR oan 

ba Joined to tha identity by a linear hoootopy, co ir : sa ^ X ie a 0- 

homotopyequiTalanoat and w ia an iaoax>rphi*au

X and all tha X are ooopact, and £ ia finite,
9

I ahall introduce a now filtration of SR. Firat filter X aa follows t
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X * !• 3 Xt 3 Xg 3 . . . , *hara Xf conaiata of all pointa ©f X which art 

in at loaat r + 1 of the aota of tha covering. Thon dof ino

B R » /"V 
P P

*^

TTij(iP x x^ A* x (^ n

1 i KgU)

9 runa tarough tho aobaota of £ auoh that oard(e) * p + i. But 

aiadlarlyx

Proof ay induction.

Caao 3 X la paracompaot, and i xa lac£ i* locally finita.

I hare ahown olaairilora [28] that thia eaao follow* froai Caao 1 by a

ar of Kg, at ^^ l ^;an G a

I baro now oatabliahod nhat la uauolly called tno Leray apootral
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sequence for the covering f* } „. It ia to bo regarded aa a g*noraliaa~a ac*

tioa of too Mayer-Vietoria aoquenoo, to which it roduooa when 2 haa two 

elements. The argument of Caao 2 above then afforda a proof of too 

exactness of the Mayor-Viotoria aoquenoo which eon* pooplo find moro 

porapiettoua than the argument of Bilenborg and Streenrod. But, unlika 

Kilenberg and Stoonrodf X have uaod the hoaotopy axioai for 1C* in a rathor 

esiential way. I think it likely that one oan derive to* Leray apeotral 

aoquonoo (aay9 for £ finite) by a generalisation of the Kilenoorg^Stoonrod 

method, independently of the homotopy-axiom» Vat X have not succeeded in 

doing ao*

*>«2 The spectral eeouoooe for a map 

In thia eeotion X ahall prove

Fropoaition 5.2.1 tot f j X ^ T be a proper G-mapt where T ia a 

paraeoBpaet and ooarpactly generated trivial 0-epaoe. Then thoro ia a 

tpeotral aoquonoo H(f) with »fV) « H^Y; K^f) and 

whero K^f ia the ahoaf on Y aaaooiatod to the proahoaf U
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1 Tho atalk of Kjf at y « Y ia K|(X J, where Xy » f (y)
(*)

(Notice that X it paraooapaot aad compactly generated if and only if Y ia.)

Proofi for each open covering € of Y lot R. ** the auboategory of G-Toj^/X 

aaaooiated to the corerinf ff~1V}Ytg of X* If « refiaoa 5' there are

functor a t i R_ •* ft., euoh that V C t(V) for each V a R j and if to, i*§ s* G

are two auoh funotora there ia a third t (a*y t(V) » t«(V) n tt (V)) with 

•orphiama t -» tet t -» tt . Thia aaounta to a functor t t R _ x J -* R,,

wharo J ia the category (? «• . ^ ). Than

B(R x J) a BR, x BJ « BR tf x I, and corraapoodingly S(R x j) 2* SR x I,
i* § W U 'J

to that I? ia a hoaotopy between St0 and St4 . Furthermore, beoauae Bt

ia f iltration-preaorriag and J haa diawaaion one, one haa

for all p c N f A a I. So there ia a aorphiam of apaotral aaquenoea

lH (R.,)l -» iH (Rjl well-defined (i.e. independwit of t) for r > 2|r w r f»

and one obtaixta a ayatea of apootral aaquanooa over the directed set of 

open eovori&ga of Y« Saoh of thorn terminates with K*(x) by Caae 1 abovo. 

Paaaiag to the diroot liait girea tha apootral aequenoa doairod. (It 

waa noooaaary to proro that tha fuaotor 6 ^ H(R ,) faotoriaod through a 

dirootod aotp for only than ia l£a an exact funotor,) 

(*) Again one ahould aaauao & « H J or else X and Y compact.
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One knows that the stalk of K£f at y « Y i» lia K»(f~1U) whore U 

runs through the neighbourhoods of y in Y. But that Is the same as 

Ito K*(V) where T runs through the G-aoigjabouraoods of X la X. (One 

must show that each T contains some f" U s lot V bo open, then 

U « Y - f (X - T) is a neighbourhood of y because f is closed sad

f~13 C T.) And IJt K*(V) -^ K*(X ) by 4*7.4.
T

Corollary 5*2 f 2 If X Is a G~spaee there is a spectral sequence 

H*(X/&j »q) -^ Kj(X), whore ftq * 0 for q odd, while for q oven it is a 

sheaf oa X/C whose stalk at <*x is isomorphic to &(O» where &x is the 

stabiliser of x«

Of course one cannot make any deductions from this statement unless 

one knows that tho spectral sequence converges* It certainly converges 

if X/& has finite covering dimeasioa, and that is the only condition I 

know* But I don't know, for example, if X/<* has fiaite covering dimension 

whenever X does* If & is a compact Lie group and X is a smooth compact 

G*manlfold on which 6 act* smoothly then X/& has finite covering dimension 

beeause it Is tciaagulablo [32If or better, because it is a finite 

of smooth manifolds*

u
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5*3 Localisation

In this section G is a compact tie group*

The aost immediate application of the spectral sequence 5*2*2 is to 

suggest the localisation-theorem I shell BOW state; but it oan be proved 

better without the spectral sequence, as will appear*

If H is a subgroup of G, sad X is a G-spaee, I shall write Xv ' for 

the subspaee of X consisting of points x for which H is conjugate to a 

subgroup of G * It is a 0-subspace.

Proposition 5*3*1 Let X be a compact G-spaee, and IT a prime ideal of 

R(G) whose support (see 2*5*9) is S, a cyclic subgroup of G* Then the 

restriction

/.«\
If

(If M is an R(G)-module, *f denotes its localisation at Jr.)

Proof: If X/G has finite ooforing dimension one oan proceed as follows* 

Consider the morphism of spectral sequences induced by restrictions
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(S) 
(I uao ft* to denote also tho restriction of thia sh

eaf to Xv YC.) Because

localisation la aa oxaot functor one can localise b
oth apootral sequences 

at JT to obtain

EJ)

where R* la a ahoaf whose atalk at xG la K(^x) r* But ^J 2*5*10,

, if x t r > and thia i«plia» tha theorem proridad that the apootral

aoqooaooa are

A better proof, not requiring finite-diB»n»ionalitgr, ia as followi* 

Lot € denote tho collection of ooapaot 0-aubspaoea Y of X with tho property 

that for any ooapaot 0-aubspaoe Z containijxg Y tho restriction 

K*(X)y •* Xg(Z)r i» «A isomorphism. If Yt and Y, are in 6 than so ia

Yt H Yi, by ^ie Meyer-Vietoris aequence. So, by tho continuity of &*,

( s \ 
Yo » A Y ia ia S. One «ust show Y, C V*' . But otherwise there ia

T « * (s)
somo x a Ye which is not in Xv . Lot A bo a coapact slice at x, i.e.

&.A is a C-nel4iibourhood of x iaonorphio to C x& A aa G*spaoo. And lot
a

U bo an open 0-nei^ibourhood of x contained ia G.A, I shall derire tho 

ooatradietioa that Ye - ^ « C. It auffioos to show that K*(Y0,Y0 -V)y » 0
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ifcan 7 ia opan and aoatainad in U. But K£(?«, Y0 - V) * K»(G.A, C,A - V)

by excision. Now tha •truotural nap ft(G) •* Ki(& xfi A) oonaa froa tha aap
x

G x^ A -> Point, which faotoriaea through C/C^, ao R(0) r •

faotoriiea through &(C }_, whioh ia saro. Tharafora 1 » 0 ia th* ring

and hanea xT(&«A9 C.A - V).« Of aa it ia a unitaiy module orar

5*4 Tha filtratLon of

I ahall daf ina a daeraaaing filtration (X^ (X) j w of KQ(x) ao 

that it baooaaa a filtered ring.

In the eaaa S * 1 thia can ba dona by dafining x a K (x) if x ia in
P

tha kernel of K(X) -» KCBR) for aoae R aorraapoadinff aa ia 5.1 to a 

nuaarabla Gorariag of X. Thua Kt(X) aonaiata of thoaa alaaanta whoaa 

reatriotion to aaoh aat of some eevering of X ia aero* But in tha general 

aaaa it ia naoaaaary to aonaidar nore aobtlo refinement* than coreringa by 

§ubaata9 and I think it ia aiapleat to proaoad aa followa.

If Y •* X ia a C-»paoe orar X one ean form a aemi-niaplloial (actually 

•implioial) &*apaaa Y« defined by Y,(3) • Y Xj Y *x-*«*x Y (S oopiee).
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The realisation of Y, I than denote by XT} it hae a natural filtration

If X ia a oeapaot C~apaee and Y « I x & than BY » X x B&.

Definition 5JL.1 x « Kfi (X) if x ia in the kernel of K&(X) -*

for aom &-ipaca Y which ia locally aplit - but not naeaaaarily looally 

G-aplit - oT»r X. (Thie ia to ba iatarprata* ao that KQ Q(X)

(X) ia an idaal in K

Propoaitioa 5.U2 If f t (&, I) -^ (&', X') ia a aorphiaa, than 

l for all p.

tha proof ia olaar*

Propoiition

Proqft If x « Kr (X), y « K« (X) oaa oan auppoaa taoy raniah in - - ttr^P i» f q

for tno aaw Y. I ahall abbrortato & to 5k.

If x »-> « 1^(1) than x eomia from aoat x t ^(S,!) . in view of tha 

naighbourhood doforamtioa property explained in 5.1. Similarly

«• m 0*4 *" ** 1 *• •»
y i-* y «6-<y a (ifB^ ). How x.y * 4 (x x y), where
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d « id x id i S -» 15 x B f so OOBAS from x x y « 1(^(3 x B, I*~1 x 3 O 2

On* anst show that the composite K^(B x K, I1""1 M 1 'o B K E^"1 ) * 
i

x B) 4* {B***"1 ) is sero. l*at follow froat

5»4«4 If A ii a MBi-ftiapHoitl G-apaoa, and ^ la tht functor

G*»pa«« to th« "n-^Jwleton" of its realisation,

thoa too diagonals M •* M * M is hometopio to a map taking i A into

U

t If S is a finito ordorod sot I shall dssoribo points ^ < 4. not by
JK

the baryoentrio coordinates x i A_ •* I(« s S) but by "ouaulativo*
09

coordinates y* t AO •* I, i^ere y «) - I x (^). The diagonal 
• « a ^3<a *

A S S S
d t Afi - A« x Ag is linearly hoowtopio to the map h m h^ x

defined by

U) - «P(^(« - 1. 0)| y^ h?(« - inf(2y*, 1).

S I leave it to the reader to check that h is funetorial in S« How

h$(A») C U A. x A. 9 where S » l^ e 8 t § < «) and T • i/J s 8 t .i > a} 
^ ass % « " *

- for »8U) « Ag x A^ rtionoTor y*(|) > i and
8 A
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And

tt» A x A(T) -> lla A x A« x A(T) x A(T) * *A x aA 
(S-T) S

Q

Tha diagonal d faotorlsaa through d* inducad by tho id }j and d' la

Q

llaaarly hoaiotoplo to h1 laduood by tha ih ). So d la hoaotopie to

h i M ̂ M x aA* But h( A) C u A x

Tha f ollovlng property of tha filtration la rathtr iaportant.

Propoaitloa 5*4*5 If N la a normal aubgroup of & whloh aota froaly on 

tfca a«Q»aot G^apaoo X, than p l t ^^ * ^ i§ ^ ^«Mrphlan of

flltarad rin^a.

Prooft It aufflooa to ahov that p x a X. (X) =^> x a••••**•* v«Q

T -* X b* aooh that p*x a kor i K -* KY). Tha Induced amp

T/H -• X/W laada to a a»ml-ai«pllolal &*apaoa (TA)«» and aa K aota froaly 

oa X on* haa

Tharaf oro (KT)/N ^ K(T/*0 > for dlract-limlt f omatloaa ooouuta aaong 

thavaalvaa* Tha raault now followa Aroa tha diagram
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Corollary 5*4*6 If $ i G -» G 1 and kar $ aota fraely on tha compact 

G~apaoa X, than <t>, i K&(x) •» K&I (^X) la an laeaorphiaa of filtarad rings,

Proofi Thia follows from 5*4*5 ia *iow of &

Baaarkt It ia plain that K& 1 (point) ia tha augmantation-idaal IG in

So V 5»4.3, i*!^ U) <^ ^1^ T sha11 ^^ ̂  clM^t«r 8

that if X ia ooBpaot and BL(X) ia finita orar R(G) then tha filtration* 

topology of Kg(x) ooineidaa with ita X^-adia topology*

5*5 finitanaaa

It ia oftan daairabla to know that Kg(X), by whioh I aaan haro 

® K^ (X), ia a finita modula ovar R(&). Tha baat raault that I hava 

to off or in thia direction ia tha following^ whioh Include* tha caaa of a 

ooapaot aaooth aanifold on whioh a ooatpaot Lia group aeta smoothly*

Proposition 5*5,1 If a ia a conpaot Lie group and X ia a ooapaet G-apaca 

whioh ia looally (r>-oontraotibla and auoh that X/& haa finita coraring- 

dimansion, than K*(X) ia finita orar R(G).
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Locally G-oontraetible means that each point x of X has arbitrarily small 

Gx*stable neighboruhoed* which are G -eontraetible la themselves to X| 

alternatively one oaa says each point x of X has arbitrarily small G-stable 

neighbourhoods of which the orbit Gx is a Odeformation-retract.

Proof* Wo have seen la 5*2 that whoa X/1* has finite cove ring-dimension

0 there is a convergent spectral sequence H*(V&f &*) ^F'U), where R

is a shoaf whoso stalk at an orbit Gx is &(O, *nd R « 0. So it 

suffieos to show that H*(X/&* &") i» finite over R(G) (because K(G) is 

aoothorlaii) •

Row by a thooroa of Grothoadlook (Ball* Soo. Math. Franco, 64 (1956), 

1*7) if A is a shoaf on a compact spaoo T thoro are arbitrarily fiao 

open coverings U of T such that H*(Uj A) -* H*(Y; A) is aur jaotive, prorided 

that the shoaf A is oaloulablo* which neans that for oaoh neighbourhood V 

of a point y of Y thoro Is a smaller neighbourhood W suoh that the laaga of 

H*(V! A) la H*(W| A) is sero f or q > 0. The sheaf R* on V& that we are 

ooaoeraed with 10 calculable i given V, ohoose W of the form W/& where W 

is G^oontraotible to a single orbit; then (w, R*) ia contraotible

so H^W; R*) * 0 for * > 0.

Now let U* be a shrinkage of the finite open covering U: i.e. the
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8«t8 of U f are relatively compact in thoee of U« The map 

H*(Uj R*) •* H*(2/&J R*) faotorieea through H*(U'; R*), ao it auffieee te 

ahow that the image of H*(U; R*) in H*(U»; R*) la finite ever R(G). 

Finally then, it mifficea to prove

If V,W are open eet» of X/& «uoh that W C V then the image

of R*(V) in R*(W) la finite over R(&).

Thi» follows aiaply from a »eeond leanat

Lenaaa 5«5.3 Each point Gx of X/G haa arbitrarily anall nei^bbourhoods N 

auch that R*(K) = R(&x) .

Proof that (5«5«^) ^(5*5^)1 For each point <Jx of V ohoo*e a neighbour­ 

hood N oontained in V 8uoh that R*(N ) * R(C ). A finite number, say
4p]t ^^e> ^^

N , -., N , of thea* oover W. R*(V) ^ R*(w) faotorisea throu^i 1 *n

R*(U H ), i*ioh ia a aubmodulo of n R*(lf } « n R(a ), ffeioh i« finite 
*1 *i *i

over R(G).

Proof of 5»5»3i R* ia the 8heaf aaaooiatad to the preshaaf P defined by

^V), where p : X -* X/& i* *^« projection. Define another 

preaheaf Q on X/G by preeeribinff Q(V) » K^Cp" 7) nhen p" 7 ia G-contractible
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to &x,

On* must show (ef. [20 ] p. 26): if U is a G~subset of X & -c on trac tibia 

to &x, arid if U is covered by &~ooatraotible sots U , and one has

t * Kr (U ) for oaoh a, and oaoh pair £ » t* agree* on G-eontraotiblo
u vr 0 dp

subsets of U n 0 then there is a unique £ in K (0) nhieh restricts to
dp «r

oaoh <f . x is in some U , say #o» and K»U = KrUo) f so there is a

uniquo candidate for tf. It remain* to see that £ restricts to oaoh £ * 

Suppose U contracts to fty. Without loss of generality one can suppose 

that y is connected by a path pointwite invariant under & to x. By 

comparing the restrictions of £ and of the various £. to -(&) as one moves

along the path from x to y one finds that £ oust restrict to £* This«t

completes all the proofs la motion.
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Chaptor Six 

DIRBCT-IilAGB MAPS

6.1 Tba f inito oa»o

Sttppoao that tho G-aap ft X -» T is a fiaito cororing (i.e. f is 

looally trivial with finito fibroa). Than tfao fuuotor f * ha* a right* 

adjolat f, t (MToot (X) -» &>Yoot (f) f

Tht oxtatoaoo of f ̂ 1» Tory oa*y to »ooi tho f ibro of f j& at / e T will

bo Jl * I * ahaU not giv« tho dotaila.

It happou* that f » !• «l*o loft-adjoint to f», in oonooqaoaoo of tho

1 1 1 * >- 1 1 S • This iaplioo tho following propooi 
""1 '"1

tion.

Pyopooition 6.1>1 If B « G-^gJ (X). g» t &-Yoqt (T) f thoa

For any ? in &-Ital (T) ODt
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F)

B»i F).

f ̂ i* an additive functor - it suffices to oonsid«p tfee matter pointwiae * 

so it iadueea a hoswaorphiwi f , t K*(l) -* K*(T) of abelian groups. 

Proposition 6*1.1 shows that fj(x.f !y) * f.*'?* which DWftnfl that f •» 

not a hottO»orphis€B of riai>t is a hoswswrphisa of K*(T)-s»dul«s.

6*2 &roup ertensioaa of finite

The »ost important application of f, is to the finite 

f i ^^*X « (G/fc) x X -» X, nhere ^ j H •» & is the inclusion of a 

of finite index, and X is a &-spaoe. In 3.4 I defined a functor 

** i H-VeoJH (^X) •• <Hk2S (^**X)j the composite f, 0 ^, i H-Veot(^*X) ^ 

(X) idU ^ oaUod ^. It induces

It id easy to torif j
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Proposition S^ If S t &-Vejt (X), 1* e H-Veot (f*X) f than

,'

la particular

Tao aoxt taafc is to exaaine ^*^J. la faot X *h*ll «iv« *

for W&9 «aor» ^iH^fttH-»aarot«o inoluaioM of fiaito

index. I BhtU vrlto H » f Bit" H Hg for any g « &; but it dtpoadi 

oaly oa too double ooaot Hte^i ia H» 6/^4* H baa ovideat e«beddlng»t

4,B * t++Jtt whore f s 0 *t. X •* X. Eottriotioa of the group• a^

ooaoutoa with f«» oo f*$. * f.^*^*B * A» •& Ht-»paoet

X * J_L (HtgHi) *o *» •"^ eorreipondin«ly f ̂ * £ f t

where 1 t (a,^*) JL, X «* G Xg X and f ; (HagHt ) ^ X -» X, Now

* V
w

tola* (af *) v~^ (hf,tf). Taua
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Proposition 6«fl fg If*;H1 ^Gf *:Ht -*&are inclusions of finite 

index. X IB a C-apeee, and E t H.-Yeot (X), than

***.* • 1L * . <£** «ith e> , * as above.
a» a f &

Corollary 6«2*j If ^ j H -* G i» tha incluaion of a normal subgroup of 

finite index In G, X ia a 6~sp*eef and 2 a K-Voot (x)» toon

,1 - 11 <?*B, idMra ir* ia induees by eoa^ufftUoa 9 ; (N,X) •» (N»X)» 
•ifi/lf

6*3 Brauar*s taeorealbr finite

Ia this seetioa & is a finite croupt X ia a compact G-«paee f and 

is the set of alaaantary subgroupe of 6. (See 2*5*)

Proposition 6.5,1 Xg(X) * TT I^(X) is

Pyooft This follow fro« Hie iajeotirity of K W <• \ \
* reSpeeE(G)

aad the following leana.

6•3*2 It X t Spee R(&) has support 8 (a cyclic subgroup of 6) and

lies over p e SpeeX, and P is a Sylov p«subgroup of the eeatraliser of S,
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thoa tho restriction

t If*sSxP-»G,xc K^U)^ and y « a(S x P) r> then 

+,(jr***x) » (*jy)*x. But in 2.5 I ahowod that one oould find y c R(S x P) 

auoh that *,y t rf ao * ia inrortlblo ia Ix) and 

i.o* ^* ia iajoetivo.

(Brauor'a

(a) U XjX) -* MX) ia aorjoetiv*, and
Hal » *

(D)

«horo tho nap (a) ia tho aun of the diroot-taago napsj and th« nap (b) 

ia roatriotioaf and £ la rogardad aa a oatogory whoao norphiaaa aro all 

tho hoftoaorphiaa* ^ i H -* H 1 of tho fora *(h) » ghg"1 , with g a G.

Pyoofi (a) ia cloar, for tho nap ia a hoaomorphiam of K^U) -modulo* whoao 

iamgo contain* 1 s for tho inago il R(H) -* &($) alroady oontaina 1 » boing 

aa Idoal not ooatainod in any priao idoal*

To provo (b) aur^octivo (it ia iajootiro by 6*3*1) it aitffiooa to 

•how that tho inaga ia an idoal in 1J« Kg(X). But by (a) tho image ia 

tho group gonarato* by {<g ^, x^ in n KgU), iriioro ^ : H -» Cf



i 7 * t, and F runs throng £, It certainly suffices to show that

6.5 Ttys genoral easo

Th« object of tho remainder of this chapter is to generalise tho 

diroot-iaago hoaoaorphisa f , which was assooiatod in 6.1 to a finite
<

oovering f t 1 *» S« I shall only deal with fibrations with a compact smooth 

•aaifold as fibre. Thou there is a t*ngent-bundle-alon«-the-fibre» 

a real <*-rec tor-bundle on X, and it turns out that there is a natural 

hottomorphiim f ̂  i ^ ^^C*^) ** K&(S) t where 'prop 1 means the

of olosod sots of T*/s proper over X* (When X is finite over S

T / is just X, and f is f , as already defined.) When tho fibration
*r **

satisfies suitable conditions, in particular when tho fibre is a complex
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unifold, oo« o»n ooapeae t with th« Tho» hoaoaorphl»m

Broadly apaaking f la dafinad aa f ollowa. Aa alenax&t of 

S prop^TX/3^ ** latarprotod aa tha aynbol of a family (dataminad up to 

homotopy) of aUiptio paaudo*diffarantial oparetora on the fibres of f . 

Thia family of oparmtora on X daf inaa a Fradhola complax on S, and ao an 

alamont of K^(s) by 4*5 • But quita a lot of toohnioal diaouaaioa ia 

naoaaa«ry» and tha naxt aaotion ia dorotad to that.

6.6 Ralativa aaaif olda and paeudo^diffartptial oporator

A ralatiTO maoif old orar tha G-apaoe S ia a &-apaoa X -» S ovar S

togathar with * G-ahaaf &_ of eooploEHraluod fuaotiona on X cailad 

function*, and auch that (X, D^) ia a riagad-apaoa orar S locally iaomorphio 

to (S x lRn, Dfi J, ^iara D n ia tha ahaaf on S x TR11 dafinod on baaio

opan aata by (U x V) = Map(U, D(V)), D(V) boiag th« apaoa of aaooth

fuactiona on V C lRnf with Ita uaual topology*

For oxampla9 if X ia a fibra-bundla ovar 3 with a aaooth manifold M 

aa fibre, and tha atruotura~group ia a Lla group L which aota aaoothly oa
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M, than X ia a relative manifold. One has only to verify that a smooth 

map h s A x B -» C, where A, B, C are open sets of eudidaan space, induces 

a continuous map A x D(c) •+ D(B).

I think it will be dear what I mean by a smooth G-vector-bundle on a 

relative manifold. The relative tangent-bundle TV/S » *r tangent-bundle- 

ftlong-tha-fibres, ia an example of a smooth real G-veotor-bundlat a 

relative tangent-vector ia defined aa an operator on the smooth functions 

aa usual, but oaa requires it to annihilate functions induced from 8* A 

real smooth function g on X defines a function dg on ?v/oi <** v&l usually 

bo regarded aa a section of the dual bundle

Now I must introduce pseudo-differential operators (of [21], [4])* 

If S and y are smooth vector-bundles on X than a pseudo-differential 

operator P or order n from B to 9 ia a continuous linear map P t r Ji 

where T indicates smooth sections and r . those with compact aupport, such

that

(i) P(ua) » uP(a) if u ia a function induces from S, and

(ii) there ia aa asymptotic expansion

Pk(»*l)*k 

k*n
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as A •» oo in TR for any real smooth function g for which dg ? 0 on the 

support of a, uniform on compact aots of suitablo g'a.

I shall writ* ?sn(Sj F) for the vector-space of suoh operators. One

has P»B(Ej F) :> Ps^^Sj ?) 2 *.. 2 ?s~°°CBj *); an eleaent of Ps^S; p) 

is called a * smoothing operator'.

The first important property of pseudo-differential operators is

Proposition 6.6.1 Psn(lj F)/"05j *) • ^(^x " °» iS%(B J *))• 

oanonically, nhere T* - 0 steans the complement of the eero»sectiont and 

*Map* oeans the maps which are positively homogeneous of degree n.

The isoaorphiam is given by assigning to P c Psn(3j 9) the map 0p 

derived from the first term of the hypothesised asymptotic expansion, 

defined by »pU)(*) » Pn(%» «^)(»)» ^«^e x « pr(^), s^ in r^t has the 

value e at x, and g j is a function which in a local identification at x of

X with S x *^s x is given by g^(s fy) « ^r,<f>. «rp is called the 

of P. It is not obvious that it is well-defined, or that one can find P 

for any prescribed ap, as asserted in 6.6.1, but I shall not prove these 

facts here. A proof in the local non-relative ease can be found in [21]; 

the generalisation needed is routine but tedious*
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Now let ua suppose that X and S are compact. Then pseudo-differential 

operatora P in Pan(B; F) and Q in Pa*(Fj G) can be composed, and it ia 

fairly eaay to aee that QP ia in Pa^^Bj &). Furtheraoro a » a ffp, 

where the laat composition refers to the natural pairing lfeBL,(g; F) x 

HogL.(F ; G) •* HojL_(E; &)» thia ia immediate from the definition provided 

one knows that the syabola are well-defined.

The aeoond reault about pseudo-differential operatora that I shall 

need ist

Proposition 6.6.2 The vector-space Paa(Bj F)/Pa"*°(B; F) la complete with

t» «oo
respect to ita filtration by the aubapaeea Pa (S; F)/Pa (E; F) (k < n).

Onoe again the proof ia essentially contained in [21], and I shall 

not discuss it further here*

I shall apply 6*6*1 and 6*6*2 to the following purpose. If 

P c Pa*(B; ?) and *p(l) i* «n isoaorphisia for all £ c T£^s - 0, then P la 

**&d to bo elliptic. Than - if X and 8 are oonpaot - one can find 

9 i (T*/s - 0) -» Hoa^CF; fi), positively hoaogeneous of degree -n, suoh

that ^ a = 1, «U«r * 1* By 6*6.1 one has then Qt such that 
^^ P Q Q P

QtP - 1 c Pa~1 (E| I) and PQt - 1 « P«* (F| F)* Proceeding in&iotiTely,
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then using 6.6.2, on* can find Q e Ps"*a(?| B) such that QP * 1 - S and 

PQ * 1 - S«, with 3 t P»"°°(B; K) and S 1 e Pa^F; F).

Now suppose that X ia locally trivial on 3, Then to each amooth 

O-vector-bundle E on X one can associate f «,B, an , infinite G~veetor-bundle 

on S in tha sense of 4*5f the fibre of f ̂S at a in 5 ia r(S|f*1 s) t and

sections of f ̂  over an open set V of S correapond precisely to amooth
-1 

sections of E|f V. If X and S are compact then a pseudo-differential

operator P from S to F defines a aerphiam P# 8 tj& *+ t<f of infinite vector-

bundles.

Proof: (i) Pt ia well-defined, for if e, a* are two sections of £

coincident on X0 « t * a one can write e - e 1 * £*o", where eH ia a third

section and ^ is a smooth function induced from S vanishing on X » Then

§ » 0.

(ii) P^ i« continuous} the question ia local, so one can assume 

X=SxH, B^Sx Eo, ? = S x F0 . By definition one has a continuous 

map ITS * Map(S; FBo) -* FF = Map(Sj FFo), and it induces S x Map(Sj FSo) •* I?o< 

But P^ t S x rS 0 •* rP0 i« obtained from the last by reducing to toe quotient 

S x I*e of S x Kap(S| FSo), »o P^ ia oontinuoua*
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Ttds haying been said, the third f aot I need concerning pseudo- 

differential operators ia

Proposition 6«6«^ If X and S are compact then a smooth operator P f rcei 

S to F induces a compact aorphiam P, i f Jl -* tjt*

\i Again the question ia local, and P* oan be regarded aa a map 

3 x ITSo •» UTo. The argument of [21 ] ahowa that it is of the form

(a,u)h-» v, where r(x) = / k(»,x,j)u(y)dy and k is a smooth section of the
M

bundle Sfi8gxUki/ pr* Sj pr^ *)• *** by *a»P««*i*a *&** takes a neighbour­ 

hood of the origin in FEo into a subset of rf o bounded uniformly for a 

in S* Bounded subsets of I*? are compact, so P* is compact.
o

6,6,3 shows that an elliptic pseudo-differential operator P frost S

P to F induces a Predholm-complex f^E— ̂f,F on S, in the sense of 4*5* If

K and F are smooth C-voc tor-bundles on X and P is •quivariant then one 

obtains a G-Fredholm-coraplex on Si the homotopy-operator can be made into 

a &-n»orpMsm simply by averaging over the group, for f JL ia coapaetly 

generated and ao Ho»(f,B| tj) i» oomplete.

But because it ia aot clear that averaging pseudo-differential 

operators leads to a pseudo-differential operator I have had to use a
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davious argument to prove tha following proposition. .

Proposition 6.6.1 If o : (T* y_ - 0) •» HomJS: F) is an equivariant
J^Jr^ ^"^"^^tlL

symbol, positively homogeneous of dagraa n, than one can find an 

aquivariant pseudo*differential operator P whose symbol is ?.

Proof* Lat Po be a p.d.o. of ordar n whose symbol is 0, and let g.Po 

be its transform by g e G. Than g.Po - Po is a p.d.o. of ordar n - 1 whosa 

symbol <*i(g) depends continuously on g. (Tha continuity results from 

tha continuity in the arguments (•»&) of the functions P.(s,h) which 

occur in tha asymptotic expansion defining a p.d.o.)* Furthermore one 

hft»s ai(sg') * «.°ri(fi t ) + *&(g)« Average *i(g) over the group to 

obtain ffij then a*. - g.at as o\(g). Let Pt be a p.d.o. with symbol o*. 

Po * PI is a p.d.o. with symbol <*, and it has the property that 

g«(Pe •»• PI) - (Po -f PI) is a p.d.o* of ordar n - 2 (for its symbol as 

an operator of ordar n - 1 is saro). Proceeding inductively, than using 

6.6.2, one finds a p.d.o. P* with symbol <* suoh that g.P* - P 1 is a 

amoothing-operator for all g in G. Finally one obtains tha desired equi- 

variant operator when one observes that smoothing«K>perators can, like 

symbols, be averaged, using tha isomorphism Ps"*°(J; F) * Horn^ x(prf2jpr|F)
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already remarked. One needs to know that g.P 1 - P 1 depend* continuously 

on g in the last apace: it suffices to aee that g v-* g.P' » P 1 defines a 

smoothing-operator on ft x X over C x S, and that follows from the 

uniformity required in the definition of a p.d.o.

Now let us define S~,s « (*v/« * 0)/1R* , a &-sphere-bundle on X, and 

SX/S * ^T ®HP " 0)/1R*» * &~sphere-bundle of diaienaion one higher, with

privileged "polar*1 sections , and containing Sx/c as its "equator".

Let E and f be smooth &-vec tor-bun dies on X, and & s pr*E -* pr*F an 

iaoaorphisa, where pr ; Sx /„ •» X. cr can be regarded as the symbol of an 

equivariant elliptic p.d.o. of order 0 between S and F, and ouch an 

operator defines a G-Fredhola complex on B and hence an element of K&(S)« 

The element does not depend on the partioular equivariant p.d.o. with 

symbol a selected, as two such are linearly homotopic through equivariant 

elliptic p.d.o.'s. Thus to the triple (£,?,<?) is associated a well-defined 

element f (£,?,?) of 1L(S). On the other hand {£,?,(?) defines in an

A

obvious way a Ovector-bundle cl(B,?,o) on S^-. I shall show

(i) f(E,F,ff) depends only on the &-vec tor-bundle cl(B, ?,<?), and 

(ii) every G-vector-bundle on S.. /„, disregarding its dlfferentiable 

structure, is isoawrphio to a bundle of the fora cl(s,F,a).
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Let (I) and (ii) be granted for the moment; I ehall construct the 

homomorphiera f , j KG apt(*J/s ) -» J^U). By associating f(3 fF,*) to 

el(3,?,a) one obtains a function from G~veotor«bundles on X to K^(S) which 

is plainly additive. So one has a homoaorphisra K&(S ,_) •* K^(s). But

K0(Va) * VX) » V Vs'X) * VX) * ̂ ..pt^S5 ' '**" * *• ia«ntlfi« 

with a polar section in Sx/s . The suaa&nd K^(X) in ̂ (^v/e) ^ generated

by the bundles ol(^,E,id), and f(3,S,id) * 0 as it is represented by the 

JTredholm-eoaplex tj& * tjt» So one has the required f, :

f , ia a hoaomorphisa of K^(S) -modules - for if Q is a &-vector- 

buadle on S a ̂ redholB-cofflplex representing f (B <& f %, F ® f *Q, ff ® id) 

is obtained by tenaorlng a ooaplex representing f(S,F,<?) with Q. (Of 

oourse f#(B (» f*Q) * (f ,,S) <» Q,)

It renains to prove the statements (i) end (ii)) but I shall need 

two lemmas.

Lynaa 6.6.5 If £ is a smooth G-v«c tor-bundle on a compact relative 

manifold X over S then any continuous section of £ can be approximated 

uniformly by smooth sections, and any continuous equlvarlant section by a 

smooth equivarlant section.
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la the case E - <£ the first statement follows from the 3 tone- 

Weierstraaa theorem. But one can construct a smooth partition of unity 

subordinated to a covering by coordinate neighbourhoods, oo the general 

ease follows by patching together* The statement about equivariant 

sections is obtained by averaging*

«6>6 (a) If X -» S is a compact relative G-manifold and £ is a

G-vector-bundle on X then there la a smooth G-vector-bundle S* on X 

iaomorphio to B.

(b) If Kt, Ba are two amooth O-veotor-bundlee on X iihich 

are ieomorphic mhea one diaregardi the differentiate structure, then 

they are itoaorphio aa amooth G-veotor-bxindles •

(a) I ia the iaage of a projection p j | •+ |, where M is a 

G-aodule. p oorreiponde to a G-«ftp p j X -* Snd(«) auoh that 

p(X) C ProJ(M). But ?roj(M) ia a G-retraot of an open set 0 C Eud(M), 

and too retraction given explicitly in 3*5 is soooth* Approximate p by a 

amooth Ooap X -* U which is &-homotopio in 0 to pu By applying the 

retraction one gets a eaooth GHaap p 1 t X <• Proj(lf) honotopio in Proj(M) 

to p. p' defines a projection in | whose inage S» is a amooth G-vector-
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bundle isomcrphio to E.
i

(b) I shall leave to the reader.

Proof of (i) aboyet ol(E,?,a) ig isomorphic to el(3 V,af ) if and only 

if I « I 1 and F = £' in euoh a way that ? beoones continuously homotopic 

to cr», AS isomorphism impliee smooth isomorphisa one can suppose E » 3 f 

and F « F*. However el(I,?,ff) • eljl,?,^) if and only if a « a«, by an 

argument already used in 4»2>* The hoaotopy between a and ^' can be 

approxiaated by a smooth homotopy, whoee ends 90 end *t oan be supposed 

linearly (smoothly) hoaotopic to 9 and ffl respectively: so altogether 

one oan suppose 0 smoothly hoaotopio to cr* . But then the Fredholm- 

eoaplexes representing f(E,F,ff) and f(l9? f a<) will be hoaotopic, so

as required.

Proof of (ii) above a Any bundle <a» i^yg can be obtained by clutching 

pr*S and pr*F, nhere E and 7 are its restrictions to the polar sections 

of iL/«- One oan suppose that S and ? are smooth bundles. Approximate 

the elutohiag iaomorphisa e by a saooth isoaorphistt <?» One oan suppose
f

that or is hoaotopio to ^, so it will define the same bundle on 1L, .

Before I leave this section I should nake the following remark. If
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one chooses a metric in the cotangent-bundle T*/c then one can identify

the sphere-bundle S with a sub space of T*,, . If K and ? are smooth

G-vec tor -bundles on X and ff : pr*K -* pr*F it an isomorphism (pr i &jr/e ** *)»

then c oan be extended to a ayofcol * s (T*,r - 0) -» ^to^aJSgg) positively 

hooogoaoout of degree k for any integer k. (The ease already dit ousted 

it k * 0.) That it happen* that OSMI oan define hoaoraorphitmt

of k, though I have no ute for that fact in thit thesis. At any rato

depends at most on tho parity of ks if fU) it ropretontod by a

»• f^F then f^ '(^) oan bo represented by

f ̂3 ^ f #F, nhere A j f ,S -» f ̂  it tho Laplace operator; A and AA 

define tho taao element of K&(s) in view of tho followiiig two facte.

A 1)
(a) If U -=**? and V — >W are Predholm-oomplejces defining elements [A],

im[B] of Ka(S) then 17 » W it a Fredholm-oomplex defining the element

[A] * [B].

(b) Tho Laplace operator A hat a kernel and ookornol which are £-veo tor- 

bundles and which are itoaorphio booauto A it self -ad joint. Thus [A] = 0.
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6»7 Aa application; the Tfrom iao-norphisro

la this section I shall suppose that X and 3 are compact and that 

f t X •» S is a relative &-manif old locally trivial on S with fibre a compact

oooplex manifold. I do not imply that f is a relative complex manifold,

••1 »i 
but I do require <J to act holoraorphicaUy ia the sense that g t f (a) -» f (Gs)

is a holoaorphio aap for any g ia & aad s ia 8* Then T* y_ has a natural 

structure of complex G-vector-bundle on Xf and there ia a Thorn hoaomorphism

We have seen that $(1) is defined by the complex of &-v»c tor-bundles

A (9 2 dC — •> pr*T — ̂ A pr*f — » .*• on t « T}, where pr : T •» X. Bveryone

knows that it can also be defined by the complex with two terms 

- A21?!*? •* Y A2i*1pr*T> where the map is now d * d*, d* being the 

adjoint of d with respect to any hernitian ae tries in the bundles. Aa 

indirect proof of this is given ia [7], but I shall digress to prove it 

directly*

Proposition 6.7.1 If the convex B* » (l°-4 B1 -^ ... -4» Bn) represeats 

an eleaeat < of (X^), thea <? is also represented by Ji S21

Proofi It suffices to show that { is represented by the ooaplex
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f

Consider tha complex associated to the double complex

J> d d _n-2 d wn-1 td ,
A —— * •« » —— > A ——— ̂  S ———— =3» JE

for t in 1R , Wh«a t « 1 It It Uoaorfhio to CQ(X^) to 3\ ?urth*raore 

for any t In 1R it 1* aoyolic vtoencver 1* 1* acyclic. And vhen t = 0 it 

i* the direct sum of P* and the complex (B& —— ̂  Sa), which represent* 

•ero ae it is linearly aomotoplc to (E°

to the situation in hand, one sees that d + d* amounts to a

map (T-0) -» Iso^i?) nhioh is hoaogeneoue of decree 1,

•I 
nhich is in fact on each manifold f (s) the symbol of the differential

operator ? + 7* familiar in the theory of complex manifolds: 9 ie the 

operation of exterior differentiation in the antihol omorphic coordinates, 

taking forms of ^ype (0,q) to foras of typo (0,q+l)j "3* is its adjoint.

Thus it is mature! to look at the aomomorphism t ~ f.# t K^(X) •* Ka(S).

I shall discuss it only i» *&• following very special but extremely important

Proposition 6.7.2 Ift in the situation above, the fibres of f z X -» S
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are rational algebraic Yarietiea then t\^t l i K&(S) -» K^S) is the

t 
identity, ao f * embeds KQ(S) aa a direct aumnand in K«(X).

Proof t Aa f ; ' ia a honomorphiam of K-(S) -modules it ia enough to show

that f; 1 V(1) « 1, i*e. that f » ffO) * 1. *• n«*» just seen • « a

that one con use the Fredholm-coraplez

to represent 1); but it ia well-known that if V ia a rational

algebraie variety the map I * 1 1 11 ItA2*^) •» \i.r(A2l*1T») ia

and its kernel ia £ , regarded aa the oonatant sections of A T*. It

follona that f 0(1) ia represented equally veil by the euboomplex

C. •* 0 of the Fredhola-oomplex, and thus f^ (1) = 1, aa required.

The ttoat important rational algebraic varietiea are those of the form 

H/T, nhere H ia a compact oonneoted Lie group and T ia a maximal torus of 

H. They ooeur in the following two important consequences of 6.7*2.

Proposition 6.7.3 If G ia a compact oonneoted Lie group, and T ia a 

naxLiaal torus, than for any compact G-spaoe X the restriction 

esibeda K_(X) aa a direct ausaaand,



6*22

If one identifies K^X) with K&(& x^ X) then the restriction nap 

in question la identified irith f ! , where f j G XT X -» X. But as X is a 

&~spaoe one he* a x« X » (&/*) x X, eo one can appHjr 6.7.2.

Finally we have the general Thorn isomorphism theorem*

PropQgitien 6«7^ If E IB a G-vector-bundle on a compact &~*paee X then 

the Thoaa homomorphiaa $ J K&(X) •* K& vt(K ) i8 A11 isomorphism.

Vk

j S can be written (P x C, )/U, i^ere 0 ie the unitary group U(n) 9 

and P is a coapact (& x U)-§pao« on which U acts freely. (I assume without 

lose of generality that B has constant fibre-dimension.) Let T be a 

maximal toru* of U, and let f i P/T -» X * P/tJ be the projection. One haa 

f*S « (P x CB)A which is eridently the aua of n G-lin«-bundle». So 

we knew f roa 4.8 that the ®iom homooerphisa ^ * Ka(PA) •* K^ t(f *B) ia 

an iaooorphiam. Now oonaider the diagraa

f
ss! I

It ooawtea in view of the evident funotorialiiy-property ^"
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f t PA •» * is a f iteration with fibre U/T and the Li* group U as structure-
t

group, so 000 oan apply 6.7.2, and has f , auoh that f ,f ' « id.

J S o t^ "* K& e t^*5 ^ l8 lik*lAM «plit, as it is a direct suomand

of f ' j KCC? x S2*)/^) -» ((P x Q/T). So tht Th«i i«omorphi«iB for

iaplifts -that for B,
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Chapter Seven

T H B COJtPLSTION OF K . ( X )
tr

This chapter, I am afraid, ia disappointing. I ahall prove, for 

example, the following if f i Y «* X ia a (J-map of finite-dimensional 

compact G-spaces which ia a homotepy-equivalence, but set necessarily a 

&-homotopy-e equivalence, then, provided K*(X) and Kg(T) are finite over 

R(G), the map f ! j K*(X) -» K*(Y) induce an isomorphism of the l&-adi* 

completions of the two modules (cf. 2.5)* I shall show also that for 

suoh X and T the I-~adle topology on Kg (I) and K*(T) coincides with the 

filtration-topology defined in 5*4* At first this seems interesting enough} 

but I don't even know a non-trivial example, let alone an application.

The result just mentioned is deduoed from the following, whioh 

is a little more significant. Let X be a finite-dimensional compact 

0-spaoe suoh that Ki(x) is finite over &(&), and let EG- be the 

universal space for 6. then the I&-adio topology and the filtration- 

topology coincide on both K*(x) end K*(X x E&), the latter is complete, 

and the natural map pr* t Kg(X} •* K£(X x EG-) induces an isomorphism

JL^ K*(X x KG). Because Kg(X x EG) « **(*$>* *»re

(X x BG)/G, this has the effect of expressing the completion
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of Kg(X) as the ordinary K* of a space* It is a generalisation of the
•N.

thooroa of Atiyah-Hiriebruoh that *(&)" -^-* K»(B&)$ my result reduces 

to theirs when X is a point* The theorem obviously has some content, but 

I know of no application* and so I have not tried Tory hard to reawre the 

ugly restriction, or to settle the question whether the I.-adic topology 

or the filtration-topology is the "right" one on K*(X), (But surely it 

should be the latter •».}

As we are operating in the realm of pure art» I shall state my theorem 

in the following form, which seeas to me elegant, and afterwards I shall 

deduce the statements above.

Let £L bo the category of compact free G-spaces over I.

Proposition 7.1.1 If K|(X) is a finite R(&)-modulef then

(i) K*(X)* -- IJii KgdT , and

(ii) E' H»Xj(Yr * 0,

where T runs through the category ^, and all oomplotions refer to the !„- 

adio topology*

Before proceeding with Hie proof observe that it is permissible, and 

will be convenient, to redefine & as the category of compact free G-spaces
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oYcr X and G-fibre*hotaotopy-cl&gaes of maps orer X. Recall also that a 

functor i i KO -» <S la oallod eoflnal if

(i) aaeh object of 6 adnita a morphis* into an object i(T), Y € Co.

and (11) whenever one haa f ft s P * i(Y4 ) and f* i P •» i(Y») one oaa 

find & s Tt * Y aad ga i Y* -» Y in 3e auoh that !(&*) • f 4 « !(**) » fa*

It ia then a trivial eawrciae to ahow that the natural o&p

i* i 1|* ? •» I£B F o 1 la an laanorphlam for any oontrarariant funotor
<S €e 

from 6 to abelian group*.

I ahall prove 7*1*1 la aereral etagea.

Propoaition 7.1>2 7*1*1 ia equlralent tot If K|(X) ia finite over &(&}, 

then

(11) R1

vhere P runa through the category of coapaot free 0-apaoea and C^ioaotopy- 

olaaaei of Mtpa* (Co^plotloaa are Xa*adlo«)

Proofs one mutt ahow that the suboetagory of projeotions P x X -* X ia 

eoflnal in the oatogory «* But any Y •» X In ^ admits a map into
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* * X •» X. On the othar hand given T -> Pt x X, Y -* P§ x x one oan form

*he diagraa

PI x I
N.

(P* * P.) *X,
X*

?t x X 

which eoanutea up to &-fibre-ho»otopy.

Now ohooao a f ixed eabedding 4 t & •* U of & in a uaitaiy group* £ 

iaduooa a\ i i&~apaoo»i ^ [u-flp*o«al with a\x • 0 j^ X. Wo know 

X*(X) « K*(^)t and tho Ig-adic topology on an l(£)**o&ao ooinoidoa with 

tho I-odio topology (2,5), *o

to froo U-apaooa 9 and aa a functor from ^ to 6, « it ia oofinal, as oat 

oan easily ohook. Finally Kj(x) ia finite over &(&) if and only if 

O ia finite over £(0). Haaoo

7*1^ Xt suffices to prove 7*1*1 for tho unitary groupa U(n),

Proposition 7+1 «4 Xt suffioes to prove 7*1.1 when & is a torus

p£go£i Rooall that X defined in chapter 6 a natural heooaorphia*

pr, t 1J(* x X) «» KJ(X) suoh that pr, prl is th« identity* ni»n f is the

flag ami fold U(n)AD ° ^A* Apply this when 0 » U(n), Observing that
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If X is a U~space then U x X x x . One obtain* a natural hoawnorphism

K»(X) « K*(U x^ X) ——*-** KJJ(X) which is left-in?erse to the "restriction":

Ijj(X) -» K|(X). Consider the diagram

A

B

pr' a id on both aidoef if B i» an itoaorphian then A must bo too.

irly I 1 1J« K*(t)' ie a direct auammnd of R 1 I^M K*(T)", which proves

the eeoond

Proof of 7*1.1 when G !• a tome T>

?iret notice that if 0 = (Jt x 0, and if Plf Pt are free &t~, Gt-apaoe» 

respeo timely then PI x P9 ia a free G«*paeef and that free &*>speee« of 

this fora are oofinal in the category of all free G~«paoe«. (Any free 

0~§paee adaits the diagonal map into P/Ct x P/0,, eto.)

Applying this to the torus T one finds by inftiotion using 7*1*2 that

ehen

Propoaition 7.1.5 If X{(X) is finite orer t(T), then
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(i) K*(X)*- Um K*(X x P}*, and
P

(a) a< *»K(x «P)* » o,

P run* through tho oatagory of compact froo T-opaooa and T -ooaotopy* 

olaaaaa of napa. (o&o auppoaaa givan a fixad hoAoaorphiaa t j T -» T*1 

ifearaby T*-opaooa boooo* T-apaoaa.)

Proof: Ragard f4 at tho oonplax ouabvra of moduXua 1* It aota naturally 

on 8 t too unit-aphara in ^ * Forthoraora tha aat of apharaa 3 **" 

vita ixwluaion aapa ia oofinal in tho oatogory of froo T^-apaoaa. for 

any froo T^-apaoa P ia tha unit-aphara oundlo of a ooaplaz lina-bundlo L. 

L ia a aub-bundla of a tririal bundla C . tho roaulting C ~nag> L -» C

induoaa a T1 -«ap P -» S211*1 * Bat any two T1 -«apo P •» S2""1 . P •*

^ ^ - A . « ^ « « . . baoono hoaotopio ia 8 a S *8 . So ono haa to ahov

(t) *Z(*r H« K*X x
a

(U) fi1

Cenaidar tho long axaot aaquanea

... * *}V* * »**, « » »'™"1 ) * «T<X K B2*) * «$<* K " /-••• • 

0»ln« tb» Thai iaa«exi>hl«M this UO«OM
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whsra a i* •ttltiplioation by A_ I £*] » (1 - t)&* Because K|(X) is finita 

ovar R(?) this seque&ee remain* exact often oonpletod. (Thia ia the only 

plae« vbaro one tiaaa fiidt*a»»aj it la conceirabl* that for th« filtration* 

topoloQr tha aapa of tba aaqaenea would bo strict, and than ona would avoid 

tfaa aacuoption.) Tntia wa hava ahort axaet aaquanoea

(i) 0-*

(il) 0 •* B^ -* A -» (1-t) •» 0, n n

whara A » X|(X) A t and A^ * A, but tha »ap froa Aj^1 to Aft is •ultiplication 

by (1-t). Kow obaarra that (l-t)\ C l*A, so IJm (1-t)ttA « 0. F or tfaa 

sana raason IJji V(l-t)aA * A. And a* l^m Vd-t)nA » 0 bsoausa tha naps 

in the aequenoe are turJaotiTa. Finally recall that 

0 •* Xia A •» n A 5 n A •» R' IJn A& -» 0 is aacactf whara
^^ IHI eia) «a> **

•(1*4 1) K 1*4 ^ ( 1 ~t)**^|)* C^5] Bat s is an isoMrphisa on the ocaplet*

•odula HA because it has an inrarsa |a.l v-^ U(l-t)V. J. So* *^

IJn A^

This ooaq>let*s the proof, as (i) induces

n
0*

o *

Ua » x * a •* R 3« B -» 0,
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walla from (ii)

that lim B « R1lim B * 0.+> *• ii

It remain* for BIO to deduce the aaaertioaa I mado at the beginning 

of too chapter. la th* foHowiag propositions X ia a finite-dimensional 

compact a-spaoe with K(X) finite over

7»1 *6 The I -adic topology oa K*(X) ooiacidea with the

filtration-topology.

Proof; If a denotes the I -adic topology, aad f the filtration-topology, 

one must show that the identity-nap K*(x)a •* Kj(x)f> 1lhioh ** plainly 

continuous, la a homeomorphiaa. It suffices to ahow that

* ia a homeotoorphlam, 

Ona oaa ohooae a cofinal system of compact free G-spaces which are 

finite-dimensional, e.g. G, G * G, G * G * G, ... , If P belongs to thia 

ayatam K?(? x X) « K*(? x X)f , aa both are discrete. So there ia a 

ooatiauoua map **(X)f * 1J» ^(? * *)f • 1}* ^(^ x 

induces th« r^q»jir«d iiw«r*c



LtlJ The filtration-topology en K*(X x BG) can be def intd

by the sequence of subaodules j^J, where mfc * k»r i K£(X x EG) •* KgUxX"*)

«»If X has dimension x and & has dimension G then (X x 1 &)/G has
— v w

dimension x * (k*l)(g*l), ao U x «"») » 0, and

"k* ^ ^^ otller hand " C K ^ X x ^ because. 

X x X C is (J-homotopy-aquiralent to lk"1Yf where Y is the 0-spaoe

X x EG x 6 orer X x BG«

Preposition 7.1.8 K*(X x 1G) ~^-> li* K*(X x B*G)j hence the !„-<
•MMMMMMMMMMMMMMB y. *. \f (f

tepolegy and the filtration-topology on Kj(X x BG) coincide, and K*(X x 

is complete.

Proof: Consider the filtration of X^ v (X x E&)/& hy the compact subspaees 

(X x S lr)/&. By a theorea of Milnor [25] one has a short exact

sequence

0 - R11M KX -* K * *» ** •* 0.

(This is actually a special ease of the spectral sequence of 5*1. The 

•paces [A do not quite satisfy Milnor 1 a conditions, but at any rate one

has a short exact sequence if the middle tent is replaced by K(W), ifeere

012 V is the universal spaee of the category X& -> XG * X£ •* ,..j and W is just
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(X x E*)/&, ifeere B 1 ia a now triangulable univereal apaoa for G, ao 

W * Xg. But really ona con prove a ouch more general result} 1 didn't 

inoluda it in chapter 5 because I haven't developed enough K - theory for 

non-compact spaces. ) The sequence (*) can be rewritten

0 •* R 1 lim K|~1 (X x A) * J&XxBG) •+ lim K|(X x A) •* 0|

but the ayataa (sn&! ia cofinal in tha category of ootopact free G-apaoea, 

7*1*2 giree one the reault deelred, and also the corollary.

7>1 r9 pr? * K£(X)* •» K*<X x KG) ia an isomorphism.

ao

I oonolude with

Proposition 7,1 .10 If T ia another f inite-diaenBional compact G-spaoe

such that KJf(T) ia finite over E(&) 9 and f ; T •* X ia a G-omp which ia a
t 

homotopy-equivalence nhen a ia disregarded, than f * induces an isomorphism

Proof; It suffices to show that f induces a hoootopy-equivalence

f it •+ X-« »»t X» and T« are fibred locally trivially over BG with
& G Ir w ir

fibres X and T respectively, ao f& i* looally a fibre-hoaiotopy-equiveaenoe, 

therefore by [l&] * fibre-homo topy«*equivalence globally, and in particular
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