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ABSTRACT

P

(Por a more discursive and propagandist account of the contents I refer the
reader to the introduction

The purposs of this thesis is to presemt a fairly complete acoount
of equivariant K-theory on compact spaces. ZIquivariant K-theory is a
gonerelisation of F-theory, a rather well-known cohomology theory arising
from consideration of the vector-bundles on a spacse. Equivariant X-theory,
or F;-theory, is defined not on spaoes but on G-spaces, i.e. pairs (X,a),
where X is & spece and a is an action of a fixed group G on X, and it
arises from consideration of G-vector-bundles on X, i.e. vector-bundles on
whose total space G acts in a suitable way (of 3.1). In this thesis G
will always be a compact group.

But Kg~theory does not appear in the first three chapters, which are
introductory. Chapter 1 oonsists of preliminary discussions of little
relevance to the sequel, but which permit me to make a few propositions in
the later chapters shorter or more elegant. It was intended to be amusing,
and the readsr may prefler to omit it,

Chapter 2 is devoted to the representation-theory of compact groups.
When X 4s a point a G-veotor-bundle on X is just a representation-module
for G, 80 the representation~ring, or character-ring, R(G) plays a funda-
pental role in Kp~theory. In chapter 2 I investigate its algebraie
struoture, and in particular when G is a compact Lie group I determine
completely its prime ideals. To do t:is I have to discuss first the space
of conjugacy-classes of o compact Lie group, and outline an induced-
representation construction for obtalning finite-dimensional modules for
G from modules f'or sultable subgroups not of finite index.

Chapter 3 is a rather full collection of technical results concerning
Geveotor-bundles: they are all essentially well-known, dbut have not been



stated in the equivariant caae.

Chapter 4 presents basic equivariant K-theory. I show that it
can be defined in three ways: by G~veotor-bundles, by complexes of G-vector-
bundles, and by Fredholm complexes of infinite-dimensional G-vector-bundles.
This chapter also treats the continuity of KG vith respect to inverse limits
of G~spaces, the Thom homomorphism for a G-vector-bundle and the
periodicity-isomorphism, and the qusstion of extending X, to non-compact

spaces.

In chapter 5 I obtain for K,(X) a filtration and spectral sequence
generaliging those of [6], but without disseoting the space X. iy method
is based on a Cech approach: rfor each open covering of X I construst an
auxiliary space homotopy-equivalent to X which has the natural filtration
that X lacks.

Also in chapter 5 I prove the localiszation-theorem (5.3), which,
together with the thecry of chapter &, is one of the most important tools
in applied K.~thecry. Kg(X) is a module over the character-ring R(G), so
one oan localize it at the prime ideals of R(G), which I have determined
in 2,5. The simplest and most important case of the localisation-theorea
states that, if © 4is the prime ideal of oharacters of G vanishing at a
conjugacy-class ¥, and if x¥ is the part of X where elements in ¥ have
fixed-points, then the natural restriction-map Kg(X) + Kz(X¥) induces an
isomorphisa when localisged at ¢ .

In chapter 6 I show how to asscciate to certainmaps £ : X » Y of
G-spaces a homomorphisa f, Kg(X) » XKg(Y)e It 4s the analogue of the
Cysin homomorphism in ordinary cohomology-theory; but it can also de
regarded as a gensralisation of the induced-representation construotion of
2.4, In the important special case when £ is a fibration whose fibre is
& rational algedbraic variety I prove that 1 is left-inverse to the natural
map £* 1 Kg(Y) » Kg(X); and I apply that to obtain the general Thom
isomorphisa theorea.
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Finally in chapter 7 I prove the theorem towards which my thesis was
originally directed. Just as a G-module defines a vector-bundle on the
classifying-space B, for G (of [1]), s0 a Gevector-bundle on X defines a
vector-bundle on the aspace XG fibred over B, with fibre X. Thus one gets
e homomorphism a : KG(X) - K(Xz). I prove that if Ko.(X) and K(X;) are -
given suitable topologies then in eertain circumstances K(Xp)is complete and
a induces an isomerphism of the completion of K;(X) with K(X;). This

gensraliszes the theorem of Atiyah~Hirsebruch that R(G)" # K(Bg).
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INRTRODUCTION

The purpose of this thesis is to develop egquivariant K-theory. X-
theory is the art of construoting a cohomology-thecry out of the vector-
bundles on & space: I think it will need no introduction to the reader
((6], [5], [7], ete.). Equivariant K-theery is a generaliszation obtained
as follows. One fixes a topologioal group G, and considers G-spaces X,
1.0, spaces X together with a given continuous agction of G on X. A
G-veotor-bundle E on the G-space X is an ordinary vector-bundle E 2. x
together with an action of G on E such that p is equivariant and such that
the map induced by g ¢ G from the veotor-space fibre E_= p.ﬁ(x) at x in
X to the fidre Eg,x is linear for all g and x. G-veotor-bundles om X can
be added fibrewise: (E o Py = Bx o7 and their isomorphism~classes
form an abelian semigroup whose associated abelian group is KG(X), the
basis group of equivariant X~theory. One ocan form a tensor-product of
G-veotor-bundles, and it induces a structure of ring on xa(x).

By way of propaganda for equivariant K-theory I shall make here just
two remarks. The first is tﬁtﬁ G-veotor-bundles are very common in
nature., For instanse, if the base-space X is a point, a G-vestor-space
is the same thing as a representation-module fer G, and.xg(x) is isomorphio
to the "charscter-ring" R(G) of G} so0 G-veotor-bundles are s gemeralisation
of group-representations. On the other hand they genaralise ordinary
veotor-bundles (the case G = {1]); and whenever, say, a group acts on a

differsntiable manifold, all the veotor-bundles naturally sssociated to



the manifold, such as the tangent-bundle, are G-vestor-dbundles. Finally,
there is the “hemogeneocus" vector-bundle: if H is a subgroup of ¢, and

M a module for H, ome can form on the quotient-spese G/H a G-vector-bundle
E= (6 xM)/H «H acts anxlby(h;g.u)H(gh.’,h)- which is
important in conmsetion with group-representations as its space of sections
is what is usually called the "represeatation of G induced from N".

Ky second remark is that equivariant K~-theory is often useful for
obtaining, or for making perspioucus, results in crdinary K~theory. Ona
the simplest level this is becauss one can of ten regard a space as the
quotient of a more convenient space by a group-setion., It 4s hard to
produce a profound example without going too far afield, but I can mention
the case of "echomology-operations in K-theory" [3al]. An cbvious
opsration on vestor~-bundles is the kth tensor-power Ev> 2 @ +.0 ® 3
(k factors). It induoes & map K(X) < xg(x), where G is the aymmetrio
group on k symbols, and is made to aot trivially on X. Because G acts
trivially on X K (X) ¥ R(G) ® K(X) (of 4.1 below), so0 far each homomorphism
R(G) - Z one gots a natural operation K(X) + K(X); and in faot all such
operations can be obtained in this way. On the other hand if one had
not cbserved that the tensor-power had a G-action one would have chtained
only the uniaterssting eperation § +» lk .

But from a =ore cynical point of view one can say that equivariant
K-theory is interesting end non-trivial bdecause the Bott periocdiecity of
ordinary K-theery, in the form of (5], happens to extend - without change -
to equivariant K-theeory.

To turn to the structure of the present work: anyone writing about
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K-theory is embarrassed by the fact that although there is no proper
exposition of the subject in the literature there have been a large number
of bites at the apple, so that most results appear somewhere, but usually
enly with ad hoe genmerality. I have decided without any conviotion to
preasent here a fairly complete and general acoount in what seems to have
emorged as the canonioal presentation; because most of the material is
essentlally well-known my exposition is compressed, and will appeal at
best only to the converted.

Chapter 1 consists of preliminary discussions which permit me to make
a few propositions in the later chapters shorter or more elegant. It was
intended to be amusing, dut the reader may prefer to omit it.

Chapter 2 is devoted to the representation-theory of compact groups;

1 desoribe in detail the strusture of the character-ring R(G). This
chapter is preliminary to the body of the thesis, and it goes into more
detall than is subsequently required, so I refer the reader to thes sumsary
on page 2.1.

Chapter 3 1s a rather full collection of technical results on G-veotor-
bundles: they are all essentially well-known, but have not been stated in
the equivariant case.

Chapter 4 presents basic equivariant K~theory. I show that it can be
defined in three ways: Dby G-veotor-bundles, by complexes of G-veotor-bundles
(of [7] Part II), and by Fredholm ecomplexes of infinite-dimensional Ge-veotor-
bundles, All three methods are from time to time useful. Unly my
disoussion of Fredholm complexes is original, though even there the idea

has been well-known for some time., The chapter also treats the continuity
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of KG’ the Thom homomorphism for a G-vector-bundle and the periodicity
isomorphism, and the gquesation of extending KG t0 non~-compact apaces.

In ochapter 5 I obtain for Kb(x) a £iltration and spectral sequence
generalising those of [6], but without dissecting the apaoce X. To restrict
oneself in classical K-theory to the category of triangulable spaces is,
however ugly, not reslly disabling; but to restrict oneself to G-spaces
with some kind of equivariant decomposition would be much more embarrassing.
The device I use to avoid dissecting the space is probably, I think, the
most interesting movelty in this thesis. It iz based on a Cech approachi
for each open covering of X I construct an auxiliary space homotopy-
equivalent to X which has the natural filtration that X lacks.

Also in chapter 5 I prove the localisation theorem (5.3;, which,
togsther with the theory of chapter 6, is one ef the most important tools
in applied Ku-thoe:y. One should think of 1t as an attenpt to desoribe
elements of KG(X) in the way that representations of G are descrided by
their characters, functions on G, xu(x) is a module over the character-
ring R(G), 80 one can loecalize it at any prime ideal of R(G). Now prime
1deals of R(C) correspond very roughly te conjugacy-classes of G {the proper
statement is in 2.5), and looking at the image of an elemsnt of KG(X) in
the localiged modules can be regarded as the analogue of looking at the
value of the character of a G-module at the conjugacy~classes of G. The
simplest and most important case of the localization-theorem states that,
if ¢ is the prime ideal conaisting of characters of G which vanish at a
conjugacy-class ¥, then an element of KG(X)? dspends only on its restriction
$o X¥, the part of X whers slements in ¥ have fixed-points, im fact



xG(X)%,—E* k(x"),

The eontents of chapter 6 is also very important: most of the more
significant applications of equivariant K-theory depend on it., I show
that one can assooiate to certain meps f : X » Y of G-spaces a homomorphism
£, 1 K,(X) = K;(Y), not of rings but of KG(Y)-modnlaa. It corresponds to
the Gysin homomorphism in ordinary cohomology-theory; but it is more
enlightening to regard it as a generalisation of the "induced representation”
oonstruction of the theary of group-representations (of 2.4). In the
important special case when £ is a fibration whoss fibre is a rational
algebraic variety I prove that r: is left~inverse to the natural map
r’ $ KG(Y) - KG(I); and I apply that to obtain the general Thom isomorphism
theorem.

For a preliminary acccunt of some the the applications which have
been made of the theory of chapters 5 and 6 the reader can refer to [8].

Finally in chapter 7 I prove the theorem towards which my thesis was
originally directed., Just as a G-module defines a vector-bundle on the
olassifying-space B, for G (of [(1]), 80 a G-vector-bundle on X defines &

vector-bundle on the space XG fibred over B, with fibre X. Thus one gets

G
a homomorphism a KG(X) - x(xu). If these two groups are given suitadle
topologies then a is continuous, and I show that in suitable circumstances

K(XG) is complete and a induces an isomorphian,xc(x)’ = K(XG)' This

Hp

generalises the theorem of /tiysh-Hirsebruch that R(G)" K(BG); but I
know of no applications, except the following poesibly empty one: if
£:X-+Y i3 a G-map of compaot G-spaces which is a homotopy-equivalence,

though not necessarily a G-homotopy-equivalence, then in certain circumstances



t! induces an iscmorphism ol the completions KG(Y)‘ - KG(X)“.

I should mention in conclusion that I have used (from chapter 3 on)
a definition of Geveotor-bunile more genersl than that above: I have
assumed that G 13 equipped with a homomorphism a into the Galois group of
C over R, and that G aots on C whenever it ocours by means of a. That
is to say, I consider “antilinear" sctions of G on complex vector-spuces.
By this device I have included without extra labour the "real K-theory”
of [3]; dut as my subject is eomplex K-theory I have refrained from
pursuing any question peculiar to the real case.
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NOTATIONRS

I shall use the following standard notations.

N, Z, Q, R, C denote respectively: the natural mmbers 0,1,2,...,
the integers, the rational numbers, the resl mumbers, and the complex
numbers.

DY donotes the standard q-dimensional dise in ‘Rq, and S"""'1 is its

boundary (q-1)-sphere.
a4 is the standard g-simplex in ‘Rq“, i.e.

Aq = {(Ao, s ey Aq) S Ai ’ 0’ z Aiﬂ "l'

T1 is the group of complex rumbers of modulus one,

I use the sign llfortho:uminmycatcgoxy(mdnorxfortho
product).



1.1

Chapter Ome

PRELIMINARIES

1.1 Reslisation fuooters

In this section I shall review briefly an abstract construetion whose
usefulness will be shown, I hope, by the examples below.

Let P be & oategory, and 4 1 F - T a funotor into & category with
direct limits. P denotes the category of presheaves of sets on 7, i.e.
of funotors I° - Egs.

i 4nduces two functors, 1,:9~'r;ndi‘:'1‘~i,ufollms

1 X eT, 41°X is the presheaf S —» Mor(i3; X);
4f A s 7 1s a presheaf, then i A, called the reglization of A, 1.1}-1,
where F/A is the category whose objects are pairs (s,8) with S s F aidA
s ¢ A(8), and whose morphisms from (S,a) to (S',a') are the morphisms
¢:3+S' of ¥ such that ¢°(a') = a; 4 is regarded as a funstor on F/A
by i(S,a) = 1(8).
i, and 1* are adjoint: MNer(4; 1°X) s Mor{(iAj; X). Por the left-

hand-side 1 1im 4*X = 1ldm  Mor(iS = = .
s s simply r;: (s.eTa/n (18} X) lorg.il.:)is; X)= Mor(i,A;2



1.2

Ezasples
(4) P = Fin = eategary of finite sets (resp. ¥ = Opd = category of finite
totally ordered sets)

T = Top = category of topological spaces

i=4: 7in -~ Top uaigutoScrth‘stmdardainpluAswiths
a8 its vertices.

Then F s the category of simplicial (resp. semi-simplicisl) sets
« in the sense of Grothendieck [19] -~ and A* ; Top -? assigns to a space
its "singular ocomplex", while 4, assigns to a "complex" its geometrical

realisation - as defined by Milnor [25] in the semi-simplicial case.

(11) F = category of open subsets of a space X
T = Top/X = category of spaces over X
1. t 7 +T 48 the inclusion.
'rhcnf'u the category of presheaves on X. 4i* assizns to a space over

X 1ts sheafl et sections, and i assigns to a presheaf the associated space

étalé over X eonstructed by Cartan ([18] pege 110).

(444) F = Cpt = category of eompast spaces

T=Tep; 1 Cpt» Top is the inslusionm,



One might call Cpt” the category of pre-quasi-spaces. Then 1° assigns
to a space the associated quasi-space as defined by Spanier (30], and 4,

assigns to a pre-guasi~-space its natursl geometrieal realisationm.

1.2 A generaligstion,

IhsnaxpldudhovtoomndatmtwizP-o!tothocah@of
presheaves of sets on F. This is not quite gensrel enough for my purpose:
if there is given snother oategory C and & pairing C x T - T then one can
define & "reslisstion” 4, t F, = T of the catsgory of presheaves on P with

values in C,

To see this observe that the dnfi:dtiont.ﬁﬂ;}:iaf the realisation
of & set-valued presheal can be rewritten more explicitly
1A = lim 1(8e) ® A(84),
(80 3 84) s ¥/R°
shere 7/F° is the category whose objeots are morphisms 5o ¥} 5,007 am
whose morphisss from ¢ to ¢ are pairs of morphisms de ! S0 » 8§,

¢, 1 5] = 8, such that ¢, t' do = t. (If & 45 a set and X is an ocbject
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of some category then E ® X means the sum "of E coples of X"; 1t exists
here bocsuse I assume T has direct limits. Eimilarly Map(E;jX) means the
produst “of X copies of X".)

The advantage of the new formulation is that it 1s meaningful for a

presheal A with values in C when one interprets ® as the given pairing.

Notice that 4f X ¢ T then 4 1°X 5"( ;;% )1(39) ® Yor(i(S.); X), which
8048,

puts in evidence the adjustion-morphism 1,1%°X « X,

Exaaplos
(1) Let G de a finite group, k a field of characteristio prime to the order
of ¢, and k[G] the group~ring of G over k.

Lot T be the category of k{(G]-modules, F the full suboategory of
simple k{G)-modules, 1 : P - T the inclusion, and C the sategory of vector-
spaces over k. Then an objeot E of T defines & presheaf 1°E on P with values
quyN\-rHc-ﬂG](w; E). Conversely a presheaf A : F° + C has a
reclisation i A in T. Because morphisss in F are either zero or isomorphisms
it is easy to see that 1A = ‘Jl_‘lp M “o““(“)' where D, is the skew-field End(N).

It 1s well-known that i, and 1% are inverss equivalences. (In particular if

one takes E = k{G]* then ’*"‘k[e](“m“]') 2 an[ﬂ(k[ﬂ;u*) = N*,80 cne obtai
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- Kc)e, 1y k5] » 0 End (M), the dscompositl
I_L‘Lrldpl(l) k(C)*, and aually k(2] x nd.nu() composition

of the group ring into "simple matrix algedras®.)

(£4) Let G be a tepological group. One can define a semi-simplicial

G~space G, by G,(3) = Map(8; G), 8 being a finite ordered set. (It would

seen more matural to regard G, as a simplicial G-spece, but that turms out

to be inexpedient.) If A : Ord - Top is as in 1.1 Ex.(1) then

8,(c,) = lim 4, xNap(s,; G) 1s the universal G-space EG defined by
(8e78,) °°

Milnor [24]. o be precise, 1t 1is not quite Milnor's G + G ¢« G « ... , but

is the space obtained from that by collapsing degensrate simplexes -~ i.e.

those in which two consecutive vertices are the same element of G. In most

cases - 6.8, if G is compact = it has the sanme homotopy-type as

GeGCe*eC * ... o I shall return to this point later.

(1141) Let X be & eategory. I shall define a topological space EX suoh that
if X 15 a group, regarded as s category with ons aobject, then BK 1is a
oclassifying-space for K,

Let 1 « Ord - Cat, the eategory of categories, be the inclusion. It
induces 1* : Cat -~ 0rd” ~ 1°K(8) = Punct (3; KX) - 4K can e thought
of, acoording to taste, as the "singular complex” or as the "nerve" of K.

Define BK = A, 4'K = 1lim & =

v (S%)Aa‘xl‘\\mt(s‘; K)e Thus B is a
oxd/x g
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funotor: Cat < Top.

Remaris
(a) If K "is" a group ¢, and XG is defined as in example (44), then the
maps Nap (S; G) < Punet (8: G) defined by £ +> [(eed) > £(a) '£(8)}

induce & map EC = BG which identifies BG with 2G/G.

(d) In the next section I shall extend this definition so that it will

inolude, among other things, the case of a topological group.

(iv) Let X be & spsce, and W.‘..z scovering of X. If 0 C I define

U, = ‘l;\c U.. The spaces U, for ¢ finits, together with their imclusion
meps, form a full sudoategory R of Tep/X. 1R (notation as shove) is
the barycentrio subdivision of the merve, in the usual sense, of the
eovering; 5o BR is the usual geceetric nerve. It will appear in ohapter

5 that it is reascnable to define also a “universal apage” ER over BR,
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1.3 To te

A topalogiocal category is a category C in the category of topological
spaces (of [19]) 4.0.4t is an ordinary oategory but with a topology on the
sets od(C) and mor(C) such that the structural maps ob(C) '—'—':—_—"_'- por(C) and
the composition mor(C) *a(C) wor{C) -+ mor(C) are contimious.

We have seen that an ordinary category defines a semi-simpliciasl set,
and correspondingly a topological category defines a semi~aimplicial space
C,

°. " - Xoﬂ, .xalx° " [} X ']

where 0 = od(C), m = mor{C). As before I shall write BC for the realisation
4,(C,) of this semi-simplicial space, and call it the alassifying-space for
Ce

I have pointed cut already that the classifying-spaces so defined are
8 little squashed, The space defined by Milnor is spread ocut over the
infinite simplex & = the realisation of any semi-simplicial space 3 +» A(S)
can be so spread out, if desired, by replacing A by 8 —» tlé‘l'“:(ooimn t).

3]

The virtue of the squashed construction is that it commutes with products:

B(C x C') —> BC x BC'; to be truthful, it commutes with produots when

one works in the category of compactly gensrated Hausdorff spaces. (The
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proof is the same as the olassical proof that the realization of a semi-
simplicial set commutes with produets.)

One property of the functor B is:

Proposition 1,3,1 If Fo, Pq 1 C » C' are two functors and there is a

morphisa of functors F : #o » ¥, then BF, and BF, are hemotopie.

Pregf:s F can be regarded as a functor C x J +» C', where J is the oategory
(+—>+)s But B cammutes with produets, and BJ = I, the unit interval, so

BF ¢t BC x I » BC' s & homotopy.

Remarks: Thus C can be replaced by an equivalent category without changing
the hemotopy-type of BC. Another example is: an inner sutomorphisa of a
topologioal group induces a map homotopic to the identity in the classifying-
space., But I think the following example is the most interesting. The
universal space for a group G oan be written BC, where C is a category with
ob(C) = 6, mor(C) = 6 x G (1.2 Ex.(41)). This category is plainly equivalent
to C' with ob(C') = point, mor(C') = point. Memoo EG is contractible.

I conolude with another example. The classifying-space for a group
G 4s BC where G is the category with ob(G) = point, mor{G) = G. A locally

trivial principal G-fibration over a space X is determined dy a funotor
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£ 1R <0, whers B 1s a category with ob(i) = L\Ua mdw('i) = Jloqs.

{ual being a covering of X with respect to which the fibration is trivial,
(Any squivalence~-relation on a space Y can be pegarded as a topological
category C with ob(C) = Y.) The fibration determines £ up to equivalensce,
So 1t determines up to homotopy » map BR » BG, If the covering is numersble
then BR - the universal space mentioned im 1.2 Ex.(iv) - 4is homotopy=-

equivalent to X (see 5.1), 80 ons has a map X + BG determined up to homotopy.

Appendix Of ocourse most everyday categories are 80 large that it is
smbarrassing to put a tepology on their set of objects. This embarrass-
sent ocan be relieved by remarking that among all categories equivaleat to
a category C there is a last one C, whose set of objests is igom C, the set
of isomorphism-classes of objects of C. Frequently there is a sensible
topelogy on C. Then C should be topologised by calling a set of cb(C)

or mor(C) open ir it is the inverse-image of an open set by the funoctor

C +C. Bven then not encugh oategories are topological categories. For
example one oan give the set of isomorphism-classes of topological spaces
the disorete topolegy, but there is no suitadle way of topologiszing

Map(X; Y) for two genersl spaces X, Y. The problem disappears if one

replaces the categery of topologioal spaces by the category of compactly
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generated Hausdorff spaces, or by the category of quasi-spaces of Spanier.

teh  Qbjects with group-sotion

If G 15 a topological group end C is a topologioal category I shall
write ¢ - C for the category Funet(G; C), where G is regarded as a ocategory
in the usual way. ¢ = C is called the category of "objects of C with G-
aotion®,

To be explicit: an objeet of G - C 15 a pair (X,a), where X s an
obmtcfc,mauaonaac(x)uahmrphuaotumedm semigroups;
uurphhnf:(x,a)-(x',a')tnc-cuuuernuur:x~x’quch
that fo a(g) = a'(g) o £* for all g ¢ G.

¢+ [1] induces & funetor T ;s € - ¢ - C. The left- and right-ed joints
of T, when they exist, are written X > X/G and X +» IX respectively,

°x.)

(But sometimes I write x“ for I
Ir (X,a), (X',8') are ocbjeots of G ~ C then Nor(X; X') will always

denote lcrc(x; X')e It should be regarded as s space with C-action.

Norg_((X,0)3 (X',a')) will slweys be denoted by Ner™(X; X'). Bvidently

lnt“(l; X') = I‘Guor(x; Xx').
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The sum and the produet C x C + C, if they exist, induce the sum and
the product (6 - C) x (6 = C) - (6 - C). This means that many properties
of C carry over t0 G = C, Por example: if C is additive, or adelian,
then s0 18 G ~ C,

Bus I shall make the following convention. When I am consermed with
eategories of topologieal spaces for which there is no sensible topology
on End(X), I shall regard a map G » End(X) as ocontinucus when the adjoint

map G x X » X is continuocus.

1s5  G-spages end siices

I shall be concermed throughout this thesis with spaces with C-sotion
or $-3pages. But the only general theorem sbout them I shall need to use
is the existence of sliges, which I shall now explain,

If X 1is u@»:p.umﬂxaxmc‘un almys denote the stabiliser
of X, 10, ¢ = [geé 1 gx=x]. If {x] 10 closed 4n X then G_ is &

olosed subgreup.

Definition 1,5.1 Iflhaﬁ«npucudxcx,nmwxhtc‘-lhblc

subspace S of X containing x such that
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(1) G.tc is a neighbourheod of x, and
(14) the G-sotion €& x 8 » X induces an isomorphism of C-spaces:

(¢ x 3)/6: - G.8.

Thus if there is & sliee at x there is an eqguivariant retradtion of
the neighbourhood G.3 of the orbit G/Gx of x. If X is locally compast the
existence of sueh a retraction is easily seen to be equivaleat to the

existence of a alioce.

Propesition 1.5,2 If X is a completely regular G~space there is a slioe

at every point of X.

This theorem is due to Mostow; & proof can be found in chapter 7 of {9].

L3

1.6 Howotopy theory and K-theory

There is a functor T : 338 -+ Top which assigns to a set the disorete
topolegy. One would define ¥o t Top -+ Eng as the left-adjoint of T, but
unfortunately T is not lefteoxact (it doesn't commute with products), so it
cannct have a left-adjoint. The best one can do is to define 7o as the

left-ad joint of the inelusion of the category of O-dimensional spaces in
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Tep. (In Top the O-dimensional spsces - those with s basis consisting of
open and closed sets - farm the smallest full subcategory containing the
disorete spaces and closed under inverse limits.) wo will of oourse be
right~-exact.
fo acquires much more interest as a fumetor on ths category of

topological groups (with values in the category of totally disconneoted
groups). ¥e(G) is them G/G°, where G is the identity-component of G, If
41 2C' +2GG +0Q" « 1 45 & shart exsot sequence of topological groups thea
Teli' » wold » Fli” » 1 18 oxsot, and the kerosl of the first map is abelian.

The impertant thing is that cne can define left~derived functors (1 eN)

"
charssterised by a universal long exact sequence

oo+ 5(6") L 5,(3') + 7, (6) = 1, (6") L #o(G') =+ #e(G) + we(") 1.

The category of tepological groups is a full suboategory of the category
of spaces-with~composition or li-spaces, so one can extend ¥, to a functor
on the latter, with values still in the category of totally disconnscted
groups. In this form 1t is the sudbjeot of classical homotopy-theory.
(One speaks there usually of the composite of the v, with the trivial exact
funetor which asscciates to a space its Hespace of loops.)

The category of H-spaces is a full subcategory of the category of
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the category of topological categories-with-composition: a space X should
be identified with the category X == X, its trivial prolongation as a
semi-simplioial space. 8o ¥e can be extended to a functor on the category
of topological categories with composition, with values still in the category
of totally disconneoted group. In this guise I shall write it X instead of
%o, and call it the Grothendiegk group. Thus if A i3 a category K(4) is

the group #o(gh A/R), where R 4s the equivalensce relation mor A 3 ob A.

I shall be concerned only with the case of topolegioal additive categorie
with the direot sum as composition. Then to get & non-sero K(A) one must
agres to discard all the morphisms except isomorphiasms. Thus
K(A) = wo(inom A). |

If A is a topological additive oategory I shall write C(A) for the
category of bounded complexes (E°,d°) of A, with chain-homotopy classes of
morphisms; 1.e. % 1s an object of A for q ¢Z, with % = 0 for lel large;
a%; g% . !qd is sueh that dqﬂ. A%z O3 morphisms are families
9 33 + 38 commuting with 4], 45, but £ and £ are identified if there
are b s B3 28! (g € Z) suoh that £3 - £8 = 4TV o 4T, P! . o0
(of [31]). C(A) 1s a topological additive category, and there is a

canonioal inelusion i : A = C(A).
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Proposition 1;,6,1 If A is a real topological additive category (i.e.

mor(A) 1s & real vector-space in the category of spaces over ob A x ob A),

then 1 1 A + C(A) induces an isomorphisa of Grothendieck groups.

Progfs Define a map ob C(A) » wo(ob(A)) by (B°,a°) > f (-1)9&9].
It evidently induces , 3 K(C(A)) < K(A) such that x o X(4) :m. But
(2°,4°) 4s jJoined by a path inm ob C(A) to (E°,0), whose image in wo(ad C(A))
differs from I(=1)Y2?) vy addition and subtraction of complexes homotopic
%o slementary complexss ... 0 +E 2 E <0+ ... which are isomorphio

to sero in C(A). So also K(i) o y = 4.

There are two reasons for considering C(A) in preference to A. The
first is that the set of path-componsnts of the set of iscmorphism olasses
of C(A) has an inverse operation for ® : the translation T of & ocomplex
by one dsgree. In faot E° @ TE® is the mapping-cone of 0 : B° - E°, and
is connected by a path to the mapping-cone of 14 1 B* « E°, which is
isomorphic to sero in C(A). This means that ob C(A) < K(C(A)) 1is set~
theoretically surjeotive, which is convenient.

The second reason is that one may have a class of preferred short
sxaot sequences in A, and would like to identify (2] with ['] + [E"] in

K(A) when there is a preferred short exact sequence 0 -+ E' «E + E" » 0



1.18

in A. That can be done very simply by replacing C(A) by D(4), 4its derived
category with respect to the suboategory of complexes which are acyclio with
respect to the given notion of exsotness. (See [31])  This will be
important in 4.5.

¥hat I have said in this section for topologiocal categories ocan be said
for ostegories in any category F. Instead of totallye-disconnected spaces
ons should use, I suppose, the subcategory of F cbtained by adjoining
projective limits to the suboategory of discrete objects. (An cbjeot is
diserete Af it is & sum of copies of the final objeot.) But I don't know
any interesting applications.

The funotor K, as I have defined it, is right-exact, 1i.s.
1im K(A.) —i-» K(1im A¢)' One would like to say that it has left~derived

functors lx"" } q¢ N Oharasterised by s universal “"Mayer-Vietoris® sequence:
e oK Y3 x B) » KYB) o xYB) - KYa) 2 X % B) »
san ® K(A) - 9

whenever A is & quotient of B. I don't know how to comstruet these in
general. But if ob(A) and mor(A) are locally trivial spaces then one oan

reascnsbly dofine K %(A) by s "singular” process anslogous to the definition
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of the homotopy groups for a lecally trivial H-space X:

sq(x) = kers %o Map(3%Y; X) = weX,

or better: tq(x) is the qﬁ homology group of the complex

ace “l‘p(Aq, X) - l"(“q." X) ® ser ‘W(A" I) - X.

(A space X is locally trivial if whenever B is a closed cudspace of a compact
spacs C, and there is given £ 3 B + X, then f can de sxtended to a neighbour-
hood of B in C. If X 4s locally trivial and compast it i3 looslly
sontraotible, as one sees by extending pry 8 X x I + X to s nesighbourhood

of X xXinX eX,)

The purpose of this seotion is to establish some conventicns for the
sequel.

In this thesis "vector-spase” will mean "Hausdorff locally convex
veotor-space over C". The estegory of vector-spaces is a topological
categery: I shall slways give Hom(B; P) the %opology of uniform convergence

on compast sets.
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Hom(E; C) is called the dual of E, and denoted by E'. Evidently E'
is complete if E is compactly generated. A morphism £ : E + F induces &
morphisn 'f ; F' + B'. It follows from the Hehn-Banmch theorem that £ is
injective (resp. surjective) if and only if s 1 surjective (resp. injeotive):
notice that a surjection in the category 4s a map whose image is dense in
the target-space.

I shall oall a bilinear map £ : E x B' -+ P Rypocoptinuous if £|C x B'
and £|E x C' are continuous for all compact C CE, C' CR', Hypocontinmuous
maps E X E' « F correspond precisely to morphisms E - Hom(E'; P) if B' is

compastly gensrated.

Proposition 1,7.1 If X i3 & oompact space there is a complete veotor-space

lxmummxuouubsmmdmuriudbymrutmtm

inclusiocn X < lx has the universal property for maps of X into complete

vector-spaces. Furthernore

1) W -"ci, where C, 1is the Banach space Map(X; C )

(44) Cys and therefore N, is reflexive

(444) n‘l; = lullxt | <p,23) ‘ullf“toranrecx! for & ¢ R

then 4 is compact
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(iv) AL E is & complete veotor-space then X x Map(X; E) < E is induced

by a hypooontimuous map M, x Map(X; R) - E,

(v) 4Af Y is another compast space there is a unique hypocontinucus map

lxxlrolx,cemndinathntncluaionxx!'-olxn.

Proofi Let us define N = Ci. Pirst cbserve that because M is an equi-
continuous subset of lx the topology of compast convergence coincides om it
with the weak topology (Bourbaki, Esp. vect. top. III §3 no.5 prep.5).
And I; a compact for the weak topology. Furthermore any compast set 8 of
H is contained in some Il;, otherwise one could choose for each integer k
some £, € cx such that “fk“ <k‘i and |<u.rk>l >ki for some M € S, and
that is impossible because [0, £,, fa, +¢.] is & compact set in Cye

In general, oocmpact sets of cx are those closed bounded sets A with
the property that for each ¢ > O there is a finite partition of unity [¢11
on X, and points {xtl such that ||f - “(x,)ﬁli <eforall f cA,
Reciprocally one finds that slements of li can be approximated by measures
LA, x with ZIAil <1,

I shall show that for any complete vector-space E the restriction

1* 1 Hom(M ) B) < Map(X; E) is an isomorphism, That will in one step prove

the universal property, (ii) and (iv). Let the topology of & be defined by
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seninorns p such that ;(r) = gup p(f(x)), end that of Hou()lx; E) by seminorms
xeX

P where p(f) = & p(f(4)). By the approximation property Just mentioned

) = p(1°2).  So 1° 1s an embedding. But the image contains all
£ 1 X + E which faoctorise through finite-dimensional spaces, and these
are dense in Map(X; E); anmd na.(nx; E) is oomplete.
To prove (v): X xY « M . induces X = Map(Y; M, ), 80
i, -~ Map(Y; ) = Map(Myp My o )e And this induces M, x My =+ M .. It

uuniqumamx.nltpnmulxanﬁlr.



2.1

Chapter Two

COMPACT GROUPS

This chapter is devoted to the representation theory of ocompact
groups, and in partiocular to the deteramination of the structure of the
representation-ring R(G). As this is of interest apart from its
aspplisations to equivariant K-theory I shall treat it more fully than
is necessary for the sequel.

The contents of the chapter are as follows.

& 2.1 1s & review of the classical theory of compaot groups. There
are only two important theorems - the existemve of Haar measure, and the

Peter-Weyl theorem -~ and I formulate them in a way convenient for my

purposes.

§ 2.2 contains the definition and the moat elementary properties of
the representation-ring R(G), all essentially well-kmown.

In ; 2.3 1 determine the conjugasy-classes of a compact _ie group
by obtaining generalisations of the well-know propositions adbout maximal

tori in conneoted groups, i.s.

(1) cach group-element is contained in a maximal torus (ef. 2.3.3 below),



2.2

(41) any two maximal tori sre conjugate (of. 2.3.6)

(114) two elements of a maximal torus are oonjugate in the group if and
only if they are conjugate in the normaliser of the torus (ef.
2.3.8).

Some of the results of this seotion have been obtained by Sisdbenthal [29],‘

but by cecapletely different methods.

& 2.k is concerned with gensralising the "induced repressatation”
homomorphism R(H) + R(G) which is familiar when H is & subgroup of finits
index in G. The method is rather profound, involving elliptic differen-
tial operators and the Lefschets formula of Atiyah and Bott., I have
followed the lines of a paper of Bott [10].

{ 2.5 contains the real matter of the ehapter, the study of the
structure of 2(G). I dstermine eompletaly the set of prime ideals, and
give various spplications, such as a generalisation of Brauer's theoren.

My methods are a direct gemeralisation of those which have been used when

G 45 finite in [27], [11], and (1],

Henceforth all groups will be compast unless the contrary is mentloned
ordvious. In partisular, "subgroup” will mean "closed subgroup”, and
"oyslie group" will mean “compast group containing an slement shose powers

are dense".



2.1 Let G be a ecompaot group.

M, will denote the space of measures on G (aef. 1.7), dual of the
commutative ring C, = Map(63C ). The composition G x G + G induces &
composition (hypooontinuous) M, x N, + M., paking H. an algedbra over .

It 45 also a C_ -medule,

G
The homemorphisa G -+ 1 mlamphinetmt:lc*c.

In fast ¢(k) = <u1». The first main theorem of the subject states that

¢ splits, 1.0 N, & C x i'c 83 ring. The contral idempotent . gonerating

C C.G is called the Maar megsure of G, It is clearly unique, and

characterised by Hobig = CHstp, for all u e M. (e.g. ey = nc).
Boomulnil a module mrccmemd.flmaupcaoleby

iad T (f.nc is defined by Lolp,f'> = %,ﬂ"») It is injective

becauss the suppoert of Ho s being G-stable, wust bs the whole of G, And

the image is dense, torlc is generated by its subset G, and g eGCxG

can be approximated by measures t.pa. The map 0‘:6 - 'G is equivalent to

amdutictmcs xcao C invariant under G x G. There is also an

involution in CG induced by inversion in G.

Let £ be a G-veotor-space (subject to the comvention of 1.7). The

map G x X « E defining the G-aotion extends to a map (hypocontinuous)
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N, x B » B which nakes B an K(;-module. (Por G x E » E induces
B » Map(C;B), henoe N, xB -+ N, x Map{G;Z), which maps hypocontinuously
into B.) And conversely a hypocontimuous action N, x B +E induces &
G~agction G x E + E beocause G i» ubtdd.d:lnlg. Nenceforth I shall
extend G-astions to !c-wﬁou without comment, so the terms “i-veotor-

space” and "Ia-no&nlo" will be interchangeable; bdut I shall reserve

G-module for a finits

sal G-veetor-spass. 7The abelian category
of G-modules will be denoted by G-Vest.

If M 48 a Cemodule, the defining map G - Bnd(M) extends to a
homemorphism of rings: M, - End(M). Let 36 bs a set of representatives
of the isamorphisu-classes of simple G-modules, The second fundamental

theorem cencerning oompaot groups is;

Tbeorem 2,1,1 (Peter-%eyl) The nstural homemorphism of rings

N, -+ 0 Bod(M) is a bijeotien of Hausdorff vector-spaces, i.s. it is
Mel
G

injective and the image is dense.

This can be reformulated in various ways. For instance ons can

dualise: 1 Zod(M*) < Ce 1s & bijection of (G x G)~vector-spasces.

lcts

This is the forw in which the theorem is usually proved: injestivity

comes at once from the fact that the modules End(M*) are non~iscmorphic
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simple (G x G)-modules (2.2.5).
End(M*) cen be rewritten as lim Kcn(!(1;ﬁ2), whers (l2 - 31)
(Hgpu,)
runs through the category G-Vegy/G-Yees® (of. 1.2). In partioular this
shows that it has a ring-structure induced by Hom(l1;lla) x Hﬂ(“,ﬂ'z) -
l!u(l1 @, Ny ® lz) which is compatible with its injeotien imto C..
It is called the “ring of representative funotiems” of G; I shall denots

it by AG’ Yot another way of writing 4t is:

A = ﬂ M ® Hoa' (u;ce).
Mel,

for non"'(u;ce) = Hu“(lla;li") = N°,
By the Stone-Weierstrass theorem, to prove 2.1.1 amounts to showing
that the funotions of Ac separate the points of G.

In view of the injeotion CG -»ls one oan state a stronger form of

2.1.11 define a map |\ Boa(X) - "G 80 a3 ¢to meke the dlagres

\| mmd(ue) — ¢
e |
Mg

1l Eea(n) —

L

commutative. It turns out to be a morphism of rings, and a partial
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inverse to the casonicel map M. - Il End(M); the proof amounts to showing

that the quadratic form on CG induces the standard quadratic form on

End(M*), which is easy. 30 one can say:
Corollary 2.1,2  There are canonical dijections of rings

\| Snd(u) - H, - T EZad(n),

¢
l(cEG lcl!G

whose somposite is the inclueion.

Nete: Here and elsewhere || , when used in the category of rings, denotes
not the sum in that categery, dbut the sum in the categeory of abelian groups,
srdowed with an cbviocus ring-strusture.

It follows from the corollary that any simple MG-nodnle is finite-

dimensional, for any simple module for || End(i) is finite-dimensional,

iore generally

’ropos For any G-vector-space E the canonioal map

a1 |l M@Hm®(M;E) -~ E s a bijestien.
MeI,

The preof will be preceded by a lemma,

Lewas 2,1.4 If il is finite-dimensional then aay G-surjection p : B + M,
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or G-injeotion 1 1 M + B, splits.

Eroefs Given a surjeotion p ¢ Hu“(?;l) » choose any splitting J ¢ Homa(M;B),

not mecessarily s G~map. Hom(M;E) is an M,-module, 80 cue can fora Hyedo

This i3 the required splitting for p o (uG.J) = Moo(pod) = Moot = 1,
Comversely, given an injection i & Hom (M;E), ohoose a splitting

q ¢ Hom(B;¥) = Hom{E ® H*;C). It is not clear, without some mild

restriction on X, that this space is an IG-nodnlo, 80 define

qs Hcaa(! ®N*;C) by ;({) = q(ua.e). Ifpe HuG(B;H) corresponds to

qthenpodist,
Ereef of 2,1,3 If M, 15 & simple Genodule then
Rom' (M 1L ¥ ® Roa®(53)) T L1 mom®(hy s © nen®(h;3))
¥ 1l ea®uym) © melium) > naa(um).

This ahows that & is injective, for 4f it had o non-sero kermsl there
would be & non-sero map from some simple lo into the kernel. On the other

Band, Hon (Ll ¥ ® Hoa®(n;5) My) = 0 Hoa"(N ® Hom"(ks2) iy

= 1 Hon (How(M;E); Hom (M)

Me

Hom'(EsM)  which implies that a
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is surjective, for Af it had a non-sero eokernel then there would be by

2.1.4 & non-sero map from 2 teo some simple l(owhiah vanished on the image

of a.
Proposition 2.1,3 The following econditions on a compact group G are
squivalent:

(a) the subgroups of G satisfy the descending chain conditiom
(v) there exists a faithful C-module ¥,

(o) A, is a finitely-generated algebra over C .

Preef: (a) =>(b): One hes injections G -+ M. < “22 End(M). But
G

(a) implies that one can find a finite set ¢ C L, such that ¢ » I End(M)
Meo

is injeotive, Then ¥ = [1 N is faithful.
O Moo

(») =>(e)t G injects into the vesctor-space Bnﬂ(lo), 80 by the
»
Stone~7elerstrass theorem S(m(le)) + C, is an epimorphism of topologioal
vestor-spaces. (3 denotes the symmetric algedra.) But it factorises

through the injection A, = U}: Bna(M*) » Coo and the image of S(M(l&a))
Ns
G
ia A, is & (G x G)-subspace whose image in 1 End(¥*) is dense, so it must

ls«ﬁe

be the whole of Age Se Ag is finitely-generated,

() =>(a)s A is noetherian, and to sach subgroup H of G there
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sorresponds the mdetlt@'whhiuonﬂ. 30 ons has only to show that
whensver B, < Hz atrictly there exists £ ¢ Ae such that r‘H‘ = 0 dut
£iB, ¥ 0.

Write u’, Mo for the images ullguf uﬂ' clﬂ1, 'Hz ‘.82' Because
B, # B, ons oan find £* & C, such that <u ,f"> # Suyf">.  And because A,
is dsnse in C, one oan find £' ¢ A, such that <u1,t'> = 0 q;z,r'». Let

£ = p'-f' ¢A.. Then for any b ¢ H, one has £(h) = Q,p, 1> a<u1.h,t">
= <a1,t'> = 0, Butf does not vanish on Kz, otherwise <u2.t'> = <y1ya,f'>

= %,l‘b = 0,

Definition 2,1s€ A eompact group satisfying the equivaleat conditiens
of 2,1.5 is called & gompect Lie group.

Remarks (1) It is olear that subgroups and quotient greupa of compact
Lis groups are again eompast Lis groups. ’

(414) The complex affine algebraic sohame Spee A, becomes, by
nmwmowmammw%dmum ring-structure of
0 End(M), an algedraioc group defimed over IR . The inslusioen A+ Cg

induces an embedding ¢ ~ 3pecn Ag. G 1s precisely the real part of

Speem A..  (See [13] p.199.) 50 G is & real algebraic mamifald,

necessarily acn~singular.
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(144) If G 13 o oompact group and Go is the component containing
the identity then G/c°, salled the group of components of G, is profinite,

and henoce finite if G is a compast Lie group., ([26] pp.39, Sh.)

2.2  Ihs representstion-ping

If ¢ is & eompact group, the Srothendieck zroup of the category
G-Vegt of (finite-dimensional) GC-modules with respect to direct sum will
be dencted by R(G). The tensor-produet in G-Veet induces s structure of
ocommutative ring im R(C), and the exterior powers k> Akl induce operatiocns
A% ; R(8) -+ R(G) making it into & A-ring [1]. R(C) is called the
repregentation-ring of G; 4t is easy to see it is a contravariant fumotor
from mt groups to A~rings.

The following proposition is an immediate conssquence of 2.1.3.

Propesition 2,2,1 R(G) can be identified oancnically with the free
sbelian group gensrated by the set ?'-@ of isomorphism-glasses of simple

G-modules.

Example If G 1s sbelien then R(G) &5 (as & ring) the group-ring over
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Z of the dual G = Hem(G; C*) of G.

There is an integral quadratic form on R{G) induced by (i,¥')v>
ALN'> = dim CHG-G(H;I'). It satisfies the relations: <£,m> = <°, &> =
cé> = <«f*,n*>, whare * is the involution in 1(G) indueed by M+ M* in
t-Vegte It is positive~definite, and the set EG of 2.2.1 4is an ortho-
normal basis of R(G) with respect to it. Onme has also:
oy > = <[,n.0>,

To & G-module ¥ is assoeiated its charaster Xy in qu X, is the
inage of 1, under the (C x G)emap : Snd(u*) + G, dual to the strustural
map G ~ End(N), 1;h1mm‘ntuadnrﬂudh¢om1 sotion of G C G x G,
30 x, is invariant Mr the disgonal action (“eonjugation®) of G on Coe
Thus x, oan be regsrded as s function on [G], the space of conjugaey
classes of G. One ocan cheok that Mer X induces a morphism of rings

X B(G) » Co (it factorises, of ocourse, through Ay #Cole  And x s

Proposition 2.2.2 xt B(G) = cg is compatible with the involutions and

quadratis forms on R{C) and Coe

2roof: (1) x.,(s) = xﬁ(‘d) is obvious.
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(11) % ,xnzzv Y R it suffices to show that
1 1 2
‘"G’xi’ = dim u“", and hence to show that q;g,x.:» = O when ¥ is non-
trivial and simple. But SWgr Xy is the image of 1o 8 End(X*) under a
(¢ x G)=map into C , and any such map is sero as it corresponds %o an

element of End(M) fixed under ¢ x €.
C £e2 X 1s injeotive,
Corollary 2.2,k If G » G' s surjective then R(G') -« R(C) is injeotive,

Prepositism 2.2.5  R(6,) ® R(6,) + R(C, x &,) 12 an isomorphism of rings.

Froof: It suffices to show that if N 1s » simple G,-wodule and N a simple

G,~module then M ® N (1.0, pry ¥ ® pr} R) 1s a simple (61 x ﬂa)modulo, snd

G, @ .

that any simple (c1 x Gz)-oauh is of this form. But Hom ' z(mn;mm) =
6,8, | . 6 e, . & ,

Hom (MjRom(N;X ® K)) = Hom (MzBem “(W;M ® X)) = Hom (M; Hom “(N;N) ® M)

¢ G
= Moa ‘(l;l) ® Fom 2(!3!!) = C, s0o N® N 1s simpla.

mmemrmurua(c,xea)mxomm

¢ ~ ¢
I u@nom Y(M; P) == P, and Hom '(M; 7) 42 a &

ltte

2-10&:10.’

|
Propesition 2:2.6 1im r(G/N) = R(C), where M runs through the category
N

of nermal subgroups of G such that G/N is Lie.
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Prooft Injeotivity comes from 2.2.h. Surjectivity 1s obvious,

Proposition 2,2,7 If {G.!‘“ is sny family of compact groups, then

11-3( 28 G“) —'—"R( &Gﬁ)’ where, on the lef't, S rwip through the
3 a a

ocategory of finite subsets of A,

Breof: Injeotivity comes again from 2.2.4.

On the other hand any element ¢f the right-bhand-side comes from
some 3(G/X), where N is a normal subgroup of ¢ = 1 G, and G/N is Lie.

agh
SetX =ker st G 1 G. !Kslhu!‘aﬂy#m-alsubaronpn of G

aes
whose imtersestion is 1; so K /H HKS:KBB/E i3 a femily of subgroups
of the Lie group G/H which alse has intersection 1 because 1lim is exact
for compact spaces. 30 K, C H for some finite 3, and G - G/H factorises

through ¢ » [ B., snd the proposition is proved.
aeS

In Chapter 4 I shall prove by more sophisticated methods that
™ §
I?R(G‘) —-"l(l;: G,) for any direqied imverse system {6 ] of ocmpact
groups. (I dom't know a direet proof.) In view of 2.2.5 this aight
lead cne te oonjecture that the functor R is right-exsot in general, But
thet is net trus: if T is & subgroup of G such that R(G) -+ R(T) 1s not

surjective then T x ,T = T, but the natural map R(T) ® (o \R(T) < R(T)



2.1%

i1s not an isomorphism. But R is right-exact for abelian groups (2.5.L).
2,2.6 shows that 1t 13 in one sense sufficient to study R(G) when G

is & compaet Lie group, For the rest of the chapter I shall mske that

assumption.

In this seotion G 48 a compaot Lie group, Go is 1t s icentity-comporant,

and [ = G/Go is its group of compoments.

Definiten 2,3,1 A subgrewp S of G is called a Cartan subsroup if it is

eyelic and of finite index im its mormaliszer N(3). The fimite group

R(3)/5 s ealled the Neyl group of S, and denoted by Wg.

Eemark: Cartan subgroup is not a very good name, end it confliots with
the definition of Chevalley [15]; but the groups seem to me to correspond

to Cartan subalgedras in the theery of Lie algebrsas.

Proposition 2.3,2 Baoch oyelis subgroup C of I' is covered by a Cartan

subgroup 8 of G.
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Proofy Choose y ¢ G such that ye° generates C. 1ut T be a maximal torus

of the oentraliser Z(y) of y (I shall not presuppose any properties of

maximal tori, howsver), and let S be the subgroup gensrated by T and y.
The identity-coamponent so of S oontains T; bdut if it contsined eny

{-parameter subgroup L mot in 7 then L and 7 would gonerate a torus of

z(y) striotly containing 7. a/so is cyslis, gomsrated by y.&o, 80 5,

which 1s iscmerphie to (5/8°) x 8° 4s also oyelie. Finally

(N(5) : 8) = (M(8) s 2(8)){a(8) s 8)3 but N(3)/i(S) is & compest

subgreup of the disecrets group of sutomorphisms of 3, so it is finite;

and 2(S)/3 is finits because the two groups have the sams 1dentity-

component T. 30 (R(8) : 3) is finite, and S 1s a Cartan subgroup.
Proposition 2.3.3  Zach element ¢ of ¢ is contained in & Cartan subgroup.

The preof will be based on the following topological lemma.
Leume 2:3:4 If X is a oempast metric space, and £ : X » X a map which
uhmtopi.ctoanimtzw«x'ithufmumrotrmdwpmh.thon

£ has a fixed point.

1 shall mot prove this lemss bere, though it is guite elementary, for
in the case I need X is a differentiable manifold and the result can de

daduced from the more profound Lefschets fixed~point formula.
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Proef of 2,3.3: Let gco gonsrate C in T, and let £ be a Certan subgroup
of G covering ©. I shall show that g is contained in & conjugate ySy '
of O,

Consider the map rs of the eompact metric space /C defined hy
£,(8) = 5. If 35 is « flzed-point thea v leres, eand g ey sy s
reoquired, DBut if x is a gensrator of S eontnmdtngcn mnrsu
hemotopie to £, whose fixed-point set is N(3)/3, whish is finite, 4nd
one oan sertainly suppose that rx is an isometry, s0 o is in the

situation of 2,344

Proposition 2.3.3 oan be sharpened slightly, as follows.

Propesition 2,3.5 If S is a Cartan subgroup of ¢ generated by x, then

any g ¢ :ﬁo is conjugate by an element of Go to an element of xs°.

(WotSos that there might be seversl compomsats of S im x¢°.)

Proof: Proceed as in 2.3.3 dut cemsider the oap h‘ ¢ a‘:‘c’/:;u - Ge/;s”

defined by n‘(ys") = gyx ', A fized-point of b, 1o & coset 78° with

y ¢ 60 suoh that y gy o x5°.

Propesition 2.3.6  The projectien [Cartan swbgroups of G} + {ayelie

sudgroups of '] indnces a bijection of conjugacy-classes.
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Progf:  One half of this is 2.3.2, the other half, that two Cartan
subgroups are aoajugate if they have the sume projectionm into I', follows
from the preof of 2.3.3. (For a Cartan sudbgroup canmet be conjugats

to a proper subgroup of itself.)

2.3.5 has the following consequenss, which I include for future

ref'erence.

Proposition 2,3,7 If S is a Cartan subgroup of G prejecting into C in I,

then the projectien N(S) - N(C) is surjective.

It remains to Qecide when two elements of a Cartan subgroup 8 are
oonjugate. I don'‘t know whether it is true that two elements of S are

oconjugate in G Af and oaly if they are conjugate im N(8); bdut the following

result suffices for all prastical purposes.

Propesition 2,3,8 If & is & Cartan subgroup of G gemerated by x, then

mdmnuerxsomowuguhuﬂu‘mdonlyuthymeenjunh

in N(S),

Proofs Itymdg:n‘"1 are both in x5 thonSmdg"ngthsrtm
subgroups of Z(y), both containing y. They doth have the same projection

inte the group of components of Z(y) =~ it is the eyclic group gensrated
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by y.Z(y)o - 80 they are conjugate in Z(y), i.e. there is & 5 & Z(y)
such that s¢~'Sgs™! = 5. Then s~ ¢ K(S), amd (s) y(ser V)= avs,

as required,

Corollary 2,3,9 If [G] is the space of oonjugecy-classes of G, and
[T] s that of T, then in the projection [G] » [I'] the inverse image of &
conjugacy olass [‘.GO] s [I'] s iscmorphic to (5.80)/1;, where S is a
Cartan subgroup of G with a generater in ;.Go, and ’l; is the subgroup of

'8 which normalises ;.so.

Definition 2,3,10  An element of G 1s oalled regular if it generates a

Cartan subgroup, and singulsr otherwise.

Clearly regular elements are dense in G.

Propesition 2.3.11 If 5 is a regular element of G,and H is a subgroup

of G, then g acts with only a finite nusber of fixed-points on G/i.

Progfs Let S be the Carten subgroup generated by g. The coset yH ¢ G/H
is fixed by g Af and only it y.183 < H. So there are no fixed-points at
all unless 3 is conjugate to a subgroup of H, in which case one may as well
assume S < H. Becauss there are only s finite number of cenjugaey-classes

of Cartan subgroups of H one ocan choose a finite sudbset 2 of G such that



2.19

3.137 <H=» y"'s; is conjugate in H to 3.133 for some a ¢ A, The fixed-
point set F of the sotiom of g can be dscomposed sorrespondingly into a

finite &lsjoint uaton P = Ll F_. But y 'sy = na”'san”' with
sk

h e H<>yh e K(S).a, a0 F_ ¥ NH(8).a/H T N(s)/alia~) N N(S), whieh is

s quotient of the finite set K(3)/8. So 7 is finite.

I conelude this section with the fellowing remarks. The reader
should not assume when 3 4s a Cartan subgroup of G coverdng C in T

that (38 SO) = (C 3 1)t » counterexample is given by the Cartan subgroup

c, L C, 18 the only nen-trivial sesi-direot

produot of the oircle-group '1'1 and the cyslisc group ch of order 4, and

of (7! % C,)/C,s where T

¢, (oyslie of ordsr 2) is embedded diagonally. But one does have

(€ s 1)(8 ¢ Sc)i(c 3 1)2, 20 no "new" primes appear in (S 1 SO). This
ensrges from the fellowing discussion, which has also some independent
interest.

3/80 agts on the centraliser z(so) of 30 in G, and whenever a e¢yclis
group acts on a compact group it leaves fixed a maximal torus T ([22]
Exp.24). But aaximel tori of z(s°) are the sane as maximal tori of ¢
containing SO. S0 T contains 80 and 1is normalised by 3. Also

sna°<'r, as it comsutes with 7. miaT.SuwomuionorT
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by C covering C : a "fattening®” of S; and (S N O’ro)/so is a eyolic
subgroup of the group of components of H (C; T), But this group of
components is ennihilated by (C : 1): the readsr can easily check that
when a finite group F acts on & torus T the group of componants ef‘l‘r

is H‘(r; Bo-('r1; 7)),

2.4  Induced representations

Let £ : H~» G»bc an inoclusion of compaet groups. There is s
restristion-functor 1* : (-Yegt - H-Vegt inducing a homomorphisa of rings
1* 1 R(G) « R(H), so that R(H) ocan be regarded as an R(G)-module.

There is a funotor 1, left~sdjoint to 1°, which assigns to an

Femodule X a Ceveotor-space i N with the preperty
¢ ~ H )
Hom (4,M; R) = Hom (M; i*N) for all G-modules N,

It follows from 2.1.3 tat 1,4 = 1| P @ Hew'(P; M) canonioally, where
Psi
¢
the sum 13 over the set l-‘c of simple C-modules, 1, does not define a map

R(H) = R(G), for 1M has infinite dimension unless (G : H) is finite.

But 4f R'(C) denotes the group of formal infinite suss ; nP[P] (% e Z),
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1.0, R'(C) = Inp(l:cg Z), then 1M defines an elemsnt of R'(C), and

1, : R(H) < R'(G) 4s a homemorphism of R(G)-modules. It follows at

onoe from the adjointness property that Af J : G « P is another insclusion,

and m ¢ R(H) 15 suoh that i m ¢ R(G) T R'(C), then (Ji),m = J i.m s R'(F).
It is my objeot in this section to define for certain inoclusions

11 H <G of compact Lie groups an element AG/H s B(H) with the property

that 1,(::.%/5) ¢ R(¢) CR'(6) for all m ¢ R(H). When (G : H) 4s finite

4 /g ¥ill be 1. Then I shall define 1,(m) = 1,(-.%/,1); 1, 1 R(H) « R(6)

will de a homomorphism of R(G)-modules which will take over the role

played by £, in the analysis of R(C) when G 1s finite., I shall give a

formila for computing 1!(3).

Let T, '!'u. To /n be the tangent-spaces to G, H, G/H at their identity-
elements. Choose once for all a Geinvariant positive-definite quadrate
form omn ’I'G. 'I'G ®R<B is a C-module, the "adjoint representation” of G.
Ty ®;C and T, @ C  are Homodules, I shall abbreviate T/ T,
and ‘l‘G /¥ ®R<B = Tg o

A“/H will be defined only when the relative tangentpspace T admits
aPin’~structure” (7). A real Hemodule T with a quadratio form admits s

Pin’-structure if thers is a homomorphism ¢ : H -+ C(T.) of H inte the
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mltiplicative group of the complex Clifford algebra of T, such that
hog = (-1)306 HB) o) 0. 6h)" for 2 sHand £ T, . (The
sultiplications on the right are in C(T.); recall that the algebrs
C(T.) 15 graded modulo 2.) If T has a complex-strueture then it has
a Pin’-strusture, though that is not obvious.

I mast ddstinguish two cases.
Case 1; the dimension of G/H is even. Then one must require also that
T is orientable, i.e. T aimits a Spin°-structure. Define

AG/B = [Aol - [A’] ¢ 2(B), where (AO,A1) is a simple graded module fer
C{T.)» and AO,A‘ are regarded as H-modules by means of ¢. There are two
such simple greded medules [7], dut they differ ealy by interchange of
the grading, mmtmummamua%.

I ¢ 5 B CO(T) exists at all it is unique up to multiplication by
s homomerphisa 0 1 H+ C* CC(T ). Changiag ¢ by 0 replaces o> by
s @1L,, where L, 1s the cne-dimensional Hemodule defined by ¢, (L]
is a unit in R(H).
Cage 2; the dimension of G/H 1s odd. Orientadbility is no longer
required. There is a unique simple graded medule (AO,A1} for C(T.);
but 20 and a', which are isomorphic as Oo('l‘c)-mdnlu, can be made into

separate ungraded C('I‘c )=modules by observing that C(T.) = co('rt)[xl/(xz - 1)
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mdhttmxutu1on60mdu-1onA‘. ThonAoandaibooom

H-modules, and one can define AG/B = (AO] - [A‘] e R(H), as before. There

is the same ambiguous faster % [L'] as before.

To understand these definitions and to prove the results I need,
one must change one's viewpoint, If K is an H-module ome can form &
G-vector-bundle (see chapter 3) (G x K)/H over the space G/H. Let 1
be the G~veotor-space of smooth sections, 1.6, of differentiable maps
8 316/0 -+ (G x¥)/H such that p o 8 = 14, vhere p s (C x N)/M » G/H is the
projection. "d! ~ tlapa(G; M) ;mnicdly, and by 2.1.3 one has a bi-

Jeotion 1 M » 1‘l, for 1 i a J_l. P® HouG(Pg 1414).
Pczc
Now it happens that there is an equivariant ¢lliptic differeantial

operatar, the Dirss operator, a linear C-mep &y + 1,(M @ a%) « 4, (¥ @ 4'),
for any H-module ¥, Its definition can be foumd, for example, in [10].
Because it is elliptic its kernel and cokernsl have finite~dimensionm.
Applying the funstor Ev» || P @ How®(P; X), which is exset, one finds
that & induces & map 4,(M ® &%) ~ £,(K @ 4') which hes the sams kernel
and sokarzel as &y 50 4,((M)d ) = [1,(4047)] - [1,(x @ 2")]

= (lor 4,] - (ooker &, ] & R(H) is finite, as desired,

The character x’.z’ of 1,! oan be computed by the Lefschets formula
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of Atiyah and Bott [4]). It suffices to determins it for regular clements

g ¢ G, and then

-1
Xy.a (% &)
$ ;;‘ dot(1 - udG/H(x &x))

where F is the finite set of fized-points of the translation of G/H induced

15: ¢ H, where x";z is defined up to econjugation),

by g (thus x e P> x
cnddc/ﬂ(y) for y ¢ H means the action of y on T, To see that this is

the Lefschets one has only to remark that x (x"p) is the treace of
’OAG/B
the mep induced by g in the f£ibre of (G xM)/H over the fixed-point x ¢ G/H,

and that ;dw(x.1gx) is isomorphis to the sotion of g in the tangent-space
to G/H at x« The formuls reduces when (G : H) 4s findte (QNA%" 1)
té the classiocal tenuhfcrxi_.; and when G is connsoted we shall see
that 4t is the Weyl character-formula.

Bessuse 1, is defined only up to multiplication with & facter % [L,]
in R(M) one must stats its transitivity-property cautiously. If
it HR»0 and J: Gormmclusimmdawlﬂ%/cmdoﬁmdﬂnn
AG m.i"a’ /6 is a pessible choice for A' /0 and with that cholice

Iy ° 1: =(Jo ").'.‘ The proof amounts to cbaserving that TF/H ;TF/G© TG/H’
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and that if A‘, Aa are simple graded modules for c(-r1), C('rz), then

8, ® &, 1s & simple graded module for C('I‘1 ® 'fz) a C('l'1) ®C('I‘2).

Exanplos
(1) If H does not contain a Cartan subgroup of G then ighure

whonever it is dafined. For then any regular slesment of G acts without

fixed~points on G/H.

(44) AG/H is always defined if H is eyclis, provided only that the
relative adjoint-sotion ¢ 1 H » Aut(?c/ﬂ) is orisntation-preserving if
din(G/H) is even. For the image of H lies in a Cartan subgroup of 0(T)
covered by a Cartan subsroup of Pin’(T. ), and the prejection of Cartan
subgroups 1s split (it has kernel T'), so a 1ifts. Furthermore the
orientability-condition is always satisfied if H is a Cartan subgroup,
for its generator acts with isclated fixsdepoints on G/H and so induces
an orthegonal transformation of T which does not have the eigenvalue + 1:
and any sush transformation of an even-dimensional space has dsterminant
+ 1.

0f ecourse any even-dimensional real erientable module for a cyclie

group sctually has a complex-structure.
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(114) If N« H - P is on extension by a group ¥ of a p-group P,

and p # 2, then AG/B is defined if and only if o/n 1s defined,

Proef1  Orientability presents no problem here, Let ad : H -+ o(T)

be the sdjoint-sotion of H; one must show that ad 1ifts to Pin*(T.) if
and only if ad{N does. Now Hom(lfj O(T)) can be identified with
H1(BH;0(T)), whare BH is the classifying-space for H. Consider the

diagram

1t - Z/2 - Pia(T) = 0(T) - 4
v | \

1+ 2! o pw®(r) - o(7) - 1.
ad ¢ H'(2; 0(T)) 1if+s to H'(BH; Pin®(T ) 1f and only if its image
a(ad) ¢ H2(8H; T') 1s sero. But 2.4(sd) = O beosuse a(ad) is in the
image of HA(MH; 22/2), so d(ad) lies in the 2-primary part (B "'1)(3)
of BX(BH; T'). On the other hand the restrictien H-(EH, "'1)(2) -
B2 (ex; r‘)m 1s an isomorphism because (H : N) is prime to 2, so one

finds that ad 1ifts Af and only if ad|N lifts.
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2.5 The atrugture of R(G)

In this seotion all groups will be compast Lie groups.

I shall begin with some exanples.

(1) 12 6 = Z/n , R(8) = Z[x)/(x"1),

(11) 12 ¢ = T, »(6) % Z[x,x"'], 1.e. ZI[X,YV/(XY-1).

1

'yt .

(4iv) If G 1s the unitary group U(n), and T = T° is a maximal torus of

(40) If 6 = ™ = 7' x .00 x 2! (k faotors), R(G) & Z(x,,X]

U(n) - say the diagonal matrices - then the restriction R(G) < R(T) is
injective, for esch element of G 1s conjugate to an element of T. So
R(G) can be identified with a subdring of R(T) & Z[x‘,x‘;‘;... } xn.x;' IR
But the entrios of a diagonal matrix can de permuted dy eon:uut:ien in

U(a), so R(G) consists of symmetric expressions in Xyp ooes X ¢ In faot

Proposi 1 R(U(B)) % Z(ag,eeup8 00’ ], whare s is the k™

syssetrie funotion 1n X,y «eoy X € R(T). In partioular R(U(n)) is o

noetherian ring.

Progfs s, 1s in R(U(n)), for it 1s the ocharaster of the exterior power

A%, where N = C® 1s the standard U(n)-module. And a:‘ is the charecter
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of (A‘H)". On the other hand'l(a1,...,sn,s:] contains all the
symmetric funotions u'Z[x‘ ,...,1;1 ], so R(U(n)) cannot be any bigger.

It is well-known that B4» veey B GTS algebraically independent,
The following theorem of Atiyah is erucial for the sequel.

Propogition 2,5,2 If H 4s a subgroup of G then the restriotion

R(G) » R(H) makes R(H) a finite R(G)-module.

Progf: ZEmbed G in a unitary group U = U(n). It suffices to show that
BR(H) 4s finite over R(U), 4.6, one can assume G = U, Furthermers the
restriction R(H) -» 1 R(3), where S runs through the finite set of
conjugasy classes of Cartan subgroups of H, is injeective, s0 ~ because
R(U) is noetheriean ~ it suffioces to show each R(S) is finite over R(U).
For given S ons can ohoose a maximal torus T of U so that S < T < U,
R(T) = 1[11....,x;‘] is finite over R(U), for eash X, satisfies the
-1

n
integral equation I (-1)'X}s__ = O over 2(U), and each X
x=0

ones Pinally, R(S) 1s finite over R(T), indeed R(T) - R(S) is surjective:

a sinilayr

for R(?T) E’Z['i'], R(S) 52[5], and 8 » T induces a surjestion T « 3

Corollary 2,5:;3 R(G) 1s noetherian for any compact Lie group G.
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For it is noetherian even as an R{U)-module.

It 48 easy to see that 2.5.3 charagteriszes the compaoti Lie groups

among the compact groups.

Now I can begin to disecuss the prime idess of R(G).

Consider the restriction R(:) < i1 R(S8), where S runs through the
(conjugaey classes of) Cartan subgroups of G, It 4s injective, and
n H(S.) is finite over R(G), so by the theorem of Cohen-Seidenberg every
prime ideal ¢ of R(G) is of the form {X : X|8 ¢ .} for some S and some
prime ¢, of R(3). I shall prove that for eash  thers is & minimuna
cyelie subgroup 8%0 of G, unique up to conjugasy, such that ¢ is induoed

by a prime ¢, of R(3.). 8

e Will be called the suppert of (.

Leyme 2,5.4 If 3 1s sbelian, and S,, 5, are subgroups, then

R(3,) ® g )R(8)) ——>R(38, N3,) by the matural mep.

Proof: For any subgroup A of S wite J, = X 8 R(S) 1 X{A = O],

R(A) = R(8)/J,, for R(S) =+ R(A) 1s surjeotive. J, 4s, as ideal in R(S),
gonerated by the elements a ~ 1 for all homomorphisme ¢ : S » C* suech
that ¢jA = 1, Infeet if Ine ¢J,, witha, 1 5+ C*, and the ey

o -i -t
all have the same restrictions to A, then & ne, =2 Ba, (¢1a1 - 1), which
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\

is of the reguired form. Butmyolmntefaluaamefolomt-w

that type.

Now the left-hand-side of 2,5.k s B.(S)/(J8 + Jg ), 80 one must
1 2

show that J +Js= But $f a1 S » C* is o homomorphisa such

1 2
ﬂntcis‘roz- 1,mmchoeu:: s-»a:*»thu}is,-ds‘ and

J .
8 S’Mz
:l% = {1, for (8/52)’\ - (31/31082)’\ is surjective. Then

0-1'-(3-;)4(:-1):18 +3‘32.
1

Remerk 2.5,5 From 2.5.4 and 2.2.5 1t follows that if 5, - Sy Sy S are

any homomorphisms of abelian groups then a.(s,) @n(s)l(sa) —?i-? “31 xs 82)'.

The resder will remsmber that the set of prims ideals of a ring R
can be made into a topological space Spee R which depends contravariantly
on R, ([20] Chap.t.) Furthermore, if R +R,, R + R, are morphisus of
rings, the induced map Spes(R, & R,) = (8pec R,) xo .. )(Speo R,)

is surjeotive. ([20] I 3.4e7) Thus
Corgllary 2:5,6

[image : Spes R(3,)] N [tmage + Speo R(3,)] = [image 1 Speo R(S, N S,)]
where "image’ in each case refers to the natural map into Spec R(S).

Notice that if 81 and 82 are oyoclic it may be that 31 A 82 is not
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oyolie. But any prime which comes from S, end 8, oomes from 3, N 3,
and hence from soms cyclic subgroup of S, N 85¢

Any prims of R(G) comes from a minimal c¢yclic subgroup of G because
compact Lis groups obey the descending chain condition. To prove that
eaoh prime comes from & well~defined minimum ¢yelie subgroup of G it would
now suff'ice to show that each prime comes from a well-defined Cartan
subgroup. But I shall prove first a more mrecise result, and return to

the prise 14eals afterwards.

The imclusion Z € R(6) induces ¥ : Spec R(S) » Speo Z , 1.e, if
% 48 a prime of R(G) them p = ¥ N Z 1s 2 prime ¥(y) of Z (en
ordinary prime or sero)., It is expedieat to consider the fibres of w
separately. Let us fix p; then v 1(p) cen be identified with Spes R ROF
where ap(c) = R(G) @ka, and kp is the prime fisld of cheracteristio p.
If © 45 & prime of R(C) adove p, and 3 is a minimal oyclic subgroup
from which it arises, then (S : so) is not divisible by p. For otherwise
one can write 8 = T x (Z/p" )s 80 that R(8) & n(r)(xy(x’k~ 1), and
| Rp(s) & gp('r)[x]/(x - 1)’k. ‘Then n’(s) - np(r). given by X> 1, has

nilpotent kernel, and induces a homeomorphism of spectra, so & oomes

from T. I shall eall a oyclic group S p-regular if p does not divide
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(5 1 So).

If 3 is a ayolis group generated by g I shall write ¢, for the
prime ideal of charssters ef 3 which vanish at g« ¢ does not depend
on the gemerator chosen: if (5 1 S°) = n 4t is the primeipal idesl
(‘n(x)}’ where ¢ 1s ‘&h.utheyolotoniopolmmmx 1§+ C*isa
homomorphisa with kermel 5.  (Any such X gives the seme ¢.(X).) 1If
8 is a torus, . = O, I shall write R(8) = R(8)/4. , an integral domain;
the primes of R(S) are preoisely the primes of R(S) whioh do not come
from subgroups of finite index. I put alse R (8) = H(s) @k & n’(S)/wh(X))
The Weyl group ¥o of S acts maturelly en 5."(3).

After these preliminaries I can state

W
Prepesition 25,7 Cousider the restriotion R (0) » N (5) 5, where 3

runs through the p-regular Cartan subgroups.

Its kermel 4s the nilradiocal of RP(G).

If G 4s finite or if p = O 1t 15 surjective. In general, given
yell i'p(s)'s one can £ind k such that ,’. ccmes frem & (6).

In any case the mep || (spec i;(&))/\vs-» sSpee RP(G) is a homsomorphisa,

(1l aenotes topologioal sus.)
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" v
Besaris 1) The reader oas check that R (S) 83 X(s) 8 ok %

v
R(S) 8/(1».‘(1)) Qkp if 8 is p-regular.

2) The proaf to follow is much simpler when p = O, but one

sust then sometimes interpret p as 1, in a familiar wmy.
The proof will be preceded by a lomma,

Leums 2.5.8 Let 5 + H - P be an extensien of pegroup P of order q = p~
by a peregular oyolie group S. Then the kernsl of r : np(ll) - 8‘.!’(8)l>
is the nilredical of R’(ﬂ)l 1f the extension is aplit r is surjestive;

in general, if x & xP(a)P then x? comes from R’(ﬂ).

Proof: Wo know that any prime of np(n) comes from a Pperegular ayslis
subgroup S,. But axy suoh 3, lies ia J, so eash prime of RP(H) comes
from n’(s)P. This isplies that the kernsl oonsists of nilpotent slements.
On the other hand there are no milpotent clements in ap(s).

Now I shall show that R(H) - R(S)P is surjeotive if the extension
1s split. B(5)" ean be identified with the free abelian group generated
by the orbits ef the set 3 = hom (8; C*) under P,  Given & & S, let X <H
be its stabiliser, 1.0, K = fh el s a(hsh™') = a(s) for all s ¢ s,

Then a : S - C* extends t0 5 : K« C* 4in R(K) (because the extension is
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is split), and the character of H induced from ¥ restricts to % 1h.a,
hel/K
s typical basis slement of B(S) .
In general the extensien S » H » P corresponds to an element
ce sa(p;s); and .8 = O Set 8, = {s €3 : g8 = 1], a finite p-group.
From the short sxact segquence 80-03’538:8/3&0:31‘1&; that ths induced
extension S,/so - li/aa + P is split. Now considar the diagram

} 4
l’(a/so) - np(s/so)

\ Voo

P
:P(H) - R,(S)

The top lime is surjective. And if e ¢ S then a% ¢ (s/3))"s But
(1201)'l = n: nod p, so the qth power of an slement of Rp(s)P comes from

&p(ﬂ/!o), and s fortiori from R’(K).

Proof of 2:5:7 Vo knew that the map induces a surjection of spestra, so
its kernel is nilpotent. And again there are no ailpotent slements on
the right.

Now suppose given x & R(s)ws. One must £ind s & R(G) which has the
same image as x’k in i'p(S) and heas image O in the other 3,(5'). Let P

be & Sylow p-subgroup of W, = N(5)/3, and H its inverse image in N(S).
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I ahall show that a suitable s can be induced from H.

Let us suppose first that p # 2 and dim (G/H) 1s even. Then one
can define an induction-homomorphism 1‘ : B(H.) - &(6) (§ 2.4 Bx.(441)).
In fact 1,x lies in R(G) if x is divisible by AG/H in R(H). Recall that

Af g & G 43 regular then x, ‘,(x) = xx(r"'w)/itwﬂ(f'a)a

ye/H i"mﬂ
whare Ay ;(B) = 8ot(1 - sty (h) = I («1)% trace 25 adyy(h).  Bow one
has Am..m = Aurm (see eege [14) p.96), 80 L,.(xu\yn) ¢ R(G) for any

x ¢ R(H). Choose a charscter e of 5 which vanishes on its subgroups of
finite index and elsewhere takes a single integral value m not divisible
by o That is possible besause R (5) = gi Ep(s') when S' runs through
the subgroups of finite index in § (for R (8) = np(s")[x]/(x“-a), with
a= (31 8°), and X - 1 1s separable over X ). If'xck(s)‘s then 8o
1s ¢.x, and (0.x)7 can be pulled dack to R(H) (q= (H 1 8)). Consider
g = 1,((-.:)%&/5) ¢ R(C). If g generates a peregular Cartan subgroup
of G not conjugats to S then s(g) = O, for any p=regular subgroup of H

1s contained in 5. But if g gomerates 5 thea x (6) = (N(3) :H)a? x (g)9,
which is good encugh for our purpose, as (N(8) 1 H)a% 1s imvertible 4n k.

P
If p # 2 and dim (G/F) is odd the srgument is the same: one sets

s = 1.((’.3)‘!%/!‘ -A.G/ﬁ) and observes that AG/HZG/B = ZAG/E in i'(ﬂ) - in
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fest the characters coincide on the odd component of O(Tm)- 2 1s
invertidble in kP'

¥hen p = 2 I am reduced to the following. I shall produce a central
double covering @ of G for which I ocan prove the proposition, But if
xe n,‘,(E) then 12 comes from n:(c). For i x= L & [l1] with N, simple
1 @ ni comes from C because thw

and hence trivially on M

thonxa ml [M‘Gﬁi] (wed 2), and ¥

kernel of G + G acta as £ 1 on X ®M,. Now

i |

oconsider the diagrem

W
R,(6) —F . i'2<s) s

u}/ 'L .

~ ¥ ~ o
22(0) —_— ﬂ!z(a’)

o w g
v is injeotive, If y & N H,(3) ° one can fim X ¢ Ry(3) such that
r{x) = v(y)zk. But 3 = u(x) with x ¢ 82(0). So vr(x) = ru(x) = v(yzb .
.bti
and y = r(x), as required,
It remains to produce G and prove the proposition for it. Define
G as the fibred profuet G “hut(z,) FI8(Tg)s where & + aut(T,) 1a the
sdjoint-action. I shall write from now on G for G. Then all possible

!'G /¥ have Pin=structures, for a sudbmedule of a module with a Pin-structure
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has a Pin-structure. But ocne is in trouble about orientability:

dinm (G/H) is slways even (say 2r) inm this case. Let H, be the part of H

which preserves the orientation of Tc /1 It 31 = H the argumsnt above
w

applies. Otherwise one must define s = J,((a.m)qaw A G/K),whero

0
J:Hi-oc-. A%iamtwnrmtmrwa. In faot
r=1{

bos B om = ™ A, o aTf, and the orientatica-reversing

ri
slements of Wy ochange it inte l‘;:50(---1)""" e, o a5 1, vhere T, are
the two modules into which A'T_ splits becsuse T is orientabls. (Notice
that A% _= AT, of. [14], p.96.) ALl in all, Af g gemerates S,
x.(s) = (N(3) : #)md x:(s)‘, as before. This ecompletes the proaf of
the dulk of 2.5.7.

When G is finite ths groups R are always split, and there 1is ne
oreblem of Spin’-strustures, so the morphism of 2,5.7 is sctuslly sur-
Jeotive,

The last statement, about speestra, is a consequence of the sarlier
ones. The only nen=trivial point is that (Spes R)/W iapoc n', when
¥ is a finite group. But that map is surjective because : is finite

mrn'. And if R.ngmpﬂu:dnsmmt K%nn‘: Pznnw,

but Q#a.pztorunya €W, Mohooux.cs.pz, z.,é 791 for sach
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sew, aothatnz.ubothinm”tmb"i.

Prom Proposition 2.5.7 one obtains the following statements about

the primes of R(G).

Proposition 2,5,9 (i) The primes of R(G) can be represented (p,8,¢),
where p is a prime of Z, 5 is a p-regular eyclisc subgroup, and © is a
prime of ﬁ;,(S).
(PaSy§) = # ', where p 1 R(G) < £(5) 1s the natural map.
(ps8,5) = (p',8',¢') 4f and only 4f p = p' and 3 1is conjugate
to 3' by a conjugaey which takes (° to ¢,
(41) (p,8,%) 1s maximal if and only if p # O and 5 4s finite.

It is minimal if and only if p= @ = 0 and S is a Cartan subgroup.

(444) If H 48 a subgroup of G the following are equivalent:
(a) (p,S,p) comes from R(H)
(®) S is conjugate to a subgroup of H

(c) the localised module R(H)(P’s is non=gerc.

')
Proof (1) is alresdy established.
(44)1 If (p,5,{) is maximal then p is maximal, for Z is a direct factor

of R(G); so p# 0. Then ¢ is the kernel of a morphism of Rp(s) = kp[é]
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into a finite field X. Such a morphisa is induced by a homomorphism of

S onto a finite oyelio subgroup §° of K*, Then np(s) + K factorises

through np(s) - Rp(so), where 5, is a finite oyolic subgroup of 8, r
Conversely if 8 is finite oyclic then i‘ip(s) is a sum of fiolds, so

(p,S,‘é’) is saximal,

(134) (a) < (b) follows from (1)
(a) (o) decause R(B)(p’s.?) = 0 & 1z £ (p,3,5) such that
x|H = 0, while (p,8,5) comes from B(H) if and enly if it contains the

kernsl of R(G) + R(H).

Exzample
The prime ideal I, oonsisting of charesters vanishing at the

identity-element is oalled the gugmentetion-jdesl. It will be important
in chapter 7. In the notation of 2.5.9, I, = (0,1,0). Because

R(G)/Ic = Z, I, 1s not maximal, but any prime idsal containing it is
saximal, and so of the form (p,S,) with p # O and S finite and p-regular,

Clearly this contains Icitmdonlyitsu1 (and © = 0}, One can read

off now the gensralisations of two propositions of [1].

Proposition 2,5,10 (of. [1] 6.7) If H is a subgroup of G then the primes
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of R(H) containing Iy are the sams as those containing the image of I..
Henoe the I -adie topology of R(H) when it is regarded as an R(G)-module

coinoides with its In-ulio topology.

Progft Let r : R(G) « R(H) be the restriction. (p,3,%) in R(H) contains
r(I;) if and only if (p,S,5) in R(G) contains I, i.e. f and only if

S= 1, But then (p,8,5) 2

Proposition 2.5.41 (ef. [1] 6.9) HMI: consists of the elements whose
ns

charecters vanish on all components of prime-power order in G/GO.

Progfs NI, is the intersection of those minimal primes (0,S,0) of
R(G) which are not coprime to Io» i.0. are such that IQ + (0,5,0) # R(G),
which means that (0,5,0) is contained in (p,1,0) for scme p. But that
is true if and only if (p,8',0) is contained in (p,1, 9, where 3' is the
p-regular part of 3, and so if and only if 3' is conmected, i.e.

(s 3s°)~pkfwmk. Andfimnynnowthatthogomnw:ejt

Cartan subgroups with (3 1 80) & prims~power form a dense sudbset of the

ocomponents of prime-power order in G/GO.

Brauer's theores In the theory of the representations of a finite

group G one has the following thres results, any or all of which I shall
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call Brauver's theorem,

(B1) R(G) i»s genersted as abelian group by the modules induced from

modules for slementary subgroups of G,

(32) R(C) 1s generated as abelian group by the medules induced from

one-dimensional modules for subgroups of G,

(B3) s olasa~function on ¢ 18 a character if its restriction to each

elsmsntary subgroup is a sharacter.

I shall now generalise thess statements to oompact Lie groups., Let
us for the present define an slementary group as an extension of a p-group
by a p-regular oyelis group - the ususl definition presoribes a gentral

extension. Then one has

Proposition 2.5.12 If ¢ 4s a group whose adjofint~-action admits a

Pin~strugturs, then (B1) and (B2) are trus.
Propesition 2,5.13 If G 1is any compsct Lie group, then (B3) is true.

Proof of 2.5.12 (B1): The modules induced from elementary subgroups

gonerate an ideal inm R(G). The substanace of the proof of 2.5.,7 was %o

shew that this ideal is not contained in any prime ideal of 2(G).
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(B1) implies (B2) in view of the following proposition, which was

pointed out to me dy Profossor J. Tits.

Proposition 2,5.14 If 3 «H P is an exteasion of a anilpotent group
P by a cyelio group S then any simple H-module is monomial, i.0. induced

frem a one~dimensional module of a sudgroup of finite index.

Repark: This result is welleknown, and I shall quote it, when H is

nilpotent. ([22] Bxposé 2b)

Progf: Let ¥ de a simple H-module. Suppose M = Uy @ oo M 1s its

decomposition into isotypieal S-modules.

Let K= [h &8 H & m(‘ Cl‘l. If § 1+ K<=H then J,H1—E‘=>ﬂ. so it
suffices to show I‘ is monowmial.

Lot X be the image of X in Aut (M), X is a geptral extersion of a
nilpotent group by a cyclic group, so it is nilpotent, Therefore ll, is
noncmial as & K-module, say M, = C[i']oq-io]l. But that 1s the saze as

C[K]quoln, so ¥, is monomial also as K-module.

Proof of 2,5.1% Pirst suppose that the adjoint-aotion of G admits &

Pin®~structure. Let R Do the ring of class~functions on G whieh restriot

to characters of all elementary subgroups. R(G) is a sudbring of Ry 4t
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suffices to show that it is an ideal. But the charscters induced from
elementary subzroups gensrate an ideal in i', as one sees by looking at
the formula for the induced character, and om the other hand by 2.5.12

they generste R(G).

Remarks

The theory I have dsveloped in this section is very crude. For
example it does not yleld, when § is connected and T a maximal torus,
that R(G) —E’ R(T)'T (though one can deduce from 2.5.7 that any element
of ll('l‘)w'r has a power in R(G) )¢ This is because my "elementary subgroups"
are much too large. By choosing s more sensible e in the proof of 2.5.7
one can make H a bit smaller so that wo is a classical elementary subgroup,
i.0. B/H = P x (s/s°), and then my Brauer's thnar;m includes the classical
one; but that is only scratehing the prodlem. The real point is that
I have used -~ say when G is connected ~ only the faot that G/T has an
almost-complex structure, whereas it is aotually a complex manifold,
indeed a rational algebraic veriety. To put it another way: I ordered
ths roots of G randomly, ignoring their remarkadle preperties of coherence.

This meant that I threw away the cancelling-power of the factor

W“e/n' ‘/‘.‘c/u in the formuls for the induced character, and so had to



use a very large H. Por example when G is connscted there is an identity,
due to Hermann Weyl,

i, = L ‘/"Ze/-r = 1,
ul’,,.

80 one never needs to take H larger than T. The identity depends on the
fact that G/T is a rational algedraic variety.

By ohanging one's peint of view, and locking at the complex algebraies
group . of which G is the real part, ons can do better. One ocan find
subgroups H of C which are extensions of ordinary elessatary subgroups of
G/Gobynxiul toricfco-thm they are in geaeral not extensioms of
p=groups by oyeliec groups, and not nilpotent, dut by 2.5.14 their simple
modules are monomial « sush that G/H is a oomplete algebraic variety.
(Progft Let B be a Borel sudgroup of G [15], It can be shown that
N(B)/8 % 6/60 % 6/c°. Let H_ < N(B) be the inverse image of the
elementary subgroup of G/G°; end M =H_ NG. Then G/H ¥ G_ /M,

80 G/H is a complets variety.)

Using these groups as elementary subgroups ome can prove Brauer's

theorem without restricotion on G: indeed the thoom reduces to the

findte case when ons has shown that the diagram
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i
R(RH) ~‘—> :1(+))

T p* Tp' (Note that =10 c°)
R(WA") I Mo/e)

is commutative. This commutativity is the natural generalisstion of
Weyl's i1dentity adove,

One can try to do better still., Inside H one can choose ¥ which
is en extension by a Cartan sudgroup 5 of a pesubgroup of G/Go centralising
3/38 N ca.
(Broofs B/ = C x P. Chooss & Cartan subgrosp 3 (of H and of G)
eovering C. NH(S) oovers IIW(C) by 2.3.7. Lst B < NH(S) be the
inverse image of a Sylow p-subgroup of nn(s)/s: it can be shown that
/8= p,)

If &y g 15 defined, and J : E = B is the inelusiem, the induction
X« J(xzdy ) multiplies x (g), waere g generates 5, by (W,(5) s 2),
which is not divisible dy p. So ir AH/I wore always defimed then Brauer's
theorem would hold using groups like E - extensions by a Cartan subgroup
S of  Sylow p-subgroup of the centraliser of 5/5 N ¢° 1n the group af

oomponents G/c’. e know that S /g ®Xists when p ¥ 2, but 1t need not

when p = 2, 350 we are back to ’roposition 2,.5.12 above, but with much

smaller elementary subgroups.
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This is still not very satisfactory. ¥y latest and best elementary
subgroups are not characterised intrinsically, as groups, but only as
subgroups. Also one would like elementary subgroups to de ailpotsnt,
as in the clessical theory. For the statement (BP1) that is not possidble.
Eg. 1f G is the orthogonal group 0(2) the nilpotent subgroups are 0(1)
and the subgroups of 80(2), and any character induced from them has an
sven valus at the identity-element. For the statemsnt (B3) it may well
be pessidle <~ o.g. a olass~function on 0(2) is a charsoter if it restricts

to characters of 0(1) and 80(2) - but I haven't proved it.

It aay be worth msutioning ancther matter. O(ns can read off from
2,5,7 (the case p = 0) the structure of Spec R(G) ®,C. Itis s sumof
quotients of algebraie tori C* x ..o X C* by ¥eyl groups. It ocan de
shown that this is the space of conjugacy-classes of semi-simple elements
of the complex algebrale group &.. (An element of a group is semi-simple
Af it is representsd by a semi-simple transformation in any representation.

Thus any element of & compact group is semi-simple.)

I shall end with an anusing example. Let 30'- U(2n), and let &

be the semi-direct produst GO x( 7/2), where Z/2 = {1,s] and s acts on

¢° by eomplex-conjugation. Then Go = G| (28,C), and s ssts on it by
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A > (tA)-'. The centraliser of z is 0(2n) x {Z/2), so a Cartan subgroup
18 S = S0(2) X eeo x 30(2) x (Z/2). TFriting down the condition that
an element of Go.z is conjugate by an element of Qo to an element of 80.1
one finds: feor any unitary matrix A there is s unitary matrix B such

cos 0 - sin &,°

that 'E.A.B is of the form P (sin 0, cos ,:). The analogue

for the complex group gives: for any non-singular complex matrix A

such that Po"1.A 1s semi-simple there is & metrix B such that ‘B.A.B is

‘8 -b, :
of the form @(:’ .:). 1 have not oome across this result in the
 §
literature, though it can presumably be preved by non-transcendental

methods,
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Chapter Three

G-VYVECTOR-BUNDLES

From now on "group” will mean "compact group over Z/2 ", i.e.
each group ¢ will be equipped with a homomorphism « : G = z/2 . 2Z/2
1s the Galois group of C over R , and wherever the fisld C ocours I

shall assume that G acts on it by a.

5.1 A complex veotor-space E in the category of G-spaces over s fixed
C-space X will be called a G-vector-bundle om X if

(1) the fibre E, 4s rinite dimensionsl for all x ¢ X, and
(1) E 4s looally trivial in the sense that, for some numerable
covering R of X, YeR > E xxtﬁ C® x Y as vector-space over Y (neglecting

the G-actiom), where n can depend on Y,

I emphasise that "complex vector-space” means that the structurale
nap C xE-+E is a G-map when G acta on both € and B, I shall usually
only be interested in the case of a compact base-space X,

G-Vegt (X) will dencte the category of G-veotor-bundles on X.

G-Yegt (point) will be identified with G-Yest.
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For any X there is & functor from G- Yeot to G-Yeot (X) whioh assigns
to the complex G-module X the "trivial® G-yector-bundle M x X on X, I
shall sbbreviate ¥ x X to § when the base-spase 1s olear from the context.

Ir £ 1 (H,Y) + (G,X) is & morphism of spaces with group~-agtion and
E is a G-vector-bundle on X then f*E = ¥ nx’! is an H-vestor-bundle on Y.
In fact £° is & functor from G-Vest (X) to H-Vegt (Y). Sometimes it is
convenient to combine all the G-Vegt (X) for variadble (G,X) into a single
sategory *-Vegt(*). Its cbjects are triples (6,X,E), and a morphism
from (G,X,8) to G',X',E') 48 & pair (f,¢) where £ : (G,X) ~ (6*,X') and
¢1 E LR 48 a worphism in G-Vegt (X).

If B is & G-vector-bundle on X then lupx(X;!) is by definition &
G-vector-spacs. It 1s called the space of ssotions of E, and will De
written I 8. The G-invariant subspace r°r.B 1s called the space of
"equivarisat sections", and written r‘iﬁ.

If 4 3 A » X is the inclusion of & subspsce, and E ¢ G-Vegt (X),

then 1*B will be written EjA.
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3.2 Degoce r

Suppose the GC-space X is a quotisnt of the H-space Y by an open
. Pry o
equivalence relation : (H x G B, Y x Y) T;‘-% (H,Y} — (G,X) with
£, pry, Prs open. (In faot: £ open <> pry open <> pry open.)
Let B be sn H-veotor-bundle on Y, and suppose given an fsomorphism

czwtl*pﬂluﬁﬂym&oowum

(1) (reflexivity) A%(a) = identity, where 4 : YT + ¥ x, T is the diagonal
(41) (symmetry) t*(a) = a". where 1 Y, Y+ Y %y Y permutes the
fastors

(114) (transitivity) pris(e) = pris(a) © pris(s), where

PPy :YxxYxxY-Y xx!upmjnﬁmmwtblthmdjthfutorl.

Then a defines an equivalence relation R 1 B' —>E on E. R is opem,
becauss open maps are universally open. Therefore (8 x 8)/(R x R) =,
¢ x (E/R) and (B x B)/(R x, R) . (2/2) x, (8/R) (Topsgéne 1.5), and
I/R is a G~vector-space on X, Furthermore the map B - £*(B/R) = (¥/R) =, T,
shich is olearly bijective, 1s an isomoprhism because both spaces are
quotients of § x Y. If £ is in addition locally sput‘ - not neoessarily

respecting the group-sotion - then E/R is locally trivisl on X. So in

this cese there is equivelence between G-Yagt (Xx) and the category of
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pairs (E,a) as above, and one says that E/R, which I shall normslly write
(R,8)/f, or simply B/f, is obtained by "descent® Irom E with “descent~
datum® @, or by "olutching E along Y Xy Y by means of a"., One says also

that £ is a "descent-morphism” for *-Veey (*).

Ifmtriutoourywwubmnummt‘hudued
sap one finds that it falls unless £ i3 also universally closed, 1.e.

propex. FPor proper maps the srgument is as above,

Yhen H = G the following foraulation is often convenient. Let X

be given in the form lim X , where [x‘!“s are G-subaspaces of X - 1.e.

«6S
X is a quotient of Y = Lxu. Suppose given B ¢ G-Yeo} (x) for al)
asS
F
a ¢ 3, and also ooherent iscmorphisms ’t : Ba—a-t‘lp for each arrow

tse+p§ in 8. ("Coherent” means ¢, = idand ¢ = t'(¢‘) ° ¢t.) Then
if the morphism Y + X satisfies suitable conditions one can form & vector-

M.]%tﬁonlbyuuut,mdmomm
a

¢ - Yoot (X) = lim G - Yoot (X).
aes

Zxamples

(1) ix“}“15 1s & numersble eovering of X by G-stable open sets. Then
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xagil..mtuthcuumotfmu subsets of S, and
L

1, N x. £l X, +X s open, and by definition locally split,
%80

80 G-Yeos (X) = u; G-Yeot (X ).
os

(14) {x.lm 15 a losally fimite eovering of 1 by closed G-stable sets.
Ml-l&-x'u before, In this case f sﬂxaox is proper, but not
locally aplit. I shall mevertheless show (3.5.3) that if X is compastly

gonerated them G-Vegt (X) = ljim C-Yegt (X))

(442) Let G be » compact Lig group, sand X = Y/N, where N is & normal
subgroup of G which sets freely on X. Then f : (6,Y) = (@/¥,X) is both

open and preper. If Y is paracompest then £ is lecally split (by the
existence of alices for the action on ¥ (1.5) ). There is a unigque

possidble descent datum, and B/f = R/N. This proves part of

Proposition J3.2.1 If C 45 & compast group and Y i3 paracozpact and

compactly gemerated, and N <1 G acts freely on Y, then

e ¢ (6/N)-Yegt (Y/N) —— c-Yeqt (¥).

The preef when G is not a Lie group will be explained in 3.3.
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(iv) X is obtained from the G-space Y by shrinking to a point a compsot
C-subspace A, (I shall write X = Y/A.,) Then £ : Y + X &s proper. It
is not hard to see that a descent-datum for f is an isomorphism

AxN —> E|A, whore M is & complex G-module. In faot

Pyoposition 2.2,2 If A 1s & ocompact G-stable subspace of the compastly
gonarated C-space Y, and X = Y/A, then G-Yegt (X) is eguivalent to the
eategory of triples (E,N,a), where E ¢ G-Veat (¥,, M is a G-module, and

G'lf‘—"ﬂ‘o

The proof will be given in 3.5. (It remains only to show that B/f

is locally trivial.)

3.3 Tensor producta, ets.

C-Vept (X) i3 a "sultiadditive” category: as well as adbelian groups
of morphisme xog:(x; E') from B to B' there are abelian groups
na-g(t‘,l, $2') of "multilinear” morphisms ¥, xx Bg » B', (Of course this
is so in the category of veotor-spaces in any category.) So it is

reasonable to copaider the existence ef funotors (E,B')+->E ® &',
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(2',B") > Hom, (B';E") defined by

ne-‘;(x ®E'; ") @ no.i(x,n';x") = aeni'(Ex Hes (E'32%)).

The funstors exist, but I shall not give the proof here. The fibre
f E®E' atxeXis X ®E!; that of Hou (E;5') is Hom(E jE!). Siailarly
the functors £ > ®©%, a%, 3% extst.

Notles that Homy(C;B) = IR for any Gevestor-bundle B, and therefors
riggx (B;8') = n-:(sw').

Let ;&x(l;n') be the open subspace of mx(n;s') whose fibre over
x ¢X is Isom (x‘;s;). It is. locally trivial over X and has the preperty:
¥ lsew (B;x') = xu.:(n;s'). If B_has oonstant dimension n for x & X,
then P = Isom (Cj%) is called the pripeipal bupdle sssociated te B, It
1s & (G x A)~space, where A = Aut (C?); and X = P/A, B = (P xC®)/a.
¥hen E has & hermitian structure (3.5.5) it has a subbundle P, (also lecally
trivial besanse the map Iaem (C's%) = laow (C%) given by orthonormalise-
tion is oomtinueus) which is a (G x U(n))~space such that P = (Po x A)/U(n),
E= (P, x C")/%(n).

With the aid of this construction one can complete the proof of 3,2.4:
one has a G-veotor-bundle £ on Y, and K 2 G acts freely on Y; one wants

to show that R/N is locally trivial on X = Y/X, But
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0N o% (P x o))/ & ((PY/R) x C®)/U(n), s0 1t suffices to show
that ?O/n is locally trivial on (PO/N)/U(n) % X. Put U(n) ks by
construotion a compaot Lie group, and PO/W is paracompact, (For Y

paracompact —> P, parsccmpact > PJH paracompaot.)

The funotorial properties of &, Heg , eto. are continually needed:

EProposition J.3.1 If £ :Y + X iz o Gemap, and &, E' ¢ C-Vagt (X),

then F*(E ® B') & f*f @ £*2°,

r*dom (5;°') = Hew (f°E;f°R'); £°Ison, (BsE') & Lsog, (£YE;L°E");

end aimilarly for the other functors mentifned above.

Propositien 3.3, If £ 1 Y - X is a G-map, then

Kep (Y) How (Rs2')) % Hom (F*B3€%5').
(This generalizes, and in view of 3.3.1 ia implied by,
I° Hem (X;R') & Hom'(E;B') .)
memr) § RfE) .
I shall omit the PM. of }0}01 and 5-’.2.

The G-vector-bundle ng(xs C) is oalled the dua) of E, and written

E*., The fundamental property of duelity in C-Veot (X) 1s
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Propesition 3.3,  Hem (8,iE) — lam(83i57).

Ons oan deduce from this such facts as:
E LA (B*)*; gg‘(g;nz) = B} @, (n‘ @32)* = E} ® B3
Eaw (51%,)0 ¥ Ham (¥(m3)

Pinally, I shall mention the most important practical gonsequence
of the comstrustions im this section. FEeoause the inverse map
Tsom(M;i1') + Isom(X'jH) is continuocus there is a contimuous inverse

;_ggx(lgx') - M(R';E) over X. Applying Pi ons discovers

Proposjtion 3.3.4 A morphism in G-Vegt(X) is an isomorphism if its

restriction to each fibre is an isomorphisa,

From now on I shall commit contimmally the following abuse of
language. I shall call a morphism in G-Yee$(X) en injection (resp.
surjection, bijection) if its restriotion to eash fidbre is an injection
(resp. +.s)s This is clearly different from an injection (resp. o..) 4n
the category G-Vegt(X): 4n fast it is the same as a girict injestion
(resp. +..) in the eategory. I shall use the words "exact sequence”
similerly. With this abuse I can write lﬁononi(l;E') = rg mx(g,gn)’

x,ui(n;s') = I‘i mx(sis'h where MX(ME'). %(E;E') are certain
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subspaces of MI(E;E') whose definition will be clear. I shall introduce
also another sudbspace MX(E) of mx(x;x) = mx(n)s an element of the
fidre of mx(!) over x ¢ X is a projection in .. Thus

I} Bred, (%) = Prog¥(s).

3.h  Extemsien of group

We have seen that a homomorphisam of compast groups ¢ : G » G' induces
sdjoint funetors ¢, : |Gespaces] + [G'~spaces] and ¢* ; [c'=spaces] -
[G-spaces]. The restriction ¢* obviously induces a funstor
#* : G-Yeot (Y) - G-Yoot (¢'Y) for o G'=space Y; but the same i3 not

true in general for $oc One has, howsver,

W If X 13 » parscompect G-space and ¢ ; G + G' 1s an
inclusion - or, more genmerally, if ker ¢ acts freely en X - then ¢,
induces a functor ¢, 1 G-Yegt (X) = ¢'-Veot ($,X) which is an equivalence
of categories inverse to the restriction 1‘:, where 1 3 (G,X) -« (G',¢.X)

uxacnal-oﬁ' t@‘“"'

Proofs ¢, is the composite of two functors:
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(1) prg : G-Yeet (X) + (6 x G)-Yegt (6' x X). Beocauss G' asts freely
on G' X X 3.,2.(i41) shows that prf 1s inverse to the descent from

&' x G, G' x X) to (G,X), which 1is always aplit.

(i1) descent from (G' x G) - ¥sag (G* x X) to G' - Yook (6 x, X), also

an squivalence by 3.2.(1ii) under the oonditions stated.

Romaris In Chapter 6 I shall defins, under much stronger oonditions on
¢, » more subtle functor ¢‘o ¢ - Voot (#°Y) - G' - Vept (Y) fer a G'-space

3.5 Extension of lsomorphisms

If £ is a Gevector-bundle on & locally compast G-space X, the
Gevector-space I B = Nap, (X; B) has a topolegy defined by
lupc(!; I‘xB) - r;a(x x Y) for say G-spase Y. If X is compactly
gonerated I,E vexists® enly in the categery of compastly generated G-apaces.

The topolegy is of course inm either case that of unifora convergence on

compact sets.
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Proposition 3,.5.1 If X 1s compaoctly generated, I'xE is complets., If X

is oompact it is normable.

Proof: X can be written 1_% X,» where [X | are compact sudspaces and
a

zlxa is trivial (say = X x X ). (One can forget about G.) Then
""’x(“ E) = lia n.px(x.;x) = 1im Map (x‘; n.). But eaoh ¥ap (x‘; u‘)
is eomplets and normable, and an inverse limit of eomplets spaces is

complete, If X is compact one can choose S finite and then the inverse

limit will be normable.

Thus the wﬁancfGonrxloauboutoudedtomaouonotﬂc(thn

measures on G). Im partioular the Haar meesurs #, induces & projection

of I‘xl on to l': E, which is therefore a closed sudspacs.

Cogvention  For the remainder of this chapter X will be a compastly

generated paracompact space - though the parscospectness assumption oould

if necessary be avoided,

Proposition 3,5.2 If A 4is a closed G~subspace of X then an equivariant

section of E|A can be extended to an equivariant section of E,

Proof: Let [X ] o be closed mumerable oovering of X with E|X trivial
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2 - N
for each a. By Tietze's theorem T x‘(."lxa) I'x.m(l‘;la A) is onto

(set-theoretically). A partition of unity for [xal is a splitting of

the restriction I,(%) - N I, (B/x,), and 1t induces a partition for
s

{x‘ NA]. The propesition follows from the commutative diagram:

€ (g = T
L (3ja) — rA(m) nrx“m(n]x’ng)

r. onto —>r,_onto ->r, oato,

3 2 1
Corellary 1 If E, B! are G-veator-bundles on X, and A is a closed

G-mbmoofx,mdftnlhaa’uhnmrphiu,Mtoxuuhtcu

mhiu?s!»r.

Progfs  Hews (%; B') = r¥ Hom (2} '), oto.
Corgllary 2 If, in the sam eirounstances, £ : BjA + E'|{A is an isomorphis
mnmuumxwwuwamx-mmtrumum

.. - 4
isomorphisa £ § EjU — &'|U,

Purthermore, if £d, £{ are two extensions of £ then
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t > (1 = t)afd 4+ tf] (¢t eI) defines a homotopy from £} to ] through

isomorphisms over some G-neighbourhood U' of A contained inm U.

Preefs Choose some extension £ of f. Regard £ s & section of

Howy(B) 5'), and define U = £ Ipon (E; E')1 this will do, The last

statement is proved by applying the same ressoning to the subspade

(Ux0)U(axI)u(Uaxi)eoxxI.

I ocan now prove two statements I made without proof in 3.2,

W I e, lL X, * X 18 & looally finits closed covering

crlbyﬁflhbhnta, andluquoWbmdlam L X with descent~

ass
data for £, then R/f is & G-veotor-bundle on X.

Fregf: ¢ is irrelevant. One can assume that 3 is finite, and in faot

that it has two elements; alse that & is trivial. Then X = X, U Xg, and

one has an isomorphism between Jf,|X, N Xy and ja|X, NXge Extend it to

an isemorphism over U o X, N Xy (U epen). Sutiia'xiuﬂ(iu 1,2),

Then 2/f 13 also dafined by elutehing My x X, and My x %, along U= T, N %,,

because X; i Xg + X factorises through X, 1 X; + X. But the latter is

locally aplit, so E/f is losally trivial.
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Eroof of Froposition 3,2,2

A is a compact G-subspace of X. P is a G-vector-bundle on X}
as } -;% BjA is a G-trivialisation. £ : X = X/A,

I shall show that B/f is locally trivial.

Extend a to ¢ 1 § = B|U, where U is open and contains A. Then
(8/£)|fU = £U x M, because descent is uhique. And fU is a meighbour-
hood of £(x) in X/A. So B/f 1s trivial near f£(x). But elsewhere in

X/A £ &3 locally split, and there is nothing to prove.

Propesition 3,5.5 A Ge-veotor-bundle E on X can be given a G-invariant
Hermitian metric = i.e. there is amorphisma ; E®E » C such that

c(;,y) = a(¥,x), aod a(x,x) > O whenever x # 0.

Preof: The hermitian maps TwoE - € correspond to real sections of the
G-vector-bundle ¥ = ,E_ng(f ®EjC). Choose a closed numerable oovering
!xal of X such that ""u 1s trivial, P|X_is then alse trivial, and has
real positive sections. But the splittings used earlier
. Mo (e}
r,» = r 7 = nrx(rix)

a a

are real and positive, 30 one obtains a suitadble seotion of P,
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Corollary: E & B* as Gwvector bundle,

Proposition 3,5,4 If a3 E'+Eisa sonomorphism of G-vector-bundles
then the cokernel g 3 E + E" is a G-veotor-bundle. Dually, if 2 s B - E"
is an epimorphisa of GCeveotor-bundles then the kernel a t+ E' - E 15 & G-

vector-bundle.

Pyroof's G 4s irrelevant, and one can supposs B' = !_-_}a, E= Q_N. Ir

x & X one can find a subspase N of CN such that .(n;) @ M= d;‘n. Consider
the morphism E' @ }f ~ B. It is an isomorphism at x, and #0 also in a
neighdourhood of x. Therefore coker a = ) pear x, as required, The

argussnt for kernsls is precisely dual.

Proposition 3.5,6 A G-vector-bundle E on X is seal-simple, i.e. if E' is
e sub=-C-veotor-bundle of B there is somplementary sub-G-vector-bundle E"
such that E & K' ® E", Bquivalently, in view of 3.5.k, every injection

and surjection of G-vector-bundles splits.

Pirst proof: A hermitian structure on E induces one on E'4 E'+B
induces i* -o'i", and the diagram

B! <o B

zl{ La'.

- -
E'* < E*
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commutes. But the vertical maps are isomorphisms, so we have a splitting.

Sesond proof: Choose, as one can by the proof of 3.5.4, & closed numerable

covering [xa! of X and local splittings f_ ¢ Hom, (xix ) B'|X). The usual

{¢ ]
pull-backs ““x (B; B') = ”"x (2; B*) <-A, namx (BjXx 3 B*(X )
provide a global splitting.
(I mention this preof because of its application to infinite-dimensional

bundles (cf. § 4.5), when one doesn't have s Hermitian structure.)

Proposition 3.5.7 A G-veotor-bundle £ on a gompagt G-space X is a

quotient ~ hence also a sub-bundle - of a trivial G-veotor-bundle M.

Proaf: By 3.5.2 there is a surjeoction rxl XX -+ E; one must find a
finite-dimensional sub-C-module M of rxx such that the induced map N + E
1s surjective. But by 2.1.3 there is a dijeotica )\ X, + B with all M
fooite-dimensional. 5o Ll J <+ B 1s surjective: onme is reduced to
showing that G-vector-bundles are "noetherian”. Certainly for each point
x € X ons can find a finite set S such that \| l -E is surjective,

us

But them Il M -onyiamrjocunrardlyinsmmishbmmu of
us

x, for m( _l_Lg'; E) is open i.ng,gx(«_\‘ls ¥ 3 E)o Choose a finite set

#Mnuxommtmemamﬂzoonrx,uullctSbothounion
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of the eorresponding sz' Then _l_Lg. -+ % is surjeotive.
ass

Remarics: If M is a Gemodule I shall write V(n,¥) for the G-menifold
sonom (T ¥), and eall it s G-Stiefel-manifold. Aut (®) aots an
V(a,M), commting with the setion of G. The quotient V(n,M)/Aut ()

I call the G-Grassmannian Gr(n,N)}. There is a canonical G-vector«bundle
E(n,K) = (V(n,4) x ©®)/aut () on Gr(n,N). If B is a G-vector-bundle
on X with n-dimensional fibres then to a monomorphisa E »!oomupends
o map P = Jagn (T} 5) = Monom (@ u) = V(). But P/aut () 71,

so this induces £ i X < Cr(n,). And £+ E(n,¥) & (P x )/aut (C) ¥ &,
1.0. "any G-veotorsbunils can be induced by a G~map into & Gegrassmannian”.
Wmummmmmxago.!-b!;mobtdm two maps
R-om'uohhncmsmﬁm, and 20 are linearly homotopis

through monomorphisms, snd induce G-homotopioc maps X - Gr{n,lie @ My ).

Preposition 3,5.8 Irpzzalu;promum(i.c.p*’pap)in

G-Vegt (X), then ker p, coker p, in p all exist in G-Veet (X).

Proefs  As ususl oaly loeal triviality is in question: ons can disregard
Gadusunxtggn. poernlpmu;:X-oProJ(C“). Now the

dimension of the image is lower-seami-continuous on End (CE.“) , and therefore
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the dimension of the kernel is upper-semi-continucus. But on
Proj (C) im q = ker (1-q), so the dimension of the image is oontinuous,
1.0, locally constant.

Let x ¢ X, M = ker p_, and let K + C' be the inclusion.
(1«p) 4 s ¥ » C° 1s annihilated by p. It is injective at x, and hence
in & noighdourhood of x, But dim (ker ;x) is looally oonstant, so
0 - !(11).‘ C® 2 C® 15 oxact near x. That is, ker p is locally
trivial near x; and with its coker ¢ and im a are loecally trivial by

JeSelss

Remark: The same argument shows that any scyclic complex (not necessarily

beunded) of G-veotor-bundles aplits.

Propogition 3,%.9 If B is & Geveotor-bundle on X, and A 1s a closed
G-subspace of X, and p t E|A « B|A i3 a projestion, then there is a G-
stadle neighbourhood U of A such that p can be extended to a projection

q: “U d RIU.

Progf:  Let V be the sudspace of 3pd (B) consisting of endomorphisms

with no eigesvalues of modulus §. It ia open, end it contains Proj (E).

Define a map w 3 V omx(l) over X b’y\—-p.i%.{ j’ (2.4 = y)""Id'

Isi=¢
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(To be precise one should write s = -2-}1- ‘z{-}(’.d - y)'1dz, regarding

7,4,y as elements of the topological ring r:(pr‘ mx(x)). vhore
pr 1 V + X s the projection. 4 : V-onxm(E) is the diagonal map.
The ring is ocomplete decause V is compactly generated.) = is an squivariant
retraction of V on to mx(z)z one can look at each End (Ex) ssparately,
and decompose Ex = E; @_E; so that E; and E; are stable under y, and
ylx; (resp. ﬂx;):ahu no eiganvalues of modulus € § (vesp. » ). Then
o(y) = 0 ® i4.

Now the given projection p corresponds to s section p of Erod (E) (4.
Extend p to T & rimx(x) and define U= r 'V, Then g= ¥ o (F(U) s

U = ProJ,(B) extends p and defines the required g.

Proposition 3.,5,1Q If A 1is a compact G~subspace of X, and % is & G-
vector-bundle on A, then there is a C-neighdourhood U of A and & G~vector-

bundle E on U such that EjA 3 E.

Progf: Express K as a sumaand of some Y¥j) extend M over X; extend the

projection }j » E over U; define £ as its image.

It is reesonsble to define a topology on the set isom G-Vegt (X) of

isomerphisa-classes of G-vector-bundles as follows: a subset E is open
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if end only if, for any space Y (with trivisal G-astion) snd any G-veotor-
bundle E on X x Y, the set {y ¢ Y 1 [E’] ¢ B} is open in Y, HeroE’

uanai;l, dtnroiyzx-»x;e!ux»(x,y). Then one has

w If X is compact, isom G-Veot (X) is disorete.

Progf: Given Y and E as ebove, and yo ¢ Y, one must show there is a
neighbourhood U of yo such that K 33,. for all y ¢ U. Consider the
G-veotor-bundle pr'S, . (pr 1 X xY +X). One has EjX x yo =

(,:*x,.)xx X Yo, 8pd oan extend this to an isomorphism BiX x U = (wyo)ix x U,

But then 4°E = 4* pr* B = B, as required.
" ™

P ition 2 If X is compast, and o = £, t X » Y as Gemaps, and
E is & G-vector-bundle on Y, then £8E = fIE, by an isoworphism which is

doumiudupumuwb’mmuwt:XxI-cht\ncnroanﬁf‘.

Remarks: (1) Twe iscmorphisms Jo, Jy ¢ F » F' of G-Veg#(X) are said
to be homotopic if there is an isomorphisa J : pr*F » pr*?' (pr: X x I » X)

such that Jo = 13(J), J4 = 13(J). (1.t 1 X+XxI isx v (x,t).)

(11) The proposition is actually true for any X. [16]

Preofs The first statement follows at onece from 3.5.11. But
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£ wiy °pr, so also £* K = pr* £} §, and one ocan choose the isomorphisa
Ji 05 % —> £ E of the form 13(K), where K s pr* £33 Zot+E and
12(X) = 4a, If J' 1s snother isomorphisa satisfying this condition

then (3')"Y ¢ J 1s homotoplo to the identity, so J = J'.

Propopition 3.5.,13  ("Homotepy extension")  If A 1s & closed G-subspace
of X, E and E' are G-vector-bundles on X, and fo : B + B, kg 1t BjA - B'A
are isomorphisms such that he = fo|A v hy, then hy can be sxtendsd to an

isomorphism £; : K <+ B' such that fo = £y,

Progf: Ons has an isomorphiss Q : pr*® B|B - pr® E'|B, where

Ba (X x0)U(AxI)CXxI. Extend( to an isomorphism R over

D= (Xx0)U (U xI)for some ocpenl A, Cheose p : X » I with support
{n U such that #{(x) = 1 for x e A. Define r 1 X x I =B by
r(x,t) = (x, tp(x)). Define £ = r*(R) s pr*E » pres’, Then £, = 13(f)

as “Mo

Soholium: The homotopy between fo and £, is determined up to homotopy

by that between he and b,



3+6  Iciviel Gogpaces

X is said to de a triviel G-space if G acts trivially on X and
e 1,0, Oon the sheaf of somplex funoctions on X.

In this case (and not otherwise) there is a functor
T 3 Yegt (X) + G-Veot (X) which assigns to & veotor-bundle the same bundle
with trivial GC-estion. 8o it is reasonpble to investigate the existence

of sdjoint funstors r® and /G from G-Vegt (X) to Yegt (X) such that
nen‘;' (T8; B*) = ﬂc-x(B; r“x')
an‘: (3; T8') ¥ Hem (R/5; 2°).

Proposition 3.6.1 If E is a G-vector-bundle on a trivial G-space X, then

the G-invariant subspace is & veetor-bundle on X which is both IR and £/G.

Proof: The G-sotion G - End (E) extends to a howomorphism of rings

M, -+ Mx(r). The imege of the centrsl idempotent i, & N, is a G-projection
Mo * E-+E., Its image is by 3.5.8 a G-vector-bundle which is beth a
subbuadle and a quotient~-bundle of B, and clearly satisfies the uaiversal
properties for I8 and B/G. It contains all the invariant points of &

because through any such point there passes an equivariant section, i.s,
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an element of ng(g; R) = an(g; I’GE).

Corollary 3.6,2 If B, %' ¢ G-Vegt (X) there is a vector-bundle
m:(ﬁl E') on X with the property 1"x m&(a; ') = chi(E; E').

Proposition 3,6,3 If G aots trivially on X then any E in G-Vegt (X)
6 o .
can be decomposeds l_\‘_\i g&mx(g; R) —=8, mucu the set of
+

isomorphism ¢lasses of simple G-modules.

Proofs The definition of the map is oclear. And its restriction to eash

f£idbre is bijeoctive by 2.1.5. So it is an isomorphisa.
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Chapter Four

EQUIVARIANT K-THEORYX

Prom now until section 4.6 all G-spsses will be supposed gompaot.

b1 Definition ef 5

Definition 41,1  If X is & compact G-spaoe, KG(X) is the Grothendieck
group (1.6) of the topological categery G-Yeol (X) with respot to the

composition & .

In fact the isomerphism-clesses of G-Veot (X) form an abelian semi~
group under & , and KG(I) 1s the associated abelian group: in the frame-
work I set up 4n 1.6 this is not quite trivial, but follows {rom 3.5.11

which says that the set of isomorphism-classes of G-Yegt (X) has the

disorete topology.
12 G = [1] one writes K(X) fer K (X).
Exszple I X is & point then G-Yegt (X) = G-Yegs, so K (X) & n(e).,

Ac-uptcr-oxuducnarumtorf'xG-m(x)-G-M(!)

which is additive and so induces & homomorphisa t‘g s KG(x) - xc(!).
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By definiag K (f) = £ one obtains a funator Ky 1 (G - cpt)? - ab.
More gemerally, s morphism (¢,f) : (H,Y) » (G,X} in the category of

spaces-with~group-action 1n'duon a homomorphism xu(x) - xn(t).

The tenser-product (5,E') +» E ® E' 48 a functor from
G-Yegt (X) x G-Yegt (X) to G-Yegt (X) which is additive in both variables.
So 1t induces a homomorphisa K (X) ® K (X) ~ K.(X);
xc(x) ssquires theredy a structure of commutative ring. The formula
£+(E ®E') = £48 @ £*E' implies that £’ ; K;(X) + K () is & homemorphism
af rings. That is, K. 18 a functor into the category of rings. 1In
partisular, becsuse any G-space has a unigue mep on to a point, Kc(x) has
slways a natural structure of R(G)-module. More generally, if X, X' are

two G-spaces there is a matural morphisa of ringm:

xo(x) ® xe(x') - xs(x x X'),

Several of the propositions of Chapter } can be translated immediately

into statements adbout KG’
If ¢: G+ G' is & homomorphisa of groups thers is a natural

hoscmorphism of rings ¢° : K. ,(X) + K,(4°X) for s G'~space X,

Proposition 4.1.2 If ¢ 3 G +G' is a homomorphism, and N = ker ¢ acts
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freely on the G-space X, then there is a natural isomorphism of rings snd

of R(G)-modules

# + Ko (X) L Kgi(#2)e (of 3.201, Sehel).

Exsaples: (1) xG(G/n) = (H) as R(G)-modulo

(44) ‘o(x) F K(X/¢) if G ests freely on X.

Proposition 4.1,3 If fo v fy + ¥+ X as G-maps, then

£h o= £} 1 gy (R) < KG(D.

This follows from 5.5.12 because the Grothendieck group is formed

from the isomorphism-classes of G=Yegt (X).

Propesition ksl.h If A is a closed G-oontractible C-subspace of X then

pt X+ X/A induces an isomorphisa p‘ $ KG(X/A) - KG(I).

Preof: By 3.2.2 G-Veot (X/A) is equivalent to the category of triples
(B,M,q) with B & ¢-Veq} (X), ¥ & G-module, end a : BjA = 3 and with
this identification p* is (B,M,a) > B. But if A is sontractible every
X forms part of a triple (B,M,e) by 3.5.12. 5o p‘ is surjective. But
3.5.13 implies that any two triples with the same E are isomorphic:

‘i“n (!,‘.G). (B,H.ﬁ), 3.1 °ca E\A :"’Ell\ is hmtopio to the 1d¢ntita
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because A is contrastidble, so it oan Ve extended over X. Hemoe p* induces

an isomorphism of semigroups: isem C-Yegt (X/A) N isop G-Veet (X).

If X 48 & trivial G-:pace there i3 an additive funster
T s Yoot (X) « G-Yogt (X) which was diseussed in J.6. It induces a
homomorphism of rings K(X) - xg(x). So in this case there is a natural

morphism of rings x 3 R(C) @ K(X) » Ke(l)o

Proposition 1.5 If X is & triviel Gespace then s 1 B(G) ® K(X) = K.(X)

is an isomorphism of rings.

Progfi If ¥ 1s & Gessdule the funetor B > Hog (i %) from G-Yegt (X)

to Yoot (X) induces a morphism v, : K.(X) + K(X). R(G) 4s the free abelian
group gomerated by the set Ee of isomorphism alesses of simple Gemodules,

30 one can define a morphisa v 3 xq(x) < R(6) ® X(X) by

x> u:‘z (K] ® "(8). It follows from 3.6.3 that v is the required inverse
of g ¢

The existence of complemsntary bundles (3.5.7) gives one a very

managesble desoription of olements of %(x).

Proposition 41,6 An element of K.(X) can be written [E] - (M), where T
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1s & G-vector-bundle on X, ¥ is a G-module, and [E], [}§] are their images
mxs(x). And (E,] - [¥,] = [Ra) - (Ms] 4f and only if there exists a

G-module ¥ such that E, © Ja ® M =By @ M, @ ).

he2 x;q and the eoxact sequence

S PR nSRR

Proposition 4L.2.1 If ixaia o5 18 & finite feally of G-spases, then

Rl = T

This is trivial.

Proposition 4.2.2 If X + X,, X + X are imclusions, then
K (X 0y Xa) » Kg(Z) @ K(X) 3 K () is exact.

Proofs One balf of the exaotness just expresses the funotoriality of
Ko» Onm the other hand, sn element of the middle group can be written
((8,) - (4], (Bs) = (X)), snd 4 its two images in K;(X) colnoids then
(B |X) ®§ & (Ea|X) ® | for some G-module N, Construst E on

x‘nxx.b,duumx‘ggmﬁn.@gdmm it is clear that the
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image of (t] - (¥] - [F] i Kk (X,) ® K (Xa) 4s ([5,] - [M], [Ba] - [KD),

as required.

The homomorphism Kc(lg iy Xg) = KG(X;) @KG(X:) will not, normally,
be injective; 4.0, X, is not loft-exaot. One would like to extend the

sequence of 4.2.2 to the loft to obtain a long exact seguence

(9) vee =+ K3 (4 oy K) 2 KX x) 0 CHE) 3 KCUD) SETxoug W)

where {‘quqgm are in some seme "left-derived functors” of K,. This oan
be done, Dut I don't know a satisfying way of doing it, and I shall simply
follow the elassical discussion.

Let G-Vegt (X) be the additive category whose objects are pairs
| (E,Q); where B & G-Vegt (X) and a ¢ s“", point -»Auti(l), 1 is a map.
(One can use this "singular® definition because the spaces in question are
locally trivial (1.6).) There is an evident continucus fumstor
G-Vect 3(X) -~ G-Yeas(8% x X) obtained by regarding 5 x x as

(03 x x) (0% x X). Two cbjests (B,ae), (B,a,) define isomorphic

a1
s
odjects of G--!;M(s'i x X, Af and only if ao ™ 63t "if" becauss iscm

G-Voot (sq x X) 4s disorete; "only if" because if (‘K,ci) v—»i’i then an
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isomorphiam ¢ : Eo = i',, emuu of two automorphisas f*, p_of E x pd
sush that (¥, |X x 590 4o = 4y o (¥_|X x 8¥7) 1.e.
8o © 3:1 = (&Jl x sq-i).1 oay o (y_|X x sq") ° az‘ and ths right-hand-
side of this last is null-homotopie.

So x(c-xm"(x)) —'E» K@(s‘l x X). Kow xs(x) is a canonical direect
summend of K(G-Vegt %(X)). I defime K %(X) 23 the complementary direct

sumsand, That means

x;"(x) = ooker : Ko(X) ~+ K (X x 89,

Alternatively one can say @ K;q(x) 2 1%- ot Autg(!) , where E runs
through the category of G-vector-bundles on X and inclusions.

I shall define & eoboundary homosorphism d ¢ Ko X(X) » Ko¥*'(xyu ) Xa).
Let (E,a) represent an element of s-—gm"q(x). One can suppose that E
is trivial: say E = M.

(£,u g %) % 397 5 (x, % 5%7) u gqe(Te % s71).  cluten two
sopies of ¥ along X % 3% by & to form a G-vestor-bundle ¥ on
39 x (3,0 Xa).  Define d(¥,a) = (E] - [}] « ¥ (X0, Za). e
exaotoess of K.3(X) 3 K3 (X0 ) X) - K1) @ K3 (%) 18 teseatater
& bundle on(x‘-“—xl.) x 851 which is trivial on X, x 89! ant x, x s

ilotthcfonoriabm.
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The exaotness of x;‘(x, 1y X)) < kY x) @ x;q(x.) 2 xc’q(x;: follows
from ko?o?.

Pinally, consider K3(x) @ KoX%a) 3 K5%x) 2 ¥ (x u, Ke).
ra: st o Autg(g) extends over either X, or X4 then E is trivial:
this implies one half of the exsctness. On the other hand if ¥ ¥ X ove

Q-1 G Q=1 G
has isomorphisms ay ¢ 57 < Auty () as 1 57 < suty (M) such that
(a|X) o (adl)m1 = g; and the rest follows from the lemma - which is

also of independent interest:

Lemma k:2.3 If (E,a), (B,8) dofine two elememts of K Y(X), their sum

is defined by (B, poa).

Froaf: It suffices to show that the two maps s9! . Aut:(n ® B) represented
a O pe O
diagremmatically by (. ;3) and (O 1) are ocanonically homotopic. So it

suffices to show that ('3 g‘") is eanonically null-hemotopic. But it is

o 1 / (1-t)1)
linearly homotopic to (_, o), for 314)1 o ) =B, oannot be
-1
singular for t ¢ R, (Its inverse ia k(t’:_t '(1?)) with

k# 0.); end (3' ;) is connected by an obvious path to 1.

This completes the construotion of the desired long exact sequence (*). -
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4.3 Relative groups

Let A be a closed G-subspace of X. xc(x) is s canonical direct

susmand of K. (X0, X)s the complemen direct sumsand is called
A

xG(x,A).

Bxamples K (X x 2%, x x 8Ty 2 K;q(l) because DY qu.‘ AP ¥ A

8imilarly one defines: x;q(x u, X) = x;“(x) ® r;“(x,A) for any q e N,
The exact sequence for A 3 X L X » xnlx can be written

o 3 x;‘(x,g) - x;‘(x) - x;‘(a) 4 x;"“(x.a) “ e

v 2 K31(A) SR (X8) + B (X) < K (A).

- §
There is a "strong excision" isomorphimsm K;‘(x sy 1Y) — K;q(x,h)
when A = X, A - Y are inclusions. For (an Y) Ly (x L Y) &

(x . X) - (x y Y) and the exact sequance bresks up:

Onox;‘((x.ul X).\&x (X-LLAY)) - x;q(an X)©K;q(x_nl Y) -
I;Q(x) - 0

because of the splitting X i XX,
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But an even stronger statement can be made:

Proposition 4,3,1 If £ 5 X,A - Y,B is & relative homecmorphisa (by widch

I mean: tl(x‘A):x-AE—!’Y-B) then

£t . xc"(r,n) = x;“(x,A) for a1l q & N .

Progfs It is suffiofient to oonsider the case of the projection

£ 3 X,A i/A, point., That can be fastorised into the inclusion

KA »Xu, CA, CA (CA 43 the cone on A), which induces an isomorphism

by the discussion above, and the projectiom X », CA, CA « (Xu,CA)/CA, point,

A
which induces an isomorphism by the S-lemma and 4.1.4.

In this section I sball desoribe a new way of defining KG(X) snd
xc(x,A) which is for many purposes more convenient than the ons I have been
using. My discussion is an elaboration of Part 2 of [7].

Let cg(x) ba the catogory whose objects are bounded complexes

E* = (5°,8°) in G-Yegt (X) (i.e. (B9}  _ are G-veotor-bundles with
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£i=0 for |ql large; . 1101”‘, mdtl't"1 odqsO) and whose
norphiauf'sB;«oB;mupafqzzg-’ﬂgmohthatdgorqarqﬂ o ad,

but modulo the squivelence-relation (“chain~howotopy”) defined by
£: wts <> 0% 8+ 28 (q € Z) such that £ - £3 = a%to nt . ¥, &,

¥e saw in 3.5 that any complex which is pointwise acyclie splits,
1.0. i3 isomorphic to a sum of “elementary" complexes
ess 20 B 13! w0+ .. , and 50 i3 homotopioally trivial, i.e. isomorphie
to sero in C(X). This has the important consequence that any morphisa
£° ; E° « P° whieh induces, pointwise, isomorphisms of the homology of
the complexes is in fact an iscmorphism in CG(X): one hss oaly to write
down the condition that the mapping-cene of f° is homotopiecslly trivial.

The funotor X > C (X) bas & clutehing-property like that of

X +> G-Yaot (X)s it resesbles, though not precisely, a sheaf of categories.

Proposition Lgkel If s G-space is the union of compact G-subspaces X and
Y, and A = X NY, and there are given B° ¢ C,(X), F* & C.(Y) and an
isomorphism ¢ 1 E°jA -~ F'|A 1n cG(A). then there is an objeot H' of
Co(X u, Y) and isomorphisms 1° 3 E° - H'|X, §° s P’ = H'|Y in C(X)

(respe CG(Y)) such that (J'IA)-1 o (1°]A) = a. Furthermore H' is
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unique up to canonieal isomorphism in Cg(x vy 1).

I shall estadblish a couple of other results before proving L.ket.

"

tion 2 Irft B - g mcG(x)tau:

PREGER L B RCOL L RFPE )

Qe Z qe Z

Preofs The mapping-oone C, of £ is an soyolis complex. But

cf 3P end. so H(-0)UEfl s ) YEE) = K1) YcH) = 0.

Proposition koknd IF £ 1 B > & tncy(X), amaf%, x8 .2} 1
surjective for all q ¢ Z, then B, is the mapping-cone of a map

¢’ 1 Bg » ker £°,

Hote: "is the mapping-cone” does not mean merely "up to chain-homotopy-

oquivalence® in this ease.

Proaf: Onee one has observed that ker £’ exists, and that any short
exact sequemme in G-Vegt (X) splits, this 1s a formal triviality (see

e.gs [31] § 2.4).

Progf of 4e4el  One can write a = ai'c @o, whoere &b i Q° ~ B°(aA,

@ : Q < P°|A are chain-homotopy-equivalences. By sdding to Q° the
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mapping-cones af 1&2“ and “P'IA one can suppose a%.c? surjective for all
g And, by adding another acyslis complex, that Q7 is trivial for q # O.
Then Q° must extend over both X and Y (perhaps after adding amother pair
of trivial bundles to Q*) for X(-)%q%) = 2(~)%x%a) = Z(-)YrYA] 4n
XG(A), 80 18 in the image of doth xe(x) and KQ(Y). Thus One OAn &3sUmMS
that a1l the bundles QY oxtend ovér X and Y. Define U° = ker s Q° < B°|a,
V' =ker: Q° «F°jA. U’ (resp. V') is seyolis, and its bundles extend
over X (resp. Y) =~ perhaps after adding some more trivial bundles te Q.
U 1s split, 1e0. UL = 2%0°) @ 3P (U°), and ane sees by induotion on g
that 2HU°) and 37'(U°) extend over X (perhaps ...). Suppose then that
U® has been extended to an scyelic complex on X. (' < E'|A 1is the
mapping-cone of & map u’ 1 E°|A » U°[A deternined by the choice of an
tsomorphism Q° SB'|A & U°|[A, Because U’ is split one can extend u’
over I, and it will then determine a chain-hamotopy-equivalence ao ¢ Coe = B°
extending acj similarly one can extend g, to :‘ t c;. + 7', Define R’
on X1 Yby elutehing c;. and c;., which both coincide with Q° en A.

As to the uniqueness of H', the point is to show that if Hy,
Hs ¢ cG(xu‘ Y) and if f; s BJjX —;-a HelX, f.; : K;}!-g.n;rz are such that

b 4

fi“ = fola in Co(A) then thers 1s & well-defined £° | H; —~ He such
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that £°|X = £3, £°(Y = £, Kow there is a ohain-homotopy A% BJ|a-5l""|A
such that t;lA = l';iA + 4°h’ 4+ h°a°, But b’ can be extended over Y, so

one oan defins £° ¢ Hy = Hy by £°|X = £, 2|y = £+ 2% +n'a’

Recall (frem 1.6) that the GCrothendieck group of a topological
triangulased category C can bde defined by K(C) = w, (jaom C). The

main result of this seotion is

Proposition 4okokh There are matural isomorphisms
(1) K0 2> x(cy(x))
(11)  Ky(x,4) <> K(C4(X,A))

(1) is a formal triviality sxplained already in 1.6. The proef of

(14) will be preceded by a lemma.

Lomma LokeS If A is & closed GC-subspace of X and there are given
bundles 7 (q € Z) on X such that B3 = 0 for [q| large, and morphisms
a% . 294 » E%Y|s neking £°|A inte an soyolic complex, then the 42 can

be oxtended over X so that (8°,4°) 1s & complex.

Proofi Lot P¥ = ker(a%jA). Extend 7% to & bundle 7§ on & netghbourhooa

U of A independent of qo Choose ¢ : X,A,X - U » I,0,1, and choose
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extensions a2 of 4% ; (9¥d)a 4 1‘2’1]!. over U, Then define
al; g4, g% a3 gero cutside U and as i(x)df‘:torx sU. This ia a

suitable extension.

Proef of Loloh (14): There is an additive funotor

o 1 Co(X,A) » Co(X o X) which takes E° to E* obtained by elutehing E° and
O by the unique isomorphism O - E°jA; and there is another funotor

L ce(x) - cc(x a X) induced by the codiagonal. It suffices to show
that ¢ @ #* cG(x) x cg(x,a) - ca(x 1, X) induces isemorphism of
Grothendieck groups. But there is a map @b C,(X 1, X) + ob C.(X) x

vo j80u CG(X'A) whose first compoment is restriction to the second factor
and whose second component is E° +> (F°,d4°) where % = 17 5% @ 47 39!

€ P ;x-.xJLAxmmmum) end 4° is an extension of the
differential of the mapping-eons of the identity: 47 K'|A =+ 4 E'jA. I
leave it to the reader to verify that this induces a map of Grothendieck

groups irverse %o (¢ @ 3‘)‘.

The only application I shall make here of the new definition of
XG(X,A) 1s %0 define its multipliocative struoture. The tensor-product

of comploxes induces a biadditive funotor OG(I.A) x OG(Y”) -
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cc(x xY, (XxB) v (A xY)), which induces KG(X,A) @KG(Y,B) -

‘e(x xY, (X xB) V(A xY)). Furthermore, becauss

x;q(x,s) 5 R (X x 2% (x x 8%™1) U (4 x DY), this leads et once to
x4 (x,0) ®KT(1,3) < KT (X x Y, (X% B) V(A xT)). By composing
this exterior product with the diagonal X « X x X one cbtains & structure
of graded ring on [K;‘(I) ] - It is anticoamtative: to see that
amounts to showing that & mep £ 3 DY, 81 4 0%, 3% induces multipiice-
tion by its degres in K (X x« DL x x 8%°), and hence te showing that the

-q
, 8%

nptq(bq )-nnaxu(xxn‘,xxs‘")uahmmuu. But the

group~-law in l" is induced by the cogroup-structure ¢ Dq, Bqd -

p®

n Dg, s"", 80 ons need only check the commutativity of the diagram:

L

(fg-l-\-f.)
%((Dh— D)xo %) —— xc((n-“- D)X, SX)

x.(0x, 5%) 1! ® 15 i @b x (DX, 8X)

12" @ 1a° v W/u!@m‘

KG(DX, 8X) @ KG(DI’ ), 7 e} @f.‘ %(on SX) @K (on 3X)

(Here DX = D% x X, X = 871 x X, ote.) But everything except the
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right-hand triangle commutes by functoriality: and the rxight-hand triangle

commutes because of the homotopy-properties of the cogroup-law - oconsider

the dlagranm

% ((D ug D)X, DX) @ X ((P uy D)X, D X)

H !
i, @ 43

KG(DX, 5X)

(Everything else commutes, so the bottom triangle comsutes.)

Similarly {K;q(x,h)!qs N is a graded ring-without-unit, and a module

over lx?(x)}: I forbear the details.

“'05 F oxXnss

In this section I shall present a third way of defining KG for a compact
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space X, I shall change (im this section only) the maning of "G-veotor-

bundle" as follows:

Definition 4.5:,1 A complex vector-spacs E in the category of G-spaces

over & fixed C-spese X will be called a G-veotor-bundle if

(1) it is locally trivial when one megleots the GC-astion
(14) the fibres E_ (x ¢ X) ere locally convex, hausdorff, complete,
and have tho property: there is a neighbourhood Ux of O in xx such that

{elx, C.{CUx '——‘76“00

Resark: The last condition is equivalent to the existence of a continuous
nors oa B_t th\uituutinriodforcr=hp(tgc)mrumot,

for D, = {smooth maps: Y » C ] when Y 15 & compect differentisble manifold;
but also byl.r=6§mtil compact and metrisable, and by the distridu~

tions D} on a compact differentiadble manifold.

I shall write G-Yept (X) for the category of such G-vestor-bundles on
X; a Ge-vector-bundle in the sense of 3.1 will now be called a "finite

G-vector-bundle®,

Definitiop 4.5.2 A merphismf : B + E' ia G-Yeot (X) 48 compagt if there

is a neighbourhood U of the sero-seotion of E and a subspaoe K of E' proper
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over X such that £{V) CX.

Definition k,5,3 (4) A bounded complex (E°,4°) in G-Yeet (X) is salled

s G=Predholn-complex if there exist morphisms h' : X% « 5"

ﬁutli-' h”-rh""‘ d" = 4 -kisnioxi, Mukizlioliucapwt;

(4 ¢ 2) suwoh

that is, if the identity B° -+ B° is chain-homotopic to a compaot morphisa.

i

(14) (B°,4°) 4s of excess € n if for some m ¢Z E™ is finite for

1 £ [m,men].
(444) (B°,4°) s agyslig if (B;, d;) is an exaot sequence of veotor-

apaces for each x & X.

The category of G-Fredholm acmplexes on X and chain-homotopy-olasases
of morphisms is denoted by G-Ired(X). It 1s an additive oategory. But
in contrast to the finite case it is not trus that any seyclic complex
splits, 1.0. s isomorphic to sero in G-Fred(X). To ocops with this it 1s
sonvenient to adjoin more morphisms to G-Fred(X), forming & new categary
called its derived oategory, so that acyelic somplexss are isomorrhie to
gero. Let us call a morphism of G-Fred(X) a quasi-isomorphism if it induces,
pointwise, isomorphisms of the hoaclogy of the coaplexes - or, equivaleantly,

if its mapping-cons is scyolic. Then one quite aimply sdjoins to G-Fred(X)



k.21

inverses of all quasi-isomorphisms, For the details the reader can refer

to [31].

Propesition 4.5,k  If X 1s compact, the inelusion C.(X) = G-Zred(X)

induces an squivalence of derived categories. Thus xa(x) is the Grothendieck

group of the derived oategory of G-Zred(X).

The proof depends on the following proposition, whose proof I shall

postpone.

Propeositien 4.5.5 If B is a G-veotor-bundle on a compast space X, and
d: E<+E is a morphism of the form 1 - k with k compaot, then there is a

G-module M and morphisms ¢ : E - j and ¢ ¢t E® ) < ) such that
0o« z%%oy Yy .o

is & aplit. short exsct sequence.

Preof of LsS.lss  If suffices to show how to associate to a complex (E°,4°)

in G-Fred(X) of excess n » 1 & complex of excess n - 1 to which it is

epponioslly quasi-isomorphie in G-Ered(X).

One oan suppose that li is finite for 1 < O and that E° is fnfinite.

Then om mchoouthohieth.s.jaoﬂluh”uororito,andmn
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h'dosxo-‘lohcfthofm‘\-ko. Choose a Gemodule M and

¢ 120 + ¥ 68 4n 4.5.5. The oomplex

(.) 0“—23-1 = Eo@g _6—'—9 E‘Qg — 32 = L
Q" (g™ (: 0 ) steo &
® 1

is the mapping-oons of & map of B° uug i‘;!, 80 it is canonically quasi-
isomorphic toE'.

By 4e5.5 one oan fdnd 0= 0o ® 0 1 M + E @ )f such that the map whose

n'a®

0o
matrix is ( ) an mtescrphisn of B0 @ j»  Let its inverse be
¢ 0
(or o)
Co C4
I must now distinguish two cases. First suppose E’ has excess » 2,

1.0, lz is infinite.

Consider the morphism £° of complexes (it 4s injective):

0 0

eve = 0 — B —> B — 0 —

e e e L

*0® - l-"‘a IOOI '631* —9' Ol - x’ —= a0

whers the second complex is the direct sum of (*) and

('00‘0‘304.420"0"000)0mroau@olf1’d°©‘@°o There
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0

is an mtomorphisa a of E1 @Y @F such that gi, = £1, where

0
is ¢ B *81©l©loiam1njntionofthothirdfutor. In fast ¢

is given by
1 "0 do 1"&03 oh' "do& "do’ﬁ
o 6 ¢ » which has the inverse C.h1 Cq Coe
1 1
- 6, O Beoh B,y Bo

Because of the existence of a one knows that £° has a cokernel isomorphio

in G-Lred(X) to

coe * 3.1 - ! - 31@! - 32@‘9 -» !5 * .08

which has excess smaller by one than that of E°, But the cokernel is
canenioally quasi-isomorphic to (*), and hence to E°,

The other case, in which E° has excess one, 1s treated in exactly the
same way except that one does not add (...40-'8040-0‘...) to the target of

£°; and one uses 4.5.9 below instead of a.

I shall now prove a sequence of lemmas leading to 4.5.5.
Let 4 ; E - E Do a morphism of the form 1 ~ k, where k is ocompact.

Let U be a closed convex neighdbourhood of the gero-semtion of E such that

k(U) € X which is proper over X.
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Lemns L4.5.6 If 4 is injeoctive then it is a closed map.

m: 4|U is closed, for it is the composite

y &y :&xix x, K PX_ B, where the middle mep is (x,¥) +> (x=y,¥).
It follows that 4(2U - U) is a closed set of E not contsining O. Choose
a neighdbourhood V of O sueh that d"VCU, e V= [x 1 Ax £ &(2U - t?) for
0«A€1], Let F be oclosed in E. 4aF is olosed if and only if

&F N 0.0 is olosed for all integers n. But & N n.dU = n.a(-}‘rn u), and

ths latter i3 olosed.

Lenma 4,5.7 If axuzmun for somxclﬂnndyhinjwtivo for

all y near x.

Proof: One ocan suppose that U has the property: C.CU ¢ = 0,

Now a"’(c) N(x - 3) is closed in 2K, 30 C = prla"'(o) N(X - 5)! is
olosed in X (pr 1 B » X). Furthermore x is not in C, and 4 is injective
over the complement of C, for if d’ is not injective there is some § in

U - l‘; over y such that &(¢) = 0. Then § =kf, s0o ¢ ¢ 4'1(0) N - 6),

and y ¢ C.

Leoms 4.5,8 If X 4s a point then the image of 4 45 closed and the kernel

and ookernel have the same (finite) dimension.
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This is well-known; see [20a] Théoreme 5 p.272. The kernel and

cokernel are finite because k induces the 1dentity on thenm.

Lemma 5.9 Let 4 : E - F be an injection such that thers exists
hi P+ withhd = 1 « k, k compact. Then 4 is split; and if also

dh = 1 - k' with k' compact then coker(d) is a finite G-veotor-bundle and

F = 8@ coker(d).

Progf: 1t suffices to show that 4 is locally split (ef 3.5), so it suffices
to £ind for each x ¢ X & morphisa ' 1 P < £ such that h 4 4s an
{somorphisa neer X.

Let N_= kcr(h: a) = cnhr(h: &)= Ni. Defime K = a(x) I N, and
ohoose ¢ i F-ol"whiohu the mnnﬁtyonﬂ':. Choose also ¢ g;-ox
shich is o splitting of h @ at x. Then, uh’ah+¢§, K d is of the
form 1-(compact) and is injective at x, hence isomorphio near X.

It also 4h is of the form 4 - k' then C_ = ooker ‘x is finite. Choose
2 g:-bl'whichua:puttincttx. d® 0 E@)gx-oﬁ‘uthonm
isomorphism mear x: far its composits, in both senses, with B @ x

(where x8 = 1 looally) is of the form 1-<poupact) and is isomorphic at x.

W: Givonda1-k13~31twinmwhoolmhmto
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choose ¢ : £ » M 8o that A @ ¢ 1s injective. It remains only to show that
soker(d @ ¢) = ) (for suitadle ¥,¢).
Let pr : X x I - X be the projection, and define 4 ; pr*E - pr*E by
4 2 4 -tk . Chooulland;zpr‘l*gauchthnta'ca;uwwun.
(x,t) x
Then 3 ® t; (in evident notation) is also injective, 850 its cokermel is a
G-vector-bundle which is ¥ at one end of X x I and coker{d @ ¢) at the other:

30 ooker{d @ ¢) 35.

'Y 3 59 for gensral spaces

If ons were to dsfine, as might seem at first sight reasonadle, xg(x)
for a general space X as the Grothendieck group of G-Vegt(X), then bLecause
bundles no longer have complemsntary bundles and one can no lenger add to
& bundle on a subspace A of X another dundle so that the sum can be oxtanded

over X, one would find that the sequence

K(Xu, ) » K (X) @Ky(Y) 3 Ki(A)

was in general not exact, and KG would not be & cohomology theory.

Now there is actually no reasornable doubt or confusion as to what lc(x)
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should be (for, say, paracompact X). But there are at least three ways of

defining it, all of which one would like te think unnecessarily cumbersoms.

They are:
(1) by the method of "stadble bundles" preseanted below;
(11) by the use of Fredholm complexes -~ bdut I haven't carried
this through;
(114) by considering G-homotopy-olasses of G-maps of X into a suitable

infinite "grassmannian" - one obvious choige is the space of Predholm
operators in the Hilbert sum of the Hilbert spsaces M @ N, where H 45 &
fixed infinite ssparable Hilbert space, and N runs through the set of

simple G-modules. The virtue of this method is that for parasompact X

4t leads at once (by the arguments of Puppe) to a ecobomology theary.

Let X be a Gespavce; C a numeradle covering of X by open G-sets; and
Rc the category of all the open G-sets subordinate to C and their inclusions.
Let cG(nc) be the category whoss objeots are families {EU lu @, of objects
of co(u) together with isomorphisms ¢‘, : R& - r'-x‘;, in CG(U) for all

£f3U-U'4n Rc satisfying the evident naturality conditionm.

Define C-§taR(X) = 1im C.(R.).
c
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Proposition L.6.1 If ¢ is a numerable open covering of X and there is
given for each U ¢ R, an cbject [EU,VI of G-3tab(U) defined with respect

80 some covering GU of U, and for each £ : U - U' 4n Rc an isomorphisa

“‘fm! » {925, ;] 1n G-3taB(U), then there is an cbject of G-3tadb(X),
unique up to isomorphism, whose restriotion to esach U is canonically

isomorphie to {xt"'vl .

Proef: Let C be the numerable covering of X obtained by putting together

mmcu(txcc). If‘lcnathoa'lcn for some U, and one has an

Cy

object Bu,w of cs(u). The point is to show that if W ¢ ncunn then

E{’ - is canoniocally isomorphic to E", g+ But for some mmerable covering

» ’

{wal of W ona has isomorphisms & i Bu,w"a - Eu,w"a in cg(wu). Lot [pul
be & partition of unity subordinate to Iwai. Then I p & ia the required
isomorphism: because O7|W ﬂtp s chain~homotopic to Oélw“ nwﬁ one knows
that g ﬂﬂ 0p is ohain-hamotopio to 9“ in ¥ .

An analogous argument proves the unigueness.

An objeot [E;] of G-3iab(X) has & support which is a closed G-subset

of X3 41t is the complement of the union of all the open G-subsets U in Rc

such that B{' =0,



4.29

If 2 is a Gesubspace of X let G-Stab(X,A) be the full suboategory of
G-5tab(X) with cbjects whose supports do not meet A. kore generally, it
¢ 1s a family of supports in X, let G,m.(x) be the full subsategory
with objects whose supparts are in &. It is é%: G-Sted(X,X-C). Finelly,
G-Stab (X,A) consists of objects whose supports are in & but don't meet A.

I ahall only meks use of the two cases & = [all closed G-subsets of X|

and @ = opt = [all oompact G-sudsets].

Gam.(x,h) is an additive category.

Definition 46.2 KG,.(X,A) is the Grothendieck group of G-3tad (X,A),
whish I interpret to mean K 0(JI,A) = isom G-m‘(X,A)/ﬂ, where

»
ES = 7] Af there 43 B ¢ C-Staby(X x I, A x I) such that B¢ = 43 B°,

B = 12 5. (des 44 3 X = X x I).

(I have sdopted this streamlined interpretation <« looking, so to speak,
at the path-components instead of the proper %o - ia order not to have

to invoke the extensibility of ccmplexes.)

One must show that the groups so defined constitute in some sense »
ochomology theory: that is, have properties of honotopy-invariance, exact-

ness, oxoision, and additivity.
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The homotopy~axiom is immediate: it was built into the definition.

Apd additivity is obvious because G-Stab( LX) = 1 G-Stab(X ). Excision

is eany -~ I shall state two results;

Proposition 4.6.3 If A » X, A +»Y are closed embeddings then

G-Stab(X v T, Y) —;—> G-3tab(X,A), so that
K (X, 1, ¥) = . Ko(X,A).
Propesition 4,6, If X is compact and A is closed then
G-Stab(X,A) == empt(xag) s0 that KG(I,A) i—-) xu”pt(xa). In

partiocular, if X is locally compast and x* 18 its one-point compactification

then K, apt(x) = %(x", point).

(One should notiee in this connesotion that if U - X 1s an open embedding

thers is s natural functor "extension by sero" KG,cpt(U) + K, opt(x)')
»

Finally, the gquestion of exaotness:

Propogition 4,6,5 If A is a closed G-subset of X then

xs(x n, CA, point) - xG(x) - KG(A) is exaot. (CA means the conme on A.)

Proof: Cne half 4s trivial. For the other, let E' & G-5tab(X) represent
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an element of K.(X) whose restriction in K (A) vanishes. Then there is
F* ¢ G-Stab(A x -§, gl) whoss restrictions to A x-g and A x% are
isomorphic to E'|A and O respectively. Let p, ¢ Xu, (4 x [o, '%[)" X be
the projeotion, and define pp : A x ]:,';.-%‘[ A X -g. gl by

(8,8) > (o, inf(sup(f,t), 3)).  Define E* in G-gah(xu, CA, point) by

clutching pf E°, p2 P°, and O on A x }g. 1] CCA. Then ¥ restricts to E°.

It is now olassical (of [2]) that one can define K;q to obtain a long
exact sequence in which the roles of the relative group KG(X,A) is played
by 1(‘;(Jln.A CA, point). x;‘(x) (q » 0) can de &sfined equally well as
K, (2%, potnt) or K (X x D%, X x s%Y) or K. propt® * RY), where I8 denotes
the ¢-fold suspension, and prop denotes the family of ¢losed subsets of
X x Rq which are proper over X. But ons has a choloe: either one can
change the definition of the relative groups so that exsctness holds for
any peir but not excision; or one can adopt the definitions adbove, as I
shall do, and forgo exaotness except when ons knows that
xc(l,A) —;; xc(x a CA, point) - which is true, for example, when A is a
G-neighdbourhood~-deformation-retract in X, for then X n_AcA,point ~>Xu AGA’ CA,

e

while "c(“ 4 CA,CA) -’%xe(x,a) by excision.

So far I haven't mentioned multiplicative properties, but thay present
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mo difficulty. [KUX)] s a graded ring lx;?cpt(x)l is a graded
ring-without-unit, which has & unit if and only if X 4s compact, and a graded
module over lx“:(x)!. And there are pairings

K Hx) ®KT(X,3) » KT (X xY, X xBU Y x 4), eto.

k7  Contdmuity

In this seotion I shall prove that the functor Kg from the category
of compact G-spases to the category of abelian groups is contimious in the
sense that if !xa]“z 1s an inverse system of compast G-spaces over the

directsd set I then the natural 14w K (X ) < X (14m X ) 43 an
""aﬁcc Kc“zc

MMrphim.

Lemms Ly7,1  To prove K, oentinucus it suffices to prove 4.7.2 and 4.7.3.
Lengs 4.7.2 Por any family {X lnz of compact G-spaces

1%' ’n(uga a) — &G(acz ¢

where ¢ runs through the scatesgory of finite subsets of i,

Lewms 4,7,3 For any inverss system ixala o OF closed G-subspeces of s
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scapact G-space X, over a directed set I,
a% ¢ a x@ “cz -

Proof of 4s7,1  Civen a directed inverse systes ixa!‘ I

n= 1X3 2 = [ge <agly 0 = NI X. Def'ins
ael a « ﬂ a p‘z“ﬁ
I -0 = 0 X x7 a8 the 4dentity on to [I_ and the composite
@ ﬂ‘zﬂ a a
&

1 xa + limX_  on to the other fastor. ﬂa 1s thereby identified with
a
a olosed subspace of I, and ﬂa, < na if a € a's Furthermore

3
;\2 T, = lax, So by 4e7.3 1w K (0)) —> K.(lim X)),

Now consider the direct set I of pairs (a,¢) with 0 a finite subset of
5 and a ® minimal element of ¢, ordered by (a,9) ¢ (a',0') = a < @'

aad 0~ L, Ca'. (a,o) H’pzc xp 1s an inverse aystem in an evident way
i

over ~. And

= 1lim n
(a%cf Ks(ﬁ::c%) :%; (Tf-za Ka(pw xﬁ)

#e

:%; xc(n‘) by &e7.2

0

xc(lén xa) as above.
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On the other hand there is a morphism I » L defined by a +> (a,lal).
And (a,0) < (¥,{r]) 4£ 9 < ¥ for a1l 8§ € 0, 30 the morphism is cofinal, and

1

LT xc(xa) —£=> 4a _X.( 1 X)) = K;(1im X ), s required.

X
asl (a,97e ¢ gec P

w—w: Let X = ‘22 x¢. xe = “20 x" and pc t X xa’

Ppg t X, = X, be the projection (¢ Cr). In view of the existence of
complementary bundles it suffices to prove that any bundle E on X is of the
forn p} B, for some finite 9, and that if p} E = p3 E! then

P!y B, = Pl B, for some finite 7 centaining 0.

Choose c‘ eX foreashas I, Define £ 1 X » 1 by (f})asx“ ifr
seoand=§ if «a £, (£ 18 not a Gomap.) Let 1 : X+ M be the
eabedding of X in its space of measures. The system of maps [i o fal
converges uniformly to 4. 5o the system of G-maps [¢, = “c‘(“"c)}
ocbtained by averaging over G also converges uniformly te i. But the
bundle E on X oan de extended over a G-maighbourhood U of X mux, and
0'(1) C U for large ¢, and is furthermore limearly G-homotopio to & for
large 0. As ¢, factorises throuzh p, this proves the first half of the
result, If now® = pg B ; P;Ez,w E' one oan extend ¥, E' and a

over a Geneighbourhood of X in M, . Then for large 7 ¢2(a) is an 1somorphism
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- R ' @
E - 5’ homotopic to a induced from X,« Seo Pro Bo = p* e g » 8 required,
(This would have been easier if G = [1], for then the injectivity is

trivial,)

Lenwa 4.7.4 If A 18 a closed G-subs;ace of the compaot G-space X then

1%. Ky (V) = K, (A), where U runs through the G-neighbourhoods of A in X.
This is immediats.

Proof of 4.7.3 It suffices to show that if tx‘l“z is a family of closed
G-subspanes of a oomct G-spage Y, and X = N xa, X=X, then

aed

lil X)—s (x).
o finite x@( ) %

That follows from L.7.4, the only point being to observe that if U 4s
open in Y and contains X then it contains X for large finite 0: otherwise
[x“ - U] would be a faaily of compact sets with the finite-intersection

property but with empty intsrsection.

Propesition hou5  If [(X, A )} ,; 1is an inverse system of pairs of

compact C-spaces, over a directed set I, then
14m K Hx , A) =Ky, Uan). (qeN).

Proof: lim xc(x.) -;-.5 K,(1im xa). so lia xﬁ'(sq x xa) i» x“,v(s’l x lim xa),
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so 1im K:Y(x ) =5 K iymx).  stmilarly 13m K- Y4 ) = Ky {(1gm A ),

so 1im K (X ,A ) = Kzl (1im X, 14m A ).

Proposition 4.7.6 If _[Gal“z is an inverse system of coupact groups over

& directed set I, then 14m R(G.) —=> R(1jm G ).

Proof: VWrite ¢=1limG_ < T = 11 ¢. AlsoG = G, oan be
ai'z“ acl @ “ ;%:ﬂ

regarded as a subgroup of 1. = 1 ¢ aothntrVG-»Ha/G is a map
a ﬁ‘aﬂ [

of N-spaces. Cloarly /G —> lim I /G, APPlying K, to both sides

gives R(G) <§—— 1im R(Ga)'

I don't know a more direct way of proving this.
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Let X be a G~space and B a G-vector-bundle on X. I shall define an
) T
olement A,, called the Thom elesent, in Ke’p rop(E)’ where 'prop' means the

family of closed sets of E which are proper over X. (B) is o

KG:P’»'GP
module over KG(E) = KG(X), 80 one can define a homomorpyhisa of xa(x)-

modules ¢ 3 xe(x) - K, (BE) vy xk—)&s.x. ¢ 12 called the Thop houmo-

p PTOP
morphisa.

AB is defined by the following complex on B
see -»O-Q-opr‘loAzpr'B -»A’pr‘x-ﬁ coe
where pr : E - X, and all the differentials are exterior multiplication by
§, the diagonal map E - XK )&E regardsd as a section of pr'B,

I have listed properties of the Thom homomorphism in [8], and I shall

not repeat thea here.

The periodicity-thsorem of Bott can be gensraliszed and stated in the

following form.

Propesition 4,8,4 If L is a G-line-bundle on a compact G-space X then

¢ KG(X) - Kc,opt(l‘) is an isomorphiam.,
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Proofs KG,cpt(L) a K,(P(L ®C), X), where P dsnotes the assooiated
projective bundle. The complex A, extends to P(L @C) as

cee+ CHH®pr*L + 0+ ... , where H 41a the Hopf bundle (zee (8] chap.
h). Thers is a aplit short exact sequence

0 » KAP(L®C), X) » K(P(L®C)) » K (X) » 0, s0 it is plain

that 4.8.1 will be implied by

Proposition 4.8.2 KQ(P(L ®C)) 4s generated as an algebra over KG(X)
by y = [H], the class of the Hopf bundle, subject to the sole relation

(1 - y)(1 - [L]y) = 0,

Proof’s P(L Qg) is a fibre~bundle over X with fibre Sz. It can be

written (P x 82)/1‘1, where © is a prinsipal T1-bundlo, 1.6 a (G x 'l")-cpaoo.

2

and the ocirele~group 9.“ aots on 8’ keeping the poles fixed. Now

KG((P x 82)/’1'1) = K@ﬂﬂf’ X 82), and ons can cheok that 4.8.2 is implied
by
Proposition 4.8.3 Hﬂwﬂmszbythut:G¢T1,M

KG(X x 82) is generated as algsdra over xc(l) by an slement y subject to

the sole relation (1 - y)(1 - ty) = O, where t = [M], and ¥ 1s the G-module

defined by t 1 G = T',
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Having performed the reduction as far as this one can now turn to the
proof of Bott's theorem given in [5]. ©ne finds that the procf hers goes

through without change in the presence of a group-action. One doesn't even

need to assume that G acts trivially on the field C.
I have shown in [8] how one gets from 4.8.1 to the following proposition.

Proposition §.8.3 If X i3 a compact G-space adeaL,,@...QLkia;

is a G-vestor-bundle on X which is & sum of G-line-bundles, then the Thom

homomorphism ¢ : XG(X) - K, opt(E) is an isomorphism of KG(X)-Mulu.

’

This proposition holds even without the assumption that E is a sum

of line-bundles, as I shall prove in 6.7.

The most important oonsequence of 4L.8.1 or 4.8.3 is

Proposition 4.8.4 If X is a compact G-space and G acts trivially on C
then KG.Q'(X) is naturally isomorphic to K;q'z(x) as KG(X)-nodule for any q

in N,

Proof: K;z(X) = xG,cpt(x x’E) = xG,cpt(x xC), 80 the case q = O is

inmediate; the general case follows meohanically.
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Because of 4.8.4 it is reasonable to define xg(x) for positive q as
KG(X) or K;'(x) acoording as q is even or odd. One will then have long

oxaot ssquences of the type
oo +KHx,8) » KYX) - xXA) - KG‘*”(x,n . vee

extending for all q ¢ Z. And because the psriodicity-isomorphism is
oompatible with multiplication Ka(x) as 30 defined will be a graded ring.

Alternatively one can regard it as graded medulo two.

The oriterion of a satisfactory definition af KG(X) for non-compaot
spaces X is that, besides giving rise to a cohomology-thsory, it has the
pericdioity-property 4.8.4. I have not verified this for my definition
given 4in 4.6, and therefore I have sssentially confined myself to compaot
spaces in this thesis. But I should emphasisze that when G = [1] it is
possible satisfactorily to define K(X) as [X;B], the group of homotopy=-
classes of maps of X into a suitadble triangulable H-space B: for then
x'z(x) = [X;B'] for some other triangulable H-space B', and the existence

of & natural isomorphism [X;B] = [X;B'] for all compact X implies that
B« B', (This argument appears to apply also to G-spaces when G is finite.)

But of course I haven't proved that my definition of X &s representadle in

thisz way.
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In the next chapter I shall construct a nmumber of speetral sequences
involving RG’ The methods used have nothing to do with compasctness, and
they would apply quite generally if xg were defined for all q ¢ Z (with
the properties verified in 4.6). And my results are new even in the case
G;: {1], when there is no diffioulty defining K. So I have stated the
results of 5.1 and 5.2 in 11llegitimate generality: the reader should
either assume that G = {1], or else cbserve throughout that the construotions

1 make do not lead cut of the category of compaot spaces.
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SPECTRAL SEQUENCE and FILTRATION

In Chapter 1 I defined a functor B from ocatsgories to topologioal
spaces. PFor a category R, BR was the realization of the seni-simplicial
set R, ¢ 8 ~» Punct (S; R), which can be thought of es the “singular complex”
or the "nerve" of R, of better still can be identified with R,

The case I shall be conocerned with here is when R is a subcategory
of C-Top/X for some G-space X -~ for example a category of G~stable subsets
of X I shall write R, for 0(0g) when 63 3 = R is & simplex of R, and
08 1s the initial objoet of the finite ordersd set S. Ons can define a

"universal objeot" ER in G-Top (X) as the realisstion of the semi-simplicial

G-space § > _U_ R‘.
g3 3-R

To be quite explicit: ER 1s the quotient by a certain equivalence
relation of the G-space (ﬂ_) Ag x R, where ¢ runs through all functors
3,0
93 3R forall 8 6 0rd. S0 a point of ER can be represented

(8,9,8,x) with ¢ ¢ A and x & R the equivalence welation is generated



by the identifications: (3,9,¢,x) = (5',9',€"', x') if there is & map
6t S+ 8' of ordered sets such that o= o' o @, &' = §.¢, x = ¢x',
Similarly s point of BER can be represented (S,0,£). The projesction
ER ~» BR is svident.

ER and BR have natural inoreasing filtrations {2}, {BPm}: =P
is the image nnamasxxcumam(s) € pe+ 1} and similarly
for 3¥r,

One can De more explicit still., ER 4is constructed as follows:
E°R is the disjoint union of the objests of R, To form E*R one attaches,
for each morphism Yo +~ Yy 1in R, & oylinder Yo X I by its ends to Yo and Y,,
But sach ¢ylinder corresponding to an identity-morphism Yo » Yo is to
be collapsed and can be omitted. Then to obtain E'R ons attaches, for
each dlagram Yo = Y, =Yg 10 R, a prism Yo x 4%, by its boundary Yo x 48,
to the oylinders corresponding t0 Y, <+ Yy, Yo + Yy, Yo » Y;. But again,

diagrams oontaining an identity can be fgnored., All in all one has:

Looms 5,1.1 The msap JaL (AP X Roe 8 x R,) - (x’n, EP.1R),uhon 9 runs
through the non-degenerats p-simplexss ¢ : [o,p] =+ R is a relative

homeomorphisa.
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Remarks: (1) © 1 S = R is called "degensrate”, if it factorises
o= 0'6 0 with 0 : 8 - S* not injective.

(41) By "relative homeomorphisa™ I meen only that the map induces
a homeomorphisam of the complements of the subspaces. However the map
induces an isomorphism of KG becauses the two subspaces are compatible
neighbourhood-deformation~retracts, as one sees by & very classiocal

argument .

Progfs Surjectivity is trivial., Injectivity is "well=kmown" - one can
use the argumeat of Milnor ({23] Theorem 1). Finally, the map is open:
for an open set of 3’ X n% is the interssction of Z’ x R% with an opea

set of 1-},- A’ xR saturated for the equivalence relation ~ sbove,

Proposition 5,12  There is s spestral sequense H(R) depending funetorially

on R with

BP9 (r) ¥ B7(R,i X)) amd £ (1) = of k' (z). (%)

Proof: Ons has only to spply the method of Carten-Eflenberg ([12] p.333)
vith, in their notation, H(p,q) = EG(E“"R. £7'2), and to observe that
K2 %ad x v, AT xr) & EN(R,) of course BP(R,; KJ) means the P

eohomology group of the oochain-oomplex into which the functor Kg transforms

(*) See the remarks on page L.ay1t This speotral sequsnce can be regarded
as defined only when G = {1] or when ER is compact (of. case 2 below).
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the semi-simplicial complex R,.

1 shall now show that in certain circumstances the projection
¥ 1+ ER + X induces an isomorphism xa(x) - x;(xn). so that the speetral
sequence of 5.1.2 terminates with K&(l).

Lot 5‘.'“3 be a oovering of X by G-subspaces. For any subset r
of Z, X denotes ;21 X, Let R be the full subcategory of G-Top/X whose
odbjects are the xr for all finite subsets v of 2., In this oase ER meps
injectively into BR x X which 4is» ER' for the category R' isomorphis to R

butwithdlthoobmulrnphudbyx. And ER oan be written

va, xX, where 7 runs through the finite subsets of Z.

Case 1  The covering 13,3“;“%!-

One can choose a G-invariant subordinate partition &€ unity {¢al.
whioch should be regarded as a map ¢ : X +BR, If y=¢ x 14 : X +» BR x X,
ua-z-anuﬁm&(x)csn,mavowaux. But ¢ ®» w § ER «» ER ocan
be Jjoined to the identity by a linear homotopy, so v : ER - X i8 & G~

homotopy-equivalence, and rt is an isomorphisms.

Case 2 xmnlthoxamoapmt,mdzuﬁniu.

I shall introduce a new filtration of ER., First filter X as follows:



X=Xo2X, 2%, D.,. s where Xr consigtas of all points of X which are

in at least r + 1 of the sets of the oovering. Then define

ER=gs'x CER,
P P

! * i .
Leoma 5.1.3 ¥ xc(l’. Xpd) —_— xc(sz, xpnn.).

Preafs KX, X, ) ¥ K(x U \;},xc, X,) @ TIK;(X,.X.NIP,H
where ¢ runs threugh the subsets of I such that oard(¢) = p + 4. But

similarly:

KR B0 e 2oV xx), 8, 0)
= “x;(A’ x Xy (a® x x;) nzwn)
¢

~ ” P P ~”
= K34" »x X , A% x N =] KX _,X NX .
p G( o’ (x, lpn) ) o G( e p+1)

Sorellacy S:1.4 1 K3(X) —> K (m).

Proef ” induetion.

Cage 3 X 4is peracompact, and II'I“z is locally finite.
I have shown elsewhere [28) that this case follows from Case 1 by a

14 I’tm "‘mt “‘n‘ a Qmﬁmitrpmrt’ of Ka, at lecal wan G = !1}0

Remark:s I have now established what is usually called the Leray spectral
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sequense for the covering ,XG!GGE' It is to be regarded as a generalima-
tion of the Mayer-Vietoris sequence, to which it reduces when Z has two
elements. The argument of Case 2 above then affords s proof of the
sxactness of the Mayer-Vietoris ssquence which some people find more
perspicucus than the argument of Eilenberg ond Streenrod. But, unlike
Eilenberg and Steenrcd, I have used the homotopy axiom for K7 in & rather
essential way., I think it likely that ons can derive the Leray spestral
sequence (say, for I finite) Dy s generalisation of the Eilepborg-Steenrod
method, independently of the homotopy-axiom, dut I have not suoceeded in

deing so.

5e2

In this seotion I shall prove

Propopition 5,2.1 Let £ 3 X - Y be a proper G-map, where Y is a

parscompact and cozmpactly generated trivial G-space. Then there is &

speotral sequence H(f) with #q(f) = RY(Y; th) and a:“(r) = gt K:m(x)’

where xgr i3 the sheaf on Y asscciated to the presheaf U +» Kg( f"U).
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The stalk of KJf ot y Y is xg(xy), vhere X = (5. (*)

(Netice that X 1s parssompact and compaotly generated if and only if Y is.)

Eroofs Por essh open covering € of Y let R . be the suboategory of G-Top/X
associated to the covering !;;?;lv:c of X. If & refines &' there are
funotors t 1 R, R, sueh that ¥ C ¢(V) for sach V e 2 ; and of ¢, &
are two sush funotors there is a third t (say t(V) = to(¥) N t,(¥)) with
morphisms ¢ + to, t » §,. This amcunts to a functor ¢ i Rng-oR&
vhere J 48 the category (0« 3V . 1).  Then

B2, x J) - BR x BJ & BB, x I, and correspondingly B(R x J) ¥ BB x I,
to that EV is a homotopy between Eto and Et,. Furthermore, because BY

1s filtration-preserving and J has dimension coe, ome has Et,(ERP) C 5P’
for all p ¢N, A ¢ I. 3o there is a morphism of speotral sequences
[B(r )} < [H(R)] well-defimed (i.s. independent of t) for r » 2;

and one obtains a aystem of speotral sequemses over the directed set of
open coverings of Y. Each of them terminates with x;(x) by Caze 1 above,
Pasasing to the direot limit gives the spectiral sequence desired. (It

was necossary to prove that the functer¢ > H(R.) fastorised through

direoted set, for only then is lim an exmot funotor.)

(*) Again one should assume C = {1] or else X and Y compact.
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One knows that the stalk of K;f at y e Y is l&l Ké(fd!!) where U
U

runs through the neighbourheods of y in Y. But that is the same s

b 4
must show that sach V contains some I‘"U t let V be open, then

?qﬁ) where V runs through the G-neighbourhoods of X_in X. (One

UaY ~£(X-V) is a neighdourhood of y because £ is closed and

v

Corollary 542,2 If X 4s & G-apace there is a spectral sequence
B(3/6; 2Y) —> K2(X), where 2% = 0 for q 0a2, waile for q even it 13 a
sheaf on X/G whose stelk at Gx 1s isomorphic to R(Gx), where G_ is the

stabiliser of x.

Of course one ocannot meake any dedustions from this statement unless
ons knows that the spectral sequence convergea., It certainly converges
if X/C has finite covering dimension, and that is the only condition I
know, But I don't know, for example, if X/G has fimite covering dimension
whenever X does. If G is & compact Lie group and X is a smocoth oompact
C-manifold on whiech G acts smoothly then X/G has finite covering dimension

because it is trianguladle [H]y or better, because it i3 a finite union

of smooth manifolds.
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5.3  Localisetiop

In this seotion G is & compact Lis group.

The most immediate application of the spsetral sequence 5e2.2 13 to0
suggest the localiszation-theorem I shall now stats; dbut it can be proved

better without the spectral sequence, as will appear.

If H 4s & subgroup of G, sad X is a G-space, I shall write B for
the subspace of X consisting of points x for whioch H is conjugate to a

subgroup of Gx' It is a G-subspacse.

Propesition 5,3:1  Let X be a compast G-space, and ¥ a prime ideal of
R(C) whose support (see 2.5.9) is S, a eyelic subgroup of G. Then the

restriction
K*(X) - '(X(s) ) is an isomcrphism
e\Xy K v iam,
(1f M is an E(G)-module, M denotes its localisation at V.)

Proof: If X/G has finite covering dimension one can proceed as follows.

Consider the morphism of speotral sequences induced by restriction:

Re(x/e; 10) B3, ae)

| \’
x;(x) - x;(x(s))
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(I use R* to dsnote also the restriotion of this sheaf to x(s)/c.) Because
localisation is an exaot funotor ome can localise both spectral seguences

at ¥ to odbtain

B*(X/G; R;) - 8"(3(8)/6.; x;)
\ \
‘E\L)r * ‘5};(8))1 ’
vhere R; is & sheaf whose stalk at xG 1s R(Gx)'. But by 2.5.10, R(Gx)' = 0
Af x £ x‘s); and this implies the theorem provided that the spectral
ssquences are convergant.
A better proof, not requiring finite-dimensionality, is as follows.
Let ¢ denots the collsction of compact G-subspeces Y of X with the property
that for any compact G-subspsce 7 containing Y the resatriction
x;(x), - Ka(z)r is an iscmorphism., If Y, and Yg are in & then so is
Y, N Ya, by the Mayer-Viotoris sequence. 50, by the econtinuity of Xg,
Yo= N TYisin 6. One must show Yo C X3/,  But otherwise there is

Ye¢o .
lmxcrovmiohtomtinx( ).

Let A be a compact slioe at x, 1.e.
G.Ahas-ndghbomwdefxumrpMetoch A as G-space. And let
| x
U be mopan-migbbourhoodofxcoahimde.A. 1 shall derive the

contradiction that Yo = U & . It suffices to show that K2(Yo,Yo -v)x-: 0
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when V is open and contained in U, But KE(Yo. Yo=-V) & K;(Gn‘-a Gh =~ V)
by excision., Now the structural map R(G) - KE(G X A) comes from the mep
x
G x, A -+ Point, which factorises through ¢/G_, so R(G) -+ K3(G.A)y,
x X
fastorises through R(G ), which is sero. Therefore 1 = O in the ring

I(;(G.-A)o; and hence K;(G.A, GA = V){l 0, as it is a unitary module over

k3(c.A),

S«&  The filtration of KE(X)

I shall define a decreasing filtration l%’p(x) } pe Nl of K.(X) o
that it becomes & filtered ring.

In the case G = 9 thilombcdombydcﬁnmgxcxp(x) if x is in
the kernel of K(X) + K(87"0) for soms R corresponding as in 5.1 to s
mumerable covering of X. Thus K.(X) eonsists of those slements whose
restriotion to each set of some covering of X is sero. But in the gensral
oase it is necessary to consider more subtle refinements than goverings bdy
subsets, and I think it is simplest to proceed as follows.

If Y - X is a G-space over X one can form a semi-simplicial (sctually

simplicial) G-space Y, defined by Y,(3) = Y x; Y x,..ox, Y (5 copies).
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The realisation of Y, I shall denote by EY; 4t has a natural filtration

[z%].
Exasple If X 415 & oompact G-space and Y = X x G then EY 3 X x BG.

p~1
Definjtion S.k,1 =x & xa.’(x) if x is in the kernsl of xg(x) - xc(x Y)
for some G-spaoe Y which is looally split - but not mecessarily locally

G-split - over X. (This is to be interpreted so that xG.O(X) = K.(X).)

KG P(1) is an ideal in KG(X).

»

Propesition Sehe2 If g5 (G, X) » (G*, X') 48 & morphisa, then

et K (X) € K (&) for a1 p.

The preof is clesr.

Propositise Sekad Ky (0 (X) <€ K (X).

Proof: If x ¢ Ke’p(l), ye Kg.q(x)_m can suppose they vanish in

K (37 ), K (B77'Y) for the same Y. I shall ebbreviate 5T to E.

If x> ¢ K (B) then X comes from soms x cxa(k.!"") - in view of the
nsighdbourhood deformation property explained in 5.1, Similarly

yoy ey e B Now 2= &3 x3), wore
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d=3ax3d:s E -2 xE, s0 coustm;x;cﬁs(x 33.3’.‘!3\J3 "Eq.1)'
One muat show that the ccmposite K (B ‘ns!’.‘ xEuB T .

KB(R x B) Y KJ‘“*‘) is ssro. That follows froam:

Lemma S.4e If A is & semi-simpliocial Mpm,mdpnuth.mmtor
taking & nd.-»nhpuom G-space te the "n-skeleton" of its realization,

then the disgonal: AA + A x pA 1is homotopic to & map teking p"A into

U oA x %,
peEn
Progfs usu;tmu»mndntlmnauﬂbopoinhCcAamtby

the barycentric coordinates xi : As + I(a & S) dbut by "cumulative”

coordinates y::Aa-I.mvc(e) -pi-a x (¢). The diagonal
48:A’»AsxAsulmwlyhmtophtothuphsahthfz

8g + & x b dafined by

P08 (0) = sup(2(€) - 1, 00 3] BiC4) = ar(2yy, 1)

I leave it to the reader to check that h° is fumetorial in S, Now

3

h( )CU x s Where 8 ﬂ!ﬁtscpigignd'i‘ “iﬂ¢833ia!
As a&BAsa Arc ¢ s

- for K(¢) ¢ Asc X A’a shenever 72(&) > § and :2_,(4) <t



LR

And

d'
M = (;i;) b x A(T) —-’,(;:;) g % &g X A(T) x A(T) - pA x pA,

The diagonal 4 fastorises through 4' induced by the !dsl; and 4' 4»
linesrly hewotopic to h' induced by the {h°]. Se a4 is homotopis to

hiah-phxph, But h(s®a) < U oM x p%.
Pegen

The following property of the filtration is rather important,

Proposition S.4:5 If N is a norsal subgroup of G which acts freely on
the eompact G-spase X, then p% $ xm'(x/u) oxs(x) is an isomorphisa of

filtered rings.

Pregf: It suffices to show that p‘x s xg’q(x) =>x e K,y q(x/u). Let
Y + X be such that p'x & ker K (X) » xa(l""t). The induced map
1I/% « X/N leads to a semi-simplicial C-space (Y/N),, and as N acts freely

on X one has (Ym),(s) = (Y/ﬂ) '(m) see X (m) (!ﬂ) & !.(8)/!!.

Therefere (EY)/N —> E(Y/N), for direot-linit formations commute ameng

themsolves. The result now follows frca the diagrea

KM —— K ()

b

Ko (VM) —— K (s%')
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Corollary S.4.6 If ¢ 1 G + G' and ker ¢ acts freely on the compact

G-space X, then ¢, : K (X) » K ,(¢,X) 4s an iscmorphisa of filtered rings.
Proof: This follows from 5.4.5 in view of:
xc(x)—'f-» SR DY = x..(6* x, X).

jemark: It is plain that X, | (point) 4s the augmentation-fdeal I, in
4
q
R(G). So by 5.4.3, IG.KG”(I) C ‘e,p«»q(x)’ T shall show in Chapter 8
that if X is ocompact and xe(x) is finite over R(G) then the filtration~

~adic topology.

topology of xs(x) coincides with its I

5.5  Finitepess

It is often desirsble to know that x;'(x), by which I mean here
-
xc‘(x) ® KG (X), is a finite module over R(G). The best result that I have
t0 offer in this direction is the following, which includes the cese of a

oompact smooth manifold on which a compact Lie group acts smoothly.

Propegition 5,5.1 If G is & compact Lie group and X is s oompact G-space
which is loecally G-contraotible and such that X/G has finite covering-

dimension, then K&(l) is finito over R(G).



5.16

Logelly G-contrastible means that sach point x of X has arbitrarily small

Gx-atahlo neighboruhoeds which are Gx-contractihlc in themselves to x;

alternatively one ocan say: each point x of X has arbitrarily small G-stadble

neighbourhoods of which the orbit Cx is a G-deformation-retract.

Progf: Wo have seen in 5.2 that when X/G has finite covering-dimension
there is & convergent spectral sequence H*(X/G; R*) @xa(x), where 20
1s & shesf whose stalk at an orbit Gx is R(s.), and R' = 0. 5o 1t
suffices to show that H*(X/G; R*) is finite over R(G) (because R(G) is
noetherian).

New by a theorem of Grothendieck (Bull, Soc. Math. France, 84 (1956),
1-7) Af A is a sheal on a compact space Y there are arbitrarily fine
open ooverings U of Y such that H*(U; 4) - H*(Y; A) is surjective, provided
that the shesf A 1s galoulsble, which means that for each neighbourhood V
of a point y of Y thero is a smaller neighbourhood W suoh that the image of
BYv; 4) 1n HY¥W; A) 1s sero for q » 0. The sheaf R* on X/G thet we are
oonoerned with is caloulable: given V, choose W of the faorm W/G where W
is G-contractible to a single orbit; then (W, R*) is contractible as
sheased-apece, so H(W; R*) = 0 for ¢ > O,

Now let U' be a shrinkage of the finite open covering U: i.e. the
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sets of U' are relatively cocmpact im those of U, The map
H*(U; R*) +» H*(X/G; R*) factorigzes through H*(U'; R*), so it suffices to
show that the image of H*(U; R*) 4n H*(U'; R*) 4s finite over R(G).

Finally then, it suffices to prove

Lemma 5,5.2 If V,W are open sets of X/G such that W C V then the image

of R*(V) in R*(W) 4s finite over R(G).
This follows simply from & second lemma:

Leama 5,5.3  Each point Gx of X/G has arbitrarily small neighbourhoods N

such that R*(N) = R(3_).

Progf that (5.5.3) =>(5.5.2)1 For each point Gx of V choose a neighbour-

hood N_ contained in V such that R*(N.) = R(6.). A finite mumber, say

Woo eoep N,y of these cover W, R*(V) < R*(W) faotorises through

1 n
R*(U 3‘1), which is & submodule of I B*(N_) = N R(G_), which is finite
1 1
over R(G).

Proof of 5.5.3: R* is the sheaf associated to the presheaf P defined by

P(V) = Kg(B™'V), where p : X + X/6 1s the projection. Defins another

presheaf Q on X/G by preseridbing Q(V) = Kc(r"'v) whon p~'V 1is G-contractible
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to Gx.

One must show (of. [20] p.26): if U 38 a GC~subset of X G-contractible
to Gx, and if U 18 covered by G~contrsctible sets Us' and one has
¢, ¢ KG(U‘) for each a, and each pair €, cp agrees on G-contractible
subsets of U_ N Uﬁ, then there is a unique ¢ in KG(U) which restriots to
oach ¢ . x is in some U, say Uo, and &(0) = KG(Uo)p 50 there is a
unique candidate for §. It remains to see that ¢ restriocts to each ea‘
Suppose Ua contraots to Gy. VWithout loss of generality one can suppose
that y is conneated by a path pointwise invariant under Gy to x. By
comparing the restrictions of & and of the various eﬂ to R(Gy) a8 one moves
along the path from x to y one finds that § must reatrict to ‘Ea' This

completes all the proafs in motion.
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Chapter Jix

DIRECT-~IMAGE MNAPS

6.1  TIhe finite ouse

Suppose that the G-map £ : X = Y 43 & finite covering (1.e. f 1s
looally trivial with finite fibres). Then the funstor £* has s right-

sdjotnt £, 1 G-Yegt (X) - G-Yegt (1),
1.8, n-§ (gez'; B) = Bo.i (2'; £,5).

The existence of f_ is very sasy to see: the fibre of £ .E at y ¢ Y will

de ﬂ_ !x’ I shall not give the details.
xt™
It happens that £, is also left-adjoint to £*, in consequence of the

isomorphisa “_ B = . “ E . This implies the following proposi-
-f = -q X
xf y xzsf '

tion.

Proposition 61,1  If E & C-Yagy (X), 5’ « G-Yast (1), then

e (s®1%) = (£3) ®E'.

Proefs For any P in G-Yeet (Y) one has
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nu‘;(f.(z ®L*B'); ?) = ne-:(z ® £*%'; £°F)

LH

’ae-i(n; £lige, (' 37))
nu&(‘.‘: Hew, (B'17))
& Bng((t,B)CDE'; r).

LY

£, 1s an additive functor - it suffices to consider the matter pointwise -
80 it induces a homomorphisa £, x;(x) - [&'(Y) of sbelian groups.
Propesition 6.1.1 shows that t!(x.f!y) = f;x.y, which means that t!, while

not & homomorphiss of rings, is a homomorphism of Ka(‘!)-nodulu.

The most important application of £, is to the finite covering
£ 1 9,9'X= (C/H) x X+ X, whore ¢ : H + G 4s the inclusion of s subgroup
of finite index, and X 18 & Gespace. In 3.4 I defined a functor
¢, 1 H-Yeot (#*X) < G-Veat (4,4°X); the compesite £, o ¢, 1 H-Veot(¢'X) -
G-Yegt (X) will be called ¢,. It induces ¢, 1 Ky(¢*X) < K3(X).

It is easy to verify



Ereposition 6,2,1 If E & G-Yest (X), B' ¢ H-Yeg} (4°X), then

#(2' ®¢E) = (¢,2') @5,
In pertioular ¢,48 = (¢,C) ®E,
| The next task is to examine ¢‘¢!l. Ia fact I shall give a formila
for ¢‘¢!B. where ¢ ;: H, « G, ¢ 1 Hy « G are two imolusions of finite

index. x-uumun‘-gn‘g”nu. for any g & G: but it depends

enly on the double coset HegH, in Hy G/M,. K‘ has evident emdbeddings:

N
\/

¢!B =L ¢E vhere £ 3 ¢ "B‘x < X. Restrietion of the group
comsutes with £, so ¢'¢! = £ 9°¢E. As an Hy-spaoce,
G Xy 1'3‘%%/&(3.&) '51." and sorrespondingly £, = L tg, 1; ’
shere 13: (Haetl,) ﬁ‘x-ann‘ Xaudt‘ 1 (HagH,) aa‘xnr. Now
130°9,8 = (Hygmy) x, B ~ n n V3 = #. #5; the lsomarphism

being (h,¢8) —> (hg,¢&). Thus
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Eropositien €,2,2 If ¢: H, +C, ¢ : Hy = G are inclusions of finite

index, X is o C-spece, and K ¢ B,-Yegt (X), then

#'9E = ﬂ_ ¢ #35, wita $0 ¥, o8 above.
FUACTA

Corollary 6,2,3 If ¢: N -+ G 4s the inclusion of a normal subgroup of

finite index in G, X 1s & G-space, and E ¢ N-Vogt (X), then

¢*¢,3 = ﬂnm. where 0° is induces by eonjugation ¢ ;: (N,X) - (N,X).
* ooz,

In this section ¢ 413 a finite group, X is s compagt G~space, and &

is the set of olementary subgroups of G. (See 2,5.)

Ereposition 6,31 K (X) - | Ky (X) 1s injective,

Hel

follows from the tivity of K (X) « W (x
Proofs This fo rom injeotivity 6 mmn(c)x“ )¢

and the following lemm,

Lemaa 6,3,2 If ¥ ¢ Spes R(G) has support 3 (a oyolic subgroup of G) and

l4ies over p ¢ st, and P is a Sylow p~subgroup of the centraliser of 3,
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then the restriction xc(x) ¢ xM(x) y s injective.

m: H‘!8!?-’6.‘.xc(x)'.mytn(a“p)"mn
$,(7.9°x) = ($,y).x. But in 2,5 I showed that one oould find y ¢ R(S x P)
such that ¢,y £ ¥, 80 ¢,y is invertible in KG(X) p o (¢,y)"¢,(7.¢‘x) = x,

1.00 $* 18 injective.

Propoeition 6:3.,3  (Breuer's Theorem)

(o) }.lz lg,(x) - xa(x) is surjeotive, and

(») K (X) = 1m Ky (X);

Hel

where the map (a) is the sum of the direct-image maps; and the map (v)
is restriotion, snd I 4s regarded as a category whose morphisms are all

the homemorphises ¢ 1 H + H' of the form ¢(b) = ghg™', with g & G.

Preofs (s) is clear, for the map is & homomorphism of xu(x)-oMu whose
image contains 11 for the image || R(H) - R(G) already contains 1, being
an ideal not contained in any prime ideal,

To prove (b) surjective (it is injective by 6.3.1) it suffices to
show that the miumammlpxn(x). But by (a) the image 1s

tho group gensrated by léﬁ e !ln‘x in 0 KH(X), where ¢, : R + G,
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¢ : ¥ + €, and F runs through I, IS certainly suffices to show that
K== H ‘P! (y’x) for every l’B]‘Bcﬂ & lin xﬂ(x) Now

’K % *p! x = Z_, ,n ¢ ’ x by 6-202, 1.0, L (’; yKJ; x).
gsi\G/?

But o; . ¢; ¥, because {yn; ¢ lin xn(x), 8o the last expression is

2_;“! *; (’p") = ﬁ %z (’P'x)o as required.

6.5 TIhe general cese

The objeot of the remainder of this chapter is to generslize the
direct-image homomorphism £, which was associated in 6.1 to a finite
covering £ 1 X+ 8, I shall only desl with fibrations with a eompast smooth
manifold as fibre., Then there is a tangent~-bundle-along-the-fibres T %/s*

a real G-vector-bundle on X, and it turns ocut that there is a natural
homomorphism £ 3 Kﬂ,prop x/s) - K (8)» where 'prop’ means the family
of olosed sets of Ty . proper over X. (When X 4» finite over 5

TX/B is just X, and f. is !'! a8 already dsfined.) When the fibration

satisfies suitable conditions, in partioular when the fibre is & ocamplex
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manifold, ons can compose £ with the Thom homomorphisa

¢ 1 K(X) (Tg/5) to obtain £, 1 Ko(X) = Xc(3).

K

G,prop
Broadly speaking t‘ is defined as follows. An element of
T

Kc’p"p( x/5) is interpreted as the symbol of a family (determined up to

homotopy) of elliptic pseudo-differential operators on the fibres of f.
This family of operators on X defines s Fredholm complex on 3, and a0 an
slement of KG(S) by &4e5. But quite a lot of technical disoussion is

necessary, and the next section is devoted to that.

AwggwcrmoMWQSHsG-lmcx-t:Sowrs
together with a G-sheaf D, of complex-valued fungtions on X called smooth
funotions, end such that (X, Dx) is a ringed-space over 3 locally isomorphio
to (S x R’, DBXRJ » where Dsw\“ is the sheaf on S x R® defined on basio
open sets by D”R.,(u xV) = Map(U; D(V)), D(V) being the space of smooth
funstions on V CR", with its usual topolegy.

For exampls, if X is a fibre-bundle over 8 with a smooth manifold M

as fibre, and the structure-group is a Lie group L which acts smoothly on
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M, then X is »n relative manifold. One has only to verify that a smooth
map h ¢t A x B + C, where A, B, C are open ssts of euclidean space, induces
s oontinuous map A x D(C) » D(B).

I think it will be clear what I mean by a smooth G~veotor-bundle on &
relative manifold. The relative tangent-bundle Tx/s, or tangent-bundle-
along-the-fidbres, is an example of & smooth real GC-vestor-bundle: &
relative tangent-veotor is defined as an operator on the smooth funotions
as usual, but one requires it to annihilate funotions induced from S, A
real jnooth funotion g on X defines a functien 4g qn Tx/s; dg will usually
be regarded as a section of the dual bundle i’i/s.

Fow I must introduce pseudo-differential operators (of [21], [4]).

If B and 7 are smooth vector~-bundles on X then a pseudo~differential

opsrator P or order n from E to 7 is a continuous linear map P 3 I - [F,

eptn
where I' indicates smooth sections and T opt those with compasct support, such
that

() P(us) = uP(s) if u is » funotion induces from 3, and

(44) there is an asymptotic expansion

e.u‘?(.wl) ~ L Pk(l.s)*k
k<
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as A-oooinTR* for any real smooth funotion g for which dg # O on the
support of s, uniform on compact sets of suitadble g's.

I shall write Pln(ﬂ { F) for the vector-spase of suoch operators. One
has Ps™(E; F) > Pe™ (B} F) O vvo D P (E; P); an slemsnt of Pn’“(ﬁ; ?)
is called a 'smoothing operator'.

The first important property of pseudo~-differential operators is

Pa(; P)/pe™ M (m; 7)) = llay:(T; - 03 Bom (X; 1)),
canonically, where Ti « O means the complement of the gero-section, and

lnp: means the maps which are positively homogeneous of degree n.

The isomorphism is given by assigning to P ¢ Poa(xg P) the nmap %
derived from the first term of the hypothesized asymptotic expansion,
datined by 9,(¢)(e) = P (8., £,)(x), where x = pr(¢), s in T % has the
value ¢ at x, and &g is a funotion which in & local identification at x of
Xwith 8 x T is given by g,(s,y) = <y,8>. 0 is called the zymbol

X/8,% (4 P
of P. It is not obvicus that it is well-defined, or that one can find P
for any presoribed op; as asserted in 6.6.1, but I shall not prove these

facts here. A proof in the local non-relative case can de found in [21];

the generaliszation needed is routine but tediocus.
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Now let us suppose that X and 5 are compasot, Then pseudo-differential
operators P in Pa“(x; F) and Q in Ps™(F; G) can be composed, and it is
fairly easy to see that QP is in Psnm(E ; G). Furthermore 0@ = anP’
where the last composition refers to the natural pairing mx(ﬁi P) x
mx(t ; G) -omx(n; G); this is immediate from the definition provided
one knows that the symbols are well-defined.

The second result about pseudo-differential operators that I shall

need is:

Proposition 6.6.2 The veotor-space Pln(E 3 r)/m‘“(x; F) 1s complete with

respeot to its filtration by the subspaces P.k(ng F)/Pl'm(E; F) (x < n).

Onoce again the proof is essentially contained in [21)], and I shall

not discuss it further here.

I shall apply 6.6.1 and 6.6.2 to the following purpose, If
P ¢ Pa™(E; P) and ¢,(¢) is an isomorphism for all ¢ ¢ Tj/g = O then P is
said to be elliptic. Then -~ Af X and S are compaot - one ocan find
% (Ti/s - 0) -mx(l“; E‘), positively homogeneous of degree -n, such
that apaqn 1, 0.9 = 1. By 6.6.1 one has then Q; such that

QP
- -q
QP -1 ¢ Ps 1(E; E) and Py -1 ¢Ps (F; P). Prooeeding inductively,
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then using 6.6.2, one can find Q ¢ P-"“(?; E) such that QP = 1 = 8§ and

PQ=1-3", with 3 ¢ Ps" (%; B) and 5' € Ps" (F; F).

Now suppose that X is loocally trivial on 8, Then to each smooth
G-vector-bundle E on X one can associate f E, en. infinite G-vector-bundle
on S in the sense of 4.5; the fibre of £ ,E at s 4n S is I(E[£”'s), and
sections of f E over an open sst V of S correspond precisely to smooth
sections of xw"’v. If X and 8 are compact then a pseudo-differential
operator P from E to F defines a morphism P, t £ B » £ F of infinite veotor-
bundles.

Proof: (1) P, is well-defined, for if e, o' sre two sections of E
coincident on x. = f"a one can write ¢ ~ o' = ¢.0", where o" is a third
seotion and ¢ is e smooth function induced from S vanishing on x.. Then
(Pye - Po") X, = (¢ ™)X, = O,

(11) P, 1is contimicus: the question is local, so one can assume
X=SxM, B=8 xEo, =8 xFo. By definition one has a contimious
map IE = Map(8; IBo) + I7 = Map(5; IFo), and it induces S x Map(S; IEo) = IFo.
But P, t S x [Be = IFo 18 obtained from the last by reducing to the quotient

S x IBe of 8 x Map(8; I'Bo), 80 P, is contimuous.
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This having been said, the third fact I need concerning pseudo-

differential operators is

I o6 If X and 8 are compact then a smooth operator P from

E to F induces a compact morphism P, t £.E » £ P,

Proof: Again the queation is local, and P, can be regarded as a map

8 x I[Bo » I'Po. The argument of [21] shows that it is of the fom
(s,u) —> v, where v(x) = l{ k(s,x,y)u(y)dy and k is a smooth section of the
bundle ggsmﬂ(pﬂ' B; pr? ). But byliupocﬁoa this takes a neighbour-
hood of the origin in IEo inte a subset of I'Po bounded uniformly for s

in 8. Bounded subsets of I‘Fo are compast, so P, 1is compact.

6.6.3 shows that an elliptia pseudo-differential operator P from %
to P induces a Fredholm-complex t,Ef-&r,F on 5, in the sense of L4.5. If
E and F are smooth G-vector-bundles on X and P is equivariant then one
obtains a G-Fredholm-complex on 3: the homotopy-operator can be made into
s G-morphism simply by averaging 6ver the group, for £,B 1s compactly
gcnirated and so Hom(f B3 £,F) is completes.

But Decause it is not olear that averaging pseudo-differential

operators leads to a pseudo-differsntial operator I have had to use a
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devious argument to prove the following proposition .

Sxopesition 6.6.4 If o : (Ti/s - 0) -+ Hom (E; F) is an equivariant
syabol, positively homogenecus of degree n, then ons can find an

equivariant pseudo-differsntial operator P whose symbol is 0.

Proof: Let Po be a p.d.0. of order n whose symbol is o, and let g.Po

be 4ts transform by g € G. Then g.Po - Po 18 & p.d,0. of ordsr n - 1 whose
symbol ¢,(g) depends continuously on g. (The contimuity resilts from

the eontinuity in the arguments (s,h) of the functions P,(s,h) which

ooour in the asymptotic expansion defining a p.d.0.)., Furthermore one
has: 0.(g8') = g.9,(&') + 9(g). Average 0,(g) over the group to
obtain 0y; then O, - g.9, = 06,(g). Let P, be a p.d.o. with symbol o,,
Po + P, is a p.d.0. with symbol ¢, and it has the property that

g+(Po + Py) ~ (Po + Py) 48 & p.d4.0, of order n - 2 (for its symbol as

an operator of order n - 1 is sero). Proceeding inductively, then using
6.6.2, one finds & p.d.o. P! with symbol 0 such that g.F' - P' is a
smoothing-operator for all g in G. Finally ons obtains the desired equi-
variant operator when one observes that smoothing-operators oan, like

sysbols, be averaged, using the isomorphism Ps  (E; F) = Hoay,, x(preE;oree)
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already remarked. One needs to know that g.P' - P' depends continuously
on g in the last space: it suffices to see that g +> g.P' - P' defines &
smoothing-operator on G x X over & x S, and that follows from the

uniformity required in the definition of a p.d.o.

Now let us define SK/S = (Ti/8 - O)/“Q:, 8 G-sphere-bundle on X, and
éx/s = ((Ty/s ®R) - 0)/R?, a G-sphere-bundle of dimension one higher, with
privileged "polar” sections, and containing Sx/s as its "equator®.

Let E and F be smooth G-vector~bundles on X, and ¢ ;5 pr*E -+ pr*F an
isomorphism, where pr : sx/s - k. ¢ can be regarded es the symbol of an
squivariant elliptic p.d.o. of order O between E and F, and such an
operator defines a G-Fredholm ocomplex on S and hence an element of Kc(s).
The element does not depend on the particular equivariant p.d.oc. with
symbol ¢ selected, as two such are linearly homotopic through equivariant

elliptic p.d.o.'s. Thus to the triple (E,?,9) is associated a well-defined

element f£(E,F,o) of xa(s). On the other hend (i,F,0) defines in an

obvious way a G-vector-bundle ol(B,F,¢) on éx/ﬁ' I ahall show
(1) £(E,F,0) depends only on the G-vector-bundle cl(E,F,0), and
(11) every G-vector-bundle on gX/S' disregarding its differentiable

structure, is isomorphic to a bundle of the form cl(E,F, o).
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Let (1) and (41) be granted for the moment; I ehall construct the
homomorphisn £, 3 KG,ept(Ti/s) - xe(s). By associating £(=,F,0) to
ol(%,F,¢) one obtains a funstion from G-vector-bundles on X to KG(S) which
is plainly additive. So one has a homemorphism Kg(ﬁx/s) - KB(S)' But
“c(ﬁx/s) = K(X) @ xe(é&,s,x) “K(x) e Ky opt(Th/s)s ™here X is identified
with a pelar section in §X/s. The summand KG(X) in Ke(ﬁx/s) is gensrated
by the bundles ol(:,E,id), and £(3,E,1d) = O as it 1s represented by the
fredholm-complex £ B _&t.ﬁ. S0 one has the required f,: KG,ept(Ti/s) -
xc(s). £, is a hosomorphisn of KG(S)-modulu - for if Q is a G-vector-
bundle on S a Fredholm-complex representing f(E @ £*¢, ¥ ® £*Q, ¢ ® id)
is obtained by tensoring s complex representing f(E,F,¢) with Q. (of

course £,(E ® £7Q) = (£,5) ® q.)

It remains to prove the statements (i) end (ii); but I shall need

two lemmas.

Lemma 6.6,5 If E is s smeoth G-vector-bundle on a compact relative
manifold X over S then any continmuous section of E can be approximated
uniformly by smooth sections, and any contimuous equivariant seotion by a

smooth equiveriant section.
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2roof: In the case E = ¢ the first statement follows from the Stons-
Welerstrass theorem. But one can construot a smooth pertition of unity
subordinated to a covering by coordinate neighdbourheods, so the general

case follows by patchinmg together., The statement about egquivariant

seotions is obtained by averaging.

Lemma 6.6.6 (a) If X + S5 is a compaot relative G-manifold and E is &
G-vector-bundle on X then there i3 a smooth G-vector-bundle E' on X
iscmorphie to E.

(b) If By, Bs ere two smooth G-vector-bundles on X which
are isomorphic when one disregards the differentisble structure, then

they are iscomorphic as smooth G-vector-bundles.

Proof: (a) B is the image of a projection p : M + ), vhere M is s
G-module., p correspcnds to a G-mep ; : X » End(¥) suoh that

p(X) C Proj(M). But Proj(M) is a G-retraot of an open set U C End(M),
and the retraction given explieitly in 5.5 is smooth. Approximate p by &
smooth Gemap X + U which is G-homotopie in U to p. By applying the
retraction one gets & emooth G-map p' : X -+ Proj(K) homotopic in Proj()

to p. p' defines & projection im ¥ whose image E' is a smooth G-veotor-
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bundle isomcrphic to E.

(b) I shall leave to the reader.

Proof of (1) sbove: o1(E,P,0) is isomorphic to el(Z',#',0') if and only
if T = 2' and F = F' 4in such a way that ¢ becomes contimuously homotopic
to o', As isomorphism impliss smooth isomerphism one can suppose E = Z°
and F = F'. However ol(E,F,0) = ¢1(E,F,¢') if and only if @ = o', by an
srgument already used inm 4.2. The homotopy between ¢ and ¢' can be
approximated by a smooth homotopy, whose ends 0o and 0, can de supposed
linearly (smoothly) homotopic to ¢ and o' respectively: so0 altogether
one can suppose ¢ smoothly homotopic to ¢, But then the Fredhelm-
complexes representing £(E,7,¢) and £(B,F,0') will be hamotopic, 30

£(:,F,0) = £(B,F,0') as required.

Proof of (44) aboye: Any bundle on ﬁx/s can be obtained by clutching

Pr*2 and pr*F, where E and F are its restriotiomes to the polar sections
of 31/8' One can suppose that X and P are smooth bundles. Approximate

the clutohing iscmorphism ¢ by a smooth isomorphism ¢, One can suppose

that ¢ is homotopic te 3, so £t will define the same bundle on §X/S'

Before I leave this section I should make the following remark. If
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one choozes & metric in the cotangent-bundle 'ri/ then ons can identify

the sphere-bundle Sx/s with a subspacs of T;:/S. If E and I are smooth

G-vector-dbundles on X and @ : pr*E + pr*F is an isomorphism (pr BX/B - X),

then ¢ can be oxtended to & sysdol ¢ : ('ri/‘: - 0) » MX(E;F) positively

homogeneous of dsgree k for any integer k, (The case already discussed

is k = 0.) Thus it happens that one can define homomorphisms

t(k)z ) + K.(5) for any k I think that t(k) is independent
Kc.cpt Ko : a

of k, though I have no use for that fect in this thesis. At any rate

tgk) depends at most on the parity of ki1 Af tﬁk)(c) is reprssented by a

fredholm~complex £ B A £ then tik*g)(c) can be represented by

£ B —5-“;-:,3, where A ; £ X » £ £ ia the Laplace operator; A and Ad
define the same element of KG(S) in view of the following two facts.
(a) IPV A v V-2o¥ are Fredholm~complexss defining elements [A],

(2] of K () then U —BA_ ¥ is & Fredholm-complex defining the element

[A] 4+ [B]u

(b) The Laplace operator 4 has & kernel and cokernsl whioch are G-vector-

bundles and which are isomorphic because A is self-adjoint., Thus [a] = O.
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6.7 Ap epplication: the Thom isomorphiss

In this section I shall suppose that X and 8 are ocompact and that
£ : X-+8 is a relative G-manifold locally trivial on S with fibre & compact
complex manifold. I do not imply that £ 4s a relative complex manifold,
but I 4o require G to act holomorphicelly in the sense that g f.1(8) - t"’(cs)
usboienea'phioupforaxvgmamdlins. Thon'l‘x‘/shuanumrd
struoture of complex G-vector-bundle on X, and there is a Thom homomorphlism

¢ 1 Kg(K) » Kp el Thys)e
We have seen that ¢(1) is defined by the complex of G~vector-bundles
| a ,2 d )
C—pr*r — A'pr*? — ... o0 T= Ti/s, where pr : T » X. Everyone
knows that it can also be defined by the ocomplex with two terms
—\%— A“"wr - -\i\- Aai”pr*l‘, where the map 1s now & + 4%, d4* bdeing the
edjoint of 4 with respect to any hermitian metrics in ths bundles. An

indirect proof of this is given in [7], but I shall digress to prove it

direotly.

Proposition 6.7.1 If the somplex & = (3°—% 5' % .., & 57 represents

an element § of KQ(X,A), then £ is also repressnted by _\l g4l _&ﬂjﬁiﬂ.

Proof: It suffices to show that § is repressnted by the complex
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F. = (Bo "'d_> aee d - Bn‘s %d n.a 2 M‘ n‘1)

Consider the complex assooiated to the doubles complex

0 4 da—2_d§n~1tdn

E-*...—-—»B E —_— B

a* T Tw
t.14

B —= &
for t in R. Whnnt=11thhmnhiotoc°(x,1\)tos'. Furthermore
for any ¢t in R it is soyoliec whemever B’ is aoyclic. And vhen ¢ = O it
n da*

is the direct sum of 7" and the complex (B° "= E"), which represents

sero as it is linearly homotopic teo (En —‘3—>n’“).

Returaning to ths situation in hand, one sees that 4 + d* amounts to &
24+

map (7-0) - .I.%(.\_\_An'hﬂ_ﬂ

which 1s in fact on each manifold £~ '(s) the symbol of the differential

?) which is homogeneous of degree 1, and

operator # + 8* famiiiar in the theary of complex manifolds: 2 is the
operation of oxterior differentiation in the antihalomorphic ccordinates,
taking forms of type (0,q) to forms of type (0,g+1); v is its adjoint,

Thus it is matural to look at the homomorphism t‘(gﬂ = f£1).¢ : KG(X) - KG(S).
I shall discuss it only in the fellowing very speoial but extremely impertant

case.

Preposition 6.7.2 If, in the situation above, the fibres of £ : X + 3
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are rational algebraic varieties then f$1)f‘! : KG(S) - KG(S) is the

identity, so f! embeds KG(S) a8 a direot summand in xc(x).

Proof: As f§1) is s homomorphism of 16(3)-&0&!1“ it is enough to show
that f§1)f!(1) = {1, 1.0, that f§1) = f£1)¢(1) = 41, Ve have just seen

that one can use the Fredholm-complex

L e a2ty ) T35 || e a1y

to represent fi”dt(ﬂ; but it 48 well-known that if V is a rational

algebraic variety the map 3 + 3 : || I( AZﬁT%) <\ (a2t

'P.;) is surjective,
and its kernel s C , regarded as the constant ssctions of ATS. It
follows that ff' )¢(1) is represented equally well by the subcomplex

C + 0 of the Fredholm-complex, and thus r(!”(‘l) = 1, as required.

The most important rational algebraio varieties are those of the form
H/T, where H 48 a oompact connected Lie group and T is a maximal torus of

H. They ooccur in the following two important consequences of 6.7.2.

Proposition 6.7.3 If G is a compact connsoted Lie group, and T is a
maxinmal torus, then for any compact G-space X the restriction KG(X) - xT(x)

enbeds KG(X) as a direct summand,



6.22

Proef: If one identifies KT(X) with KG(G X X) then the restriction map
4n question is identified with ', where £ 1 G x X +X. Butas X isa

G-space one has G x, X = (6/T) x X, so one can apply 6.7.2.
Finally we have ‘ho general Thom isomorphism theorem.

P 8 n 6 If B is & G~vector-bundle on a sompact G-space X then

the Thom homomorphism ¢ KG(X) - Kg’c M(B) is an iscmorphiam.

Proof: E can be written (P x Qn)/b, where U is the unitary group U(m),

and P is a compect (G x U)-space on which U acts fresly. (I assume without
loss of generality that E has oonstant fibre-dimension.) Let T be a
paximal torus of U, and let £ 1 P/T +» X = P/U be the projection. One has
o = (P x C)/T whioh is evidently the sum of n G-line-bundles. So

wo know from 4.8 that the Thom homomorphism ¢ ¢ K,(P/T) + Ks,0 I,t(f*x) is

an isomerphism. Now consider the diagras

K, (X) — K. (?/T)

AR

o
KG,opt(x) = Kc,opt(f‘g)’

It commutes in view of the evident functoriality-property i‘!(An) = Apug-
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£t P/T +» X 18 a fibration with £ibre U/T and the Lie group U as structure-
|
group, 80 one can apply 6.7.2, and has £, such that £ £ = 44,
]
G KG,opt(E) -+ KG’cpt(f'x) 15 likewise aplit, as it is a direct summand
]
of £ 3 KG((P x Szn)/u) - KG((P x 82")/'1'). S0 the Thom isomorphism for

£*E implies that for B,



Lhapter Jeven

THE COMPLETION OF xc(x)

This ohapter, I am afraid, is disappointing. I shall prove, for
example, the following: if £ : Y + X is a G-map of finite~-dimensional
ocompact G-spaces whioch is & homotopy-equivalence, but not necessarily a
G-homotepy=-squivalence, then, provided KE(X) and KE(Y) are finite over
R(G), the map '3 K;(x) - x;(!) inducws an isomorphism of the I.-sdlie
completions of the two modules (ef. 2.5). I shall show also that for
such X and Y the I.-adie topology on.Ka(l) and xa(r) coincides with the
filtration~-topology defined in 5.4, At first this seems interesting enough;
dbut I don't even know & non-trivial sxample, let alome an appliocation.

The result just mentioned is deduced from the following, whioh
is a little more significant. Let X be a finite-dimensional compasct
G-spacs such that Ka(x) is finite over R(G), and let EG be the
universal space for G. Then the IG-uno topology and the filtration-
topology coincide on both K¥(X) and K$(X x EG), the latter is complete,
and the natural map pr! s Ka(l) - KE(.I x E¢) induces an isomorphism
xa(x)‘ —-'E» xa(x x EG). Becauss xa(x x BG) = x'(xG), where

X, = (X x BG)/G, +this has the effect of expressing the completion



of K2(X) as the ordinary K* of a space. It is & generalisation of the
theorem of Atiyah-Hirsebruch that R(G)* =, K*(BG); my result reduces
to theirs when X 1s a peint, The thecrem obviocusly has some oontent, but
I know of no spplication, and 20 I have not tried very hard to rexove the
ugly restriction, or te ssttle the guestion whether the I@-adie topology
or the filtration-topology is the "right® cne on xa(x). (But surely it
should be the latter ...)

As we are sperating in the realm of pure art, 1 shall state my theorea
in the following form, which seems to me elegant, and aftsrwards I shall
deduce the statements above.

Let &, be the categery of compact fres G-spaces over X.
Propesition 7.1,1  If K3(X) is a finite R(G)-module, then
(1) K3(x)° = 1%- (Y, end
SR L

where Y runs through the category Gys and all completions refer to the IG'

adic topology.

Before proceeding with the preof observe that it is permissible, and

will be convenient, to redefine &y as the ocategory of compact free G-spaces
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over X and G-fibrgehomotopy~olasges of maps over X. Recall also that &

functor 1 &t o » & is called cofinal if
(1) each object of ¢ admits & morphism into an objeot 1(Y), Y & ¢o.

and (14) whensver one has £3 1 P » 4(Y,) and £9 1 P » 4(Y,) ons can

f£ind g4 8 Yo > Y and ga 3 Yy > Y 4n Go such that 4(g;) © £ = 1(gs) o £s.

It 43 then a trivial exercise to show that the natural map

$*:1imF-1im P o1 is an isomorphism for any contravariant funotor
¢ Co
from ¢ to abelian groups.

I shall prove 7.1.1 in several stages,

Propesitien 7.1,2  7.1.1 12 equivalent tos if K(X) 1s finite over R(G),

then

“w

(1) XX — 1m K(P x X);
P

(14) R! Lim R3(P x X)° = 03
P

whore P runs through the category of compasct free G-spases and Géhomotopy-

clecses of meps. (Completions are Ie-uuo.)

Prgof: One must show that tho subocategory of projections P x X « X is

oofinal in the category 6. But any Y + X in 7 admits a map into
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B xX-+X, Onthe other hand given Y + Py x X, Y + Py x X one can form

she diagranm

P‘xz

Y/ (P‘-P.)xl,

Pg x X

wvhich commutes up to G-fibre~-homotopy.

Now choose a fixed embedding ¢ : G » U of G in a unitary group. ¢
induces ¢, : |G-spaces] + [U-spaces] with $X = U x, X. We know
xa(x) = K3(#,X), and the I ~sdie topology ou an R(G)-module coincides with
the I ~edie tepology (2.5), s0 K2(X)" = K3($,X)°. ¢, takes free G-spaces
to free U-spaces, anduurmwrrm&xto “4,1 it is cofinal, as one
can easily oheck. PFinally xg(x) is finite aover R(¢) if and only if

K3(4,X) 1s finite over R(U). Henoe
Prepopition 7.1s3 It suffices to prove 7.1.1 for the unitary groups U(n).

Propositiem 7:1.4 It suffices to prove 7.1.1 when G is & torus T" = T,

Proofs Reocall that I defined in chapter € a matural homomorphiam

{

pr, s K3(P x X) + K3(X) such that pr, pr- is the identity, when 7 is the

flag-manifold U(n)/T" = U/T. Apply this when G = U(n), cbserving that
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if X i8 a U-space then U Xy X = (U/?) x X. One obtains a natural homomorphism
- pr
K.‘i'.(x) = KG(U X X) i K{"(X) which is left-inverse to the "restriotion:

xa(x) - x;(x). Consider the diagram

K3(X)* —2> 14w KK(Y)*

R

k(X" —2 > axyn” .

]
pry pr’ = 44 on both sides; 4if B is an isomorphiam then A must be too.
Similarly B! 14m K3(Y)" is a direct susmand of R' 1im KX(Y)", which proves

the seocond part.

P of 7.1.14

First notice that if ¢ = G, X Gy and if P,, Py are fres G,-, Ge-spaces
respectively then P, X Py ia a free G-space, and that free G-spaces of
this form are cofinal in the category of all free G-spaces. (Any free
Gespace admits the diagonal map into P/Gy x P/G,, etc.)

Applying this to the torus T one finds by induction using 7.1.2 that

vhen G = T 7.1 ia implied by

W Ir X;(X) is finite over R(T), then
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(1) xa(x) > gn Rglx X0y, e
(44) R' 14m K&(X x P)* = 0,
P

vhen P runs through the category of compact free T!-spsces and T'!-homotopy~
olasses of maps. (One supposes given a fixed homomorphism ¢ ; T - v

vheredy T'-spaces becoms T-spaces.)

Proof:  Regard T! as the complex numbers of modulus 1, It aots naturally

2n-~1

on 8 s the unit-aphere in C®,  Purthernore the set of spheres 32”'1

with inclusion maps 4s cofinal in the category of free T‘oapso». Por
any free T'-space P is the unit-sphere bundle of a ocomplex line-bundle L.

L is a sub-bundle of & trivial bundle C”. The resulting Cemap L » C"

induces a !‘-mp P-oszn". But any two T‘-upo P 82”", P 82‘“'1

2(nem)=1 = sam o sh—1.

beocome homotopio 4in 8 So one has to show

20=1

(1) K3(0°—> 14m Ka(x x 82°)-
a

(44) &} lilx;(x X 823'1)“ = 0,
n

Censider the leng sumct seguence

toe K;(X x Dzn’ X x 82&1) - Ki,(l x Dn) "q.(x x 82!1"1) * vees o

Using the Thom isomerphism this beoomes
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a2n-1

)+ ees

ces x;(x) N Ka(X) <+ Ka(X xS

“here o is muktipliostien by A_ [ €%l = (1 - ¥)°,  Beoause K3(X) is finite
over R(T) this sequence remains exact when completed. (This is the only
place where ons uses finiteness; 1t is conceivable that for the filtrstion-
topology the maps of the sequence would be strict, and then one would avoid
the assumption.) Thus we have ahort exact sequences

(1) 0~ 4/(1=6)" » K3(xxs*1)-

-nn-c»o

(14) o-nn-un-»u-t)‘noo,

to A‘ i» multiplication

whmlag;(x)‘, mdAnﬂA, but the map from 4,

by (1-t). Now cbserve that (1-t)™8 C InA, s0 1fm (1-t)"a = 0, For the
same reason 1jm A/(1-¢)"4 = A, And R 1jm A/(1-¢)"A = O because the mape
in the sequence are surjective. PFinally recsll that
O-lfmA +NA 304 <R 1mA +0 is exsot, where
.(h,‘}) = !"1 + (1-t)awl. [25] But s s an isomorphism on the ccmplete
motule [1A_ beoause 1t has an imverse [a,} > [2(1-t)%s, 1. 3o
ymA =R' lma =0,
This oompletes the proof, as (i) induces
0+ 1gm A/(18)" = 2gm K3(X x 877)" < 1gmm, R} 1gm 4/(1-6)"% o

R} Lm Ke(x % 87Y) o 1! 1ymp_ <0,
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while from (1i1)
O ~ HuB + Laa - La(1-t) - 2'aB - R'mA,

1
nhowingﬂutliman = Rl&nnnRO.

It remains for me to deduce the assertions I made at the beginning
of the chapter. In the following prepositions X is a finite-dimensional

compact G-space with KE(X) finite over R(G).

Proposition 7,1.6 The Ia-sdie topology on xa(x) coincides with the

filtration-topology.

Proaf: If & denotes the IG-a,dic topology, and £ the filtration-topology,
one must show that the identity-map xa(x)‘ - xa(x)f, which is plainly
contimious, is a homeomorphism. It suffices to show that
KE(‘); - xé(x); is & homeocworphism.

One can choose a cof'inal system of compaot free G-apaces which are
finite~dimensional, 6.8. G, G ¢ Gy, G « G « G, ... , If P belongs to this

aysten KE(? xX), = 1{6(? x x)f, as both are discrete. So there is a

o~ ¢ A~ -
oontinucus map K2(X), « 1im KX(P x X), = 1im K3(? x X) 3 SO, e

» bate b9

indnges the required mm.xg(x}; - Ké(x);.
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Preposition 7.1,7 The filtratien-topology on K$(X x BG) oan be defined

by the sequence of submodules [m |, Where m_= ker 1 K3(X x £G) - x;(xxz""’c).

Eroof: If X has dimension x and G has dimension G then (X x Ek"'G)/G has

dimension x + (k~1)(g+1), s0 K3 (x x nk"c) = 0, and

yX=g+k(g+1)

¢
KG’ - s*k(‘ﬂ)(x x BG) C mee On the other hand m C xa’k(x x 2G¢) because
X x 8571 15 G-homotopy-squivalent to T~'Y, where Y is the G-spece

X xEG x G over X x BG,

I

- k
Preposjtion 7,1.8 K3(X x X6) —> 1im K2(X x B'G); hence the I.-adie
tepology and the filtration-topology on KE(I x EG) coincide, and Ka(x x BG)

is complete,

Proof: Conaider the filtratiom of X, ¥ (X x BG)/G hy the sompact subspaces

x: = (X x BkB)/G. By a theorem of Milnor [25] one has a short exact
sequence

(*) 0 » R'im K""(é) -~ x%x,) » 1= kYx35) - o.

(This is sotually a special case of the spectral sequence of 5.1. The
spaces ng] do not quite satisfy Milnor's conditions, but at any rate one
has a short exact sequence if the middle term is replaced by f—:q(w), where

0 1 2
¥ i3 the universal apase of the category IG - XG » xg + eeej and VW 13 just
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(X x £*)/G, where E' is & new triangulable universal space for G, so
W xc. But really one cen prove a much more general result; I didn't
include it in ohapter 5 becauss I haven't developed enough Kc-theory for

nen-compact spaces.) The sequence (*) can de rewritten
0 -+ R'lin xg"(x x E"G) - x;(x xBG) + 1im xgu x EkG) - 03

but the system kaﬂ is cofinal in the oategory of colpact free G-spaces, 30

7.1.2 gives one the result desired, and also the corollary.

Gorollary 7.1,9 pr! : xé(x)" - KE(X x E¢) is en isomorphism.
I conclude with

Proposition 7.1,10 If Y 18 another finite~dimensional compaot G-spase
such that KE(Y) is finite over R(G), and £ : Y » X is a G-map which is &
?
homo topy~equivalence when G is disregarded, then £’ induces an isomorphism
?
t. $ KE(X). - xa(y)" \
Preof: It suffices to show that £ induces a homotopy-equivalence
:G 3 YG - ‘c‘ But XG el Ya are fidred locally trivially over BG with
fibres X and Y respectively, so rG is locally a fibre~homotopy-equivalence,

therefore by [16] a fibre-homotopy-equivalence globally, and in particular

a homotopy-equivalence.
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