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Abstract

In this paper we develop the Generalised Recombination Interpolation Method (GRIM) for finding sparse
approximations of functions initially given as linear combinations of some (large) number of simpler functions.
GRIM is a hybrid of dynamic growth-based interpolation techniques and thinning-based reduction techniques. We
establish that the number of non-zero coefficients in the approximation returned by GRIM is controlled by the
concentration of the data. In the case that the functions involved are Lip(~y) for some v > 0 in the sense of Stein,
we obtain improved convergence properties for GRIM. In particular, we prove that the level of data concentration
required to guarantee that GRIM finds a good sparse approximation is decreasing with respect to the regularity
parameter v > 0.
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1. Introduction

This article considers finding sparse approximations of functions with the aim of reducing computational com-
plexity. Applications of sparse representations are wide ranging and include compressed sensing [DEOQ3}|CTO0S5,
Don06CRT06], image processing [EMS08,BMPSZ08,BMPSZ09]], facial recognition [GMSW YQ09]], data assimila-
tion [MM13], explainability [EMMT14,|DF15], sensor placement in nuclear reactors [ABGMM16,/ABCGMM 8],
reinforcement learning [BS18||HS19], DNA denoising [KK20], and inference acceleration within machine learn-
ing [ABDHP21LINPS22].

Whilst the particular formulation of the sparse approximation problem is situation dependent, the overall goal
remains the same. Loosely speaking, the commonly shared aim is to approximate a complex system using only
a few elementary features. In this generality, the problem is commonly tackled via Least Absolute Shrinkage and
Selection Operator (LASSO) regression, which involves solving a minimisation problem under /!-norm constraints.
The terminology "LASSO” originates in [Tib96]], though imposing /*-norm constraints is considered in the earlier
works [[CM73/ISS86]]. More recent LASSO-type techniques may be found in, for example, [LY07,[DGOY08},/GO09}
XZ16/TW19].

In this paper we consider the setting that the system of interest is known to be a linear combination of
some (large) number of features. Within this setting the goal is to identify a linear combination of a strict sub-
collection of the features (i.e. not all the features) that gives, in some sense, a good approximation of the system
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(i.e. of the original given linear combination of all the features). Depending on the particular context consid-
ered, techniques for finding such sparse approximations include the pioneering Empirical Interpolation Method
[BMNPO4, GMNPO7, IMNPPQO]], its subsequent generalisation the Generalised Empirical Interpolation Method
[MMI13MMT14]], Pruning [Ree93AK13\CHXZ20IGLSWZ21], Kernel Herding [Wel09a,WelQ9blICSW 10/BLIL 15}
BCGMOIS8ITT21,PTT22], Convex Kernel Quadrature [HLO21]], and Kernel Thinning [DM21a,[DM21blIDMS21].
Of course one can still utilise the LASSO approach based on [!-regularisation within this framework.

It is convenient for our purposes to consider the following loose categorisation of techniques for finding sparse
approximations in this setting; those that are growth-based, and those that are thinning-based. Growth-based meth-
ods seek to inductively increase the size of a sub-collection of features, until the sub-collection is rich enough to
well-approximate the entire collection of features. Thinning-based methods seek to inductively identify features that
may be discarded without significantly affecting how well the remaining features can approximate the original entire
collection. Of the techniques mentioned above, EIM, GEIM and Kernel Herding are growth-based, whilst LASSO,
Convex Kernel Quadrature and Kernel Thinning are thinning-based.

We develop the Generalised Recombination Interpolation Method (GRIM) for finding sparse approximations
of a given linear combination of functions. GRIM is a hybrid of growth-based and thinning-based techniques.
The growth-based aspect takes the form of dynamic greedy selection in a similar spirit to that employed in GEIM
[MM13[IMMTI14]. An important distinction from GEIM is that our greedy selection is data-driven rather than
feature-driven. The thinning-based aspect arises through the use of recombination [LL12,|LL16], which is a central
technique within the Convex Kernel Quadrature approach proposed in [HLO21]).

To allow a more detailed discussion of GRIM we must first fix notation. Let X be a Banach space and N € Z+¢
be a (large) positive integer. Suppose we are interested in a system corresponding to an element ¢ € X. Further
suppose that, for given non-zero real numbers ay, . . . ,ans € R\ {0} and a given collection F = {f1,..., fv} C X
of non-zero elements in X, we have

N
wzzaifi- (1.1)
i=1

Let X* denote the dual of X and suppose that ¥ C X ™ is a compact subset. We will often adopt the terminology
that the set F consists of features whilst the set X consists of data. In this setting we consider the following sparse
approximation problem. Given € > 0, find an element u = Zﬁl bifi € Span(F) such that the cardinality of the set
{ie{1,...,N} : b; # 0} is less than A and that u is close to ¢ throughout X in the sense that, for every o € %,
we have |o(¢ —u)| < e.

We assume that the data over which we want to approximate ¢ is a compact subset of the dual space X*.
Consider the choice X := C%(Q) for a compact domain 2 C R?. The identification of a point p € Q with the
point mass &, € C°(£2)* supported at p enables us to take ¥ := . Hence seeking a sparse approximation of a
sum of continuous functions {2 — R is within this framework. If we let M [Q2] denote the collection of finite signed
measures on (2, then we may also consider the choice that X := M]|Q]. In this case we have that C°(Q) Cc X*
and hence, by choosing X to be the set of monomials with order no larger than some k € Zx(, the cubature
problem [Str71]] for empirical measures is within this framework. Combined with sampling, the cubature problem
for empirical measures offers an approach to the cubature problem for general finite signed measures.

Suppose that X is a set and Hj is a Reproducing Kernel Hilbert Space (RKHS) associated to a positive
semi-definite symmetric kernel function k£ : & x X — R (the appropriate definitions can be found, for exam-
ple, in [BT11]). In this context one can consider the Kernel Quadrature problem, for which the Kernel Herd-
ing [Wel09al[Wel09b,| CSW10,BLL15,BCGMO18,TT21LPTT22[], Convex Kernel Quadrature [HLO21]] and Kernel
Thinning [DM21a[DM21b,[DMS21]] methods have been developed. Given a probability measure i € P[X] the Ker-
nel Quadrature problem involves finding, for some n € Zx>1, points z1, ..., 2, € X and weights wy,...,w, € R
so that the measure p,, := 2?21 wjd, approximates /. in the sense that, for every f € Hy, we have p,(f) =~ p(f).
Linearity ensures that this approximate equality will be valid for all f € Hj provided it is true for every f in
the closed unit ball By, (0,1) C Hj. A consequence of the inclusion H; C C9(X) is that the closed unit ball
By, (0,1) C Hj, can be viewed as a subset of M[X]*. Provided this closed unit ball is compact, which will be
the case if, for example, the set X is finite, the choice of X := M[X] and ¥ := By, (0, 1) illustrates that the
Kernel Quadrature problem for empirical probability distributions p € P[X] is within the framework we consider.
Combined with sampling, the Kernel Quadrature problem for empirical probability distributions offers an approach
to the Kernel Quadrature problem for general probability distributions.

Returning our attention to the general setting, GRIM uses a greedy selection algorithm to inductively grow a
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collection L C X of linear functionals at which we require our approximation to coincide with (. The following
extension step determines how we select new linear functionals in X to be added to an existing collection L' C 3.

Banach Extension Step

Assume L' C ¥ and u € Span(F) are both given. Let m € Z>; and take oy := argmax {|o(¢ — u)| : 0 € }.
Inductively for j = 2,3,...,mtake 0; := argmax {|o(p —u)| : 0 € ¥\ {o1,...,0j-1}}. Once o1,...,0m, €
3 have been defined, we extend L' to L := L' U {o1,...,0m}-

After each extension of the subset . C X of linear functionals, we use recombination [[LL12,[LI.16] to find an

element u € Span(F) satisfying that u = ¢ throughout L. Originating in [LLI12] as a technique for reducing

the support of a probability measure whilst preserving a specified list of moments, at its core recombination is a

method of reducing the number of non-zero components in a solution of a system of linear equations. We apply

recombination to the linear system determined by the set {o(¢) : o € L} via the expansion (L)) (see Lemma[2.1).
We propose the following Banach GRIM algorithm to find a sparse approximation of (.

Banach GRIM
(A) Fix € > 0 as the target accuracy threshold.

(B) Choose k1 € Z>1 and apply the Banach Extension Step, with L' = &, u = 0 and m := k;, to obtain a subset
¥ ={o1,1,..-,01,k } C . Apply recombination (cf. Lemma[.1)) to ¢ to find an element u; € Span(F)
satisfying, for every o € ¥, that o(p — uy) = 0.

(C) For s € Z>3 we proceed inductively. If |o(¢ — us_1)| < € for every o € X then we stop since us_1 is an
approximation of ¢ possessing the desired level of accuracy. If this is not the case, then choose ks € Z>1
and apply the Banach Extension Step, with L' = ¥, 1, u := us_; and m := k,, to obtain a subset X3 =
Ys—1U{0s1,...,0sk, } C X. Apply recombination (cf. Lemma[2.T)) to ¢ to find an element v, € Span(F)
satisfying, for every o € 3, that o(¢ — us) = 0.

Similarly to GEIM [MM13,MMT14], GRIM involves dynamically growing a subset L C 3 specifying the func-
tionals in ¥ at which an approximation is required to agree with ¢. In GEIM this growth is primarily feature-driven.
GEIM additionally dynamically grows a subset S C JF determining the elements from F to be used to construct
the approximation. The growth is driven at each step by first determining the new element from JF to be added to
S, before subsequently using this new elements to determine the new functional from X to be added to L. That is
the new feature to be used by the approximation is selected first, and the new information to be matched by the next
approximation is determined using the new feature.

GRIM, however, uses data-driven growth. For each m € Z>, GRIM first determines the new linear functionals
in X to be added to X,,,_; to form ¥, C X before using recombination to find an approximation coinciding with
( on X,,. That is, we first choose the new information that we want our approximation to match before using
recombination to both select the elements from F and use them to construct our approximation.

Evidently we have the nesting property that ¥;, C ¥, for integers ¢; < o, ensuring that at each step we
are increasing the amount of information that we require our approximation to match. For each integer m € Zx>
let S,, C F denote the sub-collection of elements from F used to form the approximation u,,. Recombination
is applied to a system of 1 + k; + ... + k,, linear equations when finding u,,, hence we may conclude that
#(Sm) < min{l+k; +...+ kp, N} (cf. Lemma2J). Besides this upper bound for #(S,,), we have no
control on the sets S,,. We impose only that the linear functionals are greedily chosen; the selection of the elements
from F to form the approximation w,, is left up to recombination and determined by the data. In contrast to GEIM,
there is no requirement that elements from F used to form u,, must also be used for u; for [ > m.

For the case that, for each s € Z>;, we choose ks := 1 we are able to establish the following worst-case
upper bound on the number of steps the Banach GRIM algorithm requires to find an approximation v € Span(F)
satisfying that |o(p — u)| < e forevery o € X.

Theorem 1.1 (Banach GRIM Convergence). Let X be a Banach space and X* denote its dual space. Assume
e >0, that N € Z>1, that F = {f1,..., fx} C X is a collection of non-zero elements in X, and that ¥ C X* is
compact. Let ay, . ..,ax € R\ {0} and define p € Span(F) and a constant C > 0 by

N N
p:=Y aifi and  C:=_lal|lfillx > 0. (1.2)
=1

i=1
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Let N € Z> denote the €/2C-packing number for ¥. That is,
N = max{d €Z : Jo1,...,04 € X for which ||oq — oc||x* > % ifa # c} . (1.3)

Then if we apply the Banach GRIM algorithm to approximate p, with the target accuracy threshold in Banach
GRIM|(A)| as ¢ and the choice that ks = 1 for every s € Z>1, then after at most N steps the algorithm terminates.
That is, if we let M € {1,..., N} be the integer for which the algorithm terminates after step M and Qpy =
min {N, M + 1}, then there are coefficients c1,...,cq,, € R andindices e1,...,eq,, € {1,...,N} for which

?:Ai les| || fe.llx = C and the element u € Span(F) defined by
Q]\/I
U= Z Cs fe. satisfies, for every o € 3, that lo(p —u)| <e. (1.4)
s=1

Moreover; if the coefficients ay, . . . ,an € R\{0} corresponding to ¢ (cf. (L2)) are all positive (i.e. a1, ...,an >0)
then the coefficients c1, . . ., cq,, € R corresponding to u (cf. (L4)) are all non-negative (i.e. c1, .. .,cq, > 0).

This theorem will be a special case of the more elaborate Theorem[2.2] which will additionally establish a robustness
estimate for the approximation » and account for numerical errors arising in the use of recombination.

The number of steps required for the Banach GRIM algorithm to converge is no greater than the £ /2C-packing
number of ¥ defined in (L3). The packing number of a subset of a Banach space is closely related to the covering
number of the subset. Covering and packing numbers, first studied by Kolmogorov [Kol56], arise in a variety
of contexts including eigenvalue estimation [Car81,/CS90L[ET96], Gaussian Processes [LL99,[LP04)], and machine
learning [EPPOO,ISSWO011[Zho02![Ste03[SSO7,[Kuh 1 TLIMRT12L[ES21].

If we let Z be a Banach space and i/ C Z, then for any » > 0 we can define the r-packing number of U,
denoted by Npack (U, Z, 1), and the r-covering number of I, denoted by Neoy (U, Z,T), by

Npack(U, Z,7) :=max{d € Z : z1,...,2q € U such that ||z, — 2p||z > r whenever a # b} and

d
) . — (1.5)
NeowU, Z,7) :=min{ d € Z : 3z1,. .., 24 € U such that we have the inclusion U C U Bz(z,7)

j=1

respectively. Our convention throughout this article is that balls denoted by B are taken to be open, whilst those
denoted by B are taken to be closed. The the quantities defined in (I3 satisfy, for any r > 0, that Npack U,z,2r) <
NeovU, Z,1) < Npack(U, Z, 7). Consequently, the number of steps required for the Banach GRIM algorithm to
converge is no greater than the € /4C-covering number of X.

Theorem [T T] establishes that the number of elements from F required to yield the desired approximation of ¢
is bounded above by 1 + Npacx (X, X*,/2C). Thus when Npae(E, X*,e/2C) < N — 1, the conclusion (L4)
guarantees that the algorithm will find a linear combination of fewer than A/ of the elements fi, ..., far that is
within ¢ of ¢ throughout ¥. The e/2C-packing number of 3 depends on both the features F through the constant
C defined in (L2) and the data Y. The constant C'itself depends only on the weights a1, ..., ax € R and the values
[l fillx,- -+, [|fa]lx € Rso. No additional constraints are imposed on the collection of features JF; in particular, we
do not assume the existence of a linear combination of fewer than A/ of the features in F giving a good approximation
of ¢ throughout .

As stated, Theorem[LTlfixes € > 0 and provides an upper bound on the number of features from the collection
F that are used to form the approximation w resulting from an application of the Banach GRIM algorithm to
approximate the element ¢ defined in (I.2). However, Theorem [[.1] can also be used to determine an implication
in, loosely speaking, the opposite direction. To be more specific, assume the setting of Theorem [L.Iland consider a
fixed ng € {2,...,N}. Thenlet 8y = Bo(ng, C,¥) > 0 be defined by

By = min{)\>0 : Npack (EX%) §n0—1}. (1.6)

Consider applying the Banach GRIM algorithm to approximate ¢, with the target accuracy threshold in Banach
GRIM [(A)]as By and the choice that ks, = 1 for every s € Z>1. The definition of 3y in (L&) ensures that Theorem
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[Lltells us that the Banach GRIM algorithm terminates after no more than ng—1 steps. Consequently, the algorithm
returns an approximation u of ¢ that is a linear combination of at most ng of the features in F, and that is within S
of ¢ on X in the sense that for every o € ¥ we have |o (¢ — u)| < fo.

In this way, given any ng € {2,...,N}, the relation given in (LE) provides a guaranteed accuracy By =
Bo(ng, C, X) > 0 for how well the Banach GRIM algorithm can approximate ¢ with the additional constraint that
the approximation is a linear combination of no greater than ng of the features in F. This guarantee ensures both
that there is a linear combination of at most ng of the features in F that is within Sy of ¢ throughout ¥ and that the
Banach GRIM algorithm will find such a linear combination.

The claim in Theorem [L.1] that the coefficients as, ..., ax corresponding to ¢ (cf. (L2)) all being positive

(i.e. a1,...,an > 0) results in the coefficients c1, ..., cg,, € R corresponding to u (cf. (L4)) being non-negative
(i.e. c1,...,cQ, = 0)is adirect consequence of the use of recombination in the Banach GRIM algorithm. Every
application of recombination is made to the vector of weights a := (a1,...,ax") € RV with respect to a particular

linear system of equations to which a is a solution (cf. Lemma[2.T)). It is known that recombination reduces such
collections of positive weights to a smaller collection of non-negative weights that remain a solution to the linear
system [LLI2|[LL16]. Hence the positivity preservation claimed in Theorem [Tl follows.

A particular consequence of this positivity preservation property is that if the target ¢ is a probability measure,
then the approximation found by the Banach GRIM algorithm will also be a probability measure whose support
is contained within the support of . Consequently, if the Banach GRIM algorithm is considered for the task of
Kernel Quadrature, it will enjoy the benefits associated with convex weights as detailed in [HLO21].

Momentarily turning our attention to the Kernel Quadrature setting, assume that X" is a set admitting a sym-
metric positive semi-definite kernel £ : X x X — R. Let Hj denote the RKHS associated to k£ and fix ¢ > 0.
Suppose that z1,...,2p € X and aq,...,an > 0 so that ¢ := Zﬁl a;0z, € P[X]. Under the choice that
X := M]J[X], we observe that the constant C' corresponding to the definition in satisfies that C = 1.
Assuming that By, (0,1) € C°(X) is compact, Theorem [LT] for the choice ¥ := By, (0, 1) tells us that the
performance of the Banach GRIM algorithm is controlled by the pointwise /2-packing number of By, (0, 1),
i.e. by Npack(By, (0,1),C%(X),e/2). To be precise, there is an M € {1,..., Npack(Bs;, (0,1),CO(X),e/2)}
such that, for Qs := min {N, M + 1}, the Banach GRIM algorithm finds weights cy, ..., cQ(my = 0 and in-
dices e(1),...,e(Qn) € {1,..., N} such that u := Zf:”i s
f € B, (0,1), that [o(f) — u(f)] < . }

Recall that the pointwise e/2-packing number of By, (0, 1) is bounded above by the pointwise &/4-covering
number of By, (0,1), i.e. Npack(By, (0,1),C%(X),/2) < Neov(By, (0,1),C°(X),e/4). Hence estimates for
Neov (B, (0,1),C°(X), e/4) lead to guarantees for the performance of the Banach GRIM algorithm for kernel
quadrature. Many authors have considered estimating the covering number of the unit ball of a RKHS, see the works
[Zho02,|ICSW 1 1L IKuh T 1,ISST3[HLLI18lISuz18lJJWWY20L[ES21] for example. We now illustrate the performance
guarantees available for the Banach GRIM algorithm considered for the task of kernel quadrature in a setting
covered in [JJWWY20].

For this purpose, we now suppose that X C R? is compact, and that the kernel k& : X x X — R is additionally
continuous and bounded above by 1. Then the kernel has a pointwise convergent Mercer decomposition k(z,y) =
> Amem(T)em(y) with Ay > Ay > ... > 0and {e;,}*_; C L?*(X) being orthonormal [CSO8|SS12].
The pairs {(A, €m)} e, are the eigenpairs for the operator Ty, : L?(X) — L?*(X) defined for f € L?(X) by
Trlf] == [y k(-,y)f(y)dy. We assume that the eigenfunctions {e,, }75_, are uniformly bounded in the sense that
for every m € Z>1 and every x € X we have |e,, ()| < Cp for some constant Cy > 0. Finally, we assume
that the eigenvalues {\,;, }°_,; decay exponentially as m increases in the sense that for every m € Z>; we have
Am < Cye~ 29 for constants C1,Cy > 0. These assumptions are satisfied, for example, by the squared exponential
(Radial Basis Function) kernel k(s,t) := e~ (=" [IIWWY20]; more explicit estimates for this particular choice
of kernel may be found in [ES21]].

Given any r € (0,1), it is established in [JJTWWY20] (cf. Lemma D.2 of [JJTWWY20]) that under these
assumptions we have

.(.) 18 @ probability measure satisfying, for every

2
log Neoy (B3, (0,1),CY(X),7) < Cs (log (%) + 04) (1.7)

for constants C5 = C5(Cp, C1,C2) > 0 and Cy = Cy4(Cp, C1,C2) > 0. Assuming that £ < 4, by appealing to

(LD for the choice r := /4 we may conclude that if C5 (log () + 04)2 < log(N — 1) then the Banach GRIM
algorithm will return a probability measure u € P[X] given by a linear combination of fewer than A/ of the point
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masses 0y, , - - . , 0z, satisfying, for every f € By, (0,1), that [o(f) — u(f)| <e.
Alternatively, given ng € {2,..., N} define 3y = By(Co, Cy,Ca,ng) > 0 by

log(ng—1)

1 1
Bo = geCie (HE=1)* _ oo (ng — 1) (Calogtno=1)"2 - (1.8)
For ng > 1+ eC3C% we have that 3 < 4. Thus, by appealing to the Banach GRIM algorithm for the choice of
as the target accuracy threshold and ks := 1 for every integer s € Z>1, we may combine (L7) and (L8) to deduce
from Theorem[L. 1] that the algorithm finds a probability measure « € P[X] given by a linear combination of no more
than ng of the point masses &, . . ., 0., satisfying, for every f € By, (0,1), that [o(f) — u(f)| < Bo.

As ng increases, 5y defined in (L.8) eventually decays slower than ng ® for any @ > 0. This poor asymptotic
behaviour is not unexpected for an estimate that is itself a combination of two worst-case scenario estimates. How-
ever, we may still observe that for any integer A € Z>; large enough to ensure that 1 + G0t < no <1+ eA’/Cs
(which in particular requires A > C3C}), that By < 4e(ng — 1)~ /4.

The theoretical guarantees of Theorem [Tl are of limited use in the common setting that X = C°(Q) and 3 is
a collection of point masses supported at points in 2. To illustrate the issue let p,q € © with p # ¢ and consider
the point masses 0,,d, € C°(Q)*. The existence of a function f € C°(Q) with ||f||coqq) = 1 and f(p) = 1
and f(q) = —1 means that [|6, — 6l co(qy. = sup {|(6p — 0q) ()| ¢ f € COQ) with || f[|coy =1} = 2.
Consequently, if €/2C < 2 then the positive integer N defined in (L3) is simply given by the cardinality of 3, i.e.
N = #(X). In this case, the upper bound provided by Theorem[LTlis the obvious (and essentially useless) fact that
once we require our approximation u to coincide with ¢ at every o € ¥, we are guaranteed that v is within € of ¢ at
every o € 2.

The underlying problem is that, without imposing further assumptions, knowing the value of a continuous
function ¢ € C°(€) ata point p € Q tells us nothing better than the bound [¢(¢)| < ||¢]|co(q) at points ¢ € Q\ {p}.
In order for the value ¢(p) to provide information about the value of ¢ at other points ¢ € €2, we must necessarily
impose greater regularity than continuity on ¢. Recalling that in this setting we can view X as a subset of €2, the case
that ¥ is finite influences our choice of greater regularity to impose. The class of Lip(y) functions, for some v > 0,
in the sense of Stein [Ste70]] exhibit an appropriate level of regularity.

To introduce Lip(~y) functions we suppose that V' and W are both Banach spaces, and that > C V' is a closed
subset. We additionally assume that all the tensor products of V' are equipped with admissible norms; see Definition
[Alin this paper for the precise details. Given any v € (0, 1], the space Lip(v, X, W) is the familiar space of
bounded y-Holder continuous functions ¥ — W. That is, ¢ € Lip(y, X, W) means that ¢ : ¥ — W and there
exists a constant C' > 0 such that whenever 2,y € X we have both || (z)||lw < C and ||¢¥(y) — ¥(@)||lw <
C|ly — «||{;. For v > 1 the space Lip(v, ¥, W) gives a sensible higher-order generalisation of Holder continuity.

If we let k& € Z>o be such that v € (k,k + 1], then an element in Lip(vy, %, W) is a collection ¢ =
(O, ..., p®)), where for each | € {0,...,k} the function ¢(!) is defined on X and takes its values in the space
of symmetric [-linear forms from V' to W (denoted £(V ®!; W)), satisfying the following conditions. Firstly, for
each | € {0,...,k} the function 1/(!) is bounded on X.. Secondly the collection ¢/ satisfy Taylor-like expansions

with appropriately regular remainder terms. To be more precise, given [ € {0,...,k}, z,y € Y and v € V¥ it
is required that the difference between ") ()[v] and wél)(y)[v] = Zf;é L1 (x) [v @ (y — 2)®*] is bounded

above by Cl|ly — z| |7/_l for some constant C' > 0. The precise definition of a Lip(~y, 3, W) function may be found
in Definition [A.2] of this paper.

A good way to understand a Lip(y, 3, W) function is as a function that “locally looks like a polynomial
function”. Given any point x € %, consider the function W, : V' — W defined for y € V by

k

Ta(y) = 3 500 [ - 0] (19)

s=0

The function ¥, defined in (I9) gives a proposal, based at the point z € X, for how the function ¥(®) : ¥ —
W could be extended to the entirety of V. The collection of functions PO ®) are related to U, in the
following sense. For each [ € {0, ..., k} the element »(!) () € L(V®!; W) is the I*" derivative of ¥ (-) at 2. The
Lip(vy, X, W) requirement ensures that the proposal ¥, (y) varies in a Lipschitz manner as both the basepoint = and
the evaluation point y vary across . Loosely, if the points 21,22, y1,y2 € ¥ are all mututally close in the || - ||v
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norm sense, then the values ¥, (y1) and ¥, (y2) must be close in the || - ||y norm sense. The proposal functions
U, for points « € X enable one to view a Lip(~, X, W) function in a more traditional manner as the single function
¥ x ¥ — W defined by the mapping (z,y) — ¥, (y).

Returning to considering the collection ¢ = ((9),...,¢®) € Lip(v, £, W), we observe that on the interior

of ¥ the functions ¢(1) ..., 4 (*) are determined by 1/(?). The bounds satisfied by ¢") (y)[v] — ne (y)[v] for each
1 €{0,...,k} and v € V® ensure, for each j € {1,...,k}, that 1)) is the classical j*" derivative of (%)
on the interior of Y. Thus, on the interior of X, the function 1/1(0) is k times continuously differentiable, and its
kth derivative is (v — k)-Holder continuous. The original work of Stein [Ste70] provides further evidence for the
sensibility of this notion of a Lip(~y, X3, W) function. In a similar spirit to the original Whitney extension theorems
(cf. Theorem I in [Whi34] and Theorem I in [Whi44]), Stein proves that when V = R%, W = Rand ¥ C R%is
closed, a function ¢ € Lip(y, X, R) can be extended to an element ) e Lip(v, R4 R) (cf. Chapter VI, Theorem 4
in [Ste70]).

A key benefit of the class Lip(+y, 3, W) is that it well-defined for any closed subset ¥, even those with empty
interiors such as finite subsets. The condition that 1) = (1/1(0), e ,1/)(’“)) € Lip(v, X, W) imposes a higher order
notion of regularity using only the values of the functions O ®) at the points in 2. No knowledge of their
behaviour outside ¥ is required; we do not need to even define their value at any point in V'\ 3. Moreover, the value
of ¢ a point p € ¥ determines the pointwise behaviour of v, up to arbitrarily small errors, within a ball centred at p
whose radius increases as +y increases (see the pointwise Lipschitz sandwich theorem[B.8] for precise details). These
properties make the class of Lip(y, ¥, W) functions attractive from a learning perspective.

We consider our sparse approximation problem in the Lip(v, 3, W) setting. That is, for each i € {1,... A}

we suppose that f; = (fi(o), ceey fi(k)) € Lip(y, 3, W). A consequence is that ¢ defined in (L) is an element in

Lip(y, 3, W). To ease notation, given ¢ = (¢(*),...,¢()) € Lip(y, %, W) and = € £ we define

Ag(x) = maxk} {Hgf)(])(x)‘ ’L(V@;W)} . (1.10)

7€{0,...s
Our strategy is as follows. We use a greedy selection algorithm to inductively grow a collection of points L C ¥ on
which we will require an approximation u to agree with ¢ in the sense that A’;fu(x) = O forevery x € L. Ateach

step the thinning of recombination is used to find the desired approximation. We propose the following Lip(+)
Extension Step for the purpose of determining new points in 3 to be added to an existing collection L' C X.

Lip(+y) Extension Step

Assume that L/ C ¥ and u = (u(o), e ,u(k)) € Span(F) are both given. Let m € Z>; and first take
z1 = argmax {A’;fu(z) : 2 € X}, Inductively for j = 2,3,...,m we choose z; € X by taking z; :=
argmax {A’;_u(z) : 2€ X\ {z1,...,2j-1}}. Once 21,...,2, € X have been defined, we extend L’ to L :=
L'U{z,...,zm}.

For a given set L. C ¥, recombination can be used to find an element « € Span(F) such that ¢ and u coincide
in the sense that A’;_u(z) = 0 atevery z € L (cf. Lemma[38d). We propose the following GRIM algorithm to
approximate .

Lip(v) GRIM
(A) Fix € > 0 as the target accuracy threshold.

(B) Choose k1 € Z>1 and apply the Lip(y) Extension Step, with L’ = @&, u = 0 and m := k;, to obtain a subset
Y1 ={z11,---, 21,k } C 2. Apply recombination (cf. Lemma[3.1)) to ¢ to find an element u; € Span(F)
satisfying, for every z € ¥, that A¥ _ (2) = 0.

p—u1

(C) For s € Z>2 we proceed inductively. If [¢(2) — us—1(2)| < € for every z € X then we stop since us_1 is

an approximation of ¢ possessing the desired level of accuracy. If this is not the case, then choose ks € Z>1

and apply the Lip(+y) Extension Step, with L’ = X1, u := us—1 and m := k,, to obtain a subset X5 =

Yso1U{2s1,. -+, 25k, } C X. Apply recombination (cf. Lemma[3.1)) to ¢ to find an element u, € Span(F)
satisfying, for every z € X, that A%, (z) = 0.

The dynamic growth is data-driven; we first choose the information that our approximation is required to match
before using recombination to both select the elements from F and use them to construct the desired approximation.
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The greedy selection of the points from X results in the nesting property that 3;, C X, for integers t; < g,
ensuring that at each step we increase the information our approximation will be required to match.

For each integer m € Zx let S;,, C F denote the sub-collection of elements from F that are used to form

k .
the approximation w,,. If we let D := dim(W) Z ( dun(V);L s—1
s=0

system of 1 + (k1 + ... + k) D linear equations when finding u,,. Hence we may conclude that #(S,,) <
min {1+ (k1 + ...+ km)D, N} (cf. Lemma[3.T). Besides this upper bound for #(S,, ), we have no control on the
sets S,,. There is no requirement that elements from F used to form u,,, must also be used for u; for [ > m.

For the case that, for each s € Zx>1, we choose k, := 1 we are able to establish the following worst-case upper
bound on the number of steps the Lip(«) GRIM algorithm requires to find approximation u € Span(F) satisfying,
for every z € ¥, that A’;fu(z) <e.

) then recombination is applied to a

Theorem 1.2 (Lip(y) GRIM Convergence). Let V and W be finite dimensional Banach spaces with ¥ C 'V com-
pact. Assume that the tensor products of V are all equipped with admissible norms (cf. Definition[A]). Let N' € Zi~q
be a positive integer and v > 0 with k € Z>q such that v € (k,k + 1]. . Assume that for every i € {1,..., N}
the element f; = (fi(o), .. .,fi(k)) € Lip(y, X, W) is non-zero and define F = {f; : i€{l,...,.N}} C

Lip(y, X, W). Given ay,...,any € R\ {0}, define ¢ = ((p(o), .. .,(p(k)) € Span(F) C Lip(y, %, W) and
constants C, D > 0 by

N So(l) = ZN a,f_(l) N
0 w3 ahe ( ffaniziiety ) @ @ Cim ez >0 @1

i=1
Y/ dim(V) + s —1
and D = dim(W) Z ( m < s ) Let N = N(X,C,v,¢) € Z>q denote the (5/20)1/“_@ packing
s=0
number for 3. That is
N = max{d €Z : x1,...,xq € X for which ||z, — xc||lv > (%)ﬁ ifa # c} . (1.12)

Then if we apply the Lip(~y) GRIM algorithm, with the choice that ks = 1 for every integer s € Z>1, to ap-
proximate @ on Y., with the target accuracy threshold in Lip(vy) GRIM as ¢, then after at most N steps,
the algorithm terminates. That is, if we let M € {1,..., N} be the integer for which the algorithm terminates
after step M and define QQp; := min {/\/7 1+ M D}, there are coefficients CM1,---,CM,Qyn € R and indices

en(1),...,enm(Qur) € {1,..., N} such that up; = (ug\(}), .. ug\]})) € Span(F) C Lip(y, X, W) defined by

Qu @) Qum @)
P UM = Zs:l CM75 en(s) ] k
Up = c X M satisfies sup A” _ r) <e. 1.13
M ; Mo fesa(s) ( Sforeveryl € {0,... k} f ng v e (@) < ( )
Moreover, if the coefficients ay, ... ,an € R\ {0} corresponding to ¢ (cf. (1) of (LID) are all positive (i.e.
ai,...,an > 0) then the coefficients cy 1, . .., cm,Qu € R corresponding to upy (cf. (L13)) are all non-negative
(i.e. 61\4717 ceey CIL[.,QM Z 0)

This theorem will be a special case of the more elaborate Theorem[3.2] which will additionally establish a robustness
estimate for the approximation u and account for numerical errors arising in the use of recombination. The claim that
the coefficients ay, ..., axr corresponding to ¢ (cf. (I) of (III)) all being positive (i.e. a1,...,an > 0) results in
the coefficients cps,1, - . ., car,g, € R corresponding to u (cf. (Z13)) being non-negative (i.e. CM1s-+ 1 CM,Qar =
0) is a direct consequence of the use of recombination in the Lip(v) GRIM algorithm. Every application of
recombination is made to the vector of weights a := (ay,...,an) € RV with respect to a particular linear system
of equations to which a is a solution (cf. Lemma[3.1). It is known that recombination reduces such collections of
positive weights to a smaller collection of non-negative weights that remain a solution to the linear system [LL12}
LL16]. Hence the positivity preservation claimed in Theorem[I.2] follows.

Theorem [L.2] establishes that the number of elements from F required to yield the desired approximation of
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 is bounded above by 1 + DNpack (E, V, (5/20)1/(7—1@)). Thus when Ny <27 v, (5/20)1/@—1@)) < %,
the conclusion (I3) guarantees that the algorithm will find a linear combination of fewer than A of the ele-
ments f1,..., far that is within € of ¢ throughout ¥ pointwise sense that Aij,fu(z) < ¢ for every z € X. The

(e/ 20)1/ (”_k)—packing number of ¥ depends on both the features F through the constant C defined in (L2)
and the data 3. The constant C' itself depends only on the original weights a1,...,axn € R and the values
[ fillLipty,2,w)s - - - [1fN]|Lip(r,2,w) € Rso. No additional constraints are imposed on the collection of func-
tions JF; in particular, we do not assume the existence of a linear combination of fewer than A/ of the features in F
giving a good approximation of ¢ throughout .

As stated, Theorem[L.2lfixes € > 0 and provides an upper bound on the number of features from the collection
F that are used to form the approximation v resulting from an application of the Lip(v) GRIM algorithm to
approximate the element ¢ defined in (I) of (LII). However, in exactly the same way that the implication direction
of Theorem [ could be reversed, Theorem [I.2] can be used to determine an implication in, loosely speaking, the
opposite direction. To be more specific, assume the setting of Theorem and consider a fixed ng € {2,...,N}.
Then define 8y = Bo(no, C, %, vy) > 0 by

% _
By = min{)\ >0 ¢ Npack <2,v, <%) ) . noD 1} ~0. (1.14)

Consider applying the Lip(7y) GRIM algorithm to approximate ¢, with the target accuracy threshold in Banach
GRIM|[(A)|as /3y and the choice that ks = 1 for every s € Z>1. The validity of (LI4) ensures that Theorem[L.2ltells
us that the Lip(~v) GRIM algorithm terminates after no more than 2251 steps. Consequently, the algorithm returns
an approximation u of ¢ that is a linear combination of at most nq of the features in F, and that is within 3y of ¢ on
% in the sense that for every = € ¥ we have A} (x) < fo.

In this way, given any ng € {2,..., N}, the relation given in (LI4) provides a guaranteed accuracy By =
Bo(ng, C,X,) > 0 for how well the Lip() GRIM algorithm can approximate ¢ with the additional constraint
that the approximation is a linear combination of no greater than ng of the features in F. This guarantee ensures
both that there is a linear combination of at most ng of the features in JF that is within 8y of ¢ throughout 3 and that
the Lip () GRIM algorithm will find such a linear combination.

For illustration, suppose we are in the setting of Theorem for the choices of V' := R equipped with the
Euclidean norm, X := Ed(()7 1) c R4 W =R, and v € (0, 1]. Thus we have a collection F = {fi,..., fa} C
Lip(v, Ed((), 1), R) of non-zero elements and non-zero weights a1, . . ., anr € R\{0}, and our goal is to approximate
the element ¢ := Y 5, a; f;. In particular, for a given ng € {1,..., N'} we are interested in how well we are able
to approximate ¢ by a linear combination of at most ny elements from the collection F.

Suppose that » > 0, m € Z>; and that yq,...,Ym € Ed(o, 1) are such that whenever ¢,j € {1,...,m} with

m
i

—d
i # j then |y; — y;| > 7. Then the balls {B (yi,r/ 2)} are pairwise disjoint, and their union is contained within
=1

the ball Ed((), 1+47/2). A volume comparison argument leads to the inequality that m < (14 2/r)9. Consequently,
we may conclude that Np.cx (Ed(o, 1), R4, r) < (1+42/r)
Fix ng € {3, ..., N} and define

2 ol
=2 —_— . 1.15
o C<(n0_1)%_1) >0 (1.15)

Observe that (LI4) is valid since in this setting the constant D arising in Theorem[I.2]is equal to 1. As a result, the
Lip(v) GRIM algorithm, with this 3 as the target accuracy threshold and the choice of k4 := 1 for every integer
s € Z>1, is guaranteed to find an approximation v € Span(F) of ¢ that is a linear combination of at most ng

elements from F and is within 3 of ¢ throughout Ed((), 1) in the sense that, for every x € Ed(O, 1), we have

v = |p(z) —u(x 72 k
Nufo) = lole) (o) < 50 B 20 () (1.16)
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Given € > 0, it follows from (I.16) that if

1 d
ng > 1+ <1+2(§)w> then sup Jo(z) —u(x)| <e. (1.17)

wEEd(O,l)

1\ d
Of course (I.17) is only useful provided N > 1+ (1 +2 (%) K ) . Itis important to keep in mind that the estimates

(LT8) and (LI7) are worst-case scenario bounds. Beyond the assumption that the set 7 C Lip(~y, Ed((), 1),R) is
bounded, there are no additional conditions imposed on the functions in F. In particular, there is no assumption
made that the set F can be well-approximated by any strict subset of F.

A key step in our proof of Theorem [[.2]is to establish that if two Lip(v, 3, W) functions coincide at a point
p € X, then they must remain close in a pointwise sense on a ball of a definite radius centred at p. A variant of this
phenomenon is recorded in the following result.

Theorem 1.3 (Pointwise Lipschitz Sandwich Theorem). Let V and W be Banach spaces, and assume that the
tensor powers of V are all equipped with admissible norms (cf. Definition[A1). Assume that > C V is closed. Let
Ko,7v,e > 0with k € Z>q such that v € (k, k + 1]. Then there exists a constant &y = d¢(g, Ko,v) > 0, defined by

T
0o := min {1 , (ﬁ) E } > 0, for which the following is true.

Suppose B C X is a dg-cover of X in the sense that Y. C Bs, :={v € V : 3z € B such that ||v — z||v < do}
SMPPOSC‘ 1/} = (1/}(0)5 s 71/)(k)) y P = (90(0)5 RS So(k)) S Llp(’% Ev W) with ||1/)||Lip(’y,Z,W)a ||50||Lip('y,Z,W)‘ S K0~
Further suppose that 1) = o throughout B. That is, for every j € {0,...,k} and every x € B we have ) (z) =
©U)(z) in L(V®I; W). Then we may conclude that for every s € {0, ..., k} and every x € ¥ that

HQ/J(S)(,%)—@(S)(J:)H <e. (1.18)

L(V@sw)

In the case that v € (0,1] and W := R this result is a well-known consequence of the combination of the maximal
and minimal extensions of Whitney [Whi34]] and McShane [McS34] respectively. The main content of this result is
the setting that v > 1, for which case we have been unable to locate a formal statement of this phenomenon within
the existing literature.

Theorem [L.3]will be a special case of the more elaborate pointwise Lipschitz sandwich theorem[B.8 which will
establish a similar conclusion under the weaker assumption that the elements 1, ¢ € Lip(y, X, W) are merely close
throughout B in the sense that Afz_ W(z) is small for every z € B. Moreover, given any 1 € (0,~), we additionally
prove the Lipschitz sandwich theorem[BJlin which the pointwise conclusion (LIS is replaced by the estimate that
the Lip(n, ¥, W) norm of the difference ¢ — ¢ is no greater than . The restriction to 17 < < is essential and the
result is not true for i := ~y (see Appendix [Blfor full details).

The remainder of the paper is structured as follows. In Section[2lwe present and analyse a more detailed version
of the Banach GRIM algorithm. In particular, the convergence properties claimed in Theorem [L1] are a particular
consequence of the more detailed Theorem 221 In Section 3] we present a more detailed version of the Lip(+)
GRIM algorithm, and analyse it using the results of Section [Bl The convergence properties claimed in Theorem
[[2]are a particular consequence of the more elaborate Lip(y) GRIM Convergence theorem[3.2l Additionally, given
n € (0,7), Theorem 3.3] establishes that the Lip(y) GRIM algorithm can be applied to find an approximation of
¢ € Lip(y, X, W) that is close to ¢ in the space Lip(n, X, W).

The elements of the theory of Lip(y, X, W) functions required in Section [3 are included in the appendices.
In Appendix [Al we both rigorously define the notion, for v > 0, of a Lip(y, X, W) function, and collect together
several well-known properties of Lip(y, X, W) functions. In Appendix [Bl we state several results detailing how
the Lip(7)-behaviour of a function on a subset B C X impacts its Lip(n), for n < =, behaviour on the entirety
of Y. In particular, Theorem is a consequence of the more involved pointwise Lipschitz sandwich theorem
and we establish the full Lipschitz sandwich theorem Bl All the results presented in Appendix [Bl articulate
properties of Lip(y) functions in a form that is convenient for our purposes. When v € (0,1] and W := R, they
are well-understood properties that can be deduced via the consideration of the maximal and minimal extensions
of Whitney [Whi34]] and McShane [McS34] respectively. The main content of Appendix [Blis that the phenomenon
remain valid for the setting that v > 1, for which case we have been unable to locate formal statements of these

10
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properties within the existing literature. In Appendix [C] we prove all the results stated in Appendix [B] along with
several supplementary lemmata.
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2. Banach GRIM

Let X be a Banach space and denote its dual space by X *. Throughout, when referring to metric balls we use the
convention that those denoted by B are taken to be open, whilst those denoted by B are taken to be closed. In this
section we consider searching for a sparse approximation of a given linear combination of elements in X .

To make this more precise, assume that ¥ C X* is non-empty and compact, and that N' € Z>1 is a (large)
positive integer. Forevery i € {1,..., N} we assume that f; € X \ {0} and define F := {f1,..., far} C X. Given
ai,...,an € R\ {0}, define ¢ € X by

N
903:Zaifi 2.1

i=1
Given e > 0 we try to find an element u € Span(F) C X that is both a sparse linear combination of the elements
f1,-.., fa and gives a good approximation of ¢ in the following sense. For every linear functional ¢ € ¥, we have

that [o(p — u)| < e.

To find our desired approximation u of ¢, we use a combination of dynamic growth driven interpolation tech-
niques and thinning techniques. A loose summary of our approach is as follows. We use a greedy selection algorithm
to inductively grow a collection of linear functionals . C ¥ at which we want our approximation to agree with .
At each step, recombination is used to thin the coefficients a1, ..., axr to find an element © € Span(F) C X that
coincides with ¢ throughout the current choice of L C X.

The following Banach Extension Step is used to dynamically grow a collection of linear functionals from X
at which we require our next approximation of ¢ to agree with .

Banach Extension Step
Assume that L' C ¥ and u € Span(F) are both given. Let m € Z>; and take

o1 :=argmax {|o(p —u)| : 0 € L}. (2.2)
Inductively for j = 2,3, ..., m take
oj = argmax{|lo(p —u)| : 0 € X\ {o1,...,0j-1}}. (2.3)
Once 1, . ..,0,m € X have been defined, we extend L' to L := L' U {o1,...,0m }.

For each choice of subset L C ¥, we use recombination to find u € Span(F) agreeing with ¢ throughout L. That
this is possible is the content of the following result.

Lemma 2.1 (Banach Space Recombination). Assume X is a Banach space with dual space X*. Let N' € Z>,
and F := {f1,..., fx} C X be a collection of non-zero elements. Suppose that L C X * is finite with cardinality
m € Zsg, i.e. #(L) = m. Let ay,...,an > 0 and consider the element ¢ € Span(F) C X defined by
P = Zﬁl a;fi. Set M := min{ N, m + 1}. Then recombination can be applied to find non-negative coefficients
bi,...,ba > 0and indices e(1),...,e(M) € {1,..., N} satisfying that

M N
> b= a, (2.4)
j=1 i=1

11
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and such that the element u € Span(F) C X defined by

M
U= ijfe(j) satisfies, for every o € L, that o(p —u) =0. (2.5)

Jj=1

Proof of Lemmal21l Let L = {o1,...,0m} C X*. Since ¢ := Zi\il a; fi, the values o1 (), ..., om(¢) and the
sum of the coefficients Zﬁl a; give rise to the linear system of equations

1 1.1 Z; SV a
01('f1) 01(.f2) Ul(ifN) | Ulf@) 26)
onlf) omlfs) oo omlin)) | e
an

which we denote more compactly by Ax = y.

The positivity of the coefficients a1, ..., ax allows us to apply recombination [LL12] to this linear system.
Recombination uses non-zero elements in the kernel ker(A) to kill (i.e. make 0) as many of the coefficients of x as
possible. Altering x by elements e € ker(A) leaves the equality Ax = y unchanged since A (x+60e) = Ax for any
6 € R. Observe that dim (ker(A)) > N —M for M := min{N, m+1}. Therefore there are at least N'— M linearly
independent elements in ker(A) which may be used to kill coefficients of x; that is, recombination transforms x to a
solution with at most M non-zero coefficients. Thus once recombination has been applied, examining (2.6) reveals
that we have non-negative coefficients by, ..., b > 0 and indices e(1),...,e(M) € {1,..., N} that satisfy (Z.4),
and such that the element v defined (2.5) satisfies that o;(¢ — u) = 0 for every j € {1,...,m}. That is, the
estimates claimed in (2.3)) are satisfied. This completes the proof of Lemma2.1] [ |

Theoretically, Lemma[2.]] verifies that recombination can be used to find an approximation u of ¢ for which o (p —
u) = 0 for all linear functionals o € L for a given finite subset L C ¥ C X*. However, practical implementations of
recombination will inevitably result in numerical errors entering into the equations. That is, the returned coefficients
will only solve the equations modulo some (hopefully) small error term. To account for this in our analysis, whenever
we apply Lemma [2.T] we will only assume that the resulting approximation u € Span(F) is close to ¢ at each
functional o € L. That is, for each o € L, we have that |o(¢ — u)| < g for some (small) constant £y > 0.

We now rigorously define our proposed GRIM algorithm to find an approximation u € Span(F) of ¢ €
Span(F) that is close to ¢ at every linear functional in X.

Banach GRIM
(A) Fix € > 0 as the target accuracy threshold and fix £g € [0, €) as the acceptable recombination error bound.

(B) Foreachi € {1,..., N}, if a; < O then replace a; and f; by —a; and — f; respectively. This ensures that

ai,...,apn > 0 whilst leaving the expansion ¢ = Z;\; a; f; unaltered. Additionally, rescale each f; to have
unit X norm. That is, for each i € N we replace f; by h; := W Then ¢ = Zi\il a;h; where, for each

xS {1,...,N},wehave o = al||f1||X

(C) Choose k1 € Zx>1 and apply the Banach Extension Step, with L' = @,u = 0and m := ky, to obtain a
subset ¥1 = {01,1,...,01,k } C X. Apply recombination (cf. Lemma[2.T)) to find an element u; € Span(F)
satisfying, for every o € 3, that [o(¢ — u)| < €.

(D) For s > 2 we proceed inductively. If |o(¢ — us—1)| < ¢ for every 0 € X then we stop and us—1 is an
approximation of ¢ possessing the desired level of accuracy. Otherwise, we choose ks € Z>; and apply
the Banach Extension Step, with L' = X, u := u,_q, and m := k,, to obtain a subset X, := X,_; U
{0s1,...,05k,} C X. Apply recombination (cf. Lemma [2.) to find an element v € Span(F) satisfying,
forevery o € X, that |o(p — u)| < &p.

We can establish the following convergence theorem for the Banach GRIM algorithm with the choice that ks := 1
for every integer s € Z>1.

12



2 Banach GRIM Terry Lyons and Andrew D. McLeod

Theorem 2.2 (Banach GRIM Convergence). Assume X is a Banach space with dual-space X*. Let€ > gy > 0.
Let N € Z>1 and assume that F := {f1,..., fx} C X is a collection of non-zero elements in X. Further assume
that ¥ C X* is compact. Let ay, . .., apn > 0 and define ¢ € Span(F) and a constant C > 0 by

N N
M) ¢:=> aifi and (A1) C:=>_laillfillx > 0. 2.7)
i=1 i=1
Then, given any \ > 1, there are positive constants r1 = r1(C,e,e0) > 0 and ro = ro(C, e, X) > 0, given by
- A—1
@) 7= 52;0 >0  and (II) r9:= % >0 (2.8)

and a non-negative integer N = N (X, C, e,e0) € Z>q, given by the ri-packing number of .
N := Npack(B, X*, 1) =max{d € Z : Jo1,...,0q € I for which ||o, — oc||x+~ > r1 ifa # ¢}, (2.9)

for which the following is true.

If we apply the Banach GRIM algorithm, with the choice that ks := 1 for every integer s € Z>1, to approxi-
mate @ on X, with the target accuracy threshold and the acceptable recombination error bound in Banach GRIM
[A]las € and £ respectively, then after at most N steps, the algorithm terminates. That is, if we let M € {1,...,N}
be the integer for which the algorithm terminates after step M and Qpr := min {N, 1 + M}, there are coefficients
CM,1s---sCMQun € Randindices ep(1),...,en(Qar) € {1,...,N} with

QZ\/I
Z|CM75|erM(S)HX:Ca (210)
s=1

and such that the element uy;r € Span(F) defined by

Q]\/[
Upy = Z CM,s fer(s) satisfies, for every o € 3, that lo(p —upnm)| <e. (2.11)

s=1

Moreover, if the coefficients ay,...,axy € R\ {0} corresponding to ¢ (cf: (1) of @) are all positive (i.e.
ai,...,apn > 0) then the coefficients car, - . -, cm,Qy € R corresponding to upy (¢f: 2.10)) are all non-negative
(i.e. c1,...,cq, = 0). Further, suppose Q0 C ¥, C X* where ¥, denotes the ro-fattening of X in X*, i.e. ¥,,
is defined by ¥,, := {w € X* : Jo € ¥ such that ||c — w||x+ < ro}. Then ¢ remains well-approximated by s
throughout ) in the sense that for every o € ) we have that

o (0 — uar)| < e (2.12)

The remainder of this section is dedicated to proving the Banach GRIM Convergence theorem[2.2l The following
lemma records that the linear functionals selected during the Banach GRIM algorithm, for the choice ks := 1 for
every integer s € Zx>1, are a definite X *-distance apart.

Lemma 2.3 (Banach GRIM Functional Separation). Assume X is a Banach space with dual-space X*. Suppose
that 0 > 0y > 0. Let N € Z>1 and assume that F := {f1, ..., fa'} C X is a collection of non-zero elements of X.
Further suppose that T C X* is compact and that D > 0 is such that ' C Bx«(0, D). Let a1, ...,ax € R\ {0}
and define an element v € Span(F) and a constant C > 0 by

N N
M) ¢:=> aifi and (A1) C:=>_laillfillx > 0. (2.13)
i=1 i=1
Then there exists a positive constant r = r(C, 0,0y) > 0, given by
6 — 6y
= 2.14
r 5C > 0, (2.14)
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for which the following is true.

Consider applying the Banach GRIM algorithm, with ks := 1 for every s € Z>1, to approximate @ on I’ with 0
as the accuracy threshold and 0y as the acceptable recombination error bound (cf. Banach GRIM|(A)). Suppose that
m € Zxo and the algorithm reaches and carries out the mt step without terminating. Then the linear functionals
O1,...,0m € I' at which recombination ensures that, for each s € {1,...,m}, we have |os(p — up)| < 6o (cf.

Banach GRIM|[(C)land[(D)) satisfy that for every i,j € {1,...,m} withi # j we have that
lloi = ajllx- > 7. (2.15)
Moreover, for every o € T,
|0(p — )| < min {20D , 20 dist(o, Tn) + 00} (2.16)
where Ty, :={01,...,0m}.

Proof of Lemma[Z.3] Assume X is a Banach space with dual-space X*. Let 0 > 6y > 0 and N € Z>1. Assume
that F := {flu' ., Ja'} € X is a collection of non-zero element in X, and that ' C X* is compact with D > 0
such thatI" C Bx~(0, D). Let ay,...,ax € R\ {0} and define ¢ € Span(F) C X and C' > 0 by (I) and (II) of
@.13) respectively.

With a view to later applying Banach GRIM to approximate ¢ on T, for each i € {1,..., N} let a; := |a;]
7|, = nsillx.
Moreover, we also have that a1, ...,ax > 0and p = Zi\il @ f;. Further, we rescale f; foreachi € {1,..., N} to
have unit X norm. That is (cf. Banach GRIM [B)), for eachi € {1,..., N} set h; := W and o; := a;|fi|| x-
Then observe both that C' satisfies

and ﬁ be given by f; if a; > 0 and —f; if a; < 0. Forevery i € {1,..., N} we evidently have

N N N
C =Y lailllfillx =D allfillx = e, (2.17)
=1 =1 =1

and, for every i € {1,..., N}, that a;h; = @, f; = a; fi. Therefore the expansion for ¢ in (I) of (2.13) is equivalent
to

N N N
o= aihi, andhence  [pllx <Y aullhillx :Zaima (2.18)
=1 =1 =1

Define a positive constant 7 = r(C, 6, 6y) > 0 as in (Z14). That is

__0—10p
ri= 20

> 0. (2.19)

With the constant r defined, we turn our attention to verifying the claims of the lemma.

Consider applying the Banach GRIM algorithm, with ks := 1 for every integer s € Z>1, to approximate ¢ on
T, with the target accuracy threshold and the acceptable recombination error bound as € and 6 here respectively (cf.
Banach GRIM [(A)). Suppose that m € Z>» and that the algorithm reaches and carries out the m*" step without
terminating. Let ', = {01,...,0,,} C I" denote the m linear functionals chosen after the m‘" step is completed.

Then for every [ € {1,...,m}, if we let I'; := {o1,...,0;} C I, we have, recalling Banach GRIM [(C)]
and [[D)} that recombination has been applied via Lemma 2] to find an approximation u; € Span(F) C X of ¢
satisfying, for every s € {1,...,1}, that |o5(p — u;)| < 6p.

Let Q; := min{N,l+ 1}. Then Lemma [2.1] additionally tells us that there are non-negative coefficients
bii,...,b g, > 0andindices e;(1),...,e;(Q) € {1,..., N} for which

Q Q N
u; = Z bl,shel(s) and Z bis = Zai. (2.20)
s=1 s=1 =1

14
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A consequence of (2.20Q) is that

[[ul] x <Zbl5Hhel(s HX Zbls = Z eye 2.21)

Suppose D > 0 is such that T' C Bx- (0, D). Then given any o € T' we may compute

CI® & €20
lo(o —u)| < |lollx=|le — wllx < 2CD. (2.22)
Alternatively, we may consider any n € {1,...,[} and use that |o,,(¢p — u;)| < 6y to compute that
CI & €20
lo(e —w)| < |lo —onllx-lle —wllx +6o < 2C|lo — on|[x+ + bo. (2.23)

Taking the minimum over n € {1,...,1} in (2.23) yields
lo(e — )| < 2C dist(a,T';) + bo. (2.24)

Together, (2.22) and (2.24) yield that for any o € T" we have

lo(p —u)| < min{2CD , 2C dist(o,T';) + 00} . (2.25)

The choice of | := m in (2.23) yields (2.16) as claimed.
To establish the separation of the linear functionals o1, ..., 0, making up I',, claimed in (Z.13), we take
1,7 € {1,...,m} such that i # j. Without loss of generality we may assume ¢ < j. Then by assumption

o; = argmax,.p |0(¢ — u;—1)| and, since j < m means that the Banach GRIM algorithm does not terminate
before the jth step is carried out, we must have that

loj (¢ —uj—1)] > 0. (2.26)
Hence by considering [ := j — 1 and 0 := o; in (2.24) we observe that

28 3 :
< |O'j((,0 — Uj71)| < 2CdISt(O'j,Fj,1) + 0y < 20”0'] — Uz”X* + 90, (2.27)

where the last inequality holds since ¢ < j — 1 means that o; € I';_;. A direct consequence of (2.27) is that

0— 0o
||Uj_0i||X* > °C =T (2.28)
which is precisely the separation claimed in (Z.13) This completes the proof of Lemma 2.3 [ |

We can use Lemma [2.3] to establish an upper bound on the number of steps the Banach GRIM algorithm, for the
choice that ks := 1 for every integer s € Z>1, requires to find an approximation u € Span(F) that is close to ¢ for
every linear functional in . The precise statement is the following lemma.

Lemma 2.4 (Banach GRIM Number of Steps Bound). Assume that X is a Banach space with dual-space X*.
Let 0 > 6y > 0. Let N € Z>1 and assume that F = {f1, ..., fx} C X is a collection of non-zero elements in X.
Further suppose that T' C X* is compact. Let ay,...,an € R\ {0} and define an element ¢ € Span(F) and a
constant C > 0 by

N N
pi=Y afi and (A1) C:=) lal[fillx >0 (2.29)

= i=1
Then there is a positive constant r = r(C, 0, 6y) > 0, given by

_0—6
20

> 0, (2.30)
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and a non-negative integer N = N(I', C,0,00) € Z>, given by the r-packing number of T
N := Npaek (T, X*,r) = max{d € Z : Jo1,...,0q € I such that ||o, — o||x+ > 7 ifa # c}, (2.31)

for which the following is true.

If we apply the Banach GRIM algorithm, with the choice that ks := 1 for every integer s € 71, to approx-
imate @ on I, with the target accuracy threshold and the acceptable recombination error bound in Banach GRIM
[A]las 0 and 6y respectively, then after at most N steps the algorithm terminates. That is, if we let M € {1,...,N}
be the integer for which the algorithm terminates after step M and Qpr := min {N, M + 1}, there are coefficients
1,y...,cQy € Randindicese(1),...,e(Qn) € {1,..., N} with

QIVI
> leal I fesllx =€, (2.32)
s=1
and such that the element uy;r € Span(F) defined by
QA{
Uy = chfe(s) satisfies, for every o € T', that lo(o —unr)| < 6. (2.33)
s=1

Moreover, if the coefficients ay,...,any € R\ {0} corresponding to ¢ (cf. (1) of 229)) are all positive (i.e.
ai,...,apn > 0) then the coefficients car, - . -, cm,Qy € R corresponding to upy (cf: 2.33) are all non-negative
(ie.ci,...,cq, = 0)

Remark 2.5. Lemma[.4] guarantees that if N defined in (2.37) satisfies that N < N — 1 then the Banach GRIM
algorithm will find an approximation v € Span(F) of ¢ that is a linear combination of less than A of the elements
fi,- -+, fa butis within 8 of ¢ throughout I in the sense that |o0(¢ — u)| < 0 for every o € T.

Remark 2.6. By invoking Lemma [2.3] we can additionally conclude that, for every m € {1,..., M} and any
D > 0 for which T' € Bx- (0, D), the approximation u,, € Span(F) found at the m*" step satisfies that for every
o € I'that |o(¢ — um)| < min{2CD, 0y + 2C dist(o,I';,) } where I'y,, denotes the m-linear functionals in I" that
have been selected once the m!" step is complete.

Proof of LemmalZ.4] Assume that X is a Banach space with dual-space X*. Let > 6y > 0. Let N € Z>; and
assume that 7 = {f1,..., far} C X is a collection of non-zero elements in X. Further suppose that I' C X* is
compact. Let aj,...,an € R\ {0} and define an element ¢ € Span(F) and a constant C' > 0 by (I) and (II) of
respectively.

With a view to later applying Banach GRIM to approximate ¢ on I, for each i € {1,...,N'} let a; := |a;]

and f; be given by f; if a; > 0 and —f; if a; < 0. For every i € {1,...,N'} we evidently have ‘ fi
Moreover, we also have that ay,...,axn > 0and ¢ = Zﬁl diﬂ-. Further, we rescale ﬁ foreachi e {1,..., N} to

have unit X norm. That is (cf. Banach GRIM [B)), for each i € {1,...,N} set h; := HffT and o; := a;|fi|| x-
Observe both that C' satisfies

=il

N N N
C =Y lailllfillx =D allfillx = e, (2.34)
=1 3 =1

i—1

and, forevery i € {1,..., N}, that o;h; = i f; = a; fi. Therefore the expansion for ¢ in (I) of (Z13) is equivalent
to

N N N
=3 aihi,  andhence  lpllx <3 aillhillx =Y o E C, (2.35)
i=1 =1 =1

Define a positive constant » = r(C, 6, 6y) > 0 by

0 — 0,
=0 2.36
r s >0 (2.36)
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and a non-negative integer N = N(I", C, 0, 6y) € Z>( by the r-packing number of I"
N := Npaek(T, X*, 1) =max{d € Z : Jo1,...,04 € I'such that ||o, — oc||x+ > rifa # c}. (2.37)

Observe that the constant > 0 defined in (Z.36) agrees with the constant r arising in Lemma[2.3] Now consider
applying the Banach GRIM algorithm, with the choice that k5 := 1 for every integer s € Z>1, to approximate ¢
on I' with the target accuracy threshold and the acceptable recombination error bound in Banach GRIM as 0
and 6 respectively.

Suppose m € Z>1 and that the algorithm does not terminate before or at the m‘" step. Therefore, recalling
Banach GRIM [(C) and[(D)] distinct linear functionals o1, ..., o, € I" have been selected, and recombination has
been used via Lemma[2.1to find an approximation u,, € Span(F) C X of ¢ satisfying, for every s € {1,...,m},
that |os(¢ — um)| < 6. Moreover, we may appeal to Lemma[2.3]to deduce that whenever s, ¢t € {1,...,m} with
s # t we have

llos — o] x= > 7. (2.38)

A consequence of (2.38) is that N defined in (Z37) must satisfy that N > m. Therefore if the Banach GRIM
algorithm, with the choice that k, := 1 for every integer s € Z>1, does not terminate at the mth step we must have
that m < N, and so the algorithm terminates after at most N steps as claimed.

Let M € {1,..., N} be the integer for which the Banach GRIM algorithm terminates after step M. The
termination criterion (cf. Banach GRIM D)) means that the element u); € Span(F) C X found at the M*" step
must satisfy, for every o € T, that |o(p — ups)| < 6 as claimed in the second part of (2.33). Moreover, if we let

Qn = min {N, M + 1}, then Lemma[2.T] tells us that there are non-negative coefficients bas 1, .., bar,0, > 0,
with
QIVI -
Zsz — = C, (2.39)
=1

and indices epr(1),...,en(Qnr) € {1, ..., N} for which the element up; € Span(F) is given by

Qum Qum bIL[
Upr = ZbM,SheM(s Z ||f H feM(s)- (240)
s=1 en(s)|lx
For each s € {1,...,Qu}, we define cpr 5 = WL if feM(S) = fer(s) (Which we recall is the case if
en ()
Uep(s) > 0)and ear i= — 2l if foo (o) = —ferr(s) (Which we recall is the case if a.,,(s) < 0). Then
X

(2.40) gives the expansion for up;s € Span(F) C X in terms of the elements f1,. .., far claimed in the first part of
([2.33). Moreover, from (2.39) we have that

QAI
ZICMsleeM@ |y = Zsz (2.41)
as claimed in (2.32).

It remains only to prove that if the coefficients a1, ...,an € R\ {0} are all positive (i.e. ai,...,an > 0),
then the resulting coefficients cas,1, ..., car,@, € R are all non-negative (i.e. car,1,--.,¢cm,Q, = 0). To see this,
observe that if ay,...,ax > O then, for every i € {1,...,N'}, we have that f; = f;. Consequently, for every
s€{l,...,Qn} we have that feM(s) = fenr (s)» and so by definition we have cpr s = b”i Since bps,s > 0,

it follows that ¢pz,s > 0. This completes the proof of Lemma[2.4]

The following result records a quantified version of the statement that an approximation of ¢ on I, of the form found
by the Banach GRIM algorithm, remains a good approximation of ¢ on an enlargement of the set I'. The precise
result is the following lemma.

Lemma 2.7 (Banach GRIM Robustness). Assume that X is a Banach space with dual-space X*. Let 0 > 0y > 0.
Let N' € Z>1 and assume that F = { f1,..., fx'} C X is a collection of non-zero elements in X. Further suppose
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thatT' C X* is compact. Let ay, . . .,an € R\ {0} and define an element ¢ € Span(F) and a constant C > 0 by

N N
D) ¢:=> afi ad (II) C:=> laillfillx > 0. (2.42)
i=1 i=1
Then there exists a positive constant r = r(C, 0,60) > 0, given by
0 — 0
= 243
r 5C > 0, ( )

for which the following is true.
Suppose that v, € Span(F) satisfies ||u||x < C and, for every o € T we have |o(¢ —u)| < o. Then for every
o€, wherel', :={oc € X* : Jw €T suchthat||oc — w||x+ < r} is the r-fattening of T, we have that

lo(p —u)| <0. (2.44)

Proof of Lemma[Z.7} Assume that X is a Banach space with dual-space X*. Let§ > 6y > 0. Let N € Z>; and
assume that F = {f1,..., far} € X is a collection of non-zero elements in X. Further suppose that ' C X*.
Let aj,...,any € R\ {0} and define an element ¢ € Span(F) and a constant C' > 0 by (I) and (II) in (2.42))
respectively. Now define r = r(C, 6,6y) > 0 by

00—
20

> 0. (2.45)

With the constant r defined we turn to verifying that the claims of the lemma are valid.

Suppose that & € Span(F) with ||u||x < C and such that for every o € T" we have |o(¢ — u)| < 6y. Observe
that the definition of ¢ and the constant C' (cf. (I) and (IT) of (2.42)) allow us to deduce that ||| x < C. Now con-
sider o € T',. for I, denoting the r-fattening of I" defined by I',. := {0 € X* : Jw € I" such that ||o — w||x~ < 7}.
Then for any choice of w € I" we have

lo(p —w)] < (0 —w)(¢p —u)[ + w(p —w)| < |lo = wl[x-[lp —ullx + b0 <2C[|o —w[[x- +b. (2:46)

Since o € T, we know that we may choose w € T such that ||c — w||x+ < r. By making such a choice for w in
2.44), we see that |o(p — u)| < 2Cr + 6, 0 as claimed in (2.44). This completes the proof of Lemma2.7] W

We now prove the Banach GRIM Convergence theorem by combining Lemmas2.3] 2.4] and 271

Proof of Theorem22] Assume X is a Banach space with dual-space X*. Lete > g9 > 0. Let N' € Z>; and
assume that 7 := {f1,..., far} C X is a collection of non-zero elements in X. Further assume that ¥ C X* is
compact. Let ay,...,an € R\ {0} and define ¢ € Span(F) and a constant C' > 0 by

N N
(D) ¢=>af;i and (II) C:=> lalllfillx >0. (2.47)
i=1 i=1
Let A > 1 and define positive constants r; = 71(C,&,e0) > 0 and r2 = r2(C, e, ) > 0 by
_e—¢&o (A=1)e
M ri="55">0 and (D) rpi= "o >0, (2.48)

Further define a non-negative integer N = N (3, C, ¢,¢¢) € Z>( to be the r;-packing number of X
N :=max{d€Z : Jo1,...,04 € ¥ for which ||o, — o¢||x~ > r1ifa # c}. (2.49)

Now consider applying the Banach GRIM algorithm, with the choice that k; := 1 for every integer s € Z>1, to
approximate ¢ on X, with the target accuracy threshold and the acceptable recombination error bound in Banach
GRIM|[(A)]as ¢ and ¢ respectively. Since the constant 71 defined in (I) of (2.48) and the integer N defined in (2.49)
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agree with the definition of the constant r and the integer N arising in Lemmal4] with T := %, C := C, 0 :== ¢
and 0y := g9, we may apply Lemma[2.4] to conclude that the algorithm terminates after M steps for some integer
M € Z> satisfying M < N as claimed. Additionally, if Qs := min {N, M + 1}, then Lemma[2.4 tells us there

are coefficients caz1, . .., ¢, > 0 andindices eps(1), ..., en(Qar) € {1,..., N} with
QZ\/I
> leatsl [[fewllx = €. (2:50)
s=1

and such that the element up; € Span(F) C X defined by

QA{
Upg = Z M, s fens(s) satisfies, for every o € 3, that lo(p —up)| <e. (2.51)

s=1

Together (Z.30) and (2.31)) establish the claims (2.10) and (Z.11) respectively.

Lemma 2.4] additionally establishes that if the coefficients a1, ...,ax € R\ {0} associated to ¢ (cf. (I) of
(2.47) are all positive (i.e. ai,...,apn > 0) then the coefficients cas 1, ..., a0, € R associated with wps (cf.
(2.51)) are all non-negative (i.e. ¢ar,1, - - ., Cam,Q, > 0, which is precisely as claimed in Theorem[2.2]

Now suppose 2 C X,, C X* where X,, := {w € X* : Jo € ¥suchthat |0 — w||x+ <72} is the ro-
fattening of ¥ in X *. Since the constant 7 defined in (IT) of (2.48) coincides with the constant r arising in Lemma
2.7 for the choices C := C, 0y := € and 0 := )&, we may apply Lemma[2.7] to conclude, for every o € 3,.,, that
lo(¢ — unr)| < Ae. Since  C X, this establishes (2.12)) and completes the proof of Theorem[2.21 ]

3. Lipschitz GRIM

Consider Banach spaces V' and W and a compact subset > C V. Assume that the tensor powers of V" are all equipped
with admissible norms (cf. Definition[A.Ilin Appendix[A)). Let v > 0 with k € Z>¢ such thaty € (k, k + 1]. In this
section we consider trying to find a sparse approximation of a given linear combination of Lip(y, X, W) functions
(cf. Definition in Appendix [A.

To make this more precise, assume that N € Z is a (large) integer. For every i € {1,..., N'} we assume that

fi = (fi(o), e, fi(k)) € Lip(y, 3, W) is non-zero, and set F := {f; : 1 € {1,...,N}} C Lip(y, X, W). Given
ai,...,an € R\ {0}, define p = (9p(©,..., ") € Span(F) C Lip(y, S, W) by

N N
Q= Zaifi so that for every | € {0,...,k} wehave o) = Zaifi(l). (3.1)
i=1 i=1

We aim to find an element u = (u(o), e ,u(k)) € Span(F) C Lip(y, X, W) that is both a sparse linear com-
bination of the elements f1,..., for, and gives a good approximation of ¢ in the following sense. Given a fixed
1 €{0,...,k}, we require that for every s € {0,...,1} the functions u(®), 0(*) : ¥ — L(V®*; W) are close in
L(V®#; W) throughout . That is, for any given 2 € ¥ the norm ||(*) (z) — u(*) (:E)HL(V%;W) is small.

To ease notation, given ¢ = (¢(*),...,¢) € Lip(y,%, W), 1 € {0,...,k},and z € ¥ we define

AL(z) == max . {H¢<a‘> (x)HL(Vg’J';W)} 3.2)

Je{0,,

A consequence of (3.2) is that for any | € {0, ..., k} and any = € ¥ we have that AL (x) < |[¢]|Lip(y,.4,w) for any
subset A C X with 2 € A. Our problem of interest can then be stated as follows. Givene > 0 and ¢ € {0,...,k},
find an element u = (u(®,...,u®) € Span(F) C Lip(y,%, W) that is a sparse linear combination of the

elements f1,..., far and satisfies, for every z € ¥, that Ag_u(x) <e.
The choice of ¢ € {0,...,k} provides a gauge for the strength of approximation we seek. By examination
of (B.2), the choice ¢ := 0 means we aim only to approximate ¢ by w at the “order zero level” by requiring

||¢(® = u(] ‘CU(E‘W) < e. By examination of (3.2), the choice ¢ := k corresponds to v approximating ¢ at the
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“order k level” by requiring, for every s € {0,...,k} and every x € X, that ||<p(5) (x) — u(s)(x)‘ ‘L(V@’S;W) <e.

To find our desired approximation u of ¢, we use a combination of dynamic growth driven interpolation tech-
niques and thinning techniques. A loose summary of our approach is as follows. We use a greedy selection algorithm
to inductively grow a collection of points L C ¥ at which we want our approximation to agree with ¢. At each step
the thinning of recombination is used to find an element u = (u(?,...,u®) € Span(F) C Lip(y, X, W) that
coincides with ¢ throughout the current choice of subset L C .

We now provide the rigorous details of our algorithm. The following Lip(+) Extension Step is used to
dynamically grow the collection of points L C X at which we require our next approximation of ¢ to agree with (.
Lip(~) Extension Step
Assume that L' C 3, u = (u9,...,u®) € Span(F) and q € {0,...,k} are given. Let m € Z>1 and take

z1 = argmax {AL_,(2) : ze X}, (3.3)
Inductively for j = 2,3, ..., m take
zji=argmax {AL_,(z) : z€X\{z1,..., 21} }. (3.4)

Once z1, ..., 2, € X have been defined, we extend L' to L := L' U {21, ..., 2m }.

For each choice of subset L C 3, we use recombination to find u = (u(?,...,u®) € Span(F) C Lip(y, %, W)
agreeing with ¢ throughout L. That this is possible is the content of the following result.

Lemma 3.1 (Lip(v, X, W) Recombination). Assume that V and W are finite dimensional Banach spaces. Suppose
that the tensor powers of V are all equipped with admissible norms (cf. Definition [A1), and that > C V is
closed. Let N' € Z~q be a (large) positive integer and v > 0 with k € Z>q such that v € (k,k + 1]. Assume
that for every i € {1,...,N'} we have a non-zero element f; = (fi(o), cee fi(k)) € Lip(v, X, W) and define

F={fi :ie{l,...,N}} CLip(y,%,W). Given ay, . ..,an > 0, define p = (cp(o), .. .,w(k)) € Span(F) C
Lip(v, %, W) by

N N
Y= Z a;f; so that forevery j € {0, ..., k} we have gp(j) = Z aifi(]). (3.5
i=1 i=1
Further define both
k
Q:=1+mdim(W) E ( dlm(V)S+ s—1 ) and M :=min{Q,N}. (3.6)
s=0

Then given points p1,...,pm € X, recombination can find u = (u(o), e ,u(k)) € Span(F) C Lip(y, %, W)
satisfying the following conditions. Firstly

M M
u= Z bsfe(s), sothatforevery j € {0,... k} we have w9 = Z bsfe(gz), (3.7)
s=1 s=1

for coefficients by, ..., by > 0 and indices e(1),...,e(M) € {1,...,N'}. Secondly, the sum of the coefficients is
preserved in the sense that

M=
M=

bs =

1 i3

a;. (3.8)

Il
-

Thirdly, u = ¢ throughout {p1, . ..,pm}. Thatis, for everya € {1,...,m} and every j € {0,...,k} we have that
0 (pg) = w9 (pg) in L(VEI; W).

Proof of Lemma[31]l Assume that V' and W are Banach spaces with d,c € Zxq for which dim(V) = d and
dim (W) = c. Suppose that the tensor powers of V" are all equipped with admissible norms (cf. Definition[A.T)), and
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that 3 C V is closed. Let A/ € Z~ be a (large) positive integer and v > 0 with k € Z> such that y € (k, k + 1].
Assume that for every ¢ € {1,...,N'} we have a non-zero f; = (fi(o), e fi(k)) € Lip(y, X, W) such that

= {fi : i €{1,...,N'}} is a linearly independent subset of Lip(vy, %, W). Let a,...,an > 0 and define
¢ = (¢,...,¢") € Span(F) C Lip(y, =, W) by

N
Q= Z a; fs so that for every j € {0, ..., k} we have o) = Z aifi(j). (3.9)
Choose bases vy, ...,vq of V and wy, ..., w. of W. Then for each n € N the set
Vo i={v, ®@...0u, : (l1,...,l,) €{1,...,d}"} (3.10)
is a basis for V®™. For each j € {1,...,k} a symmetric j-linear form h() € L£(V®7; W) is determined by its

action on the subset V;’rd C V; defined by
Vjc_)rd = {’Ull ®...®’Ulj : (ll,...,lj) c {1,...,d}j such that{; < ... Sl]} C Vj- 3.11)

That is, the collection of values h9)(p) [v;, ® ... ® vy, | for every (I1,...,1;) € {1,....d} withly < ... < ;
determine the value /) (p)[v] for every v € V®J. For future use we record that the cardinality of Verd is given by
; d+j—1 !
Bd, j) = ( +§' ) (zi+]1)1])| .
The basis wy, . .. w. of W allows us to define an inner product (-, -);;, on W. This is done as follows. Given
a,b € {1,...,c} we set (wq,wp)y, = 1if @ = band (w,,ws)y, = 01if a # b, before subsequently ex-
tending (-,-);;, to the entirety of W via linearity. This inner product allows us to decompose any w € W as
w = (w, w1 )y, w1 + ...+ (w,we)yy we. Therefore for any p € ¥ the value p(*)(p) € W is determined by the ¢
real-numbers

{{o(p),wr)y s r €{1,... c}}, (3.12)
whilst for each j € {1,...,k} the symmetric j-linear form (7) (p) is determined by the 3(d, j)c real numbers

{<<p<j>(p)[vll @...@vlj],wr>w S,y el dY <. <y, 7’6{1,...,0}}. (3.13)

Together, (3.12) and (3.13) illustrate that matching the value of (9) (p) and the maps ¢V (p), ..., o*)(p) is equiv-
alent to solving ¢(1 + 8(d, 1) + ...+ B(d, k)) real-valued equations. Hence for points py, ..., p, € X, the values
©(P1), ..., ¢(pm) € W and the maps ) (py), ..., 09 (p,,) € L(V®I; W) foreach j € {1,...,k} determine a

linear system of me(1 + 5(d, 1) + ... + B(d, k)) 0 Q — 1 real-valued equations involving the functions f; and
the coefficients a; for i € {1,...,N'}. To be more precise, for each choice of s € {1,...,m}, j € {1,...,k},
(I1,...,0;) € {1,...,dP? withl; <...<ljandr € {1,...,c} we have the equation

(¢ @) [on ® o] wr ) -Z (F0 ) o ® - v] ) (3.14)

Considering (3.14) for all possible choices of s € {1,...,m}, j € {1,...,k}, (I1,...,l;) € {1,...,d}? with
Ii <...<ljandr € {1,...,c} results in a collection of ) — 1 equations. By taking the sum of the coefficients
a; to be an additional equation we obtain a total of () equations that can be expressed as the linear system Ax =y
where x € RV is given by

x:=(a1,...,an)", (3.15)

y € R is given by

N T
= <;0Ji, <<,0(0)(p1)7’LU1>W , "'a<<,0(k)(pm)[vd®'--®vd] , wc>W> , (3.16)
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and A € RV*Q is the ' x Q matrix given by

1 1 1
(O @), (Beow), e (WD),
. . : (3.17)
(12 om)vag@vawe) () Gm)loa®-dvalwe) < 1P e @val e,
The positivity of the coefficients a1,...,an > 0 allow us to apply recombination [LL12[] to this system. Re-

combination uses non-zero elements in the kernel ker(A) to kill (i.e. make 0) as many of the coefficients of x as
possible. Altering x by elements e € ker(A) leaves the equality Ax = y unchanged since A (x + fe) = Ax
for any # € R. Observe that dim (ker(A)) = N — dim (Im(A)) > N — M for M := min{Q, N'}. Therefore
there are at least ' — M linearly independent elements in ker(A) which may be used to kill coefficients of x;
that is, recombination transforms x to a solution with at most M non-zero coefficients. That is, recombination will
return non-negative coefficients by, ...,ba > 0 and indices e(1),...,e(M) € {1,..., N} such that the vector
x' € RN with entries x/, = by, if a € {e(1),...,e(M)} and 0 otherwise still solves the equation Ax’ = y. Define
u € Span(F) C Lip(v, X, W) by (cf. (3.7))

M
u = ijfe(j) so that for each s € {0,...,k} ul®) = ijfe(fj).). (3.18)

Examining (3.17) and (3.16) reveals that Ax’ = y means that Z]Ail b = Zﬁl a;, as claimed in (3.8)), and that for
eacha € {1,...,m} we have

(1)( (1)(

PV (pa) = V(pa) and o™ (pa) =uM(pa).  (3.19)

A consequence of (3.19) is that w and ¢ to coincide throughout {p1, . .., p, } as claimed. This completes the proof
of Lemma[3.1l [ ]

©(Pa) = u(pa), ¢ (pa) = v (pa),

Theoretically, Lemma[3.] verifies that recombination can be used to find an approximation v = (u(o), ceey u(k)) €
Lip(y, X, W) coinciding with ¢ at a specified finite collection of points {p1, ..., pm} C X, say. However, practical
implementations of recombination will inevitably result in numerical errors entering into the equations. That is, the
returned coefficients will only solve the equations modulo some (hopefully) small error term. To account for this
in our analysis, whenever we apply Lemma 3.1l we will only assume that the resulting approximation v is close to
¢ at each of the points p1, ..., p, € ¥ in the following sense. For each j € {0,...,k} and each ¢ € {1,...,m},
we assume that ||<p(j) (pe) — u(f) (pe Hg(v®l W) < g for some (small) constant ¢g > 0. This may alternatlvely be
denoted by assuming, for every ¢ € {1,...,m}, that A% _,, (pc) < &o.

We now rigorously define our proposed GRIM algorithm designed to find an approximation v € Span(F) of
¢ € Span(F) that is close to ¢ throughout Y. in the sense, for a fixed ¢ € {0,...,k}, that A (x) < ¢ for every
T e X

Lip(v) GRIM

(A) Fix ¢ > 0 as the target accuracy threshold, fix 9 € [0, ) as the acceptable recombination error bound, and
fix a choice of ¢ € {0, ..., k} as the order level.

(B) Foreachi € {1,..., N}, if a; < O then replace a; and f; by —a; and — f; respectively. This ensures that
ai,...,apn > 0 whilst leaving the expansion ¢ = Zi\il a; f; unaltered. Additionally, rescale each f; to
have unit Lip(vy, X, W) norm; that is, for each i € {1,..., N} replace f; by h; := so that

i
T filluipey, =, w)

h; € Lip(’y, Z, W) with ||hi||Lip('y,E,W) =1, and that p = Z'z/\il a;h; where «; 1= ai||fi

|Lip('y,E,W)-

(C) Choose k1 € Z>1 and apply the Lip(+y) Extension Step, with L' := &, v = 0 and m := k, to obtain a
subset X1 = {21.1,...,21.% } C X. Apply recombination via Lemma[3.]to find an element u; € Span(F)
satisfying, for every z € %1, that Aij,ful (2) < eo.

(D) For s € Z>5 we proceed inductively. If AZ—us,l(x) < ¢ for every € X then we stop and us_; is an
approximation of ¢ possessing the desired level of accuracy. If this is not the case, then choose ks € Z>1
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and apply the Lip(v) Extension Step, with L' := X, 1, u := us_1 and m := kg, to obtain a subset
Y =%s-1U{zs1,..., 25k } CX. Apply recombination via Lemma[3.T]to find an element u, € Span(F)
satisfying, for every z € X, that Af;,fus () < eo.

We can establish the following convergence theorem for the Lip(«) GRIM algorithm with the choice of ks := 1
for every integer s € Z>1.

Theorem 3.2 (Lip(«y) GRIM Convergence). Let V and W be finite dimensional Banach spaces with ¥ C 'V com-
pact. Assume that the tensor products of V' are all equipped with admissible norms (cf. DefinitionlA ). Let N € Z~¢
be a positive integer and v > 0 with k € Z>q suchthat~ € (k, k+1]. Assume that for everyi € {1,... , N} the ele-

ment f; = (fi(o), ce, fi(k)) € Lip(y, X, W) is non-zero and define F := {f; : i € {1,...,N'}} C Lip(y, %, W).
Given ay,...,an € R\ {0}, define p = (50(0), ceey ga(k)) € Span(F) C Lip(y, X, W) and constants C, D > 0 by

N 90([) — ZN a-f-(l) N
W =Bt (ol ) o @) €= Sl >0 00
i=1 e i=1

and
k

D= dim(W)Z < dim(v); s—1 > . 3.21)
s=0

Let 0 < egp <e<2C,qe{0,....k} and K > 1, T > 1 with Te < 2KC. Then there are positive constants
r1 =r1(C,vy,8,e0,q9) > 0, andro = r2(C,v,e, R, T, q) > 0, given by

I) ri=sup{A>0: 20X 7+ g0 < e} (3.22)
(IT) 7o ::sup{)\>0 : Ee’\—i-QKC()\"’_q—i—e’\—l)gTa}, h
and a non-negative integer N = N (X, C,v,¢,€0,q) € Z>o, given by the r1-packing number of ¥
N = Npaek (B, V,r1) :=max{d € Z : Ix1,...,xq € T for which ||xq — z¢||v > r1 ifa #c}, (3.23)

for which the following is true.

If we apply the Lip(v) GRIM algorithm, with the choice that ks := 1 for every integer s € Z>1, to ap-
proximate @ on X, with the target accuracy threshold, the acceptable recombination error bound, and the order
level in Lip(v) GRIM as g, €, and q respectively, then after at most N steps, the algorithm terminates. That
is, if we let M € {1,..., N} be the integer for which the algorithm terminates after step M and define Qp; :=
min {N, 1+ MD}, there are coefficients cpr 1, . .., cm,Q, € R and indices enr(1),...,en(Qum) € {1,..., N}
with

Q]\/I
2 lemsl [[Fers o iiprzmy = © (3.24)

s=1

and such that up; = (ugef), . ugff)) € Span(F) C Lip(y, X, W) defined by

Qu ) Qu 0
— Upg = Zs:l CMvSfe (s) 1 q
Upy = CM.s M satisfies sup AL_ z) <e. 3.25
M ; Ms fers (5 < Sforeveryl € {0,... k} i zGIX)) ® un (@) ( )
Moreover; if the coefficients ay,...,an € R\ {0} corresponding to ¢ (cf. (1) of B2Q)) are all positive (i.e.
ai,...,apn > 0) then the coefficients cpr 1, - .., cm,qy € R corresponding to up (cf. (3.23) are all non-negative
(i.e. CM,1y++-2yCM,Qn Z 0)

Further, suppose (2 C V is closed and ) C 3., where %, denotes the ro-fattening of ¥, i.e. ¥, is defined by
Y, i={u €V : 3z € Zsuchthat ||z — ul|y < ra}. Further suppose that for every i € {1,..., N} the element
fi € Lip(v, X, W) can be extended to an element in F; € Lip(v, Q, W) with || Fi||Lip(y,0,w) < K|l fillLip(y,5,w)-
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Then the extension ¢ € Lip(~y, Q, W) of ¢, defined by
N
D= Z a;F; sothat for everyl € {0, ..., k} we have gﬁ(l) = Z aiﬂ(l), (3.26)

remains well-approximated by the extension Gy € Lip(vy, Q, W) of ups, defined by

QZ\/I
= Z cm,sFey(s)  sothat for everyl € {0, ..., k} we have uM Z CM,s eM(S (3.27)

s=1

>

in the sense that for every z € Q) we have

q _ ( ) ~ ()
AL g, ()= max H“"J ) (Z)HL(V@_;W) < Te. (3.28)

The choice of ¢ in the Lip(y) GRIM Convergence Theorem [3.2] is determined by the order to which we wish
to approximate the element ¢ = (¢(®,...,o*)) € Lip(y, %, W). For example, if we are only interested in
approximating the function ©© ¥ — W, then it may be appropriate to choose ¢ := 0. The choice of ¢ := 0
ensures, via (3.23)), that the algorithm finds an approximation u; = (ug\g), .. u%?) € Span(F) C Lip(~, X, W)

OF u(O)‘ <e

Co(s3W)
Moreover, since (I) in (BZ]) means that the constant ; < 1, the choice of ¢ := 0 results in the largest value of
r1. Since the maximum number of steps before termination NV is the r-packing number of 3 defined in (3.23)), the
choice ¢ := 0 additionally has the benefit of minimising the upper bound for the maximum number of steps the
algorithm runs for before terminating.

Larger values of ¢ result in the algorithm finding an approximation of ¢ in a stronger sense throughout X2,
at the cost of a worse upper bound for the maximum number of steps the algorithm runs for before terminating.
The choice ¢ := k provides the estimates (via (323)) that, for every j € {0,...,k}, the functions uggf) HDIIES
L(V®I; W) are close to ) : ¥ — L£(V®; W) throughout ¥ in the sense that, for every € ¥, we have

for which the function u;,; : ¥ — W is close to ©(© throughout X in the sense that ng

Hcp(j)(ac) - ug\]} (x) Hﬁ( o) < . However, given any 7 € (0,+), the choice ¢ := k can be used to additionally
VeI
(0) ut®

ensure that the algorithm returns an approximation uy; = (uM s Upy ) € Span(F) C Lip(y, X, W) that is

close to ¢ in the Lip(n, 3, W) sense that ‘ ‘ap uM)[b]’

<eforbe {0,...,k}suchthatn € (b, b+1].
Lip(n,=,W)

Here we use the notation that ¢ = (¢(©,...,¢®) and (un)y) = (ug\(}), . (b)) That this is possible forms
the content of the following result.

Theorem 3.3 ( Lip(n, X, W) Approximation via Lip(y) GRIM ). Let V and W be finite dimensional Banach
spaces, X C V a non-empty compact subset, and assume that all the tensor powers of V' are equipped with admissi-

ble norms (cf. DefinitionlAd). Let N' € Z~ be a positive integer, and suppose that v > 1 > 0 with k,b € Z>¢ such
thaty € (k,k+1] andn € (b,b+1). Assume, for everyi € {1,..., N}, that f; = (fi(o), ceey fi(k)) € Lip(y, X, W)

is non-zero and define F = {f; : i € {1,...,N}} C Lip(v,%,W). Given ay,...,an € R\ {0}, define
Q= ((p(o), ceey @(k)) € Span(F) C Lip(~, X, W) and constants C, D > 0 by

S =N aifl! d (II) C 3 0 (329
7 ;alf“ foreveryl € {0,...,k} and  (II) = ; lail|| fillLip(y,5,m) > (3.29)

and i
D= dim(W) > ( dim(v); s—1 ) . (3.30)
s=0

Let € > 0 be given. Then there are positive constants eg = eo(g,C,v,n) > 0, §g = do(e,C,v,m) > 0, a
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non-negative integer J = J(X,e,C,~y,n) € Z>o given by

d
J := Neov (£,V,60) = min {d € Z>o : Fx1,...,24 € X such that ¥ C Uﬁv(xl,éo)} , (3.31)
=1

and a finite subset B C X with cardinality #(B) = J for which the following is true.

Retrieve both the positive constant r1 and the non-negative integer N arising in the Lip(y) GRIM Convergence
Theorem[3.2|for the choices of the subset Y and the constants C, €, €q, v and q there as the subset B and the constants
C, €9, €0/2, v and k here respectively. Examination of the Lip(y) GRIM Convergence Theorem[3 2 reveals that this
amounts to taking r1 = r1(C,e,£9,7v) > 0as (¢f (1) of (3.22))

r1 = sup {)\ >0 : 20Nk 4 %%A < 50} (3.32)

and N = N(B, C,e,e9,7) € Z> to be the r1-packing number of B defined by (cf. 3.23))
N = Npack (£, V,m) =max{d € Z : 3x1,...,2q € B for which ||z, — z.||v > r1 whenever a # c} (3.33)
If we apply the Lip () GRIM algorithm, with the choice that ks := 1 for every integer s € Z>1, to approximate @
on B, with the target accuracy threshold, the acceptable recombination error bound, and the order level in Lip (=)

GRIM [(A]] as o, €0/2, and k respectively, then after at most N steps, the algorithm terminates. Moreover, if
M € {1,..., N} is the integer for which the algorithm terminates after step M and Qs := min {N,1+ M D},

there are coefficients car 1, - . -, cam,Q, € Randindices epr(1), ..., en(Qum) € {1, ..., N} with
QIVI
21 |ears| erM(S)HLip('y,E,W) =G, (3.34)
—

and such that up; = (USSI), . USC;)) € Span(F) C Lip(v, X, W) defined by

Qu 0 Qu )
= E upp =D 2 e, (s) . H ‘
Upg = CM.sfen (s s em(s satisfies — (up <e (335
M = M. e (o < foreveryl € {0,...,k} /i o~ M) Lip(n,3,W) (3.35)

where ) = (90(0), e cp(b)) and (uM)[b] = (ugﬁ,), . ,ug\?). Moreover; if the coefficients ay, . ..,an € R\ {0}

corresponding to ¢ (cf. (1) of B.29) are all positive (i.e. ay,...,an > 0) then the coefficients cpr 1, . . . , CM,Qy €
R corresponding to ups (cf: (3.33)) are all non-negative (i.e. car 1, .. ., car,gy > 0).

Remark 3.4. The integer N defined in (3.33)) satisfies that N < #(B) = J. Consequently we may conclude that
the Lip(v) GRIM algorithm terminates after, at most, J steps. Moreover, if N < % then Qs < N and we
are guaranteed that the returned element uj; is a linear combination of less than A of the elements in F that is

nevertheless within ¢ of ¢ throughout ¥ in the Lip(n, 3, W) sense specified in (3.33).

Proof of Theorem[3.3] Let V and W be finite dimensional Banach spaces, ¥ C V' a non-empty compact subset, and
assume that all the tensor powers of V are equipped with admissible norms (cf. Definition [A). Let N' € Z~g
be a positive integer, and suppose that v > n > 0 with k,b € Z>( such thaty € (k,k + 1] and n € (b,b + 1].
Assume, for every i € {1,..., N} that f; = (fi(o), . .,fi(k)) € Lip(y, X, W) is non-zero and define F :=

{fi - i€{1,...,.N'}} C Lip(v, S, W). Givenay,...,ax € R\{0},define o := (0, ... ¢") € Span(F) C
Lip(, X, W) and constants C, D > 0 by

I 3 PV i= 520 aif! o o3 0 (336
@ @.f;aifi, (foreverylE{O,...,k}) and  (II) '7;|ai|||fi”Lip(%E,W)> (3.36)
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and
k

D= dim(W)Z ( dim(V) +5 -1 ) . (3.37)

5
s=0
Let € > 0 be given. Retrieve the constants £q, 6y > 0 resulting from the Lipschitz Sandwich Theorem Bl for the
choices of €, Ky, v and 7 there as €, C, v and 7 here respectively. Note we are not actually applying the Lipschitz
Sandwich Theorem[B.Ilhere, but merely retrieving constants in preparation for its future application. An examination
of the Lipschitz Sandwich Theorem[B.1l reveals that the resulting dg and £ depend only on &, C, v and 7. We now
fix the values of both &g and ¢ for the remainder of the proof.
Having specified both 6y and £¢, we now let J = J(X, e, C,~,n) € Z>( be defined as in (3.31)). That is

d
J = NCOV(E, V, 60) = min {d S ZZO : dxq,...,xq € X suchthat X C U Ev(wl, 50)} . (3.38)
=1
Since ¥ is non-empty and compact we may conclude both that J > 1 and that J is finite. Let B := {z1,...,25} C X

be any choice of J points in ¥ for which

J
2 |JBv(z,00) = Bs, :={v €V : 3z € Bsuchthat ||z — v||y < do}. (3.39)
j=1

Evidently #(B) = J. We now fix the value of the integer J and the choice of the finite subset B C ¥ with
#(B) = J for the remainder of the proof. With the constants ¢, dp, the integer J and the subset B specified, we
set about verifying the assertions of the theorem.

Retrieve both the positive constant r; and the non-negative integer N arising in the Lip(y) GRIM Convergence
Theorem[3.2lfor the choices of the subset X and the constants C, €, £¢, -y and g there as the subset B and the constants
C, €0, €0/2, v and k here respectively. Examination of the Lip(y) GRIM Convergence Theorem[B.2reveals that this
amounts to taking r = r1(C, €,&9,7) > 0 as (cf. (I) of 3.22))

r1 = sup {/\ >0 : 20Nk ¢ %%A < 50} (3.40)

and N = N(B,C,e,e0,7) € Z>o to be the r1-packing number of B defined by (cf. (3.23))
N := Npaek(2,V,r1) =max{d € Z : Jx1,...,24 € B for which ||z, — z.||v > r1 whenevera # ¢} (3.41)

as claimed in (332) and (3.33) respectively. Consider applying Lip(y) GRIM algorithm, with the choice that
ks = 1 for every integer s € Z>1, to approximate ¢ on B, with the target accuracy threshold, the acceptable
recombination error bound, and the order level in Lip(vy) GRIM[(A) as €¢, £9/2, and k respectively.

Our choice of r; and N in (332) and (3.41)) respectively allow us to apply the Lip(vy) GRIM Convergence
Theorem[3.2land conclude that after at most IV steps, the algorithm terminates. Theorem[3.2]additionally tells us that
if M € {1,..., N} is the integer for which the algorithm terminates after step M and Qs := min {N,1 + M D},

there are coefficients cas 1, . . ., camr,@,, € R and indices epr(1), ..., enm(Qur) € {1,..., N} with
Q]\/[
Zl |ears| erM(S)HLip('y,E,W) =G, (3.42)

and such that uy; = (ug\g), .. u%?) € Span(F) C Lip(y, X, W) defined by

Qu O] Qm @)
= u]\/f = Zs:l CM,S () . k
Upnr = E CM,sJen (s em(s satisfies sup A I < eo. 3.43
M = Msfen(s) ( forevery ! € {0,...,k} meg o—un () €0 (3.43)

We note that (3.42)) is precisely the equality claimed in (3.34), and that (3.43) establishes the expansion claimed
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for uyy in the first part of (3.35). The Lip(y) GRIM Convergence Theorem [3.2] additionally establishes that if the
coefficients ay, . . ., aps € R\ {0} corresponding to ¢ (cf. (I) of (3.36)) are all positive (i.e. aj, . .., an > 0) then the
coefficients cps.1,. .., cm,Q, € R corresponding to was (cf. (3.43)) are all non-negative (i.e. CM1s-+ -y CM,Qa =
0), which is precisely as claimed in Theorem[3.3] It remains only to establish the Lip(n, 3, W) estimate claimed in
the second part of (3.33).

For this purpose we first note that (I) and (II) in (3.36) ensure that ||¢||rip(y,2,w) < C. Further, (3.42) and
(3.43) ensure that ||upr||Lip(y,2,w) < C. Moreover, (3.43) additionally tells us that for every € B we have

k ., (OYAEEN0)!
Ny @) = _max, |oO @) —u@)| <o (3.44)
Recalling how we specified the constants dg and €¢, we have the hypotheses required in order to apply the Lipschitz
Sandwich Theorem[B.8|for the choices of the subset B and the constants Ky, €, v and 7 of that result as the subset B
and the constants C, ¢, v and 7 here respectively. That is, we have verified that we have the required Lip(~, X, W)
bounds |[||Lip(+,2,w), [[usr]|Lipy,5,w) < C, the do-cover hypothesis required in is given by (3.39), and
pointwise estimates required, for every I € {0, ..., k}, for the difference o) — u%} in (B3) are provided by (3.44).
Therefore we are able to apply the Lipschitz Sandwich Theorem and conclude that (cf. for ¢ there as b
here)

_ < 3.45
‘ ‘w[b] (UM)W ‘ Lip(n,Z,W) © ( )
where o = (¢(9,..., ")) and (unr)yy = (ug\(}), - uS&)) The estimate (3.43) is precisely the estimate claimed
in the second part of (3.33). This completes the proof of Theorem 3.3 [ |

The remainder of this section is dedicated to the proof of the Lip(y) GRIM Convergence Theorem 3.2l We first
prove that the points selected during the Lip(v) GRIM algorithm, with the choice of ks := 1 for every integer
s € Z>1, have to be a definite distance apart. This is the content of the following result.

Lemma 3.5 (Lip(y) GRIM Point Separation). Assume V and W are finite dimensional Banach spaces with
' C V compact. Assume that the tensor products of V are all equipped with admissible norms (cf. Definition[A ).
Let 0,p1 > 0 withn € Z>o such that i € (n,n+ 1], b € {0,...,n}, and let N € Z~q be a positive integer.

Assume that for every i € {1,...,N'} the element f; = (fi(o), ceey fi(n)) € Lip(p,T', W) is non-zero and define
F={fi :ie{l,....N}} C Lip(g, T, W). Given ay,...,an € R\ {0}, define p = (cp(o),...,go(")) €
Span(F) C Lip(u,I', W) and C > 0 by

N

I o0 =y aif{” Jan oS 0. (3.46
@ w'igaifi <f0reveryl€{0,...,n}) and  (II) '*;|ai|||fi||Lip(u7F,W)> . (3.406)

Let 0 < 6y < min {2C, 0}. Then there exists a positive constant v = r(C, u, 0,00,b) > 0, given by
7= sup {)\ >0 : 2CM7° 4 fpe* < min {20, 9}} , (3.47)

for which the following is true.

Consider applying the Lip(pn) GRIM algorithm, with the choice of ks = 1 for every integer s € Z>1, to
approximate p on 1" with the target accuracy threshold, the acceptable recombination error bound, and the order
level in Lip(pn) GRIM as 0, 0o, and b here respectively. Given m € Zxo, if the algorithm reaches and

carries out the m'" step without terminating, let u,, = (uS,?’, .. ,ugf)) € Span(F) C Lip(p, ', W) denote the
approximation found at the m*" step and T, := {z1,...,2m} C T denote the points selected such that at every

z € I'yy we have A, (2) < 0o (¢f: Lip(p) GRIM[(C)and[(D)). Then whenever a,c € {1,...,m} with a # c
we have that
[2a = zcllv > 1 (3.48)
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Moreover, for every z € T, the quantity Ab«p—um (2) == maxueqo,... b} ng(h) (2) — ugg)(z) ‘C(V®J‘;W) satisfies
A?p w.. (2) < min {20 2C I{nax {dlst 2z, D )BT h} + pedist(= F’")} (3.49)
m hefo, ...,

Proof of Lemmal3.3 Let V and W are finite dimensional Banach spaces with I' C V' compact. Assume that the
tensor products of V' are all equipped with admissible norms (cf. Definition[A.I). Let 6, > 0 withn € Z>g
such that u € (n,n+ 1], b € {0,...,n}, and let N € Z~( be a positive integer. Assume ay,...,an € R\ {0},

and that for every 7 € {1,..., N} the function f; = (fi(o), A fi(")) € Lip(p, T, W) is non-zero and define
F={fi - ie{l,...,N}} C Lip(p, T, W). Define ¢ = ((p(o), . .,(p(")) € Span(F) C Lip(p, ', W) as in (I)
of (3.46) and the constant C as in (II) of (3.46). 3

With a view to applying Lip () GRIM to approximate ¢ on I, for eachi € {1,...,N'} let a; := |a;| and f;

be given by f; if a; > 0 and — f; if a; < 0. Observe that for every i € {1,..., N} we have that ‘ fi ‘ ( =
Lip(p,I',\W

|| fil ILip(u,r,w)- Moreover, we also have that @, ...,ax > 0 and that ¢ = Zi\/l a; f;. Further, we rescale fZ for

eachi € {1,..., N} to have unit Lip(u, I', W) norm. That is (cf. Lip(p) GRIM[(B)), for each i € {1,...,N'}

set h; 1=

fi e A i
T and o := ;|| fi||Lip(u,r,w)- Then observe both that C' satisfies

N N
C = "al | fillLipgery = Y aillfillLipger) = Zaz, (3.50)
1=1 1=1

and, forevery i € {1,..., N}, that o;h; = i f; = a; fi. Thus the expansion for ¢ in (I) of (3.20) is equivalent to

N
Y= Zaihi, and hence ||‘P||Lip(,u,1‘.,W) < Zai||hi||Lip(#7p7W) Z (3.51)
j i=1
Let 0 < 0y < min {2C, 6}. Define D > 0 by
" dim(V) +s— 1
D := dim(W) ZO ( ] ) (3.52)
Finally, define r = r(C, , 6, 60,b) > 0 by
ri=sup {A > 0: 20\ "" + pe* < min {2C,0}} . (3.53)

Now consider applying the Lip(x) GRIM algorithm to approximate ¢ on I' with the target accuracy threshold,
the acceptable recombination error bound, and the order level in Lip(x) GRIM as 6, 0y, and b here respec-
tively. Suppose that m € Zs>» and that the Lip(p) GRIM algorithm reaches and carries out the m*" step without
terminating. Let I',,, = {21,...,2m} C I denote the points chosen after the m?" step is completed. Then for
everyl € {1,...,m},if welet ', :== {21,...,2} C I, we have, recalling Lip(x) GRIM [[C)] and [(D)] that re-
combination via Lemma[3.1] has found an approximation u; = (ul(o), .. (" ) € Span(F) C Lip(p,I', W) of
satisfying, for each s € {1,...,l}, that A7, (zs) < 6. Thatis, givenany j € {0,...,n}andany s € {1,...,1},
D (25) — w9 (2, < .
() = ||y <0
Let @Q; := min{N,1+{D}. Then Lemma 3] additionally tells us that there are non-negative coefficients
bii,...,b g, > 0andindices e;(1),...,e;(Q) € {1,..., N} for which

Qi Z b Q N
u =Y bishe,s) ( bl <>} ) and Y bio= (3.54)
s=1 s=1 i=1

for every j € {0,

we have ‘
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A consequence of (3.34) is that

Qu Qi N
vl Lip (., wy < Zbl,s || ess) | Lip(u W) = Z bi,s £ Zai C. (3.55)
s=1 s=1 1=1

Consider a point z € I" and let j € {1,...,1} be such that dist(z,I';) = ||z — z;||v = dist(x, z;). Consider
h €{0,...,b}. By applying Lemma[Clto the function ¢ — w;, with the A, o, p, p, [, n and ¢ of that result as 2C,
6o, z;, . h, n and n here respectively, we deduce that (cf. (C3))

n—h
M () — o™ 1 s
H<p<> u (z)Hamh W)<m1n{20 20|z — 2|4~ +eo;)§||zzj||v}. (3.56)
From (3.36) we deduce that

Hga(h)(x) — ul(h)(x)H < min {20 2C dist (2, T~ + HoediSt(I’Fl)} . (3.57)

L(VERW)
The arbitrariness of A € {0,...,b} and z € T allows us to conclude that (3.37) is valid for every h € {0,...,b}
and every = € I'. As aresult we have that

sup {Ag(J w(®)} < min {20 , 2C her{%ax . {dist(x,l“l)#*h} + GOedist(m,Fz)} i (3.58)

The estimate claimed in (3.49) is obtained by taking [ := m in (3.38).
It remains only to establish the separation of the points z1, ..., 2, as claimed in (3.48). For this purpose,

consider distinct s, j € {1, ..., m} and without loss of generality assume s < j. By assumption the Lip(x) GRIM
algorithm does not terminate on any of the first m steps. Therefore z; := argmax, - Ab(p_uji1 () must satisfy that

h
AL, (z) =, max Hw(m ) - ug,_)l(zj)HL(mh;Wﬁe. (3.59)

Observe that @, Uj—1 S Llp(u7 Fa W)7 with (Cf (@D and (BED) ||50||L1p(;,a,l—‘ W)» ||uj71||Lip(;,a,l—‘,W) < C. Further,

; P (a)(,. ( ) n .
foranya € {0,...,n}andanyi € {1,...,j—1}, we have H(p (2i) —u; 2y (21) ‘L(V@l;w) <ALy, (2:) < 0o
Since the definition of 7 here in (3.33) matches the specification of the constant &y in (B.I3) of Theorem [B.8] for /
there as b here, we can apply TheoremB.§ with the choices ¥ := By (2;,7) N T, B := {2}, € := 0, g0 := o,

Ky := C and 7 := p, to conclude that for every h € {0,...,b} and every « € By (z;,7) N T we have

) (z) — uM) H <0 3.60
e @) = 2@ gy < (3.60)
The arbitrariness of i € {0, ..., b} allows us to take the maximum over h € {0, ..., b} in (3.60) and conclude that

for every € By (2;,7) N T we have
A, (x) <6 3.61)

The arbitrariness of ¢ € {1,...,5 — 1} allows us to conclude that (3.61) is valid for every i € {1,...,j — 1}.
Together, and (3.61) mean that for every i € {1,...,7 — 1} we must have that z; ¢ By (z;,r) N T. Since
s € {1,...,5 — 1}, we conclude that z; ¢ By (z,7) N T, i.e. that||z; — zs|[v > 7 as claimed in (3.48). This
completes the proof of Lemma[3.3] |

The point separation obtained in Lemma allows us to establish an upper bound for the number of steps the
Lip(~v) GRIM algorithm, with the choice of ks := 1 for every integer s € Zx>1, carries out before terminating.
This bound is the content of the following result.

Lemma 3.6 (Lip(¢) GRIM Number of Steps Bound). Assume V and W are finite dimensional Banach spaces
with I' C V' compact. Assume that the tensor products of V' are all equipped with admissible norms (cf. Definition
). Let 0, > 0 withn € Z>q such that i € (n,n+ 1], b € {0,...,n}, and let N' € Z~¢ be a positive integer.
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Assume that for every i € {1,..., N} the function f; = (fi(o), cee fi(")) € Lip(u, T, W) is non-zero and define

Fo={fi rie{l,...,N}} C Lip(u,T,W). Given ai,...,any € R\ {0}, define p = (p©,...,0™) €
Span(F) C Lip(u, ', W) and C > 0 by

N N
W p=Sap (P =Zhal’ a @m =3 jalllf >0, (3.6
L P diJis foreveryl € {0,...,n} “ - i1 L Ger ) C

and D > 0 by D = dim(W) ( dlm(v): 5T

s=0
constantr = r(C, u,0,00,b) > 0, given by

L ) Let 0 < 6y < min {2C,0}. Then there is a positive

ri=sup{A >0 : 2CM"" +0pe* < min{2C,60}}, (3.63)
and a non-negative integer N = N(I',C, i1, 0,00, b) € Z>, given by the r-packing number of T
N = Npack(T, V,r)max{d € Z : 3x1,...,xzq € T for which ||xq — zc||v > rifa #c}, (3.64)

for which the following is true.

If we apply the Lip () GRIM algorithm, with the choice of ks := 1 for every integer s € Z>1, to approximate
@ on T, with the target accuracy threshold, the acceptable recombination error bound, and the order level in Lip ()
GRIM as 0, 0y, and b respectively, then after at most N steps the algorithm terminates. That is, if we let
M € {1,..., N} be the integer for which the algorithm terminates after step M and Qp; := min {N,1+ M D},

there are coefficients car 1, - . -, ca,Q, € Rand indices epr(1), ..., en(Qum) € {1, ..., N} with
QIVI
21 e s erM(S)HLip(,u,F,W) =G, (3.65)
=

and such that up; = (USSI), e ,ug\?) € Span(F) C Lip(u, ', W) defined by

QA{ Q]\/[
Uy = Z CM,sfer(s), S0 that foreveryl € {0,...,n} we have u%} = Z CM,s e(g(s)’ (3.66)
s=1 —
satisfies, for every z € I, that
b — s (s)
Aomun () = se (0 b) Hw( (2) iy 2) ’z:(v@s;w) =0 (3.67)

Moreover, if the coefficients ay,...,any € R\ {0} corresponding to ¢ (cf. (1) of B62)) are all positive (i.e.
ai,...,an > 0) then the coefficients cy 1, . .., cm,Qn € R corresponding to upy (cf. (B.69)) are all non-negative
(ie.cymi,.--,cmQun = 0)

Remark 3.7. Lemma guarantees that if N defined in (3.64) satisfies N < % then the Lip(p) GRIM
algorithm, with the choice that ks := 1 for every integer s € Z>, will find an approximation u = (u(o), ceey u(")) €

Span(F) C Lip(u, ', W) of ¢ that is a linear combination of less than N of the elements f1, ..., far but such that,
forevery j € {0,...,b}, the function u'9) is within 6 of ¢) throughout I in the sense that for every p € I" we have

H‘PU)(P) —uld) (p)‘ ‘L(V®1;W) <0
Remark 3.8. By invoking Lemma[3.3] (cf. (3.49)) we can additionally conclude that, for every m € {1,..., M},
the approximation u,,, = (uSQ), e ugff)) € Span(F) C Lip(u, I, W) of ¢ found at the m*" step satisfies that for

every z € I the quantity AI;_UM (2) == maxpeqo,.. b} Hap(h) (z) — ugf)(z)‘ ‘ﬁ(V®i;W) satisfies
A?afu (z) < min {20, 2C  max {dist(z,l—‘m)”_h} + QoediSt(z’F”L)} (3.68)
m hefo,...,b}
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where I',,, denotes the m-points in I" that have been selected once the m*" step is complete.

Proof of Lemma[3.6l Let V and W are finite dimensional Banach spaces with ' C V' compact. Assume that the
tensor products of V' are all equipped with admissible norms (cf. Definition [AI). Let 8, > 0 with n € Z>g
such that i € (n,n + 1], b € {0,...,n}, and let N € Z~( be a positive integer. Assume aq,...,ax € R\ {0},

and that for every ¢ € {1,..., N} the function f; = (fi(o), ceey fi(")) € Lip(u,T', W) is non-zero and define
Fi={fi i€ {l,....N}} C Lip(u,T,W). Define p = (¢?,..., ™) € Span(F) C Lip(u, T, W) as in (I)
of (3.62) and the constant C' as in (IT) of (3.62). 3

With a view to applying Lip(u) GRIM to approximate  on I, for each i € {1,..., N} let a; := |a;| and f;

be given by f; if a; > 0 and — f; if a; < 0. Observe that for every i € {1,..., N} we have that ‘ f} ’ ( :
Lip(p,I',W

|| fillLip(u,r,w)- Moreover, we also have that ay,...,ay > 0 and that ¢ = Zﬁl a; f;. Further, we rescale f; for

eachi € {1,..., N} to have unit Lip(y, T', W) norm. That is (cf. Lip(p) GRIM[(B)), for eachi € {1,..., N}

set h; :

— fi T ;
= e and o; := ;|| fil|Lip(u,r,w). Then observe both that C' satisfies

N N N
C = lailllfillLipger) = Y @illfil lLLip(ur) = Y i, (3.69)
i=1 i=1 i=1
and, for every i € {1,..., N}, that a;h; = @, f; = a; fi. Thus the expansion for ¢ in (I) of (3.62) is equivalent to
N N N
¢ )
Y = Zaihi; and hence ||¢||LiP(M7F,W) < ZaiHhiHLip(u,F,W) = ZO[Z' = C. (370)
i=1 i=1 i=1
Let 0 < 6y < min {2C,0}. Define D > 0 by D := dim(W) Zf:o dlm(V)s—i— s—1 . Retrieve the constant

r=r(C, u,0,00,b) > 0 arising in Lemma[3.3] Examining (3.47) in Lemma[3.3]reveals this amounts to defining
ri=sup{A >0 : 2C\" 4 e < min {2C, 60} } (3.71)

as claimed in (3.63). Finally define N = N(I',C, 11,0, 600,b) € Z>1 to be the r-packing number of I as in (3.64).
That is

N := Npaek (T, V,r) = max{d € Z : 3z1,...,zq € T for which ||z, — z¢||v > rifa #c}. (3.72)

Now consider applying the Lip(p) GRIM algorithm, with the choice ks := 1 for every integer s € Z>1, to
approximate ¢ on I' with the target accuracy threshold, the acceptable recombination error bound, and the order
level in Lip(p) GRIM[(A)]as 6, 0o, and b here respectively.

Suppose m € Z>1 and that the algorithm does not terminate before or at the m!" step. Therefore, recalling
Lip(p) GRIM[(C) and[(D)} distinct points z1, ..., z, € I' have been selected, and recombination has been used

via Lemma[3.1]to find an approximation u,, = (u(mo), . ,ugif)) € Span(F) C Lip(u, ', W) of ¢ satisfying, for

eachs € {1,...,m}, that A7 _, (zs) < 6. Thatis, givenany j € {0,...,n} andany s € {1,...,m} we have
o) (z4) = ul (z4)
s # t, that

< 6p. Lemma [3.3 may be applied to obtain, for every s,¢t € {1,...,m} with

‘L‘,(V®j W)

[lzs — 2t||lv > (3.73)

A consequence of (373) is that N defined in (3.72) must satisfy that N > m. Therefore if the Lip(x) GRIM
algorithm, with the choice that k5 := 1 for every integer s € Z>1, does not terminate at the m*" step we must have
that m < NV, and so the algorithm terminates after at most [V steps as claimed.

Let M € {1,..., N} be the integer for which the Lip () GRIM algorithm must terminate after step M. The

termination criterion (cf. Lip(p) GRIM [(D)) means that the Lip(u, I', W) function up; = (ug\g), e ,USC})) €
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Span(F) found at the M*" step must satisfy, for every z € T, that

b - s (s)
Mgy (2) = max ¢ (2) - uls (Z)HL(WS;W) <6 (3.74)

as claimed in (367). Moreover, if we let Qp; := min{N,1+ M D}, then Lemma 3] tells us that there are
non-negative coefficients bar 1, ..., bar,Q,, = 0, with

Qum N -
Z bar.s Z = (3.75)
s=1 =1
and indices epr(1),...,en(Qur) € {1, ..., N}, for which the element u, is given by
QIVI QZ\/I
Upy = Z bar,shey (s) o that for every j € {0,...,n} u(]) Zb JLSJBI (3.76)

A consequence of (3.76) is that

QZ\/I QZ\/I b]\/[ ) "
upy = ZbM.,sheM(é) Z = Jerr(s)- (3.77)
s=1 erM(S ’ Lip(u,T, W)
Foreach s € {1,...,Qu}, define cpr 5 := % if feM(S) = fea(s) (Which, we recall, is the case if
eM 3 HLip(p, 0, W)
ey (s) > 0)and cpy s 1= o bws g feM(S) = 7feM(S) (which, we recall, is the case if a,,, ) < 0).

||feIW(5)||Lip(u,I‘,W)
Then (3.77) gives the expansion for up;s € Lip(p, I, W) in terms of the functions fi, ..., far claimed in (3.66).
Moreover, from (3.73) we have that

QZ\/I QZ\/I
( )
Z |ears| erM(S)HLip(M,F,W) = ZbMaS =0C (3.78)
s=1 s=1
as claimed in (3.63).

It remains only to prove that if the coefficients aq,...,ax € R\ {0} corresponding to ¢ (cf. (I) of (3.62))
are all positive (i.e. a1, ...,ax > 0) then the coefficients car1, . .., car,g, € R corresponding to ups (cf. (.77)
are all non-negative (i.e. ¢ap1,--.,CM,Qa = 0). First note that aq, ..., an > 0 means, for every ¢ € {1,... ,N},
that f; = f;. Consequently, for every s € {1,...,Qnr}, we have that f., () = fc, (s), and so be definition
CM.s = L bms  Gince bar,s > 0, it follows that cps s > 0. This completes the proof of Lemma3.6l M

||f€M(S) | |Lip(;L,F,W)

Suppose that I' € Q C V, and that for every i € {1,..., N’} the element f; admits a Lip(y1) extension to €. Then
the following result records a quantified version of the statement that an approximation of ¢ on I', of the form found
by the Lip(x) GRIM algorithm, may be extended to approximate ¢ on an enlargement of the set I'. The precise
result is the following lemma.

Lemma 3.9 (Lip(xt) GRIM Robustness). Assume V and W are finite dimensional Banach spaces with T C Q C
V' both closed subsets. Assume that the tensor products of V are all equipped with admissible norms (cf. Definition
AD). Let 0,10 > 0 withn € Z>q such that up € (n,n+ 1, b € {0,...,n}, R> 1T > 1, andlet N € Z~g

be a positive integer. Assume that for every i € {1,... ,N'} the function f; = (fi(o), ey fi(")) € Lip(p, T, W)
is non-zero, and that F; = (ﬂ(o), ce Fi(n)) € Lip(u, Q, W) is an extension of f;, in the sense that Fi|r = f;,
satisfying the norm estimate that ||Fi||vip0,w) < Rl filluip(ur,wy. Let a1,...,an € R\ {0} and define
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o= (50(0), ey ga(”)) € Lip(p, T, W) and C > 0 by

N N 1 N
(I) — Z s o) = > im1 az’fi( ) d (II) C:= Z lasl|| fi]| >0. (3.79)
= 2 @ili, foreveryl e {0, n} an p ail||fillLip(p,r,w) > 0. (3.

Assume that T < 2RC. Then there is a positive constant r = r(C, u, 0, R, T,b) > 0, given by
ri=sup{\ >0 : 0 +2RC (W' +e* —1) <TO}, (3.80)

for which the following is true.
Suppose that Q € Z>1 and there are coefficients c1, . ..,cq € R and indices e(1),...,e(Q) € {1,...,N'}

such that
Q

Q
Z les) ||fe(S)HLip(u,F,W) <C and wu:= chfe(s) satisfies A?afu(z) <40 (3.81)
s=1

s=1

for every z € T. Then the extensions $, 4 € Lip(u, Q, W), of ¢ and u respectively, defined by

N Q
pi=> aF; and @:=)» c.F. (3.82)
i=1 s=1

satisfy, for every z € Q N T, that

AL () = H%s) _4® H < T 3.83
o—a(?) x| (2) —4'¥(z) Loy S (3.83)

where T, denotes the r-fattening of T, i.e. T :={u € V : 3z € T such that ||z — ul|y < r}.

Proof of Lemmal3.9 Let V and W are finite dimensional Banach spaces with ' C 2 C V both closed subsets.
Assume that the tensor products of V' are all equipped with admissible norms (cf. Definition[AT)). Let 6, ;x> 0 with
n € Zso suchthat u € (n,n+1],b € {0,...,n}, R>1,T > 1,and let N € Z~( be a positive integer. Assume

that for every ¢ € {1,..., N} the function f; = (fi(o), cee fi(")) € Lip(u,T', W) is non-zero, and that F; =

(F.(O), A Fi(”)) € Lip(u, 2, W) is an extension of f;, in the sense that F;|r = f;, satisfying the norm estimate that

3

||Fi||Lip(,u,Q,W) < R'lfiHLip(,u,F,W)' Let ai,...,an € R \ {0} and define Y = (QD(O), ey QD(n)) S Llp(/j/, F, W)
and C' > 0 as in (I) and (IT) of (3.79) respectively. Assume that 70 < 2RC'. Define r = r(C, u, 0, R, T,b) > 0 as

in (3.80), that is
ri=sup{A € (0,1] : e* +2RC (AP +e*—1) <T0}. (3.84)

A consequence of (3.84) is that
fe” +2RC (r"~* +e" — 1) < fe” +2RC (1" " +€" — 1) < T < 2RC. (3.85)

Fix this value of r for the remainder of the proof.
Now assume @) € Z>; with coefficients ¢y, ..., co € R and indices e(1),...,e(Q) € {1,..., N} such that

Q Q
Z les] || fecs)| |Lip(u7r,w) <C and wu:= chfe(s) satisfies, for every z € T', that A" (z) < 6. (3.86)

s=1 s=1
The final part of (3:86) means that whenever [ € {0,...,b} and z € I we have ||¢()(z) — u(l)(z)“L(V@l_W) < 0.
Consider the extensions ¢, @ € Lip(u, 2, W), of ¢ and wu respectively, defined by

N Q
@ = Z a;F; and  d:= Z csFus)- (3.87)
=1

s=1
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Then it follows from (3.87) that

N N
. Gz (I1) in &9
1llLpony < D lalllFillLpuow) < B lailllfilllipgrwy = RC, (3.88)
i=1 i=1
and that o o
CD
||U’||Lip(,u.,Q,W) < Z|CS|||Fe(5)||Lip(u,Q,W) < RZ|CS| ||fe(5)||Lip(u,F,W) < RC. (3.89)
s=1 s=1

Let z € Qand z € I'. Then ¢ — @ € Lip(u, 2, W) satisfies that || — @;,,.0w) < 2RC and, for every
j €40,...,b}, that ||¢V) (z) — a9 (2)] ‘L(V@’f-W) < 6. Let s € {0,...,b}. By applying Lemma[CTlto ¢ — 1,
with the A, ro, p, p, n and g of that result as 2RC, 0, z, u, n and b here respectively, we deduce that (cf. (C3))

b—s
1 .
} @) (2) —al®) (Z)HL(V@)S_W) < min < 2RC, 92 — dist(z, z) + 2RC (dist(z, z)"~* + S(z,2)) p (3.90)
) j:O .
where (cf. (C4))
n—s 1 . : .
(o) = > jmbost1 31 dist(z,2)?ifb<n 3.91)

0 if b =n.

It follows from (3.01) that S(z, z) < e?%'(%) — 1 and so (3.00) yields

Hgb(s) (z) —a® (Z)H < min {QRC , 0edist=2) L 9RO (dist(z,x)“_s + edist(zz) _ 1)} . (3.92)

L(VOs;W)

The arbitrariness of x € I" allows us to take the infimum over z € I" in (3.92) to obtain

) (2) — ﬂ(s)(z)H < min {QRC , fedist=D) 4 9 RC (dist(z, T)H=s 4 edist(=T) _ 1)} . (3.93)

L(VOs: W)
Moreover, the arbitrariness of z € 2 allows us to conclude that (3.93)) is valid for every z € (). Now define
O :=Q N Ty, withT, ;= {u eV : 3z €T suchthat||z — ully <r}. Since @ C €, given any z € & we may
conclude that (3:93) holds for z. But z € ® means dist(z,T') < r, and so (393) becomes

@) (2) —a®) (Z)H < min {2RC , fe” + 2RC (r"~* + " — 1)}

L(V®s; W)
< min {QRC , 0" + 2RC (r“_b +e" — 1)}

s
< min {2RC,TO} = T

where we have used that 7 < 1 means 7#~° < 7#~b since s € {0, ..., b}. The arbitrariness of s € {0, ...,b} means
that we have established that

AL (2) = H%s) —a® H <T0. 3.94
o—al2) semax ||@ (z) —4'¥(2) Lvenmy = (3.94)

The arbitrariness of z € ® means that (3.94)) is valid for any z € ® as claimed in (3.83). This completes the proof
of Lemmal[3.9] [ ]

We combine Lemmas and[3.9to prove Theorem

Proof of Theorem[3.2] Let V and W be finite dimensional Banach spaces with X C V' compact. Assume that the
tensor products of V' are all equipped with admissible norms (cf. Definition [Ad). Let NV € Z~q be a positive
integer and v > 0 with k € Z>( such that v € (k,k + 1]. Assume that for every ¢ € {1,..., '} the function

fi = (fi(o),...,fi(k)) € Lip(y, X, W) is non-zero and define F := {f; : i € {1,...,N'}} C Lip(y, %X, W).
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Given ay,...,axn € R\ {0}, define o = (cp(o), cee w(k)) € Span(F) C Lip(y, X, W) and constants C, D > 0 by

N N

T o0 =Y af” d (I C 0 (3.95
@ @.7;%‘&, ( foreveryl € {0,...,k} > and  (II) '7;|ai|||fi”Lip(%E,W) > (3.95)

and D := dim(W) ZIS:O < dlm(V)s+ .

Te < 2KC. Define positive constant 1 = r1(C, v, &,€0,q) > 0and ry = 79(C,~, e, R, T, q) > 0 as in (I) and (II)
of (B.22) respectively. That is,

1 ).Let0§€0<€<20,q€{0,...,k}andK21,T>1with

D) r:=sup{A>0: 20N "7 +egpe* <¢} (3.96)
(II) ry:=sup{Xe (0,1] : e’ +2KC (A9 + e —1) < Te}, B
Define N = N(X,C,~,¢,£0,q) € Z>o to be the r;-packing number of ¥ as in (3.23). That is,
N = Npack(2,V,r1) =max{d € Z : Jz1,...,xq € X for which ||z, — zc||lv > r1if a # ¢}, (3.97)

Now consider applying the Lip(+y) GRIM algorithm to approximate ¢ on X, with the target accuracy threshold, the
acceptable recombination error bound, and the order level in Lip(y) GRIM[(A)]as ¢, ¢, and ¢ respectively. Since
the constant ; and the integer NV here agree with the definition of the constant r and the integer /V arising in Lemma
withT' :=3%,C :=C, p:=7,0 :=¢, 0y := g9 and b := ¢ (and recalling that since we are assuming ¢ < 2C,
we have that min{2C, #} = min{2C, e} = ¢), we may apply Lemma[3.6to conclude that the algorithm terminates
after M steps for some integer M satisfying M < N as required.

A further consequence of Lemma[3.6]is that, if we let Qs := min {N, 1+ M D}, then there are coefficients
CM1,-- - CM,Qy € Randindices epr(1),...,en(Qum) € {1,..., N} with

QJ\/I
Z |eas] erM(S)HLip('y,E,W) =C, (3.98)
s=1

and such that uy; = (ug\of,. u%;)) € Span(F) C Lip(y, X, W) defined by (cf. (3.66))

QIVI Q M

Uy = Z CM,sfer(s) S0 that foreveryl € {0,...,k} we have ug\l/[) = Z CM,s (SV)I(S) (3.99)
s=1 s=1
satisfies, for every x € X, that (cf. (3.67)
q _ G ( () H
A (@) = max|eO @)~ @], <o (3.100)

The claim (3.24)) is a consequence of (3.98)), whilst the claims in (3.23) are consequences of (3.99) and (3.100).
Lemma additionally establishes that if the coefficients a1, ...,ax € R\ {0} associated to ¢ (cf. (I) of

(3:93)) are all positive (i.e. ai,...,an > 0) then the coefficients cM1,---,CM,Qy € R associated to ups (cf.
(3:99)) are all non-negative (i.e. CM1,---,CM,Qn = 0, which is precisely as claimed in Theorem[3.2]

Now suppose that {2 C V is closed with 2 C 3,,. Here X,., denotes the r-fattening of ¥, i.e. it is defined
by 3., := {u €V : 3z € Ysuchthat ||z — u||y <ry}. Assume that, for each i € {1,..., N}, the element

fi = (fi(o), ceey fi(k)) can be extended to an element F; = (Fi(o), e ,Fi(k)) € Lip(v,Q, W) satisfying the

estimate that || F;|[Lip(y.0,w) < K||fillLip(y,z,w). Define an extension ¢ = (4,5(0), cey <ﬁ(k)) € Lip(v,Q, W) of

@ by (cf. 328)) ¢ = Zivl a;F; so that for every I € {0,...,k} we have (! = Zﬁl aiFZ-(l), and define an

extension iy = (ugvof), .. ﬂg\]})) € Lip(y,Q, W) of ups by (cf. B2D) Gy = ZSQ:”{ cM,sFey, (s) s0 that for

every L € {0,..., k} we have 4} = S OM s 6(2 s

. ). e .
Since the constant ry here agrees with the definition of the constant r arising in Lemma with C' := C,
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w:=-,0:=¢,b:=q R:= KandT := T, we may apply Lemma[3.9]to conclude, for every z € Q N T, that
(cf. G.83D)

’ < Te. (3.101)
LVEs;W)

Ay g, (2) = max[60() — 47 (2)

The estimates claimed in (3.28) now follow from (3.I0T) and the fact that ) C X,., means that Q N X,., = Q. This
completes the proof of Theorem[3.21 [ |

Appendices

A. Lipschitz Functions

Let V and W be Banach spaces and assume that > C V is a closed subset. In this section we define the space
Lip(, X, W) and record some related properties. To define Lip(v, X, W) functions, we must first make a choice of
norm on the tensor powers of V. We restrict to considering norms that are admissible in the following sense.

Definition A.1 (Admissible Norms on Tensor Powers). Let V' be a Banach space. We say that its tensor powers are
endowed with admissible norms if for each n € Z>; we have equipped the tensor power V®" of V with a norm
| - [|yy&n such that the following conditions hold.

e For each n € Z>; the symmetric group S,, acts by isometries on V®", i.e. for any p € S,, and any v € V&"
we have

lo()llven = [[v]lyen. (A.1)

The action of S,, on V& is given by permuting the order of the letters, i.e. if a1 ® ... ® a, € V®™ and
p E Spthenp(ar ®...Q an) := ay1) @ ... @ ayy,). and the action is extended to the entirety of V" by
linearity.

e Forany n,m € Z>; and any v € V®" and w € V®™ we have
lv @ wllyemim <|lvllven|lwllyen. (A.2)
e Forany n,m € Z>; andany ¢ € (V)" and o € (V®™)" we have
16 @ ll(yemimy < lgllven)llollyem-. (A.3)
Here, given any k € Z>1, the norm || - ||y @x)« denotes the dual-norm induced by || - ||y o«.

It turns out (see [Ryal3]|) that having borh the inequalities (A2) and (A3) ensures that we in fact have equality in
both estimates. Hence if the tensor powers of V' are equipped with admissible norms, we have equality in both (A.2))

and (A3).

We can now give a rigorous definition of a Lip(v, X, W) function.

Definition A.2 (Lip(~, X, W) functions). Let V' and W be Banach spaces, ¥ C V a closed subset, and assume
that the tensor powers of V' are all equipped with admissible norms. Let v > 0 with & € Zx( such that v €
(k,k + 1]. Suppose that 1»(9) : ¥ — W is a function, and that for each [ € {1,...,k} we have a function
TUIOND s L(V®: W) taking its values in the space of symmetric I-linear forms from V' to . Then the collection
P = (p© M 4p*)) is an element of Lip(ry, ¥, W) if there exists a constant M > 0 for which the following
conditions hold:

» Foreach! € {0,...,k} and every z € X we have that

O (@) cverwy < M (A.4)
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 Foreach j € {0,...,k} deﬁneR}p:Ex ¥ — L(V®I; W) for z,p € Land v € V¥ by

k—j

R Gp)le]l =09 @)l - Y 5909 () [ve (0 - 2)27]. (A5)

s=0

Then whenever ! € {0,...,k} and ,y € ¥ we have

l
B @] o, < Ml =2l (A6)

We sometimes say that 1) € Lip(y, X, W) without explicitly mentioning the functions 1)(*), ... +/(*). Furthermore,
givenl € {0,..., k}, we introduce the notation that ¢y := (@, ... 9®). The Lip(v, =, W) norm of 1, denoted
by [[%)]|Lip(y,x,w)s is the smallest M > 0 satisfying the requirements (A.4) and (A.G).

Suppose 7 > 0 with k € Z>q such that y € (k,k + 1], and let ¢ = (O ... 4®)) € Lip(y, S, W). A good way
to understand a Lip(y, X, W) function is as a function that “locally looks like a polynomial function”. That is, for
each ¢ € X we can define the function ¥, : V — W fory € V by

k
- Z %w — )%, (A7)

S=

The function ¥, defined in (A7) gives a proposal, based at the point x € X, for how the function TACHIED SN 1 7
could be extended to the entirety of V. It is related to the collection of functions 1)(?), ..., 4 in the sense that,
foreachl € {0,...,k}, the element )" (2) € L(V®'; W) is the I*" derivative of ¥,(-) at 2. The expansions (A.3)
and the estimates then ensure that the proposals ¥, (y) must vary in a Lipschitz manner as both the basepoint
z and the evaluation point y vary across 2. Loosely, if the points 21, z2,y1,y2 € X are all mututally close in the
| - ||v norm sense, then the values ¥, (1) and ¥, (y2) must be close in the || - ||y norm sense.

On the interior of ¥ the functions 1)1, .. ., 1)(*) are the classical derivatives of 1(?), though this interior may be
empty. In general, the functions /(1) ... (%) are not necessarily uniquely determined by (?). A consequence of
Definition[A2lis that () € CO(%; W) with ||¢(©)| ‘CO(E;W) < ||¥]|Lip(y,5,w)- Moreover, in [Ste70] Stein proves
that the Lip(y) spaces are nested in the sense that given any n € (0,7), if ¢ € Z>¢ is such that € (g, g + 1], then
Ylg = (1/1(0), . ,1/)(‘1)) € Lip(n, X, W). But it is not necessarily true that ||¢(g||Lip(n,5,w) < [V |Lip(y, 5,

For example, consider ¥ := [—1,1] C R and define functions 1/(*) : ¥ — R and %) : ¥ — L(R;R) by
PO (2) := 22 and () (x)[v] := 220 respectively. Let 1) = (4(9) (1)), Then the associated remainder terms are
Ry (2, y) := @ () =9 (2) =D (2)[y—2] = (y—2)? and RY (z, y)[v] := ¥ (y)[v] =V (2)[v] = 2(y—)v.
It follows that ¢ € Lip(2, X, R) with |[1)[|rip(2,5 r) = 2. However RY(=1,1)[v] = 4v = 2v/2|1 — (—1)|2v and so
l[]|Lip3/2,5.8) = 2V/2 = \/§||7/1||Lip(2,2,1R)~

Our next goal is to obtain an estimate of the form || - [|Lip(y,2,w) < C|| - ||Lip(y,5,w) for an explicit constant
C > 1 in a form convenient for our purposes. The remainder term bounds recorded in the following result form our
first step in this direction.

Lemma A.3 (Remainder Term Estimates). Let V and W be Banach spaces, and assume that the tensor powers of V
are all equipped with admissible norms (cf. Definition[A]). Assume thatT' C V is closed. Let p > 0 withn € Z>
such that p € (n,n + 1), let & € (0, p), and suppose 1p = (¥, ... ™) € Lip(p,I',W). Forl € {0,...,n} let
R;p : T x T — L(V®, W) denote the remainder term associated to V) (cf. in Definitionl82). If 0 € (n, p)
then for every | € {0, ...,n} we have that for every x,y € T with x # y that

HR;/)('Z"y)Hﬁ(V@-W) ) ] .
||y .I'||9_l 1 < min {dlam(I‘)P* N G(p,@,l,l—‘)} ||1/)||Lip(p,F,W) (A8)
v
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where G(p,0,1,T) is defined by

0,1,T) := inf p=0 i A9
G(p,0,1,T) Te<o,é?am<r>>{max{r : ( z;s )}} (A.9)

If 0 € (0,n] (which is only possible if n > 1) then let g € {0,...,n — 1} be such that 0 € (q,q + 1]. For each
1€{0,...,q} let R?’ : T x T — L(VEL W) denote the alteration of the remainder term Rzp defined for z,y € T
and v € V® by

n—l

Byl =Byl + Y 0@ [ve (-], (A.10)

s=q—1+1
Then for everyl € {0,...,q} and every x,y € T with x # y we have that
| @)

T |1|3(V®l W) < min { diam(T")"~ o4 Z iam(I" s H(p,0,1,T) ¢ 1¥]|Lip(p,r,w) (A.11)
o 1=q+1

where H(p,0,1,T) is defined by

1—9 1 g1 rs
H(p,0,1,T):=  inf p=0 — |1 — : A.12
(p, B ) re(0, dlam(F)) maxqr + z;—l ( l)' ’ Teil < + =0 ! ( )

Proof of LemmalA3] Let V and W be Banach spaces, and assume that the tensor powers of V' are all equipped
with admissible norms (cf. Definition [AJ). Assume that I' C V is closed and that p > 0 with n € Z>( such
that p € (n,n + 1]. Suppose that, for I € {0,...,n}, we have functions 1/’ : T' — L(V®! W) such that
P = (©, ... ) defines an element of Lip(p, T', W). Foreach € {0, ...,n} define RY : TxT — L(V®, W)
forz,y € [andv € V& by

n—l

R (@)l = O )] = Y 5 w”su[v@(y—x)@ﬂ. (A.13)

s= O

We claim that the estimates (A.8) and (A1) are immediate when ||¢)||pip(p,r,w) = 0. To see this, note that
if ||¥]|Lip(p.r,w) = O then for each I € {0,...,n} and any z € T we have that () (z) = 0 in L(VE,W).
Conseugently, for each [ € {0,...,n} and any x,y € T, we have via (A13) that R;b(x, y) = 0in L(VOL W),
When 6 € (n, p), this tells us that the estimate (A.8) is true since both sides are zero.

When 6 € (0,n] (which is only possible if n > 1) then, if ¢ € {0,...,n — 1} is such that § € (¢q,q + 1], for
each! € {0,...,q} and any z,y € T’ we have via (AJ0) that the alteration Rzp of Rzp satisfies that Rzp(x, y) =0in
L(V®L W). Hence the estimate is true since both sides are again zero.

If |[¢||Lip(p,r,w) # O then by replacing 9 by 9/||¥||Lip(p,r,w) it suffices to prove the estimates (A.8) and
(A.I1) under the additional assumption that ||¢||rip(p,r,w) = 1. As a consequence, whenever [ € {0,...,n} and

z,y € I', we have the bounds (cf. (A.4) and cf. (A.Q))

60 @) <1 and (1) ||RY()|| <y — |l (A.14)

HC(V®’;W) N L(VELW)

First suppose 6 € (n, p) and let! € {0,...,n}. Forany 2,y € I we have that

y (I1) of &T3 - - o
B @] oy = M=l = Ny =l — 2l (A.15)
A first consequence of (A.13) is
R (x, H < diam(T)? 0|y — |2 A.16
@9 g, < B~y = 215 (A.16)

38



A Lipschitz Functions Terry Lyons and Andrew D. McLeod

A second consequence of (A.T3) is that, for any fixed r € (0, diam(T")), if ||y — z|| < r then

— 60—
HRZ"(x,y)Hw@;W) <7y — wfly " (A.17)

If ||y — z||y > r then we use (A.I3) and that the tensor powers of V' are equipped with admissible norms (cf.
Definition [A.T) to compute for any v € V% that
ED
B @ ypl|| 7=

"

[ @] +ZZ% |60 (@) [ve (v - )|

(1) of &ID nly - o g _
< llver +Zﬁ||y*$||{/||v||v®l <m0 1+ZF ly — /|5 [ollve:
j=0"" j=0 7"

In the last line we have used that, for any j € {0,...,n — I}, that ||y — 2|7 “™" < ri=(=0_ This is itself a
consequence of the facts that forany j € {0,...,n — [} thatj — (0 — 1) <n — 6 <0, and that r < ||y — z||y. By
taking the supremum over v € V®! with unit V®! norm, we may conclude that when ||y — z||y; > r we have

n—l 4
—(9— r _
|7 @) < (07D <1+Zg> lly — =1 (A.18)
s=0 "’

L(VOLW) —

By combining (A.17)) and (A.18) we deduce that for every z,y € I' we have

n—l 4
1 rs
-0 0—1
HR}”(WHL(V@I;MSmax{r” ’m<1+§0§>}||yz||v . (a.19

Recall that the choice of r € (0, diam(I")) was arbitrary. Consequently we may take the infimum over the choice of
r € (0,diam(T")) in (A.19) to obtain that whenever = # y we have

[t v, l

(VeLw) - -0 L y
< ¢ p—b 1 — . A.20
e = e(0,diam(T) {maX {T o=t < ! Z ' ) }} -

s=0

If we define

n—I N

1 7S
0,1,T) := inf P01 — A21
Glp,0,1.T) re(o,é?am(r)){max{r T opf=l < Jrz s!)}}’ ( )

then (A.16) and (A.20) yield that

|t

0—1
||y*=’75||v

L(VOLW)

< min {diam(T")*~%, G(p,6,1,T)} . (A.22)

The arbitrariness of [ € {0,...,n} and the points z,y € I" with  # y mean that establishes the estimates
claimed in (A.8) for the case that |[4||Lip(p,r,w) = 1.

Now assume that 0 < § < n < p < n + 1 which requires n > 1. Let ¢ € {0,...,n — 1} be such that
0 € (q,q+1]. Foreachl € {0,...,q} let R : T x ' — L£(V®; W) denote the alteration of the remainder term
R;/’ defined for z,y € T'and v € V®! by

n—1

Byl = Rl + Y @) [0e (y - 0] (A23)
s=q—I+1

Letl € {0,...,q}, z,y € I'and v € V®!. Recalling that the tensor powers of V are all equipped with admissible
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norms (cf. Definition[A.J]), we may compute that

n—I

- (- wki} 1 ) ;
B @pil|| = ||R@oel]] + Y S @ e -9,
s=q—Il+1 :
[we:) N 1
<y =all+ X Slly =iy | lellve
s=q—I+1 "~
= [ty = allf” Z il = el |y = S ellver.
zq+1

By taking the supremum over v € V'®! with unit V®! norm we may conclude that

pY ||y ~’C|| 01
8| oy, < (=l + §+:1 el LA (A24)
i=q

A first consequence of (A24) is that

n di T i—6
diam()"~0 + 3 diam(I)™7 Iy — 2157 (A.25)

pY
HRl (””’y)H e G

L(VeLw) —

Now consider a fixed choice of constant 7 € (0, diam(T")). If ||y — x|y < r then a consequence of (A24) is that

pY rp—0 101
HRZ (x’y)HL(Vem;W) = - Z_H - lly ==l (A.26)
q

If ||y — x||y > r then we may first observe via (A13) and (A23) that for any v € V! we have

q—1
B @ y)le] =60 )] - Y 2ot @) [ve (y - 2)°) (A27)
s=0 "~

We may use (A.27) and that the tensor powers of V' are equipped with admissible norms (cf. Definition to
compute for any v € V& that
"

-1

() 1 j —(6—1 1 6—1

< ||U||V®l+Zﬁ||y7z||{/||v||v®z§7’ ®-D ”ZF ly = [ly " l|v]lver
— j! =

HRZ”(x,y)[v]HWminHw”)(y)vH +Z [ @) [ve -0

For the last inequality we have used that, for any j € {0,...,q — [}, that ||y — :E||{}_(9_l) < r3=(0=1  This is itself
a consequence of the facts that forany j € {0,...,q— I} thatj — (0 —1) < ¢—6 < 0,and that r < ||y — z||v. By
taking the supremum over v € V®! with unit 1V ®! y — z||lyv > r we have

gl
D —(6— r 6—1
HR;ﬁ(z,y)HaV@L;W) < p(0-D (1 + ZO E) lly — /| (A28)
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Together (A.26) and (A.28) give that for every x,y € I' with x # y we have

|l

q
LV r
VEW) < max { re=? 4 Z < Z—'> (A29)

ly = =[ly it ( o

Recall that the choice of r € (0, diam(I")) was arbitrary. Consequently we may take the infimum over the choice of
€ (0,diam(T")) in (A29) to obtain that whenever x # y we have

|5y,
L‘,(V@’ W) < H( ,9, l, 1—1) (A30)
lly — (I3
for H(p, 0,1,T) defined by
1 s
H(p,0,1,T) := inf p=0 1+Y — . A31
(p ) rE(O,%lIilam(F)) maxqr e q+1 70—l < ;} S') ( )
Together (A.235) and (A.30) yield
2] o
' ; d INE
L‘g(Y;BZ’W) < min { diam(I")*~? + Z % , H(p,6,1,T) ». (A.32)
||y*$||v P (i =)

The arbitrariness of [ € {0, ..., q} and the points z,y € I' with x # y mean that (A.32)) establishes the estimates
claimed in (A.T) for the case that ||¢)||1ip(,,r,w) = 1. This completes the proof of LemmalA.3l [ ]

We use Lemma[AJ3]to obtain an estimate of the form || - ||Lip(y,=,w) < C|| - ||Lip(y,=,w) for an explicit constant
C > 1in a form that is convenient for our purposes.

Lemma A.4 (Lip(v, X, W) Nesting). Let V and W be Banach spaces, and assume that the tensor powers of V
are all equipped with admissible norms (cf. Definition [A1). Assume that T C V is closed. Let p > 0 with
n € Z>o such that p € (n,n + 1), and 0 € (0, p) with g € {0,...,n} such that 0 € (q,q + 1]. Suppose that
=0, ., ¢™) e Lip(p,I', W). Then ¢y = (v, ..., 4@) € Lip(0,T', W). Further, if 0 € (n, p) then we
have the estimate that

||1/;[q]|\mp(9 wy < max {1, min{1+e, diam(T)*~}} [[¥||Lip(p.r.w)- (A.33)

If 6 € (0, n] then we have the estimate that
Hw[Q]HLip(e,F,W) < min{Cr, Ca}[[9l[Lip(p,rw) (A.34)
where C1,C2 > 0 are constants, depending only on diam(T"), p, and 0, defined by

C1 :=max{ 1, min , diam(x)7~? + Z %

(A35)
2 U—a)

and

Cs = max {1, min {1 + e, diam(I")***~?}} (1 + min {e, diam(I")*~"}) (1 + min {e, diam(l“)})"f(qﬂ) .
(A.36)
Finally, as a simple consequence of (A33) and (A34), for any 6 € (0, p) we have the estimate

mel | |Lip(9 rw) = <1+ €)||1/’||L1p(p L,W)- (A.37)
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Remark A.5. The integers n, ¢ € Z>¢ are determined by p and 0 respectively. Consequently, any apparent depen-
dence on n and ¢ in and is really dependence on p and 6 respectively.

Remark A.6. We can have equality in (A33). To see this, let I' := [—~1,1] C R and define /() : I' — R by
P O(z) = 2% pM 1 T = L(R;R) by YD (2)[v] := 2zv, Ro(z,y) = ¥ (y) — vV (z) - pM[y — 2] =
(y — 2)* and Ry(z,y)lv] == vV (y)l] — M (2)l] = 2(y — x)v. Then ¢ = (¥, ¢ € Lip(2,T,R)
with [[¢||ip2,rp) = 2. However Ri(—1,1)[v] = 4v = 2v2[1 — (—1)|2v and s0 |[¢}||nip(3/arr) = 2V2 =
V2||¥||Lip(2,r,r)- Here diam(I") = 2, p = 2 and 6 = 3/2. Thus we observe that 1 < diam(I)2~2 = 2 < 1 +e,
which establishes equality in (A.33).

Remark A.7. We can have equality in (A34). As an example, let I := {0,1} C R and define (¥ : T — R by
»©(0) := —A and V(1) := A for some A > 0, and define »V) : T' — L(R;R) by vV (z)[v] := Awv for every
z €I'. Then givenz,y € T’

A ifx=0,y=1
O () = (@) Wy —a] =4 —A4 ifz=1,y=0 (A.38)
0 ifz=y.

It follows from that ¢p = (1/)(0),1/1(1)) € Lip(2,T,R) with |[¢)[|ip(2,r,r) = A. Moreover, we also have
that o = 9© € Lip(1, 1, R) with |[v0)]| ;1 gy = 24 = 2/[¢llLip2.r,r) Here diam(I') = 1, n = 1,
p:=2,60:=1and ¢ = 0. Consequently, both C; defined in and Co defined in are equal to 2. Hence
min {C1, C2} = 2, and so we have equality in (A.34).

Proof of LemmalA. 4l Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped
with admissible norms (cf. Definition [AJ). Assume that I' C V is closed. Let p > 0 with n € Z>( such that
p € (n,n+1],andlet 0 € (0, p) with ¢ € {0,...,n} such that § € (g, q -+ 1]. To deal with the case that § € (n, p),
we first establish the following claim.

Claim A.8. Suppose V and W be Banach spaces, and that the tensor powers of V are all equipped with admissible
norms (cf. Definition[A1). Assume that D C V is closed. Let A > 0 with m € Zxq such that A\ € (m,m + 1], and
ogc(mN). Ifp=(09,...,6"™) € Lip(\, D, W) then ¢ € Lip(o, D, W), and we have the estimate that

||¢||Lip(a,D,W) < max {1 , min {1 +e, diam(D)A_U}} ||¢||Lip()\pﬁw). (A.39)

Proof of Claim[A8l Foreachl € {0,...,m} define Rf :DxD — LIV W) forx,y € Dandv € V® by

n—I
Ry (z,y)[v] = ¢V ()] = > %qbl“(:c) [v® (y —2)%]. (A.40)
s=0 '

Since the estimate (A.39) is trivial when ||@||rip(x,p,w) = 0, we need only establish the validity of when
|¢[|Lip(x,p,wy # 0. But in this case, by replacing ¢ by ¢/||9||Lip(x,p,w) it suffices to prove under the
additional assumption that ||¢||Lip(x,p,w) = 1

A consequence of ¢ € Lip(\, D, W) with ||¢||rip(,p,w) = 1 is that, whenever I € {0,...,m} and z,y € D,
we have the bounds (cf. and (A.60))

@ o0 <1oad @D |[R@y)|,

<y — 2|5t A4l
LVOLW) )—||y x|y ( )

(velL,w

Given any [ € {0,...,m} and any point x € D, we can conclude from (A.40) that Rzp(z, z) = 0in L(VELW).
Hence controlling the £(V ®!; W) norm of the remainder term R;b is trivial on the diagonal of D x D.

Given any | € {0,...,m}, we now estimate the £(V ®!; W) norm of R;/’ off the diagonal of D x D. For any
points 2,y € D with z # y, we apply Lemma[A3] recalling that ||@||vip(x,p,w) = 1, to conclude that (cf. (A.8))

HRZb(x7y)H£(V®l;W)

-y
lly — (I3,

< min {diam(DP)*~7 , G(A,0,1,D)} (A.42)
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where G(\, 0,1, D) is defined by

m—1l ¢
G(\o,l,D):=  inf max {1150 . (A.43)
re(0,diam(D)) ro—l : |

min {diam(D)*~7,G(\,0,1,D)} < 1+e. (A.44)
If diam(D) < 1, then (A.44) is obtained by observing that

We now prove that

min {diam(D))‘_”,G(A,a,l,D)} < diam(D)* 7 <1< 1+e.

If diam(D) > 1 then is obtained by observing that

m—l
1
min {diam(D)*~7, G(\, 0,1, D)} < G(\, 0,1, D) < max {1 SES —,} < (1+e).
s!
s=0
Hence (A.44) is proven. Together (A.42)) and yield that
iRl
LU <4 (A.45)
lly — $||v
Thus we may combine (A.42) and (A.43) to conclude that
"R?(w’y)“L(VQQL-W)
———— < min {diam(D)*"7 , 1 +e}. (A.46)
lly — 3U||V

Both the choice of I € {0,...,m} and the choice of points =,y € D with x # y were arbitrary. Hence we may
conclude that the estimate (A.46) is valid for every | € {0,...,m} and all points z,y € D with  # y. The
pointwise bounds for the functions ¢(©), ..., ¢("™) given in (I) of (A41) and the remainder term bounds (A.40)
establish that

16/ Lip(o.p.wy < max {1, min{diam(D)*~7, 1+e}}. (A47)

The estimate (A.47) is precisely the estimate claimed in (A.39) for the case that ||¢||1ip(x,p,w) = 1. This completes
the proof of Claim[A_8] ]

The estimate claimed in the case that 6 € (n, p) is an immediate consequence of Claim[A.8] Indeed, assuming that
6 € (n, p), we appeal to Claim[A8 with D := T, m := n, X :== p and o := 6 to conclude from (A.39) that

19| |Lipo.rwy < max {1, min{1+e, diam(T)*~%}} |[Lip(or.w)s (A.48)

which is precisely the estimate claimed in (A.33).
It remains only to establish the estimate claimed in (A.34) for the case that 0 < § < n < p < n + 1. Observe
that this requires n > 1 and ¢ € {0,...,n — 1}. We begin by establishing the following claim.

Claim A.9. Suppose V and W are Banach spaces, and that the tensor powers of V are all equipped with admissible
norms (cf. Definition[A1). Assume that D C V is closed. Let X > 1 with m € Z>1 such that A € (m,m + 1],
and o € (0,m] withp € {0,...,m — 1} such that ¢ € (p,p + 1. If 6 = (¢\©,..., (™)) € Lip(\, D, W) then
P = (¢, ..., ¢P) € Lip(o, D, W), and we have the estimate that

<max{ 1, min{ 1+e, diam(D)* 7 + Z la@( )

— 7 l[llLip(a,D,wy- (A49)
. (j—p)! P
Jj=p+1

| |¢[p] ‘ ‘Lip(a,D,W)
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Proof of Claim[A9 Foreachl € {0,...,m} define Rf :DxD — LV W) forx,y € Dandv € V® by

—

3

Ry (z,y)[0] := ¢V (p)l] = Y o (@) [ @ (y — 2)®] . (A.50)

=~

<
I
o
<

Since the estimate (A.49) is trivial when ||@||rip(x,p,w) = 0, we need only establish the validity of (A.49) when
in thi i it suffices to prove (A.49) under the

additional assumption that ||¢||Lip(x,p,w) = 1
A consequence of ¢ € Lip(\, D, W) with ||¢||rip,p,w) = 1 is that, whenever I € {0,...,m} and z,y € D,
we have the bounds (cf. and (A.60))

(1) ¢ ol
0@, oy T (D [[BR @], < el (A1)

Our goal is to show that ¢p,) = (¢, ..., ¢P) is in Lip(c, D, W). For this purpose, given s € {0,...,p}, let
R? :D x D — L(V®5; W) be defined for all z,y € D and v € V®* by

pP—Ss

Rela )] = 8wl = 3 70 @) [o@ (- 0)] (A.52)
i=0 7"
Together, (A.30) and (A.32)) yield that
Rl = Bnbl+ Y. =P @ e -], (A5
j=p+1-s ’

Given any [ € {0,...,p} and any point 2 € D, we conclude from that R;b (z,7) = 0in L(V®; W). Hence
controlling the £(V®!; W) norm of le is trivial on the diagonal of D x D.

Given any [ € {0,...,p} we now estimate the £(V®; W) norm of R} off of the diagonal of D x D. The
alteration in (A33) is exactly the same as the alteration defined in (A.10) of LemmalA3l Consequently, recalling
that |[¢||Lip(x,p,w) = 1, we may apply that result (Lemma[A.3) to deduce that for every x,y € D with z # y we
have that (cf. (A1)

HR?(x,y)H ®1 " diam(D)*~
SO < min { diam(D)P0 + Y , H(\,0,1,D) (A.54)
Iy =[5, ) z—l
where H(\, 0,1, D) is defined by (cf. (AI2))
m Ti—a 1 p—l s
H(\ 0,l,D) = inf A=o : , 1 — . A.55
(Ao ) rE(O,(liri;m(D)) maxy + i:zp;rl (i =10 roi ( + ;) Sg> ( )
We now prove that
m d —O'
H = min{ diam(D> 7 + Y fam(D z L H(\o,l,D) s <1+e. (A.56)
i —

i=p+1

If diam(D) < 1 then we obtain (A.36) by observing, for every i € {p + 1,...,m}, that (i — [)! > (¢ — p)! and
hence

m d —0
H < diam(D) 7 + E 1a(m(l <14 E <1—|—e
i=p+1 —p+1
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If diam(D) > 1 then we obtain (A.56) by observing that

m -1 m p—1
1 =1 1 1

H<H(\o,l,D) <max{ 1+ E (z—l)"lJrE o <max< 1+ E ( )',1+§ El <l+e
i=p+1 s=0 "~ i=p+1 s=0 "~

Hence (A.56)) is proven. Together (A.54)) and (A.56) establish that

At

-1
lly — /I3,

LVOLW)

<l+e (A.57)

Thus we may combine (A34)), (A37), and the observation that forevery i € {p+1,...,m} we have (i—[)! > (i—p)!
to conclude that

g

. od
ﬁa(‘:?l’w) < min { diam(D )/\ 7 4+ Z 71%11( )
Ty —ally N R

il

Jltey. (A.58)

The arbitrariness of I € {0,...,p} and the points x,y € D with = # y ensure that the estimate (A-33) is valid for
everyl € {0,...,p} and every x,y € D with z # y. Together, the definitions (A.32)), the bounds in (I) of (A1),
and the estimates (A38) allow us to conclude that ¢, = (¢(?, ..., ")) € Lip(o, D, W), and that

m d o
, min , diam(D)*~7 + Z %
St U-p)

<max<{ 1

|1 Lip(o,0,m) (A59)

The estimate (A.39) is precisely the estimate claimed in for the case that |[¢||rip(x,p,w) = 1. This completes
the proof of Claim [ ]

Returning to the proof of Lemma [A4]itself, suppose § € (0,n]. A direct application of Claim with D := T,
m :=n, X := p and o := 0 means that yields that

<max<1l, min<1+e, diam(l")p79+ Z fam(I")

7 l[¥]|Lip(p, 0wy (A.60)
‘ (j—q) P
J=q+1

HQ/’[Q HLlp(9 W)

where ¢ < n — 1 since 6 € (0, n]. By examining the definition of C} in , we see that (A.60Q) is the first part of
the estimate claimed in (A34). To derive the remaining estimate we note that 9 € (q,q+1]. By appealmg to Claim
with D :=T, m :=n, A := p and o := n, we deduce via (A.49) that

Hw[n*”HLip(n,F,W) < min {1+e, 1+ diam(T)*"" } [l |Lip(,r,w)- (A.61)

If we now appeal to Claim[AQfor D :=T',m:=n — 1, A:=nand o := n — 1, then (£ and (A.6]1) give

&0
||7/’["—2} ‘ ‘Lip(n—l,F,W) < max{l, min{l+e, 1+ diam(I')}} ||7/’["—1} ‘ ‘Lip(n,F,W)

< mln{1+e 1+ diam(T")"~ "}mm{l—l—e 1+ diam(T )}||'[/J||Lip(p71‘1w)
= (1+m1n{e, diam(T")*~ "}) (I1+min{e, diam(T")}) ||¢||Lip(p7pﬁw).

We can now appeal to Claim[A9forD =T, m:=n—2, A :=n—1,and o :=n — 2. Proceeding inductively as
r=0,1,...,n — 1 increases, we establish via applying Claim[A9for D :=T,m:=n—r, A\:=n— (r — 1), and
o :=n — rthat forevery r € {0,1,...,n — 1} we have that

12— |Lip(n ) S < (14 min{e, diam(T)*~"}) (1 4+ min{e, diam(T)})" [[¢||Lippr,w).  (A.62)
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Taking r :=n — (¢ + 1) in (A.62) yields that

Hw[fﬂ ‘ ‘Lip(lH-l,F,W) < (1 + min {e ) diam(r)p_n}) (1 + min {e, diam(r)})ni(qﬂ) ||¢||LiP(P7F=W)' (A.63)

As 6 € (q,q + 1], we can appeal to Claim[A8with D := T, m := ¢, A := ¢+ 1 and ¢ := 0 to deduce via (A39)
that

Hw[Q]HLip(G,F,W) < max {1 ; min {1 te, diam(r)qﬂie}} Hw[q] ‘ ‘Lip(q+1,F,W) : (A.64)
Together, (A.63) and (A.64) yield that

|l |ipo.rwry < CollelLipgo,r,m) (A.65)
for C'y > 0 defined by
Cs := max {1, min {1 + e, diam(T)9+1 -0 }} (1 + min {e, diam(F)p_"}) (1 4+ min {e, diam(F)})"_(q+1)
as claimed in (A36). The estimates (A.60) and (A.63) combine to give

||7/’[q]HLip(0,F,W) <min{C1, Co} |9 |Lip(p.r.w)

where

" r)i—¢
Ci=max{1l, min{1l+e, diam(I)”~7+ Z %
J—4q):

J=q+1

and
Cy := max {1, min {1 +e, diam(")7+1-? }} (1 4 min {e,diam(I')?~" }) (1 + min {e, diam(F)})nf(qul)

as claimed in (A34).
Finally, since C; < 1 + e, (A33) and (A34) combine to yield that, for any § € (0, p), we have the estimate

||%1q] ‘Lip(O,F,W) < (1 + e)|[¥l|Lip(p,r,w) as claimed in (A.37). This completes the proof of Lemmal[A.4l [ ]

B. Lipschitz Sandwich Theorems - Statements

Let V and W be Banach spaces and assume that the tensor powers of V' are all equipped with admissible norms (cf.
Definition[A.T). Throughout, when referring to metric balls we use the convention that those denoted by B are taken
to be open and those denoted by B are taken to be closed.

Let ¥ C V be a closed subset. Suppose v > 0 with k € Z>( such that v € (k,k + 1], and that ¢y =

(v ©,...,®)) € Lip(y, S, W). Given any fixed point z € ¥ and any [ € {0,...,k} we may consider TONE
V — L(V®L W), defined fory € V and v € V& by

k—1
1 5 S
e @)l] =) @) e (y —2)*], (B.1)
s=0
as a proposal for how ©() may be extended to the entirety of V. In [Ste70], for each I € {0,...,k} and any

point y € V' \ X, Stein uses an appropriately weighted average of the collection { S) (y) : z € E} to define an

extension of () at the pointy € V \ X. Moreover, Stein proves that the collection of extensions of the functions

@ p®) to the entirety of V' gives an extension of ¢ to the entirety of V' as an element in Lip(~, V, W); see
Theorem 4 in Chapter VI of [Ste70]. It is unreasonable to expect this extension to be unique. For example, take
Y= [-1,1] ¢ Rand ¢©® : ¥ — R defined for ¢ € X by 1)(*)(¢) := |t|. Then ¢(®) € Lip(1,%,R) and there are

clearly numerous distinct ways to extend 1) to an element in Lip(1, R, R).
Suppose that B C X is a non-empty closed subset. Then Stein’s extension theorem (Theorem 4 in Chapter
VI of [Ste70]) tells us that any element in Lip(vy, B, W) can be extended to an element in Lip(y, 3, W). We are
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interested in understanding when extensions of an element in Lip(v, B, W) to Lip(~y, 3, W) are forced to remain,
in some sense, close throughout 3. We consider the following problem. Given elements ¢ = (1/)(0), e 1/1(k)) and
¢ = (¢9,..., M) in Lip(y, X, W), when does knowing that ¢ and ¢ are, in some sense, “close” on B ensures
that ¢ and ¢ remain “close”, in some possibly different sense, throughout 3.

The results presented in this section regarding this problem articulate properties of Lip(y) functions in a form
that is convenient for our purposes. In particular, when v € (0,1] and W := R, all the results of this section
follow from consideration of the maximal and minimal extensions of Whitney [Whi34] and McShane [McS34]
respectively. The main content of our results is the setting that v > 1, for which case we have been unable to locate
formal statements of these properties within the existing literature.

The following Lipschitz Sandwich Theorem gives a condition for the subset B and precise meanings for the
notions of closeness to be considered between 1 and ¢ on B and ¥ respectively under which this problem has an
affirmative answer.

Theorem B.1 (Lipschitz Sandwich Theorem). Let V and W be Banach spaces, and assume that the tensor powers
of V are all equipped with admissible norms (cf. DefinitionlA]). Assume that > C V is non-empty and closed. Let
e, Ko >0,and~y >n > 0withk,q € Z>o such that vy € (k,k + 1] and n € (q, q + 1]. Then there exist constants
do = do(e, Ko,v,m) > 0and g = eo(e, Ko,7,n) > 0 for which the following is true.

Suppose B C Y is a closed subset that is a dg-cover of 3 in the sense that

¥ cC U By (z,60) = Bs, :={v €V : 3z € Bsuchthat ||[v— z||v < o} . (B.2)
reB

SMPPOSC‘ 1/} = (1/}(0)5 e 71/)(k)) y P = (90(0)5 cey So(k)) S Llp(’% Ev W) with ||1/)||Lip(’y,Z,W)a ||¢||Lip('y,Z,W) S K0~
Further suppose that for every | € {0,...,k} and every x € B the difference 9 () — o (2) € L(VELW)
satisfies the bound

0 (z) — H < co. B3
[0 = 0@y <0 (B.3)

Then we may conclude that
Y1 — e1al |Lip(n,z:,vv) se (B.4)

where [ = (7,/1(0), e ,1/)(‘1)) and p(q = (cp(o), ceey <p(q)).

Remark B.2. Using the same notation as in Theorem[B.1] the estimates throughout B are a weaker condition
than ||¢) — @||rip(y,B,w) < €0. The bound |[¢) — ©||Lip(+,B,w) < €0 implies that the pointwise estimates in (B.3)
are valid. But the converse is not true since the pointwise estimates in (B.3) alone are insufficient to establish the
required estimates for the remainder terms associated to the difference 1) — ¢ (cf. Definition[A.2)).

Remark B.3. The restriction that € (0,+) in Theorem [B.I] is necessary; the theorem is false for n := 7. As
an example, fix Ko,e > 0 with ¢ < 2Ky, let § > 0 and consider a fixed N € Z>; for which 1/N < §. Define
¥ :={0,1/N} CRand B := X\ {1/N} = {0} C R. Then we have that ¥ C [, §] and so B is a -cover of &
as required in (B:2). Define ¥, ¢ : ¥ — R by ¢(0) := 0, ¥(1/N) := Ky/N and ¢(0) := 0, ¢(1/N) := —Ky/N.
Then ¢, ¢ € Lip(1, X, R) with [[¢)|[ip(1,5,w) = [[#l|Lipa,2,w) = Ko and ¢ — ¢ = 0 throughout B, establishing
the validity of the bounds for any e > 0. However |(¢ — ) (1/N) — (¢ — 9)(0)| = 2Ky /N = 2K,|1/N -0
which means that ||t — ¢||ripa, 5 r) = 2K > €.

[l

Remark B.4. It may initially appear that the Theorem should be valid for any fixed g9 with £y < ¢ by suitably
restricting dg, rather than having to allow £ to depend on €, Ky, v and 7. But this is not the case. If we only assume
€0 < &, then the estimates in (B.3) can even be insufficient to establish that |1y — ¢||pip(y,B,w) < €. For example,
lety:=1,n:=1/2,and fix 0 < g9 < £ < 1 < Ky such that 20K > £2. Define xo := 2e0/ Ko > 0 and
consider ¥ = B := {0,20}. Define ¢, : ¥ — R by ¢(0) := —eq, ¥(x0) := €¢ and ¢(0) := 0 =: ¢(x¢). Then
¥, ¢ € Lip(1, %, R), with [|¢]|Lip1,5,r) = 0 and [|¢||Lip(1,5,r) = Ko. Moreover, | — ¢| = [¢| < g¢ throughout
3 = B so that the estimates are valid. However we may also compute that (1) — ¢)(x0) — (¢ — ¢)(0)] =
2e0 = 250\/1/$0\/|J}0 — 0| = \/280K0\/|J}0 — 0| so that ||’lﬂ — (P||Lip(1/2.,B,R) = /20Ky > €.

The issue described in Remark [B.4]is only present when the cardinality of the subset B is greater than 1, i.e. when
B contains at least two distinct points. When B consists of a single point we can in fact allow for an arbitrary
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€o € |0,¢) in Theorem [B.1] rather than having to allow &q to depend on ¢, K,y and 7. The precise statement is
recorded in the following theorem.

Theorem B.5 (Single-Point Lipschitz Sandwich Theorem). Let V and W be Banach spaces and assume that the
tensor powers of V are all equipped with admissible tensor norms (cf. Definition[A_). Assume that > C V is closed
and non-empty. Let e, Ko > 0, v > n > 0 with k,q € Z>¢ such that v € (k,k + 1] and n € (q,q + 1], and
0 < ep < min {2Ky, e}. Then there exists a constant 69 = o (€, €0, Ko, v,m) > 0 for which the following is true.

Suppose p € ¥ and that p = (1/)(0), . ,1/1(k)) and p = (cp(o), ceey <p(k)) are elements in Lip(vy, X, W) with
]| Lip(y, 5wy @l Lip(y, 2wy < Ko. Further suppose that for every | € {0,...,k} the difference w(l)(p) —
o (p) € L(VOL W) satisfies the bound

O] O] ‘ ‘ < . B5
Hﬁf (p) — ¢ (p) LVELW) = €o (B.5)
Then we may conclude that

|41 — ¢l ’Lip(n,ﬁv(p,so) nzw) S€ (B.6)

where g == (1/1(0), . ,w(‘J)) and ¢g = ((p(o), e <p(q>).

Establishing Theorem [B.3] will form the first step in our proof of Theorem [B.1l
Continuing to discuss the consequences of Theorem [B.Il when the subset ¥ C V is compact we may use
Theorem [B.Ilto prove the following result.

Corollary B.6. Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped with
admissible norms (cf. Definition[A1). Assume that ¥ C V is compact. Let €, Ky > 0, and v > 1 > 0 with
k,q € Z>o such thaty € (k,k + 1] andn € (q,q + 1]. Let 6o = do(e, Ko,7,m) > 0 and g9 = £¢(e, Ko,7v,m) > 0
denote the constants arising from Theorem Bl and let N = N(3,¢,Ko,v,n) € Z>o denote the dy-covering
number of .. That is,

N := Neoy (X,V,80) =min< a € Z : There exists x1, . ..,2, € X such that ¥ C U Ev(l'j, d)p. (BT
j=1

Then there is a finite subset X = {z1,...,zn} C X for which the following is true.

SMppOS@ 1/} = (1/)(0)5 s a¢(k)) y P = (90(0)5 ) @(k)) € Llp(77 25 W) with ||1/)||Lip('y,Z,W)a ||50||Lip('y,Z,W) S
Ko. Further suppose that for every | € {0, ..., k} and every j € {1,..., N} the difference V) (z;) — o (z;) €
L(VEL W) satisfies the bound

D5y — O (4.
de (25) — ¢ (Z])HC(V@;W)SEO' (B.8)

Then we may conclude that
1) = 1l pipgs) <€ (B.9)

where g = (¥, ... D) and oy = (9@, ..., D).

Remark B.7. When N € Z>; defined in (B7) is less than the cardinality of &, Corollary[B.6l guarantees that we are
able to identify a strictly smaller collection of points at which the behaviour of a Lip(~y, ¥, W) function determines
the functions Lip(n)-behaviour up to an arbitrarily small error over the entire set 3. That is, using the notation of
Corollary if F' € Lip(y,Xn, W) then any two extensions ¢ and ¢ of F' to elements in Lip(y, X, W) with
Lip(y, X, W)-norms bounded above by K can differ, in the Lip(n)-sense, by at most € throughout 3.

Proof of Corollary[B.6l Let V and W be Banach spaces, and assume that the tensor powers of V' are all equipped
with admissible norms (cf. Definition [A.J). Assume that ¥ C V is compact. Lete, Kg > 0, andy > 1 > 0
with k,q € Z>o such that v € (k,k + 1] and n € (¢,q + 1]. Retrieve the constants o = do(e, Ko,7v,7) > 0
and 9 = €o(e, Ko,7,n) > 0 arising from Theorem [B.1] for these choices of &, Ky, v and n. Note that we are
not actually applying Theorem[B.1l but simply retrieving constants in preparation for its future application. Define
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N = N(3,¢e,Ko,7,1n) € Z> to be the dp-covering number for . That is,

N := Neov (2,V,00) = min < a € Z : There exists z1,...,2, € X such that ¥ C U By (z;,00) p. (B.10)
j=1

Let z1,...,2x € X be any collection of N-points in 3 for which

v(z;,00). (B.11)

H'Cz

Set Xy = {Zl, ..

Suppose Y= (w(o) ,lﬂ(k)) P = (@(0)7 SRR (P(k)) € Lip('% 3, W) with ||1/J||Lip('y,E,W)7 ||(p||Lip('y,E.,W) <
K. Further suppose that for every [ € {0,...,k} and every j € {1,..., N} the difference () (z;) — ¢ (2,) €
L(VEL W) satisfies the bound

(R ®12)

Then and enable us to appeal to Theorem[B.1l with B := X, to conclude that |[¢);q)— (gl |Lip(n, 2, w) <
€ where 9} 1= (7,/1(0), e ,1/)(‘1)) and g = (cp(o), ceey <p(q)). This is precisely the estimate claimed in (B.9). This
completes the proof of Corollary [ ]

‘E(V@;W) -

Returning our attention to Theorem [B.T]itself, the Lipschitz estimates obtained in the conclusion (B.4) yield point-
wise estimates for the difference ¢)(°) —p(?) : & — W. In particular, we may conclude that | |7/)(0) - @ ‘ ‘CO(E-W) <
€. However such pointwise estimates can be established directly without needing to appeal to Theorem[B.1l More-
over, this direct approach allows us to obtain estimates for the difference () — @ : ¥ — L(V®L W) for every
1 €{0,...,k}. An additional benefit is that we are able to provide a more explicu constant &g for which we require

the subset B C X to be a dp-cover of 3. The precise result is recorded in the following theorem.

Theorem B.8 (Pointwise Lipschitz Sandwich Theorem). Let V and W be Banach spaces, and assume that the
tensor powers of V are all equipped with admissible norms (cf. Definition[A1)). Assume that ¥ C V is closed. Let
Ko,7v,e > 0with k € Z>o such that vy € (k,k+ 1] and 0 < g9 < min{2Ky,c}. Then given anyl € {0,...,k},
there exists a constant 6o = 8o(e, €9, Ko, v,1) > 0, defined by

o :=sup{0 >0 : 2Ko0" " +eoe’ <min{2K,, }} >0, (B.13)

for which the following is true.
Suppose B C X is a dg-cover of X in the sense that

¥ C U By (z,60) = Bs, :={v €V : 3z € Bsuchthat ||[v— z||v < }. (B.14)
z€B

SMPPOS@ 1/} = (1/}(0)5 s 71/)(k)) y P = (90(0)5 ) go(k)) S Llp(’% Ev W) with ||1/)||Lip(’y,Z,W)a ||%||Lip(’y,2,W) S KO~
Further suppose that for every j € {0,... k} and every x € B the difference %) (z) — o) (z) € L(V®I; W)
satisfies the bound

[ (@) - P @) < co. (B.15)

L(VEI;W)
Then we may conclude that for every s € {0, ... 1} and every x € ¥ that
st — Oz )H <e. (B.16)

L(VOs;w)

Remark B.9. In contrasts to Theorem[B.] we are able to deal with arbitrary 9 < ¢ by suitably restricting dg. The
issue outlined in Remark [B.4lis no longer a problem in this setting since the same notion of closeness is used in both
the assumption (B.15) and the conclusion (B.16).
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Remark B.10. It follows from that, for every [ € {0,...,k}, the constant 69 = do(e, €9, Ko,7,1) > 0is
bounded above by 1. Consequently, if the constants €, €9, Ko, and ¥ remain fixed, we may conclude that the constant
dp is decreasing with respect to the argument ! € {0, ..., k} in the sense that the mapping [ — do (e, €0, Ko,7,1) is
a decreasing function on {0, ..., k}.

The following result is a consequence of Theorem [B.§] when the subset 3 C V' is compact.

Corollary B.11. Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped with
admissible norms (cf. Definition[A). Assume that ¥ C V is compact. Let Ko,v,e > 0, with k € Z>q such
that v € (k,k 4+ 1], and 0 < g9 < min {2Ky,e}. Givenl € {0,...,k} let 69 = do(e, €0, Ko,7,1) > 0 denote
the constant arising from Theorem B8 (¢f. (BI3)). Let N = N(X,¢,e0, Ko,7,1) € Z>( denote the §y-covering
number of X.. That is,

N := Neow(2,V,80) = min § a € Z : There exists x1,...,x, € X suchthat ¥ C U Ev(xj, %) p. (B.17)
j=1

Then there is a finite subset ¥y = {z1,...,2zn} C X for which the following is true.

Suppose p = (1/)(0), .. ,1/1(k)) Lo = (cp(o), cee <p(k)) € Lip(v, X, W) with ||1/)||Lip(%z7w)., ||S0||Lip('y,.Z,W) <
Ko. Further suppose that for every i € {0,...,k} and every j € {1,..., N} the difference ¢ (z;) — ¢\ (z;) €
L(V®i: W) satisfies the bound

@O(5.) — oD (5.
[903) =9 )|y <20 B.18)

Then we may conclude that for every s € {0, ... 1} and every x € ¥ that

() () — )
[#9@) ~eO@)|, o S (B.19)
Remark B.12. When N € Z>; defined in (B.I7) is less than the cardinality of 3, Corollary [B.11] guarantees
that we are able to identify a strictly smaller collection of points ¥y such that the behaviour of a Lip(y, X, W)
function F' = (F©, ... F(®) on Xy determines the pointwise behaviour of Fjy = (F©, ..., F(D) over the
entire set 3 up to an arbitrarily small error. That is, using the notation of Corollary B11] if F' € Lip(~y, Xy, W)
and ¢ = (..., 9®) and p = (), ..., p*)) are both extensions of F' to Lip(v, X, W) with Lip(v, X, W)-
norms bounded above by Ky, then for every s € {0,...,1} the functions ¢»!) and ) may only differ, in the
pointwise sense, by at most € throughout 3.

Proof of Corollary[B. 11l Let V and W be Banach spaces, and assume that the tensor powers of V' are all equipped
with admissible norms (cf. Definition [AJ). Assume that ¥ C V is compact. Let Ko,v,e > 0, with & € Z>g
such that v € (k,k + 1], and 0 < gy < min{2Ky,e}. Given! € {0,...,k} retrieve the constant o9 =
do(g,€0, Ko,7,1) > 0 denote the constant arising from Theorem for these choices of ¢, €y, Ky, 7, and .
Note that we are not actually applying Theorem [B.Il but simply retrieving a constant in preparation for its future
application. Define N = N (X, €, €9, Ko, 7, 1) € Z>¢ to be the Jp-covering number of . That is,

N := Neow(2,V,p) = min ¢ a € Z : There exists 21, ...,z, € ¥ such that ¥ C U Ev(xj, do) p . (B.20)
j=1
Let z1,..., 2y € X be any collection of N-points in 2 for which
N
¥ C U By (2, 00). (B.21)
j=1

Set Xy = {21, RN ZN}.
Now suppose that both ¢ = (@, ... .9p®)) o = (p@, ... o®)) € Lip(y,%, W) have their norms
bounded by Ko, i.e. ||¥||Lip(y,2.w); [1€]|Lip(v,5,w) < Ko. Further suppose that for every i € {0,...,k} and
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every j € {1,..., N} the difference ¢/ () (z;) — () (2;) € L(V®"; W) satisfies the bound

@ (2;) — @ H < <. B.22
[#96) = 69| gy 0 B.22)
Together, (B:21) and (B.22) provide the hypotheses required to allow us to appeal to Theorem[B.8] with the subset B
of that result as the subset X here. A consequence of doing so is that, for every s € {0,...,l} and z € X, we have

that H?/J(S) (x) — gp(s)(x)‘ ’C(V®S;W) < ¢ as claimed in (B:19). This completes the proof of Corollary [B.11} |

C. Lipschitz Sandwich Theorems - Proofs

In this section we provide rigorous proofs of the results stated in Appendix[Bl Let V' and W be Banach spaces and
assume that the tensor powers of V" are all equipped with admissible norms (cf. Definition[A]). Throughout, when
referring to metric balls we use the convention that those denoted by B are taken to be open and those denoted by B
are taken to be closed.

Let ¥ C V be closed and v > 0 with k € Z>( with v € (k, k + 1]. We begin by establishing estimates for
an element F' = (F(O), ce F(k)) € Lip(y, 2, W) at points « € X in terms of the value of F' at some fixed point
p € 2. The precise result is the following lemma.

Lemma C.1 (Pointwise Estimates). Let V and W be Banach spaces, and assume that the tensor powers of V are
all equipped with admissible norms (cf. Definition[A1). Assume T' C V is closed withp € T. Let A,p > 0, ry > 0,
andn € Zxq such that p € (n,n+ 1. Let F = (FO, ... F™) € Lip(p,T', W) with ||F||1ip(p.,r,w) < A. For
every j € {0,...,n} let Rf : T x T — L(V®I; W) denote the remainder term associated to FU), defined for
x,y € Dandv € V&I by

Q

RE @)l = FO] -3~ F l 6+9) (2) [0 ® (y — 2)®*] . C.1)

s=

(=)
)

Then for for everyl € {0,...,n}, any xz,y € X, and any 0 € (n, p), we have that

|| R (z,y)] ’ﬁ(V@’l;W) < A(dist(z, p) + dist(y, )"~ ||y — 2l[0 )
Further, suppose q € {0,...,n} and that for every s € {0,...,q} we have ||F(®) (p)HL(V(@s;W) < ro. Then for
anyl € {0,...,q} and any x € I" we have that
q—
HF(”@)HMV@Z;W) <min{ A, A[dist(z,p)’ " + S 4(z,p)] ZO dist(z,p)’ .
where
Sy g, p) = 2= ;+1 LT L dist(z,p)? ifqg<n o

0 ifg=n.

Proof of LemmalC Il Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped
with admissible norms (cf. Definition [A.I). Assume that I' C V is closed and that p > 0 with n € Zx>( such
that p € (n,n + 1]. Suppose that, for I € {0,...,n}, we have functions F(!) : T' — L(V® W) such that F' =
(FO,...,F™) € Lip(p,T', W) with || F||Lip(p,r,w) < A. Foreachj € {0,...,n}let R : I'xT — L(V); W)
denote the remainder term associated to F'(7), defined for z,y € I" and v € V&7 by

n—j

B el = PO )] = SR @) [o® (y — 2)°) (©5)

As a consequence of F' € Lip(p,I', W) with || F||pip(p 0wy < A, whenever [ € {0,...,n} and z,y € I, we have
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the bounds (cf. (A-4) and (A.6))

(I) HF(l)(x)H <A and In)  ||Rf (z,y

< Ally — 2|/t C.6
LWy > ||y 9U||V (C.6)

)HL',(VQN;W)

Ifl €{0,...,n},z,y €T, and 6 € (n, p), we use (II) of (CA) to compute that

(IT) of (C.6b

1 —0 _
HRlF(xvy)HL(V@l;W) <  Ally—all7 = Ally — 2|5 Nly — ||
—0 —
<A(llz = pllv +Ily = pllv)* " ly — 2|5
= A (dist(z, p) + dist(y, p))" " ly — /|9
as claimed in (C.2)).

Now suppose that ¢ € {0, ...,n} and that for every s € {0, ..., q} we have HF(S) < rg. Given

(p)‘ ‘C(V®S;W)
1€{0,...,q},z € I',and v € V¥, recalling that the tensor powers of V' are equipped with admissible norms (cf.
Definition[A_T)), we may use (C.3)) and (II) of (C.6) to obtain that

n—l1
1
@ — || EPNIE _ ||l
|7 <x>[v]st§S! [FOG) |,y Il = pll olvsr + Alle = Il lellver. (€7
If ¢ = n then (C7J) tells us that
q—l 1
[FO@| < <ro§g||zp||a+x4||zp||el> ol (€3)

Whilst if ¢ < n, we deduce from (C.7)) that

n—1

1 s -1
> Sl = pllv +Alle =pllv ) [loflver. (C.9)

q—1
1 S
[FO@RI| < (ro X Slle =l +4
s=0 "~ s=q—1+1

If we let S; 4(x, p) be defined as in (C.4), then (C.8) and (C.9) combine to yield that

| @)1l

q—1
1. s .
w s <”0 D Sy distlonp)" + A ldisn. )+ Sz,q<z,p>]> lllver. 10y

Taking the supremum over v € V®! with unit V! norm in (CI0) yields the second estimate claimed in (C3). The
first estimate claimed in (C3) follows from (I) in (C.6). This completes the proof of Lemmal[C.T] ]

We can use the pointwise estimates in Lemma to prove the Pointwise Lipschitz Sandwich Theorem stated as
Theorem[B.8lin Section[Bl

Proof of Theorem[B.8l Assume that V and W are Banach spaces and that the tensor powers of V are all equipped
with admissible norms (cf. Definition[A). Assume X C V is a closed subset. Let Ko, ~,& > 0 with k € Z>¢ such
thaty € (k,k + 1],and 0 < g9 < min {2Ky,e}. Let! € {0,...,k} and define §¢ = dy(e, €9, Ko,7,1) > 0 by

o :==sup{0 >0 : 2Ko0" " +ege? < min{2Ko,e}}. (C.11)

A first consequence of (C.I) is that §y < 1, and so for every s € {0,...,[} we have that §] ° < 534. A second
consequence of (C.IT) is that
2K00) " + £0e® < min {2Kg, e} <e. (C.12)
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Now assume that B C X is a dp-cover of X in the sense that

2 C | JBv(x,0) =By, :={v €V : 3z € Bsuchthat ||z — v||v <o} (C.13)
z€eB

Suppose that 1/} = (1/}(0)7 ceey T/J(k)) y P = (50(0)5 R Sﬁ(k)) € Llp(’% Ev W) with ||1/}|‘|Lip(v,z,vv‘)7 ||@||Lip(w,E,W) S
K. Further suppose that for every j € {0, ..., k} and every x € B the difference 1)) (z) — V) (z) € L(V®I; W)
satisfies the bound

() (z) — @ H < &o. C.14
[P9@ =D @],y <0 (C.14)

Define F' € Lip(y, %, W) by F := 1 — ¢ so that for every j € {0,...,k} we have FU) := () — (), Then
F|Lip(y,2.w) < 2Ko and, forevery j € {0, ..., k} and every x € B, (CI4) gives that || FU) (z)] ]L(VW;W) < €.
Now fix x € Y and s € {0,...,l}. From (CI3) we conclude that there exists a point z € B with ||z — z||y <

80. Then apply Lemma[C.1l with A := 2K, 79 := €9, p := 7, p := 2, n := k and ¢ := k, to conclude that (cf.
3

k—s
; 1
HF(S) (ac)H < min { 2Ky, 2K08) " + 20> =6} ¢ < min {QKO, 2Ko8] ! + 80650} < e (C.15)
LVOLW) =
where we have used that 7 < 6] ' Since F = 1) — ¢, the arbitrariness of s € {0,...,l} and of 2 € X ensure
that (C13) gives the bounds claimed in (B.18) This completes the proof of Theorem[B.8] [ |

We now turn our attention to the Single-Point Lipschitz Sandwich Theorem[B.3l Our strategy to prove this result will
be to convert the pointwise estimates achieved in Lemma[C ] to full Lipschitz norm estimates. To be more precise,
recall that ¥ C V is closed and v > 0 with k € Z>¢ such thaty € (k,k + 1]. Let € (0,v), Ko, > 0, and
0 < g9 < min {2Kj,e}. Retrieve the constant 6y = do(Ko,e,e0,7) > 0 arising in Theorem [B.8] for the choice
| := k. Given a point p € ¥, define Q := ¥ N By (p, dp).

Suppose 1 = (O, ..., p*)) € Lip(y, S, W), = (p0,...,p*)) € Lip(y, S, W) satisfy the norm
bounds ||Y||Lip(y,=,w), [|€l|Lip(y,2,w) < Ko. Further suppose that for every j € {0,...,k} the difference
P (p) — W) (p) € L(V®I; W) satisfies Hw(j)(p) — ) (p)‘ ‘L(V@,W) < &¢. Then by applying Theorem[B.8] for
the choices I, ¥ and B there as k, 2 and {p} here respectively, we may conclude that for every s € {0,...,k} and
every x € () we have Hz/z(s) (z) — @) (w)H[:(V®S~W) <e.

We will prove the Single-Point Lipschitz Sandwich Theorem[B.3] by establishing that after reducing the constant
0o, allowing it to additionally depend on 7, we may strengthen these pointwise bounds into a bound on the full
Lip(n, @, W) norm of ¢ — ¢. There is a natural dichotomy within this strategy between the case thatn € (k,~) and
the case that ) € (0, k]. We first deal with the simpler case that € (k, 7).

In order to prove Theorem we first strengthen the pointwise estimates obtained in Lemma to full
Lipschitz norm bounds on a local neighbourhood of the point p. The precise statement is the following lemma.

Lemma C.2 (Local Lipschitz Bounds I). Let V' and W be Banach spaces, and assume that the tensor powers of
V are all equipped with admissible norms (cf. Definition[A. ). Assume that T' C V is non-empty and closed, and
that z € T. Let A,p > 0 withn € Zsq such that p € (n,n + 1], ro € [0,A4], and 0 € (n,p). Suppose that
F = (FO,. .. F™) € Lip(p,I',W) satisfies that ||F||1ip(p,r,w) < A, and that for every j € {0,...,n} we
have the bound | ’F(j) (z)”ll(V@j;W) < ro. Then for any 6 € [0, 1] we have that

1 F||Lip(o,0,w) < max {(26)°A, min {4, A5"™" + roe’}} (C.16)

where Q :=T N By(z,6).

Proof of LemmalC2l Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped
with admissible norms (cf. Definition [AT). Assume that ' C V is non-empty and closed, and that z € T.
Let A,p > 0 with n € Z>o such that p € (n,n + 1], 1o € [0,A], and § € (n,p). Suppose that F' =
(F(O), . ,F(")) € Lip(p, I', W) satisfies that || F'||pip(p,r,w) < A, and that for every j € {0,...,n} we have
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the bound || F9) (= < ro. Foreachl € {0,...,n}let RF : T x T — L(V®,; W) be defined for
L(V®I;W) l

xz,y € Tandv € V® by

n—I

RF (2,y)lo] = FO()] - 3 %FU*%) ve (y—a)®]. (C.17)
j=0""

An application of Lemma [C1] with A, ro, p, n and 0 here playing the same roles there, yields that for each [ €
{0,...,n} and any = € ¥ we have (cf. (C3) for ¢ = n)

n—l
1 ,
HF(“(x)‘ ‘L(V@;W) < min {A , Adist(z, )P~ + 7o ; . dist(x,p)é} (C.18)
and (cf. (C2)) ]
BE (@, 9)]] £ yerary < A (dist(a,p) + dist(y,p)" " [ly — ]| (C.19)

Now let € [0, 1] and define Q := By (2,8) N ' C I'. Then givenany [ € {0,...,n} and any z,y € Q, (CI8)
tells us that

n—Il cg

. _ 0° : _

x < min , ro — < , Ao? roe’ b, )

|FO@)| <mind A, A 4oy S <min{A, A5 4 ree’} (C.20)
L(VOLW) = s!

since § € [0, 1] means ! < 67~" forevery [ € {0, ...,n}, whilst (CT9) tells us that

R (2,y < A26)" " [ly — |87, (C.21)

) ’ ‘C(V®1;W)

The estimates (C.20) and (C.21)) allow us to conclude that F' € Lip(n, Q, W) with
P ||y < max {(25)'3*" A, min{A, A" + roe5}}
as claimed in (C16). This completes the proof of LemmalC.2 [ |

We can use Lemmal[C.2]to prove Theorem[B.3] for the case thatn € (k,~).

Proof of Theorem[B3when n € (k,~). Assume that V and W are Banach spaces and that the tensor powers of V
are all equipped with admissible norms (cf. Definition[A.T). Let X C V' be non-empty and closed. Let ¢, Ky, v > 0
with k € Z>o such that vy € (k,k + 1], 0 < g9 < min{2Ky, e}, and € (k,~y). With a view to later applying
LemmalC.2] define 6y = do(e, €0, Ko,7) > 0 by

do := sup {9 € (0,1] : 2K0(20)"™" < min {2Ky,e} and 2Ko0"F +ee? < min {2K, E}} >0. (C.22)

It initially appears that dy additionally depends on k. However, k is determined by -y, thus any dependence on k
is really dependence on . We now fix the value of §y > 0 for the remainder of the proof. We record that (C22))
ensures that 5 < 1 and

I) 2Ky(26p)"" " <min{2Kg,e and 11 2K06V_k + £0e% < min {2Ky, e} . (C.23)
0

Now assume that p € ¥ and that tp = (@, ..., ¢¥®) and ¢ = (@, ..., o*)) are elements in Lip(v, X, W)
with |[9]|Lip(y,2,w)s [|€]|Lip(v,5,w) < Ko. Further suppose that for every [ € {0, ..., k} the difference P (p) —
oW (p) € L(V® W) satisfies the bound

O (p) — O H < 2. C.24
[£00) =00,y <20 (€24)

Define Q := By (p,dy) N Y and F € Lip(y, %, W) by F := 1) — ¢, so that for every j € {0,...,k} we have
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FO) =40 — ) We apply LemmalC2lto F, with A := 2K, 7o := €0, p := 7, n := k, z := p, § := n and
§ := &9, to conclude both that F' € Lip(n, Q, W) and (cf. (CIq)) that

, (1) of €23
E i) < max {21{0(250)7*77 , min {2K0 , 2Ko0] " + soe50}} < max {2K,(260)7" , ¢}

(1) of ©23
<  max{e, e} =e.

Since F' = 19— pand © := ¥ N By (p, &), this is precisely the estimate claimed in (B.6). This completes the proof
of Theorem[B.3]for n € (k,~). [ ]

Proving Theorem[B.3|for the case n € (0, k] is more challenging. We first combine Lemma[A.4] from Section[A]and
LemmalC.2]to obtain the following local Lipschitz bounds.

Lemma C.3 (Local Lipschitz Bounds II). Let V' and W be Banach spaces, and assume that the tensor powers of
V are all equipped with admissible norms (cf. Definition[A.1)). Assume that T' C V is a non-empty closed subset
with z € T. Let A > 0, 79 € [0,A), p > 1 withn € Z>y such that p € (n,n + 1], and 0 € (0,n] with
q € {0,...,n — 1} such that © € (q,q + 1]. Suppose that F' € Lip(p,T', W) satisfies that || F||Lip(p,0.w) < 4,

and that for every j € {0, ...,n} we have the bound HF(J) < 1. Given any § € [0,1] we have, for

Q:=By(z,6) N T, that

HL(V®J W)

|| F < max {(20)9°E,_,, ,min {E,_y, , 0Ep_p, +10e} } (C.25)

[a] | |L1p(0 QW)

where Fig = (F©,... F@), b, :=n— (q+ 1), andfor s € {0,...,n — 1} E,_, is inductively defined by

5 (1 + (26)%) max{(Qé)%A min {A, 6* " A+ roe‘s}} ifs=0 (C26)
S (1+\/_)max{\/_En (s—=1) » mln{En (s— 1),5E (s—1) T To€ }} ifs > 1. '
Consequently, if ro = 0 we can conclude that
n—(q+1) - q+1—
1Pl [y < (1+@0)5) (1+v28) " (26) 3"+ 4, (C.27)

If0 < rg < A then there exists 6, = 6.(A, 1o, p) > 0 such that if we additionally impose that § € [0,0,] then we
may conclude that

|71 q]HLlp(e aw) = max {(20)77177€ , min {€, 6€ +roe’}} (C.28)

for & =E(A,ro,p,0,8) > 0 defined by

£ = (1 +(20)°3" ) (1 + \/_) ( ~(at1) 4 4 pogn—(atD) ) + X e (0)  (C29)
where, fort € {0, ...,n — 1}, the quantity X,(9) is defined by

0 ift=0

(1 + \/ﬁ) roe’ 3252 87 (1 + \/ﬁ)j ift > 1. (€30

X:(0) :=

Proof of Lemma Let V and W be Banach spaces, and assume that the tensor powers of V' are all equipped with
admissible norms (cf. Definition[A.J)). Assume that ' C V is a non-empty closed subset with z € T". Let A > 0,
ro € [0,A), p > 1 withn € Z>; such that p € (n,n+ 1], and § € (0,n] with ¢ € {0,...,n — 1} such that
0 € (q,q + 1]. Suppose that F' € Lip(p,I", W) satisfies that || F'||rip(p,r,w) < A, and that for every j € {0,...,n}

we have the bound ||F(3) ||L(V®] wy < To- Fix 0 € [0,1] and define 2 := ' N By (2,6). Fors € {0,...,n—1}
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inductively define

(1 + (25)%) max{(za)%A , min{A, A6 + 7’065}} if s =0
By = (C31)
(1 n \/25) max {\/2513 oty s min{Ey_ o1y, 0B (o) + r0e5}} ifs> 1.
We first prove that each E,,_; is bounded from below by 7. This is the content of the following claim.
Claim C4. Foreverys € {0,...,n — 1} we have
E,_s > 1. (C.32)
Proof of Claim[C4] The claim is proven via induction on s € {0,...,n — 1}. For s = 0 we have
oo 5 5
E, > max{(Qé)TA, min {4, A5"™" + roe }} > min {4, A5"" + 1o’} > g (C.33)

where the last inequality uses that g < A. If (C32) is valid for s € {0, ...,n — 2} then we compute that

En,(sﬂ) (1 + \/_) max{\/_En s mm{En sy OF, 4 +T0€6}}
> max {\/%En,s , min {En,s , OFE,_s + Toeé}}
> min {En,s , 0F,_s + 7’066} > 1y
where the last line uses that F,,_, > r( by the assumption that (C32) is valid for s, and that 6 E,,_, + roe® > ro
since § > 0. Thus we have established that the estimate (C32) for s € {0, ...,n — 2} yields that the estimate (C32)

is true for s + 1. Since (C33) establishes that (C32)) is true for s = 0, we may use induction to prove that (C.32) is
in fact true for every s € {0,...,n — 1} as claimed. This completes the proof of Claim[C.4l ]

We now prove that, for each s € {0,...,n — 1}, the Lip(n — 5,Q, W)-norm of Fj,,_,_1) = (F©, ... Fn=s=1)
is bounded above by E,,_ . This is the content of the following claim.

Claim C.5. Forevery s € {0,...,n — 1} we have that

|| Fn < Ens. (C.34)

(s+1)] ’ ‘Lip(n—s,Q,W)

Proof of Claim[C3 We will prove (C34) via induction on s € {0,...,n — 1}. We begin with the base case that
s = 0. In this case, consider  := 25* € (0, p — n) so thatn + £ € (n, p) with 0 < £ < 1/2. An initial application
of Lemmal[C2] with T', A, rg, p and n here playing the same role and with the 6 in Lemmal[C2] being n + ¢ here,
yields that

[ F||Lip(nte,0,w) < max {(25)’3_"_514, min {A , ASPTT 4 roe‘s}} ) (C.35)

We next apply Lemmal[A 4] with the T, p and 6 of that result as 2, n + £ and n here respectively, to obtain that
||F[n71] ‘ |Lip(n,g,w) < min{C1, C2}H[F||Lip(n+¢.0,w) (C.36)
where (cf. (A33) and recalling both that diam(£2) < 26 < 2 and that 0 < § < 1)

n —n

di
Cy=max{ 1, min{l+e, diam(Q +Z fam({2 1 =1+ diam(Q)¢ < 1+ (20)%, (C.37)
(n—

and (cf. (A.39))

C> = max {1, min {1 + e, diam(Q)" "} } (1 + min {e, diam(Q)}f) (1 + min {e,diam(Q)})"™"  (C.38)
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so that, since diam(2) < 26 < 2and 0 < £ < 1, we have
Cy =1+ diam(Q)* <1+ (26)° (C.39)
The combination of (C.33)), (C.36), (C.37), and (C.39) yields that

||F[ <(1+ (25)5) max {(25)”7"75/1, min {A, A6*~" + Toe‘s}}

=1 Lip(m.coo)

= (1 + (26)%) max{(25)%14,min {A, Asr—n +r065}} 5.

This completes the base case of our induction by verifying when s = 0.

Now assume thatn —1 > 1, thats € {1,...,n— 1}, and that is true for s — 1. Consider ¢ := £ € (0,1)
sothatn — s+ £ € (n — s,n — (s — 1)). An initial application of Lemma[C.2] with T', A, rg, p and 6 of that result
as 0, B, _(s_1), 70, — (s — 1) and n — s + £ here respectively, yields that

| Fin—s [ Lip (e oy < max {(20)' B (1) min { By (s—1y » Boo(s-)d +70e°} . (C40)

We next apply Lemma[A.4] with the T, p and 6 of that result as 2, n — s + £ and n — s here respectively, to obtain
that
|| P

< min{ D1, Do} || Fn—s (C41)

(s+1)] | |Lip(nfs,Q,W) ] | ‘Lip(’nferf,Q,W)

where (cf. (A33) and recalling that diam () < 2§ < 2 and £ := % <1

TS giam(Q)i— (=)
Dy =max{ 1, min{ 1+ e, diam(Q)* + Z (jlin(l; _) s—1))!

=1+ diam(Q)° < 14 (26)%, (C.42)

j=n-—s

and (cf. (A34))
Dy = max {1 , min {1 +e, diam(Q)O}} (1 + min {e, diam(Q)}g) (14 min {e, diam(Q)})O (C43)

so that, since diam(2) < 26 < 2and £ := 5 < 1, we have

1
2

Dy =1+ diam(2)* < 14 (20)°. (C.44)
The combination of (C.40), (C.41), (C.42), and (C.44) yields that

| Bt | ipnesowy < (14 (260)%) max { (20)' =€ B -1y, min { By—(a-1) 0B a1y +70¢’}}

= (1 + \/%) max {\/2_5En,(s,1), min {En,(s,l) s OB, _(s—1) + roe‘s}}

= Enfs-

This completes the proof of the inductive step by establishing that if is valid for s—1with s € {1,...,n—1},
then (C34) is in fact valid for s.

Using the base case and the inductive step allows us to conclude that (C34)) is valid forevery s € {0,...,n—1}.
This completes the proof of Claim[C3] ]

By appealing to Claim[C.3] we conclude that, for every s € {0,...,n — 1} we have that

‘ ‘F[n7(5+1)] | ‘Lip(n—s,Q,W) = En—s- (C45)

Letby :=n—(¢+1) €{0,...,n— 1} sothat g+ 1 = n — b,. Then (C43) for s := b, tells us that

| Ftal | Lipar 1.0,y < Bnb- (C.46)
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A final application of LemmalC2l with ', A, 7o, p and 6 of that result as 2, Epn_b,, 70, ¢+ 1 and 0 here, yields that

i |1 ipo.0y < max {281 By g, min { By, , §En-s, +10e’}} (C.47)

which is precisely the bound claimed in (C23).
Now suppose that 7o = 0. Then from (C31)), for s € {0,...,n — 1} we have that

1+ (26)"2" ) max< (20)"2° A, min{A4, 6 "A ifs=0
By = ( (20) ) {( )* t }} (C.48)
(1 n \/%) max{ME o1y » min {Ey_(o_1) , 5En_(s_1)}} ifs> 1.
Since § € [0, 1] (C43) yields that
1+(20)27 ) (20)2"A ifs=0
B,y = ( (20) ) (29) (C.49)
(1—1—\/_)\/_]3 oy ifs>1.
Proceeding inductively via (C.49), we establish that for any s € {0,...,n — 1} we have that
Bus = (14(20)7) (14 \/%) (20) 5 4, (C.50)

Observing that § € [0, 1] means that § < 69719 < 1, we may combine (C:47) and (C30) for the choice s := b, =
n — (¢ + 1) to obtain that

bq p—n+tb
1-6 44 q+1-6
1 Fa .o < @0 0E, L, & (1 +(20)% ) (1 + \/25) (20)F *+erl=04 (51
Since p — n + by = p — (g + 1) we see that (C3) is precisely the estimate claimed in (C.27).
Now assume that 7y € (0, A). We first let 4, := 1 To establish (C28)) we must reduce d.. to a smaller constant.
With the benefit of hindsight, it will suffice to reduce ¢,, depending only on A, rg, and p, to ensure that whenever

J € [0, 0. we have the estimates

I) max{l V25, 14 (20)
II) e’ <A (1—677),

( } <2 (in particular 26 < 1),

(

(I11) (2p2" ”5") 57" A < roe’, (C.52)
(

(

IV) 2v26 (67" A+ roe‘s) <ree, and

1—(20)™
V) V26 [2” (6p_"A + roée‘s) + 2rge® (71 E 255) )] < roe’.

We now consider a fixed choice of § € [0, d,] and establish the estimate claimed in (C28) for 2 := By (p,§) N T.
We begin by estimating the terms E,,_ for s € {0,...,n — 1}. We first prove, for every ¢t € {0,...,n — 1}, that

Ep_i = (1 +(20) ”E") (1 + \/%)t (627 A + rooted) + X4 (0) (C.53)

where X;(0) is the quantity defined in (C30). That is,

X, (6) 0 ift =0 s
((6) == ; (C.54)
<1+\/_)7’065Zt 15ﬂ(1+\/ﬁ)J ift>1.
We begin by considering ¢ := 0. From (C31)) we have that
E, (1 + (20)%F" ) max {(25)%/1 , min {4, 5°"A+ roeé}} . (C.55)
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A consequence of (IT) in (C32) is that 57~ " A + rge® < A so that from (C33) we see that
E, = (1 + (25)%) max {(25)%/1 L 0P TA r0e5} . (C.56)
A consequence of (IIT) in (C32) is that (26)“Z" A < §°~™ A + roe® so that from (C36) we see that
E, = (1 n (25)%) (6~ A + roe®) (C.57)

which is the estimate claimed in (C33) for ¢ = 0 since X(4) := 0.
Now consider ¢ > 1 and assume that (C.33)) is true for ¢ — 1. From (C31)) we have that

E,_ , = (1 ¥ \/%) max {\/2_5En,(t,1) , min {Ey_(_1) , 0En__1) + roeé}} . (C.58)
Since (C.33) is valid for t — 1 we have that

p—n

—1
B on = (14 20)7) (1+ \/%)t (621 A + g6t 1ed) + Xy (0) (C.59)

We claim that 6E,,_ ;1) + ro€® < E,_(4_1).
If ¢ = 1, then (C37) ensures that (1 — §)E,, > (1 — 9) (1 + (25)%) roe’. If we are able to conclude

that (1 — ) (1 + (20) pgn) > 1 then our desired estimate §E,, + roe® < E, is true. The required lower bound
(1-9) (1 + (25)%) > 1is equivalent to (26)“z" — & — §(26)“=" > 0. A consequence of (I) in (C32) is that

(20)%z" < 1. This tells us that § + §(20)“z" < 26 < (26)“=" where the latter inequality is true since 26 < 1 and

p—n

257 < 1. Hence (1 — 9) (1 +(26) = ) > 1 and so we have that §E,, + roe® < E,, as required.
If t > 1 then (C.39) ensures that (1 — 0)E,,_;—1) > (1 —0)X;_1(d) > (1 — ) (1 + \/26) roel. If we are
able to conclude that (1 — §) (1 + 26) > 1 then our desired estimate 0 F,, ;1) + roe? < E,,_(4—1) is true. The

required lower bound (1 — §) (1 + \/ﬁ) > 11is equivalent to v/26 — & — §v/26 > 0. A consequence of (I) in (C32)

is that v/2§ < 1. This tells us that § + §v/26 < 2§ < /2§ where the latter inequality is true since 26 < 1. Hence
(1-9) (1 + v 25) > 1 and so we have that § E,, ;1) + roe® < B, —(t—1) as required.
Having established that 6 E,,_ ;1) + roe® < E,_(;_1), (C38) tells us that

E,_, = (1 n \/25) max {\/25En,(t,1) 6B, + roeé} . (C.60)
We claim that V20 E,,__1) < 0E,_(1—1) + roe’. If t = 1 then we compute, using (C.39) for ¢ = 1, that

(V26— 6) Eu = V5 (V2= V3) (14 (20)"27) (6" A+ roe?)

(1) in (IV) in
<

2v/26 (5”_”A + 7’066) < roe’.
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Consequently we have v/20E,, < 6F,, + roe’ as claimed. If t > 1 then we compute, using ((C.39) for ¢ > 1, that

(V26— 0) Byy = (V26 - 9) ((1 +(20)7) (1+ \/ﬁ)t_1 (67T A+ g0 Ted) + Xt1(5)>

(1) in
<2026 (8P TLA g6t ed) + V20X, -1 (0)

t—1 .
= 2v/26 (8P A 4 st ted) + V26 (1 + \/%) roel Z(Sj (1 + \/%)j
=0

(1) in Ut
< 20V (677" A+ rode’) + 2v/20rp€’ 2(26)3
j=0
4 _ t
(1) in 5 V28 {Qt (5’)7"14 + 7’0566) + 2rge® (%)]
_ n\7 (IV) in
< V26 {2” (5’)an + 7’0566) + 2rpe® (%)] < roe’.

Consequently we have that V20 F,,_;_1) < 6E, ;1) + roed as claimed.
Returning our attention to (C.60), the inequality v20E,,_ ;1) < 0E, ;1) + roe? means that

E, = (1 + \/ﬁ) (5E”—(t—1) + Toeé)

(1+v29) ((1 +(20)7) (1+ \/2_6)H (877 A+ rod"e”) + 0Ky (8) + Toeé)

= (1+e9=") (1+ \/%)t (677" A + 700"e%) + (14 V23) (roe® + 6X,-1(9))

‘We observe that

— 0 ift—1=0
6 (1+v28) X, -1(9) o ; (C.61)
(1 n \/ﬁ) roed Y 67 (1 n \/ﬁ) ift—1>1.
Via (C.&])) we see that
1+ 26 ) roe’ ift—1=0
(1 + \/%) (T0€5 + 5Xt—1(5)) = ( ) 5 . o
(1+\/%)roe 22063(1—1—\/%) ift—1>1
(ﬂ, X1 (6) lft =1
Xt((S) ift > 2
= X;(0)
Therefore we have established that
p=n t
Byt = (1 + (25)T) (1 + \/%) (62" A + rodte®) + X, (6) (C.62)

which is the estimate claimed in (C.33) for ¢. Induction now allows us to conclude that the estimate (C.33) is valid
forevery t € {0,...,n — 1} as claimed.
To conclude, recall that 6 € (¢,q + 1] and by :=n — (¢ + 1) € {0,...,n — 1}. Then (C.47) yields that

|| Fig| |Lip(979,w) < max {(20)417€, min{€, G€ +roe’}} (C.63)
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where, via (C33) for t := by, £ = E(A,10,p,0,0) := E,_yp,, ie.

(g+1)
¢ &2 (1 +(20)°3" ) (1 + \/_) ( ~(@+1) g 4 pgnla+D) ) + X (gs1) (0) (C.64)
as claimed in (C28) and (C29). This completes the proof of LemmalC3l [ |

We can use Lemmal[CJ3lto complete our proof of Theorem[B.3lby dealing with the case that € (0, k].

Proof of Theorem[B3for 0 < n < k. Assume that V and W are Banach spaces and that the tensor powers of V are
all equipped with admissible norms (cf. Definition[AT)). Let ¥ C V be closed and non-empty. Let e, Ko > 0,7 > 0
with k € Z>1 such thaty € (k, k+ 1], and n € (0, k]. Observe that this requires 1 < k < 7. Letq € {0,...,k—1}
such that € (¢, q + 1] C (0, k]. Finally let 0 < €9 < min {2Ky, }.

Our strategy is to establish the desired Lip(#n)-norm bounds via an application of Lemma[C.3] For this purpose
we retrieve the constant §, arising in Lemma[C3[for A := 2K, rg := g, p := ~y and 6 := 7). Note that we are not
actually applying Lemma[C.3] but simply retrieving a constant in preparation for its future application.

Let dp := min {1, 0.} > 0, which depends only on Ky, €9, v and 7. In order to ensure that applying Lemma
[C3lyields the desired Lip(n)-norm estimate, we will allow ourselevs to (potentially) further reduce dy, additionally
now depending on €. With the benefit of hindsight, it will suffice alter &y to ensure that

(A) max {1 + (260 E , 14/ 260} <2, (Inparticular, 2§y < 1),

(B) (200) 7 < e
(C) ( +(260)° )(57 F(2Ko) + e )<5 (C.65)

14 /25,

1= 23, )60660 <e, and

(D) 2k q( ’Y k 2K0 +5050€60) (
°<(1-do)e.

We now fix the value of 6y = (Ko, "y, 7, 0, €) > 0 for the remainder of the proof.

Now assume p € ¥ and that ¢ = (¥(@,..., ") and p = (¢, ... o*) are elements in Lip(v, %, W)
with |||[Lip(y,5.w): |[@]|Lip(y,5,w) < Ko. Further suppose that for every [ € {0, ..., k} the difference 1" (p) —
oW (p) € L(V®, W) satisfies the bound

Op) - o )| < &o. C.66
Hlﬂ (P) = 0| ot gy = 50 (C.66)
Define Q := By (p,dp) N X and F € Lip(y, %, W) by F := 1) — ¢ so that for every j € {0,...,k} we have
D) — ) — 0,
We begin with the case that eg = 0. Since g < 1, the bounds (C.60) allow us to apply LemmalC3lto F', with
A:=2Kq, 1o := €0, p:=,0 :=nand § := §p, to conclude that (cf. (C27))

k—(q+1 ) w Ny gtl-n
H [d] | |L1p(n7Q w) = (1 + (250 ) (1 + 250) T (2K). (C.67)
We compute that
(qu ) ’Y mnya9tl—nm
|| Fq ‘Lip(n,Q,W) = (1 +(200)" ) (1 +V 2(50) T (2K0)
(A) in _ y=m_ gtl—-m (B) in _ e
< 2k=9(260) T T (2K,) < ok qm(y{o) =c.

Recalling that 2 := ¥ N By (p, o) and F' := th — ¢, this is precisely the estimate claimed in (B.6)), and our proof
is complete for the case that £g = 0.
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Now consider the case that g > 0. Recalling how we chose g, the bounds (C.66) allow us to apply Lemma
[CAlto I, with A := 2K, rg := €9, p := 7, 0 := 1 and § := J, to conclude via (C28) that
i Lip oy < max {(200)77177€ , min {€, 6o + o™ } | (C.68)

for & = E(Ko,,m,€0) > 0 defined by (cf. (C.29))

&= (1+(200)2 )(1+\/ﬁ)

where, for ¢ € {0, ...,k — 1}, the quantity X;(0) is defined by (cf. (C30))

(g+1) —
(53 @) (9 Fy) + oot~ @D 50) + X (g+1) (%) (C.69)

0 ift=0
X(0) := (C.70)

(14 v/280) e0e™ 3070 6 (1+v280)” it > 1.

We first prove that (1 — o) € > gpe®
If k = g+ 1, then (C.69) ensures that (1 — dg) £ > (1 — dg) (1 + (200) 7 ) £0e®. If we are able to conclude

that (1 — do) (1 + (200) ™
(1—="40) (1 + (250) ) > 1 is equivalent to (250) = 0o — 50(260) > 0. A consequence of (A ) in (

is that (250) < 1. This tells us that §g + 60(260)
20p < 1 and V—Qk < 1. Hence (1 — do) (1 + (200) " En

If k > g + 1, then (C69) and (C70) yield (1 — &) € > (1 — 80) Xj—(g+1)(60) = (1 — do) (1 + v/200) g€’
If we are able to conclude that (1 —0op) (1 + \/E) > 1 then our desired estimate (1 — &y) £ > £0e? is true. The
required lower bound (1 — dg) (1 + /2d9) > 1 is equivalent to v/28p — dy — 69+/2dp > 0. A consequence of (A )
in is that /28; < 1. This tells us that 5o + dg/280 < 260 < +/20¢ where the latter inequality is true since
280 < 1. Hence (1 — &) (1 + 1/28¢) > 1 and so we have (1 — §o) & > £0e® as required.

Having established that (1 — o) £ > g0e we observe that (C.68) becomes

gk) > 1 then our desired estimate (1 — dg) £ > 60660 is true. The required lower bound

~—k
< (200)™= where the latter inequality is true since

> 1 and so we have (1 — &y) £ > gpe® as required.

v

< max {(200)7T7E | 6o + 0™ } (C.71)

‘ ‘F[Q] ’ Lip(n,Q,W)

We now prove the upper bound for £ that £ < . For this purpose note that when k£ = ¢ + 1 (C.Q9) yields that

in
£ = (1 + (250) ) (57 k(QKo) + gpe ) «© [‘ml 9 (C72)

since Xo(do) = 0 from (CZ0). If, however, k > ¢ + 1 then k — (¢ + 1) > 1 and so, recalling that (A ) in (C.63)
ensures that 205 < 1, we have

k—(q+1) )
1+ /28
Xi— (g1 (00) (1 4 \/250) £0e Z 5 (1 n \/250) <! — 2500)50650. (C.73)

Moreover, 255 < 1 ensures that (5 (a+1) < §y. Hence we can combine (( and (C73)) to obtain that

- 1+ /24 (D) in €23
£ < 2571 (5774 2Ko) + codoe™) + (1V2500> oeto PV ED

Therefore in both the case that k = ¢ + 1 and the case that £ > ¢ 4+ 1 we obtain that

E<e. (C.74)

We complete the proof by using the upper bound in (C74) to control || Fig| Recalling that (A ) in (C.63)

Lip(n,Q,W)"
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means that 26y < 1, we have that

(B) in &3
M) (26)T77e<E < e and  (II) 6o +e0e® < boe+ege? < e (C.75)
Thus
(1) in T3 in
1Fallpomam, < max{(20)T1778, 608 +eoe™} < max{e,dof +eoe} TV ET & (CT6)

Recalling that  := ¥ N By (p, &) and F := ¢ — ¢, (C70) is precisely the estimate claimed in (B.6), and our
proof is complete for the case that g > 0. Having already established the conclusion for the case that g = 0, this
completes the proof of Theorem [B.3]for the case that € (0, k]. [ |

We now turn our attention to the full Lipschitz Sandwich TheoremBl Our strategy to prove this result will be to
patch together the local Lipschitz bounds achieved in Theorem[B.3l To be more precise, recall that ¥ C V is closed
and v > 0 with k € Z>¢ such thaty € (k, k + 1]. Let n € (0,7), Ko,e > 0, and 0 < g < min {2Kj, ¢}. Retrieve
the constant 6y = do(Ko, €, 0,7, ) > 0 arising in the Single-Point Lipschitz Sandwich Theorem[B.3l Assume that
B C Y is a dg-cover of X in the sense that the dg-fattening of B contains 3.

Suppose ¢ = (@, ... ")) € Lip(y,E, W) and ¢ € (¢@,...,0") € Lip(y, %, W) both satisfy the
norm bounds ||4|Lip(y,5,w), |@||Lip(y,5,w) < Ko. Further suppose that for every j € {0,...,k} andevery z € B
the difference ) (z) — o) (z) € L(V®; W) satisfies || (z) — o) (:E)HC(V@;W) < &o. Then given any point
p € B, we can apply the Single-Point Lipschitz Sandwich Theorem[B.Sto conclude that | |14 — (g1 ||Lip(n,0,,.w) < €
for Q, := % N By (p,do) and g € {0, ...,k} such thatn € (¢,q + 1].

It may initially appear that since ¥ = Upc {2, these local Lip(#n)-norm bounds should combine together to
yield [|¥1q) — ©1q)l|Lip(n,=,w) < €. However, this is not necessarily true. For example, given any o € (0, 1),
consider the function F : [0, 1]U[1+ «, 2] — R defined by F(z) := 0ifz € [0,1] and F(z) := aifz € [1 + a, 2].
Then F € Lip(1,[0,1] U [1 4+ «, 2], R) and we have that ||F||Lip(1,[0,1],]R) = 0 and ||F||Lip(1,[1+a,2],R) = «a. But
[F1+a) - F(1)|=a=[1+a—1|andso |F||Lip, 01014028 =1 > a.

The main content of our proof of the Lipschitz Sandwich Theorem[B.dlis to overcome this problem. We prove
that, by requiring the constant £¢ to be sufficiently small, depending only on €, Ky, -y and 7, rather than an arbitrary
real number in the interval [0, min {2Ky,e}), we can patch together local Lipschitz estimates resulting from an
application of the Single-Point Lipschitz Sandwich Theorem[B.3to yield global Lipschitz estimates throughout .

Proof of Theorem|[B.1l Let V and W be Banach spaces, and assume that the tensor powers of V are all equipped
with admissible norms (cf. Definition[A.J). Assume that ¥ C V is non-empty and closed. Let Ko, &,y > 0 with
k € Z>o such that v € (k, k + 1]. Further let n € (0,) with ¢ € {0, ..., k} such thatn € (g, ¢ + 1]. It suffices to
prove the theorem under the additional assumption that e < 2K; the conclusion being valid for e immediately
means it is also valid for any constant &’ > ¢.

Define 0 := 2(1—16) > 0 and retrieve the constant dg > 0 arising from Theorem for the same constants

Ky, v and 7 as here respectively, and with the choices of fc and gs here as the constants ¢ and € in Theorem [B.3]
respectively. Note that we are not actually applying Theorem[B.3] but simply retrieving a constant in preparation for
its future application. Examining the dependencies in Theorem [B.3 reveals that 6y > 0 depends only on &, Ko, v
and 7). If necessary, we reduce d¢, without additional dependencies, so that §o < 1. Further, we replace g by do/2.
Our choice of §y > 0 means that if 1 = (¥(©,... ") o = (p©, .. o*) € Lip(y, X, W) with
1] |Lip(v, 5,y 1@l |Lip(y,2,w) < Ko, and if for a point p € X and every [ € {0,...,k} we have the estimate
@ (p) — O (p)] ‘L(V@;W) < £c, then an application of Theorem[B.3] would allow us to conclude the estimate

that H’L/J[q] — P[q] ‘ ‘Lip(n,Qp,W) < fe for Q, := By (p, 200) N 2.
We now fix the value of o > 0 for the remainder of the proof. Having done so, we define g > 0 by

= min { 0 % =0 C.77
0 = Mmin ,m §> . (C.77)

Examining the dependencies in (C77) reveals that €9 depends only on &, Ky, -y and . We may now fix the value of
€o > 0 for the the remainder of the proof.
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Let B C X satisfy that
2 c | Bv(,d). (C.78)

reB

Suppose 1/1 = (w(o)a v WUC)) P = ((p(O), R (p(k)) € Lip(’% %, W) with ||¢||Lip('y,2,W)a ||90||Lip('y,E,W) < Kp.

Further assume that whenever I € {0,...,k} and z € B we have the estimate |[¢() (z) — ¢ (w)Hz:(vwW) < &o.

Let p € B. Recalling how we chose the constant 4y > 0 and that (C.77) means that ¢q < gs, we may appeal to
Theorem[B.3lto conclude that
fe (C.79)

H¢[q] - ‘P[q]’ Lip(n,Qp,W) =

where 2, := ¥ N By (p,2dp). The arbitrariness of p € B allows us to conclude that the estimate (C.79) is valid for
every p € B.
We complete the proof of Theorem [B. Il by establishing that having the bounds (C.79) for every p € B allows

us to conclude that Hz/)[q] — ¥[q] ‘ ‘Lip(maw) < e. This is proven in the following claim.

Claim C.6. If I’ = (F(O), ceey F(k)) € Lip(n, X, W) satisfies, for every l € {0,...,k} and every z € B, that
HF(” < &g and ‘ ‘F[q]’ < fe, where ), ==X N Ev(z, 20¢), then we have

(Z)‘ ’g(vcaz;w) Lip(n,Q.,W)

|| Fq ‘Lip(n,Z,W) <€ (C.80)
Proof of Claim[C6l Foreach!l € {0,...,k}let Rf : ¥ x ¥ — L(V®; W) denote the remainder term associated
to '), Therefore whenever [ € {0,...,k}, z,y € ¥ andv € V®!, we have that (cf. (A.3))

k—1
R (z,y)v] = FO ()] = Y FH) (@) [ve (y — )] . (C.81)

If ¢ = k then we may work with the unaltered remainder terms defined in (C8I). But if ¢ < k then we must
first appropriately alter the remainder terms. For this purpose, for each I € {0,..., g} we define Rf XXX —
L(VELW) forz,y € X andv € V& by

: RE (2, y)lo] ifg =k
Rf (z.y)l] =1 AT o (C.82)
Ry (@ y)lo] + g g PV (@) v @ (y —2)®°] ifg <k
It follows from (C.81) and (C.82) that whenever ! € {0,...,q}, 2,y € ¥ and v € V®! we have
q—1
FO@)] =Y FI) @) [ve (y — 2)°] + Rf (z,y)[v]. (C.83)
s=0

For each 2z € B, the assumption that ||Fl||rip(y.0.,w) < 02 for Q. := 5 N By(z,28) tells us that for every
1€{0,...,q}andany 2,y € ¥ N By (z,250) we have

(I) HFU)(:C)H <0c and (I HRlF(x,y)HL

_ ||t
cvewy = < Oelly — =|[j; . (C.84)

(VELW)

Consider p € X. From (C78) we know that p € ¥ N By (z, &) for some z € B. Consequently the bound (I) in
(C84) holds for = := p. Since p € ¥ was arbitrary, we conclude that for any p € ¥ we have

HF(Z)(p)‘ ‘L(W‘W) < 0e. (C.85)

Consider | € {0,...,q} and p,w € X. If there exists z € B for which p,w € By (z, 250) then (II) in (C84) yields
that

> -
BE )|, oy < Ol = I (C36)
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Now suppose that no single ball By (z, 26) contains both p and w. From (C.78) we know that p € ¥ N By (4, 5o)
andw € X N Ev(zj, o) for some z;, z; € B which must be distinct. In fact, since w ¢ £ N By (z:,260), we can
conclude that

|lw = pllv = do- (C.87)

Observe that from (C:83) we have, for any v € V&, that

—1
B w)le] = FO@)D] — Y- () [0 (w - )™ (C89)

S

<

Il
=]

We may further use (C.83)) to compute that

q—1
FO@)] =3 LR () [0 ® (1 — )] + BF (25,w)[0]. (C.89)

u!
u=0

Since w € Ev(zj, 0p) we may use (C.84)) to conclude that

RF (), w) < Beljw — 2| < 0e807" (C.90)

’ ‘L(V@”;W)
Additionally, since z; € B we may compute that

q—1 q—1
1 u u 1 u
> [ e o w = z)||, < 0 Xl =zl llellver < coe®lfellyer €91

u=0 u=0

Combining (C.89), (C.90), and (C.9T)) yields the estimate

|FO @)

< (9553*1 + 50650) Iv]lver. (C.92)

Turning our attention to the second term in (C.88), note that for any s € {0,...,q — I} we have via (CZ3), for
v i=v® (w—p)® € VOUEs) that

—l—s
a 1

FO )= Y —FO () [ @ (0 - 20) ] + By o (2i0) W] (C.93)
u=0 :

Since p € By (2, dp) we may use (C86) to conclude that

], 01— <05

Via similar computations to those used to establish (C.91]), the fact that z; € B allows us to compute that

q—Il—s

Z % HF(lJrqus) (z) [v’ ® (p— Zi)@u}

u=0

Combining (C.93), (C.94)), and (C.93) yields that

‘W < 0™ |[V/ ||y o (C.95)

[F )

< (s0e® + 02077 | llyeasn = (c0e® + 0203~ ) flw = pll llvllver  (C96)

where the last equality uses that v" := v ® (w — p)®* and that the tensor powers of V' are equipped with admissible
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norms (cf. Definition[A.T). A consequence of (C.96) is that

q9—
HF(H‘S) z - (coe™ + 02817 = plg Il €97
s=0 :O

Since from (C87) we have that 6y < ||w — p||v, we may multiply each term in the sum on the RHS of (C.97) by
lw — |76, 17 0+D) > 1 1o conclude that

q l q—
s 1 —(l+s —(n—1l—s -1
HFH) 2 [v] W<ZOQ(€0€60+9558 ( ))50(77 )||w,p||7‘7/ |[v]|yer. (C.98)

s= =

Combining (C.88), (C.92)), and (C.98) allows us to deduce that

q—1
. _ 1 ol _
HRlF(p, w)[v]HW < (9568 " eged + Z ai (6066050 (n=t=s) +95) |[w — pl|{; l) l|v]|yer. (C.99)
s=0 "'
Observe that
-1 -1
fedg < Oellw—plly ", (C.100)
g0’ < 5057(n71)650||w—p||n_l, (C.101)
eoe® s, ™ ”Z 03 < c0dy (=020 and (C.102)
s= O
q—l 1
95;) = < fee. (C.103)

Combining (C.100), (C. 101D, (C.102), and (C.103) with (C.99) yields

|7 )l <

(95(1 +e) + ody Ve (14 e50)) w — plI% o]y (C.104)

Taking the supremum over v € V®! with unit V®!-norm in (C.104) yields

RlF(p,w)H < (0e(1 + €) + 200, "e® (1 + €2)) ||w — p|[I (C.105)

LVEOLW)

since g < 1 means 507(7771) < ¢, "foreveryl € {0,...,q}.
Together (C8@), (CI03) and the inequality fc < 0=(1 + €) + eody "e% (1 + 660) mean that for any | €
{0,...,q} and any p,w € ¥ we have

60 1+ 50
< (05(1+e)+sow> |lw — pl[7" (C.106)

Af(p’w)HL( 5

VoLW)
The definitions (C.83), the bounds (C.83)), and the Holder estimates (C.106) tell us that

do 1+ 5o
HF[Q] ‘ |Lip(?7,2,W) <fOe(l+e)+ EOM

3o
7D 1 5 5] e (1+e%) ¢ ¢
< 1 - 0 = 4+2=
S re M tOt s Em e o] 23~ °
as claimed in (C.80). This completes the proof of Claim [C.6] |

Returning to the proof of Theorem[B.Tlitself, we define F' := 1) — ¢ € Lip(y, X, W) so that forevery j € {0, ..., k}
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we have F(9) = () — x()_ Then, by assumption, we have for every j € {0,...,k} and every z € B that

||F(j) (z)||c(v®j-W) < go. Moreover, (C.79) tells us that whenever z € B we have that ||F[q] ‘ ‘Lip(n Q.. < fe
for 2, := ¥ N By (2, 280). Therefore we can apply Claim[C.Gto F and conclude that HF[q] | |Lip(n W) < e. Since
F := 1) — ¢ this gives the estimate claimed in and completes the proof of Theorem|[B.1l ' [ |
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