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Abstract

We study contests where the designer’s objective is an extension of the widely
studied objective of maximizing the total output: The designer gets zero marginal
utility from a player’s output if the output of the player is very low or very high.
We consider two variants of this setting, which correspond to two objective func-
tions: binary threshold, where the designer’s utility is a non-decreasing function of
the number of players with output above a certain threshold; and /linear threshold,
where a player’s contribution to the designer’s utility is linear in her output if the
output is between a lower and an upper threshold, and becomes constant below the
lower and above the upper threshold. For both of these objectives, we study rank-
order allocation contests and general contests. We characterize the contests that
maximize the designer’s objective and indicate techniques to efficiently compute
them.
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1 Introduction

Contests are games in which (1) players invest effort and produce outputs toward
winning one or more prizes, (2) those investments of effort are costly and irreversible,
and (3) the prizes are allocated based on the values of outputs. They are prevalent
in many areas, including sports, rent-seeking, patent races, innovation inducement,
labor markets, college admissions, scientific projects, crowdsourcing and other
online services.'

We study contests as incomplete information games. We assume that the players
are self-interested and exert costly effort in order to win valuable prizes. Each player
is associated with a private ability (or quality), and their cost, as a function of their
output, is linear with a slope equal to the inverse of their ability. The players know
the prize allocation scheme, their own ability, and the prior distributions of other
players’ abilities, and play strategically, reaching a Bayes—Nash equilibrium. On the
other hand, the contest designer knows the prior distributions of the players’ abili-
ties, and can therefore compute the equilibrium behavior of the players. She wants to
design the prize allocation scheme to elicit equilibrium behavior that optimizes her
own objective.

1.1 Designer’s objective

The most widely studied designer’s objective in the literature is the total output, i.e.,
the sum of the outputs generated by the players. Under the total output objective, the
designer values equally the marginal output by weak players (producing low output)
and strong players (producing high output). In particular, if there are n players in the
contest and b; is the output of the i-th player, then the total output objective is

n
total output:  max Z b;.
i=1

However, in several practical scenarios, the designer may want to focus on the output
generated by a section of players producing low/middle/high level of output or to
elicit an adequate output from several players instead of very high output from a few
players. Motivated by this observation, we consider objectives of the following type

n
our designer’s objective: = max Z f(bs),
i=1

where the function ftakes the threshold form shown in Fig. 1 and described below.
We focus on two types of objective functions. Under the binary threshold objec-

tive, there is a fixed threshold B, and the designer’s objective value weakly increases

with the number of successful players. A player is successful if she produces an out-

I'See the book by Vojnovié (2016) for an introduction to contest theory and relevant resources.
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Fig. 1 Designer’s objectives (left to right): total output, binary threshold, and linear threshold

put of at least B. In contrast, under the /inear threshold objective, there is a lower
threshold By, and an upper threshold By . All players who produce an output below
By, make the same contribution to the designer’s objective; similarly, all players who
produce an output above By contribute the same amount. However, between these
thresholds, a player’s output contributes linearly to the designer’s objective, just like
in the case of the total output objective. These threshold objectives are approxima-
tions of an S-shaped curve; the similarity can be observed from the plots in Fig. 1.
An S-shaped objective, and the threshold objectives that approximate it, discount the
marginal output from the tails and focus on the players in the middle. In the appendix,
we also consider convex and concave objectives, which correspond to the bottom-
and top-halves of S-shaped objectives, respectively.

A designer with a binary threshold objective aims to elicit an adequate output from
several players. Consider, for instance, an instructor who is preparing the students for
a standardized test that measures the school performance, but has a limited impact on
the students’ educational trajectories. The instructor/school may want to incentivize
her students to perform better by giving rewards. If a student is far below the pass/fail
threshold, they are likely to fail even if they improve their performance a bit; simi-
larly, there is no need to push students who are sure to excel to work even harder. The
crucial students are the ones in between, and the instructor wants to award the prizes
to elicit additional output from these students. Another example could be online com-
petition and crowdsourcing platforms (e.g., Topcoder?) and hackathons. These com-
petitions are sometimes organized to encourage learning and adoption of new tools
and technologies, and the designer may prefer to get sincere participation from many
players. Similarly, a health insurance company promoting a fitness/exercise app aims
to encourage many subscribers to start exercising regularly rather than to get a few
fitness enthusiasts to log many hours each day. They could use their budget to give
rewards to the active subscribers.

The binary threshold objective has a jump in the designer’s utility at the threshold,
but all players above it (or below it) are the same for the designer. This may be rea-
sonably expressive for some applications, but for others, a smoother threshold region
may be desirable. The linear threshold objective provides this added expressiveness.
Slightly extending the motivating examples mentioned earlier, for the standardized

2 https://www.topcoder.com/
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school test, if the test is of average difficulty but provides relatively fine-grained
grades, the excellent students who are sure to get a full score (or the students at the
other tail) are still less relevant, but the other students who can increase their score
with additional effort are relevant. Similarly, in the hackathon (and online competi-
tion) or the fitness app examples, the designer may benefit from a marginal increase
in the output of moderately performing individuals.

The examples discussed above are likely to be best modeled using a general
S-shaped objective. However, the threshold objectives can be good approximations of
such S-shaped objectives for specific applications and are analytically tractable. Also,
the threshold functions only have a few parameters—the thresholds—compared to a
general S-shaped curve, which can be a desirable property for a practitioner.

1.2 Other modeling choices

We consider the following constraints that a designer may face while designing con-
tests to optimize the threshold objectives. The most natural is rank-order allocation
of prizes with unit-sum constraints, but we study the other cases as well to get a
complete picture of the structure of the optimal contest.

1.2.1 Rank-order allocation and general all-pay allocation

A contest designer might be restricted to using only the relative value of the play-
ers’ outputs to award prizes, which motivates the study of contests with a rank-order
allocation of prizes (see, e.g., Moldovanu and Sela 2001). For example, the instructor
may rank the students based on their performance and award the prizes based on the
ranks. On the other hand, the contest designer might be allowed to use the numerical
values of the players’ outputs and design the optimal general all-pay contest (see,
e.g., Chawla et al. 2019). For example, the instructor may decide that the students get
prizes based on their ranks but only if they get above a minimum score in the test.

1.2.2 Unit-sum and unit-range

We assume that the prizes are non-negative, and we normalize them in two ways:
unit-sum and unit-range. The unit-sum constraint is a budget constraint, which
requires that the total prize awarded does not exceed 1 (normalized). For example,
the instructor (or the hackathon organizer or the fitness app) may have a limited
budget to reward the participating players. The unit-range constraint restricts the
individual prizes awarded to the players to be between 0 and 1 (normalized). Such
a constraint is suitable when the designer is not restricted by a budget. For example,
the instructor may award medals or provide letters of recommendation as a result of
the test scores, and she might not have a rigid budget constraint. Similarly, the fitness
app may provide reputation badges to incentivize agents.
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1.3 Ourresults

Overall, our results indicate that the contests that optimize the threshold objectives
are strict generalizations of the contests that optimize the total output. For example,
for the total output, the optimal contest allocates the entire prize budget (for unit-
sum) to the top-ranked player, but for threshold objectives, lower-ranked players
may also be awarded positive prizes. This may explain the widespread practice of
awarding multiple prizes in a contest. On the other hand, the optimal contests are still
simple, i.e., they are easy to interpret, compute, and implement.

1.3.1 Contests with rank-order allocation

We call a contest that equally distributes the prize among the top & players (for some
k < n, where n is the number of players) and gives 0 to others a simple contest.
Any rank-order allocation contest can be written as a convex combination of these n
simple contests, and the equilibrium in the rank-order allocation contest is also the
same convex combinations of the equilibria in the simple contests. This observation
allows us to derive the following results.

For the binary threshold objective, the optimal contest is a simple contest, i.e., it
equally distributes the prize among the top & players. The value of & depends upon
the threshold B and the distribution F of the players’ abilities but not upon the non-
decreasing function, say p : {0} U [n] — R, that maps the number of successful
players to the utility of the designer (Theorem 5). The independence on p follows
from Lemma 3, which shows that the optimal contest for any non-decreasing p is
the same. Intuitively, among all the simple contests, there is one that maximizes the
probability that an arbitrary agent (with ability i.i.d. from F) produces output above
the threshold B, and this contest is the optimal contest.

The linear threshold objective is more complex than the binary threshold. An opti-
mal contest for this case, in addition to increasing the number of players produc-
ing output above the upper threshold, also cares about increasing the output of the
players between the two thresholds. We show that the optimal contest is a convex
combination of at most 3 simple contests. In other words, the optimal contest has up
to three levels of prizes: the top & players get the first-level prize, the next ¢ players
get the second-level prize, the next m players get the third-level prize, and the last
n — k — ¢ — m players do not get anything; here, » is the number of players, and the
values of &, ¢, and m depend upon the value of the thresholds and F' (Theorem 7).
We also prove that a simple contest (recall that this format is optimal for the binary
threshold) has an approximation ratio of 2 for the linear threshold (Theorem 8).

For both objectives, the results apply to both unit-sum and unit-range constraints
on the prizes. Qualitatively, the results are the same for these constraints, but the
number of players at the different prize levels may vary slightly depending upon the
type of constraint.
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1.3.2 General all-pay contests

General all-pay contests can use the numerical values of the agents’ outputs (in addi-
tion to the relative ordering, as used by rank-order allocation contests). The optimal
contests strongly leverage this added expressive power.

For the binary threshold objective, the optimal contest is the most intuitive one.
It equally distributes the prize to the players who produce an output above a reserve
output level, and this reserve is equal to the threshold (Theorem 9). This is true for
both unit-sum and unit-range constraints, and is independent of the function that
maps the number of successful players to the utility of the designer (Lemma 3).

For the linear threshold objective, the optimal contest is an extension of the rev-
enue-maximizing all-pay auction with a reserve (Myerson 1981). For the unit-range
constraint, the problem becomes a standard principal-agent problem (single agent) as
the allocation for a given agent can be optimized independently of others. If the dis-
tribution of the players’ abilities, F, is regular’, then there is a reserve output between
the lower and the upper threshold, and any player with an output above the reserve
gets a prize of 1 (Theorem 14). For the unit-sum constraint and regular F, the contest
has a reserve output and a saturation output. In this case, the prize allocation depends
on whether the player with the highest output is: (i) below the reserve, (ii) between
the reserve and the saturation level, or (iii) above the saturation level. In case (i), no
one gets a prize; in case (ii), the player with the highest output gets the entire prize;
and in case (iii), the prize is distributed equally among the players with outputs above
the saturation level (Theorem 14). The reserve and the saturation levels depend upon
F. For irregular F, following techniques from optimal auction design, we iron the
virtual ability function to get an optimal contest that is a generalization of the optimal
contest for the regular case (Theorem 22).

1.4 Related work

Rank-order allocation of prizes is the dominant paradigm in contest theory. Our work
is closely related to prior work on contest design with incomplete information and
unit-sum constraints (Glazer and Hassin 1988; Moldovanu and Sela 2001; Chawla
et al. 2019). Glazer and Hassin (1988) show that for linear cost functions and play-
ers’ abilities sampled i.i.d. from a uniform distribution, the contest that maximizes
the total output awards the entire prize to the top-ranked player. Moldovanu and Sela
(2001) give the symmetric Bayes—Nash equilibrium (Theorem 1) that we use in our
analysis. They also generalize the result of Glazer and Hassin (1988) and show that
awarding the entire prize to the top-ranked player is optimal when the players have
(weakly) concave cost functions with the abilities sampled i.i.d. from any distribution
with continuous density function; however, with convex cost functions, the optimal
mechanism can have multiple prizes.* Chawla et al. (2019) optimize maximum indi-

3See Definition 3. This is a weaker assumption than the monotone hazard rate condition.

4Specific cases of our problem (such as the linear threshold objective with only an upper threshold) are
related, although not equivalent, to the problem of maximizing total output when players have non-linear
cost functions. A non-linear cost function affects the players’ equilibrium behavior, but a threshold objec-
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vidual output instead of total output, in a similar incomplete information setup with
linear cost functions. Here too the optimal contest allocates the entire prize to the
top-ranked player.

Our study of the optimal general all-pay contest design rests on the framework
established in the seminal work by Myerson (1981) on revenue optimal auction
design. DiPalantino and Vojnovic (2009) and Chawla et al. (2019) connect crowd-
sourcing contests with all-pay auctions. For general all-pay contests with linear cost
functions, the optimal contest for total output has been studied by Vojnovié¢ (2016)
and the optimal contest for maximum individual output has been considered by
Chawla et al. (2019). The optimal contests for both these objectives have a structure
similar to Myerson’s optimal auction: they allocate the total budget to the player with
the highest output above a reserve output level for regular distributions (and the high-
est ironed output for irregular distributions).

Mechanisms that are similar to the binary threshold objective have been discussed
in previous works (Taylor 1995; Halac et al. 2017; Loury 1979). For example, Taylor
(1995) mentions “in a research tournament, the terminal date is fixed, and the quality
of innovations varies, while in an innovation race, the quality standard is fixed, and
the date of discovery is variable.” In the innovation race (Loury 1979; Taylor 1995),
the objective is to get at least one very good outcome, and a winning criterion that
corresponds to a binary threshold (with ties broken in favor of the player who first
reaches this threshold) is a proposed mechanism. In our work, the binary threshold
is the objective (and not the mechanism), and our aim is to find the optimal mecha-
nism to maximize this objective. Also, even if we interpret the innovation race’s
mechanism as an objective, it would be a specific instance of the binary threshold
objective where the designer’s utility is 1 if there is at least one successful player and
0 otherwise (rather than an arbitrary increasing function of the number of successful
players).

To the best of our knowledge, there has not been any work on maximizing the
linear threshold objectives studied in this paper. In addition to maximizing the total
output (e.g., Glazer and Hassin 1988; Moldovanu and Sela 2001, 2006; Minor 2011)
and the maximum individual output (e.g., Chawla et al. 2019; Moldovanu and Sela
2001; Taylor 1995; Ales et al. 2017; Mihm and Schlapp 2019), other objectives that
have been investigated include maximizing the cumulative output from the top &
agents (e.g., Archak and Sundararajan 2009; Gavious and Minchuk 2014).

On the technical side, our work on rank-order allocation builds upon the equi-
librium characterization of Moldovanu and Sela (2001). As in the prior work, the
single-crossing property (Definition 2) and properties of order statistics are useful
for the characterization of the optimal rank-order allocation contest. For general all-
pay contests, we build upon the work on revenue optimal auction design by Myer-
son (1981) and on the implementability of auctions by Matthews (1984). Matthews
(1984) characterizes which interim allocation functions can be implemented by some

tive is associated with the designer and does not directly affect the equilibrium behavior. For example, if
every player has a convex cost function that is linear up to a certain threshold and then goes to infinity
(this setting is similar in spirit to the linear threshold objective with an upper threshold), then no player
would produce an output above the threshold, but we will see that the optimal rank-order allocation con-
test with a linear threshold objective may have players that produce an output above the upper threshold.
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allocation function, and therefore allows us to focus on interim allocation functions
instead of allocation functions. Previous works in general contest design, such as the
work of Chawla et al. (2019), did not require the result of Matthews (1984) because,
unlike in our model, their objective functions were linear in the interim allocation.

There have also been several studies in the complete information settings (e.g.,
Baye et al. 1996; Barut and Kovenock 1998). We point the readers to the book by
Vojnovi¢ (2016), particularly Chapter 3, for a survey on related topics.

2 Notation and preliminaries

For an integer k € Z>o, let [k] = {1,2,...,k}.

There are n players. Let v = (vy,ve, ..., v,) be the ability profile of the players,
where the values v; are drawn independently from a continuous and differentiable
distribution F with support [0, 1]. Let /' be the probability density function (PDF) of
F'. The n players simultaneously produce outputs b = (b1, b2, ..., b,) € R’} Player i
has a cost of b; /v; for producing output b;; we shall use a scaled version of this cost
for convenience, as given in (1). For a function g(x) that is not one-to-one, let g~ (y)
denote the minimum value of x such that g(x) > y, for y in the range of g.

2.1 Contests with a rank-order allocation of prizes

The contest has n prizes w = (w1, ws,...,w,), where 0 < witr <wjy; <1 for
Jj € [n —1]. For the unit-sum model, we additionally require that »_;w; < 1. The
prize w; is awarded to the highest-performing player, wo to the second highest,
and so on; a player receives one of the prizes based on the rank of their outputs,
with ties broken uniformly. Fix an output vector b = (b;);c|) and suppose that
bi, > b;, > ... > b;, . Then the utility of player i (scaled up by v; for convenience)
is given by:

1{b; =b;,}
w(vi, b vZijl{k‘bkib 7 — bi, (1)

J€[n]

whebre 1 is the indicator random variable. To interpret this formula, observe that
1 {b;=b;

‘{kJ‘[bkib}l is the probability that player i receives the j-th prize, whereas b s the
cost of producmg output b; for player i.

Let p;(v) be the probability that a value v € [0, 1] is the jth highest among » i.i.d.
samples from F, given by the expression:

o= (421 ) Fera - Fop- @
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Let f,,; be the PDF of the j-th highest order statistic out of # i.i.d. samples from F,
given by the expression:

Frsl) = prmm e F) (1= PP (0). ®

(G = Dn —17)

A key role in the symmetric Bayes—Nash equilibrium of the contest is played by the
order statistics of the abilities of the players.

Moldovanu and Sela (2001) characterize the unique symmetric Bayes—Nash
equilibrium in rank-order allocation contests. Chawla and Hartline (2013) prove the
uniqueness of this equilibrium in general (see also Chawla et al. (2019) for more
details).

Theorem 1 (Moldovanu and Sela 2001; Chawla and Hartline 2013) Consider the
game that models the rank-order allocation contest with the values of placement
prizes wy > W > ... > wy > 0. The unique Bayes—Nash equilibrium is given by

80 = Y s [ (o @

where B(v) is the output generated by a player with ability v.

Note that 5 depends on the prize vector w, but we are suppressing it to keep the
notation cleaner.

Definition 1 (Simple Contest) A rank-order allocation contest is called simple if there
exists a j € [n] such that it gives a positive prize of equal value to the first j players
and 0 to the other n — j players.

Definition 2 (Single-Crossing) ( Moldovanu and Sela (2006), Vojnovi¢ (2016)
chapter 3) A function f : [a,b] — R is single-crossing with respect to a function
g : [a,b] — R if there exists a point * € [a, b] such that f(z) < g(x) for all z < z*
and f(x) > g(z) for all z > x*; when this is the case, we will also say that fis single-
crossing with respect to g at z*.

2.2 General all-pay contests

We utilize the connection between contests and all-pay auctions made by (DiPalan-
tino and Vojnovic 2009; Chawla et al. 2019). Leveraging the revelation princi-
ple (Myerson 1981), for most of the analysis of general all-pay contests, we shall
restrict our attention to direct revelation mechanisms and optimize over allocation
rules x(v) = (2;(v))ie[n) that determine the allocation based on the abilities of the
players v = (v;);e[n]. We interpret x;(v) as the expected value of the prize obtained
by player i given the ability profile v, where the expectation is taken over the choices

@ Springer
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of the tie-breaking mechanism. We recognize that, when running a contest, we do not
have direct access to players’ abilities; rather, the players must produce outputs, and
the allocation function must be based upon the observed outputs. After deriving the
optimal allocation function based on the players’ abilities, we shall convert it to an
allocation function based on the players’ outputs.

For both unit-range and unit-sum settings, we have the restriction 0 < x;(v) <1
forall i € [n]. For unit-sum, we additionally have ) _, z;(v) < 1. The unit-range case
is comparatively easier, because x;(v) can be optimized independently for every
player i, whereas for unit-sum, for two players j and ¢, =;(v) and z,(v) are not inde-
pendent as we need to satisfy the ) . ;(v) < 1 constraint. While studying unit-sum
contests, we shall by default assume that n > 2.

We assume that the allocation rule & (v) is symmetric with respect to the players. As
x(v) is symmetric, we have E[z;(v) | v; = v] = E[z;(v) | v; = v] foranyi, j € [n].
Let the interim (or expected) allocation function be £(v) = E[x;(v) | v; = v]. Using
Myerson (1981)’s characterization of allocation rules that allow a Bayes—Nash equi-
librium, we conclude that £(v) should be non-negative and non-decreasing in v, and
in the equilibrium, the output of a player as a function of her ability is given by:

B(v) = vé(w) - / Ce(n). s)

We slightly abuse the notation by representing the output function as (8 for both rank-
order allocation contests and general all-pay contests.

Let us make a few crucial observations about & (v) and £. Both our objective
functions, binary and linear threshold (formally defined in Definitions 4 and 5 ,
respectively), depend upon the output function 5(v), which further depends upon the
interim allocation function &(v), but not directly on the allocation function x(v). So,
any allocation function a(v) that leads to the same interim allocation function &(v)
leads to the same objective value.

Observe that for any interim allocation function ¢ that is induced by an allocation
function with unit-sum constraints, the following condition holds (check Matthews
(1984) for more details):

/ £(v 1—F(V)”' 6)

n

In plain words, inequality (6) says that the probability that any player with an ability
above V gets a prize is at most the probability that any player has an ability above V.
Now, we state a result by Matthews (1984) that we shall use in the remainder of the

paper.
Theorem 2 (Matthews 1984) Any non-decreasing interim allocation function £ that

satisfies inequality (6) is implementable by some allocation function x that satisfies
unit-sum constraints.
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Given this result, we can focus on finding a ¢ that is non-decreasing and satisfies
inequality (6) without worrying about the unit-sum constraint ) , x;(v) < 1, because
there will be some x that implements £. Further, for the optimal &, as we shall see
later, the optimal x will be easy to derive.

In our study of general all-pay contests, we shall give special attention to regular
distributions, defined below. This property of the distribution of the players’ abilities
allows for simpler and efficiently computable optimal contests (see Myerson (1981)
for their use in optimal auction design).

Definition 3 (Regular Distributions) A distribution F is regular if v(1 — F(v))
is concave with respect to (1 — F'(v)), or, equivalently, if the virtual ability
5

Y(v) =v— 1}2()@ is non-decreasing in v.

2.3 Objective functions

We formally define the binary threshold and linear threshold objective functions.
They apply to both rank-order allocation contests and general all-pay contests. We
use the same notation for the output function for both cases, 3.

Definition 4 (Binary Threshold Objective) Under the binary threshold objective, the
contest designer gets a utility of p(k) € R if there are k € {0} U [n] players with
output equal to or above a specified threshold B. The expected utility of the designer
is given by:

BT =Ey[p( > 1{B(v;) > B})]. )

i€[n]

We assume that p is non-decreasing, i.e., p(k — 1) < p(k) for all k& € [n], and nor-
malize p(0) = 0.

The next lemma, Lemma 3, proves that the optimal contest for the binary threshold
objective (for both rank-order allocation and general all-pay contests) is the same for
any non-decreasing p. Further, given Lemma 3, we can maximize E,[ 1 {8(v) > B}]
to get the optimal contest for the binary threshold objective.

Lemma 3 The contest that maximizes E,[1 {5(v) > B}] maximizes the binary
threshold objective Ev[p(> ;¢ 1 {8(vi) = B})] for any non-decreasing p.

5In the auction theory literature, e.g., Myerson (1981), v corresponds to the valuation and 1/1(1)) to the
virtual valuation, and, again, F is regular if ¢(U) is non-decreasing. Further, in auctions, ¢(U) may
be interpreted as the slope of the “revenue curve” at v, and more coarsely, the v term in w(v) as the

. . 1-F . .
maximum revenue obtainable and 7 (U()U) as the revenue loss due to not knowing v in advance (a.k.a.

“information rent”). Similarly, in contests, w(v) may be interpreted as the slope of the “output curve”
at ability v.
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Definition 5 (Linear Threshold Objective) Under the linear threshold objective, the
contest designer’s utility increases linearly with a player’s output if the player’s out-
put is between a lower threshold of By, and an upper threshold of By . Formally, we
define it as:

LT :E”[Z max (0, min(By, B(v;)) — Br)]
i€[n]
= nE,[max(0, min(By, A(v)) — Br)] = nE,[max(Br, min(Bg, S(v)))] — nBr (8)

1
zEv[max(BL,min(BH,ﬂ(v)))]=/0 max(By, min(Bgy, 5(v))) f(v)dv,

where equivalence above denotes the fact that maximizing the left hand side is equiv-
alent to maximizing the right hand side.

Note that the thresholds—2 for the binary threshold objective and By, and By for the
linear threshold objective—are exogenous.

3 Rank-order allocation of prizes
In this section, we study contests that allocate prizes based on the players’ ranks.
We first present some useful properties of the equilibrium output function 3 given

in Theorem 1. Then we study the two objective functions based on these properties.
From Theorem 1, we have

Writing p’; (t) using order statistics:

Jn-11(1), ifj=1
p;-(t) = { Jn-1(t) = fac1-1(t), ifl<j<n .
—fr—1m-1(t), ifj=mn

Substituting p;(t) into the formula for 5(v), we get

5(1)) = Z (wj - wj+1) /Ov tfnfl,j(t)dt (9)

j€[n—1]

From Eq. (9) we can observe that decreasing w,, to 0 does not decrease 3(v) for any
v. Changing 3(v) so that it becomes greater or higher for every v leads to an equal
or higher utility for the designer for both binary and linear threshold objectives. So,
from now on, we shall assume that w,, = 0.
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Depending upon whether we are looking at the unit-range or the unit-sum con-
straint on prizes, we have different constraints on w. We now transform 5(v)
further to make it more convenient to work with.

Unit-Sum

We have the constraints Zj w; < land w; > wjqpq > 0. Let oy = j(w; — wjt1).
The set of constraints on o = () e[, —1] that are equivalent to the constraints on
w are: a; > 0 forall j € [n— 1] and Zje[nfl] a; < 1. Let Bg denote the output
function 8 with unit-sum constraints. We can rewrite Eq. (9) as

= > a;- /tfn it =" a;Bg;(v), (10)

J€[n—1] j€E[n—1]

where Bg;(v) ==+ fo tfn—1,;(t)dt. Observe that the simple contest that awards a

prize of 1/j to the ﬁrst J players and 0 to others has «; = 1 and o, = 0 for k # j.
Moreover, this contest induces an output of Sg; (v) from a player with ability v. Thus,
any rank-order prize structure can be written as a convex combination of these
(n — 1) simple contests where the first j players get awarded 1/j, for j € [n — 1].

Unit-Range

We have the constraints 1 > w; > w;y1 > 0 for all j € [n — 1]. In this case, let

04] = w; — wjy1. We have the same set of constraints on o as with unit-sum:
;> 0foralljand )" jem—1) @ < 1. However, we have a slightly different for-

mula for 3, which we denote by Sr:

Z O‘J/ tfn-1(t)dt = Z a;Br;(v (11)

j€[n—1] j€[n—1]

where Bg;(v) := [, tfn—1,;(t)dt. Thus, similarly to the unit-sum case, any unit-
range contest and the respective Sr(v) can be written as a convex combination of
(n — 1) simple unit-range contests Sg;, j € [n — 1]. However, the unit-range contest
that induces Sr; awards a prize of 1 to the first j players and 0 to others, whereas the
unit-sum contest 3g; awards a prize of 1/j to the first j players.

Using the characterization of 3 in Eq. (10) for unit-sum and (11) for unit-range,
we can easily prove that the fotal output objective is maximized by Sg1 for unit-sum
contests (proved by Glazer and Hassin (1988); Moldovanu and Sela (2001)) and by a
simple contest for unit-range contests (the proof is provided in Appendix B.1).

Most of our analysis in this section applies to both unit-range and unit-sum set-
tings; we shall use 3 to denote either 35 or Br, and 3; to denote either Bg; or Bg;.
Also, we shall assume without loss of generality that > ; @ = 1, because increasing

a; for some ¢ € [n — 1] while keeping «; constant for all j € [n — 1] \ {¢} does not
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decrease 3(v) for any v € [0, 1], and therefore does not decrease either of our two
objective functions.

Theorem 4 Fix an o and the corresponding output function 5. Consider a pair of
indices j, ks.t. 1 <j<k<n-—1,and e > 0. Suppose both the vector o and the
vector o' given by o; = aj+e¢ aj = —¢ ay =y for L & {j, k} satisfy the
required constraints. Let [3' be the output function that corresponds to o'. Then, (' is
single-crossing w.rt. 3, and 371 is single-crossing wrt. 5/~ 1

The proof of Theorem 4 for unit-sum is available in ( Vojnovié¢ (2016), Chapter
3); in Appendix B.3, for completeness, we provide a similar proof for both unit-sum
and unit-range settings.

3.1 Binary threshold objective

We first focus on the binary threshold objective (Definition 4; Lemma 3):
E,[1{B(v) = B}].

Theorem 5 The rank-order allocation contest that optimizes the binary threshold
objective is simple, and the output function for the optimal contest is B+, where j* is
selected from the set

arg min B;l (B).
J
Given Theorem 5, we can design the optimal contest by first finding the root of
the equation j;(v) — B = 0 for each j € [n — 1]. We can do this efficiently using a
root-finding algorithm such as the bisection method because 3; is continuous and
monotone. Then, we select aj with the smallest 3; 4(B).

3.2 Linear threshold objective

Next, we consider the linear threshold objective: E[max (By, min(By, 5(v)))] (Def-
inition 5). For the binary threshold objective, the optimal contest was simple, but for
the linear threshold this is not true in general. The following example illustrates this:

Example 1 Consider a contest with: unit-sum prizes; three players, n = 3; uni-

form distribution, F'(v) = v, f(v) = 1; lower threshold By, = 0.01; upper thresh-

old By =0.15. The output function is B(v) = a161(v) + apfB2(v) where

o Fas =1 and = fov tfg 1 =Y o 2t%dt = 243 and
v) =5 [y tfa2(t)dt = [ t(1—1) dt i % We cons1der three contests:

the two simple contests and a mixed one.

e Simple Contest 1: a; = 1 and B(v) = B1(v). We have 5, (By) ~ 0.2467 and
By H(Br) ~ 0.6082. The objective value is ~ 0.08342.

e Simple Contest 2: iy = 1 and B(v) = Ba(v). We have 57 (By) ~ 0.1490 and
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Byt (Byr) ~ 0.8042. The objective value is ~ 0.08218.
e Mixed Contest: a3 =as=1/2 and B(v) = 51(v)/2+ B2(v)/2. We have
By (Br) =~ 0.1885 and ;' (By) ~ 0.6474. The objective value is ~ 0.08409.

We observe that the given mixed contest outperforms the two simple contests.
For the case where there is only an upper threshold, i.e., By, = 0, there is an opti-
mal contest that is a convex combination of only two simple contests.

Theorem 6 For a linear threshold objective with upper threshold only, i.e., with
By, = 0, there is an optimal o with at most two positive entries «; and o, i.e., with
ap = 0 fork € [n— 1]\ {i,j}. For this «, i and j, we also have:

VH VH

Vu
Bi(v)f(v)dv = B;() f(v)dv = B(v) f(v)dv,

0 0 0

where Vi = B3~ 1(Bg) and f3 is the output function induced by c.
Theorem 6 suggests an algorithm for finding the optimal c, sketched below:
1. For every i,je€[n—1], i<yj, find a V;; >0 (if any) such that
fOV” Bi(v) f(v)dv = Ov” B;(v) f(v)dv. Note that there might be multiple such
values for V;;, but these values form an interval of [0, 1] because fov Bi(v) f(v)dv

is single-crossing w.r.t. f(;) B (v) f(v)dv. Select any one of those values as V;;.

2. If V;; exists and 5;(V;;) > By > ;(V;;) then this pair i, j is a candidate for
being the optimal.

3. The objective value for this pair is fov” Bi(v) f(v)dv + Bu (1 — F(Vi5)).

4. Comparing O(n?) such pairs along with the O(n) simple contests, we find the
optimal contest.

5. acorresponding to pairi,j canbe calculated as o; = %’éﬁ{)]) ,a; =1

and oy, =0 for k € [n— 1]\ {7, 7}. (Check the proof of Theorem 6 for more
details about this step.)

— Oy,

We can prove a result analogous to Theorem 6 if we only have a lower threshold
and no upper threshold (i.e., By = 1): there is an optimal contest that is a convex
combination of at most two simple contests. Now, we give a result that applies for
arbitrary thresholds.

Theorem 7 For a linear threshold objective, there is an optimal o with at most three
positive entries «;, o, and ay, i.e., with oy = 0 for £ € [n— 1]\ {4, 7, k}. For this
« and i, j, k, we also have:

Vi Vu

Vu Vu
Bi(v) f(v)dv = Bj(v) f(v)dv = Br(v) f(v)dv = Bv)f(v)dv,

1% \%3 \%3 147

where Vi, = B~1(Bg), Vi = B~ (Bg), and B is the output function induced by
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Q.

The main ingredients used in the proof of Theorem 7 (and Theorem 6) are: first-
order optimality condition of the objective w.r.t. «; single-crossing property of 53;
w.r.t. 3; fori < j; and the fact that every linear programming problem has an optimal
solution that lies at a corner of the feasible region.

Recall that for the case By, = 0, we used Theorem 6 to obtain an algorithm that
compares at most O(n?) contests to find an optimal one. In a similar spirit, for gen-
eral By, and By, we can use Theorem 7 to obtain an algorithm that finds an optimal
contest by comparing at most O(n?) contests.

Example 2 provides the optimal rank-order allocation contest for a instance given
in Example 1.

Example 2 We have the same scenario as Example 1: unit-sum prizes; three players,
n = 3; uniform distribution, F'(v) = v, f(v) = 1; lower threshold By, = 0.01; upper
threshold By = 0.15. The output function is S(v) = a181(v) + azf2(v) where
o Fas =1 and B1(v) = fov tfaq1(t)dt = Ov 2%dt = 20° and

3

Ba(v) = 3 [V tfon(t)dt = [ (1 —t)dt =& — &

The two simple contests and the mixed contest described in Example 1 have objec-
tive values 0.08342, 0.08218, and 0.08409, respectively. The optimal contest has
a1 ~043andas =1 — aq = 0.57,s0 8(v) = 0.4351 (v) + 0.5752(v), which gives
By H(Br) =~ 0.1818 and B, ' (By) ~ 0.6561. And the objective value is ~ 0.08411.

3.2.1 Simple vs. optimal

In Theorem 7, we proved that a convex combination of at most three simple contests
is optimal. We now compare this optimal contest with the best simple contest.

Theorem 8 For the linear threshold objective, the objective value of the optimal con-
test is at most 2 times that of the best simple contest.

In the proof of Theorem 8, we use the expression given in Theorem 7 and the
single-crossing property of 3; w.r.t. 3; for any ¢ < j to show that the objective value
of the optimal contest is at most the sum of the objective values of two simple con-
tests. So, one of these two simple contests gives us an objective value at least half of
the optimal.

4 General all-pay contests

In the previous section, we restricted our focus to contests that awarded prizes based
on players’ ranks only. In this section, we relax this restriction and consider contests
that may use the numerical values of the players’ outputs to award prizes.

As we discussed in the preliminaries (Sect. 2), for the unit-range constraint, the
allocation function must satisfy 0 < z;(v) < 1. Equivalently, the expected alloca-
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tion function & must satisfy 0 < £(v) < 1. For the unit-sum constraint, in addition
to the constraints for the unit-range case, the allocation function must also satisfy
>; Ti(v) < 1. Equivalently (by Theorem 2), the expected allocation function £ must
satisfy inequality (6): |, é E()f(w)dv < # From Myerson’s characterization
of allocation functions that allow a Bayes—Nash equilibrium, we know that £ must be
monotonically non-decreasing.

The following allocation rules award the entire prize to players with abilities
above V if there are such players in a given ability profile. Therefore, they maximize

f vE v)dv, and the inequality (6) is satisfied with an equality.

1. Give the prize to the player with the highest ability. Then
the  expected  allocation  function is  &(v) = F(v)""!,  and

1 1 _ 1 n— _
Jv EW)fv)do = [, F(v)" ! f(v)dv = Jran Y Ldy = % We can
also observe that for this allocation rule, inequality (6) is tight for every V' € [0, 1].
2. Uniformly distribute the prize among the players with abilities above

V. Then the expected allocation function is &(v) = %, and

1 1 1—-F(V 1-F(V)™
o €@) f(0)dv = [ ST fv)de = =2V

4.1 Binary threshold objective

For the binary threshold objective (Definition 4; Lemma 3), we have:

1
maxE[1{8(v) > B}] = max/ 1{B(v) > B} f(v)dv = min(8~*(B)).

0

Thus, we want to find a £ that minimizes 5~ (B).

Theorem 9 The optimal general all-pay contest with the binary threshold objective
gives a prize of 1 to all players who produce an output above the threshold B in the
unit-range model and equally distributes the total prize of 1 to all players who pro-
duce an output above the threshold B in the unit-sum model.

4.2 Linear threshold objective

The linear threshold objective is E[max(By,, min(Bg, 8(v)))] (Definition 5).

We focus on the case when F is regular; the extension to irregular distributions
is given in Appendix C.1. We shall see that the optimal contest resembles a highest
bidder wins all-pay auction with a reserve bid (if every player bids below this, no one
gets the prize) and a saturation bid (all bids above this level are considered equal),
and the ties are broken uniformly. We shall also give an efficient way to compute the
reserve and the saturation bids.

We can, w.l.o.g., make the following assumptions on the optimal expected alloca-
tion function:

Lemma 10 If £ is optimal, we can assume w.l.o.g. that £(v) = 0 for v < 371(By).
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Lemma 11 If £ is optimal, we can assume w.l.o.g. that {(v) =¢(Vy) for
v > B7Y(Bpy),i.e., &£(v) is constant for v > 371 (Bg).

From now on, we shall assume that £ satisfies the assumptions formulated in these
two lemmas.

We can write our linear threshold objective, using the notation V;, = 3~1(Bp)
and Vy = 8~ Y(Bp), as

Vi

BLF(VL) + g B(v)f()dv + By (1 — F(Vi)). (12)

Intuitively, the following lemma says that we should push the area under the curve &
to the right, as much as possible. We prove this result for unit-sum; for unit-range it
holds, as a corollary, if we set n = 1.

Lemma 12 Let F be a regular distribution and suppose that the allocation func-
tion has to satisfy unit-sum constraints. Then there is an optimal £ such that

fvl E@) f(t)dt = 2(1 — F(v)") forall v € [0, 1] where 3(v) < By and £(v) > 0

The previous lemma effectively says that for v € [V, Vi) we have

/5 _1-F@)"

As both sides of the above equation are continuous, taking the limit v — Vg, we
have:

1 n
e (tyde = L=V

Vi n

We already know that £ is 0 for v < V7, and constant for v > V. So, we get

0, ifo< Vg
_ ) F)" 1, itV <v<V
tw) =1 FOr PG (13)
nA-F(vg)) TUVZVH

We now prove the following lemma, which says that for an optimal allocation rule,
the output generated by a player never goes strictly above the upper threshold By
almost surely in v € [0, 1].

Lemma 13 If £ is an optimal expected allocation function, then the induced out-
put function 8 almost surely satisfies 5(v) < By for v € [0, 1]. This result holds
whether or not the distribution F is regular, and both for unit-range and for unit sum
constraints.
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Combining the optimal expected allocation rule given in (13) with Lemma 13, we get

V(- F(Vu)") Vi N1, _
B(Vy) = D= F(Vi)) v F(v)" "dv = Bpy.

Note that the above formula is applicable only if there exists a V. It may be possible
that 3(v) never reaches the threshold By, i.e., 8(v) < By for v € [0, 1]. The above
formula also tells us that given V7, (or Vi), Vg (or V) can be calculated efficiently
because, keeping V7, (or Vi) fixed, 5(v) is continuous and monotone in Vi (or V7).

We now discuss how to efficiently compute the reserve V; and the satura-

tion V. We shall use the following notation in the next theorem: n(x) = nl(%f:),
Yu(v) = v — £ Y isthesolutionof View F (View)" ™ = B, Viniaisthesolu-

tion offémid F(v)" 'dv =1 — By, and Vy,, is the solution of By = Vy,,n(F (Vyp))-

Theorem 14 The contest that optimizes the linear threshold objective for regular
distributions has the following allocation and expected allocation functions:

1. For unit-range, the expected allocation function & and the allocation function
x(v) are given as:

[0 itv<V 0 ifu<V
EW)=9 1 ite>v o TO=9 1 ife >V

where V = max(Br, min(Bg, ¥~ 1(Br))).

2. For unit-sum, the optimal solution is given by one of the two cases below. Only
one of the two cases is applicable for a given instance of the problem. The first
case corresponds to the scenario when the expected output never reaches the
upper threshold, while the second case captures the alternate scenario.

(a) The expected allocation function & is:

0, ifvo< Vg
§v) = { Fo)™L, ifv>V; (14)
and the allocation function x(v) is:

_fo, if max;(v;) <VporigW
zi(v) = { 1/|W|, ifie W and max;(v;) > Vi (15)

where W = {k | vy, = max;(v;)} and Vi, = min(Vinia, max(View, V1))
where V7, is the solution ofﬁ — @b(ﬁ) =0.
L

(b) The expected allocation function & is:
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0, ifv< Vg
Ew)y=q Fl)", ifVp<v<Vy (16)
n(F(Vy)), ifv>Vyg

and the allocation function x(v) is:

0, if max;(v;) <Vpori¢W
zi(v) =< 1/|W|, ifie W and Vp < max;(v;) < Vi (17)
1/|W], ifie W and max;(v;) > Vg

where W = {k | vy, = max;(v;)}, W = {k | vk > Vi },
Vi, = min(Vyyp, max(Vinid, V) and Vi = min(1, max(Vyyp, Vir)), where

V1 and Vy are the solutions of equations # — %(W) = 0and

Ven(F(Ver)) — [ F(v)"'dv = By,

The values of V, and Vi derived in the theorem above can be efficiently computed
if the distribution F is known, see the proof for more details. Also note that, although
the contest may seem complicated, it is reasonably simple from a player’s perspec-
tive. The optimal contest that maximizes the total output has a reserve (Vojnovié¢
2016), here we have a saturation value in addition to the reserve. A player need not
know how these reserve and saturation values are computed.

Implementing this mechanism in practice, i.e., finding the allocation as a function
of the outputs of the players, is not difficult. Let us consider the unit-sum case where
a Vp exists, i.e., where 3 reaches By in Theorem 14, given a player’s output b, map
it to g(b) as given below (assume € — 0):

0, ifb< ﬁ(VL),
9O =3 By o, i ﬁsz)— e < b(<fé(v,§)> By, ¥
B(Vyg) = By, ifb>p(Vy)= By,

where 5(v) is computed based on £(v) given in Theorem 14. One can then distribute
the prize equally among the players who have the maximum positive g(b).

In Example 3 below, we consider the same instance as Examples 1 and 2 , but we
compute the optimal general all-pay contest instead of the optimal rank-order alloca-
tion contest.

Example 3 We have the same scenario as Example 1 and 2 : unit-sum prizes; three
players, n = 3; uniform distribution, F'(v) = v, f(v) = 1; thresholds By, = 0.01 and
By = 0.15.

The optimal contest in this case has a V7, ~ 0.129 and Vy = 0.335. And the objec-

tive value of the designer is =~ 0.102; notice that this is much higher than the optimal
rank-order allocation contest with an objective value of &~ 0.084.
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5 Conclusion

In this paper, we looked at two natural and practically useful objectives for a contest
designer and described optimal contests for the objectives. An interesting open prob-
lem is to find how well can a contest without a reserve and/or a saturation output, or
a rank-order allocation contest, approximate the optimal general contest, possibly
with an additional player; we may expect to get a result along the lines of (Bulow and
Klemperer 1996). Another extension of this work would be to study other practically
relevant objective functions for the designer, monotone transformations other than
the threshold transformations we studied in this paper. Combining the objectives for
the designer studied in this paper with non-linear utility and cost functions for the
players is also an important research direction.

Appendix A Appendix for Sect. 2

A.1 Expected allocation

We use the expression given below in Sect. 4. For completeness, we provide its
derivation.

Consider a player i with ability v, and fix a and b sothat 0 < a < v < b < 1. For
each k € [n — 1], let p(v, a, b, k) be the probability that all players other than player i
have ability at most b, with & of them having ability in [a, b]. We have:

p(v,a,b,k) = ( " ; 1 ) F(a)" '7F(F(b) — F(a))*.

Now, if the player with ability v is allocated 1/(k + 1) with probability p(v, a, b, k),
then the expected prize allocation for the player is:

n—1 n—1
p(v,a,b,k) n—1"Y Fla)"=*(F(b) — F(a))*
ekt S () b

n

ziz< n >F(a)""l"“<F(b)—F(a))k
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A.2 Properties of single-crossing functions

The following are some well-known properties of single-crossing functions that we
shall use to prove some of our results. (Proofs are given for the reader’s convenience.)

Lemma 15 For two functions f,g : [a,b] — R, if f'is single-crossing with respect
to g, then F(x) = [ f(x)dx is single-crossing with respect to G(z) = [ g(z)dz.

Proof Let y* € [a, b] be the maximum value such that F'(y) < G(y) for all y < y*.
Suchavalueexistsbecausetheset{y : F(y) < G(y)}isclosedand F'(a) = G(a) = 0.

Suppose that f'is single-crossing with respect to g at x*. Then we have y* > x*,
because for every © < 2* we have g(z) — f(z) > 0, and therefore for every y < z*
we have G(y) — F(y) = [/(g(z) — f(z))dz > 0. Now, for y > x*, we know that
f(y) > g(y) so F(y) — G(y) is strictly increasing. So, if F(x) goes above G(x) at
some point in [a, b], then it will remain that way. (]

Lemma 16 For two continuous and strictly increasing functions f, g : [a,b] — R
with f(a) = g(a) = 0, if fis single-crossing with respect to g at *, then g~! is
single-crossing with respect to f~! (in the intersection of the domains of f~! and
g Haty* = f(z*) = g(a).

Proof Consider a point y that belongs to the domains of f~! and g~'. Suppose
y < y*. Since f and g are continuous and strictly increasing, there exists a unique
point x with y = f(x) and a unique point z with y = g(z). Further, y < y* implies
x < z* and hence f(z) < g(x). It follows that z < z, i, g ' (y) < f~1(y). Ina
similar manner, we can prove that g~1(y) > f~!(y) for each point y > y* in the
intersection of the domains of f~! and g~ . O

A.3 Omitted proofs

A.3.1 Proof of Lemma 3

Remember that we are in an incomplete information model where the ability of
every agent is picked independently from the distribution F, and where an agent i
only knows her ability v; but not the ability v; of any other agent j # i. Moreover,
as we are looking at symmetric mechanisms, from Egs. (4) and (5) we know that
B(v;) = B(v;) if v; = v; for any agents i and j, i.e., the agents use the same function
to map their ability v to the output 5(v).

Let g =E,[1{8(v) > B} =P,[8(v) > B] be the probability that any given
agent has output above B. The probability that k£ agents have output above B is equal

to < Z > q"(1 — q)"~*. The binary threshold objective can be written as
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Bulp( 3 10600 = B)] = 3 o) (o )1t

i€[n] k€[n]
= 3" (olk) — plk 1)) ( n ) LU— gt = 3 (olk) — plk— 1)gi(0)
keln] =k [n]

where, let, gx(q) =Y ), ( Z )qz(l —q)" ‘. As p is non-decreasing, so

p(k) — p(k — 1) > 0 for every k € [n]. Now, if we show that gx(¢) is a non-decreas-
ing function of ¢, then maximizing ¢ will maximize the objective, which shall com-
plete the proof. Let us differentiate gx(q) w.r.t. ¢, we get

dgr(@)  ~~( n\ dlg‘(1—g" ")
sq :Z< ¢ ) dq

=k

=ng"~ 1+Z < 7;) eqé 1 _ )n 4 (Tlfé) ( *(])”7[71)

n—1
n— -1 (— n—=~£ -1 2 n—~L€—
=ng 1+nz<(?_1>q” Y(1-q) "—(ng )q/(l—Q) “)
=k

-1 _ k
:n< 2_1 )qk —g"*>0asqe0,1]

Appendix B Appendix for Sect. 3

B.1 Total output

If By, = 0and By = 1 in the linear threshold objective (Definition 5), then the objec-
tive becomes simply E[3(v)], i.e., the well-studied objective of maximizing the total
output. For the unit-sum case, it has been shown by Glazer and Hassin (1988) that
the optimal allocation of prizes is to award the entire prize to the top-ranked player,
i.e., set oy = 1 and o;; = 0 for 7 > 1. This can also be observed from the following
analysis:
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[ ssrwa= [ X 9 [Cenwi) so

jéy
36%21 aj/ (/ xfnl,j(x)dx) Fw)dv
je[;l aj/ (/ flw dv) @ fui(2)de
[Za/ (1= F@) fus (@)
ge[zn:u%/ thante

As fol Z fn,j+1(x)dz is the expectation of the (j + 1)-st highest value out of 7 i.i.d.
samples from F, we have

1 1
/ zfn j+1(2)de > / Z fr i1 (z)de for j < k.
0 0

Therefore, the optimal output function is Sg1.
For the unit-range objective, following similar steps, we get:

1
/0 Br(v)f(v 76[;1% j- / & fr i1 (z)d.

. . 1 . .
While for unit-sum, fo xfn j+1(x)dz decreases as j increases, for unit-range,

S| . ..
7l o Zfn,j+1(x)dx does not necessarily decrease as j increases. Nevertheless, we can

see that the optimal contest is a simple contest and the output function in the optimal
contest is Sg;j~ where:

1
j* € arg max (]/ ./L'fn’j+1($)dx> .
0

i€in-1]

B.2 Concave and convex transformations

Let A : [0,1] — [0, 1] be a monotone non-decreasing differentiable function, either
concave or convex. The contest designer’s objective function is:

1
Bul 3 h(8(w0)] = B3] = [ H(B() (o) B1)

i1€[n]
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InSect. 3, for both unit-sum and unit-range, we derived that S(v) = >_ [, 1) @;8;(v)
where a = (a;)jem-1] St Yjen_1 @ =1 and a; >0 for j € [n—1]. For

unit-sum, 3;(v) = Bs;(v) = %fov tfn—1,;(t)dt (Eq. (10)), and for unit-range,
Bi(v) = Br;(v) = [y tfn-1,;(t)dt (Eq. (11)). We shall use these results in this

section.

Lemma 17 If % is convex (concave), then the objective function of the contest
designer is also convex (concave) w.r.t. c.

Proof Take~ € [0, 1]andtwovectorsaV) anda(® andletax = yva(P) + (1 — v)a?).
Let OB.J(cx) denote the objective value corresponding to c, similarly, OB.J(a1))
and OBJ(a®).

1
OBJ(a) = / WY aiB5(0)f(w)dv

jE€n—1]

- / W Y aPg) (- S alVw) f(w)de.

j€[n—1] j€[n—1]

If & is convex, then h(yz + (1 — v)y) > vh(x) + (1 — 7)h(y) for any x and y, and
therefore, we get OB.J(a) > yOBJ(aM) + (1 —~)OBJ(a®), so OBJ is con-
vex. Similarly, we can prove that if / is concave, then OBJ is concave. O
For convex A, the results are similar to the results for the total output objective
(Section B.1). For both unit-sum and unit-range, there is a simple contest that is also
optimal. Moreover, for unit-sum, the simple contest that awards the entire prize to the
first ranked player is also optimal. These results are similar to the results for a model
where the players have concave cost functions, as studied by Moldovanu and Sela
(2001). There is a similar correspondence for concave / and convex cost functions.

Theorem 18 If & is convex, then there is a simple and optimal rank-order allocation
contest.

Proof From Lemma 17, we know that if /4 is convex then the objective function is
also convex w.r.t. a. Any « can be written as a convex combination of the corner
points, where a corner point has «; =1 for some j € [n — 1] and oy, = 0 for all
k # j. So, the optimal value of the objective is achieved at some of the corner points
(it may be achieved at other points also). O

Theorem 19 [f & is convex, and the prizes are unit-sum, then the simple contest that
awards the entire prize to the first-ranked player is optimal.

Proof From Theorem 18, we know that there is an optimal simple contest. Let
this simple contest have o; = 1 for some j € [n — 1] and g, = 0 for all k # j, so
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B(v) = Bg;(v). Comparing the objective value of the contest where cv; = 1 with this
contest, we have:

/ h(Bs1 () (v)dv — / h(Bs, () f (v)dv = / (h(Bs1(v)) — h(Bs; (v))) f(v)dv
0 0 0
Z/ h'(Bsj(v))(Bs1(v) — Bs;(v)) f(v)dv, as h is convex.
0

Using (i) h'(Bs;(v)) is monotonically increasing and non-negative because Sg;(v)
is monotonically increasing and % is convex, (ii) Ss1(v) is single-crossing w.r.t.
Bsj(v), and (iii) fol(ﬁsl(v) — Bs;(v))f(v)dv > 0, as proved while studying total
output (Section B.1), we have our required result. O

Theorem 20 [f'4 is concave, then the optimal rank-order allocation contest need not
be simple, but can be efficiently found by solving a concave maximization problem.

Proof The linear threshold objective with only an upper threshold is an example of a
concave 4 (we smooth the non-differentiable point), and for this objective, we already
gave an example that shows that a simple contest may not be optimal (Section 3.2).
From Lemma 17, we know that the objective is concave if / is concave, so the opti-
mal contest can be solved efficiently by solving a concave maximization problem
(equivalently a convex minimization problem). O

B.3 Omitted proofs

B.3.1 Proof of Theorem 4

First, let us prove that ¢ f,_1 ;(t) is single-crossing w.r.t. tf,—1 1 (t) for j < k. We
will argue that the following inequality is true for sufficiently large values of #:

tfn—l,j(t) > tfn—l,k(t)
- (n—1)!
(=D n—j—1)
(n—1)!
(k—1)l(n—Fk—1)!
(k—Dln—k—1)! _ [(1-F@®)\"
‘:’<j—1>!<n—j—1>!>( F(1) ) '

FO" 71 1= F)y (1)

>t

FO" 1= F@O) 7 f(t)

Indeed, for fixed values of j, k, and n, the left-hand side of the above inequality is a
positive constant. As ¢ increases, the right-hand side monotonically decreases from
oo to 0. Thus, the above inequality is true for all  above some t*, and we have proved
that t f,,_1 ;(¢) is single-crossing w.r.t. t f,_1 1 (t).
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Following similar steps, we can prove that ti fn—1,;(t) is single-crossing w.r.t.

t2 fa—1,6(t) for j < k. Instead of the inequality ¢ (k=1)in—h—1)t (I_F(t))k_j

G=D!n—j-1! (1)
i EZ f 11)),' > (1 l(w()t))k 7, but the subsequent argu-

above, we have the inequality -

ment applies.
Now, let us prove that 3 is single-crossing w.r.t. 3’. Let us assume that the follow-
ing inequality is true:
B'(v) > B(v).
For unit-range, we have:

Br(v) > Br(v)

& Z ozl/ zfn_1,(x)dz > Z Oéz/ T fn-1.(

le[n—1] leln—1]
& :Ufn,l’j(x)dw>/ xfn—1,k(x)dz
0 0

Using Lemma 15 and the fact that ¢ f,,_1_;(¢) is single-crossing w.r.t. t f,,_1 x(t) for
J < k, we obtain that 5}, is single-crossing w.r.t. S for unit-range. Similarly, for
unit-sum, we use Lemma 15 together with the result that t% fn—1,;(t) is single-cross-

ing w.r.t. t%fn_Lk(t) for j < k to prove that 35 is single-crossing w.r.t. Ss.

As (' is single-crossing w.r.t. 3, using Lemma 16, we get that 37! is single-
crossing w.r.t. 3/ 1.

B.3.2 Proof of Theorem 5

We need to prove that for any threshold value B, the optimal o has o; = 1 for some
jand ag = 0 for k # j. In other words, 8 = 3; for some j € [n — 1].
From Definition 4, and Eqgs. (10) and (11), we have:

1

1 1
/0 1{3(v) > B} f(v)dv = / 1{v> 5 (B)} f(v)do = / F(v)d

B=H(B)
=1-F(p~(B)).
Thus, to maximize the binary threshold objective, we need to minimize F'(3~!(B)),

and as F is non-decreasing, we need to minimize 3! (B). For any & we have a; > 0
and > ;; =1, and for every j, the j; functions are monotone. Therefore

min; Bj_l (B) < B37Y(B). Thus, the optimal contest is simple, and the output func-
tion for the optimal contest is 5+, where j* is:

j* = argmin 5]71(3).
J
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B.3.3 Proof of Theorem 6

Let us assume that « is optimal and S is the induced output function. Let
Vg =B Y Bg).LetI = {i € [n — 1] | ay > 0}. If |I| < 2, we are trivially done so
we canassume w.l.o.g. that |I| > 2. Selectarbitrary i, j € I,7 # j.Letay; = o + @
and v = o;/a;;. Observe that o;; = yoy;; and a; = (1 — ¥) ;. Also, as oy, a; > 0,
we have 0 < v < 1.

Now, let us fix a;; and oy, (k ¢ {4, j}) and focus on 7. As « is optimal and  is
strictly between 0 and 1, we have aLT =0:

OLT 8]01 min(BH,ZkE[n_l] arfBr(v)) f(v)dv

oy oy =0
_ OJo min(Ba D i) ak/w;j 0 (yBi(v) + (1= DB fdo
Vu
— / (B:(0) — B; (@) f(0)dv = 0 (B2)

Vi

— [ awrwd= [ " B ) f(w)do.

0

We use the Leibniz integral rule for the partial derivative w.r.t. v above. The non-
differentiability of the min function is not a concern because it happens at only one
point of zero measure, and we have an integration over this function; see the footnote
for an alternate explanation by a detailed application of the Leibniz integral rule.®
For any i,j €1, we have

I Biw) f)do = [} Bi(v) f(v)dv = [/ B(v) f(v)dv.

SWe have

1 Vi 1
[ min(Ba, 8D f@)de = [ B+ [ Bufe)do
0 0 Vi
Taking derivative w.r.t. 7y, using Leibniz integral rule, we have

8([01 min(Byr, B(v)) f(v)dv Bf B(v) f(v)dv N aféH By f(v)dv

oy oy oy
Vu
=5 vin %2+ [ 2 oo - Busvin .

As B(Vy) = By, the ﬁ(VH)f(VH)BVH and BHf(VH) H terms cancel out, and we have

9 Jo min(Brr, f(v)) f(v)dv _ /VH OB ;v

oy

The argument would be similar if we had both upper and lower thresholds (or equivalently, if we had both
min and max operations inside the integral).
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Now, we will construct an o’ with at most two of its components strictly greater
than 0. The intuition is that we need to satisfy two equations (corresponding to the
designer’s welfare by § below and above By ), which can be achieved by giving
positive weights to at most two components of «, as shown below. As [ is a convex
combination of the 3; output functions, we must have one of the following cases:

1. Bi(Vu)=p(Vy) for some i€ I. Then set a;=1 and aj, =0 for
keln—1]\{i}

2. Bi(Vu) > B(Vu) and Bi(Ve) < (V) for some
i,7 € I. Because, if 3;(Vyg) > 8(Vy) for all i, then the convex combination
Bu—B;(Vu)

of these 3;(Vy) values cannot be equal to 3(Vy). Set of = V=5, (Vi)
and o =(1—-aqa;) and a3 =0 for ke [n—1]\{i,j}.We can check

that >, oy kBe(Vi) = 2 pepno1) @Bk(Ve) = By So,  we  get

B'~Y(Bg) = ~Y(Bg) = Vg, where 3 is the output function induced by o’'.
Also, it is easy to verify that the objective value does not change:

1
/ min(By, Z a;B5(v dv—/ min(By, Za]ﬂ]
Jo

j€ln—1] jerI
Vi
/ Z a;f;(v)f(v)dv + B (1 — F(Vy))
JGI
=Y a ﬁJ (v)dv + By (1 — F(Vy))

jerl

_ Z /VH (v)f(v)dv+ By (1 — F(Vy)) (using equation (B2))

]El

B.3.4 Proof of Theorem 7

This proof uses the same underlying argument as the proof of Theorem 6; the added
details are to accommodate the new lower threshold.

Let us assume that o« is optimal and S is the induced output func-
tion. Let Vi =p"%Bg) and Vg =pB"YBpy). Let Vy=pB"1(Bg). Let
I={ien—-1]]a; >0};if |I] < 2, we are trivially done, so assume w.l.o.g. that
|| > 2. Select arbitrary i, j € I, # j. Let a;; = o + 5 and v = o/ ;5. Observe
that o; = ya; and a; = (1 — y) ;. Also, as a;, ; > 0, we have 0 < v < 1.

Let us fix a;; and o; (I ¢ {i,7}) and focus on 7. As « is optimal and  is strictly

between 0 and 1, we have aaLT =0:
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LT _ 8]01 min(Bpy, Zke[n—u o Br(v)) f (v)dv

oy oy =0
afol min(By, Zke[n—l]\{ivj} agBr(v) + aiy (v8:(v) + (1 =) 8;(v))) f(v)dv
— o =
Vu
— [0 - B =0
0
Vi Vu
= Bi(v) f(v)dv = Bj(v) f(v)dv. (B2)

0 0

We use the Leibniz integral rule for the partial derivative w.r.t. v above. The non-
differentiability of the min and max functions is not a concern because that happens
at only two points of zero measure, and we integrate over this; see footnote 6 for an
alternate explanation by a detailed aBplication of the Leibniz integral rule.

. H VH
Thus, for every i € I, we have [." B;(v)f(v)dv = [," B(v)f(v)dv.
Now, let us look at the constraints that « satisfies:

1. B(VL) = e @ifi(VL) = Br;
2. B(Vu) =3 ic;iBi(Vu) = Bu;
30 Derai =1,

4. «; > 0fori e I

5. a; =0fori & I.

Observe that any other o’ that satisfies all the constraints given above will also be

optimal (because f‘l/LH Bi(v) f(v)dv = VYLH B(v)f(v)dv foralli € I, and any o’ that
satisfies the constraints will have the same value for the objective). Let us now con-
struct such an o that satisfies all the constraints above but has at most three strictly
positive components. Set o, = 0 for 7 ¢ I as asked in constraint 5 above. Now, con-
straints 1 to 4 total |I| + 3 constraints in |/| variables. This region is a bounded |/]-
dimensional (linear) polytope. As it is bounded, it has corner points. As it is |/|-dimen-
sional, every corner point has |/] tight constraints (satisfied with equality). |I| — 3 of
these tight constraints must be of the form o} = 0. Hence, selecting such a corner
point will give us a solution with at most 3 of the coordinates strictly greater than 0.

B.3.5 Proof of Theorem 8

Let us take an optimal solution «¢ with the minimum number of non-zero entries, i.e.,
the minimum number of indices i with o; > 0.

1. Ifthere is only one such index, then we have an approximation ratio of 1 and we
are done.

2. Now suppose there are three such indices. Let i, j, k be the three indices for which
o, o, o > 0 in the optimal solution. W.Lo.g. let 8;(Vz) < 5,;(Vy) < Bx(VL).
We claim that 8; (Vi) > 8;(Vi) > Bk (V). If this were not true, then for a pair,
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say i, j, we would have had 5;(Vy) < 5;(Vy) and 5;(Vu) < B;(Vu), with at
least one of the two inequalities strict. As the output functions are single-crossing,
we would have §;(v) < 8;(v) forallv € [Vr,, V], and we could increase ¢ ; by
«a; and decrease o; to 0 to get a better solution. As 3;(Vr) < 8; (Vi) < Br(VL)
and  B;(Vu) > B;(Vu) > Br(Vi), their convex combination, S, has:
Bi(Ve) < B(VL) < Br(VL) and B3;(Vi) = B(Va) = Br(Vi).

Finally, ifthere are only two positive entries, say a; and o, then also we can prove a
similar condition: 5;(Vy,) < B8(Vy) < Br(Ve) and 8;(Vy) > B(Vy) > Bk(Vi).

Look at a generic plot of 3;, i, 8 given in Fig. 2. With reference to the figure, we
have:

By

fol max(By, min(By, 3;(v))) f(v)dv = By, + E+ C + D;

fol max (B, min(By, Bx(v)))f(v)dv = B, + A+ B + E;

I max(BL,mm(BH, () f(v)dv = BLF(Vp)

+f v)dv + By (1 — F(Vy)), which is, by Theorem 7, equal to:

BLF( VL +va (V) f(v)dv+ Bg(1 - F(Vyg))=BL+B+E+D.The
approximation ratio is at most

B(v)
A

EEEEE

h ‘%
t : > F(v)

F(6 '(By)) F(8'(Bg))

Fig.2 Plot of 3;, Bk, B where i < k
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B+D+ FE+ Bp, _ E+Br,+B+D
max(A+ B+ E+ By, C+D+E+Br) E+ By +max(A+ B,C+ D)
B+D . B+D

~ max(A+ B,C+ D) ~ max(B,D) ~

Appendix C Appendix for Sect. 4

C.1 Linear Threshold objective: irregular distributions

In the study of the optimal linear threshold contest for regular distributions, we used
the regularity condition at two places: first, in Lemma 12, to pack the area under £ to
the right; second, in Theorem 14, to prove that we obtain the optimal values for V7,
and V by solving for the roots of the specific equations given in the theorem state-
ment using an efficient root-finding method. For irregular F, first, we give Lemma 21
analogous to Lemma 12; second, we find an approximate solution by discretizing the
feasible space of Vi, Vi, and &(Vy).”

We first introduce some additional notation. Consider the function
Yuv() =v— w, defined on the interval [U, V]. We now define EU)V,
which is the ironed version of ¢y, also defined on [U, V]. Our definition proceeds
in several steps.

L. Let hyy (y) = Yoy (F~'(y)) and Huy (y) = [p1 ) oy (y)dy;

2. Let Hyy(y) be the point-wise maximum convex function less than or equal
to Hy v (y). Note that at the boundary Hy v (F~1(U)) = Hy v (F~Y(U)) and
Hyy(F~Y(V)) = Hyy (F1(V));

3. Let huv(y) = F/UV(y) and
Yy (v) = hyv(F(v)).Let lyv(v) = minue[U,V],EU,V(u):EU,V(v) u

oy (o) Us and let l(u) =1lop1(u) and

and Ty (V) = MAXev) 5, =

r(u) = ro,1(u).

Lemma 21 For an irregular distribution F, in the unit-sum setting there is an optimal
¢ such that fvl @) f(t)dt = L(1 — F(v)") for all v where B(v) < By, £(v) >0,
and H(F~'(v)) = H(F~'(v)).

"We would like to note here that the algorithm we provide finds an approximate solution in time polyno-
mial in the reciprocal of the parameter used to discretize V,, Vi, and £(Vr ). One could have discretized
the entire optimization problem (the functions are evaluated at discrete values, the integrals are written
as finite summations, etc.) and directly found an approximately optimal discretized £ and S using linear
programming, also in polynomial time. The advantage of our analysis is that it characterizes the optimal
solution and gives a more intuitive algorithm.
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_ Note that Lemma 21 does not apply to points v € [0,1] where
H(F~(v)) < H(F~*(v)). So, unlike the case for regular distributions, where we

had féH E@)ft)de = %(1 — F(Vy)™) by applying Lemma 12 for v — Vp, we may
not have a similar result for irregular distributions.

For regular F, the allocation function x has three cases depending upon the high-
est ability, as given in (15). On the other hand, for irregular F, the allocation function
x has five cases depending upon the highest ability, as given in the theorem below:

Theorem 22 The contest that optimizes the linear threshold objective for irregular
distributions and unit-sum constraints has the following allocation function:

0, if max;(v;) <Vpori g W

n&(VL)(F(rvy vy (VL))—F (VL))

[WLI(F(rv, vy (VL))" —F(VL)")’
of Vi <max;(vj) <ry, v, (Vi) andi e Wy,

1/|VV|7 Zf rVL,VH(VL) < Hlan(vj) < ZVL,VH (VH) andie W

né(lvy vy (Va))(F(Va)=F(v, vy (Va))) ’

Wil (F(Vi) ™ F(lv, v (Vi)™ (C3)

Zf lVL,VH (VH) < man(Uj) <Vgandie Wy

nE(Vu)(1=F(Vu)) ; ey ;
I O—F (Ve if Vo < max;(v;) andi € W

where

W ={k|rv, v,(Ve) <o <lv, vy, (VE), ¥v, v,(ve) = max;(¥v, v, (v))},
Wi ={k| o € [Ve,rv,v,(VD)IY, Wr ={k | v € [lv,,v,(Vu), Vil}, and
W:{k|vk2 VH}.

We can transform the allocation function z(v) given in the Theorem 22 to an allo-
cation function based on outputs in a manner analogous to (18). The optimal contest
for unit-range can be derived by combining ideas for unit-range with regular F' and
unit-sum with irregular F.

Now, we sketch an approximation algorithm to find the parameters used in Theo-
rem 22. We perform an approximate search on the three parameters Vg, £(Vy ), and
V1, to maximize the linear threshold objective, using the following algorithm:

1. Select values for Vi and (V).
2. Assume that £ is constant in the interval [[(Vy ), V). Applying Lemma 21 to the
point I (Vg ), compute £(I(Vy)):

1
/l( §()f(t)dt = EUVa))(F (Vi) = F((Va))) + E(Va)(1 = F(Vi))

Vi)
1 F(Va)"
n(l — F((Vu)))
1—F(I(Vu))" EVi)(1 = F(Vi))

= SUVa) = S RV (F (Vi) — FQV)))  F(Ver) — FU(Vir))
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3. Compute Vi by solving (Vi) = Vgé&(Vy) fv v)dv by the bisection
method, where the value of £(v) for Vi, < v < [(Vy) is given as

r(v))"=F(l(v e d _ _
—;j(;grgz))) iy, i H(FY(v)) < H(F~'(v)) and v > (V)

4. If H(F~'(V))=H(F~'(Vy)), then set Vi =V, otherwise search for
the V€ [I(VL), (V)] (and automatically for £(Vy) > By) that satisfies

Y Poyntaw = fyrevn D evyao + 7V F)r e and

i) vy v (VL)

€(v) = { F(v)n! if H(F~(v)) = H(F~1(v)) or v € [I(VL),r(VL)]

maximizes Br F (V) + f r(Vi) B(v) f(v)dv. This step selects Vy, to optimally
redistribute the area under f in the interval [V, 7(V7)].2

C.2 Omitted proofs

C.2.1 Proof of Theorem 9

For unit-range allocations, we optimize £ subject to the constraints: 0 < £(v) < 1.
We have

B(v) = vE(w) - / " e(t)dt < vew) < v

where the first inequality holds because £(¢) > 0 and the second inequality holds
because £(t) <1 for all ¢t €[0,1]. We have B(v) <v = B < 37! ( ). Set

&(v) =0forv < Band &(v) =1forv > B. Wehave {(B) =1 andf0 t)dt =0,
sowe get 3(B) = B¢(B) — fOB &(t)dt =B = B71(B) < B.Aswe have already
seen that 371 (B) > B, this is optimal.

For unit -sum, we have an additional constraint on ¢, inequality (6):
o €) f(v)dv < =PV for every V.

Lemma 23 If £ is optimal, we can assume w.l.o.g. that £(v) = 0 for v < 371(B).

Proof We know that S(V) = fo x)dx < VE(V). Hence, by setting
f()—Oforv<VwestlllhaveB ( )—V. O

$We skipped a corner case: if [(V)€(1(Vyr)) < By, then Vi, must be greater than (Vi ). Find the Vi,
in [{(Vy), V] that optimizes the objective following a procedure similar to step (4). Also, we need to

redistribute € in [I(Vg), Vi) according to EVL vy tofind §(lv, vy (Vir)) in a manner similar to step

2.
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Lemma24 If¢ is optimal, we can assume w.l.o.g. that £(v) = £(V) forv > f71(B),
i.e., £(v) is constant for v > 37 1(B).

Proof We define a transformed expected allocation function &, where &(v) = &(v) for
v<V,and £(v) = ﬁ(v) f‘i £(t)f(t)dt for v > V. Let 3 be the output function

for €. As & is monotone, £(V) > €(V), and therefore 3(V) > B(V) > B. So, we still
have 3~4(B) = V. O

From the previous two lemmas, we know that the allocation function
equally distributes the prize among the players who have an ability above some
value V, where S(v) > B for v >V and B(v) < B otherwise. As & satisfies

fv v)dv < %(V)n, we have:

L-FV)" B < (V) < V(1—F(V)")

As the expression % increases with 7, and we want to minimize V it is opti-

mal to satisfy the above inequality with an equality. This gives us B = %

Also, as % is continuous and non-decreasing in [0, 1], we can efficiently

find V. However, we do not need to explicitly compute V" because the contest that
equally distributes the prize to all players who generate an output above B, if there are
any such players in a given ability profile, automatically induces the required contest.

C.2.2 Proof of Lemma 12

We will show that pushing the area under ¢ to the right does not decrease the objec-
tive. For the initial portion of the proof, let us disregard these two constraints: & is

monotone and fvl £(t)f(t)dt < 2(1— F(v)"). At the end, we will briefly explain
how to incorporate these constraints into the proof.

Take two points u and v such that v < v, £(u) > 0 and S(v) < Bpy. For very
small ¢ and € greater than 0, let us decrease the area under £ in a small neighborhood
[u—€,u+¢€)of ubyd/f(u) and increase the area under £ in a small neighborhood
[v — e, v +€) of vby §/f(v). Let € and 3 be the transformed ¢ and 3 after the update.
Select € and & small enough to maintain £(u — ¢) > 0 and B(v + ¢) < Bp.

Let us compute the change in the linear threshold objective value. To do that, first,
let us look at 3(y) — B(y) fory € [0, 1]:

(v)+éf(u ifyev—ev+e)

iy

0, ifye[0,u—ce)
f(‘s) ifyelu—eute)
Bly) - Bly) = f(iw ify€futev—o
; [
[

ify € [v+e1]

|

(w)  f(v)?
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As we are moving area from left to right, i.e., u < v, it is easy to check that for the
lower threshold By, Vi, = 3~ 1(By) does not decrease, so neither does By, (V). For
the remaining portion of the linear threshold objective (12), we have the following:

/  Cmin(Bir, 3ly) — min(Bir 5(0))) )y

u+t-e v—e€ 5 v+e ’U5
—/y e )f(y) “/zwf(mf(y)d“/yzv G * ())f(y)
+ /  (min(By,By) ~ min(By, Bp)f )y, because o+ < B

0
= —ud + W(F(v) — F(u)) +vd

+ [ min(Ba, 5) — min B, S Sy, s e 0.

We will now consider two cases: (1) f(u) < f(v) and (2) f(u) > f(v).
_Case  (I): f(u) < f(v) = 6/f(u) 26/f(v). For y=>v+e
By) — Bly) = 6/f(u) — 6/ f(v) = O,s0min(By, B(y)) — min(By, B(y)) = 0.The

total change in the objective is:

—ui+ %w(v) — F(u)) +v6 + /  (min(Byr, 5(y) = min(Bur, 6(u)))f (v)dy

>0, asv>u,F(v)> F(u), and min(By, B(y)) > min(By, B(y)).

Case (2): f(u) > f(v) = §/f(u) <3/f(v). For y>v+e Bly)—Bly) =
8/ f(u) —6/f(v) <0, so min(Bp, A(y)) - min(Bu, B(y)) = 70y — 70y- The
total change in the objective is:

Z

~ub + s (P0) = F(w) + 03+ / _ (min(Byr, B(y)) — min(Byr, (1)) (y)dy
:7u6+%(F( +u5+/yl %*fT F(y)dy
:7u5+%(F(v)fF( ))+v(5+(f(u) ff))(l F(v))

S ey )

=0(¢(v) —¢(u)) >0, because F is regular.

We proved that transforming & in this manner does not decrease the objective value.
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For the rest of the proof, let a(y) = f; E(t)f(t)dt and b(y) = (1 — F(y)™)/n.

Now, we explain how to incorporate the two constraints we disregarded in the
beginning: non-decreasing property of ¢ and a(y) < b(y). For the a(y) < b(y)
constraint: select v to be close to the rightmost’ point for which a(v) < b(v) and
has 5(v) < By, select u to be close to the rightmost point less than v for which
a(u) = b(u) and B(u) > 0, if there is no such point u less than v with a(u) = b(u),
then select any point with 3(u) > 0. If we select a small enough area to move from
u to v (parameterized by § in the first part of the proof) and select the neighborhood
of u and v suitably (parameterized by € earlier) we can satisfy the constraint. For
the monotonically non-decreasing property, selecting v to be close to the rightmost
point with a(v) < b(v) and 5(v) < By, and increasing £ in very small increments,
and repeating until convergence, maintains the non-decreasing property of £ in the
aggregate.

Starting from an arbitrary &, one can reach a ¢ that satisfies the condition given in
the statement of the lemma by transformations to £ as given above. This completes
the proof.

C.2.3 Proof of Lemma 13

Let wus assume that the Jlemma is false, which gives us

f‘iH B(v)f(v)dv > By(1 - F(Vg)).

We average out £ in the interval v € [V — 4, 1], for some ¢ > 0, while maintain-
ing 8(v) > By forv > Vi — 4. This will improve our objective. We can check that
the transformed ¢ satisfies £(v) = m f‘iH—é &) f(v)dv for v > Vi — 4.
We can find the § by solving the following equation:

1 1

By =pB(Vyg —0) = (Vu —5)m s

V-6
(0) f(v)dv — /O £(v)dv.

Observe that the right-hand side is a non-increasing continuous function of §. As §
goes from 0 to Vg, the right-hand side goes from strictly above By to 0, so we obtain
the required solution for 4.

C.2.4 Proof of Theorem 14

We provide separate proofs for unit-range and unit-sum settings.

Unit-Range

Note that Lemmas 10,11, and 13 are applicable for unit-range, and Lemma 12 is

applicable with slight modification. Together, they imply that £(v) = 0 forv < V
and £(v) = 1 forv >V, for some V' € [0, 1]. From Lemma 10 we also have

°1If the set is open, we select v in limit. Same for u.
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Vi, =V > By, and from Lemma 13, V < Vg < By if there exists a Vi, or
V' < By if not. The objective value can be written as:

BLF(V)+V(1—-F(V)).
Differentiating w.r.t. /" and equating to 0, we obtain

Brf(V)=Vi(V)+ (1 -F(V)) =f(V)(BL - (V

=f(V)(BL —v¢(V))=0
— (V) =By = V =4 1(By).

We can also observe that the solution to the above equation is a global maximum
because the derivative of the objective is greater than 0 for V < 1~ (By) and less
than 0 afterwards. Plugging in the constraints on V, By, <V < By, the optimal
solution is V' = max (B, min(Bgy, ¥~ (BL))).

Unit-Sum
We divide the analysis into two cases, depending on whether 5 hits the upper
threshold By.

1. B(v) < By forv € [0,1]. We do not have a Vy, and for Vi, we have the follow-
ing inequality:
1

1
B(1) < By = 1&£(1) — | &(v)dv < By — F(v)" 'dv>1- By
VL 1%3

= VL < Vid,

where Viiq is the solution of the equation fé y F()" 'dv =1— By. We also
know that

B(Vy) > By, = Vp&(Vp) = Vo F(Vp)" ' > By = Vi > Viow,

where Vi is the solution to Vigw F'(View)" ! = Br. Thus, a value of Vj, in
[Viow, Vimia) maximizes the objective:

1
OBJ = BLF(Vy) + B(w) f(v)dv.
1%3

Now, 3(v) = vF(v)""! — st F@)" ldt = dféz) = F(Vy)" 1. Differentiat-

ing OBJ w.r.t. Vi we get:
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dOBJ ' dp(v)
T = B0 = i)+ [ S
= Brf(VL) = VLF(VL)" ' (VL) + F(VL)" (1 = F(V))
B — F(V;
— FOVF 0L G — Vit )
= HVP(VL)" (Giams = V(1)
As # decreases with V, 1 (Vy) increases with Vz, and f(Vz)F(Vg)" !

is non-negative, the root of # — (V) =0 is the global maximum. Also,

as the function is continuous, we can efficiently find a solution using a root finding
algorithm such as the bisection method; let tlﬁsolution be Vi. The optimal V;, for
this case will be V7, = max(Viow, min(Vinia, V1.))-

2. B(v) > By forv > Vg € [0, 1]. We have the following equality:

Vu

Vu
B(Vu) = Vué&(Vh) — y §()dv = Vun(F (Vi) — ., F(v)"'dv = By,

n nwn—l 1

and also that 7(z) 2 z" ! and 7/ (z ) > 0 for z € [0, 1].

Foru > v,1,(v) =v — % Observethat,, (v) isnon-decreasing in vbecause

Yu(v) _ (F)—F(@))f'(v)
dv 2+ f(v)?

Yu(v) _ o (Fu)=F(©)f (v) (A-F@)f'(v) _ w(v)
f'(v) <0, then =5 =2+ o) > 2+ = g 20

is obviously non-negative if f’(v) >0, and if

As f(Vy) = Bu, we get Vg € [Vip, 1] and Vi, € [Vinia, Vip| where Vi, is the solu-
tion of the equation By = V,p,n(F(Vyp)). Differentiating 8(Vy) = Buy w.rt.
Vi, we get:

==

= (Ve (F(Vi) F (Vi) + n(F (Vi) — F(VH)"—l)z% LRVt =0
= Vil (F(Vin) (Vi) + (1= (Vi) (F (Vi) 2 + F(V)™ ™ = 0
— T - i/ <.

vy ' (F(Va))Va f(Va) + (1 = F(Vi)))

Given Vp, and V, the objective can be written as:
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Vi
OBJ = BLF (VL) + , B)f(v)dv + Bu(1 — F(Vy)).

Differentiating OBJ w.r.t. Vi, we get:

S = BLI(Ve) + (Vi) f (Vi) G — BV F(V)
o [ EV e )y — B v R
Vi L v H H dV
Vu
= Buf(Vi) — VEF(V)" ' (VL) + /V F(VL)" f(v)dv
+ (B(VH) — BH)f(VH)Z“;IZ
Vu
— BLf(VL) = ViF(VL) " (VL) + /V FVL)™ f(v)do
e By, F(Vg)—F(VL)
=F(VL) lf(VL)(W VL + W)
o B
=F(Vy) lf(VL)(F(Tﬁn—l — vy (VL))

From the equation above, to find the solution of

for the values of Vi and Vg that satisfy # — Yy, (V) =0 (and

dovli‘] =0, we need to solve

B(Vy) = Bp). As the F and 1)y, are continuous, we can efficiently find a solution
using a root finding algorithm. Moreover, the pair of values for V, and Vi that satis-

fies # — v, (V1) = 0 is optimal because:

o The first term, %, decreases with V..

e The second term, v (VL), has a derivative:
Wy Vo) _ 0¢vy (Vi) av, My, (VL) vy (Vo) —f(Va)

av; Ve ave T avn  AS oy, = ) =0 and

4V <0, we get %WL) YL > 0. Also, W‘g’iv(vm > 0 as shown earlier.

So, Yy, (VL) is a non-decreasing function of V.

Let the values of V7, and V; that satisfy # — Yy, (V) = 0be Vg and Vg,
respectively. Overall, we have the optimal V, = min(V,,, max(Vinid, VL)) and the
optimal Vi = min(1, max(Vyp, Vir)).

One of the two cases, either §(v) touches the upper threshold By or it does not,
will give us the overall optimal solution.

Given the optimal expected allocation function £(v), we can easily derive the
optimal allocation function x(v), given in the theorem statement.
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C.2.5 Proof sketch of Lemma 21

The proof is very similar to Lemma 12. The main modifications are: first, we can

r(v) d
check that in [/(v), r(v)] if we flatten &, i.e., we set &(y) = % for

y € [I(v),7(v)], then we do not decrease the objective;!® second, we account for the
change in the objective for transferring area under £ from [/(u), r(u)] to [/(v), r(v)], in
aggregate, rather than from u to v as we did in Lemma 12.

Author contributions All authors contributed to the research and have approved the final manuscript.

Funding Abheek Ghosh was funded by the Clarendon Fund and the SKP Scholarship of the University of
Oxford while working on this project.

Data availability Not applicable.

Declarations

Competing interest The authors have no competing interests to declare that are relevant to the content of
this article.

Consent to participate Not applicable.
Consent for publication Not applicable.
Code availability Not applicable.
Ethical approval Not applicable.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use
is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

Ales L, Cho S-H, Kérpeoglu E (2017) Optimal award scheme in innovation tournaments. Oper Res
65(3):693-702

Archak N, Sundararajan A (2009) Optimal design of crowdsourcing contests. In: Proceedings of 13th
international conference on information systems, p 200. AIS, Atlanta, USA

Bulow J, Klemperer P (1996) Auctions versus negotiations. Am Econ Rev 86(1):180

10We do this for all points except for the points in [I(Vz),r(Vz)] if I(VL) < Vi, otherwise it might
change S~ 1(Br,). Note that the statement of the lemma accommodates for this.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

43 Page 42 of 42 E. Elkind et al.

Barut Y, Kovenock D (1998) The symmetric multiple prize all-pay auction with complete information. Eur
J Polit Econ 14(4):627-644

Baye MR, Kovenock D, De Vries CG (1996) The all-pay auction with complete information. Econ Theor
8(2):291-305

Chawla S, Hartline JD (2013) Auctions with unique equilibria. In: Proceedings of the 14th ACM confer-
ence on electronic commerce, pp 181-196. ACM, New York, USA

Chawla S, Hartline JD, Sivan B (2019) Optimal crowdsourcing contests. Games Econ Behav 113:80-96

DiPalantino D, Vojnovic M (2009) Crowdsourcing and all-pay auctions. In: Proceedings of the 10th ACM
conference on electronic commerce, pp 119-128. ACM, New York, USA

Glazer A, Hassin R (1988) Optimal contests. Econ Inq 26(1):133-143

Gavious A, Minchuk Y (2014) Revenue in contests with many participants. Oper Res Lett 42(2):119-122

Halac M, Kartik N, Liu Q (2017) Contests for experimentation. J Polit Econ 125(5):1523-1569

Loury GC (1979) Market structure and innovation. Q J Econ 93(3):395-410

Matthews S (1984) On the implementability of reduced form auctions. Econometrica 52(6):1519-22

Minor D (2011) Increasing effort through rewarding the best less. Technical report, Working paper. North-
western University

Moldovanu B, Sela A (2001) The optimal allocation of prizes in contests. Am Econ Rev 91(3):542-558

Moldovanu B, Sela A (2006) Contest architecture. J Econ Theory 126(1):70-96

Mihm J, Schlapp J (2019) Sourcing innovation: On feedback in contests. Manage Sci 65(2):559-576

Myerson RB (1981) Optimal auction design. Math Oper Res 6(1):58-73

Taylor CR (1995) Digging for golden carrots: an analysis of research tournaments. Am Econ Rev
85(4):872-890

Vojnovi¢ M (2016) Contest theory: incentive mechanisms and ranking methods. Cambridge University
Press, Cambridge

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	﻿Contest design with threshold objectives
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿1.1﻿ ﻿Designer’s objective
	﻿1.2﻿ ﻿Other modeling choices
	﻿1.2.1﻿ ﻿Rank-order allocation and general all-pay allocation
	﻿1.2.2﻿ ﻿Unit-sum and unit-range


	﻿1.3﻿ ﻿Our results
	﻿1.3.1﻿ ﻿Contests with rank-order allocation
	﻿1.3.2﻿ ﻿General all-pay contests

	﻿1.4﻿ ﻿Related work
	﻿﻿2﻿ ﻿Notation and preliminaries
	﻿2.1﻿ ﻿Contests with a rank-order allocation of prizes
	﻿2.2﻿ ﻿General all-pay contests
	﻿2.3﻿ ﻿Objective functions

	﻿﻿3﻿ ﻿Rank-order allocation of prizes
	﻿3.1﻿ ﻿Binary threshold objective
	﻿﻿3.2﻿ ﻿Linear threshold objective
	﻿3.2.1﻿ ﻿Simple vs. optimal


	﻿﻿4﻿ ﻿General all-pay contests
	﻿4.1﻿ ﻿Binary threshold objective
	﻿4.2﻿ ﻿Linear threshold objective

	﻿5﻿ ﻿Conclusion
	﻿Appendix A Appendix for Sect. ﻿2﻿
	﻿A.1 Expected allocation
	﻿A.2 Properties of single-crossing functions
	﻿A.3 Omitted proofs
	﻿A.3.1 Proof of Lemma ﻿3﻿


	﻿Appendix B Appendix for Sect. ﻿3﻿
	﻿﻿B.1 Total output
	﻿B.2 Concave and convex transformations
	﻿﻿B.3 Omitted proofs
	﻿B.3.1 Proof of Theorem ﻿4﻿
	﻿B.3.2 Proof of Theorem ﻿5﻿
	﻿B.3.3 Proof of Theorem ﻿6﻿
	﻿B.3.4 Proof of Theorem ﻿7﻿
	﻿B.3.5 Proof of Theorem ﻿8﻿


	﻿Appendix C Appendix for Sect. ﻿4﻿
	﻿﻿C.1 Linear Threshold objective: irregular distributions
	﻿C.2 Omitted proofs
	﻿C.2.1 Proof of Theorem ﻿9﻿
	﻿C.2.2 Proof of Lemma ﻿12﻿
	﻿C.2.3 Proof of Lemma ﻿13﻿
	﻿C.2.4 Proof of Theorem ﻿14﻿
	﻿C.2.5 Proof sketch of Lemma ﻿21﻿


	﻿References


