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Swelling pressure in the interstitial fluid within the pores of cartilage tissue is known to have a significant

effect on the rheology of cartilage tissue. The swelling pressure varies rapidly within thin regions inside

pores known as Debye layers, caused by the presence of fixed charge, as observed in cartilage. Tissue

level calculation of cartilage deformation therefore requires resolution of three distinct spatial scales: the

Debye lengthscale within individual pores; the lengthscale of an individual pore; and the tissue length-

scale. We use asymptotics to construct a leading order approximation to the swelling pressure within

pores, allowing the swelling pressure to be systematically included within a fluid-solid interaction model

at the level of pores in cartilage. We then use homogenisation to derive tissue level equations for car-

tilage deformation that are very similar to those governing the finite deformation of a poroviscoelastic

body. The equations derived permit the spatial variations in porosity and electric charge that occur in

cartilage tissue. Example solutions are then used to confirm the plausibility of the model derived and to

consider the impact of fixed charge heterogeneity, illustrating that local fixed charge loss is predicted to

increase deformation gradients under confined compression away from, rather than at, the site of loss.
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1. Introduction

Cartilage is often modelled as a poroviscoelastic (or poroelastic) multiphase material, where the solid

scaffold comprises charged proteoglycans, mainly aggrecans; see, for example, [27] and references

therein. The pores in this material are filled with interstitial fluid containing free ions, predominantly

but not exclusively sodium and chloride ions, with concentrations that depend on the charge on the sur-

face of the solid scaffold. These free ions result in a swelling pressure that is sufficiently large that it

fundamentally affects cartilage mechanics and must be included in tissue level models of cartilage defor-

mation. There are two main challenges when integrating the swelling pressure into a tissue level model

of cartilage tissue. The first of these is modelling the thin electrical films within the cartilage pores,

known as Debye layers, sufficiently accurately to allow a spatially accurate description of the swelling

pressure within the pores of the cartilage. The second challenge is to incorporate the swelling pressure

into a tissue scale poroelastic or poroviscoelastic model, allowing predictions of the deformation and

stresses arising in cartilage tissue mechanics.

Swelling pressure is usually incorporated into tissue level models of cartilage using Donnan theory

[25, 30, 31] or the Poisson–Boltzmann equation [8]. Both approaches acknowledge that the concentra-

tion of both sodium and chloride ions vary significantly at the lengthscale of an individual pore. Donnan

c© The author 2008. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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theory assumes that the fluid within the pores may be divided into two regions — a thin Debye layer

in the vicinity of the charged solid scaffold where ion concentrations result in a non-zero net charge,

and an outer charge-neutral region in the remainder of the fluid. The free ion concentration within the

Debye layer is calculated by taking account of both Donnan equilibrium at the interface between these

two regions within the fluid, and the charge on the scaffold. The resulting ion concentrations in the

Debye layer are then used to calculate the swelling pressure. The Poisson–Boltzmann equation offers a

more detailed and physically realistic description of the free ion concentraions, representing these con-

centrations by continuous functions and taking account of the electrical potential caused by these ions

when balancing the charge on the scaffold.

However, in going to higher lengthscales, there has been some debate on how swelling pressure,

which we have noted varies significantly within pores of the scaffold, should be included in a tissue

level model of cartilage tissue. Some studies model the swelling pressure as being an extra pressure that

is only present in the fluid phase [25, 27]; other studies model the swelling pressure as a potential whose

gradient is an external force that is applied to the whole body [28, 30, 35]. A further complication is

that the deformations are sufficiently large that finite deformation viscoelasticity or elasticity (see, for

example, [24]) must be used rather than linear viscoelasticity or elasticity [34]. After deciding how

to include swelling pressure in the model, a stress tensor for the composite body is required. Most

multiphase models of biological tissue that comprise a solid phase and a fluid phase assume that the

tissue stress tensor is given by a weighted average of the contribution from the solid and fluid phases

[4, 5, 10, 33, 34]. We also need to specify constitutive relationships to allow the stress tensor to be

calculated. The solid scaffold is usually modelled as an elastic or viscoelastic body. If the cartilage

scaffold is modelled as being viscoelastic then the Voigt formulation, where the scaffold acts as a fluid

on very short timescales but as an elastic solid on longer timescales, is used rather than the Maxwell

formulation.

We have noted that the concentrations of free sodium and chloride ions vary significantly within thin

Debye layers in the pores of the solid cartilage scaffold. Furthermore, the pore size within the cartilage

is much smaller than the tissue level lengthscale of cartilage. An accurate representation of swelling

pressure within a tissue level model of cartilage deformation therefore requires us to resolve three clearly

separated lengthscales — the Debye layer thickness, the pore size, and the tissue lengthscale. In this

study our aim is to use asymptotics to derive equations that take account of all three of these spatial

scales, so as to examine the predictions of homogenisation theory for how swelling pressure and fixed

charge, and especially their gradients as well as gradients of other material properties, manifest in terms

of tissue level equations and predicted behaviour.

To proceed, we need to take account of many entities at different lengthscales and thus, for clarity, we

begin by defining the notation used throughout this manuscript in Section 2. Having defined our notation

we then write down a microscale model of the fluid flow and electrochemistry in the interstitial fluid in

the cartilage pores in Section 3. A detailed description of the microstructure of articular tissue is given

in [35]. Proteoglycan monomers consist of a central core that many chondroitin sulfate chains branch

from. Networks of proteoglycans are formed when many proteoglycan monomers bind to a filament

chain of hyaluronate. These networks of proteoglycans then interact with networks of collagen to form

a composite cartilage scaffold (see Figure 1). As a first approximation we will model this scaffold as

a viscoelastic solid with a negatively charged surface, with the latter representing the negative charges

of the glycoaminoglycans within the chondroitin sulphate arms. This corresponds to the simplest —

surface charge — model of Dean et al. [13] and Han et al. [20], though with the surface charge density

displaced to the envelope formed by the ends of the glycoaminoglycans (see Figure 1), which improves

the match of predicted electrical forces between the surface charge models and a more complex —
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distributed volume charge — model of Dean et al. [13] and Han et al. [20].

(a)

(c)

(b)

FIG. 1. The structure of cartilage. (a) A schematic of cartilage molecular structure with collagen in blue, with hyaluronic acid

backbones, for instance the red-curve depicted in the blow-up, which are decorated with aggregan. (b) Atomic force microscopy

images of fetal epiphyseal and nasal mucosal aggrecans, with the N (amine) and C (carboxyl) termini labelled. (c) The detailed

molecular structure of aggrecans, which binds to hyaluronic acid via the N-terminus from which emerges the G1 and G2 globular

domains, followed by core protein (cp) dressed by keratin sulphate (KS) and chondroitin sulphate (CS) glycoaminogkycan (GAG)

chains, and ending with the G3 globular domain and C terminus. Figure (a) is reproduced from [27], and Figures (b) and (c) are

from [37], permissions pending.

We proceed to exploit the observation that the length of the glycoaminoglycan chains, at roughly

30-40 nm as seen in Figure 1, is much larger than the Debye layer thickness of roughly 1 nm at phys-

iologial ion concentrations [42]. This ratio of lengthscales introduces a small parameter, allowing the

construction of a leading order approximation to the fluid flow and forces exerted on the interface with

the solid, taking account of the swelling pressure in interstitial fluid that arises due to dissolved ions.

Rather than assume that the tissue stress tensor is given by a weighted average of the contribution

from the solid and fluid phases, we use the leading order approximation to the swelling pressure to

write down a coupled fluid–structure interaction problem at the microscale in Section 4. We then use

homogenisation to derive the macroscale poroviscoelasticity equations that take account of swelling

pressure. Our approach is similar in spirit to that of other authors who have used homogenisation to

derive general macroscale equations governing a poroelastic body [7, 38, 41]. There are, however, three

differences between these works and the model presented here. First, we introduce the leading order

swelling pressure into our derivation of the macroscale equations. Second, we assume that the solid

scaffold in cartilage tissue is completely incompressible as is suggested by experiments [2]; any change

in the volume of the composite material is then entirely due to fluid being squeezed in or out. Finally,

we allow the scaffold to be viscoelastic; the resulting macroscale equations then model cartilage as a

poroviscoelastic body, although the viscoelastic scaffold can easily be replaced by an elastic scaffold,

resulting in macroscale equations for a poroelastic body. We then summarise the macroscale equations

in Section 5, presenting illustrative solutions and comparisons with other work, before summarising our

conclusions in Section 6.
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2. Notation used

In this study we will require dimensional and dimensionless variables, and both Eulerian and La-

grangian coordinates. The use of homogenisation will require both a microscale coordinate system

and a macroscale coordinate system. Furthermore we will also need a coordinate system that represents

the Debye layer within the microscale coordinate system. To aid the clarity of this manuscript we begin

by explaining the notation used. We will use upper case letters to denote Lagrangian coordinates, and

the corresponding lower case letter to denote Eulerian coordinates. Indices that refer to the Lagrangian

frame will be upper case letters, and indices referring to the Eulerian frame will be lower case letters.

We use superscript asterisks to denote dimensional quantities; quantities without an asterisk are the cor-

responding dimensionless quantity. At the microscale we model the material as comprising, in Eulerian

coordinates, an interconnected solid phase occupying the region Ω ∗
s , and an interconnected fluid phase

occupying the region Ω ∗
f . The boundary between these regions is denoted by ∂Ω ∗

f s. The fluid phase is

assumed to be an incompressible Newtonian fluid containing both sodium and chloride ions in solution.

In Lagrangian coordinates these regions are denoted by Ω ∗
s,0, Ω ∗

f ,0 and ∂Ω ∗
f s,0 respectively. We denote

the dimensional microscale Eulerian coordinate by y∗, and the dimensional macroscale Eulerian coordi-

nate by x∗. The corresponding Lagrangian coordinates are Y∗ and X∗. When using the gradient operator

we will use a subscript to identify the coordinates it is with respect to, i.e. ∇y∗ is the gradient operator

with respect to the microscale coordinate system y∗. We will see later that, in the microscale coordinate

system, we require a scaled dimensionless coordinate that represents the distance into the Debye layer

in the direction of the vector normal to the interface between the solid and the fluid; this coordinate will

be denoted by ξ .

We will frequently require use of a vector that is normal to the interface between the solid and

fluid regions. The vector n is defined to be the vector in Eulerian coordinates that is normal to the

interface, of unit length, and points from the solid region into the fluid region. The corresponding vector

in Lagrangian coordinates is denoted by N.

The notation presented in this section, and the three distinct scales modelled, are illustrated in Fig-

ure 2. We will use the Einstein summation convention throughout this manuscript unless otherwise

stated.

3. Modelling the Debye layers

In this section we derive a model of the swelling pressure that is caused by charged ions within the

interstitial fluid. We first write down the dimensional governing equations. These equations comprise

the Navier-Stokes equations [1] that describe fluid flow, and the Poisson-Nernst-Planck equations [36]

that govern electrochemistry. We then nondimensionalise these equations and identify the existence

of Debye layers, i.e. boundary layers in the ion concentration in the vicinity of the interface between

the fluid and solid. We then follow [43] and derive a leading order approximation to the solution of

the governing equations. These leading order approximations will then be used to calculate both the

leading order stress tensor in the fluid and the leading order contribution to the Lorentz force induced

by the charged interface, which will be used when deriving our tissue level poroviscoelastic model.

Throughout this section we will use Eulerian coordinates.
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FIG. 2. A schematic of the three scales considered in this paper. At the tissue scale, grey regions represent the solid, and white

regions represent the fluid. At the pore scale, grey regions represent the solid, black regions represent the Debye layer within the

fluid, and white regions represent the remainder of the fluid. See Section 2 for definition of the notation used. For clarity we do

not distinguish between dimensional and dimensionless quantities in this figure.

3.1 The dimensional equations

The governing equations in the fluid are given by, for y∗ ∈ Ω ∗
f :

ρ∗
f

(

∂v∗

∂ t∗
+(v∗ ·∇y∗)v∗

)

= −∇y∗ (p∗+ p∗swell)+ µ∗
f ∇2

y∗v∗, (3.1)

∇y∗ ·v∗ = 0, (3.2)
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where ρ∗
f is the constant density of the fluid, t∗ is time, µ∗

f is the dynamic viscosity of the fluid, v∗ is

the fluid velocity, p∗ is hydrodynamic pressure that is also a Lagrange multiplier used to enforce the

incompressibility constraint given by Eq. (3.2), and p∗swell is the swelling pressure caused by dissolved

sodium and chloride ions. The gradient of the swelling pressure is equal to the Lorentz force and so, as

sodium ions are positive ions with a valence of 1 and chloride ions are negative ions with a valence of 1,

∇y∗ p∗swell =−F∗ (N∗−C∗)∇y∗φ∗, (3.3)

where N∗ is the concentration of sodium ions, C∗ is the concentration of chloride ions, φ∗ is the electrical

potential in the fluid, and F∗ is Faraday’s constant. The ion concentrations and potential satisfy the

Poisson-Nernst-Planck equations given by, for y∗ ∈ Ω ∗
f :

∂N∗

∂ t∗
+∇y∗ ·

(

N∗v∗−D∗
N

(

∇y∗N∗+
F∗N∗

R∗T ∗ ∇y∗φ∗
))

= 0, (3.4)

∂C∗

∂ t∗
+∇y∗ ·

(

C∗v∗−D∗
C

(

∇y∗C
∗− F∗C∗

R∗T ∗ ∇y∗φ∗
))

= 0, (3.5)

−∇y∗ ·
(

ε∗f ∇y∗φ∗) = F∗ (N∗−C∗) , (3.6)

where D∗
N ,D

∗
C are the diffusion coefficients for sodium and chloride ions in the fluid phase, R∗ is the

universal gas constant, T ∗ is absolute temperature, and ε∗f is the permittivity of the interstitial fluid.

Remembering that in Section 2 we defined n to be the unit normal vector pointing out of the solid into

the fluid, i.e. the inward pointing normal vector within the fluid, boundary conditions are, for y∗ ∈ ∂Ω ∗
f s:

v∗ = v∗f s, (3.7)
(

N∗v∗−D∗
N

(

∇y∗N∗+
F∗N∗

R∗T ∗ ∇y∗φ∗
))

·n = 0, (3.8)

(

C∗v∗−D∗
C

(

∇y∗C
∗− F∗C∗

R∗T ∗ ∇y∗φ∗
))

·n = 0, (3.9)

−ε∗f ∇y∗φ∗ ·n = Q∗, (3.10)

where v∗f s is the velocity of the interface, and Q∗ is the surface charge density on the solid due to the fixed

charge proteoglycan aggregates. We remark that Q∗ < 0 for cartilage. We also note that the dimensional

Cauchy stress tensor for the fluid, σ∗, has entries given by

σ∗
i j =−(p∗+ p∗swell)δi j +

µ∗
f

2

(

∂v∗i
∂x∗j

+
∂v∗i
∂x∗j

)

, i, j = 1,2,3. (3.11)

3.2 The dimensionless equations

We use the nondimensionalisation given by

t∗ = τ∗t, y∗ = d∗y, v∗ =V ∗v, p∗, p∗swell =
µ∗

f V
∗

d∗ p, pswell, D∗
n,c = D̄∗Dn,c,

N∗ = Π ∗
0 N, C∗ = Π ∗

0 N, φ∗ =
R∗T ∗

F∗ φ , Q∗ =
R∗T ∗ε∗f
F∗d∗δ

Q, (3.12)
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where τ∗ is a representative timescale, d∗ is a typical pore spacing, V ∗ is a representative velocity, Π ∗
0

is a typical value of the concentration of sodium and chloride ions, and D̄∗ is a typical value of the

diffusion coefficients for sodium and chloride ions. Setting

τ∗ =
d∗2

D̄∗ ,

V ∗ =
d∗

τ∗
=

D̄∗

d∗ ,

and defining the dimensionless parameter δ by

δ 2 =
ε∗f R∗T ∗

d∗2
F∗2

Π ∗
0

,

Eqs. (3.1)-(3.6) become, for y ∈ Ω f :

Rel

(

∂v

∂ t
+(v ·∇y)v

)

= −∇y (p+ pswell)+∇2
yv, (3.13)

∇y ·v = 0, (3.14)

∇y pswell = −A (N −C)∇yφ , (3.15)

∂N

∂ t
+∇y · (Nv−DN (∇yN +N∇yφ)) = 0, (3.16)

∂C

∂ t
+∇y · (Cv−DC (∇yC−C∇yφ)) = 0, (3.17)

−∇2
yφ =

1

δ 2
(N −C) , (3.18)

where the dimensionless parameters A and Rel (the local Reynolds number), are given by

A =
Π ∗

0 R∗T ∗d∗2

µ∗
f D̄∗ , Rel = ρ∗

f V
∗d∗/µ∗

f = ρ∗
f D̄∗/µ∗

f .

The boundary conditions, Eqs. (3.7)-(3.10), become, for y ∈ ∂Ω f s:

v = v f s, (3.19)

(Nv−DN (∇yN +N∇yφ)) ·n = 0, (3.20)

(Cv−DC (∇yC−C∇yφ)) ·n = 0, (3.21)

−∇yφ ·n =
1

δ
Q. (3.22)

Representative parameter values are given in Table 1. We note that interstitial fluid is reported to be

substantially less viscous than synovial fluid [32]; thus, noting synovial fluid viscosity at the shear rates

supported by cartilage is about 0.1 kg m−1 s−1 [3, 26], this gives an upper bound for the interstitial fluid

viscosity, µ∗
f . A lower viscosity bound is that of water, which is very roughly 0.001 kg m−1 s−1, and

we take an intermediate value, µ∗
f ≈ 0.01 kg m−1 s−1. Combined with the other parameter estimates of

Table (1), the dimensionless parameters appearing in Eqs. (3.13)-(3.21) are approximately δ ≈ 0.129,

A ≈ 2.63, and Rel ≈ 10−5.
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Parameter Value Reference

d∗ 6× 10−9 m [37]

F∗ 9.65× 104 C mol−1 [43]

R∗ 8.31 C V mol−1 K−1 [43]

T ∗ 293 K [8]

ε∗f 78.3 ε∗0 [8]

ε∗0 8.85× 10−12 F m−1 [8]

Π ∗
0 3× 102 mol m−3 [28]

ρ∗
f 103 kg m−3 [29]

µ∗
f 10−2 kg m−1 s−1 See text and [3, 26]

D̄∗ 10−9 m2 s−1 [14]

Table 1. Parameter values for the microscale model

We have not been able to obtain an estimate for a value for Q∗, the surface charge density on the

solid due to the proteoglycan aggregates. Previous work that has considered the contribution from the

charge on the proteoglycans has been concerned with a much longer lengthscale than the microstructure

discussed here. As a consequence the charge has been modelled as a continuum, and values are given

in the units of Coulombs per unit volume, rather than Coulombs per unit surface area. We make the

assumption that the dimensionless charge per unit area satisfies Q = O(1), as we will see that this

nondimensionalisation allows the leading order solution to Eqs. (3.13)-(3.22) to exhibit the Debye layers

that are believed to occur.

3.3 Multiple scales analysis

The equations given by Eqs. (3.13)-(3.22) contain three dimensionless parameters: δ , A , and Rel . The

parameter A is O(1), and so clearly must be retained when calculating an approximate solution. We

have two further parameters: δ = O(0.1), and Rel = O(10−5). On inspection of Eqs. (3.13)-(3.22) we

observe the potential of a boundary layer due the small parameter δ . For this reason, and given the

relative sizes of δ and Rel , we first let Rel → 0 and then construct an asymptotic solution in powers of

δ and take the limit δ → 0.

Away from any boundaries we expand the outer solution as regular asymptotic expansions, using the

superscript “o” to denote the outer solution:

vo = vo
0 + δvo

1 + δ 2vo
2 + . . . ,

po = po
0 + δ po

1 + δ 2 po
2 + . . . ,

po
swell = po

swell,0 + δ po
swell,1 + δ 2 po

swell,2 + . . . ,

No = No
0 + δNo

1 + δ 2No
2 + . . . ,

Co = Co
0 + δCo

1 + δ 2Co
2 + . . . ,

φo = φo
0 + δφo

1 + δ 2φo
2 + . . . .

The leading order contributions to Eqs. (3.16)-(3.18) admit a solution that yields both electroneutrality
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and no electric fields away from the Debye layer, given by

No
0 (x) =Co

0(x) = N̄, φo
0 (x) = Φ, (3.23)

where N̄,Φ are constants. Using Eq. (3.15) the leading order swelling pressure is given by

po
swell,0 = constant. (3.24)

The constant solutions given by Eq. (3.23) do not satisfy the boundary condition given by Eq. (3.22).

We have noted that the structure of Eqs. (3.13)-(3.22) suggest the existence of a Debye boundary layer of

thickness δ adjacent to the interface with the solid scaffold. As discussed in Section 1 we will take it that

the radius of curvature of the solid region is much greater than the width of the Debye layer. This allows

us to assume that the boundary ∂Ω f s is flat, avoiding the need to introduce curvilinear coordinates; we

are, in essence, assuming that the effect of curvature of the solid surface affects only higher order terms

in the asymptotic expansion. Orienting coordinates so that ∂Ω f s is the surface y1 = 0, with the fluid

occupying the region y1 > 0, we rescale coordinates in the Debye layer using

y1 = δξ ,

leaving y2 and y3 unchanged, and write the solution in the Debye layer as asymptotic expansions, using

the superscript “D” to denote the Debye layer solution:

vD
i = vD

i,0 + δvD
i,1 + δ 2vD

i,2 + . . . ,

pD = pD
0 + δ pD

1 + δ 2 pD
2 + . . . ,

pD
swell = pD

swell,0 + δ pD
swell,1 + δ 2 pD

swell,2 + . . . ,

ND = ND
0 + δND

1 + δ 2ND
2 + . . . ,

CD = CD
0 + δCD

1 + δ 2CD
2 + . . . ,

φD = φD
0 + δφD

1 + δ 2φD
2 + . . . .

The O(δ−1) contribution to Eq. (3.14) gives

∂vD
1,0

∂ξ
= 0, (3.25)

and the O(δ−2) contributions to the second and third components of Eq. (3.13) give

∂ 2vD
2,0

∂ξ 2
= 0,

∂ 2vD
3,0

∂ξ 2
= 0. (3.26)

We will match the Debye layer solution as ξ → ∞ with the outer solution, and so the Debye layer

solution must be bounded in the limit ξ → ∞. Eqs. (3.25) and (3.26) then allow us to deduce that all

components of the leading order velocity in the Debye layer are independent of ξ and so we may write

vD
1,0 = f1(y2,y3), vD

2,0 = f2(y2,y3), vD
3,0 = f3(y2,y3). (3.27)

Applying the boundary condition given by Eq. (3.19) then allows us to write

lim
r→∂Ω f s

vo
0 = vD

0 = v f s. (3.28)
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We now derive an equation for the leading order pressure solution in the Debye layer. First we

substitute the expressions for vD
2,0 and vD

3,0 given by Eq. (3.27) into the O(1) contribution to Eq. (3.14):

∂vD
1,1

∂ξ
= −

∂vD
2,0

∂y2

−
∂vD

3,0

∂y3

=
∂ f2

∂y2

+
∂ f3

∂y3

.

As the right hand side of the equation immediately above is independent of ξ , and vD
1,1 is finite, integrat-

ing over the Debye layer yields

[

∂vD
1,1

∂ξ

]∞

0

= 0. (3.29)

To complete our derivation of the leading order pressure in the Debye layer we take the limit Rel → 0

in the O(δ−1) contribution to Eq. (3.13):

∂ 2vD
1,1

∂ξ 2
− ∂

∂ξ

(

pD
0 + pD

swell,0

)

= 0.

Integrating, using Eq. (3.29), and matching with the outer solution gives

pD
0 + pD

swell,0 = lim
r→∂Ω f s

(

po
0 + po

swell,0

)

, (3.30)

and we remind ourselves that po
swell,0 is constant, as predicted by Eq. (3.24). A useful consequence of

Eqs. (3.28) and (3.30) is that they predict that both the velocity, and the sum of the hydrostatic and

swelling pressures, are unaffected by the Debye layer at leading order. The Cauchy stress tensor given

by Eq. (3.11) is therefore also unaffected by the Debye layer at leading order, and so the leading order

stress tensor in the Debye layer may be calculated using the leading order outer solution.

3.3.1 Estimating the surface charge on the interface. We remarked earlier that we were unable to

obtain an estimate for the surface charge on the interface between the fluid and ths solid. We now derive

the leading order approximation to the ion concentrations and potential in the Debye layer, which will

allow us to estimate the charge from quantities that we do have an estimate of. The O(δ−2) contributions

to Eqs. (3.16)-(3.18) in the Debye layer are

∂

∂ξ

(

∂ND
0

∂ξ
+ND

0

∂φD
0

∂ξ

)

= 0, (3.31)

∂

∂ξ

(

∂CD
0

∂ξ
−CD

0

∂φD
0

∂ξ

)

= 0, (3.32)

−∂ 2φD
0

∂ξ 2
= ND

0 −CD
0 , (3.33)
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and the O(δ−1) contributions to the boundary conditions given by Eqs. (3.20)-(3.22) on ξ = 0 are,

remembering that n points into the fluid:

∂ND
0

∂ξ
+ND

0

∂φD
0

∂ξ
= 0, (3.34)

∂CD
0

∂ξ
−CD

0

∂φD
0

∂ξ
= 0, (3.35)

−∂φD
0

∂ξ
= Q. (3.36)

Eqs. (3.31)-(3.36) have analytic solution, matching the outer solutions specified by Eq. (3.23), that are

given by

φD
0 = Φ + 2log

(

tanh

(
√

N̄

2
ξ +

1

2
sinh−1 2

√
2N̄

(−Q)

))

, (3.37)

ND
0 = N̄ exp

(

Φ −φD
0

)

, (3.38)

CD
0 = N̄ exp

(

φD
0 −Φ

)

. (3.39)

The solutions given by Eq. (3.37)-(3.39) are plotted in Figure 3 for N̄ = 1, Q =−1.
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ξ
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0

φ
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−
Φ
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ξ
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2.5
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D 0
(s
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id

li
n
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,
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(a) (b)

FIG. 3. (a) The leading order dimensionless potential in the Debye layer given by Eq. (3.37), and (b) the leading order dimension-

less sodium ion concentration (solid line) and dimensionless chloride ion concentration (broken line) in the Debye layer given by

Eqs. (3.38) and (3.39). Parameter values are N̄ = 1, Q =−1.

The analytic solutions given by Eqs. (3.37)-(3.39) allow us to obtain an analytic solution for the

swelling pressure. Using Eqs. (3.31)-(3.32) and (3.34)-(3.35), we may use Eq. (3.15) to write the leading

order gradient of the swelling pressure in the Debye layer as

∂ pD
swell,0

∂ξ
= A

∂

∂ξ

(

ND
0 +CD

0

)

,
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which we may integrate and then deduce, by using Eqs. (3.38) and (3.39) and matching the outer and

Debye layer solutions using Eq. (3.24), that

pD
swell,0 − po

swell,0 = 2A N̄
(

cosh
(

φD
0 −Φ

)

− 1
)

. (3.40)

To estimate the dimensional charge density on the surface of the solid scaffold we write both

Eq. (3.37) and (3.40) in dimensional variables:

φD∗
0 = Φ∗+ 2

R∗T ∗

F∗ log



tanh





√

F∗2
N̄∗

2ε∗f R∗T ∗ s∗+
1

2
sinh−1

2
√

2N̄∗R∗T ∗ε∗f

(−Q∗)







 , (3.41)

pD∗
swell,0 − po∗

swell,0 = 2R∗T ∗N̄∗
(

cosh

(

F∗

R∗T ∗

(

φD∗
0 −Φ∗

)

)

− 1

)

, (3.42)

where s∗ is the shortest dimensional distance to the charged surface. The difference in dimensional

swelling pressure across the Debye layer, ∆ p∗swell, is defined by

∆ p∗swell = pD∗
swell,0

∣

∣

∣

s∗=0
− po∗

swell,0,

and may be calculated by substituting s∗ = 0 into Eq. (3.41), and substituting the resulting value of

the dimensional potential into Eq. (3.42). In Figure 4 we plot the relationship between ∆ p∗swell and Q∗

using the parameters given in Table 1, and setting N̄∗ = Π ∗
0 . Noting that atmospheric pressure is around

105 N m−2, and that the relationship between dimensional and dimensionless variables in Eq. (3.12)

gives Q ≈ 1 when |Q∗| = 0.03 C m−2, we observe that our analysis predicts that Q = O(1) when the

swelling pressure is comparable to atmospheric pressure. This is what we would expect — swelling

pressure is known to make a significant contribution to the deformation of cartilage tissue, and this can

only occur if it is comparable in size to other phenomena such as atmospheric pressure. We note that

the swelling pressure can cause the pressure in some joints to reach values as high as 1.8× 107 N m−2

[21].

0 0.5 1 1.5 2
∆p∗swell (N m−2)

×10 7

-0.2

-0.15

-0.1

-0.05

0

Q
∗
(C

m
−
2
)

FIG. 4. The relationship between ∆ ∗
pswell and Q∗ for the parameters given Table 1, and setting N̄∗ = Π∗

0 .
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3.4 The Lorentz force induced by the charged interface

We now write down an expression for the leading order dimensional Lorentz force per unit area, pL
∗,

that is caused by the charged interface between the fluid and the solid, which will be used when deriving

our tissue level poroviscoelastic model. Noting from Eq. (3.37) that the largest contribution to ∇y∗φ∗

on the interface between the fluid and solid is in the direction of n (which points into the fluid), we

approximate pL
∗ by

pL
∗ = −Q∗ (n ·∇y∗φ

∗)n.

The boundary condition given by Eq. (3.10) then allows us to write

pL
∗ =

Q∗2

ε∗
n. (3.43)

4. The poroviscoelastic material

We now use the leading order solution from Section 3 to write down a coupled fluid-solid interaction

problem in the porous microstructure in the case where the scaffold is a viscoelastic material. We

write down the governing equations, nondimensionalise these equations, and then construct leading

order asymptotic expansions in both the fluid and the solid regions. These leading order asymptotic

expansions are then used in a homogenisation of the porous material to give the governing equations at

the macroscale.

4.1 The governing equations

We write down the governing equations in both the solid and fluid regions, and on the interface between

these regions, and then nondimensionalise these equations. Note that the nondimensionalisation of the

fluid region is different to that used in Section 3, as we are now interested in different lengthscales.

4.1.1 The fluid region. On using Eqs. (3.28) and (3.30) we see that both the velocity of the fluid,

and the sum of the hydrodynamic pressure and swelling pressure, do not vary across the Debye layer.

The leading order Cauchy dimensional stress tensor in the fluid therefore has entries given by, for i, j =
1,2,3:

σ∗
i j =

µ∗
f

2

(

∂v∗i
∂y∗j

+
∂v∗j
∂y∗i

)

− (p∗+ p∗swell)δi j,

where v∗, p∗, p∗swell are the leading order dimensional velocity, pressure and swelling pressure consistent

with the outer solution derived in Section 3.3, and we remind ourselves that p∗swell is constant away

from the Debye layers. The fluid velocity and pressure then satisfy the Navier-Stokes equations [1]: for

y∗ ∈ Ω ∗
f :

ρ∗
f

(

∂v∗i
∂ t∗

+ v∗j
∂v∗i
∂y∗j

)

= − ∂

∂y∗i
(p∗+ p∗swell)+ µ∗

f

∂ 2v∗i
∂y∗

2

j

, i = 1,2,3, (4.1)

∂v∗i
∂y∗i

= 0. (4.2)
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We use the nondimensionalisation

y∗ = d∗y, v∗ =V ∗v, p∗+ p∗swell =
µ∗

f L∗V ∗

d∗2
p, σ∗ =

µ∗
f L∗V ∗

d∗2
σ , t∗ =

d∗

εV ∗ t, (4.3)

where d∗ is again the characteristic lengthscale of the microstructure, L∗ is the characteristic macro

lengthscale, V ∗ is representative of the fluid velocity, the swelling pressure has been absorbed into the

dimensionless pressure, the separation of scales parameter ε is defined by

ε =
d∗

L∗ ,

and we assume that ε ≪ 1. We remark that ε∗f has been used for the permittivity in Section 3, and ε is

not related to the permittivity, but is instead a small parameter. Although acknowledging the potential

for confusion we believe that using conventional symbols for these quantities makes the presentation

clearer, but would like to emphasise that ε∗f and ε do actually represent different entities.

The dimensionless Cauchy stress tensor in the fluid region is given by, for i, j = 1,2,3:

σi j =
ε

2

(

∂vi

∂y j

+
∂v j

∂yi

)

− pδi j, (4.4)

and the dimensionless governing equations in the fluid region are then given by, for x ∈ Ω f :

ε2Re

(

ε
∂vi

∂ t
+ v j

∂vi

∂y j

)

= − ∂ p

∂yi

+ ε
∂ 2vi

∂y2
j

, i = 1,2,3, (4.5)

∂vi

∂yi

= 0, (4.6)

where Re = ρ∗
f V

∗L∗/µ∗
f is the macroscale Reynolds number. The scalings are application specific; we

remark that other authors, [22, 39, 44], use slightly different scalings.

4.1.2 The solid region. We denote the first Piola-Kirchhoff tensor by S∗. The indices in this tensor

are ordered so that the force per unit undeformed area in the ith coordinate direction, on a surface

in the undeformed body with normal vector N, is given by S∗MiNM . The dimensional equations for

incompressible, nonlinearly viscoelastic deformations in the solid region are given by [24], for Y∗ ∈
Ω ∗

s,0:

ρs

∂ 2y∗i
∂ t∗2

=
∂S∗Mi

∂Y ∗
M

, i = 1,2,3, (4.7)

det(G) = 1, (4.8)

where S∗ may be written

S∗Mi = Ŝ∗Mi(G, Ġ∗)− det(G)G−1
Mi q∗, i,M = 1,2,3, (4.9)

ρs is the density of the scaffold, Ŝ∗ is the dimensional first Piola-Kirchhoff stress tensor in the absence

of the incompressibility constraint, q∗ is the dimensional Lagrange multiplier used to enforce the in-

compressibility constraint, G is the deformation gradient tensor of the solid, with entries given by

GiM =
∂y∗i
∂Y ∗

M

, i,M = 1,2,3,
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and Ġ∗ is the derivative with respect to dimensional time of the deformation gradient tensor. We have

not used a superscript asterisk on G; this is because it is already dimensionless. It is more usual to use

F to represent the deformation gradient tensor. We use G to use the deformation gradient tensor in the

solid region (which is not defined in the fluid region), and will reserve F for use later as a deformation

gradient tensor at the macroscale that applies to the whole body being modelled. Note that we could

use Eq. (4.8) to remove the dependence of Eq. (4.9) on det(G). We persist with this term as it will be

required in the later analysis, for example the derivation of Eq. (4.12) below.

A nondimensionalisation, consistent with that used in the fluid region, is

Y∗ = d∗Y, y∗ = d∗y, q∗ =
µ∗

f L∗V ∗

d∗2
q, Ŝ∗ =

µ∗
f L∗V ∗

d∗2
Ŝ, t∗ =

d∗

εV ∗ t. (4.10)

The deformation gradient tensor and its inverse are given in terms of dimensionless coordinates by

GiM =
∂yi

∂YM

, G−1
Mi =

∂YM

∂yi

, i,M = 1,2,3.

We write the dimensionless first Piola-Kirchhoff stress tensor in the solid region as, for i,M = 1,2,3:

SMi = ŜMi − det(G) G−1
Mi q. (4.11)

Using the identity

∂

∂YM

(

det(G) G−1
Mi

)

= 0, i = 1,2,3,

the dimensionless governing equations in the solid region are given by, for Y ∈ Ωs,0:

ε4 ρs

ρ f

Re
∂ 2yi

∂ t2
=

∂ ŜMi

∂YM

− det(G) G−1
Mi

∂q

∂YM

, i = 1,2,3, (4.12)

detG = 1. (4.13)

4.1.3 The interface between the solid and the fluid. We have written the governing equations in

the fluid phase using an Eulerian coordinate system, and the governing equations in the solid phase

using a Lagrangian coordinate system. The conditions on the interface between these two regions will

therefore contain quantities from different coordinate systems, and care must be taken to ensure that

these conditions are correct.

The first dimensional interface condition is continuity of velocity across the interface, i.e. we apply

a no-slip boundary condition between the fluid and the solid. Let a point Ỹ∗ ∈ ∂Ω ∗
f s,0 on the interface

in the Lagrangian frame be mapped to ỹ∗ ∈ ∂Ω ∗
f s on the interface in the Eulerian frame. Equating the

velocity on either side of the interface gives

v∗
∣

∣

∣

ỹ∗
=

∂y∗

∂ t∗

∣

∣

∣

∣

∣

Ỹ∗
. (4.14)

The nondimensionalisation given by Eqs. (4.3) and (4.10) then gives the following dimensionless inter-

face condition:

v

∣

∣

∣

ỹ
= ε

∂y

∂ t

∣

∣

∣

∣

∣

Ỹ

. (4.15)
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The second interface condition is continuity of stress across the interface. Aside from the stress due

to the Cauchy stress tensor in the fluid given by Eq. (4.4) and the first Piola-Kirchoff stress tensor in the

solid given by Eq. (4.11), we also have to consider the Lorentz force induced by the charged surface of

the interface, given by Eq. (3.43). Using the following nondimensionalisation, consistent with that used

in both the fluid and solid regions:

pL
∗ =

µ∗
f L∗V ∗

d∗2
pL, Q∗ =

√

µ∗
f L∗V ∗ε∗f

d∗ Q,

the dimensionless Lorentz force is given by

pL = Q2n. (4.16)

After transforming the Cauchy stress tensors to the first Piola–Kirchhoff stress tensor on the interface

(where G is defined), we use Eqs. (4.4), (4.11) and (4.16) to deduce that continuity of stress on the

interface gives, for Y∗ ∈ ∂Ω ∗
f s,0:

(

SMi + det(G) G−1
M j

(

Q2δi j −σi j

)

)

NM = 0, i = 1,2,3, (4.17)

where N is the unit normal vector to the interface in the Lagrangian coordinate system, pointing into the

fluid. We will also require Eq. (4.17) in the Eulerian frame; this is given by
(

τi j +Q2δi j −σi j

)

n j = 0, i = 1,2,3, (4.18)

where n is the unit normal vector to the interface in the Eulerian coordinate system, pointing into the

fluid, and τ = (1/detG)GS is the Cauchy stress tensor in the solid phase.

4.2 Multiple scales analysis

We assume that the microstructure in the Lagrangian frame consists of repeating units Ω̂0, comprising

a solid region Ω̂s,0, a fluid region Ω̂ f ,0, and a fluid solid interface ∂Ω̂ f s,0. The corresponding regions

in the Eulerian coordinate system are Ω̂ , Ω̂s, Ω̂ f and ∂Ω̂ f s. The repeating unit Ω̂0 is unchanged across

tissue. The solid region, fluid region and interface between these regions are permitted to vary slowly

across tissue to allow us to capture the effects of macroscale variations in both porosity of the tissue and

charge density on the interface between the fluid and solid phases.

We introduce a macroscale Lagrangian coordinate X that is related to the microscale coordinate by

X = εY. With the standard assumption of multiple scales analyses that the macro- and the micro-scale

may be treated as independent of one another in generating asymptotically valid solutions, the gradient

operator becomes

∇Y → ∇Y + ε∇X.

We assume all solutions are periodic in the microscale coordinate Y. In the fluid we write

vi = v0
i + εv1

i + ε2v2
i + . . . ,

p = p0 + ε p1 + ε2 p2 + . . . ,

σi j = σ0
i j + εσ1

i j + ε2σ2
i j + . . .

= −p0δi j + ε

(

∂v0
i

∂y j

+
∂v0

j

∂yi

− p1δi j

)

+ ε2

(

∂v1
i

∂y j

+
∂v1

j

∂yi

+
∂v0

i

∂x j

+
∂v0

j

∂xi

− p2δi j

)

+ . . . ,
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and in the solid we define a macroscale coordinate by x = εy and denote the velocity of a point in the

solid region by vs:

xi = x0
i + εx1

i + ε2x2
i + . . . ,

yi =
1

ε
x0

i + x1
i + ε1x2

i + . . . ,

vs
i = ε

∂yi

∂ t

=
∂xi

∂ t

= v
s,0
i + εv

s,1
i + ε2v

s,2
i + . . . ,

GiM = G0
iM + εG1

iM + ε2G2
iM + . . .

=
1

ε

∂x0
i

∂YM

+

(

∂x0
i

∂XM

+
∂x1

i

∂YM

)

+ ε

(

∂x1
i

∂XM

+
∂x2

i

∂YM

)

+ . . . ,

ĠiM = Ġ0
iM + εĠ1

iM + ε2Ġ2
iM + . . .

=
1

ε

∂ 2x0
i

∂ t∂YM

+

(

∂ 2x0
i

∂ t∂XM

+
∂ 2x1

i

∂ t∂YM

)

+ ε

(

∂ 2x1
i

∂ t∂XM

+
∂ 2x2

i

∂ t∂YM

)

+ . . . ,

ŜMi = Ŝ0
Mi + ε Ŝ1

Mi + ε2Ŝ2
Mi + . . . ,

q = q0 + εq1 + ε2q2 + . . . ,

τi j = τ0
i j + ετ1

i j + ε2τ2
i j + . . . .

We will also make the assumption that Q varies slowly across tissue, allowing us to write Q = Q(X).
The multiple scales formulation above is suitable when the differential equations are posed in La-

grangian coordinates. In some of the later analysis it will be convenient to write the differential equations

in Eulerian coordinates. The independent coordinates are then the microscale Eulerian coordinate y, and

the macroscale Eulerian coordinate x = εy. The gradient operator becomes

∇y → ∇y + ε∇x.

In the following sections we will make it clear whether we are working in the Eulerian or Lagrangian

frame, allowing the reader to deduce from context whether the Eulerian coordinates are the solution of

the problem, or the independent coordinates.

As the solid region Ω̂s and fluid region Ω̂ f within the repeating unit that we homogenise over in

Eulerian coordinates vary slowly across the tissue, it is important to note that the normal vector to the

interface between these regions also varies slowly across the tissue. One approach that has been used

to allow the normal vector to retain dependency on both the microscale and the macroscale coordinates

is to use Reynold’s transport theorem as described by Holmes [22]; see, for example, [7, 40, 41]. An

alternative approach [6, 12], which we adopt here, is to use the method of level sets by defining a

function χ such that χ(y,x)< 0 in the solid, and χ(y,x)> 0 in the fluid. The interface is then defined

by the level set χ(y,x) = 0. The normal to the interface is then given by the gradient of χ ; we remark

that the sign of χ in the solid and fluid regions ensure that the gradient of χ points out of the solid region

into the fluid region. We also define χ so that when χ is independent of x the normal vector to the

interface, of unit magnitude, is given by

n = ∇yχ , (4.19)
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i.e. χ is scaled so that the gradient of χ with respect to the microscale coordinate on the interface

between the fluid and the solid is of unit magnitude. When χ = χ(y,x), the normal vector pointing out

of the solid region into the fluid region, of unit magnitude, is given by

n =
∇yχ + ε∇xχ

‖∇yχ + ε∇xχ‖ .

and so

‖∇yχ + ε∇xχ‖ n = n0 + ε∇xχ , (4.20)

where n0 = ∇yχ .

Similarly, we could define a corresponding function χ0 in Lagrangian coordinates such that N is given

by

‖∇Yχ0 + ε∇Xχ0‖ N = N0 + ε∇Xχ0,

where N0 = ∇Yχ0.

In practical applications the normal vector n = (n1,n2,n3)
⊤

, with unit magnitude, may be specified at

each point on the interface between the fluid and the solid in the microscale coordinate system, rather

than the function χ . We may then define χ locally at any point y0 =
(

y0
1,y

0
2,y

0
3

)⊤
on the interface by

χ = n1

(

y1 − y0
1

)

+ n2

(

y2 − y0
2

)

+ n3

(

y3 − y0
3

)

.

This definition of χ satisfies both Eq. (4.19) and the condition that χ = 0 on the interface. A similar

approach could be used to specify a local definition of χ0 in the vicinity of the interface in Lagrangian

coordinates.

We note that although the Reynold’s transport theorem approach and the level set approach described

above give identical results for macroscopically uniform media, these two approaches have not yet been

proved to coincide in the general case.

4.2.1 An initial result from the fluid region. The O(1) contribution to Eq. (4.5) allows us to write

−∂ p0

∂yi

= 0, y ∈ Ω f , i = 1,2,3,

from which we may deduce that p0 is independent of the microscale coordinate, and write

p0 = p0(X, t). (4.21)

This result will be used when deriving the asymptotic solution in the solid region in Section 4.2.2 which,

in turn, will be required when deriving the asymptotic solution in the fluid region in Section 4.2.3.

4.2.2 The solid region. We assume that the leading order entries of S are of the same order as the

leading order entries of G. The O(ε−1) contributions to Eqs. (4.12) and (4.17) then allow us to deduce

that

x0 = x(X, t), (4.22)
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and so the leading order macroscale deformation is independent of the microscale coordinates. The

leading order macroscale deformation gradient tensor F = F(X) is then defined by

FiM =
∂x0

i

∂XM

, i,M = 1,2,3. (4.23)

The O(1) contributions to Eqs. (4.12) and (4.13) are, for Y ∈ Ω̂s,0:

∂ Ŝ0
Mi

∂YM

− det
(

G0
)(

G0
)−1

Mi

∂q0

∂YM

= 0, i = 1,2,3, (4.24)

det
(

G0
)

= 1, (4.25)

where

Ŝ0
Mi = ŜMi

(

G0, Ġ0
)

.

On using Eq. (4.4), the O(1) contribution to the interface condition given by Eq. (4.17) is
(

Ŝ0
Mi − det

(

G0
)(

G0
)−1

Mi

(

q0 − p0 −Q2
)

)

NM = 0. (4.26)

We saw in Eq. (4.21) that p0 is independent of the microscale coordinate Y. We have also assumed that

Q = Q(X). Writing

q0 = p0 +Q2 + q̃0,

Eqs. (4.24), (4.25) and (4.26) become, for Y ∈ Ω̂s,0:

∂ Ŝ0
Mi

∂YM

− det
(

G0
)(

G0
)−1

Mi

∂ q̃0

∂YM

= 0, i = 1,2,3, (4.27)

det
(

G0
)

= 1, (4.28)

with boundary condition for Y ∈ Ω̂ f s,0:
(

Ŝ0
Mi − det

(

G0
)(

G0
)−1

Mi
q̃0
)

NM = 0, i = 1,2,3. (4.29)

The solution to the differential equations and boundary conditions given by Eqs. (4.27), (4.28) and

(4.29) is independent of p0 and Q2 and so we may write

q̃0 = q̃0
(

Y,G0, Ġ0
)

. (4.30)

The leading order stress tensor is then given by, for i,M = 1,2,3:

S0
Mi = S̃0

Mi

(

Y,G0, Ġ0
)

− det(G0)
(

G0
)−1

Mi

(

p0(X)+Q2(X)
)

, i,M = 1,2,3, (4.31)

where, using our observation encapsulated by Eq. (4.30), S̃0
Mi is periodic in Y, and is given by

S̃0
Mi

(

Y,G0, Ġ0
)

= Ŝ0
Mi

(

G0, Ġ0
)

− det(G0)
(

G0
)−1

Mi
q̃0

(

Y,G0, Ġ0
)

, i.M = 1,2,3. (4.32)

It is worth commenting on the structure of the leading order first Piola-Kirchhoff stress tensor given by

Eq. (4.31). p0 and Q appear only through the sum p0 +Q2, and this sum plays the role that would be

played by the Lagrangian multiplier that enforces incompressibility of the scaffold in the absence of a

charge on the surface of the scaffold.
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4.2.3 The fluid region. The analysis in this section is based closely on that presented in [39]. We have

already demonstrated (see Eq. (4.21)) that the leading order pressure is independent of the microscale

coordinate. Using Eq. (4.4) we may write

p0 = p0(x, t), σ0
i j =−δi j p

0(x, t). (4.33)

The O(ε) contribution to Eq. (4.5) and the O(1) contribution to Eq. (4.6) give

∂ 2v0
i

∂y2
j

− ∂ p1

∂yi

=
∂ p0

∂xi

, i = 1,2,3, (4.34)

∂v0
i

∂yi

= 0, (4.35)

and the leading order contribution to the interface condition given by Eq. (4.15) is

v0
i =

∂x0
i

∂ t
, i = 1,2,3. (4.36)

The structure of Eqs. (4.33)-(4.36) suggests that the solutions for v0 and p1 take the form

v0
i =

∂x0
i

∂ t
−Ki j(y,x, t)

∂ p0

∂x j

, p1 =−ai(y,x, t)
∂ p0

∂xi

+ p̃1(x, t), (4.37)

where both Ki j and ai are periodic in y for i, j = 1,2,3. Remembering from Eq. (4.22) that x0
i is inde-

pendent of y, and using Eqs. (4.34)-(4.37) we obtain, for y ∈ Ω̂ f ,

(

∂ 2Kik

∂y2
j

− ∂ak

∂yi

+ δik

)

∂ p0

∂xk

= 0, i = 1,2,3, (4.38)

∂Kik

∂yi

∂ p0

∂xk

= 0, (4.39)

together with the boundary condition that for y ∈ ∂Ω̂ f s:

Kik

∂ p0

∂xk

= 0, i = 1,2,3. (4.40)

We now derive a system of equations for Ki j, i, j = 1,2,3 that are independent of p0. Eq. (4.38) implies

that

∂ 2Kik

∂y2
j

− ∂ak

∂yi

+ δik = Mik(x), (4.41)

where

Mik

∂ p0

∂xk

= 0, i = 1,2,3.

Writing

fk(x,y) = Mik(x)yi, k = 1,2,3,
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we see that we can absorb f into a and write

∂ 2Kik

∂y2
j

− ∂ak

∂yi

=−δik, i,k = 1,2,3. (4.42)

Similarly, Eq. (4.39) implies that for y ∈ Ω̂ f :

∂Kik

∂yi

= gk(x), k = 1,2,3, (4.43)

where

gk

∂ p0

∂xk

= 0, (4.44)

and Eq. (4.40) implies that, for y ∈ ∂Ω̂ f s:

Kik = hik(x), i,k = 1,2,3, (4.45)

where

hik

∂ p0

∂xk

= 0, i = 1,2,3. (4.46)

Based on the arguments given in Eqs. (4.41)-(4.46), the most general form for Kik is then

Kik = K0
ik + hik(x)+ yigk(x), i,k = 1,2,3,

with, for y ∈ ∂Ω̂ f s:

K0
ik = 0.

Due to Eqs. (4.44) and (4.46) we see that hik and gk do not affect the velocity given by Eq. (4.37).

Without loss of generality we may then set g = 0 and hik = 0 and write Eq. (4.43) as, for y ∈ Ω̂ f :

∂Kik

∂yi
= 0, k = 1,2,3. (4.47)

On using Eq. (4.45) the boundary condition given by Eq. (4.40) may be written, for y ∈ ∂Ω̂ f s:

Kik = 0, i,k = 1,2,3. (4.48)

Eqs. (4.42) and (4.47), together with the boundary condition given by Eq. (4.48) give a Stokes type

problem for each k = 1,2,3, where Kik is the i’th component of the ‘velocity’, and ak is the ‘pressure’,

and we remark that Ki j and ai depend only on the deformed microstructure through the region, Ω̂ f , on

which the system of equations are defined. Noting a is unique up to a function of x, analogous to pressure

being unique up to a constant in Stokes flow with velocity boundary conditions, it is subsequently fixed

uniquely by demanding that
∫

Ω̂ f

p1 dV f = 0,

where we write dV f to emphasise the region we are integrating over. In particular, this constraint forces

the microdomain mean of the leading order pressure solution to be accurate to at least second order in

the perturbation expansion.
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4.3 Derivation of the macroscale equations

We now combine the results from Sections 4.2.1, 4.2.2 and 4.2.3 to derive the governing equations at

the macroscale. We define

J = det(F),

where F is the macroscale deformation gradient tensor defined by Eq. (4.23), and note that

F−1
Mi =

∂XM

∂x0
i

.

Remembering that x0 = x0(X) we see that F , F−1 and J are independent of the microscale coordinate.

We will also need to define the volume fraction of both the solid and fluid regions, in both Lagrangian

and Eulerian coordinates, when deriving the macroscale equations. These are given by

θs =
|Ω̂s|
|Ω̂ |

, θ f =
|Ω̂ f |
|Ω̂ |

, θs,0 =
|Ω̂s,0|
|Ω̂0|

, θ f ,0 =
|Ω̂ f ,0|
|Ω̂0|

.

The volume fraction of the fluid phase is also known as the porosity. The change of variables between

Lagrangian and Eulerian coordinates allows us to write

|Ω̂s|+ |Ω̂ f |= |Ω̂ |= J(X, t)|Ω̂0|= J
(

|Ω̂s,0|+ |Ω̂ f ,0|
)

.

As the solid is incompressible at the microscale level we have

|Ω̂s| = |Ω̂s,0|,

|Ω̂ f | =
J−θs,0

1−θs,0
|Ω̂ f ,0|,

θs =
θs,0

J
,

θ f =
J −θs,0

J
.

We will require a transport theorem when deriving the macroscale equations to give an expression

for the rate of change, with respect to a macroscale coordinate, of an integral over a domain at the

microscale, where the domain varies spatially at the macroscale level. For a function f s defined on Ω̂s,

that is periodic in the microscale coordinate y, the transport theorem gives [6, 12]:

∂

∂xi

∫

Ω̂s

f s(x,y) dVs =
∫

Ω̂s

∂ f s

∂xi

dVs −
∫

∂Ω̂ f s

f s ∂ χ

∂xi

dS f s, (4.49)

where χ(x,y)= 0 is the level set that defines the interface between the fluid and solid phase, discussed in

Section 4.2. The first term on the right hand side of Eq. (4.49) takes account of the rate of change, with

respect to the macroscale coordinate, of the function being integrated. The second term takes account

of the rate of change of the domain, with respect to the macroscale coordinate. Similarly, for a function

f f defined on Ω̂ f , that is periodic in the microscale coordinate y, the transport theorem gives

∂

∂xi

∫

Ω̂ f

f f (x,y) dV f =

∫

Ω̂ f

∂ f f

∂xi
dV f +

∫

∂Ω̂ f s

f f ∂ χ

∂xi
dS f s, (4.50)

where the difference in sign on the second term on the right hand side compared to Eq. (4.49) arises

because n defined by Eq. (4.20) points out of the region occupied by the solid, and into the region

occupied by the fluid.
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4.3.1 Conservation of mass. We now derive the macroscale equation that corresponds to conserva-

tion of mass. The O(ε) contribution to Eq. (4.6) is

∂v1
i

∂yi
+

∂v0
i

∂xi
= 0, y ∈ Ω̂ f .

Integrating over Ω̂ f , applying the divergence theorem, and remembering that: (i) n points into Ω̂ f ; and

(ii) v1 is periodic in the microscale coordinate, we obtain

−
∫

∂Ω̂ f s

v1
i ni dS f s +

∫

Ω̂ f

∂v0
i

∂xi

dV f = 0.

Neglecting terms of O(ε) in the normal vector n defined by Eq. (4.20), which generates only O(ε2)
error, application of the transport theorem given by Eq. (4.50) yields

−
∫

∂Ω̂ f s

v1
i n0

i dS f s+
∂

∂xi

∫

Ω̂ f

v0
i dV f −

∫

∂Ω̂ f s

v0
i

∂ χ

∂xi

dS f s = 0. (4.51)

To obtain the corresponding equation for the solid phase we invoke Euler’s identity (see, for example,

[1]):

d

dt
(det(G)) = det(G)

∂vs
i

∂yi

,

where vs is the velocity of the solid phase. This allows us to write the O(ε) contribution to Eq. (4.13)

in Eulerian coordinates as

∂v
s,1
i

∂yi

+
∂v

s,0
i

∂xi

= 0, y ∈ Ω̂s,

and using a simlar argument to that used in the fluid region we obtain

∫

∂Ω̂ f s

v
s,1
i n0

i dS f s+
∂

∂xi

∫

Ω̂s

v
s,0
i dVs +

∫

∂Ω̂ f s

v
s,0
i

∂ χ

∂xi

dS f s = 0. (4.52)

Defining the average velocity in the fluid and solid phases by

v̄0
i =

1

|Ω̂ f |

∫

Ω̂ f

v0
i dV f , v̄

s,0
i =

1

|Ω̂s|

∫

Ω̂s

v
s,0
i dVs, i = 1,2,3, (4.53)

we may use the interface condition Eq. (4.15), and Eqs. (4.51) and (4.52), to give conservation of mass

in Eulerian coordinates at leading order:

∂

∂xi

(

θ f v̄0
i +θsv̄

s,0
i

)

= 0.

The expression for v0
i given by Eq. (4.37) allows us to deduce, on switching to Lagrangian coordinates

where v
s,0
i = ∂x0

i /∂ t, that

JF−1
Mi

∂

∂XM

(

∂x0
i

∂ t
− K̄i jF

−1
N j

∂ p0

∂XN

)

= 0, (4.54)
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where

K̄i j =
1

|Ω̂ |

∫

Ω̂ f

Ki j dV f . (4.55)

Finally, on using the identities

∂J

∂FiM

= JF−1
Mi , i.M = 1,2,3,

∂

∂XM

(

JF−1
Mi

)

= 0, i = 1,2,3,

we may write Eq. (4.54) as

∂J

∂ t
=

∂

∂XM

(

JF−1
Mi K̄i jF

−1
N j

∂ p0

∂XN

)

. (4.56)

We may also write down an expression for the leading order fluid flux. Using Eqs. (4.37), (4.53) and

(4.55) we see that the leading order fluid flux per unit deformed area, F f , is given by, for i = 1,2,3:

F
f

i = θ f v̄0
i

= θ f

∂x0
i

∂ t
− K̄i jF

−1
N j

∂ p0

∂XN

. (4.57)

4.3.2 Conservation of momentum. We now derive an equation that corresponds to conservation of

momentum at the macroscale. Writing Eq. (4.12) in Eulerian coordinates, at O(ε), Eqs. (4.5) and (4.12)

yield

∂σ1
i j

∂y j

+
∂σ0

i j

∂x j

= 0, x ∈ Ω̂ f , i, j = 1,2,3, (4.58)

∂τ1
i j

∂y j

+
∂τ0

i j

∂x j

= 0, x ∈ Ω̂s, i, j = 1,2,3, (4.59)

and Eq. (4.31) gives

τ0
i j = τ̂0

i j −
(

p0(X)+Q2(X)
)

δi j, i, j = 1,2,3, (4.60)

where

τ̂0
i j =

1

det(G0)
S̃0

MiG
0
jM = S̃0

MiG
0
jM, i, j = 1,2,3, (4.61)

and S̃ is defined by Eq. (4.32). Integrating over the appropriate domain, applying the divergence theo-

rem, remembering that n points from Ω̂s into Ω̂ f , and noting that the solutions are periodic in y yields

−
∫

∂Ω̂ f s

σ1
i jn j dS f s +

∫

Ω̂ f

∂σ0
i j

∂x j

dV f = 0, i = 1,2,3, (4.62)

∫

∂Ω̂ f s

τ1
i jn j dS f s +

∫

Ω̂s

∂τ0
i j

∂x j

dVs = 0. i = 1,2,3. (4.63)
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Using Eq. (4.20) to neglect terms of O(ε) in n, which only induces errors at O(ε2), and applying the

transport theorem given by Eqs. (4.49) and (4.50), allows us to write Eqs. (4.62) and (4.63) as

−
∫

∂Ω̂ f s

σ1
i jn

0
j dS f s +

∂

∂x j

∫

Ω̂ f

σ0
i j dV f −

∫

Ω̂ f s

σ0
i j

∂ χ

∂x j

dS f s = 0, i = 1,2,3, (4.64)

∫

∂Ω̂ f s

τ1
i jn

0
j dS f s +

∂

∂x j

∫

Ω̂s

τ0
i j dVs+

∫

Ω̂ f s

τ0
i j

∂ χ

∂x j

dS f s = 0. i = 1,2,3. (4.65)

The O(ε) contribution to Eq. (4.18) gives, on using Eq. (4.20),

(

τ0
i j −σ0

i j −Q2δi j

) ∂ χ

∂x j

+
(

τ1
i j −σ1

i j

)

n0
j = 0, i = 1,2,3. (4.66)

Furthermore, the divergence theorem allows us to write
∫

Ω̂ f s

ni dS f s = 0. (4.67)

Taking the O(ε) contribution to Eq. (4.67), as Q = Q(X) we can write

∫

Ω̂ f s

Q2δi j
∂ χ

∂x j

dS f s = 0. (4.68)

Combining Eqs. (4.64)-(4.68) gives

∂

∂x j

∫

Ω̂ f

σ0
i j dV f +

∂

∂x j

∫

Ω̂s

τ0
i j dVs = 0, i = 1,2,3. (4.69)

Defining the averaged stress tensors at leading order by

σ̄0
i j =

1

|Ω̂ f |

∫

Ω̂ f

σ0
i j dV f , τ̄0

i j =
1

|Ω̂s|

∫

Ω̂s

τ0
i j dVs, i, j = 1,2,3,

we may write Eq. (4.69) as

∂

∂x j

(

θ f σ̄0
i j +θsτ̄

0
i j

)

= 0, i = 1,2,3, (4.70)

which gives a force balance in Eulerian coordinates for the averaged leading order stress tensors. Using

Eq. (4.33) and (4.60) we may write Eq. (4.70) as

∂

∂XM

(

θs,0

(

S̄0
Mi −F−1

Mi Q2
)

− JF−1
Mi p0

)

= 0, i = 1,2,3, (4.71)

where S̄0 is the averaged first Piola-Kirchhoff stress tensor for the solid phase in the absence of the

isotropic terms, with entries given by

S̄0
Mi =

1

|Ω̂s,0|

∫

Ω̂s,0

F−1
M j τ̂0

ji dVs,0, i,M = 1,2,3.

The first Piola-Kirchhoff stress tensor for the homogenised poroelastic body is then given by

TMi = θs,0

(

S̄0
Mi −F−1

Mi Q2
)

− JF−1
Mi p0, i,M = 1,2,3.
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5. The macroscale equations and boundary conditions

We now write the governing equations in dimensional form, and will use the dimensional equations in

this and subsequent sections. As we are no longer using dimensionless variables we will, for clarity, no

longer use superscript asterisks to denote dimensional variables. The leading order governing equations,

Eqs. (4.56) and (4.71) are, for X ∈ Ω0:

∂

∂XM

(

θs,0

(

S̄Mi −F−1
Mi

Q2

ε f

))

= JF−1
Mi

∂ p

∂XM

, i = 1,2,3, (5.1)

∂J

∂ t
=

∂

∂XM

(

JF−1
Mi K̄i jF

−1
N j

∂ p

∂XN

)

, (5.2)

where x = x(X, t) are the coordinates of the deformed body, θs,0S̄ is the first Piola-Kirchhoff stress

tensor for the poroelastic body (rather than only the solid component) without the term that models

swelling pressure or the contribution from p (and will be specified by a constitutive relationship), F

is the macroscale deformation gradient tensor, J = det(F), p is the pressure (that includes both the

hydrodynamic and swelling pressures), K̄ is the permeability tensor (given by a constitutive relationship)

and ε f is again the permittivity of the fluid, rather than a small parameter used in the homogenisation

procedure. It follows from Eq. (4.57) that the leading order dimensional fluid flux per unit undeformed

area is given by

F
f

i = θ f

∂x0
i

∂ t
− K̄i jF

−1
M j

∂ p0

∂XM

. (5.3)

We now require suitable boundary conditions for the system of partial differential equations given by

Eqs. (5.1) and (5.2). Remembering that Eq. (5.1) was derived by appealing to conservation of momen-

tum of the whole body, it is appropriate to apply either a displacement or traction boundary condition in

each spatial direction. If the solid phase is given a known displacement on the boundary then a suitable

boundary condition for Eq. (5.1) is

x(X) = x0, X ∈ ∂Ω0. (5.4)

If, instead, a given force per unit undeformed area s is applied to the boundary then a suitable boundary

condition for Eq. (5.1) is

(

θs,0

(

S̄Mi −F−1
Mi

Q2

ε f

)

− JF−1
Mi p

)

NM = si, X ∈ ∂Ω0, i = 1,2,3. (5.5)

We now turn our attention to suitable boundary conditions for Eq. (5.2), which was derived by appealing

to conservation of mass. If there is no flux of fluid relative to the scaffold — for example if the boundary

is displaced by an impermeable body then, using Eq. (5.3), a suitable boundary condition is

K̄i jF
−1
M j

∂ p

∂XM

= 0, X ∈ ∂Ω0, i = 1,2,3. (5.6)

Suppose, instead, the scaffold is placed in a bath of stationary fluid with constant isotropic pressure p0.

The isotropic pressure p0 will be a sum of both the hydrostatic pressure, and the swelling pressure due

to dissolved ions in the bath. A suitable boundary condition for Eq. (5.2) is then

p = p0, X ∈ ∂Ω0. (5.7)
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5.1 Constitutive relations

To close the macroscale equations we require a constitutive relation for both the permeability tensor and

the stress tensor.

5.1.1 The permeability tensor. In Section 4.2.3 we defined Ki j, i, j = 1,2,3, to be the solution, de-

fined in the fluid region of the deformed microstructure, of Eqs. (4.42) and (4.47), together with the

boundary condition given by Eq. (4.48). The macroscale permeability tensor K̄ is then the average of

K defined by Eq. (4.55). Calculation of K̄ therefore requires knowledge of the deformed microstruc-

ture. This deformation is, however, lost from the model when the microstructure is homogenised. As a

consequence, the permeability is usually specified through a constitutive relationship.

Should imaging data representing the microstructure be of a sufficiently high quality then Eqs. (4.42),

(4.47), (4.48) and (4.55) may be solved numerically to calculate the permeability tensor of the unde-

formed body, or of the body under a given deformation. Alternatively, it may be possible to estimate

the entries of this tensor experimentally under a range of macroscale deformations, using parameter es-

timation from observed flux profiles under controlled conditions. It is unlikely, however, that a general

permeability tensor, valid for all microstructure deformations, could be generated. To the best of our

knowledge no work exists on estimating the deformation of the microstructure that would be required

when calculating the permeability tensor under a given deformation.

In the simulations carried out later in this study the permeability tensor is assumed to be isotropic.

The simplest choice would be to take K̄ to be a constant multiple of the identity matrix. This, however,

has the drawback that the permeability is independent of the porosity of the deformed body, and would

not restrict fluid flow should the porosity of the deformed body become very small due to deformation

of the scaffold restricting flow. To avoid this drawback the permeability tensor is modelled as being

dependent on the porosity. We use the Kozeny-Carman formula (see, for example, [33]):

K̄ = k0

(

1−θ f ,0

)2

θ 3
f ,0

θ 3
f

(

1−θ f

)2
I

= k0

(

J−
(

1−θ f ,0

))3

Jθ 3
f ,0

I, (5.8)

where k0 is the isotropic permeability of the undeformed scaffold, and I is the identity matrix.

5.1.2 The stress tensor. We will assume that the body is poroviscoelastic. Using a Voigt model of

viscoelasticity, we first require an expression for S̄(e), the elastic contribution to S̄, for which we assume

hyperelasticity and thus the existence of a strain energy function W such that

S̄
(e)
Mi =

∂W

∂FiM

. (5.9)

We assume further that S̄(e) may be decomposed into the sum of volumetric and distortional (or iso-

choric) components S̄(e,v) and S̄(e,d) so that S̄(e) = S̄(e,v)+ S̄(e,d). Assuming that there are Nrelax relaxation

processes, and that τγ is the relaxation time associated with relaxation process γ , we may then write the

entries of S̄ as, [15, 17, 23, 24]:

S̄Mi = S̄
(e)
Mi +

Nrelax

∑
γ=1

Q
γ
Mi, i,M = 1,2,3 (5.10)
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where, for γ = 1,2, . . . ,Nrelax,

dQ
γ
Mi

dt
+

1

τγ
Q

γ
Mi = Ḡ

dS
(e,d)
Mi

dt
, i,M = 1,2,3, (5.11)

for a given constant Ḡ. We note that setting Ḡ = 0 results in a completely elastic deformation. The use

of Q
γ
Mi above is a slight abuse of notation as Q has already been used to represent the charge density

on the surface of the scaffold. However we believe that use of familiar notation will result in a clearer

exposition, and persist with denoting the viscoelastic contributions to the stress tensor by Q
γ
Mi. The

context in which the notation is used should make it clear which quantity is being referred to.

5.2 Example solutions

We now present some solutions to Eqs. (5.1)-(5.2), subject to suitable boundary conditions. We use the

Kozeny-Carman porosity tensor given by Eq. (5.8), and a strain energy function, suitable for compress-

ible materials [46], given by

W =
µ

2
(I1 − 3)+

3λ + 2µ

6
(det(F)− 1)2 ,

where λ ,µ are the Lamé coefficients, and I1 = trace
(

F⊤F
)

. This gives

S̄
(e)
Mi = µFiM +

3λ + 2µ

3
det(F)(det(F)− 1)F−1

Mi , i,M = 1,2,3.

We note that S̄
(e)
Mi defined in this way does not give zero stress for the undeformed body, when F = I.

Noting that

∂

∂XM

(

JF−1
Mi

)

= 0, i = 1,2,3,

we see that we can add any multiple of JF−1 to S̄(e) without affecting Eq. (5.1). We therefore use

S̄
(e)
Mi = µ

(

FiM − JF−1
Mi

)

+
3λ + 2µ

3
J (J− 1)F−1

Mi , i,M = 1,2,3, (5.12)

which does indeed give zero stress when F = I, and decompose S̄
(e)
Mi into

S̄
(e)
Mi = S̄

(e,d)
Mi + S̄

(e,v)
Mi , i,M = 1,2,3, (5.13)

where

S̄
(e,d)
Mi = µ

(

FiM − JF−1
Mi

)

, i,M = 1,2,3, (5.14)

S̄
(e,v)
Mi =

3λ + 2µ

3
J (J− 1)F−1

Mi , i,M = 1,2,3. (5.15)

The volumetric contribution to Eq. (5.13), given by Eq. (5.15), is a consedquence of θs,0S̄ being one of

the contributions to the stress tensor for the poroelastic body. This body is compressible, as the volume

of fluid may vary due to deformation of the (incompressible) solid component of the poroelastic body.
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We use parameter values taken from [15]: a Young’s modulus of 6.3×105 N m−2, Poisson ratio of 0.1,

and a permeability in the undeformed body, k0 in Eq. (5.8), of 1.72× 10−15 m4 N−1 s−1. The Young’s

modulus and Poisson ratio yield λ = 7.16× 104 N m−2, µ = 2.86× 105 N m−2. There were three

viscoelastic relaxation processes, with relaxation times equally spaced on a logarithmic scale between

0.62 s and 85 s, and Ḡ = 5.32.

In the simulations that follow we investigate the effect of the Debye layer within the pores by com-

paring the model behaviour with the absence of fixed charge and thus no Debye layers, whereby Q = 0,

to simulations with non-zero Q, and we then proceed to investigate the impact of fixed charge hetero-

geneity.

5.2.1 Steady state, isotropic deformation of homogeneous tissue. Our first example solution is a

steady state, isotropic deformation of homogeneous tissue, with F = αI for some constant α , where

the tissue is inside a bath with pressure p0. In the steady state Eqs. (5.9)-(5.11) allow us to deduce that

S̄ = S̄(e). Using Eq. (5.12) we see that in one dimension we have

S̄11 =
3λ + 5µ

3
(α − 1) ,

whilst in three dimensions we have

S̄Mi =
(µ

3
α(α − 1)

(

2α3 + 2α2 + 2α − 3
)

+λ α2(α3 − 1)
)

δiM, i,M = 1,2,3.

The solution of Eq. (5.2), subject to boundary conditions given by Eq. (5.7), is

p = p0.

Using Eq. (5.5) we see that in one dimension α satisfies

3λ + 5µ

3
(α − 1) =

Q2

αε
, (5.16)

whilst in three dimensions we have

(µ

3
α(α − 1)

(

2α3 + 2α2 + 2α − 3
)

+λ α2(α3 − 1)
)

=
Q2

αε
. (5.17)

In Figure 5 we plot the value of α induced by a charge Q for the parameters given in Table 1 and

Section 5.2. The solid line represents the value of α given by Eq. (5.16) in one dimension, and the

broken line represents the value of α given by Eq. (5.17) in three dimensions. This gives the expected

response — the tissue is undeformed (with α = 1) for zero charge, and the tissue then swells, with α
increasing as the magnitude of the negative charge increases.

5.2.2 Confined compression of cartilage tissue with constant Q. We now consider the confined com-

pression of cartilage tissue described in [15]. A cylindrical undeformed sample of cartilage tissue, of

height H0 and radius R, occupies the region 0 < X1 < H0, X2
2 +X2

3 < R2. Throughout the experiment

there is zero displacement and no flow of fluid on the boundaries given by X1 = 0 and X2
2 +X2

3 = R2. The

sample is compressed so that the undeformed surface X1 =H0 is displaced to x1 = 0.9H0 and held at this
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FIG. 5. The stretch factor α as a function of charge Q predicted by Eq. (5.16) and Eq. (5.17) for steady state isotropic deformation

of homogeneous tissue discussed in Section 5.2.1. The solid line represents the value of α calculated in one dimension using

Eq. (5.16), and the broken line represents the value of α calculated in three dimensions using Eq. (5.17).

displacement until the reaction force per unit area at X1 = H0 in the direction of the axis of the cylinder

reaches a constant value. At time t = 0 the tissue is then compressed further so that the undeformed

surface X1 = H0 is displaced at a constant rate to x1 = 0.85H0 over a period of 50 seconds and held at

this displacement. Throughout the compression fluid is allowed to flow across the boundary given by

X1 = H0. We define F(t) to be the reaction force per unit area in the direction of the axis of the cylinder

at the top of the sample at time t.

Aside from specifying the parameter values that appear in Eqs. (5.1) and (5.2) to be those given in

Table 1 and Section 5.2, we also need to specify both the charge density Q and scaffold volume fraction

θs,0. We will investigate the effect of different values of Q, and follow [28] in writing

θs,0 = 0.3− 0.15
X1

H0

.

Suitable boundary conditions for Eq. (5.1) are displacement boundary conditions of the form given

by Eq. (5.4) on all boundaries. We apply no-flux boundary conditions for Eq. (5.2) on X1 = 0 and

X2
2 +X2

3 =R2 of the form given by Eq. (5.6), specify the pressure on X1 =H0 using a boundary condition

of the form Eq. (5.7), and seek a solution x1 = x1(X1, t).
We use H0 = 1.28× 10−3 m, as used by [28]. In Figure 6(a) we plot the reaction force per unit

area at the top of the cylinder at the end of the initial equilibrium phase as a function of Q, and in

Figure 6(b) we plot F(t)−F(0), i.e. the additional reaction force per unit area at the top of the cylinder

above that seen in the initial equilibrium phase, for: Q = 0 (solid line); Q =−0.01 C m−2 (broken line);

Q = −0.02 C m−2 (dot-dashed line); and Q =−0.03 C m−2 (dotted line). We have used a logarithmic

scale for the time axis in Figure 6(b) as is standard when plotting the results of confined compression

experiments [11, 15, 16, 17], and note the qualitative similarity of the results in these publications to our

results even though they use different mathematical models and parameter values. We see that increasing

the magnitude of Q increases: (i) the force per unit area at the top of the cylinder at the end of the initial

equilibrium phase; (ii) the magnitude of the difference between the maximum force per unit area above

the initial equilibrium value; and (iii) the value of the force per unit area at the final equilibrium value

above the initial equilibrium value.
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FIG. 6. (a) The reaction force per unit area as a function of Q at the end of the initial equilibrium phase of the confined compression

described in Section 5.2.2. (b) The reaction force per unit area above that seen in the initial equilibrium stage of confined

compression. The solid line corresponds to Q = 0; the broken line to Q =−0.01 C m−2; the dot-dashed line to Q =−0.02 C m−2;

and the dotted line to Q =−0.03 C m−2.

5.2.3 Confined compression of cartilage tissue with spatially varying Q. We now investigate the

effects of an inhomogeneous charge density Q on the output of a confined compression simulation. We

allow Q to vary according to

Q(X1) = Q0 +
Q1 −Q0

2

(

tanh

(

100

(

XB1
−X1

H0

))

+ tanh

(

100

(

X1 −XB0

H0

)))

, (5.18)

where Q0 =−0.04 C m−2, and Q1 =−0.03 C m−2 and XB0
,XB1

are given constants. We consider three

sets of values of XB0
and XB1

: (i) XB0
= 0.1,XB1

= 0.4 simulating charge loss towards the bottom of

the sample; (ii) XB0
= 0.35,XB1

= 0.65 simulating charge loss in the middle of the sample; and (iii)

XB0
= 0.6,XB1

= 0.9 simulating charge loss towards the top of the sample. Plots of Q against X for these

values of XB0
and XB1

are given in Figure 7.

In Figure 8 we plot the force per unit area at the top of the cartilage over that exerted in the ini-

tial equilibrium stage. The upper dot-dashed line corresponds to a constant value Q = −0.04 C m−2,

and the lower dot-dashed line to a constant value Q = −0.03 C m−2. Other lines correspond to Q

given by Eq. (5.18), where the solid line corresponds to XB0
= 0.1,XB1

= 0.4, the broken line to

XB0
= 0.35,XB1

= 0.65, and the dotted line to XB0
= 0.6,XB1

= 0.9. As would be expected, the force

exerted by cartilage where Q is allowed to vary between 0.03 C m−2 and 0.04 C m−2 lies between the

force exerted by cartilage with constant Q = −0.04 C m−2 and the force exerted by cartilage with con-

stant Q =−0.03 C m−2. We also observe that the force per unit area at the top of the cartilage above that

exerted in the initial equilibrium stage is larger when charge loss is located higher in the tissue sample.

In Figure 9(a), (b) and (c) we compare the deformation of cartilage tissue for constant Q, where

Q=−0.03 C m−2 and Q=−0.04 C m−2 (indistinguishable dot-dashed lines), and Q given by Eq. (5.18)

(where the solid line corresponds to XB0
= 0.1,XB1

= 0.4, the broken line to XB0
= 0.35,XB1

= 0.65, and
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FIG. 7. The spatially varying Q defined by Eq. (5.18), and used in the simulations described in Section 5.2.3. The solid line

corresponds to XB0
= 0.1,XB1

= 0.4, the broken line to XB0
= 0.35,XB1

= 0.65, and the dotted line to XB0
= 0.6,XB1

= 0.9.
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FIG. 8. The reaction force per unit area above that seen in the initial equilibrium stage of the confined compression. The

upper dot-dashed line corresponds to a constant value Q = −0.04 C m−2, and the lower dot-dashed line to a constant value

Q =−0.03 C m−2. Other lines correspond to Q given by Eq. (5.18), where the solid line corresponds to XB0
= 0.1,XB1

= 0.4, the

broken line to XB0
= 0.35,XB1

= 0.65, and the dotted line to XB0
= 0.6,XB1

= 0.9.

the dotted line to XB0
= 0.6,XB1

= 0.9), at times t = 0,50,1000 s. In Figure 9(d), (e) and (f) we give

the corresponding plots for the deformation gradient ∂x1/∂X1. The confined compression forces at the

top of the cartilage tissue predicted by all numerical experiments to be identical. We see that, when Q is

allowed to vary, the gradient of the deformation is steeper in spatial regions where the magnitude of Q

is higher.

6. Discussion

In this manuscript we have systematically developed a homogenisation framework that generates a tissue

level poroviscoelastic model for physiological and engineered cartilage even at the scale of large non-

linear deformation, using the nanoscale physics of Debye layer induced swelling pressure together with

the porous microstructure of the tissue. The tissue level model is sufficiently general to accommodate



MODELLING THE EFFECTS OF SWELLING PRESSURE ON CARTILAGE DEFORMATION 33 of 37

0 0.5 1
X1 (m)

×10 -3

0

0.2

0.4

0.6

0.8

1

x
1
(m

)

×10 -3

0 0.5 1
X1 (m)

×10 -3

0

0.2

0.4

0.6

0.8

1

x
1
(m

)

×10 -3

0 0.5 1
X1 (m)

×10 -3

0

0.2

0.4

0.6

0.8

1

x
1
(m

)

×10 -3

(a) t = 0 (b) t = 50 s (c) t = 1000 s

0 0.5 1
X1 (m)

×10 -3

0.4

0.6

0.8

1

1.2

1.4

∂
x
1
/∂

X
1

0 0.5 1
X1 (m)

×10 -3

0.4

0.6

0.8

1

1.2

1.4

∂
x
1
/∂

X
1

0 0.5 1
X1 (m)

×10 -3

0.4

0.6

0.8

1

1.2

1.4

∂
x
1
/∂

X
1

(d) t = 0 (e) t = 50 s (f) t = 1000 s

FIG. 9. Plots (a), (b), and (c) show the deformed coordinate as a function of the undeformed coordinate at t = 0.50,1000 s.

Plots (d), (e) and (f) show the deformation gradient ∂x1/∂X1 as a function of the undeformed coordinate at t = 0.50,1000 s.

In all plots indistinguishable dot-dashed lines corresponds to the constant values Q = −0.03 C m−2 and Q = −0.04 C m−2.

Other lines correspond to Q given by Eq. (5.18), where the solid line corresponds to XB0
= 0.1,XB1

= 0.4, the broken line to

XB0
= 0.35,XB1

= 0.65, and the dotted line to XB0
= 0.6,XB1

= 0.9.

complex models of the induction of swelling pressure by fixed charge, beyond the limitations of Donnan

theory, as illustrated here with a variant of the Poisson Boltzmann surface charge model devloped by

Dean et al. [13] and Han et al. [20]. The framework also provides a rational biophysical derivation of

how gradients in porosity, fixed charge density and material properties manifest in tissue level models.

We have illustrated the behaviour of the models generated via this upscaling by considering swelling

dynamics, confined compression testing and, especially, the impact of hetereogeneous fixed charge,

noting that proteoglycan densities vary spatially in cartilage, with heterogeneous changes accompany-

ing cartilage damage [45]. Firstly, with simple, steady state and isotropic solutions, the homogenised

model behaves as expected with swelling increasing with negative fixed charge densities. In the virtual

confined compression experiment, performed at a fixed rate of displacement following an initial fixed

displacement, one can see from Figure 6 that the tissue is more compliant with reduced magnitudes

of homogeneous fixed charge. Together with the qualitative similarity between model behaviour here

for confined compression and in previous studies [11, 15, 16, 17], this further demonstrates that the

homogenised model is behaving as expected.

Once heterogeneous fixed charge is introduced, as in Figure 7, one can see that the forces required

to deform the cartilage in Figure 8 vary with the location of the fixed charge loss. In particular, the

homogenised model predicts that the mechanical performance of the cartilage is increasingly compro-

mised with the depth of proteoglycan loss. Comparing Figure 7 with Figure 9 further reveals that the

deformation gradient ∂x1/∂X1 is lower compared to homogeneous tissue in localised regions of fixed

charge loss and higher elsewhere, though the stress is constant throughout the tissue by Eq. (5.1). Thus
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the homogenised model with heterogeneous fixed charge predicts that the constant stress enforced by the

constraints of confined compression is accommodated with a reduced deformation gradient in regions

of lower fixed charge, with concomitant larger deformation gradients away from the site of fixed charge

loss.

More generally, the cartilage homogenisation framework presented here can be used to develop

upscaled models that facilitate the exploration of how ultrasmall length scale biophysics and spatial

heterogeneity, whether physiological or localised lesion, impacts cartilage health and dysfunction at the

tissue scale, which is accessible to standard diagnostics. In turn such upscaling methods have the poten-

tial to contribute to the understanding of the sufficient characteristics required of engineered cartilage

substitute and molecular based therapies to ameliorate cartilage dysfunction [20]. These developments

are especially timely given smallscale models underpinning cartilage mechanics have been undergoing

testing and validation [13], while micro- and nano-scale measurement capabilities are ever increasing

[9, 20] and cartilage heterogeneities on these scales have already been observed [20]. Such develop-

ments suggest that it would be feasible to test hypotheses generated by homogenised models such as the

modelling prediction emerging from this study, that a localised fixed charge reduction induces a com-

pensation via increased deformation gradients elsewhere under confined compression. Homogeneised

models can also contribute to understanding the functional consequences of the emerging micro- and

nano-scale heterogeneities being observed in cartilage, though extensive further theoretical work is re-

quired. This includes integrating the approaches here with the homogenisation of cellular inclusions

[18, 19], and incorporating many further aspects of small-scale cartilage structure within tissue level

models, such as the heterogeneous anisotropy of the collagen fibres and more complex, experimentally

tested, Poisson Boltzmann models of the induction of swelling pressure via glycoaminoglycan fixed

charge.
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