Downloaded from https:.//royal societypublishing.org/ on 16 June 2025

PROCEEDINGS A

royalsocietypublishing.org/journal/rspa

[0 ;.)
Research

updates

Cite this article: 0'Kiely D, Xin M, Lecointre P,
Vella D. 2025 Wrinkling of a bilayer with
spatially varying stiffness: from wrinkle
branching to cascades. Proc. R. Soc. A 481:
20240842
https://doi.org/10.1098/rspa.2024.0842

Received: 1November 2024
Accepted: 2 May 2025

Subject Areas:
applied mathematics, mechanics

Keywords:
wrinkling, pattern formation, bifurcation
theory

Author for correspondence:
Dominic Vella
e-mail: dominic.vella@maths.ox.ac.uk

Electronic supplementary material is available
online at https://doi.org/10.6084/m9.figshare.
(7834474,

THE ROYAL SOCIETY

PUBLISHING

Wrinkling of a bilayer with
spatially varying stiffness: from
wrinkle branching to cascades

Doireann 0'Kiely'2, Meng Xin®, Paul Lecointre? and

Dominic Vella?

"Mathematics Applications Consortium for Science and Industry
(MACSI), Department of Mathematics and Statistics, University of
Limerick, Limerick V94 T9PX, Ireland

2Mathematical Institute, University of Oxford, Woodstock Road,
Oxford 0X2 6GG, UK

3Department of Physics, University of Massachusetts, Amherst,
MA 01003, USA

DV, 0000-0003-1341-8863

We consider the problem of elastic wrinkling for
the case where the energetically favourable wrinkle
number (or wavelength) varies in space. Ordinarily,
such changes are believed to take place via a ‘wrinkle
cascade” in which individual wrinkles break into two
(or more) wrinkles all at the same location: many
wrinkles are introduced at a single location, and
away from this location the wrinkle pattern appears
mono-chromatic, with a single mode dominating the
pattern at each location. We show that it is also
possible for wrinkles to be added gradually, via a
small subset of wrinkles branching repeatedly. In
this ‘wrinkle branching’ regime, the wrinkle pattern
is polychromatic, with several modes dominating
the pattern at each location. Using a combination
of numerical simulations, analysis and experiments,
we show that this wrinkle branching mode is
observed when the rate of change of preferred
wrinkle number is sufficiently slow. We note that in
this regime the branching occurs where the wrinkle
amplitude is smallest, making it difficult to observe
experimentally, and speculate that this may explain
why it appears not to have been often reported
before.
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1. Introduction

Wrinkles occur in a plethora of situations involving thin sheets coating a deep substrate and are
ubiquitous in our everyday lives (human skin, stretched plastic wrapping) as well as being used in
technological settings (including photovoltaics [1] and optical gratings [2] for example). Desire to
understand and control wrinkling patterns has motivated the development over the last 20 years
of a framework for describing and predicting wrinkle patterns [3—6]. The starting point of this
theory is to understand how the essential ingredients for wrinkling—in-plane compression and
an energetic penalty to out-of-plane deformation at the system scale—interact to select a wrinkle
wavelength.

To understand why an interaction between compression and an energetic penalty is needed,
note that a thin sheet subject to in-plane compression buckles at the largest scale available to
it (think of compressing a piece of card using your hands). However, if the sheet is attached
to a substrate (e.g. another elastic body or a liquid), this substrate resists out-of-plane motion,
preferring highly convoluted, but small-amplitude, wrinkles to form. A balance between the
sheet’s desire to adopt the largest wavelength possible and the substrate’s preference for small
amplitudes leads to the formation of many wrinkles at an intermediate, emergent length scale
[7]. This length scale is the energetically preferred one but, in general, differs from the wrinkle
wavelength close to onset, which is determined by linear stability analysis close to the buckling
threshold; this energetic structure is the basis of the Far from Threshold theory of wrinkling [3,4,6].

An analogous minimization of the combination of a sheet’s bending energy and an energetic
penalty from an effective substrate can be performed when, in the direction along the wrinkles,
a buckled sheet is curved [7,8] or subject to a tension [3]. Paulsen et al. [7] used this analogy
for different influences to propose a ‘local A-law’, stating that the energetically optimal wrinkle
wavelength for a sheet with bending stiffness B is

B \1/4

where Kg,p (%) is the local value of the total substrate stiffness that combines the effects of ‘real’
stiffness with the effects of curvature and applied tension.

The form of equation (1.1) has been considered in prototypical problems of interest including
uniaxial compression of a rectangular elastic sheet on a soft elastic substrate [9], indentation of
a floating elastic sheet [7,10,11] and the confinement of an elastic sheet between geometrically
incompatible shells [12]. However, the expression in equation (1.1) glosses over the fact that the
wrinkle wavelength is required to change for non-uniform Kgyp,, which will, in general, require
the birth of new wrinkles. It has been found that equation (1.1) gives a good account of the
results of experiments [7] and numerical simulations [6] provided that the spatial variation of
the wrinkle wavelength is in some sense ‘slow’. Moreover, even for a uniform Kg;;,, geometry
may necessitate the birth of new wrinkles—for example, a circular geometry is incompatible
with a constant preferred wavelength [12]. The birth of new wrinkles has been studied in several
idealized settings with the fundamental ingredient through which a single new wrinkle is born,
often termed a “wrinklon’ [13-15].

Previous experiments have illustrated three general causes of a variation in the wrinkle
number or wavelength, with examples shown in figure 1: (i) when material properties vary
in space (figure la,c), (ii) when the amplitude of wrinkles is suppressed near a boundary
(figure 1a,b), and (iii) in axisymmetric scenarios, when radial wrinkles on a circular sheet must
multiply to maintain an (approximately) constant wavelength (e.g. figure 1d).

The requirement that wrinkle wavelength varies ‘slowly” enough for equation (1.1) to apply
typically includes variations of types (i) and (iii) above, even when the amplitude is modulated
at a different frequency [12]. However, attempts to rationalize wrinkle evolution of type (ii)
theoretically have led to the concepts of wrinklons [14,15] and cascades [17]. Vandeparre et al.
[15] described a wrinklon as ‘the localized transition zone in the merging of two wrinkles’, and
characterize its size and amplitude [21]. Davidovitch and co-authors investigated cascades, in
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Cascade Branching
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Figure 1. Examples of the spatial evolution of wrinkle patterns observed in previously reported experiments: (a) and (b) show
step-like changes in wavelength—a cascade. In (a) wrinkles are generated by a lateral tension and orthogonal compression
while in (b) a planar sheet is confined in the gap between two spherical shells. Figures reproduced from: (a) bottom [16]
(with permission from the Royal Society of Chemistry), top [17] (with permission from the American Physical Society) and (b)
[18] (with permission from the American Physical Society); (c) and (d) show wrinkle branching for two systems: (c) a beam
(of smoothly varying thickness) attached to a uniform substrate and subject to compression (used with permission of Royal
Society of Chemistry, from [19]; permission conveyed through Copyright Clearance Center, Inc.) and (d) a circular geometry with
wrinkling caused by swelling of the sheet in a central circular region (reproduced from [20], with permission from Wiley).

which a coarse wrinkle structure in the bulk of a sheet becomes ever finer near a constrained edge
[13,17]. Each of these ingredients successfully describes a different aspect of wrinkle branching,
namely stress localization near the branching event, global patterns of successive branching
events and stress alleviation in the vicinity of a branching event.

Tension plays a significant role in the scenarios outlined above; Davidovitch [13] suggested
that smooth profiles should be anticipated even in evolving wrinkle patterns provided that the
tension T £ /BKgyp, but that folds should be expected below this threshold. When folds or other
localized structures do occur, a rich variety of patterns are possible, see e.g. [22]. In the case
of buckling near a clamped edge where the system must adjust from some global profile to
the smallest allowed wavelength near the buckling edge, wavelength adjustment is typically
observed to take the form of a cascade [13-15,17,23]. In the absence of tension, Pomeau [23]
predicted a cascade of folds, while for moderate tension Vandeparre et al. [15] predicted that
smoothing would give rise to a cascade of wrinkles. Huang et al. [17] postulate that individual
branching events within the cascade will be stretched out by increasing the tension, while
Vandeparre et al. [15] found that the length £ of wrinklons should increase with tension and
decrease with substrate stiffness according to

AZ\/T | T

where 1 and E are the thickness and Young’s modulus of the sheet, respectively. We note that
although many experiments reported in the literature do not have an applied tension (including
some of those in figure 1), deformation of the sheet and substrate is likely to induce a tension,
which may explain the occurrence of smooth branching profiles.

In this paper, we attempt to unify the different wrinkle evolution phenomenologies outlined
above by studying the simplest possible wrinkle evolution scenario: uniaxial compression of a
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Figure 2. Schematic of the setup of a sheet subject to a longitudinal tension T and an orthogonal compression A. The sheet
lies on a linear substrate whose stiffness, K (x), varies with position along the tensile axis.

thin, rectangular elastic sheet on a soft elastic substrate, whose stiffness varies spatially. We begin
by simulating the system in Surface Evolver, and our results, analysis and insights are presented
in §2. We then proceed to a more fundamental mathematical investigation, where we study the
evolution of individual Fourier modes in the wrinkle profile. Our analysis and the outcomes are
presented in §3, which leads to a qualitative comparison to experiment (§4) and more detailed
analysis (§5). Finally, we discuss our findings and their implications in §6.

2. Surface Evolver simulations

We use Surface Evolver simulations as a first tool to understand how changes in preferred wrinkle
wavelength are accommodated by the sheet [24,25].

(@) Model problem

We consider a rectangular elastic sheet of bending stiffness B, adhered to a soft substrate with
stiffness Kg,p. We denote the length of the system by L and its width by W. We allow the substrate
stiffness to vary in the x-direction, so that Kgy, = Kgyp(x) as illustrated in figure 2. We apply a
tension T in the x-direction at the same time as imposing an end—shortening in the y-direction by
displacing the sheet edge from y =W to y = W — A. We realize this scenario in Surface Evolver by
minimizing the total energy contributed by stretching and bending of the sheet and deformation
of the substrate. Details of the implementation may be found in the electronic supplementary
material.

In the absence of spatial variation, the locally preferred wavelength [7] in the wrinkled sheet

would be given by
1/4
B ) . (2.1)

sub

A.loc =21 (

With a spatially varying substrate stiffness Kqp(x), we choose the spatial variation in such a way
that the locally preferred wavelength varies linearly in space according to

W W W\ «x
Moc = — + <7 - 7) T (2.2)
no ny, no L

with ng and ny, desired (preferred) numbers of wrinkles at x =0 and x = L, respectively.

We anticipate that the number of wrinkles observed in the sheet will evolve in tandem with
the change in “preferred” wavelength, which will require wrinkle branching or the appearance
of new wrinkles. The exact nature of the evolution will depend on the steepness of the stiffness
gradient and on the tension in the sheet. According to Davidovitch [13], irregular cascades formed
of sharp folds occur in the limit T — 0, while a smooth shape can be expected for T > /BK,.. In this
paper, we focus on the case T 2> +/BK, only, and the Surface Evolver simulations presented in this
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Figure 3. (a) Surface Evolver simulations for a sheet with a confinement A /W =3.9 x 10~* on a substrate with spatially
varying stiffness chosen such that the locally preferred number of wrinkles varies from ny = 24 to n, = 48 via equation (2.2).
The overlaid inset, centred at y/L = 0.2, is colour-saturated to show a line of defects more clearly. (b) Surface height ¢ at
position x /L = 0.8 (indicated by the horizontal blue line in (a)). The Poisson ratio v = 0.4, the units of Young’s modulus and
thickness are chosen so that £h = 1, and no tension is applied at the boundaries x /L =0, 1.

section satisfy T >> +/BK, and |d(B /Kqup)/4/dx| « 1. Our Surface Evolver simulations use a small
compression, A, to minimize the likelihood of folds forming (see section S1.2 of the electronic

supplementary material). We briefly discuss the possibility of exceeding the wrinkle-to-fold
threshold in §6.

(b) Amplitude modulation

Typical results from our Surface Evolver simulations are shown in figure 3. This shows a system in
which the preferred number of wrinkles varies from rng = 24 to ny, = 48, following equation (2.2),
for a sheet with aspect ratio W/L = 0.3. In this example, we see that branching events appear to
have aligned in space, so that they occur along lines y & cst (e.g. y/L~0.2). In conjunction with
this, we observe amplitude modulation in the system, i.e. the wrinkle amplitude is suppressed
in the vicinity of branching events. This is consistent with previous predictions by Tovkach et al.
[12] in the context of wrinkle-branching caused by geometric incompatibility. Although this is a
valuable qualitative observation, we require further analysis to make quantitative observations of
the wrinkle wavelength as a function of space. We achieve this in §2(c) by carrying out a Fourier
transform of the wrinkle profiles determined numerically using Surface Evolver for different
parameter choices. The Surface Evolver simulations are relatively computationally intensive, so
to enable this deeper examination of how the wrinkle profiles are affected by parameters we
consider narrower sheets in the y-direction and impose periodic boundary conditions. This means
the spacing of branching lines in the y-direction is prescribed, but the wavelength evolution in the
x-direction can still be investigated.

(c) Wrinkle selection

In figure 4, we show that tension has a dramatic effect on the visual appearance of spatially
varying wrinkles. In each of the three panels, the ‘preferred” number of wrinkles increases
smoothly from ny =3 to n;, =24 via equation (2.2), and the actual number of wrinkles increases
through branching events. These branching events occur at approximately the same value of x in
each case, but the branching events become more elongated as tension increases; this is consistent
with the square-root dependence of wrinklons on tension predicted by Vandeparre et al. [15], see
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Figure 4. Surface Evolver simulations for a sheet of width I /h = 1.6 x 10* and length L /W = 15.4 and Poisson’s ratio v =
0.4, subject to a confinement A /W = —0.0016 for three different tensions T /Eh = 1.65 x 107> (left), T/Eh = 3.3 x 10~
(centre)and T /Eh = 6.6 x 107 (right). The sheet is adhered to a spatially varying substrate whose stiffness causes the locally
preferred wrinkle number to increase from 3 to 24 over the length L. In the top panel, the actual surface profile is shown. Below it,
the profile is saturated to show the wrinkle branching more clearly. The bottom panel shows the scaled amplitude G, of Fourier
modes corresponding ton = 3,4, . . . 24. Inthe last panel, the black crosses and red vertical dashed lines mark the x-values at
which values of n*C2 cross.
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Figure 5. (a) Dominant wavenumber measurements for the three cases studied in figure 4. Coloured lines show the Surface
Evolver prediction of the dominant wavenumber, defined as the Fourier mode with maximum amplitude. The dashed black
line shows the locally preferred wavenumber nper = W /Ao, With Ao as in equation (2.2). (b) Distance d between defects
as a function of Ao, which varies in space. The tension values are T/Fh =1.65 x 107> (blue, low tension), T/Fh =33 x
10~ (red, medium tension) and T /Eh = 6.6 x 10~ (yellow, high tension). The results contain some numerical noise, which
increases with decreasing T.

equation (1.2). We investigate this in more detail by decomposing the wrinkle profile into Fourier
modes. We see that all of the modes between 3 and 24 are excited at some point in the interval
x €[0,L]. The amplitudes peak locally as the substrate stiffness evolves spatially. We can extract
the ‘dominant’ mode by identifying the Fourier mode with the largest amplitude at each value
of x, and we confirm that this is well aligned with the locally preferred number of wrinkles in
figure 5a, at least in the regime for which |d(B /Kgup)/*/dx| < 1, T > /BK, simulated here. This
behaviour also manifests in the distance d between defects in the pattern, as shown in figure 5b:
based solely on the underlying preferred wrinkle wavelength profile, we would expect d to be
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such that #1pref(x« + d) — npref(xs) = 1. Taylor expanding this expression to first order in d we find
thatd=1/ |nio ref ()| = Alzo o/ (W|2']), which is independent of the applied tension, T/Eh, and hence
qualitatively different to the wrinklon scaling equation (1.2). Figure 5b shows that the spacing
between branching events is independent of tension (except for some numerical noise at small
tension) in our simulations. However, figure 4 shows that the shape of the amplitude profiles does
change as the tension changes: when the tension is small the change of amplitude of each mode
is almost-step-like but becomes smoother as the tension increases.

3. Mathematical analysis

Following on from the Fourier decomposition of our Surface Evolver simulations in figures 4
and 5 we now proceed to investigate and explain the observed phenomena from a theoretical
viewpoint. Our starting point is the fully nonlinear Féppl-von Kdrman equations for the vertical
displacement of the sheet, ¢(x,y). We then decompose these governing equations to see what
further insights we can gain.

(a) Governing equations

Our starting point is the first Foppl-von Karman equation for the out-of-plane displacement
¢(x,y) of a rectangular sheet of length L, width W and bending stiffness B. The sheet is subject to
a vertical restoring force from the linear (Winkler) substrate of stiffness Kqp,(x). The full equation
is
BV* — 0 : VV + Koo ()¢ =0. (3.1)
To make analytical progress, this equation requires some simplification. We assume that the
wrinkle wavelength and amplitude are small compared with other lengthscales; in this limit,
we expect that BV4¢ &~ Bd*¢/dy*. Turning our attention to the stress term, we note that in-plane
stress equilibrium, V - o =0 can be satisfied by oxx =T, oxy =0 and oy, = oy, (x). We therefore
approximate the out-of-plane force balance (equation (3.1)) by
e 9% %
Note that in equation (3.2), oy, is unknown but may be interpreted as a Lagrange multiplier
associated with the imposed compression A > 0. Assuming small strain, i.e. €,y = oyy/(Eh) K 1,

we have that W 5
1 il

We further consider the limit in which the preferred wavelength Apref is much smaller than
the channel width, W. Since Apref = 27 (B/ K.)V/*4, where K, = Ky, (x4) is the substrate stiffness at a
particular position x = x,, the preferred number of wrinkles 7, = rpref(xs) = W/Apres > 1 and we

consider the limit
B \Y* 1
§=21|—= =— —0. (3.4)
K, W4 My

In this limit, we anticipate that oy, (x) will be close to —2,/BKs(x), the expected value for a

uniform-substrate with the same local stiffness [12]. We therefore introduce a dimensionless
residual compressive stress S, which is defined by

oyy(x) = v/ BKgup (X)(=2 + S). (3.5)

To make further progress, we assume that the deflection ¢(x,y) may be decomposed into
Fourier modes

t(xy)= ; Cp(x) sin (27{1’1% + ﬂ,,) . (3.6)

Our task is then to determine the amplitude of each mode as a function of x, C;(x), as well as
the behaviour of the residual compressive stress S(x). (We have included a phase shift 8, for each
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mode for generality.) We note that this approach is only valid in the regime T 2> /BK,., when we
expect a smooth surface profile even in regions where the number of wrinkles changes [13]. Note
that we will restrict n to integer values in this analysis, so that ¢ is periodic on y € [0, W] in line
with the Surface Evolver simulations of §2.

Substitution of the decomposition (equation (3.6)) into the governing equation (3.2) together
with the transverse stress from equation (3.5) yields the second-order evolution equations for the
amplitudes {C;,}:

d?c,
dx?
The unknown function S(x) must then be determined from the integral constraint (equation (3.3)),
which leads to the constraint

2
T — K84 {[n2 — e @] + nznpref(x)zs} Co. (3.7)

AW =723 "n’C. (3.8)
n

The tension T # 0 must be known for equations (3.7) and (3.8) to fully determine S and the
amplitudes {C;}.

We note that the number of wrinkles observed at a particular x changes only slowly, and by
an integer number. Hence, if we consider a domain over which the wavenumber of wrinkling
changes by an order one amount, i.e. the number of wrinkles at the end rn¢ng = 14 + An = 0(1/6),
where An = O(1), then we can usefully write any n =n.(1 + § - j) for some O(1) integer j. In this
way, j measures how far from n, we have ventured and can be chosen to be some convenient
index. This will be particularly useful in the limit § — 0 that we consider.

The discrete constraint (equation (3.8)) suggests introducing a rescaled mode amplitude Z; =
71iCp,/ VAW, while the modal FvK equation (3.7) suggests introducing a scaled x-coordinate
X =8(x — x,)/+/T/K,. With these rescalings and taking the limit § — 0 equations (3.7) and (3.8)
lead to

27.
% =F(X)Z; + 5Z (3.9a)
and
> 2]2 =1, (3.9p)
]
where
Fi(X) =4(x — «))%, (3.10)

and we let §=5/82 to ensure that the various terms remain O(1) as § — 0. Here, we have
introduced scaled versions of the preferred and observed wavenumbers defined by «(X)=
Tpref(X) — 15 and k;j = n; — 1, respectively; note that «(X) and «j are both O(1). We also note that
the length scaling used here differs from the wrinklon length defined by Vandeparre et al. [15],
see equation (1.2), by a factor 1/5; we will explain this difference in §3(b).

We interpret equation (3.9) as a system of N +1 equations for N amplitudes {Z;} and an
unknown stress contribution S, which can be solved in conjunction with suitable boundary
conditions to yield the wrinkle profile in the sheet. Numerical solution is complicated by the fact
that equation (3.9) is a differential-algebraic system because of the constraint in equation (3.95).
We handle this by representing the N-tuple {Z1, Z, ..., Zn} as a point on the (N — 1)-sphere [26],
thereby reducing the number of variables by one and ensuring that the constraint is automatically
satisfied. We now digress briefly to illustrate this method for the simplest case: N = 2.

Example 3.1 (Constraint handling for N =2). With two modes only, we let Z1 =cos6, Z, =
sin @ for some 6(X). After some straightforward manipulations, we find that:

0 _F-Fy
axz 2

with boundary conditions # — 0 as X — —00, § — /2 as X — +00 and S given explicitly as

2
S=— (ﬁ) —F, — F». (3.12)

sin 26, (3.11)
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This method of handling the constraint (equation (3.9b)) can be generalized for larger
values of N by introducing further angles, 6;. Below, we focus on the case N =5, for which
details of the representation in terms of the set {0;;1 <i <4} and the eighth-order system to be
solved (four second-order equations) are given in the electronic supplementary material. The
important outcome of this procedure is that, in the limit § — 0, we can first solve a system of
ordinary differential equations to determine the amplitudes, {Z]-}, and then determine the stress
perturbation, S, a posteriori. Validation of our methodology may also be found in the electronic
supplementary material.

(b) Effect of stiffness gradient

We investigate the influence of the stiffness gradient on wrinkle branching by solving the model
problem outlined above. In particular, we consider a sample problem in which the preferred
wavenumber changes by 5 within the domain of interest, i.e. we consider the case N =5 of
equations (3.9) and (3.10). To consider the effect of the stiffness gradient, we take the particular
stiffness profile

Npref — s = Kk (X) = 2 tanh(arX), (3.13)

so that « is the dimensionless parameter characterizing the stiffness gradient. Redimensionalizing
and differentiating, we can write « in various different forms

o = 1 Ksub (%) Ksub (x*) T _ 1 W2 (3.14)
852 Koup (x4) sub(x*) 1678 Koup(x+)/ W\ \/BKqup () 3272 Lpely”

where £;,. = (B/T)'/? is the bendocapillary length and ¢, = K(xg)/K'(xo) is the length scale over
which the substrate stiffness varies. We can therefore interpret o as a measure of both the
steepness of the substrate gradient and the strength of tension: when « is small, the substrate
stiffness changes slowly in space (or tension is weak), while large o corresponds to a steep
gradient (or strong tension).!

We also note that « increases with K1, (x.): bigger relative changes in wavelength or preferred
wrinkle number should actually correspond to shorter individual branching events. This explains

the somewhat counterintuitive fact that the defects in this paper, which are required to induce an
O(8) change in wrinkle number, are a factor 1/8 longer than the wrinklons studied by Vandeparre
et al. [15], as noted after equation (1.2): wrinklons change the wrinkle number by an O(1) amount
and hence are shorter.

The effect of the parameter o on the wrinkle branching patterns is shown for some particular
values in figure 6; a video illustrating how the equilibrium varies with « can be found in
the electronic supplementary material. We observe a number of very different regimes as the
dimensionless substrate stiffness gradient « in equation (3.13) varies. We see that for small «, the
number of wrinkles varies gradually in space, with branching events spread out along ‘defect
lines’. Along these defect lines, the wrinkle amplitude is also lower than other portions of the
sheet (figure 6a). As « increases, the stiffness gradient increases and so the number of wrinkles
needs to change more rapidly. To achieve this, the branching events move closer together in x,
and eventually align in the y-direction instead (figure 6b—d). For sufficiently large «, when the
substrate gradient is very steep or tension is strong compared to residual stresses, the branching
events all occur at the line X =0, and the number of wrinkles simply jumps rapidly between the
two far-field values (figure 6d). This perfect line of defects arises in part from assuming g, =0
in the reconstruction; if phase shifts could be determined we anticipate that the branching line
might shift slightly across the sheet as shown, for example, in figure 3a.

!Note, however, that large « is not inconsistent with the assumption |1’| < 1, which only requires that a6*A/K/T < 1 and
hence can be satisfied by sufficiently small § and/or wavelength 1/K/T.
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Figure 6. Wrinkle profiles in a sheet where the preferred number of wrinkles in the interval 0 < y /W <1 changes smoothly
by 4. Different sub-figures show the effect of the dimensionless stiffness gradient, «, from ¢ = 0.1to @ =10. In each case,
the top panel shows the stiffness gradient defined by equation (3.13), the middle panel shows the calculated spatial variation
of the amplitude of each mode, as predicted by the solution of equation (3.9), and the bottom panel shows a reconstruction of
the surface profile for the particular case in which the number of wrinkles in y /W € [0, 1] increases from 8 to 12. (The phase
shifts B, from equation (3.6) are not determined in our analysis; our reconstructed wrinkle profiles assume 8, = 0.) The line
colours used in the middle panel indicates the mode number «;;, as indicated at the base of the figure.

(c) Amplitude modulation

We conclude this section by using our Fourier series solution to gain some insight into the
amplitude modulation effect visible in figures 3 and 6 and predicted previously by Tovkach
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et al. [12]. For sufficiently shallow stiffness gradients (i.e. sufficiently small « in figure 6a—c),
we observe that at the particular values of X where defects occur, there are just two adjacent
wrinkle modes excited, say modes / and [ + 1. The length constraint (equation (3.90)) then gives
thatZ;=Z; 1 =1/ V2 and so the Fourier sum at this point can be written

ZZJ sin (2711@%) = % [sin (271711%) + sin (271(;1, + 1)%)]
j

= 2sin (m%) cos (n %) +00), (3.15)
for some specific I. We can therefore interpret the surface profile as the product of a highly
oscillatory part contributing the individual wrinkles and a slowly varying part controlling the
overall amplitude. The slowly varying part, and therefore the product, is close to zero in the
vicinity of y=W/2,3W/2,..., giving rise to the characteristic modulation pattern observed.
Furthermore, the defect lines that emerge naturally in e.g. figure 6¢ just correspond to y-positions
where two adjacent modes are exactly out of phase; from the first line of equation (3.15) this also
occursaty=W/2,y=3W/2,....

For values of X in between defects, again for sufficiently small «, we observe three adjacent
modes and write

Z Zjsin (27119%) =2(Zj_1+ Zj41)sin (271 %) cos (JT %)

]
+ [,/ 1-27  —Z2 — 21— Z,H] sin <2n%> +O(3) (3.16)

for the relevant integer I. In this case, we interpret the surface profile as the sum of a highly
oscillatory part with amplitude modulation, as in equation (3.15), and another highly oscillatory
part with uniform amplitude. We therefore expect to see some amplitude modulation between
defects as well as at them, but that the strength of this modulation will depend on the size of
the contribution from modes adjacent to the dominant one, and will disappear if there is a zone
where only one mode is excited and Z;_1 = Z;;1 =0; this happens for very small « as in figure 6a.

4. Qualitative experiments

Before seeking to better understand the transition between cascade-like and defect-like behaviour
just observed, we would like to check whether the transition behaviour observed in our reduced
numerical model can be observed experimentally. To test this, we performed experiments in
which a thin elastic sheet (thickness 1 = 60 mm, Young’s modulus E =800 MPa, giving B=1.7 x
1075 N'm~!) was adhered to a substrate fabricated from polyvinylsiloxane (Zhermack). Previous
experiments [27] have demonstrated that this solid is linear for strains < 10%; it is also reasonable
to assume the substrate is isotropic since it polymerizes from a liquid state. Nevertheless, to make
a substrate thin enough that it behaves like a Winkler substrate would require [28] that #; < 1mm,
which is not attainable in our laboratory. Instead, we use a deep substrate, /i &5 cm, in which case
the wrinkle wavelength is [9,29]
EN1/3
A (—) h. 4.1)

Es

Given this important difference with the linear substrate, any comparison with the results of
our theoretical analysis can only be qualitative. Nevertheless, substrates with different stiffness
gradient were created by mixing differing ratios of catalyst and base; the resulting substrates
had (local) stiffness in the range 80 kPa < E; < 720 kPa [30]. (This range of E; is chosen to ensure
that the preferred wavelength changes by a factor of more than 2 over the 10 cm length of the
substrate, given the modified dependence on substrate stiffness in equation (4.1).) However, the
stiffness gradient is changed between substrates, as indicated in the top portion of figure 7.
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Figure 7. Experimentally obtained surface profiles for different levels of the substrate stiffness gradient, characterized in terms
of the gradient in preferred wrinkle number, n;,ef(x). Schematic illustrations of the different substrate stiffness profiles used in
each of the three case are given in the top row, together with a qualitative measure of the size of n;ref(x). Theimages themselves
show the three-dimensional surface profile in each case with the out-of-plane displacement (relative to the mean) given by
the colour bar to the right. Despite the various caveats discussed in the main text, these profiles qualitatively display similar
behaviour to our numerical results, namely that small gradients show wrinkle branching, while large gradients illustrate a
cascade.

Another key difference between the system modelled here and this experiment is that no
tension T is directly applied to the system.? Nevertheless, when compressed (using a micrometre
screw gauge) between vertical walls, qualitatively different wrinkle patterns are observed
depending on whether the stiffness changes suddenly or more gradually. The surface profiles are
imaged by using several images of the wrinkled surface taken from different angles (see electronic
supplementary material). The results of this analysis can be seen in figure 7, which shows that
substrates with a more rapid change in the value of E; do demonstrate a single generation cascade
at the point where the substrate stiffness changes, while with a more gradual change, individual
wrinkle branching events take place. Despite this qualitative similarity, we note that the defects
are not all aligned, showing that the phases, 8, do evolve, in addition to the wrinkle amplitude.

5. Bifurcation analysis

The rapid jump in wrinkle number for larger « is associated with the apparent loss of some
Fourier modes from the solution. When « is sufficiently small and the stiffness gradient is
sufficiently shallow, each of the five modes dominates the pattern at some point (i.e. for some
interval in X). However, as « increases the situation changes: when a = 4.5 only three modes are
excited and the dominant wavenumber transitions very rapidly between the two extreme values;
when o =10 only the two extreme modes are excited, with a rapid transition between them.

The numerical results of figure 8 further suggest that close to the critical values of « at which
these transitions occur, the size of the mode that is about to disappear exhibits a scaling law with
the distance to threshold. For example, the j =0 mode appears to disappear at « ~ 8 (figure 8a,
main figure) while, for o < 8, the maximum amplitude of this mode ||Zg||oc o (8 — a)1/2 (see inset
of figure 8a). A similar scaling behaviour is seen for the disappearance of the j = +1 modes, with
the critical value there being o ~ 4 (data not shown). To understand the behaviour as « increases

2 An effective tension may act on the sheet because of the substrate’s expansion perpendicular to the imposed displacement—a
result of the Poisson effect.
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Figure 8. (a) Maximum amplitude of each of the modes, ||Z;||. = maxg{Z}, in the five-mode problem, as the stiffness
gradient « varies. Inset: decay of the amplitude of the last ‘optional’ mode, Zy, near o = 8. Red markers show the numerical
solution and the black line shows the asymptotic solution, (5.13). (b) Energy of the degenerate solutions with 2,3 and 5 non-zero
Fourier modes as « varies.

better, we consider the apparent disappearance of the j = 0 mode at « & 8 in more detail. We begin
with a description of the full three-mode problem that is pertinent to this disappearance of a third
mode.

(@) The full problem

We are interested in going from having N — 2 to N + 2 wrinkles with the key question being
whether we will excite the mode with N wrinkles (this being an ‘optional” third mode). We
therefore let

Z_p=sinfcos¢p, Zy=sing, Zip=cose¢cosb (5.1)

with the convention for ¢ chosen such that ¢ =0 corresponds to the N-wrinkle mode being
omitted. The appropriate boundary conditions are:

¢—>0, as X-— +oo, 9(—00):%, 6(++00) =0. (5.2)

Substituting this ansatz into the governing equations for each mode and eliminating S, we find
that

2
j}.{d; =—[16 + (9’)2 — 32(tanh a X)(cos 20)](cos ¢)(sin ¢) (5.3)
and
d—ze =20'¢/ tan ¢ + 64(tanh «X) cos 6 sin O (5.4)
axz ’ '

which are to be solved with boundary conditions (equation (5.2)).

(b) An analytical solution foro = 8

The system of equations (5.2)-(5.4) can readily be solved numerically. As expected (based on the
numerics with five modes) a change in behaviour is observed when « = 8. In particular, as « 8,
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the maximum amplitude of ¢ decreases appearing to vanish at o =8; for « > 8, we are only able
to find numerical solutions with ¢ = 0.

To understand this behaviour, we begin by noting that when ¢ =0, the equation for 6 in
equation (5.4) simplifies considerably becoming:

2 ) _
d (_ %) = 64 tanh(« X) sin 20, (5.5)
dx2

with boundary conditions 8 — /2 as X — —oo and 6§ — 0 as X — oco. (Unsurprisingly, equation
(5.5) is a particular case of the two-mode problem given in equation (3.11).)

In the particular case o =8, equation (5.5) with the appropriate boundary conditions has the
exact solution

0(X) =tan~! (e~8) := 05(X). (5.6)
Substituting this exact solution into the linearized version of equation (5.3) we find that
#(X) = Asech!/?(8X) := ¢3(X), (5.7)

where the amplitude A is arbitrary—since equation (5.3) was linearized to make progress, its
solution may be arbitrarily scaled. To determine this amplitude, and in particular how the solution
behaves for 0 < 8 — o =€ « 1, we use a weakly nonlinear analysis.

(c) Weakly nonlinear analysis

We begin by letting
e=8—-axl (5.8)

and pose a power series for the functions 6(X) and ¢(X) of the form
0(X) =05(X) + €O(X) + - - - (5.9)

and
p(X)=ep(X) + 2 (X) + -+ -, (5.10)

where 63(X) and ¢g(X) are as defined in equations (5.6) and (5.7), respectively. Here, we note
that the appearance of powers of €!/2 in the expansion for ¢(X) is motivated by the quadratic
nonlinearity in ¢ of the equation for 6, equation (5.4): for these terms to balance with the change
to the potential, tanh aX =tanh 8X — € sech®8X + O(€?), we require the size of #(X) to be O(e}/?);
this is consistent with our numerical results also (see inset of figure 8).

Substituting the series solutions from equations (5.9) and (5.10) into equations (5.3) and (5.4),
we find the coupled linear equations

d?e - - - - -
T 64(tanh? 8X)® = —32Xsech’8X + 167 A2sech?8X tanh 8X (5.11)
and
o _ 16(1 — 3sech?8X) @ = —%(1 — 3sech?8X)¢2
dxz T3 8
T _ _ . de
— 8A ¢pg sech8X | 4X tanh 8Xsech8X + 8® tanh 8X — x| (5.12)

The system (equations (5.11)-(5.12)) is a linear system for the functions ® and @ with
homogeneous boundary conditions. According to the Fredholm Alternative Theorem [31], it
therefore has non-trivial solutions only if the forcing (RHS) is orthogonal to the solution of
the homogeneous adjoint problem. Numerical solution of the associated homogeneous adjoint
problem (and calculation of the associated solvability condition) gives that we must have A~
0.248. (Details of this calculation are given in the electronic supplementary material.)
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We therefore have that
- T
[1Zolloo = ||¢8(X)||oo"’0-248\/;\/8—0l (5.13)

as a — 8. This prediction is represented by the solid line in the inset of figure 8a, and agrees well
with the numerical results presented there also.

Finally, we also note that multiple solutions exist for « <8: for 4 <« <8, it is possible
to find solutions with both three-modes and two-modes. However, the two-mode solution is
energetically more expensive (and hence unfavourable) than the three-mode solution. Similarly,
for 0 <« <4, solutions exist with five, three or two modes. The energetically favoured solution
has five modes. This energetic structure is summarized in figure 8b; crucially only the two-mode
solution exists for o > 8.

6. Discussion

In this paper, we have presented a study of how wrinkle patterns adapt to a preferred
(locally energy minimizing) wrinkle wavelength that evolves spatially. This study was motivated
by experimental observations that suggest changes in this preferred wrinkle number can be
accommodated either by adding one wrinkle at a time at particular points within the pattern
(termed ‘wrinkle branching’) or by each wrinkle bifurcating to instantly double the number of
wrinkles formed (a ‘cascade’). Surface Evolver simulations confirmed the existence of wrinkle
branching as a distinct regime and showed that the dominant wavelength is generally close to
the locally preferred one. These simulations also showed that the polychromatic nature of the
wrinkle pattern (how many different wavelengths are excited at a given position) depends on
the steepness of the stiffness gradient: at low gradients the patterns are largely monochromatic
with the neighbouring mode excited only as the transition between neighbouring modes occurs.
This might be considered to be archetypal of wrinkle branching: wrinkles are added one at
a time, with only one wavelength dominating the pattern at any given position. At moderate
gradients, multiple modes are excited in the neighbourhood of the transition: the wrinkle pattern
is poly-chromatic in the neighbourhood of the transition for steep gradients.

We also used a simplified model to study the evolution of the amplitude of each wrinkle
mode. With this model, we replicated the increased polychromaticity of wrinkle patterns as
the stiffness gradient increases from low to moderate values. Moreover, this model generated
spatially varying wrinkle spectra that are qualitatively similar to Surface Evolver simulations.
We also showed that at high stiffness gradients, intermediate modes may not be excited at
all. We suggest that this ‘mode skipping’ is a precursor of the cascade that is often observed
experimentally. Our simplified model introduces a measure of stiffness gradient—the parameter
a defined in equation (3.14)—that also incorporates the role of the applied tension. We show that
the transition to mode skipping occurs at a critical value of o and show that the amplitude of
the disappearing modes exhibits critical behaviour, determining the relevant critical exponent.
However, we emphasize that the calculated critical value, o =8, depends on the stiffness profile
assumed in equation (3.13). If curvature along the wrinkles were introduced, we would expect
this to have a similar effect to decreasing the tension or stiffening the substrate (i.e. to decreasing
«), but we have not explored that scenario in the current work.

Our simulations and simplified model also revealed that in the region where wrinkle
branching events take place the overall amplitude is decreased. This is consistent with what was
reported by Tovkach et al. [12] for the situation where changes in wrinkle number are required
because of geometric (in)compatability. Our simplified model uses a Fourier decomposition and
allows this amplitude suppression to be interpreted as a beating phenomenon: a collection of
Fourier modes interfere destructively in the neighbourhood of a branching event. This amplitude
suppression may also have practical implications. For example, amplitude suppression in some
parts of a wrinkle pattern, combined with the inextensibility constraint, necessarily means that the
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Figure 9. Schematic representation of what the regime diagram might look like. Experimental images used here are reproduced
from papers with permission, as in figure 1. We hypothesize that there is curve in this regime-diagram (grey curve) that separates
wrinkle branching (which is polychromatic) from cascades (which is monochromatic). The limit considered here corresponds to
atransition atr = 8as T/ /By > 1.

wrinkle amplitude is elevated elsewhere; this may have consequences for the global compressive
strain at which failure mechanisms like delamination [27] and fracture [32] are observed.

More broadly, the analysis presented here could be adapted to circular or annular geometries
where spoke-like wrinkles arise from azimuthal compression. In those geometries, fixing the
wavelength will require the number of wrinkles to increase with radial position, so branching can
occur even for uniform substrates. In a similar fashion to the system studied here, the observed
branching behaviour will depend on factors such as applied tension and substrate stiffness.

Our analysis focused on the limit of large tension to simplify the amplitude evolution
equations. We hypothesize that the behaviour we have explored in this paper is therefore one
axis () of a larger, at least two-dimensional, parameter space, (T/,/BKgyp, ). It is well known
that smooth wrinkle branching can only be expected for T Z /BKgyp, with sharper fold-like
behaviour expected below this threshold [23]. A sketch of the possible regime diagram is shown in
figure 9. (Note that for certain wrinkle number profiles (3.13)—for example, for different values
of o or larger maximum change in npref — 1 > 4—the system may be below the classical wrinkle-
to-fold threshold at the soft end of the substrate but above the threshold at the stiff end of the
substrate. In this case, it is feasible that a sheet may exhibit a mixture of polychromatic wrinkles
and folds, and possibly even fold branching, making the hypothetical regime diagram more
complex. However, given that the folding phenomenology is rich even in the absence of substrate
gradients [22], it is difficult to anticipate the exact behaviour without further study.)

We finish by noting that our Surface Evolver simulations were consistent with the theoretical
picture we have laid out above, but did not explicitly observe mode skipping or a cascade. We
believe that this is because the simulations were not able to reach sufficiently large values of the
dimensionless stiffness gradient «. Our simulations were constrained by the requirement that
the induced displacement is large enough to exceed the wrinkle threshold throughout the sheet,
but also small enough to avoid the development of folds [33]. More details of the effect of this
restriction on our simulations are given in the electronic supplementary material but essentially
resolving this would require a much smaller value of KmaxL/(Eh), which is most likely to be
achieved with a higher value of the stretching modulus Eh, which brings with it other difficulties,
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including additional computational cost. At the same time, the experimental literature is replete
with examples of this mode-skipping/cascade, and it is the wrinkle branching that seems to be
observed only rarely. We therefore encourage experiments in which wrinkle branching might be
observed and studied in more detail using a substrate stiffness that varies only slowly.
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