FERMAT’S TWO SQUARES THEOREM

Pierre de Fermat (1601-1665) was a French lawyer. He has been described
as the greatest amateur mathematician of all time, for his contributions to
optics, probability, and, most notably, number theory. Perhaps he is best
known for “Fermat’s Last Theorem” — the (still unproved) assertion that
x™ 4+ y™ = 2" has no solution in positive integers x,y, z for any n > 3. First
year undergraduates encounter another (genuine!) theorem of Fermat’s, that
2P = z(mod p) for any integer z and any prime p, as a consequence of
Lagrange’s Theorem for finite groups.

Fermat’s Two Squares Theorem is the following:

If p = 1(mod 4) is prime,
then p is a sum of two squares

This result is remarkable in that it relates primes — objects whose defini-
tion only involves multiplication and division — to the additive structure of
the integers. As examples of the theorem we have 5 =1+44,13 =449,17 =
1 + 16, etc. Exercise: show that if p = 3(mod 4) then p cannot be the sum
of two squares (consider the remainder when a square is divide by 4).

More than 50 different proofs of the theorem have been published. Un-
dergraduates may encounter two proofs themselves: one using the unique
factorization property of Z[v/—1] and another, in the Elementary Number
Theory course, using Dirichlet’s Approximation Theorem. The vast major-
ity of published proofs, and indeed the two proofs just mentioned, have much
in common. In particular, they depend on the following fact:

If p = 1(mod 4) is prime, there exists an integer x for which 22 +1 = 0
(mod p) — for example = = (@)!.

I shall describe a new and completely different proof, using group actions
on sets. Let

01 0 010 1 -1 1
A=l10 o|,B=(100),c=[0 1 o0
00 —1 001 0 2 -1

and

M =

o NN O
S O N
— o O

One easily checks that A?> = B? = C? = I, and that ATMA = BTMB =
CTMC = M. In particular A~', B!, and C~! exist, whence the linear
mappings produced by A, B, C' are one-to-one.



Define
S={v=_(2,9,2)€Z :vIMv=p and 2,5y > 0}
(we think of v as a column vector) and let
T=A{(x,y,2) € S:2>0}, U={(z,y,2)€S:x+2z>uy}

Note that v Mv = p merely means that 4xy + 22 = p. It follows that S is
a finite set, since x,y > 0. We shall need to know that A maps S to itself,
B maps T to itself, and C' maps U to itself. We'll only look at the last case,
the others being, if anything, easier. If v = (x,y, z) € S with x4+ 2z > y, then
Cv=(—y+zy2y—z)=(2,y,7), say. Hence 2/ > 0, because x+z > y;
y' > 0, because y > 0; and 2’ + 2z’ > ¢/, because x > 0. Moreover

(Cv)I'M(Cv) =vI(CTMC)v =vIMv = p,

so C' maps U to itself.

Next we show that S is the disjoint union of 7" and AT, and also of U
and AU. Again, we shall just check the latter assertion. If (z,y,z) € S
then either x + z > y (whence (z,y,2) € U) or v + 2z =y, or z + z < y.
The case x + z = y cannot arise, since v Mv = p implies p = 4oy + 2% =
dx(x + z) + 2% = (22 + 2)?, contradicting the primality of p. We shall show
that if

U'={(z,y,2) €S :x+z<vy}

then U’ = AU, this gives the required result.

If v.=(x,y,2) € Uthen v € S, whence Av € AS = S. Moreover
Av = (y,z,—2) = (2/,y, 7)), say, with 2’ + 2/ = y — z < x = y' whence
Av e U'. So AU C U’. Similarly AU’ C U, whence U’ = A2U C AU. Thus
U = AU.

We have now reached the kernel of the proof. Since A is 1-1 we have
H#T = #AT, #U = #AU. Moreover, as S is the disjoint union of 7" and AT
we have #S5 = #T+#AT = 2#7T. Similarly #S5 = 2#U, whence #1 = #U.

Since C? = I the action of C' on U produces orbits of length 1 or 2. If
(x,y,2) is a fixed point of C' then x —y + 2z = z,y = y,2y — z = z, whence
y = z, and since 4xy + 22 = p one has p = 4zy + y*> = y(4x + y). Using the
facts that p is prime and that p = 1(mod 4) we see that this happens if and
only if y =1 and = = (p — 1) /4. Consequently C' has exactly one fixed point
in its action on U. Since all the other orbits have length 2 we deduce that
#U is odd.

We now argue similarly with the action of B on T'. Since #71'(= #U) is
odd it follows that B must have an odd number of fixed points on U. So



there is at least one fixed point. However, a fixed point of B must have
x =y, and so p = 4xy + z? will have a solution in which x = y. It follows
that p = (22)? + 2% as required.

D. R. Heath-Brown

Appendix — January 2008

Invariant was an occasional publication of the Invariant Society (the Ox-
ford University undergraduate mathematics society). Since the original was
not typeset electronically, I have now now re-set the article with BTEX, cor-
recting a few misprints.

The history of the argument given here is perhaps of interest. I was led
to it from a study of the account of Liouville’s papers on identities for parity
functions, presented in the book by Uspensky and Heaslet [1]. My original
notes date from 1971. I gave a splinter-group talk on the argument at the
British Mathematical Colloquium in 1980 (or 19797), after which it seems
to have spread by word of mouth. It subsequently became an exercise for
trainee teachers in France (Varouchas [2]). Further interest was generated
by Zagier’s single sentence version of the proof [3].
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