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Abstract

We develop a framework to analyze the evolution of bounded memory strategies
in a repeated game. In this framework, we introduce the algorithmic learning
equations, a set of ordinary differential equations which characterizes the finite-
time and asymptotic behavior of the stochastic interaction between learning
algorithms that learn a bounded memory strategy in a repeated game. Our
framework allows us to study repeated games under a variety of monitoring
structures, including perfect, public, private, and any of the combinations.

Using this framework, we use a dynamic generalization of smooth fictitious play
with bounded 𝑚-memory strategies to model learning with bounded rationality
that is consistent with learning by algorithms. With this learning model, we
prove a Folk theorem when players with bounded rationality learn as they play a
repeated potential game. In a repeated potential game with perfect monitoring,
we use this learning model to show that for any feasible and individually rational
payoff profile, if players have sufficient memory, are sufficiently patient, and
best respond with sufficiently few mistakes, then the players have a non-zero
probability of learning an 𝑚-memory strategy profile that achieves an average
payoff close to the specified payoff profile for an appropriate continuation
game. Moreover, the strategy profile learned is an 𝑚-memory 𝜖-subgame
perfect equilibrium of the repeated game.

Finally, we examine a case study where high-frequency traders (HFTs) in the
European ETF market break the pre-trade anonymity of limit orders by signaling
their type in an otherwise anonymous market. We explain the behavior of HFTs
with a model that considers competitive and collusive equilibria. The model
shows that the behavior of the HFTs is consistent with that in a collusive
equilibrium where HFTs signal themselves to avoid sniping each other’s limit
orders. Signaling enables the HFTs to share the benign flow from retail limit
orders, and to share the additional benign flow from impatient investors who
otherwise would have traded with a retail investor’s limit order.
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Chapter 1

Introduction

1.1 Motivation

Learning Algorithms

Recent advance in learning algorithms (i.e., autonomous artificial agents (AAs)) hold
promise to facilitate and improve data-driven sequential decision-making problems in an
increasingly digital world. However, in many real world applications, the algorithms make
decisions in a multi-agent system whereby multiple algorithms concurrently act and adapt.

Unfortunately, the theoretical foundations for multi-agent learning are lacking with po-
tential opacity at how the algorithms arrive at decisions. Furthermore, learning interactions
with other algorithms can be unpredictable and can lead to unintended behaviors. Indeed,
several competition authorities such as the OECD, the EU Commissioner for Competition,
and the Federal Trade Commission (for a more detailed list and references see Assad et al.,
2021) are concerned that AAs may tacitly learn to collude. That is, when algorithms learn
to extract rents above the competitive level in a coordinated fashion, even if they have not
been specifically instructed to do so and even if they do not communicate with one another.
This form of tacit collusion would defy current antitrust policy, which typically targets ex-
plicit agreements among would-be competitors, and has many implications for competition
policies (see Harrington, 2018).1

Multi-agent learning in the simplest form reduces to learning in games, which has been
studied by game theorists for decades. Instead of assuming that players are perfectly rational,
the focus is on repeated interactions between players who act and adapt based on the history
of play. Relaxing the assumptions about knowledge and rationality of players allows one
to test the sensitivity of game theoretic results to these typical assumptions. Much of the

1Based on recent case law, evidence of overt communication between firms appears to be a prerequisite
to successfully prosecute collusive arrangements (see Chassang and Ortner, 2023).
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literature in learning in games focuses on establishing positive and negative convergence
results of the learning interaction to a solution concept such as a Nash equilibrium.

Over the last few decades, many convergence results have been established for evo-
lutionary models and myopic (stateless) learning algorithms, where the strategies are not
conditioned on information sets relating to past actions. This is a stark contrast to the
vast literature on repeated games where various Folk theorems are established for different
information sets. The key issue is the inherent non-stationarity induced by multiple players
learning and adapting their strategies. The changes in the strategies change the actions of
the players, which in turn changes the dynamics of the information set with which their
strategies are conditioned on. In the repeated games literature, Folk theorems are estab-
lished with a fixed strategy that players know from the start (how players arrive at such
strategies without communication is unclear, see Green et al., 2014), while the premise of
learning in games is to learn a strategy through repeated interactions.

To study AAs learning to collude, we move beyond action learning and study strategy
learning. Learning repeated game strategies is the first step to learn to collude in the full
economic sense, where cooperation is sustained through self-policing. That is, the repeated
game strategy must contain a reward-punishment mechanism to ensure that players do
not deviate for short-term profits because deviations will be punished. Hence, a reward-
punishment mechanism ensures that cooperation is an equilibrium outcome sustained by
inter-temporal incentives.

Despite these challenges, the extant literature uses simulations to study the learning
interaction between AAs and finds that algorithms can learn supracompetitive outcomes
(see Waltman and Kaymak, 2008), and also finds that algorithms can learn strategies to
sustain supracompetitive outcomes through a behavior that resembles a reward-punishment
mechanism (see Calvano et al., 2020, 2021). However, recent literature also uses simulations
to show that the strategies learned may or may not be collusive (see Abada and Lambin,
2023; Lambin, 2023).2

In this thesis, we use theory to settle whether or not simple AAs can learn to collude.
We do so by connecting the learning component of AAs with existing Folk theorems by
asking the following question: Does the Folk theorem continue to hold when less than fully
rational players (i.e., AAs) learn as they play the game?

2Asker et al. (2022, 2023) and Hansen et al. (2021) theoretically show that algorithms can learn supra-
competitive outcomes, but these outcomes are not supported by a collusive equilibrium.
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Pricing Algorithms

Another concern about algorithmic collusion is that it is not only limited learning algorithms.
Advances in compute power has allowed pricing algorithms (that do not learn a strategy)
to handle large quantities of data, which has created a shift from mechanically-set prices
to prices set by algorithms. Although pricing algorithms have been used for decades
(e.g., airlines industry and financial sector), the widespread use of algorithms has also
raised concerns of possible anti-competitive behavior as they can make it easier for firms
to achieve and sustain collusion without any formal agreement or human interaction (see
OECD, 2017).

Unlike AAs learning to collude, which remain theoretical in nature, there are recent case
studies that raise concerns for pricing algorithms. The most recent example is the Justice
Department filing a civil antitrust lawsuit against RealPage Inc. for its unlawful scheme
to decrease competition among landlords.3 Another example is the online retailer Trod
Ltd. and its co-conspirators who agreed to adopt specific pricing algorithms for the sale of
certain posters sold on Amazon Marketplace.4

In the final chapter of the thesis, we examine a case study where high-frequency traders
(HFTs) in the European ETF market break the pre-trade anonymity of limit orders by
signaling their type in an otherwise anonymous market.5 In an anonymous limit order
book, revealing yourself to others is a voluntary and costly decision. Since rational agents
do not give information for free, the question is then: what are the offsetting benefits for
HFTs? What happens when HFTs break the pre-trade anonymity of limit orders and reveal
themselves to each other?

1.2 Contribution

Theory of Algorithmic Collusion

There are two steps to address the question of whether simple AAs can learn to collude.
First, in Chapter 3, we develop a framework to analyze the evolution of bounded memory
strategies in a repeated game. We introduce the algorithmic learning equations (ALEs),
a set of ordinary differential equations (ODEs) which characterizes the finite-time and
asymptotic behavior of the stochastic interaction between learning algorithms that learn a

3See Justice Department Sues RealPage for Algorithmic Pricing Scheme that Harms Millions of American
Renters.

4See Online Retailer Pleads Guilty for Fixing Prices of Wall Posters.
5The nature of high-frequency trading means that decisions are made by algorithms. Human traders are

simply unable to compete. The median reaction time of HFTs is 91 microseconds (see Cartea et al., 2025).
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bounded memory strategy in a repeated game. Our framework allows us to study repeated
games under a variety of monitoring structures, including perfect, public, private, and any
of the combinations.

Key to this generality is to define appropriate states of the game to capture all the
information sets required by the players’ strategies, i.e., the information players condition
their action on. This setup allows us to study learning algorithms with behavioral strategies
that condition on the (recent) history. Specifically, we have an automaton-like representation
of the space of bounded memory strategies used by the players so that we can analyze the
evolution of their strategies through learning.

Our derivation of the ALEs relies on a time-rescaling and two-step averaging procedure
to apply stochastic approximation methods. In the first step, we re-scale time to compare
updates of a discrete time process with a continuous time function. Then, we average the
learning rule, conditional on the state process and the parameters that the learning rule
updates. In the second step, we average the state process with respect to its stationary
distribution to obtain the deterministic mapping characterized by the ALEs to describe the
dynamics of the learning algorithm. In this step, the stationary distribution is obtained
by considering the state process driven by a fixed strategy profile. When this process is
ergodic, it has a unique stationary distribution.

Our first result proves that with high probability, trajectories of the ALEs approximate the
evolution of strategies over finite time horizons. That is, over finite time intervals, we obtain
uniform convergence in probability between the trajectories of the ALEs and the trajectories
of the discrete-time learning algorithms. This result is useful to describe the evolution of
the path of the learning interactions, however, the theorem does not characterize asymptotic
behavior of the algorithms. Our second result characterizes the asymptotic behavior of
the algorithms. First, we prove a notion of asymptotic convergence, i.e., we show that the
learning algorithms are asymptotic pseudo-trajectories of the ALEs, in the sense of Benaïm
(1999). Second, we prove that under certain conditions, the evolution of the learning
algorithms converge to an asymptotically stable rest point of the ALEs.

A key consideration of our result, in the spirit of Ma et al. (1990), is to provide a set of
minimal sufficient conditions that are easy to verify. Specifically, the important assumptions
to verify are basic characteristics of the learning model, and basic characteristics of the
monitoring structure.

Equipped with a framework to study learning bounded memory strategies in a repeated
game, we study the connection between learning and Folk theorems in Chapter 4. To this
end, we use a dynamic generalization of smooth fictitious play as our model of learning.
We use this learning model to prove a subgame perfect Folk theorem from learning without
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communication in repeated potential games (which includes Cournot oligopoly with linear
demand, see Monderer and Shapley, 1996). Our result is as follows. Suppose that players
play a repeated potential game and have perfect monitoring. For any 𝜖 > 0 and for any fea-
sible and individually rational payoff profile v, if players use bounded 𝑚-memory strategies
with sufficient memory, are sufficiently patient, and best respond with sufficiently few mis-
takes, then the players have a non-zero probability of learning (converging to) an𝑚-memory
strategy profile that yields an average payoff profile within 𝜖 of v for an appropriate con-
tinuation game. Moreover, the strategy profile learned is an 𝑚-memory 𝜖-subgame perfect
equilibrium of the repeated game for any continuation game from convergence onwards.

Our focus on a subgame perfect Folk theorem instead of a Nash Folk theorem arises from
our interest in collusion. A necessary condition to establish collusion (tacit or explicit) is for
the strategy to embody a reward-punishment mechanism (see Harrington, 2018). Subgame
perfection ensures that threats are credible, i.e., it is in each player’s interests to carry out
the punishment when there is a deviation. Given that learning algorithms are bounded in
memory, the subgame perfect equilibrium we use is one that only considers 𝑚-memory
strategies. We refer to these equilibrium strategies as an 𝑚-memory subgame perfect
equilibrium of the repeated game.

A key aspect of collusion is that players recognize the repeated nature of their interaction.
Most learning models in repeated games have players that learn stage game strategies that,
by design, do not account for repeated interactions. Hence, players in these learning
models cannot learn to collude because they cannot sustain cooperation through inter-
temporal incentives by using reward-punishment strategies. To overcome this, our analysis
is underpinned by a learning model which we call state-dependent smooth fictitious play.
The learning model is a dynamic generalization of smooth fictitious play with bounded
𝑚-memory strategies. In our learning model, players understand they interact repeatedly
and therefore optimize their expected discounted stream of future payoffs. Players also
understand there is a dynamic relationship between current and future actions and they use
the past to learn about how current actions affect future ones. However, players are bounded
in rationality because at each round of play they assume this dynamic relationship is fixed
and given by their belief, and they assume this dynamic relationship is adequately described
by past play.

Concretely, in our learning model, players are infinitely-lived, they know their own
payoffs for the game, and they assume that everyone plays according to a stationary 𝑚-
memory strategy profile.6 Learning takes place as players update their belief over the

6The learning rule is uncoupled because players have no knowledge of their opponents’ utility function
(see Hart and Mas-Colell, 2003).
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stationary 𝑚-memory strategy profile based on the empirical frequency of play. The
belief is given by a collection of distributions for each player’s actions conditional on each
𝑚-memory history. At each point in time, players use the belief over the stationary 𝑚-
memory strategy profile to build a hypothetical world in which players play according to
that belief. Within this hypothetical world, and given the current 𝑚-memory history, the
players compute action values, that is, for each action they compute the expected discounted
payoffs associated with the one-shot deviation principle. Then, they play a smoothed best
response with respect to these action values. Therefore, at each point in time, the players’
behavioral responses are non-myopic and optimize for both the immediate payoff and the
expected discounted stream of future payoffs based on their belief.

Our learning model reduces to smooth fictitious play when 𝑚 = 0. Thus, our learning
model lies between myopic learning models that learn stage game strategies and rational
(Bayesian) learning (see e.g., Kalai and Lehrer, 1993). However, unlike other learning
models that also lie between these two extremes (see e.g., Foster and Young, 2003), our
learning process remains tractable because we use an automaton-like representation of the
space of 𝑚-memory strategy profiles.

Using the ALEs, we obtain a system of ODEs that approximate the evolution of the
players’ beliefs. The ODEs, which we call the state-dependent smoothed best response
dynamics, allow us to analyze the evolution of beliefs in the space of stationary 𝑚-memory
strategy profiles. The ODEs also allow us to prove that play from our learning model
converges to a connected subset of 𝑚-memory 𝜖-subgame perfect equilibria of the repeated
game with probability one in repeated potential games. Proving convergence is a necessary
step, but it is insufficient to establish a Folk theorem from learning because it does not
characterize the equilibria that can be learned. Therefore, we refine the convergence result
to show that for any 𝑚-memory pure strategy subgame perfect equilibrium of the repeated
game, play from our learning model has a non-zero probability of converging to an 𝑚-
memory strategy profile near the target equilibrium. Moreover, the strategy profile learned
approximately achieves the average payoff profile of the target equilibrium.

The Folk theorem from learning follows from our convergence result once we use 𝑚-
memory pure strategy profiles to obtain a Folk theorem. Barlo et al. (2016) prove a Folk
theorem using 𝑚-memory pure strategy profiles when monitoring is perfect and without
public randomization but without learning. Therefore, by combining their result and our
convergence result, we obtain a Folk theorem from learning in repeated potential games.
Finally, our Folk theorem from learning does not say which equilibrium will be learned
because it only states that there is a non-zero probability of converging to the equilibrium
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required to support the payoff profile.7

Our final result addresses equilibrium selection. Specifically, for any 𝜀 > 0, if the belief
lies within a neighborhood of the target equilibrium, then there exists a sufficiently strong
belief (i.e., a new empirical observation has little impact when updating the belief) such
that play converges to the target equilibrium with probability greater than or equal to 1− 𝜀.

In Chapter 5, we study toy models of a duopoly to visualize the space of one-memory
strategies and its evolution through learning. We compare the learning outcomes of state-
dependent smooth fictitious play and 𝑄-learning under perfect monitoring and imperfect
public monitoring. We find that both learning models can learn to collude, but 𝑄-learning
can also learn non-equilibrium strategies.

Rationalizing the Case Study

In Chapter 6, we propose a model of the limit order book that considers competitive and
collusive equilibria. Our model rationalizes the behavior observed in Cartea et al. (2025)
and highlights the economic forces that underlie the incentives of HFTs to reveal themselves
to each other. Our model also answers the following questions: under what conditions
would an HFT reveal herself to others? How do HFTs mutually benefit from revealing
themselves, and how can they collectively enforce this behavior?

In our model, there are patient and impatient investors, and there are 𝑁 ≥ 3 risk-neutral
HFTs who play an infinitely repeated trading game. The trading game is a generalization
of the two-period trading game in Budish et al. (2024), and it retains the main elements
of latency arbitrage and adverse selection. In each trading game, our model considers the
possibility that one of the HFTs receives short-lived private information, or that a patient
investor arrives and sends a limit order that improves the quoted spread. Informed HFTs
trading alongside patient investors introduces strategic ambiguity. Ambiguity arises because
a limit order that is sent inside the spread could be benign flow from a patient investor or it
could be toxic flow from an informed HFT. In the latter case, the informed HFT pretends to
be a patient investor and posts a toxic limit order to fool a sniper into trading with the toxic
limit order, i.e., the sniper adversely selects herself when trading with the informed HFT.

This ambiguity creates a decision problem for the HFTs. Do HFTs snipe an incoming
spread-improving limit order without knowing who sent it and potentially face the risk of
adversely selecting themselves, or do HFTs wait until they can verify that the limit order

7The result includes a probabilistic element because of the intrinsic randomness from learning, and
because of the multiplicity of equilibria.
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was sent by a patient investor before they trade? The choice of HFTs to snipe or to wait-
and-verify affects the equilibrium bid-ask spread set by HFTs and it also affects the quoted
spread that impatient investors (i.e., liquidity traders) face.

In the competitive equilibrium, if HFTs immediately snipe the limit orders that improve
the quoted spread, then the impatient investors always trade at the spread set by the HFTs,
i.e., impatient investors cannot trade with spread-improving limit orders posted by patient
investors. On the other hand, if HFTs do not snipe immediately, then the impatient investors
can occasionally trade with a spread-improving limit order posted by a patient investor.
Thus, when HFTs do not snipe immediately, the HFT who provides liquidity has fewer
opportunities to provide liquidity to an impatient investor, while the exposure to being
adversely selected by other HFTs does not decrease. Therefore, to compensate for a
decrease in revenue from benign flow without a decrease in adverse selection costs, HFTs
set a wider equilibrium bid-ask spread.

The intuition to determine if HFTs immediately snipe incoming limit orders that improve
the quoted spread is straightforward. In the competitive equilibrium, if the benign flow from
immediately sniping patient investors is sufficiently profitable, then HFTs immediately snipe
any limit order that improves the quoted spread and bear the costs of being fooled by informed
HFTs pretending to be patient investors. However, if the cost of being fooled by informed
HFTs is too high, then HFTs wait until they can verify that the order was sent by a patient
investor before they trade.

With a competitive baseline established, we study a collusive equilibrium to explain the
observed behavior of HFTs. To study the effect and rationale of signaling, we focus on
collusive strategies that do not cooperate to post spreads that are wider than the competitive
spread (see Dutta and Madhavan, 1997). This restriction enables us to focus on the benefits
that arise from breaking anonymity. The collusive strategy of interest is a reversion strategy
with a cooperation phase and a punishment phase (see Green and Porter, 1984). HFTs
cooperate until they observe a deviation or suspect a deviation from cooperation, both of
which trigger a punishment phase that reverts to competitive play for 𝑇 iterations of the
trading game, after which, play returns to the cooperation phase.

In the cooperation phase, HFTs signal to each other to avoid trading with each other.
This enables the HFTs to share the profitable benign flow of patient investors, and as a
byproduct, enables the HFTs to receive additional benign flow from impatient investors
who would otherwise have matched with a patient investor’s spread-improving limit order.
These supracompetitive profits from cooperation provide the necessary incentives for the
HFTs to willingly reveal themselves to each other. However, when cooperating, HFTs have
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myopic incentives to cheat. The incentive to cheat can be deterred through intertemporal
incentives with the threat of reverting to competitive play in the punishment phase.

When the incentives align and cheating can be deterred, we obtain a collusive equilibrium
in which supracompetitive profits from cooperation arise from the ability to identify benign
limit orders sent by patient investors and from the ability to identify toxic limit orders sent
by informed HFTs. The resulting collusive equilibrium is one where: (i) quoted spreads
are on average wider than that in the competitive equilibrium because HFTs can safely
snipe limit orders sent by patient investors, and (ii) the trading costs for impatient investors
are higher because they are forced to trade at the spread set by HFTs (they cannot trade
with spread-improving limit orders from a patient investor unless play is in the punishment
phase).

Finally, the collusive equilibrium does not always exist. Factors that affect the existence
of the collusive equilibrium include the number of HFTs, arrival of private information,
and the mispricing of limit orders from patient investors. Theoretically, as the number
𝑁 of HFTs increases, the possibility of colluding decreases. Furthermore, the collusive
equilibrium does not exist if the HFTs do not receive short-lived private information.
Lastly, the collusive equilibrium exists only when the limit orders sent by patient investors
are sufficiently mispriced.

Relation to Papers

• The contents of Chapter 3 are based on the paper Cartea et al. (2022d).

• The contents of Chapter 4 are based on the paper Cartea et al. (2022c).

• The contents of Chapter 6 are based on the paper Cartea et al. (2025).

Other Papers
Throughout the DPhil, I have co-authored other papers about the unintended consequences
of learning algorithms.

• Cartea et al. (2022a,b) study how market makers who use reinforcement learning
algorithms can end up quoting supracompetitive prices.

• Cartea et al. (2023a) study how learning algorithms can learn to manipulate the
market.
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Chapter 2

Related Literature

2.1 Learning in Games

Learning in games is a fundamental field in game theory (see Fudenberg and Levine, 1998,
2009, for an overview), where the focus is to study repeated interactions between players
who act and adapt based on the history of play. Within this field, the experimental literature
often focuses on establishing similarities between the learning models and how humans
learn; whereas the theoretical literature often focuses on establishing positive and negative
convergence results of the learning interaction to solution concepts.

Action Learning

There are two distinctive approaches to model how humans learn. These approaches are
split into reinforcement learning and belief learning. The models differ on two levels:
what information players use and whether players optimize given that information. The
canonical reinforcement learning models from Cross (1973), Arthur (1991), and Erev and
Roth (1998) aim to replicate human behavior with very limited rationality. Belief learning
in the form of fictitious play from Brown (1951) offers a higher level of rationality whereby
players optimize myopically with respect to their beliefs. Camerer and Ho (1999) propose
experience-weighted attraction learning that blends elements from reinforcement learning
and belief learning.

In addition to fitting these learning models to experimental data, theorists have also
studied the asymptotic properties of these learning models. Arthur (1993) makes a con-
nection between his learning model and the replicator dynamics from evolutionary game
theory. Börgers and Sarin (1997) also makes the connection between Cross’ learning model
and the replicator dynamics.
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Several authors establish convergence results for Erev and Roth’s learning model, which
is related to the Maynard Smith replicator dynamics. Beggs (2005) proves that strategies
converge in constant-sum games with unique equilibria if they are pure or if they are
mixed and the game is 2× 2. Hopkins and Posch (2005) proves that strategies converge
to a pure strategy Nash equilibrium in a re-scaled partnership game. Duffy and Hopkins
(2005) proves similar convergence results for the Erev and Roth’s learning model with
different choice rules. Similarly, several convergence results are established for stochastic
fictitious play which is related to the perturbed best response dynamics. Benaïm and
Hirsch (1999a) proves convergence results in a 2×2 game. Hofbauer and Sandholm (2002)
establish global convergence results for four classes of games: games with an interior ESS,
zero sum games, potential games, and supermodular games. On the other hand, Hopkins
(2002) compares the properties of reinforcement learning and stochastic fictitious play. He
shows that the expected motion of stochastic fictitious play and reinforcement learning with
experimentation can both be written as a perturbed form of the evolutionary replicator
dynamics. Consequently, the two models in many cases have the same asymptotic behavior.

Relatedly, Benaïm and Hirsch (1999b) proves convergence results for 𝐼 player coordina-
tion games with two actions when the learning rate is constant. Benaïm and Weibull (2003)
use an ODE approximation to study the finite-time and long-run behavior of evolutionary
game dynamics. Arieli and Young (2016) study the time taken to come close to Nash
equilibrium and provide explicit bounds on the speed of convergence. Mertikopoulos and
Sandholm (2016) and Mertikopoulos et al. (2022) provide a range of connections between
reinforcement learning algorithms and various dynamics.

Apart from convergence to Nash equilibria, there are several papers that study learning
models that converge to correlated equilibria. Foster and Vohra (1997) study a calibrated
learning model where players play a myopic best response to a calibrated forecast of the
other’s plays. Hart and Mas-Colell (2000, 2001) study a regret matching procedure. Lenzo
and Sarver (2006) study the connection between correlated equilibrium and the multipopu-
lation replicator dynamics, where each population is comprised of multiple subpopulations.

A common thread in these learning models is the strategies are limited over actions, so
players are forced to be myopic. In contrast, our learning framework allows for bounded
memory strategies, so players can be non-myopic.

Other Learning Models and ODEs Two other research communities have also made ad-
ditional connections between learning models and appropriate ODEs. Sato and Crutchfield
(2003) and Tuyls et al. (2003) independently derive identical equations that describe the
dynamics of stateless 𝑄-learning. Physicists are generally more interested in deterministic
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chaos from the learning model, whereas computer scientists generally focus on the design
of new algorithms and finding connections between learning algorithms and dynamical
systems.

The physics community adopt a statistical physics approach where the underlying as-
sumption is that players interact infinitely many times before they adapt their behavior.
Deterministic chaos is found in replicator dynamics (see Sato et al., 2002), and the dynam-
ics of experience weighted attraction learning (see Galla and Farmer, 2013).

On the other hand, the computer science community have made numerous connections
between reinforcement learning models and evolutionary game dynamics (see Bloembergen
et al., 2015, for an overview). Gomes and Kowalczyk (2009), Babes et al. (2009) and
Wunder et al. (2010) derive the dynamics of stateless 𝑄-learning with an 𝜖-greedy policy.
Kleinberg et al. (2009) and Kasbekar and Proutiere (2010) show that the dynamics of the
Hedge algorithm and the exponential-weight algorithm for exploration and exploitation
(EXP3) recover the replicator dynamics, respectively. With this approach, the community
developed several algorithms: frequency adjusted𝑄-learning (see Kaisers and Tuyls, 2010),
lenient 𝑄-learning (see Panait et al., 2008), and lenient frequency adjusted 𝑄-learning (see
Bloembergen et al., 2010).

All the aforementioned papers have been restricted to the case of stateless algorithms
learning the optimal action. Several papers have attempted to address this shortfall. Vrancx
et al. (2008) introduce the piecewise replicator dynamics, Hennes et al. (2009) introduce
the state-coupled replicator dynamics, and Hennes et al. (2010) introduce the state-coupled
replicator-mutation dynamics. These papers have two shortfalls: first, they consider bandit-
type algorithms where the algorithms do not optimize a Markov Decision Process (MDP),
but focus on selecting the optimal action given the context. Second, the dynamics are
obtained heuristically with no theoretical guarantees.

Barfuss et al. (2019) address the first shortfall. The authors derive specific versions
of our ALEs for three particular learning algorithms in stochastic games. However, the
ODEs posed by the authors are derived heuristically, assuming each algorithm utilizes
batch learning, scaling time, and taking the batch size to infinity.

Strategy Learning

The limitations of action learning has been well recognized in the literature. Erev and
Roth (1998) note that learning behavior generally cannot be analyzed in terms of actions
alone, while Camerer and Ho (1999) points out that actions are not always the most natural
candidates for the strategies that players learn about. Consequently, there have been several
approaches in the literature that tries to address this.

12



A strand of learning analyzes learning a repeated game strategy over a finite set of re-
peated game strategies through evolutionary dynamics in a population game. These learning
models, assume that a repeated game is repeated infinite times, where each repetition of a
repeated game allows one to evaluate the average payoffs when matching the repeated game
strategies from the populations. In this setting, Nowak et al. (2004) studies the replicator
dynamics, Imhof et al. (2005) studies the replicator-mutation dynamics, and Fudenberg and
Imhof (2006, 2008) studies the imitation dynamics. In contrast, in our learning framework,
players learn a 𝑚-memory strategy in the space of all 𝑚-memory strategies for a fixed
value of 𝑚, and learning takes place over a single repeated game in which players are
infinitely-lived.

Ioannou and Romero (2014) proposes an approach to study repeated game strategies
through belief learning. They restrict the space of repeated game strategies to one where
players’ strategies are implemented by a Moore machine. They use a fitness function to
evaluate how well each candidate strategy fits the observed action profile sequence. Finally,
a player’s strategy set is updated asynchronously at the completion of block of periods. In
contrast, our learning framework follows action learning models where players’ strategies
are updated synchronously at the end of each period.

Fundamentally, our learning framework is underpinned by stochastic approximation
techniques. Our learning framework builds upon the work on Ma et al. (1990) to provide
simple sufficient conditions to apply the ODE method from stochastic approximation to
study learning algorithms with bounded memory strategies in repeated games. Our work
further simplifies the sufficient conditions so that we only need to verify basic characteristics
of the learning model, and basic characteristics of the monitoring structure. Relatedly,
Perkins and Leslie (2012) provide sufficient conditions to apply stochastic approximation
with differential inclusions.

State-Dependent Smooth Fictitious Play Our learning model is bounded in rationality
because it assumes the future evolution of play evolves according to the belief over the
stationary 𝑚-memory strategy profile, and following fictitious play, the belief is determined
by the empirical frequency of past play. Our learning model resembles conditional smooth
fictitious play (see Fudenberg and Levine, 1999), where outcomes are classified into cate-
gories, and for each category, players play a myopic smoothed best response to the historical
frequency of opponent’s play in that category. In our setting, the categories correspond
to all combinations of 𝑚-memory histories so that the historical frequency of play in all
categories defines the belief over the𝑚-memory strategy profile of the players. Players then
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use the belief to play a smoothed best response with respect to the action values induced by
the belief.

Closer to our learning model is the seminal work by Kalai and Lehrer (1993) who
demonstrate that rational (Bayesian) learning based on past play will converge to a Nash
equilibrium of the repeated game provided that the initial beliefs satisfy a “grain-of-truth”
assumption, i.e., the initial beliefs must be compatible with the eventual play. The lack
of subgame perfection means that the best one can achieve with their learning model is a
Nash Folk theorem. In contrast, our subgame perfect Folk theorem encodes the reward-
punishment mechanism to show that there is collusion. Additionally, our work does not
require the grain-of-truth assumption, which is known to be restrictive (see for example
Nachbar, 1997; Foster and Young, 2001). Finally, consistent with learning algorithms,
players in our learning model are not fully rational.

Foster and Young (2003) propose a learning rule where players build and test hypotheses
of other players’ strategies, and occasionally deviate from the best response strategies.
Their learning model selects a subgame perfect equilibrium of the repeated game and
does not require the grain-of-truth assumption. Our approach is different because we
restrict our learning model to one that is compatible with current machine learning models.
Specifically, the learning rule is a deterministic function that takes in stochastic inputs, so
it can be implemented as a simple algorithm. This property also allows us to use stochastic
approximation techniques to characterize the evolution of the bounded memory strategies as
a system of ODEs. The ODEs allow us to describe the type of bounded memory strategies
learned, which also makes it possible to characterize the payoffs achieved in the continuation
game once the learning model converges. Moreover, the ODEs also allow us to address
equilibrium selection.

Recently, Jindani (2022) builds upon the work of Foster and Young (2003) and proposes a
learning rule that selects efficient subgame perfect equilibria of the repeated game. Jindani’s
learning model is designed to select efficient equilibria. In contrast, our learning model
is not designed to select a particular equilibrium. However, in our setting, players can
influence the outcome by encoding a strong initial belief. If they coordinate on the initial
belief, then they can drive the learning process towards a particular equilibrium (collusive
or otherwise). Alternatively, if players do not try to influence the outcome through the
initial belief, then the nature of the collusion learned is best characterized as inadvertent
tacit collusion because players in our learning model can inadvertently learn a collusive
equilibrium even though they do not set out to learn to collude. The characterization of
whether learning a collusive equilibrium is inadvertent depends on whether or not players
try to influence the outcome through the initial belief.
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By design, our learning model is similar to the decentralized learning algorithms pro-
posed by computer scientists to achieve convergence in stochastic games (e.g., Sayin et al.,
2021, 2022; Leonardos et al., 2022; Leslie et al., 2020; Baudin and Laraki, 2022a,b). The
learning model of Maheshwari et al. (2023) can be seen as a model-free version of our
learning model where the action values are estimated through the path of play with a Bell-
man equation. Beyond the similarity in the learning model, their approach is different
from ours. They use the two-timescale differential inclusion approach from Perkins and
Leslie (2012) to prove convergence to the 𝜖-Markov perfect equilibrium that is the global
maximizer of the perturbed potential function in a Markov potential game. In doing so, they
implicitly assume the existence of a unique equilibrium, so their analysis does not address
our question of interest. In contrast, our key contribution is the analysis of which𝑚-memory
subgame perfect equilibrium of the repeated game can be learned in the presence of multiple
equilibria. To do this, we show that the state-dependent smoothed best response dynamics
has finitely many rest points (which we show by proving a purification-type result), and we
characterize the local stability of relevant rest points. This analysis is necessary to obtain a
Folk theorem from learning, and to show that algorithms can learn to collude.

2.2 Collusion

Folk Theorems

In a static one-shot non-cooperative game, the Pareto outcome is not always an equilibrium
because there is no way to ensure that the opponent will not undercut you. However, through
repeated interactions, we can devise a strategy to ensure that the Pareto outcome is achieved
as an equilibrium outcome. The classical paper by Stigler (1964) introduced the notion
of self-policing to enforce monopolistic conduct, and has informed our understanding of
how a collusive outcome can be achieved. Consequently, the standard approach to study
collusion is through repeated games, and the main result is the Folk theorem.

Since then, various Folk theorems have been established for different contingent strate-
gies with different information sets. That is, a strategy that maps a sequence of past signals
to an action. There are three main types of information sets: perfect monitoring, public
monitoring, and private monitoring. In perfect monitoring, the strategies of players are
contingent on the full or partial history of past play (see Abreu, 1988). This setting is
often used to study Bertrand oligopolies where players can monitor the prices. In public
monitoring, the strategies of players are contingent on a perfect or possibly noisy public
signal and the latter is often referred to as imperfect public monitoring (see Green and
Porter, 1984). This setting is often used to study Cournot oligopolies where players observe
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a common market price. In private monitoring, the strategies of players are contingent on a
noisy private signal, which is often referred to as imperfect private monitoring (see Kandori
and Matsushima, 1998).

Folk theorems have been established in a plethora of settings. In repeated games with
perfect monitoring (e.g., Fudenberg and Maskin, 1986; Abreu, 1988), imperfect public
monitoring (e.g., Abreu et al., 1990; Fudenberg et al., 1994), private monitoring (e.g.,
Sugaya, 2021), with bounded memory strategies (e.g., Barlo et al., 2009, 2016), overlapping
generations (e.g., Kandori, 1992; Ellison, 1994; Clark et al., 2021), or when players aim
to minimize the complexity of their strategies (e.g., Abreu and Rubinstein, 1988; Piccione,
1992); see Mailath and Samuelson (2006) for a comprehensive overview of various Folk
theorems. These studies focus on when cooperative behavior can be sustained by a self-
enforcing agreement. Our focus is similar, but we consider less than fully rational players
that learn the strategies behind the Folk theorem.

Our work is also related to the strand of literature that studies Folk theorems in repeated
games with unknown payoff distributions. In this literature, players learn the state of the
world which corresponds to a different payoff matrix of a stage game chosen by Nature at
the start of the repeated game (the state is fixed throughout the game and it is not observable
to players, see Wiseman, 2005, 2012; Sugaya and Yamamoto, 2020). In contrast, we focus
on learning bounded memory strategies to play the repeated game.

Tacit Collusion

The distinguishing factor between explicit collusion and tacit collusion is the communication
mechanism to suppress rivalry. In explicit collusion, there is an agreement among players
that relies on communication between players. In tacit collusion, a collusive agreement is
achieved without communication. In antitrust law, explicit collusion is illegal, while tacit
collusion is not.

There are two broad problems to solve to achieve a collusive arrangement: how to
initiate the collusive arrangement and how to implement that arrangement. The problem of
initiating collusion involves coming to agreement on what the collusive structures required
to deter secret deviations will be. The problem of implementation involves managing
the ongoing operation of the collusive arrangement, including the implementation of the
collusive structures (see Green et al., 2014). The economics literature focuses only on the
implementation stage of a collusive arrangement, hence, Folk theorems have nothing to say
about initiating a collusive arrangement.
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Our work provides a resolution to how players initiate a collusive arrangement without
communication. Specifically, our results show that a collusive arrangement can be initiated
through learning without communication.

Algorithmic Collusion

There are three broad fields of algorithmic collusion. The first strand studies action learning
with a focus on learning non-equilibrium cooperative (Pareto dominant) outcomes. The
second strand studies strategy learning to understand if algorithms can learn collusive
equilibria. The final strand studies algorithmic pricing with limited commitment, where
pricing algorithms are periodically revised.

Cooperative Outcomes The fact that action learning can lead to cooperative outcomes
is not new. Indeed, Karandikar et al. (1998) and Cho and Matsui (2005) both prove that
action learning can learn non-equilibrium cooperative outcomes. Recent interest from
algorithmic collusion has lead researchers to further understand if these outcomes occur for
other algorithms, and to further understand mechanisms that lead to cooperative outcomes.

Waltman and Kaymak (2008) study 𝑄-learning in a Cournot oligopoly and find that
action learning leads to supracompetitive prices. Hansen et al. (2021) prove that UCB-type
algorithms will learn to play the cooperative action for symmetric 2×2 games when there
is no stochasticity in the rewards received.

Asker et al. (2022) show the importance of the information that the algorithms leverage
when they learn. They show that by conducting counterfactuals to assist learning, algorithms
learn to price competitively, whereas without counterfactuals, the algorithms learn to price
supracompetitive prices. Banchio and Skrzypacz (2022) show the importance of auction
design and the type of outcomes the algorithms learn. They show that first-price auctions
with no additional feedback lead to supracompetitive outcomes, while second-price auctions
do not. Finally, Colliard et al. (2022) study 𝑄-learning in a repeated Bertrand oligopoly,
where the stage game is underpinned by a Glosten–Milgrom setup (see Glosten and Milgrom,
1985). They find that an increase in the variance of the payoffs leads to less competitive
outcomes.

Collusive Strategies Action learning cannot lead to collusion where supracompetitive
prices are sustained with a reward-punishment mechanism. However, an interesting question
is if algorithms can learn collusive strategies.

Calvano et al. (2020) studies𝑄-learning in a repeated Bertrand oligopoly with differenti-
ated goods, while Calvano et al. (2021) studies 𝑄-learning in a repeated Cournot oligopoly
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with stochastic demand. In both cases, they find that 𝑄-learning can learn strategies to
sustain supracompetitive outcomes through a behavior that resembles a reward-punishment
mechanism. They check this with an impulse response to see how the algorithms behave
after a deviation.

Klein (2021) studies𝑄-learning in a repeated sequential move pricing duopoly environ-
ment of Maskin and Tirole (1988). Using an impulse response, he also finds that𝑄-learning
can learn strategies to sustain supracompetitive outcomes through a behavior that resem-
bles a reward-punishment mechanism. Asker et al. (2023) extends Asker et al. (2022) to
one-memory strategy learning. They find that learning with and without counterfactuals
both lead to supracompetitive prices. However, the case with counterfactuals leads to sig-
nificantly lower prices than in the case without counterfactuals. Finally, Dou et al. (2024)
studies a Cournot oligopoly underpinned by the environment of Kyle (1985).

Recently, several researchers have questioned the viability of using an impulse response
to check for collusion. Lambin (2023) demonstrates that high prices and the apparent
punishment schemes result directly from simultaneous experimentation. Abada et al. (2024)
argue that seemingly-collusive outcomes arise from insufficient exploration during the
learning process. They further show that allowing for more thorough exploration leads to
more competitive outcomes. Further related to a lack of experimentation is the importance
of where the action grid lies. Epivent and Lambin (2024) demonstrate that shifting the
action space can lead to convergence below the competitive equilibrium. Additionally,
price wars also occur in these cases when there is a deviation. Neither are equilibrium
behavior.

Our work provides the theory behind algorithmic collusion by analyzing how players
learn the strategies behind Folk theorems.

Adaptive Pricing Algorithms Algorithms are not limited to ones that learn to play the
game. Algorithms can also encode a strategy, and firms change strategies periodically.
This literature focuses on pricing algorithms with limited commitment, where prices are set
more frequently than algorithms are revised.

Salcedo (2015) studies a dynamic model where firms commit to pricing algorithms in
the short run, and over time, their algorithms are inferred or decoded by their competitors
who can revise their algorithms in response. Salcedo shows that if firms compete with
algorithms that are fixed in the short run and can be revised over time, then collusion is
inevitable. Lamba and Zhuk (2023) build upon Salcedo’s work and show that, in a simple
repeated duopoly with two possible prices, monopoly pricing is the unique equilibrium
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outcome. Levine (2024) generalizes these results and shows that, in a simple repeated game
environment, observable commitments leads to play that is efficient.

Brown and MacKay (2023) study a model that allows for asymmetric technology among
firms. They show that asymmetry in pricing technology shifts the equilibrium behavior.
Specifically, if one firm adopts superior technology, then all firms can obtain higher prices. If
all firms adopt automated high-frequency algorithms, then collusive prices can be supported
without the use of traditional collusive strategies.

Finally, Cho and Williams (2024) study a model of algorithmic pricing where firms use
pricing algorithms from a parameterized family of model specification. The firms update
both the parameters and the weights on models to adapt endogenously to market outcomes.
Their model shuts down every channel for explicit or implicit collusion, but they show that
the market experiences recurrent episodes where both firms set prices at collusive levels.

Detecting Collusion

Methods for discovering cartels can be broadly divided into those which are structural and
those which are behavioral. A structural approach identifies markets with traits thought to
be conducive to collusion, while a behavioral approach involves (i) observing the way in
which firms coordinate, or (ii) observing the end result of the coordination.

The process of detecting collusion can be broken into three stages (see Harrington, 2005):
screening, verification, and prosecution. Screening identifies markets where collusion is
suspected. Verification systematically tries to exclude competition as an explanation for
observed behavior and to provide evidence in support of collusion. Finally, prosecution
develops economic evidence to persuade the court or some other administrative body that
there has been a violation of the law.

Generally speaking, screening methods often rely on models of economic behavior.
These models are simple enough to either explicitly characterize equilibria or statistical
facts about equilibrium behavior. The statistical features of the model are then reformulated
into a statistical test, where the null hypothesis is competition and the empirical task is to
accept or reject that hypothesis. Examples of this approach include Porter and Zona (1993,
1999), Chassang and Ortner (2019), Kawai and Nakabayashi (2022), Ortner et al. (2022),
and Kawai et al. (2023). For a more comprehensive review, see Harrington (2005), Porter
(2005), and Chassang and Ortner (2023).
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Examples

Financial Markets The case study we examine in Chapter 6 is related to Christie and
Schultz (1994) who document an absence of odd-eighth quotes for Nasdaq stocks and offer
implicit collusion as the most likely explanation.1 The case study in Cartea et al. (2025)
documents a phenomenon where HFTs break the anonymity of limit orders by signaling
themselves to each other and offer collusion as a possible explanation. Dutta and Madhavan
(1997) provide a model of dealer markets and rationalize the results of Christie and Schultz
(1994) through a collusive arrangement. Chapter 6 provides a model of the limit order book
and rationalizes signaling through a collusive arrangement. Tangentially, Bryzgalova et al.
(2025) present a model where arbitrageurs choose to specialize in some markets, which
leads to the highest combined profits. They further present evidence consistent with their
theory from the options market.

Signaling The case study we examine also shares similarities with the bid signaling that
occurred in the Federal Communications Commission (FCC) spectrum auctions, where
rivals used “code bidding” to send messages to their rivals to coordinate on which licenses
to bid and which to avoid (see Cramton and Schwartz, 2000, 2001).2 Our model shows that
HFTs signal their limit orders with large volumes to distinguish their limit orders from the
limit orders sent by patient investors. This enables the HFTs to share the profitable benign
flow of patient investors, and as a byproduct, enables the HFTs to receive additional benign
flow from impatient investors who would have otherwise matched with a patient investor’s
limit order.

2.3 Market Microstructure

Anonymity and Transparency

Fundamental to our result in Chapter 6 is that signaling breaks the anonymity of limit orders.
This artificial form of pre-trade transparency creates a different playing field for a subset of
market participants. Therefore, our work is related to the literature that analyzes the effect
of transparency on market dynamics (see De Jong and Rindi, 2009). Transparency comes
in various dimensions, from post-trade transparency (see e.g., Madhavan, 1995; Friederich
and Payne, 2014; Meling, 2021) to pre-trade quotation transparency (see e.g., Biais, 1993;

1This coordinated behavior was later identified as explicitly collusive and successfully litigated, which
resulted in a collective $1.027 billion fine imposed on those who participated.

2See also Klemperer (2002) for other examples of signaling in auction markets.
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Madhavan et al., 2005). Our work is closer to the literature on the pre-trade anonymity of
limit orders.

Simaan et al. (2003) argue that the anonymity of limit orders reduces the probability
of collusion among quote setters because it limits their ability to monitor and punish
deviations from cooperation. Empirically, they show that the spread of Nasdaq dealer
quotes posted through anonymous electronic communication networks are tighter than
those of Nasdaq dealer quotes posted through the transparent dealer quotation system. In
our model, monitoring is imperfect because signaling is voluntary. However, this does not
affect the existence of a collusive equilibrium because our problem is similar to one of
“secret price cutting” (see Green and Porter, 1984).

Foucault et al. (2007) show that limit order anonymity can result in tighter bid-ask
spreads because a non-anonymous environment can lead to free riding, to which market
makers respond by quoting a wider spread. Our model has a similar flavor. When HFTs
signal themselves to each other, they partially reveal their private information. A collusive
equilibrium exists when the gains outweigh the costs from revealing yourself.

Comerton-Forde et al. (2005) and Comerton-Forde and Tang (2009) use natural ex-
periments to study the impact of pre-trade anonymity and find that limit order anonymity
improves liquidity through tighter spreads. On the other hand, Comerton-Forde et al. (2011)
study how brokers strategically disclose their identity to reduce their execution costs.

The main difference between our work and all the aforementioned papers on transparency
is that the degree of transparency is imposed by the design of the market. In contrast, our
setting is an artificial form of pre-trade transparency that is achieved only if HFTs decide to
break their anonymity.

High-Frequency Trading

Our model contributes to the theoretical literature on HFTs (see Menkveld, 2016, for a
review).3,4 Our model generalizes the two-period trading game in Budish et al. (2024), and
it retains the main elements of latency arbitrage (see e.g., Budish et al., 2015) and adverse
selection (see e.g., Baldauf and Mollner, 2020). More similar to Li et al. (2021), our model
introduces investors who send limit orders inside the quoted spread, but the main difference

3See for example Biais et al. (2011), Cartea and Penalva (2012), Aït-Sahalia and Saglam (2013), Foucault
et al. (2013), Hoffmann (2014), Jovanovic and Menkveld (2016), Menkveld and Zoican (2017), Foucault et al.
(2017), Bernales (2017).

4See for example Bergault et al. (2022), Drissi (2022, 2023), Cartea et al. (2015, 2023b,c,d,e, 2024a,b);
Bergault and Sánchez-Betancourt (2025); Cartea et al. (2022e); Cartea and Sánchez-Betancourt (2023, 2025),
Aqsha et al. (2024) for the type of algorithms used in high-frequency trading.
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is that by allowing HFTs to be informed, we introduce an element of ambiguity as to who
sent the limit order inside the quoted spread.

The empirical literature on HFTs is diverse. From understanding how HFTs affect
market quality (see e.g., Brogaard, 2010; Hendershott et al., 2011; Hagströmer and Nordén,
2013; Brogaard et al., 2015; Brogaard and Garriott, 2019) to how HFTs increase price
discovery (see e.g., Brogaard et al., 2014, 2019). Our work is closer to the literature that
documents the behavior of HFTs (see e.g., Hendershott and Riordan, 2009; Hagströmer
et al., 2014; Kirilenko et al., 2017; Aquilina et al., 2021). We rationalize a phenomenon
where HFTs knowingly or unknowingly signal themselves to each other.

Our model also connects to the early literature on market microstructure that studies liq-
uidity and asymmetric information (e.g., Glosten and Milgrom, 1985; Kyle, 1985; Glosten,
1994).5 Similar to our work is Easley and O’Hara (1987), where the authors show that order
flow signals the investor’s type (i.e., informed or uninformed). Our model looks at the size
of limit orders as a method to signal your type. In our model, the competitive equilibrium is
a pooling equilibrium where one cannot differentiate between limit orders sent by informed
HFTs or limit orders sent by patient investors, while the collusive equilibrium is a separating
equilibrium where HFTs voluntarily distinguish themselves from patient investors.

5For more recent work on decentralized markets, see Capponi et al. (2025).
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Chapter 3

Algorithmic Learning Equations

3.1 The Framework

3.1.1 Setup

Consider an infinitely repeated game G∞ = ⟨(A𝑖)0<𝑖≤𝐼 , (𝑢𝑖)0<𝑖≤𝐼 , 𝛿⟩ played by 𝐼 ≥ 2 players.
Let A𝑖 denote the finite set of actions for player 𝑖, let A−𝑖 =

>
𝑗≠𝑖A 𝑗 denote the set of

action profiles excluding player 𝑖, and let A =
>

0<𝑖≤𝐼A𝑖 denote the set of action profiles.
For simplicity and without loss of generality, we assume that A𝑖 = A 𝑗 for all 0 < 𝑖, 𝑗 ≤ 𝐼.
After an action profile a = (𝑎1, ..., 𝑎𝐼) ∈ A is played at each period 𝑛 = 0,1,2,3... of the
repeated game, each player 𝑖 receives a payoff according to a utility function 𝑢𝑖 : A → R,
and 𝛿 ∈ [0,1) is the common parameter used to discount the future stream of payoffs. At
the end of each period, players observe a public signal 𝑦 from the finite signal space 𝑌 ,
and each player observes an idiosyncratic signal 𝑦𝑖 from the finite signal space 𝑌𝑖.1 The
realization of the signals 𝑦 and 𝑦𝑖 depend on the action profile from that period.

The 𝑛-period history of public signals is a sequence of 𝑛 public signals that identify
the signal realized in periods 0 through 𝑛− 1 given by ℎ𝑝𝑛 = (𝑦0, 𝑦1, ..., 𝑦𝑛−1). The set of
𝑛-period public histories is given by H 𝑝

𝑛 = 𝑌 𝑛, where 𝑌 𝑛 is the 𝑛-fold product of 𝑌 . The
set of public histories is defined as H 𝑝 =

⋃
𝑛≥0H

𝑝
𝑛 , where H 𝑝

0 = {∅}. The 𝑛-period history
for player 𝑖 includes both the public history and the history of idiosyncratic signals given
by ℎ𝑖𝑛 = (𝑦0, 𝑦

𝑖
0; 𝑦1, 𝑦

𝑖
1; ...; 𝑦𝑛−1, 𝑦

𝑖
𝑛−1). The set of 𝑛-period histories for player 𝑖 is given by

H 𝑖
𝑛 = (𝑌𝑖 ×𝑌 )𝑛, so the set of histories for player 𝑖 is H 𝑖 =

⋃
𝑛≥0H 𝑖

𝑛, where H 𝑖
0 = {∅}.

To analyze learning bounded 𝑚-memory strategies, it is useful to focus on continuation
games from periods 𝑛 ≥ 𝑚 onwards. For periods 𝑛 ≥ 𝑚, a stationary 𝑚-memory strategy
for player 𝑖 is a mapping 𝜎𝑖 : H 𝑖

𝑚 → Δ(A𝑖), where Δ(A𝑖) is the set of probability measures

1Here, signals are not to be confused with signals from a Bayesian framework; rather, signals refer to
observable variables following the terminology of Mailath and Samuelson (2006).
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on A𝑖. We define the state of the game s = (𝑠1, ..., 𝑠𝐼 , 𝑠) ∈ S := S1 × ...×S𝐼 × S̃ as all the
information sets required by the players’ strategies, i.e., the information players condition
their action on. For example, if all players use 𝑚-memory strategies, then S̃ = 𝑌𝑚 and
S𝑖 = 𝑌𝑚𝑖 for all 𝑖. Let 𝑝(s′ | s,a) denote the transition function that describes the transition
between the information sets of the players’ strategies based on their actions. Specifically,
𝑝(s′ | s,a) is the probability that the subsequent state is s′ given that the current state is s and
the current action profile is a.

Example 1 (𝑚-memory perfect monitoring). Consider players who use 𝑚-memory strate-
gies that depends only on the public component ℎ𝑝𝑛 of their history H 𝑖. Further, if the
public signal 𝑌 is the action profile A, then the set of states S =A𝑚 is such that each state
of the game is the action profile of the previous 𝑚 stage games. The transition function
is such that we have a sliding window of the most recent 𝑚-memory history by dropping
the action profile from the oldest stage game and appending the new action profile. That
is, s𝑛 = (a𝑛−𝑚,a𝑛−𝑚+1, ...,a𝑛−2,a𝑛−1) transitions to s𝑛+1 = (a𝑛−𝑚+1,a𝑛−𝑚+2, ...,a𝑛−1,a𝑛) with
probability one if a𝑛 is played at period 𝑛.

This setup allows us to study learning algorithms with behavioral strategies that condition
on the (recent) history. Specifically, we have an automaton-like representation of the space
of bounded memory strategies used by the players so that we can analyze the evolution of
their strategies through learning.

3.1.2 Learning Model

We consider a model of learning where players use algorithms to learn bounded memory
strategies through repeated interactions. In our model, each player 𝑖 has an algorithm that
tracks a tuple of parameters 𝜽𝑖 =

(
𝜃𝑖 (𝑎 | 𝑠𝑖, 𝑠)

)
𝑎∈A𝑖 ,𝑠

𝑖∈S𝑖 ,𝑠∈𝑆 through time as it learns. Let
𝜽 = (𝜽𝑖)𝑖≤𝐼 ∈ 𝐺 denote the parameter profile of the players, where 𝐺 ⊂ R𝐾 is bounded with
𝐾 ∈ N. Along with the parameters, each player has a choice rule that maps the tuple of
parameters 𝜽𝑖 to a bounded memory strategy 𝜎𝑖

𝜃
. Let 𝜎𝜃 = (𝜎𝑖

𝜃
)𝑖≤𝐼 denote the bounded

memory strategy profile parameterized by 𝜽 .
At each period 𝑛, players play an action based on the state of the game s𝑛, with a strategy

profile 𝜎𝜃𝑛 that is parameterized by the parameter profile 𝜽𝑛. Based on the action profile
a𝑛, players receive new public and idiosyncratic signals 𝑦𝑛 and 𝑦𝑖𝑛 for all 𝑖, which leads to a
new state s𝑛+1 given by the transition function 𝑝(s𝑛+1 | s𝑛,a𝑛). At the end of each period 𝑛,
each player updates the parameters of their algorithms according to

𝜃𝑖𝑛+1(𝑎 | 𝑠
𝑖, 𝑠) = 𝜃𝑖𝑛 (𝑎 | 𝑠𝑖, 𝑠) +𝛾𝑛+1 𝑓

𝑖
𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s𝑛,a𝑛, s𝑛+1) , (ALG)
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for all 𝑖, where 𝑓 𝑖
𝑎 |𝑠𝑖 ,𝑠 : 𝐺 ×S×A×S → R is the learning rule and 𝛾𝑛 ∈ R+ is the learning

rate. The above is repeated ad infinitum.
Our analysis ignores the initial periods 𝑛 < 𝑚 before we have a “valid” state of the game

s𝑛. For these periods, we assume each algorithm has a method to prescribe actions. For
example, they can sample random actions until they have a valid state to condition their
action on.

Our analysis centers on periods 𝑛 ≥ 𝑚, where the action of each player depends on
the recent history, and the current action affects the history which future actions depend
on. The difficulty here is that the transition dynamics of the states s are not stationary and
change from period to period because the strategy profile 𝜎𝜃 changes at each period as the
parameter profile 𝜽 changes according to (ALG). In effect, the state process is a controlled
Markov chain where the control is changing through time.

3.1.3 Algorithmic Learning Equations

We use stochastic approximation techniques to analyze the evolution of (ALG). We show
that when the value of the learning rate 𝛾𝑛 is small, the trajectories of (ALG) are approxi-
mated by solutions 𝜽̄ to the ODE

¤̄𝜽 = 𝐹 (𝜽̄) ,

for an appropriately defined deterministic function 𝐹, where the dot denotes the time
derivative. The usual choice of 𝐹 is the expected value of the learning rule 𝑓 so that 𝐹
is the expected evolution of the learning rule. Intuitively, if we treat the learning rate 𝛾𝑛
as a time step, then as the value of 𝛾𝑛 decreases, the number of realizations of the stage
game increases per unit time, and hence the number of updates to the parameters increases
per unit time. Furthermore, if the value of the learning rate is small, the updates of the
parameters will also be small; in which case, by the law of large numbers, each stochastic
update is close to its theoretical mean.

In our setting, taking the expected value of the learning rule 𝑓 is not straightforward.
Here, the evolution of the learning rule 𝑓 depends explicitly on the state of the game s𝑛
because the action choice depends on the state of the game s𝑛. Therefore, computing the
expectation of (ALG) also requires us to compute the expectation with respect to s𝑛. To take
this expectation, we need P(s𝑛 = s), which is difficult to compute because the state process
is a controlled Markov chain where the control is changing through time.

To overcome this difficulty, we approximate P(s𝑛 = s) with Γ𝜎𝜃𝑛 (s), which represents
the long-run average frequency of visiting state s assuming all players use a fixed strategy
profile parameterized by a fixed parameter profile 𝜽𝑛. The idea is that if this approximation
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does not introduce ‘too much’ error, then the trajectories of the system of ODEs driven by
Γ𝜎𝜃𝑛 (s) will not deviate far from the system driven by P(s𝑛 = s). Hence, we retain the ability
to approximate trajectories of (ALG).

We derive 𝐹 as follows. First, take the conditional expectation of the learning rule
𝑓 with respect to all information realized by period 𝑛 to obtain a function 𝑓 = 𝑓 (𝜽𝑛, s𝑛).
Next, to avoid averaging with respect to P(s𝑛 = s), we exploit the fact that for fixed 𝜽 , the
state process is a Markov chain, which, under certain conditions, has a unique stationary
distribution denoted by Γ𝜎𝜃 . Finally, take the expectation of 𝑓 with respect to Γ𝜎𝜃 to obtain
𝐹 = 𝐹 (𝜽𝑛).

Formally, we define the filtration F𝑛 as the 𝜎-algebra generated by {s𝑘 ,a𝑘−1,𝜽 𝑘 : 𝑘 ≤ 𝑛},
which describes the aggregate information accumulated throughout the game up to, and
including, period 𝑛. We stress that no player has access to all of the information in this
filtration, as it describes the evolution of the entire system. Define 𝑓 𝑖

𝑎 |𝑠𝑖 ,𝑠 : R𝐾 ×S → R as

𝑓 𝑖
𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s𝑛) := E

[
𝑓 𝑖
𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s𝑛,a𝑛, s𝑛+1)

���F𝑛]
=

∑︁
s′,a

𝑝(s′ | s𝑛,a)
𝐼∏
𝑗=1
𝜎
𝑗

𝜃𝑛
(𝑎 𝑗 | 𝑠 𝑗𝑛, 𝑠𝑛) 𝑓 𝑖𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s𝑛,a, s

′) .
(3.1)

Second, fix 𝜽 ∈ 𝐺, and consider the hypothetical evolution of the game when players
use a fixed strategy profile 𝜎𝜃 . Define s𝜎𝜃 as the corresponding sequence of states of the
game. The process s𝜎𝜃 is a Markov chain with explicit transition dynamics 𝑃𝜎𝜃 (· | ·) given
by

𝑃𝜎𝜃 (s′ | s) := P(s𝜎𝜃
𝑛+1 = s′ | s𝜎𝜃𝑛 = s) =

∑︁
a∈A

𝑝(s′ | s,a)
𝐼∏
𝑗=1
𝜎
𝑗

𝜃
(𝑎 𝑗 | 𝑠 𝑗 , 𝑠) .

If the process s𝜎𝜃 is an aperiodic Markov chain with a single recurrent class, then there
exists a stationary distribution Γ𝜎𝜃 ∈ Δ(S), where Γ𝜎𝜃 (s) represents the long-run average
frequency of visiting state s assuming all players use a fixed strategy profile parameterized
by a fixed parameter profile 𝜽 .

Finally, take the expectation of 𝑓 with respect to Γ𝜎𝜃𝑛 to obtain the deterministic mapping

𝐹𝑖
𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛) =

∑︁
s
Γ𝜎𝜃𝑛 (s) 𝑓

𝑖
𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s)

=
∑︁

s
Γ𝜎𝜃𝑛 (s)

∑︁
s′,a

𝑝(s′ | s𝑛,a)
𝐼∏
𝑗=1
𝜎
𝑗

𝜃𝑛
(𝑎 𝑗 | 𝑠 𝑗𝑛, 𝑠𝑛) 𝑓 𝑖𝑎 |𝑠𝑖 ,𝑠 (𝜽𝑛, s𝑛,a, s

′) .
(3.2)

The indices 𝑖
𝑎 |𝑠𝑖 ,𝑠 denote the components of the mappings. To streamline the notation, write

𝑓 𝑖 = ( 𝑓 𝑖
𝑎 |𝑠𝑖 ,𝑠)𝑎∈A𝑖 ,𝑠𝑖∈S𝑖 ,𝑠∈S̃ , 𝑓 𝑖 = ( 𝑓 𝑖

𝑎 |𝑠𝑖 ,𝑠)𝑎∈A𝑖 ,𝑠𝑖∈S𝑖 ,𝑠∈S̃ , 𝐹𝑖 = (𝐹𝑖
𝑎 |𝑠𝑖 ,𝑠)𝑎∈A𝑖 ,𝑠𝑖∈S𝑖 ,𝑠∈S̃ ,
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𝑓 = ( 𝑓 1, . . . , 𝑓 𝐼) , 𝑓 = ( 𝑓 1, . . . , 𝑓 𝐼) , 𝐹 = (𝐹1, . . . , 𝐹 𝐼) .

Thus, the algorithmic learning equations are a deterministic system of ODEs defined as

¤̄𝜽 (𝑡) =
∑︁

s
Γ𝜎𝜃 (𝑡 ) (s)

∑︁
s′,a

𝑝(s′ | s,a)
𝐼∏
𝑗=1
𝜎
𝑗

𝜃 (𝑡) (𝑎
𝑗 | 𝑠 𝑗 , 𝑠) 𝑓

(
𝜽̄ (𝑡), s,a, s′

)
. (ALE)

In what follows, we show that solutions to (ALE) approximate the trajectories of (ALG)
under appropriate conditions.

3.2 Main Results

We present sufficient conditions that ensure that the trajectories of (ALE) approximate the
trajectories of (ALG) in finite time. We also show that when we sharpen these conditions
(in particular Assumption A.1), we obtain stronger convergence of the long-run behavior of
(ALG).2

Assumption A.

A.1 The learning rate (𝛾𝑛)𝑛∈N is non-increasing and positive, with
∑
𝑛 𝛾𝑛 =∞.

A.2 𝜽𝑛 ∈ 𝐺∀𝑛 a.s., where 𝐺 is a compact convex subset of a Euclidean space, i.e.,
sup𝑛 |𝜽𝑛 | <∞ a.s..

A.3 For each 𝜽 ∈ 𝐺, s𝜎𝜃 is an aperiodic Markov chain with a single recurrent class.

A.4 For each 0 < 𝑖 ≤ 𝐼, the bounded memory strategy 𝜎𝑖
𝜃

is Lipschitz in 𝜽 for all 𝜽 ∈ 𝐺.

A.5 For each 0 < 𝑖 ≤ 𝐼, s ∈ S, a ∈ A, and s′ ∈ S, the learning rule 𝑓 𝑖 (𝜽 , s,a, s′) is Lipschitz
in 𝜽 for all 𝜽 ∈ 𝐺.

First, the proposition below shows that (ALE) has a unique solution.

Proposition 1. Assume A.2, A.3, A.4, A.5 hold. Then, for any 𝜽0 ∈ 𝐺, (ALE) has a unique,
global solution

(
𝜽̄ (𝑡;𝜽0)

)
𝑡∈R+ , such that 𝜽̄ (0;𝜽0) = 𝜽0.

Proposition 1 is an immediate consequence of Lemma 5 in Appendix A. The dependence
of 𝜽̄ (𝑡;𝜽0) on its initial condition is crucial. For simplicity, we write 𝜽̄ (𝑡) = 𝜽̄ (𝑡;𝜽0) when
there is no chance of confusion.

Intuitive interpretations of Assumption A are as follows. In Assumption A.1, the
learning rate may be constant or it may decrease, and the latter part of Assumption A.1

2Henceforth, when dealing with random objects, a.s. is implied as needed.
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places a lower bound on the rate of decrease. On the other hand, later in Theorem 2, we
obtain stronger convergence results when we place an upper bound on the rate of decrease.
The condition

∑
𝑛 𝛾𝑛 =∞ is crucial for both Theorems 1 and 2 because it ensures that the

algorithm will always continue to learn.
Assumption A.2 is a technical condition required in the proofs.3 Assumption A.3

is a condition on the dynamics of the information that players receive as signals from
the game. This assumption depends on the strategies used by the players because their
strategies determine which signals form part of the state of the game s and their strategies
also determine the evolution of the state. Assumption A.3 also ensures that for all possible
parameters 𝜽 , the state of the game has a well-defined stationary distribution Γ𝜎𝜃 , that is,
the long-run average frequency of observed states is non-degenerate.

Assumptions A.4 and A.5 are conditions on the learning algorithm used by each player.
These assumptions characterize the type of learning algorithms for which the approximation
hold. Furthermore, these assumptions only need to hold for each player’s learning algorithm.
Hence, our framework allows each player to use a different learning algorithm.4

Assumption A.3 when paired with Assumptions A.4 and A.5 ensure that the evolution
of Γ𝜎𝜃 is well-behaved and does not introduce too much error when 𝜽 evolves according
to (ALG). Hence, we can bound and control the errors between (ALE) and (ALG).
Intuitively, these conditions ensure that the evolution of Γ𝜎𝜃 does not change drastically as
𝜽 evolves according to (ALG), so as the value of 𝛾𝑛 decreases, Γ𝜎𝜃𝑛 becomes an accurate
approximation of P(s𝑛 = s).

3.2.1 Finite Time

To compare the trajectory of the discrete-time stochastic process 𝜽𝑛 with the trajectory of
the deterministic, continuous-time system of ODEs in (ALE), both trajectories must be
set to a common time scale. To this end, we set 𝑡𝑛 =

∑𝑛
𝑖=1 𝛾𝑖 with 𝑡0 = 0. Furthermore,

to compare the trajectories 𝜽𝑛 and 𝜽̄ (𝑡;𝜽 𝑡𝑛) between times 𝑡𝑛 and 𝑡𝑛 +𝑇 , we study 𝜽 𝑘 for
integers 𝑘 between 𝑛 and 𝑚(𝑛,𝑇), where 𝑚(𝑛,𝑇) := max {𝑘 > 𝑛 : 𝑡𝑛 +𝑇 ≥ 𝑡𝑘 } for all 𝑛 ∈ N.
For simplicity, we write 𝑚(𝑇) = 𝑚(0,𝑇).

Our first result shows that for any fixed and finite 𝑇 > 0, solutions to (ALE) approximate
𝜽𝑛 on [0,𝑇] provided the values of the learning rate 𝛾𝑛 are small enough.

3This assumption is not restrictive when the utility functions are bounded.
4If Assumption A.4 fails to hold, then the results in Perkins and Leslie (2012) may help to address this.
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Theorem 1. Let Assumption A hold. Then there exists 𝐶 (𝑇,𝛾1) > 0 such that for all 𝑇 > 0
and 𝛿 > 0, we have

P

(
sup

𝑛≤𝑚(𝑇)

��𝜽𝑛− 𝜽̄ (𝑡𝑛)
�� ≥ 𝛿) ≤ 𝐶 (𝑇,𝛾1)

𝛿2

with the property that 𝐶 (𝑇,𝛾1) → 0 as 𝛾1 → 0.

Theorem 1 shows that for any fixed and finite time𝑇 > 0, the behavior of 𝜽𝑛 up to𝑚(𝑇) is
characterized by the trajectories of 𝜽̄ (𝑡) for 𝑡 ∈ [0,𝑇] with high probability for a small enough
value of 𝛾1. This result allows us to obtain uniform convergence in probability between the
trajectories of (ALE) and the trajectories of the discrete-time learning algorithms governed
by (ALG) for any fixed and finite time horizon𝑇 > 0. However, this result does not guarantee
much about 𝜽𝑛 beyond 𝑚(𝑇), i.e., little can be said about the convergence or stability of the
long-term behavior of 𝜽𝑛.

3.2.2 Asymptotics

In Theorem 2, we show that if we sharpen Assumption A.1, then the trajectories of (ALE)
characterize the behavior of (ALG) beyond 𝑇 , and we show that 𝜽𝑛 can converge to an
asymptotically stable rest point 𝜽∗ of (ALE) as 𝑛→∞.5

Before characterizing the long-term behavior of (ALG) with solutions of (ALE), we
introduce a suitable notion of asymptotic approximation. We extend the discrete-time
processes 𝜃𝑖𝑛 (𝑎 | 𝑠𝑖, 𝑠) to continuous-time processes 𝜃𝑖𝑡 (𝑎 | 𝑠𝑖, 𝑠) for 𝑡 ∈ R+ by interpolating
the trajectories of 𝜃𝑖𝑛 (𝑎 | 𝑠𝑖, 𝑠) to define

𝜃𝑖𝑡𝑛+𝑟 (𝑎 | 𝑠
𝑖, 𝑠) = 𝜃𝑛 + 𝑟

𝜃𝑖
𝑛+1(𝑎 | 𝑠

𝑖, 𝑠) − 𝜃𝑖𝑛 (𝑎 | 𝑠𝑖, 𝑠)
𝑡𝑛+1 − 𝑡𝑛

,

for all 𝑛 ∈ N and 0 ≤ 𝑟 < 𝛾𝑛+1. We refer to 𝜽̂ 𝑡 as the real-time interpolation of 𝜽𝑛.

Definition 1 (Asymptotic Pseudo-trajectory). Let 𝜽̃ : R+ → R𝐾 be a continuous function. If

lim
𝑡→∞

sup
0≤ℎ≤𝑇

��𝜽̃ (𝑡 + ℎ) − 𝜽̄
(
ℎ; 𝜽̃ (𝑡)

) �� = 0 , (APT)

for any finite 𝑇 > 0, then 𝜽̃ is said to be an asymptotic pseudo-trajectory of 𝜽̄ . If 𝜽̃ is a
stochastic process and (APT) holds with probability one, then 𝜽̃ is an asymptotic pseudo-
trajectory of 𝜽̄ .

5Recall that a rest point 𝜽∗ is (Lyapunov) stable if for every neighbourhood 𝑈 of 𝜽∗, there exists a
neighbourhood 𝑉 of 𝜽∗ such that if 𝜽̄ (𝑡) ∈ 𝑉 then 𝜽̄ (𝑡) ∈ 𝑈 for all 𝑡 ≥ 0. A rest point 𝜽∗ is (Lyapunov)
asymptotically stable if it is stable and has a neighbourhood 𝑉 such that 𝜽̄ (𝑡) → 𝜽∗ for 𝑡→∞.

29



With a precise notion of the approximation, Theorem 2 shows the real-time interpolation
𝜽̂ of (ALG) is an asymptotic pseudo-trajectory of solutions 𝜽̄ to (ALE). Intuitively, for 𝜽
to be an asymptotic pseudo-trajectory of 𝜽̄ , it must be the case that for fixed and finite
𝑇 > 0 and for 𝑛 ∈ N, the solution of (ALE) originating at 𝜽𝑛 approximates the evolution of
(ALG) up to 𝜽𝑚(𝑛,𝑇) . As the value of 𝑛 grows, the approximation sharpens, until in the limit
𝑛→ ∞ the solutions to (ALE) approximate 𝜽𝑛 uniformly. We also note that the limiting
behavior of an asymptotic pseudo-trajectory is related to the notion of chain recurrence,
which describes limit points of a solution to a system of ODEs when subjected to small
shocks occurring at isolated moments in time (see Benaïm, 1999; Hofbauer and Sandholm,
2002, for a more detailed discussion). Furthermore, under certain conditions, the result also
shows that the discrete-time stochastic process 𝜽𝑛 converges to an asymptotically stable rest
point as 𝑛→∞.

Theorem 2. Let Assumption A hold, and further assume that for some 𝑞 ≥ 2,∑︁
𝑛

𝛾
1+𝑞/2
𝑛 <∞ . (DLR)

2.1 Then the real-time interpolated process 𝜽̂ is almost surely an asymptotic pseudo-
trajectory of 𝜽̄ .

2.2 Furthermore, let 𝜽∗ be a locally (Lyapunov) asymptotic stable solution to (ALE) with
a domain of attraction 𝐷 (𝜽∗). If there is a compact set 𝐴 ⊂ 𝐷 (𝜽∗) such that 𝜽𝑛 ∈ 𝐴
infinitely often, then lim𝑛→∞ 𝜽𝑛 = 𝜽∗ a.s..

When we further bound the rate of decrease of the value of the learning rate in (DLR),
we can analyze the asymptotic behavior of algorithms. The second part of the theorem
shows that learning converges under suitable conditions. However, for cases when learning
does not converge, we can at least describe the dynamics of (ALG) through the notion of
an asymptotic pseudo-trajectory from the first part of the theorem.

Proof Sketch 1. To prove Theorems 1 and 2, we analyze the errors from approximating the
learning rule of the discrete-time stochastic process with the deterministic mapping 𝐹 from
(ALG). Rewrite (ALG) as

𝜽𝑛+1 = 𝜽𝑛 +𝛾𝑛+1𝐹 (𝜽𝑛) +𝛾𝑛+1 𝜀𝑛+1 , (3.3)

where 𝐹 is defined in (3.2) and the error term is 𝜀𝑛+1 := 𝑓 (𝜽𝑛, s𝑛,a𝑛, s𝑛+1) −𝐹 (𝜽𝑛).
For Theorem 1, we show that the accumulation of errors is bounded for a finite horizon.

For Theorem 2, to show that 𝜽̂ is an asymptotic pseudo-trajectory of solutions 𝜽̄ of (ALE),
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we show that the accumulation of errors 𝜀𝑘 from 𝑘 = 𝑛 to 𝑚(𝑛,𝑇) decays as 𝑛→∞ for any
finite 𝑇 > 0. Specifically, we show the asymptotic rate of convergence of 𝜀𝑘 tends to zero,
that is,

lim
𝑛→∞

(
sup

𝑛<ℓ≤𝑚(𝑛,𝑇)

����� ℓ∑︁
𝑘=𝑛+1

𝛾𝑘 𝜀𝑘

�����
)
= 0 , a.s. . (ARC)

We analyze the accumulation of errors 𝜀𝑘 by decomposing 𝜀𝑘 into a martingale noise
component, denoted 𝑀𝑘 , and a remainder component, denoted𝑈𝑘 . Specifically, we write

𝜀𝑛+1 = 𝑀𝑛+1 +𝑈𝑛+1 , (3.4a)

𝑀𝑛+1 := 𝑓 (𝜽𝑛, s𝑛,a𝑛, s𝑛+1) − 𝑓 (𝜽𝑛, s𝑛) , (3.4b)

𝑈𝑛+1 := 𝑓 (𝜽𝑛, s𝑛) −𝐹 (𝜽𝑛) , (3.4c)

where 𝑓 is defined in (3.1). After bounding and controlling the error terms in (3.4a),
apply Proposition 4.1 of Benaïm (1999) to obtain the first part of Theorem 2. Next,
apply the Kushner-Clark Lemma in Kushner and Clark (1978) to obtain the second part of
Theorem 2. □

Corollary 1. Suppose that {𝛾𝑛} is a sequence of random variables such that 𝛾𝑛+1 is F𝑛
measurable. If

∑
𝑛 𝛾𝑛 = ∞ and (DLR) holds almost surely, then the conclusions from

Theorem 2.2 continue to hold.

Corollary 1 follows as an immediate result of Remark 4.3 in Benaïm (1999). This result
is useful to analyze asynchronous learning algorithms. These are algorithms where the
learning rate depends on the state and the number of times the state has been visited.

3.3 Discussion

Our framework allows us to analyze learning in a variety of repeated games. First, if the pub-
lic signal 𝑌 and the idiosyncratic signal for each player are both empty, then our framework
allows us to analyze action learning. This includes the classical learning algorithms such
as Cross learning (see Cross, 1973), Erev and Roth’s learning model (see Erev and Roth,
1998), and multi-arm bandit algorithms such as the EXP3 algorithm (see Auer et al., 2002).
From our notation, it is also easy to see that our framework allows us to analyze learning in
stochastic games. This allows us to analyze learning models designed for Markov decision
processes such as 𝑄-learning, SARSA, and Actor Critic algorithms (see Sutton and Barto,
2018).
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Importantly, our framework allows us to study bounded memory strategy learning under
various monitoring structures. If 𝑌 = A and 𝑌 𝑖 = {∅} for all 𝑖, then we have perfect
monitoring; if𝑌 is a noisy public signal and𝑌 𝑖 = {∅} for all 𝑖, then we have imperfect public
monitoring; and if 𝑌 = {∅} and 𝑌 𝑖 are idiosyncratic signals for all 𝑖, then we have private
monitoring. Of course, our framework easily accommodates any combination of perfect,
public, and private monitoring.

Additionally, our framework allows each player to use different learning rules provided
they all satisfy Assumptions A.4 and A.5. Our framework allows for different lengths
of memory used by each player so long as each player uses a bounded memory strategy.
Although our framework allows for these asymmetries, the usefulness of this beyond numer-
ical experiments is limited because proving convergence results under these asymmetries
remain non-trivial.

Key to our result is that the state space is finite. This assumption is hardly restrictive
through the numerous examples provided. Additionally, in the next Chapter, we show that a
finite state space is sufficient to achieve a Folk theorem. Nonetheless, one can obtain results
for the case of an infinite state space through the assumptions in Métivier and Priouret
(1984). However, these assumptions are hard to verify because it requires one to directly
verify properties of the Poisson equations associated with the Markov chain.

Finally, our approach offers numerous benefits over simulation studies because the ODEs
allow us to (i) efficiently analyze full the parameter space, (ii) visualize the asymptotic
behavior of the learning dynamics through visual inspection of the basins of attractions,
and (iii) use numerous numerical packages that already exist for ODE solvers.
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Chapter 4

A Folk Theorem from Learning

4.1 Learning Model

In this Chapter, we focus on a dynamic generalization of smooth fictitious play when
monitoring is perfect and all players use 𝑚-memory strategies.

4.1.1 Setup

Consider an infinitely repeated game G∞ = ⟨(A𝑖)0<𝑖≤𝐼 , (𝑢𝑖)0<𝑖≤𝐼 , 𝛿⟩ played by 𝐼 ≥ 2 players.
Let A𝑖 denote the finite set of actions for player 𝑖, let A−𝑖 =

>
𝑗≠𝑖A 𝑗 denote the set of

action profiles excluding player 𝑖, and let A =
>

0<𝑖≤𝐼A𝑖 denote the set of action profiles.
For simplicity and without loss of generality, we assume that A𝑖 = A 𝑗 for all 0 < 𝑖, 𝑗 ≤ 𝐼.
After an action profile a = (𝑎1, ..., 𝑎𝐼) ∈ A is played at each period 𝑛 = 0,1,2,3... of the
repeated game, each player 𝑖 receives a payoff according to a utility function 𝑢𝑖 : A → R,
and 𝛿 ∈ [0,1) is the common parameter used to discount the future stream of payoffs.

The set of period 𝑛 ≥ 0 histories is given by H𝑛 =A𝑛, where A𝑛 is the 𝑛-fold product
of A. An 𝑛-stage history ℎ ∈ H𝑛 is a sequence of 𝑛 action profiles that identify the actions
played in periods 0 through 𝑛−1. The set of all histories is defined as H =

⋃
𝑛≥0H𝑛, where

H0 = {∅}. Let ℓ(ℎ) denote the length of any history ℎ ∈ H . For any finite integer 𝑚 and
any history ℎ ∈ H with ℓ(ℎ) ≥ 𝑚, denote 𝑇𝑚 (ℎ) = (aℓ(ℎ)−𝑚, ...,aℓ(ℎ)−1) as the most recent
𝑚 action profiles of ℎ.

To simplify notation, it is useful to develop a specialized notation for any continuation
game from periods 𝑛 ≥ 𝑚 onwards. For any history ℎ ∈ H with ℓ(ℎ) ≥ 𝑚, let 𝑇𝑚 (ℎ) = s ∈ S
denote the state of the game, where S =A𝑚 is the set of𝑚-memory histories. Let 𝑝(s′ | s,a)
denote the transition function that describes the transition between 𝑚-memory histories.
Specifically, 𝑝(s′ | s,a) is the probability that the subsequent state is s′ given that the current
state is s and the current action profile is a. We further denote 𝑝𝑎𝑖 (s′ | s,a−𝑖) as the conditional
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transition function given that player 𝑖 plays 𝑎𝑖, and given the action profile a−𝑖 of all other
players.

A stationary 𝑚-memory strategy profile is characterized as follows. Let 𝜃𝑖 (𝑎 | s), or
more compactly 𝜃𝑖

𝑎 |s, denote the probability that player 𝑖 plays action 𝑎 in state s. The
collection 𝜽𝑖 = (𝜃𝑖

𝑎 |s)𝑎∈A𝑖 ,s∈S ∈ Δ(A𝑖) |S| characterizes a stationary 𝑚-memory strategy for
player 𝑖, where 𝜽𝑖s ∈ Δ(A𝑖) denotes the mixed strategy of player 𝑖 in state s, and Δ(A𝑖)
is the set of probability measures on A𝑖. The collection 𝜽 = (𝜽𝑖)0<𝑖≤𝐼 characterizes a
stationary 𝑚-memory strategy profile for all players where 𝜽 ∈ Δ(A𝑖) 𝐼×|S| := 𝐺, and the
collection 𝜽−𝑖 = (𝜽 𝑗 ) 𝑗≠𝑖 characterizes a stationary 𝑚-memory strategy profile excluding
player 𝑖. Finally, we often refer to 𝜽 as a strategy profile for simplicity (the bounded
memory and stationarity are always implied).1

To complete the specialized notation, we denoteG∞
𝑚 as any continuation game ofG∞ that

begins from period 𝑛 ≥ 𝑚 onwards, and with the restriction that the strategies are limited to
stationary𝑚-memory strategies. Observe that we use the recursive structure of the repeated
game to obtain a Markov, automaton-like representation of the space of 𝑚-memory strategy
profiles so that we can analyze the evolution of𝑚-memory strategies through learning. This
setup allows us to study learning algorithms with behavioral strategies that can condition
on the (recent) history.

4.1.2 Preliminaries

Consider a perturbed version of the game G∞(𝜏), whose one-stage expected utility for
player 𝑖, when the stage game strategy profile given state s is 𝜽s ∈ Δ(A𝑖) 𝐼 , is given by

𝑢̃𝑖 (𝜽s) =
∑︁
a∈A


𝐼∏
𝑗=1
𝜃
𝑗

𝑎 𝑗 |s

 𝑢𝑖 (a) −𝐶𝑖 (𝜏;𝜽𝑖𝑠) := 𝑢𝑖 (𝜽s) −𝐶𝑖 (𝜏;𝜽𝑖s) ,

where 𝑎 𝑗 are components of the action profile a and 𝜏 > 0 is the perturbation parameter.
The term 𝐶𝑖 (𝜏;𝜽𝑖𝑠) is a deterministic perturbation function that satisfies three conditions:

1. 𝐶𝑖 (𝜏;𝜽𝑖s) is strictly convex and bounded in 𝜽𝑖𝑠 for each 𝜏 > 0,

2. 𝐶𝑖 (𝜏;𝜽𝑖s) → 0 as 𝜏→ 0 and 𝐶𝑖 (0;𝜽𝑖s) = 0 for all 𝜽𝑖s ∈ Δ(A𝑖), and

3. |∇𝜽 𝑖𝑠
𝐶𝑖 (𝜏;𝜽𝑖s) | →∞ as 𝜽𝑖s approaches the boundary of Δ(A𝑖) for all 𝜏 > 0.

1In our construction of a stationary 𝑚-memory strategy profile, we omit defining the strategy profile for
periods 𝑛 < 𝑚. Nonetheless, the strategy profiles we study are well defined for continuation games where
𝑛 ≥ 𝑚, and this is not a problem because 𝑛≫ 𝑚 through the process of learning.
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These are standard admissibility conditions for deterministic perturbations (see Fudenberg
and Levine, 1998). When 𝜏 = 0, the perturbed game G∞(𝜏) reduces to the unperturbed
game G∞(0) because of the second condition.

For a given strategy profile 𝜽 , the continuation payoff of state s ∈ S for player 𝑖 of the
perturbed game G∞

𝑚 (𝜏) is given by

𝑉 𝑖s (𝜏;𝜽) = E

[ ∞∑︁
𝑘=0

𝛿𝑘
(
𝑢𝑖 (𝜽s𝜃

𝑘
) −𝐶𝑖 (𝜏;𝜽𝑖s𝜃

𝑘

)
) �����s𝜃0 = s

]
, (4.1)

which is the expected discounted (perturbed) payoff that player 𝑖 achieves if state s is reached
and everyone (including player 𝑖) continues to play according to 𝜽 . When necessary, we
write the continuation payoff with respect to an arbitrary distribution over states 𝜇 ∈ Δ(S)
as 𝑉 𝑖𝜇 (𝜏;𝜽) :=

∑
s∈S 𝜇(s)𝑉 𝑖s (𝜏;𝜽), where Δ(S) is the set of probability measures on S.

In (4.1), the expectation is taken with respect to the hypothetical evolution of the game
where actions are sampled from the fixed strategy profile 𝜽 , and the process s𝜃 is the
corresponding sequence of states of the game. The process s𝜃 is a Markov chain with
transition dynamics

𝑃𝜃 (s′ | s) := P(s𝜃𝑘+1 = s′ | s𝜃𝑘 = s) =
∑︁
a∈A

𝑝(s′ | s,a)
𝐼∏
𝑗=1
𝜃
𝑗

𝑎 𝑗 |s .

For a given strategy profile 𝜽 , action 𝑎 ∈ A𝑖, and state s ∈ S, the action value of 𝑎 given
s for player 𝑖 is computed as

𝑉 𝑖
𝑎 |s(𝜏;𝜽) = E

[ ∞∑︁
𝑘=0

𝛿𝑘
(
𝑢𝑖 (𝜽s𝜃

𝑘
) −𝐶𝑖 (𝜏;𝜽𝑖s𝜃

𝑘

)
) �����s𝜃0 = s, 𝑎𝑖0 = 𝑎

]
, (4.2)

which is the expected discounted (perturbed) payoff associated with the one-shot deviation
principle that player 𝑖 achieves if state s is reached and player 𝑖 deviates with action 𝑎. Here,
all players (including player 𝑖) continue to play according to 𝜽 with the exception that player
𝑖 deviates with action 𝑎 at the first instance. For a fixed strategy profile 𝜽 and perturbation
parameter 𝜏, the continuation payoffs in (4.1) and the action values in (4.2) are bounded for
𝛿 < 1 because 𝑢̃𝑖 (𝜽s) is bounded for all 0 < 𝑖 ≤ 𝐼 and 𝜽s ∈ Δ(A𝑖) 𝐼 . Finally, the continuation
payoff of state s ∈ S is 𝑉 𝑖s (𝜏;𝜽) = ∑

𝑎∈A𝑖
𝜃𝑖
𝑎 |s𝑉

𝑖
𝑎 |s(𝜏;𝜽).

4.1.3 State-Dependent Smooth Fictitious Play

In classical smooth fictitious play, each player has full knowledge of her own payoffs and
assumes that her opponents play according to stationary stage game strategies. In each
period, each player plays a smoothed best response to her expected payoff vector, which is
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the expected payoff of the player’s pure actions given the belief about the stationary stage
game strategy profile of the opponents. The belief is given by the empirical frequency
of past play. The smoothed best response is the best response subject to a deterministic
perturbation or cost. Thus, players are myopic and optimize the immediate payoff (see
Fudenberg and Kreps, 1993). Classical smooth fictitious play is an algorithm that learns
both pure and mixed Nash equilibria of static games, and it is stateless in the sense that the
strategies used for the belief and smoothed best response do not depend on the state of the
game.

We introduce a dynamic generalization of smooth fictitious play with bounded 𝑚-
memory strategies, whereby each player conditions her actions on the state of the game, i.e.,
the recent 𝑚-memory history. In our learning model, each player has full knowledge of the
transition function 𝑝(s′ | s,a) and their own payoffs, and assumes that all players (themselves
included) play according to a stationary 𝑚-memory strategy, i.e., a set of stage game mixed
strategies for all combinations of 𝑚-memory histories. We assume the beliefs of all players
are common throughout the entirety of the repeated game.2 In each period, each player
plays a smoothed best response to their perturbed action values, where the action values are
computed based on the belief over everyone’s stationary 𝑚-memory strategy. Thus, players
are non-myopic and optimize the tradeoff between immediate and future payoffs.

Remark 1. In classical smooth fictitious play, players require only the belief over their
opponents’ stage game strategy to calculate their expected payoff vector. In our learning
model, players also have a belief about how they will behave in the future to calculate the
action values. In general, what one believes one would play in the future does not necessarily
line up with one’s behavioral response except at convergence. We think of this as a form of
bounded rationality imposed by computational constraints. To reduce computational costs,
players use their own empirical behavior thus far, as a proxy for their own future behavior,
to calculate the continuation payoffs associated with a one-shot deviation.

Beliefs about the stationary 𝑚-memory strategies are based on the empirical frequency
of play. Player 𝑖’s empirical frequency of an action 𝑎 ∈ A𝑖 in state s ∈ S up to period 𝑛 is

𝜃𝑖𝑛 (𝑎 | s) =
1
s#
𝑛

𝑛−1∑︁
𝑘=0

1{s𝑘=s}1{𝑎𝑖
𝑘
=𝑎} ,

where s#
𝑛 =

∑𝑛−1
𝑘=01{s𝑘=s} counts the number of times state s was reached, and the indicator

function on actions counts the number of times a particular action was played in state s. To
avoid excessive notation, we also use 𝜽 to refer to the (common) belief.

2This assumption is not restrictive. If players draw random actions until they form a valid belief where
each state has been visited at least once, then players will have a common belief throughout the game.
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For a given belief 𝜽 , each player 𝑖 samples an action from the smoothed best response
function given by

𝐵̃𝑖s(𝜏;𝜽) = argmax
y∈int(Δ(A𝑖))

𝐽𝑖s(y,𝜽;𝜏) with 𝐽𝑖s(y,𝜽;𝜏) = y ·𝑉 𝑖·|s(𝜏;𝜽) −𝐶𝑖 (𝜏;y) , (4.3)

for all s ∈ S, where 𝑉 𝑖·|s(𝜏;𝜽) = (𝑉 𝑖
𝑎 |s(𝜏;𝜽))𝑎∈A𝑖

∈ R|A𝑖 | is the vector of action values in
state s, the operator · denotes the dot product, 𝐶𝑖 (𝜏;y) is the deterministic perturbation
in (4.1) and (4.2) with the same perturbation parameter 𝜏, and int(Δ(A𝑖)) denotes the
interior of the simplex Δ(A𝑖).3 Therefore, given a belief 𝜽 , the smoothed best response
𝐵̃(𝜏;𝜽) = (𝐵̃𝑖s(𝜏;𝜽))0<𝑖≤𝐼,s∈S forms a stationary 𝑚-memory strategy profile with 𝐵̃𝑖s(𝜏;𝜽) ∈
int(Δ(A𝑖)) and the component 𝐵̃𝑖

𝑎 |s(𝜏;𝜽) that corresponds to an action 𝑎 is the probability
that player 𝑖 plays 𝑎 in state s.

The evolution of the beliefs for state-dependent smooth fictitious play can be written as
a learning algorithm given by the following discrete-time stochastic system:

𝜃𝑖𝑛+1(𝑎
𝑖 | s) = 𝜃𝑖𝑛 (𝑎𝑖 | s) +

1{s𝑛=s}

s#
𝑛 +1{s𝑛=s}

(
1{𝑎𝑖𝑛=𝑎𝑖} − 𝜃

𝑖
𝑛 (𝑎𝑖 | s)

)
(4.4)

for all 0 < 𝑖 ≤ 𝐼, 𝑎 ∈ A𝑖, and s ∈ S. The action 𝑎𝑖𝑛 at period 𝑛 is sampled based on the
current state s𝑛 from the smoothed best response function 𝐵̃𝑖s𝑛 (𝜏;𝜽𝑛) associated with the
belief at period 𝑛. The learning rate for each state s ∈ S is defined as

𝛾s
𝑛+1 =

1{s𝑛=s}

s#
𝑛 +1{s𝑛=s}

.

Thus, we write (4.4) more compactly in vector notation as

𝜽𝑛+1(s) = 𝜽𝑛 (s) +𝛾s
𝑛+1

(
1{a𝑛=a} − 𝜽𝑛 (s)

)
, (SFP)

for all s ∈ S.
In short, state-dependent smooth fictitious play is summarized as follows. Given a belief

𝜽𝑛 at period 𝑛, players compute the perturbed action values in (4.2) by taking the expectation
with respect to the hypothetical evolution of the game where the actions are sampled from
the fixed belief 𝜽𝑛 at period 𝑛. Next, each player uses the perturbed action values to obtain
the smoothed best response function 𝐵̃𝑖 (𝜏;𝜽𝑛) in (4.3). Then, each player uses the smoothed
best response function 𝐵̃𝑖s𝑛 (𝜏;𝜽𝑛) from state s𝑛 at period 𝑛 to sample and play their action
𝑎𝑖𝑛, which generates the action profile a𝑛. Finally, the action profile a𝑛 feeds into the belief
through (4.4), and the state of the game evolves according to 𝑝(s𝑛+1 | s𝑛,a𝑛). The above is
repeated ad infinitum.

3The payoff of the underlying game and the action choice are perturbed. A priori, the perturbations can be
different provided they satisfy the standard admissibility conditions. However, using the same strictly convex
perturbation function is essential to prove convergence of (SFP).
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Remark 2. In our construction of (SFP), we assume that players randomize their behaviors
independently in both the calculation of the perturbed action values in (4.2) and when
sampling their action from the smoothed best response function 𝐵̃(𝜏;𝜽𝑛) in (4.3). In our
setup, it is easy to capture additional correlation between the players actions by introducing
a public correlating device, where the outcome of the public correlating device𝜔 is sampled
from a finite set of signals W. In the case of public correlation, an 𝑛-stage history ℎ ∈ H𝑛

is a sequence of 𝑛 action profiles and 𝑛 realizations of the public correlating device, so the
set of 𝑚-memory histories S = (A ×W)𝑚.

Example 2. Consider a repeated game with two players 𝐼 = 2 and two actions A𝑖 = {𝐶,𝐷}
for each player. The players use one-memory strategies, so the set of states is given by
S = {𝐶𝐶,𝐶𝐷,𝐷𝐶,𝐷𝐷}.

Period:

Play:

+∞· · ·

𝐶𝐷

0

𝐷𝐷

1

𝐷𝐶

2

𝐶𝐶

3

𝐶𝐶

4 5

+∞· · ·Hypothetical game to solve for
𝑉 𝑖
𝐶 |𝐶𝐶 (𝜏;𝜽5) and 𝑉 𝑖

𝐷 |𝐶𝐶 (𝜏;𝜽5)

At period 𝑛 = 5, the state of the game is s5 = 𝐶𝐶, and the belief is given by 𝜃1
5 (𝐶 |𝐶𝐶) = 1,

𝜃1
5 (𝐶 |𝐶𝐷) = 0, 𝜃1

5 (𝐶 |𝐷𝐶) = 1, 𝜃1
5 (𝐶 |𝐷𝐷) = 0 for player 1, and 𝜃2

5 (𝐶 |𝐶𝐶) = 1, 𝜃2
5 (𝐶 |𝐶𝐷) =

0, 𝜃2
5 (𝐶 |𝐷𝐶) = 1, 𝜃2

5 (𝐶 |𝐷𝐷) = 1 for player 2. Using the one-memory belief 𝜽5, each
player plays a hypothetical game to solve for the action values in state 𝐶𝐶. Each player
then uses their action values to play a smoothed best response from state s5 = 𝐶𝐶 given
by 𝐵̃𝐶𝐶 (𝜏;𝜽5). Suppose the players respond with an action profile a5 = 𝐷𝐷, then the
state of the game becomes s6 = 𝐷𝐷, and the belief is updated to become 𝜃1

6 (𝐶 |𝐶𝐶) = 0.5,
𝜃2

6 (𝐶 |𝐶𝐶) = 0.5, and 𝜃2
6 (𝐶 |s) = 𝜃

2
5 (𝐶 |s) for all s ∈ {𝐶𝐷,𝐷𝐶,𝐷𝐷}. This entire process is

repeated ad infinitum.

The remainder of the paper focuses on the case where the deterministic perturbation is
given by the entropy function

𝐶𝑖 (𝜏;𝜽𝑖𝑠) = 𝜏
∑︁
𝑎∈A𝑖

𝜃𝑖
𝑎 |s ln𝜃𝑖

𝑎 |s (4.5)

for 𝜏 ≥ 0, so that the smoothed best response function in (4.3) reduces to the logit function

𝐵̃𝑖
𝑎 |s(𝜏;𝜽) =

exp
(
𝜏−1𝑉 𝑖

𝑎 |s(𝜏;𝜽)
)

∑
𝑎′∈A𝑖

exp
(
𝜏−1𝑉 𝑖

𝑎′ |s(𝜏;𝜽)
) (4.6)
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for all s ∈ S and 𝑎 ∈ A𝑖; see Hofbauer and Sandholm (2002). The logit function is such
that as 𝜏→ 0, the smoothed best response function converges to the best response function,
and as 𝜏→∞, every action is played with equal probability.

In the memoryless case of 𝑚 = 0, where S = {∅} and |S| = 1, (SFP) reduces to classical
smooth fictitious play because the vector of action values for player 𝑖 reduces to their
expected payoff vector plus a constant that is the same across all actions. Thus, the
smoothed best response is the same with or without the payoff perturbation because (4.6)
is invariant under translations by a common constant. On the other hand, if 𝛿 = 0, then
(SFP) reduces to conditional smooth fictitious play from Fudenberg and Levine (1999) with
a fixed categorization rule that corresponds to 𝑚-memory histories.

4.1.4 State-Dependent Smoothed Best Response Dynamics

Following Chapter 3, we use stochastic approximation techniques to show that as 𝑛→∞,
the trajectories of (SFP) are approximated by solutions 𝜽̄ to the ODE

¤̄𝜽 = 𝑑𝜽̄/𝑑𝑡 = 𝐹 (𝜽̄) ,

for an appropriately defined deterministic function 𝐹 :R𝐼×|S|×|A𝑖 | →R𝐼×|S|×|A𝑖 |. In standard
smooth fictitious play without states, one obtains ¤̄𝜽 = 𝐵̃(𝜏; 𝜽̄) − 𝜽̄ , which is the expected
increment of the belief 𝜽 .

In this setting, the belief 𝜽 is the tuple of parameters that the algorithm tracks. The
smoothed best response 𝐵̃(𝜏;𝜽𝑛) is the choice rule that maps the tuple of parameters to
a bounded memory strategy 𝜎𝑖

𝜃
for each player 𝑖. As with Chapter 3, the distribution of

Γ𝐵̃(𝜏;𝜃) (s) is computed as follows. Fix the belief 𝜽 ∈ 𝐺 which also fixes the smoothed best
response functions 𝐵̃(𝜏;𝜽) = (𝐵̃𝑖s(𝜏;𝜽))0<𝑖≤𝐼,s∈S . Next, consider the hypothetical evolution
of the game that evolves according to the fixed smoothed best response functions 𝐵̃(𝜏;𝜽)
and define s𝐵̃(𝜏;𝜃)

𝑘
as the corresponding sequence of states of the game. Then the process

s𝐵̃(𝜏;𝜃)
𝑘

is a Markov chain with transition dynamics

𝑃𝐵̃(𝜏;𝜃) (s′ | s) := P
(
s𝐵̃(𝜏;𝜃)
𝑘+1 = s′ | s𝐵̃(𝜏;𝜃)

𝑘
= s

)
=

∑︁
a∈A

𝑝(s′ | s,a)
𝐼∏
𝑗=1
𝐵̃
𝑗

𝑎 𝑗 |s(𝜏;𝜽) .

If the process s𝐵̃(𝜏;𝜃) is an aperiodic Markov chain whose one recurrent class is S, then
there exists a unique probability distribution Γ𝐵̃(𝜏;𝜃) ∈ Δ(S), and by the Ergodic Theorem
for Markov Chains, we have

Γ𝐵̃(𝜏;𝜃) (s) = lim
𝐾→∞

1
𝐾 +1

E

[
𝐾∑︁
𝑘=0

1{
s𝐵̃(𝜏;𝜃 )
𝑘

=s
}] . (4.7)
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Thus, the algorithmic learning equations for state-dependent smooth fictitious play is
given by

¤̄𝜽𝑖s(𝑡) = Γ𝐵̃(𝜏;𝜃 (𝑡)) (s)
(
𝐵̃𝑖s(𝜏; 𝜽̄ (𝑡)) − 𝜽̄𝑖s(𝑡)

)
, (SBRD)

for all 0 < 𝑖 ≤ 𝐼 and s ∈ S, where 𝜽̄𝑖s(𝑡) ∈ Δ(A𝑖) is the belief of player 𝑖’s mixed strategy
in state s at time 𝑡. We call these system of equations the state-dependent smoothed best
response dynamics. Intuitively, Γ𝐵̃(𝜏;𝜃 (𝑡)) (s) can be thought of as the relative ‘instantaneous’
rate with which beliefs of the mixed strategy in state s are updated. If |S| = 1, then Γ𝐵̃(𝜏;𝜃 (𝑡)) ≡
1, and (SBRD) reduces to the standard smoothed best response dynamics for smooth
fictitious play without states. In what follows, we show that the trajectories of (SBRD)
approximate the trajectories of (SFP) in the sense of an asymptotic pseudo-trajectory; see
Definition 1.

4.2 Convergence Results

4.2.1 Convergence to State-Dependent Smoothed Best Response

We use the properties of (SBRD) to show that (SFP) converges to an 𝑚-memory 𝜖-subgame
perfect equilibrium of the unperturbed game G∞

𝑚 (0). Therefore, we first show that trajecto-
ries of (SBRD) approximate the asymptotic behavior of (SFP).

First, observe that for each 𝜽 ∈ 𝐺, the state process s𝐵̃(𝜏;𝜃) is an aperiodic Markov chain
with a single recurrent class when the perturbation parameter 𝜏 > 0. This observation
follows because the smoothed best response 𝐵̃(𝜏;𝜽) places a positive probability of playing
any action for any 𝜽 ∈ 𝐺 when 𝜏 > 0. This observation ensures that for all possible beliefs
𝜽 , the distribution defined in (4.7) is well defined and unique, and by Perkins and Leslie
(2012), there is 𝜂 > 0 such that for all 𝜽 ∈ 𝐺, Γ𝐵̃(𝜏;𝜃) (s) ≥ 𝜂 for all s ∈ S. Hence, each state
s ∈ S will be visited infinitely many times at a non-negligible relative frequency; specifically

liminf
𝑛→∞

s#
𝑛

𝑛
> 0 and lim

𝑛→∞
s#
𝑛 =∞ , 𝑎.𝑠. . (4.8)

Next, we use the learning rate as a connection to compare the discrete-time trajectories
of (SFP) with the continuous-time solutions of (SBRD). The difficulty here is that here the
learning rate 𝛾s

𝑛 is specific to each state and updates the beliefs with respect to its own local
clock s#

𝑛 and not the global clock 𝑛.4 This asynchronicity is addressed by following Borkar

4This asynchrony is different from that in Asker et al. (2022), where the learning rate is the same for each
state, but each state is updated asynchronously. Here, each state is updated asynchronously, but the learning
rate is also unique for each state.
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(2008). Rewrite (SFP) so that there is a common stochastic learning rate for all s ∈ S, and
define

𝛾̄𝑛 = max
s∈S

𝛾s
𝑛 > 0

for all 𝑛. By (4.8), we have that
∑
𝑛 𝛾

s
𝑛 =∞ and

∑
𝑛

(
𝛾s
𝑛

)2
<∞ almost surely, so∑︁

𝑛

𝛾̄𝑛 =∞ and
∑︁
𝑛

𝛾̄2
𝑛 <∞ 𝑎.𝑠.

because S is finite. Therefore, we rewrite (SFP) as

𝜽𝑛+1(s) = 𝜽𝑛 (s) + 𝛾̄𝑛+1 𝛾̂
s
𝑛+1

(
1{a𝑛=a} − 𝜽𝑛 (s)

)
= 𝜽𝑛 (s) + 𝛾̄𝑛+11{s𝑛=s}

(
1{a𝑛=a} − 𝜽𝑛 (s)

)
= 𝜽𝑛 (s) + 𝛾̄𝑛+1 𝑓s(𝜽𝑛,a𝑛) ,

with a synchronized stochastic learning rate because the random variable 𝛾̂s
𝑛+1 = 𝛾

s
𝑛+1/𝛾̄𝑛+1 =

1{s𝑛=s} for all 𝑛 (observe that for each 𝑛, 𝛾s
𝑛 is only non-zero for one s ∈ S), and the learning

rule 𝑓s : 𝐺 ×S×A → R𝐼×|A𝑖 | in state s is given by

𝑓s(𝜽𝑛,a𝑛) = 1{s𝑛=s}
(
1{a𝑛=a} − 𝜽𝑛 (s)

)
. (4.9)

Following the same steps as Chapter 3, to compare the discrete-time trajectories of (SFP)
with the continuous-time solutions of (SBRD), we scale time by treating the stochastic
learning rate 𝛾̄𝑛 as an increment of the real-time 𝑡 with respect to the global clock 𝑛 and
define an affine interpolation of (SFP). To this end, set 𝑡𝑛 =

∑𝑛
𝑖=1 𝛾̄𝑖 with 𝑡0 = 0. We write the

solution of the ODEs with initial condition 𝜽 𝑡𝑛 as 𝜽̄ (𝑡;𝜽 𝑡𝑛). To compare the trajectories 𝜽𝑛
and 𝜽̄ (𝑡;𝜽 𝑡𝑛) between times 𝑡𝑛 and 𝑡𝑛 +𝑇 , we study 𝜽 𝑘 for integers 𝑘 between 𝑛 and 𝑚(𝑛,𝑇),
where 𝑚(𝑛,𝑇) := max {𝑘 > 𝑛 : 𝑡𝑛 +𝑇 ≥ 𝑡𝑘 } for all 𝑛 ∈ N, and interpolate the discrete-time
processes 𝜃𝑖𝑛 (𝑎 | s) to a continuous-time processes 𝜃𝑖𝑡 (𝑎 | s) for 𝑡 ∈ R+ to define

𝜃𝑖𝑡𝑛+ℎ (𝑎 | s) = 𝜃
𝑖
𝑛 (𝑎 | s) + ℎ

𝜃𝑖
𝑛+1(𝑎 | s) − 𝜃

𝑖
𝑛 (𝑎 | s)

𝑡𝑛+1 − 𝑡𝑛
for all 𝑛 ∈ N and 0 ≤ ℎ < 𝛾̄𝑛+1. We refer to 𝜽̂ 𝑡 as the real-time interpolation of 𝜽𝑛.

Theorem 3. Let the perturbation parameter 𝜏 > 0, then the real-time interpolated process
𝜽̂ of (SFP) is almost surely an asymptotic pseudo-trajectory to the solution of (SBRD).

The theorem follows once we verify that the conditions in Corollary 1 are satisfied. This
theorem is a building block for Theorem 4 because it allows us to appeal to asymptotic
convergence results to describe the limiting behavior of (SFP). Specifically, if (SBRD)
admits a smooth and strict Lyapunov function, then (SFP) will converge to the rest points
of (SBRD) with probability one; see for example Chapters 5 and 6 in Benaïm (1999).
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4.2.2 Convergence to 𝜖-subgame Perfect Equilibria

To prove that play from (SFP) converges to an 𝑚-memory 𝜖-subgame perfect equilibrium
of the unperturbed game G∞

𝑚 (0), we focus on Markov potential games to obtain a smooth
and strict Lyapunov function for (SBRD), and for this class of games, we prove that (SFP)
converges to a rest point of (SBRD). We then show that the rest points of (SBRD) are
𝑚-memory 𝜖-subgame perfect equilibria of the unperturbed game G∞

𝑚 (0) to complete the
result.

We focus on Markov potential games because they admit a suitable potential function
which is key to obtain a strict Lyapunov function for (SBRD).

Definition 2 (Markov Potential Game). A game G∞
𝑚 (0) is a Markov potential game if there

exists a (state-dependent) potential function Φs : 𝜽 → R such that

Φs(𝜽𝑖,𝜽−𝑖) −Φs(𝜽𝑖′,𝜽−𝑖) =𝑉 𝑖s (0;𝜽𝑖,𝜽−𝑖) −𝑉 𝑖s (0;𝜽𝑖′,𝜽−𝑖) ,

for all 0 < 𝑖 ≤ 𝐼, s ∈ S, and 𝜽𝑖,𝜽𝑖′ ∈ Δ(A𝑖) |S|, 𝜽−𝑖 ∈ Δ(A𝑖) (𝐼−1)×|S|.

A Markov potential game is closely related to a potential game. In fact, we have the
following characterization.

Lemma 1. A repeated potential game with bounded memory strategies is a Markov potential
game.

In (SFP), the players are playing according to the perturbed game for 𝜏 > 0. Therefore,
the following lemma guarantees that the perturbed game G∞

𝑚 (𝜏) is a Markov potential game
when the underlying unperturbed game G∞

𝑚 (0) is a Markov potential game.

Lemma 2. If the game G∞
𝑚 (0) is a Markov potential game, then the perturbed game G∞

𝑚 (𝜏)
for 𝜏 ≥ 0 is a Markov potential game with potential function

Φs(𝜏;𝜽) = Φs(𝜽) −E

[
𝐼∑︁
𝑖=1

∞∑︁
𝑘=0

𝛿𝑘𝐶𝑖 (𝜏;𝜽𝑖s𝜃
𝑘

)
�����s𝜃0 = s

]
for all s ∈ S .

Notice that Φs(𝜏;𝜽) = Φs(𝜽) for 𝜏 = 0.
The following proposition shows that the perturbed potential function of a Markov

potential game is a strict Lyapunov function for (SBRD).

Proposition 2. Consider a Markov potential game and let the perturbation parameter 𝜏 > 0.
Then the perturbed potential function Φ𝜇 (𝜏;𝜽) = ∑

s∈S 𝜇(s)Φs(𝜏;𝜽) is a strict Lyapunov
function for (SBRD) for any state distribution 𝜇 ∈ Δ(S) such that 𝜇(s) > 0 for all s ∈ S.
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The existence of a strict Lyapunov function ensures that the dynamics of (SBRD) are
sufficiently well behaved. Together with the fact that the interpolated trajectories of (SFP)
are an asymptotic pseudo-trajectory of (SBRD), we can show that (SFP) converges to rest
points of (SBRD) as 𝑛→∞. Therefore, it is useful to first characterize the rest points of
(SBRD).

The following defines an 𝑚-memory subgame perfect equilibrium of the game G∞
𝑚 (𝜏).

Definition 3 (Subgame Perfect Equilibrium). An𝑚-memory strategy profile 𝜽 is a subgame
perfect equilibrium of G∞

𝑚 (𝜏) if for all 𝜽𝑖′ ∈ Δ(A𝑖) |S|, we have

𝑉 𝑖s (𝜏;𝜽𝑖′,𝜽−𝑖) −𝑉 𝑖s (𝜏;𝜽𝑖,𝜽−𝑖) ≤ 0 (4.10)

for all 0 < 𝑖 ≤ 𝐼 and s ∈ S. Moreover, 𝜽 is an 𝑚-memory 𝜖-subgame perfect equilibrium of
G∞
𝑚 (𝜏) if the right-hand side of (4.10) is replaced with 𝜖 .

The subgame perfect equilibrium we consider is more demanding because of the re-
striction to 𝑚-memory strategies. The following proposition shows that the rest points of
(SBRD) are 𝑚-memory 𝜖-subgame perfect equilibria of the unperturbed game G∞

𝑚 (0).

Proposition 3.

3.1 A strategy profile 𝜽∗ is an 𝑚-memory subgame perfect equilibrium of the perturbed
game G∞

𝑚 (𝜏) if and only if 𝜽∗ is a rest point of (SBRD).

3.2 For any 𝜖 > 0, there exists 𝜏 > 0 such that for any 𝜏 ∈ (0, 𝜏), a rest point of (SBRD)
is an 𝑚-memory 𝜖-subgame perfect equilibrium of the unperturbed game G∞

𝑚 (0).

A property of the rest points of (SBRD) is that the 𝑚-memory behavioral response
coincides with the𝑚-memory belief because (SBRD) equals zero if and only if 𝐵̃(𝜏;𝜽∗) = 𝜽∗.
Moreover, the perturbed action value converges to the unperturbed action value as 𝜏→ 0.
Thus, by construction, the rest points of (SBRD) satisfy the one-shot deviation principle
with an 𝜖 error, and are therefore an 𝑚-memory 𝜖-subgame perfect equilibrium of the
unperturbed game G∞

𝑚 (0). Therefore, with Propositions 2 and 3, the following result proves
that play from (SFP) converges to an 𝑚-memory 𝜖-subgame perfect equilibrium of the
unperturbed game G∞

𝑚 (0). This is a necessary first step to obtain a Folk theorem from
learning and show that algorithms can learn to collude.

Theorem 4. In a repeated potential game, for any 𝜖 > 0, there exists 𝜏 > 0 such that for any
𝜏 ∈ (0, 𝜏), play from (SFP) converges to a connected subset of 𝜖-subgame perfect equilibria
of the unperturbed game G∞

𝑚 (0) with probability one.
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The theorem shows that, in a repeated potential game, play from (SFP) will converge
to a subset of 𝑚-memory 𝜖-subgame perfect equilibria of the unperturbed game G∞

𝑚 (0)
with probability one. However, by the connectedness of this subset, there is a continuum
of potential equilibria to which (SFP) could converge. In our next result, we impose a
generic regularity condition on the unperturbed game G∞

𝑚 (0) to sharpen this result and to
characterize a set of 𝜖-subgame perfect equilibria that can be learned.

4.2.3 Learnable Strategies

While Theorem 4 establishes that (SFP) learns to play an 𝑚-memory 𝜖-subgame perfect
equilibrium, the result is insufficient to establish a Folk theorem and insufficient to prove
that algorithms can learn to collude because it does not characterize the equilibria that
can be learned. A well-known result from stochastic approximation is that (SFP) cannot
converge to an unstable rest point of (SBRD), see for example Pemantle (1990) or Brandière
(1998). Indeed, it could be the case that the only learnable 𝑚-memory subgame perfect
equilibrium is to perpetually play a stage game Nash equilibrium, which makes the result
vacuous to prove a Folk theorem and vacuous to prove that algorithms can learn to collude.

To characterize a set of equilibria that can be learned, several definitions are required.
Consider a collection of actions 𝑎𝑖s for all 0 < 𝑖 ≤ 𝐼 and s ∈ S. Define 𝑀 :𝐺𝜖 → R𝐼×|S|×|A𝑖 |

whose components are given by

𝑀 𝑖
𝑎𝑖 |s(𝜽) =


∑
𝑎𝑖∈A𝑖

𝜃𝑖
𝑎𝑖 |s −1 if 𝑎𝑖 = 𝑎𝑖s ,

𝜃𝑖
𝑎𝑖 |s

(
𝑉 𝑖
𝑎𝑖 |s(0;𝜽) −𝑉 𝑖

𝑎𝑖s |s
(0;𝜽)

)
if 𝑎𝑖 ∈ A𝑖 \ {𝑎𝑖s} ,

(4.11)

for all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, and s ∈ S. The set 𝐺𝜖 is an open set that strictly contains 𝐺, and
its construction is detailed in Appendix A. Here, 𝑎𝑖s is a reference action for player 𝑖 in state
s so that if 𝜽 is an𝑚-memory subgame perfect equilibrium of the unperturbed game G∞

𝑚 (0),
such that 𝜃𝑖

𝑎𝑖s |s
> 0 for all 0 < 𝑖 ≤ 𝐼 and s ∈ S, then 𝑀 (𝜽) = 0.

Definition 4 (Regular Equilibrium). An 𝑚-memory subgame perfect equilibrium 𝜽 of the
unperturbed game G∞

𝑚 (0) is regular if the Jacobian of 𝑀 with respect to 𝜽 has full rank for
some selection of actions 𝑎𝑖s ∈ A𝑖 such that 𝜃𝑖

𝑎𝑖s |s
> 0 for all 0 < 𝑖 ≤ 𝐼 and s ∈ S.

This notion of regularity is from Doraszelski and Escobar (2010) and it is closely related
to that introduced by Harsanyi (1973a,b).

Definition 5 (Regular Game). A game G∞
𝑚 (0) is regular if all equilibria are regular.
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A regular game may seem like a strict requirement, but Theorem 1 of Doraszelski and
Escobar (2010) proves that for almost all games G∞

𝑚 (0), all equilibria are regular.5 The first
step to refine Theorem 4 is to have a regular game because the number of equilibria is finite,
see Lemma 12. We also prove a purification-type result to show that there is a rest point of
(SBRD) near each regular equilibrium of the unperturbed game G∞

𝑚 (0). This ensures that
we have finitely many rest points of (SBRD) so that play from (SFP) converges to a rest
point instead of a continuum of rest points.

The next definition describes the type of equilibria that can be learned by (SFP).

Definition 6 (Pure Equilibrium). An 𝑚-memory subgame perfect equilibrium 𝜽 of the
unperturbed game G∞

𝑚 (0) is pure if 𝜽 is a pure strategy profile.

Along with the purification result, we use the Gershgorin circle theorem to prove that a
rest point of (SBRD) near a pure equilibrium is locally asymptotically stable. From this it
follows that these equilibria have a non-zero probability of attracting the limiting trajectory
of (SFP).

Theorem 5. Consider a regular repeated potential game. Fix 𝜖 > 0 and let 𝜽 𝑝𝑢𝑟𝑒 denote a
strategy profile that is a pure (𝑚-memory subgame perfect) equilibrium of the unperturbed
game G∞

𝑚 (0) for a 𝛿 ∈ [0,1). Then, there exists 𝜏 > 0 such that for all 𝜏 ∈ (0, 𝜏), play from
(SFP) with a fixed (𝛿, 𝜏) pair has a non-zero probability of converging to a strategy profile
𝐵̃(𝜏;𝜽∗) = 𝜽∗ such that the continuation payoffs of the strategy profile 𝜽∗ are within 𝜖 of
the continuation payoffs of 𝜽 𝑝𝑢𝑟𝑒, i.e., |V𝑖 (0;𝜽∗) −V𝑖 (0;𝜽 𝑝𝑢𝑟𝑒) | ≤ 𝜖 for all 𝑖, where V𝑖 is a
vector over states s ∈ S. Moreover, 𝜽∗ is an 𝑚-memory 𝜖-subgame perfect equilibrium of
the unperturbed game G∞

𝑚 (0), and |𝜽∗− 𝜽 𝑝𝑢𝑟𝑒 | ≤ 𝜖 .

Theorem 5 shows that play from (SFP) has a non-zero probability of learning an
approximate pure equilibrium of the unperturbed game G∞

𝑚 (0). The non-zero probability of
learning the equilibrium is a result of the stochastic nature of (SFP). This characterization
is necessary to obtain a Folk theorem from learning because it describes the equilibria that
can be learned. However, this result does not say if mixed equilibria can be learned in a
regular repeated potential game. We conjecture that mixed equilibria cannot be learned in
a regular repeated potential game because mixed equilibria cannot be learned in a potential
game with classical smooth fictitious play (see Hofbauer and Hopkins, 2005). However, this
remains an open question beyond the scope of this paper. Nonetheless, our characterization

5Doraszelski and Escobar (2010) prove this for stochastic games, but the result readily extends to G∞
𝑚 (0)

because of the recursive structure of the repeated game and our restriction to stationary 𝑚-memory strategy
profiles.
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in Theorem 5 is sufficient to obtain a Folk theorem from learning because all that remains
is to establish a Folk theorem using 𝑚-memory strategy profiles that are pure equilibria of
the unperturbed regular repeated potential game G∞

𝑚 (0). Similarly, the result is sufficient
to prove that algorithms can learn to collude once we find collusive equilibria that are pure
equilibria of the unperturbed regular repeated potential game G∞

𝑚 (0).

4.3 A Folk Theorem and Equilibrium Selection

In this section, we apply Theorem 5 to prove a Folk theorem from learning. To provide
additional insights into the equilibrium selection process we also refine Theorem 5 and
provide a lower bound on the probability of converging to a particular equilibrium.

4.3.1 A Folk Theorem from Learning

Before presenting the complete Folk theorem, we build an understanding of our results with
a partial result that uses one-memory strategies in repeated potential games.

First, we define the relevant payoff spaces. Let v = (𝑣1, ..., 𝑣 𝐼) denote a stage game
payoff profile. The set of stage game payoffs generated by the pure action profiles in
A is U𝑎 = {v ∈ R𝐼 : ∃a ∈ A s.t. 𝑣𝑖 = 𝑢𝑖 (𝑎𝑖, 𝑎−𝑖) for all 𝑖}. The set of stage game Nash
equilibrium payoffs generated by the pure action profiles in A is U𝑒 = {v ∈ U𝑎 : e ∈
A is a stage game Nash equilibrium}.6 The set of feasible payoffs U = co (U𝑎) is the
convex hull of the set of payoffs U𝑎. Let

¯
𝑣𝑖 = mina−𝑖∈A−𝑖 max𝑎𝑖∈A𝑖

𝑢𝑖 (𝑎𝑖,a−𝑖) denote the
(pure action) minmax payoff for player 𝑖, then U† = {v ∈ co (U𝑎) : 𝑣𝑖 ≥

¯
𝑣𝑖 for all 𝑖} denotes

the set of feasible and individually rational payoff profiles. Finally, suppose that players play
according to a fixed strategy profile 𝜽∗ in the repeated game. The normalized continuation
payoff (1− 𝛿)𝑉 𝑖s (𝜏;𝜽∗) is the average payoff for player 𝑖 in the continuation game when
starting from state s with the strategy profile 𝜽∗.

One-Memory Perfect Monitoring

Suppose that players use one-memory strategies so that S = A. Let va ∈ U𝑎 be a payoff
profile from an action profile a that Pareto dominates any payoff profile ve ∈ U𝑒 from a
stage game Nash equilibrium e. A one-memory Nash-reversion strategy profile is given by
𝜃𝑖
𝑎𝑖 |s = 1 if s = a and 𝜃𝑖

𝑒𝑖 |s = 1 whenever s ≠ a for all 0 < 𝑖 ≤ 𝐼. It is clear that there exists a

6In potential games, the set U𝑒 is non-empty, see Monderer and Shapley (1996).
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value of the discount factor
¯
𝛿 such that for all 𝛿 ∈ (

¯
𝛿,1), the one-memory Nash-reversion

strategy profile is a pure equilibrium of the unperturbed game G∞
1 (0) that is collusive.7

Corollary 2. Consider a regular repeated potential game and suppose that players use
one-memory strategies. Fix 𝜖 > 0 and let va ∈ U𝑎 be a payoff profile that Pareto dominates
any ve ∈ U𝑒. Denote 𝜽𝑁𝑅 as the one-memory Nash-reversion strategy profile for this payoff
profile. Then, there exists

¯
𝛿 ∈ (0,1) and 𝜏 > 0 such that for all 𝛿 ∈ (

¯
𝛿,1) and 𝜏 ∈ (0, 𝜏),

play from (SFP) with any fixed (𝛿, 𝜏) pair has a non-zero probability of converging to a
one-memory strategy profile 𝐵̃(𝜏;𝜽∗) = 𝜽∗ such that the average payoff of the strategy profile
𝜽∗ is within 𝜖 of va for an appropriate continuation game. Moreover, 𝜽∗ is a one-memory
𝜖-subgame perfect equilibrium of the unperturbed game G∞

1 (0), and |𝜽∗− 𝜽𝑁𝑅 | ≤ 𝜖 .

The “appropriate” continuation game is used to capture certain subtleties when eval-
uating the expected discounted payoffs from the strategies learned in our Folk theorem.
Specifically, there are two reasons why the payoff profile va will only be achieved for an
appropriate continuation game. First, (SFP) has to learn or converge to the appropriate one-
memory Nash-reversion strategy profile. Second, when (SFP) converges, the appropriate
state (i.e., the state with a normalized continuation payoff that approximately recovers the
payoff profile va) may not be realized at the time of convergence. However, the appropriate
state will eventually be realized at some point in time after convergence (in fact, it will be
realized infinitely often) because of the occasional errors in the smoothed best response.
Therefore, the appropriate continuation game is the first time the appropriate state is realized
after convergence.8 In the context of Corollary 2, the appropriate state is s = a because
(1− 𝛿)𝑉 𝑖s (𝜏;𝜽∗) ≈ 𝑣𝑖a for all 0 < 𝑖 ≤ 𝐼 when s = a and (1− 𝛿)𝑉 𝑖s (𝜏;𝜽∗) ≈ 𝑣𝑖e for all 0 < 𝑖 ≤ 𝐼
when s ≠ a.

Key to our Folk theorem from learning is to compute the average payoff by discounting
the future stream of payoffs to the first time the appropriate state is realized after convergence.
To see the importance of this, consider a two player Prisoners’ dilemma. Let va = v𝐶𝐶 and
ve = v𝐷𝐷 . Suppose that play converges to an approximate one-memory Nash-reversion
strategy of (almost always) cooperate (𝐶) when players cooperated in the previous stage
game, and (almost always) defect (𝐷) whenever either player did not cooperate in the
previous stage game. The occasional errors in the action choice from the smoothed best

7It is easy to extend this to any feasible payoff profile v ∈ U that Pareto dominates any ve ∈ U𝑒 from a
stage game Nash equilibrium e by introducing a correlation device.

8For illustration purposes, we explicitly define the appropriate continuation game as the first time the
appropriate state is realized after convergence. However, an appropriate continuation game is whenever
the appropriate state is realized after convergence because the average payoff from discounting holds in
expectation.
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response is essential to ensure that every state will be visited infinitely often so that players
can learn an optimal response for every state s.

A consequence of these occasional errors in the action choice is that after convergence,
a large portion of time will be spent in the paths of play corresponding to the punishment
phase. Using the example above, any occasional error in the action choice from the
cooperation phase will instigate a punishment phase, and returning to cooperation will
require a simultaneous error in the action choice from both players during the punishment
phase (which will eventually happen with probability one). Therefore, if one computes the
average payoff (after convergence) as the time average payoff without discounting, then the
strategy profile produces an average payoff near v𝐷𝐷 . On the other hand, if one computes
the average payoff (after convergence) by discounting the future stream of payoffs to the
first time the appropriate state (s = 𝐶𝐶) is realized after convergence, then one recovers
an average payoff near v𝐶𝐶 because (1− 𝛿)𝑉 𝑖s (𝜏;𝜽∗) ≈ 𝑣𝑖

𝐶𝐶
for all 0 < 𝑖 ≤ 𝐼 when s = 𝐶𝐶.

The subtlety here is that the occasional errors in the action choice during the cooperation
phase are infrequent, so when an error does occur, the discounting subdues the impact of
the future stream of payoffs from the punishment phase.

One-memory Nash-reversion strategies are not the only pure equilibria with one-memory
perfect monitoring. We use these strategies for illustration purposes due to their simplicity.
Using the same example above, win-stay, lose-shift (also known as the Pavlov strategy)
is also a symmetric pure equilibrium of the unperturbed game G∞

1 (0). With this strategy
profile, returning to cooperation does not require a simultaneous error in the action choice
from both players, so the appropriate state will appear soon after convergence.9 The
takeaways are that the target payoff profile will be achieved, that it will be achieved after
play reaches an appropriate continuation game, and that when the appropriate continuation
game is realized depends on the strategies learned.

Bounded-Memory Perfect Monitoring

Our previous result is limited because the result relies on simple one-memory strategies,
which makes it difficult to provide the necessary incentives for players to carry out the
punishment.10 In the following theorem, we provide a complete result with 𝑚-memory
strategies that does not require public randomization. The result shows that learning with

9Here, forgiveness in the win-stay, lose-shift strategy is encoded into the decision rule, which is different
to the “forgiveness” in the approximate one-memory Nash-reversion strategy profile where forgiveness is a
result of simultaneous errors in the choice rule.

10Although difficult, it is not impossible. For example, Barlo et al. (2009) prove a subgame perfect Folk
theorem with one-memory, provided that the set of actions is sufficiently rich.
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bounded rationality in a repeated potential game, which we capture through (SFP), leads to
a Folk theorem.

Theorem 6. Consider a regular repeated potential game that satisfies the nonequivalent
utilities (NEU) condition.11 Fix 𝜖 > 0 and let v ∈ U† be a feasible and individually rational
payoff profile. Then, there exists

¯
𝛿 ∈ (0,1), 𝜏 > 0, and 𝑚 ∈ N such that for all 𝛿 ∈ (

¯
𝛿,1)

and 𝜏 ∈ (0, 𝜏), play from (SFP) with any fixed (𝛿, 𝜏) pair has a non-zero probability of
converging to an 𝑚-memory strategy profile 𝐵̃(𝜏;𝜽∗) = 𝜽∗ such that the average payoff
is within 𝜖 of v for an appropriate continuation game. Moreover, 𝜽∗ is an 𝑚-memory
𝜖-subgame perfect equilibrium of the unperturbed game G∞

𝑚 (0).

This result is a consequence of Theorem 5 and Theorem 1 of Barlo et al. (2016)
where they show that for any v ∈ U†, there exists an 𝑚-memory pure strategy profile that
approximately achieves the payoff profile v and is a subgame perfect equilibrium of the
repeated game. We refer the interested reader to their paper for a full exposition of the
strategy profile.

In Theorem 6, we highlight that the average payoff profile achieved with 𝜽∗ has two
sources of errors when compared with the payoff profile v. The first source of error is from
the 𝑚-memory pure strategy profile from Barlo et al. (2016) that approximately achieves
the payoff profile v. The length of memory 𝑚 controls the degree of approximation from
this first source of error, and a larger value of the memory 𝑚 reduces the error. The second
source of error is from Theorem 5 because (SFP) learns a strategy profile that is close to
the required 𝑚-memory pure strategy profile. The value of the perturbation parameter 𝜏
controls the degree of approximation from this second source of error, and a smaller value
of the perturbation parameter 𝜏 reduces the error. This differs from Corollary 2, where the
only source of error is the second source from the perturbation parameter 𝜏.

4.3.2 Equilibrium Selection

Until now, our results showed that there is a non-zero probability of learning an approximate
pure equilibrium that supports the payoff profile. Below, we provide a sharper characteri-
zation of the equilibrium selection process by providing a lower bound on the probability
of converging to a particular equilibrium.

Our following result uses the notion of a strong belief, which refers to a belief such that a
new empirical observation has little impact when updating said belief, i.e., the learning rate

11Given two players 𝑖 and 𝑗 , the NEU condition states that one cannot obtain the utility function of player
𝑖 as a linear combination of the utility function of player 𝑗 , i.e., there are no constants 𝑐, 𝑑 > 0 such that
𝑢𝑖 (a) = 𝑐+ 𝑑 𝑢 𝑗 (a) for all a ∈ A; see Abreu et al. (1994).
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𝛾s
𝑛 has a small value for all s ∈ S. There are two ways to achieve a strong belief, and they

correspond to two different approaches to view the equilibrium selection process. First, the
progression of play strengthens the belief because s#

𝑛 increases as 𝑛 increases for all s ∈ S.
Therefore, for any 𝑁 ∈ N, the progression of play will ensure that s#

𝑛 ≥ 𝑁 for all s ∈ S for
some period 𝑛 onwards. Second, a strong belief is achieved by encoding a strong prior. This
is achieved by modifying s#

𝑛 = 𝑁 +∑𝑛−1
𝑘=01{s𝑘=s}. In both cases, a sufficiently strong belief

means that 𝑁 is sufficiently large so that the evolution of the belief is sufficiently slow.

Theorem 7. Consider a regular repeated potential game. Let 𝜽∗ denote a rest point of
(SBRD) near a pure (𝑚-memory subgame perfect) equilibrium of the unperturbed game
G∞
𝑚 (0) for a value of 𝛿 ∈ [0,1) and a small value of 𝜏 > 0. Let the belief lie within a

neighborhood of 𝜽∗. For any 𝜀 > 0, there exists a large value of 𝑁 ∈ N such that play from
(SFP) converges to 𝐵̃(𝜏;𝜽∗) = 𝜽∗ with probability greater than or equal to 1− 𝜀.

The neighborhood of 𝜽∗ refers to a compact subset of the domain of attraction of 𝜽∗.
The result is intuitive because a strong belief ensures that random shocks are less likely to
take the belief out of the domain of attraction of the equilibrium 𝜽∗ so that play is more
likely to converge to the equilibrium 𝜽∗. In the first approach where the progression of play
strengthens the belief, the players have no influence on the equilibrium they reach because
equilibrium selection is effectively random due to the high degree of stochasticity in the
early stages of play. In the second approach where a strong belief is achieved by encoding
a strong prior, the players can influence the equilibrium they reach by encoding a strong
initial prior.

When players try to influence the equilibrium they reach, their strong prior must lie
within the basin of attraction of the equilibrium 𝜽∗. The radii of the basins of attraction
depend on the value of the discount factor 𝛿. A full characterization is beyond the scope
of the paper because these radii are specific to each game. In Chapter 5, we use a toy
example of a duopoly with one-memory perfect monitoring to illustrate this dependency,
and we find that the basin of attraction of the collusive equilibrium from the one-memory
Nash-reversion strategy profile increases as the value of the common discount factor 𝛿
increases.

We highlight that the probability of (SFP) not converging to 𝜽∗ when the belief lies
within a neighborhood of 𝜽∗ is precisely what ensures that (SFP) has a non-zero probability
of converging to a strategy profile near any pure equilibrium. Therefore, depending on the
strength of the belief and where the belief lies, the non-zero probability of converging to
the particular equilibrium in Theorem 5 can be negligible.
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4.4 Discussion

This chapter provides an approach to model human behavior in repeated games where stage
game strategies are not enough (see Erev and Roth, 1998). A limitation of our learning
model is that it assumes a common 𝑚-memory bound. Although such an assumption is
standard (see e.g., Barlo et al., 2016), it does mean that the length of the 𝑚-memory is
fixed and cannot be changed during play. Nonetheless, our result demonstrates that by
endowing standard learning models, such as smooth fictitious play, with memory, we gain
a lot of mileage in terms of convergence results. Specifically, we go from convergence to
a stage game Nash equilibrium to convergence to 𝑚-memory subgame perfect equilibrium.
Moreover, with sufficient memory, we also recover a Folk theorem from learning in repeated
potential games.

More generally, our result provides a partial resolution to the question posed in Green
et al. (2014). Specifically, how do players initiate a collusive arrangement without commu-
nication? Our results show that a collusive arrangement can be initiated through learning
without communication. Our resolution is only partial because we assume that players use
a common 𝑚-memory bound. The question is then how do players arrive at a common
𝑚-memory bound? Is there a focal point for the strategy specification? In the experimental
literature on tacit algorithmic collusion, there is a focal point on one-memory strategies
because of the long convergence times from learning (see for example Calvano et al., 2020,
2021). In practice, a common𝑚-memory bound might arise from technological constraints,
but this question remains an open problem.

On the risk of tacit algorithmic collusion, we emphasize that our results are highly
asymptotic. Convergence from learning is an asymptotic result that does not guarantee
convergence to a collusive equilibrium, only that it can happen with positive probability.
Moreover, as we highlighted in the discussion of Corollary 2, waiting for the appropriate
state to be realized after convergence can itself be an asymptotic result (depending on the
strategies learned). Nonetheless, the risk of tacit algorithmic collusion is greatest when
there is a clear focal point for the strategy specification, when the value of the discount
factor 𝛿 is sufficiently large, and when there is a clear focal point for where to set the initial
belief. Overall, our results theoretically prove that tacit algorithmic collusion is possible,
but also that the Folk theorem continues to hold when less than fully rational players learn
as they play a repeated potential game.

Finally, our result on equilibrium selection may help to uncover intent on colluding.
If a firm delegates pricing or decision-making to an algorithm, it must choose its initial
parameters. When these parameters are set close to a collusive equilibrium, rather than
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drawn randomly or using standard practices like optimistic initialization, this may suggest
a form of intent to induce collusion. Therefore, our equilibrium selection results may help
regulators further study unnatural backtesting, hyperparameter choices, or proximity to
collusive basins as methods to uncover intention to collude.
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Chapter 5

Numerical Experiments

We consider a toy example of a duopoly with a restricted action space and signal space to
study algorithmic collusion. By limiting the action space and signal space, we visualize the
space of one-memory strategies and its evolution through learning.

5.1 Setting

Consider a duopoly (𝐼 = 2), where each firm 𝑖 has a choice between a monopolistic (𝑀)
action or a competitive (𝐶) action, i.e., A𝑖 = {𝑀,𝐶}. Based on the action profile, the firms
receive a public signal𝑌 = {𝐺,𝐵} (good and bad). We consider a Bertrand duopoly to study
the case of perfect monitoring, and a Cournot duopoly with stochastic demand to study the
case of imperfect public monitoring. In the case where players use one-memory strategies,
the set of states of the game S is the set of public signal 𝑌 .

Perfect Monitoring

In a Bertrand duopoly, firms perfectly monitor the prices set by their rivals. To simplify the
signal space, we consider a public signal that monitors whether or not both firms set the
monopolistic price. Specifically,

P(𝐺 | a) =
{

1 if a = 𝑀𝑀

0 if a = {𝑀𝐶,𝐶𝑀,𝐶𝐶} ,

so the firms perfectly monitor any deviations from cooperating at the monopolistic price.
The payoff matrix for each firm is given by

𝑀 𝐶

𝑀 1 1 −𝑔 1+𝑔
𝐶 1+𝑔 −𝑔 0 0

(5.1)
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where 𝑔 > 0. This simple example captures the key strategical elements present in a Bertrand
duopoly. Specifically, the competitive outcome is the unique Nash equilibrium in the static
setting, and the monopolistic outcome Pareto dominates the competitive outcome. However,
when interacting repeatedly, the monopolistic outcome can be sustained as an equilibrium
outcome if the firms are sufficiently patient. For example, if 𝛿 > 𝑔

1+𝑔 , then a one-memory
Nash reversion strategy profile, given by 𝜎𝑖 (𝑀 |𝐺) = 1 and 𝜎𝑖 (𝐶 | 𝐵) = 1 for all 𝑖, supports
the monopolistic outcome as a one-memory subgame perfect equilibrium.

Imperfect Public Monitoring

In a Cournot duopoly with stochastic demand, firms cannot monitor the output of their
rivals. However, they observe a market price that depends on the firms’ outputs and the
stochastic demand. With the simplified signal space, we interpret a good signal as a high
market price and a bad signal as a low market price. The resulting market price conditional
on the output profile is given by

P(𝐺 | a) =

𝑝 if a = 𝑀𝑀

𝑞 if a = {𝑀𝐶,𝐶𝑀}
𝑟 if a = 𝐶𝐶 ,

where 𝑝 > 𝑞 > 𝑟 and 𝑝− 𝑞 > 𝑞− 𝑟 . The payoff to each firm is given by

𝑢𝑖 (𝑎𝑖, 𝑦) =


1+ (1+𝑔) (1−𝑝)

𝑝−𝑞 if 𝑎𝑖 = 𝐻, 𝑦 = 𝐺
1− (1+𝑔) 𝑝

𝑝−𝑞 if 𝑎𝑖 = 𝐻, 𝑦 = 𝐵
(1+𝑔) (1−𝑟)

𝑞−𝑟 if 𝑎𝑖 = 𝐿, 𝑦 = 𝐺
− (1+𝑔) 𝑟

𝑞−𝑟 if 𝑎𝑖 = 𝐿, 𝑦 = 𝐵 ,

and depends on the market price. The payoff is designed so that the expected utility
𝑢𝑖 (a) = ∑

𝑦∈𝑌 P(𝑦 | a) 𝑢𝑖 (𝑎𝑖, 𝑦) matches the payoff in (5.1). This simple example captures
similar strategical elements as the Bertrand duopoly example, but with the added inability
to perfectly infer their rival’s output. Nonetheless, if 1

(𝑝−𝑟)+(𝑞−𝑟) > 𝛿 >
1

(𝑝−𝑞)+(𝑝−𝑟) , then a
one-memory trigger price strategy profile, given by 𝜎𝑖 (𝑀 |𝐺) = 1 and 𝜎𝑖 (𝐶 | 𝐵) = 1 for all
𝑖, also supports the monopolistic outcome as a one-memory subgame perfect equilibrium.

5.2 Learning Algorithms

We present a model of belief learning and a model of reinforcement learning that learns
one-memory strategies as examples we use for the remainder of the chapter.
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Belief Learning

We use the dynamic generalization of smooth fictitious play, presented in Chapter 4, as a
model of belief learning. Recall the model works as follows: given a belief 𝜽𝑛 at period 𝑛,
players compute the perturbed action values in (4.2) by taking the expectation with respect
to the hypothetical evolution of the game where the actions are sampled from the fixed
belief 𝜽𝑛 at period 𝑛. Next, each player uses the perturbed action values to obtain the
smoothed best response function 𝐵̃𝑖 (𝜏;𝜽𝑛) in (4.3). Then, each player uses the smoothed
best response function 𝐵̃𝑖s𝑛 (𝜏;𝜽𝑛) from state s𝑛 at period 𝑛 to sample and play their action
𝑎𝑖𝑛, which generates the action profile a𝑛. Finally, the action profile a𝑛 feeds into the belief
through (4.4), and the state of the game evolves according to 𝑝(s𝑛+1 | s𝑛,a𝑛). The above is
repeated ad infinitum.

This model of belief learning is not compatible with the case of imperfect public
monitoring because the learning model uses the action to update the belief. However, a
key feature of the case of imperfect public monitoring is that opponents’ actions cannot be
observed nor inferred. Nonetheless, we ignore this inconsistency as an exercise to see how
the model learns when behavior is conditioned on a noisy public signal instead of a perfect
public signal.

Reinforcement Learning

We use 𝑄-learning as a model of reinforcement learning. The algorithm stems from
the machine learning literature and its popularity has grown in the algorithmic collusion
literature. However, little is known about its economic interpretation. The exception is
Beggs (2022) who provides an economic interpretation of temporal difference algorithms
through reference points and recursive preferences.

𝑄-learning is a model-free algorithm that is part of the family of temporal difference
algorithms. The algorithm dynamically estimates the action values, and it uses the estimate
of the action values in its choice rule. The action values, also known as 𝑄-values, are
estimated through a Bellman-like learning rule given by

𝑄𝑖𝑛+1(𝑎 | s) =𝑄
𝑖
𝑛 (𝑎 | s) +𝛾𝑛+1

(
𝑢𝑖 (a𝑛) + 𝛿 max

𝑎′
𝑄𝑖𝑛 (𝑎′ | s𝑛+1) −𝑄𝑖𝑛 (𝑎 | s)

)
, (5.2)

when 𝑎𝑖𝑛 = 𝑎, s𝑛 = s, and 𝑄𝑖
𝑛+1(𝑎 | s) =𝑄

𝑖
𝑛 (𝑎 | s) otherwise.

The choice rule is a logit probability function, so the strategy parameterized by𝑄-values
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is given by

𝜎𝑖𝑄 (𝑎 | s) =
exp

(
𝜏−1𝑄𝑖

𝑎 |s

)
∑
𝑎′∈A𝑖

exp
(
𝜏−1𝑄𝑖

𝑎′ |s

) , (5.3)

for all 𝑎 ∈ A𝑖 and s ∈ S.1

𝑄-learning is an off-policy algorithm, where the behavioral strategy is different from
the behavior used to update (5.2). The behavioral strategy in (5.3) is a fully mixed strat-
egy, whereas the estimate from the optimal future value max𝑎′𝑄𝑖𝑛 (𝑎′ | s𝑛+1) follows a pure
strategy. Nonetheless, in the single agent setting, 𝑄-learning is known to converge to the
optimal strategy (see for example Singh et al., 2000).

Next, we confirm that Assumption A holds for 𝑄-learning.

Proposition 4. Let 𝑢̂ = supa,𝑖
��𝑢𝑖 (a)��. If max𝑸0 ≤ 𝑢̂/(1−𝛿), then Assumptions A.2, A.4, and

A.5 hold.

Proof. By assumption, initialize 𝑸0 so that max𝑸0 ≤ 𝑢̂/(1−𝛿). Without loss of generality,
assume that 𝑄𝑖 (𝑎 | s) updates in every iteration. We verify Assumption A.2 by induction.
We show that max𝑸𝑛 ≤ 𝑢̂/(1− 𝛿) implies that max𝑸𝑛+1 ≤ 𝑢̂/(1− 𝛿). Use the learning rule
to write ��𝑄𝑖𝑛+1(𝑎 | s)

�� = ���(1−𝛾𝑛+1)𝑄𝑖𝑛 (𝑎 | s) +𝛾𝑛+1𝑢
𝑖 (a𝑛) +𝛾𝑛+1 𝛿 max

𝑎′
𝑄𝑖𝑛 (𝑎′ | s′)

���
≤ (1−𝛾𝑛+1)

𝑢̂

1− 𝛿 +𝛾𝑛+1 𝑢̂ +𝛾𝑛+1 𝛿
𝑢̂

1− 𝛿 = 𝑢̂/(1− 𝛿) ,

which verifies Assumption A.2. Assumption A.4 is satisfied because the logit probability
function is Lipschitz in 𝑄. Finally, 𝑓 𝑖 is Lipschitz because the maximum operator and
the coordinate mapping 𝑄 ↦→ 𝑄𝑖 (𝑎 | s) are both Lipschitz. Hence, Assumption A.5 is
satisfied. □

With Assumption A verified, the algorithmic learning equations for𝑄-learning is given
by

¤̄𝑄𝑖
𝑎 | s(𝑡) = 𝜎

𝑖

𝑄̄(𝑡) (𝑎 | s) Γ𝑄̄(𝑡) (s)
∑︁
s′∈S

𝑎−𝑖∈A−𝑖

𝑝(s′ | s, (𝑎, 𝑎−𝑖))
∏
𝑗≠𝑖

𝜎
𝑗

𝑄̄(𝑡) (𝑎
𝑗 | s)

×
(
𝑢𝑖 (𝑎, 𝑎−𝑖) + 𝛿 max

𝑎′
𝑄̄𝑖
𝑎 | s′ (𝑡) − 𝑄̄

𝑖
𝑎 | s(𝑡)

)
,

(5.4)

for each 0 < 𝑖 ≤ 𝐼, 𝑎 ∈ A𝑖, and s ∈ S.
1Another popular choice rule is the 𝜖-greedy rule: with probability 1− 𝜖 play the action with the highest

action value, with probability 𝜖 all actions are equally likely to be played. We use the logit choice rule because
it satisfies Assumption A.4.
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5.3 Results

We numerically solve the algorithmic learning equations for both learning models to analyze
the learning outcomes. For the dynamic generalization of smooth fictitious play, the field
plots illustrate the evolution of the empirical frequency of play. On the other hand, for
𝑄-learning, we solve the 𝑄-values according to (5.4), but we visualize the corresponding
evolution of the parameterized strategy. For both learning models, we impose symmetry in
the parameter values of the players to visualize the dynamics in two-dimensions.2 In effect,
we study the evolution of symmetric strategies.
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(a) SFP, 𝛿 = 0.7
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(b) SFP, 𝛿 = 0.8
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(c) SFP, 𝛿 = 0.9
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(d) 𝑄-learning, 𝛿 = 0.7
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(e) 𝑄-learning, 𝛿 = 0.8
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(f) 𝑄-learning, 𝛿 = 0.9

Figure 5.1: Perfect monitoring.

Figure 5.1 visualizes the dynamics for the case of perfect monitoring. We see that (SFP)
only converges to one of two equilibrium strategies: the static Nash equilibrium (bottom
left corner), or the one-memory Nash-reversion strategy (bottom right corner). On the other

2For 𝑄-learning, the initial conditions are set in terms of the strategy, but the trajectories of the ODEs
are solved in terms of 𝑄-values. Thus, for a given initial strategy, we use (5.3) without the denominator to
obtain the initial 𝑄-values. For the initial conditions we consider, this procedure satisfies the assumption of
the initial 𝑄-values in Proposition 4.
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hand, we see that 𝑄-learning converges to any one of the pure strategies: two equilibrium
strategies (bottom corners), and two non-equilibrium strategies (top corners).3

Similarly, Figure 5.2 visualizes the dynamics for the case of imperfect public monitoring.
Again, (SFP) only converges to one of two equilibrium strategies: the static Nash equilibrium
(bottom left corner), or the one-memory trigger price strategy (bottom right corner); whereas
𝑄-learning converges to any one of the pure strategies: two equilibrium strategies (bottom
corners), and two non-equilibrium strategies (top corners).
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(a) SFP, 𝛿 = 0.90
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(b) SFP, 𝛿 = 0.95
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(c) SFP, 𝛿 = 0.99
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(d) 𝑄-learning, 𝛿 = 0.90
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(e) 𝑄-learning, 𝛿 = 0.95
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(f) 𝑄-learning, 𝛿 = 0.99

Figure 5.2: Imperfect public monitoring.

Convergence of (SFP) to an equilibrium strategy under both monitoring structures is
expected because the underlying game is a potential game, and from Theorem 4, we know
that (SFP) will converge to a 𝜖-subgame perfect equilibria in potential games. Interestingly,
we see that the basin of attraction of the collusive equilibrium increases as the value of the
common discount factor 𝛿 increases. Combining this observation together with Theorem 7,
we conclude that (SFP) is more likely to learn to collude when players become more patient.

3The non-equilibrium strategies here are related to experience based equilibria in Asker et al. (2023).
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This result follows because the trajectory is more likely to stumble into the basin of attraction
of the collusive equilibrium.

On the other hand, the basins of attraction for the dynamics of 𝑄-learning appear to
be invariant to the discount factor and the monitoring structure. This is likely due to
the reinforcement nature of 𝑄-learning because the expected utility is the same under both
monitoring structures and the discount factor simply acts as a scaling factor when estimating
𝑄-values.

Despite the idiosyncrasies of 𝑄-learning, there are two interesting observations we
obtain when comparing 𝑄-learning to (SFP). First, the basin of attraction of the collusive
equilibrium from 𝑄-learning is significantly larger than that of (SFP). Thus, 𝑄-learning
is more likely to learn to collude when compared to (SFP). Second, 𝑄-learning has large
basins of attraction to non-equilibrium strategies. Therefore, some of the learning outcomes
reported for𝑄-learning in the literature may be from non-equilibrium behavior. Indeed, this
is consistent with recent numerical simulations of Lambin (2023), Abada et al. (2024), and
Epivent and Lambin (2024), who find various non-equilibrium behavior from 𝑄-learning.
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Chapter 6

Anonymity and Signaling

6.1 Background

Anonymity is important for strategic interactions in financial markets. In limit order books,
anonymity enables informed investors to blend in with uninformed investors (see Kyle,
1985), it facilitates investors to hide their trading intentions to prevent back-running and
predatory trading (see Yang and Zhu, 2019; Brunnermeier and Pedersen, 2005), and it
enables market makers to conceal their inventory positions (see Biais, 1993). Importantly,
anonymity improves market quality (see Comerton-Forde et al., 2005). Therefore, why
would HFTs reveal themselves to each other? What happens when HFTs break the pre-trade
anonymity of limit orders and reveal themselves to each other?

In Cartea et al. (2025), we use proprietary data from Euronext Amsterdam to study the
anonymity of the limit order book in the ETF market. We find that HFTs knowingly or
unknowingly signal themselves to each other. HFTs signal themselves through

• limit orders with volumes that are very large compared with the size of limit orders
sent by other market participants and compared with the size of transactions, and

• by adding trailing digits to their limit orders.

The consequence is that signaling breaks the anonymity of limit orders and it introduces
an artificial form of pre-trade transparency that creates a different playing field for a subset
of market participants. Cartea et al. (2025) show that the trading behavior of the HFTs
depends on the identity of the counterparty. Specifically, spread-improving limit orders that
are close to crossing the quoted spread are very likely to be sniped (62.58% probability)
if the limit orders originate from a retail trader, and very unlikely to be sniped (0.08%
probability) if the limit orders originate from an HFT.1

1A spread-improving limit order is sniped if it enters inside the quoted spread, and all or part of it is taken
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Industry Response

In response to the first draft of our article, industry practitioners have publicly confirmed our
hypothesis that the limit order book (designed to be anonymous) is no longer anonymous
(see Clancy and Cesa, 2025):

“
Traders adding trailing digits to their limit orders is a well-established and
legitimate practice in the European ETF market.

Matthijs Pars – Association of Proprietary Traders ”

“
Market makers use [trailing digits] to track their own limit orders.

Matthijs Pars – Association of Proprietary Traders ”

“
In some markets it is almost seen as a “professional courtesy” for large traders
to identify themselves by their signature quantities.

Head of surveillance at a large US bank ”

“
Confirms that liquidity providers used distinct order quantities to recognise
their own orders – at least “in the early days”. This allowed them to “see in the
blink of an eye how you are ordering”.

Then, they began to recognise the handles of rival firms and began factoring
this information into their own strategies – for instance, adjusting their pricing,
or not, in response to what competitors were doing.

Market-makers have since found other uses for these signals, such as filtering
out retail orders when fitting their volatility curves to the market.

The practice of signalling continues [...] because it does not breach any rules
and provides valuable information to market makers.

A trader that has worked at two large market making firms ”
In an anonymous limit order book, revealing yourself to others is a voluntary and costly

decision. Since rational agents do not give information for free, the question is then: what
are the offsetting benefits for market makers?

out by an aggressive order within 1 millisecond.
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Overview

In this Chapter, we propose a model of the limit order book that considers competitive and
collusive equilibria. Our model rationalizes the behavior observed in Cartea et al. (2025)
and highlights the economic forces that underlie the incentives of market makers, i.e., HFTs,
to reveal themselves to each other. Our model also answers the following questions: under
what conditions would an HFT reveal herself to others? How do HFTs mutually benefit
from revealing themselves, and how can they collectively enforce this behavior?

The model consists of impatient investors who take liquidity, patient investors who
provide liquidity, and strategic HFTs who play a repeated trading game. The trading game
is a generalization of the trading game in Budish et al. (2024), and it retains the main
elements of latency arbitrage and adverse selection. In our model, one of the HFTs may
receive short-lived private information in each trading game (see Foucault et al., 2016, for
a model where HFTs trade on short-lived information), which differs from the usual high-
frequency trading models with informed traders (see Baldauf and Mollner, 2020; Budish
et al., 2024). The primary generalization in our model is the arrival of patient investors
who send limit orders that improve the quoted spread.2 This introduces strategic ambiguity
because market participants do not know who sent the spread-improving limit order. A
limit order posted inside the spread could be benign flow from patient investors, or it could
be toxic flow from a privately informed HFT who is pretending to be a patient investor.

6.2 Setup

Fundamental Value Consider security 𝑥 whose fundamental value is given by 𝑦, and at
the end of each trading game, 𝑥 can be liquidated at this fundamental value with zero cost,
i.e., no frictions or fees. The value 𝑦 evolves across trading games as a discrete-time jump
process. In each trading game, if there is an innovation in 𝑦, then 𝑦 jumps up or down
with equal probability, and 𝐽 is the distribution of the size of the jumps. The price grid is
continuous to abstract from the queuing dynamics when non-zero tick sizes are a binding
constraint.

Impatient Investor In each trading game, an impatient investor arrives stochastically
with an inelastic need to buy or to sell one unit of 𝑥. Impatient investors arrive with
probability 𝑝𝐿𝑇 , and are equally likely to buy or to sell a unit of 𝑥. On arrival, impatient

2Our patient investors are different from the slow trading firms in Budish et al. (2024) that have no intrinsic
need to buy or to sell. Our patient investors, like impatient investors, have a need to buy or to sell one unit of
the asset, but are unwilling to cross the half-spread.
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investors transact immediately with a marketable limit order.3 Impatient investors are the
usual “liquidity traders” in Glosten and Milgrom (1985) or “noise traders” in Kyle (1985).
These participants include mutual funds, pension funds, hedge funds, retail traders, etc. In
the Euronext dataset, the majority of impatient investors are retail traders.

Patient Investor In each trading game, a patient investor arrives stochastically with an
elastic need to buy or to sell one unit of 𝑥. Patient investors arrive with probability 𝑝𝐿𝑂 , and
are equally likely to buy or to sell one unit of 𝑥. Patient investors care only about buying
or selling 𝑥 at their reservation price, and they do so by submitting limit orders inside the
quoted spread. Patient investors are similar to the execution algorithms in Li et al. (2021).
However, the key differences are that execution algorithms have an inelastic demand and
are strategic, while patient investors have an elastic demand and are not strategic.4 Patient
investors, as seen in the dataset, are the retail traders who send limit orders that improve,
but do not cross, the quoted spread. For analytical tractability, patient investors cancel their
unexecuted limit orders at the end of the trading game.

If a patient investor arrives to buy one unit of the security, then he sends a buy limit
order with a limit price of 𝑦 + 𝛿, so he is content with buying at any price below or equal to
𝑦 + 𝛿. Similarly, if a patient investor arrives to sell one unit of the security, then he sends a
sell limit order with a limit price of 𝑦− 𝛿, so he is content with selling at any price above or
equal to 𝑦− 𝛿. The value 𝛿 ∈ (0, 𝑠/2) is the improvement in the quoted spread by a patient
investor. We focus on the case where 𝛿 is positive, so the reservation price is mispriced
because the limit order improves the best bid or best offer beyond the fundamental value
of the security. The improvement value 𝛿 is bounded above by the half-spread 𝑠/2 set by
the HFTs, otherwise the limit order gets executed as a marketable limit order, in which case
patient investors are subsumed as impatient investors.

HFTs There are 𝑁 ≥ 3 HFTs who make and take liquidity, and who are present throughout
all iterations of the trading game. HFTs are risk neutral and they have no intrinsic need
to buy or to sell 𝑥. They buy 𝑥 at prices lower than 𝑦 and sell 𝑥 at prices higher than 𝑦
to maximize profits. Furthermore, they discount future payoffs with the common discount
factor 𝜌 ∈ [0,1).

3Marketable limit orders are limit orders with a bid price weakly greater than the best ask (if buying), or
an ask price weakly lower than the best bid (if selling).

4Although patient investors are not strategic, Section 6.5.3 analyzes how the behavior of patient investors
affects the equilibrium outcomes.
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Public and Private Information The probability that there is a jump in 𝑦 that is public
information and seen by all market participants at the same time is 𝑝public, while the
probability that there is a jump in 𝑦 seen only by HFT 𝑖 is 𝑝𝑖private. HFTs are equally likely
to receive private information, so 𝑝𝑖private = 𝑝private/𝑁 , where 𝑝private is the probability that
there is private information.

If an HFT observes private information, she can act on that information in the current
trading game. Regardless of her actions, any private information becomes public at the
end of the trading game. Given that ETFs are indices, it is unlikely that informed traders
can acquire private information about all the constituents of an ETF. Therefore, the usual
assumption that informed traders possess long-lived private information is unlikely to hold
in an ETF market. Here, information is “news” as in Foucault et al. (2016), where every
quote update or trade in any exchange is a source of information for the fundamental
value 𝑦. Therefore, short-lived private information of HFTs is a consequence of market
fragmentation. HFTs are present in multiple, but not all, exchanges and integrate information
across markets (see Baron et al., 2019; Brogaard et al., 2019), but importantly, HFTs are not
always connected to the same set of exchanges (we verified this with MiFID II data). If an
HFT is not connected to a venue, then she can infer that there is private information from the
behavior of an HFT connected to that venue, or wait until the information becomes public
once she receives the data from a third-party data vendor who processes and disseminates
the data.

Latency HFTs operate with no latency. There is no delay in sending or receiving updates
from the exchange. When multiple messages reach the exchange at the same time, there is a
random tie-break to decide which message is processed first. In contrast, investors are slow,
so when they race against HFTs to send a message to the exchange, the HFTs always win.

6.3 Timing of the Trading Game

Our trading game consists of four periods, and the four-period trading game is repeated
infinitely many times. At the start of each trading game, there is a publicly observed state
(𝑦,𝜔), which consists of the fundamental value 𝑦, and of the outstanding bids and asks in
the limit order book 𝜔. At the first instance of the trading game, the initial fundamental
value is 𝑦0, and the order book is empty. In all subsequent instances of the trading game,
the state is determined at the conclusion of the previous trading game, and 𝜔 consists of all
outstanding limit orders.

The four-period trading game proceeds sequentially as follows:
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1. Period 1: HFTs observe the state (𝑦,𝜔) and send instructions to the exchange.
These instructions are messages to submit limit orders, cancel existing limit orders,
submit marketable limit orders, and submit immediate-or-cancel orders. Formally, 𝑜𝑖

is the set of messages sent by HFT 𝑖 and 𝑜𝑖 ∈ O, where O is the set of all possible
combinations of messages. Messages are processed by the exchange and𝜔 is updated.

2. Period 2: Nature moves and selects one of two possibilities:

(i) With probability 𝑝𝐿𝑂 , a patient investor, who is equally likely to buy or to
sell a unit of 𝑥, arrives and sends a limit order inside the quoted spread at his
reservation price.

(ii) With probability 𝑝private = 1− 𝑝𝐿𝑂 , nature releases private information to one
HFT. The informed HFT has an opportunity to send instructions to the exchange.

3. Period 3: If a limit order arrived in the second period, then the HFTs have an
opportunity to snipe the limit order. Afterwards, HFTs have an opportunity to send
instructions to the exchange.

4. Period 4: Depending on nature’s draws in period two, nature either does nothing or
moves again. If nature selected an informed HFT in the second period, then nature
does nothing. Otherwise, nature moves and selects one of three possibilities:

(i) With probability 𝑝𝐿𝑇 , an impatient investor arrives and he is equally likely to
buy or to sell a unit of 𝑥.

(ii) With probability 𝑝public, there is a publicly observable jump in 𝑦. HFTs partici-
pate in latency arbitrage as in Budish et al. (2015).

(iii) With probability 𝑝𝑁 = 1− 𝑝𝐿𝑇 − 𝑝public, there is no event.

Finally, at the end of each trading game, any outstanding limit order from a patient
investor is canceled.

Figure 6.1 illustrates nature’s actions and their associated probabilities. Within a single
trading game, nature can call upon both a patient investor and an impatient investor. This
captures the incentives of HFTs to snipe limit orders from patient investors who improve
the quoted spread. If HFTs do not snipe limit orders from patient investors, then these limit
orders preclude HFTs from earning the half-spread on one side of the book in the event an
impatient investor arrives in period four.

65



𝑝𝐿𝑂 𝑝private

Patient investor

𝑝𝐿𝑇 𝑝public 𝑝𝑁

Informed HFT

Impatient investor Public jump No event

Figure 6.1: Nature’s actions in each trading game.

6.4 Competitive Equilibrium

For the competitive equilibrium in our infinitely repeated trading game, we restrict our
attention to pure strategies where market participants condition their actions on the state
(𝑦,𝜔) and update their beliefs based on Bayes’ rule whenever possible. The relevant beliefs
are about who arrives in period two. We analyze each trading game in isolation, and then
show that repeated play of the equilibrium for a single trading game remains an equilibrium
for the infinitely repeated trading game.

6.4.1 Solution Concept

With the restriction to pure strategies, one solution concept would be a pure strategy weak
perfect Bayesian equilibrium (WPBE). However, a pure strategy WPBE does not exist. As
in Budish et al. (2024), excess liquidity (i.e., liquidity that supplies a quantity greater than
the one unit required by the impatient investor) exposes the liquidity provider to adverse
selection and latency arbitrage, but without the benefits of liquidity provision. Thus, there
are no other liquidity providers willing to provide excess liquidity to constrain the spread,
so the liquidity provider has a profitable deviation by widening the spread.

We extend the order book equilibrium from Budish et al. (2024) to restore the existence
of equilibrium. As in Budish et al. (2024), a Bayesian order book equilibrium (BOBE)
strictly weakens a WPBE by allowing for profitable unilateral deviations to exist, provided
that these deviations are rendered unprofitable by one of two specific reactions by rivals:
withdrawal of liquidity (canceling limit orders), or safe profitable price improvements (of

66



limit orders). Withdrawals are message sets that strictly reduce the amount of liquidity
provided relative to a particular candidate equilibrium message set o = {𝑜𝑖}0<𝑖≤𝑁 . Price
improvements are message sets that, relative to o, reduce the cost to trade. A safe profitable
price improvement is a price improvement that is strictly profitable and it remains profitable
even if some other HFT withdraws liquidity in response. The definition of an BOBE is
given below.

Definition 7. A Bayesian order book equilibrium of our trading game is a message set
o = {𝑜𝑖}0<𝑖≤𝑁 submitted by all HFTs in period 3 given state (𝑦,𝜔) such that:

1. No HFT 𝑖 has a safe profitable price improvement.

2. No HFT 𝑖 has any other strictly profitable deviation (that is not a price improvement)
that remains strictly profitable if, in response to HFT 𝑖’s deviation, some other HFT
engages in a profitable reaction that is either a withdrawal of liquidity or a safe
profitable price improvement.

The BOBE captures the spirit of competitive liquidity provision as discussed and used
in Glosten and Milgrom (1985). The solution concept ensures that even if excess liquidity is
not provided in equilibrium, the presence of other potential liquidity providers will discipline
equilibrium price levels.5 For a more detailed discussion, see Budish et al. (2024).

6.4.2 Equilibrium Behavior of HFTs

In the first period, the weakly dominant strategy is for one of the HFTs to maintain two-sided
quotes. One quote to buy one unit of 𝑥 at price 𝑦− 𝑠/2−𝜀/2, and the other quote to sell one
unit of 𝑥 at price 𝑦 + 𝑠/2+𝜀/2, where 𝑠 ≥ 0 is the HFT’s bid-ask spread in period three that
is solved through an equilibrium indifference condition. The small and positive constant
𝜀→ 0 ensures that there are incentives for someone to undercut the quotes in period three,
so the HFT can withdraw liquidity in period three (without raising suspicion) in the event
she becomes informed. Individually, each HFT strictly prefers to become an informed trader
upon receiving private information in the second period, so none of the HFTs set quotes
with 𝜀 = 0 in period one.

5Baldauf and Mollner (2020) refer to these potential liquidity providers as enforcers.
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Informed HFT In the second period, if an HFT receives private information, then the
weakly dominant strategy is to pretend to be a patient investor (when profitable) by submit-
ting a toxic limit order for one unit of 𝑥 in the same direction as the jump. Specifically, if
𝑦′ > 𝑦 + 𝛿, then the informed HFT sends a buy limit order with a price of 𝑦 + 𝛿; similarly,
if 𝑦′ < 𝑦− 𝛿, then the informed HFT sends a sell limit order with a price of 𝑦− 𝛿. On the
other hand, if the jump size does not exceed the improvement level 𝛿, then the informed
HFT does not submit a limit order because it is not profitable to do so.6

In the fourth period, if the value 𝑦′ is not profitable to trade (i.e., |𝑦′ − 𝑦 | ≤ 𝑠/2),
then the informed HFT does nothing. However, if the value 𝑦′ is profitable to trade
(i.e., |𝑦′− 𝑦 | > 𝑠/2), then the informed HFT adversely selects the market maker and earns
|𝑦′− 𝑦 | − 𝑠/2.7

Uninformed HFTs In the second period, if HFT 𝑖 does not receive private information,
then Nature either called upon a patient investor with probability 𝑝𝐿𝑂 , or released private
information to another HFT with probability 𝑝−𝑖private =

∑
𝑗≠𝑖 𝑝

𝑗

private =
𝑁−1
𝑁
𝑝private. There are

two cases to consider as an uninformed HFT in period two: (i) no limit order arrives, or (ii)
a limit order arrives.

In the first case where no limit order arrives, it means that Nature released private
information to another HFT, but the jump size did not exceed the improvement level 𝛿. If
the jump size does not exceed the improvement level 𝛿, then the jump size cannot exceed
𝑠/2. In this case, all HFTs do nothing and earn nothing.

In the second case where a limit order arrives, the probability that an uninformed
HFT observes a limit order arrive in period two is 𝛼 = 𝑝𝐿𝑂 + 𝑝−𝑖privateP (𝐽 > 𝛿). Applying
Bayes’ rule to this information set, where a limit order arrives, the probability of the limit
order originating from a patient investor is 𝑝𝐿𝑂/𝛼, while the probability of the limit order
originating from an informed HFT is 𝑝−𝑖privateP (𝐽 > 𝛿) /𝛼.

If a limit order arrives in the second period, then, in the third period, the uninformed
HFTs have an opportunity to snipe the limit order, or they can wait until the fourth period

6In equilibrium, the uninformed HFTs know that if the order originates from an informed HFT, then
the jump size exceeds the improvement level 𝛿. However, for the uninformed HFT who provides liquidity
in period three, the cost of adverse selection remains the same even if the informed HFTs do not send toxic
orders. Therefore, the weakly dominant strategy of the informed HFT is always to send a toxic limit order
whenever it is profitable to do so.

7Although the informed HFT receives private information in the second period, the dominant strategy
in equilibrium is to wait until the fourth period to adversely select the market maker. Adversely selecting
the market maker in the second period will make other HFTs aware of an informed HFT, which will inhibit
the informed HFT’s ability to profit from providing liquidity with a toxic limit order by pretending to be a
patient investor. Additionally, as the quotes will tighten by 𝜀 at the end of period three, it is more profitable
to adversely select the market maker in the fourth period.
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when there is a public innovation in 𝑦 to ensure that the limit order is from a patient investor
so that it is safe and profitable to trade against. Afterwards, at the end of period three,
the HFT who provided liquidity in period one cancels her quotes, and the uninformed
HFTs endogenously sort themselves into one of two roles. As in Budish et al. (2024), one
uninformed HFT (who may or may not be the same HFT providing liquidity in period one)
takes the role of a market maker and the remaining uninformed HFTs take the role of a
latency arbitrageur.

First, consider the case where at least one uninformed HFT chooses to snipe in the third
period whenever a limit order arrives in the second period. If the limit order is from a
patient investor, then the uninformed HFTs (who choose to snipe) have an equal probability
of executing against the mispriced limit order to earn an expected profit of 𝛿. However, if
the limit order is from an informed HFT, then the informed HFT earns a profit of |𝑦′− 𝑦 | −𝛿,
while the uninformed HFT who sniped the informed HFT’s toxic limit order will incur a
loss of |𝑦′− 𝑦 | − 𝛿.

With the limit order from period two cleared out, the trading game becomes the two-
period trading game in Budish et al. (2024), but with event probabilities given by the updated
beliefs. Specifically, at the end of period three, one uninformed HFT will make two-sided
quotes. One quote to buy one unit of 𝑥 at price 𝑦− 𝑠/2, and one quote to sell one unit of 𝑥
at price 𝑦 + 𝑠/2. In period four, if the public jump to the value 𝑦′ is not profitable to trade
(i.e., |𝑦′− 𝑦 | ≤ 𝑠/2), then nothing happens. However, if the value 𝑦′ is profitable to trade
(i.e., |𝑦′− 𝑦 | > 𝑠/2), then a latency arbitrage race occurs.

In the latency arbitrage race in period four, the market maker races to cancel her unprof-
itable stale quote. The market maker will successfully cancel her quote with probability 1/𝑁
and lose nothing, and she will unsuccessfully cancel her quote with probability (𝑁 −1)/𝑁
and lose |𝑦′− 𝑦 | − 𝑠/2. Simultaneously, the latency arbitrageur races to pick up the market
maker’s stale quote. The latency arbitrageur will win the race with probability 1/𝑁 and
earn |𝑦′− 𝑦 | − 𝑠/2, and she will lose the race with probability (𝑁 −1)/𝑁 and earn nothing.

Next, consider the case when all HFTs wait until there is a public innovation in 𝑦 in the
fourth period to decide whether to trade against the limit order posted in period two. In this
case where the limit order from period two is not cleared out in period three, the uninformed
HFT will only provide liquidity on one side of the book. Providing liquidity on both sides
of the book means that one of her orders does not receive the benefits of liquidity provision,
but it is exposed risk of latency arbitrage. Therefore, if a buy limit order arrives in period
two and remains unexecuted by the end of period three, then the market maker will provide
a quote to sell one unit of 𝑥 at price 𝑦 + 𝑠/2; similarly, if a sell limit order arrives in period
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two and remains unexecuted by the end of period three, then the market maker will provide
a quote to buy one unit of 𝑥 at price 𝑦− 𝑠/2.

In period four, if the public jump to the value 𝑦′ is such that the market maker’s quote
is stale, then a latency arbitrage race occurs between the HFTs. On the other hand, if the
value 𝑦′ is such that the limit order from period two is stale, then all the HFTs attempt to
latency arbitrage the patient investor. All HFTs have an equal probability of trading against
the limit order from the patient investor to earn |𝑦′− 𝑦 | + 𝛿. Finally, if the value 𝑦′ is such
that no quotes are stale, then nothing happens and the limit order from the patient investor
is canceled.

In what follows, we characterize the HFT’s bid-ask spread in period three, and provide
the conditions to determine whether an HFT snipes the limit order in period three, or waits
until there is an innovation in 𝑦 in period four.

6.4.3 Equilibrium Analysis

To analyze the equilibrium, we first solve the equilibrium bid-ask spread set by uninformed
HFTs at the end of period three, and then we solve the equilibrium of whether uninformed
HFTs snipe in the third period or not. First, we introduce some notation. Let

𝐿 (𝑥) = P (𝐽 > 𝑥) E [𝐽 − 𝑥 | 𝐽 > 𝑥] and 𝐿̃ (𝑥) = P (𝐽 < 𝑥) E [𝑥− 𝐽 | 𝐽 < 𝑥]

denote the expected payoffs associated with latency arbitrage. Furthermore, let

𝐿𝛿 (𝑥) = P (𝐽𝛿 > 𝑥) E [𝐽𝛿 − 𝑥 | 𝐽𝛿 > 𝑥]

denote the expected loss from adverse selection, where 𝐽𝛿 ∼ 𝐽 |𝐽 > 𝛿 is the distribution of
the size of the jump given that the size of the jump is greater than 𝛿. Finally, let 𝑑𝑖 denote
the binary decision variable of HFT 𝑖 sniping in the third period. If HFT 𝑖 snipes in the
third period, then 𝑑𝑖 = 1, otherwise 𝑑𝑖 = 0.

In equilibrium, the bid-ask spread set by uninformed HFTs at the end of period three
leaves them indifferent between the role of a market maker or that of a latency arbitrageur
given their updated beliefs.

Uninformed HFTs do not snipe in period three The market maker has fewer oppor-
tunities to provide liquidity (the market maker only provides liquidity on one side of the
book). Therefore, latency arbitrageurs have fewer opportunities to latency arbitrage the
market maker. However, because the uninformed HFTs do not snipe in period three, then,
conditional on a public innovation of 𝑦 in the appropriate direction, all the uninformed HFTs
(including the market maker) have the opportunity to latency arbitrage the outstanding limit
order from the patient investor in period four for a profit of 𝐿 (−𝛿) + 𝐿̃ (𝛿).

70



At least one uninformed HFT snipes in period three The market maker provides
liquidity on both sides of the book, so latency arbitrageurs can latency arbitrage the market
maker on both sides of the book. If an uninformed HFT decides to snipe in period three,
then she takes a share of the limit orders from patient investors at an expected payoff of
𝛿, but simultaneously, she is also exposed to trading with toxic limit orders from informed
HFTs, who pretend to be a patient investor, at a loss of 𝐿 (𝛿).

Therefore, conditional on HFT 𝑖 being uninformed and observing a limit order arrive in
period two, her expected payoff acting as a market maker in period three is

1
𝛼

[
1{∑𝑁

𝑗=1 𝑑
𝑗=0

} 𝑝𝐿𝑂 𝑝public
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𝑗

privateP (𝐽 > 𝛿) 𝐿𝛿 (𝑠/2)︸                               ︷︷                               ︸
adverse selection

]
.

(6.1)

All the terms are pre-multiplied by 1/𝛼 to account for the updated beliefs about who arrived
in period two. The second term (sniping in period three) includes a double sum because
when the informed HFT pretends to be a patient investor, the cost is shared equally among
all uninformed HFTs who choose to snipe in period three. However, this cost excludes the
informed HFT because she does not snipe her own order. The last term (adverse selection
cost) accounts for the fact that when informed HFTs send toxic orders, it means that the
size of the jump exceeds the improvement level 𝛿. The last term can be rewritten as∑
𝑗≠𝑖 𝑝

𝑗

private 𝐿 (𝑠/2) because P (𝐽 > 𝛿) 𝐿𝛿 (𝑠/2) = 𝐿 (𝑠/2), which demonstrates that the cost
of adverse selection remains the same even if the informed HFTs do not send toxic orders.

Next, conditional on HFT 𝑖 being uninformed and observing a limit order arrive in
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period two, her expected payoff acting as a latency arbitrageur in period three is

1
𝛼

[
1{∑𝑁

𝑗=1 𝑑
𝑗=0

} 𝑝𝐿𝑂 𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

)
︸                                             ︷︷                                             ︸

latency arbitraging patient investors in period four

+𝑑𝑖
(
𝑝𝐿𝑂∑
𝑗 𝑑

𝑗
𝛿−

∑︁
𝑗≠𝑖

𝑝
𝑗

private∑
𝑘≠ 𝑗 𝑑

𝑘
𝐿 (𝛿)

)
︸                                    ︷︷                                    ︸

sniping in period three

+ 1{∑𝑁
𝑗=1 𝑑

𝑗=0
} 1

2
𝑝𝐿𝑂 𝑝public

1
𝑁
𝐿 (𝑠/2)︸                                        ︷︷                                        ︸

latency arbitraging the market maker on one side of the book

+ 1{∑𝑁
𝑗=1 𝑑

𝑗>0
} 𝑝𝐿𝑂 𝑝public

1
𝑁
𝐿 (𝑠/2)︸                                     ︷︷                                     ︸
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]
,

(6.2)

where 1/𝛼 accounts for the updated beliefs.
When (6.1) and (6.2) are equal, uninformed HFTs are indifferent between taking the

role of a latency arbitrageur or that of a market maker. Thus, equating (6.1) and (6.2) leads
to the following two equilibrium indifference conditions

1
2
𝑝𝐿𝑂 𝑝𝐿𝑇 𝑠/2 =

1
2
𝑝𝐿𝑂 𝑝public 𝐿 (𝑠/2) + 𝑁 −1

𝑁
𝑝private 𝐿 (𝑠/2) , (6.3a)

𝑝𝐿𝑂 𝑝𝐿𝑇 𝑠/2 = 𝑝𝐿𝑂 𝑝public 𝐿 (𝑠/2) + 𝑁 −1
𝑁

𝑝private 𝐿 (𝑠/2) . (6.3b)

If uninformed HFTs do not snipe in period three, then (6.3a) uniquely pins down the
equilibrium bid-ask spread 𝑠∗0 set by uninformed HFTs in period three, whereas if at least
one uninformed HFT snipes in period three, then (6.3b) uniquely pins down the equilibrium
bid-ask spread 𝑠∗1 set by uninformed HFTs in period three. Both 𝑠∗0 and 𝑠∗1 are positive and
unique because in both equations the left-hand sides are strictly increasing in 𝑠 and equal
to zero when 𝑠 = 0, while the right-hand sides are strictly decreasing in 𝑠 and are positive
for 𝑠 = 0.

The difference between these indifference conditions is that if uninformed HFTs do not
snipe in period three, then the market maker has fewer opportunities to provide liquidity
(and latency arbitrageurs have fewer opportunities to latency arbitrage the market maker),
but the market maker still faces the same level of adverse selection from informed HFTs.
To compensate for this difference, market makers require a wider spread, i.e., 𝑠∗0 ≥ 𝑠

∗
1, with

equality when 𝑝private = 0.
Next, we show when uninformed HFTs snipe in the third period. This requires an

equilibrium profile d = (𝑑1, ..., 𝑑𝑁 ) such that there are no profitable deviations in 𝑑𝑖. We
restrict our attention to symmetric equilibria when either d = 1 = (1, ...,1), all HFTs snipe in
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period three, or d = 0 = (0, ...,0), HFTs do not snipe in period three. The following lemma
provides the existence conditions for each equilibrium.

Lemma 3. Let 𝑠∗0 and 𝑠∗1 be the unique solutions to (6.3a) and (6.3b), respectively. If

𝑝𝐿𝑂
𝑝public

2𝑁
𝐿

(
𝑠∗0/2

)
+ 𝑝𝐿𝑂

𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

)
>

𝑝𝐿𝑂
𝑝public

𝑁
𝐿

(
𝑠∗1/2

)
+ 𝑝𝐿𝑂 𝛿−

𝑁 −1
𝑁

𝑝private 𝐿 (𝛿)

(D0)

holds, then HFTs do not snipe in period three, so d = 0. On the other hand, if

𝑝𝐿𝑂 𝛿/𝑁 > 𝑝private 𝐿 (𝛿)/𝑁 (D1)

holds, then HFTs snipe in period three, so d = 1.

To show the result, consider a deviation from the symmetric profile, and write the
inequalities to ensure that the deviation is not profitable. If the expected cost of being
fooled by informed HFTs is too high, then condition (D0) holds and in equilibrium it is
optimal for all HFTs not to snipe in period three. On the other hand, when the expected profit
from sniping patient investors outweighs the expected loss from being fooled by informed
HFTs, then condition (D1) holds and in equilibrium it is optimal for all HFTs to snipe in
period three.

The following proposition summarizes the equilibrium behavior.

Proposition 5. If the no-snipe condition (D0) or the snipe condition (D1) holds, then there
exists a symmetric equilibrium (with respect to d) where the following occurs in every
iteration of the trading game given state (𝑦,𝜔):

• At the end of period 1:

– If (D0) holds, then there is one unit of liquidity provided at 𝑦− 𝑠∗0/2− 𝜀/2 and
one unit of liquidity provided at 𝑦 + 𝑠∗0/2+ 𝜀/2, where 𝑠∗0 is the unique solution
to (6.3a).

– If (D1) holds, then there is one unit of liquidity provided at 𝑦− 𝑠∗1/2− 𝜀/2 and
one unit of liquidity provided at 𝑦 + 𝑠∗1/2+ 𝜀/2, where 𝑠∗1 is the unique solution
to (6.3b).

• In period 2: a patient investor, upon arrival, submits a limit order for a unit of security
𝑥 at his reservation price; or an informed HFT, when profitable, submits a limit order
at the patient investor’s reservation price according to the direction of her privately
observed jump.
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• In period 3:

– If (D0) holds, then uninformed HFTs do not snipe the limit order from period 2.
If a buy limit order arrived in period 2, then at the end of period 3, an uninformed
HFT provides one unit of liquidity to sell at 𝑦+ 𝑠∗0/2. If a sell limit order arrived
in period 2, then at the end of period 3, an uninformed HFT provides one unit
of liquidity to buy at 𝑦− 𝑠∗0/2. The quoted spread following period 3 is 𝑠∗0/2− 𝛿.

– If (D1) holds, then uninformed HFTs race to snipe the limit order from period
2. At the end of period 3, there is one unit of liquidity provided at 𝑦− 𝑠∗1/2 and
one unit of liquidity provided at 𝑦 + 𝑠∗1/2, so the quoted spread following period
3 is 𝑠∗1.

• In period 4: an impatient investor, upon arrival, purchases or sells one unit of 𝑥 at
the best bid or best offer; an informed HFT, when profitable, purchases or sells one
unit of 𝑥 at the best bid or best offer; HFTs race to latency arbitrage stale quotes when
a publicly observed jump is profitable, if the stale quote belongs to the market maker,
then she attempts to cancel her stale quote.

Repeated play of the equilibrium for a single trading game is an equilibrium for the
infinitely repeated trading game. This follows because there is no queuing motive to rest
orders that carry over to subsequent games, and because information resets at the end of
each trading game.

6.5 Collusive Equilibrium

The collusive strategy we consider is a reversion strategy, one in which observed deviations
or suspected deviations from cooperation lead to a reversion to competitive play that lasts
for 𝑇 iterations of the trading game. The collusive strategy of interest recovers the key
features we observe from the behavior of HFTs in the data. In our collusive strategy, we do
not consider the possibility of cooperating to widen the spread (see Dutta and Madhavan,
1997) so that we focus on the benefits that arise from cooperating by revealing yourself
to others.8 In the collusive equilibrium, HFTs signal to each other to avoid trading with
each other. This enables the HFTs to share the benign flow of patient investors, and as
a byproduct, enables the HFTs to receive additional benign flow from impatient investors

8This restriction also rules out infinitely many collusive equilibria that arise as a consequence of the Folk
theorem. In practice, the spread is constrained by other exchanges. Table 3 in Cartea et al. (2025) shows that
the spread in Euronext is similar to the spread in other European exchanges. If HFTs cooperate to widen the
spread, then brokers may divert benign flow away to other exchanges with tighter spreads.
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who would have otherwise matched with a patient investor’s limit order at better prices than
those quoted by HFTs.

A prerequisite for cooperating through signaling is that there is a need to signal. This
need arises only when uninformed HFTs do not snipe in period three in the competitive
equilibrium (i.e., condition (D0) holds) because the costs of sniping toxic limit orders from
privately informed HFTs is too high. This is a consequence of restricting the collusive
strategy to one that does not widen the spread. If there is no need to signal (i.e., condition
(D1) holds), then a collusive equilibrium can still exist if HFTs cooperate to widen the
spread, but we do not consider this case.

6.5.1 Equilibrium Behavior of HFTs

There are two phases in the collusive strategy: a cooperation phase and a punishment phase.
HFTs cooperate until they observe a deviation or suspect a deviation from cooperation, both
of which trigger a punishment phase that lasts for 𝑇 iterations of the trading game, after
which, play returns to the cooperation phase. The collusive strategy is as follows.

In the cooperation phase,

• HFTs signal all their limit orders with a quantity 𝑄 ≫ 1 so that their limit orders are
easily differentiated from a patient investor’s limit order for one unit of the security.
HFTs take turns to provide liquidity. Each HFT 𝑖 takes the role of the market maker for
a proportion 1/𝑁 of the iterations played. HFTs do not latency arbitrage or adversely
select market makers, and a market maker is compliant if she respects the agreement
to take turns to provide liquidity at 𝑦 − 𝑠∗0/2 and at 𝑦 + 𝑠∗0/2, where 𝑠∗0 is the unique
solution to (6.3a).

• HFTs do not pretend to be a patient investor, and in period 3 HFTs race to snipe
limit orders that arrived in period 2 without a signal, i.e., they race to snipe patient
investors.

In the punishment phase, HFTs revert to play from the competitive equilibrium. HFTs
play according to the behavior described in Section 6.4.2 where HFTs do not snipe in period
three.

Coordinating Play In the collusive equilibrium, there is a queuing motive for resting
orders that carry over to subsequent iterations of the game, because when cooperating,
HFTs forgo latency arbitraging and adversely selecting market makers, and instead share
the role of the market maker. Therefore, HFTs need to coordinate their proportion of time as
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the market maker. This coordination uses public and private innovations in 𝑦 as a correlation
device.

At the start of the infinitely repeated trading game, HFTs race to provide quotes around
𝑦0, and the probability of each HFT winning the race is 1/𝑁 . The winner of the race
remains as the incumbent market maker until the next innovation in 𝑦.9 Whenever there
is an innovation in 𝑦 (public or private), HFTs race to become the new market maker, and
the incumbent market maker providing stale quotes complies by canceling her stale quotes.
Losers of the race cancel their limit orders because the volume 𝑄 of the limit order is too
large for losers of the race to receive flow from impatient investors. When the jump in 𝑦 is
public information, HFTs have an equal probability of winning the race to become the new
market maker, and when the jump in 𝑦 is private information, the privately informed HFT
becomes the new market maker.

Consider a publicly observed jump from 𝑦 to 𝑦′. If the jump is such that |𝑦′− 𝑦 | < 𝑠∗0,
then HFTs race to provide new quotes around 𝑦′, and the incumbent market maker providing
stale quotes around 𝑦 complies by canceling her outstanding orders. On the other hand, if
the jump is such that |𝑦′− 𝑦 | ≥ 𝑠∗0, then the incumbent market maker complies by canceling
her stale orders around 𝑦, and HFTs race to provide new quotes around 𝑦′. For large public
innovations in 𝑦, the incumbent market maker is provided with an opportunity to first cancel
her stale quotes around 𝑦 so that new quotes from the race around 𝑦′ do not trade with the
stale quotes of the incumbent market maker. This ensures that HFTs do not latency arbitrage
market makers.

Next, consider a privately observed jump from 𝑦 to 𝑦′. The informed HFT always
wins the race because only she knows the value 𝑦′ until the end of the trading game. If
the jump is such that |𝑦′− 𝑦 | < 𝑠∗0, then the informed HFT provides new quotes around 𝑦′,
and the incumbent market maker providing stale quotes around 𝑦 complies by canceling
her outstanding orders. On the other hand, if the jump is such that |𝑦′ − 𝑦 | ≥ 𝑠∗0, then
the informed HFT submits a signaled limit order at the patient investor’s reservation price
according to the direction of her privately observed jump. The incumbent market maker
providing stale quotes around 𝑦 complies by canceling her outstanding orders, and the
informed HFT cancels her signaled limit order and provides new quotes around 𝑦′. For
large private innovations in 𝑦, the signaled limit order at the patient investor’s reservation
price serves as a warning to the incumbent market maker that there is a privately informed

9This is different to the competitive equilibrium where the HFT providing liquidity can be different
in period one and period three. Here, the same HFT continues to provide liquidity until there there is an
innovation in 𝑦.
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HFT. This provides the incumbent market maker with an opportunity to comply and cancel
her stale quotes so that HFTs do not adversely select market makers.

By coordinating the role of the market maker through innovations in 𝑦, each HFT 𝑖

becomes the incumbent market maker for a proportion 1/𝑁 of the iterations played.

Monitoring To sustain cooperation, HFTs must be able to monitor deviations from coop-
erative play so that profitable deviations from cooperation can be deterred with the threat of
punishment, i.e., reversion to competitive play. If HFTs cannot reliably monitor deviations,
then the threat of punishment is not credible.

In the collusive strategy, there are three punishment triggers:

1. a market maker is latency arbitraged or adversely selected,

2. a market maker is not compliant, and

3. HFTs snipe a non-signaled limit order from period two and lose money.

In the model, monitoring is perfect for the first two triggers. If a market maker is traded
against for a quantity greater than one unit, then it is easy to infer that a market maker
was latency arbitraged or adversely selected by another HFT because patient investors only
demand one unit of 𝑥. On the other hand, if a market maker is traded against for a quantity
of one unit of 𝑥, then HFTs cannot infer who (HFT or impatient investor) traded with the
market maker from the quantity alone. However, in equilibrium, HFTs can perfectly infer
that a market maker was latency arbitraged or adversely selected by another HFT because
these trades are associated with an innovation in 𝑦, while trades initiated by an impatient
investor are not associated with an innovation in 𝑦, see Figure 6.1. Similarly, if a market
maker is not compliant because they do not respect the agreement to take turns to provide
liquidity, or because they undercut the agreed upon spread 𝑠∗0, then the non-compliance is
immediately observed by all HFTs.

On the other hand, monitoring is imperfect for the third trigger. There are two possibil-
ities that lead to an HFT losing money after sniping a non-signaled limit order from period
two. First, the limit order is from a patient investor and the public innovation in 𝑦 went in the
wrong direction (the sniper was unlucky), or there was an informed HFT pretending to be a
patient investor. When private information becomes public at the end of the trading game,
this looks like public information from the perspective of uninformed HFTs, so uninformed
HFTs cannot differentiate if the jump is public or it was a private jump that became public.10

10If one assumes HFTs can determine if a jump was public or private, then the problem becomes one with
perfect monitoring.
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Hence, the problem is one related to “secret price cutting” (see Green and Porter, 1984),
because HFTs cannot perfectly infer whether the trigger was a result of bad luck or because
there was a cheater.

In what follows, we analyze and characterize conditions for the collusive strategy to be
an equilibrium of the infinitely repeated trading game.

6.5.2 Equilibrium Analysis

In the collusive strategy, if play is in the punishment phase, then the expected payoff of HFT
𝑖 in the competitive equilibrium, per trading game, is

1
2𝑁

𝑝𝐿𝑂 𝑝public 𝐿
(
𝑠∗0/2

)
+ 1
𝑁
𝑝private 𝐿

(
𝑠∗0/2

)
+ 𝑝𝐿𝑂

𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

)
, (6.4)

where 𝑠∗0 is the unique solution to (6.3a). The first term is the expected payoff from latency
arbitraging the market maker. The second term is the expected payoff from becoming
informed, while the final term is the expected payoff from latency arbitraging limit orders
posted by patient investors. On the other hand, if play is in the cooperative phase, then the
expected payoff of HFT 𝑖 when cooperating, per trading game, is

1
𝑁
𝑝𝐿𝑂 𝑝𝐿𝑇 𝑠

∗
0/2+ 𝑝𝐿𝑂

1
𝑁
𝛿 , (6.5)

which consists of the expected payoff from sharing the role of the market maker, and the
expected payoff from sniping limit orders posted by patient investors in period two. A
necessary condition for collusion is that the difference between the expected payoff from
cooperation in (6.4) is greater than that from competitive play in (6.5). This difference is
given by

𝑐 =
1
𝑁
𝑝𝐿𝑂 𝑝𝐿𝑇 𝑠

∗
0/2− 1

2𝑁
𝑝𝐿𝑂 𝑝public 𝐿

(
𝑠∗0/2

)
− 1
𝑁
𝑝private 𝐿

(
𝑠∗0/2

)︸                                                                              ︷︷                                                                              ︸
gains from benign flow of impatient investors

(6.6)

+ 𝑝𝐿𝑂
𝑁

𝛿− 𝑝𝐿𝑂
𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

)︸                                         ︷︷                                         ︸
gains from benign flow of patient investors

.

The tradeoff is clear. The first term is the benign flow from impatient investors, the second
term is the opportunity cost from no longer latency arbitraging the market maker, and the
third term is the opportunity cost from no longer adversely selecting the market maker. The
sum of these three terms is positive, and the additional profits arise from the additional
benign flow from impatient investors that would have otherwise matched with a patient
investor’s limit order. The fourth term is the profitable benign flow from sniping patient
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investors in period three, and the final term is the opportunity cost from no longer adversely
selecting patient investors in period four when there is a public innovation in 𝑦 because
patient investors are sniped in period three. When 𝑐 > 0, the profits from cooperation are
higher than the profits from competitive play, which is a necessary condition to collude.
However, when cooperating, HFTs have an incentive to cheat.

There are three profitable deviations from cooperation. One, HFTs latency arbitrage
or adversely select market makers. Two, HFTs are not compliant and do not respect the
agreement to take turns to provide liquidity. Three, HFTs pretend to be a patient investor to
fool other HFTs into sniping their informed toxic limit order.

With the first two deviations, the upper bound on the gain from deviation that one can
achieve in expectation, per trading game, is

𝑘 =𝑄 𝐿 (𝑠∗0/2) . (6.7)

Even though the incentive to deviate is large, the incentive is easily deterred because these
deviations are perfectly observed. If HFTs are sufficiently patient (i.e., the discount factor
𝜌 is sufficiently close to one) and if the punishment phase is sufficiently long (i.e., 𝑇 is large
enough), then the loss in future payoffs from entering into a punishment phase outweighs
the immediate gain from deviation. Therefore, in equilibrium, these deviations never occur
and punishment phases are never triggered by these deviations.

Next, the expected gain, per trading game, from the third deviation is

𝑔 =
𝑝private

𝑁
𝐿 (𝛿) . (6.8)

This deviation is harder to disincentivize because HFTs cannot perfectly infer if the pun-
ishment phase was triggered as a result of bad luck or because there was a cheater. To
disincentivize informed HFTs pretending to be a patient investor, the trigger condition must
be sufficiently informative. An informative trigger condition allows the HFTs to monitor
each other with sufficient accuracy so that cheating can be appropriately punished by re-
verting to competitive play. If the trigger condition is sufficiently informative, if HFTs are
sufficiently patient, and if the punishment phase 𝑇 is sufficiently long, then cheating by
pretending to be a patient investor can be deterred with intertemporal incentives.

In the collusive strategy, if play is in the cooperative phase, then the probability of
triggering a punishment phase in the next trading game is the probability of sniping a
patient investor and losing money, which is given by

1− 𝑞𝐶 = 𝑝𝐿𝑂 𝑝public
P(𝐽 > 𝛿)

2
.
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On the other hand, if play is in the cooperative phase and one HFT deviates by pretending
to be a patient investor, then the probability of triggering a punishment phase in the next
trading game is the probability of sniping a patient investor and losing money plus the
probability of the deviator pretending to be a patient investor, which is given by

1− 𝑞𝐷 = 𝑝private
P(𝐽 > 𝛿)

𝑁
+ 𝑝𝐿𝑂 𝑝public

P(𝐽 > 𝛿)
2

.

Therefore, the informativeness of the trigger condition is given by

𝑞𝐶 − 𝑞𝐷 = 𝑝private
P(𝐽 > 𝛿)

𝑁
.

To deter deviations by pretending to be a patient investor, the trigger condition must be
sufficiently informative (i.e., 𝑞𝐶 − 𝑞𝐷 must be sufficiently large) so that cheating is noticed
and punished.

A key property of the collusive strategy is that, in equilibrium, reverting to competitive
play is necessary even though no HFT will pretend to be a patient investor. If the collusive
strategy did not specify such a negative repercussion, then HFTs would have an incentive
to cheat and the strategy profile would no longer be an equilibrium.

The following proposition provides the conditions for the collusive equilibrium to exist
and summarizes the equilibrium behavior.

Proposition 6. Let the competitive equilibrium be one where HFTs do not snipe in period
three, i.e., condition (D0) holds. If the gains 𝑐 in (6.6) from cooperation are positive, and
if the two inequalities

𝜌

[
𝑐 (𝑞𝐶 − 𝑞𝐷)

(
1− 𝜌𝑇

)
+𝑔 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑔

]
≥ 𝑔 and

𝜌

[
𝑐 𝑞𝐶

(
1− 𝜌𝑇

)
+ 𝑘 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑘

]
≥ 𝑘

(ICC)

hold, where the gains from deviation 𝑘 and 𝑔 are in (6.7) and (6.8), respectively, then the
following reversion strategy profile is a collusive equilibrium:

• in punishment phases, HFTs play according to the competitive behavior described in
Proposition 5, and

• in cooperation phases:

– HFTs signal all their limit orders with a quantity 𝑄 ≫ 1. HFTs take turns to
provide liquidity. Each HFT 𝑖 takes the role of the market maker for a proportion
1/𝑁 of the iterations played. HFTs do not latency arbitrage or adversely select
market makers, and a market maker is compliant if she respects the agreement
to take turns to provide liquidity at 𝑦 − 𝑠∗0/2 and at 𝑦 + 𝑠∗0/2, where 𝑠∗0 is the
unique solution to (6.3a).
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– HFTs do not pretend to be a patient investor, and in period 3 HFTs race to snipe
limit orders that arrived in period 2 without a signal.

Play begins and remains in the cooperation phase until any one of the following is observed:

• a market maker is latency arbitraged or adversely selected,

• a market maker is not compliant, or

• an HFT snipes a limit order from period two without a signal and loses money.

Upon observing any of the triggers above, a punishment phase proceeds for 𝑇 iterations of
the trading game, after which, play returns to the cooperation phase.

The result follows from calculating the continuation values to check that there are no
profitable deviations with the one-shot deviation principle. When play is in the punishment
phase, there are no profitable deviations because myopic play is an equilibrium and no
deviations can influence the continuation values. On the other hand, when play is in the
cooperation phase, we check that the value obtained from each myopic deviation is less than
the continuation value of continued cooperation. If condition (ICC) holds, then the myopic
deviations are not profitable.

The (ICC) conditions hold if HFTs are sufficiently patient, if the punishment phase is
sufficiently long, if the gains 𝑐 from cooperation are large enough, and if the trigger condition
is sufficiently informative (i.e., 𝑞𝐶 − 𝑞𝐷 must be sufficiently large). The conditions ensure
that deviations from cooperation are deterred through intertemporal incentives.

In the collusive equilibrium, supracompetitive profits from cooperation arise from the
ability to identify benign limit orders from patient investors and the ability to identify
toxic limit orders from informed HFTs. This allows HFTs to safely profit by sniping
limit orders from patient investors; a source of excess profits that would otherwise be
unavailable in the competitive equilibrium where HFTs do not snipe in period three. The
supracompetitive profits from cooperation, in turn, provide the necessary incentives for
the HFTs to willingly reveal themselves to each other, while the incentive to cheat by
pretending to be a patient investor is deterred through intertemporal incentives with the
threat of reverting to competitive play. This leads to an equilibrium where: (i) quoted
spreads are on average wider than that in the competitive equilibrium where the type of
limit order (toxic or benign) cannot be identified, and (ii) the trading costs for impatient
investors are higher because they are forced to trade at the spread set by HFTs (they cannot
trade with limit orders from a patient investor unless play is in the punishment phase).
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6.5.3 Parameter Analysis

To understand the robustness of the collusive equilibrium, we analyze how the values of
the model parameters affect the existence of the collusive equilibrium. We provide both
theoretical and numerical results to gain insights into what breaks the collusive equilibrium.

Theoretical Analysis We provide a theoretical result to show how the number 𝑁 of HFTs
affects the existence of the collusive equilibrium, and a result to highlight how private
information affects the existence of the collusive equilibrium.

Corollary 3. Consider the set of model parameterizations such that the conditions in
Proposition 6 hold. The size of this set decreases as the number 𝑁 of HFTs increases.

Put simply, as the number 𝑁 of HFTs increases, the possibility of colluding with play
described in Proposition 6 decreases. There are two forces driving this result. First, the
gains 𝑐 from cooperation decrease as the number of HFTs increases. Therefore, each HFT
gets a smaller share of the pie, which decreases their incentives to cooperate. Second,
the informativeness of the trigger condition 𝑞𝐶 − 𝑞𝐷 decreases as 𝑁 increases. Therefore,
deviations are harder to detect, so it is harder to deter cheaters, which makes it more difficult
to sustain a collusive arrangement.

Corollary 4. In the absence of private information, the collusive equilibrium described in
Proposition 6 does not exist.

This result is straightforward. The motivation behind signaling is that benign limit
orders from patient investors are distinguished from toxic limit orders sent by informed
HFTs. If there are no informed HFTs, then there is no need to signal. Although the result is
obvious, it is worth stating it because of a potential policy response: eliminate short-lived
private information that arises from market fragmentation. For example, this can potentially
be addressed through frequent batch auctions (see Budish et al., 2015).

Numerical Analysis We use a toy example to analyze numerically the driver behind each
of the conditions in Proposition 6 as a function of the improvement value 𝛿 of limit orders
from patient investors and the arrival probability of a patient investor 𝑝𝐿𝑂 . If all of the
conditions hold, then a collusive equilibrium exists.

In Figure 6.2, regions of (𝛿, 𝑝𝐿𝑂) that satisfy each of the conditions in Proposition 6 are
in gray. In Figure 6.2a, condition (D0) only holds when the expected payoff from sniping a
patient investor in period 3, i.e., 𝛿 𝑝𝐿𝑂 , is not too large. In Figures 6.2b and 6.2c, conditions
(ICC) and 𝑐 > 0 hold when the limit orders of patient investors are sufficiently mispriced
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(a) Condition (D0), i.e., competitive equilibrium
where HFTs do not snipe in period three

(b) Condition 𝑐 > 0, i.e., positive gains from
cooperation

(c) Condition (ICC) (d) All conditions

Figure 6.2: Improvement value 𝛿 of limit orders from patient investors and the arrival
probability of a patient investor 𝑝𝐿𝑂 that satisfy each of the conditions in Proposition 6. If
all of the conditions hold, then collusive equilibrium exists. Shaded regions are where the
conditions are satisfied. Dashed red line is the solution to (6.3a) as a function of the arrival
probability of a patient investor 𝑝𝐿𝑂 , which is the upper bound on the improvement level 𝛿.
Model parameters: 𝑁 = 3, 𝑝𝐿𝑇 = 𝑝public = 0.4, 𝑄 = 3, and 𝐽 ∼𝑈 (0,10).

and when the arrival probability of patient investors is not too high.11 Figure 6.2d outlines

11We say condition (ICC) holds whenever there exists a combination of (𝜌,𝑇) such that the inequality is
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the regions of (𝛿, 𝑝𝐿𝑂) that satisfy all conditions in Proposition 6. We see that the regions
where the collusive equilibrium exists are relatively small. The collusive equilibrium only
exists when the limit orders posted by patient investors are sufficiently mispriced, and when
the arrival probability of a patient investor is low. The requirement for sufficiently mispriced
limit orders posted by patient investors is consistent with Table 6 in Cartea et al. (2025),
which shows that for limit orders sent by retail investors, the sniping probability increases
as the level of mispricing increases.

The condition for a low arrival probability of a patient investor is unexpected because one
would expect that more patient investors means that there is more to gain from cooperation.
However, the reason why collusion breaks down is intuitive. The limit orders of patient
investors must be sufficiently mispriced so that conditions (ICC) and 𝑐 > 0 hold. Now,
if there are too many patient investors, then the expected payoff from sniping a patient
investor’s limit order covers the cost of being fooled by a toxic limit order from an informed
HFT. Therefore, the need to signal disappears and collusion breaks down. It is worth
highlighting that the main driver behind this result is our restriction to collusive strategies
that do not widen the spread, so supracompetitive profits arise from revealing yourself to
others.

6.6 Discussion

In the cooperation phase of the collusive equilibrium, the way in which HFTs can coordinate
play is not unique. Similar to Folk theorems, our goal is not to specify the exact strategies
used by HFTs, but rather to highlight the economic forces that underlie the incentives of
HFTs to reveal themselves and how they can collectively enforce a collusive arrangement.
Therefore, our model does not explain why HFTs would choose one collusive strategy
profile over another.

Similarly, our model cannot explain how such a collusive arrangement might be initiated,
whether it is tacit or explicit, because our model only analyzes the incentive structures in
the collusive arrangement. However, Chapter 4 shows that a collusive arrangement can be
initiated through learning without communication.

Finally, we highlight that in the model, HFTs are invariant to the signaling mechanism.
The only requirements are that limit orders posted by HFTs are easily differentiated from
limit orders posted by a patient investor, and that play in the cooperation phase is coordinated
to accommodate for the signaling mechanism.

satisfied.

84



Appendix A

Proofs

A.1 Chapter 3

Following the proof sketch, to analyze the error terms in (3.4a), we first establish several
useful implications of Assumption A.

First, an immediate consequence of Assumptions A.2 and A.5 is that there exists a
constant 𝐿1 such that | 𝑓 (𝜽 , s,a, s′) | ≤ 𝐿1 for all 𝜽 ∈𝐺, s, s′ ∈ S, and a ∈ A. By construction,
𝑀𝑛, defined in (3.4b) is an F𝑛-martingale, which is therefore uniformly bounded with
|𝑀𝑛 | ≤ 2𝐿1 almost surely.

Second, an immediate consequence of Assumption A.4 is that the transition probability
𝑃𝜎𝜃 (s′ | s) is Lipschitz in 𝜽 for all s, s′ ∈ S, while Assumptions A.2, A.4, and A.5 ensure
that 𝑓 (𝜽 , s) is Lipschitz in 𝜽 for all s ∈ S.

Under Assumption A.3, for each 𝜽 ∈𝐺, the Markov chain s𝜎𝜃 induces a unique stationary
distribution Γ𝜎𝜃 (s) on the states s ∈ S that satisfies the following system of equations

Γ𝜎𝜃 (s) =
∑︁
s′

Γ𝜎𝜃 (s′) 𝑃𝜃 (s | s′) ,
∑︁

s
Γ𝜎𝜃 (s) = 1

for all s ∈ S. The following lemma shows that the regularity of the transition probabilities
𝑃𝜎𝜃 (s′ | s) establishes regularity results for the components of Γ𝜎𝜃 .

Lemma 4. Assume Assumptions A.3–A.4 hold, then the stationary distribution Γ𝜎𝜃 (s) is
Lipschitz in 𝜽 for all s ∈ S.

The proof of Lemma 4 follows from Lemma 4.2 in Ma et al. (1990). The key to bounding
the errors in (3.4c) is to establish the regularity of the Poisson Equations. The collection of
functions 𝝊 = (𝜐𝑖

𝑎 |𝑠,𝑠′)0<𝑖≤𝐼,𝑎∈A𝑖 ,s∈S , where 𝜐𝑖
𝑎 |𝑠𝑖 ,𝑠 : 𝐺 ×S → R, is said to solve the Poisson

Equations if the following holds for every 𝜽 ∈ 𝐺 and for every s ∈ S:

𝝊(𝜽 , s) −
∑︁
s′
𝑃𝜎𝜃 (s′ | s)𝝊(𝜽 , s′) = 𝑓 (𝜽 , s) −𝐹 (𝜽) . (A.1)
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The following lemma establishes the regularity of 𝐹 and 𝝊 with respect to 𝜽 .

Lemma 5. Assume Assumptions A.2 to A.5 hold, then the solution pair (𝐹,𝝊) to the Poisson
equation is Lipschitz in 𝜽 , i.e.,

5.1 |𝐹 (𝜽) −𝐹 (𝜽′) | ≤ 𝐿2 |𝜽 − 𝜽′| for all 𝜽 ,𝜽′ ∈ 𝐺 .

5.2 |𝝊(𝜽 , s) −𝝊(𝜽′, s) | ≤ 𝐿2 |𝜽−𝜽′| for all 𝜽 ,𝜽′ ∈𝐺 and s ∈ S. In particular, 𝝊 is bounded,
i.e., 𝐿3 = sup𝜽 sups |𝝊(𝜽 , s) | <∞.

The proof of Lemma 5 follows from Theorem 4.3 in Ma et al. (1990). As 𝐹 is Lipschitz
with respect to 𝜽 and 𝜽𝑛 ∈ 𝐺, Proposition 1 is proved immediately by appealing to the
Cauchy–Lipschitz Theorem. Lemma 5 admits the following corollary.

Corollary 5. There exists 𝐿4 > 0 such that
���E𝜃 [𝝊(𝜽 , s𝑛) | F𝑛−1

]
−E𝜃

′
[
𝝊(𝜽′, s𝑛) | F𝑛−1

] ��� ≤
𝐿4 |𝜽 − 𝜽′| for all 𝜽 ,𝜽′ ∈ 𝐺 and s𝑛 ∈ S.

Proof. For any function 𝑓 : S → R, define Es
[
𝑓 (s𝑘 )

]
:= E

[
𝑓 (s𝜃

𝑘
)
]
. Notice that∑︁

s′
𝑃𝜎𝜃𝑛 (s

′ | s𝑛)𝝊(𝜽𝑛, s′) = E𝜃𝑛
[
𝜐(𝜽𝑛, s𝑛+1) |F𝑛

]
. (A.2)

Use (A.2) and rearrange (A.1) to obtain the identity

E𝜃
[
𝝊(𝜽 , s𝑛) |F𝑛−1

]
= 𝝊(𝜽 , s𝑛−1) +𝐹 (𝜽) − 𝑓 (𝜽 , s𝑛−1) . (A.3)

By Lemma 5, each term on the right-hand side of (A.3) is Lipschitz with respect to 𝜽 for
fixed s𝑛 ∈ S. □

To analyze the error terms𝑈𝑛 in (3.4c), use the expression in (A.3) to decompose𝑈𝑛 as
follows:

𝑈𝑛+1 = 𝑓 (𝜽𝑛, s𝑛) −𝐹 (𝜽𝑛)

= 𝝊(𝜽𝑛, s𝑛) −E𝜽𝑛
[
𝝊(𝜽𝑛, s𝑛+1) |F𝑛

]
= 𝝊(𝜽𝑛, s𝑛) −E𝜽𝑛

[
𝝊(𝜽𝑛, s𝑛) |F𝑛−1

]
+E𝜽𝑛

[
𝝊(𝜽𝑛, s𝑛) |F𝑛−1

]
−E𝜽𝑛+1

[
𝝊(𝜽𝑛+1, s𝑛+1) |F𝑛

]
+E𝜽𝑛+1

[
𝝊(𝜽𝑛+1, s𝑛+1) |F𝑛

]
−E𝜽𝑛

[
𝝊(𝜽𝑛, s𝑛+1) |F𝑛

]
:= 𝑍 (1)

𝑛+1 + 𝑍
(2)
𝑛+1 + 𝑍

(3)
𝑛+1 .

As a consequence of Lemma 5.2 and (A.2), 𝑍 (1)
𝑛 is a uniformly bounded F𝑛-martingale.

Now, with the lemmas and corollary from above, we bound the 𝑀𝑛 and 𝑍 ( 𝑗)
𝑛 terms for

𝑗 = 1,2,3. We first prove Theorem 2 because we only need to show that (ARC) holds under
Assumption A with (DLR).
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Proof of Theorem 2.
By Proposition 4.1 in Benaïm (1999), if (ARC) holds, then Theorem 2.1 holds. Verifying

lim
𝑛→∞

(
sup

𝑛<ℓ≤𝑚(𝑛,𝑇)

����� ℓ∑︁
𝑘=𝑛+1

𝛾𝑘 𝑀𝑘

�����
)
= 0 , a.s., and (A.4a)

lim
𝑛→∞

(
sup

𝑛<ℓ≤𝑚(𝑛,𝑇)

����� ℓ∑︁
𝑘=𝑛+1

𝛾𝑘 𝑍
( 𝑗)
𝑘

�����
)
= 0 , a.s. (A.4b)

for 𝑗 = 1,2,3 is sufficient to verify (ARC). Define an increasing sequence of inte-
gers to partition the positive real line in the following way: 𝑛0 = 0, 𝑛1 = 𝑚(𝑛0,𝑇), 𝑛2 =

𝑚(𝑛1,𝑇), . . . , 𝑛𝑟+1 = 𝑚(𝑛𝑟 ,𝑇). Finally, define 𝑆( 𝑗)𝑛 =
∑𝑛
𝑘=1 𝛾𝑘 𝑍

( 𝑗)
𝑘

for 𝑗 = 1,2,3 and 𝑆𝑛 =∑𝑛
𝑘=1 𝛾𝑘 𝑀𝑘 .

First, we address the martingale terms 𝑀𝑛 in a manner similar to Benaïm (1999).
Because the 𝑀𝑛 terms are a martingale, use the Burkholder–Davis–Gundy inequality to
obtain

E

[
sup

𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

�����𝑞
]
≤ 𝐶𝑞E


(
𝑛𝑟+1∑︁

𝑘=1+𝑛𝑟
𝛾2
𝑘 |𝑀𝑘 |2

)𝑞/2 
for some constant 𝐶𝑞 that depends on 𝑞. Use Hölder’s Inequality to obtain

𝑆𝑟 := E

[
sup

𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

�����𝑞
]
≤ 𝐶𝑞E


(
𝑛𝑟+1∑︁

𝑘=1+𝑛𝑟
𝛾𝑘

)𝑞/2−1 𝑛𝑟+1∑︁
𝑘=1+𝑛𝑟

𝛾
1+𝑞/2
𝑘

|𝑀𝑘 |𝑞


≤ 𝐶𝑞𝑇𝑞/2−1E

[
𝑛𝑟+1∑︁

𝑘=1+𝑛𝑟
𝛾

1+𝑞/2
𝑘

|𝑀𝑘 |𝑞
]

≤ 𝐶𝑞,𝑇 2𝑞 𝐿𝑞1
𝑛𝑟+1∑︁

𝑘=1+𝑛𝑟
𝛾

1+𝑞/2
𝑘

.

Thus, we have

𝑆𝑟 ≤ 𝐶𝑞,𝑇,𝐿1

𝑛𝑟+1∑︁
𝑘=1+𝑛𝑟

𝛾
1+𝑞/2
𝑘

,

where 𝐶𝑞,𝑇,𝐿1 is a constant that depends on 𝑞, 𝑇 , and 𝐿1. Therefore, by (DLR) we have∑︁
𝑟≥0

𝑆𝑟 ≤ 𝐶𝑞,𝑇,𝐿1

∞∑︁
𝑘=1

𝛾
1+𝑞/2
𝑘

<∞ .

By the Markov inequality,∑︁
𝑟≥0

P

(
sup

𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

�����𝑞 ≥ 𝛿
)
≤

∑
𝑟≥0 𝑆𝑟

𝛿
<∞ .
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Thus, by the Borel-Cantelli Lemma, we have

P

(
sup

𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

�����𝑞 > 0 𝑖.𝑜.

)
= 0 .

The same statement is true for 𝑞 = 2, so we obtain

lim
𝑟→∞

sup
𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

����� = 0 .

Finally, noting that for 𝑛 such that 𝑛𝑟 ≤ 𝑛 < 𝑛𝑟+1, we have

sup
𝑛<ℓ≤𝑚(𝑛,𝑇)

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

����� ≤ 2 sup
𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

�����+ sup
𝑛𝑟+1<ℓ≤𝑛𝑟+2

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑀𝑘

����� ,
so (A.4a) holds for the 𝑀𝑛 terms.

Recall that 𝑍 (1)
𝑛 is a bounded martingale, so following the same procedure as for the 𝑀𝑛

terms, one writes the inequality

𝑆
(1)
𝑟 := E

[
sup

𝑛𝑟<ℓ≤𝑛𝑟+1

����� ℓ∑︁
𝑘=1+𝑛𝑟

𝛾𝑘 𝑍
(1)
𝑘

�����𝑞
]
≤ 𝐶𝑞,𝑇,𝐿3

𝑛𝑟+1∑︁
𝑘=1+𝑛𝑟

𝛾
1+𝑞/2
𝑘

,

where 𝐶𝑞,𝑇,𝐿3 is a constant that depends on 𝑞, 𝑇 , and 𝐿3 which is the constant from
Lemma 5.2. Following the arguments as before, we have that (A.4b) holds for 𝑗 = 1.

For the 𝑍 (2)
𝑛 terms, notice that for 0 < 𝑛 < ℓ, we have

𝑆
(2)
ℓ

− 𝑆(2)𝑛 = −
ℓ−1∑︁
𝑘=𝑛

(𝛾𝑘 −𝛾𝑘+1) E𝜃𝑘
[
𝝊(𝜽 𝑘 , s𝑘 ) |F𝑘−1

]
+𝛾𝑛E𝜃𝑛

[
𝝊(𝜽𝑛, s𝑛) |F𝑛−1

]
−𝛾ℓE𝜃ℓ

[
𝝊(𝜽ℓ, sℓ) |Fℓ−1

]
.

By Lemma 5.2, we obtain���𝑆(2)
ℓ

− 𝑆(2)𝑛
��� ≤ 𝐿3

ℓ−1∑︁
𝑘=𝑛

(𝛾𝑘 −𝛾𝑘+1) + 𝐿3 (𝛾𝑛 +𝛾ℓ)

= 𝐿3 𝛾𝑛− 𝐿3 𝛾ℓ + 𝐿3 (𝛾𝑛 +𝛾ℓ) = 2𝐿3 𝛾𝑛

for any ℓ > 𝑛. Thus, (A.4b) holds for 𝑗 = 2 because lim𝑛→∞ 𝛾𝑛 = 0 by (DLR).
To show (A.4b) for 𝑗 = 3, use the Lipschitz property from Corollary 5 and the bound-

edness of 𝑓 to obtain

|𝑍 (3)
𝑛+1 | ≤ 𝐿4 |𝜽𝑛+1 − 𝜽𝑛 | ≤ 𝐿1 𝐿4 𝛾𝑛+1 .
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Therefore,

sup
𝑛<ℓ≤𝑚(𝑛,𝑇)

����� ℓ∑︁
𝑘=𝑛+1

𝛾𝑘 𝑍
(3)
𝑘

����� ≤ 𝑚(𝑛,𝑇)∑︁
𝑘=𝑛+1

𝛾𝑘 |𝑍 (3)
𝑘

| ≤ 𝐿1 𝐿4

𝑚(𝑛,𝑇)∑︁
𝑘=𝑛+1

𝛾2
𝑘 ≤ 𝐿1 𝐿4𝑇 𝛾𝑛+1 ,

which tends to zero as 𝑛→∞, and yields (A.4b) for 𝑗 = 3.
Apply Proposition 4.1 of Benaïm (1999) to obtain part 2.1 of Theorem 2. Next, apply

the Kushner-Clark Lemma in Kushner and Clark (1978) to obtain part 2.2 of Theorem 2. □

Proof of Theorem 1.
First, for any 𝑛, use Taylor’s Theorem on the solution of (ALE) to obtain

𝜽̄ (𝑡𝑛+1) − 𝜽̄ (𝑡𝑛) =
∫ 𝑡𝑛+1

𝑡𝑛

𝐹
(
𝜽̄ (𝑠)

)
𝑑𝑠 = 𝛾𝑛+1𝐹

(
𝜽̄ (𝑡𝑛)

)
+ 𝜅𝑛+1 , (A.5)

for some 𝜅𝑛+1 with |𝜅𝑛+1 | ≤ 𝐿4 𝛾
2
𝑛+1 where 𝐿4 is the constant from Corollary 5.

Use (3.3) and (A.5) to write

𝜽𝑛− 𝜽̄ (𝑡𝑛) = 𝜽𝑛−1 − 𝜽̄ (𝑡𝑛−1) +𝛾𝑛
(
𝐹 (𝜽𝑛−1) −𝐹 (𝜽̄ (𝑡𝑛−1))

)
+ 𝜅𝑛 +𝛾𝑛 𝜀𝑛 .

Therefore,

𝜽𝑛− 𝜽̄ (𝑡𝑛) =
𝑛−1∑︁
𝑘=0

𝛾𝑘+1
(
𝐹 (𝜽 𝑘 ) −𝐹 (𝜽̄ (𝑡𝑘 ))

)
+
𝑛−1∑︁
𝑘=0

𝜅𝑘+1 +
𝑛−1∑︁
𝑘=0

𝛾𝑘+1 𝜀𝑘+1 ,

and ��𝜽𝑛− 𝜽̄ (𝑡𝑛)
�� ≤ 𝐿4

𝑛−1∑︁
𝑘=0

𝛾𝑘+1 |𝜽 𝑘 − 𝜽̄ (𝑡𝑘 ) | + 𝐿4

𝑛−1∑︁
𝑘=0

𝛾2
𝑘+1 + sup

ℓ≤𝑛

�����ℓ−1∑︁
𝑘=0

𝛾𝑘+1 𝜀𝑘+1

����� .
For convenience, denote

𝑌
(1)
𝑛 := 𝐿4

𝑛−1∑︁
𝑘=0

𝛾2
𝑘+1 and 𝑌

(2)
𝑛 := sup

ℓ≤𝑛

�����ℓ−1∑︁
𝑘=0

𝛾𝑘+1 𝜀𝑘+1

����� .
Use the discrete version of the Gronwall Lemma (see Benveniste et al., 1990, Lemma 8
Chapter 1 of Part II), to obtain��𝜽𝑛− 𝜽̄ (𝑡𝑛)

�� ≤ exp

(
𝐿4

𝑛−1∑︁
𝑘=0

𝛾𝑘+1

)
×

(
𝑌
(1)
𝑛 +𝑌 (2)

𝑛

)
,

and hence,

E

[
sup

𝑛≤𝑚(𝑇)

��𝜽𝑛− 𝜽̄ (𝑡𝑛)
��2] ≤ 2 exp (2𝐿4𝑇) ×

((
𝑌
(1)
𝑚(𝑇)

)2
+E

[(
𝑌
(2)
𝑚(𝑇)

)2
] )
. (A.6)
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Bound
(
𝑌
(1)
𝑚(𝑇)

)2
by noticing that

(
𝑌
(1)
𝑚(𝑇)

)2
=

(
𝐿4

𝑚(𝑇)−1∑︁
𝑘=0

𝛾2
𝑘+1

)2

= 𝐿2
4𝑇

2 𝛾2
1 .

To bound E
[(
𝑌
(2)
𝑚(𝑇)

)2
]
, recall that 𝑀𝑘 and 𝑍 (1)

𝑘
are bounded by 𝐿1 and 𝐿3, respectively, for

any 𝑞 ≥ 1. By martingale inequalities, we have

E

 sup
𝑛≤𝑚(𝑇)

����� 𝑛∑︁
𝑘=1

𝛾𝑘 𝑀𝑘

�����2  ≤ 16𝐿2
1

𝑚(𝑇)∑︁
𝑘=1

𝛾2
𝑘 ≤ 16𝐿2

1𝑇 𝛾1 and,

E

 sup
𝑛≤𝑚(𝑇)

����� 𝑛∑︁
𝑘=1

𝛾𝑘 𝑍
(1)
𝑘

�����2  ≤ 16𝐿2
3

𝑚(𝑇)∑︁
𝑘=1

𝛾2
𝑘 ≤ 16𝐿2

3𝑇 𝛾1 ,

respectively. For 𝑍 (2)
𝑘

and 𝑍 (3)
𝑘

, use the inequalities from the proof of Theorem 2 to obtain

E

[ �����𝑚(𝑇)∑︁
𝑘=1

𝛾𝑘 𝑍
(2)
𝑘

�����
]2

≤ 4𝐿2
3 𝛾

2
1 and,

E

 sup
𝑛≤𝑚(𝑇)

����� 𝑛∑︁
𝑘=1

𝛾𝑘 𝑍
(3)
𝑘

�����2 ≤ E

[
𝑚(𝑇)∑︁
𝑘=1

𝛾𝑘

���𝑍 (3)
𝑘

��� ]2

≤ 𝐿2
1 𝐿

2
4𝑇

2 𝛾2
1 ,

respectively. Combine the above inequalities together to obtain

E
[(
𝑌
(2)
𝑚(𝑇)

)2
]
≤ 16𝑇

(
𝐿2

1 + 𝐿
2
3

)
𝛾1 +

(
4𝐿2

3 + 𝐿
2
1 𝐿

2
4𝑇

2
)
𝛾2

1 .

Combine the bounds for 𝑌 (1)
𝑚(𝑇) and 𝑌 (2)

𝑚(𝑇) to bound (A.6) with

E

[
sup

𝑛≤𝑚(𝑇)

��𝜽𝑛− 𝜽̄ (𝑡𝑛)
��2] ≤ 2exp (2𝐿4𝑇)

(
16𝑇

(
𝐿2

1 + 𝐿
2
3

)
𝛾1 +

(
4𝐿2

3 + 𝐿
2
1 𝐿

2
4𝑇

2 + 𝐿2
4𝑇

2
)
𝛾2

1

)
.

Denote the constant on the right-hand side as 𝐶 (𝑇,𝛾1), and note that 𝐶 (𝑇,𝛾1) → 0 as
𝛾1 → 0. Write

P

(
sup

𝑛≤𝑚(𝑇)
|𝜽𝑛− 𝜽̄ (𝑡𝑛) | ≥ 𝛿

)
≤
E

[
sup𝑛≤𝑚(𝑇)

��𝜽𝑛− 𝜽̄ (𝑡𝑛)
��2]

𝛿2 ≤ 𝐶 (𝑇,𝛾1)
𝛿2 ,

to complete the proof of Theorem 1 by appealing to Markov’s inequality. □
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A.2 Chapter 4
The continuation payoff in (4.1) can be rewritten as a system of linear equations

𝑉 𝑖s (𝜏;𝜽) =
∑︁
a∈A


𝐼∏
𝑗=1
𝜃
𝑗

𝑎 𝑗 |s


[
𝑢𝑖 (a) −𝐶𝑖 (𝜏;𝜽 𝑖s) + 𝛿

∑︁
s′
𝑝(s′ | s,a)𝑉 𝑖s′ (𝜏;𝜽)

]
= 𝑢𝑖 (𝜽s) −𝐶𝑖 (𝜏;𝜽 𝑖s) + 𝛿

∑︁
s′
𝑃𝜃 (s′ | s)𝑉 𝑖s′ (𝜏;𝜽) (A.7)

for all 0 < 𝑖 ≤ 𝐼, s ∈ S, and 𝜏 ≥ 0. Similarly, the action values can also be rewritten as a
system of linear equations

𝑉 𝑖
𝑎𝑖 |s(𝜏;𝜽) =

∑︁
a−𝑖∈A−𝑖

[∏
𝑗≠𝑖

𝜃
𝑗

𝑎 𝑗 |s

] [
𝑢𝑖 (𝑎𝑖 ,a−𝑖) −𝐶𝑖 (𝜏;𝜽 𝑖s) + 𝛿

∑︁
s′
𝑝𝑎𝑖 (s′ | s,a−𝑖)𝑉 𝑖s′ (𝜏;𝜽)

]
= 𝑢𝑖 (𝑎𝑖 ,𝜽−𝑖

s ) −𝐶𝑖 (𝜏;𝜽 𝑖s) + 𝛿
∑︁
s′
𝑝𝑎𝑖 (s′ | s,𝜽−𝑖

s )𝑉 𝑖s′ (𝜏;𝜽)

for all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, s ∈ S, and 𝜏 ≥ 0. Furthermore, notice the relation 𝑉 𝑖s (𝜏;𝜽) :=
𝜽𝑖s ·𝑉 𝑖·|s(𝜏;𝜽).

Finally, recall that 𝐺 = Δ(A𝑖) 𝐼×|S|. Define 𝐺 int = int(Δ(A𝑖)) 𝐼×|S| as the interior of 𝐺
so that 𝐶𝑖 (𝜏;𝜽𝑖s) is differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int when 𝜏 > 0. In addition, for any fixed
𝜏 > 0, we define 𝐺𝜏 as a compact and convex subset of 𝐺 int such that the rest points of
(SBRD) lie within the interior of 𝐺𝜏.

A.2.1 Building Blocks for Theorems 3 and 4

Lemma 6. In a Markov potential gameG∞
𝑚 (0) with a potentialΦs(𝜽) for s ∈ S, the following

hold for the continuation payoffs 𝑉 𝑖s (0;𝜽) for all 0 < 𝑖 ≤ 𝐼 and s ∈ S:

6.1 There exists a function 𝑈̂𝑖s : Δ(A𝑖) (𝐼−1)×|S| → R such that for each 𝜽 = (𝜽𝑖,𝜽−𝑖), we
have 𝑉 𝑖s (0;𝜽) = Φs(𝜽) +𝑈̂𝑖s(𝜽−𝑖).

6.2 𝜕𝜃𝑖
𝑎𝑖 |s

Φs(𝜽) = 𝜕𝜃𝑖
𝑎𝑖 |s
𝑉 𝑖s (0;𝜽) for all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖 and s ∈ S.

Proof. The result follows from Proposition B.1 in Leonardos et al. (2022). □

Lemma 7. For any 𝜇 ∈ Δ(S), s ∈ S, 𝜽 ∈ 𝐺 int, 0 < 𝑖 ≤ 𝐼, 𝑎 ∈ A𝑖, and 𝜏 > 0, we have

𝜕𝜃𝑖
𝑎 |s
𝑉 𝑖𝜇 (𝜏;𝜽) = 𝑑𝜃𝜇 (s)

(
𝑉 𝑖
𝑎 |s(𝜏;𝜽) − 𝜕𝜃𝑖

𝑎 |s
𝐶𝑖 (𝜏;𝜽𝑖s)

)
,

where 𝑑𝜃𝜇 (s) is the discounted state visitation frequency given by

𝑑𝜃𝜇 (s) =
∑︁
s𝜃0 ∈S

𝜇(s𝜃0)
∞∑︁
𝑘=0

𝛿𝑘 P(s𝜃𝑘 = s | s𝜃0) .
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Proof. The proof follows a similar approach to that in Maheshwari et al. (2023). We claim
that for any 𝜇 ∈ Δ(S), 0 < 𝑖 ≤ 𝐼, 𝜽 ∈ 𝐺 int, s ∈ S, 𝑎 ∈ A𝑖, and 𝜏 > 0,

𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖𝜇 (𝜏;𝜽) = E

[
𝐾∑︁
𝑘=0

𝛿𝑘 1{s𝜃
𝑘
=s}

] (
𝑉 𝑖
𝑎 |s(𝜏;𝜽) − 𝜕𝜃 𝑖

𝑎 |s
𝐶𝑖 (𝜏;𝜽 𝑖s)

)
+ 𝛿𝐾+1E

[
𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖s𝜃
𝐾+1

(𝜏;𝜽)
]

holds for any integer 𝐾 ≥ 0. The claim follows from a straightforward proof by induction.
Hence, take 𝐾 →∞ and write

𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖𝜇 (𝜏;𝜽) = E

[ ∞∑︁
𝑘=0

𝛿𝑘 1{s𝜃
𝑘
=s}

] (
𝑉 𝑖
𝑎 |s(𝜏;𝜽) − 𝜕𝜃 𝑖

𝑎 |s
𝐶𝑖 (𝜏;𝜽 𝑖s)

)
=

∑︁
s𝜃0 ∈S

𝜇(s𝜃0 )
∞∑︁
𝑘=0

𝛿𝑘 P
(
s𝜃𝑘 = s | s𝜃0

) (
𝑉 𝑖
𝑎 |s(𝜏;𝜽) − 𝜕𝜃 𝑖

𝑎 |s
𝐶𝑖 (𝜏;𝜽 𝑖s)

)
= 𝑑 𝜃𝜇 (s)

(
𝑉 𝑖
𝑎 |s(𝜏;𝜽) − 𝜕𝜃 𝑖

𝑎 |s
𝐶𝑖 (𝜏;𝜽 𝑖s)

)
.

□

Lemma 8. Let 𝜽 ∈ 𝐺 int and let and 𝜏 > 0, then

𝑑𝜃𝜇 (s) 𝜕1𝐽
𝑖
s(y,𝜽;𝜏) · Γ𝐵̃(𝜏;𝜃) (s)

(
𝐵̃𝑖s(𝜏;𝜽) − 𝜽𝑖s

)
≥ 0

with equality only when 𝐵̃𝑖s(𝜏;𝜽) = 𝜽𝑖s = y for all 0 < 𝑖 ≤ 𝐼 and s ∈ S.

Proof. Observe that

𝜕2𝐽𝑖s(y,𝜽;𝜏)
𝜕𝑦𝑎𝜕𝑦𝑎′

= −1{𝑎=𝑎′}
𝜏

𝑦𝑎

for all 𝑦𝑎, 𝑦𝑎′ , which correspond to the actions of y ∈ int(Δ(A𝑖)). Thus, 𝐽𝑖s is strictly
concave in y because the Hessian matrix of 𝐽𝑖s is a diagonal matrix with negative entries.
Furthermore, observe that 𝜕1𝐽

𝑖
s(𝐵̃𝑖s(𝜏;𝜽),𝜽;𝜏) = 0 by definition of 𝐵̃𝑖s(𝜏;𝜽). Therefore,(

𝜕1𝐽
𝑖
s(𝐵̃𝑖s(𝜏;𝜽),𝜽;𝜏) − 𝜕1𝐽

𝑖
s(y,𝜽;𝜏)

)
·
(
𝐵̃𝑖s(𝜏;𝜽) − 𝜽𝑖s

)
≤ 0 ,

with equality only when 𝐵̃𝑖s(𝜏;𝜽) = y = 𝜽𝑖s because of the strict concavity and the definition
of the smoothed best response. Thus,

𝜕1𝐽
𝑖
s(y,𝜽;𝜏) ·

(
𝐵̃𝑖s(𝜏;𝜽) − 𝜽𝑖s

)
≥ 0 ,

with equality only when 𝐵̃𝑖s(𝜏;𝜽) = y = 𝜽𝑖s. Finally, the lemma follows because Γ𝐵̃(𝜏;𝜃) (s) > 0
and 𝑑𝜃𝜇 (s) > 0 for all s ∈ S. □

Lemma 9. For all 0 < 𝑖 ≤ 𝐼, s ∈ S, 𝑎𝑖 ∈ A𝑖, and 𝜏 > 0, the continuation payoff𝑉 𝑖s (𝜏;𝜽) and
the action values 𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) are infinitely differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int .
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Proof. Write (A.7) in vector notation over the states s ∈ S as

V𝑖 (𝜏;𝜽) = (Id− 𝛿P𝜃)−1 [
u𝑖 (𝜽) −C𝑖 (𝜏;𝜽𝑖)

]
, (A.8)

where Id is the identity matrix. The matrix P𝜃 is stochastic, so its largest eigenvalue is
1. The matrix Id− 𝛿P𝜃 is invertible because its lowest eigenvalue is 1− 𝛿 > 0. Recall the
identity

(Id− 𝛿P𝜃)−1 =
1

det(Id− 𝛿P𝜃)
adj (Id− 𝛿P𝜃) . (A.9)

The determinant is a polynomial in the components of 𝜽 ∈ 𝐺 int . Each entry of the adjugate
is the determinant of a cofactor matrix, and hence, each entry is a polynomial in the
components of 𝜽 ∈ 𝐺 int . Therefore, V𝑖 (𝜏;𝜽) is infinitely differentiable in 𝜽 because u𝑖 (𝜽)
and C𝑖 (𝜏;𝜽𝑖) are both infinitely differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int . Moreover, 𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) is
also infinitely differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int because 𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) is the sum of infinitely
differentiable functions. □

Corollary 6. For all 0 < 𝑖 ≤ 𝐼, s ∈ S, 𝑎𝑖 ∈ A𝑖, and 𝜏 > 0, the continuation payoff 𝑉 𝑖s (𝜏;𝜽)
and the action values 𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) are Lipschitz continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜏.

Proof. Observe that 𝐺𝜏 is a compact set. Thus ∇𝜃V𝑖 (𝜏;𝜽) is bounded on 𝐺𝜏 because
it is continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜏. Therefore, V𝑖 (𝜏;𝜽) is Lipschitz continuous in 𝜽 for
all 𝜽 ∈ 𝐺𝜏. Moreover, 𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) is a sum of Lipschitz functions, so it is also Lipschitz
continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜏. □

Corollary 7. In a Markov potential game G∞
𝑚 (0), the perturbed potential function Φs(𝜏;𝜽)

is infinitely differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int, s ∈ S, and 𝜏 > 0.

Proof. The perturbed game G∞
𝑚 (𝜏) is also a Markov potential game with potential function

Φs(𝜏;𝜽) and corresponding continuation payoffs 𝑉 𝑖𝑠 (𝜏;𝜽), by Lemma 2. Therefore, by
Lemma 6, we have Φs(𝜏;𝜽) =𝑉 𝑖s (𝜏;𝜽) −𝑈̂𝑖s(𝜽−𝑖). Hence, for all s, s′ ∈ S, 0 < 𝑖 ≤ 𝐼, 𝑎 ∈ A𝑖,
we have 𝜕𝜃𝑖

𝑎 |s′
Φs(𝜏;𝜽) = 𝜕𝜃𝑖

𝑎 |s′
𝑉 𝑖s (𝜏;𝜽) for all 𝜏 > 0. From Lemma 9, 𝑉 𝑖s (𝜏;𝜽) is infinitely

differentiable in 𝜽 for all 𝜽 ∈ 𝐺 int, so Φs(𝜏;𝜽) is also infinitely differentiable in 𝜽 for all
𝜽 ∈ 𝐺 int . □

A.2.2 Building Blocks for Theorems 5 and 7

We use a result from algebraic topology that Govindan et al. (2003) and Doraszelski and
Escobar (2010) use to prove purification theorems.
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Proposition 7. Suppose that 𝑈 is a bounded, open set in R𝑚 and 𝐻𝜏, 𝑀 : 𝑈̄ → R𝑚 are
continuous, where 𝑈̄ denotes the closure of 𝑈. Further, suppose that 𝑀 is continuously
differentiable on𝑈, that 𝑥0 is the only zero of 𝑀 in𝑈, and that the Jacobian of 𝑀 at 𝑥0 has
full rank. If the function 𝜅 𝐻𝜏 + (1− 𝜅)𝑀 has no zero on the boundary of𝑈 for all 𝜅 ∈ [0,1],
then 𝐻𝜏 has a zero in𝑈.

Instead of using Proposition 7 to establish the existence of equilibrium of the perturbed
game near the equilibrium of the unperturbed game, we use Proposition 7 to show that there
exists a rest point of (SBRD) for 𝜏 > 0 near a regular equilibrium 𝜽∗ of the unperturbed
game G∞

𝑚 (0). To do so, we extend the domain of 𝐺 and the entropy function 𝐶𝑖 to establish
suitable functions 𝐻𝜏 and 𝑀 to consider.

We construct 𝐺𝜖 according to Doraszelski and Escobar (2010). First, observe that
(A.9) has strictly dominant diagonals. Therefore, for all 𝜽∗ ∈ 𝐺, one can find 𝜖𝜃∗ such that
(A.9) is invertible for all 𝜽 ∈ R|S|×|A| satisfying |𝜽∗− 𝜽 | < 𝜖𝜃∗ . Next, take a finite covering(
𝑁𝜖𝜃∗

𝑗

(𝜽∗𝑗 )
)
𝑗∈𝐽

of 𝐺 because 𝐺 is compact, and define 𝐺𝜖 to be open such that its closure

𝐺̄𝜖 is contained in the open set
⋃
𝑗∈𝐽 𝑁𝜖𝜃∗

𝑗

(𝜽∗𝑗 ). Extend the entropy function (4.5) so that it
is continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜖 .

The function 𝑀 : 𝐺𝜖 → R𝐼×|S|×|A𝑖 | was defined in Section 4.2.3 given by (4.11). Fur-
thermore, 𝑀 is continuously differentiable in 𝜽 for all 𝜽 ∈ 𝐺𝜖 as a consequence of (A.8),
and the Jacobian of 𝑀 at a regular equilibrium 𝜽∗ has full rank by definition.

Next, for 𝜏 > 0, define 𝐻𝜏 : 𝐺𝜖 → R𝐼×|S|×|A𝑖 | so that the components are given by

𝐻
𝑖,𝜏

𝑎𝑖 |s(𝜽) =
{∑

𝑎𝑖∈A𝑖
𝜃𝑖
𝑎𝑖 |s −1 if 𝑎𝑖 = 𝑎𝑖s ,

𝐵̃𝑖
𝑎𝑖 |s(𝜏;𝜽) − 𝜃𝑖

𝑎𝑖 |s if 𝑎𝑖 ≠ 𝑎𝑖s ,
(A.10)

for all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, and s ∈ S. The rest points of (SBRD) correspond to 𝜽∗𝜏 such
that 𝐻𝜏 (𝜽∗𝜏) = 0 because for all 𝜽 ∈ 𝐺, Γ𝐵̃(𝜏;𝜃) (s) ≥ 𝜂 > 0 for all s ∈ S. Observe that 𝐻𝜏

is continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜖 as a consequence of (A.8) and because we extended the
entropy function (4.5) so that it is continuous in 𝜽 for all 𝜽 ∈ 𝐺𝜖 .

Finally, by the proof of Proposition 2 in Doraszelski and Escobar (2010), there exists an
open set𝑈 ⊂ 𝐺𝜖 that satisfies the following conditions:

C1. 𝜽∗ ∈𝑈.

C2. For all 𝜽 ∈𝑈, |𝜽∗− 𝜽 | < 𝜖𝜃∗ .

C3. 𝜽∗ is the only zero of 𝑀 in𝑈.

C4. For all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, and s ∈ S, if 𝜃𝑖,∗
𝑎𝑖 |s > 0, then 𝜃𝑖

𝑎𝑖 |s > 0 for all 𝜽 ∈𝑈.
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C5. For all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, and s ∈ S, if 𝑉 𝑖
𝑎𝑖 |s(0;𝜽∗) −𝑉 𝑖

𝑎𝑖s |s
(0;𝜽∗) < 0, then 𝑉 𝑖

𝑎𝑖 |s(0;𝜽) −
𝑉 𝑖
𝑎𝑖s |s

(0;𝜽) < 0 for all 𝜽 ∈𝑈.

To apply Proposition 7, the following lemma is required.

Lemma 10. For a small enough value of 𝜏 > 0 and all 𝜅 ∈ [0,1], the function 𝜅 𝐻𝜏+ (1−𝜅)𝑀
has no zero on the boundary of𝑈.

Proof. The result follows the same arguments as those in the proof of Theorem 2 in
Doraszelski and Escobar (2010). □

Therefore, we have the following lemma.

Lemma 11. Let 𝜽∗ ∈ 𝐺 be a regular equilibrium of the unperturbed game G∞
𝑚 (0). Then,

for all 𝜖 > 0, there exists 𝜏 > 0 such that for all 𝜏 ∈ (0, 𝜏), there exists 𝜽∗𝜏 ∈ 𝐺 int such that
|𝜽∗𝜏 − 𝜽∗ | < 𝜖 , where 𝜽∗𝜏 ∈ 𝐺 int is a rest point of (SBRD).

Proof. The result is an immediate consequence of applying Proposition 7 and the suitable
construction of 𝐻𝜏 and 𝑀 . Additionally, 𝜽∗𝜏 ∈ 𝐺 int because 𝐵̃𝑖

𝑎𝑖 |s(𝜏;𝜽) > 0 for 𝜏 > 0, so a
zero of 𝐻𝜏 is contained in 𝐺 int. □

Lemma 12. If the unperturbed game G∞
𝑚 (0) is regular, then the number of equilibria is

finite.

Proof. Restrict the domain of 𝑀 to a compact subset 𝐺. All equilibria of 𝑀 are isolated
because the Jacobian of 𝑀 at a regular equilibrium has full rank. We proceed by contradic-
tion. Suppose that the set of equilibria of 𝑀 is an infinite set, then the equilibria of 𝑀 will
have an accumulation point 𝜽′ because 𝐺 is compact. Observe that 𝑀 is continuous in 𝜽

for all 𝜽 ∈ 𝐺 ⊂ 𝐺𝜖 . Then, 𝜽′ is also an equilibrium of 𝑀 , which contradicts the fact that all
equilibria of 𝑀 are isolated. Therefore, the number of equilibria is finite. □

Corollary 8. If the unperturbed game G∞
𝑚 (0) is regular, then (SBRD) has finitely many

rest points.

Proof. An immediate consequence of Lemmas 11 and 12, and Proposition 3. □

Lemma 13. Let 𝜽∗ ∈ 𝐺 be a pure equilibrium of the regular unperturbed game G∞
𝑚 (0).

Then, there exists 𝜏 > 0 such that all the eigenvalues of ∇𝜃𝐻𝜏 (𝜽∗𝜏) have a negative real part
for all 𝜏 ∈ (0, 𝜏), where 𝜽∗𝜏 ∈ 𝐺 int is a rest point of (SBRD) near the pure equilibrium 𝜽∗.
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Proof. By Lemma 11, there is a rest point 𝜽∗𝜏 of (SBRD) near the pure equilibrium 𝜽∗.
Rewrite 𝐻𝜏 : 𝐺→ R𝐼×|S|×|A𝑖 | so that the components are given by

𝐻
𝑖,𝜏

𝑎𝑖 |s(𝜽) = 𝐵̃
𝑖
𝑎𝑖 |s(𝜏;𝜽) − 𝜃𝑖

𝑎𝑖 |s (A.11)

for all 0 < 𝑖 ≤ 𝐼, 𝑎𝑖 ∈ A𝑖, and s ∈ S. This reformulation is equivalent to (A.10) for 𝜽 that is
a zero of 𝐻𝜏. Next, observe that 𝑉 𝑖

𝑎 |s(𝜏;𝜽∗𝜏) →𝑉 𝑖
𝑎 |s(0;𝜽∗𝜏) as 𝜏→ 0 for all 𝑎 ∈ A𝑖; together

with C5 implies that there exists a dominant action 𝑎𝑖s for each 𝑖 and each state s such that
𝑉 𝑖
𝑎𝑖s |s

(𝜏,𝜽∗𝜏) > 𝑉 𝑖𝑎𝑖 |s(𝜏,𝜽
∗
𝜏) for a value of 𝜏 that is sufficiently small. Use the quotient rule to

obtain

𝜕𝜃 𝑖
𝑎 |s
𝐻
𝑖,𝜏

𝑎𝑖 |s (𝜽
∗
𝜏)

=

𝜏−1𝑒
𝜏−1𝑉 𝑖

𝑎𝑖 |s
(𝜏;𝜽∗𝜏 )

(
𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖
𝑎𝑖 |s (𝜏;𝜽∗𝜏)

∑
𝑎′ 𝑒

𝜏−1𝑉 𝑖
𝑎′ |s (𝜏;𝜽∗𝜏 ) −∑

𝑎′ 𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖
𝑎′ |s (𝜏;𝜽∗𝜏)𝑒

𝜏−1𝑉 𝑖
𝑎′ |s (𝜏;𝜽∗𝜏 )

)
(∑

𝑎′ 𝑒
𝜏−1𝑉 𝑖

𝑎′ |s (𝜏;𝜽∗𝜏 )
)2 − 𝜕𝜃 𝑖

𝑎 |s
𝜃
𝑖,∗
𝑎𝑖 |s,𝜏

=

−𝜏−1𝑒
𝜏−1𝑉 𝑖

𝑎𝑖 |s
(𝜏;𝜽∗𝜏 ) ∑

𝑎′≠𝑎𝑖 𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖
𝑎′ |s (𝜏;𝜽∗𝜏)𝑒

𝜏−1𝑉 𝑖
𝑎′ |s (𝜏;𝜽∗𝜏 )(∑

𝑎′ 𝑒
𝜏−1𝑉 𝑖a′ |s (𝜏;𝜽∗𝜏 )

)2 − 𝜕𝜃 𝑖
𝑎 |s
𝜃
𝑖,∗
𝑎𝑖 |s,𝜏 .

Observe that

𝜕𝜃 𝑖
𝑎 |s
𝑉 𝑖
𝑎′ |s(𝜏;𝜽∗𝜏) = 𝑐1 + 𝜏

(
1+ log𝜃𝑖,∗

𝑎 |s,𝜏

)
+ 𝑐2 + 𝑐3 ,

where 𝑐1, 𝑐2, 𝑐3, and

log𝜃𝑖,∗
𝑎 |s,𝜏 = 𝜏

−1𝑉 𝑖
𝑎 |s(𝜏;𝜽∗𝜏) − log

(∑︁
𝑎′
𝑒
𝜏−1𝑉 𝑖a′ |s (𝜏;𝜽∗𝜏 )

)
are bounded by Lemma 9. Furthermore, for a small value of 𝜏, the largest term in the

denominator will be of the form exp
(
2𝜏−1𝑉𝑎𝑖s |s(𝜏;𝜽∗𝜏)

)
, which will strictly dominate all

the terms in the numerator. Therefore, 𝜕𝜃𝑖
𝑎 |s
𝐻
𝑖,𝜏

𝑎𝑖 |s(𝜽
∗
𝜏) → −𝜕𝜃𝑖

𝑎 |s
𝜃
𝑖,∗
𝑎𝑖 |s,𝜏 as 𝜏→ 0. A similar

argument shows that 𝜕𝜃𝑖
𝑎 |s′
𝐻
𝑗 ,𝜏

𝑎 𝑗 |s(𝜽
∗
𝜏) → 0 as 𝜏→ 0 for s′ ≠ s and 𝑖 ≠ 𝑗 .

Therefore, we have ∇𝜃𝐻𝜏 (𝜽∗𝜏) → −Id as 𝜏→ 0. Hence, for 𝜏 ∈ (0, 𝜏), ∇𝜃𝐻𝜏 (𝜽∗𝜏) is a
diagonally dominant matrix. Pick 𝜏 > 0 so that the Gershgorin disc does not intersect 0
for all the rows of ∇𝜃𝐻𝜏 (𝜽∗𝜏). Then by the Gershgorin circle theorem, we have that all the
eigenvalues of ∇𝜃𝐻𝜏 (𝜽∗𝜏) have a negative real part for all 𝜏 ∈ (0, 𝜏). □

A.2.3 Main Results

Proof of Theorem 3. The proof follows once we verify the conditions in Corollary 1. By
Corollary 6, the action value𝑉 𝑖

𝑎𝑖 |s(𝜏;𝜽) is Lipschitz continuous in 𝜽 for all 𝜽 ∈𝐺𝜏. Moreover,
the logit function is Lipschitz continuous in the action value with Lipschitz constant 𝜏−1.
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Therefore, the smoothed best response function in (4.6) is Lipschitz in 𝜽 for all 𝜽 ∈ 𝐺𝜏

because function composition preserves Lipschitz continuity.
We consider a projected version of (SFP), where the projection operator projects 𝜽

onto the nearest point in 𝐺𝜏 (see for example Kushner and Clark, 1978).1 Assumption
A.2 is trivially satisfied because 𝜽 ∈ 𝐺𝜏 for the projected version of (SFP). Assumption
A.3 is satisfied because the state process s𝐵̃(𝜏;𝜃) is an aperiodic Markov chain with a single
recurrent class for any 𝜽 ∈ 𝐺. Assumption A.5 is also satisfied because (4.9) is Lipschitz in
𝜽 for all 𝜽 ∈ 𝐺𝜏. □

Proof of Lemma 1. A repeated potential game with bounded memory strategies is such
that there exists 𝜙s : S×A →R such that 𝑢𝑖s(𝑎𝑖,a−𝑖) −𝑢𝑖s′ (𝑎𝑖,a−𝑖) = 𝜙s(𝑎𝑖,a−𝑖) −𝜙s′ (𝑎𝑖,a−𝑖)
for all 0 < 𝑖 ≤ 𝐼, (𝑎𝑖,a−𝑖) ∈ A, and s, s′ ∈ S. This is because 𝑢𝑖 = 𝑢𝑖s = 𝑢𝑖s′ for all s, s′ ∈ S in
a repeated potential game. Therefore, the result follows from Proposition 4 in Mguni et al.
(2021). □

Proof of Lemma 2. The result follows from Lemma 3.1 (a) in Maheshwari et al. (2023). □

Proof of Proposition 2. Fix a distribution on states 𝜇 ∈Δ(S) such that 𝜇(s) > 0 for all s ∈ S.
The perturbed game G∞

𝑚 (𝜏) is a Markov potential game by Lemma 2, so by Lemma 6.2 and
Lemma 7 we write

𝑑

𝑑𝑡
Φ𝜇 (𝜏;𝜽) = ¤Φ𝜇 (𝜏;𝜽) =

𝐼∑︁
𝑖=1

∑︁
s∈S

∑︁
𝑎𝑖∈A𝑖

𝜕𝜃 𝑖
𝑎𝑖 |s

Φ𝑖𝜇 (𝜏;𝜽) ¤𝜃𝑖
𝑎𝑖 |s =

𝐼∑︁
𝑖=1

∑︁
s∈S

∑︁
𝑎𝑖∈A𝑖

𝜕𝜃 𝑖
𝑎𝑖 |s
𝑉 𝑖𝜇 (𝜏;𝜽) ¤𝜃𝑖

𝑎𝑖 |s

=

𝐼∑︁
𝑖=1

∑︁
s∈S

∑︁
𝑎𝑖∈A𝑖

𝑑 𝜃𝜇 (s)
(
𝑉 𝑖
𝑎𝑖 |s(𝜏;𝜽) − 𝜕𝜃 𝑖

𝑎𝑖 |s
𝐶𝑖 (𝜏;𝜽 𝑖s)

)
Γ𝐵̃(𝜏;𝜃 ) (s)

(
𝐵̃𝑖
𝑎𝑖 |s(𝜏;𝜽) − 𝜃𝑖

𝑎𝑖 |s

)
=

𝐼∑︁
𝑖=1

∑︁
s∈S

𝑑 𝜃𝜇 (s) 𝜕1𝐽
𝑖
s (𝜽 𝑖s,𝜽;𝜏) · Γ𝐵̃(𝜏;𝜃 ) (s)

(
𝐵̃𝑖s(𝜏;𝜽) − 𝜽 𝑖s

)
.

Thus, by Lemma 8, ¤Φ𝜇 (𝜏;𝜽) ≥ 0 with equality only when 𝐵̃(𝜏;𝜽) = 𝜽 . □

Proof of Proposition 3. The result follows from Lemma 4.7 (d) and Lemma 3.1 (b) in
Maheshwari et al. (2023). □

Proof of Theorem 4. From Proposition 3, rest points of (SBRD) are an 𝜖-subgame perfect
equilibrium of the unperturbed game G∞

𝑚 (0). Furthermore, by the proof of Proposition 2,
critical points of the Lyapunov function are rest points of (SBRD). Moreover, the chain
recurrent points of (SBRD) are the rest points of (SBRD) by Propositions 5.3 and 6.4 of

1This projection is required because Assumption A.4 is only satisfied for 𝜽 ∈ 𝐺𝜏 . However, this techni-
cality does not affect the proof or any of our subsequent analysis because 𝐺𝜏 is defined so that all the rest
points of (SBRD) lie within the interior of 𝐺𝜏 . Thus, we do not have to consider the projected equivalent for
(SBRD).
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Benaïm (1999). Therefore, the limit trajectories of (SFP) converge to a connected subset
of rest points of (SBRD) with probability one from Proposition 5.3 and Theorem 5.7 of
Benaïm (1999).

Moreover, if the unperturbed game G∞
𝑚 (0) is regular, then (SBRD) has finitely many

rest points by Corollary 8. Therefore, the limit trajectory of (SFP) converges to a rest point
of (SBRD) with probability one as a result of Corollary 6.6 of Benaïm (1999). □

Proof of Theorem 5. By Proposition 2, Corollary 8, Lemmas 11 and 13, (SBRD) has an
isolated and asymptotically stable rest point 𝜽∗𝜏 within a neighborhood of 𝜽 𝑝𝑢𝑟𝑒 for each
𝜏 ∈ (0, 𝜏).2 Furthermore, 𝑉 𝑖s (𝜏;𝜽∗𝜏) → 𝑉 𝑖s (0;𝜽∗𝜏) as 𝜏 → 0. Thus, for any 𝜖 > 0, choose
𝜏 < 𝜏 such that |V𝑖 (0;𝜽∗𝜏) −V𝑖 (0;𝜽 𝑝𝑢𝑟𝑒) | ≤ 𝜖 for all 𝑖 and |𝜽∗𝜏 − 𝜽 𝑝𝑢𝑟𝑒 | ≤ 𝜖 simultaneously
hold. Therefore, by Theorem 4 and Theorem 7.3 of Benaïm (1999), for a fixed (𝛿, 𝜏) with
𝜏 ∈ (0, 𝜏), play from (SFP) has a non-zero probability of converging to 𝜽∗𝜏. Finally, from
Proposition 3, 𝜽∗𝜏 is an 𝑚-memory 𝜖-subgame perfect equilibrium of the unperturbed game
G∞
𝑚 (0). □

Proof of Corollary 2 and Theorem 6. A consequence of Theorem 5 because the strategy
profiles considered are pure equilibria of the unperturbed game G∞

𝑚 (0). □

Proof of Theorem 7. First, 𝜽∗ is locally asymptotically stable by Lemma 13. Let 𝑄 be a
compact subset of the domain of attraction of 𝜽∗. Use the steps in the proof of Theorem 2
and follow the steps in the proof of Theorem 13 in Chapter 1 (Part II) of Benveniste et al.
(1990) to show that there exists a constant 𝑐4 such that

P (𝜽𝑛 → 𝜽∗ |𝜽𝑛 ∈ 𝑄) ≥ 1− 𝑐4

∞∑︁
𝑘=𝑛+1

𝛾̄2
𝑘 ≥ 1− 𝑐4

∞∑︁
𝑘=𝑛+1

(
|S|
𝑁 + 𝑘

)2
= 1− 𝜀 ,

where the value of 𝑁 is determined from s#
𝑛 ≥ 𝑁 for all s ∈ S. Finally, observe that as the

value of 𝑁 increases, the value of 𝜀 decreases. □

A.3 Chapter 6

Proof of Lemma 3. Consider the symmetric profile where HFTs do not snipe in period
three. Conditional on HFT 𝑖 being uninformed and observing a limit order arrive in period
two, her expected payoff acting as a latency arbitrageur (which is equivalent to the expected
payoff acting as a market maker) in period three is

1
𝛼

[
𝑝𝐿𝑂

𝑝public

2𝑁
𝐿

(
𝑠∗0/2

)
+ 𝑝𝐿𝑂

𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

) ]
.

2In Lemma 13, we evaluate the local stability of 𝐻𝜏 given by (A.11). The stability properties of 𝐻𝜏
translates to (SBRD) as a consequence of Proposition 2 and because for all 𝜽 ∈ 𝐺, Γ𝐵̃(𝜏;𝜃 ) (s) ≥ 𝜂 > 0 for all
s ∈ S (see for example Borkar, 2008, pp. 85-86).

98



Now, consider a deviation (by HFT 𝑖) from the symmetric profile where HFTs do not snipe
in period three. Her expected payoff is

1
𝛼

[
𝑝𝐿𝑂

𝑝public

𝑁
𝐿

(
𝑠∗1/2

)
+ 𝑝𝐿𝑂 𝛿−

𝑁 −1
𝑁

𝑝private 𝐿 (𝛿)
]
.

For the symmetric profile to be an equilibrium, it must be that

𝑝𝐿𝑂
𝑝public

2𝑁
𝐿

(
𝑠∗0/2

)
+ 𝑝𝐿𝑂

𝑝public

2𝑁
(
𝐿 (−𝛿) + 𝐿̃ (𝛿)

)
>

𝑝𝐿𝑂
𝑝public

𝑁
𝐿

(
𝑠∗1/2

)
+ 𝑝𝐿𝑂 𝛿−

𝑁 −1
𝑁

𝑝private 𝐿 (𝛿)

holds. Hence, we obtain condition (D0).
Next, consider the symmetric profile where HFTs snipe in period three. Conditional

on HFT 𝑖 being uninformed and observing a limit order arrive in period two, her expected
payoff acting as a latency arbitrageur in period three is

1
𝛼

[
𝑝𝐿𝑂

𝑝public

𝑁
𝐿

(
𝑠∗1/2

)
+ 𝑝𝐿𝑂 𝛿/𝑁 − 𝑝private 𝐿 (𝛿)/𝑁

]
.

Consider a deviation (by HFT 𝑖) from the symmetric profile where HFTs snipe in period
three. Her expected payoff is

1
𝛼

[
𝑝𝐿𝑂

𝑝public

𝑁
𝐿

(
𝑠∗1/2

) ]
.

For the symmetric profile to be an equilibrium, it must be that

1
𝛼

[
𝑝𝐿𝑂

𝑝public

𝑁
𝐿

(
𝑠∗1/2

)
+ 𝑝𝐿𝑂 𝛿/𝑁 − 𝑝private 𝐿 (𝛿)/𝑁

]
>

1
𝛼

[
𝑝𝐿𝑂

𝑝public

𝑁
𝐿

(
𝑠∗1/2

) ]
.

Rearrange the equation to obtain condition (D1). □

Proof of Proposition 5. We solve the problem through backward induction with updated
beliefs based on Bayes’ rule whenever possible.

In period four, the strategy described is the weakly dominant strategy following the
proof of Budish et al. (2024). The only difference is that the uninformed HFT who acts as a
market maker in period three can also race to latency arbitrage the stale quote from a patient
investor when a publicly observed jump is profitable, because this is the dominant strategy.

At the end of period three when uninformed HFTs sort themselves into the role of a
market maker and latency arbitrageurs, the result follows the same arguments as those in
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Budish et al. (2024), but with expected payoffs given by (6.1) and (6.2). Equating (6.1)
and (6.2) leads to the indifference conditions in (6.3a) and (6.3b), which pins down the
equilibrium bid-ask spread 𝑠∗0 and 𝑠∗1 that depends on if at least one uninformed HFT snipes
in period three. Existence of the equilibrium is restored through the BOBE following the
same arguments as Budish et al. (2024). Hence, the presence of other potential uninformed
liquidity providers will discipline equilibrium price levels. At the start of period three when
uninformed HFTs decide to snipe or not, the symmetric equilibrium follows from Lemma 3.

The equilibrium spread set by the uninformed market maker in period three does not
tighten if no limit order arrived in period two since the cost of adverse selection does not
change because P (𝐽 > 𝛿) 𝐿𝛿 (𝑠/2) = 𝐿 (𝑠/2). Hence, the informed HFT cannot profit by
hiding information. Therefore, in period two, the weakly dominant strategy of the informed
HFT is always to send a toxic limit order whenever it is profitable to do so (even if the toxic
order will not be sniped in period three).

Finally, in period one, no HFT is willing to provide liquidity with 𝜀 = 0 because each
HFT strictly prefers to become an informed trader upon receiving private information in the
second period. If an HFT provides liquidity with 𝜀 = 0, then she cannot withdraw liquidity
in period three (without raising suspicion) in the event she becomes informed, which will
hinder her ability to become an informed trader. Since each HFT can become informed,
they all face the same problem, so no HFT will provide liquidity with 𝜀 = 0. □

Proof of Proposition 6. We verify that the collusive strategy profile is an equilibrium
through the one-deviation principle. First, we normalize the expected payoff per trading
game by subtracting the expected payoff from the competitive equilibrium. Let𝑉𝑐 denote the
average payoff under the cooperation phase, and𝑉𝑑 denote the average payoff upon entering
the punishment phase. The average payoffs are given by the solution to the following system
of equations:

𝑉𝑐 = (1− 𝜌) 𝑐+ 𝜌 (𝑞𝑐𝑉𝑐 + (1− 𝑞𝐶)𝑉𝑑)
𝑉𝑑 = 𝜌

𝑇𝑉𝑐 .
(A.12)

Rearrange to obtain

𝑉𝑐 =
1− 𝜌

1− 𝜌 𝑞𝑐 − 𝜌𝑇+1 (1− 𝑞𝐶)
𝑐

𝑉𝑑 =
(1− 𝜌) 𝜌𝑇

1− 𝜌 𝑞𝑐 − 𝜌𝑇+1 (1− 𝑞𝐶)
𝑐

as the solution to (A.12).
Next, we verify that there are no profitable deviations. First, under the punishment phase,

there are no profitable deviations because (i) play follows the competitive equilibrium, and
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(ii) no deviation can alter the continuation values by reverting early to the cooperation phase.
Second, under the cooperation phase, we solve for the incentive compatible conditions such
that there are no profitable deviations.

First, consider the deviation where HFTs pretend to be a patient investor to fool other
HFTs into sniping their informed toxic limit order. This deviation is not profitable if

𝑉𝑐 ≥ (1− 𝜌) (𝑐+𝑔) + 𝜌 (𝑉𝑐 𝑞𝐷 + (1− 𝑞𝐷)𝑉𝑑) .

Substitute (A.12) to write

(1− 𝜌) 𝑐+ 𝜌 (𝑞𝑐𝑉𝑐 + (1− 𝑞𝐶)𝑉𝑑) ≥ (1− 𝜌) (𝑐+𝑔) + 𝜌 (𝑉𝑐 𝑞𝐷 + (1− 𝑞𝐷)𝑉𝑑)
𝜌 (𝑞𝐶 − 𝑞𝐷) (𝑉𝑐 −𝑉𝑑) ≥ (1− 𝜌) 𝑔 .

Use

𝑉𝑐 −𝑉𝑑 =
1− 𝜌

1− 𝜌 𝑞𝑐 − 𝜌𝑇+1 (1− 𝑞𝐶)
𝑐

(
1− 𝜌𝑇

)
to write

𝜌 (𝑞𝐶 − 𝑞𝐷) (1− 𝜌) 𝑐
(
1− 𝜌𝑇

)
≥ (1− 𝜌) 𝑔

(
1− 𝜌 𝑞𝑐 − 𝜌𝑇+1 (1− 𝑞𝐶)

)
.

Simplify and rearrange to obtain the first condition in (ICC) given by

𝜌

[
𝑐 (𝑞𝐶 − 𝑞𝐷)

(
1− 𝜌𝑇

)
+𝑔 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑔

]
≥ 𝑔 .

Finally, consider the remaining deviations that are perfectly monitored. These deviations
are not profitable if

𝑉𝑐 = (1− 𝜌) 𝑐+ 𝜌 (𝑞𝑐𝑉𝑐 + (1− 𝑞𝐶)𝑉𝑑) ≥ (1− 𝜌) (𝑐+ 𝑘) + 𝜌𝑉𝑑 .

Follow the same steps as above to obtain the second condition in (ICC) given by

𝜌

[
𝑐 𝑞𝐶

(
1− 𝜌𝑇

)
+ 𝑘 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑘

]
≥ 𝑘 .

□

Proof of Corollary 3. Consider the first condition of (ICC) given by

𝜌

[
𝑐 (𝑞𝐶 − 𝑞𝐷)

(
1− 𝜌𝑇

)
+𝑔 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑔

]
≥ 𝑔 .

Multiply both sides by 𝑁 and take the derivative with respect to 𝑁 . Observe the left-hand
side is decreasing in 𝑁 and the right-hand side is constant with respect to 𝑁 .

Consider the set of model parameterizations that satisfy the inequality above for a fixed
𝑁 . Take any element from the set. For that model parameterization, there exists 𝑁′ > 𝑁

such that the inequality above does not hold for 𝑁′. Therefore, the size of the set decreases
as 𝑁 increases. □
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Proof of Corollary 4. If 𝑝private = 0, then 𝑞𝐶 − 𝑞𝐷 = 0. If 𝑞𝐶 − 𝑞𝐷 = 0, then

𝜌

[
𝑐 (𝑞𝐶 − 𝑞𝐷)

(
1− 𝜌𝑇

)
+𝑔 𝑞𝐶 + 𝜌𝑇 (1− 𝑞𝐶) 𝑔

]
≥ 𝑔

never holds. □
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