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Abstract

Developing targeted and effective treatment strategies for patients is at the forefront of

cancer research today. Combination therapies that exploit different ways to treat cancer

cells, while minimising adverse side-effects, have gained increased traction in recent years.

In particular, hyperthermia (HT) has emerged as a promising candidate for enhancing

tumour responses to radiotherapy (RT), a well-established cancer treatment used to treat

more than 50% of cancer patients. However, an incomplete understanding of the interactions

between RT and HT is hindering their combined use in the clinic. Inter- and intra-tumoural

heterogeneity also impacts cancer progression and sensitivity to treatment. In this thesis,

we develop a mathematical framework to characterise how two different mechanisms of

growth control, namely growth arrest due to nutrient insufficiency and due to competition

for space, may influence tumour dynamics during disease progression and under HT and/or

RT.

We first develop a simple ordinary differential equation model of tumour growth which

distinguishes between nutrient and space limited growth control. We find that there are

three distinct growth regimes: nutrient limited, space limited and bistable, where both

mechanisms of growth arrest coexist. We then extend our model to study the responses of

tumours in each regime to RT and HT individually and in combination. In each regime,

we determine the biological processes that may underpin positive and negative treatment

outcomes and assess which treatment (RT, HT or RT + HT) and dosing regimen maximise

the reduction in tumour burden. This work enables us to generate a set of hypotheses that

may explain some of the widely varying tumour behaviours observed experimentally and

clinically.

With a view to extending the preceding work to investigate how nutrient and space

limited mechanisms of growth arrest influence tumour invasion, we study a simple model

of tumour cell invasion into healthy tissue. This process has frequently been modelled

by systems of coupled partial differential equations involving degenerate, cross-dependent

diffusion. We propose a minimal model that captures these features, while remaining an-

alytically tractable. We carry out a travelling wave analysis and prove the existence and

uniqueness of two types of invasive fronts of tumour cells into the extracellular matrix

(ECM), which differ according to whether the density of the ECM ahead of the wave front

is at carrying capacity or not. We also establish relationships between the speed of invasion

and key model parameters.
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Chapter 1

Introduction

1.1 Overview

Second only to cardiovascular diseases, cancer is one of the leading causes of mortality

worldwide, with 10 million recorded deaths in 2020 [235]. This has prompted extensive

research aiming to understand the biological mechanisms underpinning cancer and develop

effective therapeutic protocols to improve patient prognosis.

Existing well-established treatment modalities, such as radiotherapy (RT), chemother-

apy (CT) and immunotherapy (IT), are applied via highly-regulated dosing protocols to

maximise treatment efficacy. However, their efficacy is often limited by early termination of

treatment due to adverse side-effects. This has resulted in an increased focus on the devel-

opment of combination therapies, which exploit different anti-cancer effects, while limiting

treatment toxicity. Hyperthermia (HT), which involves heating tumour cells above physi-

ological temperatures, has emerged as a promising candidate for enhancing the efficacy of

RT, in particular. Many experimental and clinical studies combining HT and RT have been

conducted, but with mixed success [117]. The lack of conclusive results can be attributed

to incomplete understanding of their interactions.

Another key factor impacting treatment efficacy is heterogeneity in treatment response.

Recent technological advances, such as the development of single-cell sequencing, have

demonstrated that tumours of the same type can exhibit high inter- and intra-tumour het-

erogeneity at the genetic and phenotypic levels [155]. Such heterogeneity can significantly

influence tumour responses to treatment with the emergence of resistant phenotypes en-

abling tumour progression and recurrence [12, 156]. For example, breast cancer is typically

classified into four sub-types based on tumour expression of oestrogen, progesterone and

human epidermal growth factor receptors, and each sub-type is associated with a different

standard of care and prognosis [266]. Understanding how tumour heterogeneity impacts

sensitivity to treatment is, therefore, an essential step towards patient-specific treatment

design.
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In this thesis, we develop a mathematical framework to characterise how two different

mechanisms of growth control, namely growth arrest due to nutrient insufficiency and due to

competition for space, may influence tumour dynamics during disease progression and when

HT and/or RT are applied. One key goal of this work is to use mathematical modelling

to generate hypotheses that may explain some of the widely varying tumour behaviours

observed experimentally and clinically, in the context of tumour invasion and responses to

HT and RT. By producing such experimentally testable predictions relating to how HT and

RT should be combined, we also aim to guide treatment protocol design.

In this chapter, we review the relevant biological and mathematical literature. In Section

1.2, we discuss key aspects of cancer biology that underpin solid tumour growth and invasion.

Section 1.3 focusses on defining RT and HT in the context of cancer therapy; we discuss

how RT and HT are applied and outline their individual mechanisms of action. We also

emphasise the biological rationale for combining HT and RT and summarise combined

dosing regimens that have been tested in the clinic.

Mathematical modelling has been used to study many aspects of cancer biology. Sec-

tion 1.4 provides an overview of the mathematical approaches that have been proposed to

study tumour growth. We demonstrate that, regardless of their complexity, most models

of tumour growth consider a single mechanism of growth arrest. In Section 1.5, we review

efforts to model tumour invasion, before focussing on describing existing reaction-diffusion

equation models. We also highlight key numerical and analytical results on the behaviour

of such models.

In order to guide treatment planning using mathematical modelling, a number of treat-

ment response models have been developed, more so for RT than HT. We review these

models in Section 1.6.

This introductory chapter concludes in Section 1.7 with an overview of the structure of

the remainder of the thesis and a summary of each chapter.

Sections 1.2 and 1.4, Sections 1.3.1 and 1.6.1, and Section 1.5.2 are largely based on parts

of the introductions of publications by C. Colson et al.: [45], [46] and [44], respectively.

1.2 Cancer biology: tumour growth and invasion

Solid tumour growth and invasion are complex processes involving interactions between

multiple different cell types, e.g., healthy, tumour and immune cells, as well as other tis-

sue components such as the vasculature and the extracellular matrix (ECM), a scaffold of

proteins that holds cells in place and initiates cellular signalling pathways associated with

migration, differentiation and proliferation [18, 260]. Each of these, and their interactions,
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can be affected in different ways by anti-cancer therapies, which has prompted extensive ex-

perimental research to understand tumour growth dynamics and how they may be affected

by treatment.

Solid tumour growth is typically separated into two stages: the avascular and the vas-

cular stages [38]. Avascular growth has largely been studied experimentally using in vitro

three-dimensional (3D) multicellular tumour spheroids as they replicate a number of bio-

logical and microenvironmental properties of tumours in vivo. Thus, they are considered

representative of the growth kinetics of small avascular tumours [106].

For tumour spheroids grown in free suspension, all cells in the 3D cell aggregate initially

proliferate by consuming nutrients (e.g., oxygen and glucose) that diffuse from the boundary

of the spheroid, resulting in initial exponential growth. As the cell numbers and spheroid

volume increase, the outermost cells form a proliferative rim while those in the central

regions become quiescent (i.e., alive, but non-proliferative) as their access to crucial nutrients

decreases. This results in linear growth of the tumour spheroid. Quiescent cells eventually

die due to prolonged nutrient deprivation, forming a necrotic core of dead cellular material

that degrades over time. Thus, a tumour spheroid may gradually approach an equilibrium

size at which the rate of cell proliferation in the well-oxygenated outer rim balances the rate

of cell degradation in the nutrient-starved necrotic region [103, 131, 173]. It has also been

shown that tumour spheroids grown in agarose gels of varying stiffness evolve to contact-

inhibited equilibria as mechanical stress can lead to cell cycle arrest and apoptosis [137],

reducing the rate of cell proliferation, potentially to zero, and/or increasing the rate of cell

death [103].

The above descriptions illustrate how in vitro tumour spheroids may attain nutrient or

space limited equilibria depending on whether nutrient insufficiency or mechanical stress

is dominant. We, therefore, expect that similar nutrient and space limited mechanisms of

growth arrest may be active during the growth of in vivo tumours.

Now, for a tumour growing in vivo to progress beyond its avascular equilibrium, it must

develop its own vasculature via angiogenesis [38]. Angiogenesis begins when tumour cells

secrete various diffusible chemical species (e.g., vascular endothelial growth factor) into the

surrounding tissue, triggering the growth of new blood vessels towards the tumour. Once

vascularised, a tumour can access the nutrients necessary for further, rapid growth and

discard metabolic waste.

At the same time, some tumour cells may acquire an invasive phenotype, i.e., low cell-cell

adhesion, high cell-ECM adhesion, high motility and increased resistance to apoptosis [98].

They then start locally proliferating and migrating into the surrounding healthy tissue. To

do so, they remodel, or degrade, the ECM by producing matrix-degrading enzymes, such

as matrix metalloproteinases [39, 230]. They may also acidify the tissue microenvironment

3



by favouring glycolytic metabolism even in aerobic conditions (i.e., the ‘Warburg effect’),

resulting in healthy cell death [87, 258]. Finally, tumour cells which migrate to pre-existing

blood vessels may enter these vessels and then travel to other tissues, where they establish

secondary tumours or metastases.

1.3 Radiation and hyperthermic oncology

1.3.1 Radiation oncology

Radiotherapy is used to treat more than 50% of cancer patients [148]. It involves the

delivery of energy rays to a tissue region containing both cancerous and healthy tissue.

Balancing treatment efficacy and undesirable side-effects in normal tissues is, therefore,

integral to the design of radiation protocols. Radiation protocols usually involve small

doses, called fractions, delivered at regular intervals for fixed time periods. While a typical

fractionation schedule consists of 2 Gy doses delivered Monday to Friday for up to 7 weeks

[1], the dose, frequency and treatment duration can be varied to deliver a fixed total dose.

The latter is often termed the Maximum Tolerated Dose (MTD), i.e., the highest dose which

does not cause adverse side-effects [81].

Radiation induces both direct and indirect cytotoxic effects by causing DNA damage to

cancer cells that can prove fatal, via various cell death pathways, if left unrepaired. Mitotic

catastrophe (MC) is considered the most common cause of cell death post-irradiation. Irra-

diated cells typically die from MC during mitosis or the interphase that follows, within one

or two cell-cycles post-irradiation. Direct effects arise from interactions between ionising

particles and DNA, while indirect effects arise from interactions between ionising particles

and water, which create reactive oxygen species that subsequently react with DNA. Indi-

rect effects are more common, which is why hypoxic, i.e., poorly oxygenated, tumours are

often radio-resistant [89]. Intratumoural oxygen levels are a key factor influencing tumour

radio-sensitivity. Another key factor is the tumour cell proliferation rate, with cells in the

G2 or mitosis phases of the cell cycle being most sensitive to RT.

We distinguish between three main types of DNA damage: single-strand breaks (SSBs),

double-strand breaks (DSBs) and base damages. SSBs and base damages are more common

than DSBs [161, 242]. However, only around 30% of cellular death is due to SSBs and

base damages, as their main repair pathway, the base excision repair (BER) mechanism, is

robust against mutations and very effective [148]. On the other hand, the non-homologous

end joining (NHEJ) and homologous recombination (HR) repair mechanisms for DSBs are

error-prone and the latter can only be activated during certain phases of the cell cycle (S

and G2, specifically). Therefore, cell death is primarily due to DSBs.
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RT can also affect the tumour vasculature in a dose-dependent way. Low dose radiation

(< 2 Gy) can promote angiogenesis [152, 153] and vascular normalisation [196], thus increas-

ing tumour perfusion and reducing hypoxia. By contrast, high dose radiation (> 10 Gy)

can cause vascular damage and necrosis [232, 250], which reduces tumour perfusion and

increases hypoxia. The effects of RT on the vasculature are typically weaker at moderate

doses: RT does not promote angiogenesis, nor does it cause vascular damage, but it may

transiently enhance vessel normalisation.

1.3.2 Hyperthermic oncology

While records of heat being used to treat cancer date back to around 2000 BC [21], mod-

ern scientific interest in hyperthermia as a cancer treatment only began in the mid-1970s,

i.e., nearly a century after ionising radiation was first discovered. Since then, much exper-

imental and clinical research has been devoted to investigating the biological mechanisms

of action of HT. Unfortunately, they are still not fully understood due to inconclusive or

contradictory findings [109, 249]. In what follows, we discuss the physiological effects of HT

that have the strongest supporting evidence and are most relevant to radiation oncology

(see the Schematic in Figure 1.1). Note that the interactions of HT and the immune sys-

tem are beyond the scope of this thesis and we refer the interested reader to the following

reviews [14, 224] for further details.

Figure 1.1: Schematic listing the effects of hyperthermia and the temperatures at which
they occur.

HT entails heating tumour cells internally or externally at temperatures in the range

39−50°C. Different methods (e.g., microwave heating [210], ultrasound [268], hyperthermic

perfusion [93] and nano-particle based HT [13]) are used depending on the type, location and
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Mild HT
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Figure 1.2: Schematic showing how mild HT increases tumour oxygenation.

progression of a patient’s tumour: HT is usually administered locally or regionally for non-

metastatic disease, while whole body HT is reserved for metastatic disease. In contrast to

RT, there is no standard HT treatment schedule. This is because HT is typically used only as

an adjuvant treatment [15, 265] and, as such, the protocol depends on the primary treatment

it is complementing. (We return to this when discussing combined RT and HT treatment

schedules in Section 1.3.3.) That being said, one key factor that must be accounted for

when planning HT treatments is thermotolerance, which increases with temperatures in

the range 39− 45°C [85, 94, 121]. Thermotolerance is a process by which the upregulation

of certain heat shock proteins (HSP70s and HSP90s) enables tumour cells to acquire a

transient resistance to heat cytotoxicity [141]. Since experimental evidence suggests that

thermotolerance lasts an average of 24− 48h after its induction [265], HT fractions should

be applied at least two days apart.

The treatment dose, termed thermal dose, is quantified by the tissue temperature

achieved and heating duration [134], and allows us to distinguish between two main types

of HT: mild and high.

Mild hyperthermia. Mild HT typically refers to heating at temperatures no higher than

42◦C for 30 − 60 min. This form of HT is primarily used to sensitise cancer cells to other

treatment modalities, as its main effect is to increase tumour oxygenation via increased

tumour perfusion [170] and/or a reduction in oxygen consumption rates [168, 255].
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The increase in micro-circulation can be largely attributed to heat-induced vasodilation,

which fades within 1 h after heating according to both experiments [108, 124, 234, 248] and

mathematical modelling [19]. Further, at least two processes may reduce oxygen consump-

tion rates [118] for up to 24 − 48 h [113, 221, 228, 255]. First, heat may preferentially

target respiratory enzymes (over glycolytic enzymes) by inactivating and denaturing them

[136, 125], resulting in a (transient) switch from anaerobic to glycolytic metabolism. Second,

as shown in Figure 1.2, mild HT can activate hypoxia-inducible-factor 1 (HIF-1) through a

cascade of non-hypoxia-driven biological events [168]. This inhibits oxidative phosphoryla-

tion (OXPHOS) and promotes glycolysis following upregulation of pyruvate dehydrogenase

kinase 1 (PDK1). It also promotes tumour angiogenesis for 24 − 48 h following the upreg-

ulation of vascular endothelial growth factor (VEGF) [168]. The latter contributes to the

increase in tumour perfusion.

High hyperthermia. High hyperthermia corresponds to heating at temperatures higher

than 42◦C for 30−60 min. High HT is considered to have three key effects: (1) it can cause

direct cytotoxic effects on tumour cells, with protein denaturation hypothesised to be the

main mode of hyperthermic cell kill [119], (2) it can induce vascular stasis, damage and

necrosis [11, 65, 226], and (3) it can inhibit DNA repair pathways, e.g., the BER, NHEJ

and HR pathways [179].

Treatments above 50°C are referred to as thermal ablation. Small, inoperable tumours

are heated to very high temperatures (typically 50−80°C) for very short durations in order

to cause irreparable cellular damage, inevitably leading to apoptotic and necrotic cell death

[42]. While this form of thermal treatment is now commonplace, it is beyond the scope of

this thesis, so we refer the interested reader to some excellent reviews [42, 92].

1.3.3 Combining radiotherapy and hyperthermia

1.3.3.1 Biological rationale of combining radiation and hyperthermia

Despite a lack of comprehensive understanding of the mechanisms underpinning HT

and how it interacts with RT, there is a wealth of in vitro, preclinical and clinical evidence

[43, 64, 109, 165, 183, 184] providing a strong biological basis for combining HT with RT.

By referring to the biology described in Sections 1.3.1 and 1.3.2, we make the following

hypotheses that may explain the synergistic interactions between HT and RT:

1. Mild HT increases the efficacy of radiation treatments by improving tumour perfusion,

which reduces tumour hypoxia (Section 1.3.2), a defining characteristic of aggressive

tumours that can contribute to tumour cell survival and tumour development [175],

and promote cancer cell resistance to radiotherapy [25, 26] (Section 1.3.1).
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2. High HT increases RT-induced cytotoxicity by inhibiting the DNA repair mecha-

nisms (Section 1.3.2), such as BER, NEHJ and HR, that are responsible for repairing

radiation-induced damage (Section 1.3.1).

3. High HT contributes to the overall efficacy of combined treatment by causing tumour

and endothelial cell death.

There is no clear consensus among experimentalists and clinicians about whether mild

or high HT is the more potent radiosensitiser [15]. One of our key aims is, thus, to test the

preceding hypotheses and shed light on which of mild or high HT is more effective when

combined with RT.

1.3.3.2 Typical treatment schedules for combination treatments

We now summarise the range of combination treatment schedules that have been applied

in the clinic [43, 57, 165]. We note that, in many cases, information about the study design

and treatment protocol is incomplete.

Most RT schedules are designed in a standard way: a MTD in the range 24− 100 Gy is

fixed and radiation is delivered 1 − 5 times per week via fractions with doses in the range

1 − 5 Gy. There is greater variability in HT protocols. As for RT, HT is fractionated and

heating is applied 1− 3 times per week, at minimum temperatures in the range 42− 45°C

for 30 − 120 min. The total number of HT fractions is either determined by the length of

the RT schedule (e.g., 5 weeks of RT is combined with 5 weeks of HT) or fixed such that

HT is applied for a certain number of weeks at the start of treatment.

Information about how RT and HT are coordinated (i.e., in terms of the order of, and

delay between, the two treatments) is limited. That said, in most clinical trials, HT is

typically applied within 30− 240 min after RT.

1.4 Mathematical models of tumour growth

Many mathematical approaches have been proposed to model the avascular and vascu-

lar stages of tumour growth. These include continuum, differential equation models (phe-

nomenological or mechanistic) [6, 30, 172, 209], discrete, individual based models (IBMs)

[164, 257] and hybrid models combining differential equations and IBMs [37, 204]. De-

spite their differences, most models share a common characteristic: they focus on a single

mechanism of growth control or a group of mechanisms of growth control, whose effects are

indistinguishable. We show this using the following concise and non-exhaustive summary.

Phenomenological ordinary differential equation (ODE) models are the simplest; they

aim to describe tumour growth dynamics without explicitly incorporating the underlying
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biological processes. Two popular ODE models that can represent a tumour’s initial expo-

nential growth, followed by linear growth and finally growth saturation are the logistic and

Gompertz models [172]:
dT

dt
= rT

(
1− T

K

)
(logistic), (1.1)

dT

dt
= −rT ln

(
T

K

)
(Gompertz). (1.2)

In Equations (1.1) and (1.2), r > 0 is the tumour growth rate and K > 0 is the carrying

capacity. The carrying capacity has been defined in several different ways; including the

free space available for the tumour to occupy [144] and the volume that can be reached

given nutrient availability [267]. However, irrespective of how the carrying capacity, K, is

defined, a unique growth-limiting process is explicitly incorporated in these models: the

tumour reaches an equilibrium at which the proliferation rate of the tumour cells tends

to zero (with no cell death). This assumption also applies to ODE models which include

a time-dependent carrying capacity, e.g., the following model of vascular tumour growth

developed by Hahnfeldt et al. [95]:
dT

dt
= −rT ln

(
T

K

)
,

dK

dt
= −λK + bT − dKT (2/3),

(1.3)

where λ > 0 is the rate of vascular decay, b > 0 is the rate of vascular growth due to

short-range stimulation (e.g., by angiogenic factors such as VEGF) and d > 0 is the rate of

vascular loss due to long-range inhibition. Here, the tumour volume exhibits Gompertzian

growth, with a carrying capacity K(t) that varies in time to account for dynamic changes

in the vascular support to the tumour.

The above ODE models do not provide significant mechanistic insight into the biological

processes underpinning tumour growth, unlike more complex, spatially-resolved partial dif-

ferential equation (PDE) models. The seminal model developed by Greenspan [91] considers

a 3D, radially-symmetric, avascular tumour whose proliferation and death rates depend on

the concentration of oxygen, which diffuses into the tumour and is consumed by tumour

cells. This mechanistic model reduces to a reaction-diffusion equation for the oxygen con-

centration and an integro-differential equation for the evolution of the outer tumour radius.

It predicts that the tumour will reach an equilibrium size at which the rate of cell death in

nutrient-poor regions balances the rate of cell proliferation in nutrient-rich regions. This is

the same growth arrest mechanism described both by two-phase models of avascular tumour

growth considering tumour cells and extracellular fluid [24, 31] and the three phase model

comprising tumour cells, dead material and extracellular fluid developed by Lewin et al.

[140]. Alternatively, Panovska et al. [186] proposed a coupled system of nonlinear PDEs to

9



describe vascular tumour growth, via the invasion of the surrounding healthy tissue, and

angiogenesis. While this model predicts that the tumour will reach a steady state at which

the rates of cell death and cell birth balance, it incorporates both mechanical constraints

(which limit cell proliferation) and nutrient constraints (which induce cell death) to tumour

growth. In other words, several growth-limiting mechanisms are considered, but their effects

are combined from a mathematical perspective.

In contrast to the preceding spatially-resolved, continuum models, Enderling et al. [66]

extended the hybrid model of vascular tumour growth and invasion into healthy tissue de-

veloped by Anderson [4] to represent a tumour which reaches a steady state as proliferating

tumour cells run out of space. In particular, growth control is a result of the tumour cell

proliferation rate converging to zero, in the absence of cell death. Finally, Drasdo and

Höhme [61] developed a discrete model of tumour growth that describes the in vitro growth

of two-dimensional (2D) monolayers and 3D multicellular spheroids. The mechanism re-

sponsible for growth control differs for 2D monolayers, which are contact-inhibited, and 3D

spheroids, which are nutrient-inhibited. Regardless, in both experimental set-ups, a tumour

reaches an equilibrium size as cell proliferation and cell death rates balance.

Each of the aforementioned models considers one of two distinct growth-limiting mech-

anisms: (1) growth arrest via a cessation of cell proliferation, with no cell death, and (2)

growth arrest via the rates of cell death and cell proliferation balancing. This observation

motivates the development of a simple ODE model of tumour growth that distinguishes

between these two mechanisms of growth arrest in Chapter 2.

1.5 Mathematical models of tumour invasion

As a hallmark of cancer [98], tumour invasion has been studied using a range of math-

ematical models. Initial approaches comprised coupled systems of PDEs where tumour

cell migration is governed by diffusion, and chemotactic and/or haptotactic cues, e.g., see

[5, 27, 39, 44, 74, 83, 107, 151, 154, 158, 169, 177, 191, 192, 225, 233]. Such reaction-

diffusion-taxis models describe the emergence of an invasive front of cancer cells, i.e., a

travelling wave, and provide insight into the speed and depth of invasion. Discrete and

hybrid approaches based on similar biological assumptions have also been developed. They

allow individual cells to be tracked and can more easily incorporate intracellular dynamics

and cell-cell interactions explicitly [4, 5, 79, 115, 203, 220, 243].

Another important class of cancer invasion models are non-local models that account

for the cell-cell and cell-matrix adhesion processes that facilitate cell movement in addition

to the previously considered chemotactic and haptotactic cues [8, 40, 58, 70, 84, 105, 223].

Finally, we highlight multiphase models of tumour invasion which decompose the tissue into

distinct phases (e.g., tumour cells, healthy cells, vasculature and ECM) and apply principles
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of mass and momentum balance to these phases [48, 80, 112, 240] to determine the governing

equations. These models typically include both local and non-local interactions between the

constituent phases.

While we have given a brief overview of mathematical models of tumour invasion, our

focus in this thesis is on a reaction-diffusion (R-D) PDE model of tumour invasion. We,

therefore, review models of this type below.

1.5.1 Reaction-diffusion equation models of cancer invasion

The seminal model of acid-mediated tumour invasion by Gatenby and Gawlinski [83]

describes the spatio-temporal interactions of healthy cells, tumour cells and the acid pro-

duced by tumour cells. Denoting the healthy cell density, tumour cell density and acid

concentration, at position x and time t, by M(x, t), N(x, t) and L(x, t), respectively, the

model takes the form

∂M

∂t
= M(1−M − αL),

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N),

∂L

∂t
=
∂2L

∂x2
+ γ(N − L),

(1.4)

where 0 ≤ DN � 1 and β, γ > 0 are O(1). The parameter α > 0 measures the toxicity of

acidic H+ ions on the normal tissue. For α ≥ 1, the R-D system describes the eradication of

normal tissue following tumour cell invasion. By contrast, if 0 < α < 1, the model predicts

that a residual healthy cell density, of size 1 − α, remains behind the spreading benign

wave. A numerical investigation of travelling wave solutions of Equations (1.4) predicted the

formation of an interstitial gap (i.e., a region practically devoid of cells) ahead of the invading

tumour front for large values of α. Experiments confirmed the existence of the interstitial

gap, and the model has generated novel and accurate predictions regarding tumour invasion.

This is one of the reasons why this model and its variants have been extensively investigated

[74, 107, 154, 158, 169, 233]. We now review some of these extensions of the Gatenby-

Gawlinski model.

Holder et al. [107] modify (1.4) by adding a cellular competition term in the equation

for M and replacing the acid production term in the equation for L by a logistic growth

term. Their resulting model is

∂M

∂t
= M(1−M − α(N + L)),

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N),

∂L

∂t
=
∂2L

∂x2
+ γ1N(1−N)− γ2L.

(1.5)
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This generalization was motivated by the fact that tumours tend to present with very hetero-

geneous acid profiles and there is some experimental evidence of higher acid concentrations

near the region of the interstitial gap. Another generalization of the Gatenby-Gawlinski

model was proposed by McGillen et al. [158]. They added competition terms in the equa-

tions for M and N and incorporated acid-mediated tumour decay in the equation for N .

Their model takes the form

∂M

∂t
= M(1−M − α1N − α2L),

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N − δ1M − δ2L),

∂L

∂t
=
∂2L

∂x2
+ γ(N − L).

(1.6)

In a recent paper, Moschetta and Simeoni [169] proposed a numerical scheme to solve the

Gatenby-Gawlinksi model and, subsequently, derived a simplified version of this model. In

particular, by assuming that L = N in system (1.4), they obtained the following system:
∂M

∂t
= M(1−M − αN),

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N).

(1.7)

Assuming that L = N is reasonable when γ →∞ in the equation for L in (1.4) and is further

justified by the similarities in the tumour cell and acid profiles described by the full system.

The key qualitative features of the full model are successfully captured by the reduced

model, which has prompted further numerical [157] and analytical [82] investigations of

system (1.7). Finally, Browning et al. [27] derived an experimentally-motivated R-D model

of invasion that describes the evolution of the density of healthy skin tissue, melanoma

cells and a tissue-degrading chemical produced by the melanoma cells. As in [169], they

reduce their model to a system describing the densities of the healthy and the tumour cell

populations, M and N . Their reduced model takes the following form:
∂M

∂t
= −αMN,

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N −M).

(1.8)

The models (1.4)–(1.8) vary in their complexity, but they are all characterised by a

nonlinear, degenerate tumour cell diffusion term. In Chapter 6, we analyse a minimal

model of tumour invasion, which contains a similar diffusion term [44].
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1.5.2 Nonlinear, degenerate diffusion: from one-dimensional to multi-
dimensional analysis

As mentioned above, a key component of the aforementioned models of tumour invasion

is the nonlinear, degenerate diffusion term for the tumour cell density. Travelling wave

solutions (TWS) governed by this type of diffusion have been extensively studied in the

case of one-dimensional (dimensionless) R-D PDEs of the form

∂N

∂t
=

∂

∂x

[
D(N)

∂N

∂x

]
+ f(N). (1.9)

Different forms of the diffusion coefficient D have been considered, with an emphasis on

whether the function has one ([9, 32, 53, 54, 149, 214, 215]) or multiple ([60, 69, 149])

degeneracies. In general, if f is of Fisher–Kolmogoroff–Petrovsky–Piscounoff (Fisher–KPP)

type, i.e., f ∈ C[0, 1] with f(0) = f(1) = 0 and f(N) > 0∀n ∈ (0, 1), then Equation (1.9)

supports TWS of the form N(x, t) = n(y) = n(x − ct) satisfying asymptotic conditions

limy→−∞ n(y) = 1 and limy→+∞ n(y) = 0 if and only if c ≥ c∗, where the minimum wave

speed c∗ > 0 is defined as the threshold speed below which no TWS exist. In addition, if

c = c∗, then the TWS is of sharp type (i.e., there is a discontinuity in the spatial derivative

at the front) and, for each c > c∗, there exists a smooth TWS.

It is non-trivial to extend these existence results to R-D systems because studying trajec-

tories in higher-dimensional phase spaces brings additional complexity. It has nonetheless

been done for specific R-D PDE models. Kawasaki et al. [123] developed an R-D PDE

model with cross-dependent diffusivities to describe spatiotemporal pattern formation in

colonies of bacteria. Numerical and analytical studies of this model [150, 216] have shown

the existence of TWS for wave speeds c ≥ c∗, where the minimum wave speed c∗ was esti-

mated numerically. Until recently, most analytical progress has been restricted to models

in which motility is driven by haptotaxis or chemotaxis [151, 177, 193, 194]. In particular,

the existence of TWS for the Gatenby-Gawlinski model (1.4) has been largely supported

by numerical results and partial analytical results [51, 74, 107, 158, 169, 238]. The reduced

model (1.8) by Browning et al. [27] has also mainly been studied numerically, with a few

partial analytical results available [63]. However, Gallay and Mascia [82] recently proved

the existence of weak TWS of system (1.7) for any positive wave speed c > 0.

After presenting our new model of tumour invasion in Chapter 6, we will conduct a

travelling wave analysis and rigorously prove the existence of a continuum of TWS for this

model.
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1.6 Mathematical models of tumour response to radiother-
apy and hyperthermia

1.6.1 Modelling radiotherapy response

Various facets of tumour response to RT have been investigated through mathematical

modelling, including tumour responses to specific RT treatment schedules [68, 116, 138,

202, 207], designing patient-specific RT dosing schedules [3, 16], accounting for RT-induced

healthy tissue damage [99, 231] and optimising RT schedules accordingly [100, 110, 132,

133, 212]), and assessing the influence of heterogeneity on tumour sensitivity to RT [2, 35,

67, 96, 197, 198].

Despite having different aims, the aforementioned models typically assume that radiation

induces instantaneous tumour cell death via the accumulation of a sufficiently large number

of unrepaired DSBs, or interactions between multiple non-lethal SSBs [36]. In particular,

cell kill is modelled using the Linear-Quadratic (LQ) model [160], which predicts that the

fraction, SLQ, of tumour cells that survive exposure to a dose D (Gy) of radiation is given

by

SLQ(D) = exp
(
−
(
αD + βD2

))
, (1.10)

where α > 0 and β > 0 denote the tissue-specific radiosensitivity to ‘single-hit’ radiation

events and ‘multi-hit’ radiation events, respectively. Different tumour types are classified

according to the dose, D = α/β, at which the linear and quadratic damage components are

equal. Early-responding, fast-proliferating (e.g., head and neck, liver and bladder) tumours

have higher values of α/β, while late-responding, slow-growing (e.g., prostate, bone and

breast) tumours have lower values of α/β [246]. While the values of α and β can be

estimated from patients undergoing RT treatment [246], they are usually derived from 2D

monolayer or 3D multicellular spheroid assays. As such, they are representative of the

long-term amount of cell kill and contain limited information about how the RT cell kill

rate evolves during treatment, e.g., in response to combined treatment with an adjuvant

modality such as HT or CT.

Alternative models describe RT cell kill as a time-dependent process [50, 88, 145, 163,

176, 219, 239, 259]. For instance, Neira et al. [176] assume that a tumour cell population

growing logistically can be sub-lethally or lethally damaged at a rate proportional to the

constant radiation dose rate, which is defined as the radiation dose divided by the duration

of RT application. Lethally-damaged cells are doomed to die, while sub-lethally damaged

cells are either repaired or become lethally-damaged as they accumulate sufficient damage.

By assuming further that only undamaged cells proliferate, Neira et al. [176] obtained

reasonable fits of their model to in vitro data from nine cell lines and in vivo mouse data

from four cell lines. By accounting for different types of damage (sub-lethal vs. lethal),
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damage repair and cell death in the case of insufficient repair or misrepair, such models keep

track of both the rate of cell death and the tumour composition (i.e., undamaged, damaged

and dead cells) during treatment. The latter is important as dead material has been shown

to have a notable effect on tumour growth post-treatment [139].

In Chapter 3, we will introduce a time-dependent RT response model inspired by Neira

et al. [176], with some modifications and extensions.

1.6.2 Modelling hyperthermia response

As for RT, a range of modelling approaches have been used to describe tumour response

to HT. To quantify heat-induced cell death, probabilistic survival functions similar, or

equivalent, to the LQ model, have been proposed (see [29] and [263]). The Arrhenius model

was the first such model; it defines the fraction, SA, of tumour cells that survive heating at

a temperature of T °C for τ min as

SA(τ, T ) = exp

(
A exp

(
−Ea

R(273.15 + T )

)
τ

)
, (1.11)

where A is a constant, Ea is the activation energy, R is the universal gas constant and the

factor of 273.15 K °C−1 converts the temperature from Celsius to Kelvin [263].

More recently, Brüningk et al. [29] derived a survival model that can be applied to RT,

HT and their combination by assuming that HT radiosensitises cells by inhibiting DNA

repair mechanisms. This model states that the fraction, SαR , of tumour cells that survive

heating at a temperature of T °C for a duration of τ min is given by

SαR(τ, T ) =


exp

(
−[(α0(T )− αR(T ))τ + β(T )τ2]

)
, if τ 6 τ∗(T ) = αR(T )

2β(T ) ,

exp

(
−
[
α0(T )τ −

α2
R(T )

4β(T )

])
, if τ > τ∗(T ),

(1.12)

where the parameters α0, αR and β are treatment-dependent. The logarithm of Equation

(1.12) is linear-quadratic below some threshold temperature, and linear otherwise. Equation

(1.12) can, therefore, be viewed as an extension of the LQ model for RT alone.

The limitations of using such models to predict HT-induced cell death within more com-

plex models of tumours undergoing HT treatment, such as the multiscale model developed

by Brüningk et al. [28], are the same as for the LQ model for RT response. In light of this,

some time-dependent cell death models have been proposed [181].

Further, significant work has focussed on providing accurate predictions of intratumoural

temperatures which can be achieved by different HT administration methods. More specif-

ically, several spatially-resolved heat transfer models have been proposed to predict how

variable tumour perfusion affects the time-dependent, intratumoural temperature distri-

bution during HT. Pennes [188] developed the first bioheat transfer model based on the
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classical Fourier law, which assumes a linear relationship between the heat flux, ~q, and the

temperature gradient,~∇T :

~q(~x, t) = −k~∇T (~x, t). (1.13)

Here, ~x is the position of a point in the material considered, t is time and k is the thermal

conductivity [111]. Pennes’s model has been widely used to study temperature distributions

during HT [10, 208, 241]. More complex models include thermal wave models [34, 251], dual-

phase lag models [130, 244] and fractional models [72, 147]. These typically neglect HT cell

kill or assume first-order kinetics (e.g., the Arrhenius survival model) in order to minimise

model complexity. An exception is the transport-based PDE model by Bosque et al. [20],

which simultaneously describes the growth of a tumour within healthy tissue, between two

blood vessels, the temperature distribution in the healthy and tumour tissues and the two

blood vessels during HT, and time-dependent HT cell kill. Their model of HT-induced cell

kill is based on the survival model (1.12) by Brüningk et al. [29].

Several models have also been developed to study the heat shock response (HSR) ob-

served following changes in temperature [62, 189, 195, 205, 218, 236]. These models typically

consist of ODEs that describe the dynamics of the synthesis of HSP70 (or HSP90) and its

interactions with key intracellular components. Given the role of HSP70 and HSP90 in

mediating thermotolerance following HT, Rybiński et al. [211] used a HSR model to quan-

tify the intensity and duration of HT-induced thermotolerance and investigated the efficacy

of HT combined with CT. The influence of heat shock proteins on tumour invasion into

healthy tissue has also been studied [237].

Finally, there have been attempts to model the increase in tumour perfusion via vasodi-

lation during mild HT [19].

The above review reveals that (to the best of our knowledge) there is no comprehensive

mathematical model that describes the range of HT effects described in Section 1.3.2. Most

models of HT response also neglect tumour growth and, thus, do not describe tumour

evolution during and post-treatment. We seek to fill this gap in the literature with the

time-dependent model of HT response presented in Chapter 4.

1.6.3 Modelling combined treatment response

Very few mathematical models describe tumour response to combinations of RT and

HT. Existing approaches typically use the LQ model and modify the radiosensitivity pa-

rameters, α and β, to account for the increase in cell death due to HT [28, 52]. While these

temperature-dependent survival functions implicitly capture the thermal enhancement of

RT response, they do not distinguish between the different ways in which HT may lead
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to radio-sensitisation. In particular, they provide limited mechanistic insight into the in-

teractions between HT and RT, and the different ways in which HT may enhance tumour

response to RT.

Scheidegger et al. [219] investigated the effect of HT-induced inhibition of DNA repair

on tumour response to RT by coupling an ODE model of the time-dependent inactivation

and activation of repair proteins by HT with a dynamic model of RT cell kill. In their

‘Multi-Hit Repair’ model of RT response, tumour cells sequentially acquire up to k > 1

RT-induced hits (i.e., lesions) at a rate proportional to the assumed constant radiation dose

rate. Tumour cells are assumed to die from RT damage if they possess at least one lesion

and each lesion can be repaired at a time- and HT-dependent rate, r(t). This results in a

discrete, structured population model with k + 1 compartments that tracks the evolution

of the number of cells with i ∈ J0, kK lesions.

Assuming only HT can damage repair proteins, they define the repair rate, r(t), as

follows. The proportions of active and inactive repair proteins are denoted by Υ and Λ,

respectively, and their dynamics are described via the following system of ODEs:

dΥ

dt
= −k1Υ︸ ︷︷ ︸

rate of protein
inactivation

+ k2Λ︸︷︷︸
rate of protein

activation

, (1.14a)

dΛ

dt
= k1Υ − k2Λ, (1.14b)

where k1 = k1(t) is non-zero when HT is administered and zero otherwise, whereas k2 > 0

is assumed to be constant.

Before HT has been applied, Υ = 1 and Λ = 0 (i.e., all repair proteins are intact). If a

single high HT treatment is applied at t = tH (min) for a duration δH (min), one can solve

(1.14a)–(1.14b) subject to the initial conditions (Υ (0), Λ(0)) = (1, 0) to obtain

Λ(t) =



0, if 0 ≤ t < tH,

k1

k1 + k2

(
1− e−(k1+k2)(t−tH)

)
, if tH ≤ t < tH + δH,

k1

k1 + k2

(
1− e−(k1+k2)δH

)
e−k2(t−(tH+δH)), if t ≥ tH + δH,

(1.15)

and Υ (t) = 1− Λ(t).

The repair rate r(t) is defined in terms of Λ(t) as follows

r(t) = r0 exp (−µΛΛ(t)), (1.16)

where the constant r0 > 0 is the repair rate in the absence of HT (i.e., when Λ(t) ≡ 0) and

the constant µΛ > 0 indicates the extent to which HT inhibits damage repair.
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In view of developing a comprehensive model of tumour response to combinations of

HT and RT, we will follow [219] to account for HT-induced DNA repair inhibition. In

particular, we will define the repair rate of RT-damaged cells according to Equation (1.16)

(see Chapter 4).

1.7 Thesis structure

The remainder of this thesis comprises five chapters in which we investigate how two

distinct mechanisms of growth arrest influence tumour responses to radiotherapy and hy-

perthermia, alone and in combination.

First, in Chapter 2, we propose a simple ODE model of solid tumour growth to inves-

tigate how specific mechanisms of growth arrest may affect tumour responses to different

combination cancer therapies. We consider the interactions of tumour cells with the physi-

cal space in which they proliferate and a nutrient supplied by the tumour vasculature, our

aim being to capture two distinct growth arrest mechanisms. More specifically, we seek to

describe growth arrest due to (1) nutrient insufficiency, when cell proliferation and death

rates balance, and (2) competition for space, when proliferation ceases, with no cell death.

We combine numerical simulations with a steady-state analysis to determine the possible

tumour growth scenarios exhibited by the model. We find that there are three distinct

growth regimes: a nutrient limited (NL) regime, a space limited (SL) regime and a bistable

(BS) regime, in which both growth arrest mechanisms are simultaneously active. Thus, the

new model exhibits the behaviours required to investigate and distinguish tumour responses

to different cancer treatments.

In Chapter 3, we extend the model developed in Chapter 2 to investigate how nutrient

and space limited mechanisms of growth control affect tumour cell responses to fractionated

RT. We construct three virtual populations of NL, SL and BS tumours and, for each popu-

lation, we simulate tumour responses to a conventional fractionation schedule consisting of

5 × 2 Gy fractions per week for 8 weeks. We determine the average response and investi-

gate how the values of key parameters (i.e., the tumour oxygen consumption rates and the

vascular volume) lead to extremal behaviour. We also consider how the dose fraction and

frequency impact the tumour response (for a fixed total dose). We find that tumours in the

SL regime typically respond best to RT, while those in the BS regime respond worst. For

tumours in each regime, we identify the biological processes that may explain the positive

and negative treatment outcomes and the dosing regimen which maximises the reduction

in tumour burden.

In Chapter 4, we adapt the model from Chapter 3 to study tumour responses to

fractionated HT. We distinguish between the effects of mild HT, which re-oxygenates the

tumour via vasodilation and a reduction in the rate of oxygen consumption by tumour cells,
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and high HT, which causes cell and vascular damage and an associated angiogenic response.

Using the NL, SL and BS virtual cohorts introduced in Chapter 3, we study the response

of tumours in each regime to ‘conventional’ mild and high HT treatment schedules and

assess how the tumour oxygen consumption rates and the vascular volume impact tumour

responses to these schedules. We also investigate how the thermal dose (for a fixed treatment

duration and number of weekly fractions) impacts tumour response to HT. We find that

mild HT has a negligible effect across the virtual cohorts, while high HT can be very effective

at reducing tumour burden across the virtual cohorts, provided the HT-induced angiogenic

response is sufficiently weak. In particular, tumours in the NL and BS regimes respond best

to HT, while those in the SL cohort have a more limited response. We also find that the

best HT responders are typically the worst RT responders, and conversely.

Building on the work in Chapters 3 and 4, Chapter 5 focusses on investigating tumour

responses to combinations of RT and HT using the methodology employed in Chapters

3 and 4. We characterise the interactions between RT and HT across the three virtual

cohorts and a range of combined treatment schedules. This enables us to determine the

best treatment (RT, HT and RT+HT) and dosing regimen for each tumour. We find that

mild HT cannot significantly enhance the tumour responses to RT. By contrast, high HT can

act as a potent radiosensitiser for all NL and BS tumours and most SL tumours, provided

the HT-induced angiogenic response is sufficiently weak. That said, all BS tumours and

most NL tumours respond better to HT alone than combined treatment, suggesting that HT

should be considered even before RT. Finally, combined treatment schedules that maximise

the total HT dose tend to produce the largest reduction in tumour burden.

With a view to extending the work in Chapters 2–5 to investigate the impact of

growth arrest mechanisms on tumour invasion, in Chapter 6 we present a simple model of

tumour invasion into extracellular matrix. The model is characterised by degenerate cross-

dependent diffusion and we focus on obtaining an analytical understanding of the model’s

behaviour. We perform a travelling wave analysis of the model and prove the existence

of a continuum of travelling wave solutions by extending the shooting argument developed

by Gallay and Mascia [82]. Using a combination of analytical and numerical results, we

characterise the minimum wave speed and hypothesise that it depends monotonically on

the rate at which tumour cells degrade the ECM and the ECM density far ahead of the

tumour front.

The thesis concludes in Chapter 7, where we summarise our main results and discuss

potential avenues for future work.
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Chapter 2

A simple ODE model of tumour
growth that distinguishes between
different mechanisms of growth
arrest

2.1 Introduction

In vitro experiments investigating the influence of nutrient inhibition and mechanical

constraints on the growth of three-dimensional tumour spheroids have shown that two

distinct mechanisms can contribute to growth arrest. More specifically, tumour spheroids

may reach (1) a diffusion-limited (i.e., nutrient limited) equilibrium, when cell proliferation

rates in nutrient-rich regions balance cell death rates in nutrient-poor regions [103, 131, 173],

or (2) a contact-inhibited (i.e., space limited) equilibrium in which mechanical stress reduces

cell proliferation rates to zero, and there is no cell death [55, 56, 103, 166, 167]. Further,

Helmlinger et al. [103] showed that tumour spheroids originating from the same cell line

may reach a nutrient or space limited equilibrium depending on whether nutrient inhibition

or mechanical stress is dominant. This indicates that both mechanisms of growth control

can be simultaneously active.

In spite of this, we saw in Section 1.4 that most existing models of tumour growth focus

on a single growth-limiting process. In particular, many spatially-averaged phenomenolog-

ical ordinary differential equation (ODE) models typically predict that a tumour reaches

a steady state as the proportion of proliferating cells converges to zero (with no explicit

cell death) [95, 172], while spatially-resolved models (PDE, IBM or hybrid) predict that a

tumour reaches steady state when cell birth and death rates balance [61, 91, 140, 186].

With a longer term goal of investigating how mechanisms of growth limitation affect

tumour responses to treatment, in this chapter, we develop a novel model of vascular tumour

growth that distinguishes between two alternative growth-limiting mechanisms:
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1. growth arrest in response to nutrient insufficiency, which translates into the balancing

of cell proliferation and death,

2. growth arrest in response to competition for space, which corresponds to a cessation

of proliferation, with no cell death.

The resulting model retains the simplicity of phenomenological models, while providing

mechanistic insight and capturing the behaviour of more complex models. We focus on

vascular tumours as, in practice, most tumours are vascular when they are detected [38].

Further, different treatments affect the vasculature in different ways, and these may be

significant when considering combination treatments.

We begin this chapter by deriving the ODE model of vascular tumour growth (Section

2.2). We then investigate its behaviour by presenting numerical results in Section 2.3 and by

performing a steady state analysis in Section 2.4. Combining our numerical and analytical

results, we identify the different tumour growth scenarios that the model exhibits (Section

2.5).

The work presented in Sections 2.2, 2.3 and 2.4 has been published in the following

paper:

Colson, C., Byrne, H. M. and Maini, P. K. 2022. Combining mechanisms of growth arrest

in solid tumours: a mathematical investigation. Bulletin of Mathematical Biology, 84(8),

80.

The work presented in Section 2.5 has been published in the following paper:

Colson, C., Maini, P. K. and Byrne, H. M. 2023. Investigating the influence of growth

arrest mechanisms on tumour responses to radiotherapy. Bulletin of Mathematical Biology,

85(8), 74.

2.2 Model development

2.2.1 The mathematical model

In this section, we present a new model of vascular tumour growth, which considers

the interactions of a tumour with the physical space in which it is growing and a nutrient

supplied by its vasculature. Our first simplifying assumption is that the vascular volume

remains constant during tumour growth. In particular, we neglect angiogenesis and vascular

remodelling and view the vascular volume, V , as a model parameter (rather than a dynamic

variable) which influences the availability of nutrient and space and, thus, the tumour’s

carrying capacity. We make this simplifying assumption in order to limit the complexity

of the ODE model so that we may focus on our aim of describing two growth-limiting

mechanisms using a model that exhibits rich solution structure.
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Now, denoting the tumour cell volume by T and the nutrient concentration by c, we

propose the following system of time-dependent ODEs:

dT

dt
= q∗2cT (Smax − (T + V ))︸ ︷︷ ︸

tumour cell proliferation

− [δ∗1(c∗min − c)]H(c∗min − c)T,︸ ︷︷ ︸
cell death due to nutrient starvation

(2.1)

dc

dt
= g∗(c∗max − c)V︸ ︷︷ ︸

nutrient delivery

− q∗1cT︸ ︷︷ ︸
baseline nutrient

consumption

− q∗3cT (Smax − (T + V )),︸ ︷︷ ︸
additional nutrient

consumption for proliferation

(2.2)

where

V ≡ V ∗0 := V (0) and H(x) =

{
1, if x ≥ 0,

0, if x < 0,
(2.3)

is the Heaviside step function. We also impose the following initial conditions

T (0) = T0 ∈ [0, Smax − V ∗0 ], c(0) = c0 ∈ [0, c∗max]. (2.4)

Our model is based on the following assumptions:

• There is a fixed amount of physical space, Smax, which can be occupied by T and V ;

the available free space is S = Smax − (T + V ).

• Tumour cells, T , need space and nutrient in order to proliferate. We assume that they

proliferate at a rate proportional to the nutrient concentration, c, and the amount of

free space available, S, with constant of proportionality q∗2 > 0.

• Below a fixed nutrient concentration, c∗min > 0, tumour cells die of nutrient starvation

at a rate that is a monotonically decreasing function of c for 0 ≤ c < c∗min such that

(1) no tumour cells die at c = c∗min and (2) when c = 0 the death rate of tumour cells

attains its maximal value of δ∗1c
∗
min, where δ∗1 > 0 is a constant of proportionality. We

refer to c∗min as the threshold for severe nutrient deficiency.

• A nutrient, c, chosen to be oxygen, is supplied by the tumour vasculature, V , at a

rate that is a monotonically decreasing function of c for 0 ≤ c ≤ c∗max such that (1)

no oxygen is supplied if the oxygen concentration in the tumour attains the value

c∗max > c∗min > 0 and (2) the maximal supply rate of oxygen is attained when c = 0

and is equal to g∗c∗max, with g∗ > 0. Here, c∗max represents the oxygen concentration

in the vasculature and g∗ represents the rate of oxygen exchange per unit volume area

of blood vessels.

• Tumour cells consume nutrient for maintenance at a rate proportional to c, with

rate constant q∗1 > 0. They consume additional nutrient for proliferation at a rate

proportional to the proliferation rate, with a conversion factor k∗ > 0 defined such
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that q∗3 =
q∗2
k∗ > 0. We distinguish between these two types of oxygen uptake as we

expect tumour cells to require oxygen for survival in the absence of proliferation and,

in particular, when a space limited equilibrium is reached. We support this choice by

noting that mitochondrial, cell surface and basal oxygen consumption rates have been

quantified separately in a range of murine and human tumour cell lines [104], and

the oxygen consumption rates of cells grown in vitro in two-dimensional monolayers

have also been measured during different growth phases (i.e., exponential and plateau)

[22, 120]. This experimental evidence suggests that it is possible to separately estimate

different types of oxygen consumption rates.

• Given the above assumptions, physically realistic solutions for T and c, respectively,

satisfy 0 ≤ T (t) +V ∗0 ≤ Smax and 0 ≤ c(t) ≤ c∗max for all t ≥ 0; this justifies the initial

conditions (2.4).

2.2.2 Non-dimensionalisation

In order to reduce the number of parameters in our model, we non-dimensionalise the

system (2.1)–(2.3) by introducing the following scalings:

T̂ =
T

Smax
, Ŝ =

S

Smax
, V̂ =

V

Smax
, ĉ =

c

c∗max

, t̂ =
t

τ
.

Recalling that V ≡ V ∗0 and dropping hats for notational convenience, we obtain the

following system:

dT

dt
= q2cT (1− (T + V0))− δ1(cmin − c)H(cmin − c)T, (2.5)

dc

dt
= g(1− c)V0 − q1cT − q3cT (1− (T + V0)), (2.6)

subject to the following initial conditions

T (0) = T0 ∈ [0, 1− V0], c(0) = c0 ∈ [0, 1], (2.7)

where

V0 =
V ∗0
Smax

, q1 = q∗1Smaxτ , q3 = q∗3S
2
maxτ , q2 = q∗2Smaxc

∗
maxτ ,

cmin =
c∗min

c∗max

, δ1 = δ∗1c
∗
maxτ , g = g∗Smaxτ .

(2.8)

Given that k∗ = q∗2/q
∗
3, we define k > 0 such that q3 = q2

k :

k =
c∗max

Smax
k∗. (2.9)
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2.3 Numerical simulations: tumour growth curves

2.3.1 Numerical setup

We solve the ODE system (2.5)–(2.6) for t ∈ (0, t∗], where t∗ > 0, using ODE45, a single

step MATLAB built-in solver for non-stiff ODEs that is based on an explicit Runge-Kutta

(4,5) formula, the Dormand-Prince pair [59]. We impose the initial conditions (T (0), c(0)) =

(0.05, 1). We choose T (0) = 0.05 so that the tumour is initially much smaller than the

available free space (i.e., 0 < T � 1), but large enough to be vascular with V0 ∈ (0, 0.005].

The choice of c(0) = 1 ensures that the tumours are, initially, well-oxygenated.

We seek to characterise the qualitative behaviour of the model and assess its suitability

for benchmarking combination cancer treatments. As such, accurately estimating parameter

values by fitting the model to experimental data is beyond the scope of this work. We instead

combine parameter values from different sources and preliminary numerical simulations

to fix the values of cmin, g and k (see Appendix A.1). Further, we consider biologically

realistic ranges of possible values for the remaining parameters, which are motivated by the

arguments in Appendix A.1. Our dimensionless parameter choices are listed in Table 2.1.

Parameter Definition Value(s)

cmin Anoxic oxygen threshold 10−2

g Rate of oxygen exchange per unit vascular volume 5

k Conversation factor 10−2

q1 O2 consumption rate for maintenance [10−2, 10]

q3 O2 consumption rate for proliferation [10−2, 10]

q2 Proliferation rate q3/k

δ1 Rate of death by nutrient starvation q2

V0 Initial vascular volume (0, 5× 10−3]

Table 2.1: List of dimensionless parameters and values assigned to them for the purpose of
the model analysis and numerical simulations.

Remark 2.3.1. In what follows, we assume that the dimensionless rates of cell prolifer-

ation and cell death due to nutrient starvation are equal (i.e., δ1 = q2). This simplifying

assumption reduces the number of system parameters and is consistent with experimental

evidence which suggests that cell proliferation and death rates are highly correlated for

some tumours [135, 146, 247]. Our numerical and analytical studies reveal that the results

in this chapter are not affected by this assumption (see Appendix A.1).
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2.3.2 Simulating tumour growth

For fixed values of the oxygen consumption rates for maintenance and proliferation,

q1 and q3, we observe how the tumour growth dynamics change as we vary the initial

vascular volume, V0. The results presented in Figure 3.1 show that the model exhibits

initial exponential or linear growth followed by a reduced growth rate as the tumour reaches

a limiting size. These dynamics are characteristic of both experimental data and existing

phenomenological models [61, 129, 172].

We note also that the tumour specific parameters q1, q3 and V0 appear to determine

the tumour’s limiting size, which can vary markedly between parameter sets (see Figures

2.1c and 2.1e). In particular, comparison of Figures 2.1d and 2.1f with Figures 2.1c and

2.1e, suggests that the large differences in the equilibrium tumour sizes depend on whether

oxygen levels are above, or below, the oxygen threshold for severe hypoxia. This hints at

the existence of different growth regimes, which could be characterised by different growth

limiting mechanisms. We investigate this further in the following section where we perform

a steady state analysis.
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(a) (b)

min

(c) (d)

(e) (f)

Figure 2.1: We solve Equations (2.5)–(2.6) for t ∈ (0, 105] subject to initial conditions
(T (0), c(0)) = (0.05, 1). We fix (a)–(b) (q1, q3) = (0.1, 1), (c)–(d) (q1, q3) = (0.5, 5) and
(e)–(f) (q1, q3) = (1, 10) and vary V0 ∈ {0.001, 0.002, 0.003, 0.004, 0.005}. In (a), (c) and (e),
we plot the time evolution of the tumour volume, T (t); in (b), (d) and (f), we depict the
evolution of the logarithm of the oxygen concentration, c(t). In (a) and (c), we also include
a magnified view of the growth curves as they approach their respective steady states. All
tumours grow to a limiting size, which decreases with q1 and q3. The equilibrium size also
increases with V0, when the steady state oxygen concentration is below cmin, and decreases
with V0 otherwise. In contrast, the steady state oxygen concentration always increases with
V0.
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2.4 Steady state analysis

We now perform a steady state analysis of Equations (2.5)–(2.6) in order to understand

how varying q1, q3 and V0, the oxygen consumption rates for proliferation and maintenance

and the initial vascular volume, respectively, impacts the equilibrium tumour volume. The

model dynamics depend on whether the tumour is in a nutrient-rich (i.e., cmin ≤ c ≤ 1)

or a nutrient-poor regime (i.e., 0 ≤ c < cmin). We, therefore, investigate the existence and

stability of steady state solutions in each of these regimes separately, referring to steady

states for which cmin ≤ c ≤ 1 as space limited (SL) and those for which 0 ≤ c < cmin as

nutrient limited (NL).

2.4.1 Steady state solutions: existence and multiplicity

2.4.1.1 Space limited steady states

When nutrient is plentiful (i.e., cmin ≤ c ≤ 1), the steady state solutions satisfy
q2cT (1− (T + V0)) = 0, (2.10a)

g(1− c)V0 − q1cT − q3cT (1− (T + V0)) = 0. (2.10b)

Since 0 < V0 < 1, it is straightforward to show that there are two steady states:

SS1 : (T ∗1 , c
∗
1) = (0, 1), (2.11)

SS2 : (T ∗2 , c
∗
2) =

(
1− V0,

V0

V0 + (q1/g)(1− V0)

)
. (2.12)

SS1 represents a tumour-free state, while SS2 represents tumours which occupy all of the

available free space; their growth is limited by space availability and, at steady state, there

is no cell proliferation or death.

Clearly, SS1 is an admissible steady state for all combinations of parameters, and the

condition on V0 implies that T ∗2 = 1 − V0 > 0 for SS2. For c∗2 to lie in the appropriate

nutrient regime, we require c∗2 ≥ cmin (c∗2 < 1 follows trivially). This condition is satisfied

for all q3 > 0 when the following relationship holds:

q1 ≤ g
(

1

cmin
− 1

)
V0

1− V0
=: q̄1. (2.13)

For g and cmin fixed, inequality (2.13) implies that steady state SS2 exists if q1 is bounded

above by an increasing function of V0. In other words, SS2 exists if the tumour’s maintenance

needs at equilibrium can be supported by its vasculature.
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2.4.1.2 Nutrient limited steady states

When nutrient is limited (i.e., 0 ≤ c < cmin), the steady state solutions satisfy
T (q2c(1− (T + V0))− δ1(cmin − c)) = 0, (2.14a)

g(1− c)V0 − q1cT − q3cT (1− (T + V0)) = 0. (2.14b)

If T ≡ 0, then we have c ≡ 1 as V0 > 0. However, this is not a valid steady state in the

NL regime, since 1 = c > cmin. Therefore, we suppose T > 0 and seek solutions of (2.14a)–

(2.14b) by determining the intersection points of the T - and c-nullclines. Using (2.14a), we

find that the non-zero T -nullcline is given by:

T (c) = (1− V0)− δ1

q2

(cmin

c
− 1
)
, (2.15)

which, given that we assume δ1 = q2, reduces to

T (c) = (1− V0)−
(cmin

c
− 1
)
. (2.16)

To determine the c-nullcline, we solve the quadratic equation (2.14b) for T and find it has

two solution branches:

T±(c) =
q1 + q3(1− V0)±

√
(q1 + q3(1− V0))2 − 4q3gV0(1− c)/c

2q3
. (2.17)

We can now determine the steady state values for c by equating (2.16) and each branch

in (2.17) and solving for c± corresponding to T±. We find:
c± =

cmin(X ∓
√
X2 + 4q3Y )

2Y
, if V0 6=

2(q3 − q1)

g + q3 − q1
, (2.18a)

c− =
cmin(q3(g + q3 − q1))

2 g
cmin

(q1 − q3)− g(q1 − 3q3) + (q1 − q3)2
, if V0 =

2(q3 − q1)

g + q3 − q1
, (2.18b)

where X = q1 − 3q3 +
(

g
cmin

+ q3

)
V0,

Y = 2(q1 − q3) + (g + q3 − q1)V0.
(2.19)

We note here that we obtain a unique steady state value for c (i.e., (2.18b)) when the

curve T (c) defined by (2.16) intersects only one of the branches T±(c) defined by (2.17). In

particular, T (c) intersects T−(c).

We conclude that there are at most two NL steady states:

SS3 : (T ∗3 , c
∗
3) = (T (c−), c−) , (2.20)

SS4 : (T ∗4 , c
∗
4) = (T (c+), c+) , if V0 6=

2(q3 − q1)

g + q3 − q1
, (2.21)

where T (c) is defined by (2.16) and c± are defined by (2.18a)–(2.18b). SS3 and SS4, which

always satisfy SS3 < SS4, represent tumours that are not SL (i.e., 0 < T (c) < 1− V0); their
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growth is limited by nutrient availability and, at steady state, the rates of cell proliferation

and death are non-zero and balance.

As for SL steady states, in order to exist and be physically realistic, SS3 and SS4 must

satisfy 0 ≤ T ≤ 1− V0 and 0 ≤ c < cmin. Given the expression for T (c) provided in (2.16)

and assuming that 0 ≤ c < cmin, we have T (c) < 1−V0 for any parameter combination. Due

to the complexity of the expressions for the steady states SS3 and SS4, extensive algebraic

manipulation is required to determine the regions in parameter space in which the remaining

conditions hold. Using Mathematica, we find that, for fixed V0, SS3 is an admissible steady

state under the following conditions:

• for all q3 > 0 when q1 > q̄1, where q̄1 was defined in (2.13);

• for all q3 > q̄3 when q1 ≤ q̄1, where q̄1 was defined in (2.13) and q̄3 is given by

q̄3 :=
−q1 +

(
3g
cmin
− 2 + q1

)
V0 − g

cmin
V 2

0

(1− V0)2
+

2g1/2

(1− V0)2
×[

−
(

2

cmin
− 1

)
q1V0 +

(
g

(
2

c2
min

− 3

cmin
+ 1

)
+ q1

(
3

cmin
− 1

))
V 2

0

−
(
g

(
1

c2
min

− 1

cmin

)
+

q1

cmin

)
V 3

0

]1/2

.

(2.22)

It is possible to show that, for fixed g and cmin, q̄3 is an increasing function of V0 (for q1

fixed) and a decreasing function of q1 (for V0 fixed). As such, SS3 exists when there is no

non-trivial SL steady state (here, the vascular volume V0 cannot sustain an SL tumour’s

oxygen requirements for maintenance). SS3 also exists when there is a non-trivial SL steady

state (here, V0 can sustain an SL tumour’s oxygen requirements for maintenance, but the

oxygen requirements for proliferation (q3) are too high, given the oxygen requirements for

maintenance (q1) and nutrient supply (V0)). By contrast, SS4 is an admissible steady state

only in the second case (i.e., for all q3 > q̄3 when q1 ≤ q̄1, given V0 fixed).

2.4.2 Stability analysis

In the previous section, we identified the model’s steady state solutions and their regions

of existence in (V0, q1, q3)-space for fixed g and cmin. We now investigate their stability.

2.4.2.1 Space limited steady states

We first perform a linear stability analysis for steady states SS1 and SS2; we compute

the Jacobian of the system (2.5)–(2.6) when cmin ≤ c ≤ 1 at each steady state and find

the corresponding eigenvalues. The Jacobians of the system evaluated at SS1 and SS2 are,
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respectively,

J |SS1 =

(
q2(1− V0) 0

−q1 − q3(1− V0) −gV0

)
, (2.23)

J |SS2 =

( −q2V0(1−V0)
V0+(q1/g)(1−V0) 0

[q3(1− V0)− q1] V0
V0+(q1/g)(1−V0) −gV0 − q1(1− V0)

)
. (2.24)

It is straightforward to show that the eigenvalues (λ1, λ2) and (µ1, µ2) for the Jacobians

evaluated at SS1 and SS2 can be written as follows: λ1 = q2(1− V0) > 0,

λ2 = −gV0 < 0,

 µ1 =
−q2(1− V0)V0

V0 + (q1/g)(1− V0)
< 0,

µ2 = −gV0 − q1(1− V0) < 0.
(2.25)

Since q1, q2 > 0 and 0 < V0 < 1, it is clear that SS1 is unstable and SS2 is locally stable.

Thus, in the SL regime, tumour elimination is not possible and the tumour persists.

2.4.2.2 Nutrient limited steady states

We can perform a similar stability analysis for SS3 and SS4. When 0 ≤ c < cmin, the

Jacobian of the system (6.9)–(6.10) is

J |(T ∗,c∗) =

(
q2c
∗(1− 2T ∗ − V0)− δ1(cmin − c∗) q2T

∗(1− T ∗ − V0) + δ1T
∗

−q1 − q3(1− 2T ∗ − V0) −gV0 − q1T
∗ − q3T

∗(1− T ∗ − V0)

)
.

(2.26)

Since equations (2.14a)–(2.14b) hold at both SS3 and SS4, it is straightforward to show

that J11 < 0, J22 < 0 and J12 > 0 for J |SS3 and J |SS4 (for all possible parameter sets).

Determining the sign of J21 for SS3 and SS4 is difficult due to the algebraic complexity of

the expressions for T and c at these steady states. Therefore, we establish the sign of J21 for

specific cases by performing phase plane analyses. Figure 2.2 contains two phase portraits

for parameter sets that, respectively, correspond to a region of parameter space where SS3

is the only NL steady state and another where the two NL steady states exist (see Figure

2.3). These phase portraits show that, for these parameter sets, J21 < 0 for SS3 whereas

J21 > 0 for SS4. Phase portraits for other parameter sets (results not shown) suggest that

the sign of J21 remains unchanged for both steady states, irrespective of the values of the

parameters.

Given the signs of each component of the Jacobian evaluated, respectively, at SS3 and

SS4, we now discuss the stability of these two steady states. Since J11 < 0 and J22 < 0

for SS3 and SS4, the trace of the Jacobian is negative for both steady states. For SS3, the

determinant of the Jacobian is positive, which implies that SS3 is locally stable. In contrast,

for SS4, the determinant could be positive or negative depending on the parameter values

(since J11J22 > 0 and J12J21 > 0). Therefore, we cannot confirm whether SS4 is stable
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or not, but the phase portrait in Figure 2.2b shows that SS4 is unstable for that specific

parameter set. Constructing phase portraits for other parameter sets (results not shown)

suggests that SS4 is unstable, irrespective of parameter values. We conclude that SS3 is

locally stable, and conjecture that SS4 is unstable.

(a)

min

min

(b)

min

min

Figure 2.2: Phase portrait for equations (2.5)–(2.6), where (a) (V0, q1, q3) = (0.0005, 0.5, 5)
and (b) (V0, q3, q1) = (0.0015, 0.5, 5). From (a) and (b), we can find the sign of the com-
ponent J21 of the Jacobian (2.26) evaluated at SS3 and SS4: J21 is, respectively, negative
and positive. Since, for SS3, we also have J11, J22 < 0 and J12 > 0, this implies that SS3 is
stable. In contrast, we cannot definitively determine the stability of SS4 using the signs of
the components of the Jacobian. However, we can see from the trajectories in (b) that SS4

is unstable.

2.5 The existence of three tumour growth regimes

The results in Section 2.4 indicate that Equations (2.5)–(2.6) admit two non-trivial, sta-

ble steady states: (1) a nutrient limited steady state (SS3), attained when cell proliferation

balances cell death due to nutrient insufficiency; (2) a space limited steady state (SS2),

attained when cell proliferation ceases due to lack of space, with no cell death.

Further, we find that the admissible stable NL and SL steady state solutions lie in

different regions of parameter space. For fixed cmin and g, these regions can be defined by

the values of q1, q3 and V0. Figure 2.3 depicts these regions in (q3, V0)-space for three values

of q1 and fixed values of cmin = 0.01 and g = 5.

Given q1, there exists a threshold value of V0, which we denote by VN, which is inde-

pendent of q3, such that only the NL steady state exists for 0 < V0 ≤ VN. Tumours in

this region of parameter space (e.g., A1 and A2) are said to be in an NL growth regime.

Further, for a fixed value of q1, if q3 is sufficiently large relative to q1, then there exists

another threshold value of V0, which we denote by VS, such that only the SL steady state

exists for V0 ≥ VS > VN. Tumours in this region of parameter space (e.g., C1, B2 and C2)

are said to be in an SL growth regime. In this case, for VN < V0 < VS, the NL and SL
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BS SL NL

NL

BS SL NL BS SL

Figure 2.3: For q1 ∈ {0.1, 0.5, 1}, we show the regions of (V0, q3)-space in which only
the stable NL steady state exists (blue), only the stable SL steady state exists (red) and
both the stable NL and SL steady states co-exist (BS, purple). The solid and dashed
red lines represent the boundaries between the three regions. For q1 = 0.5, the points
A1–C1 correspond to (V0, q3) ∈ {(0.0005, 5), (0.0015, 5), (0.003, 5)}, respectively, and A2–
C2 to (V0, q3) ∈ {(0.0005, 0.5), (0.0015, 0.5), (0.003, 0.5)}, respectively. Tumours defined by
parameter sets A1–C1 have values of q3 which are sufficiently larger than q1 that there is
bi-stability, while, for A2–C2, bistability does not occur.

steady states co-exist. In this region of parameter space, a tumour (e.g., B1) may evolve to

either steady state depending on its initial conditions. We consider such tumours to be in

a bistable (BS) growth regime. Finally, for q3 . q1, if V0 > VN, then a unique steady state

exists and it is of SL type.

Figure 2.4 shows the time evolution of the tumour cell volume, T , and the intratumoural

oxygen concentration, c, and the corresponding bifurcation diagrams for tumours A1–C1 and

A2–C2. In all cases, the NL steady state values for T and c (T ∗ and c∗) are smaller than

the SL ones. This is consistent with the assumption that, in the absence of angiogenesis,

well-oxygenated tumours attain larger volumes than poorly-oxygenated tumours. Further,

tumours in a BS regime evolve to their NL steady state for initial conditions satisfying

0 < T (0) � T ∗, which we use to simulate tumour growth. As the values of T ∗ and c∗ for

NL tumours increase with V0, tumours in a BS regime will grow to larger volumes than

tumours in an NL regime (and smaller volumes than tumours in an SL regime). We also

note that, in BS regimes, there is a large jump in T ∗ and c∗ at VS, the threshold value of V0

separating the BS and SL regimes. In contrast, in monostable regimes, T ∗ and c∗ depend

continuously on V0.

Combining the preceding results, we conclude that, depending on (V0, q1, q3), there are

three possible scenarios for tumour growth:

1. Space limited growth: the tumour has access to sufficient nutrient to grow to an SL

steady state at which cell proliferation ceases due to space constraints, with no cell

death. This corresponds to density-dependent growth inhibition.
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(a)

min

(b)

min

Figure 2.4: We solve Equations (2.5)–(2.6) for t ∈ (0, 105] subject to initial conditions
(T (0), c(0)) = (0.05, 1). In (a), (q1, q3, V0) correspond to points A1–C1 in Figure 2.3 and,
in (b), they correspond to points A2–C2. The remaining model parameters are fixed at
the default values in Table 2.1. We plot the evolution of the tumour volume and oxygen
concentration in time and the corresponding bifurcation diagrams, which show how the
steady state values for T and c (T ∗ and c∗) change as V0 varies. In both cases, the NL
steady state increases with V0 and is smaller than the SL steady state, which decreases with
V0. The tumour in a BS regime (B1) grows to its NL steady state.

2. Nutrient limited growth: the tumour grows to an NL steady state at which cell prolif-

eration balances cell death due to nutrient insufficiency. This corresponds to nutrient-

dependent growth inhibition.

3. Bistable growth: the system is bistable and the tumour grows to an NL steady state

given physically realistic initial conditions (0 < T (0)� T ∗).

2.6 Discussion

In this chapter, we developed a novel nonlinear ODE model of solid tumour growth

which distinguishes between growth arrest due to nutrient inhibition, when the rates of cell

proliferation and cell death balance, and growth arrest due to contact inhibition, when the

rate of cell proliferation becomes zero, with no cell death.

Numerical simulations of the model showed that the desired qualitative growth trends

are preserved: initial exponential and/or linear growth is followed by convergence to a

parameter-dependent limiting size. Further, a steady state analysis revealed that, depending

on the oxygen consumption rates, q1 and q3, and the vascular volume, V0, there are three

distinct tumour growth regimes: nutrient limited, space limited and bistable, where both

mechanisms of growth arrest coexist.

Despite the simplicity of the model, it exhibits a rich solution structure and we expect

that it can provide additional insight compared to models of tumour growth which typically
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only represent a single growth-limiting mechanism [61, 91, 95, 140, 172, 186]. This is because

distinct growth arrest mechanisms may influence tumour responses to treatment in different

ways.

In the three chapters that follow, we conduct a detailed investigation into how nu-

trient and space limited mechanisms of growth arrest may influence tumour responses to

radiotherapy (RT) and hyperthermia (HT), alone and in combination. More specifically,

we extend the tumour growth model developed in this chapter to incorporate tumour re-

sponses to RT and HT and use the resulting dynamic model to conduct an in-depth study

of treatment outcomes for tumours in the NL, SL and BS growth regimes. In doing so, we

aim to determine the biological processes that may explain positive and negative treatment

outcomes and assess which treatments (RT, HT or RT+HT) and dosing regimens maximise

anti-cancer effects.
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Chapter 3

Investigating the influence of
growth arrest mechanisms on
tumour responses to radiotherapy

3.1 Introduction

Developing effective therapeutic protocols to improve the prognosis of cancer patients

requires an understanding of the biological mechanisms that influence tumour responses to

treatment. For instance, while radiotherapy (RT) is a well-established cancer treatment,

its efficacy is limited, not only by its intolerable side effects, but also by inter-tumour

heterogeneity at the genetic and phenotypic levels, which can significantly influence tumour

sensitivity to RT [90, 261]. In this chapter, we investigate how two mechanisms of growth

control, namely growth arrest in response to nutrient insufficiency and to competition for

space, may affect tumour responses to fractionated RT.

Radiation induces both direct and indirect DNA damage to tumour cells, which can lead

to immediate or delayed cell death if the damage is not repaired. In particular, a number

of cell death pathways, operating on different timescales, may be responsible for RT cell

kill [71, 180], which implies that viable cells that are fated to die due to RT can remain in

the tumour volume, alongside surviving viable cells and dead cells, for a certain duration

post-radiation. The presence of dead and dying material may affect RT response dynamics

by modulating both the efficacy of each individual RT fraction and the growth dynamics

between fractions and post-treatment [139].

As discussed in Section 1.6.1, mathematical models of tumour response to RT typically

use the Linear-Quadratic (LQ) model to quantify dose-dependent, radiation-induced, cell

death. Since the LQ model’s parameters are usually determined from experimental cell

survival data, this model provides limited insight into the dynamics of the RT-induced cell

death rate. Adopting instead a time-dependent description of RT response that captures

sub-lethal and lethal damage, damage repair and cell death following insufficient repair
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[50, 88, 176, 239] allows us to track RT cell death over time together with the evolution of

the tumour composition during treatment. This can help elucidate the interplay between

the effects of RT and tumour growth dynamics. A time-dependent description is also more

appropriate when combining RT with other treatments, such as hyperthermia (HT), that

may affect the RT cell kill rates and tumour growth dynamics.

The ordinary differential equation (ODE) model of tumour growth presented in Chapter

2 distinguishes between nutrient and space limited mechanisms of growth arrest and exhibits

three distinct growth regimes: nutrient limited (NL), space limited (SL) and bistable (BS),

where both mechanisms of growth arrest coexist. In this chapter, we extend this growth

model to include the time-dependent effects of RT, as a prelude to studying combinations of

RT and HT, and in order to investigate how the different mechanisms of growth control affect

tumour sensitivity to RT. To systematically study tumour responses in each growth regime,

we construct three virtual populations of NL, SL and BS tumours. For each population,

we initially consider tumour responses to a conventional fractionation schedule consisting

of 5× 2 Gy fractions per week for 8 weeks. We determine average responses for each cohort

and explore how values of key parameters (i.e., the tumour oxygen consumption rates and

the vascular volume) generate extremal (i.e., strongly positive and negative) behaviour. We

then study the impact of the fraction dose and dosing frequency on tumour response. In

doing so, we seek to identify the biological processes that may explain positive and negative

treatment outcomes and the dosing regimens which achieve the largest reductions in tumour

burden during treatment.

This chapter is structured as follows. In Section 3.2, we extend the tumour growth model

developed in Chapter 2 to account for the biological effects of RT. Section 3.3 outlines the

numerical study we performed in order to investigate the response of tumours in the NL,

SL and BS growth regimes to different fractionated RT protocols. We then characterise

tumour responses during treatment using the output from numerical simulations in Section

3.4. We finally look at post-treatment growth dynamics using a steady state analysis and

complementary numerical results in Section 3.5.

The work presented in this chapter has been published in the following paper:

Colson, C., Maini, P. K. and Byrne, H. M. 2023. Investigating the influence of growth

arrest mechanisms on tumour responses to radiotherapy. Bulletin of Mathematical Biology,

85(8), 74.
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3.2 Model development

3.2.1 The mathematical model

In this section, we incorporate tumour response to RT into the growth model developed

in Chapter 2. We follow the structure of the radiation response model developed by Neira

et al. [176] and, as such, adopt a time-dependent description of radiotherapy. In more

detail, we introduce the dependent variables TS and TR to denote the volumes of tumour

cells that have been, respectively, sub-lethally and lethally damaged by RT. We suppose

that the tumour is exposed to a total dose D (Gy) of RT at a constant rate R (Gy/min)

over the time period tR ≤ t ≤ tR + δR (min) so that

R(t) =

{
D/δR, if tR ≤ t ≤ tR + δR,

0, otherwise.
(3.1)

Let Σ = T + TS + TR + V ∗0 be the total tumour volume. We propose the following

system of time-dependent ODEs to describe tumour growth and response to RT (see also

the schematic in Figure 3.1):

dT

dt
= q∗2cT (Smax −Σ)− δ∗1(c∗min − c)H(c∗min − c)T

− λ∗cRT︸ ︷︷ ︸
direct

lethal damage

− ν∗cRT︸ ︷︷ ︸
sub-lethal
damage

+µ∗TS,︸ ︷︷ ︸
repair

(3.2)

dTS

dt
= q∗2,ScTS(Smax −Σ)− δ∗1,S(c∗min − c)H(c∗min − c)TS

+ν∗cRT − µ∗TS − ξ∗TS︸︷︷︸
post-RT death

due to MC

− λ∗ScRTS,︸ ︷︷ ︸
indirect

lethal damage

(3.3)

dTR

dt
= λ∗cRT + (ξ∗ + λ∗ScR)TS − η∗RTR,︸ ︷︷ ︸

clearance

(3.4)

dc

dt
= g∗(cmax − c)V ∗0 − q∗1cT − q∗3cT (Smax − Σ)−q∗1,ScTS − q∗3,ScTS(Smax −Σ), (3.5)

where

H(x) =

{
1, if x ≥ 0,

0, if x < 0,
(3.6)

is the Heaviside step function and we impose the following initial conditions

T (0) = T0 ∈ [0, Smax − V ∗0 ], TS(0) = 0, TR(0) = 0, c(0) = c0 ∈ [0, c∗max]. (3.7)

We assume that undamaged tumour cells, T , proliferate, die due to nutrient insufficiency

and consume oxygen for proliferation and maintenance as in Equations (2.1)–(2.2). They
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suffer sub-lethal and lethal damage during irradiation at rates proportional to the oxygen

concentration, c, and the RT dose rate, R, with proportionality constants ν∗ > 0 and λ∗ > 0,

respectively. We further suppose that sub-lethal damage is either repaired at a constant rate

µ∗ > 0, or leads to tumour cell death via two distinct pathways. Firstly, sub-lethal damage

may become lethal as it accumulates at a rate proportional to the oxygen concentration,

c, and the RT dose rate, R, with proportionality constant λ∗S > 0. Secondly, sub-lethally

damaged cells, TS, may undergo mitotic catastrophe (MC) if they attempt to divide with

mis- or un-repaired DNA damage; we assume this occurs at a constant rate ξ∗ > 0.

Sub-lethally damaged cells, TS, also consume oxygen for maintenance and proliferation,

proliferate and die due to nutrient insufficiency similarly to undamaged cells, T , although at

different rates. More specifically, they proliferate at a rate proportional to the oxygen con-

centration, c, and the available space, with proportionality constant q∗2,S = θ2q
∗
2 > 0, where

θ2 ∈ (0, 1). The latter ensures that damaged cells proliferate more slowly than undamaged

cells as they expend more energy repairing RT damage than proliferating. Accordingly,

sub-lethally damaged cells consume oxygen for maintenance at a rate proportional to c,

with rate constant q∗1,S = θ1q
∗
1 > 0, where θ1 > 1. They also consume oxygen for prolifera-

tion at a rate proportional to the proliferation rate, with conversion factor k > 0 such that

q∗3,S =
q∗2,S

k . For simplicity, we assume the same conversion factor for T and TS cells. Since

q∗2,S = θ2q
∗
2 and q∗3 =

q∗2
k , we also have q∗3,S = θ2q

∗
3, i.e., damaged cells consume less oxygen

for proliferation than undamaged cells. Lastly, as for T cells, TS cells die from nutrient

insufficiency when c < c∗min, at a rate proportional to the difference between c and c∗min,

with proportionality constant δ∗1,S > 0.

Lethally-damaged cells, TR, are considered to be dead: their damage cannot be repaired,

they do not consume oxygen or proliferate, but they occupy space and are degraded at a

constant rate η∗R > 0.

One final, important model assumption is that radiation only affects tumour cells, i.e.,

we neglect any effects RT may have on tumour angiogenesis, vascular remodelling and

injury. This simplifying assumption enables us to focus on elucidating how mechanisms

of growth arrest influence one particular type of tumour response to RT, i.e., the cellular

response.

The initial condition for c in (3.7) is defined as that in the absence of treatment in

(2.4), and the initial conditions for TS and TR in (3.7) follow from the absence of damaged

material prior to the first RT fraction. Physically realistic solutions for T satisfy 0 ≤
T (t) + TS(t) + TR(t) + V ∗0 ≤ Smax for all t ≥ 0; the initial condition for T in (3.7) follows.
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µ∗0
λ∗ScR

λ∗cR

ν∗cR

ξ∗

η∗R

T

Figure 3.1: Schematic showing the interactions between undamaged (T ), damaged (TS)
and dead (TR) tumours cells in response to RT, and the proliferation of T and TS cells
as described in the model defined by Equations (3.1)–(3.5). R denotes the RT dose rate
defined by (3.1) and c denotes the intratumoural oxygen concentration.

3.2.2 Non-dimensionalisation

We non-dimensionalise Equations (3.1)–(3.5) by introducing the following scalings:

T̂ =
T

Smax
, T̂S =

TS

Smax
, T̂R =

TR

Smax
, V̂0 =

V ∗0
Smax

,

ĉ =
c

c∗max

, R̂ =
R

Rmax
, t̂ =

t

τ
.

In Chapter 5, we will seek to describe the interactions between the time-dependent

effects of RT (i.e., tumour cell damage and repair) and HT (i.e., tumour re-oxygenation,

tumour cell and vascular death, and inhibition of DNA repair mechanisms). These effects

operate on timescales of minutes to days and, therefore, to capture each of these effects,

we set the timescale of interest to be τ = 1 min. The maximum dose rate is also fixed to

be Rmax = 1 Gy/min [128]. Then, given that q∗1,S = θ1q
∗
1, q∗2,S = θ2q

∗
2 and q∗3,S = θ2q

∗
3 and

dropping hats for notational convenience, we obtain the following dimensionless system:

dT

dt
= q2cT (1 − Σ) − (δ1(cmin − c)H(cmin − c) + λcR + νcR)T + µTS, (3.8)

dTS

dt
= θ2q2cTS(1 − Σ) − (δ1,S(cmin − c)H(cmin − c) + λScR + µ + ξ)TS + νcRT , (3.9)

dTR

dt
= λcRT + (ξ + λScR)TS − ηRTR, (3.10)

dc

dt
= g(1− c)V0 − q1(T + θ1TS)c− q3 (T + θ2TS) c(1−Σ), (3.11)

subject to the following initial conditions:

T (0) = T0 ∈ [0, 1− V0], TS(0) = 0, TR(0) = 0, c(0) = c0 ∈ [0, 1], (3.12)
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and where we have introduced the following dimensionless parameter groupings:

q1 = q∗1Smaxτ , q3 = q∗3S
2
maxτ , q2 = q∗2S

2
maxc

∗
maxτ , k =

c∗max

Smax
k∗,

cmin =
c∗min

c∗max

, δ1 = δ∗1c
∗
maxτ , δ1,S = δ∗1,Sc

∗
maxτ , g = g∗Smaxτ ,

λ = λ∗c∗maxRmaxτ , λS = λ∗Sc
∗
maxRmaxτ , ν = ν∗c∗maxRmaxτ ,

µ = µ∗τ , ξ = ξ∗τ , ηR = η∗Rτ .

(3.13)

3.2.3 Defining the dimensionless model parameters

We seek to study the impact of two distinct growth arrest mechanisms on the qualitative

tumour response to RT. We, therefore, fix parameters related to tumour cell responses to

RT at the values stated in Table 3.1. The values of ν, λ, λS, µ and ηR are based on values

found in the literature [176, 229] (see Appendix A.2) and we assume λ = λS, for simplicity.

Assuming that the average duration of the cell cycle in healthy cells [17] and in cancer cells is

approximately the same, we set ξ = 5× 10−4 so that cells that undergo mitotic catastrophe

have a half-life of approximately 24h. The parameters that define the RT dosing schedules

(e.g., the dose rate, R) are summarised in the Methods section.

We fix the tumour growth parameters as in Chapter 2 (see Table 2.1). In particular,

we fix the values of cmin, g and k and consider a biologically realistic range of values for q1,

q3 and V0 as these parameters have a strong influence on the qualitative behaviour of the

model in the absence of treatment (see Chapter 2). We make the simplifying assumption

that, as for undamaged cells, δ1,S = q2,S. Finally, we set θ1 = 10 and θ2 = 0.1 to represent

a 10-fold increase in oxygen consumption for maintenance and a 10-fold decrease in oxygen

consumption for proliferation in damaged cells.

Parameters Definition Value

ν RT sub-lethal damage rate 10

λ, λS RT lethal damage rate 1

µ Repair rate constant 5× 10−3

ξ Rate of death by mitotic catastrophe 5× 10−4

ηR Clearance rate of cells killed by RT 5× 10−5

θ1 Proportionality constant relating q1 and q1,S 10

θ2 Proportionality constant relating q2 and q2,S (q3 and q3,S) 0.1

Table 3.1: List of dimensionless RT response parameters and values assigned to them for
the purpose of the model analysis and numerical simulations.
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3.3 Numerical study: methods and set up

Our aim is to understand the qualitative response of tumours in nutrient limited, space

limited and bistable regimes to a range of fractionated radiotherapy treatments. As a

first step, we create three virtual tumour populations. We fix all tumour growth model

parameters, except the oxygen consumption rates for maintenance and proliferation and

the vascular volume, q1, q3 and V0, respectively, at the default values stated in Table 3.1.

We fix V0 = 0.0005, V0 = 0.005 and V0 = 0.00275 for tumours in the virtual NL, SL and

BS cohorts, respectively. Allowing q1 and q3 to vary, we generate three virtual tumour

populations of size N = 250 by randomly selecting N (q1, q3) pairs, corresponding to the

NL, SL and BS regimes, respectively. Each pair is formed by sampling pairs of values of q1

and q3 from the uniform distributions defined in Table 3.2, which are relevant to a particular

growth regime (NL, SL or BS).

Cohort NL SL BS

Distribution used to sample q1 U(q̄1, 10) U(0.01, q̄1) U(0.01, q̄1)

Distribution used to sample q3 U(0.01, 10) U(0.01, q̄3) U(q̄3, 10)

Table 3.2: Uniform distributions U(a, b) used to sample the pairs of q1 and q3 values that
correspond to the NL, SL and BS cohorts, respectively. Here, q̄1 and q̄3 are defined by
Equations (2.13) and (2.22), respectively. Recall that, for V0 fixed, q̄1 is the threshold value
above which only NL steady states exist, while, for V0 and q1 ≤ q̄1 fixed, q̄3 is the threshold
value above which both NL and SL steady states co-exist and below which only SL steady
states exist.

Figure 3.2 shows the steady state values in the absence of treatment of the tumour

volume and the logarithm of the oxygen concentration, T ∗ and ln (c∗), for the sets of (q1, q3)

pairs that, respectively, define the NL, SL and BS virtual cohorts. Tumours in the NL

cohort have the smallest values of T ∗ and c∗, while tumours in the SL cohort have the

largest values. Further, in the NL and BS cohorts, T ∗ decreases as q1 and q3 increase,

whereas T ∗ = 1− V0 = 0.995 for all tumours in the SL cohort. By contrast, the variability

in c∗ is low in the NL and BS cohorts, while c∗ decreases significantly as q1 increases in the

SL cohort.

We now define the RT protocols of interest. We vary the dose D ∈ J0, 5K (Gy) and the

number of doses per week Nfrac = {1, 3, 5}. We assume that each dose is administered in

δR = 10 min and vary the dimensionless dose rate, R := D
δRRmax

∈ {0.1, 0.2, 0.3, 0.4, 0.5}.
We suppose that all fractions are applied at the same time of day and the first weekly

fraction is applied on Mondays, with subsequent fractions applied at equally spaced time

intervals during Monday to Friday (e.g., 3 doses per week corresponds to doses on Monday,
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Figure 3.2: The scatter plots show the steady state values in the absence of treatment of
the tumour volume and the logarithm of the oxygen concentration, T ∗ and ln (c∗), for each
(q1, q3) pair used to, respectively, generate the set of virtual NL, SL and BS tumours. Note
that tumours in the BS cohort attain their NL steady state.

Wednesday and Friday). The duration of each fractionation schedule is determined so that

the total dose administered is 80 Gy (or the closest multiple of D to 80 Gy).

For each set of tumours and each RT protocol, we solve Equations (3.8)–(3.11) numeri-

cally for t ∈ (0, t∗], t∗ > 0, using ODE45, a single step MATLAB built-in solver for non-stiff

ODEs that is based on an explicit Runge-Kutta (4,5) formula, the Dormand-Prince pair

[59]. If tend is the time at which the RT schedule ends, then we set t∗ := tend +106 to ensure

that the tumour has reached steady state by the end of the simulation. For simplicity, we

impose the initial conditions

(T (0), TS(0), TR(0), c(0)) = (T ∗, 0, 0, c∗), (3.14)

where T ∗ and c∗ are defined, for each cohort, in Figure 3.2. All RT parameters are fixed at

the default values listed in Table 3.1.

For each simulation, we record T̄ , T̄S and T̄R, the mean undamaged, damaged and dead

cell volumes in the last week of treatment, respectively. We define the percent change in

(mean) viable and total cell volumes between the start and the end of treatment as follows:

∆R
viable := 100× (T̄ + T̄S)− T0

T0
and ∆R

total := 100× Σ̄ −Σ0

Σ0
, (3.15)

where

Σ0 = T0 + V0, Σ = T + TS + TR + V0.
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We also quantify the end-of-treatment tumour composition (relative to the total tumour

volume at the start of treatment) as follows:

%T := 100× T̄

Σ0
, %TS := 100× T̄S

Σ0
, %TR := 100× T̄R

Σ0
and %V0 := 100× V0

Σ0
. (3.16)

We note that the variables defined in (3.16) can be used to describe ∆R
total = (%T + %TS +

%TR + %V0) − 100. Henceforth, for brevity, we refer to the relative changes in tumour

cell volumes, as defined in (3.15) and (3.16), as changes in tumour cell volumes. Finally,

we record c̄, the mean oxygen concentration in the last week of treatment, and the post-

treatment steady state values of all dependent variables.

3.4 Characterising tumour response to fractionated RT

In this section, we investigate the response of tumours in the NL, SL and BS virtual

populations to fractionated RT. For each regime, we initially study tumour response to a

conventional fractionation schedule consisting of 5×2 Gy fractions per week for 8 weeks. We

determine the average response and explore how certain values of the oxygen consumption

rates for maintenance and proliferation and the vascular volume, q1, q3 and V0, respectively,

generate extremal behaviour. We also study the impact of the dose and dosing frequency

on tumour response. We consider monostable regimes before looking at the bistable regime.

3.4.1 Tumours in monostable regimes: the NL and SL virtual tumour
populations

3.4.1.1 Typical responses to a conventional fractionation schedule

Figure 3.3 shows the RT response of two NL and SL tumours, which both experience a

decrease in viable tumour cell volume, T + TS, during treatment. Since, in both cases, the

dependent variables evolve to time periodic solutions within 5 weeks of treatment, we deduce

that there is a maximum reduction in the viable cell volume that can be achieved with this

fractionation schedule. This value, which we denote by ∆R
viable, is significantly larger for the

SL tumour (at approximately 37.6%) than for the NL tumour (at approximately 4.36%).

RT is more effective for the SL tumour as it is better oxygenated than the NL tumour and,

hence, experiences a higher rate of RT cell kill and greater accumulation of dead material,

TR, than the NL tumour.

Figure 3.3 also shows that, for both tumours, the oxygen concentration and the viable

tumour cell volume decrease when RT is applied. This is because T and TS cells consume

oxygen at different rates: we recall that the oxygen consumption rates of sub-lethally dam-

aged cells satisfy q1,S = 10q1 and q3,S = 0.1q3. Therefore, changes in tumour composition

during treatment will alter the overall oxygen consumption rate of viable tumour cells,
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(a)

min

(b)

min

Figure 3.3: For a conventional fractionation schedule, we solve Equations (3.8)–(3.11)
for t ∈ (0, 8 × 104] subject to initial conditions (3.14). In (a), we set (q1, q3, V0) =
(0.832, 2.98, 0.0005), which corresponds to an NL tumour. In (b), we set (q1, q3, V0) =
(1.08, 8.83, 0.005), which corresponds to an SL tumour. Although both tumours exhibit
a decrease in viable cell volume, RT cell kill and accumulation of dead material is more
significant for the SL than the NL tumour for this choice of parameter values.

leading to transient, or persistent, changes in the oxygen concentration, depending on the

values of q1 and q3.

total

viable

Figure 3.4: For virtual cohorts of NL and SL tumours, the violin plots show the distributions
of ∆R

viable and ∆R
total. The viable cell volume of all NL and SL tumours decreases during

RT, with SL tumours showing greater percentage changes. The total volume decreases for
all SL tumours, while it increases for most NL tumours.We identify several outliers, which
exhibit significantly larger reductions in their viable and total cell volumes.

Figure 3.4 shows the distributions of ∆R
viable and ∆R

total, following a conventional frac-

tionation schedule, across the NL and SL virtual populations. We note that the behaviour
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shown in Figure 3.3 for specific NL and SL tumours is representative of the average be-

haviour of each virtual population. In particular, tumours in the SL cohort typically re-

spond well to treatment, with median and (Q1, Q3) values of ∆R
viable equal to −37.9 and

(−30.7,−54.1), respectively, and ∆R
total < 0 across the virtual population. Given the initial

conditions (3.14), this follows from SL tumours fully occupying the available space at the

start of treatment. Tumours in the NL cohort typically respond less well to treatment, with

median and (Q1, Q3) values of ∆R
viable equal to −4.57 and (−3.52,−6.53), respectively, and

∆R
total > 0, for at least 90% of tumours. When the net RT-induced cell death is minimal, NL

tumours, which do not occupy all available free space at the start of treatment, can grow

larger due to increases in the dead cell volume. We also note that the value of ∆R
total−∆R

viable

is larger for SL tumours since they accumulate more dead material.

In both regimes, we observe outliers, which undergo much larger reductions in T + TS

and Σ than the average tumour. This suggests that certain parameter values within the

NL and SL regimes correspond to tumours which are more sensitive to RT than the average

NL and SL tumour.

3.4.1.2 The influence of the oxygen consumption rates, q1 and q3, on treatment
outcome following a conventional fractionation schedule

We now investigate the role of q1 and q3 in tumour response to RT. The scatter plots

in Figure 3.5 show the values of ∆R
viable and ∆R

total across the (q1, q3) pairs which define the

NL virtual population. The response of NL tumours is most sensitive to the value of q3,

with smaller values leading to greater reductions in viable and total cell volumes. Higher

values of q1 are also associated with larger reductions in viable and total cell volumes. To

understand these findings, we study the response to RT of four representative tumours

corresponding to (q1, q3) sets, A1, B1, C1 and D1 (see Figure 3.5 and Table 3.3).

D1

C1

B1

A1

D1

C1

B1

A1

Figure 3.5: The scatter plots show the values of ∆R
viable and ∆R

total, following a conventional
fractionation schedule, for each (q1, q3) pair used to generate the set of virtual NL tumours.
∆R

viable and ∆R
total increase with q3 and decrease with q1.

45



Comparing the response of tumours A1 and B1 to tumours C1 and D1 in Figure 3.6a, we

see that a smaller value of q3 implies higher average oxygen levels and slower cell proliferation

(since q2 = 0.01q3). We propose two mechanisms that could explain the increased efficacy

of RT for low values of q3: (1) higher rates of RT cell kill due to increased oxygenation or

(2) limited regrowth between RT fractions due to decreased proliferation.

(a)

A1 Low q1, low q3 B1 High q1, low q3

C1 Low q1, high q3 D1 High q1, high q3

(b)

Figure 3.6: (a) For a conventional fractionation schedule, we solve Equations (3.8)–(3.11)
for t ∈ (0, 8 × 104] subject to initial conditions (3.14). In A1–D1, we fix V0 = 0.0005 and
(q1, q3) as indicated by the points A1, B1, C1 and D1 in Figure 3.5, which correspond to
NL tumours. (b) Bar graph showing the mean composition of tumours A1–D1 in the last
week of a conventional fractionation schedule, where %T , %TS, %TR and %V0 are defined
in Equation (3.16). Tumours with small values of q3 (A1, B1) undergo sustained reductions
in T + TS during treatment, leading to larger reductions in total volume. Tumours with
large values of q3 (C1, D1) experience transient reductions in T +TS, as they regrow to their
initial volume during the weekend break from RT, and their total volume increases as they
accumulate dead material. A high value of q1 (B1, D1) leads to a modest improvement in
the tumour response, but does not yield a large reduction in tumour volume.

While oxygen levels are higher in tumours A1 and B1 than tumours C1 and D1, re-

spectively, when RT is applied (see Figure 3.6a), their values of %TR are slightly smaller

(16.65% (A1) vs. 18.42% (C1) and 13.79% (B1) vs. 16.29% (D1); see Figure 3.6b). This

suggests that the net increase in oxygen levels when values of q3 are small does not sig-

nificantly impact the rates of cell kill due to RT. By contrast, Figure 3.6a shows that the

relative increases in the viable cell volumes of tumours A1 and B1 between fractions are

marginal, whereas the relative increases in the viable cell volumes of tumours C1 and D1

between fractions are sufficiently large for them to return to their initial volumes over the
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week-end break from RT. This indicates that the value of q3 impacts the reduction in the tu-

mour burden by modulating tumour regrowth between fractions (rather than by increasing

RT-induced cell death).

Tumour q1 q3

A1 8.91× 10−1 1.14× 10−1

B1 7.78 4.01× 10−2

C1 8.91× 10−1 9.75

D1 7.60 9.94

Table 3.3: Parameter sets A1, B1, C1 and
D1 corresponding to the representative NL tu-
mours.

Figure 3.6b also shows that a larger

value of q1 can slightly increase the magni-

tude of the reductions in ∆R
viable and ∆R

total.

Since high values of q1 lead to lower aver-

age oxygen levels (Figure 3.6a), RT cell kill

rates are smaller, while the rate of cell death

due to hypoxia is larger than for low val-

ues of q1. The balance between these two

processes determines whether cell death in-

creases or decreases as q1 increases. For tumours C1 and D1, Figure 3.6a shows that the

reduction in T + TS following RT is greater, and the increase in TR is smaller, for larger

values of q1. This confirms that a larger reduction in tumour burden can be achieved for

large values of q1 despite a reduction in RT-induced cell death: in such cases, increased cell

death due to hypoxia drives the reduction in tumour volume.

Overall, we have shown that low values of q3 and high values of q1 characterise the best

NL responders. Since Figures 3.6a and 3.6b suggest that the value of q1 has a less significant

influence on tumour reduction than q3, we conclude that growth limitation between RT

fractions, rather than high rates of cell death due to RT or oxygen insufficiency, has the

greatest influence on the efficacy of RT for NL tumours.

D2

C2

B2

A2

D2

C2

B2

A2

Figure 3.7: The scatter plots show the values of ∆R
viable and ∆R

total, following a conventional
fractionation schedule, for the (q1, q3) pairs used to generate the set of virtual SL tumours.
Smaller values of ∆R

viable are obtained for low values of q1 and/or q3, while smaller values of
∆R

total are obtained for low values of q3.

Figure 3.7 shows the values of ∆R
viable and ∆R

total across the (q1, q3) pairs which define

the SL virtual population. The response of SL tumours is sensitive to the values of both q1

and q3: greater reductions in viable cell volume are obtained for smaller values of q1 and/or
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q3, while greater reductions in total cell volume are obtained for smaller values of q3. To

understand these results, we study the response to RT of tumours corresponding to four

representative (q1, q3) sets A2, B2, C2 and D2 (see Figure 3.7 and Table 3.4).

Figures 3.8a and 3.8b reveal that A2 and C2 accumulate a larger number of dead cells

than tumours B2 and D2. This difference in tumour composition is amplified during treat-

ment and the parameter which influences this distinction most is q1. Figure 3.8a shows that

for low values of q1 (tumours A2 and C2), the intratumoural oxygen concentration, c, is at

least 10-fold higher than for high values of q1 (tumours B2 and D2). In particular, c� cmin

throughout treatment when q1 is small, which means that there is no cell death due to

nutrient insufficiency and cell death is solely attributable to RT. Therefore, the decreases in

viable cell volumes (and corresponding increases in dead cell volumes) in tumours A2 and

C2 following each RT fraction are driven by cell kill due to RT, which is enhanced by low

values of q1.

For tumours B2 and D2, Figure 3.8a also shows that, even though the oxygen con-

centration transiently drops below cmin when each RT fraction is applied, there is a net

increase in c throughout treatment and, in particular, the weekly average oxygen concen-

tration remains above cmin (result not shown). Therefore, we expect RT cell kill to increase

during the fractionation schedule and cell death due to hypoxia to decrease. Since RT cell

kill remains limited by low oxygen levels for both tumours, neither of the two proposed

cell death mechanisms is responsible for the increased RT efficacy for tumour B2 compared

to tumour D2. However, Figure 3.8a reveals that the relative increase in T + TS between

fractions is smaller for tumour B2, which is characterised by low q3. We conclude that the

increased RT efficacy is driven by reduced tumour regrowth between fractions (as for NL

tumours with low q3).

Tumour q1 q3

A2 1.51× 10−1 2.10× 10−1

B2 2.14 1.43× 10−1

C2 3.21× 10−2 9.53

D2 2.14 7.61

Table 3.4: Parameter sets A2, B2, C2 and
D2 corresponding to the representative SL tu-
mours.

Figure 3.8b shows further that low val-

ues of q3 enable greater reductions in total

tumour volume, Σ. Since, for tumours B2

and D2, the values of %TR are compara-

ble while the value of %T is smaller for tu-

mour B2, the larger reduction in Σ observed

for tumour B2 is due to increased net cell

death (as described above). In contrast, for

tumours A2 and C2, the values of %T are

comparable while the value of %TR is smaller for tumour A2. The larger reduction in Σ

observed for tumour A2 is, therefore, due to a smaller accumulation of dead material, which

occurs when lower viable cell volumes (caused by slower tumour regrowth between fractions)

and/or lower oxygen levels reduce RT-induced cell death.
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(a)

A2 Low q1, low q3 B2 High q1, low q3

C2 Low q1, high q3 D2 High q1, high q3

(b)

Figure 3.8: (a) For a conventional fractionation schedule, we solve Equations (3.8)–(3.11)
for t ∈ (0, 8 × 104] subject to initial conditions (3.14). In A2–D2, we fix V0 = 0.005 and
(q1, q3) as indicated by the points A2, B2, C2 and D2 in Figure 3.7, which correspond to
SL tumours. (b) Bar graph showing the mean composition of tumours A2–D2 in the last
week of a conventional fractionation schedule, where %T , %TS, %TR and %V0 are defined in
Equation (3.16). We observe three qualitative behaviours: (1) low q1 (A2, C2) is associated
with high oxygen levels, high rates of RT cell kill and a large accumulation of dead cell
material; (2) high q1 and low q3 (B2) implies a smaller reduction in viable volume due to
smaller RT cell kill and a greater reduction in total volume due to limited inter-fraction
tumour growth and smaller dead cell accumulation; (3) high q1 and q3 (D2) leads to modest
reductions in viable and total volumes due to low rates of RT cell kill and high rates of cell
proliferation. Overall, the values of q1 and q3 influence the tumour composition and the
total tumour volume, respectively.

Overall, we have shown that two mechanisms can contribute to the increased efficacy

of RT for certain tumours in an SL regime. These mechanisms are cell death due to RT

and limited tumour regrowth between RT doses. Their relative contributions depend on

the values of q1 and q3. More specifically, when q1 is small, RT cell kill is the dominant

mechanism contributing to increased net cell death and, when q3 is also small, limited

regrowth between fractions ensures a larger reduction in total tumour volume. When q1 is

large and q3 is small, limited regrowth between fractions determines the response to RT by

ensuring larger reductions in viable and total cell volumes.
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3.4.1.3 The effect of the dosing schedule on typical tumour response

We now consider how, for a fixed total dose, the dose rate, R, and the number of

fractions per week, Nfrac, affect tumour responses to RT. For the virtual cohorts of NL and

SL tumours, Figures 3.9 and 3.10, respectively, show the distributions of ∆R
viable and ∆R

total

for fractionation schedules with R ∈ {0.1, 0.3, 0.5} and Nfrac ∈ {1, 3, 5}. For NL tumours,

the mean reduction in viable volume and the difference between the viable and total volumes

increase with R and Nfrac. However, the maximum reduction in viable and total volumes

typically decreases with R (for fixed Nfrac), and the mean and maximum increases in total

volume also increase with R and Nfrac. Therefore, a higher dosing frequency and/or dose

may not lead to greater RT efficacy for tumours in the NL regime. By contrast, for SL

tumours, on average, the reduction in the viable and total volumes and the difference

between the viable and total volumes increase with R and Nfrac. The response of SL tumours

is, thus, consistent with the current, standard approach to RT protocol design, which aims

to maximise RT cell kill by applying the highest tolerable total dose, in sufficiently frequent

fractions, to the tumour. This result is also supported by other modelling approaches. For

example, Lewin et al. [138] developed a spatially-resolved model of avascular tumour growth

and RT cell death which predicted that there is a minimum RT dose, for a fixed dosing

frequency, and a minimum dosing frequency, for a fixed RT dose, below which tumours grow

during treatment.

frac frac frac

Figure 3.9: For the virtual NL population, we show how the distributions of ∆R
viable and

∆R
total change as the dose rate, R ∈ {0.1, 0.3, 0.5}, and the number of fractions per week,

Nfrac ∈ {1, 3, 5}, vary. The mean value of ∆R
viable decreases, while the mean values of ∆R

total

and ∆R
total −∆R

viable increase as R and Nfrac increase.
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Figure 3.10: For the virtual SL population, we show how the distributions of ∆R
viable and

∆R
total change as the dose rate, R ∈ {0.1, 0.3, 0.5}, and the number of fractions per week,

Nfrac ∈ {1, 3, 5}, vary. The mean values of ∆R
viable and ∆R

total decrease, while the mean value
of ∆R

total −∆R
viable increases as R and Nfrac increase.

3.4.2 Tumours in the bistable regime

3.4.2.1 Typical response to a conventional fractionation schedule

Figure 3.11a shows the average response to a conventional RT schedule of a tumour in

a BS regime, which has been treated at its NL steady state. RT has a detrimental effect as

tumour regrowth between fractions and over the weekend outweighs RT-induced cell death.

The dead cell volume also increases throughout treatment, implying an increase in total

volume. Figure 3.11b further shows that, for the BS virtual cohort, ∆R
viable > 0 for at least

80% of tumours and ∆R
total > 0 for all tumours. This reveals that most tumours in the BS

virtual cohort respond badly to RT, given initial conditions that correspond to their NL

steady state.

The results in Figure 3.11b also indicate that a few virtual tumours are more or less

sensitive to RT than the average tumour in the BS virtual population: while their total

volume increases during RT, their viable volume undergoes a 20−80% decrease or 40−80%

increase, respectively, by the end of treatment. We investigate the response to RT of these

outliers in more detail in the following section.

3.4.2.2 The influence of q1, q3 and V0 on treatment outcome following a con-
ventional fractionation schedule

As for tumours in monostable regimes, we study the influence of the oxygen consumption

rates for maintenance and proliferation, q1 and q3, on tumour response to RT, but we also

study the role played by the vascular volume, V0. More specifically, we introduce a function

Vd, which quantifies how close a tumour in the BS regime lies to the NL and SL regimes

(see the schematic in Figure 3.12):

Vd(V0) =
V0 − VN

VS − VN
, (3.17)
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(a) (b)

Figure 3.11: (a) For a conventional fractionation schedule, we solve Equations (3.8)–
(3.11) for t ∈ (0, 8 × 104] subject to initial conditions (3.14). We set (q1, q3, V0) =
(0.787, 8.38, 0.00275). This tumour represents the typical behaviour in a BS regime. (b)
Violin plots representing the distributions of ∆R

viable and ∆R
total. While the effect of RT

is deleterious for most tumours, with several outliers experiencing larger than average in-
creases in viable and total volumes, there are tumours that exhibit larger than average
decreases in viable volume.

where VN and VS are the threshold values of V0 below and above which only NL and SL

steady states exist. Further, {
Vd → 0 as V0 → VN,

Vd → 1 as V0 → VS.
(3.18)

In particular, Vd ' 0 for tumours which are close to the NL regime, whereas Vd / 1 for

tumours which are close to the SL regime.

The scatter plots in Figure 3.13 show the values of ∆R
viable and ∆R

total across the (q1, q3)

and (q1, Vd) pairs corresponding to the BS virtual population. We note that the values of q3

and Vd are correlated: for fixed q1, the lowest values of Vd correspond to the highest values

of q3 and vice versa. It is, therefore, sufficient to describe the response of tumours in a BS

regime with respect to the values of q1 and Vd. The largest reductions in viable volume are

obtained for lower values of q1 and Vd . 1, whereas the largest increases in viable volume

are obtained for higher values of q1 and intermediate values of Vd. Those tumours with the

smallest and largest values of ∆R
viable also undergo the largest increases in total volume: for

intermediate to high values of Vd, ∆R
total decreases as Vd and q1 increase.

We now select four representative (q1, q3, Vd) sets A3, B3, C3 and D3 (see Figure 3.13

and Table 3.5) and study the corresponding tumours’ response to RT. Figures 3.14a and

3.14b show that tumours A3 and B3 decrease in viable volume, with A3 experiencing a larger

than average reduction, while C3 and D3 increase in viable volume, with C3 experiencing
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VN V
∗

0 VS

Vd =
V ∗0 − VN

VS − VN

Figure 3.12: Schematic bifurcation diagram showing how, for fixed values of q1 and q3, the
steady state value of the tumour cell volume, T ∗, changes with V0. The shaded purple
region represents the bistable region, where VN and VS are the threshold values of V0 below
and above which only NL and SL steady states exist. For tumours with VN < V ∗0 < VS, we
define Vd by (3.17) to quantify the relative proximity of T ∗(V ∗0 ) to the monostable NL and
SL regions.

D3 D3

C3 C3

B3

B3

A3 A3

D3

C3

B3

A3

D3

C3

B3

A3

Figure 3.13: The scatter plots show the values of ∆R
viable and ∆R

total, following a conventional
fractionation schedule, for the (q1, q3) and (q1, Vd) pairs used to generate the set of virtual
tumours in a BS regime. The smallest values of ∆R

viable are associated with lower values of
q1 and q3 and Vd . 1, while the largest values of ∆R

viable are associated with higher values of
q1, lower values of q3 and intermediate values of Vd. ∆R

total is largest for the tumours with
the smallest and largest values of ∆R

viable.
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a larger than average increase. While tumours A3 and C3 have low q1, Vd ≈ 1 for A3 and

Vd ≈ 0.8 for C3. Similarly, while tumours B3 and D3 have high q1, Vd ≈ 1 for B3 and

Vd ≈ 0 for D3. Given (3.18), this suggests that the behaviour of tumours in a BS regime

that lie sufficiently close to the SL or NL regions will be, respectively, similar to that of SL

or NL tumours with values of q1 and q3 of the same order of magnitude.

(a)

A3 Low q1, high Vd B3 High q1, high Vd

C3 Low q1, mod. Vd D3 High q1, low Vd

(b)

Figure 3.14: (a) For a conventional fractionation schedule, we solve Equations (3.8)–(3.11)
for t ∈ (0, 8 × 104] subject to initial conditions (3.14). In A3–D3, we fix V0 = 0.00275 and
(q1, q3) as indicated by the points A3, B3, C3 and D3 in Figure 3.13. (b) Bar graph showing
the mean composition of tumours A3–D3 in the last week of a conventional fractionation
schedule, where %T , %TS, %TR and %V0 are defined in Equation (3.16). A3 and B3 decrease
in viable volume and increase in total volume, while C3 and D3 increase in both viable and
total volumes. Tumour A3, which has low q1 and Vd ≈ 1, experiences larger than average
decreases and increases in viable and total volumes, respectively. By contrast, tumour C3,
which has an intermediate value of Vd, experiences larger than average increases in viable
and total volumes.

Tumour q1 q3 Vd

A3 4.55× 10−2 7.94 0.993

B3 1.06 4.92 0.991

C3 3.92× 10−2 9.96 0.791

D3 1.36 9.93 0.00376

Table 3.5: Parameter sets A3, B3, C3 and D3 cor-
responding to the representative tumours in the
BS cohort.

More specifically, tumours A3 and

B3 respond to RT similarly to SL tu-

mours C2 and D2, respectively (recall

Figures 3.8a and 3.8b), while tumour

D3 responds similarly to NL tumour

D1 (recall Figures 3.6a and 3.6b). For

tumour A3, this response involves an

initial large increase in viable and total

volumes as the tumour evolves towards
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its SL steady state, followed by a substantial increase in RT cell kill, the average oxy-

gen concentration and the dead cell volume. Despite the reduction in viable volume, the

accumulation of dead material implies a significant increase in total volume. The same

qualitative behaviour is observed for tumour B3, with less RT-induced cell death and dead

material accumulation as the oxygen concentration remains significantly lower than for A3.

As a result, the increase in total volume is also smaller. For tumour D3, cell death due to

RT and hypoxia is outweighed by the tumour regrowth between fractions, leading to small

increases in viable and total volumes.

Further, while tumour C3 lies closest to the SL region (Vd ≈ 0.8), it remains within

the basin of attraction of its NL steady state, unlike tumours A3 and B3. In particular,

the increase in the oxygen concentration for C3 is not sufficiently rapid for the tumour to

enter, during treatment, an SL regime where, on average, c > cmin. Therefore, the increase

in viable volume is constant, but gradual, with a smaller accumulation of dead material.

This explains why C3 undergoes a larger than average increase in viable volume, with a

moderate increase in total volume.

In summary, we have identified two extremal regions of parameter space in which tu-

mours in a BS regime undergo larger decreases and increases in viable volume (and larger

increases in total volume) than typical tumours in this regime. Tumours which are suf-

ficiently close to the boundary of the BS and SL regimes and consume little oxygen for

maintenance experience larger than average decreases in viable cell volume as they transi-

tion from their NL to their SL steady state and RT cell death is enhanced by higher oxygen

levels. By contrast, tumours which are close to the boundary between the BS and SL

regimes, but not sufficiently close, undergo larger than average increases in viable volume,

regardless of the value of q1. This occurs as they attempt, and fail, to transition from their

NL to their SL steady state and, thus, RT cell death remains limited by low oxygen levels

and outweighed by tumour regrowth between fractions.

3.4.2.3 The effect of the dosing schedule on typical tumour response

For the virtual population of tumours in a BS regime, we show in Figure 3.15 how the

dose rate, R, and the number of fractions per week, Nfrac, affect tumour response to RT

when the total dose is fixed. On average, a higher number of fractions per week (for fixed

R) and a higher dose rate (for fixed Nfrac) lead to greater increases in the viable and total

cell populations. While these results contrast with those for tumours in SL regimes, we

see that the maximum reduction in viable volume increases with R and Nfrac, as for SL

tumours. Overall, these results indicate that, in most cases, increasing the RT dose and

frequency may be deleterious (as for NL tumours).
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=frac=frac=frac

Figure 3.15: For the virtual BS population, we show how the distributions of ∆R
viable and

∆R
total change as the dose rate, R ∈ {0.1, 0.3, 0.5} and the number of fractions per week,

Nfrac ∈ {1, 3, 5}, vary. The mean and maximum values of∆R
viable increase, while its minimum

value decreases, as R and Nfrac increase. The mean, minimum and maximum values of ∆R
total

increase as R and Nfrac increase. There is an exception for Nfrac = 5, where the maximum
value of ∆R

viable and minimum value of ∆R
total decrease with R ≥ 3.

3.5 Post-treatment tumour growth dynamics

In the previous section, we discussed the short-term response to RT of tumours in

different growth regimes, distinguishing between tumours in monostable (NL and SL) and

bistable regimes. We now investigate the long-term response to RT by studying post-

treatment tumour growth dynamics and, in particular, the tumour steady states attained

following treatment.

3.5.1 Steady state analysis

We first perform a steady state analysis of the system (3.8)–(3.11) to understand the

potential long-term effects of RT. Upon completion of a radiation protocol, we have R ≡ 0

thereafter. We, therefore, seek steady state solutions by setting R = 0 and d
dt = 0 in

Equations (3.8)–(3.11) and solving the following system

q2cT (1−Σ)− δ1(cmin − c)H(cmin − c)T + µTS = 0, (3.19)

θ2q2cTS(1−Σ)− (δ1,S(cmin − c)H(cmin − c) + µ+ ξ))TS = 0, (3.20)

ξTS − ηRTR = 0, (3.21)

g(1− c)V0 − q1(T + θ1TS)c− q3 (T + θ2TS) c(1−Σ) = 0. (3.22)

Denoting the steady state solutions by T ∗, T ∗S , T ∗R and c∗, Equation (3.21) implies

that T ∗S = ηR
ξ T
∗
R. Therefore, we have either T ∗S = T ∗R = 0 or T ∗S , T

∗
R > 0. Suppose that

T ∗S , T
∗
R > 0. We can show, by contradiction, that there are no physically realistic steady
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state solutions satisfying this condition by, first, proving that there are no SL steady states

with T ∗S , T
∗
R > 0 and, then, proving that there are no NL steady states with T ∗S , T

∗
R > 0.

If c∗ ≥ cmin, then Equation (3.19) gives

T ∗ =
−µT ∗S

q2c∗(1−Σ)
< 0, (3.23)

since T ∗S > 0 and Σ < 1 by assumption and µ > 0 and q2 > 0 by definition. Since T ∗ > 0 is

required for a physically realistic solution, there are no SL steady states with T ∗S , T
∗
R > 0.

If 0 < c∗ < cmin, then Equation (3.19) implies that

q2

δ1
(1−Σ)− (cmin − c∗)

c∗
= −

µT ∗S
δ1c∗T ∗

< 0. (3.24)

Since q2 = δ1, we have

(1−Σ)− (cmin − c∗)
c∗

= −
µT ∗S
δ1c∗T ∗

< 0. (3.25)

Then, Equation (3.20) implies that

θ2q2

δ1,S
(1−Σ)− (cmin − c∗)

c∗
=

(µ+ ξ)

δ1,Sc∗
> 0. (3.26)

Since θ2q2 = δ1,S, we have

(1−Σ)− (cmin − c∗)
c∗

=
(µ+ ξ)

δ1,Sc∗
> 0. (3.27)

Comparing Equations (3.25) and (3.27), we obtain a contradiction. This implies that

there are no NL steady states with T ∗S , T
∗
R > 0. We, therefore, conclude that NL and

SL steady state solutions of the system (3.8)–(3.11) must have T ∗S = T ∗R = 0. It is then

straightforward to show that the solutions of the system (3.19)–(3.22) with T ∗S = T ∗R = 0

are equal to the steady state solutions in the absence of treatment (see Chapter 2).

We have shown that RT preserves the steady states and growth regimes observed in the

absence of treatment. We conclude that, given T (0) = T ∗, tumours in monostable regimes

at the start of treatment will return to their original tumour volume, Σ0 = T ∗ + V0, and

composition (T ∗S = T ∗R = 0) after RT. In contrast, tumours in a BS regime either return to

their original, NL steady state, or evolve to their SL steady state.

3.5.2 Elucidating conditions for RT to drive steady state switching of
tumours in bistable regimes

The steady state analysis showed that tumours in BS regimes may attain either an NL

or an SL steady state following treatment. In particular, such tumours may undergo large

increases in tumour volume in response to RT as they switch from an NL steady state to a

larger SL steady state. Recall the tumours A3–D3 that we defined in Section 3.4.2: Figure
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A3 Low q1, high Vd
B3 High q1, high Vd

C3 Low q1, mod. Vd D3 High q1, low Vd

Figure 3.16: For a conventional fractionation schedule, we solve Equations (3.8)–(3.11) for
t ∈ (0, 2.5 × 105] subject to initial conditions (3.14). In A3–D3, we fix V0 = 0.00275 and
(q1, q3) as indicated by the points A3, B3, C3 and D3 in Figure 3.13, which correspond to
tumours in a BS regime. Tumours C3 and D3 evolve to their NL steady state following
treatment, whereas tumours A3 and B3 switch to their SL steady state.

3.16 shows their response to RT both during, and following, a conventional fractionation

schedule.

Tumours C3 and D3 underwent increases in viable volume during treatment and then

returned to their NL steady state following treatment: the effect of RT was not strong

enough to cause a switch in steady state. By contrast, tumours A3 and B3 experienced

reductions in viable volume during treatment and then evolved to their SL steady state

following treatment. The oxygen concentration in both of these tumours increased beyond

the hypoxic threshold, cmin, during (A3) or following (B3) RT and remained above this

threshold level thereafter. This enabled the viable cell population to grow unchecked until

the SL equilibrium was reached.

In contrast to tumours C3 and D3, we recall that tumours A3 and B3 are characterised

by Vd ≈ 1, where Vd is defined in (3.17). They are also, respectively, characterised by

high and low values of q1, the oxygen consumption rate for maintenance. This suggests

that tumours which are near to the boundary between the BS and SL regions in parameter

space are most susceptible to undergoing a switch in steady state volume in response to
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RT, irrespective of the value of q1. Figure 3.17 shows that this observation holds across a

range of RT protocols.

frac
=

=
=

=== frac frac

Figure 3.17: For the virtual BS tumour population and fractionation schedules with R ∈
{0.1, 0.3, 0.5} and Nfrac ∈ {1, 3, 5}, the scatter plots show the (q1, Vd) pairs that correspond
to tumours that switch (red) and do not switch (black) steady state. The former are
typically characterised by larger values of Vd.

Figure 3.17 also indicates that the probability of a tumour switching steady state typi-

cally increases with fraction dose and dosing frequency. We illustrate this for a particular

tumour in the BS regime in Figure 3.18, which shows the response of tumour C3 to three

different fractionation protocols: (1) 5 × 2 Gy for 8 weeks in Figure 3.18a, (2) 5 × 3 Gy

for 5.2 weeks in Figure 3.18b and (3) 3× 3 Gy for 8.67 weeks in Figure 3.18c. Comparing

Figures 3.18a and 3.18b, we see that a switch in steady state is observed when the fraction

dose is 3 Gy, showing how the likelihood of a tumour switching steady state increases with

dose. Further, comparing Figures 3.18b and 3.18c highlights how a lower dosing frequency

can prevent the transition from an NL to an SL steady state.

These results suggest that a lower RT dose and dosing frequency may prevent un-

controlled increases in tumour volume following RT for tumours in BS regimes. As with

our observations for short-term treatment responses, this challenges the assumption that

a higher dose, applied with a higher frequency, will lead to a greater reduction in tumour

volume.
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(a) (b) (c)

Figure 3.18: We solve Equations (3.8)–(3.11) for t ∈ (0, 2.5×105] subject to initial conditions
(3.14). We fix dose rates (a) R = 0.2 and (b),(c) R = 0.3 and simulate (a) daily fractions,
Monday to Friday, for 8 weeks, (b) daily fractions, Monday to Friday, for 5.2 weeks and
(c) fractions on Monday, Wednesday and Friday for 8.67 weeks. We fix V0 = 0.00275 and
(q1, q3) as indicated by parameter set C3 in Table 3.5. Comparing (a), (b) and (c) shows
how lower RT doses and less frequent dosing both prevent the tumour C3 from evolving to
its SL steady state following treatment.

3.6 Discussion

Having derived a model of tumour growth which distinguishes between nutrient and

space limited mechanisms of growth arrest in Chapter 2, this chapter focussed on investi-

gating how these two mechanisms can influence tumour responses to fractionated radiother-

apy. We extended the growth model to account for the time-dependent cell damage due to

RT, damage repair and cell death, keeping track of the time evolution of the undamaged,

damaged and dead tumour cell volumes. We then studied the RT response of tumours in

the nutrient limited, space limited and bistable growth regimes described by the model in

the absence of treatment. Interestingly, we found that the short- and long-term responses

of tumours in monostable regimes (i.e., NL and SL) can be distinguished from those of

tumours in BS regimes.

Tumours in the SL regime typically respond well to RT in the short-term, as they

experience high rates of RT cell kill (due to high oxygen levels) and occupy the entire

available space at the start of treatment (Σ0 = T0 + V0 = 1), implying a decrease in both

their viable and total volumes during fractionation. By contrast, tumours in the NL regime

typically respond less well since low rates of RT cell kill (due to low oxygen levels) and

the availability of free space for further growth (Σ0 < 1) imply smaller reductions in their

viable volume than for SL tumours and increases in their total volume as dead material

accumulates and the tumour grows between fractions. That being said, certain NL and SL

tumours respond much better than the average tumour in their respective regimes.

By identifying parameter regions which give rise to these outliers, we determined differ-

ent mechanisms that may underpin successful RT. For NL tumours, RT efficacy is maximised
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when regrowth between fractions is minimised, while, for SL tumours, increased RT efficacy

may be due to limited regrowth (as for NL tumours) and/or RT cell kill. The additional SL-

specific mechanism is a consequence of low rates of RT cell kill for NL tumours due to low

oxygenation. This explains how the different growth arrest mechanisms that characterise

the NL and SL regimes can affect short-term tumour response to RT.

In the long-term, tumours in NL and SL regimes always return to their pre-treatment

steady state volume, irrespective of the effects of RT during treatment. Our model, there-

fore, predicts that any change in the tumour burden during radiation is transient for these

tumours. This result follows from our simplifying assumption that the vascular volume

remains constant during tumour growth and RT.

We also found that most tumours in the BS regime respond badly to RT in the short-

term, as the combination of low rates of RT cell kill (due to low oxygen levels) and high

rates of inter-fraction regrowth (due to high values of the oxygen consumption rate for

proliferation, q3) lead to increases in their viable and total cell volumes during RT. As for

monostable regimes, outliers which lie, in parameter space, near the boundary between BS

and SL regions, exhibit more extreme responses to RT. In these cases, the intratumoural

oxygen concentration is close to, and smaller than, cmin, the threshold concentration below

which cells die due to nutrient insufficiency. If RT induces a net increase in oxygen levels

such that c > cmin, then cell death due to nutrient insufficiency ceases and RT drives

the tumour to its SL steady state. This leads to a significant increase in RT-induced cell

death and dead cell accumulation, resulting in large decreases and increases in viable and

total volumes, respectively. By contrast, if RT induces a net increase in oxygen levels such

that c ≤ cmin, then RT causes large increases in viable and total volumes as the tumour

grows towards, and fails to reach, its SL steady state. Here, RT cell kill is outweighed

by tumour growth between fractions throughout treatment. Irrespective of whether these

outliers experience increases or decreases in viable volume, they evolve to their larger SL

steady state following RT. Therefore, the model predicts that, in the BS regime, RT usually

has a detrimental effect on tumour growth.

A final key result relates to RT dosing schedules. We found that, in SL regimes, applying

larger doses at higher frequency typically increases RT efficacy, whereas, in NL and BS

regimes, administering lower doses at lower frequency can increase RT efficacy for outliers

and lessen, or prevent, large increases in tumour burden across the virtual cohorts. The

latter result is counter-intuitive and challenges the assumption that giving the maximum

tolerable dose is the best course of treatment. In practice, we are unlikely to know in

which growth regime a patient’s tumour lies in when treatment starts. Therefore, if we

can determine a tumour’s growth regime by monitoring its response to a given treatment

protocol, then this would allow us to adapt the treatment protocol to target the best
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outcome possible. In particular, for tumours in the SL regime, one could maximise the

reduction in tumour burden by increasing the RT dose or dosing frequency, while, for

tumours in the NL and BS regime, it might be preferable to halt treatment early in order

to prevent large increases in tumour burden.

In this chapter, we characterised tumour responses to RT across the NL, SL and BS

growth regimes and, in doing so, we determined the processes which may affect tumour

sensitivity to RT in each regime. In the following chapter, we conduct a similar study

to investigate the influence of nutrient and space limited mechanisms of growth arrest on

tumour responses to hyperthermia. By assessing tumour sensitivity to HT in each regime,

we will develop some insight into which tumours are most and least likely to experience an

improved RT response when RT is combined with HT. These hypotheses will then be tested

in Chapter 5, where we will study tumour responses to combinations of RT and HT.

62



Chapter 4

Investigating the influence of
growth arrest mechanisms on
tumour responses to hyperthermia

4.1 Introduction

In Chapter 3, we extended the model of tumour growth developed in Chapter 2 to

include tumour response to radiotherapy (RT) and investigated how nutrient and space

limited mechanisms of growth control impact RT sensitivity. This chapter focusses on

characterising the impact of the two aforementioned growth arrest mechanisms on tumour

responses to hyperthermia (HT).

We saw in Section 1.3.2 that the biological effects of HT depend on thermal dose,

which is typically defined as a function of heating temperature and duration. Excluding

ablation, which requires temperatures beyond 50 ◦C, two main types of HT are of clinical

interest: mild HT, which re-oxygenates a tumour via vasodilation and a reduction in oxygen

consumption rates, and high HT, which damages tumour and endothelial cells, induces

a damage-associated angiogenic response, and inhibits DNA repair mechanisms. A key

question in hyperthermic oncology remains which of these types of HT is more effective,

especially when applied in combination with other treatments, such as RT. Here, we will

consider tumour responses to mild and high HT and, in so doing, attempt to shed light on

the answer to this question.

Most mathematical models that have been proposed to study tumour response to HT

are either cell survival models (like the LQ model for RT) that quantify the proportion

of cell death after a given thermal dose [263] or partial differential equation models of the

intratumoural temperature distribution during HT [34, 72, 130, 147, 188, 244, 251]. While

several models describe time-dependent HT cell kill [181], DNA repair inhibition during HT

[262] or vasodilation and changes in blood flow under HT [19], there is no mathematical

model in the literature, to the best of our knowledge, which captures all of the key effects of
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mild and high HT. In this chapter, we propose a simple modelling framework that describes

the time-dependent effects of mild and high HT and that can be used for a comprehensive

study of tumour response to HT.

Given our ultimate aim of studying tumour responses to combinations of RT and HT

in Chapter 5, we extend, in Section 4.2, the model of tumour growth and response to

RT presented in Chapter 3 to incorporate tumour response to HT. In Section 4.3, we

systematically investigate tumour response to fractionated mild and high HT in the nutrient

limited (NL), space limited (SL) and bistable (BS) growth regimes using the three virtual

tumour populations constructed in Chapter 3. In Section 4.4, we show that the effects of

mild HT are negligible across all three regimes by considering the short- and long-term

responses to a conventional mild HT fractionation schedule. Section 4.5 focusses on tumour

response to high HT. For each virtual cohort, we initially consider short-term (Section 4.5.1)

and long-term (Section 4.5.2) tumour responses to a conventional high HT fractionation

schedule. As for RT, we determine the average response and explore how certain values of

the oxygen consumption rates generate extremal behaviour. In Sections 4.5.3 and 4.5.4, we

then also study the influence of the (high HT) thermal dose and the rate of angiogenesis

on tumour response, respectively. This enables us to identify the factors that may enhance,

and the dosing regimen that maximises, the reduction in tumour burden.

4.2 Model development

4.2.1 The mathematical model

In this section, we extend the model (3.8)–(3.11), which describes tumour dynamics

under RT, to incorporate tumour response to HT. We distinguish between the effects of

mild and high HT, assuming that the former re-oxygenates the tumour via vasodilation and

a reduction in oxygen consumption rates, while the latter kills tumour and endothelial cells,

induces a damage-associated angiogenic response and inhibits DNA repair mechanisms.

We introduce the dependent variable TH to denote the HT-damaged tumour cell volume

and let Σ = T + TR + TS + TH + V denote the total tumour volume. Then, we propose

the following system of time-dependent ordinary differential equations (ODEs) to describe

tumour responses to combination treatments comprising RT and HT (see the schematic in

Figure 4.1):

dT

dt
= (1− αRO2(t))q∗2cT (Smax −Σ)︸ ︷︷ ︸

undamaged cell

proliferation, reduced by mild HT

−
(
δ∗1(c∗min − c)H(c∗min − c) + λ∗cR+ ν∗cR

)
T

+ µ∗TS − β∗(t)T,︸ ︷︷ ︸
high HT

damage

(4.1)
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dTS

dt
= (1− αRO2(t))θ2q

∗
2cTS(Smax −Σ)︸ ︷︷ ︸

sub-lethally damaged cell

proliferation, reduced by mild HT

−
(
δ∗1,S(c∗min − c)H(c∗min − c) + λ∗ScR+ µ∗ + ξ∗

)
TS

+ ν∗cRT − β∗(t)TS,︸ ︷︷ ︸
high HT

damage

(4.2)

dTR

dt
= λ∗cRT + (ξ∗ + λ∗ScR)TS − η∗RTR, (4.3)

dTH

dt
= β∗(t)(T + TS)− η∗HTH,︸ ︷︷ ︸

clearance

(4.4)

dV

dt
= κ∗0TH︸ ︷︷ ︸

damage-induced
angiogenesis

− β∗(t)V,︸ ︷︷ ︸
high

HT damage

(4.5)

dc

dt
= (1 + αV(t))g∗(c∗max − c)V︸ ︷︷ ︸

nutrient delivery,

increased by mild HT

− (1− αRO2(t))q∗1(T + θ1TS)c︸ ︷︷ ︸
baseline oxygen consumption,

reduced by mild HT

−

(1− αRO2(t))q∗3 (T + θ2TS) c(Smax −Σ),︸ ︷︷ ︸
oxygen consumption for proliferation,

reduced by mild HT

(4.6)

subject to the following initial conditions:

T (0) = T0, V (0) = V0, with T0 + V0 ∈ [0, Smax],

TS(0) = 0, TR(0) = 0, TH(0) = 0, c(0) = c0 ∈ [0, c∗max].
(4.7)

The initial condition for c in (4.7) is defined as that in the absence of treatment in (2.4),

and the initial conditions for TS, TR and TH in (4.7) follow from the absence of damaged

material prior to the first RT and HT fractions. Further, physically realistic solutions for

T and V satisfy 0 ≤ T (t) + TS(t) + TR(t) + TH(t) + V (t) ≤ Smax for all t ≥ 0. Since we also

assume that V0 > 0 (recall Chapter 2), the initial conditions for T and V in (4.7) follow.

Accounting for high HT. We assume that exposure to high HT irreversibly damages

viable tumour cells, T and TS, at a constant rate β̃ > 0 over the heating period tH ≤ t ≤
tH + δH (min) so that

β∗(t) =

{
β̃, if tH ≤ t ≤ tH + δH,

0, otherwise.
(4.8)

Since we suppose that heat-damage is irreparable, we let damaged cells, TH, degrade at

a constant rate η∗H > 0 in Equation (4.4). Endothelial cells also experience irreversible

heat damage at the time-dependent rate β∗(t), given by (4.8), but, unlike damaged cells,

dead vascular material is immediately cleared from the system. This assumption stems
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Figure 4.1: Schematic showing the interactions between T , TS, TR and TH cells, the vas-
culature V and the oxygen concentration c in response to high HT and RT in the model
(4.1)–(4.6). The rates in orange and purple represent the effects of RT and high HT, re-
spectively.

from the fact that vascular stasis and necrosis in response to heating occur more rapidly

than heat-induced cell death [227]. We further assume that heat-damaged cells, TH, release

angiogenic factors which promote vascular growth at a rate which is proportional to TH,

with proportionality constant κ∗0 > 0.

Lastly, we account for the inhibition of DNA repair under high HT by modifying the

repair rate following exposure to RT alone so that it also depends on the exposure to high

HT. Following [219] (see Section 1.6.3 for full details), we define the time evolution of the

amount of inactive repair proteins relative to the total amount of repair proteins following

exposure to a single dose of high HT as

Λ(t) =


0, if 0 ≤ t < tH,

k1
k1+k2

(
1− e−(k1+k2)(t−tH)

)
, if tH ≤ t < tH + δH,

k1
k1+k2

(
1− e−(k1+k2)δH

)
e−k2(t−(tH+δH)), if t ≥ tH + δH,

(4.9)

where k1 > 0 and k2 > 0 are the constant rates of inactivation and reactivation of repair

proteins, respectively. Then, the time-dependent repair rate µ∗(t) can be defined as

µ∗(t) = µ0 exp (−µΛΛ(t)), (4.10)

where µΛ > 0 represents the extent of DNA repair inhibition by HT (see Figure 4.2a).

Accounting for mild HT. We assume that mild HT increases tumour oxygenation

by increasing blood flow via vasodilation and by reducing oxygen consumption rates as

tumour cells switch from an oxidative to glycolytic phenotype. We suppose that both

processes begin when tumour heating starts, and continue until the target intratumoural

temperature is reached. The increased vasodilation and reduced oxygen consumption rates

are then considered, respectively, maximal and minimal (given this treatment), and assumed

to remain at these levels until heating stops and the effects of mild HT reverse.
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(b)
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Figure 4.2: (a) Given a high HT treatment of duration δH = 60 min starting at time tH = 0,
we plot µ∗(t) for t ∈ [0, 7] days. The parameters k2 and µΛ are fixed to the values stated in
Table 4.1 and we vary k1 = 100β̃ for β̃ ∈ {0.001, 0.005, 0.01}. For these parameter values,
there is no significant difference in the time evolution of µ∗ for increasing β̃; inhibition
of DNA repair is treatment-independent. (b) Given a mild HT treatment of duration
δH = 60 min starting at time tH = 0, we plot αV(t) and αRO2(t) for t ∈ [0, 36] hours. The
parameters t1, t2,V and t2,RO2 are fixed at the values in Table 4.1 and we vary α̃V = α̃RO2 ∈
{0.1, 0.3, 0.5}.

Accordingly, we incorporate vasodilation by multiplying the oxygen source term in Equa-

tion (4.6) by 1 +αV(t), where 0 ≤ αV(t) ≤ 1 is a time-dependent piece-wise linear function

of the form

αV(t) =



α̃V
t−tH
t1
, for tH ≤ t < tH + t1,

α̃V, for tH + t1 ≤ t < tH + δH,

α̃V

(
1− t−tH−δH

t2,V

)
, for tH + δH ≤ t ≤ tH + δH + t2,V,

0, otherwise,

(4.11)

where 0 ≤ α̃V ≤ 1 is the maximal vasodilation factor, δH is the heating duration, and t1 and

t2,V are the time needed to achieve maximum vasodilation and the duration of vasodilation,

respectively (see Figure 4.2b).

The reduction in oxygen consumption rates is modelled similarly (see Figure 4.2b). We

multiply q∗1 and q∗3 in Equation (4.6) (and hence q∗2 = k∗q∗3 in Equations (4.1) and (4.2)) by

1−αRO2(t), where 0 ≤ αRO2(t) < 1 is defined by (4.11), with α̃V replaced by 0 ≤ α̃RO2 < 1,

the proportion by which oxygen consumption rates are reduced, and t2,V is replaced by

t2,RO2, the duration of this reduction. We note that this implies that mild HT also reduces

tumour cell proliferation in our model.
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4.2.2 Non-dimensionlisation

We non-dimensionalise Equations (4.1)–(4.6) and the initial conditions (4.7) by intro-

ducing the following scalings:

T̂ =
T

Smax
, T̂S =

TS

Smax
, T̂H =

TH

Smax
, T̂R =

TR

Smax
,

V̂ =
V

Smax
, Ŝ =

S

Smax
, ĉ =

c

c∗max

, R̂ =
R

Rmax
, t̂ =

t

τ
.

As in Chapter 3, the timescale of interest is fixed to be τ = 1 min, which is the timescale for

the duration of RT and HT, and the maximum dose rate Rmax = 1 Gy/min [128]. Recall

that Σ = T +TS +TR +TH +V and q2 = kq3 for k > 0. Then, dropping hats for notational

convenience, we obtain the following dimensionless system:

dT

dt
= (1− αRO2(t))q2cT (1−Σ)

−
(
δ1(cmin − c)H(cmin − c) + β(t) + λcR+ νcR

)
T + µ(t)TS, (4.12)

dTS

dt
= (1− αRO2(t))θ2q2cTS(1−Σ)

−
(
δ1,S(cmin − c)H(cmin − c) + β(t) + λScR+ µ(t) + ξ

)
TS + νRcT , (4.13)

dTH

dt
= β(t)(T + TS)− ηHTH, (4.14)

dTR

dt
= λcRT + (ξ + λScR)TS − ηRTR, (4.15)

dV

dt
= κ0TH − β(t)V, (4.16)

dc

dt
= (1 + αV(t))g(1− c)V

− (1− αRO2(t)) (q1(T + θ1TS)c+ q3 (T + θ2TS) c(1−Σ)) , (4.17)

subject to initial conditions

T (0) = T0, V (0) = V0, withT0 + V0 ∈ [0, 1],

TS(0) = 0, TR(0) = 0, TH(0) = 0, c(0) = c0 ∈ [0, 1],
(4.18)

where

q1 = q∗1Smaxτ , q3 = q∗3S
2
maxτ , q2 = q∗2S

2
maxc

∗
maxτ, k =

Smax

c∗max

k∗,

cmin =
c∗min

c∗max

, δ1 = δ∗1c
∗
maxτ , δ1,S = δ∗1,Sc

∗
maxτ , g = g∗Smaxτ ,

λ = λ∗c∗maxRmaxτ , λS = λ∗Sc
∗
maxRmaxτ , ν = ν∗c∗maxRmaxτ ,

β(t) = β∗(t)τ , κ0 = κ∗0τ , µ(t) = µ∗(t)τ , ξ = ξ∗τ , ηH = η∗Hτ , ηR = η∗Rτ .

(4.19)
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4.2.3 Defining the dimensionless parameters

In this chapter, we investigate how nutrient and space limited mechanisms of growth

control impact qualitative tumour responses to mild and high HT. We set R ≡ 0 to indicate

the absence of RT and fix parameters related to tumour growth at the values stated in

Table 2.1 in Chapter 2. We fix parameters related to tumour responses to HT at the values

and ranges stated in Table 4.1.

For high HT, the values of κ0, ηH, µΛ, k1 and k2 are based on values found in the

literature [114, 262], while we determine a physically realistic range for β̃ from preliminary

numerical simulations (see Appendix A.3). For mild HT, none of the parameter values are

readily available in the literature. Therefore, as for β̃, we determine ranges for α̃V and

α̃RO2 from additional preliminary numerical simulations (see Appendix A.3). The values of

t1, t2,V and t2,RO2 may depend on tumour type, vascular integrity and the method of HT

application. However, for simplicity, we set t1 = 10 min, as this value was used in [19] for

the time required to reach the target temperature in a human brain tumour (in their model,

this time was assumed to be approximately the same as the time to maximal vasodilation).

We also fix t2,V = 60 min and t2,RO2 = 1440 min since experimental evidence suggests that

re-oxygenation following mild HT can last 12 − 48 h [113, 221, 228], whereas vasodilation

typically lasts less than an hour [19, 108]. We note that these values may overestimate t2,V

and t2,RO2 for tumours exposed to mild HT.

HT Parameters Definition Value(s)

High

β̃ Rate of HT-induced damage [10−3, 10−2]

κ0 Rate of damage-induced angiogenesis [10−8, 10−6]

ηH Clearance rate of cells killed by HT 5× 10−5

µΛ HT weighing factor 2.5

k1 Repair protein inactivation rate 100β̃

k2 Repair protein reactivation rate 0.001

Mild

α̃V, α̃RO2 Mild HT factors [0.1, 0.5]

t1 Time needed to reach maximal vasodilation 10

t2,V Duration of the vasodilation effect 60

t2,RO2 Duration of the reduction in O2 consumption 1440

Table 4.1: List of dimensionless HT response parameters and values assigned to them for
the purpose of the model analysis and numerical simulations.
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4.3 Numerical methods and set up

Following our study of tumour response to RT in Chapter 3, we aim here to investigate

the response of tumours to mild and high HT in the NL, SL and BS regimes. For consistency

with Chapter 3, we consider the HT response of the same three virtual tumour populations.

As discussed in Section 1.3.3.2, HT dosing regimens vary considerably across clinical

trials [43, 101]. In general, HT is administered once or twice a week when it is combined

with RT throughout the treatment schedule. The heating duration and temperature are

typically in the range 30 − 90 min and 39 − 50 °C, respectively [187]. In light of these

considerations, we define the HT treatments as follows. We set the duration of mild and

high HT to be δH = 60 min and assume a single, weekly dose of HT is administered at the

same time on Mondays for 8 weeks (recall that we defined a conventional RT schedule as

2×5 Gy for 8 weeks). For mild HT, we fix β̃ = 0 and account for increasing thermal doses by

varying α̃V ∈ {0.1, 0.3, 0.5} and α̃RO2 ∈ {0.1, 0.3, 0.5}. For high HT, we fix α̃V = α̃RO2 = 0

and vary β̃ ∈ {0.001, 0.003, 0.005, 0.007, 0.009, 0.01}.
For each virtual cohort and each treatment protocol, we solve Equations (4.12)–(4.17)

numerically for t ∈ (0, t∗], t∗ > 0, using ODE45, a single step MATLAB built-in solver for

non-stiff ODEs that is based on an explicit Runge-Kutta (4,5) formula, the Dormand-Prince

pair [59]. For consistency with Chapter 3, we set t∗ = tend + 106, where tend is the time at

which the HT schedule ends, and we impose the initial conditions(
T (0), TS(0), TR(0), TH(0), V (0), c(0)

)
=
(
T ∗, 0, 0, 0, V0, c

∗), (4.20)

where T ∗ and c∗ are, respectively, the steady state tumour volume and oxygen concentration

in the absence of treatment (see Chapter 2 and Figure 3.2). All remaining parameters are

fixed at the values stated in Table 4.1, except κ0, which takes values κ0 ∈ {10−8, 5 ×
10−8, 10−7, 5× 10−7, 10−6}.

For each simulation, we record T̄ , T̄S, T̄R, T̄H, V̄ and c̄, the mean values of each depen-

dent variable over the last week of treatment. We also define the percent change in (mean)

viable tumour cell, total cell and vascular volumes and (mean) oxygen concentration be-

tween the start and the end of treatment as follows:

∆H
viable = 100× T̄ − T0

T0
, ∆H

total = 100× Σ̄ −Σ0

Σ0
,

∆H
V = 100× V̄ − V0

V0
, ∆H

c = 100× c̄− c0

c0
,

(4.21)

where Σ0 = T0 + V0 and Σ̄ = T̄ + T̄S + T̄R + T̄H + V̄ . We note that ∆H
viable and ∆H

total,

defined by Equations (4.21), are equivalent to ∆R
viable and ∆R

total defined by Equations (3.15)

in Chapter 3 for RT treatments. Unless otherwise stated, for brevity, we henceforth refer

to the relative changes (increases and decreases) in tumour cell and vascular volumes and
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oxygen levels, as defined in (4.21), as changes (increases and decreases) in tumour cell and

vascular volumes and oxygen levels.

4.4 Investigating tumour responses to mild HT

We begin by assessing tumour responses to mild HT. Figure 4.3 shows the short-term

response of three tumours in NL, BS and SL regimes to mild HT (α̃V = α̃RO2 = 0.3). When

HT is applied, each tumour experiences a spike in oxygen levels, whose duration approxi-

mately coincides with the duration of the effects of mild HT. For the NL and BS tumours,

the oxygen concentration drops transiently below baseline and then returns to baseline,

whereas the SL tumour’s oxygen levels return to baseline immediately. Correspondingly,

the values of ∆H
c for the NL and BS tumours are smaller than for the SL tumour (0.616%

and 1.83%, respectively, vs. 3.15%). These differences can be explained by the increase in

the rate at which NL and BS tumours consume oxygen for proliferation as they grow into

free space in response to the spike in oxygen levels. By contrast, the rate at which the SL

tumour consumes oxygen for proliferation remains zero as it lacks space for growth.

NL

min

SL

min

BS

min

Figure 4.3: For mild HT (α̃V = α̃RO2 = 0.3), we solve Equations (4.12)–(4.17) for t ∈
(0, 8 × 104] subject to initial conditions (4.20). We set (q1, q3, V0) = (1.59, 6.17, 5 × 10−4)
(NL), (q1, q3, V0) = (1.08, 6.19, 5 × 10−3) (SL) and (q1, q3, V0) = (1.24, 6.29, 2.75 × 10−3)
(BS). Each tumour experiences a transient increase in oxygen levels, which is associated
with a transient increase in tumour volume for the tumours in the NL and BS regimes.

Table 4.2 states the median and (min – max) values of ∆H
viable and ∆H

c for each virtual

cohort. We see that tumours in monostable regimes (NL and SL) experience modest in-

creases in oxygen levels, c. The NL tumours also undergo modest increases in viable tumour

volume, T ; this is not observed for SL tumours. Further, tumours in the BS regime experi-

ence increases in both c and T , as for the NL tumours. While the median values of ∆H
viable

and ∆H
c for the BS cohort are consistent with those observed in the monostable cohorts,

the maximum values indicate that certain tumours experience much larger increases in c

and T . Figure 4.4 shows that these outliers correspond to tumours which grow towards,

and reach, their larger SL steady state during treatment.
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Regime NL SL BS

∆H
viable(%) 2.71 (0.270− 2.91) 0 4.16 (3.32− 82.3)

∆H
c (%) 0.608 (0.479− 2.96) 3.16 (1.13− 3.20) 1.64 (1.03− 3.34× 103)

Table 4.2: Table summarising the median and (minimum – maximum) values of ∆H
viable and

∆H
c in the NL, SL and BS virtual populations. Increases in the viable volume and oxygen

concentration are typically modest, except for certain tumours in the BS cohort, which
experience significantly larger increases in T and c.

To understand long-term tumour responses to mild HT, we perform a steady state

analysis of the system (4.12)–(4.17). In the absence of RT (R ≡ 0) and high HT (β ≡ 0),

TS ≡ TR ≡ TH ≡ 0 and V ≡ V0. Since we also have αV ≡ αRO2 ≡ 0 after mild HT,

it is straightforward to show that the steady state solutions of the system (4.12)–(4.17)

are identical to those in the absence of treatment (see Chapter 2). In particular, given

T (0) = T ∗, tumours in monostable regimes when treatment starts will return to their

original volume, Σ0 = T ∗ + V0. Tumours in the BS regime either return to their original

NL steady state or switch to their SL steady state (see Figure 4.4a). Figure 4.4b shows

that most tumours in the BS cohort remain NL following mild HT. Further, those tumours

that switch to the SL steady state lie close to the boundary between BS and SL regimes

(Vd . 1), as for RT treatments.

(a)

min

(b)

Figure 4.4: (a) For mild HT (α̃V = α̃RO2 = 0.3), we solve Equations (4.12)–(4.17) for t ∈
(0, 8×104] subject to initial conditions (4.20). We set (q1, q3, V0) = (0.877, 5.72, 2.75×10−3).
The increases in T and c in response to mild HT enable the tumour to evolve to its SL steady
state in the 4th week of treatment. (b) For the virtual BS tumour population and mild HT
(α̃V = α̃RO2 = 0.3), the scatter plot shows the (q1, Vd) pairs that correspond to tumours
that switch (red) and do not switch (black) steady state. The former are characterised by
larger values of Vd.

The qualitative response to mild HT (α̃V = α̃RO2 = 0.3) does not change when α̃V and

α̃RO2 are varied (see Appendix B). We conclude that mild HT is unlikely to significantly
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radiosensitise tumours in any growth regime as it typically induces only small increases in

oxygen levels and any large increases are coupled with large increases in tumour volume. In

particular, mild HT may worsen tumour responses to RT for tumours in NL and BS regimes

by driving increases in tumour volume. We will confirm these hypotheses in Chapter 5 using

our model of tumour growth and combined treatment response.

4.5 Investigating tumour responses to high HT

In this section, we investigate the response of the three virtual tumour populations to

fractionated high HT. We fix the angiogenic rate κ0 = 10−7 and, for each regime, consider

the short- and long-term tumour responses to conventional high HT (β̃ = 0.005). We

determine the average response in each virtual cohort and focus on how the values of the

oxygen consumption rates for maintenance and proliferation, q1 and q3, influence tumour

sensitivity to high HT. We then investigate the impact of the high HT dose rate, β̃, and

the angiogenic rate, κ0, on tumour responses.

4.5.1 Short-term tumour responses

Monostable regimes. Figure 4.5 shows typical responses of NL and SL tumours to high

HT (β̃ = 0.005). The viable tumour cell volume and vascular volume of both tumours

decrease during treatment, the changes being more pronounced for the NL tumour. Lower

oxygen levels in the NL tumour mean that the proliferation rate is lower and the rate of

hypoxic cell death is larger. Consequently, the net growth of the NL tumour between HT

fractions is smaller and there is a larger reduction in the viable volume. With a smaller

relative viable volume when HT is applied (from week 2 onwards), the NL tumour also

accumulates a smaller proportion of dead material than the SL tumour. The damage-

associated angiogenic response is, therefore, smaller in the NL than SL tumour, explaining

the larger decrease in the vascular volume, V .

Figure 4.5 also shows that the oxygen concentration, c, remains approximately constant

for the NL tumour and decreases such that c < cmin for the SL tumour. Since a decrease

in V reduces the oxygen supply, while a decrease in T reduces the tumour’s overall oxygen

consumption rate, the balance between these processes will determine the oxygen concen-

tration. T0 and V0 are substantially smaller for the NL tumour (T0 = 0.0477, V0 = 0.0005)

than the SL tumour (T0 = 0.995, V0 = 0.005), which means the absolute changes in T and

V are smaller. In particular, we note that the NL tumour remains in an NL regime, with

V ≤ VN throughout treatment, whereas the SL tumour transitions from the SL to the NL

regime, with V ≤ VN by the end of treatment. This leads to a reduction in oxygen supply

which exceeds the reduction in oxygen consumption rates.
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NL SL

minmin

Figure 4.5: For high HT (β̃ = 0.005), we solve Equations (4.12)–(4.17) for t ∈ (0, 8 × 104]
subject to initial conditions (4.20). We set (V0, q1, q3) = (0.0005, 2.18, 4.11) and (V0, q1, q3) =
(0.005, 0.605, 3.85) for the NL and SL tumours, respectively. In both cases, the vascular,
viable tumour cell and total tumour volumes decrease over time, with larger relative reduc-
tions for the NL tumour.

Figure 4.6 shows the distributions of ∆H
viable, ∆

H
total and ∆H

V following conventional high

HT, for the NL and SL tumour cohorts. The specific responses shown in Figure 4.5 are

representative of the average responses of the NL and SL populations. In particular, while

NL and SL tumours typically respond well to high HT, NL tumours respond better, with

smaller average values of ∆H
viable, ∆

H
total and ∆H

V. Further, only a few outliers respond less

well to high HT in the NL cohort, whereas the distribution for SL tumours is bimodal.

This indicates that certain values of q1 and q3 within the NL and SL regimes affect tumour

sensitivity to high HT.

In light of this, we now investigate the influence of the oxygen consumption rates for

maintenance and proliferation, q1 and q3, on tumour responses to high HT in the NL and

SL cohorts. The scatter plots in Figure 4.7 show that, in the NL tumour population, low

values of q1 and q3 are associated with smaller reductions in viable cell and vascular volumes,

while higher values of q1 and/or q3 are associated with larger reductions in viable cell and

vascular volumes. The trends for the changes in total tumour volume are the same (result

omitted for brevity). We investigate this further by considering the response to high HT of

tumours defined by the parameter sets B1, D1, E1 and F1 (see Figure 4.7 and Table 4.3).
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total

viable

Figure 4.6: For virtual cohorts of NL and SL tumours, the violin plots show the distribu-
tions of ∆H

V, ∆H
viable and ∆H

total. Most tumours in the NL and SL cohorts undergo large
reductions in vascular, viable tumour cell and total tumour volumes, and these changes are
typically larger for NL tumours. In the NL cohort, several outliers experience much smaller
reductions in their vascular, viable tumour cell and total tumour volumes. By contrast, in
the SL cohort, we distinguish two groups, which respectively experience smaller and larger
reductions in these volumes.

D1

F1

B1

E1

D1

F1

B1

E1

Figure 4.7: The scatter plots show the values of ∆H
viable and ∆H

V for each (q1, q3) pair used
to generate the set of virtual NL tumours. ∆H

viable and ∆H
V decrease as q1 and q3 increase.

Tumour q1 q3

B1 7.78 4.01× 10−2

D1 7.60 9.94

E1 5.03× 10−1 2.72× 10−1

F1 5.24× 10−1 1.61

Table 4.3: Parameter sets B1, D1, E1 and
F1 corresponding to the representative NL tu-
mours. Note that B1 and D1 were previously
defined in Chapter 3 via Table 3.3.

Figure 4.8 shows that the changes in T

and TH following the first few fractions of

high HT are approximately the same for

tumours B1, D1, E1 and F1, although E1

experiences an increase in V while B1, D1

and F1 experience reductions. This can be

understood by noting that the initial vol-

ume of tumour E1 is at least twice that of

tumours B1, D1 and F1. Consequently, its
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(a)

E1 Low q1, low q3 B1 High q1, low q3 F1 Low q1, mod. q3 D1 High q1, high q3

(b) Figure 4.8: For high HT (β̃ = 0.005), we solve
Equations (4.12)–(4.17) for t ∈ (0, 8× 104] subject
to initial conditions (4.20). We fix V0 = 0.0005
and (q1, q3) as indicated by the points B1, D1, E1

and F1 in Figure 4.7, which correspond to NL tu-
mours. Larger values of q1 and/or q3 (B1 and D1)
imply larger, sustained reductions in vascular, vi-
able tumour cell and total tumour volumes, while
smaller values of q1 and q3 (E1 and F1) imply mod-
est increases or reductions in vascular volume and
smaller reductions in viable tumour cell and total
volumes due to greater tumour regrowth and dead
cell accumulation.

post-HT dead cell volume is larger and, hence, the extent of damage-associated vascular

growth outweighs the vascular damage. As V increases, oxygen levels in tumour E1 increase

so that c > cmin by the end of the second week of treatment. Thereafter, there is no cell

death due to hypoxia and, despite having low q3, E1 grows between HT fractions, main-

taining a larger viable volume and accumulating more dead material than tumours B1 and

D1. Tumour F1 maintains a larger viable volume and accumulates more dead material than

tumours E1, B1 and D1, despite experiencing a reduction in V , as higher oxygen levels and

a moderate value of q3 enable greater tumour regrowth between fractions. By contrast, the

net growth of the viable volume and the accumulation of dead material in tumours B1 and

D1 are limited by reduced cell proliferation due to low q3 (B1) and/or low oxygen levels

(B1, D1).

Overall, we have shown that high values of q1 and/or q3 characterise the best NL re-

sponders as they ensure limited tumour regrowth between HT fractions due to low oxygen

levels, and low tumour cell proliferation rates when q3 is low.

The scatter plots in Figure 4.10 show the values of ∆H
viable and ∆H

V for the (q1, q3) pairs
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Figure 4.9: Schematic showing the causal relationships between undamaged and high HT-
damaged tumour cells, the vasculature and the oyxgen concentration, T , TH, V and c,
respectively, according to the model (4.12)–(4.17). Positive causal links are in blue, while
negative causal links are in red. Full curves represent direct links, while dashed curves
represent indirect links.

D2

C2

B2

A2

D2

C2

B2

A2

Figure 4.10: The scatter plots show the values of ∆H
viable and ∆H

V for each (q1, q3) pair used
to generate the set of virtual SL tumours. Smaller values of ∆H

viable and ∆H
V are obtained

for high values of q1 combined with low or high values of q3.

that define the SL virtual population. SL tumour responses are most sensitive to the value of

the oxygen consumption rate for maintenance, q1, with larger values associated with greater

reductions in viable tumour cell and vascular volumes. When q1 is large, these reductions

are enhanced for small and large values of the oxygen consumption rate for proliferation,

q3. By contrast, when q1 is small, only small values of q3 enhance these reductions. As

for NL tumours, we now consider the responses to high HT of four representative tumours

defined by parameter sets A2 −D2 (see Figure 4.10 and Table 4.4).
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Figure 4.11 reveals that low values of q1 (A2 and C2) are associated with higher oxygen

levels throughout treatment and, as a result, higher net growth rates, for all values of

q3. In particular, the smaller reductions in viable tumour cell volume for tumours A2 and

C2, compared to tumours B2 and D2, can be explained by their larger regrowth between

fractions. In turn, as depicted in the schematic in Figure 4.9, the greater viable tumour cell

volume in tumours A2 and C2 explains the greater damaged cell accumulation and, thus,

the smaller decrease in vascular volume.

Tumour q1 q3

A2 1.51× 10−1 2.10× 10−1

B2 2.14 1.43× 10−1

C2 3.21× 10−2 9.53

D2 2.14 7.61

Table 4.4: Parameter sets A2, B2, C2 and
D2 corresponding to the representative SL tu-
mours.

As they are characterised by high val-

ues of q1, tumours B2 and D2 have base-

line oxygen levels that are close to the hy-

poxic threshold, cmin. For tumour B2, c in-

creases gradually throughout treatment as

the reduction in overall oxygen consump-

tion rates exceeds the reduction in oxygen

supply caused by a smaller vascular volume.

Despite the increase in c, tumour regrowth

between fractions is limited, allowing for a sustained reduction in viable volume, which we

attribute to the low value of q3. Like tumours A2 and C2, tumour D2 regrows after the

first HT fraction due to a high value of q3. It experiences a substantial reduction in viable

volume between the second and third fractions and, finally, a sustained decrease in viable

volume. For tumour D2, the decrease in V , coupled with high oxygen consumption rates,

leads to a gradual decrease in c with c < cmin from the second HT fraction onwards. Con-

sequently, nutrient insufficiency contributes to cell death and limits net tumour regrowth,

as does low tumour cell proliferation when c is low. Together with HT-induced cell death,

these processes underpin the large reduction in viable and total volumes observed for D2.

We also note that tumours A2 and C2 have V > VN throughout treatment, while tumours

B2 and D2 have V < VN from the first fraction onwards. In other words, A2 and C2 remain

in the SL regime, while B2 and D2 enter the NL regime. We anticipate that the time

evolution of the vascular volume post-treatment will determine the steady state volume

attained by a tumour at long times: we return to this in Section 4.5.2.

Overall, we have shown that limited tumour cell proliferation between HT fractions and

cell death due to hypoxia can contribute to the increased efficacy of HT for certain tumours

in the SL cohort. Their relative contributions depend on the values of q1 and q3: when q1

is large and q3 is small, limited tumour cell proliferation between fractions (due to small

q3) ensures a sustained reduction in viable and total cell volumes and, when q1 and q3 are

both large, hypoxic cell death and limited tumour cell proliferation between fractions (due
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(a)

A2 Low q1, low q3 B2 High q1, low q3 C2 Low q1, high q3 D2 High q1, high q3

(b) Figure 4.11: For high HT (β̃ = 0.005), we solve
Equations (4.12)–(4.17) for t ∈ (0, 8 × 104] sub-
ject to initial conditions (4.20). In A2–D2, we fix
V0 = 0.005 and (q1, q3) as indicated by the points
A2, B2, C2 and D2 in Figure 4.10, which corre-
spond to SL tumours. Small values of q1 (A2, C2)
are associated with smaller reductions in vascu-
lar, viable tumour cell and total tumour volumes
as high oxygen levels promote greater tumour re-
growth and dead cell accumulation, while large
values of q1 (B2, D2) imply larger, sustained re-
ductions in vascular, viable tumour cell and total
tumour volumes.

to low oxygen levels and despite large q3) ensure large reductions in viable and total cell

volumes.

Bistable regimes. Figure 4.12a shows the response of a tumour in the BS regime to high

HT. It undergoes large reductions in viable tumour cell and vascular volumes as HT-induced

damage outweighs tumour and vascular regrowth between fractions. As for the response

of the NL tumour shown in Figure 4.5, the sustained reduction in viable volume limits the

accumulation of damaged material, which, in turn, limits the damage-induced angiogenic

response (see the schematic in Figure 4.9). In contrast to the aforementioned NL tumour,

the tumour in the BS regime has larger baseline oxygen levels. Further, since V decreases

so that V < VN after the final fraction, the tumour is driven into the NL regime at the end

of treatment and it exhibits greater reductions in oxygen levels during high HT.

The results in Figure 4.12b indicate that all tumours in the BS cohort respond well to

conventional high HT. There is little variability in ∆H
viable, ∆

H
total and ∆H

V in the BS virtual

cohort, implying that the behaviour shown in Figure 4.12a is representative of the entire
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virtual population. Indeed, tumours in the BS regime respond significantly better to high

HT than RT (compare Figure 3.11a and Figure 4.12b).

(a)

BS

min

(b)

total

viable

Figure 4.12: For high HT (β̃ = 0.005), we solve Equations (4.12)–(4.17) for t ∈ (0, 8× 104]
subject to initial conditions (4.20). We set (V0, q1, q3) = (0.00275, 0.297, 9.14) so that the
tumour exhibits behaviour typical of the BS cohort. (b) Violin plots representing the
distributions of ∆H

V, ∆H
viable and ∆H

total for the BS virtual cohort. All tumours in the BS
cohort respond well to high HT, with low variability across the cohort.

4.5.2 Post-HT tumour dynamics

In the previous section, we discussed the short-term response to high HT of tumours in

monostable (NL and SL) and bistable regimes. We now investigate the long-term response

to high HT by studying post-treatment tumour growth dynamics and, in particular, the

tumour steady states attained following treatment.

Steady state analysis. We first perform a steady state analysis of the system (4.12)–

(4.17) to understand the potential long-term effects of high HT. In the absence of RT and

mild HT, we set R ≡ 0 and αV ≡ αRO2 ≡ 0, and we have TS ≡ TR ≡ 0. Additionally,

setting β̃ = 0 to indicate the completion of high HT, we seek steady state solutions of the

following system:
dT

dt
= q2cT (1−Σ)− δ1(cmin − c)H(cmin − c)T, (4.22)

dTH

dt
= −ηHTH, (4.23)

dV

dt
= κ0TH, (4.24)

dc

dt
= g(1− c)V − q1Tc+ q3Tc(1−Σ). (4.25)
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Denoting the post-treatment steady state values by T *,post, T *,post
H , V *,post and c*,post, we

note that Equations (4.23)–(4.24) for TH and V decouple. Further, integrating (4.23)–(4.24)

for t ≥ tend, where tend is the time at which HT ends, we have

TH(t) = TH(tend)e−ηH(t−tend), (4.26)

V (t) = V (tend) +
κ0

ηH
TH(tend)

(
1− e−ηH(t−tend)

)
. (4.27)

In particular,

TH(t)→ 0 as t→ +∞, (4.28)

V (t)→ V (tend) +
κ0

ηH
TH(tend) as t→ +∞. (4.29)

Equations (4.27) and (4.29) indicate that, following high HT, the vascular volume in-

creases monotonically to a value which is proportional to the damaged cell volume at the

end of treatment, the constant of proportionality being the ratio of the timescales for dam-

aged cell degradation and angiogenesis. Therefore, if a tumour experiences an increases in

vascular volume during HT, it will also attain a greater vascular volume post-treatment.

By contrast, if a tumour experiences a decrease in vascular volume during HT, its post-

treatment vascular volume may be smaller or larger than pre-treatment, depending on the

timescales for damaged cell degradation and angiogenesis.

Now, since T *,post
H = 0, it follows that c*,post and T *,post are solutions of the following

system:

0 = q∗2c
*,postT *,post(1−Σ*,post)− δ∗1(c∗min − c*,post)H(c∗min − c*,post)T *,post, (4.30)

0 = g∗(1− c*,post)V *,post − q∗1c∗T *,post − q∗3c*,postT *,post(1−Σ*,post), (4.31)

where Σ*,post = T *,post + V *,post. It is straightforward to show that the solutions of the

system (4.30)–(4.31) are identical to the steady state solutions in the absence of treatment

with V *,post substituted for V0 (see Chapter 2).

The steady state analysis indicates that high HT preserves the steady states and growth

regimes observed in the absence of treatment, while allowing tumours to move between

regimes and evolve to new steady states depending on V *,post. In what follows, we inves-

tigate how high HT affects the tumour steady states attained in each regime, in order to

assess its efficacy.

Characterising post-HT steady states in each regime. In Chapter 2, we defined

threshold vascular volumes, VN(q1) and VS(q1, q3), below and above which only the NL and

SL steady states exist, respectively. If the oxygen consumption rate for proliferation, q3,

is sufficiently large compared to the oxygen consumption rate for maintenance, q1, then

VN < VS and there is a bistable regime in which the NL and SL steady states co-exist for
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VN < V0 < VS. Otherwise, VN = VS and steady state solutions are unique. The preceding

steady state analysis, therefore, implies that, following high HT, a tumour characterised by

fixed (q1, q3) lies in the NL regime if 0 < V *,post ≤ VN, in the SL regime if V *,post ≥ VS, and

in the BS regime if VN < V *,post < VS.

Pre-HT regime Post-HT regime T *,post < T ∗,pre?

NL

NL Yes1

BS No

SL No

BS

NL Yes

BS Yes1,3

SL No

SL

NL Yes

BS Yes3

SL Yes2

1 If V *,post < V0.
2 If V *,post > V0.
3 If the tumour evolves to its NL steady state.

Table 4.5: Table summarising the conditions under which the steady states of tumours in
the NL, SL and BS cohorts following high HT are smaller than those attained in the absence
of treatment.

Figure 2.4 in Chapter 2, showed further that, for fixed (q1, q3), the NL steady state

tumour volume increases with V0 and is always smaller than the SL steady state tumour

volume, which decreases marginally with V0. We can use these results to define conditions on

V *,post for which the post-treatment steady state volume of a given tumour is smaller than

its pre-treatment steady state volume. For instance, the steady state volumes of tumours

in the NL cohort decrease following high HT if and only if they remain in the NL regime,

with V *,post < V0 < VN. Table 4.5 details the conditions on V *,post for each growth regime.

Remark 4.5.1. In section 4.5.1, we saw that, for specific tumours in the NL and SL

virtual populations, a larger (smaller) reduction in vascular volume, V , coincides with a

smaller (larger) accumulation of damaged material, TH. It is possible to show numerically

that this holds for tumours across the NL, SL and BS virtual cohorts (result omitted for

brevity). Given Equation (4.27) for V *,post, this implies that, for fixed ηH and κ0, the

greater the reduction in V during treatment, the smaller the steady state vascular volume

post-treatment, V *,post.

Figure 4.13 shows the post-treatment growth regimes of the NL, SL and BS virtual

cohorts. All tumours in the NL virtual population remain NL, with only one tumour

increasing in steady state volume. This corresponds to tumour E1 (in Figure 4.8), which
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exhibited an increase in V during treatment. In particular, all the tumours which exhibited

a decrease in V during treatment have V *,post < V0.

,post

,post

Pre-HT regime: NL Pre-HT regime: SL Pre-HT regime: BS

,post

,post

,post

Figure 4.13: The scatter plots show the post-treatment growth regime for the virtual NL, SL
and BS tumours. Most tumours in each virtual cohort attain smaller steady state volumes
following high HT.

Approximately 60% of tumours originally in the SL cohort lie in the NL or BS regimes

post-HT and undergo a reduction in steady state tumour volume as they attain NL steady

states. These tumours, which are characterised by higher values of q1 (e.g., tumours B2 and

D2 in Figure 4.11), experienced larger than average reductions in V during treatment and,

as such, had lower values of V *,post. All other tumours in the SL cohort lie in SL or BS

regimes post-HT, with V *,post ≤ V0, and their steady state volume increases marginally as

they attain an SL equilibrium. These tumours, which are characterised by lower values of

q1 (e.g., tumours A2 and C2 in Figure 4.11), experienced smaller than average reductions in

V during treatment and, therefore, have higher values of V *,post. We also see that tumours

that enter the BS regime have high values of q3, while those that remain in the SL regime

have low values of q3. This is because VS(q1, q3), the threshold value of V that separates SL

and BS regimes, increases with q3 (recall Figure 2.3 in Chapter 2), i.e., a smaller reduction

in vascular volume from V0 to V *,post is required to enter the BS regime when q3 is larger.

Lastly, all tumours that are initially in the BS regime decrease in steady state volume as

they lie in NL or BS regimes, have V *,post ≤ V0 and attain an NL steady state post-high HT.

This is consistent with the observation that all tumours in the BS virtual cohort exhibited

large decreases in V , with low inter-tumoural variability during HT. We note further that

lower values of q1 are associated with tumours that remain in the BS regime, while higher

values of q1 are associated with tumours that move into the NL regime. This is because

VN(q1), the threshold value of V that separates BS and NL regimes, increases with q1 (recall

Figure 2.3 in Chapter 2), i.e., a smaller reduction from V0 to V *,post is required to enter the

NL regime when q1 is larger.

Figure 4.13 also indicates that most tumours in the SL virtual cohort which transition

to the BS regime in response to high HT evolve to an SL steady state, whereas tumours in

the BS virtual cohort which remain in the BS regime evolve to an NL steady state. Given
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T (0) = T ∗, tumours in the SL cohort can transition from the basin of attraction of the SL

steady state to that of the NL steady state if they experience a sufficiently large reduction

in viable volume. By contrast, given T (0) = T ∗ (where T ∗ corresponds to their NL steady

state), tumours in the BS cohort may transition from the basin of attraction of the NL

steady state to that of the SL steady state if they experience a sufficiently large increase in

viable volume. Recalling that high HT reduces the viable tumour volume for all tumours in

the BS and SL virtual populations (Section 4.5.1), tumours which remain in the BS regime

following high HT always evolve to their NL steady state. For tumours in the SL cohort,

Figure 4.14 shows that a sufficiently large reduction in viable volume to switch steady state

can be achieved if the tumour becomes hypoxic during treatment, hypoxic cell death is

induced and cell proliferation is limited.

(a) (b)

min

min

Figure 4.14: For high HT (β̃ = 0.005), we solve Equations (4.12)–(4.17) for t ∈ (0, 8 ×
104] subject to initial conditions (4.20). We set (a) (V0, q1, q3) = (0.005, 0.0321, 9.53) and
(b) (V0, q1, q3) = (0.005, 0.989, 6.21). Both SL tumours are in the BS regime following
treatment. The tumour in (a) reaches its SL steady state, while the tumour in (b) reaches
its NL steady state.

Taken together, these results suggest that tumours which respond well to high HT in

the short-term (Section 4.5.1) will also respond well in the long-term (and conversely). We

note that this finding follows from our choice to neglect, for simplicity, angiogenesis and

vascular remodelling in the absence of treatment; we will return to this in the Discussion.

4.5.3 Sensitivity of tumour responses to the thermal dose

Short-term tumour responses. In Figure 4.15, we show how the value of β̃, which is

a proxy for thermal dose, influences tumour responses to high HT across the three virtual

cohorts. Across the NL and BS cohorts, larger values of β̃ lead to greater reductions in the
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viable and total tumour cell volumes and the vascular volume. In particular, for the NL

cohort, choosing β̃ sufficiently large (i.e., β̃ ≥ 0.007) ensures that the outliers, which exhibit

increases in V at lower doses (recall tumour E1 in Figure 4.8), have a positive response

to treatment. For the SL cohort, increasing β̃ markedly increases the treatment response,

with most tumours experiencing responses similar to those of the NL and BS cohorts. We

conclude that short-term tumour responses to high HT are enhanced for larger values of β̃

in all regimes.

SLNL

total

viable

BS

Figure 4.15: For the NL, BS and SL virtual tumour populations, we show how the distribu-
tions of ∆H

V, ∆H
viable and ∆H

total change as β̃ ∈ {0.001, 0.003, 0.005, 0.007, 0.01} varies. The

median values of ∆H
V, ∆H

viable and ∆H
total decrease as β̃ increases.

Post-HT dynamics. Since increasing β̃ enhances the efficacy of high HT and, in par-

ticular, leads to larger reductions in vascular volumes during treatment, we obtain greater

reductions in steady state vascular volumes as β̃ increases (by Remark 4.5.1). Figure 4.16

shows that, as a result, the number of tumours that attain a smaller post-treatment steady

state tumour volume of NL type increases with β̃. Further, since V *,post decreases as β̃

increases and the NL steady state tumour volume decreases with V *,post, the reductions in

steady state volume increase with β̃. This implies that long-term tumour responses to high

HT are also improved by larger values of β̃.

4.5.4 Sensitivity of tumour responses to the rate of angiogenesis

Short-term tumour responses. Figure 4.17 shows how the value of the rate of an-

giogenesis, κ0, influences tumour responses to high HT when β̃ = 0.005 across the three

virtual populations. Values of κ0 ≤ 10−7 are associated with larger reductions in vascular

volume during treatment. For the NL and BS virtual cohorts, this contributes to larger

reductions in viable and total cell volumes as κ0 decreases. In particular, for the NL cohort,

a sufficiently small value of κ0 (i.e., κ0 ≤ 5× 10−8) results in all tumours having a positive

response to treatment (similarly to sufficiently large β̃). For the SL virtual cohort, as κ0

decreases, there is a shift in the bimodal distributions of ∆H
viable and ∆H

total observed for

κ0 = 10−7 towards unimodal distributions, whose median values lie close to those for the

NL and BS cohorts (similarly to increasing β̃).
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Pre-HT regime: NL

Pre-HT regime: SL

Pre-HT regime: BS
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Figure 4.16: The scatter plots show how the post-treatment growth regimes for each
(q1, q3) pair used to generate the set of virtual NL, SL and BS tumours, change as
β̃ ∈ {0.001, 0.005, 0.01} varies. The number of tumours which evolve to a smaller, NL
steady state increases as β̃ increases.

By contrast, values of κ0 > 10−7 are associated with smaller reductions, and increases,

in vascular volume during treatment. In particular, for κ0 sufficiently large, most tumours

experience an increase in vascular volume during treatment, regardless of cohort. For the NL

and BS virtual cohorts, sufficiently large increases in V lead to increases in the intratumoural

oxygen levels so that c > cmin (similarly to tumour E1 in Figure 4.8). With no cell death

due to hypoxia, the tumour regrows between high HT fractions. If this regrowth exceeds

the high HT cell kill, then the tumours evolve to much larger volumes as they expand

to fill the available free space. For the SL virtual population, viable and total volumes

always decrease in response to high HT, since these tumours occupy all available space

when treatment starts. However, the reductions in viable and total tumour burden are

smaller for larger values of κ0. This is because increases in V increase c so that c � cmin.

Consequently, all SL tumours have greater net growth rates, regardless of the magnitude of

q3. This increases tumour regrowth between fractions and leads to greater accumulation of

dead material.

Post-HT growth dynamics. As for higher values of β̃, lower values of κ0 are associated

with larger reductions in vascular volume during treatment. Therefore, as κ0 decreases, we

observe an increase in both the number of tumours from each virtual cohort whose steady
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SLNL

total

viable

BS

Figure 4.17: For the NL, BS and SL virtual tumour populations, we show how the distribu-
tions of ∆H

V, ∆H
viable and ∆H

total change as κ0 ∈ {10−8, 5× 10−8, 10−7, 5× 10−7, 10−6} varies.
The median values of ∆H

V, ∆H
viable and ∆H

total increase as κ0 increases.

state tumour volume decreases because they attain a smaller, NL steady state (see Figure

4.18) and the reduction in steady state tumour volume.

,post

,post

,post

,post

,post

,post

,post

,post

= = =

,post

,post

,post

,post

Pre-HT regime: BS

Pre-HT regime: SL

Pre-HT regime: NL

Figure 4.18: The scatter plots show how the post-treatment growth regimes for each (q1, q3)
pair used to generate the virtual NL, SL and BS tumours, change as κ0 ∈ {10−8, 10−7, 10−6}
varies. The number of tumours which evolve to a smaller, NL steady state decreases as κ0

increases. In particular, for κ0 = 10−6, the steady state volume of all but one tumour in
the NL and BS cohorts increase.

By contrast, higher values of κ0 are associated with smaller reductions, and increases, in

vascular volume during treatment. Since any increase in V during treatment implies that

V *,post > V0, Figure 4.18 shows that the number of tumours in the NL and BS regimes

(pre-HT) that decrease in steady state volume by attaining a smaller, NL steady state

decreases as κ0 increases. In particular, for κ0 = 10−6, the equilibrium volume of only one

tumour in the NL cohort decreases following treatment as it remains in the NL regime, with

V *,post ≤ V0. All tumours in the BS cohort attain a larger SL steady state as they enter the
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SL regime post-high HT. Figure 4.18 also shows that for κ0 = 10−6, all tumours in the SL

cohort achieve modest reductions in their steady state volumes, as they remain in the SL

regime, with V *,post > V0. In this case, reductions in tumour steady state volumes occur

when κ0 is high, but these reductions are much smaller than for low κ0.

Overall, these results indicate that high HT can be very effective for tumours in all

regimes as long as their angiogenic response is sufficiently weak. If the angiogenic response

is strong, then most tumours in the NL and BS cohorts respond poorly to treatment, while

all tumours in the SL cohort have a reduced, but still positive, response.

4.6 Discussion

Building on the work discussed in Chapters 2 and 3, this chapter focussed on investi-

gating tumour responses to hyperthermia. sWe incorporated HT into the model presented

in Chapter 3 and distinguished between the effects of mild HT, which re-oxygenates the

tumour via vasodilation and a reduction in the rates of oxygen consumption by tumour

cells, and high HT, which causes cell and vascular damage, induces a damage-associated

angiogenic response and inhibits DNA repair mechanisms. Using the NL, SL and BS virtual

cohorts from Chapter 3, we studied the response of tumours in each regime to a range of

fractionated mild and high HT protocols.

We found that the re-oxygenation effects of mild HT are typically negligible across the

three virtual cohorts. For tumours in the NL and BS regimes, which have free space to

grow into when treatment starts, increases in oxygen levels give rise to increases in tumour

volume. In particular, the large increases in oxygenation observed for some tumours in the

BS cohort are coupled with large increases in tumour volume; these tumours switch from

the basin of attraction of their NL steady state to that of their SL steady state during

mild HT and evolve to their SL steady state post-treatment. In this way, mild HT can be

deleterious for tumours in the NL and BS regimes. These results suggest that mild HT is

unlikely to significantly radiosensitise any tumours and may even worsen the RT response

of tumours in the NL and BS regimes. We test these hypotheses in the following chapter.

In contrast to mild HT, high HT can be highly effective at reducing tumour burden,

provided that the damage-induced angiogenic response is sufficiently weak. Indeed, most

tumours in the three virtual cohorts respond well to high HT in the short-term as they

experience reductions in viable and total tumour cell and vascular volumes. The largest

reductions are typically observed in the NL and BS cohorts, while tumours in the SL cohort

typically experience smaller reductions. The enhanced response of tumours in the NL and

BS cohorts can be explained by their lower oxygen levels and smaller tumour cell and

vascular volumes when treatment starts. Together, they imply smaller tumour cell and

vascular regrowth between HT fractions and, thus, lead to a greater, sustained reduction
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in overall tumour burden. We also noted that these short-term responses are enhanced by

thermal dose, i.e., larger values of the high HT cell death rate, β̃, lead to larger reductions

in tumour burden during high HT.

As for our study of RT response, by identifying the parameter regions which give rise to

the best and worst responders in the NL and SL virtual cohorts, we identified mechanisms

that may explain successful high HT. For NL tumours, the combination of HT cell kill with

limited tumour regrowth between fractions maximises HT efficacy, while, for SL tumours,

HT efficacy is maximised by combinations of HT cell kill with limited tumour growth or

hypoxia-induced cell kill. The additional SL-specific mechanism is due to the higher baseline

oxygen levels for SL tumours, which experience a sharp increase in hypoxia-driven cell death

if their oxygen levels drop below the hypoxic threshold, cmin, during treatment. These

findings illustrate the impact of different growth control mechanisms on tumour responses to

high HT and, more generally, the importance of considering them when simulating tumour

responses to treatment.

Our findings also indicate that long-term tumour responses are largely determined by

short-term tumour responses across the three regimes, with the best responders in the short-

term corresponding to the best responders in the long-term (and conversely). In particular,

given a sufficiently weak angiogenic response, most tumours in the three cohorts experience

reductions in steady state tumour volume post-high HT. In addition, the few tumours

whose steady state tumour volume increases post-treatment correspond to tumours which

experienced the smallest reductions in viable cell and vascular volumes within their cohort.

A final implication is that the long-term reductions in tumour burden also increase with

β̃. We note that these results depend on our simplifying assumption that only high HT

affects the vascular volume. By neglecting the co-evolution of the vasculature with tumour

cells in the absence of treatment in response to angiogenesis and vascular remodelling, we do

not fully capture all possible pre/post-treatment vascular changes, which could significantly

alter our results. As such, the long-time model dynamics should be interpreted with caution.

Finally, when there is instead a strong, damage-induced, angiogenic response, most

tumours in the NL and BS cohorts respond poorly to high HT, while all tumours in the SL

cohort have a reduced, but still positive, response to treatment. The deleterious effect of

high HT for tumours in the NL and BS regimes follows as their vascular volumes increase

during HT. This increases oxygen levels and enables them to grow to much larger viable

and total cell volumes during, and following, treatment, as they expand into the available

free space. Tumours in the SL cohort occupy the entire space when treatment starts and,

therefore, only experience reductions in viable and total tumour volumes. This is another

example of how different growth arrest mechanisms influence tumour responses to HT.
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In this chapter, we characterised tumour responses to mild and high HT across the

NL, SL and BS growth regimes. In doing so, we established that mild HT is unlikely to

radiosensitise any tumours, while high HT has the potential to act as a potent radiosensitiser

across all three regimes. In the following chapter, we leverage our understanding of tumour

responses to RT and HT from Chapters 3 and 4 to assess tumour responses to combinations

of RT and HT. Our aim is to determine which treatment (RT, HT or RT + HT) and dosing

regimen maximise the reduction in tumour burden across the three growth regimes.
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Chapter 5

Investigating the influence of
growth arrest mechanisms on
tumour responses to combinations
of radiotherapy and hyperthermia

5.1 Introduction

In Chapters 3 and 4, we investigated tumour responses to radiotherapy (RT) and hyper-

thermia (HT) in nutrient limited (NL), space limited (SL) and bistable (BS) regimes. For

each cohort, we characterised typical tumour responses to these two treatments as well as

tumour responses across the cohort. In doing so, we identified tumours which have strongly

positive or negative responses to RT and HT and proposed biological processes that may

underlie these extremal responses. In this chapter, we leverage our understanding of tumour

responses to RT and HT alone to assess tumour responses to combinations of RT and HT.

While a number of clinical trials [43] have shown a significant improvement in tumour

control and overall patient survival when RT and HT are combined, compared to RT alone,

we still do not fully understand the biological mechanisms underpinning the success of

combined treatment [15]. Key questions that we seek to elucidate in this chapter are the

following:

• Does mild or high HT confer the greater improvement in RT response when RT and

HT are combined?

• Can we characterise tumours which respond best to RT, HT and combined treatment?

What does this tell us about the tumours that are most responsive to combined

treatment?

• When combined treatment is best, which dosing regimen (i.e., RT fraction dose and

frequency, HT fraction dose, order and delay between RT and HT) maximises its
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efficacy?

Following the methodology outlined in Section 5.2, we use the model of tumour growth

and response to RT and HT presented in Chapter 4 to compare tumour responses to fraction-

ated RT, HT and their combination across the NL, SL and BS virtual tumour populations

introduced in Chapter 3. Consistent with the results from Chapter 4, in Section 5.3, we

show that mild HT does not significantly enhance any tumour responses to RT.

In Section 5.4, we focus on understanding short-term tumour responses to combinations

of high HT and RT. We saw in Chapter 4 that short-term tumour responses to high HT

determine the corresponding long-term tumour responses. In addition, we saw in Chapter

3 that RT only affects the long-term behaviour of tumours in the BS regime when they

experience increases in viable volume during treatment. Since we find (see Section 5.4.3)

that all BS tumours experience reductions in viable volume during combined treatment,

RT does not affect their long-term behaviour. We conclude that the long-term response

to combined treatment of all tumours is determined by high HT and is, in turn, governed

by their short-term response. Combined with the fact that long-time model dynamics

should be treated with caution (due to the omission of the effects of angiogenesis and

RT on the vasculature), this explains why we only study short-term tumour responses

to combinations of high HT and RT. For each virtual cohort (Sections 5.4.1–5.4.3), we

characterise the interactions between conventional RT and high HT treatments, discuss how

these interactions vary with the dosing regimen and, finally, determine the best treatment

and dosing regimen pair for each tumour.

5.2 Methods

In this chapter, we aim to investigate whether combining HT and RT enhances tumour

responses compared to HT and/or RT alone in the nutrient limited, space limited and

bistable virtual cohorts introduced in Chapter 3. To do so, we compare tumour responses

to a range of so-called equivalent RT, HT and RT + HT fractionation schedules, which we

define below.

5.2.1 The treatment schedules under consideration

We define combination treatments that are consistent with the RT and HT treatments

considered in Chapters 3 and 4. We assume that, for the duration of a combination treat-

ment, a single, weekly dose of HT is administered at the same time on Mondays and

δH = 60 min is the duration of HT. The first weekly RT fraction is applied immediately

after HT so that tR = tH + δH + 1, where tH and tR are the times at which the most recent

HT and RT fractions, respectively, were administered. We coordinate RT and HT in this
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way as mild HT effects are strongest when HT is applied immediately before RT and high

HT effects are not significantly influenced by the order of, or the delay between, RT and

HT (see Appendix C.2).

Treatment α̃V = α̃RO2(−) β̃(−) D (Gy) Nfrac(−)

mild HT ± RT {0.1, 0.3, 0.5} 0 J0, 5K {1, 3, 5}
high HT ± RT 0 10−3 × {1, 3, 5, 7, 9, 10} J0, 5K {1, 3, 5}

Table 5.1: Summary of parameters and values characterising the combinations of mild HT
and RT and high HT and RT considered.

Subsequent RT fractions are applied at the same time of day as the HT treatment (i.e.,

treatment starts at the same time on each dosing day), at equally spaced time intervals

during Monday to Friday. We distinguish between mild and high HT by letting α̃V, α̃RO2

and β̃ take the values in Table 5.1 and we define the RT schedule by letting the dose

amount, D, and the number of weekly RT fractions, Nfrac, take the values in Table 5.1.

Finally, the duration of each combination treatment, Nwks (weeks), is determined so that

the total radiation dose administered is 80 Gy (or the closest multiple of D to 80 Gy).

RT+HT

RT

HT

Mon Tue Wed Thu Fri Sat Sun
2 Gy 2 Gy 2 Gy 2 Gy 2 Gy

Nwks = 8

=

1 min

2 Gy

2 Gy 2 Gy 2 Gy 2 Gy=

Figure 5.1: Schematic showing the equivalent RT, HT and RT + HT fractionation sched-
ules when combining a conventional RT schedule comprising 5 × 2 Gy for 8 weeks and a
conventional HT schedule with β̃ = 0.005.

For each combination treatment, the equivalent RT treatment retains all the properties

of the combination treatment, except that we set α̃V ≡ α̃RO2 ≡ β̃ ≡ 0 and apply the first

weekly RT fraction when the first weekly HT fraction would have been applied. Similarly,

the equivalent HT treatment retains all properties of the combination treatment, except

that we set R ≡ 0. The schematic in Figure 5.1 depicts equivalent RT, HT and RT + HT

fractionation schedules for a conventional RT schedule comprising 5× 2 Gy for 8 weeks and

a conventional high HT schedule with β̃ = 0.005.
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5.2.2 Numerical methods

For each virtual cohort and each treatment (RT, HT or RT + HT) protocol, we solve

Equations (4.12)–(4.17) numerically for t ∈ (0, t∗], t∗ > 0, using ODE45, a single step

MATLAB built-in solver for non-stiff ordinary differential equations that is based on an

explicit Runge-Kutta (4,5) formula, the Dormand-Prince pair [59]. For consistency with

Chapters 3 and 4, we set t∗ = tend + 106, where tend is the time at which the treatment

schedule ends, and we impose the initial conditions(
T (0), TS(0), TR(0), TH(0), V (0), c(0)

)
=
(
T ∗, 0, 0, 0, V0, c

∗), (5.1)

where T ∗ and c∗ are, respectively, the steady state tumour volume and oxygen concentration

in the absence of treatment (see Chapter 2 and Figure 3.2). All remaining RT and HT

parameters are fixed at the values stated in Tables 3.1 and 4.1, respectively, except κ0,

which we fix at 10−7. Tumour responses to combinations of RT and high HT for smaller

and larger values of κ0 can be explained by considering results from Chapters 3 and 4

alongside those presented in this chapter; see Appendix C.3.

Quantities of interest As in Chapters 3 and 4, we record T̄ , T̄S, T̄R, T̄H, V̄ and c̄, the

mean values of each dependent variable over the last week of treatment, for each simulation.

We then define the percent change in (mean) viable tumour cell, total cell and vascular

volumes and (mean) oxygen concentration between the start and the end of treatment as

follows:

∆X
viable = 100× (T̄ + T̄S)− T0

T0
, ∆X

total = 100× Σ̄ −Σ0

Σ0
,

∆X
V = 100× V̄ − V0

V0
, ∆X

c = 100× c̄− c0

c0
,

(5.2)

where X = R for RT, X = H for HT, X = R + H for RT + HT, Σ0 = T ∗ + V0 and

Σ̄ = T̄ + T̄S + T̄R + T̄H + V̄ . We note that, for X = R and X = H, the quantities defined in

Equations (5.2) are equivalent to those defined in Equations (3.15) and (4.21), respectively.

5.2.3 Comparing equivalent RT, HT and RT+HT treatments

For each (RT, HT, RT+HT) triplet, comprising a combination treatment and its equiv-

alent RT and HT schedules, we compare the treatments in terms of efficacy using the

following rules:

1. A treatment is considered ineffective and is excluded from consideration if and only if

max
{
∆X

viable, ∆
X
total, ∆

X
V

}
> 0, (5.3)

for X ∈ {R, H, R+H}.
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2. The combination treatment is considered more effective than RT or HT if and only if

∆R+H
viable < ∆X

viable, ∆R+H
total < ∆X

total, and ∆R+H
V < ∆X

V , (5.4)

for X = R or X = H, respectively.

3. HT is considered more effective than RT (and conversely) if and only if

∆H
viable < ∆R

viable, and ∆H
total < ∆R

total,

or ∆H
viable > ∆R

viable, and |∆H
total −∆R

total| > |∆R
viable −∆H

viable|,

or ∆H
total > ∆R

total and |∆H
viable −∆R

viable| > |∆R
total −∆H

total|.

(5.5)

Rule 1 guarantees that we only consider treatments with positive tumour responses.

While our model does not account for adverse side-effects of RT and HT, we assume that

combined treatment has a higher probability of causing intolerable effects than HT or RT

alone, which we assume have an equal probability of causing intolerable side-effects. Con-

sequently, rule 2 implies that combined treatment must improve the reductions in vascular,

viable and total volumes observed for RT and HT alone to be considered more effective,

while rule 3 implies that HT is more effective than RT if it leads to a greater combined

reduction in viable and total volumes (and conversely). We finally note that, for effective

HT and combination treatments, we have ∆R+H
V < ∆R

V and ∆H
V < ∆R

V since ∆R
V = 0 for RT.

5.2.4 Determining the ‘best’ treatment and dosing regimen pair

For each tumour in the NL, SL and BS virtual cohorts, we seek to identify the treatment

and dosing regimen pair, among those under consideration here, which maximises treatment

outcome, i.e., maximises the reduction in tumour burden while implicitly accounting for

potentially increased adverse side-effects for combined treatment compared to HT or RT

alone. We implement the latter in two ways.

First, we introduce a maximum tolerated dose (MTD) for high HT, which, by analogy

with RT, should exist but, to our knowledge, has not been reported in the literature. Here,

we implicitly assume that mild HT has negligible side-effects when applied alone [78]. For a

high HT fraction dose β̃ and treatment duration Nwks, we quantify the total high HT dose

administered as

βtotal = β̃Nwks, (5.6)

and assess the treatment and dosing regimen pair that maximises the reduction in tumour

burden for high HT and combined treatments satisfying βtotal ≤ 0.08. This maximal total

thermal dose is double the total thermal dose for the conventional high HT schedule studied

in Chapter 4 (β̃ = 0.005 for 8 weeks), which enables us to study a range of high HT schedules

while mitigating over-exposure.
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Second, for each tumour and each (RT, HT, RT + HT) triplet, we determine the most

effective treatment as described above, with a minor modification. Under the preceding

assumption that combined treatment has a higher probability of causing intolerable side-

effects than HT and RT alone, we determine the ‘best’ treatment and dosing regimen pair

by imposing a stronger condition for combined treatment to be considered more effective

than HT and RT alone. In particular, not only must rule 2 in Section 5.2.3 be satisfied, but

RT + HT must lead to a ‘significant’ improvement in treatment efficacy compared to HT

and RT alone. In particular, we require

∆R+H
viable + 10 < min (∆R

viable, ∆
H
viable) or ∆R+H

total + 10 < min (∆R
total, ∆

H
total). (5.7)

In other words, combined treatment is best if and only if it induces reductions in viable or

total volumes that are at least 10% larger than HT and RT alone. We do not impose such

a condition on the reduction in vascular volume as V � Σ and, therefore, it has a smaller

impact on tumour burden.

Remark 5.2.1. The choice of a 10% increase in the reduction in viable or total volumes

for combined treatment vs. HT or RT alone in Equation (5.7) influences which treatment is

considered best: for values larger than 10%, fewer tumours will respond best to combined

treatment, while for values smaller than 10%, a greater number of tumours will respond best

to combined treatment (see Appendix C.4). This highlights the importance of accounting

for adverse side-effects of different treatments in order to quantify when combined treatment

is worthwhile. We return to this in the Discussion in Chapter 7.

After identifying the best treatment for each (RT, HT, RT + HT) triplet, we rank the

(best) treatment and dosing regimen pairs from smallest to largest value of ∆viable +∆total,

i.e., the combined reduction in viable and total volumes. Here, we once more exclude ∆V

as the vascular volume has a limited influence on tumour burden. If a RT or HT schedule

minimises ∆viable +∆total, then we have found the best treatment and dosing regimen pair.

If a RT + HT schedule minimises ∆viable +∆total, then we check whether there are any RT

or HT dosing schedules satisfying, for X = R or X = H, respectively,

∆X
viable < ∆best

viable + 10 and ∆X
total < ∆best

total + 10, (5.8)

where ∆best
viable and ∆best

total are the values of ∆R+H
viable and ∆R+H

total for the combined treatment

which minimises ∆viable + ∆total. Such HT or RT treatments induce reductions in both

viable and total volumes that are at least 10% larger than combined treatment. If there are

no such pairs, then we conclude that the RT + HT schedule found in the original ranking

is the best treatment and dosing regimen pair. Otherwise, we rank the new set of (HT and

RT) treatment and dosing regimen pairs from smallest to largest value of ∆viable + ∆total.

The new pair which minimises ∆viable +∆total is then deemed the best.
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5.3 Investigating tumour responses to combined mild HT
and RT

In this section, we study tumour responses to combinations of mild HT and RT. We

showed, in Chapter 4, that mild HT alone increases the viable and total volumes of tumours

in the NL and BS cohorts, but has no effect for tumours in the SL cohort. Mild HT alone

is, therefore, ineffective and we focus on whether tumour re-oxygenation due to mild HT

can enhance tumour responses to RT.

SL
(a) (b) (c)

BSNL

total

viable

Figure 5.2: For the combination of a conventional RT schedule and mild HT (α̃V = α̃RO2 =
0.3), the violin plots compare the distributions of ∆R

viable and ∆R
total to the distributions

of ∆R+H
viable and ∆R+H

total for the virtual cohorts of (a) NL, (b) SL and (c) BS tumours. Most
tumours in the NL cohort experience larger reductions in viable volume and smaller increases
in total volume for RT alone, while most tumours in the SL cohort experience slightly greater
reductions in viable and total volumes for combined treatment. Most tumours in the BS
cohort experience smaller increases in viable and total volumes for RT alone.

Figure 5.2 shows that mild HT typically worsens tumour responses to RT in the NL

cohort, with most tumours experiencing smaller reductions, or increases, in viable volume

and larger increases in total volume following combined treatment. Further, the few NL

tumours which benefit from mild HT experience reductions in viable and total volumes

which are, at most, 6% larger than those for RT alone. By contrast, mild HT modestly

enhances the RT efficacy for most tumours in the SL regime; they experience reductions in

viable and total cell volumes, which are, at most, 5% larger than those for RT alone. For

the BS regime, as in the NL regime, mild HT typically worsens tumour responses to RT:

most tumours experience larger increases in total and viable volumes following combined

treatment.

In addition, while some tumours in the BS regime experience greater reductions in viable

volume following combined treatment, they also experience greater increases in total volume.

These tumours evolve to their SL steady state during treatment, which leads to increases in

intratumoural oxygen levels, RT cell kill, and the dead cell volume. Most of these tumours

also evolve to their SL steady state during RT alone. Therefore, they experience a modest
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(a) (b)

Figure 5.3: For a conventional RT schedule, alone and in combination with weekly mild
HT (α̃V = α̃RO2 = 0.3), we solve Equations (4.12)–(4.17) for t ∈ (0, 8 × 104] subject to
initial conditions (5.1). We set V0 = 0.00275, and (a) (q1, q3) = (0.0455, 7.94) and (b)
(q1, q3) = (0.0471, 9.71). In (a), a modestly greater reduction in viable volume is observed
for the combined treatment as mild HT modestly increases oxygen levels and RT cell kill.
In (b), a significantly greater reduction in viable volume and increase in total volume are
observed for combined treatment: re-oxygenation by mild HT enables the tumour to reach
its SL steady state during treatment, which leads to increased rates of RT cell kill, oxygen
levels and dead cell accumulation.

increase in RT cell kill due to re-oxygenation induced by mild HT, which results in a small

increase in the reduction in viable volume compared to RT alone (see Figure 5.3a). The

remaining tumours only evolve to their SL steady state during combined treatment and,

therefore, experience more significant increases in RT cell kill (see Figure 5.3b), and large

reductions in viable volume.

RT RT+HT

Figure 5.4: For the virtual BS population, the scatter plots show the (q1, Vd) pairs that
correspond to tumours that switch (red) and do not switch (black) steady state following a
conventional RT schedule, alone and combined with mild HT (α̃V = α̃RO2 = 0.3). Combin-
ing RT with mild HT does not prevent tumours switching between steady states and may
even enable more tumours to switch steady state.

We have previously shown that neither RT nor mild HT affect the long-time tumour

steady states in the NL and SL regimes, which means that combinations of mild HT and RT

are unlikely to do so either. However, tumours in the BS regime may transition from the

basin of attraction of their NL steady state to that of their SL steady state during treatment

(i.e., they may switch steady state). We find that, as with RT alone, two types of tumours

switch to the SL steady state following combined treatment: tumours which reach their SL
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steady state during treatment and experience the greatest reductions in viable volume (e.g.,

Figure 5.3) and tumours which experience the greatest increases in viable volume as they

evolve towards, but fail to reach, their SL steady state during treatment. Guided by Figure

5.2, we expect that all tumours which switched steady state following RT alone will do so

following combined treatment and that a greater number of tumours will switch from the

NL to the SL steady state following treatment. This is confirmed in Figure 5.4.

Recall that our criterion for combined treatment to outperform RT alone is that the

reductions in viable or total volumes must be at least 10% larger than for RT (Section

5.2.4). The preceding results suggest that mild HT fails to significantly radiosensitise any

of the virtual tumours under consideration here. In addition, mild HT can worsen the RT

response of tumours in the NL and BS regimes. Our model, therefore, does not support the

use of mild HT in combination with RT.

5.4 Investigating tumour responses to combined high HT
and RT

In this section, we investigate tumour responses to combinations of RT and high HT. For

each virtual cohort, we first compare tumour responses to a conventional RT schedule (5×2

Gy for 8 weeks), a conventional high HT schedule (β̃ = 0.005) and their combination. This

enables us to characterise the interactions between RT and high HT across each cohort. We

then investigate the impact of the dosing regimen, i.e., the RT dose rate, R, the number of

weekly RT fractions, Nfrac, and the high HT dose rate, β̃, on the interactions between RT

and high HT. Finally, we determine the ‘best’ treatment and dosing regimen, as defined in

Section 5.2.4, for each tumour. We consider the NL cohort, followed by the SL cohort and

finally the BS cohort as we observe different behaviours in each case. For the remainder of

this section, unless otherwise stated, we refer to high HT as HT.

5.4.1 Nutrient limited regimes

5.4.1.1 Characterising interactions between conventional HT and RT

Figure 5.5 shows that all tumours in the NL virtual population respond well when

conventional RT and HT schedules are combined, with all tumours experiencing reductions

in vascular, viable cell and total tumour volumes. Comparing the distributions for each

treatment suggests that HT has a greater influence on combined treatment response than

RT across the cohort; in other words, HT is dominant and drives the combined treatment

response. In particular, treatments which include HT (i.e., HT and RT + HT) elicit a

significantly stronger response than RT alone. Comparing HT to RT + HT, we further see

that most tumours experience greater reductions in vascular and viable cell volumes, but
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smaller reduction in total volume, following combined treatment. Given our definition of

the most effective treatment (Section 5.2.3), this implies that HT may be more effective

than RT + HT for most NL tumours.

totalviable

Figure 5.5: For the virtual NL cohort, the violin plots compare the distributions of ∆X
V ,

∆X
viable and ∆X

total for X ∈ {R, H, R+H }. Combined treatment response is significantly
stronger than RT response and similar to HT response. On average, combined treatment
appears to induce larger reductions in vascular and viable volumes and smaller reductions
in total volume than HT alone.

In order to understand how HT and RT interact and when their combination enhances

tumour response compared to RT or HT alone, we now determine the most effective treat-

ment among conventional RT, conventional HT and their combination across the cohort.

D1

G1

B1

E1

Regions HT RT HT + RT

I 7 3 3 3 3

II 3 3 3 3 3 3

III 3 3 7 3 3 3

IV 3 3 3 7 3 3

Figure 5.6: Scatter plot of the (q1, q3) pairs used to generate the NL virtual cohort that
shows the regions in which HT and RT may interact in different ways. The table indicates,
for each region, whether tumours respond positively (3) or negatively (7) to RT, HT and
RT + HT. When multiple treatments have a positive effect within a region, we rank their
efficacy using the number of check marks, with a larger number indicating higher efficacy.
While combined treatment is most effective for NL tumours with low values of q3, HT alone
is typically most effective.

Figure 5.6 shows that combined treatment is most effective for NL tumours in regions

I, II and III, which are characterised by low values of the oxygen consumption rate for
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proliferation, q3. We saw in Chapters 3 and 4 that, in region II, tumours respond well to

both RT and HT alone. As a result, the two treatments combine additively (see Appendix

C.1.1). Also from Chapters 3 and 4, we know that, in region I, tumour responses to RT

and HT are, respectively, positive and negative, and conversely in region III. Therefore,

for combined treatment to be most effective in these regions, RT and HT must combine

synergistically. Indeed, Figure 5.7 shows that RT enhances the HT response of tumour E1

(region I) in three ways. First, it reduces the vascular volume (compared to an increase

for HT alone) as the total cell kill produces less HT-induced damage than HT alone and,

thus, a weaker angiogenic response. Second, RT contributes to net cell death as low q3

limits regrowth between fractions. Third, the sustained reduction in viable volume and

low tumour regrowth lead to slower dead cell accumulation than for HT alone and, thus,

a larger reduction in total volume. Similarly, Figure 5.7 also shows that, for tumour G1

(region III), combining HT and RT overcomes the negative effects of RT (i.e., the increase

in total volume) and elicits a better response than both RT and HT alone. This follows

from HT- and RT-induced cell death combining so that G1 experiences faster, and greater,

reductions in viable and total volumes than for both RT and HT alone.

Returning to Figure 5.6, we find that, in region IV, HT alone is the most effective

treatment. As in region III, tumours in region IV experience increases in total volume during

RT because the accumulation of dead material exceeds the reduction in viable material (see

Chapter 3). However, these increases are more pronounced in region IV than in region III

(recall Figure 3.5). Consequently, despite the strongly positive response to HT alone for

tumours in region IV (see Chapter 4), combining HT and RT slows the reduction in total

volume such that |∆R+H
total | < |∆

H
total|. In other words, combined treatment does not increase

the reduction in total volume due to HT alone (see Appendix C.1.1).

In summary, most tumours in the NL cohort have a much stronger, positive response to

HT than RT, which has negative effects when q3 & 1. As a result, we find that HT is the

most effective treatment for a majority of the NL cohort (region IV). That said, RT + HT

can be the most effective treatment when positive RT and HT effects combine additively

(region II), and when RT and HT combine synergistically, overcoming negative HT or RT

effects (regions I and III, respectively).

5.4.1.2 The influence of dosing regimen on interactions between HT and RT

Having determined tumour responses to the combination of conventional HT and RT,

we now assess the impact of the thermal dose, β̃, the RT dose rate, R, and the number of

weekly RT fractions, Nfrac, on the interactions between HT and RT.

Figure 5.8 shows that, as β̃ increases and the effects of HT are enhanced, the threshold

value of the oxygen consumption rate for proliferation, q3 below which NL tumours respond
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E1 Region I

G1 Region III

Figure 5.7: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8 × 104] subject to initial conditions (4.20). In E1 and G1, we fix
V0 = 0.0005 and (q1, q3) as indicated by the points E1 and G1 in Figure 5.6. Regions I
and III are defined in Figure 5.6. HT and RT combine synergistically for both tumours,
overcoming negative HT (E1) or RT (G1) effects.

best to HT+RT increases (for a fixed value of the oxygen consumption rate for maintenance,

q1) and, thus, the number of tumours that respond best to combined treatment increases.

Here, stronger, positive HT effects enable combined treatment to overcome negative RT

effects and elicit a better response than both RT and HT alone (as for tumour G1 in

Figure 5.7). We observe the opposite effect as β̃ decreases. In particular, if HT effects are

sufficiently weak, some tumours may respond best to RT alone, e.g., tumour E1.

As Nfrac and R decrease, we observe the same qualitative behaviour as when β̃ increases
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E1

G1

= = =

Figure 5.8: Scatter plots of the (q1, q3) pairs used to generate the NL virtual cohort showing
the regions in which RT, HT and RT + HT are most effective for β̃ ∈ {0.001, 0.005, 0.01},
R = 0.2 andNfrac = 5. As β̃ increases, the number of tumours for which combined treatment
is most effective increases, and conversely. In particular, RT alone can be most effective if
the thermal dose is sufficiently low.

(see Appendix C.1.2). We saw, in Chapter 3, that smaller values of Nfrac and R lead to

smaller increases in total volume during RT. They also mean longer combined treatment

schedules and a greater number of HT treatments, i.e., a greater total thermal dose, βtotal.

Therefore, decreasing Nfrac and/or R can increase the number of tumours that respond best

to HT + RT by increasing the efficacy of HT while reducing negative RT effects.

We conclude that, while increasing the total thermal dose increases the efficacy of HT

and HT + RT, the interactions between HT and RT described in Section 5.4.1.1 are not

affected by the dosing regimen. In particular, HT alone is typically the most effective

treatment in the NL cohort as negative RT effects worsen HT response when the two

treatments are combined.

5.4.1.3 Determining the treatment and dosing regimen which maximise tu-
mour response

Having compared tumour responses to RT, HT and their combination for each dosing

regimen considered, we now assess which treatment and dosing regimen pairs lead to the

best outcome across the NL cohort. Recall that combined treatment is considered better

than RT or HT alone if it elicits a reduction in viable or total volumes that is at least 10%

larger than RT or HT alone, respectively (see Section 5.2.4).

Consistent with Sections 5.4.1.1 and 5.4.1.2, Figure 5.9 shows that most NL tumours

respond best to HT alone, with only two tumours characterised by low values of q3 and q1

responding best to RT+HT. In particular, combined treatment only outperforms HT alone

when response to HT alone is limited and response to RT alone is strongly positive, and

the two treatments act synergistically (i.e., the other synergistic and additive interactions

identified in Section 5.4.1.1 lead to RT + HT being negligibly better than HT alone).
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D1

E1

(b)(a)

D1

E1

Dosing regimen β̃ βtotal R Nfrac

1 Low Maximal Low Low

2 High Maximal Low High

Figure 5.9: Scatter plots showing the best (a) treatment and (b) dosing regimen (as defined
in Section 5.2.4) for the (q1, q3) pairs used to generate the NL virtual cohort, where the
dosing regimens are qualitatively defined in the table. Most NL tumours respond best
to HT alone and the best dosing regimen depends on how effective HT is when applied
alone. When HT response is limited (purple), larger HT fractions applied over a shorter
time period maximise treatment efficacy, whereas, when HT response is strongly positive
(orange), lower HT fractions applied over a longer time period are best.

Further, we identify two main types of dosing schedules, both of which maximise the

total thermal dose:

1. Long HT treatments with low thermal doses per fraction;

2. Short treatments with high thermal doses per fraction and low RT doses applied at

high frequency (for RT + HT).

Tumours that respond best to dosing regimen 1 have a strongly positive response to HT

alone as limited tumour regrowth enables larger reductions in vascular and viable volumes

(see Chapter 4). While these tumours respond well to HT schedules of both type 1 and

2, a larger number of low-dose HT fractions typically enables a more gradual, but larger,

reduction in tumour burden (see the responses of tumour D1 in Figure 5.10). Tumours that

respond best to dosing regimen 2 have a more limited or poor response to HT alone as higher

tumour regrowth means smaller reductions in vascular and viable volumes (see Chapter 4).

In this case, low-dose HT and infrequent RT fractions lead to increases in vascular, viable

and total volumes as tumour regrowth outweighs net cell death. By contrast, high-dose

HT and frequent RT fractions, respectively, increase cell death and limit weekly tumour

regrowth, enabling large reductions in vascular and viable volumes. For instance, see the

responses of tumour E1 in Figure 5.11.
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(a) (b)

Figure 5.10: We solve Equations (4.12)–(4.17) for (a) t ∈ (0, 8×105] and (b) t ∈ (0, 8×104]
subject to initial conditions (4.20). We fix the thermal dose (a) β̃ = 0.001 or (b) β̃ = 0.01,
and simulate HT alone for (a) 80 weeks or (b) 8 weeks. We fix V0 = 0.0005 and (q1, q3) =
(7.60, 9.94) as indicated by the point D1 in Figure 5.9. A lower thermal dose applied over a
longer period yields more gradual, but overall larger, reductions in viable, total and vascular
volumes.

(a)
frac

(b)
frac

Figure 5.11: We solve Equations (4.12)–(4.17) for (a) t ∈ (0, 8×105] and (b) t ∈ (0, 1.5×105]
subject to initial conditions (4.20). We fix the RT dose rate (a) R = 0.1 or (b) R = 0.2
and thermal dose (a) β̃ = 0.001 or (b) β̃ = 0.01, and simulate (a) once weekly RT fractions
on Mondays for 80 weeks or (b) daily RT fractions, Monday to Friday, for 8 weeks. We fix
V0 = 0.0005 and (q1, q3) = (0.503, 0.272) as indicated by the point E1 in Figure 5.9 and
Table 4.3. A larger thermal dose is necessary to obtain sustained reductions in viable, total
and vascular volumes.
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5.4.2 Space limited regimes

5.4.2.1 Characterising interactions between conventional HT and RT

Figure 5.12 shows that tumours in the SL cohort also respond well to combined treat-

ment. Indeed, most SL tumours respond better to treatments involving HT, with the largest

average reductions in vascular, viable cell and total tumour volumes achieved for RT + HT.

However, differences in the efficacy of the three treatments for specific tumours are less

clear from the violin plots in Figure 5.12 than for the NL cohort. In order to determine

when combined treatment outperforms HT and/or RT alone, we now compare individual

tumour responses to conventional RT, conventional HT and their combination across the

SL cohort.

totalviable

Figure 5.12: For the virtual SL cohort, the violin plots compare the distributions of ∆X
V ,

∆X
viable and ∆X

total for X ∈ {R, H, R+H}. All tumours respond well to combined treatment,
which typically leads to larger reduction in vascular, viable and total volumes.

Figure 5.13 shows that HT alone is most effective for tumours in region IV, which

are characterised by high values of the oxygen consumption rates for maintenance and

proliferation, q1 and q3. From Chapters 3 and 4, we know that such tumours have a limited

response to RT (due to increases in total volume), but strongly positive response to HT.

As for NL tumours with high q3, we find that combined treatment fails to elicit a larger

reduction in total volume than HT alone as RT slows this reduction, worsening HT response

(see Appendix C.1.3).

Further, RT alone is most effective for tumours in region I, which are characterised by

the lowest values of q1. We saw, in Chapters 3 and 4, that such tumours have a strongly

positive response to RT, but limited response to HT (due to fast tumour regrowth). As

shown for tumour C2 in Figure 5.14, combined treatment is less effective than RT alone for

tumours in region I because it does not lead to a smaller reduction in viable volume than RT

alone. In particular, HT-induced vascular damage reduces oxygen levels and, thus, RT cell
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D2

C2

B2

A2

Regions HT RT HT + RT

I 3 3 3 3 3 3

II 3 3 3 3 3 3

III 3 3 3 3 3 3

IV 3 3 3 3 3 3

Figure 5.13: Scatter plot of the (q1, q3) pairs used to generate the SL virtual cohort that
shows the regions in which HT and RT may interact in different ways. The table defines
these regions by indicating, for each region, whether tumours respond positively (check
mark) or negatively (cross) to RT, HT and RT + HT. When multiple treatments have a
positive effect within a region, we rank their efficacy using the number of check marks, with
a larger number indicating higher efficacy. Treatments involving HT are most effective for
tumours with higher values of q1, and HT alone is most effective when q3 is also high. By
contrast, treatments involving RT are most effective for tumours with lower values of q3,
RT alone is most effective for the smallest values of q1 when q3 is high.

kill rates. Combined with fast tumour regrowth between fractions and over the weekend

break, this slows the reduction in viable volume and can even enable net growth of the

viable volume during combined treatment (as for C2).

Finally, Figure 5.13 shows that combined treatment is the most effective for SL tumours

in regions II and III. Comparison of Figures 3.7 and 4.10 from Chapters 3 and 4, respectively,

indicates that tumour responses to RT and HT in these regions are limited to moderate.

More specifically, RT responses are moderate when q1 and/or q3 are low (e.g., tumours

A2 and B2) and limited otherwise, while HT responses are moderate when q1 is large

(e.g., tumour B2), and limited otherwise (e.g., tumour A2). We find that HT and RT act

additively when responses to both treatments are moderate (i.e., tumour B2; see Appendix

C.1.3) and synergistically otherwise (i.e., tumour A2). For example, Figure 5.14 shows how

HT enhances RT response for tumour A2: HT cell kill and reduced oxygen levels due to HT-

induced vascular damage, respectively, increase total cell death and limit cell proliferation.

As a result, combined treatment enables faster and larger reductions in viable and total

volumes than RT alone.

Overall, combining RT and HT is not beneficial for tumours which have a strongly

positive response to RT and limited response to HT, and conversely. Instead, as for the NL

cohort, combined treatment is most effective for tumours which have a limited to moderate

response to RT and HT, with additive interactions when responses to both RT and HT are

moderate, and synergistic interactions otherwise.
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A2 Region II

C2 Region I

Figure 5.14: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8 × 104] subject to initial conditions (4.20). In A2 and C2, we fix
V0 = 0.005 and (q1, q3) as indicated by the points A2 and C2 in Figure 5.13 and Table 4.4
in Chapter 4. Regions I and II are defined in Figure 5.13. For tumour C2, HT worsens
RT response when combined, whereas, for tumour A2, HT and RT act synergistically when
combined.

5.4.2.2 The influence of dosing regimen on interactions between HT and RT

By varying the thermal dose, β̃, the RT dose rate, R, and the number of weekly RT

fractions, Nfrac, we investigate how the interactions between RT and HT depend on the

dosing regimen.

As R increases, the efficacy of RT increases, while the efficacy of HT decreases (since

the combined treatment schedule is shorter and fewer HT fractions are applied). Figure
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Figure 5.15: Scatter plots of the (q1, q3) pairs used to generate the SL virtual cohort showing
the regions in which RT, HT and RT+HT are most effective for R ∈ {0.1, 0.3, 0.5}, β̃ = 0.005
and Nfrac = 5. The number of tumours for which combined treatment is most effective is
largest for R = 0.5 and second largest for R = 0.1.

5.15 shows that, as a result, the value of the oxygen consumption rate for maintenance,

q1, below which RT alone is more effective than HT alone increases with R. In particular,

when R = 0.5, most SL tumours respond better to RT than HT, whereas, when R = 0.1,

most SL tumours respond better to HT than RT.

Now, given q1, the value of the oxygen consumption rate for proliferation, q3, above which

HT alone is most effective increases as R increases from 0.3 to 0.5. This is because stronger

RT responses can more easily improve weaker HT responses when the two treatments are

combined. Consequently, the region in which HT alone is most effective is smaller when

R = 0.5 than when R = 0.3. Further, the region in which RT alone is most effective is

also smaller when R = 0.5 than when R = 0.3. Indeed, if a tumour’s baseline oxygen

levels are sufficiently high, then the HT-induced reduction in RT cell kill rates during the

second half of a longer schedule (recall the combined treatment response of tumour C2 in

Figure 5.14) no longer arises during the shorter schedule associated with R = 0.5. Thus, for

tumours characterised by the lowest values of q1 (and, thus, highest baseline oxygen levels),

combined treatment achieves larger reductions in both viable and total volumes than RT

alone when R is large.

As the regions in which RT and HT alone are most effective become smaller when R

increases from 0.3 to 0.5, we find that the efficacy of combined treatment increases for large

R. Similar arguments can be used to explain why the efficacy of combined treatment also

increases for small R, where HT response is enhanced compared to RT response.

When β̃ is large, and when Nfrac is small, we observe the same qualitative behaviour

as when R is small (see Appendix C.1.4). Similarly, when β̃ is small, we observe the same

qualitative behaviour as when R is large (see Appendix C.1.4). Our findings, therefore, in-

dicate that the number of tumours for which combined treatment is most effective increases

both as RT is enhanced compared to HT (i.e., for large R and low β̃) and as HT is enhanced

compared to RT (i.e., for small R, large β̃ and small Nfrac).
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5.4.2.3 Determining the treatment and dosing regimen which maximise tu-
mour response

We finally assess which treatment and dosing regimen pairs lead to the best outcome

across the SL cohort.

Figure 5.16 shows that, as for the NL cohort, tumours in the SL cohort which respond

better to HT than RT (high q1) are best treated with HT alone. In particular, the additive

interactions of HT and RT observed for high q1 and low q3 across dosing regimens (see

Figure 5.15) offer a negligible improvement compared to HT alone. Similarly, SL tumours

which respond much better to RT than HT (low q1) are better treated with RT alone. This

means that the synergistic interactions between HT and RT observed for low q1 for certain

dosing regimens (see Figure 5.15) also only modestly improve responses to RT. Our results,

therefore, suggest that combined treatment should only be used for tumours with moderate

to limited responses to RT and HT alone, for which significant synergistic interactions arise.

(a) (b)

Dosing regimen β̃ β̃total R Nfrac

1 Low Maximal Low Low

2 High Maximal Low High

3 - - High High

Figure 5.16: Scatter plots showing the best (a) treatment and (b) dosing regimen (as defined
in Section 5.2.4) for the (q1, q3) pairs used to generate the SL virtual cohort, where the dosing
regimens are qualitatively defined in the table. Tumours with particularly positive responses
to RT or HT alone respond best to RT or HT alone, respectively, while tumours with a
moderate or limited response to RT and HT alone respond best to combined treatment.
When RT alone is best, high RT fractions applied at high frequency maximise treatment
efficacy. When HT or combined treatment is best, high HT fractions applied over a shorter
time period, for moderate HT and RT responders, or low HT fractions applied over a
longer time period, for particularly good HT responders and poor RT responders, should
be applied, with low RT fractions for combined treatment.

Further, we identify three types of dosing schedules:

1. Long treatments with low thermal doses per fraction, and low RT fraction doses and
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frequency (for RT + HT);

2. Short treatments with high thermal doses per fraction, and low RT fraction doses and

high RT fraction frequency (for RT + HT);

3. Short RT treatments with high fraction doses and frequency.

The dosing regimens of type 1 and 2 are analogous to those defined for the NL cohort.

Both maximise the total thermal dose: longer, low-dose HT is used for tumours with a

stronger HT response; shorter, high-dose HT is used for tumours with a weaker HT response.

By contrast, the type 3 dosing regimen is tailored to tumours that respond best to RT alone

and, therefore, is the one which maximises RT response (as defined in Section 3.4.2.3).

5.4.3 Bistable regimes

Figure 5.17 reveals that, even though RT has a deleterious effect for tumours in the

BS virtual population, all tumours in this cohort respond well to combined treatment.

Further, the distributions of ∆R+H
V , ∆R+H

viable and ∆R+H
total are similar to the distributions of

∆H
V, ∆H

viable and ∆H
total, with slightly smaller average values of ∆R+H

V and ∆R+H
viable, and slightly

larger average values of ∆R+H
total . This suggests that HT alone is typically most effective for

tumours in the BS cohort, as combined treatment fails to elicit a larger reduction in total

volume than HT alone.

totalviable

Figure 5.17: For the virtual BS cohort, the violin plots compare the distributions of ∆X
V ,

∆X
viable and ∆X

total for X ∈ {R, H, R+H}. Combined treatment response is significantly
stronger than RT response and similar to HT response. On average, combined treatment
appears to induce slightly larger reductions in vascular and viable volumes and smaller
reductions in total volume than HT alone.

Comparison of tumour responses to conventional RT, HT and RT + HT across the BS

cohort confirms that all tumours in the BS cohort experience the largest reductions in
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viable, total and vascular volume for HT alone. Figure 5.18 shows that, in the BS regime,

as for NL tumours with strongly positive responses to HT and poor responses to RT (e.g.,

tumour G1), a tumour’s negative RT response can inhibit its positive response to HT when

the two treatments are combined. Here, RT reduces the net cell death in the first week

of treatment (as the tumour grows between RT fractions) and the tumour experiences an

increase in total volume due to accumulation of RT-damaged material. This delays the

reduction in total volume during RT + HT and results in a larger total volume by the end

of the combined treatment schedule.

Figure 5.18: For conventional RT and HT schedules, alone and combined, we solve
Equations (4.12)–(4.17) for t ∈ (0, 8 × 104] subject to initial conditions (4.20). We set
(V0, q1, q3) = (0.00275, 0.297, 9.14) so that the tumour exhibits behaviour typical of the BS
cohort. The negative RT response of this tumour worsens the positive HT response when
the two treatments are combined.

We further find that, while the dosing regimen can impact the efficacy of each treatment,

HT remains the most effective treatment across the BS cohort for all β̃, R and Nfrac values

tested (result not shown for brevity). It follows that tumours in the BS regime should

be treated with HT alone and, as for NL and SL tumours which have a strongly positive

response to HT alone (e.g., NL tumour G1 in Figure 5.10), a long treatment with low

thermal dose per fraction maximises the reduction in tumour burden (result not shown for

brevity).

5.5 Discussion

In this chapter, we concluded our study on the influence of nutrient and space limited

growth arrest mechanisms on tumour responses to radiotherapy and hyperthermia. We

used the model from Chapter 4 to compare tumour responses to a range of RT, HT and

combined treatment schedules across the nutrient limited, space limited and bistable virtual
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cohorts studied in Chapters 3 and 4. In so doing, we can now provide answers to the key

questions outlined in Section 5.1.

Consistent with the findings presented in Chapter 4, we confirmed that mild HT does

not significantly enhance tumour responses to RT. In particular, while the addition of mild

HT leads to a modest improvement in the RT response of SL tumours, it typically worsens

the RT response of tumours in NL and BS regimes. By contrast, high HT can significantly

improve tumour responses to RT, provided that the HT-induced angiogenic response is

sufficiently weak. This finding highlight the importance of treatment-induced changes in

the vasculature when predicting treatment response (see the Discussion in Chapter 7).

Regime q1 q3

Response
to RT

Response
to high HT

Best
treatment

Best dosing
regimen

NL

Low Low 3 7 RT + HT 2

Low Mod. 7 3 HT 2

Low High 7 33 HT 1

High Low 3 33 HT 1

High High 7 33 HT 1

SL

Low All 33 ∼ RT 3

Mod. Low 3 ∼ RT + HT 2

Mod. High ∼ 3 RT + HT 1

High Low 3 3 HT 2

High High ∼ 33 HT 1

BS All All 7 33 HT 1

Table 5.2: For each regime, we summarise how the treatment and dosing regimen pairs that
maximise treatment efficacy depend on tumour responses to RT and high HT alone. Two
green check marks (33) indicate a strong, positive response, one green check mark (3)
indicates a moderate response, an orange tilde (∼) indicates a limited response and a red
cross (7) indicates a negative response.

Assuming κ0 is sufficiently small, we now detail key results relating to combinations

of high HT and RT, which are summarised in Table 5.2. Most tumours respond better

to combined treatment than RT alone, the exception being tumours in the SL regime

which have the strongest positive response to RT alone (and weakest response to high HT

alone). For these tumours, combining high HT and RT either worsens treatment outcome

as a smaller reduction in viable volume than RT alone is achieved, or negligibly improves

treatment outcome by eliciting a modest (< 10%) increase in the reduction in viable volume

due to RT alone. Further, tumours in each regime which have strongly positive responses

to high HT alone and weaker (moderate to negative) responses to RT alone respond best

to high HT alone. In particular, combined treatment elicits a smaller, or modestly larger,
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reduction in total volume than high HT for these tumours. Consistent with these findings,

high HT and RT only have significant synergistic interactions for (1) tumours that have a

poor or limited response to high HT and moderate response to RT, and (2) tumours that

have a limited response to RT and moderate response to HT.

As shown in Table 5.2, the above findings imply that most of the NL cohort and all of

the BS cohort respond best to high HT alone, with only a few NL tumours responding best

to combined treatment. By contrast, in the SL cohort, there is a more even split between

tumours which respond best to RT, high HT and combined treatment. In this way, our

model supports clinical evidence suggesting that not all tumours will respond better to

combined treatment than RT alone. Our model also provides insight into why certain

tumours may not respond better to combined treatment than RT (i.e., well-oxygenated SL

tumours with low q1), and also which tumours may respond best to high HT alone (NL

tumours with high q1 and/or q3, BS tumours and SL tumours with high q1).

The latter result is of particular interest since HT is typically viewed as an adjuvant

treatment, rather than a primary treatment [15]. This is because the few clinical trials

investigating tumour responses to HT alone found that high HT has a limited efficacy when

applied alone [165]. It would, therefore, be useful to investigate whether the differences

between these clinical results and our model predictions are due to limitations of treatment

methods, which may fail to heat an entire tumour to the target temperature [187], or an

overestimation of high HT effects in our model.

Moreover, we distinguished between three types of dosing regimens that can maximise

the reduction in tumour burden:

1. Long treatments with low thermal doses per fraction, and low RT fraction doses and

frequency (for RT + HT);

2. Short treatments with high thermal doses per fraction, and low RT fraction doses and

high RT fraction frequency (for RT + HT);

3. Short RT treatments with high fraction doses and frequency.

Importantly, we found that there is not a one-to-one correspondence between the best

treatment and the best dosing regimen for treatments involving high HT. For instance, two

tumours which respond best to high HT and combined treatment, respectively, may both

respond best to a dosing regimen of type 1. Indeed, our model predicts that, when HT or

RT + HT is the best treatment, the best dosing regimen depends only on tumour responses

to high HT alone (see Table 5.2).

Overall, the results presented in this chapter suggest that a one-size-fits-all approach to

the design of combined high HT and RT treatments is not appropriate for tumours in the
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NL and SL cohorts. Indeed, we found inter-tumour variability in terms of the most effective

treatment, and also the dosing regimen that maximises treatment efficacy. By contrast, all

tumours in the BS cohort respond best to the same high HT schedule.

In Chapters 2–5, we showed that nutrient and space limited mechanisms of growth arrest

can significantly influence tumour growth and responses to RT and HT. More generally,

our results have highlighted the importance of taking these growth control mechanisms into

account when investigating tumour dynamics under treatment. With tumour invasion being

a hallmark of cancer [97], a logical next step would be to probe the impact of growth arrest

mechanisms on tumour invasion into healthy tissue. With a view to doing so in the future,

the following chapter focusses on the in-depth analysis of a simple, spatially-resolved model

of tumour invasion into extracellular matrix.
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Chapter 6

Travelling wave analysis of a model
of tumour invasion with
degenerate, cross-dependent
diffusion

6.1 Introduction

The preceding chapters focussed on studying a spatially-uniform ordinary differential

equation (ODE) model of tumour growth and response to radiotherapy and hyperthermia.

While this modelling framework generated many interesting results, it neglected both spatial

effects and interactions between tumour tissue and healthy tissue. However, the invasion of a

primary tumour into healthy tissue and its spread throughout the body is a key hallmark of

cancer [97], which is intrinsically space-dependent. Spatially-resolved models are, therefore,

needed to describe tumour invasion and, as discussed in Section 1.5, a number of approaches

have been proposed. This includes reaction-diffusion (R-D) partial differential equation

(PDE) models, such as the pioneering Gatenby-Gawlinski model [83] introduced in Section

1.5.1.

By assuming that healthy tissue, comprising healthy cells and/or extracellular matrix

(ECM), acts as a barrier to tumour cell invasion, the Gatenby-Gawlinksi model and its

variations include a degenerate, cross-diffusion term in the equation for the tumour cell

density. This key common feature is of mathematical interest due to its impact on the

existence and properties of travelling wave solutions (TWS) of the aforementioned models.

We saw in Section 1.5.2 that comprehensive results on the existence of TWS for models of

tumour invasion comprising R-D PDEs remain limited, with the existence of TWS typically

supported by numerical simulations and partial analytical results [27, 51, 63, 74, 107, 158,

169, 238]. To the best of our knowledge, a first rigorous proof of the existence of a form

of weak TWS was recently produced by Gallay and Mascia [82] for the following reduced
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version of the Gatenby-Gawlinski model, where N and M , respectively, denote the tumour

cell and healthy cell densities:
∂M

∂t
= M(1−M − αN),

∂N

∂t
=

∂

∂x

[
DN(1−M)

∂N

∂x

]
+ βN(1−N).

(6.1)

In this chapter, we propose a new minimal R-D PDE model (Section 6.2) which captures

key features of the tumour invasion process, including degenerate, cross-dependent diffusion,

and is also analytically tractable. In Section 6.3.1, we define the constant profile, constant

speed TWS associated with our model, prove preliminary results and derive the ODE system

that the TWS must satisfy. In brief, we seek two types of TWS. Both types represent

invasive fronts of tumour tissue into ECM, which represents healthy tissue, but they differ

according to whether the density of ECM far ahead of the wave front is maximal or not.

For the former, we prove the existence and uniqueness of TWS for all positive propagation

speeds using the shooting argument developed by Gallay and Mascia [82] (Section 6.3.2).

For the latter, we expand this shooting argument to prove the existence and uniqueness

of TWS for propagation speeds greater than or equal to a strictly positive minimum value

(Section 6.3.2). Motivated by our numerical simulations and partial analytical results, we

make a conjecture that characterises this minimum wave speed (Section 6.3.2). In Section

6.4, we present numerical simulations of our model which support and complement the

preceding analytical results.

The work presented in this chapter has been published in the following paper:

Colson, C., Sánchez-Garduño, F., Byrne, H. M., Maini, P. K. and Lorenzi, T, 2021.

Travelling-wave analysis of a model of tumour invasion with degenerate, cross-dependent

diffusion. Proceedings of the Royal Society A, 477(2256), 20210593.

6.2 The mathematical model

In this section, we present the minimal model of tumour invasion that we use to study

nonlinear, degenerate diffusion. There is increasing evidence that phenotypically hetero-

geneous tumours can contain sub-populations of cells with different traits, e.g., matrix-

degrading cells and acid-producing cells [233]. Here, we make the simplifying assumption

that the healthy tissue compartment comprises solely ECM, disregarding healthy cells, and

focus on the interactions of ECM-degrading tumour cells and ECM. Applying conservation

of mass to the tumour cell and ECM densities, which we denote by N(x, t) and M(x, t),
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respectively, for (x, t) ∈ R× (0,+∞), we propose the following system of PDEs:

∂N

∂t
=

∂

∂x

[
DN

(
1− M

Mmax

)
∂N

∂x

]
︸ ︷︷ ︸

tumour cell movement

+ ρ

(
1− N

K

)
N,︸ ︷︷ ︸

tumour growth

∂M

∂t
= −kMN.︸ ︷︷ ︸

ECM degradation

(6.2)

We assume that the tumour grows logistically, with maximum growth rate, ρ, and carry-

ing capacity, K. Further, the ECM acts as a physical barrier that inhibits tumour cell

movement, but not proliferation. Thus, following Gatenby and Gawlinski [83] and others

[154, 157, 233], we suppose that the random motility coefficient of the tumour cells is a

monotonically decreasing function of the ECM density in order to model the way in which

the ECM hinders tumour cell movement. The random motility coefficient of tumour cells

in the absence of ECM is denoted by DN and the ECM density that inhibits all tumour

cell movement is denoted by Mmax. Finally, we neglect ECM production and assume it is

degraded at a rate that is proportional to the local tumour cell density, with constant of

proportionality k. The associated mass-action term in Equation (6.2) reflects the localised

nature of matrix degradation.

To reduce the number of free parameters in the system and facilitate the analysis that

follows, we non-dimensionalise Equation (6.2) by introducing the following scalings:

t̂ = ρt, x̂ =

√
ρ

DN
x, N̂ =

N

K
, M̂ =

M

Mmax
. (6.3)

Dropping hats for notational convenience, we obtain the following system:
∂N

∂t
=

∂

∂x

[
(1−M)

∂N

∂x

]
+ (1−N)N,

∂M

∂t
= −κMN,

(6.4)

where κ = K
ρ k.

We note that system (6.4) is similar to the reduced version of the Gatenby-Gawlinski

model from Moschetta and Simeoni [169], given by Equation 6.1 and studied by Gallay and

Mascia [82], and the reduced model of melanoma invasion from Browning et al. [27] studied

by El-Hachem et al. [63]. In particular, while the models differ with regard to the reaction

terms used to model production and degradation of the ECM and tumour cell densities,

each model shares the same degeneracy in the cross-diffusion term, which is the focus of

this chapter.

Gallay and Mascia [82] rigorously proved the existence of a weak form of TWS for any

positive wave speed, c > 0, for the system 6.1 in [169]. These TWS represent the invasion of

tumour tissue into healthy tissue, where the density of healthy tissue ahead of the wave front
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is at carrying capacity. El Hachem et al. [63] performed a numerical study which suggests

that such TWS also exist for the model in [27] for any positive wave speed. Their numerical

results also indicated the existence of another type of TWS for the model in [27] for wave

speeds above a strictly positive minimum value. These TWS differ from the former in that

the density of healthy tissue ahead of the wave front is below carrying capacity. Finally,

El-Hachem et al. [63] described the dependence of the minimum wave speed of this second

type of TWS on the rescaled degradation rate of healthy tissue, which we denote by κ: the

minimum wave speed is constant if κ is below some threshold value, κ∗ say, which is yet to

be determined, and increases with κ for κ ≥ κ∗.
In this chapter, we rigorously prove the existence of both aforementioned types of TWS

for system (6.4) by applying and extending the shooting argument developed by Gallay

and Mascia [82]. As in [63] and [82], we will find that the first type of TWS exists for all

c > 0, and that there is a strictly positive minimum wave speed for the second type of TWS.

We will see that this minimum wave speed for TWS of system (6.4) can be qualitatively

characterised in the same way as that for equivalent TWS of the model in [27]. However,

given κ, the values of this minimum wave speed for TWS of system (6.4) and of the system

in [27] are not the same. An additional contribution of our work compared to that in [63]

is that we propose an expression for κ∗ for system (6.4), not reported in [63] for the model

in [27].

6.3 Travelling wave analysis

6.3.1 The travelling wave problem

6.3.1.1 Preliminaries

We seek constant profile, constant speed TWS of system (6.4) by introducing the travel-

ling wave coordinate ξ = x−ct. We require the wave speed c > 0 so that the tumour invades

the ECM from left to right in the spatial domain. Substituting the ansatz N(x, t) = N (ξ)

and M(x, t) = M(ξ) into system (6.4), we deduce that TWS must satisfy the following

ODE system: 
d

dξ

(
(1−M)

dN
dξ

)
+ c

dN
dξ

+ (1−N )N = 0, (6.5a)

c
dM
dξ
− κMN = 0. (6.5b)

The TWS we seek connect spatially homogeneous steady states of system (6.4) and,

equivalently, steady states of system (6.5a)–(6.5b). Thus, our TWS must satisfy one of the
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following sets of asymptotic conditions:

lim
ξ→−∞

(N (ξ),M(ξ)) = (1, 0), lim
ξ→+∞

(N (ξ),M(ξ)) = (0, 1), (6.6)

lim
ξ→−∞

(N (ξ),M(ξ)) = (1, 0), lim
ξ→+∞

(N (ξ),M(ξ)) = (0,M̄) with M̄ ∈ [0, 1). (6.7)

In other words, far behind the wave, the tumour density is at carrying capacity and the

ECM has been fully degraded, whereas, far ahead of the wave, the tumour density is zero

and the ECM density is either at carrying capacity (i.e.,M = 1) or at any valueM∈ [0, 1).

As noted previously, the first equation in system (6.4) is a degenerate parabolic equation

since the cross-diffusion coefficient D(M) = 1 −M is zero when M = 1. The existence of

global classical solutions of this PDE system and the corresponding ODE system (6.5a)–

(6.5b) is, therefore, unclear in cases where M = 1 or, correspondingly, where M = 1. As

a result, we define a weak TWS in a manner similar to that in which a propagation front

was defined in [82].

Definition 6.3.1. The triple (N ,M; c) is called a weak TWS for system (6.4) if

1. (N ,M) ∈ C(R, [0, 1])× C(R, [0, 1]) and (1−M)dN
dξ ∈ L

2(R);

2. (N ,M) is a weak solution of (6.5a)–(6.5b), i.e., for all (φ, ψ) ∈ C1(R) × C1(R) with

compact support∫
R

{[
cN + (1−M)

dN
dξ

]
dφ

dξ
− (1−N )Nφ

}
dξ = 0, (6.8)

∫
R
M
{
c
dψ

dξ
+ κNψ

}
dξ = 0; (6.9)

3. one of the pairs of asymptotic conditions given by (6.6) and (6.7), respectively, are

satisfied.

We refer to (N ,M) as the travelling wave profile and c as the propagation speed.

Note. Henceforth, unless otherwise stated, we refer to weak TWS in the sense of Definition

6.3.1 as TWS.

If (N ,M; c) is a TWS for system (6.4), then we can show that N (1−N ) ∈ L1(R) and

c > 0. The proof is identical to that of Lemma 2.1 in [82] and, thus, we omit it. The

following lemma states that, if (N ,M; c) is a TWS for system (6.4), then N and M are

non-negative and bounded and, thus, the TWS is biologically realistic.

Lemma 6.3.1. If (N ,M; c) is a weak TWS, in the sense of Definition 6.3.1, that satisfies

the asymptotic conditions (6.7) for M̄ ∈ (0, 1), then there exists a unique point ξ̄ ∈ R ∪
{+∞} such that
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1. N ,M∈ C∞((−∞, ξ̄)) and 0 < N (ξ) < 1, 0 <M(ξ) < M̄ for ξ < ξ̄;

2. If ξ̄ < +∞, then N (ξ) = 0 and M(ξ) = M̄ for all ξ ≥ ξ̄.

Proof. Suppose (N ,M; c) is a weak TWS for system (6.4) in the sense of Definition 6.3.1.

We first prove the regularity result for N ,M. Since M is a weak solution of (6.4), then,

by (6.9), its weak derivative is κ
cMN . We have that M and N are continuous in R, which

implies the weak derivative of M is continuous in R since κ, c > 0. It follows that M is

continuously differentiable in R and, hence,M is a classical solution to (6.5b). N is a weak

solution of the ODE (6.5a) posed on I := (−∞, ξ̄). Using the Elliptic Regularity theorem

and Sobolev Embedding theorem, we can show that N ∈ C2(I) since N (1 − N ) ∈ L1(R).

This means that N is a classical solution of (6.5a) on I. Using a bootstrap argument, it is

then straightforward to prove that N and M are smooth on I.

We now prove the strict bounds on N and M on I. If there exists ξ∗ ∈ R such that

M(ξ∗) = 0, then the ODE (6.5b) implies that M is identically zero for all ξ ≥ ξ∗. This

contradicts the requirement thatM tends to M̄ > 0 as ξ → +∞, so we must haveM(ξ) > 0

for all ξ ∈ R. Since M converges to zero as ξ → −∞, we know that M(ξ) < M̄ for ξ < 0

with |ξ| large. Therefore, we either have M(ξ) < M̄ for all ξ ∈ R and we set ξ̄ = +∞, or

there exists a unique ξ̄ ∈ R such thatM(ξ̄) = M̄ andM(ξ) < M̄ for any ξ < ξ̄. Uniqueness

follows from the fact that M is increasing for positive N .

It is straightforward to show that N cannot have a non-degenerate minimum in I that

is equal to zero, without being identically zero in I, which would contradict the requirement

that N converges to 1 as ξ → −∞. Similarly, N cannot have a non-degenerate maximum

in I that is equal to 1, without being identically equal to 1 on this interval. If ξ̄ = +∞, this

contradicts the requirement that N converges to 0 as ξ → +∞. If ξ̄ < +∞, this means that

dM
dξ (ξ̄) = κ

cM̄ > 0 and M(ξ) ≥ M̄ for ξ ≥ ξ̄ close to ξ̄. Since M is increasing for positive

N , the former inequality contradicts the requirement thatM tends to M̄ as ξ → +∞. We

must therefore have N (ξ) < 1 for all ξ ∈ I.

To prove 2, we suppose ξ̄ < +∞. By assumption, M tends to M̄ as ξ → +∞ and,

by definition of ξ̄ < +∞, M(ξ̄) = M̄. Now, M is increasing with N > 0 and M > 0, so

the asymptotic condition for M can only be satisfied if M(ξ) = M̄ and N (ξ) = 0 for all

ξ ≥ ξ̄.

Remark 6.3.1. The case of TWS that satisfy the asymptotic conditions (6.7) for M̄ = 0

is not considered in Lemma 6.3.1. By definition, such solutions satisfy lim
ξ→±∞

M(ξ) = 0 for

N ≥ 0, which is only possible if M ≡ 0 on R since M is increasing for N ,M > 0. In this

case, system (6.5a)–(6.5b) reduces to the Fisher-KPP equation, which has been extensively

studied [77, 127, 174]. It is known that the Fisher-KPP equation admits classical TWS that
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satisfy the asymptotic conditions lim
ξ→−∞

N (ξ) = 1, lim
ξ→+∞

N (ξ) = 0 and lim
ξ→±∞

dN
dξ

(ξ) = 0 for

all c ≥ 2. This result, therefore, holds for TWS of (6.5a)–(6.5b) satisfying the asymptotic

conditions (6.7) for M̄ = 0.

A version of Lemma 6.3.1 for TWS that satisfy the asymptotic conditions (6.6) follows

similarly [82]. These results highlight that the solutions we seek are classical solutions of

system (6.5a)–(6.5b) on intervals of the form (−∞, ξ̄). Further, if ξ̄ = +∞, then the TWS

are here called smooth. In contrast, if ξ̄ < +∞, then Lemma 6.3.1 implies that we have a

corner point at ξ̄ and the TWS are here called sharp.

6.3.1.2 Desingularisation of the ODE system

Definition 6.3.1 describes two types of TWS of system (6.5a)–(6.5b), which differ in the

asymptotic conditions they satisfy at infinity. One type of solution converges to (N ,M) =

(0, 1) at infinity. Therefore, we need to elucidate the behaviour of solutions as they approach

M = 1, which is precisely when system (6.5a)–(6.5b) is singular. A common approach to

simplify the analysis is to remove this singularity by re-parametrising the system. Given a

solution (N ,M) of system (6.5a)–(6.5b) satisfying either (6.6) or (6.7), we introduce a new

independent variable y = Φ(ξ) defined such that

dy

dξ
≡ Φ′(ξ) =

1

1−M(ξ)
∀ξ ∈ R. (6.10)

Further introducing the following dependent variables:

n(y) = N (Φ−1(y)), m(y) =M(Φ−1(y)), y ∈ R, (6.11)

we can apply the chain rule and use (6.10) to find that, for 0 ≤ m ≤ 1, the trajectories

satisfy the following ODE system, for y ∈ R:
d2n

dy2
+ c

dn

dy
+ (1− n)n(1−m) = 0, (6.12a)

dm

dy
− κ

c
m(1−m)n = 0. (6.12b)

In line with the asymptotic conditions (6.6) and (6.7), we require one of the following

to hold:

lim
y→−∞

(n(y),m(y)) = (1, 0), lim
y→+∞

(n(y),m(y)) = (0, 1), (6.13)

lim
y→−∞

(n(y),m(y)) = (1, 0), lim
y→+∞

(n(y),m(y)) = (0, m̄) with m̄ ∈ [0, 1). (6.14)

Importantly, system (6.12a)–(6.12b) is topologically equivalent to system (6.5a)–(6.5b)

for (N ,M) ∈ (0, 1)2. This follows from the fact that (6.11) defines a homeomorphism that

maps the orbits of (6.5a)–(6.5b) onto the orbits of (6.12a)–(6.12b), while preserving their
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orientation – Equation (6.10) implies that y is an increasing function of ξ for all 0 ≤M < 1.

We also observe that, in contrast to system (6.5a)–(6.5b), system (6.12a)–(6.12b) has an

additional continuum of steady states of the form (n,m) = (n̄, 1), n̄ ∈ (0, 1]. These are not

spatially homogeneous steady states of the original PDE system (6.4), so we do not consider

them as asymptotic conditions in the context of TWS.

We finally obtain a system of three first order ODEs by introducing the additional

variable p = dn
dy and, using primes to denote derivatives with respect to y, we have

n′ = p, (6.15a)

p′ = −cp− (1− n)n(1−m), (6.15b)

m′ =
κ

c
m(1−m)n. (6.15c)

In the following section, we set up a framework, first proposed in [82] for a different

system, to study two distinct types of solutions of (6.15a)–(6.15c). First, those that remain

in the region D1, defined as

D1 := {(n, p,m) ∈ R3 | m ∈ (0, 1), n ∈ (0, 1), p ∈ (−∞, 0)}, (6.16)

and that satisfy lim
y→−∞

(n(y), p(y),m(y)) = (1, 0, 0), lim
y→+∞

(n(y), p(y),m(y)) = (0, 0, 1). Sec-

ond, for m̄ ∈ (0, 1), those that remain in the region Dm̄, defined similarly to (6.16) as

Dm̄ := {(n, p,m) ∈ R3 | m ∈ (0, m̄), n ∈ (0, 1), p ∈ (−∞, 0)}, (6.17)

and that satisfy lim
y→−∞

(n(y), p(y),m(y)) = (1, 0, 0), lim
y→+∞

(n(y), p(y),m(y)) = (0, 0, m̄).

6.3.2 The existence and uniqueness of travelling wave solutions

In this section, we study the existence of TWS. To do so, we apply the shooting argument

developed by Gallay and Mascia [82]. The crucial difference between Gallay and Mascia’s

model and system (6.4) is that the latter has an additional continuum of steady states

of the form (0, M̄), M̄ ∈ (0, 1). We find that the results of [82] for TWS connecting

the equilibrium points (1, 0, 0) and (0, 0, 1) apply, with minor modifications, to the TWS of

system (6.15a)–(6.15c) that satisfy the same asymptotic conditions (6.6). For completeness,

full proofs are, nonetheless, provided for all of the key results, except when they require no

modification at all; in such cases we simply state the corresponding results. For TWS of

system (6.15a)–(6.15c) that satisfy the asymptotic conditions (6.7), we further develop the

shooting argument to obtain new results.

123



6.3.2.1 Local analysis of the equilibrium point (1, 0, 0): defining the shooting
parameter

The TWS of interest satisfy lim
y→−∞

(n(y), p(y),m(y)) = (1, 0, 0). We therefore study

the behaviour of solutions of (6.15a)–(6.15c) in a neighbourhood of the equilibrium point

P1 := (1, 0, 0) by performing a linear stability analysis. The Jacobian matrix at P1 reduces

to

J
∣∣
(1,0,0)

=

 0 1 0
1 −c 0
0 0 κ

c

 ,
and it has the following eigenvalues and eigenvectors:

λ1 =
−c−

√
c2 + 4

2
, λ2 =

−c+
√
c2 + 4

2
, λ3 =

κ

c
, (6.18)

~v1 =

(
c−
√
c2 + 4

2
, 1, 0

)>
, ~v2 =

(
c+
√
c2 + 4

2
, 1, 0

)>
, ~v3 = (0, 0, 1)>. (6.19)

Since λ1 is negative and λ2 and λ3 are positive, P1 is a three-dimensional hyperbolic saddle

point with a two-dimensional unstable manifold, which locally is a plane through P1 gener-

ated by the eigenvectors ~v2 and ~v3. There is also a one-dimensional stable manifold which

locally is a straight line spanned by the eigenvector ~v1. Trajectories defined by (6.15a)–

(6.15c) that leave P1 must do so via the two-dimensional unstable manifold at P1. We,

therefore, compute asymptotic expansions of all solutions of (6.15a)–(6.15c) in a neighbour-

hood of P1 that lie on the unstable manifold. Requiring that n ∈ (0, 1) and p < 0, so that

solutions leaving P1 remain in D1, we obtain the following result.

Lemma 6.3.2. Fix c > 0. For any α ≥ 0, the system (6.15a)–(6.15c) has a unique solution

such that, as y → −∞,
n(y) = 1− eλ2y +O(e(λ2+µ)y),

p(y) = −λ2e
λ2y +O(e(λ2+µ)y),

m(y) = αeλ3y +O(e(λ3+µ)y),

(6.20)

where λ2 and λ3 are given by (6.18) and µ = min(λ2, λ3) > 0.

Remark 6.3.2. The free parameter, α, arises because the form taken by the unstable

manifold at P1 does not impose any condition on m. In a sense, the choice of α is a choice

of how fast m increases from 0 and, accordingly, α will influence the value that m attains

at y = +∞. We illustrate this in Figure 6.1. In addition, by Remark 6.3.1, it is clear that

α = 0 is the unique value of the shooting parameter such that the solution of (6.15a)–(6.15c)

that satisfies (6.20) stays in a region where n ∈ (0, 1), p < 0 and m = 0 and satisfies the

asymptotic conditions (6.14) for m̄ = 0.
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(a) (b)

Figure 6.1: Solutions of (6.15a)–(6.15c) subject to asymptotic conditions (6.20) for different
values of the shooting parameter α, κ = 1 and (a) c = 1 or (b) c = 2. The purple lines
are the two continua of steady states of the system (6.15a)–(6.15c), given by (0, 0, m̄),
m̄ ∈ [0, 1], and (n̄, 0, 1), n̄ ∈ [0, 1], respectively. Since (n,m) = (n̄, 1), n̄ ∈ [0, 1), are not
spatially homogeneous steady states of (6.4), the dashed curves represent solutions that are
not TWS of (6.4). The dotted curves represent physically unrealistic solutions for which the
n-component becomes negative. The values m and n attain at infinity appear to increase
monotonically (between 0 and 1) with α.

Now, the idea is to view solutions of (6.15a)–(6.15c) that satisfy (6.20) as functions

of α, which we define to be our shooting parameter, and c, which is the wave speed. In

particular, we denote by (nα,c, pα,c,mα,c) the unique solution of (6.15a)–(6.15c) satisfying

(6.20). Our first result is the following.

Lemma 6.3.3. If the solution (nα,c, pα,c,mα,c) is defined on some interval J := (−∞, y0),

with y0 ∈ R, and satisfies nα,c(y) > 0 for all y ∈ J , then (nα,c(y), pα,c(y),mα,c(y)) ∈ D1 for

all y ∈ J .

Proof. Suppose that (nα,c, pα,c,mα,c) is defined on J := (−∞, y0), y0 ∈ R, and satisfies

nα,c(y) > 0 for all y ∈ J . We need to check that we also have nα,c(y) < 1, pα,c(y) < 0 and

0 < mα,c(y) < 1 for all y ∈ J .

Since nα,c(y) > 0 for all y ∈ J , the right-hand side of (6.15c) is strictly positive unless

mα,c(y) = 0 or mα,c(y) = 1, which means mα,c is strictly increasing between 0 and 1. By

construction, mα,c(y) = 0 only at y = −∞, so mα,c(y) > 0 for all y ∈ J . Then, we can

integrate (6.15c) from the first ȳ ∈ R such that mα,c(ȳ) > 0 to any y ≤ y0 to obtain

mα,c(y) =
1

1−mα,c(ȳ)
mα,c(ȳ) exp

(
−κ
c

∫ y
ȳ nα,c(s)ds

)
+ 1

,

which yields mα,c(y) < 1 for all y ≤ y0. We therefore have mα,c(y) < 1 for all y ∈ J .
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Suppose that pα,c(y) is not strictly negative for all y ∈ J . Then, there exists y1 < y0 ∈ J
such that pα,c(y1) = 0 and pα,c(y) < 0 for all y ∈ (−∞, y1). Since n′α,c = pα,c, lim

y→−∞
nα,c(y) =

1 and nα,c(y) > 0 for all y ∈ J , we have 0 < nα,c(y) < 1 for all y ∈ (−∞, y1). Then,

p′α,c(y1) = −(1 − nα,c(y1))nα,c(y1)(1 − mα,c(y1)) < 0, as we have already shown that

mα,c(y) < 1 for all y ∈ J . This means that there is a strict, non-degenerate maximum

for nα,c at y1, which contradicts the fact that nα,c(y) is strictly decreasing in a left-

neighbourhood of y1. We, therefore, must have pα,c(y) < 0 for all y ∈ J , which finally

implies that nα,c(y) < 1 for all y ∈ J .

Given Lemma 6.3.3, we introduce the following variable for any α > 0 and c > 0:

T (α, c) := sup {y0 ∈ R | nα,c(y) > 0 for all y < y0} ∈ R ∪ {+∞}. (6.21)

Then, Lemma 6.3.3 implies that only one of the following holds:

• T (α, c) < +∞, so nα,c(T (α, c)) = 0 and pα,c(T (α, c)) < 0. In this case, nα,c(y)

becomes negative for some y > T (α, c) and (nα,c, pα,c,mα,c) does not represent a valid

TWS; we disregard these values of the shooting parameter α.

• T (α, c) = +∞, which means that we have a global solution which stays in D1 for all

y ∈ R. We are interested in finding TWS for these values of α.

Remark 6.3.3. Given m̄ ∈ (0, 1), Lemma 6.3.3 provides a condition under which solutions

of (6.15a)–(6.15c) that satisfy (6.20) remain in D1, but not necessarily in Dm̄ ⊂ D1. In

particular, even if nα,c(y) > 0 for all y ∈ J , a solution can leave Dm̄. In that case, for

a solution of (6.15a)–(6.15c) that satisfies (6.20) to converge to (0, 0, m̄) as y → +∞, we

must have n(y) < 0 for some values of y (since m is increasing for positive n). Therefore,

searching for solutions that satisfy T (α, c) = +∞ is a necessary condition for the existence

of physically realistic TWS that converge to (0, 0, m̄) as y → +∞, but not a sufficient one

(m may not attain the value m̄ for positive n).

6.3.2.2 Monotonicity of solutions with respect to the shooting parameter

A key component of our analysis is that solutions of system (6.15a)–(6.15c) satisfying

(6.20) are monotonic functions of the shooting parameter, α, provided n > 0. This result

can be formulated as follows:

Lemma 6.3.4. Fix c > 0. If α2 > α1 > 0, then T (α2, c) ≥ T (α1, c) and the solutions of

(6.15a)–(6.15c) defined by (6.20) satisfy

nα2,c(y) > nα1,c(y), mα2,c(y) > mα1,c(y), (6.22)

for all y ∈ (−∞, T (α1, c)).
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Proof. Fix c > 0 and α2 > α1 > 0. In the rest of the proof, we denote ni = nαi,c and

mi = mαi,c, for i = 1, 2.

The first step in this proof is to show that the following inequalities

nα2,c(y) > nα1,c(y), mα2,c(y) > mα1,c(y), (6.23)

hold for y ∈ (−∞, y1) for some y1 < 0 sufficiently large and negative. Since this has been

proved in [82], we assume 6.23 holds.

The second part of this proof involves showing that T (α1, c) ≤ T (α2, c) and that inequal-

ities (6.23) hold for all y ∈ (−∞, T (α1, c)), where T (α, c) is defined in Equation (6.21).

Suppose for a contradiction that there exists y2 < min (T (α1, c), T (α2, c)) such that

inequalities (6.23) hold on the interval [y1, y2) but at least one of them becomes an equality

at y = y2. We have that

n′′i + cn′i + gini = 0, where gi = (1− ni)(1−mi).

Since 0 < n1(y) < n2(y) < 1 and 0 < m1(y) < m2(y) < 1 for y ∈ [y1, y2), we know that

0 < g2(y) < g1(y) for y ∈ [y1, y2). Now, the ratio ρ(y) = n2(y)/n1(y) satisfies the following

second order ODE:

ρ′′(y) +

(
c+

2n′1(y)

n1(y)

)
ρ′(y) + (g2(y)− g1(y))ρ(y) = 0, y ∈ (y1, y2). (6.24)

Using results from the first part of the proof (see [82]), we know that ρ(y1) > 1 and

ρ′(y1) > 0. From (6.24), we note that ρ cannot have a positive maximum in (y1, y2), so ρ

must be increasing for y ∈ (y1, y2), i.e., ρ(y) ≥ ρ(y1) > 1 for y ∈ [y1, y2). Taking the limit

as y → y2, we find that ρ(y2) > 1 and, therefore, n2(y) > n1(y) for y ∈ [y1, y2].

We still need to show that we cannot have m2(y2) = m1(y2). We know that, for i = 1, 2,

m′i(y) =
κ

c
mi(y)(1−mi(y))ni(y), (6.25)

for y ∈ [y1, y2]. By assumption, 0 < n1(y) < n2(y) < 1 and 0 < m1(y) < m2(y) < 1 for

y ∈ [y1, y2), so we can integrate (6.25) from y1 to y ≤ y2 to obtain the following:

mi(y)

1−mi(y)
=

mi(y1)

1−mi(y1)
exp

(
κ

c

∫ y

y1

ni(s)ds

)
, i = 1, 2. (6.26)

In particular,

m2(y2)

1−m2(y2)

1−m1(y2)

m1(y2)
=

m2(y1)

1−m2(y1)

1−m1(y1)

m1(y1)
exp

(
κ

c

∫ y2

y1

(n2(s)− n1(s))ds

)
. (6.27)

Since 0 < n1(y) < n2(y) < 1 for y ∈ [y1, y2), the exponential term in (6.27) is larger than

one. Since we also have 0 < m1(y) < m2(y) < 1 for y ∈ [y1, y2), we obtain the following

inequalities:
m2(y2)

1−m2(y2)

1−m1(y2)

m1(y2)
>

m2(y1)

1−m2(y1)

1−m1(y1)

m1(y1)
> 1. (6.28)

127



This implies that m2(y2) > m1(y2).

We have, therefore, shown that both inequalities (6.23) hold at y = y2 and we have

reached the desired contradiction, which implies that inequalities (6.23) hold for all y ∈
(−∞,min (T (α1, c), T (α2, c))). We must then also have T (α1, c) ≤ T (α2, c). Otherwise,

n2(T (α2, c)) = 0 < n1(T (α2, c)) and, by continuity, we must have n2,c(y) = n1,c(y) for some

y < T (α2, c), which we just showed was impossible.

Lemma 6.3.4 shows that, for fixed c > 0, T (α, c) is an increasing function of α. Since

we seek TWS that satisfy T (α, c) = +∞, we define the following critical value of α, which

depends on c:

α0(c) := inf {α > 0 | T (α, c) = +∞} ∈ [0,+∞) ∪ {+∞}. (6.29)

We then characterise α0 as a function of c in the following lemma.

Lemma 6.3.5. If c ≥ 2, then α0(c) = 0. If 0 < c < 2, then 0 < α0(c) < +∞.

Proof. Let c ≥ 2. To show that α0(c) = 0, we must prove that T (α, c) = +∞ for all α > 0.

On any interval of the form (−∞, y0], y0 ∈ R, solutions (nα,c, pα,c,mα,c) of (6.15a)–(6.15c)

that satisfy the asymptotic conditions (6.20) depend continuously on α, uniformly in y. It

is then straightforward to show that, as α → 0, the solution (nα,c, pα,c,mα,c) of (6.15a)–

(6.15c) converges uniformly on compact intervals to (n, n′, 0), where n is the solution of the

Fisher-KPP equation

n′′ + cn′ + (1− n)n = 0, (6.30)

subject to the asymptotic conditions

lim
y→−∞

n(y) = 1, lim
y→+∞

n(y) = 0, lim
y→±∞

n′(y) = 0. (6.31)

It is known that this solution satisfies n(y) > 0 for all y ∈ R for c ≥ 2. By Lemma 6.3.4,

we also know that nα,c(y) is an increasing function of α, so, for any α > 0, we must have

nα,c(y) > n(y) > 0 for all y ∈ R. Therefore, T (α, c) = +∞ for all α > 0, as required.

Let 0 < c < 2. It is known that the solution to the Fisher-KPP equation (6.30)

subject to the asymptotic conditions (6.31) goes negative for such c, which means that

there exists ȳ ∈ R such that n(ȳ) < 0. Since the solution (nα,c, pα,c,mα,c) of (6.15a)–(6.15c)

converges uniformly on compact intervals to (n, n′, 0), where n is the solution of (6.30)

subject to (6.31), we can choose α > 0 sufficiently small such that nα,c(ȳ) < 0. In this case,

T (α, c) < +∞ and this implies that α0(c) > 0.

To show that α0(c) < +∞, we need to prove that there exists α > 0 sufficiently large

such that T (α, c) = +∞. We begin by introducing y0 = (lnα)/λ3 and consider the following
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shifted asymptotic expansions of (nα,c, pα,c,mα,c) at y → −∞:

n̄(y) = nα,c(y − y0) = 1− βeλ2y +O(e(λ2+µ)y),

p̄(y) = pα,c(y − y0) = −λ2βe
λ2y +O(e(λ2+µ)y),

m̄(y) = mα,c(y − y0) = eλ3y +O(e(λ3+µ)y),

(6.32)

where β = α−λ2/λ3 . On any interval of the form (−∞, y0], these functions converge uni-

formly to (1, 0, χ) as β → 0, where χ is the unique solution of the following differential

equation:

χ′ =
κ

c
χ(1− χ), (6.33)

normalised so that χ(y) → eλ3y + O(e2λ3y) as y → −∞. Clearly, χ is increasing and

converges to 1 as y → +∞.

By the uniform convergence of (n̄, p̄, m̄) to (1, 0, χ) as β → 0 on (−∞, y0], for any ε > 0,

there exists β∗ > 0 sufficiently small such that

n̄(y) ≥ 1− ε, p̄(y) ≥ −ε, m̄(y) ≥ χ− ε/2, y ∈ (−∞, y0], (6.34)

and these inequalities hold for all 0 < β ≤ β∗. In addition, as χ converges to 1 as y → +∞,

we can find y∗ ∈ R such that χ(y) ≥ 1− ε/2 for y ≥ y∗.
For any 0 < ε < 1, it is therefore possible to choose β > 0 small enough and y1 =

−(lnβ)/λ2 ∈ R large enough such that

n̄(y) ≥ 1− ε, p̄(y) ≥ −ε, ∀y ∈ (−∞, y1], m̄(y1) ≥ 1− ε. (6.35)

We set ε = 1/(2K), where

K = 1 +
1

c
+

2

κ
> 1. (6.36)

We can, therefore, find β and y1 such that (6.35) holds for this ε. Then, the idea for the

rest of this proof is to show that we have n̄(y) ≥ 1− εK = 1/2 for all y ∈ [y1,+∞), which

would imply that there exists α < +∞ such that T (α, c) = +∞, as required.

Suppose, for a contradiction, that we can find y > y1 such that n̄(y) < 1/2. Then,

there must exist y2 > y1 such that n̄(y2) = 1/2 and n̄(y) ≥ 1/2 for all y ∈ (−∞, y2]. Since

n̄(y) ≥ 1/2 for y ∈ [y1, y2], m̄ satisfies the following for y ∈ [y1, y2]:

m̄′ =
κ

c
(1− m̄)m̄n̄ ≥ κ

2c
(1− m̄)m̄. (6.37)

We recall that, by assumption, m̄(y1) ≥ 1 − ε and, therefore, we can integrate (6.37) from

y1 to y ∈ (y1, y2] to obtain

m̄(y)

1− m̄(y)
≥ m̄(y1)

1− m̄(y1)
e(

κ
2c

(y−y1)) ≥ 1− ε
ε

e(
κ
2c

(y−y1)). (6.38)
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From (6.38), we can show that 1 − m̄(y) ≤ 2εe−( κ2c (y−y1)) for y ∈ [y1, y2]. Moreover,

since n̄(y) ≥ 1/2 for y ∈ [y1, y2], we can see that n̄(y) satisfies the following inequality for

y ∈ [y1, y2]:

n̄′′(y) + cn̄′(y) + εe−( κ2c (y−y1)) ≥ n̄′′(y) + cn̄′(y) + (1− n̄(y))n̄(y)(1− m̄(y)) = 0. (6.39)

We integrate this inequality with respect to y from y1 to any y ∈ (y1, y2] and, assuming

that c− κ/(2c) 6= 0, we obtain

n̄′(y) ≥ n̄′(y1)e−c(y−y1) − ε

c− κ/(2c)

(
e−(κ/(2c))(y−y1) − e−c(y−y1)

)
. (6.40)

This inequality can be integrated a second time to finally obtain

n̄(y) ≥ n̄(y1) + n̄′(y1)
1− e−c(y−y1)

c
− ε

c− κ/(2c)

(
1− e−(κ/(2c))(y−y1)

κ/(2c)
+
−1 + e−c(y−y1)

c

)
,

> n̄(y1) +
1

c
n̄′(y1)− ε

cκ/(2c)
,

≥ 1− ε− ε

c
− 2ε

κ
= 1−Kε = 1/2,

(6.41)

where the second (strict) inequality relies on the fact that n̄(y1) ≥ 1 − ε and n̄′(y1) ≥ −ε,
by assumption. In particular, (6.41) implies that n̄(y2) > 1/2, which contradicts our as-

sumption that n̄(y2) = 1/2. We therefore have that n̄(y) ≥ 1/2 holds for all y ∈ [y1,+∞),

as required.

In the case where c − κ/(2c) = 0, a similar proof follows, taking ε = 1/(2K), where

K = 1 + 1/c + 1/c2 > 1. We note that equations (6.37)–(6.39) still hold and, integrating

(6.39) with respect to y from y1 to any y ∈ (y1, y2], we obtain

n̄′(y) ≥ n̄′(y1)e−c(y−y1) − ε(y − y1)e−c(y−y1). (6.42)

Integrating this inequality once more, we find

n̄(y) ≥ n̄(y1) + n̄′(y1)
1− e−c(y−y1)

c
+ ε

(
(y − y1)e−c(y−y1)

c
+
e−c(y−y1) − 1

c2

)
,

> n̄(y1) +
1

c
n̄′(y1)− ε

c2
,

≥ 1− ε− ε

c
− ε

c2
= 1−Kε = 1/2,

(6.43)

where the second (strict) inequality relies on the fact that n̄(y1) ≥ 1 − ε and n̄′(y1) ≥ −ε,
by assumption. This proves the desired contradiction for c− κ/(2c) = 0.

To conclude, we have shown that T (α, c) = +∞ for α > 0 large enough (equivalently

β > 0 small enough).
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Lemma 6.3.5 ensures that, for all c > 0, there exist some values of α for which

T (α, c) = +∞ and, thus, for all c > 0, there exist some TWS. It remains to elucidate

the behaviour of solutions at infinity to determine which TWS exist for each c > 0.

Remark 6.3.4. The proof of Lemma 6.3.5 relies on showing that, for any 0 < c < 2, we

can choose α(c) > 0 sufficiently large such that there exists a solution of system (6.15a)–

(6.15c) that satisfies (6.20), remains in region D1 and converges to (n̄, 0, 1) as y → +∞,

with n̄ ∈ (0, 1). Such solutions are not TWS, but their existence will be crucial in proving

the existence of the TWS we seek.

6.3.2.3 The behaviour of solutions at infinity

By Lemma 6.3.5, we know that, for any c > 0, there exist solutions of system (6.15a)–

(6.15c) that satisfy (6.20) and remain in region D1 for all y ∈ R. It remains to characterise

the behaviour of these solutions as y → +∞, and, in so doing, to establish whether they

are TWS. Denoting the limits of components of the solution at infinity as

n∞(α, c) := lim
y→+∞

nα,c(y), m∞(α, c) := lim
y→+∞

mα,c(y), p∞(α, c) := lim
y→+∞

pα,c(y),

we introduce the following lemma.

Lemma 6.3.6. If T (α, c) = +∞, then the following limits exist:

n∞(α, c) ∈ [0, 1), m∞(α, c) ∈ [0, 1] and p∞(α, c) = 0. (6.44)

Moreover, if m∞(α, c) ∈ [0, 1), then n∞(α, c) = 0, and, if n∞(α, c) ∈ (0, 1), then m∞(α, c) =

1.

Proof. Suppose that T (α, c) = +∞. Then, by Lemma 6.3.3, the solution (nα,c, pα,c,mα,c)

of (6.15a)–(6.15c) that satisfies (6.20) stays in region D1, defined by (6.16), for all y ∈ R.

This implies that nα,c(y) > 0 and n′α,c(y) = pα,c(y) < 0 ∀y ∈ R and, as nα,c satisfies

(6.20), we also have nα,c(y) < 1 ∀y ∈ R. This means that n is strictly decreasing and

bounded above and below by 1 and 0, respectively, in R and, thus, n∞(α, c) ∈ [0, 1) ex-

ists. Since pα,c := n′α,c, the latter implies that p∞(α, c) exists and p∞(α, c) = 0; otherwise

nα,c(y) cannot converge to a finite limit as y → +∞. Moreover, by the definition of D1,

we have that 0 < mα,c(y) < 1 ∀y ∈ R and, since nα,c(y) > 0 ∀y ∈ R, this implies that

m′α,c(y) = κ
cmα,c(y)(1−mα,c(y))nα,c(y) > 0 ∀y ∈ R. Hence, mα,c is strictly increasing and

bounded above and below by 1 and 0, respectively, in R, and thus m∞(α, c) ∈ (0, 1] ex-

ists. Finally, if the components of (n∞(α, c), p∞(α, c),m∞(α, c)) exist, then this must be

an equilibrium of (6.15a)–(6.15c). The final statement of the lemma follows.
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Lemma 6.3.6 defines the possible limits of solutions (nα,c, pα,c,mα,c) of (6.15a)–(6.15c)

that satisfy (6.20) and remain in region D1. We must now determine for which values of

c > 0 we can find α(c) > 0 such that the corresponding solution (nα,c, pα,c,mα,c):

1. remains in D1 and converges to (0, 0, 1) as y → +∞, or,

2. for each m̄ ∈ (0, 1), remains in Dm̄ and converges to (0, 0, m̄) as y → +∞.

We consider these cases separately in the two sections that follow.

6.3.2.4 Solutions converging to the equilibrium point (0, 0, 1)

In this section, we show that, for each c > 0, there exists a unique value of α > 0

such that the solution (nα,c, pα,c,mα,c) of system (6.15a)–(6.15c) satisfying (6.20) remains

in region D1 and converges to the equilibrium point P2 := (0, 0, 1) as y → +∞. This then

allows us to draw conclusions about the existence and uniqueness of TWS that satisfy the

asymptotic conditions (6.6).

By Remark 6.3.4, we have that, for any c > 0, there exists α(c) > 0 sufficiently large

such that the solution of system (6.15a)–(6.15c) satisfying (6.20) remains in region D1 and

satisfies m∞ = 1. We can, therefore, define

α1(c) := inf {α > α0(c) | m∞(α, c) = 1} ∈ [0,+∞) ∪ {+∞}, (6.45)

and prove the following result.

Lemma 6.3.7. For any c > 0, we have 0 < α1(c) < +∞.

Proof. Fix c > 0. By Remark 6.3.4, we know that there exists α = α(c) < +∞ large

enough such that m∞(α, c) = 1 and, hence, α1(c) < +∞. If 0 < c < 2, then we know

by Lemma 6.3.5 that α0(c) > 0 and, therefore, by the definition of α1(c), we must have

α1(c) ≥ α0(c) > 0.

If c ≥ 2, then suppose, for a contradiction, that α1(c) = 0. A linear stability analysis

about the equilibrium point (0, 0, m̄1) with m̄1 ∈ [0, 1) shows that it is non-hyperbolic, with

two negative eigenvalues λ1, λ2 and one zero eigenvalue λ3:

λ1,2 =
−c±

√
c2 − 4(1− m̄)

2
, λ3 = 0. (6.46)

Therefore, by the Centre Manifold Theorem, in a small, open neighbourhood of (0, 0, m̄1)

with m̄1 ∈ [0, 1), there exists a two-dimensional stable manifold, spanned by the eigenvectors

~v1,2 corresponding to λ1,2. In this neighbourhood, there also exists a one-dimensional centre

manifold spanned by ~v3 = (0, 0, 1)>, which comprises the family of equilibria (0, 0, m̄2) with

m̄2 sufficiently close to m̄1. Therefore, for fixed 0 < ε < 1, we can find a neighbourhood Ω
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of (0, 0, 0) that is foliated by two-dimensional stable leaves over a one-dimensional centre

manifold, composed of points of the form (0, 0, m̄) with 0 ≤ m̄ < ε. Then, any solution that

enters Ω converges to (0, 0, m̄) as y → +∞ for some m̄ that satisfies 0 ≤ m̄ < ε.

Now, by Remark 6.3.2, α1(c) = 0 implies that (n∞(α1(c), c), p∞(α1(c), c),m∞(α1(c), c)) =

(0, 0, 0). Thus, we can find ȳ ∈ R large enough such that (nα1(c),c(y), pα1(c),c(y),mα1(c),c(y)) ∈ Ω
for all y ≥ ȳ. By continuity of solutions with respect to α, we can find δ > 0 such that

(nα,c(ȳ), pα,c(ȳ),mα,c(ȳ)) ∈ Ω for any 0 < α < δ. This implies that, for any such α,

(nα,c(y), pα,c(y),mα,c(y)) converges to (0, 0, m̄) ∈ Ω as y → +∞. Since 0 ≤ m̄ < ε by our

choice of Ω, there exists 0 < α < δ such that 0 ≤ m∞(α, c) < ε. However, since α1(c) = 0,

we must have m∞(α, c) = 1 for all α > 0 and we have reached the desired contradiction.

Lemma 6.3.7 ensures that, for any c > 0 and α ≥ α1(c), the solution (nα,c, pα,c,mα,c) of

(6.15a)–(6.15c), subject to the asymptotic conditions (6.20), stays in region D1 and satisfies

(n∞(α, c), p∞(α, c),m∞(α, c)) = (n∞(α, c), 0, 1), where n∞(α, c) ∈ [0, 1). We would now

like to show that, for any c > 0, there exists a unique α ≥ α1(c) such that n∞(α, c) = 0.

For the rest of this section, we suppose that α ≥ α1(c). A linear stability analysis at the

equilibrium point P2 shows that P2 is non-hyperbolic, with one negative eigenvalue and two

zero eigenvalues. Therefore, at P2, we have a one-dimensional stable manifold, WS ⊂ R3,

generated by the eigenvector ~v1 = (1/c, 1, 0)> associated with λ1 = −c. We also have a two-

dimensional centre manifold, WC ⊂ R3, which is tangent at P2 to the subspace spanned by

the eigenvectors ~v2 = (1, 0, 0)> and ~v3 = (0, 0, 1)> associated with λ2 = λ3 = 0. Solutions

of (6.15a)–(6.15c) that satisfy (6.20) and remain in a small enough neighbourhood of P2

for all sufficiently large y > 0 converge to WC . Therefore, in order to study the dynamics

around P2, we perform a nonlinear local stability analysis. We begin by transforming system

(6.15a)–(6.15c) into normal form by introducing the following variables:

ñ(y) = n(y) + p(y)/c, p̃(y) = p(y), m̃(y) = 1−m(y), (6.47)

which satisfy the following system:

dñ

dy
= −1

c
m̃

(
ñ− p̃

c

)(
1− ñ+

p̃

c

)
, (6.48a)

dp̃

dy
= −cp̃− m̃

(
ñ− p̃

c

)(
1− ñ+

p̃

c

)
, (6.48b)

dm̃

dy
= −κ

c
m̃(1− m̃)

(
ñ− p̃

c

)
. (6.48c)

Then, we know that, in a neighbourhood of the origin, the centre manifold can be

described by a function P(ñ, m̃) such that (ñ, p̃, m̃) ∈ WC if and only if p̃ = P(ñ, m̃), where

P(ñ, m̃) = −1

c
ñm̃(1 +O(|ñ|+ |m̃|)). (6.49)

133



Using this expression for the centre manifold in a neighbourhood of the origin, we

must now prove that there is a solution of system (6.48a)–(6.48c) converging to the centre

manifold WC that converges to the origin as y → +∞. We are interested in solutions

(n, p,m) of (6.15a)–(6.15c) that satisfy (6.20) and remain in region D1 for all y ∈ R.

Equivalently, we seek solutions (ñ, p̃, m̃) of (6.48a)–(6.48c) that satisfy (6.20) and lie on a

manifold W+
C ⊂ WC , where

W+
C = {(ñ, p̃, m̃) ∈ WC | ñ, m̃ > 0}. (6.50)

The following lemma characterises such solutions that converge to the origin as y → +∞.

Lemma 6.3.8. Up to translations in the variable y, there exists a unique solution of

(6.48a)–(6.48c) that satisfies the asymptotic conditions (6.20), lies on the centre manifold

W+
C , and whose components converge to zero as y → +∞, such that

ñ(y) =
c

κy
+O

(
1

y2

)
and m̃(y) =

c

y
+O

(
1

y2

)
. (6.51)

Proof. We will begin by proving that a solution (ñ, p̃, m̃) of the following system:

dñ

dy
= −1

c
m̃

(
ñ− p̃

c

)(
1− ñ+

p̃

c

)
, (6.52a)

dp̃

dy
= −cp̃− m̃

(
ñ− p̃

c

)(
1− ñ+

p̃

c

)
, (6.52b)

dm̃

dy
= −κ

c
m̃(1− m̃)

(
ñ− p̃

c

)
, (6.52c)

subject to the asymptotic conditions (6.20) and whose components converge to zero as

y → +∞ exists on W+
C . We introduce the ansatz

ñ(y) =
a

y
f(ln y), m̃(y) =

b

y
g(ln y), z = ln y, (6.53)

where a := c/κ and b := c. For ñ and m̃ evolving according to (6.52a) and (6.52c), with

p̃ = P(ñ, m̃), the functions f and g satisfy
df

dz
= f − 1

c

b

a
g

(
af − ezP

c

)(
1− e−zaf +

P
c

)
, (6.54a)

dg

dz
= g +

κ

c
g(1− be−zg)

(
−af + ez

P
c

)
. (6.54b)

Now, we recall that

P(ñ, m̃) = −1

c
ñm̃(1 +O(|ñ|+ |m̃|)). (6.55)
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Hence, from (6.53), we have∣∣∣P(ñ, m̃)
∣∣∣ =
∣∣∣− e−2z c

κ
fg
∣∣∣ ≤ e−2z c

κ
|f ||g|. (6.56)

Since f and g are bounded for all z ∈ R, P converges to 0 as z → +∞ and we can

similarly show that ezP converges to 0 as z → +∞. Therefore, system (6.54a)–(6.54b)

converges, as z → +∞, to 
df

dz
= f − gf = f(1− g), (6.57a)

dg

dz
= g − gf = g(1− f). (6.57b)

This system has a unique, strictly positive fixed point (f∗, g∗) = (1, 1) and it can eas-

ily be verified through a linear stability analysis that this fixed point is hyperbolic with

eigenvalues λ1 = 1, λ2 = −1. Therefore, there exists a one-dimensional stable manifold

along which solutions to (6.54a)–(6.54b) can converge to (1, 1) as z → +∞ and they satisfy

|f(z)− 1|+ |g(z)− 1| = O(e−z) in this limit. We can, therefore, conclude that there exists

a solution of (6.52a)–(6.52c) subject to the asymptotic conditions (6.20), on W+
C , whose

components converge to (0, 0) as y → +∞, such that

ñ(y) =
c

κy
+O

(
1

y2

)
and m̃(y) =

c

y
+O

(
1

y2

)
, as y → +∞. (6.58)

We must now prove uniqueness of the above solution. We will do so by proving that

any arbitrary positive solution to (6.52a)–(6.52c) on the centre manifoldW+
C that converges

to the origin as y → +∞ must satisfy the asymptotic condition (6.58). This means that

there exists y1 > 0 large enough such that the chosen arbitrary solution coincides with

the constructed solution for all y ∈ [y1,+∞). This precisely implies that the arbitrary

solution chosen coincides with the constructed solution on the centre manifold, from which

uniqueness follows.

For ease of notation, we write the evolution of ñ and m̃ on W+
C as follows:

dñ

dy
= −1

c
m̃

(
ñ− P(ñ, m̃)

c

)(
1− ñ+

P(ñ, m̃)

c

)
= G(ñ, m̃), (6.59a)

dm̃

dy
= −κ

c
m̃(1− m̃)

(
ñ− P(ñ, m̃)

c

)
= H(ñ, m̃). (6.59b)

The solution (ñ, m̃) constructed above satisfies ñ = Φ(m̃) in some ε-neighbourhood of

the origin, where ε > 0 and Φ : (0, ε) → R+ is a Ck function satisfying the following

functional relation for w ∈ (0, ε):

G(Φ(w), w) = Φ′(w)H(Φ(w), w). (6.60)

In particular, the solution (ñ, m̃) satisfies (6.58), so we have Φ(w) = w/κ+O(w2) as w → 0.
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Now, consider any arbitrary positive solution (ñ, m̃) of (6.59a)–(6.59b) that converges

to the origin as y → +∞. Using (6.59a)–(6.59b), we find

d

dy
(ñ− Φ(m̃)) = G(ñ, m̃)− Φ′(m̃)H(ñ, m̃). (6.61)

Using (6.60) and adding and subtracting G(Φ(m̃), m̃) = Φ′(m̃)H(Φ(m̃), m̃) to the right-

hand side of (6.61), we obtain

d

dy
(ñ− Φ(m̃)) = G(ñ, m̃)− G(Φ(m̃), m̃)− Φ′(m̃)(H(ñ, m̃)−H(Φ(m̃), m̃)). (6.62)

Now, we note that, by the Fundamental Theorem of Calculus for line integrals,{
G(ñ, m̃)− G(Φ(m̃), m̃) =

∫ ñ
Φ(m̃) ∂1G(s, m̃)ds,

Φ′(m̃)(H(ñ, m̃)−H(Φ(m̃), m̃)) = Φ′(m̃)
∫ ñ
Φ(m̃) ∂1H(s, m̃)ds,

(6.63)

where we have denoted the derivative with respect to the first variable, ñ, by ∂1. Finally,

using (6.63) and reparametrising the curve from (Φ(m̃), m̃) to (ñ, m̃), Equation (6.62) yields

d

dy
(ñ− Φ(m̃)) = ∆(ñ, m̃)(ñ− Φ(m̃)), (6.64)

where

∆(ñ, m̃) :=

∫ 1

0

(
∂1G ((1− t)Φ(m̃) + tñ, m̃)− Φ′(m̃)∂1H ((1− t)Φ(m̃) + tñ, m̃)

)
dt. (6.65)

Using (6.55) and (6.59a)–(6.59b), it is straightforward to find the following asymptotic

expansion of ∆(ñ, m̃) as (ñ, m̃)→ (0, 0):

∆(ñ, m̃) =
m̃

c

(
1− κ
κ

m̃+ ñ

)
(1 +O(|ñ|+ |m̃|)). (6.66)

In particular, if 0 < κ ≤ 1, then ∆(ñ, m̃) > 0 for sufficiently small (ñ, m̃) on W+
C . Now, we

can choose y1 > 0 sufficiently large (to ensure that (ñ, m̃) is sufficiently small) and integrate

(6.64) from y1 to y2 to obtain

ñ(y2)− Φ(m̃(y2)) = exp

(∫ y2

y1

∆(ñ(y), m̃(y))dy

)
(ñ(y1)− Φ(m̃(y1))) , (6.67)

from which we have that |ñ(y2) − Φ(m̃(y2))| ≥ |ñ(y1) − Φ(m̃(y1))|, whenever 0 < κ ≤ 1.

By assumption, (ñ, m̃) converges to (0, 0) as y → +∞, i.e., ñ and Φ(m̃) both converge to

0 as y → +∞. Therefore, the left-hand side of the above inequality converges to zero as

y2 → +∞, which implies that, if 0 < κ ≤ 1, then ñ(y1) = Φ(m̃(y1)) for all sufficiently

large y1 > 0. We can then conclude that, if 0 < κ ≤ 1, then any positive solution (ñ, m̃) to

(6.59a)–(6.59b) on the centre manifold, which converges to the origin as y → +∞, coincides,

up to a translation in y, with the solution constructed in the first part of the proof.
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We can similarly show that we have uniqueness for κ > 1. The solution (ñ, m̃) con-

structed in the first part of the proof satisfies m̃ = Ψ(ñ) in some ε-neighbourhood of the

origin, where ε > 0 and Ψ : (0, ε)→ R+ is a Ck function satisfying the following functional

relation for w ∈ (0, ε):

H(w, Ψ(w)) = Ψ ′(w)G(w, Ψ(w)). (6.68)

In particular, the solution (ñ, m̃) satisfies (6.58), so we have Ψ(w) = κw+O(w2) as w → 0.

Now, consider again any arbitrary positive solution (ñ, m̃) of (6.59a)–(6.59b) that con-

verges to the origin as y → +∞. Similarly to the derivation of (6.64), we find

d

dy
(m̃− Ψ(ñ)) = ∆(ñ, m̃)(m̃− Ψ(ñ)), (6.69)

where, denoting the derivative with respect to the second variable, m̃, by ∂2, we have

∆(ñ, m̃) =

∫ 1

0

(
∂2H (ñ, (1− t)Ψ(ñ) + tm̃)− Ψ ′(ñ)∂2G (ñ, (1− t)Φ(m̃) + tñ, m̃)

)
dt. (6.70)

Using (6.55) and (6.59a)–(6.59b), it is straightforward to find the following asymptotic

expansion of ∆(ñ, m̃) as (ñ, m̃)→ (0, 0):

∆(ñ, m̃) =
κ

c
ñ((κ− 1)ñ+ m̃)(1 +O(|ñ|+ |m̃|)). (6.71)

In particular, if κ > 1, then ∆(ñ, m̃) > 0 for sufficiently small (ñ, m̃) on W+
C . Now,

integrating (6.69) from y1 to y2 for y1 > 0 sufficiently large, we obtain

m̃(y2)− Ψ(ñ(y2)) = exp

(∫ y2

y1

∆(ñ(y), m̃(y))dy

)
(m̃(y1)− Ψ(ñ(y1))) , (6.72)

from which we have that |m̃(y2) − Ψ(ñ(y2))| ≥ (m̃(y1)− Ψ(ñ(y1))) |, whenever κ > 1. By

assumption, (ñ, m̃) converges to (0, 0) as y → +∞, i.e., m̃ and Ψ(ñ) both converge to 0

as y → +∞. Therefore, the left-hand side of the above inequality converges to zero as

y2 → +∞, which implies that, if κ > 1, then m̃(y1) = Ψ(ñ(y1)) for all sufficiently large

y1 > 0. Therefore, if κ > 1, then any positive solution (ñ, m̃) to (6.59a)–(6.59b) on the

centre manifold W+
C , converging to the origin as y → +∞, coincides, up to a translation in

y, with the solution constructed in the first part of the proof.

We have now proved the uniqueness of the solution to (6.59a)–(6.59b) that converges to

the origin as y → +∞ and satisfies the asymptotic conditions (6.58).

Lemma 6.3.8 establishes the existence of at least one solution of (6.15a)–(6.15c) that

satisfies (6.20), stays in region D1 and converges to (0, 0, 1) as y → +∞. Furthermore,

this solution is uniquely determined on the centre manifoldW+
C . Given that any solution of

(6.15a)–(6.15c) that satisfies (6.20), stays in region D1 and converges to (0, 0, 1) as y → +∞
must do so via W+

C and, given the monotonicity result of Lemma 6.3.4, it is easy to prove

the following lemma.
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Lemma 6.3.9. Given any c > 0, there exists at most one value α ≥ α1(c) of the shooting

parameter such that the solution (nα,c(y), pα,c(y),mα,c(y)) of (6.15a)–(6.15c) satisfying the

asymptotic properties in Lemma 6.3.2 converges to P2 = (0, 0, 1) as y → +∞.

The proof of Lemma 6.3.9 is identical to that of Lemma 2.13 in [82] and is, therefore,

omitted.

Exploiting the continuity of solutions with respect to the shooting parameter, α, we can

extend Lemma 6.3.9 to determine the unique value of α, given c > 0, for which the solution

(nα,c(y), pα,c(y),mα,c(y)) of (6.15a)–(6.15c) that satisfies (6.20) converges to (0, 0, 1) as

y → +∞. For the proof of the following result, we refer the reader to the proof of Lemma

2.14 in [82].

Lemma 6.3.10. Given any c > 0, if α = α1(c), then the solution (nα,c(y), pα,c(y),mα,c(y))

of (6.15a)–(6.15c) satisfying the asymptotic properties in Lemma 6.3.2 converges to P2 =

(0, 0, 1) as y → +∞.

Using Lemma 6.3.10 and reversing the change of variables (6.10), it is straightforward

to construct a unique (up to translation) solution (N (ξ),M(ξ)) = (n(Φ(ξ)),m(Φ(ξ))) of

system (6.5a)–(6.5b) that satisfies the asymptotic conditions (6.6). This leads to our first

main result, which can be proved as in [82].

Theorem 6.3.11. Fix κ > 0. For any c > 0, system (6.4) has a smooth weak TWS

(N ,M; c) connecting (1, 0) and (0, 1). This solution is unique (up to translation), and

N and M are monotonically strictly decreasing and increasing functions of x − ct = ξ ∈
R ∪ {−∞,+∞}, respectively.

6.3.2.5 Solutions converging to the equilibrium point (0, 0, m̄) with m̄ ∈ [0, 1)

In this section, we consider solutions of system (6.15a)–(6.15c) subject to (6.20) that stay

in region Dm̄ ⊂ D1 and converge to (0, 0, m̄) for m̄ ∈ (0, 1) as y → +∞. Using arguments

similar to those for the previous case, we can show that, for all m̄ ∈ [0, 1), there exists a

strictly positive, real-valued wave speed above which the solutions we seek exist and are

unique. We will refer to this wave speed as the minimum wave speed and we will observe

that it depends on κ, the rescaled degradation rate of ECM. In particular, given κ > 0,

we denote the minimum wave speed by c∗κ(m̄) for each m̄ ∈ [0, 1). This will enable us to

draw some conclusions on the existence and uniqueness of TWS that satisfy the asymptotic

conditions (6.7).

At this stage, we have no information about the possible values of c∗κ(m̄) for m̄ ∈ (0, 1)

and κ > 0. More specifically, given κ > 0, we currently have c∗κ(m̄) ∈ R∗+ for each m̄ ∈ (0, 1).

For m̄ = 0, by Remark 6.3.1, it is straightforward to show that c∗κ(0) = 2 for all κ > 0. To
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characterise the minimum wave speed for m̄ ∈ (0, 1), we begin by proving a non-existence

result.

Lemma 6.3.12. Fix κ > 0 and m̄ ∈ (0, 1). If 0 < c < 2
√

1− m̄, then there is no

α′ ∈ [α0(c),+∞) such that the solution (nα′,c, pα′,c,mα′,c) of (6.15a)–(6.15c) that satisfies

the asymptotic properties in Lemma 6.3.2 converges to (0, 0, m̄) as y → +∞.

Proof. Fix κ > 0 and m̄ ∈ (0, 1) and suppose that 0 < c < 2
√

1− m̄. We suppose, for a

contradiction, that there exists α′ ∈ [α0(c),+∞) such that the solution (nα′,c, pα′,c,mα′,c)

of (6.15a)–(6.15c) that satisfies (6.20) converges to (0, 0, m̄) as y → +∞. By the definition

of α0(c), this implies that (nα′,c, pα′,c,mα′,c) stays in region D1 for all y ∈ R. Now, we can

choose ε > 0 small enough such that 0 < c < 2
√

(1− m̄− ε)(1− ε) and we can also find ȳ

sufficiently large such that nα′,c(y) < ε and mα′,c(y) < m̄+ ε for all y ≥ ȳ. Solutions of the

constant coefficient second order ODE

n′′ + cn′ + (1− m̄− ε)(1− ε)n = 0,

with lim
y→−∞

n(y) = 1, lim
y→+∞

n(y) = 0, lim
y→±∞

n′(y) = 0,

have infinitely many zeros in (ȳ,+∞) (since its characteristic equation has complex roots).

Since (1−m̄−ε)(1−ε) < (1−mα′,c(y))(1−nα′,c(y)) for all y ∈ (ȳ,+∞), Sturm’s Comparison

Theorem implies that nα′,c(y) must also have infinitely many zeros in (ȳ,+∞). Therefore,

(nα′,c, pα′,c,mα′,c) exits region D1 (and Dm̄), contradicting the assumption that α′ ≥ α0(c).

Given κ > 0 and m̄ ∈ (0, 1), if the minimum wave speed, c∗κ(m̄), exists, then Lemma

6.3.12 yields a lower bound for c∗κ(m̄). More specifically, for all κ > 0 and m̄ ∈ (0, 1),

c∗κ(m̄) ≥ 2
√

(1− m̄).

Lemma 6.3.13. Fix κ > 0. If c ≥ 2, then, for all m̄ ∈ (0, 1), there exists a unique α ∈
(α0(c), α1(c)) such that the solution of (6.15a)–(6.15c) satisfying the asymptotic properties

in Lemma 6.3.2 converges to (0, 0, m̄) as y → +∞.

Proof. Fix κ > 0 and suppose that c ≥ 2. By Lemmas 6.3.5 and 6.3.7, we know that

0 = α0(c) < α1(c). Then, by the definition of α0(c), we have that, for any α ∈ (α0(c), α1(c)),

T (α, c) = +∞, and the solution (nα,c, pα,c,mα,c) of (6.15a)–(6.15c) satisfying (6.20) stays

in the region D1 for all y ∈ R by Lemma 6.3.3. Then, by Lemma 6.3.6, we know that,

for every α ∈ (α0(c), α1(c)), the limits n∞(α, c), p∞(α, c), m∞(α, c) exist. In addition, by

the monotonicity of nα,c and mα,c with respect to α (see Lemma 6.3.4) and the fact that

(n∞(α1(c), c),m∞(α1(c), c)) = (0, 1) by Lemma 6.3.10, we must have

0 = n∞(α0(c), c) ≤ n∞(α, c) ≤ n∞(α1(c), c) = 0,

0 = m∞(α0(c), c) ≤ m∞(α, c) ≤ m∞(α1(c), c) = 1.
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We recall that α0(c) = 0 and α1(c) are the unique values of the shooting parameter

for which the solution of (6.15a)–(6.15c) that satisfies (6.20) remains in region D1 and

converges to (0, 0, 0) and (0, 0, 1) as y → +∞, respectively. Therefore, we find that, for

every α ∈ (α0(c), α1(c)), the limits for (nα,c, pα,c,mα,c) as y → +∞ must satisfy

n∞(α, c) = 0, m∞(α, c) ∈ (0, 1) and p∞(α, c) = 0. (6.73)

We will now prove that the mapping α 7→ m∞(α, c) is continuous and strictly increasing

on [α0(c), α1(c)]. Choose α′, α′′ such that α0(c) < α′ < α′′ < α1(c). Suppose, for a

contradiction, that

lim
y→+∞

mα′,c(y) = m∞(α′, c) = m̄ = m∞(α′′, c) = lim
y→+∞

mα′′,c(y).

Irrespective of the asymptotic conditions (6.20), we can solve equation (6.15c) for y ∈ R
and impose lim

y→+∞
m(y) = m̄ ∈ (0, 1) to obtain

m(y) =

[
1 +

1− m̄
m̄

exp

(
κ

c

∫ +∞

y
n(s)ds

)]−1

. (6.74)

Any solution for which lim
y→+∞

m(y) = m̄ ∈ (0, 1) must therefore take the form (6.74). Thus,

mα′,c and mα′′,c take the form (6.74), with n replaced by nα′,c and nα′′,c, respectively. Now,

by Lemma 6.3.4, we know that mα′,c(y) < mα′′,c(y) for all y ∈ R since α′ < α′′. We,

therefore, have, for any y ∈ R,[
1 +

1− m̄
m̄

exp

(
κ

c

∫ +∞

y
nα′,c(s)ds

)]−1

<

[
1 +

1− m̄
m̄

exp

(
κ

c

∫ +∞

y
nα′′,c(s)ds

)]−1

,

(6.75)

⇒
∫ +∞

y
(nα′,c(s)− nα′′,c(s))ds > 0. (6.76)

Since
(
nα′,c(y)− nα′′,c(y)

)
< 0 for all y ∈ R by Lemma 6.3.4, the inequality (6.76) cannot

hold and we have reached a contradiction. Since we have that m∞(α′, c) ≤ m∞(α′′, c),

by monotonicity of solutions with respect to α, and that m∞(α′, c) 6= m∞(α′′, c), by the

above argument, we conclude that m∞(α′, c) < m∞(α′′, c). This proves that the mapping

α 7→ m∞(α, c) is strictly increasing on (α0(c), α1(c)). Using the fact that α0(c) and α1(c)

are, respectively, the unique values of the shooting parameter for which the solution of

(6.15a)–(6.15c) given by Lemma 6.3.2 converges to (0, 0, 0) and (0, 0, 1) as y → +∞, we

have that α 7→ m∞(α, c) is strictly increasing on [α0(c), α1(c)].

We now prove that the mapping α 7→ m∞(α, c) is continuous on [α0(c), α1(c)]. For

fixed α′ ∈ [α0(c), α1(c)), (6.73) implies that n∞(α′, c) = 0, p∞(α′, c) = 0 and m∞(α′, c) =

m̄1 ∈ [0, 1). In the proof of Lemma 6.3.7, we performed a linear stability analysis about

the equilibrium point (0, 0, m̄1) for m̄1 ∈ [0, 1). We showed that, for fixed ε > 0, we
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can find a neighbourhood Ω of (0, 0, m̄1) that is foliated by two-dimensional stable leaves

over a one-dimensional centre manifold, which comprises equilibria of the form (0, 0, m̄) for

|m̄ − m̄1| < ε. Then, any solution that enters Ω converges to (0, 0, m̄) as y → +∞ for

some m̄ that satisfies |m̄−m̄1| < ε. Since (nα′,c(y), pα′,c(y),mα′,c(y)) converges to (0, 0, m̄1)

as y → +∞, we can find ȳ ∈ R large enough such that (nα′,c(y), pα′,c(y),mα′,c(y)) ∈ Ω

for all y ≥ ȳ. By continuity of solutions with respect to α, we can find δ > 0 such that

(nα′′,c(ȳ), pα′′,c(ȳ),mα′′,c(ȳ)) ∈ Ω for any α′′ ∈ [α0(c), α1(c)) such that |α′ − α′′| < δ. This

implies that, for any such α′′, (nα′′,c(y), pα′′,c(y),mα′′,c(y)) converges to (0, 0, m̄2) ∈ Ω as

y → +∞, for some m̄2 6= m̄1 (since m∞(α, c) is strictly increasing with α). By our choice

of Ω, |m̄2 − m̄1| < ε, i.e., |m∞(α′′, c)−m∞(α′, c)| < ε for any α′′ ∈ [α0(c), α1(c)) such that

|α′ − α′′| < δ. This proves continuity of the mapping α 7→ m∞(α, c) on [α0(c), α1(c)).

We finally show continuity at α1(c). We fix ε > 0 and note that, since m∞(α1(c), c) = 1,

we can find ȳ ∈ R large enough such that |mα1(c),c(y)−1| < ε/2 for all y ≥ ȳ. By continuity

of solutions with respect to α, we can find δ > 0 such that |mα′,c(ȳ)−mα1(c),c(ȳ)| < ε/2

for any α′ ∈ [α0(c), α1(c)] satisfying |α′ − α1(c)| < δ, i.e., for any α′ ∈ (α1(c) − δ, α1(c)].

Therefore, we have that |mα′,c(ȳ)− 1| < ε for any α′ ∈ (α1(c)− δ, α1(c)]. Moreover, for any

α′ ∈ (α1(c)− δ, α1(c)], the function mα′,c(y) is strictly increasing for all y ∈ R and bounded

above by 1, so m∞(α′, c) ∈ (mα′,c(ȳ), 1]. In particular, for any α′ ∈ (α1(c) − δ, α1(c)],

we have |m∞(α′, c)− 1| = |m∞(α′, c)−m∞(α1(c), c)| < ε. This proves continuity of the

mapping α 7→ m∞(α, c) at α1(c).

We have now shown that the mapping α 7→ m∞(α, c) is strictly increasing and contin-

uous on [α0(c), α1(c)]. Since m∞(α0(c), c) = 0 and m∞(α1(c), c) = 1, application of the

Intermediate Value Theorem enables us to conclude that, for any m̄ ∈ (0, 1), there exists a

unique α ∈ (α0(c), α1(c)) such that m∞(α, c) = m̄.

Remark 6.3.5. Using a similar proof to the above, we can generalise Lemma 6.3.13 to

obtain the following result. Given κ, c > 0, suppose that there exists a unique value of the

shooting parameter, α ∈ [α0(c), α1(c)), such that the solution (nα,c, pα,c,mα,c) of (6.15a)–

(6.15c) satisfies (6.20) and converges to (0, 0, m̄) as y → +∞ for some m̄ ∈ [0, 1). Then,

for all m̄′ ∈ (m̄, 1), there exists a unique value of the shooting parameter, α′ ∈ (α, α1(c)),

for which the solution of (6.15a)–(6.15c) that satisfies (6.20) stays in Dm̄′ and converges to

(0, 0, m̄′) as y → +∞.

Lemma 6.3.13 implies that, for all m̄ ∈ (0, 1), the minimum wave speed, c∗κ(m̄), exists

and is bounded above by 2. Then, given m̄ ∈ [0, 1), for any c ≥ c∗κ(m̄), we can define

αm̄(c) := {α ≥ α0(c) | m∞(α, c) = m̄} ∈ [α0(c), α1(c)). (6.77)
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We now improve the upper bound on c∗κ(m̄) for m̄ ∈ (0, 1) by formulating a conjecture.

We consider the following generalised Fisher-KPP equation with reaction term, g, of Fisher-

KPP type:
n′′ + cn′ + g(n) = 0,

with lim
y→−∞

n(y) = 1, lim
y→+∞

n(y) = 0, lim
y→±∞

n′(y) = 0.
(6.78)

One typically seeks TWS such that n is monotonically decreasing, in which case we can in-

vert n(y) to obtain a function Y (n), n ∈ [0, 1]. Considering the new variable P (n) := n′(Y (n)),

we obtain the following first order boundary value problem (BVP):P ′ = −c− g(n)

P
,

P (0) = 0,
(6.79)

subject to P (1) = 0, P (n) < 0 ∀n ∈ (0, 1). Studying TWS of (6.78) and solutions of

(6.79), subject to their respective asymptotic and boundary conditions, is equivalent [149].

Moreover, it is known that if g′′(n) < 0∀n ∈ [0, 1], then (6.79) subject to P (1) = 0,

P (n) < 0 ∀n ∈ (0, 1) has a unique solution if c ≥ 2
√
g′(0) [76, 190, 254]. Therefore, TWS

of (6.78) exist and are unique if c ≥ 2
√
g′(0).

Returning to our original problem, by introducing P (n) := n′(Y (n)) andM(n) := m(Y (n)),

we view the system (6.15a)–(6.15c) subject to the conditions (6.7) as the following BVP:
P ′ = −c− (1− n)n(1−M(n))

P
,

M ′ =
κ

c

M(1−M)N

P
,

P (0) = 0, M(0) = m̄,

(6.80)

subject to the additional conditions

P (n) < 0, 0 < M(n) < m̄ ∀n ∈ (0, 1), P (1) = M(1) = 0. (6.81)

It is possible to show that g(n) = (1−n)n(1−M(n)) is of Fisher-KPP type for 0 ≤M ≤ m̄ < 1

and that g′′(0) < 0 if κ ≤ κ∗(m̄) (see the Supplementary Material of [44]), where

κ∗(m̄) :=
1− m̄
m̄

∀m̄ ∈ (0, 1). (6.82)

We conjecture that, if κ ≤ κ∗(m̄), then g′′(n) < 0 ∀n ∈ [0, 1]. By the preceding result for the

generalised Fisher-KPP equation, this would imply that, given 0 < κ ≤ κ∗(m̄), the system

(6.15a)–(6.15c) subject to the conditions (6.7) has unique TWS for c ≥ 2
√
g′(0) = 2

√
1− m̄.

Now, given κ > 0, we let m∗(κ) := 1
κ+1 . Noting that 0 < κ ≤ κ∗(m̄) if and only if

0 < m̄ ≤ m∗(κ), we formulate the following conjecture.
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Conjecture 1. Fix κ > 0 and m̄ ∈ (0,m∗(κ)]. Given c ≥ 2
√

1− m̄, there exists a unique

α′ ∈ [α0(c), α1(c)) such that the solution (nα′,c, pα′,c,mα′,c) of (6.15a)–(6.15c) that satisfies

the asymptotic properties in Lemma 6.3.2 converges to (0, 0, m̄) as y → +∞. In particular,

if c = 2
√

1− m̄, then α′ = α0(c).

Conjecture 1 implies that, given κ > 0, there are values of m̄ ∈ (0, 1) such that the

solutions of (6.15a)–(6.15c) that satisfy the asymptotic conditions (6.7) behave similarly to

solutions of a generalised Fisher-KPP equation with reaction term g(n) = (1−n)n(1− m̄).

In particular, the minimum wave speed for these TWS is defined similarly to that of a

generalised Fisher-KPP equation, i.e., it is the smallest value of c > 0 such that (0, 0, m̄)

is a stable node, and not a stable spiral, for system (6.15a)–(6.15c). In addition, using

Lemmas 6.3.12 and 6.3.13 and Conjecture 1, we make the hypothesis that, if m̄ ∈ (m∗(κ), 1)

or, equivalently, if κ > κ∗(m̄), then the minimum wave speed for TWS that converge to

(0, 0, m̄) as y → +∞ should satisfy c∗κ(m̄) ∈
(
2
√

1− m̄, 2
)
. In other words, in these cases,

we expect that there is another mechanism that can lead to n(y) < 0, y ∈ R, even if

(0, 0, m̄) is a stable node for the system (6.15a)–(6.15c).

The preceding hypothesis and Conjecture 1 are supported by numerical simulations of

the PDE system (6.4) and ODE system (6.15a)–(6.15c) (for numerical methods; see Section

6.4.1). In Figure 6.2, we show that solutions of system (6.4) subject to the initial conditions

(6.91) with M̄ ∈ [0, 1] evolve into travelling waves with constant propagation speed (see

Figure 6.3 in Section 6.4.2 for corresponding travelling wave profiles). We observe that,

for 0 < κ ≤ κ∗(M̄), this speed is independent of κ, and, calculating the slopes of these

lines, we find that it is approximately equal to 2
√

1− M̄ . Additionally, when κ > κ∗(M̄),

we observe that the wave speed selected by the PDE model increases with κ. We also

solved numerically the system (6.15a)–(6.15c), subject to the asymptotic conditions (6.20),

for the same values of κ > κ∗(M̄) and the respective values of the propagation speed

estimated using the solutions of the PDE system (results not shown). We observed that,

given κ > κ∗(M̄), the wave speed selected by the PDE appears to correspond to the smallest

wave speed such that the solution (n, p,m) of the system (6.15a)–(6.15c), subject to (6.20),

satisfies n(y) > 0 ∀y ∈ R and converges to (0, 0, m̄), m̄ = M̄ .

Now, suppose Conjecture 1 is true. Then, given κ > 0, for each m̄ ∈ [0,m∗(κ)] and

c ≥ 2
√

1− m̄, αm̄(c) as defined by (6.77) exists and is the unique α′ mentioned in the

statement of Conjecture 1. Using Remark 6.3.5 and Conjecture 1, the subsequent result

follows naturally (we omit the proof for brevity).

Lemma 6.3.14. Suppose Conjecture 1 is true and fix κ > 0. If c ≥ 2
√

1−m∗(κ), then,

for all m̄ ∈ (m∗(κ), 1), there exists a unique α ∈ (αm∗(κ)(c), α1(c)) such that the solution of

(6.15a)–(6.15c) that satisfies the asymptotic properties in Lemma 6.3.2 converges to (0, 0, m̄)

as y → +∞.
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(a) (b)

(c) (d)

Figure 6.2: We solve system (6.4) on the 1D spatial domain, x ∈ X := [0, 200], and impose
the initial conditions (6.91) with (a) M̄ = 0.25, (b) M̄ = 0.5, (c) M̄ = 0.75 and (d)
M̄ = 1. Each plot represents X(t) such that N(X(t), t) = 0.5 for t ∈ (0, 100] when
(a)–(c) κ ∈ κ∗ × {0.01, 0.1, 1, 10, 100, 1000}, where κ∗ is defined by (6.82), and (d) κ ∈
{0.01, 0.1, 1, 10, 100, 1000}. We see that the front travels with a constant propagation speed
that increases monotonically with κ.

This lemma allows us to obtain a sharper upper bound on the minimum wave speed for

solutions of (6.15a)–(6.15c) subject to (6.20) that converge to (0, 0, m̄) as y → +∞, where

m̄ ∈ (m∗(κ), 1). We now summarise what we can conclude about the minimum wave speed

c∗κ(m̄).

Lemma 6.3.15. Suppose Conjecture 1 is true. Given κ > 0, the minimum wave speed

c∗κ(m̄) is a monotonically decreasing function on [0, 1), such that

c∗κ(m̄)

{
= 2
√

1− m̄, if m̄ ∈ [0,m∗(κ)] ,

∈
[
2
√

1− m̄, 2
√

1−m∗(κ)
]
, if m̄ ∈ (m∗(κ), 1) .

(6.83)

Proof. Fix κ > 0. Suppose, for a contradiction, that c∗κ is not a monotonically decreasing

function of m̄ on [0, 1). Then, we can find 0 ≤ m̄′ < m̄′′ < 1 such that c∗κ(m̄′) < c∗κ(m̄′′).

Now, choose c ∈ (c∗κ(m̄′), c∗κ(m̄′′)). Then, there exists a solution of (6.15a)–(6.15c) that

satisfies the asymptotic conditions (6.20), stays in region Dm̄′ and converges to (0, 0, m̄′) as

y → +∞, but there does not exist a solution of (6.15a)–(6.15c) that satisfies the asymp-

totic conditions (6.20), stays in region Dm̄′′ and converges to (0, 0, m̄′′) as y → +∞. As
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m̄′′ ∈ (m̄′, 1), Remark 6.3.5 gives us a contradiction, hence c∗κ is a decreasing function of m̄

on [0, 1).

From Lemma 6.3.12 and Conjecture 1, we know that the minimum wave speed for all

m̄ ∈ [0,m∗(κ)] is c∗κ(m̄) = 2
√

1− m̄. Since c∗κ is a decreasing function of m̄ on [0, 1), we

must have c∗κ(m̄) ≤ 2
√

1−m∗(κ) for any m̄ ∈ (m∗(κ), 1). Finally, by Lemma 6.3.12, we

know that c∗κ(m̄) ≥ 2
√

1− m̄ for any m̄ ∈ (m∗(κ), 1). This completes the proof.

While we do not have a complete characterisation of the minimum wave speed for all

κ > 0 and m̄ ∈ (0, 1), we can now state our second main result.

Theorem 6.3.16. Suppose Conjecture 1 is true. Given κ > 0, for any M̄ ∈ [0, 1), there

exists a minimum wave speed c∗κ(M̄) defined by (6.83) such that:

1. For 0 < c < c∗κ(M̄), system (6.4) has no weak TWS (N ,M; c) connecting (1, 0) and

(0,M̄).

2. For c ≥ c∗κ(M̄), system (6.4) has a smooth weak TWS (N ,M; c) connecting (1, 0) and

(0,M̄). Moreover, this solution is unique (up to translation) and N ,M are mono-

tonically strictly decreasing and increasing functions of x− ct = ξ ∈ R ∪ {−∞,+∞},
respectively.

Proof. We first prove item 2. Fix M̄ ∈ [0, 1) and let m̄ = M̄. Given any c ≥ c∗κ(m̄), we

choose α = αm̄(c) ∈ [α0(c), α1(c)). Then, the solution (nα,c, pα,c,mα,c) of (6.15a)–(6.15c)

satisfying the asymptotic conditions (6.20) converges to (0, 0, m̄) as y → +∞. Similarly

to the proof of Theorem 6.3.11 in [82], we now reverse the change of variables from ξ to y

given by
dy

dξ
≡ Φ′(ξ) =

1

1−M(ξ)
∀ξ ∈ R, (6.84)

or, equivalently,
dξ

dy
≡ (Φ−1)′(y) = 1−m(y) ∀y ∈ R. (6.85)

More specifically, we define

ξ(y) = Φ−1(y) = y −
∫ y

−∞
m(s)ds ∀y ∈ R. (6.86)

Since we want to define ξ(y) as y → ±∞ and we already have an asymptotic expansion of m

as y → −∞ in (6.20), we only need to compute an asymptotic expansion of m as y → +∞.

We saw in the proof of Lemma 6.3.13 that (nα,c, pα,c,mα,c) approaches (0, 0, m̄) via a

two-dimensional stable manifold. Computing a general asymptotic expansion of solutions

of (6.15a)–(6.15c) in a neighbourhood of (0, 0, m̄) that lie on this stable manifold, we find
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that there must exist C1, C2 ∈ R such that n ∈ (0, 1), p < 0 and m ∈ (0, m̄) (i.e., such that

the solution remains in Dm̄) and, as y → +∞, (nα,c(y), pα,c(y),mα,c(y)) satisfies

nα,c(y) = C1

(
cν1

κ(1− m̄)m̄

)
eν1y + C2

(
cν2

κ(1− m̄)m̄

)
eν2y +O(e2ν1y),

pα,c(y) = C1

(
−c2ν1

κ(1− m̄)m̄
− c

κm̄

)
eν1y + C2

(
−c2ν2

κ(1− m̄)m̄
− c

κm̄

)
eν2y +O(e2ν1y),

mα,c(y) = m̄+ C1e
ν1y + C2e

ν2y +O(e2ν1y),
(6.87)

where

ν1 =
−c+

√
c2 − 4(1− m̄)

2
, ν2 =

−c−
√
c2 − 4(1− m̄)

2
.

Using (6.20) and (6.87), we can now define ξ(y) as y → ±∞ in the following way:

ξ = Φ−1(y) =

 y − α
λ3
eλ3y +O

(
e(λ3+µ)y

)
, as y → −∞,

y(1− m̄)− C1
ν1
eν1y − C2

ν2
eν2y +O

(
e2ν1y

)
, as y → +∞.

(6.88)

From (6.88), it is clear that, as y → +∞, ξ → +∞. We therefore do not have sharp

fronts for system (6.5a)–(6.5b) subject to the asymptotic conditions (6.7). By inverting

(6.88), we obtain

y = Φ(ξ) =

 ξ + α
λ3
eλ3ξ +O

(
e(λ3+µ)y

)
, as ξ → −∞,

ξ
1−m̄ + C1

ν1(1−m̄)e
ν1ξ

(1−m̄) + C2
ν2(1−m̄)e

ν2ξ
(1−m̄) +O

(
e(ν1+ν2)

)
, as ξ → +∞.

(6.89)

We can now construct a solution of (6.5a)–(6.5b) which satisfies the asymptotic con-

ditions (6.7) for M̄ = m̄ by defining N (ξ) = nα,c(Φ(ξ)) and M(ξ) = mα,c(Φ(ξ)). Since

we know that n′α,c(y) = n′α,c(Φ(ξ)) < 0 and m′α,c(y) = m′α,c(Φ(ξ)) > 0 for all y ∈ R, it

is easy to see that dN
dξ < 0 and dM

dξ > 0 for all ξ ∈ R. This shows that N and M are

monotonically strictly decreasing and increasing in ξ, respectively. Finally, the uniqueness

of the constructed solution follows from the uniqueness of the solution (nα,c, pα,c,mα,c).

We now prove item 1 by contradiction. Fix M̄ ∈ [0, 1). Let 0 < c < c∗κ(M̄). Sup-

pose that system (6.4) has a unique (up to translation) weak travelling wave solution

(N ,M; c) connecting (1, 0) and (0,M̄), where N and M are monotonically strictly de-

creasing and increasing in ξ = x − ct, respectively. Then, we can construct a solution of

(6.15a)–(6.15c) that satisfies the asymptotic conditions lim
y→−∞

(n(y), p(y),m(y)) = (1, 0, 0),

lim
y→+∞

(n(y), p(y),m(y)) = (0, 0, m̄) for m̄ = M̄ by defining n(y) = N (Φ−1(y)), p(y) = n′(y)

and m(y) =M(Φ−1(y)). Since N andM are monotonically strictly decreasing and increas-

ing with respect to ξ = Φ−1(y), it is easy to see that n and m are monotonically strictly

decreasing and increasing with respect to y and that p(y) < 0 ∀y ∈ R. This implies that

there exists α = α(c) such that the solution of (6.15a)–(6.15c) that satisfies (6.20) stays
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in region Dm̄ and converges to (0, 0, m̄) as y → +∞. Since 0 < c < c∗κ(M̄) = c∗κ(m̄), this

contradicts the definition of the minimum wave speed.

6.4 Numerical simulations: demonstration of analytical re-
sults

In this section, we present numerical solutions of the PDE model (6.4), which comple-

ment our travelling wave analysis.

6.4.1 Numerical methods and set-up

The PDE model. We solve the PDE model (6.4) numerically on the one-dimensional

(1D) spatial domain X := [0, L] with L > 0 using the method of lines. We discretise the

spatial domain X using a uniform grid comprising P points and we discretise the equations

using the following explicit central difference scheme, introduced in [233], to approximate

the nonlinear diffusion terms:

∂

∂x

(
D(m)

∂n

∂x

)
=

1

2(δx)2

((
D(m)

∣∣∣
r−1

+D(m)
∣∣∣
r

)
nr−1

−
(
D(m)

∣∣∣
r−1

+ 2D(m)
∣∣∣
r

+D(m)
∣∣∣
r+1

)
nr

+

(
D(m)

∣∣∣
r

+D(m)
∣∣∣
r+1

)
nr+1

)
,

(6.90)

where D(m) = 1 −m ∀m ∈ [0, 1], |r denotes evaluation at the rth spatial grid point and

δx = L/P is the spatial grid step (i.e., xr = rδx).

This spatial discretisation results in a system of 2P time-dependent ODEs, which we

solve using ODE15s, a variable step, variable order MATLAB built-in solver for stiff ODEs

that is based on the numerical differentiation formulas (NDF1-NDF5) [222]. Similarly to

[233], we assume that the tumour has already spread to a position x = σ < L in the tissue

and we impose initial conditions that satisfy, for M̄ ∈ [0, 1],
N(x, 0) = 1, M(x, 0) = 0, if 0 ≤ x < σ − ω,

N(x, 0) = exp

(
1− 1

1−(x−σ+ω
ω )

2

)
, M(x, 0) = M̄ (1−N(x, 0)) , if σ − ω ≤ x < σ,

N(x, 0) = 0, M(x, 0) = M̄, if σ ≤ x ≤ L.
(6.91)

Here, 0 < ω < σ represents how sharp the initial boundary between the tumour and healthy

tissue is. Initial conditions with compact support for N , such as those given by (6.91), are

biologically relevant. We checked that the travelling waves profiles and wave speeds are

preserved across different initial conditions with compact support for N . These results are

omitted for brevity and can be found in the Supplementary Material of [44].
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We complete the mathematical problem by imposing zero-flux boundary conditions for

N at x = 0 and x = L. We set L = 200, P = 2000, σ = 2 and ω = 1 for our simulations

and run them for t ∈ (0, 100]. We verified the convergence in space of our numerical scheme

and found that using a discretisation step size δx = L/P = 0.1 ensures that the numerical

results are only weakly affected by numerical diffusion (see the Supplementary Material of

[44]).

The ODE models. We numerically solve the desingularised ODE system (6.15a)–(6.15c),

subject to the asymptotic conditions (6.20), using ODE45. Further, to numerically solve

the ODE system (6.5a)–(6.5b), we transform it into a system of three first order ODEs by

introducing the additional variable P = (1−M)dN
d∼ . In particular, we obtain the following

non-desingularised system:

dN
dξ

=
P

1−M
, (6.92a)

dP
dξ

= −c P
1−M

+ (1−N )N = 0, (6.92b)

dM
dξ

=
κ

c
MN . (6.92c)

We then solve the system (6.92a)–(6.92c) using ODE15s, subject to asymptotic conditions

equivalent to (6.20), with N (ξ), P(ξ) and M(ξ) replacing n(y), p(y), m(y), respectively.

6.4.2 Travelling wave solutions

From Theorems 6.3.11 and 6.3.16, we know that system (6.4) has TWS connecting

(1, 0) and (0, M̄), M̄ ∈ [0, 1], for all c > 0 if M̄ = 1 and for all c ≥ c∗κ(M̄), defined by

(6.83), otherwise. Figure 6.3 shows that solutions of (6.4), subject to the initial conditions

(6.91) for M̄ ∈ {0.25, 0.5, 0.75, 1}, evolve towards constant profile, constant speed travelling

waves. Further, solving numerically the ODE model (6.5a)–(6.5b), subject to the appropri-

ate asymptotic conditions, for c equal to the wave speed selected by the numerical solution

of the PDE model, we find good agreement between the travelling wave profiles predicted

by the PDE and ODE models (result not shown for brevity; see [44]). These numerical

results support the existence of TWS as defined by Theorems 6.3.11 and 6.3.16.

6.4.3 Elucidating the wave speed that emerges in the PDE model

A characteristic feature of the well-studied Fisher-KPP model is that any non-negative

initial condition with compact support will evolve towards a travelling front with speed

equal to the minimum wave speed [77, 127, 174]. One may, therefore, question whether

this result extends to more complex R-D systems that exhibit travelling waves. For our

model, the results from Section 6.3.2.5 suggest that this holds for solutions of (6.4) subject
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(a) (b)

(c) (d)

Figure 6.3: For κ = 1, we solve system (6.4) on the 1D spatial domain, x ∈ X = [0, 200],
and impose initial conditions (6.91) with σ = 2, ω = 1 and (a) M̄ = 0.25, (b) M̄ = 0.5,
(c) M̄ = 0.75 and (d) M̄ = 1. We plot the respective solutions for t ∈ {25, 50, 75, 100} and
observe the emergence of a constant profile, constant speed TWS in all cases. The wave
speed decreases as M̄ increases.

to the initial conditions (6.91) for M̄ ∈ [0, 1). In contrast, the results from Section 6.3.2.4

show that there is no strictly positive minimum wave speed for TWS of (6.4) that satisfies

the asymptotic conditions (6.6). Yet, the solution of (6.4) subject to the initial conditions

(6.91) for M̄ = 1 appears to evolve towards a travelling front with a strictly positive speed,

as illustrated in Figure 6.3 for κ = 1 and Figure 6.2d for different values of κ. In this

way, the solutions of the PDE system preferentially select a wave speed in a way that the

corresponding ODE system does not.

Given different values of κ > 0, we calculated the speed of the travelling fronts that

emerge for solutions of (6.4) subject to the initial conditions (6.91) with M̄ ∈ [0, 1]. Our

numerical simulations suggest that the wave speed selected by the PDE model is a contin-

uous, decreasing function of M̄ ∈ [0, 1], as illustrated in Figure 6.4. This is consistent with

Lemma 6.3.15 and our observation that the speed of travelling fronts that emerge for solu-

tions of (6.4), subject to the initial conditions (6.91) with M̄ ∈ [0, 1), appears to be equal

to the minimum wave speed, c∗κ(M̄), defined by (6.83). This result is interesting because
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Figure 6.4: We solve system (6.4) on the 1D spatial domain, x ∈ X := [0, 200], and impose
the initial conditions (6.91) for M̄ ∈ [0, 1]. We plot the speed of the travelling front that
emerges for M̄ ∈ {0.0625j|j ∈ J1, 15K} ∪ {0.99, 1} and observe that this speed is monoton-
ically decreasing with M̄ , given κ > 0, and monotonically increasing with κ > 0, given
M̄ ∈ [0, 1].

the speed selected by the PDE model appears to be left-continuous at M̄ = 1, despite the

fact that the minimum wave speed for the existence of TWS is not.

6.5 Discussion

In this chapter, we carried out a travelling wave analysis for a minimal model of tu-

mour cell invasion into ECM. Our aim was to use this simpler model to gain insight into

the existence of travelling wave solutions (TWS) for more complex reaction-diffusion PDE

models of tumour invasion that include a degenerate cross-dependent diffusion term. For

most of these models, results available in the literature on the existence of TWS largely rely

on numerical results, which are typically complemented by partial analytical results. This

has, for the most part, precluded a complete understanding of the existence of TWS.

We found that system (6.4) supports a continuum of TWS, which describe the invasion

of ECM by tumour cells and differ according to the density of ECM far ahead of the

front. More specifically, we distinguished between two types of TWS, the first connecting

the spatially homogeneous steady states (1, 0) and (0, 1), and the second connecting the

spatially homogeneous steady states (1, 0) and (0, M̄), for M̄ ∈ [0, 1). This distinction

follows from the degeneracy in (6.4) when M = 1.

As a first step, we proved the existence of TWS of the first type for any positive wave

speed, c > 0. This result is interesting as it differs from most previous results for degenerate
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diffusion in a scalar or multi-equation setting, where TWS exist if and only if the wave speed

is greater than or equal to a strictly positive minimum wave speed [149, 213, 216]. It is

important to note that this does not imply that a positive wave speed which is preferentially

selected does not exist for solutions of (6.4) that connect (1, 0) and (0, 1). In fact, we saw

in Section 6.4.3 that a strictly positive, κ-dependent wave speed appears to be selected by

(6.4) subject to the initial conditions (6.91) with M̄ = 1.

We then proved that TWS of the second type exist if and only if the wave speed is

greater than or equal to a strictly positive minimum wave speed, c∗κ(M̄), defined by (6.83)

for M̄ ∈ [0, 1). Given κ > 0, this minimum speed appears to be a monotonically de-

creasing, continuous function of M̄. In particular, we conjectured that, given κ > 0 and

m∗(κ) := 1
κ+1 , we can precisely define c∗κ(M̄) = 2

√
1− M̄ for M̄ ∈ [0,m∗(κ)]. Similarly to

the generalised Fisher-KPP equation, this minimum wave speed is the smallest c > 0 such

that the equilibrium (0, 0, m̄), with m̄ = M̄, of system (6.15a)–(6.15c) is a stable node and

not a stable spiral. For M̄ ∈ (m∗(κ), 1) and consistent with (6.83), numerical simulations

suggested that the wave speed selected by the PDE is strictly greater than 2
√

1− M̄. In

this case, the equilibrium (0, 0, m̄) of system (6.15a)–(6.15c) being a stable node is no longer

a sufficient condition to ensure the positivity of the n-component of the TWS in the desin-

gularised variables and, thus, of the N -component of the TWS in the original variables. In

other words, there exists an additional necessary condition for the positivity of the TWS,

which remains to be determined. Further, this additional condition reflects the differences

that can be in observed in systems of equations compared to scalar equations, which can

be attributed to the higher dimensionality of the problem.

The methodology employed in this chapter to rigorously prove the existence of TWS

for model (6.4) is applicable to models which differ from ours only in the reaction terms for

the production and degradation of the ECM and tumour cell densities, e.g., model (6.1) (as

shown by Gallay and Mascia [82]) and the model in [27]. This is because key properties of

our argument (e.g., the monotonicity of solutions with respect to the shooting parameter,

α) hold true given physically-realistic modifications to these reaction terms. By contrast,

in the case of models which contain additional flux terms (i.e., chemotaxis or haptotaxis

terms) to describe tumour cell movement, such as the model of volume-filling tumour cell

invasion by Crossley et al. [49], these properties may be violated and a different approach

is required.

The key motivation behind the work presented in this chapter was mathematical in

nature as we primarily sought to rigorously prove the existence (and uniqueness) of TWS

of the model (6.4) and to comprehensively characterise their minimum wave speed. That

said, our results are also meaningful in their biological context, i.e., tumour invasion. Our

results reveal that tumour cell invasion speeds may increase with tumour cell aggressivity
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(represented by κ) and decrease with ECM integrity (represented by M̄). While these

trends are not surprising, the model (6.4) has sufficiently few parameters that its predictions

can be tested against experimental data (e.g., in vitro invasion assays). In this way, the

model (6.4) could provide biological insight, despite its simplicity. Further, the analytical

tractability of the model makes it amenable to additional studies. For instance, given the

largely exhaustive understanding that we have of the current model’s behaviour, one can

more easily assess the influence of, say, different cancer therapies or nutrient limited growth

control on the model dynamics (see Discussion in Chapter 7).
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Chapter 7

Conclusions and Future Work

Developing targeted and effective treatment strategies for patients is at the forefront

of cancer research. Recently, there has been an increased focus on combination therapies,

which aim to exploit anti-cancer effects while minimising adverse side-effects. In partic-

ular, experimental and clinical data have established hyperthermia (HT) as a promising

candidate for enhancing the efficacy of radiotherapy (RT) [43, 187]. However, incomplete

understanding of the interactions between RT and HT, coupled with high inter-tumour

heterogeneity in sensitivity to these treatments, is hindering their joint use in the clinic.

In this thesis, we aimed to investigate how two distinct mechanisms of growth control

may influence tumour dynamics when RT and HT are applied, alone and in combination,

in order to shed light on their interactions and generate hypotheses that may explain some

of the widely varying tumour behaviours observed clinically. To this end, we developed

a comprehensive mathematical model of tumour growth and response to RT and HT. By

systematically investigating different treatments (RT, HT and RT + HT), we produced

experimentally testable predictions relating to the biological processes that may under-

pin positive and negative treatment outcomes and how RT and HT treatments should be

combined.

A natural extension of the preceding work consists of assessing how the two mechanisms

of growth control may impact tumour invasion in the absence and presence of treatment.

Another goal of this thesis was, therefore, to study degenerate, cross-dependent diffusion,

which is a key mathematical feature of most reaction-diffusion(-taxis) partial differential

equation (PDE) models of tumour invasion into healthy tissue. To do so, we proposed

a minimal model that captures the key components of tumour invasion while remaining

analytically tractable, and carried out a rigorous travelling wave analysis.

In what follows, we summarise the key results of each chapter and outline possible

avenues for future work.
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7.1 Summary of work

In Chapter 2, we developed and analysed a new ordinary differential equation (ODE)

model of tumour growth which distinguishes between nutrient limited growth arrest, where

cell proliferation and cell death rates balance, and space limited growth arrest, where the

cell proliferation rate converges to zero, with no cell death. Despite its simplicity, this model

exhibits rich solution structure, and we identified three distinct growth regimes: nutrient

limited (NL), space limited (SL) and bistable (BS), where both mechanisms of growth arrest

coexist. The oxygen consumption rates for maintenance and proliferation, q1 and q3, and

the vascular volume, V0, have the greatest influence on the qualitative behaviour of the

model and, in particular, the NL, SL and BS regimes lie in different regions of (q1, q3, V0)-

space. By distinguishing these regimes, the model lends itself to investigating how nutrient

and space limited mechanisms of growth control may impact tumour responses to RT, HT

and combined treatment.

Accordingly, in Chapter 3, we extended the model of tumour growth developed in Chap-

ter 2 to include time-dependent tumour responses to RT, and we investigated how tumours

in three NL, SL and BS virtual tumour populations respond to RT. We found that tu-

mour responses in the monostable cohorts (NL and SL) can be distinguished from those

of tumours in the BS cohort. More specifically, tumours in the NL and SL cohorts have a

largely positive response to treatment, with SL tumours experiencing the largest reductions

in tumour burden. By contrast, RT is deleterious for all tumours in the BS cohort. Probing

deeper into the biological processes that may underlie positive and negative responses to

RT, we found that, for NL tumours, positive tumour responses are due to limited tumour

regrowth (associated with low values of q3) while limited tumour regrowth and high RT

cell kill (associated with low values of q1) both play an important role for the positive re-

sponse of SL tumours. In the BS regime, a tumour’s proximity to the boundary between

the BS and SL regions in (q1, q3, V0)-space is indicative of its response to treatment, with

tumours near this boundary exhibiting extremal responses and, in particular, experiencing

the largest increases in tumour burden. A final key result of Chapter 3 relates to RT dosing

schedules: for a fixed total dose, tumours in the SL cohort respond best to high fraction

doses applied at high frequency (i.e., hitting the tumour as hard and as quickly as possible),

while, counter-intuitively, tumours in the NL and BS cohort can benefit from lower fraction

doses applied at lower frequency.

As a next step, in Chapter 4, we extended the model of tumour growth and RT response

presented in Chapter 3 to incorporate time-dependent tumour responses to HT. We distin-

guished between mild HT, which we assumed re-oxygenates a tumour via vasodilation and

a reduction in oxygen consumption rates, and high HT, which we assumed damages tumour
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and endothelial cells, induces a damage-associated angiogenic response, and inhibits DNA

repair mechanisms. By setting the radiation dose rate to zero in the model, so that the effect

of RT could be neglected, Chapter 4 focussed on studying the response of tumours in the

NL, SL and BS cohorts to HT. Our first result was that the effects of mild HT are typically

negligible and may even be deleterious for some tumours in the NL and BS cohorts. This

led us to conclude that mild HT is unlikely to cause significant radio-sensitisation when RT

and HT are combined.

By contrast, high HT has a significantly stronger impact on tumour dynamics. We ini-

tially assumed all tumours have a moderate HT-induced angiogenic response (i.e., κ0 = 10−7).

As for RT response, we distinguished tumours in the monostable regimes and the BS regime:

most tumours respond well to high HT, however, the intra-cohort variability in tumour re-

sponses was higher in the monostable regimes compared to the BS regime, where all tumours

have a particularly strong, positive response to high HT. Delving deeper into the variability

observed in monostable regimes, we found that NL tumours with limited tumour regrowth

due to a smaller volume at the start of treatment (associated with high values of q1 and/or

q3) respond most positively to high HT, while SL tumours with limited tumour regrowth

due to lower oxygen levels (associated with high values of q1) respond most positively to

high HT. In light of the findings from Chapter 3, this means that some NL tumours that

respond best to RT (low q1 and low q3) have the worst response to high HT. Similarly,

SL tumours that have the strongest RT response (low q1) also have the weakest high HT

response. The implications of these findings for combined treatment response were iden-

tified in Chapter 5 (see below). By studying the influence of increasing the weekly high

HT fraction dose for a fixed treatment duration, i.e., increasing the total thermal dose, we

found that all tumours benefit from a higher thermal dose.

Finally, we relaxed our assumption that all tumours have a moderate HT-induced an-

giogenic response and allowed the rate of angiogenesis, κ0, to vary. In doing so, we showed

that, the weaker the angiogenic response, the stronger the high HT response, and conversely.

In particular, this means that, for tumours with a strong HT-induced angiogenic response,

high HT response is poor and HT is less likely to enhance tumour responses to RT when

the two treatments are combined.

Building on the work presented in Chapters 3 and 4, Chapter 5 used the model of tumour

growth and response to RT and HT presented in Chapter 4 to study tumour responses to

combinations of these two treatments. By comparing responses to RT, HT and combined

treatment, we characterised the interactions between RT and HT across each virtual cohort.

For each tumour, we also determined the treatment (RT, HT and RT + HT) and dosing

regimen pair that leads to the ‘best’ outcome. Imposing maximum tolerable doses (MTDs)

on RT and high HT treatment schedules and considering combined treatment to be best
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if it induces reductions in viable or total tumour volume that are at least 10% larger than

RT or high HT alone, the ‘best’ outcome was defined as the largest reduction in the sum

of viable and total tumour volumes, i.e., the cumulative reduction in tumour burden.

Overall, we identified a number of cases in which combined treatment is not advisable.

As predicted by the findings in Chapter 4, mild HT does not enhance tumour responses

to RT and, when the HT-induced angiogenic response is sufficiently strong, high HT also

does not (typically) enhance tumour responses to RT. Further, given a sufficiently weak HT-

induced angiogenic response, tumours in the SL cohort which respond best to RT and worst

to high HT (i.e., those characterised by low q1) do not benefit from combined treatment.

Similarly, any tumours which respond particularly well to high HT (i.e., the entire BS cohort,

tumours in the NL cohort with high q1 and/or high q3 and tumours in the SL cohort with

high q1 and high q3) do not benefit from combined treatment. In particular, this implies

that RT and high HT only have significant synergistic interactions when responses to RT

and high HT alone are moderate, limited or poor. A last important result from Chapter 5

relates to the dosing regimens that maximise treatment outcome. As seen in Chapter 3, for

SL tumour responding best to RT alone, applying higher fraction doses at higher frequency

maximises RT efficacy. By contrast, for tumours responding best to treatments that include

high HT (i.e., high HT and high HT + RT), applying lower HT fraction doses over a longer

time period maximises treatment efficacy when response to HT alone is stronger, while

applying higher HT fraction doses over a shorter time period maximises treatment efficacy

when response to HT alone is weaker.

With a view of extending the work presented in Chapters 2–5 to study the influence

of growth arrest mechanisms on tumour growth via invasion, Chapter 6 focussed on the

mathematical analysis of a simple reaction-diffusion PDE model of tumour invasion. Cru-

cially, this model contains a degenerate, cross-dependent diffusion term, which is used by

most reaction-diffusion(-taxis) PDE models of tumour invasion to describe the inhibition of

tumour cell movement by the extracellular matrix (ECM). However, a rigorous understand-

ing of the influence of this type of diffusion on the behaviour of travelling wave solutions

(TWS) of such PDE models has been lacking. We, therefore, carried out a detailed travel-

ling wave analysis of our model. We considered two types of invasive fronts of tumour tissue

into ECM. These fronts differ according to whether or not the ECM density far ahead of

the wave front is at carrying capacity. In the former case, we used a shooting argument

developed by Gallay and Mascia [82] to prove the existence of a unique TWS for any posi-

tive propagation speed. In the latter case, we extended this argument to prove that there

exists a unique TWS for any propagation speed greater than or equal to a strictly positive

minimum wave speed. Complementing our travelling wave analysis with numerical results,

we conjectured that the minimum wave speed increases and decreases monotonically with
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the rescaled rate at which tumour cells degrade the ECM and the ECM density ahead of

the front, respectively.

7.2 Future work

There are a number of possible extensions of the work presented in this thesis and we

outline those we consider to be the most compelling.

7.2.1 Validation against experimental data

The modelling framework developed in Chapters 2–5 to investigate tumour responses

to combinations of RT and HT generated a number of interesting results. In particular,

while some of our findings support experimentally and clinically observed phenomena, e.g.,

that increases in tumour oxygen levels observed following mild HT do not significantly

enhance tumour responses to RT, we also obtained more surprising findings that challenge

certain common assumptions, e.g., that treating patients with the MTD is the best course

of treatment. However, the absence of suitable experimental and/or clinical data has meant

that our key findings remain to be tested, thus limiting their significance.

Therefore, calibrating our model using a variety of experimental data would help validate

the theoretical predictions from Chapters 3–5. More specifically, we could use in vitro assays

involving two-dimensional monolayers and/or three-dimensional multicellular spheroids in

order to test our predictions for tumours in the NL and SL cohorts. Tumour cells grown

as monolayers have access to ample nutrient and proliferate until they reach confluence

[122]; they are, thus, space limited. Further, tumour spheroids grown in matrices formed

of agarose gel or collagen can also be space limited as they reach an equilibrium as cell

proliferation ceases, without cell death [103]. By contrast, tumour spheroids grown in free

suspension reach an equilibrium when cell proliferation and cell death rates balance [47],

making them nutrient limited.

Finally, if we can show that a tumour’s growth regime can be determined from its initial

response to RT or HT, then it should also be possible to use in vivo tumour data from

mice treated with RT, HT and their combination to test model predictions across all three

regimes.

7.2.2 Spatial modelling

Incorporating spatial structure into the modelling approach from Chapters 2–5 is an-

other important extension. Indeed, in vivo tumours grow within healthy tissue and, as

previously mentioned, the transition from vascular growth to invasion of the healthy tissue

is a hallmark of cancer [98]. To describe invasion, which is an intrinsically spatial process,
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a spatially-resolved approach becomes necessary. In addition, it is well-known that intra-

tumoural oxygen levels are both temporally- and spatially-heterogeneous. In particular, it

has been shown that spatial heterogeneity in tumour oxygenation can significantly influence

intra-tumour phenotypic heterogeneity, tumour growth dynamics and response to different

treatments [35, 41, 206, 253, 252]. The crucial role of oxygen in our model in terms of mod-

ulating both tumour growth and treatment response, thus, also motivates the extension to

a spatial model.

x = −L x = Lx = 0

Tissue
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o
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v
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Symmetry axis:
∂c

∂x
(0, t) = 0

Figure 7.1: Schematic representation of the modified one-dimensional model of tumour
growth via invasion. See text for details.

A first step would be to extend the simple PDE model of tumour invasion proposed in

Chapter 6 so that it distinguishes between growth arrest due to competition for space and

nutrient insufficiency. Following [35], we would assume that oxygen is supplied by two blood

vessels at the boundaries of the domain [−L,L] (see Figure 7.1) and consumed by tumour

cells for proliferation and maintenance as it diffuses through the ECM and tumour tissue.

The oxygen concentration, c(x, t), would, therefore, be governed by a reaction-diffusion

PDE of the form
∂c

∂t
= Dc

∂2c

∂x2
− q(c,N)N, (7.1)

where Dc > 0 is the diffusion coefficient of oxygen and the function q = q(c,N) > 0 is the

rate of oxygen consumption by tumour cells. We would also impose boundary conditions

c(L, t) = cmax,
∂c

∂x
(0, t) = 0, t > 0, (7.2)

and initial conditions

c(x, 0) = c0(x), x ∈ [0, L]. (7.3)

Further, we would retain the assumption from Chapter 6 that tumour cells compete for

space only with each other, and we would additionally assume that tumour cells consume

oxygen for proliferation and maintenance and die due to nutrient insufficiency when the

oxygen concentration drops below a certain threshold. Keeping all other assumptions the
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same, the PDE system governing the evolution of the tumour cell and ECM densities,

N(x, t) and M(x, t), would take the following form:
∂N

∂t
=

∂

∂x

[
DN

(
1− M

Mmax

)
∂N

∂x

]
+ [p(c,N)− d(c)]N,

∂N

∂t
= −kMN,

(7.4)

where p = p(c,N) ≥ 0 is the rate of tumour cell proliferation and d = d(c) ≥ 0 is the rate

of tumour cell death due to nutrient starvation. As in Chapter 6, we would impose no-flux

boundary conditions
∂N

∂x
(0, t) =

∂N

∂x
(L, t) = 0, t > 0, (7.5)

and initial conditions

n(x, 0) = n0(x), m(x, 0) = m0(x) = 1− n0(x), x ∈ [0, L]. (7.6)

Finally, we would define the functional forms of q, p and d consistently with those in

Chapter 2, i.e., 
q(c,N) = q1c+ q3c

(
1− N

Nmax

)
,

p(c,N) = q2c

(
1− N

Nmax

)
,

d(c) = δ1(c− cmin)H(c− cmin),

(7.7)

where H is the Heaviside step-function. In this way, we would be able to compare the

dynamics of this new spatially-resolved model of tumour growth via invasion to those of

the well-mixed model of tumour growth presented in Chapter 2. Extending the PDE model

comprising Equations 7.1 and 7.4 to include tumour responses to RT and HT would similarly

offer a worthwhile comparison with the models presented in Chapters 3 and 4.

Using a spatial model with a Krogh-cylinder geometry for the vasculature, as described

above, is only one of several options. For instance, another would be to assume the existence

of multiple blood vessels distributed across the spatial domain and model the inflow of

oxygen from blood vessels as point sources [252].

7.2.3 A more realistic depiction of angiogenesis in the presence and ab-
sence of treatment

To limit model complexity, our model of tumour growth and response to RT and HT

neglected the remodelling of tumour vasculature in response to angiogenesis [38, 73] and RT

[152, 153, 196, 232, 250] that is observed in vivo. However, the results in Chapters 2–5 clearly

indicate that tumour growth dynamics as well as tumour responses to combined treatment

in the short- and long-term depend critically on the pre-treatment level of vascularisation

and HT-induced changes in vascularisation. In light of this finding, it would be interesting
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to extend the model to view the vascular volume as a dynamic variable, which evolves in

response to angiogenic cues [95], RT and HT. This would provide us with a more realistic

description, not only of the co-evolution of the tumour cells and vasculature, but also of

tumour responses to RT and HT. In particular, we would be able to make a more reliable

assessment of long-time tumour dynamics in response to RT and HT.

7.2.4 Accounting for healthy tissue response to treatment

In Chapter 3, we found that the efficacy of RT for tumours in the SL regime typically

increases with RT fraction dose and frequency. Similarly, we found in Chapters 4 and 5 that

tumour responses to treatments comprising HT also typically improve with total thermal

dose, i.e., the cumulative thermal dose over the course of treatment. Motivated by these

results, we now propose a final extension of the modelling framework presented in Chapters

2–5 that would be worth exploring.

More specifically, it would be interesting to explicitly describe the damage to surround-

ing healthy tissue sustained during RT and HT and impose a maximum level of cumulative

damage during treatment, above which toxicity is considered intolerable. For instance, dif-

ferent normal tissue complication probabilities (NTCPs) have been used to estimate the

expected (patient- and organ-specific) adverse side-effects of given RT dosing schedules

[99, 231] and optimise RT dosing schedules [110, 132]. Further, a number of mathematical

models investigating RT-induced damage to healthy tissue have focussed on describing ‘by-

stander effects’ observed at low RT doses (e.g., see [23, 126, 143, 162, 178, 199]). These are

secondary effects of radiation (e.g., DNA damage, cell death, DNA repair delays, mutation

induction, genomic instabilities) found in cells exposed to radiation or located near irradi-

ated regions [201, 200], which can cause greater tumour and healthy cell death than direct

radiation at low RT fraction doses and should, therefore, be taken into consideration.

By combining ideas from the above work, we would be able to consider a trade-off

between anti-tumour effects and adverse side-effects. This would allow us, not only to

determine the dosing regimens for RT, HT and combined treatment that are physically

realistic, but also to draw more meaningful comparisons between individual (RT and HT

alone) and combined (RT + HT) treatments by identifying the treatment which maximises

the reduction in tumour burden, while minimising healthy tissue damage.

7.3 Final remarks

We developed a novel ODE model of tumour growth that distinguishes between nutrient

and space limited mechanisms of growth arrest and extended it to include tumour responses

to radiotherapy and hyperthermia. We used this mathematical framework to systematically
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investigate how the two distinct, aforementioned mechanisms of growth control may influ-

ence tumour responses to RT and HT, applied alone and in combination. In doing so, we

produced a range of experimentally testable predictions relating to the biological mecha-

nisms underlying the efficacy of these two treatments and how they should be combined.

Further, we proposed and rigorously analysed a model of tumour invasion, obtaining new

insights into a key mathematical feature of reaction-diffusion(-taxis) PDE models (i.e., de-

generate, cross-dependent diffusion). This work also provides a natural extension of our

ODE modelling framework to describe growth via invasion and spatial effects more gener-

ally. We believe that our modelling framework could help guide treatment protocol design

by efficiently reducing the number of scenarios that could not feasibly be tested experi-

mentally. Hence, it has the potential to support the establishment of HT as a legitimate,

alternative therapy in the clinic.
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Appendix A

Defining the parameters for our
model of tumour growth and
response to hyperthermia and
radiotherapy

A.1 Defining the tumour growth parameters

In this section, we justify the dimensionless parameter choices summarised in Table 2.1,

by referring to dimensional parameter values.

We first define a range of values for the vascular volume, V0. Assuming that the average

diameter of a cell is 20 µm, we estimate that the maximum number of cells that can occupy

1 mm3 of space is 1.25 × 105 [7]. Now, the Krogh cylinder model shows that oxygen can

diffuse up to 100−200 µm. Using the average cell size and cylindrical geometry, we estimate

that a section of blood vessel of length 20 µm can supply oxygen to a number of cells in the

range [100, 300]. In particular, given that the average diameter of a capillary is 8 µm [171]

and using cylindrical geometry once again, we further estimate that 1× 10−6 mm3 of blood

vessel can provide oxygen for a volume of cells in the range [8 × 10−4, 2.4 × 10−3] mm3.

Therefore, a biologically realistic range for V0 such that the tumour may be sufficiently

oxygenated is [5 × 10−4, 5 × 10−3]. Since tumour vasculature is usually less effective than

healthy vasculature [33], we consider V0 ∈ (0, 5× 10−3].

We now determine cmin and g. To do so, we first estimate Smax = 10−6 m3 in accordance

with the average size of vascular tumours in mice [75, 264]. Moreover, the average oxygen

partial pressure in peripheral normal tissues is approximately pmax = 38 mmHg [182] and,

therefore, using Henry’s Law to convert pmax into a concentration, it is straightforward

to calculate c∗max = 2.1 × 10−3 kg m−3. Now, hypoxia is attained when oxygen levels fall

below 8 mmHg [159]. Unlike normal tissue cells, tumour cells can survive in such hypoxic

conditions and only start to die in severely hypoxic conditions, which range from 0.75 mmHg
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to 0.075 mmHg depending on the tumour [159]. Hence, we take the average of these two

values and, using Henry’s Law again, we have c∗min = 2.26× 10−5 kg m−3. This implies that

cmin =
c∗min

c∗max

=
2.26

2.1
× 10−2 ≈ 10−2, (A.1)

and we, therefore, set cmin = 10−2.

In addition, we expect that the rate of oxygen exchange per unit volume area of blood

vessels, g∗ (m−3 min−1), depends on a variety of factors, including the quality of the vascular

network, which can lead to highly heterogeneous tumour perfusion rates [86], and surface

areas of oxygen exchange. Since our model does not account for these details, we fix g∗

so that, for average values of the oxygen consumption rates, we are in the SL regime for

V0 ≥ 5 × 10−3 and we are in the NL or BS regime for V0 ≤ 5 × 10−4 (recall that, for

V0 ∈ [5×10−4, 5×10−3], the vasculature should be sufficient to supply oxygen to the whole

tumour).

g

q1

BS

SLNL

Figure A.1: Regions of existence of the NL and SL steady states of the system (2.5)–(2.6)
in (V0, q3)-space for q1 ∈ {0.1, 0.5, 1} and g ∈ {1, 5, 10}. The solid and dashed red lines
represent the boundaries between the three distinct regions.

Figure A.1 shows that values of g ≥ 5 are appropriate and that the qualitative behaviour

of the model (i.e., the existence of three growth regimes: NL for small values of V0, SL for

large values of V0 and BS for moderate values of V0 and large values of q3) is not affected by
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values of g ≥ 5. Thus, we set g = g∗Smaxτ = 5, which is equivalent to g∗ = 5×106 m−3 min−1

for a timescale τ = 1 min.

θ

q1

BS

SLNL

Figure A.2: Regions of existence of the NL and SL steady states of the system (2.5)–(2.6)
in (V0, q3)-space for q1 ∈ {0.1, 0.5, 1} and δ1 = θq2, where θ ∈ {0.1, 1, 10}. The solid and
dashed red lines represent the boundaries between the three distinct regions.

We now define the oxygen consumption rates, q1 and q3, the proliferation rate, q2, the

death rate, δ1, and the conversion factor between q2 and q3, k. Biological observations

suggest that the proliferation and death rates of tumour cells are highly correlated in some

tumours: the larger the proliferation rate, the larger the death rate [135, 146, 247]. This

suggests that these rates are proportional to each other and we make the simplifying as-

sumption that the dimensionless parameters δ1 and q2 satisfy δ1 = q2 in order to reduce the

number of parameters in the model. Figure A.2 shows that this assumption does not affect

the qualitative behaviour of the model described in Chapter 2 and, in particular, the three

tumour growth regimes are preserved.

Now, we estimate δ∗1 (m3 kg−1 min−1) as

δ∗1 ∈
(

1.2× 10−6 min−1

0.75× 2.1× 10−5 kg m−3 ,
1.2× 10−4 min−1

0.75× 2.1× 10−5kg m−3

)
, (A.2)

where the numerators of both fractions correspond to death rates found in the literature

[138, 217] and the denominator corresponds to the average oxygen concentration below c∗min
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(this scaling allows us to obtain the correct units for δ∗1). We then have

δ∗1 ∈
(
7.6× 10−2 m3 kg−1 min−1, 7.6 m3 kg−1 min−1

)
, (A.3)

which we non-dimensionalise according to (2.8) to obtain

δ1 ∈ (1.6× 10−4, 1.6× 10−2). (A.4)

Since q2 = δ1 by assumption, we have

q2 ∈ (1.6× 10−4, 1.6× 10−2). (A.5)

Further, the value of k∗ (m6 kg−1), the conversion factor between q∗3 and q∗2, is not

readily available in the literature. Since cells consume oxygen significantly faster than

they proliferate, we expect q∗2 � q∗3, i.e., k∗ � 1. We performed preliminary numerical

simulations (result not shown for brevity) to find a value of k∗ that gives realistic growth

dynamics across parameter space. As a result, we fix k∗ = 10−5

2.1 m6 kg−1 and this implies

that

k =
c∗max

Smax
k∗ =

2.1× 10−3 × 10−5 kg m−3m6kg−1

2.1× 10−6m3 = 10−2. (A.6)

Combining Equations (A.5) and (A.6) gives us the following dimensionless range for

q3 = q2/k:

q3 ∈ (1.6× 10−2, 1.6). (A.7)

We further justify the range of values for q3 by considering experimentally-determined

values for the rate of oxygen consumption by cells. Wagner et al. [256] conducted their own

experiments and reviewed results from other authors; they reported oxygen consumption

rates in the range 6 × 10−5 − 6 × 10−3 kg m−3 min−1. These constant consumption rates

correspond to the oxygen uptake of cells in a well-oxygenated medium, i.e., where the

rate of oxygen consumption is at its maximum. Given the volume of the tumours in their

experiments and the maximal oxygen concentration they set, we can find the following

estimate for the range of q∗1:

q∗1 ∈ (2.1× 104, 2.1× 107) m−3 min−1. (A.8)

Given (2.8) and Smax = 10−6, this implies that

q1 ∈ (2.1× 10−2, 21). (A.9)

The range of values for q1 in Equation (A.9) is determined using overall oxygen consumption

rates which do not distinguish between consumption for proliferation and for maintenance.

In practice, q1 would, therefore, be smaller than the values in (A.9). In view of this, we

recover the dimensionless parameter range for q1 in Table 2.1 by rounding down the upper

and lower bounds of the range in (A.9) to the closest order of magnitude. Consistent with

the range for q3 in Equation (A.7), we assume q3 to be in the same range as q1.
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A.2 Defining the radiotherapy parameters

Parameters Definition Value(s) (units) Source

ν RT sub-lethal damage rate 0.000− 0.775 Gy−1 [176]

λ, λS RT lethal damage rate 0.104− 1.091 Gy−1 [176]

µ Repair rate constant
3.2× 10−2 − 5× 10−3 min−1 [229]

0.006 min−1, 0.011 min−1 [176]

ηR Clearance rate of cells killed by RT 5× 10−5 min−1 [176]

Table A.1: List of dimensional RT response parameter values found in the literature, which
we use to estimate dimensionless parameter values stated in Table 3.1.

A.3 Defining the hyperthermia parameters

Parameters Definition Value(s) (units) Source

κ0 Rate of angiogenesis
0.223− 0.8 mm d−1 [142]

0.144− 0.6 mm d−1 [114]

µΛ HT weighing factor [0, 5] (-) [262]

k1 Repair protein inactivation rate [0.1, 1] min−1 [262]

k2 Repair protein reactivation rate [0, 0.00167] min−1 [262]

Table A.2: List of dimensional high HT response parameter values found in the literature,
which we use to estimate dimensionless parameter values stated in Table 4.1.
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RO2VRO2VRO2V

Figure A.3: For the NL, SL and BS cohorts, we show the median, minimum and maximum
values of 100× (max c/c0− 1) reached in the last week of an 8-week long mild HT schedule
with α̃V = α̃RO2 ∈ {0.1, 0.3, 0.5, 0.7, 0.9}. For the BS cohort, maximum values are greater
than 2000% for all values of α̃V and α̃RO2. Experimental evidence suggests that we can
usually expect at most a 3-fold increase in the oxygen concentration due to mild HT [228].
Therefore, values of α̃V = α̃RO2 ≤ 0.5 are physically realistic, while values of α̃V = α̃RO2 >
0.5 may lead to unrealistically large increases in tumour oxygenation.

totalviabletotalviabletotalviable

Figure A.4: For the NL, SL and BS cohorts, we show the median, minimum and maximum
values of ∆H

V, ∆H
viable and ∆H

total in the last week of an 8-week long high HT schedule with

β̃ ∈ {0.00001, 0.0001, 0.001, 0.01, 0.1, 1}. When β̃ ≤ 0.0001, the effects of high HT are
negligible, while, when β̃ ≥ 0.1, high HT leads to nearly complete tumour eradication.
Values of β̃ ∈ [0.001, 0.01] are associated with more physically realistic values of ∆H

viable,

∆H
total and ∆H

V and greater inter-tumour variability. We, thus, choose β̃ ∈ [0.001, 0.01] to be
representative of a realistic range of high HT doses.
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Appendix B

Tumour response to mild HT is
not significantly affected by the
values of α̃V and α̃RO2

In this section, we show that tumour responses to mild HT in the NL, SL and BS virtual

cohorts are qualitatively the same for all values of α̃V = α̃RO2 ∈ {0.1, 0.3, 0.5}.

RO2V

RO2V

RO2V

RO2VRO2V

RO2V RO2V

RO2VRO2V

Figure B.1: For mild HT (α̃V = α̃RO2 ∈ {0.1, 0.3, 0.5}), we solve Equations (4.12)–(4.17) for
t ∈ (0, 8×104] subject to initial conditions (4.20). We set (NL) (q1, q3, V0) = (1.59, 6.17, 5×
10−4), (BS) (q1, q3, V0) = (1.24, 6.29, 2.75 × 10−3) and (SL) (q1, q3, V0) = (1.08, 6.19, 5 ×
10−3). For all values of α̃V and α̃RO2, the tumours experience transient increases in oxygen
levels, which are associated with transient increases in tumour volume for the tumours in
the NL and BS regimes. As α̃V and α̃RO2 increase, the observed increases in c and T are
enhanced.

For three NL, BS and SL tumours, Figure B.1 shows that the observed increases in

oxygen levels and tumour volume during exposure to mild HT are enhanced as α̃V and

α̃RO2 increase. In spite of this, these tumours’ qualitative response to mild HT remains the

same across the different α̃V and α̃RO2 values. The summary statistics in Table B.1 confirm

that these results hold across the NL, BS and SL virtual cohorts. In terms of long-term

tumour response, Figure B.2 shows that, while the number of tumours in the BS cohort
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which switch to a SL steady state following mild HT increases with α̃V and α̃RO2, most

tumours in this cohort remain NL following mild HT. Further, the tumours that switch

steady state are characterised by large values of Vd.

∆H
viable ∆H

c

Quantity Regime α̃V = 0.1 α̃V = 0.3 α̃V = 0.5 α̃V = 0.1 α̃V = 0.3 α̃V = 0.5

Median

NL

0.869 2.71 4.46 0.0651 0.608 2.37

Min. 0.0899 0.270 0.424 0.0453 0.479 2.00

Max. 0.953 2.91 4.80 0.815 2.96 6.32

Median

BS

1.32 4.16 6.81 0.362 1.64 4.29

Min. 1.05 3.32 5.46 0.202 1.03 1.98

Max. 82.3 82.3 106 3290 3340 3420

Median

SL

0 0 0 0.888 3.16 6.55

Min. - - - 0.359 1.13 1.98

Max. - - - 0.896 3.20 6.66

Table B.1: Table summarising the median, minimum and maximum values of ∆H
viable and

∆H
c in the NL, SL and BS virtual populations for mild HT with α̃V = α̃RO2 ∈ {0.1, 0.3, 0.5}.

Across values of α̃V and α̃RO2, the increases in the viable volume and oxygen concentration
are typically modest, except for certain tumours in the BS regime, which experience signif-
icantly larger increases in T and c.

RO2V RO2V RO2V

Figure B.2: For the virtual BS tumour population and mild HT
(α̃V = α̃RO2 ∈ {0.1, 0.3, 0.5}), the scatter plots show the (q1, Vd) pairs that corre-
spond to tumours that switch (red) and do not switch (black) steady state. The former
are typically characterised by larger values of Vd and the number of tumours which switch
steady state increases with α̃V and α̃RO2.
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Appendix C

Tumour response to RT+HT:
additional numerical results

Here, we present numerical simulation results that support and complement the findings

outlined in Chapter 5.

C.1 Comparing tumour responses to equivalent RT, HT and
RT+HT protocols

C.1.1 Appendix for Section 5.4.1.1

B1 Region II

Figure C.1: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8× 104] subject to initial conditions (4.20). We fix V0 = 0.0005 and
(q1, q3) = (7.78, 0.0401) corresponding to tumour B1 in region II shown in Figure 5.6. This
tumour responds well to both RT and HT alone and the two treatments combine additively.
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D1 Region IV

Figure C.2: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8 × 104] subject to initial conditions (4.20). We fix V0 = 0.0005
and (q1, q3) = (7.60, 9.94) corresponding to tumour D1 in region IV shown in Figure 5.6.
This tumour responds best to HT alone as its response to RT alone is sufficiently poor that
combined treatment leads to a smaller reduction in total volume than HT alone.

C.1.2 Appendix for Section 5.4.1.2

= = =

Most effective

frac

Most effective

= = =

(a)

(b)
frac frac

Figure C.3: Scatter plots of the (q1, q3) pairs that define the NL virtual cohort showing
the regions in which RT, HT and RT + HT are most effective for (a) R ∈ {0.1, 0.3, 0.5},
β̃ = 0.005 and Nfrac = 5 and (b) R = 0.2, β̃ = 0.005 and Nfrac ∈ {1, 3, 5}. As R and
Nfrac decrease, treatments comprising HT (i.e., HT and RT + HT) are most effective for an
increasing number of tumours. This is because the duration of these treatments increase
when R and Nfrac decrease, resulting in a larger total thermal dose.
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C.1.3 Appendix for Section 5.4.2.1

B2 Region III

Figure C.4: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8× 104] subject to initial conditions (4.20). We fix V0 = 0.005 and
(q1, q3) = (2.14, 0.143) corresponding to tumour B2 in region III shown in Figure 5.13. This
tumour responds well to both RT and HT alone and the two treatments combine additively.

D2 Region IV

Figure C.5: For conventional RT and HT schedules, alone and combined, we solve Equations
(4.12)–(4.17) for t ∈ (0, 8× 104] subject to initial conditions (4.20). We fix V0 = 0.005 and
(q1, q3) = (2.14, 7.60) corresponding to tumour D2 in region IV shown in Figure 5.13. This
tumour responds best to HT alone as its response to RT alone is sufficiently poor that
combined treatment leads to a smaller reduction in total volume than HT alone.
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C.1.4 Appendix for Section 5.4.2.2

= = =

===
(a)

(b) frac frac frac

Figure C.6: Scatter plots of the (q1, q3) pairs used to generate the SL virtual cohort
showing the regions in which RT, HT and RT + HT are most effective for (a) R = 0.2,
β̃ ∈ {0.001, 0.005, 0.01} and Nfrac = 5 and (b) R = 0.2, β̃ = 0.005 and Nfrac ∈ {1, 3, 5}.
The efficacy of combined treatment increases when β̃ is small because RT responses are
enhanced compared to HT responses. The efficacy of combined treatment also increases
when β̃ is large and Nfrac is small because HT responses are enhanced compared to RT
responses.

C.2 The importance of how RT and HT are coordinated

To determine if the way in which RT and HT are coordinated has a significant impact

on tumour responses to combinations of RT and HT, we consider the combination schedules

defined in Section 5.2.1, with minor modifications. More specifically, we vary the order in

which RT and HT are administered on Mondays and the delay between the two treatments,

which we define to be 1 minute, 1 hour or 4 hours. These delays are motivated by those

applied in clinical trials [102, 185, 245], as discussed in Section 1.3.3.2.

Figures C.7 and C.8 show that, for combinations of conventional RT and HT, the way

in which RT and mild or high HT are coordinated typically has a small impact on tumour

responses to combined treatment, with differences in ∆R+H
viable, ∆

R+H
total and ∆R+H

V that are less

than 10% for most tumours. That said, the effects of mild HT are strongest when HT is

applied immediately before RT. These results extend to all combined treatment schedules.
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totalviable totalviable totalviable

Figure C.7: For the NL, SL and BS cohorts and combinations of conventional RT (5× 2 Gy
for 8 weeks) and mild HT (α̃V = α̃RO2 = 0.3), the violin plots compare the distributions of
∆R+H

viable and ∆R+H
total across the different ways in which we coordinate RT and HT. Negative

time between RT and HT refers to RT applied before HT, and conversely for positive time.
The differences due to the way in which RT and mild HT are coordinated are below 10%
for most tumours, with larger differences when HT is applied immediately before (vs. after)
RT.

totalviable totalviable totalviable

Figure C.8: For the NL, SL and BS cohorts and combinations of conventional RT (5× 2 Gy
for 8 weeks) and high HT (β̃ = 0.005), the violin plots compare the distributions of ∆R+H

viable,

∆R+H
total and ∆R+H

V across the different ways in which we coordinate RT and HT. Negative
time between RT and HT refers to RT applied before HT, and conversely for positive time.
The differences due to the way in which RT and high HT are coordinated are negligible
(≤ 5%).

C.3 The influence of the rate of damage-induced angiogene-
sis, κ0

To determine the influence of κ0 on tumour responses to combinations of RT and high

HT, we performed the numerical study outlined in Chapter 5 for κ0 = 10−8 and κ0 = 10−6.

Figure C.9 summarises the key results from these additional studies by comparing the best

treatment across the NL, SL and BS virtual cohorts when κ0 ∈ {10−8, 10−7, 10−6}.
Figure C.9 shows that, when κ0 = 10−8, most tumours respond best to high HT alone.

This can be explained as follows. In Chapter 4, we saw that tumour responses to HT

alone are significantly enhanced for κ0 = 10−8 (see Section 4.5.4). As a result, high HT

responses will be significantly enhanced compared to RT responses and high HT will have
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(c)

(a)

(b)

Figure C.9: Scatter plots showing how the best treatment (as defined in Section 5.2.4) for
the (q1, q3) pairs used to generate the NL, SL and BS virtual cohorts varies with (a)–(c)
κ0 ∈ {10−8, 10−7, 10−6}. High HT response is enhanced as κ0 decreases, which results in a
greater number of tumours responding best to high HT alone when κ0 = 10−8. By contrast,
high HT response worsens as κ0 increases, which results in a greater number of tumours
either responding best to RT alone or having no preferred treatment, as all treatments are
deleterious.

the dominant influence on tumour responses to combined treatment. From the results

shown in Chapter 5, this implies that a greater number of tumours will respond best to

high HT alone, since high HT (and combined treatment) is more likely to outperform RT

and combined treatment is less likely to significantly improve upon high HT alone.

Further, Figure C.9 shows that, when κ0 = 10−6, most tumours either respond best to

RT alone or there is no effective treatment. We can also explain this using results from

Chapters 3 and 4. In Chapter 3, we saw that tumour responses to RT alone are limited in

the NL cohort, especially when the oxygen consumption rate for proliferation, q3, is large,

deleterious in the BS cohort, and positive in the SL cohort (see Section 3.4). In addition, in

Chapter 4, we saw that tumour responses to high HT alone are typically deleterious in the

NL and BS cohorts and limited in the SL cohort when κ0 = 10−6 (see Section 4.5.4). This
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means that, for the NL and BS cohorts, high HT will typically worsen tumour response to

RT when the two treatments are combined. Thus, if RT alone elicits a positive response, it

will typically be the best treatment and, otherwise, no treatment will be preferred. Finally,

for the SL cohort, the limited efficacy of high HT alone when κ0 = 10−6 combined with the

high efficacy of RT alone imply that RT alone will typically be the best treatment.

Overall, these results confirm the importance of understanding vascular dynamics during

tumour growth and under treatment, as they greatly impact tumour responses to high HT,

alone and combined with RT. As shown here, this can have significant consequences on the

preferred treatment for a given tumour.

C.4 The influence of how we define the ‘best’ treatment

In Section 5.2.4, we outline our methodology for determining the ‘best’ treatment (and

dosing regimen) for each tumour. In particular, we assume that combined treatment is best

if and only if it induces reductions in viable or total volumes at least P = 10% larger than

HT and RT alone. Here, we show how varying P ∈ {0, 10, 20}% impacts our assessment of

the best treatment when considering combinations of RT and high HT.

Unsurprisingly, Figure C.10 shows that, as P increases and the condition for combined

treatment to be best becomes stronger, fewer tumours respond best to combined treatment.

In the NL cohort, where response to high HT alone is typically better than response to RT

alone, this means that, as P increases, a larger number of tumours respond best to high

HT alone. In the SL cohort, where higher values of the oxygen consumption rate for

maintenance, q1, are associated with positive high HT response and limited RT response,

and conversely for lower values of q1, we see that, as P increases, a greater number of

tumours (with higher q1) respond best to high HT alone and a greater number of tumours

(with lower q1) respond best to RT alone. Finally, in the BS cohort, where RT is deleterious

and high HT is very effective, RT always worsens high HT response when combined, and

high HT alone is best.

These results highlight the importance of quantifying when the additional, positive anti-

cancer effects obtained by combining high HT and RT outweigh the additional, negative

side-effects also obtained by combining high HT and RT. In particular, one should also

model the effect of RT and HT on healthy tissue (see the Discussion in Chapter 7).
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(a)

(b)

Figure C.10: Scatter plots showing how the best treatment for the (q1, q3) pairs used to
generate the NL, SL and BS virtual cohorts varies with P ∈ {0, 10, 20}%. (P is the min-
imum percent increase in the reduction in viable or total volumes for combined treatment
compared to RT and high HT alone necessary for combined treatment to be considered
better than RT and high HT alone.) As P increases, the number of tumours responding
best to combined treatment decreases, while the number of tumours responding best to high
HT alone increases (all cohorts) and the number of tumours responding best to RT alone
increases (SL cohort).
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[60] Pavel Drábek and Peter Takac. Travelling waves in the Fisher-KPP equation with non-

linear diffusion and a non-lipschitzian reaction term. arXiv preprint arXiv:1803.10306,

2018.
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proved functionality of the vasculature during conventionally fractionated radiation

therapy of prostate cancer. PloS One, 8(12):e84076, 2013.

[197] Gibin G Powathil, Mohammad Kohandel, Michael Milosevic, and Siv Sivaloganathan.

Modeling the spatial distribution of chronic tumor hypoxia: implications for experi-

mental and clinical studies. Computational and Mathematical Methods in Medicine,

2012, 2012. doi: 10.1155/2012/410602.

196



[198] Gibin G Powathil, Douglas JA Adamson, and Mark AJ Chaplain. Towards predicting

the response of a solid tumour to chemotherapy and radiotherapy treatments: clinical

insights from a computational model. PLoS Computational Biology, 9(7):e1003120,

2013.

[199] Gibin G Powathil, Alastair J Munro, Mark AJ Chaplain, and Maciej Swat. Bystander

effects and their implications for clinical radiation therapy: Insights from multiscale

in silico experiments. Journal of theoretical biology, 401:1–14, 2016.

[200] Kevin M Prise and Joe M O’sullivan. Radiation-induced bystander signalling in cancer

therapy. Nature Reviews Cancer, 9(5):351–360, 2009.

[201] Kevin M Prise, Giuseppe Schettino, Melvyn Folkard, and Kathryn D Held. New

insights on cell death from radiation exposure. The Lancet Oncology, 6(7):520–528,

2005.

[202] Sotiris Prokopiou, Eduardo G Moros, Jan Poleszczuk, Jimmy Caudell, Javier F Torres-

Roca, Kujtim Latifi, Jae K Lee, Robert Myerson, Louis B Harrison, and Heiko En-

derling. A proliferation saturation index to predict radiation response and personalize

radiotherapy fractionation. Radiation Oncology, 10(1):1–8, 2015.

[203] Ignacio Ramis-Conde, Dirk Drasdo, Alexander RA Anderson, and Mark AJ Chaplain.

Modeling the influence of the E-cadherin-β-catenin pathway in cancer cell invasion:

a multiscale approach. Biophysical Journal, 95(1):155–165, 2008.

[204] Katarzyna A Rejniak and Alexander RA Anderson. Hybrid models of tumor growth.

Wiley Interdisciplinary Reviews: Systems Biology and Medicine, 3(1):115–125, 2011.

[205] Theodore R Rieger, Richard I Morimoto, and Vassily Hatzimanikatis. Mathematical

modeling of the eukaryotic heat-shock response: dynamics of the hsp70 promoter.

Biophysical Journal, 88(3):1646–1658, 2005.

[206] Mark Robertson-Tessi, Robert J Gillies, Robert A Gatenby, and Alexander RA An-

derson. Impact of metabolic heterogeneity on tumor growth, invasion, and treatment

outcomes. Cancer Research, 75(8):1567–1579, 2015.

[207] Russell Rockne, Ellsworth C Alvord, Jason K Rockhill, and Kristin R Swanson. A

mathematical model for brain tumor response to radiation therapy. Journal of Math-

ematical Biology, 58(4):561–578, 2009. doi: 10.1007/s00285-008-0219-6.

[208] Robert B Roemer and Thomas C Cetas. Applications of bioheat transfer simulations

in hyperthermia. Cancer Research, 44(10 Supplement):4788s–4798s, 1984.

197



[209] Tiina Roose, S Jonathan Chapman, and Philip K Maini. Mathematical models

of avascular tumor growth. SIAM Review, 49(2):179–208, 2007. doi: 10.1137/

S0036144504446291.

[210] Thomas P Ryan and Christopher L Brace. Interstitial microwave treatment for cancer:

historical basis and current techniques in antenna design and performance. Interna-

tional Journal of Hyperthermia, 33(1):3–14, 2017.
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