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Abstract7

An equilibrium, or maximum entropy, statistical mechanics theory can be derived for ideal,8

unforced and inviscid, geophysical flows. However, for all geophysical flows which occur in nature,9

forcing and dissipation play a major role. Here, a study of eddy-mixing entropy in a forced-10

dissipative barotropic ocean model is presented. We heuristically investigate the temporal evolution11

of eddy-mixing entropy, as defined for the equilibrium theory, in a strongly forced and dissipative12

system. It is shown that the eddy-mixing entropy provides a descriptive tool for understanding13

three stages of the turbulence life cycle: growth of instability; formation of large scale structures;14

and steady state fluctuations. The fact that the eddy-mixing entropy behaves in a dynamically15

balanced way is not a priori clear and provides a novel means of quantifying turbulent disorder in16

geophysical flows. Further, by determining the relationship between the time evolution of entropy17

and the maximum entropy principle, evidence is found for the action of this principle in a forced-18

dissipative flow. The maximum entropy potential vorticity statistics are calculated for the flow19

and are compared with numerical simulations. Deficiencies of the maximum entropy statistics are20

discussed in the context of the mean-field approximation for energy. This study highlights the21

importance of entropy and statistical mechanics in the study of geostrophic turbulence.22
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I. INTRODUCTION23

Due to the highly chaotic nature of turbulence and its large number of degrees of freedom,24

the methods of statistical physics are an attractive approach for understanding the physics25

of turbulent systems. An equilibrium, or maximum entropy, theory has been proposed for26

ideal geophysical flows; by ideal we mean an isolated system with no forcing nor dissipation.27

However, it is not clear to what extent this equilibrium theory is useful for realistic, forced28

and dissipative, geophysical flows. With increasingly pressing concerns about the Earth’s29

climate it is pertinent to consider whether a statistical mechanics approach can be used30

to improve our in sub-gridscale parameterizations of ocean turbulence at length scales of31

10-100km.32

The first example of the application of statistical mechanics to two-dimensional turbulence33

comes from [28], where a model of singular point vortices was proposed to characterize34

turbulent features. The statistical mechanics of point vortices has received much study since35

then. Studies such as [19] and [20] led the way towards continuous vorticity fields through36

utilizing the invariance of energy and enstrophy in variational problems. Geostrophic flows37

over topography were tackled using this methodology: in [38] via the maximization of an38

entropy; and independently in [7] via a phenomenological minimum enstrophy principle.39

Work by Miller, Robert and Sommeria established a theory of equilibrium statistical me-40

chanics of two-dimensional and simple geophysical flows [26, 27, 33–35], which we refer to41

as the ‘Miller-Robert-Sommeria theory’. Miller-Robert-Sommeria theory produces an equi-42

librium statistical mechanics, by forming a variational problem to maximize an appropriate43

entropy, of two-dimensional or quasi-two-dimensional flow which: relies on the underlying44

Hamiltonian structure of the dynamics; applies to continuous vorticity fields; and conserves45

the invariants of motion of the flow [e.g. see reviews by 6, 8, 22, 40]. The power of the Miller-46

Robert-Sommeria theory is that the work of [28], [20], [38] and [7] are contained within this47

framework as particular limits or simplifications. This equilibrium/ideal (no forcing, no48

dissipation) theory has been used to suggest a statistical mechanical explanation for: the49

formation of ocean rings and jets [45]; the dynamics of the stratospheric polar vortex [31, 48];50

Jupiter’s Great Red Spot [5, 42]; bottom trapped ocean currents [44]; the vertical structure51

in stratified quasi-geostrophic flow [24, 39, 46]; as well as the global ocean circulation and its52

associated density profiles [37]. Miller-Robert-Sommeria statistical mechanics theory suffers53
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from the restrictive assumption of ideal flow; understanding how this statistical mechanics54

framework can be used in a forced-dissipative context is essential in order to apply these55

powerful ideas to realistic geophysical flows.56

An application which is of particular interest to the authors, is ocean mesoscale (10-57

100km) turbulence. The eddies which make up this large-scale ocean turbulence lie beyond58

the computational reach of modern climate models when run to dynamic and thermodynamic59

steady state. These climate models typically have an ocean resolution of 50-100km while60

mesoscale eddies have typical length scales of 10-100km, meaning that it is necessary to61

parameterize the effect of eddies on the mean flow via turbulence closures. Although these62

motions are generated internally, from the advective term of the equations of motion, they are63

influenced by forcing and dissipation at wide range of scales. Recent studies have explored64

the possibility of a stochastic approach [3, 16, 30, 49] for ocean models. With this growing65

interest in the stochastic nature of mesoscale eddies, it is timely to study the statistics of66

vorticity, and the underlying organizing principles influencing these statistics, in simplified67

ocean models. Consequently, we search for theories of turbulence which are statistical in68

nature and include both forcing and dissipation.69

In this study, inspired by the Miller-Robert-Sommeria theory we follow here a heuristic70

approach [17], in order to analyse entropy in forced and dissipative numerical simulations of71

simplified geophysical flows. Motivated by efforts to parameterize ocean mesoscale turbu-72

lence we consider the ability of a statistical mechanics approach in determining small-scale73

statistics given knowledge of the large-scale flow. In this study we will not determine nor74

characterize the equilibria of the ideal system as this will be unaccessible to us as we assume75

knowledge of the large-scale flow; this problem has, however, been approached in [9]. In76

this study we will consider a wide range of forcing and dissipation strength complimenting77

studies which have found that equilibrium statistical mechanics can give good predictions78

in the weak forcing and weak dissipation regime [4]. The specific aims of this study are as79

follows.80

• To determine the impact of forcing and dissipation on the evolution of entropy in a81

turbulent barotropic jet, both analytically and numerically.82

• To test the maximum entropy principle1 and to understand the utility of this principle83

1 Not to be confused with the similarly named maximum entropy production principle.
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in the context of a forced-dissipative turbulent jet.84

• To use the maximum entropy principle as a means to formulate a relationship between85

dynamically balanced quantities and the small-scale statistics of the flow.86

The paper is structured as follows. In Section II, we describe the barotropic model and87

the numerical experiments used in this study. In Section III, we introduce some key concepts,88

especially the eddy-mixing entropy. In Section IV, we derive analytical expressions for the89

influence of forcing and linear drag on the entropy. In Section V A and V B, we diagnose the90

entropy for a freely-decaying and a forced-dissipative turbulent jet, respectively to test the91

predictions of Section IV and consider entropy as balanced dynamical quantity. In Section92

VI, we derive a test for entropy maximization in a forced-dissipative system and compute93

the maximum entropy statistics, comparing with the numerical simulations. In Section VII,94

we discuss the mean-field approximation for energy and its relation to the maximum entropy95

statistics. In Section VIII, the study is concluded with some closing remarks.96

II. MODEL AND EXPERIMENTS97

A. Model Setup98

We solve the barotropic vorticity equation on a β plane within a singly-periodic domain,99

recently used and described in [10]. The simplicity of this model allows us to perform many100

high resolution simulations, while the channel configuration provides an analogue to the101

Southern Ocean turbulent jet dynamics. The equation of motion is given by102

∂q

∂t
= −{ψ, q} − r∇2ψ − νh∇6ψ − ∂yτ(y), (1)

where the potential vorticity q is given by103

q = ∇2ψ + βy; (2)

∇2ψ is the relative vorticity and βy is the planetary vorticity making q equivalent to the104

absolute vorticity in this barotropic model; τ is the zonal wind stress which is defined to105

be a function of meridional distance only; r and νh are the linear drag coefficient and the106

hyper-viscosity respectively; the braces denote the horizontal Jacobian operator given as107

{A,B} = ∂xA∂yB − ∂xB ∂yA. (3)
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The biharmonic diffusion is used for numerical stability, preferentially dissipating the grid-108

scale noise compared to Laplacian diffusion. The hyper-viscosity is chosen to be as small as109

possible while allowing us to treat the linear drag as the dominant dissipative term in this110

study. Linear drag is an attractive choice of dissipative term due to its analytical tractability111

as well as its being analogous to oceanic bottom drag. A quadratic drag term could also be112

used but we leave this analysis for future study.113

The periodicity in the zonal direction is employed to solve the model using a pseudo-114

spectral method and is modified from a pre-existing code [13–15]. The model domain is115

shown in Figure 1. The boundary conditions are free-slip116

Micro-cell
Macro-cell

x

y

FIG. 1. Geometry of domain. wind stress, τ , in this study points from left to right. Lx and Ly117

are the longitudinal and latitudinal extents of the domain respectively. Macro-cells (blue) and118

micro-cells (red) in this study. Exploiting zonal symmetry zonal bands are used as macro-cells119

whilst micro-cells are the grid-points within.120
121

122

∇2nψ|N,S = 0, (4)

where n = 1, 3; no normal flow123

∂xψ|N,S = 0; (5)

and global momentum conserving124

ψ|N,S = ±Γ(t)

2
. (6)

We find Γ by solving the prognostic integral momentum balance,125

dΓ

dt
= −

∫∫
d2x

[
r
∂ψ

∂y
+ τ

]
. (7)

This is the same condition used by [41] and is the barotropic (and rigid lid) limit of the126

general integral momentum balance derived in [23]. By applying this boundary condition127

we are able to impose a fixed wind stress forcing rather than relaxing to a background shear128

as is often done for models of this type [e.g. 29].129
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The ideal dynamics of this flow conserves various other quantities in addition to momen-130

tum as described below. In ideal flow the energy131

E =
1

2

∫∫
d2x (∇ψ) · (∇ψ) (8)

is conserved. This can be rewritten as132

E =
Γ

4
(uS − uN)− 1

2

∫∫
d2xψ(q − βy), (9)

exploiting the relationship between q and ψ as well as the boundary condition described133

above, where uN and uS are the velocities along the north and south boundaries respectively.134

When the the boundary flow is North-South asymmetric (e.g. when the wind stress is North-135

South asymmetric) the first term in will be non-zero, however, this is not the case in the136

flow realizations presented in this study where uN = uS.137

In addition, ideal flow conserves the integral of any function of potential vorticity, called138

Casimirs [e.g. 36], such that139

C =

∫∫
d2x c(q), (10)

where c is an arbitrary function. We are primarily interested in the polynomial Casimirs140

which we will denote as141

Cn =

∫∫
d2x qn. (11)

Two Casimirs of particular physical importance are the circulation, n = 1, and the enstrophy,142

n = 2. Alternatively, all Casimirs can be conserved simultaneously by conserving the global143

potential vorticity distribution, Π, given by144

Π(q) =
dA(q)

dq
, (12)

where A(q) is the area of the domain occupied by points with a value of potential vorticity145

less than q. A(q) is proportional to the global cumulative potential vorticity distribution146

function.147

B. Numerical Experiments148

We perform two sets of numerical experiments. The first set of experiments is based on149

a freely-decaying unstable jet in which the initial jet has a velocity profile150

u(y) = u0sech2(y), (13)
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with u0 = 10. The unstable jet evolves freely under the action of hyper-viscosity and varying151

strengths of linear drag. The drag coefficient is varied over a wide range from a lowest value152

where flow is just numerically stable to a highest value where the turbulence is beginning to153

be damped away.154

The second set of experiments is based on a forced-dissipative turbulent jet spun up from155

rest with varied strength of the wind stress. The wind stress profile is kept the same for all156

simulations as,157

τ = τ0sech2
(y
δ

)
, (14)

but the magnitude of the jet is varied by changing the value of τ0. The wind stress strength158

is doubled seven times to ensure a very wide range of turbulent flows. δ is the width159

parameter and is fixed for all simulations. Table I summarizes the values used in the different160161

simulations. The parameters which are held constant for both experiments are given in Table162

II; these parameters were extensively tested for both this study and [10] to ensure numerical163164

convergence.165

III. EDDY-MIXING ENTROPY166

The eddy-mixing entropy is not the same as the thermodynamic entropy associated with167

molecular motions. The eddy-mixing entropy is a measure of the disorder of the large scale168

turbulent flow, and depends on the choice of coarse-graining which distinguishes between169

the large scales and the small scales of the flow. The form of entropy we will use is chosen170

by analogy to the equilibrium entropy which has been shown to be the appropriate form171

for deriving an equilibrium statistical mechanics for ideal two-dimensional and geophysical172

flows and can be justified from a large deviation theory framework [25]. It is important to173

note that there is no a priori justification for there use of this entropy for non-equilibrium174

systems but follow empirically driven approach in this study.175

To define the eddy-mixing entropy we follow the heuristic approach presented in [17]. To176

proceed we will define two sub-systems of the full flow:177

• A micro-cell which is the smallest scale over which the details of the flow are important.178

The micro-cell is equivalent to the grid-cell for a high resolution numerical simulation.179

We think of each micro-cell as being characterized by only one value of the potential180
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Simulation Wind stress Linear drag Timestep, dt

ID strength, τ0 coefficient, r

Freely-decaying experiments

D1 0.000 0.0008 0.0005

D2 0.000 0.0009 0.0005

D3 0.000 0.0010 0.0010

D4 0.000 0.0020 0.0010

D5 0.000 0.0030 0.0010

D6 0.000 0.0040 0.0010

D7 0.000 0.0050 0.0010

Forced-dissipative experiments

FD1 0.005 0.0050 0.0010

FD2 0.010 0.0050 0.0010

FD3 0.020 0.0050 0.0010

FD4 0.040 0.0050 0.0010

FD5 0.080 0.0050 0.0010

FD6 0.160 0.0050 0.0010

FD7 0.320 0.0050 0.0010

TABLE I. List of experiments and non-dimensional parameters.

vorticity. We choose the grid-cell here for practical convenience but a more physically181

motivated choice could be used, for example the Batchelor scale.182

• A macro-cell which is comprised of a number of micro-cells and is related to a choice183

of some coarse graining scale. The macro-cells should be chosen to exploit some184

dynamical symmetry of the system. In our case we, for the most part, choose zonal185

bands exploiting the zonal symmetry of the system apart from in Section VI A where186

we choose contours of instantaneous streamfunction. It important to note that the first187

choice of macro-cell cannot be used for zonal-symmetry-breaking flows (e.g. emergence188

of coherent eddies) while the second choice assumes knowledge of the answer we are189

seeking. To extend the analysis presented in this study to coherent eddy flows a190
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Parameter Value

Meridional extent, Ly 5π/2

Zonal extent, Lx 20π

Number of zonal grid-points, nx 1024

Number of meridional grid-points, ny 128

Time-step, dt 1× 10−3

Output frequency 1

Total time of output 1× 104

Hyper-viscosity, νh 2× 10−6

Wind stress width parameter, δ 0.4

Beta parameter, β 0.2

TABLE II. Fixed parameters of model simulations.

sophistical, partly Lagrangian, averaging method which respects the large-scale flow191

topology would be required.192

The macro- and micro-cells used in this study are schematically illustrated in Figure 1.193

Using this definition of the macro-cells, an eddy-mixing entropy is defined by counting the194

number of ways to arrange the micro-cells of value of potential vorticity into the macro-cells.195

The eddy-mixing entropy can be expressed as196

S = lnW = ln
∏
I

M (I)!∏
rM

(I)
r !

, (15)

where M (I) is the number of micro-cells in the Ith macro-cell and M
(I)
r is the number of197

micro-cells with the rth value of potential vorticity in the Ith macro-cell. This counting198

method is adapted from [21].199

For large numbers of micro- and macro-cells we can take the continuous limit to get200

S[ρ] = −
∫

d2xdq̃ ρ(q̃|x) ln(ρ(q̃|x)), (16)

in terms of the probability distribution function, ρ. In words, ρ is the probability of measur-201

ing a value, q̃, of the potential vorticity at the point x in the domain. In this expression x202

has taken the place of I in labeling the macro-cell. The coordinate x should be interpreted203
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as a coarse-grained or smoothed coordinate. The q̃ is a random variable representing the204

result of a measurement of potential vorticity, and not the potential vorticity field, q(x).205

The difference between the probability distribution, ρ(q|x), used here and the full proba-206

bility distribution (functional) of the system, p[q(x)] should be noted. We interpret ρ as a207

marginal distribution of p and they only become equal when neighboring macro-cells become208

statistically independent, which is the case for the ideal theory which is in equilibrium; this209

is discussed in more detail in Section VII. However, we choose to heuristically study the210

distribution ρ which is accessible by numerical computation and, as will be shown, its be-211

haviour is important in non-equilibrium systems. The eddy-mixing entropy is the sum over212

the continuous information entropies associated with the distribution of potential vorticity213

in each macro-cell. The method of numerically determining these entropies are given in an214

Appendix 1 and is used throughout this study.215

IV. ANALYTICAL MODEL FOR EVOLUTION FOR ENTROPY216

The fundamental quantity that we are interested in is the eddy mixing entropy given by217

(16) in Section III. In this section we derive a tendency equation for this entropy. We are218

not able to derive a full theory as the effects of the non-linear or non-local terms in the219

vorticity equation, (1), Section II, do not seem to be analytically tractable. Nevertheless it220

is possible to derive analytical expressions for the entropy evolution due to the remaining221

linear and local terms in the vorticity equation: the wind stress curl and the linear drag. We222

will now derive the influence of these terms on the entropy leaving the unknown tendency223

due to advection and hyper-viscosity as a residual, P .224

Ignoring the non-local and non-linear terms, which include the hyper-viscous term and225

the advection, we have the following equation for the evolution of potential vorticity:226

∂q

∂t
= −r(q − βy)− g(y) (17)

where g(y) = −∂yτ(y) is the constant (in time) forcing.227

Equation (17) leads to the following partial differential equation for the probability dis-228

tribution function, ρ,229

∂ρ

∂t
=

∂

∂q̃
[r(q̃ − βy)ρ]− g(y)

∂ρ

∂q̃
. (18)
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The two terms on the right hand side of equation (18) were also derived in [18] but here we230

consider the effect of these terms on the entropy. We can write the entropy tendency as231

Ṡ = −
∫

d2xdq̃ ρ̇ ln ρ, (19)

where the dot represents differentiation with respect to time. By substituting equation (18)232

into (19) we can derive (see Appendix 2) the influence of these terms on the entropy, yielding233

Ṡ = P − Ar, (20)

where we have now included the effect of advection and hyper-viscosity as the residual, P ;234

and A is the area of the domain. As the hyper-viscosity is small in our numerical calculations,235

we will take the liberty of referring to P as the advective production of entropy.236

Notably, (20) does not have an explicit dependence on the zonally symmetric forcing237

as a constant wind stress only shifts the distribution in each zonal band and the entropy238

is invariant to these shifts. The linear drag leads to a remarkably simple term which is a239

perpetual and constant sink of entropy.240

V. ENTROPY IN THE NUMERICAL SIMULATIONS241

A. Eddy-mixing entropy in freely-decaying turbulence242

As seen in (20) the entropy tendency has no explicit dependence on the forcing. However,243

the forcing will contribute to determining the behaviour of the advective production of244

entropy, P . To illuminate the effect of forcing we first consider the evolution of entropy in245

the absence of forcing: freely decaying unstable flow.246

We begin by examining the evolution of entropy for short times as the instabilities grow247

then decay shown in Figure 2. In region A of Figure 2, the entropy increases very quickly248249

concomitant with the exponential growth of eddy energy through shear instability in the jet.250

There is little spread in rate of the entropy growth in simulations D1, ...,D7 with changed drag251

parameter. This growth is arrested for all experiments at a maximum value in region B for252

the same time and where the maximum is also not greatly changed with the differing linear253

drag coefficient. The entropy then decreases, in the period B to C, towards its asymptotic254

behaviour. The rate of decrease is greater than can be explained by the sink of entropy due255
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FIG. 2. Entropy as a function of time for different values of linear drag coefficient, simulations

D1, ...,D7. A - We find that exponential growth of barotropic instabilities lead to a very fast

growth in the entropy. B - The entropy reaches a maximum value which is insensitive to the value

of the linear drag coefficient. This is followed by a decrease in entropy at a rate greater than the

contribution of the linear drag. This implies that this decrease is due to the eddies themselves.

C - At long time the entropy decay is linear and is explained by the linear drag. For the lowest

values of linear drag coefficient a persistent Rossby wave emerges causing a secondary increase in

the entropy before the long-time behaviour is seen.

to linear drag, Ar. This means that in the period between B to C the advective production of256

entropy must become negative and acts as a sink of entropy. As we shall see in the following257

sections this transient slump of entropy is concomitant with the emergence of large-scale258

flow structures and the decrease in disorder that this entails.259

There is an interesting difference between simulations D1, ...,D3 and the other simulations.260

These low drag simulations see a second increase in entropy (Figure 2, near Time = 1000)261

toward the long-time behaviour as well as an oscillation about the long time behaviour.262

These effects can be illuminated by examining the flow, at low linear drag coefficient a263

persistent Rossby wave forms causing an increase in the disorder as compared to laminar264

flow as well as the observed oscillations. This however does not inhibit the asymptotic265

entropy decrease due to dissipation which erases small-scale fluctuation while, in the right266

parameter regime, leaving the large-scale flow intact.267

In freely-decaying turbulence the eddies will ultimately die away through the action of268
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FIG. 3. Measured slope of long time linear decay of the entropy, diagnosed from simulations

D1, ...,D7, plotted against the predicted slope. The agreement is near perfect.

linear drag and hyper-viscosity causing the advective production of entropy, P , to tend to269

zero at long times. In this case equation (20) tends to the asymptotic solution for the entropy270

evolution271

S(t) ≈ −Art+K for long times, (21)

where K is a constant of integration. We can test this hypothesis in a simulation of a freely272

decaying unstable jet as for long times we would expect the activity of the eddies to asymp-273

totically decay to zero. We compare this prediction with the first numerical experiment274

described in Section II and shown in Figure 2. We see a striking agreement between the275

long time behaviour, to the right of C, predicted by (21) and the slopes diagnosed from the276

simulations. Figure 3 shows the agreement between the predicted and the measured long277278

time slope of the linear entropy decrease which is found to be near exact.279

B. Eddy-mixing entropy in forced-dissipative turbulence280

We now turn our attention to the entropy evolution in the forced-dissipative experiments281

FD1, ...,FD7. We start by considering the entropy for short times, comparing it to snapshots282
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FIG. 4. Evolution of entropy during spin-up of forced-dissipative flow. A - Initially laminar flow

with small perturbation. As the flow becomes unstable the eddy-mixing entropy increases rapidly.

B - Entropy reaches a global maximum at the point where turbulence has spread across the whole

domain. Disorder is at small scales. C - Coincident with the emergence of a large scale Rossby

wave the entropy decreases. Subsequently the entropy fluctuates around a balanced time-mean

value.

of the potential vorticity. As an example we consider experiment FD3. Figure 4 shows the283284

evolution of entropy as the system evolves to a statistically steady state. Initially, in region285

A, the flow is near laminar with only the small initial perturbation. We see that this286

corresponds to a low value of entropy. Once instabilities begin to grow the corresponding287

growth of entropy is fast and grows to a maximum value much like the evolution in the freely-288

decaying simulations. At the maximum of entropy, region B, the turbulence has covered the289
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whole domain with small scale eddies. As these eddies mix the potential vorticity we see a290

slump in the entropy. When we examine the flow at the bottom of the slump, region C, we291

see that a large scale Rossby wave has emerged propagating on a sharp potential vorticity292

gradient corresponding to a mixing barrier. This transient decrease of entropy, or disorder,293

in the system allows us to describe the way in which energy has condensed at large scales in294

an entropic sense. The concomitance of this decrease in entropy with the emergence of large295

scales leads to a novel interpretation of well known inverse transfer of energy phenomena:296

the emergence of coherent large scales can be described by the decrease of entropy in this297

system during the transient spin-up of the statistically steady state.298

At longer times the entropy fluctuates around a balanced steady state value. This be-299

haviour of entropy is the same for all the forced-dissipative simulations, FD1, ...,FD7, shown300

in Figure 5a, much like statistically steady state balance of energy, shown in Figure 5b.301302

Both the time-mean entropy and energy increase with the wind stress strength in steady303

state as well as exhibit fluctuations about this mean (although the energy fluctuations are304

suppressed in Figure 5b due to the logarithmic scale). The balanced steady state behaviour305

of the entropy is explained, according to the reasoning of Section IV, by the competition306

between the advective production of entropy and the constant sink due to linear drag, that307

is308

P − Ar = 0, (22)

where the over-line denotes the time-mean in statistically steady state. It is important to309

note that, because −r is a merely a negative number, both the increase and decrease in310

the entropy fluctuations arise from the advective production, P . That is, eddies can act311

as both a source and a sink of entropy. It is important to note that the action of P as a312

source and a sink must be associated with the presence of dissipation which allows there to313

be fluctuations in otherwise conserved global quantities such as energy and entropy which314

exhibit inverse and direct transfers between scales.315

Although the time derivative of entropy has no explicit dependence on forcing, the forcing316

does supply energy to the turbulent motions by sustaining the eddy production of entropy,317

unlike in the case of the freely-decaying experiment. The forcing implicitly sets the maximum318

and steady state value of entropy. We will further consider how the entropy is related to319

other well-known dynamical quantities in the following section.320
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FIG. 5. (a) Evolution of entropy in simulations FD1, ...,FD7. We see that entropy behaves as a

balanced quantity in a statistically steady state: in the time mean the sources of entropy are equal

to the sinks of entropy. (b) Evolution of energy in simulations FD1, ...,FD7 shown on a logarithmic

scale. Like entropy the energy is balanced in a statistically steady state. The energy takes a longer

time than the entropy to reach steady state balance.
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VI. RELATION TO THE MAXIMUM ENTROPY PRINCIPLE321

A. Time evolution of entropy and the maximum entropy principle322

In what has been discussed so far we have considered the derivative of entropy with respect323

to time. Now we consider its relation to the maximum entropy principle which is at the core324

of the equilibrium statistical mechanics theory of ideal geophysical flow [17]. Although we325

will refer to the ‘maximum’ entropy principle it is important to note that the entropy may326

exhibit a minimum or stationary point and that classifying these stationary points lie beyond327

the scope of this study. In order to achieve clarity in our discussion we define the following328

terminology. For the purposes of this study it is useful to restrictively define equilibrium as a329

stationary entropy state of the ideal flow (i.e. MRS theory). For forced-dissipative systems,330

we refer to the long-time behaviour as a (non-equilibrium) statistically steady state.331

The maximum entropy principle states that the entropy should be stationary with respect332

to variations in the probability distribution, ρ, given appropriate dynamical constraints. We333

can relate the time derivative of the entropy, S, to the functional derivative using the relation334

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

δS

δρ
. (23)

Assuming that the system is in a stationary entropy state constrained by the value of energy335

and N polynomial Casimirs we have that the variational problem336

δS

δρ
+ α(t)

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E(t)

)
−

N∑
n=1

γn(t)
δ

δρ

(∫
d2xdq̃ q̃nρ− Cn(t)

)
= 0, (24)

is satisfied, where α and γns are Lagrange multipliers and where E(t) and Cn(t) are the time337

varying values of energy and Casimirs. Substituting this condition into (23), we relate the338

time derivative of entropy to that of energy and the Casimirs:339

dS

dt
= α∗(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
, (25)

where α∗ ≡ −2α, and the detailed derivation of equation (25) is given in Appendix 3. This340

equation says that if the entropy is maximal under some constraints then the evolution of341

the entropy can be entirely explained by the evolution of the quantities constraining it. We342
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can split the time evolution of the Lagrange multipliers into temporal mean and fluctuations343

such that α∗(t) = α∗ + α∗
′
(t), and similarly for the other Lagrange multipliers. Assuming344

that the deviations in the Lagrange multipliers are small, which we will address in more345

detail in due course, and integrating (25), we can write an approximate relation for the time346

evolution of entropy in terms of the time evolution of energy and the Casimirs, giving347

S(t) ≈ α∗E(t) +
N∑
n=1

γnCn(t) +K, (26)

where K is a constant of integration. This expression relies on two assumptions. Firstly, the348

entropy is maximized constrained by the value of energy and the Casimirs at any point in349

time; in other words, the system is in a quasi-equilibrium state defined as a non-equilibrium350

statistically steady state where the time scales for changes in the balanced quantities is larger351

that the time the eddies take to drive the system to stationary entropy state. Secondly, the352

fluctuations in the Lagrange multipliers (sensitivities of the entropy) are small. We now353

turn to testing the relation, (26), in order to test these assumptions.354

B. Reconstruction of entropy evolution355

We can test equation (26) by regressing the diagnosed time evolution of entropy onto the356

time evolution of energy and the other conserved quantities, the Casimirs, and comparing357

the reconstructed entropy time series against the diagnosed entropy time series. It was found358

the this procedure does not give a good reconstruction when the spin up is included in the359

time series, however there is good agreement when we only consider the statistically steady360

state: it is likely that the time dependence of the Lagrange multipliers is large during spin361

up but not in the statistically steady state.362

An example is given in Figure 6 for simulation D6. Figure 6 shows the reconstruction363364

of the entropy time series using only the first two Casimirs, circulation and enstrophy, in365

addition to the energy as well as using Casimirs up to tenth order. The correlation for the366

first two Casimirs is 0.73, and when ten Casimirs are used the correlation is 0.93. This is a367

striking agreement and provides evidence that the turbulence acts to maximize entropy given368

time-varying constraints, according to equation (26), at each point in time in statistically369

steady state. That is, we find evidence that the system is in a quasi-equilibrium state as370

defined above. It must be noted that the quasi-equilibrium approximation is likely not to371
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FIG. 6. Reconstruction of the entropy evolution using relation (26). Top - using only the first

two Casimirs, circulation and enstrophy. Bottom - using first ten Casimirs. Both show significant

correlation with the two Casimir reconstruction clearly matching the low frequency fluctuations,

however but failing to capture the high frequency fluctuations. The ten Casimir reconstruction

performs substantially better.

hold during spin-up.372

The analysis has been repeated for all forced-dissipative simulations FD1, ...,FD7 and in-373

cluding differing numbers of Casimirs. Figure 7a shows the correlation between reconstructed374375

and diagnosed entropy time series as a function of number of Casimirs for FD1, ...,FD7. We376

see a marked increase in the correlation with increased numbers of Casimirs. This shows the377

importance of higher order Casimirs in this statistical mechanics approach. It is also appar-378

ent that odd power Casimirs do not contribute significantly to increasing the correlation.379

We test the significance of these correlations by comparing with correlations produced by380

reconstructing the entropy from ‘synthetic’ time series for the energy and Casimirs. These381

‘synthetic’ time series are produced randomly such that they have the same power spectra382

as the diagnosed time series. It is found that correlations derived from the model data lie383
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FIG. 7. (a) Correlation between the diagnosed and reconstructed entropy time series following

the relationship (26). Entropy is calculated on zonal bands for simulations FD1, ...,FD7. We

see a clear improvement with number of Casimirs included. This improvement is quantitatively

different for each simulation. (b) Correlation between the diagnosed and reconstructed entropy

time series following the relationship (26). Entropy is calculated on instantaneous streamfunction

for simulations FD1, ...,FD7. We see a clear improvement with number of Casimirs included. This

improvement is quantitatively different for each simulation but now all simulations show high

correlation of greater than 0.7 with only four Casimirs. This is to be contrasted with a).

beyond the 99th percentile of an ensemble of ‘synthetic’ data. In this way we can reject the384

null-hypothesis that the observed correlations are due to statistical over-fitting. A detailed385

description of this significance test is given in Appendix 4.386

We can repeat this analysis, now calculating the entropy along instantaneous streamfunc-387

tion contours. This means that the macro-cells defined in Section III become contours of388

streamfunction rather than zonal band as has been used up to now. The entropy will change389

as a consequence of this transformation but the energy and Casimirs will not - this implies390

that only the projection in (26) of the entropy evolution onto the energy and Casimirs that391

will change. The correlation of the reconstructed entropy with the diagnosed entropy for392

this choice of macro-cell is shown in Figure 7b.393

The main point to note here is that the correlation is higher, and converges quickly,394

for fewer Casimirs. The fourth order Casimir seems to be of particular importance with395

all simulations having a correlation of greater than 0.7 if four Casimirs are used. This396
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agrees with the observation of [10] that viewing potential vorticity distributions in a more397

of a Lagrangian sense acts to simplify the statistics, thus requiring a reduced number of398

moments to describe the local probability distribution of potential vorticity. The particular399

importance of the fourth order Casimir here is in contrast to the study of [1] who found400

that, in their numerical set-up, no Casimir above order three was relevant; this indicates401

that the particular Casimirs which are most important depend heavily on the particulars of402

any given system (i.e. domain geometry and nature of forcing).403

The fact that it is possible, to a large extent, to reconstruct the statistically steady state404

time series for entropy using the corresponding dynamically balanced quantities of the flow405

is tantalizingly suggestive that in a statistically steady state of a forced-dissipative flow the406

turbulence pushes the system into a quasi-equilibrium: a non-equilibrium statistically steady407

state which nonetheless close to stationary entropy state at each point in time with time408

varying constraints. That is, although not in a true equilibrium (ideal flow with maximal409

entropy), the rate at which turbulence pushes the entropy to its allowed value is much faster410

than the time scales over which the conserved quantities are changing and is analogous to411

the quasi-static approximation in thermodynamics.412

As we saw in Sections V A and V B, the eddies can act as a source or sink of entropy.413

Indeed, the fact that the balanced quantities such as energy (Figure 5b) fluctuate at all is414

due to the turbulence, if there were no non-linearities then we would have steady flow and415

no fluctuations. We suggest that the eddies play a double role, simultaneously maintaining416

the quasi-equilibrium and modulating its constraints. Further work, over a wider range417

of parameters, is required to obtain firmer evidence for the maximum entropy principle at418

work.419

C. Solving for the Lagrange multipliers420

Solving the variational problem, (24), gives us a probability distribution in terms of a set421

of unknown Lagrange multipliers, in this section we describe the method for determining422

these from knowledge of the energy and Casimirs of the flow. To determine the Lagrange423

multipliers it is necessary to solve the non-linear simultaneous equations424

−2E = − ∂

∂α

∫
d2x lnZ(α, γ1, ..., γN) (27)
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for the energy constraint and425

Cn = − ∂

∂γn

∫
d2x lnZ(α, γ1, ..., γN) (28)

for each Casimir constraint. Here Z is the local normalization, or the partition function, of426

the probability distribution given as427

Z =

∫
dq̃ exp

(
−α〈ψ〉q̃ −

N∑
i=n

γnq̃
n

)
, (29)

thus, Z is constructed such that428 ∫
dq̃ ρ(q̃|x) = 1. (30)

Determining the Lagrange multipliers for given values ofN constraints is numerically difficult429

and its solution is not tackled in this study.430

However, we can proceed by reducing the dimensionality of the problem. Ironically this431

is achieved by first considering the case of infinite dimensions. Constraining the entropy432

of the flow the first N polynomial Casimirs of the flow is a truncated version of the exact433

constraint. To constrain by all Casimirs of the flow we constrain by the global potential434

vorticity distribution discussed in Section II. The constraint is given by435

Π(q̃) =

∫
d2x ρ(q̃|x), (31)

and the Lagrange multiplier becomes a function of q̃, γ(q̃). The corresponding variational436

problem437

δS

δρ
+ α

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E

)
− δ

δρ

(∫
d2xdq̃ γ(q̃)ρ− Π(q̃)

)
= 0, (32)

now gives the solution438

ρ(q̃|x) =
1

Z
exp (−α〈ψ〉q̃ − γ(q̃)) , (33)

for the probability distribution. Substituting (33) into (31) we obtain the expression439

Π(q̃) = e−γ(q̃)
∫

d2x
e−α〈ψ〉q̃

Z
. (34)

The integral here is a function of potential vorticity only and we can write γ(q̃) in terms of440

Π and the integral. This allows us to eliminate the Lagrange multiplier corresponding to the441

Casimir constraint leaving us with only α to find. Eliminating γ from (33), we obtain the442
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FIG. 8. (a) Shows the evolution of log10 α with time. We see a very quick relaxation to a steady

state value with fluctuation around this value in steady state being small. (b) Shows the steady

state mean value of α against the strength of the wind stress. We see at low forcing have a very

high sensitivity of entropy to energy while at high forcing the sensitivity is low. (c) Shows mean

value of α against wind stress strength, now on a log-log scale. We see a near power-law behaviour

with an approximate slope of −1.7.

probability distribution in terms of the Lagrange multiplier, α, and the global distribution,443

Π:444

ρ(q̃|x) =
1

Z(x)
∫

d2x
(
e−α〈ψ〉q̃

Z(x)

)Π(q̃)e−α〈ψ〉q̃. (35)

A numerical method can be constructed for the two-dimensional problem of optimizing the445

values of α and Z simultaneously thus finding the maximum entropy distribution from only446

knowledge of global quantities. The details of the numerical method is given in Appendix 5447

and the results of this methodology follow.448

D. Reconstruction of statistics449

In this section we reconstruct the statistics from the maximum entropy distribution,450

(35), by optimizing for the Lagrange multiplier, α. The resulting values for α in simulations451

FD1, ...,FD7 are shown in Figure 8. We see that the value of α has a strong dependence on452453

the strength of wind stress and time. Figure 8a shows the evolution of α during spin up, we454

see a strong reduction in the value of α at short times with the value of α fluctuating about455
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a statistically steady state value for long times. In steady state the fluctuation around the456

time-mean value is very small, this supports the assumption made in Section VI B to derive457

equation (26). Also shown is the dependence of the time-mean value of α on the wind stress458

strength in Figure 8b and c. The steady state sensitivity of entropy to energy is drastically459

decreased with the strength of wind stress suggesting that the entropy of the system becomes460

insensitive to perturbations in energy at high wind stress. Figure 8c displays a near power-461

law dependence of α on τ0 with an exponent of approximately −1.7, the explanation of this462

feature is left for future work.463

Interpretations of the Lagrange multiplier, α, come with a caveat; the numerically deter-464

mined value of α is only as accurate as the maximum entropy hypothesis and, in particular,465

the mean field approximation for the energy. To test the accuracy of these devices we com-466

pare the reconstructed statistics from the distribution, (35), and the diagnosed statistics467

from the numerical simulations.468

Figure 9 shows diagnostics comparing the maximum entropy distribution evaluated using469470

(35) with the statistics diagnosed from the numerical simulation itself, that is, the ‘truth’.471

In short, despite displaying encouraging qualitative agreement with the simulations, the472

maximum entropy distribution does not fully capture the quantitative statistical details473

of simulations FD1, ...,FD6. Figure 9a shows a comparison between the reconstructed and474

diagnosed 〈q〉−〈ψ〉 relation for simulation FD6. The maximum entropy reconstruction shows475

good qualitative agreement but seems smoothed compared to the diagnosed relationship.476

Also for simulation FD6, Figure 9b compares the SD(q)− 〈ψ〉 relation and we see that the477

quantitative agreement is poorer. The standard deviation is underestimated in the centre478

of channel while being overestimated in the flanks. It must be noted that the maximum-479

entropy reconstruction of these statistical represents a drastic improvement over the energy-480

enstrophy constrained theory.481

Figure 9c and d compare the diagnosed and reconstructed skewness and kurtosis for482

simulation FD7. While giving qualitatively consistent features, the reconstructed skewness483

and kurtosis display significant deviations near to the boundary. In addition, Figure 9e and484

f compares the probability distribution, predicted and diagnosed, for simulations FD4 and485

FD5 at y = 0 and y = 2.01 respectively. In Figure 9e the trimodal nature of the distribution486

is successfully captured but we can see that the maximum entropy distribution overestimates487

the weight of the central peak compared to the side peaks. In Figure 9f, we again can see488

24



(a) FD6 (b) FD6

(c) FD7

(c) FD5(e) FD4

(d) FD7

diagnosed
predicted

FIG. 9. Diagnostics testing reconstructed maximum entropy statistics. (a) Comparison of the time-

averaged mean potential vorticity against time-averaged streamfunction for simulation FD6. (b)

Comparison of the time-averaged standard deviation of potential vorticity against time-averaged

streamfunction for simulation FD6. (c) Comparison of the time-averaged skewness of potential

vorticity against time-averaged streamfunction for simulation FD7. (d) Comparison of the time-

averaged kurtosis of potential vorticity against time-averaged streamfunction for simulation FD7.

(e) Comparison of the maximum entropy probability distribution and the diagnosed distribution

from simulation FD4, distributions are evaluated for the centre of the channel, y = 0. (f) Com-

parison of the maximum entropy probability distribution and the diagnosed distribution from

simulation FD5, distributions are evaluated for the flank of the jet, y = −2.01.

a good qualitative agreement but in the details there are deficiencies. Many of the ways489

in which the maximum entropy statistics deviates from the simulations can be interpreted490

as a degradation of the strong persistent mixing barrier which the simulations FD1, ...,FD6491

exhibit. The statistical nature and consequences of this mixing barrier has been extensively492
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studied, for this model, in [10].493

In summary, the maximum entropy distribution, (35), produces an encouraging qualita-494

tive reproduction of the flow statistics. However, the quantitative reproduction is still lack-495

ing despite the suggestive evidence for the entropy being maximized presented in Section496

VI B. The derivation of the maximum entropy distribution relies on two main assumptions497

in the equilibrium, Miller-Robert-Sommeria, statistical mechanics: a) maximization of en-498

tropy; and b) the mean field approximation. We argue that the deficiencies of the maximum499

entropy distribution presented in this numerical experiment can be attributed to the break-500

down of the mean field approximation in a forced dissipative system. This will be discussed501

in detail in the following section.502

VII. THE MEAN-FIELD APPROXIMATION503

A possible reason for the lack of success of the predicted probability distribution function,504

(35), is that the maximum entropy principle is not at work. Nevertheless, we believe that the505

analysis presented in Section VI B provides sufficient evidence to look for other reasons why506

(35) fails to quantitatively capture the statistics. In this section we consider the mean field507

approximation of Miller-Robert-Sommeria equilibrium statistical mechanics. The energy of508

the flow is given as509

E[q] = −1

2

∫
dxψ(x)(q(x)− βy), (36)

because of the presence of ψ it is not clear how make the necessary substitution to write E510

as a functional of ρ allowing us to tackle this constraint analytically. We rewrite the energy511

as512

E[q] = −1

2

∫ ∫
dxdx′ (q(x)− βy)G(x,x′)q(x′) (37)

where G(x,x′) is the Green’s function of the differential operator defined by, q = ∇2ψ+βy.513

Now, by swapping the potential vorticity field for its average value, and defining 〈q̃〉 ≡514

∇2〈ψ〉+ βy, we get;515

EM [ρ] = −1

2

∫
dx 〈ψ〉(〈q̃〉 − βy). (38)

This step is the mean-field approximation, often used in models of condensed matter physics.516

In essence, we are saying that, rather than considering the interaction energy between all517
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pairs of potential vorticity patches, we consider that each patch of potential vorticity only518

feels mean effect of all other patches.519

For an ideal fluid in statistical equilibrium, the mean-field approximation ceases to be520

approximate and becomes exact due to the non-local aspect of the Green’s function, G [6];521

for example, two-dimensional vortex dynamics had a logarithmic Green’s function leading to522

long-range vortex-vortex interactions. The mean-field formulation, however, necessitates two523

related properties of ideal equilibria: a) that the mean eddy potential vorticity flux is zero,524

∇ · 〈u′q′〉 = 0, which is a consequence of the equilibrium-state q-ψ relation, 〈q〉 = f(〈ψ〉);525

and b) that neighbouring macro-cells of the flow are uncorrelated. These properties are526

fundamentally linked with the mean field approximation and are manifestly not satisfied in527

a forced-dissipative statistically steady state. Therefore, we suggest that while the maxi-528

mization of entropy might be an useful organizing principle in forced-dissipative flow, the529

mean-field approximation remains only a crude approximation. We propose two potential530

avenues for future study to tackle this problem.531

• It may be possible to find a coarse-graining (i.e., macro-cells) which is partially La-532

grangian to reduce difference between E[q(x)] and EM [ρ(q̃|x)]. This is the approach533

taken in [17] which produces good agreement between experiment and equilibrium534

theory by moving into a frame of reference moving at the phase speed of a large scale535

Rossby wave. However, this is unlikely to work in the presence of multiple wave modes536

as is the case with simulations FD1, ...,FD6, see discussion in [10].537

• Alternatively, we speculate that a perturbation method could be applied to the mean-538

field approximation to yield a more realistic probability distribution. However, pre-539

cisely how this might be achieved remains to be determined and is subject of future540

work.541

Indeed, it may be that a combination of the two approaches will provide the means of542

deriving forced-dissipative statistics from the maximum entropy principle.543

VIII. CONCLUSION544

In this study we have shown how an eddy mixing entropy can be used as a measure545

of turbulent disorder. By deriving the influence of forcing and linear drag, we were able546
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to use entropy to describe the turbulence in a freely-decaying and forced-dissipative flow.547

The evolution of entropy describes the three stages of the eddy life cycle and eddy-mean548

interaction: growth of instability, formation of large scale coherent structures and steady549

state fluctuations. In particular, the eddy production of entropy, which has been focus of550

much theoretic inquiry, can be explicitly computed from data. The fact that the eddy-551

mixing entropy behaves in a dynamically balanced way is not a priori clear and provides552

a novel means of quantifying turbulent disorder in geophysical flows. This study of the553

temporal evolution of entropy can inform work on stochastic parametrization by describing554

the disorder in a turbulent jet in a way that links to both statistical physics and information555

theory; we can begin to piece together a picture of the emergent physics of the total entropy556

whereas the local entropy of each macro-cell is related to the information content of the557

sub-gridscale statistics.558

The relationship between the temporal evolution of entropy and the maximum entropy559

principle was considered in Section VI. Under the assumption of maximum entropy it was560

found that the time evolution of entropy was set by the time evolution of its constraints.561

Suggestive evidence was found that the entropy is maximized in the model simulations562

considered in this study. It is clear that if a variational problem can be used to infer the563

statistics then the number of Casimir constraints has to be large.564

With this evidence for the maximum entropy principle being a physically meaningful565

candidate for describing the behaviour of turbulence in the system studied here, we con-566

sidered the problem of inferring the sub-grid scale statistics. This is equivalent to inferring567

the Lagrange multipliers, used in the maximum entropy variational problem, from the con-568

straints applied. We presented the mathematical formulation of this problem in Section VI569

and showed how the dimensionality could be reduced given knowledge of the global poten-570

tial vorticity distribution. Further, we reconstructed the maximum entropy statistics from571

knowledge of the energy, global potential vorticity distribution, and zonal mean stream-572

function as a functions of time. We find that although the maximum entropy statistics re-573

produces qualitatively representative features of the flow, quantitative agreement is lacking,574

especially for higher order statistical moments. In Section VII, the mean-field approxima-575

tion was discussed as a potential culprit for the quantitative disagreement and avenues for576

future investigation were proposed.577

In this study we have presented eddy-mixing entropy as both a descriptive tool and a578
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dynamically balanced quantity in a barotropic turbulent jet. We have also demonstrated579

the relationship between the statistical mechanics of forced-dissipative flow and well-known580

globally balanced quantities such as the energy and enstrophy of the flow. In doing so we were581

able to provide evidence for the action of the maximum entropy principle at work in a forced-582

dissipative system. The question of the usefulness of statistical mechanics theories, such as583

the Miller-Robert-Sommeria theory, in understanding the statistically steady states of two-584

dimensional and geophysical turbulence has received much attention [e.g. 11, 17, 32, 47] but585

remains somewhat unclear. By explicitly considering the evolution of eddy mixing entropy586

in a forced-dissipative model we are able to demonstrate the importance and utility of eddy587

mixing entropy in the study of forced-dissipative geophysical turbulence, opening the door to588

revisiting the application of statistical mechanics to ocean mesoscale eddy parameterizations589

[cf. 18].590

ACKNOWLEDGMENTS591

This work is funded by the UK Natural Environment Research Council. We would like592

to thank Antoine Venaille for insightful and helpful discussion of our work, as well as Chris593

O’Reilly for his assistance with the significance testing.594

Appendix595

1. Numerical computation of entropy596

It is important to note the difference between the discrete, or Shannon, entropy597

S = −
∑
i

ρi ln ρi, (A.1)

and the continuous, or differential, entropy we use in this study598

S = −
∫

dx ρ(x) ln ρ(x). (A.2)

One of the clear differences between these two entropies is that the continuous entropy can599

become negative whereas the discrete entropy is never less than zero. On the other hand the600

continuous entropy can be negative and indeed tends to negative infinity for the asymptotic601
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limit of a delta-function. This means that we need to be careful when numerically evaluating602

an estimator for the continuous entropy. Näıvely using the standard discrete approximation603

for the integral in (A.2) leads to calculating a quantity proportional to the discrete entropy,604

(A.1). To find an approximation for, (A.2), we must evaluate the quantity605

S ≈ −∆x
∑
i

ρi ln ρi + ln ∆x, (A.3)

where ρi becomes a histogram approximation to the distribution ρ(x). However, this method606

of approximation was found to be biased and introduced a systematic error into the results607

presented in this study.608

Instead, we used a sample-spacing estimator for the distribution leading to an improved609

numerical approximation for the continuous entropy [2, 43]. The sample-spacing estimator610

relies of the idea that when the data is ordered, from smallest to largest value and represented611

by the list {x(i)}, then the reciprocal of the difference between two samples, separated by612

m, spaces is an estimator for the probability density. That is we approximate ρ by613

ρ ∝ 1

x(i+m) − x(i)
. (A.4)

Substituting this into (A.2) and using appropriate normalizations, the following expression614

is found for the entropy615

S ≈ 1

N −m

N−m∑
i=1

ln

(
N + 1

m
(x(i+m) − x(i))

)
. (A.5)

Here, N is the number of samples; m is the spacing size; and x(i) represents the ith ordered616

sample. Following [43] we use the fact that the optimal of m is around
√
N . This method617

was used to evaluate the entropy throughout this study and is found to be considerably618

better than more näıve methods. The simpler methods proved to have a strong dependence619

on the choice of histogram bin width rendering them unusable for quantitative comparison620

with theory.621

2. Detailed derivation of the tendency equation for entropy622

Ignoring the non-local and non-linear terms the potential vorticity equation is623

∂q

∂t
= −r(q − βy)− g(y), (A.6)
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and the corresponding probability distribution satisfies the equation,624

∂ρ

∂t
=

∂

∂q̃
[r(q̃ − βy)ρ]− g(y)

∂ρ

∂q̃
. (A.7)

We can derive the entropy tendency by substituting equation (A.7) into625

dS

dt
= − d

dt

∫
d2xdq̃ ρ ln ρ, (A.8)

= −
∫

d2xdq̃

[
∂ρ

∂t
ln ρ+

∂ρ

∂t

]
, (A.9)

= −
∫

d2xdq̃
∂ρ

∂t
ln ρ− d

dt

∫
d2xdq̃ ρ, (A.10)

= −
∫

d2xdq̃
∂ρ

∂t
ln ρ, (A.11)

where the final step comes from the normalization condition on the distribution, ρ. We626

rewrite (A.7) as627

∂ρ

∂t
= r

∂(q̃ρ)

∂q̃
− h(y)

∂ρ

∂q̃
, (A.12)

where628

h(y) = rβy + g(y). (A.13)

Substituting, we obtain629

Ṡ = −
∫

d2xdq̃

((
−h(y)

∂ρ

∂q̃
+ r

∂(q̃ρ)

∂q̃

)
ln ρ

)
. (A.14)

We take each term separately in order to simplify the above expression. The first term is630

simplified, integrating by parts, as631 ∫
d2xdq̃

(
−h(y)

∂ρ

∂q̃
ln ρ

)
=

∫
d2xh(y)

∫
dq̃

∂ρ

∂q̃
ln ρ, (A.15)

= −
∫

d2x

(
h(y)

(
[ρ ln ρ]+∞−∞ −

∫
dq̃

∂ρ

∂q̃

))
(A.16)

= 0. (A.17)

We can see that the integral above is zero from the fact that both ρ and ρ ln ρ vanish at632

±∞. The second term can also be simplified, integrating by parts twice, as633 ∫
d2xdq̃

(
r
∂(q̃ρ)

∂q̃
ln ρ

)
= r

∫
d2x

(
[q̃ρ ln ρ]+∞−∞ −

∫
dq̃ q̃

∂ρ

∂q̃

)
(A.18)

= −r
∫

d2x

(
[q̃ρ]+∞−∞ −

∫
dq̃ ρ

)
(A.19)

= Ar, (A.20)
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where A is the area of the domain. Here, we have, in addition to the appropriate boundary634

conditions, used the normalization condition for ρ. Thus, the corresponding equation for635

the entropy tendency becomes636

Ṡ = P − Ar, (A.21)

where we have reintroduced the non-local and non-linear terms as a residual via the advective637

production of entropy, P .638

3. Time-evolution of maximal entropy639

Suppose that entropy is maximized, constrained by time-varying energy and N polynomial640

Casimirs. The variational problem to be solved is given by641

δS

δρ
+ α(t)

δ

δρ

(
−1

2

∫
d2xdq̃ 〈ψ〉q̃ρ− E(t)

)
−

N∑
n=1

γn(t)
δ

δρ

(∫
d2xdq̃ q̃nρ− Cn(t)

)
= 0. (A.22)

taking the functional derivative of the constraints we obtain642

δS

δρ
= α(t)〈ψ〉q̃ +

N∑
n=1

γn(t)q̃nρ. (A.23)

To find the entropy tendency, we substitute this variational problem into the relation643

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

δS

δρ
, (A.24)

giving644

dS

dt
=

∫
d2xdq̃

∂ρ

∂t

[
α(t)〈ψ〉q̃ +

N∑
n=1

γn(t)q̃nρ

]
. (A.25)

Rearranging and pulling out time derivatives we obtain645

dS

dt
= α(t)

d

dt

∫
d2xdq̃ 〈ψ〉q̃ρ+

N∑
n=1

γn(t)
d

dt

∫
d2xdq̃ q̃nρ, (A.26)

and identifying the integrals with the constraints which they are, by construction, equal to,646

we obtain647

dS

dt
= −2α(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
. (A.27)

For ease of presentation we define α∗ ≡ −2α, completing the derivation for the entropy648

tendency649

dS

dt
= α∗(t)

dE(t)

dt
+

N∑
n=1

γn(t)
dCn(t)

dt
. (A.28)
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FIG. 10. Red line - mean cross-validated correlation between diagnosed and reconstructed entropy

as a function of wind stress strength. Black lines - percentiles for the ensemble of mean cross-

validated correlations from ‘synthetic’ time series of energy and Casimirs.

4. Significance testing650

To exclude the possibility of statistical over-fitting of the entropy steady state fluctuations,651

in Section VI B, we perform a significance test for the correlations observed. Firstly, cross-652

validate the regression by using half the data to train the regression while validating on the653

other half. We also create an ensemble of ‘synthetic’ time series which have the same power654

spectra as the diagnosed energy and Casimir time series. This is done using a MATLAB655

function, ebisuzaki.m, which is available as part of the WEACLIM toolbox by Vincent656

Moron, available on the MathWorks file exchange. This method follows the significance test657

of [12]. We test the case using energy and 10 Casimirs to reconstruct to entropy evolutions,658

we cross-validate both the reconstruction by diagnosed time series as well as the ensemble659

of reconstructions from ‘synthetic’ time series. The results are given in Figure 10, where we660661
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have plotted the mean cross-validated correlation for the diagnosed time series, c, given as662

c =
c1 + c2

2
, (A.29)

where c1 is the correlation between the reconstructed and diagnosed entropy for the second663

half of the data, trained on the first half; c2 is defined vice versa. Also plotted are the664

percentiles for the ensemble of 1000 mean cross-validated correlations produced from the665

‘synthetic’ time series. This clearly shows that the observed correlations lie beyond the 99th666

percentile of the ensemble and excludes the possibility of statistical over-fitting.667

5. Reconstructing maximum entropy statistics668

We have seen from equation (35) that the partition function can be written as669

Z(x) =

∫
dq̃

 Π(q̃)e−α〈ψ〉q̃∫
d2x

(
e−α〈ψ〉q̃

Z(x)

)
 , (A.30)

which is an implicit equation for Z. Writing R(q̃,x) = exp(−α〈ψ〉q̃) we can recast equation670

(A.30) as an iterative relation for the i+ 1 approximation for the partition function671

Zi+1(x) =

∫
dq̃

 Π(q̃)R(q̃,x)∫
d2x

[
R(q̃,x)
Zi(x)

]
 . (A.31)

Starting with Z1 = 1, we can produce an approximation for the partition function which672

normalizes the probability distribution, ρ, to a better than 1% accuracy after 20 iterations.673

Using this methodology we are able to reduce the problem of determining the Lagrange674

multipliers to a one-dimensional problem of determining α by optimizing for the mean-field675

energy, EM . Using a MATLAB numerical minimization function (fminsearch), we can676

optimize α in order to match the energy of the flow, that is, by minimizing the cost function677

L =

∣∣∣∣EM − 1

2

∫
d2x 〈ψ〉〈q̃〉

∣∣∣∣ , (A.32)

for given EM , N and 〈ψ〉 which are diagnosed from the simulations.678
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