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ABSTRACT

This thesis assembles some new results in the field arithmetic of various
classes of fields, including global fields, models of the common first-
order theory of algebraic extensions of global fields, and fields of finite
transcendence degree over their prime field. Most of the results stem
from a very simple technique for first-order definitions in fields, based
on the satisfaction of a first-order sentence in a family of finite extensions
of the ground field. In the first two chapters, we develop this technique
to associate existentially definable sets to central simple algebras and
Pfister forms, respectively.

We then use these tools to obtain results on global fields, their alge-
braic extensions, fields elementarily equivalent to ultraproducts thereof,
and finitely generated fields. We study valuations on such fields, and
notably obtain a large class of examples of fields without Self-Embedded
Residue, a natural notion that arises in the study of definable valuations.

Subsequently, we focus on the study of a single global field, where
we obtain new definability results. Most importantly, we show that non-
solubility of a polynomial equation in one variable over the global field is
expressible as an existential condition on the coefficients. This also yields
consequences in algebraic geometry over the given field.

After a category-theoretic interlude in the model theory of absolute
Galois groups, the final chapter investigates p-valuations on fields. We
introduce a notion of generalised Stufe in this context, and prove an

interpretability result for spaces of p-valuations in situations of interest.
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INTRODUCTION

This thesis assembles some new results regarding definability in and
arithmetic of fields, with a particular focus on global fields, i.e. finite
extensions of Q and IF,(T), and their algebraic extensions.

The study of fields has a long history in mathematical logic, with
particular milestones including the decidability of first-order theories of
algebraically closed fields, real-closed fields and p-adically closed fields,
as well as the undecidability of the theory of Q (following J. Robinson’s
definition of Z in Q).

The general philosophy here is that local fields, at least in charac-
teristic zero, tend to be model-theoretically tame—for instance model
complete, decidable, NIP, with some form of elimination of imaginaries—
whereas global fields interpret arithmetic and are therefore undecidable
and do not have any stability properties.

This means that the study of global fields from the perspective of
mathematical logic does not focus on understanding all definable sets—
as this is too rich a structure—, but usually aims to produce definitions
for “sets of arithmetic interest” of restricted quantifier complexity or with
some degree of uniformity across global fields.

An example for results of this kind can be found in [Rum80], in which
a uniform interpretation of Z within global fields is given. On the other
hand, there are ongoing efforts to produce definitions of Z within a single
global field with lower quantifier complexity, for instance Koenigsmann’s
universal definition of Z in Q in [Koel6], with a view towards Hilbert’s

Tenth Problem over fields.



1. INTRODUCTION

With satisfactory uniform definitions in global fields in place, one
can then frequently make some statements also about infinite algebraic
extensions of global fields. This touches on some questions of interest in
field arithmetic, where such fields form a class of considerable interest.

The main technical tool in use throughout this thesis is a specific
method for definitions in fields introduced in the second and the third
chapter. The key property here is that these are both of low quantifier
complexity, namely existential, and have readily understood meaning
in different global or finitely generated fields. This tight coupling of an
existentially definable set with a property of arithmetic interest across a
class of fields—in our cases, the behaviour of a central simple algebra or
a cohomology class under the restriction maps arising from inclusions
of fields—is key to all our applications. The use of arithmetic features
however does mean that we rely on a rather substantial body of preex-
isting work. As an immediate corollary to our definability results we
obtain a V3-definition of the ring of integers in a large class of algebraic
extensions of Q, namely all (potentially infinite) Galois extensions of
number fields with degree not divisible by some fixed prime number, see
Theorem 2.3.7. This substantially generalises results of Videla.

More serious applications of our new definitions are seen in the
fourth chapter, in which we mainly discuss the notion of fields with self-
embedded residue. This property of fields comes from the work [AF17] on
existential definability of henselian valuation rings based on the residue
field, in which fields with self-embedded residue arose as in some sense

dual to the more familiar notion of ample (also known as large or anti-



mordellic) fields. We prove that global fields, and more generally finitely
generated fields, at least in characteristic away from 2, do not have self-
embedded residue. This is expected, since fields with self-embedded
residue should be thought of as “big” fields, but had previously only
been shown for the field Q. As a minor result, we can classify valuations
on “non-standard number fields” to a certain extent, i.e. on fields which
are elementarily equivalent to ultraproducts of number fields. This is
driven by the observation that our proofs for global fields are in fact very
uniform across the entire class, allowing passage to other models of their
common theory.

The fifth chapter focuses on the study of a single global field at a
time, and produces new existential definitions within this field. The basic
result here is that the set of tuples ay,...,a,_1 such that the polyno-
mial X" +a,_1 X"~ !+ --- 4 a9 does not have a zero in the global field is
existentially definable. This can be seen as a kind of restricted model com-
pleteness in that positive formulae with a single existential quantifier are
equivalent to universal formulae. We also deduce that for polynomials in
an arbitrary number of variables, irreducibility is an existential condition
on its coefficients. Furthermore, we develop geometric consequences,
giving new diophantine subsets of varieties over global fields.

The sixth chapter departs from the arithmetic side, and develops a
new framework for model theory of absolute Galois groups of fields.
While there is a standard framework due to Cherlin, Van den Dries
and Macintyre, which is satisfactory in practice, we point out some

shortcomings of their approach and suggest an alternative. This is mainly



1. INTRODUCTION

a matter of replacing the absolute Galois group, which intrinsically
involves a choice of algebraic closure, by a categorical approach due to
Grothendieck. One of the most important advantages of this approach is
better behaviour when studying not just a single field, but an entire class
of fields, for instance the class of finite extensions of a fixed ground field.

In the seventh chapter, we turn to the study of p-valuations on fields.
To some extent, this involves extending some of the existing theory of
formally real fields to this situation. The most important new notion here
is that of a class of fields of bounded p-Stufe, which is defined in analogy
to the theory of formally real fields. We give examples for such classes,
notably the class of fields elementarily equivalent to an ultraproduct of
number fields, and study the set of all p-valuations on any field in the
class in terms of its Galois theory. Some applications to Pop’s pseudo

classically closed fields are also given.

1.1 TECHNICAL PREREQUISITES

The corpus of mathematical results that this thesis builds on is quite
substantial, though varying between the chapters. In various places, we
use model theory, algebraic geometry, Galois cohomology, quadratic form
theory, class field theory, category theory, and valuation theory. Due to
this breadth of prerequisites, it is not practical to give introductions to all

of these; we instead usually refer to the literature.



SPLITTING SENTENCES BY POLYNOMIALS

This chapter introduces a general method for first-order definitions in
tields. In its original version, it involves associating to parameters a,b in
a field F sets S, ;, and T, ;, defined by an existential formula with a, b as
parameters.

This method originally appeared in [Eis05], and rose to prominence in
the articles [Poo09] and [Koel6], the latter of which was then generalised
in [Par13] and [EM16]. In all of these instances, the method was used
for first-order definitions in global fields. From the first appearance
of the method, it was clear that S;;, should be understood in terms
of the quaternion algebra (a,b), i.e. the four-dimensional associative
unital F-algebra generated by elements x,y subject to the conditions
x? =a,y*> = b, xy = —yx.

In the author’s previous work [Dit18], the method was generalised to

arbitrary elements of the Brauer group of a global field.
2.1 THE GENERAL METHOD

Let F be a field and ¢ an existential sentence in the language of rings,
with parameters in F. We are interested in the extension fields E/F which
satisfy ¢." Typical choices of ¢ involve the vanishing of a Brauer class,

i.e. ¢ expresses that an element of the Brauer group Br(F) is sent to zero

'One may restate this in a geometric fashion by observing that to every ¢ one may
associate an affine variety V/F such that ¢ is satisfied in E if and only if V has an
E-point. However, we will only occasionally use this viewpoint, for instance in Section

5.4.



2. SPLITTING SENTENCES BY POLYNOMIALS

by the restriction map Br(F) — Br(E), or more general cohomological
vanishing properties.

Specifically, we would like to consider which fields in an “algebraic
family” of extension fields of F satisfy ¢. But as it is hard to formulate a
sensible notion of an algebraic family of fields—families of fields tend
to degenerate to rings which are not fields—, we consider polynomials

instead. We therefore make the following definition:

Definition 2.1.1. A monic polynomial f € F[X] splits ¢ if for every irreducible
factor g | f, the quotient field F[X]/(g) satisfies ¢.

The name “splitting” is chosen in analogy to the situation of a central

simple algebra which we will consider below.

Proposition 2.1.2. Let F be a field, ¢ an existential sentence with parameters
in F, and n > 0. Then the set of monic polynomials f € F[X] of degree n which

split ¢ is positively existentially definable, i.e. more formally the splitting set

{(for- - fno1) € F*: X"+ fu 1 X"V oo+ fy splits @}
is a positively existentially definable set.

Proof. By replacing inequalities p # 0 in ¢ with equalities 3g(pg = 1),
we may assume that ¢ is positive existential.

Observe that for any monic & € F[X] and irreducible factor ¢ |
h, F[X]/(h) = ¢ implies F[X]/(g) = ¢ since positive sentences are
preserved under homomorphisms.

It follows that f splits ¢ if and only if there exists k < n and non-

constant fi,..., fy € F[X] with f1--- fy = f and F[X]/(fi) = ¢ for all

6



2.1. The General Method

i. Since F[X]/(f;) is quantifier-freely interpretable in K in terms of the
coefficients of f;, we can therefore express that f splits ¢ as an existential
first-order statement. Eliminating inequalities as above, it is even positive

existential. O
For later use, we establish an improvement on the construction above.

Lemma 2.1.3. Let F be a perfect field and ¢ a positive primitive sentence (i.e.
positive existential with no disjunctions) with parameters in F. Then f splits
¢ if and only if F[X]/(f) = ¢. More generally, for any commutative unital
finite-dimensional F-algebra A we have A = ¢ if and only if A/m |= ¢ for

every maximal ideal of A.

We need the following easy result on the structure of finite algebras

over fields.

Lemma 2.1.4. Let A/F be a commutative unital finite-dimensional algebra

over a field F.

o The algebra A is a finite product of local algebras over F, ie. A =

Aq X - -+ X Ay where each A; has a unique maximal ideal.

o Assume that A is local. Let n = dimp A. Then the residue field E of A is
an extension of F of degree < n. Furthermore, an element x € A is in the

maximal ideal if and only if x" = 0.

Proof. Since A is finite-dimensional over F, it is an Artinian ring. The first
part is now a standard fact from commutative algebra, see e.g. [AM65,

Theorem 8.6].



2. SPLITTING SENTENCES BY POLYNOMIALS

For the second point, let m be the maximal ideal. Clearly [E: F] =
dimp(A/m) < dimg A = n. For any natural number m, if m™ # 0, then
m” 1 C m™ by Nakayama’s Lemma. Since n = dimr A4, it follows that

m” = 0. O

Proof of Lemma 2.1.3. The first statement follows from the second by set-
ting A = F[X]/(f), so assume we are in the situation of the second
statement.

By Lemma 2.1.4, A is a product of local algebras A = A1 x --- X Ag.
Since ¢ is preserved under homomorphisms and products of structures
as a positive primitive sentence, it suffices to see that A; = ¢ if and only
if A;/m |= ¢ for every A;, where m is the unique maximal ideal of A;.

The residue field A;/m is a finite separable extension of F and there-
fore generated by a single separable element. The ideal m is nilpotent,
and therefore A; is complete with respect to m; hence Hensel’s Lemma
in the version for complete rings, applied to the minimal polynomial of
a primitive element of A;/m over F, gives an embedding of A;/m into
A;, so we have maps A;/m — A; — A;/m. Since ¢ is preserved under

homomorphisms, this proves that A; = ¢ if and only if A;/m = ¢. O

On the other hand, if F is not perfect, then this simplification does not
work: Consider imperfect F of characteristic p and let t € F\ FF. Then
one easily verifies that F[X]/((X? — t)?) does not satisfy the sentence
¢ = Jx(x? = t), even though F[X]/(X? —t) does.

For us, the usefulness of this method for definability is in situations

where we can firstly understand the satisfaction of ¢ explicitly in a nice



2.2. Splitting Central Simple Algebras

class of fields—usually some henselian valued fields—, and secondly
where we have a local-global principle for the sentence ¢, which allows

us to understand ¢ in a given field by passing to henselian extensions.
2.2 SPLITTING CENTRAL SIMPLE ALGEBRAS

Fix an arbitrary field F and a natural number I. Let A/F be a central sim-
ple algebra of degree I; by definition, this is a (usually non-commutative)
associative unital algebra over F such that the base change A ® F to the
algebraic closure F is isomorphic over F to the matrix algebra M;,;(F).
This is a well-studied class of algebras; our main reference is [GS517].
For a field extension E/F, we may ask whether A splits over E; i.e.

whether A ®p E is isomorphic over E to the matrix algebra M;;(E).

Lemma 2.2.1. Let a% oy az ;2 be structure constants of A/ F, i.e. there exists
a F-vector space basis X1, ..., X2 of A such that X; - X; = Y aijk.
There is a positive primitive formula qo(x%,l, ey xﬁ,ﬂ) in the language of

rings such that for any field extension E/F, E |= (p(a%ll, ey aﬁ 12) if and only
if A splits over E.

Proof. The ai.‘, j are also structure constants of A ®r E/E. This central
simple algebra is isomorphic to M;;(E) if and only if there exists a
base change matrix P € GLp(E) under which the structure constants
become those of the standard basis of M;,;. This is a positive primitive

statement. O

Hence the following definition is an instance of the general situation

considered above.



2. SPLITTING SENTENCES BY POLYNOMIALS

Definition 2.2.2. Let f € F[X] be monic of degree |. We say that f splits A if
for every irreducible factor g | f, the field F[X]/(g) splits A.
Now write f as X' +a;_1X'~1 + - - 4+ ag. We define

S(A/F) = {a € K: there exists f of degree | splitting A
with a;_y = —a and ag = (—1)'}.
Our definition of S(A/F) does not agree with the one in [Dit18] or in

the previous literature (which only covers the case [ = 2); however, the

change is a rather simple one. The definition given in [Dit18] is
S"(A/F) = {Trd4,r(x): x € A,Nrdy,/r(x) =1},

where Trd and Nrd are the reduced trace and norm, respectively: That is,
Trd and Nrd are induced from trace and determinant on A ®r F & M.,

see [GS17, Section 2.6].

Proposition 2.2.3. Assume | is prime. Then
S'(A/F)=S(A/F)U{lg: ¢t =1}.

The proof uses several results from the theory of central simple
algebras; since we do not use S" in further constructions, it may be

skipped by the reader.

Lemma 2.2.4 ([Jac09, Theorem 4.12]). Let D be a central division algebra of
degree n over a field F, and let F' be a field of degree n over F. Then F’ splits
D if and only if F' can be embedded into D over F, i.e. if and only if there is a

subalgebra of D isomorphic to F' over F.

10



2.2. Splitting Central Simple Algebras

Lemma 2.2.5 ([GS17, Proposition 2.6.3]). Let A/ F be a central simple algebra
of degree n and x € A. If F' C A is commutative subalgebra which contains
x and is a degree n field extension of F, then Nrd,p(x) = Np/p(x) and
Trd 4 p(x) = Trp /p(x)., where N /g and Trp p denote field norm and trace,

respectively.

Proof of Proposition 2.2.3. Since [ is prime, A is either a division algebra
or isomorphic to the matrix algebra M;;(F) by Wedderburn’s Theorem.
If A is a matrix algebra, then S(A/F) = F by definition and S'(A/F) = F
since there are matrices with arbitrary given determinant and trace, so
there is nothing to show. Hence assume that A is a division algebra.

To show the inclusion C, let a € S’(A/F), so there is x € A with
Nrdy, p(x) = 1, Trdgp(x) = a. If x is in the centre F of A, then 1 =
Nrd 4, r(x) = x' and a = Trd 4 /¢ (x) = Ix, so a is an [-fold multiple of an
[-th root of unity.

Otherwise consider the subalgebra F[x]| of A generated by x and F;
it is a commutative division algebra, i.e. a field. Since I = dimp A =
dimp(F[x]) - dimp[,) A, where we consider A as an F[x]-vector space
via left multiplication, we must have dimp F[x] = [ since [ is prime.
Now the field F[x] splits A by Lemma 2.2.4, and F[x] is naturally iso-
morphic to F[X]/(f) where f € F[X] is the minimal polynomial of
x. But Npyyj/p(x) = 1 and Trp,p(x) = a by Lemma 2.2.5, determin-
ing the X'~!-coefficient and the constant coefficient of f, proving that
ae€ S(A/F).

For the inclusion 2O, let first {; € F be an I-th root of unity. Then
the element ;- 1 € A has reduced norm @% = 1 and reduced trace I},

11



2. SPLITTING SENTENCES BY POLYNOMIALS

proving I{; € S'(A/F). It remains to show S(A/F) C S'(A/F), so let
f=X+a_1X"1+...a9 € F[X] be a monic polynomial of degree !
which splits A, with ag = (—1)". We have to show —a;_, € S'(A/F).
Since a field extension E/F splitting A must be of degree a multiple of [
by [GS17, second part of Corollary 4.5.4], f must be irreducible. Now the
field F[X]/(f) embeds into A by Lemma 2.2.5; fix such an embedding.
Write x € A for the image of X under the composite map F[X] —
F[X]/(f) < A. By Lemma 2.2.5, we have Nrd 4 /¢(x) = (—1)'ag = 1 and

Trd4,p(x) = —a;_1. Hence —a;_1 € S’(A/K), which was the claim. [

In what is to follow, the possible difference between S and S" will
never matter for the statements of results; however, S is more amenable
to generalisations and makes some proofs simpler. (For instance, S is
always topologically open when F is a local field, while this is not the

case for S'.)

Lemma 2.2.6. Assume that A/ F is non-split of prime degree I. Then any monic

f € F[X] of degree | which splits A must be irreducible.

Proof. Since A is non-split of prime degree, it must be a division algebra
by Wedderburn’s Theorem. Any finite field extension E/F which splits A
must be of degree a multiple of I. Since f splits A, it must have precisely

one irreducible factor, namely itself. O
2.2.1  Ower local fields

Let F be a non-archimedean local field throughout this subsection, i.e. a

complete valued field with finite residue field and value group Z. (In

12



2.2. Splitting Central Simple Algebras

fact, all results remain true if we replace the assumption of completeness

by henselianity.) Here we characterise S(A/F).

Lemma 2.2.7. Let E be an henselian field and f € E[X| be a monic irreducible
polynomial. If the constant coefficient of f is in the valuation ring of E, then so

are all others.

Proof. This is the Hensel-Kiirschdk Lemma, one of the equivalent condi-

tions for henselianity. O
For a finite field IF, define
U;(IF) = {a € F: there exists irreducible f = X 4a X1+ g
with ag = (=1)!,a,1 = —a}.
Lemma 2.2.8. Let A/F be a central simple algebra of prime degree I.
1. If A is split, then S(A/F) = F.

2. Every irreducible monic polynomial f = X' +a;_1X'~1 + - - + ag splits
A; in particular, if f is irreducible with constant coefficient ag = (—1)!

we have —a;_1 € S(A/F).
3. S(A/F) is topologically open.
4. If A is a division algebra, then
O D S'(A/F) D S(A/F) D res (U;(F)),

where O is the valuation ring, IF is the residue field, and res: O — F is

the residue map.

13



2. SPLITTING SENTENCES BY POLYNOMIALS

Proof. The first point is clear, since every extension field of F splits A.

The second point is the statement that every field extension F[X]/(f)
of degree [ splits A. This is a fact from the theory of central simple
algebras over local fields, see e.g. [NSWO08, Corollary 7.1.4].

For the third point, we only have to consider the situation where A is
non-split over F. Then the monic polynomials f of degree I which split
A are precisely the irreducible ones, by the previous point and Lemma
2.2.6. If such f has constant coefficient (—1), then f must be separable.
But then any small perturbation of the coefficients of f still yields an
irreducible separable polynomial by Krasner’s Lemma. This means that
S(A/F) must be open.

For the fourth point, recall that any lift of an irreducible polynomial
in F[X] to a monic polynomial in O[X] is itself irreducible by Gaufy’
Lemma. This proves res—!(U;(F)) C S(A/F) by the previous point. The
statement S(A/F) C O follows from Lemma 2.2.6 and the fact that
any irreducible monic polynomial in F[X] with constant coefficient +1
must be in O[X] by Lemma 2.2.7. Since S'(A/F) \ S(A/F) consists of
elements integral over the prime ring by Proposition 2.2.3, this proves

the claim. O
We can now determine S(A/F) to a sufficient extent.

Proposition 2.2.9. Let A/F be a central division algebra of prime degree I.
1. If1 > 2, then S(A/F) is equal to the valuation ring O of F.

2. If1 =2, then we have S(A/F) — S(A/F) = O, i.e. every element of the

valuation ring is the difference of two elements in S(A/F).

14



2.2. Splitting Central Simple Algebras

For the proof of the first point it suffices to prove the following lemma:
Lemma 2.2.10. For | > 2 and an arbitrary finite field IF, we have U;(F) = TF.

Proof. We have to show that for any given a € [F there exists a monic
irreducible polynomial f € IF[X] of degree | with X'~!-coefficient —a and
constant coefficient —1. Let us write g for the cardinality of F. If | > 5,
or I =5 and g > 9, the result follows from Theorem 2.2.11 below. The
remaining cases for | = 5 one may check by hand.

It remains to consider the case [ = 3. If a polynomial f, = X° —aX? +
bX — 1 is not irreducible, it must be divisible by X — ¢ for some ¢ € [F*.
However, for each c there exists exactly one f;, divisible by X — c. By
counting, there exists an f, which is not divisible by any X — c and hence

irreducible. O
Theorem 2.2.11. Let IF be a finite field of cardinality q and n > 0.

1. Ifn>5and q > (”TH)Z, there exists a monic irreducible polynomial of
degree n over [F with any given non-zero constant coefficient and given

X" Lcoefficient.
2. If n > 6, the same is true without assumption on q.
Proof. These results follow from Corollaries 2.2 and 2.3 of [Coh05]. [

Proof of Proposition 2.2.9. For I > 2, the claim follows from the fourth part
of Lemma 2.2.8 and Lemma 2.2.10, so let us consider | = 2. Write FF for
the residue field of F and pick a uniformiser 7.

The polynomial f = X? — (2 + 71)X + 1 is irreducible, since f(X +

1) = X? — X — 7 is irreducible by Eisenstein’s criterion, and likewise

15



2. SPLITTING SENTENCES BY POLYNOMIALS

f(—=X) = X?>+ (2 + m)X + 1 is irreducible. Hence, by the second point
of Lemma 2.2.8, we have 2 + 71, =2 — 7t € S(A/F). Furthermore, we also
have S(A/F) D res !(U(FF)) by Lemma 2.2.8.

We want to argue that (Uy(IF) U {2, —2}) — Ux(FF) = FF. To see this,
observe first that every element of [F* is a zero of precisely one polyno-
mial of the form X2 — aX + 1. This gives a surjective mapping from F*
to reducible polynomials of this form, which is two-to-one apart from the
inseparable polynomials X2 + 2X + 1, which coincide in characteristic 2.

“F|T+1J reducible polynomials of this form, leaving U]g—w

Hence we have |
irreducible ones. Thus |U,(F)| = U]g_lj
Now (Up(F) U {2, —2}) — Up(F) = F is clear, since for any x € F
the intersection of U, (FF) U {2, —2} and U,(IF) + x cannot be empty for
cardinality reasons.?
Hence any element in O can be written as the difference of an element
of res ! (U,(IF)) U {2+ 71, =2 — 71} and an element of res ! (U(FF)), so O
is contained in S(A/F) — S(A/F). Since S(A/F) C O, we have equality.
[]

This proof is adapted from the proof of Proposition 2.3 in [Par13], but
replacing the element 2 used there by 2 + 7. (The use of 2 in [Par13] is an
error, since 2 is in §’( A/ F) but not in the interior thereof, which interferes

with the use of approximation theorems in the same proposition.)

I would like to thank Nicolas Daans for pointing out this combinatorial argument
to me, using the explicit calculation of the cardinality of Uy (IF). This differs from the
previously published version in [Dit18, Proposition 2.6], where a more complicated
algebro-geometric argument from [Poo09] was used, together with an exhaustive search
for small fields.
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2.2. Splitting Central Simple Algebras

We also state a result for the local field RR. (Since all central simple

algebras over C are split, there is nothing to do for that case.)

Proposition 2.2.12. Let A/R be a central simple algebra of prime degree 1. If
A is non-split, then | = 2 and S(A/R) = |—2,2[. Otherwise S(A/R) = R.

In particular, S(A/R) is always topologically open.

Proof. If I > 2, then A must be split; otherwise, it would have to be a
division algebra by Wedderburn’s Theorem, but then any element of A
not in R would generate a subalgebra of A which would have to be a
field extension of R of degree I, which is impossible.

Therefore | = 2 in the non-split case. (In fact, A is necessarily isomor-
phic to Hamilton’s quaternions.)

A polynomial X? —aX + 1 € R[X] is irreducible if and only if a €
]—2,2[, and precisely in this case does it generate the extension field C/R

and therefore split A. O

2.2.2 Quer global fields

Now let K be a global field, i.e. either a number field (a finite extension
of Q) or a global function field (a finite extension of IF,(T) for some
prime number p). Let A/K be a central simple algebra of prime degree
[. Recall that a place v of K is an equivalence class of absolute values
K — R. We write K, for the completion of K with respect to v, which is a
local field. (This notation follows standard practice in number theory, but
unfortunately clashes with our later use of K, to denote the henselisation

of K with respect to a valuation v. However, because in our situation the

17



2. SPLITTING SENTENCES BY POLYNOMIALS

differences between henselian and complete fields are minor—explained
in characteristic 0 by Ax-Kochen-Ershov principles—, this is unlikely to

cause problems.)

Proposition 2.2.13.

S(A/K) = [(S(A ®k Ko/Ky) NK),

[

where the intersection is over all places v of K.

For the proof we need the following fact: A central simple algebra
over a global field splits over all but finitely many completions, and if it
splits over all completions then it is already split. This will be restated

below in a different language, with references, as Theorem 2.3.2.

Proof. Since S is defined by an existential formula, the inclusion C is
automatic.

To show the other inclusion, we may assume that A/K is non-split,
since otherwise both sides of the equation are equal to K. List the finitely
many places vy, ...,v, of K such that A is not split by the corresponding
completion. Let a € S(A ®x Ky, /Ky,) for all i. Then there exist irreducible
polynomials f; € K,,[X], monic and of degree I, with constant coefficient
(—1)! and the coefficient of X'~! equal to —a, which split A ® Ky,. By
weak approximation, we find f € K[X], monic of degree I, again with
constant coefficient (—1)! and X'~!-coefficient —a, which is v;-adically
arbitrarily close to f;, for all i simultaneously. By approximating closely
enough, we obtain Ky, [X]/(f) = Ky,[X]/(fi) by Krasner’s Lemma, in
particular f is irreducible over K, and K[X]/(f) splits A since all its

completions split A. This proves a € S(A/K). O
18



2.2. Splitting Central Simple Algebras

Definition 2.2.14. For a field F and a central simple algebra A/F of prime
degree 1, we define T(A/F) = S(A/F) ifl > 2,and T(A/F) = S(A/F) —
S(A/F) ifl = 2, i.e. the set of pairwise differences of elements of S(A/F).

Since S(A/F) is positively existentially definable in terms of structure
constants of A, the same holds for T(A/F).

For notational simplicity, if A is a central simple algebra defined over
a subfield Fy C F, we will occasionally write T(A/F) for T(A ®p, F/F).

We return to the situation of a global field K.

Theorem 2.2.15. Write A(A/K) for the finite set of places of K such that A
does not split over the corresponding completion. Then
T(A/K)= (] (0,NK),
veA(A/K)
where for a real place v € A(A/K) we set Oy, = {x € Kp: —4 < x <4}, <

being the unique field ordering on K, = RR.

Proof. This is a combination of the local-global principle in Proposition
2.2.13 and the local computation in Propositions 2.2.9 and 2.2.12. For
[ > 2 the statement is immediately implied by the propositions since
T(A/K) = S(A/K). For | = 2, we additionally recall that S(A ® K,/Ky)
is v-adically open for all places v, and equal to K, for all v € A(A/K).
Hence weak approximation implies that

S(A/K) — S(A/K) =) (S(A @k Ky /Ks) — S(A @k Ko/ Ky)),

4

which gives the result. O
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2. SPLITTING SENTENCES BY POLYNOMIALS

If A(A/K) does not contain any real places, we see that we obtain
the same set for T(A/K) if we use S’'(A/K) in the definition instead of
S(A/K). (If we do consider real places, we get a genuine difference—for
A /R non-split, we have S(A/R) = ]—2,2[and S'(A/R) = [-2,2]—, but
this situation has previously always been avoided in the literature.)

Theorem 2.2.15 can be strengthened to the situation of infinite alge-

braic extensions of global fields.

Theorem 2.2.16. Let K be an algebraic extension of a global field, i.e. either a
field algebraic over Q or a field of transcendence degree 1 over a finite field.
Then we still have

T(A/K)= () (O,NK).
vEA(A/K)

Here O,, in the non-archimedean case, is the valuation ring of Ky,
which according with standard practice in algebraic number theory we
take to be the direct limit of the completions K/,, where K’ runs over the
global fields contained in K and v’ is the place of K’ below v. This means
that K is not usually complete, merely henselian.

No such issue arises for real places, where K embeds into the comple-

tion Q< = R and we may simply take K, = R.

Proof. Let Ky C K be a global field over which A is defined, i.e. such
that there exists a central simple algebra Ay/Ky such that A = Ay @, K.
(Such Kj exists because the structure constants of A with respect to any
basis lie in a finitely generated subfield of K.)

The inclusion of the left-hand side in the right-hand side is clear, since
for any x € T(A/K) there exists a global field L C K containing x and
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2.3. The Brauer Group

Kp such that x € T(Ao/L) (because T is existentially definable), and
T(Ag/L)C () (O.NL)C (] (O,NL).
veEA(Ag/L) vEA(A/K)

For the other inclusion, let x € K be contained in the right-hand side.
For every global field L C K containing x and Ko, write A} for the set of
places v of L contained in A(A/L) such that x ¢ O,. For L' O L we have
a restriction map A}, — A}, assigning to a place of L' its restriction to L.

Write K as the union of a chain Ky = Lo € L1 € L, C ..., so we
obtain maps

o= AL = AL — AL
Now a sequence of places (v;);cN, Where v; € A’Li and v; is the restriction
of v;;1, induces a place v of K such that x ¢ O, and A does not split over
Ks.

By assumption, such a place of K does not exist; this means that some
A} must be empty, since due to finiteness of each A} we could otherwise
pick an infinite compatible sequence by Kénig’s Lemma.

A} being empty means precisely that

x€ () (OsNLy)=T(A/Ly) CT(A/L),
vEA(A/Ly)

which finishes the proof. O
2.3 THE BRAUER GROUP

It is helpful to collect all central simple algebras over a given field in one

structure; this is accomplished by the Brauer group.
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2. SPLITTING SENTENCES BY POLYNOMIALS

Definition 2.3.1. Let F be a field. Two central simple algebras A, B/F are
Brauer equivalent if A @ Myxn(F) = B ®p Myxm(F) for some positive
integers n and m.

Write Br(F) for the collection of all Brauer equivalence classes of central
simple algebras over F. This is a group—the Brauer group—under the operation
induced on the equivalence classes by the tensor product of central simple
algebras.

If F'/ F is any field extension, then mapping a central simple algebra A/F
to A ®p F'/F induces a group homomorphism Br(F) — Br(F’), known as the

restriction.

We turn our attention to the Brauer group of global fields. We have
previously used the Hasse-Brauer-Noether Theorem, which states that a
central simple algebra over a global field is split if and only if it is split

over all completions. This statement is refined by the following.

Theorem 2.3.2 ((INSWO08, Theorem 8.1.17], [GS17, Corollary 6.5.3]). Let K

be a global field. There is an exact sequence
0 — Br(K) — @, Br(K,) - Q/Z — 0,

where the direct sum is over all places of K, the left-hand map is given by the
sum of the restriction maps Br(K) — Br(Ky,), and the right-hand map is given
by the sum of injective local Hasse invariant maps inv,: K, — Q/Z, which
are bijective for finite places v, have image %Z / Z for real places v, and zero

image for complex v.

This also may be used to prove the following remarkable fact.
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2.3. The Brauer Group

Theorem 2.3.3. Let K be a global field. Any Brauer class of order n in Br(K)

is represented by a central simple algebra of degree n.

Proof. We may even arrange for the central simple algebra to be cyclic in
the sense of the next subsection: this is a consequence of the local-global
principle derived by Hasse, Brauer and Noether. See [GS17, Remarks 6.5.4,

6.5.5] (without proofs) or [Roq05] (for a detailed historical account). [l
This allows us to deduce the following lemmas to be used later.

Lemma 2.3.4. Let | be a prime number and A a set of places of a global field K.
Then there exists a central simple algebra A/K of degree | with A(A/K) = A

if and only if the following conditions are satisfied:
1. A is finite;
2. A is either empty or contains at least two elements;
3. A contains no complex places;
4. A contains no real places if | is odd;
5. if | = 2, then the number of elements of A is even.
Proof. This follows without difficulty from the preceding theorems. [

Lemma 2.3.5. Let L be an algebraic extension of a global field and | a prime
number. Then any I-torsion element of Br(L) is represented by a non-split

central simple algebra over L of degree I.
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2. SPLITTING SENTENCES BY POLYNOMIALS

Proof. Any I-torsion element of Br(L) is by definition represented by a
non-split central simple algebra A/L such that A%! splits; we need to
show that A is Brauer equivalent to a central simple algebra of degree .

Let K C L be a global field over which A is defined, i.e. such that
there exists a central simple algebra Ag/K with Ag ®x L = A. Enlarging
K if necessary, we may ensure that ASQZ splits over K. By Theorem 2.3.3,
there exists a central simple algebra By/K of degree I which is Brauer
equivalent to Ag. Then B := By ®k L is a central simple algebra over L as

desired. O

We recover existential definability of valuation rings in K, known

since [Sh194, Theorem 4.4].

Corollary 2.3.6. For any finite place p of a global field K, the ring O, N K is

positively existentially definable with parameters in K.

Proof. Take a prime number /, e.g. | = 2, and pick two central simple
algebras A, A’ /K of degree I splitting at all real places of K and such that
Aa/xk N Ay = {p}; this is possible by Lemma 2.3.4. Then T(A/K) +
T(A'/K) = OpNK, and this is positively existentially definable in K with

parameters. O

This proof is essentially given in [Poo09, Remark 2.6].
We also obtain a uniform definition of rings of integers in a large
class of algebraic extensions of global fields, in the style of the definition

given in [Poo09].
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2.3. The Brauer Group

Theorem 2.3.7. Let | be a prime number, K a number field and L /K a Galois
extension such 1 that does not divide the supernatural number [L: K]. If| =2,

assume that L has no field orderings. Then we have
O =(T(A/L),
A

where the left-hand side is the integral closure of Z inside L and the intersection
on the right-hand side is over all central simple algebras of degree | over L.

In particular, O, is uniformly VY3-O-definable in such fields L.

This is a generalisation of the main definability result of [Vid00]—
which was obtained using Rumely’s method for defining rings of integers

of number fields—with improved quantifier complexity.

Proof. By Theorem 2.2.16, it suffices to show that for every place w of L
there exists a central simple algebra A/L of degree | which is not split
over L. Write v for the place of K below w. Then [Ly: K,] divides [L: K]
and is hence not a multiple of /. Therefore any non-split central simple
algebra A/K, of degree | remains non-split over Ly, by [GS17, Corollary
4.5.4].

To prove that this gives a uniform V3-@-definition, it suffices to see
that the set of tuples (ﬂfj)lgi,j,kgk which are structure constants of some
central simple algebra over L is quantifier-freely definable. This follows
from the definition of central simple algebras and quantifier elimination

over algebraically closed fields. O
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2. SPLITTING SENTENCES BY POLYNOMIALS

2.3.1  Cyclic algebras

We have so far not given a way of explicitly constructing central simple

algebras of arbitrary degree.

Definition 2.3.8. Let F be a field, M/ F a cyclic extension of degree n and o a
generator of Gal(M/F). Then for b € F* the cyclic algebra (M, o, b) is the
associative F-algebra generated by M and an element y subject to the relations

y" = b, xy = yo(x) forall x € M.

The algebra (M, o,b) is a central simple algebra of degree n. (See
[GS17, Proposition 2.5.2])
We can determine whether a cyclic algebra splits by the following

basic result.

Proposition 2.3.9 ([GS17, Corollary 4.7.5]). The algebra (M, o, b) is split if

and only if b is a norm from the extension M/F.

Observation 2.3.10. Given a K-basis xg,...,x,_1 of M, a K-basis for the
cyclic algebra (M, 0,b) is given by the elements y'xj, where y is the
distinguished generator for (M, o,b) and 0 < i,j < I.

We verify that we may write structure constants of (M, o,b) with
respect to this basis as polynomial expressions in b. In any extension field
L/K, these structure constants become those of the algebra (M, o, b) @k L.

In particular, there is a positive existential formula with parameters in

K and free variable b which in any L/K defines the set T((M, o, b) ®k L).
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3.1 COHOMOLOGY AND MILNOR K-THEORY

In this chapter, we assume that the reader is familiar with the basic
definitions of Galois cohomology, as given e.g. in [NSW08] or [G517,
Chapter 3].

There is a well-known interpretation of the Brauer group through
Galois cohomology. Namely, if F is a field and n a natural number
coprime to the characteristic of F, then Br(F)[n] is canonically isomorphic
to H?(F, uy), and this isomorphism is compatible with restriction maps
for overfields E/F, i.e. the maps Br(F)[n] — Br(E)[n] — H?(E, uy) and
Br(F)[n] — H?(E, un) — H?*(E, u,) are the same.

One could now make a general definition of splitting sets for arbitrary
cohomology classes, by defining that a monic polynomial f € F[X] splits
an arbitrary cohomology class « € H"(F, A), where A is a (finite) Galois-
module, if and only if the restriction of a vanishes in all residue fields of
F[X]/(f). This is attractive because of the well-developed theory around
Galois cohomology in many cases, including results on henselian valued
tields as well as local-global principles.

However, one has to deal with the following issues.

e To make resulting splitting sets reflect first-order properties of the
tield, one needs to find a way to make “interesting” cohomology
class visible in a first-order way. (E.g. we represented classes in the
Brauer group, i.e. in H?(F, tn), by structure constants for central
simple algebras.)
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3. COHOMOLOGICAL SPLITTING SETS

e Once cohomology classes are represented by members of a definable
set in F, it is necessary to find a first-order definition of the splitting
condition, so that the condition resg,r(a) = 0, where res is the

cohomological restriction map, is defined by a first-order formula.

e Additional challenges arise over fields of positive characteristic. For
instance, the p-torsion of the Brauer group of a field of characteristic
p > 0 is not easily represented as Galois cohomology over a torsion
Galois module, and further problems arise for restriction maps in

inseparable extensions E/F.

In some useful cases, these difficulties are surmountable. Notably, we
obtain first-order definable splitting sets for H"(F,Z/2), where n > 1,
char F # 2; these will be used in Chapter 4 in the context of finitely
generated fields, when the results from the previous chapter based on
central simple algebras are not applicable due to failure of the relevant
local-global principle.

Likewise, we will also indicate how the method applies to H*(F,Z/n),
where 1 is square-free and coprime to char F with F containing all n-th
roots of unity, although we have no immediate application in mind.

The relevant background theory for both cases is Milnor K-theory,
which we now describe; we roughly follow the exposition in [GS17,

Section 4.6 and Chapter 7].

Definition 3.1.1. Let F be a field and n > 2. The n-th Milnor K-group of
F, denoted KM(F) and written additively, is the quotient of the n-fold tensor

product of abelian groups F* ®z --- ®z F* by the subgroup generated by
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3.1. Cohomology and Milnor K-Theory

elements a1 ® - - - @ ay, with a; + a; = 1 for some i # j. We put K'(F) = Z
and KM(F) = F*. We write {ay,...,a,} for the image of a1 ® - - - @ a in
KM(F). An element of the form {ay, ..., a,}, i.e. one induced by an elementary

tensor, is called pure symbol or symbol of length one.

The KM(F) naturally fit together in a graded ring KM(F), where
multiplication is induced by the tensor product. Multiplication is written
as («,B) — {a,B}. If E DO F is an overfield, we have a natural map
KM(F) — KM(E) induced by the inclusion, which is called restriction.

The crucial result connecting Milnor K-theory and cohomology is the

following Norm Residue Isomorphism Theorem.

Theorem 3.1.2 ([Voell]). Let F be any field, n > 0, and m > 0 coprime to the
characteristic of F. Then there is an isomorphism KM(F)/m — H"(F, u%"),

the Galois symbol map, determined by

{ay,...,an} — (a1) U---U(ay),
where (a;) is the element a;F*" € F* /F*™ = HY(F, piy).

We do not need the full power of this theorem. Firstly, as mentioned
above, our main application is with m = 2, in which case the theorem
had been conjectured my Milnor and proven by Voevodsky in [Voe03].
Secondly, we will only require injectivity of the Galois symbol map on
pure symbols; i.e. we need that (a1) U--- U (a,) € H"(F, u%") vanishes

if and only if {ay,...,a,} vanishes in KM (F)/m.
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3.2 SPLITTING PFISTER FORMS

As mentioned before, the method developed in the last chapter was
originally applied to quaternion algebras. One generalisation that we
have seen in a previous section has been to Brauer group elements of
different order, i.e. replacing Br(F)|[2] by Br(F)[I] for a different prime
number /. On the other hand, the norm forms of quaternion algebras are
a kind of quadratic form—the quaternion algebra (a,b) has norm form
X? —aY? — bZ? + abW?, and the algebra splits if and only if the norm
form has a non-trivial zero—and one can generalise to more general
quadratic forms, namely Pfister forms. It turns out that the splitting of
Pfister forms is related to the symbols of Milnor K-theory discussed in
the previous section.

Throughout this section, F is a field of characteristic not 2. We follow
the exposition given in [Pfi95]. Recall that a quadratic form or quadratic
map on a finite-dimensional F-vector space V is a map q: V — F given by
g(v) = b(v,v), where b: V x V — F is a bilinear form. Given elements
ai,...,an € F, there is a quadratic form (ay,...,a,): F* — F given by
(x1,..., %) = Y al-xiz. Given two vector spaces Vj, V, with respective
quadratic forms g1 and g, the direct sum and tensor product V; @ V, and

V1 ® V, are naturally endowed with quadratic forms q; @ g2 and 1 ® g».

Definition 3.2.1. Let aq,...,a, € F*. The Pfister form ({ay,...,a,)) is the

2"-dimensional quadratic form

(1,—a) @ -+ (1, —ay).
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There are two different sign conventions in the literature; the alterna-

tive to ours replaces (1, —a;) by (1, a;).

Theorem 3.2.2. Let ay,...,a, € F* and write g = ({ay, ..., ay)). The follow-

ing are equivalent:
e g has a non-trivial zero over F;
e g is isomorphic to the form (1, —1)®" over F;
e the pure symbol {ay, ..., a,} vanishes in KM(F)/2;
e the cohomology class (ay) U - -- U (a,) € H"(F,Z/2) vanishes.

In this situation we will say that g, respectively the associated pure
symbol mod 2, respectively the associated cohomology class, split in F.

Note that the second condition is expressible by a parameter-free
positive primitive formula in the language of rings ¢(ay,...,a,), as it
asserts the existence of a base change matrix in GLy» (F) under which the
matrix of g with respect to the standard basis of F?" transforms to the

matrix of (1, —1)®".

Proof. The equivalence of the last two conditions follows from the Norm
Residue Isomorphism Theorem; more specifically, it is one of the Milnor
Conjectures from [Mil70], proved in [Voe03].

The equivalence of the third and the second condition was also con-
jectured in [Mil70], and proven in [OVV07].

The equivalence of the first two conditions is a classical result in the

theory of Pfister forms, going back to [Pfi65, Theorem 2]. O
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We can now make the following definition.

Definition 3.2.3. Let v € K)(F)/2 for some n > 0. A monic polynomial
f € F[X] splits v if and only if for every irreducible g | f, the restriction of 7y
in KM(F[X]/(g))/2 is zero.

For ¢ € F, we define
Sc(y) = {t € F: X* —tX + c splits v }.

For a Pfister form q = ({a1,...,an)), we let Sc(q) = Sc(7v), where v =
{ay,...,an} € KM(F)/2 is the pure symbol corresponding to gq.

One can show that the isomorphism class of a Pfister form g uniquely
determines the element v € KM(F)/2, irrespective of the coefficients
a; chosen to represent g, but we will not use this fact. The definition
of Sc(g) is related to the splitting sets from Proposition 2.1.2. The set
Sc(({ay,...,an))) is therefore existentially definable in terms of ¢ and the
a;.

The use of Pfister forms here is exclusively a device to obtain first-
order definability, and we will work with cohomology and Milnor K-
groups in the remainder of this chapter. This is similar to the use of
Pfister forms in [Pop02].

Another situation in which we have first-order definability concerns
the group K} (F)/n, where n is a square-free natural number with y, C
F. In this situation, given a pure symbol {a,b,c} with a,b,c € F*, we can
consider the element (a) U (b) € H%(F,Z/n) = H?(F,u,) = Br(F)n].

(Here one needs to choose an isomorphism Z/n = u,, but this shall not
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concern us further.) This element of the Brauer group is in fact given by
a cyclic central simple algebra A of degree n over F. By [GS17, Theorem
8.9.1], the element {a,b, c} of K} (F)/n vanishes if and only if c is a re-
duced norm of the algebra A—an existentially definable condition. Hence
Proposition 2.1.2 is available for associating an existentially definable set
to a pure symbol.

We will not discuss this variant of the general method further due to

lack of an application.

3.2.1  Quer henselian discretely valued fields

In this section, we give some results on S. for henselian discretely valued

tields with value group of rank one.

Theorem 3.2.4. Let (F,v) be henselian valued with value group vF = Z, and
n > 0. Then there is a residue map 9 = 9,: KM(F) — KM | (Fv), where Fo

is the residue field, satisfying the following properties:

o The map 9 is the unique group homomorphism satisfying

o({m,uy, ..., un}) ={uz,..., un}

for all uniformisers v € F and units uy, ..., u, € OF.

o We have compatibility with field extensions in the following sense: Let
F'/ F be a finite extension and denote the unique extension of v to F' also

by v. Then the following diagram commutes:

2
Ky (F) —== K, (Fo)

| |-

0
KM(F) —2- KM (F'o)
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Here the left vertical map is restriction, and the right vertical map is

restriction followed by multiplication by the ramification index e of F'/F.

e If m > 0 is coprime to char(Fv) or char(Fv) = 0, i.e. if m is invertible
in Fo, then the kernel of the induced map KX(F)/m — KM | (Fv)/m is

canonically isomorphic to KM (Fv) /m.

e Let E be a field embedded into the valuation ring O,, so we have inclusions
E C Fand E — Fv. If p,q are positive natural numbers, then the

following diagram commutes:

KY(F) ® KM(E) K (F)

l |

KM, (Fo) @ K'(E) — KL 4

(Fo)
Here the vertical maps are given by 9 (in different degrees) and the

horizontal ones by the product in KM.

Proof. All of these points are standard. See [GS17, Proposition 7.1.4] for
existence and uniqueness of d satisfying the first point. Compatibility
with finite field extensions is Remark 7.1.6.2 ibid. Isomorphism of the
kernel of KM(F)/m — KM | (Fv)/m to K} (Fv)/m follows from Corol-
lary 7.1.10 ibid. (there stated only for complete valued fields (F,v), but
inspection of the proof shows that only henselianity is needed).
Commutativity of the diagram in the last point is clear on pure

symbols by the defining property of d and then extends. O
The residue map is also known as the tame symbol. By the Norm

Residue Isomorphism Theorem, it induces a map

9: H'(F, u&") — H" " (Fo, up," V)
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when m > 0 is invertible in Fv. There is also a purely cohomological def-
inition of this induced map 9, see [GS17, Construction 6.8.5, Proposition
7.5.1].

From this construction we may also easily derive a tame symbol
map 9,: KM(F) — KM | (Fv) when (F,v) is a not necessarily henselian
discretely valued field, by first using the restriction map KM(F) —
KM(F,), where F, is the henselisation.

We will now take a closer look at the tame symbol map modulo 2,
9y KM(F)/2 — KM | (Fv) /2. Above, its kernel was identified with the
group KM(Fv) /2, which is isomorphic to H"(Fv, Z /2). In situations of in-
terest, this kernel is often trivial since we can bound the 2-cohomological
dimension of Fv by n — 1: Recall that we write cd,(Fv) < n, where cd
stands for cohomological dimension, if H™(Fv, A) = 0 for all m > n and all

2-torsion Galois modules A over Fuv.

Proposition 3.2.5. Let (F,v) be henselian with vF = Z, char Fv # 2 and
cdyFo < n,and ¢ € O,. Let ay,...,a, € F*, g = ((a1,...,a,)) the cor-
responding Pfister form and v = (a;) U ---U (a,) € H"(F,Z/2) the corre-

sponding cohomology class. Then
Se(q) = Se(7) 2 res™!(S(07).

If v # 0, then Sc(q) = Sc(y) C Oy.

Proof. Under the assumption on the cohomological dimension of Fv, we
have KM(Fv)/2 = H"(Fo, ) = 0 by the Norm Residue Isomorphism
Theorem. Hence 9: KM(F)/2 — KM | (Fv)/2 is injective by the third

point of Theorem 3.2.4.
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If ¥ = 0, then Sc(y) = F and Sz(9dy) = Fv, so there is nothing
to show; therefore assume v # 0 and thus 0y # 0. Let t € O, such
that t € Sz(9). Write f = X2 —tX + ¢ € F[X]. Then the reduction
f = X2 —tX +¢ € Fo[X] must split 9y and is in particular irreducible.
Therefore f is also irreducible and in the unramified extension F' =
F[X]/(f) the residue field Fv[X]/(f) splits d7, so by the compatibility
of d with field extensions as in the second point of Theorem 3.2.4 and
injectivity of 0, the restriction of y to H"(F’,Z/2) vanishes as required.

Furthermore, if t € S.(7y), then f = X2 —tX +¢ splits ¥, so f is in
particular irreducible with v(c) > 0, which forces v(t) > 0 by Lemma

2.2.7. [
3.2.2  The local-global principle

Recall that the Kronecker dimension of a field of positive characteristic is its
transcendence degree over its prime field, while the Kronecker dimension
of a field of characteristic zero is its transcendence degree over Q plus 1.
It is easy to see that the Kronecker dimension of a field K is the maximal
(archimedean) rank of (the value group of) any valuation on K.

The Kronecker dimension of a finitely generated field of positive
characteristic is one less than its p-cohomological dimension for any
prime number p not equal to the characteristic, and this is also true in
characteristic zero as long as p # 2 or the field is not formally real. (This
follows from [NSWO08, Theorem 6.5.14].) In particular, if K has Kronecker

dimension d, then H**2(K,Z/2) = 0 unless K is a formally real field.
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We will use the following cohomological local-global principle, which
is a generalisation of the Hasse-Brauer—-Noether Theorem to fields of

Kronecker dimension greater than 1.

Theorem 3.2.6. Let K be finitely generated of Kronecker dimension d. Let
™YK, Z2/2) C H** (K, Z/2)

be the subset of elements splitting in all overfields of K embedding a real-closed
field or a field with a henselian valuation of residue characteristic 2. Then the

product of restriction maps
A" (K,Z2/2) = []H"" (K., 2/2)
(4

is injective, where the product is over all valuations of K with value group Z
and residue characteristic not 2, and K, is the henselisation of K with respect to

0.

The proof is by reduction to the situation where K has a regular
proper model over Z[}] or a finite field, in which case the theorem
follows from a cohomological Hasse principle proven by Kerz and Saito.
The reduction uses Gabber’s variant of alterations, originally due to de
Jong. This necessitates some use of the language of scheme-theoretic
algebraic geometry.

We treat the cases of positive characteristic and characteristic zero

separately, although the argument is very similar.

Theorem 3.2.7. Let X be a proper smooth integral variety of dimension d over
a finite field k of characteristic # 2. Then

H™(k(X),Z/2) - @ HY(x,Z/2)

XEX(d_l)
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is injective, where X 4_y) is the set of generic points of codimension-1 subvari-
eties, and H%(x,Z./2) is the cohomology of the residue field of x. Here the map is
a direct sum of restriction maps H**1(k(X),Z./2) — H* Y (k(X)y, Z/2) —
H%(x,Z/2), where k(X) is the henselisation of k(X) along the discrete val-
uation associated to the divisor induced by x, and the maps are cohomological

restriction and tame symbol, respectively.

Proof. After resolving notation, this follows from [KS12, Theorem o0.4].

]

For a prime number /, a morphism of noetherian schemes X' — X is
an I'-alteration if it is proper, surjective, generically finite, sends generic
points of irreducible components of X’ to generic points of irreducible
components of X (i.e. is maximally dominating), and the degree of the
function field of an irreducible component of X’ over the function field
of the corresponding irreducible component of X is prime to /. (This

definition can be found in [IT14, Section 2].)

Theorem 3.2.8 ([IT14, Theorem 2.1]). Let k be a field, | # chark a prime
number and X a separated and finite type k-scheme. Then there exists a finite
extension k' of k, of degree prime to 1, and a projective I'-alteration X — X

above Spec(k') — Spec(k), with X smooth and quasi-projective over k'.

Proof of Theorem 3.2.6 in positive characteristic. Let p = charK > 0. If p =
2 there is nothing to show, as K carries the trivial henselian valuation
and hence H9*1(K,Z/2) = 0. Therefore assume p # 2.

The field K has a proper model over [F,, i.e. a scheme X proper, inte-
gral and of finite type over IF,, such that K = IF,(X); it is easy to construct
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such X as a branched covering of IP?, where d is the transcendence degree
of K.

Find an alteration X — X of degree prime to 2 as in Theorem 3.2.8.
The scheme X is proper over X and therefore over IF;,, and smooth over
IF, since it is smooth over a finite extension of IF, and IF, is perfect;
in particular X is reduced. By replacing X with one of its connected
components, we may assume X is irreducible and hence integral. By
construction, IF,(X) is a finite extension of FF,(X) of degree prime to
2, hence H¥*1(F,(X),2/2) — H*Y(F,(X),Z/2) is injective by basic
Galois cohomology. (Note that the field extension F,(X)/F,(X) may
well fail to be separable, but this does not cause any issues.)

Now we can apply Theorem 3.2.7 to X to obtain the result. O

Theorem 3.2.9. Consider a regular integral scheme X proper and flat over
Spec(Z[3]) with function field K, and write d for the absolute transcendence

degree of K. Then

H¥™2(K,Z2/2) - @ H™ ' (x,2/2)®

xEXd

P H"(x,z/2)e P H™(x,2/2))

x€(XR)d x€(Xq,)d
is injective. Here X denotes the set of generic points of subvarieties of dimension
d as before, and the map is given as a direct sum of maps H**2(K,Z./2) —
H¥*Y(x,Z/2) induced by the tame symbol for x € X4, and cohomological
restriction maps H**2(K,Z/2) — H"2(x,Z/2) for x € (XR)q and x €

(XQz)d'
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Note that X has dimension d + 1, but X and Xq, have dimension 4,
so points in X; have closure of codimension 1 while (Xg); and (Xq, )4

consist of the generic points of irreducible components of full dimension.
Proof. This follows from [KS12, Theorem o.5] after resolving notation. [

Theorem 3.2.10 ([IT14, Theorem 2.4]). Let D be a Dedekind domain of
characteristic 0, X a scheme separated, flat and of finite type over Spec(D), and
I a prime number invertible in D. Then there exists a projective I'-alteration

X — X with X regular.

Proof of Theorem 3.2.6 in characteristic zero. The field K has a proper model
over Z[%], i.e. a scheme X proper, integral, flat and of finite type over
Z[3] such that K is the residue field of the generic point of X. Find
an alteration X — X of degree prime to 2 as in Theorem 3.2.10. The
scheme X is proper over X and therefore over Z[%] By replacing X with
one of its connected components, we may assume X is irreducible and
hence integral. The map X — Spec(Z[3}]) is flat because any dominant
morphism from an integral scheme to a Dedekind scheme is flat.

The restriction in Z /2-cohomology induced by X — X is injective for

degree reasons, so the claim follows by applying Theorem 3.2.9 to X. [
We can now use this local-global principle in the following way.

Proposition 3.2.11. Let K be finitely generated of Kronecker dimension d and
w a non-zero element of H*+1(K,Z./2).
o Assume char(K) # 2,0. Then the image of « in
[TH (Ko, Z/2)

[
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is not zero, where the product is over all valuations v on K of archimedean

rank d.

o Assume that char(K) = 0 and « = qU B, where g € Br(Q)[2] is a
quaternion algebra over Q splitting over R and Qj, which induces a
quaternion algebra in H*(K,Z./2), and B € H*"Y(K,Z/2). Then the

conclusion of the first point holds.

Proof. We prove the first point by induction on d. The case d = 0 is clear,
as we can take the trivial valuation for v. Now let 4 > 0 and assume
the statement is true ford — 1. Let a € Hd+1(K,Z/2). By Theorem 3.2.6,
there exists a discrete valuation v on K such that the restriction « to K,
does not vanish. The field Kv has Kronecker dimension at most d — 1
and is of the same characteristic as K. In particular, it has cohomological
dimension at most d and hence 9,: H**(K,, Z/2) — H%(Kv,Z/2) has
trivial kernel by Theorem 3.2.4. Therefore d,a € H%(Kv,Z/2) is non-zero,
so in particular Kv has Kronecker dimension exactly d — 1. By induction
hypothesis, there exists a valuation w on Kv of rank d — 1 such that the
restriction of d,a to H?((Kv)y, Z/2) does not vanish. Write w o v for the
refinement of v by w. Then a does not vanish in Kyey, as Kyop is the
unramified extension of K, with residue field (Kv),, and the following

diagram commutes by Theorem 3.2.4:

d

H¥(K,, Z/2) HY(Kv, Z/2)

| l

HY (Ko, Z./2) 2= HA((K0)w, Z./2)

Since w o v has rank d, this proves the claim.
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For the second point we work in the same fashion, observing that «
satisfies the requirements of Theorem 3.2.6 since g splits over all real-
closed fields and all henselian fields of mixed characteristic (0,2), and
additionally noting that if v is a discrete valuation on K of residue
characteristic 0, then d(a) = g U d(B) (again by Theorem 3.2.4) so we can

proceed inductively. O

Proposition 3.2.12. Let K be finitely generated of Kronecker dimension d,
c € K, and a € HY*Y(K,Z/2). If char K = 0, assume furthermore that « is of

the form given in the second point of Proposition 3.2.11. Then
Se(w) =) Sc(a/Ky) NK,
v
where the intersection is over all valuations v of archimedean rank d, and hence
(0. 2 Se(a) 2() res; 1 (Se(0%a /Kv)),
v (%

where the intersection is over all valuations v of rank d such that « does not

split over K.

Here we write 9% for the d-fold composition of tame symbol maps,
which is justified since v necessarily has value group isomorphic to a

lexicographic product Z*.

Proof. The inclusion S.(«) C ), Sc(a/Ky) follows from existential de-
finability of S.. For the other inclusion, let 2 € K be an element of the
right-hand side and consider f = X? —aX + ¢ € K[X]. For any root
x € K of f and any rank-d valuation v on K, & splits in K, [x]; therefore a
splits in K[x], for any rank-d valuation w on K|[x]. Hence « splits in K|x]

by Proposition 3.2.11, thus a € Sc(«).
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The last statement is true since O, O Sc(a/Ky) D res, ' (Sz(d%a/Kv))
by iterated application of Proposition 3.2.5, and S.(a/Ky) = Ky if « splits

over K. ]
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FIELDS WITHOUT SELF-EMBEDDED RESIDUE

The notion of embedded residue was introduced in the paper [AF17]
by Anscombe and Fehm and used to give a statement on existential
definability of henselian valuation rings. We focus on a special case of

their definition, cf. [AF17, Lemma 3.7]:

Definition 4.0.1. A field F has self-embedded residue if there exists an
elementary extension F* = F and a non-trivial valuation v on F*, trivial on F,

with an embedding F*v — F* over F.

The utility of the notion of self-embedded residue lies in the following

theorem.

Theorem 4.0.2 (Special case of [AF17, Theorems 3.11, 5.1]). The following

are equivalent for a field F.
o F does not have self-embedded residue;

e in the class of equicharacteristic henselian valued fields (E,v) with a fixed
embedding F — Oy such that the composite map F — O, — Ev is an
elementary embedding, the valuation ring O, is uniformly existentially

definable in E with parameters in (the image of) F.

If F is perfect, both conditions are equivalent to F|[t]|| being existentially definable

in F((t)) with parameters from F.

In the work of Anscombe and Fehm, the notion of fields with self-
embedded residue is in a precise sense dual to the well-known notion

of ample fields, also known as large fields—specifically, ample fields
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are precisely those for which F[[t]] is not universally definable with

parameters from F in F((t)), see [AF17, Corollary 6.12].
4.1 FIELDS OF KRONECKER DIMENSION 1

In this section we give a strong example of a class of fields without
self-embedded residue. Recall that a field has Kronecker dimension 1
if it is an algebraic extension of a global field. Equivalently, it is either
algebraic over Q or of transcendence degree 1 over a finite field.

Write Thg_gim—1 for the first-order theory of fields of Kronecker
dimension 1. This theory was previously investigated in [Cha90], where
it was shown that all of its models are fields of virtual cohomological

dimension at most 2.

Theorem 4.1.1. Let K |= Thg_gim—1 and assume that the Brauer group of
K is non-trivial. Then K has self-embedded residue if and only if it is either

real-closed or henselian.

Note that this theorem is a considerable strengthening of the statement
that no global field has self-embedded residue. However, the restriction
on Brauer groups is essential; in particular, results about the maximal
abelian extension Q2 of Q seem out of reach with the present method.

The proof technique is built on combining the existentially definable
sets associated to central simple algebras in Chapter 2 with the following

first-order version of Hensel’s Lemma.

Lemma 4.1.2 (Hensel’s Urlemma). Let K be a global field and O C K a
valuation ring. Let f = X" + X"V +a, X" 2+ ... +ay € O[X] with all
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a; in the maximal ideal of O. Then f has an approximate zero in K of arbitrarily

high order, i.e. for all b € K* there exists x € O such that f(x) € b- O.

The name “Hensel’s Urlemma” seems justified as the statement is
equivalent to the usual statement of Hensel’s Lemma over global fields for
polynomials f of the given form (i.e. that f has a zero in the completion
of K with respect to O), but on the other hand was already known to

Gaufs; see [Fre07, Sections 3.6 and 2.2.4] for a historical discussion.

Corollary 4.1.3. If K |= Thg_ qim—1 and O is a definable valuation ring, then

the conclusion of Lemma 4.1.2 holds.

Proof. First observe that if K is of Kronecker dimension 1 and O is any
valuation ring of K, then the statement is true since we can reduce to a

global subfield of K. Then the claim follows from first-order transfer. [
An analogous result for orderings is the following.

Lemma 4.1.4. Let K = Thg _gim=1, P € K a definable set which is the positive
cone of a field ordering, and b € K*.

1. For every polynomial f € K[X] of odd degree, there exists x € K such
that b> — f(x) € Pand b*> + f(x) € P;

2. for every ¢ € P there exists x € K such that b* + c — x> € P and

b2 — (c—x%) € P.

Writing < for the ordering induced by P, we can read the conditions
in the lemma as —b? < flx) < b2 and —1? < ¢ — x2 < P?, so the

statement is that polynomials of odd degree have approximate zeroes
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and non-negative elements have approximate square roots to arbitrary

order.

Proof. First observe that the result is true if K is a number field, because
K is dense in its completion with respect to P, and in this completion
polynomials of odd degree have zeroes and non-negative elements have
square roots.

Therefore the result is true if K is an algebraic extension of Q, since
for any given polynomial f € K[X] or element ¢ € K we may restrict to a
number field containing the coefficients of f or c.

Since the result is vacuous if K has positive characteristic due to
the absence of positive cones, this means that any field of Kronecker
dimension 1 satisfies the statement. As the assertion is first-order, this

completes the proof. O

Proposition 4.1.5. Let (F,v) be an equicharacteristically valued field and Fy a
subfield of the valuation ring O,, so Fy is compatibly embedded into F and Fv.
Let A/ Fy be a central simple algebra of prime degree . If A does not split over
Fu, then it does not split over F, and furthermore T(A/F) is contained in the
valuation ring O,. If A splits over F, then T(A/F) = F.

Proof. We may replace (F,v) by its henselisation.

Assume first that A is not split over Fo. If A splits in F, then its
norm form has a non-trivial zero in F, but since the norm form is a
homogeneous polynomial defined over F, it will also have a non-trivial

zero in Fov, which is not the case.
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To see that T(A/F) is contained in the valuation ring O,, observe first
that any polynomial of degree I which splits A is necessarily irreducible
by Lemma 2.2.6. Therefore, if it has constant coefficient 1, then all its
coefficients are in O, by Lemma 2.2.7. This proves T(A/F) C O, by the
definitions of S(A/F) and T(A/F).

If A splits over F, then clearly T(A/F) = F since S(A/F) = F. O

Let K |= Thg_gim—1 for the rest of this section.

Lemma 4.1.6. If there exist central simple algebra A, B/ K of prime degree such
that T(A/K)+ T(B/K) = K, but T(A/K) # K # T(B/K), then K does not

have embedded residue.

Proof. Let K* >~ K and u a valuation on K* with a fixed embedding
K*u — K* over K. Then A, B do not split over K and hence not over
K* and K*u. Thus T(A/K) and T(B/K) are both contained in O, by

Proposition 4.1.5, but this forces u to be trivial. [

Lemma 4.1.7. If there exists a central simple algebra A /K of prime degree such
that O = T(A/K) is a non-trivial valuation ring, and if furthermore K has

self-embedded residue, then O is henselian.

Proof. By one of the equivalent characterisations of henselianity, it suffices
to show that every polynomial f = X" + X" ! 4a, o X" 2+ ... 4a9 €
O[X] with all 4; in the maximal ideal has a zero in K. Let K* > K with a
non-trivial valuation u such that K*u embeds into K* over K. We deduce

O* C O, by Proposition 4.1.5.
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Pick b € K* with ub > 0. Since f(—1) is zero in the residue field of
O*, f has an approximate zero x € O* with f(x) € b- O* by Corollary
4.1.3. Hence f has an exact zero in K*u. This zero is algebraic over K.
Since K*u embeds over K into K*—which is regular over K—, this implies

that the zero is already in K. O

Lemma 4.1.8. If there exists a central simple algebra A /K of prime degree and
a field ordering < on K such that T(A/K) = {x € K: —4 < x < 4}, and if

furthermore K has self-embedded residue, then (K, <) is real closed.

Proof. Let K* = K with a non-trivial valuation u such that K*u embeds
into K* over K. By Proposition 4.1.5 we have T(A ® K*/K*) C O,,. Pick
b € K* with ub > 0.

The definable set P = {x € Kix =0Vx—4 € T(A/K)vi-4¢
T(A/K)} is the positive cone associated to <; in particular, the ordering
< extends in a canonical way to K*, and the valuation ring of u is convex
with respect to this ordering.

Now we apply Lemma 4.1.4. For any polynomial f € K[X] of odd
degree, we can find x € K* such that —b? < f(x) < b?, s0 in the residue
field K*u we have f(X) = 0. Since K*u embeds into K* over K and K* is
regular over K, f has a zero in K.

For any ¢ € K with 0 < ¢ we can find x € K* with —b? < ¢ — x? < b?,
so c has a square root in K*u and therefore in K.

This finishes the proof that (K, <) is real closed. O

We can now give the main result for the proof of Theorem 4.1.1.

50



4.1. Fields of Kronecker Dimension 1

Lemma 4.1.9. If there exists a non-trivial central simple algebra C /K of prime
degree |, then either T(C/K) is a valuation ring, or T(C/K) = {x € K: —4 <
x < 4} for some field ordering < of K, or we can find A, B/K, also of degree I,
such that T(A/K) + T(B/K) = K, but T(A/K) # K # T(B/K).

In particular, if K has self-embedded residue, then K is henselian or real

closed.

Proof. The last statement follows from the first statement as a conse-
quence of the preceding lemmas.

The first statement is first-order, since T(C/K) being a valuation ring
or an interval |—4,4[, with respect to some ordering v are definable
conditions. Hence it suffices to consider the case where K has Kronecker
dimension 1. The set T(C/K) # K is an intersection of valuation rings
of K and intervals |—4, 4, with respect to orderings v of K by Theorem
2.2.16. If T(C/K) is a valuation ring, or if T(C/K) = |—4, 4], with respect
to some field ordering v, then we are done.

Otherwise, there exist two places v # w of K such that C is non-
split over K, and K. Let Ko C K be a global field over which C is
defined. Say v, w are above the places vy, wy of Kg. We may assume
vy # wp, by enlarging Ky if necessary. Then in particular [Ky: Ko,y,]
is prime to | (as a supernatural number) as K, does not split C, and
likewise for w. Find central simple algebras A, B/ Ky of degree I such that
A(A/Ky) NA(B/Ko) =D, vy € A(A/Kp), wy € A(B/Kp); this is possible
by Lemma 2.3.4.

Now we have T(A/L) + T(B/L) = L for every finite extension L/Kj
by Theorem 2.2.15, and hence also for F = K. Furthermore T(A/K) #
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K # T(B/K), as A and B do not split over K,, K, respectively. O

This completes the essential part of the proof of Theorem 4.1.1; we
merely have to show that we can obtain a central simple algebra of prime

degree over K.

Lemma 4.1.10. If Br(K) # 0, there exists a prime number 1 and a non-split

central simple algebra over K of degree 1.

Proof. 1f the Brauer group is non-trivial, then there is a prime / such that
Br(K) has an I-torsion element, i.e. there is a non-split central simple
algebra A/K whose I-th tensor power splits.

If K is of Kronecker dimension 1, then Lemma 2.3.5 implies the
existence of a central simple algebra as desired. This fact that existence
of a central simple algebra A/K whose [-fold tensor power splits implies
existence of a non-split central simple algebra of degree [ is a collection

of first-order facts and hence also true in any K = Thi_ gim—1- [

Proof of Theorem 4.1.1. If K is real closed or henselian, then K has self-
embedded residue.

Assume conversely that K has self-embedded residue, and that K =
Thyg_gim—1 and Br(K) # 0. By the last lemma, there exists a prime number
| and a non-split central simple algebra of degree I over K. Hence, by

Lemma 4.1.9, K must be henselian or real closed. O

Remark 4.1.11. The condition that Br(K) = 0 can be reinterpreted using
Galois cohomology. In particular, in characteristic zero a sufficient condi-

tion is that the absolute Galois group be projective, and in fact it is not
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hard to show, using fairly basic cohomological techniques as in [NSWO0S,
Corollary 8.1.18], that in the case of models of Thyx_ 4jn—1 this condition
is also necessary.

Hence we have now fully understood the condition of having self-
embedded residue for all models of Thi_g4;m—1 of characteristic 0 with

non-projective absolute Galois group.

We can also use the techniques above to analyse valuations on non-

standard number fields.

Theorem 4.1.12. Let K be a model of the theory of number fields, i.e. K is
elementarily equivalent to an ultraproduct of number fields. Let v be a valuation
on K and write K, for the corresponding henselisation. If some finite extension
of Ky has non-zero Brauer group, then the valuation ring of v either contains

the ring of integers of K or is convex with respect to some field ordering of K.

Note that we can refer to the ring of integers of K since the ring of

integers of standard number fields is uniformly definable by Theorem
2.3.7.

Proof. Let us assume that the valuation ring O, is not convex with respect
to any field ordering of K, so K, carries no field ordering by [EP05,
Lemma 4.3.6]. Assume first that Br(K,) is non-zero.

Let I be a prime number such that Br(K;)[l] # 0, so we may pick
a central simple algebra A/K, of order ! in Br(Ky). By adjoining some
structure constants for A to K, we can find a finite subextension L of
Ky, /K such that A is defined over L, i.e. there exists an algebra Ay/L with

A = Ag®1 Ky. By passing to a further finite subextension if necessary, we
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may assume that Ag’ ! splits over L, and that L has no field orderings. Since
every finite extension of a number field is still a number field, and since
finite extensions of fields of given degree are uniformly interpretable
in the ground field, the field L is still a model of the theory of number
tields; hence we may replace Ay by a Brauer equivalent central simple
algebra of degree [ by Theorem 2.3.3.

Since Ag does not split over K, the valuation ring of v in L contains
T(Ag/L), since any monic polynomial with constant coefficient (—1)’
splitting A /K, must be irreducible and hence have all coefficients in the
valuation ring by Lemma 2.2.7.

Therefore the ring of integers of L is contained in this valuation ring
by Theorem 2.3.7. As it is a first-order fact that the ring of integers of L
contains the ring of integers of K, this means that the valuation ring of v
in K contains the ring of integers of K.

We assumed above that Br(K,) was non-zero, so consider now the
situation where only some finite extension of K, has non-zero Brauer
group. This finite extension is a henselisation of some finite extension
K'/K. Since K’ is still a model of the theory of number fields, and the
ring of integers of K’ contains the ring of integers of K, the previous

proof applies. O

Note that we can classify the valuation rings of v that contain the
ring of integers of K; since this ring of integers is a Priifer domain, they
are in bijection to the prime ideals of the ring of integers, which can be
understood by the results of [Che75]. (There only stated in the situation

where K is a finite extension of an elementary extension of Q, but in

54



4.2. Valuation Spaces

fact the results remain true for arbitrary models of the theory of number
fields, once a definition of the ring of integers is available.) Likewise, the
valuation rings convex with respect to some given field ordering can be
classified as the coarsenings of the valuation ring consisting of elements

of K that are finite with respect to this ordering.

4.2 VALUATION SPACES

In working with finitely generated fields which are not global fields, it is
sometimes necessary to work with infinitely many valuations at a time.
In these situations we use topological methods on sets of valuations.
Throughout this section, let K be an arbitrary field and write V for
the set of valuation rings on K; as usual, we identify valuation rings
and equivalence classes of valuations. We endow V with the constructible
topology, meaning a subbasis of open sets is given by sets of the form
{v:v(a) >0} and {v: v(a) > 0} fora € K. (See [HK94] for this and other
topologies on spaces of valuations.) By seeing valuation rings as subsets
of K, we can embed V into the powerset P (K). Identifying the powerset of
K with the compact space {0, 1}X, we find that the constructible topology

is exactly the subspace topology induced on V by the topology on P(K).

Lemma 4.2.1. Let K be a field and Lr(K) the language of rings with an
additional unary predicate and constants for elements of K. Let ® be a collection

of universal Lg(K)-sentences. Then
{U CK: (K,U) = ®} € P(K)

with the subspace topology is a Stone space, i.e. a compact totally disconnected

Hausdorff space.
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Proof. Since P(K) is a Stone space, it suffices to show that the given set
is closed. For every quantifier-free Lg(K)-sentence y, the set of U such
that (K, U) = x is clopen by definition of the topology on P(K), and
any universal Lg(K)-sentence ¢ may be replaced by the set of quantifier-
free sentences obtained by substituting all possible field elements for its

quantified variables. This proves the claim. O

Since the condition of being a valuation ring is defined by a universal
sentence, this means that V with the constructible topology is a Stone
space.

With the topology on V in place, we can now state and prove a general

approximation lemma.

Lemma 4.2.2. Let K be a field and Sy, ..., Sy be sets of valuations of K satisfy-

ing the following conditions:
e Each S; is compact in the constructible topology.

e Ifv €S, weS;foranyi # j, then v and w are independent, i.e. have no
non-trivial common coarsening. (In particular, the S; are disjoint except

possibly for the trivial valuation.)

e There is a monic polynomial f € K[X] of degree greater than zero such
that for any v € S;, f is in Oy[X] and the reduction f € Kv[X] has no

zero in Ko.

Let x1,...,x, € Kand zq,...,z, € K* be given. Then there exists an x € K

such that for any i and v € S;, v(x — x;) > v(z;).
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This may be understood as a generalisation of weak approximation—
weak approximation is obtained when each S; contains only one valua-
tion. The statement of the lemma, in a less general version, and its proof

are originally due to Arno Fehm.

Proof. Letd = deg(f), ¢ = Xf(Y/X) € K[X, Y] be the homogenisation
of fand writeh =1/g(1/X,1/Y) € K(X,Y). Then for each x,y € K and

v in any S; the following properties hold:

e v(g(x,y)) = dmin(vx, vy)
e v(h(x,y)) = dmax(vx,vy)

Fix z € K* such that v(z) > 0 and v(z) > v(z;) — v(x) for any
j,k and v in any S;; this is possible by combining the terms 1, z;/xy,
z2/X1,...,2n/ Xy by iterated application of 1 (terms z]-/ X where x;, = 0
may be ignored).

We now claim that for each i there exists a b; such that v(b;) > v(z) for
allv € S; and w(b;) < 0 for w € Sj, j # i. To prove this, we may choose
for each v € S;, w € S an element a,,,, € K such that v(ayw) > v(z),
w(ay,w) < 0; this is possible by weak approximation. Since the condition
v(ayw) > v(z) is an open condition on v, we can in fact by compactness

find finitely many a§j ), .. .,az(vm) such that w(az(]f )) < 0 for all k, and for

each v there exists k such that v(agc )) > v(z). Using the function h,
we may combine all these to one element a;, such that w(a,) < 0 and

v(aw) > v(z). In this way we proceed for all w € U;; S;. But since the

condition w(ay) < 0 is open, there are in fact finitely many aV .. alm)
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such that v(a®)) > v(z) for all k, and for each w there exists a k such
that w(a®)) < 0. Combining all these a¥) using g yields an element b; as
desired, so the claim is proven.

Now set ¢; = h(1,b;),so v(c;) > v(z) forv € S; and w(c;) = 0 for w €
Sj,j #1i.Setd; = ¢; Tz c]._l; this satisfies v(d;) > v(z), w(d;) < —w(z).
Sete; = 1/(d4f(1/d;)) = 1/g(d;, 1); this satisfies v(e; — 1) > v(d;) > v(z)

and w(e;) = —dw(d;) > w(z). Then x = Y, x;e; is as desired. O
4.3 FINITELY GENERATED FIELDS

Let L be a finitely generated field of Kronecker dimension d > 0 of
characteristic not 2. We shall show that L does not have self-embedded
residue. (Finitely generated fields of Kronecker dimension 0, i.e. finite
fields, do not have self-embedded residue, as is immediately apparent
from the definition.)

The technical tool for the task at hand is the splitting of Pfister
forms developed in Chapter 2. This approach, based on the local-global
principle for higher cohomology, is reminiscent of Pop’s work on his
eponymous conjecture, see [Pop17].

Let a,8 € KM (L)/2 be pure symbols and ¢,C € L such that the

d+1

following conditions are satisfied:
1. Both a and B are non-zero.

2. For any valuation v on L of residue characteristic 2, both « and f

split over the henselisation L.
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3. For any non-trivial valuation v on L, at least one of a and B split

over L.

4. If v is a valuation on L with value group of archimedean rank d
such that one of « and B is non-split over L,, then we have v(C) > 0,
v(c) > 0 and X2 + ¢ reduces to an irreducible polynomial in the

residue field Lv.

Existence of «, B, c and C will be justified in Section 4.3.1. Let V be
the space of all valuations of L with the constructible topology, and let
Vi, Vg C V be the space of valuations v € V such that a (respectively, )

does not split in L,.

Lemma 4.3.1. The sets V, and Vg are both compact. Any v € V,,v' € Vg are

independent.

Proof. For compactness it suffices to show that the sets are both closed.
We give the argument for V,. For any v € V' \ V,, a restricts to zero
in K,, meaning that either the residue characteristic of v is two, which
is an open condition, or the residue characteristic is not two and the
associated Pfister form has a zero. By Hensel’s Lemma, the latter is an
open condition on v.

Ifovo e V,o e Vg have a common coarsening w, then neither «
nor f split in Ly, hence w is the trivial valuation. Thus v and ¢’ are

independent. O

We now make use of the sets S. from Definition 3.2.3.
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Lemma 4.3.2.
mmv - Sc(‘x) - movz
(Y (4
where the intersection is over all valuations v of rank d such that « does not

split over Ly, and analogously for S¢(B).

Proof. By Proposition 3.2.12, S.(«) contains the intersection of all the sets
res; 1(Sz(d%x/Lv)) for valuations v of rank d such that  does not split
over L,. By construction, in the residue field Lv of such valuations the
polynomial X? + ¢ is irreducible and hence splits 3%« (since its splitting
field is the unique quadratic extension of the finite field Lv), so 0 €

Sz(0%a). The proof for B is identical. O

Lemma 4.3.3.

L = Sc(a)-Sc(B)

Proof. Lety € L™ be given. We apply Lemma 4.2.2 with §; = V,,, S5 = Vj;
observe that the preconditions are satisfied. Choose x; = %, xy = C,
z1 = 11C, z2 = x2C, so the lemma gives x € L with v(x — x1) > v(z1)
for all v € V, and v'(x — x2) > v/(z2) for all v’ € V. In particular, if
v and v’ are of rank d and thus v(C),?'(C) > 0, then v(z1) > v(x1)
and hence v(x) = v(x1) < v(y), and likewise v'(z,) > v'(x,), therefore
v'(x) = v'(x2) > 0.

This proves x € S5.(B) and y/x € Sc(a) by the preceding lemma, so
y € Sc(a) - Sc(B) as desired. O

Theorem 4.3.4. The field L does not have L-embedded residue.
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Proof. Let L* = L and v a valuation on L* such that L*v embeds into L*
over L. In the light of Lemma 4.3.3 it suffices to show that the valuation
ring of v contains both S.(a) and S.(B), since then v must be trivial. This

is achieved by the following lemma. O

Lemma 4.3.5. Let (L, v) be a valued field, char(Lv) # 2, ¢ € O,, and M a
field embedded into the valuation ring of v. If v € H" (M, Z/2), represented by
a Pfister form, does not become zero in H"(Lv, Z./2), then the valuation ring of

v contains S¢(y/L).

Proof. This is similar to the proof of Proposition 4.1.5. Splitting of -y is
equivalent to the associated Pfister form having a non-trivial zero. If
X2 + aX + ¢ with va < 0 splits 7, then <y already vanishes over L since
the polynomial is reducible by Lemma 2.2.7. This means the Pfister form
has a non-trivial zero over L, and therefore also in Lv by scaling the zero

appropriately and reducing. O
4.3.1  Constructing special symbols

We still need to prove that there are &, 8, C and c satisfying our assump-
tions.

In characteristic zero, choose a transcendence basis ty,...,t;_1 of
L/Q, so that L is a finite extension of L1 = Q(#y,...,t4_1). Write L; =
Q(ti,...,tg3_1) for 1 <i < d, Ly = Q. In characteristic p > 0, we may
choose a separating transcendence basis t1,...,t; of L/IF, since IF, is
perfect, so L is a finite separable extension of L = ]Fp(tl, ..., tg). Write

Li:]Fp(tir"'/td) for 1 Slgd
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Write L(1) = L. We shall inductively construct finite separable exten-
sions L) /L; in the following way. Assume that L) has been constructed
for some i < d. Consider all non-trivial valuations of L; = L;1(¢;) trivial
on L;;1. By basic valuation theory, there is one such for each irreducible
polynomials in L;,1[t;] and one additional valuation, the degree valua-
tion. Since L) /L; is separable, all but finitely many of these valuations
do not ramify in L) /L;; we may therefore choose distinct elements
n;,m; € Ly such that the (t; — n;)-adic and the (t; — m;)-adic valuation
on L; do not ramify in L(). We may additionally enforce that the four
elements n;,n; —1,m;, m; — 1 of L; are all distinct.

Pick extensions v; and w; of the (f; — n;)-adic and the (t; — m;)-adic
valuations to L;, respectively; then v;(t; — n;) and w;(t; — m;) are minimal
positive in the respective value groups.

The residue fields of v; and w; are finite separable extensions of L;;
let LU+1) / L; 11 be a finite separable extension into which both embed. In
this way, we may continue inductively until we have constructing a finite
separable extension L@/ Ly, so L@ isa global field. In characteristic zero,
choose distinct odd prime numbers p1, p2, 1, 2 such that the correspond-
ing prime ideals split completely in L(®) /L;. In positive characteristic,
choose distinct irreducible polynomials p1, p2, 41,92 € Fp[t;] such that
the corresponding prime ideals split completely in L(#)/ Lig)-

Choose quaternion algebras a,b € Br(L;)[2] such that a is non-split
at precisely the places corresponding to p; and p», and b is non-split at

precisely the places corresponding to g1 and g».
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Let
t1—m fg1— N4
N = e, ,a
{tl—nl—l td,l—nd,l—l }
t —my tg1 —mg_q
B=A{ b}

1 —m _1,”.,td—1 —mMg_1 -1’
C = p1padiqa-

In characteristic zero, choose ¢ € Z such that X? + ¢ reduces to an
irreducible polynomial in the finite fields IFp,, IFp,,, IF;, and IF,. In positive
characteristic, choose ¢ € IF,[t4] such that X? + ¢ reduces to an irreducible
polynomial modulo py, p2, g1 and q». We claim that these satisfy our
conditions.

Let first v be a valuation on L, non-trivial on Lj, such that a or b are
non-split in the henselisation L,; write v’ for the restriction of v to L.
Since L, contains the henselisation (L )., by construction of a and b the
valuation v" must be induced by one of p1, p2, q1 and ¢, in particular
v(C) > 0. In characteristic zero we furthermore conclude that v does not
have residue characteristic 2, and in positive characteristic we deduce that
v(ty) > 0 and therefore v(c) > 0. The residue field Lv cannot contain the
unique degree-2 extension of the finite field L o'—if it did, then L, would
contain the unique unramified degree 2-extension of the henselisation
(Lg)y, and thus a and b would split in L,. This means that the polynomial
X? + ¢ reduces to an irreducible polynomial over Lo.

Let us now argue that a and B are not split over L; we give the

argument for a. Note that a is not split over L(?), therefore {%, }

fg1—1ng1

(d-1) _ta-17Md-1
ti—1—ng—1—1

is not split over L since v;_1( ) is minimal positive in the

value group of v;_1 by construction and thus 9, d—l({%’a}> =
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a # 0. Inductively, we deduce that { titj;;ﬁ'l, el tdt_d;l;:f;ll, a} is not split
over L) and therefore « is not split over L(}) = L, as desired.

It remains to show that if v is a non-trivial valuation on L, then at least
one of « and B splits in L. If v is non-trivial on Ly, then by construction
at least one of a and b splits in the henselisation, and hence so does one
of « and B.

Now assume that v is trivial on L;, and a does not split in L,. We

i’j*l’l]'
tj—nj—l

cannot have v( ) = 0 for all j: If this is the case, we obtain an

element {%, e, %, a} € K}, (Lv)/2, but this group is trivial

for reasons of cohomological dimension; hence the corresponding Pfister
form over Lv has a zero, which means that the Pfister form corresponding
to a has a non-trivial zero in L, by Hensel’s Lemma, so « splits in L, in
contradiction to our assumption.

t]-—n]-

Therefore we must have v(—25
] ]

) # 0 for some j, so v(t; —nj) >0

or v(t; —n; — 1) > 0. This means that v(t; — m;) = v(tj —m;—1) =0,

. . . . n;—m; n;—m;+1
and in fact there is an element r € L, given as either —— L L
n]—m]—l nj—im;
ti—m; —m; )
such that v(t,jm,jl —r) > 0. Hence 3 and r induce the same square
] ] ] ]

tjfm]'
t]'—i’l’lj—l’

class in Ly, so { b} = {r,b} € K¥(L)/2. But the element {r, b}

is zero in K}!(L,)/2 since K} (L;)/2 = 0 for reasons of cohomological

dimensions, so in fact B splits over L.



NEW EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

In this chapter, we apply the tools developed in Chapter 2 to give new
existential definitions in global fields. One of the central results is that
irreducibility of a polynomial is an existential statement about its coeffi-
cients.

Most of the results of this chapter have appeared in the author’s paper
[Dit18]. The techniques used here have since been applied in [Mor17] to

obtain even more existential definitions in global fields.

5.1 PRELIMINARIES FROM CLASS FIELD THEORY

Fix a global field K and n > 1. Also fix a prime [ | n for this section. Our
strategy for developing new existential definitions over K is based on
distinguishing K from its finite extensions of degree n using first-order
sentences. This involves investigating the splitting behaviour of central
simple algebras of degree I over K, as developed in Chapter 2, across an
infinite collection of such algebras. This depends on class field theory
to construct cyclic central simple algebras. See [Lan70] and [Ros02] for
general references for class field theory.

The entirety of this section is rather technical; we set up the necessary
machinery—notably describing certain ideal groups I, and H, as well as
tield extensions M;/K—which is needed for our main proofs in the next
section, in particular the central Proposition 5.2.5.

Let us fix some notation. Write X for the set of places of K. If K is a

number field, write £ C X for the set of archimedean places. If K is a
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global function field, arbitrarily fix X« to be any finite non-empty subset
of . In either case, we call £ the set of places at infinity.

Let Ok be the ring of elements of K integral at each place in X\ Z;
this is a Dedekind domain, and the prime ideals of Ok are in bijection
to places in X \ X. This ring is the usual ring of integers in the number
field case. In the case of function fields, Ox depends on the choice of Y.

Write I, for the group of fractional ideals of Ok, Py, for the sub-
group of principal fractional ideals, and Cl(Ok) = Ip,/Po,. In the
number field case, this is the usual ideal class group and well-known
to be finite. In the function field case, this is not the usual divisor class
group, since we are ignoring the places at infinity, but rather the X-class
group in the sense of [Ros02, Chapter 14]—essentially the divisor class
group modulo the classes of prime divisors at infinity. It is finite by
Corollary 2 to Proposition 14.1 ibid.

We now fix some field extensions of K for later use. Choose a nat-
ural number k such that ¥ > |Cl(Ok)| - n!. Find an abelian extension
M/K with Galois group Gal(M/K) = (Z/1Z)* and such that M/K is

completely split at all infinite places.
Lemma 5.1.1. For any choice of k we can find such M.

Proof. This follows from general existence theorems for abelian exten-
sions in class field theory, e.g. the version of the Grunwald-Wang Theorem
in [NSWO08, Theorem 9.2.8]. (Note that we are never in what is called the
“special case” there, since we are looking for an abelian extension whose

Galois group has prime exponent.)
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It is not hard to give an explicit argument in the present situation,
using (the totally real part of) cyclotomic extensions in the number field
case, and the analogous Carlitz module construction (see [Ros02, Chapter

12]) over a suitable subfield IF,(T) C K in the function field case. O

Remark 5.1.2. This choice of a distinguished abelian extension of K is
already present in previous papers, in the special case | = k = 2; most
notably in subsection 3.3 of [Par13], a field extension K(y/a,v/b)/K is
chosen. Likewise, the modulus 8 which appears throughout [Koel6]
can be retrospectively explained by an implicit choice of field extension
Q(v/2,v/—1)/Q. The paper [EM16], independently from the work of the
present author, transfers some of the ideas of [Parl3] to the setting of
global function fields. Note however that in our situation the analogy
between function fields and number fields is more direct: We do not
have to impose the condition that M be linearly disjoint from the Hilbert
class field of K as in (the proof of) [Par13, Lemma 3.19]—a condition that

[EM16] changes in the function field situation.

Let us write I, < Ip, for the set of fractional ideals of Ok in which
none of the prime ideals ramified in M/K occur in numerator or denom-

inator. Then we obtain the well-known Artin map
I, — Gal(M/K)

as the unique homomorphism sending an unramified prime ideal to its
Frobenius element. (In the function field case, note that since all infinite
places are completely split in M/K, this map is induced by the Artin

map on divisors.) Write H < I, for the kernel of this map.
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By the Chebotarev Density Theorem, the set of prime ideals (excluding
those at infinity and ramified ones) mapping to a given element of

Gal(M/K)—put otherwise, in a given coset in I,/ H—has density

1 1

_ _ 71—k
|Gal(M/K)|  |Inw/H| =1

(Throughout, it does not matter whether we choose natural or Dirichlet
density.)

By class field theory—see e.g. [Lan70, X, §2] for number fields and
[Ros02, Theorem 9.23] for function fields—there exists a modulus or cycle
m =), np, a formal sum of places of K ramified in M with n, > 0, such

that H contains the subgroup Py = {(a): a € Uy}, where
Un = {a € K*: vy(a —1) > n, for all ramified p}

and (a) denotes the principal fractional ideal generated by a. The quotient
group I/ P, a generalised ideal class group, is finite.

Now choose subextensions Mj, ..., My which generate M as their
compositum and which have Gal(M;/K) = Z/IZ. Furthermore, fix a
generator o0; of Gal(M;/K) for each i.

In the next section, we will work with cyclic central simple algebras
(M;, 0;,b) for suitable b € K, see Section 2.3.1.

We conclude this section with two technical lemmas needed in the

proof of Proposition 5.2.5.

Lemma 5.1.3. Let a € K* such that (a) € Iy and (a) ¢ H. Then there exist a
place p & Yoo and an M; such that the algebra (M;, 03, a) is not split at p, and
a g Oy.
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Proof. The fractional ideal (a) of Ok factors as a product of prime ideals
of K unramified in M and not in ¥X«. The group I,/H = Gal(M/K) =
(Z/1Z)* has exponent I, hence there exists a prime ideal p ¢ H that
occurs in (a) with multiplicity not divisible by [ since (a) ¢ H.

The prime p is not completely split in M since p ¢ H, so there
exists some M; in which p is inert, i.e. the local extension M;K /K, is

unramified of degree I. Therefore the group of local norms

Nk, /k, (MiKp) ) € K

consists only of elements of /-divisible valuation, since the norm of an
element of M;K; is the product of its Galois conjugates; thus a is not
a local norm and therefore (M;,0;,a) is not split at p by Proposition

2.3.9. [

Lemma 5.1.4. Let P C X\ 2o be a set of places of density at least % Then
there exists a € K* such that (a) € Iy, (a) ¢ H and all places p € L\ Lo

with a ¢ O, are in P.

Proof. We may remove the finitely many places ramified in M /K from P
without affecting the hypotheses.

The set P has density at least -}, > |C1(Ok)|/|Im/H|. Since the set of
prime ideals in each coset in I,/ H has density 1/|I,,/ H| as noted above,
P contains prime ideals from at least |C1(Ok)| + 1 different cosets; thus
we may pick p,p’ € P in different classes in I,/ H and in the same class
in C1(Ok).

Now pp’ ' is a principal fractional ideal of Ok; pick a generator a. By

construction, this generator satisfies all of the requirements. O
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5.2 DETECTING EXTENSIONS OF GLOBAL FIELDS

In this section we find an existential sentence that distinguishes the fixed

global field K from its finite extensions of degree 7, see Theorem 5.2.11.

Definition 5.2.1. Let L/K be an extension of degree n and I | n a prime number.
A prime ideal p of K is I-good (for L) if it is unramified in L and for all prime
ideals q of L above p the inertia degree [Or/q : Ok/p] is divisible by 1.

The prime number 1 | n is admissible (for L) if either

o L/K is separable and the set of I-good prime ideals of K has density at

1

least -,

or
e L /K is inseparable and | = char K.
Lemma 5.2.2. For every L/K of degree n there exists an admissible | | n.

Proof. If L/K is inseparable, then by basic field theory char K | n, so
| = char K is admissible. Let us now assume that L/K is separable.

Let L' /K be the Galois hull of L/K, G = Gal(L'/K), H = Gal(L' /L) <
G. Then |G| < n!. Let ¢ € G of prime power order I" with [ | n such that
no conjugate of ¢ is in H. Existence of such g is assured by Theorem
5.2.3 below: An element ¢ has no conjugate in H if and only if ¢ has no
fixed point in the left multiplication action of Gon ) = G/H.If gis a
prime ideal of L' above an unramified ideal p of K such that Frob(q/p) is
conjugate to g, then the inertia degree f(q/p) is equal to ord(g) = 1", so
for g = qN L we have f(q'/p) # 1 since Frob(q/p) &€ H,and f(q'/p) | I,
hence I | f(q'/p). The set of such prime ideals p has density at least % by

the Chebotarev Density Theorem. O
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5.2. Detecting Extensions of Global Fields

Theorem 5.2.3 (Fein-Kantor-Schacher). Let G be a finite group acting transi-
tively on a set Q) with |Q)| > 1. Then there exists an element ¢ € G of prime

power order I, with | | |Q}|, acting without fixed points on Q.

Remark 5.2.4. The paper [FKS81], in which this theorem was first proved,
used it for a similar purpose as we do: classifying relative Brauer groups
Br(L/K) of global fields. There appears to be no known proof of this

theorem that does not use the classification of finite simple groups.

The following is the central technical result of this section. It uses
the existentially definable sets T from Definition 2.2.14. We also use
the extension M /K and its subextensions M; chosen in the last section,

depending on .

Proposition 5.2.5. For a global field L/K consider the following statement,

which we call ('I')ZL/K:

There exists an element a € K* such that (a) € I, (a) € H

and for all i both a and 1 are in T((M;, 0;,a) ®k L/L).

Then this statement is false for L = K, and it is true if L /K is an extension of

degree n with | admissible.
For the case of inseparable extensions, we need the following lemma:

Lemma 5.2.6. Assume K is global field of characteristic p > 0 and L/K is a
finite inseparable extension. Then any central simple algebra A /K of degree p is

split by L.
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

Proof. By replacing K with the maximal separable subextension of L/K,
we may assume that L/K is a purely inseparable proper extension. Since
[K'/?: K] = p, we now necessarily have L O K'/7. Hence the result follows

from Lemma 5.2.7 below. O

Lemma 5.2.7 ([GS17, Lemma 9.1.7]). Let F be a field of characteristic p > 0
and A/F be a central simple algebra of degree p. Then A is split by the field

F'/»,

Proof of Proposition 5.2.5. Let us first consider the case L = K, and assume
there were a as in the statement. By Lemma 5.1.3 there exist an M; and
a place p ¢ X such that the algebra (M;,0;,a) is not split at p and
a ¢ O, . Hencea ¢ T((M;,0;,a))* by Theorem 2.2.15 in contradiction to
our assumption on 4.

Now consider the case of a proper extension L/K of degree n with
| admissible. If L/K is inseparable and | = char K, then Lemma 5.2.6
implies that all algebras (M;, 0;, a) are split over L, so any choice of a will
do as long as (a) € Iy, (a) ¢ H. Such a is afforded by Lemma 5.1.4.

If L/K is separable, let P C X\ X be the set of I-good primes; it has
density at least % Therefore Lemma 5.1.4 is applicable, so we obtain
a € K* such that (a) € Iy, (a) ¢ H and all places p € ¥\ X such that

a ¢ O, are in P. We claim that a is as desired, so we must show that
1
a, E € T((Mi,O'Z‘,LZ) Xk L/L)

for all i. The algebras (M;, 0;,a) @k L split at all infinite places of L by

construction of the M;, so by Theorem 2.2.15 it suffices to show that they
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5.2. Detecting Extensions of Global Fields

split at all primes q of L above primes p € X\ X with a ¢ O,°. But all
those p are I-good, so I | [Lq: K] and hence L, does split all (M;, 0;,a) by

the theory of central simple algebras over local fields. O

Remark 5.2.8. The element a in the statement ('I')ZL sk can be multiplied
by an arbitrary element of O, i.e. the statement is really one about
the principal ideal (a). To see this, observe that T is invariant under
multiplication by Of, and the local splitting behaviour of (M;,0;,a) at
a prime p unramified in M/K only depends on the valuation v(a),
since the local norm group contains the local unit group for unramified

extensions.

For each class of ideals in the set (I,/Pn) \ (H/Py) that contains a
principal (fractional) ideal, fix a representative principal ideal (a;) and a
generator a; € K* thereof. This is a finite list since I,/ Py, is finite. Thus
every principal ideal in Iy, \ H has the form (a;b) for some b € Uy, and
one of the a;. Therefore, by Remark 5.2.8, we may rephrase the statement

(1')IL/K as follows:

For some a;, there exists a b € Uy such that for all i we

have El]'b, a%-b S T((Ml, 0i, Ll]b) &K L/L)

This statement is of a very specific form, namely positive existential
in a certain first-order language of pairs of rings. In a more elementary
fashion, this means that is equivalent to a certain system of polynomial

equations G,(x1,...,%s,¥1,--.,¥¢) = 0 having a solution in K® x L .

Definition 5.2.9. The language of pairs of rings is the two-sorted first-order
language where both sorts have symbols +,-,0,1, with an additional unary
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

function symbol from the second to the first sort. The intended interpretation is
as two rings S, R with a ring homomorphism f: R — S. We write (S, R, f) for
the associated structure, or simply (S, R) when S O R and f is the inclusion

map.

This differs from the language used in [Dit18, Lemma 4.7], where the
ring language with an additional unary predicate for a distinguished
subring was used. Both languages are equivalent for modelling pairs of
rings as long as the ring homomorphism f: R — S is injective; however,
we will later make use of the case where S is the zero ring in Section 5.4

and hence adjust the language.

Lemma 5.2.10. There exists a positive existential sentence Y ,, | in the language
of pairs of rings such that the condition (‘l')lL /g from Proposition 5.2.5 is
expressed precisely by (L,K) = g ;. Here y ,,; may involve parameters

from K.

Proof. We use the equivalent form of ('I')ZL sk introduced above. This

statement is straightforwardly written as

\/3beK(be Unn Aab, L e T((M;, 03, 0b) 0k L)).
j i

a]_'b S
Here b € Uy can be phrased as a positive existential statement since
Uy, is a positively existentially definable subset of K by Corollary 2.3.6,
and a;b € T((M;, 0j,a;b) @k L) can likewise be expressed as a positive
existential condition in L by Observation 2.3.10. Hence we can write this

as a positive existential sentence in the language of pairs of rings. O
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5.3. Proof of the Main Definability Results

Theorem 5.2.11. There exists a positive existential sentence Yy ,, in the lan-
guage of pairs of rings, with parameters from the global field K, such that
(K, K) = =g, but (L, K) |= ¢k , for all extensions L/K of degree n.

Proof. Let Yxn = Vijn Pxu1- Now the statement is an immediate conse-

quence of Proposition 5.2.5, Lemma 5.2.10 and Lemma 5.2.2. [
5.3 PROOF OF THE MAIN DEFINABILITY RESULTS

We can strengthen Theorem 5.2.11 to the following result.

Theorem 5.3.1. There exists a positive existential sentence @k ,, in the language
of pairs of rings, with parameters from the global field K, such that for any
commutative unital K-algebra A /K with dimg A < n we have (A,K) = ¢k

if and only if there is no K-homomorphism A — K.
The proof is a variant of the proof of Proposition 2.1.2.

Proof. Let ¢ = A1.y<n Yx,m, Where Py , is the sentence from Theorem
5.2.11; this is positive existential.

Let us first find a positive existential sentence ¢’ with the desired
property restricted to local algebras A/K of dimension less or equal to
n. Since a homomorphism A — K factors through the residue field of
A, and the residue field is positively existentially interpretable in A by
the second point of Lemma 2.1.4, this is easily achieved by constructing
(A,K) = ¢ to be equivalent to (A/m, K) |= ¢. (For the same reasons as
in the proof of Lemma 2.1.3, we may actually choose ¢’ = ¢ in case K is

perfect, i.e. a number field.)
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

Now let A be not necessarily local. We claim that there is no K-homo-
morphism A — K if and only if there exist elements ey, ..., e, € A with

the following properties:
e The ¢; are idempotents, i.e. e? =e¢;;
e the ¢; are pairwise orthogonal, i.e. e;jej = 0 for i # j;
ee1+---te,=1;
e foreachi, (A/(1—¢;)AK) =9

From this claim, the existence of a suitable sentence follows, since ex-
istence of such e; is expressed by an existential statement, as (A/ (1 —
e;)A, K) is positively existentially interpretable in (A, K).

Let us now prove the claim. Assume first that there are elements e; as
required, and also (for contradiction) that there is a K-homomorphism
f: A — K. Since f maps idempotents to idempotents, but the only
idempotents in K are 0 and 1, there exists some e; such that f(e;) = 1.
Then f factors through A/ (1 —e;)A, hence (K, K) is a quotient of (A /(1 —
e;)A, K). Since the formula ¢/’ is preserved under homomorphisms, this
implies (K, K) = ¢/, but this contradicts the construction of ¢

For the other direction, assume that there is no K-homomorphism
A — K. As a finite K-algebra, A factors as a product of local K-algebras,
so we may assume A = Aj X - - - X Ay, where each A; is a local K-algebra
of dimension < n and k < n. Sete; = (1,0,...,0), e2 = (0,1,0,...,0),

..,ee=1(0,...,0,1), ex41,...,en = 0. Then clearly the e; are pairwise

orthogonal idempotents summing up to 1. For the last condition, observe
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5.3. Proof of the Main Definability Results

that for i < k, there is no K-homomorphism A; — K, and so (A;, K) = ¢'.

Since (A;,K) = (A/(1 —e¢;)A, K), this proves the claim. O

As a special case, we may deduce existential definability of the condi-

tion that a polynomial in one variable has no root.

Theorem 5.3.2. There exists an existential first-order formula ¢k, with n
free variables, in the language of rings with parameters from the global field
K, such that K |= ¢x n(ao,...,a,-1) if and only if the polynomial f = X" +

a, 1 X" 1+ -+ ag has no root in K.

Proof. The polynomial f has a root in K if and only if it has a linear factor,
which is the case if and only if there exists a K-homomorphism from
K[X]/(f) to K. Since K[X]/(f) is quantifier-freely interpretable and of

dimension n over K, Theorem 5.3.1 proves the claim. O
As an immediate corollary we obtain:

Corollary 5.3.3. For every global field K and n > 0, the set of non-n-th powers

in K is existentially definable.
This was previously proven in [CTG15] in the case of a number field.

Corollary 5.3.4. Let K** D K* be any two fields which are both elementary
extensions of the global field K. Then K* is relatively algebraically closed in K**.

Proof. Theorem 5.3.2 is also true in K* and K**—with the same formulae
@k n—by first-order transfer. Let f = X" +a, (X" 1 +...a9 € K*[X]
be a polynomial without a root in K*. Then K* = ¢k ,(a), therefore
K** = gk n(a) (since ¢k, is an existential formula), whence f does not
have a root in K** either. ]
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

This answers Question 25 in [Koel6].

Corollary 5.3.5. There exists a diophantine criterion for a polynomial over
the global field K in an arbitrary number of variables to be irreducible. More

formally, fix r,d > 0. Then the set

{(ai,,..i.)o<iy,..iv<d € K@+,

Yo, X0 X € K[Xy, ..., X,] is irreducible}

0<iy,.jir<d

is existentially definable with parameters in K.

Proof. Irreducibility can be expressed by a universal first-order formula,
since f being irreducible means that for all pairs of polynomials of
strictly smaller total degree f is not equal to their product. By the Los-
Tarski Preservation Theorem of model theory ([Hod97, Corollary 5.4.5]),
this property is expressible by an existential first-order formula with
parameters if and only if for every K** O K* with K**,K* = K every
irreducible polynomial over K* remains irreducible over K**.

This condition is a simple consequence of relative algebraic closed-
ness: Consider an irreducible polynomial f € K*[X], and assume with-
out loss of generality (after affine change of coordinates and rescaling)
that f has constant coefficient 1. Then f factors into irreducible factors
fi,ooifn € K*[X], each with constant coefficient 1, and these factors
remain irreducible in K**[X]. If f factors non-trivially as g - h in K**[X],
we may assume after rescaling that both ¢ and / have constant coefficient
1, 50 g, h can be factored into products of the f; in K**[X] since this is a
unique factorisation domain. But then the coefficients of ¢ and & are both

in K* and in K**, so they are in K*, contradicting f being irreducible. [
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5.3. Proof of the Main Definability Results

Remark 5.3.6. We stated Theorems 5.2.11, 5.3.1, 5.3.2 and Corollary 5.3.5
for the global field K fixed at the very beginning of this chapter. However,
inspection of the proofs shows that we have used no more facts about
global fields than Theorem 5.2.11 in the proof of the subsequent results.

On the other hand, if over some given arbitrary field K irreducibility
of polynomials in one variable is existentially definable (as in Corollary
5.3.5), then automatically absence of roots is existentially definable (as in
Theorem 5.3.2), since a polynomial in one variable has no root if and only
if there exists a factorisation into non-linear irreducibles. Furthermore,
this definability in turn implies that there exists a sentence as in Theorem
5.2.11, since given a proper field extension L/K of degree < n there exists
a monic polynomial of degree < n in K[X] with a root in L but no root
in K, which is now an existentially definable condition.

This shows, that for an arbitrary field K, the statements from Theo-

rems 5.2.11, 5.3.1, 5.3.2 and Corollary 5.3.5 are all equivalent.

One may ask for which other fields our theorems are true. This is
obviously the case in any model-complete field, in particular all local

tields of characteristic zero. We also have the following non-example.

Example 5.3.7 (After a suggestion of Sylvy Anscombe). Consider a field
K = Ko(ty,tp,...) obtained by adjoining countably many transcendental
elements to an arbitrary base field Ky. For any n we have the field
K = K(+/tn), which is isomorphic to K via f,: K — KM, fixing Ko,
sending t, to \/t, and t, to t, for m # n. Assume that ¢(x) is an
existential formula with parameters in a finite set A such that K |= ¢(a)

if and only if a is not a square in K. For any sufficiently large n, f, will fix
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

A. However, then K = ¢(t,) implies K(") = ¢(t,) by existential transfer,
hence K |= ¢(f,; }(t,)) by pulling back via the isomorphism f,, but this
means K = ¢(t2). This contradicts the defining property of ¢. Hence

Corollary 5.3.3 is not true in K.

5.4 GEOMETRIC CONSEQUENCES

In this section, we prove the following geometric version of the results of

the last section.

Theorem 5.4.1. Let K be a global field and f: W — V be a quasifinite mor-
phism of K-varieties. Then the set V(K) \ f(W(K)) is diophantine, i.e. there
is a K-variety W' and a morphism g: W' — V such that V(K) is the disjoint
union of f(W(K)) and g(W'(K)).

I would like to thank Laurent Moret-Bailly, who originally communi-
cated to me a derivation of the theorem from the results of the previous
section; the more general results here are in some ways inspired by that
proof.

For the remainder of this section, let F be an arbitrary field and ¢
a positive existential sentence in the language of pairs of rings, with
parameters from F. We assume that the reader has some familiarity with
basic scheme-theoretic algebraic geometry.

Theorem 5.4.1 will follow from Theorem 5.3.1 using the following

general result.

Theorem 5.4.2. Let f: W — V be a quasifinite morphism of F-varieties, so for

every x € V(F), the scheme-theoretic preimage f~'(x) is an affine F-scheme,
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5.4. Geometric Consequences

say f~1(x) = Spec(Py). The set of x € V(F) such that (Py,F) = ¢ is

diophantine.

Recall here that the scheme-theoretic preimage is defined by the
condition that f~1(x) — W is the pullback of x: SpecF — V along
f: W — V. Note that it may well happen that f~1(x) is empty, i.e.
Py = 0. This necessitates using the two-sorted language for pairs of rings.

The proof strategy is to reduce to the case of affine schemes V and W
with a finite free morphism between them, i.e. V = Spec R, W = Spec S
with a morphism f: W — V corresponding to a homomorphism of rings
R — S that makes S isomorphic as an R-module to R" for some n.

In this section, we use geometric language as far as possible, and

hence begin by interpreting ¢ geometrically.

Lemma 5.4.3. There exists a morphism A — B of affine finite type F-schemes
with the following property. For every affine F-scheme C = SpecR, (R, F) = ¢
if and only if there exist F-morphisms C — A, SpecF — B making the

following diagram commute.

-

Spec F —

(5.1)

Proof. As ¢ is equivalent to a sentence in disjunctive normal form, we
may assume that ¢ is a disjunction of positive primitive sentences. How-
ever, if ¢ = @1V @2, then schemes A, B for ¢ can be built as a disjoint
union of appropriate schemes for the ¢;. Hence assume that ¢ is posi-

tive primitive, i.e. (S, R, f) = ¢ expresses 3x1,..., X, € SFy1,...,Ym €
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5. NEw EXISTENTIAL PREDICATES OVER GLOBAL FIELDS

R( Nipi(%, f(y)) = 0ANA;q;(y) = O> for some polynomials p;, g; with
coefficients in F.

Let

A = Spec(F[X1,.., Xu, Vi, .., Yul /9),

B = Spec(F[Y1,...,Yul/q),

where q is the ideal generated by the g;, and p is the ideal generated by
the p; and g, and consider the map A — B corresponding to the natural
map of rings in the opposite direction.

Now compatible maps C — A, Spec F — B correspond to a choice
Yi,---,Ym € F, x1,...,x, € R such that p;(X,y) = 0 and qj(y) =0 for all

i and j, as desired. O

We will now work in the situation of a given morphism f: W — V.
A point x € V(F)—i.e. a morphism x: Spec F — V—turns Spec F into a

V-scheme, so we can speak about morphisms of V-schemes.

Lemma 5.4.4. Let f: W — V be as in Theorem 5.4.2. Then an F-point
x: SpecF — V satisfies the condition (Py,F) = ¢ from the theorem if and
only if there exists a morphism y: SpecF — B XV of V-schemes and a

morphism z: SpecF xy W — A xp W of W-schemes such that the map
SpecF Xy W —=>AXrpW — BxgW

agrees with the base change yyw: SpecF Xy W — B xp W.

Proof. This is merely a restatement of Lemma 5.4.3.
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5.4. Geometric Consequences

A V-morphism y: SpecF — B xp V is given by the data of an F-
morphism y’: SpecF — B, and likewise a W-morphism z: SpecF xy
W — A xr W is given by the data of an F-morphism z: SpecF xy W —
A. The base change yw: SpecF xy W — B xp W is then given by 1’ on
the ftirst component and the identity on the second component, so we
verify that commutativity of diagram (5.1) with horizontal morphisms z’
and y’ is equivalent to yyy factoring as z followed by the map A xp W —

B xr W induced by A — B. This proves the claim. O

We can now prove the theorem in the finite free affine situation. While
one could present this proof in very explicit algebraic way, we work in

terms of the Weil restriction, as presented in for instance [BLR90, Section

7.6].

Definition 5.4.5. Let f: W — V be a morphism of schemes and X a W-scheme.
Consider the contravariant functor Homy (- xy W, X) sending a V-scheme S
to the set of W-morphisms S xy W — X. This is called the Weil restriction
functor.

If this functor is represented by a V-scheme R(X), i.e. Homyp (- xy W, X)
is naturally isomorphic to Homy (-, R(X)), then we call R(X) the Weil re-

striction of X along f; in particular, we say that the Weil restriction exists.

In the situation of the definition, the V-points of R(X) are in bijection
to the W-points of X; in this way, the Weil restriction generalises the
standard construction of seeing a complex variety of dimension 7 as a

real variety of dimension 2n.
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Proposition 5.4.6. The Weil restriction R(X) exists when f is a finite free

morphism of affine schemes and X is affine of finite type over W.

Proof. This is easily proved by hand, by copying the usual technique
of restriction of scalars from C to R mentioned above. However, it also

follows from the far more general existence result for the Weil restriction

in [BLR90, Theorem 7.6/4]. []

If X — Y is a morphism of W-schemes and the Weil restrictions
R(X) and R(Y) exist, then we obtain in a natural way a morphism
R(X) — R(Y) of V-schemes: It is uniquely determined (by the Yoneda
Lemma) by the condition that for every V-scheme S the map X(S Xy
W) = R(X)(S) = R(Y)(S) = Y(S xy W) agrees with the one induced

by the given morphism X — Y.

Lemma 5.4.7. Theorem 5.4.2 is true in the situation where f is a finite free

morphism of affine schemes.

With the stronger existence results for the Weil restriction cited above,

we could weaken the hypotheses to f being finite and locally free.

Proof. Let A’/ V be the Weil restriction of A xr W along f: W — V, and
B'/V the Weil restriction of B Xy W along f. The F-morphism A — B
induces a W-morphism A xr W — B X W and hence a V-morphism
A" — B'. There is a morphism B xr V. — B’ over V corresponding
to the identity B xp W — B xp W. We construct our variety W’ as
A’ xp (B xp V), endowed with the morphism W/ — V coming from

B — V.
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Fix a point x: SpecF — V, and write f~!(x) = Spec Py as usual.
We have to prove that (P, F) |= ¢ if and only if there exists a point
x": Spec F — W’ mapping to x.

By the definition of W/, such a point x" corresponds to a pair of
morphisms z: SpecF — A’ and y: Spec F — B X V inducing the same
morphism Spec F — B/, which furthermore has to map to x.

Under the universal property of the Weil restriction, z corresponds to

some W-morphism z: SpecF xy W — A xr W, and commutativity of

Spec F =— A’
N
BxpV——=FH
is equivalent, by applying the defining property of the Weil restriction
to the two morphisms Spec F — A’ — B’ and SpecF — B xp V — B/, to
commutativity of the following diagram, where yyy is the base change of
yviaW — V:
Spec F xyWE—>AxpW
[ l
BxpW———=BxrW
(This is because the morphism SpecF — A’ — B’ corresponds to the
morphism

SpeCFXVW%AXFW—)BXFW

by the defining property of A’ — B’, and Spec F L BxpV = B

corresponds to

SpecFxy WS Bxp W =Bx; W
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by the definition of B xp V' — B’ and naturality of the Weil restriction
isomorphism Homy (-, B') = Homp (- xy W, B xp W).)
But existence of such y and z is precisely the condition for (Py, F) |= ¢

given in Lemma 5.4.4. [

Lemma 5.4.8. Let f: W — V be a quasifinite morphism of F-varieties. Then
there exists a non-empty open subvariety Vo C V such that the pullback

(restriction) f: f~1 (V) — Vy is a finite free morphism of affine varieties.

Proof. One can find a dense open U C V such that the pulled back
morphism f: f~1(U) — U is finite ([Stal8, Tag 03I1]).

By Generic Freeness, there exists a dense open subvariety U’ C U such
that the pullback f: f~1(U’) — U’ is a free morphism. (For a reference,
see for instance [Stal8, Tag 052B] for obtaining a dense open subvariety
over which the morphism is flat (“Generic Flatness”), and then Tag 02KB
loc. cit. for the fact that finite flat morphisms of varieties are locally free,
so we can obtain a free morphism after choosing a further open subset.)

Now let Vj be a non-empty affine open subvariety of U’. Since free
morphisms are affine, the preimage f~!(Vp) will be an affine subvariety

of W. O
We can now easily finish the proof of Theorem 5.4.2.

Proof of Theorem 5.4.2. By Lemma 5.4.8 we can obtain an open subscheme
Vo C V such that for the restriction f: f~1(Vo) — Vo the theorem holds
by Lemma 5.4.7, so we obtain an F-variety W) and a morphism Wy — Vj

such that the image of W/(F) in V,(F) consists of precisely those points
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whose f-fibre satisfies ¢. Write Vjj for the closed subvariety of V which
is the complement of Vj. By continuing inductively with the restriction
f: 71 (V) — V, we obtain a sequence of disjoint open subschemes
Vo,..., Vi € V and morphisms Wy — V,..., W — V;; since V is a
noetherian topological space and therefore all decreasing chains of closed
subschemes stabilise, this process terminates after finitely many steps k,
so the set V(F) is the disjoint union of the V;(F).

Now we let W’ be the disjoint union of the varieties W/, endowed
with the morphism W' — V given by gluing the W/ — V;. This is as
desired. O

Proof of Theorem 5.4.1. By Lemma 5.4.8 we can find a dense open affine
subvariety Vp of V such that f]| F1(V) is finite free, say V) = SpecR,
f~1(Vy) = SpecS, with S = R" as R-modules. This implies in particular
that for every x € Vy(F) the K-algebra Py with f~!(x) = Spec(Py) is of
K-dimension at most n.

Now the theorem follows for f|;-1y;) by Theorem 5.4.2 and Theorem
5.3.1, since a point x € V(K) has a K-rational preimage in W if and only
if Py has a K-homomorphism to K. We can extend to all of f by the same

inductive argument as in the proof of Theorem 5.4.2. O






THE MODEL THEORY OF ABSOLUTE GALOIS GROUPS

In the model theory of fields, the task naturally arises to find a suitable
first-order setting for the study of absolute Galois groups. In particular,
this is important in the investigation of properties of pseudo-algebraically
closed (PAC) fields.

In this chapter, which does not depend on any of the previous chap-
ters, we give a new framework for studying the model theory of absolute
Galois groups, to be used in Chapter 7.

From Section 6.2 onwards, we will assume that the reader is familiar
with basic notions from category theory, notably limits and colimits, func-
tors preserving these, natural isomorphism of functors, and equivalence

of categories.

6.1 THE CHERLIN-VAN DEN DRIES—MACINTYRE FORMALISM

The following formalism for profinite groups was first suggested in the
unpublished article [CvdDMS82], but underwent several minor modifi-
cations later. We follow the exposition in [Cha(02, Appendix 1]. For the
convenience of the reader, we give the full definitions.

To a profinite group G one assigns a multi-sorted structure S(G), the
complete inverse system associated to G. Its sorts are indexed by positive
integers, and the elements of sort n are precisely the cosets gN € G/N,
where N < G is an open normal subgroup of index < n. Observe that
the sorts are not disjoint, but nested; one could alternatively work with
disjoint sorts and introduce function symbols identifying elements of

distinct sorts, but we shall not do so here.
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The language consists of two binary relations < and C, as well as a
ternary relation P; more precisely, each of these symbols stands for a
family of relations across all sorts, but no confusion is likely to arise by
suppressing this in the notation. In S(G) these relations are interpreted

in the following way.
e ¢N <hMif and only if N C M;

e C(gN,hM) if and only if N C M and gM = hM, i.e. there is a
projection G/N — G/M and it sends gN to hM;

e P(g1N1,92Np,g3N3) if and only if N = N, = N3 and ¢19oN1 =

g3Nj, i.e. P encodes the group structure on all the quotient groups.

It is not hard to see that the class of structures in this multi-sorted
language—called the language of inverse systems—which arise as S(G) for
some profinite group G is first-order axiomatisable; an axiomatisation
is given in loc. cit. For structures S(G) arising in this way, the profinite
group G can be recovered as the projective limit of the finite groups
assembled in S(G). This correspondence between profinite groups and
multi-sorted structures respects morphisms in the following way: Epimor-
phisms of profinite groups G — H correspond bijectively to embeddings
S(H) — S(G). Hence the assignment G — S(G) is an equivalence of
suitable categories.

Furthermore, given an epimorphism G — H we may expand S(G)
by constants for the embedded substructure S(H). Given a second epi-

morphism G’ — H, it then makes sense to ask for S(G) and S(G’) to
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be elementarily equivalent over S(H), i.e. in the language expanded by
constants. Note, however, that there is no correspondence between arbi-
trary morphisms G — H and (not necessarily injective) homomorphisms
S(H) — S(G).

Once this formalism for profinite groups is established, one can apply
it to the study of absolute Galois groups of a field K, i.e. the profinite

group Gal(K*P /K) where K*P is a separable closure.
Theorem 6.1.1 (Cherlin—Van den Dries-Macintyre). Let K be a field.
1. If K is x-saturated, then so is S(Gg).

2. Let L be a second field and E a common subfield of K and L such that
K/E is regular, i.e. E is relatively algebraically closed in K and K/E
is separable. If K is elementarily equivalent to L over E, then S(Gg) is

elementarily equivalent to S(Gr) over S(GE).

3. For every sentence ¢ in the language of inverse systems there is a sentence
@* in the language of rings, depending only on ¢, such that for any K we
have S(Gk) |= ¢ if and only if K = ¢*.

4. To a formula ¢(X) in the language of inverse systems there is a formula
¢*(y,z) in the language of fields such that for a tuple a of the right sorts
in S(Gg) we have S(Gk),a |= ¢ if and only if K,b,¢ |= ¢*, where b,¢

are tuples in K coding the elements a of S(Gg) in a suitable way.

We omit the details of the coding in the last point of the theorem; the
essential point is that an element ¢ of a finite Galois group Gal(L/K)

may be described by firstly giving an irreducible monic polynomial with
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a root generating L/K, and secondly describing the action of ¢ on such a

generator.

Proof. These were all proved in [CvdDMS82]. All the points except for
saturation are stated in [Cha02, Theorem 5.9], while saturation is a con-

sequence of Proposition 5.5 and Theorem 5.8 ibid. O

Two observations are in order here. Firstly, observe that in the second
point of the theorem, the assumption that K/E (and therefore L/E) be
regular is necessary to even make the statement: We need the assumption
of regularity (or rather relative algebraic closedness) for the restriction
map Gg — G to be an epimorphism and therefore S(Gg) to be endowed
with constants for elements of S(Gg). However, this assumption of regu-
larity does not have any meaningful consequence for the content of the
statement: Even without regularity the assumption that K =g L implies
that we may assume by amalgamation that K and L are both elementary
subfields of a common overfield, so it follows that K =, L, where
acl(E) is the model-theoretic algebraic closure of E within the common
overfield. It is now a standard fact that K and L are both regular over
the field acl(E)—see [Cha99, Subsection 1.17] (the only minor difficulty
is showing separability in the situation where E is not perfect)—, so the
original theorem applies.

This requirement of regularity is a hindrance when one wishes to
study absolute Galois groups of an entire class of fields, say the class
of finite extensions of the ground field K, together with the restriction

morphisms to Gg.
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Secondly, suppose for the moment that S(Gg) were interpretable in
K, uniformly across fields, i.e. the sorts of S(Gg) were given by definable
sets in the field language modulo definable equivalence relations, with
the relations in the language of inverse systems induced from relations
definable in the field language, and furthermore that this interpretation
was compatible with the coding mentioned in the fourth point of the
theorem. This interpretability would at once imply the entirety of the
theorem, assuming for the second point some mild assumption on the
compatibility of the interpretation with regular field extensions. Hence
the theorem can be seen as a “weak interpretability” result of absolute
Galois groups within fields.

However, we can show that we do in fact not have interpretability in
the standard sense.

Let K/Q be a Galois extension with Galois group isomorphic to Z /3,
and let further L/K be a finite Galois extension such that L/Q is not a
Galois extension. (One can achieve this situation by first realising a group
G as a Galois group of Q which has a normal subgroup H of index 3
such that H in turn has a normal subgroup H' with H' not normal in
G. An example for this situation is G = (Z/2)3 x Z /3, where Z /3 acts
on (Z/2)3 by permuting coordinates cyclically; in other words, G is a
wreath product of Z /2 and Z /3. Then (Z/2)? is a normal subgroup of
G with quotient Z/3, and it has (Z/2)? x 0 as a normal subgroup which
is not normal in G. The group G is realised as a Galois group over Q
since it is solvable.)

We shall now argue that there is no natural parameter-free interpreta-
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tion of S(Gg) in K; note that there are “unnatural” interpretations, since
Z is parameter-freely definable in K by Rumely’s results and hence any
computable structure (as opposed to a structure with decidable theory)
is parameter-freely interpretable in K. (It is not hard to see that S(Gg)
is computable since there are computable realisations of the algebraic

closure K by [FJ10, Section 19.4].)

Theorem 6.1.2. Let K/Q be a finite Galois extension. For every automorphism
o: Gal(K%P/K) — Gal(K5¢P /K) there exists a unique a: K5P — K5P, i.e.
a € Gal(K*P/Q), such that o is given by conjugation by w. In other words,
the map Gal(K*P /Q) — Aut(Gal(K**P /K)) given by the conjugation action

is an isomorphism.

Proof. This is the Neukirch-Uchida Theorem [NSW08, Theorem 12.2.1].
O

The automorphisms of the profinite group Gal(K*P/K), where K is
the Z /3-extension of Q from above, are in bijection to the automorphisms
of the multi-sorted structure S(Gg) by functoriality for epimorphisms of
the S construction. In particular, we see that the only finite subgroups
of Aut(S(Gg)) are of order 1 or 2, since finite subgroups of Gg can only
have these orders by the results of Artin and Schreier on finite absolute
Galois groups.

Therefore, for any parameter-free interpretation of S(Gg) in K the
induced homomorphism Aut(K) — Aut(S(Gg)) must be trivial since
Aut(K) is of order 3. Let f € K[X] be a monic irreducible polynomial

such that K[X]/(f) is isomorphic to L over K. Since L is not Galois
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over Q by assumption, there exists an automorphism ¢ of K such that
K[X]/(cf) is not isomorphic to L over K. This means that there cannot be
a parameter-free interpretation of S(Gg) in K with a way of associating
to every irreducible polynomial g a subgroup of Gk corresponding to the
field K[X]/ (g), since we observed above that S(Gg) is not affected by any
automorphism ¢ of K. This means that for a parameter-free interpretation

the last point of Theorem 6.1.1 could not be recovered.
6.2 GALOIS THEORY THROUGH CATEGORIES

Let K be a field. As recalled above, the absolute Galois group of K is
defined to be the Galois group Gal(K*®P/K), where K*P is a separable
closure of K. A different choice of separable closure K’ is always
isomorphic to K% and hence yields an isomorphic group Gal(K*¢P’/K);
however, there is no canonical isomorphism K*P — K%¢P’ and hence the
isomorphism between Gal(K*¢P /K) and Gal(K®¢P’/K) is only determined
up to conjugation. This is occasionally referred to as the absolute Galois
group only being “determined up to inner automorphism”.

This phenomenon is akin to the familiar situation in fundamental
groups of (path-connected) topological spaces, where a different choice
of base-point yields non-canonically isomorphic fundamental groups.

We have seen in the last section that the presence of automorphisms
in a field and its absolute Galois group is an obstacle to interpretability.
The new formalism to which we are led comes from Grothendieck’s
reinterpretation of Galois theory, which avoids fixing an algebraic closure.

We follow the exposition in Exposé V of [SGA71].
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Definition 6.2.1. A Galois category is a category C such that there exists a
profinite group G and an equivalence between C and the category G — FinSet of

finite sets with a continuous action of G.

Note that we do not fix a specific equivalence of categories. Some
other sources define a Galois category to be a category together with a
functor from C to FinSet satisfying certain conditions, but we avoid this
as it often turns out to be tantamount to fixing a separable closure in the
situation of Galois theory.

As we wish to replace (or augment) the study of profinite groups
by the study of Galois categories, it is necessary to investigate what

morphisms of profinite groups correspond to on the categorical side.

Proposition 6.2.2. Let G and H be profinite groups. Then a morphism f: G —
H of profinite groups gives any H-set the structure of a G-set. This defines an
exact functor Py: H — FinSet — G — FinSet, i.e. a functor preserving finite
limits and colimits.

This induces an equivalence of the category of exact functors H — FinSet —
G — FinSet and natural transformations with the category whose objects are
morphisms G — H of profinite groups and whose arrows f — f' are ele-
ments h € H such that hf (x)h=! = f'(x) for all x € G, i.e. precisely the

conjugations from f to f'.

The second statement, spelt out, means that every exact functor from
H — FinSet to G — FinSet is naturally isomorphic to a functor induced
by a morphism G — H, and that the group of natural isomorphisms

P¢ = Py is in functorial bijection to the set of conjugations f = f.
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Proof. Exactness of the functor Py is stated in [SGA71, Corollaire V.6.2],
as is the fact that any exact functor is naturally isomorphic to one of this
form.

The second part is Corollaire V.6.3 loc. cit., there stated as an equiv-
alence of the category of exact functors H — FinSet — G — FinSet with
the category of functors from the fundamental groupoid of G — FinSet
to the fundamental groupoid of H — FinSet respecting the topology, but
these groupoids are equivalent to the profinite groups in question by

Corollaire V.5.7 loc. cit. O

The correspondence between profinite groups and Galois categories
is neatly stated in the language of 2-categories. However, as the category
G — FinSet is not a small category—the collection of its objects is a proper
class—, foundational issues arise. They are easily corrected by fixing
an infinite set U and replacing G — FinSet by G — FinSet(U), the full
subcategory whose objects are the finite subsets of U with a continuous G-
action. This is clearly a small category which is equivalent to G — FinSet,

as every finite set is in bijection to a subset of U.

Theorem 6.2.3. Assigning to a profinite group G the Galois category G —
FinSet(U) extends to a functor, contravariant in 1-morphisms, between the

following 2-categories:

1. The category of profinite groups with 1-morphisms being morphisms in the
standard sense, and the collection of 2-morphisms between f, f': G — H
given by the collection of h € H such that f'(x) = hf(x)h~! for all

x € G.
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2. The category of small Galois categories with 1-morphisms being exact
functors, and 2-morphisms between F,F': C — C' given by natural

isomorphisms between F and F'.
This functor is a contravariant equivalence of 2-categories.

Proof. Noting that every Galois category is equivalent to a category
G — FinSet(U) by definition, this is a restatement of the preceding propo-
sition, observing that the correspondence between morphisms respects

composition. O

Corollary 6.2.4. For each Galois category C, there is precisely one profinite

group G such that C is equivalent to G — FinSet.

Proof. Two non-isomorphic profinite groups are never equivalent in the

profinite group category. O

Corollary 6.2.5. All exact functors from a Galois category to FinSet(U) are
naturally isomorphic. Hence any object c in a Galois category has a well-defined
degree, the cardinality of the finite set assigned to ¢ under any exact functor

into FinSet.

Proof. Morphisms into FinSet(U) correspond to morphisms of profinite

groups from the trivial profinite group, which is an initial object. O

Corollary 6.2.6. Exact functors C — C' up to natural isomorphism correspond
bijectively to profinite group morphisms up to conjugation between the associated

profinite groups.
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Proof. This is an instance of decategorification, or passing to homotopy
categories: Since the category of exact functors C — C’ with natural
isomorphisms is equivalent to the category of morphisms between the
associated profinite groups with conjugations, there is a bijection between
isomorphism classes in the first category and those in the second category.

This is exactly the claim. O

In a sense, this is the core of the categorical approach to Galois theory:
The problematic distinction between morphisms of profinite groups that

differ only by inner automorphism is eliminated.
6.3 GALOIS CATEGORIES AS STRUCTURES

We consider small Galois categories as structures in the sense of logic in
the following way. We use a multi-sorted language with sorts Obj, and

Mor ., where n, m, k are non-negative integers, function symbols

domy¢ y,: Moty — Obj,,
COdI’l%TI’Z: Morneyn — Ob]i’l’

Id,,: Obj, — Mor,
and relation symbols

Onemetk © MOTpem X Moty X Mor, .,

PP, k1 POy i © More X Mory, , X Moty g X Moty k.

We suppress mention of the sort indices n as far as possible and speak of

dom, cod, Id, o, pb, po.
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We call this language the language of stratified categories, where stratified
category is our name for a category with an assignment of a natural
number, the degree, to every object. (The only stratified categories we
have in mind are Galois categories and their opposite categories, but it is
useful for questions of axiomatisability to have the more general notion.)

A small Galois category C is naturally a structure in this language, by
making sort Obj, consist of all objects of degree n and sort Mor,,. ,,, con-
sist of all morphisms from objects of degree m to objects of degree n. (The
index n <— m in the notation reflects this. We write the codomain before
the domain because of the usual order of composition of morphisms.)

Then we make dom and cod give the domain and codomain of
morphisms, Id give identity morphisms, and let o be the composition
relation. By the additional relation symbols pb and po we mark pullback

and pushout diagrams, i.e. given morphisms
. 6.1)
g h

_i.p

BN

P S

@

we have pb(h,i, f,g) and po(h,i, f,g) if and only if this square is a

pullback or pushout, respectively.

Lemma 6.3.1. In structures in this language which correspond to small Galois
categories, there is a first-order definition of the relations pb and po in terms of

the other data.

Proof. Pullbacks and pushouts are defined by universal properties. We

also know bounds on degrees of pullbacks and pushouts; specifically,
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if we have the square (6.1) where k,n,m,[ are the degrees of A,B,C, D
respectively, then we must have k < nm if the square is a pullback and
I < n 4 m if the square is a pushout—this is seen from the way pullbacks
and pushouts are constructed in G — FinSet via the forgetful functor to
FinSet.

Hence we see that the square is a pullback if and only if the degree of
A is less than nm and for every object E of degree < nm with morphisms
E — B and E — C making the two composites E — D agree there is a
unique E — A such that the compositess E -+ A - Band E -+ A — C
agree with the given morphisms. This is a first-order statement. We have

the analogous definition for pushouts. O

Notationally, we do not distinguish between categories and the asso-

ciated multi-sorted structures. We have the following easy observation.

Proposition 6.3.2. Exact degree-preserving functors between stratified cate-
gories C — C' are in bijection to homomorphisms of multi-sorted structures

Cc — (.

Note that exact functors between Galois categories automatically

preserve degree.

Proof. A functor is an assignment of objects to objects and morphisms
to morphisms, compatible with domain and codomain assignments,
identities and composition. Exact functors turn pullbacks into pullbacks
and pushouts into pushouts, so they induce homomorphisms of the

multi-sorted structures.
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Conversely, any homomorphism of multi-sorted structures induces a
functor preserving degrees, in particular preserving terminal and initial
objects as these are the unique objects up to isomorphism of degree 1
and 0, respectively, and preserving pullbacks and pushouts, therefore

preserving all finite limits and colimits. ]

This means that we now have a language of stratified categories above
a fixed stratified category C, i.e. pairs of a stratified category D and an
exact degree-preserving functor C — D, given by expanding the previous
language by constants for the images of objects and morphisms in C

under the given functor/homomorphisms.

6.4 THE CHOICE OF LOGIC

At this point, it is necessary to make a choice of logic with which to
study the structures associated to Galois categories in the last section.
A natural first choice is simply multi-sorted first-order logic, and this is
indeed a viable option. The problem with this choice is that equivalent
Galois categories need not be elementarily equivalent in this logic, since
for instance first-order logic can formalise assertions about the number
of objects in an isomorphism class.

This problem of equivalence in the categorical sense and elementary
equivalence in certain languages has been studied in the past by several
authors, see e.g. [Bla78] or [Pre85], in which a syntactic characterisation of
those first-order formulae is given which are preserved under equivalence

of categories. A more general approach to fragments of first-order logic
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compatible with a categorical notion of equivalence is developed in
[Mak95].

It turns out, however, that in our situation one can almost always get
by with full first-order logic. Recall that a category is skeletal if no two

distinct objects are isomorphic.
Definition 6.4.1. A Galois category C is called anti-skeletal if

e there is precisely one object of degree O and one of degree 1 in the sense of

Corollary 6.2.5, and

e cuvery object of higher degree has infinitely many objects in its isomorphism

class.

The special conditions for degrees 0 and 1 are arguably unnatural,
but mesh well with our later use; we could eliminate them at the expense

of a slightly more complicated étale formalism below.
Proposition 6.4.2. Let C and C’ be two anti-skeletal Galois categories.

1. If F: C — C' is part of an equivalence of categories and injective on

objects, then it is an elementary embedding.

2. If C and C' are equivalent as categories, then they are elementarily equiva-

lent.

Proof. For the first part we use the Tarski-Vaught Test. Take a finite
tuple of objects 0 in C and a finite tuple of morphisms 7 in C. By
extending 0 if necessary, we may assume that the domains and codomains

of morphisms in m are listed in 0, and that furthermore 0 contains
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the unique objects of degree 0 and 1. Let ¢’ be a tuple of objects of
C’ disjoint from the image of 0. Because F is injective and essentially
surjective on objects and C’ is anti-skeletal, we may find objects 6" in
C' which are isomorphic (via some fixed isomorphisms) to the objects
0/, lie in the image of F, and are distinct from the objects in the image
of 6. Correspondingly any tuple 7’ of morphisms whose domains and
codomains are in 06’ can be moved to morphisms 77’ having domains
and codomains in 96”. Now these new objects and morphisms all lie
in the image of C by fullness of F, and for any formula ¢ such that
C' = ¢(Fo,0', Fin,m') we will have C' |= ¢(Fo,0"”, Fin,m'"). By the Tarski-
Vaught Test, this proves that F is an elementary embedding.

For the second part, one can find isomorphic elementary substructures
of C and C’ using the first part. Alternatively, one may use Ehrenfeucht-
Fraissé games in a standard way; see also [Pre85] for such uses of games

in the logic of categories. O
For later use, we state the following.

Lemma 6.4.3. Let C and C' be stratified categories, i.e. categories with an
assignment of a natural number, the degree, to every object. Let furthermore an
exact degree-preserving functor C — C' be given. Assume that C' is essentially
degreewise finite, meaning that there are only finitely many isomorphism classes
of objects of any given degree and only finitely many arrows between any two
objects.

Then there is a set of first-order sentences ® in the language of stratified

categories above C such that for any C — D we have D |= ® if and only if
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there exists an exact functor D — C' making the diagram

commute up to natural isomorphism.

In D = @, the functor C — D, which is part of the structure of D as
a stratified category above C, is suppressed in the notation. Also note
that although the lemma is phrased in terms of first-order sentences, the
condition expressed is clearly preserved under equivalence of categories,
and hence we may also work in a fragment of first-order logic stable
under equivalence as in [Bla78, Pre85, Mak95].

The lemma can be seen as a categorical variant on the assertion that
for any potentially multi-sorted structure A in a given language with
all sorts finite, there exists a set of first-order sentences such that any
other structure B satisfies the sentences if and only if there exists a

homomorphism B — A. The proofs only differ in notation.

Proof. If C" — C" is part of an equivalence of categories, then the condi-
tion of existence of a suitable functor does not change if we replace C’ by
C" and C — C' by the composite C — C" — C”. Hence we may as well
assume that C' is skeletal, i.e. has only one object in each isomorphism
class, since every category is equivalent to such a category. This means
that C’ only has finitely many objects of any given degree, and hence also
only finitely many morphisms of a given sort Mor, .

Write H: C — D and H': C — C’ for the structure functors. We are
looking for an exact functor F: D — C’ with a natural isomorphism 7
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between the two functors H' and FH. We want to use compactness to
argue that a pair F, 7 exists if and only if it exists whenever we restrict
C and D to suitable finite subcategories, and that the latter condition is
first-order axiomatisable.

The pair F, 7 is given by the following data:

1. For each object in D of degree n one of the finitely many objects in

C’ of the same degree—this determines F on objects;

2. for each morphism in D between objects of degree n and m one of
the finitely many morphisms in C’ between objects of degree n and

m—this determines F on morphisms;

3. for each object in C of degree n one of the finitely many morphisms

in C’ between two objects of degree n—this determines 7.

Observe that this collection of data naturally is an element of the compact

Space
K = H Ob]Vl (C/)Objn(p) X
n

H Mot ¢ n (C’)Mormen (D) X

n,m

[ TMorycn(C")OPn(©).

Compactness is by degreewise finiteness of C'.
For an element of this space to indeed make up a functor and a

natural isomorphism, the following conditions need to be satisfied:
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1. The collection of assignments (for all 1, m) Obj, (D) — Obj,,(C’) and
Moty (D) — Mory,(C') must be compatible in the obvious

way with dom and cod, and with Id;

2. the assignment of morphisms must be compatible with the compo-

sition relation;

3. for each object 0 in C of degree n the morphism 7, must have

domain H’(0) and codomain F(H(0));

4. the transformation 77 must be natural: for every morphism f: 0 — o’
in C we need to have the equality of morphisms 7, o H'(f) =
F(H(f))on,inC'.

Observe that these are topologically closed conditions on the data in K;
e.g. the first point above imposes one clopen condition for each morphism
of D (compatibility with dom and cod) and one clopen condition for
each object of D (compatibility with Id).

Hence by compactness an element of K satisfying all these conditions
exists if and only if any finite subset of conditions is satisfiable. This is a
condition on all finite subcategories of D above finite subcategories of C

and thereby first-order axiomatisable. O
6.5 THE ETALE FORMALISM

We can now use Galois categories to study the Galois theory of fields.

We roughly follow the exposition in [Sza09, Section 1.5].
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Definition 6.5.1. Let K be a field. An étale algebra of dimension n € N is a
commutative unital algebra A /K of dimension n such that there exists a field

extension L/K satisfying A @k L = L".

If there exists a suitable field extension L, one can show without
difficulty that the condition is true for any algebraically closed L, and
even any separably closed L. One deduces that A/K is étale if and only
if it is a finite product of separable finite field extensions of K.

We write Et}, for the category of étale algebras over K with K-algebra

homomorphisms. We now have the following result.

Theorem 6.5.2 (Main Theorem of Galois Theory, Grothendieck’s Version).
For any field K and any separable closure K*F /K, we have a contravariant

equivalence of categories
Et) — Gal(K*P/K) — FinSet

given by sending A/K to the finite set Homg (A, K*P) equipped with its
natural Gal(KP / K)-action. Hence the opposite category of Et% is a Galois
category.

For any field extension L/K there is an exact functor Et% — Et?, given by

taking tensor products with L.

This is Grothendieck’s “base-point free version” of Galois theory. As

Et} is not a small category, we restrict to a suitable subcategory.

Definition 6.5.3. The small étale category of K is the full subcategory Etx of
EtY consisting of objects whose underlying K-vector space is K" for some n > 0

and whose multiplicative identity is (1,...,1).
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The categories Etx and Et} are equivalent because every K-vector
space of finite dimension is isomorphic to some K" via an isomorphism
sending a given distinguished point (the multiplicative identity), non-
zeroif n > 0,to (1,...,1).

Since we will be working with categories Etx from now on as opposed
to general Galois categories, it is convenient to suppress the passage from
Etg to its opposite category in the notation. We can use the multi-sorted
language of stratified categories introduced in Section 6.3 just as well for
the opposites of Galois categories.

It is now not hard to show the following.

Proposition 6.5.4. There is a quantifier-free interpretation of Etx as a multi-
sorted structure in K, uniformly in the field K.

Hence an inclusion of fields K — L gives rise to an embedding of multi-
sorted structures Etxg — Ety. This embedding is associated to the functor

Etx — Etp given by the tensor product with L.

Proof. An object of degree n > 0 in Etg is a ring structure on K" compati-
ble with the K-vector space structure, i.e. a bilinear map K" x K" — K"
which is commutative and associative and for which (1,...,1) is a mul-
tiplicative identity. Such a bilinear map is uniquely determined by its
structure constants ai-‘j, the constants such thate; -¢; =} ai.‘jek, where ¢;
is the i-th standard basis vector of K". The conditions on commutativ-

ity, associativity and the multiplicative identity are easily expressed as

k
1y°
A K-homomorphism between algebras (K",-1) and (K™, ;) is a K-

equations concerning the a

linear map K" — K™ which is compatible with the multiplications and
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the multiplicative identities in the obvious way; this compatibility can
be expressed as equations concerning the structure constants of -1 and
-2 and the matrix representation of the map K" — K. The identity
homomorphism is represented by the identity matrix, and composition
of homomorphisms is given by matrix multiplication.

There is a unique object of degree 0, the zero ring structure on K’;
there is a unique K-homomorphism from each K-algebra to the zero ring,
and no homomorphisms from the zero ring to a non-zero ring, so this
poses no problems.

Thus we obtain an interpretation of Etg in K by representing objects
of degree n by structure constants, and morphisms between objects of
degrees n and m by triples consisting of structure constants for the two
objects in question and nm matrix entries. It is clear that inclusions of
tields give rise to functors of étale categories given by tensor products,
given that tensor products leave structure constants invariant.

The only thing left to give is the interpretation of the relation symbols
for pullbacks and pushouts. According to Lemma 6.3.1, there is a first-
order definition in terms of the data already defined. Since a given square
is a pullback or pushout if and only if it is so over an algebraically closed
overfield of K by exactness of Etx — Et;, we can use quantifier elimina-
tion over algebraically closed fields to make this first-order definition

quantifier-free. O

We observe that if the field K is infinite, then the Galois category Etx

is anti-skeletal, so our previous remarks on the logic of Galois categories
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apply.*

Remark 6.5.5. If one restricts consideration to infinite fields, one can be
slightly more economical by restricting instead to the subcategory of Ety,
of objects of the form K[X]/(f), where f is a monic separable polynomial,
i.e. a monic polynomial coprime to its derivative. One easily proves that
every K-algebra of this form is étale and that conversely over an infinite
tield every étale algebra is isomorphic to one of this form, using that
every étale algebra is isomorphic to a product of finite separable field
extensions.

A morphism K[X]/(f) — K[X]/(g) is now given by a polynomial &
such that g divides the composite polynomial f o /i, which can be shown
to be a quantifier-free condition on the coefficients of i by recourse to
quantifier elimination over algebraically closed fields.

This alternative way reduces the number of variables required, since
an object of degree n is now represented by the n non-leading coefficients
of f as opposed to n? structure constants, and similarly for morphisms.
Since the resulting categories are equivalent, there are no essential differ-

ences to the approach taken above.

We write Et; /g for Et; expanded by constants for the image of Etx —
Et;; we call the corresponding language the étale language over K. This is
familiar from the standard model-theoretic technique of diagrams, and
just as usual for any L/K we have Et; ;g = Etg/x if and only if Et; > Etk.

It follows from the discussion above that Et; /g is interpretable in the

"Note that this is true regardless of whether the absolute Galois group of K is a
small profinite group or not.
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field L endowed with constants for the elements of K, in a uniform way
across field extensions of K.

We make the following observation regarding finite separable field
extensions L/K. Every étale algebra A/K with a morphism L — A is
in fact an étale L-algebra via this morphism. Conversely, every étale
L-algebra is also trivially an étale K-algebra. Notice that the dimension
of algebras changes by a factor of [L: K] under this correspondence.

This means that the category Et} is equivalent to the coslice category
L | Et}, consisting of morphisms A — L in Et%, where A is an arbitrary
object, and morphisms A — L to B — L being morphisms A — B
making the obvious triangle commute. Thus, if L is an object of Etg
which is a field, then Et; is equivalent to L | Etg. The functor Etx — Ety
given by tensor product with L is visible as the functor Etx — L | Etg,

again given by tensor product with L.

Lemma 6.5.6. Let n > 0. Then for any field K, the category Etx interprets
categories equivalent to Ety s for any separable field extension L/ K of degree n,

uniformly in L. This interpretation is uniform in K.

Proof. This follows from the preceding discussion once we observe that
coslice categories are interpretable. This is clear, the degree change being
easy to incorporate, and limits and colimits being definable in terms of

those of Etg. O

Note that we can identify the objects in Etx which are fields as exactly
those which are not a product of two non-terminal objects; hence this

lemma allows us to quantify over the étale categories of separable field

112



6.5. The Etale Formalism

extensions of K of given degree within Etk. (In the Galois category Ety’,
objects which cannot non-trivially be written as a coproduct are known

as connected objects.)

Remark 6.5.7. In fact, this construction is easily seen to work in any
Galois category. Given a profinite group G and an open subgroup H, G
acts on G/ H by left multiplication. One verifies without difficulty that
H — FinSet is equivalent to the slice category G — FinSet /(G/H), via the
functor sending an H-set A to the set (G x A)/H of H-orbits of G x A,
where H acts on G by h.g = gh~!, and with the obvious morphism
(G x A)/H — G/H, and in the other direction the functor sending a
G-equivariant map B — G/H to the H-subset of B consisting of the

preimage of 1H.

We can now restate Lemma 6.4.3; this reformulation will be used in

the next chapter.

Lemma 6.5.8. Let K be a field and K' /K a separable algebraic field extension.
Assume that Etg is essentially degreewise finite, which is equivalent to the
absolute Galois group Gy being small. Then there exists a collection of sentences
D in the language of étale categories above Etg such that the following is true:
For any field L/ K, we have Et;, |= ® if and only if there exists an extension
L'/L and an embedding K' — L’ such that K’ is relatively separably closed in
L' and every separable algebraic extension of L' is the composite of L' with a

separable algebraic extension of K'.

Proof. We claim that the existence of an extension L’ and an embedding

K’ < L’ with the desired properties is equivalent to the existence of an
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exact functor Et; — Etg making the triangle

commute up to natural isomorphism; then Lemma 6.4.3 proves the claim.
By Theorem 6.2.3, such a triangle of functors is equivalent to a triangle

of morphisms of profinite groups

which commutes up to conjugation. If such a morphism Gy — Gy, exists,
then it is necessarily injective since Gg» — Gk is injective, and we can
take L'/ L to be the fixed field of the image of Gg in G1: The intersection
of L’ with a separable closure of K is isomorphic to K’ since the diagram
commutes up to conjugation, so we may choose an embedding K’ — L’
inducing an isomorphism Gg = Gy.

Assume conversely that we have L’ and an embedding K’ — L'
as in the statement of the theorem. Then the induced restriction map
Gy — Gy is an isomorphism, and the map G — Gy — G, makes the

triangle commute up to conjugation. O
6.6 AN AXIOMATISATION OF GALOIS CATEGORIES

With a view to proving equivalence of the formalism of Galois categories

to the Cherlin—Van den Dries—Macintyre formalism of profinite groups,
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it will be necessary to have an axiomatic characterisation of Galois cate-
gories. The results of this section are not needed outside this chapter and

may hence be omitted by the reader.

Definition 6.6.1. Let C be a category in which all finite limits and colimits
exist. Then an arrow f: X — Y in C is a strict epimorphism if f is the

coequaliser of the diagram X xy X = X.

There is a more general definition of strict epimorphisms in categories
which do not necessarily have all finite limits and colimits, but that more
general definition agrees with the one we have given, see [KS06, Proposi-
tion 5.1.5]. Note that by definition exact functors map strict epimorphisms

to strict epimorphisms.

Definition 6.6.2. Let C be a category. An arrow f: X — Y is a coproduct
coprojection if there exists an arrow Z — Y such that Y (together with these

arrows) is the coproduct of X and Z.

It is again clear that exact functors map coproduct coprojections to
coproduct coprojections. In certain categories, for instance in G — FinSet
for any profinite group G, coproduct coprojections are monomorphisms,
although this is not true in general.

The following characterisation of Galois categories can be found in

[SGATZ1, Section V.4].

Theorem 6.6.3. Let C be a category. Then C is a Galois category if and only
if there exists a functor F: C — FinSet such that the following conditions are

satisfied:
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C has all finite limits and colimits;

. Fis exact;

F is conservative, i.e. any arrow f in C such that F(f) is an isomorphism

is itself an isomorphism;

every arrow X — Y in C factorises as X — Y — Y such that X — Y’ is
a strict epimorphism and Y' — Y is a monomorphism which is a coproduct

coprojection.

Proposition 6.6.4. Let C be a small category in which every object is assigned

some natural number, its degree. Then C is a Galois category with the given

notion of degree agreeing with the one from Corollary 6.2.5 if and only if the

following conditions are satisfied:
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Every object of degree 0 in C is initial and every object of degree 1 is final,

and there exist such objects;

. all pullbacks and all pushouts in C exist;

. all coproduct coprojections in C are monic;

every morphism in C factorises as a strict epimorphism followed by a

coproduct coprojection;

a strict epimorphism X — Y is an isomorphism if and only if X and Y

have the same degree, and likewise for coproduct coprojections;

there exists an exact functor from C to the category of finite sets preserving

degrees.
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The degree of a finite set in the sense of Galois categories is of course

just its cardinality.

Proof. Take a category C with a functor F: C — FinSet satisfying all
conditions. Then C has all finite limits and colimits since it has initial
and terminal objects as well as pullbacks and pushouts. The functor F
preserves all finite limits and colimits. For any strict epimorphism f in
C, if F(f) is an isomorphism then f is an isomorphism, since F(f) must
necessarily be a bijection between sets of the same cardinality, so f is
a strict epimorphism between objects of the same degree and hence an
isomorphism. The same is true for coproduct coprojections. Hence for an
arbitrary arrow f with F(f) an isomorphism, f must be an isomorphism
by the factorisation condition, so F is conservative.

Therefore C is a Galois category by Theorem 6.6.3. Since F preserves
degrees and the degree of an object in a Galois category is defined via an
arbitrary exact functor to FinSet, the given notion of degree on C agrees
with the standard one.

Now assume conversely that C is a Galois category and the notion of
degree is the standard one. Most of the conditions follow from Theorem
6.6.3. A strict epimorphism f in C is an isomorphism if and only if the
strict epimorphism F(f) is an isomorphism in FinSet, which is the case if
and only if F(X) and F(Y) have the same cardinality. The same argument
applies to coproduct coprojections.

It remains to see that all coproduct coprojections in C are monic. It
suffices to verify this in categories G — FinSet, where this is clear since

coproducts are given by disjoint unions of G-sets. O
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Proposition 6.6.5. The class of small Galois categories in the language of

stratified categories is first-order axiomatisable.

Proof. Let C be a structure in the language of stratified categories. We
tirst need to assert that C is a category, i.e. satisfies the usual laws
for composition of morphisms. This is clearly a first-order condition.
Secondly, we can assert in a first-order way that every square marked
by the relation pb (respectively po) is a pullback (pushout). By further
asserting that any square isomorphic to a pullback square is itself a
pullback square and likewise for pushouts, and additionally stipulating
that any triangle of morphisms a4 — ¢ < b can be completed to a
square which is marked by pb by adding an object of degree bounded
by deg(a) - deg(b), and likewise for pushouts (with all arrows reversed,
and the degree bound being deg(a) + deg(b)), we ensure that pb and po
mark precisely pullbacks and pushouts.

It remains to axiomatise the conditions from Proposition 6.6.4. It
is easy to axiomatise that all coproduct coprojections are monic, since
coproducts are definable using the relation for pushouts. The factorisa-
tion condition is axiomatisable since strict epimorphisms and coproduct
coprojections are definable.

We are left with axiomatising the existence of an exact functor C —
FinSet. This is a simple version of Lemma 6.4.3, where there is no base
category C to work over (or equivalently, we choose C to be the empty

category).? O

2In this situation, the proof of the lemma simplifies somewhat because the condition
on natural isomorphism of functors trivialises, as there is only one functor from the
empty category into any other category.
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67 COMPARISON WITH THE C-D-M FORMALISM

In this section we show that the two formalisms for profinite groups have
the same expressive power in a precise sense. Since none of the results
here are used in the remainder of this thesis, the reader may wish to treat

this section as an appendix.

Theorem 6.7.1. Let C and C' be two anti-skeletal Galois categories with associ-

ated profinite groups G and G'.
1. C =C'ifand only if S(G) = S(G')

2. An exact functor F: C — C' which is injective on objects and fully
faithful is an elementary embedding if and only if the associated surjection
G' — G (unique up to conjugation) induces an elementary embedding

5(G) — S(G).

Since the opposite étale categories of infinite fields are anti-skeletal

Galois categories, we immediately deduce the following.
Corollary 6.7.2. Let K and L be infinite fields.
1. Etx = Ety if and only if S(Gk) = S(Gp)

2. If L D K, then the natural base change map Etx — Ety is an elementary
embedding if and only if K is relatively algebraically closed in L and the
map S(Gg) — S(Gr) induced by the restriction map Gp — Gg is an

elementary embedding.
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We start with the proof that our formalism is no more powerful
than the Cherlin—Van den Dries-Macintyre one. At its core there is the

following lemma.

Lemma 6.7.3. Let G be a profinite group and A an infinite set. Then the
structure (S(G), A), consisting of all the sorts of S(G) with their operations
and the set A with no structure but equality, interprets an anti-skeletal Galois
category equivalent to G — FinSet. This interpretation is uniform across pairs

of profinite groups and sets.

Proof. Consider the category C with two designated objects Op and Oy,
and other objects given by tuples of n > 1 distinct elements a4, ...,a, €
A together with a morphism G — S;, thought of as an action G ~
{a1,...,a,}, and morphisms given by equivariant maps between the
finite G-sets, as well as one morphism from Oy into every object and one
morphism into O; from every object.

This category is clearly equivalent to G — FinSet. (In fact, it is almost
the same as the category G — FinSet(A) used in Section 6.2, except for
collapsing all singleton sets to the object O;, and using ordered finite
subsets of A as opposed to unordered ones.) We also observe that C is
anti-skeletal.

Lastly, observe that C as a multi-sorted structure is interpretable
in S(G): A morphism G — S, is given by an open normal subgroup
N <G of index < n! together with a homomorphism of finite groups
G/N — S;, so this gives an interpretation of objects; there is then no
difficulty in also interpreting morphisms. This natural interpretation is

clearly uniform in G and A. ]
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Proof of Theorem 6.7.1, backward direction. Take two anti-skeletal small Ga-
lois categories C and C’ with associated groups G and G, and let A be
any infinite set bigger than the cardinalities of the structures C and C'.

Assume that S(G) = S(G'). Then the pair structures (S(G), A) and
(S(G'), A) are elementarily equivalent, as they have isomorphic ultra-
powers. (There are of course more elementary ways to see this.) By
the last Lemma, there exists a uniform interpretation of certain Galois
categories D and D’ in (5(G), A) and (S(G’), A), respectively. The ele-
mentary equivalence (S(G),A) = (S(G’), A) now implies D = D'. By
Proposition 6.4.2, we therefore have C = D =D’ =C'.

Now let F: C — C’ be a fully faithful functor which is injective
on objects, and write f: G’ — G for an associated surjection. Assume
that f induces an elementary embedding S(G) — S(G’). Then the map
(S(G),A) — (5(G'), A) given by f on the first part and the identity on the
second part is elementary. Write D and D’ for the small Galois categories
interpretable in (S(G), A) and (S(G’), A) according to Lemma 6.7.3; the
elementary embedding (S(G), A) — (S(G’), A) induces an elementary

embedding D — D’. We shall argue that there is a commuting square

D—-7D

]

c—t-c
in which all maps but the bottom one are elementary embeddings; then
the bottom map F will have to be elementary as well, which is precisely
the claim.
Observe that the exact functors of Galois categories D — D' and

F: C — (' both correspond to the morphism f of profinite groups under
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the equivalence of Theorem 6.2.3. Hence there exist equivalence functors
C — D and C' — D’ making the square commute. Since D and D’ have
sufficiently many objects of each isomorphism class due to choice of
A, we can choose these equivalence functors to be injective on objects.
Then they are both elementary embeddings of multi-sorted structures by

Proposition 6.4.2. This finishes the proof. O

Given the explicit nature of the interpretation of D in (S(G), A), we
can give a very explicit translation of first-order statements about C into
first-order statements about S(G).

The converse direction—the proof that our formalism is no less pow-
erful than the Cherlin—Van den Dries-Macintyre one—is harder, since
we have seen in Section 6.1 that we cannot expect a direct interpretation;
furthermore, our proof technique will necessarily be “non-categorical” in
nature, i.e. involve many non-canonical choices and thereby violate the
principle of equivalence from category theory.

Consider the language of Galois categories. For all n,m, add a unary
predicate D, on Obj, and a unary predicate D;;; , on Mory,;; . Let C
be a Galois category. An object o of C is called connected if it cannot be
written as a coproduct of two non-initial objects. A connected object
of degree n is called Galois if it has precisely n automorphisms. (These
notions are standard. In the case of the category Et for a field K, an
object is connected if and only if it is a field, and Galois if and only if it
is a Galois extension of K.) An expansion of a Galois category C to this

language is called admissible if the following conditions are satisfied:

1. Each object in Obj, is connected and Galois;
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2. the relation Dy is empty;

3. for each connected Galois object 0 € Obj,, n > 0, there is precisely

one object isomorphic to o which is in Dy;
4. for each f € Dy, dom f € D, and cod f € D,

5. for any two 0 € Dy, 0/ € Dy, if there exists a morphism 0 — 0o/,

then precisely one such morphism is in Dy, y;
6. for each o0 € Dy, the identity morphism 0 — 0 is in Dy« y;
7. if f € Dy and f' € Dy, then f' o f € Dy, .

Note that we may think of the predicates D as distinguishing a subcate-
gory D of C satisfying certain admissibility conditions; we will freely use
this point of view in the sequel.

Our proof of the backward direction of Theorem 6.7.1 will now pro-
ceed by proving that admissible expansions exist and are unique up to
isomorphism, and that in an admissibly expanded Galois category the
Cherlin-Van den Dries-Macintyre structure is interpretable. This proof
technique is already present in [CvdDMS82] under the name “implicit

interpretation”.

Lemma 6.7.4. Every Galois category C has an admissible expansion, and any

two admissible expansions are isomorphic.

In the language of [SGA71], this lemma is about the existence and
uniqueness of a fundamental pro-object of C, and we simply invoke the

results of loc. cit. for the proof.
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Note, however, that this lemma corresponds very closely to the state-
ment that every field has a separable closure, unique up to isomorphism:
A choice of admissible expansion of (Et%)°P corresponds to choosing
one finite Galois field extension of each isomorphism type, together with
distinguished morphisms between them. Then the inductive limit of
these fields is a separable closure, and every separable closure arises
in this way, by simply choosing the distinguished fields to be its finite

Galois subfields and the distinguished maps to be the embeddings.

Proof. For existence, take an exact functor F: C — FinSet. By [SGA71],
F is strictly pro-representable, i.e. there exists a projective system (P;)c;
of objects in C with I a directed set and all transition morphisms epi-
morphisms such that the functor F is isomorphic to lim, | Hom(P;, -).
According to [SGA71, Corollaire V.5.4], the P; are all connected of non-
zero degree, and conversely every such object is isomorphic to some P;.
The Galois objects among the P; are cofinal within the whole system by
Section V.4.(g) loc. cit., so we may remove all non-Galois objects with-
out affecting the limit. By removing isomorphic objects if necessary, we
may assume that no two P; are isomorphic. (One may always remove
duplicate objects in this way without affecting inductive and projective
limits.) Then the collection of P; and their transition morphisms gives a
distinguished subcategory of C satisfying all properties for an admissible
expansion.

For uniqueness, let D and D’ be two admissible subcategories of C.
Then D, as a collection of objects and morphisms, is a projective system,

and since D contains objects with morphisms to any given connected
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object of non-zero degree, D pro-represents an exact functor C — FinSet
(a fundamental functor) by [SGA71, Proposition V.5.6]. The same fact holds
for D/, and hence the two projective systems are isomorphic, again by
[SGA71, Proposition V.5.6], which in the current situation means that we
can choose a distinguished set of isomorphisms from all objects of D to
all objects of D', compatible with morphisms in the natural way.

The admissible expansion (C, D) is now isomorphic to (C,D’), by
an isomorphism functor swapping each object of D with the unique
isomorphic object of D’ and fixing all other objects, and using the dis-
tinguished isomorphisms to suitably map all morphisms with domain

and/or codomain in D or D’. O

Lemma 6.7.5. Let F: C — C' be a functor of small Galois categories which is
an elementary embedding. Then there exist admissible expansions of C and C’

which make this functor an elementary embedding in the expanded language.

Proof. Choose an admissible expansion of C’. For every distinguished
object 0 in C’, either o is isomorphic to the image of an object in C or not;
for all those distinguished objects which are, pick an object oy in C and
an isomorphism o — Fop. We can now modify the admissible expansion
of C' by distinguishing Fo, instead of o, and adjusting distinguished
morphisms according to the chosen isomorphism o — Fog. Once this
procedure is performed for all o simultaneously, we are left with an
admissible expansion of C’ in which every distinguished object is either
in the image of F or not even isomorphic to an object in the image of

F. This allows us to pull back the distinguished subcategory of C’ to a
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subcategory of C, which leads to an admissible expansion of C. (Here
we are using that F is elementary; for instance, this is needed so that an
object in C is connected Galois if and only if its image in C’ is.)

Hence we find an admissible expansion of C’ such that F sends the
distinguished subcategory of C into the distinguished subcategory of C’.
It is easy to show that F is now automatically an elementary embedding

of the expansions by the Tarski-Vaught Test. O

Lemma 6.7.6. Let C be a Galois category and G the corresponding profinite
group. Then S(G) is interpretable in an admissible expansion of C, uniformly

across admissibly expanded Galois categories.

Proof. The admissibly expanded structure C induces a structure S in the
Cherlin—Van den Dries—Macintyre language in the following way. The
objects of sort 1 in S are pairs (o0, m) where o is an object in C of degree
< n which is marked by the predicate D and m is any morphism m: 0 —
0. We interpret the relations in S as follows: We say (o, m) < (o/,m’) if
there exists a morphism o — o', we say C((o,m), (o/,m")) if there exists a
morphism f: 0 — o’ which is marked by D and such that fom =m'o f,
and we say P((o,m), (o', m"), (0",m")) if o =0 = 0" and mom’ = m".

This structure S is clearly interpretable in C, uniformly in C.

We shall prove that the resulting structure is isomorphic to S(G). Fix
an infinite set U which set-theoretically contains all the finite groups
G/N, and fix an equivalence of the categories C and G — FinSet(U). The
marked subcategory D of C induces a subcategory of G — FinSet(U)

which is isomorphic to D (because D is skeletal), and this gives an
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admissible expansion of G — FinSet(U). It is now easy to verify that the
structure S’ interpreted in the expansion of G — FinSet(U) is isomorphic
to S, since we have fixed an isomorphism between the D-marked objects
in C and the D-marked objects in G — FinSet(U).

We may therefore assume that C = G — FinSet(U). Since any two
admissible expansions of G — FinSet(U) are isomorphic, we may choose
an expansion; we choose the expansion distinguishing as objects the finite
sets G/ N with the G-action by left multiplication, where N is any open
normal subgroup of G, and distinguishing as morphisms the projections
G/N — G/N’, where N < N'.

It is now straightforward to verify that S(G) is indeed isomorphic
to the structure S defined above, by sending a coset gN € G/N to the
pair of the object G/N and the equivariant map G/N — G/N,hN —
hg~'N. O

Proof of Theorem 6.7.1, forward direction. Let C = C' be small Galois cate-
gories, so they have isomorphic ultrapowers. These ultrapowers are still
small Galois categories by the first-order axiomatisability, Proposition
6.6.5. Endowing both C and C’ with an admissible expansion, the ex-
panded ultrapowers are still isomorphic by the uniqueness in Lemma
6.7.4. Therefore the admissible expansions of C and C’ are elementarily
equivalent, and hence so are S(G) and S(G’) by Lemma 6.7.6.

If F: C — (' is an elementary embedding, then there exist admissible
expansions of C and C’ such that F is an elementary embedding of these
by Lemma 6.7.5. Hence F induces an elementary embedding S(G) —

S(G’) by Lemma 6.7.6. O
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ON THE GENERALISED STUFE

7.1 ON p-VALUATIONS

On a field K of characteristic zero, recall that a p-valuation (for some
prime number p) is a valuation v whose residue field is a finite field of
characteristic p and in whose value group there are only finitely many
elements between 0 and v(p). There is an extensive study of p-valuations
in [PR84].

A p-valued field (K, v) is p-adically closed if it is henselian and its value
group is a Z-group. Every p-valued field (K,v) embeds into a p-adically
closed field, and every p-adically closed field containing K contains a
minimal p-adically closed field containing K, which is always algebraic
over K; such an algebraic extension is called a p-adic closure of (K, v).
However, p-adic closures are not usually unique up to isomorphism:
According to [PR84, Theorem 3.2], we have uniqueness if and only if vK
is a Z-group, in which case p-adic closures are just henselisations.

We are interested in investigating how a fixed p-valuation v of K
extends to an extension field L/K. Unlike orderings on K, which either
extend to an ordering on L or not, a p-valuation on K will always extend
to at least one valuation on L, which may or may not be a p-valuation;
even if it is, it may have essentially different p-adic closure. It is this
notion which we are trying to capture.

Let us write L for the first-order language of rings with an additional

unary predicate R; we use this as a language of valued fields, interpreting
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7. ON THE GENERALISED STUFE

R as a valuation ring on a field. Hence for a field L with a valuation v,
we may write (L, v) or (L, Oy) for the associated Lg-structure.

Let us further write Lg(K) for Lr expanded by constants for ele-
ments of K, and likewise L;ing(K) for the language of rings expanded by

constants for elements of K.

Definition 7.1.1. A type T over K is a complete Lying(K)-theory containing
the quantifier-free diagram of K and whose Lying-reduct is exactly the first-order
theory of some finite extension of Q, for some p.* In other words, T is the
Liing (K)-theory of some p-adically closed extension field of K. Since the natural
valuation on a finite extension of Qy is definable, T can be expanded canonically
to a complete Lg(K)-theory t'. Models of T are called T-adically closed.

If v is a valuation on K, we say that T is above v, or that v is below T, if T’
contains the quantifier-free diagram of the valued field (K, Oy), i.e. if T is the
theory of some p-adically closed valued extension field of (K,v). Note that in
this situation v is automatically a p-valuation for the prime p determined by T.

Let L/K be an extension field and w be a valuation on L. We say that w is
of type T or t-adic if (L, w) (as a Lr(K)-structure) embeds into a model of T'.
In this case the restriction of w to K is necessarily equal to v.

The field L is formally t-adic if there exists a valuation w on L of type T;
in this case, any t-adically closed algebraic extension of L is called a T-adic

closure of L.

One can easily extend this notion to orderings in place of p-valuations

by considering Lg-structures in which R is interpreted as the positive

'The overloading of the word “type” in this context, which already has a precise
meaning in model theory, is unfortunate; however, we will see below that there is
precedent for it.
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7.1. On p-Valuations

cone of an ordering, and taking T to be the theory of a real-closed
extension field of K; this is however less interesting than in the case of
p-valuations, since T is uniquely determined by the unique ordering on
K below it.

For a more algebraic definition of types, we may identify T with
its unique model which is algebraic over K; recall that any relatively
algebraically closed subfield of a p-adically closed field is an elementary
submodel, so there is indeed such a model, and it is unique due to
completeness of 7.?

Given an extension (L, w)/(K,v) of p-valued fields for some p, one

defines the relative inertia degree f(w/v) = [Lw: Kv] and the relative

_ H{yewL: 0<y<wp}|

ramification index e(w/v) = [yeok 0=y<op}] -

Given a type T over K, we define natural numbers p+, q¢, e, fr as
follows: Let (L, w) = 7/ and v = w|k the unique valuation of K below w,
and write p; for the residue characteristic of w, g for the cardinality of
the residue field Lw, e = e(w/v) and fr = f(w/v). All these are clearly

independent of the model (L, w) chosen.

Remark 7.1.2. In [PR84], an extension (L, w)/(K,v) of p-valued fields is
said to be of type (e, f), where e and f are positive integers, if the relative
inertia degree divides f and the relative ramification index is at most e.
It is not hard to see that this is a strictly coarser notion than what we
have defined. Consider for instance the p-valued field Q, for any odd

prime p: This has three non-isomorphic quadratic extensions, since Q,

2In [Pop88], Pop defines the Typus of a p-adically closed field to be the isomorphism
type of its absolute part, i.e. the relative algebraic closure of Q within it. This is now
seen to be the special case of our definition where the base field K is Q.
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7. ON THE GENERALISED STUFE

has four square classes, and of these two are ramified and hence have
relative inertia degree 1 and relative ramification index 2. However, they

have distinct algebraic part and therefore distinct Lying-theory.

We will now fix K and T, and write v for the valuation of K below
T, and ask for varying extension fields L/K whether they are formally

T-adic. This is a simultaneous generalisation of the following questions:

e If K = Q and 7 is the type corresponding to Q, for some p, then
we are asking whether L carries a p-valuation of rank 1 in the sense
of [PR84], i.e. a valuation with residue field IF, and in which p has
minimal positive value. This is a standard notion of being formally

p-adic.

e If K= Q and 7 corresponds to an unramified extension of Q, with
residue field F pfs then we are asking whether L has a p-valuation w

with w(p) minimal positive and residue field embedding into F ;.

e If K is arbitrary and T corresponds to a p-adic closure K of K, and
(K, v) has the same residue field and value group as Ky, then we are
asking whether the p-valuation v on K has an immediate extension

to L.

These conditions are well studied; in [PR84], an algebraic theory is
developed which answers the question for the coarse invariant (e, f). We

summarise some of the known results in the following theorem.
Theorem 7.1.3. The following are equivalent for an extension L of K.

1. L is formally t-adic;
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2. L = 7y, ie. L satisfies the universal part of the theory T, where L is
considered a structure in the language of rings enriched by constants for

elements of K;

3. there is a closed subgroup H of the absolute Galois group Gy such that
the restriction map Gy — Gg maps H isomorphically onto a conjugate of
Gy < Gk, where K' /K is an algebraic extension carrying a valuation v

with (K,v) E 7.

In fact, one could give an explicit axiomatisation of Ty in terms of the
unique model of T algebraic over K in the style of [PR84], but we shall

not do so here.

Proof. By definition, L is formally t-adic if and only if L embeds into
a model of 7, as any model of T can be expanded to a model of T’ by
first-order definability of valuation rings of p-adically closed fields. This
implies the equivalence of the first two points by general model theory.

For the equivalence of the first and the third point, it suffices to
show that L |= 7 if and only if the restriction map G; — Gk is injective
with image conjugate to Ggs. The former condition implies the latter,
since K’ embeds elementarily into L and Gy is a small profinite group
by standard results on p-adically closed fields. Conversely, the latter
condition implies that K’ embeds into L and L is p-adically closed by
[Pop88, Theorem (E.12)], so L is in fact an elementary extension of K’ by

model completeness of p-adically closed fields of given p-rank. O

Remark 7.1.4. One may wish to formulate an “absolute” version of this

theorem, where one does not fix a base field K to work over, but the
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obvious version of this is false: This is essentially the fact that there
are non-isomorphic (and therefore non-elementarily equivalent) finite
extensions of Q, with isomorphic absolute Galois groups, see for instance

[JR79].

7.2 CLASSES OF FIELDS OF BOUNDED T-STUFE

The last theorem implies in particular that the condition of being formally
T-adic is first-order axiomatisable. For the analogous situation of K = Q
with the unique ordering, one possible axiom system is well-known—it
suffices to say that —1 is not equal to a sum of squares x2 + - - - + x2 for
any natural number 7.

We focus on classes of fields in which being formally t-adic is finitely

axiomatisable.

Definition 7.2.1. Let K be a class of extension fields of K. We say that K has

bounded t-Stufe if there exists ¢ € Ty such that any L € K is formally T-adic
if and only if L |= ¢.

The term 7-Stufe is in analogy to the standard notion of the Stufe
of a field—the minimum number n of elements a4, ...,a, € L such that
—1 = ¥ a?; we are studying the p-adic analogue of the situation of a class
of fields K in which every field has Stufe co or bounded by some fixed
natural number. However, we do not actually define the term of 7-Stufe
itself, as no natural definition presents itself.

Note that if IC has bounded t-Stufe, then so does the class of models
of the V3-theory of K, i.e. the minimal elementary class containing K

and closed under unions of chains.
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7.2. Classes of Fields of Bounded t-Stufe

We give some simple equivalent characterisations.

Lemma 7.2.2. The following are equivalent for a class K of extension fields of

K:
(i) K has bounded T-Stufe;

(ii) there exists a sentence 1 with parameters from K such that for each L € K,

L is formally T-adic or L |= ¢, and no formally t-adic field M /K satisfies
¥

(iii) there exists a positive primitive sentence P as in (ii).

If IC contains some formally t-adic field, e.g. if K € K, and is closed under taking

finite extensions, these conditions are furthermore equivalent to the following:

(iv) There exists an existential sentence { with parameters from K such that

for each L € IC, L is formally t-adic if and only if L = —.

Proof. For the implication from (i) to (iii), let ¢ be as in the definition
of bounded 7-Stufe, and write —¢ in prenex conjunctive normal form;
observe that this is almost as required except for the possible presence of
negations and disjunctions. We may eliminate negations by rewriting a
literal p(X) # 0 as Jy(p(X)y + 1 = 0), and then eliminate disjunctions by
rewriting p(x) =0V g(x) = 0as p(x)q(x) = 0.

The implication from (iii) to (ii) is trivial.

For the implication from (ii) to (i), observe that the set of sentences
Tields/k YU {9} U Ty is inconsistent, where Tje14s/x axiomatises extension

tields of K. Hence by compactness there is a finite subset ® C 7y such
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that Tgegs/x = P — 7 A P. Then A @ is as required in the definition of
bounded 7-Stufe.

Clearly (iii) implies (iv). For the implication from (iv) to (ii), under
the stated assumptions on K, let M € K carry a t-adic valuation w. Then
a closure M is a union of formally 7-adic finite extensions of M, all of
which are in K, hence we may deduce My, = — since ¥ is existential.
As all formally t-adic fields embed into a field elementarily equivalent to

some M, over K, this proves that no formally T-adic field satisfies 1. [

The 7-Stufe is further connected with definability of the holomorphy

ring, which we now define.

Definition 7.2.3. Let L/ K be any field extension. The T-holomorphy domain
of L is

RT(L) — ﬂ Ow,
w
where the intersection is over all T-adic valuations w on L.

Note that L/K is formally 7-adic if and only if % ¢ R:(L).

Proposition 7.2.4. Let K be a class of extension fields of K that contains a
formally t-adic field and is closed under taking finite extensions. Then the

following are equivalent:
o [C has bounded T-Stufe;

e there exists an existential formula ¢(x) with parameters in K that defines

the T-holomorphy ring in all fields in IC.
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7.2. Classes of Fields of Bounded t-Stufe

For the proof, we will need the Kochen operator. This is the rational

function

1, XT—X .
7HX) = 1) €KX, (71)

where 71 € K is a uniformiser, i.e. of minimal positive valuation. This
function is important since—as one easily verifies—for any t-adic valua-
tion v on an extension field L/K, v (x) is in the valuation ring for any
x € L, and conversely for every (L,v) = T’ every element y € L in the
valuation ring can be written as y = 7 (x) for some x € L by Hensel’s

Lemma.

Lemma 7.2.5. Let f = (Y77 —Y)? —1)¢ — X< (Y7 — Y)¢r € K[X,Y]. Then
forany L/K, x € L and any t-adic valuation v on L, vx < 0 if and only if
the algebra A = L[Y]/(f(x,Y)) has a residue field with a T-adic valuation

extending v.

Proof. Fix a uniformiser 7t of K. The polynomial f is defined such that for

1
TTXCT *

any x,y in an extension field of K, f(x,y) = 0 if and only if 77 (y) =
Letx € Land A =L[Y]/(f(x,Y)) as above. If M is a residue field of
A, then the image of Y in M is an element y such that f(x,y) = 0, hence
v(y) = % In particular, for any t-adic valuation w on M, wx < 0.
Conversely, if v is a T-adic valuation on L with vx < 0, take any 7-adic
closure L,. Since v(%) > 0, by Hensel’s Lemma there is an element
y € Ly with y(y) = # Therefore there is an L-algebra homomorphism
A — Ly; its image is a finite ring extension of L which is a domain, and

therefore is a field. On this residue field of A, the valuation of L, restricts

to a T-adic valuation. ]
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Proof of Proposition 7.2.4. If ¢(x) defines the t-holomorphy ring for all
fields in /C, then (p(%) is an existential sentence that determines whether
a field in K is not formally v-adic. Hence K has bounded 7-Stufe by
Lemma 7.2.2.

For the converse direction, fix a positive primitive sentence ¢ such
that for all M € K, M is formally t-adic if and only if M = —p. Consider
L € K and x € L, and let A be the finite-dimensional L-algebra from
Lemma 7.2.5. Then A has a residue field with a T-adic valuation if and
only if L has a 7-adic valuation v with vx < 0. Thus x € R.(L) if and
only if no residue field of A is formally 7-adic, i.e. if and only if all
residue fields of A satisfy 1. By Lemma 2.1.3, this is the case if and only
if A |= ¢. Since A is quantifier-freely interpretable in L, with parameter
x and constants in K, we can express A |= 1 as a positive existential
formula of the variable x, which gives a definition of the v-holomorphy

ring. ]

Hence within a class K of extension fields of K closed under finite
extensions, boundedness of T-Stufe is equivalent to uniform existential
definability of the T-holomorphy ring. Again by analogy with the case
of field orderings, one might call the latter property “boundedness of
the T-Pythagoras number”. Such a notion of Pythagoras number for
p-valuations is explored in forthcoming joint work of the author with S.
Anscombe and A. Fehm.

For later use, we record the following standard fact about the Kochen

operator.
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Lemma 7.2.6. Let L/K carry a valuation w above v such that e(w/v) > e or

f(w/v) 1t fr. Then there exists x € L such that w(y7(x)) < —ﬁw(n).

Proof. If f(w/v) { fr, the residue field Lw does not embed into F,,, so
we may pick x € L whose reduction X € Lw satisfies 1" —x # 0, and
such that x avoids the finitely many poles of 7. Inspecting the definition

of the Kochen operator then shows that w(y7(x)) < —w(m).

If e(w/v) > er, we may pick x € L with 0 < w(x) < Z"T(fl) Then

w(77(x)) = ew(x) —w(m) < —Zqw(m). 0

7.3 ALGEBRAIC FIELDS HAVE BOUNDED T-STUFE

In this section we give an example of a class of fields with bounded
T-Stufe: the class of algebraic fields above a given algebraic extension of
Q. The analogue of this result for the situation of orderings is Siegel’s
theorem that a totally positive element in a number field is a sum of four
squares.

Fix K/Q algebraic and a type T over K; this determines a p-valuation v
on K for some p = p; and a unique (up to isomorphism) finite extension
F/Qp such that F |= 7.

We can find a subfield K’ C K which is finite over Q such that (K, v)
is an immediate extension of (K’, v|s); then we may replace K by K’ in
the following, so assume that K is a number field. Write p for the prime
ideal in the ring of integers of K corresponding to the valuation v.

To determine whether an algebraic extension field of K is formally
T-adic, we use the splitting of central simple algebras as developed in

Chapter 2 and used in Section 4.1.
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Let I > e; - fr be an odd prime number, and fix a uniformiser 7t of
(K, v). Choose central simple algebras A, B/K of degree [ satisfying the

following properties:
e Neither A nor B split over the completion K;
e over every other completion K/, at least one of A and B split.

This is possible by Lemma 2.3.4. Note that F does not split A or B since
[F: K'U] :eT'fT < l.
In a finite extension L/K, write R(L) for T(A ®x L) + T(B ®k L). By

Theorem 2.2.15 we have the equality
R(L) =()OwNL,
w

where the intersection is over all valuations w of L above v such that
neither A nor B split over Ly; in particular, R(L) is contained in the
holomorphy domain R;(L).

The completion K, has only finitely many extensions of degree < [
up to isomorphism; list all of them which are not t-adic—i.e., do not
embed into F—as Fj, ..., F,. For each F;/K, pick a primitive element x;;
we may choose x; to have non-negative valuation and to have its minimal
polynomial f; in K[X]. Then f; does not have a zero in F and therefore its
value set is bounded by completeness of F, say we have v(f;(x)) < v(p™)

for each x € F.

Proposition 7.3.1. Let L/ K be a finite extension, and let N be a natural number

such that N > 22) (er +1)(1 + Y n;). Then L is formally t-adic if and only

o(7)
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if there exist x € L,y € R(L), z1,...,2zn € L such that

n

_ an pni
=7 7y

Proof. If L is formally t-adic, let O be the valuation ring of a T-adic
valuation on L. Then there cannot be a solution to this equation, since all
terms in the product on the right-hand side are contained in O, but % is
not.

Assume conversely that L is not formally T-adic, and list all its valua-
tions above v as wy, ..., wy. Then for each wj, either ij /Ky is of degree
>1,or Lw]. is isomorphic to some F;. We wish to find x € L, away from
the poles of 77, and z;,...,z, € L, z; away from the zeroes of f;, such

that the following conditions are satisfied:

1. For each w; such that Lw]./KU is of degree > I, wj(zi) > ( for all 7,

and w; (77 (x)) < — ;2 w(7);

2. for each w; such that ij is isomorphic to F;, w]-(zl-/) > 0 for i #1i,

w;(p"/ fi(zi)) > Nw;(m), and w;(x — (1 + 7)) > w;i(7).

Observe that the conditions imposed for each w; are wj-adically open
conditions; hence weak approximation is applicable, so we only need to
show for every single j that the conditions are satisfiable.
Let w be one of the w; such that Ly is isomorphic to F;, so f; has a
zero in Ly. Then we can find z; € L with w(p"i/ f;(z;)) arbitrarily large.
If L,/K, is of degree > | > ¢- f, we can find x € L such that

w(yF(x)) < —ﬁw(n) by Lemma 7.2.6.
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Hence the conditions are jointly satisfiable. Rearranging, we find that

1
7T')’7TT(X)N H?:1 ]%

y:

has non-negative valuation at each wj, and therefore is contained in R(L).

This proves the claim. O
Corollary 7.3.2. The class of algebraic extensions of K has bounded T-Stufe.

Proof. The statement of Proposition 7.3.1 gives an existential first-order
sentence ¢ with parameters from K such that any finite extension field
L/K is formally t-adic if and only if L = —¢. Hence the class of finite
extensions of K has bounded 7-Stufe by the last point of Lemma 7.2.2.
Algebraic extensions of K are obtained as unions of chains of finite

extensions of K, hence this class also has bounded t-Stufe. [l
7.4 THE T-STUFE, GALOIS-THEORETICALLY

We can use the étale formalism from the last chapter to restate the

conditions on being formally T-adic.

Lemma 7.4.1. There exists a collection of sentences O+ in the étale language
over K, closed under finite conjunction, such that for any field L/K we have

Et; /x = ®r if and only if L is formally T-adic.

Proof. This is a simple combination of Theorem 7.1.3 and Lemma 6.5.8;
forcing ®, to be closed under finite conjunctions is no additional re-
striction, as we can replace any set of sentences by the set of finite

conjunctions of its members. O
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Corollary 7.4.2. An elementary class IC of extension fields of K has bounded
T-Stufe if and only if there exists ¢ € D such that L € K is formally t-adic if

and only if Et; /x = ¢.

Proof. This is a consequence of first-order compactness in the following
way. For every L € KC, we have L |= 1y if and only if Et; ;g = ®-.

By interpretability, to each ¢ € ®; we can associate a sentence ¢* in
the field language with parameters in K such that for any field L/K we
have L |= ¢* if and only if Et; ;g = ¢.

For all L € K we therefore have L |= 7y if and only if L |= ¥} :=
{¢*: ¢ € ®;}. Since K is an elementary class, compactness implies that
if either Ty or @7 is equivalent to a finite subset, then so is the other. As
K having finite T-Stufe means precisely that 7y is equivalent to a single

sentence in Ty, this yields the claim. O

Now fix an elementary class K of extension fields of K closed under
tinite extensions with bounded 7-Stufe, e.g. the class of models of the

theory of algebraic extensions of Q.

Lemma 7.4.3. Let Ex be the elementary class generated by the étale structures
Et; /x, where L € K. Consider the class of fields K' = {L'/K: Etp//x € Ec}.
Then K' is an elementary class of extension fields of K closed under finite

extensions with bounded t-Stufe, and K' O K.
Hence we may enlarge K to K’ if we wish.

Proof. Clearly K’ O K. Since Ety/ g is interpretable in L’ in the ring

language with constants for K, K’ is elementary. Since for any L € K and
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finite L' /L the category Et;/ g is interpretable in Et; ;x by Lemma 6.5.6,
the class & is closed under passing to appropriate coslice categories;
this exactly means that X’ is closed under finite extensions. The class K’

has bounded 7-Stufe by Corollary 7.4.2. O

Lemma 7.4.4. Given n > 0 and KC as above, there exists a formula ¢(x) in
the étale language over K, with one free variable in the sort of objects of degree
n, such that for any L/K and any étale algebra A/L of degree n we have
Et;/x = ¢(A) if and only if A is a formally t-adic field.

Proof. An étale algebra is a field if and only if it is not a product of
two non-zero étale algebras—a definable condition. If A is a field, then
by Lemma 6.5.6 and the preceding discussion, the structure Et, g is
interpretable (up to elementary equivalence) in Et; /g with the parameter
A. Since the field is formally t-adic if and only if Et, g satisfies a single

first-order sentence by Corollary 7.4.2, this proves the claim. O

Given an extension field L/K and an algebraic extension F/L, we call
a subextension E/L maximal formally t-adic if E is formally t-adic, but
no proper extension of E within F is. Since every such E embeds into a
T-adic closure of L, by maximality it is necessarily the intersection of F

with a t-adic closure of L.

Proposition 7.4.5. Let L € K be a field such that L has a unique t-adically
closed algebraic extension. Then the same is true for any L' with Et;s g = Etp /x;

in particular, any such L' has a unique t-adic valuation.

144



7.5. The t-adic Spectrum

We can then deduce from the fact that the class of algebraic fields has
bounded 7-Stufe for T = Th(Q,) that any field F with Etr - Etg has a

unique p-valuation.

Proof. We may assume that £ = K’ in the notation above; in particular,
this implies that L and all its finite extensions are in K. Since L is formally
T-adic, so is L' by Lemma 7.4.1.

For a finite Galois extension F/L, any two maximal formally 7-adic
subextensions E,E’ of F are intersections of F with a T-adic closure L and
therefore isomorphic over L by uniqueness of the t-adic closure.

Note that the maximal formally T-adic subextensions of a given finite
extension F /L are definable on the étale side by Corollary 7.4.2. Therefore,
by first-order transfer from Et; g to Et;/ g, any two maximal formally
T-adic subextensions of any finite Galois extension F/L’ are isomorphic
over L'. This implies that L’ can have no more than one 7-adic closure
up to isomorphism: If L], L, were non-isomorphic 7-adic closures, than
a sufficiently large finite subextension of L} /L would not embed into
L and vice versa, so we could enlarge to two non-isomorphic maximal

formally T-adic subextensions of some finite Galois extension of L'. [J
7.5 THE T-ADIC SPECTRUM

For an arbitrary field L/K, we define the t-adic spectrum S(L) to be the
set of all T-adic valuation rings on L. We endow S (L) with the coarsest
topology in which sets of the form S¢(L;a) := {O € S¢(L):a € O}

are clopen, where a € L. Note that this naturally expresses S;(L) as
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a subspace of the space of all valuations on L with the constructible

topology, defined in Section 4.2.

Lemma 7.5.1. The space S(L) is a Stone space, i.e. a totally disconnected

compact Hausdorff space.

Proof. This is an immediate consequence of Lemma 4.2.1, given that the

T-adic valuation rings O on L are exactly those subsets of L such that

(L,0) E 7. O

Now let K be a class of extension fields of K which has bounded
7-Stufe and is closed under finite extensions. In the remainder of this

section, we will prove the following generalisation of Proposition 7.4.5.

Theorem 7.5.2. For L € K such that each t-adic valuation has a unique
associated T-adic closure, the boolean algebra of clopen subsets of S(L) is

interpretable in Ety ;. This is uniform along such L.

Lemma 7.5.3. Every clopen subset of S¢(L) is of the form S{(L;a) for some

a€lL.

Proof. First observe that the complement of a clopen set S¢(L;a), a # 0,

1

pear for n > e v(pr) where v

is again of this form, by taking b =

is normalised to have minimal positive element 1—this ensures that
w(pa™) > 0if and only if w(a) > 0.

Hence the sets S;(L;a) are a subbasis of the topology. Since any
clopen subset of S;(L) is compact, it is therefore expressible as a finite

union of finite intersections of sets S¢(L;a).
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It remains to reduce to a single set. This can be done by observing that
St(L;a) N S¢(L;a") = S¢(a" + pra™) for any a,a’ € L with n as above,
and expressing unions as complements of intersections. (Note that this is
the same idea as using the functions ¢ and / from the proof of Lemma

4.2.2; this is also available in the literature, see [Feh13, Lemma 7.1].) [

We have previously encountered the condition that a T-adic valuation
on L extend to a T-adic valuation on some finite extension field L'/ L. We
can now reinterpret this condition as follows: For any extension field
L'/ L, restriction of valuations gives a map S;(L") — S(L). It follows
immediately from the definition of the topology on S; that this map is
continuous, and in particular has closed image since S¢(L’) is compact.
Now a 7-adic valuation on L extends to a T-adic valuation on L' if and
only if it is in the image of this map.

It is convenient to make the following definition. Here, and for the
remainder of this section, all algebras over fields will be implicitly com-

mutative and unital.

Definition 7.5.4. Let A/L be a finite-dimensional algebra. Write S¢(A/L) C
St(L) for the set of T-adic valuations on L that extend to some residue field of
A.

We say that A is formally t-adic if one of its residue fields is, which is

equivalent to S:(A/ L) being non-empty.

We note in passing that A being formally T-adic is L;ing(K)-definable:
Specifically, A is formally t-adic if and only if it satisfies the negation-

normal conjunction-free negative fragment of 7y, i.e. if and only if A
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satisfies no positive primitive sentences not in 7. This is easily deduced
from Lemma 2.1.3, using that every existential formula is equivalent
under the theory of fields to a positive primitive one.

We observe that for any finite-dimensional algebra A/L, the quotient
Ared 0f A by its nilradical is a product of finite field extensions of L and
therefore an étale algebra as we work in characteristic 0; furthermore, the

residue fields of A,.q and A agree.

Lemma 7.5.5. For any algebra A/L of dimension < n there exists an étale

algebra B/ L of dimension equal to n! with S¢(A/L) = S+(B/L).

Proof. The algebra A,.q/L is étale and of degree < n, hence its degree

divides n!; therefore we may choose B = A’r‘e q for suitable k. O

Lemma 7.5.6. For every clopen subset C of S¢(L) there exists an algebra A/L
of dimension 2e,q, such that C = S;(A/L).

Proof. The complement of C is of the form S;(L;a) for some a € L,
i.e. v € Cif and only if va < 0. Lemma 7.2.5 gives a finite L-algebra
A =LI[Y]/(f(a,Y)) such that for any t-adic valuation v on L, va < 0 if
and only if v extends to a T-adic valuation on a residue field of A. By

inspection, the L-dimension of A is 2e:q-. [l

Lemma 7.5.7. Assume that every t-adic valuation on L has a unique t-adic

closure up to isomorphism. Let Ay, Ay /L be finite-dimensional algebras.

2. ST(Al/L) N ST(Az/L) = ST(Al XL Az)
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7.5. The t-adic Spectrum

3. S¢(A1/L) = S¢(L) if and only if there exists no formally T-adic étale
algebra Az of dimension (2eq-)! with Az ®1 A1 not formally T-adic.

Proof. For the first part, observe that every residue field of Ay x A is
also a residue field of A1 or A, and conversely every residue field of A;
and A; occurs. This implies the statement.

For the second part, let v € S:(A1/L) NS¢ (Az/L). Then v extends to
some residue field L; of A; and some residue field L, of A,. This means
that both L; and L, embed into a t-adic closure of L with respect to
v. By assumption, there is a unique such closure L,. By the universal
property of the tensor product, the maps A; — L; < L, give rise to a
homomorphism A; ®; Ay — Ly, so v extends to some residue field of
A1 ®p Ap. This proves S:(A1 ®1 A2) O S¢(A1/L) NS (A2/L). For the
converse inclusion, it suffices to note that every residue field of A1 ®1 A,
embeds a residue field of A; and a residue field of A, through the maps
A — A1 ®r A

For the third part, if there exists A3 with the required properties, then
St(A3/L) is non-empty and disjoint from S;(A1/L), hence S+(A1/L) #
St(L). For the converse direction, assume that S;(A1/L) # S¢(L). The
set St(A1/L) is closed: listing the residue fields of Ay as Ly, ..., Ly, we
see that S:(A;/L) is the union of the images of the maps S¢(L;) —
S¢(L) given by restriction of valuations, and these restriction maps are
continuous and therefore have compact image.

Therefore S¢(L) \ S:(A;/L) contains a non-empty clopen set, and
this clopen set is of the form S;(A3/L) for some Az with the desired

properties by Lemmas 7.5.6 and 7.5.5. O
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Lemma 7.5.8. For n > 0, the condition that an étale algebra A of dimension
n over some L € K be formally t-adic is first-order definable in Ety ,x. More
formally, there exists a formula @(x) in the étale language over K, with a single
free variable in the sort of objects of degree n, such that for any L € KC and A as

above we have Ety /i = ¢(A) if and only if A is formally t-adic.

Proof. The algebra A is formally T-adic by definition if and only if there
exists an L-homomorphism A — L’ into a formally t-adic field L’. The
degree of L'/L may be bounded by n. One can now easily derive a

formula as required from the formula in Lemma 7.4.4. ]

Proof of Theorem 7.5.2. Let N = (2eq.)!. By Lemmas 7.5.6 and 7.5.5, for
every clopen set C C S;(L) there exist étale algebras Aj, Ay/L of di-
mension N with C = Sz(A1/L), Sz(L) \ C = S¢(Az/L). Conversely, the
condition that two étale algebras A1, A, of dimension N have S;(A1/L)
and S;(A,/L) disjoint with union S;(L) is a definable condition in the
étale language over K by Lemmas 7.5.7 and 7.5.8.

Given two such pairs (A1, Ay) and (B, By), the condition that the sets
St(A1/L) and S(B1/L) be equal is again definable in Et;; this gives a
definable equivalence relation. By construction, the equivalence classes
are in bijection to the clopen subsets of S (L).

The operation of union is definable: Given (A, Ay) and (B1, By), there

exist (Cq,Cy) of degree N with
ST(Cl/L) = S—L—(Al X Bl/L) = ST(Al/L) U ST(Bl/L)

and
S:(C2/L) = S:(A2 ®1 Ba/L) = S (A2/L) N S¢(B2/L),
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and this is a definable condition by the same lemmas.
This gives a uniform interpretation of the boolean algebra of clopen

subsets of S;(L) in Et; ,x as required, uniformly in L. O
7.6 PSEUDO-S-CLOSED FIELDS

In this section, we give an example where Theorem 7.5.2 can be applied.

Definition 7.6.1. Let K be a field and S = {1,...,T,} a finite collection
of types over K in the sense of Definition 7.1.1. Assume that any two of the
valuations vy, . .., v, of K below the t; are either the same or independent, and
assume furthermore that K is dense in its henselisation with respect to v; for
any i. (Both these assumptions are satisfied if all v; are of rank 1.)

Then an extension field L /K is called pseudo-S-closed if every absolutely
irreducible L-variety V has an L-point provided it has a smooth L'-point for

every L'/ L satisfying L' |= 1; for some i.

One can easily extend this definition by allowing S to also contain
theories of real-closed extension fields of K, as hinted after Definition
7.1.1.

This notion of being pseudo-S-closed is a slight modification of the
fields pseudo-S*-closed with respect to classical closures (PSTCC) studied
in [Feh13], the main difference being that loc. cit. works with coarse types
(e, f) as opposed to types T in our sense.

This also ties in with Pop’s notion of pseudo classically closed fields from
[Pop03]: A non-formally real field is PCC if and only if it is pseudo-S-

closed for some finite set of types S over Q by [Feh13, Proposition 4.6].
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We will make use of the fact that any finite extension of a PCC field is
again PCC by [Pop03, Corollary 2.13].

Fix Kand S = {1,...,Tx} as above.

Proposition 7.6.2. There is a class K of extension fields of K satisfying the

following properties:

1. Every pseudo-S-closed field is in IC;

2. any finite extension of a field in K is in K;

3. onany L € K, any t;-adic valuation has a unique t;-adic closure for every

I

4. the class KC has bounded T;-Stufe for every i.

This means that Theorem 7.5.2 applies, giving a way of uniformly
interpreting the T;-adic spectrum in the étale categories of pseudo-S-
closed fields.3

The main challenge in the proof of this proposition is proving bound-

edness of the T7;-Stufe.

Lemma 7.6.3. Let K be a PCC field and A/K a central simple algebra. Then
A splits over K if and only if it splits over all henselisations K,, where v is a

p-valuation on K for any p.

Proof. To A we may associate a Severi—Brauer variety V, a smooth abso-

lutely irreducible variety which has an L-point over precisely those fields

31t is perhaps worth pointing out that Pop in loc. cit. uses topologies on the space
of decomposition groups of valuations inside the absolute Galois group of PCC fields,
which is reminiscent of (if not immediately technically related to) our way of recovering
the constructible topology on valuations by Galois-theoretic information.
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L which split A. (See [GS17, Chapter 5].) Then the claim follows from

the local-global principle for absolutely irreducible varieties. O

As above, write v; for the valuation on K below T;; note that the v; are

not necessarily distinct. Choose a large prime .

Lemma 7.6.4. There exists a central simple algebra A /K of degree | which does

not split over Ky, , but splits over all K,, with v; # v;.

Proof. Let K'/K be a cyclic extension of degree I in which every v; # v;
splits completely, but such that K'K,, /Ky, is unramified of degree I. Such
an extension can be obtained from the general Grunwald-Wang style
theorems in [LR03].4

Take a uniformiser 7v € K for v; and let A/K be a cyclic central simple

algebra induced by 77 and K’. Then A is as desired. O

Write e = e, f = fr, let 7 € K be a uniformiser for v;, and let

v = 77, be the Kochen operator as in (7.1).

Lemma 7.6.5. Let L/ K be a PCC field. Then the space of p-valuations of L above
vy 1s a compact space of independent valuations in the constructible topology.
Furthermore, there exists a monic polynomial § € Z[X] whose reduction has no

root in any of their residue fields.

Proof. By [Pop03, Corollary 2.11, Theorem 2.9], all p-valuations of L

are pairwise independent. Furthermore, they have only finitely many

4This is the only point where we need that K is dense in its henselisations with
respect to the v;. In fact, it seems likely that in the situation of unramified extensions
one can dispense with this assumption, by using a specialisation argument as in [Sal82,
Theorem 5.9].
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distinct types over Q, and hence only finitely many finite fields (up to
isomorphism) occur as their residue fields; this easily allows finding a
polynomial g as required. Finiteness also allows us to find a type ¢ over
Q such that any p-valuation of L above v; is c-adic.

Now a valuation on L is a p-valuation above v if and only if its
valuation ring contains the valuation ring of vy, its maximal ideal contains
the maximal ideal of v1, and its valuation ring contains v/ (x) for all x € L.
All these are constructibly closed conditions, so the space in question is

a closed subspace of the compact space of all valuations. O

Lemma 7.6.6. A PCC field L/K has a valuation w above vi with f(w/v1) | f
and e(w/vy) < e if and only if for every x € L, L(y/1+ 7ty(x)!) does not
split A.

Hence there exists a positive primitive sentence ¢ with parameters from K,

independent of L, such that L has such a valuation if and only if L = —¢.

Proof. If L has a valuation of the desired kind, then there is an extension
of it to the field in question satisfying the same conditions on inertia
degree and initial ramification, so A does not split.

Conversely, if there are no such valuations, then for every p-valuation
v of L above v, there exists x € L such that (1 + 7ry(x)!) < 0 by Lemma
7.2.6; by the Approximation Lemma 4.2.2, find one such x globally.
(Applicability of the Approximation Lemma is precisely Lemma 7.6.5.)
Then L(y/1+ 7y(x)!) is PCC and A splits everywhere locally in it, so it
splits globally.
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The splitting of A over L(y/1 + 7y(x)!) is an existentially definable
condition, and we can transform an existential sentence into a positive

primitive one in the usual way. O

Lemma 7.6.7. The class K of finite extension fields of pseudo-S-closed fields
above K has bounded t,-Stufe.

Proof. Let K; be the minimal p-adically closed subextension of K, /K. For

every T;, i # 1, precisely one of the following conditions holds:
1. The valuation v; of K below T; is distinct from v;

2. v; = vy but the closures K, and K, do not embed into one another

over K;
3. v; = v1 and Ky, embeds into K, over K;
4. v; = v1 and K, embeds into K, over K.

Write n = ey, - f,. Take a finite subextension M of K, /K such that, for
all i satisfying the second condition, the composite K;;M (for any choice
of embedding inside an algebraic closure of K) has degree larger than n
over K;.

Now for any L € K, L is formally 71-adic if and only if LM has a
valuation w above vy with e(w/v;) < ey, and f(w/vy) | fr, for some way
of forming the composite in the algebraic closure.

This is a universally definable condition: Let f € K[X] be a monic
polynomial such that M = K[X]/(f). Then L is not formally 7j-adic if
and only if L[X]/(f) = ¢, where ¢ is the positive primitive sentence

from Lemma 7.6.6. [
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Proof of Proposition 7.6.2. Let K be the class of fields which are finite
extensions of pseudo-S-closed fields. All fields in K are pseudo classically
closed. By [Pop03, Theorem 2.9], every pseudo classically closed field
is dense in any of its p-adic closures. Hence the value group of every
p-valuation is a Z-group, which implies that every 7t-adic valuation on
any field in K has a unique t-adic closure, for any type 7.

Lastly, K has bounded 1;-Stufe by the last Lemma, and by symmetry

this applies to all other T7; as well. O
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